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' Abstract . .

Involute.helical gears are yidely'used for the

_transm1551on of mechanlcal power. Durlng the de51gn ot a

lpa1r of ‘helical gears careful attentlon must be g1ven to the

"maxlmhm tens1le stress expected\rnjthe flllets of the gear

teeth'fAs a palfvof teeth goes through the cycle.of

engagement the load transmltted from the dr1v1ng tooth to:_

" the dr1ven tooth varies in both magn1tudt and poxnt of . ¢

appl1cat1on. In th1s study the relatlonshlp between load

: p051tlon and 1oad magn1tude is systemat1ca11y analyzed for a
‘-”,varlety of hellcal gear palrs.‘The varlety 1n gear paxrs is.

'generated prlmar1ly by varying the helix angle, the . numbers‘_

of teeth and the face w1dth of the gears. Three d1men51ona1j

f1n1te element analy51s 1s used to calculate the flllet

&

' stress caused by 1oads at varlous p051t1ons %he load

p051t1on cau51ng maximum flllet stress 1s determined It is

yshown that for most hel1cal gear pa1rs the p051t10n cau51ng

max imum f111et stress is the p051tlon ‘that maxlmlzes thev

total load on the gear tooth C1rcumstances that create

'ons to thlS generallzatlon are found and the

. consequences of these exceptlons are evaluated

g’the last part of. the study results from the f1n1te element

analys1s show that the three- dlmen51onal model 91415 a
51gn1f1cantly~more complex'plcture of.the stress

d15tr1but1on in the f1llet than ‘can be obtaxned from a

“two- d1mens1onal model
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“Chapter - 1: Introduction

ln this thesislfinite element analysis is used to
_explore and answer some guestlons concernxng root stresses
1n spur and hellcal gear teeth A more prec1se descrlptlon’
of the QUestlons con51dered in this study will be.easier

e

after a br1ef rev1ew of some gear geometry ThlS rev1ew w1ll
\

"be extremely 11m1ted and will not 1nclude much of the basic

v

1nformatlon about gear geometry that would be requ1red to
fully comprehend thrs study. A more complete descr1pt1on ofr
the geometry of gears may be found in any of a number of
books and artlcles on the subject. The reader wlll f1nd

several .of these books éntff~artic~les~l1sted in the
bibliography 14,7,11,121°.»

| "Flgure 1. 1 shows a transverse sect1on of two gearsglng
_lmesh The view 1s sa1d to. be transverse because the sectlon :
1s perpendlcular to the axes’ about whlch the gears rotate.

i In Flgure. f1 Gear 2 1s dr1V1ng Gear‘4 ‘in the 1nd1cated
~fd1rect1on. Two teeth are spec1f1cally labeled These - two
'.teeth are shown by themselves in F1gure 1.2. Tooth A and

‘Tooth A touch each other at ‘the contact p01nt. As the gears

rotate the locatlon of ;E¥ contact polnt Wlll change. The

‘”’locus of these po1nts 1s called the path. of contact The

majorlty of‘gears in the world today areabased on the'
geometry of the 1nvolute. For 1nvolute gears the path of
. contact 1s a segment of a stralght ilne. The p01nt of.

Numbe..,l“ sgua e bra.kets deelgnate cntr1es in the
.Blblxography.'b _ : -
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interSectioh between.the path‘of contact ahd the line
”301n1ng the centers of the gears is called the pltch p01nt.‘"
The d1stance from the pitch polnt to the contact" po1nt will
"be deflned as- S. By ‘convention the value of S in Flgure 1 2

'w1ll be p051t1ve. 1f the contact ‘point is on the other 51def

of the pltch p01nt ‘then S will be negatlve.

Flgute 1. 3 is a sequence of p1ctures show1ng Tooth A
agaln be1ng drlven by Tooth A' In-Flgure ,3a a pax:rof .
teeth‘;e sden;just beforeuthey-come into contact'with'one
another.f?léure 1v3}:)v~3,ho‘w‘s the.positlon where_the’teeth‘
first come into contact The value'ofhshin~Figute‘1;35 is a
maxlmum and w1ll be called S - figﬁre 1.3c shows anf
1ntermed1ate position where the Qalde of'gihappens to bev
‘zero..Finally; Fiéﬁre‘l,deshbws'themlast'position infwhichh
the - pa1r of teeth are,in-cohtact In- thlS f1gure the value

of S 1s a m1n1mum and‘w1ll ‘be called Soine W1th these

d%ﬁinrtlons the total length-of the'path of contactf*s

P ot 1 18 -

: ,équal to Smn'FﬂSQM.'The){eader«may'hade?notiCed'the'
,statement S'> Spax 1n Flgure 1.3a and’ objeqt that s1nce no.
"contact po1nt exlsts, S is undﬁ&ined The sense of the

‘etatement s > Sm"’w1ll become clear in- the next. chapter.'

The valde of 'S deflnes the p051t1ons of the gear teeth
‘ahd_thetefoce the locatlon of the load belng transmltted

’ffom'one toothito the other. Ft?ure 1.

: clearly shows ‘how

vthe load on Tooth A moves. from 1ts t1p ) ardseite root ae ‘
ﬂ_'the tee,h'rotate..,n F:gureu1.4vTooth A[i_-shown b] 1tself

N
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with»load'vectors applied’ to the surface of the.tooth.dThese'
loadvvectorS*are'normal to the surface. of the tooth. As

‘1nd1cated the p051t10ns of the load vectors can be

spec1f1ed wzth the varlable s. The load vector at the tip -
. has been slid down 1ts line of actlon so that its p01nt of -
"applxcat1on 1s on the center line. The f1gure shows the
components of this load vector act1ng on the center line.
-The component that points at the centerzof the gear is knownh
as the radlal component The component that is perpendlcularj

to the center llne is known as a tangential component

."_Thejpr0cess of'slidlng the load vectordto‘the
T _center-llne and then resolviné'it'ihto'componentsicouldjhave'
been done“wlth.anv of thejload-vectors.oIE:Tooth Alls?
‘regarded°as.a short cantilever beam it is obvious that the
radial component w1ll produce a rad1a1 comprq\w1ve stress
and the tangent1al component will cause bendlng stresses.‘If wf
the bendlng is considered by 1tse1f ‘one. would expect a |
%ten51le stress in the upger flllet and a compre551ve stress-
| in the lower f1llet. The add1tlon of the radlal compre551ve g

sstress would cause a relat1vely small reductxon of the

ads

'*ten51le stress 1n the upper flllet and a correspondlng
increase in the compre551ve stress 1n the lower fillet. - The'
'*}magnltude of these root stresses w1ll depend upon the =~

magnltude and locatlon of the load.

‘ The subject matter of this the51s has evolved from the

.ollowl“g %uest ons- A*.w“at p051 zon f en,agem-pt wi l the -



' ten51le stresses 1n the ropt be a’ maxlmum? what 15 the

\

magnltude and locatlon of thlS maxlmum ten51le stress’ The
vscope of these questlons is 11m1ted by a number of

'assumptlons. For example, 1t is assumed the gears are-

~

accurately cut 1nvolute gears, the total load transmltted
: , r
from one gear to the other is constant and the load1ng

fcondltlon is statlc and of such a magnltude that l1near»vc

”elastlc behav1or’can'be assumed Hellcal gears w111 be . the
o

'prlmary focus of this study though spur ‘gears also recelve

some. attenglbn.

3 S1nce the value of S. spec1f1es the relatlve pos1t10ns.7
of a pa1r of teeth, the f1rst quest1on stated above can be

answered 1n terms of a value of S. The value of S that
Q

results in max1mum ten51le stress in the f1llet w1ll be

vcalled ‘the cr1t1cal value of S, S.. o - ﬁﬁf'
c , 0 S - L
o ‘ The conceir w1th tensile rather than compre551ve

-

’stresses results from the: fact that 1t is the ten51le

-stresses that cause fallure..As explalned aboye, the maxlmum:..

