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Abstract

his thesis consists of two studies on joint bandwidth and power allocation
Tstrategy for wireless communication networks. In the first study, joint band-
width and power allocation strategy is proposed for wireless multi-user networks
without relaying and with decode-and-forward relaying. It is shown that the formu-
lated resource allocation problems are convex and, thus, can be solved efficiently.
Admission control problem based on the joint bandwidth and power allocation strat-
egy is further considered, and a greedy search algorithm is developed for solving it
efficiently. In the second study, joint bandwidth and power allocation strategy is
presented for maximizing the sum ergodic capacity of secondary users under fading
channels in cognitive radio networks. Optimal bandwidth allocation is derived in
closed-form for any given power allocation. Then the structures of optimal power
allocations are derived. Using these structures, efficient algorithms are developed

for finding the optimal power allocations.
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Chapter 1

Introduction

Recently, wireless communication networks have attracted a lot of research ef-
forts. The main interest concerns developing efficient and intelligent resource
allocation strategies. This thesis focuses on the resource allocation in wireless com-

munication networks.

1.1 Motivation

Wireless communication networks serve as essential means to carry out data com-
munications among multiple users. One of the critical issues in wireless commu-
nication networks is the efficient allocation of available radio resources in order to
improve network performance. Future wireless networks, such as cellular and ad
hoc networks, are expected to provide users with reliable data transmissions at high
rates. Thus, it is a challenging task to achieve a system-wide goal for the network,
while users’ individual Quality of Service (QoS) requirements also need to be sat-
isfied. Intelligent resource allocation schemes should capture the tradeoff between
user-centric constraints and a particular network-centric objective. Moreover, there
exists a conflict between the increasing demand for wireless services and the avail-
ability of radio resources, including both bandwidth and power resources. The overly
crowded spectrum allocation charts given by Federal Communications Commission
(FCC) indicates that the radio spectrum available for emerging wireless applica-
tions is scarce. Transmission power is also a constrained resource at wireless devices

due to their finite battery energy and hardware constraints. Therefore, there is a



strong motivation for the research on effective resource management and distribu-
tion that can make the best use of limited radio resources. Furthermore, efficient
resource utilization is desirable for exploiting the dynamics and diversity nature of
wireless multi-user networks. Since conventional fixed resource allocation schemes
are designed regardless of the time-varying characteristic of wireless channel condi-
tions, they certainly can not achieve high efficiency. On the contrary, a dynamic
resource allocation scheme can take full advantage of the channel diversity among
users by distributing resources adaptively according to their available channel state
information (CSI) and, thus, enhance the performance substantially.

Numerous works have been conducted on the resource allocation of wireless
communication networks. Power allocation strategies have been a research focus for
both energy efficiency and interference management. Power control techniques for
interference-limited networks, such as cellular networks, have been studied inten-
sively in the literature (see, for example, [1]- [6]), and aimed at achieving optimal
network performance while guaranteeing a target signal-to-interference-plus-noise
ratio (SINR) for each user. On the other hand, joint bandwidth and power alloca-
tion strategy has received much less attention [10]- [12]. In fact, the joint allocation
of bandwidth and power is especially critical in practical wireless networks, where
both the available transmission power of individual nodes and the total available
bandwidth for all users are limited. Due to the limited resources in wireless networks,
there are situations where not all users can be satisfied with their QoS requirements
and, therefore, admission control should be carried out to determine which users
can be admitted into the network. Power allocation with admission control have
been investigated for interference-limited networks [1], [3], [13], [14], where a re-
moval approach has been proposed for removing users until the remaining users in

the network are feasible.

1.2 Contribution

Motivated by the need to improve the efficiency of the conventional disjoint alloca-
tion strategies for bandwidth and power resources, this thesis aims at studying the
fundamental performance limits of joint bandwidth and power allocation strategy

for wireless communication networks where both bandwidth and power are con-



strained resources. In particular, the joint bandwidth and power allocation strategy
is studied for two setups.

In the first setup, joint bandwidth and power allocation strategy is proposed for
wireless multi-user networks without relaying and with decode-and-forward relaying
based on (i) sum capacity maximization; (ii) worst user capacity maximization;
and (iii) total network power minimization. The formulated resource allocation
problems are shown to be convex and, thus, can be solved efficiently using convex
optimization techniques. Due to limited resources, the network may not be able to
support all users with their QoS requirements. Therefore, admission control based on
the joint bandwidth and power allocation strategy is further considered, which aims
at maximizing the number of users that can be admitted into the network. Since
finding the optimal solution to the admission control problem has high complexity,
a suboptimal greedy search algorithm is developed for solving it efficiently. The
optimal conditions of the greedy search algorithm are derived and shown to be
mild.

In the second setup, joint bandwidth and power allocation strategy is presented
for maximizing the sum ergodic capacity of secondary users (SUs) under fading
channels in cognitive radio networks. Optimal bandwidth allocation is derived in
closed-form for any given power allocation. The structures of the optimal power
allocation under all possible combinations of four types of power constraints are
derived, which indicate the possible numbers of users that transmit at nonzero
power but below their corresponding peak power, and show that other users do not
transmit or transmit at their corresponding peak power. Efficient algorithms are
developed based on these structures for finding the optimal power allocations. The
solutions and algorithms obtained in both works achieve significant performance
improvements compared to conventional methods, which is verified by numerical

results provided in simulations.

1.3 Mathematical Background

In this section, we briefly introduce convex optimization preliminaries, which serve
as the main mathematical tool for studying the resource allocation problems in this

thesis.



The modeling, design, and optimization of wireless communication networks rely
on optimization theory, which has found a wide range of applications in wireless com-
munications and networking. Convexity and non-convexity is the great watershed
in optimization theory. It is recognized that non-convex optimization problems are
computationally difficult to solve and, thus, have received limited attention [5]- [7].
Convex optimization, however, is much more appealing [15]- [18], since many prob-
lems can be identified or formulated as convex optimization problems and their
optimal solutions can be computed reliably and efficiently through established tech-
niques such as interior point methods [8], even if they involve nonlinear objectives
and constraints. Apart from computational efficiency, convex optimization also of-
fers theoretical advantages by giving insightful interpretations for optimal solutions
such as, for example, Lagrange duality. The availability of software packages for
solving convex optimization problems, such as [9], further enhances the popularity

of convex optimization.

1.3.1 Convex functions

Consider a function f : R™ — R defined on a convex set D. We say f is a convex

function if for any two x,y € D, the following inequality holds for any « € [0, 1]

flax+ (1 —a)y) < af(x)+ (1 —a)f(y). (1.1)

A geometric interpretation of (1.1) is that the plot of f along the linear interval
from x to y is below the line segment connecting (x, f(x)) and (y, f(y)). We say f
is concave if —f is convex.

Suppose f is first-order differentiable. The first-order convexity condition states

that f is convex if and only if the following inequality holds for any two x,y € D

Fly) = f(x) + V(=) (y —x). (1.2)

Suppose f is second-order differentiable, i.e., the second-order derivative exists.
The second-order convexity condition states that f is convex if and only if the

second-order derivative is positive semidefinite, i.e.,
V2f(x) = 0. (1.3)

Some basic convex functions include linear functions, exponential and logarith-

mic functions, and power functions. There are some operations that preserve the



convexity of convex functions, including addition, nonnegative scaling, and pointwise

maximum.

1.3.2 Convex optimization problems

Mathematically, an optimization problem can be written in the following standard

form
min fo(x) (1.4a)
xeD
subject to (s.t.)  fi(x) <0, i=1,---,m (1.4b)

hi(x)=0, i=1,---,l (1.4¢)

where fy denotes the objective function, f; denotes the ¢-th inequality constraint
function, h; denotes the i-th equality constraint function, and D denotes the domain
of the optimization problem.

A point x € D is feasible if it satisfies the constraints (1.4b) and (1.4c). The
problem (1.4a)-(1.4c) is feasible if there exists at least one feasible point, and is
infeasible if there does not exist any feasible point. A feasible point is optimal,
denoted by x*, if fo(x) > fo(x*) holds for any feasible point x. The optimal value
of the problem (1.4a)-(1.4c), denoted by v*, is defined as the value of the objective
function at the optimal point, i.e., v* = fo(x*).

The problem (1.4a)-(1.4c) is a convex optimization problem if the objective func-
tion and inequality constraint functions are convex, and the equality constraint

functions are linear.

1.3.3 Lagrange duality and Karush-Kuhn-Tucker conditions

The Langrangian L : R" x R™ x R! — R associated with the problem (1.4a)-(1.4c)

is defined as l

L(x, A ) = fo(x) + D Nifi(x) + Y piha(x) (1.5)
i=1

i=1
where A 2 (A1 -+ A\p], o 2 [p1 - -+ ], A is the Lagrange multiplier associated with
the ¢th inequality constraint, and u; is the Lagrange multiplier associated with the

ith equality constraint. The Lagrange dual function is defined as

m l
g p) = nf L(x, A, p) = inf - folx) + > Nifi(x) + ZMM(@) ~ (1.6)
i=1

=1
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It can be seen that the optimal value v* of the problem (1.4a)-(1.4c) is lower bounded
by the dual function, i.e., g(X, p) < v*, for any A = 0 and any . The tightest lower

bound for v* can be obtained by solving the dual problem defined as follows

max g(A, ) (1.7a)
Ap
st A= 0. (1.7b)

Note that the dual problem (1.7a)-(1.7b) is always convex regardless of the convexity
of the original problem (1.4a)-(1.4c). The original problem (1.4a)-(1.4c) is also called
the primal problem in this context.

Let d* denote the optimal value of the dual problem (1.7a)-(1.7b). Then v* — d*
is defined as the optimal duality gap between the primal problem (1.4a)-(1.4c) and
the dual problem (1.7a)-(1.7b). If the primal problem (1.4a)-(1.4c) is convex, the
optimal duality gap is zero, i.e., v* — d* = 0, and we say that strong duality holds.
Using the property of strong duality, if the primal problem (1.4a)-(1.4c) is convex,
it can be solved equivalently by solving the dual problem (1.7a)-(1.7b).

Suppose the objective function fy and the inequality functions f;, i =1,---,m
are differentiable. The optimal solution of the primal problem (1.4a)-(1.4c) and
the dual problem (1.7a)-(1.7b), denoted by x* and (A*, u*), respectively, satisfy the
following Karush-Kuhn-Tucker (KKT) conditions

fi(x*) <0, i=1,---,m (1.8a)
hi(x*) =0, di=1,---,1 (1.8b)
AF >0, i=1,---,m (1.8¢c)
X fi(x*)=0,i=1,---,m (1.8d)

m l
VA" + D NV + Y Vhi(x*) =0. (1.8e)
=1 =1

In general, the KKT conditions are only necessary conditions for the optimal so-
lutions x* and (A*, u*). However, if the primal problem (1.4a)-(1.4c) is convex,
the KKT conditions are both necessary and sufficient conditions for the optimal
solutions and, therefore, solving for the KK'T conditions is equivalent to solving the

primal problem (1.4a)-(1.4c).



1.3.4 Solving convex optimization problems

Although intensive study has been done on analyzing the properties of various classes
of optimization problems and developing algorithms for solving them, optimization
problems are generally computationally difficult to solve, even if the objective and
constraint functions are smooth. The efficiency of computing the optimal solutions
of general optimization problems depends on different factors, including the particu-
lar forms and structures of the objective and constraint functions, and the numbers
of the variables and constraints. However, there exist few classes of optimization
problems that can be reliably and efficiently solved by effective algorithms, even if
the problems involve a large number of variables and constraints. Convex optimiza-
tion problems can serve as an example of such problems.

Analytical solutions of convex optimization problems can be obtained, if possible,
using Lagrange duality or the KK'T conditions. However, general analytical formulas
for the optimal solutions are not available and, therefore, effective methods like
interior-point methods should be used. Interior-point methods can solve a convex
optimization problem in an almost constant number of iterations regardless of the
structure of the problem. In practice, a convex optimization problem with hundreds
or even thousands of variables and constraints can be solved efficiently on a desktop
computer in a few tens of seconds. Therefore, once we can recognize and formulate
a research problem as a convex optimization problem, we can claim that we have

found a method to solve this research problem.

1.4 Thesis Outline

This thesis studies resource allocation, specifically, bandwidth and power allocation
in wireless communication networks. The outline of each chapter is given below.
Chapter 1 provides the motivation, contribution, and outline of the thesis, and
introduces basic convex optimization theory.
Chapter 2 presents joint bandwidth and power allocation strategy for wireless
multi-user networks without relaying and with decode-and-forward relaying by tak-
ing into account three network performance measures, i.e., the sum capacity, the

worst capacity, and the total network power consumption. The admission control



problem based on the joint bandwidth and power allocation strategy is further con-
sidered. A greedy search algorithm is developed to solve the admission control
problem efficiently. The complexity and optimality conditions of the greedy search
algorithm are investigated.

Chapter 3 proposes joint bandwidth and power allocation strategy for the sum
ergodic capacity maximization of SUs under fading channels in cognitive radio net-
works. Optimal bandwidth allocation is derived first in terms of any given power
allocation. Then optimal power allocation is obtained subject to each combination
of four types of power constraints.

Chapter 4 summarizes the results of the thesis and proposes future work direc-

tions.



Chapter 2

Joint Bandwidth and Power
Allocation with Admission
Control in Wireless Multi-User
Networks With and Without

Relaying

qual allocation of bandwidth and/or power may not be efficient for wireless
Emulti—user networks with limited bandwidth and power resources. Joint band-
width and power allocation strategies for wireless multi-user networks with and
without relaying are proposed in this chapter for (i) the maximization of the sum
capacity of all users; (ii) the maximization of the worst user capacity; and (iii) the
minimization of the total power consumption of all users subject to rate require-
ments. It is shown that the proposed allocation problems are convex and, therefore,
can be solved efficiently. Moreover, the admission control based joint bandwidth
and power allocation is considered. A suboptimal greedy search algorithm is de-
veloped to solve the admission control problem efficiently. The conditions under
which the greedy search is optimal are derived and shown to be mild. The perfor-
mance improvements offered by the proposed joint bandwidth and power allocation

are demonstrated by simulations. The advantages of the suboptimal greedy search



algorithm for admission control are also shown.

The rest of this chapter is organized as follows. Section 2.1 gives the overview
of the related literature and summarizes the contributions. System models of multi-
user networks without relaying and with decode-and-forward relaying are given in
Section 2.2. In Section 2.3, joint bandwidth and power allocation problems for
the three aforementioned objectives are formulated and solved for both types of
networks with and without relaying. Admission control problem based on joint
bandwidth and power allocation is formulated in Section 2.4, where the greedy
search algorithm is also developed and investigated for both types of systems with
and without relaying. Numerical results are reported in Section 2.5, followed by

concluding remarks in Section 2.6.

