Optimal Control of Column Flotation Process using Dynamic
Fundamental Models

by
Maryam Azhin

A thesis submitted in partial fulfillment of the requirements for the degree of
Doctor of Philosophy
in

Chemical Engineering

Department of Chemical and Materials Engineering
University of Alberta

(© Maryam Azhin, 2020



Abstract

Column flotation, as a selective separation process based on differences in surface
properties, is used for a broad range of applications in the mineral processing indus-
try, including metallic, non-metallic, and coal ores, as well as wastewater treatment
over the last fifty years. Flotation is a commonly used method for the separation of
valuable minerals (metals) from gangue. Application of flotation columns is domi-
nant in Australia, the USA, and China, while in North America the use of flotation
column has declined significantly. The reason for this decline is that still many unan-
swered questions exist regarding flotation column operational performance. Opera-
tional performance is related to having control over the system in order to keep the
system in the preferable operational region to reach desired product grades and/or
recovery and/or performance objectives while ensuring the stability of the hydrody-
namic system.

Moreover, available industrial flotation technology is effective over a size range of
approximately 15 to 150 microns. The above consideration provides a strong moti-
vation for the development of a hybrid column geometry to extend the refining range
from very fine to very coarse particles by adding a mixer to the geometry of the
flotation column.

The main goal of this thesis is on-line model-based monitoring and control of the
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hybrid flotation column system. In this regard, optimal controller (OC) design, as
the ideal solutions for high-quality control, which explicitly accounts for optimality
and stability is applied. Although OC has been successfully implemented in many
processes, so far the common control approach in flotation plants is knowledge-based
(fuzzy logic, supervisory, and PID). This research addresses the question of how the
state-of-the-art column flotation control realization is close to successful application
of advanced OC. In particular, it is demonstrated that the limits of the application
of OC are specific difficulties in having reliable dynamic models, state estimation,
controller design and having good measurements.

For the purpose of designing a controller the following goals have been achieved, 1)
a three-phase continuous hybrid flotation column that seeks to obtain the benefits
of both mechanical cells and flotation columns is modelled as the interconnection of
a CSTR representing the well-mixed zone and two plug-flow reactors (PFR) repre-
senting pulp and froth zones. The dynamic plant model representation of the novel
flotation column accounts for both dynamic variations and micro-scale processes
such as bubble-particle collision and attachment, and the appearance and break-
age of bubbles. This complex distributed parameter system (DPS) is described by
sets of nonlinear coupled conservation counter-current hyperbolic partial differential
equations (PDEs) and one set of ordinary differential equations (ODEs). 2) The
dynamic conservation law based model for the continuous hybrid flotation column
is utilized in an optimal model-based controller design. The stability of the system
is ensured (i.e. the controller does not make the system unstable), in addition, this
modern state-of-the-art controller synthesis accounts for optimality and performance.

The controller design utilizes a linear model obtained by linearization at operating
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steady states of interest. A full-state optimal feedback control law is designed and
controller performance has been demonstrated through a numerical simulation of
physically meaningful and relevant plant operating conditions. The LQR-based op-
timal controller outperforms Pl-based control in terms of a return to steady state
after a perturbation in the initial condition, 3) model-based state estimators and
observers are explored. This was due to the fact that in practice some essential
properties for the monitoring and control purposes cannot be measured directly (for
example, the amount of metal extracted from ore at the column exit); instead, they
must be estimated from available measurements.

Finally, the proposed model and real-time state estimation is validated using real-

time measurements based on experimental data.
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Chapter 1

Introduction

1.1 An introduction to column flotation process

The process of transforming an ore to final valuable minerals (metals) includes a
coherent chain of processes. This series of processes includes crushing, grinding,
physical and chemical separating, flotation, regrinding and re-floating followed by
filtering and drying to produce the final concentrate of valuable material. Column
flotation, which is only responsible for physical treatment of ores, is part of the

cleaning process in the mining industry (see Figure 1.1).

Cleaner " Final

Recleaner| Concentrat

Figure 1.1: Copper cleaner/recleaner flotation plant [1].



The main goal of a flotation column unit is to improve the recovery and/or final
grade of product to its highest possible level, and the other alternative to achiev-
ing this is to use a mechanical flotation cell. An important step to achieve this
goal is to understand the involving variables that affect the operation performance
significantly and control them. The control of column flotation has attracted some
attention in the last few years [2]. Froth flotation is a commonly used method for
a selective separation of valuable minerals (metals) from useless minerals (gangues)
based on differences in surface properties. First, pneumatic flotation cells (air spark-
ing through the porous bottom) were introduced by G.M. Callow in 1915 [3]. In this
configuration, the air flowed horizontally with a cross-current flow with the slurry
flow. This process was further tested by Town and Flynn in 1919 and was widely
used in the industry from 1920-1930 [4]. This process was further replaced by a
impeller-type flotation device. Modern flotation columns were developed in Canada
in the early 1960s [5].

The column flotation dynamic characteristics are of major importance for the reg-
ulation of product quality. In particular, the column flotation geometry [4] favours
a more quiescent environment in comparison to the mechanical cell, which improves
the product quality and grade. Moreover, it requires less footprint since the need for
long banks of conventional cells is eliminated. Not only that, this separation tech-
nique needs lower capital and maintenance costs and is more efficient and easier to
implement for monitoring and controlling purposes in comparison to mechanical cell
flotation. Also, this geometry provides an option to recycle the products to improve
the quality and provides a deeper froth zone, which favours an increase in residence

time in the froth zone and a further increase in separation quality. Column flotation



has three phases including solid (mineral particles), liquid (water), and gaseous (air)
and three zones including pulp, froth, and interface. Figure 1.2 shows a three-phase
column flotation system, which consists of three different zones. The froth zone is
the topmost layer with more bubbly flow, and is called the cleaning zone. The pulp
zone is the bottom zone and is called the collection zone. It is a diluted slurry where
particle collection is considered to occur by the collision between particles and bub-
bles. The middle zone, called the interface layer, is between the froth and the pulp
zones and it is the place where the interaction between the collection and cleaning
zones occurs. At the interface, particle transport occurs in both directions.

Main column flotation separation processes are realized as downward slurry flow
throughout the collection zone and a rise up of the air stream (as small bubbles)

through the column, as seen in Figure 1.2.
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Figure 1.2: Schematic of a three-phase column flotation [6].




The primary transport of particle is from the collection zone to the cleaning zone
by attachment to the bubbles, while transport of particles by entrainment into the
froth phase is usually of negligible importance in the column. Some of the main phys-
ical sub-processes taking place in column flotation (see Figure 1.3) can be described

as follows:

1. A collision occurs between the hydrophobic and hydrophilic solid particles and
the air bubbles.

2. After the collision, the liquid film between hydrophobic particle and bubble
thins out so that attachment happens, and eventually ruptures, leading to the

attachment phenomenon.

3. The solid-liquid-gas interface on the surface of the air bubble moves to establish

a stable bubble-particle aggregate.

4. From here, the aggregate rises to form the froth phase which can be collected

in the launder.
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Figure 1.3: Collision, attachment and detachment phenomena.

In contrast to the hydrophobic particles, hydrophilic particles do not attach to

4



the air bubbles but remain in the flotation pulp. Besides the main sub-processes,
some other simultaneous sub-processes such as ‘entrainment of gangue into the froth
zone’ and ‘coalescence of bubbles’ occur regularly in a flotation column. As a result
of coalescence of bubbles, particles detach and drop back from froth zone to the
pulp zone with bias water even if the froth is not saturated with particles [7]. The
detachment of valuable particles from bubbles impacts the recovery across the froth
phase. The following mechanisms demonstrate how minerals travel through the

flotation apparatus by entrainment:

e Particles are transported in a bubble lamella form in a thin hydrodynamic layer

of water around the bubble (boundary layer theory) [§].
e Particles are transported in a wake of a rising bubbles (bubble wake theory).

e Particles go to the froth from the pulp by a swarm of ascending bubbles. Bub-
bles are slowed down and crowded in the interface of froth and pulp. Some
suspended minerals may drop back and some may be squeezed and push up by

bubble swarm due to the buoyancy force (bubble swarm theory) [9].

Although the mining industry faced several operational changes and improvements
since 1960, the full potential of this unit operation has not been fully exploited due to
the complexity of the process. Nowadays, in order to maximize the production at a
lower operating cost under volatile metal market conditions, generating an accurate
model and designing an optimal model-based controller of the system is of a high

Iinterest.



Effect of particle size on recovery: Several studies have shown that avail-
able industrial flotation technology is effective over a size range of approximately 15
to 150 microns and cannot refine very fine and very coarse particles by flotation. The
well-known ‘elephant curve’ shows particles outside of critical size range in industry
using conventional flotation equipment are rejected to the tailing [10] (see Figure 1.4
[4]). For fine particles (naturally occurring or generated after grinding) in order to
increase the recovery (to increase the bubble/particle collision rate, which means to
increase the probability of attachment), the design of equipment should be changed
to provide more retention time. Therefore, we need to make smaller bubbles (micro
or nano-bubbles) to increase the total surface area of air in order to increase the flota-
tion rate or increase the gas flow rate. On the other hand, the recovery decreases for
more coarse particles due to excessive turbulence, which induces detachment. In this
case, the mechanical cell environment (due to increased agitation) is not suitable for
the separation of coarse particles, and column flotation provides less agitated area.
For particles greater than 200 microns, the strength of the bubble/particle attach-
ment decreases [4]. The split-feed process is used sometimes in order to pre-separate

smaller and coarser particles to improve the recovery [11-13].
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Figure 1.4: Conventional flotation data for industrial sulphide flotation circuits.

1.2 An introduction to monitoring, estimation, and
control of column flotation

Application of modern control theory includes methods for process identification,
online monitoring, state estimation, and prediction techniques [14] to reach the main
objective of the flotation process control, which is the maximization of the concen-
trate grade and recovery without losing process stability [15]. Although the concen-
trate grade can be continuously measured using an on-stream analyzer, the only way
to define the recovery is through estimation from a material balance. In order to
relate important aspects of monitoring, estimation, and control of column flotation
process, one needs to address the application related features of column flotation

process, such as measurements and/or control.

Measurement:  Basically, on-line instruments may not always exist or would



be expensive. For example, using X-ray fluorescence (XRF), which is known as a
conventional technique to measure the composition of the stream for online mea-
surement would be expensive to maintain and have low sampling rates with lengthy
delays for analysis. Moreover, during offline laboratory analyzes, the structure of
the froth changes and therefore alters the grade and recovery of the product [16, 17].
One possible benefit of the results of the offline measurement is that it can be used as
initial guesses for the online estimator and to minimize the error between the model
predicted and measured recovery over time.

For measuring froth depth, methods using floats or pressure gauges and recently
temperature or conductivity profiles are commonly used in industrial applications
[18]. Another important variable for the optimization of column flotation is bias
which is defined as the ‘net downflow water’ [7], or ‘difference between tailing water
and the feed water’ [19]. Measuring bias by using flow meters and density meters is
difficult [6], while measuring bias using the temperature [20] and conductivity [19]
profiles have been reported.

Another measurement technique is machine vision, which was introduced to froth
flotation systems in the late 1980s [21]. Machine vision has been proposed as an
ideal non-intrusive technique to rapidly and accurately extract meaningful informa-
tion relating to the performance of the froth phase in flotation process such as grade
and recovery of the valuable particle in the concentrate. Despite being challenging,
many attempts have been done to link performance factors such as mass recovery

rate and concentrate grade with measurable attributes of the froth phase [21-23].

Estimation:  An important fact to consider is that measurements using hard-



ware sensors for a complex and harsh environment of froth flotation is very chal-
lenging. Therefore, a cheap, reliable, and fast alternative is an attractive option to
be explored [24]. In particular, the important features of bubble surface area flux
measurements are related to bubble size estimation which is reported in [25, 26]. In
the same view, for the on-line measurements the estimation of bubble surface area
flux and bias techniques have not been successfully developed. In this thesis, we ad-
dress this issue of on-line real time estimation of important dynamic characteristics

of froth flotation.

Control: Control of column flotation is not a trivial task due to the lack of
accurate measurements, non-linear dynamics and high interaction among variables
[27]. Automatic control and optimization should be applied in a hierarchical manner
using the process variables with a strong effect on the grade and recovery, including
froth depth, bias, and gas fraction. In the literature, three essential levels of process
control have been studied including 1) instrumentation or base level flotation control,
2) intermediate flotation control or regulating control, and 3) optimizing flotation or
supervisory control [6, 28]. At the base level, set points of feed, wash water, tailing,
and air flowrates are manipulated variables. These manipulated variables are then
utilized at the intermediate control level as variables for controlling the essential
dynamics of the froth flotation column, such as froth depth, bias, gas fraction, or
bubble surface area flux [6]. At the top level of the control structure is the supervisory
control realization, which is often based on fuzzy rules [29]. As expected the advanced
control strategies require data validation, state estimation and monitoring design,

and the ability to handle the faults in the system.



Computer control strategies and systems applied to column flotation process typi-
cally target bias, froth depth, grade, recovery, and gas holdup using feedback control
by manipulating variables such as the flow of feed, air, and water, as well as reagent
addition [30]. Along the line of applied controller designs, three types of controllers
may be identified as being used frequently in column flotation column operations.
These are feedforward controllers to address disturbance rejection, as it can be an-
ticipated that froth flotation column will be exposed to a variety of disturbances,
nonlinear controllers to address nonlinearities in the systems, and multivariable con-
troller designs to address interactions among multiple inputs and controlled outputs
[6]. Along these designs, one way to take into account process nonlinearities is to
use a qualitative knowledge of the process in the form of empirical modelling which
describes nonlinearities. Then, PID controllers can be adapted for nonlinear control
purposes based on such models. In the same vein, the attempts to improve existing
industrial nonlinear controllers by adding heuristic control and adding logic rules
have been attempted. However, the results cannot be extrapolated outside the range

covered by the empirical data used to develop the model.

modelling:  Flotation is a complex process due to the existence of large num-
ber of variables, which can be grouped in three categories of ‘Feed Characteristics’,
‘Physicochemical Factors’, ‘Hydrodynamics’. Since the 1930s, numerous mathemati-
cal models have been reported [22, 31, 32]. Primarily, classical flotation models were
developed and then with the development and application of computer techniques in
flotation process modelling, the development of soft computing based models started

[33]. The existence of approximately 100 variables which affect the flotation process
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[34, 35] makes the flotation modelling a very complex real time process. Therefore,

up to now no purely theoretical models have been developed.

1.3 Terminology

In this section, important terminology are introduced in order to facilitate under-

standing and description of column flotation and its control, and monitoring.

Interface level (L1):  This variable shows the distance from bottom of the
column to the position of the pulp-froth interface. It determines the height of clean-
ing and the collection zones. This level can be consequently translated to the mean
pulp residence time. It needs to be controlled at a constant level for stable column

operation.

Gas holdup (¢):  The volumetric fraction of gas in the considered zone of the

column (cleaning or collection).

Volume of bubbles

Total volume

(%) =

x 100 (1.1)

Wash water:  One of the important characteristic features of column flotation
is the addition of a fine spray of water on the surface of the overflowing product
(concentrate). Wash water, besides having a stabilizing effect on the froth, it washes
out the hydrophilic particles (that might be entrained to the froth phase) back to

the pulp zone. This is a reason to call the froth zone the cleaning zone.
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Bias rate:  Wash water splits and one part of it moves down. The net downward
water stream is called the bias [7]. The bias rate is positive if it moves down and
negative if it moves up. The positive bias rate increases the grade and is desirable for
the plant. Moreover, an excessive amount of bias decreases the residence time in the
cleaning zone, which is non-desirable for the process. On the other hand, the high
bias values might cause increased froth mixing and result in drop back of collected

particles [36].
Ty = Juw — Jue (1.2)

where J is the superficial velocity (volumetric flow rate divide by the column cross
sectional area), b is bias, ww is the water that goes down as the wash water and wc

water that goes up to the concentrate.

Frothers: The chemical reagents applied in flotation process to both reduce
the bubble size and improve bubble stabilization and produce a stable froth in the

column.

Collectors:  The chemical reagents applied in flotation process to increase selec-
tivity to enhance attachment between the mineral and bubbles by selectively making

the mineral surface hydrophobic.

Kinetics:  Fundamentally, flotation kinetics depend on the probability of colli-

sion, the probability of attachment and the probability of detachment between bubble

12



and particles. For better performance, particles of the valuable mineral should have
a higher probability of attachment and low probability of detachment along with

sufficient mineral liberation.

True flotation and entrainment mechanisms: A mineral particle is con-
sidered to be separated by true flotation if it rises up to the froth zone and later in
the launder by attaching to the bubbles. In contrast, an entrainment mechanism is
defined as a nonselective transport mechanism of separating suspended minerals [37,

38].

Grade and recovery:  Efficiency of separation in column flotation is directly
related to the recovery and grade of the valuable particle, which can be affected by
many factors. These factors can be related to the chemistry (reagent), equipment
(geometry, air flow rate, and impeller rate), or operation categories (feed rate and
type, particle size, density and PH of the slurry). The efficiency of separation given
by grade and recovery is defined as:

Grade(A) in the concentrate =

Amount of particle A in the concentrate (outlet)

100
" Total amount of solids in the concentrate (A+ B+ C + ...)

Recovery(A) = Amount of particle A in the concentrate (outlet)
= Amount of particle A in the feed (inlet)

(1.3)

Note the concept of ‘grade’ applies to all other streams as well, not just the concen-

trate, while ‘recovery’ is typically only used for the concentrate.
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Soft sensor: An equation which is used to predict or estimate a given unmea-

sured variable as a function of other variables [2].

Manipulated variables and control variables:  There are several contribu-
tions [7, 39] which have studied the effect of different manipulated variables on the
controlled variables and have suggested certain input-output pairs for the control of a
flotation column. It is seen that a strong interaction exists between the manipulated
and controlled variables; for example, the wash water rate has a slow effect on the
interface level, bias rate, air holdup, as well as recovery, but has a fast effect on the
grade. Also, the tailings flow rate has a fast effect on the interface level and bias rate
and a medium effect on air holdup, but a slow effect on grade and recovery. Another
important control aspect is that the air flow rate has a fast effect on level and air
holdup, but a slow effect on bias and a medium effect on grade and recovery.

Normally, the interface level is controlled by manipulating the tailings flow rate
or the wash water rate. By using PIDs, manipulating with the tailings flow rate is
simple compared to manipulating with wash water, which has a slow response on the
interface level. It is known that because of the process interactions, the selection of
the best pairing of controlled and manipulated variables is a determining factor for
the prediction of grade and the success of the process control.

In addition to PID control of local objectives, a few studies have reported on the
application of fuzzy control, gain scheduled control, dynamic matrix control, gener-
alized predictive control, global predictive control [6], and model predictive control
(MPC) [27, 40] for column flotation. However, all these control design strategies were

based on data-driven low order linear models based on system identification [40] or
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Figure 1.5: General representation of a feedback control system.

neural networks [27] and non were based on a fundamental model.

1.4 Problem formulation and framework

There are some unexplored issues to be addressed in the column flotation control
design and the impact on its performance.

Operational performance is related to having control over the system in order to
keep the system in the preferable operational region and/or to reach desired product
grades and/or performance objectives while ensuring the stability of the hydrody-
namic system. Concentrate and tailings grades are the main target variables in
flotation processes. From the industrial point of view, optimum column flotation
performance is related to the precise control of pulp level, flow rates, air sparging
and accurate addition of reagents. It is natural to ask which type of controller can
be designed to reach these goals? For the purpose of designing a controller that can
help to reach these goals, one needs 1) to have a reliable dynamic model, 2) to ensure

the stability of system (i.e. the controller does not make the system unstable), and
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3) to ensure that the system can track some performance objective (e.g. grade in the
product/concentrate) in an optimal manner. PI controller applied in the closed-loop
does not guaranty stability of the system (higher than first-order system) and are
usually used for stable systems.

Column flotation system is exposed to a variety of disturbances that can be known
and unknown. In addition, it is difficult to maintain the quality of measurements
as they are affected by high-frequency noise. In this thesis, a controller is designed
to ensure tracking which means that the output of interest matches the reference
trajectory so that a perfect tracking is achieved (the tracking error is zero). In this
case, controller design achieves tracking of constant reference modelled signals and
rejecting disturbances, while the closed-loop system stability is guaranteed.

The ideal solutions for high-quality control are model based controllers such as the
optimal controller designs. Although optimal controller (OC) has been successfully
implemented in many processes, so far the common control approach in flotation
plant is knowledge-based (fuzzy logic, supervisory, and PID). A few works have re-
ported the design of OC for column flotation, but they use a low order model based on
system identification of the system [40] or neural network [27]. Having this in mind,
a detailed fundamental model is developed in this thesis, and an optimal controller
is designed based on this fundamental model. In addition, this thesis addresses the
question of how the state-of-the-art column flotation control realization is close to
successful application of OC. It is shown that the limits of the application of OC are
not related to the control algorithm but difficulties in: 1) having reliable dynamic

models, 2) state estimation, 3) having good measurements.
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1.4.1 Objectives and challenges

The primary goal of this work is on-line model-based monitoring, estimation and
control of a column flotation. To address this goal, the following scope of work is

considered:

1. Developing fundamental models representation of column flotation

2. Exploring ensemble Kalman filter (EnKF') based state estimators: In practice,
some essential properties for monitoring and control purposes cannot be mea-
sured explicitly (for example, the amount of metal extracted from ore at the
column exit); instead they must be estimated from available measurements.
This thesis explores the use of an ensemble Kalman filter (EnKF) as a tool for

state estimation.
3. Exploring optimal controller design

e A proper evaluation and control of the bubble distribution, gas holdup,
and solid concentration through the column is developed which will offer

new insight for flotation column monitoring and control.

e In addition to the estimation and monitoring developments in this work,
a model-based optimal control is designed. The main point is that the
optimal control design ensures closed-loop stability and improved perfor-

mance.

e Exploring the complexity captured in a complex three-phase system with

a coupling of one set of ODEs and two sets of PDEs.
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1.4.2 Novelty and key challenges

1. The new proposed mathematical model has been tailored for unique column
flotation pilot apparatus in the mineral processing lab at the University of
Alberta. The pilot plant is unique since a mixer has been added to the column

flotation geometry.

