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Abstract

Composite is a multiphase material that is artificially made, as opposed to one
that occurs or forms naturally. Many composite materials are composed of just
two phases; one is termed the matrix, which is continuous and surrounds the
other phase, often called the dispersed phase. Composites have endless appli-
cations in industries such as biomedical, automotive, and aerospace products.
The most distinctive characteristic that made them popular among corpora-
tions and factories is that they can be designed to achieve the desired proper-
ties. It is worth mentioning that the main objective of obtaining the optimal
design by various types of analysis and simulations is avoiding failure and dam-
ages subjected to the load and prevent indemnification and outrageous costs
in industries.

Continuum mechanics is a universal tool that gained so much attention
during recent years due to its ability to formulate mechanical responses of
composites. It would eventually lead to a comprehensive analysis of matrix
material subject to mechanical loads. In this thesis, a continuum-based model
has been developed to predict the behavior of composite material subject to
flexural and bias extension loads. Equilibrium equation has been augmented
with the concept of incompressibility to start elastic solids analysis. Non-linear
formulations, accounting by the second, and third-order gradient methods in-
tegrated by principles of virtual work and refined energy density function have
been derived analytically. Numerical approaches such as linearization and fi-

nite element analysis consisting of higher-order Gateaux derivatives along the
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fiber direction have been taken into account to solve the ordinary and partial
differential equations.

The FEniCS project open-source finite element package is used to solve the
corresponding systems of partial differential equations. Remarkably, The nu-
merical results, such as deformation profiles and shear strain contours, demon-

strate a reasonable agreement with the experimental results.
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Chapter 1

Introduction

1.1 Background on Composite Materials

In modern society, composites are widely used in daily life. From shower stalls
to spacecrafts, composite materials are all around us [1], [2]. Composite struc-
tures consist of at least two components with entirely different properties [3].
The primary constituent materials are called matrix and reinforcement. The
reinforcement component is generally stiffer and more durable to provide the
necessary strength while the composite structure is under the load. The typ-
ical reinforcement material is in the form of fibers, which is normally made
of glass, carbon, and boron. As a matter of fact, it adds tensile strength to
the matrix material, which is designed to bear mostly compression and shear
loads [4]. Additionally, the matrix material prevents the fibers from being de-
graded as a result of mechanical and chemical interactions. The main factors
that determine the characteristics of the reinforcement component are geom-
etry, volume, orientation, and packing arrangement [5]. Unidirectional and
bidirectional structures are examples of different packing arrangements that
are presented in Figure 1.1 [6].

Researchers have been trying to describe the behavior of composites un-
der various types of loads within a wide range of boundary conditions [8],
[9]. However, analytical solutions describing the behavior of composites sub-
jected to extension and bending are very few. A mathematical framework
integrated with continuum mechanics principles such as employing the virtual
work statement and strain energy function to derive the deformation formula-
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Figure 1.1: the difference between carbon fiber unidirectional cloth and bidi-
rectional cloth [7]

tion is a reasonable approach that helps us anticipate what happens in different
conditions and would help us design the structure in a way that satisfies our
mechanical requirements [10]. Notably, primary continuum mechanics meth-
ods consider composites as anisotropic materials whose response function only
depends on the first gradient of deformation [11], [12]. However, the classical
theory consisting of only the first gradients of deformation is not always the
best method to predict the mechanical response of the solids [13]-[15]. In-
deed, Conventional models augmented with bulk incompressibility condition
are often so constrained that demonstrate the deformation profile as a func-
tion determined only by the kinematics of the structure [16], [17]. Despite the
limitations of classic models, the first gradient continuum models have been
widely used due to the straightforwardness in the derivation of corresponding
mathematical frameworks over the discretized domain [18]-[20].
Classification of composite materials have been tendered in literature at

two different stages:

1. The first condition that is investigated is the matrix constituent material.
Some of the popular types of matrix composites are encompass organic
matrix composites (OMCs), and ceramic matrix composites (CMCs). It

is worth noting that, composite materials that have carbon as the pri-



mary component in their chemical compound formula, such as polymer

matrix composites (PMCs) are categorized as OMCs [21].

2. The second criterion is based on the reinforcement material. Fiber-
reinforced composites (FRCs), and laminar composites are the main
subcategories of this type of classification. The main discussion in this
thesis is around the first subcategory, which continuous or discontinuous
strings of fiber surround the matrix material. In such cases, the radius
of fiber is far smaller than the fiber length, and they usually increase the
matrix strength while experiencing the bending or twist moment [22],

123].

Fiber-reinforced composites are usually made by cross-linking cellulosic
fiber molecules in the material matrix. This method of re-engineering the
matrix material by adding a complementary component is very effective in
increasing the durability and strength of the material [24]. It is notable that
previously mentioned composites can be recycled up to 20 times [24], [25]. This
capability decreases the price of production in industries and helps us to main-
tain the ecological balance. Continuity or discontinuity in the reinforcement
phase of the composites is a critical property that determines the mechanical
characteristics of the material. For instance, Discontinuous fiber composites
are designed to be random in alignment, which significantly decreases their

strength [26].

1.2 Elastic and Hyperelastic Materials

Different types of materials and their properties have been studied using con-
tinuum mechanics principals. For many cases, a linear relationship between
stress and strain is not enough to accurately predict the mechanical behavior,
and that is the point where hyperelasticity comes into play [27]. Neo-Hookean
and Mooney-Rivlin solids are elastic and hyperelastic materials that have been
used widely in continuum mechanics analysis [28], [29].

Neo-Hookean solid inherited its name from Hook’s law and is designed
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to model the non-linear behavior of stress-strain responses. Ronald Rivlin
proposed this model in the 19th century to predict the deformation of plastics
and rubber-like substances [30], [31]. It should be stressed that the Neo-
Hookean model does not consider the waste of energy during deformation
and assumes the perfect elasticity at all stages. It is usually used for small
deformations(strains less than 20%) and does not show enough accuracy for
large deformations [28], [32]. For compressible solids, the strain energy density
function (1.3) is obtained with D; as the material constant. By substituting
J = 1 into the energy equation, (1.1) is derived that is used for incompressible

Neo-Hookean solids [33].

W = Cy(I; —3) (1.1)
L= (M) 4 (M) +(\3)? (1.2)
W =Ci(I, —3—2InJ)+ Di(J — 1)} J = det(F) = M Ag Az (1.3)

In Mooney-Rivlin types of solids, the strain energy density function is pre-
sented as a linear combination of two invariants of Cauchy-Green deformation
tensor [34]-[36]. It is notable that C; and Cj are material constants, and F is
the deformation gradient tensor. The detailed formulation of Mooney-Rivlin

continuum mechanics model is mentioned below:

W= Cy(I = 3) + Co(Ir — 3) (1.4)
Iy = J72((M)” 4 (A2)? + ((Xs)?) (1.5)

I = JTYD (M) + (MAs)? + (Mads)?); J = det(F) = MAg A3 (1.6)

1.3 Stress Measures

There are several stress measures in continuum mechanics. Some of the most
prominent ones are Cauchy stress tensor, the first, and the second Piola-
Kirchhoff stress. They can be useful in different computational contexts. Many
parameters are used in defining stress measures that can be found in Figure

1.2



The Cauchy stress is a symmetric tensor and is defined on an element
after deformation. In this formulation t is the traction vector, n is the out-
ward normal to a surface, P is the first Piola-Kirchhoff stress, S is the second
Piola-Kirchhoff stress, T is the Biot stress, and df corresponds to the force
vector [37].

df =tdT = o’ .ndT (1.7)

The first Piola-Kirchhof stress is an assymetric tensor. It depends on the
reference configuration in addition to the deformed shape. It can be defined

as it is shown below:
df = tdT = N”.ngdTo = P.nodT, (1.8)

The second Piola-Kirchhof stress is defind in a way that is symmetric unlike

the first Piola-Kirchhof stress [28].

dfy = ST nodTy = F~.todTy (1.9)

Figure 1.2: Quantities used in the definition of stress measures [38].

It is always essential to use appropriate stress and strain measures when a
continuum mechanic problem is subjected to investigation. Consequently, we
need to identify the natural reference before starting the analysis and make
use of measures that cause conjugate pairing. Using this procedure, the ex-

pression for elastic potential is expressed. Mostly we are interested in the rate
5



of changing quantities for the material rather than their absolute value. Sub-
sequently, the strain-stress measures, which possess an equal rate compared to

the rate of deformation, are more appropriate for conventional use [39], [40].

1.4 Higher-Order Gradient Analysis

Continuum theory augmented with microstructural effects of fibers has begun
receiving attention in the view of having more reliable estimations compared to
the classical theories [8], [41], [42]. Some research projects have been designed
to demonstrate the impact of higher-order terms on fracture and fatigue me-
chanics. As an illustration, some works have been done to provide an analytical
model to delineate the failure behavior of very large atomic models of IGF in
silicon nitride by adopting the principals of the granular microstructural me-
chanics and higher-order continuum [43]. Moreover, [44] presented a thorough
model using higher-gradient terms to describe the damage evolution in dual-
phase steels. They incorporated the rate of change in shear strain to show
that strength and ductility of the material is not only the function of plastic
strain localization ,and material damage evolution plays a deterministic role
as well. Lastly, it is worth mentioning that the higher-order gradient analysis
is applicable to the continuum analysis of nano-beams [45], [46]. They utilized
Euler—Bernoulli theory as the leading equation and correspondingly solved the
obtained partial differential equations with the help of numerical approaches
such as finite element analysis. Static, buckling, and dynamic responses of
nano-beams have been presented in the previously mentioned paper.
Continuum mechanics analysis of fiber-reinforced materials considering the
second gradient of deformation to derive the corresponding partial differential
equations is the subject of discussion in [9], [47], [48]. The authors of aforemen-
tioned papers successfully derived a comprehensive formulation to describe the
mechanical behavior of composites and obtained smooth shear strain contours.
Recent studies on lipid membranes’ morphology with intra-membrane viscous
flows indicate the effects of non-linearity followed by the second-order gradi-

ent terms the obtain a complete solution [49]-[51]. These ideas seem necessary
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and practical to achieve a decent accuracy in biomechanics and mechanics of
composites. In detail, the equilibrium state of the purely elastic surface is the
base-line to derive the corresponding equations. Additionally, the straining ef-
fects of the fluid were accommodated by taking the rate of different properties
with respect to time. Finally, the augmentation of linearization and partial
differential equations solving algorithms would result in membrane shape evo-
lutions in the presence of intra-membrane and similar deflection contours that

can be seen in Figure 1.3.

Y coordinate{nm) "
500 500 X coordinate{nm)

Figure 1.3: Defections of lipid membrane with respect to intra-membrane vis-
cous flows considering higher-order gradients. [51].

Investigating fiber composites incorporating the effects of bending and ten-
sile resistance of continua that is resulted by microstructure entanglement
would cause the higher-order gradients of deformation to appear in the formu-
lations. The previously mentioned analysis can be framed in a mathematical
space by integrating non-linear terms into the partial differential equations.
It should be emphasized that the computation of gradients of deformation is
based on the assumption of having continuous curves along the structure that
are depicted in the Cartesian coordinate system [52]. Figure 1.4 and Figure 1.5

are good illustrations of how the first-order and higher-order gradient meth-
7



ods differ. The relative rotation is considered to be an additional property of
the material compared to traditional approaches that significantly affect the

shear-strain relation.

X =x(&¢Y x=x(&,8%)
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Figure 1.4: Rate of changes in lengths/angles via the first gradient [53].
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Figure 1.5: Rate of changes in length via the second gradient [53].

1.4.1 Cosserat Theory

The Cosserat theory is a famous micropolar elasticity analysis that, unlike the
classical interpretation, takes the local rotation of points into account. The
idea of couple stress can be considered as the foundation of this higher-order
theory. Cosserat brothers have initiated the early stage of using micro-inertia

in modern continuum mechanics [54], [55].



In contrast to two elastic coefficients for materials in the classical contin-
uum mechanics, micropolar elasticity assumes four more constants to investi-
gate the effects of rotation and nonlocality. By adopting micropolar continuum
mechanics, strain gradient and other internal properties are affected in com-
posite materials. For instance, the stress concentration factor around the hole
or crack in the material is less than classical values. Additionally, in wave
propagation analysis, the pace of dilational waves in the Cosserat medium is
independent of frequency [56]-[58].

The Cosserat continuum has the equilibrium equations that are mentioned

below:
0jij =0 (1.10)
Wi s+ €igrojr = 0;1,7 = 1,2,3 (1.11)
oji = (1t )y + (1 — @) + M (1.12)
pyo = (v + €)kji + (v — &)kij + Br (1.13)

0ij,lij.and €5, are stress, moment stress ,and the altering tensor [59].

1.4.2 Higher-Order Gradient Theory Applications

Continuum mechanics theories play vital roles in the analysis of solid materi-
als. Detailed and accurate investigation of solid materials is needed in every
industry to design most expertly and avoid outrageous costs of maintenance
and replacements. Currently, the number of analytical solutions for predicting
the response of composite subjected to different types of boundary conditions
such as bending and twist is limited. Consequently, numerical approaches
augmented with higher-order gradients are commonly stable and precise al-
ternatives that would help industries achieve their desired output. Higher-
order gradient analysis is a practical approach in fiber-reinforced composites,

biomedical engineering, and crack and fracture analysis [60], [61].

1. Fiber-reinforced composites:

Authors in [9], [47], [48] investigated the effects of second-order terms

in shear strain and deformation contour. The corresponding results are
9



used to design composite materials based on the necessary mechanical
expectations. Their numerical methods are fast and stable, which would
generate the desired results in the global composite materials market.
The composites market, including materials and products, is worth ap-
proximately 30 billion dollars in the US as the second-largest market
after China [62], [63]. It is worth mentioning that the growing popular-
ity and considerable demands of fiber-reinforced composites have been

resulted from low maintenance costs and high durability [64].

. Tissues in the Human Body:

The human body can be categorized at different levels at scales such as
cellular, tissue, and organ levels [65]. The nature of living tissues in the
body is so complicated that finding a general formulation to model the
mechanical behavior of these structures seems to be very difficult. Con-
sidering tissue structures as composites with continuous fibers is a novel
idea that is implemented in [66], [67]. In point of fact, the previously
mentioned authors superposed the effects of matrix material and statis-
tically oriented fibers to generate a model to describe what happens to
biological tissues when they are subjected to mechanical loads. A good
illustration of higher-order Cauchy stresses in a cylindrical cartilage is

presented in Figure 1.6.

. Crack and fracture:

Mechanics of fracture and fatigue is a branch that focuses on the propa-
gation of the crack in the solid material [68]. It evaluates the force on the
critical points of the structure by utilizing continuum mechanics princi-
pals. Classical models fail in some particular cases when mathematical
models become ill-posed in accumulated damages [69]. For instance, it
has been shown that cracks are one of the main reasons for failure in
vehicles [70]. Analyzing the corresponding failures show that cracks un-
dergo an oscillatory instability controlled by elastic nonlinearity [69], [71].

