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' .
\Ithou"h lho q(l\ont of gcomotry can be tmced b'xck sowral thous'm(l years.

.

o cmnput nmn nl tr(‘o‘notr |s ~l|ll .l, voung sub (llscnplme of the dosmn ‘and’ analvsu ol'

.1I«for|thnh ( omput.mon :l veomctrv was not, sy stemutlcally studled unlll the appmr- v

.m(o of the dls\(-rl ation- o{' \1 ‘:hamoq ln 19 8 Hbamoa qhowed‘ tlnt the .1\.ul.1blc

.

I\uf)wlo(lwc in rl.;\\:ml rrcomotrv'does not dlrectlv pronde efﬁcnem methods for \ol\mg
B

<

m m\\ ,pxobloms ”C"\'um"(‘st(’d thd‘l Lhc mlun ('v«k of comput:mon'ﬂ veometr\ s to

. <Io~wn vfhcwm .xl«rorlllmh (1[’ pON\lb[e optlmal algonthxfm) for <ol\|n gt"qtnetrnc'p-rob-

v . . 8 s
. . A - A

loms G Tl PR _‘

l lw pml)lmm of coulputatloml. geometrv beld('b bemg theoretlmll\\lntcre\(m

- ‘.i'liN(‘ iu‘ iuv.n sueh as computer gnphlcs (for e\auxple hlddeu line and hlddon surface '

- <l|m|n iion ploblom) p'\ttorn, recovnmon (for e\'nnple ﬁndlng the, (lmmeter an(l the

' mn\ ex; hull of a wt of pomts) \ ‘L.SI (for e\.zmple reporung the mteraccnons of a set

RN ) * : .. :
SN et

' (‘H&o \("'m(‘nt\) robotlcs (for cvrmple constructm«r the \ oronon dlagmm of a cet of

3

pol\"on.xl oijrts nu(l ﬁudmo the shortest path amonv obﬂacleq) Lm'wc processmv

(for ex ‘unplﬁ hndlng the contour of a. sot of pl\elq) dﬂd operatlons rcse4r011 (for E

o . A.A b : )‘ ’ o " . \\f.
T -_vx,:rmpl‘(* Jln(hnv the Fuchdcau rnlmmum Gp'mnmg {rce,of a’set of pomtx)

a I rho lollo“mg \\e nrst gne 2 brlef re\lew'of computmtlonal\ vcomelr\ thcn Ny

- . e

: _fpl(\\('ln th(- problvm'« w hlch '1re relaw(l to ‘the. thcw: \\e ﬁrmll) ’ ho\b the org.mu‘xtnon

of l_[l(‘ 1 h;(‘sls.

e~




LT T

Sl 1.1. ‘A brief r.evi‘ew”pf‘computatiot?alv g’e‘ome'try. R A

~

’ D“e to tl’e “‘de r,,kuge °f “Ppl‘c““""" °f compumnon.;l goomotrh a l'\rgo l)()(l\ ol'",..".

. . L e

> . lm‘ .mnc inv olnug computdtlou'll gcometr\ qc&ttcre(l lu \.\nous jOlll‘l\.ll\_Jn(l l)ool.s.

h ™ .|ppv m'(l m tlu- p.M ton years.. llo“o.\or 1ccor(lmg ;’o Lhe n Wt uro‘ of thc g"(‘()ln(‘l'l'l("'~ -

I compul.mon.\l geomctrlc problgms can m'nnl\ l)c clmxnﬁml Anto lho

¥
L eal c«'onos [l,ocSl] -
. ‘ ‘ — R - {
(1) convex-hull problem ’(convcxit'ya) .
' 1.3) ‘intersection problém® -~ - T - : , L
3)7 -geometric searching problem - St T T B o
« : . L L ‘.., c ! v . ) “ . 4 ‘.
(-l.l. oftimization proBlem. R LT S R
(5) _proxilnil',\"'v;')mbvle'm PRI I s
“.. Each é;\t-bvor_\?“c:iujbe bri(f'[l)"dféscril)ed'as.fdl'l-qyl's." S S T
(1) C on\e\ lmll problom B e T '
o C-l\on Ry sot S of n pomts in d d mensmml <pace ﬁnd fts' couvcx hull [t hc -\unlv
"-; S 'Q‘-.' v St S . .
~
l(‘\(,con\('\ ~cl lh.lt cont.uns \) The problem iniwo 1nd~tJ1ree (llmenslon 1l ‘p'l(‘(‘ llm
boon ‘(‘\l(‘n\l\(‘l\ Mu(lied 'md -4 lo“er bound ol' Q(n Jog n) lec lns\b(‘cn prm(-d
- lblmml&l‘—-—\ T SR e T R '
(2) lulersoctlou p},o‘blem B . Vg '.,-‘ . '. SRR S .«‘ :

Ty plc.xl e\'xmpleﬂ of problems -in thw cl'ns are: gnen a set of n lmo sc«rmenls m
the/p\'mo (lctormme w lwtlmr or mot any. Lwo scgments intersect. (thls |s ca.llcd mt('r- ‘

sccnon fletccuon . an(l a lower hound of ﬂ(n lo« n) time has been cst.xbllsbe(l) report .

‘e
K

the number ol hne qegments that lnterqect (thlS is called m'tersecnon countmg . .md

Re

lo“ er l)ound ol' Q(n log rr) time has been eﬂtabllshed) report the pz&lrs of llne sel,monw

N N

tlmt lntersecl (tl]l\ 18 callcd mtersectlon reportmg and a lower boun(l of ﬂ(n lod“n\+

Y

. \"l,\') time lms beé'n és;a'b,l‘isﬁe'dtw,h_'glfg k .ls.;he'nu: er ol' mtersectmw pbmts)
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- "(‘l‘.u,(‘.r_\'; tin

Storiee: thes

, up(l e tlmo fhe time 1o insert or (lelvlo an entrv

T jf . BE g
linear progr:rmn_un g

l‘bt_'-found).‘

Several (-\nﬁmn\ ()f lhh |)r0|)l(- .h':n'v “been '-st'udi.cd‘ Somie’ exam ples are:

Ry non('onw\ |~)olwr()n\ (lvn‘(‘tlnf' the lnt(‘r\(‘(‘tlou of t\\o 3-dunmhmn.ll pol\ hc(hA

3 - [

u‘\p(um\ hom Ilu' (Lll.}b p(' '1 fe” d.\t.xb’h(‘ conl.nm cert'un geometrnc OI)JC(‘X\ .m(l

.

__m uu/ul \o lh.n llw seure lunv procos\ can be performed (|u|cl\l\ ’lho me'hure of a

?

o deare h .ll“()l |l lnn rouxms of tho follomnv factors

v P S oA . : -

. the {ime l'ibé‘('li;(l‘to i'és_pon(l to-a qucry.; o

nre :rocv‘skiil'; ti-m'oi the time nm‘(-lod't'o or"an»iié the'databage, L

Oneof thv basic- problont@iu tlns cl ass is %ubdnmon cearch A pl'm.\r subdivision

is 1 mll(clmn of pol\vonx cowrmg !he pl.me C:neu a plan'lr subdnmon \nth il od«r(‘

0}

hnd lh(‘ region oI tbo ~ul>dn|~|on that’ contam‘« a qucn pomt ~\n '1Igor|thn14rnh ()(lov

- i

n) quon time. ()(n lo«nn) [)l‘(‘pFO(‘eG\lng tlme. and O(n) qtomge ‘is l\uo“n for thix prob-
lem [l\iJ‘kS.’%.li(lc8_(i.5:xr8(5].

Y ()p'mnmtlon problcm

)

l}ll\ class m\ol-\ es ﬂeomctrlc problem< of a comblnatorlal nature. l \amplo prob-

loun are: thv E uchdmm trav olm nlexm'm problem the dml\ cover problem (m which

.
\

n pmntx in the pl'me are. gnen along mth p dlsks of . radlus r, and it is requnrcd to".

-
(lclernnqo if thore (\\lsts a. pl'u'ement of these p dlsl\s 50 as.to’ cover all n pomts) the

o

and the smallest cn'cle that, encloses all the pomis is to

P

‘Llnnwr pr()l)lv.m (‘on'xl\t\ of quorvnvr a cort.un (]dl‘lbd\(‘ and g.llll(‘rll'l" 'y. A

problem and the smallest euclosmg cu'che proble@(lp whlch n -
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‘T(‘()Hl(‘ll‘l(‘ ()l)J(‘(‘(N s adn lmport mt prot)lom \omo of” (hv l) 1\[( pml)lom\ m qlm ‘I .“"”

';\mnccso of o ~1mplc pol\fron in lhc pl'\n tmdnw K

' pom(\ in (lw planc hndlnﬂ' thoJ uch(lc.m mmlmum \p Anning tree oI' uvt ()I pmnh amn,

calledsthe \oronogj

’1,-.-.2_'._ Critical andlysis of the problems related to this thesis.

" ‘ oronoz diagram.’ =,

g l oronoi dmgram 15 2 collectlon of n \oronon regions V{p,) for all 1S|S n, sueh that

“whére (l(\ \S ) ropreﬂentq Lhe Euchdean dlstance bet“cen X amlﬂv

() Pr:'oXimily problo'_ms.-

(-oom(‘lrl(‘ ob_;ect\ are u\o;l to: modol ph\\lc ll ob_u‘(!\ m the lml » mld. .unl tlu',
N ,

'rolm\o p()\mon\ of (h(‘\("ol)‘](‘(“l* ,,\'.p;ngp. \tud\ln«r lho n‘l m\v' poklll(m\‘.\nmn"

. i g g,_..':"' .
. > vl —(‘

Tj“'dIC ﬁn(]”l'r !hc (lo~0~t p ur of a wet of polnts n tho pl.m(‘ hn(lln«' lhv nv arest e wllln r

: b . PP ‘Q
— .

fl n

m‘sl m‘l"hhms nj t‘w,l,.,,l v

L

lho pl.lnu llldll"llld(llla'd set of pém(s in tho pl.me, 6011~«truct|u"-llw l)vl.mnn tn-

. .mvnl mon of axet of pomts n the pl: mc .md many modlho(l V‘E'r\lon\ ()I' lhow pr()l)-

lom\ \losl of lho pmblolm m thls cldsx are rel: ned to a b.m( m‘mnvnu xnmtun-
g ) . s .
Lgraim:

»

v -

@

lhe \ oronm (ll.wmm whlch is- also ("xlled Dmchlet towcll.mon b\ nml h( nmll-

cmux or Ilnos\vn pol\ gons ln «reorrmphvrs is one of the m(M |mp0rt ant e ()Ill(‘ll‘l("

2

. \lxu('lur(*s for p.ntmomntr qucc Siice space p.xrtmonmv 15 1 fun(l.nncnl al pml)l(-m 1n'-

: comput mon.\l ﬂonetr\ lho problcm oPcons(ructlnv \/oronm di: lgmms hias attr: u‘to(l

»

4 l()&‘()f.ultculionz»

R

Formally, the Vo oronon (ln«mm of a set of n points’ in thc pl.mo ¢ t”(‘(l a Hmulanl

f.\'(.p,)=‘{'xl (l(f.\(.p,)sd(,'\‘.p;).l IS}S n, xfin the'., plane }

g

{ . o T R
\hdlnoa 'md D Hoey ﬁrqt mtroduccd the Vorono: dlagram as @ 'po\éo}ful ib,of’_'

in the solutlon of numerous geometrlc problems [Shamw] For oxample, oncc thc

\Voronoi: -dngram for a set of pomts m the pl'me is availa b nhe closest p.ur problom.

-
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rII m-'u‘ost ne U:h})()r\ probl('m. lhv D(‘l mn'n'. Lri; m"uldtlou prohlom \L\l’(l-"th(‘_,mi,_n'i_mu‘mi"

. ) .' ) - ) : h
~|):‘n.min:; J,i'v(-~pr()|)|('ru e lhv pl uu' .m .\ll b(‘ sol\ v(l in tnu(- proportmn.nl loﬂhv ¢ mll.

.]..j;:j:h'~|-\4"(*)'p""~"|}‘||~ “et nf pmnn l)\ obt’ mﬁn'r lh(' ~l.r uf*hl llnv (lu ll of- lho \ omnm cln r un

T hl pn\ut ()f tlu‘ -\ monm th e aqu J'

'not lunm‘(l.lo (h(‘ cl LSS of pm\nnn'\ pml)l\(\mV

_ \\v ~l| 1“ see 'i.ﬁ' .(;l"n:s]’)ltrx' 6 lll :& many plol)lom\ l'roru mlwr (‘l isserean’ lw\o
L AR o 3 S L] ) : . )
(Huu ull\* \\h( n lho \omnm dl l"rum |~ av .nhhlo I \.unpl(‘s m‘ hndm" tlw (nnu N
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: . . S - AP
Deﬁmtlon-'lho strmjht line’ d:stance bctween tv.o pomts, X zmd Y, \mh L (n

lm(-'u' [I"'lll(‘ or lho corlexpondlng set of' Ime qeoments) as- the obst'lc]e set is deﬁne(l as |

Tollows, Lo

{ _ (l(\ﬂx) |f \v¢L
(l( )= umleﬁncd othermac ’

\\In re (l(\ vhis thv I H(’ll(l(‘d[l dlsmnce“of two pomt% and .ry s the llne se«rmont (lohm--.\‘._

———

\ nv(l b\ X, .m(l Y. (I\om ll‘l\ lf d(\ \) representﬂ thc «rcodesnc (h%t'mce [\ro81] of pomh X

: .m(l v l{g(‘ rmulnno Vo oronon (Ilaf'mm m “the ‘:'une as the (llagrdm deﬁne(l bclo“ )

-~

- tho I'ollm\uw we first dehno a bounde(l \oronm (ll«'\"'l‘.lm for a xet of lll](‘ w«r-'.- '

Ve -

Cients. \\ e ihon (|1~c11~~ it-in t\\o spcm al casés and bneﬂ\ deﬂcrlbe the prop(-nn- of

- these diagrs nn\ .ln(l hn‘lll\ we pr('\ent the data «tructureﬁ uscd in-our .zlvorllllrm for

S .

('mmrnctiug l-ho_ l)oun(lod \'oroupi- <li:1grruns.

Deﬁmtlon. I‘he bounded ‘oronot dm_;ram (or B\ dlavra.m) of a set of line seg-
-~

mentx L ?\uh vn(lpomts Pisa collectlon of reglon: (“ hl(‘h we call-BV- reglons) Voﬂ .

"L) {V( P, ) Ip, € P} ﬁuch thdl

A V(p )<y Hr"%JP )5 dL( yP, ) for all p;. ‘P ”*J' ve r-}f‘"

-

“(We 'l'nko.'q < B 1o bo truc :_{}' a m deﬁned and B is elther undeﬁned or_at. lemt &b_‘_‘_'
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gl.c:n as u =) (P.of(‘r to-Fi ig. 2 1 Y 1 ho Hl bounga;"y\)l . B\ -(lno‘r..u_ﬁ. i; f}.‘v_ |ino:m h\:ltn

~ L
fonm"(l h\ tho umon df B\ rovﬁon\l)oun(lurw\ a.ud mput lmc jbgmonh Ihow c(l«v\ of 7
. N
.;.thc B\ bound 1r\ W hl(‘h are no( porllons of mput lme seglllexlt~-.lro c.\llod IH -c'dge
NG e

T

(IH rar/A) whlle tho rost are Cd”(‘(] pseudo edgcs Nw \(‘l‘(l(‘(‘\ of &ho B\ hound |r\ ‘.m\—

called I?l-ter!zres. and’ tlmw are dn rd(‘d lato bound B\ wrtlcm IQn on mpnl hm‘

' wwment\ v.m(l frc"P B\ \'(‘l‘tl(’(’“.. not lvmcr on lmo ~evmont~ (Hoc wse o(' tlu- "(‘ll(‘l \I- 3

‘-')os'itions .nwun )lmn \mn(ox \\ hore thrce B\ od"x‘\ mool c.mn’m I'nll on input m'
p! . { e

*s:of.;m(‘mfs.)_ . s : o A

L

B\ (lehnmon a fn‘e B\ \c-;'to,\ is dctcrmmed b\ thrcc (l.ﬂa l)()lnt\ .m(l i lmnn(l',.,f,

i~

e .
(N .

B\ \l‘rto\ is (lm('rmlnod b\ two (lZ\ld pomtﬂ_.md dn mput hne s(‘"mvm (ol)\r u;lc) x

£ RO -
[‘hux a R\ (*dwo IS, clctormmvd b\ four: elemem\ (two (\{'xtn pmm ._.md (Wo ob\t nclm or

) t.hl'("e', (l:(l:x.’polnt
: NS

_ od'r(' IS (lvt('l H]IH(‘(‘ l)\ f()nr vlomcnl\ (lhroe data pomts "m(l an ol)\t l(‘l(‘) In. tlu- llll‘\l\

we are oflen concoruod \\lth only two of the four cl,eumnts d(‘(ormunn«r a B\ 26 l«'(‘ ora’

ps(‘mlo ed Ih xt i.é. we are concerncd mth thc two olomonh wlnch (Iet(-rmnw lh(‘~

llll(‘ ov orl xppmv the B\ ed/o or the pseudo -ctge. Thus we ofl(*n ise (:,. : p,;p,,_), l'o
1’ X - {.'f» :

_ roproxont a BV +(‘(lcre \\ here v t"' lleﬂ on the porpcn(hcul.xr l)ls(\ctor of P, .uul p,, .uul

-
R

A by A ) 10 l(‘[)l’(‘\(‘lll a pseu(lo odgo W horo s hox on l .md is \mbh- from 1",

e . . . R . . '.‘, o ) o
N \mv in tho lheﬂs lh it we onl\ (‘Oll\I(l(’l' s(ruvht lme (llst‘mcm ln lh(' dvhmlmn of'
Lhe \lorouot (lm"r:uus._ I we. replace htr.ug‘ht lme dl%ances by geodoslc dm ances in thv-.,
dofnntlon of \ oronm dmgr 1, then B\ dl(wmmw become goodmlc \oronm clu agrams

[\ro8 ] ‘ S J;‘b‘”“'_‘.-' R . , ..

\me .xl\o th (t |/n the 41)0\9 deﬁmnon we restrlct lhe set of (l n.:. pom!s P Lo Iw

lho set of (‘n(lpomh of L. lu moro W(‘n(‘r ll B\- dn'rr'um we unghl..nllow th(' :l.u.sﬂ.:“-

VL e

pomu 1o l)e (hlforent from the en(lpomts of L. Howcver. lt seems (h[[lculL 1o (loswn_'




-'f N

v

(lhru-ul .:Iefonllnns 1o conslrn(‘t (hcw B\- dl agrams. \Qte th.lt thc B\ pemom in thc
N -

v

: (Ix..«r,‘,ms ms n not. be’ conm ('lod (o (nxch othcr (l e, "'ome. re’g’i‘o.’us_ muy be':i'n\.\'is'ibl"d_'l'mm"

“oall (lnu pmms sm t]mt o pul of them bclon"s &o 'mv \‘oronm revmn) '1nd thoﬂl""

i nnmln r, nf N)l m-(l I%\- rv«'lons llld.\ b(‘ Q( Pl*) Ior no“ we rcqmre tho e,p(lpmnh to -

b

be the data poi_nl*\. IR S
. . ' .. ' - ‘. - co 7 - ‘
S Three cases of BV dingrms-are-ilbustrated ‘belows o '

Figure 2.1 The:BV- diagiam of L.

y

(:1)_ Iho voncml casc of a BV- dn«rmm l'or a ﬁnne set of non- (‘rowmfr llnc

. 90'_

moms L in thc pl.me (see Fm 2.1). '\’ote that tbe mput llue wgments are '1ll

lmludod i the BV boundarv by deﬁnmon ST T / '
1 L L \'3: g .-v X 3 S : SR ‘ ; g - )
N
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\ B\ E (ll'l“’l"lm for a ﬁmte ch'nn C —( pl, ,‘) Thl‘- is lhc B\ - dm"r nm'i“"

. i . \
of the ‘erte\ sct { pl..... } with: C’ 45 tho oquclo \oto lInL ‘cach I&\-
L . ~ .
region V(p) ror 1 < < n ls spllt lnto two' submgmm lf we clmow thu

T

orwnl‘xllon of the: (‘h.un as mdlmlod by the .1rrowq in thc [J«ruro wmhou ¢in o

.“

(leﬁuo the rlght and theJQfL reﬂons for’wertlccs other th‘m thc cndpmnm of

the clmm (see Flg 2 »2)
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=] lll(] n(l v monm (h Wr:m L. \\ e '1lso prove a lemma whlch Is’ |mportant for con%truct--

‘ing H\ -(l|.u'|.un~ lct P {p‘,.', p,,,} be the endpomt <et of L ln the B\- dmvx.xm of

Ji B\ - r(‘gmu -\ (p ) w hmo p eP l.n'w not be conv ex because of ns truncatlon at (he

(]mgr'un for a slmple pol\ gon. P the BV dlavr'\m of thc \erlc\; .

' o
‘\ote th‘xt mch B\-




SR

-lnm(l('nt ()n an-input’ llno se(rment w hore thow two BV edgos togvthor form p irt of th(-
ine |(l<'n( l’\ (‘(lwo\ ire not p'xrt of' (he perpen(hcul l.l' bl-«ector of tho lll[)lll hnv sv"m('nl

‘ '_Jloﬂon .b'(‘wn(lox (he boulnd'in sevments of &ho B\ reg.,lou Two B\ rcg.,u)ns -.1rv-.m.)‘]h
ibors‘ l.l llw\ \h ue a-- B\-- cdt’e or pﬂ(‘ndo e(lvo' '\otc lh'l( ~~l'n(‘(‘.\\v’lv.«ln(I lh(‘ d % l‘
I:;v'.po-mvt; to' he- 1hc (‘udpomu of 1npu‘1 lmo -xev.mvnl\l ’ .;n\ pou'llt m[' mu\t bo xmblv fmm
nl Teast '“\ 0 d Wi polut\ T lln:ref()r(‘, .un poxnt .rel ‘minst bclong {0 \om(' H\ '--rv'rmn b\

' -;dv[iuitvion'

R

. . o ,‘.“‘. o Sl ’ ] R .".

M .

.obst'xclcs (<eo the \lmde(l rovlon of [ l"‘ 1) Ho“ ever, \ (p) unm be \l.\r-'«h.\pvd sine l" |

ev cn pomt bolong}r\g to 1t is unble from p, (\ pomt @H n.nble from a pmm p € P lf-

-

I, ¢ L ) T hc boun(].xr\ :of V(p ) nced not bo the \locm of pom(s (‘([lll(ll\l.\lll frmn p,v :

. \
o C e

.nn(l n\ Il(‘l"’hhorlll“' (l.u.x pomm I)emllse it m: n con<|~t |u p{r( of pwuf[()- vdwvx (oln-" L

' (‘I(lnw \\llh \offm(‘nh of ohxmcles -\ pscudo edvo h'm at most ‘one ondpmnl lh Weisa

‘A

'-d ita \orle\ (\cc oxi unplés in [m 2. 3 “hll(‘ thc othor cndpmnt (or both of llmn) l'\‘.;:

.‘.‘

(lotcmﬁnod by q%’“ﬂ]om B\ edwe \\ hlle froe R\ wrtlcc* :\r(‘ .1|“ .n’s of (lv rvc ‘Uhree

‘_;(':1,\;'in >mn(l.ml % oronoi (ln‘fr.nnx) bound B\ \crtxces m.u be d.n a pmnh -md hvn( ¢ of

B ':

t h(‘ < nno (](*«fr(‘o (*l 2 3. ,h th,p\e data pomu Boun(l BV- \C‘Nl(‘(‘\ “hl(‘h are n()l ciita

Y
.

. _-‘mvnt.‘ whvrc at ..Io:nst o.,of the (l ata pomh dctormmmg tlnt B\ edgv is- nol .m (-u(l-

ponnt ol lhe lnpul hno \e(rmont in qu(wtlon) or of (levrcc fogr (formodf by twor B\ -vdm' L

,;--.

AE,’?"J’

Y

pmpon(lu ular l)m‘clor ol' (he mput llne svfrmom) \ote th.u bemuw of llm "oner sl

po\mon\ .n\um ptlou lhow c: mnot be a boun(l vertex of dcvroe fd@r such lh.ml ||s 1wo -

e

7.

S

' 'T;u s ()f lho lncllmon of lnput llne \(--*men-ts in. the B\ bouﬁ(hn th(' mtorxunon ol’ \ P
. ‘ W>

'lh.tho B\ l)oundar\ m,m mclude llnc wgmen.rs mt(‘rn xl to. lhe B'

*,

',‘;Lemma. 2 1 Iel(l,. 'y p pu) be a Bl cdje ofBl d:agram lor(P L),,u' ereL 13 Ihc sel

of mput Ime segment.s and P 13 thc 3el ofthezr endpomh.‘ leen p; mul by

5

T dre ustble from cach other.

oo

s’o . .
‘. D) . LEs N . . B . * .
p()In'I\ are mlhm of (l(‘"rec (hxeo Wmncd ¥ o B\ (‘d«'e In(‘Idcn( on an lnput Imv w"-. :

L




.Prqof; _ L e

:';zy‘nul l)vl nm l\ od"(‘\ ll\m‘v the’ nllmber of e(lveﬁ a B\ (ll'wr'un is boundod h\ <)(n)

o lho l»\- odwex ‘l\\()(‘l'l((‘(‘ \nth

'_ e

A

T \upposo (or coulr.ullcllon th it p .md 1’11 are not vmble from c'xch othcr 'I hcu‘

3

.mm(- 1€E must rrow p,p,l | 01 p .md P bo lhe endpomgs o@l .md let x be an .\rl)l- L

- ~
-

'trn\ pmnl ou T, e, lh(‘n ane of v :md p, must- lle lnﬂ(le tho trl'mvlo P, .rp “ince.

o -

ST - -

19

.()lh(r\\ls(‘ Imll ‘IINO c,ros\ one of p p.I rmd Py peL. and ln deﬁnmon r z-} “oul(l nm/bo N

R o -~ .'

T H\ v(lw' \lmwd bv P smd pu lhus since one of p, snd p,. say p cwill hie ln\ulo

the tn.m"l(- (\\ lthoul Iosx of «fcnemhl\ we as\ume th.tt Lis (‘hown s0 (lmt X |\

- \Nl)lv fmm p ) Hu‘n?z lllll\{ be clos(‘r“to D, th'm to one of p .md p Howovvr.

= LI ‘\ . B N
T b\ the (l(‘hnltlon of H\ odw(‘s e must be rloxer to; Pa and Iy th'm to p,.

. . . . RN . Y Lo
“The numl)(‘r ()f e I(rcx |n a B’\ «ll'wr'lm of n Ilue \evments |s bouudod l)\ O( n) T o

»

'w(‘ llns u()l(‘ th it ar]l psou(lo edge muﬂ share .a. boun(l \er((*\ wuh a B\ cd-r(‘

llomv tho numbor of pseu(lo edf'm in i B\ dl'wr'lm 15 proportlon'll to the numbor of

BY —ulw(w \Ior(‘m.m. e l(‘h B\ 0(1«?9 is \}mred _b\ palr of d.xm pomts [f we connget”

e

lh(‘ two data pomu of ﬁ h pair with- .n Imc xcﬂmem (Del’tunav edge), then lhmc llnv :
N

AL
.

R -

. . L e

- ul"(-\ in l)ouu(l(‘d b\ O( ny. l)cmuso of tho ono to one (‘orrexpou(fencc betw p(‘n BV l(rm;

L. . . 4' . \', -

%

0 . *

l{\-. lmnn(l es .lro pl n 1r «frxphs h('ncc thm can be l(‘pr('\ontcd b\ onlmr thv- B

I}oublu ( onnerlcd Fdje Int (DC [ l) [\lul 8] or the Quad Edgc: (OL) (l.na -lructuro

\

~

[(mN »] ul(lmon fox f.N .x('cow to the lme segments mCIdent at a d: n\a pmnl .m(l

S

ata pomt we- use the follo“mv d: 1ta s(ru(luros
W lll(‘ll cun be obt nne(l from D( El: or ()L in llIIl(‘ propornon'll to the numbcr of. input
'\

MNP ¥

llll(‘ nw'mvnt\ Vor( P: L ). l~ reprowulcd as. .m array mde\ed b\ d: l(d. pomu [ .xch ((\ll

pwmk)fd“(‘\) .uxocmlcd “lth tbc lndo\g"i dn.t.\ pomt Fach element lncludes

.

of the .\l‘l‘.l\ contains a IM of- thc \oronol houndar\ elements (1 e. B\- odv(-s .m(l_i.

e

. wwmcnl\ iorm i )l tmar gri h o u (l'\t omm eud omt% B Euler theorvm 1lw SR
! 1 P P h

< [
nnmlw nl' vdwcw o!' lho plau ar- lrmph is bounded b\ O(n) Thu~ the nnml)or o[' H\ -.-f_
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. Chapter 3 , - . @ .
B TR T o Fmdlnéythe BV dxa.gram of a monotone cha.m. ‘ S
3. Thé.-.f.T',‘*ai‘h'_idea 'o-f_t‘he"éon‘s'tfuétio'ri.v"., o e ‘

| |.( it n |)lllp()\(' (»l dm l]\\lll"‘ tlie B\- (ll.wrml of a uiono’milo' 'c'h'njn ..(Sooi,hc .
) ";-u;-. \V_\..%} L : . . S e L

. - .

