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Abstract

Among representation theorists, it is well known that Yangians can be realized as some type
of degenerate form of quantum loop algebras. What is not well known is precisely how this
degeneration takes place. In the first part of this thesis, we will demonstrate explicitly the
process by which certain quantum loop algebras related to the Lie algebras gly, on and spy
degenerate into an associated Yangian. In the second part, we will prove a theorem which
classifies all of the finite dimensional irreducible representations of Yangians over complex

semisimple Lie algebras.
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Introduction

We begin in Chapter 1 by precisely defining certain Yangians and quantum loop algebras
associated to the Lie algebras gly, ony and spy, and we will give a brief overview some
of their most important properties. The Yangian and quantum loop algebra associated to
gly are examples of quantized enveloping algebras, which are quantum groups that can be
attached to certain finite or infinite dimensional Lie algebras. In particular, they are Hopf
algebras, which contain as coideal subalgebras the twisted Yangians and twisted quantum
loop algebras over oy and spy discussed below. These objects have been of importance
in mathematical physics over the last 30 years or so. As we shall see, they share many
properties in common with their associated Lie algebras, particularly with regard to their
representation theories.

After drawing some of these connections, we will move on to Chapter 2, where we give
an outline of some recent important papers which prove a statement by Drinfeld about how
Yangians can be realized as some kind of limit form of quantum loop algebras. The fact
that quantum loop algebras degenerate into Yangians was already well known in some vague
sense prior to the publication of these papers, but the precise details were unknown except
possibly to a few experts. The particular algebras treated in those papers differ from those
discussed here, but we shall see that similar ideas can be used to prove analogous results
in our case: we will construct an explicit isomorphism for the gly case in Chapter 3, and
then show how this same isomorphism can be used to treat the twisted orthogonal and
symplectic cases in Chapters 4 and 5, respectively.

Finally, in Chapter 6 we move on to a topic which is independent of the previous chapters.
Namely, we will provide a complete statement and proof of a theorem which classifies all of
the finite dimensional irreducible representations of Yangians over complex semisimple Lie
algebras. This result is very reminiscent of the classification theorem for the Lie algebra
itself; it asserts that such representations are parametrized by monic polynomials over C,
and these polynomials keep track of certain 'weights’ with respect to the action of some
commutative subalgebra. Given the above relationship between Yangians and quantum
loop algebras, it is unsurprising that a similar result is true for the latter. A proof of the
classification of finite dimensional irreducible representations of quantum loop algebras was
published in the 1990’s, but a complete proof has never appeared for Yangians. This chapter

therefore serves to fill a gap in the literature.



Throughout this thesis, it is assumed that the reader has a modest understanding of the
theory of complex semisimple Lie algebras and their representations. One can refer to the
books [9] and [10] for this theory.



Chapter 1

Preliminaries

The contents of this chapter come primarily from [11] and [12]. Full justification for all the

results that follow may be found therein, but we state the majority of it without proof.

1.1 Yangian for gly

Definition 1.1 The Yangian for gly is the unital associative algebra over C generated by
{tl(;) |1<i,7 <N, r€Zi} where tl(-?) = 0;;, with defining relations given by

A U A A B (1.1)

We denote this algebra by Y (gly). More generally, the Yangian can be defined as an
algebra over C[h] by introducing a factor of i on the right hand side of (1.1). In this case,
we denote the Yangian by Y (gly). The following proposition illustrates that these two

definitions are equivalent.

(r)

ij

(r)

Proposition 1.1 Given any nonzero a € C, the map t;.’ — a't;; yields an isomorphism

Yi(aln)/(h —a) — Yi(gln)/(h — 1) = Y(gly).

Note that we can express the defining relations (1.1) in a more compact way by using
formal power series. For each 4, j, let t;;(u) = Y .2, tz(-;)u_’” € Y(gly)[[u™']]. Then (1.1) is
equivalent to the relation

(u =) [ts;(w), tra (V)] = i (W)t (v) — trj(v)ta(w). (1.2)

To recover (1.1), just compare the coefficients of w~"v~* on each side of (1.2). Here, v and v
are formal variables which commute with each other and also with every element of Y (gly).
If we multiply each side of (1.2) by the series ZZOZO u P~ 1P, we deduce that we can

also express (1.1) in the following way:

Proposition 1.2 Relation (1.1) is equivalent to the system of equations given by

min{r,s}

I s a—1),(r+s—a r+s—a),(a—1

[tz(j)vtl(cl)]: Z (tgcj )tz('z )_tl(cj )tgl )>- (1.3)
a=1



Let us now outline some notation which will be useful throughout. Suppose that A is
some associative algebra, and let T'(u) be any element of Endc(CY) ® A[[u"!]]. We can
write T'(u) in the form

T(u) = By ® Xij(u)
irj
for some X;j(u) € A[u"']], where E;; is the usual elementary matrix. If m is any
fixed positive integer, then for any a € {1,...,m}, we denote by T,(u) the element of
Endc(CV)®™ @ A[[u~!]] which corresponds to T'(u) with the E;; terms occupying the a’th
copy of Endc(CY); that is,

Ta(u) = Z 1®(a—1) X Eij X 1®(m—a) X X”(u)
4,3
where 1 is the N x N identity matrix. Similarly, for any C' € Endc(CY) ® Endc(CV), we

may write

C= > cijuB;®Ey
.5,k

for some c¢;jp; € C, and for any a,b € {1,...,m} with a < b, we define the element
Cyp € Endc(CN)®™ by

Cp = Z cijkl1®(a71) Q Eij Q 1®(b—a—1) ® B ® 1®(m—b)
i7j7k7l
When N is even, we shall use a prime to denote the involution on the set of indices
{1,...,N} given by
i 1—1 1 even
Sl i+1 i odd.
Finally, if a(u) € A[[u~!]] and b(u) € B[[u"!]] where A and B are arbitrary associative

algebras, then assignments of the form

A— B
a(u) — b(u) (1.4)

will be understood as the map which sends each coefficient from a(u) to the corresponding
coefficient from b(u). Meanwhile, if A(u) = [4;;(u)] € My, (A)[[uY]] and B(u) = [B;j(u)] €
M,,(B)[[u"1]], then the assignment

A— B
A(u) — B(u) (1.5)

means that for each 4, j, A;;(u) — Bj;(u) in accordance with (1.4).

4



The defining relation (1.1) is commonly presented in terms of a matrix equation. Let

N
T(u) = Y By @tij(u) € Ende(CY) @ Y(gly)[[u™']].
ij=1
Note that we can regard T'(u) as the n x n matrix whose ij’'th entry is ¢;;(u). In

particular, we can break up this matrix into a power series in ™!, the coefficient of u™"

)

being the matrix whose ij’th entry is tg . Observe that the constant term of this power
series is the identity matrix, hence this series has an inverse which we denote by 7! (u);
see (1.12) below.

Define the Yang R-matriz

N
R(u) =1—h Z Eij & Ejiu_l (16)
ij=1
where we have used 1 as shorthand for 1 ® 1 € Endc(C") ® Ende(CV). This matrix is the

simplest nontrivial solution to the Yang-Bazter Fquation
ng(u)ng(u + U)R23(U) = Rgg(v)ng(u + U)ng (u) (1.7)

This is an important equation in mathematical physics, and generating its solutions was
the main motivation behind the discovery of Yangians, quantum loop algebras and other
so-called quantum groups.

It will also be useful to introduce the ’transposed’ Yangian R-matrix

N
Rt(u) =1—h Z Eij & Eiju_l. (18)

ij=1
Proposition 1.3 The defining relation (1.1) is equivalent to the matriz equation
R(u—v)T1(u)Ta(v) = To(v)T1 (u) R(u — v) (1.9)
where we have identified R(u—v) with the element R(u—v)®1 € Endc(CN)®2RY (gly) (u, v).

Equation (1.9) is called the RTT relation for Y (gly). To obtain (1.1) from (1.9), simply
apply the left and right hand sides to the elements e; ® ¢, ® 1 € CN ® CY @ Y (gly) and
then compare Y (gly)-coefficients. But it is often more convenient to work with the RTT
relation and other such matrix equations for the Yangians, especially for studying their
representations and in particular when working with maps of the form (1.5).

The representation theory of Y (gly) is closely related to that of the Lie algebra gly,

and one indication of this is the fact that relation (1.1) can actually be found within the
(r)
(]
enveloping algebra); in fact, we can view (gl ) as a subalgebra of Y (gly) via the embedding

universal enveloping algebra {U(gly) (after replacing the ¢;;” by certain elements from the

E;j — t%) . Moreover, the map

TN - tij(u) — 51’]‘ + Eiju_l (1.10)



is a surjective algebra homomorphism from Y (gly) onto U(gly), called the evaluation ho-
momorphism. This enables us to pull back representations of gl and view them as modules
over the Yangian. By the surjectivity of 7y, a Y (gly)-invariant subspace must also be in-
variant under the action of (gly), hence the pullback of an irreducible representation of
gly remains irreducible over Y (gly).

This connection is used extensively in the classification of finite dimensional irreducible
representations of Y (gly); as we shall see in Chapter 6, a key role in the proof of the
classification theorem is played by the modules obtained by taking tensor products of so-
called evaluation modules, which are simply the pullback to Y (gly) of irreducible highest
weight modules over gly.

Note that Y(gly) is a Hopf algebra with comultiplication A, antipode S and counit ¢

given by
N
A tij(u) — thk(u) & tkj(u) (1.11)
k=1
S:T(u) — T (u) (1.12)
e T(u) s 1. (1.13)

The coassociativity of A guarantees that the tensor product of the evaluation modules is
well defined.
We see one more similarity of the representation theories of Y (gly) and H(gly) in the

existence of a PBW basis:

Theorem 1.1 (Poincaré Birkhoff-Witt) Given any total ordering on the collection of

r)

generators 1;;”, a basis of Y (gly) is provided by the set of all ordered monomials in these

generators.

1.2 Orthogonal and Symplectic Twisted Yangians

We will now define in terms of generators and relations the twisted Yangians corresponding
to the classical Lie algebras of orthogonal and symplectic type. We will see that the twisted
Yangians actually embed into the Yangian for gly, and we will present the twisted analogue
of most of the results from the previous section.

Let G = [g;;] be the matrix associated to some nondegenerate bilinear form on C*V which
is either symmetric or alternating (note that in the alternating case, the nondegeneracy of G
implies that N must be even). Following the notation of [11], whenever we use the symbols
+ or F, the sign on the top will correspond to the symmetric case, while the sign on the
bottom corresponds to the alternating case.

Let g be the orthogonal Lie algebra oy if G is symmetric; otherwise, if G is alternating,
let g be the symplectic Lie algebra spy. Then gy is isomorphic to the Lie subalgebra of
gln spanned by the elements



N

Fi; = Z(Eikgkj F Ejkgri)-
k=1

Definition 1.2 The twisted Yangian for gy is the unital associative algebra over Clh| gen-

erated by {sg) |1 <i,j <N,reZi} where sﬁ?) = gij, with defining relations given by the

matrix equations

R(u —v)S1(u) R (—u — v)S2(v) = So(v) R (—u — v)S1(u) R(u — v) (1.14)
St(—u) = £S(u) + hS(“);f(_u) (1.15)

where N
S(u) =Y By @ sij(u) (1.16)

1,7=1

with sij(u) =Y 2, sl(;)ufr. St(u) is the transposition of S(u) in one of its two factors:

N
St(u) = Z E;; ® sji(u).
ij=1

We shall denote this algebra by Y} (gn). One might think that our notation should
depend somehow on G, but it turns out that the twisted Yangian is independent of the

choice of bilinear form:

Proposition 1.4 Let G and G’ be the matrices associated to any two nondegenerate bilinear
forms on C™ which are either both symmetric or both alternating. Then the twisted Yangians

corresponding with G and G’ are isomorphic to each other.

Let us therefore fix for the remainder of our discussions that G is the identity matrix in the
symmetric case, and the matrix Zg:/ ? Eop—1 2k — Foj 2x—1 in the alternating case.
The twisted Yangian is a deformation of the universal enveloping algebra of the twisted

current algebra gi[s] which is defined in the following way:
Definition 1.3 Let o be the automorphism of gln given by
O'(Eij) = —E]’i (117)

if G is symmetric, while
o(Eij) = (=1)" " B, (1.18)

if G is alternating. The twisted current algebra is the subalgebra of gln|[s] given by

g [s] = {A(s) € glw[s] : 7(A(s)) = A(—s)}. (1.19)



A basis of 0%¥[s] is provided by all the elements (E;; — Ej;)s" with i < j when r is even
and (E;; + Ej;)s” with ¢ < j when r is odd.

Meanwhile, a basis of sp4¥[s] is provided by all the elements ((—1)/ ' E;j;+(—1)""1E;;)s"
with ¢ < j when 7 is even, and ((—1)"'E;; — (=1)""'E;;/)s" with i < j when r is odd.

The twisted Yangians can be regarded as subalgebras of the Yangian for gly:

Proposition 1.5 The map S(u) + T(u)GT'(—u) provides an embedding of the twisted
Yangian Y™ (gn) = YV (gn)/(h — 1) into Y (gly).

We can lift this map to an embedding Y (gn) < Yj(gly). Explicitly, this embedding is
given by

sgy) —

N r—1
<9kjt§z? + (—1)7"9%75%)) +h Y01 gt P, (1.20)

1 k=1 p=1

M) =

i

In particular, taking G to be the identity matrix, we will make the identification

N r—1

) 1)+ (1P +h Y S € Vi o) € Yilato)
k=1p=1

Taking G = S22 By — Eagak—1, we will make the identification

+h I3 (el P )P ) € it (spy) © Ya(oly).

We can draw connections between the representation theory of the twisted Yangian and
that of the Lie algebra g with the same techniques we used for gly. Namely, the universal
enveloping algebra U(gn) can be viewed as a subalgebra of YV/*(gn) via the embedding
Fij — s( ) Furthermore, the map given by

1 —1
ON : sij(u) — gij + Fij <u + 2> (121)

is a surjective C-algebra homomorphism from Y*(gn)/(h — 1) onto U(gn). This again
allows us to pull back representations of gy and view them as modules over Y,f“’ (gn), and
an irreducible representation of gy remains irreducible over Y, (gn).

We conclude this section by stating the PBW theorem for the twisted Yangian.

Theorem 1.2 Given any total ordering on the collection of generators s( ") with i > jif
r > 0 is even and with i > j if r is odd, a basis of Y,f“’(oN) s provided by the set of all
ordered monomials in these generators.

(r)

Similarly, given any total ordering on the collection of generators 5, withi > 7 ifr >0
is even and with i > j if v is odd, a basis of Y (spy) is provided by the set of all ordered

monomials in these generators.



1.3 Quantum Loop Algebras

We will now introduce the quantum loop algebra associated to gly. Towards this end, we

need to define the quantum analogue of the Yang R-matrix:

Definition 1.4 Let g be a nonzero complex parameter. The quantum affine R-matriz is
the element Ry(u,v) € Endc(CY ® CV) @ Clu, v] given by

N
Rq(u,v) = Z (uq_5ij — Uq‘sij)EZ-Z- ® Ejj (¢g—q 1 Z Ej;®F
’L’,jzl 4,j=1
z>]
q - q Z Ez] & E]z (122)
zi]<j1

For the twisted quantum loop algebras, we will also need the ’transposed’ quantum

affine R-matrix

N
Rt(u U Z uq 51]_qu ”)E“®Ej] q—(] 1 ZE]@®E]z

,5=1 hy=1
1>]

(@—q ") Z (1.23)
i,j=1

1<j

Definition 1.5 The quantum loop algebra U,(L(gly)) is the unital associative algebra over

C(q) generated by {TJ), ] 1<i,j <N, r€Zy}, with defining relations given by
Ry (u,v)T1(u)Ta(v) = Ta(v)T1(u)Ry(u,v) (1.24)
Ry(u, 0)T ()T (v) = T ()T () R, 0) (1.25)
Ry(u,v)T1(u)Ta(v) = To(v)T1(u) Ry(u, v) (1.26)
7O —0=T\ if 1<i<j<N (1.27)
TOTY =1=TPTP v1<i<N (1.28)

where N N
u) = Z Eij ® Tij(u), T(u) = Z E;; ®T,~j(u) (1.29)
i,j=1 t,y=1

with Tyj(w) = S0 T and Tij(u) = S0 Tho ur

We can state the relations (1.24), (1.25) and (1.26) in a more explicit way; by applying
each side of these equations to the elements e; ® ¢, ® 1 € CV ® CN @ U,(L(gly)) and
comparing 4, (L(gly))-coefficients, we deduce the following result.