Moreover, regarding the damage analysis, we can mention the works of
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principal Cauchy stress (x102kPa)

Figure 1.6: Distribution of the (a) first, (b) second and (c) third principal
Cauchy stresses in a cylindrical cartilage specimen under unconfined compres-
sion [66].

authors in [72] introduced a gradient-enhanced damage model to improve

the predictions of the traditional model.

1.5 Experimental Setup Details

In this thesis, two types of experimental tests have been designed to validate
the numerical results. To check the quality and the accuracy of analytical
and numerical results for the tensile stress, the bias-extension test was done.
In fact, the composite sample has been placed between two jaws. One of
them was completely fixed, and the other one was moving with the pace of
10mm/min. The X and Y coordinates of the moving jaw have been recorded
in a data sheet. Moreover, a three-point bending test was arranged to com-
pare the experimental outcome with the results obtained from the third-order
gradient model for the flexural load. The sample has been located between
two fixed stands, and the compressive load has been placed in the middle of
the sample. The mechanical load gradually produced deformation, and the
X, Y coordinates of the moving end were filed. Some details regarding the

properties of the corresponding composite materials are mentioned in Table
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Table 1.1: Material Properties.

H Material C L H

Crystalline Nanocellulose (CNC) 150GPa  1GPa
Nylon-6 Fiber Neoprene Rubber Composite 2000MPa 1MPa

Table 1.2: Constituent Materials.

Material Fiber Percentage Matrix percentage
nylon/spandex (NSP-8020) 80 20
nylon/spandex (NSP-8515) 85 15

1.1, and Table 1.2.

It is worth mentioning that NSP-8020 and NSP-8515 composites are fab-
ricated in a three-layer procedure. In the first step, Ecoex 0050 elastomer is
produced by mixing two components (a base and curing agent) with an equal
ratio. Then entrapped bubbles are removed using a vacuum chamber. In the
second step, the second layer of fibers is placed on the first layer. Next, gaps
between pores are filled using a small amount of elastomer, and the surface is
flattened. Lastly, a proper amount of elastomer is poured over the second layer

and placed into the film applicator rod to obtain the hyper-elastic composite.

1.6 Gist and Structure of Thesis

This thesis consists of 5 main chapters, including the introduction and the
overall conclusion. The primary objective is to investigate the behavior of
composite materials subject to mechanical loads such as tensile and flexural
forces.

In addition to the introduction, the next two chapters are third-order analy-
sis of reinforced composite material with unidirectional fibers under the flexural
and tensile loads. They start with basic formulations of continuum mechan-
ics followed by the bending and tensile energy of fibers introduced by Spencer
and Soldatos. As the next step, the Euler equilibrium equation has been taken

12



into account to complete the analysis and derive the corresponding Piola stress
equation. Linearization is also a necessary step to reduce the complexity of
the equations. Neo-Hookean type of materials with small deformations are
investigated in the following chapters. To find the solutions to the linearized
formulations, I have implemented various approaches such as change of vari-
ables, separation of variables, and method of characteristics. The analytical
solution is derived as a result of the analysis and can be applied to real-world
problems by imposing the appropriate boundary conditions. The final results
are assessed with the help of a dataset that was collected from the experi-
mental set. The comparison shows us a perfect match between predictions
from the model and the experimental data. The results that have been inves-
tigated in the previously mentioned chapters are categorized into two different
classes. The first class mostly depends on the deformation profile to explain
the properties of composite material. Changing the material parameters such
as C' and E and investigating the effect of these parameters on the deformation
contour is the first step in the following analysis. The second step is experi-
menting with the material’s intrinsic properties, such as shear angle and shear
strain contours. Augmenting these two aspects give us a comprehensive view
regarding the mechanical response expected from the material under the load.

In chapter four, the second-order terms and exponential strain energy func-
tion are considered to be investigated, and the procedure is the same to obtain
the partial differential equations through using Euler equilibrium formulations
and continuum mechanics fundamental concepts. However, the idea of solving
the corresponding system of PDE is using the finite element method instead
of analytical methods. I used the Galerkin method and integration by parts
to derive the weak form that can be analyzed by FEM packages. The Newton
non-linear solver solves the system of non-linear partial differential equations
and provides us the deformation and shear strain contour. It should be stressed
that the most crucial factor that has been analyzed in the fourth chapter is the
strain-energy function. In fact, hyperelastic materials can be delineated with
the exponential form of the strain energy equation. By having this assump-

tion, the corresponding equation for the finite element analysis was obtained.
13



The outcome of this numerical approach has been compared with the exper-
imental data collected from NSP-8020 and NSP-8515 tensile tests. Finally,
a reasonable agreement has been observed in such hyperelastic cases and the
numerical model using the exponential form of the strain energy function.

The conclusion chapter is a wrap-up of all three previous approaches to
describe the behavior of fiber-reinforced composite materials. It states the
results and the possible future works that can be done in this regard to make
the analysis more comprehensive and practical.

Throughout the thesis, we use standard notation such as A7, A~!, A* and
tr(A). These are the transpose, the inverse, the cofactor and the trace of a
tensor A, respectively. The tensor product of vectors is indicated by interpos-
ing the symbol ®, and the Euclidian inner product of tensors A, B is defined
by A -B =tr(AB”); the associated norm is [A| = vA-A. The symbol |x|
is also used to denote the usual Euclidian norm of three-vectors. Latin and
Greek indices take values in {1, 2} and, when repeated, are summed over their
ranges. Lastly, the notation F stands for the tensor-valued derivatives of a

scalar-valued function F'(A).
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Chapter 2

Linear theory for the mechanics
of third-gradient continua
reinforced with fibers resistance
to flexure

2.1 Kinematics

Let D denote the unit tangent to the fiber’s trajectory so that the orientation

of a particular fiber can be written as

d
A=|d| = £ and T = \"'d, (2.1)

where

d = FD. (2.2)

Here, F is the first gradient of the deformation function (x(X)) and d is the
unit tangent to the fiber trajectory in the current configuration. Eq. (2.2)
can be derived by taking the derivative of r(S) = x(X(S5)), upon making the
identifications D =dX(5)/dS and d = dr(s)/ds. Thus, from Eq. (2.2), the

geodesic curvature of an arc (r (5)) is obtained by

C dr(s)  d(E)  9(FD)dX

g= = = S8 — VIFDID. (2.3)

In the present study, we consider the cases of initially straight fibers such that

VD =0, (2.4)
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and thereby reduce Eq. (2.3) to
4(G) = GD e D) (2.5

where we adopt the conventions of the second gradient of deformations (see,
also, [47], [73] and [74])
VF = G. (2.6)

Further, the compatibility condition of G are given by
Giap = Fiap = Fipa = Gipa. (2.7)

Based on the above kinematical settings, the authors in [41] proposed that
the bending energy of fibers is accounted for by the second gradient of the

continuum deformation explicitly such that

—~

W(F)+W(G)=W(I, g), W(G)=C(F)lgl’, (2.8)

N | —

where C(F) refers to the material properties of fibers and I is the first in-
variant of the deformation gradient tensor F, respectively. Also, in general,
C(F) is independent of the deformation gradient (i.e. C(F) = C). The above
energy density form (Eq. 2.8) has been widely and successfully adopted in
the relevant studies (see, for example, [47], [73], [74], [75], and [76]). Within
the framework of [41], the following form of the higher-gradient energy func-
tion may be considered to achieve a more comprehensive description of the

mechanics of the fiber-reinforced composite;

—~

W(F)+W(G)+WH) =W, g a),
W(G) = 3C(F)|gl*, W(H) = JA(F)|al". (2.9)

In the above, « is designated to accommodate the rate of change in curvature

computed at points on the convected curves of fibers as

_ dr(s) d(V[FDID) O(V[FDD)dX
@ = g T dg T ox as _ WIVIFDIDHD

— [V{V[FD|}D+V[FD|(VD)|D. (2.10)
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Eq. (2.10) can be further simplified similarly as in Eqgs. (2.3)-(2.5) so that

a = V(VF)(D®D®D),
V(VF) = V(G)=H,and
a = HD®D®D)=«oH,D), (2.11)

in which we denote H as the third gradient of deformation; i.e.
VG = H. (2.12)

The phenomenological implications of Eq. (2.9) will be discussed in later
sections through selected examples and experiments. In this section, we focus
on the mathematical framework and the associated formulations, which will be
used in the derivation of a compatible linearized model. Also, in the foregoing
analysis, the parameter A is assumed to be independent of the deformation
gradient (i.e. A(F) = A), similar to the second gradient parameter. For use in
the formulation of the Euler equation, we continue by evaluating the induced

energy variation of the response function with respect to I, g, and a as
W(I, g a)=W;- [+W, - §+Wq - &, (2.13)

where the superposed dot refers to the derivatives with respect to a parameter
€ at a fixed value (e.g. € = 0 at equilibrium) that labels a one-parameter family
of deformations. In particular, the variational derivatives of W (G) and W (H)

in the sense of [41] (see, Eq. (2.9)) yield
W(G)=Cg-g and W(H) = Aa - 6. (2.14)
Also, I can be equated as
I =[tr(F"F)] = (1-F'F)=1- (F'F) = 2F - F, (2.15)

Now, taking derivatives of Eqgs. (2.5) and (2.11)3 with respect to € (e.g.
¢ = G(D ® D)), and substituting them into Eq. (2.14), we find

W(H) = AO(O( = Aajej'HiABCDADBDCei = AOQ'HZ'ABCDADBDC

W(G) = ng = ngEj'GiABDADBe,' = CgiGiABDADB (2.16)
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Whereas Dy Dp, and D¢ stand for fiber trajectory in different directions. The

above are also equivalent to

W(H) = Wy -H= WH,\pe (ei®EA®EB®EC>HjDEF(ej®ED®EE®EF>
= WH

iABCHiABC7 a‘nd
W(G) = Wg-G=Wg,,(eQEs0Ep2)Gcp(e;E«QED)

= WGMBG@'AB (2.17)

It should be noted that A, B, C, D, E, and F were taken into account to imply
Einstein summation notation. Therefore, by comparing Eqgs. (2.16)-(2.17) we

have

Gian = CgiDADB and = AO(Z‘DADBDC

a iABC

In a typical environment, volumetric changes in the materials’ deformations
are energetically expensive processes (see, also, [28]-[77]). Thus, to reflect the
condition of bulk incompressibility, the energy density function Eq. (2.9) is
augmented by

Ul, g ap=W(, g a)—pJ—-1), (2.19)

where J is determinant of F and p is a Lagrange-multiplied field. Lastly,
by using the identity J = Jg F=FF, together with the results in Eqgs.

(2.16-2.18), the variational derivative of the above can be formulated as
U= (2W;F — pF*)-F+Wg-G+Wy-H, (2.20)
or, equivalently,

U= 2WiFia —pF)FiatWa,a,Giap+ W, upo Hiape- (2.21)

Clearly, the obtained variational form (2.21) is dependent on both the second
and third gradient of deformations, as intended (i.e. U = U(F, G, H,p)).
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2.2 Equilibrium

The derivation of the Euler equation and boundary conditions arising in second-
gradient elasticity are well-established (see, for example, [52]-[78] and [79] and
references therein). There authors formulate the weak form of the equilibrium

equations by employing the principles of the virtual work statement,
E=P (2.22)

where P is the virtual work of the applied load and the superposed dot refers
to the variational and/or Gatedux derivative. In this section, by means of
iterated integrations by parts [80]-[82], we present the derivation of the Euler
equilibrium equations, which will be used to obtain a linear model.

To begin with, the strain energy of the system can be expressed as
E = / UF, G, H, p)dA, (2.23)
Q

where (2 is the domain occupied by a fiber-matrix material. We note that
the conservative loads are characterized by the existence of a potential L such
that P = L. In the present cases, the problem of determining equilibrium
deformations of a fiber subjected to a flexural force at the boundaries is then
reduced to the problem of minimizing the potential energy E' — L. Hence we
find

E= / U(F, G, H, p)dA. (2.24)

Q

Also, in view of Eq. (2.17), we rewrite the energy variations with respect to

the second and third gradient of deformation (i.e. G and H) as

0Giap P T G P
ow ow
H,; = i , 2.25
OHiape ¢ OH,apc 4i,ABC (2.25)

where u; = x; denotes the variation of the position field x(X). Now, by
applying integration by parts, Eq. (2.25) becomes

ow (awu) _<aw> o
0Giap " 0Gias ") 5 \0Gus)

oW u; = a—Wu — oW u; (2.26)
OHape P¢ — \0Huupe 7 e OHiapc ) ¢ bAB: '
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We then substitute Eqgs. (2.21) and (2.26) into Eq. (2.24) and thereby obtain

; ‘ ow ow
E = /[(QW]FM —pEy) Fia+ < uz’,A) - < ) Ui A
Q B B

0GiaB 0G;ap

oW oW
ALY _ apldA. 9.97
(aHz‘ABCu ’AB> c (aHiABC> C i.aB] ( )

The above further reduces to

: ow / ( ow )
/Q[ AT P (aGiAB) 73] 4 o \0Hiapc ) ¢ AP

ow ow
/aQ : (8GiAB ’A) b (aHiABC ’AB> cl (2.28)

where N is the rightward unit normal to the boundary 0f2 in the sense of

Green-Stoke’s theorem. The w; 4p terms in Eq. (2.28) are due to the third
gradient of deformation and is required to be in the form of the first derivative
of the position field (i.e. w; 4) for the formulation of the Piola stresses. For
this purpose, we perform iterated integrations by parts and successively deliver

from the second integral of the Eq. (2.28) that

oW oW
oapdA = / ( ) @-
/Q (aHz‘ABC’> e, A5 Q( OH,apc C wi.a)

ow
— u; adA. 2.29
(aHiABC> ,CB . ( )

Applying the Green-Stokes theorem on Eq. (2.29) and substituting it into Eq.
(2.28) furnishes

: ow ow
E = [pw—pFr - (22 uidA——/( ) i adA
/Q[ 17 Plia (an‘AB) ,B] A ! o \OHiapc ) o5 A

ow ow
+ » A)NpdS] + / ( ; )N
/89( (aHiABC ) C 54) N5 S| o9 | 0Giap tia | B

ow
; Ne¢ld 2.
+ (aHZ’ABCUZ’AB) C] S ( 30)

Lastly, Eq. (2.30) may be recast to yield

: : ow ow
B = [ Pafaaas [ —( > AN
/Q At aQ[{an‘AB OH;apc ,C}u ATE

ow
OH,apc

ui,ABNc]dS, (2.31)
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where

oW ow
b e (W 2.32
iA WikFia DEia (aGiAB>7B+ (aHiABC),C 7 ( ’ )

is the expression of the Piola stress. Clearly, the resulting Piola-type stress is
dependent on both the second and third gradient of deformations. In the case

of initially straight fibers (i.e. VD = 0), we evaluate from Eq. (2.18) that

ow ow
=Cqg;gDaD d = Ao; g DaDgD 2.33
(an’AB)’B gi,BU AL p an (aHiABC) on 0 pcAUBL ¢ ( )

and hence reduce Eq. (2.32) to
Pia=2WiF4 — pFy — CgipDaDp + Aa; pcDaDpDe. (2.34)
Eq. (2.32) then satisfies
Piaa=0or Div(P) =0, (2.35)

which can be used to obtain the linearized Euler equilibrium equation for the

reinforced solids occupying the domain of €.