2.1 Introduction

It has been shown that the efficiency of wireless communications can be improved by
using relays [19]- [20]. In a relay-assisted communication system, the data transmit-
ted from a source is forwarded via relaying to the corresponding destination. Since
relay-assisted communication has significant advantages such as extended coverage
and enhanced communication quality, relay networks are considered promising can-
didates for future wireless networks. One critical issue in relay networks is the
efficient allocation of available radio resources to enhance the performance of relay-
ing. Therefore, numerous works have been done on the resource allocation for relay
networks (see, for example, [21]- [33]). Note that [22]- [30] as well as most of the
existing works consider a single user, i.e., a single source-destination pair, while only
a few works have studied resource allocation for multi-user relay networks. Power
allocation aiming at optimizing the sum capacity of multiple users for four different
relay transmission strategies has been studied in [31], while an AF based strategy in
which multiple sources share multiple relays using power control has been developed
in [32], [33].

In practical wireless networks where both the available transmission power of
individual nodes and the total available bandwidth of the network are limited, joint
bandwidth and power allocation should be considered [10]- [12]. It is worth noting

that most of the works mentioned above on the resource allocation for relay networks
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have assumed equal and fixed bandwidth allocation for the one-hop links from a
source to a destination. In fact, it is inefficient to allocate the bandwidth equally
when the total available bandwidth is limited. Therefore, joint bandwidth and power
allocation is important for both networks with and without relaying.

Various performance metrics for resource allocation in multi-user networks have
been considered. System throughput maximization and the worst user throughput
maximization are studied using convex optimization in [15]. Sum capacity maxi-
mization is taken as an objective for power allocation in [31], while max-min SNR,
power minimization, and throughput maximization are used as power allocation
criteria in [32].

In some applications, certain minimum transmission rates must be guaranteed for
the users in order to satisfy their quality-of-service (QoS) requirements. For instance,
in real-time voice and video applications, a minimum rate should be guaranteed for
each user to satisfy the delay constraints of the services. However, when the rate
requirements can not be supported for all users, admission control is adopted to
decide which users to be admitted into the network. The admission control in
wireless networks typically aims at maximizing the number of admitted users and
has been recently considered in several works. A single-stage reformulation approach
for a two-stage joint resource allocation and admission control problem is proposed
in [34], [35], while another approach is based on user removals [1], [3], [13], [14], [36].
To the best of our knowledge, admission control based on joint bandwidth and power
allocation has never been considered.

In this chapter!, the problem of joint bandwidth and power allocation for wireless
multi-user networks with and without relaying is considered, which is especially
efficient for the networks with both limited bandwidth and limited power. The joint
bandwidth and power allocation are proposed to (i) maximize the sum capacity of
all users; (ii) maximize the capacity of the worst user; (iii) minimize the total power
consumption of all users. The corresponding joint bandwidth and power allocation
problems can be formulated as optimization problems that are shown to be convex.
Therefore, these problems can be solved efficiently by using convex optimization

techniques. The joint bandwidth and power allocation together with admission

'This work has been presented in [37], [38] and [39)].
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control is further considered, and a greedy search algorithm is developed in order
to reduce the computational complexity of solving the admission control problem.

The optimality conditions of the greedy search are derived and shown to be mild.

2.2 System Model

Without Relaying

Consider a wireless network, which consists of M source nodes S;, i € M =
{1,2,--- , M}, and K destination nodes D;, i € K = {1,2,---, K}, as shown in
Fig. 2.1. The network serves N users U;, i € N' = {1,2,--- , N}, where each user
represents a one-hop link from a source to a destination. The set of users which are

served by S; is denoted by N;.

Ns, ={j = 1L3.j+1}

U Uj—1 Uj1 Un
VA2 U, Un-1

Fig. 2.1. Wireless multi-user network without relaying.

A spectrum of total bandwidth W is available for the transmission from the
sources. This spectrum can be divided into distinct and nonoverlapping channels
of unequal bandwidths, so that the sources share the available spectrum through
frequency division and, therefore, do not interfere with each other.

Let PS and W denote the allocated transmit power and channel bandwidth of
the source to serve U;. Then the received SNR at the destination of U; is

,YD _ PZ-S hiSD
YWEN

(2.1)

where hiSD denotes the channel gain of the source—destination link of U; and WZSNO
stands for the power of additive white Gaussian noise (AWGN) over the bandwidth
VViS. The channel gain hiSD results from such effects as path loss, shadowing, and

fading. Due to the fact that the power spectral density (PSD) of AWGN is constant

12



over all frequencies with the constant value denoted by Ny, the noise power in the
channel is linearly increasing with the channel bandwidth. It can be seen from
(2.1) that a channel with larger bandwidth introduces higher noise power and, thus,
reduces the SNR.
Channel capacity gives an upper bound on the achievable rate of a link. Given
’yZD, the source—destination link capacity of U; is
S,SD

P
€% = Welog(1-+P) = Wilog (14 T ) (22)

It can be seen that W? characterizes channel bandwidth, and log(1 + 7}) charac-
terizes spectral efficiency and, thus, C’iSD characterizes data rate over the source—
destination link in bits per second. Moreover, for fixed Wis, CiSD is a concave increas-
ing function of PZ-S. It can be also shown that CiSD is a concave increasing function
of I/ViS for fixed PiS, although %D is a linear decreasing function of WiS. Indeed, it
can be proved that CPP is a concave function of PS and W} jointly [11], [12].

With Relaying

Consider L relay nodes R;, i € L ={1,2,---, L} added to the network described
in the previous subsection and used to forward the data from the sources to the
destinations, as shown in Fig. 2.2. Then each user represents a two-hop link from a
source to a destination via relaying. To reduce the implementation complexity at the
destinations, single relay assignment is adopted so that each user has one designated
relay. Then the set of users served by R; is denoted by Ng,. The relays work in
a half-duplex manner due to the practical limitation that they can not transmit
and receive at the same time. A two-phase decode-and-forward (DF) protocol is
assumed, i.e., the relays receive and decode the transmitted data from the sources
in the first phase, and re-encode and forward the data to the destinations in the
second phase. The sources and relays share the total available spectrum in the
first and second phases, respectively. It is assumed that the direct links between
the sources and the destinations are blocked and, thus, are not available. Note
that although the two-hop relay model is considered in the paper, the results are
applicable for multi-hop relay models as well.

Let PZR and WZR denote the allocated transmit power and channel bandwidth of

the relay to serve U;. The two-hop source-destination link capacity of U; is given

13



NSi = {.]7 1a]a]+1}

1st phase

2nd phase

Fig. 2.2. Wireless multi-user network with relaying.

by
PShHSR PRpRD
sb __ _ . SR ~RDy _ S i ' R )
OSP = min{CSR, ¢! }_{Wi log (1+ iSNO)7Wi log <1+ Z-RN0>} (2.3)

where CZ-SR and CZ-RD are the one-hop source-relay and relay—destination link capac-
ities of U;, respectively, and hiSR and hZRD denote the corresponding channel gains.

It can be seen from (2.3) that if equal bandwidth is allocated to W and WL,
C’Z-SR and CiRD can be unequal due to the power limits on PiS and PZ-R. Then the
source—destination link capacity CZSD is constrained by the minimum of CZ»SR and
C'Z-RD. Note that since all users share the total bandwidth of the spectrum, equal

bandwidth allocation for all one-hop links can be inefficient. Therefore, the joint

allocation of bandwidth and power is necessary.

2.3 Joint Bandwidth and Power Allocation

Different objectives can be considered while jointly allocating bandwidth and power
in wireless multi-user networks. The widely used objectives for network optimization
are (i) the sum capacity maximization; (ii) the worst user capacity maximization;
and (iii) the total network power minimization. In this section, the problems of joint
bandwidth and power allocation are formulated for the aforementioned objectives
for both considered systems with and without relaying. It is shown that all these
problems are convex and, therefore, can be efficiently solved using standard convex

optimization methods.
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2.3.1 Sum capacity maximization

In the applications without delay constraints, a high data rate from any user in the
network is preferable. Thus, it is desirable to allocate the resources to maximize the
overall network performance, e.g., the sum capacity of all users.

Without Relaying

In this case, the joint bandwidth and power allocation problem aiming at maxi-

mizing the sum capacity of all users can be mathematically formulated as

max CSP 2.4a
{PEWY % ’ (242)
st. Y PP<Pg,jeM (2.4b)
iGst
dowp<w (2.4c)
1eEN

The nonnegativity constraints on the optimization variables {PS, W5} are natural
and, thus, omitted throughout the paper for brevity. In the problem (2.4a)—(2.4c),
the constraint (2.4b) stands that the total power at S; is limited by Ps;, while the
constraint (2.4c) indicates that the total bandwidth of the channels allocated to the
sources is also limited by W.

Note that since CZ-SD is a jointly concave function of PiS and WZS, the objective
function (2.4a) is convex. The constraints (2.4b) and (2.4c) are linear and, thus,
convex. Therefore, the problem (2.4a)—(2.4c) itself is convex. Using the convexity,
the closed-form optimal solution of the problem (2.4a)—(2.4c) can be found as it is
shown below. It is worth noting that the optimal solution demonstrates that for a
set of users served by one source, the sum capacity maximization based allocation
strategy allocates all the power of each source only to one user, that is, the user
with the highest channel gain. Therefore, it results in highly unbalanced resource
allocation among the users. The following proposition describes the result formally.

Proposition 2.1: The optimal solution of the problem (2.4a)—(2.4c), denoted
by {P,

Wi e N}, is PP™ = PS", W" = WhiPPS™ /57, o B3P PS™, Vi € T, and PY" =
WS* =0, Vi ¢ I, where PS* is the total power of the source serving U;, i.e.,

K3 K3

PiS* = Pg, forieNg,, andZ ={i|i= arg max; e, h]S-D, ke M}.

Proof: We first give the following lemma.
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Lemma 2.1: The optimal solution of the problem

hip;
max Z wj log <1 + w? > (2.5a)

{pi,w;} N i

st Y pi<p (2.5b)
ieEN
Z w; < w (2.5¢)
ieEN

which is denoted by {p}|i € N'}, is pj = p, wj = w, and p} = w} =0, Vi # k, where
k = arg max;enr h;.

Proof of Lemma 2.1: Consider if N’ = {1,2}. Then the problem (2.5a)—(2.5¢) is
equivalent to

max g(w,p) = wlog (1 + h;pl> + (w — wy) log (1 + w) . (2.6)

P1<p, wi<w 1 w —wy
Assume without loss of generality that h; > hy. Consider if the constraints 0 < p; <
p and 0 < w; < w are inactive at optimality. Since the problem (2.6) is convex,
using the Karush-Kuhn-Tucker (KKT) conditions, we have

hipy hip] ha(p — p}) ha(p — p})
* T P log | 1+ * * *
w} wi + hip] w — wj w —wi + ha(p — p})

hips hao(p — p¥
:y< 1ZZ1> —y( 2(p Z?)) —0 (2.72)

hwi ho(w — wy)
wi + hpf  w—wi+ ha(p —p7)

log <1 +

= 0. (2.7b)

where y(x) £ log(1+ ) — x/(1 + z). Since y(z) is monotonically increasing, it can

be seen from (2.7a) that

w} w—wf '

Combining (2.7b) and (2.8), we obtain h; = hg, which contradicts the condition
h1 > hsy. Therefore, at least one of the constraints 0 < p; < p and 0 < w; < w is
active at optimality. Then it can be shown that p] = p and w] = w. Note that this
is also the optimal solution if A; = hg is assumed. Furthermore, this conclusion can
be directly extended to the case of N > 2 by induction. This completes the proof.
O

Now we are ready to show Proposition 2.1. It can be seen from Lemma 2.1

that PS* = PP, Vi € 7, and P5" = 0, Vi ¢ Z. Then the problem (2.4a)-(2.4c) is
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equivalent to

g PS*R3D
max Wlog 14— 2.9a
(w7} ; ¢ WENo (2:90)
st Y WP <W. (2.9b)
i€

Since the problem (2.9a)-(2.9b) is convex , using the KKT conditions, we have

* * *
log 1+Pish?D — el — N =y el — N =0,i€T
V‘/Z-S*NO VI/Z-S*NO + PiS*hiSD WiS*NO 9
(2.10a)
W= W =0 (2.10D)

€L
where A\* denotes the optimal Lagrange multiplier, and y(z) £ log(1+z)—x/(1+x).
Since y(x) is monotonically increasing, it follows from (2.10a) that
* S*1SR
PRI PP R
WS'Ny WP Ny

. Vi j ey, i # . (2.11)

Solving the system of equations (2.10b) and (2.11), we obtain W5* = WhSP pS*
/Z hjSDPjS*, i € Z. This completes the proof. O
JET
With Relaying

The sum capacity maximization based joint bandwidth and power allocation

problem for the network with DF relaying is given by

ma; P 2.12a

{PiS,WZ.S,sz(",Wf'} gf ’ ( )

st. Y PP<Pg,jeM (2.12b)
'L'G./\/sj

> PR<Pg,jel (2.12c)
iENRj

dwP<w (2.12d)
iEN

d wi<w (2.12¢)
iEN

Introducing new variables {T;|i € N'}, the problem (2.12a)—(2.12e) can be equiv-
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alently rewritten as

min -y (2.13a)

{P»L'vaiSvPivaiRvTi}

ieN
st. T, —CPR <0, ie N (2.13b)
T,—CRP <0, ieN (2.13¢)
the constraints (2.12b)—(2.12e). (2.13d)

Note that the constraints (2.13b) and (2.13c) are convex since C?® and CRP are
jointly concave functions of PiS, I/ViS and PiR, WiR, respectively. The constraints
(2.13d) are linear and, thus, convex. Therefore, the problem (2.13a)-(2.13d) itself
is convex. It can be seen that the closed-form optimal solution of the problem
(2.13a)—(2.13d) can not be obtained due to the coupling of the constraints (2.13b)
and (2.13c). However, the convexity of the problem (2.13a)-(2.13d) allows to use
standard numerical convex optimization algorithms for solving the problem effi-
ciently [8].

Intuitively, the sum capacity maximization based allocation for the network with
DF relaying should not result in as unbalanced resource allocation as that for the
network without relaying. It is because the channel gains in both transmission
phases for the networks with relaying affect the achievable capacity of each user.
Below we give the conditions under which the sum capacity maximization based
resource allocation strategy for the network with relaying does not allocate any
resources to some users. In particular, if two users are served by the same source
and the same relay, and one user has lower channel gains than the other user in both
transmission phases, then no resource is allocated to the former user. The result
can be formally stated in terms of the following proposition.

