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Abstract

Radiation therapy is an important component of cancer treatment. It consists
of applying ionizing radiation to kill cells by damaging their DNA and reducing
their ability to reproduce and survive. It is reasonable to think that more radiation
causes more damage and kills more cells. However, in the low-dose range (less
than 1 Gy radiation dose), some cell lines experience counter-intuitive experimental
behaviour: at about 0.3 Gy, more radiation less cells. This phenomenon, known
as hyper radio-sensitivity and increased radioresistance (HRS/IRR), has intrigued
radiobiologists for the last two decades. Below 0.3 Gy, cells are very sensitive to
radiation; but above 0.3 Gy, they gain some resistance to radiation. Eventually, for
higher dose, radiation damage becomes too much for the cell to bear. In the search
for an effective radiation therapy that maximizes the damage on cancer cells and
minimizes the damage on normal cells, the understanding of this phenomenon may
improve the efficiency of radiation therapy.

One hypothesis that explains the HRS/IRR phenomenon is that activation of the
G2 checkpoint, a mechanism that controls cell cycle progression to mitosis, occurs
around the 0.3 Gy threshold. The G2 checkpoint activation provides extra time to
repair DNA damage instead of carrying it to mitosis and compromising the integrity
of daughter cells. However, testing this hypothesis experimentally is challenging.
Mathematical modelling can provide insight into the validity of this hypothesis and
the improve understanding of the underlying mechanisms governing HRS/IRR.

The effect of radiation on cells is commonly assessed through the cell survival
fraction, which measures the ability of a culture of cells to reproduce several days

after ionizing radiation application. The Linear Quadratic (LQ) model is the simplest
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model to describe survival fraction data. However, the LQ model fails to describe
HRS/IRR data, which is better described by the Induced Repair (IR) model, a
variation of the LQ model. Although these are widely acceptable models, they fail
to explain why HRS/IRR occurs. In recent years, attempts to explain HRS/IRR with
survival fraction models have included more details of the molecular and cellular
networks governing the cell dynamics. However, the question as to what is the
involvement of the G2 checkpoint on the HRS/IRR phenomenon remains open.

In this thesis, I study the effect of radiation on the cell cycle and the survival
fraction. For this purpose, I model the problem at two levels, the effect of radiation
on the cell cycle at the individual level, and the effect of radiation on cells at the
population level. At the individual level, I model the kinetic pathway triggered by
radiation, namely, the activation of ATM and Chk?2 proteins by radiation-induced
Double Strand Breaks (DSBs); and the cell cycle, characterized by proteins MPF,
Weel, and Cdc25 and the G2-phase. The model for the cell cycle and radiation
pathway consists of a system of differential equations, which involve Law of Mass
Action and Goldbeter-Koshland kinetics. At the population level, I model lethal
lesions for the cells based on the count of DSBs remaining during mitosis (obtained
at the individual level), a distribution of a cell population over the cell cycle, and
Poisson’s Law for lethal events.

I use this mathematical modelling to study the role of the G2-phase in the survival
fraction. I establish numerical and theoretical arguments to support the hypothesis
that the G2/M transition plays a major role in the HRS/IRR phenomenon. Moreover,
I provide a biological and mechanistic interpretation of the parameters in the IR
model. The methodology presented in this thesis provides meaningful insights into
the understanding of the effect of radiation on the G2/M transition and can be used to

study the role that other radiation-induced pathways play in the cell cycle dynamics.
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Preface

Chapter 2 of this thesis has been published as Contreras, C., Carrero, G., and
de Vries, G. (2019), “A Mathematical Model for the Effect of Low-Dose Radiation
on the G2/M Transition”, Bulletin of Mathematical Biology. I was the leading
researcher responsible the conceptual ideas, numerical simulation, and writing of
the manuscript. G. de Vries and G. Carrero were the supervisory authors involved

in the conceptualization and editing of the manuscript.
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Chapter 1

Introduction

1.1 Motivation

Hyper-radiosensitivity and increased radioresistance (HRS/IRR) is a phenomenon
in radiation biology in which cells are very sensitive to low-dose radiation and
become resistant as radiation increases (see Figure 1.1) [39]. This phenomenon is
mostly observed in laboratory experiments using tumour cells but has a great poten-
tial for clinical applications [92]. Although there have been significant advances in
the understanding of the HRS/IRR phenomenon in the recent years, the underlying
mechanisms behind HRS/IRR are still unclear [39, 3]. Marples et al. [58] hypothe-
size that the G2/M checkpoint of the cell cycle is responsible for the HRS/IRR effect
observed in some cell lines. The G2/M checkpoint is a cell regulatory mechanism
which prevents cell cycle progression in the presence of DNA damage [65].

The cell survival curve reflects the ability of cells to reproduce after a given
dose of radiation [1]. Many models have been developed to describe survival curves
[51, 52, 19, 12, 18, 30, 93], but the Linear Quadratic (LQ) model [40, 41] remains

the most popular and simple cell survival model [101]. The LQ model is defined in
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Figure 1.1: Survival curve as a function dose showing hyper-radiosensitivity (HRS)
and increased radioresistance (IRR). Below 0.25 Gy, the survival fraction decreases
fast with dose. Between 0.25 Gy and 1 Gy, cells become resistant to radiation
and increase their survival probability. Both Linear-Quadratic (dotted) and Induced
Repair (solid) models are fit to data. Taken from Marples et al. [58].

terms of the yield of lesions (terminology adopted from Rossi and Zaider [82])
Mo(D) = —In(Sro(D)) = aD + 3D?, (1.1)

where D is the total dose delivered, and « and [ are constants. Despite many
attempts to interpret the LQ model [12, 91, 14, 76, 7, 35], there is not a clear
mechanistic interpretation for the parameters in this model [29, 6]. The LQ model
is widely used in clinical studies[103, 23, 101]; however, some concerns have been
raised with this regard [43, 9]. Ultimately, the LQ model fails to describe cell
survival data exhibiting HRS/IRR due to its non-monotonic shape at low dose.

The Induced Repaired (IR) model [49] is suitable for cell survival data exhibiting
HRS/IRR [92]. The yield of lesions of the model reads

Ar(D) = —In(Sip(D)) = (ar + (s — ar)e_£> D+ BD%  (1.2)



where o describes the slope for low dose, «,. describes the slope for high dose,
and d,. is the dose at which radio resistance is induced (see Figure 1.1). As in the
LQ model, there is no clear mechanistic interpretation for the parameters in the IR
model [60, 6].

In the recent years, there has been a modern approach to model the cell survival
with regulatory and organizational components of the cell [6]. Bodgi and Foray [5]
developed a cell survival model based on nucleo-shuttling of ATM (protein kinase
involved in the repair of DNA damage) that provides a biological explanation of
HRS/IRR and an interpretation of the IR model. However, this approach does not
explain the participation of the G2/M checkpoint of the cell cycle on the HRS/IRR
phenomenon [59]. Olobatuyi et al. [78] developed a compartmental model for the
population of cells in G2-phase to provide a biological interpretation of the IR model
in terms of the cell cycle. However, they do not investigate how radiation affects the
cell cycle or why it is the G2/M checkpoint in particular that produces the HRS/IRR
phenomenon.

In this thesis, I explore the involvement of the G2/M checkpoint in the HRS/IRR
phenomenon by adding a radiation pathway to the mathematical model of the cell
cycle developed by Novédk and Tyson Novak and Tyson [71]. Over two decades,
they built a framework to model regulatory and signalling pathways in the cell using
Law of Mass Action, Michaelis-Menten kinetics, and Goldbeter-Koshland kinetics
[99, 86]. In their extensive research, they have been able to explain characteristics
of the cell cycle from a mathematical perspective, such as checkpoints, cell cycle
progression, growth and division [95]. Based on the hypothesis that the G2/M
checkpoint is the determinant component of the HRS/IRR phenomenon [58], I am

interested in modelling the G2/M transition of the cell cycle.



1.2 Outline of the thesis

In this thesis, I study the effect of radiation on the G2/M transition and survival

fraction using mathematical modelling. Several questions arise from this approach:

1. What is the signalling pathway between radiation and the cell cycle, and how

to model it?

2. Would modelling the radiation pathway in the cell cycle result in a significant

influence on the G2/M transition?
3. How to extend this study to obtain a model for the survival fraction?

4. Can the radiation pathway modelling result in a survival fraction exhibiting

HRS/IRR?

In Chapter 2, I study the effect of radiation on the G2/M transition and address
questions 1 and 2. I use Novdk and Tyson’s mathematical framework to model the
cell cycle with focus on the G2/M transition, and model the signalling pathway of
Double Strand Breaks (DSBs) and kinases ATM and Chk2 in connection with the
cell cycle model. I show that radiation triggers the G2/M checkpoint under dose and
temporal conditions, and that the checkpoint is governed by a saddle-node on an
invariant circle (SNIC) bifurcation. Moreover, I identify an interesting relationship
between the SNIC bifurcation studied here, and a different SNIC bifurcation studied
by Novdék et al. [74]. The latter motivates the theoretical study in Chapters 4 and 5.
Chapter 2 has been published as [13].

In Chapter 3, I study the effect of radiation on the survival fraction. I develop a
model for the survival fraction based on the number of DSBs reaching mitosis and

on the cell cycle model and radiation pathway studied in Chapter 2. I use numerical



simulations to show that this approach results is an HRS/IRR effect in the survival
fraction. In this chapter, I partially address questions 3 and 4. This motives a further
theoretical study on the effect of radiation of the survival fraction via the ATM-Chk2
pathway, which is done in Chapter 6 using the calculations carried out in Chapter 5.

In Chapter 4, I introduce and study a theoretical problem in dynamical systems:
the manifestation of a saddle-node bifurcation after transforming the bifurcation
parameter into a variable. We call this problem the carryover of a saddle-node bi-
furcation. I show that this is possible under additional singularity and transversality
conditions. This result is used in Chapter 5.

In Chapter 5, I reduce the cell cycle model used in Chapter 2 to the normal
form for the saddle-node bifurcation. This normal form is used to define the G2/M
transition in mathematical terms and is used as well later in Chapter 6.

In Chapter 6, I study the effect of radiation on the survival fraction via the ATM-
Chk?2 pathway, following the framework in Chapter 3, but now on a theoretical basis.
I show that, under certain simplifications, our formulation of the survival fraction
is equivalent to the IR model (1.2). This provides a novel kinetic and mechanistic
interpretation of the IR model .

In Chapter 7, I summarize and discuss the results, and propose future work.



Chapter 2

Effect of low-dose radiation on the
G2 checkpoint through the
ATM-Chk2 pathway

Abstract

We develop a mathematical model to study the immediate effect of low-dose radia-
tion on the G2 checkpoint and the G2/M transition of the cell cycle via a radiation
pathway (the ATM—-Chk2 pathway) of an individual mammalian cell. The model
consists of a system of nonlinear differential equations describing the dynamics of a
network of regulatory proteins that play key roles in the G2/M transition, cell cycle
oscillations, and the radiation pathway. We simulate the application of a single pulse
of low-dose radiation at different intensities (~ 0-0.4 Gy) and timing during the
latter part of the G2-phase. We use bifurcation analysis to characterize the effect of
radiation on the G2/M transition via the ATM-Chk2 pathway. We show that radia-

tion between 0.1-0.3 Gy can delay the G2/M transition, and radiation higher than 0.3



Gy can fully activate the G2 checkpoint. Also, our results show that radiation can
be low enough to neither delay the G2/M transition nor activate the G2 checkpoint
(~0.1 Gy). Our model supports the idea that the cell response to radiation during
G2-phase explains hyper-radiosensitivity and increased radioresistance (HRS/IRR)

observed at low dose.

2.1 Introduction

The cell cycle is the essential process for cell growth and reproduction. The elaborate
control mechanisms that regulate the cell cycle can be easily compromised by
ionizing radiation. One such control mechanism is the G2 checkpoint, a protective
mechanism that ensures that the transition from G2-phase to M-phase is carried out
with healthy DNA (see Fig. 2.1) [34]. Low-dose radiation can cause DNA lesions
that may not fully trigger G2 checkpoint activation [39]. Failure to activate the
G2 checkpoint in the presence of DNA damage can result in a variety of outcomes
affecting cell survival, including cell cycle arrest, apoptosis and mitotic catastrophe
[36, 102, 62]. A better understanding of the mechanisms underlying the effect of
low-dose radiation on cells is key to improving radiation therapy on cancer cells
[68]. To help understand the effect of low-dose radiation on mammalian cells, we
model the dynamics of the proteins involved in the regulation of the cell cycle. The
starting point for this work is the modelling regulatory networks of Tyson et al. [99].

The effect of radiation is closely connected to how it affects the cell cycle
and checkpoint control mechanisms [62]. For instance, it has been shown that
the G2-phase and the G2 checkpoint of the cell cycle play a significant role in
the hyper-radiosensitivity and increased radioresistance (HRS/IRR) phenomenon

observed at low-dose [60]. HRS/IRR is characterized by a first range of radiation



dose (between 0 and 0.3 Gy) where cells are very sensitive (a small increase in the
dose greatly decreases cell survival), and a second range of radiation dose (between
0.3 and 0.6 Gy) where cells gain radioresistance to radiation (cells are no longer
hypersensitive and rather increase their survival as radiation dose increases) [60].
Understanding the hyper-radiosensitivity part of HRS/IRR may greatly improve
radiation therapy. For instance, the application of multiple pulses of low-dose
radiation (tipically < 1 Gy) has already shown positive in-vivo and clinical results
[104, 64]. However, the molecular mechanisms behind the HRS/IRR phenomenon
remains unclear. Although cancer cells differ from normal cells in various aspects,
understanding the HRS/IRR phenomenon in the latter is a first step in discovering
the potential use of HRS/IRR in radiation therapy. In this study, we focus on low-
dose radiation (~ 0-0.4 Gy) to understand its effect on the G2 checkpoint and the
G2/M transition of normal mammalian cells.

Unfortunately, observing the cell response to radiation in experiments is partic-
ularly difficult. For this reason, mathematical modelling becomes a powerful tool
to simulate experiments, make predictions, and gain insight into the mechanisms
underlying the effect of radiation on the cell cycle. We assume that the cell response
to radiation determines the fate of the cell and that of future generations. Under this
assumption, we show that understanding of the mechanisms that affect the G2/M
transition has implications for the understanding of the HRS/IRR phenomenon.

The G2 checkpoint activation after radiation is mediated by DSB sensor kinase
ATM and checkpoint kinase Chk2 [56]. However, it is unclear how this ATM-
Chk2 pathway can cause HRS/IRR in the survival fraction. The aim of this work
is to explore the effect of the ATM-Chk2 pathway on the G2/M transition on
normal mammalian cells. For this purpose, we propose a mathematical model that

incorporates the effect of radiation on the cell cycle. In Section 2.2, we introduce
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Figure 2.1: Schematic diagram of the cell cycle. Interphase (I) (which consists of
the G1-phase, Synthesis (S) and G2-phase) and M-phase (M), with G1 (start), G2,
and M (spindle) checkpoints. Adapted from image by Zephyris.

the two components of the mathematical model, namely, the cell cycle module and
the radiation pathway. In Section 2.3, we simulate numerically the application of a
radiation pulse at different intensities (0-0.4 Gy) and times during the latter part of
the G2-phase, and study the effect of the pulse on the G2/M transition. We also apply
bifurcation analysis to understand the simulation results in terms of the dynamical
changes in the system. We show that there are dose- and time-dependent thresholds,
arising from the radiation pathway, that affect the G2/M transition. More precisely,
the G2 checkpoint requires sufficiently high dose (> 0.2 Gy) and appropriate timing
for mitotic entry to be triggered successfully. In Section 2.4, we analyze the G2
checkpoint further using two-parameter bifurcation analysis and explore the reasons

behind our findings. In Section 2.5, we conclude with a discussion of our results.
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2.2 Model for the cell cycle and radiation pathway in
mammalian cells

The foundation of the proposed mathematical model is Novdk and Tyson’s work
on the regulation of the cell cycle [71, 98, 96]. We extend a basic version of their
model for the cell cycle with the ATM-Chk2 pathway. Although most of Novdk
and Tyson’s research has been conducted on frog eggs extracts, fission yeast and
budding yeast, the similarities in the G2/M transition between yeast and mammalian
cells allow us to use their modelling approach for mammalian cells with confidence.

Our model consists of three interconnected modules, namely the interphase, the
M-phase, and the radiation pathway, as shown in Fig. 2.2. The model accounts for the
G2/M transition, cell division, and radiation. Each module captures the interactions
between the proteins playing an essential role. The interphase module describes
the G2/M transition, the M-phase module closes the cell cycle, and the radiation
pathway module keeps track of the number of Double Strand Breaks (DSBs). The
model variables are listed in Table 2.1. The resulting biological network is modelled

with the following system of differential equations:

d]\éth = knmoMass — (ko + kmaaWeel) M PF
+ (km1 + km1aCde25) M PFp — (ks + ks APCYMPF,  (2.1a)
d]\/[d# = (km2 + kmaaWeel)M PF — (k1 + kim1aCde25) M PFp
— (kms + kmza APC)M PFp, (2.1b)
% o Jw1 z/:;zeITwieliieel) “hua(MPE+ aMPEp) Jw:flf—eliieel ’
(2.1¢c)
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dCdc25 Cdc25r — C'de25

= ke (MPF 4+ aMPF
dt i e r) Ja + (Cde257 — Cde25)
Cdc25
— (Vig + k2 Chk2) ——— 2.1d
(Veo + ke >J02+Cdc25 (21d)
dIE IE; — IE IE
—— = ky(MPF + aMPF, —Vip——, (2.1
g~ ka(MPE+alMPEp) 7 ie =y — Ve =g (219
dAPC APCyp — APC APC
—— —kaIE -V, : 2.1f
dt Y Ja + (APCr — APC) % Jpy + APC (.11)
dM M
995 — uMass (1 - ass) : 2.1g)
dt Mass
dChk2 Chk2y — Chk2 Chk2
= ki ATM DSB —V 2.1h
dt M Ju1 + (Chk2p — ChEk2) ™y + Chk2’ (2.1h)
dATM AT My — ATM ATM
= kyDSB — Vg 2.1i
dt . Ju + (ATMy — ATM) % Jy+ ATM’ .19
dDSB .
d‘f = kqD(t) — kgu ATM DSB, (2.1j)
subject to the resetting condition
AMPF Mass(t
if MPF(t) =0y and (1) <0 — Mass(t) « L9550 55

2 )

where parameters are described in Table 2.2 in the Appendix. The model is fully
explained below. In Section 2.2.1, we explain Egs. (2.1a)—(2.2) pertaining to the
interphase and M-phase modules in Fig. 2.2, which together comprise the cell cycle
module. The cell cycle module has been taken from Novdk and Tyson’s work [96].
In Section 2.2.2, we explain Eqgs. (2.1h)—(2.1j) pertaining to the radiation pathway,
which is newly introduced in this work. In Section 2.2.3, we describe the choice of

the parameters values that we use in our simulations.

11



Radiation Cell cycle Tl M-phase

l e <Wee1> w7
/
2 IE |————-
= TE =0 | -\ B H
I
1

l ) — \\
1 AP
Weel 2
ATM| <5 ATM = %Cdkl W
m =
N <L “elcdcs>  (oF
~\ /' . .
T @:’_ ____________ N | PR {2 Degradation
— [] Active state
Interphase |Cdc25> I:I —»> Catalytic activity

Figure 2.2: Diagram of the cell cycle and radiation pathway. The model for the
cell cycle and radiation pathway consists of three modules: interphase, M-phase,
and radiation. The interphase and M-phase modules together make the cell cycle
module. The Mitotic Promoting Factor (MPF) is central for the progression of the
cell cycle. The interphase module (in orange) is characterized by MPF and the
two positive feedback loops with Weel and Cdc25 that control MPF activity. The
M-phase (in purple) is mainly characterized by MPF, a hypothetical intermediary
enzyme (IE), Anaphase Promoting Complex (APC), and the negative feedback
loop that degrades MPF. The radiation pathway is characterized by DSBs, ATM,
and Chk2 after a radiation input. Solid arrows represent activation, inactivation,
synthesis, and degradation depending on the case. Dashed arrows represent catalytic
activity. Labels in the small white boxes refer to the parameter subscripts appearing
in the corresponding equations. Shapes with a dashed boundary represent degraded
proteins; shapes with an orange boundary represent the active state. Based on Fig.3
in [96].



Table 2.1: Name and description of variables in Eqgs. (2.1a)—(2.1j). All variables
represent concentration, except DS B, which represents a number.

Symbol Description

MPF  Active Cdkl-cyclin B complex (Mitotic Promoting Factor)
MPFp Inactive, phosphorylated form of MPF
Weel Active dephosphorylated form of kinase Weel (MPF inactivator)
Cdc25  Active phosphorylated form of the phosphatase Cdc25C (MPF activator)
IE Active form of an intermediate enzyme [94]

APC  Active phosphorylated form of APC (Anaphase Promoting Complex)
Chk2  Active phosphorylated form of Chk2 (Checkpoint kinase 2)

ATM  Active phosphorylated, monomerized and recruited form of ATM

DSB Recognized Double Strand Brakes formed by Ionizing Radiation

Mass Mass of the cell

2.2.1 Cell cycle module

The interphase and M-phase modules represented in the diagram in Fig. 2.2 are
sufficient to explain cell cycle dynamics with emphasis on mitotic entry and exit.
This module is developed and explained in detail by Novédk and Tyson [71] and
in their subsequent publications (see Tyson and Novdk [96] for a review). The
radiation module is excluded from this section by simply setting the variable Chk2
(Checkpoint kinase 2) to zero in Eq. (2.1d). The Mitotic Promoting Factor (MPF)
(also known as Maturation or M-phase Promoting Factor) is the central protein
necessary for both G2/M and M/G1 transitions. MPF is a complex formed by the
Cyclin-dependent kinase 1 (Cdkl) and the M-phase promoting Cyclin B protein
(CycB). In eukaryotic cells, and particularly in mammals, there are other cyclin-
CDK complexes involved in the cell cycle progression [65]. However, these are not
involved in the G2/M transition and we therefore do not consider their role in this
work for the sake of simplicity.

Note that we consider two forms of MPF depending on its phosphorylation on
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the Thr-15 residue. The M PF' variable in Eq. (2.1a) represents the more active
form when it is unphosphorylated, and the M P F'p variable in Eq. (2.1b) represents
the less active form when it is phosphorylated. Whenever we mention the activity
of MPF, we refer to the concentration of the active form of MPF, that is, the M PF
variable. The MPF reactions are modelled with mass action kinetics. MPF is
formed when cell mass promotes synthesis of CycB subunit and this binds to free
Cdkl1 at rate k,,o (first term of Eq. 2.1a). MPF is always formed unphosphorylated,
but both the phosphorylated and unphosphorylated forms of MPF can be destroyed
by degradation of CycB, at rate k,,,3. Phosphorylation of MPF is controlled by the
regulatory enzymes Weel and Cdc25 through two positive feedback loops (as shown
in the interphase module in Fig. 2.2). The active form of MPF deactivates Weel,
which in turn deactivates MPF. Similarly, the active form of MPF activates Cdc25,
which in turn activates MPF. These interactions are positive feedback loops since
the net effect on MPF is favourable for its activation. In each case, the activity of the
catalytic enzyme (either Weel or Cdc25) is added to a basal value of phosphorylation
(kpm2) or dephosphorylation (k7).

The Weel and Cdc25 reactions are modelled with Goldbeter-Koshland kinetics
in Egs. (2.1c)and (2.1d), respectively [27]. Under these kinetics, the first and second
terms on the right-hand side of the equations are the activation and inactivation
rate, respectively, while the total concentration remains constant. For example,
denoting the total concentration of Weel as Weelp, the term Weelp — Weel is
the concentration of inactive Weel. Note that M PFp also plays a minor role
(encoded in the 5% value of the parameter «) in the inactivation of Weel and the
activation of C'dc25.

MPF activity fluctuates throughout the cell cycle between low and high activity.

During the interphase, MPF activity stays low due to Weel inactivation, until the
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two positive feedback loops quickly increase MPF activity. High MPF activity
determines the end of the G2-phase and the start of mitosis. At high concentration,
MPF is responsible for the assembly of mitotic spindles, chromosomes alignment,
and phosphorylation and activation of Anaphase Promoting Complex (APC) through
its activating subunit Cdc20. Active APC degradates MPF by targeting its cyclin B
subunit (with rate k,,3,; see Egs. (2.1a) and (2.1b)) [65]. In Egs. (2.1¢e) and (2.1f),
delayed APC activation is modelled through a hypothetical ‘intermediary enzyme’
(IE) (possibly Plk1). Both APC and IE are modelled with Goldbeter-Koshland
kinetics (see Fig. 2.2) [94]. The negative feedback loop for MPF (activation of its
inactivator) and the delayed APC activation cause the subsequent decay in MPF
activity after mitotic entry. Low concentration of MPF marks the end of cytokinesis
and the start of another round of the cell cycle.

In the model, cell division is defined as an event that divides mass in half, and
occurs when the concentration of MPF falls below a threshold value for mitosis,
Oy (see Eq. (2.2)). Moreover, mass is modelled with logistic growth in Eq. (2.1g),
where p is the growth rate, and Kj;,s5 is the maximum mass. The use of the logistic
equation has two advantages: it prevents cells from growing unrealistically in the
case of a prolonged checkpoint, and it describes cell growth with both exponential
and linear profiles. This last point reconciles the debate on linear versus exponential

cell growth [26].

2.2.2 Radiation pathway module

The radiation pathway involves two main proteins called ATM and Checkpoint
kinase 2 (Chk2), as shown in Fig. 2.2 [61, 17]. Following radiation, monomerized

ATM is recruited inside the cell nucleus around Double Strand Breaks (DSBs)
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and autophosphorylated to become active [45]. ATM activates Chk?2 in a catalytic
manner, and Chk?2 in turn inhibits Cdc25 [2]. Thus, in the presence of active Chk2,
the inactivation rate of Cdc25 increases. Since Cdc25 is involved in a positive
feedback loop with MPF, its inactivation affects the G2/M transition.

Formation and repair of DSBs are modelled in Eq. (2.1j). In response to
radiation, the rate of DSBs formation is linearly dependent on the dose rate [83].
We denote the external dose rate applied to the cell as D(t). Notice that the total

radiation applied during the radiation treatment is
tr
D= / D(t)dt, (2.3)
0

where ¢; is the time at the end of the treatment.

After formation of DSBs, ATM foci are formed around the DSBs to promote
their repair. The product term AT'M - DSB in Eq. (2.1j) is the number of ATM
foci, i.e., the proportion of DSBs that are recognized and being repaired. Activation
of ATM is important for DSBs repair during late interphase [28]. Provided ATM is
active, we model repair of DSBs to depend linearly on DSBs. This linear dependence
has been validated by Taleei and Nikjoo [90]. Since we focus on the G2-phase, the
repair mechanism in Eq. 2.1j accounts primarily for homologous recombination
(HR), which is known to be slower than non-homologous end joining (NHEJ) [89].

We consider ATM to be active after it has been monomerized, recruited inside
the cell nucleus around DSBs, and phosphorylated. We assume that ATM activation
and inactivation are fast and very sensitive to a few DSBs [10, 83, 45]. We model
ATM fast activity into one kinetic equation, Eq. (2.1i), with Golbeter-Koshland
kinetics, where ATM activation is promoted by the presence of DSBs. Active ATM

in turn catalyzes Chk2 activation by phosphorylation, which we also model with
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Goldbeter-Koshland kinetics in Eq. (2.1h). In both ATM and Chk2 equations, we use
Goldbeter-Koshland kinetics as it models ultrasensitive activation. As mentioned
in Section 2.2.1, the radiation pathway module connects with the cell cycle module
through the catalytic effect of Chk2 on Cdc25 inactivation (see Eq. (2.1d)).

As mentioned before, we focus on the effect of radiation on the G2/M transition,
i.e., how radiation triggers the G2 checkpoint and to what extent DNA damage
is carried into M-phase. DSBs carried into M-phase can result in a variety of un-
favourable outcomes during cell division, including mitotic catastrophe, senescence,
and aneuploid/polyploid cells [102]. To avoid this complexity, the current form of
the radiation pathway in the model does not keep track of DSBs after M-phase.
Thus, when considering a radiation input, the model is limited to the next mitotic

entry.

2.2.3 Model parameter values

Most of the parameters values in the radiation pathway are taken from the literature,
when available, from similar cell lines. When not available in the literature, parame-
ter values are chosen to accommodate the cell cycle dynamics, cell cycle length and
radiation response. For example, the parameter values for the Goldbeter-Koshland
kinetics of Chk2 and ATM in Egs. (2.1h)—(2.1i) are chosen to reproduce the results
related to the dose threshold for DSBs recognition observed by Rothkamm and
Lobrich [83] (this dose threshold is presented in Section 2.3.3) and the threshold for
unrepaired DSBs observed by Deckbar et al. [16] for G2 checkpoint activation and
maintenance (this threshold is presented in Section 2.3.4). Similarly, the parameter
values of i and k,,o in Egs. (2.1g) and (2.1a), respectively, have been chosen to

accommodate a cell cycle length of approximately 24 hr. Parameter values are
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summarized in Table 2.2.

Given the size (ten variables and over forty parameters) and the complex non-
linearity of the model, numerical methods become a powerful tool to analyze the
system. In the next section, we use numerical simulations and bifurcations to study
and explain the effect of radiation on the G2 checkpoint. All numerical simulations

are performed in Julia language and the Differential Equations suite [4, 81].

2.3 Results

When no radiation is applied, the model exhibits a stable oscillation (limit cycle).
The numerical solution for this control case is shown in Fig. 2.3a. We observe the
most important features of the cell cycle explained in the previous section, namely
low MPF activity during interphase followed by a quick increase and decrease in
its activity during M-phase, Weel activation during interphase, and APC activation
during M-phase. MPF determines M-phase entry (exit) when its concentration
increases above (decreases below) the threshold for mitosis, 6,; [25]. In the model,
the cell mass divides in half on M-phase exit when MPF activity falls below 6,,.
Having a threshold for mitosis is important to obtain some of our conclusions, but
one should note the specific value (6); = 0.2) is not important to describe the
qualitative behaviour of the system in response to radiation.

Since the radiation pathway affects cell cycle dynamics through the inactivation

of Cdc25, our analysis is focused on the total inactivation rate in Eq. (2.1d),
Vo = Vi + keoaChE2. (2.4)

This value is constant and equal to the basal value V., when radiation is not present
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Figure 2.3: Numerical solutions (left) and one-parameter bifurcation diagrams with
respect to V., as the bifurcation parameter (right). a) Plot of the dynamics of MPF,
Weel, APC and cell mass for one full cell cycle. The top bar indicates the phase
of the cell cycle, either interphase or M-phase. G2/M transition is indicated with
a green arrow. b) The SNICy,, bifurcation point (~C§ = 3.47) divides the diagram
into two parts: cell cycle oscillation to the left (the blue curves are the maximum

(continued)
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Figure 2.3 (continued): and minimum values of MPF) and G2 checkpoint to the
right (the solid black and dot-dashed curves represent a stable node and saddle,
respectively). For the basal value of V,,, the superimposed full trajectory of MPF
from a) shows the cell cycle oscillations, and the green arrow indicates the G2/M
transition as the concentration of MPF crosses the threshold for M-phase 6,;, = 0.2.
The inset shows the period of the oscillation (length of the cell cycle) as the parameter
changes; the period becomes infinity at the SNICy,, bifurcation point. c-h) Similar
to a) and b), when a single pulse of radiation is applied (total dose and time of
application are indicated in the top left corners). Note that c), e), and g) include
curves representing the number of DSBs and the activity of Chk2. The total dose
D is computed using Eq. (2.3).

and Chk?2 remains fully inactive.

In Fig. 2.3b, we plot the one-parameter bifurcation diagram using V.o as the
bifurcation parameter. The bifurcation diagram shows how the dynamics of the
system changes as the parameter V., increases. To the left of \7(;; ~ 3.47, the system
exhibits a stable limit cycle (the cell cycle). The maximum and minimum values of
the concentration of MPF on the limit cycle are represented with the blue curves,
and are found numerically by collecting the minimum and maximum values of MPF
in the limit cycle solution for each value of V,, < V5. To the right of V%, there are
a saddle and a stable node, represented with dot-dashed red and solid black curves,
respectively. These were generated by using numerical continuation from a stable
steady state for some Vo > V7%, and where the limit point V5 ~ 3.47 was identified
numerically. At \N/C“;, there is a saddle-node on an invariant circle bifurcation point
(SNICy,,, with subscript V4 to distinguish it from another SNIC encountered later),
which divides the bifurcation diagram into an oscillatory region to the left and a
non-oscillatory region to the right [22]. The SNICy,, bifurcation is associated with
an infinite-period limit cycle. The period of the limit cycle as a function of the
bifurcation parameter V.o is shown in the inset.

In Fig. 2.3b, the solution shown in Fig. 2.3a has been superimposed (green
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curve). Note that this trajectory corresponds to the control case where no radiation
is applied and the bifurcation parameter f/cg is equal the basal value V5. The G2/M
transition (green arrow) occurs when MPF crosses the threshold for mitosis 6,
(horizontal dashed red line) from below.

When radiation is applied, Chk?2 activity increases, thereby increasing the value
of the bifurcation parameter V.o. This forces the trajectory to move to the right on
the bifurcation diagram, that is, towards the SNICy,, bifurcation. When the value
of V,, is greater than ~C’§, the limit cycle is lost and trajectories are attracted to the
stable node.