Proposition 1.6 Relations (1.24), (1.25) and (1.26) are respectively equivalent to the re-

lations
(¢ TITY — PO TY) — (T TS - P IT)

= (4— ¢ 0T ITY + 6k THTS) — (0 — a7 ) (61557, “)T(’“*” + o T VT

K2

(1.30)
(¢ 7ssz<r D) _ Z,QTO")T(s D) _ (ST <r D _ e 1>T§j))
— s s—1 s r—1 (s—1)=H(r
—(q—q 1><<si>kT§U T ”+<z<kT,£}T§l ’>—<q—q D T T 4o T VTS
(1.31)
(¢ *5sz(r 1)Tl§l) _q5ikT§;)TIS+1)) ( - ng(S) (7" n_ le(S'H)Tg))

_ =(r—1 s =(r s r—1 s
=(a—q 1><6i>kT§€j ’TiS>+6z-<kTé}Ti$“>>—<q—q 0TS TG + 0TI
(1.32)

The quantum loop algebra ,(L(gly)) contains as subalgebras the twisted quantum
loop algebras associated to on and spp. We shall first define these algebras independently

in terms of generators and relations, and then show how they embed into $,(L(gln)).

Definition 1.6 The twisted quantum loop algebra U (L™ (on)) is the unital associative
algebra over C(q) generated by {Si(;) |1 <4i,5 <N, reZi}, with defining relations given
by

S()—Ozfz<j (1.33)
SO —1vi<i<N (1.34)
Rq(u,v)Sl(u)RfI(u_l,v)Sg(v) = Sg(v)th(u_l,v)Sl(u)Rq(u, v) (1.35)
where
N
= Z Eij & SZ](U) (1.36)
ij=1

with Syj(u) = 0% S u.

The algebra (L™ (oy)) is a deformation of the enveloping algebra of the twisted loop

algebra 0%%[s, s~!] which is defined in the following way.

Definition 1.7 The twisted loop algebra o%¥[s,s'] is the Lie subalgebra of L(gln) =
aln[s, s given by

oi'[s,s7'] = {A(s) € L(gln) : 9(A(s)) = A(s ™)} (1.37)

where o is the automorphism (1.17). This algebra is also denoted by L™ (o).

10



A basis for 0%¥[s, s7!] is provided by all the elements E;;js” — Ej;s™" with 1 <i,j < N
and r > 0 except that, when r = 0, only F;; — F;; with ¢ < j should be included to obtain

a basis.

Proposition 1.7 The assignment S(u) — T(u)T(u=1)t extends to an embedding of the
twisted quantum loop algebra t,(L™ (o)) into Uy(L(gly)).

This embedding can be written more explicitly as

S TP TG

k=1 p=0

(r

We will also use the notation S, j) for the generators of the twisted quantum loop algebra
for spy. It shall always be clear whether we are working in the orthogonal or symplectic

case.

Definition 1.8 Suppose N is even. The twisted quantum loop algebra U (L™ (spy)) is
the unital associative algebra over C(q) generated by {Si(jr) |1 <i,5j <N, reZi} and

{S’i(g)_1 |i=1,3,..., N — 1}, with defining relations given by

SZ(;]) = 0 whenever i < j and j # i (1.38)
SO0 _ 25080 —Fvi=1,3... N—-1 (1.39)
SO =507 SO —1vi=1,3,...,N-1 (1.40)
Rq(u,v)Sl(u)RfI(u_l,v)Sg(v) = So(v) Ry (u” ,U)Sl(u)Rq(u, v) (1.41)
where
N
u)= > Ej;® Si;(u) (1.42)
ij=1

with Sij(u) = > 02, SZ-(;)U_T.

The algebra U, (L™ (spy)) is a deformation of the enveloping algebra of the twisted loop

algebra sp%¥[s, s~!] which is defined in the following way.

Definition 1.9 The twisted loop algebra spt¥[s,s™1] is the Lie subalgebra of L(gly) =
aln (s, s71] given by

spiv[s, s = {A(s) € Lgly) 1 0(A(s)) = A(s™1)} (1.43)
where o is the automorphism (1.18). This algebra is also denoted by L™ (spy).

A basis for spi¥[s, s71] is provided by all the elements (—1)7 E;js" + (—1)"E;»s™" with
1 <4,j < N and r > 0 except that, when r = 0, only (—1)7E;;» + (—1)'Ejy with i < j

should be included to obtain a basis.

11



Proposition 1.8 The assignment S(u) — T(u)BT (u=1), where

N/2

B =Y qBx 12 — Earar-1 (1.44)
k=1

extends to an embedding of the twisted quantum loop algebra $h, (L™ (spy)) into Ly (L(gIN)).

This embedding can be written more explicitly as

N/2

ST e 3OS T T — THT).
k=1 p=0

12



Chapter 2

Motivation

In this chapter, we will begin by defining the Yangians and quantum loop algebras associated
to an arbitrary complex semisimple Lie algebra. While it is well known that these Yangians
are limit forms of the associated quantum loop algebra, a precise statement of this fact
only appeared recently in a paper of Drinfeld. A complete proof was published recently in
both [7] and [8], although the results of [7] were a bit stronger. We give a summary of these
two papers as motivation for the chapters that follow.

Throughout this chapter, let g be a complex semisimple Lie algebra with Cartan matrix
C = (cij)ijer where I indexes a basis of simple roots in g. Then there exists a set of
coprime positive integers {d;}ics such that the matrix (djc;j); jer is symmetric. We begin

by defining the Yangians and quantum loop algebras associated to g.

Deﬁnition 2.1 The Yangian Y (g) is the unital associative algebra over C generated by
{X ”, H;,|i€el, reZy}, with defining relations given by

[H;,, Hjs =0, [H@O,Xi] = j:diciniS; (2.1)

(Hip1, X5 = [Hip, X)) = dc” (Hip X3, + X35 Hi o ); (2.2)

[Xjra X;l= 5ngz r+s (2.3)

X 4 X~ X X ] = 5% (08 X 4+ XX (2.0

3 [Xj;m), [ IXEXT H — OV s >0 0f i (2.5)
TESm

where m =1 — ¢;;.

Y (g) can also be defined as an algebra over the polynomial ring C[h] by introducing a
factor of h on the right hand side of relations (2.2) and (2.4). In this case, we denote the
Yangian by Yy, (g).

We need some more notation in order to define the quantum loop algebra. Suppose

that ¢ and h are formal variables related via the equation ¢> = e¢”. When k and n are

13



nonnegative integers with k < n, define

n [n]q!
n),! = [n]gn —1]4- .. [1g, [ ] =
I I 7 ! k q [K]q![n — Klq!
Finally, for each i € I, let ¢; = ¢%.

Definition 2.2 The quantum loop algebm Un(L(g)) is the unital associative algebra topo-
logically generated over C[[h]] by {X= i Hip |1 € 1, v € Z}, with defining relations given

by

[Hiﬂ"a Hi,s] = 07 [HZ 07 ] :tclej <9
+7 [ralj]% + .
[HiMX' ] - X] r4s° 7&07
+ :|: iazg + + _ ial] + + + +.
Xz r+1X Xg SXZ or+1 Xz TX] s+1 Xj,s+1Xi,r’
\Iﬁ — U
+ -1 _ 5. . trts 1,r+S |
[X'L T ijs] - 51] —1 )
qi — q;
m
+ + + y+ + _
ZS ZO |: :|q Xizr‘rr(l) Xivrw(k) vas)(ivr‘/r(k+l) Xiﬂ'ﬂ(m) - 0
TESM 7

Vri,...,"Tm,SEZL if i #j

where m = 1 — c¢;;, and the elements \I/Zir are defined by the equation

_ hd; e s
St e (s (s S
s=1

and \If;tr = 0 when Fr > 0.

Below, we denote by $(L(g)) the universal enveloping algebra of the loop algebra L(g) =
gls,s]:

Proposition 2.1 (Prop. 1.1 of [8]) Ux(L(g))/hthn(L(g)) = U(L(g)), and Un(L(g)) is
isomorphic to U(L(g))[[h]] as C[[h]]-modules.

This proposition is used by Guay and Ma to prove the following theorem, which details
precisely how 5 (L(g)) degenerates into Y3 (g):

Theorem 2.1 (Theorem 2.2 of [8]) Let K be the kernel of the composite of algebra ho-

momorphisms given by

s—1

Un(L(g)) — Un(L(g))/hUL(g)) — U(L(g)) — U(g). (2.6)
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Then there exists an isomorphism

Yita) < R /K (2.7

n=0

where KY = 4 (L(g)).

This is actually a specific case of the more general theorem in [8], which shows that the
twisted quantum loop algebra Uy (L£(g)?) associated to a Dynkin diagram automorphism o
degenerates into the "twisted’ Yangian Y}, (g, o) via the same process (the case treated here
corresponds to the case then o is trivial; see [8] for all the precise definitions). This depends
on the assumption that Proposition 2.1 is also true in the twisted case - an assumption
which the authors believe is correct, although they could not find a reference for it.

Observe that Y},(g) has a natural N-grading given by assigning deg(H; ) = deg(XfT) =r
and deg(h) = 1. We can form the completion m with respect to this grading; that is,

Yi(e) = [ Ya(o)n
n=0

where Y} (g),, is the span of all the homogeneous elements in Y, (g) of degree n.
In the paper [7], the degeneration isomorphism of Theorem 2.1 is constructed explicitly
as the inverse of a homomorphism of associated graded rings induced by a map U, (L(g)) —

Y4 (g). The procedure is as follows:
For each i € I and r € Z, define ¢;, € Y,(g) by comparing coefficients in the equation

hY tipu " =log [ 1+hY Hipu "
r>0 r>0

Let G(v) = log (ﬁ) € vQ[[v]], and let

For each i € I and r € Z,, define g;tm € m by comparing coefficients in the equation
) 1/2
h i (v
St = () e ()
m=0 qi — qz

Finally, let Y}, (b) C Y} (g) be the subalgebra generated by all the H;, and the Xij;,, and
for each i € I, let O'ii be the endomorphism of Y;,(b%) given by

+ + . )
X5 Xy Hipw Hy,
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Then the assignment

_ h rk
(P(Hi,O) - d,L 1ti,0 Q(Hzﬂ‘) = ﬁ th’kﬁ
q—4q k>0 :

[eS)
+ * + v+
(I)(Xi,’r) =€ Z gi,mXi,m
m=0

—

defines an algebra homomorphism @ : 46, (£(g)) — Yx(g). Moreover, ® maps K to the ideal
Y, = [1,>1 Yn(9)n, according to Theorem 6.2 in [7]. It follows that ¢ induces a natural

homomorphism of associated graded rings
o oo N N
gr(®) : KK - PV /Y =Vile).
n=0 n=0

Finally, Proposition 6.5 in [7] asserts that gr(®) is the inverse of the degeneration iso-
morphism of Theorem 2.1.

They then go on to show that the same ideas can be used to realize Y (gly) as a degen-
erate form of Uy(L(gln)) in terms of their so called 'Drinfeld presentations’. This leaves
open the question of how the degeneration works in terms of the 'RTT presentations’ which
we discussed in Chapter 1; we will explore this question in Chapter 3.

It is natural to expect similar results for the twisted Yangians and quantum loop alge-
bras, and this will be the subject of Chapters 4 and 5. The twisted case treated here is
not the same as that which is discussed in [8]. The main difference is that the algebras
Uy(L™(on)) and Uy(L™(spy)) discussed here in Chapter 1 are deformations of the en-
veloping algebra of the Lie subalgebra of L£(gly) spanned by A(s) with the property that
o(A(s)) = A(s7!), where o is an involution of gly (see (1.37) and (1.43)); on the other
hand, the twisted quantum loop algebra in [8] is related to the Lie subalgebra of g[s,s™!]
spanned by A(s) such that o(A(s)) = A(—s), where o is an automorphism of g which comes

from a Dynkin diagram automorphism.
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Chapter 3

Y(gly) as a degenerate form of
Uy(L(gly))

In this chapter, we will demonstrate how to realize the Yangian for gly as a limit form of
the quantum loop algebra 4, (L£(gly)) using the RTT presentation given in Chapter 1.

Let A be the localization of C[g,q~!] at the ideal (¢ — 1). Let U4(L(gln)) be the

A-subalgebra of 4,(L(gln)) generated by the elements Ti(;),?g)

given by
7 )
Tz‘(;):%’ ?Z(;): “— for r >0,1<14,j <N,
q—q -4

except that, when r = 0 and i = j, we set

(0) 7(0)
0 _ Ty —1 =0) _ Ty — 1.
1 q— 1 ’ (1 q— 1

Theorem 3.1 (Section 3 of [12]) The assignment E;js" — 7Oy >0,1<i,j <N

ij
except if r =0 and 1 <1 < j < N, —E;57" .—>?§;) Vr>0,1<4,7 <N exceptifr =0
and 1 < j < i < N, induces an isomorphism U(L(gly)) — UA(L(gly)) ®4 C where C is
viewed as an A-module via A/(q —1) — C.

We have the following composite of algebra homomorphisms:

HA(L(gly)) — La(L(alv))/ (g — Da(L(gly) — U(L(aly)) = U(aly). (3.1)

For m > 0, denote by K,, the Lie ideal of L(gly) spanned by X - s"(s — 1)™ for all r € Z

and X € gly. Let U be the subspace of U4(L(gly)) spanned over C by all the generators

L) =)

i > Tij » and observe that

UnN(g—1)Ua(L(gly)) = U NKer(y)
where 1 is the composite
$Ua(L(glv)) = Ua(Lgln))/ (g — DHa(L(gln)) — U(L(gly))-

17



By definition, for any X € U, we may write

N
X=)>) Xy
i,j=1
where -
Nij
Xij = Z (ag)T(J) + bg)?g))
r=0

Then clearly ¥(X) = 0 if and only if each az(? ) = bg? ) and ag) = bz(;) = 0 when ¢ # j or
r > 1. Therefore,

UN (g — DUa(L(gly)) = spanc{r ) + 7 |i=1,...,N}. (3.2)

Let Ko = Ua(L(gly)), and for m > 1 let K,, be the two-sided ideal of L4(L(glx))
generated by

(q - qil)mOKrm o Kmk

with mg+mq + - - - +my > m, where K,,, = ¥~ (K,,)NU. This is slightly different from the
definition of the analogous ideals K, in [8] in the case of sy, because for gly, K" is strictly
smaller than K,,. This difference can be explained by the fact that [L(sly), L(sly)] =
L(sly) but [£(gly), L(glv)] = L(slv) & L(glv)-

Let Y (gln) be the C-algebra

?<9[N> = @ Ko /Kpt1.
m=0

Y (gly) can be viewed as a C[h]-algebra if we set h = ¢ — ¢! € K;/Ks. In this case, we
denote it by Vi (gly).

Theorem 3.2 Yj(gly) is isomorphic to Yy, (gly).

T(rvm)

For r,m > 0, define recursively elements T ; in the following way:

T'('T,O) _ (r) and 7—;(jr,m—&-l) _ 7—;_(]7"+1,m) _ Tﬁ(]r,m)’

ij Tij
except that, if ¢ < j, TZ-(]Q’O) = —?Z(?).

Set fg’m) = Ig(f’m) € K,,/K,+1, which makes sense since ﬂ(f’m) € K, (one can easily
check by induction on m that for every r, 1/)(Ti(jr’m)) = E;js"(s—1)™ € Ky, and Ti(f’m is in
U by definition).