Proposition 2.2: If hl-SR > hJS»R and hZRD > h?D where {i,j} C NSk and
{i,j} € Ng,, then P3" = W3" = PR" = W} —0.

Proof: It can be seen that

C3P + 5P = min{C{™, CFP} + min{CF®, CFP} < min{CF® + CF®, CFP 4 CI'P}

(2.14)
When PjS = I/VjS = P]R = W]-R = 0, it follows from Lemma 2.1 that the maximum
value of the right hand side of (2.14) is achieved and equals to C5P and, on the other

hand, the left hand side of (2.14) also equals to CSP. Therefore, the maximum value
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of CSP + CjSD is achieved when Pjs = st = PJR = WJR = (0. This completes the

proof. O

2.3.2 Worst user capacity maximization

Fairness among users is also an important issue for resource allocation. If the fair-
ness issue is considered, the achievable rate of the worst user is commonly used as
the network performance measure. In this case, the joint bandwidth and power allo-

cation problem for the network without relaying can be mathematically formulated

as
max  min CPP (2.15a)
{PS.WS} iEN
s.t. the constraints (2.4b)—(2.4c) . (2.15b)

Similar, for the networks with relaying, the joint bandwidth and power allocation

problem can be formulated as

max min CSP (2.16a)
{PS,W8,PRWRY ieN
s.t. the constraints (2.12b)—(2.12e) . (2.16b)

Introducing a variable T', the problem (2.16a)—(2.16b) can be equivalently written

as
min -T (2.17a)
{PS,WS, PR WER T}
st. T—CR<0,ieN (2.17b)
T-CRP<0,ieN (2.17¢)
the constraints (2.12b)—(2.12e). (2.17d)

Similar to the sum capacity maximization based allocation problems, it can be shown
that the problems (2.15a)—(2.15b) and (2.17a)—(2.17d) are convex. Therefore, the
optimal solutions can be efficiently obtained using standard convex optimization
methods.

The next proposition indicates that the worst user capacity maximization based
allocation leads to absolute fairness among users, just the opposite to the sum
capacity maximization based allocation. The proof is intuitive from the fact that

the total bandwidth is shared by all users, and is omitted for brevity.

19



Proposition 2.3: In the problems (2.15a)—(2.15b) and (2.16a)—(2.16b), the
capacities of all users are equal at optimality.

Proof: Consider the problem (2.15a)—(2.15b). Assume that the capacity of
one user is larger than the minimum capacity among the capacities of other users
at optimality. Then we can always take an arbitrary small amount of bandwidth
allocated to this user and reallocate it to the user(s) with the minimum capacity such
that the minimum capacity of all users is increased. This contradicts the optimality
assumption. Thus, the capacities of all users are equal at optimality in the problem
(2.15a)—(2.15b). Similarly, it can be shown that all users achieve the same capacity
at optimality in the problem (2.16a)—(2.16b). This completes the proof. O

2.3.3 Total network power minimization

Another widely considered design objective is the minimization of the total power
consumption of all users. This minimization is performed under the constraint that
the rate requirements of all users are satisfied. The corresponding joint bandwidth

and power allocation problem for the network without relaying can be written as

min PS 2.18a
(i ZN z (2.182)
st —CPP <0, ieN (2.18b)
the constraints (2.4b)—(2.4c) (2.18¢)

where ¢; is the minimum acceptable capacity for U;, while the same problem for the

network with relaying is

min > (PP + PR (2.19a)
{Pis7WisvpiR7WiR} 'LGN
st —CPR <0, ieN (2.19b)
i —CRP <0, ieN (2.19¢)
the constraints (2.12b)—(2.12¢) (2.19d)

where the constraints (2.19b) and (2.19¢) indicate that the one-hop link capacities of
U; should be no less than the given capacity threshold. Similar to the sum capacity
maximization and worst user capacity maximization based allocation problems, the
problems (2.18a)—(2.18¢c) and (2.19a)-(2.19d) are convex and, thus, can be solved

efficiently as mentioned before.
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2.4 Admission Control Based on Joint Bandwidth and

Power Allocation

In the multi-user networks under consideration, admission control is required if a
certain minimum capacity must be guaranteed for each user. Thus, we next consider
admission control problem for both systems with and without relaying.

Without Relaying

The objective of admission control is to maximize the number of users whose ca-
pacity requirements can be satisfied subject to the bandwidth and power constraints
of the network. The admission control problem based on joint bandwidth and power

allocation in the network without relaying can be mathematically expressed as

max |Z| (2.20a)
{PPWFLICN
st —CPP <0, ieT (2.20b)
the constraints (2.4b)—(2.4c) (2.20c)

where |Z| stands for the cardinality of Z.

Note that the problem (2.20a)-(2.20c) can be solved using exhaustive search
among all possible subsets of users. However, the computational complexity of
the exhaustive search can be very high since the number of possible subsets of
users is exponentially increasing with the number of users, which is not acceptable
for practical implementation. Therefore, we develop a suboptimal greedy search
algorithm that significantly reduces the complexity of solving the admission control

problem (2.20a)—(2.20c).

2.4.1 Greedy search algorithm

Given that all power constraints and capacity requirements are satisfied, the mini-

mum total bandwidth required to support a set of users Z can be defined as G(Z),

where
G(I) 2 min WP 2.21a
@2 i Sw 2.212)
st —CP <0, ieT (2.21b)
the constraint (2.4b). (2.21c)
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The following proposition provides a necessary and sufficient condition for the ad-
missibility of a set of users.

Proposition 2.4: A set of users I is admissible if and only if G(Z) < W.

Proof: Tt is equivalent to show that there exists a feasible point {PS, WS|i € T}
of the problem (2.20a)-(2.20c) if and only if G(Z) < W. If {P?,W5|i € T} is a
feasible point of the problem (2.20a)—(2.20c), then since it is also a feasible point
of the problem (2.21a)-(2.21c), we have G(Z) < > ,.; W2 < W. If we have
G(Z) < W, then the optimal solution of the problem (2.21a)—(2.21c) for Z, de-
noted by {PS", W5"|i € T}, is a feasible point of the problem (2.20a)-(2.20c) since
S ez WS = G(Z) < W. This completes the proof. O

Proposition 2.4 is instrumental in establishing our greedy search algorithm,
which removes users one by one until the remaining users are admissible. The
‘worst’ user, i.e., the user whose removal reduces the total bandwidth requirement
to the maximum extent, is removed at each greedy search iteration. In other words,
the removal of the ‘worst’ user results in the minimum total bandwidth requirement
of the remaining users.? Thus, the removal criterion can be stated as

n(t) éargnerjr&%gl)(G(N(t —1)) = GWN(t—1)\{n})) Zargneﬁ(i?_l)G(N(t -1\ {n})
(2.22

where n(t) denotes the user removed at the t-th greedy search iteration, N(t) =

N(t —1)\ {n(t)} denotes the set of remaining users after ¢ greedy search iterations,
and the symbol ‘\” stands for the set difference operator.

Note that, intuitively, AV/(¢) can be interpreted as the ‘best’ set of N — t users
that requires the minimum total bandwidth among all possible sets of N — ¢ users
from NV, and G(N(t)) is the corresponding minimum total bandwidth requirement.
Thus, the stopping rule for the greedy search iterations should be finding such ¢* that
GWN(t*—1)) > W and GN(t*)) < W. In other words, N — t* can be interpreted

as the maximum number of admissible users.

*Note that the approach based on user removals appears in different contexts also in [1], [3],

[13], [14], [36].
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2.4.2 Complexity of the greedy search algorithm

It can be seen from Proposition 2.4 that using the exhaustive search for finding the
maximum number of admissible users is equivalent to checking G(Z) for all possible
Z C N and, therefore, the number of times of solving the problem (2.21a)—(2.21c)
is upper bounded by Zf\id* (]:f), where d* denotes the optimal value of the problem
(2.20a)—(2.20c). On the other hand, it can be seen from (2.22) that using the
greedy search, the number of times of solving the problem (2.21a)—(2.21c¢) is upper
bounded by Zf;f)l N — 4. Therefore, the complexity of the proposed greedy search
is significantly reduced as compared to that of the exhaustive search, especially if
N is large and d* is small. Moreover, the complexity of the greedy search can be
further reduced. Then the lemma given below is in order.
Lemma 2.2: The reduction of the total bandwidth requirement after removing
a certain user is only coupled with the users served by the same source as this user,
and is decoupled with the users served by other sources. Mathematically, it means
that G(Z) — G(Z\ {n}) = G(ZNNs,) — G(ZNNg, \ {n}) for n € Ng,, VI CN.
Proof: This lemma follows directly from the decomposable structure of the
problem (2.21a)—(2.21c), that is, G(Z) = > ;e\ G(Z N Ns,). This completes the
proof. O
Let Ng,(t) & Ns, N N(t) denote the set of remaining users served by S; after ¢
greedy search iterations. Then the following proposition is of interest.
Proposition 2.5: The user to be removed at the t-th greedy search iteration
according to (2.22) can be found by first finding the ‘worst’ user in each set of users

served by each source, i.e.,

ng(t—1)= arg x| (G5 (t = 1)) =GN, (t = 1) \ {n}))

and then determining the ‘worst’ user among all these "worst’ users. Mathematically,

it means that n(t) = ng., (t —1) where

" £ arg max (G(N, (t — 1) — GV, (t — 1)\ {n, (¢t = D)}).

ieEM
Proof: This proposition follows from applying Lemma 2.2 directly to the re-
moval criterion in (2.22). This completes the proof. O
Proposition 2.5 can be directly used to build an algorithm for searching for

the user to be removed at each greedy search iteration. It is important that such
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algorithm has a reduced computational complexity compared to the direct use of
(2.22). As a result, although the number of times that the problem (2.21a)—(2.21c¢)
has to be solved remains the same, the number of variables of the problem (2.21a)—

(2.21c) solved at each time is reduced, and is upper bounded by 2 max;e s Ng,.

2.4.3 Optimality conditions of the greedy search algorithm

We also study the conditions under which the proposed greedy search algorithm is
optimal. Specifically, the greedy search is optimal if the set of remaining users after

each greedy search iteration is the ‘best’ set of users, i.e.,
N(@t)=Ny_,VI<t<N (2.23)

where N £ arg min|7z|—; G(Z) is the 'best’ set of i users.

Let us apply the greedy search to the set of users N, served by the source S;. The
"worst’ user, i.e., the user ng, (t) £ arg maX,,e i (tfl)(G(./\i/'si (t—1)) = GWNg(t—1)
\{n})) is removed at the t-th greedy search iteration, where N, (t) = Ng,(t — 1) \
{ns,(t)} denotes the set of remaining users in the set Ng, after ¢ greedy search
iterations. Also let Ng £ arg minzc v |7/=j G(Z) denote the ‘best’ set of j users
in Ng,. The following theorem decouples the optimality condition (2.23) into two
equivalent conditions C1 and C2 per each set of users Ng, and, therefore, allows
us to focus on equivalent problems in which users are subject to the same power
constraints. Specifically, the condition C1 of the theorem indicates that the set of
remaining users in Ng, after each greedy search iteration is the ‘best’ set of users,
while the condition C2 of the theorem indicates that the reduction of the total
bandwidth requirement is decreasing with the greedy search iterations.

Theorem 2.1: The condition (2.23) holds if and only if the following two con-
ditions hold:

C1: N, (t) = NginSi_t, V1<t < Ng,, Vi € M;

C2: G(Ns,(t —2)) — G(Ng,(t — 1)) > G(Ng,(t — 1)) — G(N5, (1)), V2 < t < Ng,,
Vi e M.

Proof: We first show that C1 and C2 are sufficient conditions.

Define V(n) & GWN(t—1)) — GN(t)) for n = n(t), 1 <t < N. It follows
from C2 that V(ng,(1)) > V(ns;(2)) > --- > V(ns,(Ns,)), Vi € M. Then using
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Proposition 2.2, we have n(t) = argmax,epr;—1)V(n), 1 <t < N. Therefore, we
obtain

Vin() > V(n2) > - > V(n(N)). (2.24)

It can be seen from C1 that N\ Ny_, NN, = argmingc g 7=, GWNs, \T) =
{ns,(j)1 < j < t;}, Vi € M, where t; & [N\ N};_, N Ng,|. Then we have N \
Ny = (s, )1 < j < t,i € M and GOV~ GNG_) = Siens S0y V(s ().
Therefore, we obtain {t;li € M} = argmaxy,, k=t 2iem Z?’:l V(ns,(7))-
Since it follows from C2 that V(ng, (1)) > V(ng,(2)) > --- > V(ns,(Ns,)), Vi € M,
we have N'\ Ny _, = argmaxzen z)=t 2_ner V(n) = {n(i)]1 < i <t} = N\ N(1),
where the second equality is from (2.24). This completes the proof for sufficiency of
C1 and C2.

We next show that C1 and C2 are necessary conditions by giving two instructive
counter examples.

Consider if C1 does not hold. Assume without loss of generality that M = {1}.
Then it can be seen that C1 is equivalent to the condition (2.23) and, therefore, the
condition (2.23) does not hold, either.

Consider if C2 does not hold. Assume without loss of generality that M = {2},
Ns, = Land G(Ns, (1)) =G(N5,(2)) > G(Ns,) —G(Ns, (1)) > G(Ns,) =G (N5, (1)).
Then we have N _, = N\ {ng, (1), (2)}, while it follows from Proposition 2.2
that NV'(2) = N\ {5, (1), ns,(1)}. Therefore, N3_, # N(2). This completes the
proof for necessity of C1 and C2. O

Let h; = hf’D /Ny denote the channel gain normalized by the noise PSD. Recall
that ¢; is the minimum acceptable capacity for U;. Define Fj(p) as the unique

solution for w in the equation

hi
¢i = wlog (1 + p) (2.25)
w

given h; and ¢; for any p > 0, which represents the minimum bandwidth required
by a user for its allocated transmit power. Then the problem (2.21a)—(2.21c) for the

set of users Ng, can be rewritten as

G(Ns)= min Y Fi(p) (2.26a)
{pl} iENS-
s.t. Z pi < Ps,. (2.26b)
iENsi
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The following proposition stands that the condition C2 of Theorem 2.1 always
holds, which reduces the study on the optimality of the proposed greedy search only
to checking the condition C1 of Theorem 2.1.

Proposition 2.6: The condition C2 of Theorem 2.1 always holds true.

