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Abstract

Microfluidics is widely used in MEMS (microelectromechanical system) devices. Be­

cause of the large ratio  of surface area to liquid volume of microfluidics, surface 

effects significantly influence the fluid behavior. In this thesis, two surface effects: 

electrical double layer (EDL) and hydrophobicity are studied. We have performed 

fundamental modelling of time-dependent electrokinetic flow in rectangular, circular 

and parallel-plate microchannels. A new model, combining electrokinetic phenomena 

with slippage of microfluidics, is created and the corresponding analytical solutions 

of time-dependent electrokinetic slip flow in rectangular, circular and parallel-plate 

microchannels are obtained. According to our study, electrokinetic phenomena and 

hydrophobicity should be considered simultaneously. Electroosmotic flow with a  mov­

ing front is a typical case governed by EDL phenomena and surface hydrophobicity. 

In this thesis, we first propose an analytical model to  describe th is phenomena. Based 

on these models, we further study the microfluidic flow in a  heterogeneous microchan- 

nel with nonuniform surface potential and hydrophobicity. We also investigate the 

effects of different EDL models on microchannel flow. Comparison of these models 

suggests tha t the Possion-Boltzmann equation is still a valid model to describe the 

charge distribution in EDL of microfluidics.

According to  the  above theoretical study, potential applications of microfluidics 

are proposed. A new method to  determine zeta potential (or surface potential) and 

slip length is proposed, which overcomes the defect of the current zeta potential mea­

surement method on hydrophobic surfaces. We also extend our research to membrane 

science, where a m ethod is proposed to  determine unknown param eters and structure 

of multilayer membranes by means of a high frequency alternating electric field. By 

means of stream ing current or streaming potential, we designed two novel electroki­

netic batteries, allowing us to light up two LEDs. We also found th a t slip coating
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can improve efficiency of microfluidic MEMS devices. A promising slip coating for 

MEMS devices. Self-Assembled Monolayers (SAMs), is proposed. In experiments, we 

observed slippage of flow on A u/S(CH 2 )i-CH 3  Self-Assembled Monolayers (SAMs). 

The slip lengths of SAMs were experimentally determined.
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Chapter 1 

Introduction

1.1 Microfluidic MEMS devices

During the past two decades, microfabrication technology has a significant impact on 

biology, medicine, chemistry, aerospace, mechanical and electrical engineering. Re­

quirem ent of transportation of fluids in or between MEMS (microelectromechanical 

system) devices causes a fast development of microfluidic MEMS devices, which real­

izes transport processes in microscale through microchannel flows. In recent report of 

System Planning Corporation [1], the MEMS device market is predicted to be tripled 

up to  11.5 billion by the year 2003. The estim ated microfluidic market is on the  order 

of 3 to  4.5 billions w ith an annual growth ra te  of 25% to  35% [2].

Typical microfluidic devices include microvalves, flow transducers, micropumps 

and heat exchangers. Microvalves are used for flow control and can be classified into 

two categories: active (with an actuator) and passive microvalves (without an actua­

tor) [3, 4]. Micro flow transducers are classified into micro flow sensors and micro flow 

actuators. Micro flow sensors have been used to measure flow velocity [5], pressure 

[6 , 7], tem perature [6 ] and shear stress [8 ]. Microflow actuators normally provide 

force or displacement under electrostatic or electromagnetic field. Micropumps can 

be divided into two categories: mechanical and non-mechanical pumps. The former 

usually utilizes moving parts to deliver a  constant fluid volume in each pump cycle [9]; 

The la tte r adds momentum to fluids for pumping by converting other form of energy

1
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into the kinetic energy. Mechanical pumps are mostly used in macroscale pumps with 

relatively large size and large flow ra te  [2]. W hen smaller size is required, moving 

parts of mechanical pumps become the shortcoming. Non-mechanical pumps with­

out moving parts can overcome this deficiency. Readily-made nonmechanical pumps 

are electrodynamic pumps [1 0 ], electrokinetic pumps [1 1 ] and electrowetting pumps 

[1 2 , 13], whose sizes can be the order of microns. Furtherm ore, im plantable microp­

ump and drug delivery systems [14,15] are also a promising idea in medicine. Patients 

who need periodic injection, can be liberated from seeing a doctor frequently. Heat 

exchangers are the  m ost im portant parts of a cooling system. Its ability to  efficiently 

transfer heat between fluids is im portant in various applications such as automobile 

radiators, air conditioning, electrical cooling and aerospace applications. As energy 

density in microchip becomes higher, industry begins to  look for heat exchangers 

working by liquids w ith high efficiency. By constraining th e  flow to narrow channels, 

the efficiency of heat transfer can be significantly enhanced as the surface area to 

volume ratio  increases, causing the convective resistance a t the solid/fluid interface 

to  be reduced [16, 17].

1.2 Lab-on-a-chip technology

In the  m arket report [1 ], microfluidic devices for DNA detection, protein analysis, 

medicine testing and drug delivery are emphasized. Because of its less time, cost 

and sam ple/reagent consumption, portability and simpleness to control, Lab-on-a- 

chip becomes the  m ost promising microfluidic technology to  substitu te  for traditional 

m ethods in chemistry and biology. Harrison [18] first proposed the  idea of Lab-on- 

a-chip by means of electroosmosis. An electric field was used to  drive liquid sample 

from one reservoir to  another through a microchannel. Harrison’s group developed 

this chemical detection technology in a  microchannel network, so th a t more complex 

chemical experiments can be fulfilled on a  glass or silicon chip [19, 20, 21].

2
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The entire Lab-on-a-chip experimental process includes filtration, transport/pum ping, 

mixing, separation and reaction. Electroosmosis is often used to  drive testing liquid 

into detection zone. Electrophoresis is often used to  separate cells or proteins from 

reagent. Pressure-driven flow is also a useful pumping m ethod on a microchip [22].

In this case, gas pressure, micro-peristaltic and positive displacement are common 

choices.

There are many functional technologies to m anufacture biochip/microarray-chip 

[23, 24]. Here, we only emphasize two of the most popular techniques: traditional 

lithographic technique and the soft lithography technique. Traditional lithographic 

technique uses an electromagnetic radiation, typically ultraviolet (UV) light to “print” 

a designed pattern  onto a surface, e.g. silicon, covered w ith photoresist. Recently 

developed soft lithography technique fills a heat or UV-curable polymer in a  template, 

made by traditional lithographic techniques, to cast numerous replicas of the desired 

devices [25, 26]. Based on soft lithography techniques, glass and silicon are not the 

only choice for the substrates of microfluidic systems. Polymer plays a more im portant 

role in the substrates of microchips [27].

1.3 Surface effects on microfluidics

Microfluidics is a  multi-disciplinary research. Many physical and chemical phenom­

ena, which can normally be neglected in traditional fluid mechanics, are involved. 

The most noticeable feature of microfluidics is th a t chemical and physical properties 

of surfaces are no longer negligible. Because of the relatively large surface-to-volume 

and surface-force-to-body-force ratios in micron-scale configurations, surface effects 

dominate most of the transport phenomena in microchannels [28], which cause ap­

parent differences between microfluidics and macrofiuidics. Since the traditional hy­

drodynamic theory cannot predict microfluidic behavior, fundamental understanding 

including interactions between liquid and solid wall becomes an essential issue. In

3
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Israelachvili’s book [29], several kinds of surface forces are introduced. In general, 

van der Waals, electrostatic and hydrate forces should be considered. In this thesis, 

we consider electrostatic force induced by electrical double layer; the van der Waals 

force and hydrate force reflected by surface tension (or hydrophobicity).

1.3.1 Electrical double layer and electrokinetic phenomena

In ISOS, Reuss discovered electroosmotic effects [30]. In 1S59, Quinke [31] discovered 

the stream ing potential phenomenon. Electrokinetic phenomena are essential issues 

in colloid and interface/surface science. Electrokinetic theory is widely applied for 

many fields: chemistry, chemical engineering, aerospace science, biology, medicine, en­

vironment, civil and mechanical engineering. Electrokinetic phenomena have already 

played very im portant roles in industry: mining, ceramics, paints, pharmaceutics, 

paper making, waste water treatm ent and petroleum.

©
©
©
©
©
©
©
©
©

©

©

©

©

©
©

Solution

©

©

©

©
©

©

© © © o

Electric Double Layer

a  0  0  9  ©
0 0  © © © 0  6  

Q   _©

Parucle

© ©© ©
© © 0

Electric Double Layer

Figure 1 . 1 : Schematic of an electrical double layer near a plate wall and surround a 
particle.

Electrical double layer

In general, electrically neutral liquids have a distribution of electrical charges near 

a  surface because of a charged solid surface [32, 33, 34]. This region is known as
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electrical double layer (EDL), which induces electrokinetic phenomena. In Figure 

1 .1 , we show two schematic diagrams for electrical double layer near a plate surface 

or a charged particle. The density of counter-ions (opposite in sign to the charge of 

solid surface) is larger than th a t of the co-ions (the same in sign as the charges of 

solid surface) in most place of EDL [32, 33]. EDL is normally accounted from the 

solid surface to where the net charge decreases to zero (neutral) [32, 33].

Potential

Distance y ’
Shear planeIHP OHP

Figure 1.2: Schematic of potential distribution in an electrical double layer.

The concept of electrical double layer was proposed by Helmholtz [35] over a 

century ago. Gouy [36] and Chapman [37] independently introduced the theory of 

diffusion layer. In general, the electrical double layer is divided into two layers: 

an inner/com pact layer of immobile counter-ions and a  diffusion layer formed by a 

cloud of hydrated ions th a t transitions from th e  extreme excess of counter-ions a t the 

boundary of inner layer to a  balance of counter-ions and co-ions in the neutral bulk 

solution [32, 33]. To describe the ionic and potential distribution in the  electrical 

double layer, many artificial models have been created. A t present, the most widely

5
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accepted and detailed model is shown in Figure 1.2. In Figure 1.2, the inner layer 

is further divided by inner Helmholtz plane (IHP), outer Helmholtz plane (OHP) 

and shear plane. The potential at shear plane is normally called the zeta potential. 

Outside the shear plane along the y ’ direction, the diffusion layer begins [32, 33].

The origins of interfacial charges come from the following various mechanism [32, 

33. 38]:

1. Ionization of surface group,

2. Differential dissolution of ions from surfaces of sparingly soluble crystals,

3. Isomorphic substitution,

4. Charged crystal surface,

5. Specific ion adsorption.

The first mechanism is the most common mechanism for EDL formation.

On the m athem atical side, the most popular model to  describe the ionic and 

potential distribution in EDL is Poisson-Boltzmann equation, which is based on the 

following premises [33, 32]:

1. Ions are point charge.

2. The ionic adsorption energy is purely electrostatic.

3. The average electric potential (as occurring in Poisson’s law) is identified with 

the potential of mean force (in Boltzmann equation).

4. The solvent is primitive.

Firstty, the Poisson equation is

V V  =  - -  , (1.3.1)e

6
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where ^  is the potential due to the double layer a t an equilibrium state  (i.e., no 

liquid motion with no applied external field), p is the free charge density and e is the 

perm ittivity  of the  medium. Using Boltzmann equation, for a symmetrical zq : zq 

valent electrolyte, we can express the Poisson-Boltzmann equation as

where ~o is the valence of the symmetrical electrolyte, e is the elementary charge, 

is the ionic concentration in an equilibrium electrochemical solution a t the neutral 

sta te  w ith U =  0, A: is the Boltzmann constant and T  is the absolute tem perature. 

Invoking the  Debye-Hiickel approxim ation for low surface potentials (z0etp /kT  «  1 ), 

we have sinh(coe-0 //cT) ~  zoeip/kT  and the to tal charge density becomes

Finally, the definition of the reciprocal of the double layer thickness for a  (zq : zo) 

electrolyte is given as

Combining E q.(1.3.4) w ith the Debye-Hiickel approximation, Eq.(1.3.2) results in the 

linearized Poisson-Boltzmann equation:

In fact, Debye-Hiickel approximation gives a good agreement with experiments when 

zeta potential is up to  100 mV [33].

Even though Poisson-Boltzmann equation has been successfully applied for many 

problems, it still has some defects as outlined below [32]

1. The finite sizes of the ions are neglected.

2. Non-Coulombic interaction between counter- and co-ions and surface is disre-

(1.3.2)

(1.3.4)

V 2i p ( x . y , z )  =  y. z )  . (1.3.3)

garded.

i
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3. Incomplete dissociation of the electrolyte is ignored.

4. The solvent is considered to be primitive.

5. The surface charge is assumed to  be homogeneous and smeared-out.

6 . Image forces between ions and the surface are neglected.

Ion size is an obvious feature, which should be considered, especially for a very narrow 

microchannel. W hen the surface potential is higher than  100 mV, Poisson-Boltzmann 

equation predicts local concentrations to exceed the amount tha t is physically avail­

able in space [32]. Ion-ion correlations are still very im portant and should appear in 

Poisson-Boltzmann equation. If the  surface charge is not homogeneous, image force 

in the solid also plays an im portant role.

To overcome Poisson-Boltzmann equation’s shortcomings, many improvements 

have been done [39, 40, 41, 42, 43, 44, 45]. However, more molecular param eters 

are involved and com putation becomes more expensive. Basically, all new models 

come from the statistical mechanics. A review about electrical double layer from the 

statistical mechanics point of view has been published [46]. Two contributions should 

be mentioned here: Cassou’s hypernetted chain-mean spherical (HNC/M S) integral 

equation [40, 41, 42] and Outhwaite’s modified Poisson-Boltzmann equation [44, 45]. 

The former considers the ionic size, ionic concentration and ionic interaction effect. 

O ther than  the above effects, the la tter model additionally includes the image force 

of solid surface.

Electrokinetic phenomena

Actually, electrokinetics is the general term associated with the bulk relative motion 

between two charged phases. The electrokinetic phenomena arise when attem pts are 

made to  shear off the  mobile part of the electrical double layer from a  charged surface 

[38, 47]. If an external electric field is applied to  the  electrical double layer, the two

S
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Figure 1.3: Schematic of streaming potential.

charged phases with counter charges intend to  move along counter direction. As a 

result, solvent will be carried with the motion of the two phases. In this case, the 

solvent appears to  be moved by a body force. On the other hand, if solvent moves 

under an external force, moveable ions in electric double layer will redistribute and 

form an electric field [32, 33, 38].

The four principal electrokinetic phenomena are stream ing potential, electroos­

mosis, electrophoresis and sedimentation. For pressure driven flow, the effect of EDL 

during an externally applied pressure gradient is to retard liquid flow, a t equilibrium, 

resulting in a  stream ing potential (Figure 1.3). For electric field driven flow without 

an external pressure gradient, EDL induces fluid flow under an external electric field 

(electroosmotic pumping, Figure 1.4). Motion of charged particles in a stationary 

electrolyte under an applied external electric field is called electrophoresis (Figure 

1.5). A sedimentation potential is created, when charged particles are moved under 

gravitational or centrifugal fields (Figure 1.6) [38]. Streaming potential, electroosmo­

sis and electrophoresis are commonly used experimental m ethods to  determine zeta 

potential. These processes are summarized in Table 1.1.

9
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Anode Cathode

Figure 1.4: Schematic of electroosmosis.

Table 1.1: A summary of electrokinetic phenomena
Phenomena Moving phase Driving force w hat is caused
Stream ing potential liquid pressure gradient potential
Electroosmosis liquid external electric field liquid movement
Electrophoresis particles external electric field particle movement
Sedimentation particles gravitational or 

centrifugal fields
potential

1.3.2 Literature review of electrokinetic flow in microchannel

Applications of electrokinetics in cooling of microelectronics [16, 48, 49], lab-on-a-chip 

diagnostic devices [IS] and in  vivo  drug delivery systems [14, 15] are possible, by rely­

ing the flow to  be time-dependent (e.g. oscillatory). Therefore, it is desirable to carry 

out time-dependent studies of the flow hydrodynamics in microchannels inclusive of 

EDL effects. A review of the open literature shows th a t modelling on the flow hydro­

dynamics w ith EDL effects has been confined primarily to steady state  response. Von 

Smoluchowski [50, 51] studied electroosmotic flow in case of a very th in  EDL thick­

ness and formulated the basic electrokinetic relationships. Debye and Hiickel [52] 

determ ined the ionic distribution by means of linearized Poisson-Boltzmann equa­

tion. One of the earliest systematic studies was by Rice and W hitehead [53] who 

studied steady-state liquid flow induced by a pressure gradient or an electric field

10
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Figure 1.5: Schematic of electrophoresis.

in th in  circular capillaries. Levine et al. [54] studied the  electrokinetic steady flow 

in a  narrow parallel-plate microchannel. Burgreen and Nakache [55] provided the 

complete analytical solutions of electrokinetic flow in parallel-plate slit. Levine et 

al. [56] carried out a  semi-analytical extension of Rice and W hitehead’s work for 

high surface potential. Recently, studies in electrokinetic flow in microchannels have 

been a  hot topic. On the  theoretical side, Yang et al. [57] studied the steady sta te  

flow in rectangular microchannels; M ala et al. [58] studied flow behavior in parallel- 

plate microchannels; Bowen and Jenner [59] studied electroviscous effects in charged 

capillaries and provided a  numerical m ethod to solve Poisson-Boltzmann equation; 

Cassou [40] analytically solved electrokinetic flow in a parallel-plate slit by his three- 

point-extension hypernetted-chain-mean-spherical (TPE HNC/M S) theory. On the 

numerical side, Hu et al. [60] studied the intersecting rectangular microchannels; Liu 

and Masliyah [61] numerically addressed the problem of microchannels in varying

11

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



Clarified liquid

Settling suspension

Sediment

Figure 1.6: Schematic of sedimentation potential.

cross-sections; Ren and Li [62] numerically simulated electroosmotic dispensing pro­

cesses for lab-on-a-chip; Bianchi et al. [63] developed a  finite element formulation for 

electroosmotic flow in T-junction microchannel networks. On the  experimental side, 

Rahm an and Gui [64] measured water flow in silicon wafer microchannels. Their re­

sults showed th a t the friction coefficients was slightly higher than  those predicted by 

traditional theory. Sinton et al. [65] visualized microfluidic on-chip injection processes 

through fluorescent dye; Ren and Li [6 6 ] studied electroviscous effects for different 

liquid flows in microchannels; Reppert et al. [67] measured frequency-dependent 

stream ing potential in pores diameter from 1 mm to 34 \im.

The above studies have a common theme in which the  interactions between solid 

miccrochannel wall and microfluidics were studied under steady-state conditions, so 

th a t the time-dependent response of the electric and flow fields has not been studied. 

The issue of time-dependent flow w ith electrokinetic effects has been addressed in the 

context of electroosmosis by Soderman and Jonsson [6 8 ], Santiago [69], Keh and Tseng

12
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[70] and Yang [71] for circular, parallel plate and rectangular microchannels. However, 

their solutions focus on transient problems and are only valid for the special case of 

a constant, externally applied electric field. We have not been able to locate any 

work in the open literature th a t presents a unified treatm ent of streaming potential 

and electroosmosis for arbitrary time-dependent pressure gradients and externally 

applied electric fields. There are also quite a few contributions on time-dependent 

studies of liquid flow in macrochannels (without accounting for EDL effects); more 

detail can be found from the theory of time-dependent laminar flows by R ott [72]. 

Two specific examples are the pulsating lam inar flow in a circular pipe (Uchida [73]). 

For rectangular channel, for example, the work of Drake [74], O’Brien [75], Fan and 

Chao [76]. However, there are some limitations in their solution. Drake’s [74] solution 

is restricted only to  the condition, w /h  > 1  (where 2w and 2 h are the width and height 

of the channel), and such a solution does not remain unchanged (and hence, violates 

symmetry) if w is interchanged with h, and x  is interchanged with y (where x  and 

y are two coordinates in a cartesian orthonormal coordinate system). O’Brien’s [75] 

solution is free of the aforesaid limitations bu t cannot satisfy the no-slip boundary 

condition a t the four corners of the rectangular channel. Fan and Chao’s solutions 

cannot analytically reduce to  solutions of parallel-plate, when w  —► oo.

All listed papers above focus on an uniform microchannel. In real life, microchan­

nels with heterogeneous surfaces are more common than idealized microchannels with 

homogeneous surfaces. Fabrication defect, m aterial im purity and chemical adsorption 

of solution can cause nonuniform surface potentials in a  microchannel. Recent inter­

est in electroosmotic flow over heterogeneous surfaces came from the study of Norde 

et al. [77], who studied the  relationship between protein adsorption with streaming 

potential. Ajdari [78, 79] presented a theoretical solution for electroosmosis flow on 

inhomogeneous and charged surfaces. Stroock et al. [80] studied electroosmosis flow 

on a surface with patterned charges. Their results agree well with theory' [78, 79].
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Ren and Li [SI] numerically studied electroosmotic flow in heterogeneous circular 

microchannel with axially varying surface potential. Anderson and Idol [82] studied 

electroosmosis through pores with nonuniformly charged walls. They showed th a t the 

mean electroosmotic velocity within the capillary was given by the classical Helmholtz 

equation with the local surface potential replaced by the average surface potential. 

Keely et al. [S3] theoretically provided the flow profile inside a capillary with nonuni­

form surface potentials. Herr et al. [S4] theoretically and experimentally investigated 

electroosmotic flow in cylindrical capillaries with nonuniform wall surface charge dis­

tribution. They used a nonintrusive caged-fluorescence imaging technique to  image 

the electroosmotic flow. They observed parabolic velocity profile induced by pressure 

gradient due to heterogeneity of capillary surface. However, most of the above studies 

[SI, 82, S3, 84] assumed uniform electric fields. Mathematically, the assumption of 

uniform electric field in a non-uniform microchannel satisfies the requirement of flow 

rate continuity, bu t does not autom atically guarantee tha t current continuity is main­

tained. In fact, current and flow rate continuity cannot be automatically satisfied if 

a uniform electric field is assumed in nonuniformed microchannels. In this thesis, 

we will indeed show a slight variation of electric field distribution in a nonuniform 

microchannel for electroosmotic flow.

On the other hand, according to  the open literature, pressure driven flow (stream­

ing potential) through a  heterogeneous microchannel has not been reported. Because 

streaming potential is the most common method to  measure zeta potential, studying 

pressure driven flow in a heterogeneous microchannel is helpful to  design zeta poten­

tial measurement experiments. In this case, we should also consider a nonuniform 

electric field and pressure distribution in the heterogeneous microchannel. Hence, a 

net zero current can be satisfied everywhere in the nonuniform microchannels.

14
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Figure 1.7: Schematics of contact angle phenomena

1.3.3 Interpretation of liquid slippage by wettability

W etting and non-wetting phenomena, the advancing or receding of a liquid a t liquid- 

solid-vapor three phase interface, are very common in many natural and industrial 

processes, such as coatings, paintings, condensation of stream, cleaning by using deter­

gent and leaving or penetrating of raindrops on clothes. The most direct observation 

of w ettability is to  measure contact angles at liquid-solid-vapor interfaces (Figure 

1.7). At therm odynamic equilibrium state, the relation of the solid-vapor interfacial 

tension , the solid-liquid interfacial tension 7 ^ , the liquid-vapor interfacial tension 

7 iv and contact angle 6 is given by the well-known Young’s equation:

Thermodynamically, for per unit area, the free energy of cohesion of solid W sa, the 

free energy of cohesion of liquid Wu and free energy of adhesion of a solid-liquid pair 

W si can be related to the three interfacial tensions 7 ^,. 7 si and 7 /„ by the  following 

equations [85]:

Eqs. 1.3.7 imply liquid behavior on a  solid surface can reflect the  strength of solid- 

liquid interaction. For a hydrophobic surface, w ater does not wet the surface and has

7/uCOs(0) — 7m.' 7* 1 ' (1.3.6)

— 7iv d" 7«v 7sf ? (1.3.7)
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a large contact angle (Even though hydrophobicity is a relative concept, we usually 

define a  hydrophobic surface with a  contact angle 9 > 90° [8 6 ].).

These wetting and non-wetting phenomena are easy to  be observed a t liquid- 

solid-vapor interfaces. We can have direct feeling of solid-liquid interactions through 

contact angle measurements. If there are only two phases, liquid and solid (for ex­

ample, liquid flowing through a channel), questions arise: what roles do solid-liquid 

interactions play? W hat is the difference of flows in a hydrophobic channel from those 

in a  hydrophilic channel? Does the traditional no slip boundary condition of flows 

still hold in a  hydrophobic microchannel?

1.3.4 Literature review of slippage of flow

For hundreds of years, traditional no slip boundary condition a t the solid channel wall 

has been successfully used to  model many macroscopic fluid mechanical problems. 

However, the no slip boundary condition cannot provide a universal description of 

tangential mom entum transport at solid-liquid interfaces. In fact, liquid molecules 

do not have to  have the same tangential velocity as th a t of solid wall. Slippage 

may happen a t liquid/solid interfaces. Navier [S7] proposed a Navier slip boundary 

condition several hundred years ago. The slip boundary condition relates the velocity 

a t solid surface to  be proportional to  shear stress [SS], which can be expressed as

_ dv
V ItnaZZ— ' (1.3.8)

where v  is the velocity vector, 3  is the  slip coefficient and n is the unit vector normal 

to  the interfaces. We also call — j3 as slip length, which was firstly defined by Brochard 

and de Gennes [89].

Slippage of gas flow has been easily observed in experiments [90, 91]. The first 

order model and the second order model can provide good slip boundary conditions 

for gas flow [92]. Slippage of polymer has also been found by de Gennes [S9, 93]. How­

ever, slippage of simple liquid seems hard to be detected. The reason to cause this
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difficulty is th a t an ideal surface is difficult to  make and keep unchanged. P it et al. 

[94] observed slippage a t a  microscopic scale and pointed out th a t “the corresponding 

slip length remained however poorly determined, due to the difficulty of controlling 

the surface quality (roughness) and hydrophobic treatm ents” . Blake [95] also pointed 

out tha t the surface roughness might weaken, even delete the effect of slippage. Both 

surface roughness and the strength of the solid-liquid interactions can act on slippage, 

in antagonist ways. Helmoholtz and Von Piotrowski [96] are often credited with find­

ing some evidence of slippage (friction) between the boundary of a solid and a liquid 

flowing over it [8 6 ]. In 1956, Schnell [97] was probably the first scientist to  detect 

reliable slippage of water in a glass capillary pretreated with dimethyldichlorosilane 

[8 6 ]. Relying on better experimental conditions, recently, numerous experiments have 

directly or indirectly shown tha t slippage can happen near a hydrophobic microchan­

nel wall even for very low Reynolds numbers. In the case of moderate Reynolds 

numbers, W atanabe et al. [98] observed tap w ater slippage in a 16 mm diameter 

acrylic-resin-coated pipe and obtained a 14% drag reduction for Reynolds numbers 

between 102  to  103. For Reynolds number < <  1, Tretheway and M einhart measured 

the velocity profile of water flowing through a 30 x 300 /zm2  octadecyltrichlorosi- 

lane (OTS) coated rectangular microchannel and observed a  1  /an slip length [99]. 

Zhu and Granick [100] measured the  hydrodynamic force of w ater against a  methyl- 

term inated self-assembled monolayer (SAM) on mica and found th a t when the flow 

rate  exceeds a  critical level, partial slip occurs. It was dem onstrated th a t the classical 

no-slip boundary condition of fluid flow failed for several systems with hydrophobic 

surfaces even when the flow velocity is as small as nm /s. It was concluded th a t “the 

onset of slip varied systematically with contact angle”, which depends on the solid 

surface energy for a given liquid. Churaev et al. [101] observed liquid slippage in 

hydrophobized quartz capillaries w ith radius ranging from 0.88 /zm to 5.8 /zm. The 

average velocity was found to be several /zm per second and the Reynolds number is of
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the order of 10-6 . Cheng and Giordano [1 0 2 ] observed several ten nanom eter slippage 

on photoresist coatings in nanometer-scale channels. Cottin-Bizonne et al. [103] used 

a Dynamic Surface Force A pparatus (DSFA) to measure hydrodynamic force of thin 

liquid films. Flows of two polar liquids, water and glycerol, on a  hydrophilic Pyrex 

surface and a hydrophobic octadecyltrichlorosilane (OTS) SAM on Pyrex surface were 

investigated. No slip boundary conditions were found for both fluids on hydrophilic 

surfaces. More than one hundred nanometer slip lengths were found on hydrophobic 

surfaces. Meanwhile, slippage is also found in many molecular dynamic simulations. 

Thompson and Troian [104] employed molecular dynamics simulations to probe the 

fluid behavior a t the solid-liquid interface and found th a t surface properties can lead 

to large fluctuations in the  apparent no-slip/slip boundary condition. Molecular dy­

namic simulations by B arrat and Bocquet [105, 106] of Lennard-Jones liquids have 

shown th a t the no slip boundary condition holds on hydrophilic surface. On the 

contrary, even for a partial wetting surface, slip effects occur [103]. Recent popular 

simulation method, Lattice Boltzmann method, shows the apparent liquid slip can 

also result from nanoscale chemical heterogeneity [107]. Thus, liquid slip is evidenced 

even for very low Reynolds numbers in microchannels, especially for microchannels 

with hydrophobic surface.

However, none of these studies have considered the effects of surface potentials 

on fluid flow. Clearly, they all suggested th a t liquid slip occurs for water flow over 

hydrophobic surfaces a t small scale. At a  micron scale, we have already discussed 

th a t the electrokinetic phenomena are im portant to  microfluidics. For a  better de­

scription of microfluidics, we believe th a t one should combine these two phenomena, 

electrokinetic and slippage of liquids, because they have counter-effect on liquid for 

pressure driven flow in microchannels: the former retards fluid movement and the 

la tter increases fluid velocity. If one considers only electrokinetic effect and ignores 

slip condition, the EDL effect would be underestimated. Similarly, if slip condition is
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considered without accounting for electrokinetic effect, the slip coefficient would also 

be underestimated. Therefore, it is im portant to address and combine both electroki­

netic effects and slip condition in the description of fluid flow in microchannels.

1.4 Scope and objectives of thesis

According to current research of microfluidics, electrokinetic transport phenomena 

are one of the most im portant parts in this area. At least, two fundamental problems 

have not been fully solved. One is time-dependent electrokinetic flows, which are 

real in most of microfluidic MEMS devices; the other is effects of wettability of solid 

surface on electrokinetic microflows. These fundamental understandings are helpful 

to precisely control microflows and design or optimize microfluidic MEMS devices. 

The main objectives of this thesis are: to consider surface effects of microchannels 

based on present theory and models, and to  obtain analytical solutions of microflows 

in circular, parallel-plate and rectangular microchannels; in addition, based on our 

theoretical study, some potential applications of microfluidics will be proposed; finally, 

we will experimentally investigate microfluidics in microchannels and realize some of 

applications.

In Chapter 2, using the Debye-Hiickel approximation of Poisson-Boltzmann equa­

tion of EDL, we obtain analytical solutions velocity, flow rate and current of time- 

dependent electrokinetic flows in rectangular, circular and parallel-plate microchan­

nels. Oscillating electroviscous effects and arbitrary tim e dependent flow in parallel- 

plate microchannel are studied.

In Chapter 3, using Navier slip boundary condition to  describe flow behavior on 

hydrophobic solid surface, and combining with electrokinetic phenomena, we obtain 

analytical solutions of time-dependent electrokinetic slip flows in rectangular, circular 

and parallel-plate microchannels with hydrophobic surfaces. Considering effects of 

slippage, a  new m ethod is proposed to  simultaneously determine zeta potential and
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slip length of an hydrophobic surface. We also find the  efficiency can be greatly 

improved by slippage for pressure or electric field driven flow.

In Chapter 4, considering heterogeneity of surface potential and hydrophobic- 

ity of microchannels, we give out general solutions of microflows in a nonuniform 

microchannel consisting of n  different sections. Pressure and electric field distribu­

tions are obtained. This topic is also extended to  study flows through multilayer 

membranes. A nondestructive m ethod is proposed to  image the micro-structures of 

multilayer membranes by high frequency electric fields.

In Chapter 5, electroosmosis flow with moving front is first studied by us. In this 

case, the  external electric field provides the main driving force. Slippage and capillary 

force dependent on surface w ettability are considered simultaneously. An equation to 

describe time-dependent electroosmosis flows with moving front is obtained.

In C hapter 6 , effects of modified Poisson-Boltzmann model (MPB), modified 

Gouy-Chapman theory (MGC), Poisson-Boltzmann equation (PB) and linearized 

Poisson-Boltzmann equation (LPB) on ionic distribution in EDL and electrokinetic 

flows are studied. For microfluidics, Poisson-Boltzmann equation is fairly good, but 

not for nanofluidics. This research is a good starting  point for nanofluidics.

In C hapter 7, Electrokinetic batteries consisting of a  microchannel array, by means 

of stream ing current and stream ing potential, are proposed respectively [108]. Pre­

liminary experiments prove the feasibility of electrokinetic batteries.

In C hapter S, we propose a promising slip coating, Self-Assembled Monolayers 

(SAMs), which are transparent and of nanoscale thickness. To deeply understand 

wettability of SAMs surface, effects of nano-crystalline on hydrophobicity of SAMs 

[109] are studied. A microfluidic experimental system is built. Slip lengths of SAMs 

are experimentally determined.

In C hapter 9, we conclude the study of this thesis, summarize some theoretical 

and experimental results and emphasize potential applications. We also point out
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several directions, that our research will go in the future.
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Chapter 2

Time-dependent Electrokinetic 
Flows in Microchannels

2.1 Introduction

From the earliest systematic studies of electrokinetic flows in circular capillary by 

Rice and W hitehead [53] and in parallel-plate slit by Burgreen and Nakache [55] to 

recent studies of the electrokinetic flow in rectangular microchannels by Yang et al. 

[57], most of these studies focused on steady state. A few studies of electroosmotic 

flow by Soderman and Jonsson [6 8 ], Santiago [69], Keh and Tseng [70] and Yang [71] 

for circular, parallel plate and rectangular microchannels only limited to  transient 

problems and were only valid for the special case of a constant, externally applied 

electric field. However, in most of microfluidic MEMS devices, electrokinetic flows 

including pressure driven flows and electric field driven flows are time-dependent. 

Periodic problems are so common in nature or industry. For example, alternating 

electric field with wide-range varying frequencies are often directly used as energy 

sources or driving forces. Especially, some patients require implantable micropumps 

to provide medicine periodically. So, understanding oscillating electrokinetic flows 

becomes indispensable. Furthermore, oscillating solutions can be used to  study more 

general time-dependent problems through superposition of time-harmonic solutions 

weighted by appropriate Fourier coefficients [110, 111]. Understanding the behavior
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of time-dependent electrokinetic flows provides us a guidance to design and control 

microfluidic devices.