Proof of theorem 3.2. We will prove that an isomorphism ¢ : Y} (gly) — ?h(g[N)

(m+1) {i(](.)’m) for m > 0.

is given by t;;
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By Proposition 1.6 we have

q—5ik (TZ(T_H) B T(r))T’ElS) _ T(T) (q5ikTI§ls+1) _ q—&'kT]g;))

j i "
— (¢ )@Y = 1) = (P — g DY)

= (¢ — ¢ )T ITY + 6T TEHY)
—(q— qfl)(5l>jT;$)Ti(lr+l) + 5l<jT;§j+l)T§(zr))-

If r, s > 1 then, after rearranging and dividing both sides by (¢ — ¢~1)%, we get
—5; 1) (5,0 0) (5,1 , —5, 0 1,0
P TITE Y ~TEVTEY) (g — g T T

= (¢ - ¢ Ok Ty T OTEO + 6,010 TE )
— S, r+1,0 s+1,0 7,0
(a0 0T VT 4 o T T,

Using Ti(jTH’m) — Ti(jr’m) = Tg’m“) and T,SH’“) - T,gls’n) = Tlgls’nﬂ), we deduce by
induction on m and n that, for all r,s > 1 and all m,n > 0,

q*(sik (T‘(r,m+l)T(s,n) . T}(r,m)T(s,n+1)) . (q5ik . quik)T(r,m)T]SJrl,n)

ij kl ij kl ij
=g T T - (@ = T T

= (q _ qfl)(5i>kT]£;+1,m)Ti(ls,n) + 5i<le£;,m)iji(ls+l,n))
— (g = g O TS e TETITE). (3.3)

Consider the case r = s =1 in (3.3):

i Kl i
s (1, 1,m+1 Ln4+1) (1, . (2, 1,
—q 5]1(T’§l n)Tz(] m+1) Tlgl n+ )TVZ(] m)) + (q5] —q ]l)Tk(;l n)j’;(] m)

_ m n l,m Q,n
=(g—q 1)(5i>kT;§J2»’ T 5i<kT]§j T P)
_ N m n 1,m
— (g = a )Gy T TE™ 4 6 TEIT™). (3.4)
Using Ti(jl’m) = ﬂgp’mﬂ) + ﬂ(jo’m) and T,Ell’n) = T,g?’nﬂ) + T,g?’n) we obtain, for all m,n,> 0:

e R L 4 A i S e
= (TP TPTE — (g g @Y 1T
— g D@ ) g (O )
(g% — g T AP TP — TP TP
g T L 1) g (g0 — g T TP 1)
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_ (q o q_l)(61>k(T(1 ,m—+1) + T]g;,m))T(O ;n+1) + 6 ( (;) ,m—+1) + T]g?,m))j—;(ll,n+1))

+ (q —q 1)(5 k(Té;,m+1) T]g]lam))T(O ) 4 5@< ( (0 m+1) Tkggvm))flﬂz(llvn))

—(q—q~ )(5 >JT (0,n+1) ( (1,m+1) + T.( ; )) +45 <]T(1 n+1) (Ti(lo,m+1) + T'(O,m)))

_ (q _ q )(5l>]T(0 n) (T(ll m+1) 4 T( )) 44 <]T(1 n) (T(O ;m+1) 4 T( )))

K2 il

We now expand the previous expression:

5m( (0 m+2)T(O n+1) Tl(jo m+1)T(O n+2)) (q5ik . q_‘;”“)Tl(O ,m+1) lgll n+1)
g0 (T(O m+1)T(0 n+1) Ti(jo m)T,E?’””)) (¢ — g )TZ(JO, 1 (1,n+1)
PRI D) e ey 0O
o (T(O m+1)T(0 n) Ti(jo,m)T]g?erl)) — (g% — _5”“)TZ(JO’m) Igl )
e P S
IO g0 gm) | (e syl zom
—q 5ﬂ(T(0 n)T (© m+2) T}g?,nH)Ti(quﬂ)) + (5 — q“;ﬂ)T,S’”)iFff’m“)
ST _ g OTOm) s (s sy
(g — ) @Gir T " VT 4 8T VTEY)

+ (a0 = ) (Gisk T(l- m)T(0 "D s T(Q,m)T'(l,nH))

+ (¢ = ¢ H(Eisp T(1m+1)T( " ik T(o m+1)Tz(l ))

+ (q—q_l)(cSDkT,Ej R0 QI T(Om)Tz(l )y

—(¢— qil)(5l>]T,§g "H)Ti(llvmﬂ) 15 <JT(1 n+1)Ti(lo,m+1))
—(a— q_l)(5l>]T,£J0 D plm) s <]T(1 ) 70m),
—(e- q_l)(5l>iTl§j DT g 1531 Mty

— (0= a T T + 0 T TP,

Notice that both sides of this last equality are in K, 1,41 (and some of the terms are

in Ky ynyo or in Ky ypny3). Modulo K,y 4,12, we obtain the congruence:

q*(;ik (TZ(O m+1)TI§l n) T(Ovm)T(07n+1)) _ (q5ik _ q*fsik)Ti(]va)T(lvn)

ij kl Kl
= TP TR 5 (g g T

= (¢- q*1><6¢>kTé}’m)Ti$0 " 5Ty
_ (q —q- )(6l>jT(0 ”)T(l m) 44 <JT(1 ”)T(O m))
Moreover, modulo K, ,+2, we also have:

(%% — g oI T™ = (g0 — g )T ST,

(q‘sjl B q_(sﬂ)Tk(ll,n)Ti(]Q,m) — (qéjz _ q_éjl)Tlg?’n)ﬂgp’m)
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TG = (- TG T, (- VLT = (- TG T

(a—q

(q—¢ O T™ = (- HTOVTS™, (- DT TY™ = (g— ¢ HTEV T,

Therefore, passing to the quotient K1 y41/Kmtnt2, we obtain:

(§0m+1 §kz _gw )l(c?,n—i-l)) 5 hé.Om)é.(On
— (e — QIR + el
= h(0si&y ™™ + icrl™eEN™)
— h(B5E0 D™ + BreiE D™,

This last relation is equivalent to:
0,m+1 0,n 0,m 0,n+1) (0,m) ~(0,n 0,n) ~(0,m
6D, 60 — 168™, €] = h(gy el — elmel™).
This holds for all m,n > 0.

Remark 3.1 We could have obtained this relation more directly by starting with Proposition
1.6 and taking r = s = 0, but this would have required considering many different cases

depending on how 1, j, k,l all compare with each other.

All the previous computations prove that ¢ : Y3 (gly) — Y5, (gly) given by o(t (m+1))

52.(]9 ™) for m > 0 is an algebra homomorphism. We still have to show that ¢ is bijective.

We will first demonstrate surjectivity. Towards this end, we define elements T(T’m) as

ij
follows. Let T(r 0 ?(J), except that T(O 0 —TZ-(]Q) when ¢ > j. Then, for each m > 0, let

Tg’mH) _ TZ(;H,m) _ Tg,m).

Also for each m > 0, let T(0 ™) — O™ and T(m ™) - (—1)m+1Ti(]Q’m), andfor1 <r <m

ij
define recursively

T ) +1 ~( _17 T )
Ti(fm ):Ti?" m)_Ti(j?“m).

Induction on m shows that the elements T(T m) T(r ™) and Ti(f’m) respectively map via ¢
to the elements E;;s"(s—1)™, (—=1)" 1 E;;5~ (m”)( )™ and (—1)" 1 E;js= (M=) (s —1)™
in U(L(gly)). It follows that for fixed m, the images of these elements under ) span K,,.
Moreover, all these elements are in U by definition.

Note that for any fixed X € K,,, = ¢~ }(K,,) N U, there exists some element Y in

spanc {70 T T

ij ol m)|¢,j:1,...,N, re’Zs}

for which X —Y € (¢ — 1)44(L(gln)), because the map

Ua(L(gln))/ (g — 1)8a(L(gly)) — U(L(gln))
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is an isomorphism. Since X —Y is also in U, by (3.2) we have
X -V espanc{r” + 7 |i=1,... N} C K, ¥ > 0.

That T( ) + T( ) is in K, for all ¢ > 0 follows from the fact that 1/}( —|— T(O)) =0 e K,.
It follows that any element of K, is congruent modulo K,,,+1 to a sum monomials of the
form f(q)(¢g—q )™ M where f(q) € Ais not divisible by ¢—1, and M = prom) - rem)

Tivj ik
with

Tdﬂnd {T(Tmmd (ra,;ma) Tdamd)}
ld]d tdJd ZdJul ’ ld]d

(ra,mq) (ra=1,ma) _ mp(ra—1mq+1)
tdjd Tidjd - Tldjd € Kmd+1

), we can reduce modulo K,,,+1 to the case when

and mgo + ...+ my > m. Moreover, since T;

(and similarly for the TZ( d‘]lc’lmd) nd ﬂgdd’md)

rg=0foreachd=1,... k.
Observe that modulo K,,,4+1, we have
7(07 ) 0, g 0, 0,
Ty™ = ()T, TP < (T,
To see this, just take the difference of the elements on each side (this difference is in U by
definition) and apply v. Finally, observe that we can replace f(¢q) by f(1) modulo K,, 1.
Indeed, if f(q) = %, we can take the Laurent expansion of a(q) and b(q) about ¢ = 1;

then, note that
b(L)a(g) —a(1)b(q)
b(1)b(q)

and the constant term in the numerator is annihilated, so that every remaining term is

flg)—f(1) =

divisible by ¢ — 1.
In summary, we have shown that each of these monomials f(q)(q — ¢~ 1)™° M in K,, is
congruent modulo K,,4+1 to

F()(g— g HymorOm) 0

1J1 i, Jk

at least up to a sign. The image modulo K,,,+1 of this element is
(o, 0,
FORmER g

and this is in the image of ¢ by definition. This completes the proof that ¢ is surjective.

To prove that ¢ is injective, it is enough to show that the basis of Y (gly) given by
m)

ordered monomials in the generators t( is mapped via ¢ to some linearly independent set

in Yh(g[N)

By definition, any two ordered monomials glmatd) et ) g plmt ) et ) ey

11J1 * Viaja Nd tp i, kply
each mg,ng > 0 and my +...+mg # ny +...n, are mapped via ¢ to distinct graded pieces
in ?h(g[N) It therefore suffices to show that for each fixed m, the images under ¢ of all the

(m1+1) lmatl)
** Miaja

ordered monomials t; with m1 4+ ...+ mg = m are linearly independent in

m/Km+1-
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Consider any linear sum over C of ordered monomials of the form

é&(0,7711) o g(O,ma)

7;ljl 7:aja

with mq + ...+ mg = m, and suppose that this sum is zero in K,,,/K;,+1. Then we have a

linear sum S of ordered monomials T\&™) . 7(0ma)

P which is not just in K,,, but also in

|
By definition, 1(S) is a sum of ordered monomials

Eiljl (S — 1)m1 . . Eiaja (S — 1)ma.
On the other hand, since S € K;,4+1, ¥(5) is a sum of monomials of the form
B s™ (s —1)" ... Epy,s™(s — 1)

with rq,...,rp € Zand n1 + ...+ np > m+ 1.

For each r > 1, we have a composite of algebra homomorphisms
Qr
U(L(gIv)) 3 WL(a)®" = Ende(CV)®" @ Clai!, 22, ..., 2F]
where A is given by the coproduct A(X)=1® X + X ® 1 and f is given by

f:U(L(gly)) = Ende(CN) @ Clz, 271

Eijl‘t — Eij & xt

We also have for each choice of r nonnegative integers aj, ..., o, a differential operator
Doy » Ende(CV)®™ @ Clait, 2F, .. 2] — Endc(CY)®"
given by
g%t 0™ 0%

8a — .
15000y aq a9 Qr
0z 0x4 oxy =1

Take r > max{a, b} where the maximum is taken over all the monomials in ¢ (.S) and note
that for any choice of ai,...,q, with a3 + ... + a, = m, ¥(5) is in the kernel of the
composite Oy, ... a, © f® o A, because ny + ... +ny > m + 1.

On the other hand, if S is nonzero, then we can find some «q,...,q, such that aq +
...+ a, = m and ¥(S) is not in the kernel of dy,, ., © f&" o A: just choose any of the
ordered monomials

Eij(s=1)™" ... Ej.(s—1)".

and set ¢y =my, ..., ag =mg and ag = 0 for d > a.

This is a contradiction, so S = 0 and the linear sum of ordered monomials

é&(0,7711) o g(O,ma)

7;1].1 7:aja

must in fact be trivial, as desired. ®m
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Chapter 4

Y (0pr) as a degenerate form of

L[q(ﬁtw(oj\f))

We will now show how the isomorphism ¢ of Theorem 3.2 can also be used to construct the
twisted Yangian Y;'* (o) as a degenerate form of £, (£ (ox)). Throughout this chapter, we
will view Y/ (ox) and Ly (L™ (o)) as subalgebras of Yy, (gln) and U, (L(gln)), respectively,
via the embeddings of Propositions 1.5 and 1.7.

Let Sg’o) = %, except that SZ-(?’O) = % and Si(;-)’o) = —% when ¢ < j. For
each m > 0, define inductively SZ.(;’mH) = Si(;H’m) — Si(;’m). Let {,L»(;’m) be the image of

ST™ 0 the quotient K,,,/K;,+1. It is easy to check by induction on m that for each

2

r,m > 0, we have

m+r
(rym) _ m—n+r m (n,0)
S =" (-1) <n - T) S,

n=r

Theorem 4.1 Ifi > j, then

Sij

(m+1) @, Ci(](']m)

where ¢ : Yy (gly) — ?h(g[N) is the isomorphism given by tl(;nﬂ) > 51-(](-)’m); if i < j, then
(m+1) @ ~(1,m)

8 > Cij .

We can obtain an analogue of Theorem 3.2. From Theorem 3.1 and Proposition 1.7, we
can deduce that the enveloping algebra of 0% [s] is the limit when ¢ — 1 of 4,(L"™(oy)) in
the following precise sense: if we let ${4(L" (o)) be the A-subalgebra of U, (L™ (on)) gen-
erated by the S’i(;’o), then U4(L™(on))/ (g — 1)U A(L™ (o)) is isomorphic to U(oh¥[s, s™1])

(see the proof of Theorem 3.3 in [12]). The following diagram is commutative:

Ua(L (o)) HUa(L(gln))
w UA(L"™ (o)) s (L(g!
U(L"™ (on)) == Gy~ T i Elaty —— YL (al)).
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We can define an algebra Y™ (oy) similarly to how we defined Y (gly). For m > 0,
denote by K the Lie ideal of 0%¥[s, s~!] spanned by

Eijsr(s — 1)m — EjiS_T(S_l — 1)m

for all r € Z. Let U™ be the subspace of U4 (L (oy)) spanned over C by all the generators
Sl-(;’o), and observe that U™ N (g — 1)U (L™ (on)) = {0}. Set KI¥ = o~ L(KIY) N U™ where
1) this time denotes the composite

YA (L (0n)) = Ya(L (on))/(a = DUA(L (o)) = (o [s,571]).

Let K be the two-sided ideal of £4(L" (o)) generated by (¢ — ¢~ 1)KL - K with
mo+my+ -+ mE > m.
Let Y™ (oy) be the C-algebra

o0
Y™ (on) = @ K /Ko
m=0
where K = $4(L"(on)). We also view Y™ (oy) as an algebra over C[h] by setting
h=q—q'eK¥/KL. In this case, we denote it by Y, (ox).

(m) to

Corollary 4.1 Y (oy) is isomorphic to f’,fw(oN) via the function ™ that sends 5,

SZ-(}’m_l) e Kiv /K™ form > 1.

Proof. Theorem 4.1 implies that the following diagram is commutative:

Y (on) — Yau(gln)

| B

Y (on) — Yi(gly).

