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Abstract

In this thesis we study the product formula for finitely many multiple [to-Wiener
integrals of Lévy process, option pricing formula where the stock price is modeled by
stochastic delay differential equation (SDDE) driven by Lévy process and logarithmic
Euler-Maruyama scheme for the SDDE. In the first part we derive a product formula
for finitely many multiple It6-Wiener integrals of Lévy process, expressed in terms
of the associated Poisson random measure. The formula is compact and the proof
is short and uses the exponential vectors and polarization techniques. In the second
part of the thesis we discuss the option pricing when the underlying model follows
SDDE. In this part, we obtain the existence, uniqueness, and positivity of the solution
to SDDE with jumps. This equation is then applied to model the price movement of
the risky asset in a financial market and the Black-Scholes formula for the price of
European option is obtained together with the hedging portfolios. The option price is
evaluated analytically at the last delayed period by using the Fourier transformation
technique. However, in general, there is no analytical expression for the option price.
To evaluate the price numerically, we then use the Monte-Carlo method. To this
end, we need to simulate the delayed stochastic differential equations with jumps.
We propose a logarithmic Euler-Maruyama scheme to approximate the equation and
prove that all the approximations remain positive and the rate of convergence of the
scheme is proved to be 0.5. Finally in the last part of the thesis we discuss logarithmic
Euler-Maruyama scheme and convergence of logarithmic Euler-Maruyama scheme for

a multi-dimensional SDDE’s.
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This thesis is based on two published papers and one completed work. In
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Chapter 0

Summary of the the work

This dissertation concerns with topics related to Poisson random measures, stochastic
differential equations, logarithmic Euler-Maruyama scheme and option pricing. It
consists of two published research articles and one completed work which will be

submitted soon. The three works are listed below.

1. General product formula of multiple Integrals of Lévy process, with Yaozhong
Hu and Neha Sharma, Journal of Stochastic Analysis: Vol. 1 : No. 3, Article

3.

2. Jump models with delay-option pricing and logarithmic Fuler-Maruyama scheme

with Yaozhong Hu, Mathematics 2020, 8(11).

3. Logarithmic Euler-Maruyama scheme for system of SDDE driven by Lévy pro-

cess with Yaozhong Hu, completed and can be found here [2].

Work related to 1 is presented in chapter 2. In this chapter we derive a product
formula for finitely many multiple [t6-Wiener integrals of Lévy process, expressed in
terms of the linear combination of n-fold iterated intergrals with respect to Poisson
random measure. The formula is compact. The proof is short and uses the exponential

vectors and polarization techniques.



Work related to 2 is the content in chapter 4. In this chapter we obtain the existence,
uniqueness, and positivity of the solution to stochastic delayed differential equations
with jumps. This equation is then applied to model the price movement of the risky
asset in a financial market and the Black-Scholes formula for the price of European
option is obtained together with the corresponding hedging portfolios. The option
pricing formula is evaluated analytically at the last delayed period by using the Fourier
transformation technique. However in general there is no analytical expression for
the option price. To evaluate the price numerically, we then use the Monte-Carlo
method. To this end, we need to simulate the delayed stochastic differential equations
with jumps. We propose a logarithmic Euler-Maruyama scheme to approximate the
equation and prove that all the approximated solutions remain positive and the rate
of convergence of the scheme is proved to be 0.5.

Work related to 3 is in chapter 5. In this chapter we propose a logarithmic Euler-
Maruyama scheme to approximate the system of SDDE’s driven by Lévy process and
prove that all the approximations remain positive and converge in LP sense for p > 2.

The following three subsections provide brief summary of each of the works.

0.1 Summary of work on General Product Formula

22, . . . a . ,
For any f € L n, the finitely many multiple Wiener-It6 integral of Lévy process

(multiple n-fold iterated integrals) is

L(f):= [ flt1,z1, tn, 20)N(dty,dzy) - - N(dty,dz,) (1.1)

T

where
)

PP = (ZA(T A x )" C 2 (T (A x 1)")



be the space of symmetric, deterministic real functions f and N is the compensated
Poisson random measure. We discuss [[;-, I, (fx) and try to express this product of
multiple integrals as linear combinations of some other multiple integrals. Our main
result of this work can be summed up in the following theorem,

Theorem Let ¢ be a positive integer, let fi € (L*([0,T] x Ry, dt ® V(dz)))®q’“,
k=1,---,m. Then

= H;cn 1Qk!
| | Iq (fk:) = § " m >
i LTI B TR ! T (g — x(k, 1 0))!

x(1L,L,)<qq

x(m,[,7)<am
A li : 1Hm Hj : Km
L) (@i @ VRS (fiy oo fin)) (1.2)

J Km

—

where we recall |q| = q + -+ + g and [x(I7)| = X(1,1,7) + - + x(m,L, 7). For

notations and further details please refer chapter 2.

0.2 Summary of work on Option pricing formula
and Euler-Maruyama Convergence

We consider the following delayed stochastic differential equation driven by compound

Poisson process Z(t):

dS(t) = f(S(t—0))S(t)dt + g(S(t —b))S(t—)dZ(t), t>0, 23)
S(t) = o(t), t € [-b,0]. |

To study the above stochastic differential equation, we introduce the Poisson ran-

dom measure associated with Lévy process Z(t) and write

Z(t) :/[Ot] ij(ds,dz) or dZ(t):/JzN(dt,dz)

3



and hence write (2.3)) as

aS(t) = |F(S(t— 1)+ g(S(t b)) /

zu(dz)} S(t)dt
J

Fg(S(t — B)S(t-) /J N (dt, d=) .

Then for the above equation we show that the stochastic differential delay equation
admits a unique pathwise solution with the property that if ¢(0) > 0, then for
all £ > 0, S(t) > 0 almost surely.

We then also discuss the logarthmic Euler-Maruyama scheme in which we consider

: . N,
Z; as a compound Poisson process i.e Z, = > ., Y; and for the process

S0 =00 es ([ FOX@-Ddut 3 I+ g(X = 0)¥ie)) (24)

0<u<t,AZ(u)#0

we propose a logarithmic Euler-Maruyama scheme to approximate (2.3) as follows:

S™(tep1) = S™(t)exp ( F(S™(ty — b))A)

- exp (1n<1 +g(S™(ty — b))AZk)> . k=0,1,2,...,n—1

with S™(t) = ¢(t) for all ¢ € [—b,0]. Where 7 is a partition of the time interval
[0,7]. We assume Lipschitz continuity of f,g,¢ and show that for some constant

K, r, independent of 7 we will have

E[ sup |S(t) — ST()P| < K,pAP2. (2.5)

0<t<T

The logarithmic Euler-Maruyama scheme helps in simulating the paths realised as
stock prices. Using this scheme we have generated the paths and applied Monte-
Carlo technique to obtain the price of European call option. We have shown this in

the numerical attempt section in the chapter 4 and the MATLAB codes are given in
4



appendix section.

We have also developed the formula to price European call option under risk

neutral measure where price of the risky asset is given by

dS(t) = f(S(t —b))S(t)dt + g(S(t — b)) S(t—)dZ(t),

S(t) = o(t), t € [=b,0],

and the price of risk-free asset is given by

dB(t) =rB(t)dt, or B(t)=¢e",t>0.

(2.6)

We find the risk neutral measure Q under stated assumptions (in the chapter) and

we can write (2.6]) as

d3(t) = 3(t—) /J 2g(S(t — b)) No(dt, dz).

Using the martingale representation theorem we have also derived the hedging port-

folio. We finally discuss the formula of European call option on the interval [T — b, T']

where 7" is the maturity and b is the delay factor. We state our formula below. The

detailed result has been discussed in chapter 4.

Theorem When ¢ € [T — b, T, price for the European Call option is given by

<1

Vi = et o [T e - a0 50 exp{// (1 + 2g(S(u — b))~

— (1= In(1 + 2g(S(u — b)) — 1)vg(dz)du}

1 [>~1 -
_ rt s _ l’v§ zw{ _
Ke 1}132027r/_ooz§( YA(t) - S(t exp{/ / (1+ 2g(S(u— b))~

+i€In(1 + 2g(S(u — b)) = 1)wgldz)du} |

(2.7)



where w = In(K/A) — rT and

A(t) = exp ( /t ' /j {In (1 + 2g(S(u — b)) — 2g(S(u — b))VQ(dz)du> L (28)

The difference of this work from the work discussed in [22] is that we do not
include diffusion component in our model and the expression for risk neutral measure
found in [22] doesn’t allow the zero coefficient of the diffusion component of the model
discussed in [22]. The work we have discussed also differs from the work in [23], since
the convergence of Euler-Maruyama scheme is shown in L? norm and we have shown
in L” norm. Further we have also taken care that our scheme is always positive since

we also simulate stock price with the same scheme.

0.3 Euler-Maruyama scheme and convergence for
a system of equations

In this work we discuss the logarithmic Euler-Maruyama scheme and its convergence
for system of equations. We consider the following system of delayed stochastic dif-

ferential equations driven by compound Poisson process:

dSi(t) =Y f;;(S(t = b)S;(t)dt
+Si(t=) > gi(S(t—b))dZ;(t),, i=1,---.d, (3.9)

where S(t) = (S1(t), -+, Sa(t)T, Z;(t) = Zfijl(t) Y, where Y}; are i.i.d and for each j,
Y;; and N;(t) are independent for all [ where N;(t) is a poisson process. Motivated by

application to finance we are interested in under what conditions the solution S;(t) are

6



all positive and find numerical solution which remain positive. We shall decompose

equation (3.9) into the following system:

dX;i(t) = fi((S(t — b)) X(t)dt + X;(t Zgu (t—1))

dpz Z fZJ ) (t)dt,

J=1j#i

\

Here

d

dpi(t) = > fi((SEt=b))pi(t)dt, i=1,2,--

J=1j#i

and we write

Z;(t)

(3.10a)

(3.10b)

(3.10c¢)

(3.11)

where F'(S(t —b)) is a d x d matrix consisting of entries f;;(S(t —b)) when i # j and

diagonal enteries as 0. We consider a finite time interval [0, 7] for some fixed T > 0.

We consider the partition 7 of the time interval [0,7]. We then propose the following

logarithmic scheme to approximate the solution:

(

X7 (1) = X7 (1) exp (ful S™(0x = b))t — 1)

#3014 (570 = )(Z(0) — Z40)) )

j=1

P() = [F(S™ (b — )t — 1) + 1|7 (1),
ST(t) = PO XT ().

X7(0) =¢:i(0), p"(0)=1, ty <t <tgp, k=12

(3.12a)

(3.12b)

(3.12¢)

(3.12d)



In this work we assume Lipschitz continuity of f;;, gij, ; and show that for some

constant K47 > 0, independent of 7, A we have

E

0<t<T

sup [|(1) - S’f@)\p}] < Kz V2.



Chapter 1

Lévy process and Jump Diffusion

models

1.1 Lévy Process

1.1.1 Lévy Process
Let (2, F,P) be a probability space.

Definition 1.1.1. A one- dimensional Lévy process is a stochastic process {n =

n(t),t > 0}

with the following properties
1. n(0) =0P—a.s.
2. n has independent and stationary increments.
3. It is stochastically continuous, i.e for everyt >0 and € > 0

lim P{[(0) = n(s)| > ¢} = 0
9



4. m has cadlag paths, that is the trajectories are right continuous with left limits.

The jump of the process 1 at time ¢ is defined by

An(t) :=n(t) —n(t-)

Denote Ry := R\{0} and let B(Ry) be the o- algebra generated by the family of all
Borel subsets U C R, such that U C Ry, where U is the closure of U. If U € B(RRy)
with U C Ry and ¢ > 0, we then define the Poisson random measure, N : [0,T] x

B(Ry) x 2 — NU {0}, associated with n by

Nt U) = > xu(An(s)), (1.1)

0<s<t

where xy is the indicator function of U. The associated Lévy measure v of n is defined
by
v(U) :=E[N(1,U)] (1.2)

and compensated jump measure N is defined by

N(dt,dz) := N(dt,dz) — v(dz)dt (1.3)

where v satisfies

/ min{1, 22}v(dz) < 00

For further discussion on Lévy process see [9], [13], [14].

10



1.1.2 Stochastic Calculus

In this section we discuss Lévy-Ito decomposition, Ito formula and stochastic dif-
ferential equation. We state a few results without proofs and for proof and further

discussion please refer to [4], [13].

Theorem 1. Lévy-Ito decomposition Letn be a Lévy process. Thenn =n(t),t >0

admits the following integral representation

n(t) :a1t+aW(t)+/Ot/|z<l zN(ds,dz)+/0t/|z>1 zN(ds,dz)  (1.4)

for some constants ay,0 € R. Here W = W (t),t > 0 is a standard Wiener process.

(1.4) above can be written as

n(t) = at + oW (t) +/Ot /RO 2N(ds,dz)

if
/ 2]*v(dz) < .
EE

Motivated by above we consider process X = X(t),t > 0 admitting stochastic integral

representation in the form

X(t)=z+ /Otoz(s)ds + /Otﬁ(s)dW(s) + /Ot /RO v(s, 2)N(ds, dz)

where «(t), 5(t) are adapted process and (¢, z) is predictable processes with respect

to filtration generated by W (t) and N such that, for all t > 0, z € R

/0 [la(s)| + B%(s) +/R Y2 (s, 2)v(dz)]ds < oo.

11



The above condition implies that the stochastic integrals are well-defined and are local
martingales. The above process is called [to-Lévy process. The Lévy-Ito decompo-
sition entails that for every Lévy process there exist a vector 7, a positive definite
matrix A and a positive measure v that uniquely determine its distribution. The
triplet (A, v, ) is called characteristic triplet or Lévy triplet of the process X;. Let

us first define Lévy process in R%.

Definition 1.1.2. An R? valued Lévy process is a stochastic process {n = n(t),t > 0}
n(t) =n(t w), w €N

with the following properties
1. n(0) =0 P —a.s.
2. n has independent and stationary increments.

3. It is stochastically continuous, i.e for everyt > 0 and € > 0

tim P{|(t) = n(s)| > ¢} = 0

4. n has cadlag paths, that is the trajectories are right continuous with left limits.
We also note the Ito formula for It6-Lévy process.

Theorem 2. Itd6 formula Let X = X(t),t > 0, be the Ito-Lévy process and let

f:(0,00) x R = R be a function in C*?((0,00) x R) and define

Y(t) = f(t, X (1), t>0.

12



Then the process Y =Y (t),t > 0, is also an Ité-Lévy process and its differential form

15 given by
dY (t) = g—{(t, X(t))dt + ?)_i(t’ X(t))a(t)dt + g—i(t, X(1)B(t)dW (t)
g XOF W+ [ 76X +(0.2) - 76X ()
—%(t, X(t)y(t, 2z)|v(dz)dt

T / (X () + 7t 2) — f(t X (4N (dt, d2).

Theorem 3. Characteristic function of a Lévy process Let (Xi)i>0 be a Lévy
process on RY. Then there exists a continuous function ¢ : R — C called the charac-

teristic exponent of X, such that:
E[e'=Xt] = ) 2 e RY

Theorem 4 (Lévy-Khinchin representation). Let (X;);>0 be a Lévy process on R?

with characteristic triplet (A,v,v). Then

B[] = @ 2 e R? (1.5)
with
1 ,
P(z) = —§z.Az +iy.2 (1.6)
-I—/ (e — 1 —izaly < )v(dx). (1.7)
Rd

13



1.1.3 Stochastic Differential Equation (SDE)

Proposition 1. Assume that \ is a positive constant and p, o, ¢ are functions : RT x

R — R which satisfy

\u(t,x) o :u(tay)’ + ’U<tax) o U(tay)’ + |¢<t7$) o ¢<tay)| < C’Q? - y’a Vtaxay

[u(t,0)| + [o(t,0)] + [¢(¢,0)] < C, V.
Then the SDE

dXt = /L(t, Xt)dt + O'(t, Xt)th + ¢(t, Xt,)th,

X():LUO

admits a unique (pathwise) solution where M is a compensated martingale associated

with a Poisson process N with intensity .

Proof  For details one may refer to [24] chapter 10. H

For comprehensive study we refer to [39] or [25].

1.1.4 Doléans-Dade Exponential

Proposition 2. Let X be a real valued (o2, v,7) Lévy process and Z the Doléans-Dade

exponential of X, i.e., the solution of
dZt - Zt_dXt, ZO - ]_

Then
Zy =X 2 T 1+ AX e 2% = £(X),.

0<s<t

We also note here that £(X); is a multiplicative Lévy process.

14



For further discussion on Doléans-Dade exponential we refer to [4],[13].

1.1.5 Compound Poisson process

Definition 1.1.3. Let (7;);>1) be a sequence of independent exponential random vari-

ables with parameter \ and T,, =Y. | ;. The process (Ny,t > 0) defined by

No=) Lo,

n>1
15 called a Poisson process with intensity \.

The Poisson process is therefore defined as a counting process as it counts number

of random times (7,,) which occur between 0 and t.

Definition 1.1.4. A compound Poisson process on R with intensity X > 0 and jump

size distribution f is a stochastic process X; defined as

Nt
=3y
i=1
where jumps sizes Y; are i.i.d. with distribution f and (Ny) is a Poisson process with
intensity A, independent from (Y;)i>1.

We can deduce following properties of compound Poisson process from the defini-

tion.
e The sample paths of X are cadlag piecewise constant functions.

e The jump times (7});>; have the same law as the jump times of the Poisson
process N;: they can be expressed as partial sums of independent exponential

random variables with parameter \.

e The jump sizes (Y;);>1 are independent and identically distributed with law f.
15



We shall state without proofs a few results about compound Poisson process. Inter-

ested readers can refer to ([I3] or [I4]) for further details.

Theorem 5. Characteristic function of a Compound Poisson process Let
(X1)e=0 be a compound Poisson process on RY. Its characteristic function has the

following representation:

Elexpiu.X;| = exp [t)\/ (e — 1)f(dx)] Vu € RY,
Rd

where XA denotes the jump intensity and f the jump size distribution.
We now define the jump measure for compound Poisson process.