*ide hnnmn 1)<'|()\\) s o lnlr()dm‘(' 4 merge d{f'orlthm w hnch <l(*'1|\ \ch ob~la<‘lc~.’ A

‘0. . -

monotone ('h i Cal be (ll\ulo(l into lwo lmh es such lh at t'hm tan be svpamled b\ :_1_

lluv which passes t'hrou"h (‘\(u"tl\ one ponm of the (‘h.un I‘hls prop(‘rl\ is (‘.xllod L

.. .
.

. . , ) .. :.
llo“\ us 10" dcwru '

B

]mvmln |H1( ar se puhlhlll'\ (wv thv (lo{mllmn bolowl 'l lll\ propcrt\-v

Vst inerge ||"mnhm \\huh \nll be uwd inthe mo‘x pom 11 ci l\(‘\ of R\-v(liuglj‘:n,xj;,

Coeh o

: (( hmn\ .:nd pul\-rnn\) S T e e S
. 3 . L .o e . BN
T lu- Hi. |(lv.n of.our: l'rornhm for construclmv the B\ - dl.l"'l'dm of a monot.ouc

e K}

5 (h un Cs. l() .|pp|\ i (lnulc md (‘onquer method to C. ( lmrlv hc time complcnn

PN . co [ 4
“of (Il\ulo m(l (‘onqucﬁ .nppro nrh {w hen use(l rc(‘ursnoh) is doter nn(m)\ 1he llmo of

2 "-.'

Y L
o

ns nn ree pmu(lurv Hs \wll i the (leplh of. recurw)n \\e '\hd“ sho“ lh n Ihv Time

J

g (()nl[ﬂt NTRY nl" mu fue rae pmc('(luro 18 |)r()p()rt|()n41 (o lho tot: 1l uumbor of vert l(‘("\ m 'f S
A . 5 . : .

-

' tlu' l\\n h |l| (In s w hl(h are 1o bc morvod 'I hc doplh of rccurxlon |~ Iocr. n, honce

- |s the total

numhcr ol' \(‘lll(l‘\ in tlm monatone ch'nn e R L
e o - SN

. o

ln or(l(r 1o rncrrro H\o or‘}h\ul B\- (ll.l grams, \or(l:’I C‘) and \'or‘(P%':C}'.)\ ivnl(') _':1A )

\

nwnll,ml [%\ - (|u«'|.nm~ \ ox(P UP C*UC ) ‘,whoro Cl .md C’ are- t\\o ch s .md

Ea
-~

:m('l-P-' are their \er(v\‘ set r(\pernwlx we must, (lotvrmme wlnrh orw‘lu.xl B\-

AN . . ‘

edire or pwudo odn‘ lor p wt of ll) mll f)c (Ielcted in" the resultant B\- dlavmm .md

'

W lnrh new h\ - edbe or- pseudo edge \\hl(‘h doés noL belong Lo the ongm‘xl B\-...

dl agrams, mll l)o '!ddod into thc rcwlta‘nt B\ dngmm \k-rglnv the B\ dngmms of

, .
l\\o .\rhnrn\ hains 1s° qunc dlﬁ'lcult To :

tlns notc that bv Lemm.i 2.1, the (Lxl.s ‘

“ .

pninh :iik‘oci‘:_\l(‘(‘l \\‘ilh an orig m'\l R\ edge mmt be \lslble‘from ("u'h othe

fowever,




., - . B A 9

: one ch’nu 'ma\ obetruct the hne of xmht" of 'I’wo‘d:n i ﬁoinl:\‘sh:hjing A BV -edge in thee

)

oth('r (h ut\ C'\lmnv the B\ (‘d"c (o \.mhh from th(‘ |(‘~u|l.ml (ll.\rvl‘:-uu,. llvnm“."\\’-ln;h e

S ‘
n\o prol)loms \H” t.ll\e more th'm Nme proportlon'tl to thc Cdr(lln'lllt\ of (ho lwo -
- SO A : ‘

»"('h::ius.f"" b

w hl(‘h .m‘ parl of oné ch'un “lnle rrun("tmng the BV reglon of :aomc- d.u.x poult of“tlrc'

‘new. B\ - o<l¢*o~« whlch muist be ’Idd(’(l to the resultant B\ (ll'wmm ’1 he new cd«'(‘

occur b('t\\ cen; the (l'll'l pomtq of the s'xme chaln Thus "ﬁndmg the sb.u‘cd B\ boun-.j.

.

we mm:.',c llw B\ - (lm"rmh of two - ('h nm \\e‘ mlN Nuor nll of lhosv ()l‘l“‘lll-ll li\ B

P ,_"

-.‘ . . . . . a "
h e 10 tent (hc lntersocnons bot\\‘ocu the lmo sogmonf\ ('onnc('nutr lho (l.\tu pmnh »

..‘! - *

.|~\0c1 110(1 \nth the orwm(xl <}\- edvm 'm(l the ch.nns to l(lonnf\ th'ow B\- (-(l"vs

\‘1ng Q brulc I'orco methocl the st w ould t'xl\e qu.uir'\tlc llme ' T

\lm('o\o:. one chaln mav '1lso (l:tor{ the onﬂmal B\-' dl wrun ol' lhc'ulln-

AL e : o
chain. \ln(o l\\ ) (l(;t i pmnts in one’ ch.nn ormnmll\ not (lctomnnmg i R\- o(lvv' iy

RV

noM (l(‘l(‘l mine oue due to lhc prt‘sence of tho othe clmm This mo.ms &h.u some new T

Kl . .

B\- o<l"v~ must be cre: n(‘(l in the orlvmal B\- (lmgnm %ore we ewcuto a mcr"c pro-
. e . 2,

ln lhv xcwh,mt B\'d .'.,wr.un lhow B\ edges “hl(‘h are (l(‘t(‘l‘lnll)(‘d b\ 5()111(- i \l.t: '

1}

" . 4,"

. o N |
ponuls m one. (‘h.nn aud_ ‘some dam pomts in- the oﬂ% clm-xn, and tho-«c p-‘omlo ul'r('x. :

e

-

(p\oudo) lme'lrl\ qep'-)rable ch.unq wlll be glveu la.ter) ]n (he c;se of 1wo: uon-
e B e B

K%

(pxcudo ) llnealh sep'xmble cham% the sharcd B\’ l)Oll[]ddl‘\ m.n not mclmlo ».tll lh(-._'v,-“

.“_m n‘

F]

dar\ of t“o such ch'uns is' not equnvalent to ﬁndmg all Lhe mew B\ edges and ncw"‘.v_ B '

RN
pseudo edgcq n thelr resulmnt B\/ dlagram Thab lS, Lhe convenuonal method for

meromg two stan(hrd \ oronm dmvrams does not, gencrahze to thls case

Howe\er. wo ﬁhdll sho\& m Lemma 31 that the shared BV boundar) of tw&

Je

-,

(‘(I"‘(‘\ W lmw ‘n\ocn‘\tcd (Lu.\ pmnt\ are no foxlgcr \mblo froul o‘\ch othor lloncc' \w:‘ ‘

-codur llns “ork m;n also tal\c more Hnn lme'xr time.. Clmrlv sol\mg -thc .lbO\(‘

Y



Toa

L eebzes (\nlh uwp(-n to lho "n'vn onr'm.nl B\ vd"(*\ and p\omlo (‘(l"‘(‘\) i (h(“u\sult.xnt' -

l \-(lm iy (on\nxl of llw slx nr(-(l H\-l)oun(l.n\‘ ‘lll(l .1ll orwuml B\ 0(1 res (or sou(lo- e
T 8¢ P .

ul'r(w) W ln( h lull\l lw lolvt(‘(l i (ll(‘ rcsulmnt B\ (lmvmm can be delwd .mcor(lm" to_--r"-

(hv mlmnmtxon obl.un(’d dunnrr the con\tructlon ol' thc share(l B\ l)OUI‘I(ldl‘\ lu tbls

-‘ ‘.
o K L '

’wns(* we ¢ m sy rh.n comtructlnv tle resu t:mt B\- (ll'l"'l‘d.m ol' L\\o hnc‘u'lv'ﬂ‘pnr- o

L .||)lv (h nm |~ r’quq nic;:l (o Iimlmv thclr\har(‘(l B\ boundar\

e - . X . ’ P N
.

Dcﬁ’nition: 'l‘\\'o “ll("ll‘ hrrmos “are pseudu lnzearlJ sepurable 1f _hey ' cm be.“'

a 3 L.

Nt epar: |l(‘(| by \ll n"h( lmc crosslnf' nonhcr of them '\9 ﬁtruvht llne \\'hl(‘h wpdr 1(_9’5"'- ‘

© WO hn('.nr {wuxm s mllod a .scpnra!or of ‘the t“o ﬁgures T\\o llnear ﬁgl)req are- ,h

J

InuanJ wpnrablc lf lh(‘\ 'nr pscudo lmmrlv %ep'lmble 'md chqjomt from '~ome \epara- o

Sl

“

‘l m'.. E

3

\\ oW ould lll\(‘ to: construct the sb'u'cd B\- boun(hr\ of t“o ]ln("irl\ aop.u'\blo o

e s L e L

: vl;';uihs,b_\"l(?(‘ullu(r i \t utm" %egmem ..md then constructmo succe'«lve cevmcnt\ m tho .

order telermined B_\"'thv("i'r”ih_tf"'l‘clop_n’cﬂions. Coe e e
There are three problems which must be solved in such a construction.
a)- How to find the starting segment of the shafed B\ boundaty (which we call
the stur_t_ probl’em).»
b . Ho“ to detotmme fbe sncce“ne sevmcnts o"r “the shar’éd B\":-'hmu-icl‘:ur_v;-m

kR »

..zch' BV (‘(l‘re of thc sh.ued B\ boundarv s determlned bv a palr of (latd':

polllt\ v mble from mch other‘ W hore each da.ta pomt in the palr belon"s to 1 :'. .-

dl[TorenL ch'un. and eacb pseudoﬂ-edge 15 determlned by a dam pomt andv an
mpu{ lme qevmout from opposn(e chamq such that the pseudo edge is visible ‘

from tho data pomt Thus the key pmnt lS how to emure that eacha&gment',_:

e R ol' the slmrod B\ boundary whlch we construct samsﬁes the VlSlbllllV. &unre-



-

} -

= _'thmc W h[ch :re p.m of one ch"nn and nunmte the B\ .

'nc-c('\\.n\ lm‘ .wl\u

,ho\\ to conxnuct the B\ - (ll xrrr e of a monotoue ch un oo f"\.

vtho«e (lctermme(l bx some q.eP

,'o'l lm'r'clmm (\ote th tt an lnput lmc ﬂevment may (‘ontam sbwml \h »red pwudo-.

:’-'«t he sh'\r(‘(l B\ bound'm . «

' (free) is of degrc,e three :md see Flgure ‘3 2 where v, (bound) is of dcgreo Lbree)

'8 ment '(‘(\{llich we call'the \'i\ik{ilii_)’_'[_‘)I_‘o‘hlv(‘l‘l_l).:'v

c) - How to determine _'_'_\\'l'lm_"\_"::t he const r'u(‘l.i‘on:_ of the J\:éi't\gl-_ R\~ bouadary™ |

"
5

ﬁnisllc(l (which we (‘:nll"l,h'o:.,l~ermi.v.1_:i(i'on, [)(-‘ul)lt_‘i;l);"
s 1n th(‘:fnllomnur \u‘ ~‘h x‘ﬂ’ ‘n\t ﬂ'l\(‘ -e\v| e (lvhmlmu\ <.|n(l lvmmm W lm.h e

g . : . . : S

G

."lhe al)ow prol)k*ms thvn prvwnt (he .xl\'(mlhmx l() merge llu

~

R R TIR P TN WU B
lel ; (‘_.l" :m(l ‘(':_l'u‘ 1wo (pscudoﬂ' lmc url\ .s‘e‘p:ujnl)lo; Aidite T ionds

{p } ‘lll(l P »{‘._'1/_.-‘:5'\_"

N

od"o\) Ihe-\ornce\ of thc shdl‘(‘(l B\ boundo.rv are c.;llod shared IH- re rhrw

-.( Tearly. lf some (I ita pomt pk is. ﬂh.u-ed b\ C‘ and ( = (~ e (’ ,.md". ("'~" u'v p\(‘lld() R

\\e \h'l” see m Lemmu '5 1 that the vcrtlce< of the shared B\ bo\md iy of n\o

llm’.lrl\ gCpamble ch'un\ muet hd\e degrce t\so \\e qhall '1Iso see’ |n l emm.: 5.; lh A :

."-“

'1ble ch’nns m'n ha.\e devree three (see Flgure 3. 12 where the connectmg poult

-* F Ty




Figure 3.2 "lTli:c'_'s:l_)u:m':(I BV- bound

o

Figure:3.1 " The Slx{;ﬁcd BY- b’o_u_nd:;rj'»‘&.)f'.tw_b‘ linearly :éép:irzrlb]c:(‘lini,ns."
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S Deﬁmtlon L Ashain O i3, monotone mth rcspect 10 a qtr.ught lmo l lf -',th’c“'
. ' : -
r(lcr of f'he perpendlcuhr\ from the \(‘rtlccs of Q\ to l .1long l 18 tho \.1m(‘ SHE th.u ol' R
A'_'_’xth(‘ \Srtncown ( SRR T RO IR -'fjj- SRR
Deﬁmtlon. \ bncrtor rny of a. dnrccted lme sevmcm l pq dcnolccl bv

: -’b( vn p &) is dohnod as’ h.df of lho pcrpen(hcuhr blqe‘ptor of l. bldl‘ll[lg .u tho mldpoml |

.,,z “~ of 1. aml pomtlnfr to the nvht h.md slde \ch reqpect to the (Inroctmn of pq

N

¢ A ;

'necnn«: .1 \ oronm \orl(*\ to ono of xls .l\NOCl 1ted (l'\t.x pomh lhus i \ oronm wm IR

_ _ lx_:u.\“itlu-_o(j 'in’ci'(l(fnt sip,ok ‘l)\\j_t‘lngﬂ_:go'n(“ml poxmon axsumpnon /; ST
'_3 2 Fmdmg the BV- dlagram of two lmearly separable chams. o AR
’ ST (ho l'ollo“mw l\\o \(’(‘tlonb, we ﬁrﬂt «how how to ronxtruct thc \h,lred R\-.,_i» R

‘.

' -':.‘(ll 1 um of l\\ o (h nn\ e (‘qun.xlent to ﬁn(llnv thr" \h.xre(l B\- lmun(l u' 2N

:kb\( s, ho“ lo (ou\nn(l (ho ~h \red B\- bound.ir\ of l\m p\(‘udo hm' ll\ e p.n,d)lo,;‘ RN

N

; ".j.éch un~ \h n,ln" o ml\ Ollf‘ ()f then' e\tremo wrrxce O R A T 5

¥,

,-_'.B\- dl |"r Ams W hlch '1re mlled BL— chams. zmd uqc p| p, sz .

BN ~p_‘g)_1;n_ e '._m(l vl_*‘._ i U

'..‘

."Lom' m :i.-l" Véi'iér‘ii_vlijp':\";.';{.,':(jofrr‘ésj),(')_‘ndifh'g 'r"és;u'!tv ,.’f(')'r gt:i'nd:}r(_l} ,\‘-':O’.l'-(".ﬂ(ii "‘“".'-:‘!;fl: ll_ll‘*':-:‘:' S
'_ ~ r
Lerq;ma 3 1 T/ze sllared Bl boundary o/tu'o lmea\ly 9eparable mput r/:auw o

L (‘ iznd (- 15-an endleas opcn B‘r rham

Rroof (Pefer to F‘lg 3 3) o

L "‘.‘.,."

B’\ (leﬁnmou thc ﬂhdre(l B\ boundnr\ muxt be a pomon of tho B\ l)ouml iy ol'

- . lhc l\\o mput <h.um .md h('n ‘e n is 4 hne.:r ﬁgure \\c slmll qNho“ tlmt m\ Im(
N e . .

Deﬁmtlon Cm en-u ~r'm(l'\r(l \ oronon dmn'r'lm spo/c is tlw luw sv**moul (on-, e

P boundn\ of two hnmrl\ \(‘pll‘.lbl(‘ ch'nns nd ("*l.lbll\h rh.n nwr"lnw'lhv H\-

\) v Iht'n':.i’,‘




o

4,

o

er (-n(hcular to 'm arbntr.ml) choqen qcp‘lrator of Cl and ¢ lnter*ccts thc'
I P

. —— P

3v;“\lmrod B\ boundan c\'xcll\ once, Therefore the ﬂhared BV-boundar\ of (‘ and

(-

- isdin on(lloqs BV ch.un - o RS
Lo R Lot ‘ ,v_,i . *\_‘.‘ . . . .“. L : . L '
lhv ~h.nrm| B\-l)oundm 15 a collcctlon of cudless chamw 'md it ﬁ(‘pll‘d((‘\ !he

0y

.é )

.4‘.

_'lh -wmonx of d: n.\ pomh oT one mput cham from Lho*e of the other mput ch.un S
. lo K0C thls note llmt o.nch B\ reglon m the re%ultant BV dlagram ('1f'ter mor"m") e

s i m‘H (topologlc.zllv a closcd (hqc) lf a B\ revmn of adat’; pomt from one lnplll.“

ch 1N .m(l A 13\ regmn of a da(a pomt from the other chaln |nterqect thm lmer-- e

“obe e u)ll((nou of on(llow ch.uns (\n alternatne '1rcrument ls as follo“s ln the'

. Anwull llll H\ -(Im"'rnn “c m«slgu the re(l color to the B\ reglon\ of dat.x pomtx."

r(‘\uh.ml B\ (]l'\"’l am. Then thﬁ% ultant B\ dlagram is a t“o colomble m'xp

,~om in ,m edge, or a r.n. or a lme The umon of theﬁe fdgeq (r:n ",-or lme\) muxt

"[nol,u} )

v\':nrll\;‘()nce. T

‘,.

),

n;.

v-fmm one lnput ch nn wd lhe l)lue color to tho~e from tbe ot@r mput chmn in: lhe o

Fllo boum].n'\ 'sh zr(‘(l b\ the régions . wnth opposne colors formw el ullcs\ (‘h uns_'

Lot \(\) I‘(‘|1’|»(\(‘l|t Wy 1nm p(‘l‘p(‘lldl(‘ll].lr to un 1rb|tr.ml\ chosen sop.u.nor 1. f'

e m(l p z~smo 1lnoudh \eL Then ‘s(\) cro«eﬂ the \lnred B\ boun(l iy -

o
>

molc tll.m ono llmo \mce no- segment of the sh'xred B\ bound ary: c.m mml np,

N ..‘._.

~1(lo~ of lhe ~ep‘1r.ltor or on Lhe same sxde of Lhe separator \\nthout loqs of gcu- .

or.nht\ lct \(\) be horlzontal and C" lle on the rlght hand SZde of L and Cr on

~ the Ioft lmnd sxde ol' L \’\e assume that ‘f’he mtervals 'u-e placed on \(\) from lefl

' \u pose I'or con!m(hcnon th'xt S(x for qome xeL crqsqeq the shared B\ bound.nc\ ;
l l .

\(\) fm m\ \eL (lue to thc hnmr qop'xmbnhn of ( '-and (- \(\) then IS (ll\l(l(‘(]'
g mlu SV cral mior\ ul~ l)\ the crowowr pomt-« There must exist. qt lmst two con- e

ﬁ\(‘(‘llll\(‘ rrowmor pomts dn \(\) say. s and Z, W here ¥ and A C'ln he on oppome '




to rwht as [ = v] [\ z] [z 1-'00],..'1 hen no m.lller \\hlch lnter\.ll X ll('zr on.,n mu\t

he the c'1~e th'tt/aome poml say, ¥ e(\ belongﬂ to the B\ rcglon associ: nv(l" IR

. ‘ . . ‘ ' ol
'_"with :\‘. (l-:ua pomt‘.‘ ;s:n p of (1 (respoctn cl\ .'3),‘_',:md a ’p’omt suy‘.i vel

. : B
~ .

x v )U,(z +=°] belonm« 10 the B\ l‘(‘"l()l] .nsocmtcd \nth a (l.nt.\ poml .

. . . : N .

N

(uwpvcn\ (‘l\ ( ‘) ('l o s(-o \h\s. note (ha( lf R\ or z, bclonvs lo a BV -edwo thon (Inx L

lollo\u tho (lohnulon of B\ vocl"v\, |f ¥ or z bolonvs to i p\ou(lo o(l“c. (ll'(_'".n. fhl:'( i.v S

a' v

ilmplw(l b\ tho lmmr sop.xrlbnllt\ of ¢ ‘_ :md ( = ) Then t'hero muxt o\m one of

1 hc iollm\nvr l\\o mses for v’ 'm(l 7, : both v .md z lle on lho Sadre \ul(- ()l X on e

L \(\) oy ||<‘~ on thc loft ~|(lc of X dnd 2 lies on the r‘ig-ht;si(’l'é‘of-.,x an ‘\'(x);:n'ngl

' 0|1(- of 1l|o't0|lm\ e t\\o (.m\x for v 'lnd 7 y and z lie on"l,h'(" smi.r(" Side of 1L or
llu\ II(‘ on !hv ()p[)()\ll(‘ \1(10'- of. l \\c onl\ sho“ the case lh.u "*:m(l' 1 e one

ol)pmm \l(l(‘\ ()l llw wp.nmtor .md viand 2] ho on the s.\me Nl(|(‘-0f the sepirator..

'~
~

‘ ,(r’or to- lhv n(fhl p et of Fw 3. ’;) lor the othcr comblu mous thv prooL 1S s

Lar 1o lhv I'oll()\\ln(f one. \()\\ wo \h«l” pl‘O\C lmxt then ci nn ot o\m such pnr or

~ _pomt\ on \(\) h\ \hO\an 7 e\(p ) “hl(‘h contmdlcts tho vnon l‘m h('ncv l]l(':'

-xh m‘(l P\ honnd 1r\ mnnot CTOSY \(\) moro th'm once.- Fo do so0. we show thut"

_(1) both Py ‘uul p .ue \Nl)le ['xom ¥ aud AN .md (u) P, is longor lh.m z p ST

'--.' -

ot

(1) \o(e that no |1$llt lme «('ﬂmvm can’ cross § pl (smcv 18 mnnol eross tlw
_separ: ltor) othm\u\e enlner it mll also cross ~'p, or’ ono of lts ondpmnu mll l&,
: --(‘loscr to 7 lhdll p, to'z'. and bolh com‘luxlon\ wnll coutr.uhct 2'e\ (py ) T hu~ p'

is \Nl)le from both v and 2" This Impll(‘w th'u P, 'muﬁt u0t II(‘ ont\ulv o! lln- eir-
. : , ¢ ‘

cle \\nh v p, as. m(hu\ since ¥ e\ (p ) “Note :1|$oﬂth‘ut no iﬁput linv\ognl('nl “can

; ‘therw he (‘llh(’l‘ n wnll dl«o cross J P (thl‘i contr'ulmh ¥ e\(p }) of one

CTOsS. pj

“of i('s eadpoi nt_s will B

. loxcr (o kA tlEn p, {02 (lhl\ comrddl(‘ts 2 e\(p ). lhu\
s \'il\"i»ble from both p,'-nn(l I

(i) Tpyis longer than Ip, .becauéﬁt\;\p. lies on the circle with g7p; as-radius. p; fies




‘ _ 'on or lh'\l(l(‘ tlro ('lrcle. 4nd p .md z ho on. lhe .lmc \ld(‘ of L Thus z e\(p ) b\
RO d(-hnnmn ,m(l (h]\ contruhcts thc glvon f.u'L lhat Z EV(p ) 'Ihercf'ore no. \(\) canf,

LT

Cross lh(‘ sh.m'tl [3\ bound lr\ more th an once. ST

e (b)) \(\) for’ .l” \eL must cross, tho sh\xrcd B\ bound‘;rv at, lo'ht om‘e To see lhl\'

: ~u|)p(m- tlmi \(\) for ~om(* \eL doos not cross. tho \h.xrc(l B\ l)Olll]({dl’\ T hon l)\-

(1), lll(l(‘ nnN (’\I\l a \(\) (‘ro'wlu" lhe \h ll’(‘d B\ bounddry mm": tlnn once,

: 4 . .' i . . . ’ . . " - B
\\'hl(’h (‘()Illl':l(_l!ClS. pirt .( ) of (2). a. ) . . o

w

'l'liv share %\-l)oun(l iy, of (1 .m(l “annot ¢ross '(." or - Io see lhl\ 1\0

o\

‘”PP”“‘ for con rnlulmn th i tho sh 1r<‘(l B\ boun(hr\ ‘crosses 1 .md/or eh Ih(‘n

. . e .

l'ht{l'(',%l\l (‘\l\t two pomh of \(\) for somo xeL which llC on tho oppowto Nl(l(‘\ of e

S . : " .
line .~<)';:r°ﬁ‘u&£l ( rLJ (- .|n(| w lnch lwlonrr m b\ -1*(“flons of (l.xm pomt\ from |ho same

Cenput chadn. l“‘vu ono of the—~! mem\ mns( not be \Nblo from the (‘Ol‘l(‘\p()n(lln

.

' . o
’ ._(|:|l:a pmul l his (‘Olllr.l(ll(‘l\ lh(' (lvhnlt o of BV: l'(‘"lOﬂ

e
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| ’P‘rbbf.;

s

B‘ - boundary of (‘ and (? where C‘ and C* are tuvo lmearly wpar- SR

B nble cham&,

L.

o

and. .x(l(lm«r 1hc e(lf'o's of lhe \hare(l B\ boun(l.nr\

"~ boundary.is an-endless open chain.-

10

: \\'o sl nll show in the followmv Iemmd th'n wben the two mpm ch‘uns are Iln('.xrl»
."sepamblc the lesulr'mt B\- dngr').m of the two lnput chams €4 bo ol)t umvd l'x mn lho
,-orl‘*ln al: BV-dis tgrams b\ delotmg (he portlons of tbe B\ cdf'c-s .xnd pscn(l() <-<I"(-~« of ( L

4(( -) w hi(‘h \\ln(h lle on - ths oppo«xte sl(lo of the -h.nre(l B\ boun(l u\ from ¢! (( )

Le/mma. 3.2 \Ier_]mg tlze Bl d:ajrams 0[(' and 18 equu'alenl to jmdm_/ Ilu 9Imrcd -

“\We. shall proxe that () all the -‘:nvt.‘:vyv‘f.-_B.-\‘A'-f:‘t\d'g.fe’:%'-’(‘:p'sél‘l'(l'o-:'_e_('l.g'(_'"ﬂ)':vvi"ll;ich ,“."il_l";'

SN
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R

'ﬂppmr in Lho rosultunt B\- (lmr'mm are. mcluclccl m the qlmred B\- boun~

’

dxr\ .mcl (Z) .1ll tho orwm.nl H\— edves (pseudo cdve':) (or a \Otrmont of a

 ~||<|| Nl"v) “lll(‘h \Hll (h\.xpponr from the r(‘sult.mt B\ dl.tvrnn car® hvb

deleted.: p( r()r(lm'r to lnform lllOll prox |(le(l bv the ('onxtrucllon of lh,o sh ll‘(‘(l

8 ,--

e I)oun(l.nr\ (l’,\ a'new B\- odve we' mmn tlnt thc B\- cdff(*al\ dct(‘r-

‘-'mim-(l 'li.\ iwo d o pmnts W lnch h'n'e not detcmnmod an Ol'l"'lndl B\- ed"o

'<,. ..
y

lhn\ a H\- od«ro w: lnch is. 70 ~c mon't .of an.o’ryo‘m \l B\- cdve 18 n(_)l, _:rn(*\v-","x '

l%\ - c(l"‘(‘ J-.Note th anew pwu(lo vdvc is cre: ned lf at lm\l onv nc\\ I»\ -',: '

. X3 L
» ®

] vg'l:_;u sll:ir'in:f 1 lmund B\ \erto\ \ulh-t h it p\(’udo odffo is (‘xmtml \u OI‘I“'I-

. £ -
‘a . a.. : [

'.‘n‘;.xtﬁ'p.;uu(l()sc‘(lg(_‘. ("‘T‘i’:ln“m i at least. ono Ol‘l"‘ln'll B\ -o(lge \h mng W l)oun(l. ‘

<

l’\-\ -rt X \\llh th at? N‘udo odffc (hs.n ears or is shortenod 'I hu~ SwWe onh '
< S l lP

> ' - g . N
m vd 10 (‘Oll\l(l(‘l} the B\ edves Q oo
? L. -

(l),, \Jn BA-. od('e clo!vrmmod b\"'__

' -
AL bclbn« lo tho sh'\rcd B\- l)ouml.xr\ b\ deﬁumon ’1 hus, \\o onl\ m‘(‘d

. mnmhr W holhvr oF nol thore (‘\N-x a nm\ R\ o(lwe say (: 'v“:p\;_p‘) '
*® . ' : A

m( l: llmt hmh p ".m(l I’z l)(‘lo‘n(r to P‘ (s\ mmmrlc 1l|\ lhe Iollo“m prvo()'l"j’i.%‘.": -
) . .