Under certain conditions (depending on radiation dose and time, explored in
the subsections below), the detour of the trajectory to the right corresponds with
an effect on the G2/M transition. We understand that the G2/M transition can be
affected in one of two ways. On the one hand, the M-phase can be delayed if
the trajectory remains in the oscillatory region. Because the dynamics still are
oscillatory, the G2/M transition is inevitable. On the other hand, the G2 checkpoint
can be activated if the trajectory detours into the non-oscillatory region (a refined
definition of G2 checkpoint in the context of our mathematical model is provided
in Section 2.4). In such case, the G2 checkpoint is inactivated when the trajectory
comes back to the oscillatory region. Further understanding of the M-phase delay
and G2 checkpoint activation is presented in Section 2.4. The overall message for
now is that G2 checkpoint activation is possible via an increase in V.o, that is, via
an increase in the total inactivation rate of Cdc25.

The radiation scheme in our simulations is a single radiation pulse applied for
one minute ({; — tp = 1 min) at a constant radiation dose rate and at different
times during the G2-phase. In the sections below, we illustrate that both the total

radiation dose and the radiation timing are important when it comes to characterize
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the effect of radiation on the G2/M transition. In Section 2.3.1, we vary the intensity
of radiation and show that there is a Chk2-activation threshold that determines G2
checkpoint activation. In Section 2.3.2, we vary the timing of the radiation pulse,
and show that there is a time-dependent threshold that determines the ability of the
cell to postpone entry to M-phase. In Section 2.3.3, we show that there is no effect
on the G2/M transition for extremely low doses of radiation. In Section 2.3.4, we
synthesize the results obtained in the previous sections to characterize the overall
effect of radiation on the G2/M transition.

Our study focuses on the simple case of a single radiation pulse. Studying
the effect of a radiation pulse suffices to show how the cell cycle network changes
dynamically in a short period of time. If we wanted to study the effect of fractionation
and protraction on the G2 checkpoint activation, it would be necessary to consider
explicitly other response pathways in the model, as there could be a cross response
effect between the pathways. This is beyond the scope of this paper, therefore we

do not study applications of such radiation schemes.

2.3.1 Effect of radiation pulse intensity on the G2/M transition

To illustrate the importance of the intensity of the radiation pulse, we simulate the
application of two different intensities of low-dose radiation (0.4 and 0.2 Gy) about
one hour before mitotic entry. For a radiation dose of 0.4 Gy (Fig. 2.3c), the cell
is arrested in the G2 checkpoint until most of the DNA damage is repaired (only a
couple DSBs remain). In this particular case, the oscillations are temporarily lost for
few hours. This happens because Chk2 becomes active and the total inactivation rate
of Cdc25, Vs, is high enough to compromise the two positive feedback loops with

MPF and block MPF activation. When Chk2 becomes inactive again, ‘7(:2 returns
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to its basal value and the cell exits the G2 checkpoint to resume its cycle. In the
bifurcation diagram of Fig. 2.3d, we observe that the solution makes an excursion
into the non-oscillatory region as a result of the dynamic changes in Veo.

For a lower radiation dose of 0.2 Gy, mitotic entry is not affected by DNA
damage (see Fig. 2.3e), and most DSBs are able to pass through mitosis without
being repaired. In the bifurcation diagram in Fig. 2.3f, we observe that the solution
trajectory remains in the oscillatory region and the concentration of MPF continues
to increase. Note that mitotic entry is not delayed even though we observe that the
superimposed solution from Fig. 2.3e makes an excursion to the right. Thus, when
radiation is applied close to mitotic entry, the number of DSBs caused by radiation
has to be sufficiently high to successfully activate Chk2 and the G2 checkpoint,

otherwise DSBs will be carried to the next M-phase.

2.3.2 Effect of radiation pulse timing on the G2/M transition

To illustrate the importance of timing of the radiation pulse, we use the application
of 0.2 Gy in the previous section as a reference and simulate its application at an
earlier time (Fig. 2.3g). In this case, mitotic entry is delayed until most DNA damage
is repaired (only a couple DSBs remain). Compare Figs. 2.3e-2.3f, where there is
not enough time for the response to delay mitosis, to Figs. 2.3g—2.3h (radiation pulse
applied twelve minutes (0.2 hr) earlier), where there is enough time for the response
to delay M-phase. We conclude that the ATM-Chk2 pathway requires some time

for the G2/M transition to be affected successfully.

23



2.3.3 No effect of radiation pulse on the G2/M transition

In this section, we examine the model for radiation doses of 0.1 Gy and below.
We show that there is no evidence of delayed G2/M transition or G2 checkpoint
activation after a radiation pulse of 0.1 Gy or lower. This observation matches
experimental results reported by Deckbar et al. [15]. We also demonstrate that the
model exhibits an ATM-activation threshold of DSB at extremely low radiation.
This threshold has been observed experimentally by Rothkamm and Lobrich [83] at
approximately 2 mGy. The purpose of this section is to validate our modelling of
the radiation pathway and parameter values therein independently of the cell cycle
model.

Fig. 2.4a shows that Chk2 is completely inactive with the application of a
radiation pulse of 0.1 Gy a few hours before mitosis. This observation is independent
of the timing of radiation in terms of the cell cycle. Chk2 is not active because there
are not enough ATM foci, which in turn is due to the low number of DSBs. Since
Chk?2 activation is necessary for G2 checkpoint activation or delay in the G2/M
transition, we can conclude that there is no effect of radiation on the G2/M transition
for doses below 0.1 Gy. Note that ATM is still active at this dose and targets DSBs
for repair.

In Figs. 2.4b-2.4d, we simulate the application of a radiation pulse at extremely
low dose (20, 5.0 and 1.2 mGy) with fixed dose rate of 50 mGy per minute and track
the formation and repair of DSBs. ATM activation is necessary for the formation
of ATM foci, given by the product AT'M - DSB, where DSBs are repaired. In
Figs. 2.4b and 2.4c, we show that DSB repair follows minutes after the application of
radiation at doses of 20 and 5 mGy, respectively, but stops when the average number

of DSBs reaches approximately 0.1 (1 DSB every 10 cells). DSBs are no longer
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Figure 2.4: Effect of a radiation pulse at very low dose. a) Radiation pulse of
0.1 Gy. Chk2 is not activated below this dose, thus the cell cycle is not affected by
radiation. b—d) ATM foci formation following radiation pulses of 20, 5 and 1.2 mGy,
respectively. The product AT'M - DSB is the number ATM foci, i.e., the number
of recognized DSBs. Whenever the number of DSBs is below 0.1 (on average),
ATM becomes inactive and the DSBs are no longer targeted for repair and remain
unrepaired. Atdose 1.2 mGy (d), the number of DSBs is too small to activate ATM.
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repaired because there are too few of them to maintain activation of ATM. At 1.2
mQ@y, there is no evidence of ATM activation or DSB repair, as shown in Fig. 2.4d.
We conclude that there is an ATM-activation threshold around 1-5 mGy. This
ATM-activation threshold is governed by the Goldbeter-Koshland kinetics included
in Eq. (2.1h).

Note that the application of radiation in Figs. 2.4b—d, where dose rate is fixed
and duration varies, is different from that in Figs. 2.3 and 2.4a, where duration is
fixed and dose rate varies. We have fixed the dose rate in Figs. 2.4b—2.4d in order to
match the experimental set-up used by Rothkamm and Lobrich [83] in their Figure
3 (our model does not include their reported background level of ~0.05 DSBs per

cell). Results do not change if we fix the duration instead.

2.3.4 Overall effect of radiation pulse on the G2 checkpoint ac-

tivation

The examples in the previous sections show how the G2/M transition can remain
unaffected, be delayed, or blocked in response to a radiation pulse. The outcome
depends on the radiation intensity and the moment of the cell cycle when the radiation
is applied. Note that the moment and time of the cell cycle are ambiguous terms,
for example, when cell cycle progression has been delayed. Thus, we prefer to use
the phase of the cell to refer to the cell cycle progression relative to the control cell
[54]. That is, phase of the cell is equivalent to time for the control cell when time
t = 0 is at the start of the cell cycle (immediately after cell division).

The Chk2-activation dependent threshold occurs between 0.1 and 0.2 Gy, and
is caused primarily by the activation of Chk2. At 0.1 Gy (see Fig. 2.4a), Chk2 is

completely inactive and the G2/M transition remains unaffected. At 0.2 Gy (see
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Fig. 2.3g), Chk2 is partially active and able to delay the G2/M transition. At 0.4 Gy
(see Fig. 2.3c), Chk2 is fully active and the G2 checkpoint is active for a short period
of time while DSBs are repaired. The difference between the delay of the G2/M
transition at 0.2 Gy and the full G2 checkpoint activation at 0.4 Gy can be seen
in the corresponding bifurcation diagrams. In the first case, the solution trajectory
remains in the oscillatory region (see Figs. 2.3h) so that the G2/M transition is still
possible. In the second case, the solution trajectory moves into the non-oscillatory
region (see Fig. 2.3d) so that G2/M transition is not possible.

The phase-dependent threshold occurs some time before M-phase, and deter-
mines when radiation should be applied in order to affect the G2/M transition
(compare Fig. 2.3e to Figs. 2.3c and 2.3g). This suggests that the closer the radi-
ation pulse is to the mitotic entry, the higher the radiation intensity needs to be in
order to affect the G2/M transition. Therefore, G2 checkpoint activation is the result
of sufficiently high radiation applied enough time before M-phase.

The Chk2-activation and phase-dependent thresholds are summarized in Fig. 2.5.
The four regions in the dose-phase plane determine the effectiveness of the radiation
response that ultimately affects the collective cell survival. Radiation in region
I is sufficiently high and early enough to trigger a G2 checkpoint activation that
prevents damage from progressing to the M-phase. Radiation in region II is early
enough to trigger a response but only high enough to cause a delay in the G2/M
transition. Both regions I and II are beneficial for the cell and contribute to cell
survival. Radiation in region III is too late to prevent damage from progressing into
the M-phase. Radiation in region IV is too low to trigger any response. Both region
III and IV are unfavourable for the cell and contribute to cell death and anomalies.
This shows that G2 checkpoint activation is a fast mechanism but sensitive to dose

and phase conditions to be triggered and maintained (region 1) or partially induced
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(region II). Recall from Fig. 2.3d that G2 checkpoint activation is deactivated when
the value of V,, decreases below the critical value V5. We can observe in Fig. 2.3c
that this happens when the number of DSBs falls below 6 to 12 breaks and Chk2
becomes inactive. The number of DSBs at which the G2 checkpoint is deactivated
agrees with experimental observations made by Deckbar et al. [16]. The location of
the Chk2-activation threshold in Fig. 2.5 was obtained from the steady-state value
of Chk2 in Eq. (2.1h) given by the Goldbeter-Koshland function. The shape and the
location of the phase-dependent threshold are approximate and qualitative, based
on numerical experimentation with several values of intensity and time of radiation
pulse (details are not provided in this manuscript).

In the context of the HRS/IRR phenomenon reported by Marples and Joiner
[57], we identify HRS with region IV and IRR with region II, respectively. That is,
cells are hypersensitive to very low doses of radiation due to lack of response, but
increasingly gain resistance to radiation when the response becomes active above
the Chk2-activation threshold. For higher radiation (~0.3 Gy), cell cycle delay is
replaced by successful G2 checkpoint activation. For radiation higher than 0.6 Gy,
other pathways that affect cell survival would play a more significant role, such as

pro-apoptotic signals and necrosis [68].

2.4 Analysis of the G2/M transition and definition of

G2 checkpoint

In Section 2.3, we showed how radiation intensity and timing can result in G2
checkpoint activation. In this section, we analyze the G2/M transition in terms of

the model using bifurcation theory. In particular, we show the relation between the
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Figure 2.5: Diagram of the overall effect of radiation, as a function of the dose and
timing of the radiation pulse, on the G2/M transition by the ATM-Chk2 pathway.
Only a portion of the cell cycle, focusing on the G2-phase, is shown on the horizontal
axis. ‘Phase indicates the moment at which the radiation pulse is applied relative to
the control cell. The intensity and timing of the radiation pulse applied in Figs. 2.3c,
2.3e, 2.3g, and 2.4a are indicated in the diagram with a dot symbol. The diagram
is divided into four regions: region I, G2 checkpoint activation; region II, delay of
mitotic entry; region III, G2 checkpoint is not possible and delay is very limited;
and region IV, DSBs have no effect on the cell cycle.
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SNICy,, bifurcation in Fig. 2.3 and a different SNIC bifurcation responsible for the
G2/M transition and driven by mass as presented by Novék et al. [74]. This relation
is determined by the ability of the radiation pathway to counteract the influence that
cell mass has on the G2/M transition. To further explore this idea, we consider
in this section only Egs. (2.1a)—(2.1f), and treat both cell mass (variable Mass
in Eq. (2.1a)) and total inactivation rate of Cdc25 (‘762 in Eq. 2.4 and thereby in
Eq. 2.1d) as bifurcation parameters.

First, we consider the bifurcation diagram with cell mass as a parameter under
default conditions (no radiation), shown in Fig. 2.6a. The diagram is divided into
a non-oscillatory region and an oscillatory region by a SNIC bifurcation, which
we label as SNIC,,,ss to distinguish it from the already mentioned SNICy,,. The
non-oscillatory region is to the left of SNIC,;,ss; the oscillatory region is to the
right. The stable node in the non-oscillatory region, represented by the black curve,
corresponds to the action of Weel blocking MPF activity. Therefore, the non-
oscillatory region is identified with the interphase of the cell cycle. As cell mass
increases, the stable node disappears at the SNIC,,,,, bifurcation when it coalesces
with the saddle, represented by the lower branch of the red curve. To the right
of SNIC),,,ss, the concentration of active MPF is oscillatory. This oscillation is a
consequence of the negative feedback loop of MPF with APC and is responsible for
the increase and decrease of MPF during M-phase [73]. Therefore, the oscillatory
region of the bifurcation diagram is identified with the M-phase of the cell cycle.
In essence then, it is when the cell mass passes through the SNIC,,,,s bifurcation
point that the G2/M transition is triggered [71]. The superimposed trajectory from
Fig. 2.3a (green curve) shows the evolution of active MPF during the cell cycle in
relation to the bifurcation structure of the model. Note that the concentration of

active MPF first increases as the cell enters M-phase, followed by a decrease in
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concentration that eventually determines cell division (mass splits in two).

When Chk?2 is fully active (Chk2 ~ 1), ‘762 reaches a maximum value of 3.8 (see
Table 2.2 in the Appendix) and the bifurcation diagram in Fig. 2.6a transforms into
that of Fig. 2.6b. Note that the original bifurcation diagram is included in transparent
colour, for reference. As V,, changes dynamically, so does the bifurcation diagram.
In particular, as ‘702 increases, the SNIC,,,, bifurcation point moves to the right.
At the maximum value of ‘232, note that the SNIC,,,,; bifurcation point has moved
just to the right of the K, value, indicated by the dashed grey vertical line.

In Fig. 2.6b, we have superimposed a portion of the solution from Fig. 2.3c
(from time 2.3 hr to 15.0 hr, shown in green) obtained in the presence of a radiation
pulse (administered at 2.3 hr). At first, the phase point is in the oscillatory region,
and both cell mass and active MPF are increasing. Also, the radiation pathway
is activated causing an increase in ‘762, in turn causing the SNIC,,,,s bifurcation
point to move to the right. A little while later, the SNIC,,,ss bifurcation point
overtakes the phase point such that the trajectory is caught in the basin of attraction
of the stable node. For this particular simulation, this is associated with a decrease
in active MPF. Eventually, due to repair of damaged DNA, the radiation pathway
becomes inactive, causing the SNIC,,,s bifurcation point to move back to the left
of the phase point. At this point, the G2/M transition proceeds and the cell cycle
resumes.

Now, keeping track of the SNIC,,,,s bifurcation point while varying the total
inactivation rate of Cdc25, 1762, we obtain the two-parameter bifurcation curve shown
in red in Fig. 2.6¢c. Note that this curve separates the interphase (non-oscillatory
region) from the M-phase (oscillatory region), and crossing it from left to right
describes the G2/M transition. The cell cycle oscillation shown in Fig. 2.6a (green

curve) corresponds to the green horizontal line that crosses back and forth between
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Figure 2.6: Bifurcation diagrams. a) One-parameter bifurcation diagram with
respect to cell mass when Chk2 is inactive (‘702 = Vo = 1.4). The SNIC/4ss
divides the diagram into interphase to the left and M-phase to the right. The
interphase is governed by steady states, with the stable branch of the SNIC ;s
(solid black) determining the concentration of MPF. The Hopf (H) and saddle-node
(SN) bifurcation points that appear on the left side do not affect the dynamics of
the cell cycle. The M-phase is governed by oscillations (minimum and maximum
in solid blue) that make possible an increase and a decrease of the concentration of
MPEF. The MPF solution trajectory (solid green) from Fig. 2.3a is superimposed on
the diagram to show how the SNIC,,,ss point determines the bistable switch from
G2-phase to M-phase (G2/M transition). b) One-parameter bifurcation diagram
with respect to cell mass when C'hk2 is fully active (‘7;2 = Vo + keay = 3.8). The
bifurcation diagram in A is shown in transparent colour, for reference. The portion
of the MPF trajectory from Fig. 2.3c representing the first 14 hours after radiation
is superimposed to show how the saddle node is relocated in front of the trajectory,
which will be now attracted to the stable node. When Chk2 becomes inactive again,
the bifurcation diagram returns to the original state (shown as transparent) and the
cell cycle resumes. This allows the cell to enter the first M-phase shown in Fig. 2.3c.
c¢) Two-parameter bifurcation diagram with respect to cell mass and total inactivation

(continued)
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Figure 2.6 (continued): rate of Cdc25, f/cg. The SNIC,,,ss curve (dot-dashed red)
is the continuation of the SNIC,,,ss point found in a, and divides the diagram
into interphase and M-phase. The solution trajectory (solid green) from Fig. 2.3a
superimposes as a horizontal line and shows that the G2/M transition occurs when it
crosses the SNIC),ss curve from left to right. For a fixed value of ‘762, the segment
of possible values of cell mass (dashed black) determines the range (between O
and Kj7.s5) in which a solution oscillates back and forth between interphase and
M-phase. Cell cycle oscillations are lost at Vi, = f/;; = 3.47 when the cell mass
segment no longer intersects the SNIC,/,ss curve. d) Similar to ¢, but with the
trajectory solution from B superimposed. The green arrow indicates the detour the
solution trajectory has taken after the radiation pulse.

the interphase region and the M-phase region in Fig. 2.6¢ (note that it corresponds
to the green vertical line shown in Fig. 2.3b).

Due to the logistic growth in Eq. (2.1g), the possible values for the cell mass
are between 0 and K ;.. = 2.7. The K, value is indicated in the diagram with
a vertical dashed gray line. The mass range for the default value of V.o (control
conditions; no radiation) is represented in Fig. 2.6¢ with the lower horizontal dashed
line segment. As 1702 increases, the segment moves upwards. There is a value of \702
for which the mass-range-segment first lies entirely in the interphase region. This
value of V,; corresponds to the value ‘76’5 ~ 3.47 where the SNICy,, takes place in
Fig. 2.3b. Thus, if V,, is larger than the bifurcation value ~c§, the G2/M transition
is no longer possible. The cell cycle oscillations are lost and the cell remains in the
interphase. In other words, the SNICy,, bifurcation point shown in Fig. 2.3b is the
loss of the SNIC,,ss bifurcation point shown in Fig. 2.6a within the cell mass range
values.

The solution superimposed in Fig. 2.6b appears in the two-parameter bifurcation
diagram as shown in Fig. 2.6d. After the radiation pulse, the value of V.o increases
and the solution trajectory moves upwards in this diagram. This motion is associated

with the decrease in MPF in Fig. 2.6b. Note that the solution trajectory crosses the
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upper mass-range-segment where cell cycle oscillations are lost. With DNA repair,
the value of V,, decreases back to the basal value and the trajectory resumes the cell
cycle oscillations.

In the context of the mathematical model, we view delay on the G2/M transition
as any detour of the solution trajectory either to the right in the one-parameter
bifurcation diagram in Fig. 2.3b or upwards in the two-parameter bifurcation diagram
in Fig. 2.6¢ (provided there is enough time before M-phase for a proper response).
Moreover, we view G2 checkpoint activation to take place when the trajectory crosses
the SNICy,, bifurcation point in Fig. 2.3b or, equivalently, when the trajectory
crosses the mass-range oscillations in Fig. 2.6c. The G2 checkpoint can be sustained
as long as the phase point remains in the non-oscillatory region.

We illustrate the appearance of the G2/M transition in control conditions (no
radiation) on the familiar schematic diagram of the cell cycle in Fig. 2.7a. The figure
shows six snapshots of a cell as it progresses through the cell cycle. We represent
the G2 checkpoint with the black U-shaped curve. The fourth snapshot, where
the U-shaped curve touches the schematic diagram of the cell cycle, represents the
SNIC),,ss bifurcation. The G2 checkpoint controls the transition in an irreversible
switch-like manner as cell mass increases. The G2 checkpoint can be seen as a
control ‘gate’ that is lifted (indicated by the movement of the U-shaped curve in the
direction of the arrow) to enable the G2/M transition as cell mass increases.

The interplay between the effects of cell growth and radiation is illustrated in
Figs. 2.7b-2.7d. Radiation counteracts the effect of cell growth by activating the
G2 checkpoint (moving the U-shaped curve in the opposite direction) and blocking
the G2/M transition towards the end of the interphase. G2 checkpoint activation
is possible as long as the saddle node can be dynamically positioned ahead of the

current state of the cell, as shown in Fig. 2.7b where the checkpoint is activated.
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Figure 2.7: Cell cycle progression and G2 checkpoint activation. a) A control
cell (represented in green with purple nucleus) progresses trough the cell cycle and
makes the G2/M transition as cell mass increases. The saddle and node branches
of the SNIC,/,ss in Fig. 2.6a are represented with open and solid circles on the
U-shape curve, respectively. b-d) Closeup of the G2/M transition showing the effect
of radiation on the U-shape curve for different G2 checkpoint scenarios: b) effective
activation, c) late activation, and d) no activation.

If the cell already committed to enter mitosis, G2 checkpoint activation fails, as
shown in Fig. 2.7c, where the cell skips the checkpoint. Finally, if Chk?2 is not fully
activated, the G2/M transition is not blocked; however, delay is still possible, as
shown in Fig. 2.7d. The three cases correspond to regions I, II, and III presented in
Fig. 2.5. Using the gate analogy, radiation lowers down the gate, but the position of
the cell (relative to the gate) determines if it passes through before the gate closes. If
radiation is not high enough to fully close the gate, the cell slows down but eventually

passes towards mitosis.

2.5 Discussion

The effect of radiation on cells is far more complex than simply stating ‘radiation
causes DNA damage and Kkills cells’. Several events that follow radiation influence

the fate of cells and future generations, including repair mechanisms, checkpoint
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failure, apoptosis, mitotic catastrophe, etc. Although the final effect of radiation
is a decrease in the survival fraction, investigating the immediate effect and the
cascade of numerous pathways that follow is critical to understand the overall effect
of radiation. This is not an easy task given the difficulty in tracking intracellular
protein dynamics in radiation experiments. After decades of research, we have clues
on the mechanisms that follow radiation, yet the exact mechanisms remain unclear.
In this work, we have studied one of these mechanisms from a kinetic perspective.
Specifically, we studied the effect of radiation on the G2/M transition through the
ATM-Chk2 pathway.

We extended a mathematical model of the cell cycle, based on the work of
Tyson and Novdk [96], by including the radiation pathway. Our resulting model,
given by Eqgs. (2.1a)—(2.1j), consists of modules for the interphase, M-phase, and the
radiation pathway, describing the interactions between the main proteins involved.
The radiation module, characterized by the ATM—-Chk2 pathway, becomes active
after formation of DSBs. The parameter values in the model were taken and adapted
from different sources to represent observed values for the cell cycle length, cell mass
growth, DSBs formation/repair rates, and threshold of activation for mammalian
cells.

By considering single radiation pulses, we were able to analyze the effect of the
radiation intensity and timing on the G2/M transition. Our results show that the effect
depends on the ability of cells to delay the G2/M transition so that DNA damage
can be repaired before mitosis. In particular, we identified a qualitative change in
the dynamics of the cell cycle as radiation dose varies. Below 0.1 Gy, the G2/M
transition is not affected by radiation; between 0.1 and 0.3 Gy, the G2/M transition is
delayed; and above 0.3 Gy, the G2 checkpoint is fully activated. We conjecture that

the first and second ranges are responsible for the hyper-radiosensitivity (HRS) and
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increased radioresistance (IRR), respectively, which supports the hypothesis that
the trade-off between increasing DNA damage and G2 checkpoint failure/success
is responsible for the HRS/IRR phenomenon [60]. It is worthwhile to mention that
these dynamical changes are the result of incorporating the ‘fast but insensitive’
activation of Chk2 observed in experiments [16] into our model.

We also identified a phase-dependent threshold, describing the time when the
application of a radiation pulse does not leave enough time to delay or arrest the
cell. In other words, the phase-dependent threshold refers to the time when the cell
has already committed to enter M-phase. Thus, DSBs initiated after this threshold
will enter mitosis and potentially affect the cell or future generations. This threshold
may contribute to HRS/IRR as well as mitotic catastrophe.

Other mathematical modelling approaches and signalling pathways have been
used to explain HRS/IRR. The Induced-Repair model is the simplest model to
capture HRS/IRR [88]. The model is phenomenological; it does not provide a
mechanistic explanation for it. Other models capturing the underlying mechanisms
for the HRS/IRR with alternate pathways include a kinetic model for the interaction
between nucleo-shuttling of ATM and DSBs [5], and a reaction-diffusion model for
bystander effect [77]. However, these models do not explain the relationship between
the HRS/IRR and the G2-phase. Olobatuyi et al. [78] use a population-based model
with the cell phases as compartments to capture HRS/IRR and classify cell lines
by their HRS profile. It would be interesting to derive a survival fraction model
from our kinetic and cell cycle approach, and relate it to the previously mentioned
models. However, this derivation is beyond the scope of this paper and is left for
future research.

There are other radiation pathways not included in the model (such as those

mediated by p53) that could have an effect after the ATM pathway. These different
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pathways may result in the two different G2 checkpoints discussed by Marples
[59]: one dose and ATM dependent (presented here), and one slow and ATM
independent (presumably pS3 dependent). Also, there are aspects in the radiation
pathway not considered in our model that could play an important role in the
G2/M transition, such as ATM nucleo-shuttling [6], ATM phosphorylation and
signalling [32, 20], different repair mechanisms (non-homologous end joining, for
example) [28], repairable/irreparable DSBs rates, DSB types [90], and ATR-Chk1-
pS3 pathway [2]. It would be interesting as well to extend the model to incorporate
these aspects.

The qualitative analysis of our model not only reveals the effect of radiation on
the cell cycle dynamics, but also has the potential to provide insight on the dynamical
differences between healthy and cancer cells. For example, one of the characteristics
of cancer cells is their insensitivity to anti-growth signals [33], which can be thought
of as causing cancer cells to increase their mass uncontrollably beyond their carrying
capacity. In the context of the bifurcation diagram in Fig. 2.6b, this would result
in the loss of the SNICy,, bifurcation in Fig. 2.3b, and thereby compromise proper
G2 checkpoint activation in response to radiation. Similarly, changes in the values
of other parameters could also be used to describe dynamical differences between
healthy and cancer cells.

In conclusion, incorporating the ATM-Chk2 pathway in a model of the cell
cycle and carrying out a detailed bifurcation analysis have allowed us to describe
the G2/M transition and the nature of its delay caused by radiation. We distinguish
mathematically between a delay that does not compromise the oscillatory behaviour
of the cell dynamics but may (or may not) be sufficient for a successful repair
of DNA damage, and a larger delay that is associated with the temporary loss of

oscillatory behaviour of the cell dynamics due to the increased inactivation rate of
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Cdc25. Itis this latter delay that we identify with activation of the G2 checkpoint.
Our theoretical work, based on the effect of radiation on the control mechanisms that
regulate the cell cycle, contributes to a more detailed understanding of the G2/M

transition and G2 checkpoint activation after radiation.

2.A Appendix: parameters values
The Goldbeter-Koshland kinetics model for protein activation is given by

dx 11—z T
— = - ,
dt  'Ji+l—x Clhtx

where z is the normalized concentration of the active form of the protein, 1 — x is
the concentration of the inactive form of the protein, v; is the maximum activation
rate, v is the maximum inactivation rate, and J; and .J, are the Michaelis constants.
The smaller the Michaelis constants the faster the activation/inactivation switch is.

It can be shown that the activation of x is obtained when

(%1
— > 1.
V2

Ultrasensitivity refers to a fast switch in activity when v; is close to v, and the
Michaelis constants are small. Parameter values in the radiation pathway module,
such as activation/inactivation rate and Michaelis constants, are carefully chosen so

that our simulations match experimental results (see Table 2.2).
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Table 2.2: Parameter values. Most parameter values have been taken from Gérard
et al. [25] or adapted to match cell cycle length in mammalian cells. Parameters
related to the radiation pathway come from different sources or were cautiously cho-
sen on the basis of numerical simulations. Details are provided in the footnotes that
are referenced in the Source column. Parameters with no units are dimensionless.

Symbol  Definition Value Units Source

Rate of synthesis of Cdk-cyclin fusion pro-

Ko 0.2 hr? !
tein, MPF
Rate constant for the dephosphorylation of

i 0.4 hr! 2
MPF
Rate constant for the dephosphorylation of

kmia 20.0 hr! 2
MPF by Cdc25

km2  Rate constant for the phosphorylation of MPF 0.4 hr! 2
Rate constant for the phosphorylation of MPF

km2a 50.0 hr! !
by Weel
Rate constant for the degradation of MPF and

k3 0.2 hr! 2
MPFp
Rate constant for the degradation of MPF and L

km3a 6.35 hr™ 2
MPFp by APC

Maximum activation rate, by dephosphoryla-
Vil 1.0 hr—! 2
tion, of Weel
kw2 Rate constant for activation of Weel by MPF 5.3 hr!

Jw1 Michaelis constant for Weel activation 0.01 3

continued...

ITaken from Gérard et al. [25]; slightly modified to accommodate the correct G2/M transition
dynamics.

2Taken from Gérard et al. [25]; scaling factor of 8.5 needed to rescale the length of the cell cycle
to approximately 24 hrs.

3Taken from Gérard et al. [25].
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...continued

Symbol  Definition Value Units Source
Jw2 Michaelis constant for Weel inactivation 0.01 3
Rate constant for Cdc25 phosphorylation b
ke PROSPHOTY Y 8.5 hr! 2
MPF
Maximum inactivation rate, by dephosphory-
Veo YEPROSPIORT 4 hr! !
lation, of Cdc25
Rate constant for the inactivation of Cdc25 by
keoa 2.4 hr! 4
Chk2
Je1 Michaelis constant for Cdc25 activation 0.01 3
Je2 Michaelis constant for Cdc25 inactivation 0.01 3
ki1 Rate constant for the activation of IEby MPF 1.7 hr! 2
Vio Maximum inactivation rate of IE 0.4 hr! 2
Ji Michaelis constant for IE activation 0.001 3
Ji2 Michaelis constant for IE inactivation 0.001 3
Rate constant for the activation, by phospho-
ka1 6.8 hr! 2
rylation, of APC by IE
Maximum inactivation rate, by phosphoryla-
Vaz Y PROSPRON 1.7 hr! 2
tion, of APC
Ja1 Michaelis constant for APC activation 0.001 3
Ja2 Michaelis constant for APC inactivation 0.001 3
Rate constant for the activation, by phospho-
kn 0.32 hr—! 5
rylation, of Chk2 by ATM
continued...

4Educated guess.
5Chosen to fit activation time presented by Buscemi et al. [11].
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...continued

Symbol  Definition Value Units Source
Vi Maximum inactivation rate, by dephosphory- Lo - .
lation, of Chk2
Jha Michaelis constant for Chk2 activation 0.01 4
Ih2 Michaelis constant for Chk2 inactivation 0.01 4
Rate constant for the activation (recruitment
ki and autophosphorylation) of ATM around 30 dsb™'hr ™ 7
DSB repair foci
Vi Maximum inactivation rate of ATM 3.8 hrt 2
I Michaelis constant for ATM auto- 0.01 .
phosphorylation
Ji2 Michaelis constant for ATM deactivation 0.01 4
ka1 Rate constant for DSBs damage formation 35.0 dsb-Gy ! §
ka2 Rate constant for DSBs repair 0.4 hrt ?
a Partial activity of MPFp 0.05 2
1% Growth rate of the cell 0.07 hr! 10
Kpass  Maximum cell mass 2.7 4
Weelr  Total concentration of kinase Weel 1.0 2
Cdc257  Total concentration of phosphatase Cdc25 1.0 2
B, Total concentration of intermediate enzyme Lo i
IE
continued...

6Chosen to fit Chk2 activation threshold after radiation [37].

"Taken from Kozlov et al. [45].

8Taken from Rothkamm and Lobrich [83].
9Taken from Scott [85].