,compre551ve stress is somewhat larger than the max1mum .
- Qo“‘»“jrtens1lecstess.vHowever, from the standpomnt of fallure due
o to. fat1gue th1s fact 1s 1rre1evant. SS otherw1se f-':"
r1nd1cated future references to s::e§:t§\}n thls study can'f
tff'be assumed to refer to tens1le stresses along ‘the’ qESer‘

fillet. |

: o R /ﬁ‘ ' ‘ ' 7
& o It w1ll be demonstrated 1n Chapter 3 that for most

"apalrs of hel1ca§,gears the cr1t1cal value of S can be.z

i A

e
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" and then choose the value of S that causes b

stress. - All of thls ground has already bee

-_on the 1deas found in AGMA 218 01 {1]

. ‘mesh

'ﬂstresses 1n spur and hellcal gears, and presents the method

)

conf1dent1y predlcted w1thout hav1ng to actually obtaln ‘the
‘value of any stresses. However, there exists a small class
of hel1ca1 gears for wh1ch S 1s not obvious. For these

cases 1t is- necessary to obtaln stresses as a- functlon of s

e largest

,ffColbourne [5] who calculates stresses ‘usi g 8 method based.

to

“Colbourne thlS study relies on finite element analy51s”hs a
:means to calculate stresses. The conc1u51ons of thlS study
'regardlng the- orlentatlon whlch causes the maximum stress

b“gconflrm to a large degree the conclus1ons reached by

Colhourne. The»torm in which these_concluslons are stated

;are'dffferent and'someWhaofmore'concise than‘Colbourne's.gIt,s

.w1ll become obv1ous 1n later sectlons that thlS dlfference'

2-

N
in form can be attrlbuted to the 1nfluence of using f1n1te

',elements rather than AGMA 218 01 : o 4gg/j-'"

The ma1n body of thlS the51s cons1sts of five chapters.
Chapter 2 contlnues the 1ntroduct1on of bas1c concepts begun

in Chapterv1, A deta1led dlscu551on of two spur gears in

of a typlcal hellcal gear pa1r is dlscussed Flnally,

*1Chapter 2 out11nes two basic approaches to f1nd1ng root

~

by whxch helrcal_gears’w;ll_bewanalyzed in greater detarl in

)“:5?‘ff}5fl5?'.

covered by .;,7

is included to serve‘as~an»1ntroduct1on to the s’mewhat7

" more complex case of hellcal gears. Baszc cono/pts relevant L

to- the analy51s of hellcal gears are deflned and the meshlngi j:



~. . Al

jial R

th1s study Chapter 3 con51sts of -a. detalled dlscu551on of

\_

’hel1cal gears. The questlon of Wthh lqadimg posxtlon'

v:produces the max1mum tenslle root stress is explored and to

N~

_ -
a large extent answered Much of the 1nformatlon 1n _5\\\

e Chapter 3 depends on results from the f1n1te eiement ‘ “\q_

LErograms. Chapter 4 is devoted to g1v1ng a descrlptlon of

the flnlte element programs. Most of thls descrlptlon is

qu1te general though some aspects of the programmlng bre
descrlbed in deta1l An evaluatlon of the performance of the
f1n1te element programs 1s found 1n the flrst part of

fChapter 5. Th1s last chapter contlnues w1th a presentatlon

(.’rn

and dlscuss1on of the results of the f1n1te element

<

' programs.

10



”{F'f: o jgl5 h Chapter 2 Typ1ca1 Spur and- Hel1cal Gears'
| 2 1 Spur Gears ) | B
tff : All of the f1gures in Crapter 1 showeddtWO-dfnenslonal
- ;-. transverse sectlons of gears and gear teeth Real gears are
Y ‘three dlmen51onal F1gure 2 o shows obllque draw1ngs of a
‘;spur gear tooth and a. hellcal gear tooth The w1dth of a ‘5;3
tooth 1n thevaxlal d1rect10n ﬂs called the face w1dth F. The '

~

thlckness of the tooth ‘is ‘indicated in F1gure 2. 1a. Two

Lo T

&

parameters that are wldely used and representatlve of tooth
th1ckness are dlametral p1tch and: module..In this study,,.he)
normal module m ’ whlch has un1ts of length w111 be used as

. .

an 1nd1cator of tooth thlckness. A : Y

'-Flgure'ij illuStrates hov’a-single'toothhwillAbe,'

positioned within"a oartesian coordinateVSyStem. The 'z axis.'é

coxnc1des with the axis of rotation of the gear. The hear L

'51de of the gear is located in the plane- =-0-and the far

KS

side 1s-1n_the'plane z .= —F The X axis lles along tﬂe tooth

center—line in the z = 0 plane. ‘The y axis is chosen so that

“the system is: r1ght handed -:’

It is clear'in“ngurevz,l'that_when the third dimension
_ .iS'added'the contact point-becomes'a contact-curve. For spur
S , ‘ v

gears th1s,curve w1ll be -a stralght 11ne segment that runs
. parallel to the tip of the‘ ooth Every transverse sect1on_

\ of a spur gear tooth w111 show the 'load at. the Same

p051t10n. Therefore, the value of S is 1ndependent of where

y

-

the transverse sectlon cuts the z axls. In-the case of . = *

D

‘AA‘-. R ,b : | ' | . ' | : . : ]] |
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5 _
1nvolute hellcal gears 1t can be shown that the contact

;cqrve is also 2 segment of ‘a stralght llne. However as

N .
" shown in Flgure 2.1b, the contact line runs at an obliqpe
angle across the tooth The contact 11ne is a generator of
theu;nvolute hel1c01d surface. Unllke spur gears, the;'
pos1tlon of the load in a transverse sectlon of'the hellcal
tooth w;ll depend on where the section cuts the z ax1s. In‘_

_the tranSverse.plane.z.= 0 the load. is at themtlp of the:

tooth: and S'is equal to S . . As the transverse plane is

‘max

v moved along the negat1ve 'z axis the value of S decreases

until- it reaches Soin and the contactwllne-ends; A transverse

sectlon-at 2‘5.—P wouldlshow no -load being'appliedfl.“ .
Thgﬂ%ath ofhcontaCt ekiSts in a‘transverse sectionlsuch
‘as that shown in Flgure 2.2. The angle the path of contact
‘makes w1th a line perpeng?cular to the llne of centers 1s
called the operatrng-préssure angle ¢, - For helical gears
this angle may. be measuredgin the normal sectlon, in which

case'it'is‘denoted'ohg"

: ' Py
Flgure 2 2 demonstrates that two pa1rs of teeth may be %
in contact at the same time, The dlstance between the

contact po1nts is equal to the transverse base pltch pb. "The

‘ratio of S0t to Py is the prof1le contact ratlo m,. A

’conseQUence-of thls-deflnltlon is that S,,. may be'replaced

ot

w1th the product m pPpe FoT the gears cons1dered in this

study the proflle contact ratio is always a number between

-

1 and 2. A pair cf spur gears each having twencj teeth w111

13
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have a proflle contact ratlo of about 1. 5 A pair. of spur
\

,gears.each hav1ng elghty teeth w1ll have a proflle contact

ratio of about 1. 75. The value of m is less for helical

'gears. Indreaslng hellx angle tends to reduce the prof11e>

contact ratlo.

The path'of COntact.is a segment of a line which is

»called the l1ne of actlon. The line of action 1s the common

-

tangent to the base c1rc1es of the gears. W1th the add1t10n

1o£.the third dxmens1on, llnes become planes gust as points

E Figure 2.2,

)

axis is given in Figure 2.3 and the values of the z r

beche lines,.The path of contact becomes afcontacthregiong | \\
1. within a plane‘called-the plane of action. The plane of -\px
'iactlon 1s the common tangent plane to the base cyllnders of %
'the gears. It 1s useful to rotate one's p01nt ‘of view so the dﬁ
contact. reg1on 1n the plane of actlon can be seen. The .
bvdlrectlon of ,the requ1red_p01nt of view is indicated. in . Y

\

. Flgure 2. 3 is® -a sequence of plctures showing contact
reglons for a pa1r of spur gears as the gears rotate. The
contact\reg;on is the rectangle 'KLMN whose 51des have

lengths Stor and F. The two horizontal sides, KN. and LM, are‘

4&.