Proof: The proof of this proposition is built upon the following two lemmas. It
suffices to show that C2 holds for ¢ = 1.

Lemma 2.3: If p1 > ps > Ap > 0, the following inequality holds
Fi(p1 — Ap) — Fi(p1) < Fi(p2 — Ap) — Fi(p1). (2:27)

Proof of Lemma 2.3: 1t can be shown that Fj(p) is a strictly convex and de-

creasing function of p. Using the first order convexity condition, we have
Fi(p2 — Ap) — Fi(p2) > —F(p2)Ap (2.28)

and
Fi(p1 — Ap) — Fi(p1) < —F](p1 — Ap)Ap (2:29)

where F7 is the first order derivative of F;. Consider two cases. (i) If p2 < p1 — Ap,
then F/(p2) < F/(p1 — Ap) due to the convexity of Fj(p2). Therefore, using Ap > 0
together with (2.28) and (2.29), we obtain (2.27); (ii) If p2 > p1 — Ap, using p1 > p2
and a similar argument as in 1), we can show that F;(p2) — F;(p1) < Fi(p2 — Ap) —
F;(p1 — Ap), which is equivalent to (2.27). This completes the proof. O

G(Ng,) can be extended to G(Ng,, Ps,) if Pg, is considered as a variable.

Lemma 2.4: p}, Vi € Ng,, is increasing with Ps,, where {p}|i € Ng,} denotes
the optimal solution of the problem (2.26a)—(2.26b) for Ns, and Pg,.

Proof of Lemma 2.4: The inverse function of w = Fi(p) is p = F; '(w) =
(e/® — 1)w/h;. Then we have

G(NS17PS1) = HleaX Z w; (230&)
! iENSl

st > F'(w) < Ps,. (2.30b)
’iGNsl

Since the problem (2.30b)—(2.30Db) is convex, using the KKT conditions, the optimal
solution and the optimal Lagrange multiplier of this problem, denoted by {w|i €

Ns, } and \*, respectively, satisfy the following equations

PNy .
1+ " <e <w - 1) + 1> =0, VieNs. (2.31)
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It can be shown that (e%/“i (c;/w} — 1) + 1)/h; is monotonically decreasing with
w?. Therefore, w}, Vi € Ng,, and, correspondingly, pf = Fi_l(w;k), Vi € Ng,, is
decreasing and increasing, respectively, with A*. Then it follows from (2.30b) that
pl, Vi € Ng,, is increasing with Ps,. This completes the proof. O

We are now ready to prove Proposition 2.6. Let P; > P, and ./\/'S_lk £ Ng, \ {k}
for some k € Ng,. Let {p}li € Ng *1 denote the optimal solution of the problem
(2.26a)—(2.26b) for ./\/S_lk and P>. Using Lemma 2.4, the optimal solution of the
problem (2.26a)—(2.26b) for G(Ns,, P2) can be expressed as {p; — Ap;}, i € Ns_lk7

and p7, respectively, where Ap; > 0 and Zie Nk Api = pf. Then we have
St
G(Ns,, Py) = GINGF Po) = Y (F(p; — Api) — Fi(p))) + Fr(ph)-  (232)
ieNg"
Let {p]|i € ./\/S_lk} denote the optimal solution of the problem (2.26a)—(2.26b) for
N, 5 k and P;. Then we have

G(Ns,, P1) = GINGF, P) = min > E)- Y, B
{pi}§2ie/\/gl pi<P1 iENs, Ny
i€Ng,
< Y (FEpf — Api) — E(p)) + Fi(p})-  (2.33)
i€Ng"

Since Py > P», it follows from Lemma 2.4 that pj >pr>Ap; >0, € ./\fs_ll€ Using
Lemma 2.3, we obtain Fy(p; — Ap;) — Fi(p]") < F;(pf — Ap;) — F;(p}), j € NSle
Therefore, comparing (2.32) with (2.33), we have
G(Ns,, P1) — GING, P1) < G(Ng,, Py) — GING", Py). (2.34)
which can be rewritten as
GNgF, Py) — GINGF, P1) < G(Ns,, P2) — G(Ng,, Py). (2.35)
Let {p}|i € Ng, }, denote the optimal solution of the problem (2.26a)—(2.26b) for
Ng, and Pg,. Then we have
G(NS1 \{'FLSl (2)}, PSI)_G(Nsl (2), PSI) < Fﬁsl(l)(pgsl(l))_FG(N& (2), Ps, —P%SIQ))
~G(Ns,(2), Ps,)
< Fﬁsl(l)(p;zsl(l))+G(N’Sl (1), Ps, *P;%Slu))
~G(Ns, (1), Ps,)

= G(NS1aP51)_G(/\_/Sl(1)a PS1) (236)
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where the second inequality follows from (2.35). On the other hand, we have

G(NS1\{ﬁ51 (2)}7 PSI)_G(N‘Sl (2)7 PSl) > G(Nsl\{ﬁgl(l)},Psl)—G(Nsl (2)a PS1)
= G(/\_/Sl(l)vPS1)_G('/\75'1(2)7P51)'
(2.37)

Therefore, comparing (2.36) with (2.37), we complete the proof. O
The following lemma gives a condition under which C1 holds for a specific ¢.
Lemma 2.5: If there exists N, € N, |Ng, x| = k such that F;(p) < F;(p),

V0 <p < Ps;, Vi € Ng, , and Vj € N'\ Ng, i, then Ng, j, = J\/'§l7k = ./\7Nsl (Ns, — k).
Proof: Assume N, ;, # N, ;- Then there exist a € Ng ; and b € N\N, ; such

that I, (p) > Fy(p). Let {pj|i € N, ,} denote the optimal solution of the problem

(2.26a)—(2.26b) for G(Ng ;). Then there always exists Ng ; £ NG, U A{b}\ {a}

such that

GG = > FE@)+FE@)> Y  FEE)+EEp)
iENG, i 170 ENG, o i

Z Fi(pi) = G(Ng, 1)

. !
ZENSZ,I@

(2.38)

> min
{pi}; 2ient,  PilPs;
Sp.k

which contradicts the definition of Vg ;. Then it follows that N, , = Ng . Using
similar arguments, it can be shown that Ng, , = NNsl (Ng, — k). This completes the
proof. O

It can be seen from Lemma 2.5 that since any user in Ng, ;, has a smaller band-
width requirement than any user in N\ Ng, j for the same allocated power over the
available power range, the former is preferable to the latter in the sense of reducing
the total bandwidth requirement. Therefore, Ng, i, is the ‘best’ set of k users and
the greedy search removes users in N\ N, ; before N, .

It is worth noting that C1 does not hold in general. Indeed, since the reduction
of the total bandwidth requirement is maximized only at each single greedy search
iteration, the greedy search does not guarantee that the reduction of the total band-
width requirement is also maximized over multiple greedy search iterations. In other
words, it does not guarantee that the set of remaining users is the ‘best’ set of users.
In order to demonstrate this, we present the following counter example.

Example 1: Let Ng, = {1,2,3}. Also let hy = 4, ha =5, hg = 6, ¢; = 1,
ca =11, cg =12, and Ps, = 1.1. Then we have G({1,2}) = 1.3849, G({1,3}) =
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1.3808, G({2,3}) = 1.3573, G({1}) = 0.4039, G({2}) = 0.4135, G({3}) = 0.4292
and, therefore, Ng, (1) = {2,3}, Ng,(2) = {2}, N§ 1 = {1}. This shows that
N, (2) # N, .

Example 1 shows that the ‘worst’ user, which is removed first in the greedy
search, may be among the ‘best’ set of users after more users are removed. An
intuitive interpretation of this result is that the bandwidth required by the ‘worst’
user changes from being larger to being smaller compared to the bandwidth required
by other users for the same allocated power. It is because the average available power
to each user increases after some users are removed in the greedy search.

Using Lemma 2.5, the following proposition that gives a sufficient condition
under which C1 holds is in order.

Proposition 2.7: The condition C1 holds if for any i € Ns,, Yk € M, there
exists no more than one j € Ng,, j # i, such that

C3: Fi(p) intersects F;(p) in the interval 0 < p < Pg,.

Proof: It suffices to show that C1 holds for i = 1 if for any j € Ng,, there exists
no more than one k € Ng,, k # j, such that C3 holds. It can be seen that for any 1 <
k < Ng,, only two cases are under consideration: (i) there exists Ng, j that satisfies
the condition given in Lemma 2.4 and, therefore, Ng , = N(Ns, —k); (ii) there
exist NV, $,k—1 and N, s1,k+1 that satisfy the condition given in Lemma 2.2 respectively
and, therefore, N ; | = N(Ng, =k +1) C N(Ng, —k—1) = Ng ;. Then it
follows that Ng , = N(Ns, — k). This completes the proof. O

It can be seen from Proposition 2.7 that the chance that C1 holds increases when
the chance that C3 holds decreases. Moreover, the chance that C1 holds increases
when Ng, is large for all ¢ € M or M is large. The next lemma compares the
bandwidth requirements of two users in terms of the ratio between their minimum
acceptable capacities and the ratio between their channel gains.

Lemma 2.6: Ifi# j and hj/h; > 1, then

(1) ¥p, Fi(p) intersects F;(p) at a unique point p', if and only if 1 < ¢j/¢; <
hj/hi; furthermore, p' increases as hj/h; increases or c;/c; decreases;

(i1) Fi(p) > Fj(p), Vp > 0, or Fi(p) = Fj(p), Vp > 0, if and only if c;/c; < 1;

(i11) Fi(p) < Fj(p), Vp > 0, if and only if c;/c; > hj/h;.
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Proof: Consider if F;(p) intersects Fj(p) at a point (p’,w’). Then we obtain

G wlog (1 + h’—z,’,)

w

hyp
ﬁ_unlog(lJr 5]7) (p,) (2.30)

where ¢(x) = log(14+h;x)/log(1+h;x), 0 < x < oco. It can be shown that ili%q(l‘) =
h;/hi, xlggo q(z) = 1, and ¢(z) is monotonically decreasing with z. Therefore, the
range of ¢(x) is (1, h;/h;). If ¢j/c; € (1, hj/h;), there exists a unique solution z’ such
that ¢(z') = ¢;/c;. Hence, Fj(p) and Fj(p) have a unique intersection point given by
w' = ¢j/log(1+hja’), p’ = w'a’, and the claim (i) follows. If ¢;/¢; ¢ (1, hj/h;), there
is a special case that Fj(p) = Fj(p), Vp > 0 if hj/h; = ¢;/c; = 1. Otherwise, the
solution of (2.39) does not exist, i.e., Fj(p) does not intersect Fj(p) and, therefore,
the claims (ii) and (iii) also follow. This completes the proof. O

It can be seen from Lemma 2.6 that the condition C3 of Proposition 2.7 holds
if and only if the claim (i) of Lemma 2.6 holds with 0 < p’ < Ps,. Then it follows
from Proposition 2.7 and Lemma 2.6 that the condition C1 of Theorem 2.1 holds if
for any pair {4, j} C Ng,, Vk, the ratio ¢;/c¢; is in the grey range shown in Fig. 2.3.
According to Lemma 2.6, the coordinate x in Fig. 2.3 satisfies 1 < z < Z—Z and

T — % as Ps, — 0. It can be seen that the grey range in Fig. 2.3 is wide and,

therefore, the condition C1 of Theorem 2.1 is, in fact, a mild condition to hold.

L L | | >

>

>

0 1 r L 00

K3

Fig. 2.3. The range of ¢j/c; to satisfy the condition C1.

Applying Lemma 2.6, Proposition 2.6, and Proposition 2.7, the next corollary
follows directly from Theorem 2.1.

Corollary 2.1: The proposed greedy search is optimal, i.e., N(t) = N¥_,,
VI<t<N,ifci=c;,Vi,jEN,i#].

In some wireless networks where data transmissions are conducted to support
the same kind of application, e.g., voice application, users have the same capacity
requirements and, thus, Corollary 1 applies.

Note that the optimality condition given in (2.23) is a sufficient condition under

which NV (t*) = N§_,. = Nj.. Indeed, the greedy search is optimal if and only
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if t* = N — d*. Therefore, even if N (t*) # N., the greedy search still gives the
maximum number of admissible users if G(N;.) < GIN(N —d*)) < W.

With Relaying

The admission control based joint bandwidth and power allocation problem in

the network with relaying is given by

max |Z| (2.40a)
{P»L'S7WZ'S7PZ‘R’W¢R}7IQN
st —CPR<0,ieT (2.40b)
c—CP <o, ieT (2.40¢)
the constraint (2.12b)-(2.12e). (2.40d)

The proposed greedy search algorithm can also be used to reduce the complexity of
solving the problem (2.40a)—(2.40d). Specifically, the problem (2.40a)—(2.40d) can

be decomposed into

max |Z| (2.41a)
{PZ’S7W7:S}7Z§N
st —CPR<0,ieZ (2.41b)
the constraint (2.12b), (2.12d) (2.41c¢)
and
max IZ| (2.42a)
{PEWERYICN
st —CRP <0, ieT (2.42b)
the constraint (2.12c), (2.12e). (2.42¢)

each of which has the same form as the problem (2.20a)—-(2.20c). Therefore, the pro-
posed greedy search can be applied for solving each of these two problems separately.
As a result, the numbers of users removed by the greedy search in each transmission
phase can be found as ¢] and t3, respectively. Let d*, d}, and d5 denote the optimal
values of the problem (2.40a)—(2.40d), (2.41a)—(2.41c), and (2.42a)—(2.42c), respec-
tively. Since the feasible set of the problem (2.40a)—(2.40d) is a subset of those of the
problem (2.41a)—-(2.41c) and (2.42a)—(2.42c), we have d* < min{dj, d5}. Therefore,
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d* should be obtained by solving the problem

max |Z| (2.43a)

(PP W3, PR WERLICN |T|<t!
st —CR <0, ieT (2.43b)
c—CP <0, ieT (2.43¢)
the constraints (2.12b)—(2.12e) (2.43d)

where d’ £ min{N — i, N — 3} and the feasible set is reduced as compared to that
of the problem (2.40a)—(2.40d). The problem (2.43a)—(2.43d) can then be solved
using exhaustive search with significantly reduced complexity compared to total
exhaustive search over two transmission phases.

Using the exhaustive search, the number of times that the problem (2.21a)-
(2.21c¢) has to be solved is upper bounded by 2 Zi]id* (]j) Using the greedy search
combined with the exhaustive search, this number of times significantly reduces
and is upper bounded by 2?;61 N—i+ 222261 N—i+2 Zf/:d* (]27) if d > d* and
Z?;Bl N—i+ Zf;:_ol N—i+ 2(9{) if d < d*. This complexity reduction is especially
pronounced when N is large and d’, d* are small.