10Informed by Park et al. [80].
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...continued

Symbol  Definition Value Units Source

APCr  Total concentration of protein APC 1.0 2
Chk2r  Total concentration of Checkpoint kinase 2 1.0

ATM7  Total concentration of ATM 1.0 4
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Chapter 3

Effect of low-dose radiation on the
survival fraction through the
ATM-Chk2 pathway: a numerical

approach

In Chapter 2, we studied the effect of radiation on the G2/M transition through the
ATM-Chk2 pathway. In this chapter, we extend our study by investigating the effect
of radiation on the cell survival of a population of cells. We show that including the
dynamics of the ATM/Chk2 pathway with the cell cycle, as modelled in Chapter 2,
can produce the hyper-radiosensitivity and increased radioresistance (HRS/IRR)
phenomenon observed in the cell survival fraction at low doses of radiation [58].
The cell survival curve is one of the most important tools to study the effect of
radiation on a population of cells. It shows the relationship between the absorbed
dose of radiation and the ability of cells to reproduce. HRS/IRR is a phenomenon

observed in survival fraction curves at low dose of radiation (< 0.1 Gy) in which
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Figure 3.1: Survival fraction showing HRS/IRR. Hyper-radiosensitive (HRS) is
observed for low radiation dose until approximately 0.2 Gy, and increased radiore-
sistance (IRR) is observed for radiation ranging 0.2 to 0.5 Gy. Figure taken from
Marples et al. [58]

cells can be hypersensitive to radiation at low dose but surprisingly gain resistance
for higher dose (see Figure 3.1) [57]. This counterintuitive phenomenon can be used
to make radiation therapy more effective [64].

In Chapter 2, we conjectured that the hyper-radiosensitive portion of the survival
fraction curve is caused by the inability of cells to activate the G2 checkpoint while
the increased radioresistance portion is caused by increased activation of the G2
checkpoint. This conjecture is made on the basis of the ATM and Chk2 pathways
activated by radiation and resulting in changes in the G2/M transition. These ideas
are consistent with the hypothesis of Marples [59] that the G2 checkpoint plays
a mayor role in HRS/IRR based on experimental evidence that HRS/IRR is more
pronounced when cells are synchronized in G2-phase. The question left to answer

is how the effect of radiation on the G2/M transition studied in the previous chapter
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translates to the HRS/IRR phenomenon in the survival fraction curve. The goal for
this chapter is to establish the connection between radiation and survival fraction,
using numerical simulations on the cell cycle and radiation pathway model studied
in Chapter 2.

This chapter is structured as follows. In Section 3.1, we focus on single cells
and introduce the concept of lethal Double Strand Breaks (DSBs) caused by the
effect of radiation on the G2/M transition, which we assume are crucial to determine
the fate of a cell and future generations. In Section 3.2, we extend our study to
a population of cells and propose a model for the cell survival fraction based on
lethal DSBs. In Section 3.3, we simulate the proposed survival fraction model for
asynchronous cells and synchronous cells enriched in G1-, G2-, and M-phase. Our
simulated cell survival curves show an HRS/IRR response more observable in G2
cells. In Section 3.4, we investigate ways to derive a theoretical expression for the
proposed survival fraction model. In Section 3.5, we discuss our preliminary results
and the limitations of our numerical procedure to fit survival fraction curve data.
This discussion opens the opportunity to investigate a more practical theoretical

formulation which will be introduced in Chapter 6.

3.1 Lethal DSBs

In Chapter 2, we studied the effect of radiation on the G2/M transition via the ATM-
Chk?2 pathway. We used a regulatory network consisting of the following system of

differential equations:

dMPF
dt

= knoMass — (kma + kmoaWeel) M PF
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+ (ko1 + km1aCdc25) MPFp — (ks + kmsa APC)MPF,  (3.1a)

dMPF
TP = (kmaz + kmoaWeel)MPF — (ki + km1aCdc25)M PFp
— (k3 + kmsa APCYM P Fp, (3.1b)
dWeel Weelr — Weel Weel
—V, —kwa(MPF + aMPFp)—
dt YTl + (Weelp — Weel) 2 ta 2 Juwa + Weel
(3.1c)
dCdc25 Cdc25r — C'de25
=ka(MPF MPF
dt i o 2 Joi + (Cde257 — Cde25)
Cde25
- ch kc aChkz PR 31d
(Ve + ko ) T+ Cdezs ©O.1d)
dlE IEr —IFE I1E
— =ky(MPF MPF —Vig——mm—, 3.1
dt i o 2 Jia+ (IEy — IE) Ve T G119
dAPC APCr — APC APC
S kL IE —v, , 3.1f
dt B T+ (APCr — APC) ' J, + APC 1)
M M
dMass = uMass (1 — ass) , (3.1g)
dt Mass
dChk2 Chk27 — Chk2 Chk2
=k ATM DSB -V 3.1h
dt m T+ (Chizr —Chk2) 2 70+ onzs 1
dATM AT My — ATM ATM
=kyDSB —Vio——"—+— 3.1i
g DS Gy — ATA) T+ AT .11
dDSB .
d‘f = kaD(t) — ki ATM DSB, (3.1j)
subject to the resetting condition
MPF M
it MPF(t) = 0y and ° (1) <0 = Mass(t) « 19550 55

2 )

where the variables denote the concentration of the most important proteins involved
in the G2/M transition and the ATM-Chk2 pathway, the number of DSBs, and the
mass of the cell (see Table 3.1). The parameters denote the average rate of reactions
between given proteins, cell growth, carrying capacity, and other average rates (see

Table 3.3).
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Table 3.1: Name and description of variables in Eqgs. (3.1a)—(3.1j). All variables
represent concentration, except Mass and DSB.

Symbol Description

MPF  Active Cdkl-cyclin B complex (Mitotic Promoting Factor)
MPFp Inactive, phosphorylated form of MPF
Weel Active dephosphorylated form of kinase Weel (MPF inactivator)
Cdc25  Active phosphorylated form of the phosphatase Cdc25C (MPF activator)
IE Active form of an intermediate enzyme [94]
APC  Active phosphorylated form of APC (Anaphase Promoting Complex)
Chk2  Active phosphorylated form of Chk2 (Checkpoint kinase 2)
ATM  Active phosphorylated, monomerized and recruited form of ATM
DSB Recognized Double Strand Brakes formed by Ionizing Radiation
Mass Mass of the cell

We showed that radiation affects the G2/M transition by triggering the G2

checkpoint in coordination with two thresholds:

» Radiation needs to be above a dose-dependent threshold to affect the G2/M
transition, either by delaying entry to mitosis or activating the checkpoint. In
other words, sufficient radiation is necessary to cause sufficient DNA damage

that signals changes in the cell cycle progression during the G2-phase.

* Above the dose-dependent threshold, the G2 checkpoint can be activated
depending on how much the cell has progressed in the cell cycle by the moment
of the radiation. With sufficient time before M-phase, the cell can activate the
G2 checkpoint to repair the DNA damage. However, there is phase-dependent

threshold after which it is too late to activate the G2 checkpoint.

The combination of these two thresholds determines a region in the dose-phase plane
where cells cannot repair DNA damage before entering M-phase. DNA damage is
not repaired either because radiation is too low to affect the G2/M transition or

because the damage happened too late to activate the G2 checkpoint. We can
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visualize such region and the thresholds if we count the number of DSB at M-phase
entry. For that purpose, we first define a few concepts.
We assume that the radiation scheme D(t) in Eq (3.1j) starts at time ¢, and ends

at time ¢;. Thus, the total dose is defined as

ty |
D—/ D(u)du.
to

Choices for D that match experiments are single or successive copies of the Dirac
delta and window functions. In either case, we can use the time of radiation ¢, and
the total dose D to characterize the radiation scheme. In this chapter, we use a single
radiation pulse at time ¢, for the simulations, which we approximate with the Dirac

delta function at time ¢y, i.e.,

D(t) = DS(t — to).

The start of the radiation scheme can happen at any moment of the cell cycle
[0, 7], where T is the length of the cell cycle and ¢ = 0 is the exact time after cell
division. However, in simulations, we apply a pulse of radiation anytime during the
interphase [0, 5], where t); is the moment when M PF reaches the threshold for
mitosis 6, = 0.2 from below in the no-radiation case, that is, M PF'(t);) = 6, and
LMPF(ty) > 0. As shown in Section 2.3, the time of M-phase entry ¢, varies
depending on the radiation start time ¢, and the radiation scheme D. Thus, when
there is radiation, we write ¢5/(to, D); and when there is no radiation we simply
have ¢y, = t3,(0,0).

We are interested in the number of lethal DSBs at M-phase entry (o, D),
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which we define as

DS Bietha(to, D) = DSB(tp(to, D)), (3.3)

provided ty € [0,ty] and D > 0. We can compute the number of lethal DSBs
by evaluating the solution to equation (3.1j) at the time of M-phase entry. This is
plotted in Figure 3.2 as a function of time of radiation ¢, during the interphase and
low-dose of radiation D (< 1 Gy). In this figure, we observe the region mentioned
above in which cells cannot repair DNA damage before entering M-phase. DSBs
during cell division lead to a loss in the reproductivity and therefore reduce the
survival probability.

The definition of lethal DSBs above applies to a single average cell in a popu-
lation of cells, i.e., an average number of DSB remain at M-phase entry (given by
DS Biethai (to, D)) when one cell is irradiated ¢, hours after the start of the cell cycle
with total dose ). However, survival fraction curves take place at the population
level and with the sole dependence on radiation dose ). We address these points
in the next section, where we introduce the population of cells and remove the time

dependence in the lethal DSBs.

3.2 Survival fraction

We assume that the population of cells has a distribution f(t) of cells over the cell
cycle. That is, a synchronous population of cells corresponds to a distribution f(t)
with modes, and an asynchronous population of cells corresponds to a constant
f(t). Cells synchronized in G2-phase could be described with a distribution with

mean value and mode in the G2-phase, for example, with a Gaussian distribution
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Figure 3.2: Colour map for the number of lethal DSBs at M-phase (3.3). Every
point in the plot is the number of DSBs remaining at the exact moment of M-
phase entry after a pulse of D Gy of radiation was applied at phase time ¢y. This
figure was obtained numerically by discretizing time ([0, ¢5,]) and dose ([0, 1] Gy)
domains, simulating the cell cycle model with the radiation scheme at each point,
and stopping at M-phase entry to measure the number of DSBs. The radiation
scheme used here is a radiation pulse with dose rate D (Gy/min) for one minute,
starting at ¢y. Left: colour map for the full interphase. Right: focus on the last 0.8
hours of the interphase.

wrapped around the cell cycle, also known as von Mises distribution. Choices of
f(t) are developed further in Section 3.3. Introducing a distribution of cell allows
us to investigate the strong HRS/IRR phenomenon observed in cells synchronized
in G2-phase [57].

Given a distribution f(¢), we define the average number of lethal DSBs in a
population of cells in interphase , D/\SBlethala as the weighted average of DS Bl

over tg

f(to)

Cym

— 1 2%
DSBiea(D) = t_/ D S Biethal(to, D) diy, (3.4)
M Jo
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where ¢, is the length of the interphase of a control cell and

- /tM FB)dt < 1.
0

is the fraction of the population in interphase. Note that by integrating over t,, we
have that @lethal does not depend on ¢3. Examining Figure 3.2, we expect the
average number of lethal DSBs to be higher when f(#) has a higher density towards
the end of the G2-phase.

DSBs during the M-phase (between ¢,; and 7") are much more difficult to study
because it is not clear how DSBs are passed after cell division to daughter cells
or affect the G2/M transition in the next generation. In any case, we assume the
DSBs during M-phase have no significant contribution to the survival fraction via
the G2/M checkpoint.

Survival fractions curves are usually collected several generations after irradia-
tion (6—12 generations) [1, 49]. It is also known that DSBs during M-phase produce
subsequent events that affect the survival fraction several generations after radiation,
such as polyploid nucleus, aneuploid cells, and mitotic death [102]. Thus, we take
into account the effect of several generations by assuming that the average number
of lethal events due to G2 checkpoint failure is proportional to the weighted average

number of lethal DSBs in the first generation, i.e.,

— o 2%
Aa2/m (D) = YDSBieyha (D) = i/ DS Bietnal (to, D) f (to)dto, (3.5)
0

where 7 is a proportionality constant, and oy = & This means that one lethal
DSB can cause more than one lethal event downstream. We expect that the average

number of lethal DSBs in equation (3.4) underestimates the average number of lethal
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events in equation (3.5), i.e., 7 > 1 thus oy > 1. Therefore, v accounts for both the
population of cell in interphase and the effect that the affected first generation has
on subsequent generations.

Now we consider all other lethal events that are not related to G2 checkpoint
failure (such as radiation-induced apoptotic signals) but decrease the survival frac-
tion. We assume that the the average number of such lethal events, which we denote

as the average number of other lethal events, has a linear-quadratic from
Aoter(D) = &D + BD?, (3.6)

for positive constants & and B This assumption is reasonable since the Linear-
Quadratic (LQ) model (1.1) is an appropriate model for most survival fraction
curves [8].

The above definitions of average number of lethal events is consistent in the
sense that equations (3.5) and (3.6) do not count a lethal events twice. Thus, we can

define the total average number of lethal events as

/\(D) = )\other(D) + )\G2/M(D)
o (3.7)
= aD + BD* + . / DS Biewa(to, D) f (to)dto.
M Jo

Note that the term Ag2/5 (D) might also include linear and quadratic terms. There-
fore, the notation & and (3 is to indicate that these parameter might be underestimation
of the corresponding parameters in the LQ model.

Having expression (3.7) and assuming Poisson’s Law for the number of lethal

lesions k, we can now find the survival fraction given by the probability that there
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are no lethal lesions in the cell
S(D) = P(k = 0;M(D)) = e MP) = gmaz/m (D)= doner(D) (3.8)

where P is the probability density function of the Poisson distribution with parameter
A(D).
We believe that the most general model for the survival fraction S(D) is based

on the “yield of lesions”

MD) = —In(S(D)) = aD + BD? +@, (3.9)

Aother and Aga/nr Ago/m

and that modelling specific phenomena might lead to higher other terms not present
in the LQ model. In particular, the average number of lethal lesions due to G2
checkpoint failure might lead to higher other terms not present in the LQ model but
necessary for the the HRS/IRR phenomenon (see Figure 3.1).

In the next section, we use numerical simulations of the cell cycle model (3.1)
to explore the potential of the survival fraction (3.8) with total average number of

lethal events (3.7) to produce the HRS/IRR phenomenon.

3.3 Results

In this section, we simulate cell survival fraction curves according to equation (3.8).
In all our simulations, we use the start of the cell cycle as initial condition and the
parameter values in Table 3.3. The radiation scheme consists of a pulse of radiation
of intensity D at the time of radiation ¢,. This is done numerically by redefining the

value of DSBs at ¢ty to DSB(tg) = ka1 D (see (3.1j)) and continue the simulation
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until M PF reaches the threshold for mitosis 8, = 0.2 from below. The simulations

are carried out in three steps.

1. We solve the system of equations corresponding to the cell cycle and radiation
pathway (3.1) using parameter values in Table 3.3 and save the state immedi-
ately after the resetting condition (3.2), which corresponds to the start of the
cell cycle. This is the initial condition used in the next step. Note that the
simulation has to run long enough in order to guarantee that the stable limit

cycle has been reached.

2. We discretize the radiation domain D € [0, 2] and time of radiation domain
to € [0,ty], with finer resolution at the end of the time domain. Then, we
solve the cell cycle and radiation pathway from the start of the cell cycle and
find the number of lethal DSBs in equation (3.3) for the different values of
radiation dose D and start of radiation ¢y. This is illustrated in Figure 3.2.
Note that the finer resolution at the end of the time domain is necessary to

obtain the graph on the right of this figure.

3. We use these values of lethal DSBs and a given distribution f(¢) to calcu-
late numerically the average number of lethal events due to G2 checkpoint
failure (3.5) using the trapezoidal rule. Then, we compute the cell survival
fraction (3.8) based on the total average number of lethal events (3.7). This
step is applied for four distributions of cells f(t) over the cell cycle to show

the importance of G2-phase cells on the cell survival fraction curve.

Marples showed that cells synchronized in G2-phase have a more prominent
HRS/IRR effect while asynchronous cells have a small HRS/IRR effect (see Fig-

ure 3.3) [59]. Cells synchronized in G1- and S-phase, on the other hand, do not
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Figure 3.3: Survival curve data from asynchronous (G1=70%, S=15%, and
G2=15%) and synchronous cells in G1- (~90%), S- (~60%), and G2-phase (~80%)
of V79 cells. Taken from Marples [59].

have an evident HRS/IRR response. To account for the importance of the syn-
chronization component of these experiments, we choose four distributions f() in
(3.7), corresponding to the four distributions of cells over the cell cycle shown in
Figure 3.3: uniform distribution, and cell populations enriched in G1-, S-, and G2-
phase. We use the uniform distribution on the [0, 7] domain for the asynchronous
case, and the Von Mises distribution for the synchronous cases. In the following
numerical experiments, we replicate the survival fraction curves in Figure 3.3 using
the distributions mentioned above.

For the values of & and B in equation (3.6), we use the values estimated in Tables
IT and III in Marples and Joiner [57], @ = 0.17 and B = 0.04. These values were
chosen to have referential order of magnitude and «/f-ratio. For the ¢ value in
equation (3.5), we use g = 15. This value was chosen to obtain similar survival

fraction curves to those in Figure 3.3.
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3.3.1 Uniform distribution

The probability density function for the uniform distribution (see Figure 3.4a) is

given by
1
FT) =
where 7' is the length of the cell cycle.

Using the uniform distribution and the number of lethal DSBs obtained numer-
ically (see Figure 3.2), we compute the average number of lethal events due to G2
checkpoint failure Ago/r(D) in Figure 3.4b, according to equation (3.5). Each
horizontal cross section of the graph of Figure 3.2 produces a point in Figure 3.4b.
The survival fraction S(D) in Figure 3.4c is then computed according to equation
(3.8). In this figure, we can observe a moderate HRS/IRR effect in the survival
fraction. Our results show a less pronounced effect, compared to the experimental
results (Figure 3.3).

The spike observed at very low-dose in Figure 3.4 is caused by the dynamics

of ATM activation at very low dose. According to the quasi-steady state of the

Goldbeter-Koshland kinetics (refer to Appendix 2.A), ATM is activated when

ktlDSB ‘/152 3.8
——>1, — DSB>-—=—=0.127
Vi ’ kg o 30 ’

that is, when the number of DSBs is larger than (0.127. In terms of the radiation

pulse, this is equivalent to

0.127  0.127
kanD =DSB > 0.127 = D > i T 0.003619,
d1

or 3 mGy. Therefore, for radiation dose less than 3 mGy, DSBs are not recognized

and therefore not repaired; for radiation dose equal to 3 mGy, ATM becomes
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Figure 3.4: Numerical survival fraction with uniform distribution. a) Probability
density function for the uniform distribution. The colours represent each phase of
the cell cycle: G1 (blue), S (red), and G2 (green). Refer to Section 3.3.2 for details
on the colouring. b) Average number of lethal events (3.5). c) Survival fraction
curves: effect of radiation of the G2/M transition e~*¢2/2(P) (green), and combined
effect of radiation of the G2/M transition with the linear and quadratic terms as
expressed in equation (3.8) (blue).

partially active and the average number of lethal events reaches a peak; and for
radiation dose larger than 3 mGy, ATM becomes fully active which activates DSB
repair mechanisms. We conjecture that ATM dynamics at very low dose causes the
ultra-sensitive initial slope (as in Figure 3.1). We postpone a further discussion of

the effect of ATM dynamics to Section 3.3.3.

3.3.2 Von Mises distribution
The probability density function for the Von Mises distribution is given by

er cos(2m(t—p)/T)

f(tp, k) = TTh()
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where 4 is the mean value (location parameter) and peak of the distribution, « is
a measure of the concentration (1/x is analogous to dispersion o in the Gaussian
distribution), and Iy(k) is the modified Bessel function of order 0. We assume that
the Von Mises distribution replicates the distribution of synchronized population of
cells.

To determine the value of the location parameter p, we first find the maximum
concentration thresholds of MPF for G1- and S-phases so that percentage of each
phase under the uniform distribution matches the experimental percentages for the
asynchronous case presented in Figure 3.3. The resulting values for the concentration
threshold, time, and percentage for each phase are summarized in Table 3.2. These
values are used to colour the different stages in Figure 3.4a. Second, we modify
the value of the location parameter . to resemble the experimental percentages in
Figure 3.3 for the asynchronous cases. The resulting values for location parameter
and percentage for each phase are summarized in Table 3.2. We use a relatively

high value for the scale parameter x = 8 (small dispersion).

Case 1: Von Mises distribution with mean in the G1 phase.

To account for a population of cells enriched in G1-phase, we use the Von Mises
distribution with @ = 14.3 hrs. The percentage of cells in each stage in shown in
Table 3.2, and the probability density function is shown in Figure 3.5a. The average
number of lethal events due to G2 checkpoint failure in Figure 3.5b is small, resulting
in a survival fraction in Figure3.5¢ with no HRS/IRR effect. This is consistent with

the results of Marples in Figure 3.3.

Case 2: Von Mises distribution with mean in the S phase.
To account for a population of cells enriched in S-phase, we use the Von Mises

distribution with ¢ = 16.4 hrs. The percentage of cells in each stage in shown in
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Table 3.2: Concentrations, times, and percentages. MPF maximum concentration
thresholds refer to the MPF values that characterize each stage. These values were
selected to match the percentage of asynchronous cells reported in Figure 3.3. More
specifically, the MPF maximum thresholds for G1 and S where chosen to reach 70%
and 15% in the asynchronous cells to match these values reported by Marples [59],
while the MPF maximum thresholds for G2 is taken from Gérard et al. [25]. Using
the same MPF concentration threshold found in the previous step, the value of the
parameter p in the Von Mises distribution was selected to match the percentage of
synchronous cells mentioned in Figure 3.3.

Gl S G2

MPF maximum threshold 0.0274 0.0363 0.2
Duration of phase (hrs) 159985 3.437 3.381
Asynchronous cells 70 % I5% 15 %

Synchronous G1-phase (u = 14.3hr) 90 % 10% 0%
Synchronous S-phase (@ = 16.4 hr) 38 %o 60% 2%
Synchronous G2-phase (¢x = 21.1hr) 10 % 10% 80 %

Table 3.2, and the probability density function is shown in Figure 3.6a. As in the
previous case, the average number of lethal events due to G2 checkpoint failure in
Figure 3.6b is small, resulting in a survival fraction in Figure3.6¢ with no HRS/IRR

effect. This is also consistent with the results of Marples in Figure 3.3.

Case 3: Von Mises distribution with mean in the G2 phase.

To account for a population of cells enriched in G2-phase, we use the Von Mises
distribution with ¢4 = 21.1 hrs. as shown in Figure 3.7a. The percentage of cells
in each stage in shown in Table 3.2, and the probability density function is shown
in Figure 3.7a. As opposed to the previous two cases, the average number of lethal
events due to G2 checkpoint failure in Figure 3.7b is more pronounced (with a
particular bump) around 0.2 Gy, resulting in a survival fraction in Figure3.7¢c with
a distinct HRS/IRR effect. This is also consistent with the results of Marples in

Figure 3.3.

60



a) )
1.0
2o03r
%))
C
()]
T o2t
[
.© 0.9
-
=}
2 01f
— C
@ 9
D Bt
0.0 - L % 0.8}
0 5 10 15 20 =
b) phase ©
2
2
0.3 5
0
—_ 07 -
S oaf
=
o~
O
~ o1}
[
00 r 1 1 1 1 06 1 1 1 1 1
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Dose (Gy) Dose (Gy)

Figure 3.5: Numerical survival fraction with Von Mises distribution for cells en-
riched in G1-phase. a) Probability density function for the Von Mises distribution
with © = 14.3. The colours represent the each phase of the cell cycle: G1 (blue), S
(red), and G2 (green). b) Average number of lethal events (3.5). c¢) Survival fraction
curves: effect of radiation of the G2/M transition e ~*62/4(P) (green), and combined
effect of radiation of the G2/M transition with the linear and quadratic terms as
expressed in equation (3.8) (blue).

3.3.3 Effect at very low-dose caused by ATM dynamics

In Figures 3.4-3.7, we observe a “hump” or “spike” in the average number of lethal
events and survival fraction curves at very low-dose (< 1 cGy). We already stated
that this is caused by the effect of ATM activation in the model (see equation (3.11))
at very low-dose (refer to Section 2.3.3 for more details about the activation pathway
of ATM). A minimum of number DSBs is required for ATM activation, which in
turn is necessary for DSBs repair. Consequently, when ATM is inactive, there is no
repair of DSBs and the average number of DSBs during M-phase entry is maximal.
This causes a steep slope in the average number of lethal events and the survival
fraction.

We predict that ATM activation causes a similar hyper-radiosensitive effect at
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Figure 3.6: Numerical survival fraction with Von Mises distribution for cells en-
riched in S-phase. a) Probability density function for the Von Mises distribution
with o = 16.4. The colours represent the each phase of the cell cycle: G1 (blue), S
(red), and G2 (green). b) Average number of lethal events (3.5). c¢) Survival fraction
curves: effect of radiation of the G2/M transition e~ *c2/a(D) (green), and combined
effect of radiation of the G2/M transition with the linear and quadratic terms as
expressed in equation (3.8) (blue).

very low-dose (< 1 mGy) to that of Chk2 activation at low-dose (~ 0.1 Gy).
However, the former is not enough to activate the G2 checkpoint since Chk2 is
necessary to inhibit Cdc25 activity [16]. HRS/IRR response at very low-dose has
already been reported in by [92] and Joiner et al. [39].

To show that the spiking effect at very low-dose observed in Figures 3.4-3.7 is
caused by the activation ATM, we reproduce Figure 3.7 without the dynamics of
ATM. To eliminate ATM activation dynamics, we remove equation (3.1i) from the
cell cycle and radiation pathway model and set ATM to be active (AT M = 1). The
resulting average number of lethal events and survival fraction curve is shown in
Figure 3.8. Here, we observe that there is no spiking effect at very low-dose, yet

the HRS/IRR at low-dose remains. The same result, no spike at very low-dose, is
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Figure 3.7: Numerical survival fraction with Von Mises distribution for cells en-
riched in G2-phase. a) Probability density function for the Von Mises distribution
with ;o = 21.1. The colours represent the each phase of the cell cycle: G1 (blue), S
(red), and G2 (green). b) Average number of lethal events (3.5). c¢) Survival fraction
curves: effect of radiation of the G2/M transition e~*¢2/2(P) (green), and combined
effect of radiation of the G2/M transition with the linear and quadratic terms as
expressed in equation (3.8) (blue).
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Figure 3.8: Numerical survival fraction with Von Mises distribution for cells en-
riched in G2-phase and fixed ATM concentration. a) Probability density function
for the Von Mises distribution with ;¢ = 21.1. The colours represent the each phase
of the cell cycle: GI (blue), S (red), and G2 (green). b) Average number of lethal
events (3.5). ¢) Survival fraction curves: effect of radiation of the G2/M transition
e~ *az2/m(D) (green), and combined effect of radiation of the G2/M transition with
the linear and quadratic terms as expressed in equation (3.8) (blue).

obtained in the asynchronous cells and synchronous cells in G1 and S cases (results

not shown here).

3.4 Lethal DSBs and time available for repair

We have shown with numerical simulations that DSBs at the moment of M-phase,
defined as lethal DSBs in equation (3.3), produce a HRS/IRR phenomenon in the
survival fraction (defined by equation (3.8)). However, we should note that the
equation for DSBs (3.1j) can be explicitly solved if we assume that ATM is always
active (AT M = 1). Recall from Figure 2.4 that ATM is active for radiation dose

above 5 mGy and that this activation is maintained above 0.1 DSBs (in average).
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Thus, the assumption of active ATM is valid for relevant low-dose radiation above

0.05 Gy. In such case, equation (3.1j) becomes

dDSB

= kyD(t) — kg DSB.
= a1 D(t) — kao

For a radiation pulse of intensity D at time

and zero DSBs at ¢, (initial condition), the equation above has solution

DSB(t) = kg De Fa2(t=to) ¢ > ¢,

Using the definition of lethal DSBs (3.3), we get

DS Brea(to, D) = kay D™ ez lto-2)7t0), (3.10)

where t)/(to, D) is the time of M-phase entry. Although the number of DSB can be
found explicitly without the cell cycle model, the number of lethal DSBs is highly
dependent on the cell cycle through ¢, (o, D).

In the exponent in equation (3.10), we identify a time difference with a very
important biological meaning, namely the length of time between the moment of
radiation ¢, and the M-phase entry t,,(to, D). We define this value as the time
available for repair,

tr(to, D) = ta(to, D) — to. (3.11)

Figure 3.9, shows the time available for repair ¢z(to, D) using the cell cycle model

and radiation pathway, in the same way that the number of lethal DSBs in Figure 3.2
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Figure 3.9: Colour map for the time available for repair of DSBs (3.11). The
colour bar represents the time available for repair. Left: colour map for the full
cell cycle [0,7]. Right: zoom in the last 0.8 hours of the cell cycle. This figure
was obtained numerically by discretizing the time ([0, 7']) and dose domains ([0, 1]
Gy), simulating the cell cycle model with the radiation scheme at each point, and
stopping at M-phase entry to measure the number of DSBs. The radiation scheme
used here is a radiation pulse with dose rate D (Gy/min) for one minute, starting at
to.

was obtained. Note that, alternatively, we can obtain Figure 3.2 by evaluating
tr(to, D) in Figure 3.9 into the expression of D.S Biega (3.10).

In Figure 3.9, we observe two regions, one region away from the G2/M transition
(before approximately 17 hrs and indicated within a blue box) where the time
available for repair is primarily constant with respect to ¢, (vertical cross sections),
and one region around the G2/M transition (after approximately 17 hrs and indicated
with a green box) where the time available for repair is more complex. We conjecture

that this second region is dictated by the SNICy,, bifurcation studied in Chapter 2.
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Moreover, we hypothesize that we should be able to approximate the time available
for repair with an explicit formula if we approximate the cell cycle model around
the G2/M transition with the SNIC bifurcation normal form. Characterization of
tr in these two regions could allow us to find an explicit expression for the average
number of lethal events due to G2 checkpoint failure (3.5). This is the subject of

Chapter 6.

3.5 Discussion

We defined a survival fraction model (3.8) considering the effect of radiation on
the G2/M transition in a population of cells. This survival fraction model accounts
for the average number of lethal events due to G2 checkpoint failure (3.5) based
on average number of DSBs entering M-phase (3.4). Other lethal events affecting
the survival fraction that are not related to the G2/M transition, such as radiation-
induced apoptosis and necrosis [69], are lumped into linear and quadratic terms in
(3.6), inspired by the Linear-Quadratic model. Investigating lethal event accounting
explicitly for mechanisms like apoptosis and necrosis is part of future work.

To show that the effect of radiation of the G2/M transition produces an HRS/IRR
effect on the survival fraction curve, we simulated the survival fraction model using
the cell cycle and radiation pathway model and assumed different distribution of
population of cells over the cell cycle. First, we simulated the cell cycle and radiation
pathway model for a pulse of radiation starting at different moments of the cell cycle
and different values of total dose, and recorded the number of DSB at the moment of
M-phase. Then, we used four distributions that replicate experiments on a population
of cells—uniform distribution (asynchronous cells), Von Mises distribution with

mean in the G1-phase (cells enriched in G1), Von Mises distribution with mean
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in the S-phase (cells enriched in S), and Von Mises distribution with mean in the
G2-phase (cells enriched in G2)—to produce cell survival curves.

Since DSBs during M-phase affect the fate of cells and their ability to reproduce
[102], we assumed that DSBs become lethal entering M-phase. In our simulations,
we assumed that this happens when the MPF concentration reaches the threshold
0y = 0.2, which initiates mitosis. For a control cell, this happens ¢,; hours after
cell division, but for an irradiated cell this happens at a later time.

In our results, G1- and S-enriched cells do not show an HRS/IRR effect, asyn-
chronous cells show little to no HRS/IRR effect, and G2-enriched cells show a
pronounced HRS/IRR effect in the cell survival fraction curve. This is consistent
with experimental results [59].

Moreover, we identify that ATM threshold activation causes a similar hyper-
radiosensitivity effect at very low-dose. This effect causes a steep slope in the
survival fraction at very low-dose. We hypothesize that inactivity of ATM is
responsible for the initial slope of hyper-radioresistance, and that Chk2 activation
during late G2 combined with the SNIC driven by V., are responsible for the
HRS/IRR phenomenon. HRS/IRR response to very low-dose radiation has been
reported and attributed to exposure time to radiation in connection to ATM-mediated
recognition of DSBs [92]. Their results are consistent with ours, although we do
not include exposure time to radiation in our experiments.

We also identified the time available for repair (3.11) as an important quantity
to compute the number of lethal DSBs (3.3) explicitly. The subject of Chapter 6 is
to compute theoretically the time available for repair based on a one-dimensional
reduction of the cell cycle model around the SNICy,, bifurcation discussed in
Chapter 2. Such reduction to one-dimension is the goal of Chapter 5, and is based

on a theoretical general result presented in Chapter 4.
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3.A Table of parameter values

Table 3.3: Parameter values. Most parameter values have been taken from Gérard
et al. [25] or adapted to match the cell cycle length in mammalian cells. Parameters
related to the radiation pathway come from different sources or were cautiously cho-
sen on the basis of numerical simulations. Details are provided in the footnotes that
are referenced in the Source column. Parameters with no units are dimensionless.