' parallel to the z axis. THe 12 axis lles along the the gear

axis (see Figure 2.1) and»would not be seen in the plane of

action, However, an indication of the direction of the z

X

coordinates are shown for the vertical sides of the contact”
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In Figure 2. 3a‘the presence of. two contact lines, CL A .
and CL B 'reflects the fact 'that two pair of teeth are in
‘contact at the same time. The contact regions in Figure 2. 3"
are'drawn with m = 1. 5 figure 2.3a has the pitch point
indicated on. the Side MN, The pitch pOlnt has not . been -
extended into a line across the contact region simply to
naVOId clutter in the drawing The%walue of s for CL A is. o

‘ also indicated ‘ )
“The contact line CL A is near the top of the contact"
region‘in Figure 2'3a.vThis‘means the contact line is near
the tip of the driven tooth and near the root of the dFIVIHQ%"Q
'4tooth We will limit our concern to the dn”?yn tooth A
.small rotation~of the gears will cause the contact’ lines to
.nove downward,to the position shown in Figure 2.3b. Such a 1_
rotation will be'called'a.positivevrotation; AJpositive
rotation causes the:load on*the driwenitooth to”mowe towards
‘“\: the root and the value of S to decrqase. As the gearsbrotate,
\the lines of contact continue to move downwards across the
contact region. In Figure 2. 3c CL B is Shown to be very
'clos? to the ‘bottom edge of the contact region. with a

| slight positive: rotation CL_B leaves the contact region and
ithe corresponding pair o‘ teeth cease to be in contact
‘Figure 2 3a shows the contact region jUSt after CL B has
passed - out of the contact ‘reqgion, For ObVlOUS reasons. this

i'Situation is called the highest pOint of Single tooth

<contact. ns“the gears continue to rotate CL A will continue

“to move: downward Eventually a new contact line w111 ‘appear



at the top of the contact. reglon and the cycle that started

Jin, Flgure 2.3a w111 repeat ftself

e

A gear‘tooth can be thought of as a short cant11ever
beam. As the tooth goesuthrough the cycle of engagement (see
Figure 1.3 and 1.4) the load-on~the dr;venntooth moves from
'the’tip touards the‘root If the load is held constant -lt‘
would be expected that the stress 1n the root. would be a
maximum‘when the load is at the t1p (S = S )+ As the gears
'rotate in the p051t1ve d1rect10n,~the load moves towards the
.root, S‘decreases, and_the stress in the root should -
‘decrease. Figure 2.31shows that during theAmeshing‘cycle the
total 1oad is transmitted through either two pairs of teeth
‘(two contact lines) - or just one pair of teeth (one contact
l1ne) In F1gure g.3a, b, and c the load is shared by two
‘pa1rs of teeth'ergur% 2.3d is the. p051t10n where the load
‘along CL A abruptly increases s1nce CL B. has jUSt passed out'.‘

pof_the contact reg;on._Th: stress in the teeth»touch1ng
g along'Cl;A"would'also inc se abruptly. As the gears

contlnue to rotate the load on: the drlven tooth would move

tqwards the root and’the stress‘would decrease..

LY

y _ . . oo
It shouldfbe clear from‘the preceding paragraph'that a
a;
.graph of root stress versus S should show two local maxlmums

- one at S =S " and another at the value of S correspondlng

max

’\n

to the highest point of s1ngle tooth contact The questlon
. for the gear de51gner is wh1ch of these loca¥ maxlmums 1s

'the absolute meximum. 184 ehe gears are acc u'atelj cut it is



uncontrover51a} that the maﬂlmum noot s SRy 5 X '&gatfth%'
- . Y U w ' 4 "

.‘ .

- poxnt of hlghest s1ngle‘tdoth contactﬁ

Flgure 2.4 hélps bolshow'why this iy .graph
of theﬁbar1at10n of fllle% stress due load 'is

*‘ L v 5
shawn as a function of the'pos{tlon of the g&

tooth. In this stydy ‘0 .1s ung tofdenote the fllLé"
when the entlre load W 1s g;ﬁhe }6;3 slngle too

o multlplylng o, by m F/W a de '.

is created. leewlse; ﬁ1w1d1' Y1elds a "f QZ,_

-\Q

ma,x

.ydlmens1onless varlable for p051t10n The effect of load a8

.

sharlng between more than one pair of teeth means for P
B 1

accurately cut spur gears that the load at the t1p w1ll be
‘half as much as. the load at the hlghest p01nt of sangle'
tooth contact If the load at the tip is to cause the
absolute maxlmum flllet stress, then-the curve shown in
Flgure 2.4 must fall by more than 50% as s decreases from
S,ax LO the value at the hlgheSt point of 51ngle tooth

- contact. Clearly th;s is not .the gase.

AR R

For gears that are not accurategy cut it cannot be -
nassumed the load is evenly shared or shared at-all. A
:conservatlve des1gner would assume the load is always
transferred through a s1ngle pair of teeth and would

' therefore place the total load at the tip of the tooth for

the calculatlon of max1mum root stress. f*ﬁ‘”
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'The'pfeceding‘discussion has concerned itself with a

’ palr of . spur gears. The next sectlon moves on to the focus

':-of th1s the51s, he11ca1 gears. Before mov1ng tp hellcal

_ggars one,polnt ‘about spur‘gears needs to be empha51zed‘
cNowHere in'the-diSCUssion of'spur geafS‘was the. face width
of- 1mportance. Changlng the face ‘width would not, for

' example, change the locatlon of the hlghest p01nt of 51ngle-
tooth contact. It w1l%ﬁpe seen in the follow1ng sectlons.
‘that .in theicase of‘hellcal gears :he face Wldth becomes a

- parameter of primary importance. =

L
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_ _ r
2.2 Helical Gears
Flgure 2. 5 shows two drawlngs 0f the contact reg1on for
“w,a pa1r of helical gears. Aga1n the d1fference~between
heilcal and spur gears 1is apparent The‘contact lines for-
:the spur gears run hor1zontally across the contact reg1on
v 5’

_whlle thosgiof the hel1cal gear are ob11que.'The angle a’
,contact llne makys with the z. ax1s 1s constant and equal to S
the base hellx angle L/ .vggg
The contact region. in Figure 2.5b is basiCaFlYAthe same ’
..as that in Figure 2.5a. However, in Figure 2. 5b CL C has - - 7.
'been extended beyond the boundary of the contact region and -
'a contact 11ne labelled CL D has been drawn wh1ch does not . :~“~
}pass through the contact reglon at all. It is only that part .
of a contact line that lles within the contact reglon that
,repreSents adtual contact between a pa1r og teeth. Those

Qparts of a contact llne out51de of the contact region are,

in a_sense, 1maglnary and are drawn as a_convenlence. When 2
counting the'number“of,contact,lines only those passing.,t, .
through the contactAreglon areICOunted.