Definition 1.1.5. As discussed above, to every cadlag process (X;)iso on R one can
associate a random measure on [0,00) x RY describing the jumps of X : for any mea-
surable set B C [0,00) x RY, Nx(B) = #{(t,X; — X;—) € B}. For every measurable
set A C R, Nx([ti,ta] x A) counts the number of jump times of X between t; and
to such that their jump sizes are in A. Following result shows that Nx is Poisson

random measure in the sense of [1.1.4)

Theorem 6. Jump measure of a compound Poisson process. Let (X;)i>o be
a compound Poisson process with intensity X and jump size distribution f. Its jump
measure Ny is a Poisson random measure on RY x [0,00) with intensity measure
u(dz x dt) = v(dx)dt = \f(dz)dt.

Definition 1.1.6. Let (X;)i>0 be a Lévy process on R:. The measure v on R? defined

by:

v(A) =E[#{t €[0,1] : AX, # 0,AX, € A}], A€ B(R? (1.8)

is called the Lévy measure of X: v(A) is the expected number per unit time of jumps

whose size belongs to A.

16



1.2 Jump diffusion process

The Lévy process that we consider are of the form

where 7, = ZN;l Y;, Y; are i.i.d, {IVy,t > 0} is a Poisson process with rate \. Y; is

the size of ith jump and Y; are independent of V;.

Theorem 7. (Ité formula for jump diffusion processes) Let X be defined as the sum

of a drift term, a Brownian stochastic integral and a compound Poisson process:

t t Nt
X, = X, +/ beds +/ o dW, + ) AX; (2.10)
0 0

=1

where by and o, are continuous non-anticipating processes with

T
E[/ oldt] < oo.
0

Then for any CY? function f : [0,T] x R — R the process Y; = f(t, X;) can be

represented as:

) 0
f(t,Xt> —f(t,X()) = /(; |:a—.£<S,X5) +bsa_£(S,XS):| ds (211)
1 [t 02 )
+§/0 a?a—;;(s,Xs)ds +/0 8_£(S’XS)USdWS
+ Y [+ AX) = f(Xg ) - AXf (X ).
i>1,T;<t

For more discussion on jump diffusion process see [13], [24]. We now discuss

different distributions for Y; in ([2.9)).
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e (2.9) becomes an asymmetric double exponential jump diffusion model (DEJP)

if Y; has the distribution of the ‘jump size’ given by

fr(x) = pme ™ X0y + 1™ X iz<oy (2.12)

with n; > 0 with p+q¢ = 1.

e (2.9) becomes a hyper exponential jump diffusion model (HEM) if Y; has the

distribution of the ‘jump size’ given by

fy(z) = meieim‘r)({zzo} + Z qz‘ejeejxX{mo}
i1

j=1
with n; > 1,0 > 0, p;, ¢; > 0 with Z?llpi + Z;‘L:I q; = 1.

e (2.9) becomes a mixed exponential jump diffusion model (MEJP) if Y; has the

distribution of the ‘jump size’ given by

Fr(@) =pu > pimie " Xqazoy + 40 Y _ 605" X <0

i=1 j=1

where p, > 0, ¢4 = 1—p, > 0. With p; € (—00,00), Vi =1,2,3,....,m—1, m with
Yo pi=1and gj,p; € (—o0,00), Vj =1,2,3,.....,n— 1L,n with Y, ¢; = 1.
We would also want p; > 0,¢; >0 and > " pin; > 0,37, ¢;60; > 0 for f to

remain a density function.

Class of hyper-exponential distribution is rich enough to approximate many heavy
tailed distribution, power tailed distribution in the sense of weak distribution. HEM
is flexible enough to incorporate the uncertainty of the heaviness of the asset return
tails therefore can capture the leptokurtic feature. (leptokurtic feature = fat tails +

kurtosis). For further discussion on HEM, MEJP, DEJP please see [10], [11], [29].
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1.3 Option pricing

Below we discuss results of option pricing in the jump diffusion model when the
underlying process is asymmetric double exponential process or hyper exponential
process. In this section we discuss the works of Steven Kou, Hui Wang and Ning Cai
which can be found in [29], [28], [31], [I0]. They have worked extensively on jump

diffusion models.

1.3.1 Pricing European call option under DEJP

We consider the model described by

%(tt)) = udt + odW (t) + d(Zt(Vi — 1)) (3.13)

=1

where W (t) is a standard Brownian motion, V; is a Poisson process with rate A, and V;
is a sequence of independent identically distributed (i.i.d.) positive random variables
such that Y = log(V') has an asymmetric double exponential distribution with the
density given by where p,q > 0, p+q = 1, represent the probabilities of upward
and downward jumps. Here N(¢), W (t),Y(t) are assumed to be independent. The

coefficients are assumed to be constants. Solving above equation using the Ito formula

we get
1
S(t) = S(0)exp ((u— 50 Jt+ oW (t ) H Vi (3.14)
with E(Y) = 2 — L Var(Y) = pq(;; + 3)° + ( + ;%) and

E(V) = E(exp(Y))

=q 2 +p il , > 1m0 > 0.

m2+1 m—1
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The requirement 7; > 1 is needed to ensure that E(V) < oo which basically means
that the average upward jump cannot exceed 100%. To discuss the price of European

call option for the above model we introduce

F(:ua g, )‘ap7 m, N2 a, T) = ]P)[Z<T) > a]

where Z(t) = ut + oW (t) + ., Vi where Y has an asymmetric double exponential

distribution described by (2.12)), N(¢) is a Poisson process with rate A and

exp((o T/2)
F(:U’ao-v/\apanlﬂh;avT) = p(( nl)T/ Zﬂ-nzpnk J\/_nl
n=1

1
X[y 1(a—pls—nm, ———=,—0 VT
k 1( 2 m a\/T M )

+exp((077227)rf/2 Z Zano—\/_m)

n=1
1
XIp_1(a— pTsny, ———, —om VT
k 1( 1% 2 O'\/T T2 )

a— I’

oVT

+mo®(— ) (3.15)

where P, ., Q. are given by

n—1 . .
n—k—1\(n mooNTRs o ome N\R
P8 )0 ) ) e
* Z( i—k )(2) e+ 72 -+ 72 P

i=k

ST ) (g e
ke i—k i) \m+n M+ 12 P

i=k

and for > 0 and a # 0, I, is given by

L(ca,B,6) = ——Z( )n Hh (Be—9)

2

+<§>\/§_ﬁexp<(?+;—62) (—Bc+5+%>
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and for f < 0 and o < 0, I, is given by

L(c;a,5,6) = ——Z( >n Hh (Be —9)
\/_7'(' a o? @
—<§) ; exp(f*rgﬂ@(ﬁc—é—g)

where
- 1 = n_—t2/2
= th_l(y)dy:—l (t—x)" dt, n=20,1,2---,
x n: xr

We now state the main result to compute the price of European call option under

DEJP. For proof and further discussion see [31], [29].
Theorem 8. The price of European call option, V.(0) for the model (3.13)) with jumps

(2.12) is given by

V(0) = SOP(r + 30~ A¢.0, A, by i, s og(K/S(0)), )

1
—K exp(—rT)T'(r — 502 — A, 0, A, py i, 1 log (K/5(0)), T)

where
b=t =1
1+C 771—17 1 1
- bh qnz
=mn+1, A=X{+1), (= -
M2 = 12 (€+1), ¢ =1 mtl

1.3.2 Pricing Asian options under Black-Scholes model (BSM)

In this subsection we price Asian option under BSM via Laplace transform. We first

briefly discuss infinitesimal generator and Lévy exponent.
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In BSM under risk neutral measure the return process modelled by {X(t) =

log(%) :t >0} is given by

2

X(t) = (r— %)t +oW(t), X(0)=0

where r is the risk free rate, o is the volatility, W; is the standard Brownian

Motion. The infinitesimal generator of S(t) is

2

Lf(s) = Z-5*"(s) + rsf'(5)

The Lévy exponent of X; is

oq>O,a2<0whereﬁ:i—’;‘,andﬁz——

We consider the following non-homogeneous ODE

Ly(s) = (s + py(s) — 1, s> 0. (3.16)

(3.16) has infinitely many solutions as it has two singularities 0, co. If solutions

are bounded then it is unique.

We now state a few results without proofs which helps us in pricing the Asian

option under BSM. For further details and discussion see [10].

Theorem 9. A bounded solution to (3.16)), if exists must be unique. More

precisely let a(s) solve the ODE (3.16) and sup,e( o) [a(s)] < C < oo for some
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positive C'. Then we must have
a(s) = Elexp(—sAr,)] (3.17)

TM
where Ar, :/ eX ) (s,
0

e Theorem [J]implies that if we can find a particular bounded solution to the ODE
(3.16)), it must have the stochastic representation in (3.17). To find such a one,

consider a difference equation for a function H(v) defined on (—1, a;)

h(v)H(v) =vH(v —1)

with h(v) =p—Gv) = — (W —a1)(v — az) (3.18)

Theorem 10. If there exist a non-negative random variable X such that H(v) =
E[X"] satisfies (3.18)) then the Laplace transform of X i.e Ele™*X], solves the non-
homogeneous ODE (3.16)).

Theorem 11. Under BSM we have

and therefore

2T+ — o)y —v)

ElAz,] = o MN—a+v+1)l(ay) W e (=l )

here Z(a,b) denotes a beta random wvariable and Z(a) is a gamma random variable
with scale 1 and parameter 'a’ and =4 denotes equality in distribution. T'() is the

gamma function. Moreover Z (1, —as), Z(ay) are independent.
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We now finally state the main result of this subsection where we price Asian option

under BSM.

Theorem 12. Under the BSM, for every u,v such that > 0 and v € (0,a; — 1) the

double Laplace transform of XIE(%At — e M) with respect to t, k is given by

v+1
_ X 25, I'(v+2)I (a1 —v—1)T(1—a2)
E(/’L7 V) - MV(V+1) (XUO2> F(_Oé-il/—i—Z)F(al) 2

Therefore the Asian option price is equal to

—rt

L7 (L )|

(&

P(t, k) =

k=In ()

where K is the strike price and L1 a function of t,k is the inverse Laplace of L .

Furthermore we can also find the common greeks.

1.3.3 Pricing Asian options under Hyper Exponential Jump

diffusion model (HEM)
Let asset return process { Xy, ¢ > 0} under the risk neutral measure is given by

2

X(t) = (r—%—/\gtJraW +ZY;, X(0

where r is the risk free rate o the volatility ¢ = E[e"!] -1 = 37", 2o 4577 |

=1 771'7]- 9 +1

with {W(t) : t > 0} the standard Brownian Motion, {/N(¢) : ¢ > 0} a Poisson process

with rate A and {Y; : i € N} are i.i.d. with density
= meie_WX{xZO} + Z 405" X <0
=1 j=1
where 7; > 1,0 > 0,p,¢ > 0 with 3" p; + 377 ¢; = 1.
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Due to jumps the risk neutral measure is not unique. We assume the risk neutral
measure is chosen within the rational expectations equilibrium setting such that equi-
librium option of a price of an option is given by expectation under P of the discounted

option payoff.

e The Lévy Exponent of {X;} is given by

E er(t)
G(z) = [ " ]
o2x? o? O Pt ~ q;9;

prdl/ A 0, +x

for any x € (—0,1;) and for G(x) = pu we have exactly (m+n+2) roots.

e The infinitesimal generator is given by

0_2 00

Lf(x) = 51" (s) + (r = A)sf'(s) + A/ [f(se”) = f(s)lfy (u)du  (3.19)

—0o0

e We consider the Ordinary Integro-Differential Equation (OIDE)

Ly(s) = (s + p)y(s) — p (3.20)

where L is as given above in (3.19)).

We now state a few results without proofs which helps us in pricing the Asian op-
tion under HEM. For further details and discussion see [10]. We now describe the

distribution of Ag,

Theorem 13. A bounded solution to (3.20)), if exists must be unique. More precisely
let a(s) solve the ODE and SUP,cjp ) a(s)] < C < oo for some positive C'.
Then we must have
a(s) = Elexp(—sArg,)].
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Theorem 14. If there exist a non-negative random variable X such that H(v) =
E[X"] satisfies (3.19)) then the Laplace transform of X i.e Ele™*X], solves the non-
homogeneous ODE (3.20)).

Theorem 15. Under HEM we have

A — 2Z(1,—n) H?:l Z(0; + 1, =41 — 0;)
T, —d n
U2Z(5m+1) Hizl Z(ﬁz’; ni — 51)

where all the gamma and beta random variable on RHS are independent and therefore
€ (_17 51)

2\*Tw+1DI(1 =) v DO +14+v)0(1 —v;41)
E[AY% ] = (=
[ T”] <U2> F( ")/+V+1 1_‘[|: ”YJ+1+1+V) (1+9])]

Jj=1

k LB —v)L(0:)7 T(Bigr — V)
vt =) T

1=

(3.21)

We now finally state the main result of this subsection where we price Asian option

under HEM.

Theorem 16. Under the HEM, for every p,v such that u > 0 and v € (0,5, — 1) the

double Laplace transform of XE(%At — e M) with respect to t, k is given by

n

L(p,v) =
(1) ;W@+1)F(7+V+2 %H+2+mru+@)

J=1

b —v—=1)I0:)1 T(Bpyr —v —1)
E [ —v— 1)F(Bl)]' L(Bmi1) .

Therefore the Asian option price is equal to

e—rt

P(t, k) = ==L (L(p,v))

k= 1n(Kt)
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where k is the strike price and L' a function of t,k is the inverse Laplace of L.

Furthermore we can also find the common greeks.
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Chapter 2

General Product formula of

Multiple Integrals of Lévy Process

2.1 Introduction

Stochastic analysis of nonlinear functionals of Lévy processes (including Brownian
motion and Poisson process) have been studied extensively and found many applica-
tions. There have been already many standard books on this topic [4], 40, 41]. In
the analysis of Brownian nonlinear functional the Wiener-Ito6 chaos expansion to ex-
pand a nonlinear functional of Brownian motion into the sum of multiple Wiener-Ito
integrals is a fundamental contribution to the field. The product formula to express
the product of two (or more) multiple integrals as linear combinations of some other
multiple integrals is one of the important tools ([20]). It plays an important role in
stochastic analysis, e.g. Malliavin calculus ([20, 38]).

The product formula for two multiple integrals of Brownian motion is known since
the work of [42], Section 4] and the general product formula can be found for instance
in |20, chapter 5]. In this chapter we give a general formula for the product of m

multiple integrals of the Poisson random measure associated with (purely jump) Lévy
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process. The formula is in a compact form and it reduced to the Shigekawa’s formula
when m = 2 and when the Lévy process is reduced to Brownian motion.

When m = 2 a similar formula was obtained in [34], where the multiple integrals is
with respect to the Lévy process itself (ours is with respect to the associated Poisson
random measure which has a better properties). To obtain their formula in [34] Lee
and Shih use white noise analysis framework. Here, we have only used the classical
framework.

The product formula for multiple Wiener-1t6 formula of Brownian motion plays an
important role in many applications such as U-statistics [35]. We hope similar things
may happen. But we are not pursuing this goal in the current chapter. Our formula
is for purely jump Lévy process. It can be combined with the classical formulas
[20], 35, [38], 42] to general case.

This chapter is organized as follows. In Section 2.2, we give some preliminaries
on Lévy process, the associated Poisson random measure, multiple integrals. We also

state our main result in this section. In Section 2.3, we give the proof of the formula.

2.2 Preliminary and main results

Let T' > 0 be a positive number and let {n(t) = n(t,w),0 <t < T} be a Lévy process
on some probability space (2, F, P) with filtration {F;,0 < ¢t < T'} satisfying the
usual condition. This means that {n(¢)} has independent and stationary increment
and the sample path is right continuous with left limit. Without loss of generality,
we assume 77(0) = 0. If the process 7n(t) has all moments for any time index ¢, then
presumably, one can use the polynomials of the process to approximate any nonlinear
functional of the process {n(t),0 <t <T}. However, it is more convenient to use
the associated Poisson random measure to carry out the stochastic analysis of these

nonlinear functionals.
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The jump of the process 1 at time ¢ is defined by

An(t) :=n(t) —n(t—) if An(t) #0.

Denote Ry := R\{0} and let B(Ry) be the Borel o-algebra generated by the family of
all Borel subsets U C R, such that U C Ry. If U € B(Ry) with U C Ry and t > 0,
we then define the Poisson random measure, N : [0,T] x B(Ry) x Q — R, associated
with n by

N(tU) = Y xu(An(s)), (2.1)

0<s<t

where xy is the indicator function of U. The associated Lévy measure v of 7 is defined
by

v(U) :=E[N(1,U)] (2.2)

and compensated jump measure N is defined by

N(dt,dz) := N(dt,dz) — v(dz)dt . (2.3)

The stochastic integral [;. f(s, z) N(ds,dz) is well-defined for a predictable process
f(s,z) such that [.E|f(s,2)|*v(dz)ds < oo, where and throughout this chapter we
use T to represent the domain [0, 7] x Ry to simplify notation.

Let

L™= (LA(T, A x )" € L2 (T, (A x v)")

be the space of symmetric, deterministic real functions f such that

||f||%2«" - T f2(t17 21,0 >tn’ Zn>dtly(dzl) e dtny(dzn) < 00,
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where A\(dt) = dt is the Lebesgue measure. In the above the symmetry means that
f(tlazh'" atiazia"' 7tj7zja"' 7tn72n) = f(tlazla"' 7tjvzja"' 7ti7zi7"' 7tnazn)
s 27 . . A~ .
forall1 <i<j<mn. Forany f € L " the multiple Wiener-Ito integral

L(f):= [ flt1,z1, tn, 20)N(dty,dzy) - - N(dty, dz,) (2.4)

T

is well-defined. The importance of the introduction of the associated Poisson measure
and the multiple Wiener-Ito integrals are in the following theorem which means any
nonlinear functional F' of the Lévy process 1 can be expanded as multiple Wiener-1to
integrals.

We now state without proof result of Wiener-It6 chaos expansion for Lévy process.

For proof and related examples please see [14].

Theorem 17 (Wiener-Itd chaos expansion for Lévy process). Let Fr = o(n(t),0 <
t <T) be o - algebra generated by the Lévy process 1.
Let F € L*(Q,Fr, P) be an Fr measurable square integrable random variable.