Symbol  Definition Value Units Source

Rate of synthesis of Cdk-cyclin fusion pro-

Emo 0.2 hr! !
tein, MPF
Rate constant for the dephosphorylation of

Em1 0.4 hr! 2
MPF
Rate constant for the dephosphorylation of

kmia 20.0 hr? 2
MPF by Cdc25

km2  Rate constant for the phosphorylation of MPF 0.4 hr! 2
Rate constant for the phosphorylation of MPF )

km2a 50.0 hr™ !
by Weel
Rate constant for the degradation of MPF and

k3 0.2 hr! 2
MPFp
Rate constant for the degradation of MPF and L

km3a 6.35 hr— 2

MPFp by APC
Maximum activation rate, by dephosphoryla-

Vit 1.0 hr—! 2
tion, of Weel

Kw2 Rate constant for activation of Weel by MPF 5.3 hr?

continued...

ITaken from Gérard et al. [25]; slightly modified to accommodate the correct G2/M transition
dynamics.

2Taken from Gérard et al. [25]; scaling factor of 8.5 needed to rescale the length of the cell cycle
to approximately 24 hrs.
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...continued

Symbol  Definition Value Units Source
Jw1 Michaelis constant for Weel activation 0.01 3
Jw2 Michaelis constant for Weel inactivation 0.01 3

Rate constant for Cdc25 phosphorylation by
ke 8.5 hr! 2
MPF
Maximum inactivation rate, by dephosphory-
Ver PRI hr! !
lation, of Cdc25
Rate constant for the inactivation of Cdc25 by
keoa 2.4 hr? 4
Chk2
Je1 Michaelis constant for Cdc25 activation 0.01 3
Je2 Michaelis constant for Cdc25 inactivation 0.01 3
ki1 Rate constant for the activation of IEby MPF 1.7 hrt 2
Vio Maximum inactivation rate of IE 0.4 hr! 2
Ji1 Michaelis constant for IE activation 0.001 3
Ji Michaelis constant for IE inactivation 0.001 3
Rate constant for the activation, by phospho-
ka1 6.8 hr! 2
rylation, of APC by IE
Maximum inactivation rate, by phosphoryla-
Vaz ¥ PROPRen 1.7 hr! 2
tion, of APC
Ja1 Michaelis constant for APC activation 0.001 3
Ja2 Michaelis constant for APC inactivation 0.001 3
continued...

3Taken from Gérard et al. [25].
4Educated guess.
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...continued

Symbol  Definition Value Units Source
- Rate constant for the activation, by phospho- 0.32 - S
rylation, of Chk2 by ATM
Vs Maximum inactivation rate, by dephosphory- Lo - .
lation, of Chk2
Jh1 Michaelis constant for Chk2 activation 0.01 4
Ih2 Michaelis constant for Chk?2 inactivation 0.01 4
Rate constant for the activation (recruitment
ki and autophosphorylation) of ATM around 30 dsb™'hr ™! 7
DSB repair foci
Vi Maximum inactivation rate of ATM 3.8 hr? 2
I Michaelis constant for ATM auto- 0.01 X
phosphorylation
Ji2 Michaelis constant for ATM deactivation 0.01 4
ka1 Rate constant for DSBs damage formation 35.0 dsb-Gy! 8
ka2 Rate constant for DSBs repair 0.4 hrt ?
a Partial activity of MPFp 0.05 2
1% Growth rate of the cell 0.07 hr! 10
Krass  Maximum cell mass 2.7 4
Weelr  Total concentration of kinase Weel 1.0 2
continued...

5Chosen to fit activation time presented by Buscemi et al. [11].

6Chosen to fit Chk2 activation threshold after radiation [37].

"Taken from Kozlov et al. [45].

8Taken from Rothkamm and Lobrich [83].
9Taken from Scott [85].

10Informed by Park et al. [80].
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...continued

Symbol  Definition Value Units Source
Cdc25r  Total concentration of phosphatase gCdc25 1.0 2
Total concentration of intermediate enzyme
1Er 1.0 2
IE
APCT  Total concentration of protein APC 1.0 2
Chk2r  Total concentration of Checkpoint kinase 2 1.0 4
ATMyt  Total concentration of ATM 1.0 4
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Chapter 4

Carryover of a saddle-node
bifurcation after transformation of a

parameter into a variable

In this chapter, we are interested in the conditions such that a saddle-node bifurcation

for the system

z = f(z; 1, p2), 4.1)

where z € R" and puq, e € R, manifests itself after we extend the system by
transforming one of the parameters, for example, ji;, into a variable. This defines

the extended system
z= f(Z7M1;M2)7
4.2)
fu = g(pa; p2),
where a saddle-node bifurcation occurs and g(j1; pi2) is the vector field of the new

variable 11. We call this saddle-node the carryover of a saddle-node bifurcation in

the original system (4.1) to the extended system (4.2). Note that the function g does
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not depend on z. The case where g depends on z is beyond the scope of this chapter,
but we briefly discuss this case in Section 4.3.

Saddle-node bifurcations in R™ are characterized by three conditions: singular-
ity, nondegeneracy, and transversality conditions. They guarantee the creation (or
destruction) of two equilibria as one parameter crosses the bifurcation value. This

is summarized in the following results taken from Meiss [63, Ch. 8].

Theorem 4.0.1 (saddle node). Let f € C*(R™ x R¥, R"), and suppose that f(z; j1)

satisfies

F(0;0) =0, spec(D.£(0;0)) = {0, 25, Ag, -, A s A £ O,k A1} (43)

Choose coordinates so that D, f(0;0) is diagonal in the zero eigenvalue and set
z = (x,y) where x € R corresponds to the zero eigenvalue and y € R™"™! are the
remaining coordinates. Then

i’:.fl(xay;u% (4.4)

Y= My+ folz,y; 1),

where f1(0,0;0) =0, f2(0,0;0) =0, D, f,(0,0;0) = 0, D, f5(0,0;0) = 0, and M

is an invertible matrix. Suppose that

D, £1(0,0;0) = ¢ # 0. (4.5)

Then there exists an interval 1 (1) containing 0, functions y = n(x; u) and extremal
value m(p1) = Extyer[fi(@;n(p); 1)), and a neighborhood of 1w = 0 such that if
m(u)c > 0 there are no equilibria and if m(u)c < 0 there are two. Suppose that M

has a u-dimensional unstable space and an (n — u — 1)-dimensional stable space.
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Then, when there are two equilibria, one has a u-dimensional unstable manifold and
an (n — u)-dimensional stable manifold and the other has a (u + 1)-dimensional

unstable manifold and an (n — u — 1)-dimensional stable manifold.

Equations (4.3) and (4.5) are the singularity and nondegeneracy conditions,
respectively. They are necessary conditions for the function f; to be zero up to
the zero- and first-order approximations about the bifurcation point, but nonzero in
the second-order approximation. The function y = n(z; i) allows us to reduce the

dynamics in a neighborhood of the bifurcation point to one-dimension, i.e.,

&= fi(z,n(w; w); p).

The extremal value function m(u) determines a single condition on the parame-
ters, m(u) = 0, along which two equilibria are created (or destroyed). Having
one condition on the parameters means that the bifurcation that takes place has
codimension-one. In order to be a saddle-node bifurcation, the equilibria need to
be created as a some combination of the parameters crosses the bifurcation point.

This can be guaranteed with a simple condition.

Corollary 4.0.1. If 111 is a single parameter such that

Dy, f1(0,0;0) # 0, (4.6)

then a saddle-node bifurcation takes place when 11 crosses zero.

Equation (4.6) is the transversality condition that guarantees that m(u) = 0 is
crossed transversally as 11 crosses zero. Note that j4; is an arbitrary parameter, and

that the transversality condition can hold for several parameters at the same time.
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We only consider saddle-node bifurcations that take place as a single parameter
crosses the bifurcation point.

In the context of this chapter, we only consider two parameters for the sake
of simplicity, i.e., 4 = (i1, u2) € R%. We show that as long as a saddle-node
bifurcation takes place in system (4.1) for at least one of the parameters, the extended
system (4.2) also has a saddle-node bifurcation for the other parameter (the extended
variable does not have to be a bifurcation parameter in the original system) under
some singularity and transversality conditions.

The Implicit Function Theorem is an essential tool in this chapter and in the
study of saddle-node bifurcations in general. For example, the function y = n(z; 1)
in Theorem 4.0.1 is consequence of this theorem. The following form of the Implicit

Function Theorem is taken from Meiss [63, Ch. 8].

Theorem 4.0.2 (implicit function). Let U be an open set in R* x R¥ and F €
C™(U,R™)withr > 1. Suppose there is a point (xg, o) € U such that F(xo; po) = ¢
and D, F(xo; po) is a nonsingular matrix. Then there are open sets V. C R™ and

W C R* and a unique C" function £(u) : W — V for which o = &(uo) and

F(E(p);p) = c

This chapter is structured as follows. In Section 4.1, we look at the case
where system (4.1) is one dimensional, in which case we replace z € R" with
x € R, We find conditions such that the two-dimensional extended system (4.2)
has a saddle-node bifurcation. Moreover, we provide a graphical way to easily
verify such conditions: the nullcline of the new equation (¢ = 0 in the extended
system (4.2)) has to intersect transversally the two-parameter bifurcation curve of
the original system (4.1). Then, we apply our results to a few illustrative examples.

In Section 4.2, we expand our results to the n-dimensional case and apply our results
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to one illustrative example. Finally, in Section 4.3, we discuss our results and further

research.

4.1 One-dimensional case

In this section, we focus on the case where the variable z in the system (4.1) is

one-dimensional, i.e., the system

&= f(z; 1, p2), 4.7)

where z € R, 1,0 € R, and f is a sufficiently smooth function on (x, i1, pi2).
This system is extended by transforming one of the parameters, for example, i,

into a variable to define the extended system

l":f(xmul;MQL (48)

fr = g(p; pa),

where g(u1; p2) is the sufficiently smooth vector field of the new variable 1, We
want to find conditions for the carryover of a saddle-node bifurcation in the original
(4.7) to the extended system (4.8).

Suppose, without loss of generality, that the saddle-node bifurcation for (4.7)
occurs at the origin as one parameter, 14, crosses zero. That is, f at (x, pq, u2) =

(0,0, 0) satisfies the singularity conditions

f(z; p, p2) =0,

D:cf(x;lul,m) =0,

4.9)
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and the nondegeneracy and transversality conditions

szf<x, M1, M2) ;é OJ

Dy, f(z; g, o) # 0.

(4.10)

Note that system (4.9) has two equations in R? with coordinates (z, j1, i2) and

Jacobian

J— Dxf Dmf Duzf . 0 Dulf Dﬂ2f

D:wf Dzulf D:v,uzf Da:wf Dsz Dwuzf

This matrix has full rank since

D.f D 0 D
det I Dl = det t = — Dy fDuuf #0,

Da:xf DCE}LZf Daca:f Dxulf

by conditions (4.9) and (4.10). The Implicit Function Theorems 4.0.2 guarantees

the existence of an interval / and unique functions

4.11)

for s € I, such that

and the singularity condition (4.9) is satisfied. This defines a smooth one-dimensional

curve I that follows the bifurcation point (z, i1, p2) = (0,0, 0) and is parameterized
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by ps, i.e.,

U= {(z, g1, p2) s v = X(p2), 1 = M(p2), p2 € I}, (4.12)

and points in I satisfy (4.9).

By continuity, we can start from (z, i1, 1) = (0,0,0) and follow the points
that satisfy the singularity conditions (4.9) and the nondegeneracy and transversality
conditions (4.10) to extend I'. If the transversality condition is violated at some point,
D, f = 0, but the same condition is satisfied for the other parameter, D, f # 0,
we apply similar arguments to parameterize I' by p; in that section. Hence, we
can extend I" from the bifurcation point (x, i1, p2) = (0,0, 0) beyond the interval /
as long as the transversality condition is satisfied for at least one of the parameters
(see Figure 4.1). The projection of the extended I" onto the (11, t2)-plane, given by

7 (x, py, o) — (g1, p2), defines an implicit function

h(,ula M?) = 07

known as bifurcation boundary, commonly found numerically using continuation
(for example, the curve in Figure 2.6c that follows the SNIC,,,,s bifurcation). Note
that, although I is a smooth curve, h(u1, t2) = 0 is not necessarily smooth at every
point. For more details on two-parameter bifurcations see Kuznetsov [48].

If the extended system (4.8) has a saddle-node bifurcation that is the carryover of
the saddle-node bifurcation of interest in original system (4.7), then this bifurcation
must take place on I as it is the set of points satisfying the conditions for a saddle-

node bifurcation.

Proposition 4.1.1. Consider the system (4.7). Suppose f(x;p1, ) € C*(R x
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(0,0,0)

H1

Figure 4.1: A bifurcation curve I' and its corresponding bifurcation boundary
h(1, 2) = 0 (projection onto the (p1, p2)-plane). Modified from Figure 8.1 in
Kuznetsov [48].

R? R) with a nonhyperbolic equilibrium at the origin, f(0;0,0) = 0, D, f(0;0,0) =

0, and satisfying the nondegeneracy condition

Dy f(0;0,0) # 0,

and transversality condition for either [y or jio

Dulf(070a0> 7&0 or D,qu(Ovovo) 7&07

i.e., the system (4.7) has a saddle-node bifurcation where either (i1 or Ly is the
bifurcation parameter. This defines a one-dimensional smooth curve I' C R? in
a neighbourhood of (x, p1, p12) = (0,0,0) in which f satisfies the singularity and

nondegeneracy conditions.
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Consider the extended system (4.8) by transforming parameter i, into a variable,
where f € C?*(R? x R,R) and g € C*(R x R,R). If there is a point (z, iy, o) =

(x*, 13, u3) € T such that g(p; u2) satisfies the singularity conditions

g(pi;ps) =0, Dyyg(uysps) =b#0, (4.13)

and the transversality condition

D, f Dug
det | " " =D, fDug — Dy gDy, f #0, (4.14)

Duzf Duzg

at (z, 1, p2) = (%, ui, 13), then the extended system (4.8) has a saddle-node
bifurcation at (x, 1) = (z*, uy) as ug crosses 1.
Moreover, there exists a unique function j1; = v(p9) such that pf = v(u), and

the extended system is reduced to one dimension around (z*, i)

§= f(E+ 3(w(pa) — my) + 2%, v(p2); pa) — 9(v(pa); ),

where § = x — 2" — §(n — pi) and a = Dy, f(z*, pi; p3)-

Proof. Let z = (v, )" and F(z; p2) = F(x, p; pi2) = (f (2, s p12), g )"
By definition of I', the singularity conditions (f = 0 and D, f = 0), the nondegen-
eracy condition (D,,f # 0), and one of the transversality conditions (D, f # 0
or D,,f # 0) are satisfied at the point (z*,pub) = (2%, uj,us) € I'. Since

g(ui;ps) = 0, we also have F'(x*,uf;us) = 0 (first singularity condition for
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F"). The Jacobian of F' evaluated at z* is

.. D.f D, f 0 a
A:DZF(x’MI;MQ): ' = )
D,g D,g 0 b

z=z*

where a = D, f(z*, pi;p5) and b = D, g(ui; p3) # 0, by assumption (4.13).
Since det(A) = 0 and tr(A) = b # 0, the eigenvalues of A are A\; = 0 and

A2 = b # 0 with corresponding eigenvectors

Note that condition D, g # 0 is needed to guarantee only one zero eigenvalue.
Thus, D, F' is singular with only one zero eigenvalue (second singularity condition
for F).

The diagonalization matrix P and its inverse are given by

Let the new shifted coordinates be defined by

v = G 5 — 117)
Then the corresponding extended system is given by

§ = f(§+av+ a7, bv + pl; o) — $g(bv + pi; p3),
0 = Lg(bo + pi; ).
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Define

fi(& vipe) = f(E+ av+ 2%, bv + pl; p2) — $9(bv + pi; p5), (4.15)

and define f5(v; 11o) such that

$g(bv + pi; pi3) = bu + fo(v; po).

Then,
é = fl(é—a v; qu),
(4.16)
U =bv+ f2(v; p2).
Note that the singularity conditions are satisfied by construction,
f1(0,05 p3) = f2(0; p3) = 0,
(4.17)

D¢ f1(0,0; p3) = Dy, f1(0,0; p5) = De fo(0; p3) = Dy f2(0; p3) = 0.

The nondegeneracy condition for f; is satisfied since

Dee f1(0,0; p3) = Dyo f (2™, 55 13)) # 0.

The transversality condition for f; follows from dividing the determinant in (4.14)

by —b # 0 and the definition of f; (4.15)

a b
(D fl5717s 1) Dy g (075 p13) — D T12) Dy, f (27, 1l p5)) # 0,
= D, f(z", p7; 15) — $ D g(p3; 1) = Dy, f1(0,0; p5) # 0.

Then, by Theorem 4.0.1 and Corollary 4.0.1, the transformed system (4.16) has a
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saddle-node bifurcation point at (0,0) as pz crosses ji3.

Transforming back to the variable z, we have that the extended system (4.8) has
a saddle-node bifurcation point at (z*, 1}) as uy crosses ju.

Now, denote

Fy(v; p2) = bu + fa(v; p2) = 0.

Note that D, F5(0; u5) = b # 0, by equation (4.17). By the Implicit Function
Theorem 4.0.2, there is a neighbourhood of ;1o = p5 where there exists a unique
function v = (puz) such that o(p3) = 0 and Fy(n(pz), o) = 0. Then, equation

(4.16) reduces to
é = f1(&§ D(p2); p2)-

Changing back to 11, we have

v =3 — py)

= 1 = bv+ py = bo(p2) + py.

Define p; = v(p2) = b(us) + pf, then v(ud) = bo(us) + pf = p. Finally, using

the definition of f;(&, v, u9), we have

f: f1(§7’/(ﬂ2);ﬂ2)
= f1(& 3w (p2) — p}); p2)
= [(€+ $(w(pe) — ) + 2", v(p2); p2) — §9(v(p2); p2)

= f(§+ 3 (w(p2) — pi) + 2% v(p2); t2) — $9(v(p2); p2).

O

This theorem provides a way to extend the scalar system (4.7) where a saddle-
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node occurs by transforming any parameter, j,; for convenience, into a variable to
obtain the extended system (4.2) where a saddle-node bifurcation now occurs as
the other parameter, .2, passes through some bifurcation value 5. Note that the
transformed parameter, 11, does not need to be the original bifurcation parameter.
Thus, we say that the saddle-node bifurcation in the extended system is the carryover
of the saddle-node bifurcation in the original system. Also note that Proposition4.1.1
requires that g(u1; p2) does not depend explicitly on x. This makes the conditions

of this proposition easy to verify with graphical and numerical tools.

Proposition 4.1.2. Under the conditions of Proposition (4.1.1), let h(j1, o) = 0 be
the projection of T onto the (1, pio)-plane. If h(p1, p12) is differentiable at (i3, 113),

then conditions (4.14) and (4.13) are equivalent to
1. g(p1; u2) = O intersects h(uy, po) = 0 transversally at a point (5, %), and
2. the tangent line to g(pu1; o) = 0 at (u, p3) is not parallel to the yi-axis,
respectively.

This proposition says that in order to find the saddle-node bifurcation points for
the extended system, we plot the two-parameter bifurcation diagram of the smaller
system, superimpose the nullclines of the new equation in the extended system, and
look for transverse intersections between the saddle-node bifurcation curve and the
nullclines. This is enough to verify the singularity and transversality conditions in

the extended system.

Proof of Proposition 4.1.2. Note that (u;, u3) satisfies ¢ = 0. Now, two vectors

u,v € R? are transverse (parallel) if and only if the determinant of the matrix
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formed by them is non-zero (is zero), i.e.,
det(u,v) = ujvg — v1ug = |uljv|sin(d) #0 < 0 #0, .

Recall that A(pu, ) = 0 is defined by the projection of I" onto the (1, p2)-
plane, given by (z, f1, pt2, ) — (i1, p12). Since at least one of D, f or D, f is
non-zero, points on I' have a unique correspondence to points on h(uq, p2) = 0.
Thus, a point (47, u3) at which ¢ = 0 and A = 0 intersect has a unique corresponding
point (2%, u3) = (x*, pi, pu3) € I.

Assume D, f # 0 at (z*; u3). Then, by the Implicit Function Theorem 4.0.2,
we can parameterize I' by po with functions z = X'(u2) and py = M(us) such
that 2* = X' (u3) and pj = M(uh) (see equation (4.11)). Implicit differentiation of

f(z, p1; pe) = 0 with respect to o gives
Dy fX'+ D, fM +D,,f=0.

At z*, D, f = 0 and we have
M= Dt

Dy f
Implicit differentiation of h(u1, p2) = 0 with respect to 1o gives
D, ,hM' + D,,h = 0.
Evaluating at 2*, substituting the M’ and multiplying by —D,,, f, we obtain

Dy, hD,, f — DyyhD,, f =0,

This means that vectors (D, f, D,, )" and (D, h, D,,h)" are multiple of each
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other at z*. Note that this is also true if D,,, f = 0 since we must have D,,, f # 0 and
similar arguments follow. Thus, (D, h, D,,h)" and (D,, g, D,,g)" are transverse
if and only if (D, f, D, f)" and (D, g, D,,,g)" are transverse, which is equivalent
to saying that the transversality condition (4.14) holds.

Finally, the condition that the tangent line of g(u1; pe) = 0 at (u}, ud) is not

parallel to the /;-axis is clearly equivalent to D,,, g(u7, p13) # 0. O

In the previous propositions, it is possible to generalize the arguments of the
new scalar field, g(p1; pi2), to include dependence on z, i.e., g(x, p1; p2), provided
" and g = 0 intersect in the (x, 1, j12)-space. However, in the case of g(u1; o),
the conditions of Proposition 4.1.1 are easy to verify with graphical and numerical
tools.

In order to illustrate the application of Propositions 4.1.1 and 4.1.2, we introduce
the following examples, where we consider a one-dimensional system with two

parameters, a and b,

i = f(z;a,b),

and transform the parameter a into a variable to obtain the extended system

T = f(:zc,a;b),

a=g(a;b).

Example 4.1.1. Consider f(z;a,b) = —a — b — 2% Since D, f = —2x = 0 at
=0 Dypf=-2%#0, and D,f = —1 # 0, there is a saddle-node bifurcation
at x = 0 as a crosses zero and b = 0. Furthermore, since D,f = —1 # 0, b could
be also taken as bifurcation parameter when a = 0. The bifurcation boundary is

given by h(a,b) = —a — b = 0. Figure 4.2a shows the two-parameter bifurcation
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diagram along with the following three choices for g(a;b).

1. If g(a;b) = a+ b, then g = 0 overlaps h = 0 and they are never transverse.
Indeed, the extended system does not have a saddle-node bifurcation since it

always has a unique steady state at (x,a) = (0, —b), for all values of b.

2. If g(a;b) = —a + b, then g = 0 intersects h = 0 transversally at (a,b) =
(0,0). According to Proposition 4.1.2, the extended system has a saddle-node
bifurcation at (x,a) = (0,0) as b crosses b = 0. Indeed, there are two steady
states, (x,a) = (++/—2b,b) when b < 0, and they collide and disappear as b
becomes positive. Figure 4.2b shows the bifurcation diagram for the extended

system.

3. If g(a;b) = a® — b, then g = 0 intersects h = 0 transversally at (a,b) =
(0,0) and (a,b) = (—1,1), but the tangent line of g(a;b) = 0 at (a,b) =
(0,0) is parallel to the a-axis. Proposition 4.1.2 guarantees the saddle-node
bifurcation at (x,a,b) = (0,—1,1), but not at (x,a,b) = (0,0,0). In fact,
at (z,a,b) = (0,0,0), there is a Bogdanov-Takens (double-zero) bifurcation
(see Section 8.4 in Kuznetsov [48]), since D,g = 0 implies that there are two
zero eigenvalues. When b = 0, there is a single steady state at (x,a) = (0, 0).
When 0 < b < 1, two steady states emerge from the origin, a stable node
(x,a) = (\/\/57—,—\/5) and saddle (x,a) = (—\/\/57—,—\/5). When
b = 1 there is a saddle-node bifurcation at (x,a) = (0, —1) as the two steady
states collide and D,g # 0. Figure 4.2¢ shows the bifurcation diagram for

the extended system.

Example 4.1.2. Consider f(x;a,b) = 0>+ 1 —a — 2% Since D,f = —2x =0 at
=0, Dy f=—-17#0,and D,f = —1 # 0, there is a saddle-node bifurcation at
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Figure 4.2: Bifurcation diagrams for Example 4.1.1 where f(z;a,b) = —a—b— 2.

a) Two-parameter bifurcation boundary (red dash-dotted line) for f with a and b
as bifurcation parameters, and nullclines for three choices of g(a;b): g(a;b) =
a + b (black) nullcline is never transverse; g(a;b) = —a + b (green) nullcline is
transverse at (a,b) = (0,0); and g(a;b) = a* + b (blue) nullcline is transverse at
(a,b) = (—1,1)and (a,b) = (0,0) but D,g(0;0) = 0. b) Bifurcation diagram when
g(a;b) = —a + b. A saddle-node bifurcation (SN;) occurs at (z,a,b) = (0,0,0).
¢) Bifurcation diagram when g(a;b) = a* — b. A saddle-node bifurcation (SN»)
occurs at (z, a,b) = (0, 1, 1) and a Bogdanov-Takens (double-zero) bifurcation (BT)
occurs at (z,a,b) = (0,0,0).
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x = 0as acrosses 1 and b = 0. However, since Dy, f = 2b = 0 at b = 0, there is no
saddle-node bifurcation at (z,a,b) = (0, 1,0) if b is taken as bifurcation parameter.
The bifurcation boundary is given by h(a,b) = b*> + 1 — a = 0. Figure 4.3a shows
the two-parameter bifurcation diagram along with the following three choices for
g(b; a). Moreover, there is a saddle-node bifurcation at x = 0 as a crosses b? + 1,

for fixed b.

1. If g(a;b) = —a + 2, then g = 0 intersects h = 0 transversally twice, at
(a,b) = (2,£1). Thus, by Proposition 4.1.2, the extended system undergoes
two saddle-node bifurcations at (x,a) = (0,2), one as b crosses b = —1
from the left where the two steady states, (z,a) = (£y/b% — 1,2), collide and
disappear, and one as b crosses b = 1 from the left where the two steady states,
(z,a) = (£Vb? — 1,2), emerge. Figure 4.3b shows the bifurcation diagram

for the extended system.

2. If g(a;b) = —a + 1, then g = 0 is tangential to h = 0 at (a,b) = (1,0).
No saddle-node bifurcation occurs since the two steady states (r,a) =
(£vb2,1) = (£b|,1) collide and bounce back, as seen in Figure 4.3c.
In fact, at (z,a,b) = (0,1,0), the extended system satisfies the singularity
conditions (A = 0, —1) and nondegeneracy condition (D,,f = —2 # 0),
but not the transversality condition (D,fDyg — DogDyf = —2b|p—o = 0).
Note that this is not a transcritical bifurcation since the steady states (|b|, 1)
and (—|b|, 1) are a stable node (two negative eigenvalues) and a saddle point
(eigenvalues with opposite sign), respectively, for all b. In other words, they
do not exchange stability when they collide, instead they touch and bounce

back preserving their stability.

3. If g(a;b) = b—a+ 1, then g(a;b) = 0 is transverse at (a,b) = (1,0) and
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(a,b) = (2,1). Moreover, the tangent line to g(a,b) = 0 at (1,0) and (2,1)
is not parallel to the a-axis since D,g(a;b) = —1. Thus, as in the first case
(9(a;b) = —a+2), two saddle-node bifurcations occur, one as b crosses b = 0
from the left where two steady states (x,a) = (++/b(b —1),b + 1) collide
and disappear, and one as b crosses b = 1 where two steady states (r,a) =
(+ m ,b+ 1) emerge. Figure 4.3d shows the bifurcation diagram for
the extended system. This case is interesting because at (a,b) = (1,0), the
transversality condition is not satisfied for the original system with respect to b,
i.e., Dyf(0;1,0) = 0. In other words, even if b is not a bifurcation parameter
in the original system at (z*, ;1*), b becomes a bifurcation parameter in the

extended system at the same point.

. If we extend the parameter b instead using b= g(b;a) =b—a+1, it follows
from the previous case that two saddle-node bifurcations occur at (x,a,b) =
(0,1,0) and (z,a,b) = (0,2,1), as seen in Figure 4.3e. However, note that
b is not a bifurcation parameter in the original system at (x,a,b) = (0,1,0)
vet transforming b into a variable there is a carryover of the saddle-node

bifurcation that occurs in the original system with a as bifurcation parameter.

4.2 n-dimensional case

In the previous section, we showed the carryover of a saddle-node bifurcation in

the one-dimensional case. In this section, we show that this result also holds in the

n-dimensional case. In short, this is true because the saddle-node bifurcations can

be reduced to one-dimension around the bifurcation point.

Suppose that f in the original system (4.1) satisfies the conditions of Theo-
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Figure 4.3: Bifurcation diagrams for Example 4.1.2 where f(z;a,b) = 0> +1—a—
x°. a) Two-parameter bifurcation boundary (red dash-dotted curve) for f with a and
b as bifurcation parameters, and nullclines for three choices of g(a;b): g(a;b) =
—a + 2 (green) nullcline is transverse at (a,b) = (2,—1) and (a,b) = (2,1);
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Figure 4.3 (continued): g(a;b) = —a + 1 (blue) is tangential at (a,b) = (1,0);
and g(a;b) = b — a + 1 (black) nullcline is transverse at (a,b) = (1,0) and
(a,b) = (2,1). b) Bifurcation diagram when g(a;b) = —a + 2. Two saddle-
node bifurcations occur at (z,a,b) = (0,2,£1). c) Bifurcation diagram when
g(a;b) = —a + 1. No bifurcation occurs because the steady states collide but do
not disappear. d) Bifurcation diagram when g(a;b) = b — a + 1. Two saddle-node
bifurcations occur at (z,a,b) = (0,1,0) and (x,a,b) = (0,1,1). e) Bifurcation
diagram when b = g(a;b) = b — a + 1. Two saddle-node bifurcations occur at
(x,a,b) = (0,1,0) and (z,a,b) = (0,2, 1).

rem 4.0.1. Then, we can reduce the system to one-dimensional form

T = f1(x77]($§/l1aﬂ2);ﬂ17u2)7

where functions f1(z,y; p1, o) and y = n(x; 1, p2) are given by the theorem, in
a neighbourhood of (z,y, ) = (0,0,0) in regards to the saddle-node bifurcation.
Now, suppose that f; satisfies the transversality condition of Corollary 4.0.1 for
either p; or po. Then, in a similar fashion as in the one-dimensional case, the
Implicit Function Theorem 4.0.2 guarantees the existence of an interval / and
unique functions X and M such z and p; can be parameterized in terms of p5 (for

example), i.e.,

r=X(p2), p1 = M(p2), p2 € I, and X(0) =0, M(0) = 0.

This defines the smooth one-dimensional bifurcation curve

= {(z, 1, p2): 2 = (2,9) = (X (p2), n(X (p2); M(p2), p2)),

pa = M(puz), po € I} (4.18)

To extend I in this case, we take a point in I, different from (z,y, 1) = (0,0,0),
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and apply again Theorem 4.0.1 (after some appropriate translation) followed by
the Implicit Function Theorem 4.0.2 as shown above. Note that functions fi,
X, and M do not need to be the same as before. By continuity we can apply
this process repetitive times and further extend I' as long as the transversality
condition holds for either y1; and 9 at each step. Finally, the bifurcation boundary,
h(1, p2) = 0, is defined by the projection of extended I" onto the (p1, f2)-plane,
given by 7(z, pu1, o) — (p1, f12). Thus, the definition of I" and h(py, uo) = 0 is

similar to the one-dimensional case.

Proposition 4.2.1. Let f(z; py, p2) € C*(R™ x R* R"™) and suppose that the hy-
potheses of Theorem 4.0.1 are satisfied at (z, j1, p2) = (0,0,0). Suppose also
that the transversality condition in Corollary 4.0.1 is satisfied for either [ or is.
Let m(py, o) be the extremal value defined in Theorem 4.0.1. This defines a one-
dimensional smooth curve T' C R"™ in a neighbourhood of (z, 1, o) that satisfies
the singularity and nondegeneracy conditions.