N

lppllt‘ 1l)lc W honﬁboth ddlu points belonor el P ,-.md the J_uoof is .xlxo d[)[)ll(‘ 1-;
& »

ble w lu‘n it1s a no“ B\ ra\) Now to show thls ("mnot afise. AssumC- tll 1( p

»

m(l p, do not dottﬂ’mlnc a B\ (‘(lgo m\the B\ dm"r'xm of Cl. H' P an(l p, .ll'(':

D N - %

o ’ o
not visibled hom ("K‘h olher lhcn ob.&loml\, no (ormmal or nc“) B\ ed(fc mll o

'S s

by crmtvcl \uppo\o that p, ;m(l Py are \Nble from e’u‘h olh(‘r Iho mtvnm '
, R . o
“of. the g;url(‘ \\llll p h as the di: uu(‘ler muxt com.un some (l'\t.\ pmm\ of Cl

sh..muw \011)?»8\ od«*e-« wnth P; 'md p‘ $0 that P:, and Pi (lo not slnre 'm\

hd

R
v o ~ i . -

T hv cony c\ hwll mnnot be crOsst by C- due to the llne'\r \op..tmblln\ of lhe

]

Cinput ch vins. I‘hon thc dm.mcex 'xmeng (he data pomts of the (‘Oll\C\ hnllf '

ﬂ-"

(l.xta pomt p eP‘ an(l ‘.n d i, pomt p}eP-’.'

St

L R\-vd«w \ote th'u p p,, And these da( pomtq determme a (‘OD\C\ lLuIl ¢




£ - : . R LI RS

are not clnnved W h(‘n C' s pr(‘\om [t fo”o“'s th.\t P, .md p, do not” (lo!(‘r- '
mlno "m\ B\ (‘(l(" i (hc result.\m B\ dl.ufr un . lhcrofor(‘. uo m-“ B\ - v(lwo o

(o B\ -‘m\) can- l)v cre: ued l)ol\\ccn any t“o d.u.\ pomt\ of C* w lwn C- |~.

B -,",bpr(‘,\(!nl“

) (}_)_), If .m orlgln.al l3\- od o‘(or pdrt of |l) ()f C‘ (r(wpccnwl\, a l%\- ml*f(‘ of C )

. =
: (llmppc(xr\ from the roxultant B‘ - elmvmm. (hcn the- orlgln nl H\ 't'(l"v mnsl

bo crousod b\ tho \hdr(‘(l B\ : l)()llllddl‘\. or one. of (ho spok(‘s assoctated: w ith’
o A -, .
' (hl\ orl'rm 1l B\- odvo must l)o crossed b\ tho sh.\r(‘d B\- boun(l.\r\ |-(),_3~(‘(‘-._'

Cthis, we \ll[)p()\(‘ llm( ther(‘ 1% @ dv](‘t'bd orwmal B\ - c(l"o \uch lh.zl l( i n()l

e crowod h\ lh(‘ \haro(l B\ - boun(l \ry- 'md none of ns \pol\o\ is croasod l)\ llu- o

: \lmrcd B\- bouu*rv. \‘ote th'xi the qharecl B\- l)oundnn muat bt‘-.m vud--
I(‘w open clmm b\"tcmm'm 3. 1 hon(c Lhe ch.nn mll p.\rtmon the pI e lnlo

3

g two p lrl\ &uch th.xt m(‘h ‘t contalns an lnpuL clmm Iho (lvlc{vd ongln 1l
R\ - o(l(r(‘ musl lro on, one of the 1wo, partﬂ ﬂ' n lles in (he drl ('onl.nmn'r its

)

. ‘.nxom uc(l d 1[.1 pmnts thén 0 edffe of. C' l\mv on the othor pd;l‘( N .m ?row
tho B\ o(lve 'md tho lme Neﬂm;’r;t conncétmg the ‘mocnlod d u.\ pmnh duc

10 (he hne'\r «ep.lnbllnv Hence ths orlglnal B\- odﬂe should nol (hu.np-‘
pmr I‘hua any deleted BY- edve must lle on: thc part: not comal‘mnb n~ .1«0-

R N ('l.\te(l dm pomts Then at Ie.vat one- of its spol\es mu~t bv crossc(l l)\ llw

n

\h.ar(‘(l B\ bound'\r\ (Thux b\ o\ammmg the"o\smg hctwoon tho sh nrml
BV bdw(lar\ .md the orwuml B\- ed«res '15 woll as thmr \pokcs we nn

letormme w h|ch orwnnl B\- edve (or pnrt of n) shoul(l be (lelotod in th(‘ b

E resultant B\ dlagr'lm ) El

[N ‘-L. '.: DY

To smnplnﬁ the (lcqcrlptlon of Lhe merge procedure we ﬁrqx cousnderxthe case of

~two linmrl\ sopamble mput ch'un\then con51der the case. of lwo pﬁeudo- lmmrlv "

- . °. <

: -«ep.n.nble mpul ch'nnﬂ (\ote lh'll the luput chamq are not requxred to bo monotom- s’

l()[l"’l.d\ rhe O[‘I"'Illdl B\ -'dl,wmm< are glven ) B



[Eae]

'L-:'l,(-! N (mm(lor lh(‘ thr(‘(’ pmb‘lvma (s(‘o pp 3'—_‘2‘-'1) involved .in merging two B\~

o dimgrans of \\"0 flmurl\ \('p‘u‘lbl(‘ mpul oh.un\ "4-[3\' f‘l,o_m’mn-_; 3.0 ¢
.'l‘)(_)m.'(l:u-\; isn ('n(ll(-\\ op(\u (‘h W hlch (loos not cross tlm mpul (‘lhllﬂ\ '-I"hiis_'_l_he

sl,":'.r-l ..nrJ_ H-nnm |t|()11_pmld.mxw.. c:_l_u_",b(" so]ved’ ‘by' t'hc -'_(“'oh"vcq_t"l,ou:;;l conw\ hull

Ty

hs.h:'u‘i‘c:l. BV

j"nutlm(I [Hll mu*l] Ivmnn .3.-. .:ll new B\ odgm 'md p~eudo odvm 1 pmnwr in "

: . he ('sllh ant, P\-(]lwmm form tho ~h arc(l B\ boun(hr\ The \Nblllt\ roqmrvmont‘ )

.-

for Ih(' ~h.u(~(l R\ -l)oun(l iy of the m 0 lnput ('hdllls \s enﬂlre(l by the lme.ms('p.xrxbll-‘? :

‘ity'.; We ~h alI ~hm\ an’ l vmnm 3 3 lh it o.nrh BV- roonon can lw artmone(l Il]lO ‘nt m()st-"'

: ’
Chiec (()11\)( X ~ul) lcﬂmns \\ e \h'tll alﬂo xho“ that lhe ongln'll B\ c-(lv(‘\ .m(l pwudo-

[
ul'r«w nnmwctmw tho »,h:m‘d R\ bouml iy can be found quml\l\ \\e shall now xhow

hm\ to (()nstrnct lho NH(‘('(‘\\IV(‘ «(‘vme ns of thc ~hared B\ boundar\ 'wcor(hnv to lhe

{lntvuonn((n()m ol 1t~ olomont\ e e S

Len s . ! o - . N . . P . - ’

\\ ¢.c an hn(l :In' con\e\ hull of (! \md (7 in O(n lov n) tlme “hore n s tho (Ol.ll '

nutnber 0‘ \( I!IH'\ in the two mpm ch.uus [\h‘lm“l] Bemuse of lho lme'xr ~('p lrll)ll'..‘

K

Aty ihv (()n\v\ hull mu\l (‘onhnn two *pocnﬁc edvea (whlch are c.xllod rommon"" .

I(IHJ{ n! ) suc h lh W the on(lpmnts of e.lch odve come from a dlﬂ'(‘rcm mput chain: Ihcv

po pet nllcul T l)l\(‘(‘t()l‘\ of the two odves c.m be cho\en as the ﬂtdrtmo and ending seg

l_nonls (rl\\) of the ~h‘\red BV- bound'lr\ If the cou\e\ hulls of thc two mplll ('h.uux

-~

Care av; nl \ble tho start .md tcrmmdtlon problems can be sol\ed in log’xrnhmu‘ time: by
_ v . - : _ _
L ll\lll" i, l) xlvncml bln ATy s€: lrch tree [PropR) pp 121)

-'3'1-.("1- thv two mput ('h.uns be C1 .md C: .md let xhelr B\-' (l'i\:xgr':rms e

¢

”:':\or(P' :(

.‘(' Cis , P ) ropresem a pseudo edge lmvn ih hared by p, nd p,

(l{*

a H\- edge is dolnnnod by ouh one B\- vertex, then it'is.a B\- r'ly' |f a B\- edge 1 s

: , ..‘.
nm (lvllmltod by any B\- \ertc\ then Il i1s a B\.

‘\‘ T

h( z-;':{, '.1),,)) 1(‘])r(‘~(*nl A ray of the \\lnrod B\ bound'm- that starts at.v, 'md is polpen-' e

.-
v

") .md \or(P 3). Let (t,,,.‘,, P, P;) r(‘present an Ol‘l"‘lhd.l B\ (‘(l"‘o‘und:

IR Noteth'xt lf:‘ L

lso let b( v,,p, p,,) (or;"‘



(‘ll(‘!ll i to P ‘p 1or ik :xl"onv' 1, ':m(l,"i.s" (Ici;?thni,llc‘(l . l)y p );' "b_(j,),

_.",{:.:P,ﬁrul or .
l)(c ‘H I p,,) ropr(‘wnt\ '.m (‘d"v of lhv sh lrf-(l l%\ - bound \ry- {‘h(‘ .-n.n‘r;:,(:‘ :il':.:(.j)‘_r.iﬂ'l»x""r— sl

'\\’i'll l)wrm n a ~f.|rl|wr 1"1\ ()f lhv#h 1r(‘d B\— l)oun(l 1r\ .md lhon lrn vrw !hls r.n ln R

(‘ulen(t lh(' rt‘\l of lhe ~h n‘ccl B\ - l)oun(l Y TR

' “_..-’\wllmc th n '\w'.xre cu.rrcu l} lr v (*r\mtr a r Ly l)( p,,) of thc sh ll'(‘(l R\ - l)()llll--

. A.p‘) or some e(l-n- nl' the.

€, ,f.. o ‘.‘

; (ll('ro we .1|~()'.|\\|lm(' lll.u

~;"

_‘lln- OII"lll\ll H\ -0 l"v\ or psoud() e lf'('\ w hl(‘h m(‘('l_ t'h_("»sl_mr‘("d l_,i-\'-r:'g_\' :;r(‘ j_:i\‘i‘_ll \\ e

¥

. \h all. \h()\\ in I“Inﬂ].l 33 lm\\ fo hnd lhow (‘(l"v\ ) T

%

L ‘ ] bepbeey) o
. C .-. ST .\"-'_7‘
~ Figure 3.1 Cased. ¢ , ., '

-~ . N . . - - . . -

‘( ase. (a) \wume th'n b(l p,.pu) 1% \lmred b\ a palr of dat:; pomh p P"- :_'n_n_d; E

\\sumc -

: Py e P:.i

{0 th it b(i P, pu) docs ‘not. com(‘lde \ch any scvmem of ( ‘U

'funhcr lh.nl l)( v p p ) moct\‘a‘ B\- odfrt (1,,,, p‘,p‘) in \or(Pl ‘+ror \or(P '

[}

:(;{h(‘)'wn in.l:-‘i'g.:;‘. lr). - A
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. - LR ] .
\\'ithou,(. loss "of--’«r(-m‘,r:nlnv,’ let lb()!_h'-d‘dlﬂ pdlnts‘-q-f (e, p,, p | .md -p,
‘ . : N ‘._, . . . ; . \ ) ) ) . L
_wlon«r m Pl \olo lh.u one of p .md P mlnt commde vnth one of p .m(‘hp”“ m
p —p < lmrI\ th(-n lho rom nnlnv two’ \ernce p 1‘(1 p ' \Hll (lelormmc a. no“ B\-

3 R e L - .
: u\ ( T [H\ Case IS thv s mm as tho st.m(l.ml \ or0n01 dl.wnm ) \\c mecutc lho foll()\\ln

,i

kS o

()pt ml |<>n~ %lunl xr m thow of lll(‘I“"'Il’l"’ t\\o \t.md ml Vo oron01 dl wmn ‘ |nd tho ml(‘roV' '

.>.v~4"g“4~li()l'i po_}in. ‘ ol' h(z p p,,) 4nd (l t',,'p..p,)‘ lt'nore the seﬂmonl"’of b( v p pu)_"--'.

whiteh” l(:-j|\."(n\".:l'::§_)‘l ‘m(i }"‘nOl‘(‘ !Ilc sorrmon( ‘1,+,z .md 1‘egard thc ray b(lH,1 P, p,/)."

S

(lir(-ct.v(l :il(mg tuh:o'j- j- wctor ray p p L as a nc“ rn of the sh.xred B\ - bound.tr\ (\\ hcro‘ a

brn%l ). W e‘ ‘:II tho '1b0\e oper'mom ﬁ?zd !hc nezl branrh

b l";l p p,/) I8 (‘ x”(‘(

<

'_‘ol lhv she nml BY- l)mmd iry. \oto th'n b( [T 1) pu) (zm. oK P p,). An(l thc br.mch 5

'l>( Pl p,,) fm m i ﬂ)rl\ at v .. .md the fork partmom the orlvm'll B\- re«rlons d.‘

(nlvd \\nh p, (‘= P ) p,, and p mto lhree now B\- revlon: ]t 15 c'h\ to \orlf\ tlml the@ -

"t Dl

R pmnlx nm(lv v.nch new B'\- region .1re rloser to one of lhe dat'l pomls p,("'j),) p . .md :
tli in to (hc otlwr~ Hen(‘o thc br'\nch (or ~ome mltml <evment ol' lt) mlht l)vlonv to
- tlu- \h m(l B\ - l)oun(l ary. l)\ dvﬁnltlon




.md (he mtcraectlon pomt of b(l p, p,,) and PPy be t,H \lote that b(t p,,py

L i the ’co’m;’)jli.(‘.‘alf‘d vC,.aSP\;’k"
. " Fégure 3.5 Case oo

( ase - (b) \s\ume a«r.nn tlmt b( SR Pu) 1% \lmre(l b\ i p.ur of (l 1!.1 p()llll\ p

comcnﬂe \wth .m\ so«mvnl of ( 'U(

m(l p € P~ 0 llmt b( vip, .p ) d'o.e:s"

\

b Kl

Flr:‘u—\se dhcuw a <|mp% case Lct thls edc'e be lk PePa

e

‘,"_"n'\,:,‘.

eP‘

- now .1~~umo th.u b(r WPyl mee;\ls an: e(l«re}{*the orl"m.xl B\- boundur\ w lnrh |s i

e 'S
\(‘"m(‘nl of an ('(Loe in: (“ L'L (" £ :
-.CZ}(C' U C ) p -—p(

E
)c'mnot
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— | ——

crosx p P b\ l em ma3, . hbncc' we ignore lho seg mbutrbf'(b( 't-lf.p,'.'-pu) ﬁ'hi(‘:h—"(‘r‘()&‘&s.(}s 'p',.'])l_;A
\\ ¢ ..luQ lgnoro tho w-fmvnt nf\o odvo from tH,] to p,. ﬂmce thls segment of the odvc

.mnot cont‘- fn‘.; sogmont of lhc \hurod B\ bound’tr\ 'I ] '<ee th|s, _a«ume tlm( d seg-

i m(nl “of v +lp lu-rom(w .m odge of the \h'xred B\ bound'lrv Thls new \h m*d B\-.; '
'v(ly_'"'_ hen mu\t ('onnoct lo .mo(h(‘r sh.nred B\- edgc l(*'wmv p,p bcc.luw .m\ € 1"0 of

v)‘

»sh"{r(‘c] R\- l)oun(] ary e mnol lmv _ A R\ \orte\ “n h devree one \.ow t]mt ths Iv l\lll“’ :

,-

"1. -nd H\ - mlwv‘mu\t cr(r«\ one of thc B\ - romons qsxocnued “i‘lh p of “Ith p But
th: xt nnplwx thv evex Ns um\ B\- l‘(""'lOI]\ for p .md for pu othcr ‘ﬂmn tho orwmlxl

H\_ u-umns thn«r l)( pu) coxntr'lr\"to the d.\NuIIlptIOD th'lt b(t pz,pu)' s thc

’

. ~h.uvd l%\- rn (lmm l]lll’l(‘(l ln pz 'md pu \ow we regard the ray <tartlng at L,+l and

o

pmnnn lo P, 4.1\ . new - segment of the mhared B\ bound'm (a bmnch) \\'o also

%

bl m(‘h “w ()rl“‘lll.ll B\- re"lons of Pr-Pu 'md p arc rep'lrtmoncd bv‘p t-,_H."

h( :,“ p,, YL) 'm(l b( v, +1 P,.p;') mto two new B\ freglon such llnt pomt- qu doaew

'than Lo the otherﬂ \ote Lh:vt, .:

_-“f.v]‘_)‘,_.lll(l p holon" to (he two' (lnﬁerent mput ch’nns and b(L,, 1 p, p,,)_ls t'he locl of
S . . ; : , Do e
pmn!\ vquuhsl mt to p ‘.md p,, respcctl\ olv hcnce b( AL P; pu) l‘i a \Inrod B\ <e¢ Ige.'
o L ’

'hv B\ rvmon |~~0(‘| lte(l \nth p eP "l\ trnnmted by b(z,,,l p,,,lL) w lnch s
"f.:‘;".poi-tvunn of an (‘-(lz;o l)(.-l()'n'gin" to Cr hou(‘o p'ut of l)( tz,H pu lk) i a Nh"tl‘(’d pseu(lo v(l«f(-

ey

ln a morv ‘c;)m[.)hmtc(l case: lk-l;l_lj— m'\v bcomc‘lde mtb ﬂe\.cral 01;|"|n'1| )\cudo-
vd(ros flom lho vnue p;xrtntlon Thus lnlg.,eneral p,%*pt as shown in FW'_ ab \\ ’nen
|>(' ]lJ. Py ) lu(‘(\(\ p(pa, \\‘o sh.xll.rev.sr(l thc ray smrtmv at the luteﬁe;tlon poml n,H
.ﬁul pmnﬂn to 1; ."a\ the bmnch ;1u(l l,c 'llld pu _As (he two.elemonh (letermn;uw (ho
h'lv.mcbh \mo lh n m .md IJ; lwlonrr to thc same P'trtmon he.nce “(‘”l‘.'n;)l"(‘ tho \(‘V-.."
. moux of tho e(lvc Trom v,;‘ to. p, b\' the”ﬁlnme argumcnt asﬂlhat m,.the abové \lr;)ple g

-(“v:lsg‘_- lhoﬁ b(t :+1 p pk) .Ll](l some»ml(ml -«egment of b(l 4'1 py lk) are ﬁeg‘meuts of

3

’




“the ﬂhnredB\- 'l.')oilbnh_vdixry., |

M) B
L subcut; :

" subcases] < .

r

- Figire s Casec

( ise (c) \xaume tlmt b( 1'-1),,,1,‘) combr(les mth an edge s'l) lk—pd ) m (& ‘U ("

@ \\o also n“ume th'\t b(z pu.l,‘) meets an orwmal B\- edge not, coinc dmg wuh «m\




l"(‘ m (l U ( r(‘fer to P ig. 3 (5) | : . X §\.; o .
o l e, ‘&hv lntorsocnon pomt of b(v pv,lk) .md the onvmal B\ edge be T, (see \ubc‘ue 1
: ol caser l) \\ h('n we traverse b( r, p !lk and re’xch v,’, we ﬂhall con%nder thrd¥e cases.

(l) If /‘ of l)(: p,, lk) bolon"» 10 ('1 (r(‘spectnoh ot ) a.ud the Ol'l"'ln'!l B\ edﬂo say

4 b i) ,dl«o bclon«*s to (l (ros ectnol\s.( ) then “e contmuo to tl‘x\(‘r\e
)I ,l

"

. l)(' pv/ IL) (OT b( " P lk) ) ‘.ll'l‘d- “(‘ lgnor(‘ (tm‘; ps pt) smce (l'm Ii:p§;‘[)(.),.|\()'l()ll"'(‘l"- S

0

‘- -"\\ lu n llw \h uv(l B\ -ray Tm(‘h(‘s the croxsm er. pomt ll. m:u le'ne pdp

!

p.\r\?nons \(p ) 'm(l \(p) properh (luc to thc mmtenco of py (subm\o l) \\e ’1l\o

V.cr(‘:m \1 new li\ -lmo ( p,, p ) or|: Pu.‘p ) an(l ﬁn(l the crossover poAml “nh pdp 1{('(- L

(’) H' 1‘ ol' l)(l p” lk) h(‘lon‘*s to (‘ (n*spectneb ( ) 'md the orl‘rlnal B\ (~(l(fo \4\ :

..l' ES

"(”l:',"..lf:,,.:])!ll"[)")\) l)(‘l()nt*\ to ('- (rospoctnel\ C‘) we Helete thc part of it crossing p,,p

'

’v"'f(‘pl:wo"(‘ i"m} p,, Pu ) b\ (t'“' p 1)u) ﬂnce (1 pJ pu‘) stlll pll"ltl()n\ \(pq)

‘ :n‘l’ik.l: \"( ,)-’u) properly "‘(sub(‘:l\'o' ,‘.’). We r'r(_‘plac'e ,:_p h\ Do .md (ontlnuo to tra e rw o

:,:p eP"'thon lhe sh m‘d B\ “ray: \nll Io'ne pdp.». \\e regard tbe r'n s("

;'nn-v,l‘in-r polnl .m(l .llOl]"' tho le'nlncr od«ro 'mthe bruuch I(semc':iSc 2 . .W‘l_l("l'(* ¢4 08 the

'm('vlin'f ['.)o‘ini .md b(l,.H p. p, )_ I'* l‘(‘"’dl‘d(‘(l as lhc bmuch) lvnoxé llw s 'k'g.jv';‘wvﬁl",'of‘ :

'b(t I‘) flom |+1 poumnv to, p d.lld lv'norc the part of( v, Py )rmwm p,,p_.'.f B

.‘-(ht‘ same ar«rumont used in the-("he (b) l)(l Pk pu,lk) an(l b( v,;, P Dy )(or SOme ini-.
tl 1l w"m('m of it). are the xhare(l pseudo cdvo and B\ edge \\c c.nll lho opornnmh

‘ (l(‘srrlbcd .d)me as ﬁnd the ‘next br mch : ('\o(e th.].l (: ps.p,) can bc cxc.xl(-(l in con-

~l.ml umc w hou b(x 1)u,,1k) I‘("l(‘h(‘\ v, “incases (1) 'm(l (2) )

.m_ l_ng_v n-\tg. t ho_ .




Proof
”‘Ihcro e\m e\a(‘tl\ tv«o t\pes of d'na pomts m an. mput ch(un* cxtrome (l.xl.;_"?_

C o

U.pom(s d.[ld non-e\treme dd.l pomts lf '1 dat pomt ”S an. e\trem(- pomt -1 lu-n rlu-

: B\ revlou 'msocnted mth that data pomt consnst: of one conueclod rovmn ()th-." '

‘4 . R

"‘-‘.'er\u\e. it couﬂsts ol' wo connected bub reglons qepurate(l bv tho (‘(lg("\ mculvm nvt,i'- -




Nt Iw d.nm pom{ (rvfcr to F|°.3 :) Fhe |ntenor anglc betweeu a B\ edgc .md .'1'
) ST R L !
’ . p,.;(.‘"‘d()- (-d:_;o of " B\ reglon or :ub B\ rcvmn th'n qhare an B\ \erte\ 1- clo.\rh n
. L h-“l i.hgu‘ ‘.I80” Iho 1n1 (*rlor .mgle bol“ cen t“o a<lJao¢nt B\ odges of a, B\ -l(‘frlon'

- ‘m ~uh P\ -mt'wn mn\t he |(‘~\ th.m 190". smce the two B\ edvex 'u'o pomous of__ :

tho L" I|)1‘ll(ll(‘11|dl' bl\(‘(‘lor\ of thc m\ocntod data pomt and nq amoghborm" dat.x,_'

':,-pmnl\ ’l hlh |f H vmte\ ‘on- the boundan of a B\ roglon or: a sub B\ re«rnon h zs'--'-

'@ "m llll(‘l‘l()l ‘nnvlo > 1Q0° lhon 1he rcﬁe\ \orte\ muxt be lhe 't ;«ocnled (l'lt ! polnt o

W
P . T . . n

“ (Ill(' lnlvnor .m"l(' .lt xn e\trcmc d1t'1 pom( c.m be con'ﬂ(lercd to- bo 5()0") chco ,,\

it \w"‘l\lvn(l .one: of t"h(‘ ohﬂ'lclos mmdcm 1( the ’1s~0(‘|'\ted <k lld pomt t-lm
. ,_‘4 5 g . - " : K T * ™~
e ,“(\u'mlm'r hnv \H” p: nrlnmn lhe B\ ro«rlon or tho \uh B\ }'evlon mt&“o S |llv

conve \ \ul)lo'rmn\ (mlhor opon or cloeedv).

'?The par!mon can bc donc in tlgm pro- .

is

; porﬁ-mn |l ro lhc size of lhe B\ rcvlon or, t,he suh B\ reglon by w:.mnmfr its bo:un-

. . N . - v ,' E . N

v:(l:\'r_\"'.--U N R R AR

~ : .. . . .
. 3 L . .

- Now. we are, ro‘:n&l\" flo -prokvmjth(‘ merge hlgorithm for constructing the shared:

“ . . o o~

B \.hmmrl iy of 1wo. hnv.nl\ \(\p(u"whlc ch um S
: ,‘,3} "'. o \ ‘ . ‘ _. '. . v
. T the |l~rmnhm Tor ~|mphcn\ we :ilw:n"s nssum(‘ th,:st ull [3\-!"051,10:1.\‘_()]' l.hv.»ori-
gini 0By -(h LTINS h e l)ecn p.xrtmouod into (‘on\('\ \ub-B\ r(‘vlons lhl~ prorowln«'
, . L o . . .
takes fime. proporlmn d-to the size of . the orwmal BV (hac'r'xmq In the (Lnta -truclme,

©ench (l it pomt i '1\\0(‘)?'(‘(] “nh two or throe lMs of B\ odvo p\eudo o(l"cs %d an

: _;-:.'.ul(hnon ll lmv o«fmonl (or m\) (\\lll(‘h ()'mmons the B\ regl ‘or l_he_ .sub-‘B\ -rbgion‘

;‘,mlo (on\(‘\ ~uh H\ r("fmn\) .,.:ch IM r(‘prosonts the bound'lr\ of a conyex suh Bv-

' v'rmn The .|(l(hlmn.x| lmo \(‘vmom 15 rwom';tod with two pomtcm pomtlna to the two

IR

.‘.‘. o ‘_.

AR ) '
L h\t\ (\\ hlch roproxent tho two couve\( B\ -\ul)revlons qharlnv Lh'lt addmonal I|ne seg-

D o _mmn) '] hn~ in const'\nt tlme ‘we can trznerie from one. convex qnb-B\ remm' to thc~ '

ot hor conv exX suh B\ ro«rlon through lhe 'l(l(lltlondl hne \egment
N 5.‘_-.||pp_o‘>c_‘:("‘ vu.u'(l_ ,("' ure hu"o:‘:rly scparnb.l‘e_."} (;{t'; w:r.s)‘ r_,'_ep'reS(‘ms au ungsamined




12,

"'mwm.nl B\-t od"c (or R\ r.n or pxondo edgc) (u wr, s) v ( ‘U( (or l)l I p ‘,) o R

'( ‘U ( ) (l(‘n()tcx an od«*(‘ of \h(‘ orwlnal B\ - (h.wr.lm'% (or 'm od'ro of thc sh wre (l n\ - -

¥ ot ..._

. honml.nr\) (‘Oll](‘ldlll" \nth '\n (‘d"'e in ( 'U(’3 (lhe uog‘uton of llw I‘('l.lll()lb ICTRCI

»

e

‘“‘"-"““" B\ 9“ H“‘ phr.m‘ ./”Id the zH’Il branrh e s l.L’“hn(I lhwno\( wamvm nl lllc —

:' o

' t\h.u('(l H\ - hountl (y .l(‘(‘()l(llll" to: th(‘ :\\)0\';-‘ lhl",('o_(‘:nsvs QL wv‘ll ‘:h-.t_lu' stiheases .
l)( v, (1) \nth P .nn(l g s ihe :n-aoci:n_(‘d'd:n;l elements represents the tay ‘of thie o
~h:n"<-.<l' ‘H\‘- l)'onn-tlur\p »\\'lurh we curr('nrl\ rr:;\"vr‘s(-.‘ “The statement Blegpiy) = the

l>r tne h mv.m~ rvpl mn\r por. q of lhc Ol‘l"’ln J l)r.mch l).\'. the new Y(l:u:;i-clun'\éu'lx' \\’luir h :

"‘fh m‘ the noew br: mch ,.m(l .1(‘11\.1“110' tT‘l\l)r mch as lho ray of \ll m'(l H\ - Imuml - o

!