-

Figure 2.5b shows th_e-tranvs.ver:sebbase%pitch'p‘b and a
new quantity called the axial pitch_pa. The ratio ofﬂthe
face uidth to the axial.pitch ls called thedfacefcontact
ratio m;{tA consequence of‘this’detinition is that'F may be
replaced wlth the_productﬂmgp;, The value of m, ls aAmeasure‘
of the number'of.pairs of teeth in contact'asva’result of

‘the teeth having width. The special importance of the face
z ’ L . i o . K »
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Figure 2.5. Confccf reglon for a fyplcal palr of hollcal gears In fho
"corncr loading poslﬂon :
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’_;w1dth of hellcal gears. is now ea51ly seen! Whereas a change'

-

'an F wlll not affect the number of: contact lines for spur

5~kgears, a’ change in F can change the number of contact lines

“for helical gears._In Flgure 2.5 a 51gn1f1cant reduct1on 1n

'fF would cause CL C to ‘ho longer pass. through the contact"

reglon. Consequently, the total load would no longer be

shared by the pa1r of teeth meet1ng along CL c. If 1nstead F

4_were 1ncreased.suff1c1ently, CL D would pass through the'

'transverse sect1on is dlfferent so the questlon arlses as to

corner of the contact region; another pa1r of teethawould

share the load

The variable S was definedﬁpreVioUsly as the'distance

“from the pltCh point to the Bpant of contact measured in a
‘transverse section (see Flgur I'Z)t-31nce 11 transverse .
el!

sections of spur gears are id' .ic'al,'S is unlque'ljéefined

for spur gears. In the case of helical gears; every'

wh1ch sectlon S is be1ng measured 1n. The prlmary purpose»

for creatlng S was . to prov1de a means of unamblguously '

v

dquantlgglfg the relat1ve-pos1t10ns of a palr"of teeth and

therefore the 1ocat10n of the contact llne.tTh1s purpose can
be accompl1shed by agreelng to measure S 1n the transverse
planipz = 0. The Value of 'S can be glven Eor ‘any of the
contact lines shown in the plane\pf actlon. In thlS study

<

the contact llne of 1mportance w1ll always be CL A and S

'wlll usually refer to its locatlon. When reference is made

to stresses in a-gear tooth, “the tooth in’ questlon w111

,¢always be the drlven tooth that ig belng loaded along CL A_

24
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InspectiOn‘of'the helical tooth in Figure 2;Tb'andhthe

-~contact regions in Figure 2.5 show'that these two figures

- ’the corner of- the tooth in the plane z = O. ‘Likewise, ‘in

~

are compatlble w1th one another in the sense. that the S

contact llne in F1gure 2.1b can be identified w1th CL A in

< r

Flgure 2.5. The contact 11ne in*Figure 2.1b passes through

Flgure 2 5 CL A passes through the upper corner of the
ontact reglon at 'z = 0. Also, in ne1ther Flgure 2. 1b nor

2 5 does the" contact 11ne extend across the - ent1re w1dth of'
-V
.the,tooth. The s1tuat10n depfcted in both these figures is

¥

known as a cornerzloadlng .Figure 2.5a indicates that a

corner loadlng ‘occurs when S 1s equal to S,a

If the pa1r of gears creatlng the contact region shown

‘1n F1gure 2. 5 were glven a p051t1ve rotatlon, the contact " o

-

llnes would move downward across the contact reglon. As the

s

gears rotated ~CL D would eventually enter the contact

i reglon. Flgure 2 6 shows the p051t10n where CL D is just

about to enter the contact reglon. The- lower part of

. Flgure 2. 6 shows why the dlstance NQ \is e al to the roduct
_/ﬁn p

, nbpb,,The.totalkcontact rat1o:m¢ is defined as the sum of the

profile contact‘ratio’and_the face contact ratio, m, = e,
k : ‘ ; _ A ] e

m, + m,. Figure 2.6 shows.that‘the total contact ratio can

" also be interpreted as the ratio o%ﬂdistance OM to the

5

~transverse base: pitch pb{ The toﬂal tontact ratio indicates | .

the average number of pa1rs oﬁ§téoth 1n contact as the gears

St

rotate. . . . 'Lﬁ.r%f“
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blength of the contact'line bounded in the contact region.
The lengths of contact 11nes CL~ A CL B, and CL C will be

'denoted L,, L ande ‘respectlvely Accordlng to thlS

B!
definition the length of CL D shown in F1gure 2.6 is zero
‘(LD = 0), because it does not pass ‘through the contact

| region. The sum L t L, + Lo+ . . . will be called the total
length of the contact l1nes L., ; A contact line that becomes
longer as the gears rotate a small p051t1ve amount will be
said to be entering the contact reg1on. If the contact 11ne
becomes shorter'then'lt will be sald‘to be‘leaV1ng the |
'contact region, In Flgure 2. 6 CL C and CL D are enterlng
whlle CL A and CL B are leav1ng the contact reglon. Though

1
no examples are shown in the flgure it 1s p0551b1e that the

;length of -a contact llne w1ll remaln cohstant as a result of
a small p051t1ve rotatlon. Such a 11ne wdéi;’be neltherj
enterlng nor leaJﬁng the contact reglon. Because the contact
11nes_are parallel and a constant dlstancezapart, the'rate
at‘;hlchiavcontact line entering thevcontaCt‘region'becomes
longer w1ll be exactly equal to the rate at which a contact
l1ne 1eav1ng the contact regloﬁ becoies shorter 'Lh-‘

Flgure 2. 6 two contact l1nes are enterlng the contact
*reg1on and two are leaV1ng For a. small pos1t1ve rotatlon
the increase -‘in L and L w1ll be matched by the decrease in
'LA and L, and therefore LmEHW¥L1QQOt change.»It is assumed
‘_ln this study that the total load:ﬁron abgear_will he‘

distributed evenly cver the contact lines. Therefore, the

The length of a contact line, L, will be‘defined as the '

27



load 1ntens1ty W, defined'as“w/Ltt; will hé«constant along
the contact llnes. As the gears rotate the léngths of the
‘contact llnes will change.‘The total length of the corftact
l1nes may or may not . change dependlng on the value ‘of the
face contact ratlo. Slnce L does usually change as the
gears rotate it is useful tOvdefxne L., and L . as the

: max1mum total length and m1n1mum total length respectlvely’
A consequence of the definition. of w and the assumptlon

that W is constant is that when L ;-_Lﬁ;'the,load int ity

w1ll.be'a mlnlmum and when Ltot =’Lmﬁ the load intenSlty will
| o ,

be a maximum. The ratio of L, to L, will'bebcalled the ¥

fractlon of the rééa F vaen the previously stated
- \

assumpt1on of un1form load 1ntens1ty,‘F -gives the fraction

= of the total load that S belng applled along CL ‘A, The .

‘fract1on of the load F has been defined spec1f1cally w1th

reference to CL A because 1t ié the stresses in the dr1ven

.tooth being loaded by CL A whlch are of 1nterest As the.

L3

fgears rotate F will vary from’ zero to some ‘maximm value
*;and then back to zero. The nature ct thls var1at10n w111

'depend partly upon the face contact ratlo

s
N
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different methods used to calculate maximum root stresses in

’
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2.3 Fxllet Stresses 1n Sput ‘and Hel1cal Gears

It is apprOpriate at this'point to outline some of the
helical gears. The American Gear Manufacturers Association
have published a standard, AGMA 218.01 [1] for rating the

bending. strength oﬁ_spur‘anq%hellCal_gears. According tp
. e ) ' : .

ﬁr this standardlthe-first.step~for-analyzing a2 helical gear is '

to find the equ1valent spur gear. The equ1valent spur gear
°&n RN o

1s~a gear whose teeth in a transverse sect1on closely
approxrmate(the shape.of a normal section of a tooth
belonglng to the hel1cal gear In thls way AGMA 218.01
converts the problem of f1nd1ng a stress. 1n a hel1cal gear
to flndxngva stress-ln a spur gear.‘Slnce all‘transverse

sectlons of a spur gear are the same, it is assumed that it

can be treated as.a two d1men51ona1 problem The spur gearb

is approxlmated by a rectangular beam. Slmple beam theory is

used to calculate the ten51le bending stress and. the rad1a1
compre551ve stress after the. po1nt of app11cat1on of the‘

load has been slid to the centerllne of the tooth and the

" load has been resolved 1nto components (see Flgure T. 4)

These stresses are comblned after the bendlng stress has

v been mod1f1ed by a factor wh1ch takes ;nto account ‘the fact”

that'on the helical gear the”load does not run parallel to

the t1p of’ the tooth but at an oblique angle (see-

F1gure 2. 1) The result1ng stress 1s mu1t1pl1ed by a stress v”

concentratlon factor whlch is a funct1on of the minimum

,radlus of-curvature of the . tooth f1llet. The value of ‘the

.29,
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stress concentratlon factor is based on experlmental results
of photoelastlc tests done in 1942 . by Dolan and Broghamer
[9]. The process would end here if it could be assumed that
theppalr~ofvgears'is accurately cut - from an approprlate
material, the load 1nten51ty along the contact llnes is -
. unltbgm and the loads are statlc. Only the f1rst of theseﬁ

VVassumpt1ons can be usually granted Slnce the other two

1

assumptlons cannot be.granted, relevant factors further

modlfylthe%%rlue’of-the maximum stress.’ThOS%h the
. A .

impor'tance of these factors 1n the real world of desxgn is

‘undeniable, a cons1derat1on of them is beyond the scope of

L} S

_thls the51s and they w1ll henceforth be 1gnored

Bt
. 'ﬂ'"“" .