Consider the extended system (4.2) by transforming parameter |1, into a variable,
where f € C*(R"™' xR, R") and g € C*(R xR, R). Ifthereis apoint (z, jiy, o) =

(2%, w3, pu3) € T such that g(puy; o) satisfies

g(uyips) =0, b= Dy g(pl;puy) # 0, (4.19)

and the transversality condition

Dulm Dmg
det =D, hD,,g— D, gD,,h#0, (4.20)

D,,m D,qg

is satisfied at (z, i1, o) = (2%, pi, p3), then (4.2) has a saddle-node bifurcation at
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(27/'1’1) = (Z*7l'q> as o crosses ,u;

Proof. First, we translate the point z* to the origin using a new variable ( = z — z*

to obtain the translated system

C = f(C + Z*;MDMZ)?

that satisfies all the conditions of Theorem 4.0.1 at ¢ = 0. By Theorem 4.0.1, we

choose new translated coordinates # € R and y € R™"~! such that

T = fi(z,y; p, p2),

=My + folx,y; 1, ),

where fi = 0, fo = 0, D,fi = 0, Dyfs = 0, Dyfi = 0, D,fs = 0, and
Do f1 # 0at (x,y; 1, p2) = (0,0; u3, u3), and M is invertible. Moreover, there is
an interval I (i, o) of 0 and function y = n(x; 1, p2) where the extremal value
m(p, pr2) = Extocru pm) [ fi(x, n(2; 1, pa); 1, p2)] is defined. Therefore, the
system is reduced to one equation & = f3(x; 1, u2) = f1(z, n(x; pa, 12); p, o) in
aneighborhood of ({, 1, p2) = (0, uj, i) where the singularity and nondegeneracy

conditions are satisfied. Then, the extended system (4.2) can be reduced to

T = f3($a/l1;,u2) = f1($777(I§M1,M2)§M17M2)7

f = g(p1; pa),

in a neighborhood of (, uy, o) = (0, uf, pi). By assumption, the transversality
condition, D, fi # 0, is satisfied for either j1; or yo. Then, by Proposition 4.1.1, this
system has a saddle-node bifurcation at (z, 1i1) = (0, i}) as po crosses 1. It follows

that the extended system (4.2) has a saddle-node bifurcation at (z, u;) = (0, u3) as

95



[lo CTOSSES [15. [

As we might expect, Proposition 4.1.2 also applies to the n-dimensional case.

The proof follows similar arguments to the one-dimensional case.

Proposition 4.2.2. Under the conditions of Proposition (4.2.1), let h(ji1, p2) = 0 be
the projection of I onto the (1, pio)-plane. If h(py, p12) is differentiable at (u3, 113),

then conditions (4.20) and (4.19) are equivalent to:
1. g(p; i1, v) = O intersects h(p1, po) = 0 transversally at a point (15, u3), and
2. the tangent line to g(p1; o) = 0 at (uf, u3) is not parallel to the yi,-axis,
respectively.
Example 4.2.1. Consider the system
&= p—2*+ xy — 2y,
y=A—y—a’+a’y,

taken from Meiss [63, p. 292]. There is a saddle-node bifurcation at the origin as .
crosses zero. The two-parameter bifurcation diagram starting from this bifurcation

point is shown in Figure 4.4a. Now, consider the extended system

x':,u—:pQ—l—xy—myZ,

§=A—y—z’+2’y,

N[

=g \) =p—

The p-nullcline is transverse to the two-parameter bifurcation diagram in two points
near X = 0.5 and A\ = 1.1 (see Figure 4.4a). Since the tangent line of g(j; \) is

not parallel to the ji-axis at neither intersection, two saddle-node bifurcations are
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inherited with \ as bifurcation parameter. Indeed, the bifurcation diagrams for
x and y are shown in Figures 4.4b and 4.4c, respectively. The corresponding

bifurcation points are found to be

(z,u, 1; A) ~ (—0.6792, 0.0604, 0.5; 0.4940),

(z,u, 1; A) ~ (—0.8429, 1.2069, 0.5; 1.0599).

4.3 Discussion

Given a system with a saddle-node bifurcation, we studied the manifestation of the
saddle-node bifurcation when transforming one parameter into a variable. We call
this property the carryover of a saddle-node bifurcation. We focused on the case
where the new differential equation associated with the new variable does not depend
on the rest of the variables. We showed that additional singularity and transversality
conditions are sufficient for the carryover of the saddle-node bifurcation. We also
find that such conditions can be verified graphically with a two-parameter bifurcation
diagram.

In Section 4.1, we studied the scalar case, that is, the scalar system (4.7) has a
saddle-node bifurcation at the origin as either j; or 15 cross zero. Such a saddle-node
bifurcation is characterized by singularity and non-degeneracy conditions, and a
transversality condition for either 11 and 15 [63]. By the Implicit Function Theorem
4.0.2, there exists a one-dimensional bifurcation curve I' € R? in the neighborhood
of zero where the singularity, non-degeneracy, and transversality conditions are
satisfied [48]. If we transform p; into a variable, we obtain the two-dimensional
extended system (4.8). Any carryover of the saddle-node bifurcation to the extended

system must take place in I'. We proved that if 1) the pq-nullcline intersects I'
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Figure 4.4: Bifurcation diagrams for Example 4.2.1. a) Two-parameter bifurcation
boundary (red dashed-dotted curve) and nullcline for g(u; A\) = pu — % (green). Two
saddle-node bifurcations (SN; and SN5) occur at the transverse intersection between
the g-nullcline and the bifurcation boundary. Note that there are cups bifurcations
(CPq, CPy, and CP3) associated with the system at the intersection of two saddle-
node bifurcations. b-c) Bifurcation diagrams for the extended system with A as
bifurcation parameter and variables x and y in the ordinate, respectively. The
dashed lines indicate the unstable node with associated three-dimensional unstable
manifold, while the dot-dashed lines indicate the saddle-node with associated one-
dimensional stable manifold and two-dimensional unstable manifold.
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transversally, and 2) the new equation does not add another zero eigenvalue at
the intersection, then the extended system has a saddle-node bifurcation at the
intersection. These are the additional transversality and singularity conditions for
the extended system, respectively (see Proposition 4.1.1).

Moreover, we showed that the transversality and singularity conditions for the
extended system can be easily verified in the two-parameter bifurcation diagram
with 1y and po as bifurcation parameters. The two-parameter bifurcation curve
is the projection of I' onto the i1 pio-plane. By superimposing the zi;-nullcline on
the two-parameter, we can verify 1) the transversality condition if the p;-nullcline
intersects the two-parameter bifurcation curve transversally, and 2) the singularity
condition if the p;-nullcline is not parallel to the p-axis at the intersection (see
Proposition 4.1.2). This graphical result is the consequence of the fact that the
new equation does not depend on the other variable (g(j; 112) does not depend
on z). Thus, if the projection of I' and the p;-nullcline intersect as seen from the
{41 /i2-plane, then I" and the ji;-nullcline also intersect in R3.

Note that it is irrelevant which of the two parameters (or both) satisfies the
transversality condition for the original system, we only need to start from a saddle-
node bifurcation point and follow the bifurcation along I'. In fact, I' can be extended
as long as the transversality condition is satisfied for at least one of the parameters.
Interestingly, a carryover can happen at a point where either j; (the transformed
variable) or pi5 (the remaining parameter) is a bifurcation parameter in the original
system. These cases were illustrated with examples in the text. It is still left to show
that a carryover can happen at a point where the bifurcation happens as both x; and
12 change simultaneously (but not individually), separately, or when k parameters
change simultaneously.

In Section 4.2, we extended our study to the n-dimensional case, that is, the
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n-dimensional system (4.1) has a saddle-node bifurcation at the origin as either 1,
or [y cross zero and p is transformed into a variable. We showed that the same
singularity and transversality conditions apply in the carryover of the saddle-node
bifurcation for the n-dimensional case. To show this, we reduced the original system
in a neighborhood of the bifurcation point to one-dimension and applied our results
for the scalar case. The n-dimensional case is also illustrated with an example.

The case where the new differential equation depends on the other variables,
i.e., i1 = g(z, p1; p2), is not covered here. Assuming the bifurcation curve and the
p1-nullcline intersect in R”, an extra condition (or conditions) would be required
to guarantee that the matrix A, as defined within the proof of Proposition (4.1.1),
is invertible. We leave this case open for future research. We also leave open the
interesting exploration of the carryover of other types of bifurcation (transcritical,
pitchfork, Hopf, etc) as well as applications of the carryover of bifurcations.

The problem of the carryover of a saddle-node bifurcation was motivated by
our results in Chapter 2, where we found an interesting, yet unclear, relationship
between the SNICy,ss bifurcation and the SNICy,, bifurcation. In fact, studying
Figure 2.6 motivated us to conjecture Proposition 4.2.2, which indeed applies to
conclude that the SNICy,, (locally, saddle-node) bifurcation is the carryover of the
SNICy.ss (locally, saddle-node) bifurcation after transforming M ass into a variable.
Inaddition to clarifying the true origin of the SNICV,, bifurcation, our results from

this chapter are used in the next chapter.
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Chapter 5

Reduction of the Cell Cycle model to
one-dimension around the SNIC

bifurcation

In Chapter 2, we studied the effect of radiation on the G2/M transition of the cell
cycle through the ATM and Chk2 pathway. We took a model from Novak and
Tyson for the cell cycle and introduced a radiation pathway accounting for ATM and
Chk2. We identified a saddle-node on an invariant circle (SNIC) bifurcation that
arises from the effect of radiation on the G2/M transition through the ATM/Chk2
radiation pathway. We showed that this SNIC bifurcation, driven by the inactivation
rate Vo, is the loss of the SNIC bifurcation driven by the cell mass implicit in
the system. In Chapter 2, the relationship between the two bifurcation points was
illustrated and explained through bifurcation diagrams. In this chapter, we show
theoretically how these two bifurcations are related using the results obtained in
Chapter 4. In particular, we show that the SNIC bifurcation driven by V., is the

carryover of the SNIC bifurcation driven by cell mass after the mass is transformed
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into a state variable. Moreover, we are able to reduce the cell cycle model to
a one-dimensional form around the SNIC bifurcation driven by V5. This from
will be used, in Chapter 6, to approximate the time available for repair discussed
in Chapter 3 and derive a theoretical form for the survival fraction based on the
ATM-Chk2 pathway.

Before describing the structure of this chapter, we first review the results obtained

in Chapter 2.

5.1 Introduction

In Chapters 2 and 3, we focused on the effect of the radiation pathway on the cell
cycle model developed by Tyson and Novék (see Tyson and Novék [96] for a review).
In this chapter, we detach the radiation pathway (variables DSB, ATM, and Chk2)
to focus on the cell cycle dynamics. The cell cycle model is given by the set of

differential equations

dMPF
e kmoMass — (kma + kmoaWeel)M PF
+ (k1 + km1aCdc25)M PEp — (ks + knsa APC)MPF,  (5.1a)
MPF
dd—tp = (k2 + km2aWeel)M PF — (kyy + km1aCdc25)M PEp
— (kms + km3s APC)M PFp, (5.1b)
dWeel v Weelyr — Weel
da NI+ (Weelp — Weel)
Weel
— kw2 (MPF MPFp)————, 5.1
2 oM PEe) e (5.1¢)
dCdc25 Cdc25r — Cde2b
———— =kau(MPF MPF,
dt i o r) Jo1 + (Cde257 — Cde25)

C'dc25

Ve
ZJCQ + CdC25

(5.1d)
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Table 5.1: Name and description of variables in Eqgs. (5.1a)—(5.1g). All variables
represent concentration, except for the cell mass.

Symbol Description

MPF  Active Cdkl-cyclin B complex (Mitotic Promoting Factor)
MPFp Inactive, phosphorylated form of MPF

Weel Active dephosphorylated form of kinase Weel (MPF inactivator)

C'dc25 Active phosphorylated form of the phosphatase Cdc25C (MPF
activator)

IE Active form of an intermediate enzyme [94]

APC  Active phosphorylated form of APC (Anaphase Promoting Com-
plex)

Mass Mass of the cell

dIE IE; — IE IE
—— = ks (MPF + aMPF, —Vp—-r, (5.1
dt i o r) Ji+ (IEr—IE) " ZJs+IE (5.1e)
dAPC APCr — APC APC
= knlIE -V, : 5.1f
dt Y a4+ (APCr — APC) g+ APC S
M M
dMass _ rass (1 . “38> , (5.1g)
dt Mass
subject to the resetting condition
MPF M
it MPF(t) = 0, and ° (1) <0 = Mass(t) « 19550 (55

2

The model variables and parameters are listed in Tables 5.1 and 5.2, respectively. A
typical numerical solution for some of the variables of the model that describe the
oscillating behaviour of the cell cycle is shown in Figure 5.1.

As discussed in Section 2.2.1, the cell cycle model (5.1)—(5.2) can be broken
down into two interconnected modules that describe the cell cycle dynamics; namely,
the interphase and M-phase modules (see Figure (5.2)). The interface module is
governed by equations (5.1a)—(5.1d). These equations model the transition from low

to high concentration of MPF, which in turns determines the G2/M transition and the
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Figure 5.1: Numerical solution of the cell cycle model (5.1)—(5.2).

M-phase entry. This can be seen in Figure 5.1 with MPF concentration rising quickly
above the threshold for M-phase (), = 0.2) at the end of the interphase. We note
that the G1/S and S/G2 transitions in mammalian cells are not considered explicitly
in this version of the cell cycle model, since they would require other proteins
(different from MPF) to be modelled. Instead, the G1- and S-phases are implicitly
accounted for by the parameters of the model to accommodate an interphase length
of approximately 22 hrs. Thus, when we consider the interphase module alone it is
more reasonable to refer to it as the G2 module since it only models the dynamics of
the G2-phase. In this chapter, we focus on the G2 module and the G2/M transition.

The M-phase is mainly governed by equations (5.1a) and (5.1e)—(5.1f). These
equations model the rapid increase and decrease in the concentration of MPF during
the M-phase, as shown in Figure 5.1. The cell cycle oscillations are completed
when the cell mass (governed by equation (5.1g)) is divided in half according to the

resetting condition (5.2). This resetting event places solutions back in the interphase
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Figure 5.2: Cell cycle model diagram.

as explained in Section 2.4 (see Novdk et al. [74] for further details).

The resetting event defines a discontinuous jump in the phase space of model
(5.1), which can be viewed as a branched manifold. A branched manifold is a
generalization of a differentiable manifold that allows special types of singularities,
such as resetting conditions. Consider the differentiable manifold M defined by
the phase space of the model given by equations (5.1). The resetting condition
in equation (5.2) maps trajectories reaching a submanifold N (M PF = 6, and
decreasing) in the M-phase to a submanifold g(/V) (cell mass is divided by two)
in the G2-phase (see Figure 5.3). The branched manifold is given by folding the
manifold and “gluing together” submanifolds N and g(/NV) such that the resulting
manifold is tangential at the connection [31]. The associated vector field is well-
defined provided trajectories satisfy transversality conditions, which are discussed
in Section 5.3. Thus, the cell cycle oscillation shown in Figure 5.1 belongs to the
branched manifold where the discontinuous jump in the cell mass is well defined.
Moreover, numerical simulations show that such cell cycle oscillation is a locally

asymptotically stable limit cycle on the branched manifold.

105



Figure 5.3: Construction of the branched manifold. The cell cycle model (5.1)
(without resetting condition (5.2)) defines a manifold M (left). Resetting condition
(5.2) maps trajectories reaching submanifold NV (upper grey curve) in the M-phase
(purple) to submanifold g(/V) (lower grey curve) in the interphase (orange). The
branched manifold (right) is constructed by tangentially gluing together submani-
folds NV and g(N) (grey line). The black line separating the interphase and M-phase
represents the threshold 6, when MPF is increasing (see equation (5.2)).

If we take V.o in Equation 5.1d as a varying parameter and increase its value,
we observe that the cell cycle oscillations are lost in a saddle-node in an invariant
circle (SNIC) bifurcation (see Figure 5.4). This provides and entrance to the G2
checkpoint defined by a stable node and a saddle point. In Section 2.3, we showed
that G2 checkpoint activation can be caused by radiation as it increases the value
of V2 beyond the SNICy,, bifurcation point, V; ~ 3.47. The SNICy,, bifurcation

point and corresponding eigenvalues (eigenvalues of the jacobian matrix of the
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vector field evaluated at the steady state) found numerically are given by

MPF* 0.048044 0

MPF; 2.650815 —0.0700
Weel* 0.825999 —0.2000

Vo ® 3471683, | Cdce25% | ~ [0.007785 N~ |—21768) . (53
1E* 0.003287 —36.960
APC* 0.000013 ~115.58

Mass* 2.7 —1655.6

The SNICy,, bifurcation is represented in the illustration of the branched manifold
in Figure 5.4.

In Section 2.4, we also showed how this SNICy,, bifurcation relates to the
SNIC)jy,ss bifurcation driven by Mass. In particular, we showed that the SNICy,,
bifurcation is the loss of the SNIC,,,ss embedded in the cell cycle model. The
SNIC);4ss bifurcation, studied by [98], appears in the version of the cell cycle
model where the cell mass is not a variable but a varying parameter and the bifurca-
tion itself defines the G2/M transition. Besides the observed relationship between
the two SNIC bifurcations, it was not clear what underpins this relationship mathe-
matically. Moreover, the oscillations associated with these SNIC bifurcations have
a completely different nature: the oscillation associated with the SNIC);,.s arises
from the negative feedback loop between MPF and APC in the M-phase module,
while the oscillation associated with the SNICy,, is the ability to cycle between the
G2- and M-phases. In this Chapter, we unravel the dynamical relationship between
these two SNIC bifurcations. In particular, we show that the SNICy,, bifurcation

is the carryover of the SNIC,;,ss bifurcation after the cell mass is turned into a
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Figure 5.4: a) Bifurcation diagram for V., (top). b) Illustration of the bifurcation
diagram drawn on the branched manifold. The arrows represent the vector field.
variable.

We are able to establish the theoretical connection between the two SNIC bi-
furcations by unfolding the branched manifold and focusing on the saddle-node
component of the SNIC, that is, excluding oscillations. We show, using the re-
sults obtained in Chapter 4, that the saddle-node bifurcation associated with the
SNICy,, bifurcation is the carryover of the saddle-node bifurcation associated with

the SNIC,,,,. bifurcation after the cell mass is transformed into variable.
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In Chapter 3, we used numerical simulations to show that the SNICy,, bifurcation
can produce a hyper-radiosensitivity and increased radioresistance (HRS/IRR) effect
in the survival fraction. However, we also stated the importance of computing such
survival fraction without extensive numerical calculations. We hypothesize that this
is possible if we reduce the cell cycle model to one-dimensional form around the
SNICy,, bifurcation. This one-dimensional reduction is the goal of this chapter,

which is organized into the following sections:

5.2 G2 module: saddle-node bifurcation driven by cell mass. In this section,
we decouple the G2 module from the cell cycle model corresponding to
equations (5.1a)—(5.1d). We show that in this module, there is a saddle-
node bifurcation with the cell mass as the bifurcation parameter. Under
appropriate initial conditions, this means that the cell mass forces an abrupt
increase in the concentration of MPF. Such change in the concentration of
MPF determines the G2/M transition. Moreover, we reduce the G2 module to
a one-dimensional system form as follows. First, we start with the G2 module,

which we denote as

2= f(zp),

where z € R?, and p € R™ is the vector of associated parameters. Second,
we translate a given steady state z* to the origin using the transformation
z = z — z* and write the translated G2 module

Al

Z=fE+25p),

with steady state at the origin, 2* = 0. Third, we nondimensionalize to write
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5.3

the G2 module as

7 = f(zp).

Nondimensionalization helps us to simplify calculations. Fourth, we find
conditions such that (Z;p) = (0, p*) is a saddle-node bifurcation point and,

following Theorem 4.0.1, we find new coordinates (£, ¢) and write

fl = f1<€7¢7p>7
¢' = Mo+ fo(§, é:p),

where ¢ € R corresponds to the zero eigenvalue of the saddle-node bifurca-
tion, and ¢ € R? are the remaining coordinates. Theorem 4.0.1 guarantees

the reduction to one-dimension in the form

& = fi(&n(€);p),

in a neighborhood of the saddle-node bifurcation point (0, p*) and for some

function ¢ = n(¢).

G2 module with variable cell mass: saddle-node bifurcation driven by
V.. In this section, we add the cell mass as a dynamical state variable to the
G2 module, and show that there is a saddle-node bifurcation with V., as the
bifurcation parameter. This means that V., can prevent the G2/M transition
forced by the new state variable Mass. Based on the theory deveolped in
Chapter 4, we show that this new saddle-node bifurcation driven by V5 is the

carryover of the previous saddle-node bifurcation driven by cell mass, and
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that the one-dimensional reduction in this case remains in the form

§ = f&p).

5.4 G2 and M modules combined with variable cell mass and resetting con-

dition: SNIC bifurcation driven by V5. In this section, we add the M

module and resetting condition to the G2 module with variable mass to fully

recover the cell cycle model where a SNIC bifurcation driven by V., takes

place. Analogously, we add a resetting condition to the one-dimensional form

found in the in the previous sections to transform the associated saddle-node

bifurcation into a SNIC bifurcation. We show that one-dimensional form

approximates the cell cycle model around the SNIC bifurcation driven by V..

5.2 G2 module: saddle-node bifurcation driven by

cell mass

The G2 module consists of differential equations

dMPF
e kmoMass — (kma + kmoaWeel)M PF
-+ (kml + km1a0d625)MPFp — (k’mg + kmgaAPC)MPF,
dMPF
TP = (kg + kmoaWeel)YMPF — (ki + km1aCdc25)M PFp
— (ks + kmsa APC)M P Fp,
dWeel v Weelr — Weel
dt Ty + (Weelp — Weel)
bus(MPF + aMPFp)— ¢
- hw « T TR
2 P Juw2 + Weel

111

(5.4a)

(5.4b)
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dCdc25 Cdec25r — Cde25
= ka(MPF + aMPF
dt i o 2 Ja + (Cde257 — Cde25)

Cde25

—Vo——ry—r,
> Jo + Cdc25

(5.4d)

where variables and parameters are listed in Tables 5.1 and 5.2, respectively. Note
that cell mass is a state variable in the cell cycle model (5.1), whereas it is a parameter
in the G2 module. Also, variables /£ and APC have been set to constant in the
G2 module equal to their corresponding value at the SNICy,, bifurcation point (see
equation 5.3), i.e., I E ~ 0.003287 and APC' =~ 0.000013. This choice of constant
values will become appropriate and relevant in the following sections.

Figure 5.5 shows the bifurcation diagram for (5.4) with M ass as the bifurcation
parameter. The G2 module has up to three steady states: one stable state with low
activity of MPF, inactive Cdc25 and active Weel; one stable steady state with high
activity of MPF, active Cdc25 and inactive Weel; and one intermediate unstable
steady state. The lower stable steady state corresponds to G2-phase conditions, while
upper the second stable steady state corresponds to M-phase conditions. When
Mass = Mass* ~ 1.74, a saddle-node bifurcation occurs: as mass increases
through Mass* the G2-like steady state and the unstable steady state coalesce
and disappear, leaving only the M-like steady state. We denote this saddle-node
bifurcation as SNj;.ss. Using numerical continuation, we find the value of this

bifurcation point and associated eigenvalues to be

MPF* 0.048606 0.000005

MPFp 1.697167 - —0.200085

Mass® ~ 1.7465, 2 , AR . (5.5
Weel* 0.976645 —8.896248
Cdc25% 0.040495 —56.244604
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Figure 5.5: Bifurcation diagram of the G2 module (5.4) with mass as varying
parameter.

The other saddle-node bifurcation on the left side of the bifurcation diagram does
not play a significant role in the G2/M transition and is not considered in this chapter.

Novdék and Tyson [72] identified the irreversible transition of the SN, with the
G2/M transition, which they hypothesize would be driven by the cell mass as more
proteins are synthesized and formed, including the cyclin B subunit of MPF. Their
hypothesis that cell mass causes cell cycle progression was later supported with
experimental results on frog egg extracts [87]. Moreover, Tyson et al. [98] explain
that checkpoints in general happen when the associated saddle-node bifurcation no
longer occurs (e.g., if the bifurcation point is moved away in one direction).

In this section we focus on the existence of the SN, bifurcation found numer-
ically above. In particular, we apply Theorem 4.0.1 and Corollary 4.0.1, regarding
saddle-node bifurcations in R", to the G2 module. This allows us to reduce the
4-dimensional system of the G2 module (5.4) into a one-dimensional form in a
neighborhood of the SN, bifurcation provided the following three conditions

hold:
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C.1 Singularity condition: the bifurcation point of interest, which must be a steady
state, has only one associated zero eigenvalue. We can choose coordinates

such that one of the coordinates corresponds to the zero eigenvalue.

C.2 Nondegeneracy condition: in the new coordinates, the quadratic terms in the
differential equation corresponding to the zero eigenvalue coordinate do not

vanish at the bifurcation point.

C.3 Transversality condition: in the new coordinates, the first derivative of the
differential equation corresponding to the zero eigenvalue with respect to the

parameter of interest does not vanish at the bifurcation point.

If the conditions above are satisfied, then a saddle-node bifurcation takes place and
the differential equation corresponding to the zero eigenvalue can be written in

one-dimensional form

S = f1(£7p)7

where £ is a linear combination of the variables in the G2 module and function f;
satisfies fi = D¢ f1 = 0 and D, f1 # 0 at the bifurcation point.

Our main goal is to verify that the G2 module satisfies each of the conditions
above. First, in Section 5.2.1, we translate the system by placing a generic steady
state at the origin. Second, in Section 5.2.2, we nondimensionalize the system.
Third, in Section 5.2.3, we apply a change of coordinates so that one coordinate
corresponds to the zero eigenvalue. Finally, in Section 5.2.4 we verify the conditions
in Theorem 4.0.1 and Corollary 4.0.1, which allows us to conclude the existence
of the SN,,,ss bifurcation. Due to the nonlinearity of the system (in particular,
equations for Weel (5.4c) and Cdc25 (5.4d)) we use a combination of theoretical

and numerical results.
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5.2.1 Translation of a steady state to the origin

Adopting the short notation 2’ = f(z;p), where z € R%, p € R?, and f is given by

the right-hand side of system (5.4), we denote an equilibrium point as

MPFEF*
MPF}
Weel*

Cdc25*

and translate this equilibrium to the origin to write a translated system, i.e.,

MPFE MPF — MPF*

| MPFp MPFp — MPF} ~

Z=| | =z—-2"= , = 2 =f(EZ+p).
Weel Weel — Weel*
Cde25 Cde25 — Cde25*

Note that z* depends implicitly on the parameters in the system, including M ass.
Due to the nonlinearity of the system (in particular in the equations for Wee (5.4c)
and Cdc25 (5.4d)), we rely on numerical methods to find the steady states. Also, it

is important to mention some relevant properties of the steady states.

Properties of steady states

We look at the intersection of the nullclines (null surfaces) of MPF and MPFp.

Setting %M PFp = 0 in equation (5.4b), we obtain

kmg + kmgaWeel

MPFp =
B e £ k1, Cdc25 + ks

MPF. (5.6)
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Similarly, setting £ A/ PF = 0 in equation (5.4a), we get

(kma + kmaaWeel + k3 ) M PF — (ki + k1o Cde25) M PEp = kypoMass. (5.7)

Substituting equation (5.6) into equation (5.7), and we obtain that

k'mg(kml -+ kmlaCdC25 + ka + km2aW€€1 -+ km3>

MPF = kyoMass. (5.8
k1 + km1aCde25 + ks oMass. (5.8)

Using equations (5.6) and (5.8), we can solve for M PF' and M PFp in terms of
Weel and Cde25,

Ko M km1 + km1aCdc25 + Ky,
VMPF — Fmo ass 1+ Km1 C29 + Km3 ’ (5.9)
k‘mg kml + kmlaCdCQ‘B + kmg + kmgaWeel + kmg
and
kmoMass kma + kmaoWeel
MPFp = . 5.10
r Fvs ot + FtaCde25 + kg + bV eel + g )
At any steady state z*, equations (5.9) and (5.10) satisfy
M
MPF* + MPF} = w (5.11)
m3
and
MPF* +aMPF}
 kmoMass ki + kin1aCde25* 4+ (k2 + kmaaWeel®) + ks (5.12)

kmg kml + kmlaCdCQES* -+ ka + kmgaWeel* —+ kmg

The previous two equations will be used later in some calculations.
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System after translation

Now we return to the G2 module 5.4 and rewrite it into its translated form
2= f(2+2%p)

Using the change of variables 2 = z — z* and equation (5.4a), we have

AMPF

= ko Mass — (ki + kmoa(Weel + Weel*))(MPF + MPF*)

+ (Kt + km1a(Cdc25 + Cdc25"))(MPFp + MPF})
— ks(MPF + MPF*)
= b M55 — (Ko + ko *Toms) M PF*
+ (Kt + MPF;
— (k2 + kmsaWeel” + k) MPE + (ki + km1aCdc25") MPFp
— ke M PF*Weel + koM PFCdc25

— koo MPFpWeel + ko MPFpCdc25,

where equation (5.7) has been used to cancel the first three terms. Similarly, using

equation (5.4b), we have

AMPFp

= (hwa + kmaa(Weel + Weel*))(MPF + MPF*)

— (k1 + Em1a(Cdc25 + Cdc25"))(MPFp + MPF})

— kn3(MPFp + MPF})

= (o + & MPF* — (kyy + ki o) MPE}

+ (kz + kmzaWeel Y MPE — (K + kn1aCde25" + ks ) MPFp
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kmaa MPF*Weel — koM PF;Cdc25,

where equation (5.7) has been used to cancel the first two terms. The M PF +

aM P Fp term in the equations for Weel (5.4c) and Cdc25 (5.4d) can be written as
MPF + aMPFp = MPF* + aMPF}, + MPF + aMPFp.

Thus, the translated G2 module (5.4) becomes

d‘l‘f B (s + B Weel® + b MIPF + (ky + hin1aC'de25) TP Fp
— Kaa MPF*Weel + koM PFCdc25
— kmoa MPFpWeel + ko MPEpCde25, (5.13a)

% = (ks + km2aWeel)MPE — (ki + km1aCdc25" + k) MPFp

kmaa MPF*Weel — koM PFCdc25
kmoa MPEpWeel — ko MPFpCdc25 (5.13b)

dI/I//e?l v Weelyr — Weel* — T/I//e\e/l_\

dt Jup1 + Weelr — Weel* — Weel

~ k(b + MPF + a M PEp)— el Weel 545,

Juwa + Weel* + Weel

dCdc25 - IPE n @Wp) Cdc257 — Cde25* — C’dc2/5\
dt Ji 4 Cde25p — Cde25* — Cde25
Cde25* + Cde2b
e e (5.13d)
Jeo + Cde25* + Cde25
where

km = MPF* + oM PF?,

118



 kmoMass kpy + k1o Cde25 + a(kma + kmaaWeel®) 4 ks

5.14
km3 kml + kmlaCdCZE)* + ka + k:mgaWeel* + k’mg ( )

Note that the last equality comes from equation (5.12) and the origin is now a steady

state, denoted z* = 0, for the translated system (5.13).

5.2.2 Nondimensionalization and approximation

To simplify our calculations, we nondimensionalize the translated G2 module (5.13)

using the following transformation

—— — Weel Cde25
= MPF, y= MPF, = = = Kpmst. 5.15
v Y Py W Weelr’ “ Cde257’ T ¥ (5-15)
Taking the derivative of = with respect to 7, we obtain
_dMPFdt _ 1 dMPF
S dt dr o ks dt
Similarly,
,_ 1 dMPEp 1 dWel ., 1 dCdcd
U s dt Y T ks dt " hps dt

After dividing every equation in (5.13) by k,,3, the translated and nondimen-

sionalized G2 module becomes

' =—(14a)x + by — cw+ du — KpTw + Ky Yu, (5.16a)
v =axr — (1+b)y+ cw — du + Ky,Tw — KyYu, (5.16b)
l—w"—w w* + w
= w - Jw km y )T L 5.16
v 561+1—w*—w Yool —|—x+ay)€2+w*+w ( 2
1 - — -
U =Yk + 2+ ay) LoM g (5.16d)

u
es+1—u*—u €4 +ur+u’
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where

ke = MPF* + aMPF},
kmg + kmgaWeel* b— kml + km1a0d025*

km?) ’ km3 7
k:mgaMPF*WeelT ]leaMPF;Od625T
c= , d= ,
/{ng km3
kmaaWeel km1aCdc25
- 2—66T’ Ky = 1—CT, (5.17)
/{ng km?)
Vi Euwso . Weel*
Bw = T 11 1 Yo = 7T 1 w ==,
knsWeelr knmsWeelr Weelr
ke oy Ve . Cd25
T hsCde2sy T T knCde25r” T Cde25p
le Jw2 Jcl ‘]62

€1 €4

- Weelp’ = Weelp’ = Cde257’ - Cdc25p

The nonlinear functions associated with the Goldbeter-Koshland kinetics (in the
equations for w and u) complicate any theoretical analysis on the system, but now
that we have shifted the coordinates to a steady state, we can write an approximation
of the system for small values of w and u. Using the power series expansion (5.48)
(see Appendix 5.A), we write the second-order approximation of the normalized G2

module (5.16) for small values of x, y, w, and u, given by

' =—(1+a)x+by —cw+du— K,zw + Kyyu, (5.18a)
Yy =ar — (1 +b)y + cw — du + KupTw — KyYu, (5.18b)
w' = By — Dz — aDy — Bw — Dyxw — aDyyw + Bow? +hoot.,  (5.18¢c)

' = Cy+ Ex 4+ aBy — Cu — Eyrw — aFyyw + Cow? 4+ hoo.t., (5.18d)
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where

B, — Bw(l - W*) . Y kmw* _ Buwer Ywkmer
07Tl —w e twt (1 +1—w*)? (e +w*)?
2 — = ;
(e +1—w*)? (e +w*)?
p= 2w L -
e (€2 + wr) (5.19)
Ch = 7ukm(1 - U*) o Buu* _ Yukm€s Bu€s .
0 €3+1—U* E4+U*’ (63—|-1—U*)2 (64—|-U*)27
’Yukmei’) Bu€4
Cy = 3 37
(e3+1—u¥) (€4 + u*)
o nl-w) o gu-w)
e+1—u’ (€3 +1—wu*)?