2.3 Boundary conditions

In this section, we derive the admissible boundary conditions arising in the
third gradient of virtual displacement. For the sake of conciseness, we confine
our analysis to the case where fibers are aligned along the directions of ei-
ther normal and/or tangential to straight (or fairly straight) boundaries (e.g.

rectangular boundaries) such that
(D-T)(D-N)=0and VI = VN =0. (2.36)

By decomposing Piau; 4, as in Eq. (2.26), we obtain from Eq. (2.31) that

: ow ow
o o M 89[{6GMB OH;apc ,C} AT
ow
O ABNGdS., 2.37
OHapc P cl (2:37)
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where, the Green-Stoke’s theorem is applied in the first term of Eq. (2.37).
Since P4 4 = 0in § (see, Eq. (2.26), the above reduces to

: ow ow
/asz AT 00 3 0Giap OH,a5c ,C} ATE
ow
+ u; AN |dS. 2.38
OH;ape " cl (2.38)

In addition, we project Vu onto the normal and tangential direction as
Vu=Vu(T ® T)+Vu(N® N) = u'®T + u,y®N, (2.39)

where T = X'(S) = k x N is the unit tangent to 9. u'and u_y are the tangen-
tial and normal derivatives of u on 02, respectively (i.e. u; =ujaTs, uin =
u; aN4). Thus, we find

ou; ﬁ n ou; 8_N
Os 0X, ONOXy
W ap = u; TaTp + u; 5y (NaTp + TaNp) + us nwNaNg, (2.41)

= u;TA + u; NN g, (2.40)

U A =

where Ty = Ty = Ny = Ny = 0 from Eq. (2.36). We then substitute Eqs.
(2.40)-(2.41) into Eq. (2.38) and thereby obtain

: ow ow
E= [ PuuNiS + / ( ) - ( )
/ag At 20 { 0Giap OHiapc ) ¢

/ ow
(uiTANB + ui,NNANB> dS +
o0 OHiapc

+ TANB) +Ui7NNNANB]chS. (242)

[u; TaTs + u; y(NaTp

Now, by decomposing the terms in the above the same as in Eq. (2.26), we

find, for example,

0Giap ! 0Giap 0Giap
6H DG (NATBNC —+ TANBNC) = |:6H ABC (NATBNC -+ TANBNC)uz Ni|
[ 22V (NaTpNe + TANBNC)] Ui (2.44)

" "

S TyTpNow, = (52 TaTpNew) + (525 TaTsNo ) u,

/

9 [(MABCTATBNC) u] , (2.45)
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and similarly for other terms. Therefore, Eq. (2.46) can be rewritten as

: ow
E = [ [PaNa— TN
| PN~ (G —Tu
oW , oW ’
<8HiABC)’C AN5} | BQ[(aHiABC ATE C> |
ow ow
+ TANp — TaN
/89[{8GiAB ATE (aHiABC e ATE

oW S
-2 TATrN, ;1 d
(aHiABC ALp C) yuif S

oW ’
+ / { (NATBNC + TANBNC)Ui,Nl dsS
o0 |OH;aBc

ow OW
i B N4Nglu; ndS
/asz[{(aGiAB) (3H¢A30> c} ANplu N

)

oW ’
_/ [{ (NATBNC + TANBNC)} ]ui,NdS
o

OHiapc
+/89 (63ZCTATBNCUZ-) ds
. 8SZBCW,NNNANBNCCZS. (2.46)
Further, by means of Egs. (2.18) and (2.33) (e.g. 82% = (C¢;DusDp,
<8gZB> L= CgipDaDg etc...), (2.46) may be recast as

)

E = AQ[RANA—{(C&

—AaiVCDc)DATADBNB}’]UZ‘dS—|—/ [(AO[Z'DATADBTBDch)”]UidS
oN

+ 3 |[((Coi — AaicDe) DATADE N = 2 (A DATa Dy Ty DeNe) Ju

+ 3 Aai(DaNADETsDeNe + DaTaDpNpDeNe)u; x|

d
+wammnm%%%w

—|—/ [(ng — Aai,CDC>DANADBNB] ui,NdS

0N

—l—/ [{Aa;D4DpDc(NaTsNe + TaNpNe)} uiv]dS
oN

—|—/ (AaiDANADBNBDCNCUi,NN)dS (247)
o0

where the double bar symbol refers to the jump across the discontinuities on
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the boundary dw (i.e. ||| = (¥)™ — (x¥)7), and the sum refers to the collection

of all discontinuities. Therefore, using Eq. (2.36);, we reduce the above to

E = / [PZANA]uZdS —|—/ [(ng — AOCZ',CDC)DANADBNB] UZ-,NdS
o0 oN

+ / (AO&Z'DANADBNBDcNCui7NN)dS. (248)
onN

Since the virtual work statement (E = P) implies that the admissible me-

chanical powers are expressed in the following form:

Owy ow ow
We find by comparing Eqs. (2.48) and (2.49) that

t = PN7
m = [Cg— A(Va)D|(D-N),

r = Aa(D-N)?,

£ = o0, (2.50)

which will be used to extract linearized boundary conditions.

2.4 Linear Theory

The superposed “small” incremental deformation is defined by (see, for exam-
ple, [28] and [77])
X =X, +ex;i el < 1, (2.51)

where (%), denote the configuration of *, evaluated at ¢ = 0, and (%) =
J(x)/0e. Also, here and henceforth, we denote the induced small variation
of deformation as

X = u. (2.52)

In the above, caution needs to be taken that the present notation is not con-
fused with the one used for the variational computation. Thus from Eq. (2.53),

the deformation gradient tensor can be approximated as

F =F, +&Vu, whereF = Vu. (2.53)
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In general, the body is initially undeformed and stress free. This can be

accommodated by imposing the initial conditions of
F,=Tand P,=0, at ¢ = 0. (2.54)
Accordingly, Eq. (2.53) becomes
F =1+¢Vu, (2.55)
and subsequently yields

F!' = I-¢eVuto(e), and
J = detF =1+ edivuto(e). (2.56)

Further, in view of Eq. (2.51), the Euler equilibrium equation (2.35) can be
expanded to

Div(P) = Div(P,) + eDiv(P) 4 o(e) = 0. (2.57)

Hence, dividing the above by € and limiting € — 0, we find

Div(P) =0, (2.58)
which serves as the compatible linearized Euler equation. The expression of
the Piola-type stress in Eq. (2.58) can also be obtained by taking variational
derivative of Eq. (2.34) with respect to ¢ as

P = 2W,I(F), +2(W)),F — pF: — p,F* — Ci, 3 DaDp(e;QE,)
+ AO‘ZLB(;'DADBDc(ei@EA). (259)

For example, the Neo-Hookian type materials can be considered where the
energy density function is defined by

A\
W, I;) = g(h ~3) — plog Iy + 5 (log )", (2.60)

where 1 and A are the material constants, and I; (here denoted as I') and I3 are
respectively the first and third invariant of the deformation gradient tensor. In
the case of the incompressible model (i.e. I3 = 1), Eq. (2.60) further reduces
to

1

W(h) =55 -3). (2.61)
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Therefore, we evaluate
_ _ M
W]I =0 and (W])o = 5, (262)
and thereby obtain from Eq. (2.59) that
Py —pF:—p,F* —C§; ;DaDp(e;0F 1)+ Acv; poDaDpDe(e,0B ). (2.63)

In this equation C'is the double stress parameter, u corresponds to the defor-
mation, and A is the triple stress paramter. Now, combining Egs. (2.58) and

(2.63) yields

Div(uF) — Div(pF2) — Div(p,F*) — Div[Cg, 3 DaDp(e:QE )]
+Di’l)[Adi7BCDADBDc(ei®EA)] = 0. (264)

In view of Eq. (2.51), terms in the above can be simplified as

Div(uF) = Div(pVu) = pu; aae;, (2.65)
Div(pF:) = FiVp =1Vp = p,e;, .- Div(F*) =0, and (2.66)
Div(p.F") = p,Div(F*) =0, (2.67)

Here, the unknown constant py can be determined such that the Piola-type

stress admits the initial stress free state at ¢ = 0; i.e.
P, = uF, — p,F. =0, (2.68)
and thus yielding
Po = i (2.69)
Also, since g=GD ®D) and a=HD D ® D) (see, Egs. (2.5) and
(2.11)), we evaluate
DZ'U[CQZ»7BDADB(6Z‘®EA)] = CDiU[ui,BCDDADBDCDDei®EA]
= CUi,ABCDDADBDCDDei, and (270)

DZ‘U[AO'JLBcDADBDc(ei@EA)] = ADiU[ui,BCDEFDADBDCDDDEDF

(ei®E4)] = Au; apcpprDaDpDeDpDgDre;, (2.71)
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where F,4 = u; 4 and Giag = u; ap from Egs. (2.6), (2.11), and (2.53).
Therefore, by substituting Eqs (2.65)-(2.71) into Eq. (2.64), we obtain the

following linearized Euler equilibrium equation

pian — pi — Cus apepDaDpDeDp
+Au; apcpprDaDpDcDpDpDp = 0, (2.72)

which solves for uy,us and p.

Similarly, the constraint of bulk incompressibility and the associated bound-
ary conditions (Eq. (2.50)) can be approximated as (e.g. t = t, + et + o(e)
etc...)

(J—1) =F:-F = divu = 0, and (2.73)

t = PN,

m = [0g - A(Va)D|(D-N)?,

i = Aa(D-N),

Poo oo, (2.74)

where
Pia=pFia — p(Fy)o — poF — Cg; pDaDp + Ady pcDaDpDeo,  (2.75)

and

(F;'Z)O = 51'147 (EA)O = 5iA at e = 0. (276)

Finally, since JOF;5/0Fia = FigF}y — F/3F},, we obtain at ¢ = 0,

(OF}5/0Fia)o = 6j50ia — 6ipdja and (Fg[F]);5 = (0;50ia — dindja)uia-
(2.77)
Hence Eq. (2.76) furnishes

;‘A = (Divu)dja —ua,; = —ua,;, . Divu=divu=0. (2.78)

The boundary conditions €, 1, and f in Eq. (2.74) are the expressions of
linearized edge tractions, edge moments and the corner forces, respectively.

In particular, an additional boundary condition 1 is identified as a result of
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introducing the third gradient of continuum deformations. This boundary
condition T falls into the category of the triple forces which characterizes the
mechanical contact interactions on edges and points of Cauchy cuts (see, for
example [82]-[84]). In the present case, the letter may be understood as the
local interactions between the fibers and the matrix, and are coupled with
the Piola-type triple stress exerted by third gradient continua (see, also, [83],
[80] and [80]). Further, within the description of the proposed model, the
configuration of such local interactions and the associated triple forces may
be achieved via the computation of the third gradient of the continuum de-
formation on the convected curves of fibers. In this regard, a set of selected
examples and experiments are considered in the following sections. Further
analysis, including a more general class of materials is, however, beyond the
scope of the present study due to the paucity of available data, yet certainly

deserves for further research.

2.5 Solution to the linearized problem

For the purposes of demonstration, we consider an elastic solid of Neo-Hookean
type, which is reinforced with the single family of fibers and subjected to the

double force m (bending moment) and triple force ¥ (see, Figure 2.1).

C, A: fiber T Y p:bulk
. \ d

Figure 2.1: Schematic of the problem.
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The corresponding director field of the fibers is defined by the unit tangent

D on the convected curve sof fibers as
D=E,, D=1, Dy =0. (2.79)
Therefore, Eq. (2.72) becomes
p(ur 11 + ug22) — p.,l — Cuygin + Auraiin = 0

p(uz11 + ug22) — po2 — Cugpinn + Aug 11111 = 0

U1’1+U2’2 = 0, (280)

where, the third equation of the above is linearized incompressibility con-
ditions from Eq. (2.73). The systems of equations in (2.80) can be treated by

introducing the following scalar field ¢ as
u =k x V¢, k(unit normal); u; = €0 , (2.81)

such that the condition of bulk incompressibility is met (i.e. w13 + uge =

¢ 19 — 9 = 0). Hence, invoking Eq. (2.81), Eq. (2.80) may be recast as
p,1 = —H(‘P,zn + @,222) + 090,21111 - ASO,2111111>
Po = @111+ ¢122) = Co11 + A0 111111, (2.82)

We now utilize the compatibility condition of p (i.e. p;; = p ;) and obtain

N(Sp,nn TP 2000 T 290,1122) - 0(90,111111 + 90,221111) +A(90,11111111 + 80,22111111) =0,
(2.83)

which solves unknown function, ¢(z,y). Further, the auxiliary function H =

A¢ may be introduced to reduce the above to
pAH — CH 1111 + AH 111111 = 0. (2.84)

Hence, the general solution of Eq. (2.83) can be found:

o0

o = Z[{Ameamw + B, e %" + ebmm(Cm sin(c,z) + Dy, cos(epx))
m=1
e (B sin(cmz) + Fy, cos(ena))} x {sin(my)}], (2.85)
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where

N F+\/F2+52
am = {/P3——=+0,b, Cm = {
O (F+\/F2+52)

1 N '
b= 27A3’N:_7 3A =35 +or
m2p 1 N v O
M = (P- Q+—) ,O=(VM+ /(M+N3)3 F=_——+P3—
24 20 2
and
mzz—dforn—l 3, 5,. (2.86)

By using Eqs. (2.85)-(2.86) and the admissible boundary conditions (Eq.
(2.74)), am,by, and ¢, are computed for each m (e.g. m = 7/2d, for n =
letc...) so that the unknown constant real numbers A,,, By, Con, Dy Ep,
and F}, can be completely determined. In the analysis, the applied double
force my and 7 triple force are assumed to be 5 which is a constant number
that can be approximated by using Fourier series to match the left-hand side

of the equation.

m = e + 1maey,
mp = Cuin — Augin =5 =~ Z ﬁ(—l)%1 cos(@y),
=17 2d
my = CU2,11 - AU2,1111 =0,
i = A&(D-N)’=7e +ivey, i1 = Aupin =5 Z ﬁ(—l)%l,
£ nr
Ty = Augin =0, (2.87)

which demonstrate fast convergence ranges between 20 and 30 iterations

(see, Figure 2.2).