In this diagram, the top horizontal arrow is the embedding of proposition 1.5 and the bottom
horizontal arrow is the one induced from the embedding of proposition 1.7. The injectivity
of o' now follows from the fact that ¢ provides an isomorphism between Yj,(gly) and
Yy, (gly): see Theorem 3.2.

We need to see that ¢ is surjective. Define elements gi(;,m)

for each m > 0, let §Z(Jom) = SJ(.?’m) and gl(]mm) = (—1)m+15’g-)’m), and for 1 <r <m let

with 0 < r < m as follows:

o(rm+1)  S(r—1,m) a(rm)
Slrmtl) _ glr=tm) _ glrm)

Then induction on m shows that

Y(ST™) = Eijs (s — 1)™ — Ejis (s — )™,
G(S5™) = (1) (Eiys (s = )7 - g™ (s - 1)),

" S(T’m) _ (_q)ymHt EZ"S_(m_T)(S — 1" - E,ism—r(s—l —1™).
iJ J !
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It follows that for any fixed m, the images of these elements under v span K, and they
are all in U™ by definition. Now note that for any element X € K™ = ¢~ 1(K%) 0 U™,

there is some element Y in
span(C{Sg’m), gl(;m) |i,j=1,...,N, r€Zs}
for which X —Y € (¢ — 1)U4(L"(ox)). This follows from the fact that
Ya(L™ (on))/ (g = DUAL™ (o)) = U(o3[s,571])

is an isomorphism. Since X — Y is also in U and since U™ N (g — 1)U (L™ (on)) = {0},
we see that X =Y, hence

K" = spang{.S; Tm),Sz(;m |i,j=1,...,N, r € Z,}.

Therefore, any element of K!¥ is a sum of monomials f(q)(q—q )™ M where f(q) € A
is not divisible by ¢ — 1 and M = olrom) i) ey

21J1 Ik

(Tdyﬂid rq,mq) Td mgq)
ld]d € {Szd]d 7‘de }
and mg + ...+ mg > m. Following the same argument as the gly case, this is congruent
modulo Kt ma1 to

J()(g— g ymosim) s

11 eIk

up to a sign. The image modulo K%, , of this element is

Fypmogtm) | gttm)

2171 1kJk

and this is in the image of ©!, which proves that ¢! is surjective. m
Proof of Theorem 4.1. First note that for any &, € {1,..., N} we have the following

relation:

§5“4”1"<Z>§;T$hﬁ““
> Z <(—1)c—a (Z) TSJ) g ((—1)d—b (Z) ng;)) "

c+d=m a=0
© E Bl () (e ().

(a)7(b)
]l

on both sides. On the left-hand side, n —a = b, so n = a + b; on the rlght hand side, in the

first sum, c+d = m, so d = m — ¢ and ¢ can take any value from a to m. On the right-hand

To verify this equality, we need to check that the coefficients of T}, are the same
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side, in the second sum, c+d=m — 1, so d = m — 1 — ¢ and ¢ can take any value from a

to m — 1. We thus have to see why the following equality holds:

(—1)m-a-b (GTZ b> :i(_l)cfa(_l)mfcfb (Z) <mb— c)

c=a

o))

n n—1 n—1 - .
Because (k;) = ( I ) + <k: B 1), this is equivalent to:

m m—1 m—1
m c m—c c m—1—c c m—c—1
(20)=2 () (" )-2 @) -2 @)
when b > 1. Note that when b = 0, it is trivial to check that
m m—1
m c m—c c m—1—c¢
W20 =2 (@M )-Z @)

Here is an explanation why the equality of binomial coefficients

m—1
m c\ fm—c—1
() =2 ()
holds when b > 1. The number of ways to pick up a + b objects out of a set of m identical

objects, all ordered in a row, and such that the (a+1)*! selected object is in position c+1 is

a b—1
a objects preceding it, then there must be b — 1 objects among those labelled ¢+ 2,....,m

—e—1
<C> (m : > : this is because if the object in position ¢+ 1 is selected and if there are

b—1
to chose b — 1 objects among those labelled ¢+ 2, ..., m. Summing over all possibilities for

There are CCL ways to chose a objects among the first ¢ and there are ways

¢, and noting that different values of ¢ give different ways of selecting objects, we obtain

()=S0

Equation (4.1) will be particularly useful when j < k < i. We can deduce some more

the equality

useful relations by rewriting (4.1) as follows:
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(b)

Observe that the coefficient of Tﬂ on the fourth line is zero when b = 0. Therefore, we

7(0) g1\ % (7:(0) : :
can replace these T';;” by — (T) (T;” — d;1) and deduce that the following formula is

jl
also true for any k, [:

S (caym (Z’j) ST

a=0
=3 (e () o) 7
+ > CO <(—1)” Z) ifl-?) (4.2)

Sy (370 o () - m) .

This formula will be useful for the case when k < j. Using the same trick, we can
Sk —(a
replace the TZ(,?) by — (%) * (Tz(k) — 0;%) when d # m and a = 0 in (4.1) to deduce

another formula, which will be useful for the case when k > :

S m—n [T g a f(n—a)
S (1) LT
n=0 a=0

25 (o))

> (i(—lf‘a (o)~ (‘”q“l)é T - f»k))

ct+d=m—1 \a=1

(5r07)

Recall that if j < k, then modulo K411, we have

d 7 (b)
[ d T
§ :(_1)d b <b> J - = (_1)d+1Tj(l(q]7d)‘ (44)

b—0 q9—q
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Similarly, if £ < j then modulo K4,1 we have

b ) 0
i b <d> Tgk) oy <q+ 1>5]k T — 8 _ (Lqydig0a), (45)
= q—q q q—q! ik

(m+1) % <i(]0,m)
and then see what is its image in the quotient

Equipped with all these formulas, we can now prove the claim that 8,

(0.m)
S5

when ¢ > j. First we must compute
K,,/K;,+1. By definition,

(g9 =3y BEE Sy ()X ZTWTW 2l

k=1n=0

Let us split this summation into the cases k < j, j < k < ¢ and k > ¢; using our formulas
(4.1), (4.2), (4.3), (4.4), (4.5) and recalling that T = 0/if k > i and T = 0 if k < j, we

have

G WEDICED I CURIWED

a=0 a=0

33 3 (v (9 n)

kS] c+d=m a=0
cEm

k<j c+d

£ Y S (o () ) s (e (8 )

j<k<ict+d=m a=0

fx Y s (o () ) s (o (8 7)

j<k<ict+d=m-—1a=0
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DYDY (i(—nc“(;)1;%)—<—1>C(q+q1)5ik<T§2>—6@-k>>

k>i c+d=m—1 \a=1

(B Om)

Most of these terms vanish after dividing by ¢ — ¢!

and passing to K, /K;,+1; what

remains is:

C(O m) 5(0 ,m) ( )m—i—lé- (0,m) +h Z Z d+1€zk ]z d)

k=1 c+d=m—1

N m
:gz(jovm) +(_1)m+1£§?7m)+h22(_ m+1— CS(OC 1)€§g,mfc)

k=1 c=1

and the right hand side is precisely cp( (m Jr1)).

(m+1

Now suppose i < j. We will show that Sij — Ci(jl’m). To achieve this, we first rewrite

equation (4.2) in an equivalent form:

> () SreT

n=0
= m—a [T a *(0)
> (e (Q)Tfk))Tﬂ
a=0
(e 0 g+ 1\
+ Ty <Z(_1) ’ @L) Ty - (-1 ( . > (T} - 5jl)>
b=1

m—1 5.
mel—ag [m—1 a g+1\%
(e () (52 )
=0
m—1 m—1—d
m— a —d —1-d a
+ (Tfk Py e (- (7 ))Ti(k))

~ (fj(—nd-b (;j) Ty = (-1)° (‘121)5 (Tj - @)) -

b=1

Observe that the coefficient of Tl(,g) is zero when a = 0 and d # 0, m (see the fourth
Oik
line). We can therefore replace these Ti( ) by — (qH) (TE,S) —0;x) and deduce the following

formula, which will be useful for the case when i < k < j:
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(0) % m—b [ M 7=(b) L (qg+1 51
+ T (Z(_l) ’ <b> Ty —(-1) <q> (T}~ 63)
b=1

(Eor ) ()

+ (ZCJH)” () T4 - (~1)° (q:l)é T~ (m)

ct+d=m a=1
c,d#m

b:l
Therefore,
m+1 . )
2 (m . 1) S TOTET Yy (Z’Z) STl
n=0 = ~ 2

_mil< et (m;rl> k) ,+Z< ( )ﬂf))Tﬁ)

(™ O TRTY

m+1 N
0) ma1—b (M + 1\ =0 q+1)\%
+ 1 (Z(—l) i b( \ )Tg.l)_(_l)mﬂ (q) (szo)—%z)>

b=1
) (bé(—l)m-b ()78 - o (‘1;1)5 @ - ajo)
- (é—nma () TSJ) ((q*ql)é T - m)

(Eer () ()
-ty ()7 7 -0
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b=1
Since
m m (0 m m Q+1 ik (0 (0
(=)™ + (=)™ TOTSD = — (1™ + (=1) )((q ) (Tﬁﬁ—%))ﬁz)
and

we deduce that

m+1

m4l—n [(Mm+1 = a)m(n—a) S m—n [T S a)r(n—a)
S (M) e Y () S
a=0 n=0 a=0

n=0

m+1 S
mal—a (M +1 a m +1\" —o —(0
(B () g - o (1) @ o) 2

a=1 1

+ (i(—nma (m)rie o () fm)) o



b—1 q
w1y (bﬁ:] v ()T - o <‘”q“1)5 (i m)
(o (ron () )

D> (i(—l)““ (o) 70 - -y (qu)a @ s >)

etdemt1 \a=1
- <§dj<—1>d—b (5) 70 - v (qzlf @ s, >)

c,d#m—+1
b=1

DY (ZC)H)” ()7 - o () %))

ct+d=m a=1

cEm

ct+d=m
c,d#m

DS (i(—l)” ()7 - o () m)

e \E
~ (i(—l)d—b (579 ot () - m) |

c#Em—1
b=1

After collecting terms, we obtain the formula:
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m—+1

mtton (M4 1) S r@)mn-a) | = ymen (M) = m(@)m(n—a)
S (TN ST e Yy () S
a=0 n=0 a=0

n=0
m+1 Sik
m+l—a m+1 a m Q+1 * 0 (0
- (Z(_l) o < a > T — (—1)m (q > (Tl(k)—(slk:)) ng)
a=1
e (M ) m (2 ) ~0)
+ (> (-1 o ) T — (1) e (Tie —0ik) | Ty
a=1
m+1 5.
mal—b (M4 1\ =0 m g+ 1\
+T$’<Z<—1> “ *’( b >T§z’—<—1> “ <q> <T}?>—6ﬂ>)
=1
vt () 0 m (4 1\
o <Z<—1> ()= com (57) -
=1
- c—a € a c Q+1 ik (0
s (Z(—n ()70 = o (U)o
ct+d=m+1 a=1 q
c,d#m+1

ct+d=m
d#m

From this together with (4.2) and (4.3), and recalling that Tﬁ) =0if k < j, it follows
that:

34



_hollm) 1 (0,m+1) (0,m)
(g—q )Sij =(q—q) <Sij + Sij )
_ m+1—n [T +1 (n) % m—n [T (n)
=S (M) s e e () s
n= n=0
N m+1 m+ 1 n ( ) m n
m+1l—n a)7(n—a m—n [T a)7(n—a
3 (S () ST S (1) T
k= a=0 n=0 a=0

1 \n=0

> (i(—nc—“ () Té?)

k<i c+d=m+1 \a=0

c#Em—+1
d Ok
(S (- (552) " o)

b=1

5 (S () )

k<i c+d=m \a=0

e (5) 7 - v (q“f ) - w)

q

Yy (Zu; <§>T;(£)>

k<i c+d=m—1 \a=0

m+1 6ij
m+l—a m+1 a m g+1\" =0 —(0
+(Z<—1> e () - e (15 <T§j)—6@>) (75 1)

a=1

(0) = L (m+ 1 =) g+ 1\% 0
m—+1— 22l m+1
+<T 1 <b§—1(_1) < b )sz' - (=1 +< p ) (T} _6])>



36



DD (i(—l)C‘“ (E)sz)—<—1>C(‘T)6ik<T§2>—5ik>>

k>j c+d=m—1 \a=1

1

After dividing by ¢ — ¢~ and passing to K,,/K,,+1, we are left with

Gy = €™+ (- — hZ > —1)%

N m-—1
5(0 m) T (- 1)m+1§§?7m) + hz Z(_l)m_cfl(gC)‘S](%m_l_C)
k=1 c=0
N m
Om m 0,m m4+1l—c OC 1) ~(0,m—c
k=1 c=1
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Chapter 5

Y (spy) as a degenerate form of
Ug(L(sp))

In the same spirit as the previous two chapters, we will now realize the twisted Yangian
Y™ (spy) as a degenerate form of U (L™ (spy)). We will regard these two algebras as
subalgebras of Y (gln) and 4, (L™ (spy)) respectively, via the embeddings of Propositions
1.5 and 1.8. The proof amounts to a computation which is very similar to the one seen

Chapter 4. Recall that for this case, NV must be even.
(r0) _ S Do er o(00) _ SG b _
Let Sij = —2 - when r > 0, and for i > j let Sij = T where B = (b;;)
(0)

a—q
s

is given by (1.44). For i < j, let Si(;-)’o) = -1 For each m > 0, define inductively

Sg’mﬂ) = Sg“’m) — Si(;’m). Let Ci(;’m) be the image of Si(;’m) in the quotient K, /K, 41.

Once again we have

m-r
(rym) _ m—n+r m (n,0)
S = (-1 (n - r) S

n=r

for all r,m > 0.

Theorem 5.1 Ifi > j+ 1, then
sy TS g

(m+1 (0,m) |

where ¢ : Yi(gly) — ?h(g[N) is the isomorphism given by t;; ) s & s ifi< g+,
then sgnﬂ) RN Cl.@’m).

We can obtain an analogue of Theorem 3.2. From Theorem 3.1 and Proposition 1.8,
we can deduce that the enveloping algebra of 5p§§,“[s,s_1] is the limit when ¢ — 1 of
U (L™ (spyy)) in the following precise sense: if we let La(L™ (spy)) be the subalgebra
of 4, (LM (spy)) generated by all the SZ.(;’O), then $U4(L™ (spn)) /(g — 1)ha(L (spy)) is iso-
morphic to $(spt¥[s, s71]) (see the proof of Theorem 3.10 in [12]). The following diagram

is commutative:
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La(L (spy)) Ua(L(gly))

| |

w - Ya(Lr U (L(gl
(sl ls.s™)) — ity — G hiatdy —— W)

We can define an algebra Y (spy) similarly to how we defined Y (oy). For m > 0,
denote by K the Lie ideal of spi¥[s, s7!] spanned by

(—1)jEZ'j/ST(S — 1)m + (—1)1Eji1877‘(871 — 1)m

for all r € Z. Let U™ be the subspace of 4(L" (spy)) spanned over C all the generators
SZ»(;’O), and observe that U™ N (q—1)4U4 (L™ (spy)) = {0}. Set KI¥ = ¢~ H(KI¥)NU™ where
1) this time denotes the composite

AL (spyy)) — Ua(L (spy))/ (@ — DUA(L™ (spy)) — Ulsp[5,57])-

Let K% be the two-sided ideal of 4 4(L"(spy)) generated by (q—¢ 1)KL .- - KL with
mo+my+ -+ mg > m.
Let Y™ (spy) be the C-algebra

Y (spy) = €D K5 /K
m=0
where K = $4(L"%(spy)). We also view Y (spy) as an algebra over C[h] by setting
h=gq—q!eK¥/KL, and then denote it by V" (spy).

(m)

Corollary 5.1 Y™ (spy) is isomorphic to fﬁf“’(spN) via the function ©* that sends Si

to SZ-(jl’m_l) e K /K%Y form > 1.
Proof. Theorem 5.1 implies that the following diagram is commutative:

Yy (spy) — Ya(gly)

| B

Y (spy) — Ya(glv).