In this chapter, we give the solution of oscillatory flow in microchannels with rect­

angular, circular and parallel-plate cross-sections, where a sinusoidal pressure gradient 

and a  sinusoidal electric field are both applied along the axis of the microchannels. 

We invoke the Debye-Hiickel approximation for a low surface potential; this allows 

us to  obtain analytical solutions for the distribution of electric charges (Poisson’s 

equation) and the velocity field (Navier Stokes' equation). The resulting solutions of 

rectangular microchannels are dem onstrated not only to  be symmetric with respect to 

x  and y, but also satisfy the no-slip boundary condition a t all locations on the channel 

wall and are also analytically reducible to the  parallel plate solution. This somewhat 

compensates some lim itations of previous studies [74, 75, 76] of channel flow without 

EDL effects. The resulting solutions are then used to  ea rn - out param etric studies of 

EDL effects a t various frequencies and microchannel dimensions.

2.2 Electrokinetic flow in rectangular micro chan­
nel

In this section, we introduce the boundary value problem for oscillating liquid flow in 

an infinitely extended microchannel with rectangular cross-section; see Figure 2.1. A 

cartesian orthonorm al coordinate system, (x. y, z ), is used where the 2 -axis is taken to 

coincide with the microchannel central axis. All field quantities, except for pressure, 

are taken to  be dependent on x , y, t  and independent of 2 . Here t  denotes time.

23

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



Ts MicroChannel Wal

Figure 2.1: Schematic of the coordinate system in the  rectangular microchannel.

2.2.1 Controlling equations and boundary conditions 
Electrical field

The total electric potential, u, at a  location, (x, y, z).  a t a  given time, t. is taken to 

be

u(x,  y, z, t) =  tp(x, y) +  [u0  -  zE': {t)} , (2.2.1)

where ^’(x, y) is the potential due to  the double layer a t the  equilibrium sta te  (i.e. 

no fluid motion and no applied external field), uq is the potential a t 2  =  0  (i.e. 

uo =  u (x ,y ,0 ,t) )  and E '( t)  is the spatially uniform, time-dependent electric field 

strength. The time-dependent flow to be studied here is assumed to be sufficiently 

slow such th a t the charge distribution along x and y  is relaxed a t its steady sta te  (as 

is true for most MEMS) [110, 111]. Further, it is assumed th a t any induced magnetic 

fields are small enough to  be negligible such th a t the  electric field may still be defined
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as —V u [112]; this definition may then be used to  obtain the Poisson’s equation

V 2u =  ~  , (2.2.2)

where p is the net charge density and e is the perm ittivity of the medium. W ith 

Eq.2.2.1, Eq.2.2.2 reduces to

dx°- dy°- e  ̂ }

The conditions imposed on ip{x,y) are

dib
ib(±w,y)  = i 'i , i>(x,±h) = 4>2  , — (0,y) =  0 . —  (x,0) =  0 ,  (2.2.4)

where w and h are half of the w idth and height of the rectangular channel, and 

b'i and b;2  are the surface potentials on the vertical and horizontal walls, respectively. 

We shall now determine the double layer potential due to  a  symmetric electrolyte. 

T he cations and anions will be identified as species 1 and 2, respectively. Based on 

the assumption of therm odynamic equilibrium, the Boltzmann equation provides the 

local charge density, p{, of the ith  species. Thus

Zieijj'
P i  ~ iG 7 l i ( X j C X p ( i =  1 ,2 ) ,  (2.2.5)

k T

where is the  valence of the zth species, e is the  elementary charge, n ioo is the ionic 

concentration of the ith  species in equilibrium electrochemical solution at the neutral 

s ta te  where ib =  0, k  is the Boltzmann constant and T  is the absolute tem pera­

tu re  [110, 111]. Invoking the Debye-Hiickel approxim ation for low surface potential, 

Zie-tp/kT «  1 , we have sinh(~oeb/A;T) ~  ZQetp/kT. and the to tal charge density 

follows from Eqs.2.2.3 and 2.2.5 as

2nk f 4 , p ' (2-2-6)

where we have used z\ =  —zo = zq and is the ionic concentration in equilibrium 

electrochemical solution a t the neutral state. Finally, the definition of the reciprocal

25

Reproduced with permission o f the copyright owner. Further reproduction prohibited w ithout permission.



of the double layer thickness for a (cq : ~o) electrolyte is given as

2n00e2z2

and the insertion of Eq.2.2.6 in Eq.2.2.3 results in

+  (2 , 8)

H y d ro d y n a m ic  field

Inclusion of the body force due to the electric potential in the Navier-Stokes equation 

leads to

_ i d p  ( P v  a v i  i = , , , 9)
H dz \ d x 2 dy2 J /  : v d t  ’ 1 j

where we take the  pressure gradient, =  §?(f), to be position-independent, p  is the 

viscosity and v  is the  kinematic viscosity of the liquid [110, 111]. The initial condition 

and boundary conditions for the velocity field are

v(x.y.O)  =  0 ,

v (± w ,y .  t) =  0  , v(x,  ± h ,  t) =  0  ,

=  Q _ dv(x,o, t )  =  Q  ̂ (2 21Q)
dx dy

The electric current is determined by integrating the electric current density over the 

microchannel cross-section

/ h  r i v  ^  r h  f w

/ pv dxdy + —r= r  /  /  (pi -  pi)E'z dxdy  , (2.2.11)
■h  J  —w  J —/( J  —w

where D  is the ions’ diffusion coefficient. The first term  on the right side of Eq.2.2.11 

is due to bulk convection and the second term is due to  charge migration [38]. Due to 

the assumption of an infinitely extended microchannel, the contribution to  Eq.2.2.11 

due to  concentration gradients vanishes [110, 111]. Using Eq.2.2.5 for a (zo : -o) elec­

trolyte, we have p\ — P2 = 2zoenoccosh.(zoeil;/ k T ) . The Debye-Hiickel approximation
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implies tha t cosh(zoetp/kT)  «  1  and pi — po =  2zoen00. W ith this simplification, 

Eq.2.2.11 becomes

/ h rw o--p-n n
/  pv dxdy  +  ~~° — {Awh)E'z . (2.2.12)

•/i 7-tu

The normalized equations

In this section, we give the normalized governing equations and boundary and initial 

conditions. Using a  yet unknown characteristic velocity, (v), the following normalized 

quantities are defined as

where V,  X ,  Y ,  W ,  'I' and E z are the normalized velocity, x  coordinate, y coordinate, 

width of the channel, surface potential and strength of electric field, respectively. The 

normalized counterparts of Eqs.2.2.S and 2.2.4 become, respectively

(2.2.13)

a ^ f-V .y ) , d2*(X,Y)  _  A-2,T7 
d X - "*■ 0Y-  —

whereas Eqs.2.2.9, 2.2.10 and 2.2.12 become, respectively

d Z  d X 2 d Y 2  

V { X , Y , 0 )  =  0 ,

d P  d2V  d2V
r \ r-r ” 1“  "1”  rO

V{±IV,  Y, r)  =  0 , V {X ,  ±1 , r )  =  0 ,

dV[Q,Y ,r )  A d V ( X , 0  , t )  .
d X  ’ d Y

(2.2.15)

7\2W  d X d Y  +

K 2y V  d X d Y  +  A W E K 2E z

V d X d Y

4 W E Z

(2.2.16)

(2.2.17)
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where P, I  and Q are the normalized pressure, current and flow rate, respectively. In 

deriving Eqs.(2.2.14)-(2.2.17), the following normalized quantities have been identi­

fied

- h2ezo , n h
P = l k T P ’ h = K h  ’ P  = W ) P ’

r  =  — t I  = .....6C°... i S  =  p D  o 18)
/i2  r efcT(i/) ’ efc2 T 2  ? }

where p, K ,  r  and S  are the normalized charge density, reciprocal of the double

layer thickness, tim e and conductivity, respectively. Further, the expression for the

characteristic velocity is identified as

( « > = 4 - S >  • (2-2-19)fine Zq

We wish to  point out th a t our normalizing schemes in Eqs.(2.2.18) and (2.2.19) are 

different from those of other authors [58, 60, 113], as we do not employ the ionic 

concentration a t equilibrium n x  to  normalize the charge density p. The choice of this 

selection is im portant as we intend to study the effects of electrolyte concentration 

indirectly through I \  on flow properties: otherwise, the results would have been mis­

leading since it makes no sense to  study a quantity th a t has already been used for 

normalization. Finally, the following four normalized quantities are also given here 

as

n  =  - w  , S  =  , t  =  j r t  , Q  =  -J-TTT , (2.2.20)
v p h . -  (v)h2

where the  param eters u  is the frequency of the external oscillating field, p, v  and 

q are the  apparent viscosity, apparent kinematic viscosity and volumetric flow rate 

respectively; these param eters will be discussed in detail in the next section.

2.2.2 Analytical solutions

We shall use a  complex variable approach to  obtain an analytical solution for a sinu­

soidal periodicity in the electrohydrodynamic field [110, 111]. Thus, a  general field
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quantity, A,  may be defined as the real part of th e  complex number, J4*ejfir, where 

A* is complex, j  =  %/—T, 9  is the normalized frequency of oscillation (defined in 

Eq.2.2.20), and r  is normalized tim e (defined in Eq.2.2.1S). It is w ritten as

A  = Re[AmeiaT] . (2.2.21)

T he phase angle, <j>, is defined as

, 7m (.4*) ... ^
4> =  ta n - 1  „  ; „ ( . (2 .2 .2 2 )
v  Re{A*) ' v '

where Irn(A ' )  and Re(A*)  are the imaginary and real p art of A ", respectively. An

alternate  representation of Eq.2.2.21 is

A  =  f l e [ |i 4 V (nr+*)] ^ e r e  \A\ = \Am\ and |A*| =  y j I m 2{A')  +  Re2[A*) .(2.2.23)

W ith  the notation of Eq.2.2.21, we shall seek th e  solution of the boundary" value 

problem for the following specific dependencies 

r ) P
-Y ± -  =  J te [P V 'nT] , E z =  R e [ E l ^ T] . (2.2.24)

oZi

We consider the  class of solutions where the am plitudes of the  pressure gradient and 

the  electric field are frequency-dependent, i.e. P"  =  P"{9.) and E l  =  E l  (9.). The 

solution for will then follow from Eqs.2.2.14 and  V  from the  first two of Eqs.2.2.17. 

Thus V  = Re[V’ej9-r], where

y* =  V m{X, Y, Q) =  Vp(X ,  Y, Q)Pm(Q) 4 - V£(X,  Y, Q)El(Q)  ; (2.2.25)

The expressions for Vp(X,  Y, 9.) and V£(X, Y, f>) are given a t the end of this section. 

The normalized electric current will follow from Eq.2.2.17 and is w ritten as

7 =  i?e [7 V nr] where 7* =  7*(Q) =  rP( 9 ) P ‘ {9) +  rE(Cl)El(Q) . (2.2.26)

The volum etric flow rate, q, is defined as

/ h rw

/  v dxdy  . (2.2.27)
■h J  — w
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Using the definition in Eq.2.2.20 as well as using Eqs.2.2.24 and 2.2.25, the normalized 

flow rate, Q,  becomes

Q =  Re[Q*e?0,T) where Q ' =  Q*(fi) = Q'P( 9 ) P ' ( 9 )  +  Q e (9 )E : (9 )  , (2.2.2S)

where the expressions for Qp(fl) and Q E{9) are given a t the end of this section. 

During pressure driven flow, the am plitude of the electric field strength induced by 

the stream ing potential, £ ! ( Q.) , is found by setting I* =  0 in Eq.2.2.26. Thus

During pressure driven flow, Eq.2.2.29 may be substituted in Eqs.2.2.25 and 2.2.28 to 

determine the  normalized liquid velocity and the  volumetric flow rate, respectively. 

Alternatively, the velocity, current and flow ra te  during electroosmosis follow from 

Eqs.2.2.25, 2.2.26 and 2.2.28 by setting P*(Q) =  0 in those equations.

The presence of the stream ing potential translates to  an increased “drag” on the 

flow, resulting in an apparent viscosity which is higher than  the true  liquid viscosity. 

This is referred to  as the electroviscous effect [53], and is characterized by defining an 

apparent viscosity, p. For the steady sta te  problem in channels with circular cross- 

section, Rice and W hitehead [53] defined p  by proposing th a t the flow rate (inclusive 

of EDL effects and computed with the true liquid viscosity) be set equal to  the  flow 

rate w ithout EDL effects and with fi being replaced by p  [110, 111]. Adopting the 

same approach here, the dimensional flow ra te  follows from Eqs.2.2.19 - 2.2.20 and 

2.2.28 - 2.2.29 as

The expression for the flow rate without EDL effects follows by first setting EZ(9)  =  0 

in Eq.2.2.28, and then using Eqs.2.2.19 and 2.2.20. In the  resulting expression for 

flow rate (denoted as qapparent), M is replaced by p. We obtain

(2.2.29)

(2.2.30)

Q apparent (2 .2.31)
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where Q is the normalized apparent frequency and f  is the normalized time calculated 

using the apparent kinematic viscosity, u (where P =  p / p d  is the mass density of 

the liquid). The normalized quantities, Vl and f ,  have both been defined in Eq.2.2.20. 

We now set q =  qapvarent, and using Eqs.2.2.30 and 2.2.31, we obtain

Re = Re .(2.2.32)
LA

Note th a t P f  = P.r. Further, assuming tha t the amplitude of the imposed pressure 

gradient is a constant quantity, P0, we have P*(fi) =  P “(fi) =  Pq. For arbitrary’ 

Poej9'r , Eq.2.2.32 reduces to

P Q*p(&)

* Q p W - Q m i f
JJA V ) 

(52)

(2.2.33)

The resulting apparent viscosity, p. is a complex quantity. At steady state (which 

is recovered by setting f>,fi =  0 in Eq.2.2.33), we have checked th a t the imaginary 

component of p / p  vanishes. A similar exercise was carried out by Bhattacharyya et 

al. [110, 111] for microchannels with a circular cross-section. Eq.2.2.33 is an implicit 

equation in p, and hence, the ratio, p /p ,  has to be determined numerically.

The analytical solution is now given. Prior work on flow in rectangular microchan­

nels (without EDL effects; see Drake [74], O’Brien [75], Fan and Chao [76]) do not 

satisfy the conditions of the boundary value problem completely. Our analytical so­

lution is free of these drawbacks. We solve Eq.2.2.14 by recognizing th a t it is the 

superposition of Eqs.2.2.34 and 2.2.35.

52^ ( x , y )  a 2^ .4( x , y )  1

+  I V  =  I<- +  - 'F i
d X 2 d Y 2 V 2

^ ( ± w , y )  = 0 ,  ^ . ( 0 , y )  =  0 ,  v A( x , ± i )  = | ( * 2 -  , ^ ( a t o )  =  o ,

(2.2.34)

W , y ) +  ^ e ( x , y ) = ^ /  + 1
d X 2 d Y 2 V 2

<i b I± w , y ) =  _ ! ( * , _ * , ) ,  ^ ( o , y )  =  o ,  9>Bp t ,± i )  =  o ,  ^ ( X , 0 )  =  0 .

(2.2.35)
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Once Eqs.2.2.34 and 2.2.35 are solved for ^ a {X, Y )  and ^ b {X,  Y) ,  respectively, the 

required potential follows from the expression,

tf(X , Y) =  V A(X,  Y)  + V b ( X , Y )  +  - ( * !  +  t t2) .

It is given by

* = e {
Tl= 1 ^

2 ($ 2 - '® ri ) ( - l ) n+1 
(2n -  1)tt

+
2/v2'h1( - l ) n+1

T . , ( 2 n - l ) 2n 2 A + —l i p —

cosh
X'

{ic- (2n-lPIr2v  
■V .1UP- 1

(2 n  — l)7r

2/v2'h1( - l ) n+1  ̂ ( 2 n  -  1)77

c o sh  j i c -  +  1 2 ^  (2n -  l ) r  [* *  +  S !g { g S ] I W

2 ( f r 1 - $ o ) ( - l ) m+1 

( 2 m  — 1)t7
+ 2 A 2'h2 ( - l )

m +1

(2m — 1 ) 7 7
-0  , (2 m -l)-rr=K 2 +

cosh y j K -  +  (2m l )m*~X  2 / \2'h2( - l ) m+1

cosh yF+  (2 m 1)2-- (2m — 1 ) 7 7
0 (2m —I ^ t 2

1  T  1  T

(2m -  1 ) 7 7  
cos  ----- -— — Y

(2.2.36)

The symmetry expected in the expression for T is obvious by interchanging with 

'ho and X / W  w ith Y .  Using Green’s functions, the solution of Eqs.2.2.15 can be 

w ritten as

/T ^1 p\V
/  /  G{X,  Y, r \ X ' , Y ' ,  r') x [P* -  K 2^ E :] e jQT,dX'dY'dr{2.2.Z7)

'=0 J Y '= 0 J A"'=0

where G( X.  Y, t \ X ' , Y ' ,  r') is the Green’s function , which may be found by using the 

separation of variable method. The Green’s function has this expression [114]

r - r ' )G ( X , Y , t \ X ' , Y ' , t ') =  ^ E E ^ ' ' ' 1' 05
7 7 1 = 1  7 1 = 1

(2m — 1 )7 7 .

(2m — 1 ) 7 7  v
cos

'( 2 m -  1 ) 7 7  v /
2 W L 2W ~  J

x cos -Y cos
(2m -  l)77y ;

where

A i  —  —
(2m — I)?

2 W
(2 n -  1)tt

(2.2.38)

(2.2.39)
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All oscillations (0 < fl < oo)

The Eq.2.2.36 may be used in Eq.2.2.3S to  obtain the solution for the velocity field. 

The normalized current will follow from Eq.2.2.17, and the normalized volumetric 

flow ra te  will follow from Eqs.2.2.20 and 2.2.27. For the periodic problem, the deter­

mined quantities may be cast in the form of Eqs.2.2.25 - 2.2.2S. The expressions are 

given below.

r  OO 00 ..

W y , 0 )
m -f n

( 2 m - l ) ( 2 n - l )

X COS
’( 2 m -  1)tt ^
...... ' 1 ' <s\ cos

(2n — l)<r "
2W 2

Ve ( X ,Y .Q )

7>(Q)

W )

Q'P(Q)

O e M

- 4 K - 0O  CO A
E E ^

i= l 71 — 1 J
CO 0 0

E E 7 7

w  ^  ^  , n  -  a ,
7 7 1 = 1  71 =  1

A

cos
'( 2 m -  1)tt v '

cos
"(2n — 1)tt "

L 2 W  * J 2

—64 A-2 00 00 ( - 1)m -f n

- 2 zr'1^ 0 n - A , ) ( 2 m - l ) ( 2 n - l )

1•t /> TS 4

EEi f
oo oo -.

256 1
— t 2—, 2E  , o  _

A- +  4 W Z K -  .

IF
( 2 m - l ) 2( 2 n - l ) 2

=  rP( n ) . (2.2.40)

where

A =
(#2 ~ ^ i)(~ l)m+n 

(2m — 1)
+

'F1A"2( - l ) m+n
(2m -  1) T^2 I (2wt—l ) 2;r2 

' r  4U'2

+
( $ 1  -  'F2) ( - i r +n + ^ 2A"2( - l ) m -fn

(2 n  ~  ! )  (2 n  -  1)

2$1A2IF (-l)7n+n

ir -  + (2n- : ^ 2

IF 2n — 1 
2 AT2 -  Ai

1 2m -  1 
2IF AT2 — Xi

2'F2A2IF (-l)m+n
(2m — l)(2n — 1)tt2

2 i f (^ !  +  ^ 2) ( - i r +n
( 2 m - l ) ( 2 n - l ) ^ 2 '

TS2 I ( 2 m - l ) 27T2 
f  4iy2 ( 2 m -  l ) ( 2 n - l ) - 2 AT2 + (2-n- l^ ~  

(2.2.41)
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Note th a t the theory without EDL effects follows from Eqs.2.2.40 by setting =  

^ 2  =  0. Finally, note tha t Vp and V£ are symmetric. We have also checked tha t 

the velocity satisfies the no-slip boundary condition a t the channel wall completely, 

even at its  four corners. Finally, when W  —► oo, we have checked th a t Eqs.2.2.36 and 

2.2.40 reduced to expressions for parallel plates; see the section 2.4 for parallel-plate 

microchannels.

Steady state (f> = 0)

The steady sta te  response follows from Eqs.2.2.40 by setting Q, =  0.

Before closing this section, we note th a t the streaming potential and electroos­

mosis are dual effects of the same phenomenon. Mazur and Overbeek [115] used the 

principles of non-equilibrium theromodynamics and the Onsager reciprocal relations 

to  dem onstrate this duality by proving the existence of a  general identity involving 

stream ing potential and electroosmosis [110, 111]. Their E q .l is reproduced below 

(all quantities are dimensional)

m -f n

,m + n

A2 +  AWHK'

Q'e (0) = I p ( 0 ) . (2.2.42)

i aP/dz=o d p /d z  i=0
(2.2.43)
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where the left hand side of Eq.2.2.43 is the ratio, q/i,  determined for electroosmosis 

(dp/dz  =  0) whereas the right hand side, E',/[dp/dz],  is the ratio determined for 

stream ing potential (i =  0). Rice and W hitehead [53] proved Eq.2.2.43 with respect 

to their steady sta te  solution for microchannels with circular cross-section. The key 

issue behind Eq.2.2.43 is th a t the electrokinetic effects are linearly dependent on the 

pressure gradient and electric field (see the end of the first paragraph of section 3 in 

Mazur and Overbeek [115]), summarized in the linear phenomenological relations of 

their Eq.36. For the oscillating flow problem addressed in this thesis, it is the complex 

counterpart of "q" {q*eJut or, in normalized form, Q 'e jClr) tha t is linearly dependent 

on the pressure gradient and electric field [110, 111], Therefore, we write Eq.2.2.43 in 

a normalized form and replace all the real quantities by their complex counterparts 

leading to

e :91
/* P*=0

(2.2.44)
7*=0

Using Eqs.2.2.26 to  2.2.29, Eq.2.2.44 reduces to

<%(fl) =  rP{Q) . (2.2.45)

Note th a t Eq.2.2.45 is an outcome of the analytical solution; see the last of Eq.2.2.40. 

An identical relation was obtained by Bhattacharyya et al. [110] for oscillating flow 

in microchannels w ith circular cross-section.

2.2.3 Parametric studies and discussion

In this section, we use Eq.2.2.40 for param etric studies on streaming potential and 

electroosmosis. In particular, the  effect of the normalized reciprocal thickness, K,  

of the EDL, the  normalized frequency, Q, and the normalized half width, W ,  are 

studied for the following fixed values of the normalized surface potential, 4^ =  1.95, 

normalized conductivity, £  =  3.85, am plitude of the normalized pressure gradient, 

P*(f2) =  200, am plitude of the electric field, E ’ (Cl) =  39. From a practical point of
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Pressure driven flow
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Figure 2.2: Dependence of the am plitude, |(?*|, of the normalized flow rate, on K , for 
different normalized frequency, Q.

view, these four param eters can represent a dimensional surface potential of 50 inV 

(the Debye-Hiickel approximation can give a  good prediction even when the surface 

potential is up to  100 mV [19]), a diffusion coefficient, D, of 2 (10-9m2/s )  pressure 

gradient a t the order of 106 P a /m  and electric field a t the order of 10° V /m . Finally, 

we note th a t the time dependence of a quantity, A,  is completely determined if its 

amplitude, |.4| or |.4"|, and phase angle, <j>, are both known (see Eq.2.2.23). Therefore, 

in the sequel, for a  particular time-dependent quantity, e.g. the streaming potential, 

we shall focus solely on the study of its amplitude and phase angle. In all case, we 

will use 'Iq =  4̂ 2 =  'F* [111].

Pressure driven flow

The am plitude of the stream ing potential follows from Eq.2.2.29 and consequently, 

the am plitude of the volumetric flow rate is provided by Eq.2.2.28. Figure 2.2 shows
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Pressure driven flow
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Figure 2.3: Dependence of the amplitude. \Ji/n\, of the normalized apparent viscosity, 
on K ,  for different normalized frequency, Q.

the am plitude of the normalized flow rate, |Q*|, with respect to the normalized re­

ciprocal thickness, K , of the EDL on a log-scale for four normalized frequencies, 

Cl =  0 ,0 .1 ,10,100 (all a t W  =  2). Dashed curves correspond to  the analysis w ithout 

EDL effects (this follows by setting El(Cl) =  0 in Eq.2.2.28) whereas the solid curves 

correspond to  analysis with EDL effects. It is observed th a t as Cl increases, there is 

a  significant decrease in the am plitude of the flow rate. Because the liquid molecules 

cannot response the  change of pressure gradient a t the same step, the flow cannot 

reach the highest velocity of steady state. This is the same reason th a t the amplitude 

difference of flow rate  between the result with EDL effect and without EDL effect 

become smaller as the frequency rises. While the dashed curves are expectedly not 

a function of K ,  the solid curves dem onstrate th a t for a  fixed Cl, there is a non­

monotonic dependence of |Q*| on I\;  this is especially prominent a t low values of Cl
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(e.g. Q =  0.1). The curves for Q =  100 may convey the impression th a t the effects 

of the EDL are not as im portant a t th a t frequency. In reality, the flow rate a t such 

a high frequency is already quite low, even when neglecting EDL effects. Inclusion of 

EDL effects does significantly reduce the flow rate even further; this is illustrated in 

the inset tha t has been included. The effects of the EDL at the frequencies studied 

are more apparent in Figure 2.3, which follows next [111].

Pressure driven flow

150

a  = o. k =
100

£i= 10. K= 0.1.1.10

100 10000.1
w

Figure 2.4: Dependence of the am plitude, \Q*/2W\,  of the normalized flow ra te  per 
unit w idth of microchannel, on W ,  for K  and fl values.

T he reduced flow ra te  due to  the stream ing potential results in an apparent liquid 

viscosity, /2, which is higher than  the true  liquid viscosity, \x. This phenomenon is 

referred to as the electroviscous effect, and its strength may be quantified by calcu­

lating the ratio, /2//x. Rice and W hitehead [53] dem onstrated (in their Fig.8) th a t 

their steady s ta te  solution for circular microchannels predicted a  maximum in the 

electroviscous effect (i.e. jijix) w ith respect to  the channel radius, a (or equivalently, 

the normalized reciprocal EDL thickness, I \) .  Burgreen and Nakache [55] provided
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an experimental confirmation of such a maximum for flow in capillary slits. The ratio, 

fl/fi, has been derived and given in Eq.2.2.33, and is shown in Figure 2.3 (at W  =  2) 

with respect to I \ .  It is observed tha t the maximum value of \p.fy\ a t a given 9  

occurs at precisely the same value of K,  a t which the am plitude of the  flow rate, \Q*\ 

is a minimum; sec Figure 2.2. Since I/I//1! is independent of the pressure gradient, 

the value of K  a t which the minimum |Q*| occurs will always remain the same, irre­

spective of the value of P*(9l). An explanation of the non-monotonic dependence of 

|/i//i| on I< is now given. Using Eqs.2.2.2S, 2.2.29 and 2.2.45, we have

I'P(9l?Q' = Q m  - P*(fi) . (2.2.46)PE(P.)

Note th a t Q'P(9l) is independent of I \ , whereas I p ( 9)  and PE(9l) are dependent on 

K  (see Eq.2.2.40). The following observations are valid for all 91. We have checked 

th a t as K  —*• 0, Ip(9!) —► o(AT2) =  0 whereas I E(9t) —► ° ( K 2) = 0, implying that 

I p 2{Q ) / lE (t y  0 and Q" —'• Qp(tyP*(9l)  (theory w ithout EDL effects). On the 

other hand, as K  —*• oo, I P(9.) constant and Ip{9l) —> oo. Thus, as K  —*• oo, the 

expression, I*P2(91)/I mE(99) —► o ( l / K 2) —*■ 0 and Q“ —* Q'P(9>)P*(91) (theoryr without 

EDL effects). The limiting values of K  —>• 0 corresponds to an infinitely dilute 

electrolyte (or with an infinitely thick EDL) whereas K  —* oo corresponds to an 

infinitely th in  EDL. The former case implies a  uniform potential while the la tte r case 

implies a zero potential along the microchannel w idth and height (see Eq.2.2.14), 

leading to  the disappearance of the effects of the EDL on the volumetric flow rate 

[111].

Here, w-e summarize these quantities’ lim itation in table 2.1 

We have studied the  dependence of the normalized flow ra te  per unit width of 

the microchannel, \Q~/2W\.  on the normalized w idth, W ,  of the  rectangular mi­

crochannel; see Figure 2.4. For given electrolyte and surface potential, the parameter, 

|Q*/2IU|, increases with an increase in W .  Beyond W  =  100, \Qm/2 W \  approaches 

an asym ptotic value corresponding to th a t for W  —► oo (flow rate  between parallel
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Table 2.1: Some limitations of quantities for K  —► 0 and K  —► oo

T* 1 P e : = - P ' r P/ iE Q ’e Q eE:oT o{I\~) =  0 O >! u II O constant o tv II o 0
K  —> oo constant o ( K 2) =  oo o ( l /I<~) =  0 constant 0

plates). The flow rate is particularly sensitive to the EDL effects for non-oscillatory 

flows, where 9  =  0. Comparing the top three curves for K  =  0.1,1,10 and 9  =  0 with 

the bottom  three curves where I\ =  0.1,1,10 and 9  =  10, this sensitivity disappears 

at Q =  10, since all three curves virtually coincide with each other.

Pressure driven flow

o

o
2 -20 > 
o

u .
C

.2 -40 ea c
t>

3 -6 0
-o-

-so

0.01 0.1 1 10 100
K

Figure 2.5: Dependence of the phase angle, <p, of the normalized flow rate on K , for 
different normalized frequency, 9.

In Figure 2.5, the phase angle of the volumetric flow rate, defined in Eq.2.2.22, is 

plotted. W ithin the range, 0 <  9  < 100, the phase angle is negative; this indicates 

th a t the flow ra te  always lags behind the pressure gradient except a t the steady state

40
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(Cl =  0) when they are in phase, 0 =  0. At a given Q, the 0 vs. K  dependence is non­

monotonic, accompanied by a sharp reduction in the m agnitude of 0 (as evidenced by 

the peaks). The dashed curves are expectedly insensitive to I\ as those pertain to the 

theory w ithout EDL effects. And the difference of phase angle between the flow rate  

with EDL effect and th a t without EDL effect, become more obvious as the frequency 

goes up. As Cl increases, 0 becomes more negative. This implies th a t the flow rate  

lags behind the pressure gradient and the phase lag increases with increasing Cl. The 

effect of the  EDL is to slightly reduce this phase lag. It is mostly apparent at Cl =  10. 

Figure 2.6 shows the sensitivity of the normalized apparent viscosity, |/2//x[, on W .

Pressure driven flow

K = 1

1.15

£2 =  0 
£2 =  10

1.05
K =  10

K = 0.1

0.1 100 1000
W

Figure 2.6: Dependence of the am plitude, |/z/£t|, of the normalized apparent viscosity 
on W ,  for different K  and Cl values.

Note th a t for I\  =  10, there is a  maximum electroviscous effect around W  «  0.1. 

In general, with an increase in frequency from Q =  0 to 10, |/2///| increases; this is 

true for K  =  0.1,1,10. Figure 2.6 provides information to  optimize geometries of 

rectangular microchannels.
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Electric field driven flow
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Figure 2.7: Dependence of the am plitude of the normalized electroosmotic flow rate, 
|Q* |, on K ,  for different normalized frequency, fi.

Electric field driven flow

After setting P*(Q) =  0, the am plitude of the normalized volumetric flow rate and 

current during electroosmosis follow from Eqs.2.2.2S and 2.2.26, respectively. Figure 

2.7 gives the am plitude of the flow rate, |Q ’ | vs. K  for four different values of 

Q =  0,0.1,10,100. It is seen th a t a t a  given f>. |Q*| approaches a finite asym ptotic 

value as K  increases whereas |Q*| —*■ 0 as K  decreases. Note, from Eq.2.2.25, th a t 

during electroosmosis (i.e. P*(fl) =  0), we have

=  % ( n ) £ : ( n ) . (2 .2 .4 7 )

As I \ —* 0, Q e (Q) —► 0; whereas as K  —► 0 0 , Q^(Q) —* constant due to  a  uniform 

velocity profile. Our numerical results show th a t Q ’ (ft) remians constant for K  from 

103 up to  106.

The phase angle, <f>, of the flow ra te  is given in Figure 2.8. The positive values of 4>
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Electric field driven flow
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Figure 2.8: Dependence of the phase angle, <p, of the normalized flow rate on I \ ,  for 
different normalized frequency, Q.

imply th a t the  flow rate leads the external electric field, and the effect of an increasing 

Q is to  reduce the phase angle, and bring the  flow rate more in phase with the electric 

field. The variation of \Q"/2W\  with W  is shown in Figure 2.9 a t K  =  0.1,1,10 for 

non-oscillatory flows having Q =  0 and for oscillatory flows with Q =  10. While the 

effect of a  higher D. is to  reduce the flow rate, the effect of an increasing W  is to 

enhance th e  flow rate until it reaches the asym ptotic value for W  oo, the case of 

parallel plates [111]-

In Figure 2.10 we plot the dependence of the amplitude, |J ’ |, of the normalized 

electroosmotic current, on the normalized reciprocal EDL thickness, K , for different 

normalized frequencies, Q. When K  increases, the normalized am plitude of current 

increases, since the corresponding electrolyte concentration increases.

In Figure 2.11, we plot the dependence of the phase angle, o, of the normalized
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Electric field driven flow
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Figure 2.9: Dependence of the am plitude of the normalized electroosmotic flow rate, 
\Q' j2 W \ ,  on IF, for different I\  and Q values.

electroosmotic current, on the normalized reciprocal EDL thickness, K ,  for different 

normalized frequencies, f>. Because the phase angle of current is very small for dif­

ferent normalized frequencies, the  current changes almost a t the same step as the 

external electric field.

2.3 Electrokinetic flow in circular microchannel

In this section, we consider the boundary value problem for oscillating liquid flow 

in an infinitely extended circular microchannel [110]. A cylindrical coordinate sys­

tem, (r, 9, z),  is used where the z-axis is taken to coincide with the microchannel 

central axis; in Figure 2.12, all field quantities will be taken to depend on the radial 

coordinate, r, and time, t.
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Electric field driven flow
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Figure 2.10: Dependence of the amplitude. |/* |, of the normalized electroosmotic 
current, on the normalized reciprocal EDL thickness. K ,  for different normalized 
frequencies, Q.