2. In previous modelling and simulation efforts in the literature, it was assumed
that a flotation column consists of a series of well-mixed CSTRs. However,
in reality, the froth is not perfectly mixed. Hence, the proposed model is an
interconnection of a continuous stirred tank reactor (CSTR) which models the
mixing section in the lower compartment, and two transport-reaction tubular

reactor models with negligible diffusion terms in the pulp and froth zones.

3. The model accounts for the bubble interactions manifested as appearance and

disappearance.

4. The model accounts for the recycle flow on top of the column from upflow to

downflow.
5. The application of EnKF in column flotation system is novel.

6. The model’s insights for gas holdup and solid concentration profiles through

the column will offer new possibilities for flotation column control.

7. The application of OC in a system of coupled ODE and two transport-reaction

hyperbolic PDEs is novel and solving this system is not trivial.
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1.4.3 Thesis outline

The thesis is organized as the collection of three primary chapters and a chapter on
conclusions, aside from this introductory chapter:

Chapter 2: Mineral Flotation Column Model : A Dynamic Framework for Three
Phase Hybrid Flotation Column
The chapter focuses on the modelling of column flotation process in mineral pro-
cessing. A comprehensive dynamic three-phase computational model is developed to
include micro-scale and macro-scale sub-processes. This model accounts for bubble
interaction effects. The mathematical model of the continuous separation process in
the column flotation apparatus is given by the mass balances in the control volumes in
each zones. The dominant phenomena of mass transfer are given by convective trans-
port terms (as a result of the fluid motions), and the volume mass sources (sinks) are
modelled as a result of chemical reactions or interphase mass transfer (solid-liquid-gas
bubbles). These convection-reaction type models can help in a qualitative analysis
of the response of the process to the manipulated inputs and process disturbances.

Chapter 3: Modelling and Boundary Optimal Control Design of Hybrid Column
Flotation
The focus of this chapter is on the development of a boundary optimal control design
for the column flotation. In particular, the complex distributed parameter system of
three - phase column flotation is described by sets of nonlinear coupled conservation
laws model given by hyperbolic partial differential equations (PDEs) and ordinary
differential equations (ODEs). The controller design is based on linearized version of

the model proposed in Chapter 2, and optimal boundary full state feedback control
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law is constructed for coupled ODE-PDE system.

Chapter 4: Monitoring and State Estimator Design of Column Flotation with Fun-
damental Dynamic Models
The chapter addresses the study of monitoring and state estimation in the column
flotation processes. In particular, the two-phase and three-phase models of the col-
umn flotation are utilized for deterministic and stochastic observer design. Further-
more, the two phase model is used in Luenberger observer design and it has been
linked to experimental findings from the literature. In the case of the three-phase
model, the ensemble Kalman filter is utilized since the model complexity did not
allow for the design of the deterministic observer.

Chapter 5: Conclusions and Recommendations This chapter summarizes the re-
search effort in this thesis and provides conclusions and guidance for future develop-
ments.

It should be noted that this thesis is based on the paper-format and therefore, it
follows the rules set by Faculty of Graduate Studies and Research (FGSR) at Uni-
versity of Alberta. Hence, to maintain the paper-based format required by FGSR
and to ensure thesis completeness, some parts of the chapters might contain repeti-
tion. Consequently, the overlap is not removed in order to provide smooth flow of

the thesis to the readers and ease the understanding of the material.
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Chapter 2

A dynamic model for a three phase
hybrid column flotation system

Abstract A comprehensive novel hybrid dynamic fundamental model with Danck-
werts’ boundary conditions at the pulp/froth interface has been developed for a con-
tinuous flotation column. The model accounts for three phases, namely the water,
gas, and solid particles (hydrophobic and hydrophilic), in one space dimension. The
modelling framework is based on three subsystems, including a well-mixed reactor
and two plug-flow reactors representing pulp (collection) and froth (cleaning) zones
that are interconnected through the boundaries. The model considers the micro-scale
processes taking place in the column, such as bubble-particle attachment and bubbles
coalescence. The resulting mathematical model is a coupled set of nonlinear hetrodi-
rectional hyperbolic partial differential equations for the pulp and the froth and a set
of ordinary differential equations for the well-mixed zone. The movement between
phases are given by liquid upflow, liquid downflow, and gas upflow. An important
parameter in this simulation is the bubble size, which directly affects the gas holdup,

and consequently the distributions of all states, including the concentration of at-
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tached minerals through the column. Validation of the model is provided by testing
its predictions against experimental data for two-phase systems. Finally, the effect
of some important parameters such as gas flow rate, agitation, particle size on gas
holdup, distributions of value minerals, grade, recovery, and attachment /detachment

rates have been studied.

2.1 Introduction

2.1.1 Scope

A flotation column is a device that combines slurry with injected air bubbles and
wash water, creating the conditions for separation of value minerals from gangue
minerals in an ore based on differences in their hydrophobicity. Column flotation
has wide applications in the mineral processing industry, including metallic, non-
metallic ores and coal, as well as in wastewater treatment. Prior to its introduction
into the flotation column, the feed slurry is treated with a collector to selectively
make particles hydrophobic and attach to air bubbles. Therefore, hydrophobic min-
erals (valuable) and hydrophilic particles (gangue), where both are suspended in a
liquid, will be separated selectively. These bubble-particle aggregates rise up to the
top of the column and generate the froth phase (foam), which is rich in selected min-
erals. Froth carries the valuable minerals that are usually removed in the launder.
However, hydrophilic particles that are not attached to the bubble stream settle and
exit the column and form the tailing.

After analyzing over 4000 installed flotation columns, [41] reported that the trends

in the application of column flotation varied by type, commodity and geographical
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region. In the coal industry in Australia, and later in the USA and China, the phos-
phate industry in the USA and Brazil, and the iron ore industry in Brazil, column
flotation is largely the dominant flotation technology. Within the base metals indus-
try, flotation columns are generally accepted worldwide as smaller capacity cleaners.
Although the flotation column was patented in Canada in the 1960s, reported by
[7], the full potential of this complex separation equipment has still not been fully
exploited. In North America, there has been an increasing tendency to install me-
chanical flotation cells rather than flotation columns. [41] state that the application
of these columns remains limited by unanswered questions related to operational
performance and the availability of reliable models of the process.

Dynamic modelling and simulation are two major tools for systematic process anal-
ysis that leads to better process control and potential increase in operational prof-
itability. Empirical models are not general and can only be used for a narrow range
of operation; therefore, it would be preferable to develop and use fundamental mod-
els. However, due to the complexities of the subprocesses involved in the operation
of column flotation, such as particle/bubble attachment, detachment, and bubble
coalescence, the task of building an appropriate dynamic model is very challenging.
Currently, a dynamic three-phase mathematical model that can accurately describe
dynamic column flotation unit operation and be used for control and monitoring
has not yet been developed. Dynamic three-phase mathematical models for flotation
columns in the literature account for specific situations; for example, only for particle
interactions between the upward air and the downward liquid flows, neglecting the
interaction between bubbles and particles in the upward liquid phase entrained by

the bubbles [42, 43]. These three phases - upflow air, upflow liquid and downflow
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liquid - should be coupled. Moreover, previous models do not account for the effect
of mass transfer between upflows and downflow liquid [42-44]. Furthermore, in pre-
vious models, the column is modelled as a series of mixed reactors for the sake of
simplicity [43, 44], and not as plug flow reactors. Moreover, the current available
industrial flotation technology is effective over the size range of 15 to 150 microns
of particles [11]. In this work, we consider the dense flow setting motivated by the
desire to increase particle size separation range.

Significant to note that Stokes number (St), which represents a ratio of inertia to
drag forces, is an important parameter in fluid-particle flows. St is useful to demon-
strate the tendency of a particle to follow or deviate from the streamline. Particles
having the small Stokes number follow the streamline and particles with large Stokes
number deviate from the stream line [45, 46]. Stokes number which is a function
of Reynolds number (Re), particles and bubble sizes (D, and Dy), and liquid and

particle densities (p;, pp) is defined as follows:

1p, D
St = —22(Z2)2Re 2.1
9pl<Db) (2.1)

Flow with high St is categorized as dense flows in which the particle motion is con-
trolled by collisions or continuous contact between particles and/or bubbles (the
classical example of a collision dominated flow is fluidized bed in which the particles
are suspended by the fluid and collide with each other and/or with the vessel wall).
The fact of the limitation in particle size separation range, yet considering the effect
of particle velocity on having a stable Stokes number for separation process, were a
motivation to modify the apparatus geometry by addition of a mixer to the column

geometry to extend the refining range. Mechanical flotation cells, due to the pres-
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ence of mixers, provide enhanced particle-bubble collision through agitation, while
flotation columns have a large quiescent zone that enables fractionation. In addition
to enhanced bubble-particle collision, the use of an impeller in the well-mixed section
also results in the production of fine bubbles which are favourable for fine particles
attachment, while the quiescent area of the column is favourable for the separation of
coarser minerals. In this regard, in order to expand the range of particle separation,
and to combine the advantages of both types of flotation approaches, a novel hybrid
flotation column has been constructed and is being tested by our group at University
of Alberta. Therefore, there is still room for the flotation column and its modelling,

for the purpose of control and monitoring, improvement.

2.1.2 Related work

The availability of a good mathematical model is necessary for the purpose of control
and monitoring of the flotation process [46]. Numerous models have been presented
to describe the flotation process, mostly mechanical flotation cells from macroscopic
and microscopic points of view [47]. Generally, dynamic modelling of the flota-
tion process can be categorized in two different ways: soft computing rules-based
and phenomenological models [31]. Soft computing rules-based models are empirical
models. According to the literature available, the most commonly-used soft comput-
ing methods in flotation processes and plants modelling are artificial neural networks
[48], followed by fuzzy logic [49], genetic algorithms [50], support vector machines
[22], decision trees and hybrids of these methods. Although setting clear boundaries

is often not possible, phenomenological models of the flotation process can be classi-
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fied as; Fundamental (based on first principle models e.g. Probabilistic, Kinetic, and
Population-balance) and hybrid (based on both experimental data and first princi-
ple models). Initially, the first principle flotation models were developed analytically
from the conservation of mass and the mechanisms related to bubble-bubble and
bubble-particle interactions occurring in the mechanical flotation cells. In contrast,
the empirical models are realized by adjusting the parameters of a mathematical
relation to fit the existing experimental data. Hybrid models are determined with a
mix of empirical and fundamental relationships [51].

The advantage of using empirical models is that only inputs and outputs data must be
collected for the model development and less process knowledge is required. There-
fore, they have a range of application limited to the specific operational condition
under which they are developed. Yet fundamental models can be applied to a wider
range of applications and provide a physical understanding of the process to predict
concentrate grade and value recovery. While these models can also be used to an-
alyze the process, they may be difficult to develop because particular relationships
can either be unknown or impossible to isolate.

Although several first principles models have been published for mechanical cells
[22, 32, 52-55], very few fundamental dynamic column flotation models have been
proposed in the literature. Some of these models can be classified as micro-scale
models [7, 56-59], implying that they were developed to estimate design parameters
for a column flotation system, such as particle velocity [60], gas dispersion [61, 62],
etc. As an example, well predicted the relative residence time between particles and
liquid in a co-current mono-dispersed system using the particle slip velocity in hin-

dered settling derived by [63]. In parallel with the fundamental models, [39, 49] have
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focused on the development of soft computing based models.

Among the few reported models on column flotation, [42] provided the first reports
on modelling of this unit operation. A steady state model with constant flux and gas
holdup was developed to describe the concentration profiles of mineral, gangue and
locked solids along the column based on axially-dispersed plug flow model of bubble
and slurry phases. Further, several kinetic models have been developed to study the
flotation rate based on pulp and froth dynamics [44, 64-67]. In these models, particle-
bubble attachment and detachment are modelled as kinetic processes. In particular,
the model proposed by [44] is based on material balance, a first-order kinetic assump-
tion for attachment/detachment, and a vertical combination of CSTRs-in-series with
the ability to handle pulp level variations. Nevertheless, a mean bubble diameter in
every simulation cell is used and none of the micro-scale physical mechanisms such
as bubble collision, attachment, and detachment have been considered.

In 1997, [43] presented a simultaneous solution for the air and solid phases through
the column based on a population balance (PB) model. The model was based on
the microscopic and macroscopic description of pulp and froth zones in which bubble
coalescence and loading have been considered. A distribution of bubble sizes, parti-
cle sizes, and particle types were used. Attachment and detachment rates in Cruz’s
model were defined by the probability of attachment and detachment of particles
from the bubbles. The column was modelled based on a vertical combination of a
perfectly mixed zones. PB based modelling has been explored further to capture
dynamic changes in bubble properties by bursting and coalescence in the froth phase
[68]. Further studies on a relatively new research area of computational fluid dy-

namic - population balance (CFD-PB) simulation of bubble columns were conducted
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by [69], whereas the studies were only for a two-phase system (water and air). [70]
developed a new PB method for modelling bubble size distribution in two phase
bubble column type reactors, which are used in many different chemical processes.
Recently, [71] applied CFD for modelling of the drainage liquid in the froth. More
recently, [72] set up a hyperbolic system based on the simple model published by [64]
including only a froth zone and a collection zone. In this work, the flux functions are
linear and velocities and gas holdup are constant over time and space. [73] took a
step further and developed a simple dynamic model of two scalar conservation laws
with a constant and discontinuous flux for the slurry and solids volume fractions.
The model is of triangular nature since one equation can be solved independently of
the other.

Among the various published contributions, some researchers concentrated on the
modelling of recovery for the flotation process. The overall recovery of a mineral is a
function of its recovery in both pulp and froth zones [74] which depends strongly on
the knowledge of particle and liquid residence time and the flow regime [60]. It has
been shown by [75] that recovery in the pulp phase is largely driven by the floata-
bility properties of the ore, the bubble surface area, and the residence time of the
particles in the pulp zone. In the froth phase, recovery is more a function of the
time that particles spend in the froth, which is also a function of froth volume and
froth mobility, the bubble coalescence rate, and the degree of liquid drainage from
the froth [76].

The novel contributions of this chapter are: 1) a novel dynamic fundamental model
for a hybrid column flotation process which accounts for bubble-particle bubble-

bubble interactions is derived; 2) the hybrid column flotation process is modelled

28



as a series of two plug flow reactors (PFRs) and a continuous stirred tank reactor
(CSTR) to represent a flotation column with a modified geometry which means a
mixer has been added to the column geometry; 3) Dankwerts’ boundary condition
has been applied at the pulp and froth interface; 4) the model has an ability to handle
different classes of bubble sizes and accounts for both macroscopic and microscopic
mass transfer phenomena for hydrophobic and hydrophilic particles in the form of
attached and free in the entrainment or downflow; 5) it accounts for the bubble ap-
pearance and breakage as well as temporal and spatial variation of gas holdup and
fluxes.

The remainder of this paper is structured as follows: In Section 2, the column flota-
tion process is described and modelled as a system of nonlinear coupled hyperbolic
PDE-ODE system and a Dankwerts’ type of boundary condition at the pulp/froth
interface has been applied. Then, the state space description of the hybrid model for
the modified column flotation geometry is obtained in Section 3. Section 4 addresses
the numerical solution to the system of coupled PDE-ODE. The temporal spatial
evolution of the system of nonlinear conservative hyperbolic PDE-ODE has been il-
lustrated in Section 5, and the transport rate of each particles across the interface has
been calculated and demonstrated in the same section. Here, the analysis of possible
steady states has been provided and the effect of gas flow rates on grade and recovery

of the system has been demonstrated. Finally, Section 6 provides conclusions.
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2.2 Mathematical model

2.2.1 Hybrid column flotation and volumetric flows

A common column flotation apparatus consists of two zones, the pulp (collection)
and the froth (cleaning) zones. However, in the unique unit operation considered in
this work a mixer has been added to the bottom of the column (see Figure 2.1). The
column geometry is modified by our group to expand the range of particle separation
and to unify the advantages of both types of flotation approaches (mechanical cell and
column flotation). Mechanical flotation cells, due to the presence of mixers, provide
enhanced particle-bubble collision through agitation, while flotation columns have
a large quiescent zone that enables fractionation. In addition to enhanced bubble-
particle collision, the use of an impeller in the well-mixed section also results in the
production of fine bubbles which are favourable for fine particles attachment, while

the quiescent area of the column is favourable for the separation of coarser minerals.
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Figure 2.1: Conceptual presentation of the hybrid flotation column.
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Column with cameras Mixing tank Control box Side view (system running)

Figure 2.2: Experimental presentation of the hybrid flotation column.

The overall goal of the modelling is to capture the input to output relationships
for a particular target application which can be grade and/or recovery of the value
product. In this paper, in order to account for all relevant transport processes in the
column, a dynamic model for a hybrid flotation column is developed that accounts
for upward slurry, downward slurry, and rising air dynamics. The upward liquid
phase is added to describe the effect of entrainment and the downward liquid phase
is added to describe the effect of drainage on the column flotation dynamic process.
Figure 2.1 illustrates the schematic of the hybrid flotation column geometry with a
well-mixed zone added to a constant cross-sectional area column. The corresponding
conceptual model of the flotation column indicating the volumetric flows of the feed
Q, wash water @, tailing @;, entrainment (upflow) @, drainage (downflow) @, gas

(), and the spatially and temporal varying gas holdup €(z,t). The model is comple-
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mented with a population balance based model for bubble coalescence (appearance
and breakage). In addition, the microscale processes happening in the column such
as bubble-particle collision, attachment, as well as hydrodynamic forces of liquid and
mass transfer between upflows and the downflow are considered. The comprehen-
sive dynamic model is developed as an interconnection of three different subsystems
(zones). Under the well-mixed assumption, the subsystem with the mixer is consid-
ered as a continuous stirred tank reactor (CSTR). The pulp and froth zones in the
column are considered as two plug flow reactors (PFRs) in series. This is under the
assumption of perfect radial mixing and no axial mixing.

In this study, the model structure shown in Figure 3.2 divides the flotation process
into eight compartments: 1) slurry or liquid phase in the CSTR zone, 2) gas phase
in the CSTR, 3) slurry phase, downflow in the pulp zone, 4) slurry phase, upflow
in the pulp, 5) gas phase in the pulp, 6) slurry phase, downflow in the froth zone,
7) slurry phase, upflow in the froth, 8) gas phase in the froth. A solid particle can
be in any of the eight compartments based on its state, e.g., attached to bubbles
in the CSTR, pulp or froth zones, or detached (free) in the slurry upflow, or slurry
downflow in the pulp or froth.

As illustrated in Figure 3.2(a), the dynamic mathematical model for hydrophobic
particles is developed considering the bubble/particle attachment and detachment,
as well as the gas and liquid transport phenomena. After collision and contact be-
tween the bubbles and minerals, hydrophobic minerals attach to the bubbles and
form bubble-particle aggregates. These aggregates reach the top of the column and
overflow from the top of the column as the product. Wash water sprayed from above

provides cleaning action by washing down entrained particles [36, 77]. Therefore, the
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interaction between rising bubbles, entrained particles, and downflow slurry leads to
mass transfer of particles between the liquid and air phases as well as between the
upward and downward liquid flows. The dominant phenomena of mass transfer are
given by convective transport terms (as a result of the fluid motions), and the volume
mass sources (sinks) are modelled as a result of physical reactions or interphase mass
transfer. Moreover, the dynamic changes in bubble properties by coalescence and
bursting are considered. The rates of these dynamic changes are defined based on the
probabilities of interaction of different size classes of bubbles. One of the important
parameters is the bubble size, which directly affects the distributions of gas holdup
and consequently velocities and other states in the column.

As illustrated in Figure 3.2(b), it is assumed that there is no attachment between
hydrophilic particles and bubbles and they entrained by the liquid flows. Moreover,
the mass transfer between the liquid upflow and downflow due to differences in the

concentration of particles in these two flows is also considered.
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Figure 2.3: Reynolds transport theorem (RTT) schematics.

Using the Reynolds transport theorem (RTT), a mass balance based nonlinear
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model presenting the reaction term in the transport-reaction model is defined for
hydrophobic (valuable) and hydrophilic (gangue) particles, for each subsection. If X
is a variable that varies both temporally and spatially, a scalar conservation equation

in a one-dimensional domain is

1 0X(2,t)  10X(z,t) D 3*X(21) | gen. — cons.
Lv 0Ot L dz  Lv 0% Lv

(2.2)

where Pe = Lv/D, Peclet number, is a dimensionless number which defines the
ratio of convection rate to the diffusive transport rate. D is the diffusion constant.
In the system of column flotation under study, the Peclet number has a relatively
large value so the inverse of it is a negligible term in comparison to the other terms.
Therefore, equation 2.2 takes the form of a nonlinear hyperbolic PDE.
In this three-phase system, first order kinetics are used to describe the attachmen-
t/detachment of solid particles to/from the gas-bubbles (A % B, where k, is the
attachment rate constant and kg the detachment rate constant). A steady pulp/froth
interface level is assumed. As reported in [7], this can be achieved by manipulating
feed and tailing rates (which gives fast response) or wash water (slow response).
Finally, the mathematical model involves a set of linear ODEs representing concen-
trations in the CSTR zone and two sets of PDEs representing the spatial distribution
of concentrations in the pulp and froth zones. In order to model the gas holdup dy-
namics, a set of nonlinear hyperbolic PDEs is developed to represent the air fraction
distribution throughout the column (see equations 3.15, 3.17). These dynamic equa-
tions for the air and solid species concentration are solved simultaneously, and it
shows the bubble-bubble and bubble-particle interactions throughout the column.