In this diagram, the top horizontal arrow is the embedding of proposition 1.5 and the
bottom horizontal arrow is the one induced from the embedding of proposition 1.8. The
injectivity of ¢! now follows from the fact that ¢ provides an isomorphism between Y}, (gly)
and ffh(glN): see Theorem 3.2. The proof that this map is surjective is the same as in the
orthogonal case. m

Proof of Theorem 5.1. Suppose that j <i— 1. We need to show that
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G = CDIEG + (T =R YD ()M G — 6 G

k=1p=1

Using the formulas (4.1), (4.2) and (4.3), we find that

n=0
L - Fn-p) (n-p)
m—n m n

=S o (1) ST T - T )

k=1 n=0 p:(]

- m—n [T = n—

= 3D Q)«rw%mwm%mm

2k<j n=0 p=0

m m n —(n
> Y Qﬁmjgl
2k<j+1n=0 p=0

)T(p)

R(n— p) (»)  (n—p)
©,2k— IT]2k ngk IT]2k )

£ X e (W)

j<2k<i+1n=0 p=0

—22}w%@z%mg
p=0

JH1<2k<in=0

£ X e (1) (- 0r T+ T T

2k>i+1n=0 p=0
u“ m
- ZZ(—U <n>z i.2k ]Qk 1
2k>i n=0
— m—a [ T a (0
=q-1 (Z(—n () T ) Ty
2k<j \a=0

+@-nY > (i(l)““ () TZ-%L_l)

2k§jc+d:m a=0
d 5;
_p [(d\ =0 g+ 1\
- (Z(—nd () T - ot () @ - s

cEm
b=1

e D (i(—l)” (2) TE,ZL_1>

2k<j c+d=m—1 \a=0
Ly (d) ) a (a1 o
(S () T - ot (U5 @ -

b=1
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2k<j \a=0
DI (Z(—l)m_a (a) 7% 1)
%< a—=0

LYY (e (() Tfféh)

2k<j c+d=m \a=0
c#Em

- c—a c a
XX (e ()
2k<j c+d=m—1 \a=
: yi-b d\ ) a (217 )
Z_ () 20— (=1) ( . ) (T} 9% — 0j2k)
=1
m 0
-2 ( (a> 12k> (TS 1 — Oj26-1)
2k<j+1
S m—a m a
S b (ZH) (Q)T},QL)

2k<j+1 a=0

- X X (e () )
2k<]+lczsimm

Y s (e (g )

2k<j+1 c+d=m—1

j<2k<i+1 c+d=m

raen 33 (e () n

a=0

oy 33 (e () ) (e () )

J<2k<i+1c+d=m—1

F 33 (e (g)) (iuwo(gZ)T;zk)

j<2k<i+1ct+d=m \a=0
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j<2k<i+1ct+d=m—1

-y s (e (@) r) (

J+1<2k<i c+d=m

F Yy (e (9 ) (S () )

> % (oo () - e (S @ s
' (i(—l)d—b () T§~f’%k>
+(g—1) -

¢ eafc u . g+1 Oiok—1

' Z Z Z(_l) < ) Ti(,zgeq - (=1) () (Tgk,l — Oi2k—1)

2k>i+1 c+d=m—1 \a=1 a q
d

_p [ d\ =(b
~ (Z(—md () T§,%k>
b=0
¢ Y e e (S0 () 7
2U>it1 b=0

+ Z 0i2k—1 <§:(—1)m_b (?) Tﬂk)

2k>i+1 b=0
C

DD ( e () ri - o () e —&,zk-l))
2k>i+1 o a=1
- (i(—l)db () Tﬁf’%k>
b=0
PN (2(—1)0‘“ () T, — (1) (q;l)é T s - 51-,%_1>>
>i+1c+d=m—1 \a=
~ (i(—l)“ () Tﬁf&)
b=0
Z(Ti(,gac — 0i2k) ( 3 (—pm? (7;;) T%k—l)
b=0

2k>1
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- 5 o (S <2“> l)
Yy (x

2k>1 c+d=m a=1
d#m

c e . fa+1 i 2k 0
DY (Z(—n ()7 - o (TE2) T - s
2k>i ct+d=m—1 \a=1
- d\ )
b=0

I and passing to K, /Km+1 (always bearing in mind that T,g?) =0

After dividing by ¢ — ¢~

when k <[ and Tl(c(l]) = 0 when k > [), we find, as desired, that

Ci(](‘]’m) = (—D%fffm) + (=)™ Om) hz Z (2215 1],2k 51(213 5,2k — 1)

k=1 c+d=m—1
- (_1)j£¢j1 + (_1) fjl-/

(m—1—c) (0,m—1—c 0,¢) ~-(0,m—1—c
—h Y03 (=) (5 g ey
k=1 c=0
_ (_1)j£§;),,m) +( )m—i—z j(g),m
N/2 m
m—c) (0,c—1) ~(0,m—c) 0,c—1) ~(0,m—c
—hZZ 1)t (sz 1)5]% fz(zk 5]2k 1))-
k=1 c=1

Now suppose that i < j. We will show that s(mH) > Cl.(jl’m) using (4.2), (4.3) and (4.6):

-1\ g(lLm) _ —1 (0,m+1) (0,m)
(=g HS5™ = (a7 (897 + 59™)

i %

m+1 m 1 (n) m m (n)
_ E m+1-n n § : m—n n
N/2m+1

mt1—n (M1 (n—p) (n—p)
=SS (M) S Gl T - T
k=1 n=0 p=0
N/2 m

men (M) N, n—p) (n-p)
# S () S T - T
k=1n=0 p=0
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m+1 n
= m+1—-n m—+1 (e
=0 > S e (M) S T

2k<i+1 n=0 =
m n
+q —1)m" m (P) *('n—p)
2k§'+1 nz—;)( ) <n . Tiok—1Tj2n
= -
5~ +1\ —
_ _1\ym+l-n m (p) (n p)
QkZ' Z( 1> ( n ) Ti,2kTg,2k_1
<i n=0 =0
- (p) 7
o p) 77(n—p)
2%: Z% ( > LTy 21
<t n= =0
5~ +1)
> s () i
i+1<2k<j n=0 n = s 7,

n
(p) —p)
ZTZQk 7,2k—1

o 3 e () ST
- +1
- _ m+1 —n [T
> < ] >

i<2k<j+1 n=0 p=
m n
D MDY et (D wesidhyend
i1<2k<j+1n=0 " p=0 7
m+1 11
_1ym+l-n [T
o e (M) o
2k>j n=0
n
— m —(n—
ra XS (1) S T
2k>j n=0 " p=0 7 7
m+1 1
- m+1 m
S S (M) S
2k>j+1 n=0
> e )zz%
2k>j+1n=0
m+1 11
m —
—¢ ¥ (Z ymi- a< )TZ(QL 1 (T§02)k_ j%)
2k<i+1 \a=0 7 ’
m+1
fo 3 g S () 7
2k<i+1 a=0 a 7
m
_q1ym—a () pla) 7(0)
+q2k<zz‘+1 (azo( Y a<a)Tigk_1> (Tj’%_(sj’%)
m
ro 3 (e () 78k
2k<i+1 a=0
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0 (S (2 )

2k<i+1 c+d=m+1
c#Em+1

+e Y Y (Z(—lf—“ (a) Ti(,;‘%gl)
2k<i+1 c+d=m 0

oY > <g<—1>c—“(§>ﬂféi_l>

2k<i+1 c+d=m—1

2k<i \a=0

-3 S (e (f) )

2k<i c+d=m+1 a=0
c#Em+1

XY (e . “(2) )

2k<ict+d=m \a=0
2 d—b [\ (b) o (a1 )
: E (=% <b> 19,1 — (=1) <q > (T o1 —

b=1

X ¥ (e (g )

2k<i ct+d=m
d 65 oKk—
_p (d\ =) g+ 1\7* 1 o
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Chapter 6

Classification of Finite Dimensional
Irreducible Representations of Y'(g)

Throughout this section, we fix a complex semisimple Lie algebra g, a Cartan subalgebra b,
and a basis of simple roots {«;};cr. We begin by recalling some facts about representations

of g (equivalently, representations of the universal enveloping algebra $4(g)).

6.1 Preliminaries and Definitions

Let V' be a representation of (g). We say that A € h* is a weight of V' if the simultaneous
eigenspace
W={veV|Hv=ANH)vY H € b}

is nonzero. If V is finite dimensional and irreducible, then there exists a weight space

V=@

S

decomposition

A nonzero vector v € V) is called a highest weight vector if U(n*)v = 0 where n™ is given
by the triangular decomposition g = n~ @ hEn™. V is a highest weight representation with
highest weight A if V' is generated by a highest weight vector v € V) for some A € h*.

Proposition 6.1

(a) Every finite dimensional representation of 4(g) is completely reducible.

(b) Every finite dimensional irreducible representation of 4(g) admits a weight space de-
composition.

(¢) Every finite dimensional irreducible representation of $4(g) is highest weight. Its highest
weight \ is unique, and the weight space V) is one dimensional.

(d) An irreducible representation of $(g) is finite dimensional if and only if its highest
weight \ belongs to P+ = {\ € p* | 2220 € 7. Vie I}.

(ci,)
(e) Ewvery weight of a finite dimensional irreducible representation of $(g) is of the form
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A —n with n € Q, where X is the highest weight and

QT = Z Ly ;.
i€l
Point (e) above motivates the introduction of the following partial ordering on h*: we shall
say that o < B if 8 —a € QT. Then (e) means precisely that all the weights of a finite
dimensional irreducible representation of 4l(g) are comparable with respect to this ordering,
and the highest weight is maximal among them.

In this chapter, we will prove some analogous results for the Yangian Y (g). We will first
need to introduce the notion of highest weight in this case. The appropriate definitions were
given in section 12.1 of [4]. A statement of Theorem 6.3 below can also be found therein,
but a full proof was not given, because it should be similar to the proof of the classification
of finite dimensional irreducible representations of the quantum loop algebra for g. The
proof of the quantum loop case for sl can be found in [3], and a proof the quantum loop
case in general can be found in [5] and section 12.2 of [4]. The majority of the proof of
Theorem 6.3 below was obtained by adapting those arguments for Yangians.

Let V' be a representation of Y (g). We will call a nonzero vector v € V' a weight vector
if, forall € I and r € Z4, H; ,v = ®; ;v for some complex numbers ®; .. The I x Z-tuple
® = (i )ier,rez. is then called the weight of v. A weight vector v is highest weight if, in
addition, X;;”U =0foreveryie [l and r € Z,.

V' is a highest weight representation if it is generated by some highest weight vector v,

and in this case the weight ® of v is called the highest weight of V.

Theorem 6.1 (PBW Theorem for Y(g); Cor. 12.1.9 of [4]) Given any total order-

ing on the set of generators {X: X H;, | i € I, v € Z.}, a basis for Y(g) is provided
by the collection of all ordered monomials in these generators. In particular, if we choose
this ordering so that each X precedes each H;,, which in turn precedes each H;FT, then we

obtain an isomorphism of vector spaces
Y=Y oY'eYy"

where Y+ (respectively Y°) is the subalgebra of Y (g) generated by all the Xij;, (respectively
Hi,r‘)-

It is easy to check that the assignment
e; — d;lX;rO fz — XZTO hZ — d;lHLo (61)

defines a natural homomorphism from 4(g) into Y(g). Consequently, we can view any
representation V' of Y(g) as a module over #(g). Then, we can investigate the structure of

V' by making use of the familiar representation theory of g.
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Theorem 6.2 Let V' be an irreducible highest weight representation of Y (g) with highest
weight ® = (®;,)icrrez, - Then the highest weight vectors in V span a one dimensional

subspace. In particular, the highest weight ® is unique.

Proof. Since V is highest weight, it is generated by some highest weight vector v € V' of
weight ®. Then according to the PBW theorem and the definition of a highest weight vector,
V' is spanned by vectors of the form X e X U If we view V as a representation of
g, then by definition the weight A\ of v with respect to the Cartan subalgebra b is given by
A(h;) = d;lCIJi,D, and each vector of the form X; ... X, v hasweight A\—a;, —...—

i1,r1 " T k*

We therefore have a weight space decomposition

V=~ Vi,

neQ+

Let v € V be any other highest weight vector. Then v is in particular a simultaneous
eigenvector under the action of all the H;p, so it belongs to one of the weight spaces V)_,,.
By irreducibility, v generates V', but by the PBW theorem, this is impossible unless n = 0
because ¢ is highest weight. It follows that © € V). On the other hand, V) is spanned by v,

because Xiw,1 ... Xiwkv has weight A —a;, —... — ;. =

Proposition 6.2 Every finite dimensional irreducible representation of Y (g) is highest

weight.
Proof. Let V be a finite dimensional irreducible representation of Y'(g), and let
Vi={veV|Xfv=0Viel, reZ}

First, we will show that V° # {0}.

Assume that this is not the case, so that V? = {0}. Choose a nonzero simultaneous
eigenvector w € V' with respect to the action of all the H;, (this exists because the H;,
commute with each other). Note that by definition, w is a weight vector with some weight
® = (®;,)icrrez. - Since w is nonzero, it is not in VO; therefore, there is some X:,Tl such
that X;, ,,w # 0. We can repeat this argument inductively to obtain an infinite sequence
w, X;lrﬂ,lw, X;;WX;LT,Iw, ... of nonzero vectors in V. On the other hand, these vectors are
all linearly independent, because they each have different weights when we view V as a
representation of g via the homomorphism (6.1); indeed, the weight of X;; R X;l' WIS
A+ i + @iy + ...+ gy, where A\(h;) = di_lcbz-,o.

This contradicts the assumption that V is finite dimensional, proving that V° # {0}.
Any nonzero element of V0 which is a simultaneous eigenvector under the action of all the
H;, (if it exists) will be highest weight by definition, and by irreducibility it must generate
all of V; it therefore only remains to show that that V9 is stable with respect to the action

of all the H; ;.
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Suppose v € V?, and fix any i € I. We will show by induction on 7 that X;SHWU =0
for every j € I and r,s € Z:
The base case 7 = 0 follows from the second relation in Y'(g), and the fact that v € V°:

X;:SHZ'701) = (X;SH@O - Hi,oxjfs)u = —[H,, Xjfs]v = —dicijxjfsv = 0.

Now suppose for some r € Z that X;SHMU =0 for every j € I and s € Z. Then
since v € VY, relation (2.2) gives us

+ .
Xj,s+1H%,T)U

X Hiprv = (X Hipp1 — Hipn X o+ (Hip Xy —
- _([Hi,r+17Xj+75] - [Hi,T; X;;g-fl])/u
d‘C"
- _ @2” (HMX;“S + X;SHZ-,T)U

=0.

Given any I x Z-tuple ® = (®;,)icrrez, let M(®P) be the quotient of Y'(g) by the left
ideal generated by {X ;;n, H;, — ®;,-1}. Then clearly, M (®) is a highest weight represen-
tation of Y'(g) with highest weight ®, and the highest weight vector is the image 1 in the
quotient of the element 1 € Y'(g). Note that the weight \ of 1g is given by A(h;) = d; ' ®;
when we view M (®) as a representation of g. The weight space M (®), is one dimensional,
because any element of M (®) is a sum of elements of the form XXy Lo, but the
weight of such an element is A — oy, — o, — ... — oy,

Consequently, any proper subrepresentation of M (®) must have trivial intersection with
M(®),, and it follows that the sum of all of the proper subrepresentations is the unique

proper maximal subrepresentation of M (®).

Definition 6.1 The irreducible highest weight representation of Y (g) with weight ® is the
quotient of M(®) by its unique proper mazimal subrepresentation. We denote this repre-

sentation by L(P).

Now suppose that V' is any finite dimensional irreducible representation of Y'(g). By
Proposition 6.2, V' is a highest weight representation with some weight ®. If v € V is
a highest weight vector, then the assignment 1 — v defines a surjective Y (g)-module
homomorphism M (®) — V. It follows that V is isomorphic to the quotient of M(®) by
the kernel K of this homomorphism. On the other hand, since V' is irreducible, this means
that the quotient M (®)/K must also be irreducible; therefore, K must coincide with the
unique maximal proper submodule of M (®), hence V = L(®).