30



Convergence
0.14 T T

Y: deflections

Figure 2.2: Deformation profiles with respect to the number of iterations (N).

Finally, the obtained solution, ¢, is substituted into the following expression

X = (X1 —¢y)er + (Xo+ ¢ )es, (2.88)

Deformation configuration: A/p=150, m//=5, r/pu=5
T T T T

1.4 T
Clpu =150
12F Cli=1500 .
initial
1 ! e e m s =aau b
e I = il
T = = m il
0.8 0 = o = W\ i
: | - I il
- 1 1 e Asmn=—
— 1 B EiB=:
0.6 I | 1 R i
: | ] - ; s el
[ - R ==
I - L= =
I - Ami== T i
0.4 \ I W WA i -
I | e \ A=
N e e
0.2 I M ) A= |
: N 1 O e a = =
I I L [ INEmaLe =
I I FH O L 55 o i B e B B S
0 [ O [0 J17 e i W B s e w
0 0.2 0.4 0.6 0.8 1 1.2

Figure 2.3: Deformed configurations with respect to C'/p .
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4 Deformation configuration: C/u=150, m//u=5, r/p=5
B T T T T

T
Alp=150
12l Alp=1500 i
Initial
i I e = B= |
| H—— AEEEE = m=a)
L —r R = =R e v = =S )Y
N -1 1 = =nl) il
0.8 i = i o1
I ] el
| I e
06 [ == i
: I L S A =
T 1 I [ A
I ] R =
0.4 | - \ e A = il
: i EAmEE=E =
\ 1 l T RSy N
\ I A I =
A AR == i
: I R e == =T
I A I [ I I | . —
I I ! EE ==
0 [T T [ [T I ———
0 0.2 0.4 0.6 0.8 1 1.2

Figure 2.4: Deformed configurations with respect to A/ .

2.5.1 Theoretical results obtained from the 3rd order
gradient model

To configure the deformation map and the corresponding stress field can be
computed through Egs. (2.63), (2.81) and (2.82). It is noted that the cor-
responding data are obtained under the normalized setting unless otherwise
specified (e.g. C/u = 150, A/p = 100 ,etc...). Also, we conveniently de-
note the material constants pertaining to the Piolar-type double stress and
triple stress (i.e. C' and A) as the ‘double stress parameter’ and ‘triple stress
parameter’, respectively.

It is shown in Figures 2.3-2.5 that the resulting deformation fields are
sensitive to both the double stress and triple stress parameters and the applied
triple load . For example, gradual decreases in the deformed configuration
of the composite are observed with increasing the double stress parameter C'
which is also aligned with the results in and [9] and [73]. In fact, the obtained
results reduce to those obtained from the second gradient model in the limit

of the vanishing triple stress parameter and triple stress (i.e. A =1 = 0, see,

Figure 2.6.
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Figure 2.5: Deformed configurations with respect to r/u .
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Figure 2.6: Comparison with the existing results in [73].

More importantly, in order to examine the effects of the third gradient of

deformations, we compute the shear strain gradients, and the corresponding

shear angle fields using, the following relations [85],

and

uy (1 + uy) — uyuy

= , 2.89
STy (2:59)

33



X2,1 — X1,1
2+ X1,1 T Xa,1

The results in Figure 2.7 indicate that the shear strain gradually increase with

¢ = tan ™ ( (2.90)

r > 0 and decreases when r < 0. In addition, the continuous shear strain
gradient fields give rise to the smooth and dilatational shear angle distribu-
tions throughout the domain of interest and the corresponding distribution
rates are determined by the applied triple force, 1 (see, Figure 2.8). This fur-
ther implies that, with the given double force, m, the proposed linear model
predicts multiple configurations of shear zones, as opposed to those obtained
from the second gradient model where only one configuration (smooth but not

dilatational) is possible.

Remark

The presented model accommodates the second gradient-based model as a
particular case when the applied triple force 1 is removed. In other words, the
deformation profiles, shear strain distributions and shear angle zones obtained
from the second gradient continuum model can be reproduced directly from
the proposed model by setting I = 0 (see, Figures 2.6, 9b and 10b). This also
can be seen from Eqgs. (2.74) and (2.80) where the systems of PDEs and the

associated boundary conditions yield

p(ur 11 + ug22) — p.,1 —Cuyin = 0
M(U2,11 + Ug92) — p.,2 —Cuz1in = 0
urr +uze = 0, (2.91)

and

f = o, (2.92)



when ¥ = A&(D - N)? = 0. Further, the expression of the corresponding Piola-
type stress (Eq. (2.63)) become

P=uF — pF; — p,F* — Cg, yDaDp(e;3E,). (2.93)

Therefore, the systems of equations and the boundary conditions (Eqgs. (2.74)
and (2.80)) are now reduced to those formulated from the second gradient

continuum model (see, Egs. (2.69), (2.71), and (2.72))[73].

C/p=150, Alp=150, M/pi=5, rlp=5

Figure 2.7: Shear strain gradients with respect to r: r > 0 (a) and r < 0 (b)
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Clp=150, Ali=150, M/j:=5, rl;i=5

0 0.2 04 0.6
(a)

Clpu=150, Alpp=150, M/=5, rlp=-5

0 0.2 0.4

(b)
Figure 2.8: Shear angle contours with respect to r: r > 0 (a) and r < 0 (b)

We also plot the shear gradient and shear angle distributions estimated
by the first (classical), second and third gradient models in order to exam-
ine their capability in prediction ranges. It is clear from Figure 2.9 that the
proposed model (third gradient) assimilates gradual changes in shear gradient
field whereas the first and second gradient-based model are limited insofar
as they estimate either zero or constant strain gradient distributions. As a
result, the corresponding shear zones illustrate, discontinued (first gradient),
smooth but non-dilatational (second gradient), and smooth and dilatational
(third gradient) distributions, respectively (see, Figure 2.10). Lastly, the ob-
tained linear solutions demonstrate reasonable agreement with those from the
nonlinear model in the prediction of both the shear angle contours (Figure

2.11), and shear strain gradient fields (Figure 2.12).
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Third gradient model

©)

Figure 2.9: Shear strain gradients predicted by first gradient (a), second gra-
dient (b), third gradient (c¢) model.
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Classical model (First gradient)
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Third gradient model
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Figure 2.10: Shear angle contours predicted by first gradient (a), second gra-
dient (b), third gradient (c¢) model.
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Shear angle contours: Linear model

Figure 2.11: Comparison with the nonlinear solution (Shear angle zone): linear
model (a), nonlinear model (b).

Shear strain gradient: Non-inear model

Shear strain gradient: Non-linear model

0.8

0.6
i

0.4

0.2

Figure 2.12: Comparison with the nonlinear solution (Shear strain gradient):
linear model (a), nonlinear model (b).

39



2.5.2 Comparison between experimental results and the-
oretical predictions

So far, we have shown that the proposed model, based on the third gradient
continua, is able to sustain forces, double forces and triple forces to induce
dilatational deformations. These forces are coupled, respectively, with the
Piola-type stress, double stress, and triple stress through an appropriate ma-
terial parameter. More precisely, the obtained expression of the Piola-type
stress is a combination of the Nth order stresses so that the third gradient
of the deformation term in Eq. (2.63) can be regarded as the energy couple
of the triple force 1 via the triple stress parameter A. A similar statement
can be made for the first and second order stresses where the corresponding
parameters C' and p are related to the bending energy of a fiber and the de-
formation energy of the matrix, respectively. However, little has been studied
for parameter A mainly due to the complex nature of mechanical interactions
on edges and point of Cauchy cuts [82]-[84].

Here, we present an indirect approach in an effort to estimate the triples
stress parameter A through which the accuracy of the proposed model in the
deformation analysis of the composites is also examined. For this purpose,
two experiments are considered (see, Figures 2.13-14) a three point bending
test of Crystalline Nanocellulose (CNC) which is a natural linear biopolymer
(C = 150G Pa, 1= 1GPa) and the bending test of a Nylon-6 Fiber Neoprene
Rubber Composites (C' = 2000M Pa, u = 1M Pa) with clamped ends. In the
experiments, the out-of-plane direction (z3) is defined in the parallel direction
of either the loading cylinder or the guide clamp so that the corresponding
deflections can be estimated by using the proposed model with the setting of
¢ > d. The resulting deformation profiles are recoded using the MTS load cell

and high speed camera.
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Deformation profiles
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Figure 2.13: (a) is the three points bending test experimental setup for CNC,
and (b) is the numerical comparison with the CNC experimental results.

The results in Figures 2.13-14 indicate that the proposed linear model
produces reasonably accurate estimations for both the maximum deflections
and the deformation profiles of each composite. In particular, we were able to
identify a specific range of numbers for A that minimize the prediction errors
(see, Figure 2.15). These characteristic numbers turn out to be unique for each
material (A = 208 for CNC fiber composite and A = 0.95 for Nylon rubber

composite) and are insensitive to either the magnitude of the applied loadings
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(i.,e. r and m) or the types of boundary conditions (e.g. simple support,
clamped ends). The results are also fairly close to those estimated from the
nonlinear model where the A value is found to be 0.825 (see, Figure 2.16).
Hence, the estimated values of A may be inferred as the intrinsic properties
of the examined composites pertaining the Piola-type triple stress. Further
examination regarding the triple stress parameters and the associated triple
forces may be of necessary to include more general class of materials, which is
beyond the scope of the present study due to the lack of available data. At the
same time, progress is being made toward these problems and our intention is

to report elsewhere.

2.6 Denouement

In this study, we have presented a complete linear model describing the me-
chanics of an elastic solid reinforced with a single family of fibers and subjected
to both the double force and triple force. The kinematics of fibers have been
formulated via the second and third gradient of deformations and subsequently
integrated into the model of the continuum deformation. The energy density
function of the Spencer and Soldatos type is augmented by the third gradient
of deformations in order to accommodate the third gradient continua. Us-
ing the virtual work statement and the variational principles arising in the
third gradient of virtual displacement, the Euler equation and the associated

boundary conditions have also been obtained.
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Figure 2.14: (a) is the bending experimental setup for Nylon-6 fiber neoprene
rubber composite, and (b) is the numerical comparison with the Nylon-6 fiber
neoprene rubber composites experimental results.
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Figure 2.15: Maximum error with respect to A
Neoprene rubber composite (b).

43

: CNC fiber composite (a),



Nylon-6 fiber composite

Maximum % Error

. . . . .
.8 0.85 09 0.95 1.0 1.05 1.10 1.15 1.20
Magnitude of A

(@)

Nylon-6 fiber

ol . . . I | J
0.75 0.775 0.8 0.825 0.85 0.875 0.9 0.925 0.95
Magnitude of A

(®)

Figure 2.16: Comparison with the nonlinear solution: linear model (a), non-
linear model (b).

More importantly, we have derived a compatible linear model from which a
complete analytical solution has been obtained for small deformations super-
posed on large. The obtained solution describes smooth and dilatational shear
angle distributions, unlike those predicted by the first and second gradient
continuum model where either a sharp variations of the gradient fields or the
non-dilatational shear zones are observed. This is due to the smooth transi-
tions in the corresponding shear gradient fields sustained by the third gradient
continua. In addition, the obtained solution demonstrates a close correspon-
dence with the experimental results of both the CNC and rubber composites.
The proposed model also predicts the intrinsic properties of the composites
which may pertain to the Piola-type triple stress. Lastly, the results obtained
from the proposed linear model are comparable with those obtained from the
nonlinear analysis and, thus, can be employed as an alternative to the nonlin-

ear model for small deformation analyses.
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Chapter 3

A model for the second strain
gradient continua reinforced
with extensible fibers in plane
elastostatics

3.1 Kinematics

Let 7 be the unit tangent to the fiber’s parametric trajectory of r(s) in the
current configuration and D and X(.S) are their counterparts in the reference

frame. The orientations of a particular fiber are then defined by

B o, _ ds _dr(s)
A =|d| and)\T—d,)\:ﬁandT: T

(3.1)

where s and S are respectively, the arclength parameters in current and ref-
erence configuration and d is the director field of fibers in the reference frame

which can be expressed as

d=FD,F=\r®D, (3.2)

and F is the first gradient of the deformation function (x(X)). Eq. (3.2) is
obtained by taking the derivative of r(S) = x(X(5)), upon making the identi-
fications of D = dX(5)/dS and d = dr(s)/ds. Here d(x)/ds and d(x)/dS refer
to the arclength derivative of (%) along fibers’ directions in the deformed and
reference configurations, respectively. Therefore, from Eq. (3.2), the geodesic

curvature of a parametric curve (r (5)) and the associated rate of changes in
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curvature are obtained by following equations

e d*r(s) O(FD) dX
VT T X dS

V[FD|D. (3.3)

In a typical environment, most of the fibers are straight prior to deformations.
Even slightly curved fibers can be idealized as ‘fairly straight’ fibers, consider-
ing their length scales with respect to that of matrix materials. This further
leads to the assumption of vanishing gradients fields of D (i.e. VD = 0). Thus,
Eq. (3.3) reduces to

g(G)=G(D®D), (3.4)

where we adopt the commonly used convention of strain gradient tensor:
VF = G. (3.5)

The corresponding strain gradient field is compatible in the sense of Leibniz

differentiation which can be seen as
Giap = Fiap = Fipa = Gipa. (3.6)

Egs. (3.3)-(3.6) constitute a second gradient-based energy function in the

description of an elastic solid reinforced with fibers resistant to flexure
1
W(F.g(G)) = W(F) + 5C (F)[g(G)[*, (37)

where C (F) refers to the material parameter associated Piola-type double

stress which is, in general, independent of the deformation gradient, i.e.
C(F)=C. (3.8)

Eq. (3.7) is based on the kinematic relevance between the bending motions
of embedded fibers and the adjoined second gradient fields [41] that has been
widely and successfully adopted in the relevant studies (see, for example, [9],
(73], [76], and [74]). For the desired applications, the above energy potential

is now augmented to accommodate extensible fibers as

W(F,<(F), g(G)) = W(F) + B + SC|s(G)”, (3.9)
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where E is a modulus pertaining to the fiber’s extension and the expression
of € is given by

€= %(V —1). (3.10)

Further, in view of Eqs. (3.1)-(3.2), A’ can be written in terms of the defor-

mation gradient tensor F and the director field of fibers D as
M =FD-FD=F'FD -D = (F'F) -D®D. (3.11)

In particular, the third gradient of deformations is introduced into the mod-
els of continuum deformation to achieve a more comprehensive description of
generalized continua of higher-order. More precisely, we compute the rate of

changes in curvature at points of the fibers as

. d(V[FD]D) (V[FD|D)dX
a=1" = ——— = = —— = = [V{V[FD|D}|D

= [V{V[FD|}D+V[FD|(VD)|D, (3.12)

such that the interactions between the fibers and the surrounding matrix may
be characterized. The required third order gradient fields can be formulated

in the same spirit as Eqs (3.4)-(3.5) that

a = V(VF)(D®D D),
V(VF) = V(G)=H,and
a = HD®D®D)=«aH,D). (3.13)

Consequently, the energy potential accommodating the third gradient of con-

tinuum deformation can be obtained as

W(F.2(F).g(G).a(H)) ~ W(F)+ 152+ 2Clg(@)P
+ %A(H)|a(H)|2. (3.14)

We note here that, similar to Eq. (3.8), A(H) pertaining to the third gradient

of continuum deformations is assumed to be constant for the sake of simplicity.
A(H) = A. (3.15)
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The phenomenological implications vis-a-vis the third gradient of deformations
(e.g., interactions between fibers and a matrix material) and the identification
of the associated coefficient (here, denoted as A) is addressed in the literature
86], [82], [79], [87], [88], and [89]. In the present study, we place an emphasis
on the development of a mathematical framework and the associated analyses
in order to promote the implementation of higher-order strain gradient theory
in plane elastostatics. For uses in the derivation of Euler equations and the
necessary boundary conditions, we continue by evaluating the induced energy

variation of the response function with respect to F.e, g, and « as
W(F, e g a) = WpF+W.etWy-g+ W, - &, (3.16)

where the superposed dot refers to derivatives with respect to a parameter
¢ at the particular configuration of the composite (¢ = 0) that labels a one-
parameter family of deformations.