,"’\"\_‘l_Jic'h -"'\_\j(-‘; we' lm\m\nvr ( H(( l U ) dvnol(‘\ llw convex hull .:uu»l ¢ ~ (‘€| _

7 linear ‘ﬁ:g_;-n,_n"e.‘)‘.._‘ R

]

The. algorithmistarts at the Tay l)( vp. q) which i %0 portmn of tlu"pvrpvmlu ular.

v

'.l)‘iwk'tor ,()f-'pTl'é"('-',I{(-(."_'.‘. U (*-) W hore pe( ! ‘md qe( v musl ln- on ono ol' lln~ I%\ \

'}lll)ro"lon\ of \(p) .m(l onc of lll(‘ B\ xubro mnx ol' \(q) \ow (lw'uhrorllhm hn(lv

» ‘1\\ lm‘h-H\ l)oun(l ATY wl'm(‘nt ol' \(p) 'm(I \(q) “l“ ﬁrst lmcrwct b( vip q) \()Iv th n_,

RN 'mch B\ -subr(@'(flon IS conv ex .m(l thc \h.ned B\ bound.tr\ 15 monotonv‘{'; hcncv lhv '.1I"0- .

U

g rltl‘m €1 m hml the |nter\ect|ncr <evmcm b\ sc.mmng the boumhrws nf 1lw t\u) B\-."- %

S

>

,\lll)](‘ﬂ‘l()ns \\1%“( b.xcl\trackmg (refer to Prep'xmm and \h'xmos 3 book I'or (l(-: uls'z"'
[Prop8 5)). lf the . seoment ﬁr\t lutorscctmv b( l'p q) 1s‘.m '1d(lmon.1| hn(- wgmont ”’l(‘..

.ll«orlthm mll contmue to check for the mrer%ecnon of b( vp .q) and tho boun(l.m of .

tho B\ wbrcvlon sharlng lh'lt addltwnal chm'e it (m tb s case, no br.mch is cr(-.no(l‘

'.m(l no (ht'l element is replnced) lf lhe Geﬂment ﬁr%t lnterﬁectmg b( vip q) is B\ ﬂlg({ ‘

S '.or a p%eudo cdge then the algorlthm w:ll ﬁnd Lhe new branch 'xccordmg to thc cases
? - ___‘_wo (le~cr|bo(l prevlousl) The new branch is regarded as the shared BV r'xy \\ bc.-n ‘;n'
"\"i.lutemecnon is l'ound the prevnous bmnch.beco\t.n?"s a BV element, of the result.mt B\-
".'lidl'wram 'md 'ln approprmte portlon.of the v;)rlgma?\B\l\eleme,t;t is deleted In thm.‘._.'

-~



manner, .(f]u-..:uhlgorl,l‘hrn merges the BY -dizwgrams. The algorithm will terminute whien pyg - 0

. i\ ;'”.i'_""_'?l.'s"' of the ('.()“.“.'v(ix"l,l.!-'ll' ) R ; .::-_ 1.‘ . AP T oo S JRCRE « o

LY . N : )




: jtg'Algonthm 1

Inpul \or(P‘ . \or(P ('ff);"('.‘."cj"-‘.-_'('.1‘-1(7('"-)";'»'c"l_l’( e L

‘(,)‘m,m{ \or(P~1 U-“P U () \

>

] e hn(l tho st n!uw \t‘“m(‘n( ()f llu \lnrvd H\ - bo.u.u(l |r\

&3 n h(: P q) l)\ the conves: hlrll m(lhod

2, .v‘/.’(.’[u"'jzl

Y find ll1_<‘" l%_\"-(;(lge. {or B:\_“v'l‘;l_\'. or pseudo-edge) '(il.uf'r..é')ﬂ_\:\','vl;i'cl.l; : KN

R : o
first intersects l)_( l':]).q):

{hy. . 7 hn(l th(‘ nc-\t l)r"mrh u‘cor(hnw to lho follmnn«r cases:
ER o '-', v l)(r p q) 0 (‘U (- nlo(t\(u T, s)¢ C'lU(~ S

or l)(a P r[)¢ « ‘U(- mm(x(u u.jri“',': 95 (‘U(- '

“or h(z P q)¢ ¢ lLJ(- m('etx(u w re) 0 (‘U(

() S b( lj{'])_‘_.-q) The br:m(‘h: o } . _ v R . g

S mmiGEme ciery e T 8

Lemma 3.4:’ (uun lorfPl (‘) and \ur(’P-'( -). u'hérc'P‘ nn:I'P'-" 'i?t'r(-\lhi- muy

rerler vch u_/'(l and (" rmp(rlueIJ mui « ! nml( < are Tww /uu nrh/

velmrable mpul rhmns nnd also jlleh ( H(( 1) nml< H(( =) \Iqur/l/un 1.

. -.“" ' “'/‘C‘? O(IPI U P l) lnnc lo produre lor(P’ U P U () B S

I

(1) l"onthm ] producos the shar( d B\ boun(larv of ( ' U (

‘"

e e - Since! 14 m(l (- are llne nrl\'seerable. cous(rucluw llu sh.m(l l}\-__;._,_

bound'\r\ of them s equn '1|ont (o mcrglng the BV dngrams of thcm bs

..,-.. -

Lemma 3 2 and the sbared B\ boundary s’ Jan: endlesq open BV- ch.un l)‘ ~



v

I vmm i .5 l \ol(- lh"\l the lhroo C.l\("\ as W (‘H 4\ thc ﬂllb("l\(‘\ (lo~cr|b(‘(l prm P

. omh ~l1m\ lhn ou‘h hr.lnch (‘re nod b\ (he .Ll"orlthm forms th(‘ lo( us oi

pmnn vqm(h\t.ml to.the closox( (lata pomtq of t\wo mput c‘h rins or n is @ .
' \b "'l')'ill'!.'()lf‘ an (‘(l'fo of onv lnput (‘h nn 'md “ hlch trunc.rtovrhoorwm 1I l’\-
' Cregion: (l.;l i ,polm of th(‘ othcr lnput chun \otc th al lifl‘-)mlnln\_

s

n(lnumnvm s:ll‘i.\ﬁv(‘l;I-Thus. ’0:1'(‘11 -_'s‘,vg-mom (‘ro.ue(l b,Y ’l'h(" .ll"()lllhlll”'."

It IR

kE ?Q . -
o .u\lns lhv (lvhmlu)n of ~h.u(‘(l B\a l)ound.rr\ Ihe w lnl op ol \lw()mhm '

i—

»-e_x.h:nh!\ 1|l \(-'rm( nt< of tlwhh lrod B\ - l)ound iry \IIl(‘(‘ l‘h(‘ hn(' n l CaTe 18

X - connectedt ] hu'~ \I“'Oll(hm l morffe\ thc t\\p B\ dmv‘r rms,

o

.( ) \Iffomhm l ¥ 11\(\\ ()([Pl U P- \) to (‘onstruct thc%rwv(l B\- hound.\r\

l uh ()ll"'lllll H\-‘ (*(I"‘e of the B\- dmﬂ'ranh crgu_ ho m((‘r\v(t(‘(l b\ 1hv

2

xume tlmi .m on"m 1[ li\ -

N ~l| wed- l»\ - boun(l |r\ .n mml l\nce To see thw
oL '(.(l"v % un(‘rwclml b\ lhc «h.lrod B\- bousut‘l'l r'«:"'c -(_'h;m t_.\vo-ti‘mo-s.-r\'ou" o
R Ty

) . . . e A

o thrl e mll nntvramtron polnl mUst bc-&, B\- \ertex of the r(‘\ull.mt B\-'f_

« DR
. . . . { . . .
; .

e (hufl.nn 'Iho .n\umptlon rmpho-« tﬁere are more than two co- hnmr B\ -

. v

@

wru(os ‘on lhc H\ —o(lge contr.rr\ to the propert\ (lm( a. B\ - l‘(‘"‘lO[l r:..n nol'; ‘

: h nv more th urrl.

WO ('onsecutnc co- hne.tr \exllccs on it B\ od‘f(‘ l urth(‘r-
o 'J 5 . ]

. mm el (ll(‘ \h.;rcd B\ boun(ldr\ can overlap \ch an edffe of rhe mput ('haln\ .

U ( - a mo~t once Fo see lhls. note that the two \crnu‘\ of - 'm e(lge'_ .

!
3

muat bolon«r 1o the mme lnput ch'un since- the tvto mpul chams are hnear’l\
: sop AT nl)lo ’Ihu~ ouh 'm eweu mbfr of ﬂevments ol' :hared B\ bounddn

"

_ »».' cin meet (lmt e(lve since’ all the Shared bound B\ vertlce\ (Whl(‘h are  not the-. _
(l'l('l pomt%) must bo of degree two Note al:.o Lhat the ﬂhared BV- boundary-”'

(l()t‘\ not cros\ am ed(fe of C‘ 'md e by Lemma 3. l hence tbe number must - -

- @ bc enhcr zero or two {see Flgure 3 8) Thus Lhe sh’;red B\ boundary can

mtcr\ect the orngmal B\ edges and coxncrde wnb the edges of C‘ U (- aL -

most 'O([P».‘» U ,,P'l): tim_es_ Now Lhe remamlng problem 18 to shov& thu.t

I



-f‘_,(lolnl Lo (’([Pl U P l)

Ki'}x* nl' lvlm' inpm (h un\ \\ o.c lnn .1d(l\ llu‘\

‘ ;'_r(*(rlonx (lllI‘ll’]" the con\trucllon of the sh.tré(l [3\ boun(l TR

.gh,-.t m’-‘miniu.g s ‘svf_'r‘uio,h'i'

‘..1\ honu(l('(l by ()(IP‘ U P |) 1[' lh(' con\'v

e . X

- ..\‘((_ll}(.‘l.lvlllv(" \o((' tll u we h n(‘,.ut.n(‘h(‘(l tlnce ])l(‘(‘(‘\ of mformulnm 10°

v

4.'Lf](‘ll\(‘l]{‘.I'Il‘v[.)-"_ !hu~ up(l mn-r llu".x“m 1 uv(l (l n.s (‘I('mvm ol i I)x anc h .\ml"

'
‘ ‘v

T :l\v" ()x'ist-:,x‘n'y‘ "tim'(-‘ \m(‘c o.u‘h ‘B\ :;ubro"lon 1\ conw\' (l\o uulhml' ;
: \l]o\\ u 1n [I rop% pp ’11 ’l 1] .1ll (he Orl“'lll \l R\- c(lgres.' o.r‘pw(-

tr(J()-'t',(lf.:("\ e

i‘nto'r.so'(" lw thx‘ \h nc(l B\- boun(lar\ (“m bo f()un(l m tlmv pmpmllnn |l lo_'

()[[P‘ U P I) lh(- timé for sol\mw the \ldl‘(lll" ‘xn(l tcrnnn xlmn pml)h m\'_ .

civen. -H(‘nro lhv ~h m‘cl B\ |)()und‘n'\ mn lw (‘on\lrurlv(l i lllnt‘ pmpm-'

Durmrv tho uwrgxu,; we "(‘ in (lclcto th(' '1[)pr0prmto port vdn\ of .1ll Aln- nn"l-'-_"'

nal [1\ v(ltf(‘\ .m(l pwndo (‘(l«r(‘s w ln(‘h nnvrxv(( th(‘ whe uul I'\ Imnnd iy ok

W lmw \po}\(‘\ nnvrwct lhe \hn(‘({ H\ boun(l wnyiin tlmv pmpmlmn |l to llu-.'

’lu)nncl n'\ o llw or l"lll xl B\ -di:n«'r.:nns b\" QL .\in"lo 'S,(":m’.lu'n_‘ l hi‘:ol_'i-,{'-iti:nl A -

R
’

'.e I o

.of ~h nrod B\- l)oun(lurv ‘comculc\ \\nh an Nl“(‘-f“’; S

X hulls of lh(‘ l“() mput (In s are R

‘i"lll(‘nt\ ()f Ih« _\ll |l<(| I R



" crossing ol

- Figure 3.8 The-above two cases ('aun'not:'({ccur». ‘

P ) o v

R - . a /'",‘h

3 3 Flndmg the BV dla.gra.m of two pseudo—lmearly sepa.rable chams

o

In lhe elne lh.zt twWo. mput ch ains .xro pxcudo- luwurh xep mublo !Iu- merge pm-‘:

)tod th an llnt of t“o Ime'lrl\ sep’u‘abl(‘ mput chmm lho cmu-‘
LD 1h'e \hnrcd data pomts of the two mput chaxnﬂ lf two mpnt ('h.nu\_."
L e BN . .
: E , \ R :
fh 1ro a (ht.l h‘rte\., thcn bw dcﬁmtlon the boundarv of the resultant B\ reglon as80-" -

u.:tcd \nth (lmt shwrod d'xt pomt muqt belong to the shared B\ boundar\ “of the;

AL

<P iwo mput chdnm Tho roxult'mt B\- reglon is the merlapped portlon of the two orm-

Cn |l R\ - ro"mm <.l‘\‘~0(‘l.lt(‘(l \'.nh t‘h

at d ;“('1'5_ om‘ (s e lhe’sbaded'arc‘x of Flg '3 ‘))
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Deﬁmtlon A lrm}f 5

()( lln h"mx e o tg ab {r' u,H [ l_ l

e

>

lhv f()llm\m" w'(‘“'

l'(l) we

-

; ,
(l ) f h(‘ non()u ()f ll.. r\xl‘ cun be v\(( u(|< (I in o |||lm-

ol)nou\ Wav-té -.lppl\ to m[mno-hgurc-s b\ '\llm\lng., hctmon\ '\(lll((\ ':'Li"-

3
N K

':mmn‘r l,h'(*" ) \ Ilne'xr h"ure h'l\ a lrnorml ltf n s conmclul At 1\11\,’11

Ca L . X

of a lmc.\r ﬁtfure dor'

. B e . . AR ._-‘,: . S o -
i e ) M iy c ] ; é‘
—— L . . PR IR BRI - :

v Asksw<n. crosses L. %\ linear figure F s

e
R : « ‘

hle |nput°'cha|ns (qhdrlng e\actl\ ome of thelr extrcme d'ua pomh) forms

,‘-

R D




"jch,_nn,('l'i'-' o
: e

1\»0 uu(h\ulv(l |lll(‘ll‘ h"urcw wp.:rnvd l)\ th(‘ uulon of the lll[)ll( ch'nm

ﬁ"uro 1\ mthv ran mhmte ch.nu or a pol\von bqundnr\ dn(l i \(‘llll mhmlo

\ulv(l lnnv Y
Cwe shi l“ \lrow (h«lL lhv (‘ommon Ve Tt *

o

(h tn \\nh h v(\ru'\ m cmnmon ln I omm.x\é )

-.m(N he ~(‘11n lnﬁnll_

\(‘ h:lin -("i(n' l)'v -,1"(')_|in‘(

VRY

(¢ (mm ! m'r pmnl ) uf llw *{aol\ won hnun(l

U.-‘

.t‘inn- I()".ullhnnc xll\ prn{mrlmn sl o th(‘ spzeiof thc p-l‘ .md p-\f W hmv p '\ llw

vmnmon s nl ! pmnr ()f tiw two rh nn\ dll(l p -‘ '-; All(] p : 1 - roprownl llu- houn(l Arics nl

llu- iwo mwln LI H\ - l(“'l()ll\ ol p e 1ch 3\ .l‘G“'lOIl b(‘lOl’l"lll" to @ (lllfervn( ch uu .

thc Ioft part 54 ' R L
b of th(‘ sh nrod B\ boumd.u'\

“the. ~h1rcd

_d;;(ay-er(e:

|
!
1
1
N
LI
A
!
t
'
1
1
1
1
1,

T the rwht p'1rt"‘
of Lho \lnrcd BV- bounda ._




lhv \h.\r(‘

- (lu C becomes one obstacle Thus although the shared BV- boundary of

' ,"Lemma 3 5 Tlne slmred Bl « boundarJ of( ! and C --_ 9hnrmg (:rartly om of!luzr ‘

Q . _— - _—q

~elinins. e el

\\ e [)l()\(‘ tln\ l)\ i p(rtnr).mon mothml lm lh(‘ ~h uv(l dnl 1Apnrul ()| " ;ni'ul‘”

\"-' l)o p \’\c hr~t porl nrb (’ ‘m(l ( - flom any ono of lln se p |r mn\ sut ll |l| at p o
' ’”1-« ~pl|l luto t\\o ~uﬂ1(|vnt|\ closo d i a4 pmn(s p e o .m(] p € ll \ln e p -

- 1<)| c()nt mn ()lh(‘l (l xl i pmnls of ( ! nml ( - (hcu lh(‘w d a0 pmnh lllll‘vl ||~n' |n

, pcl!nri)( el \|I”’|Yll\ m !ho .lppmpn no (lirt-cuon. :"‘I hus t_lu-..m's\:--( ln_:mn " v':l_lll("l‘ .

(" are llm nl\ wmu 1M0 llw sh n‘c(l B\ bound ary nf lho new (h IS an e ml-

. l(‘\\hopvn (ham Ww. hl(‘h < '*not cro“ Fa .md ( - b\ Lvmm.\ 3 l \\ e thvn uu(lo'

s»‘ -

= the pvxturb.mon ln the rosult.ml B\ (lmﬂr.un Tlus \\1]1 lmol\

Ty

ln‘*reniovixl (;I’ '

, lho BV O(Io-o qh.xr(‘d b\ p d[l(l p, "in. the rcmlt'mt B\ dmg,mm .md "':iii(l'ili'<)n<_._"

.

of thow;o-t'fof lho bouml mcs of \(p ) .m(l \(p, ) |n tho ro-ault tut B\ (ll.l"rllll vor L

d l%\ boun(l ATy ()I' (1 and (- ’Ih(- r(‘\ull of undom" \nll l)v tlu' ~l| uv(l:_-'

l.B\ bouml n\\ of (T.md (‘ \'ol ' tlmt the sh'irod B\ bound'n'\ of ( ' mul (--

\

'.‘Hlll\l conuc‘ct th the boun(hneﬂ of"\(p, ) :md \(p, ) in the roault.un (h.wr.un'

: \ote alxo (lmt the romm '1| ol' the B\ ed«'e Qhared by p, a\nd p, does not (‘h.t[l"‘(‘,’

.

“the counectnlt) amonf' the bound'n‘leq of \(p| ) 'md \(p, ) 'm(l tlw shurm] B‘\ - '

- S

A v'bounddr\ of (1 an(l ('*"- oxcept lhdl “e now revwrd p, 'md » ;as p ]n oghe
‘w'ordk’ th'e bound’aries‘ of \(pl ) 'md \(p, ) after ne rcmoml of thc B\ Nl'rv; ;

\h.\rod b\ pl and pl now ?ou;e thc boundar) of \(p )
R

.

‘(Ml ). The sh'lred B\ bound*"bf C" and C‘° cotmsts of LWO undnvndcd lmc.\r ﬁguro«},_';- ‘

. )

-'.ﬁep'mrated bv C' U e To see tb& note Lhat. the umon ol' the two (‘hﬂln‘i"{;:.-:,

e_.rlreme :{ala pomls comlsla o]'tuo undulderl (nu.ar jr_luru uparah (I [Hf.‘,.' o

BTG E B NGF uherc ( ‘» am[ (‘ -(”’L luo )uudu l:nearl: St mrnbl: i ml"ﬁ...A
P 11 e




N v(l«'('\ .m(l sh nrod bound B\ \ertlce< ma\ lle on th : n‘put* edges. it dom nol cro~s .,

. (“ U ( - 1u |orm~ of an undlwded llne'tr ﬁ"ll[‘(’ \o.L‘e.,,also, 'that_,,t}he'extrom'cf:-sog-’

N

.mvnu of th(' ~h:n'cd B\ houn(hr\ of (1 dl]d (“ “are ra\'a ari(_l_thby,’do ot inter-

-_"s(,-m_[:"l‘,hus;.t_hc\ (l*o' not lnlcrﬁt‘ct after undomcr the pcrturb‘

»"',n vnhv o) poh"on l)oun(l.n'\ dlld d '

_'nmn OF 1N lnhnno clmm throuf'h the %hqrod (tha pomt of Lhe lnpul ch un~ .

‘the (wo Nlll)l‘(“'lon\ of- \(p,) sep.ar.ztcd b\ C‘ U ( mlht be 0])(‘[] Iho

oA

\J_l/u‘(l B\ boumhr\ l\ the boundar\ of thlb open qubreglon (rel‘er "() "

bu 'l

Ty

I ig.3. ll Where ono pqrt of e \hdl’(‘d B\ bound‘ﬁ!,rv i zm mﬁmte BV ch.un)

L . . o . ‘ o ‘?,, J@"?"bg%b .

llw p n'l of llw \hdl(‘(l B\ boun(hr\ l\|n<r on’ the enher \1de of (‘ U ( ~

. thon onc'o_f-"

m| mﬁmtc ch un v.llh a \crte\ m (‘om-

30




- ‘vd()f

- one. ()f lhc (“o \llbl‘(“"'lou\ sopurated bv C‘ \

~semi-endless.chain -

= v

p{ does not bolontr to the convex hull of (‘ U ( (hon l)oth sul)rw'mn\f:‘
o . A

.

(p ) are. clowd (rcf(‘r to f‘l" ‘3 12) lf P, belongs to (he conw\ hull llu n

: C’_,-‘ lnml be: (lowd (rvfor lo.

h«r 3 ll) ‘\lorcowr Lhe undomg of the perturbduon does nol chun.,o lh("_""'
'_connectlon bct“een thc bouud'mes of \(p, ) :md .V(p,‘- 'm(l lhc sh mwl l{\- '_ :

'boun(lu\ of (1 'md gf'lfter the rcmO\ '11 of the B\ odvo Nh.m'(l l)\ w

1.

dll(l F A e\copt t}nt \(p ) ‘and V (p, ) hccome \’(p ) \otc- th.;t lho subrwrmn'

of \(p\ is gloxe(l. .md the sharcd BV- bound'xr) of C‘_ .m(l (-‘ ‘;ft(-r lh(-' :

K

',wit,__h' a v»ert_e‘_.\"_i in commo‘n. D"*'

remO\ al |q a :eml mﬁmte B\/ -chain. The l,wo parts musmunect Ihus lhe

2

: sh'lrcd B\ bound'lr\ muqt be a pglygon bounda.ry and a seml mﬁmtc ch Al

.
. e

e

Lemma 3.5 shows that the shared BV- bonndary of two pseudo- linearly separable



A

mpul rh nn~ \h mn«r‘ k:x‘ucl‘l\' one of- !.h_vir e,\'tr'emc ‘(lj:n a poi'_n_l.s-m' t be two um}vi'\-_i‘xl.('«'d-;_‘-'

llll(‘ n fl"lll('~ ln m(lqa,%cmmruct thcmjn lmc.lr time. we . m\'.t"l}e dble to find the’

’-“'.. ' ;.r \("'lm‘ul of tho \h.nr(‘(l BV- l)ound.xr\ m d( mOst lmear tnmt-

lli‘.’i.‘hv ’r N- lh it thv un(ll\ulml Iluo ar f'fruro l\ Jn m(mno (h nn llw ch un muu

.

all the \ernws |u tlw ch.un are ol (Ivunv

sItw 0: '\\"L- "'_rvf;:{.r‘(l; 1 'hv p\oudo-. v(l'rvs ln(‘ldem"!\(' 'p‘ “as the two '\1 ;(i'till‘g* (‘(lgo.&,"()\f‘_l hv_',‘

'-.-b;;é\.:hmu:_:l_li_l ho sh':.u'vd' il;‘utgx ,poi'm p,v :u;ﬂ‘

\ln e (I l \ - l)oun(l iy, ]‘lliiﬁ.- 'l-incu‘r limb' hy

QW smglo H.n(‘lx.ll of mch semi- mﬁnnc clnm ((Iearl\ the B\- edves m ulglit at p

“earishe | oun(l in ('omt.mt llmc lf p, is ffn en. ) o IR SR ’
In thv case lh it lho'un(lnxded |m0'1r {Jvurc 1\ a pol\ gon boundan .md i \(‘llll-

n--i;nl'n‘li'lv (‘Il;ln \\nh H pmut n common. we mu\t be ‘able to ﬁn(l the conuoctlng (com- g

1‘, . ¢

'nmn') 'pdinl-'in ut m‘q_wt .l_i‘ eur llmc to enxure the ﬁgure cau be ;‘onsnuded lu llue.u'

e ' .
e : ) e S " ¥ T
tnno \olv Lh N b\ Iomm.z 3.» the conugctmg pomt muwt be ‘\hdl‘(’(l bx \(p ) Jm(l thc T

. R ,
semt- mhnno (‘h.nn dll(] it m a \ert X of the shared B\/ boundarv I‘hus. ll mu~t be a.

l%\ \(\11(-\ (['wo ox l)ound) of \(p ) smce the ﬂh'lred B\ bound.sr\ mu \ul)wt of

Athe H\-(h 13 A l"hus." thc"'("onn"c(ti‘n ponnt must be tho mtorxecnon”

4‘1

;;(;i:'ll‘t‘."()l‘.i_~|i"

o :
l\\() origin: \l B\ re‘rlon bound'u‘les of P \\e shall qee in the follo“m‘r lcmm a tlmt th'

[

»

llll(‘l\(‘(ll()ll pom( of the t\\o orlglnal B\ I‘(’°‘l0[1 bOllI]d'llleb of a \hare(l \er(c\ p ‘m
- bo l'oum'l in lo_g;arit'hmic ‘lm‘g‘k“":‘."‘
) S

R i B

Lemma 3.6: Guen the boun ane.s of v 1(p ) and 1e (p,), uhere p, 13 .slmred by two

pqeudo lmeidj 9eparab(e clzams (1 and C' and_p, 13 lhc oulJ ;gom!

K (ym_] on a 9qparalor. then the anter.sert:on pomta of the boun(lancs of

1 ‘fP,} and % /p,j "471 be found 11 tune log.aralhmu'ally proporlwnal to ;'

Proof:




'-«a

\\o oul\ \ll(‘)\\ ho\\ {o hml the mter\(\c(lou poml of lh(‘ t\\o B\- lt“'l()ll lmun- -

B ’ g
B »(l.me\ oﬁ p l’» |n<r on one ~1de'of C‘ U ( Yin tho case, dcscnbed in. llw p n.n-.,.r.nph
, o, :

l)t‘foro thxa lemnn bomuse (he “n: |l\ S8 l'or lbc t\so xulc\ are \llllll . .\"mr lh:n, PR
o . Lo A R . S o
~only P lw\ on’ a \(‘p n'.um lhvrcfore_ no’ B\ odt'o flom \ ‘(p ) W Hl ove ll ||) some A

(p ) \0((‘ '.|I~() tu“f p h(‘@f()n lhv (‘()n\"\ hull of -\ nwl lln

v

no((‘ lh ll llle (|)()uu<l or

‘_h(‘le e\Ms e\ u‘tl\t one mterscctlon pomt \ow

N

e

tho size. Of 1) *‘ ! 'm(l P " - b‘ “Pphlu‘f i blu'm ﬂearch on tho l)oun(ldrws usm-r g

B

'»'lhe m'c't ho(lﬂof (‘l\'azbllc;ind Dob_k'r‘n",[C :':1180b]

. 'Ihe bmnch of thc- sh'lred B\ bouhdnn cau be deterunned ll’l cons'.ml"tim(\':. '

N

' .1(‘(‘01‘(]1,11(r to 1 be throe caxcx \ho“ n before

: .‘-R_y- an .1rvumeul smular to- Lemm.x ,3“2, 1t can be- :oen tlmt merging. lh(‘ B\- :

.

B

~dingr Jllh of t“o p~e\1(lo- lmcrrrl\ sepdr'tble mpuL chams is Lqun xlont lo hn(hwr lhv

sh'lr(‘(l B\ l)oumhr\ of them Baqed on lemma 3'3 Lemma 30 nn(. l,omm@(i

can (](‘\10"'[] Al’l '1lvor1hm to merge the B\- dngrams of Lwo pseudo Tine rrly sop u-.:l)lo

clmms sh'mnv exactlv one. of thelr extreme d'lt,'). pomts i lme'r.r luuc

The mai'n-i'deﬁ of o.ur.alvonit.hm»is-ias -fo'l.lo'ws-:
&

(1 ) Locate the qt.rrtmv sovmem of lhe shared B\ boundary ol c'xch ’\ld(‘ \\(- hr\l

R .. .b.~

v ‘ud th% branches by C\ammmv Lhe lnterscctlon pomt, (1f 'm)) of the er;,m.il

~

v »

B\ -region boundarles of Lﬁe shared data pomt “(If no mtersecnou pomt w I'ouud

S

we reg'lrd tbe B\ reglon boundary of the shared data poml, as Lhe shafed B\- o

P R
1.

boundar) ) . ’ _



( mmuul lh(‘ \ll((‘t‘\\l\(‘ \h |r0(l B\- odfres (pseudo cd"e-«) in lho Q‘(lv (lot(‘l-' '
~ g » . o

s
- ,_nnii"lvilvv_l')‘\"-' lh(-‘ir inn-rr(mn_(-ctmns,_m lch bmuch

o
. . ' . . L =,., . <L
. "

oint’ means e find-thest ing w"mont '1c<‘ord|n" to the IWo 1y pes nl IIIH‘.lI

ficrires. "AT the notations and - the “:l's_l\'u'n'lpliion.'s' use(l in ;\Igdri;hi’n 2 fol_vlm\j l-l_mk'isv._,"in
Vleorithm 1 eseept that CUand O oare ‘pseudo-linearly separable. . s represenes llu:\\

datar point Shared by the two input chains.