In light of this fact, if we want to classify all of the finite dimensional irreducible rep-
resentations of Y (g), we only need to find some necessary and sufficient condition on the
weight ® which determines whether or not L(®) is finite dimensional. We will prove the

following result:
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Theorem 6.3 Let ® = (®;,)icrrez,. Then L(®) is finite dimensional if and only if for
each i € I, there exists a polynomial P; € Clu| such that

Pi(u+ dy) = —
— =1+ g D, u" 6.2
P/L(u) e 2,7 ( )
in the sense that the right hand side is the Laurent expansion of the left hand side about

u = Q.

Note that if P; satisfies condition (6.2), then so does any nonzero scalar multiple of P;,
so we may as well take P; to be monic. Then all the P; are uniquely determined by ®;

indeed, if P; and @; are both polynomials satisfying (6.2), then

Pi(u+d;)  Qi(u+d;)

Equivalently, Pi(u + di) P;(u)
i oo il
Ql(u + dl‘) N Qz(u) '

In particular, the rational function by W g periodic in u, which is impossible unless P;(u)
Qi(u)

is some scalar multiple of @Q;(u). If P;j(u) and @Q;(u) are both monic, it follows that P;(u) =

Consequently, we may identify ® with the sequence of monic polynomials P = (P;);ey,

and use the notation L(P) in place of L(®). Accordingly, we will simply call P the highest

weight of this representation.

Definition 6.2 L(P) is called a fundamental representation if, for some i € I, P;(u) has
degree 1, while Pj(u) =1 for all j # .

It will be useful to consider tensor products of the fundamental representations, but we
first remark that this is a well defined notion because Y (g) is a Hopf algebra (so we can use
its comultiplication A to define the action of Y'(g) on a tensor product of representations).
While an explicit formula for A in terms of the presentation for Y (g) given in Chapter 2 has
been found for the case when g = sl,, there is no known formula that works for arbitrary
g. However, it is at least known (cf. p385, [4]) that if N* =37, X;;Y“‘, then modulo
Y(g) @ Y(g)NT, we have

r
AX) =X @1+10 X +) Hi 10X, (6.3)
s=1
r
A(Hi,r) = Hi,r R1I+1® H’L’,r + Z Hi,sfl X Hi,rfs- (64)

s=1

Proposition 6.3 (Proposition 12.1.12 of [4]) Let v and w be highest weight vectors of
L(P) and L(Q), respectively. Then the submodule of L(P) ® L(Q) generated by v ® w is a
highest weight representation of Y (g) with highest weight P ® Q = (P;Q;)icr-
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Proof. It is immediate from (6.3) that v ® w is annihilated by all the X:T. Let
o = (er)iel,reh (respectively e = (@?r)ig,rez+) be related to P (respectively @) as

in equation (6.2). Then according to equation (6.4), we have
HLT(U@U}) = <(I)57‘+(PZQ Z(I) I(I)z'/‘ s) (’U@U})

It follows that Y (g) (v®w) is a highest weight representation of weight ® = (®; , )icr rez, »
where ®; . = CI>P + <I>Q +> 0 @fs lfb?r - In order to conclude the proof, we only need

to show that ® is related to the polynomials P;Q; by equation (6.2). For each i € I, we

have

PQi(u+ d;) _
%é; <1+Z<I> )(HZ@HU )

—r—1

The coeflicient of u in this expression is

(I)P+(I)Q+ Z (I) zl_(I)P+<I)Q+Zq) zrlk
k+l=r—1

=of, +of, +Z¢>lk1¢> =D,

as desired. m

Given any sequence P = (F;);c; of polynomials, we can repeatedly apply the above
proposition to construct a tensor product of fundamental representations containing a high-
est weight subrepresentation of weight P. Then, L(P) is isomorphic to the irreducible

quotient of this submodule. The next result follows.

Corollary 6.1 For any P = (P;)icr, L(P) is isomorphic to a subquotient of some tensor

product of fundamental representations.

Accordingly, if we are to prove that every L(P) is finite dimensional, it will suffice to

only consider the case where L(P) is fundamental. Let us first consider the case when

g= sls.

6.2 Proof of Theorem 6.3 for g = sl

Recall that the finite dimensional irreducible representations of sly are parametrized by

nonnegative integers; namely, for each r € Z,, there is a unique representation V' (r) of sly

61



of dimension r + 1, and there is a basis {vo,...,v,} of V(r) such that the action of sly is
given by
evs = (r—s+ 1)vs—q fus = (s+ 1)vss1 hvs = (r — 2s)vs

where v_; = v,41 = 0.

For each a € C, there is a surjective evaluation homomorphism
[SA' Y(S[Q) — ﬂ(S[Q)

which acts as the identity on (sls) C Y (slz). We can view V(r) as a representation of
Y (slp) via this homomorphism; we denote the resulting Y (slz)-module by V(r), and call it
an evaluation module. The precise definition of ev, is given in [4], Proposition 12.1.15. The
action of Y (slz2) on V(r), is also given in [4] page 389, namely

k
1 1
Xffkvsz <a+2r—3+2> (r—s4+1)vs_

_ 1 1\*
X pvs=(a+ SURE R (s 4+ 1)vst1

1

1
Hi pvs = ((a+r—s— =

1 1
5 2)k(r—s)(s+1)—(a+2r—s+2)k(r—s+1)s> Vg.

Note that since V(r) is irreducible and ev, is surjective, V(r), is also irreducible. It
follows that the vector vy generates V(r),, and according to the above equations, it is also

a highest weight vector with highest weight ® = (®1 3)rez, given by

1 1\*
<I>1,k:<a—|—27"—2> r.

In particular, V(r), is isomorphic to L(®). Consider the case when r = 1, so that

®; 1, = a*. Let L(P;) be some fundamental representation, so that Py(u) = u — a for some

a € C. Since d; =1 for g = sly, the Laurent expansion of % about u = oo is

u—i—l—a:u—aJr 1 14 u~! :1+§:aku_k_1=1+§:@iku_k_l-
u—a u—a u-—a 1—aut =~ =
It follows that L(P;) = L(®) = V(1),, hence every fundamental representation is finite
dimensional (in fact 2 dimensional) because V' (1), is. This proves the ”if” part of Theorem
6.3 for g = sls.
For the converse, it will be more convenient to work with a different presentation of
Y (slp). It is given by taking an appropriate quotient of Y'(glp) in its RTT presentation;

see [1].
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Theorem 6.4 Forr e Z,, let e, f") h(") € Y(gly) be given by the equations
e(u) = io:e(r)u*“1 = tog(u) 1o (u)
r=0
fu) = i FOuTT = tar (w)taa(u) !
=0
h(u) =1+ i A=Y = ) (u)taz(w) ™ — tor (w)tan(u) " aa(w)tas (u) L.
r=0

Let X*(u) = 32, Xffru_r_l, Hu) = 1+ Y2 Hiu""t € Y(sh)[[u™]]. Then the
assignment

Xt (u) = e(u), X (u) = f(u), H(u) — h(u)

extends to an isomorphism Y (sly) — Y (gla)/(0(u) — 1), where
8(u) == tn(u)tgz(u - 1) - t21(u)t12(u — 1)
Remark 6.1 We can rewrite h(u) as h(u) = tao(u) ‘taa(u — 1)710(u), cf. [1].

Assume that L(®) is finite dimensional. We can use the isomorphism of Theorem 6.4 to lift
L(®) to a representation of Y (gly). Since the composition Y (gly) — Y (gla)/(d(u) — 1) —
Y (sly) is surjective, L(®) remains irreducible as a module over Y (glz). The classification
of finite dimensional irreducible representations of Y (glz) is well known (see [11], Chapter
3); they are parametrized by their "highest weights’ with respect to the actions of #11(u)
and t92(u). We will use this theory to investigate the properties of L(®). Let us begin by
defining the notion of a highest weight module over Y (gls):

Definition 6.3 (Proposition 3.2.2, [11]) A representation L of Y (gla) is called highest

weight if it is generated by some vector ¢ such that

tlZ(U)C = Oa and
ti(u)C = Ai(u)¢ for i=1,2

for some Xi(u) = > 72, )\Er)u_l € Cllu™t]]. In this case, the pair A\(u) = (A1(u), Aa(u)) is
called the highest weight, and C is the highest weight vector.

It is easy to construct a universal highest weight representation of Y (gls).

Definition 6.4 (Definition 3.2.3, [11]) Let A(u) = (A1(u), A\2(w)) be any pair of formal
series as above. The Verma module M(\(uw)) is the quotient of Y (gla) by the left ideal
generated by tgg) and tg) — )\ET) with i = 1,2, for all r > 0.
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The same arguments used for the Yangian Y (g) can be used to show that M (A(w)) has a
unique irreducible quotient L(A(u)), and additionally that any finite dimensional irreducible
representation of Y (gly) has a unique one dimensional subspace of highest weight vectors,
and is isomorphic to some L(A(u)); see [11] for complete details. The collection of all finite
dimensional irreducible representations of Y'(gla) is therefore made up from precisely those

L(A(w)) which are finite dimensional. In the next section, we will prove the following result:

Theorem 6.5 (Theorem 3.3.3, [11]) If L(\(u)) is finite dimensional, then there exists

some monic polynomial P(u) such that

/\1(u) P(u + 1)

A2(u) P(u)

Remark 6.2 The converse of this theorem is also true, but we only need this weaker result

for our purposes.

We eventually want to apply this theorem to L(®), but this only makes sense once we

have proven that L(®) is isomorphic to some L(\(u)):
Lemma 6.1 L(®) is an irreducible highest weight representation of Y (glz).

Proof. It is clear that L(®) remains irreducible when viewed as a module over Y (gls),
and that it is generated by some vector v which is highest weight with respect to the action
of Y(slz). We need to show that vg is still a highest weight vector under the action of Y (glz).
By Theorem 6.2, the subspace of highest weight vectors in L(®) is one dimensional. In order
(r)

to show that the ¢;;(u) act by scalars on vg, it therefore suffices to prove that t;;’ve is a
highest weight vector for each r € Z.

According to the proof of Theorem 6.2, we have an sly-weight decomposition

L(®) = @ L((I))q%‘,o—%

k>0

and the one dimensional space of highest weight vectors is precisely L(®)q¢,,. Observe that

bt} ve = Hyot ve = KO ve = (11 — 151 ve.

ii
According to relation (1.1), we have [t%-),tg)] = 0. It follows that hlté:)vcp = tg)hlv@ =
@i,otg)v(p, hence tz(-:)v@ € L(®)s,,, as desired. Finally, we see also that tio(u)ve =
too(u)e(u)vey = too(u) X T (u)veg =0. ®
According to this lemma, L(®) is isomorphic to L(A(u)) for some A(u) = (A (u), A2(u)).
We have assumed that L(®) is finite dimensional, so by Theorem 6.5, there exists some

monic polynomial P(u) such that

A(u)  Plu+1)

A2(u) P(u)
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We also know that if v is the highest weight vector, then since d(u) = 1 in Y (slz), we have
vp = O(u)ve = (t11(uw)tee(u — 1) — tog (u)t12(u — 1))ve = A1 (u)A2(u — 1)vg, hence

Al(u))\g(u — 1) =1.

On the other hand, we have

<1 + Z <I>17Tu’ﬂ1> ve = H(u)ve
r=0
= h(u)up = tgg(u)iltgg(u — 1)718(u)v¢ = )\Q(u)fl)\g(u — 1)711)@.
It follows that
1 AM(w)  Plu+1)

A2(u) P(u)

oo

14> @y = d(u) A — 1) .
r=0

This completes the proof of Theorem 6.3 for g = sly. Before moving on to prove the general

case, we will first turn to the proof of Theorem 6.5.

6.3 Proof of Theorem 6.5

A full proof of this theorem is found in [11], Chapter 3. The details are provided below, for
the convenience of the reader.

We begin by explaining how a highest weight representation L of Y'(gla) with highest
weight A(u) = (A (u), A2(u)) decomposes into weight spaces with respect to the action of
the diagonal Lie subalgebra f C gla:

Let ¢ be a highest weight vector in L. If we choose an ordering on the set of generators
of Y(gl) in a way that every tgi) precedes every tgq) and tgg), which in turn precede every
tgg), then we see from the PBW theorem for Y (gly) that L is spanned by all the vectors of
the form tgf) . .tgi’“)C.

Let a = € — €2 € h*, where the ¢; are the basis elements of h* which are dual to the
E;j; that is, €;(Ej;) = 0;;. Observe that if X € L is any vector with glp-weight o € h* (so
that E; X = u(E;)X for ¢ = 1,2), then for any 7, tgi)X has weight © — a. Indeed, if we
identify F;; with tl(ll ) ¢ Y (glz), then relation (1.1) gives us the equation

[Emtgi)] = (0i2 — 5i1)tgr1)v

hence Eiitgi)X = tgi)EiiX + (02 — 5i1)tgi)X = (u— a)(Eii)tgi)X . Note that a similar
argument shows that tgg)X has weight p + a.

By definition, ¢ has weight A\ € h* given by A\(Ey;) = )\2(1) where A\;(u) =302, )\ET)U_T.
It follows by induction that an element in L of the form tgll) .. .tgf“)c has weight A\ — ka,

hence we get a decomposition into weight spaces:

L= EB Ly_a (6.5)
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where Ly_po = {X €L ‘ E; X = ()\ — ka)(Eii)X, 1= 1,2}.

We will also need to define universal highest weight modules over gls.

Definition 6.5 Let A1, Ao € C. Then the Verma module M (A1, A2) is the quotient of U(gla)
by the left ideal generated by F15 and E;; — N, 1 =1,2.

The standard arguments again show that M (A1, A2) has a unique irreducible quotient
L(A1, \2).

Observe that L(A1, A2) remains irreducible as a module over sly C gla, because gly =
slo® Z(gl2), and Z(gla) only consists of scalar multiples of the identity matrix. Moreover, if
¢ is the image of 1 € $i(gls) in the irreducible quotient L(A1, A2), then we have by definition
E12¢ = 0 and (E11 — F22)¢ = (M — A2)¢. It follows that L(A1, A2) is isomorphic to the
irreducible highest weight module over slo with highest weight A\; — A2 and ( is its highest
weight vector, hence a basis of L(Ai,A2) is given by Ej5,¢ with r = 0,1,..., A1 — Ag if
A1 — A2 € Z4, and with r running over all nonnegative integers if \j — Ay ¢ Z..

We can also view L(A1, A2) as a module over Y (glz) via the evaluation homomorphism
(1.10). We call the resulting Y (glz) module an evaluation module (similar to the evaluation
modules over Y (slz)). We shall abuse notation by denoting this evaluation module by
L(A1,A\2), but it will always be clear from context whether we are viewing L(A1, A2) as a
module over gly or over Y (gly). Note that the evaluation module L(A1, A2) is an irreducible
highest weight module over Y (glz):

It is irreducible because the evaluation homomorphism is surjective, hence it is generated
by the vector (. We have tio(u){ = (Epu')¢ = 0, and t;(u)¢ = (1 + Ezu™')¢ =
(1 + Nu1)¢. Tt follows that L(\1, \g) is isomorphic as Y (gly)-modules to L(A1(u), A2(u))
where

Ni(u) = (14 Nu™h). (6.6)

Recall that we can take tensor products of evaluation modules and equip them with a well

defined Y (gl2)-module structure via the comultiplication A (see (1.11)).

Proposition 6.4 (Proposition 3.2.9, [11]) Let /\l(»r) ceCwithi=1,2andr=1,...,k.