The corresponding Poisson-Boltzmann equation and its boundary condition is

1 d f di!}(r)\ ,
rTr \r~dr) =K"'P- 

'il'(a) = ips and L’(0) is finite , (2.3.1)

where a is the radius of the microchannel and is the surface potential. The modified

Navier-Stokes equation becomes

1 dp 1 d  (  d v \  1 , _  1 dv
f i d z ^ r d r  \  <9r)  y f  z u dt

v M  =  0 , (2.3.2)

The electric current density along the microchannel may be integrated over the chan­

nel cross-section to give the  electric current

l = 27r L  PVrdr +  ~ W ~ E 'Z Jo ^Pl ~  P^ Tdr ’ (2.3.3)
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Electric field driven flow
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Figure 2.11: Dependence of the phase angle, <j>, of the normalized electroosmotic 
current, on the normalized reciprocal EDL thickness, K ,  for different normalized 
frequencies, Cl.

and the flow ra te  can be w ritten as

We define the following normalized quantities for the cylindrical coordinate system

(2.3.4)

O

K  =
. v  z le ' i iD
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Figure 2.12: A schematic of the circular microchannel, with the associated cylindrical 
coordinate system.

2.3.1 Analytical solutions

Ju st following the  same procedure of section 2.2, we give out analytical solutions of 

Vp(Q), V£(Q).  /p (Q ), /p (Q ). Q'P{9.) and Qp(Q)  for circular microchannels:

1 -

Vp(R,9.)  = 

rP( O)

K 2tys 
K 2 -  j9.

= 2 ~ K 2$ s

J0(iV = jI7 )
MV=7&) J ’
M j K R )  M R V =jH )'

9.K Jo(jK) Cl2 + jClI\2 3 M j K)

2ttK 4^2 f 1 
~ K 2 - j Q { 2

1 +
1J ? ( j  K )

J &  ~ K 2
jl< J i ( j K )

H j K )

|  +  7r S /v 2 ,

Q p M

Q e M

&
i  i  M V = j 5)

[2 ^ J U J Q(s/ ^ j U ) \

(2.3.6)

where Jo and J i are the zeroth- and first-order Bessel functions of the first kind. The 

Eqs.[2.3.6] may be reduced to  the following special cases: steady state (fl =  0), slow 

oscillations (fl < <  1) and fast oscillations (£2 > >  1). We point out th a t the la tter
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two special cases are given w ith respect to the normalized frequency, Cl, and thus, 

for example, a ’’slow” oscillation implies a low normalized frequency and may not 

necessarily imply a  low dimensional frequency, u  «  1. The special cases are given 

next.

Steady state (Cl = 0)

The steady sta te  response follows from Eqs. [2.3.6] by setting Q =  0. The solutions 

were originally obtained by Rice and W hitehead [53].

V£(R,  0) = - ( 1  - R 2) ,

VZ(R,  0) =

7p(0) =  - tt* ,

i m  

Q p ( ° )

Qe ( 0)

Slow oscillations (Q <  1)

1 -

1 -

=  - tt̂ zK 2

8 !

=  / p ( 0 ) -

M j K R )
M j K )

2 M j K )  
j K M j K )

2 M j K )  J 2( j K j  
j K M j K )  J ‘i( j i<)  J +  - U K 2 ,

(2.3.7)

All term s higher than  order 3 in the series expansion for the Bessel functions involving 

the normalized frequency, Cl, in Eqs. [2.3.6] are dropped, and we obtain

1 - R 2
Vfi(R,Cl) =  

V£(R,Cl) =

4 +  jCl ’

K 2 — j  Cl 

Ip(Cl) =  2ttA"2T ,

J o ( jK R )  4 +  jClR2
Jo( jK )  4 — jCl J 
1 J i ( j K )  1

ClKJo( jK)  Q2 + jClK2 
Cl2 -  SjCl'
16 +  4jCl

j l<
M j K )
M j K)

}■

4S
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F as t o sc illa tio n s  ( S l>  1)

The approximation, Jm(x ) =  \ J 2 / t t x c o s  ( x  -  t t m / 2  — t t / 4 )  for | x  |2 >  1 (Abramowitz 

and Stegun [116])is used to  reduce Eqs. [2 .3 .6 ]  and to obtain

2.3.2 Parametric studies and discussion

The following fixed values of the normalized surface potential, T s. =  1.95, normalized 

conductivity, E =  3.S5, amplitude of the normalized pressure gradient, P*(fl) =  200, 

amplitude of the electric field, =  39 are used in param etric study. We have

studied the dependence of \fi/fi\ on the normalized frequency, fl, at three different 

values of K  (0.1, 1, 10); see Figure 2.13. It can be observed th a t the apparent vis­

cosity atta ins a maximum as a function of 9  a t the values of K  studied. This points

Q'e (9.) =  rP(9) . (2.3.9)
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Pressure driven flow

K= 10— 1.05

K = 0.1

100 1000

Figure 2.13: Dependence of the amplitude, of the normalized apparent viscos­
ity, on the normalized frequenc3 r, Q, for the different I\ values.

to  a conclusion th a t not only the electroviscous effect is dependent on the normal­

ized reciprocal EDL thickness, bu t also K  is dependent on the normalized frequency. 

Finally, in Figure 2.14, we compare the normalized apparent viscosity of a circular mi­

crochannel (Bhattacharyya et al. [110]) with tha t of a square microchannel. For the 

param eters studied, a  circular microchannel has a  slightly more pronounced electro­

viscous effects. The results of Figure 2.14 would indicate tha t a  square microchannel 

can be approximated by a  circular one.

To verify our oscillating electrokinetic flow model, we indirectly compare our re­

sults with those of other’s experiments. Reppert et al. [67] measured frequency- 

dependent stream ing potential in pores diam eter from 1 m m  to  34 fim. In their pa­

per, they proved th a t Packard’s model [117] (or Helmholtz-Smoluchowski equation) 

had a good fit to  the experimental data. Actually, Packard’s model or Helmholtz- 

Smoluchowski equation is based on the assumption of an infinite thin EDL, or we
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Pressure driven flow

Square. W = 1 
Circular

1.15

£2= 10

1.05

100
K

Figure 2.14: Dependence of the amplitude. \ y / y \. of the normalized apparent viscosity 
on I\ for two different microchannel geometries: Square and circular cross-section.

can say Helmholtz-Smoluchowski equation does not consider the structure of EDL. 

In Figure 5 of their paper [67], they used their equation 16 to  generate the normalized 

coupling coefficient of the real and imaginary parts for three capillaries with different 

radiuses, 100 y m ,  50 y m  and 10 ym .  In our model, ju st as Eq. 2.2.23,

E : =  R e [ E Z ^ r\ =  Re[E'lejujt} = R e [ \ E : \ S M ) \ . (2.3.10)

The normalized complex component of stream ing potential only relates to  e-7̂ 4̂ ,  

which corresponds to the coupling coefficient of the real and im aginary components of 

[67]. For comparing our results to  their Figure 5, we use 0.1M KC1 as testing example, 

which has a  thin EDL. Some param eters related to 0.1M KC1 are: the reciprocal of 

the double layer thickness k =  1.03 x 109 m -1 and conductivity a  =  1.2S217 S/m  

[38]. Using our model, we plot the normalized coupling coefficients of the real and 

im aginary parts for three capillaries with different radiuses, 100 ym ,  50 y m  and 10 ym,

51

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7Tp"™̂“TTTTTTTJ
Real part

O.S

c<y
£  06uO
CO

  a= 100 (im
—  a = 50nm
—  a= 10|im

c. 0.4

0.2

8.

Imaginary part
’ ' 1 " "il ■ ■

1.01 0.1
CO

Figure 2.15: Normalized coupling coefficients of the real and imaginary parts for three 
capillaries with different radiuses.

in Figure 2.15. Our Figure 2.15 is almost the same as their Figure 5. Since they did 

not provide enough experimental details, such as surface potential, we cannot compare 

our model with their experimental data  directly. However, because their experiments 

strongly support Packard’s model or Helmholtz-Smoluchowski equation, we believe 

th a t our model is also correct. Furthermore, our model overcomes two limitations 

of their model: firstly, we consider convective current caused by electroosmotic flow, 

which is induced by streaming potential; secondly, our model is not limited to an 

infinite thin EDL.

2.4 Electrokinetic flow in parallel-plate micro chan-

The problem of oscillatory flow in microchannels between two parallel plates is a 

special case of the rectangular microchannel problem addressed in section 2.2. We

nels
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Figure 2.16: Schematic of an electrical double layer a t the channel wall.

give the solutions for the parallel plate geometry here (see Figure 2.16), (i) derived 

from the first principles (i.e. starting from the boundary value problem for the parallel 

plates) and, (ii) derived from Eq.2.2.40 by setting W  —*■ oo.

The boundary value problem for flow between parallel plates is now summarized. 

Assuming th a t the y-axis is perpendicular to the  parallel plates (refer Figure 2.1 and 

let w  —► oo), Eq. 2.2.S, Eq. 2.2.9 and corresponding boundary conditions become

(2.4.1)

1 dp d2v 1 1 dv
— V  ■*" — 1— =  —r -p  dz  d-y p  v dt

dv
v (± h . t )  =  0 . — (0,f) =  0

dy
(2.4.2)
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The definition of volumetric flow rate, q, per unit w idth of the parallel plate is

" 2/Jo
v  d y  , (2.4.3)

whereas the electric current is

r^ pD r*1
l'^ = 2 J 0 p v d y + ~ W ~  J 0 ^P l ~ p2^E '~dy ■

(2.4.4)

Using the relevant normalized quantities (see Eq.2.2.13), Eqs. 2.4.1-2.4.4 become

d2v
= K~'$ ,

d Y 2

r(±

o p  d2v

d
$ (± 1 )  =  ^2 , ^y(O ) =  0 ,

I

Q

- 2 / ‘Jo

= 2/Jo

d Y

e-fPT3 Jo

V  d Y  ,

K 2<W d Y  +  2Z K 2E z , 

(2.4.5)

In deriving Eq.2.4.5, we have made use of the  normalized quantities in Eq.2.2.18 

except /, which is given by I  =  i. The expression for (v) is given in Eq.2.2.19. 

In order to  obtain the solutions, we also use the first three normalized quantities in 

Eq.2.2.20 whereas Q  is defined for this problem as Q =  Solving Eqs.2.4.5, the 

spatially 1-dimensional analog of Eqs.2.2.36 and 2.2.40 is

c o s h e r
'I<{Y) =  tf2-

'5 0 ' . « )  - 3 5

cosh K

1 -

v g (y .n )  =

I-P(9.) =

K 2y 2
K 2 — jQ. 

2 K 2<H2
jQ  cosh(K)

sinh (K)  
K

cosh(y  y/JU) 
cosh(VjTI) 
cosh ( K Y )  cosh(U y/]U)
cosh(K) cosh(y/JU) J

1 f  sinh(/<' +  y/JU) sinh(/v — v /jI lA
cosh(v/jn )  2 ( K  +  y/JU) +  2 {K  -  y/jTl) J
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I&Sl) =
(.I<2 -  j t t )  cosh(I<)

1

_cosh(/\) \ 2
1 s in h ( /\) cosh(/v)

2 K

( sinh(/\' +  x/jTI) sinh(/\ —

c o s h ( v ^ n )  ( F T 7 W  +  2 ( K - , / j n )  J
1 sinh(y/J11)^

+  2 U K 2

Q >[m  p .  I1 ^ l o o s h ( ^ J U ) J

q -e( n )  = /p ( s > ) . (2.4.6)

We now dem onstrate th a t Eqs.2.4.6 will follow from the rectangular microchannel 

solution by setting W  —> oo; for brevity, we dem onstrate the limiting case for the 

first three of Eqs.2.4.6. W hen W  —► oo, Eq.2.2.36 reduces to

K 2T To cosh I<Y + 4 2 T o ( - l ) m+1 (2m -  1)tt_ _ To ,n , ...
~V  cos i — < -Y  +  - +  .(2.4.7)

2 cosh I\ (2m. — 1 )tt

The following Fourier series expansion

I<- 4 (—l) m+1 (2m — 1)tt1 _  cosh A T  _
cosh K

cos- Y (2.4.8)

is used in Eq.2.4.7 to  obtain the first of Eqs.2.4.6. Next, the second and third Eqs.2.4.6 

may be re-written as

1
1 -

V£(Y,Q) = K~S&2 
K 2 — j  Cl

cos(Y yj—j i l )
COS (y /- j i2 )
cos(jK Y ) cos (Y y/—jO.)

(2.4.9)

(2.4.10)
C O S ( j K )  COS ( y / — j P . )

where we have used cos(jz) =  cosh(r). W hen W  —*• oo, the first and second of 

Eqs.2.2.40 become

A 00 1

W O )  = 1
7rn = l j f >+ [(2 ^  

OO
V ‘E(X,Y.Cl) =

2 n - l ) n

2 n -  1

cos
(2n -  1)tt

Y

( -1 ) 7 1 + 1

n = l  jCl + (2n—l ) r X s + (2 n - l ) j r
COS

(2.4.11)

(2n - l )7r  '
2

(2.4.12)

Then, when we expand Eq.2.4.9 and Eq.2.4.10 as the orthogonal series of cos[(2n — 

1)7tY /2], Eq.2.4.9 and Eq.2.4.10 can reduce to Eq.2.4.11 and Eq.2.4.12, respectively.

55

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.4.1 Arbitrary time-dependent electrokinetic flows

A rbitrary  tim e-dependent pressure or electrical field input for the microchannel sys­

tem  may be expanded as Fourier series of complex form. Here we take into account a 

time-dependent function f ( r ) ,  which is continuous at the  range of [r0,ro +  r2], Thus, 

f ( r )  can be expanded as

j  =  \ / —T and Qn =  2n - / r 2. Note, C„ is time independent. W ith the definition of 

Eq.2.4.13, arb itrary  time-dependent input (pressure or electric field) can be considered 

superposition of many oscillating input with different frequencies, S2n. So, we shall 

seek the solution of the  boundary value problem for the following specific dependencies

and the electric field could be frequency-dependent, i.e. P* =  P^(f>„) and EZn =  

E ! n(Qn). The solutions for \k and V  will then follow from the first three equations 

of Eqs.2.4.6. Thus

The expression for Vp(Y ,Qn) and V£(Y.  f>„) will be given a t the end of this section. 

T he normalized electric current will follow from corresponding solutions of Eqs.2.4.6 

and may be w ritten as

(2.4.13)

where

(2.4.14)

d Z
(2.4.15)

We consider the  class of solutions where the am plitudes of the pressure gradient

V  =  lP 'e 'n"T , where

n = o c
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The volumetric flow rate, q, is defined as q =  2 JQ“ v dy. Using the definitions in 

Eq.2.2.20, Eqs.2.4.15 and 2.4.16, the normalized flow rate, Qn, becomes

During pressure driven flow, the am plitude of the n th stream ing potential, E ’ n(Qn) , 

is found by setting /* =  0 in Eq.2.4.17. Thus

During pressure driven flow, Eq.2.4.19 may be substitu ted  in Eqs.2.4.16 and 2.4.18 to 

determine the normalized liquid velocity and the  volumetric flow rate, respectively. 

Alternatively, the velocity, current and flow ra te  during electroosmosis follow from 

Eqs.2.4.16, 2.4.17 and 2.4.IS by setting P*(£l) =  0 in those equations.

2.4.2 Parametric studies and discussion

In this section, we will mainly focus on time-dependent electrokinetic flows in parallel- 

plate microchannels. The following fixed values of the  normalized surface potential, 

=  1.95, normalized conductivity, E  =  3.S5, are used.

Microflow under time-dependent pressure gradients

We choose four kinds of pressure input

Q = ] T  Q ; ^ " T where

Qn = Q W n )  =  Q p ( n n)p;t( n n) + % ( f i „ ) £ : n(n„) • (2 .4 .1 s)

(2.4.19)

d P  I 2 x 102, (m  — 1) x r2 < t  < (m  — 1) x r2 +

d Z  1 1 x 102: ( m — 1) x  To +  T i <  t  <  m x T2

1. T \ =  1, r2 =  3

2. n  =  106, r2 =  3 x 106

(m — 1 ) x  To <  r  <  (m — 1 )  x  t o  +  T \  

( m - l ) x T 2 +  r 1 < T < m X 7 2
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Pressure driven flow
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Figure 2.17: The flow rate, Q, as a function of normalized tim e under a  pulsatile 
pressure gradient with a relatively short period.

3. T \  =  1, To — 3

4. rx =  106, To =  3 x 106

The normalized pressure gradient, —d P j d Z  =  200 can correspond to a  pressure 

gradient a t the order of 106 P a /m  for a  10 fim high channel. If h is the order of 

1 0 - 6  m and v  is the order of 1 0 - 6  m2s-1 , nondimensional time t  =  1 and r  =  1 0 6 

can correspond to the  orders of dimensional time /is and s, respectively. We plot 

the normalized flow rate with respect to the normalized time a t different normalized 

reciprocal thickness of EDL K  = 0.01,0.1,1,10,100. The normalized flow rate under 

a pulsatile pressure gradient with a  relatively short period is plotted in Figure 2.17. 

Because K  =  0.01,0.1 and K  =  100 correspond to  very thick and very thin electrical 

double layers, respectively, EDL effect will disappear under these two conditions. The 

normalized flow rates a t K  =  0.01,0.1,100 are very close to  the flow rate w ithout EDL
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Pressure driven flow
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Figure 2.IS: The flow rate, Q, as a function of normalized time under a pulsatile 
pressure gradient w ith a relatively long period.

effect ('I's =  0 or £ ’1 =  0), which confirms our theoretical derivation (see Table 2.1). 

The minimum normalized flow ra te  always happens a t K  =  1, since the electroviscous 

effect reaches its maximum. Because the period of applied pressure is too short, the 

flow cannot fully develop during the period. Comparing Figure 2.17 with Figure 2.1S, 

the normalized time r ,  to  allow flow to fully develop, should be a little larger than 

1, since the normalized flow rate  of K  =  0.01 in Figure 2.17 reaches 1.28 x 102 a t 

r  =  1, which is very close to the fully developed flow rate, 1.34 x 102 (see Figure 2.IS). 

Because the  period of applied pressure in Figure 2.18 is long enough, the flow can 

fully develop and keep up with the change of the pressure gradient. In Figure 2.19 

and 2.20, we plot the  normalized flow rates change with the normalized time under 

two triangle pressure inputs. In Figure 2.19, the flow cannot fully develop and cannot 

keep the same step with the change of the pressure gradient. The minimum and 

maximum of normalized flow rate  do not happen a t the  same tim e of the minimum
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Pressure driven flow
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Figure 2.19: The flow rate . Q, as a function of normalized tim e under a  triangle 
pressure gradient with a relatively long period.

and maximum of normalized pressure gradient. There is a lag between the  pressure 

gradient and the flow rate . In Figure 2.20, since the period of the pressure gradient 

becomes larger, the profile of the flow ra te  can keep a. triangle.

Microflows under tim e-dependent electric fields

We choose four kinds of electric field input:

E z =
78, (m — 1) x  To <  r  <  (m — 1) x r2 +  Ti 

39, ( m - l ) x r 2  +  r 1 < r < m x  r2

1. T\ =  1, To =  3

2. n  =  106, To =  3 x 106

( m  —  1 )  X  To +  T j  <  T  <  771 X  To

78^-, (m — 1) x to  <  t  <  (m — 1) x  t o  +  t :
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Pressure driven flow

200

200

150

>  100 
rs

150

0 lc+062e+063c+064e+065e+066e+06
O' 100

= 0 and K = 0.01.0.1, 100

K =1K = 10

le+06 1.5e+06
T

2c+06 2.5e+06

Figure 2.20: The flow rate, Q, as a function of normalized tim e under a triangle 
pressure gradient with a relatively long period.

1. T j =  1, To —  3

2. n  =  106, To =  3 x 10s

The normalized strength of electric field, E .  =  39 can correspond to an electric field

a t the order of 105 V /m  for a  20 /zm high channel. We give out the normalized flow

rate with respect to  the normalized time a t different normalized reciprocal thickness 

of EDL I\ = 1,10,100. In Figures 2.21, 2.22, 2.23, 2.24, we plot the normalized flow 

rates change with the normalized tim e under pulsatile or triangle electric fields with 

relatively short or long periods. In all figures, the normalized flow rates increase as 

K  increase, since more concentrated solutions can cause larger electroosmotic flow 

rates.
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Electric field driven flow
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Figure 2.21: The flow rate. Q, as a  function of normalized time under a pulsatile 
electric field with a  relatively short period.

2.5 Conclusions

Using Debve-Hiickel approximation of Poisson-Boltzmann equation of EDL, we obtain 

analytical solutions of time-dependent electrokinetic flow in rectangular, circular and 

parallel-plate microchannels. Oscillating flow rates, currents and electroviscous effects 

are studied. Experimental results [67] indirectly support our oscillating solutions. 

Arbitrary time-dependent electrokinetic flows can be obtained through superposition 

of time-harmonic solutions weighted by appropriate Fourier coefficients.
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Electric field driven flow
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Figure 2.22: The flow rate, Q, as a function of normalized time under a pulsatile 
electric field with a relatively long period.
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Electric field driven flow
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Figure 2.23: The flow rate, Q, as a function of normalized tim e under a triangle 
electric field with a  relatively short period.
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Electric field driven flow
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Figure 2.24: The flow rate, Q, as a function of normalized time under a  triangle 
electric field with a  relatively long period.
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Chapter 3 

Time-dependent Electrokinetic Slip 
Flow in Microchannels

3.1 Introduction

Recently, as some indirect or direct experimental results of slippage of liquid on 

non-wetting surfaces have been found, fluid behavior on lyohpobic surface are of 

interests to  scientists and engineers. Even though a perfect, m athem atical expression 

of slippage has not been found, scientists believe the essential reason of slippage is 

related to  solid-liquid interaction. The widely accepted mathem atical description is 

the simple Navier slip boundary condition

* - » m -  (3X 1)

Obviously, slippage and EDL do affect fluid behavior simultaneously. To the best of 

our knowledge, no systematical study combining slippage effects with EDL effects on 

microfluidics has been done. In this chapter, we investigate flow behavior under these 

two surface effects.

The whole m athem atical procedure is very similar to th a t of Chapter 2. Here, we 

mainly present some results.
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3.2 Electrokinetic slip and tim e-dependent flow in 
rectangular micro channels

3.2.1 Analytical solutions

After introducing slip boundary condition, hydrodynamic equations have slight change. 

Inclusion of the body force due to electric field in the Navier-Stokes equation and its 

boundary conditions lead to

J.  J . I  P ' -  1 —
H dz  (,dx2 dy2)  /  z u dt  ’  ̂ ^

v(x ,y ,  0) =  0 ,

dv dv
v{w ,y , t )  = f31 —  {;iL\y,t) , v ( x , h , t )  = f e — {x ,h , t )  ,

dv(0 ,y . t )  n dv(x ,0 , t )
V  1 =  0 , ; =  0 , (3.2.2
o x  dy

where //, u, fii and /3o are the viscosity, the kinematic viscosity of the liquid, the slip 

coefficients for the  x  [width] and y  [height] planes, respectively.

The normalized slip coefficients are

s . - 1  . f t - f .  (3.2.3)

All other normalized quantities are the same as corresponding quantities of Chapter

2. Then, the normalized Navier-Stokes equation and its boundary condition are

8 P  d2V  d2V  d V
 !---------- 1 E .  = ----

d z  d x 2 d Y 2 - d r  ’

v(x,y,o) = o ,

V ( W , Y , t ) =  B 1| | ( i r , y , T )  . V ( X ,  l , r )  =  ,

, 2 M . 0 ,  ( 3 , , )
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Time-dependent solutions

Using Green’s functions, the time-dependent solution of Eqs.(2.2.15) can be w ritten 

as

pT rl p\V
v =  / / G(A\y,T|r,r,r')

J t ' = 0  J Y ' = 0  J \ ' = 0

X
r)P

- |£ ( Z ')  -  K ^ E z(r f) d X 'd Y 'd r '  ,

(3.2.5)

where G ( X . Y , ~ \ X ' , Y ' , r ' )  is the Green’s function [114], which may be obtained by 

separation of variables:

G( X,  Y, t \X',  Y ' ,  -r') =  —  2 Z  e-(T-T,)(7" /u'’2+7") —
m = 1 n = l

l l B l  +  W* -  W B 1

X ^ 2 ^ B+ 1 - B >  C0S(~'n Y  ̂C0S^ n Y '}cos ( 7m^ )  cos ( 7mT ^ )  (3-2-6) 

where 7 m and 7 „ are determined by ym tan  7 ™ = —^  and 7 „ t a n 7 „ =  When 

Bi  = 0, B 2 =  0, the corresponding Green’s function has the following expression [114]

G (X ,Y , t \ X \ Y ' . t') =  j j 7 £ I > i ' <T' T' )cos
7 7 1 = 1  71 =  1

(2m — 1) t t

'to 3 l

*
1

cos
’(2 m -  1 ) - ^ ;

L 2 W  J L 2 W  J

x cos -y cos
(2m -  l ) a y ,‘

(3.2.7)

where

A i  —  —
(2m — 1)tt (2 n — 1 )tt

(3.2.8)
2  W  1 \ 2

Using Eqs.(2.2.16), (2.2.17) and (3.2.5), we can obtain the  flow ra te  and current. Dur­

ing pressure-driven flow, the strength of the electric field induced by the streaming 

potential E z is found by setting 7 =  0. During pressure-driven flow, solved stream ­

ing potential Ez may be substituted into Eqs.(2.2.17) to  determine the normalized 

volumetric flow rate. Alternatively, the velocity, current and flow rate  during elec­

troosmosis follow from Eqs.(3.2.5), (2.2.17) and Eq.(2.2.16) by setting (—§§) =  0 in 

those equations.

6S

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Oscillatory solution

We also use a complex variable approach to  obtain an analytical solution for a  sinu­

soidal periodicity in the electrohydrodynamic field. For oscillating problem, following 

the definitions of Chapter 2, we have

m = l  r

- 4  K 2

sm 7 „ sin 7 m

m = l  n = l
vO oo oo

7« 7t j

c o s (7„ y  ) c o s  j  .

m = l  n = l
oo oo

Ip  = - 1 6 / \ 2 ^ ^ £ A ( r , s )
m = l  n = l

sin 7 „ sin 7m 
7n7V n

16A'
! i  =  —  E E « A (r ’s )A (c-<i) + 4 '',/EA' 2 ’

771 =  1 7 1 = 1

16 A  A  IF-1U \ —> r—' vv

Qp =
m = l  n = l  ,n  im

Qe = rP,
sm- 7n sm- 7 m

(3.2.9)

where we define A and £ as

y /K 2 +  tanh  ^ K 2 +  cos 7 „ 4- 7 „ sin 7
A (c,d) =  J !

C=1

—4 IF  cos7m 
X 47m — (2c — l ) 2” 2 X

r.̂ -2 , (2c—l)27r- , ,.2
A ^— i m — h <*■ 

^2  ~  ^1 +
4IF2/ \ 2F i

4TF2/ \ 2 +  (2c -  1)2tt2_
16IF3/ \ 2F i cos 7 m sin 7 „

[41 \r-IC- +  (2c -  l ) 2- 2] ^ 2, -  (2c -  l ) 2~2]7n
+

E
d=i

y / &  + & = £ £  ta n h (y /K *  +  I 2 ± ^ z ! lF )  cos 7 m +  &  s in 7m (—4 cos7„)

A'= +  +  TpiJ [4tS ~  (M  -  I )2' 2]

4 / \2Fo 1 16IF/v 2F 2 cos 7 n sin 7 „
+ r2K „ I

—7 n 7 n

4 / \ 2 +  (2d -  1)2- 2J [4A'2 +  (2d -  l ) 27r2][47 2 -  (2d -  l ) 27r2]7m j

(3.2.10)
W (^ !  +  ^o) .

“ - sm 7 „ sm 7 m .

IF2
7m +  IF 27 2 +  jSl 7 I P \  +  IF 2 -  W B 1 7 m  + l - B 2

(3.2.11)
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Note th a t the theory with liquid slip and w ithout EDL effects follows from Eqs.(3.2.9) 

by setting =  0. The steady state response follows from Eqs.(3.2.9) by setting

D =  0. W hen Bi  =  0 and =  0, we employ Eq.(3.2.7) as the Green’s function for 

the solution with no slip. Eqs. 3.2.9 reduce to  Eqs. 2.2.40 in Chapter 2. We note 

tha t, for electrokinetic slip flows. Onsager reciprocal relations still holds. This can be 

proved by Q mE{Q) =  Ip(D) in Eqs. 3.2.9.

Figure 3.1: profiles of the normalized velocity (a) no slip and without electrokinetic: 
B  =  0 and E : =  0 (b) no slip and with electrokinetic: B  = 0 and E z ^  0 (c) slip and 
w ithout electrokinetic: B  =  —0.05 and E . = 0 and (d) slip and with electrokinetic: 
B  =  —0.05 and E z ^  0

70

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.2.2 Results and discussion

In Eq.(3.2.9), we see th a t variations in 'I'*, Bi, Bo, and I\ all affect fluid flow in a 

rectangular cross-section microchannel. For example, the concentration of liquid or 

channel size can be varied to  obtain different I\ values. B  depends on the surface 

energetics between the solid-liquid interface. The value of 'Fii can depend on the 

concentration, solution pH and channel wall material. The larger the value is, 

the more noticeable the electrokinetic effects become. Thus, one would observe a 

larger streaming potential and smaller flow rate in a pressure-driven flow, and larger 

electroosmotic flow and current in an electric-field-driven flow. Intuitively, a larger 

slip coefficient, of course, would cause a larger flow rate  in both pressure and electric- 

field-driven flow. For pressure-driven flow, since water molecules bring charges to  the 

other end of th e  channel to  induce an electric field (streaming potential), the flow 

w ith larger slip coefficient would build up a larger stream ing potential to  make the 

to tal current equal to  zero. However, because the  increase in Q*PP" induced by liquid 

slip is larger than  the increase in Q ’e EZ, the to tal flow ra te  still increases due to  slip 

at the channel wall.

Let us examine here the effect of the normalized thickness K -1 in the EDL and 

the normalized slip coefficients B\ and Bo on steady sta te  flow for a  given set of 

param eters th a t represents a typical system. We have selected the following values 

for our calculations: the amplitude of the normalized pressure gradient, P'{Cl) =  200 

(for pressure-driven flow), the  amplitude of the electric field, EZ[Ct) =  39 (for electric- 

field-driven flow), the normalized slip coefficient, the normalized width of rectangular 

microchannel, W  =  2 (which means the ratio of the  width to the height is 2), Bi  =  

Bo =  B  =  —0.05, the  normalized conductivity, E =  3.85, and the normalized surface 

potential, =  —3.9. These param eters represent, in the dimensional

case, a surface potential of —100 mV (Debye-Hiickel approximation gives a  good 

agreement with experiments, when zeta potential is up to 100 mV [33]), a diffusion
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coefficient D  ~  2 x l0 -9 m2/s  for an infinitely dilute KC1 electrolyte [11S], a pressure 

gradient a t the order of 106 Pa/m , an electric field a t the order of 105 V /m  and a slip 

length of 1 for a  microchannel with a half height of 10 /jm.

3.2.3 Pressure-driven flow

Many microfiuidic MEMS devices work under a pressure gradient induced by mechan­

ical parts, such as a membrane and a piezoelectric film. When pressure gradient drives 

a flow, a stream ing potential builds up by the accumulated ions between the two ends 

of the microchannel. Moving ions induced by the stream ing potential, which form

the conductive current [the second term  in Eq.(2.2.12)], will bring water molecules

to move opposite to  the flow direction because of the interaction between ions and 

water. This phenomenon is typically described by a larger apparent flow viscosity. 

However, liquid slippage induced by hydrophobic surfaces can reduce flow resistance 

and increase velocity for pressure driven flow.

To investigate the effect of liquid slip on flow resistance, we specify K  =  10 and 

plot the profiles of th e  normalized velocity in Figure 3.1 for the following four cases:

(a) no slip and w ithout electrokinetic: B  =  0 and E z =  0

(b) no slip and with electrokinetic: B  =  0 and E : ^  0

(c) slip and w ithout electrokinetic: B  =  —0.05 and E~ =  0

(d) slip and with electrokinetic: B  =  —0.05 and E z ^  0

We find th a t EDL has a  counter effect on flow velocity. In addition to Figure 3.1, we 

also select the velocity profile along y-axis in Figure 3.2. Liquid slip in electrokinetic 

flow' w ith a 5% slip coefficient can decrease fiowr resistance by about 12%. We plot the 

normalized flow ra te  with respect to the normalized reciprocal thickness K  in Figure 

3.3. For the cases of

1. no slip and w ithout electrokinetic: B  =  0 and E z =  0 (solid line) and

2. no slip and with electrokinetic: B  =  0 and E z ^  0 (dotted line)
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Pressure driven flow
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Figure 3.2: Profiles of the normalized velocity along y-axis

3. slip and w ithout electrokinetic: B  =  —0.05 and E : =  0 (stars) and

4. slip and w ith electrokinetic: B  =  —0.05 and E z ^  0 (circles).

case 1 and 2 suggest th a t EDL affects flow rate over a  large range of K . Similar 

conclusion can be made by comparing case 3 and case 4. In general, EDL causes a 

large reduction in flow rate: whereas, liquid slip counteracts the effect by EDL and 

induces a larger flow rate. In Figure 3.3, when B  =  0, EDL effect disappears as 

K  —* 0 or K  —► oo, since K  — 0 implies a uniform EDL in the microchannel and 

K  —► oo implies a  very thin double layer thickness [110]. W hen there is liquid slip

(circles), electrokinetic phenomenon disappears as K  —*• 0. However, as K  —► oo,

EDL effect still exists. This result suggests th a t liquid slip can enhance EDL effect 

on fluid flow in rectangular microchannels. Since slip induces higher velocity and 

hence increases the convection current [first term  in Eq.(2.2.12)], a  larger stream ing
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Pressure driven flow
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Figure 3.3: Effects of electrokinetic and liquid slip on the normalized flow ra te  in 
steady state  (Q =  0).

potential is needed to  reach a balance, 1 = 0. This fact is confirmed in Figure 3.4 

where we see the stream ing potential with slip (circles) is larger than  tha t w ith no-slip 

(dotted line).