The desired expressions for the induced energy variation can be obtained

from Eqgs. (3.4) and (3.10)-(3.14) that

1 S| . . .
¢ = ;(W—1)=5(FD-FD-1]=FD-FD=FD®DF, .
1
= (EEsQ) = Eeé, (3.17)
Wg'g :ng = C’gjej-GiABDADBei = CgiDADBGiA37 (318)

and
W(H) = Aaa = Aajej'HiABCDADBDCei = AaiDADBDCHiABC- (319)

Hence, from Egs. (3.16)-(3.19), we find

W(F, e g a) = Wg, Fia+ E(FjCF}‘DDCDD — 1) (FipDpDa)Fia
+ CgiDaDpGiap + A;DsDpDcH;iape. (3.20)

Clearly, the resulting energy variation (Eq. (3.20)) is dependent on both the
second and third gradients of continuum deformations as intended. It will
be seen in the later sections that Eq. (3.20) furnishes the relevant mathe-
matical framework to accommodate the triple force (e.g. interaction forces)
and its energy couple (Piola-type triple stress) sustained by the third-gradient

continua.
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3.2 Equilibrium

The derivation of the Euler equation and boundary conditions arising in second-
gradient elasticity is well-established (see, for example, [79], [90] and references
therein). In this section, we present a variational formulation arising in the
third gradient of the continuum deformation by employing the principles of
the virtual work statement and iterated integrations by parts [82], [79]-[88]
and [89].

In a typical environment, volumetric changes in materials’ deformations
are energetically expensive processes and thus are constrained in most of en-
gineering analyses (see, also, [77],[28]). This can be achieved by introducing
the weak form of bulk incompressibility condition into the proposed energy

potential such that
U(F,Fj,g,&,p) - W(F767g7a> —p(J— 1)7 (321>

J is determinant of F and p is a constitutively indeterminate scalar filed. The

strain energy of the system is then expressed as
E = / UF, G, H, p)dA, (3.22)
Q

where 2 is the referential domain occupied by a fiber-matrix material.

Now, the principle of virtual work states that
E=P (3.23)

In the above, P is the virtual work of the applied load and the superposed dot
refers to the variational and/or Gateaux derivative. Since the conservative
loads are characterized by the existence of a potential L such that P = L,
the problem of determining equilibrium deformations is then reduced to the

problem of minimizing the potential energy E' — L. Accordingly, we find
E= / U(F, G, H, p)dA. (3.24)
Q

Using the identity J = JpF - F = FF together with the results in Eqgs. (3.20)-
(3.21), the variational derivative of the augmented energy potential can be
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evaluated as

U = W—=pJ=[Wg,u+ E(chFjDDCDD — 1)(FipDpDa)u; a

+ C(9:DaDp)u;ap + A(;DaDpDe)u; apc — pEyuial, (3.25)

where u; = x; is the variation of the position field. Hence Eqgs. (3.24)-(3.25)
yield

- E
E = /[WFiAUz',A + §(chFjDDcDD — 1)(FipDpDa)u; a
Q
+ C(9:DaDp)uiap + A(;DaDpDe)u; apc — pFyuialdA. (3.26)

Applying integration by parts on the third and forth terms in Eq. (3.18), we
find

C(g:iDaDp)uiap = C(9:DaDpu;a)p — C(9:DaDp) puia, and
A(a;DaDpDe)u;ape = Ala;DaDpDeuiag) o
— A(OéiDADBDC>,CUz',AB, (327)

and thereby obtain

: E
E = /[WFZ-AUZ',A + E(FJ‘CFJ'DDCDD — 1)(FipDpDa)u; a
Q
+ C(9:DaDpu;a) g — C(9:DaDp) puia+ Al;DaDpDcu; ag) o
— A(Oéz‘DADBDC),CUi,AB - pF;LluZA]dA (328)

Eq. (3.28) may be recast as
E = /[WFiAUz‘,A = pEyuia+ 5 (FjeFpDeDp — 1)(FipDpDa)
Q

- C(giDADB),B]Ui,AdA_/[A(@iDADBDC>,CUi,AB]dA)
O

+ / (C’giDADBui,A)NBdS—i-/ (AOéiDADBDCUi,AB)NCdS,(3.29)
o0 o0

where N is the rightward unit normal to the boundary 0f2 in the sense of
Green-Stoke’s theorem. To obtain the desired expression, we again apply

integration by parts and the Green-Stoke’s theorem on the second integral of
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the above; i.e.

/[A(aiDADBDC>,Cui,AB]dA: /[{A(aiDADBDC),CUi,A},B
0 Q

—A(aiDADBDC)7CBUi7A]dA:/ A(OéiDADBDc),CUZ’,ANBdS
oN

— / A<OfiDADBDC),CBUi,A]dA- (330)
Q

The substitution of Eq. (3.30) into Eq. (3.29) then furnishes
: E
E = /[WFiAUi,A — pFiauia + E(FJCFJ'DDCDD — 1)(FipDpDa)
0

— C(giDADB),B + A(OéiDADBDC),CB]ui,AdA [{CgiDADB
00
— A(@iDADBDC>,C}Ui,ANB + AOéiDADBDCui’ABNc]dS. (331)
Finally, we obtain

E = /PZAULACZA—F/ [{CngADB — A(aiDADBDC),C}ui,ANB
Q o0
+ AO&Z‘DADBDCui,ABNc]dS, (332)
where
. E
Py = Wg,uija— pF i uia+ g(Fj'C’FjDDCDD —1)(F;gDpDa)
— C(9:DaDg),p + Al;DaDpDc) cp- (3.33)
Hence, the Euler equation satisfies

Paa=0o0r Div(P)=0 (3.34)

which holds in . It is also noted here that, for the sake of clarity and com-
pleteness, the appropriate tensorial notations of Eqgs. (3.32)-(3.33) may be

found as

E = /P~FdA+/ {C(g®D®D)" — (Div(a®D ® D @ D)T}FT

+ (a®D®D ® D)(VF)"]-NdS, (3.35)
and
E
P = Wy —pF' + _(FD-FD - )F(D® D)
— Div(Cg®D ® D) + Div(Div(Aa® D@ D® D)), (3.36)

which clearly meet the basis agreement requirement arising in multilinear

transformations of higher-order tensors with mixed bases.
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3.3 Boundary conditions

The incorporation of the high order gradient fields into the model of the con-
tinuum deformation leads to the necessary existence of their high-order energy
conjugate pairs (e.g., triple forces, contact interactions) suitably imposed on
the desired boundaries. Although the roles and phenomenological implications
regarding these higher-order boundary conditions are discussed in number of
studies (see, for example, [82], [87], [88], [91], and [92]), their implementation,
particularly those arising in plane elastostatics, in the actual analytical plat-
form has not been well addressed. Throughout the section, we present rigorous
derivations vis-a-vis admissible boundary forces of higher-order exerted on the
third-gradient continua.

To proceed, we apply integration by parts (i.e. Pau;a = (Paui)a —
P4 au;) on the first term of Eq. (3.32) and thereby obtain

E = /8 PuausNadS - /Q Pia atidA + / [{Weras — (Wit,upe) o}t aNp

onN
+ WHZ-ABcUi,ABNC]dsa (337&)

where we define:
WGiAB = Og,;DADB and WHiABC = AO@DADBDC, (338)

for the notational simplicity in the forgoing derivations. Since the Euler

equation, Pig 4 = 0, holds in (2, the above reduces to

E= | PuauNadS+ / {Weins = Wiape )oYt aNB+ Wi,y po tii ap NeldS,
oN 0N
(3.39)

Now, the projection of onto normal and tangential direction yields
Vu=Vu(T ® T)+Vu(N @ N) = u'®T + u,y®N, (3.40a)

In the above u'and u, y are respectively the tangential and normal derivatives
of u such that

u; = Uz’,ATA7 Uy N = Uz’,ANA, (341)
and T = X'(S) = k x N is the unit tangent to the boundary (99) and N is the

associated unit normal. Hence, invoking Egs. (3.40a)-(3.41), the projections
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of the first and second coordinate derivatives of u; can be found respectively

as
du; ds du; dN

e — =T ‘NN d 42
ds dX, T AN dx, Mt uvAa, an (342)

Uj,A

Ui AB = u;ITATB + u;(T;‘TB + TA,NNB) =+ ui,N(N;‘TB + NA,NNB)
+ u;y(NaTp + TaNg) + ui vy NaNp. (3.43)
We then substitute Eq. (3.43) into Eq. (3.39) and thereby obtain
E = / Poyu;NadS + / Werns — (Wit.ape).c) (6. Ta + 155 Na) NS
o9

[2/9]

+ WHiABC [U;/TATB + U;(TATB + TA,NNB) + uin(N;‘TB + NA,NNB)
N

+ u;,N(NATB + TANB) + Ui,NNNANB]NCdS. (344)

In order to obtain desired expressions, we apply iterated integration by parts

on the tangential derivatives of u in Eq. (3.44). For example,

We,nTuNpu, = (Wa,,, TaNpuw;) — We, ., TaNs) u;, (3.45)

1AB

Whiase (NaTpNe + TaNgNe)u; y = (Wi po (NaTsNe + TaNpNe)u; ]

iABC

"~ Wit ape (NaTENe + TaNpNe)] i, (3.46)
WHiABCTATBNCu;, = (WHiABcTATBNCUi)H + (WHiABCTATBNC)N Uj
—2 | (Wht,upe TaT No) U] , (3.47)

and similarly for other terms. Therefore, Eq. (3.44) can be replaced with
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[PiaNa = {We,,, TaNp — (Wi,s50) o TaNgY JuidS

{Whapo(ThTeNe + TaxNgNe)} — (Wa, o TaTsNe) JudS

[WH (TATBNC -+ TA7NNBNc)ui]ldS

1ABC

/
/
+ / {WenTaNE — (Whane) o TaNg — 2 (Wi TaTsNe) bui] dS
o
/
/ (Wi, 1o (NaTsNe + TaNpNe)u; n] dS

0

4 }QQ[{<vv2;AB> — (Witppe) o} V4N
+ Wi pe (NaTs + NanNp)Noju; ndS

—/HMMMM%%+H%MWMMS
o0

+ / (Wit i TaTsNew;) dS+ | Wi, pots nwNaNsNedS.  (3.48)
oN 0N

The above may be further recast as
E = / [PoaNA — {(Cg; — Ay, ¢ Dc)DATaDpNp}
o9
— {Aa;DeNo(DaTyDpTs + DATanDpNp)} uidS
+ / [(Aa; DAT4DpTsDeNe) JuidS
o9

+ Y || Aai(DaTy DT DeNe + DaTaxnDpNpsDeNe)u;

+ > ||l(Cgi — Ay ¢ De)DATaDpNp — 2 (A DATa DT DeNe) Ju;

> lA0i(DAN4D5TsDeNe + DaTaDpNpDeNe)us ||

d
+ Y (A0 DsTADpTpNe Dos)

+ / [(Cg; — Ac;cDe)DaNsDpNp]
29
+ | A:DeNe(DaN, DTy + DaNay DpNp)| wi vdS
- / {Aa;DsDpDc(NaTgNe + TANBNC)}/ w; N]dS
29

+ / (ACVZ'DANADBNBDcNCuLNN)dS, (349)
o0

where the double bar symbol refers to the jump across the discontinuities on

the boundary 9 (i.e. ||*|| = (¥*)" — (¥)7) and the sum refers to the collection
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of all discontinuities. But the virtual work statement for the conservative loads

suggest the admissible mechanical powers are of the form

P = / tluld5~|— miuLNdS—i-/ TiuLNNdS—FZ fluz + Z hiu“\[, (350)
Owy ow ow

Consequently, by comparing Eqgs. (3.49) and (3.50), we obtain

t; = PalNa+ j—; (Aa;DATADpTsDeNe)
- %[(Cgi — Aoy cDc)DATaDpNp
— Ao;DoNe(DAT,DpTs + DsTanDpNg)),
m; = (Cgi —Aa;cDc)DaNADpNg
+ Aq;DeNo(DaNDpTg + DsNsnDpNp)
- %(QA%DADBDCNATBNC),

ri = Aa;DyNaDpNpDeNe,

d
fi = (Cgi— Aa;cDc)DATADpNp — o (2A0; DATADpTsDcNe)
+ Ac;(DAT DpTsDcNe + DaTanDsNpDeNg),
d(f;) d
= “(Aq;DsT4DgTsNeDe),
ds ds(a AABBCC)
h,i = 2AO&Z'DANADBTBD0N0, (351)

In the above t;, m; and f; are, respectively, the expressions of edge tractions,
edge moments and the corner forces. But more importantly, additional inter-
action boundary conditions (i.e. r;, d(f;)/ds, h;) are obtained via the intro-
duction of the third gradient of deformations. These boundary conditions can
be understood as the set of admissible contact interactions suitably sustained
by the third-gradient continua (see, for example, [79], [82] and [89]). More-
over, the induced interaction forces are, in turn, coupled with the Piola-type
triple stress and thus fall into the category of triple forces that characterize
the mechanical contacts on the edges and points of Cauchy cuts [91], [82] and
[87]. In the present case, the letter would mean the effects of local interactions
between the fiber and matrix which are assimilated via the computation of the

third gradient of the continuum deformation on the convected curves of fibers.
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We remark here that the obtained triple forces are meaningful only if there
exist their conjugate pairs (a class of Piolar-type triple stress) and are nec-
essary to capture the internal energy contributions to the mechanical contact
interactions induced on the adjoined boundary. In fact, such necessary mu-
tual existence arising in the third gradient of continuum deformation is equally
valid to a class of forces and stresses exerted by lower-order continua. For ex-
ample, the prescribed double force m; is the energy pair to the Piolar-type
double stress (Cg; pDaDg).