. . . A
r

Al'gori'tbh,m_Zl'- S " : o R

Cdnputs \or(P | ind Vor(P: (%), €' and C*, CH(C

- _ ()"il‘f[)l»lf,:

Y

‘v or(P UP Te!
\IrIIlm{ :

“ . ;’.
A _ d try ol‘ the open subreﬂlon of V{ s)

hnd lhe one or 1\\0 br'mchcs 'u'ound 3, say b "and” pO%ﬂblV b,

2 ‘ For b= b,, {possibly) b2 Do

) blepg) = b
| | A

S

hcpeal e o '_‘

& (1) find the B\ edge (B\/ rav pseudo edge) say (" w T ") Wb'Ch




@ LSS Ol‘l)(l])![l9‘(lU(“ mvet\(%urs)u(‘U(--

~ -

S ' .(:’.) h'( ',':l),}/‘) - rl,iv".h_r’u"n»r-ll5:‘-'f ‘,' ) , e

(nlepqe( H(( 1LJ('

Vv
1

. Gucn ‘or/P (') and ‘or[P ( ) irhfé.re C-i '\rlndC 'rir“_i':\-ll:'}-'- -I‘uw;‘, -

pqcudo lmearlJ sepnruble mpul rlmms .9lmrm] one of lhmr ulnmr v!alu

¢‘

o

N C ,v_..),.

"wh x.(’(l B\- boung{,urs het“een Lhem |)\ a '~|lghtl\ modlﬁed L(‘mm.t 3 li\ L.«‘mm.x .

. P‘ "v';". '1- B
._-.lud 1omma 3() the sh'zred B‘v- bound.lrv conslsts of t\\o un(lnldod linc:nr ‘

ﬁ"ul(‘~ .md the qtartmv so ' an be fomul_=m'sul)lm,cur time. -

eutb of the ﬁgurcs c

B\ a ‘proof \lmll’ll‘ to- lhe onc of Lcmma 3. ! \lvornbm 2 O\h.ms(\ ~l“ w'rmcu\s ‘

Lt

-’PI)D

e

\_)OI)SJOU.N]X lf we recumnelv 'bl partmon a monotone chdnn thon any.- l“o h.xlfi'

.

: subchamﬂ are pseudo- hnearl\ ﬂeparable e lhey share only a vertex om, thc p-«vudo-.

] .l.,

. 'r'xtor \ote that tbe st'n't of construcung the shared B\' bound'xry mn be I'oundi-'.-,
\_;__':. . "‘ Ve .o L ® . Q @ :
v Coipf lme'\r tlme the connectmv pomt can found in loganthmlc tlme hcnce n iw-easy

S




-l

~Proof: By :,‘f‘(lj_\fitl(-,,:ll)kl.ci‘()mlnm- method:. Q.7 0

Cthat of the vert i.(',(_‘.\-‘iylbl P

lo (I(‘wm dl <|1\ul~ .lll(l mnquu ll}{f)i'l‘['lnl,,-'o‘Ol)l:l_l.ll-vll'l'_(‘ BX- - diagram of a fmonotone’

X

(|lllll \\nhnunm-wn.”/u 10_/ nl tlmc R BRI e

A B @I l;r rons!rur!ui n ()(n 10_1 n} Innc PR

PRI

" Definition: \ ~imple polygon Pois monotone with respect torone ol s vl ae]

. ‘,.'. . < . '\ . et o . . 2 . ) . l.“v - . ‘
¢ i the order of the perpendiculars of the vertices of P to e, is the swine otder s

'
W

Y

Cb'rollaryv3.1‘: I/u I)’l - (haern vj' an n- Jun 1’ Ilml 13 monotom’ uzlh respeet 1

one of il':s'.‘f:r{y'ebs c, e /urll 13 Jxlen} can be found am @/n [()J n) Iun:'

. n . E 3 .

P}O'o.f-;' R . - o - v

o

'I"l_u-"n we :ul(l ¢ to | ‘{.e}'tO' form ¢ polsvon we wnore .11] B\- cd"cx cro“mtr
R .m(l reg: u(l (hc perp(‘ndlcul.:r bl soctor ray of €, as tho Ieft B\- cd"o of e,

'J‘ll(;':ilj;()_l°i( him is-optimal [;\‘ggST‘]. =R

"Theorem 3.1: (:IIIH a: mono!onc rfmm C with n 1erh(‘cs lhe Bl - rler(un u? ( a

..



Chapter4 S L

F'mn‘:li'ng the BV d;agra.m of a Slmple polygon.

~dn (lm ch‘:ptor we sh l“ (Ils( n\\ a spocml caxo of B\ - (lmvr.mh n: \mt‘lh tlu- l%\-

o
w

'r
LI

"(-_li{:nf:,'i':u_n ‘fft(_)r e ~|mpl0 polwfo,n 'P \l'ln\ ‘Almplo po\\gon plol)lvms ln ( ompnl nmn |l
-("iv()!uvlr,\'» _Hl(:ll ‘-l\<‘l Fl(‘ (l()xos i

-9

.."”;l.m <on\uu(tu)n ol lho H\- lﬂg« wm of lsimplo i)o‘lygo'n. ln'bt h_ojl'oll(-)_\\'i,ug_:. Wereon-.

i . . . N . .

\|<I(' B (h\l(lo;.m(l ('onquvr motlm(l to con\lruct lho!h.wr.un We shall Ii|j§i'~‘|i()'\\ ‘l fie

.
. A .
V .

l) NS l(lm Qf our molho(l Tor mn\lructlntr tho P»\- dingram of & \lmplv pul\~-m| [

, K
. . .
then show how m;’(nergo th(_‘ B‘\'l-- (_h‘ugr:m;s oi‘ t_wo- l\“'Oll\ of I’ - ,
- . . . o R c,. ,"‘%t. h o
4, 1 The ba.sxc ldea for ﬁndmg the BV-dlagram ofP R Q,

. .
IR \\ hén we ‘.1ppl\ i (ll\ule .m(l conquer mothml to P to conxnucl its By - (ll .
. £s - . L
S we np(‘(l"to ,(vl‘("fwig-n T merge Lrocoduro ¢ lo'ul\ we \nll f.l(‘(‘ ?he same thrvv pr()blvnn
R0 110:1'\:’(; xncu{i(m_ocl in ('h_;:n'g er,ti.. * '

i ) , o .
St ]hl‘ rnllr nl pomt for (l(‘\wmn a merge procodure is how fN we ean \()l\(' |h<‘
-~ L

-

\Nblln\ plobft'm \ol\mo‘ tlns problcm ln'the ase of a :almple po!\ gon |~ no( trivi: |l

.

',-’ \oto tlnt two. bouud.lr\ xegmeutx of a‘slmple pol\gon may no:, be . pxoudo lm(-.ul\
R a g » . i - : . -

K \c .n.lble due to’ upnconw\lt\. W heu we mer«*e two boun(lx »\(Hrmem:. t.hv v |~|I)4ln\

lremem may not, be s.msﬁod

-
°

The BV'- boundarv of a s:mple pol\gon P conqlstﬂ of “the interior- 'md the exterior parl-s.

w h(-re o xch p'm is.an undnxded lmear ﬁgure The interior part. is aFollectlon of clo«cd

. f . . k2
A

d.mew The<e t“o p'u'ts can be mdependently constructed since they are scparatcd by
. 2

the boundar\ ol' P \1oreo»er the convex hult of P and tbe polygon bouud';r\ B of P

5. ‘ - . X . o . o

elo polvgon 1> can be .soﬂ'ml' '.v'ﬂi(%i_v'nl'-l_\' lhu H\-'~

Oiir me’t.hod t»o solve the _-_Visibility "probléiﬁ is based on thve fQIIQV\'illg‘ observation.

polvoon boundanes and the e\terlor is a collectlon of open and clqsed pol) gon boun-

. , ‘
)‘hir" of: ‘\‘orlii'v's;,.illl. nvixr‘os( 'm‘l_':hl)‘ors hn(lm«r llw e

!zéu efficiency of solving llu'\v pml)lvmx re |u‘\ on, llw .

.



fmm \(\(‘u -| <ln~vd l(‘;.‘,'lOll\ e lch oI' \\hlch 5o \m'lller snm})le pol\von coul.nmn-r .m"'

((l'fv uf llw <()nw\ hull (n(,t bclonmnv o B of P) 'Iho ovtenor part oT the R\ - lmnn-'

. <| ary Cof: l’ 1« llw (oll(\ctmn of H\ - boun\'.m(‘s.of (h(‘w \m“'lllvr pol\ﬂ()n\ (\\o \h .ll (l( [”“-v_ '

||n' I \- lmuml v, W h|< ll 1\( :llv(l p ndo— B\- boml(l nr\ of i \lll-l“(‘l‘ p()l\"()n l.m 1)
S Do . - . o A‘\ . .

Ihu l \- l)onn(l v nl ene h \lll1l1|(‘l' \lm[)lt‘ pol\'ron fiun b("(‘leu(INl ln(h |n ,,_j,

u(‘lt'l‘l?vll\'\l.()()' lo seg™ lllh n()lv |l| 1t lhe B\- odwm or* (‘I‘O\\lll" an o(f'v ol lhv (()nu N S

. .
'h(‘ v ()ll\(‘\ll \ T Iw B\ - l)ouud mc\ of the \llll plo small pol\'ironn :u'v' .s("[):u'::l:('('l; l_)} V'U.-

b

Ihu\ we'e m (on\tru(t thv R\ - boun(l Ty of l’ h\ mdopoudcnll\ (onwxuﬂuvr lln‘ um o

For nt Ihv H\ - Imn.n(l wry-of l .md thv B\ -I)()un(l rries of lhc sm: \Ilm pol\"on\.:‘

- .

Fiﬁguir‘c 11 A Si[l‘]‘pl(‘v"p(.)'l‘.\"f’v n éink(l',it_S'»da‘b'mpose_d» polyvgons. .

-

()m mothod for conxtructmv the interior of the B\ boundary of P is banbdbu“f
Chazelle's polJ_]()n cutting lheorem [ChazSRJ -\n o gon P can b recurswelv decom--'\'

pmo(l into a set of qubpol\goub in O(n log n} tlme suc‘ Lhat a parent polwron is

-'sop xr.nod b\ a cuttmg line ,segment into a pmr of chlld pol)gons and e'\ch (‘hll(l
polwon cont‘nns at least one thlrd of the vermces of the parent. p'olygon Obnouqlv’

3

hull <lo nol llll(‘l\(‘(‘l thv B\- v(lvm crosxmv thv othor oghos of tho mn\('\ lmll (Iuv tu-_ s

]



5 "

- 1]1(‘ ~mdl|0\t c;ubpol\ cron\ 'u‘e “-l.m(rle\ :\n example of decomposing a ‘.p,Ql'_\'gbn Tito A -
' ““‘ Or ‘m"”“ pohgona l* ~llo\\ nin l‘w 1. l Nt)t.e- th:nt' _t‘.ho-.‘('lopl!\:'of're‘(‘»u,rsiol']. i';' fu[lm; T

'.'-n), lf we rvcurw\ ol\ clcmm"po“‘ an n-«on lhu\. lf we can merge lh(‘ BV~ l)nnn(l nnw N

('\\‘hi('h :m“‘ .lllvcl )\on(lo- B\ lmun(l ies ) of t\\ 0 snbpol\-‘on\ in luno propmnm; |l Io

o

|hv ~m- ()l lh( i p.m'nl poI\ "()n we ()h\;u n .m (){n luJ n) .ll"‘()!ll hm Im <(>n~||u( ting lln

""l.'il’l_lvri(')r.(.)l'v i‘h'e B\";;,l)ou‘nd;‘n'_'\' of _[-’.

I‘hc (‘\t(‘ll()l‘ B\ hm nd.tr\ of T cun ;1)o.<il)-t:xillo(l.l)\' ,con.él‘ru('t'i'n}_-‘;"..tlii§ ']:-{,\"-.".

. LA
. *S"
. v:

boun(l u'l(‘\ of thow s 1ll0r poly«mln b\ lhv same m(ihod as (‘onanuvlﬁw 1Iu-‘|nh nm
v . B

ot tho B\-boun(l\lr\ of I" \oio lh Wt es lch-dlld poml can bv @«\l"nvd tu .\l mml n\mj"

i xllv p()l\'-()m .md lhv By -houn(l 13 oI @ i ||i('r nr "on can lw vun\nm Fed | u ,
. lo-r m) tlllll‘ lhu~ !ho (‘\tvnm oI llw B\ -l)ound.n\ of l can bv (()n\nucn (I in U(u I()" T
_;,{v'.n) l_l[ll(‘.t.‘()o._ : B O RS CT

4 2 Mergmg??the pseudo BV-dlagrams of two subpolygons of P

i thh ~oct|ou “o fn\l lrno -omc (l(‘ﬁ[ll[l()n\ (lncludmg pwn(lo H\ -(h |-r| un* ) -

-,',‘m(l lvmmm W v thon \ho“ that 1hc \h.\rod p\oudo B\ - bound iry: of fWo ~nl)|ml\-'nn~
) v . ‘ B v v » . N i. »‘v .

(we Iho (lvﬁnmou bclo“) thl‘lll"‘ .m vdfre is ‘m un(lnldod lln(‘.u‘ fllrm«' Wi im nll\
L e

;\.“

prc\cnl th(‘ merge. procedure f

Deﬁmtlon' %n open pol on P° is a pol\gon P 'llong wnh a ~ubsct of zdﬂ(w ol 1’ 2
yg 3 .

/

hrrh are rofr'xrded as’ obst'\clee »\n edve (mthout n« eudpomtq) of >
. .

odocs of P° as [, The nou- opcn edcrcs nrc c.ll]ed obslarle edjes -

: 'md the non-open e(lgee of P) The paeudo- B‘/ boundury ol' P° is the mterlor p.er of’”‘ :

e

the B\/ boundarv of P (after removal of the pﬁeudo edves con-ncndmg wnh (ho edvvs of




(ll.urmm of an open,pol 1% ¢3

v’ "’(59“ \eH(o) pke(P n H(( ])}

MRS

_».r) .v

". l

o (pf h l” rpl.mv\ ( lwotwi coﬂ'noc(mg to tho pl'me on whlch th(‘ op('n p()l\'f()n Ilv\' \\ e

gl R S

.1H H((-:‘ .m /;/’(f'pb‘ndured Imlj' plm(e (m(lucc(l b\ €;):
e ﬁ"' . \{ .

i

m.u h lllv (()l‘l’L’gp()u(lllI" h 1lt pldne on lho 4tr.u

},,‘vw /("'_ . . . . e v

“that /Ln(- \("'nwnh ('I'O\\lllf" the open c'(l"e “l” lie on. lhe hdlf-pl mo Ihc \!rtl"hl line:

'
B

4 :l)"‘
' f:,,-.,., .

P ""pol'vgon'. \olo th.\t lme segments crossing d h“’erent open»ed0e< “rll enter (llﬂ'oront

' '

ol
h nlf-pl mes, ¢ le.\rl\ the BV dmgram of an open pol\ gon is deﬁncd ou the ~pe('|[1c.nllv‘;_-

(h i i the\p’o’rmn of the BV dmfrr.un (whlch is deﬁned on tho edge mducv(l half- o

+ " \ . ] &

.

) 'pl":m'(“s ":\n_(l 'thc m.un pl.me) l\lug on the mam plaue each p:e LA l'lOl‘ B\-

di:_'lér:uu s 'ihg /on of the B\ dnvmm l)lng on the half—plan

_corresponding opeg edge.‘

uf‘i ';1,1*(‘.{ of 1)l§.c:l (lorul f:rz':u:'_‘ ’H\'V:.‘

<l _~<‘f mco bol\\ocu I .mcl p \nlh B {!' } SIS ()IN u lm

« |(' 1rl\ lhe pwudo exterior, B\ - (lmnx an lh‘\ ln'_'_-‘

for e.n( he opvu (‘(l"v ()I l’ . \\v :

g;bt lll]L‘ ('\ton(lln‘* lhv op(‘n vd-rv i h .

N (mnfluclv(l pl'me\ In. contrast to the prenou\ defimtlon lhe p\eudo- mtermr B\-'

(IM anee- (lvhnod in ( lmplor 2 is deﬁne(l in the unLou of th.e h‘:lf—p“Lm m(l lhc Op(‘ll L
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Figure 4.2 The pseudo-

the ps‘emlo éxteridr 'B-_\_'-_d'i:,{grmn"\{vv.r.-t

-

v .

BV-diagram of PO Wt e .o o

¥
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ln lh(- ['ollomutr. wo mII use (hl\ conccpt to- deﬁne ﬁome geometnc ObJ(‘(‘(\ (md to '_ '

pmu- \()H)(‘ I( mm.xs \n (‘\'uuplo'of tho pscudo B\- dmgmm of anw opon pol\ g()n P°
u)m nmn-r an opvn (-(l-ro €, i \ho“ L m Fw 1. 2 ‘The’ upper p.u't of the ﬁgurv ~lm\\~ llml
i pwmln ¢ \t( rior ]%\ - it wr:’un._,'. '

R .
: (|I rer am (\\lll(‘ll Iuw on 1]1(‘ h tlf-pf \ne’ mduccd b\ e ) -
- shared data yertex .
24
S 5
Fignre £3 The shared pseudo-BY= boundary of twoopen polygonsw.r.t. e,
b . s, : P
. K .
'De‘ﬁnitio'._n: I.t;t Pobland e bv two opon pol\"om ah.mu .m' nvpvn c-(ljj;(-‘ ¢, and

B Y

'«uporlmpoxeﬂ ou ll\ pxoudo- mt('rlor B\-f_'

L

et lhv open (‘(l‘f(' sets bv E°! and E" roxp(‘(‘ll\ ely. Let B‘ and I l)o the I)ound iy, ()'I"' '

l"l md P°' r(‘\p('(‘tl\el\. d.[l(l Ict Pl Jnd P be the set of vcrtlces of P“ and P°-.

(wpoclnvl\ I‘he .slmred pﬂeudo-B\- boundary of P°1 ancl P°- wnLh reqpect to tho

B ;-»\

-hno(l vd«o'_ s the lme'lr ﬁvure formed from the union of slzared B\- ed_]es .m(l

<quru{ pstudo C(!Je.s of the B\ dlagrnms of P"l and P°'; Lhe %hared BV- e(lvos are




o,

""those determmed b\ uome pkePl 'md some p,eP v aml'tbc:s‘hh‘réd-':biék‘ii'.(lj6~0(lt}o_s' ':n‘-v":_'

_;‘.t hose \gll(h are’. p'u't of a non open edge of one pol) gon @ud trunc'xte the B\ r(\lru)n ol'

'.1 \C‘l‘((‘\ of the other pol\ gon. I‘hg_

,,/mrm{ Rla ('f:rhres C lc1rlv lf some" do a pomt Pi H \lnred b\ Bl, dnd B llu‘n ”w.-

ces. of the \h.xrcd B\ boumlnr\ .m‘ c.\llo(l'l

'l)oun(l 1r\ Of \tp‘) € \ OI(P UP B UB ) belonf’\ to lhc whtlrvd B\- l)oun(l u\ (wc S

Bx .m .uhwﬁ;& \lmlldl‘ to the ("ﬁe of mergmtr the B\ " dmgram of l\\o ch nn\ nnv:

can \('e th.n mm"m(r lhe pxeudo-B\- dm«fr'lms of two opeu pol\"ons 1% (‘(l—\ll\d't‘lll 1o
‘ i LI 2R - . o

. hmlln-r the \h n‘od pwudq R\ - boun(l Ty of thom becwuw of tho pwu(lo Ilnv \r wp -,

q E .
. .hlln\ \\ulnn lh(‘ lllllOIl of tho lntmlor of th(' t\\o open pol\vons
- . » ! . - . .

R

l hv folf()\\ m“' l“nm 1 ~.ho\\\ th lt \\e oul\ ncvd to (‘omldtr thoso B\ - v(lw-\ W hu h,'

'|nl< 1\0(! lho £ \lllln“ ||uv w«rmom n our mvr«f(‘ ploccduro
: v .

Lém‘rhta.',fi.jl 1 el e p p, be a rullm_] lme segment o]'a polJJon P let Pl mulP~~ L

bc Ihe lerte: sels oflhe lu'o subpoly_]ons P‘“ aud l"’-" slmrm_;f e va-

IucIJ If p € Pl nnd pk e P‘. ‘determtne an ed_)e of l/:c pserulo IH

T

(Iermn ofI“" dndP“*‘ thcn /p Pk n e ) # @

[
Pt

Proof B\ cout T 1(l|cnon

\\snme th'\l eP!. pe P determlne 'm e (! of tho cudo-H\- (liugr‘:nn'“('):l"_»
p) ,k g P" >R

3

t¢

P. .md (p pk ﬂ ae ) = @ Then somo portlon of 5,!’;; ll(w outsulv l’ ~um ’(’.',-is‘:y_
. e L

o

. ‘leln" lme of P. \ote b\ lemm'z 2 L tlmt the (‘orr("spon(llnfr l)o .mn 1y ('(l'n nl'_
s |

~any BY o(lve of th(‘ p\(‘udo-mtenor B\ (ll.wram of P"‘ :md P"- unM Iu"mw]v‘ 5

y

. , ' LN
‘ltl_(‘ subpol)'gous P°I .md I’°-. Houco p, aud Pi c.m’nol dolcmnuc .m cd"c ()I thv g

p’soudo.AB,\ '-',.(_l_lagr:x.m of F‘ '1 hls comradncts the ds\umpnon D

x»

Lemma 4 l 1mpl|€s “hen we mer'rc the B\- dm"mms of lwo xubpoh gous ol’ P

suhpol\ guu wi h llu-~



‘-pseudo O\tormr B\- (l| Wr.nn LW rt e of the other ﬁubpolvgon and vice ‘versi. "Tho.”' g

'-follommr lwt‘mm Bt sho\u tlm thc shared pseudo B\/- boundar\ of two open pol\ gons’
4 .

3

shiring e 1~ an uu(hvulod lmo AT ﬁtrure T he lme'u' ﬁgurc may contam two p'll‘tb. the

'[ir‘wt p:u_rl’ 1% !he nnmn of the boun(hnc\ of the rc'ault'mt B\- reglom '1s~oc|.lte(l \ch

tlw ~h nrml (I itn pmnla _ 4n(1 the xocond p'lrt s thc \harcd B\- cham dotermmcd b\

rhv u-sl ol lh(‘ (l 1(.1 pmnh lll lho t“o opcn pol\vonq

oo

'4
. ;

. Lemma. 4 2 (,u('n luo opr'n ])OngOII‘J P°l and P“' .sharmg an open edje e !he '

q/:nr('d puurlo Iﬂ-, boundarJ of P°‘ (md P°" ux(h reqperl Io e, 15 an .
il,r:fr[ig_'idi_{r[ ll'lil;'ﬂf'ji(']ll_.rt?. s
‘Proof O

Illv \h uo(l pre u(lo B\ - l)oun(l.nr\ l\ a Ilne'lr ﬁgure aml ulu\t l)e connomc(l
’ v[l (()ll\l\l\ oI Two' pol\"on l)oun(l.xrloa (clthcr opcu or (‘loxod) conno(w(l lo ,

e nh mhm (‘nhvr l)\ a \h.xrcd c(lwe or b\ '1 ﬁmte (‘hdll] (\oo [lv 44w hme
T 5\ o p()|\"()n l)()und.nrms connoct to each o!hor by a Ch.un .md ¥ |onl 1. \\(_hef(*w

S wo pol\«ron bouml.nms conncct to mch otlmr l)\ sharm“‘ an c(l‘rc) To secs

' 1‘|1i§. \\"c ‘f_irm’.[n_'r»lurb_‘l“‘1 :md pe- from e —p pk Nllﬂ‘lllh l,u”l,lli# Wy, we
. . ' o : "*- oo N /.’
a ~phl p mto p“ €por, .xn(l »,: P°--. A[l(l pk mto Pkl € P°” md p‘ € e

v\u(h tlml lhv ])()lll!\ 1u mch pnr are xuﬂ]cmn(h close to Pd('h o(her whero

‘P"” m(l P°--‘ are t“o ne“ opon pol\‘gous, and the dlﬁ'erencos bomc'cn the

nm\ and old pol\(rom are the t“o spht \ert|c0< \\e now. 'm u'h a h.nlf—pl ine
A \hcot) to. tho lme ouondmv p”p“ (respectlvely p} pk ) Thus" thc lmun-_-
. L ‘ . .

-d wies: of P°“ m(l P°" arc Imo.nrlx ~ep'1r.1h|e mthm the area P°” U l""-';'

.
.

' U E, wherc E it tho union ol' the two- atmchcd h'llf-planes and lh(‘ roctdu"l(‘ S

p]-l']’)v_.pk._.-ph'.‘ By : an .nrvumont slmllar to Lemma 31

'B\ bouud'n'\ of P°” md P°'- consms of an endleqq open ch'un ,,J\éw

*.’k,‘ ,., . R e o




: ©_urgumeént - similar to Lemma 3:5..one can see that the shared pseudd- BV-:

boundary of Po' and P°? consists of two polygon boundaries {eitheropen or :
closed ) connecting to.each other either by a-shared edgeor by a finite chiin. o

a. -

TS ST
Figure 4.4 Two pq!ygonbou“nda:r-les share ap edgy " ,

' N ‘. v g . v ' ‘a -




- Lemma 4.3 : (iren hweo, o;aen ])()IJ_]()IH P‘” and P" " slmmng an open edgc g,

: . R
’ ks . : ' - . 8 . o . .
) o t e e Lo , "Q.‘ .
4
.
N N .
\ .
. B ‘
T h |
o
. L i _"‘:, - ‘. e . . B . .
. Figure 1.5 Two polygon boundaries are connected by a chain
VAR - ’ o Co . .

O

nu’rﬁru ”16 pseudo B\ dm_]rams of the tuo polyjom i3, fquuul:ul o

, jindin‘g' their s/uirci{ pscudv--BV- _boundn_’ry. o N o .

Proots D

\oto tlmt e (\\It&lts cn(lpomh) Serves as a sep‘tmtor ol' the two y)l\‘«ron‘ boun- -

d.mos \nthm reglon P‘” U P"'. smce the two pohgon boun%mes onlv <harve

5

.

the é.nd‘po_int@ of; €. \ote also that the B\- edges in the dlﬁercqt e(lgo mduu-d‘

“

. \ . /J 0

-h:nlf-pl:xnos‘(lo not int@ ('

not. (‘xl('mlilw' |<iu‘é €

’Thls mo.xuq (bd.l 9&'0 nou(l }Jot conxl(ler W hvllwr or’

A o . )
es the area oulslde P_"r‘ U P _’lv{vnlu's..rh(" lem iz

l'ollo“» the .1r5umem \mnlfar to that used |n Lemma 3.2, 47, A
‘ . s ; ; . . ?7 4.‘.“’.: i ) a




e

-

[ [cmnm 3.6, tho \lnr(‘(l (l)ouml or flco) B\ \crnu‘\ of dwfrvo llm' N ln bv

_ f()lxlul Ill \ubhne ir time. \\ ¢ c.m couxtruct (ho slnrod p\oudo B\ bouml.lr\ ol' l" '. dll(l

P°- b\ un dl"‘Olllhll] snml \r to \It'orlthm 2.