Then F admits the following chaos expansion:

F=> I(f)), (2.5)

where f, € fLQ’n,n = 1,2,--- and where we denote Iy(fo) := fo = E(F). Moreover,

we have

1F 172y = D nlllfullizm (2.6)
n=0

This chaos expansion theorem is one of the fundamental result in stochastic analy-

sis of Lévy processes. It has been widely studied in particular when 7 is the Brownian
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motion (Wiener process). We refer to [20], [38], [40] and references therein for further
reading.
To state our main result of this chapter, we need some notation. Fix a positive

integer m > 2. Denote
T = T={i=(i1, - ,ia), x=2,--- ,m1<iyp < - <igp<m} (2.7)

where o = |i] is the length of the multi-index i (we shall use o,  to denote a natural
number). It is easy to see that the cardinality of Y is k,, := 2™ — 1 — m. Denote

i= (i1, ,i.,), which is unordered list of the elements of Y, where ig € Y. We use

1l

= (liy,- -, 1, ) to denote a multi-index of length r,, associated with V', where [;_,
1 < @ < K, are nonnegative integers. [ can be regarded as a function from T to

Z, =1{0,1,2,---}. Denote

Q:{f,ﬁ:Y—>Z+} and for any [, 7 € Q
(2.8)

—

Xk, L 7E) = 30 <, [liocX{i(X contains k} + MaX{i, contains k:}] :

Above y on left side refers to the indicator function. The conventional notations such

as m =l +---+ 1, ; I = l;,!---1;, | and so on are in use. Notice that we use [;,
instead of [; to emphasize that the [;, corresponds to i;. For i = (i1, -+ ,iq),j =
(j1,--+,Jp) € Y, and non negative integers p and v denote

~

®;*(f1’... ) = / Fir((51,21), 5 (8, 20)5 7+ ) @ -+
([O,T]X]Ro)"L
®fio<((51721)a"' >(SH’ ZH)?’”)dSlV(le)”'

~

dsv(dz,) fi @ ---®}i1® "'®}i“"'®fm7 (2.9)
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and

Vjv(fh"' afm) = fj1((t17z1)"" 7(tV’ZV)7"') Q -

Ofjo((t1,21), -+ (b, 2), o ) AE @ Fj @ - & fy o+ @ frn (2.10)

where ® denotes the symmetric tensor product and fjl means that the function f;, is
removed from the list. Let us emphasize that both ®} and Vi¥ are well-defined when
the lengths of i and j are one. However, we shall not use ®; when |i| = 1 and when
gl =1 Vi (fr, s fm) = fu ® -+ ® fm (namely, the identity operator). For any two
elements [ = (l;,, - - i, ) and 7 = (3, -+, p4,., ) in Q, denote

® .inm ’ ‘/—’ﬁ _ ‘/'.U‘jl:”.‘ MGk — ‘/ji‘h ® ® vnmm )

j Jt dem Jrm

(2.11)

Now we can state the main result of the chapter.

Theorem 18. Let f, € (L*([0,T] x Ry, dt ® z/(dz)))@qk, k=1,--- ,m. Then

o HZAL 1 Qk'
Ik(fk:) = P -
;E ! T,ﬁze;) [TeZ G HB 1 Mg Tz (ae — x(k, 1))
x(1,1,7)<qq

x(m,,7)<qm

Ly 4o »lmm Hiq ot Mg
[|q|+|ﬁ|—\x(zﬁ)|(®111, )lKam ® V]l;]l ’Jij (fl? T 9 fm)) 9 (212)

—

where we recall |q| = q1 + -+ - + @ and |x(I, )| = x(1,1,7) + - - - + x(m, [, 7).

If m = 2, then k,, = 1. To shorten the notations we can write ¢; = n, ¢ = m,
fi= fo fo = Gms ley = 1, mg, = k. Thus, x(1,[,@) = x(2,[,@) = | + k and

gl + 7| — Ix(I,7)] :n+m+k—2(l+k:) =n+m — 2l — k. Hence we have;
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if £, € (L2([0,T] x Ro, dt @ v(d2))", gm € (L2([0, T] x Ry, dt @ v(dz)))*™. Then

nlm! R
[n(fn)[m(gm) = Z l'k:'(n —k— l)'(m —k— l>![n+mf2lfk (fn & k,lgm> 3
kleZy
k+l<mAn

where Z, denotes the set of non negative integers and

In ® k,zgm(Sh 215"y Sndm—k—21, Zn+mfk72l)
= symmetrization of l fu(S1, 21, ) Sty Znets t1, Y1, - L U)
T
Im(S1, 215 5 Sky Zhy Snid 15" 5 Znlid, "0
Snm—k—20s """ s Znbm—k—20; t1, 21, -+, b, z1)dtiv(dzy) - - - dtv(dz).

(2.13)

If m = 3, then k,, = 4. To shorten the notations we can write, We write the product
formula for f € (L2([0,T] x Ry, dt @ v(d2))*", f, € (L*([0,T) x Ry, dt @ v(dz)))*,
fs € (L2([0,T] x Ro, dt @ v(dz)))™®.

Lets write using the notions discussed

liy = lia, by, = lag, iy = li3, li, = l123 and = l12M23113! 125!

My, = k12, Hjs = Kas, Hjz = k13, Hjy = k123 and 71! = Kialkos!ki3lkias!.
Thus,

x(1, Z: ) = lig + lig + liog + k12 + ki3 + Kyas,

X(2, Z; 1) = lip + loz + l123 + K12 + Ko + K123,

X(3, Z: 1) = lig + log + liog + k13 + kog + k123 and

lq| + |7t| — ‘X(Z; n)| = ¢+ q+qs— 2lia — 2los — 2115 — 31123

—kyo + —kog — k13 — 2k193.
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Hence we have;

_ 01!q2!q3
IQ1(f1)]q2(f2>Iq3<f3) - Z ﬂﬁ' H§:1(qi —X(i,f,ﬁ))!

I,ieQ
X(lqzﬁ)ﬁtn
x(2,1,7)<q2
x(3,1,7)<aq3

AT - i
Ligia-x @) <(®f ® V(1 fa, f3))> ,

01 O V(1o for J) (121 s Supgaipetin Faia- @)

= symmetrization of i f1<517 2150y S(qu—lia+liz+Has) s (qr—liz+His+H123))
Y1, 5 s Yo tlo 15 Yo 41 * * Lhotlng s Ylo+iss Lo tlus+1s YhioHis+1s

T t112+113+l1237 yl12+l13+1123) ' f2(817 2157y Ski2y Rki2y Skia+15 Rkia+1s

"t Skigtkiosy Fkiatkiass Squtkiz+kias+1y Fq1+ki2+kizs+1s

©t Squtkiotkiostkes Fqitkiatkias+kess Sqi+kiatkiaztkas+1y fqi+kiat+kiaz+kas+1
"3 Sqitga—liz—las—l1a3 > Zq1+ga—lia—laz—liag» U15 21,

5 by Zligg) tQ1+Q2+17 Zqi+ga+1s tq1+q2+l23’ ZQ1+q2+l23)

'f3(5k12+17 Rhkio+1s """ Skiotkiss kia+kiss Skia+kis+1s fkia+kis+1s

©*t Skigtkiostkisy Fhiatkias+kiss Sqi+gatkia+tkias+1s

Rqi+getkiatkios+1s *° " Sqitqetkiotkizs+kass fq1t+qatkiatkiastkass
Sq1+gatkiatkioztkos+1s Fqi+qatkiz+kizs+kas+1 * " Sqitgatgs—las—l12s—l13>

Rq1+g2+qs—loz—liaz—lizs """ tl12+1> yl12+1tl12+113> Ylia+113s tl12+l13+1a Ylia+lis+15

T tl12+113+l1237 Ylia+l13+123 > tQ1+lJ2+17 Zq1+qa+1)

o tfh+¢l2+l237 ZQ1+¢12+123)dt1V<d21) e dtllzy(d’zlu)? dtl12+1 U V(d’2112+1>dt112+l13
V(dzl12+113)dt112+113+1V<d2112+113+1) o 'dtl12+ll3+1123V<d2112+l13+1123)

dth1+qQ+17 V<dz(I1+Q2+1> T dtQ1+Q2+l237 V(dZQ1+tI2+123>'

(2.14)
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Remark 2.1. (1) When n is the Brownian motion, the product formula (2.13)) is

known since [{2] (see e.q. [20, Theorem 5.6] for a formula of the general form

(2.12) ) and is given by

nAm

I .
() n(om) = iy e (Jo © )
=0

(2.15)

It is a “special case” of (2.13) when k = 0.

2.3 Proof of Theorem [18

We shall prove the main result (Theorem . We shall prove this by using the
polarization technique (see [20, Section 5.2]). First, let us find the Wiener-It6 chaos

expansion for the exponential functional (random variable) of the form

Y(T) = &(pls;2))

- exp{ /T o(s, )N (dz, ds) — /T (e 1—p(s,z))1/(dz)ds}
(3.16)

2

where p(s,z) € L := 0= L*(T,v(dz) @ A(dt)). An application of It6 formula (see

e.g. [40]) yields

Y (T) :1+//Y(s—)[exp (p(s,2)) — 1| N(ds, dz).
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Repeatedly using this formula, we obtain the chaos expansion of Y (T") as follows.

E(p(s,2)) = exp{ /1r p(s, 2)N(dz, ds) — /T (e”(s’z) - 1—p(s,z)>y(dz)ds}

=1
= Zon_[n

where the convergence is in L*(Q, Fr, P) and

n

fo = fals1,21, Sy 2n) = (e — 1)®n _ H (ep(si,Zi) _

=1

(3.17)

(3.18)

We shall first make critical application of the above expansion formula (3.17)-(3.18]).

~2
For any functions pi(s,z) € L (in what follows when we write & we always mean

k=1,2,---,m and we shall omit k =1,2,--- ,m), we denote

pr(ug, s, 2) = log(1 + urpk(s, 2)) ,

From ({3.17)-(3.18]), we have (consider u;, as fixed real numbers)

[e.9]

1
g<pk Uk;,S,Z Z; TZI fkn )
n=0

where

1 n n

_ Uk ,Si,2 _ ®n __

= —nH ePrlusim) — 1) = pin — Hpk(3i7zz‘)
Uk 520 i=1

It is clear that
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where fy ., k=1,--- ,mare defined by (3.21). On the other hand, from the definition

of the exponential functional (3.16]), we have

1 £oe(o 5.2
= Hexp { / pr(ug, 5, 2)N(dz, ds) — /1r (ep’“(”’“s’z) — 1 — pr(ug, s,z))u(dz)ds}

= eXp Zpk uy, 5, 2) N (dz, ds)

T p—1

—/ (ezznzlp’“(“’“s’z) —-1- Z pr(ug, S, z))y(dz)ds}
T k=1
T k=1

= A-B (3.23)

where A and B denote the above first and second exponential factors.
The first exponential factor A is an exponential functional of the form (3.16)).

Thus, again by the chaos expansion formula (3.17))-(3.18)), we have

=1
A= Z; (B (g, ) (3.24)
where
hn(ub e 7um) = H(ezz;l Pi(tssis21) 1) . (325)
i=0

By the definition of p;, we have

Zpk(ukasiazi) = IOgH(1+Ukpk(Si,Zi))~

k=1 k=1
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Or

[H(l + ukpr(si, z1)) — 1| ,
k=1

where ® denotes the symmetric tensor product and Symy sn,zn) denotes the

51,21)y

symmetriization with respect to (sq,21), -, (Sn, 2,). Define

S:{j:(]177][3)7 leaamy 1§]1<<]ﬁ§m}

The cardinality of S is |S| = R, := 2™ —1. We shall freely use the notations introduced

in Section 2. Denote also

Uy = Ujy =« Ujp pj(S,Z):pjl(S,Z)"'ij(S7Z> (forj:(]1a7.][5)€‘s)

We have

jes lii]=n
n! j 3 ® "
J J 155} J
- Z T W Y, Py © @y T
Foyoee e Mg, -

Ky oot =n

- . .. ) 7 ; iz
where i : S — Z, is a multi-index and we used the notation uJﬁL = uﬁ“ - UJ: ™ and
v ® j ~ ~ ®:u";u . . .
p?” = pjlﬂ“ ® - @p; . Inserting the above expression into (3.24) we have
o0 1 . ®
= _— 'LL‘il o e 'u‘jgnl ®lu‘]1 5 P ) 'u‘jkm
A= > il 1 s Ln(pg, ™ ® - @py ™)
n=0 pj, +-Fp5, =n Ji- Jim *
(3.26)
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Now we consider the second exponential factor in (3.23):

B = exp { /Tr (ezznzlp’“(“’“s’z) - kzn; ePrUeS2) 4 gy 1)1/(dz)ds}
= exp { Z uj /Tpi(s, z)u(dz)ds} :

ieYy

where Y is defined by ([2.7) (which is a subset of S such that |j| > 2). Thus,

B = ZO% (Zui/qrpi(s,z)u(dz)a%’)

ieYy
N 1 l I by
- Z Z T % Y pi, (s, 2)v(dz)ds
Loy, i
n=0 lil ++l1'€m =N Km

- < /T P (s, z)y(dz)ds) - (3.27)

where [ € Q is a multi-index. Combining (3.26)-(3.27), we have

AB:i Z : ...} |ujtfluf:;m

P RPN I .
n,ﬁ:O ‘uj1+m+'uj,fam =n /J/J1~ lLL.]/%m'lll' lnm'
iy ol =
lil llinm
gy - n Uy, BiJ,li,Mj ) where (3.28)

B

I
i,y = </ pil(S,Z)V(dZ)ds)
T

liNm R LLs A~ ~ D4 -
(/ i, (S, z)u(dz)ds) ]n(pi)“ﬂ @ .- ®p§’i/‘mm) . (3.29)
T

Km

To get an expression for Byj;, ,, we use the notations (2.9)-(2.10) and (2.11)). Then

SVERY™ - ). (3.30)
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To compare the coefficients of u?il -y we need to express the right hand side of

(3.28) as a power series of uy,- -+, Uy. For k=1,--- m denote

x(k, 1, i) = Z liocl{ioC contains k} + Z Njﬁj{jﬁ contains k} - (3.31)

1<a<rm 1<B<Rm

Combining (3.23)), (3.28]) and (3.30)), we have

©° u?l eyl ®
m q1 Rqm
E: Q""Q'IQI(pl )[(1m<pm )
qlv"'vq’ﬁ’LZO L me
0 q m
-y X A
A A T A T |
7L7ﬁ:0 ”‘jl +...+‘ujkm —n lll . llnm "LL.]l . u‘]"%m .

iyt =
X(k,l,0)=qp,k=1,...,m
RN

i1 bk, }'lef"?ujgm ®Rq1 RGm
(@5 @ Vg, " (01 p™)).
(3.32)
Comparing the coefficient of u{" - - u?%", we have
H%(pk )= Z Z AT
k=1 _?17A4A7‘?'Rmes X(k,zg):qk,k‘:L...,m 11 lom *FJ1 Jim
‘1a‘“’1"‘€m€T
~ li ,"',linm ~ uj17"'7uj;ém ®q Rqm

[n(®i11;",i~m ® Vj1,~~-,jgm (pl e >pmq )) : (333)

Notice that when |j| = 1, namely, j = (k),k = 1,--- ,m, then Vj”(f1,~~ Jfm) =
fi® - ® fm. We can separate these terms from the remaining ones, which will satisfy

lj| > 2. Thus, the remaining multi-indices j’s consists of the set Y. We can write a

—

multi-index @ : S — Zy as £ = (na), - ,Nm), 1), where 7 € V. We also observe

—

T
@ = X(k, [ ) = ngy + x(k, 1,7

,7). After replacing [L by 7, (3.33)) gives (2.12). This
proves Theorem (18 for f, = pfq’“, k =1,---,m. By polarization technique (see e.g.
[20], Section 5.2]), we also know the identity (2.12)) holds true for f; = pr1®- - Q@ pr.q,

Prg. € L*([0,T] x Ro,ds x v(dz)), k = 1,--- ,m. Because both sides of (2.12) are

41



multi-linear with respect to fi, we know (2.12)) holds true for

Vi
fk’:ch,ﬂpk,17f®--.®pk7qk,f, /{}:17...7m7
(=1
where ., are constants, pyre € L*([0,T] x Ro,ds x v(dz)), k = 1,--+ ,m, k' =

-+ ,qrand £ = 1,--- ,vg. Finally, the identity (2.12]) is proved by a routine limiting

argument.
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Chapter 3

Option Pricing and
Euler-Maruyama scheme for SDDE

driven by Brownian Motion

3.1 Introduction

In this chapter we discuss the option pricing formula and Euler-Maruyama scheme
convergence on stochastic delay differential equation (SDDE). In this chapter we dis-
cuss the work in [5] where the authors came up with a formula in the last delayed
period for pricing European options where the underlying model is driven by Brow-
nian motion. We also discuss the work in [22] where the authors derived a formula
for pricing European option on jump diffusion model in the last delayed period. Fi-
nally we also discuss the Euler-Maruyama scheme convergence for SDDE driven by

Brownian motion and Poisson random measure.
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3.2 Delayed Black-Scholes formula.

In this section we discuss the work in [5]. We discuss about the explicit formula for
pricing European options when the underlying stock price follows nonlinear stochas-
tic functional differential equations with fixed delays. The model maintains the no-
arbitrage property and the completeness of the market. The derivation of the option-
pricing formula is based on an equivalent local martingale measure. Here the model
considers the effect of the past in the determination of the fair price of a call option. In
particular, the stock price satisfies a stochastic functional differential equation (SFDE)

with delay and pricing of European option is considered.