For pressure-driven flow, it is of interest to  examine the pressure gradient with 

slip and th a t w ithout slip a t a  given flow rate. Thus, based on Eq.(3.2.9), we equate 

the flow ra te  w ith slip to  th a t without slip. Thus, setting

[QUB  #  0) -  Q'e(B #  = {Q-e (B = 0) -  QE(B  = 0 ) | | ^ ^ ] P -

yields

p .  Q-p{B = 0 ) - Q - E(B =  0)% & §!

P- -  Q-P(B # 0) -  Q U B *  C » !fg l '

The results are plotted in Figure 3.5 as P * /P '  vs. B  for different K  values. In Figure 

3.5, when K  »  1, the ratio P*/P*  approaches 0.S3 for a 10% slip. T hat is, there is
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Pressure driven flow
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Figure 3.4: Effects of liquid slip on the normalized streaming potential in steady state
(n = o).

a 17% improvement in the pressure gradient with a 10% slip. W hen A ' « l  for the 

same slip, the ratio P ' / P * approaches 0.75. This represents a 25% improvement in the 

pressure gradient when there is a  10% slip. For MEMS devices using pure (deionized) 

water as the  working fluid, K  is much less than  1 and hence an improvement of more

than 25% can be achieved for only a  10% slip. We wish to point out th a t inducing a

slip length of 10% is not entirely impossible. Several authors have observed directly 

or indirectly a 14% drag reduction [98] or a  1—2 fim slip length in a  microchannel 

with hydrophobic surfaces [99]; the former implies a 4% slip length (B  = —0.04) and 

the la tte r a 7% slip length (B  =  —0.07).

The time-dependent electrokinetic slip flow response is illustrated by the following 

applied pressure gradient

2  x  1 0 2 , ( m  -  1) x  t o  <  r  <  ( m  — 1 )  x  73 +  T \

0 , ( m  -  1) x  t 2 +  Ti <  r  <  m  x  t 2

75
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Pressure driven flow
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Figure 3.5: The reduction of pressure gradient in pressure-driven flow

where n  =  1, r 2 =  3 and m  =  1 ,2 ,3 .--- . The results are shown in Figure 3.6, where 

the above rectangular periodic pressure gradient is applied for K  =  1 and K  =  10, 

respectively, with a  slip coefficient of B  = —0.05. Since the electroviscous effect for 

K  =  1 is larger than  th a t of I\ =  10, the flow ra te  for the former is smaller than  

th a t of the latter, in agreement with the  result in Figure 3.3. It can be seen in Figure

3.6 th a t the flow requires some response time to  react to the change in the pressure 

gradient. For I\ = 10, it takes longer time to reach a  steady state.

3.2.4 Electroosmotic pumping flow

Other than pressure gradient, electric field can be used to move the ions in the 

electrical double layer and such ions will carry water molecules because of viscos­

ity, resulting in fluid flow. We normally call such electric-field-driven phenomena as 

“electroosmotic pump” . A plot of the normalized flow rate Q  with respect to K  is
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Pressure driven flow
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Figure 3.6: The normalized flow rate under a  rectangular periodic pressure gradient 
for I\  =  1 and K  =  10. respectively, with B  =  —0.05.

given in Figure 3.7. W hen there is a uniform and thick EDL occupying the whole 

channel, K  —■ 0 (for a  fixed channel size). As I\ —► 0, Qm —► 0. W hen there is a 

very th in  EDL, K  —► oo. W hen K  —► oo, Q*(B =  0) —*■ constant, since the profile 

of velocity becomes uniform in microchannel. As K  increases, the flow rate w ith slip 

quickly increases because the amount of movable ions increases. Since the resistance 

decreases significantly w ith liquid slip in the vicinity near the wall, the moving ions 

carry the solvent molecules easily. Since EDL is in the same region of the boundary 

layer, liquid slip can magnify electroosmotic flow several times. Results in Figure

3.7 suggest that liquid slip can increase the flow rate (at the same electric field) for 

electro-osmotic pumping by about 20% as K  —>• 0 and more than  50 times when K  

=  1000.

We plot in Figure 3.8 the normalized flow rate under a rectangular electric field
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Electric field driven flow
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Figure 3.7: Effects of liquid slip and electrokinetic on the normalized flow rate with 
respect to I \  in steady sta te  (Q =  0).

input expressed by
f 39, 0 < r  <  1.0 

E z =  <
[ 0 ,  r > 1.0

Since the normalized tim e r  =  1.0 corresponds to  a dimensional time of 10-4 s for 

w ater in a  10 /im  channel, the  flow is not fully developed. Thus, the electroosmotic 

flow between 0 <  r  <  1.0 is still a t the developing process even though a  constant 

electric pulse is applied.

A nother time-dependent response is illustrated by the following external electric 

field
f 39, (m — 1) X T o <  T < (m. — 1) X T o +  T i 

E .  = <
[ 0, ( m - 1 )  XT2 +  r 1 < r < m x r 2

where T\ =  1, To =  3 and m  =  1 ,2 ,3  • The results are shown in Figure 3.9, where 

the above time-dependent rectangular periodic electric field is applied for K  =  1 and 

K  =  10, respectively, w ith a slip coefficient of B  =  —0.05. A larger K  value implies a
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Electric field driven flow
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Figure 3.8: The normalized flow rate under a  rectangular electric field for I \ = l  and 
I \ = 10

higher solution concentration, causing a larger electroosmotic flow ra te  [Figure 3.7]. 

It can be seen in Figure 3.9 th a t electroosmotic flow also requires some response time 

to  react to  the change in the external electric field. For I\ =  10, it also takes longer 

time to  reach steady state  since the EDL thickness is thinner.

Here we equate the electro-osmotic flow rate with slip to th a t w ithout slip. Thus, 

equating Eqs.(3.2.9) and (2.2.40) and setting QE(B  ^  0)E1 =  Q E(B  =  0)E*. yield

i t *  y ^ 0 0  a ___________ ( - 1 ) ™ + "

=  7T- L m = l L n= l (jn -A i)(2 m -l)(2 n -l)  0  -

We plot these results in Figure 3.10 as El/E*, vs. B  for different K  values. It is 

apparent th a t for K  <  1, the electric field decreases by about 30% when there is a 

10% slip length. A 10% slip length (B  =  —0.1) represents, for example, a 1 fim  slip 

length in a  20 jjm channel (h =  10 /xm). When K  =  1000, one could achieve a  90% 

reduction in electric field when there is only a slip length of 1% (B  = -0 .01 ) and
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Electric field driven flow
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Figure 3.9: The normalized flow rate under a rectangular periodic electric field for
I\  =  1 and K  =  10, respectively, with B  =  —0.05.

a 99% reduction when the slip length is 10% (B  =  —0.1). As pointed out above, 

inducing a slip length of 10% is not entirely impossible and can be easily achieved 

by surface modifications. This possibility relies on the capability to control surface 

charges and surface hydrophobicity independently.

3.3 Electrokinetic slip flow in circular micro chan­
nels

3.3.1 Analytical solutions

For circular microchannels, considering slip boundary condition, Navier-Stokes equa­

tion and its boundary condition are

1 dp 1 d (  d v \  1 , 1 dv
— 7T +  r TT +  ~PE s =  “ qT >li oz r or \  or J pi v at

v (a , t) =  and — =  0 , (3.3.1)
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Electric field driven flow
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Figure 3.10: The reduction of external electric field in electroosmotic pump

where f5 is the slip coefficient and —8  is the slip length. Defining the normalized 

slip coefficient B  = 8 /a .  the normalized Navier-Stokes equation and its boundary 

condition become

d P  1 d f n d V \  - Tr , d V
d Z  + R d R  ( d R /  V* z ~  d r  1

V ( l , r )  = B
d V d V {0 ,r)

=  0 ,

(3.3.2)

(3.3.3)
d R  ’ d R

Analytical solutions are sought here for a sinusoidal periodicity in the electrohydro­

dynamic fields and this is best addressed by using complex variables.

W “ 1 -  jn 1 -

K 2* .  f M j K R )
V^ R ^ - K 2 — n \ - M j K T  

J0{R y/= jn )

1 +  i B K J lU K )1 +  J B K  .
M J  A ).

s i
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\  9.K  J0( jK )  jD.JoUK) * M M & )  + B M l ^ M V M i )  
j K J l { j K ) M y / = j n )  -  V^jTIJo {j K ) J X ( M j f i )  \

j f i  -  A-2 J

X

2tt/v4^ ;' (1  
/v2 — jQ  \  2

1 + J f t i  K )  
4 { j K )

1

MV~jfy +
X

1
1 +  jB A '

-A (jA -)
M j K )

+ ttS / v2

^  2tt f 1 1
<& (n ) =  ^  o -

^oO‘A )
j K M j M M M M )  -  m & M j M M V M )

j Q - I C - }

M M & )

Q e W  =
2~K~tys f  1 M j K )
K -  — j  ft 1 j K J o U K ) 

./1( ^ /= j^ )  1

1 + j B KM j K )

M J K )

=755)}V = jH  +

where J 0 and J\ are the zeroth- and first-order Bessel functions of the first kind. 

W hen Q — 0. Eq.(3.3.4) reduces to those of steady state.

y;(R 0) = i ( i - B 2) - |

(3.3.4)

V |( f t ,0 )  =  -< t,

/* (0) =  -7T^s 1 -

M j K )
2 M j K )

+ j B K

M j K ) \  
M j K )

j K  M j K )  J M j K ) \

« • > — « < •  { ' - i s m

If)—
1 + j B K M j K )

M j K ) \
I2_?

Q p (0) =  \  ~  2 s

orE{ o) = 1 +  j B KM j K )  2 M j K )
(3.3.5)

M j K )  j i <  M j K )  _

If the slip coefficient B  =  0, all quantities reduce to  those of the electrokinetic flow 

with no slip condition. If \PS =  0 and 5  =  0, all quantities reduce to  those of 

macroflow with no EDL effect and no slip condition.
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3.3.2 Results and discussion

Here, let us examine the effect of the normalized thickness K ~ l in the EDL, and the 

normalized slip coefficient B  on flow velocity. We have selected the following values 

for our calculations: the am plitude of normalized pressure gradient, P*{9) =  200, the 

am plitude of electric field, E*(9.) =  39, the normalized slip coefficient, B  = —0.05, the 

normalized conductivity, £  =  3.85, and the normalized surface potential, ^  =  3.9.

Pressure driven flow

100

a
• B = -0.05. Ez = 0 

  B = 0, E " = 0
Z

0/0/Q =  10

1000100
K

Figure 3.11: Effects of liquid slip with electrokinetics on the am plitude of the nor­
malized flow rate w ith respect to  K  for pressure-driven flow.

Pressure driven flow

W hen pressure gradient drives a  flow, electroviscous effect due to  presence of an 

electrical double layer reduces flow rate. On the other hand, slippage of flow due to 

surface hydrophobicity has a counter effect. We plot the am plitude of the normalized 

velocity w ith respect to the normalized reciprocal of the double layer thickness in 

Figure 3.11 for Q =  0 and 9  =  10 for the following four cases.
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1. no slip and w ithout electrokinetic: B  =  0 and £1 =  0 (solid line) and

2. no slip and with electrokinetic: B  =  0 and EZ = 39 (dashed line)

3. slip and without electrokinetic: B  =  -0 .0 5  and EZ =  0 (stars) and

4. slip and with electrokinetic: B  =  —0.05 and EZ =  39 (circles).

Cases 1 and 2 suggest th a t EDL affects flow rate over a  large range of K . Similar 

conclusion can be made by comparing cases 3 and 4. In general, EDL causes a large 

reduction in flow rate; whereas, liquid slip counteracts the effect by EDL and induces 

a  larger flow rate. In Figure 3.11, when B  = 0, EDL effect disappears as I\ —*■ 0 

or K  —  oo, since K  —+ 0 implies a uniform EDL in the  microchannel and K  —► oo 

implies a very thin double layer thickness [119]. W hen there is liquid slip (circles), 

electrokinetic phenomenon disappears as K  —* 0. However, as K  —*• oo, EDL effect 

still exists. This result suggests tha t liquid slip can enhance EDL effect on fluid flow 

in circular microchannels. When the normalized frequency ft increases to  10, the 

corresponding flow rates for the four cases decrease since the flow lags behind the 

changing pressure gradient.

We wish to emphasize that the presence of EDL retards flow rate, while slip 

condition induces higher flow velocity. Both phenomena cause the observed flow 

ra te  to  be different from the traditional one (without EDL effect and slip condition), 

and can result in an apparent viscosity p. The ratio of the apparent viscosity to 

liquid viscosity \p/fi\ with respect to I\ is shown in Figure 3.12. In this figure, if 

we consider only the slip condition and no electrokinetic effect (B  ^  0 and EZ =  0, 

stars), the  viscosity ratio \p/n\ would be smaller than  1, suggesting th a t the observed 

apparent viscosity would be smaller than  the true liquid viscosity when slip condition 

is considered. Thus, slip condition enhances fluid movement. W ith the presence of 

electrokinetic, the effect of slip condition on viscosity can be obtained by comparing 

the the following two cases:
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1. slip and with electrokinetic: B ^ O  and EZ ^  0 (circles) and

2. no slip and w ith electrokinetic: B  =  0 and EZ ^  0 (dotted line),

T hat is, a higher apparent viscosity would be predicted if slip condition is neglected.

Pressure driven flow
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Figure 3.12: Effect of slip condition and electrokinetic on the  ratio of the apparent 
viscosity to true liquid viscosity \fi/fJ.\ with respect to  K  in steady state  (Q =  0).

Electric field driven flow

A plot of the normalized flow rates w ith respect to K  at different frequencies are 

given in Figure 3.13. As expected, the flow rate decreases as the oscillation frequency 

is reduced. W hen there is a uniform and thick EDL occupying the whole channel, 

K  —r 0 (for a  fixed channel size). As I\ —*• 0, Q* —■<■ 0. W hen there is a very thin 

EDL, K  ^  oo. W hen K  —*■ oo, Q*(B = 0) —*■ constant, since the profile of velocity 

becomes uniform in the microchannel. W hen K  increases, the flow rate with slip 

quickly increases because the amount of movable ions increases. The resistance is
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expected to decrease when there is liquid slip, since the moving ions in the interfacial 

region near the wall easily carry the molecules. As EDL is in the same boundary 

layer region, liquid slip would magnify the electroosmotic flow up to  several times. In 

the lower part of Figure 3.13, we also compare the non-dimensional flow rates with 

and w ithout slip a t different frequencies. It is apparent th a t for K  < 1, the flow 

rate with slip is nearly 1.2 times larger than th a t w ithout slip. As I\ ^  1, this ratio 

increases monotonically to 50 at I\ =  1000. For a  typical electrolyte solution, EDL is 

small and I< is usually larger than 1000. Phenomenologically, the presence of a  slip 

layer will have a relatively more im portant role on flow velocity if the EDL is smaller. 

Thus, introduction of slip a t the solid-liquid interface by the channel materials would 

enhance fluid flow rate and reduce the flow resistance by a t least 50 times, in this 

specific example.

We also plot the normalized current with respect to K  in Figure 3.14. We see 

tha t the normalized current decreases as K  decreases from 0.1 to 0.01 and th a t the 

currents appear to  be identical for the cases of slip and non-slip. In the lower part of 

Figure 3.14, we show th a t there is indeed a small difference between the two currents. 

The normalized current ratio increases from 1 to  1.4 as AT varies from 2 to 1000. 

It is apparent th a t fluid slip has a much smaller effect on the current because the 

conduction current is much larger than  the convection one.

From the results presented here, we have shown th a t both  EDL effect and slip 

condition cannot be ignored. In some experiments [98], a ttem pts have been make 

to measure slip length from the velocity profile or flow rate w ithout consideration of 

EDL effect. Thus, a smaller slip length would have obtained. On the other hand, in 

EDL experiments, slip condition should also be considered, especially for hydrophobic 

solid surfaces.
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Electric field driven flow
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Figure 3.13: Effects of slip condition with electrokinetic on the am plitude of the 
normalized flow ra te  w ith respect to  I\ for electric field driven flow.

3.4 Electrokinetic slip flow in parallel-plate m i­
cro channels

If W  —r oo, the rectangular microchannel can be considered a parallel-plate mi- 

crochannel. W hen W  —► oo, the normalized velocity, current and flow rate of Eqs.3.2.9 

reduce to  the  normalized velocity, current and flow ra te  of a  parallel-plate microchan­

nel:

i  -
j i i

* s K 2
K 2 -  j-Q

C O s h ( y  y / j U )

COsh(-\/jn) — B y / j n s m h ( y / j n ) \
cosh (Y  y/jU)

B K siah(Kl  -  1
cosh(if) J  c o sh (\/jn )  -  B y /JU sinh(y/JU)

cosh(A Y )' 
cosh(if)
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Figure 3.14: Effects of liquid slip with electrokinetics on the am plitude of the  nor­
malized current with respect to  K.

rP(9.) = sinh (AT)
jCl co sh (/\) \  K  cosh(VjTI) — S V jH sin h (v /jTI)

sinh (AT +  y/JU) sinh (A" — y/JU)

rE(n) = (K 2 -  j f i )  cosh(A) [ cosh(A') \2
,  1_______________

"r  cosh(v/jIT) — B y /jn s in h (  v^jTI)

+  2U K 2 ,

1 ^  s in h ( /\) cosh (A") ̂
2 K

sinh(7v +  y/JU) sinh(iv -  y/JU) 
2 (K  +  y/JU) +  2 { K - y / J U )

„ „ s in h (A )  
x I B K — -4 —r -  1

cosh (A")

Q'Pm  

Q e (Si)

i  -

i sinh(v(?ri)
jU  V y/JU cosh(VjTT) — B y /J U sinh(y/JU)

2'F,A'2 sinh (A")
K 2 -  jU  { K c o s h (K )

+  | BA-! i2 h S _ 1 1 s m h ( x /7 T i)
cosh(AT) J  y/JU cosh(y/JU) -  By/JUsmh.(y/JU)

j (3.4. 1)
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W hen Q. —> 0, Eq.(3.4.1) reduces to  those of steady state.

1 - Y 2 - 2 B
Vp(Y, 0) =  

VZ(Y,0) =
cosh (K)

rP(o) = - 2* a

cosh (AW) _  i  +  5 / ..sinh(A")
cosh(AT)J 

i  _  sinh(AT) _  5 / ^smh(A")
K  cosh(AT) cosh(A")J

- 2 ^  A-2 f 1 /1  sinh( A~) cosh (AT) \
E{ j cosh(AT) \cosh(A") \ 2  2AT y

s in h ( g ) + B s in h - ( /O j  +  2 £ /c 3 ,
I\ cosh (A")

QMO) =  § - 2 B .

O e (0) =  21',
sinh(A') j +  gA,sm h(A ')

(3.4.2)
AT cosh (A") * ' ” cosh(A')_

If the slip coefficient B  = 0, all quantities become those of the electrokinetic flow with 

no slip condition. If \&s =  0 and B  =  0, all quantities become those of macroflow 

with no EDL effect and no slip.

3.5 A new m ethod to determine zeta potential and 
slip length

For simplicity, we use solutions of a parallel-plate microchannel to  show the effects of 

slippage on the zeta potential measurement. Here, we also propose a new method to 

determine Zeta potential and slip coefficient simultaneously [120].

The traditional zeta potential measurement method resorts to  streaming potential 

phenomena by using the following equation

E m  = -  i - = o . (3.5.1)

In experiments, for certain input P*. we use measured E l  to  calculate the zeta po­

ten tia l/ surface potential (here, we ignore the difference between zeta potential and
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surface potential) ’I'.,. For hydrophobic surface, if we don’t take slippage into account, 

we will use the following equation

where 'I'., is called apparent zeta potential without considering slippage. However, 

the true zeta potential should come from

g ( * „ B # 0 ) =  ■ (3-5.3)

Equating Eq.3.5.2 to Eq.3.5.3, we can study the effect of slip coefficient B  on calcu­

lated zeta potential by

/> (* .,  Bj SO)  rP( V . ,B  =  0)
=  0) ’ '

Assuming E =  3.85 and =  —1.95, we plot apparent zeta potential with respect 

to B  for different I\ in Figure 3.15. We find traditional zeta potential measurement 

method could cause some deviation from the true zeta potential of hydrophobic sur­

face. More hydrophobic, more error might be caused. Eqs. 3.4.2 indicate th a t we 

can determine the true zeta potential and slip coefficient simultaneously, only if we 

measure enough experimental quantities other than  stream ing potential and pressure 

drop, such as flow rate or current.

3.6 Conclusions

After introducing Navier slip boundary condition to  describe flow behavior on hy­

drophobic solid surface, and combining with electrokinetic phenomena, we obtain 

analytical solutions of time-dependent electrokinetic slip flows in rectangular, cir­

cular and parallel-plate microchannels with hydrophobic surfaces. From the results 

presented above, we have shown th a t both  EDL effect and slip condition cannot be 

ignored. In some experiments, attem pts have been made to measure slip length from 

the velocity profile or flow ra te  without consideration of EDL effect. Thus, a  smaller
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Apparent zeta potential
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Figure 3.15: Comparison of the apparent zeta potential with the true  zeta potential 
using Eq.3.5.4

slip length would have obtained. On the other hand, in EDL experiments, slip condi­

tion should also be considered, especially for hydrophobic solid surfaces. Otherwise, 

a  smaller surface potential will be predicted. Considering effect of slippage, a new 

method to  simultaneously determ ine zeta potential and slip length of an  hydrophobic 

surface is proposed. We are also aware of efficiency of pressure/electric field driven 

flow improved by slippage.
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Chapter 4

Electrokinetic Slip Flow in 
Microchannels with Non-uniform  
Surface Potential and 
Hydrophobicity

4.1 Introduction

The presence of an electrical double layer a t the solid-liquid interface and its elec­

trokinetic phenomena have been used to develop various chemical and biological in­

strum ents [18, 14, 15]. A common assumption is the uniformity of surface properties 

during electrokinetic fluid transport in microchannels [32, 53, 54, 110, 119, 121]. Nev­

ertheless, surface heterogeneity can easily arise from fabrication defects or chemical 

adsorption onto microchannels. For example, Norde et al. [77] studied the rela­

tionship between protein adsorption with stream ing potential. Ajdari [7S, 79] pre­

sented a theoretical solution for electroosmosis flow on inhomogeneous charged sur­

face. Stroock et al. [80] studied electroosmosis flow on a surface with patterned 

charge. Their results agree well with theory [78, 79]. Ren and Li [SI] numerically 

studied electroosmotic flow in a heterogeneous circular microchannel with axially var­

ious surface potential. Anderson and Idol [S2] studied electroosmosis through pores 

w ith nonuniformly charged walls. They showed th a t the mean electroosmosis veloc­

ity within the capillary was given by the classical Helmholtz equation with the local
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surface potential replaced by the average surface potential. Keely et al. [83] theo­

retically gave out a flow profile inside a capillary with nonuniform surface potential. 

Herr et al. [84] theoretically and experimentally investigated electroosmosis flow in 

cylindrical capillaries with nonuniform wall surface charge distribution. They used a 

nonintrusive caged-fluorescence imaging technique to image the electroosmosis flow. 

They observed parabolic velocity profile induced by pressure gradient due to  het­

erogeneity of capillary surface. However, most of the above studies [81, 82, S3, 84] 

assumed uniform electric fields. Mathematically, the assumption of uniform electric 

field in a non-uniform microchannel satisfies the requirement of flow rate continuity, 

but does not autom atically guarantee tha t current continuity is maintained. Indeed, 

current and flow rate continuity cannot be autom atically satisfied if a uniform electric 

field is assumed in non-uniformed microchannels. In our following study, we indeed 

show a slightly various electric field distribution in a  nonuniform microchannel for 

electroosmosis flow.

Uniformity of electric field distribution in non-uniform microchannels results from 

the lim itation of the Poisson-Boltzmann model which assumes th a t the perm ittivity of 

the medium is constant everywhere [32]. Thus, the perm ittivity in the electrical dou­

ble layer (EDL) is assumed to be the same as th a t of the bulk solution, implying tha t 

the two regions should have a uniform electric field. In fact, the charge distribution 

in EDL is different from tha t in the bulk solution and hence the two perm ittivities 

should be different. Since EDL and bulk solution with different surface potentials 

have its own permittivity, a  heterogeneous microchannel w ith non-uniform surface 

potential should have a non-uniform electric field distribution. A comprehensive 

model of heterogeneous non-uniform microchannels should also include the different 

perm ittivities, conductivities and electric fields in various places. The difference in 

the perm ittivities can be considered to  be small; and, for simplicity, we consider in 

this paper the  difference of electric field in non-uniform microchannels. Further, to
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the best of our knowledge, pressure-drive flow (streaming potential) through heteroge­

neous microchannels has not been reported. It is well known th a t stream ing potential 

is one of the most common methods to  measure zeta potential. Studying pressure- 

driven flow in heterogeneous microchannels is helpful to  the design of zeta potential 

measurements. Thus, we also consider a non-uniform electric field distribution in 

heterogeneous microchannels where a zero net current is satisfied everywhere.

Furthermore, a  surface with non-uniform hydrophobicity is also quite common. 

For example, the hydrophobicity of surface is easy to be changed by chemical deposi­

tion or adsorption. According to  our previous study, slippage of microfluidics due to 

hydrophobicity of surface should be influenced by heterogeneity of surface hydropho­

bicity. Basically, conservation conditions should be satisfied in such problem. Even 

though this is a  popular problem, no published literature addressed this.

In this chapter, we creat a theoretical model, a  microchannel with different surface 

potentials and hydrophobicities in every section. Based on this model, we study 

effects of different surface potentials and hydrophobicities on oscillating electrokinetic 

slip flow. Understanding of this problem is helpful to  guide us design or pattern  

microchannels.

Figure 4.1: The schematic of nonuniform microchannel
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4.2 Assum ptions and theory

We consider a non-uniform microchannel with N  sections shown in Figure 4.1, where 

I is the length of each section and subscript m  implies quantities relating to the m th 

section. We assume each section to  be long enough for a fully developed flow and 

neglect the disturbance across regions between two sections. In the m th section, we 

consider a boundary value problem for oscillating electrolyte flow driven by an oscillat­

ing pressure gradient and electric field; A local cylindrical coordinate system (r, 6, z) 

is used for every section where the s-axis is taken to  coincide with the microchannel 

central axis. Origins of local cylindrical coordinate systems are a t the beginning of 

each section. All field quantities are taken to depend on the radial coordinate r  and 

time t. The boundary value problem with the relevant field equations and boundary 

conditions are given below. In param etric study, we mainly study electrokinetic slip 

flow in a nonuniform circular microchannel. But, the following derivation about cur­

rent (or charge flux) and flow ra te  (or mass flux) continuities is general and suitable 

for microchannels with different geometries.

4.2.1 Nonuniform electrical field assumption

Because each section has its own physical or chemical properties, electrical double 

layer in each layer has its own surface potential and ion distribution. So th a t we 

should consider different medium in every section. Even though perm ittivities of 

solution in electrical double layer of each section are different, which causes different 

electric fields, for simplicity, we only consider the deviations of electric field strengths 

among each section. The potential of m th  section, um, a t location (x, y, z) a t a  given 

time t, is taken to  be

um = um( x , y , z , t )  = tpm( x ,y ,z )  +  [it0,m -  zE'zrn{t)\ , (4.2.1)
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where ipm(x, y, z) is the potential of m th section due to  the double layer a t equilibrium

sta te  (i.e., no liquid motion with no applied external field); u0 .m is the potential at 

beginning of m th  section z = 0 (i.e., uo,m = um(0 ,0 ,0 , t )); and E'z m{t) is the spatially 

uniform in m th  layer and time-dependent electric field strength. The potential um 

in Eq.(4.2.1) is axisymmetric and, when E':<m(t) is time-independent, Eq.(4.2.1) is 

similar to  Eq.(6.1) of Masliyah [38]. W ith assumption of Eq. 4.2.1, the potential 

related to cross section can be uncoupled from the  axial electric field, so th a t we 

don’t need solve three-dimensional Nernst-Planck equation. Here, we also define the 

normalized potential Um =  ^ u m.

Flow rate and current continuity

Each section has its own normalized parameters: pressure gradient, P ^,  strength 

of electric field, E zm , surface potential, slip coefficient, B rn. and the length, 

L m , where L m =  lm/a  for a circular microchannel or L m =  lm/ h  for a  rectangular 

or parallel-plate microchannel. Vpm , V£m, Q p m, Q*E,m, I mE,m for rectangular, 

circular, parallel-plate microchannels can be found in C hapter 3.

For each section, E l m and are field quantities and uniform. For the whole 

microchannel, the  to tal current, I total and flow rate, Qtotai are the same for any section 

due to  continuity of current and flow rate. The to tal pressure drop and potential 

drop of the microchannel are the summation of those of each section. So, we have 

the following relationship.

Q to ta i + % ,™ (f t)K „ (£ l) )e inn  (4.2.2)

■ (4.2.3)
JV

A P
m = l
N

A U
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where L  =  Ylm=i-Lm, is the to tal normalized length and U is normalized total po­

tential. Based on those Eqs. 4.2.2 - 4.2.5, we can determine the relationship of 

pressure gradient and strength of electric field between all sections. We will express 

all quantities as functions of the corresponding quantities of the first section.

Pressure driven flow

In this case, the known input is to tal normalized pressure gradient P*. A t equilibrium, 

for m th  section, the strength of stream ing potential is

Substituting Eq. 4.2.6 in Eq. 4.2.7, we can find relationship between the pressure 

gradient in the  m th  section and th a t of the  first section,

According to  the known pressure gradient, we can solve the pressure gradient of every 

section. The total stream ing potential (potential drop) should be the summation of 

potential drop in each section,

T*1 P
e : P'm (m  = 1 N )  . (4.2.6)

Continuity of current is satisfied automatically. From Eq.4.2.2, we have

(4.2.8)

From Eq. 4.2.4, we have

(4.2.9)

e : = p ' J 2  ~ l ™

N

(4.2.10)
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Electroosm osis flow or electric field driven flow

In this case, the known inputs are normalized total strength of electric field, EZ 

and the normalized pressure gradient, P* (Normally, we open the both sides of elec- 

troosmotic system in atmosphere to eliminate effect of hydrostatic so tha t P ” = 0 ) .  

Continuities of current and flow rate can be expressed as

Qp j r n p u n ,  +  Q i m £ : m =  Q'pj n t P[IO) +  , , (4.2.11)

i k J 9 . ) p ^ ( 9.) + rB„ E : m  =  rPj n ) p ; ( n )  +  / ^ e ,  . (4 .2 .1 2 )

Note th a t Q'Em =  Ip,m- P'n an<̂  E'n can be solved from Eqs. 4.2.11 and 4.2.12

7-,* IP,mlP, 1 ^E'TnQp, 1 D * ^E,m^P, 1 r-,, / . n  ,  0 \
m  = ?/* "Va"! J*' 7)*” 1 + I f  12 _ f  o -  ’ (4.2.lo)

V P,jn) E ,m ^ P tm  V P,rn) E ,m ^P ,n i

Ipm Q p  1 -  Qp<mIp'i I p mPp 1 -  Q mptmI ’EA
=-m =  7 F " ' > "  - " 7 * "  7 F ~  1 +  77* V2 _  / *  n .  £ --a ’ ( 4 -2 -1 4 )

V P .m J  ‘  P .m  Vi P ,m J  i £ , m tV P ,m

Following Eqs. 4.2.4 and 4.2.5, we can obtain a set of equations
Ar r »  r»  _  /■- /O *  AT r ,  r »  _  r»  r«

r>» r  _  n *  V '  r  P-m2P, 1 1E,m'^P,  1 , r  P,m2 E. 1 I E,m1 P. 1
^ L -  ^i 2s  mTT* 12 F  •" ^ = , 1 m7F  vi  F  PF ’ ( '

m = 1  \ P,m) ~  2 E,m'*P,m  m = 1  '.■‘ P t t J  —  I E,m'^P,m

r * r  D* r EpmQ*pl - Q p  I p x ^  Ip  I* - Q - ’ pg
E -.L  =  A L  12 _ r *  2 .  Lm 7 f - i r r F ~ o r ~ -( }

m = l  V P , m /  m = l  V P , m /  £ , m ^ - P , m

For brevity, le t’s write Eqs. 4.2.15 and 4.2.16 as

P*L  =  A u P ; + A 12E l x , (4.2.17)

E ,L  — A 2 1 .P1 +  A.22E .  j , (4.2.18)

where

A _  V - '  j -  I p m l  P i  ~  lE ,m Q p ,  1
11 _  2 s  m ( T -  A2   / -  (O* ’

m = 1  W p .m l  l E,-mPiP,m

N r* 7* _  r* r*
r  2 P,m2 E , I 2E ,m 2P, 1

12 _  2 s  m ( T *  12 _  /*  £)* ’
m = l  \ P,m) E,m^i P,m

A _  V " '  r I p . m Q p i  ~  Q p , m l p ,  1

21 ~  2 s  m  ( T* 12 _  /»  (0* ’
7n = l  V P .m / E ,m ^ P ,m

A _  f  r  I p ,m l p , l  -  Q p , m I ’E,l  f 1 « n l
22 -  2 ^  m f/* 12 _  / .  0 . * (4 -2-19)

m = l  \ P,mJ E,mr*P,m
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Solving the above two equations, we can obtain

p* =  A~ L p* _  A ^ L E * 5 (4_2.20)
A 11A 22 — A2\A[2 A 11A 22 — A 21A 12

A tiL  A u L  ___ , ,
£ :  =  -  -1 ?* +  ■■ E :  , (4.2.21)

’ A 11A.22 — A2\A\2 A\\A22 — -421-4i2

Then, E ! m and P'ri could be

p .  _  I'Pjnlp.l ~  Ie.ttiQp, 1 , ^ 2 2 n «  A 12L  p . v

(Ip,m)2 ~ ^E,mQ“p,m ^11^22 — -421^12 ^4ll-422 ~  ^21-4l2
, P̂,rn̂ E'l ~  I h J h  i A 2iL  A UL 0

1*  ̂ A A  A _ . /t . . /I /I. . <1 - - '  : ' '
( I p .m ) 2 ~  IE ,m Q 'p ,m  -^11-^22 -  ^21"4l2 ^11^22 — -^21-412

p .  _  I p , m Q ’p , l  ~  Q p j ' J p . l  ,  A 22L  _________________ -4l2L____________

~ ™ ( I p . m ) 2 ~  ^ E ,m Q 'p ,m  ^11^22 — -421-4.12 -4 lli4 22 — ^21-412

I p,mIp, 1 -  Q'pjJ e ,\ , _______ -42iL  A n L  (4 o 9 3 1

{ I p ,m ) 2 ~  I E ,m Q p ,m  -411-422 — -421-412 -4 ll-422 — A 2l-4 i2

If both sides of electroosmotic system open to atmosphere, which imply P ’ =  0, 

we can know from Eq. 4.2.22 th a t P*n ^  0. Because of the heterogeneity of the

microchannel, pressure gradients are induced to make the continuities of current and

flow rate. We also can derive expressions of total current I totai and total flow rate 

Qtotai, which are measurable by experiments.