The slip velocity us = v, & v; is defined as the velocity of gas phase relative to the
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liquid phase. The average velocities, v, and v;, at each cross-sectional area are used.
The =+ sign refers to countercurrent or concurrent flow respectively. v, = Qg/(Ae)
and v; = (Qe — Qr)/(A(1 —€)) are assumed to be functions of volumetric flow rates,
column cross sectional area, and gas volumetric fraction (holdup). Since gas holdup
is temporal and spatial varying, velocities as functions of gas holdup also change over

time along the column height.
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2.2.2 Particle models in the CSTR

For the CSTR, we apply the conservation mass balance (equation 2.2) with negligible
diffusion to obtain models for hydrophobic particles in a three-phase well-mixed zone
(see Figure 3.2). The state variables in the CSTR are concentrations of value mineral
attached to the bubbles, zo(t), free in the liquid phase, 1 (t), and free gangue particles

in the liquid, x4, ().

dx, Qrr10 — (Qr + Qc)r1 + Qra3(0,1)

B — — kge ke 2.
dt V.(l—e) 1 Raets (23)
dx ol

d—; = —6‘2/6662 + kacxl - deZ'Q (24)

Hydrophilic particle model in the well-mixed zone is given by equation 2.5.

dqu _ Qf‘rql,() - (Qt + Qe)qu + erq3(07 t)
dt Ve(l =€)

2.2.3 Particle models in the pulp

The state variables in the pulp are concentrations of value minerals attached to the
bubbles, x5(z,t), free in the upflow, x4(z, ), free in the downflow, z3(z, t), free gangue
particles in the downflow, z3(z,t), in the upflow, z,2(2,t), and finally gas holdup,
ep(2,1).

Mass transfer between particles in counter-current upward and downward flows can
be formulated as hAC', where h is the mass transfer coefficient between upflows and
downflow and AC' is the difference between concentration of particles in these flows.
Another factor that has been introduced in the modelling is the solid dropback factor

k, which defines the fraction of solids drop back to the downflow liquid.
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Hydrophobic particle models in the pulp are given by:
0x3 Q; 0x3

ot Aa (1—¢,) 0z — kapss + kkapts + hp(zs — x3) (2.6)
P p
ox —Q. ox
8_t4 T OAl-a)(1—¢) 824 = kapaa + (1 = k)kayws — o (w4 — x3) (2.7
P P
ox 0 0%
8_t5 a _ge 8_2'5 + Kapa 3 + Kapaa — Kaps (2:8)
p

with the associated boundary conditions that are linked to the states of the froth
and the CSTR:

8x3(L1, t)

BC. at z = Ll, T = —K63<£L'6(L1,t) — $3<L1,t)) (29)
B.C. at z = 0, x4(0,t) = x1(t) (2.10)
B.C. at z = 0, x5(0,t) = x2(t) (2.11)

Models for hydrophilic particle in the pulp are given by

ox Q- ox
ot = Aag(l—q) 0: wls e (2.12)
p P
ox —Q. ox
5t " AT—a)i—q) 0: lele =) (2.13)
p p

with the associated boundary conditions that are linked to the states of the froth

and the CSTR:

Lyt
B.C.atz = Ll, % = —Kq35(flfq5(L1,t) - xq3(L1,t)) (214)
B.C.at z = 0, 4(0,t) = z4(t) (2.15)

2.2.4 Particle models in the froth

Models for hydrophobic particles in the froth and interface zones follow the schematic

of Figure 3.2. The state variables for the froth zone are the concentration of value
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particles free in the upflow, z7(z,t), free in the downflow, z4(z,t), attached to bub-
bles, zs(z,t), concentration of free gangue particles in the upflow, z,(z,t), in the

downflow, z,5(z,t), and the gas holdup, €s(z,t).

ox r+ Qu) Ox

8(13 _Qe aIE

8_t7 - Al = ap)(1 —€) 827 = kagrwr + (1 — ka)kgpas + ... (2.17)
—hfg(.x? - x6)

ox -, O

8_: - A?f a_zs + Kasos + Kaprvr — kaps (2.18)

with associated boundary conditions that are linked to the states of the pulp.

L
B.C. at z=L,, w = —Kyr(xa(Lq,t) — 27(Ly, 1)) (2.19)
L
B.C. at z=L,, W = —Kss(25(L1,t) — 2s(L1, 1)) (2.20)

We have made the assumption that some part of the flow is recycled back to the
column at the top. Therefore, the boundary condition at the top of the column is
modified as z(La,t) = Pa7(Lo,t). In this modelling framework, we assume that
B = 0.5 of the concentration of free hydrophobic particles on top of the column is
returning to the downflow. This modelling framework permits to account for the
top recycle of hydrophobic particles which impacts overall dynamics of the entire

column.
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Hydrophilic particle models in the froth/interface are

ox Qr + Q) Ox
i fiafu - ej) 52~ har (@ = @) (221)
ox —Q. ox
8?4 T A=) (1 —ay) 8;14 * hap2(@es = Tar) (222)
BC. at z = LQ, .I'qg,(LQ,t) =0 (223)
8xq4(L1, t)

BC. at z = Lla = —Kq24<1'q2(L1,t>—$q4(L1,t)) (224)

0z

2.2.5 Gas holdup model

Gas holdup models (given as equations 4.23-2.30) account for the bubble coalescence
in the pulp and froth zones. These models represent the changes of gas fraction
between bubbles of different size classes that are proportional to the number of
collisions between those bubbles and other bubble size classes in the system. In the
present work, bubbles are categorized into n = 3 discrete size classes for convenience,

but there is no conceptual restriction on the number of bubble size classes.

Oepn(2,t) Oepn(2,t)

5 = Ven» g Dpn(z,t) + Apn(z,t) (2.25)
B.C. at z=0, €,,(0,t) = €.,(t) (2.26)
ep(z,t) = Z €pn(2,1) (2.27)

n=1

A, n(z,t) and D, (2, t) in equation 4.23 are measures of how many interactions result

in coalescence in each bubble size class.
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Gas fraction evolution in the froth and interface are modelled as equation 3.17.

86 ,n(Z,t) 86 7n<2,t)
fat = T lenS —faz = Dpnl2,t) + Apn(2, ) (2.28)
B.C. at z = L, a€f(aL17t) = — K (€pn(L1,t) — €4n(L1,1)) (2.29)
z

3

er(zt) =Y €pm(zt) (2.30)

n=1
The total gas holdup used in the above equations is the summation of gas holdup
of the three bubbles size classes (see equations 2.27 and 2.30). Computation of gas
holdup propagation through the column requires the determination of the velocity of
swarm of bubbles in each bubble size classes. In this work, the terminal velocity of
a single bubble proposed by [78] and applied by [44] to calculate the rising velocity
of the swarm of bubbles. The velocity of each bubble size classes in each zone, v, ;,
has been calculated using the mean diameter of each of the three bubble size classes
using the following set of equations. Solid particles give a slurry viscosity p; which

has an opposite effect on the bubble rise velocity.

_ Ty((1 4+ 3.36C.Db2)0% — 1)
Ue,n,i - ZCCDbn (231)
9(Pri = Pgi)
s

C. = 110+ 260(1 — exp(—0.11c)); ¢ < 6em®/1001

7; pun

In the present work, it is assumed that the total increase/decrease in the volume
fraction of bubbles can be defined as a physical reaction term. The approaches taken
in the works of [79], [42], and further extended and applied by [43] are considered to
define an adequate mathematical representations of coalescence events. These terms

are measures of how many interactions results in coalescence (result in appearance

42



and breakage) in each bubble size classes that could be applied to the entire column.
Therefore, the total rise in the gas holdup of bubbles in the size class n due to bubble

coalescence with bubbles of smaller size classes, can be quantified using

Nl
Ain =053 Gunjy— I (2.32)
J

NI e Db} _ Db}
l Db3 Db}

The total decline in bubbles holdup in the size class n due to collision with bubbles
of all size classes is
NI
Din= ¢w% (2.33)
J l EZD_b?

Nl is the total number of discrete size classes in the distribution, [ # 0. The
collision success factor, ¢, is an empirically defined parameter which is a function
of the colliding bubble sizes or other factors such as type or amount of flotation
reagents. Some flotation reagents may effect the bubble surface in a way that promote

coalescence, which is undesirable and decreases the effective bubble surface area.

&in.g

Pind = (Db, + Dby )?

(2.34)

In the pulp section, it is assumed that the probability of bubble coalescence is higher
than the probability of bubble breakage, A, , > D, ,,. However, in the froth section
it is assumed that the probability of breakage is higher than the probability of coa-
lescence, Ay, < Djp,.

Efforts of Smoluchowski in considering particle aggregation to be equivalent to a
series of chemical reactions, is the basis for our today understanding of the process
of particle collisions in fluids [80]. The coagulation of colloidal particles is considered

as a two-step process. The first is the collision of particles and the second is the

43



attachment process. In flotation, detachment is considered as the third process. The
attachment and detachment rates, for each bubble size classes, in the CSTR zone
have been calculated using the formula presented by [46] and later on applied by
[81, 82] which can be represented as equations 2.36-2.54. The process of particle
collision is governed by physical factors such as particle, velocities and sizes of par-
ticles and bubbles, densities of particle and fluid, diffusion, temperature, fluid shear.
Whether the particle will attach to the bubble depends on conditions at the interface
between fluid and particles, surface charges and potentials, etc. The particle-bubble
detachment is determined by the attachment forces minus detachment forces. If the
particles are randomly distributed through the fluid, their collision frequency (num-
ber of collisions per unit volume per unit time) is a function of gas flow rate, rise
and fluctuating velocities, and sizes of particles and bubbles. Particles detachment

frequencies depend on introduced turbulences.

kac = lecpaps (235)

kac = Zapa (2.36)

where, the collision frequency, Z;, detachment frequency, Z,, probability of bubble-
particle collision, p., probability of bubble-particle attachment, p,, probability of

bubble-particle aggregate stability, ps, and probability of bubble-particle detachment,
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pq are given by [82-88] as follows:

Qu(UZ + U2 d, + d,

Z = 30 2
1 devcellVb 2 )
2, = 2Bl +d) T
d
pe = 38in20texp<’}-[)d_p
b
d 9K3(2 + 0’0t _ cos)
H = 3K30080t(lnd—b—1‘8)_ (5 6dps?n20t 1)
P Spem B
2(vp + vp) + vp( 723
Pa = sin2(2arctan exp(—tind P ) dp+dp )
1
Pa = o
L+ 7
ps = 1—pa

2
Ky = w(pp — pst)dp dyvy

The bubble rise velocity, v,, and particle velocity, v, are:

. 4gdb 1
vy = (30d )2
Qe,pc_Qr,pc
Up 0.162
1 +0.092102 + 1
Y = 8( + 2+ 1)

(140.092102 —1))2

4 p2gd2
o = max(1.14><10000,§psl—92b)

sl

tig = 100 d%

Generalized Sutherland equation:

Fo 5 1 — cosOyy I+ Z—:
Fet 9(pp — pst * (5 + feosy))  dy

(2.37)
(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

The relative turbulent fluctuating velocities of bubbles, Uy, and the relative turbulent
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fluctuating velocities of particles, U, are:

7
d? py — pe
Uy = 0.33(s8Ls—Lelys (2.51)
Vlg pSl
g
U, = 033822 Plyg (2.52)
Vﬁ pSl
P
E = 08x— 2.53
pV ( )
P = pg*Pyx N°x D} (2.54)

where £ is the turbulent dissipation energy, [%] It is assumed that only 80 % of
the maximum power input is used. P is power dissipation in a stirred vessel . Fy
is a dimensionless power number, D; is the impeller diameter, N is the number of
impeller revolutions per second, V' is the volume swept by the impeller, p; is the
liquid density, v; is the liquid viscosity, and ~ is the liquid surface tension, % 0, is
the the maximum possible collision angle of the particle on the surface of the bubble
beyond which collision is prevented, 6, is the detachment angle [88].

To calculate final values of attachment and detachment rates, k,. and kg, the fol-
lowing averaging method has been applied.

Kac1€c1 + Kac2€c2 + Kac3€es

€c,1 + €c,2 + €c,3

ho — Kaca€c1 + Kaco€c2 + Kacs€cs (2.56)

€1 + €c,2 + €3

kac =

(2.55)

where €. ,, n = 1,2, 3 represents gas holdup for each of the three bubble size classes

in the CSTR /well-mixed zone.
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2.2.6 Interface boundary conditions

In the previous reported works it is assumed that the concentration of particles below
and above the interface are equal. Therefore, the typical Dirichlet type of boundary
condition has been implemented:
x3(Ly,t) = x6(L1,t); x4(Ly,t) = x7(La,t); x5(Le,t) = xs(L1,1) (2.57)
Tg3(Ln,t) = 245(L1,t); Tg2(La,t) = zga(Lq,t)
However, in this work, boundary conditions at the interface has been modified to the

Danckwerts’ boundary condition:

Figure 2.5: Schematic of concentration profile across the interface, * is the concen-
tration at the interface

jl7p + th(a:l,p — .T*) = jl7f —+ Kl,f(th — IL'*) (258)

Figure 2.5 illustrates the associated exchange of fluxes at the interface. It is assumed

that the driving force for movement of the particles just above the interface (froth
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side) is both gradient-driven and linear while the driving force for the movement
of particles just below the interface (pulp side) is of a linear type which means the
gradient-driven flux in the pulp, ji;,, in equation 2.58 is negligible. It is also assumed
that transfer coefficients of the particles below and above the interface are equal;
Kyp= K75 = Kur; K5, = Kg ¢ = Ksg; Kpop = Kga 5 = Kg4. Therefore, the general
form of boundary condition at the interface as demonstrated in equation 2.58, will
be simplified for each states as in equations 2.9, 2.14, 2.19, 2.20, 2.24, 2.29. The
modification of boundary conditions are proposed according to the fact that the flow
in the pulp side of the interface lifts the particles to the interface, after the particles
pass through the interface as a barrier, they move to the froth side. However, at
the interface between the CSTR and pulp still of the Dirichlet type and they are

well-posed to guarantee existence of smooth solutions.

2.3 Grade and Recovery

Efficiency of separation in column flotation is directly related to the recovery and
grade of the value particle, which can be affected by many factors. In particular, the
expression for mineral recovery is defined as ratio of the amount of valuable particle

in the outlet and the amount of valuable particles in the feed, and is given as follows:

Amount of particle A in the concentrate (outlet)
Amount of particle A in the feed (inlet)

Recovery(A) = 100 x

QCLJJS |Z=L2 + QCJ:? |Z=L2
Qrr10

Along the same line, the grade of valuable particle in the concentrate outlet stream

=100 x (2.59)

is calculated as:
Grade(A) in the concentrate =
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Amount of particle A in the concentrate (outlet)

=100
" Total amount of solids in the concentrate (A+ B+ C + ...)

Hence, the grade expression is based on concentration and is calculated as the con-
centration ratio of valuable minerals to the summation of concentrations of other
minerals in the concentrate (in this case attached and free hydrophobic and free
hydrophilic particles), as follows:

anS |Z:L2 + ch7 |z:L2

Grade(A) in the concentrate = 100 x
( ) an8|z:L2 + ch7|z:L2 + chq4|z:L2

(2.60)

Note the concept of ‘grade’ applies to all other streams as well, not just the concen-

trate, while ‘recovery’ is typically only used for the concentrate.

2.4 Matrix representation of the model

. T
The matrix representation for the well-mixed zone, given that X; = [ T Ty Ty ] ,

1S:

dX Nl -
dt
_(Q +Qe)
m - kac kdc 0
Al = k(zc _kdc - 6?‘2 O
—(Qi+Qe)
0 0 Toe)V,
B, = [ Qi Qa0 () Qrruat Qe ]
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In the pulp, Xg = | T3 T4 Ts Ty Tgz | and
aXQ aXz A ~
R R A, X 2.62
ot 275, T f2%2 _ (2.62)
—kazp — hy h, kkgp 0 0
hyy  —katy—hpy (1= K)kgy O 0
Ay = Kaps Fatp —kap 0 0
0 0 0 —hgpr g
0 0 0 hey  —hap
Va=diagl| 855 Tante) Ae Amiie) AT ]) which presents

a matrix with diagonal elements while off diagonal elements are zero. In equation
2.62, velocity terms denote the direction of the transport (positive velocity refers to
the transport from the top of the column to the bottom, and negative represents

transport from the bottom to the top).

R T
In the froth zone, X5 = | 24 z; a5 Tgs Tgs ] , and
8X3 8X3 ~ ~
—2 = —Va—+ AX 2.63
ot 3 0z T Az ] ( )
—kaop — I hy k¢kar 0 0
hfg _ka’?f — hfg (1 — /Cf)kdf 0 0
AS - Kaf6 Ka7f —kdf 0 0
0 0 0 —hgpa  hggo
0 0 0 hgr  —hgy
—di —(Qr+Quw) Qe Qa Qe —(Qr+Qw)
Vs dlag([ Aayp(l—ep)  A(l—ap)(l—ep) Aey  A(l—ay)(l—ep)  Aoy(l—cy) )-
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2.5 Numerical method

In the governing system of differential equations (PDEs) and ordinary differential
equations (ODEs) the independent variables are time ¢ > 0 and height z € IR. The
unknowns are the gas holdup e € [0, 1) and mass concentration of attached and free
hydrophobic and hydrophilic solids through the column. All 16 states (unknowns) in
the column are functions of z and ¢ and 3 states (unknowns) in the CSTR are func-
tions of t. The temporal and spatial varying gas holdup accounts for the coalescence
of possibly varying three size classes of bubbles in pulp and froth. The analysis of
possible steady states represent the stationary modes of operation of a flotation col-
umn without changing control parameters. The resulting steady states are layers of
concentrations of bubbles for different bubble size classes, concentrations of attached
(separated) and free particles (hydrophobic and hydrophilic) through the column.
The numerical simulation of the hybrid three phase model of boundary coupled
hetero-directional hyperbolic PDE-ODE system has been conducted. The initial set
of simulation studies was performed by numerically integrating the model given by
equations 2.61, 2.62 and 2.63, using backward Euler discretization in space and for-
ward in time such that the numerical stability of the simulation is preserved (see
Figure 2.6).

In this method, approximately 600,000 iterations were needed to reach the conver-
gence to the operational steady state. During the computation process, an arbitrary
initial gas holdup, attached and free hydrophobic particles concentration profiles,
free hydrophilic particles concentration profiles, as well as initial velocities are as-

sumed. Gas holdup, concentration of attached and free hydrophobic particles, and
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concentration of free hydrophilic particles, as well as velocities are updated in each

iteration to achieve convergence to the steady state.

The rate of transport of particles across the interface is calculated by multiplying

the concentrations and propagation velocities of each states at the interface and is

given by

Jas
Jaa
Jas
Jas
Ja
Jas
Jfaq2
Jqs3
Jfrat
Jfags

Qr
Aa, (1 —€,(Lq,1))
_Qe
A(l = op)(1 = ep(L1,1))
Lx (Z t)
Aey(Ly, )
Qr + Qu
AOéf(l —Ef(Ll,t))
_Qe

1'3([11, t)

1'4([/1, t)

ZL’6<L1, t)

_Qe

Al —€p(Ly,1))(1 — ay)
Qr + Qu

Aoy (1 — gy,

2.6 Results and Discussion

(2.64)
(2.65)
(2.66)
(2.67)
(2.68)
(2.69)
(2.70)
(2.71)
(2.72)

(2.73)

A hydrophobic mineral in a flotation column is collected through two processes:

particle-bubble attachment and/or entrainment of the particle within the boundary

layers and wake of the bubble. Figure 2.6(a) demonstrates the spatiotemporal prop-
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agation of the concentration of attached particles to bubbles in the pulp and froth
and illustrates how the arbitrary initial profile is transported across the column and
washes out over time in approximately twelve minutes (which is the approximate res-
idence time of the column). Along the same lines, the evolution of the CSTR states
(see Figure 2.6(b)) influences the state evolution through the boundary condition and
propagates through the column and after approximately twenty five minutes reaches
the steady-state profile. As can be seen from the propagating wave from the bottom
to the top of the column, the hyperbolic PDE characteristics describing the veloc-
ity of propagation are nonlinear, which means that gas holdup increases in velocity
along the column. The observed increasing trend of attached hydrophobic particle
concentration in the CSTR in Figure 2.6(b) is as expected. This accumulation over

the time is due to the slower motion of the particle-bubble aggregates.
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Figure 2.6: a) The concentration of attached hydrophobic particles through the
column, b) the concentration of attached, free hydrophobic and free hydrophilic
particles in the well-mixed zone.

Figure 2.7(a) illustrates the spatiotemporal concentration propagation of the free
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hydrophobic particles which are subject to entrainment. Figure 2.7(b) shows evo-
lution of valuable particles dropped down from the entrainment or detached from
bubbles. The residence time for the free hydrophobic particles, in both upward and
downward flows, are much less than the residence time for the attached particles.
In other words, facilitated transport of the attached particles by the bubbles is re-
lated to many factors such as the attachment/detachment rates of particles to/from
the bubbles, bubble size classes and bubble velocities, etc. On the other hand, the
amount of free particles transported in the entrainment is smaller in comparison to
the amount of attached particles, which is more desirable from the practical point
of view to separate more valuable particles selectively, than by entrainment which

contains some gangue particles as well, in the free form.
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Figure 2.7: a) The concentration of free hydrophobic particles through the column
in downflow, b) in upflow.

Figure 2.8 demonstrates the propagation of hydrophilic minerals removal (drain-
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ing) to the downflow due to the cleaning effect of wash water. This phenomenon

tends to promote froth stability.
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Figure 2.8: The concentration of free hydrophilic particles through the column in
downflow.

Figure 2.9 shows the temporal-spatial propagation of gas holdup of three different
bubble size classes through the column height, separately. The figure illustrates that
there are interactions between bubbles in a bubble swarm. The results are under the
assumption that the diameters of the three bubble classes in the froth are greater
than those of in the pulp, yet constant in each zone. Among all the states in the
column, gas holdup (see Figure 2.9) and consequently the attached particles to the

bubble, Xy (see Figure 2.6) are the slowest.

57



>

Froth > Froth

.

,////g////////%///////

- /’% %W
_

77
—
= ///,/é////////;;//
% 7
-

7
4 >
- 4 %

05

<04
0 Eolumn height
(m)

(m)

Froth 7

Pulp >

Z _
W%////

Total gas hold-up

0 o : (m)
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At the steady state, the concentration of attached hydrophobic particles increases,
while the concentration of free hydrophobic particles in the upflow decreases, through
the column from the pulp to the froth. From the froth to the pulp, the concentration

of free hydrophobic particles in the downflow decreases (see Figure 2.10).
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Figure 2.10: The steady state propagation of hydrophobic particles concentration
through the column with Danckwerts’ boundary conditions at the interface

Figure 2.11 shows the temporal propagation of recovery and grade of hydrophobic
particles in the concentrate (in the hybrid flotation column and its conventional
flotation column), separately. The figure illustrates that grade of value minerals in
the concentrate at the top of the column (using equation 2.60) increase over time
and reaches its final value of 79% (out of 100%) after almost 25 mins. Moreover,
recovery increases to its maximum value of 75% in 25 minutes. This simulation has

been done for mineral pair with densities of 4200kg/m? and 2600kg/m3.
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Figure 2.11: Propagation of recovery and grade of hydrophobic particles in the con-
centrate in a hybrid flotation column vs a conventional flotation column .