Let L be the tensor product of evaluation modules
k k
L=L0W A\ e . oW AW (6.7)

Let ¢; be the highest weight vector of L()\gi), /\gi)), and let ( = ® ... R (. Then the sub-
module Y (gl2)C is a highest weight representation with highest weight A(u) = (A1(u), A2(u)),
where

A(w) = (14 AP a4+ APy

and ¢ is its highest weight vector.
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Proof. The submodule Y (gl2)( is generated by ¢ by definition, so we only need to check
that t12(u)¢ = 0 and ¢;;(u)( = Ai(u)(. We proceed by induction on k. If £ = 1 this is

trivial, so assume k£ > 1. By definition of A, we have

ti(u)¢ =t11(u) (G ® ... ® (1) ® t12(w)Cp + t12(u) (G @ ... @ (1) @ taa(u) (k.

The first term is zero because (i is a highest weight vector, and the second term is zero by

induction. Finally, note that
ti(u)¢ =t (u)(C1® ... @ (1) ® 1 (u)C + tia(u)(C1 @ ... @ (1) ® Lo (u) (k-
If ¢ = 1, then by induction the second term is zero and (in view of (6.6)) we find that
()¢ = 1+ AN+,
The same argument works for i = 2. m

Proposition 6.5 (Proposition 3.2.11, [11]) For each i,j = 1,2, the action of t;j(u) on

any element of the Y (gly) module (6.7) is a polynomial in u~! with degree no more than k.

Proof. It suffices to consider the action of ¢;;(u) on a simple tensor n =m ® ... ®n, € L.
We proceed by induction on k. If k = 1, the result follows because ¢;;(u) acts as 1+ E;ju~"
by definition of the evaluation homomorphism.

Suppose k > 1. Then by induction, tq(u)(n ® ... ® ng_1) is a polynomial in u~! with

degree no more than k — 1, for any a,b. It follows that

tij(uw)n = tia(u)(m @ ... @ Me—1) @ t1;(u)Cr + tia(u)(m @ ... @ Me—1) @ toj(u)Cx-

The last factor is a polynomial of degree at most 1 by definition of the evaluation homo-
morphism, so by induction ¢;;(u)n is a polynomial of degree at most k. m

In view of (6.5), every evaluation module has a gla-weight space decomposition, and each
of these weight spaces is finite dimensional (in fact one dimensional, because each one is
spanned by one of the basis vectors Ej,(). To such a representation, we can define a Y (gla)
module structure on the restricted dual space. More precisely, if L is any representation of

Y (gly) with a decomposition into finite dimensional glo-weight spaces L = @) uehe Ly then

rr=PrL.

Heh*

the restricted dual space is

Then L* becomes a Y (gls) module under the action

(yw)(n) = w(p(y)n), y € Y(gh), we L*, ne€ L

where p is the antiautomorphism of Y (glz) given by p(ti;(u)) = ta—it1,2—j+1(—u).
For any Y (gly)-submodule K C L, we can form the subspace

Amn(K)={we L |w(n) =0V ne K}.
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In fact Ann(K) is actually a submodule of L*: if w € Ann(K) and y € Y (glz), then for any
n € K we have

(yw)(n) = w(p(y)n) =0

because p(y)n € K, hence yw € Ann(K). Similarly, if M C L* is any Y (gls)-submodule,
then the subspace

Ker(M)={neL|wn) =0Ywe M}
is a submodule of L: if y € Y(glp) and 1 € Ker(M), then for any w € M*, since p is
involutive we have

w(yn) = w(p(p(y))n) = (p(y)w)(n) =0

because p(y)w € M.

Proposition 6.6 (Proposition 3.2.12, [11]) Let L be the tensor product of evaluation
modules (6.7). Then

L= L= A e e LEa AR,

Proof. The proof is by induction on k.

Suppose k = 1. Then L = L()\gl),)\g)). We will first show that L* is irreducible.
Towards this end, suppose there exists a nonzero proper submodule M C L*. Then we
know that Ker(M) is a submodule in L. Since L is an evaluation module, it is irreducible,
so Ker(M) = L or Ker(M) = {0}. Clearly if Ker(M) = L, then M = {0}. But M was
assumed nonzero, so let us assume instead that Ker(M) = 0. Since M is a nonzero proper
submodule, we can choose any basis of M and extend it to a basis B of L*, and the basis
of L which is dual to B by definition contains a (nonzero) vector v which is annihilated by
all the elements in BN M. Since these elements span M, it follows that v € Ker(M), hence
Ker(M) # 0. This is a contradiction, so L* must be irreducible.

Next we show that L* is a highest weight module whose highest weight vector (* is dual
to the highest weight vector ¢ € L; that is, (*(¢) = 1 and (*(E3,¢) = 0 for every r > 0.
Indeed, we have for all n € L,

(t12(u)C") () = ¢" (21 (—u)n)
= C*((=Baru)n) =0

because Fo17 has no weight component proportional to . Additionally, for ¢ = 1,2 we have

(tii(u)C*)(n) = " (ta—it1,2-i+1(—u)n)
= (*((1 = Ear—iy1o-is1u Hn) = (1 - )‘gl—)iﬂufl)éb*(ﬂ)v

hence * is a highest weight vector with highest weight A(u) = (1 — )\gl)u_l, 1-— )\gl)u_l).

In summary, L* is an irreducible highest weight module over Y (glz) with the same weight
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as the evaluation module L(—)\gl), —)\gl)), hence these modules are isomorphic. This proves
the base case k = 1.

Suppose k > 1. Let Ly = L()\gl),)\(;)) ®...0® L()\(lk_l),)\gk_l)) and Ly = L(Agk), )\(214:)),
so that L = L1 ® Ly. By induction, LT = L(=A”, =AMy & .. L(=AF, A% ) and
L; = L(—)\ék), —)\gk)). We know that L* = L] ® L3 as vector spaces, so we only need to
check that the action of Y(gly) on L* agrees with the action on L ® L3.

IfyeY(glh),welL*and n=n ®ny € L = L1 ® Ly, then

yw(n) = w(p(y)n) = w[(A o p)(y)(m @n2)] = (A o p)(y)n]-

On the other hand, if w = w; ® we € L] ® L3, we have

yw(n) = Ay) (w1 @ wa)(n) = (w1 @ w2)[((p® p) 0 A)(y)n] = w[((p @ p) o A)(y)n].

It is easy to check directly that Ao p = (p® p) o A, and this completes the proof. m

Proposition 6.7 (Proposition 3.3.1, [11]) Let L(A(u)) be any irreducible highest weight
module over Y (gla) with highest weight A\(u) = (A (uw), A2(w)). Suppose L(A(u)) is finite
dimensional. Then there exists a formal power series f(u) € C[[u™!]] such that f(u)\i(u)
and f(u)a(u) are polynomials in u=?.

Proof. First we note that the map map 7'(u) +— Ao(u)~'T(u) is an automorphism of
Y (gl2) (it is bijective because A2(u) is invertible, and one can easily check that it preserves
the RTT relation (1.9)). It is immediate that if we pull back the action of Y'(glz) on
L(A(u)) via this automorphism, we then the resulting module is isomorphic to L(v(u))
where v(u) = (A(u)/A2(u),1). We will use the module L(v(u)) to show that there is
some g(u) € Clu?!] such that g(u)(A1(u)/A2(w)) is a polynomial in u~!; then, by setting
f(u) = g(u)A\; " (u) obtain the desired result.

Since L(A1(u), Aa(u)) is finite dimensional by assumption, so is L(r(u)). It follows that
if ¢ is the highest weight vector of L(v(u)), then the vectors t;q)( with r > 0 are linearly

dependent. We therefore have some nontrivial linear combination

Z Citgil)c =0
=1

where ¢, # 0. By definition of L(v(u)), this means precisely that if 1,,) is the image of
1 € Y(glo) after passing to the quotient M (v(u)), then the vector

£E= Z Citgl) 1V(u)
=1

is in the kernel of the natural projection map M(v(u)) — L(v(u)) (i.e. 1,4 = ¢). This

means that £ belongs to the unique maximal proper submodule K in M (v(u)).

69



Note that by definition of M (v(u)), t12(u)1,(,) = 0, and also tg;ll,(u) = 0 for any r > 0,
because v(u) = (A (u)/A2(u),1). It therefore follows from relation (1.3) that for each r > 1
and i =1,...,m we have

min{r,i}

), (T a—1),(r+i—a r+i—a),(a—1 radi—
t§2)t§1)1,,(u): t21 12‘*‘ Z (t( (+ ) t(+ )t51 )) 11/(u)=’/(Jr 1)1u(u)

(6.8)
where A1 (u)/A2(u) = 3772, vWy=i vU) e C.

In particular, this shows that tﬁ?g is a scalar multiple of 1,,) for every r > 1. On the
other hand these elements are all in the submodule K which has trivial intersection with
the one dimensional highest weight space spanned by 1,,). This means that tgg)f =0 for
every r > 1, hence by equation (6.8) we have

> el =, (6.9)
=1

Let c(u) = >, c;u'~1. Then

u
=SS et
U

=1 j=0

The coefficient of u™" for each r > 1is >, ¢;v(™~1 = 0 in light of (6.9). It follows that

c(u) :\\;% is a polynomial in u of degree m — 1. Then setting g(u) = u= (™ Ve(u), we see

that g(u) and g(u )Algug are polynomials in u~", as desired. ®

Remark 6.3 In the above proof, we actually showed that f(u)Ai(u) and f(u)A2(u) have
the same degree m — 1. Additionally, we can ensure both these polynomials have a constant

term of 1 if we scale g(u) by a factor of c,,}

According to this proposition, we can investigate some properties of L(A;(u), A2(w)) in the
case that A\j(u) and A2(u) are polynomials with the same degree, and then go back to the

general case by twisting the action of Y (gls) by an appropriate automorphism.

Proposition 6.8 (Proposition 3.3.2, [11]) Suppose A\i(u) and X2(u) are polynomials in

u™L, and their factorization over C is given by

M) =1 +au™) .. (14 apu?),
Ao(u) = (14 Bru™) ... (14 Brut).
Assume in addition for every i =1,...,k that the following condition holds: if the multiset
{ap—ﬁqUSP,QSk}

contains any nonnegative integers, then o; — B; is the smallest one among them. Then

L(A1(u), A2(w)) is isomorphic to a tensor product L of evaluation modules given by

L= L(a1,51) ®...Q L(Oék,ﬁk).
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Proof. According to proposition 6.4, L(A;(u), A2(u)) is isomorphic to the irreducible
quotient of the submodule Y (gly)¢ of L, where ( = (1 ® ... ® (j is the tensor product of
the highest weight vector in each factor. It is enough to show that L is irreducible; indeed,
in this case Y (gl2)( is also irreducible and we have L = Y (gla)¢ = L(A1(u), A2(u)).

We begin by proving that any nonzero vector £ € L with the property that t12(u)¢ =0
must be proportional to ¢, and we proceed by induction on k.

If £ = 1 this is immediate, because if £ has any nonzero weight component w which is
not proportional to ¢, then t19(u)w is nonzero (we know at least that t%)w = Fpw # 0
because L = L(aq, 41) is irreducible over gls, hence w generates all of L).

Suppose k > 1. In this case, we may decompose & as a sum

p
=) EnGoé

r=0

where &, € L(ag, £2) ® ... ® L(ag, Br) and E5 ¢1,€&, # 0. Then by assumption,

M@

tiz(w) =) t11(w)EynG @ tia(w)ér + ti2(u) By G @ taa(u)éy

\3
Il
=)

(1+ Enu Y ES G @ tia(w)é, + (Brou 1) ER G ® tag(u)ér

I
M“@

ﬁ
Il
=)

(14 (o1 = r)u™ ) ES G @ tia(u)ér +u'r(an — By — 7+ D) EST (1 @ taa(w)é,

I
M"@

%
I
=)

(6.10)
= 0.

By considering the coefficient of EF, in (6.10), we see that
(1+ (a1 = p)u™ti2(u)é, =0,

hence t12(u)€, = 0. By induction, it follows that &, is proportional to (2 ® ... ® (5. With
this in mind, if we want to show that £ is proportional to {, we only need to prove that
p = 0. So suppose on the contrary that p > 1.

Considering the coefficient of E5, "in (6.10), we have

(1 + (051 —p+ 1)u’1)t12(u)§p_1 + uflp(al —B1—p+ 1)t22(u)§p =0. (6.11)
Note that since &, is proportional to (2 ® ... ® (x, we have

toa(u)ép = (1 + Bou ). (14 Bku_l)ﬁp,

hence multiplying (6.11) by u*, we get

(u+ar —p+ Dura(u)p1 +plar — B —p+ 1) (u+ B2) ... (u+ Br)é& = 0.
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Now recall that by Proposition 6.5, t15(u)¢,—1 is a polynomial in u~! of degree no more
than k — 1, hence u*~'#15(u)€,—1 is a polynomial in u. We may therefore evaluate the above

equation at u = —aq +p — 1 and find that

plag—pr—p+1) (a1 —P2—p+1)...(c1 — B —p—+1)=0.

Since p # 0, it follows that oy — 3; = p — 1 € Z4 for some j. There are two possible cases.
If a1 — 1 ¢ Z4, then by assumption neither is oy — f; for any j. If oy — 81 € Z4 then we
recall that a basis of L(ay, 1) is given by E§,¢; with r =0,...,a; — 81. From sly theory,
we know that E}, =0 for r > a; — 3. Since Eb,(; was assumed nonzero, this means that
a1 — /1 > p. But then by assumption, any oy — 8; which is a nonnegative integer is also
at least p, so a1 — 8 # p — 1 for any j. In either case this is a contradiction, so p must be
zero, completing the proof that £ is proportional to (.

We are now prepared to show that L is irreducible. Let M C L be any nonzero Y (gls)-
submodule. We will show that M = L. Note that repeated application of t12(u) to any
nonzero vector in M eventually produces a nonzero vector £ € M such that t12(u)é = 0
(because the weights of each factor of L are bounded above). This proves that M contains
¢, hence Y (gly)¢ € M. It remains to show that Y (gl2)¢ = L.

Suppose on the contrary that Y (gly)¢ is a proper submodule of L. Then its annihilator
Ann(Y (gl2)¢) is a nonzero submodule in L*. On the other hand, by Proposition 6.6, L* is
isomorphic to

L(—p1,—1) ® ... L(—Pk, —ag), (6.12)

and the proof of that proposition indicates that the highest weight vector in each factor
L(—Bj, —aj) = L(aj, B;)* can be identified with the linear functional (; which sends the
highest weight vector (; to 1, and all other weight vectors in L(c;, ;) to zero.

The tensor product of highest weight vectors in the module (6.12) can therefore be
identified with ¢* = (f ® ... ® ;. Note that (* ¢ Ann(Y (gl2)(), because (*(¢) = 1.

In summary, the module (6.12) contains a nonzero submodule which does not contain
the tensor product of highest weight vectors. On the other hand, the conditions on a; and
B; in this proposition are still met if we replace each «; by —f3; and each 3; by —a;, so this
contradicts the beginning of the proof. m

We finally have all the ingredients we need to complete the proof of Theorem 6.5:

Proof of Theorem 6.5. Suppose that L(A;(u), A2(u)) is finite dimensional. Then
by Proposition 6.7, we can find some f(u) € C[[u~!]] such that f(u)\1(u) and f(u)a(u)
are polynomials in ! with the same degree k and with constant term 1. Factorize these

polynomials over C as

fAi(uw) = (1+au™b) ... (1+apu™t),
f(u))\g(u) = (1 + ﬂluil) (14 5ku71).
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After appropriate renumeration of the o; and /3;, we may assume that they meet the con-
ditions of Proposition 6.8, so that L(f(u)Ai(u), f(u)A2(u)) is isomorphic to

L= L(Ozl,ﬁl) ®...Q L(Oék,ﬁk).

On the other hand, L(f(u)A1(u), f(u)A2(u)) is isomorphic to the module obtained by pulling
back the action of Y (glz) on L(A1(u), A2(w)) via the automorphism T'(u) +— f(u)T(u). In
particular, this means that L(f(u)Ai(w), f(u)A2(u)) is finite dimensional, hence all of the
tensor factors of L must be finite dimensional. It follows that «; — 8; € Zy for each
i=1,... k.