Adopting the short notation 2’ = f(Z; p) for the nondimensionalized G2 module

(5.16), the Jacobian matrix at the steady state Z = 0 can

second-order approximation (5.18)

—(1+a) b —c d
. a —(14+b) ¢ —d
J - Dgf B -
=0 -D —aD B 0
E al 0o -C
The characteristic polynomial of J is
A+1+4+a —b c —d
—a A+1+b —c d
Py(\) =det(AM — J) =
D aD A+ B 0
-F —akF 0 A+ C
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A+l4+a —b c —d
A+1 A1 0 0
- D aD X+B 0
—F —aF 0 A+C
A+ A —b c —d
0 A+1 0 0

(1—a)D oD X+B 0
—(1—-a)F —aE 0 X4+C

=A+1)[A+AN+B)(A+C)

—(1—=a)(cDIAN+C)+dE(XA+ B))],

where

A=1+a+b (5.20)

For the zero eigenvalue singularity condition C.1, we require the characteristic

polynomial above to be zero when A = 0, i.e.,

Py(0) =0 < ABC = (1 —a)(cCD + bBE). (5.21)

We can verify that the singularity condition above holds for the bifurcation point
(2&y; p*) found numerically in (5.5). Indeed, using parameter definitions (5.17),

(5.19) and (5.20), we obtain

313361.4433 ~ ABC = (1 — o) (cCD + bBE) ~ 313362.2906 ,

which reflects a relative error with a magnitude of 10~°. This error is due to the fact
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that (2§,; p*) is found numerically.
Using the zero eigenvalue singularity condition (5.21), the characteristic poly-

nomial becomes

PiAN)=A+1)[A+AAN+B)(A+C)
—(1—=a)(cD(A+C)+dE(XA+ B))]
=(A+1) [N+ (A+ B+ C)\’ + (AB+ BC + CA)N + ABC
—(1—a)(eD+dE)A—(1—a EB)]
=AA+1) [N+ (A+ B+ C)A

+AB+ BC+ CA— (1 —a)(cD+dE)],

Thus, the eigenvalues are given by

(A+ B
M=0, M= 1 A= _AF +CO) £V

where

F=(A+B+C)*—4(AB+ BC+ CA) +4(1 — a)(cD +dE).  (5.22)

Using parameter definitions (5.17) and (5.19) and multiplying by the scaling factor

ar —

7 = kms = 0.2, we verify that the eigenvalues match the ones found numerically

in (5.5)

km3)\1 = 07

km3)\2 = km3(_1) = _027

_(A+B 7
P A G ;C) TVF _ g 8062,
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—(A+B+0)-VF

km3)\f = km3 9

= —56.2445.

For the single zero eigenvalue singularity condition C.1, we require that eigen-
values A\, and A_ are real. This is true if /', defined in equation 5.22, is greater than

0,i.e.,

(A+B+C)?+4(1 —a)(cD+dE) > 4AB+ BC +CA) > 0.  (5.23)

Note that these eigenvalues are negative if (A + B + C')? > F i.e.,

(1—a)(cD + dE) < AB + BC + CA. (5.24)

The previous two equations provide conditions for negative real eigenvalues A and

A

5.2.3 Change of coordinates

In this section, we apply the standard results on a saddle-node bifurcation in R” given
by Theorem 4.0.1 and Corollary 4.0.1 in Chapter 4. These results required a change
of coordinates that places one variable in the single zero eigenvalue. The standard
method to find such change of coordinates is to find the eigenvectors, write the
invertible matrix P of diagonalization, invert it, and define the new coordinates as
¢ = P~'Z. Unfortunately, the explicit inversion of this matrix P is too complicated.
Instead, we propose the following change of coordinates that is not the canonical

transformation, yet satisfies the conditions of Theorem 4.0.1

¢ =(aBC —cCD —dBE)x+ ((1+a)BC —cCD — dBE)y
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+ cCw — dBu, (5.25a)
=z+y, (5.25b)
w=(aBC —cCD —dBE)Gz + ((14+a)BC —cCD — dBE)Gy

+ (1 + cCG)w — dBGu, (5.25¢)

v=(aBC —cCD—dBE)Hz + ((14+a)BC —cCD — dBE)Hy

+cCHw+ (1 —dBH)u. (5.25d)
where
G (1—-a)CD
- B2C? — (1 - a)(eC?D — dB2E)’ (5.26)
i (1—«a)BE '

~ B2C2— (1 — a)(cC2D — dB2E)’

and the following inequality holds
B*C? — (1 — a)(cC®D — dB*E) # 0. (5.27)

The change of variables (5.25) is motivated from the calculations to obtain the
eigenvectors, i.e., from the elementary row operations necessary to solve (Al —
J)v = v for v # 0 (calculations not shown here).

Constants GG and H are the solution to the following equations

BC — cCG —dBH

- &)BC — cgg— dBHD e (5.28)
—(1—a) BO E+CH =0,

assuming (5.27) holds. These equations are the result of forcing the linear terms in

the derviative of (5.25) to have the same structure as the linear terms in equation
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(4.4) in the statement of Theorem 4.0.1, i.e., forcing that the linear terms in the

derivatives of w and v do not depend on £. In fact, equations (5.25¢) and (5.25c¢)

are the result of choosing w = G¢ + w and v = H& + u, respectively. At the end of

this section, we will see how enforcing the linear structure mentioned above results

in equation (5.28).

The corresponding inverse transformation of the change of coordinates 5.25 is

_BC-cCG-dBH, (1+a)BC—cCD-dBE,

v BC + BC

L,

BY "
7BC’—CC’G—dB_Hg_aBC’—cCD—dBEw_c +d
4= BC BC BT ¢cY
w=—-G{ +w,
u=—Hf+v.

Taking derivatives of equation (5.25b), we have

V=2 +y =—(1+a)r+by — cw+ du — k2w + Kyyu
+ar — (1 +b)y + cw — du + Kyprw — Ky Yyu

=—(z+y)=—v.

Equation (5.25a) can be written as

¢ =BCy+ cCw —dBu+ (aBC — cCD — dBE).

Differentiating and using equations (5.16b) and (5.18), we obtain

¢ = BCy + cCw' — dBu' + (aBC — ¢cCD — dBE)y/
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(5.29b)

(5.29¢)

(5.294d)



= T — (14 b)BCy + cB€wW — dB€U + k,BCrw + k, BCyu
+ cCBy — P71 — acCDy — cCBw
— ¢C Dyzw — acC Dyyw + c¢CByw? + h.o.t.
— dBCy — dBET — adBEy + dB€wW
+ dBEyxu + adBEyu — dBCyu® + h.o.t.
+ (—aBC + D +dBE)r + (—aBC + ¢cCD + dBE)y
= cCBy — dBC
+ (=ABC + (1 — a)(cCD — dBE))y
+ (kWwBC — ¢cCDg)xw + dBEyru — acC Doyw

+ (ky BC + adBEy)yu + ¢C Byw? — dBCyu® + h.o.t.

Note that, at the bifurcation point SNj,.ss, the constant multiplying y cancels by
the zero eigenvalue condition (5.21). Substituting x, y, w, and u, according to the
inverse transformation (5.29), and discarding all quadratic and higher order terms

except those of the form & 2 we obtain

gl = CCBQ - dBC()

+ (—ABC + (1 — a)(cCD — dBE))
X(BC’—COG—dBHg_aBC’—cCD—dBE c d >

- =W+ =v

BC BC B C
BC —cCG —dBH
BC —cCD
+ (/‘iw C cC 2) BC

BC — ¢CG — dBH
dBE HE?
+ 2 BC §

BC — ¢CG —dBH _,
BC G

BC — cCG — dBH
BC

Ge?

+ acCD,

— (kuBC + adBE,) HE?
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+ ¢CByG?*¢* — bBC, H?*¢% + other quadratic terms + h.o.t.
= CCBQ — dBCO

+ (—ABC + (1 — a)(cCD — dBE))
X(BC’—CC’G—dBﬂg_aBC’—cCD—dBE c d )

BC BC vogwtgY

BC - cCG —dBH

. . 2
+ (kwBC — (1 — a)cCDy) BO G¢
— (kuBC — (1— a)dBEy) 2E = C(Z;Cé_ dBH /e

+ cOByG*€6? — bBCyH*E? + other quadratic terms + h.o.t.
From equation (5.29c) we know that
w=w+ GE,
whose derivative, using equation (5.18c) up to linear terms, is

(U/ — w/ + GSI
= By — Dx — aDy — Bw + h.o.t.
+ G(CCB[) — dBCo)

+ G(=ABC + (1 — a)(cCD — dBE))
X(BC—CC’G—dBH _aBC—cC’D—dBE c d )

BC § BC vogYte?

+ h.o.t.
= B() + G(COBO - dBOg)

+ G(—ABC + (1 — a)(cCD — dBE))

" BC’—CC’G—dBHé_aBC’—cC’D—dBEw_c +d
BC BC BY T ¢
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BC = cCG—dBH |, (1+a)BC—cCD— dBE
BC BC
cD dD
— F(JJ + F’U
BC — ¢CG — dBH (1+a)BC —cCD — dBE

—a BC DE+ BC

Dy

Dy
+ agw — aFU
+ BG¢ — Bw + hoo.t.
= BQ + G(CCBO — dBCD)

+ G(—ABC + (1 — )(cCD — dBE))

" BC—CC’G—dBHg_aBC’—cC’D—dBEw_E +i
BC BC BT
BC —cCG —dBH

+((1—a) BC D+BG)§
aBC —cCD — dBFE

—((1—@) BC D~|—D)w

cD dD
— <(1 — Oz)§ + B) w4 (1 - a)?v +h.o.t.

Finally, from equation (5.29d) we know that
v=u+ HE,
whose derivative, using equation (5.18d) and up to linear terms, is

v =u+ H¢
=Cy— EFr—aFy— Cw+ h.o.t.
+ H(cCBy — dBCy)
+ H(—ABC + (1 — a)(cCD — dBE))
X(BC’—CC’G—dBHg_aBC’—cC’D—dBE c d >

BC BC Vot Y
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+ h.o.t.
= Co + H(CCBO — dBCO)

+ H(—ABC + (1 — a)(cCD — dBE))

" BC—CC’G—dBHg_aBC’—cCD—dBEw_E +i
BC BC BYT¢cY
BC — cCG — dBH (1+a)BC — cCD — dBE
- BC EC+ BC EY
LcEdE
BT 0"
BC — ¢CG — dBH (1+a)BC — ¢cCD — dBE
+ o BC E¢ — a BC Ey
n @ dFE
an OZCU

+CH¢ — Cu +hot.
= C() + H(CCBO — dBC())

+ H(—ABC + (1 — a)(cCD — dBE))

" (BO_COG_dBHg_aBO_COD_dBEw_£w+iU>
BC BC B C
B <(1—a)BC_ng_dBHE—CH>§
N ((1—a)aBC_c§OD_dBEE+E)¢
—(1—a)%w+ <(1—a)%—0)v+h.0.t.

Summarizing, the G2 module in the new coordinates becomes

5, = CCB() - dBCO

+ (—ABC + (1 — a)(cCD — dBE))
><(BC—CC’G—&ZBHE_otB’C—cC’D—dBE c d )

BC BC —pYtev
BC — ¢«CG — dBH

BC

+ (kWwBC — (1 — a)cCDs) G¢?
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BC — cCG —dBH
BC

+ cOByG*¢* — bBCoH*¢? + 0.q.t. + h.o.t., (5.30a)

— (kuBC = (1 — a)dBE3) He?

Y= =1, (5.30b)

w' = BO + G(CCBO — dBCO)

+G(—ABC + (1 — a)(cCD — dBE))
BC — cCG — dBHg_aBC—cC’D—dBEw_E _'_i
BC BC BY T ¢c"

BC— cCG —dBH

( (1-a) BC D+ BG> £
aBC’ —cCD —dBFE

( BC D + D) Y

( 1—a ) w—l—(l—a)%v—l—h.o.t., (5.30c)

U, = C() + H(CCBQ - dBC())

H(—ABC + (1 —a)(cCD — dBE))
y (BC —cCG —dBH aBC — cCD — dBE c d )
v
C

BC £- BC Vot
B <(1_a)BC—cCG—dBH

= E—(JH)§

BC — ¢CD — dBE
+<(1—a)a0 Cgc d E+E)¢

—(1— a)%w + ((1 - a)% — C’) v+ h.o.t. (5.30d)

Now, referring back to equations (5.28), these equations come from forcing the
fourth term in equations (5.30c) and (5.30d) to vanish. As per the third term in
equations (5.30c) and (5.30d) they must vanish since the zero eigenvalue condition
C.1 (guaranteed by equation (5.21)) implies that the linear term (second term) in
equation (5.30a) vanishes. Thus, all £-linear terms in equations (5.30b) and (5.30d)

vanish.
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Equation (5.30a) is almost the one-dimensional form we are looking for. We
still have to apply Theorem 4.0.1 to the whole system (5.30) and rewrite equation

(5.30a) depending only on &.

5.2.4 Reduction to one-dimensional form

The original version of G2 module (5.4) has precisely one zero eigenvalue if equation
(5.21),
ABC = (1 —a)(cCD + dBE),

and inequality (5.23),
(A+B+C)? +4(1 —a)(cD + dE) > 4(AB + BC + CA),

hold, where the constants therein are defined by (5.17), (5.19), and (5.20). The
change of coordinates (5.25) transforms the G2 module into system (5.30). The

zero eigenvalue condition implies that the terms of the form

(=ABC + (1 — a)(cCD — dBE))
X(BC—CC’G—dBHé_aBC’—cC’D—dBE c d >

BC BC Vot Y

in system (5.30) vanish. Equations (5.28) imply that the £-linear terms in equations
(5.30c¢) and (5.30d) vanish.
Let ¢ = (¢Y,w,v), ¢ = (&, ), 1(&, ¢; p) defined by the right-hand side of

equation (5.30a), M defined by the linear terms in the right-hand side of equations
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(5.30b)—(5.30d)

~1 0 0
M= |—-(1-q=<DdBlD - D —(1-a)%2-B (1-a)¥ |,
(1 — q)eBC=<LDdBEE | | —(1-a)E (1-a)%-C

g2(&, ¢;p) defined by the remaining terms in the right-hand side of equations
(5.30b)—(5.30d), and g = (g1, g2). Then, the G2 module in the new coordinates

(5.30) is written

= g€, 0:p),
¢ =Mo+ g2(&, o p).

At (&, 0;p) = (0,0;p*), where Mass = Mass* at p*, we have By = Cy = 0 so
that ¢(0,0; p*) = 0, by construction. Also, D.g(0,0;p*) = 0, by construction. If

inequality (5.27),
B?*C? — (1 — a)(cC®D — dB*E) # 0,

holds, then M is invertible. This construction guaranties that singularity condition
C.1 is satisfied.

From equation (5.30a), we have

BC — cCG —dBH
o9 = Dgé’gl(ga ¢>p*) = BC

X ((kwBC — (1 = a)cCDy)G — (k,BC — (1 — a)dBE,)H)

+ cCByG? — bBC,H?. (5.31)
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Note that the transversality condition C.3 holds since

DMassgl<Oa O;p*) = DMaSSf<Z;'N§p*) = kmo # 0.

If the nondegeneracy conditions C.2 is satisfied, i.e.,

o0 0, (5.32)

then, by Theorem 4.0.1 and Corollary 4.0.1, there is a SNj,,ss bifurcation that
takes place when Mass crosses Mass*. Moreover, there is a neighbourhood
of (¢,p) = (0,p*) where there exists a unique function ¢ = 7(&;p) such that
0 = n(0; p*). Function n(; p) must not have constant terms or terms of the form
£ (for n > 0), otherwise the condition 0 = n(0; p*) is not satisfied. Thus, we can

assume this function has a polynomial form

i€+ mek+ ...
¢ =n(&p) = T]Q1£+T]22£2+... )

N31€ + M3l + . ..

in which case we can collect all the quadratic terms in the right-hand side of (5.30a)

and reduce the G2 module to one-dimensional form

¢ = g1(&n(&p); p) = (cCBy — dBCy) + 0, (5.33)

where 0 = 0+ 0 is the sum of the terms of the form £2 (i.e., o) and other quadratic
terms of the form 7(&; p)¢ and (n(&; p))?.

Although the nondegeneracy (5.32) can be easily verified numerically by com-
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puting
0o ~ 14974232.7882 # 0, (5.34)

it is far more difficult to verify this condition theoretically.

5.3 G2 module with variable cell mass: saddle-node
bifurcation driven by V.,

In this section, we study the extended G2 module where the parameter Mass is

transformed into a state variable. The equations are

MPF
d T kmoMass — (kma + kmoaWeel)M PF
+ (km1 + km1aCde25) M PFp — ks M PF, (5.35a)
dMPF
Tp = (ka2 + kmoaWeel)MPF — (kmi + km1aCdc25) M PFp
— ks M PFp, (5.35b)
dWeel v Weelr — Weel
d g+ (Weelr — Weel)
Weel
— ko (MPF MPFp)———, 5.35
2 ta 2 Juwo + Weel ( ©)
dCdc25 Cde25r — C'de25
=ka(MPF MPF
dt i o 2 Jo + (Cde257 — Cde25)
Cdc25
—Vor——F"+%5 5.35d
?Jo + Cde25 (5.35d)
dM M
a5 _ uMass <1 — GSS) , (5.35e)
dt Mass

According to Proposition 4.2.1, we need to show that the nonsingularity con-
dition (4.19) and the transversality condition (4.20) are satisfied in order to prove

the existence of a saddle-node bifurcation driven by V., in the extended G2 module
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Figure 5.6: Two-parameter bifurcation diagram for the G2 module (5.4) with mass
and V., as bifurcation parameters. The bifurcation curve on the right follows the
SNsqss studied in Section 5.2. The nullclines of cell mass (equation (5.35e)) have
been superimposed on the diagram. A saddle-node bifurcation is created when the
nullcline corresponding to Mass = K jy,ss is transverse to the SN, bifurcation
curve. The bifurcation diagram in Figure 5.5 corresponds to a horizontal cross
section here when V., = 1.4.

(5.35). According to Proposition 4.2.2, these conditions can be verified graphically
by superimposing the nullcline of equation (5.35¢) onto the corresponding two-
parameter bifurcation diagram for the G2 module (5.4). This bifurcation diagram
is shown in Figure 5.6, where we verify that 1) the Mass-nullcline of equation
(5.35e) intersects transversally the two-parameter bifurcation curve that follows the
SN 1455 bifurcation, and 2) the tangent line to the M ass-nullcline of (5.35¢) is not
parallel the Mass-axis at the intersection. Thus, the extended G2 module (5.35)
has a saddle-node bifurcation at the intersection as V., crosses the bifurcation value
V5. We denote this saddle-node bifurcation as SNy, .

Recall from Section 5.2 that the G2 module (5.4) is reduced to a one-dimensional
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form (5.33) around the SN,;,ss bifurcation for a small £. Note that this one-
dimensional reduction is valid for a generic SNjy,ss bifurcation point (z%,;p*),
since the calculations are given implicitly in term of the steady states. In particular,
it is valid at the intersection of the two-parameter bifurcation curve and the nullcline
of g where Mass = K);,ss. In order to find the normal form for the extended G2
Module (5.35), we still need to consider the contribution of the differential equation
for Mass to the one-dimensional form. This can be done through one of two
methods: 1) applying Theorem 4.0.1 to the G2 module with variable mass (5.35)
analogous to the approach taken in Section 5.2, or 2) taking the one-dimensional
reduction of the G2 module, extending it by transforming M ass into variable, and
applying Proposition 4.2.1 to this extended model to reduce it to a one dimensional
form. Note that the second method is possible because g(Mass) does not depend
on any of the other state variables (M PF', etc.). In order to avoid repeating the long
calculations carried out in Section 5.2, we apply here the second method.

We rewrite the one-dimensional form (5.33) as

f(& Mass, V) = (cCBy — dBCy) + o€,

where only the parameters Mass and V., are considered explicitly for simplicity.
By Proposition 4.1.1, there is a unique function Mass = v(V,,) such that we can

reduce the extended G2 module (where mass is a variable) to

¢ =fE+4w(Va) — Mass™),v(Via); Vea) — 29(v(Via); Vea), (5.36)

(recall that the nondimensionalized system has a bifurcation point at (z,y;p) =
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(0, 0; p*)), where

b= DMassg(KMass;,uv K]V[ass) = — U,

and

M
g(Mass; Vg) = uMass (1 - ass) :

Mass
from equation (5.35e). Note that the Mass is now a state variable for the function
fin (5.36). Note also that the parameters Mass and V5 are present implicitly in all
the parameters through the steady state z* = (M PF*, M PF},, Cdc22* Weel*),
while Mass is explicitly present in u, Cy, and C' (see equation (5.14)), and V.,
is explicitly present in Cj and C (since /3, is a multiple of V_.,). Therefore, our
calculation does not allow us to compute a = Dy, f1 explicitly. However, it is easy
to see that

v(Via) = Kpjass = Mass”.

Hence, a does not need to be computed because both terms v(V.2) — Mass and
g(v(Vi2); Via) in (5.36) vanish. Thus, the one-dimensional reduction of the extended

G2 module (5.35) is
5, = f(57 KMass; ‘/;2) = (CCBO - dBCO) + 052' (537)

Note that, the only difference between the one-dimensional forms (5.33) and (5.37)
is that Mass = K ;.45 1S constant in the latter.

The bifurcation diagram for the G2 module with variable mass (5.35) with Vo
taken as bifurcation parameter is shown in Figure 5.7. As expected, there is a
saddle-node bifurcation, denoted, SNy, when Vo = V;, ~ 3.49. The upper stable
node (solid black line) in Figure 5.7 corresponds to the upper stable steady state in

Figure 5.5. The SNy, bifurcation point and corresponding eigenvalues are found
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Figure 5.7: Bifurcation diagram of the G2 module with variable mass (5.35) with
V.o as varying parameter.

numerically to be given by

V5~ 3.492928,

M PF*]
MPFs
Weel*
Cdc25%

Mass*

Q

0.048031]
2.650923
0.826130
0.007779

2.7

)

Q

0
—0.0700
—0.2000
—36.974

| —115.67

(5.38)

Note that this bifurcation point is approximately equal to that found earlier for the

SNICy,, bifurcation of the full cell cycle model (see (5.3)), i.e., the G2 module with

variable mass captures very well the dynamics of the full cell cycle model around

the SNICy,, bifurcation. In the next section, we will see that adding the M module

and resetting condition to the G2 module with variable mass does not affect the

SNy, bifurcation point.
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54 G2 and M modules combined with variable cell
mass and resetting condition: SNIC bifurcation
driven by V.,

In the previous section, we showed that the G2 module with variable mass has a
saddle-node bifurcation driven by V. Such saddle-node bifurcation is inherited
from the G2 module when the parameter Mass is transformed into a variable. In
this section, we further extend the G2 module by adding the M module and mass
resetting condition. First, we add the M module, corresponding to equations for
APC and IE. Second, we discuss how the addition of the resetting condition closes
the cell cycle.

Addition of the M module to the G2 module with variables mass (5.35) results

in the model already presented at the beginning of this chapter in equations (5.1)

d]\/c[ifF = knoMass — (ko + kmaaWeel) M PF
+ (k1 + kyn1aCde25) MPFp — (ks + kmsa APCYMPF, (5.39a)
de% = (ks + kymoaWeel )M PE — (ki + k1o Cdc25) MPFp
— (km3 + km3s APC)M PFp, (5.39b)
dWeel v Weelyr — Weel
dt Jw1 + (Weelr — Weel)
— kyo(MPF + aMPFp)%, (5.39¢)
- %2%, (5.39d)
% = k:il(MPF—konPFp)Jil i%E_T[_EIE) - vﬂ%, (5.39%)
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dAPC APCy — APC APC

= kalE —V, : 5.39f
dt Y a4+ (APCr — APC)  Ja+ APC (5-39%)
M M
M55 _ | Mass (1 - ass) , (5.39g)
dt Mass

where variables and parameters are listed in Tables 5.1 and 5.2, respectively. Note
that APC and IE are variables in this combined module, whereas they are considered
parameters in the G2 module with variable mass.

As in Section 5.3, we consider V., the inactivation rate of Cdc25, a varying
parameter. The bifurcation diagram is shown in Figure 5.8. There is a saddle-
node bifurcation, denoted SNy, , to distinguish it from the previous SNy,,, when
Veo = V3 = 3.47. Note that if we compare this SNy, bifurcation with the SNy,
bifurcation in Figure 5.7, including the branch, they have not changed after the
addition of the M module. However, the addition of the M module eliminated the
upper stable node (solid black line) in Figure (5.7) and created the upper saddle
point (dot dash black line) in Figure 5.8. In fact, the numerical values of the SNy,
bifurcation are approximately equal to those of the SNICy,, shown at the beginning

of this chapter in equation (5.3), i.e.,

[ vpre | [0.048044) 0

MPF} 2.650815 —0.0700

Weel* 0.825999 —0.2000

Vi & 3471683, | Cde25% | = 0.007785 | X~ | 21768
IE* 0.003287 —36.960

APC* 0.000013 ~115.58

| Mass* | | 27 | | —1655.6
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Figure 5.8: Bifurcation diagram of the G2 and M modules with variable mass (5.39)
with V., as varying parameter.

The resetting condition (5.2), i.e.,

dMPF M t
——(t) <0 = Mass(t) %”

if MPF(t) =6y and

maps trajectories reaching the upper saddle (dot dashed black line) in Figure 5.8
from the right side (to the right of Mass*) of Figure 5.5 that defines M-phase to
the left side (to the left of M ass*) that defines G2-phase. Note that this mapping is
done smoothly with respect to all the variables, except M ass, since their value does
not change at the reset. This defines a branched manifold that closes the cell cycle
(i.e., the M-phase to interphase transition) and transforms the SN2y, bifurcation
into a SNICy,, bifurcation.

Since the SNy, bifurcation remains unchanged with the addition of the M-phase
and the resetting condition, we conjecture that the one-dimensional reduction of the

SNICy,, bifurcation is the same as (5.37).
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5.5 Normal form for the SNIC bifurcation driven by

V9t describing the G2/M transition

We now rescale back to the original time scale of ¢, according to equation, (5.15)

T = l{?m3t — % = k’mg. (5.40)

Then,

d¢  de¢dr  dE ,
G = drdr = gy = ks (cCBy = dBCo +08%),

and equation (5.37) is rewritten as

dg

== p+E%, (5.41)

where

p = kn3(cCBy — dBCy), and v = kp30. (5.42)

Although the constant v can be eliminated with non-dimensionalization, we prefer
to keep this ‘almost’ normal form in order to have the same time scale of the cell

cycle. For V5 = 1.4, we can estimate
p~ —371.466, (5.43)

from equations (5.3), (5.17), and (5.19). However, we cannot estimate  because
we do not have a closed expression for o = oy + 0 (see equation (5.33)). Since the
cell cycle is in the oscillatory regime when V., = 1.4, the normal form should not
have steady states when V., = 1.4. Thus, given p < 0 we can assume that v < 0.

Equation (5.41) is a normal form for the saddle-node bifurcation that approximates
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M 0

Figure 5.9: Bifurcation diagram of the normal form (5.41) of the saddle-node
bifurcation.

locally the SNICy,, bifurcation of the cell cycle in a neighbourhood of the bifurcation
point (£, p) = (0, p*) (where p is the vector of all parameters in the cell cycle).

We denote the neighbourhood of £ = 0 where the normal form (5.41) approxi-
mates the cell cycle around the SNICy,, bifurcation as (§jef, &igne). Given the initial
condition {(0;p) = 0, we have £(0;p) € (e, Erigne)- If Voo = V5 (ie., p = pY),
then (¢, p) = (£(0;p*), p*) = (0, p*) is exactly the bifurcation point.

When p < 0, the solution of the normal form (5.41) is always decreasing from
Slet tO &right- If p = 0, there is a saddle-node bifurcation at { = 0. If p > 0, there
are stable and unstable equilibria at £ = \/\»ﬂ and £ = —\/|77\ , respectively. See
Appendix 5.B for more details. Figure 5.9 shows the corresponding bifurcation
diagram.

If we solve the normal form (5.41) for p < 0 beyond i and g, § blows-up in
finite time to positive infinity backwards from &g, and to positive infinity forwards
from &oni, Tespectively (see Appendix 5.B). This extension of the normal form

(5.41) to positive and negative infinity is illustrated in Figure 5.10c. The time from
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Figure 5.10: Diagram of the one-dimensional approximation of the cell cycle model
around the SNICy,, bifurcation. a) Representation of the cell cycle with a zoom
into the G2/M transition where the SNICy,, bifurcation takes place (see Figure 2.1).
b) Representation of the one-dimensional approximation of the cell cycle (5.41)
(blue) in the cell cycle diagram in the neighborhood (et &igne) of & = 0. ¢)
Representation of the extended normal form (5.41) (blue) by solving it beyond &
and gne- d) Linear representation of the cell cycle during the G2/M transition with
corresponding times defined in equations (5.44) and (5.46).

negative infinity blow-up to positive infinity blow-up is

T = —— (5.44)

VY

(see equation (5.52) in Appendix 5.B).
Now consider the full cell cycle model (5.1) with initial condition at the start of
the cell cycle and basal value of V., = 1.4. Denote the time of bifurcation tgf;

as the time such that the concentration of M PF' is equal to its concentration at the
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bifurcation point (5.3), i.e.,

MPF(tgy) = MPF*. (5.45)
If V., is instantaneously set to V5 at ¢ = ¢%f iTe the cell cycle model is exactly at

the bifurcation point. We define a finite time interval around the time of bifurcation

bif
Len /v aS

Laayn = [t855ar 185 0] = [1yar — 3 T2/, o nr + 3 Tayu)- (5.46)

Identifying the G2/M transition with the SNICy,, bifurcation, we say that ¢}, M
is the time of the SNICy,, bifurcation associated with the G2/M transition, T2/
(equation (5.44)) is the length of the G2/M transition, and /2,y (equation (5.46))

in the interval of the G2/M transition. These values are illustrated in Figure 5.10d.

5.6 Discussion

We reduced the the cell cycle model (5.1) to normal form (5.41) around the SNICy,,
bifurcation. Thus, all seven variables in the cell cycle model are reduced to one
variable, which concentrates the dynamics of the SNICy,, bifurcation. For this
reduction, we broke down the cell cycle model into sub-modules, the G2 module
and the M module.

In Section 5.2, we considered the G2 module with constant M ass (5.4). We used
Theorem 4.0.1 and Corollary 4.0.1 (see Meiss [63] for more details on saddle-node
bifurcations in R™) to show that this module has a saddle-node bifurcation driven by
Mass and to reduce it to the one-dimensional form (5.33). In particular, we found

conditions on the parameters of the G2 module that guarantee that the hypotheses
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of Theorem 4.0.1 and Corollary 4.0.1 are satisfied.

In Section 5.3, we transformed M ass into a variable to obtain the G2 module
with variable Mass (5.35). We used Proposition 4.2.2, proved in Chapter 4, to
show that the G2 module with variable Mass (5.35) has a saddle-node bifurcation
driven by V_,, which is the carryover of the saddle-node driven by M ass in the G2
module (5.4). Moreover, we used Proposition 4.2.1 and the one-dimensional form
(5.33) to reduce the G2 module with variable Mass (5.35) to the one-dimensional
form (5.37).

In Section 5.4, we added the M module and resetting condition (5.2) to the
G2 module with variable Mass to construct the cell cycle model (5.39). We used
numerical results to conclude that the M module remains constant around the saddle-
node bifurcation driven by V., and does not affect the variables of the G2 module
or Mass. The resetting condition (5.2) defines a branched manifold that closes
the cell cycle (see Hadeler and Hillen [31] for more details on branched manifolds)
and transforms the saddle-node bifurcation into a SNIC bifurcation. Since the reset
takes place away from the SNIC bifurcation driven by V,, , the resetting condition
does not affect the one-dimensional reduction. Thus, the one-dimensional reduction
of the full cell cycle model around SNIC bifurcation driven by V., is locally the
same as the saddle-node reduction (5.37) from the previous section.

In Section 5.5, we standardized our one-dimensional form of the cell cycle model
around the SNIC bifurcation driven by V., to have the same time-scale as the cell
cycle model (see equation (5.41)). Moreover, we provided a mathematical definition
of the G2/M transition of the cell cycle in terms of the SNIC bifurcation driven by

V2. Specifically, we define the time interval /go/n = [tga;;M, tend /M] of the G2/M

transition (see equation (5.46)) around the time of bifurcation t’g]ig M This implies

that the G2/M transition is a finite time interval defined around the SNIC bifurcation
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(locally, saddle-node bifurcation) driven by V.

We conjecture that the end of the G2/M transition, tg‘g M determines the thresh-
old for M-phase entry, 6),, defined by Novdk et al. [75] and Gérard et al. [25],
and widely used in Chapters 2 and 3. A potential initial approach to support this
conjecture is to estimate 35, o /> and tend /) based on Table 5.2. The results
might be useful to also define the other transitions in the cell cycle in a similar way.

Some of the steps taken in this chapter were justified numerically (such as
providing the nondegeneracy condition (5.34) or showing that the M module remains
constant during the saddle-node bifurcation driven by V,5) or unfinished (such as
finding the steady states, the unique function n(; p), and constant o in Section 5.2).
Taking a more rigorous approach to justify these steps is left as future work.

The one-dimensional reduction of the cell cycle around the SNIC bifurcation

driven by V., (5.41) will be used in the next chapter to derive a survival fraction

model based on the ATM-Chk2 pathway.