".l' et bo lho \h.\r(‘(] open cd«rc of P°‘ ml l’°- P 'm(l p bo tho \vmcv\ ol

_.E” .mrl E"‘ l)e !hc opon od\*c \ot\ of P‘” u‘ul pot, lct H"‘(lf”‘ E°‘) U (li” )

m(l l(l Vm(P"l lf”' E"') .m(l Vol(P" [f - E° ) be llu‘ l\\() pwu(lo I%\ - <l||~-1 un\

“eane h of’ \\]||(l1 umt.mn a set of pwu(lo v\l(-nm H\ -(ll.l'-"l‘llll\ of l“‘l (m _' ""5) \\nh o
u\put@lo ll\\l open c(l«'(w .md tho p~cu(|o interior BV-. (llm"l‘.lm of l‘ 21 (m l’ e I

our Qj.lm \llll(‘l\l\l(‘ & u‘h <hm pmnl 18 .\ssocnted with l\\o or (hl(‘(‘ ||~l\ of H/\-((I"(\ -

s [)\(‘Il,([() (‘(l"ro\ (lllKl an .1(l(|1_non nl ||no w(rmvm (mcludmv lhe B\ -ml«rv\ tn lmth |)~<‘ll(l()-

oy
'

unmwn arid pwu(lo c\l(‘nor R\ (ll gt llll\) each list roprm(;n\ the bnuncl wry: ni v (nll-' '

ves H\ -~ﬁln(‘«rmn tss0c u(‘(l \\uh lh Al (l.n.l p()lnl For eiich (l i pmnl lln associated |

y

, I’\-v(lm (B\ T nw) .\ro l|bcl|o(l il lll(‘\ cross or lie outsldo an opon ul'fo Ill\l\ lln-"
‘ - ,

dxbcmtcd B\ %(]«rex (B\ r'n\) ldbl(‘(] ln (llﬂ'orent opon cdgcs (lo no}t mm-'(- \\llh each R
. q 3 B
othcr The .Llfrorlt,hm W orl\s ﬁmnl'lr\ to -\lvorlthm 2. lt ﬁrst fmdx thc l)l.mcln‘s ()f |lu-

v

two B\ l‘(‘"lOﬂ'\'.l\\O(‘l'I((‘d \\lth the t\wo «hared dal.u pomts respecnwl\ H llww o

Ao

B\ -xcvlom ~lmre a B\ cd«c (thls can be found b\ checkmg 1f tho B\ Sriy s oI \ (]) )

dl](] \ (p ) (uwpoctl\ el\ (p,)‘ 'md V- (p )) owllnp) then lhe_val orlthm rnporls the
‘bonnd.nrws of \(p ) dl]d \(p() and- s(opq Othcrwnse the algornhm vnll choosc one-
: 8

.anch as. the qtartmg BV-ray of t‘be pseudo sh.lrod BV-

. (l ll.l pomt and regard u b

2 R
I a
\\”: y

bound’m The construcnlona, 24 he re% of the pseudo shared BV- bound.:r) |s tho same

. A‘z
as Htep 2 of - \lgorltbm ?

pﬂeu(lo %hared BV b(‘)und'u'y‘Q o

rest of.t‘h'e 'no‘tatio_n in the al



e 69.
- Qs kL
-

"‘:_Algorlthm3 o |
Inpul \f()l(P"1 H"' Eol) VOI(P°" ?°' ED’") ?”1 H° E"1 E°l

' ()ulpul Vor(P"l U P"' I}” E°) ‘

."“

\/1’/’0![ oo e
e lh( st nrnnfr e 'rm(‘uls of" lho \h(lr(‘(l psoudo H\ I)onn(l n\ n"'nu_in_l‘f' y.
\(p ). |Il(l

md RSN l(: 1) q) m(l ‘('1 p q,): lf no l)r.mrhc\ are l'ouml (|<
) B R ,_-5

\ (p,) ~h: e i ((I*f( ) t‘lwn ropo_rl:lho_: l')oun(l wries | ﬂop

200 R pllzlc (l)(: P q)¢\(: ; 1"11“ Do

- 3 L

() hnel lh(‘ By o(l«ro (B\ Mt or pseudo-edge) say. (w.wir . s)owhicll

[i]\(v nn(‘rs('cts b( r:p.q) oL e DTl _
%) find the next branch wcording to thq‘ follow i”l'l_;"‘(."’v}ls‘t?.\_. _ . o 3

biv:p (}) o 1°. Iiig'bts‘( warir.s) ¢-03° ‘ - .
or h{we:p.q) ¢ B° meets ( w.wir.s)'g BO ;q | L
or b{v:p.g) ¢ B° meets (w.wir.s) o B,°' ‘ . ’ : ;
b e:p.gh = the branch: ’ o
End-Do .

Lemma 4. 4 (:uen P or/’P°l :B°!) and \or(P°' B°') where B"l and B°? are !hc
bo:mdanes of the two open polygons pot and pe? sharing an open edge
€, mm’Pl and P* are thc verter sets ofP°l and po2 ‘respectuely ;
-\lgorzlhm 3 producea lhe sharﬁd pseudtrmBlf boundary of P°l 'and P°

i time proporl‘tonal to P! J P*I.

. Proof: . .
(a) Algorithm 3 produces ‘the 's_haréd pseudo-BV- . boundary of Lhe two opc:‘



pol\ qonx B_\'" .l.em-m:t__'-l.'.’._ lhe \h'xre(l pwn,glo B\- ,b()‘_umli'“lf\-"'“,:_u;vl'v,|‘,'(-;-'- ‘
o . ‘ e

undl\lded Ime\r ﬁgurc \ote th'\l e.\ch ser'me.pl ere ated b\ \If;ori_'l'_lm'n‘

})elon«f\ t 6 1 h

xlmled p\oudo B\ - l)ound.u‘\ b\ m'ur«'umc'ul'?\'im‘il':nr. to. the

ar

-g".‘
. . #. o £ . .. . ‘ : _‘_,..v'
RPEEE mon “of lhe ~h.|re(l pxeh(lo~{3\- bound.lr\ of P‘" md l”‘-".._' NP
. fb) - \l‘romhm ivl.,.'k‘.o.s Ot : ) toco struct the s

g
B I.'("’luin" h‘-‘i. we ein con«tru(l th(‘ TS
ot Lo R "7‘»\4:

'._po'l\'_‘ip'n«g)nl then \lmre(l pxeu(lo B\ h(buud ey \\ e Now- (10\1«[1 '1 (ll\ l(lt‘ .nul (()n(|ll( b

U v.y'r‘

ant p?«‘u_(»lo-B\,-(ll:u'r:nn of WO apin '

r

-..ll"onlhm to. con\tluct the p\en(lo R\- (lt agram 0f an n:gon P .Lh(' ||~'mu lnn reriEe

';51\(!

y decompowx the pol\won P mtp subpol\co.n\ \ll(’ll lh it o u'h suhpol\ Lon (()ll! nn\

vu.n«t one lhlr(l of thv \vrncm of the parent p()l\ f'dn 1 h.(-f.n the :dgmtl_,l I consrrucis

-

lhem Ihe l(‘\fll!.llll dl.wrxm\. are the psvu(lo B\ . (ll wmm\ o| the ;ml\“()n\ e

4

unmo(ll m* P nehl epe i lhe mer"e proce(lure for the pwudo Ii\- (h VTS ()l lhv '

- . >

,"-uo\\ p.nr of -sul)pol\vm]x'“hlch we ‘are curren(l\ merglng unnl |Iu- pwmln I \-

"
v

e '(l_»i.ng'l‘i{m of P »ll».'.l'ﬁ beeu‘l'ouud.', Ll T e 1"

. .

’I he onl\ rem'umnv problem is to proxe lh'u the reault‘ml pwudo H\ v '(_n:.gf;'.u..

@ Of P i thv mtmlor of lhe B\ - (ll Wmm of P : .

.

Lemma 4 5 Yhe pseudo Bl dmgram ufP produced bJ llgonlhm J’ 13 1he m!cr:ur .
ofthe Bl- dmgram o/P R R S :

Proof R LE

. L \ote that the polygon P has no open edges Thus the Iemma followx bv the

. T

B deﬁnmon of p%eudo B\- : dmgrnm and the deﬁmtlon of the interipr. ol' lhe B\-

. -_‘-'r-,(llagrnm.».@. e R _ . o

L,



".ori(_hm 3; l, he [3_\- (l'_' z

I nul )()lllllll'f m HH* "”““Lg&,j’f Hw (onvo\ lxull .m(l the p\oudo B\- (lm'fl RHE ol' o

S 1,?' i 71: 3 o ". .

' !Imw-\nmll( r pnlwrm,w(\\ ith the o<l«r(‘~ leou"r 13- lQ\tlle convex. hull as opon v(l«rv )' '

.‘o._ NS _ )

Theorqem 4 1 I/u' f!l -dm_jrmn ufa umplc n- gon P cﬂn bc ronv!rurlf’d tr O/n [UJ n)

. luu-t:.’ U R

Pr._i:qo‘f:'

3 .

,-\:g':q

L . 'v :
1 or. lhv Saller l"‘l‘.""”“ (‘Ivl.ormmul ln the con\ ex hﬁ)ﬁlﬂof P and the l)ouml iy ol
P l'»‘wT ,/"A‘, /“ l lw ill an-ru! mr) 1. ()f l’ l’*) .md (he cousnucllon ui s pr nlumn-
™ . . . .
g nvv ent bo' foun(l in O([Pl lorr {PI) (('g([P'| lo" [P l) tlmo [( hu\’] Ihv'
. T ) Y
: pwndo H\ - (lx igr.lm of ¢ nch sm.nll(\r pol\«rou can be consnucte(l m(lvpvn(lv nl\b
,-".m(l lh(‘ mnslrucnon l'or o \ch “ms: l“(‘l‘ pol\"on \.n ’.’ ;Hﬂ'\‘-iwc 1)(-”’”{ Io-r U”l) nnu- ’
RN ° . v
U T .h.., . n '
-, by -I.,vmmu’ EL \ote 1h.|t e nch vertex of P can bo 'nxlghed to at most {Wo il ||lv

poly::;mn-. (omm urunfr tho p\oudo B\-. dnvrun\ of 'k sms nller polwon ll‘\(‘\

'-‘n(ll*'l l(w II"; "-+ Il' | log IP | + . IP‘I log |1”‘|) = ()(IP‘l + . |14“-|) »|0g'n_ ) = Ofn

' 10_] n} mne Tho ron\tructlon of the mtcnor of tbe B\\ (ln wmm of tho n-zon -

‘ .nl\("a ()/n lo; n) time. Thus tho time. comple\lty for constructm«r the B\-

dl.wrun of lho 0- gou P I'tkeq Ofn Iog n} time., Recently. Agn'arwulac-t al" proyed

“that” Q(n log n) is' the “orﬂt case lowe: bound fOLconstructlng the BV dmgmm of-
~ an n'—gon_ [\ ] Thus. the algorlthm is optlmal

~



Chapters .

3

Fmdmg the bounded Voronon d?igram for a set of lme seghents

51 A pfeview, 'df th_e pro.b.lemi'” o ' v

“ . -

S n th|~ ch xpl(‘r \\c -h 1l| In\(‘\ll"‘lt(‘ tho B\ (hdgrlm of a.set of non (l'()\\lll'.‘,' .nn(l

L lon=oyv (‘ll 1[)})1!1" llm‘ \(“rmvnl\ W hm(‘ tho (l.nla pomts are (hc on(l'pmuh ol lhvw H’nv-’ o

"w"mvnu 'lll(l lhv ()l)\l.ul(‘\ .1rc th(wo lmo sovm(‘nts lhomsvl\(-x \\o l'w-(luvml\ “: ull llu'. e

. : -
inpgn line \g;j:._l_ll(‘l_ll'*. _i)b.emclcs.

et
.o

T ilu". 'r(*.xl of th('- r‘}mpt,(‘r._'w'o use L to (l_on(‘)lp' 2 set fQLllyOll-.(‘l‘O.\‘.\irnlg ang .'no'l'l-’_ L

.()\(‘ll l])[)ill" ()IM ul(‘~ .ul(l P (he \ct ()f lhe.cndpomlw of L. We i;lso“:nss'uni(."(Ii»:il_

‘[L[=n .ln(l [P|=m thus n<m<’n AR I L i
’ - . . * ! . ! .

'l“lw main- ideéa of our approach is to use divide and conquer o construct’

e

N -

I Iu- (lnul(' ~te p s as l'ollo\u \\o ﬁl‘\( fm(l iho COnvex hull of P ( II(P) we llu n‘

'~ml the (I THE pmnl\ of P l)\ thvn N- rool(lln m'x (\\v 1\\llnl(‘ thad lhv \ (nm(lln m\ are

..

(ll\llll(') \w hn.nll\ (ll aw i \(‘l(l(dl |1nc hol\\oon m('h pair of l\»o r()nwculm- (I NEN .

points’i‘n t._h(‘ wo_rt(‘(l"lisl for ex: uuplc |I' p aud » EP .1re consorulno |n Iln- ll\l

drivg a’line whieh'is p:jl'r:lll.(:l;'x'_o lh-ev._'\'-'uxis. :md w’hlicb li'n'(‘:tl"l_\' *(‘p:ll“:}l("‘" p,_:n'ml P,

- - -
L -

Thus. the ]n-l"vcrticixl: lines (li\'i(vle ("l'lv(P) i.;ito'(h pol_\'gon,ﬁ.'(pt‘-nlvr:ugoné.‘(|u:u'lril:1-.
ter x|~ and trmntrlvs) \\ e all thoso pol\ rrom mmal vcrhral ])UIJ_]I)IM (\-|m|\~rolh)

e

.mh Illlll |l V- pol\ﬂ'on conhuns exi nctl\ one (lat.x pomt and RUE m\ ubsturle .leuulh( '

part ol ‘an obxt.u‘le 18 an ol)stacle wvmont |I' one of s t“o dal v pomt\ Iuw OII llu un-_-'

sii

'ml V- pol\ von) \\e call the collectlon ol' tbe data pbmts and thc Obﬂta(‘l(‘ wvmonl(j

‘. P

lying on ab initial v- ppl\ gon ‘P oronoi data (v d.l.td.) oflhe nuhal v-polygon (rof('r to 1h(- -

3

#

‘upper part.of Fig:5.1.. where the lel'tmost v-pol\ gon IS a lnanvle whu'h cont.nm '1 d.nt.x”’

pomt and’ two obstacle segments; tbe ne\t v- po‘l)gon is.a’ pentagon Whlch cont‘.um a- .

LI
"N -

'(ldt"t pomt .m(l one. ob\ta.cle chment the shaded area is Lhe active sub v- gon of rho \-'4 :



';;nln' ‘which- we shadl (lve.ﬁnfc_'l:u‘er)-'.- I‘hus the rc}sdl.t-; of-'_t;he;divide..s'{ép is.m v-polygons

Coand m 77(\(-‘5‘.'()('- corresponding v-dita,

-
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T

l Iu- oonqu(- slvp is (Inul(-d mlo lo . m- \(d"CS ln the brwt qmve we con\tru(l tho

pwu(lo B\ -tll 1gram (\\ lnch \\c sh.;ll doﬁne I.Lter) of the Ret of v d'xtn of (mch Inlll nl V-

- ey

pol\"‘on.‘_ “lm-h for slmplmt\, is C'xlled' tbe pﬂeudo B\ dl{l"‘l"lm of the mm'll w.g)

p(,]\(ron ln the wcon(l \ldﬂ‘(‘ we comblde adncent palrﬂ of mmal Ve pol\«ron\ (ouce for
Wev- pol\«ron) t,o I'orm a new v- poI\ gon for cach palr (therel’ore formm‘*_n new sct-.of"v- =

U u.n). ,uul merge. tho p«oudo B\- dm.graxm of thc lnm'xl- V- )ohgon:. m mch p Wir to ﬂ'el

" the psvu(lo B\-(ll wruu of the no“ V- pol\ ﬂon In an- arbltmr\ stage, say lhe k th st age.

v . . 'b

we romhlnv :.l(lj went p.urs of old v pol\ gons (w hl(‘h arc the, requ]t of the (l\ l) Cheost wo)

i@,"i"o I'orm :k n‘(‘w‘vv-pol.\'go'[i foer.mh p:ul 'md merge fhe pseudo BV- (l‘.tvr.:m« of th(‘ two

o
a

ol(l hE pblwon\ in_cac h pﬁir» to get: the paeudo B\ dxagnm ol' the new v- pol\von. ‘

\hvr Iorr..m ~t.wo~~ thc rcmltant - polw'on is C‘{(P) and thc r(‘\ultdnt psc«u(lo B\- _

o

<I| e ant 0[' lh(‘ v- pol\ gon l\ the B\ dnfrmm of L.
\\ e \h Al see th 1!,«]10 whole dl\ldc 'm(l conquer proccss takes ()/m IOJ m} llmo-

lln- (ntu .1[ point Im th|~ mmho(l ENKS fast merge. procedure for- C.l(‘ll (‘onqu(‘ sl.urv

(l In\ |~ thv nmv of (he mcrrrc proccdure m each conqucr st age must be. prO[)Orthll.ll to -

_ m). The merge pl.ocodurc muat (l(’dl mth two problemﬂ R
: ) A‘. . . . .. ‘v )
1) - llms to comblno two ol(l u(lpccm v- pol\rron« to get a few. Ve poh on (th(‘ n(*(‘es-'
| : o :
e sity 1)I (ll\( uwm"' (hls probl(‘m mll berome clcnr la(er). a ‘(l

a2 ho\\ to moqgo tho psoudo B\ dm«rr'mh ol' the t“o old v‘po‘l\ mf- to zet lho

: ;;pso_mlo_— B\-dmgmm ofihe new v~polygon. e e

«In the following two sections, we s



Lo

| is ¢ 1llo(| a.-rs lme \ pol\"on \\hﬁl ||(*<"on ¢ H(P).,and e:\cb f\\hoseicdt'('\ i cllhv r 4.,' :

AR .
I8 I s
N e i

p \rt ol' a. (\-llnc or an ed"v (or '1 "u‘l of 'm (‘dge) ol' C l}(’P) o) c'\ll,od 2y l‘(’rlnml ])()lj_]()ﬂ '

o

CH(P) Is a spocml c.t“ve of v pol\gon) “ \ N rpol\ von is donmvd

(\ pol\ gon). (noto lhll

"ﬁ. . B lv . { ° . o » J .
b'\' -l"‘ “lf‘ lt‘ft (I'L,,ht) \ortlcal od"e of PV (nf any )is (l(‘llofo’(l ]n e (e ) Ihv (ollvumu
F?\ v
of lhe (l n.: pomt\ lhc ol)\t.u‘l(‘s 'm(l the ob\ldcle se"mopi% I\lno' on P‘ l\ llw set ul'
;.1'»u‘rﬂ,ur‘l_oi__d‘a(n-(\'-’(l:n"a)',ql' P" SR o o

"T‘hb’ vertical edge e (e, )-of.-;-V-polvﬂ'ou P v may cross» scvcrnl 'ol)ﬁiuclcs.‘.:\ st-gliu--nt?

N ' o
of e, (c ) w lncll s (lchmlle(l b\ (wo .1(lJ'1cent (‘ro‘«ov(’l‘ pomtq is c.zllod n wpmnl ol' \

v- p(lwo Hm pm(lou ol an bl)\('}(‘l(‘ “nh one (l.u.x pomt I\mv on av- pol\"on RS nlle(l ‘

O ifo soy cr‘nl sm.xllcr pol\ Gons v.hu'h are mlled .sub v-pOngons o S e

.m obslarlf w’_/mcnl ol l|l |t v- pol\'ron e

pxmulo c\ionor B\ -dn urr.mh are. lhe pomonq I\mg on the sheotq )

. H
v

Deﬁmtlon. \n obxmcle crowmr* a v:pol\ rrou (1 e some pnrj of lho olN.u'iv hv\j

1n~1de the \‘polwfon_.\nd both its endpomh lle outﬂldc tho ¥+ polwon) 1~ (‘L“(‘(l .: L

oy . .
B . . . “

!‘r()s?n_] ubxtn('le of llmt \ pol\ ﬂaﬁf.'*\“ \'Jol\gon is. dl\'ldcd bv its rrowmj-ulm.wlm

w”

'Q/_

Deﬁmtxon' \\ v{.;tt'mh :m E‘gigo m(luccd halfpl'mt‘ ("shcol ) on’ v xch"wﬁmc!l!‘.of t,lu‘“

X~ ('&l"v\ of llw l)oun(l.nr\ of P, . .rud the ~.hoets :md P” form @ ~pccn .l ~p.1rv (n f(r 10 -

\octmn 4 l‘.md to Flga 2 _ “)u’re we: \ho“' the <pdce for a -ub ve poivgon) lhv-'

pscudo Bl dmgram of tbe qct of - da.t'z of P" is the B\ dlagr'xm ol' thc d.xt.u pmms .m(l o .'

”‘0 O‘N'l(‘l(“* (Obﬂﬂt‘]e *'(“’mt‘ms) of the set deﬁned on the specml spac(-i ( [‘ho p\(’u(lo-{

3

rntorlor B\ -dnvram |< thc poruOn ol' the pseudo-BV dlagram lvmg on F“’,' .md the_’f-

5






\oie th.\t ("’lt‘h v- pol\ von ma\ cont'un O(n) ﬂub-s pol) gous bln(‘(‘ 1( can bo (roxwd

K

b\ O(n) obsmclm [f we keep '1Il the mform'mon '\bout thcﬁe qub V- pol\ gom dunn SR
AL R .

\ 'lh@ conquer <tep we could ha\e O(n ) ploceﬂ of mformatldn Thm \nll \I(‘ld lno[ﬁ(wnt,

,1tc<] numbor of sub-\ polsvonﬁ to’ merge the pscudo BV- dlagmm\ of t“o R pol\ gou\\ s

;Th at i. mam sub V- pol\ rfons do not contam 'm\ dat'\ polm. ,hcm'o ih(‘\

' nl]’oct tho ro&ult’mt pwudo B\ dmgr.xm ( A ﬁlmllar lechmque \ns ﬁrst

v

. _‘;I«ronthms llo\se\ er, furth(*r inv (‘bll 'mom show tlnL we onh ncod to combmc A hm-‘ -

\' . : I3 . . .. .
- AR ; ”I".v.

Yip [\ .xp8 )]‘ and l.ncr uwd b\ P%hew [( he&] )~

Lot us consuler two '\djm:eut v- pol\gons sep’xnted b\ a :-Imc s'u I,Q lor cou-.' :

:\ cmen(‘o we. co|or all clementa of the \npohvon whlch he on thc Icft h.md \I(‘(‘ nf [

N l)luv .nnd lho\o on- tho rwln h.md sldc of 1 | red \Vc call (he combmod (wb-) \-, 

._.pol\'rmh rcsullanl /wb ) v poleon \\e 'llxo c(\ll a (‘,resulta.nt) sub = pol»gon arlu'e lf

£

iherset of corrcxpondmv Ve (l'll(l conmms '1t lc:\\( one dala vpomt ln contmsl wnh lhh Lo

- _'B\ (lmwr.nn ol' 1he rcsultant i pol\ gon. reaultanl pseudo Bl dm_]ram (rcfor to j'ng )'jﬁf.‘ :

it \\ her(‘ Ihc sh'\ded areas are 'ICIL\(‘ suh V- g,ons)

_:f.l nou '\cu\e (rcsultm() wb -v- pol\gon cont'nn: no d'\ta pomL \\e c'xll thc pwmlo-.ﬂ

P

NLE on(ler to mgrve the pqeudo B\ dnarams ol' a blue v polxgou .m(l 4 rvd Ve

tl;'pol\t'on muqt ﬁrst de(ermme whlch blue qub v- pohgon \hould combme mth

W hl(‘h red sub v~ polwon ~\\e ha\e the followmrr two obscr\(mons

(1 )_ h is v«u[ﬁcnent to’ combme e'v.ch p’ur of blue 'md red sub-v pol\gons ﬂuch th.n the.}g o

g . ; .

:‘;l)lue e 'md the rcd e, of the l v'qub-\ poI)gonq ovorlap (\\e c.nll th(‘ l\\o slll)- L

- :" RS pol\"om m ench a p'ur neuhborm_) sub z' polyg})w \'oto tlnt ono l)Iuv (r(-(l

R _."‘~uh-\apolwon m'n combmo wnLh m.\nv red (blue) wb-\ pol\ ns ’I‘hcroforo om-ﬂ".. o

' "-"'blue (re(l) sub-\ pol\gon can belong to m:un' nelghbormg 'sub-\ pohgous ) H' g

.blue €, doe"'_ .not' overlap .1 red e,, then the corresponding blue subn’ plvgo% .md.'-

;! h‘e’,"jret} sul



-2

'_(wd) \l‘l)-\ pol\ gon \\uh its nclghbonng red (blue) sub-w pol\ vom S o

-_nbxt.xcl(' so«rmvnt of the rosult’mt - pol)gon In elther case, the (lah pomt-{'(lf v

~

:‘.nn) oi tlno bluo sub-& pol\gon and the da.ta pomts (1f an\) of the rc(l \ub-\-"-.

s .
. »._, .' . ~

jo-lvmvnc in lho ro-aull'mt pseudo B\ dngram 4 ‘ s ;' S e

lo\sm er: thcrc m.n snll e\m O(n) such nelghbonng <ub v pol\ gonq in a rcsul-

o . Ty

'pmsof uvwh‘l)orlnrr xul) v- pol\gons -' e SR A 3

D _‘
: "-

’ N . : U
l)()l'”l"' \ll{h -V =~ pOl\"On\ n 'L_palr l'i ﬂ('tl"e

pol\' ons n]ust cont.pm dal'x pomts b\ deﬁnmon Then some blue (l'lld poml .m(l

. N
o

~onm |0(l (Idld pofnt of the tvgiq qub -y - pol\ cons= muxt be \mble from ,.'u‘h othcr

L ~u|co tho hluc ‘ ..m(l thc rcd e,fdo uot belong to L Hence, some bluc (th L pomt

- .m(l «omv rod (l.lt a pomt of the two' sub ‘Opohgons must determmmme»nvy\_“

B\ olomonr in tho rcuxltmnt pbeudo BV dngmm b) deﬁmtlon i -, ~ L

Y.

’H’ﬂ;\. blue (rcd) sub Ve pol\gon lS 'u'tl\e 'md lts newhbormv red (blue) sub \- .'

pol\"on 18 uot '1(‘“\9 then some blue (red) d'xta pomtq of the xub - pol\ gon must
&
(lmormme ~omo ncw B\ element in the red (biue) <ub v pol“ gon b\ deﬁmtlon

1 botdy

, - . ,‘"'\ J
(‘lcm t \\l“ be creatcd since, the rcsult’mt sub V- polygon cont’um ‘no (l'\.t'l. pom(

™

, .md smce it |~ xepamled b\ 1wo crossmg obstac|e< from t,he rest of t'he r{‘\ult.mt

\ pol\ von

T h"."b"‘ e ‘“0 Ob“?r\”ltlonx ﬁbo“ lh’lt ln order to mc’rvc the pqeudo-B\ dl wmms S

o »_»pOl\"’Oll ‘xre not wslblc from each othcr amd they mnnot determme anv new B\-___

’ (l) lt is suﬂlcwnl to consl(ler onlv'tho'~e p'lllS such that at lcaqt one t!f the t“o nmrrh-‘

e H' b()th tho blue .m(l the rcd qub v- pol\gonq m a pau’ are dctne the two ~ul) Ve

-,l:inl; \'-‘po{_vgon 'I he follo“mv obscr\ 'ulon \howq tlnt “o need not consldor .111 llw\e T

AT

lh(- b]ue 'm(l red sub V- pol\gom in a p.ur ‘are. non actne. then no B‘ R

o 'of a l)lm- N polwou .md a rod ve poI\gon we: onlv need to combme e\or\ nctuc hluo




>

SN N T b

R

i polgvon\ ince tho\ rou(.nn Hlﬂl(‘l(‘%) lnl'orumtlon for comblmnw Ve po]\ «.eom lln:n s

]

[T

qub-x pohgon\ Fhe cdch (.md lh(‘ll‘. o‘rmcul\) ‘on lhc,

v

cft (rwht) IM are ordered according lo the ;‘-roordm'neﬂ of thcnr endpmm\ o

Deﬁrntibn: A ]me \evmem leL l\ si Ild to (!)c (lo

E lho ¥-axis. (llwc.tlon lfr a r«n' m&lmtmo ?ron :ﬁy'_ln tﬁe posm\e or no atno y— dm(lmn

_‘- . .




o .,“\:»‘ ‘ > "'\{'1". v
J X
Procedurg Combmnggons b
Inpul \ bluv \ polvgon .md a rcd v- pol\ von
: ()uf_p_r(‘l:j .-\'n(j‘W Y, [)6]\ (;on .
L o : " . ' o - . ' F\I\ B . v !
Method: ! N g S . IR ; 4,' e
.. " - . . PO . . . K . 'y : . ':‘\I .'_U‘
(1) ;l‘r -t'he xwo}i'n;leig.'~;‘;o.1;a=gon's-.ure,ipi;ial'v,-polygqns. AR N
{a) Iln(l the .1cll\e lmtlal sub V- pol\fro s ac)h lnmal <-lpolvvon,co_nt‘:unsvé‘x:’xct_lv_v,‘ﬁ"
: . o ) DA .‘

B s

/no o xm ponnl. :md tho acnse mmal ﬂub-

Vv polvgon of oa.ch mltml v- pol\ von is

.A.

lmun(lvd l)\ lhe two llne Rcvmeuh (crossmfrnobstacles or cou\ ex hull e:lvex) clos(‘\t

N ~;~. = . ' FEECN

» In tho (l*nm pomt .1lonv lhe \qrtlml dlrectlon 'md the two u—llnos cloaest

)
g
Kl ~ g

¢

Ly :not lhv lvflmoxt of’ the rlgbtmoct ddta pomt theu the actne %ub V- pol\don 1s "

oo +7

+ p ; ..

ol

M . . RN

/to thAé

.7 '(l_ xl.t polul b\ lho (lcﬁmtloq) (If tho dala pomt say p), lleﬂ on C H(P) and p} |s 2

"iboumlo(l b\ the t\\o con\‘ex hul] edgea mcldent at p,, the lme segment clq.se\l to _

.1lon" tho \orn("ll dlrectlon and the twcf'v lines closest to p, 1 p} wthe lefe-

:"” . 58 )

v o .~ln()\t or ru'htmmt data pomt then the '1ct|\e <ub v-polvgon is. boundod bv tho-.' -

.. i
1. g . : W . o

' :“"” ron\v\ hull c(lgos mctdem '1t p ‘and the v lme cloacst to b, ) The hno seg-

e ul\ (iox(-st to p for .xll p EP mu bc found b‘ the mee wﬁp mthod [Horﬁf ] )

’

N

N

Sy pol\ gop e

L o,
{ ) : i ) S

o cl’c'} _i'n'c.idvut u\ ﬁho d.u a pomt - S

‘ll)[d(‘l/th)ﬂ\‘lnl(hll blue (rvd) «ub- dpolvgon 1

Cogby Com hi‘u&v
. '.'\.5( d .\» Lo q

o Ced
- .m{?\j sllh'\‘ pol\ gon .md\c, of, tho .rod apfr

AR . - . B . . !