It can be seen from comparing the problem (2.40a)—(2.40d) and (2.43a)—(2.43d)
that the greedy search is optimal if and only if d’ > d*.

2.5 Simulation Results

2.5.1 Joint bandwidth and power allocation

Consider a wireless network which consists of four users N' = {1,2,3,4}, four
sources, and two relays. The source and relay assignments to the users are the
following: Ng, = {1}, Ns, = {2}, Ns, = {3}, Ns, = {4}, Ng, = {1,2}, and
Ng, = {3,4}. The sources and destinations are randomly distributed inside a
square area bounded by (0,0) and (10,10), and the relays are fixed at (5,3) and
(5,7). The path loss and the Rayleigh fading effects are present in all links. The
path loss gain is given by g = (1/d)?, where d is the distance between two trans-
mission ends, and the variance of the Rayleigh fading gain is denoted as 2. We
set Ps, = 20, Vi € {1,2,3,4}, Pg, = Pg = 40, Vi € {1,2}, W = 10, 0% = 5, and

¢ =1,Vie{1,2,3,4} as default values if no other values are indicated otherwise.
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The noise PSD Ny equals to 1. All results are averaged over 1000 simulation runs
for different instances of random channel realizations

The following resource allocation schemes are compared to each other: the pro-
posed optimal joint bandwidth and power allocation (OBPA), optimal bandwidth
with equal power allocation (OBEPA), equal bandwidth with optimal power al-
location (EBOPA), and equal bandwidth and power allocation (EBPA). Software
package TOMLAB [9] is used to solve the corresponding convex optimization prob-
lems.

In Figs. 2.4 (a) and (b), the performance of the sum capacity maximization
based allocation is shown versus Pr and W, respectively. These figures show that
the OBPA scheme achieves significant performance improvement over the other three
schemes for all parameter values. The performance improvement is higher when Pgr
or W is larger. The observed significant performance improvement for the OBPA
can be partly attributed to the fact that the sum capacity maximization based joint
bandwidth and power allocation can lead to highly unbalanced resource allocation,
while bandwidth is equally allocated in the EBOPA and EBPA, and power is equally
allocated in the OBEPA and EBPA.

Figs. 2.5 (a) and (b) demonstrate the performance of the worst user capacity
maximization based allocation versus Pr and W, respectively. The performance
improvement for the OBPA is still significant as compared to the other three schemes
for all parameter values. The improvement provided by the OBPA, in this case, can
be attributed to the fact that the worst user capacity maximization based allocation
results in balanced capacities among the users, while the EBOPA and EBPA are
balanced bandwidth allocation schemes, and the OBEPA and EBPA are balanced
power allocation schemes, respectively.

Figs. 2.6 (a) and (b) show the total power consumption of the sources and relays
versus ¢ and W for the power minimization based allocation, where ¢; = ¢y = ¢c3 =
c4 £ cis assumed. Note that the total power of the OBPA is always less than that
of the EBOPA, and the total power difference between the two tested schemes is
larger when c is larger, or when W is smaller. This shows that more power is saved
when the parameters are unfavorable due to the flexible bandwidth allocation in the

OBPA.
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Admission Probability
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Fig. 2.7. Admission probability vs capacity threshold.

Fig. 2.7 depicts the admission probability versus ¢, where ¢; = ¢y =c3 =c4 £ ¢
is assumed. The admission probability is defined as the probability that ¢ can
be satisfied for all the users under random channel realizations. The figure shows
that the OBPA outperforms the other two schemes for all values of ¢, and the
improvement is more significant when c is large. This shows that more users or
users with higher rate requirements can be admitted into the network using the

OBPA scheme.

2.5.2 Greedy search algorithm

In this example, the performance of the proposed greedy search algorithm is com-
pared to that of the exhaustive search algorithm. We consider eight users N' =
{1,2,---,8} requesting for admission. The sources and the destinations are ran-
domly distributed inside a square area bounded by (0,0) and (10,10). We assume
that ¢;, ¢ € {1,2,---,8}, is uniformly distributed over the interval [cg, co + 4] where
co is a variable parameter. The channel model is the same as that given in the
previous subsection. We set W = 10, 02 = 10 as default values. The results are
averaged over 20 random channel realizations.

Without Relaying

We consider the following two network setups.

Setup 1: In this setup, the optimality condition of the greedy search is satisfied.

Specifically, there are four sources. The source assignments to the users are the
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following: Ng, = {1,2}, Ns, = {3,4}, Ng, = {5,6}, and Ng, = {7,8}. We set
Pg, =40, Vi € {1,2,3,4}. Fig. 2.8(a) shows the number of admitted users obtained
by the greedy search and the corresponding computational complexity in terms of
the running time versus ¢y. The figure shows that the greedy search gives exactly
the same number of admitted users as that of the exhaustive search for all values
of ¢g. This confirms that the optimal solution can be obtained when the optimality
condition of the greedy search is satisfied. The time consumption of the greedy
search is significantly less than that of the exhaustive search, especially when c¢g
is large. This shows that the proposed algorithm is especially efficient when the
number of candidate users is large and the number of admitted users is small.

Setup 2: In this setup, the optimality condition of the greedy search may not
be satisfied. There are two sources and the source assignments to the users are the
following: Ng, = {1,2,3,4}, and Ng, = {5,6,7,8}. We set Ps, = 80, Vi € {1,2}.
Fig. 2.8(b) demonstrates the performance of the greedy search. Similar conclusions
can be drawn for this setup as those for Setup 1. This indicates that the proposed
greedy search algorithm can still perform optimally even if the sufficient optimality
condition may not be satisfied.

With Relaying

We also consider two network setups as follows.

Setup 3: In this setup, the optimality condition of the greedy search is satisfied.
Specifically, in addition to the Setup 1 given in the case without relaying, four relays
are included with the following user assignments: Ny, = {1,2}, Ng, = {3,4},
Ng, = {5,6}, and N, = {7,8}. The relays are fixed at (5,2), (5,4), (5,6), and
(5,8), and we set Pr, = 40, Vi € {1,2,3,4}. Fig. 2.9(a) shows the number of
admitted users obtained by the greedy search and the corresponding computational
complexity in terms of the running time versus cg. Similar observations can be
obtained as those for Setup 1. However, it can be noted as expected that the time
consumption of the greedy search for the network with relaying is much more than
that for the network without relaying.

Setup 4: In this setup, the optimality condition of the greedy search may not be
satisfied. Specifically, in addition to the Setup 2 given in the case without relaying,

two relays are included with the following user assignments: Ng, = {1,2,7,8},
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Fig. 2.9. Greedy search vs exhaustive search: with relaying.

Nr, = {3,4,5,6}. The relays are fixed at (5,3) and (5,7) and we also set Pg, = 80,
Vi € {1,2}. Fig. 2.9(b) demonstrates the performance of the greedy search. Similar

conclusions can be obtained as those for Setup 3.

2.6 Conclusion

In this chapter, joint bandwidth and power allocation has been developed for wire-
less multi-user networks with and without relaying to (i) maximize the sum capacity
of all users; (ii) maximize the capacity of the worst user; (iii) minimize the total
power consumption of all users. It has been shown that the corresponding resource

allocation problems are convex and, thus, can be solved efficiently. Moreover, ad-
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mission control based on joint bandwidth and power allocation has been considered.
Because of the high complexity of the admission control problem, a suboptimal
greedy search algorithm with significantly reduced complexity has been developed.
The optimality conditions of the proposed greedy search have been derived and
shown to be mild. Simulation results demonstrated the efficiency of the proposed

allocation schemes and the advantages of the greedy search.
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Chapter 3

Optimal Bandwidth and Power
Allocation for Sum Ergodic
Capacity under Fading Channels

in Cognitive Radio Networks

his chapter studies a cognitive radio network where multiple secondary users
T (SUs) share the licensed spectrum of a primary user (PU) under fading chan-
nels using the frequency division multiple access (FDMA) scheme. The sum ergodic
capacity of all the SUs is taken as the performance metric of the network. Besides
all combinations of the peak/average transmit power constraints at the SUs and the
peak/average interference power constraint imposed by the PU, total bandwidth
constraint of the licensed spectrum is also taken into account. Optimal bandwidth
allocation is derived in closed-form for any given power allocation. The structures of
the optimal power allocations are also derived under all possible combinations of the
aforementioned power constraints. These structures indicate the possible numbers
of users that transmit at nonzero power but below their corresponding peak power,
and show that other users do not transmit or transmit at their corresponding peak
power. Based on these structures, efficient algorithms are developed for finding the
optimal power allocations.

The rest of this chapter is organized as follows. Section 3.2 summarizes the
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system model and formulates corresponding sum ergodic capacity maximization
problems. Section 3.3 derives the optimal bandwidth allocation for the problems
formulated in Section 3.2 subject to the bandwidth constraint. Section 3.4 obtains
the optimal power allocations from the resultant problems in Section 3.3 under all
combinations of the transmit power constraints and interference power constraints.
Numerical results for the maximum sum ergodic capacity under different combina-
tions of the power constraints and the bandwidth constraint are shown in Section 3.5.

Section 3.6 concludes this chapter.

3.1 Introduction

The underutilization of licensed spectrum reported by FCC [40] has motivated in-
tensive research efforts on improving the efficiency of spectrum access. Cognitive
radio is a promising technology [41] for the implementation of dynamic spectrum
access strategies, which improve spectrum utilization by allowing secondary users
(SUs) to communicate over the licensed spectrum allocated to existing primary users
(PUs). In cognitive radio networks, there exists fundamental tradeoff between en-
hancing the performance of SUs and reducing the performance degradation resulted
from SUs to PUs. One commonly used spectrum sharing strategy to protect PUs is
referred to as spectrum overlay or opportunistic spectrum access (OSA) [42], where
SUs are allowed to access licensed spectrum only when the spectrum is not utilized
by PUs. Such a strategy requires spectrum opportunity detection by employing
spectrum sensing techniques [43]. Existing works on spectrum overlay have mainly
studied spectrum sensing and access policies at the medium access control (MAC)
layer [44]- [50].

An alternative strategy, which is known as spectrum underlay [51]- [53], enables
PUs and SUs to transmit simultaneously, provided that the received interference
power level by the PUs is below a prescribed threshold level. A number of works
have recently studied information theoretic limits for resource allocation in the con-
text of spectrum underlay. In [54], the optimal power allocation which aims at
maximizing the ergodic capacity achieved by an SU is derived for various channel
fading models subject to the peak interference power (PIP) constraint or average

interference power (AIP) constraint imposed by a PU. In [55], the authors derive the
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optimal power allocation for the ergodic capacity, outage capacity, and minimum-
rate capacity of an SU under both the PIP and AIP constraints from a PU. The
ergodic capacity, delay-limited capacity, and outage capacity of an SU is studied
in [56] under different combinations of the peak transmit power (PTP) constraint
or average transmit power (ATP) constraint at the SU and the PIP constraint or
AIP constraint from a PU. However, all the papers mentioned above consider the
setup of a single SU. The most recent work [57] studies a cognitive radio network of
multiple SUs under multiple access channel and broadcast channel models, where
the optimal power allocation is derived to achieve the maximum sum ergodic capac-
ity of the SUs subject to various mixed transmit and interference power constraints.
The optimality conditions for the dynamic time division multiple access scheme are
also derived.

In this chapter!, we focus on a cognitive radio network where multiple SUs share
the licensed spectrum of a PU using the frequency division multiple access (FDMA)
scheme. The sum ergodic capacity of the SUs, which is a relevant network per-
formance metric for delay-tolerant traffics, is studied. Besides the transmit power
constraints at the SUs and the interference power constraint imposed by the PU,
which are also considered in [54]- [57], we also take into account the total bandwidth
constraint of the shared spectrum. Joint bandwidth and power allocation strategies
for different applications have been studied in only a few works [10]- [38]. Thus,
in this paper, instead of conventional fixed and equal bandwidth allocation used in
FDMA, we investigate dynamic and unequal bandwidth allocation, where the band-
width allocation varies for different SUs at different channel fading states. Moreover,
different from the existing works [54]- [57], all combinations of the transmit power
constraints and the interference power constraints are considered, including both
PTP and ATP constraints combined with both PIP and AIP constraints.

We first derive the optimal bandwidth allocation for any given power allocation,
which results in equivalent problems that only involve power allocation. Using the
convexity of the resultant power allocation problems, we apply dual decomposition
which transforms these problems into equivalent dual problems, where each dual

function involves a power allocation subproblem associated with a specific channel

'This work has been presented in [58].
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fading state. The dual problems can be solved using standard subgradient algo-
rithms. For the power allocation subproblem under all possible combinations of the
power constraints, we derive the structures of the optimal power allocations. These
structures indicate the possible numbers of users that transmit at nonzero power but
below their corresponding peak power, and show that other users do not transmit or
transmit at their corresponding peak power. Based on these structures, we develop

algorithms for finding the optimal power allocations in each channel fading state.

3.2 System Model

Consider a cognitive radio network of N SUs and one PU, as shown in Fig. 3.1.
The PU occupies a spectrum of bandwidth W for its transmission, while the same
spectrum is shared by the SUs. The spectrum is assumed to be divided into distinct
and nonoverlapping flat fading channels with different bandwidth, so that the SUs
share the spectrum through FDMA to avoid interferences with each other. The
channel power gains between the ith SU transmitter (SU-Tx) and the ith SU receiver
(SU-Rx) and between the ith SU-Tx and the PU receiver (PU-Rx) are denoted by
h; and g;, respectively. The channel power gains, i.e., g = [g1 g2 --- gn] and
h £ [h1 hy --- hy], are assumed to be drawn from an ergodic and stationary vector
random process. We further assume that full channel state information (CSI), i.e.,
the joint probability density function (PDF) of the channel power gains and the
instantaneous channel power gains, are known at the SUs. ? The noise at each
SU-Rx plus the interference from the PU transmitter (PU-Tx), is assumed to be
additive white Gaussian noise (AWGN) with unit power spectral density (PSD).
We denote the transmit power of the ith SU-Tx and the channel bandwidth allo-
cated to the ith SU-Tx as p;(g, k) and w;(h, g), respectively, for the instantaneous
channel power gains g and h. Then the total bandwidth constraint can be expressed

as
N

> wi(h,g) <W, V h,g. (3.1)
=1

2Note that full CSI assumption is typically in the context of cognitive radio and is also made in

other works, such as [54]- [57]
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Fig. 3.1. Cognitive radio network.