It is unhecessary to- present 1n detall the equatlon'
g1veﬁ‘1n AGMA 218 01 for calculat1ng the maxlmum root .

R stress. ThlS equatlom cons1sts of many mathemat1cal

4"expre551ons wh1ch may be arbltrarlly arranged in many waysri
A p0551ble arrangement of the equatuon is to form two. groups
of expressions. One group gives the‘stress caused-by the
lapplication,of a load intensity of‘unlty and'the‘other'group
| represents load 1nten51ty. Obv1ously,_the product of these:
two groups y1elds the stress due to the applled load Th1s
arrangement is sensible 1n laght of the fact that the AGMA
is attemptlng to convert 3. three- d1men51onal problem into’ an‘
equ1valent two dlmen51onal problem In thlS context »t would,
not make sense to take the load on the three dlmensronal,'

he11ca1 gear and try to apply 1t to the two d1men51onal

sect1on of the equ1valent spur gear. It does make sense to

NS



: apply the same load 1nten51ty to the equ1valent spur gear.
The idea of loada1ntens1ty as be1ng:an 1mportant parameter
is clearly reflected in the title of*Colbourne's paper [5]->
"Cr1t1cal Load Inten91ty and Load P051t10n on Hellcal Gear

Teeth " Colbourne s method of calculatlng stresses 1s based

on the 1deas found in the AGMA standard. Colbourne uses-theft

same 1dea of "an equ1valent spur gear, the same 51mple beam
theory, and the same stress concentratlon factor.

Colbourne S pr1mary d1sagreement w1th the AGMA 1s w1th the

| questlon of what load- 1ntens1ty should be applled and where‘

it should be applled for produc1ng the max imum root stress.

In this study three-dimensional finite‘elements are
used to calculate stresses. There is no convers1on to a'

two d1mens1onal equ1valent spur gear, Although the concept

of load 1nten51ty appears in the fldﬁte element programs it

does not take on . central 1mportance. The finite element
programs load the hellcal gear tooth w1th the total load on4
the gear and the root stress o, 1s calculated ThlS stress ‘
is then mult1p11ed by the fractlon of the load Fy shared by
the tooth to y1eld 1ts f1llet stress g. F1gure 2 7

summarlzes the deflnltlons of the variables L, L, ZW, and

tOt r
w and shows how the. load on the 51ngle tooth may be

expressed as either WL, or WF

‘This chapter has defined some new terms, introduced the
reader to a typical contact region for a pair of helical

~gears, and brc dl, des cribed two basic approaches ic

3]
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L= fhe leng’th of a confoc’f line. Only that port of the
o line within the boundary of the.contact region is
measured. A contact line that does not intersect
_-’rhe contact region has a length of zero.

Lyt = the sum of the 'Iengfhjs of all the 'cdn'foct lines.
- Lpin = the minimum value of Lot -
Lméxz the maximum value of Lot _
W' = the mdgm'fude"of the net force being trcnsmittéd

- from thegdriving gear to the driven gear. The line

of action of W will be normal to the tooth o
surfaces and so will lie in the plane of ochon cnd R
be perpendicular to the contact lines. The '
'componenf of-W that produces torque on 'rhe geors

is Wcos 1//b
W,':':rLW = the load intensity acting on the lines of
tot contact - within the contact reglon This

definition assumes that W is unifomly
~distributed:.on the contact lines.

¢

’rhe fraction of fhe fo’rol locld W ochng on .
tot contact ||ne A. 3

—

. The . mqgni"rud'e of the net force aocﬂrig_ on’ contact line A

B FLW:'._.'- Lt:f W= Lfot.‘LA - " LA o

..Figure 27 A shmm‘.tzfy‘of some i.r'n"portanf definitions -and r-'e'laf'lonships.
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calcﬁiatiﬁg'rcot stresses. It has been stated that the

manner. in whlch the varlables W, and F change as’ the gears
rotate ‘depends on the face contact ratio. These var1ables

.are 1mportant for the calculatlon of root stresses. To

clearly understandvthe relationship between these varlables

' and the face contact ratio a'éequence of cohtactﬁ%egiqns

will be ciosely ekamined iﬁvtie'next'chapter: The first
“contact region'wiil have-a vefY.Small ﬁace.contact ratio,v
Successive contact regions Qill have larger and 1atger_face

contact ratios. -



‘Chapter 3: Detailed Analygis of Helical Gear Pairs

Figute 3.1a shows a contact region in which the total
contact ratio is less than 2, which means that,during some
parts oﬁ'the meshing‘Cyclehthere'will be only one pair of
teeth in contact The first pos1t10n shown 'is that of a
corner loading for CL A. ' Each of the contact lines extends-
'actoss'the contact regionaand has equal length. Assuming a
unifornfload intensity, it follows that F, = 0.5. As the
gears rotate in~a;poSitive_direction,_the4contactv1ines move
»aownward until they reach the'posétion shown in‘Figure 3.1b.
During this movement neither of the contact lines changes in
-length, so L é | |

cocr Fo» and W, will all remain constant.

As the gears continue to rotate, L, will stead;ly
decrease ﬁntil CL B leaves the contact region completely.
. Figure’3 1c shows the p051tlon, known as the highest point
fof single tooth contact where CL B has jUSt left the
contact reg1on. The correspond1ng value of S is 1nd1cated on
hhthe draw1ng. Durlng the motion that causes CL B to leave the
vcontactvneg1on, LA.remalns constant and_no other contact L,
lines enterﬂthe contact region. Therefore, the load |
vintensity and-Fijilicboth'increase.‘At the‘pointhof'single
'tooth contact L?; =L, and F w1ll be equal to 1, the;f
highest value it can attain.»The total length of the llnes
of‘contact Qill be a mininum, so the load 1nten51ty Wll% be '

a maximum. As the gears continue to rotate, “he values of F,

o 1# o

/
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1

.and W, w111 remaln constant until CL C beglns enter1ng the\

contact reglon and L

.. begins to increase.

- In Figure 3.1d the face width of the gear pair has been
increased so that CL C will begin-entering the contact

regién at exactly’the,p051tlon of hlghest 51ngle tooth

contact. As 1nd1cated the value of the total contact ratio
m; is equal to 2 for thls faqg wldth Under ‘these

circumstances the value of FL wlll still reach a makimum'

value ofll,vbut"yiil then immediately decrease with

. . " . . ) » ‘N )
continued rotation.
Figure 3”? shoWS a type.of a graph that will be seen
two more.timesﬂin this chapter. The variation ofvthree . —
B :

d1men51onless varlables are shown as S changes from s, to ’

zero. DlSCUSSlon of these graphs Wlll assume that S beg1ns

‘with a vazhe of S max " the va}ue correspondlng to a.corner —
"loadlng, and then decreases as the gears totate in what haS‘
_been deflned as the p051t1ve dlrectlon. In other words, the
'_graph will be v1ewed from E\ght to left rather than the
usual left to right manner. The curve shOW1ng the var1ation
of F, foiiows eiaCtiy-the description'given above. It has
been explalned that after F,_.reaches its maXimum value of 1,
it is usually constant for a short t1me before decrea51ng
‘For the part1cular pa1r of gears correspondlng to the curves
in Flgure 3;; the value of F is still 1'at S = 0. A paxr‘
of gears with a total contact ratio closer to 3. would show

‘“.the,F curve begiani 1g te aecre se some«here'.. tre ‘reglcn
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- d1v1d1ng o, by o,, where o, is the stress~1n~the fillet when -

pchrL iR S
AR
.