Since, the hybrid column is investigated, one needs to compare its performance to a
conventional column. In this regard, the result of hybrid column with the simulation
results of the conventional column in which no well-mixed section is incorporated is
compared (see Figure 2.11). Figure 2.11 shows the positive effect of the addition of
CSTR to the geometry of the column and simulation results demonstrate that both
grade and recovery increases in this case due to the mixing in the CSTR section of
the hybrid column.

Figure 2.12 illustrates that the gas holdup of bubbles in smallest size class reaches
almost a constant value throughout the column, the gas holdup of bubbles in the
middle and the largest size classes increases up to the top of the column. The figure
also demonstrates the reliability of the simulated results in this work. The steady

state simulated profile of the gas holdup through the column (of the same condition)
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is very close to the empirical data determined by [43] through a series of conductivity

measurements.
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Figure 2.12: The steady state propagation of gas holdup through the column with
Danckwerts’ boundary condition at the interface; Experimental data for gas holdup
obtained through the conductivity measurement by Cruz 1997 is used for model
verification (Simulation is conducted for the same conditions: @, = 0.002m?/min,
initial €, = [0.02,0.02,0.2], constant froth depth)

Since Danckwerts’ boundary condition is applied at the interface, the model ac-
counts for time varying fluxes crossing the interface, and the transport rate across
the interface over time is calculated (see Figure 2.13). Experimental validation for
the transport gradient at the interface is difficult to be realized in practice, this is
the reason why the Dankwerts’ boundary condition is proposed as the most general

boundary condition to capture the transport across the froth/pulp interface.
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Figure 2.13: Transport rate of attached hydrophobic particles across the interface.

2.6.1 Effect of gas velocity

Although it is not experimentally validated for this system, the correlation proposed
by [89] relating gas holdup in the well-mixed zone to gas velocity, impeller specifica-

tions, and fluid properties is used:

P,
€. = O.25(Vj)0'27u2'525(1 + 1) 0 (2.74)
u
Py =0.65P(1+ —2)""(1+0.5%¢)""
P = N,paN°*D,

where 9 is the average solid volume fraction, P, is the gas power consumption, P is
the power consumption in Watts, N is the revolutions per second, N, is the power
consumption constant, D; is the impeller diameter, V; is the liquid or slurry volume
and u, is the superficial gas velocity.

Figures 2.14-2.16 illustrate the effect of superficial gas velocity (1.2438, 2.4874,
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4.9751, 5.9701 m/min) on gas holdup profiles, the grade and recovery of the valuable
minerals in the column (at a fixed impeller rate, 105 rpm, and frother concentration)
by applying equation 2.74.

Gas flow has a pronounced impact on the gas holdup through the column. As the
gas flow rate increases, € increases (see Figure 2.14). This is expected as the bubble
rise velocity (relative to a stationary observer) is decreased. However, increasing the
gas flow will decrease the maximum gas velocity that can be tolerated for operation
to remain in the desired bubbly flow regime. Therefore, above the maximum gas
velocity limit, instead of the desirable bubbly flow regime, the operation will move
to churn-turbulent or slug flow regimes (see [7]).

In this case, as the gas flow rate increases the grade decreases (see Figure 2.15). This
decrease can be explained as more gangue particles can be entrained to the top of the
column. In contrast, the recovery versus gas rate increases (see Figure 2.16) about

3 percentage points rise, which is not a significant value.
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2.6.2 Effect of agitation

In this hybrid proposed flotation column configuration, agitation in the well-mixed
zone is employed to facilitate bubble dispersion, and to form a homogeneous slurry.
Agitation which is manifested as the speed of the impeller greatly impact outcomes

from numerical simulations.
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Figure 2.17: Effect of agitation on the steady state total gas holdup profile through
the column.

Figures 2.17 - 2.19 illustrate the effect of agitation (105, 140, 169, 185 rpm) on
the total gas holdup, attached and free hydrophobic particle concentration profiles
as well as the grade and recovery of the valuable minerals in the column (at a fixed

gas flow rate of 0.4975 -~ and frother concentration) by applying equation 2.74.
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Figure 2.18: Effect of agitation on the steady state profile of attached hydrophobic
particles concentration through the column.

Studies reveal that increasing impeller speed and consequently decreasing bubble
sizes, at constant gas flow rate increases the total gas holdup through the column
at steady state (see Figure 2.17). Thus the concentration of attached value particles
through the column (see Figure 2.18) as well as the recovery (see Figure 2.19) in-
creases by increasing the agitation of well-mixed zone.

Agitation causes the formation of fine bubbles, and promotes particle-bubble colli-
sion, so increases the value (hydrophobic) recovery (see Figure 2.19). However fine
bubbles typically adversely affect grades due to more water that is carried to the

froth by the finer bubbles .
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Figures 2.18 and 2.19 demonstrate the positive effect of agitation on the concentra-
tion of attached valuable minerals and recovery in a hybrid flotation column. These
figures as well as Figure 2.11 illustrate that based on the modelling effort, addition
of a mixer to the geometry of the column enhances its performance in comparison
to a conventional one. Moreover, as it is illustrated in figures 2.20-2.22 by increasing
agitation (manifested as RPM = 100 to 170) both attachment and detachment rates
increase. The increase in the attachment rate is due to the mixer presence in the
CSTR zone which provides enhanced particle-bubble collision. In addition, the use of
an impeller in the well-mixed section results in the production of fine bubbles which
are favourable for fine particles attachment. However, increasing the impeller speed,
and consequently agitation, increases the detachment rate and may cause some of

the attached particles to detach from the bubbles.
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Figure 2.22: Effect of agitation and particle size on the attachment and detachment
rate in CSTR.

Moreover, modelling analysis demonstrates that the hybrid flotation column is
effective over a size range of 80 to 250 microns of particles. Since in this range the
considered parameters are physically meaningful and simulation results are easily
realizable and reproducible. This can approve the initial motivation to construct a
modified column flotation geometry by addition of a mixer to the column geometry to
expand the range of particle separation, and to unify the advantages of both types of
flotation approaches, column and mechanical cell. Impeller in the well-mixed section
produces fine bubbles which are favourable for fine particles attachment, while the

quiescent area of the column is favourable for the separation of coarser minerals.

2.6.3 Industrial relavent case study (Galena/Quartz)

In this section, we provide simulation results for the separation of Galena/Quartz

(Galena is the valuable mineral) with the specific densities of 7600kg/m? and 2650kg/m?.
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The Galena/ Quartz with the ratio of 10:90 is applied to be a more industrial realistic
ore composition and we are providing the insight through the simulation study con-
ducted for the separation of these two minerals. Figure 2.23(a) demonstrates the spa-
tiotemporal propagation of the concentration of attached Galena particles to bubbles
in the pulp and froth and illustrates how the arbitrary initial profile is transported
across the column and washes out over time in approximately thirteen minutes.
Along the same lines, the evolution of the CSTR states (see Figure 2.23(b)) influ-
ences the state evolution through the boundary condition and propagates through

the column and after approximately twenty minutes reaches the steady-state profile.

71



2
7 72
> e
z
///////// 7 7
.
oz T
T
////;7//7///////,;;/////////’///

_
_
_

/7;; _ Z e
727 277
77
. //////////////,,,;,/;///////,,,/,/;////,;"'%

o
S
|
N
N
\
\
\
\
AN
\
\
N
\
\
N

/)
V1)
177 0z 444
Y/ 7777774774445
V. 1
77 774744
7 s
) i) 5%
2755
2005
/%%
%

o
w
&
/

o
w
L

0.25 — %

o
N
L

0.15 —

X5 & Xa attached hydrophobics (kg/ms)

=}

o ©
& =
L L

0.6

40 g5 4 0.2

% 20 15 .

0 0 Column height
Time (min)

z(m)

a)

........ X,, Free hydrophobic
0.9
/ _Xz’ Attached hydrophobic

o8l J— Xq1, Free hydrophilic

0.6 -

0.5

0.4

Particles in the CSTR (kg/m 3)

02

0.1

0 L L L L L L L L
0 5 10 15 20 25 30 35 40

Time (min)

b)

Figure 2.23: a) The concentration of attached Galena through the column, b) the
concentration of attached, free Galena and free Quartz in the well-mixed zone.

At the steady state, the concentration of attached hydrophobic particles increases,
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while the concentration of free hydrophobic particles in the upflow decreases, through
the column from the pulp to the froth. From the froth to the pulp, the concentration

of free hydrophobic particles in the downflow decreases (see Figure 2.24).

0.46

0.44 -

— Attached (left axis)
= = Free in upflow (right axis)
------- Free in downflow (right axis)

042

04

Concentration of hydrophobics (kg/ma)
Concentration of free hydrophobics (kg/m 3)

I I I I I I I
0 0.1 02 03 0.4 05 06 0.7
Column height, z (m)

Figure 2.24: The steady state propagation of Galena concentration through the
column with Danckwerts’ boundary conditions at the interface.

Figure 2.25 shows the temporal propagation of recovery and grade of Galena
particles in the concentrate (in the hybrid flotation column), separately. The figure
illustrates that grade of Galena in the concentrate at the top of the column increase
over time and reaches its final value of almost 40% after 25mins. Moreover recovery

increases to its maximum value of almost 75% in 25 minutes.
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Figure 2.25: Propagation of recovery and grade of Galena in the concentrate in a
hybrid flotation column

2.7 Conclusion

A three-phase dynamic model of the boundary coupled hetero-directional hyperbolic
PDE-ODE system representing continuous column flotation has been developed and
applied to a hybrid flotation column with a mechanically agitated section (repre-
sented by a CSTR) at the bottom and a conventional column setup above it. In
solving the system of equations in the pulp zone, the boundary conditions were given
by the CSTR concentrations. At the base of the froth, which represents the interface
between the froth and the pulp zones, a Dankwerts’ boundary condition was applied.
Using this model, the gas holdup, free and attached hydrophobic particles concentra-
tions, as well as free hydrophilic particles concentration profiles are simulated. The
results has been validated by comparing the simulated results with previously pub-

lished experimental results in the literature for conventional flotation columns (see
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Fig 2.10). We have shown that the proposed method is capable of being extended
to different column conditions and well predicts the system over a wide range of op-
erating conditions, different ranges of bubble sizes, mass transfer and reaction rates,
as well as equal/unequal bubble sizes in the pulp and froth sections with different
classes of bubbles sizes. Finally, the effect of gas flow rate and agitation on the gas
holdup, concentration of minerals, grade, recovery and attachment /detachment rates

are demonstrated in this work.
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Chapter 3

Modelling and Boundary Optimal
Control Design of Hybrid Column
Flotation

Abstract A three-phase continuous hybrid flotation column that seeks to obtain the
benefits of both mechanical cells and flotation columns is modelled as the interconnec-
tion of a CSTR representing the well-mixed zone and two plug-flow reactors (PFR)
representing pulp and froth zones. The plant model accounts for the micro-scale pro-
cesses such as bubble-particle collision and attachment, the appearance and breakage
of bubbles. This complex distributed parameter system (DPS) is described by sets of
nonlinear coupled conservation counter-current hyperbolic partial differential equa-
tions (PDEs) and one set of ordinary differential equations (ODEs). The dynamic
conservation law based model for the continuous hybrid flotation column including
a well-stirred, pulp (bubbly), and froth zones is utilized in an optimal model-based
controller design. This modern state-of-the-art controller synthesis needs to account
for optimality, stability, and performance. The controller design utilizes a linear

model obtained by linearization at operating steady states of interest. A full-state
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optimal feedback control law is designed and controller performance has been demon-
strated through a numerical simulation of physically meaningful and relevant plant
operating conditions. The LQR-based optimal controller outperforms Pl-based con-
troller in terms of stabilizing states by returning the states to the steady state after

a perturbation in the initial condition.

3.1 Introduction

Column flotation is an efficient separation process to separate valuable mineral(s)
from ore(s) based on the differences in minerals hydrophobicity. Modern flotation
columns were developed in Canada in the early 1960s [5] and since their commercial
application in 1980s [7], they have been used in a rather broad range of applica-
tions: the mineral processing industry including metallic, non-metallic ores, as well
as in wastewater treatment processes. Technological advantages of this separation
technique over conventional mechanical flotation cells include simplicity of construc-
tion, low energy consumption, higher recovery and product grade [90]. In general,
minerals, water and air are fed in the lower part of the column. Subsequently, the
transport of the material and minerals includes the transport of hydrophobic particles
attached to the bubbles, which propagate in an attached form from the pulp to the
froth zone, and the liquid up-flow and down-flow, in its free form, and is affected by
the hydrodynamics of the inflow and outflow streams. Note that the net downward
flow of liquid represents the so-called bias of the flotation column. Column flotation
is a complex distributed parameter system (DPS) that involves three phases of solid
particles, gas or air bubbles, and liquid flows (up-flow and down-flow).

The main operational objective of column flotation process is to maximize the grade
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and/or recovery of valuable mineral(s) while keeping the other variable above a
threshold value and the main objective of column flotation control is to maintain
its required operational level despite disturbances in the operation. However, large
variations in the feed concentrations and several other hydrodynamical disturbances
reduce the grade and recovery of column operation. Therefore, control strategies
and system analysis applied to column flotation typically target down-flow, froth
depth, grade, recovery, and gas hold up by manipulating variables such as the flow of
feed, air, and wash-water, and reagent addition [6, 15]. Currently, a common control
approach in flotation plants is the knowledge-based (e.g. fuzzy logic or supervisory)
control realization, despite the fact that computational cost of the rule-based con-
trol for such a complex system is high [29]. Model-based control design has the
potential to provide improved performance while ensuring stability of the hydrody-
namic system. Due to a large number of variables and subprocesses the modelling
of the flotation process is complex [31]. Although setting clear boundaries is often
not possible, models of the flotation process can be classified as fundamental (based
on first principles models, e.g. probabilistic, kinetic, and population-balance), em-
pirical (statistical models derived from experimental data) and hybrid (based on
both experimental data and first principle models). First principles models employ
the conservation of mass and the mechanisms related to bubble-bubble and bubble-
particle interactions occurring in the mechanical flotation cells. In contrast, empirical
modelling is realized by adjusting the parameters in a regression relationship to pro-
vide the best fit to the existing data, with considerable flexibility in choosing the
functional form of the regression relationship. Hybrid models are determined with a

mix of empirical and fundamental relationships [51].
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Although several models have been proposed for mechanical froth flotation cells [22,
47, 55], there are only a few dynamic models proposed for the column flotation pro-
cess in the literature that can be used for model-based controller design applications.
These models try to connect the hydrodynamic process conditions (interfacial area of
bubbles, bubble size distribution, and particle size distribution) to mineral recovery
and provide an improvement to the theoretical understanding of column flotation
[43, 91], [64, 69]. Some of these models can be classified as micro-scale models [57,
59], implying that they were developed to estimate design parameters for a column
flotation system, such as particle velocity [60], gas dispersion [61, 62], and not for
use in process control.

Initial modelling efforts for column flotation include the work of Sastry and Lofftus
[64] and Cruz [43], who proposed a population balance based model for the flota-
tion column process. This model was based on the microscopic and macroscopic
description of pulp and froth zones in which bubble coalescence and loading have
been considered and a distribution of bubble sizes, particle sizes, and particle types
were also used. Non-constant attachment and detachment rates in Cruz [43] model
were defined by the probability of attachment and detachment of particles from the
bubbles. The column was modelled based on a vertical combination of a perfectly
mixed aeration zone, a perfect-CSTR-in-series lower collection zone, a single perfectly
mixed feed zone, a perfect mixers-in-series upper collection zone, the interface, and
three plug flow volumes including stabilized froth, wash water, and draining froth.
This dynamic simulator of the column flotation system did not have the ability to
handle pulp level variations or to account for pressure effects in the gas phase. On

the other hand, the model proposed by Bouchard et al. [44] is based on macroscopic
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descriptions of pulp and froth phases, material balance, and a first-order kinetic as-
sumption for attachment/detachment. This model uses a CSTRs-in-series approach
with the ability to handle pulp level variations and account for pressure effects in
the gas phase. In addition, a mean bubble diameter in every simulation cell is used
and the physical mechanisms of collision, attachment, and detachment have not been
considered separately in determining the attachment and detachment rate constants.
In Tian, et al.[72] a hyperbolic transport-reaction system based on the model pub-
lished by Sastry and Lofftus [64] is considered, which accounts only for froth and
collection zones. The current modelling effort which is along the modelling develop-
ment associated with this work is presented in [73] and they considered conservative
hyperbolic PDEs in physically meaningful lab setting [92].

Flotation is generally effective over a size range of approximately 15 to 150 microns
of mineral particles [11]. Mechanical flotation cells provide enhanced particle-bubble
collision through agitation, while flotation columns have a large quiescent zone that
enables fractionation. In this regard, in order to expand the range of particle sep-
aration, and to combine the advantages of both types of flotation approaches, our
group has constructed and is testing a novel hybrid flotation column. In addition to
enhanced bubble-particle collision, the use of an impeller in the well-mixed section
also results in the production of smaller bubbles, which is favourable for the attach-
ment of fine particles, while the quiescent area of the column is favourable for the
separation of coarser minerals. In this work, we present a model for the purpose of
modelling and control of this hybrid flotation column. Note that the term ’hybrid’
in this work implies that a CSTR is added to the flotation column geometry. The

three-phase dynamic model for the hybrid column accounts for the coupling of a
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nonlinear hetero-directional system of hyperbolic PDEs-ODE in which the upward
and downward liquid flows represent flows of free particles, respectively. The gas flow
represents the flow of attached hydrophobic particles to the bubbles. The model ac-
counts for three regions of well-mixed (CSTR), pulp (collection) and froth (cleaning)
as well as microscale processes taking place in the column, such as bubble-particle
collisions and attachments and the hydrodynamic forces in the liquid.

The hybrid flotation column is an example of a transport-reaction system, and typi-
cally, in-domain actuation is applied for the purpose of controlling such systems (e.g.
heating the fixed bed reactor through the jacket along the column). Developing
controller design for such models representing these systems is challenging and has
received some attention in the literature [93]. However, in most transport-reaction
systems (including column flotation), control actuation is applied at the boundaries
of the system, which increases the complexity of the design further. The mathemat-
ical difficulty of solving boundary control problems is associated with dealing with
the point actuation (at the boundary); to solve the control problem for these sys-
tems, we have transferred the actuation to in-domain actuation [94]. However, there
is limited published research in the area of optimal control for this type of system.
Moghadam, et al.[94] considered the optimal control of coupled ODEs and hyper-
bolic PDEs with uni-directional transport in a two-phase contactor with a constant
transport velocity. The novelty of this contribution, besides the derivation of a dy-
namic fundamental model for a hybrid column flotation process which accounts for
bubble-particle bubble-bubble interactions, is extending the framework of designing
an optimal control formulation available in the literature [94], to the novel hybrid

column flotation model which represents a three-phase hetero-directional transport
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system where the velocity matrix in the transport operator is spatially and tempo-
rally varying along the column height (see Figure 2.16).

We provide a systematic general procedure for the design of a full state optimal con-
troller regarding the coupling of nonlinear hetero-directional system of hyperbolic
PDE-ODE. We consider 1) a boundary coupled hetero-directional nonlinear hyper-
bolic PDE-ODE system that allows the inclusion of various transport interactions, 2)
systematic dynamical analysis of the linearized model, 3) design of optimal feedback
operators for the system of coupled PDE-ODE system by solving Riccatti matrix
operator equations. Accordingly, optimal control gains of the ODE subsystem given
by a finite dimensional model and infinite dimensional hetero-directional hyperbolic
PDEs are coupled and solved simultaneously. In this sense, one can explore opti-
mality of the state evolution and control effort evolution that is compartmentalized
in different sections of the column reaction system. In addition, we provide a com-
parison with non-model based (PI) controllers, and we point out advantages of the
proposed design.

Thus, the major contribution of this work is the investigation of the control of a
novel hybrid column flotation process and the development of an optimal controller

for a boundary coupled hetero-directional nonlinear hyperbolic PDE-ODE system.
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Figure 3.1: Model presentation

This paper is structured as follows: In section 1, the column flotation process
is described and in section 2 is modelled as a system of nonlinear coupled PDE-
ODEs, and a linearized state-space description for the system is obtained. Section 3
addresses the state feedback regulator design problem. The profile of the linearized
system is illustrated and parameters for regulators are designed and calculated in
detail in section 4, and the simulation results are shown to demonstrate the controller

performance. Finally, section 5 provides conclusions from the study.
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3.2 Model development for hybrid column flota-
tion

3.2.1 Hybrid column

A common column flotation apparatus consists of two zones; the pulp (collection)
and the froth (cleaning) zones. The hybrid column we consider is unique since an

impeller has been added to the column flotation geometry (see Figure 3.1).
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Figure 3.2: Schematic of a three-phase column flotation system considering the trans-
port of hydrophobic particles

Assuming perfect mixing, the compartment with the agitation is considered as
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a continuous stirred tank reactor (CSTR). On the other hand, the collection zone
(pulp) and the bubbly zone (froth) in the column section are considered as two plug
flow reactors (PFRs) in series; in which we assume perfect radial mixing and no axial
mixing (along the direction of the flow). In this modelling framework, the effect of
axial dispersion is neglected in comparison to the flow of the fluid. A seminal paper
by Sastry and Lofftus in 1988 [64], reveals that for estimating the degree of dispersion
in flotation columns, the Peclet number for plug flow conditions is considered to be
infinite.