3.2.1 Stochastic delay model

Consider a stock whose price at time t is given by a stochastic process S(t) satisfying

the following SFDE:

dS(t) = pS(t — a)S(t)dt + g(S(t — b))SO)dW (),  t>0, o)

S(t) = o(t), te[-L,0],

on (Q,F,P) with the filtration (F;)o<i<r} satisfying usual conditions where L =
max{a,b} with a > 0,b > 0. In the above, L,b and T are positive constants with
L > b. The drift coefficient ¢ > 0 and ¢ : R — R is continuous. The initial
process ¢ : Q — C(|—L,0],R) is Fy measurable with respect to the Borel o-algebra of
C(]—L, 0], R) where the space C'([—L, 0], R) of all continuous functions n : [-L,0] — R
is a Banach space with the sup norm. The process W is a one-dimensional standard
Brownian motion adapted to the filtration (F)o<i<r3-

We now state without proof that the SDDE admits a pathwise-unique positive

solution. For further details we refer to [5]
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Theorem 19. Given an Fy measurable initial process ¢(t), the stochastic delay dif-
ferential equation given by (2.1) with p > 0, g : R — R admits a unique pathwise
solution with the property that S(t) > 0 whenever ¢(0) > 0 for allt > 0 almost surely.

If in addition ¢(0) > 0 a.s, then S(t) > 0 for allt > 0 a.s.

3.2.2 Delayed option pricing formula

Consider a market consisting of a riskless asset (e.g., a bond or bank account) B(t)
with rate of return r > 0 (i.e., B(t) = ¢ ) and a single stock whose price S(¢) at time
t satisfies the SDDE where ¢(0) > 0 a.s.. Consider a European option, written
on the stock, with maturity at some future time 7" > ¢ and a strike price K. To price
the European option we first look at the following results (without proofs) discussing
the martingale measure and these are essential in obtaining the price of the option.
For proofs please see [5].

Let

Y () = % u e 0,7]. (2.2)

Theorem 20. Let W(t), t € [0,T], be a standard Wiener process on (Q, F,IP). Let
T 2

> be a adapted process such that / ‘ Z(u)‘ du < 00 a.s., and let
0

G = exp (/OtZ(u)dW(u)—%/;‘Z(u)‘zdu> b0, 7. (2.3)

Suppose that Ep((r) = 1, where Ep denotes expectation with respect to the probability
measure P. Define the probability measure Q on (2, F) by dQ = (pdP. Then the

process

A

W(t) == W(t)—/o > (u)du, t€0,T]
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1s a standard Wiener process under the measure Q.

Using the risk neutral measure obtained above and martingale representation the-

orem we can also find the hedging portfolio.

S(t) = 6(0) exp (/Otg(S(u — )W () + /Ot S(u — a)du — % /Ot o(S(u — b))%

a.s for t € [0, T]. Hence using Theorem from above we have

500 = o0 e (| (S — )i () — 2 / g(Stu-b)Pdd)  (24)

where

S(t) = B0~ e S (t)
Hence we have
dS(t) = S(t) [(MS(t —a) = r)dt + g(S(t — b))dW(t)] (2.5)
and therefore we will have
dS = S(t)g(S(u — b))dW. (2.6)

We now discuss that how we can find the hedging portfolio for a contingent claim X.

Consider the Q martingale
M(t) = Eq(e T X|F) = Eq(e ™" X|FY)

where F° = ]-"ts = ]-"tW = F. Then using martingale representation theorem

there exists a )" adapted process ho(t),t € [0,T] such that
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T
/ ho(u)*du < oo
0

and
M(t) = Egle ™ X) + /t ho(w)dW (u), t € [0,T].

Define

ho(t)

OPEOTN w5(t) = M(t) — ws(H)8(1), ,t € [0,T]. (2.7)

ms(t) ==

Consider the strategy {7 (t), 7s(t) : t € [0,7]} which consists of holding 7g(t) units
of the stock and 7p(t) units of the bond at time ¢. The value V() of the portfolio at

any time ¢ € [0, 7] is given by

V(t) =nmg(t)e™ +ms(t)S(t) = e M(t).

Therefore, by the product rule and the definition of the strategy {mp(t),ms(t) : t €
[0, 7]}, it follows that

dV(t) = e"'dM(t) + M (t)de™ = mg(t)de™ + 75(t)dS(t), t € [0,T).

Consequently, {mp(t), ms(t) : t € [0,T]} is a self-financing strategy. Moreover, V(1) =
e"M(T) = X a.s. Hence the contingent claim X is attainable. This shows that the
market {B(t), S(t) : t € [0,T} is complete, since every contingent claim is attainable.
Moreover, in order for the augmented market {B(¢), S(t), X : t € [0,T]} to satisfy the

no-arbitrage property, the price of the claim X must be

V(t) = e T Eg(X|FY) (2.8)
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at each t € [0,T] a.s..

We can summarize above as

Theorem 21. Suppose that the stock price S is given by the SDDE (2.1), where
#(0) >0 and a,b > 0. Let T be the maturity time of an option (contingent claim) on
the stock with payoff function X, i.e., X is an F7 measurable non-negative integrable
random variable. Then at any time t € [0, T, the fair price V(t) of the option is given

by the formula
V(t) = e "TVEg(X|F) (2.9)
where Q denotes the probability measure on (S, F) defined by dQ = (rdP with

= ox "uStu—a)—r u—l !
“s p</ T RUCRE

The measure Q is a local martingale measure and the market is complete. Moreover,

uS(u—a)—r
9(S(u —1b))

2du> t e [0,7]. (2.10)

there is an adapted and square integrable process ho(u),uw € [0,T] such that
t A
Eg(e ' X|F?) = Egle ™ X) + / ho(u)dW (u), t € [0,T)
0

where W is a standard Q Wiener process given by

W(t) == W(t)+/0 “fég(;f)b;fdu, t e [0, 7). (2.11)

The hedging strategy is given by

ho(t)
S(t)g(S(t — b))’

ms(t) == ma(t) == M(t) — ms(t)S(t), ,t € [0,T). (2.12)
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The following result is a consequence of Theorem [21] It gives a Black-Scholes type

formula for the value of a European option on the stock at any time prior to maturity.

Theorem 22. Assume the conditions of Theorem . Let V(t) be the fair price of a
European call option written on the stock S with exercise price K and maturity time

T. Let ® denote the distribution function of the standard normal law, i.e.,
d(z) = L / "2y, g € R (2.13)
V2r Jo ’ ' '
Then for allt € [T — 1, T| where l:=min{a,b}, V(t) is given by
V(t) = S)D(B, (1) — Ke " TI0(5_ (1) (2.14)
where

2

\//tT g(S(u —b))*du

log 50 4 /T(r v LSt = )2)du
By = L

(2.15)

IfT'>1andt <T —1, then

V(i) = e”E@<H<S(T—l),—é / g(S(u — b))2du, / g(S(u—b))2du>

T-1 T-1

’)

(2.16)
where H 1is given by

H(z,m,0%) = 2™ () (x,m,0)) — Ke " T®(az(x, m,0)) (2.17)
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and

aj(z,m,o) = [log (%) +rT +m+ 02] (2.18)

az(x,m,o) =

Q|—Q|r

[log (%) —|—7’T—|—m] (2.19)
for o,z € RY,m € R. The hedging strategy is given by

ms(t) = ®(Bi(t), mp(t) = —Ke " ®(B(1), te[T—1T].  (220)

3.3 Euler-Maruyama scheme

3.3.1 Introduction

In this section we discuss the work of [23]. The work is on convergence of Euler-
Maruyama scheme for SDDE driven by Brownian motion and Poisson Random mea-
sure.

Let (2, F,{F:}i>0, P) is a complete probability space with a filtration {F;}i>o
satisfying usual conditions. Let A’ denote the transpose of a vector or a matrix A.
Let B(t) be a m-dimensional Brownian motion and N (t, z) be a n-dimensional Poisson

process and denote the compensated Poisson process by

N(dt,dz) = (Ny(dt,dz), -, N,(dt,dz,))’

= (Ni(dt,dz) — v (dz)dt, - -, Ny(dt,dz,) — vy(dz,)dt)’

where Nj,j7 = 1,---,n are Poisson random measures with Lévy measure v;,j =
1,--- ,n, coming from n independent 1-dimensional Poisson point processes. Here we
assume that N(¢,z) and B(t) are independent. Let | - | denote the Euclidean norm

as well as the matrix trace norm. Let 7 > 0 and C([—7,0]; R?) denote the family of
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continuous function ¢ : [—7,0] — R? with the norm ||¢|| = sup_,y<, [¢(0)]. Denote
by C% ([—7,0];R?) the family of all bounded, Fy measurable C([—,0];R?) valued
random variables. Here we consider d dimensional stochastic delay equation with

jumps and diffusion component.

dX(t) = a(X(t),X((t)))dt + o(X(t), X(6(t)))dB(t)

—|—/n VX (), X(67),2)N(dt,dz) (3.21)
on t € [0, 7] with initial data
{X(t): =7 <t <0} ={¢(t): =7 <t <0} € C% (3.22)

a:RIXxRT - R o RTx RY — R>*™ 40 R x RY x R* — R¥™>™. We note
here that the right hand side of (3.21) is a shorthand matrix expression. Using the

notation from above we can write
dX;(t) = ai(X(t),X(6(2)))dt + ZUi,j(X(t)>X(5(t)))dBj(t)
+ Z/R%j(X(t), X (67 (1)), zj)Nj(dt, dz;). (3.23)

It is assumed that a,c and v are sufficiently smooth so that (3.21)) has a unique

solution. We refer to [40] for detials. The following assumptions are always made

(A1) The Lipschitz continuous function ¢ : [0, oo] — R stands for the time delay and

satisfies

—7<0(t) <t and |0(t) —d(s)| < p|t —s|, Vt,s > 0.

(A2) «a, o and 7 are sufficiently smooth so that (3.21]) has a unique solution on [—7, T'].
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(A3) There exist constants K7 > 0 and § € (0, 1] such that for all —7 < s <t <0,
EIC(t) = C(s)] < Kolt —s|”.

/

(A4) The measures v = (v, ,v,)" are bounded Lévy measures, i.e, v(R") < oo

and v(A) = v(—A) for all Borel set A € R™.

3.3.2 The Euler-Maruyama (EM) method

Let step size A € (0,1) be a fraction of 7, that is A = £ for some sufficiently large

integer N. Then the scheme can be defined by

Y((k+1)A) = Y(EA) +a(Y (kA),Y(Ia[6(kA)]A)A
Y(kA), Y (In0(kA)))AB

/ / ) IA[6(KA))AN (dz) (3.24)

with Y'(0) = (0) on —7 <t < 0 where k =1,2,--- and Io[6(kA)] denotes the integer
part of §(kA)/A, AB, = B((k+1)A)— B(kA) and AN, (dz) = N((0, (k+1)A], dz) —
N((0,kA], dz). We note that

—r < IA[S(KA)A  VE >0 (3.25)

We then have

1.e

—N < IA[6(kA)] < k.
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We now define the continuous interpolation by introducing the two step process. The

two step process can be written as

Zlim (i) ()Y (RA) (3.26)

Zﬂ[m (o) (DY (Ta[5(RA)]A) (3.27)

Then the continuous EM numerical solution is defined by

¢(0)
Y(t) = { ¢C(0) + / a(n(s), ya(s))ds + / o (1 (5), 2 (5))dB(s)

// Y (s7),ya(s7), 2)N(ds, dz).

We discuss a few results which would be helpful in stating the main result on conver-

gence of EM scheme.

Lemma 3.1. Assume that o, 0,7 satisfy the linear growth condition:

(LG) There ezists a constant h > 0 such that
o (2. ) +lalz,y)I” <A+ |2 +y[*)  Vo,y e R

and

/Z Y9 (2, y, ) Pur(dzg) < h(L+ |22+ |y|*)  Va,y € R% (3.28)
R

k=1

Then there is a constant Ky, which dependents only on T, h,( but is independent of
A, such that the exact solution and the EM numerical solution to the SDDE
satisfy

E| sup \X(t)ﬂ VE[ sup |V ()2] < K. (3.29)

0<t<T 0<t<T
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In order to estimate the p-th moment the following assumption is also required.

(A5) Assume that o, o and ~y satisfy (3.28) and

/ > W@y, 2 Pri(day) < h(L+|2P +[ylP) Yo,y e R (3.30)
R

k=1
Lemma 3.2. Under the assumption (A5), for any p > 2, there is a positive constant

K, which depends only on p,v,T, h but is independent of A such that

E| sup \X(t)ﬂ vnz:[ sup [V(1)] < K. (3.31)

0<t<T 0<t<T

We state the following global Lipschitz condition which are used in the results which

follow.

[(GL)] There exists a constant L > 0 such that

|O'($,y) - U(ivy)|2 + |Oé($,y> - Oé(jug)|2
+Z/ V9 (@, 20) — v (@, 7, 2) v (dz)
k=1 R

<Lz -z +ly-3P) @y7,5€R. (3.32)

We now discuss some of the results which are required for the proof of the main

convergence result.

Lemma 3.3. Under the linear growth condition, one has

E[Y () —yi()* < KA.
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Lemma 3.4. Under the (A1),(A3) and the linear growth condition, if the stepsize

satisfies (p+ 1)A <1 one has
E[Y(3(t)) — y2(t)]* < K3A Yt € [0,T]

where K3 is a constant independent of A.
We now state the main convergence result under global Lipschitz condition.

Theorem 23. Under the global Lipschitz condition, we have

lim | sup | X (1) - Y(t)ﬂ = 0. (3.33)

3.4 Pricing European options with SDDE driven
by Brownian motion and by compound Poisson
process.

In this section we will briefly discuss the work of [22] which shows how to price
European call option when underlying model is stochastic delay differential equations
driven by Brownian motion and compound Poisson process.

Let (£2, F,P) be a probability space with filtration {F};>o which satisfies the usual
conditions (i.e., F is right continuous and Fy contains all the null sets of F). Let W (¢)
be standard Brownian motion and N(t) be a Poisson process with intensity A. Let

Y1, Y5, Y3, -+, be independent and identically distributed random variables with

E(E) = Q, j:172737"'
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Here we also assume Y, are independent of Poisson process N(t). The compound

Poisson process Q(t) can be defined as

N(t)
Q)= Y, t>0.
j=1
We consider a stock model as

dS(t) = uS(t — a)S(t)dt + f(S(t — ))SE)AW (t) + g(S(t — a))S(t—)dL(t),  t >0,

(4.34)
S(t) = (1), t€[—a,0],

where p and a are positive constants with g > —1. Also f: R —-Randg: R —- R
are continuous and bounded functions and initial process ¢ : @ — C([—a,0],R) is
Fo measurable with respect to the Borel sigma algebra of C'([—a, 0], R). The process
W is a one dimensional Brownian motion which is adapted to the filtration (F;)o<i<r
and L(t) = Q(t) — at is a compensated compound Poisson process with intensity
at. We also assume that W (t) and L(t) are independent from one another. Similar
to Theorem [19] we also discuss pathwise uniqueness and the property that S(¢) > 0

whenever ¥(0) > 0 for all £ > 0 almost surely.

Theorem 24. Given an Fy measurable initial process 1 (t), the stochastic differential
delay equation with jumps given by (4.34]) admits a unique pathwise solution with the
property that S(t) > 0 whenever 1(0) > 0 for all t > 0 almost surely. If in addition

¥(0) > 0 a.s, then S(t) > 0 for allt >0 a.s.

3.4.1 Pricing of European Option

We first discuss the risk neutral measure required to price the European option.
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We assume that price B(t) of risk free asset is given by
B(t) = B(0)e™ vVt €[0,T] (4.35)

where 7 > 0 is the risk free rate of return and S(t) is given by (4.34). For a non-

dividend paying stock the discounted price S(t) of the stock S(t) is
S(t) = == = e "S(t). (4.36)

We find the risk neutral measure Q which will make the discounted stock price into a
martingale. For this, let Ny, Ny, - -+, N be independent Poisson processes with NV, (t)

having intensity A,,. Let Ay, Ao, - -+, Ax be positive numbers then we can define

Z(t) = exp —/OtG)(u)dW(u)—%/Ot|@(u)|2du}, (4.37)

Zo(t) = []e™ ", (4.38)
Z(t) = ZZ:ll(t)Zz(t) (4.39)
where
~ puS(u—a)—r "
O(u) = =) € [0,77. (4.40)

Then the process Z(t) is a martingale.

Lemma 3.5. The Process Z(t) of (4.39) is a martingale. In particular E(Z(t)) = 1

fort > 0.

We can now define the risk neutral measure Q by Radon Nikodyn density

Q) = [ Z(rp (4.41)
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Let p(yx) be the probability that the jump is of size y.

Theorem 25. Let the risk neutral measure Q be as (4.41) defined above. Under Q,
the process

W(t)=W(t)+ /t O(u)du (4.42)

is a Brownian motion, Q(t) is a compound Poisson process with intensity )= Zfil by
and i.i.d jump sizes satisfying Q(Y; = yx) = p(yx) for all i and k =1,--- | K and the

process W (t) and Q(t) are independent.

3.4.2 Pricing of European option

We now consider the pricing of European call option in this model where the price
process follows (4.34). We assume risk neutral measure given by (4.41). Then the

price process under risk neutral measure is given by

dS(t) = rS(t)dt + f(S(t — a))S(E)dW (t) + g(S(t — a))S(H)dL(t), ¢t >0,

St) =),  tel-a0],

S(t) = S(O)exp{/[r—a)\g(S((s—a ds—i—/ f(S(s —a))dW(s)
N()

__/ F(S(s —a st}H[ 9(S(t — a))Yi]

so that the discounted price

S(t) = == (4.44)
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is a martingale under Q. We consider a European call option with strike price K and
maturity 7" > 0. The payoff of such an option is given by (S(T) — K)*. Let V(t)

denote the price of such an option at any time 0 < ¢ <T'. Then

Let 7 =T —t, then at any time 0 < ¢t < T, we have
V(t) = e TE[V(T)|F(t)] = e Eq[(S(T) — K)*|F(t)] (4.45)

where

/sz—a dW ——/f s—a) ds}

X H (14 g(S(t — a))Yi]. (4.46)

i=N(t)+1

If we assume that ¢t € [T — a,T] then we are able to obtain an explicit formulae for
European call (and put) options. For this, we can see that S(t¢) is measurable with

respect to F(t). We also note that
1. S(t) is F; measurable.

T
- 1
2. / [r—aAg(S(s —a)) — §f(5(3 — a))?]ds is also JF; measurable in the interval
t
T —a,T].