‘”?f&"lows that ¢ = F o,

between the points B and C. As preyiously stated;.if the

‘total contact ratio'is exactiy 2,‘then-the valuedof F, will

‘begin to decrease immediately at point;BhasoS decreases.
- second curve 1n Flgure 3.2 shows the varlatlon of o,

the flllet stress due to a constant load w applled to the

tooth A d1mens1on1ess expression has been. created by

W is applied to the tooth in the corner position. By

' definitionj 0,/0, Wii}/beQequal to 1 when S = S . As

max

~expected, as S decreases and the contact line moves towards.

the root, the stresg¥dueito.a‘constant ioadidecreases. The
‘curve showing the vagiation of ow/oT is derived‘from the
results_of the finite eiement analysis. Since stress'willf
vary directly with load, the product. of F, and‘aw/a; |
rrepresents the tensile stress in the fillet when-tuo'gears

-

are'in mesh and the constant load W is beingftranSmitted to

theﬁdriven‘gear;,Under these circumstances, the -load W will

be shared between one or more pairs. of teeth dependlng on

W F

:a§ong CL A, it 1is appropr1ate to deflne 0 as the. ten51le
Lid

‘;ess in the flllet of the tooth belng 1oaded by CL A, It
' as‘%

,} L w*

7 e

The curve representing o provides the necessary
information’for determining SC,”the value of S'thatn
corresponds to maximum fillet stress.‘Figure 3.2 shows

@

‘clearly that £ .5 the value cf S corresponding tc the

- -

the value of sS. Slnce F 1s the fractlon-of-the load acting,f

38
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highest point of single tooth contact. The criticalvvalue of

Fg, F is 1. Although Figure 3.2 is only a single example

wr
of a'pair-of,helicalﬂgears with m; < 2, it may be .regarded

as tyﬁlcal The generalization that'S for‘such gears is the
value associated w1th the highest point of 51ngle tooth

contact 1s uncontrover51al and is con51stent with what is
'known,about spur .gears. For helical gears w1th m, S 2 and

1.5 < mp,.E‘.L is always 0.5 for the corner loadlng p051tlon.d

As S-decreases, %L‘IS flrst constant then rises w1th an . SRS
1ncrea51ng rate to a value of 1. So, Iike spur gears, F

doubles.as S varies from Sm to ‘the hlghest p01nt of 51ngle'

ax
tooth contact. The variation of o over: this range is much
less: While'F doubles, o, is reduced by only 30%. Of the
many. gear palrs tested in thls study, none shoss o,
decrea51ng by mor.n than 40% as S varies from S . LO zero, I1f
m, < 2vand mp.< 1.5,,c;rcumstances can be created,in which'FL
is slightly greater than 0}5 for the»corner‘loading
position. Though F. does not qu1te dodble under these

.

c1rcumstances,_1ts 1ncrease 1s Stlll proportlonally much

greater than the decrease in’ o,. It is sen51ble to say that

“in the product F o , F. is the domlnant factor When F_is a

, max1mum, o i a.max1mum;

~

'I

Three p01nts on the F curve 1n Flgure 3.2 are
labelled As will be seen‘ln followlng sectlons, if m,"is
less than 1, then FL wxll be constant or increasing as S -

decreases in the ortion of the curve between boints A agnd



B. As S decreases past point B,TFL‘may be conStant for a

snort time but will eventually decrease, Point'B is at the

»

largest,value'of‘s_for which F_ is a maximum. All sections

: o . ' . '
" of the graph show o, decrea51ng“w1th decrea51ng S. Results

from the f1n1te element programs sHow o decrea51ng as S

decreases, as- long as CL A intersects s1de KL of the contact'

B

region. However, 1n many cases where CL A passes through the'

A

bottom of the contact region, decrea51ng S causes o, to
‘increase. Under such c1rcumstances the load 1nten51ty is

increasing because the entire load W is being distributed

along a contact line‘whose-length is:decreasing. Load

-

sharing is not taken into account when dalcu1ating ow. The
increase in load‘intensity'more than compensates.for the

reductlon in stress due to the decrease in distance between

,the load and.the. flllet For gear pairs w1th a face contact

ratio less than 1, this behavror :occurs at. low values of S.
. . \','Q.s

At such positions, F_is both relatlvely low. and decreaszng
. ‘; S L

L
as'Sldecreases.’Furthermoré, 1t7can be shown that another
contact line willvbe~entering\the contact regron, so the
load intensity will, in fact, be constant. The value of o

L]

decreases despite the fact that o, - is increasing. It follows

from these comments that between pofnts B and C the product

Foo, wills always be decrea51ng Therefore, the maxzmum value.
U

'of'a'muSt occur somewhere along-the séctlon of the F curve

between po1nts A and B. This conc1u51on appl1es to all

helical Jear pairs w1th m, less than 1. SlnceoQ%ls'study is

interested primarily in the maximum value of G, future 4

ads ]
o .




: graphs of the type shown in Flggre '3.2 will show only the

curves’ between S = S . " and the highest value of S

correspohding to the‘max1mum_va1ue of FL.

Additional information on figures that present’

quantltatlve results in thls chapter and later chapters may‘

)
be found in Appendlx A,

Iy



- M. The 1nequality me < m, = 1 therefore 1mp11es both that m

42

-‘31?'2 -m,o<m < mp_— 1 | o o .

C Flgure 3. 3 shows a serles of contact reglons for wh1ch

. ¥
gthe total contact ratlo m, 1s greater than 2 "Slnce R B ,j o

o

mc»— [ > m,, it follows thatéz - m ,< m, T These contact

\‘«-

vreglonsﬁalso sat1sfy the cond;tlén that m, 1s less than ’
e
.'méuf 1. These 1nequa11t1es have several 1mp11cat10ns. Slnce

,mp 1s a number between 1 and 2, mé.— 1'is a number less than

1. In Eact the,express;on m, - 1 is the fractlonal part of

t

ooy : "”.G' _ .
is 1ess'than 1 and”that the fractlonal part of m 1s less

. X

-

fthan the frartlonal part of mp. ThlS 1ast 1mp11cat10n

'f:éomblnedAw1th the condltlon that m, is greater than 2

_,ilmplles that m must be greater than-:,SQ If the'proflle

".

contact ratlo 1s less than . 5 for a palr of gears then the

e -

correspondlng COntact reg1on ‘will ‘not 1ook 11ke those shown

£

'1n Figure 3. 3. : 7
. . . » e P r. , . B : L B
By adding 1t to each*side*'the ineqUality m-<§ mgﬂf 1

becomes m,+ 1< m,. F1gure 3.3a shows that to satlsfy thls 4

1nequa11ty, CL B must 1n§ersect 51de KL of . the contact .

reglon when CL. A IS in the corner p051t10n. Under these v” ¢

c1rcumstances the lengths of CL A and CL B. wlll be equal and_
»

(Yo} the value of F w111 be 0 5. Furthermore, as the gears_

rotate, F w1ll be constant untll the pos1t10n in T T

- Figure 3. 3b 1s reached As CL B then leaves the contact

reglon,‘as shown 1n Flgure 3. 3c, both F and the load

1ntenszty'w11; increase. The ccnditicn W, ’-2a1mp-:e5'tha:'t
;/- ) -l ‘ . ‘

V—V/.,

r

oy
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-before CL B completely leaves the contact reg1on CcL C wlll

44

beg1n enter1ng the reglon. Flgure 3. 3d shows the p051t10n

'where CL C is about to enter the contact reglon and gives

the correspond1ng value'of S. As the gears'rotate a small

: aﬂgunt past this p051t10n L, will remain constant because

Qpe coqtact line will be enterlng and one contact line w1lla’
be leay1n%5the contact reglon. The load 1nten51ty and F
will also be constant. Flnally, as the gears rotate past the

position shown.in Figure 3.3e, L

ot Will increase and F, and

W, will decrease. ' : : -

According to the preceding discussion, as the gears

. rotate from the corner Ioading position, F, will reach its

- maximum value at the p051t1on shown 1n Flgure 3.3d. This is

also the p051t10n where the load 1nten51ty WIll be a maximum

~because L, will equal L .-The/Value of § assocxated-thh

thlS p051t1on is 'a function of" only S pb, and m, Theg‘

max 4

value of p, must be the same for each of the gears in the

‘gear pair, otherwise they 51mply would not mesh. The value

of the face contact ratio is determined by the gear with the
o e
smaf@@n'face w1dth 51nce this determines the w1dth.of "the

'contact region. In thlS study it is assumed that Both gears

have the same face width. The value of 'S, is determined by -

. max

‘the tlp c1rc1e radius of - the dr1ven gear and‘the operating

pressure angle of the gear pa1r. I1f the operating presSure
f - .