The dynamic mathematical model has been developed considering bubble-particle
attachment and detachment, as well as the gas and liquid transport phenomena.
The process can be considered as a counter-current flow system. The air injected
by a sparger at the bottom of the column forms bubbles that rise up through the
column length. Slurry that contains the particles of the ore is introduced in the
agitated section. After collision and contact between the bubbles and minerals,
hydrophobic minerals attach to the bubbles and form bubble-particle aggregates.
The valuable minerals, i.e. hydrophobic particles, are transported to the top of the
column by the bubbles and finally overflow from top of the column as the product
(concentrate). The purpose of the wash water above the overflow level is to wash
down entrained (hydrophilic) particles back to the froth zone [36, 77]. Therefore, the
interaction between rising bubbles, entrained particles, and down-flow slurry leads
to mass transfer of the particles between the water and air phases as well as between
the upward and downward water flows. The mass transfer processes of attachment
and detachment of particles to and from the bubbles are treated as kinetic processes

or reactions.
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3.2.2 Modelling

We present a three-phase fundamental dynamic model based on physical principles
for a continuous (in contrast to the batch production) hybrid column flotation process
that includes a well-mixed section. The model extends the modelling contributions
in the literature [43, 44, 73, 79]. However, the novelty of this contribution is that
it has been tailored for a hybrid column flotation, accounts for a CSTR added to
the column geometry, includes transport-reaction conservation laws and accounts
for macro- and micro-scale processes including bubble interactions, mass transfer
between up-flow, down-flows. As illustrated in Figure 3.2, this process is modelled as
an interconnection of three different subsystems, including a CSTR, which represents
a well-mixed zone, and two plug flow transport reactors, representing pulp and froth
zones. In addition, the model is augmented by considering the microscale processes
taking place in the column, such as bubble-particle collisions and attachments as well
as hydrodynamic forces. In particular, the modelling accounts for the three phases:
solid particles, gas (air bubbles), and liquid in the froth zone. The three flows in the
system are the gas upward flow, liquid up-flow and liquid down-flow. A solid particle
can be found in any of the eight compartments (I, II, III, III’, IV, V, V', VI), based
on its state, e.g. attached to the bubbles (gas phase) as X5 in the CSTR, X5 in the
pulp, and Xy in the froth zone. A solid particle can be free (not attached) in the
downward liquid flow as X3 in the pulp or as Xg in the froth or as X; in the CSTR,
or as Xy or X7 in liquid phase up-flow, in the pulp or froth zones, respectively.

In addition, a mass balance-based nonlinear model representing the reaction term

in the transport-reaction system is defined for valuable particles, hydrophobic, for
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each compartment. The assumption of regulated and constant pulp/froth interface
position, i.e. level, is applied in this modelling setting. As reported in previous
studies [7], the most important factors in level regulation are the feed and tailing flow
rates, which are kept constant in this modelling and control framework. The resulting
model equations, system of nonlinear hyperbolic partial differential equations (PDEs)
and ordinary differential equations (ODEs) have been solved using Euler integration
backward in space and forward in time such that the numerical stability of the

simulation is preserved.
A three-phase model for hydrophobic particles in the CSTR

The state variables for the CSTR model are concentration of valuable minerals at-
tached to the bubbles, X5(t), and free in the liquid phase, X;(f). A mass balance

over the CSTR control volume, a lumped parameter system (LPS), provides:

dX, (Qr + Qep) Xa QX0

SR G GOSN G 1
ar Vil —e) ettt T Raede TS (3:1)
dX, QaXo

e _ KooXy — KaX 2
dt ‘/CEC + ac<}1 dc<)2 (3 )

where X denotes the input (concentration of free particles) into the CSTR, and
the balance of the flow rates provides the following relationship for the stationary

operating processes, Q¢ + Q, = Q¢ + Q. (see Notation list).
Hydrophobic particles model in the pulp zone

The state variables for the pulp or collection zone are the concentrations of valuable
mineral attached to the bubbles, X;(z,t), free in the up-flow, X4(z,t), and free

in the down-flow, X3(z,t). The transport hyperbolic PDEs are used to describe the
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evolution of transport in both directions. The transport of attached and free valuable
materials in the air and up-flow streams is linked to the states of the CSTR by the

boundary conditions:

an Q'rp a)(Z’x
= — Kp3 X3 + kK g X 3.3
ot Aay(l—c) 9z et T iReds T (3:3)
+h(Xy — X3)
B.C.at z = Ll X3<L1,t) = X6<L1,t) (34)

with X3(z,t) being the state that represents particles transported downwards and is
defined on the height range of [0, L;]. Therefore, the concentration of the attached

and free valuable materials transported upwards are:

8X4 er 8X4
9% _ _ S KX 3.5
ot Al —ay)(1—¢,) 0z prta (3:5)
b= KX — K (X — X)
0X o 0X
a—ts) = —14Q€ 8_25 + Kap3X3 + Kap4X4 - deX5 (36)
cCp

with the associated boundary conditions that are linked to the states of the CSTR:

The states X4(z,t) and X5(z,t) are also defined on [0, L1]. At this point, there is
a coupling of the CSTR dynamics to the underlying transport PDE through the
boundary conditions, so that the dynamics of the CSTR concentration drive the
boundary states evolution for the transport of the upward (X4(z,t) and X5(z,t))

and downward (X3(z,t), driven by the state X4(z,t) from the froth zone) particles.
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Hydrophobic particles model in the froth and interface zones

The state variables for the froth zone are concentration of valuable minerals attached
to the bubbles (Xg(z,t)), free valuable minerals in the up-flow (X7(z,t)), and free

valuable minerals in the down-flow (Xg(z,t)) with associated boundary conditions.

aXG (Qrf + Qw) 8X6

0% _ KX+ koK X .

ai Aas(i—ep) 9z HarsXo T halyXs+ (3.9)
BC. atz=1Ly Xe(Lot)=n(t) (3.10)

where the conditions at the top of the column are associated with the wash water
input 7(¢). The upward transport includes free and attached particles, which is

coupled to the pulp zone by boundary conditions and is given as:

0X7 Qef 0X7

=7 - — Ko, X 3.11

ot A —apn(l—e) 0z eridr ™ (3:.11)

+ (1 — ko) Ky Xg — P (X7 — Xs)

2.8 Qa 0Xs

—_— = - — + Ko Xe + Kopr Xe — Kgp X 3.12

ot Aey 0z + Raete + Kapr iy a8 ( )
B.C.at z = Ll; X7(L1,t) = X4(L1,t) (313)
B.C.at z = Ll; Xg(Ll,t) = X5(L1,t) (314)

Gas-holdup model for froth and pulp zones

In this section, we describe gas fraction models in the pulp and froth zones, in which
gas holdup variations propagate both temporally and spatially along the column

height. The model accounts for the bubble coalescence and breakage of three bubble
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size classes in the pulp, and three bubble size classes in the froth.

Oepn(z,t) Oepn(z,1)
pT = _Ue,n,ppT — ,Dp,n(Z, t) + Apm(Z, t), (315)
Oefn(2,1) B Oefn(2,1)
B = Venf g Din(z,t) + Apn(z,t) (3.16)
3
epn(0,1) = €cn(t), €p(2.8) =D €pulz,1) (3.17)
n=1
3
€rn(Lit) = epn(Li,t), €p(z,8) =Y ernlz,1) (3.18)

1

3
I

The total gas hold-up is a summation of the gas hold-ups of the three bubbles size
classes. In the present work, based on the approaches taken in the works of Sastry,[42,
79] extended and applied by Cruz [43], the total increase/decrease in the volume
fraction of bubbles is mathematically defined by defining the total rise, A, ,(z, 1),
and the total decline, D, ,(z,t), statistically as measures of how many interactions
results in coalescence in each bubble size class n that could be applied to the entire
column.

In the system of equations 3.1, 3.2, 3.3, 3.5, 3.6, 3.9, 3.11 and 3.12, the grade and
recovery of the froth overflow (the concentrate or product flow) is controlled by three
inputs: the slurry composition at the top of the column, U; = n, which is linked to
the wash water flow rate, the feed composition, Uy = X ¢, and air flow rate, Us = @),
which will be considered in the full state feedback control design.

The state space model of the CSTR can be written in a matrix format as:

o | Xi 2t _ K, K X,
5 = otl—e + (3.19)
Bl X, i Ko ~Kie— 2 | | Xy
[ QrX1,0
+ Ve(l—ee)
0
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It is assumed that K,. = GU3" where, m = 0.45 and G = 8.08, and Uy = X .

Therefore, equation 3.19 can be rewritten as

a)(1 _(Qt + er)
- = (A werl X, + K X 2
ot ( V’C(l _Ec) GUS ) 1+ KgeXo + (3 O)
QrUs,
+ Ve(l =€)
an m US
W - GU3 X1 - (ch —f- VYCEC)XQ (321)

The compact model of the transport PDE-ODE interconnection given in the state

space format for the froth zone is

Xg X Xg

0 0

a X7 +A1$ X7 =1 X7 (322)
Xs X3 Xs

while equations for the collection zone or pulp zone can be written in the state space

format as
X3 X3 X3
0 X, | +A 0 X, | =T | X (3.23)
ot | 4 0z | | R M '
X5 X5 X5

The transport and reaction matrices for equations 3.22 and 3.23 are defined as:

Mt 0 o
A= 0 iasigy O (3.24)
0 0 A%gf
—Kap6 — hy hy ko K gf
Iy = K, ~Kapr =} (1= ko) Ky (3.25)
Kaf6 Kf7 —Kgf
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Acap(l—ep)
= Qe
Ay 0 Y o 0 (3.26)
0 0 A@;p
—Kopz — h h kKap
T, = W Ky — B (1= k) Ky, (3.27)
KapS Kap4 _de
Ve 0
(9 €p.n —= O €p,n A n _D n
=1 "= T (3.28)
ot €fm 0 evg_éf €fm Afn —Dio

Finally, the boundary and initial conditions for the PDEs and ODEs are given by:

X4(0,8) = X1(t); X5(0,8) = Xa(t); Xs(Ly,t) = Xo(L1,t) (3.29)
Xo(Ly,t) = Xa(L1,t); Xs(L,t) = Xs(Ly,t); Xo(Lat) = n(t) (3.30)
X1(0) = X105 X2(0) =0; X3(2,0) = X30(2) (3.31)

X4(2,0) = Xy0(2); X5(2,0) = X50(2) (3.32)

epn(0,8) = eon(t); pn(Lr,t) = epn(L1, 1) (3.33)

epn(2,0) = €pn0(2); €£.0(2,0) = €£0,0(2); €cn(0) = €cin (3.34)

The coupling of the PDE-ODE system is provided through the boundaries between
the CSTR and the pulp (linking the ODE system and the transport hyperbolic PDE)
and through the boundary between the pulp and froth zones. For simplicity, we do
not consider dropback of particles from the column to the CSTR, but there is no

conceptual issue in including this phenomenon if required.
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3.2.3 Linearized model

The system of model equations developed above is nonlinear, and it is linearized
around the steady state of interest to facilitate dynamic analysis and controller
design. Note that the controller developed based on this linearized model is im-
plemented on the nonlinear process. The equilibrium condition for the system is
obtained by solving the set of nonlinear PDEs and ODEs for the plant model at
steady state. With the given steady state inputs, the steady state spatial profiles
of the gas hold up and concentration of particles in three forms, as attached, free
upward, and free downward are illustrated in Figures 3.3 to 3.4. Hence, the linear
system is obtained by defining the standard perturbation of the states around the

steady state.
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l’k(t) = Xk(t) - sts; k=1 to 2
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This provides the following linearized system of equations:
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T2 Alorss Ar2ass T2 (GmUss; " Xoss — £33
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(3.35)
(3.36)

(3.37)

(3.38)



Oxs(z,t)
ot

Oxy(z,1)
ot

Ows(z,t)
ot

Oxg(z, 1)
ot

Ox7(z, 1)
ot

Oxs(z, 1)
ot

Oxs(z,t)
0z
Agizx5(2,t)
Oxy(z,1)
0z
Aggoxy(z,t) + Asozas(2, 1)
—Ugss (9135(2, t)

epAe 0z

Vs + Aonxs(2,t) + Asiaza(z,t) +

—‘/;1 + A221$3(Z,t) +

+ A231[L'3(Z, t) +

Azzoa(2,1) + Asszws(2,1) —

A, 0z
Oxg(z,t
‘/6 60(2 ) + Agul‘ﬁ(z, t) + A312I7(Z, t) +
Asi3xs(z,t)
Ox7(z, 1)

-V

82 + A321.T6<Z, t) +

Agoom7(2,t) + Asgzas(2,t)
—Usgs Owg(2,t)

A t
efAc 0z + Asniro(z,1) +

Aszoxr(z,t) + Asgzxs(2,t) — @ Ep

95

1 6X555(2)u

1 aX8SS(Z)1]

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)
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During linearization of the model given by equations 3.1-3.12, it is considered that

_ _Us _ _Us
‘/5 T epAe and ‘/8 T erAc

&

A122ss

A211

A221

& Q.
Acop(1 =€)’ Ac(l—op)(1 — &)
Qa A (Qr+Qw)
A, 0 Agas(l—eg)
Q ., Q
A —ap)(l—¢) ° Ay
_1 * (Qt + QE) m
‘/c(l . Ec) GU3ss
ch; A12185 - GU:?SLS
U3ss
_ch - Ec‘/c

—Ngp3 — h; Agio = h; Agz = dep

R's Agsy = —Kops — Iy Aoz = (1 — k) Kgp
Kap3; Agzp = Kap4; Agzz = —de

—Nafe — hf; Asig = hf; Asig = k‘def
h/f; Azar = —Kapr — h/f

(1 — ko) Kar; Assi = Kage

Kopr; Asss = — Ky

are the functions of the third input to the system (Q, = Us).

(3.45)
(3.46)
(3.47)

(3.48)
(3.49)
(3.50)
(3.51)
(3.52)
(3.53)
(3.54)
(3.55)
(3.56)

(3.57)

with the boundary conditions: w3(L1,t) = xg(L1,t); x4(0,t) = 21(t); 25(0,t) =
zo(t); w6(La,t) = n(t); v7(L1,t) = x4(La,t); 2s(L1,t) = x5(La,t).

Here, the domain of the states z3(z,t),z4(2,t),25(2,t) is given on z € (0, L;) while

(x6(2,t), 27(2,t),28(2,t)) belong to z € (L1, L2) and hence the challenge is to rep-

resent the entire linear state space in a compact and unified setting. Hence, the

extended state © € Lyo(0,L;) ® Lo(L;, Ly) ® R™ has been considered, where X are
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real Hilbert spaces Lg(0, L;) @ Lyo(L;, Ly) with a defined inner product (-, -) and R"
is a real space. The input u(t) € U, and the output y(t) € Y ; and U and Y are
real Hilbert spaces. Equations 3.38-3.45 can be expressed in equivalent state space

format as

8xd

04

o (2,t) = V(z)a(z,t)jtl\/[(z)xd(z,t)—i- (3.58)
+ Ba(2)u(t)
81’[
) = Anft) + Bult) (3.59)
y(t) = CO)za(-, 1), m(1)]" (3.60)

augmented with the boundary conditions and initial conditions:

za = [v3;24] (3.61)
vy (Li,t) = af(Lit); 27 (0,t) = x(t) (3.62)
24(2,0) = zq0(2); x(0) = 219 (3.63)

C(-) = diag(Cy(+),Cy), and z4(-,t) = [xg, 7, T3, T3, T4, 5] and x;(t) = [ T To ]
The input array u = [n, @i, U3] will be considered in the full state feedback control

design.

3.2.4 Boundary to in-domain input transformation

The interconnection of the system of hyperbolic PDEs and ODEs is considered as a
boundary-controlled hyperbolic PDE system. In particular, the inputs are applied
to the ODE system and by the boundary interconnection propagate to the pulp
and the froth zones; however, one input is applied in the countercurrent direction

at the top of the column (e.g. 7). The manipulated inputs are wash water, air
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flow rate, feed concentration and the controller variables are the spatial profiles of
minerals. In order to change the inhomogeneous boundary condition for the PDE
system to the new system with a homogeneous boundary condition, one can apply
a state transformation by considering w”(z,t) = 27 (2,t) — B x(t) and w’ (z,t) =
a7 (2,t) — BT 2T (L1,t) (we drop z-dependence in w” (2,t) = w’ (t) and w”(2,t) =
w” (t) in subsequent sections). In this way, the state of the CSTR given by the ODEs
is linked to the spatial state of the pulp section by the B operator, and from the
interface of the pulp-froth section to the froth section. In other words, the spatial
functions B7 and BY represent two actuator distribution functions which link the
finite dimensional CSTR state, z;(¢) to w” (2, t) and 2 (L, t) to w” (z,t), respectively.
Using this transformation, the control variable U(t) can affect the PDEs throughout

the entire column domain.

() = @5 () — BT (L,1) (3.64)
WP () = @ (t) — B () (3.65)
w(0) = wo wo=[wg; woli wa=[r7;4] (3.66)

where: wf = aly — Bz and wf = 27, — B2l (L1). Hence, w7 (t) = &} (t) —
B7 (WP (Ly1,t)+B7 1), so that the ODE dynamics couple to the froth and pulp zones
in the column. Therefore, the result of this state transformation is a newly obtained

infinite-dimensional state-space system of coupled DPS and LPS:

z(t) = Az(t)+ Bu(t) (3.67)

y(t) = Cx(t) (3.68)
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3.2.5 Boundary to in-domain input transformation

The interconnection of the system of hyperbolic PDEs and ODEs is considered as a
boundary-controlled hyperbolic PDE system. In particular, the inputs are applied
to the ODE system and by the boundary interconnection propagate to the pulp
and the froth zones; however, one input is applied in the countercurrent direction
at the top of the column (e.g. 7). The manipulated inputs are wash water, air
flow rate, feed concentration and the controller variables are the spatial profiles of
minerals. In order to change the inhomogeneous boundary condition for the PDE
system to the new system with a homogeneous boundary condition, one can apply
a state transformation by considering w”(z,t) = 27 (2,t) — B x(t) and w’ (z,t) =
xh (z,t) — BT 2T (L1,t) (we drop z-dependence in w”(z,t) = w’ (t) and w”(z,t) =
w” (t) in subsequent sections). In this way, the state of the CSTR given by the ODEs
is linked to the spatial state of the pulp section by the B operator, and from the
interface of the pulp-froth section to the froth section. In other words, the spatial
functions B and B? represent two actuator distribution functions which link the
finite dimensional CSTR state, z;(t) to w” (2, t) and x% (L1, t) to w” (2, t), respectively.
Using this transformation, the control variable U(t) can affect the PDEs throughout

the entire column domain.

wT(t) = @f(t) — BT (L, 1) (3.69)
WP () = @ (t) — B 1 (t) (3.70)
w0) = wo wo=[wi; Wil xa=[r];a]] (3.71)

where: wf = aly — Bz and wf = 27, — B2l (L1). Hence, &7 (t) = &} (t) —

B (WP (Ly,t)+B%1;), so that the ODE dynamics couple to the froth and pulp zones
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in the column. Therefore, the result of this state transformation is a newly obtained

infinite-dimensional state-space system of coupled DPS and LPS:

z(t) = Az(t) + Bu(t) (3.72)

y(t) = Cx(t) (3.73)

The state transformations that transfer the boundary to in-domain actuations are

achieved by considering:

w3(2,t) = 22(2, 1) + Bs(2)as(Ly, 1) (3.74)
a(z,t) = 27(2, 1) + Bay(2)a1 (1) (3.75)
ws(z,t) = 22(2, 1) + Bs(2)as(t) (3.76)

w6(z,t) = 20(2, 1) + Bo(2)n (3.77)

r(z,t) = 22(2, 1) + Br(2)aa(Ly, t) (3.78)

ws(z,t) = 22(z, 1) + Bs(2)as(Ly, 1) (3.79)
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which provides a condition to calculate the boundary values of Bs, By, Bs, Bg, Bz,

Bs.

w3(L1,t) = 25(Ly,t) + Bs(L1)we(Ly,t); w3(L1,0) = x5, + Bs(z)x6(L1,0);
xy(Ly,t) =0; B3(Ly) =1

14(0,t) = 27(0,1) + B4(0)z1(t); 24(2,0) = o + Ba(2)21(1);
z}(0,t) = 0; By(0) =1

15(0,t) = 25(0,1) + B5(0)x2(t); 5(2,0) = 254 + Bs(2)x2(t);
z2(0,t) =0; B;3(0) =1

w6(Lo2,t) = xg(L2,t) + Bs(La2)n(t); ws(Le,0) = xg, + Bs(2)n(0);
xg (Lo, t) =0; Bg(Ly) =1

x7(L1,t) = 27 (L, t) + Br(L1)xa(Ly, t); 27(2,0) = 27 ¢ + Br(2)24(L1, 0);
xt(Ly,t) =0; Bz(Ly) =1

wg(L1,t) = 2g(L1,t) + Bs(L1)xs(L1,t); w8(2,0) = 254 + Bs(z)2s(L1,0);

xg(L1,t) = 0; Bg(L1) =1

By introducing z3 , x4, x5, Tg, x7, xg With the above new state representations,
one obtains the operators of the linear state space model. Assuming that B exists,
one can define a system that has a homogenous boundary condition and distributed
actuation through the domain. Therefore, by taking Bs(L1) = 1, B4(0) = 1, B5(0) =
1, Bg(L2) =1, B(Ly) = 1, Bs(L;) = 1, and with the assumption of B(z) = 1, the
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state space representation can be simplified as

o Fip i3 0 Fis Fig
Fo1 Fyy Fyz Foy Fos Fog

7 (3.80)
Fo Fyo Fiz Faa Fis o Fag
Fsy 0 0 Fsqy Fs5 Fhse
| fer 0 0 Fea Fes Foo |
| Az 0 0 ]
Azor Aninss — Azza Anizss — Aoz
oA = Azzr Argrss — Azzz Airzass — Aoz (3.81)
— A1 Agiz Aoz
0 Ao — Ainiss Aoaz — Alrass
| 0 A — Auorss Asss — Arsass |
0 0 0 1 0 0 ]
A=10 A Anss |3 B=|0 5 —GmU5T Xy (3.82)
0 Ai2iss Arzass 0 0 GmU ' X 45 — i?‘;:
[ 1 0 0 ]
- G X,
By | 00 OmULTXu— bRt Snfe | s
1 0 0
0 w(?iec) GmUz Xass
00 —GmUG X + 32 = SR T

_ m—1 Xoss 0Xs5s5(L1) 0Xgss _ m—1
where B = GmUs,; Xigs — s+ P P Bro = —GmUss. Xiss +

XQSS _ 1 8)(555 (Z)
Veee epAc  Ozp

, 0(Ly — z) denotes a Dirac function which takes the value of the
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state at the point L; within the domain [0,1] (I = Ly + Lo being the total length
of the column). It is assumed that the process is operated at a constant volume,
which implies that a level controller is implemented. This state space representation
accounts for infinite and finite dimensional systems. The operator A in Equation
3.72 generates an exponentially stable semigroup T4(t) on X x R? which means
that the initial value problem for Equation 3.72 is well-posed and has a unique

solution. Detailed expressions for the elements of .# are provided in Appendix B.