3. For any z € R, [[¥7 1+ 2Y;] is independent of the F;.

i= N(t +1[
T ~
4. / f(S(s —a))dW (s) has the same distribution as under Q as n.X where X is
¢

T
a standard Gaussian random variable and n? = / f(S(s —a))’ds.
t

29



Based on the discussion above, (3.5)) and Theorem [25( we state the following result

to calculate the price of European call option.

Theorem 26. Let V (t) be the fair price of a European call option written on the stock
S following the model (4.43), with strike price K and maturity time T'. Let ® denote

the distribution function of the standard normal law, i.e.,

1 X
d(z) = T /O e Pdu, x € R. (4.47)

Then for allt € [T —a,T], V(t) is given by

V(1) = S(£)e™ 5 ®(dy (S(t), m, o)) — ke " d(d_(S(t), m, ) (4.48)

where
dy = %[log% —|—7"T—|—m—|—a2} (4.49)
d_ = % [log % + 7T + m]. (4.50)

IfT'>aandt <T — a, then

T

V() = Bo[G(S(T—a)g(S(T-a), [ [r=35(5(s —a)?]as,

T—a

/ " ahg(S(s —ands. [ F(S(s — a))?ds)

T—a T—a

]-“t] (4.51)

where

>y (MT = 1)) 7
Gty zomm ) = 3 A g [g(r g [0+ 230 )]
j=0 ’ i=1

and {(7,y,m, a?) = e "Eq|(ye™ " — K)*].
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Chapter 4

Option Pricing and
Euler-Maruyama scheme for SDDE

driven by Lévy process

4.1 Introduction

The risky asset in the classical Black-Scholes market is described by the geometric
Brownian motion given by the stochastic differential equation driven by standard

Brownian motion:
dS(t) = S(t) [rdt + ocdW (1)] , (1.1)

where r and ¢ are two positive constants and W (t) is the standard Brownian motion.
Ever since the seminal work of Black, Scholes and Merton there have been many
research works to extend the Black-Scholes-Merton’s theory of option pricing from
the original Black-Scholes market to more sophisticated models.

One of these extensions is the delayed stochastic differential equation (SDDE)
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driven by the standard Brownian motion (e.g. [5], see also [30] [44]). In these works

the risky asset is described by the following stochastic delay differential equation
dS(t) = S(t) [f(t, S)dt + g(t, Sp)dW (t)]

where S; = {S(s),t —b < s <t} or Sy = S(t —b) for some constant b > 0. .
On the other hand, there have been some recent discovery (see e.g. [28, 31}, 11, 30])
that to better fit some risky assets it is more desirable to use the hyper-exponential

jump process along with the classical Brownian motion:
dS(t) = S(t) [rdt + odW (t) + pdZ(t)] ,

where Z(t) is a hyper-exponential jump process (see the definition in the next section).

Let N(dt,dz) be the Poisson random measure associated with a jump process
which includes the hyper-exponential jump process as a special case and let N (dt, dz)
denote its compensated Poisson random measure. Then the above equation with

o = 0 is a special case of the following equation

dS(t) = S(1) (rdt 43 2N (dz, ds)) (1.2)

[O,T] XRo

and it has been argued in (eg. [0, 15 [13]) that the equation (1.2 is a better model
for stock prices than (1.1J).

In this chapter, we propose a new model to describe the risky asset by combining
the hyper-exponential process with delay. More precisely, we propose the following

stochastic differential equation as a model for the price movement of the risky asset:

dS(t) = S(t—) [f(t, S(t — b))dt + g(t, S(t — b))dZ(1)] , (1.3)
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where f and g are two given functions, and Z(t) is a Lévy process which include the
hyper-exponential jump processes as a special case. The above model along with the
Brownian motion component can be found in [22], where the coefficient of Brownian
motion cannot be allowed to be zero. In this chapter, we let the coefficient of the
Brownian motion to be zero and we use the Girsanov formula for the jump process to
address the issue of completeness of the market and hedging portfolio missed in [22].

With the introduction of this new market model, the first question is that whether
the equation has a unique solution or not and if the unique solution exists whether
the solution is positive or not (since the price of an asset is always positive). We shall
first answer these questions in Section [1.3], where we prove the existence, uniqueness
and positivity of the solutions to a larger class of equations than . To guarantee
that the solution is positive, we need to assume that the jump part g(¢, S(t —b))dZ(t)
of the equation is bounded from below by some constant (see the assumption (A3)
in the next section for the precise meaning). The class of the equations our results
can be applied is larger in the following two aspects: The first one is that Z(t) can
be replaced by a more general Lévy process or more general Poisson random measure
and the second one is that the equation can be multi-dimensional.

Following the Black-Scholes-Merton’s principle we then obtain a formula for the
fair price for the European option and the corresponding replica hedging portfolio
is also given. To evaluate this formula during the last delay period, we propose a
Fourier transformation method. This method appears more explicit than the partial
differential equation method in the literature and is more closed to the original Black-
Scholes formula in spirit. This is done in Section [4.5]

Due to the involvement of f(S(t—b)) and g(S(t—b)) the above analytical expression
for the fair option price formula is only valid in the last delay period. Then how do
we perform the evaluation by using this option price formula? We propose to use

Monte-Carlo method to get the numerical value approximately. For this reason we
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need to simulate the equation numerically. We observe that there have been a lot
of works (eg. [32] [16, 45]) on Euler-Maruyama convergence scheme for SDDE models.
There has already been study on the Euler-Maruyama scheme for SDDE models with
jumps (e.g. [23]). However, in general the Euler-Maruyama scheme cannot preserve
the positivity of the solution. Since the solution to the equation is positive (when
the initial condition is positive), we wish all of our approximations of the solution is
also positive. To this end and motivated by the similar work in the Brownian motion
case (see e.g. [46]) we introduce a logarithmic Euler-Maruyama scheme, a variant of
the Euler-Maruyama scheme for . With this scheme all the approximate solutions
are positive and the rate of the convergence of this scheme is also 0.5. This rate is
optimal even in the Brownian motion case (e.g. [12]). Let us point out that the 0.5
rate of the usual Euler-Maruyama scheme for SDDE with jumps studied in [23] is only
obtained in the L? sense. Not only our logarithmic Euler-Maruyama scheme preserves
the positivity, its rate is 0.5 in L? for any p > 2. This is done in Section [4.4]

Finally in Section [4.6] we present some numerical attempts and compared that with
the classical Black-Scholes price formula against the market price for some famous call

options in the real financial market.

4.2 Delayed stochastic differential equations

Let (€2, F,P) be a probability space with a filtration (F;)p>0y satisfying the usual
conditions. On (€2, F,P) let W(t) be a brownian motion adapted to the filtration F;.
We shall consider the following delayed stochastic differential equation driven by the

Brownian Motion W (t):

dS(t) = f(S(t — 0)St)dt + g(S(t — b)S(E)dW (),  t>0, o

S(t) = o(t), t e [=b,0],
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where
(i) f,g:R — R are some given bounded measurable functions;
(ii) b > 0 is a given number representing the delay of the equation;

(iii) ¢ : [—b,0] — R is a (deterministic) measurable function.

4.3 Delayed stochastic differential equations with
Jumps

Let (92, F,P) be a probability space with a filtration (F;)pu>oy satisfying the usual
conditions. On (2, F,P) let Z(t) be a Lévy process adapted to the filtration F;. We
shall consider the following delayed stochastic differential equation driven by the Lévy

process Z(t):

dS(t) = f(S(t—0))S(t)dt + g(S(t — b))S(t—)dZ(t), t>0, (35)

S(t) = ¢(t) ) te [_b7 0] )

where
(i) f,g: R — R are some given bounded measurable functions;
(ii) b > 0 is a given number representing the delay of the equation;
(iii) ¢ :[—b,0] — R is a (deterministic) measurable function.

To study the above stochastic differential equation, it is common to introduce the
Poisson random measure associated with this Lévy process Z(t) (see e.g. [4], 13, 14}, 40]

and references therein). First, we write the jump of the process Z at time ¢ by

AZ(t) = Z(t) — Z(t—) if AZ(t) £ 0.
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Denote Ry := R\{0} and let B(Ry) be the Borel o-algebra generated by the family of
all Borel subsets U C R, such that U C Ry. For any ¢ > 0 and for any U € B(R,) we
define the Poisson random measure, N : [0,T] x B(Ry) x @ — R, associated with the

Lévy process Z by

NEU) = > xu(AZ(s)), (3.6)

0<s<t, AZs#0
where yy is the indicator function of U. The associated Lévy measure v of the Lévy

process Z is given by

v(U) := E[N(1,U)] (3.7)

and the compensated Poisson random measure N associated with the Lévy process

Z(t) is defined by
N(dt,dz) := N(dt,dz) — E[N(dt,dz)] = N(dt,dz) — v(dz)dt . (3.8)

For some technical reason, we shall assume that the process Z(t) has bounded negative
jumps and positive jumps to guarantee that the solution S(t) to (l.1)) is positive.
This means that there is an interval J = [~ R, 00) bounded from the left such that

AZ(t) € J for all t > 0. With these notations, we can write

Z(t) :/[Ot] ij(ds,dz) or dZ(t):/ij(dt,dz)

and the equation (1.1) becomes

iS(t) = {f(S(t - 0)+ g5 -0) [

zu(dz)] S(t)dt
J

(St — b)) S(t—) /J N (dt, dz)
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It is a special case of the following equation:

dS(t) = F(S(t — b)S(t)dt + / g(2, S(t — b))S(t—)N(dt,dz) . (3.9)
J

Theorem 27. Suppose that f : R — R and g : J x R — R are bounded measurable
functions such that there is a constant oy > 1 satisfying g(z,x) > o9 > —1 for all z €
J and for all x € R, where J is the supporting set of the Poisson measure N(t,dz).
Then, the stochastic differential delay equation admits a unique pathwise solution
with the property that if $(0) > 0, then for all t > 0, the random variable X (t) > 0

almost surely.

Proof  First, let us consider the interval [0,b]. When ¢ is in this interval f(X(t—b)) =
f(o(t — b)) and g(z; X(t — b)) = g(z;0(t — b)) are known given functions of ¢ (and
z). Thus, is a linear equation driven by Poisson random measure. The standard
theory (see e.g. [4,140]) can be used to show that the equation has a unique solution.
Moreover, it is also well-known (see the above mentioned books or [3]) that by It6’s

formula the solution to ((1.6)) can be written as

X(t) = ¢(0)exp { /Ot f(o(s —b))ds + /[Ot]leog [1+ g(z,¢(s — b))] N(ds, dz)

N /W]Xj <log [1+g(z,é(s — b)) — gz, (s — b)))dsu(dz)} :

From this formula we see that if ¢(0) > 0, then the random variable X (¢) > 0 almost
surely for every ¢ € [0, b].

In similar way, we can consider the equation on t € [kb, (k + 1)b] recursively
for k = 1,2,3,---, and obtain the same statements on this interval from previous
results on the interval ¢ € [—b, kb]. B

Since is a special case of , we can write down a corresponding result of
the above theorem for ([1.1).
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Corollary 4.1. Let the Lévy process Z(t) have bounded negative jumps (e.q. AZ(t) €
J C [-R,0)). Suppose that f,g : R — R are bounded measurable functions such
that there is a constant ag > 1 satisfying g(x) < % for all z € R. Then, the stochastic
differential delay equation (1.1) admits a unique pathwise solution with the property

that if $(0) > 0, then for all t > 0 the random variable X (t) > 0 almost surely.

Proof Equation (1.1)) is a special case of (1.6)) with g(z,2) = zg(z). The condition
g(x) < 9 implies g(z,7) > ag > —1 for all z € J and for all z € R. Thus, Theorem

can be applied. B

Example One example of the Lévy process Z(t) we have in mind which is used
in finance is the hyper-exponential jump process, which we explain below. Let
Y;,i = 1,2,--- be independent and identically distributed random variables with

the probability distribution given by

fr(@) = pime " Iusoy + Y a05¢" Tacoy
i=1

i=1

where

77@>07p120, 0]>07 QJZOa Z:1)7m7]:17an

with 377 pi+ 377 ¢; = 1. Let N; be a Poisson process with intensity A. Then

Z0=3"¥,

is a Lévy process. If m = 1,n = 1 then Z(¢) is called a double exponential process.
The assumption on the boundedness of the negative jumps can be made possible by

requiring that ¢; = 0 for all j = 1,--- ,n or by replacing the negative exponential
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distribution by truncated negative exponential distributions, namely,
- o . 0; .
fy(z) = mez‘e " >0y + Z%Ti%&ee’ml{f&q@} ;
i=1 Jj=1
where
>0, p; >0, 0;,>0,R; >0, ¢;>0, i=1---m, j=1,---,n

with Y7 pi + Z?Zl q; = 1. For this truncated hyper-exponential process, we can
take J = [-R,00) with R = max{Ry,---,R,}. Although in this chapter we will
mainly concern with the one dimensional delayed stochastic differential equation
or it is interesting to extend Theorem |32 to more than one dimension.

Let N j(ds,dz), 5 = 1,--- ,d be independent compensated Poisson random mea-
sures. Consider the following system of delayed stochastic differential equations driven

by Poisson random measures:

dSi(t) = > fi(S(t—1))S;(t)dt
—|—S,;(t—)2/gij(z,S(t—b))Nj(dt,dz), i=1 d,
=177
Si(t) = i(t), te[-b0],i=1,---d, (3.10)

where S(t) = (S1(t), - , Sa(t))T.

Theorem 28. Suppose that fi; : R* = R and g;; : T xR - R, 1 < 4,5 <d
are bounded measurable functions such that there is a constant oy > 1 satisfying
Gij(z,2) > ag > =1 for all 1 <i,j <d, for all z € J and for all x € R, where J
1s the common supporting set of the Poisson measures ]Vj(t, dz),j=1,---,d. If for

all i # j, fi;(x) >0 for all x € RY, and ¢;(0) >0, i =1,--- ,d, then, the stochastic
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differential delay equation (1.7) admits a unique pathwise solution with the property

that for alli =1,--- ,d and for allt > 0, the random variable S;(t) > 0 almost surely.

Proof  We can follow the argument as in the proof of Theorem to show that
the system of delayed stochastic differential equations has a unique solution
S(t) = (Si(t),---,S4(t))T. We shall modify slightly the method of [19] to show the
positivity of the solution. Denote g,;(t, 2) = gi;(2, S(t — b)). Let Y;(t) be the solution

to the stochastic differential equation
d ~
V() = i) Y [ 5, (t2)¥5(dt, 02
j=1"7

with initial conditions Y;(0) = ¢;(0). Since this is a scalar equation for Y;(t), its

explicit solution can be represented

Vi) = 6,(0)exp { S log [1+ G,y (5, 2)] N, (ds, d2)

i=1

0,t|x T

+ Zi;/[ <10g [1+g:;(s,2)] = 34,(s, z))dsuj(dz)} ,

where v; is the associated Lévy measure for N;(ds, dz). Denote fij (t) = fi;(S(t—1))

and let p;(t) be the solution to the following system of equations

d

dpi(t) =Y _ fi,(p;(t)dt, pi(0)=1, i=1-- d.
j=1
By the assumption on f we have that when i # j, }’ij(t) > 0 almost surely. By a
theorem in [7, p.173] we see that p;(t) > 0 for all £ > 0 almost surely. Now it is
easy to check by the Ité formula that S;(t) = p;(t)Y;(t) is the solution to (I.7)) which
satisfies that S;(t) > 0 almost surely. By the uniqueness of the solution we see that

S;(t) = S;(t) for i = 1,--- ,d. The theorem is then proved. W
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4.4 Logarithmic Euler-Maruyama scheme

The equation or is used in Section to model the price of a risky asset in
a financial market and its the solution is proved to be positive as in Theorem As
it is well-known the usual Euler-Maruyama scheme cannot preserve the positivity of
the solution (e.g. [46] and references therein). Motivated by the work [46], we propose
in this section a variant of the Euler-Maruyama scheme (which we call logarithmic
Euler-Maruyama scheme) to approximate the solution so that all approximations are
always non-negative. For the convenience of the future simulation, we shall consider

only the equation (|1.1]), which we rewrite here:
dS(t) = f(S({t—10))S(t)dt+ g(S(t—10))S(t—)dZ(t), (4.11)

where Z(t) = Zf\ﬁl Y; is a Lévy process. Here NN, is a Poisson process with intensity
Aand Y7, Ys, .-+, are iid random variables.

The solution to the above equation can be written as

S0 = o0 exp ([ SSw—tds I Il +g(S(— b)) (412

0<u<t,AZ(u)#£0

We shall consider a finite time interval [0, T for some fixed 7' > 0. Let A = > 0
be a time step size for some positive integer n € N. For any nonnegative integer

k > 0, denote t;, = kA. We consider the partition 7 of the time interval [0, T):

T 0=tg<ti <---<t,=T.
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On the subinterval [tg, tx+1] the solution (4.12)) can also be written as

5) = st ([ st

+ Y 1n(1+g(S(u—b))YN(u))>,t€[tk,tk+1]. (4.13)

t <u<t,AZ(u)#0

Motivated by the formula (4.13)), we propose a logarithmic Euler-Maruyama scheme
to approximate (|1.1]) as follows.

ST(tee1) = ST(t) exp ( FS™(t, — b))A)
- exp (1n<1 +g(S™(ty — b))AZk)) L k=0,1,2,...,n—1

(4.14)

with S7(t) = ¢(t) for all t € [—b,0]. It is clear that if ¢(0) > 0, then S™(x) > 0 almost
surely for all £ = 0,1,2,...,n. Then our approximations S™(t;) are always positive.
Notice that the approximations from usual Euler-Maruyama scheme is always not
positive preserving (see e.g. [46] and references therein).

We shall prove the convergence and find the rate of convergence for the above
scheme. For the convergence of the usual Euler-Maruyama scheme of jump equation
with delay, we refer to [23]. To study the convergence of the above logarithmic Euler-

Maruyama scheme, we make the following assumptions.