The PTP constraints are given by
pi(h,g) < PI*, Vi h,g (3:2)

where PP * denotes the maximum peak transmit power of the ith SU-Tx. The PIP

constraint is given by

N
i=1

where QPF denotes the maximum peak interference power allowed at the PU-Rx.

The ATP constraints are given by
E{pi(h.g)} < P, Vi (3.4)

where the expectation is taken over h and g, and P*” denotes the maximum average

transmit power of the ith SU-Tx. The AIP constraint is given by

N
E {ngz’(h,g)} < Q" (3.5)
i=1

where Q¥ denotes the maximum average interference power allowed at the PU-Rx.
The objective is to maximize the sum ergodic capacity of the SUs, which can be

written as
N
max E w;(h,g)lo <1+ —_— 3.6
{w;(h,g),pi(h,g)}eF {; ( )log w;(h,g) (3:6)
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where F is a feasible set specified by the bandwidth constraints (3.1) and a particular
combination of the transmit power constraints {(3.2),(3.4)} and the interference
power constraints {(3.3), (3.5)}. Note that the constraints on nonnegativity of the
bandwidth and power allocations, i.e., w;(h,g) > 0 and p;(h,g) > 0, Vi, h,g, are
natural and, thus, omitted through out the paper for brevity.

It can be shown that the objective function in the problem (3.6) is concave,
since the function w;(h,g)log (1 + hip;(h,g)/wi(h,g)) is concave with respect to
{w;(h,g),pi(h,g)}, Yi,h,g [37] and [38]. It can also be seen that the bandwidth
and power constraints (3.1)—(3.5) are linear and, thus, convex. Therefore, the sum
ergodic capacity maximization problem (3.6) under different combinations of the

constraints (3.1)—(3.5) is a convex optimization problem.

3.3 Optimal Bandwidth Allocation

Given that the power allocation p;(h, g), Vi, h, g, is fixed, the maximum sum ergodic

capacity can be expressed as E{ fo(h,g)}, where fo(h,g) is given by

N
h,g) & max G (w;(h, 3.7a
folhg) & e S Giluilh.g) (3.72)
N
s.t. Zwi(h,g) <W (3.7b)
=1

where G;(w;(h,g)) = w;(h,g)log (1 + hip;(h, g)/w;(h,g)) is an increasing and con-
cave function of w;(h,g). The problem (3.7a)—(3.7b) is similar to the classical
water-filling power allocation problem. Thus, the optimal solution of the problem
(3.7a)—(3.7b), denoted by {w}(h,g)}, must satisfy

= , Vi # g (3.8)
dwi(h,g) w;(h,g)=w}(h.,g) dwj(h,g)

wj(h,g)=wj;(h,g)

Since we have
0G;i(w;i(h,g))

hipi(h, 9)> B hipi(h,g)
wi

= log <1 +
wi(h,g)=w)(h.g) wih.g) hg) & hipi(h,g) (3.9)

- (%)

where Y (z) £ log(1 + ) — /(1 + x) is a monotonically increasing function, we can
obtain from (3.8) that

hipi(h,g) _ hjp;(h,g) .
wl(fg) ~ w(hg) (3.10)
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It follows from (3.7b) that at optimality we have S~  w/(h,g) = W. Furthermore,

using (3.10), we can obtain that
wi(h,g) = WZN: . (3.11)
S hlpl(h’a g)
i=1

Substituting the optimal w;(h,g) given by (3.11) into (3.6), we can equivalently
rewrite (3.6) as
N
{pi(hm,g%}fef’ E {W log 1+ ; thzé";’ g)) } (3.12)
where F' is a feasible set specified only by a particular combination of the power con-
straints {(3.2), (3.3), (3.4), (3.5)}. Therefore, the optimal power allocation obtained
from the problem (3.6) and denoted by {p}(h,g)}, can also be obtained by solving
the equivalent problem (3.12). Then the optimal bandwidth allocation obtained
from the problem (3.6) and denoted by {w}(h,g)}, can be found as
hip; (h. g)
wi(h,g) = Wg: hpt(h, g)° (3.13)
i=1

3.4 Optimal Power Allocation

In this section, we study the optimal power allocation obtained from the problem

(3.12) with F’ specified by different combinations of the power constraints.

3.4.1 Peak transmit power with peak interference power constraints

Consider F' = {the constraints (3.2) and (3.3)}. Then the optimal value of the

problem (3.12) can be expressed as E{fi(h,g)}, where fi(h,g) is given by

filh,g) 2 max Wlog 1+§:him(h”g) (3.14a)
e {pi(h.g)} W '
s.t. pi(h,g) < PP* Vi (3.14b)
N
> givi(h,g) < Q™. (3.14c)
i=1

For brevity, we drop the dependence on h and g that specifies instantaneous channel
power gains. Also let {p;} denote the optimal solution of the problem (3.14a)-
(3.14c). Introducing ¢; £ g;p;, the problem (3.14a)-(3.14c) can be equivalently
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rewritten as

N B
(]
max —q; 3.15a
{a:} ; i ‘ ( )
s.t. g < giPP*, Vi (3.15D)
N
> g < QP (3.15¢)
=1

Let {¢g}} denote the optimal solution of the problem (3.15a)—(3.15¢) and (s1, s2,- - - ,
sy) denote a permutation of the SU indexes such that hs,/gs, > hsy/gsy > <+ >
hsy/9sy- 1t is assumed that h;/g; # hj/g;, Vi # j, since hy, g;, hj, and g; are drawn
from a continuous-valued random process. Then the following lemma is in order.

Lemma 3.1: There exists k, 1 < k < N, such that g5, = gsinik, Vi, 1 <i<
k—1,0<gq;, Sgskakk, and q5, =0, Vi, k+1<1:< N.

Proof: Let q:j > 0 for some j and let [ < j for some [. First we prove that
a5, = s, Pflk by contradiction. If g5, < gsngk, then we can always find Ag > 0 and
define a feasible solution {g;,} of the problem (3.15a)-(3.15¢) g, = a5, — Ag, g, =
qs, +Aq, g, = qs,,Vi,i # j,i # [ such that the objective function in (3.15a) achieves

larger value for {¢; } than for the optimal solution {g;}, since we have

N N

hs, hs, h hs.
Z szq;i_z szq;_<sz_$ﬂ>Aq>o_ (3.16)
i1 Isi iy Isi gs Gs;

Therefore, it contradicts the fact that {¢; } is the optimal solution of the problem
(3.15a)—(3.15¢).

Let q;‘j < gs; Pg;k for some j and let [ > j for some [. Using the result obtained
above, it can be proved also by contradiction that g5, = 0. This completes the proof.
O

Lemma 3.1 shows that for the optimal power allocation under the constraints
(3.2) and (3.3), as demonstrated in Fig 3.2, there exists at most one user that
transmits at nonzero power and below its peak power, while any other user either
does not transmit or transmits at its peak power.

Note that either the constraints (3.15b) or the constraint (3.15¢) must be active
at optimality. Using the structure of {¢/} given in Lemma 3.1, k can be found by
Algorithm 1.
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PrF
PEF
SU, SU, SU; SUN_1 SUN

T

at most one

Fig. 3.2. Optimal power allocation under PTP + PIP constraints.

Algorithm 1 Algorithm for finding & in Lemma 3.1

Initialize: £ =1

while Y% | g, PP* < QPF and k < N — 1 do
k=k+1

end while

Output: &

Since p;, = q;,/9s;, We obtain
prr. 1<i<k-1
k—1
* . k .
Ps;, = mln{sz‘ ) (ka - ngipslzk)/gsi}a i=k

=1
0, k+1<i<N.

(3.17)

Note that for brevity, we say in this paper that » ', z; = 0 if n = 0 with a little

abuse of notation.

3.4.2 Average transmit power with average interference power con-

straints

Consider F' = {the constraints (3.4) and (3.5)}. Then the dual function of the

problem (3.12) can be written as

N
BAY ) 2 E{fih,g)} + 3 AP 4 uQ™

=1
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where {\;|1 <i < N} and p are the nonnegative dual variables associated with the
corresponding constraints in (3.4) and (3.5) and f4(h, g) is given by

7’ h
jyhg)é{%%an% 1+§: hipi( g;) 2:%m’lg (3.19)
’ i=1

with v, £ X\; + pgi. Let {p;} denote the optimal solution of the problem (3.19),
where we drop the dependence on h and g for brevity. Also let F'({p;}) denote the
objective function in (3.19). If pf > 0 for some 4, the following must hold

_hi
mg@g) = N hapt — ;= 0. (3.20)
Pi lpy=tpyy 1T E_; W

Then the following lemma is of interest.
Lemma 3.2: If h; <~; for some i, then p; = 0.
Proof: 1t p; = 0, Vj, then pf = 0. If p; # 0 for some j, it can be seen that

(3.20) can not be satisfied since h; < ;. Thus, pf = 0. O
If p; = 0 for some 4, the following must hold
OF —
‘g%” :1+§Ehmj—%§0. (3.21)
Pi piy={p;} L
=

Then the next lemma is in order.
Lemma 3.3: p; =0, Vi, if and only if h; < ;, Vi.
Proof: It can be seen from Lemma 3.2 that if h; < 75, Vi, then p; = 0, V.
Moreover, it can be seen from (3.21) that if p} = 0, Vi, then h; < ;, Vi. O
Let (s1,82,---,sy) denote a permutation of the SU indexes such that hg, /vs, >
Psy/Vsy > -+ > hsy/vsy- Then we can also prove the following lemma.
Lemma 3.4: There exists at most one k such that p;, > 0. Moreover, k = s7.
Proof: 'We prove it by contradiction. It can be seen from (3.20) that if p; > 0
and p; > 0 for some ¢ # j, the following must hold
hi _hy (3.22)
Yoo V5
Since h4, i, hj, and ~y; are independent constants given in the problem (3.19), (3.22)
can not be satisfied. Let p; > 0 and p} = 0, Vi, i # k. Then it follows from (3.20)
and (3.21) that the following must hold
hi _ h;

— > = Vi#k. (323)
Yk ’72
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Therefore, we must have k = s7. [l
Lemma 3.4 shows that for the optimal power allocation under the constraints
(3.4) and (3.5), as demonstrated in Fig. 3.3, there exists at most one user that

transmits at nonzero power, while any other user does not transmit.

SUy SU, SU; SUn_1  SUn

T

at most one

Fig. 3.3. Optimal power allocation under ATP + AIP constraints.

Case 1: Consider the case when h; < ~;, Vi. It follows from Lemma 3.3 that
p; =0, Vi.

Case 2: Consider the case when h; < «; does not hold for some i. Using
Lemma 3.4, let p; > 0 and p; = 0, Vi, i # k. Substituting {p;} into (3.20), we have
ps, = W(1/vs, —1/hg,). Therefore, we obtain

W (1/ (N, + —1/hs,), i=1
P = (1/ (Asy + 1gs,) — 1/hsy) (320
0, 2<i<N.
3.4.3 Peak transmit power with average interference power con-

straints

Consider F' = {the constraints (3.2) and (3.5)}. Then the dual function of the

problem (3.12) can be written as

f3(n) = E{f3(h,9)} + pQ™ (3.25)
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where p is the nonnegative dual variable associated with the constraint (3.5), and
f4(h, g) is given by
hipi(h, g) -
filhog) £ max Wlog 1+ Z g) — 1 gipi(h,g) (3.26a)
piig i=1 i=1

s.t. pi(h,g) < PP*, Vi, 3.26b
( i

Let {p;} denote the optimal solution of the problem (3.26a)—(3.26b) after dropping
the dependence on h and g for brevity. The following cases are of interest.

Case 1: Consider the case when h; < pg;, Vi. Since the problem (3.26a)—(3.26b)
without the constraints (3.26b) has the same form as the problem (3.19), and p; = 0,
Vi, satisfies the constraint (3.26b), it can be seen from Lemma 3.3 that p} = 0, Vi.

Case 2: Consider the case when h; < ug; does not hold for some . The problem
(3.26a)—(3.26b) is equivalent to

N
max Wlog 1+ Z hadi ) - Zqi (3.27a)
i=1

{a:} :u’gZ
st g < ,ugl-Pipk, Vi (3.27b)

where ¢; = pg;p;. Let {g;} denote the optimal solution of the problem (3.27a)-
(3.27b) and (s, s2, -+ ,sn) denote a permutation of the SU indexes such that
hs,/14gs, > hsy/14gsy > -+ > hsy /11gsy - Then the following lemma is in order.

Lemma 3.5: There exists k, 1 < k < N, such that q5, = gsinik, Vi, 1 <1<
k—1,0<q, <go P, andq: =0,Vi, k+1<i<N.

Proof: Consider the following intermediate problem

N
max g (3.28a)
tai} = 1gi
s.t. g < ugink, Vi (3.28b)
N
> a=Q (3.28¢)
i=1

where Q is defined as Q £ Zfil ¢/ and it is unknown since {¢;} is unknown. Let
{¢}} denote the optimal solution of the problem (3.28a)—(3.28¢). If {q¢}} # {¢ '}, we
have SN hig) /g > SN hig? /ugi since {¢}} is a feasible solution of the problem
(3.28a)—(3.28¢). Then we have

F({q})—F ({q}) = Wlog 1+Z ZQZ)— log 1+Z qu> 0 (3.29)

pgiW pgiW
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where F'({g;}) denotes the objective function in the problem (3.27a)—(3.27b). Since
{q}} is a feasible solution of the problem (3.27a)—(3.27b), it contradicts the fact that
{¢;} is the optimal solution of the problem (3.27a)—(3.27b). Therefore, it must be
true that {¢.} = {¢'}.

It can be seen from the constraints (3.27b) that Zf\il q = Zf\il g =Q <

ZZ]\L L g PP % Then the problem (3.28a)—(3.28¢) is equivalent to the following prob-

lem
N
max qi (3.30a)
tai} = H9i
s.t. g < ,ugiPipk, ) (3.30b)
N
Y ai<Q (3.30¢)
i=1

since the constraint (3.30c) is active at optimality. Therefore, the problem (3.27a)—
(3.27b) is equivalent to the problem (3.30a)-(3.30c). Since the problem (3.30a)-
(3.30c) is similar to the problem (3.15a)—(3.15¢) in Section 3.4.1, we conclude that
{¢}} has the same structure as that given in Lemma 3.1. O

The result of Lemma 3.5 is similar to that of Lemma 3.1. Specifically, it shows
that for the optimal power allocation under the constraints (3.2) and (3.5), as demon-
strated in Fig. 3.4, there exists at most one user that transmits at nonzero power
and below its peak power, while any other user either does not transmit or transmits

at its peak power.