3.3 Boundary optimal (LQ) regulator design of
a hybrid system of coupled hyperbolic PDEs
and ODEs

We used the proposed optimal control law to regulate the concentration of minerals

in the CSTR, and their profiles in the pulp and the froth zones.

w(t) F A w(t) B
= + u(t) (3.84)

Ztl(t) 0 A ZEl(t) B
y(t) = @[w(t> xl(t)]T (3.85)

with the following boundary and initial conditions:
W(O,t) = 0; Il(O) =T0 (386)

where the new infinite-dimensional state-space system has a spatial state of w(-,t)

and a finite dimensional of z;(t) defined as follows:

w(t) = [ xg xn xy xh ) b ]T (3.87)
x(t) = [ r1 o ]T; u(t) = [ n Uy Us }T (3.88)
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so that the combined state is a column vector, z(t) = [w(t) z;(t)]". Considering the

following infinite-time horizon quadratic objective function:

T(2o,u) = /0 (< a(t), Pex(t) > + < ult), Ru(t) >)dt (3.89)
(3.90)

and the positive semidefinite operator P:

Py, P
p=pr, P=| " " (3.91)
Py Py
and the positive definite matrix R, one can consider the solution of the infinite

horizon optimal control problem by solving

m(gl J(xo,u) = /00(< Cx(t), PCx(t) > + < u(t), Ru(t) >)dt (3.92)

sta(t) = Ax(t)+ Bu(t) (3.93)

The minimization of the objective function results in solving the following operator

Riccati equation (ORE):

(A*Q+ QA+ €*PC — QBR'B*Q)z =0 (3.94)
Uopt (1) = K(t) (3.95)
K=-R'B*Q (3.96)

where the operator A + B generates an exponentially stable Cy—semigroup, or,
in other words, the closed-loop feedback structure through the gain I achieves the
exponential stabilization of the system. Moreover, to solve the ORE, it is assumed

that the solution is in the following form:
ool 0O

Q= (3.97)
0 ol
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where ¢ and 1)y are non-negative diagonal and non-negative symmetric matrices
containing spatial functions ¢q(z) and values 1, respectively. By substituting for

operators A, B, € and Q in equation 3.94, one obtains:

F* 0 0 0 F A
%o | + . (3.98)
AT AT 0 o 0 o 0 A
N C; 0 Py P 1 CaPa B
B 6 | | Pu Po 0 %
0 7 _ 0
%o ! R—l[%; B*] Po —0 (3.99)
0 1/10 B 0 wO

so that matrix multiplication yields the following system of four equations:

T o+ 00T + € Pu%y — doBaER ™ B = 0 (3.100)

G + C; PLCy By + € Py — poBaR™ B by = 0 (3.101)

U o + ByE Py + € PorCy — hoBR™ Blyo = 0 (3.102)
ATy + oA + B*C; PLCyB + € PubyB + B C; Pyt + ... (3.103)

i F G P — YoBR B )y = 0

Since equation 3.101 can be transformed to equation 3.102 by taking the transpose
and vice versa, these two equations are not independent. Equation 3.100 can be

converted to the following differential equation:

d
VR Z Mgy -+ 6o M + CPUCa— o BB By (3104)
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Therefore, the following set of equations needs to be solved to find ¢q:

vgagsl = 24311001 + Pri1 — (]b__;l
_‘/73;502 = 2399002 + Pria — 65 (( (1@{ ec))QRLQ + F%Rig)
—‘/88503 = 2A3330003 + P13 — gb%}i%
V:sagf = 2A911004 + Pr1a — (?%014
—‘/48;25 = 2A202¢05 + Pr15 — %5((%)2}% + Fl};)
—‘/58506 = 2As33006 + P16 — ?—36

with boundary conditions:

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

Po1(L1) = 0, ¢o2(L2) =0, ¢o3(L2) =0, ¢oa(0) =0, ¢o5(L1) =0, ¢os(L1) = (B.111)

_ m—1 _ m—1 Xoss 1 0Xsss(L1) 1 9Xsss
Where Fl — GmU3SS X1887 FQ — GmU3SS XlSS - foc + €pAc 8Zp - ffAc 8Zf 3
— m—1 X2.ss _ 1 8X5SS(L1)
F3 - GmU3ss Xlss + Veee epAc Ozp
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Figure 3.5: Spatial characteristics of the gain

The spatial characteristics of the gain, in the procedure of designing the L(Q control
law, is given in Figure 3.5. It should be noted that ¢1, @9, @3, ¢4, @5, Pg are positive
gains related to the states xg, 7, Ts, 3, T4, T5, respectively. It can be seen that the
gains, ®g; and P4, associated with the states in the downflow, x3 and wg, are higher
than the gains associated with the states in the upflows (entrainment and attached
to the bubbles). In other words, from a practical point of view, it is more difficult
to control the downflow than the upflows in the column flotation process. This
is natural because the natural flow is the upward transport by the bubbles as the
carrier and the downflow is effected only by a small flow of the wash water. Moreover,
the actuation in the pulp zone (see Figure 3.5) requires stronger gain than in the

froth zone, ®y; and ®gy. Po3 and Pyg are the spatial gains related to the attached
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states in the froth and pulp, xs and x5, respectively. ®¢p, and ®g5 are the spatial
gains related to the free entrained states, 7 and x4. By comparing these gains, it
is clear that the control of attached particles is more difficult than the control of
free entrained particles. Therefore, xg and x5 require higher gains. We follow the
algorithm proposed in [94] to solve differential algebraic DAE equations 3.104 - 3.110

in a systematic manner:

e First, positive definite symmetric matrices Py; and R are chosen in order to find
the unique and non-negative solution of ¢y. Therefore, the matrix Riccati dif-
ferential equation (equation 3.100) has been solved using the Euler integration

method in space by solving a boundary value problem.

o After calculating ¢g, and choosing a guess for Py, Py is substituted by
PP Py + €l, € > 0 in equation 3.104 to calculate 1)y and Pyy. ([94] prove
that there exists a positive symmetric P,, such that algebraic equations 3.102
and 3.104 simultaneously yield solutions Pjs and ). Note that since equations
3.101 and 3.102 are the adjoint of each other and Py = Pj, only one of these

equations needs to be solved.

e Given Py, , a new P22 > P}, PPy + €l is chosen and equation 3.102 and
equation 3.104 are solved to find a new W. The calculated P is such that the
matrix P is positive and @ = diag(®g, V) (see Figure 3.5) is a non-negative

solution of ORE.
e Finally, the state feedback operator can be calculated from

K =—-R'[%,6 B*Y (3.112)
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Note that this solution exists if the finite-dimensional part is exponentially

stabilizable and exponentially detectable.

e The LQR input can be calculated using

Uopt = K (1) (3.113)

Remark: In this design, it is assumed that all states in the flotation column are
measured, thus Cy(z) is equal to diag(1,1,1,1,1,1) and C} is equal to diag(1,1,1).
However, one can apply spatial measurement and this will only change the evaluation

of the above expressions and not the design procedure.

3.4 Results and discussion

To evaluate the performance of the control strategy, the designed feed-back controller
has been applied to the original nonlinear system in closed loop. The nonlinear PDE-
ODE system has been integrated numerically with the Euler method, backward in
space and forward in time. We present representative simulations in this section, but
have tested the controller for a variety of initial conditions. Details of the parameters
used in the simulations are provided in Appendix C. In the simulation study, the
following values were used as one representation of the initial conditions: z1(0) =
0.2 kg/m3, 25(0) = 0, 23(2,0) = 0.1066 kg/m?, 24(z,0) = 0.18 kg/m?3, x5(2,0) =
0.3 kg/m3, x¢(2,0) = 0.08 kg/m3, x7(2,0) = 0.18 kg/m3, x5(z,0) = 0.2 kg/m?.
Note that the obtained steady state profiles are provided in Figures 3.3-3.4.

Finally, in order to account for a presence of noise which is associated with the real

plant condition, we tested the controller performance when random noise was added
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to the states and parameters (i.e. K,.) of the plant model. For the design of the
optimal controller, we chose positive definite

P11 = diag(0.05,0.0004, 0.0005, 0.0005, 0.000003, 0.000001), R = diag(1,1,1), and
P, = [0.05,0,0;0,0.025,0;0,0,0.14; 0.0001, 0, 0; 0,0.1,0; 0,0,0.001] and calculated
the positive definite matrix Py = diag(1.1,3335.9,41.2). Moreover, the solution to
equation 3.112 is the feedback controller gain.

Finally, in order to analyze the performance of the designed optimal controller, the
rate of convergence of the system states after perturbation has been compared among
these three cases: open-loop, controlled with model-based controller (LQR), and

controlled with non-model-based (PI) controller.
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Figure 3.6: Concentration perturbation propagation of hydrophobic particles: free,

x4 and x7, and attached, x5

in the pulp and froth.

and g,

Figure 3.6 (a) illustrates the spatiotemporal propagation of the free hydrophobic

particles in the upflow (entrainment) through the column. Figure 3.6 (b) demon-

strates the spatiotemporal propagation of concentration perturbation of attached

hydrophobic particles to the bubbles in the pulp and froth zones after implement-
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ing the LQR. Figure 3.6 illustrates how an arbitrary initial profile is stabilized after
approximately 12 minutes (which is the approximate residence time of the column).
Even though an LQR was designed to provide exponential stability of the system
from any initial condition in a finite dimensional setting, the transport-reaction sys-
tem, which is infinite dimensional, has a finite time governed by the slowest state
after which exponential stabilization can be achieved. Among all the states in the
column, the one associated with the attached particles to the bubbles, zg, is the
slowest state. Therefore, the dynamics of this state will define the finite time after
which the controller stabilizes the system and brings the states to the steady state
from any initial condition.

Two (proportional - integral) PI controllers have been designed to work simultane-

ously to serve as a point of comparison for the LQR:

e PI;: The controlled variable C'V is the concentration of attached minerals
at the top of the column, xg(Ls). The concentration of minerals in the feed,
X1, is selected as the measured variable MV. The selected controller gains are

K. =1; K; = 0.01 with the reference signal set to zero.

e PIy: The CV is the concentration of free minerals in the downflow at the
bottom of the column, 23(0). The gas flow rate, @, is selected as the MV, and

controller gains are K. = 0.5; K; = 0.01 with the reference signal set to zero.

To compare the rate of stabilization between different control design strategies, the
squared norm of the state values has been integrated over the column height, which is
an appropriate performance metric for this regulatory control problem. Figures 3.7,

3.8, 3.9 show the evolution of this norm for three representative states. For the case
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of free valuable particles in the pulp zone, the squared norm of the state perturbation
has been integrated through the pulp height fOLl 13(2,t)dz and plotted over time in
Figure 3.7. In the open-loop case, the system exhibits an inverse response, which is a
characteristic of a linear system with a positive zero. It can be observed from Figure
3.7 that x4, which represents the perturbation of the concentration of free valuable
particles in the pulp zone, increases initially before it reaches the steady state. It
is expected that there is a dynamical interplay between the transport of x4 in the
up-flow along the column and the transfer of free particles between the downflow,
upflow and the gas flows. The closed loop system with the PI controller has complex
dynamics, as can be seen from Figure 3.7, with the perturbed state increasing and
decreasing multiple times before reaching the steady state. A numerical comparison
of the performance metric over the entire period of the simulation for Figure 3.7 shows
that the metric is 2.25 x 1073 for the LQR, 0.17 for PI control, and 2.06 x 10~2 for the
open loop case. This means that the LQR stabilizes this state an order of magnitude
faster than the open loop, and PI control performs worse on this count than even the
open loop case. A similar comparison for Figure 3.8 shows the performance metric
to be 7.20 x 10~ for the LQR, 1.68 x 1072 for the PI controller, and 8.05 x 10~ for
the open loop case.

As Figures 3.7, 3.8 and 3.9, illustrate, the model-based controlled system has the
ability to stabilize the initial condition faster than the non-model-based PI controlled
system and the open-loop system. The state evolution goes to zero in finite time
under the designed optimal control gain, but as was mentioned above, there is a
minimum specific finite time (governed by the inherent time scale of the process),

which is the fastest that the states can converge to the steady state. Although the
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LQR displays better performance than the open loop and the PI controller overall (see
Figure 3.9), the difference in the case of z3 (the slowest state) is not very significant.
The performance metric in this case is 5.19 x 1072 for the LQR, 9.8021073 for the
PI controller, and 1.08 x 1072 for the open loop case. Figures 3.7, 3.8 and 3.9 also
illustrate LQR controller rejection of disturbances in addition to robust stabilization
of the system. A step disturbance has been applied to these states at 4 minutes.
It can be seen that the delay rate in response to the initial perturbation is similar

before and after the applied disturbance is rejected.
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Figure 3.7: Integral of the squared concentration perturbation of free minerals in the
up-flow in the pulp, fLLf 23(z,t)dz. Thick line: LQR, dotted: open-loop, dashed: PI,
thin line: LQR with disturbance applied at 4 min.
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Figure 3.8: Integral of the squared concentration perturbation of free minerals in the
up-flow in the froth, fLL12 72(2,t)dz. Thick line: LQR, dotted: open-loop, dashed: PI,
thin line: LQR with disturbance applied at 4 min.
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Figure 3.9: Integral of the squared concentration perturbation of attached minerals
in the froth, fLLf x2(z,t)dz. Thick line: LQR, dotted: open-loop, dashed: PI, thin
line: LQR with disturbance applied at 4 min.
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3.5 Conclusions

A fundamental model based on physical principles has been proposed for a hybrid
flotation column that includes an agitated section. The model considers bubble-
particle attachment and detachment, includes relevant gas and liquid transport phe-
nomena, consists of a set of coupled ODEs and transport hyperbolic PDEs, and goes
beyond models proposed in the literature, where it was assumed that the column
consists of a series of well-mixed CSTRs. One of the important contribution is that
the proposed model of the system is formulated as a state space model prior to be
applied for the optimal controller design. Boundary linear quadratic regulation is
developed for this system of coupled ODEs and PDEs, and this, too, extends the
control formulation available in the literature, due to the complex structure of inter-
connection between transport flows and boundaries in the hybrid column. Through
simulations, we demonstrate the efficacy of the optimal controller in stabilizing the
column flotation system and show that it outperforms a non-model-based PI con-

troller by more than an order of magnitude in terms of regulatory control response.
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Chapter 4

Monitoring and State Estimation
of Column Flotation with
Fundamental Dynamic Models

Abstract A two-phase semi-batch flotation column is modelled as the intercon-
nection of two plug-flow reactors (PFR) representing pulp and froth zones. The plant
model accounts for the appearance and breakage of three bubble size classes. This
distributed parameter system (DPS) is described by sets of nonlinear coupled con-
servation hyperbolic partial differential equations (PDEs). Two on-line model-based
state estimators for a semi-batch flotation column based on a two-phase fundamental
dynamic model. The fundamental dynamic model featuring the upward air-liquid
mixture belongs to the class of conservative hyperbolic nonlinear transport partial
differential equation (PDE) systems. In the two-phase case, the unknown states
representing the gas holdup through the column, have been estimated under the
assumption that the gas holdup of the bubble size classes at the exit on top of the
column can be measured. It is confirmed that the proposed estimator for a two-phase

case well predicts the gas holdup propagation through a lab-scaled two-phase semi-
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batch column flotation based on experimental data. Later in this chapter, a dynamic
estimator for a continuous flotation column based on the three-phase fundamental
dynamic model in chapter 2 is proposed and implemented. In the three-phase case,
the unknown states, the gas holdup through the column as well as the concentration
of attached and free minerals in the upward and downward flows, have been esti-
mated under the assumption that the gas holdup and concentration of attached and
free minerals on top of the column can be measured by using machine vision (such as
with a camera and the Visiofroth software). For the two-phase case, the performance
of model-based EnKF is compared to that of the Luenberger observer with the same
operating conditions (air flow rate, reagent and frother concentrations). Gas holdup
propagation was captured better by the Luenberger observer for state estimation in
the simplified version of the system (two-phase). However, the EnKF has an accept-
able performance with the capacity to be used in more complex nonlinear systems
(three-phase). Implementation of EnKF for the state estimation of more complex
cases such as continuous nonlinear three-phase model of a flotation column with pa-
rameter uncertainty is a better option compared to the linear Luenberger observer.
The linear Luenberger observer has intrinsic limitations as it would be too complex

to be implemented compered to the realization of EnKF.

4.1 Introduction

Column flotation is an efficient separation process to separate valuable mineral(s)
from ore based on the differences in the surface minerals hydrophobicity. The com-
plex column flotation separation process offers challenges in process modelling, mon-

itoring, and control. In general, the main objective of column flotation operations is
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to maximize the product quality specification (grade and/or recovery) and maintain
the operational levels using on-line monitoring and control despite disturbances in
the operations. Along this line, it is required to have an accurate process model and

real-time estimation of the states of the system.

4.1.1 Column flotation process measurement

In practice, some essential properties for the monitoring and control purposes of col-
umn flotation cannot be measured explicitly (for example, the gas holdup through
the column which is directly related to the grade and recovery); instead they must
be estimated from limited number of available measurements. Basically, on-line in-
struments may not exist or online measurement would be expensive to maintain and
in addition have low sample frequencies. Also, samples need a number of hours to
be analyzed. Among all variables that affect the flotation performance, gas holdup
propagation and bubbles size distribution have been proven to be the key variables
affecting the flotation separation process performance which can be defined as grade
and/or recovery [7]. Therefore, this finding implies that we require to measure the
gas holdup in the flotation column and possibly to infer bubble size distribution.
However, measuring the time evolution of gas holdup throughout the column in real
industrial application is really difficult, expensive and sometime impossible. There-
fore, the estimation of these process variables is of interest bearing in mind that only
few true measurements as outputs are available in the system. Moreover, when it
comes to methods for the estimation, the model for column flotation processes are
often complex and nonlinear with unknown state variables and/or uncertain param-

eters. This counts as a challenge for the estimation using the Kalman-based sates
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estimators.

An important note to consider is that using hardware sensors in the complex and
harsh environment of froth flotation is very challenging. Therefore, a cheap, reliable,
and fast alternative is an attractive option to be explored [24]. A remedy for this
deficiency is the use of soft sensors, which is also a more cost-efficient alternative.
Furthermore, the data from offline measurements can be used as initial guesses for
the online estimator and to minimize the error between the model predicted and
measured recovery over the time. Among all variables that affect the flotation per-
formance, gas holdup propagation and bubbles size distribution have been proven to
be key variables for the flotation separation process. Bubble surface flux, which is
a function of these key variables, is reported to have a linear correlation with the
flotation rate constant [17].

The bubbles are dynamically interacting and the bubble surface area for attach-
ment of particles changes often. In this chapter, we explore the application of an
ensemble Kalman filter (EnKF) and a Luenberger observer as two tools for the state

estimation.

4.1.2 State estimation techniques for nonlinear systems

Several known methods for monitoring and state estimation of linear and nonlinear
spatiotemporal systems have been explored in the literature, including extensions of
the Luenberger observer and Kalman filter concepts to distributed parameter sys-
tems [14, 95-101]. Among the first contributions the works of Luenberger [102, 103]
and Kalman [104] introduced basic concepts of Luenberger observer and Kalman

filter designs. Ray [14] and Yu [101] step further and extended the design to the

120



PDE systems. Some of the published works concentrated on the optimal location of
measurement in axial dispersion or tubular reactor systems [101]. To make estima-
tions of a nonlinear system behaviour, the popular estimators such as Luenberger
observer, which involves linearization of the original model, can become very com-
plex for linearization as well as for finding the observer gain for the highly complex
infinite dimensional systems. Since 1960, when the Kalman filter (KF) [104] was
proposed [105] as the most notable innovation for solving state estimation problem
[98], several extensions and application of this method have been reported [106, 107].
The KF is an optimal sequential predictor-corrector based estimator, which means
that whenever dynamic data are available, they are sequentially integrated in the
model to minimize the estimated error covariance. The most widely used variant of
the exponential observers is the extended Kalman filter (EKF). For highly nonlin-
ear systems with non-Gaussian probability distribution functions (pdfs) of the state,
the EKF may result in significant estimation errors. To alleviate the deficiencies of
linearization in the EKF, derivative-free stochastic observers, namely the unscented
Kalman filter (UKF) and Monte Carlo filters, have been developed [108]. These fil-
ters are capable of dealing with nonlinear state estimation problems with multimodal
and non-Gaussian pdfs [109]. The UKF is capable of estimating the state pdfs with
a high accuracy without the need for computing the Jacobian matrices. On the other
hand, the Monte Carlo filters have found widespread use owing to the ever increasing
computing power. As reported in [110], there is a large variety of Monte Carlo filters
used to implement the recursive Bayesian estimation framework. The merit of the
Monte Carlo filters lies in their ability to handle nonlinear process dynamics without

making any assumptions either on the nature of dynamics nor on the shape or any
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other characteristics of pdfs [110-112]. The most common estimators based on the
use of an ensemble of particles are the ensemble Kalman filter (EnKF), unscented
Kalman filter (UKF), and the particle filter(PF). Note that the UKF does not use
Monte Carlo sampling. The EnKF and UKF provide the mean and covariance of
the posterior distribution of the states assuming the Gaussian distribution. The PF,
which works on Bayesian principles, can provide estimates for the full distribution
of the states even in situations where the distribution is not Gaussian by using a
set of particles associated with different weights [113]. However, for high dimen-
sional systems, the ensemble Kalman filter has an advantage over the particle filter
in that it is scalable to high-dimensional systems without an increase in the size of
the required ensemble, under the assumption of Guassian distribution. Another class
of nonlinear state estimation techniques known as the high gain observers has also
received substantial attention in the literature. The high gain observers are based
on the notion of linearization through coordinate transformation. These observers
tend to possess similar characteristics as the extended Luenberger observer and the
extended Kalman filter [110-112]. Despite the importance and intrinsic complexities
in the structure of composite distributed parameter systems utilized in the modelling
framework of the column dynamics, there is a lack of published research in the area
of ensemble Kalman Filter estimation for these complex systems. This chapter pro-
vides a systematic general procedure for the design of an ensemble Kalman filter for
a system of two hyperbolic PDEs representing column flotation. By considering 1) a
model of boundary coupled hyperbolic PDE system that allows for various transport
modelling features and bubble interactions, 2) the online measurement from the more

detailed version of the complex model to resemble the plant measurement, 3) design
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of an EnKF for coupled ODE-PDEs system such that the calculated Kalman gain
from the prediction step of the estimation process was used in the correction step to
do a one step ahead prediction of the states (which are the gas fraction propagation
through the column), 4) design of a Luenberger observer to do a one step ahead

prediction of the states, 5) comparison of the two estimators.