Appendices

5.A Power series expansions of the Goldbeter-Koshland
Kinetics
The Goldbeter-Koshland kinetics is given by

1—=x T
=0 — v ,
1J1+1—£L’ 2J2+IE

(t)

(5.47)

where v; and v, are the maximum reaction velocities and J; and .J, are the Michaelis

rates. The two non-linear terms in the Goldbeter-Koshland kinetics have a power

148



series expansion about x = ()

a+x a = (=)t
= ———a" < J 5.48
J+a+ax J+a+nz:;((]+a)n+lx’ 2] (5.48)
That is,
— — — — Oz
Trios Tl rt gt oW
and

| 1, 3
Tre gt v How.

Thus we can approximate the right-hand side of (5.47) for small values of = with

i(t) = v ( 1 __ A T — 1 I2> —v <ix—ix2>
T\ A+ (12 (J+1)3 L™ g2

Combining terms, we obtain

. VU1 v1J1 Vo v Jq U2\ o
£~ _ D2y (2L V2 oo 5.49
(1) Ji+1 ((J1+1)2+J2)$ ((J1+1)3 Jg)x (5-49)

5.B Normal form for the saddle-node bifurcation
Consider the normal form for the saddle-node bifurcation

dx

pri —b — ca?, (5.50)

where ¢ > (. Note that we keep the constant c in order to avoid scaling time. If

b > 0, then % < 0 and there are no steady states. If b < 0, then there are two steady
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states
b

C

da:_

a—O — —b—c?=0 = 2, =+

Denoting f(z) = —b— cz?, we have f'(z) = —2cz. Since f(z,) < 0, z is stable.
Conversely, since f(x_) > 0, z_ is unstable.
We are interested on the solution of (5.41) when b > 0 given initial condition

x(0) = oo. Using the method to solve for separable equations, we have
d d
d_j:_b(1+gx2) — /—x . :—/bdt.
L+ (Vie)
Using the substitution © = \/g x for the integral in the right hand side, we obtain

L atan (\/ga:(t)) G

Using the initial condition z(0) = oo, we find

Substituting back and solving for z(¢), we obtain

atan <\/§x(t)) - g — Vbet,

— gx(t) = tan (g — \/b_ct> = cot (\/%t)

Thus, the solution to the normal form (5.50) is given by

(t) = \/écot (x/%t) . (5.51)
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This solution blows-up for a finite time 7},o. That is,
b
I(Tblow) = \/iCOt <\/ bCTb10W> =00 <= Vbliw = 7.
c

Thus, the time of blow-up is

(5.52)

5.C Parameters

Table 5.2: Parameter values. Most parameter values have been taken from Gérard
et al. [25] or adapted to match cell cycle length in mammalian cells. Parameters
related to the radiation pathway come from different sources or were cautiously cho-
sen on the basis of numerical simulations. Details are provided in the footnotes that
are referenced in the Source column. Parameters with no units are dimensionless.

Symbol  Definition Value Units Source

Rate of synthesis of Cdk-cyclin fusion pro-

Emo 0.2 hrt !
tein, MPF
Rate constant for the dephosphorylation of

Kma 0.4 hr! 2
MPF
Rate constant for the dephosphorylation of

kmla 20.0 hrt 2
MPF by Cdc25

km2  Rate constant for the phosphorylation of MPF 0.4 hr™!

Rate constant for the degradation of MPF and
kms 0.2 hr! 2

MPFp

continued...

ITaken from Gérard et al. [25]; slightly modified to accommodate the correct G2/M transition
dynamics.

2Taken from Gérard et al. [25]; scaling factor of 8.5 needed to rescale the length of the cell cycle
to approximately 24 hrs.
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...continued

Symbol  Definition Value Units Source
Rate constant for the degradation of MPF and
Em3a 6.35 hr ! 2
MPFp by APC
Maximum activation rate, by dephosphoryla-
Vil Y (CPROSPROLY 1.0  hrt 2
tion, of Weel
kw2 Rate constant for activation of g by MPF 53  hr! 2
Juw1 Michaelis constant for Weel activation 0.01 3
Jw2 Michaelis constant for Weel inactivation 0.01 3
Rate constant for Cdc25 phosphorylation by
ke 85 hr! 2
MPF
Maximum inactivation rate, by dephosphory-
Ver e P '
lation, of Cdc25
Rate constant for the inactivation of Cdc25 by
keza 24  hrl 4
Chk2
Je1 Michaelis constant for Cdc25 activation 0.01 3
Je2 Michaelis constant for Cdc25 inactivation 0.01 3
ki1 Rate constant for the activation of [Eby MPF 1.7 hr ! 2
Vi Maximum inactivation rate of IE 04 hr! 2
Ji Michaelis constant for IE activation 0.001 3
Ji Michaelis constant for IE inactivation 0.001 3
Rate constant for the activation, by phospho-
ka1 6.8 hr! 2
rylation, of APC by IE
continued...

3Taken from Gérard et al. [25].
4Educated guess.
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...continued

Symbol  Definition Value Units Source
Ve Maximum inactivation rate, by phosphoryla- L7 ! )
tion, of APC
Ja1 Michaelis constant for APC activation 0.001 3
Ja2 Michaelis constant for APC inactivation 0.001 3
o Partial activity of MPFp 0.05 2
e Growth rate of the cell 0.07 hrt 5
Kpass  Maximum cell mass 2.7 4
Weelr  Total concentration of kinase Weel 1.0 2
Cde25r  Total concentration of phosphatase Cdc25 1.0 2
1B, Total concentration of intermediate enzyme Lo )
IE
APCr  Total concentration of protein APC 1.0 2

SInformed by Park et al. [80].
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Chapter 6

Effect of low-dose radiation on the
survival fraction through the

ATM-Chk2 pathway: a theoretical

approach

Throughout Chapters 2 and 3, we analyzed the effect of radiation on the G2/M
transition and the survival fraction via the Chk2-ATM pathway, mostly from a nu-
merical perspective. Our results support Marples and Joiner’s hypothesis that the
G2/M transition plays a major role in the hyper-radiosensitivity and increased ra-
dioresistance (HRS/IRR) phenomenon. In this Chapter, we establish the connection
between radiation and the cell survival fraction from a theoretical perspective. In
order to provide a survival fraction model accounting for our observations, we need
to capture the precise mechanism that causes the HRS/IRR. This mechanism is
the G2/M transition, which is associated with a saddle-node on an invariant circle

(SNIC) bifurcation. The reduction of the cell cycle model to a normal form around
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Normal form

Figure 6.1: Diagram of the approach taken to find a survival fraction model that
accounts for the effect of radiation on the G2/M transition of the cell cycle. The
diagrams for the cell cycle and radiation pathway are taken from Figure 2.2.

the SNIC bifurcation driven by V., is done in Chapter 5. In this chapter, we use this
normal form to derive an expression for the survival fraction based on the G2/M
transition. Figure 6.1 illustrates how this chapter is a follow-up of the previous
chapters.

This chapter is structred as follows. In Section 6.1, we summarize the results of
previous chapters relevant to the this chapter. In Section 6.2, we motivate the use of
the normal form for the SNICy,, bifurcation in replacement of the cell cycle model
to describe the progression of the cell cycle. In Section 6.3, we transform the normal
form for the SNICy,, bifurcation to its corresponding phase model, and provide a
theoretical derivation for the time available for repair and the average number of
lethal lesions. In Section 6.4, we provide a connection between our formulation of
the survival fraction and the Induced Repair model, under certain simplification and

assumptions.
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6.1 Summary of the previous chapters

Recall the cell cycle model with radiation pathway studied in previous chapters

dMPF
= kmoMass — (kma + kmaoaWeel )M PF
+ (km1 + km1aCde25) M PFp — (ks + kmsae APC)M PF,  (6.1a)
dMPF,
y P — (ko + kmzaWeel )M PF — (Kpy + kp1aCdc25)M PFp
— (k3 + km3a APC)M PFp, (6.1b)
dWeel v Weelp — Weel
dt Ty + (Weelp — Weel)
Weel
— kyo(MPF MPFp)————F— 6.1
wa( + P) Jos + Weel (6.1c)
dCdc25 Cde2br — Cde25
=ka(MPF MPF
dt et o 2 Jo1 + (Cde257 — Cde25)
Cdc25
— (Vez + ke2a ChE2) ———=~——, 6.1d
(Ver + ko ) T+ Cdezs (6.1d)
dIE IEr —IE IE
— =ka(MPF MPF — Vig———=, 6.1
i~ hal oMb s e~ e e ¢
dAPC APCr — APC APC
— ko, IE —V, , 6.1f
dt Y + (APCr — APC) ?Jua + APC (©.11)
M M
dMass = uMass (1 — ass) , (6.1g)
dt Mass
dChk2 Chk2r — Chk2 Chk2
=k ATM DSB -V 6.1h
dt h Jn1 + (Chk2r — Chk2) " Jna + Chk2’ (6.1h)
dATM ATMy — ATM ATM
=kyDSB —Vio———+— 6.1i
g DS Gy — ATA) T+ AT ©.11)
dDSB .
df = kaD(t) — kep ATM DSB, (6.1j)
subject to the resetting condition
MPF M
it MPF(t) = 0y and ° (1) <0 = Mass(t) « 19550 ¢

dt 2 7
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Table 6.1: Name and description of variables in Eqgs. (6.1a)—(6.1j). All variables
represent concentration, except Mass and DSB.

Symbol Description

MPF  Active Cdkl-cyclin B complex (Mitotic Promoting Factor)
MPFp Inactive, phosphorylated form of MPF
Weel Active dephosphorylated form of kinase Weel (MPF inactivator)
Cdc25  Active phosphorylated form of the phosphatase Cdc25C (MPF activator)
IE Active form of an intermediate enzyme [94]

APC  Active phosphorylated form of APC (Anaphase Promoting Complex)
Chk2  Active phosphorylated form of Chk2 (Checkpoint kinase 2)

ATM  Active phosphorylated, monomerized and recruited form of ATM

DSB Recognized Double Strand Brakes formed by Ionizing Radiation

Mass Mass of the cell

where the variables denote the concentration of the most important proteins involved
in the G2/M transition and the ATM-Chk2 pathway, the number of DSBs, and the
mass of the cell (see Table 6.1). The parameters denote the average rate of reactions
between given proteins, cell growth, carrying capacity, and other average rates (see
Table 6.3 in Appendix 6.C).

The model has two main components: equations (6.1a)—(6.1g) and (6.2) corre-
spond to cell cycle model, and equations (6.1h)—(6.1j) correspond to the radiation
pathway. In Chapter 2, we showed that radiation can trigger G2 checkpoint activation

by increasing the maximum inactivation rate of Cdc25, which we denoted

Vg = Vi + kuoa Chk2, (6.3)

and appears in equation (6.1d). The G2 checkpoint activation is identified with a
SNIC bifurcation, denoted SNICy,,, driven by ‘702. In the absence of radiation,
Chk?2 is inactive and f/cg equals the basal inactivation rate V. In the presence of

radiation, Double Strand Breaks (DSBs) are formed, which in turn activates Chk?2,
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and increases 1702. The SNICy,, bifurcation occurs at YN/CQ = V5. When ‘762 >V,
the G2 checkpoint can be activated provided that the cell is in late G2-phase. The
corresponding bifurcation diagram is shown in Figure 2.3. Repair mechanisms
decrease the number of DSBs and the value of 1702 until Chk2 becomes inactive
again and the cell cycle resumes. As stated in Chapter 2, this Chk2 activation
mechanism combined with the SNIC bifurcation driven by V., are thought to be
responsible for the HRS/IRR phenomenon.

The radiation scheme used in Chapter 2 is a radiation pulse of intensity D at
time %

D(t) = DS(t — to), (6.4)

where §(t) is the Dirac delta function. If initial conditions are set to be at the start
of the cell cycle right after cell division (f = 0), then we define ¢;; (the time of

M-phase entry, which is the same as the length of the interphase) as the time when

the concentration of MPF reaches 8;; = 0.2 from below (‘”‘2% > (), and we define

T (the length of the cell cycle) as the time when MPF reaches 0, = 0.2 from above

dMPF
dt

< 0). Our simulations focus on a radiation pulse applied during interphase
(to € [0, tpr]) and low intensity of radiation (D < 1 Gy). When radiation is applied,
the time of M-phase entry is delayed (the extent of the delay depends on the intensity
D and time of radiation ¢), defining a new time of M-phase entry ¢, (o, D). Thus,
under no radiation, we simply say ¢,,(0,0) = ¢;.

In Chapter 3, we used numerical simulations to show that G2 checkpoint acti-
vation driven by radiation can cause the HRS/IRR phenomenon, especially in cells
enriched in G2-phase. Our simulations were consistent with the results of Marples
and Joiner [59]. We used the cell cycle with radiation pathway model for an average

individual cell to develop a survival fraction model based on a population of cells.
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The survival fraction framework, based on the total average number of lethal events,
A(D), was defined as the sum of the average number of lethal lesions due to G2
checkpoint failure, A\gom(D), and all other lesions that are not accounted for in our

modelling, Aoer(D). Thus,

. tm
AD) = aD + 3D* + :‘—; /0 DSB(ta(to, D)) f(to)dto - (6.5)
Aother(D) N Vv d
Acam (D)

where &, 3, and « are a proportionality constants, and f(¢) is the distribution of
cells over the cell cycle. Since the Linear Quadratic (LQ) model is a good model
for most survival fraction data, we assume that the linear and quadratic terms are
appropriate to model all other lesions not included in our modelling. Assuming a
Poisson distribution for the average number of lethal events, the survival fraction

becomes

S(D) = e D), (6.6)

In Chapter3, we also identified that ATM becomes active for radiation higher
than 5 mGy (very low dose of radiation). Since survival fraction experiments are
relevant above this level of radiation, it is reasonable to assume that ATM is always
active in experiments. Thus, we set ATM equal to constant one in equation (6.1j)

and solved for DSB to find an expression for the integrand in (6.5)

DSB(tu(to, D)) = kge *atultoD=t p (6.7)

(see equation (3.10)). Here, we identified the time available for repair

tr(to, D) = tar(to, D) — to, (6.8)
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as an important quantity to compute the survival fraction. Substituting (6.7) and
(6.8) into (6.5), we find that the average number of lethal lesions due to G2 checkpoint

failure becomes

knD [t™
Agam (D) = aot;‘; / e~Raztr(toD) £ (4 Vdty, (6.9)
0

where k41 and k4o are the rates for formation and repair of DSBs. However, com-
puting tr(ty, D) explicitly from the cell cycle model is difficult given the size and
non-linearity of the model. Instead, our approach is to reduce the cell cycle model
about the SNICy,, bifurcation in order to simplify the calculation of the time avail-
able for repair.

In Chapter 5, the cell cycle model (corresponding to equations (6.1a)—(6.1g) and
(6.2)) is reduced to a one-dimensional form about the SNICy,, bifurcation (locally
saddle-node bifurcation)

dg

priil b 7€ (6.10)

(see equation (5.41)), where £ is a linear combination of the variables in the cell
cycle, and p > 0 and v > 0 are constants that depend on the parameters of the cell
cycle. Note that we have flipped the sign of the constants p and ~ for simplicity.
In this chapter, we refer to equation (6.10) as the normal form of the SNICy,,
bifurcation (locally SNy, bifurcation). Using the normal form (6.10), we defined

the G2/M transition as the finite time interval (see Figure 6.2)

Tao/m = [tgg;Matglg/M] = [tgazr;Ma tm)- (6.11)
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Figure 6.2: Linear representation of the cell cycle. a) Full cell cycle. b) Zoom into
the G2/M transition with corresponding length and start and end times.

Note that the length of this interval determines the duration of the G2/M transition

start Q

—t = —. (6.12)
GQ/M \/ﬂ

Taom = t&

We will see that the normal form defined on the whole interval /g2, is a good

representation of the cell cycle model about the SNICy,, bifurcation.

6.2 Normal form for the cell cycle during the G2/M
transition with the radiation pathway

In this chapter, we assume that p, in the normal form (6.10), is proportional to
Vi — Ve, ie,
p=v(Vy— V), (6.13)

for some proportionality constant > 0, and + is constant. Even though it is not

evident, from the calculations carried out in Chapter 5 (see equation (5.42)), that
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this assumption holds for the normal form (6.10), it is a standard and reasonable
assumption to make when studying the normal form of a saddle-node bifurcation
[38].

In the presence of radiation, the radiation pathway directly affects the cell cycle
model by increasing the basal value of V. (the bifurcation parameter) through Chk2
activation according to the definition of V.o in equation (6.3). Based on assumption
(6.13), the radiation pathway modifies the value of the bifurcation parameter in a

similar fashion to ‘762

p=v(Vi— Vi) =v(Vi— (Vi + ks Chk2)). (6.14)

This motivates the combination of the normal form (6.10) with the radiation pathway

(6.1h)-(6.1j) into one model

@ _

i —v(V3 — Vig — keaaChk2) — 7E2, (6.15a)
AChk2 Chk2y — Chk2 Chk2
= km ATM DSB ~ Vig———— (6.15b
dt M J + (Chk2p — Chk2) " Jha + ChE2 (6.15b)
dATM AT My — ATM ATM
= kyDSB B Ve 1
dt n DS B T, — AT V2, + AT (6.15¢)
DSB .
d df =k D(t) — kep ATM DSB. (6.15d)

Figure 6.3 shows the solution of model (6.15) for a radiation pulse given by equation
(6.4) as well as the solution of the same model under no radiation. We observe that,
as expected, radiation introduces a delay in the evolution of £(t).

This delay is similar to that observed in the cell cycle when radiation is applied
during the G2/M transition (see, for example, Figure 2.3). In light of this connection,

we want to define an analogous time available for repair, equation (6.8), for the
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Figure 6.3: Solution of the normal form and radiation pathway model (6.15). A
radiation pulse is applied at time ¢t = 0.8. This activates C'hk2(t) for a short period
of time, forces p (equation (6.14); orange) to become negative temporarily, and
causes a delay in the system (green) compared to the no-radiation case (blue). The
parameter values are found in Table 6.3 in Appendix 6.C and Table 6.2, and the
initial condition is £(0) = 10%.

normal form and radiation pathway model (6.15). For this purpose, we assume that
the threshold of M P F' for M-phase entry in the cell cycle model, 6,,, occurs at the
end of the G2/M transition, defined by the interval in equation (6.11), i.e., at time
t =ty =18

Provided that radiation has intensity [ and start time ¢y € Igo/n, We are

interested in the approximate time available for repair

ER(to, D) == EM(tO, D) - to, (616)

where 7, (to, D) is the time such that (£ (tg, D)) = —oco. Thus, {5 and t,; are
analogous quantities to ¢ and 7, (see equation (6.8)), respectively. Note that the
normal form with radiation pathway (6.15) is a representation of the cell cycle with

radiation pathway (6.1) for ¢ty € Igo . That is, if we want to measure the time
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delay to M-phase entry in the cell cycle model for ¢y € Ig2/n, We can do so using
the normal form with radiation pathway. Then, the state of the cell cycle model at
t%azr; a and ¢ M (to, D) are associated with £ = —oo and £ = oo, respectively, in the
normal form (see Figure 5.10).

In order to show the equivalence between equations (6.8) and (6.16), we compute
(6.16) numerically using the same radiation scheme used in Chapter 3. In other
words, we compute the time available for repair for the normal form and radiation
pathway (6.15) to compare it with the time available for repair for the cell cycle and
radiation pathway computed in Chapter 3 (see Figure 3.9).

The parameters in the normal form with radiation pathway (6.15) (except for v,
V2 and ) are described in Table 6.3. The parameter V5 ~ 3.47 is the bifurcation
value of V., estimated in Chapters 2 and 5 (see, for example, equation (5.3)). To
estimate the value of the proportionality constant  assumed in equation (6.13), we
solve for v in this equation and use the estimation of p in equation (5.43) under no

radiation (Chk2 = 0),

p

= — =  ~179.45. 6.17
Vs Vi ©.17)

v

The constant v = k30 = ky,3(00 + 01) is associated with the reduction of the
G2 module to the one-dimensional form in Section 5.2 (see equation (5.33)). The
value of oy was computed numerically in equation (5.34), but the value of ¢, cannot
be computed explicitly since it involves the Implicit Function Theorem. However,
for the purpose of carrying out the numerical simulations, we choose the value of
« so that the period of the normal form matches the length of the G2/M transition

Tago/n, €quation (6.12). Using assumption (6.13), the period of equation (6.15a)
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Table 6.2: Description of variable and parameters new to the normal form with
radiation pathway model (6.15) and other parameter used the simulations.

Symbol Description Value Source

Constant associated with all quadratic terms

¥ in the one-dimensional reduction of the G2 0.012 Eq. (6.18)
module (see equation (5.33)).

y ?g(ip;(;l)rtlonahty constant (see equation 179.45 Eq. (6.17)

V%, Bifurcation value of V5. 3.47 Eq. (5.3)

under no radiation (Chk2 = 0) is given by

™

WV — Vo)

Taom =

Based on the time-axis of the right plot in Figure 3.9, we estimate that this period

should be about Tz = 1.6 hours. Thus, solving for 7 in equation (6.2), we obtain

(e

1
e v(Vh — Veo) (TG2/M

2
) ~ 0.012. (6.18)

In summary, variables o, v, and V;, and their values are described in Table 6.2.

For our simulations, we use the initial condition £(0) = 10° (the rest of the
variables are set to zero), and integrate until £ reaches £ = —10°. Then, we apply a
radiation pulse of intensity D at time ¢, (see equation (6.4)) and compute t r(to, D)
(see equation (6.16)) for a discretization of the time domain, [0, 7o / 1] (measured in
hours), and dose domain, [0, 1] (measured in Gy). The resulting graph of tz(to, D)
is shown in Figure 6.4a, alongside the corresponding graph of the time available for
repair, tg(to, D), found in Chapter 3.

In this figure, we observe that time available for repair for the normal form, equa-

tion (6.16) and the time available for repair using the full cell cycle model, equation
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Figure 6.4: Numerical time available for repair for a) the cell cycle and radiation
pathway (6.1) with a zoom in the G2/M transition (¢t € (ti;g}M, tar)), and b) the
normal form with radiation (6.15).

(6.8) have the same qualitative behaviour. That is, the normal form approximation
describes the core behaviour of the cell cycle in response to radiation during the
G2/M transition, namely, the two thresholds described in Chapter 2. These results

support our assumption on the linear dependence of p on V., equation (6.13).

6.3 Average number of lethal lesions due to G2 check-
point failure

In the previous section, we showed that the reduction to normal form for the SNIC
bifurcation (6.10) approximates the dynamics of the cell cycle model and describes
the time available for repair (6.8) for a pulse of radiation during the late G2-phase.
Thus, we can compute the average number of lethal lesions due to checkpoint failure

(6.9) by separating the integral into two parts; one prior to the G2/M transition
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(to € [0,t%5%,,]), and the other one during the G2/M transition (ty € Igon =

G2/M
[tgzg;M7tglg/M] = gazr;MJM])
ookg D ey
)\GQ/M(D) = Ot]\d; / e*kdztR(to,D)f(tO)dtO 4
0

. 4
g
1

tm
/ e~ kartn(to.D) £ (¢ dto | . (6.19)
t

start
G2/M

J/

-~

11

The integral I in (6.19) captures the effect of radiation on the G2/M transition
prior to it, while the integral /I captures the effect of radiation on the G2/M transition
during the G2/M transition itself, as illustrated in Figure 3.9.

The value of tsct;‘g; 1 depends on the time required to repair the number of DSBs
induced by the radiation treatment (k;; D DSBs in the case of the radiation pulse)
and therefore on the dose D.

In Section 6.3.1, we compute I. In Section 6.3.2, we compute II. In Section 6.3.3,

we combine these results to obtain the average number of lethal lesions.

6.3.1 Time available for repair prior to the G2/M transition

DSBs formed prior to the M-phase entry have little or no impact on the G2/M
transition because they get repaired before they affect the transition. This means
that the time of M-phase entry can be approximated with the same time under no
radiation

tM(to,D> ~ tM(O, O) = tM.
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Thus, the time available for repair is independent of the intensity D
tr(to, D) = tar — to,

as well as the integral [ in (6.19)

start
G2/M
I = / e~Raztr(toD) £ (1) dt
0
tsti\rt

N / G2/M e_k,jg(t]\/l_tO)f(tO)dto
0

start

" / S kanto £ (1) dto. (6.20)
0

6.3.2 Time available for repair during the G2/M transition

Consider the non-autonomous version of the normal form for the saddle-node bifur-
cation
d§

==+ 9(t) =€, (6.21)

where p and ~y are positive constants, g(t) is non-negative with supp(g) C (to, c0),
and £(0) = oo is the default initial condition.

In our case, p is defined as in equation (6.13) and
g(t) = vkeoa ChEk2(t), (6.22)

is the input from the radiation pathway (see equation (6.15a)). Note that g(t) =

g(t; to, D) depends on the intensity of radiation D and the time of radiation .
Non-autonomous systems of the form (6.21) have been studied within the theory

of non-autonomous dynamical systems [44]. This theory focuses on the existence of

pullback and forward attractors, terminology used to refer to time-dependent steady
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states for non-autonomous systems analogous to the steady states in autonomous
systems. Moreover, the non-autonomous normal form for the saddle-node bifur-
cation (normal form (6.21) without the resetting condition) has been studied by Li
et al. [55] when ¢(t) is a linear function of time, and by Langa et al. [50] and Kim
and O [42] for more general functions g(?).

In our study, we are interested in the effect of the external input g(¢) on the
evolution of £(¢). For this purpose, we use an alternative method to analyze the

non-autonomous normal form by transforming it into the corresponding phase model

9 1,

P 1—- ;Sin (Verd) g(t), 9 € [0, Taon] (6.23)
where Tgom = \/% is the length of the autonomous normal form, and J, called the

phase of £, is the parameter in the interval [0, To/a] used for the parameterization
of the solution £(¢) of equation (6.10) (see Appendix 6.A for details on the phase
model). Note that we identify the interval Igo/a, (equation (6.11)) with [0, o ]
The parameterization is the mapping ¢ — £(+}) from the interval [0, T(;2/1/] into the

phase space R, which satisfies

£ =0) =00, and &0 = Taan) = —oc. (6.24)

The phase model usually appears in the context of oscillatory systems and SNIC
bifurcations, where £ = —oo and £ = oo are glued together to define a reset.
However, here we are only interested in the first phase of £ without resetting it at
—00.

o

In the autonomous case, g(t) = 0, the phase coincides with time = = 1, i.e.,

Y(t) = t. In the non-autonomous case, ¥(t) changes with g(¢), being more sensitive
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Figure 6.5: Solution of the phase model (6.23). Equation (6.15a) was replaced by
(6.23) and the radiation scheme, parameters, and initial conditions match those in
Figure 6.3. The y-axis of p has been rescaled for the clarity of the graph.

to g(t) at Ta/as/2 where sin®(+) is maximal, and less sensitive to g(t) at the end
points of [0, Tga/a/] where sin®(+) is minimal. Figure 6.5 shows the solution of the
phase model for g(¢) = 0 and g(t) # 0 describing the same profile of the radiation
pathway as in Figure 6.2. The introduction of a non-zero ¢(t) causes a delay in the
phase in the same way the non-autonomous normal form experiences a delay.

We can use the non-autonomous phase model (6.23) to find an approximation
for the time available for repair tg(to, D) for cells exposed to radiation close to
the SNICy,, bifurcation (locally a saddle-node bifurcation), i.e., between tgg}  and

t‘g‘g/M = t)r (see equation (6.19)), as
tr(to, D) = Taom(to, D) — to, (6.25)

where To/n(to, D) is defined as the time it takes ¢ to go from O to Tizo/1s. Note
that 19(TG2/M<t0, D)) = TGQ/M.

If we integrate the phase model (6.23) from %, to 759 /M(to, D) with respect to
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t, we obtain

Y (Taz)m (to,D)) Ta2/m(to,D) 1
/ di = / (1 — Zsin? (y/p7d) g(t)> dt
[V to P

(to)
= V(Ta2m(to, D)) — V(to) = Tao/m(to, D) — to

1 [Taz/m(to,D) y
1 / sin? (\/p90) g(t)dt.
p to
Therefore,
1 Taoym (to,D) o
TGQ/M — to = TGQ/M(toa D) — to — E/ S1n (\/p"ﬂ?) g(t)dt
to

T

Nk
for the time available for repair tz(to, D) defined in (6.25)

Isolating the term Ti;y, M (to, D) — to and using Tigo M= we find an expression

tr(to, D) = Taoym(to, D) — to

T 1 [Taz/m(to,D) 2( ) ( )
N — — t0+—/ sin” (1/py?) g(t)dt . (6.26)
VP P Ji )
tim;:vith delay due:g radiation

no radiation

Before we substitute (6.26) into integral /[ in equation (6.19), we note that the time
available for repair calculated is with respect to the phase model (i.e., is the time
domain of the phase (t)), whereas the integration time of equation (6.19) is with
respect to the cell cycle time of a control cell. Thus, we approximate the integral
I1 in equation (6.19) by changing the limits of integration from [t¢5),,, tx] to the

corresponding analogous times with respect to the phase domain [0, T u], i.€.,

Tea/m
= / e Fatr(t0:D) f (1 4 13555, )t
0

171



_ /\/ﬁ e—k,ﬂ(\/%—to)

(s )

6.3.3 Combined average number of lethal lesions due to G2

checkpoint failure away and during the G2/M transition

Combining equations (6.20) and (6.27), we obtain an approximation for the average

number of lethal lesions due to G2 checkpoint failure (6.19)

Oéok?dlD[ i Oé()/{?dlD

Aaz/m(D) =
tu tar
tstart

okt / S eheato f (1)t | D
tM 0

N J/
-~

prior to the G2/M transition

Oéokd1 ( Nal —kd2 2 —1p)

17

(ftocz/zu(to )sz(mﬁ)g(t)dt)

xe flto + tga;;M)dt()) D. (6.28)

~
during the G2/M transition

In the expression above, we see that prior to the G2/M transition, the average number
of lethal lesions is proportional to the dose D, whereas during the G2/M transition
is potentially non-linear in D since the dose affects the integrand.

In the next section, we will see how the explicit expression for the time available
for repair (6.26), obtained through the phase model, allows us to come up with an
approximated theoretical expression for the survival fraction that can explain the

HRS/IRR phenomenon.
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6.4 Understanding the effect of an impulse ¢() on the
phase model

In this section, we assume a homogeneous distribution of cells over the cell cycle,

f(t) = % In such a case, equation (6.20) becomes

start
tb2/ﬂ{ e_kd2tlw

start

(ekd2tG2/M _ 1).

1

kazto _
e dtg =
o T kel

T ~ e*detM

and the average number of lethal events due to G2/M checkpoint failure prior to the

G2/M transition, given the first term in equation (6.28), becomes

start
Oéokdle_detM (ekd2tc2/M _

detMT

1
Agayu (D) ~ )p. (6.29)

Ideally, we would like to solve equation (6.26) with an expression of g(t) as
the solution of the radiation pathway (note the dependence of g(t) on C'hk2(t)
in equation (6.22)) or a window function that approximates the solution (see the
dynamical behaviour of Chk2 in Figure 6.4). However, for the sake of simplicity,
we will consider the following pulse function to describe the behaviour of the input

function

9(t) = po(D)(t — to), (6.30)

where po(D) is given by the steady-state solution of C'hk2 (obtained by applying
equation (6.45) to equation (6.15b))

po(D) = keao GK (kpikar D, Via, Jnt, Jn2), (6.31)
and GK (-) is the Goldbeter-Koshland function (see Appendix 6.B). Function py (D)
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is a steep sigmoidal function of D with minimum value zero at D = 0, half value
at D = Vi /(knikar), and maximum asymptotic value ke, for D > + V”Q . This
choice of ¢(t) is only relevant for small values of D.

Using the pulse (6.30) in the time available for repair (6.26) for the phase model,

we obtain
- 1 Ta2/m(to.D)
tr(to, D) = T to + P /to sin (v/py9) po(D)3(t — to)dt
_ % it + pO(pD) /_Zsm (V/P70) 8(t — to)dt
_ \/% . pO(pD) sin? (/79(to)) -

Since ¥(ty) = to, the time available for repair simplifies to

Q PO(D) )
tr(ty,D) = —— — tyg + ——sin to) .
r(to, D) N (vprto)

Substituting this time available for repair into integral I/ of equation (6.27), and

assuming a homogeneous distribution of cells over the cell cycle f(t) = %, we
obtain
17~ /m e ) — hazrg(D >“n2<\/ﬁt°)%dto

\/F —kd2<\/i—t0)e kd2PO(D)(1 COS(QrtO))dtO
_ _6 dePO(D) /F *kdz )ekd2f70( )COS(tho)d "

_k (D) \ _ . k (D)
d2‘2’o / 6 k}dg(m QW) 705252 COS(S)dS
0

2, /pfyT

1 kgopo (D) 2m _ ka2 kgapq (D)
e 2 S  QF P
0

2T

9
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after using the substitution s = 2,/p7to.

Since

for 0 < s < 27, we find the following lower and upper bounds for /7

1 kappo(D) _kgom 2T kgopo(D)
T e Ve ez Blgs < [T <

e
2T 0

1 kgaro(D) 2T kgapo(D)
_ d2;2 e d22(; COS(S)dS,
0

e
2./pYT

Given that

2m
/ e* () ds = 2r Iy (),
0

where Iy(x) is the modified Bessel function of the first kind (n = 0)

(5"

the lower and upper bounds for II can be written as

o0

Io(x) =)

k=0

1
(k1)2

s e_kdggg(D)e_k%rlo <kd2P0(D)) <II<
VT 2p
e I, (dePO(D)) .