PR,
pr*
PEF
SU, SUs SU; SUN_1 SUN

T

at most one

Fig. 3.4. Optimal power allocation under PTP + AIP constraints.
Using Lemma 3.5, let ¢}, = pgs, PPF Vi, 1<i<k—1,0< q, < (1gs, PEF, and
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q;; =0, Vi, k+1 <4< N. Then we only need to find k and ¢;, to determine {g;}.
Consider the case when 0 < g5, < ugSszpkk, 1 < k < N. Then the following

must be true
h

Sk
HGs,
oH N
qsy, s, =45, i—Ligk ugsiW /’LgSkW
where
H(gs,) 2 Wlog [ 1+ Z qW 4 st Z @~ (3.32)
i=1,i#k HGs: Mgsk i1=1,i#k

Substituting {q;, } into (3.31), we obtain g5 = W (1 — ugs, /hs,,) — 119s, Z?:_f hsinik

/hs,,- Since g5, must satisfy 0 < ¢, < ugsinik, it must be true that

Z he, PN < W (Mg > Z he, PPF. (3.33)
Sk

=1

Consider the case when g5, = ugSka,f, 1 <k < N —1. Then the following must

hold
h

Sk
11gs,
= i Pl | hod, —120 (3.34)
//Lgle :ugskW

9gs,,

s =3, i—1,itk
i=1,1

and
h

Sk4+1
Mgsk+1
N * *
=14 Z hs, 4, n 1@ —1<0. (3.35)
pgss W pgs, W

8H(q5k+1 )
aqsk+1

opt1 =051 i=1,ik+1
i=1,

Substituting {¢;} into (3.34) and (3.35), we obtain

h
W(S’““—> Zh Ppk<W<h 1>,1<k<N—1. (3.36)
HYspiq i=1 HGsx

If g3, = ugSkaf, k = N, then only (3.34) must be true and it follows that

hs,
Zhslpp’f <W ( 1) , k=N. (3.37)

Pt 11,

Lemma 3.6: There exists only one set of values for {q;} that satisfies only one

of the necessary conditions (3.31), (3.34) or (3.35).
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Proof: It is equivalent to prove that there exists only one k that satisfies only
one of (3.33), (3.36) or (3.37). Let L; £ S7_ h,, PP¥ and M; £ W(hs;/pgs; — 1)
for brevity. Then it must be true that Lo < Ly < --- < Ly, My > Ms > --- > My
and Ly < M;j. It can be seen that if (3.37) holds, i.e., if L; < M;, Vi, 1 <i < N,
then (3.33) and (3.36) do not hold.

If (3.37) does not hold, then these exists such [ that L; < M;, Vi, 1 <i<[—1
and L; > M;, Vi, 1 <i < N. The following two cases should be considered. (i) If
L1 < M; < Ly, (3.33) holds for k = [. Since L; < M;, Vi, 1 <i<1[—1,(3.33) does
not hold for k < [ as well. Since M; < M; < L; < L;_1, Vi, [+1 <, (3.33) does not
hold for k£ > [. Since L; < Ljt1 < M;y1, Vi, 1 <i <1 —2, (3.36) does not hold for
k <1l—1. Since L;_; < M, (3.36) does not hold also for k = — 1. Moreover, since
M; < L;, Vi, | <1, (3.36) does not hold for & > [ — 1. Therefore, only (3.33) holds
for only k =1. (ii) If M; < L;—1 < M;_1, (3.36) holds for k = — 1. Similar to the
case (i), it can be proved that only (3.36) holds for only £ = — 1. This completes
the proof. 0

Using Lemma 3.6, Algorithm 2 is developed to find the unique k£ in Lemma 3.5.
Note that k satisfies (3.33) and (3.36) or (3.37) if the output of Algorithm 2 isc =1

Algorithm 2 Algorithm for finding k£ in Lemma 3.5
Initialize: k. =0,c=0

while ¢ =0 do
E=k+1
if 305 ho PES < Wt /ngs, — 1) < S by PL then
c=1
end if
i (W (hsyr /19500 = 1) < S0y hs PEY < W (hs, /ugs, —1) and k < N =1} or
{Ef’:l hSinik < W(hs,/1gs, —1) and k = N} then
c=2
end if
end while

Output: £, ¢

o6



and ¢ = 2, respectively. Since p}, = q;,/1gs;, when ¢ = 1, we obtain

prr. 1<i<k-—1
Py = W/ pgs, —1/hs) — S5 he, PR Jhgy, =k , 1<i<N
0, E+1<i<N

and when ¢ = 2, we obtain

pr=4 o= , 1<i<N. (3.39)

3.4.4 Average transmit power with peak interference power con-

straints

Consider F' = {the constraints (3.3) and (3.4)}. Then the dual function of the

problem (3.12) can be written as

N
fafND) 2 E{fi(h.g)} + ) NP™ (3.40)
=1

where {)\;|1 <1i < N} are the nonnegative dual variables associated with the corre-

sponding constraints (3.4) and f;(h,g) is given by

17 h
fi(h,g) = pn(lﬁ}g{)}Wlog 1+ Z hipih, g ) Z)"p’ h,g) (3.41a)

s.t. Zgipi(h,g) < QPk. (3.41Db)
i=1

Let {p}} denote the optimal solution of the problem (3.41a)-(3.41b) where the
dependence on h and g is dropped for brevity. The following three cases are of
interest.

Case 1: Consider the case when h; < \;, Vi. Similar to Case 1 in Section 3.4.3,
it can be seen from Lemma 3.3 that p; = 0, V.

Case 2: Consider the case when h; < \; does not hold for some ¢ and the
constraint (3.41b) is inactive at optimality. Let (si,s2, - ,sy) denote a permu-
tation of the SU indexes such that hg, /As; > hsy/Asy > -+ > hgy/Asy. Since
the problem (3.41a)-(3.41b) without the constraint (3.41b) has the same form as
the problem (3.19), it can be seen from (3.24) that p; = W(1/As, — 1/hs,) and
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ps, = 0, Vi, 2 < i < N, if it satisfies the constraint (3.41b), i.e., Zf\il gs:Ds, =
G, W (1 /A, — 1/hey) < QP

Case 3: Consider the case when h; < \; does not hold for some ¢ and the
constraint (3.41b) is active at optimality, i.e., gs, W (1/\s, — 1/hs,) > QP¥. The
dual function of the problem (3.41a)(3.41b) can be written as f{(u) = fi" + pQP*,
where p is the nonnegative dual variable associated with the constraint (3.41b), and

1 is given by

N N N
hipi
— ?aicWIOg 1+ E V[Z; > - g AiDi — [ E 9ipi- (3.42)
i1 i=1

b i=1
Let pu* denote the optimal dual variable. Also let F'({p;}) denote the objective

function in the problem (3.42). If pf > 0 for some i, the following must hold

h;
F({p: N,
aé{p}) = . i\[: hip; — X\ — u*g; = 0. (3.43)
pi py—n) 2w

If pf = 0 for some 4, the following must hold

h;
aFé{pi}) =14 ZN: hipf — X — p*g; <0. (3.44)
Pi Hpiy={w7} W

Note that since the problem (3.41a)—(3.41b) is convex, the necessary conditions
(3.43) and (3.44) for the optimal solution {p!} are also sufficient conditions.
Lemma 3.7: There exists at most two j # k such that p; > 0 and p; > 0.
Proof: 'We prove it by contradiction. It can be seen from (3.43) that if pf > 0,
p;f > 0, and p; > 0 for some i # j, j # k, © # k, the following must hold

hi by g
N+ prgi o ANjHprgp A+ ptgr

(3.45)

Since hi, Ai, gi, hj, Aj, g5, hi, Ak, and g; are independent constants given in the
problem (3.41a)—(3.41b), and only p* is a variable, (3.45) can not be satisfied. [

Lemma 3.7 shows that for the optimal power allocation under the constraints
(3.3) and (3.4), as demonstrated in Fig. 3.5, there exists at most two users that
transmit at nonzero power, while any other user does not transmit.

Then Case 3 can be further divided into the following two subcases.

Case 3.1: Consider the subcase when p; > 0 and p; = 0, Vi # k. Since the

constraint (3.41b) is active at optimality, i.e., Zf\il 9D} = grpi = QP*, we obtain
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SU SUnN

SU; SU;
NS

at most two

Fig. 3.5. Optimal power allocation under ATP + PIP constraints.

that p} = QP*/gx. Then substituting {p;} into (3.43) we have
. 1 Ak
YT e QW T g

Note that p* given in (3.46) must satisfy p* > 0. Substituting {p}} into (3.44), we

(3.46)

can see that p* given in (3.46) also must satisfy

hi/gi i .
> - — A k. 3.47
o= 1+ hpQPF /g W g hi (3.47)

Then Algorithm 3 can be used to find k. Note that {p}} does not exist in Case 3.1

Algorithm 3 Algorithm for finding & in Case 3.1

k = argmaxg; W log (1 + h;inpk) — /\z;?l

* 1 A

= gt QPF W gk

. * hi/gi i *

if 1% < maX{#k} m — E or u <0 then
k=0

end if

Output: £

if the output of Algorithm 3 is k = 0.
Case 8.2: Consider the subcase when p;f > 0,p; >0,7 # kand pj = 0,
Vi, i # j,i # k. Tt follows from (3.43) that
h; B hi
A+ utgp At tge

(3.48)

Therefore, we obtain that
£ _ M (3.49)
gr/hr — gj/h;j
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Note that p* given in (3.49) must satisfy p* > 0. Using (3.43) and the fact that the

constraint (3.41b) is active at optimality, we have

hipj + hipy = Why/(Aj + w*g;) = W

(3.50)
905 + gkpj, = Q7.
Solving the system of equation (3.50), we obtain
. Q"/gr—afly . a/h;—Q"/g;
pi = / / pp = / J / J (351)

7 gilgk —hi/hy” hi/hj = gk/ 95
where a £ Wh;/(A\; + p*g;) — W. Note that pj and pj given in (3.51) must satisfy
p; > 0 and pj > 0. Substituting {p;} and p* into (3.44), we can see that j and k

must satisfy

N/ = M/l Ag/hs = Nifhi
gk/he — gi/hj — gi/hi — gj/hj’

Then Algorithm 4 can be used to find j and k. Note that {p}} does not exist if the

Vi ik (3.52)

output of Algorithm 4 is j =0 and k£ = 0.

3.4.5 Combinations of more than two power constraints

Consider F/ = {the constraints (3.2), (3.4), and (3.5)} or F/ = {the constraints

(3.3),(3.4),and(3.5)}. It can be shown that the corresponding dual functions of
the problem (3.12) under these two combinations of the power constraints have the
same form as those in Subsections 3.4.3 and 3.4.4, respectively. Therefore, optimal
solutions can be found similarly therein and, thus, are omitted here.

Consider F' = {the constraints (3.2), (3.3), and (3.4)} or 7/ = {the constraints
(3.2),(3.3),and(3.5)} or F' = {the constraints(3.2),(3.3), (3.4), and(3.5)}. It can
be shown that the corresponding dual functions of the problem (3.12) under the first
two combinations of the power constraints have the same form as that under the
third combination. Therefore, we only focus on F' = {the constraints (3.2), (3.3),

(3.4),and(3.5)}. Then the dual function of the problem (3.12) can be written as
N
fs(Ah ) EE{fi(h,g)} + > NP 4 pQ™ (3.53)
i=1

where {)\;|1 <i < N} and p are the nonnegative dual variables associated with the
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Algorithm 4 Algorithm for finding j and & in Case 3.2

Initialize: 7 = &
forj=1,--- , N—1do

for k=354+1,---,N do

e = Al e/
gk/hi—g;/h;

if u* > 0 then
a=Whi/(Aj+pg;) =W

« _ Q% /gr—a/hy s« _ a/hj—QP*/g;
Pj = g 7q—ni [ * Pk = TR —an /9

if p; > 0 and p; > 0 then

IT=10{(k)}
vik = Wlog (1 n W) — A — M
end if
end if
end for

end for

(J, k) = argmaxy(; 1)z} Vi

if 9k /Te—9;/h; < maxg;j ky 9:/Fi—g;/h; then

17=0,k=0
end if
Output: j, k

corresponding constraints in (3.4) and (3.5) and f.(h, g) is given by

N N N
hipi(h,
f5(h,g) £ max Wlog 1+ZM =Y Aipi(h,g)—p Y gipi(h(@)54a)
N
st. > gipi(h,g) < Q™ (3.54b)
=1
pi(h,g) < PP* v i. (3.54c¢)

Let {p}} denote the optimal solution of the problem (3.54a)-(3.54c) where the de-
pendence on h and g is dropped for brevity. The following cases are of interest.
Case 1: Consider the case when h; < \; + pg;, Vi. Similar to Case 1 in Subsec-
tions 3.4.3 and 3.4.4, it can be seen from Lemma 3.3 that p; = 0, V7.
Case 2: Consider the case when h; < A; + pg; does not hold for some ¢ and
the constraint (3.54b) is inactive at optimality. Since the problem (3.54a)(3.54c)
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without the constraint (3.54b) has the same form as the problem (3.26a)—(3.26b),
{p}} can be found using Algorithm 2 and (3.38) or (3.39) if it satisfies the constraint
(3.54b).

Case 3: Consider the case when h; < A; + ug; does not hold for some ¢ and
the constraint (3.54b) is active at optimality. The dual function of the problem
(3.54a)—(3.54c) can be written as fY(3) £ f’ + BQP*, where 3 is the nonnegative

dual variable associated with the constraint (3.54b) and f’ is given by

N N
e max Wlog 1+ Z d%) - Z%Pi -3 Zgipi (3.55a)
i=1 i=1

{p:i}

s.t. p; < Pfk, VY i. (3.55b)

where v; £ \; + pg;. Let 8* denote the optimal dual variable and F({p;}) stands
for the objective function in the problem (3.55a). If PP b p; > 0 for some 4, the

following must hold

__hy
F({pi
OF (i) é{p ) = N~ hpE - B =0, (3.56)
P Hpiy={wi} +Z_; W

If pf = PP ¥ for some 1, the following must hold

h

9F(ipi}) -, Z hip — i — B9 > 0. (3.57)

Op;

{pi}={p;’}

Moreover, if p; = 0 for some 4, the following must hold

h

9F({pi}) szpl , — B79: < 0. (3.58)

Opi

{pi }:{PZ

Note that since the problem (3.54a)—(3.54c) is convex, the necessary conditions
(3.56), (3.57) and (3.58) for the optimal solution {p}} are also sufficient conditions.
Lemma 3.8: There exists at most two j and k, j # k such that Pjpk >p; >0
and Plfk > p; > 0.
Proof: We prove it by contradiction. It can be seen from (3.56) that if P’ b
p; >0, P]pk > p; >0, and P,fk > p; > 0 for some @ # j, j # k, © # k, the following

must be true
h; B h; B hy,

= = . 3.59
Yi+B*q v+ B9 v+ Bk (3:59)
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Since h;, Vi, 9is hj, Vj, Gj, hk, Yk, and g are independent constants given in the
problem (3.54a)—(3.54c), and only * is a variable, (3.59) can not be satisfied. [

Lemma 3.8 shows that for the optimal power allocation under the constraints
(3.2), (3.3), (3.4) and (3.5), as demonstrated in Fig. 3.6, there exists at most two
user that transmit at nonzero power and below their peak power, while any other

user either does not transmit or transmits at its peak power.

k
Py
k
Py
SU; SU; SUN

AN

at most two

Fig. 3.6. Optimal power allocation under PTP + PIP + ATP + AIP constraints.