(A1) The initial data ¢(0) > 0 and it is Holder continuous i.e there exist constant

p>0and vy € [1/2,1) such that for ¢,s € [-b, 0]

|6(t) — o(s)| < plt = s|". (4.15)
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(A2) f is bounded. f and g are global Lipschitz. This means that there exists a

constant p > 0 such that

< pley — xa;

(‘9(371) — g(x2)

)f(ﬁl) _f(fEQ)‘ < ,0|$1 —$2| , V$7$2 eR;

[f@)]<p, VzeR

(A3) The support J of the Poisson random measure N is contained in [—R, o0) for
some 12 > 0 and there are constants iy > 1 and p > 0 satisfying —p < g(z) <

for all z € R.

(A4) For any ¢ > 1 thereis a p, > 0
[l <, (4.16)
J

For notational simplicity we introduce two step processes

Ul(t) = ZZO:O ]l[tk»tk+1)<t>s7r<tk)

va(t) = D nto Lt (1) ST (L — D).

Define the continuous interpolation of the logarithmic Euler-Maruyama approximate

solution on the whole interval [—b, T'] (not only on ¢,k = 0,--- ,n) as follows:
(
o(t) t € [=b,0]
S™(t) = { #(0) exp ( /0 t f(va(w))du (4.17)
\ + gt Azt (L + g(vg(u))YN(u))> t e [0,T].

With this interpolation, we see that S™(¢) > 0 almost surely for all ¢ > 0.
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Lemma 4.1. Let the assumptions (A1)-(A4) be satisfied. Then for any q > 1 there
exists K,, independent of the partition 7, such that
E[ sup |S(t)\‘1] \/E[ sup |5“(t)|q} <K,
0<t<T 0<t<T

Proof We can assume that ¢ > 2. First, let us prove E[SUPogth |S”(t)|q] < K,.

From (4.17)) it follows

B[ sw 157007 < OB sup e (o [ Jeatu)in

0<t<T 0<t<T

+q Z In(1 +9(Uz<u))YN(u))>] :

0<u<t,AZ(u)#0

Since |f(t)] < p we have

E[ sup |S7())"]

0<t<T

<00 B sup exp (¢ D0 1+ glea(w)Yaw))]

ost<T 0<u<t,AZ(u)#0
- gb(O)qequE[ sup exp (q/ln(l + zg(vg(u)))N(du,dz))} : (4.18)
0<t<T T

where and throughout the remaining part of this chapter, we denote T = [0,¢] x J.

Now we are going to handle the factor

I:= ]E[ sup exp (q/Tln(l + zg(vg(u)))N(du,dz))] :

0<t<T
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Let h = ((1 + zg(ve(u))* — 1)) /2. Then

[ = E| sup exp In(1 + zh)N(du, dz))}

e
- E:Oi%exp <% /T In(1 + zh) N (du, dz) + % /?T In(1 + zh)y(dz)du)]
. :OétléT exp (% /T In(1 + zh) N (du, dz) + % /T In(1 + 2h) — zh] u(dz)du)]
;i_%exp ( - %/Ta + 2g(va(u))? — 1) y(dz)du)]
< CqE[Oi?ET exp (% /T In(1 + zh) N (du, dz) + % /T In(1 + 2h) — zh] u(dz)du)] ,

where we used boundedness of g and the assumption (A4). Now an application of the

Cauchy-Schwartz inequality yields

1/2
I < Cq{E[ sup Mt]} ,

0<t<T

where
M, :=exp (/ln(l + zh)N(du, dz) + / [In(1 + zh) — zh] u(dz)du) :
T T
But (M;,0 <t <T) is an exponential martingale. Thus,

E[ sup Mt] ngE[MT} —9.

0<t<T

Inserting this estimate of I into (4.18) proves E[SUPogtST |S”(t)|‘1] < K, < oc0. In
the same way we can show E[SUPogth \S(t)]q] < K, < oo. This completes the proof

of the lemma. Wl
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Lemma 4.2. Assume (A1)-(A4). Then there is a constant K > 0, independent of m,

such that

E

p
S7(t) — w(t)‘ < KAP2. Y te0,T].
Proof Let t € [tj,t;41) for some j. Using |e* — | < (e + €¥)|z — y| we can write

S(t) — ()| = |57 - 57()

ST(t) + 57(t;)

/t_ Fa(s))ds + > In(1+ g(va(s))Y(s)| -

t; <s<t

An application of the Holder inequality yields that for any p > 1,

) op) 1/2
< (=l 5
.{E /t%f(UQ(s))ds+ D (1 + g(vs(5))Yves)) }

E [ ST(t) — vs(t)

ST(t) + 57(t;)

1/2

tjgsgt
. 2% 2p 1/2
< K,<E / f(va(s))ds| +E Z In(1 + g(va(s))Yn(s)
t t;<s<t
2p 1/2
< K,{ A" +E Z In(1 + g(va(s))Yn(s) . (4.19)
tjgsgt
Now we want to bound
2p
I.=E Z In(1 4+ g(va(s))Yn(s))

t]‘ Ssgt
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(we use the same notation I to denote different quantities in different occasions and

this will not cause ambiguity). We write the above sum as an integral:

2p

[ = E‘/j/:ln(l+zg(v2(s)))N(ds,dz)

_ IE’/\7/:111(1+zg(v2(s)))N(ds,dz)

2p

" [7 / 1+ 2g(ua(s)v(de)ds

IN

c, <A2p+E‘/J/:ln(l+zg(vg(s)))]V(ds,dz)

2p>
By the isometry condition, we have

2p

E‘/J/:h(l+zg(v2(s)))N(ds,dz)

=L

< K,AP.

In(1 + zg(va(s)))

2zj(dz)ds>

Thus, we have

[ < K,rAP.

Inserting this bound into (4.19)) yields the lemma. W
Our next objective is to obtain the rate of convergence of our logarithmic Fuler-

Maruyama approximation S™(t) to the true solution S(t).

Theorem 29. Assume (A1)-(A4). Let S™(t) be the solution to (4.14]) and let S(t) be

the solution to (4.11)). Then there is a constant K, r, independent of m such that

E[ sup |S(t) — ST()P| < K, rAP2. (4.20)

0<t<T
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Proof  We write S(t) = ¢(0) exp (X (t)) and S™(t) = ¢(0) exp (p(t)). Then

p

(6= 57| < [sw+ s | xX ) - pt

Hence by Lemma we have for any r € [0, 7]

E| sup |S(t) — S™(0)F]

0<t<r
2p1/2 2p71/2
< IE[ sup |S(t) + S™(t) } E[ sup | X (¢) — p(t) ]
0<t<r 0<t<r
2p 2p7\ 1/2 2p71/2
< 22”_1(153[ sup S(t)‘ ] —HE[ sup |S™(¢) ]) [E sup |X(t) —p(t) }
0<t<r 0<t<r 0<t<r
2p11/2 .
<K, [E sup | X (1)~ (1) ] = K,I'?. (4.21)

Thus we need only to bound the above expectation I, which is given by the following.

I = E[ sup |X(t) - p(t)”]

0<t<r

< E sup
0<t<r

/0 (F(S(u— b)) — floau)))du (4.22)

0 m+ g(S(u— ) Ya) — (1 + g(os() V)| -

0<u<t,AZ(u)#0

By the Lipschitz conditions we have

T 2,
I < KpE/ S(u—b) — va(u) *du
0 .
+I,E sup > (14 g(S(u—b))Yng) — (1 + g(va2(u)Ynw)
OSEST T gcu<t, AZ(u)£0
r 2p r 2p
<K, [E/ S(u—b) — 5 (u—b)| " du +]E/ 57— b) — va(un)| " d
0 0 -
+K,E sup > (14 g(S(u—b))Yne) = In(1+ g(va(u)Ynw)
OSEST T cust, AZ(u) 0
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By Lemma and by the assumption (A1) about the Hélder continuity of the initial

data ¢ we have

I, < K,7A”. (4.24)

We write the above sum I3 with jumps as a stochastic integral:

B B | D (= )i < o)) !
- E g // (1 + 2g(S(u — b)) — In(1 + 2g(vs(w))] N(du, d2)
v/ / (1 + 2g(S(u — b)) — In(1 + 2g(vs(w)))] w(dz)du|
- e | [ /Ot[1n<1+zg<s<u—b>>>—1n<1+zg<v2<u>>>1zv<du,dz> ’
I 1410]5:022 /j /Ot[ln(1+zg(5(u—b)))—ln(1+29(112(u)))]’/(d2)d“ i
Ll

Using the Lipschitz condition on g and (A3), we have

KpE</OT g(S(u—10)) — g(va(u ’du)
< K,7E sup |S(t — b)) — S™(t — b)|* .

0<t<r

132

IN

Using the theorem 2.13 of [I7] we have

(L0

Similar to the bound for I35, we have

S(u— b)) — In(1 + zg(va(w)))|

Z/(dz)du> :

Iy < Kp7E sup |S(t —b)) — S™(t = b)[* .

0<t<r
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Combining the estimates for I3, and 35, we see

I3 < K,7E sup |S(t —b)) — S™(t —b)[* . (4.25)
0<tr
It is easy to verify
I < K,7E sup |S(t —b)) — S™(t —b)[? . (4.26)
0<tlr

Inserting the bounds obtained in (4.24))-(4.27)) into (4.23)), we see that

I < K,7E sup |S(t—b)) — S™(t — b)[*" + KppAP. (4.27)

0<t<r

Combining this estimate with (4.21]), we see

E| sup [S(t) - 5™(1)"

0<t<r
1/2
< K, []E sup |S(t—b) — S™(t — b)|2p + KP,TA”/2 (4.28)

0<t<r

for any p > 2 and for any r € [0,7]. Now we shall use (4.28]) to prove the theorem on
the interval [0, kb] recursively for k =1,2,---,[T] + 1. Since S™(t) = S(t) = ¢(t) for

t € [-b,0]. Taking r = b, we have

E[ sup |S(t) — S”(t)|p] < K, pAP? (4.29)

0<t<b

80



for any p > 2. Now taking r = 2b in (4.28]), we have

E| sup [S(t) - S™(0)F]

0<t<2b

1/2
< K,r {E sup |S(t)) — Sﬂ(t)\%} + KP7TAp/2

—b<t<b

< Kpr [Kopr A2 + Kp g AP? < K, p AP (4.30)
Continuing this way we obtain for any positive integer k£ € N,

E[ sup [S(t) — ST(1)|P] < KiprAP2. (4.31)

0<t<kb

Now since T is finite, we can choose a k such that (k—1)b < T' < kb. This completes

the proof of the theorem. W

4.5 Option Pricing in Delayed Black-Scholes mar-
ket with jumps

In this section we consider the problem of option pricing in a delayed Black-Scholes

market which consists of two assets. One is risk free, whose price is described by
dB(t) =rB(t)dt, or B(t)=¢e",t>0. (5.32)

Another asset is a risky one, whose price is described by the delayed equation (1.1)

or (1), namely,

dS(t) = f(S(t—b)S(t)dt + g(S(t — b))S(t—)dZ(t), (5.33)
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where Z(t) = Zi\il Y; is a Lévy process, N, is a Poisson process with intensity A, and
Y1, Ys, .- | areiid random variables. As in Section 2, we introduce the Poisson random
measure N (dt,dz) and its compensator N(dt,dz). The above delayed equation can

be written as

aS(t) = {f<s<t - )+ g(se-0) [

zu(dz)} S(t)dt
J

(St — b))S(1—) /J N (dt, dz) .

Denote

L:/jzfy(z)dz, (5.34)

where fy is the probability density of Y; (whose support is 7). Then

/jzu(dz) =AL.

Set
S(t) = %.
Then by Ito’s formula we have
dS(t) = S(t—)g(S(t — b))( /J [0ty v(dz)dt + N(dt, dz)]) , (5.35)

where 6(t) = L& (tj\?;(gg(g(g)f)b))#. We shall keep the assumptions (A1)-(A4) made in

previous section and we need to make an additional assumption:

(A5) There is a constant a; € (1,00) such that /V(dz) > o 0
J 9
vV s,t € [0,00)

To find the risk neutral probability measure we apply Girsanov theorem for Lévy

process (see [I4, Theorem 12.21]). The () is predictable for ¢t € [0,7]. From the
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assumptions above we also have that 0 < 6(s) < o% Thus,

/ (1108(1 +0(s))| + 02(5) J(d2)ds < K < o,
[0,7]xTJ

Now define

SOt) = exp( {log (1= 0(s)) + 0(s) }v(dz)ds

[0,¢]

+/[07t] log (1 — 8(3))N(dm,ds)> :

In order for us to obtain an equivalent martingale measure we need to verify the

following Novikov condition:

[ exp (-/ {(1— () log(1 — 0(s) + 0(s)}v(dz)ds) | <0 (5.36)
2 Jorxg
This is a consequence of our assumption (A5). In fact, we have first

_ S=b) =] _ 1
bl = L e < A<

Hence we have

i T}{<1 —9(s)) log(1 — 0(s)) + 0(s)}ds < oo.

But v(dz) = Afy(z)dz, we have

/J v(dz) = /j My (2)dz < .

Thus, we have (}5.36)).
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Now since we have verified the Novikov condition ([5.36)) we have then E[SY(T)] = 1.

Define an equivalent probability measure Q on Fr by
dQ = S*(T)dP. (5.37)
On the new probability space (2, Fr, Q) (new probability Q) the random measure
No(dz,ds) = 0(t)v(dz)ds + N(dz,ds) (5.38)

is a compensated Poisson random measure. With this new Poisson random measure

we can write as
d3(t) = 3(t-) /j 2g(S(t — b)) Ng(dt, dz) (5.39)

The following result gives the fair price formula for the European call option as well

as the corresponding hedging portfolio.

Theorem 30. Let the market be given by and , where the coefficients f
and g satisfy the assumptions (A1)-(A5). Then the market is complete. Let T be the
maturity time of the Furopean call option on the stock with payoff function given by
X = (Sr—K)*. Then at any time t € [0,T), the fair price V(t) of the option is given

by the formula
V(t) = e " TOE, ((ST - K)+|]-"t) (5.40)

where Q is the martingale measure on (2, Fr) given by (5.37)).

Moreover, z'f/ 2 ug(dz) < oo, g(t)ydt < oo for j =1,2,3,4, there is an adapted
J R,
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and square integrable process ¥(z,t) € L2(J x [0,T]) such that

Eo (¢ (Sr — K)|F) = Eq (e (Sr— K)7) + /[ V) Na((dz,ds)

and the hedging strategy is given by

/ w(z,t)]v@(dz,t)
= 2L

S0aSE—b) ma(t) == U(t) — ms(t)S(t), te0,T], (5.41)

Ws(t)

where U(t) = Eq(e ™ (St — K)T|F).
Proof  Applying the 1t6 formula to ([5.39) we get

3(T) = exp ( /[ o L+ 29506 = 0) = zg(S(t = 0)}vold=)d

+/ In(1 4 zg(S(t — b)) Ng(dt, dz)> (5.42)
[0,T1xJ
Denote X = (Sr — K)T and consider

U(t) :=Egle "™ X|F).

In order to apply martingale representation theorem for Lévy process (see e.g. [4]
Theorem 5.3.5]) we shall first show that U; € £2, which is implied by Eg[S%] < oo.

Write h = g(S(t —b)). Then we can write

S; = exp (/ {In(1 + zh)? — 2zh}vg(dz)dt
0,7]xJ

+/ In(1 4 zh)*Ng/(dt, dz)) . (5.43)
[0,T1xJ
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Denoting T = [0,7] x J and taking h = % we have

~ 1 ~ ~ 1 .
Sy = exp (— /{ln(l + zh) — zh}vg(dz)dt + = / In(1 4 zh)Ng(dt, dz)).
2 Jr 2 Jr
zh
exp </1r <7 — zh) V@(dz)dt> .
Applying the Holder inequality we have
=2
Eq [ST}

< []EQeXp ( /T {In(1 + 2h) — zh}vg(dz)dt + /

.[EQ exp <2/1r (? - zh) J/Q(dz)dt>] v

= [EQ exp (2/11‘ <? — zh> VQ(dz)dtﬂ 1/2.

From the definition of &, we have zh = (14 zh)* — 1. Then

1/2

In(1 + 2h)No(dt, dz))}

zh —2zh = (14 zh)* — 1 — 2zh = 2*h* + 42°1% + 622K + 2z

Thus,

Eq[S7] < exp (/

T

(z4h4 + 423K + 622h% + 2zh) y@(dz)dt)

which is finite by the assumptions of the theorem.
From the martingale representation theorem (see e.g. [4, theorem 5.3.5]) there

exists a square integrable predictable mapping ¢ : T x €2 — R such that

U(t) = Eg(e~"T(Sy — K)*) + /0 /J (s, 2) N (ds, d).
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Define

/w oldz,t)

ms(t) 19(S(t— 1))
/ ()5 (t)g(S(t — b))d5(1)
SWe(st—b)

(
ma(t) = U(t) —7ws(t)S(t), tel0,T].

Consider the strategy {(mp(t), ms(t)) : t € [0,T]} to invest w5 () units in the riskyless
asset B(t) and mg(t) units in the risky asset S(¢) at time t. Then the value of the

portfolio at time ¢ is given by
V(t) :=mp(t)e™ + ms(t)S(t) = "U(t)
By the definition of the strategy we see that
dV (t) = mp(t)de™ + w5(t)dS(t) = e™dU(t) + U(t)de™
Hence the strategy is self-financing. Moreover, we have
V(T) =eTU(T) = (Sr — K)*.