4.2 Monitoring the gas holdup distribution in a
two-phase semi-batch column flotation

4.2.1 Two-phase column flotation model development

Gas holdup models (given by equations 4.23 - 2.30 in Chapter 2 of this thesis) account
for the bubbles coalescence in the pulp and froth zones. In the present work, bubbles
are categorized into three discrete size classes. To compute the velocity of the swarm
of bubbles in each bubble size classes, the set of equations 2.31 from Chapter 2 is
used. The total rise and decline in bubbles holdup in the size class n due to bubble
collisions are calculated using equations 2.32 and 2.33 from Chapter 2. Therefore,
this developed interconnected model is used to describe the spatiotemporal propaga-
tion of gas fraction through the column flotation. This model, which is used for state
estimation, accounts for the spatial distribution of gas fraction through the column
(froth and pulp), which has a direct effect on the grade and recovery in the column
flotation system. The design relies on a sensor/probe at the top of the system to
obtain online bubble size and gas holdup measurements in a transparent semi-batch

lab-scale flotation column. The estimation of gas holdup through the measurement of

123



electrical conductivity /probe is a method that has been widely utilized in the study
of two-phase systems. Therefore, the estimated gas holdup can be compared with
the experimental data in a simplified case and provide the insight in the accuracy of

the estimator.

4.2.2 Ensemble Kalman filtering (EnKF) for a state space
model

Consider a dynamic nonlinear state space model represented by:

vy = f(Teo1,w1) + Wi (4.1)

Y = th+?]t (42)

Here the system is a state space model consists of unobservable/hidden states z;,
inputs u,, output measurement y; with an observations given by noisy instanta-
neous functions of the state process where the observations are Gaussian-linear,
w ~ N(0,Q;) and v ~ N (0, R;) are process and measurement noise respectively.

The EnKF employs a sequential Monte Carlo method. The observed time series (y;),
t € N derived from an unobservable state process (z;), t € N U {0}, which is also
referred signal. The state process is assumed to be first order Markov, and the obser-
vations y; are assumed to be conditionally independent given the state process (z;),
with y; depending only on the (z;). The joint distribution of signal and observations

is demonstrated in the following graph.

Xo — > X1 — —I»Jlfz— »> ...
|
v Y
Y1 Yz
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Equivalently, for a highly nonlinear randomized dynamic state space system that
is instantaneously observed subject to independent random errors, the model is of

the form [114]:

Ty = f(xtflautfla wtfl) (4'3)

Y = h(xy, vr) (4.4)

where f and h are measurable functions, and (w;), t € N and (v;), t € N are inde-
pendent random sequences, independent of each other and independent of xy with
Gaussian distributions. Extracting the signal (x;) from the noisy and incomplete
measurement (y;) is the main task in state estimation. This recursive computation
makes the on-line applications possible where observations are collected in real-time.
We assume that z = R? and y = R?, where f € R%7 and h € R¥? EnKF is a
recursive Monte Carlo filter used to integrate dynamic data to the model as soon
as they are acquired. Its ease of implementation and efficiency has resulted in vari-
ous applications in different fields such as atmospheric physics, oceanography [115],
meteorology [116], hydrology [117], and petroleum engineering [118]. These filters
represent, with error covariance matrices, the uncertainties in the process model.

The EnKF operates by propagating the model and its uncertainties through time
based on a dynamic model describing the process. During each time step, the filter
has two stages. The first stage is prediction: its purpose is to propagate the model
by running the simulation through the time step of interest. The second stage is
updating (or analysis): the model is updated by adjusting the numerical responses
with the measurements. The EnKF is based on a Bayesian approach, where the

model uncertainties are represented by an ensemble, that is, a group of realizations
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for model parameters and for model states. Model parameters are properties that

do not change with time, whereas model states change with time (see figure 4.1).

Measurement
Initial Perturbation
Samples prior 1 Posterior
4 \". ‘r.-__.. B i N . _-‘_b..h
W/ ’;’ = -__Z_ = g,\:.
Prediction:
Propagate Updating
though model

Figure 4.1: Schematic of the EnKF estimation process [119].

In any application of the ensemble Kalman filter, there are some potential error
sources as they may affect the reliability of the ensemble as the replacement for the

true filter estimation. Those errors can be categorized as the following [120]:

e Sampling error. This can be of a small size of ensemble. This has an effect on

the estimation of the prediction covariance matrix.

e Systematic errors. These can also be seen in filter bias such as selecting the
linear updating rules while the prediction distribution is non-Gaussian, etc.
These can be seen in model bias including misspecification of the observation

error statistics, errors of the observer and state dynamics.

1. Prediction Step: In this stage, one generates N realizations from the prior

probability distribution to create an initial ensemble of the model. A vector of
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states estimation is: [119]

Thr = [Fho ) (45)

The mathematical formulation of the EnKF (Evensen, 2007) requires the com-
putation of the first and second statistical moments, that is, mean and variance
for the model states at time instant k given their values up to £ — 1, that are
derived from an empirical average over a finite size ensemble of realizations.
The procedure uses an ensemble of particles from which the statistical infor-
mation of the distribution of the states can be calculated. In order to have
an explicit analytical expression for the Kalman gain, both prior and posterior
distribution are assumed to have Guassian distribution. The procedure for this
algorithm is as follows:

At time step n, N particles are selected randomly from the prior distribution
to form the prior ensemble {L‘Ziukil, 1 =1,...,N. In the prediction step, each
member of the ensemble x};_l‘ w1 is evolved through the model of the system
x}lc'kfl = f(xfcfl‘kfl, U1, Wh_ ). x;‘qkq is the predicted ensemble. Correspond-
ing to each member of the ensemble, a value for the predicted observation is
obtained. This is achieved by perturbing the predicted measurement by ran-
dom measurement noise. y,idk_l represents the predicted measurement data.
In the prediction step, two error matrices are defined. The uncertainty matrix

in the predicted states with respect to the overall ensemble is defined as:

@2\1@—1 = xi;|k;—1 - Miuc—l (4.6)
with the mean of the prediction at time instant k given their values up to £ —1
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for any realization i being:

N
Hilk—1 = N Zkaq (4.7)
i=1

Similarly, the error/uncertainty matrix in the measurement with respect to the

overall ensemble is defined as:

6;6|k—1 = ylic|k—l - MZ\kA (4.8)
where
1.
MZUCA - N Zylldk—l (4.9)
i=1
The covariance matrix of the ensemble is:
A €,€ sz\;l(ez k:—l) (62; k;—l)T
Puii= ]‘V_ : | (4.10)

and the cross-covariance matrix between the predicted state ensemble and the

predicted measurement ensemble is.

N i i
- e Zi:1<€k|k—1)<€k|k—1)T
Prp = N1

(4.11)

. Analysis or Correction / Update: In this stage, the state covariance matrix
and R (the measurement noise covariance matrix), are used to calculate the

Kalman gain as follows:

Kgain = Prp—1(Prj—1 + R)™! (4.12)

It is important to note that the measurement noise should be selected accord-

ing to the accuracy of the measuring device and lack of accuracy in selecting
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the measurement noise affects its performance (through the calculated gain)

significantly. Later using the measurement, one updates the model states:

i i i,abs i
Xk|k = kal\kfl + Kgain(yy" — yk|k71) (4.13)

In this stage, we perturb the measurement based on the measurement noise
covariance to obtain an ensemble of N measurements. Also we consider that
the actual measurement in the real process is noisy with the process noise of

v, which has a normal distribution with zero mean and R as the covariance:
i,0bs __  obs %
YU =Y T (4.14)

y°% is the true measurement value at time step k.

The EnKF provides an approximation of the error covariance matrix from an ensem-

ble of finite size. As the size of the ensemble, V., increases, the approximation of

the error covariance matrix improves. However, increasing the ensemble size induces

a computational overburden. Thus, a trade-off exists between the accuracy of the

covariance matrix approximation and the computational cost, and the choice of the

ensemble size is case dependent [121].

The ensemble Kalman filter requires a repetitive sampling of random variables. Con-

ceptually, the filter is initialized with some ensemble, z!, ..., 2V of size N drawn from

the initial prior, a normal distribution with mean vector the population mean and

covariance matrix P, and measurement perturbation is generated for the updating

state[120].

The pseudo-code for the EnKF algorithm is given below:
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Initial Ensemble
for i=1:N
Th_1jk—1
end for
for k=1: tfinal
ygbs
Prediction Step
for i=1:N
x2|k71:f($271|k71> Up—1, W)
Yep—1 = CTpp_1
end for
1 N i
HETklk-1 = 5§ Diz1 Thik—1
1 N ;
HYklk-1 = 7 Dim1 Ykjk—1
for i=1:N
62|k71 = x?qkq — HTk|k-1

i i _
Cklk—1 = Yrlk—1 — HYk[k—1

end for
N )
2 6€ . Zi:1(52\k_1)(62\k—1)T
klk—1 = N—1
Aee Z?:ﬂ%\kq)(%kfl)T
klk—1 = N—1

Analysis or Update
Kgain = Py (Pyp—y + R)7!
for j=1:N
Xlilk = Xli—l\k—l + Kgain (" — y;i\k_l)
i,0bs obs i
Y = ykb +
end for

end for
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Description of simulation parameters in the two-phase system using
the EnKF: The two-phase unit simulated in this section is a flotation column with

0.563 m of height and 0.073 m of diameter.

The simulation parameters for the state estimation of the two-phase system are as

follows:

Q. 0.0016 m3.min~!
€ (0.02,0.04, 0.3) ;

e | (0.08,0.24,0.08) :

dp, | (0.0015,0.001,0.0005) m

e/ | (0.18,0.46,0.06) -

dy; | (0.003,0.002,0.001) m

Dg 1.225 kg.m=3
sl 1250 kg.m=3

Initially the model for a two-phase semi-batch flotation column was ran for 70000
iterations with At = 0.00005 which is around 3.5 minutes from starting the separation
process. 0.99% of the final simulation results have been chosen as the mean point
to generate the 80 initial ensemble around 414 states. The noise considered for
the system is assumed to have a normal Guassian distribution with zero mean and
variance (or standard deviation) related to the order of magnitude of the state value.
For example, for the gas hold up of bubble in size class 1 which has the order of

magnitude of 1072 the standard deviation of 1072 has been used.
Results of state estimation in the two-phase system using the EnKF

Plant states are the gas holdup / fraction of three size classes of bubbles in the

froth and pulp zones of the flotation column. In this section, the column height has
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Distance from the bottom of the column) to deplct

been presented in a dimensionless form ( FrothiTcight T Pulp Height

the boundary between pulp and froth phases. Figure 4.2 demonstrates the spa-
tiotemporal propagation of the true state and the estimated gas holdup of bubbles
in size classes 1, 2, and 3, in both the pulp and the froth. Along the same lines, the
predicted propagation of the total gas holdup (see Figure 4.3) had the same trend

as the true states and predicts of summation of all these states.
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Figure 4.2: True and predicted values, using EnKF, for the gas holdup of three
bubble size classes through a two-phase flotation column.
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Figure 4.3: True and predicted values, using EnKF, for the total gas holdup through
a two-phase flotation column.

The predicted profile reaches the plant states very fast (see Figures 4.4 - 4.5).
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Figure 4.4: Relative prediction error, using EnKF, for the gas holdup of three bubble
size classes through a two-phase flotation column.
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Figure 4.5: Relative prediction error, using EnKF, for the total gas holdup through
a two-phase flotation column.

Here, we consider a prior distribution for each states in the state vector, and
solve the filtering/estimation problem for the state vector by using this recursive
Monte Carlo algorithm, ensemble Kalman filter. Observation y; with the likelihood
p(yelze) = @(ys; Hi(xy), Ry) can be handled with a covariance matrix, R;. The state
vector is updated through states correlations in the prediction distribution.

It is appropriate to use all N state particles as an update based on the same fixed
observation error covariance matrix, K. In this case, this algorithm produces correct
marginal posteriors asymptotically as N — oo. Therefore, states estimates oscillate
and become smooth after 20 assimilation cycles. The choice of the ensemble size and
other details are determined by the requirement that the ensemble Kalman filter
must be reasonably calibrated and stable. The selected size of the ensemble in this

work is N = 90. Due to the strong nonlinearity, the ensemble Kalman filter in itself
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with the addition of three unknown parameters tends to frequently produce poor
state for smaller values of N. The true and predicted values of these three states

depending on the process conditions have been demonstrated in Figures 4.2 - 4.3.

4.2.3 Luenberger observers

In this section, we consider a Luenberger observer design for a class of nonlinear
hyperbolic PDE system (i.e. the two-phase flotation column used before to design
EnKF estimator) (see equations 3.15 and 3.17), which represents the propagation
of gas holdup through the column. The assumption is that one can measure gas
holdup, €y, at z = Ly height (i.e., yy.=r,(t)), which is the gas holdup/fraction of
three classes of bubble sizes on top of the flotation column, and based on that an
observer can be designed to estimate both €y, and ¢,, through the column.

The Luenberger observer design consists of a copy of the plant plus output injection
term in the PDEs which drives observer dynamics. The observer gains (L, and Ly)
are chosen as a linear function through the column height.

The nonlinear model for gas holdup in the pulp zone for the two-phase plant is
defined as equation 3.15 and model for gas holdup in the froth and interface zones
is defined as equation 3.17.

In the column flotation process, it is desired to have a good estimate of the gas holdup
through the column. This goal can be reached by tuning the gains in the observer
design such that the estimation error decays. To this aim, the observer gains, L,
and Ly, are found explicitly as linear functions through the column height such that
(A — LC) is stable. In particular, the observer gains L, and L; represent linear

functions over the space and this simple choice is motivated by the natural stability
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of the transport-reaction hyperbolic PDEs which implies that the error dynamics
of the observer and plant mismatch exponentially decreases over time. One can
also assume some other spatial expressions of the Luenberger gain, providing that

(A — LC) is stable (see [14]) where the state-space form of the system is:

&(t) = Az(t) + Bu(t) + F(z,t)

y(t) = Cu(t)

with z(t) = 2o, t > 0. The measurements are specified with the operator € : H —
R? is a bounded linear operator. The pair (€,.A) is said to be observable if and only
if NO(€, A) = 0 which is known as approximate observability or weak observability

[99]. The observer design has the form of:

%ﬁ: = A# + Bu+ L(y — €2) + F(z) — F(2) (4.15)

Such that the error can be defined as:
é(t) = (A—LC)e(t) + F(x) — F() (4.16)

This is not trivial task since system operator A contains the PDE spatial operator.
where A = (—ve 2, —ve ), 2(t) = (€4, €pn) (see equations 4.17 and 4.18) with
velocities of (ve s, Vep).

Here we consider measurements at the column outlet (z = Ly). Furthermore, we
prefer to tune our observer with a continuous linear function, so we let L, = L;
at the froth/pulp interface (z = L1). Hence, since the observability of hyperbolic
transport-reaction system with the measurement realized at the exit of the reactor

is always a well-posed problem, the feasibility of the observer is always granted. For
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example, the information is transferred from the inlet of reactor and contains all
information as it is transferred through the reactor control volume to the exit where
measurement is placed. Then, for any initial conditions for €,, and €¢, one can
considered the observation error to be exponentially stable with the assumption of
accurate modelling description of vector field contribution F,(e,,) and Fy(ey,,). Con-
sidering terms Fy(€e,n) = Anp — Dy (see equation 4.17) and Fy(ef,) = Ap s — Doy
(see equation 4.17). This nonlinear vector field contribution of the error dynamics
asymptotically decays over time.

For (control) engineering applications, it may be more interesting to find out the
applied functions of L,, Ly for this system. L, = z and Ly = (froth depth) * z +
(froth depth) * Ly|r,.

The Luenberger observer model (see Figure 4.6) can be written in the following form:

0€, 0 Oépn, R R
8_? = _Ue,pa_pz + Fp(€pn) + Lp(y — Cpépn) (4.17)
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Figure 4.6: Schematic of Luenberger Observer design.

O€sn O€sn

— ., Fe(ér,) + Le(y— Crépyp 4.18
Y Ver g, 1(€rn) + Ly(y — Crégn) (4.18)
€fmlomry = €pnlo=i, (4.19)

€p|z:0 = €c

As the equations for the prediction errors ey, = €y, — €pn, €fn = €5y — €5y are:

ey, B ey,

ot _Ue,pw + Fplepm) — Fp(€pn) + Lyp(yp(t) — Cpepn) (4.20)
oes ., o€t .
8]; = —Uef 82 + Fr(ern) — Fr(€pn) + Ly(yp(t) — Crepn) (4.21)
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fork=1: tfinal
4X = AX + BU + L(y — CX)

end for

ef7n|z:L1 = 6;D,?"b|z:L1ep,n|z:0 =0 (422)

In equations 4.20, 4.21, it is assumed that the difference between the nonlinear terms
associated with the estimated and true vector fields are going to zero such that the
error equations become stable linear hyperbolic PDEs (i.e. limy ,. ef, — 0 and
lim; ,o €,, — 0). This assumption is due to the fact that the expressions in A;,
and D;, (see equations 2.32 and 2.33) behave approximately as a linear function
of e. The pseudo-code for the Luenberger observer design algorithm is given below:
The observer design has also been modified for another case with the assumption
that measurements are taken at two points in the column. The observer measure-
ments are taken at the top of the column (i.e., y.—r,(t)) as well as at the pulp/froth
interface (i.e., yp.—r,(t)). Figures 4.9-4.15 illustrate the estimation results for this
system.

Description of simulation parameters: For the simulation study, the unit sim-
ulated in this section is a flotation column with 0.563 m of height and 0.073 m of
diameter. The simulation parameters for the quantitative study of the hybrid model

are as follows:
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Pulp height 0.35 m
Q. 0.0016 m3.min~!
€. (0.02,0.04,0.3) ;
dpp (0.0015,0.001,0.0005) m
€y (0.08,0.24, 0.08) ;
d ¢ (0.003,0.002,0.001) m
€f (0.18,0.46,0.06) -
Pg 1.225 kg.m=3
Psi 1250 kg.m=3

Results of state estimation for a two-phase semi-batch flotation column
by Luenberger observer

The gas holdups of three size classes of bubbles in the froth and pulp zones are the
states. In this section, column height has been demonstrated in a dimensionless
form.

Measurements at one point:  Figure 4.7 demonstrates the spatiotemporal prop-
agation of the true state and the gas holdup for bubbles in size class 1, in the pulp
and froth. It is illustrated how the arbitrary initial profile is transported across the
column and it washes out over time in approximately 3.5 minutes. Along the same
lines, the predicted propagation of this state had the same trend as the true states
and predicts this state accurately approximately less than 1.5 minutes and reaches

the true profile.
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Figure 4.7: The true and estimated state propagation for €; through a two-phase
flotation column obtained by the Luenberger observer (measurements at the column
exit).

Figure 4.8 demonstrates the spatiotemporal propagation of the true state and the
gas holdup for bubbles in size class 2, in the pulp and froth. It is illustrated how
the arbitrary initial profile is transported across the column and it washes out over
time in approximately 3.5 minutes. Along the same lines, the predicted propagation
of this state had the same trend as the true states and predicts this state accurately

after approximately less than 3 mins and reaches the true profile.
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Figure 4.8: The true and estimated state propagation for e; through a two-phase
flotation column obtained by the Luenberger observer (measurements at the column
exit).

Measurements at two points:  Figure 4.9 demonstrates the spatiotemporal
propagation of the true state and the gas holdup for bubbles in size class 1, in the
pulp and froth. It is illustrated how the arbitrary initial profile is transported across
the column and it washes out over time in approximately 4 minutes. Along the same
lines, the predicted propagation of this state had the same trend as the true states
and predicts this state accurately after approximately less than 4 mins and reaches

the steady-state profile.
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Dimensionless
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Figure 4.9: The true and estimated state propagation for €; through a two-phase
flotation column obtained by the Luenberger observer (measurements at the column
exit and interface).

Figure 4.10 shows the relative prediction error for €;. This figure is describing
the accuracy of estimation for holdup of bubbles in size class 1, which means that
the estimation error starts from a non-zero value and after approximately 4 minutes

reaches the zero value through the column height.
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Figure 4.10: Relative estimation error for ¢; through a two-phase flotation column
obtained by the Luenberger observer (measurements at the column exit and inter-
face).

Figure 4.11 demonstrates the spatiotemporal propagation of the true state, gas
holdup for bubbles in size class 2, in the pulp and froth. It is illustrated how an
arbitrary initial profile is transported across the column and it washes out over time
in approximately 8 minutes. Along the same lines, the predicted propagation of this
state (Figure 4.11(b)) had the same trend as the true states and predicts this state

accurately after approximately 10 mins and reaches the steady-state profile.

146



0 True value
I Estimated value

0.5

0.4

0.2

0.1

Dimensionless
0.2 column height

Figure 4.11: The true and estimated propagation for €5 through a two-phase flotation
column by the Luenberger observer (measurements at the column exit and interface).

Figure 4.12 is describing the accuracy of estimation for holdup of bubbles in size
class 2, which means that the estimation error starts from a non-zero value and after

approximately 12 min reaches the zero value through the column height.
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Figure 4.12: Relative estimation error for €5 through a two-phase flotation column
by the Luenberger observer (measurements at the column exit and interface).

Figure 4.13 demonstrates the spatiotemporal propagation of the true state, gas
holdup for bubbles in size class 3, in the pulp and froth. It is illustrated how an
arbitrary initial profile is transported across the column and it washes out over time
in approximately 25 minutes. Along the same lines, the predicted propagation of this
state had the same trend as the true states and predicted state converge accurately

after approximately 20 mins and reaches the steady-state profile.
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Figure 4.13: The true and estimated propagation for €3 through a two-phase flotation
column by the Luenberger observer (measurements at the column exit and interface).