It therefore makes sense to define the polynomial

k
P(u) = H(u+ﬂi)(u+5i+1)...(u+ai —1).
i=1
Then i
Plu+1) yruta;  flu)di(u)  Ai(u)
P = H 1 1

i=1

and this completes the proof. m

6.4 Proof of Theorem 6.3: General Case

Let P = (P;)icr; we will show that L(P) is finite dimensional. Let ® = (®;,)icrrez, be
related to P as in equation (6.2), and let vp be a nonzero vector in L(P) of weight ®. If we
view L(P) as a representation of g via (6.1), then vp has weight \, where \(h;) = d; ' ®; .
On the other hand, we can check directly that ®; o = d; deg(P;):

Let P;j(u) = (u—aq) -+ - (u—agq) be the factorization of P;(u) over C, so that d = deg(P;).
Then

Pi(u-f-di)_u—l-di—al u+di—ad_ di di
P(u) — u—a u—ag

1 1
—(1+dut'——— ) (14 di
<+ i l—alu_l) <+ i 1—adu_1)

o
1+d; Z a"flu_kl_1 | 14d; Z asdu—k“l_1

( k1=0 kq=0

() )

—k —k
Z bl,klu B IR Z bd,kdu d
k1=0

deO

= Z Z bl,/ﬁ s bdjkdu_k.

k=0k1+-+kg=k

73



where bj’kj = 1if k; = 0 and bj7k]. = dia?j_l for k; > 0. The coefficient of uw~! in this

expression is by definition ®; ¢, hence

d
ip = E b1k, bdk, = § b1,0-bj1--bao
k-t kg=1 j=1

d
= bja=> di=dd; = d;deg(P,).
j=1

J=1

Thus we have shown that for each i € I, A(h;) = d; '®; o = deg(P;), hence A € P,
Furthermore, by the PBW theorem for Y'(g), we have a decomposition

neQ+

because X, . --- X,
dimensional, it is therefore enough to show that:
a) L(P),_, = 0 for all but finitely many n € Q"

and

vp has g-weight A — a;, — ... — a;,. To prove that L(P) is finite

b) L(P),_, is finite dimensional for any n € Q™.
Let us first prove (a):

Let u = A—n for some n € QT, and suppose L(P),, # 0. Choose any nonzero v € L(P),,
and for each i € I, let L; = Yjv, where Y] is the subalgebra of Y (g) generated by X fo and
H; .

Let $; be the subalgebra of il(g) generated by e;, f; and h;. We can view L; as a
representation of {l; = $l(sly) via (6.1) (L; is a representation of Y;, which is the image of
1l; under this homomorphism).

Assume that L; is finite dimensional for each ¢ € I. Then its set of weights under the
action of 4l; C 4(g) is stable with respect to the Weyl group of 4l;, hence in particular under
the action of the fundamental reflection s;. Therefore, L(P) contains nonzero vectors of
weight s;(p) for each ¢ € I; since the Weyl group W of g is generated by the s;, it follows
by induction that for any w € W, L(P),(,
can choose w so that w(u) € Pt (because W acts transitively on the set of Weyl chambers
of g). Then since L(P),) # 0, we have w(u) < X with w(u) € P and, of course,
L(P)y = L(P)y-1(w(y)- This shows that if L(P), # 0, then p belongs to the finite set
W -{v e PT | v < \}, proving (a).

We are therefore reduced to justifying the assumption that L; is finite dimensional.
This will follow from the fact that if L(P), # 0, then there is some N > 0 such that
L(P)j—ra; = L(P)ytra; = 0 for r > N; indeed, in this case L; is spanned by the finite set
{(Xfo)rv | 0 <r < N}. Observe that p+ra; < X for only finitely many r, so it is clear that
L(P);4ra; = 0 for r sufficiently large. We will show on the other hand that L(P),—rq; =0
when r > 3h + A(h;), where h is the height of A — p.

y # 0 whenever L(P), # 0. In particular, we
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To prove this, note that if A — = oy, + -+ + «y,, then for any r > 0, L(P)y—ra,; is
spanned by vectors of the form
XX, Xy Xo

i1,k1 i2,ko

e Xy X X, op (6.13)

inskn

where ki, ..., kp € Z4, and for each 1 <p < h +1, X is some product of the form

7:_:ll,pX7:_7l2,p T Xi_,lrp,p
for some Iy, ..., lr, p € Zy and with r1 + 1o+ -+ + 141 = 7.
Let us refer to elements of the form (6.13) as spanning vectors. We will call these
elements admissible if
1y, rp < 3. (6.14)

We will show that L(P),—rq, is actually spanned by the admissible vectors. For this
it is enough to see that any spanning vector (which may not itself be admissible) can be
expressed as a linear combination of admissible elements. The proof is by induction on h:

Note that if A = 0 then any spanning vector is by definition admissible. Assume for
some fixed height h > 0 that any spanning vector is a linear combination of admissible
elements. Let v be any spanning vector for the case when A\ — p has height h + 1; that is,

v=X X, "Xh+1Xih+1,kh+1Xh+ZUP'

i1,k1

Xy X,

i2,k2

By induction, X5 X~ --- X" X

ika h4+1"% 4 1,kh 41
elements; if 71 < 3 then v itself is also a linear combination of admissible elements, so it

X ht2Up is a linear combination of admissible

only remains to consider the case when r1 > 3.

Let m =1 — ¢;;, where C = (¢;;) is the Cartan matrix of g (so m < 4, hence r; > m).
We may as well assume that ¢ # i1, because if ¢ = 1 then we can just relabel the first factor
of X7 as X ik (so that what was previously called X i)k 35 well as all the other factors in
X get absorbed into X5 ), and then we are back to the case when r; <3 (in fact r; = 0).
Let Xijll ‘e X;lm be the last m factors of X;". We will show by induction on i1 + ... + 5,
that the product X i X Z.TlmX ik CAN be expressed as a linear combination of elements
of the same form but with the X;, 5, moved to the left (and with the second index on each
factor possibly shifted):

Iflu+...410,=0,then l; =ly =... =1, = 0; a single application of (2.5) therefore

expresses X, - X 1, In the desired form.

X
7/7l7n 11,
Suppose Iy + ...+ l,, > 0. If [,,, > 0, then we apply relation (2.4):
X X X

1,01 ilm i1,k

= Xin Xty (Xil,lez‘,lm X1 X 1~ Xu,k1+1Xz‘,lm—1)

_ G - 1(X— X

2 PN SRRy W A Gl —1"" 11,k

+ Xi:,le{lm—l)
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The X;, r, has been moved to the left in the first, third and fifth terms; for the others
we can move it to the left by induction, as {1 +---+ 1, — 1 <l1+---+1,,. We are therefore
reduced to the case when [,,, = 0.

For this case, suppose that [,,—1 > 0. Apply relation (2.4) with i = j:

TR .Xi,lmle@OXil,kl

=X X, <Xi,0Xi,lm_1 + X, X~ Xi,1X¢,zm_1—1) Xk
Ay X, (Xz',lmfllei,o ™ Xi,OXi,l,,Hfl) Xt oy

The last two terms are taken care of by induction. With the first two terms we are back
to the case when [,,, > 0, and also with the third term if /,,,_1 —1 > 0. If [,,_1 — 1 = 0, then
we may use relation (2.4) again to deal with this term:

Xty Xt Xia Xi0Xi

=X X

1,01 Glm—2

(XiTOXiTl - diXijOXij()) Xiy

i1,k1”

The first term here is back to the case when [, > 0, and the second term is again
dealt with by induction. We are then reduced to the case when l,,—1 = [, = 0. We
can repeat this argument to reduce to the case when [,,_9 = l,,—1 = l,, = 0, and so on
until lp = ... = [, = 0 and [; > 0. In this case, a single application of relation (2.5)
expresses X ;llX 0 XXy, K asa linear combination of terms that can be dealt with by
the previous cases.

We can iterate this process to keep moving the X ok further to the left, until it has no
more than 3 factors preceding it in each term. Each of these terms is therefore back to the
case when r; < 3, which finally proves that v is a linear combination of admissible elements.

We will also need the following lemma to show that L(P),—ra, = 0 if r > 3h + A(hy),
completing the proof of (a). For each fixed i € I, let Y; be the subalgebra of Y (g) generated
by all the Xf;n and the H;,, and let ﬁi = ?;-Up. It is clear that the assignment

X, wdXS, X, = dXn,  Hiped7UHig, (6.15)

2,17

defines an isomorphism Y (sly) — ¥; (here, we have marked the generators of Y (sly) with
a tilde, so as not to confuse them with the generators of Y (g)). We can therefore view L;

as a representation of Y (sly).

Lemma 6.2 Let Q;(u) = d; deg(Pi)Pi(diu). Then L; is isomorphic to the Y (sly) module
L(Qy).

Proof. Note that the vector vp generates L; as a Y (slz)-module by definition, and for
each r € Z,, we have X, op = d_T_lXZTTvp = 0. Moreover, I?l;vp = di_r_lHiJ‘UP =
d;T*1<I>i7rvp. It follows that L; is a highest weight module over Y (sly) with highest weight
vector vp, and highest weight given by o= (<i>17T)T€Z+, where <i>1,r = d;“lCI)i,r.
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Now, observe that

Qi(u+1)  Pydi(u+1)) Pi((du)+ d;) > . <.
= g = (P’L r dlu = 1 (b ru .
Q; (u) Pi(diu) Pz(dlu) 1+ ;_0 , ( ) + }_0 1,

It remains to show that L; is irreducible as a module over Y (sly). According to the PBW
theorem for Y (g), L; is spanned by all the vectors in L(P) of the form Xy oo X ope It
follows that L; = @~ L(P)r—ka;-

Let W be a nonzero irreducible Y (sl3)-submodule of L;, and let W C W be the subspace
of elements w € W with the property that X:Tw = 0 for every r € Z,. Observe that W
is nonzero, because one can take any nonzero element of W and obtain from it a nonzero
element of W by repeated application of the X;Lr (because the weights of L; are bounded
from above).

Let us show by induction on s that W is stable under the action of H j.s for every j € 1
and s € Z..

For the case s = 0, let w € W and decompose w into its components with respect to
the weight space decomposition of ﬁi; we have w = ), wy, where wy, € L(P)\_gq,. Since

w € W, we have X;,rrw =0, hence X;’rrwk = 0 for each k. Therefore, for each j € I, we have

X;THL()U) = X:T ZHj’ka == X:T, Zdjhjwk == dj Z()\ - k:ozz)(h])X:ka = 0.
k k k

It follows that H;ow € w.
Now suppose for some s that W is stable under the action of all the H j.s,and let w € w.
Then by relation (2.2), we have

djcji

Xt Hisrw = Hj o1 Xfw — Hj o X5 yw+ Xiggn Hjw — (vasX;; + X;,?Hj,s) w.

The first, second and fourth terms on the right hand side are annihilated because w € W,
while the third and fifth are annihilated because H; w € W by induction hypothesis. It
follows that H; 11w € W, hence W is stable with respect to Hj s for every 7 € I and
s € Z4, as claimed.

Since the Hj ¢ are pairwise commuting operators on W, it follows that there is some
nonzero simultaneous eigenvector w € W; that is, H. jsW = ijﬁw for some scalars i)j“; e C.
In particular, w is a simultaneous eigenvector under the action of all the h; € g, so it must
be contained in one of the weight spaces L(P)x_kq,. But then it follows that X;Tw =0 for
every j € I and r € Z; this is true for j = ¢ by definition, and for j # i, X;;nw must be
zero because otherwise, it is a weight vector of weight A — ka; + «;, but all the weights of
L(P) are of the form A —n for n € Q7.

In summary, we have shown that w is a highest weight vector in L(P), hence it must
be contained in the one dimensional subspace L(P),; in particular, w is a nonzero scalar
multiple of the highest weight vector vp. Since vp generates L;, it follows that W = ﬁi,

hence L; is irreducible. m
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Since we have already proven Theorem 6.3 for g = sly, the above lemma tells us that L;is
finite dimensional. It is also a representation of sly via the embedding i(sly) < Y (sly) = Y;.
The sly-weights of L; are given as follows: if v € L(P)x_q,, then hjv = I/{T,Ov = d;1H1'70U =
hiv = (A — ko) (hi)v = (A(h;) — 2k)v. Then since L; = Di>0 L(P)r—ka;, the weight space

decomposition of L; as a representation of sly is

Li = @B Li)an)-2n

k>0

where (I:i)/\(hi),% = {v € L; | hyv = (A(h1) — 2k)v}. Furthermore, the above argument
shows that L(P)x_kq, = (IA/i))\(hi)_Qk. On the other hand, the symmetry of weights for finite
dimensional representations of sly tells us that A\(h;) — 2k is not a weight when k& > A(h;).

Therefore, for k > A(h;), we have

L(P)r-kay = (Li)a—ka; = (Li)a(hy)—2k = 0,

hence L(P)y—ga, = 0. Recall that L(P),—rq, is spanned by admissible elements, and for
an admissible element, we have r,41 = r —1r1 — ... — 71y > 7 —3h. If r > 3h + A hy),
then rp, 41 > A(h;), so that L(P)x—y, ,a; = 0. Since X, vy € L(P)x—r,,,a;, it follows that
L(P)j—ra; = 0 when 7 > 3h + A(h;), because all the admissible elements are zero. The
proof of (a) is now complete.

We will prove (b) by induction on the height h of 7.

If h =0, then A —n = A, and we know that L(P)), is one dimensional.

If h =1, then n = o, for some i € I, hence L(P)x_, = L(P)x—q, C L;, and we showed
already that L; is finite dimensional.

Assume h > 2 and that (b) has been proven for all n with height < h. We know that
L(P)x—y is spanned by all the vectors in L(P) of the form

X. ... X7 wp (6.16)

11,71 " g,y

where n = a4, + ... + «;,. Moreover, for each i € {i1,...,ip}, L(P)r—y+a, is finite dimen-
sional by induction hypothesis, hence it is spanned by some set of vectors of the form
Xj;SQ - X;}“Sh’Up
where n — a; = o, + ...+, and sa,...,s, < M; for some M; € Z.
Let M = ma]x{MZ-}. By induction hypothesis, the subspace
1€

M+1
V= Z Xi;,TQV(P)A—ﬁ—FaiQ + Xz’_l,OV(P)A—U—i-ail

ro=0

is finite dimensional. To demonstrate that L(P)y_, is also finite dimensional, we will show
that it is contained in V. It is enough to show that every vector of the form (6.16) is in V.

We proceed by induction on ry:
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If 71 = 0, then the vector (6.16) is in V' by definition. For the inductive step, suppose
that r1 > 0. Since X, ... X; wvp € L(P)x—y+a,, we can assume that ro,...,r, < M.

Since h > 2, we can apply relation (2.4) to the first two factors of (6.16):

X X X XD wup

i1,m1 a2, re 3,3 T Ty
= (XiQ,T‘QXil,Tl + Xil,’r’lleiQ,’l“Q%»l - Xi2,7’2+1Xi1,’r’171) X’L'g,rg e Xih,’r'hUP

_ LICQ“’” ()(Z;m_l)(i;r2 + Xz;eri,m—l) XX vp.
The first, third and fifth terms are in V' by definition; the second and fourth terms are in
V' by induction hypothesis. This concludes the proof of the ”if” part of Theorem 6.3. The
"only if” part follows immediately from the Y (sls) case:

Suppose L(®) is finite dimensional. Then for each i € I, L; is also finite dimensional.
Moreover, the proof of Lemma 6.2 indicates that L; is isomorphic to the irreducible highest
weight module L(®) over Y (sly), where & = (<i>17r),aez+ is given by &, = d;" My, Tt
follows from the Y (sly) case of Theorem 6.3 that there exists a monic polynomial Q;(u)
such that

r=0
Set P;(u) = d?eg(Qi)Q(di_lu). Then we have
Pi(u+d;)  Qi(d;'u+1) o - 1\ —r—1 = 1
— i =1+) &, (d; u) " =1+ @ ,u"
Pi(u) Qi(d; 'u) ; L) g 7

as desired.
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