If fibers are aligned along the directions of either normal and/or tangential
(such cases are commonly observed in meshed composites, fabric composites

and particulate composites produced under controlled environment), we find
DATADBNB =0 and TA,N == TA = NA,N = NAO, (352)
and thus Eq. (3.51) reduces to

i = PiaNa
m; = (Cgi— Aa;cDc)DaNsDpNp
ri = Aa;DsNyDpNpDeNe,

fi = 07
dify)
i
hi = 0. (3.53)

Further, the expression of the associated Piolar-stress now becomes

FE
Pia = Wg,uia—pFuia+ §(FjCFjDDcDD —1)(FigDpDa)
— CgipDaDp + Ac; peDaDpDc,
9i = FiapDaDp and o; = FiypcDaDpDc. (3.54)

It is clear from Eq. (3.54) that, in the cases of aligned fibers, r; is the only
meaningful boundary conditions due to the third gradient of continuum defor-
mations (i.e. f;, d(f;)/ds and h; are vanished identically). We also note that
the imposition of r; is necessary to determine a unique solution when solving

the associated Euler equation (i.e. Eq. (3.51)). The classifications of the
o6



obtained triple forces and boundary conditions may be of practical interest.
In this respect, a number of cases are investigated under the prescription of

superposed incremental deformations in the foregoing sections.

3.4 Linear Theory

Based on the constitutive formulations presented in the previous sections, we
develop a compatible linear model which describes the mechanical responses
of an elastic solid reinforced with fiber’s resistance to extension and flexure.

For this purpose, we consider, superposed ‘small’ deformations defined by
X =X, tex ;e <1, (3.55)

where (%) = 0(x)/0e, x = u and (), denote configuration of * evaluated at
e =0, (%) = 0(*)/0e. Here caution needs to be taken that the present notation
is not confused with the one used for the variational computation. Therefore,

the deformation gradient tensor can be approximated as
F =F, +cVu, whereF = Vu. (3.56)

In a typical environment, the body is initially undeformed and stress-free. This

can be accommodated by imposing the initial conditions of
F,=Tand P,=0, at ¢ =0, (3.57)
from which we subsequently reduce Eq. (3.56) to
F=I+cVu (3.58)
Eq. (3.58) further leads to
F ' =1-¢eVuto(e) and J = det F =1 + ediv u+to(e), (3.59a)

which are the linearized expressions of the inverse and determinant of defor-
mation gradient tensor F. Similarly, the constraint of bulk incompressibility

can be approximated as

(J—1) =F:-F =divu=0. (3.60)
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Now, using Eq. (3.55), the Euler equation (Eq. (3.30)) can be expanded as

Div(P) = Div(P,) + eDiv(P) 4+ o(e) = 0. (3.61)
Dividing the above by ¢ and limiting € — 0, we obtain
Div(P) =0 or Pig 4 =0, (3.62)

For the use in Eq. (3.62), the expression of P;4 can be obtained from Eq.
(3.29) that

Pia = (Wr,) — d(Fi)o — pFis + E[F;c(F;p)oDcDp)((Fig)oDE D))

E . .
+ 5[(Fj0)o(FjD)oDCDD — 1(FisDpDa) — Cg; 5D aDp

+ A(aiDADBDC),CB- (363)
Also, evaluating at € = 0 (e.g. (Fjp)o = d;p, (Fi4)o = 0;4), we reduce Eq.
(3.63) to

Pia = (Wg,)+ EujpDaDpD;D; — pd;a — PoFiq — CuipcpDcDpDaDp
+ A[(wi,preDEDrDg)DaDpDe) cs, (3.64)

where:

0jc0jpDcDp = DeDe =1, g, 5 = Fio,spDeDp and a; = w; praDpDrD.
It is noted that the reference and current bases are now merged so that the
initial director field D is represented by the current basis (i.e. D;e;) not by
the reference frame (i.e. D4E4). This can be explained by the collapse of the
two different bases dictated by the linear theory of elasticity (i.e. e; = Eyu;
see, also, [77] and [28]). Hence, From Egs. (3.62) and (3.64), the linearized

Euler equations can be obtained as

Piaa = (WFiA),A + E(UJ,BDADBDz‘Dj),A - ]'% - C(ui,BCDDCDDDADB),A
+ Al(uipraDeDrDg)DaDpDc| cpa, (3.65)

where F:AA = 0 (Piola’s identity ) and (pdia),.a = D adia = P,
In the case of initially straight fibers (i.e. VD = 0), the above further

reduces to

Piaa = (Wr,) s+ EujapDaDpDiDj —p; — CujapcpDecDpDaDp

+ Au;apceraDaDpDeDgDpDe = 0. (3.66)
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Lastly, the boundary conditions in Eq. (3.51) can be approximated similarly

as in the above (e.g. t = t, + et+o(e) etc...)

t;

. 2

d )
PiaNy + T2 (Ac;DATADgTpDcNe)

d .
%[(Cgi — A& cDe)DsTaDpNp

Ad;DeNo(DAT DTy + DaTanDpN3)),

(Cg, — AdycDc)DANADpNp

A; DeNg(DaN DTy + DaNynyDpNp)

%(QAaiD ADpDeNATsNG),

Ac; DAN,DpNgDeNg,

(Cg;, — Ad ¢ De)DATADgNp — % (246, DA TADpTpDeNg)
Ady(DAT, DT DeNg + DaTanDeNgDeNe),

4 (Ad; DATADpTgNeDe)

ds
2A0; DAsNADgTDcNe. (3.67)

Hence, Eqgs. (3.60), (3.66) and (3.67) determine the deformed configurations

of fiber composites for small deformations superposed on large. In particular,

if the fiber’s directions are either normal or tangential to the boundary (see,

Eq. (3.52)), the above becomes

t; = PiaNa
i = (Cg; — AdycDe)DaN4DpNp
i = Ad&;DysNsDpNpDeNe,

fi = 07
d(f,)
= 0
ds ’
hi = 0. (3.68)

The imposition of the above boundary conditions will be further discussed in

the following section.
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3.4.1 Example: Neo-Hookean type materials

For the implementation of the obtained linear theory, we consider an elastic
solid of Neo Hookean type reinforced with a single family of fibers subjected to
plane bias extension. In the foregoing analysis, we confine our analysis to the
case where fibers are initially straight and aligned along the directions of either
normal or tangential to the boundaries (i.e. D = E;, D; = 1, Dy = 0,see,

Figure 3.1) such that
(D-T)(D-N)=0and VD =VT = VN = 0. (3.69)

We also note here that different types of boundaries and fibers alignments
can be readily accommodated by modifying Eq. (3.69) (e.g. D = Ey, D; =
0, Dy=1and D-N =1, etc...).

Accordingly, Egs. (3.64) and (3.66) becomes

P’iA = (WFMj + Euyi1DaD; — pdia — pOF:A — Cu;inDa + A(uii1111)Da,

PiA,A = (Wru)a+ EuinD; —p; — Cujnin + Auinnn = 0. (3.70)
Now, the Neo Hookean strain energy function is given by
A
W(I,I;) = %Ul ~3) — plog Iy + S (log 1), (3.71)

where p and A\ are the material constants, and I; = ¢r(FT'F) and I3 =
det(FTF) are respectively the first and third invariant of the deformation gra-
dient tensor. In the case of incompressible materials (i.e. I3 = 1), Eq. (3.71)
further reduces to

i

W(E) = £(F-F -3). (3.72)

Thus, we evaluate Wr,, = uF;4 and thereby obtain from Eq. (3.70) that
Piy= pui A+ Euy 1 DaD; — poia — poF:A — Cu;iniDa + A(uip1111)Da, and
(3.73)
PiA,A = MU a4 + EULllDi - ]'% - Cui,llll + Auz’,111111 =0. (3'74)

In the above, the unknown constant p, can be chosen such that the Piola-type

stress admits the initial stress free state at € = 0; i.e.

P, = uF, — pOFZ =0, (3.75)
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and thus yielding
Po = M- (3.76)
In addition, since JOFp/0F;4 = FipF}y — FipF}y, we evaluate at ¢ = 0 as
(OFj5/0Fia)o = 0;B0ia — 0iBdja, (3.77)
and thus find

Fy (OF;5/0Fi4)Fip = (8504 — 0ipdja);p

= upplia —Ua; = —Ua,, (3.78)

where ug g = 0 from Eq. (3.60).
Consequently, Eq. (3.74) together with the constraint of bulk incompress-
ibility (Eq. (3.60)) determines the deformed configuration of composites.

pe
) y ‘bulk
C, A: fiber I “
. \ d
m

Figure 3.1: Schematic of the problem.

3.5 Solution to the linearized problem

For the purpose of illustration, we consider an elastic solid of Neo-Hookean
type reinforced with the single family of fibers and subjected to the double

force t; (extension) and triple force r; (see, Figure 3.1). Accordingly, we find
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from Egs. (3.60) and (3.74) that

M(Ul,ll + U1,22) + EU1,11 - CU1,1111 + AU1,111111 - P,1 = 0,
p(uza1 + ug92) — Coninn + Aug i —py = 0,
Uy1 + U292 = 0. (379)

Let us now introduce scalar field, ¢,as
u =k x V¢, k(unit normal); u; = €3¢ ,

so that the third equation of Eq. (3.79) can be satisfied (i.e. ¢ 15 — ¢4 = 0).
Hence, Eq. (3.79) becomes

1')71 = _N<90,211 + 90,222) + 090,21111 - A‘P,21111117
15,2 = M(Sﬁ,ln + 90,122) - C'90,11111 + ASO,1111111. (3.80)

In addition, we use the compatibility condition of p (i.e. p;; = p_;) and thereby
reduce Eq. (3.80) to

M(%D,nn TP 2200 T 290,1122) - C((80,111111 + @,221111) + A(SO,11111111 + @,22111111) =0.

(3.81)
The above may be reacted into the following compact from
C E A
A(A¢ — E¢,1111) + E¢,1122 + ;A(¢,111111) =0, (3.82)

which solves the unknown mapping function, ¢(z,y).

It is noted here that the solution of Eq. (3.82) is not accommodated by
conventional methods such as the Fourier transform or the separation of vari-
ables. Instead, we adopt the methods of iterative reduction and the principle

of eigenfunction expansion [93], [94] to yield

o(z,y) = X(x)sin(my), (3.83)
and subsequently obtain from Eq. (3.82) that

[AX 11111111 — (C + AmQ)X,llllll +(1+ sz)X,nn — m2(2 + E)X 111

+m*X]sinmy = 0. (3.84)
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Hence the general solution of ¢ can be found as

o0

o(z,y) = Z[{e“mx(Am sin(b,,x) + By, cos(by,x))

m=1

+ e *(Cyysin(byx) + Dy, cos(bpx))
+ (Epsin(cpz) + Fy, cos(cnr)) + Ge™ 4+ H,e” "}

x  {sin(my)}]. (3.85)

The expressions of a,,, b, ¢, and d,, can then be obtained via the simple

algebraic procedures:

Ty + T, T —T T
o = LFH) . _(L-T) T, g
2 21 )
nmw T 2
m = %(ﬂ = 1, 3, 5, €tC...),T1 = [4—2 — T5 — {—Tg(T18)2 — 9T8(T10)§
12(Ty0) 3Tk T
£ 12Ty - Ty + 20 6805005
17
T, — T24 2 2
y = [H — T5 + {—Ts(T1s)” — 9T5(Th0)3 + 1271,T5 — T
1
+ 12(T10)3T8T18}0.5]0.5’
17
T 2
Ty = [4—2* +Ts — {~Ts(Tis)? — 9Tx(Tho)? + 12717 T + T
1
1 12(T10)3T8T18}0.5]0.5’
17
T, — T24 2 2
4 = [H + T5 + {—Tg(Tlg) — 9T8(T10)3 + 12T17T8 + T@
1
+ 12(T10)3T8T18}0.5]0.5’
T
T8
Ty = ST Ts = 3V6T19[27(T19)? + 3V3T15 — 72117 Tis — 2(T1s)%]?,
9
12m? 3T5,T
T = 6(T)s[6T1s(Th)% + 9(Th)% — Tia + Tt (Thg)? + Tiy — 12:1*2 1)1,
12m? 3T54T:
Ty = [6T18(T10)% + 9(T10)% — T + T + (Ts)? — le 2 TH]%,
Tw)? ATT V3
Ty, = ( 124) _ 1; L (E)[m(ﬂg)?(ﬂg)2 +27(T1)* + 16(T15)  Ths
9 2 (T1s)®
-+ 256(T13)3 — 4(T18)3<T14) — 144T18(T14) T13 — o7 ]0'5,
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T (The)? i Vi3T5 B 4T 77 B (T1s)? T 3(T4)*To3 T, _ 9(Tyy)?
10 2 18 3 o7 M 443 T2 G4A
m? T54T16 (T24)3 T To4T5;3
Tis = Ty — o T4+ 24506 = 116 _ L4723
13 21— 20 1+ 142 1T s +A 942

Tis = [27(Tw)* + TieTi7(Tis)* + 256(T17)° — 4(Tis)* (The)?,
+ 128(T18)2<T17)2 — 144T18<T19)2T17]0'5,
4
_ 2 o m To4T59
Tie = (2+E)m,T17_T21—7+ iz Lo
3(Toq)?  Tos (Tog)®  Toe  ToyTos
T, — — = Ty = il
18 sA2 AT g T a T aa
T (To4)?*To3 - 3(Tyq)?
20 = T3 od21 = T
16A 256 A
T22 == (2 + E)mQ, T23 == sz -+ 1 and T24 == Am2 -+ C. (386)

Lastly, the unknown constant real numbers A,,, B, Crn, Doy By Fr, Go and
H,, can be completely determined by imposing the admissible boundary con-
ditions depicted in Eq. (3.68). In the assimilation, the applied forces and

triple forces are approximated using Fourier series expansion. For example,

ti1, = PNy = M(Ul,l - U2,2) + EU1,1 - p - CU1,111 + AU1,11111
30 20 nm
n—1
= Hr~ —(—1) 2 —),
D (1) costgy)
i = A&;DaNsDgpNpDcNe, T
n—1 nim

30 20
= AU17111 = 5 ~ Z E(_l)T COS(%y%

n=1

’I'“Q = AUQJH:O. (387)

The obtained solution ¢ is then substituted into the following expression to

configure the deformation maps and the corresponding stress fields.
X = (X1 = ¢5)Ei + (Xa+ ¢ ,)Es. (3.88)

We also remark that the required computational cost is minimum (far less
expansive then pure numerical approaches) even with the presence of heavy
expressions (Eq. (3.63), since the Eq. (3.63) are merely in algebraic structures
once implemented. This is also evidenced by the fast convergence rate of the

obtained solutions, as illustrated in Figure 3.2 (within 30 iterations).
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Figure 3.2: Deformation profiles with respect to the number of iterations N.