.,ff( . ‘_‘ PRI : . . PN .
o lhv n—lmc% cloxcst to p, for all p,eP are. recorded in, the (h\lde stepy Thuw.g\ hev’;.';

T W 0 \crnc.xl cdvcs e,. and the upper &nd bottf:m cdgcs of an 'mnc mnml sub-'

'nf ¢ .uul R c.\u be Tonnd‘ b$ ﬁndma lhe mtcrscctnon*« of lhe v: lmcs .md thv ohst.x-

ud its nmghbormu init .xl ?‘("(’l



N L
LT,

lnv thcn y- coor(lm ites frpm pomt b upw:xrds :11011-:"1.‘.,- where b i.s-llui (‘l‘()\\()h‘,l'

o ’

[S‘oihtf _of the |ow(.\r-p':n"t of C'H(P) on L,. 1fthe blue ¢ .m(l tho rv(l r, o\ml.m llu-:y

h\ olm-r\ ation ( ’) tho two \uh v- pol\"ous will‘ form'.:l ‘ncw':u‘tl\'c xlﬁ)}\'-pol_\“gg(ni.

Y

ollwl\\ho |ho\ will l'()rm H\o no\\ active sub-v- pol\ »;ou~ ln the mevm\(

I\oop the ondpoml\ of tho l)luc e ('mH its w"mt‘u(s lf dll\) .m(l thc l)luv c,. i llu-

‘..

o

e, in thi* ncw I‘I“‘lll IN ey is the vorllml odvc of a nelghbormq l)lno non-.utno

\lll)-\ pol\ fron of the red actnc sub~v pohgon (e,‘.can be delormme(l ib constant

Lt

time. l)\ hnthnv lho |nter<ect|ons of lhe two c1os=mg ob\taclos of lhe blno nou-

\

.lctl\o \lll) v- pol\"on an(l the blue Iefl V- lmo) and [ is thc \(‘Nl(‘.ll c(lwe of .1‘.

nclﬂ‘hbormﬂ' rod non- d(‘ll\(‘ sub-v- pohgon of the blue 'u‘tlve sul) y- pol\gou I.h."

the l.mer ciase, we l\eop lhe endpomts of the blue e, ('md its sovmoms lf .nn) m._,'.

f

the left’ IN .xn(l the ro(l e, ('\nd |ts ﬂovment:, if 'm)) in lbo rlgln Il\l \n(l ko(‘pg'-'ﬂ.

the lod e, (dll(l n~ sovments) in thc nvht llst 'md (he blue c,' ('md |l~ \(‘1.,!1\('!!!\) i

) tllv l(‘fl ]M el

;e kopt m lhc n(-w IN .sccordmv 1o the ¥- coordnntcs of thmr endpomls I

i

. H' lho 1\\0 mpul V- polwom are not mltml v- poh gone

-

lm ux .x“nmo lh(‘\ are two '1dy\cenl v- pol\vom m lhe k- lh sl.wc of tlu- mnqnvr

y - -

K]

A'-lcp \olo |h.u l)cmuw we com 'me the ddjm’t‘m S pol&gons p.urv.m- m mclr-

e ol

PR

~l-n;o of thv conquor slop lhe (k H lh sl.wc mn«l rcmll m m/Z" p.ur~ of LRt
f)olw(m\ (kZ l) ' ud o xch p'ur conl.uu-c (1) a bluc - poh ;,,on .md a rml - polwou

~op\rnod h\ .x v hm L,.‘.md (n) lhc lvfl 'md lhe rlght lwu nf \hc - vdgv-s (.uul

‘N

kmr -cgmom*) of lho acnw bluc wh-v polvgcms QI lhc lwls l'or lhc active -n-d

‘ mb-\ pol\-tous \\ o: now con-uder om~ of l‘qbcw p'ur\ of ve poh gom \olv i!ml llxr

bhw c, .md thc rcd er, % m ‘l p,ur mam mmctdo wa[h l \\r c.m dclvrmmr lhc .

new lol‘l IN and tho ondpomts of thc rod e, ('md ns ségmcnts |I' any ) .m(l tln- r(‘(l~ '

e nnd thelr \evmcntq (rc«poc(nolv e,. e,-. and !hmr w-'m('nt\);,




.v Lemma 5. 1 (l) 11! I/ce ar!ne mrlml sub-v- polygona ofL can be found mn O/m log m}

i

',‘(l')
L Imo w"mcnl\ (crossuw-ol)st.\cles or’ (‘ou\e\ hull cdges) clowst to-lhe cLua poml;"f’

' ,-".‘nlnnt' llw wmc sl (hrccnon .md xhv-two l-lmcs clow-&t ml lhc":-dala pmm h\-

ous blie e

l(‘(l er's u‘p“ (ll‘(l\ .xlongAI,s .by'obseri’ut'iou (2). We sl-;xrl a uo‘\\j ~:nc~ti\‘(-.\||'l)-v\’-

1' i an ()\('ll.xp oceuTs, Y e C(mtlum‘ lhc new .utn’o sub-v- p()l\‘f()n ad lmr

"

usthe ()\'l‘l‘l:'l[).\"()l. l)luo -t:','s .m(l rcd e, s (‘onlmuc to occur, \\e terminite Honew

' - L

Cactive \ub(-wl\"on it no new bluo e aud no mew rcd e, overl: ap \nth the pn vi-

, and re(l e (th u is. we encounter a crossing. obslaclo of llw nwul( it

'\'l'-pnl"\'«r(‘nvl) In thls manner. we combxﬁe lhc C()rrc~p0n<l|nv blue und n;d aibeve
p()l\"()n\ loqclh(.'r to Iorm new d(‘ll\(’ \ub Ve poly gon\ \\e rocor(l tlw blml‘ € ‘nnd.»‘ o
their segments of t‘ho nbe.w active sul)—“'-P‘ol}'gOn in !'he' v'new left llst»“‘b?'rod ¢r'ﬂll(l‘.
» ’-l ht‘ll‘ segments, |‘n lil(‘ new I‘l“'ht list, (Thl% takeq time propornon‘tl to thé numb(‘

of segments of lho V- od"e\ in lll(‘ new v- polvgon Hence the number is boun(le(l -

by tho numBor of dut:x points and lhe _numbel_' of.obst_acl'e segmcnts‘m the new

a

N

e . X . - . .

: .wlnv sub-y- pol\ on) H.'ince we éxamine the overlaps sequentially along L. the
active l)lmf c,'s (x'es;)(‘c'ti\'ely ;.he activc red e;'s) are ,ord.erc'd in the right (lcfl) list

‘ol' the new \'-[)()l)'g011 \\e c‘(ecute the '1bove comblmnv proccw for 4|l palrs of

H

,ulj Wwent ve pol\ gons: By. obqer\ 'mons (]) and (2), the abow process pm(lucoa all

lll(‘ new ‘\ctn(‘ ~ul) Ve pel\gons of the rc~ultam v- pol\gon

'mir(-. (2 ) Ul Ihe nr!ne reaullanl sub v- pongon.s in lhe L th s!age of Ilu’ ror:rltter':'¢-. -

L 3

'i».é!_é]; can be f\oun’d'm'- ()/1;1) ﬁme.

_Proof

.

- l lu xcrno initis xl \ub - pol\ gou of t'-\ch mnnl v- pol\gon is boundcd b\ thc two

| IR

n,

-~




}m(l lho uppo .m(l l)()llom ml'f(‘s of v.:(‘h .1('“\ ¢ lnm,\l ~ul) V- pol\"nu ¢ lw l()nn(l '
in const ant llmv l)\ hn(lln'r lh(‘ ln!('rwcnons of lhcu (()rr('~[)()||(l'||1l' ||m~ .l hn-‘,'

.ull tlu".n(tno lnlll.ll Nul) V- pol\'rom c i be I'ouml \n O[m lo m) tine. llu- w.

“ments: ol' e, (e, ) can*be found in time; proporlxon 1l to th(‘ ()IN ac h\\ e l(](‘nl at tlw

g

'-'dal.l pomt b\ ﬁndm" thc lnt(‘lN(‘(‘llOl]\ of the ¥- lm(‘\ \md lllo nbﬂ ac Iu ine nh ul at

* the (l:lt:i point. \oto (h.n thc numbvr of (h’b\c segments for .nll thv 'Q\v it
sub-v- polwfom i boun(led b\ m sincg cach obstac lc can. i ave 'l,ln()\l Awo obsta-

c,lok(‘*gmcn_t*; T R PP T S Lo
.‘.x . . N L - _’_. N . . . .‘J

(2) \\e \h dl prove by m(luctlon th'n nll the active resullant sul) V- pol\-r‘()'l.lsi_l_i'n't'hf(\ k-

th st age 0{ the conquer step can be obt.mled in O(m) time.’

. Base step. S oo o ¢

¢ omhlmn" {30 aclne lnm'll blue (rcd) sub V- pol\vou .md 1ts m-whhorm" |n|l| 1l
red Ll)lu(‘) \ub v- pol\‘ron to forrn new active sub-v- pol\'rrons (.ll\(‘\ lmw pr()p()r-
ll()ndl to. lhe numbcr of ob-mcle aevmeum of the two '«ub V- pol\gmn lhls. is

. bee: mse {mdlnv the owrl.qu of lhe v- edrres of the’ .mtne sub-v- pOl\“’Oll\ .ulonl' .

1 honr avpdr.\tor L : ‘ukvs c‘(')ustzmt. ,.txme'andr(‘o’nstr_u_c_tmv lho lofl .md rwhl II\I\ of

.
.

the. n(‘\-. v- pol\gon Mkes time proportlon'\l to. the numbor of obst.n(‘lc segmet Ns :,

(53

(c u‘h p.ur of ﬂ(ljtlccut ob\l'xcl(' <ef'mont\ lnust corr(‘spond to. m!hc a active Ol‘_.l '
: A% A iy
- u()n-:lcti\'o n(‘.igh'l)orlng._sub—v-'ppl)'gqn). S '- ,

\lnducti'on st’ep.' '

1 We (‘Oll\l(l(’!‘ the k lh st we of the conquer stcp \ol(- th'\t in th(' (k 1)- lh -t.w(-
P 1

lh(-r(' are m/Z" purs of v- pol\com who;c cach pair. cont'um (J) B blm-'\-

. -

rwht lN~ of tho \ornml ed ges of thc d(‘ll\(‘ hluo sub v- polygons and lhe hst\ fm

\- i

',‘tlﬂ- .ctr\o rcd sub-v- pohgon\ \\e con%ldor one of lh("ae p1|r- and assume’ th.u
. § .

ot

!h(' bhw ve p()l\gon h.h t active anb-\ pol\ gon-% v.nh l V- cdge svgmcn(q .u\d lho

Iyg g.,on .md ared V- polv«'on Q(‘p'll"l!(‘(] by a-v- lme 1,,. .md (n) the lcft .md' \ho o



e

re ed \-pul\"un hias s .un\(- ~ul> v- p()l\ "on'~ “llh s t‘('-,(‘;ﬁi‘-gJIIClllsl .,\'in('(--lhv blue
s m the ()I(I T - l|~t .m(l tln- I((] e/~ in the old !'I“‘ll' llst are or(lcrod .mm(lm'f
to the .y -(()()l(lln tes ()I' lhmr vn(lpmm\ tho (estmv foi ov orlaps of tho et lgvs of l;hv
|(l|\(‘ ~ul) V- pol\ gons .1|()n" L, ¢ un be donc \\nhout b x(‘l\tr'lckmg \om that con-
- .
“rueting lll(‘ left .m(l n"hl Iuts of lhv no“ ‘wn\e \ul) Ve pol\fom U kes llqu pm-’
: 'pm'li.()n:ll 1o lh(‘ nnml)vr ()lf' l‘h(‘_ ,\"-’("dgv s.ogmo'nlﬁ' in 'll]y(‘ Md :\:,ctl\'(‘ 'su|)-\'-pnl'.\-;:»un-\.'-_
||lll\ 'In' (umhlnln'r Process (ll\('\ time’ [)rO[)Olll()ll doto N \in('vvlhvrv exist oo
, ey et
‘(’)'nlﬁ" ST \'-(-(l"v ~egments of rh(- ':i(‘,ti\'c sub-\'-pol\": s T h(" vxull tnt \-p()l\ son,
ST lhv pnl\«ron in the k th St ur't* l)\ ob\er\ ations (‘; and“f’) We [ln(l the new
s .ulnv sul) v- pol\"om for e: 1<'h of m/ ’l‘ Y b ur\ of \'-f\ol\"ons I‘hc tnno (‘omplm-
for (Ill(llll" all the new .1(‘(1\0 sub-v- pol\vous I boun(le(l b\ ()(m) 'l’lliQ'i-'\"".-,
R A . . coaT s
. ‘ln( lll\(‘ (‘.[Ill-(()l)\l.l(‘l(‘ 'an h.uo at most two obxt'\cle segments, Iu‘li’co»t',ho Total

number of ol»l.ulv ~v"lllonts i th(‘ k Ith \("’l"(‘ is bounded b\ O(m) .lml tl\e

lemumi I'()llo;\v_:\f‘roiu the :'xli()\'e :Lrgument. o

'_‘__5.3.“' Mergmg the pseudo BV-dla.grams of two v-polygons : ,.‘

Let Ll l)(' lho svt 0[' l)luc ()b\l'\(‘les .md blue obsl.\cle scgmcnt\ (lhe set of hluv £ -

d: l(.l) (ont nno(l l)\ a blne Ve pol\ gon._and L be lbe set of red obxt ncles ‘mcl rod olN \-"‘
cele xvg_nu'l_u\ (_(h,c's,m'.'of rcd_ '\@u .n) cont.uned b\' a red v- pol\ gon Let P’ und P- be

the corresponding endpoint sets 'of' L! 'and -_L' respectn ely. - P! and P~ z:ii'(*'».liu('-':njly

separated by a vertical ine L. e ST A

D-eﬁ-nition: The .1Ilar'c_d'[fY-boundm‘y of & set- of blu ‘ \'-‘(’1':\|;1 L! and A et of red

‘_\ d: i L- 1\ the Inuc-n‘ ﬁ«rurc formed from ‘the uuidu'of_ .\:hai_ed_ Bfwdgé‘s (rny_.?i) :md

v o

*/mnr{ p«u*un'o ui_}(’ p lhc‘ >h:xr1‘{h -eﬂgo\ {r: n's) are thow (le(crmxnod b\ \()mv'q,ep

: o : ¢
uul ~ome - p ePl. .md tlu- ~lnr(~d pwu(lo vd;;m are lhow w .uch are ;mrl of an obshu l(-
or, olN acle. <egment of LY (L ) .md truuc.mn«' the B\ -re 'lon of a d.u.x pomt of P"

(P‘) lhv wmru of thv ~h m'd B\ boumhr\ are. cullod ~harcd Hl -vcrhcca (n-f(-r lo h



MR

R

\\o \[,..ll wnw somc (I(*t.uls of our (l.ll.l. str\u‘lurc for thc-l’»\ -(lm"x.nu ()f .:V.wl ol'~ ‘

.ﬁn("s‘(‘gnu‘nt%. In th(‘ pr(‘\mus ch'xpt(-r\ \\c dmlt \th (‘h.nm Each (l i pmnl m R

(’h:lil] can l)(“\h':lrv(l 'l)}j’ AL most Two (\(.lgvs;(obslucles) lhvrvlorv eac 11 dita pm«ul uu/’ Lo
n\m..m‘ \\llh at m'osl t'hr('o CONVEX ~nl-)’-.vl'l_\'-ro*.:ions‘ (h‘l‘br to l.g‘mm:u‘.",.:.%)l' w

. L ST A
. ch uptm llw lnplll 1% K -ot ot u non (‘rowlng .m(l non ()\(‘TI.I[)])III“‘ line segments. Foach

»

'_d i pmnt m’ 1y |)(‘ ~h uvd l)\ up lo n-line: \(‘t'm('nh l\n(l l.mﬂo each dara |)()Ill.l |||.|\ .

'l\\()(‘l.ll(‘\l \\llll up 10 U(n) convex ~lul) H\ ro'rlon\. If we use the prc\.mﬁ\ ata ;lllm.-l
"}llll'(‘ ‘loycounlvr ~0mo (llﬂl(‘ull\ in (l(‘\lgnlng an v(ﬁu(‘nt mvrtrv_.nl"oruInﬁ T ‘-I\'

i~ because \\‘ hen we nvc(‘l (o trn(-xw the l)ound ary of some \ul) li\ -nurmnh of e dit: a'_' .

’ pmn' (which occm\ mn mu inerge u{f;onthm) we musl lrnm\v lhv whole lmuml iy of

» »

rhv l)\-l(“’l()ll .:w()cnto(l \\lth lho (l i pmnt dnd ”ll\ may _.ll\v ()(n) nmv"_ |lw .

’\\'or\'i ccase. I we traverse -1hv bouu(l w\ of some ~ub B\ -region of \u(h}(l.n.) |m|nl :

'_.m nn Ilm(‘\ .m(l e: nch llm'o we trav erse. tlle bound.m of 'aomc dlﬂorvnl sub-BYV- l'(""l()ll /

- . o e
thvn we nm\ H’.\\(‘r\(‘ ()(n ) B\ clements (B\ cdves B\ -rays. and psomlo (‘(llrnw)_..:‘\n(l_

‘ L)

vield -':_m i(j«_‘[ﬁci(“n( ulérve :nlvoriihm. lu orcer to 'nmd lhl\ (ll(hcu]t\. we rog.ml ikt

_poihl" sy op,. ~h nrod by k. O])\(d('l(‘\ a\‘k sul) (lata pomtq Ih.lt h p,»l. p,_.‘.. p.k ,:,l.ch.
: : i

Csubi (l ll.x pmnl correspo d~ 0 oné obst’xcle B\ a proof snmllar to. lomm.l 3. 3. \w cuti:

- \ho“ th it yho numbcr ) con\e\ :ub revjons in the B\ dngmm of a act of n lmo-wv-
) Y

‘ments Is- hounde(l ln O( n). ’I‘hm mch -«ub dat'\ pomt s “m«ocntcd mth at most tm) -

2

convex \ub-B\ rcglon\ bvc \u\o lhe tot.ll uumher of %Ub—d'n'x pomts s boundvd h\ 2u,

k)

~

: uxd (‘A(‘h xub (l Ata- pmnt |s ass od 10 e‘mcllw one- obsmcl( Now. lf we n(-x-d to"

,tr:n crsc (be boundar\ of some xub B\ reglon of a d';l.s poml shar(‘d b\ sever .xl ob\l.;-

: ‘f
cic~ we m‘od nnl traverse tho bouml'mcs of the d“ '-.uub B\ r?gmm of !h(‘ dxl.t pmnl

\

(In Tht‘ follo“ing ~ub B\ rcvmn iy slmpl\ “nttc as BV- regmu dnd -«ub (l.n a pmnl iy
© data ppm'l,)' K o RS S e L S l\"’




EY

lnlmllum in ‘Hectmn 3 ‘3. a lmear ﬁ«rure is undw:(ledgl'

(%

lthareapect to obst.u‘le l lll tllcre‘if\"--;

. v <

g e\lst\, .l tn.n‘vrx.nl ol' tho lme'\r ﬁ°’urlf \;hlrh (Tb‘e‘x uot cros'a l). an(l c'\ch un(lnl(led Immrf o

[T

n

‘o

) ity of two mput rh.uux The proql‘ does qot reh ?n the onlerluv properl\ or. rlw ’?'ﬁ:""

. 0 . ‘ .v‘ ﬁb-\ R o
' counoctl\ltt propen\ ol' the (l'lta pomts ol' the rwo mput ch'nus Tlnh u\e c: ul

R

#

ropluce lhe t\\o sets ol' mpu( ch'unnbs two qets of obstacles }n(l olN nrle ov-‘- )

1. v

ln(‘nf\ m l (‘ll‘lmd 3 1. and the prool' l'or the—modlﬁ“l Lemma 3 l is sllll \'xlul

Ta

pol\ gon of (hl‘\ v- pol\gon. and Jf at le'lst one of the two eu(lpomts ol' the obst'\clo lles

. ~on the V- polvgon

\\e shall qhow what the shared BV- boundary ol‘ a blue aud a red V- pol\ gou loo‘jlx
lll\P Note by deﬁnmon tlnt thet shared BV boundary cannot cross obstacleq There‘-. \

fore, the Nhared B\' bouudary must be separated by crossmg obstacles. . That |s, we:'

l
onl\ need to dnscuss the portlon ol’ the shared BV-boundary ol' each resultant actWe‘ K

»-'-V <ub-v polygon (-alnce thg resultant non-actlve sub—v-polyg?ns do not create any BV- By

- element),’l‘here are two cases of resultant acthe sub-v-polygon ‘_._'(l) a resultant actllve-.";




: ‘/:\llb \ pol\ "on

".ﬁ-"rout.uns somo cuttmg obstuc’r‘s A L

o -

. “."'nnl\ Mno (‘l v(l) d.nl i pmnts. .md (b) |t cont’um both bluc ancl red da‘l'x po',luts )
S ln llm c N': llw W holo r(‘(l (l)lu'o) sub-x polvgou bclouma to\somg,blltc"(
E {.‘pmnlﬂ ln dohnnkm llvnt‘o tho pornon of lhe share(l B\ bouud.xr\ ('Ollklﬁl\ ol' (wo

R pwnd«) e I"ox l)\ dof'nmon w hore (‘.\(‘ll of the p\('udo-cdves conncndes \n(h '1 (‘rowmﬂ

: ~0h~t.1<‘lc 4u<l Im\ on (hrro;l (l)lue) sub - pol\ l"on o

\Illll] Ty |h(- ploof ()I l omlu.t 2N

- ( ’) \\ v-lmlhv (on 1(!’(‘1' two \ubmw\ (.1) .1. ro'«ulhm( a(lnc sub V- p()l\«ron mnl ||n~ o

""‘-pouns‘ by (lvh}mon ’I hon th-e portlon of the slnred B\ bound‘m conw\t\ o{' \0\(\1 1l

) -:.sul) -V pol\ gon \nll contam onl) pseudo edges by the above ana.lvsns) Bel‘ore’ \se (lls-:_v

' k‘uas lho mw we gn’e a definmon : e 4 B R .

‘ .-o*tcnd\ hornontalI) to negatlve mﬁmty and p)z* start,s at, p] ‘and extends horlzontall) T

‘ (I)) ln llna r.m‘ thc portmn of the \lmred B\ boqnd'xrv must conslst ol' a R\ cluln

.()lll\ bluv (l(‘(l) d i R

.
R}

= ‘ N ‘\ ‘ i ,'1'
-
)

rcd) (lnl.x

v

..‘-

"‘. .

PRI

xn(l o p\ou(lo Nl‘r(‘s (lh(‘\ m 1y or m.n not conucct 1o 9.1(‘}1 ot h(‘r) l)\ .m .n'rumvnl S

/‘g

( x) ln tlm c.{w the w hole red (hﬁe) sub-.w polwgon bdlong< to qome l)luo (ll‘ ( (l TR

.. & -/

. B . T _‘-,_‘ B

-

an: mhmte cham W hlch has t\so L) pes (a) 1L}onsnsts of a cu(ung obstacle of the resul--'_

i,t‘mt \ pol\ g,pn say l "P P,. and two rava p, i ahd,p;z-*, wbere’ p,z“ q(arts at bi and.

A to po*“-t,ne mﬁmt\' and (b) it consnsts~of an obstacle segment (1f the ut,tlng obstaclef-"‘:.'

h'l\ onl\"one d'xt'x pomt say ,p,, lymg ovn'the.resultant v-polygou) and two ravs p,




'R

l .







P Tl Y,

PN

t\ pc l dutttr

a8
ER

i

&

wy
T .
_—--J’---------.-,--> :
o

i

G = -~

..




L

N

-

.

.":.‘ .

a of (th'n pomt\ j\m" above the cutter and the other determmed bt a p.ur ol' (l :t.u -

Lemma 5. 3 Lel l be the only culler of t@e réaultant a\clwe aub v-m)lyg,on o.j a

Prbof PR :; T A N T'rf LT T 1n'?,”
B s S S e PR .
“ o

\\o sh,ﬁ;ll -fho“ that (l) the shared B\ boundarv conqlqt‘* of’two pa.rts undl\lde(h

."
Y ‘ : . t-,' AR

AT
pwu:lo—(‘(l'vo on I th.tt may or may nottcgnnect to #ach other

( ) \\1‘ COHWI(‘}‘ “‘0 *Ub(d‘(“*‘ (-’1) both P. and P, _Of 1 he on the rowltunt \ub x-.‘» e

M

p()]\"()n (rol'(‘r io thc uppor pdrl of Fl" 3. l) 'md (b) onh one ofyp, %}md p lws on

llw l(‘\llll(lnl sub -y polwon (refer to the lov.er part of Flg 5 4) : e

V:[ .o

.- . re e . “'

e (‘1) w\\ xthoul lo\\ of gener.lllth let B be a. blue data po:nt»—--Am_sbared B\ cdf'e can- .

<,--

not (m\\ cumuv QbNt'lClE l b\ the deﬁnmon of undnldablllt\ Am <h.ucd B\-.'.' '

.

~\mm(-u\ ol lho two. mse\) Suppme <ome shcxred B\ edge éros se'~ p, (Iet th-"

.',\, - . R e 4 .
rm\\()\ or pomt be c) w herc the shared B\ edve is determmed b\ an '1rb|tmn red N
2 ) . - .‘ '_Q B )

(I nl.n pomt vn p,. :md :m arlntrarv blu¢ dd.t'l pomt a.v p,, Fhen c. th l)c :w__ '

« -

"._p,oml (‘(||l'l(lls‘...

lT?m th.lt of' p,, hence »/

(‘lowp.rLJIL)pJ
¢ in (). no Sha“’d BV- ('Pséudo-.)'-edg'é ('rdi-'S",).ﬁ,csin’cﬁrcis.é--z'

c

(b)‘ B\ the ~amc~ 'y:gument

‘

.md ray. p, \Iorcoxer t\\o ehared B\’-edves -one of them detcrmmod b\ i p.m .

pmnga l\ u)v bclow the cutter. cannot connect Thls is becauqe the\ mll lle on"

:blue .mb v polygon ud a red .mb v- polygon, where lc'v.-a-*p, The alzared Bl-'-

o mth rmpoct to 1,. ‘n(l (2) ("\ch bart is: elther '\ B\ -ch'un or a: B\ ch.un u/(d a :‘I

uf to p, and p* Note tlnt the x-coordnnte of p mlN hv Iu»'e'.j.

ie m-«lde the cn'cle vntb rp, .h mdm\ W ln(‘h cou-..? e

L.
¢



dnﬂ(gent <hects L

od"e» .m cro:s t:

“

,h part be dcnoted ’IS \Bl \\(- Iln.\‘-_.,':

;mlne 51 Bl e\cept l ml _ (1 t—crmlne‘a new. §h'treel B\ boun( '.‘ : -" N

HU H(l ) whcrc‘\ is- lhe onv,'q:d “pa('e l\ote thm 4"h.'

AT



>

' bp t.he qqme as SlB‘l except, Lhe shared pseudo-cdg.“. on ,l The,part‘f .Sl Bl

e on’ the shcot H(l ) Thus the pomon of SiBl lymg on the ongunl apace H mmr -

-

lnng on H ls n‘B\ chmn hencq S’VB,, whlch 1s sep rated bv the cutter conﬂlsts

rr-«)f .n-R\ ch \in and pseudo edgﬁ on l W hnch mdy or may uot co‘ﬁnect to tho B‘c--;_ .:

Lemma 5‘4 Tl;e slmre(fBl boundary ofa blue v-polygon and a red v-pol_/gon consz.sts

oj',scveral unduzdnble Bt chama aeparated by the cutler.s 0]' the cullmg obslarlea _

.

' and nparaled bJ HIC rro.ssmg obatacle.s of th;,resultant v- polygon G

it

Proof ﬁ: ‘. c

. o I A

lho I(‘IHHI.I fo{lo“\ flom Lomma 5. '3 and the facc thal tbe qhared B\ bound'xr\ lq -

sopu.xtod b\ the cro»mv-obst 'xcle'; ofthe resulﬁant V- pol\gon o

K]
‘e

IN N- lmc- L.- sepdrate a. blue s":;b \-,polvgon F’1 'md a) red sub-v polygon P , and

Iot \ox(P L‘) gml \or(P L ) be Lht bwo pseudo B\ dngramﬁ of Pl and P- rosl)ec-" o

ll\(‘l\ l (‘t ll .m(l I cross Ls. “here l (l ) can be ‘an obst'u'le or an obst’xcle scvmvnt

\\ ‘¢ .x\\llm(‘ lh l.( hu‘ (‘I'ON\O\ er. pgmtx of l an(’l 1», 'w (‘1 and C\ dre \Nble from eac h

Ve

oihvr..«[l’m\“ ’I-i' .m(l l.‘.tre t\\o atl/arent cuttmcr obqtqclcs of the rosultaut ~ub \-_“.' )

p()l\"()n I vt (T?l(P ): and C H(P-‘) be tv«o convex: L\ulls, uhere P' hnd P‘l are the sel of

i

“of th(‘so blue an(l rcd (l.xta pomts cross CIC\ (refer to F;g 5 5) k

2

hluo (l n.: pomt\ .m(l thc sct Qf red dat'1 pomt< reﬂpectnelx ﬂuch th'lt the B\ ro"mn\ : -:,jb
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L (locs fiot tFosg,

e

. _ ()}}rp'ulz. i I)H g(‘ e

2

s the boundarles of CH(P') and CH(PJ) In the followm*\we preﬁent a. ] -

L)

proccduro to ﬁnd a brldge of C H(P‘) and CH(P-‘) . o _ .'
R R W TO RN SR
‘ Procedure FmdmgBrldges el T S G
upu? \ bluo dnd a rcd sub-x pol\gon and Lhelr pseudo BV dmnama the crossm er- ;

lt ls ms\ 1o ﬁnd P' 'md PJ by checkmg the B\ reglons whlch cro*seq clc‘ N

. R
: . . .