Then Case 3 can be further divided into the following two subcases.

Case 3.1: Consider the subcase when P,fk > pp > 0 and pf € {Pl-pk,O}, Vi #

i
k. Let N and ANy denote the sets of SU indexes such that pf = Pfk, Vi € M
and p; = 0, Vi € Np. Since the constraint (3.54b) is active at optimality, i.e.,
Sy bt = gk + Cien; 0PI = QU we obtain pf = (QPF — Xicx; iP]Y)/on-
Note that pj, given here must satisfy P,fk > py > 0. Then substituting {p}} into
(3.56) we obtain

L (Be(@% = Liens PP/ 90+ Laen, hiP?*) jW 95

Note that 5* given by (3.60) must satisfy 8* > 0. Substituting {p}} into (3.57) we

(3.60)

can see that 5* given by (3.60) must satisfy

B < hi/’fi - - 1 VieN. (3.61)
1 (@ = Siens, PP /95 + Siens hiPY) W 9

Substituting {p}} into (3.58), we can see that §* given in (3.60) also must satisfy

hi/gi i
£ X vie N (3.62)
L (Rr(QF = Yiens, PP /g0 + Lien hiP?*) /w9

g =
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Let Si(l),Si(Q), - ,87;(21\]71) denote all the subsets of the set N'\{i} where \ denotes
the set difference operator. Then Algorithm 5 can be used to find k, N7, and N.
Note that {p}} does not exist if the output of Algorithm 5 is £ = 0.

Algorithm 5 Algorithm for finding k, N1, Ay in Case 3.1
Initialize: 7 = o

for k=1,2,--- ,N do
fori=1,2,---,2 "1 do
N =8
P = (QPF = Y icn, 9:PF*) /g
if P’* > pr >0 then

I=TuU{l}
upit i PP
r; = Wlog <1+ Tk V;Nl > —’YkpZ_ZieNl ’Yz‘Pz‘pk
end if
end for

U = MaXy;e7) T4, t = argmaxy;er) 7

S; =8
I=-o
end for

k = argmaxg;y v;

M =S8
No = M\ {k}
5 = hi/ gk o
1+(hk(Q”k*ZieNl 9iPP") 9+ Sy hipf’“)/w 9k
if g* * hi/gi S
if f* <0or g* > % gien
s p 1+ (i Q%= ny 96PF) gt Sy MPPY) /W 9 1
* hi/gi v .
. = — 1 35 € Ny then
B 1+<hk(Q1’k—ZieN1 giPZPk)/gk+ZieNl hipfk)/w gi 0
k=0
end if

Output: k£, N1, Ny

Case 8.2: Consider the subcase when P]p b p; >0, Py HISS p; > 0 and pf €
{Pipk, 0}, Vi # j, k. Let N7 and Ny denote the sets of SU indexes such that p} = prF

(2

Vi € N7 and pf = 0, Vi € N, respectively. It follows from (3.56) that

hj - hy,
i+ B9 e+ Brak

(3.63)
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Therefore, we obtain that

_ i/l — /P
g/l — gj/hj

Note that 8* given in (3.64) must satisfy 5* > 0. Following (3.56) and the fact that

B (3.64)

the constraint (3.54b) is active at optimality, we have

hips + hiply = Why/ (7 + B7g;) = W = X, i PF*

) . (3.65)
9505 + gkpi = QF = X n, 9i PP
Solving the system of equation (3.65), we obtain
. a/gr — b/hy . b/hj —a/gj

7 g5/ gk — hi/hi hie/hj — 9k/9;
where a £ QPF =37, giPP* and b2 Wh;/(v; + B*g;) — W — D e, hi P**. Note
that pf and pj given in (3.66) must satisfy Pjpk > p; > 0 and P,fk > pp > 0.
Substituting {p}} and * given by (3.64) into (3.57), we obtain

i/l =/l _ vi/hg = vi/ha
gk/bk — gi/h; ~ gi/hi — g;/h;’

Moreover, substituting {p;} and 8* given by (3.64) into (3.58), we also obtain

Yi/hj = i/ S vi/h; — i/ hi
gk/he —gi/hj — gi/hi — gj/h;’

Vie M. (3.67)

VieN. (3.68)

1) <2
Let Si,j ,SM ,

rithm 6 can be used to find j, k, N1, and Ny. Note that {p;} does not exist if the

,S};N?Z) denote all the subsets of the set N'\{i,j}. Then Algo-

output of Algorithm 6 is j =0 and k£ = 0.

3.5 Simulation Results

Consider a cognitive radio network which consists of one PU and four SUs. For
simplicity, we assume that only Rayleigh fading is present in all links. The variance
of the channel power gain is set to 0> = 1. We also set W = 1, Pfk = 10, Vi,
P = 10, V1, QPF = 1, and Q® = 1 as default values if no other values are
specified otherwise. The AWGN with unit PSD is assumed. We use 1000 randomly
generated channel power gains for h and g in our simulations. The results are

compared under the following five combinations of the power constraints: the PTP

with PIP constraints (PTP+PIP), the PTP with AIP constraints (PTP+AIP), the
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Algorithm 6 Algorithm for finding j, k, N1, Ny in Case 3.2

Initialize: 7 = o
for j=1,2,---,N—1do
fork=454+1,---,N do
for(=1,2,---,28"2 do
M=

B* = Y3 /b =i/
9r/hie—g;/h;

if 5* > 0 then

a2 QP =3 n, GiPPT b A Why/ (v + Bg;) = W — S ien, PP

Pt = a/gk—b/hy Pt = b/hj—a/g;
J 7 gi/gk—hi/hx’ Tk T hi/hj—gx/g;

if PP* > pt>0and P/" > pf >0 then

Z=TU{l}
r; = Wlog (1 + hjpﬁhkpﬁv%iavl hipipk) - ’Yjp; — VkPj — Zz‘eNl ’YiPipk
end if
end if
end for

Vjk = MaXy;e7) i, L = argmax e} 1
x _ o
Sik =Sk
IT=9
end for
end for
(J, k) = argmaxy(; )y vig
Nl — ;,k
No = N\ {5, k}
se Vilhi—ve/Pi  vi/hi—vi/hi o Yilhi—=/he _ vi/hi—vi/hi o
if g;/h]zrgj/hj QZ/hz']*Qj/hj ;3 €Ny or g;/h]zrgj/hj QZ/hZ*Qj/hj ;3 € No then
7=0,k=0
end if

Output: j, k, N1, Ny
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ATP with PIP constraints (ATP+PIP), the ATP with AIP constraints (ATP+AIP),
the PTP and ATP with PIP and AIP constraints (PTP+ATP+PIP+AIP).

Fig. 3.7 shows the maximum sum ergodic capacity under PTP+PIP, PTP+AIP
and PTP+ATP+
PIP+AIP constraints versus PP* where PPF = PP k, Vi is assumed. It can be seen
from the figure that the maximum sum ergodic capacity achieved under PTP+AIP
is larger than that achieved under PTP+PIP for any given PP*. This is due to the
fact that the AIP constraint is more favorable than the PIP constraint from SUs’
perspective, since the former allows for more flexibility for SUs to allocate transmit
power over different channel fading states. It is also observed that the performance
under PTP+ATP+PIP+AIP is very close to that under PTP+PIP that is because
the PTP constraint dominates over the ATP, PIP, and AIP constraints for all values
of PPk,

21

:

—A&— PTP+AIP by
PTP+PIP Py

—&— PTP+ATP+PIP+AIP S

Sum Ergodic Capacity(nats/s)

11
0

3 6 9 12 15
PPX(dB)

Fig. 3.7. Sum ergodic capacity vs PPk,

Fig. 3.8 shows the maximum sum ergodic capacity under ATP+PIP, ATP+AIP
and PTP+ATP+
PIP4AIP constraints versus P? where P = P, Vi is assumed. The maxi-
mum achievable sum ergodic capacity achieved under ATP+AIP is larger than that
achieved under ATP+PIP for all values of P® since the PIP constraint is stricter
than the AIP constraint. The sum ergodic capacity under PTP+ATP+PIP+AIP
is much smaller than that under ATP+PIP and ATP+AIP due to the fact that the
PTP constraint is dominant over other constraints for all values of P%.

Fig. 3.9 shows the maximum sum ergodic capacity under PTP+PIP, ATP+PIP
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Sum Ergodic Capacity(nats/s)

181/
—o— ATP+AIP
f ATP+PIP
— 5 PTP+ATP+PIP+AIP

0 3 6 9 12 15
P2'(dB)

Fig. 3.8. Sum ergodic capacity vs P%.

and PTP+ATP+

PIP+AIP constraints versus QP. It can be seen from the figure that the maximum
sum ergodic capacity achieved under ATP+PIP is larger than that achieved under
PTP+PIP for any given QP*. This is because the power allocation is more flexible
for SUs under the ATP constraint than under the PTP constraint. The sum ergodic
capacity under PTP+ATP+PIP+AIP saturates earlier than that under PTP+PIP
and ATP+PIP, because it is restricted by the AIP constraint.

T
ATP+PIP
PTP+PIP
—&— PTP+ATP+PIP+AIP
25
o)
1%]
©
<
= L ]
£ 2
8 G—8—8—a8—1{q
IS
6]
2
8
S 15
w
£
5
7}
1k
05 i i i i
-10 -7 -4 -1 2 5

Q™B)
Fig. 3.9. Sum ergodic capacity vs QPF.
Fig. 3.10 shows the maximum sum ergodic capacity under PTP+AIP, ATP+AIP
and PTP+ATP+

PIP+AIP constraints versus Q®’. Due to the same reasons as for the results in

Fig. 3.9, the sum ergodic capacity achieved under ATP+AIP is larger than that
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achieved under PTP+AIP. The sum ergodic capacity under PTP+ATP+PIP+AIP
saturates earlier than that for PTP+AIP and ATP+AIP because of the presence of
the PIP constraint.

35

:
—o— ATP+AIP
—&— PTP+AIP

|| —8— PTP+ATP+PIP+AIP

N
o

N
T

15

Sum Ergodic Capacity(nats/s)

Q*(dB)

Fig. 3.10. Sum ergodic capacity vs Q.

Finally, Fig. 3.11 shows the maximum sum ergodic capacity under PTP+PIP,
PTP-+AIP, ATP+PIP, ATP+AIP and PTP+ATP-+PIP+AIP versus W. Similar
performance comparison results as in the previous figures can be observed. One

difference is that the sum ergodic capacities do not saturate with the increase of W.

—o— ATP+AIP
—&— PTP+AIP
7H ATP+PIP
PTP+PIP
—&— PTP+ATP+PIP+AIP

Sum Ergodic Capacity(nats/s)

W(Hz)

Fig. 3.11. Sum ergodic capacity vs W.
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3.6 Conclusion

A cognitive radio network where multiple SUs share the licensed spectrum of a PU
using the FDMA scheme has been considered. The maximum achievable sum ergodic
capacity of all the SUs has been studied subject to the total bandwidth constraint
of the licensed spectrum and all possible combinations of the peak/average transmit
power constraints at the SUs and interference power constraint imposed by the PU.
Optimal bandwidth allocation has been derived in each channel fading state for any
given power allocation. Using the structures of the optimal power allocations under
each combination of the power constraints, algorithms for finding the optimal power

allocations in each channel fading state have been developed.
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Chapter 4

Conclusion and Future Work

r I \his thesis has studied several resource allocation problems for different wireless

communication networks. Each chapter is summarized as follows.

4.1 Conclusion

Chapter 1 has presented the motivation, contribution, and outline of the thesis, and
also the brief overview of convex optimization theory.

Chapter 2 has focused on joint bandwidth and power allocation strategy for
wireless multi-user network without relaying and with decode-and-forward relaying.
Joint bandwidth and power allocation problems have been formulated and solved
to (i) maximize the sum capacity of all users; (ii) maximize the worst user capacity;
(iii) minimize the total power consumption of all users. It has been shown that
the formulated optimization problems are convex and, thus, optimal bandwidth and
power allocation can be efficiently obtained using convex optimization techniques.
Furthermore, admission control for the joint bandwidth and power allocation strat-
egy has been considered. A greedy search algorithm has been developed to solve
the admission control problem efficiently. The optimality conditions of the greedy
search algorithm have been derived and shown to be mild.

In Chapter 3, the sum ergodic capacity of SUs under fading channels in cognitive
radio networks has been investigated based on joint bandwidth and power allocation
strategy. It has been shown that optimal bandwidth allocation can be derived for

any given power allocation in any channel fading state. Then the structure of
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optimal power allocation in any channel fading state has been derived subject to
each combination of four types of power constraints. Efficient algorithms have been

developed for finding the optimal power allocations by employing these structures.

4.2 Future Work

A number of future research directions have been recognized for extending the stud-
ies in this thesis.

In Chapter 2, it has been assumed that only one relay is assigned to each user
and the relay assignment is fixed. Since multiple relays are available in the network,
it is interesting and also challenging to study the case where multiple relays can be
employed to assist one user. Then the related question is also which set of relay
assignments for all users can achieve the optimal network performance? Therefore,
resource allocation and relay selection can be carried out jointly. Note that similar
joint strategies have been studied in other contexts [62].

In Chapter 3, it has been assumed that perfect CSI of all channels is available
at a central point. However, it may be impossible for SUs to obtain perfect CSI
of interference channels from a PU to the SUs, and it is impractical to exchange
CSI among all the SUs due to high complexity. Therefore, imperfect CSI can be
taken into account for obtaining optimal bandwidth and power allocation strategies.
Indeed, a distributed resource allocation scheme that only employs local CSI for each

SU is more practically desirable.
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