Hence the claim (referring to the European call option) is attainable stand therefore
the market {S(t), B(t) : t € [0, T]} is complete. W

The pricing formula (5.40) is hard to evaluate analytically and we shall use a
general Monte-Carlo method to find the approximate values. But when the time fall
in the last delay period, namely, when t € [T' — b, T] we have the following analytic

expression for the price.
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Theorem 31. Assume the conditions of Theorem[30L Whent € [T —b, T}, then price

for the European Call option is given by

Vi) = e nmi/: Z,lg( it emé)A(t)-S<t>exp{/tT/j((1+zg<5(u—b)))<l
— (1—i€)In(1 + 2g(S(u — b)) — 1)u@<dz>du}

—Ke™ lim i/_: 2.15( wE— e A(L) - S(2) eXp{/ / 14 29(S(u—b)))™*

+igln(1 + 2g(S(u—1b))) — 1)VQ (d2)d } (5.44)

where w = In(K/A) —rT and

A(t) = exp ( /t /J {0 (1 + 29(S(u — 1)) — 29(S(u — D))g(dz)du) . (5.45)

Proof By (5.40) for any time t € [0, T| we have

Vit) = e ((S(T) - K)T | F)
_ e’"tEQ((S(T) ~ Ke Ty | E)
= B (SN spysi00rmy | Fi) = KQS(T) > Ke ™)

= Vi(t) = Wa(1). (5.46)

First, let us compute Vi (t) and V5(t) can be computed similarly. The solution S(t)

is given by ([5.42)), which we rewrite here:

S(1) = S(t)exp ] / / {In (1 + 2g(S(u — b)) — 2g(S(u — b)) }vg(d=)du
/ /m 1+ 29(S(u — b)) No(dz, du)} (5.47)

When u € [t,T] and t € [T — b, T|, we see that S(u — b) is F-measurable. Hence
while computing the conditional expectation of h(S(T)) with respect to F;, we can
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consider the integrands In(1 + zg(S(u — b))) and In(1 + zg(S(u — b))) — zg(S(u —
b)) as “deterministic” functions. Thus, the analytic expression for the conditional
expectation is possible. But it is still complicated. To find the exact expression and

to simplify the presentation, let us use the notation ([5.45)) and introduce

Y = /t /jln (14 2zg(S(u — b)) Ng(dz, du) .

With these notation we have

S(T) = S(t)AexpY .

To calculate Eq <€Y]l{vzyzw}> we first express 1y, ] as the (inverse) Fourier transform
of exponential function because E(e®Y) is computable. Since the Fourier transform
of ]l{w’v} is

= iz 1 1 1w
/ e E]l[wﬂ,]dzzc:%(e & — et

we can write

1 OO 1 iv—x |w—x
ﬂ[w,v}(ﬂf)Z%/ %(6[ ety ag

Therefore we have

1 > Lo i tlw—
EQ(ey]l{szzw} | F) = o Eq (%(el[v Yy _ il Y}§+Y> | JTt) d¢
1 > 1 [ LW —1
T o %(e € — B (" | F)dg .
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Denote Ty = [t, T] x J. Then we have

Bo(" ") = Bo(exp [ (1 i€)In(1+ 29(S(u— ) N(dz.du) | 7))

= Eqexp /Ttu —i€)In (14 2g(S(u — ) N (dz, du)

_ eXp< {e(1=iO) m(1+29(S(u-b)))
Ty

—(1 =€) (1 + 2g(S(u — b)) ~ T}rg(dz)du)

= e ([ {0+ zg(S =)

Ty

—In(1+ 29(S(u — 1)) ~ T}rg(dz)du) .
Hence

1 1 . ) _;
Eo(e" Lyzyauy | 7o) = 5= / (e — e exp ([ {1+ 2g(S(u 1))
T J-—x 'l§ T

“In(1 + 2g(S(u — b)) — 1}VQ(dz)du> de .

Taking w = In(K/A) —rT, v — oo in the above formula we can evaluate (5.46) as

follows.

Vi(t) = ertEQ<S(T)]1{§(T)ZK6,TT} !J—})
= e lim o [ e A 500 ([ {0+ 2l - 00
. 5

v—00 2T 1€
—In(1 + 2g(S(u — b)) — l}yQ(dz)du> de
="t vlglolo % /_Oo £(ew5 — ™) A - S(t). exp < Tt{(l + 29(S(u — b))%

—In(1 + 2g(S(u — b)) — 1}VQ(dz)du) de .
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¥), we have

Exactly in the same way (and now without the factor e

Vo(t) = Ke™ lim S /00 %(e“’g — A . S(t) exp ( ] {(1+ 2zg(S(u—1b)))™*

“In(1 + 2g(S(u — b))~ — 1}y@(dz)du> de.

This gives (5.44). W

4.6 Numerical attempt

In this section we make an attempt to carry out some numerical computations of our
formula (3.39) against the American call options Microsoft stock traded in Questrade
platform. To apply our model in the financial market, we need to estimate all the
parameters including the delay factor b from the real data. To the best of our knowl-
edge the theory on the parameter estimation is still unavailable even in the case of
the classical model of [3]. Motivated by the work of [19], we try our best guess of the
parameters in the model (3.31)-(3.32).

The real market option prices we consider is for the American call option on
Microsoft stock. The data we use is from Questrade trading/investment platform on
October 5, 2020 at 12:25 PM (EDT). We take T" to be one, three and six months
active trading period respectively. The real prices of the options of different strike
prices are listed in the last column of the three tables below.

The readers may wonder that since the option pricing formulas for both our model
and the classical Black-Scholes model are for the European call option, why we use the
market price for the American option. The reason is that we can only find the market
price for the American option. On the other hand, as stated in [33] p.251] “There is
no advantage to exercise an American call prematurely when the asset received upon

early exercise does not pay dividends. The early exercise right is rendered worthless
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when the underlying asset does not pay dividends, so in this case the American call
has the same value as that of its European counterpart”. See also [26, p.61, Theorem
6.1]. This justifies our use of the market price for the American option.

Using Monte-Carlo simulation we calculate the prices of European option given
by and the analogous Black-Scholes formula obtained from the model: dS(t) =
S(t)[adt + odW (t)]. We simulate 2000 paths of the solutions to both equations using
the logarithmic Euler-Maruyama scheme [for Black-Scholes model the logarithmic
Euler-Maruyama scheme is the same by replacing the jump process by Brownian
motion]. In the simulations we take the time step A to be the trading unit minute.

So when 7" = 1 month, there are

n = trading hours x 60 X trading days = 6.5 x 60 x 22 = 8580

minutes. So A = @. We do the same for T'=3 and T" = 6.
In our calculation for the delayed jump model we use the double exponential jump
process as our Y;’s with parameters p = .60,q = 1 —p = .40,n = 12.8,0 = 8.40

with the intensity A = .03. The interest rate » = .01 is the risk free rate. The delay

6.5x60

w50 Pecause there are trading 6.5 hours

factor was taken to be one day which is b =
in a trading day. The function f(x) was taken to be a fixed constant f(z) = .1,
g(x) = .15 % sin(x/209.11) and ¢(x) = exp(az/n) with o = .11. We choose a = .11
since the initial price we have taken is 209.11 and the predicted average price target
of Microsoft stock for next one year (around 12 months from October 5, 2020) is 230
which is 11%.

For the simulation of the Black-Scholes model, based on stock prices for the year
2019 we take volatility of the Microsoft stock as o = 15% to calculate Black-Scholes

price. We have taken r = 1% since in the last one year the range of 10 year treasury

rate has been between .52% to 1.92%. In the following tables the computations have
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Call Option price comparison for T'= 1 month for Microsoft stock

Strike Price Black-Scholes | Option price | Market Price
option  price | of jump | of American
(European) model  (Eu- | option  with
with 1 month | ropean) with | expiration 1
expiration 1 month | month
(no delay) expiration

195 16.27 16.08 18.3

200 11.41 11.05 15.15

205 7.65 6.91 12

210 4.54 3.62 9.43

215 2.05 1.48 7

220 .83 .61 5.15

Table 4.1: T=1 month

Call Option price comparison for 7" = 3 month for Microsoft stock

Strike Price Black-Scholes | Option price | Market Price
option price | of jump | of American
(European) model  (Eu- | option  with
with 3 month | ropean) with | expiration 3
expiration 3 month | months
(no delay) expiration

195 21.37 21.27 24.40

200 16.72 16.99 21.35

205 13.08 14.50 18.55

210 9.65 11.43 15.95

215 6.35 8.58 13.65

220 4.31 7.51 11.55

Table 4.2: T=3 month

been summarized. Notice an interesting phenomenon that the price we obtain by
using our formula is comparable to the Black-Scholes price for shorter maturities and
is more closer to the real market price for longer maturity. This may be because of

our choice of the parameters by guessing.
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Call Option price comparison for 7" = 6 month for Microsoft stock

Strike Price

Black-Scholes

Option price

Market Price

option  price | of jump | of American
(European) model  (Eu- | option  with
with 6 month | ropean) with | expiration 6
expiration 6 month | months
(no delay) expiration

195 28.41 29.53 29.00

200 23.85 26.11 26.15

205 19.49 24.44 23.50

210 16.24 21.15 21.05

215 12.83 18.39 18.80

220 10.58 17.97 16.70

Table 4.3: T=6 month
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Chapter 5

Logarithmic Euler-Maruyama
scheme for multi-dimensional

SDDE driven by Lévy process

In [I] we introduced a logarithmic Euler-Maruyama scheme for a single stochastic
delay equation, which preserve positivity if the solution to the original equation is
positive. The convergence rate was also obtained for such scheme. This scheme is
important for simulation of the paths of the equation. It plays important role in
option pricing for example since we often cannot obtain the explicit pricing value and
we need to use Monte-Carlo to complete the evaluation. Naturally our next question
would be what will be the analogous scheme for a system of stochastic delay equations
and if such schemes converges. This type of problems is very important since there is
always more than one stock in the real market. Now in more than one dimension, the
problem of positive solution and the numerical schemes which preserve the positivity
are much more complicated. In this chapter we shall extend our work in [I] to a system
of stochastic delay differential equations. The problems of existence and uniqueness of

a positive are solved. The multi-dimensional logarithmic Euler-Maruyama scheme are
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constructed which preserve the positivity of the approximate solutions. The scheme

is proved to be convergent with rate 0.5.

5.1 Positivity
We consider the following system of stochastic delayed differential equations:
Z fi;(S(t —0))S;(t)dt

Zgw b)dZ;(t),, i=1,---.d, (1.1)

| Si(t) = ¢i(t), te[=b0],i=1,---,d,
where S(t) = (S1(t),---,Sa(t))" and

(i) fij, 955 R? — R are some given bounded measurable functions for all 0 < i, j <

d with f;; > 0 for 7 # j.
(ii) b > 0 is a given number representing the delay of the equation.
(ili) ¢; : [—b,0] — R is a (deterministic) measurable function for all 0 <i <d.

(iv) Z;(t) = Zk 1 Y, are Lévy processes, where Y;; are i.i.d random variables,
Ny(t) are independent Poisson random processes which are also independent of

}/j,k‘ fOI‘j,E,:]_,Q,"' 7d7 k:1727

Let | - | Euclidean norm in R?. If A is d x m matrix, we denote
|A| = sup |Azx|.
|lz|<1

For example, if A = I + M is a d x d matrix, where M = (m;;)1<; j<q is a matrix,

then we can bound the norm of A as follows. Let 0 < A\; < --- < )4 be eigenvalues of
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MTM (since MT M is a positive definite matrix, we can assume that its eigenvalues

are all positive). Then

_ 2L T NT My < ‘
I+ M]| lilllspl\/bc\ + 2T M Ma:_\/1+111§11§1§)§)\2|x|
d
i=1
But >>% A = Tr(MTM). Thus we have
11+ M| < /14 Te(MTM)||. (1.2)

To study the above stochastic differential equation, it is common to introduce the
Poisson random measure associated with the Lévy process Z;(t). We write the jumps

of the process Z; at time t by
AZi(t) == Z;(t) — Z;(t—) i AZ;(t)#0 j=1,2,---.,d.

Denote Ry := R\{0} and let B(R;) be the Borel o-algebra generated by the family of
all Borel subsets U C R, such that U C Ry. For any ¢ > 0 and for any U € B(Ry) we
define the Poisson random measure, N; : [0,T] x B(Rg) x © — R (without confusion

we use the same notation V), associated with the Lévy process Z;(t) by

Nj(t7 U) = Z XU(AZj<S))7 J=12,---d, (13)

0<s<t, AZ;(s)#0

where xy is the indicator function of U. The associated Lévy measure v of the Lévy

process Z; is given by

vi(U) = E[N;(1,U)]  j=12-,d (1.4)



We now define the compensated Poisson random measure N ; associated with the Lévy

process Z;(t) by
N;(dt,dz) := N;(dt,dz) — E[N;(dt,dz)] = Nj(dt,dz) — v;(dz)dt . (1.5)

We assume that the process Z;(t) has only bounded negative jumps to guarantee that
the solution S(t) to (1.1)) is positive. This means that there is an interval 7 = [- R, 00)
bounded from the left such that AZ;(t) € J for all ¢ > 0 and for all j =1,2,---d.

With these notations, we can write
Z,(t) = / Nj(ds,dz) or dZy(t) = / Nj(dt, d=)
[0,6]xT J

and write ([1.1)) as

(

J

-) Z /j 29i;(S(t — b))N;(dz, dt) ,

| Sit)=i(t), te[=b0], i=1,--,d. (1.6)

d
]:1

In fact we can consider a slightly more general version of system of equations than

(L.6):
qu (t—b))S;(t)dt
+S¢(t—);[79ij(z,5(t—b))Nj(dz7dt), i=1,---.d,

First, we discuss the existence, uniqueness and positivity of (|1.7)).
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Theorem 32. Suppose that fi; : R* = R and g;; : T xR = R, 1 <i,j <d are
bounded measurable functions such that there is a constant ag > 1 satisfying gi;(z, ) >
ag > —1 forall1 < i,5 <d, for all z € J and for all x € R, where J = [-R, c0)
1s the common supporting set of the Poisson measures Nj(t, dz),j=1,---,d. If for
all i # j, fij(x) >0 for all x € R, and ¢;(0) >0, i =1,--- ,d, then, the stochastic
differential delay equation admits a unique pathwise solution such that S;(t) > 0

almost surely for all i =1,--- ,d and for all t > 0.

Proof  The theorem is stated and proved in [I, Theorem 1] following the method
of [19] (where the case of Brownian motion was dealt with). In fact, the existence
and uniqueness are routine and easy. The main point is to show the positivity of
the solution. The idea in [I] was to decompose the solution to as product of
some nonnegative processes. Here we give a slightly different decomposition which
will prove the positivity and will be very useful in our numerical scheme.

Denote fij(t) = fij(S(t = b)) and g;;(t,2) = gi;(2,S(t —b)). Let Yi(t) be the

solution to the stochastic differential equation

d

4Yi(t) = Fa(t)Yit)dt + Yit—) 3 /j iy (t, 2)N (dt. d2)

=1

with initial conditions Y;(0) = ¢;(0). Since this is a scalar equation for Y;(t), its

explicit solution can be represented

d ] .
Yi(t) = i(0)exp { Zlog [1 +§ij(3,z)] N;(ds,dz) +/O fu(s)ds
d
+ ; /[O,t]xj (log [1 + i (s, z)] — 7;(s, Z))dsl/j(dz)} . (1.8)
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where v; is the associated Lévy measure for N (ds, dz). Let pi(t) be the solution to

the following system of equations
dpi(t) = > [yOpi)dt, p(0)=1, i=1,--d.

Since by the assumption that ]Nfl-j(t) > 0 almost surely for all ¢ # j, Theorem [8], p.173]
implies that p;(t) > 0 for all ¢ > 0 almost surely. Now it is easy to check by the It
formula that S;(t) = p;(t)Y;(t) satisfies and S;(t) > 0 almost surely. By the
uniqueness of the solution we see that S;(t) = S;(t) for i = 1,--- ,d. The theorem is

then proved. B

5.2 Convergence rate of logarithmic Euler-Maruyama
scheme

In this section we construct numerical scheme to approximate (|1.1]) by positive value
processes.
Motivated by the proof of Theorem 32| we shall decompose equation ({1.1)) into the

following system:

dX;(t) = fu((S(t = 0))) Xi(t)dt + Xi(t Zgw Z;(t) (2.9a)

< dpi(t) Z Fii (S(t —b)))p;(t)dt, (2.9b)
J=Lj#i

| Sit) =pit) - X(t), i=1,2,--- .d. (2.9¢)

The reason is, as in the proof of Theorem [32] that X;(¢) and p;(¢) are all positive.
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Consider a finite time interval [0, T] for some fixed T > 0 and let 7 be a partition

of the time interval [0, T:
T 0=tg<ti <---<t,=T.

Let Ap = tgr1 — tr and A = maxo<p<pn—1(tr+1 — tx) and assume A < b.

We shall now construct explicit logarithmic Euler-Marauyama recursive scheme to

numerically solve (2.9a))-(2.9¢). By the expression (|1.8) the solution X on [ty, tx11] to
Equation ([2.9a)) is given

Xi(t) = Xi(tk)exp{ /1t FalS(s = b))ds + /t log [1 + gij(S(u—b))de(s)]},

where Z;(t) := fo;(lt) Y,k If we denote by F(x) the d x d matrix whose diagonal

elements are all zero and whose off diagonal entries are f;;(x), namely,

0 when ¢ = j
fij(z) when 7 # 7.
With this notation we can write (2.9b]) as a matrix form:

d]?.z—(f) = F((S(t=0))p(t),  p(t) = (p1(t),- -+ ,palt))", (2.10)

and its solution on the sub-interval [ty, t; 1] is given by

p(t) = exp (F(S(t - b)))p(tk) e [t bl (2.11)

where the exponential of a matrix is in the usual sense: e = Y77 - A¥/k! the integral
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of a matrix is entry-wise. Here due to the noncommutativity £(S(t—b)) is complicated

to determine and we give the following formula for the sake of completeness:

- ad —1)e)
P(SE-0) = Y. > (21—>_1> / . (2.12)

<[+ [ (S () — YF (S oy — )] 1P (S (uto(ry — b)lduy -+ - du,

is given by the Campbell-Baker-Hausdorff-Dynkin Formula (see e.g. [21], [43]), where
P, is the set of all permutations of {1,2,--- r}, e(o) is the number of errors in ordering
consecutive terms in {o(1),--- ,0(r)}, [AB] = AB — BA denotes the commutator of
the matrices, and T,.(t) = {0 < uy < -+ < u, < t}.