"jangle is g1ven then it follows that Smé, Py and m, are

_determlned only by the characterlst1cs of the drxven gear.

Changlng the number of teeth of the dr1v1ng gear w1ll not

LN
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w lue ofws%asé%c1ated with the p051t10n shown in
3.

o

F1gure 3. 3d

3

The graph ip Flgure 3. 4 shows the vaqﬁatlon of F,
, ﬁﬁ

B

0,/0., and o/o as a fugctlon of S as S va%ﬁes from S to

Sy
) »

;. its value at the p051?ioqg¢here F. reaches a maximum.

AT

Yo

Because 2 < m, @he load is always shared between at least

- two palrs‘of t_:eeth-and_E‘L does not reach a value of 1. As in

‘ produced before such a hypothe51s is regarded as proved The

- considered at the end of this chapter.

the case:of7spurzgearsfgnd‘helical‘gears wéth m, < 2,‘the
graph shows the dom1nance of F in.determining the maximum
value of a.,The maX1mum value of o occurs when F,_ is a ‘
maximum. et S i |

1t should be.appreciated that it is not obvious that F,
will necessarilybdomihate‘the factor o, invdetermining S,-
Although Flgure 3 4 suggests the hypot5$51s that o is’
maximized when F. 1s maxlmlzed much more ev1dence ‘must be.
value of Fy ‘can no longer double from 6 5 to 1 as 1t can
when m, S 2, on the graph in Figure 3.4 it lncreases by 80%
It may be the case that for some gear pa1rs the increase in

F,owill not offset the decrease in o, as S is reduced from.

max

S. . The question of whether such gear pairs exist will be

45
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3.3m - 1 Sm <1
. <ffa .

8 S Figure 3.5 shows a series of coftact regions subjett to
”tthe conditions that m, > 2 and'm - 1 < m, < 1. As mentioned "

in the last ' ction m, - 1 is the frac ional part of m,.
a0 S1nce it is sfigylatedﬁ*hat mf is. 23 than 1, the

.

1nequa11ty m, 1 < nﬂ“mg‘ﬁi*ﬁ‘;o,the fract1onal D of m,

N c' -

. is nowﬂ%reater apan the fracﬁlgﬂal'part ;m;; Flgure 3.5a
: % p l-. s
shoys*why thns last 1nequa11ty meansothkw;CL B must pass

through the bottom side LM of the contact reglon.iThe proof

" that the distance betwei;p01nts o} and M is equal’ to ,

(mé - 1)pa‘15.not 1ncé£ded but is based on the_same argument

from similar triangles used in'Fbgure 2.6.
: = Y .
Since CL B is already in the process of leav1ng the
contact reglon in the corner 1oad1ng p051t10n shown in
Flgurg‘l.Sa( the.value;of FL will be greater than 0.5. As _
the gears rotate La'and Lwtawill.both decrease and F#.anddwi
will incr;ase. Again;‘both F, and Q» wlll reach a maximum
‘value in the p051t1on shown in Flgure 3. 5b in whlch CL C 1s’
on the verge of enterlng the contact reglon. Contlnued
rotatlon w1ll cause CL C to enter the contact reglon. The ‘

v

values of L -F and W, will. all be constant unt1l CL B

tot?! L

leaves the contact reglon completely The load 1nten51ty and.
F,owill then decrease as L, increases. The value of S that .
maximizes F, is shown in Flgure 3. 5b ThlS expre551on is
ldentical'to_the one  found 1n’the last section. Both are:

based on the same ccndition that CL C be on the verge of

-
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. even less than that shown in the last séqtion; F

‘\yh{gh value of S. Theref

" grows to its maximum, th

49 .

ehtering the contact region.

» A .

The grﬂgp in Figure 3.6 shows an F,  curve that varies

Sy
L no ;onger

begifis gk 0.5 at S = S, and certainly does not reach a ' .

at the)corner loading positgop. Compeeéating-for this loss
‘in fariation is the fact that F, begins its increase

ediately and teaChés its.maximﬁm value at a relatively

’

during the intervai that F_
mount by which ¢, has decreased
'is_less,‘Figure 3.6 again shows the maximum stress'a

occurring at the point where F, reaches its maximum value.

" Again the question arises as to whether some chhnge-in the

gear pair will create a Situation where o, will

proport#nally decrease more rapidly than P, increases.
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Figure 3.7 shows the‘contact‘region of a helical gear
with a face contact ratio of - Ol_In the'corner-loading
position in Flgure 3.7a CL C is ]USt about to enter the "
contact region and CL B is leav1ng the contact reglon.
Because‘pne con@act line is enggrlng and one is leav1hg,
rotation of the gears to the position in Figure:3.7c will
.cause novchang§ in L., or the'load intensltyu In"

Figure 3.7a, b, and & the length of CL A is constant‘_so.FL
will -also be constant. In Figure 3.7c CL BahaSICOmpletely
left the contact region and CL A-is just about to begin
1eaving; Again, as the geafs rotate one contact 1ih$ willvbe
entering, one will be leaving, and L op Will not chamge.

'Since L, is now decreasing, the value of F w1ll decrease.

'Eventually CL C will f1nlsh enterlng and will pass through

QThe situation is then the same as that shown 1n

:3 7a. At no t1me durlng this cycle does L change.

tot

" The load 1nten51ty also w111 not change. No stresses need to

.w%“} be calculated to find S. At the corner-loadlng p051tlon F.

‘“§ 3?15 a,maxlmum and the load line is in 1ts best position’ for_'

> ﬂ' %

vzﬂ' : creat:ng stress in the flllet The cr1t1cal value of S is
R P I 's'v 5. Y . . . ! -

. : A 5 - )

‘. D

: ~‘ :". : S ‘Q!‘

G0 f . . RN

ey

4 j. t_'_If m, were increased to a value off2 or 3 or any uhole

-

" number, 51m11ar Qbservatlons to those 1n the last paragragh

"icould be made. So long as m, is a whole number, the total

léng h of the cohtac}xﬁlnes is constan the load intensity
'.A ) i . . )

51
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is constant, and'the-makimUm fillet stress occurs.with a
corner loading.
. LA
_Figure 3.8 showsvaF!ypical contact region for helical

gears satisfying-the inequality 1 <,m s mp. Figure 3.8a
shows that this 1nequa11ty 1mpl1es that CL A must. pass

“through 51de KL ﬁécause m I's a number between 1 and 2 thlS

1nequa11ty also 1mp11es that that fractlonal part of m, is

" less than the fractlonal part of m, .

-

As the gears’ rotate from position~in‘Figure 3.8a -to the

. }
p051taon in 3.8b, CL C'is enterlng ‘the contact reglon CL B

K1
is leav1ng the contact reglon, the lengtthf CL A is.