Figure 4.14 shows the relative prediction error to the real state values. This figure
is describing the accuracy of estimation for holdup of bubbles in size class 3, which
means that the estimation error starts from a non-zero value and after approximately

20 min reaches the zero value through out the column height.

149



0.2 —

0.15 —

Rel. 0.1 —
predict.
error, 0.05 —

Pul 04 .
Dimensionless
02 column height

Time 5 0
(min)

Figure 4.14: Relative estimation error for €3 through a two-phase flotation column
obtained by the Luenberger observer (measurements at the column exit and inter-
face).

Figure 4.15 demonstrates the spatiotemporal propagation of the total gas holdup
in the pulp and froth. It is illustrated how the arbitrary initial profile is transported
across the column and it washes out over time in approximately 25 minutes (which
is the approximate column residence time). Along the same lines, the predicted
propagation of the total gas holdup (Figure 4.15(b)) had the same trend as the true
states and predicts this state accurately after approximately 20 mins and reaches the

true profile.
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Figure 4.15: The true and estimated state propagation for €;,, through a two-phase
flotation column obtained by the Luenberger observer (measurements at the column
exit and interface).

As is illustrated in these figures, infinite dimensional systems have a finite time
observability or state reconstruction. This means that for the transport type of
systems we have a finite time observability which is associated with the time takes
for the bubbles/particles to travel from one end to the other end of the column. In
the other word, we cannot reconstruct states faster than the speed of propagation of
bubbles, or the residence time, which is related to the column height and the velocity
of bubbles. In this case, among the three bubbles, one has a velocity of ten times
slower than the others, hence the residence time of this bubble represents the rate of
observation. We define the speed of the slowest bubble that leaves the column as the
rate of observation which is the velocity that can be measured in the lab for the lab
scale flotation column. At steady state, the gas holdup through the column reaches

a constant value, which makes sense for a two-phase system. However, the profile
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can vary through the column due to the fact that holdup distributions may have
larger effect of the bubble appearance D, ; + A, ; and coalescence. Along this line,
one needs to approximately provide an initial condition for the observer representing

a meaningful holdup distribution across the column.

4.2.4 Experimental Validation

To link the experimental realizations, conducted by our group at the University of
Alberta, (see Figure 4.16) with the findings related to the column flotation state
reconstruction, the measurement obtained by a probe placed at the interface of the
semi-batch lab scaled flotation column is considered. Given the availability of mea-
surements and considering the simulation studies, possible experimental validation
is proposed by considering the basic transport and bubble dynamics (bubble coales-
cence and bubble collapse). The model to obtain the gas holdup distribution across

the column is considered and it is given as equations 3.15-3.17.
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Figure 4.16: Experimental setup for a two-phase semi-batch flotation column.

In particular, the experimental setup provides the insight in linking the probable
hold-up calculations with the realistic realization of the air propagation through the
column. As it can be seen in the Fig.4.17 the realistic hold up values are reported

at steady state conditions. Description of simulation parameters:

Pulp height 0.429 m
Q. 4.54 % 107° % 60 m3.min~!
€ (0.0131,0.0011;0.011) -
dp.p (0.965 % 1073,0.625 * 1073,0.285 % 1073) m
Pg 1.225 kg.m=3
Psi 997 kg.m™3

According to equations 3.15 - 3.17, at steady state the following two terms &%t(z’t)
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and &ﬁg—t(z’t) are zero. Therefore, these equations can be written as:
0= —vejmpae%(;’t) —Dpnl(z,t) + Ay (2, t) (4.23)
(4.24)
which is simply integrated from the top of the column:
epn+1)=¢€n+ ﬁ(.Ap,n — D) (4.25)
&n,p

with the boundary condition at the interface, where the probe is placed. The probable

gas steady state holdup distribution is given in Figure 4.17.
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Figure 4.17: Probable steady state propagation of gas holdup for three different
bubble size classes in a semi-batch flotation column based on measurement on top
of the pulp zone.

Using the obtained probable steady state profiles the reconstruction of the column
flotation states by applying the Luenberger observer design are shown in Figures 4.18-
4.21. In particular, in figure 4.18 it can be demonstrated that using the Luenberger

observer for €3 estimated and the estimated converges to the true steady state.
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Figure 4.18: Propagation of gas holdup in size class 3 through a semi-batch flotation
column by the Luenberger observer based on empirical data.

As it can be seen from Figure 4.18, at initial instance initialize observer does not
share the same initial condition as the true profile and converges to the true profile
in in almost 45 minutes. In order to demonstrate the observer performance, in the
following Figure 4.19, observation error evolution is demonstrated. It can be seen
that the observer error converges approximately to zero in a finite time which is equal

to the residence time of the column ~ 45min.
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Figure 4.19: Relative prediction error for €3 through a semi-batch flotation column
by the Luenberger observer based on empirical data.

In the following Figure 4.20, it can be demonstrated that the Luenberger observer
for the €4 is estimated and the estimated converges to the true gas holdup profile.
In the same vein, the total gas holdup as expected is accordingly well reconstructed

by the Luenberger observer.
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Figure 4.20: Propagation of total gas holdup through a semi-batch flotation column
by the Luenberger observer based on empirical data.

In order to demonstrate the observer performance, as it is illustrated in Figure
4.21, observation error evolution is demonstrated. It can be seen that the observer
error converges approximately to zero in a finite time which is equal to the residence
time of the column ~ 45min. This is due to the fact that, among all the bubbles the
bubbles in the size class 3 have slower velocity than the others, hence the residence

time of bubble in the size class 3 represent the rate of observation.
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Figure 4.21: Relative prediction error for €, through a semi-batch flotation column
by the Luenberger observer based on empirical data.

In order to make improvement of parameters associate with the Luenberger ob-
server one should propose the measurement of at least two independent points, prefer-
ably at the bottom and top of the column. In this way, one would estimate the pa-
rameters of the model which are velocity and attachment and detachment parameters
along the column between these two points. The achieved goal of reconstructing the
evolution of gas holdup (throughout the two-phase column) was realized by applying
two observers. The algorithms to estimate the flotation column dynamics are real-
ized and implemented. Finally, the comparison between these two approaches and
the real experimental values for the gas holdup on top of the column ascertains the
confidence in the quality of prediction. Along the line of the state reconstruction,
the control algorithm can be utilized to improve column flotation regulation. The

natural question in this setting is to ask how do we know that state estimation is
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good enough? For the measurements of the pilot plant column in the lab coincide
with the findings obtained by modelling efforts.

The Luenberger observer design is a more challenging in terms of applying lineariza-
tion to the model and/or finding the accurate spatially distributed observer gains.
Contrary to the deterministic Luenberger observer, the ensemble Kalman filter as
a stochastic optimal estimator which might be computationally more expensive yet

easier to implement might be better choice for practitioners.

4.3 Monitoring the recovery, gas holdup, and con-
centrations in a three-phase continuous col-
umn flotation

Complex mineral from ore column flotation separations are difficult processes and
process outputs such as grade and/or recovery are characterized by various sub-
processes in the pulp and the froth zone. A small disturbance in any of the sub-
process could propagate to other sub-processes and affect the type and quantity /qual-
ity of solids entering the concentrate. Therefore, it is crucial to monitor the perfor-
mance in order to maximize the production in the realistic three-phase continuous
column flotation.

In this section, we build an estimator that is based on the model developed work in
Chapter 2. In particular, a set of fundamental dynamical processes that connects
micro-scale sub-processes (particle-bubble attachment/detachment, bubble-bubble
appearance/breakage) to macro-scale sub-processes (mass transfer, interphase trans-
fer) is considered in the observer design. In this section, we have proposed and

implemented a dynamic monitoring application using the proposed three-phase fun-
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damental modelling for real-time measurement of recovery. Also, to account for the
model-plant mismatch some noise has been added to the model.

The EnKF estimator designed in this section, for the three-phase system, applied
the same algorithm as the EnKF estimator designed and used for the two-phase
system. In the three-phase system solids (hydrophobic) have been added to the sys-
tem, while the two-phase system consists of only water and bubbles of gas . Other
differences of these two systems are regarding the scale and operational mode of
those two systems. The two-phase system is a semi-batch lab-scaled column however
the three-phase system is a continuous pilot-scaled column. For the modelling and
simulation purpose, in the two-phase system gas holdup equations for three different
classes of bubble sizes in the pulp and froth zones have been applied (see equations
3.15, 3.17) yet for the three-phase system the particle concentration equations (see
equations 2.3,2.4,2.6,2.7,2.8,2.16,2.18,2.18) as well as the gas holdup equations (see
equations 3.15, 3.17) are used.

Description of simulation parameters:  The three-phase unit simulated in this
paper is a pilot plant flotation column (0.72 m of height, 0.16 m in diameter). The

simulation parameters for the quantitative study of the hybrid model are as follows:
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Pulp height

Qa
Qu
Qs
o
Qec
Qrpe
Qep
Qrp
Qe
Qrf
Qe
af, Qp
€c
dy.p
Epp

d. s

Pg

0.35
0.0008
0.001
0.1
0.03
0.06
0.0005
0.01
0.0005
0.02
0.001
(Qf + Qu — Q1)
0.1
(0.02, 0.04, 0.3)
(0.0015,0.001,0.0005)
(0.08, 0.24, 0.08)
(0.003,0.002,0.001)
1.225

m

kg.m=3

1.24% 1073
0.002
0.0001
0.002
0.001
0.8
0.75
0.5
0.0003
0.2
0.2
0.005
0.05
0.05
0.01

(0.18, 0.46, 0.06)

1250

Initially the model described in Chapter 2 was ran for 1500000 iterations with At =

0.00005 which is around 75 minutes from starting the column flotation separation

process. In this case representative initial condition is: z1(0) = 0.2%, zq1(0) =

0.5%, x2(0) = 0. 99% of the final simulation results have been chosen as the mean

point to generate the 80 initial ensemble around 414 states.

Figure 4.22 demonstrates the spatiotemporal propagation of the true and estimated
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values of the concentration of attached minerals through the column. Column height

Distance from the bottom of the column ) Tt is

has been represented in a dimensionless form ( FrothHeight + Dulp Height

illustrated how the predicted propagation of the state has the same trend as the true
values and predicts this state accurately and reaches the steady-state profile of the

true state value. Figure 4.23 shows the relative prediction error. Relative prediction

predicted value—true Ualue)

error has been represented as ( T

. This figure is describing the

accuracy of estimation for the attached minerals.

N True value
I Estimated value

0.65 - 0.4
0.3 Dimensionless
column height

Figure 4.22: True and predicted values, using EnKF, for X5 (in pulp) and Xg (in
froth) through a three-phase flotation column.
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Figure 4.23: Relative prediction error for X5 and Xg through a three-phase flotation
column.

Figures 4.24 and 4.25 demonstrate the spatiotemporal propagation of the true
and estimated values of state, concentration of free upflow and downflow minerals,
respectively, through the column. They illustrate how the predicted propagation of
the states has the same trend as the true values and predict these states accurately

and reach the steady-state profiles of the true state values.
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Figure 4.24: True and predicted values, using EnKF, for X, (in pulp) and X7 (in
froth) through a three-phase flotation column.
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Figure 4.25: True and predicted values, using EnKF, for X3 (in pulp) and X (in
froth) through a three-phase flotation column.

Figures 4.26, 4.27, and 4.28 demonstrate the spatiotemporal propagation of the
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true and estimated values of state, gas holdup of bubbles in three size classes, through
the column. It illustrates how the predicted propagation of the state has the same

trend as the true values and predicts these states accurately.
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Figure 4.26: True and predicted values, using EnKF, for ¢; through a three-phase
flotation column.

165



0.04 0.4

Dimensionless
column height

Time . 0.05 0

Figure 4.27: True and predicted values, using EnKF, for €, through a three-phase
flotation column.
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Figure 4.28: True and predicted values, using EnKF, for e3 through a three-phase
flotation column.

Figure 4.29 demonstrates the spatiotemporal propagation of the true and esti-
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mated values of the total gas holdup of bubbles through the column. Figure 4.30
shows the relative prediction error to the true state values which illustrates the ac-

curacy of prediction for the total gas holdup.

0.3 — 0.4
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Time ) 0.05 0

Figure 4.29: True and predicted values, using EnKF, for €, through a three-phase
flotation column.
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Figure 4.30: Relative prediction error, using EnKF, for €;,, through a three-phase
flotation column.

Figure 4.31 demonstrates the spatiotemporal propagation of the true and esti-
mated values of the recovery of valuable minerals in the column flotation process
using equation 2.59. The accuracy of prediction for the recovery is illustrated in this
figure. The figure demonstrate that the predicted recovery reaches the steady state

value of almost 37% in around 0.3 minutes.

168



73

729 e Truevalue

Estimated value

72.8

72.7 o o 2 _© & 8 & o a2 2 2 S __ o

‘/‘/\./'
726 [

725

Recovery, %

724

723

7221

7211

72

. . . . .
0 0.05 0.1 0.15 0.2 0.25
Time (min)

Figure 4.31: True and predicted values, using EnKF, for recovery in a three-phase
flotation column.

To predict the process recovery, gas holdup and mineral’s concentration on top of
the column the EnKF was applied and the algorithm has been realized to estimate

the flotation column dynamics.

169



Chapter 5

Conclusions and Recommendations

5.1 Concluding remarks

The complex nature of column flotation brings about various unidentified distur-
bances in the system. It is necessary to monitor the process in real-time with diag-
nosis of the various sub-processes taking part.

This thesis addresses three main aspects of column flotation operations: modelling,
control, and estimation of a hybrid column flotation separation process. In this thesis
the modelling of a unique continuous flotation column separation process (as a class
of distributed parameter system with special emphasis on transport-reaction phe-
nomena) is realized and further utilized for control and monitoring purposes. The

pilot plant is unique since a mixer has been added to the column flotation geometry.

5.2 Original contributions

1. A comprehensive hybrid dynamic fundamental model with Danckwerts bound-
ary conditions at the pulp/froth interface has been tailored for the continuous

flotation column pilot plant in the mineral processing lab at the University of
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Alberta. The considered three-phase continuous hybrid flotation column that
seeks to obtain the benefits of both mechanical cells and flotation columns is
modelled as the interconnection of a CSTR representing the well-mixed zone
and two plug-flow reactors (PFRs) representing pulp (collection) and froth
(cleaning) zones; the interconnection is through the boundaries. The model
accounts for the micro-scale processes including bubble-particle collision and
attachment, the appearance and breakage of bubbles. This complex distributed
parameter system is described by set of nonlinear coupled conservation counter-
current hyperbolic partial differential equations (PDEs) and one set of ordinary
differential equations (ODEs). The movement between phases are given by lig-
uid upflow, liquid downflow, and gas upflow. An important parameter in this
simulation is the bubble size, which directly affects the gas holdup, and conse-
quently all states distributions including the concentration of attached minerals

through the column.

2. In previous modelling and simulation efforts in the literature, it was assumed
that a flotation column consists of a series of well-mixed CSTRs. However,
in reality, the froth is not perfectly mixed. Hence, the proposed model is an
interconnection of a continuous stirred tank reactor (CSTR) which models the
mixing section in the lower compartment, and two transport-reaction tubular

reactor models with negligible diffusion terms in the pulp and froth zones.

3. The model accounts for the bubble interactions manifested as appearance and

disappearance.

4. The model accounts for the recycle flow on top of the column from upflow to
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downflow.

. The model’s insights for gas holdup and solid concentration profiles through

the column will offer new possibilities for flotation column control.

. A model-based optimal controller (OC) design is one of the important contri-
butions of this thesis since it considers a dynamic conservation law based model
(proposed in the previous chapter) for the continuous hybrid flotation column
including a well-stirred zone, pulp (bubbly), and froth zones in an optimal
model-based controller design. The controller design utilizes a linear model
obtained by linearization at operation steady states of interest and a full-state
optimal feedback control law is designed and controller performance is demon-
strated through a numerical simulation of physically meaningful and relevant
plant operating conditions. The LQR-based optimal controller outperforms
Pl-based control and the optimal control problem for a class of distributed
parameter systems representing a column flotation with minimum number of
simplifying assumptions in the modelling of a three-phase continuous column

flotation is realized.

. The application of OC in a system of coupled ODE and two transport-reaction

hyperbolic PDEs is novel and solving this system is not trivial.

. Also, two on-line model-based state estimators are developed for a semi-batch
flotation column based on a two-phase fundamental dynamic model. In the
two-phase case, the unknown states, representing the gas holdup through the

column, have been estimated under the assumption that the gas holdup of
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the bubble size classes at the exit on top of the column can be measured.
Later, a dynamic estimator for a continuous flotation column based on the
three-phase fundamental dynamic model is proposed and implemented. For
the two-phase case, the performance of model-based EnKF with measurement
on top of the column is compared to that of the Luenberger observer with
the same operating conditions. Gas holdup propagation was captured better
by the Luenberger observer for state estimation in the simplified version of the
system (two-phase). It is confirmed that the proposed estimator for a two-phase
case with measurements at the interface and on top of the column predicts
the gas holdup propagation through a lab-scaled two-phase semi-batch column
flotation well based on experimental data. However, EnKF has an acceptable
performance with the capacity to be used in more complex nonlinear systems
(three-phase). The implementation of EnKF for the state estimation of more
complex cases such as continuous nonlinear three-phase model of a flotation
column with parameter uncertainty is a better option compared to the linear

Luenberger observer, which has intrinsic limitations.

9. The application of EnKF in column flotation system is novel.

5.3 Future work

The presented monitoring, control design and dynamic modelling framework provide
many research paths toward enhancing the comprehension of the column flotation
process and improving the process control scenarios for the industrial application

of column flotation. Some ideas and motivation for further studies that could be

173



conducted based on the work in this thesis are suggested below:

e The fundamental model proposed in this thesis provides a good mechanism
to connect various sub-processes to the mineral recovery with the addition
of bubble population model which captures the dynamic of bubble breakage
and bubble coalescence. The proposed model can be enhanced to include the

variation of the pulp/froth interface depth.

e Exploring the application of particle filter (PF) as another estimation method
for the online measurements of column flotation variations for the purpose of

state and parameter estimation for the case of non-Gaussian distributions.

e Exploring the addition of a facilitated transport membrane to the column flota-

tion geometry.
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Appendix A: Simulation example
for Chapter 2

The unit simulated in this paper is a pilot plant flotation column (0.72 m of height,

0.16 m in diameter). The simulation parameters for the quantitative study of the
hybrid model are as follows:

e CSTR - 0.56(height) * 0.16(width) * 0.16(depth)m?
e Qs : 0.1 m*/min

e Q; : 0.03m3/min

e Q, : 0.0008 m®/min

e Q, : 0.001 m3/min

e Q. : 0.0005 m?®/min

e Q. : 0.001 m®/min

e Q. : 0.01 m3/min

e Q. : 0.02m?/min

e k:08; ky:0.75

o Ly : 0.5 min~!

kg : 0.0003 min~!

1

k’apg, kap4 : 0.2man™

kap :0.005 min ™!

1

kafﬁ, kaf72 0.05 min—
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kqr :0.01 min~!

1

ayg, oy 0.1 min~

€.:[0.02,0.04, 0.3]

dy, :[0.0015,0.001,0.0005] m : €, :[0.08,0.24,0.08]

dy. s :[0.003,0.002,0.001] m; e; = [0.18, 0.46, 0.06]

Epmii[2.7,1.3,0.25;1.3,2.7,0.1; 0.25,0.1, 2.7]
o &10;:[5.4,2.6,0.5;2.6,5.4,0.2;0.5,0.2, 5.4]

We used the following initial conditions as one representation of the system: z; 9 =
0.2 kg/m?, x40 =0.35 kg/m?, 20 =0.
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Appendix B: Detailed expressions
for the elements of .#

Detailed expressions for the elements of .% in equation 3.80 are provided here:

Fiy = _%ss% + Asi1, Fio = Asio, Fis = Asis, Fis = As120(L1 — 2)

Fig = A3135(L1 - Z), Fyp = Aspy — A2215(L1 - Z), Foy = —Vzes% + Asao
Fos = Agog, Fou = Asz, Fos = —As0(Ly — 2)

Fos = —A2225(L1 - Z) + A3225(L1 - 2)7 F3 = (A323 - A223)5(L1 - Z)
F3p = Asz — A2315(L1 - 2)7 F33 = Agz, Iy = _Véss% + Assz

F35 = —A2315(L1 - Z), F36 = (A332 - A232)5(L1 - Z)

Fy = —A3115(L1 - Z) + A2115(L1 - Z), Fyy = —A3125(L1 - Z)

Fiz = —A3130(Ly — 2), Fuu = —V?,% + Aoy

Fys = Agip — A3125(L1 - Z), Fys = Aoz — Asis

F51 = A2215(L1 - Z), Fsy = Aogr, Fs5 = —‘/4% + Agga, Fre = Agos

Fo1 = A9310(Ly — 2), Foa = Ags1, Fos = Agza, Fog = —‘/535% + Agss
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Appendix C: Simulation
Parameters for Chapter 3

The unit simulated in this paper is a pilot plant flotation column with the following
geometry: 0.72 m of height, 0.16 m in diameter. The simulation parameters for the
quantitative study of the hybrid column are as follows:

e CSTR : 0.56(height) * 0.16(width) * 0.16(depth)m?
e Q;: 0.1m3/min

e Q;: 0.03m3/min

e Q, : 0.0008m3/min
e Q, : 0.001m?/min
e ., : 0.0005m3/min
e Q. : 0.001m?/min
e Q. : 0.01m3/min

e Q. : 0.02m3/min

e k: 08;ky: 0.75

o G =808 m =045
Ky : 0.0003 1/min

Kops, Kopa + 0.2 1/min

Ky 2 0.005 1/min

Kafe, Kagr: 0.05 1/min
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Kg : 0.01 1/min

af: 0.1 1/min

€.:(0.02,0.04,0.3)

Dy, :(0.0015,0.001, 0.0005) ; €, :(0.08,0.24, 0.08)

Dy, £:(0.003,0.002,0.001); €7 = (0.18,0.46, 0.06)

A representative initial condition is: z1(0) = 0.22%, 2¢:(0) = 0.52%, 2,(0) = 0.
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