VT 2p

By continuity, there exists an a € [0, 1] such that

™ e_“kd%e_ kdggg(D) I <kd2p20(D)) .
p
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For small D, we can use the linear approximation (see equation (6.46))

o cha Jh2 khl kdl

D~cD=—"—"—"—— 6.32
100( ) c <1+Jh1)vh2 ) ( )

to rewrite 11 as

m _akam _ ckgp p ckgo
Il =~ e Ve 20 7] <—D)
VT

2 4
T e etep (L (ke 1 fcke ) p, )

Multiplying this by the term agkg D/t)s in equation (6.19), gives us an expression

for the average number of lethal lesions during the G2/M transition that depends on
the inactivation rate of Chk2 (p = v(V}; — V.2)) and the DSBs formation and repair

rates

€
ta /PVT
1 deQ 2 3 1 de? ! 5
—(=22) pP+— (Z22) D 4... |. (6.
16( p ) 1031 \ + (6.33)

Combining the average number of lethal lesions prior to the G2/M transition

k _ak T ck
Aaz2m (D) = L e 2i2D<D—|—

(6.29) and during the G2/M transition (6.33), we find

start
aokdle—kdth (ekdﬁGz/M _ 1)
oaokgr T _akgam _ ckgy
e 2 D
ta /T

Agam (D) =
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Ignoring higher order terms, the total average number of lethal lesions (6.5) becomes

)‘(D) = )‘Other(D) + )\GQ/M(D)

start

—kaztar ( pRa2tEs
. N apkgre Fa2tM (e /™M — 1
~ aD + BD? + ( )D
kaatarT
aokdl ™ akgam _ ckgy

e vere 2 "D, (6.34)
tr /T

Note that the equations above are valid for a small radiation dose (needed to obtain
approximations (6.30), (6.32), and assumed to have an active ATM in order to
write (6.7) explicitly) and for a uniform distribution of cells over the cell cycle
(f(t) = 1/T). In Section 3.3, we observed that such assumptions result in a
HRS/IRR effect in the survival fraction.

Moreover, the expression of the total number of lethal lesions (6.34) provides an

underlying kinetic process for the Induced Repair (IR) model (1.2)
—log(Sir(D)) = (ay + (as — ar)(f%)D + BD?,

with

start

_ kaot
aokar T

t \kpaov(Viy — Vo) T
2V (Vi = Vig) (1 4 Jna)
B kaikazknikeoaJn2

akgom

kmSO'V(VC*Q —Ve2)

Qg — QO =

Y

de

~

B=p.
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6.5 Discussion

In this chapter, we summarized the results from the previous chapters and used
them to derive a theoretical expression for the survival fraction based on the G2/M
transition. In Section 6.2, we combined the normal form of the cell cycle around the
SNIC bifurcation driven by V., derived in Chapter 5, with the radiation pathway. We
showed that the normal form captures the effect of radiation on the G2/M transition
as studied in Chapter 2. In particular, we showed that we can approximate the time
available for repair for the cell cycle model, defined in Chapter 3, using the normal
form. Given that parameters in the normal form depend in a complex way on the
cell cycle model parameters and could not be determined explicitly, we assumed
that the independent term of the normal form depends linearly on the parameter V..

In Section 6.3, we derived a theoretical expression for the average number of
lethal lesions due to G2 checkpoint failure, developed in Chapter 3, and separated it
into two parts. First, a part prior to the G2/M transition where there is enough time to
repair radiation damage and the M-phase entry is not affected. This results in a linear
term with respect to the dose D in the average number of lethal lesions. Second,
a part during the G2/M transition where the moment of M-phase entry is governed
by the normal form. We transformed the normal form into its corresponding phase
model to derive a theoretical expression that captures how the time available for
repair is delayed based on the radiation pathway. This results in a non-linear term
with respect to the dose D.

In Section 6.4, we showed that for a simplified radiation pathway (a pulse) and
a homogeneous distribution of cells over the cell cycle, the total average number
of lethal events, developed in Chapter 3, is equivalent to the yield of lesions of

the Induced Repair (IR) model. We derived a novel explicit expression for the
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non-linear part of the average number of lethal lesions in terms of the parameters of
the cell cycle model and radiation pathway, by considering lethal lesions due to G2
checkpoint failure. Our result provides a biological and mechanistic explanation for
the empirical parameters in the IR model, widely used to describe survival fraction
data with a hyper-radiosensitivity and increased radioresistance (HRS/IRR) effect.
This includes the rates for DSBs formation and repair, the inactivation rate of Cdc25,
the theoretical bifurcation value V3, the length of the interphase and the cell cycle,
the rate of degradation of MPF, and the Michaelis-Menten rates associated with
Chk?2 activation, among others.

To our knowledge, this is the first time the IR model is explained in terms of
mechanisms regulating the cell cycle and a pathway of kinetic reactions induced
by radiation. Moreover, we showed that the non-linear component of the HRS/IRR
effect is due to the effect of radiation on the G2/M transition governed by a saddle-
node bifurcation driven by Chk2 activation. Olobatuyi et al. [78] provided an
explanation for the IR model in terms of the probability of G2 checkpoint activation,
the damage induced by radiation during the G2-phase, repair rate, and mitotic
catastrophe rate. We believe that our results provide meaningful insights on some
of the components in their model. For instance, we believe the function ¢(D)
in equation (5) in Olobatuyi et al. [78] is intrinsically related to function p,(D)
in equation (6.32). To explore this further, it would be necessary to study the
relationship between their compartmental approach and our mechanistic approach.
Bodgi and Foray [5] derived an alternative mechanistic explanation for the IR
model based on the monomerization pathway of ATM. However, this approach does
not provide insights on the participation of the G2 checkpoint on the HRS/IRR
effect. We note that the studying the mechanisms regulating the cell cycle and

the pathway of radiation is not the only way to explain the IR model, since it is
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known that there are exclusive mechanisms that result in the HRS/IRR phenomenon
[66, 67, 47, 45, 104, 77].

For obtaining the average number of lethal lesions due to checkpoint failure,
we considered the time available for repair for lesions caused prior to and during
the G2/M transition (see equation (6.19)). We note that high radiation causes more
damage, which in turn requires more time to repair. Thus, if the time required to
repair damage in larger than the duration of the G2/M transition, then radiation
begins to affect M-phase entry prior to the G2/M transition.

We are aware of some of the limitations in our approach. For example, we did
not account for any other checkpoint that might be triggered by radiation. Also, we
neglected ATM activity in order to simplify our calculations.

We believe that the phase model approach introduced in this chapter could be
used to describe the effect of radiation on other mechanisms that regulate the cell
cycle dynamics and, therefore, to obtain a more general survival fraction model. In
Chapter 7, we propose a general phase model for the cell cycle based on the results

of this chapter and discuss its potential applications to radiobiology.

Appendices

6.A Phase model for the normal form of the SNIC
bifurcation
Consider the normal form for the SNIC bifurcation

dx

i ~b—cx?, x(0)=o00, x=-—00 = T ¢ 00 (reset). (6.35)
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where b > 0, ¢ > 0. Note that this is the normal form for the saddle-node bifurcation,
studied in the Appendix 5.B, with a resetting condition that glues together x = —oo

and x = oo. This causes an oscillatory solution of the form
b
2(t) = 1/ 2 cot (\/bct> | o= —00 — I oo (reset), (6.36)
c

with period

Toiow = 7/Vbe. (6.37)

We can reparametrize this oscillatory solution of period 7}, With respect to a new
parameter ¥, called the phase of the oscillation, in the circle S' of circumference
Tieser in the following way:

p: ST = R,

such that ¥ — z(1), where ¥ =t mod T Using the phase of oscillation v, we

can transform the normal form of (6.35) to the canonical phase model

dy

— =1
dt

Consider now the non-autonomous case of the normal form for the SNIC bifur-

cation

d
d—f = —b+g(t)—cx®, x(0)=o00, = =-00 = x ¢ oo (reset), (6.38)

where ¢(t) is a time-dependent input. This system, which describes bursting of
neurons, is widely studied in neuroscience [38]. For the non-autonomous case, the

phase of oscillation ¥/ can also be used to transform the normal form (6.38) to the
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phase model

dv 1
pri =1- —sm (\/_19> g(t), (6.39)

up to terms of order o(|g(t)|) (see Izhikevich [38, Ch. 10] for details). The second
term in the right hand side of equation (6.39) is the change in the phase caused by

¢g(t) through the Phase Response Curve (PRC)
PRC(Y) = - sm <\/_ 19)

The PRC measures the shift in the phase caused by ¢(t) depending on the phase of
x(t). Since the PRC above is always positive (0 < ¢ < Thow = \/LE)’ a positive
input g(¢) would cause a delay in the system due to the negative term in (6.39). The

PRC can be found using, for example, Kuramoto’s approach

PRC (") = Lo ! = !

dzx

@) b= ez (V) b+c (\/écot (\/b_cﬁ>>2

—1 —1

- b+ ¢t cot? (\/%19) - b (1 + cot? <\/b_a9)>

~1
= —bCSC2 <\/b_cﬁ> = _E sin (\/_19)

where (1) is the solution (6.36) to the normal form (6.35) evaluated at o).
Note that the effect of a positive input g(¢) is maximal when the phase is half-
period ( = Tiest/2) and minimal near the reset where sin2(,/p719) reaches a

minimum.
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6.B Goldbeter-Koshland kinetics

The Goldbeter-Koshland kinetics model describes the dynamics of a protein R
that is phosphorylated to be transformed into Zp, and where phosphorylation and
dephosphorylation are promoted by proteins .S; and S;. The diagram of the reaction

is shown in Fig. 6.6.

S

R;thP

S
Figure 6.6: Diagram of Goldbeter-Koshland kinetics

The rate of reaction is modelled in a Michaelian form

_ kSR kaSiRp
T L+ R I+ Rp

(&1

where k; and k, are the rate of phosphorylation by S, and J; and .J, are the
Michaelis-Menten constants [86].

If we assume that the total concentration of protein R is constant

Ry = R+ Rp,

then the rate of change of R can be written as

dRp _ kiSi(Rr—Rp)  kSiRp (6.40)
dt Ji+ (Rr — Rp) Jit R | |
NG - HH

~
rate of phosphorylation 1 rate of dephosphorylation ra
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or, if the concentration of S; and S5 are not of interest,

dRp _ Vi(Rr — Rp)  VaRp
dt Ji+ (Rr—Rp) Ji+ Rp’

(6.41)

where 1/ and V5 are the maximum rate of phosphorylation and dephosphorylation

of R. Equation (6.40) is often written as

1—=x T
= — v .
1J1+1—£IZ' 2J2+£C

()

(6.42)

Steady states
The steady states for the Goldbeter-Koshland kinetics are given by setting

Eq. (6.41) equal to zero

Vi(Rr —Rp)  ViRp

0= —
J1+(RT_RP) J1+Rp
Vi(Rr — Rp) _ VaRp
Ji+(Rr—Rp) Ji+Rp
Diving both sides by Ry and setting 2 = g—i we obtain
Vi(l—2z)  Vaz

Jh+0—-2) J+z

Solving this equation we obtain the second degree polynomial on 2

(Va = V1)2" = (Vo = Vi + Vo s + ViJo)z + ViJo = 0. (6.43)

Eq. (6.43) has two roots of the form

L B+ /B2 —4(Va — V1)V1Js
2(Va — V1)
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where

B =V, = Vi +VoJ, + Vi Js.
After rationalization, we can write

2V J;5
BzWB? 4V —Vi)Vidy

It can be shown that the positive case gives a root that is always between 0 and 1.

Thus, the steady state value is

Re”
Ry

2V1J.
= GK(Vi, Vo, i, Jo) = — . (6.44)
B+ \/B 4(Vo = Vi)V Js

The function GK (V4, Vs, Ji, J) is known as the Goldbeter-Koshland function [94].
If we divide Eq. (6.44) by V5 and use the value of B, we can make explicit the

value of the steady state in terms of the quotient %,

Rp*

o GK(‘/D ‘/27 Jla JQ) =
Ry

2V1 Jo

2 .
\% \% \% Vi i\ y
(1—7;>+J1+J27;+\/[<1—7;)+J1+J27ﬂ —4(1-%) 4,

(6.45)

t 4

Note that since V| = k1.5, the quotien W gives a measure of the concentration of

the phosphorylating protein S;. A plot of the steady states in terms of the quotient

A%
Va

is shown in Fig. 6.7. Here we observe that the protein R is dephosphorylated
when % <1 (RP ~ 0 and == ~ 1) and is phosphorylated when V1 > 1 (RP ~ 1
and R—RT ~ 0). If Ris dephosphorylated and V; increases (because S; increase)

the transition to phosphorylation state happens close to % ~ 1, and the smaller

185



the values of J; and J, are the faster the transition is. Compare the slope when
Ji = Jo = 107! with the stepper slope when .J; = J, = 1072, This feature is

known as ultra-sensitivity of the phosphorylation of R by ;.

Ve

0.5 1 1.5 2

Figure 6.7: Goldbeter-Koshland function. The ultrasensitivity is refers to the steep
slope at the inflection point V; /V, = 1 for small Michaelis-Menten rates .J; and Js.

The asymptotic expansion of (6.45) about % = ( is given by

Jo Vi 200+ J, — )y (Vi\?
GK(Vl,Vg,Jl,JQ)N 2 1 ( + J1 1 2) 2( 1) '

SEN 2 6.46
1+ 4V, (1+ J1)? Va ( )

6.C Table of parameter values
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Table 6.3: Parameter values. Most parameter values have been taken from Gérard
et al. [25] or adapted to match the cell cycle length in mammalian cells. Parameters
related to the radiation pathway come from different sources or were cautiously cho-
sen on the basis of numerical simulations. Details are provided in the footnotes that
are referenced in the Source column. Parameters with no units are dimensionless.

Symbol  Definition Value Units Source

Rate of synthesis of Cdk-cyclin fusion pro-

Ko 0.2 hr? !
tein, MPF
Rate constant for the dephosphorylation of

i 0.4 hr! 2
MPF
Rate constant for the dephosphorylation of

kmia 20.0 hr! 2
MPF by Cdc25

km2  Rate constant for the phosphorylation of MPF 0.4 hr! 2
Rate constant for the phosphorylation of MPF

km2a 50.0 hr! !
by Weel
Rate constant for the degradation of MPF and

k3 0.2 hr! 2
MPFp
Rate constant for the degradation of MPF and L

km3a 6.35 hr™ 2
MPFp by APC

Maximum activation rate, by dephosphoryla-
Vil 1.0 hr—! 2
tion, of Weel
kw2 Rate constant for activation of Weel by MPF 5.3 hr!

Jw1 Michaelis constant for Weel activation 0.01 3

continued...

ITaken from Gérard et al. [25]; slightly modified to accommodate the correct G2/M transition
dynamics.

2Taken from Gérard et al. [25]; scaling factor of 8.5 needed to rescale the length of the cell cycle
to approximately 24 hrs.

3Taken from Gérard et al. [25].

187



...continued

Symbol  Definition Value Units Source
Jw2 Michaelis constant for Weel inactivation 0.01 3
Rate constant for Cdc25 phosphorylation b
ke PROSPHOTY Y 8.5 hr! 2
MPF
Maximum inactivation rate, by dephosphory-
Veo YEPROSPIORT 4 hr! !
lation, of Cdc25
Rate constant for the inactivation of Cdc25 by
keoa 2.4 hr! 4
Chk2
Je1 Michaelis constant for Cdc25 activation 0.01 3
Je2 Michaelis constant for Cdc25 inactivation 0.01 3
ki1 Rate constant for the activation of IEby MPF 1.7 hr! 2
Vio Maximum inactivation rate of IE 0.4 hr! 2
Ji Michaelis constant for IE activation 0.001 3
Ji2 Michaelis constant for IE inactivation 0.001 3
Rate constant for the activation, by phospho-
ka1 6.8 hr! 2
rylation, of APC by IE
Maximum inactivation rate, by phosphoryla-
Vaz Y PROSPRON 1.7 hr! 2
tion, of APC
Ja1 Michaelis constant for APC activation 0.001 3
Ja2 Michaelis constant for APC inactivation 0.001 3
Rate constant for the activation, by phospho-
kn 0.32 hr—! 5
rylation, of Chk2 by ATM
continued...

4Educated guess.
5Chosen to fit activation time presented by Buscemi et al. [11].
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...continued

Symbol  Definition Value Units Source
Vi Maximum inactivation rate, by dephosphory- Lo - .
lation, of Chk2
Jha Michaelis constant for Chk2 activation 0.01 4
Ih2 Michaelis constant for Chk2 inactivation 0.01 4
Rate constant for the activation (recruitment
ki and autophosphorylation) of ATM around 30 dsb™'hr ™ 7
DSB repair foci
Vi Maximum inactivation rate of ATM 3.8 hrt 2
I Michaelis constant for ATM auto- 0.01 .
phosphorylation
Ji2 Michaelis constant for ATM deactivation 0.01 4
ka1 Rate constant for DSBs damage formation 35.0 dsb-Gy ! §
ka2 Rate constant for DSBs repair 0.4 hrt ?
a Partial activity of MPFp 0.05 2
1% Growth rate of the cell 0.07 hr! 10
Kpass  Maximum cell mass 2.7 4
Weelr  Total concentration of kinase Weel 1.0 2
Cdc257  Total concentration of phosphatase Cdc25 1.0 2
B, Total concentration of intermediate enzyme Lo i
IE
continued...

6Chosen to fit Chk2 activation threshold after radiation [37].

"Taken from Kozlov et al. [45].

8Taken from Rothkamm and Lobrich [83].
9Taken from Scott [85].

10Informed by Park et al. [80].
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...continued

Symbol  Definition Value Units Source

APCr  Total concentration of protein APC 1.0 2
Chk2r  Total concentration of Checkpoint kinase 2 1.0

ATM7  Total concentration of ATM 1.0 4

190



Chapter 7

Discussion and future work

7.1 Summary and discussion

The mechanisms governing the hyper-radiosensitivity and increased radioresistance
(HRS/IRR) phenomenon remain unclear [57, 92, 3]. There has been important
progress in this area during recent years, which has required advanced mathematical
modelling of the cellular mechanisms affected by radiation [5, 78]. Bodgi et al. [6]
consider that a mathematically sophisticated approach is necessary to understand
the effect of radiation on cells. Despite being widely accepted and used in cell
survival data, the Linear Quadratic (LQ) model [40, 41], suitable for most cell
survival data [8], and the Induced Repair (IR) model, suitable for cell survival data
showing HRS/IRR [92], are empirical models without a clear interpretation of the
parameters therein [6].

In this thesis, we seek a mechanistic explanation for the HRS/IRR phenomenon
based on the the hypothesis that the G2 checkpoint plays a key role in the HRS/IRR
[58]. We consider a multi-level modelling approach. At the individual level, we

modelled the cell cycle and the kinetic pathway triggered by radiation to study the
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effect of radiation on the G2/M transition of the cell cycle. At the population level,
we reduced the dynamics of the cell cycle during the G2/M transition and assumed a
distribution of cells over the cell cycle to study the effect of radiation on a population

of cells. Our approach is broken down into Chapters 2 to 6 as follows:

* In Chapter 2, we modelled the cell cycle and radiation pathway with focus
on the G2/M transition and the ATM-Chk2 pathway. Our cell cycle model
is based on the research of Novdk and Tyson on the cell cycle control net-
works for yeast cells [71, 97]. Our proposed model for radiation pathway
describes formation and repair of Double Strand Breaks (DSBs) and fast ac-
tivation/inactivation of the kinases ATM and Chk2 with Goldbeter-Koshland

kinetics [27].

We showed that radiation can trigger the G2 checkpoint via a saddle-node
on an invariant circle (SNIC) bifurcation driven by parameter V., (denoted
SNICy,,). We also showed that radiation must be high enough (> 0.3 Gy)

and long enough before M-phase entry in order to activate the G2 checkpoint.

A few questions arise from our results in Chapter 2. How does failure of
G2 checkpoint activation translate into HRS/IRR? How does our SNICy,,
bifurcation relate to a SNIC,,,ss bifurcation studied by Novék et al. [74]?

These questions are addressed in Chapters 3 and 5, respectively.

* In Chapter 3, we modelled the cell survival fraction based on the time available
for repair of DSBs before M-phase entry and lethal events affecting the cell
survival. We assumed a distribution of cells over the cell cycle and Poisson’s
Law for the average number of lethal events. Our model for the survival
fraction is based on the assumption that the first lethal events triggered by

radiation determine the fate of a cell and affect the capability of cells to
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reproduce. In the case of G2 checkpoint failure, it is known that DSBs during

M-phase lead to events that affect future generations [102].

We simulated the cell cycle model and radiation pathway to obtain a numerical
survival fraction curve. We observed that the effect of radiation on the G2/M
transition studied in Chapter 2 produces an HRS/IRR effect in the survival
fraction. Moreover, this effect is more pronounced for synchronous cells in
G2-phase, less pronounced for asynchronous cells, and absent for synchronous
cells in G1- and S-phases. These results are consistent with experimental

observations [59].

Our results support the hypothesis that the HRS/IRR phenomenon is caused
by the ability of cells to respond to DNA damage during the G2/M transition
[59]. This motivates a theoretical exploration of our survival fraction model.
However, that would require a simplification of the cell cycle model about
the SNICy,, bifurcation that governs the G2/M transition and a theoretical
expression of the time available for repair. Such theoretical derivations are

carried out in Chapters 5 and 6, respectively.

Chapter 4 is a theoretical interlude to study a generic problem in dynamical
systems introduced by us: the carryover of a saddle-node bifurcation. We
define the carryover of a saddle-node bifurcation as the manifestation of an
existing saddle-node bifurcation after transforming one of the parameters
into a variable. We considered the case where the new differential equation
associated with the parameter transformed into variable does not depend on

the rest of the variables.

We proved that additional singularity and transversality conditions are suffi-

cient for the carryover of the saddle-node bifurcation. Moreover, such con-
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ditions can be verified graphically with a two-parameter bifurcation diagram

involving the parameter of interest.

This study of the carryover of a saddle-node bifurcation originates from the
question posed in Chapter 2 regarding the connection between the SNICy,,
and the SNIC),,,s bifurcations, the former being the carryover of the latter.

This result is used in Chapter 5.

In Chapter 5, we reduced the cell cycle model to a normal form about the

SNICy,, bifurcation.

We broke down the cell cycle model into modules, the G2 and M modules.
First, we looked at the G2 module, showed that it has a saddle-node bifurcation
driven by cell mass, and reduced the module to one-dimensional form about the
saddle-node bifurcation. Second, we transformed the cell mass into a variable
and applied our propositions in Chapter 4 to derive a one-dimensional form
about the saddle-node bifurcation, now driven by V... Third, we showed that
adding the M module and resetting condition for cell division transforms the
saddle-node bifurcation into a SNIC bifurcation without the one-dimensional
form. Finally, we used the one-dimensional form (which we now refer to as

normal form) to define the G2/M transition in mathematical terms.

The normal form and the definition of the G2/M transition are used in Chap-

ter 6.

In Chapter 6, we used the reduction of the cell cycle model to normal form
about the SNICy,, (locally a saddle-node bifurcation) bifurcation obtained in
Chapter 5 to derive an expression for the cell survival fraction based on the

framework proposed and simulated in Chapter 3. We transformed the normal
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form to a phase model and provided a theoretical form for the average number
of lethal lesions. Assuming low dose of radiation and active ATM, we showed

that our formulation of the survival fraction reproduces the IR model.

It is known that the HRS/IRR effect is produced by different and independent
mechanisms [66, 67, 47, 45, 104, 77]. Here we explore the HRS/IRR phenomenon
associated with the G2/M transition. We established numerical and theoretical
arguments to support the hypothesis that the G2/M transition plays a major role
in the HRS/IRR phenomenon. Moreover, we provided a preliminary theoretical
explanation for the parameters in the IR model.

Our exploration of the involvement of the radiation pathway and the cell cycle
on the survival fraction allows us to summarize two main biological mechanisms:
1) the G2 checkpoint or G2/M transition is identified with a saddle-node (SNIC,
globally) bifurcation driven by the inactivation rate of Cdc25, and 2) the fast switch-
like activation of Chk2 dictates the activation of the G2 checkpoint in response to
radiation. Combining these two mechanisms with the assumption that DSBs during
M-phase affect the ability of cells to reproduce, we provided a biological explanation
for the participation of the G2 phase in the HRS/IRR phenomenon.

Our theoretical and numerical results rely on several simplifications of our mod-
elling. In particular, we modelled the radiation pathway with Goldbeter-Koshland
kinetics for the kinases ATM and Chk2, we only considered one type of DSBs, we
have neglected the dynamics of the G1- and S-phases in our model for the cell cycle,
we set ATM to active form in order to solve for the DSBs, and the radiation pathway

has been simplified to a pulse in the study of the phase model.
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7.2 Future work

In the development of this thesis, we gained insights on the effect of radiation on
the G2/M transition and the survival fraction. We learned that the G2/M transition
is governed by a SNIC bifurcation. We also learned that a combination of temporal
conditions and high kinase activity lead to the proper activation of the G2 checkpoint.
We realized that the phase model becomes convenient to describe the progression of
the cell cycle accounting for the G2/M transition. We also provided a way to define
the survival fraction based of lethal events that explicitly account for the response

of cells to radiation. Based on these insights, we propose the following future work.

Carryover of bifurcations

The study of the carryover of a bifurcation in this thesis was limited to the saddle-
node bifurcation with two parameters and the new equation associated with the
transformed parameter independent of the rest of the variables. This case was
enough for our particular interest. However, it would be interesting to study the
carryover of other types of bifurcations (transcritical, pitchfork, Hopf, etc), k-
dimensional parameters, and general form for the equation associated with the

parameter transformed into a variable.

The phase model of the cell cycle

We believe that the phase model (6.23) should be extended for the whole cell cycle
to account for the G1 (or restriction) and Metaphase (or spindle) checkpoints, in
addition to the G2/M checkpoint. We believe that each checkpoint is identified

with a type of bifurcation driven by a given parameter in the cell cycle network.
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Therefore, we propose a phase model for the cell cycle of the form
Wy > PRC;(W)gi(t), € [0,T] (7.1)
dt - i 1 gl ) ) ) .

where i € {G1,G2/M, Meta}, PRC;(9) is the Phase Response Curve (PRC) of
checkpoint i, g;(t) is the output of the corresponding radiation pathway affecting
the bifurcation parameter of checkpoint 7, and 7" is the length of the cell cycle.

In the case of the G2/M checkpoint governed by a SNIC bifurcation, the PRC
has the form

1
PRCoz1(V) = 7 sin’ (Veel) g2 ) (7.2)

where b, ¢ depend on the parameters of the cell cycle (5 and -y in equation (5.42)),
Iaom = [ty tend /a7 is the finite interval of the G2/M transition (see equation
(5.46)), and the angle bracket notation (-); is a generalization of Macualay’s brackets

notation given by

r—a, x€lab,
0, otherwise.

The angle bracket notation guarantees that the PRC (7.2) only affects the phase during
the G2/M transition. It is still left to investigate the validity of our assumptions on
b and ¢ made in Chapter 6 and to explore their dependence on the parameters of the
cell cycle. In the case where b is proportional to V., — V.5 and c is constant, we have

that

gaom(t) = keaa ChE2(t), (7.3)

where k.o, is the inactivation rate of Cdc25 by Chk2. Below we discuss possible
improvements to the DSBs-ATM-Chk?2 radiation pathway.

The PRC of the other checkpoints is material for research. We speculate that the
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G1 checkpoint is governed by a saddle-node bifurcation as well, while the Metaphase
checkpoint might be associated with a Hopf bifurcation, based on Tyson et al. [97].
With regards to the “early” and “Sinclair” (also known as G2 accumulation [70])
G2 checkpoints discussed by Marples [59], we believe that they correspond to the
same saddle-node mechanism activated via different radiation pathways. We believe
that the early G2 checkpoint corresponds to the ATM-Chk2 pathway studied here,
which is fast but active above a threshold, while the G2 accumulation checkpoint
corresponds to a different slow but sensitive pathway. It would be necessary to study
these ideas and to identify the corresponding bifurcation parameters.

This general formulation of the phase model has the potential to investigate the
effect of radiation on the cell cycle without explicitly accounting for the complex
network of the cell cycle. One of the challenges we faced in this thesis was the
complexity of the cell cycle model and the identifiability of the parameters within,
even when we neglected other cell cycle regulatory mechanisms other than the
G2/M transition. Reducing the G2/M transition to its corresponding PRC allows
to represent specific cell lines with parameters b and ¢, although their biological
interpretation is left to explore. If one is interested in the progression of the cell
cycle, the phase model for the cell cycle allows to focus on the radiation pathway

instead.

The DSB-ATM-Chk?2 radiation pathway

We consider that the radiation pathway requires further investigation. First, we
have only considered one type of DSBs and only one mechanism of DSBs repair.
However, a distinction between recognized, unrecognized, repairable, unrepairable,

and misrepaired DSBs should be considered [93, 84, 92]. Moreover, a distinction
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between non-homologous end joining (NHEJ) and homologous recombination (HR)
should also be considered as these repair processes have different times and have
different consequences [89].

Second, the ATM pathway should be revised. We have simplified ATM activa-
tion to fast sensitive activation at very low-dose with Goldbeter-Koshland kinetics.
However, it is known that other mechanisms, including monomerization, ubiquiti-
lation, and self-activation are highly involved in ATM activity [45, 20, 5, 79, 53].
Since ATM is key in the distinction between normal and mutant cells, it is imperative

to further explore the modelling of ATM.

Cell Fate Mechanism model

Our main assumption to derive the survival fraction model is that the early response
of a cell to radiation determines the fate of the cell, therefore affecting the ability of
the population of cells to reproduce. More specifically, our model for the survival
fraction follows this logic: radiation triggers a kinetic pathway (the ATM-Chk2
pathway), which affects possible lethal lesions (DSBs during M-phase entry) in an
individual cell and this has an effect on a population of cells (average number of
lethal lesions due to G2 checkpoint failure) that is reflected on the clonogenic survival
(survival fraction). The average number of lethal events due to G2 checkpoint failure
contributes to a form of cell death known as mitotic catastrophe [102]. However,
we believe that our approach should be extended to include all forms of cell death.
Cell death after radiation consists of five main mechanisms: apoptosis, au-
tophagy, mitotic catastrophe, necrosis and senescence [69]. Those mechanisms
differ in their morphological features [for review see 46, 24, 69]. Here, we un-

derstand that mifotic catastrophe occurs as a consequence of mitotic failure and
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deficit of cell cycle checkpoints [21]. Whether or not mitotic catastrophe should be
considered a form of cell death [100, 102], it is a mechanism that affects the fate of
the cell and contributes to clonogenic survival [69]. For this reason, we prefer to
refer to those mechanisms as cell fate mechanisms.

We propose a Cell Fate Mechanism (CFM) model for the cell survival that
accounts explicitly for every form of cell fate. The CFM model is based on lethal
events as the outcome of lethal lesions. Denote A(D) as the average number of
lethal events in an average cell, where D is the total dose delivered in Grays (Gy).

Assuming Poisson’s Law for lethal events, we find the survival fraction to be

S(D) = P(K = 0;\(D)) = e D), (7.4)

where P is the probability density function for the Poisson distribution. We split
the average number of lethal events into the different cell fates, i.e., average number
of lethal events due to apoptosis to be A0 (D), autophagy to be Ay (D), mitotic
catastrophe to be Ay (D), necrosis to be Apecro (D), and senescence to be Agepes(D).
If these quantities are independent, we can write the survival fraction for the CFM

model as

S(D) = e MP) = ¢ (D)= Aao(D)—mio(D)“Aaso (D)~ Asns (D) (1.5)

We believe that all of the cell fate mechanisms can be approximated with linear

and quadratic terms for most of survival fraction data, resulting in the LQ model

A(D) ~ aD + 8D,

However, in experiments where the LQ model fails to describe the data, we think
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that some of the terms in the CFM model (7.5) deviate from the linear-quadratic

approximation. For instance, is this thesis we defined

«

, T
Amito(D) = ;lto/o DS Biemal(to, D) f (to)dto. (7.6)

where ami, is a proportionality constant and DS Biewa (to, D) is the solution of the
ATM-Chk?2 radiation pathway.

The CMF model has tremendous potential from the numerical point of view.
For instance, if we want to study the effect of Chk2 of the survival fraction, we could
simulate a given radiation pathway and use the phase model (7.1) for the progression

of the cell cycle.

7.3 Final remarks

The study of the effect of radiation on cells is based on the clonogenic experiment
and the survival fraction curve. The analysis of cell survival fraction data has been
done over the last 80 years using the Linear Quadratic model and, more recently,
the Induced Repair model. Despite being excellent models, they fail to provide
meaningful information regarding the underlying mechanisms of cellular response
to radiation. To study underlying mechanisms, we need to incorporate complex
mathematical modelling. The trade-off here is to give away simplicity for biological
understanding. In this thesis, we explored the effect of radiation on the cell cycle
and cell survival fraction via the ATM-Chk2 pathway. This exploration provided
meaningful explanations for the HRS/IRR phenomenon and opened opportunities

to further explore the effect of radiation on cells.
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