I'total =  I p ^  +  I h n E l r a ,  (4-2.24)

Q 'tota l =  Q p ,m P m  +  I ’P rn E mz r n  . (4.2.25)

L et’s focus on a common electroosmosis experimental system with P * =  0.

r ,  ( A i J e . i  ~  A n P PA)L  , A „

=  -A n A22- " A , lAl2  ' £ * ’ (4'2'26)

0 *  =  ^A u I ‘P ’1 ~ A ^ Q ‘p , i ) L  1 4  9  9 7 1
2̂ to tal A A A A z  J*^11* 2̂2 — -^21*^12

Q 'total _  ^li-Tp.i ~  ^4i2Q>.i 14 9 981
Iltai A n l ^  -  A i2Ip  i • 1 ;

Eq. 4.2.2S is a function of frequency fi, surface potential which includes infor­

m ation of surface potential, slip coefficient and length of each section.
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4.3 Param etric study and discussion

4.3.1 Electrokinetic flow in a microchannel with nonuniform 
surface potential

Since slip boundary condition is independent of frequency, for clearance, we firstly 

only relate frequency or time-dependent problem to electrokinetic flow. We study here 

the effect of the normalized thickness I\ -1 in the EDL, and the normalized frequency 

Q on velocity profile, pressure distribution and electric field distribution. We have 

selected the following values for our calculations: the am plitude of normalized total 

pressure gradient, P*(ft) =  2 x 102, the am plitude of the  strength of to tal electric 

field, £ ! ( f t)  =  0 or 10, the normalized frequency, ft =  10, the  normalized conductivity, 

S  =  3.S5, which implies a  diffusion coefficient D  «  2 x 10-9 m2/s  for an KC1 electrolyte 

[IIS], A nonuniform microchannel consists of 8 sections with the same normalized 

length L m =  50. Along the flow direction, normalized surface potentials dqi7n are 

respectively: -0.96, -1.37, -1.76, -2.15, -2.54, -2.93, -3.32, -3.71. They correspond to 

the dimensional surface potentials of -25mV, -35mV, -45mV, -55mV, -65mV, -75mV, 

-S5mV and -95mV, respectively (Debye-Hiickel approxim ation gives a  good agreement 

with experiments, when zeta potential is up to  lOOmV [33]).

Table 4.1: Pressure gradient — electric field strength E z<m, m agnitude of the flow 
rate |Q*| and the  strength of to tal stream ing potential EZ in a  non-uniform circular 
microchannel for I\ =  10 with ft =  0 and 10, for pressure-driven flow.

10 11 o

section  1 section  2 section  3 section  4 section  5
=  187.82  

E s . i = - 0 .3 7 6
=  190.06 

E s . 2 =  -0 .5 2 2
=  192.98 

=  —0.664
~ <T z  ~  I 9 6 -55  
E z  4 =  - 0.8

=  200.7  
E .  5 = -0 .9 3

section  6 section  7 section  8 IQ'I 1 E z\
- * £  =  205.37  
E s .c =  - 1 -0 5 2

- 7^  =  210.5  
Ez.r = -1 .1 6 8

=  216.02  
Ez, § = —1.275

72.82 0.85

n = to
section  1 section  2 section  3 section  4 section  5

=  193.66  
E Z = - 0 .1 5 3

=  194.81 
EZ o =  -0 .2 1 4

=  196.32 
E l  3 =  -0 .2 7 2

= 2 ^  = 198.17  
EZ 4 =  - 0 .3 2 9

=  200.33  
EZ 5 = -0 .3 8 4

section  6 section  7 section  8 \Q’ \ l^ : |
- $ »  =  202.78  
E l  c =  - 0 .4 3 7

- 7 &  =  205.49  
E ? ? =  - 0 .4 8 7

- ^  =  208.43  
EZ#  -  —0.534

38.5 0.35
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Pressure driven flow
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Figure 4.2: The velocity profile |y* |, pressure drop P  and potential distribution 
Um — 'I'™ in a non-uniform circular microchannel for K  =  10 with Q =  0 and 10. for 
pressure-driven flow. R  is a  normalized radius where R  =  1 and 0 present the wall 
and center line, respectively.

Pressure and electric field distribution o f pressure driven flow

For pressure driven flow through a  nonuniform microchannel, a  nonlinear pressure 

distribution and nonuniform strengths of electric field, E zjn are caused. We always 

set P  — 0 and Um — 'I'm =  0 as reference value a t the  beginning of the microchannel. 

The results for the m agnitude of velocity |V*|, pressure drop P  and axial potential 

Um — along the channel for Cl =  0 and 10 are shown in Figure 4.2. We see th a t 

the velocity profiles remain parabolic along the microchannel. W hen Q. =  10, the 

magnitude of velocity is smaller, since viscosity of liquid makes flow lag behind the
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variation of pressure. It is noted tha t the pressure gradient in Figure 4.2 is indeed 

nonlinear along the channel, as seen in Table 4.1 from the tabulated results. We see 

tha t as surface potential increases, pressure gradient increases along the flow direction. 

This is due to  the fact th a t a  larger pressure gradient is required to compensate for 

the decrease in flow rate due to  stronger electroviscous effect. W hen Q =  10, pressure 

distribution is almost the same as that of Cl =  0. Their slight difference can be 

found in Table 4.1. The potential distribution along the axis of microchannel is also 

nonlinear. As zeta potential increases, the strength of electric field also increases. 

The reason is due to  a stronger electric field to  make up a net zero current. The 

strength of electric field is smaller when Cl =  10. These difference are shown in Table 

4.1 and Figure 4.2. In Figure 4.2, I\ = 10 implies a diluted solution for a fixed 

microchannel size. We also plotted the corresponding results in Figure 4.3 for a more 

concentrated solution K  = 1000 with Cl =  0. W hen I\ =  1000 (a thinner EDL), 

the pressure gradient varies slightly (see Table 4.2) as compared to  th a t for I\ =  10, 

since electroviscous effect is smaller for a  more concentrated solution. However, the 

strength of electric field is several orders smaller than  th a t of K  = 10 as a  smaller 

electric field is sufficient to  maintain a net zero current. Comparing Figure 4.2 with 

Figure 4.3, because flow of K  =  1000 are nearly affected by the electroviscous effect, 

velocity profiles keep better parabolic curves than  those of along K  =  10 in each 

section.

Pressure and electric field distribution of electric field driven flow

For electric-field-driven flow through a non-uniform microchannel, a  non-uniform pres­

sure distribution will result from the different surface potentials and electric fields in 

each section so as to  m aintain flow rate and current continuities. In actual experi­

ments, electroosmosis system is often opened to atmosphere so th a t the total pressure 

difference between the two ends of a  microchannel is zero.
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Pressure driven flow
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Figure 4.3: The velocity profile |V'*|, pressure drop P  and potential distribution 
Um — ty-m in a non-uniform circular microchannel for K  =  10 and 1000 with Q =  0. 
for pressure-driven flow. R  is a normalized radius where R  =  1 and 0 present the wall 
and center line, respectively.

The results for the magnitude of velocity |V*|, pressure drop P  and axial potential 

Um—^m  along the channel for f> =  0 and 10 are shown in Figure 4.4 with K  =  1000; its 

tabulated results are given in Table 4.3. In Figure 4.4, we find th a t th e  velocity profile 

has a  parabolic feature a t the two ends of the microchannel when Q =  0. In the middle 

of the microchannel, velocity profiles are more similar to  typical electroosmosis flow. 

The pressure distribution corresponds well to  the  velocity profiles, since the pressure 

gradient in the middle of the channel is much smaller than those a t the  two ends. 

Pressure distribution well accords with the velocity profiles, since the induced pressure 

gradients in the  middle of the microchannel become much smaller than  those a t the
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Table 4.2: Pressure gradient electric field strength m, magnitude of th e  flow
rate |Q*| and the strength of total stream ing potential E . in a non-uniform circular 
microchannel for I\ — 10 and 1000 with 9. =  0, for pressure-driven flow.

K  =  10
s e c tio n  1 s e c tio n  2 s e c tio n  3 sec tio n  4 s e c tio n  5

=  1S7.S2 
E zA =  - 0 .3 7 6

=  190.06oz
Ez, 2  =  - 0 .5 2 2

~ l f r  =  192.98  
Ez,3 =  -0 .66 -1

— 7 ^  =  196-55 
Ez 4 =  - 0 . 8

- 7 ^ =  20 0 .7  
Ez 5 =  - 0 . 9 3

s e c tio n  6 s e c tio n  7 s e c tio n  8 IQ* 1 Ez
- 7 ^  =  205 .37  
E z. 6 =  - 1 .0 5 2

— 7 7 ?  =  210 .5  
Ez, 7  =  - 1 .1 6 8

- ^  =  216 .02  o Z
£;.*  =  - 1 .2 7 5

72.82 -0 .85

K  =  103
se c tio n  1 s e c tio n  2 s e c tio n  3 s e c tio n  4 s e c tio n  5

- ^ 9  =  199.998 oZ
E z.i =  —5e — 5

~1J?  =  lOO-OOS 
E~, 2 =  —7 e —5

- ^  =  199.999 
Ez - U  —9 c —5

“ T i ?  =  199-998 
Ez ., =  - l . l e - 4

=  200OZ
Ez, 5 =  —1.3 e—4

s e c tio n  6 s e c tio n  7 s e c tio n  8 i e - i Ez
^  = 2 0 0  dZ
E: .6 =  —1 .5e—4

=  200 .002  
E z ,7 =  —1 .7 c—4

4 9 -  =  200 .003  
E U  =  — l - 9 e —1

78.54 — 1 .2 e—4

two ends of the microchannel. This phenomenon has been experimentally observed 

by Herr et al. [84] and numerically predicted by Ren and Li [81]. W hen Q =  10, a 

slightly larger pressure drop is found where the flow velocity is smaller than  th a t for 

9  =  0. Toward the end of the channel with a larger zeta potential, the characteristic 

oscillation becomes more noticeable from the velocity profile. Similar velocity profile 

of oscillating flow without EDL effect can be found in [72, 122].

A direct comparison of the results for K  — 10 and 1000 are shown in Figure 4.5 

and its tabulated  results are given in Table 4.4. In Table 4.4, we see th a t the validity 

of the assum ption of uniform electric field [81, 82, S3, 84] depends on the  values of 

K . W hen I \  =  1000, the strength of electric field changes only slightly; when K  = 

10, a  larger decrease in E : is more apparent for electroosmosis flow. W hen K  =  10 

which corresponds to the case of a diluted solution, the velocity profile in the  thicker 

diffusion layer of EDL is parabolic (see Figure 4.5). Because of a  thicker EDL, two 

inflection points are found in the velocity profile a t the end of the channel w ith a 

larger zeta potential. The electroosmosis flow for K  =  10 is slower due to  smaller 

ionic concentration. As the flow ra te  for K  =  10 is smaller, less pressure drop is 

induced. From Figure 4.5, we can find th a t the electroosmtic flow of a  concentrated 

solution is more sensitive to  heterogeneity of surface potential.
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Electric field driven flow
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Figure 4.4: The velocity profile |V*|, pressure drop P  and potential distribution 
Um — 'I'm in a non-uniform circular microchannel for K  =  1000 with ft =  0 and 10, 
for electric-field-driven flow. R  is a  normalized radius where R  =  1 and 0 present the 
wall and center line, respectively.

4.3.2 Electrokinetic slip flow in a microchannel with nonuni­
form surface potential and hydrophobicity

Here, different slip coefficients and surface potentials along microchannel are consid­

ered. We assume th a t slip coefficients are only determ ined by hydrophobicities of 

each section; Surface potentials, the concentration of the  solution, frequencies do not 

influence slip coefficients. So, we only study the coupled effect of slip coefficient and 

surface potential distribution. We have selected the following values for our calcu­

lations: the am plitude of normalized total pressure gradient, P*(ft) =  2 x 102, the
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Table 4.3: Pressure gradient — electric field strength E z>rn and m agnitude of the 
flow ra te  |Q*| in a non-uniform circular microchannel for K  =  1000 with Q =  0 and 
10, for electric-field-driven flow.

P. =  0
section  1 section  2 section 3 section  4 section  5

=  108.64 
E -.i =  10.014

= m r  =  77-53
E .n  =  10.011

- 1 &  =  46-45 
E .,3  =  10.008

_  15 4 
o z  — I 0 - 1 

E~ 4 =  10.004
=  -1 5 .6 1  

E -. 5 =  10
section  6 section  7 section 8 10*1

=  - 4 6 .5 8
O Z

E z, G =  9.994
- ■ B  =  -7 7 -4 9  
E ..  t  =  9.9SS

=  — 10S.34 
E z, s  =  9.9S1

73.23

n =  10
section  1 section  2 section 3 section  4 section  5

~ lJ z  =  117-07 
E : a =  10.014

=  83.54
e : o =  10 .011

-VJfe =  50.05  
E l t 3 =  10.008

=  16.59 
E l  4 =  10.004

- ^ = - 1 6 . 8 3  
E l  5 =  10

section  6 section  7 section 8 10*1
= -5 0 -1 9  

E : c =  9 .994
~ T t  =  ~ S 3-5 
E l -  =  9.9SS

- #  =  -1 1 6 .7 4  
E l  8 =  9 .8

3-1.2S

am plitude of the strength of to tal electric field. E*(Q) = 10, the normalized conduc­

tivity, E  =  3.S5. For pressure driven flow, K  =  1 is used. For electroosmotic flow, 

I\ =  10 is used. A nonuniform microchannel consists of S sections with the same 

normalized length Lm =  50. In each section, normalized surface potentials '£Stm are 

respectively: 0.96, 1.37, 1.76, 2.15, 2.54, 2.93, 3.32, 3.71. Normalized slip coefficients 

B m are respectively: -0.01, -0.012, -0.014, -0.016, -0.018, -0.02, -0.022, -0.024. Two 

sequences of the changes of slip coefficients and surface potentials are considered

1. slip coefficients increase as the surface potentials increase (solid line) and

2. slip coefficients decrease as the  surface potentials increase (dashed line)

We believe other pairs of slip coefficient and surface potential distributions will cause 

some interesting results. We may do this in the future.

In Figure 4.6, nonlinear pressure and potential distributions are found for pressure 

driven flow. There are only slight differences of velocity profiles, pressure distribu­

tions and potential distributions for the two cases. In the middle of the microchannel, 

we can find velocity profiles are almost the same. Both cases have the same ampli­

tude of to ta l flow rate, |(3’ | =  72.27 and the same the strength of to tal streaming
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Electric field driven flow

0.5

0.5

100 200 300 4 00

-5000

ft- -10000

-15000

-20000
100 200 300 400

1000

2000 K =  1000  
K =  10

-3000

-4000
100 200

Distance in flow direction
300 4 00

Figure 4.5: The velocity profile |V*|, pressure drop P  and potential distribution 
Um — in a non-uniform circular microchannel for I\ =  10 and 1000 with 9. =  0, 
for electric-field-driven flow. R  is a  normalized radius where R  =  1 and 0 present the 
wall and center line, respectively.

potential, E z =  71.99. This means th a t the outputs of such microchannel cannot 

reflect the heterogeneity inside it. Because the nonuniform pressure and electric field 

always try  to  minimize the difference between any two sections, the slight difference 

of velocity profiles between two cases is easy to understand. If a section has a larger 

slip coefficient, its maximum velocity of flow has to be smaller in order to keep flow 

rate continuity.

We plot the velocity profiles, pressure and potential distributions for electric field 

driven flow in Figure 4.7. We also find the nonlinear pressure and potential distribu­

tions. Both cases have the same amplitude of total flow rate, |Q*| =  69.38. Comparing
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Table 4.4: Pressure gradient electric field strength and m agnitude of
the flow rate  |Q*| in a  non-uniform circular microchannel for K  =  1000 and 10 with 
Q =  0, for electric-field-driven flow.

K  =  1000
s e c tio n  1 sec tio n  2 s e c tio n  3 s e c tio n  4 s e c tio n  5

=  108-6-> 
£ - . 1  =  10.014

S T  =  ‘ ' - 53 
£ - .2  =  10.011

- ^ = 4 6 . 4 5  
Ez. 3 =  10.008

=  15.4 
£ -  4 =  10.004

=  - 1 5 .6 1
Es, 5 =  10

s e c tio n  6 se c tio n  7 s e c tio n  8 \Q'\
- 7 &  =  - 16'58
Bz, 6 =  9 .994

=  - ” .49 
£_-.r =  9.9SS

- T &  =  - 108-3 -1 
Ez,g =  9.981

7 3 .23

K  =  10
s e c tio n  1 sec tio n  2 s e c tio n  3 s e c tio n  4 s e c tio n  5

7 &  =  " 9 -01  
E : ,i =  10.9

=  53 .37t)Z
Es,2 =  10.69

2£2. — oci i
o z ------

E z. 3 =  10.45
7 &  =  6-36 
EzA =  10.19

1 %  =  - 1 4 .7 4  
Ez, 5  =  9.91

s e c tio n  6 sec tio n  7 sec tio n  8 10*1
~ 1 &  =  - W .0 9  
£ .-.6  =  9.61

- 3 ?  =  - 5 1 .6 4  
E z .7 =  9.3

S T  ~  - 6 ‘ -3 ' 
Ez, s =  8 .97

58.04

with Figure 4.6, to  m aintain the flow rate continuity, the pressure differences between 

the two cases become more apparent than th a t of pressure driven flow. This means 

slip coefficients play a  more im portant role in electroosmotic flow.

4.4 O scillating stream ing potential and electroos­
mosis o f multilayer membranes and a nonde­
structive m ethod to image an unknown m ulti­
layer membrane

4.4.1 Introduction

Due to  the requirement of mechanical strength, multilayer membranes with graded 

chemical, physical and mechanical properties are widely used in filtration, desali­

nation and separation processes [123]. However, characterizing the electrochemical 

properties of multilayer membranes, such as zeta potential, is typically based on any 

given electrokinetic model through streaming potential [124, 125, 126, 127, 128] or 

electroosmosis [129, 130, 131, 132, 133] measurements. It is noted th a t traditional 

electrokinetic model [32, 110, 119] does not consider the detailed multilayer structure 

and hence the  measured zeta potential can only be called the apparent zeta potential. 

Obviously, a  single apparent zeta potential could not fully describe the electrokinetic
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Figure 4.6: The velocity profile |V*|, pressure and potential distributions in a  nonuni­
form microchannel for K  =  1 a t Q =  0, for pressure driven flow.

properties of multilayer membranes. On the other hand, electrokinetic transport phe­

nomena in multilayer membranes are complex due to  its heterogeneous porosities and 

variation of pore sizes and zeta potentials for each layer. It is, therefore, im portant 

to  study  the nature of electrokinetic flow inside each layer. It would also be of in­

terest to characterize the role of each layer on electrokinetic flow. Thus, there is a 

need to  develop a detailed model to determine its electrokinetic property and flow 

behavior inside a multilayer membrane. Furthermore, a  fundamental understanding 

of electrokinetic flow in multilayer membranes also provides guidelines for th e  design 

and characterization of multilayer membranes.

T he first step in this topic has been performed by Szymczyk et. al. [134, 135]. For
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Figure 4.7: The velocity profile |V*|, pressure and potential distributions in the 
nonuniform microchannel for K  — 10 at f> =  0, for electric field driven flow.

membranes with two or three layers, they theoretically established a relationship be­

tween the global streaming potential of multilayer membranes and th a t of individual 

layers. Good agreement was obtained between the experimental d a ta  and those from 

theoretical considerations. In the case of stream ing potential, we extend their work 

here and provide a more general solution for the velocity, pressure, electric field dis­

tribution, current and flow rate in each layer of a multilayer membrane. In addition, 

electroosmosis is also a popular m ethod to  determine zeta potential of membrane 

[129, 130, 131, 132, 133]. Due to  the requirement of flow ra te  and current continuity, 

pressure gradients are induced inside each layer during electroosmosis and it is nec­

essary to  understand the pressure distribution inside a multilayer membrane. Thus,
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we also extend our model to describe electroosmosis (electric-field-driven flow). Since 

an alternating electric or time-dependent pressure field can be used to characterize 

such membranes [136], we have expressed our oscillating solutions for more general 

time-dependent problems through superposition of time-harmonic solutions weighted 

by the appropriate Fourier coefficients. A formula for zeta potential measurements of 

multilayer membranes by streaming potential or electroosmosis measurements is also 

proposed. We find tha t the oscillating responses of multilayer membranes could allow 

determination of all features of each layer. Changing the frequency of oscillations as 

input, one would have enough information to solve for all properties for each layer. 

A non-destructive frequency determination method for zeta potentials could also be 

developed for unknown multilayer membranes.

a x Ti,
\a , r j , j

1
(

’ nuaia.

I l  l l

Figure 4.S: The schematic of multilayer membrane
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4.4.2 Pressure and potential distribution in a multilayer mem­
brane

For a multilayer membrane with N  layers (Figure4.S), we assume th a t each pore in 

each layer has the same property. For an individual pore in m th  layer (subscript m  

imply quantities relate to m th  layer), we consider the boundary value problem for 

oscillating electrolyte flow though it driven by oscillating pressure gradient and electric 

field; local cylindrical coordinate systems (r, 9, z) are used where the 2 -axis is taken 

to coincide with the pore central axis. Because of the heterogeneity of multilayer 

membranes, each layer has its own parameters: the normalized pressure gradient, 

Pm, the normalized strength of electric field, EZjn- zeta potential, C,m, radius of pore, 

dm*, porosity, Tjm, the amount of pores, N m, thickness of m th  layer of membrane, lm, 

the normalized thickness of m th  layer of membrane, L m, and the normalized total 

thickness L. For brevity, we ignore the difference between surface potential and zeta 

potential.

Basically, we can consider a  multilayer membrane as many nonuniform circular 

microchannels. Each layer of the multilayer membrane corresponds to  each section 

of the nonuniform microchannels. We should note th a t the number of microchannels 

and the radius of each layer are different. But, flow rate  and current continuity should 

be always satisfied. For each layer, EZm and are field quantities and uniform in 

every pores. / p m, /p  m, Q ’p m and m are additive. For the whole membrane, the 

total current and flow rate  of one layer are the  same as those of other layers due to 

continuity of current and flow rate. The total pressure drop and potential drop of 

multilayer membrane are the sum m ation of each layer. So, we have the following 

relationship.

X T  =  - 4  • ( « • ! )- ' 772 m

Qu m  =  = RelNm(Q-p„ (Q .)P W )  +  , (4.4.2)
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N

A P  = Re[PmLe?*T] =  i? e []T  P ^ L m^ T\ , (4.4.4)
m = l

N

A U = Re\E:Le? nr] =  Z ? e [^  £ ,* mLme?nr] . (4.4.5)
m = l

Based on those Eqs. 4.4.1 -  4.4.5, we can determine the relationship of the  normalized 

pressure gradient and strength of electric field between all layers. We will express all 

quantities as functions of the corresponding quantities of the first layer.

Streaming potential (pressure driven flow)

In this case, known input is to tal pressure gradient P*. At equilibrium, Eq. 2.2.29 

becomes

K ™  =  (™ =  1.......AO • (4.4.6)
E . tji

Continuity of current is satisfied automatically. From Eq.4.4.2, we have

N m(Q r„ P .)P ^ (n )  + Q'e „ E : „ )  =  N W n M m a )  +  . (4.4.7)

Substituting Eq. 4.4.6 in Eq. 4.4.7, we can find the relationship between the pressure 

gradient in the m th  layer and th a t of the first layer,

n .  ('w>2
JV, Up, 1 “  "ITT"

=  t t ---------- ( 7 r ¥ p i' 4 -4 '8

From Eq. 4.4.4, we have

iV O ’  — ^

<4' « )
m = l  m Qp,m -

According to known pressure gradient, we can solve the pressure gradient of every 

layer. The to tal stream ing potential (potential drop) should be the sum m ation of
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potential drop in each layer,

N

e : = p - - £
m =  l

— Lr,
N i Qp,

(Ip. l ) 2
1 IE. 1

Nr, (IP.rn )“ 
Np.m rr-̂ Nl E . m  T2-,m = 1 ^

AT, 1g.l
JVr,

. (4.4.10)

Electroosmosis (electric field driven flow)

In this case, known inputs are to tal strength of electric field and pressure gradient 

(Normally, we open the both sides of electroosmotic system in atmosphere to eliminate 

effect of hydrostatic so tha t P* =  0). Continuities of current and flow rate can be 

expressed as

=  N,(Q-P im p ; ( Q )  +  <% ,,£:,,) , (4.4.11)

N m( i k ™ m K ( n ) + = M i h w p m + j 'e . iK  .) • (4 .4 . 1 2 )

Note th a t Q Em =  Ip,m- P'n and E 'n can be solved from Eqs. 4.4.11 and 4.4.12

p , _  N i  I p mI p x -  p E . m Q p . i  p . Ari ~  ^ E , m I p , \  F » r i l l 0!
m “  N m { l ^ T -  -  lB,mQ'p,m 1 N m (Ip ,S~  -  I ^ mQp,m Z l a  ‘ ' J

Ari IpmQp. l  ~  Qp.mlp.l  n ,  , N i  Ipm ^hl  ~  Qp.m^E.l fA A A A\ 
E:,m =  —  ,p  ~)2— y ,- a , P' + n ~ ( I '  V- -  7* O' ’ (4A14)i v m  ( i p > m ) l E , m y i P , m  I ' m  V p , m )  L E . m ^ P , m

Following Eqs. 4.4.4 and 4.4.5, we can obtain a set of equations

N
P ' T  =  P * \ ' T  ^  EP.m EP .l I E .m Q p . l  p .  ^  ,  A ' l  N p r n l p i  -  ^E.m^P.l

~  1 h x  m N ™ V'P,m)2 ~  Ikm Q hm  *  £  “  N m (7p,m)2 -  /p ,mQp,m ’
(4.4.15)

iV
z? * r  d «  t  A ' l  Pp.mQp.l Qp,mlp. 1 , r  N \ Ip<mI p \ — Q'PmrE l
E ,L  =  P , l _ .  ^ T T ir t  v  - T -  a -  +  B=.‘ L  «N™ V p„ T  -  Pe„ Q p,,

For brevity', le t’s write Eqs. 4.4.16 and 4.4.16 as

t i  (Ip,m)2 ~  I k m Q b
(4.4.16)

P 'L  = A'UP'X +  A'l2ETStl , 

e :l  =  a ’21p ;  + a '22e :<x ,
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where

N

-4 n  =  ^  Lin
777 =  1

N

4 *  =
777 =  1

N

•4ii = E xnx
7 7 7 = 1

N

777 =  1

N i I p m l p ,  1 "‘ ftE ,m Q *P,l

Am { I p m f  ~ 1 E ,m Q p ,m

A’i I p n J * E , l  "~ ftE ,m ftp ,l

N m ( I p r n ) 2 ~ 1 E ,m Q p ,m

N i I p ,m Q p , l  '“  Q p ,m f tp , l

N m U p m f  ~ IE ,m Q *P ,m

N i ^ P m lP ,1  “' Q p ,m ^ E , l

N m (■f tp ,m )2 ~ ^E ,m Q p ,rn

,/ T *Vl / ,  - in s.4 ,, =  N L „ _ _ _ _ _ _ _ .  (4.4.19)

Solving the above two equations, we can obtain

p.' = 4' 4/4i>  ^  -  4, / i 2 4, ^  £-: ’ (4-420)1 - *00 -T.OT 4̂ 10 n ii/loo  T̂Loî T.10

E m, = -----------------  P*H---------- --------------- E '  (4 4 21)
1,1 A ' A ' — A ' A ' A ' A ' — A ' A ' -11 22 ^21^*12 -*1 1 1 ^ 2 2  — *^2112

Then, E ’z rn and could be

p .  _  A'l ^ P .m ^ P , 1 — I  E .m Q p .l  , A'nL  A'12 L  ,

m  ~  /V ( 7* 'l2 — 7* O '  M '  A ' — A ' A ' A ' A ' — A ' A ' z ‘- vm k1 P ,m J 1 E ,m ^ P ,m  -'Ml^122 ■n 2 1 ^ 1 2  •̂111"̂ 122 ■n 21-r i 12

, w. W - M , ,  dki p- +  4 ili  £■) (4 4 991
V Af A'   At At ^  At A' At M ^ z )   Jftm  {Ip,m)~ IE,mQ*P,m A^Aoo — ^21^12 -'̂ 11-̂ 22 — -^21-^12

£•. _  *̂ 1 Ip.mQp, 1 ~  Q pmIp,l , A'ooL A[oL
^  ~  Nm (Ikm )2 ~  Ikm Q pm  M ' l A  -  A ^ o  A JjA ^ -  A ^ o  s)

N i t h J ’p.i ~  Q h J p i , A'2lL  A'n L 7 4 4 9 7 1

N  I P  I 2 — 7* O * A ' A ' — A ' A ' A '  A '  — A ' A ' z> ’  ̂ >~ m K-tp̂ m) 1E,m^iP,m ^1ll'^122 -^21-^12 /1U-rl22 *̂ 21-̂ 12

If both  sides of electroosmotic system open to  atmosphere, which implies P" =  0, we 

can know from Eq. 4.4.22 tha t P“ ^  0. Because of the heterogeneity of multilayer 

membranes, pressure gradients are induced to  make the continuities of current and 

flow rate. We also can derive expressions of to ta l current I “otal and total flow rate 

Qtotab which are measurable by experiments.

K m  =  +  I e „ E : „ )  , (4.4.24)

Qtotal = ftm{Qp,mPm +  Ip mE :m ) . (4.4.25)
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Note that Nm is measurable or calculable by Nm =  where S  is the area of the

multilayer membrane. Let’s focus on a common electroosmosis experimental system 

with P * =  0.

Eq. 4.4.2S is a function of frequency Cl, which includes all information of each layer, 

such as zeta potential, thickness, porosity and pore size.

4.4.3 A nondestructive method to characterize an unknown 
multilayer membrane by oscillating electric fields

For better relating the following discussion to the real experiments, we give out di­

mensional quantities of velocity, flow rate and current of m th  section:

(4.4.27)

(4.4.26)

4 'n /p i  A'12Qpti
(4.4.28)

1 ^ 0 )

Jo
(4.4.29)

(4.4.30)

(4.4.31)
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... -2 7 T 6 V &  f 0-m
E’m ~  (k- u — ju)pd  |  2

1 +
J()

— Jl I a

i/a.
ju; — k-^
“I \

JOJPd

QB.m(u}) = Ip,m(U) ■

J\ a

if Jo a

> +  7ra^(Tm , (4.4.32)

(4.4.33)

(4.4.34)

where Jo, J\, Pd, ^ and cr are the zeroth- and first-order Bessel functions of the first 

kind, liquid density, kinematic viscosity and conductivity of electrolyte. We can find 

q'Em = ipjn - which satisfies Onsager’s theorem [53].

W hen u  —* 0, Eqs.(4.4.29)-(4.4.34) reduces to  those of steady state.

VEjn(r ,0 )  = - ^ ( l - J
VPd \  Jo

mJi &

Jo(jKr)

1 -
vpd

O J.O o •>
e“Cm~amK~

U Kam)
2 Jl(j/vOm) 

jK O m  Joijna m ) J

— 7id

vpd
o

2 a rn

1 -

8 i/p d  ’

eCm~am 
VPd

1 +  2-

J K C E m  J o ( j K O t m )  J o ( j ^ ^ m ) _  

J J l  (j^^m) (4.4.35)
KCZrnc/o (j  ̂ &m) _

In the next param etric study, we mainly use dimensional quantities. All derivation 

in section 4.4.2 can be easily used instead of corresponding dimensional quantities.

Here, we use a  typical three layer membrane as an example, which has those 

param eters Table 4.5 For param etric study, those param eters are determined: e =  

7.0832 x 10-10 C /V  m, p =  1 x 103 kg/m 3, p  =  0.9 x 10-3 kg/m s, u =  0.9 x 10-6 

m V 1, e =  1.6021 x 10~19 C ,  k  =  1.3S05 x 10"23 J/m olK  and T  =  298 K. We choose 

0.1 M KC1 as testing solution. Its conductivity a  =  1.28217 S /m  [118].
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Table 4.5: Physical and chemical properties of multilayer membrane

Support layer 
(layer 1 )

Interm ediate layer 
(layer 2 )

Skin layer 
(layer 3)

Thickness (mm) 1 0.5 0 . 1

Mean pore size {pm) 1 0 1 0 . 1

Porosity 30% 25% 2 0 %

4.4.4 Pressure and electric field distribution under streaming 
potential

Assuming total pressure gradient p* =  10s P a /m . if Ci =  —100 mV. =  —50 mV and 

( 3  =  — 75 mV, we calculate the complex stream ing potentials for u  =  50.5000,500000 

Hz in Table 4.6, where we define —dp/ dz  =  Re\p*ejut] and E'z =  Re[E'Se’UJt\. From

Table 4.6: Frequency-dependent the  electric field strength of stream ing potentials for 
Ci =  —100 mV, C2  =  —50 mV and C3  =  —"5 mV multilayer membrane

E': (V/m) |E'*|(V/m) p h a se  a n g le  o f  E'T (d egree)
u  =  50  H z - 4 .3 5 4 3 2  +  3 .2 4 1 8 7  x  lO " ^ 4 .3 5 4 3 2 ISO
LJ =  5 0 0 0  H z - 4 .3 5 4 3 2  +  0 .0 0 0 3 2 4 2 1 ? 4 .3 5 4 3 2 1 7 9 .9 9 6
uj =  5 0 0 0 0 0  H z —4 .3 5 4 8 2  +  0 .0 3 3 6 0 4 j 4 .3 5 4 9 5 179 .5 5 S

Table 4.6, We see th a t when the input frequency changes from 50 to  500000 Hz, the 

to tal stream ing potential changes slightly. This implies th a t a traditional (steady 

state) model can be used to  determine the  stream ing potential by means of only the 

amplitudes of the properties even when a high frequency oscillation pressure is used. 

We note th a t if the difference in am plitude and phase angle can be detected, one can 

solve the set of equations for all the  unknown param eters. Since zeta potential is the 

most im portant chemical property of membrane, we study here how zeta potential of 

each layer affects the stream ing potential, pressure and electric field distributions in 

Table 4.7.