Analogously to [I] we propose the following logarithmic scheme to approximate

the solution:

(X7 (1) = X7 () exp (fulS7( — )¢ — 1)
d
+3 In (1 + g4 (S™(t, — 0)(Z(t) — Zj(tk)>) , (2.13a)
P = |F(ST (= D))t — ) + I[P (1), (2.13b)
ST(t) =pi (X[ (1), (2.13¢)
(X7(0) =6:(0), p"(0)=1, tp<t<tpy, k=12, ,n—1. (2.13d)

We introduce step processes

v1(t) = D50 Litg i) (6) ST (E1)

U2(t) = Zz():() ﬂ[tkvtk+1)(t)s7r(tk - b)'
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Using the above step process we can write the continuous interpolation for X; as

XT(t) = exp (/Ot Fis(va () du + zd: Y (1 + gij(vz(u))}g,Nj(u)))(2.14)
ek

Denote |t| = max{k,t; <t}. From we have
t [t th
(1) = [/ Floa(u))du+ 1] T [/ Flos()du+1].  (2.15)

te) k=1 vtk

We first show that p™(¢;) > 0.
Lemma 5.1. If ¢(0) > 0 a.s., then p™(tx) > 0 a.s. with p™(t) = ¢(t) for allt € [—b,0].

Proof  This can be seen from (2.13b|) and by induction. Assume p”(t;) > 0 a.s.
Since by our definition of F(S™(t; — b)) we know all of its components are positive,
we see from (2.13b)) that p™(f) > 0 a.s. for all t <t <tp.;. A

Similarly we will have

Lemma 5.2. If $(0) > 0 a.s., then X™(t) > 0 a.s. , hence S™(t) > 0 a.s. for all

0<t<T.

To obtain the convergence of the logarithmic Euler-Maruyama scheme ([2.13al)-

(2.13d)), we make the following assumptions:

(A1) The initial data ¢;(0) > 0 and it is Holder continuous, i.e. there exist constant

p>0and vy € [1/2,1) such that for ¢,s € [—b, 0]

|¢z(t)_¢z(8>| §p|t_8’7' 1=1,2,--- 7d (216)
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(A2) fi; and g;; are global Lipschitz for 7,5 = 1,2,---,d. This means that there

exists a constant p > 0 such that

¢

gij(x1) — gij(m2)| < plor — xa] V1,29 € RY;

fij(ﬁl) - fij(fEQ)‘ <plry =2, Va,z€ Rd;

(A3) The support J of the Poisson random measure N; (associated with Z) is con-
tained in [—R, 00) for each j = 1,2,--- /d for some R > 0 and there are con-
stants ap > 1 and p > 0 satisfying —p < g;;(z) < 59 for all z € R? and for all

=12 d.

(A4) For any ¢ > 1 there is a p, > 0
/(1 + |2))%(dz) < pg, i=1,2,--- .d. (2.17)
J

Lemma 5.3. Let Assumptions (A1)-(A4) be satisfied. Then, for any q > 1, there

exists K, independent of the partition w, such that

E| sup sup |Xi(t)\q] \/E[ sup sup |Xi”(t)|q] < K,.

1<i<d 0<t<T 1<i<d 0<t<T
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Proof  From our definition of X and boundedness of f;; for all 7, j we have

E| sup [X7(1)] = E[ sup exp / iz
0<t<T O<t<T
3 Y (1 gy >>m<u>>)}
=1 Osust
= sup exp /fu vy (u (2.18)
O<t<T

where T =

+qZ/Tln(1 + 2jij(va(u))) N; (du, dz))}

IA

KE[ sup exp @i /T In(1 + 233503 (1)) Ny (du, d2) )|

0<t<T

— KI (2.19)

Y

[0,¢] x J. Denote h; = ((1 + z;gij(va(u))*® — 1))/z;. Then,

IA

d
E[oililgTeXp (% ; /Tt In(1 + 2z;h;) Nj(du, dzj)ﬂ
d
[OZE’TQXP (; (%/ In(1 + z;h; )Nj(du,dzj)

; /Tt In(1 + z;h; )Vj(dzj)du>)}

d
E|: sup exp <Z (%/}T 111(1 —|—Zjhj)Nj<du,de)
j=1

0<t<T t

—i—% /Tt In(1 + z;h;) — 2z;h;] Vj(de)dU))]
OiltlgTexp Z—— i + 2;Gi (va(u))™? — 1) uj(dzj)duﬂ

d
CE[ s exp (30 (5 [ W1+ 5h)N(du,d2)

0<t<T ] ¢

+% /Tt 1+ 2;h;) — 2;h] ”j(dzj>du>>] ’
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where we used Assumption (A4) and the boundedness of g;;. Write for k =1,2,--- ,d

Mj.+ == exp (/
T

Then (Mg, 0 <t < T) is an exponential martingale. Now an application of the

Ty

t

Cauchy—Schwartz inequality yield

/2
I < Cq{E[ sup Ml,ti|} )

0<t<T

which proves

E[ sup \Xi“(t)|q] < K, < oo.

0<t<T

In the same way, we can show E[supOStST |Xl-(t)|q} < K, < oco. This completes the

proof of the lemma. W

Lemma 5.4. Assume Assumptions (A1)-(A4). Then for A <1, there is a constant

K > 0, independent of w, such that

p
E sup [S™(t) —wy(t)| < KAP/2,

0<t<T
Proof  Let ty, = |t] if t € [ty, tgr1) for some k. We have vy = (vgy, vgg, - -+, vgq) for
which we write in short vy = (1, Vg, -+ ,04). For any i =1,--- ,d,

E sup [S7() = o(0)| =E swp |pr()X7(0)  p (L) X7 ()]
=B sup i (0X7(0) - i X7+ (D0 — ()X ()]
<o swp [ro -] ") " (B sw [xro[”)" (2.20)
+e(E s [xr@ - xrn]”) " (& s rn[”)"
(2.21)
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2
p?(w)‘ ¥ and by lemma (5.3) we can

2p
bound E supg<;<r ‘XZ-’T (t)’ . We now bound the other two components.

By Assumption 2 we can bound Esupy<,<r

O A

E sup
0<t<T

By Assumption 2 it is easy to see that for some constant C

‘2}7

< C1A%, (2.23)

E sup |p7(t) —pi([t])

0<t<T

2p
For Esupy<;<r )X{r(t) - Xf([tj)‘ we use the expression for X7 (¢), boundedness of

2])}1/2

E sup ‘Z Z In(1 + g45(v2(s))Yj n(s))

<t<
OSEST iy (1) <s<t

fi;j for all 7, j and use |e* — e¥| < |e* + e¥||x — y| to obtain

B sup [x7() - X7(le))|” < {E sup [X7(6)+ X7((1))

0<t<T 0<t<T

2p 1/2

The first factor is bounded and now, we want to bound the second factor:

2p

d
I :=FE sup Z Z 1n(1+gz‘,j(v2(3))Yj,Nj(S))

<t< X
OSIST | =1 () <sst
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(We use the same notation I to denote different quantities in different occasions and

this does not cause ambiguity). We write the above sum as an integral:

2p

0<t<T

I = E sup // In(1+ z;g,5(v2(s)))N;(ds, dz;)
t]

0<t<T

+z / / In(1 -+ 2195 (va(5)v; (d2)ds

< c <A2”+E up | / /m In(1 + 2555 (v3(5))) N, (ds, dz;)

= E sup / /Hln 1+ 2595 (v2(5))) N (ds, dz;)
¢

2p

Y

0<t<T
By the theorem 2.13 of [I7], we have

2p

E sup | /j /H In(1 + 203 (02(5))) N, (ds. dz;)

0<t<T

<E (/j /L; In(1 + 2;g:;(va(s))) yj(dzj)ds)
< KA. (2.24)

2p

Plugging above, ([2.23)), in (2.21]) we get for some K, K1, Ky > 0

E sup |S7(t) — vi(t)| < K\AP + KoAP < KAP2, (2.25)

0<t<T
This proves the lemma. W
Theorem 33. Assume that Assumptions (A1)-(A4) are true. Then, there is a con-

stant Kpqr, independent of m such that

E

0<t<T

sup [Is(r) - S’Tu)\p}] < KAV

(2.26)
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Proof  First, we we want to bound

1:=E( sup |p(t) - ()7 (2.27)

0<tlr

From (2.12), we see that when t € [tg, t3i1],
3 t
F(S(t—0)) = / F(S(u —b))du + O(A?).
ty

Thus
exp (F(S(t - b))> — I+ /t F(S(u— b))du + O(A2).

ty

Thus we have a formula for p(¢) which is analogous to the one for p7(t) (Equation

p(t) = [I + /Lt F(S(u— b))du + O(N)] ﬁ [1 + /tm F(S(u — b))du + O(A?)

d k=0 t
(t]
= (LD T ol tirn) (2.28)
k=0
where

p(r,s) =1+ /s F(S(u—b))du+ O(A?).

We can also write

1)
pr(t) = p([t]t) [[ o7t tirn), (2.29)

where

pr(r,s) =1+ F(S™(s—b))(s—7).
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When r, s € [tg, trs1],7 < s, we have by the Lipschitz condition

p(r,s) = p"(r,s)| < [F(S(tk — b)) = F(S™(tk — b))[(s —7)

/ [F(S(u — b)) — F(S™(t — b))|du + O(A2)

< C|S(ty —b) — S™(tr — b)| + O(A*?) (2.30)
We also have
lp™(r,8)| = [T + F(S™(s —b))(s — 1) < [T+ C(s — )| < e, (2.31)
In the same way we have
Ip(r, s)] < €t (2.32)
Thus
|t]
() —p®)] < |p([t],t t)] Hp (ks thsn)

[t] t]

+ 3 p(tertess) = (e ter) | p([t) ) T #7 (ks trn)
£=0 k=0,k#¢
1t)
< [CIS(tk = b) = 87 (t, — b)| + O(AY?)] T [ e“trer—)
k=0
1) 1)
+ ) [ClS(te = b) = S7(te = 0)| + O] p([t).t) ] e
=0 k=0,k#¢
(2.33)

Thus we have for some C' > 0

I, < CE sup |S(t—b) —S™(t—10) ! + KGE sup |vy(u) — S™(t —b) g

0<t<r 0<t<r
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Then by lemma [5.4 we have

I < CE sup |S(t —b) — 57t —v)|" + car?, (2.34)

0<t<r

We now bound E supy;, | X (t) — X7(¢)[?. Denote

zt_z Z <+gm (u_b»YJ',Nj(u))

j=1 0<u<t
AZ(u)#£0

A=Y Y (1 g3 (v2() Yy (2:35)

j=1 0<u<t
AZ(u)#0

and denote Iy = ]E(supogtgr | X (t) — X”(t)|p). Then,

—In(1 + gi;(v2 ()Y N (w))
+ / (S —8))  Falwnttn)] ")) (Bl exper) + exp(a7) 7))
ZE sup /Jx[Ot] Z In(1 + 2z;9;;(S(u—0)))

—In(1 + 295 (va(u )))]N(du dz)

1/2

oy 20 I S0 (020 302
1/2

p>)1/2 ) <]E<| exp(Asy) + eXp(AZt)Fp))

+

/0 fii(S(u — b)) — fii(ve(w)))du
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Then for some C; > 0 we have

no<[(cE s /j . S M1+ 250155 - 1)
(1 + 0 ()N (du,dz) [ T)
+(ciE s /J . iunu T 201,(S(u — 1))
(1 + 5z )
#(08 s | [ a5t —0) = futeatipan]”) ]

( ( exp(Aiy) exp(A’f,t)]Qp>)1/2

1/2
=2 Cu(ly* + 1" + 13%) - (B(| exp(Ave) + exp(AT 7))

Using the Lipschitz condition on g;;, [;zv;(dz) = K, < oo for j = 1,2--- ,d,
Lemma [5.4) and Assumption 3 we have

d %
I <E sup / > M1+ 2594(S(u = b)) = In(1 + 23 (va(w)))] 5 (dz;)du >
osi<r | Jgxj04 5
2p 2p
< CE sup |S(t—0b) —S™(t — b)‘ + CE sup |va(u) — S™(t —b)
0<t<r 0<t<r
2
—: CE sup |S(t —b) — 57(t — b)‘ "y oar.

0<t<r

Using the theorem 2.13 from [I7] we have

121

< iE( /J / Z [ (14 255 (S(u — ) ~ In(1 + 2195 (o(u — 1))

2p

Vj(dz)du).
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Similar to the bound for Iy, we have

2p
Iy < CE sup ‘ + CAP.
0<t<r

S(t —b) — S™(t — b)

Similar to the bound for Iy using assumption (A2) we have

2p
I3 < CE sup ‘ + CAP.

0<t<r

S(t —b) — S™(t — b)

Combining the bounds for Is;, Iss, Is3 with the help of lemma (j5.3]), we get for

some Ky > 0

2p\ 1/2
I < K (E sup [S(t—b) - 57(t - b)’ ) KA (2.36)

0<t<r

We write I3 = E(supogtg,,, |S(t) — S”(t)]p>. Then we have

I — IE( sup |S(t) — S“(t)|p>

SEQggQﬁ%ﬁWWX@—@wﬂ_KWMNﬂﬁ
<278 s |(p(0) )X (0] ) + 27 E( s [y (X () - X"0)]).

= C(Igl + 132).
We now bound 131, I35

I < ¢ (B sup wi @) )" e

0<t<r

X(#)

2o\ \ 1/2
) (B g
0<t<r
Using the Lemmas [5.3] and we will have f

2 1/2
Iy < C(E sup [S(t—b) — S7(t - b)( p+AP)

0<t<r
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Using assumption 2 we can show that p™ is bounded, hence we can write using ([2.36))

4pN 1/2 1/2
Iy < c((E sup |S(t —b) — S7(t —b) ) + A”) . (2.38)
0<t<r
Hence we have for some K3 > 0
2py 1/2
I < Ky (E sup |S(t — b) — §7(t — b)‘ ) 4 K AP, (2.39)
o<t<r
Therefore we get
E| sup [IS(t) - S”(t)lp]]
0<tlr
2py 1/2
< C(E sup |S(t — b) — S’r(t—b)‘ ) + KAV, (2.40)
0<t<r
Taking r = b, we have
E| sup [yS(t) - S”(t)]p] < OAP? (2.41)
0<t<b
for any p > 2. Now, taking r = 2b in ([2.40]), we have
1/2
E| sup “su) - srwp}] <C [E sup |S(t)) — ST(6)*|  + KAP?
0<t<2b —b<t<b
< C[KAP)M? + KAP? < CAP? (2.42)

Continuing this way, we obtain for any positive integer k € N,

To<i<ir < CpparAP/?. (2.43)

Now, since T is finite, we can choose a k such that (k—1)b < T < kb. This completes

the proof of the theorem. W
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Appendix A

Matlab codes to jump model used

in chapter 4

Formula used in first code

S(trs1) = S(tr) * (1 4+ g Y;) xexp((a — fN)A) (0.1)

function
path=jump_delay(p,q,eta,phi,Nsteps,lambda,Npaths,T,S0,delay_fac,alpha)
n=zeros (Nsteps+1,Npaths) ;
for k=1:Npaths
for i=1:Nsteps+1
n(i,k)=poissrnd(lambdax*i*(T/Nsteps));
end
end
function y = sigma(S0,x)
y=.15*sin(x/S0 ) ;% .0224-.0222%x/S0);

end
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path=zeros(1,Npaths);
path(1,:)=S0;
if delay_fac>Nsteps
delay_fac=0;
else
delay_fac=delay_fac;
end
for k = 1:Npaths
for j=1:Nsteps
if j<=(delay_fac)
path(j+1,k)=path(j,k)*(1 +
.15xdoubleexpol(p,q,eta,phi,n(j+1,k)))*exp((alpha-lambdax*.2)
*T/Nsteps) ;
else
path(j+1,k)= path(j,k)*(1 +
sigma(S0,path(j-floor(delay_fac) ,k))
*doubleexpol(p,q,eta,phi,n(j+1,k)))
xexp ((alpha-lambda*sigma(S0,path(j-floor(delay_fac),k)))
*T/Nsteps) ;
end
end

end

plot(0:T/Nsteps:T,path)

end

Function for generating double exponential process

function sum= doubleexpol(p,q,eta,phi,Nsamples)
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r=rand(1,Nsamples);
Y=zeros(1,Nsamples);
sum=0;
for i=1:Nsamples
if r(i)<q
Y(i)=(1/phi)*log(r(i)/q);
elseif r(i)==q
Y(1)=0;
else

Y(i)=(1/eta)*log(p/(1-r(i)));

end
sum=sum+Y (i) ;
end

%plot (Y)

We also write the program to simulate geometric brownian motion

function Ssample = GeoBMPaths2(SO,nu,sigma,T,Nsteps,Npaths)

sigmax*(T/Nsteps)~.5;

n
]

n = nuxT/Nsteps;

incr(1,1:Npaths) = SO;

incr(2:Nsteps+1l,:) = exp(n+s*randn(Nsteps,Npaths));

Ssample = cumprod(incr);

plot(0:T/Nsteps:T,Ssample)

title(’sample paths of geometric Brownian motion’,’fontsize’,14);

ylabel(’value of sampled geometric Brownian motion’,’fontsize’,14);

set(gca,’fontsize’, 14, FontWeight’,’bold’);
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xlabel(’time’,’fontsize’,14);

Using below we can compare the call option prices among models considered

K=210.0:5.0:215.0;

prices=zeros(length(K),3);

%prices(length(K),1)=K;

for j = 1:length(K)
paths=GeoBMPaths2(209.11,.11,.15,6/12,6.5%60%22%6,200) ;
GeoBMPaths2(S0,nu,sigma,T,Nsteps,Npaths)
prices(j,1)=priceCalll(paths,K(j),.01,6/12);
prices(j,1)=Call_p_j_no_bm(0.60,0.40,12.8,8.40,2%6.5%60%*
¥22%6, .03,150,6/12,209.11,60%6.5,.11,.01,K(j));
prices(j,2)=Call_p_j_no_bm(0.60,0.40,12.8,8.40,4*6.5%60
¥22%6,.03,150,6/12,209.11,60%6.5,.11,.01,K(j));
prices(j,3)=Call_p_j_no_bm(0.60,0.40,12.8,8.40,8%6.5%60
*22%6,.03,150,6/12,209.11,60%6.5,.11,.01,K(j));
Call_p_j_no_bm(p,q,eta,phi,Nsteps,lambda,Npaths,T,S0,delay_fac,
alpha,rho,K)

end

prices
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