3.5.1 Theoretical predictions and experimental compar-
isons

In this section, we simulate the responses of fiber-reinforced composite sub-
jected to plane deformations using the obtained linear model. Emphasis is
placed on the assimilation of the deformation profiles, strain field distributions
and, in particular, the sensitivity analyses of the proposed linear model with
respect to the applied loads and the parameters associated with the Piola-type
stresses and triple stresses. It is noted that the data are obtained under the nor-
malized setting unless otherwise specified (e.g. C/u = 20, A/u = 50 etc...).
Figure 3.3 illustrate the post-processed deformation mapping for a composite
with fibers axial, bending and triple force moduli of E/u = 150, C/u = 150,
and A/p = 150 when the composite is subjected to axial extension load of
t1/pn = 20. The deformation mapping predicted by the proposed linear solu-
tion demonstrates smooth profiles on the boundaries and within the domain
of interest (Figure 3.3).

Further, it is shown in Figs. 4-5 that the corresponding deformation con-
figurations are sensitive to both the first and triple stress moduli of Piola-type
(i.e. E and A). More precisely, the axial elongation of the composite gradually
decreases with increasing the first stress modulus (). The deformation con-
figuration is also affected by the varying triple stress modulus (A). In this case,

the gradients of deformation profiles at each material points become steeper as
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C/p=150, E/ p=150, A/ p=150, t /p=20
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Figure 3.3: Deformation mapping when ¢,/ =20, E/u =150, C'/u =150, and
A/ =150.

the triple stress modulus decreases. These results are also closely aligned with
the observations in [95], [9] and [96]. In fact, the obtained solution accommo-
dates the deformation configurations predicted by the second gradient theory

in the limit of the vanishing triple stress modulus (i.e. A =0, see, Figure 3.6).

C/p=150, A/ =150, t /=20
T

06

04 -

02 =

-02 -

-04 - = — — ]

-0.6 - A

Figure 3.4: Deformation configurations with respect to £/u when ¢,/ =20,
C/pn =150, and A/p =150.

In particular, utilizing the following relations [85], we evaluate the shear
strain gradients and the associated shear angle contours to examine the effects
of the third gradient of deformations on the resulting deformation fields,
1+ ) — e

ug + (1 +uj)?
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Figure 3.5: Deformation configurations with respect to A/u when t;/p =20,
E/pu =135, and C/p =150.

and
X211~ X1

2+ X711+ X2a '

Figure 3.7 clearly indicate that the magnitude of shear strain gradually in-

¢ = tan"*( (3.90)

creases as approach the right and left boundaries when positive triple force is
applied (i.e. 7; > 0) and vice versa in the case of negative triple force (i.e.
7; < 0). The continuous shear strain fields give rise to the smooth and di-
latational shear strain distributions where the rate of dilatation is dependent
on the applied triple force r; (see Figure 3.8). This, in turn suggests that the
proposed linear model is capable of predicting multiple configurations of shear
angle distributions given the single configuration of the applied force #; and
double force m;, whereas only one configuration is possible within the descrip-
tion of the second gradient based models (see, [95], [85], [83] and [9]). In fact,
the shear angle field estimated by the second gradient continuum model is one
of the particular configurations predicted by the proposed model in the limit
of vanishing triple force (i.e. 7; = 0, see, also, Figure 3.6). This also can be

seen by setting Eq. (3.68) as
i = AduD4N4DpNgDeNe = 0. (3.91)
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Figure 3.6: Comparison with the second gradient model.

Hence, the expressions of force and double force (Eq. (3.68)) and the associated

Piola-type stress (Eq. (3.73)) become
t; = PiaNa, 1 = Cg;DaNaDpNp, and

Piy = pusa + Euy 1 DDy — poia — poF:A — CuiinDa,

which recover the results in [9] (see Egs. (61)-(62) therein).

G130, EJu=135, As=150, 1510, 1 20 =0
os o
0 o
02} 0z
> ot > 0
o2} 02
s 0
o8} 06
4 s 0 o | ; os i
X

Figure 3.7: Shear strain gradient with respect to 7;, 7; > 0 (Left), and 7; < 0
(Right).

Clpe=150, EJu=138, Alu=130, rp=-10,

x

68



Figure 3.8: Shear angle contours with respect to r;, ; > 0 (a), and 7; < 0(b).

We also summarize the shear strain gradients and the associated shear
angle contours computed, respectively by the first, second and third gradi-
ent continuum models for the purpose of further clarification. It is evident
from Figure 3.9 that the proposed model (third gradient) predicts smooth
and continuous shear strain gradient fields as opposed to those obtained from
the first and second gradient models where the corresponding strain gradient
fields display either zero or constant distributions (see, Figure 3.9). In results,
a comprehensive description of smooth and dilatational shear angle distribu-
tions ius assimilated by the proposed linear model (see, Figure 3.10). On the
other hand, conventional lower-order models produce limited predictions of
either discontinued (first gradient model) or non-dilatational (second gradient
model) field distributions (Figure 3.10). The obtained results are also aligned
with the earlier discussions regarding higher-order continua that Nth-order
continua can sustain continuous and smooth deformation gradient fields up to
(N — 1)th order [82]-[91] and [92].

Lastly, we compare the predicted shear angle distributions with those ob-
tained from the plane extension test of polymeric composites (PES) (see, Fig-
ure 3. 11 (Right)). Although the proposed linear model is not intended for
relatively large deformation analyses, it produces reasonably good prediction
results for both deformation profiles and shear angle distributions of PES com-
posites at 20% and 50% elongations (see, Figure 3.11). We also note that the
obtained model may be further extended to include practically more impor-
tant problems such as determination of the triple force moduli and analyses of

the residual triple stress on the mechanical responses of higher-order continua.

69



Researches on these subjects certainly deserve further attention, which, how-
ever, are beyond the scope of the present study due to the paucity of available

experimental resources and data sets (especially with the current outbreak).

Shoarsiraingradiont (st gradiontmode _Shearstaingadient(second gradient model)

Figure 3.9: Shear strain gradients predicted by the first gradient (Left), second
gradient (Middle) and third gradient (Right) models.

Figure 3.10: Shear angle contours predicted by the first gradient (Left), second
gradient (Middle) and third gradient (Right) models.

Figure 3.11: Shear angle distributions: PES at 20% (top left) and 50%(bottom
left) elongation.

70



3.6 Denouement

In this study, we present a second gradient-based continuum model for the
mechanics of an elastic solid reinforced with extensible fibers and subjected
to plane deformations. The fibers are presumed as continuously distributed
spatial rods of Kirchhoff type, under which the kinematics of fibers has been
formulated via the second and third gradient of continuum deformations. By
means of the variational principles and the virtual work statement, the Euler
equations and the associated necessary boundary conditions are obtained. The
energy density function of Spencer and Soldatos type is augmented by the third
gradient of deformations to accommodate the third gradient continua and the
associated bulk incompressibility.

More importantly, we formulate a complete linear model within the pre-
scription of superposed incremental deformations from which a complete ana-
lytical solution has been obtained. The presented linear model predicts smooth
deformations profiles and, in particular, assimilates gradual and dilatational
shear angle distributions of the composite subjected to plane bias extension.
This is due to the sufficient continuity of the resulting deformation fields suit-
ably sustained by the third gradient of continua, unlike those of lower-order
continua where sharp variations are present on the corresponding shear zones.
Lastly, we note that the proposed linear model demonstrates reasonably ac-
curate predictions in the deformation and shear angle analyses of polymeric

composites.
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Chapter 4

The second-order finite element
analysis of hyper-elastic
composites reinforced with
fibers subjected to tensile loads

4.1 Kinematics

The following model has been developed to describe the behavior of solids
reinforced with fibers resistance to extension. We propose that the mechanical
response of the hyper-elastic fiber material is governed by the following strain

energy function:

—~

W(F,G)=W(F)+W(G), W(G)= %c (F)|g|?, (4.1)

where F is the first gradient of the deformation function (x (X)) and G is the
second gradient of the deformation (i.e. G = VF). The conventional strain
energy function in the Eq. (4.1) has been borrowed from [41] by Spencer and
Soldatos.

ds dr(s)

A =|[d| and)\T:d;)\Eﬁand‘rE?, (4.2)

where
d =FD, (4.3)
in which D is the unit tangent to the fiber trajectory in the reference config-

uration. Eq. (4.3) can be derived by taking the derivative of r(s) = x(X(s)),

and correspondingly utilizing D = X'(s) and d = r/(s). Derivatives respect to
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arclength parameter along the fiber in the initial configuration are presented
with primes(i.e. (%) = d(x)/dS).
The geodesic curvature of an arc is demonstrated as (r (s)) is derived from Eq.
(4.3) and is presented below:

g=r =(FD) =FD+FD =FD = %(%
for initially straigth fibers (i.e. D’ = 0). Also, Eqgs. (4.2-4.3) result in:

®D) =G(D @ D), (4.4)

M =FD-FD=F'FD-D=CD-D=C-D®D. (4.5)

The compatibility condition is one of the principal equations in the kinematic

of fibers and is demonstrated below:
Giap = Fiap = Fip.a = Gipa. (4.6)
We can consider C'(F) = C and thereby conclude:
W(F) = W(I1Iy,e), where I} = trC =X\2 + )3, I, = %[tr((})? — [tr(C?)],
C = FTFands:%(v—n:%(c-D@D—n. (4.7)
We then have
W (I, Ip,e,8) =W (I, I,e) + %C ig]> = W(F,G) (4.8)

Correspondingly, by taking the derivative, Eq. (4.8) can be shown in the below
format:

W = W(IL, I,e,g) = WpF + W.e + W, - g, (4.9)

It should be noted that the energy function W is a function of Iy, I, g, and
e. G. To derive the required expressions, we use the principals of continuum

mechanics and obtain:

I, = [tr(C)=(1-C)=1C =2FF,
I, = 2F[{(F-F)I-F'F}]F. (4.10)

and (\?) = (FD - FD) then

.T

¢=A\=FD FD =tr(FD @ FD) = tr(FD ® D)F ) = FD ® D-F.
(4.11)
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by substituting Eqgs. (4.9), and (4.10) into Eq. (4.11):

W = WpF+WA+Cg-g
— WpF+W.FD®DF+Cg-g. (4.12)

In order to accommodate bulk incompressibility, we augment the concept of

Lagrange multiplier into the original energy function:
U(ly, Iz,e,8p) =W(l,e,8) —p(J—1). (4.13)
Then
U=W —p(J—1)—pJ =W —pJ, -~ p(J—1)=0forJ=1 (4.14)

Further, since J = 97 . F = JEHT. F = F* . F, augmenting (2.13) and

(2.19) furnishes to:
U=(Wp+W.FD®D — pF*)-F + Wg - G, (4.15)

which considers bulk incompressibility in addition to fibers resistant to exten-

sion and flexure .

4.2 Equilibrium

Derivation of Euler equation and corresponding boundary conditions up the
second gradient order are owed to the efforts of authors in [52], [82]. The
relation between the mechanical loads, and the deformation can be derived by
using previously mentioned mathematical formulations and consequently, the

weak form of equilibrium equation is presented below:

E=P, (4.16)

where P is the virtual work of the applied loads and the superposed dot refers

to the variational derivative;
E= /U(F,G) dA (4.17)
Q
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The procedure of finding the intended loads depends on the existence of poten-
tial L such that P = L. Tt can be concluded that, the problem of determining
equilibrium deformations can be simplified as a local minima search of energy
potential function £ — L.

Thus, We have

B /Q U (F,G)dA, (4.18)
where U is taken from (2.21). By substituting the corresponding values we
then have:

Wa - G = 8ZZBGMB = %FU‘B = %ui,/‘g; u; = r; = x;, and

/WG GdA / <8G,AB U; A>’ dA — / (3GZAB> Ui,AdA. (420)

By taking the Green-Stokes theorem into consideration, (2.26) can be reworked

as

: ow ow
We - GdA = L ANpdS — LA, (421
/ G 0] anABu AT /5"2 <6G1AB) B A ( )

where N is the rightward unit normal to 0. Additionally, from (2.21)

/WG . GdA = A U, ANBdS /Cgl BDADBFZ‘AdA,
anAB '
= —/Cvg(D ®D) FdA+ | WEF]" - NdS. (4.22)
Q o9
By combining (2.21), (2.24), and (2.28), we deduce
E= /P FdA+ [ WEF)T - NdS, (4.23)
Q o9
where
P=Wr+W.F(D®D)—pF*—-CVg(D®D), (4.24)
and hence the Euler equation
Div(P) =0, (4.25)

which holds in €.
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4.3 Composite with exponential Fibre Poten-
tial

Hyper-elastic materials are conventionally considered to be soft-material com-
posites such as carbon rubber-fiber composites and polymer composites. There
should be some modifications in the energy density function to describe their

behavior as it is presented below:
W(F,e) = W(F) +W(e) = W(F) + Ae”. (4.26)

In order to proceed we consider the following equations:

e = % (N -1) = % (FD-FD-1), (4.27)

¢ = M=FD.FD =t/(FD® FD) =t7(FD @ D)F' )  (4.28)

— F(D®D) F. (4.29)

By substituting the above equations in Eq. (4.12), we would obtain:

W(F,e) = W(F) + W(e) = W(F) + Aez FDFD-1), (4.30)
while:
W (F) = g(h —3); 1> 0. (4.31)

Variational computation of Eq. (4.12) yields to:

W(F.e) = WeF+W.e = WpF+W.F (4.32)
W.-é = ABez FPFP-UR(D @ D) - F (4.33)

Weg-F = (Fia + AFp(FijcFjcdap — F]’AFjB)](ei®EA)‘FkC’(ek®EC’) (4.34)
For desired applications, the above energy variation form can be employed.
For example, in the case of unidirectional and inextensible fibers, we combine

Egs. (4.15), (4.18), (4.24), and (4.34). In conclusion, we derive the leading

equilibrium equation:

0 = Puaa=pFiaa+ A a(FjcFjcoap — FjaFjp) + AFip(2Fjc.aFjcéan
FiaaFjp — FijaFijpa)+ (ABeg(Flejl_l))[BF]'LAFleﬂDA — Fi1,4Dy)

J
— pakiya— CFi11aDa (4.35)
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We need to substitute F' in Eq. (4. 35) as it mentioned below:

ox;
0X 4

Fia=Xia= (4.36)

Now, If we expand the equations for A, B,C' = 1,2 jand D; =1, Dy = 0, and

also expand the summations for 7 = 1,2 we would finally obtain:

(X1 + Xioz) T A1 T Xizo) (X1 X101 + X12X12 T X21Xo1 + Xa22X22)
)‘(Xi,ll + Xig2 T Xio1 Tt Xi,22)(X1,1X1,1 T X1,1X1,2 T X12X1,1 T X1,2X1,2
X2,1X21 T X2,1X2,2 T X2,2X2.1 T X2,2X2,2) + )‘(Xm + Xi,2>(2X1,11X1,1
2X1,21X1,2 + 2X1,12Xl,1 + 2X1,22X1,2 — X111 X1,1 T X1,11X1,2 T X1,22X1,1

X1,22X1,2 — X1,1X1,11 — X1,1X1,21 — X1,2X1,12 — X1,2X1,22 T 2X2,11X2,1

2X221X2,2 T 2X212X2,1 T 2X2,20X2.2 — X211 X2,1 — X2,11X22 — X2,22X2.1
X2.22X22 — X2,1X2,11 — X2,1X221 — X2.2X2,12 — X2,2X2,22)
ABeg[(X1’1X1’1+X2’1X2’1)71] [B(X1,11X1,1 + X2,11X2,1)X1’,1 - Xi,ll]

Pi&ij€12X 2 — P2€ij€21X51 — OX¢,1111 (4.37)

Now plugging in ¢ = 1,2 would give us the following equilibrium equations:

—~ + o+

M(Xl,n + X1722> + A(X1,11 + X1,22)(X1,1X1,1 + X12X12 T X2,1X2,1
X2,2X2,2) - )‘(X1,11 T X102 T X121 T X1,22)(X1,1X1,1 + X1,1X1,2 T X1,2X1,1
X12X12 1t X2,1X2,1 T X2,1X22 T X22X21 + X2,2X2,2) + A(X1,1 + X1,2)
2Xl,nXl,l + 2X1,21X1,2 + 2X1,12Xl,1 + 2X1,22X1,2 — X1,11X1,1 — X1,11X1,2
X1,22X1,1 — X1,22X1,2 — X1,10X1,11 — X1,1X1,21 — X1,2X1,12
X1,2X17222X2,11X2,1 + 2X2,21X2,2 + 2X2,12X2,1 + 2X2,22X2,2 — X2,11X2,1
X2,11X2,2 7 X2,22X2,1 — X2,22X2,2 = X2,1X2,11 — X2,1X2,21 — X2,2X2,12
X2,2X2,22) + ABeg[(X1’1X1’1+X2’1X2’1)_1] [B<X1,11X1,1 + X2,11X2,1)X1,1

X1,11] —PiXz2z2 tP2X21 — CXl,llll (4-38)
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0 = M(Xz,n + X2,22) + A(XZ,H + X2,22)(X1,1X1,1 + X12X1,2 T X2,1X2.1

+ Xa2Xo2) = AX211 + Xoa2 T Xoo1 + Xoo2) (X1aX11 + XiaX12 + Xa12X11
T Xi2X12 T X2,1X2,1 T X2,1X22 T X22X2,1 T X2,2X2,2) + /\(X2,1 + X2,2)

( 2X1,11X1,1 + 2X1,21X1,2 + 2X1,12X1,1 + 2X1,22X1,2 — X1,11X1,1 — X1,11X1,2

—  X122X1,1 T X1,22X1,2 7 X1, X111 X1,1X1,21 T X1,2X1,12

- X1,2X1,222X2,11X2,1 + 2X2,21X2,2 + 2X2,12X2,1 + 2X2,22X2,2 — X2,11X2,1

T X2,11X2,2 T X222X21 T X222X22 T X21X211 T X2,1X2.21 — X2,2X2,12

- X2,2X2,22) + ABeg[(X1‘1X1’1+X2’1X2‘1)_1} [B(X1,11X1,1 + X2,11X2,1)X2,1 - X2,11]
+ paXie —P2X11 — CXeqin (4.39)

4.3.1 Finite element analysis of the 4th order coupled
PDE

The weak form of Eqgs. (4.38), and (4.39) are the first two equations in imple-
menting the FEM procedure for the corresponding system of partial differential
equations. For the sake of conciseness, we would not go through their weak
form expansions in this manuscript. However, the necessary u-substitutions

to reduce the order of previously mentioned PDEs are presented below:

0 = Q— X111 (4.40)
0 = R—Xo11 (4.41)
0 = C—xi1, (4.42)
0 = D—xa, (4.43)
0 = A—p(@Q+ Xx12) —CQ ., (4.44)
0 = B—pu(R+Xg2)— CRu, (4.45)

In order to simplify the nonlinearities that have been arisen in the original
equations, we make use of the Picard iterative method that is described below.

In fact, the non-linear terms in the original equations can be replaced by their
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corresponding constants and get updated after each iteration

—AXao + BXxo1 = —AoXxoa+ BoXas (4.46)

Ax12— Bx11 = Aoxi2— Boxia (4.47)

4.4 Theoretical predictions and experimental
comparisons

The first step corresponding to the investigation of how the model performs
in the real-life application is visualizing the deformation contour. In order to
assess the results that have been obtained from the numerical model, [8], [53],
[96] seem to be appropriate references. The schematic shape of deformation

contours can be visualized in Figure 4.1.

Figure 4.1: Deformation contour for E1/y = 150, and P/u = 200.

In terms of schematic deformation contour, It seems to show a reasonable
agreement with the experimental results. Some more experiments with the
fiber coefficients have been done that are shown in Figure 4.2, and Figure 4.3.
In the following cases, all the coefficients except one have been kept the same

for both cases.
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Figure 4.2: Node-based deformation contours comparison for P/u = 150(left),
and P/p = 230(right).
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Figure 4.3: Node-based deformation contours comparison for E/u = 200(left),
and E/p = 150(right).

In the first figure having different tensile force causes the extension pro-
files and deformation contours to be changed drastically. It is observed that
having higher values of P corresponds to more longitudinal extension in the X
direction, which is justified with the conservation of mass theorem. Addition-
ally, the second figure compares the effects of E' on the deformation profile. A
higher value of F can be inferred as the stiffer matrix in the X direction, and
consequently, less extension in parallel to this axis.

A significant measure to determine the accuracy of the numerical model is
making use of the stress-strain figure, and comparing the finite element re-
sults with the experimental dataset as presented in Figure 4.4, and Figure 4.5.
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NSP-8020 and NSP-8515 are the hyper elastic materials that were used in the

bias-extension test.

NSP-8020

stress

strain

Figure 4.4: Comparison of stress-strain curves for NSP-8020, theoretical pre-
diction(red), and experiment(blue).
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NSP-8515

stress

strain

Figure 4.5: Comparison of stress-strain curves for NSP-8515, theoretical pre-
diction(red), and experiment(blue).

As is inferred from the figures above, there is a reasonable agreement be-

tween the predictions of the theoretical model and experimental results. Basi-
cally, we find the exponential coefficients A, and B by trial and error to fit the
stress-strain curve obtained from FEM to the experimental results. It should
be noted that, A, and B play a vital role in determining the mechanical prop-
erties of hyper-elastic material. Values of A, and B that present the best fit
are 0.06, 0.4 for NSP-8020, and 0.1, 0.145 for NSP-8515.
Changing A, and B as the exponential coefficients would result in consider-
able adjustments in the stress-strain contour. Some experiments regarding
this matter have been done in the case of NSP-8020 ,and they are presented
in Figure 4.6, and Figure 4.7.
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Figure 4.6: Stress-strain curves comparison while B is constant:

A



NSP-8020
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Figure 4.7: Stress-strain curves comparison while A is constant: B = 0.3(blue),
B = 0.35(green), B = 0.4(red).

The main focus of this research is predicting the behavior of composite
materials subject to the various mechanical loads. In this chapter, we would
try to estimate the behavior of the composite material based on the properties
that we have gathered from the raw fiber data. Notably, it can be applied
to the industries, and it would help the manufacturer to have a very clear
idea of the mechanical characteristics of the reinforced composites before the
production stage. For this purpose, we can fit the strain-stress predictions
obtained from the finite element model to the raw fiber data that is resulted
from the experiments by changing the values of exponential components. It
should be considered that, finding the appropriate A, and B to reduce the
error between the predictions and experiments is a trial and error procedure.
Using the specific coefficients that we acquired from the previous step, we can

acquire Figures 4.8 -4.11.
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NSP-8020 -- raw_fiber

stress

15
strain

Figure 4.8: Comparison of stress-strain curves for NSP-8020 raw fiber material,
theoretical prediction(red), and experiment(blue).

NSP-8020 -- composite

stress

0 0.5 1 15 2 25 3
strain

Figure 4.9: Comparison of stress-strain curves for NSP-8020 composite, theo-
retical prediction based on the raw fiber(red), and experiment(blue).
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NSP-8515 -- raw fiber

stress

strain

Figure 4.10: Comparison of stress-strain curves for NSP-8515 raw fiber mate-
rial, theoretical prediction(red), and experiment(blue).
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NSP-8515 -- composite

25

stress

0.5

strain

Figure 4.11: Comparison of stress-strain curves for NSP-8515 composite, the-
oretical prediction based on the raw fiber(red), and experiment(blue).

As inferred from the figures above, there seems to be a rational closure be-
tween the predictions of the finite element model and the experimental dataset.
Values of A, and B that present the best fit are 0.0733, 1.4 for NSP-8020, and
0.0369, 1.8423 for NSP-8515. It should be noted that a cofactor has been used
for the exponent of exponential function B that stands for the transformation

of raw fiber to the composite, for each specific material.

4.5 Denouement

In this study, we present a second-order gradient method augmented with
exponential energy function. This model has been designed to predict the
non-linearity arose while the hyper-elastic composite is subjected to a tensile
force. The principles of continuum mechanics and equilibrium equations have

been used to derive a system of partial differential equations to describe the
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composite material’s mechanical response. Numerical analysis is based on the
conventional finite element methods. Correspondingly, the weak form of the
partial differential equations was derived and fed to the newton solver. Re-
sults for different values of exponential components represent an acceptable
agreement with the experimental set obtained from NSP-8020 and NSP-8515
composite material. In conclusion, the values for A and B play a deterministic
role in predicting the mechanical response of fiber-reinforced material. Factu-
ally, we can predict the behavior of fiber-reinforced hyper-elastic solids using

the obtained coefficients from the raw fiber material.
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Chapter 5

Conclusion and Future works

5.1 Conclusion

During recent years, Many efforts have been made by researchers to determine
solutions to analyze the response of composite materials subjected to different
types of mechanical loads [8], [9]. In this thesis, continuum-based mathemati-
cal frameworks have been employed to predict the behavior of fiber-reinforced
composite materials.

In the first two chapters, the main objective is to derive an analytical ex-
pression that determines the mechanical response of composites subjected to
flexural and tensile loads. In point of fact, determining equilibrium deforma-
tions of the fiber-reinforced solid flexed or extended at the boundaries can
be resembled and correspondingly replaced by the problem of minimizing the
potential energy. Small incremental deformation respect to the initial config-
uration was served as the baseline to acquire the linearized Euler equation.
Elastic Neo-Hookean solid reinforced with unidirectional fiber is the structure
that has been investigated to examine the continuum-based theory. Several
measures, such as deformation contour, shear angle, and shear strain, have
been included to validate the higher-order gradient model’s accuracy. The ob-
tained deformation contours are sensitive to both the double stress and triple
stress parameters. For instance, we would see a gradual reduction in the de-
formed configuration by increasing the value of double stress caused by having
stiffer material under the same load. To investigate the effects of third-order
gradient parameter shear strain and shear angle contours have been computed.
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It has been demonstrated that there are no sharp variations of the gradient
in the acquired 3rd-order gradient shear strain contours, unlike the first and
second-order methods. These dilatational contours have resulted from the
smooth transitions in the corresponding shear gradient areas sustained by the
third gradient continua. Moreover, the deformation profiles generated from
the analytical model have been compared to the experimental results obtained
from rubber composites. The relative error has been computed for the nu-
merical predictions and the experimental data. A reasonable agreement can
be concluded based on the value of the error. Finally, the 3rd-order gradient
model seems to capture the behavior of fiber-reinforced solid accurately.

In the third chapter, a second gradient approach using the exponential
fiber potential has been considered to describe the response of soft-material
composites subjected to tensile load. Likewise, the continuum-based analysis
starts with deriving the weak form of equilibrium equation to achieve the par-
tial differential equations describing the behavior of fiber-reinforced material.
Although, this chapter focuses on finding the finite element solution for the
corresponding system of PDEs. The order of each equation has been decreased
using a change of variables approach. Consequently, the Newton finite element
solver is the primary solver that has been used to obtain the solution. Newton
solver has been implemented in the FEniCS project, which is an open-source
finite element solver in python. The main focus is on finding the exponential
components of the energy function. These components are deterministic in the
prediction of deformation contour. NSP-8020 and NSP-8515 are considered to
be the solids that are investigated in the case of hyperelastic material. Expo-
nential function properties are specified in such a way to fit the raw fiber data
since the deformation contour is sensitive to any change in previously men-
tioned parameters. After acquiring the fitting process coefficients, I used them
to approximate the composite deformation curve. Results have been presented
with acceptable compliance between NSP-8020 AND NSP-8515 deformation
curves and predictions from the FEM model. Overall, the previously men-
tioned parameters play a vital role in regulating the mechanical properties of

hyper-elastic material. It should be noted, a rough estimation of composite
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material response before going to the production stage in industries is very
beneficial, and correspondingly having substantial information from the theo-

retical model would save manufacturers time and money.

5.2 Future Works

Extending the previously mentioned models by adding higher-order terms
would be beneficial to predict the intrinsic properties of fiber-composites.
Indeed, microstructure analysis of fiber-composite material needs to be in-
vestigated in every comprehensive framework due to its complication in the
mathematical formulations. Using higher-order terms is beneficial in produc-
ing more accurate and reliable results. As a matter of fact, the microstructural
properties of materials are entangled with the gradients of deformation in the
case of fiber-reinforced composites

Moreover, the finite element analysis of the continuum mechanics formu-
lations, followed by the corresponding weak forms of partial differential equa-
tions, is a rational alternative to investigate the effects of loads on the me-
chanical response of the fiber-reinforced materials. Indeed, a finite element
framework can replace the analytical solution that has been derived in the
first and second chapters. However, according to the complexity that arose
from higher-order gradients, the convergence criterion is very sensitive in such
cases.

Lastly, Utilizing an additional term as a complementary factor in the en-
ergy expression, such as polynomial or exponential functions, can impact our
predictions tremendously. In this fashion, we can explore the behavior of raw
fiber to obtain the necessary information similar to the exponent of exponential
functions or the order of the polynomial to foresee the properties of fiber elas-
tic composite before production. It is necessary to point out; within the third
chapter of this thesis, the main focus is on soft rubber-like materials. However,
other types of materials, such as viscoelastic materials, can be analyzed in a

similar mathematical framework with different fiber potential functions.
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