It is noted th a t when zeta potential of each layer are interchanged, the pressure
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Table 4.7: Pressure gradient (Pa/m) and electric field strength (V/m ) in multilayer
membrane (p* =  10s Pa/m, u  =  0 Hz)

L ay er 1 L ay er 2 L ay e r 3 £ 1  (V /m )
Cl =  -  100 m V , 
C2  =  — 50  m V , 
C i =  — 7 5  m V

p i =  102318,
E-,i ~  —0.6276  x  1 0 -=

P2 - 1 .2278 X  10 ‘ , 
£ 1  2 =  -0 - 3 7 5 7

p 3  =  1 .5376 x  10u , 

£ 1 ,3  =  ~ 6 "

- 4 .3 5 4 3 2

Ci =  -  100 m V , 
Ca =  — 75  m V , 
C3  =  -  50  m V

p i =  102-117,
Ez,l =  - 0 - 6 2 8  x  1 0 ~ 2

P 2 =  1 .229 x  1 0 ',  
£ U  =  -0 .5 6 3 3

p 3 =  1 .53752 x  lO-*, 
E ' , 3  =  — 15.77

-3 .0 -1 0 5 1

Ci =  -  50  m V , 
C2  =  — 100 raV , 
C3  =  — 75  m V

p i =  102317,
Ez,i =  -0 - 3 1 3 9  x  10 ~ 2

P 2  =  1 .2279 x  1 0 ',  
JS' 2 =  -0 .7 4 8 9

p3 =  1 .5376  x  1QU, 
£ '  3  =  - 6 7 .7 3

-4 .4 6 8 9 7

Ci =  — 50  m V , 
C2  =  — 75  m V , 
C:i =  -  100 m V

p i =  102183,
Ez,l =  - 0 .3 1 3 5  x  10 - 2

P2 =  1 .226 x  1 0 ',  
£ 1  2 =  - 0 .5 6 2

p 3 =  1 .5377 x  10u , 
£ ' , 3  =  - 8 8 .6 3

- 5 .7 1 7

Ci =  — 75  m V , 
C2  =  ~  50  m V , 
C3  =  — 100 m V

p i =  102183,

Ez,l =  - 0 - '1 7  x  1 0 - 2

P 2 =  1 .226 x  1 0 '.  
£ 1  2 =  - 0 .3 7 5

p 3 — 1 .5377  X  10M, 
£ ' 3  =  - 8 8 .6 3

—5.6 5 9 6

Ci =  — 7 5  m V , 
C2 — — 100 raV , 
C3  =  — 5 0  inV

p i  =  102-117,
Bz. 1 =  - 0 .4 7 1 3  x  10 “ 2

P2  =  1.229 x  1 0 ',  
£ ' 2  =  -0 .754-1

P 3  - 1 .5375  X  10J , 
£ 1  3 =  —15.769

- 3 .0 9 7 8

gradient and electric field would be different. These results are also plotted in Figure 

4.9 for the pressure distribution and Figure 4.10 for electric field distribution. In this 

case, when zeta potential of each layer interchanges, the  pressure changes slightly, 

but not the  electric field distribution. From this specific example, we obtain a  larger 

stream ing potential when £ 3  =  — 100 mV, suggesting th a t the skin layer (layer 3) 

significantly controls the electrokinetic property of this multilayer membrane.

4.4.5 Pressure and electric field under electroosmosis

Assuming p* =  0  (this is true for most electroosmosis experiments) and E'S =  105  

V /m , if Ci =  —100 mV, £> =  —50 mV and £? =  —75 mV, we calculate the complex 

Qtotai/i’total from Eq. 4.4.2S for u  =  50,5000,500000 Hz Table 4.8. Because elec­

troosmosis is often used to  measure zeta potential, polarization of electrodes and /o r 

concentration polarization on the membrane surface can become the major influenc­

ing factor of experimental error [136, 137]. Experience has shown tha t the effective 

way to  prevent electrodes from polarizing is to  use an alternating electric field as 

input. A traditional (steady state) formula is often employed to  calculate the zeta
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Pressure driven flow

G - 0  C,=-100mV, v,=-50m V . £ .=-75 mV 

G - a  C ^-lO O m V , Q,=-75mV, ; 3=-50mV 

0 —0  ;  =-50m V, ^ = -1 0 0 m V . ^ = -7 5  mV 

A - A  s= -5 0 m V , v,=-75m V . ^= -1 0 0 m V  

H— h £,=-75mV, £ .=-50m V , ^= -1 0 0 m V  

* —*• £ ,=-75m V , £,=-100m V , £3=-S0mV

50000

0.0004 0.0012 0.0016

Figure 4.9: Pressure distribution in a three-layer multilayer membrane for pressure- 
driven flow a t u  =  0 Hz, where each layer has a different C, potential.

potential, as in [136, 137]. From Table 4.8, we find th a t frequency is not a strong 

function of the amplitudes for the properties in consideration. Thus, a steady state 

formula can in principle be used.

Normally, electroosmotic experiments are opened to the atmosphere for a hydro­

static equilibrium. However, because of the heterogeneity of multilayer membrane, 

a pressure gradient is induced to  maintain the current and flow rate continuities. In 

Table 4.9, we study the pressure and electric field distribution of multilayer membrane

Table 4.S: Frequency-dependent q to ta i /h o ta i  for a three-layer multilayer membrane 
where Ci =  — 100 mV. £> =  — 50 mV and £ 3  =  — 75 mV.

H to ta l/*to ta l
(m 3 /s A )

1 y t o ta l / i t o t a l  1 
(m 3 /s A )

p h a se  a n g le  o f 

(d eg ree )
u> =  5 0  H z 4 .3 5 4 3 2  X 1 0 " °  -  3 .24187  X  1 0 “  “ jr 4 .3 5 4 3 2  x  10 - '’ -0 .0 0 0 0 4 2 6 5 7 8
u; - 5000  Hz 4 .35432  X 1 0 ~ B -  3 .2 4 2 0 7  X  10 “  l~j 4 .3 5 4 3 2  X 1 0 - ° -0 .0 0 4 2 6 6
ui =  500000  Hz 4 .35495  x  1 0 - “ -  3 .36  x  10“ lu j 4 .3 5 4 9 5  X 1 0 ~ s -0 .4 4 2 1 2
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Pressure driven flow

>
s

0 - 0  £ =-100mV, C,=-50mV, C,=-75mV 

Q—Q  ;=-100m V , ^=-75m V, ^=-50m V 

o —e> ;,=-50mV, £,=-100mV. ;,=-75mV 

A - A  ;= -50m V . C = -15m V . £3=-100mV 

H— I- C,=-75mV. ^=-50m V, ^=-100m V 

ale X C,=-75mV, £,=-100mV, ^=-50m V

C5-
czs

co
oG.

0.0004 0.0012 0.0016

Figure 4.10: Electric field distribution in a three-layer multilayer membrane for 
pressure-driven flow at w =  0 Hz. where each layer has a different (, potential.

and find th a t such pressure gradient can be as high as 108  P a/m .

From Table 4.9, when zeta potentials of each layer interchanges, the pressure 

gradient and electric field would change. These results are also plotted in Figure 

4.11 for pressure distribution and Figure 4.12 for electric field distribution. W hen 

zeta potential of each layer interchanges, the electric field changes slightly, but not 

the pressure distribution. From the results in this specific example, a larger ratio of 

flow rate to  current is obtained when ^ 3  =  —100 mV, suggesting th a t the  property of 

the skin layer dominates the electrokinetic feature of multilayer membrane and the 

support layer has less influence on the total electrokinetic flow. From Tables 4.6-4.9, 

we find th a t the values of E '* are the same as those of q t o t a i / i t o t a i ,  implying tha t 

the to tal quantities of a multilayer membrane also satisfy the well-known Onsager's 

principle of reciprocity [53].
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Table 4.9: Pressure gradient (Pa/m) and electric field strength (V/m) in a three-layer
multilayer membrane with p ' =  0. E 1,* =  105 V /m  and u  =  0 Hz.

L ay er 1 L ay er 2 L a y e r  3 (m J /s A )

Cl =  -  100 m V , 
C2 =  — 50 m V , 

C3  =  — 75 m V

p i  =  -1506-14 , 
E’. a =  91637

P2 =  1.31481 x  1 0 ',  
£ ; ,  =  109891

p 3 =  -6 .4 2 3 4  x  1 0 ',  
£ 1 ,3  =  134174

-1.35432 x  1 0 - s

Ci =  -  100 m V , 
C2  =  — ~5 m V , 
Cn =  — 50 m V

p i  =  -2 6 1 6 6 1 ,
£ 1  ! =  91576

P2 =  —1.5657 x  1 0 ‘ , 
£ ' i2 =  109665

P3 =  8 .0 9  x  1 0 ',  
£ '  3 =  135916

3 .04051  x  1 0 - °

Ci =  — 50 m V , 
C2  =  -  100 m V , 
C3 =  — ” 5 111V

p i  =  118669, 
£1  ! = 9 1 7 5 5 .6

P 2  =  —1.657 x  1 0 ',  
£ ' ,  =  109630

P 3  =  8 .1 6 7  x  1 0 ‘ , 
£ ' 3 =  13-1295

4.-16897 x  1 0 - s

Ci =  -  50 m V . 
C2  =  — " 5  m V , 
C3 =  — 100 m V

p i  =  22-1597, 
£ '  i =  9 1837 .5

P 2  =  1.15368 X 1 0 ',  
£1  2 =  1099-10

P 3  =  —5.9 9 3  X 1 0 ',  
£ ' 3  =  131925

5 .71702  x  1 0 ~ s

Cl =  — 75 raV , 
C2  =  -  50 m V , 
C3 =  — 100 m V

p i  =  89673 .9 ,

Ez,l =  91788

P2 =  2 .64432  x  1 0 ',  
£ '  ,  =  110049

P 3  =  - 1 .3 3 8 1 3  X 10s , 
£ ' 3  =  131876

5 .6 5 9 6 2  x  10 “ °

Ci =  — “ 5 raV , 
C2  =  -  100 m V , 
C3 =  -  50 m V

P I  =  -1 2 7 2 6 2 ,  
£ '  ! = 9 1 6 4 -1 .5

P 2  - —3.05  X  1 0 ',  
£ '  2 =  109513

p 3 =  1 .53665  x  10 s , 
£ ' 3  =  135989

3 .0 9 7 7 5  x  1 0 - fc

Traditional method to  measure zeta potential collects only a  set of limited data: 

stream ing potential, stream ing current and flow rate can be measured by pressure- 

driven flow (pressure is an input); electroosmotic current and flow ra te  can be mea­

sured by electric-field-driven flow (electric field is an input and pressure drop is zero). 

Because the pressure gradient and strength of electric field are respectively propor­

tional to  the  measured quantities in pressure-driven-flow and electric-field-driven flow, 

one cannot change pressure gradient and strength of electric field directly to  obtain 

more independent equations. Since Eq. 4.4.2S is a  complex function of frequency and 

can be reduced to  the  form of Eq. 2.2.23, each measurement provides two equations 

from the  am plitude and phase angle of Eq. 2.2.23. Two equations are not enough to 

determ ine all details of a  multilayer membrane. If one can measure the minor differ­

ence (amplitude or phase angle) of any given quantities in term s of frequencies, all 

information of a multilayer membrane can be determined. This is made possible by 

providing more equations to determine all param eters in multilayer membranes. This 

method might be a  potential application to  determine the properties of an unknown 

multilayer membrane, including thickness, pore size and zeta potentials of each layer.
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Electric field driven flow

20000

0 - 0  S =-tOOmV. ; : = -50m V , ; j= -75m V 

Q - 0  ;= - l0 0 m V .  £ = -7 5 m V , ^ = -5 0 m V  

0 - 0  (^ -S O m V . ^ ,= -100m V , y,=-75m V  

A - A  C =-50m V , £ ,= -75m V . ; 3=-100m V  

H— h ;,= -7 5 m V . ; ;=-50m V , ^=-IO O m V  

* - *  C,=-75m V. ^ = - I0 0 m V , CJ=-50m V

10000

c .

<n
Si
c .

-10000

-20000
0.0004 0.0012 0 .0016

Figure 4.11: Pressure distribution in a three-layer multilayer membrane for electric 
field driven flow at u  =  0. where each layer has a  different Q potential.

4.5 Conclusions

In this chapter, a model of oscillating electrokinetic flow through a  microchannel with 

nonuniform surface potential and hydrophobicity is created. Our model reflects more 

details of electrokinetic flow in a  nonuniform microchannel. Pressure driven flow 

(streaming potential) and electric field driven flow (electroosmosis) are studied. Ac­

cording to  our solutions, nonlinear pressure distribution and electric field distribution 

in each section can be obtained. To keep current and flow ra te  continuity, nonuniform 

induced electric field (for pressure driven flow) and nonuniform induced pressure dis­

tribution (for electric field driven flow) can be predicted by this model. Extending 

this model to  a multilayer membrane, we can predict pressure and potential distribu­

tion in every layer of a multilayer membrane. We find th a t structu re’s nonuniformity
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Electric field driven flow

200
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100

0.0004 0.0008 0.0012 0.0016

0 - 0  C,=-100mV. £,=-50mV. =̂-75mV 
B-Q £=-100mV. Ĉ =-75mV, =̂-50mV 
0 - 0  C,=-50mV. ^=-100mV. £3=-75mV 
A—A £=-50mV, £=-75mV, -̂lOOmV 
4— h £,=-75mV, ^=-50mV. C3=-100mV 
* - *  C,=-75mV. ^=-100mV. C3=-50mV

lj+l,+l3 (m)

Figure 4.12: Electric field distribution in a three-layer multilayer membrane for elec­
tric field driven flowat uj =  0, where each layer has a different £ potential.

can be reflected by the feedback signals of an oscillating input. So, we propose a  non­

destructive method to  image an unknown multilayer membrane by oscillating electric 

fields. Obviously, this method can also be used to  image a nonuniform microchannel. 

This model also provides a guide to  pattern microchannel surface.
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Chapter 5

Electrokinetic MicroChannel 
Battery by Means of Streaming 
Current and Streaming Potential

5.1 Introduction

The conversion of energy from one form to another, or the production of useful work, 

has long been an im portant element of engineering and scientific research. The larger 

goals of research into energy-based systems have been to further develop the technol­

ogy, better understand any fundamental processes and improve efficiencies. Chemical 

energy, for example, can be readily converted into mechanical work by classical de­

vices such as internal combustion and steam engines. Similarly, the potential energy 

of dammed water, and its associated hydrostatic pressure, can be exploited by tu r­

bines to be another source of mechanical work. If necessary, electric generators could 

be employed to  convert any produced mechanical work into electrical work. Batteries 

and fuel cells are devices th a t avoid the creation of mechanical work and directly 

convert chemical energy into electrical work. As a green energy source, mechani­

cal energy sources, such as water, wind and tide are always good choices for energy 

conversion. However, moving parts are needed during these energy conversion pro­

cesses, which does not m atch the miniature size requirement of MEMS device. This 

chapter presents a novel approach and device th a t is part of this same broad family
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of energy-based systems, but uses the interactions between electrokinetics and mi- 

crofluidics to directly convert the hydrostatic pressure of a liquid into electrical work 

without moving parts. Since the energy source for this device is stored within the 

potential energy of water and converts it directly to electrical work as the water flows 

through small diam eter channels, it is referred to as an electrokinetic microchannel 

battery. Initial theoretical discussion of energy conversion in ultrafine capillaries has 

been done by Morrison and Osterle [138, 139]. This chapter develops the theory for 

the operation of these devices with external load. Some initial experimental results 

have been obtained.

Because of the presence of charge distribution in EDL, the microflow can trans­

port net charges from one end of a microchannel to another end. Liquid flow through 

a microchannel by means of an external pressure gradient can result in a convection 

current, known as the stream ing current, and a  streaming potential between two ends 

of microchannels due to  the accumulation of ions or charges. In equilibrium, the con­

duction current induced by the streaming potential will balance the stream ing current 

so that the  total current of the microfluidic system becomes zero. The stream ing cur­

rent is typically on the order of nano amphere per kPa of pressure drop in a  single 

microchannel. Though this magnitude is small, we propose here a m ethod to enlarge 

such a current. We hypothesize tha t if more than one microchannel are assembled 

in parallel, the stream ing current are indeed additive and can be significant. W ith 

current fabrication technology, it is possible to  assemble an array of microchannels 

with a large surface area to volume ratio. The larger this ratio, the more are the num­

ber of movable ions and hence a larger stream ing current can result. On the other 

hand, stream ing potential varies at a  wide range. Using capacitors to store electric 

energy, stream ing potential can be applied to charge capacitors. Based on a well- 

designed capacitor circuit and microchannel array, we might obtain a  electrokinetic 

batten- to  consistently provide electric energy. Alternatively, the requirement of a
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complex m icro/nano-fabrication can be eliminated by using natural porous materials 

or readily available porous membranes. In th is chapter, we propose the concept of an 

electrokinetic battery  which consists of an array of microchannels or a  membrane with 

nanopores. An electrical circuit model of the  battery  is proposed for more general 

tim e-dependent flow in a  single microchannel; the results are employed to  construct 

the governing equations for a multichannel model. Good agreement was found be­

tween the  predicted results and those from experiments for pressure-driven flow in 

micropore glass filter.

5.2 Electrokinetic flow and electric circuit analysis 
of a single m icrochannel

5.2.1 Controlling Equations and Boundary Conditions

netic flow through a  single circular microchannel. For an individual microchannel 

w ithout an external circuit, (see Figure 5.1), we consider the boundary value problem 

for oscillating liquid flow in an infinitely extended circular microchannel; Ro and R s 

are the bulk electrolyte and surface resistances, respectively, in a  single microchannel. 

A cylindrical coordinate system (r, 6, z) is used where the 2 -axis is taken to  coincide 

w ith the  microchannel central axis. All field quantities are taken to  depend on the 

radial coordinate r  and time t. The boundary value problem with the relevant field 

equations and boundary conditions are described below.

To involve the  effect of the resistance of microchannel, we re-define current, which 

is different from 2.3.3 in chapter 2. Then, the electric current density along the 

microchannel may be integrated over the channel cross-section to  give the electric 

current

We begin by considering a model for pressure-driven and time-dependent electroki-

(5.2.1)
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Representative circuit

+
1str

MicroChannel

Figure 5.1: Schematic of a single microchannel circuit. ic and i str are the conduction 
and stream ing currents, respectively; R q and R s are the bulk electrolyte and surface 
resistances, respectively, in a single microchannel.

where
— _  R qR s

R q +  R s

R ,  R o ,  R s and I are the to tal resistance, bulk electrolyte resistance, surface resis­

tance and the microchannel length, respectively. The first term  on the right side 

of Eq.(5.2.1) is due to  bulk convection and the second term  to conduction current. 

Because of the assumption of an  infinitely extended microchannel, the contribution 

to  the  current due to  concentration gradients vanishes. For a (~o : z0) electrolyte, we 

have pi  — P2 =  2ezonoc cosh.^zoe'tp /  k T ) . The Debye-Hiickel approximation implies tha t 

cosh(z0e'ik/ kT )  «  1 and P\ — P2 = 2zoenx . W ith this simplification, the conductivity 

of bulk electrolyte, a, can be w ritten as

*  =  2 % ^ .  (5.2.2)

The resistances R q and R s are defined as

Rc =  - j - j  . R ,  = j L -  (5.2.3)
(J1 1 CL A^jj i
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Figure 5.2: Real and imaginary parts of functions (a) Jo ^ O . b a y J - ^ j  / J 0 

and (b) J x ( a J = ^ \  /Jo ( a \ f ^

where Xs is the surface conductivity and Pw =  2na is the wetted perimeter.

5.2.2 Analytical solution

According to  Eqs. 2.3.6, the corresponding dimensional velocity, flow rate and current 

are listed below

V p ( r , u )  =

v*E(r,u)  =

!W
V

(5.2.4)

(5.2.5)
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2TTeK2'il}s f  a J \ ( j n a ) ua
P d  { U K J o ( j K a )  U 2 +  j t d K 2 U

J\ I a

x

. M j * a )  l - j uJK
Jo(jfAca) u

Jo a
(5.2.6)

i E{u)
_  —277 e2nlip; f a 2 , J\UKa)

( k 2 u  -  j u ) p A t 2 _ +  J${jKa)_
ua

j u i  — k 2 u

X . _Ji(jna)
JKJo(jna)

— Ji a
- J uj

Jo ( a
+  R  ’

9p(0/’) —

q*E{u) =

J U P d

a~
~

J i a

’ -JU r I
v Jo I

2 TTCK2^
(k2^ -  j u ) p d

a Ji(jKa) a 
jKJo(jKa)

(5.2.7)

(5.2.8)

(5.2.9)

where J 0, J i ,  Pd and u are the zeroth- and first-order Bessel functions of the first kind, 

liquid density and kinematic viscosity, respectively. In term s of the Bessel functions, 

we plot the real and imaginary parts of functions (a) J0 ^0.5 / J 0

and (b) J\ (^a^j /  Jo ^ a \J  in Figure 5.2. We define the  first term  of iE(u)

as i£'i(ur) and can be expressed as

_  - 2 t r e V ^ r  J i t i Ka)
E'l{ ’ (K?U- ] » ) / , < {  2 .  JSUko).

ua
j u j  —  K 2 U

Ji(jKa)
Jo{jKa)

- juj
■Ji a

Jo a J = ?
> (5.2.10)

The stream ing current i str is defined as the first term  of Eq.(5.2.1) or i str =  Re[(i'Pp’ + 

imEtlE':)ejuJt} = Re\i;trejuJ% where E's = Re[Erz*ejuit}.
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W hen u  —> 0, Eqs.(5.2.5)-(5.2.9) reduce to  those of steady state.

Vp{r,  0) 

v£(r,0 )

i p ( 0 )

'^ (0 )

«;(o)

*£u(0)

^ / 2 2 \:  -----(a" -  r - ) .
4 upd

: _ f t l  ( l  _  M j Kr)\  
vpd \  Jo{jna)J

? Ji{jna)
1 -

—  7TCZ

Clp^nO2
"Pd u 

0 , 0  0 0  €“^7Ta"K"

Vpd
oo CI 

Si'p*, 
eibs- c r  

"Pd
0 , 0  o o

JKQ Jo(jKa)

1 -

2 Ji(jKa)  JfO ’Ka) +
i? ’

:  , o j J i j j u a )  
KaJo(jna) 

o
1 -  ^ i(jk q ) J i U Ka) 

j u a  J0{jKa) J^(jna)
(5.2.11)

5.3 Circuit analysis of multi-micro channel array 
by m eans o f stream ing current

Since the stream ing current of a  single microchannel is small and of the  order of nano 

amphere. we combine n  microchannels to  obtain a  larger current (Figure 5.3) for an 

external load R i .  For this circuit, there are uR q and n.Rs; the  stream ing currents are 

additive and hence result in ni*s t r '

7, . A R  + R L

We can solve for E '* as

HRl

and the current passing the external load R i  is

ni*str = E ' :r  (5.3.1)
- k k l

E ’:- = ------- % ^ r  (5-3-2)
+ L

l ’L -  ZEjl i  +  +  i  ■ ( 5 ' 3 ' 3 )
I R  n
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Representative circuit

Load

str

str

sir

M icrochannels

Figure 5.3: Schematic of a microchannel array circuit, where nistT = n ic +

At steady state, Eq.(5.3.3) becomes

-iK(0)
I ' R  n

(5.3.4)

Normally, bulk conductivities of solution a  and surface conductivities as are small. 

For example, the  conductivity of DIUF water is of the order of 10-4 S /m  [66]; the 

conductivity of 0.1 M KC1 is of the order of 1 S/m  [118]; surface conductivity is of the 

order of 10-8 or 10-9 S [66, 140]. In addition to small cross section, this will normally 

make the resistance of microchannels four or five order larger than  the  resistance of an
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external circuit R l - Since R l is relatively small, the streaming potential can become 

negligibly small. Thus, we may ignore a part of the streaming current induced by 

streaming potential, We can obtain the current i i  which passes through R l

as

i L =  R e l ip p ' e ^ 1} ** (5.3.5)
R l +  „R

W hen R / n  »  R l , i i  =  nRe^'pp*ePut], W hen n —* oo, II =  R e [ i p p * ]R / R l - It is 

anticipated that the  magnitude of iL can be significant as n  —> oo, depending on the 

ratio of R / R l and the design of microchannel array.

<

Figure 5.4: 
and I =  10

Streaming currents

5c-06

4e-06

3e-06

2e-06

lc-06

0.05 0.15 0.2

: Effect of surface potential Es on external current i i  for k =  1 x 106 m 1
_ o• m.

Based on Eq.(5.3.4), we study  here how the external current il changes with 

respect to  the surface potential ij;s, the reciprocal of Debye length (or EDL thickness) 

of EDL k and the length of microchannel I. The following param eters were assumed 

for our param etric study: e =  1.6021 x 10-19 C, n  =  1 x 105, as =  10-8 S, a  =  1 x 10-4
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Figure 5.5: Effect of the reciprocal EDL thickness k on external current i i  for ips =  100 
mV and I =  10-2 m.

S /m , a = 10 pm,  e =  SO x S.854 x 10-12 CV-1m_1, R l  =  10Q, 1/  =  0.9 x 10-6 m2s-1 

and p =  103 kgm-3 . Since dp /dz  =  A p / A z  = A p j l .  we fix A p  to  be 104 Pa. 

W hen k  = 1 x 106 m _1 and I =  10“2 m, we plot the effect of ips on i L in Figure 

5.4. W hen surface potential increases, the  external current increases linearly. Since 

higher surface potential causes higher charge density in EDL, more movable charges 

or ions will induce a  larger streaming current. For ■ips =  100 mV and I = 10-2 m, 

we plot the external current II w ith the reciprocal EDL thickness k  in Figure 5.5 

for k  between 103 in-1 to  109 m-1 . The corresponding EDL thickness varies from 10 

p m  to 1 nm. Phenomenologically, dilute solution causes a thicker EDL; concentrated 

solution has a  thinner EDL. In Figure 5.5, we see th a t the external current %l increases 

as k  increases due to  the increase in solution concentration. However, as k approaches 

1 x 108 m -1 , the external current reaches a plateau. For tps = 100 mV and k  =  1 x 106 

m -1 , we show in Figure 5.6 the effect of microchannel length I on the external current
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Figure 5.6: Effect of microchannel length Z on external current i i  for ips = 100 mV 
and k =  1 x 106 m-1 .

i i .  Since the pressure gradient d p /d z  is proportional to  the external current i t  and 

decreases with increasing Z, one would expect i i  to decrease linearly with Z. The non­

linear behaviour given in Figure 5.6 can be explained as follows. Since the supplied 

pressure drop A p  is held constant, the pressure gradient d p /d z  decreases as length 

L  increases and hence i i  decreases. On the other hand, i i  =  Re[i’Pp’ R / R l for 

n  —* oo. Since a longer microchannel causes larger R, i i  increases with I. The effects 

of pressure gradient and resistance on //, counteract each other. Since the rate of 

decrease in i i  caused by pressure drop is faster than the increasing ra te  caused by R,  

i i  decreases non-linearly w ith Z.
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Figure 5.7: Effect of microchannel radius a on the efficiency of electrokinetic battery  
for I = 10~3 m, R l =  10 Q and k =  1 x 109 m -1 .

5.4 Efficiency analysis for the electrokinetic bat­
tery by m eans of stream ing current

Using traditional definition of flow work [141], we define the efficiency rjcf f  as the 

ratio of the ra te  of electrical work produced to  the ra te  of flow work consumed. For 

steady sta te , employing the fifth and sixth equation of Eq.(5.2.11), Eqs.(5.3.2) and

(5.3.4) for the definition of flow work yields

The specific constants have been given earlier and were employed for the calculation 

of efficiency. For n  =  1 0 6 , /  =  1 0 - 3  m, R l  =  1 0  Q. and k = 1 x  1 0 9  m _1, we plot the 

effect of microchannel radius a on the efficiency of electrokinetic battery  in Figure

the rate of electrical work produced
the ra te  of flow work consumed

i j R L i jR L
—A pnq  - j g l n q

i p ~  R l
(5.4.1)

P  n R R i i mp> , ' 1r l R Jr n l R i t
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Figure 5.8: Effect of the reciprocal EDL thickness on the efficiency of electrokinetic 
batter>r for I = 10-3 m, R l =  10 fl and a =  1 [im.

5.7. There exists a maximum efficiency between a =  1 /j ,m and a =  100 /im. W hen 

a —► 0. the efficiency approaches zero as the solid/liquid interface approaches zero 

and hence the number of movable ions. In this case, there is no induced current 

and the efficiency becomes zero. When a —► oo, the surface area of EDL increases 

and, because the surface area is of the order a and th a t of the flow ra te  is of the 

second order of a, the  flow increases at a faster rate. Thus, more pressure is needed 

to drive the  flow and hence the efficiency approaches zero. In Figure 5.S, we find tha t 

the efficiency for dilute solutions (small k) is smaller and tha t of the concentrated 

solutions (large n) is higher. However, when k  is larger than  1 x 108 m -1 , the efficiency 

approaches a plateau. This is due to the fact tha t, when the solution concentration 

increases for large k,  EDL thickness decreases and the am ount of movable ions in 

EDL becomes saturated. In Figure 5.9, we plot the effect of microchannel length I 

on the electrokinetic battery  efficiency. From Eq. (5.2.6), i ’P is independent of the 

microchannel length I and contribute largely to  the to tal stream ing current. However,
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Figure 5.9: Effect of microchannel length on the efficiency of electrokinetic battery 
for k =  1 x 109 m _1. R l =  10 Q and a = l  /2 m.

a longer microchannel requires larger pressure drop to  drive the flow and hence cannot 

provide a  higher efficiency. In Figure 5.10, we plot the effect of the external load R l 

on the efficiency. W hen R l —■► 0, a large external current iL can be obtained and the 

electrical work is zero. When R l —* 0 0 , we obtain a  zero external current %l and zero 

electrical work. In addition, there exists a maximum efficiency when R l =  104 f I.

5.5 Natural electrokinetic battery by means of stream ­
ing current

5.5.1 Model prediction and experimental results

In reality, porous materials, such as glass filter, membrane, rock, and soil, could be 

considered as a natural electrokinetic battery. The use of natural materials avoids 

complex m icro/nanofabrication procedures to produce microchannel arrays w ith a 

large surface area to volume ratio. In addition, natural porous material can have a
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Figure 5.10: Effect of external load R l on the efficiency of electrokinetic battery  for 
k =  1 x 109 m _1, I =  10-3m and a =  1 /im.

high porosity ratio  up to  60%. To explore this, we designed an experimental sys­

tem  shown in Figure 5.11 to  illustrate our electrokinetic battery  idea by means of 

stream ing current, using a  commercial porous glass filter. In our experimental sys­

tem (Figure 5.11), the porous glass filter is 20 mm in diam eter with a pore size 

from 10 n m to 16 //m (Schott DURAN, Mainz, Germany). Two Teflon O-rings of 

2 mm thickness were used to  hold the filter disc in position. Two meshed Ag/AgCl 

electrodes were used to  measure the stream ing current. A Keithley 2000 digital mul­

tim eter (Keithley Instrum ents, Germering, Germany) was used to  record the current. 

There is a  30 cm height difference between the inlet and outlet to make water pass 

through the filter disc under an hydrostatic pressure. Deionized water (MILLIPORE, 

Billerica, M assachusetts, USA) and tap  water were used as the testing liquid. In this 

experiment, we focus on steady flow passing through the filter disc. In this case, the 

digital multim eter measures the stream ing current, istr. Since the internal resistor
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Figure 5.11: Schematic of an experimental system for electrokinetic battery

for 10 mA range is negligible compared to th e  resistance of glass filter, the stream ­

ing potential becomes relatively small. Thus, we ignore the current induced by the  

stream ing potential, so th a t istr =  ip{—dp/dz) .  The number of pores in the

glass filter n  can be calculated from

n  =  77— - , (5.5.1)
7ra~

where 77 is the porosity of glass filter and A  is the effective area of the  filter. Con­

sidering the thickness of O-rings, we calculated the effective area to  be tt(10 — 2)2 

mm2. For the purpose of calculations, we selected an average microchannel radius of 

a =  6.5 /xm. Since 77 was not available from product description, we assumed a typical 

porosity of 77 =  30% and obtained n  =  0.3tt(8 x  103)/(tt6 .52) «  4.5 x 105. Since the 

bulk conductivity of th e  pure w ater Ao is 0.5 //S/m  and the  surface conductivity As is 

the order of 10-9 S or 10-8 S [66, 140, 142], we employ =  n ip (—dp/dz)  to predict
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Table 5.1: Predicted external current il for a set of possible ipa and k 1 values.

■tps = 50 mV rtps =  100 mV ips =  150 mV i!)s =  200 mV
k - 1 = 1  pm 1651 nA 3301 nA 4952 nA 6603 nA
k-1= 3  p m 765 nA 1530 nA 2295 nA 3060 nA
K- i = 1 0  pm 114 nA 227 nA 341 nA 454 nA

the measured current.

To estim ate the measured current, we employed the following constants th a t cor­

respond to  our experimental conditions: n  «  4.5 x 105, as =  10-8 S, a  =  5 x  10~5 

S/m , I — 3 mm, e =  SO x 8.S54 x 10-12 CV-1m -1 , v = 0.9 x  10~6 m2s-1 , p =  103 

kgm-3 , and e =  1.6021 x 10-19, —dp /d z  =  9.8 x 105 P a  m -1 . For simplicity, we 

assume all hydrostatic pressure drop on microchannels. It should be noted th a t the 

value of i})s depends on both  the concentration or pH of solution and channel wall ma­

terial. The larger i>s, the more noticeable the electrokinetic effect. Thus, one would 

observe a  larger stream ing current for larger i};s. The Debye length (or EDL thickness) 

k~ 1 for distilled water [66, 142] ranges from several micrometers to  1 mm. However, 

neither ibs nor n~l is known. Using Eq.(5.3.4), we show in Table 5.1 the estimated 

external currents for a  number of surface potentials and EDL thickness k-1 . O ur 

model predicts th a t the external current I I  can vary between 102 to  103 nA. In ac­

tual measurement, we obtained an average maximum current of 760 nA for deionized 

water. The measured current gradually decreases due to polarization of electrodes a t 

the  solution/electrode interface. When tap  water was used as the testing liquid, the 

measured current reached 1500 nA due to  a  higher ionic concentration. The results 

illustrated in Table 5.1 are in good agreement with these experiment values. Our 

electrokinetic battery- model is shown to predict correctly the order of magnitude for 

the external current %l - The exact il can be determined when ips and k -1 are known.
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Figure 5.12: Schematic of an electrokinetic battery  by means of streaming potential

5.6 Electrokinetic battery by m eans of streaming 
potential

The mechanism of electrokinetic battery  by means of streaming current is to  make 

most of stream ing current pass through a load R l w ith low resistance. Somehow, 

the obtained current il is still not too large unless we connect more microchannels 

together. But, the small size requirement of MEMS devices limits the number of 

microchannels. In the above experiment of the section 5.5.1, the potential between 

the two ends of microchannels is relatively low. Such stream ing current and potential 

are too low to  become practical.