‘.‘\mce ( ll(P') 'mcl C H(PJ) are two hnearly separable conve\( polwgon there must. 9

'mn\lm.nl x- coo lmte of P' and 0y s tbe data. pomt wnh the Inll]lm'll Pt
Py

o)

(‘\M '1 brldgo b.zvhe pxpuv between them such that p, is the data pomt m(h the v

J

-cooulumto of PJ Hence Lhev can be found in a sxmple scan on the t-coordlmte\ i

of lhow (l na pomh L B \ o v =
v(ln thc trnml case th'xt P' (or PJ) contalns no dﬂta pomt then no. brldve e\ms :

‘-

_ ‘\||1<‘(~ lho pOI‘llO[l of the shared B\ boundar\ conqm.s of only pqeudo-edge\ ).;’: '

"»:'clc'« I'or two v polvgous whlch wxll be merged we also compute Lhe BV-revl"énq,_

[)n’ll({l) Rl dmﬁ(mu \ol(P L') and \or(P L ) au,_d-._’t'u'-o"ad;_qtfp,n,l T-t"u{lii_:‘g‘..o.r"

'qeo m Lemma 5.7 that, when we compute t,he adJacent cutt.mg or- crossmg obsta-'-‘

'-q ..\

T v



ST e o \

D . "'_, B . . . ,‘ o L _,‘_w'

vobqtacleﬁ Thl“ cqn be done in tlme prbpornonal lo (hc number of d.n.x ponnl\ in

| e———

'proporflon'\l to the numbcr of B\ e]ements of Lhe B\ reglon,crosung i€y ~mcof B

thc nelghbormg B\ regwn cmn be found i comtam mnc 'md thc B\ -odgca cro~

<

._"

" ing clcu can’ be ldentlﬁed in constant tune Obvwlml) the number of thew B\-

| -‘rconom is bouncled b) [P | o ‘ ¢

-

- '\\ e uo“ conqlder the tlme co‘mple\lt) of comtructmg a brldge e

. 1unn|ncr~the (Lxm pomt of P' wnh ma\lm'xl X- coordlnate and the d.;ta pomt of PJ /~
'_\ut-h the mlnlm'll X3 coordm’zte can be done in time. proportmn'ﬂ to the Size of L

-

- two. ‘%ets ileu(‘e e .can be found Ill tlme proportlonal to the number of B\-—--‘. P
_clcments 'lssocmted wnh the dat\a pomts of P UPJ 4 ' '
x Deﬁmtxon »\ ray, is a slarlmg aégment of a BV-cham lf |ts mmal p.nrt l)elongq to \)
N
one of lhe se«ments of the: B\ -cham .’ o \ . h .

| fﬂi—,ja' l et PT qnd PX be the blue eub v pol)gon and t.he red sub-\ POlVg‘“L "“*Pe"““‘lv 4
: "c

S ‘Let }or(P L’) dn(l &or(P"L ) be thelr pseudo-BV dmgrams Let 1 and l bo two .

V EY

. Obsmdes and let CH(P') Mld CH(P’) be the l\\’o Collvt‘\

v-"'"Eulklc (leﬁned as m Lemm.a..S . Then by Lemma 5 3 Lhere exlsts a B\/ ch'nn sep.lr.lte(l*g: P

b\ the cut(cr% of l and l» "‘lch lS part ol' t,he shared B\' bound:n'y of Pl 'md P-.."_‘ A‘h

.tAhe B\’ cham be S‘Bl ln the followmg. we prcsent n procedure to ﬁnd the tw.o slnrt-" e
: :.-‘.."img ~egn‘tvnt< of SLBI. in’ the case that each of Pl and P? contams at: Ieast, one. (].zt.l.“ff '
v'--'_i»point (slnce othermse the shared BV’boundar) consnsts of pseudo-edgcs whlch ‘;re,'x'-""

b
P . S : . .

<easytofind) L T 7"'- - S Ty
A '
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' [(l.n{n ponnt vn p,, n-mi to i red.data pomt :n pb.\in hcrc ¢ I\ ‘vl\ll)L(‘ from p,, .md\ o :
. ION

BTN

: i ~
: .p,, an(l Pa is the (hm pomt cloqeqt to o in Pl 'md p,, Rt the data pomt clowsl t(‘)*
.. N s s l_»-v ’ . _\
. l'ngP_- I‘hu\ & must he on’ B\ reglons B\(pa) 'xnd B\(pb) :md c also mus( lw on
“r hc perpomhcuhr bmcctor of papb By deﬁmt,lon e does not cross any. obxtqclc g
hence ¢ must not belonff to’ am obstacleh et T e e

e [ . - e

\ccor(luw to lhe abme thrcc propertles of . We ‘can ﬁn(l by a‘scan on ¢ from

)ouc ou(l of e to G othcr end To do S0, we order the blue B\ revlon\f\L

-

P . 0

't‘h'("'rc',cll-."’w', P

*.

- - ' R o
: > o .cxowmtr e..’I‘hus. e 1s (lmd'ed mto a aequence of seoments such thnb each qvgmem

— . »Q‘

2 -

is cont’une(l bv a. blue BV reglon and a red B\/ regmn \\e anmme cuch s(‘g-

ment to (Ietmmlne lf tbe segment mtersect'i the per.pendlcuhr blsector ol' the two

(l u a pmnh “hose B\ revnom cont.un thls qegment lf the sogment mtors(‘cts the K

~.

. blsector then tﬁe t“o _rays ra(llatmg from Lhe mtersectmg pomt in thc bI\(‘(‘(Ol‘ -

. . R 0' .
'-.‘{(llrectlons are the startlno qegments by deﬁmtron QLherwnse, we ,examl'né;tbe
ne.\'t-segment' in L‘he sgque‘n.ce._blfnce c mu;t; eaglst on e, the search must terminate.

. . : o



“;-m,yf-z |

e H(PJ) l/lc s!arlm_] 9ejmcnls of lhe Rl rlmm sl Ut ran—bs found n ,,ze pro- S

l/:c mnuber of tl:e nw- elemcnt.s ,’~I7‘,-er!_}es Bl raya and pseurlo- .

-

_10‘ the— sequcnce--'of-*the se"mcnt% on e “hcr(‘ each segment is con- SR S

-_'t.unv(l In i blue .md W rod B\ rcvlon t'xl\o%.

nne .propornon'ﬂ 10 lhc numl)m ofr
, A ,

L

H\-i‘h‘m(‘nl\: W llo'~e B\ refflons.cro» e, Thls bocau«e \or(P L') mcl\

j\ m(P -L ) ire given 'md‘ hence thie %equcnce olxthe crossover pomlﬁ of the bluc

'.md rc(l Bx o(lwm (r.n s) on e:ican. be found m*@)e proportlon'll to the number of
rH\" ﬁomonts w hose BV- refrlons cross ¢, and bemuqe ‘the segmentq c:m be deter- ’
Illlll(‘(l b\ m(‘lf'ln" tho t\\o or(lered lists of crowow.er pomts (which tal\eq time' pro- R

> KRS

.pomon il {07 t_hc-~numbor of the crossover, pomts in the Imts) I\'ote '1Iso that detor-' e

S lnllllll" lf a ~o¢rm('n( mtersects the correqpondm" blﬁector tal\es consmnt tlmo T

A ‘e .

. ) )

*~ ,.+ Note fnnll\ lh.l( the search of < nﬂad not backtrack Thus the startmg eeﬂ'ment

. . ) . L
9\(3\@

‘,cm be found in tune proportlon‘.ll t‘o the number of B\ elementh \vho%e B\-‘.'.,_

r‘(-frlons cross- e, @

v
By

Lemma. 5.7 (men a blue v-polygon P1 and a red v-polygon P v and guen Vv or(P L‘) _
. mawl v m(P L ). HIC s!artmg .segment.s oj all Bl cham.s of st B can be jound nl:"_.lﬁ. -'

- .. L
: o tune proportmnal To the number of data pomta and obstaclc segment.s in t/ze lu'o; L %

Y R } o .
e t’-leJJO"J uhere SV B denote the ahared %l boundary of PV and P~ R R
. . - . . ) ; G?
. Proof: s . : - ol : ‘ L
- . . \0:) o E . : \, . » . A
B\ [omm'x 5.3, \VB consists’ of se\eral BV chams and possxbly some p%éifdo-_v
cd"os on. cuttmg obstacles whlch may be dlSjOlnt, from the B\/ chalns) and e.;ch.'._. .
SR BV -ch’nn is eeparatod b\ the cutters of- t,he two cuttmg obstacles or crm‘ﬁlnv- N ' \

’ ob~tac]es of the resultant V- pol\ gon "To ﬁnd the startmg segments of each B\' e

e L 0




ch nn \\e\mus( ﬁr~( hn(l lhe..ulj l('(‘l]l culunfr or (10~~|l|«' ob\r.nehw-i"-;':- S

- - . . ELEE B EMN Lo

.'.;To (lo \o we scan-on 1 flom the pomt on tho bo;tom of ( H(P) up\\ .mlx (o e\gn-

ine e'u‘h active resultant \ubu polvfron (\\ lrl(‘h .m: ‘.\'.uhble .xfter combnnng lhv o

. .
IR two old sub-y- pol\ gonS) \\e rocord .1ll obst.lcl,es (\\ lueh cross I.,) and th(‘u Cross- - -
N - - A
over. pomts (1 e. r,, r‘, : ) mto '1 ll\t for all '\ctne ~ub-\ polwom We .ano (h 1se
§

. '\ m(P L‘) '1n(l \or(P :L* ) to ﬁnd the B\ revrlons W hleh cont.uu (he'cmw()\er o &

poml\ (thls mform'mon 18" a\allable from the t“o pseudo B\ (Il wmrm) ,l'lufu.,.v’ ‘
. . il

“the ,n(lj_ucentizcumng qr cross_l'ng-obst‘ae._lcs;_cz_ln‘- bevfou‘nd'ln-con.’s‘t_nnt.’-.t-rme I'ro_'m' the
hstv.‘ - &F

s B\ proce(lure FmdmgBrldges and proccdurc FlndlngStartlng§egment we' L
= an ﬁnd the st'lrtlng sevments for eacb BV chmn Wblch CO[‘I‘(“%pOﬂ(l"l to- (“(lj.l-'
“cent cut'tln_‘g or cro_ssrng‘ o_b.‘}tncles; o R :
N7 o . L o S - ‘@‘

I‘he sc’ln l.nl\m time proportlonal to Lhe number of dam pomt-x d[l(l ob<(.wle seg-

-~

. _ments |n the requltant v- polygon slnce the number of cuLtlng or erossnng obst.lelw

- .. _:

s ,bound\ed b\ ‘the number of dat! ponnts '1nd ObSt'l(‘lC segmentq in tbe resnh ant

Vs polwon m(l the =c1n doeq not bacl\track The startlng segmcnts l'or e'xrh B\ -

N ch'un e'm be found |n t,lme proportlonal to tbe number of Bkr elements of the",'

Lo

B\ retrl[om cro':slng clc\ of L,. Thus, all the startmg segmentq can be foun(rm" '.

‘time proportlonal to the number of BV elements of BV-reglons crosslng I. 'I hwf; PR

is because eaeh BV- reglon can cross L at moqt one tlme and each BV-reglon can ..

eroes at most one brldge .The number of BV-elemean whose BV-reglons ('row I - -

-

- ~.and the brldges is proportlonal to the number of data pomts ln the rewul(.mt vv_'
S S S ST e e

S \o“ we can desngn a merge algorlthm to. ﬁnd t,be sbared BV boundary of’ a blue

:'_ y- polygon.. 'md a: red v-polygon [n t,he algorlthm, P_l and P2 are’ two adjacent V-
pol\ gons Mtached to each are two hsts (the left@nd the ngbtfllsts) whlcb keep Lhe




¢ information of the v-cdges (and (heir segigents if any).of the active sub-v-polygons.

\\’(."':llgl)‘a:’x.ﬁ;’»{!‘;’lxlé That the ke F@l,@%iydf(lirionali "i-li{'plfm:_xlio'n _1[-h:_1t l\ "_:utv:i(;‘lml'-to 'v;wh

[

ol obst: |('Io .nul ol)\mrlo w(rm(‘nl\ J\’Ill"' on R‘ .m(l P- rospv(tn (*l\ Pl ul(l P are W0

Ssets ()f‘ (‘()U‘(‘\])Oll(ll[l" d ltd pomts rospoctl\ol\ \or(P L‘) }md \OI(P L- ) .no the

"_()s('*ll(lo-H\'-(li:l'gr:':ms ]ho rest of thie uot,vt}lon .m(l '1ssumpnons follo“ from llmw nl'.

“Algorithm | ? L

w"ln( nl ()f lhv .'-(‘(lwo of the active xul) V- pol\'vons .md uulxmtm—\\ ln(‘h d.nln p()lnl\

-“.(I('hn(- Ihv H\ ~u';:|0n~ (()lll-lllllll" llw-vn(lpolnh of lh(‘ \t'-_;mou( Ll .m(l L- .u-e-f—«-m sels

.~




Algonthm 4 \ } .

Inpul \or(Pl [ ') \or(P L ) P. ,:md P- o

Oulput \or(,P U P{,IW L )andP‘UP"

)
s
Lh .. e e

l: \I(’Illod S — s _' I A . \ :

. ‘.l_\‘v‘

2 ) ._.hn(l th(‘ St u(m-r \o"monls of !lw H\ (‘hdlll\ o( tho \h ll'('(' B\ - lmuiul iy

by plO(‘(‘(lllr(‘\ Fm&mandges FmdmgStartlngSegment m«l‘ .
s :‘"s;.
. h\- t-ho proccss (!cscnl)od_l_n the pr_oof of Lcmgnu :').7

S

._uul .pu_\"h. ﬂn'm an a

e "’*-»;- Hlule.\sﬁ¢ Du

| ..-..‘5k"-'!>~».r/)4 POP(NY

P
S

(:ﬂ’ f’l)(l'th.e'vB\'f'l-‘e('lve _'r B\ r‘u or p d cd"o) { u,u r. s) W Im ln '

.'g-ﬂs\\

L

ﬁrxt m(ersectq b( b p q)

o (l)) ﬁn(l the next brancb qccordmg to the folloumg cases: " ._}4_‘_.
B(t p q) o L'UL meotg(u,u. r. ,),; LlUI- e

orb(t'pq)¢ L‘UL meets(uwr.a);é L‘UI

o e orb(tpq)¢L‘UL meet:-z(uwr.s)aL‘L_JL1 ’ ‘ e
‘ ey b(v,p q) —tbe branch ..' A e '
:‘ (nlcl (the branch o(L‘U L? )meets ay- llne or

e ?ft'hé«bl"aﬁéfhmé‘ets‘.a'c.ut«t'ing"ob‘si,_tac'le dr -n’.f,BV-.ray')' S

'.A LA s,

l' L ﬁn‘d the pseudo edge lymg on the cuttmg obstacle lf auy, = " '

,\ :
&
Coe s

EndDo o "




9.%.‘-’:

Lemma 5 A-H (,:un a, blue’r polJJon P' aud a red v-pol Jon P nnd Hre:r - ; '

: rorresponrlm_; pscudo Bl dmgrams \or(P L‘) mrd \or(P L ) H_]onllnn .{ :
; Ialm ()([P \ U P I) hmeto produce 10r(11’l U P L‘ U L= ) 'uhereP1 ,
R - \»
" _[P ) rcpr{ e _!Ile unwn of Ihe data poml sel and abslacle se_jmenl .sel n l/te
4 ; O
. L% o L
l lv)\nn ).-l; ml lvmm x\.i l \lgornhm l produces the p~ou(lo B\ -(ll Lgram of‘ o
-5 S _ e
- m(l L B\ lomm v 5. 2 Lgmm.x 5.7 :md Lemma 3 I lvorlthm + ml\o\ llnl(‘ e
pmpomolml to ()(IP' U P | to produco\or(P‘ U P 1l U I B
AN , . .. LY IR
ln/lfhc lnllomn'r we pr(’\eul an 0\ umple to ~=umnmrlze lhc mcr{& :nlgorilvlnu (rol'v,r B
B R
ol o:f.‘h.. ). (.nvn i I)luv ( pol\ 00?1,,)(1!1(1 a xc\\ pol\ gon as ~ho“ nin lhv nppvl pul ol' i
SRR - W, o
Fie.5 T m(l siven, llwu (‘()H(\p()n(llll" hlue pséudo B\ (h 1gram .u)(l lho rm.} p~< u(lo- S
s BV —(ll.m.un ns \lm“ nin Fig.5. &, we no“ use proce\dure Combmmngons to fn‘c«l the . :
T | | . o T
néw active v-[')‘ol_\'gou. Th’c blue v-gon contains the loft list (.e“..<e“ . en) :md |l3(nr;-.:ln
. ' S X ) REREETS ; " - . h - ,:\‘\' . . et : 3 . ?
st fe. e,y e.5.¢.) and the red v-gon contains the left st (e;. e/ . eq”) and the
" right list (é_rr) "I"Il(" new \'-[_)o'l_vf;r'dn,('(')n'tains't-hc Ieft""list;(e‘,'l'. e . _e“,"._'e-“"'») and the - ¥
N e .
_‘\\rlfrlll I|.~| (e e,,l )‘ \\o tbcn use proccdure FmdmgBrldges to ﬁnd tho l)ndff(‘.\
of (hv uwull.mt N pol\ gon. The upper partmf Flg 5.9 sho“s the brld«fcs W here thcro
are four cutnng ol)stncl_os_m the resultant _v-g‘on.he_nc\e there exist, ﬁ"e_ﬁ\(\g\l_u‘suls‘of AL, .
. . . v P ". ) "},“_ ) .‘ X v\.: ‘ L
: S(‘[):ll‘:ll(‘(l bv the obstacles. \mdnv them the first,. the:third, and ,lhe ﬁfth\ xovmo'ul
from hotlom\ corrospond to dcvcucrate -cases, (onlv one data nomt 18 lmolvo(l)i B
finally use proce(lure Fn,dmgStartmgSegement to ﬁnd tbe startmg %evment of mch
..sop'ur.nrod pornm\ of the Qh'tred BV boundary At this pomt we can find the sh'lred" ", .

B\ bouml'lr\ of’ the\ peeu(lo-BV dmgrams of the two v-gons by Step 3 of the Algonthm
— LR

rﬁ'

BES \tep 3 s \cr\ *lmlhl‘ to Lhat of Algorlthm 1 except for the termmatlon condmon

'I‘hc bottom part of Flg 5 9 qhoWs the shared B\ boundary O B ‘
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lt bs not dllﬁcult to doslgn an O(n Ioor n) dlvlde and conquer algorlthm for con-« -

. structmg the B\ dngmm of a'set L of n obstatles Thn ds because we: h:ne a lmexr

-nil)«/mc'rgo :xlgqu;lhm,. T R SR AR O D T o
AR L O S Ceat o , | . :’ o - N . .
- . e Do ) ) ) P SN ' - ‘“- L . TS
Theorem 1: The BV diagram of a.set of n obstacles can be constructed i~ SRR AT
UG log n)time - F R 4
.'F",ro,of:'l}.\j l'_h'c ‘('li.\.'_i'(]e,:m(l"*éon(iiwr mct.ho’a,’at_]d by Len_]m-a_s..& Q.- . _
'Theorem 2: 'Il)e roustrurhon oflhe Bi dmgram of\a aet gf n obstacles tal.es al Ieast .
A
0 Q( n Il)J 41) hme’ RE s T .
- Proof C .
\\ o \lnll ~|m\s thn the problem of s'or(mv n dl'stl[l(‘l real’ uumbérs‘ can bo : .
. tr.msfornw(l in lmmr tlme to (he problom of coﬁstructlng the B\ -(h agram: of n v
. Lt ' ‘_:) e . )
- non- o\erl.nppmv JI)(l non cros sln h_n | se vments To do 50, we {u'st trdusform ny
(lmlnct rc.nl numbors to n lme segments m the pl'me as follows \uppose lh s |~ _' '
v \ll(‘h a rml numbor \\ e can creato a llne se"ment l in the pl.me in coml Ut llln(‘ :
'-surh- thint 'l'h(‘ X- "un(‘l:«-\'-f_-'b-coofdin:n05'OF t[leT /wo e'ndpoint$ 0¥_1. nre,(«.O) and (s.b ) LT
: mpocn\ ol\ \\ e (lo lho dboxe t)r.nmforlu.xtlon for e’u‘h ro.nl mn.nh(- whi('h '\\“,i,_ll e
-r(wull in'n Ilne se"mem,s\pdmllel to lhe yiaxis. We then consnu‘cl (hv '[3\'-" e
*»(h.wr im of these n line- seamentq The output ‘of the BV dmgmm is .n scquouco of L

-O(n) B\ ed«req and pbeudow’dgeq \ote that |f WO data pomts both \wlh 1cro \-3

coor(lln'xte slnre a BV-edge, then the two d'lta pomtq must be ad_]acent on the N L

o

N Taxis! '\ote alqo in the B\ dmgram ‘}Bh'xt if a d'xta pomt is not the endpomt of a
R § -

\u B . N

e

line. sogmcnt wnh thc l'\rge~( or the qmallest X- ooordmat’t: thcn lt has three dat A
pomts \th'u are. \oronon nelghbors. otlfrwnse i s °two data pomts whlch are

:\ oronon nelghborq Thus by exammmg the y-coordmates of the nelghbormg data : \ o

pomlﬁ (at mo% three) of each data pomt we can obtam a sort,ed Sequence of data

- polntq wnh zero y coordmates in O(n) tlme Thus we obt,am a sorted |1st of n dIS- .

i



L trnct re'll numbcrﬂ bmce the sornng problemj_has Q(n Iov n) lo“or bouu(l llw‘-"':

U conxtrucnon “of the B\ dmvram of a set of n non crossmg llne_s,egmcnts unm o

o .lkoxut 10 15t ﬂ(n lo n) nme =N T i L o




ChapterB P S
Concludmg remarks
ln tln\ thesn _».n. neu gonomhzed \oronon dlagram m the plane calledéhe B\ 5 .

(ll :'rr.un (l&\ 2 (lmgr zun) is (leﬁned The B\ dlagram is. one of Lhe natural e\tenslou\ of "
SR : S o cat L

lh(' prey |onsl\ e\mlnv \ oronon (lmgrams

ln llle B\ : dmgr.nm tho |nput mfornntlon mntams the data pomt% and ohsm-"

' f(:l('.'s lho (l.nd pomh are lho mput mformatlou whlch determlne the existence of* the

\ omnol (‘Ol

iononts an(l thc ob\t'u‘les d.l‘(‘ the lnput mform:mon w hlch delermnno the!’ ;

.~I|np<’~' nf' e, \oronoi componeg‘s The concept of dnldmg hl(’ input mfoxmanon mlo

-

d. ol)sl:wlo.s;.vc':_m be_extémied to thc other clasqeq of \ oronoi dmgmm\ for exim-

datn o

“plo', (-h(‘, k'i li:dr(lof "B\'.-",(Iizi"rnm the B\- dngramb in three or hwher dlmcn\loml'

\p e, lho houml('(l w el«rhtcd \ oronon dngr(x..u .md the B\ dlagram in L metrnrs
Ch , ‘ :

L

llnov nuport ml cmos of tho B\-‘(lmvram% are unes(lgated .xmel\ t’h(“n\'-.”
(l-i'u::r:un f(’)r 4 monatone ch':'un. for a simj)le -polygon, and for _a‘_s'et.' of n0n~CP6$Si'li'gv, line

segments. The ilgorithms to construct these diagrams are presented: All of them are .

« . . S \, ».".’ . . .
opt]ium:l.‘-f' 1 : - S e :' .
° \l.m\ probloms in comput'monal geometn can ‘be sohed eﬂicnenth lf the B\- SRR
. : ',(A- L e L
(I| ufr.nm of a set of- lme segmentq is av allable (b\ usmg the Ramf appro.xch '1*4 for the-
s(nn(lur’(l \‘()r()lleI (lmgrum) ,.Thcy,u’;clu(l‘giz ®
o .(j.l ). = (-n en 1 \(‘l L of o Ime \(wmems in the pl'mc Jnd the B\ dmgrlm of th.n set, tlm L ‘
Ny p.ur of closoxt .md -lr.uvht Ilue re‘xch.nble endpomts of L mn be foun(l in ()( n):
(2): (-non .xbt L of n hne <egments in the plane and the B\ dmgram of th I set (he_
p,ur of clow*t and straight, hne reach.tble endpomts for each endpomt i L cun bc_ SR
foun(l in O(n) ume ‘ LT : o L
R S (A o




\ i B

. '»(3) Gnen a qet L of o hne qegmems lll t,he plane and the B\- (lngnm of th.n \(‘l .'.._‘- 3

LA

'the Euclldenn mlnlmum ﬁpannlnv trce ol' that set L can he found ln O(n) nmo

) 'j'C:n en a set L of 0 llne sef'ments |n the plane the clow% md s(ralght lme\r('"\ch-f_-.if o

in O(Iog‘ n) (1me mth O(n) ~p.|cc el

iinblc cndpomt of a. quer) ponnt q¢ ugtfef‘u ]

T NG %‘}" ‘
: ,and O(n-lov n) preprocmqmg tlme T E

(5) ‘Gixlcn_u set L of n line sggmg‘nts.i'n {vhe pln.'ne"anduthe _B\"-(’li_n‘g'rani»nfv't-.hjut .s‘k‘fl,_blnhé '
-c'on\'ex"hull ofvth:x"r' set f’..'.c’an',bé-,fbund in O(n)"t.ime.. BT
(6) -(rl\‘\("n aset L of n Ime sevments in the plane nnd the B\- dlngr.lm of llmt wl

"
‘the (_iab’nol grnph of t'hat set L can,be found, in O n)‘tln&e (Rcm'xrk '1 he C..tbrwl
L
: "‘l"lph of a set. of line segments 1s a gmph quch that e'lch edge €y 18 dotormm(‘d In \ T
~'-l:wo:cn(l.polnft-s.‘-ln’~L"and' no ot‘her en(lpomtv‘o‘f L lies lnslde»thc cnrclo, w-uh:vey‘,:_is Coan

('.li_:lnlot_‘or and is \':i__sj.ib'le'lfrpm the. t.wl(‘)':»endpn_ints.of;egv.)

\ suhjoct of l'urt hor re~e1rch s to~prove that the Delnunm (rmngul.\llon of a svl N

~of 'n non- momm‘f llne \ogmente is. the p\eudo dual of the B\ (ll xgr'lm of lh.u sot

, s ‘ :
_.that the Dol.lun.n trmnvul.ntlon can bc obtalne(ldrom thc B\ dmgr'nm in O( n) mno

Our .nppxmch is to prme tint e\erv De]aunm edge of the Delz)un.xv trnngulnnon lllll\t
. /o .

:."_.(‘orr(‘ﬁpond to elther a B\ cdge (rzn) ora pseudo-edge of the B\ -dngmm lwn«r on the
-_phne or a B\-edge (r'n) of the pseudo-e\tenor BV: dmvnm l\,lnur on somo shoot

'.ntl.nchell to nn ol)stacle \\e can malntam the htter mformatlon durmg the cbxxﬂtruc-:"

,'t'ion of the B\"-d_lagra'm w‘ntv,h. .e‘xt-ra h'nea:‘i,tvlme and space.,

Thene are’ m'mv problems remalnlng open under the\oncepl ol' the B\’- dmgr'xm "'. o

- ',(\\ here the endponnts ol' tbe mput Ime sevments are noL neces«arlly the (Iat.n pomt\)

- f\ome opon problems are lmed as follows

et ( .) Gwen a sct, of o data ponnts ‘nsude an n- gon, can we. deslgn an Oln ) algornhm m




‘N
v

2) _(ii\'(‘li. a set of n data pojnts' and n line \s\({gr‘ne_ptsﬂi"n' Lhe’"p'lﬁne-' _c':an we design:an.
line seg-’

4 “

‘ (')/11") algorithm to construct the BV- diagram of .L‘.hﬁti:_é'e‘b‘(Wh‘er’e' then

-~ L7 ments'are regarded as the obstacles)? - -

(iL "Find th,é‘-B\'- (l':i:igr".:i'rx'i_'_:éf'u'.'ﬁet» of points with a set‘.of'pqlnap_r:ofs'sing. facets as ob?rn—..\. | .

‘cles-in three or higher dimensional space. B : s
(1) . Find the kth-order BV- diagram

s

o clest , L S

4

.a set of points with n line segments as obsta- . . = -

(5) Find tl_xb weighted BV- diagram of .a. set of-'pqints'-'\.vit'h' ‘E‘line’segméijts as obsta-

cles.
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