However, collected electricity is applicable to provide power to  external load. The 

streaming potential could be high up to  several ten volts depending on the pair of
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Figure 5.13: P icture of an electrokinetic batter}- by means of stream ing potential

liquid-solid and pressure gradient. If we connect a capacitor with the microchannel 

array, ideally (without considering the leakage of capacitor), potential of the charged 

capacitor can be up to  the steaming potential.

Let’s summarize the expressions of streaming current iatr, stream ing potential A u, 

flow rate q for a  single microchannel with radius a:

A u  =
<

2 2
jna J0(jna)

e2C2«2 j  2 Jl Ijna) . Jf(jna)  
jKaJoiji ia) Jfi(jKa) —  a n

Ap  , (5.6.1)

e^Tra2

/*
1 -

2 Ji(jKa)  
jKd Jo(jKa) 

l  _  2 JijjKa) Jf(jKa)
jn a  Jo(jKa) J$(jKa)

a4 Ap  CTpsTta2
8/i I vpd

A p e2Q2~a2K2
- f  +  — ---------I p.

A  u
~ T

2 \  +  9.MC7‘Ka)
KaJo(jna)

A u
~ T

(5.6.2)

(5.6.3)

where Ap is the pressure drop between the two ends of th e  microchannel and I is
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Figure 5.14: A schematic of the mobile-ion-drain m ethod, (a) Surface has adopted a 
charge when in contact with water and EDL forms; (b) A stable stream ing potential 
exists due to  the w ater flow and accumulation of mobile ions; (c) The mobile ions 
in (b) have been drained and the surface will disassociate and become negatively 
charged; (d) The surface has become more negatively charged when flow resumes, 
resulting in a  larger stream ing potential.

the microchannel length. As an illustration of this concept, a prototype has been 

built using a  natural ceramic rod with nearly 9 million build-in microchannels as an 

electrokinetic battery  by means of streaming potential in Figures 5.12, 5.13. A simple 

syringe or precision pump is used to drive water into a  ceramic rod and the two ends 

are connected by an electrometer (Keithley 61 OB, Keithley Instrum ents, Germany). 

The ceramic rod (Small Parts Inc.) is 2 inch in length with an outer diam eter of 1 

inch, a  porosity of 50% and a pore radius of 3 /im. The two electrodes consisting 

of a silver meshed network were placed a t the two ends of th e  ceramic rod and in
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connection with the  electrometer. All other connections are plastic or Teflon in order 

to minimize the influence of conductivity on the potential. The electrical energy is 

collected by means of two 100 /jF capacitors which are alternatively charged and 

discharged for two LEDs. Deionized ultrafiltered (DIUF) water (Fisher Scientific) 

having a conductivity of 2.0 x l0 ~ 4 S /m  was used as the testing liquid. W ater was 

selected here because of its simplicity. Pushing the syringe by hand (Figures 5.12, 

5.13), a  stream ing potential of over 20 V and a stream ing current of over 30 f iA can 

be easily obtained. After about S seconds, the two LEDs light-up alternatively in 

every 10-12 seconds, depending on the input pressure.

In order to examine the above phenomenon further, we have employed an auto­

matic syringe pum p which provides a constant flow ra te  of 400 m l/h r DIUF water 

through the porous ceramic rod. Initially, the observed stream ing potential was sta­

ble a t 1.5 V  with a  stream ing current of 4 /iA . We found tha t, by repeat pumping 

and draining the water, the streaming potential can be increased to 6.3 V  with a 

stream ing current of 7.5 fxA at the same flow rate. This phenomenon is particularly 

intriguing as one can increase the stream ing potential and current without increasing 

pressure. These procedures are described below as a mobile-ion-drain method. As 

shown schematically in Figure 5.14a, w ater is initially stationary with respect to the 

channel walls and ions distribute themselves due to  a  charged surface. W ater is then 

forced into the channel (Figure 5.14b), causing a stable potential difference (stream­

ing potential) across the two ends due to  accumulation of the mobile ions a t the 

outlet. W hen pumping is stopped (water is stationary"), some of the mobile (counter) 

ions previously a t the outlet had escaped by following the stream  of water. Figure 

5.14c illustrates th is schematically by losing four counter ions. Here, the system is no 

longer neutral and in deficit of four counter ions. T he only way to recover equilib­

rium is to  obtain them  from the surface by dissociation. Thus, the system will reach 

another equilibrium by further dissociation, resulting in a more negatively charged
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surface. This is further supported by experimental evidence th a t a small potential 

difference exists, which is opposite to the stream ing potential, even when there is no 

flow; th a t is, the system has become negatively charged. W hen pumping resumes 

(Figure 5.14d), there will be more mobile ions due to  the increase in surface charge 

density and hence a higher stream ing potential will result. If stop pumping again, 

the small potential difference, opposite to the  stream ing potential, becomes larger. 

This further supports the surface becomes more negative. After repeat pumping and 

drainage to  eleventh times, we obtained a nearly saturated  6.3 V stream ing potential 

and 7.5 /zA stream ing current. This potential was then used to  charge up two 100 /zF 

capacitors alternatively. Figure 5.15 shows the  charging process for such a  capacitor 

by forcing DIUF w ater through our electrokinetic battery. This process can be de­

scribed below as th e  voltage of the capacitor u c is expressed by uc =  A u (l — e~^RC), 

where t, C  and R  are the time, capacitance and the to tal resistance of the circuit. 

From th is relationship, we determined R  to be S.S x 105 Q. The two capacitors were 

being charged and discharged alternatively and were capable of powering two LEDs 

in every sixteen seconds.

Using traditional definition of flow work [141], we define the efficiency pe/ /  of our 

system as the ratio of the rate of electrical work produced to the rate of flow work 

consumed.

_  the rate of electrical work produced 
the rate of flow work consumed

A Z Z Z s t r  f "  a=  —------ . (o.6.4)
A  pnq

W ith A u =  6.3 V, istr =  7500 nA, A p  =  1.04 x  105 P a and q = 400 m l/hr, we obtained 

an efficiency Tjef f  of 0.313%. If we subsitute Eqs.(5.5.1, 5.6.1, 5.6.2 and 5.6.3) into

(5.6.4), this efficiency depends only on the properties of the solid/liquid pair and is 

independent of the pressure drop A p and the channel length I. Even though a  2 inch 

long porous ceramic rod is selected here, the length of the  porous material has no
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impact on its efficiency and can, in principle, be reduced to the order of millimeters. 

A thin filter disk can also be other alternative for our water battery. The efficiency 

is e:

6 -

♦  C= 100 |iF, R = S.8 x 105 £2

100 200
Charging

3 00
C harging tim e t (sec .)

4 0 0 500
tim e tis

Figure 5.15: The charging process for a 100 /if capacitor

5.7 Conclusions

Pressure-driven-flow in a microchannel induces a  streaming current and streaming 

potential due to the presence of an electrical double layer between the electrolyte 

solution and solid surface. We propose here two methods, by means of stream ing 

current and streaming potential, to develop an electrokinetic battery  consisting of an 

array of microchannels th a t converts the mechanical energy of a liquid into electrical 

work. Our preliminary experiments to illustrate the electrokinetic battery  idea by 

means of streaming current.
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We have proposed another design of electrokinetic battery  by means of stream ­

ing potential, which makes this idea practical to light up LEDs. A mobile-ion-drain 

method has also been dem onstrated to increase the streaming potential w ithout in­

creasing pressure drop. The electrokinetic battery  dem onstrated here is environmen­

tally friendly, with no emission and moving parts. The fact th a t most biological 

systems are highly charged might have im portant implication on our system as alter­

native for the choice of liquids and solids and as improvement on efficiency to  generate 

electricity by means of a pressurized biological solution.
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Chapter 6

Dynamic Interfacial Effect of 
Electroosmotic Slip Flow with a 
Moving Capillary Front

6.1 Introduction

Lab-on-a-chip utilizing electroosmotic flow (EOF) has become an established technol­

ogy for the detection and analysis of m inute chemical and biological samples [IS, 143]. 

The processes typically involve injection (or loading), mixing, separation and detec­

tion of sample solution through microchannels. Normally, electroosmotic mobility 

(EOM) is used to  provide a qualitative measure for the efficiency of a  given Lab-on-a- 

chip device by means of the current monitoring [144,14-5] and fluorescent dye methods 

[146, 147]. It is noted th a t determ ination of EOM from the above methods rely on 

the assum ption of continuous flow which may not truly describe the time-dependent 

electroosmotic injection process. During loading processes, liquids travel between two 

electrodes from, e.g., a  reservoir to  one end of the channel; th is motion is indeed dy­

namic and time-dependent. A three-phase (solid-liquid-vapor) contact line is always 

presented between th e  two electrodes until the moving capillary front has reached one 

end of the electrode. Depending on the  three-phase contact angle, a large Laplace 

pressure can develop across the  moving capillary front (as shown in Figure 6.1) which 

has no t been considered in the current monitoring and fluorescent dye methods. The
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extend of such effects depends strongly on the contact angle 6 a t solid-liquid interface. 

In the case where Q < 90°, capillary penetration occurs which induces fluid motion 

by capillary action; on the contrary, when 6 > 90°, capillary depression will result 

as additional resistance against the flow direction. Thus, the presence of a moving 

capillan- front can have im portant implication on EOF. Obviously, wettability (or 

surface hydrophobicitv) in term s of the contact angles can play an im portant role. 

W hether the existence of a capillary pressure across the liquid-vapor interface is to 

induce or suppress EOF depends solely on the phenomenological contact angles. It 

is the purpose of this work to model EOF by consideration of the capillar}' pressure, 

in addition to  EDL.

As a m atter of fact, surface hvdrophobicity has an additional role in term s of 

the hydrodynamic behavior. Many authors have reported experimental observation 

of liquid slip a t the  solid-liquid interface which increases flow velocity and hence 

reduction in the hydrodynamic drag. W atanabe et al. [9S] observed water slippage 

in a 16 mm diam eter acrylic-resin-coated pipe and obtained a  14% drag reduction. 

Trethewav and M einhart measured the velocity profile of water flowing through a  30 

x 300 yum2 octadecyltrichlorosilane (OTS) coated microchannel and observed slippage 

of fluid [99]. Zhu and Granick [100] measured the hydrodynamic force of water against 

a  m ethyl-term inated self-assembled monolayer (SAM) on mica and found th a t when 

the flow rate exceeds a critical level, partial slip occurs. Their results could only be 

explained by consideration of liquid slip. By now, the  widely accepted slip boundary 

condition is th a t from Navier [87, 88], which relates the velocity a t solid surface to 

be proportional to  shear stress. Clearly, these results suggested the occurrence of 

liquid slip for water flow over hydrophobic surfaces. The effect is expected to  be 

more prominent in microfluidics. However, none of above studies have considered 

electrokinetic effect (as in EOF) and liquid slip simultaneously until recently by us 

[120, 148].
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Indeed, there are three competing effects in electroosmotic flow in the presence 

of a solid-liquid moving capillary front: (1) electrokinetics; (2) Laplace pressure; and 

(3) solid-liquid adhesion. As in EOF, the presence of an electrical double layer (EDL) 

causes liquid movement when an external electric field is applied; while the existence 

of a liquid-vapor moving front may induce or suppress flow velocity, it depends on the 

phenomenological contact angle. The solid-liquid interaction (adhesion) can manifest 

itself as liquid slip at the solid-liquid interface in reducing hydrodynamic drag. In 

fact, extensive numerical simulations [60, 63,149, 150] of EOF have been performed in 

the literature th a t are based exclusively on traditional com putational fluid dynamics 

method without consideration of these surface effects. Various theoretical models 

and predictions are also available, bu t limited only to EDL effect. Recent studies 

of ours have considered the combined effects of EDL and surface hydrophobicity on 

steady-state electroosmotic flow. Nevertheless, a  model of EOF accounting for the 

effects of EDL, capillary pressure and solid-liquid adhesion is not available and is 

the focus of this study. Our work was largely inspired by recent active research 

[151, 152, 153, 154, 155, 156] in using hydrophobic polymeric materials as alternative 

substrates for Lab-on-a-chip fabrication.

6.2 Theoretical framework

6.2.1 Fundamental equation of capillary rise flow

The penetration of liquid into capillary or porous body due to  surface tension was 

first investigated by Lucas [157] and Washburn [158] who found th a t the capillary rise 

height is proportional to  the square root of the penetration time, resulting in a well- 

known Lucas-Washburn equation. Subsequent research include consideration of iner­

tia  [159,160,161], inlet length [162], energy dissipation [163] and surfactant [164,165] 

effect on capillary penetration. Ichikawa [166] studied interface motion of capillary 

flow in horizontal microchannels. Erickson et al. [167] simulated capillary-driven flow
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Figure 6.1: Schematic illustration of capillary penetration (9 <  90°) and capillary 
depression (9 > 90°).

in nonuniform cross-section capillaries. Levine et al. [16S] and Shikhmurzaev [169] 

studied the flow behavior in the vicinity of moving contact line. Recent applications 

of the phenomena employed electrocapillary pressure to  control fluid in multichannel 

array [170]; Zhao et al. [171] patterned surface free energy inside microchannels to 

drive flow along hydrophilic pathways. This dynamic behavior of capillary flow with 

a  moving front is strongly influenced by the  surface tensions of the solid and liquid, 

as manifested by the contact angle a t the three-phase contact line given by the Young 

equation.

We consider here a viscous incompressible liquid rising along a  cylindrical capillary 

with a  constant contact angle 9 a t the solid-liquid-vapor three-phase interface where
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Figure 6.2: Schematic of electroosmotic flow in a circular microchannel with a moving 
capillary front when 9 > 90°.

the unbalanced pressure difference or Laplace pressure is the driving force for the cap­

illary rising flow. Obviously, when the Laplace pressure is balanced by gravitational 

force, there will be no capillary penetration. During the  rising process, the following 

Newton dynamics equation equation can be used to  describe the flow behavior:

Pd** & * ( m d- ^~di \ ^ yi,>~ d r J  J =  2 7 r a ^ t ' c o s 0  ~  *arpgh(t)  -  8 7 r p h { t ) ^ ^ -  , (6 .2 . 1 )

■where pd. a, t, h(t),  7 [v. g and p. are the liquid density, capillary radius, time, height of 

capillary rise, liquid-vapor surface tension, acceleration of gravity and liquid viscosity, 

respectively. T he left hand side of Eq.(6.2.1) is basically an inertia term; the first 

term  on the right of Eq. (6.2.1) is due to  the Laplace pressure, the second term  to 

hydrostatic pressure and the third to  viscous drag. Here, a  Poiseuille flow profile is 

assumed throughout the capillary [165].

6.2.2 Continuous electroosmotic slip flow

We consider here electric field as the only external force to  drive liquid movement. 

As for EOF, the effects of EDL and surface hydrophobicity in term s of liquid slippage 

have been modeled in our previous study. Based on the  linearized Poisson-Boltzmann
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equation, Yang and Kwok [172] provided the analytical solutions for electrokinetic slip 

flow w ithout the moving capillary front in circular hydrophobic microchannels. The 

velocity profile solutions are summarized here:

/  \  C l^ ^ l  vis(r) =  —

ei'ips'narEi

_  Jp(jKr) Jo(jKa)'
Jo(jna) jna
J i ( j n a ) 2 Ji(jK a)

1 4- j f in

(6 .2 .2 )

(6.2.3)
Jo(jKa) jKaJo(jKa) \  

where V£, e1? tps, E\,  r , Jo- J i-  n. ,5 and q are the axial velocity, perm ittivity of 

solution, surface potential of capillary wall, strength of electric field in solution, radial 

coordinate of the cylindrical coordinate system, zeroth-order Bessel functions of the 

first kind, first-order Bessel functions of the  first kind, reciprocal of the electrical 

double layer thickness, slip coefficient and flow rate, respectively; and j  is a complex 

number as j  =  >/—"l. For a (~o : z0) electrolyte, k  can be w ritten as

IZn^e-ZQ
<s -2-4)

where e is the elementary charge; n ^  is the ionic concentration in an equilibrium

electrochemical solution a t the neutral s ta te  where ip =  0; k  is the Boltzmann con­

stant; and T  is the  absolute tem perature. A slip coefficient p  is used to  determine 

the boundary condition which satisfies

(6-2-5)

It is noted tha t — ,8 is typically defined as the  slip length. The charge density p in a 

circular microchannel can be expressed as

2 , M j Kr) , r  0p =  - e XK Ws-j-r.— r • (6-2-6)
Jo\jna)

6.2.3 Molecular-kinetic theory of slip

At the solid-liquid-vapor three-phase interface, Young’s equation relates the contact 

angle w ith the surface tensions of solid and liquid as

7iv cos Qy =  -  7si , (6.2.7)
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where 6 y  is the Young contact angle, i.e., a  contact angle th a t can be inserted into 

Young’s equation; 7 /„, 7 */ and 7 ^  are the liquid-vapor, solid-liquid and solid-vapor 

surface tensions, respectively. The solid surface tensions 7 s; and affect directly the 

phenomenological angle 9 when 7 ^  is fixed. Here, we assume the phenomenological 

angles 6 used in our calculations are identical to the Young angles 6y. These angles 

represent surface hydrophobicity and affect liquid slippage a t the solid-liquid interface. 

Since surface tensions originated from intermolecular forces and can be related to the 

therm odynamic work of cohesion and adhesion, the slip length can, in principle, 

be related to molecular kinetic phenomena between the solid-liquid interface. The 

first contribution to  connect slip coefficient with contact angle was by Tolstoi [173]; 

Blake [95] la ter reviewed Tolstoi’s theory and discussed th e  results regarding liquid 

adsorption a t the solid surface. By means of molecular and thermodynamic theories, 

Tolstoi derived

where 5, A  and a  are the average distance between the centers of adjacent liquid 

molecules, the  effective surface and the fraction of A  composed of solid surface. Here,

from this theory are in good agreement [95] with those obtained by Churaev et al.

6.2.4 Electroosmotic slip flow with a moving capillary front

The results from the previous sections are used here to  derive the equations for elec­

troosmotic slip flow with a moving capillary front. We assume th a t the EOF with 

a  moving front is quasi-steady and laminar throughout th e  channel [175], so th a t it 

satisfies Eq. (6.2.2). From Eq.(6.2.2), we can obtain the shear force r  as

P  — ĵ e Of.4(r/u [ l - c o s 0 ] / f c 7 ' _ (6 .2 .8)

we consider liquid molecule as a  sphere and A  — 7rS2. It is noted th a t the predictions

[174].

(6.2.9)
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Noting that

0ds
q  =  ™ ~ T t  ’

the total viscous drag force Fv can be expressed as

ds
Fv =  27ras(t)T|r=a =  2?ra//s(t)

■ J\ Una) 
J  Jo(jna)

dt i  | j p K J' u *a )  2 Jl{jKa)

( 6 .2 . 10)

(6 .2 .11 )

“ JoUKa) JKa Jo UKa)

where s is the displacement or traveled distance by the liquid. The capillary force Fc

due to Laplace pressure can be expressed as

Fc =  27ra7/v cos 9 . ( 6 .2 .12)

Finally, the body force Fe  due to external electric field and charge distribution can 

be written as

Fe  =  2-s{ t)E i  f  prdr  =  -27rs(f)£ ,ie1K2^ - ^ - ^1^ KQ| . (6.2.13)
Jo J K J 0 { j K a )

For a given EOF th a t has traveled a  distance s, the Newton dynamics equation is

pdn &
f s  f d s Y  

S dt2 V dt
— Fc + Fe  +  Fv

=  2ffG7;„ cos 9 — 2ir$(t)EieiK2tps
a Ji(jKa)  

j n  J 0( j k g )

+2~afis(t)
ds JoUKa)
dt 1 +  jfiK.  J\  ( j ug )  2 J \  (.jua)

(6.2.14)
Jo(jKa) jna Jo(jna)

For EOF of electrolytes, ko is normally larger than  1000 and —j  J\ (j Ka)  /Jo  (j  na) ~  1. 

Thus, Eq.(6.2.14) could be simplified to

drs
S dt2 V dt

ds
= 2 ~a 7 lvcos(9) -  s(t)EieiKil;s - (6.2.15)

If a total external potential A u is applied across the two ends of a microchannel (as 

shown in Figure 6.2), th e  strength of electric field in solution E\  and in vapor Eo 

across the liquid-vapor interface will satisfy the following relationships:

€\E\  — toEo 

El  =  A u &
€\l  +  (eo — Cl)s
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Electroosmosis flow with a capillary moving front
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Figure 6.3: Dynamic behavior of electroosmotic flow (EOF) for a 0.01 M 1:1 elec­
trolyte solution in a 10 p m  circular microchannel w ith different surface hydrophobic- 
ities when the  applied electric potential A u is 100 kV.

When s = I, Ei  =  A u / l  and the flow is continuous. The initial conditions for 

Eq.(6.2.14) or (6.2.15) are s(0) =  0 and ds(0)/dt =  0 at t  =  0. However, Eqs.(6.2.14) 

or (6.2.15) has a  singularity a t t =  0; thus, we have selected s(0) =  so and ds(0)/dt  =  0 

as the new initial conditions, where sq is a  very small initial travel distance by the 

liquid front.

6.3 Param etric study and discussion

We study here the effects of surface hydrophobicity and Laplace pressure on EOF. 

Using a 1:1 electrolyte solution, we have selected the following values for our calcula­

tions: T  =  298 K, d  =  78.5 x 8.854 x 10"12 C V ^ m " 1, e2 =  8.854 x 10"12 C V ^ m " 1 

7 /„ =  72.8 m J /m 2, a =  10 n m, 5 =  0.282 nm, pd =103 kg/m 3, p  =  0.9x 10-3 kg
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m -1s-1 , I — 10 cm, so =  0.1 cm and ij)s =  —75 mV. It is noted th a t Debye-Hiickel 

approxim ation still provides a good agreement w ith experiments when zeta potential 

is up to 100 mV [33]. Here we set the surface potential to be a constant in all 

subsequent calculations. In fact, the value of ips depends on the channel wall m aterial, 

concentration and pH of solution. In term s of a  in Eq.(6.2.8), no description has been 

given for its determ ination. We have employed the  assumption made by Tolstoi [173] 

th a t a  A  =  tt<52/6 .

Figure 6.3 displays the  dynamics of electroosmotic flow for different surface hy- 

drophobicities in term s of the traveled distance s and velocity dsjdt with a =  1/6. 

The variations of surface hydrophobicity and slip coefficient are reflected by selecting 

a  range of contact angles from 0 to  120° w ith an applied potential A n of 100 kV. 

The results suggest th a t EO F w ith surfaces having 6 =  0° is slowest; while th a t for 

a higher angle 9 =  120° is fastest. Nevertheless, the traveled distance and instanta­

neous velocity for all cases are nearly identical until the moving front has traveled to 

s  ~  5 cm, i.e., half of the  entire channel. For s > 5 cm, the instantaneous velocity 

of the moving front increases drastically near the end of the microchannel for 9 =  

120°. It is noted th a t such a  small difference in the traveled distance and velocity 

between 9 =  0° and 120° during the  early part of an actual EO F experiment might 

not be easily detected. I t is also clear from Figure 6.3 th a t the effect of surface hy­

drophobicity on flow velocity becomes increasingly im portant only when the liquid 

front approaches the end of the channel -which, however, could not be easily observed 

experimentally as the liquid front has already traveled near the end of the electrode. 

The end velocities a t s =  10 cm are 5.S cm /s, 6.0 cm /s and 6.9 cm /s for 9 =  0°, 60° 

and 120°, respectively, and they represent the steady-state continuum velocities w ith­

out a  moving capillary' front. From these results, we found th a t the more hydrophobic 

the surfaces, the faster the  flow velocity; and th e  presence of a  moving capillary front 

has very little effect on the  EOF.
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Closer scrutiny, however, suggests a different story. To elucidate this, we reduced 

the applied potential A u from 100 kV to 10 kV and replotted the  result in Figure

6.4. From the results, an opposite trend is apparent: the EOF takes longer to  travel 

(s =  10 cm) as the contact angle increases, contrary to  the results shown in Figure

6.3. Intuitively, increase in surface hydrophobicity should reduce the solid-liquid 

interaction (adhesion) and hence faster EO F (i.e., liquid slips). This expectation is 

not m et in Figure 6.4. In fact, increase in the contact angle causes a larger Laplace 

pressure th a t suppresses EOF and hinders flow performance. A given amount of 

body force by electric field is required to overcome this resistance. As the external 

potential is reduced from 100 kV to 10 kV in this geometry, the body force by electric 

field is on the order of the Laplace pressure. Thus, the electric field is working 

against the capillar}' pressure. The increase in slip velocity as a  result of a  higher 

contact angle could not compensate for the increase in this capillary pressure: the 

more hydrophobic the surfaces, the  longer it takes to  travel a  given distance, e.g., 

10 cm. The maximum allowable contact angle 9 in this system is found to  be 107°. 

For 6 >  107°, the Laplace pressure is too strong to  be overcome by the electric field 

A u of 10 kV; and the  liquid simply does not move. The resulting velocities a t 10 

cm for 9 =  0°, 30° and 107° are, respectively, 0.5S cm /s, 0.6 cm /s and 0.66 cm/s. 

These represent the continuum flow velocities th a t increase w ith the contact angle 

(i.e. surface hydrophobicity), contrary to the actual traveled tim e shown in Figure

6.4. Thus, the continuum methods w ithout consideration of a  moving capillar}* front 

contain no information on the capillary pressure and is inadequate to describe the 

loading process of EOF when a liquid-vapor interface is presented.

6.4 Conclusions

The presence of a  liquid-vapor interface affects the  hydrodynam ic behavior of elec- 

troosmotic flow (EOF) with a moving capillary front. We have provided a model
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Electroosmosis flow with a capillary moving front
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Figure 6.4: Dynamic behavior of electroosmotic flow (EOF) for a  0.01 M 1:1 elec­
trolyte solution in a 10 circular microchannel with different surface hydrophobic- 
ities when the applied electric potential A u  is 10 kV. For 9 > 107°. the electric field 
cannot overcome the Laplace pressure, resulting in zero flow velocity.

for EOF by consideration of a  liquid-vapor interface with a  Laplace pressure and the 

solid-liquid interaction as slip. While liquid slip on hydrophobic surfaces increases 

flow velocity, the presence of a capillary pressure across the liquid-vapor interface can 

suppress EOF and decrease flow performance significantly. The continuum descrip­

tion of EOF is shown to be inadequate during the loading process when a  liquid-vapor 

capillary front is presented. There is no clear trend for the effect of surface hydropho­

bicity on EOF and the outcome depends strongly on whether the applied electric field 

could overcome the resistance given by the Laplace pressure.
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Chapter 7

Further Discussion beyond 
Possion-Boltzmann Model

7.1 Introduction

Poisson-Boltzmann equation is the most popular model of EDL and has been success­

fully applied for many problems. However, it still suffer from several defects. These 

imperfections include [32]

1. The finite sizes of the  ions are neglected.

2. Non-Coulombic interaction between counter- and co-ions and surface is disre­

garded.

3. Incomplete dissociation of the electrolyte is ignored.

4. The solvent is consider to be primitive.

5. The surface charge is assumed to  be homogeneous and smeared-out.

6. Image forces between ions and the surface are neglected.

Ion size is an obvious feature, which should be considered, especially for a  very narrow 

microchannel. W hen the surface potential is higher than  lOOmV, Poisson-Boltzmann 

equation predicts local concentrations far exceeding the space physically available [32]. 

Ion-ion correlations are still very im portant and should appear in Poisson-Boltzmann
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equation. If the surface charge is not homogeneous, image forces in the solid also play 

an im portant role.

To overcome Poisson-Boltzmann equation’s shortcomings, some improvements 

have been done in recent th irty  years [39, 40, 41, 42, 43, 44, 45]. Basically, all 

new models come from the statistical mechanics. M onte Carlo (MC) method has 

been used to  simulate EDL near a  charged wall [176, 177, 178, 179]. Molecular dy­

namics (MD) m ethod has also been used to  calculate the charge distributions and 

some therm odynamic param eters of EDL in a  charged micropore [180, 181]. Integral 

equation theory has been used to model ionic profiles in EDL. The hypernetted chain 

(HNC) and mean spherical approxim ation (MSA) equations are accurate to describe 

the primitive electrolyte near a  planar layer [182, 1S3]. A review about electric dou­

ble layer from the statistical mechanics point of view has been published [46]. Two 

systematical study of EDL by integral equation theory should be mentioned here: 

Cassou’s hypernetted chain-mean spherical (HNC/MS) integral equation [40, 41, 42] 

and Outhw aite’s modified Poisson-Boltzmann equation [44, 45, 1S4, 185]. The former 

reflects the ionic size effect, ionic concentration effect and ionic interaction. O ther 

than  the above effects, the la tte r model includes the image force of solid surface.

Obviously, more molecular param eters are involved in those model and more ex­

pensive com putation are required. The question remains: How much improvement do 

those models make? In this chapter, we use Outhwaite’s modified Poisson-Boltzmann 

equation (MPB) to  compare with three currently popular models: linearized Poisson- 

Boltzmann equation with Debye-Hiickel approximation (LPB), Poisson-Boltzmann 

equation (PB), modified Gouy-Chapman model (MGC). Using five different exclusion- 

volume terms, Outhwaite proposed five models named MPB1, M PB2, MPB3, MPB4 

and MPB5, respectively [44, 45, 184, 185]. Theoretically, MPB5 includes the  most 

information of the  electrolyte and needs more com putational time. But, several simu­

lation results of MPB4 were better than  those of MPB5 [185]. Cui et al. chose MPB4
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theory to  study interface phenomena between two immiscible electrolyte solutions 

[1S6, 187, 188]. Here, we also choose MPB4 to  simulate ionic and potential profiles 

of EDL.

7.2 Theory of m odels

Let us consider EDL of a (zo : zo) electrolyte in a parallel-plate microchannel (Figure 

2.16), and Assume y' is the direction normal to  the  planar plate and the origin a t the 

microchannel wall 1.2. Poisson-Boltzmann equation (PB) and its boundary conditions 

are

ip(h) =  ipi and ip(oo) =  0 or dv (o°) _  q
oy

The linearized Poisson-Boltzmann equation (LPB) is

d2tp(y)

(7.2.1)

d y2
2 i=  K 'Ip . (7.2.2)

Burgreen and Nakache [55] obtained the  completely analytical solution of Poisson- 

Boltzmann equation, Eqs. 7.2.1:

ny = a (7.2.3)

where F (a ,  9) is the elliptic integral of the first kind and

'cosh(2*gM )‘
8 =  sin 1

c o s h ( ^ ) J

a  = C0Sh(f ^ M )
v 2 k T  ’

- l
(7.2.4)

b'(O) is the potential a t the center (y=0), which is defined by the expression:

Kh = a  [F (a , ^ )  -  F (a ,  80) (7.2.5)
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where Oo is defined by the following expression:

'c o s h ( ^ |M ) '
0 =  sin 1

c o s h ( ^ )

If h is much larger than k -1 , Eq. 7.2.3 to  Eq. 7.2.6 can be simplified as [34, 189]

(7.2.6)

, . ,. AkT , ,
ip(y ) =  tanh

ezo
ta n h { - ^ j r ) exP [ - K y ) (7.2.7)

The modified Gouy-Chapman theory was proposed by Henderson and Blum [190] and 

Torrie and Valleau [191], which assumes ions form a plane a t the closest approach to 

the solid surface. So th a t, the ionic size effect is included in such model. Then, the 

whole EDL are divided into two regions and potential can be expressed as:

6l 2  Z g e t ! > ( y ')

kT

dy*

W )  =  + A  > o <  y' <  ao/2 ,

=  K2 sinh ( ^  , y' > ao/2 , (7.2.8)

where ips =  L’(y' =  0). The modified Gouy-Chapman theory (MGC) looks simple 

and reflects the  ionic size effect. However, a more sophisticated model is needed to 

overcome more defects of Poisson-Boltzmann equation.

Here, we simply list used equations of O uthw aite’s modified Poisson-Boltzmann 

theory [44, 45, 1S4, 1S5] in simulation. Like MGC model, the MPB theory devide the 

EDL into two regions. The MPB equation becomes:

£ > W )
dy*

d/ih
t% ')  =  -ĵ p i + A  , 0 <  y < ao/2 ,

= - -  z i e n ° o 9 o i { y ' )  ,  y '  <  ao/2 • (7.2.9)

where goiW) 's the  singlet distribution function for an ion i at a  normal distance y'
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from the wall into the electrolyte. O ther relative expressions are:

■{F -  F0) +  Fip(y' + o,q) +  Fip(y' -  aQ)9 o i { y ' )  =  &e.rp j - ^ 5
2 k T

p  _  j  ry'+oo
47reao

ry'+ao 'I

/  i ’X d X  \  , 
Jy’-a-Q J

,— ry + <*0
6W = 1 + — t *  + " E n» /  K* - y f  - 4\90i(X) ax  ,

^ ■ J  m a x  (an/2:u'—an)

do

Siidnrioo v-> r j+a 0

'm a x (a  o /2 ,y ' - a 0 )

^ ( y ' )  =  ^ 5 3 -fe 2 nocyoi(y') ,

i
F  =  ( 1  +  /<52) /[ ( l  +  k ' ) ( 1  -  A ) ]  y  ^  3 a 0 / 2  ,

/  = ( € “ €„,)/(€ +  €«,),

F  =  (4 +  A ) / [ 4  +  Kl(do +  2 ? / )  +  /<5,i] a o / 2  ^  y; ^  3 a o / 2  ,

<52 =  exp[2K'(ao — y')] sinh(K'ao)/(2K'ao) ,

5\  =  ^o[K,flo c o sh (K /a 0 ) — s in h (K 'a 0 ) ] / [ ( l  4- K 'a0 ) s in h (K 'a o )]  ,

6 3  =  {a0  -  2 y' +  y Q " + 2 a ^ / +  1 / k ' -  exp[K'{^J0 5  +  2 a0 y' -  a0 -  2 y')]}/y'  ,

<5-i =  {53  -  (a0/y ' ) { l  +  exp[K’{yJd5  +  2 a 0 y' -  a 0  -  2 y')])}

i*o =  lim F  =  (1 +  Kao) - 1  • « =  hm. k ' , (7.2.10)
y'— 00 y '—00

where £,(y') is th e  exclusive volume term . /  is the imaging factor, eu, is the dielectric 

constant of the wall, K'(y') is the local Debye-Hiickel param eter and k is the bulk 

Debye-Hiickel length. Outhwaite provided a good numerical m ethod to  solve this 

modified Poisson-Boltzmann theory [44, 45,184,185,192]. Note th a t, for the ion point 

limit of MPB (a0  —>• 0), MPB equation cannot reduce to traditional PB equation, since 

it still includes two correction: the local variation of the Debye-Hiickel param eter k' 

and the  classical screened self-image term  /  [45].

In Figure 7.1, we plot the dimensionless mean electrostatic potentials zoeil}{y')lkT 

of M PB, MGC, PB, LPB, for 0.1976M and (1:1) electrolyte a t zoeip(y')/kT = 5.0 and 

/  =  0. Our result of MPB4 is the same as tha t in the Figure 2 of [44]. In this case, 

we find th a t these models make apparent difference only in a thin region of EDL.

165

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Potential distribution o f EDL

5

  MPB4
—  M GC 
. . . .  pb 

LPB4

3

o

00 3 54
y’ (nm)

Figure 7.1: Dimensionless mean electrostatic potentials z0ei!;(y')/kT of M PB, MGC, 
PB , LPB, for 0.1976M and (1:1) electrolyte a t ZQei}){y') j  k T  =  5.0, ao =  0.425n m  and 
/  =  0-

O ut of the distance 4 nm from the solid wall, all these models have no distinguished 

difference. If ew —► oc, /  —* — 1; and if ew —► 1, /  —► 0.975. The above two 

cases correspond to  the  highest and lowest lim itation of image factors. The former 

corresponds to  a  metallic surface; the la tte r coresponds to a isulating surface. Most 

of glass has the  dielectric constant a t the order of 10. Here, we choose 5 as glass’s 

dielectric constant, so th a t /  =  0.88. In Figure 7.2, we only can find slight difference 

among these results with different image factors. So, in this case, image force has a 

weak effect. In Figure 7.3, we plot the dimensionless mean electrostatic potentials 

zoeil;(y')/kT predicted by MPB4 for different ionic sizes. K+ is of radius 0.138 nm; 

N a+ is of 0.102 nm; Li+ is of 0.076 nm. We find th a t ionic sizes significantly affect 

potential profile.
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Potential distribution o f EDL
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MPB, f = 0 
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MPB, f =0.97484 
MPB, f= 0.88 
PB
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Figure 7.2: Dimensionless mean electrostatic potentials zoeip(y')/kT  of PB and MPB. 
for 0.1976M and (1:1) electrolyte a t zoeip(y')/ k T  =  5.0, ao =  0.425nm and different 
image factors.

7.3 M PB  theory for electrokinetic flow in microchan­
nels

For the parallel-plate microchannel (Figure 2.16), all dimensional controlling equa­

tions are:

dib
^ (± h )  =  r!>s , - t- (0 )  =  0 ,

dy
(7.3.1)

1 dp d2v  1 . 1 dv
— 77"  77>— *— P ^z = ~~Z1 >p. dz  d-y p, v  dt

v (h , t )  = 0 ^ ( h , t )  , t t " (0 ,£) =  0 , (7.3.2)
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Potential distribution of EDL
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Figure 7.3: Dimensionless mean electrostatic potentials zaeib(y') /  k T  of PB  and MPB. 
for 0.1976M and (1:1) electrolyte a t zoeiJ(y')/kT  =  5.0, /  =  0 and different ionic sizes.

The definition of volumetric flow rate, q, per unit width of the parallel p late is

q = 2 [  v d y  , (7.3.3)
Jo

whereas the electric current is

i(t) = 2 j \ v d y  + I 25™ 0*0  (2h)E’z , (7.3.4)
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where we can define 2~"efc,",°°'D =  <7 , conductivity of electrolyte [38]. Using LPB model, 

we obtain the dimensional velocity, current and flow rate.

vp(y)  =  -  y2 ~  2Ph) >-p.
. . etps ( cosh(Ky) sinh k / i

VE{y) = —  ( . . L X  - 1  +  /5k/j \co sh  ( k / i ) cosh k / i

ip

h5

2 eipah

y

 ̂ sinh ( k / i )  sinh(«:/i)
k / i c o s 1i ( k / i )  cosh ( k / i )

+/3

0  9  0 , 0

/x cosh ( k / i )  

sinh2 ( k / i )  

cosh k / i

_c o s 1i ( k / i )  \ 2  

+  2hcr ,

s i n h ( K / i )  c o s ! i ( k / i )

2 k

sinh(K/i)

Qe

= ± ( h 3 - 2 ,8 h 2) ,
o

2 /ie^.s /  1 sinh(K/i) ^  sinh(K/i)
(7.3.5)

p  \Khcosh(Kh)  cosh ( k /? . )_

If we use MGC, MPB, we cannot obtain exact analytical solutions of electroki- 

netic flow. However, solving Poisson equation and Navier-Stokes equation and using 

definitions of current and flow rate, we can obtain semi-analytical solutions:

vp{y) = - -̂(h2 - y 2-  2Ph) , 

vs(y) = ̂  (ip(y) - A  + p ^ ^ -\y=h

ip =  — ( —2tpsh +  2 f  ip(y)dy -I- 2Bh 
f1 \  Jo

I E  =

Qp

Qe

i f

V-
1 , 2

- a t ) ' *

dj’jy) 1 

dy

j . , o f d^ y ) |

\y=h

+  2/1(7 .

=  - ( I / i 3 -  2/3h2) ,
fi O
2e

A*
ib(y) dy + h ( /3~ ^  \y=h -  ips

dy
(7.3.6)

Assuming 0.1M KC1 electrlyte, we use the following param eters: surface potential 

ips =  —100 mV, conductivity a  =  1.28217 S /m  [38], h =  10 /xm, p  = 0.9 x 10-3 

kgm_1s_1, e =  78.5 x 8.854 x 10-12 CV-1m_1, p =  103 kgm-3 , e =  1.6021 x 10-19 C,
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—d p/dz  =  1 x 106 P a  m -1 (for pressure driven flow), E', =  105 Vm-1 (for electric field 

driven flow). Using LPB, PB, and MPB models, we list the strengths of streaming 

potentials, the flow rates of pressure driven flows and the flow rates of electric field 

driven flows in Table 7.1 for 0  =  0 and in Table 7.2 for 0  = — 0.1/im. If 0  =  0 

(without slip), from Table 7.1, we find LPB, PB, and MPB give out very close results 

of strengths of stream ing potentials, flow rates of pressure driven flows and flow 

rates of electric field driven flows. To find deviation caused by different models for 

electrokinetic slip flows, we choose a  slip length 0  =  —0.1 p m  in Table 7.2. We 

find models have significant effects on the strength of stream ing potentials and the 

flow rates of electric field driven flows, bu t not on the flow rates of pressure driven 

flows. These param etric study is based on an assumption th a t we can change slip 

length and surface potential independently. However, it is a  big challenge to make 

a  hydrophobic surface with high surface potential. Because the differences among 

LPB, PB and M PB become smaller for lower surface potential, the differences of 

the strength of stream ing potential and the flow rate of electric field driven flow 

induced by models should decrease. For electric field driven flow, considering the 

effect of external electric field on ionic distribution, we cannot conclude which model 

is better. Experiemental results are needed.

Table 7.1: Comparison of the the strengths of stream ing potentials, the flow rates of 
pressure driven flows and the flow rates of electric field driven flows for LPB, PB and 
MPB a t 0  =  0

K  (V /m )
for pressure driven flow

q (m3/s )
for pressure driven flow

q (;rrPfs)
for electric field driven flow

LPB -0.0602122 7.40741 x lO"7 1.54438 x 10~s
PB -0.0602441 7.40741 x 10-7 1.54441 x 10~*
MPB -0.0602328 7.40741 x lO-7 1.54445 x 10~*
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Table 7.2: Comparison of the the strengths of stream ing potentials, the flow rates of 
pressure driven flows and the flow rates of electric field driven flows for LPB, PB and 
MPB a t /? =  —0.1 /im.

EL (V /m )
for pressure driven flow

q (m t /s )
for pressure driven flow

q (m6/s )
for electric field driven flow

LPB -6.62121 7.61SS9 x 10"7 1.62143 x 10“6
PB -12.9245 7.592S3 x lO"7 2.84699 x 10"6
MPB -12.684 7.59402 x 10"7 2.08075 x lO"6

7.4 Conclusions

Beyond the Poisson-Boltzmann equation, we use modified Poisson-Boltzmann model 

to study potential and charge density distribution of EDL. The difference of potential 

profiles between these models is only found in the 1-2 nm range from the solid surface. 

Furtherm ore, we compare electrokinetic slip flow described by the modified Poisson- 

Boltzmann model w ith those predicted by the Poisson-Boltzmann equation and the 

linearized Poisson-Boltzmann equation. By considering a  hydrophobic surface with 

low surface potential, the Poisson-Boltzmann equation is adequate for microchannel 

flow. This research is also a good stating  point for nanofluidics, since ionic size effect, 

image force effect and local Debye-Hiickel param eter effect are included in MPB 

theory. For extremely strong external electric field, we need experimental results to 

verify the validities of those models.
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Chapter 8

A Promising Slip Coating:
Self-Assembled Monolayers 
(SAMs) and Experiments

8.1 Introduction

A recent advance in the fabrication of nanoscale coatings is the use of the so-called 

Self-Assembled Monolayers (SAMs) [193,194,195,196]. These films are two-dimensional 

organic assemblies tha t form by the spontaneous adsorption of functionalized, long- 

chain molecules onto metal or m etal oxide supports. They provide models to  sys­

tematically study a  wide range of interface/surface phenomena. The organic and 

biological properties of these films are largely controlled by the end groups of the 

molecules and can be manipulated by tailoring the end functional groups. SAMs are 

of technical interest for the fabrication of sensors, protective layers, lubrication, and 

as pattem able m aterials [156]. They provide a  pathway for a  better understanding 

of many technological systems where interfacial events play a dominant role.

The history of SAMs can be traced to  the earlier papers of Zisman et al. [197], 

where glass surfaces were exposed to  dilute solutions of long-chained alcohols in hex- 

adecane. Oriented monolayer films were then formed on the substrate th a t were not 

wetted by the solvent. Zisman et al. further studied various surfactant-like molecules 

including long-chained amines, carboxylic acids and amides on metal and metal oxide
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surfaces [19S, 199]. The systems considered by Zisman et al. exhibit only modest sta­

bilities and were limited only to  low-energy hydrophobic surfaces. Nuzzo et al. [200] 

later extended Zisman’s approach by relying on a stronger and specific interactions be­

tween sulphur and gold for molecular self-assembly. The specific interaction between 

gold and sulfur allows adsorption of thiols not only onto gold, but also other surfaces 

such as silver, copper, mercury, GaAs and InP. The mechanism of such self-assembly 

originated from a  large interfacial driving energy when those of the metal substrates 

are reduced. This specific adsorption is stronger than the physisorbed molecular film 

by the Langmuir-Blodgett technique which relies on packing of molecules and sub­

sequently transfer to surfaces. Among the  metals for self-assembly, self-assembled 

monolayers (SAMs) derived from the adsorption of organothiols onto gold have been 

extensively investigated for studying their potential uses as corrosion inhibitors, re­

sist layers, components of chemical sensors, and models for organic and biological 

surfaces.

As a  nanoscale coating for MEMS devices, SAMs exhibit many advantages, such as 

ease of preparation, low density of defects to  be useful in many applications, amenable 

to  vary interfacical properties (physical, chemical, electrochemical and biochemical) 

[156], and small thickness on the order of nanometers. Comparing with the thickness 

of traditional polymer coating on the order of /xm, SAMs is certainly the best choice 

to  control interface/surface properties of microchannels.

8.2 Effect of polycrystallinity on w ettability of SAM s

SAMs is a single atomic layer of long-chain molecules. Intuitively, the surface prop­

erties of SAMs coatings should be determined by the exposed end functional groups. 

However, formation of SAMs can be influenced by surface nanostructre and the ad­

sorption process of molecular self-assemby. In this section, we will study effects of 

polycrystallinity of substrates on hydrophobicity of SAMs by means of contact angle ,
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Ellipsometry, Fourier Transform Infrared Spectroscopy (FTIR) and the Atomic Force 

Microscopy (AFM) measurment.

8.2.1 Experimental section 
Materials

Silicon wafers of test grade were obtained from Wafer World (West Palm Beach, 

FL) in circular discs of about 10 cm diameter and were cut into rectangular shapes 

of about 2.5 cm x 5 cm. Gold shot (99.999%) and titianium  shot (99.995%) were 

obtained from K urt J. Lesker (Clairton, PA). Ethanol (100%) was obtained from the 

Chemistry Dept, at the University of Alberta. Octadecanethiol [CH3(CHo)i7 SH] was 

obtained from Aldrich and used as received. Six liquids were chosen for contact angle 

measurements. Selection was based on the following criteria: (1) they should include 

a wide range of intermolecular forces; (2) they should be non-toxic; and (3) the liquid 

surface tension should be higher than  the anticipated solid surface tension [201].

Preparation of SAMs

Supported gold films were prepared by sequentially evaporating titanium  (~  10 nm) 

and gold (~  100 nm) onto small rectangular silicon wafers in a  diffusion-pumped vac­

uum chamber a t ~  10-6 torr. The chamber was backfilled with air and the substrates 

were used within 48 h of preparation. The evaporated surfaces were rinsed with 

ethanol before SAMs formation. SAMs were prepared by immersing into 1 mM of 

CH3(CH 2 )itSH  in ethanol overnight. The resulting surfaces were rinsed with ethanol 

and blown dry by nitrogen before use. Evaporated gold substrates were also flame 

annealed for ~  30 s using a bunsen burner under ambient laboratory condition. After 

~  1 minute, the annealed substrate was then immersed into 1 mM of CH3(CH3)i7 SH 

in ethanol overnight [109].
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Characterization of SAMs

SAMs were first characterized by a Sopra GES5 Variable Angle Spectroscopic Ellip- 

someter. The ellipsometry measurements were performed using a rotating polarizer 

in the tracking analyzer mode. A broad band of light (300 to  850 nm) from a 75 W  

Xe-arc lamp is linearly polarized and directed onto the film surface a t an incident 

angle of 75° from the surface normal. Each bare gold substrate were measured by 

the ellipsometer as references immediately after evaporation. After immersion into 

1 mM of octadecanethiol/ethanol solution overnight, a new set of data  for each sub­

s trate  were measured again using an ambient-film-substrate model for regression with 

known refractive index (n  and k) for octadecanethiol absorbed onto gold. The re­

fractive index for octadecanethiol absorbed onto gold as a function of wavelength was 

independently obtained from a Sopra GXR Grazing X-ray Reflectometer, rather than  

assuming an index of refraction (e.g. n  =  1.46) a t a  given wavelength (e.g. A =  6328 

A) as typically performed in the literature. Such spectroscopic measurements are 

expected to  provide more accurate results in ellipsometer thickness since the optical 

constants for a  range of wavelengths were used simultaneously.

Reflectance Infrared spectra of SAM of octadecanethiol onto Au were obtained us­

ing a  ThermoNicolet Nexus 670 spectrom eter equipped with a VeeMax glazing angle 

accessory'. A p-polarized light was incident a t 70° from the  surface normal and the re­

flected light was detected by means of a MCT-A detector cooled with liquid nitrogen. 

The spectra resolution was 2 cm-1 . Spectra were referenced to the corresponding 

bare (anneal and non-annealed) Au substrates and 1024 scans were obtained for good 

signal-to-noise ratios. An infrared gain of 2 was selected for all reflectance infrared 

(IR) measurements to  ensure th a t the input IR signals are constant. Samples were 

rinsed with ethanol and blown dry by No prior to characterization.

The atomic force Microscopy (AFM) measurements were performed using a Digital

175

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Instrum ents Nanoscope I lia  atomic force microscope (Digital Instrum ents, Santa Bar­

bara, CA). S tandard  silicon nitride cantilevered probes were used with a force/spring 

constant in the range between 0.06 -  0.58 N /m . T he AFM images of annealed and 

non-annealed Au surfaces were captured by using contact mode under ambient labo­

ratory  conditions. The surfaces were cut into 1 cm x 1 cm samples to fit onto a 1.5 

cm x 1.5 cm sample stage.

Contact angle measurements

Contact angle is an accurate and sensitive m ethod to  determine w ettability (surface 

tensions) of solid surfaces. By means of low-rate dynamic contact angle measurements 

using an autom ated drop shape analysis, Kwok et al. [85, 202, 203, 204] systematically 

studied contact angles of a series of liquids with continuously varying surface tension 

on various polymer-coated silicon wafer surfaces.

Characterizations by Ellipsometry, FT-IR and AFM

The ellipsometer thickness for octadecanethiol CH3(CH2)i 7 SH absorbed onto an­

nealed gold was consistently 21.4; whereas tha t formed on the non-annealed Au varied 

between 20-21A. W hile this difference is not statistically significant, we noticed th a t 

the experim ental tan  'F and cos A for the non-annealed-Au samples did not always 

m atch those of th e  theoretical curves. Nevertheless, our thicknesses are consistent 

with those reported in the literature [215].

The reflectance spectra for SAMs derived from octadecanethiol on Au and annealed- 

Au are shown in Figure 8.1. In the  both spectra of Figure S .l, the asymmetric 

m ethylene peaks appeared a t ~  2918 cm-1 . This indicates a prim arily trans-zigzag 

extended hydrocarbon chain with few gauche conformers. Both spectra dem onstrate 

th a t SAMs of octadecanethiol absorbed onto Au and annealed Au are highly crys­

talline. However, the intensities of the methylene peaks are larger on Au and smaller 

on the  annealed Au. The difference in the peak intensity could reflect different canted
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Figure S.l: Grazing incidence polarized infrared spectra for SAMs of octadecanethiol 
CH3(CH2) i7SH absorbed onto evaporated (non-annealed) and annealed gold. The 
approxim ate positions of the methylene modes are 291S (asym) and 2850 (sym) cm-1 , 
and those for the  methyl modes are 2964 (asym). 2935 (sym, Fermi resonance), and 
2879 (sym) cm-1 . The spectra have been offset vertically for clarity.

orientations for the polymethylene chains on these surfaces or different amount of the 

polymethylene chains th a t the IR detected. Since the tilt of chain on the Au sub­

stra te  for alkanethiolate SAMs is known to  be ~  30° and this structural orientation is 

unlikely to be changed by annealing, we speculate th a t the difference in the intensity 

of the asymm etric and symmetric methylene peaks appear at ~  2918 cm -1 and 2850 

cm -1 indicates different amount of polymethylene chains th a t were detected by the IR. 

The spectrum  for the adsorbed layer of octadecanethiol on non-annealed-Au exhibits 

a  higher dichroic ratio (~  2) for the methylene adsorption modes [i/a(CH2)/V,(CH2)]; 

and th a t on the annealed-Au exhibits a  much lower dichroic ratio  (~  1.3). We also 

note tha t the  intensities of the methyl modes a t 2964 (asym), 2935 (sym, Fermi 

resonance), and 2879 (sym) cm-1 for the two substrates in Figure 8.1 are similar. 

These features in the spectra provide evidence th a t SAM of octadecanethiol on the
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Figure S.2: AFM images of annealed Au for a scan size of 1 f im.

non-annealed Au has a  structure that is not the same as th a t on the annealed Au. 

Independent AFM images shown in Figures 8.2 and 8.2 suggest th a t the annealed Au 

has larger terraces [as much as 200 nm]; while th a t of the non-annealed Au has much 

smaller gold steps [109].
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Figure S.3: AFM images of non-annealed Au for a  scan size of 1 fim.

8.3 Experim ental investigation o f liquid slippage 
on SAM s

In this section, we will investigate the slippage of flow on SAMs coatings. Octade­

canethiol SAMs on annealed and non-annealed gold substrates are used as hydropho­

bic coating. 16-Mercaptohexadecanoic acid [HS(CH2)i5C02H] SAM is used as a hy­

drophilic coating.

In our experiments, we assume tha t if a liquid can wet a lyophobic coating, the 

liquid does not slip in microchannels with such coating. Vinogradova [86] pointed out 

th a t the advancing contact angle 9a >  70° is the threshold advancing contact angle of
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Figure 8.4: Illustration of the microchannel formed between two microscope slides

slippage. Churaev et al. [174] observed flow increase in capillaries with 9a >  70°. but 

not in capillaries w ith 6a <  70°. Baudry [227] did not observe slippage of glycerol on 

a  surface with 9a =  62°. Here, we use ethanol as the wetting liquid. The liquid-vapor 

surface tension of ethanol, 7 iv, is 21.97 m J/m 2; while th a t of the octadecanethiol 

SAM is known to be 20 m J/m 2  [109]. Ethanol should have a small contact angle 

on SAMs of octadecanethiol CH3 (CH 2 )i7 SH absorbed onto therm ally annealed Au or 

non-annealed Au.

As discussed in previous chapters, electroviscous phenom ena and slippage have 

counter effects on the flows. Since electrokinetic phenom ena are not the main objec­

tive of this experiments, we hope to  independently study slippage of flow on octade­

canethiol SAMs. Here, we use 0.001 M KC1 solution as testing liquid. To eliminate 

electroviscous effects, we short the two electrodes between the  inlet and outlet of the 

microchannel.

The microchannel actually has a  rectangular cross section (see Figure 8.4). Since 

w h, the rectangular microchannel can be considered a parallel-plate microchannel. 

W ithout electroviscous effects, the flow rate of flow in the parallel-plate microchannel
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Figure S.5: The viscosity of water and ethanol as a function of tem perature

Because liquids’ viscosities change with tem perature, we should record the temper­

ature a t real tim e to  find corresponding viscosity a t the  tem perature. In Table 8.1, 

we list the viscosities of ethanol and water a t different tem peratures [228]. In Figure

8.5, two functions of viscosities of water and ethanol, w ith respect to  tem perature, 

are obtained by fitting experimental da ta  of Table 8.1 [229].

In experiments, the measured pressure drop is the to tal pressure drop, which 

includes pressure decay a t inlet and outlet [66, 140]. In the entrance region, the flow 

was not a fully developed lam inar flow. The entrance region length lin is given by

is

(8.3.1)

[66, 140]

lin = 0.02(2 h)Re  , Re  =  pdVmDfl (8.3.2)
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Table 8.1: Viscosities of liquids

Tem perature Viscosity of water (m Pa s) Viscosity of ethanol (mPa s)
-25° 3.262
0° 1.793 1.786
25° 0.S90 1.074
50° 0.547 0.694
75° 0.378 0.476
100° 0.282

where Dh =  4hw /  (h+w)  is hydraulic diameter of the rectangular microchannel Figure

8.4, pd is density of liquid and vm is the mean velocity. In this region, the pressure 

drop is calculated by

A Pi„ =  . (8.3.3)

where k in  is the friction coefficient given by [66, 140]

0.774 0.0008996 1 
in ~  Re  + Re

(8.3.4)
lin/4hR e  (lin/4hRe)2\  ’

At the exit of the flow, the cross section is greatly increased. As the flow leaves the 

parallel slit microchannel, it becomes turbulent. The pressure decay a t the outlet is 

estim ated by [66, 140]

A ^ v^  , (8.3.5)

Thus, the flow ra te  and the pressure gradient in Eq. 8.3.1 are

Qmeasured
q =  2W ’

dp   A  Pmeasurcd A  Pin A  Pout
d.Z I  — L n

(8.3.6)

8.3.1 Experimental set-up

We constructed an experimental system shown in Figure 8.6. The precision pump 

delivers liquids to  the test section from the testing liquid reservoir. The test section
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Figure S. 6: Schematic of the experimental system

includes a submicron filter, a flow-meter, an electro-meter, a  pressure transducer, a 

microchannel, a  da ta  acquisition system and a conductivity sensor. The correspond­

ing suppliers and operating ranges are illustrated in Table 8.2. Inlet and outlet of 

the microchannel will make up of two sumps to  hold probes of electrometer and pres­

sure transducer. All connection parts, valves, and tubings are plastic or Teflon to 

minimize the influence for conductivity. A stopwatch is used to measure the time it 

takes for accumulation. The weight of the collected liquid can be measured by an 

electronic balance. Thus, the flow rate can be calculated by the weight, time and 

liquid density. This redundant procedure provides an additional check on the  reading 

from the flow m eter and the precision pump. The tolerance of the flow rate provided 

by the precision pump is controlled within 1%.
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Table 8.2: Equipments used for microchannel experimental setup.

Equipment Supplier Model # O perating Range
D ata acquisition 
system

Dycor CIO-DASOSjr 
“W izard” Software

8 channel

Flow-meter Thermal
Instrum ents

600-9/316SS/ 
Tube Connection

2.5 - 500 cc/h

Precision pump ISCO LC-5000 0.06 - 400 cc/h
Pressure transducer Omega PX26-030DV

CX136-4
+ /-3 0  psi

Conductivity sensor W JF
instrum entation

HI 710 
HI 7639

0.0 - 199.9 m S/cm

M ultimeter Hewlett-Packard HP 347SA lm V  - 10V
Filter Fisher Scientific Anotop25

Polycap75
5mL
5-25L

8.3.2 Experimental section 
Materials

Microscope slides w ith size 25x75x 1 mm were obtained from Fisher Scientific. Deion­

ized ultrafiltered (DIUF) water was obtained from Fisher Scientific. Strips of a  th in  

plastic shim were obtained from Small Parts Inc.. Octadecanethiol [CH3(CH2)i 7 SH], 

16-Mercaptohexadecanoic acid [HS(CH2)i5C 02H] and KC1 were obtained from Aldrich. 

E thanol (100%) was obtained from the Chem istry Dept, a t the  University of Alberta. 

P latinum  electrodes were obtained from A-M Systems Inc.. Epoxy was obtained from 

Devcon.

Fabrication of microchannel

Microscope slides are firstly cutted into the size of 25x45 x 1 mm. Supported gold films 

were prepared by sequentially evaporating titanium  (~  10 nm) and gold (~  100 nm) 

onto the cut rectangular microscope slides in a diffusion-pumped vacuum chamber at 

~  10-6 torr. The chamber was backfilled with air and the substrates were used within 

48 h of preparation. The evaporated surfaces were rinsed w ith ethanol before SAMs

184

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



formation. Octadecanethiol or 16-Mercaptohexadecanoic acid SAMs were prepared 

by immersing into 1 mM of CH3 (CHo)itSH or ImM of HS(CH2 )i5 COoH in ethanol 

overnight. The resulting surfaces were rinsed with ethanol and blown dry by nitrogen 

before use. Some evaporated gold substrates were also flame annealed for ~  30 s using 

a bunsen burner under ambient laboratory condition. After ~  1 minute, the annealed 

substrate was then immersed into 1 mM of CH3 (CHo)17SH in ethanol overnight.

After coating SAMs on microscope slides, to form a microchannel, two strips of 

a thin plastic shim were used as the spacer and put between a pair of silicon plates 

in the length direction along the sides of the plates, so that a flow passage of 2w 

width was formed. Then, a specially designed clapper, which can provide a constant 

torque, was used to fix the relative position of the plates and the thin spacers. Finally, 

epoxy resin was applied to bond the two microscope slides together and to seal all 

the openings except the inlet and outlet of the microchannel. The cross section of 

such microchannel is illustrated in Figure S.4.

The width and length of the microchannel can be accurately measured by using 

a precision gauge. To determine the height of the microchannels was the biggest 

challenge. Since we try- to detect the slip length, which is at the range from several 

nm to 1 or 2 /im, optical microscopes cannot guarantee enough resolution. Then 

the channel height was calibrated by an indirect method that involves the flow of 

a wetting liquid (ethanol) through the microchannel. For eliminating electroviscous 

effects, we always short current between the two electrodes. The liquid flow in such 

a case is basically a Poiseuille laminar flow. Therefore, the channel height can be 

determined from the measured pressure drop and flow rate by using the Poiseuille 

flow equation [6 6 ]. The channel heights determined in this way were used in this 

study.
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Experimental data for -COOH microchannel

0.04

w = 3 mm. h = 19.03 pm, -0  =  0 pm

S  0.03

S3 0.02

□  0.001 M KC1
—  0.001 M KC1 
O Ethanol
—  Ethanol

5  0.01

0.3 0.6 0.9

pressure gradient, - dp/dz x 1 O'6 (Pa/m)

Figure 8.7: Experimental data of 0.001 M KC1 and ethanol in -COOH microchannel

Experimental process, results and discussion

In each measurement, the pump was set to maintain a constant flow rate. The flow was 

considered to have reached a steady state when the readings of the pressure drop was 

stable. At steady state, the temperature, flow rate and pressure drop were recorded. 

For a given channel and testing liquid, the measurements for all the parameters were 

repeated at least twice for the same flow rate in the same day. For a given channel, all 

data were produced in the same day. The next day, all measurements were repeated 

and the results were found to be reproducible.

In Figure 8.7, we give out measured experimental data of 0.001 M KC1 and ethanol 

in -COOH microchannel. The solid and dashed lines are fitted function of the prod­

uct of flow rate and viscosity with respect to pressure gradient for 0.001 M KC1 and 

ethanol, respectively. The solid line is almost identical to the dashed one. This
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Experimental data for -CH3 microchannel with non-annealed gold

0.025

w = 3.25 mm, h = 15 pm, -|3 = 0.54S pm

0.020

£• 0.015

x  0.010

□  0.001 M KC1
—  0.001 M KC1 
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—  Ethanol0.005

0.000
0 0.5 1.5

Pressure gradient, -  dP/dz x 10-6 (Pa/m)

Figure 8 .8 : Experimental data of 0.001 M KC1 and ethanol in -CH3  microchannel 
with non-annealed gold

means no slip happen on hydrophilic surface exposing -COOH function groups. In 

Figure 8 .8 , we give out the measured experimental data of 0.001 M KC1 and ethanol 

in microchannel with Octadecanethiol [CH3 (CH2 )i7 SH] coated on non-annealed gold. 

From experimental data, the calculated slip length is 0.548 //m, which is the same 

order of other experimental results [99, 101, 100]. In Figure 8.9, we provide the 

measured experimental data of 0.001 M KC1 and ethanol in microchannel with Oc­

tadecanethiol [CH3 (CH2 ) 1 7 SH] coated on annealed gold. From experimental data, 

the calculated slip length is 0.355 pm, which is smaller than that of the microchannel 

with Octadecanethiol [CH3 (CH2 )i7 SH] coated on non-annealed gold. This accords 

with the contact angle measurements of our previous study [109].
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Experimental data for -CH3 microchannel with annealed gold

0.025

w = 3 mm. h = 15.33 nm, -(3 = 0.355 nm

0.02

-  0.015

□  0.001 M KC1
  0.001 M KC1
O Ethanol 

  Ethanol0.005

0.5 1

pressure gradient, - dp/dz x 10 6 (Pa/m)

Figure S.9: Experimental data of 0.001 M KC1 and ethanol in -CH3  microchannel 
with annealed gold

8.4 Conclusions

In this chapter, we experimentally observed slippage of flow on hydrophobic surfaces. 

The formation of SAMs affects contact angle phenomena of water, and hence the flow 

behavior of water flow. The slip length of Octadecanethiol SAMs on annealed gold is 

larger than that of Octadecanethiol SAMs on non-annealed gold, so are the contact 

angle of water.
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Chapter 9 

Summary and Future Work

9.1 Summary

In this thesis, fundamental research of microfluidics has been performed. On theoret­

ical side,

1 . analytical solutions of arbitrary time-dependent electrokinetic slip flow in mi­

crochannels with circular, parallel-plate and rectangular cross sections are ob­

tained;

2 . oscillating streaming potential and electroviscous effects are studied;

3. a method to determine zeta potential and slip length simultaneously has been 

proposed, which provides a more accurate model for zeta potential measure­

ments on hydrophobic surfaces at microscale;

4. with the continuity of flow rate and current, nonlinear pressure and electric field 

distributions in nonuniform microchannels are found;

5. for pressure or electric driven flow through a multilayer membrane, pressure 

and electric field distributions in each layer are obtained;

6 . a nondestructive method to characterize and detect multilayer membranes is 

proposed;
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7. a model of electroosmotic flow with moving front is proposed, which includes 

effects of EDL, wettability and capillary force;

S. effects of four EDL models on ionic distribution in EDL and microflow in the 

parallel-plate microchannel are studied;

9. circuit and efficiency analysis of electrokinetic battery has been performed.

On experimental side,

1 . by means of streaming current and streaming potential, two novel designs of 

electrokinetic battery consisting of an array of microchannels are proposed [108];

2 . preliminary experimental results confirm the feasibility of electrokinetic battery;

3. based on long-term experimental observation, a mobile ion drain method to 

increase surface charge density is used to improve efficiency of electrokinetic 

battery;

4. a promising slip coating SAMs is proposed;

5. slippage of flow on hydrophobic SAMs is observed by our experimental system 

and corresponding slip lengths are determined.

9.2 Future work

Microfluidics is a promising and developing area. Related physical and chemical 

phenomena are waiting for being revealed and explained. It is anticipated that further 

study on both theory and experiments would be helpful. On the theoretical side,

1 . based on a deeper understanding of interactions between liquid molecules and 

solid surfaces, we can find the quantitative relation between slip length and 

contact angle (or wettability);
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2 . by considering effects of inlet and outlet of microchannels on ionic distribution, 

we can obtain a more precise prediction of electrokinetic flow in the entire 

microchannel;

3. we should extend the model of electroosmotic flow with moving front into more 

complex geometries, such as rectangular microchannel, T-shape microchannel;

4. with a better understanding of EDL mechanism, we will find ways to improve 

efficiency of the electrokinetic battery;

5. we also should extend our current research area microfluidics to nanofluidics 

and biofluidics.

On the experimental side,

1 . to support theoretical study, we will systematically build the relationship be­

tween slip length and contact angle for various coatings, such as SAMs, polymers 

and plasma modified surfaces;

2 . to improve efficiency of the electrokinetic battery, we will test electrokinetic 

batten' made of different materials;

3. to study effects of surfaces on efficiency of the electrokinetic batter}', we will 

change solid surfaces of the electrokinetic battery by means of various surface 

modification methods.
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