P

constant and therefore L L and:w. Wlll all be

tot’

corstant. As the contact llnes move ‘past the p051t10n in~
F;gure-3.8b, a process not yet examlned occurs. For a short.
o time both CL A and CL B are leaving ' the contact reglon and

"CL C is enterlng The effeets on L, due to CL(@ and CL o

may beﬁcancelled The net effect on L is then the effect

ot

of CL A leav1ng the contact reglon. Obv1ously, me

wlll

decrease at the rate that-L decreases. Anytlme Ltot P

Qdecreases the load 1nten51ty 1ncreases. What is the effect
“on F. 1n thlS caq’7 In previous sections a decrease in L
“also corresponded to an increase’ in F_ because, by

and it was also the case that L, was

,deflnltlon, F. = L.A/Lm,t . | 'g;‘

L
’constant Now, both'L.‘and-‘L’t are decrea51ng The
:‘def1n1t1on of F 1mp11es that F may range in value between

0.and 1. It‘;s eas.l, preven “hat if a f.ac on.between‘O



‘Figure. 3.8. ‘Co‘ntaci region for a polr of helical goap;s ' e
for 1< m < m. o : v o -
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and 1 has both its numerator and denom1nator decreased by a
small amount the result1ng fract1on will be less than the
original fractlon. For example, if the numerator and

denominator - of the fraction 7/9

pre reduced by 2 the
resulting fractlon is_5/7. Theg!?‘:Vdon 5/7 is less than
7/9. 1t follows'that an equal tion in L, and L. Will
result in a decrease ‘in F’ As the gears rotate pas% the

-p051t10n shown in Flgure(5\8b the load xntens1ty will

" increase and F_ will decrease.

"It was noted in the\discuss{ons of helical gears with

m, < that'the-maximum value of F, coincided with the

. maximum load- 1nten51ty In the case under dlscu591on the

load 1nten51ty is a minimum when F_is a max1mum. Because

. CL A'passes.through 51de KL of" the contact region',_ow will

decfEase as S decreases fzom's - Since F _is a maximum'at

'the corner loading position,rlt follows that this pos1tlon

L

' creates maximum flllet stress..

" In Figure 3.9 the fractional part of m, is larger than

« the fractional part of m . In the corner loading position

.CL A now passes through the bottom side LM, Because m;, < 2,

l cL D has not yet entered the contact region. As the contact

:1n Flgure 3. 9b 'CL A and’ ‘€L B WIll be 1eav1ng and CL C will

be enterlng the contact reglon. It has. jUSt been explalned
‘that 1n such a 51tuatlon F will decrease and the load

1ntensxty,w;ll znc:ease. Sznce CLHA pagses *hrough the

;/lines move from'the position’in Figure 3.9a‘to the position_

¥

A

&
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Figure 3.9. Coniocf reglon for a polr of hellcal geors oo o
with m, < m,< 2. . . | : *
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{ .
« bottom side of the contact region, it cannot be assumed that
g will'decrease as S decreases. If decreases then

W

clearly the maximum fillet stress will occur durlng the
~corner loadlng pos1tlon. For those cases where g, 1ncreases'
the questlon is not so easily settled. According to AGMA

.218.01 tﬂ:'corner loadlng position (S/s_, = 1) causes

maximum flllet stress whenever 1 < m.. In this study  an-

_exceptlon was found. Using a gear pa1r w1th a 30° helix

anglef'nd%:Jth m, just sllghtly greater than My ‘it was

.,fogmdﬁtha ‘the maximum stress occurs at the position of
‘?‘, ‘,
;maxlmum load 1nten51ty at. S/S = 0 39 The stress at this -

max
p051t1on was found to be 7.0% higher ‘than the stress caused
by the corner loading. It.was reasohed thatmdecreasing’the
helix‘angle shodldvreduce the variation of load intensity
and tend to move.the position of maximcm stress hack to the
,corner poSitionu'PairS‘of gears were:tested'sith-helix

angles of 25°.and 20° and-with m, again'just slightly :

\,:,,4»" .

ggreater than m,. For the gear pa1r w1th a 25° helix angle, o

“was just 1%;7“g’er at the pos1t10n of max imum load 1nten51ty

l

»aiompar;d to: or;the corner 1oad1ng For the gear pa1r w1th
a 20°‘heiax apgle; o began decrea51ng 1mmed1ately as S was .
redUCed from’ Sm“, It was also reasoned that increasing face
width”would~decrease the varlatlon 1nuload'1nten51ty and thed

dp051tlon of maximum stress would agaln move toward. the

‘ corher‘p051t10n. The gear pa1r ‘with- the 30° helix angle had
"1ts face w1dth 1ncreased from m, /m = 1.06 to mt/mp = 1,29. |

As S decreased‘rromiahu the value«otxa was constant to



i

» w1th1n 0. 2% for a short 1nterval before beglnnlng a steady

o

decrease. A thorough’exam1nat1on of the c1rcumstances under -
which the corner loading position is not th position
causing maximum stress, was not undertaken. Erom the, tests

performed it appears that cases where the p sition of

maximum load intensity cauSes a significantly higher stress .

than. the cOrner!positionxgre relat1ve1y rare. A hel1x angle

greater than 25° and m /m

condltlons.
f . . : . ' ®-

If m ¢ 1s increased to a value greater than 2, CL D will

pass through the contact region in the corner loadlng
p051t10n shown in Figure 3.10a. So long as the fractlonal
part of.‘mE is-ieSs.than.the fractional part of m,, CL C will
pass through the side'KL_of the contact‘region. When'the
fractional parts are equal, CL C'wili pass;through{pointgL‘
and when the‘fractional part of m, is greater than the
‘fractional part of mp, CL C will‘paSS;tthUgh»the bottom |
side LM as shown in Flgure '3.10b. CL E will not interseéte
“the contact region in the,corner loading position untillmt
is.increasedato moreithan'3,

In the contact reglon shown 1n F1gufe 3. 10a a smally
rotatlon of the gears will cause L and wi to remaln;
constant slnce-two l1nes areventerlng:and’tWO lines‘are

> leaving the the contact regicn;hé;“uili decrease immediately
since'CL A is leavingpthe:contact:region;‘Whenicpﬂé

completely leaves the cont act'region, L

ot w%l; begin‘too

58

ose to 1 appear to be necessary, .
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decrease and the load 1nten51ty will 1ncrease.'F ‘will
contlnue to decrease..In llght of tﬁgﬁgrev1ous dlscu551ons

it is clear that the maximum fillet stress will occur when.

O

CL A is.in the corner loading position where P, is a maximum
.and W, is a minimum. In Figure 3.10b the corner loadlng
p051t10n has two llnes leav1ng and one line enterxng the

.contact reglon. CL C.is neither enter1ng nor leav1ng the
N\

~

region. Rotatlon w1ll'cause L, and F_ to decrease and wi to

increase. Because L , is relatiVely large the variation in

W, will be small The maxlmum flllet stress w1ll occurlln
the corner p051t10n where F is a maximum and W, is_a

v

minimum.

, SR
e e v,"' ) 4“ ] - .. a o
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| 3.5'The'Position;Causing Maximum;?iilet Stress

©
“

A number of observatlons cén be made regardlng the

sequence of detalled dlscu551ons Just completed It is ciear

hthat for. hellcal gears wlth a toﬁal contact ratlo less than

7 "

2{‘the max imum f111et stress wr&l occur at the p051t10njof

@

h;ghest p01nt of s1ngle/tooth contact ThlS conclu51on is

con51stent w1th what i 1s known about spur gears. For gears

with a face contact rat1o greater than 1 the max1mum fillet
stress usually occurs at the corner loadlng pos1tlon, though

" some exceptlons exlst. In both oases thexCrltlcal position

P

'1s the p051txon where F is a max1mum For those gears wh1ch

.'t

have a total contact rat1o gréater than Zland a face contact
ratio less than 1, there is ev1dence that suggests that the
max1mum f1llet stress again correspohds to the p051t10n that
max;mlzes F, . At th1s p01nt thls ev1dence con51sts of the

grzphs shown in Flgure 3 4 and Flgure 3 6 Both these graphs

)/‘

~”show ‘the domlnance of F; over a in determlnlng where (Y

N

-reaches 1ts maxlmum value.'The quest1on is whether these

graphs are typlcal or- 1f cases can: be found where the

7

'decrease 1n 0 _1s proport1onally greater than the 1ncrease

in F as S decreases from S . In othfr words, the

7

hypothes;s toﬂbejtestedwls'the assertlon,that_a'always

' reaches its maximum value when F, reaches its maximum value.

*

The dlscu551on of how th1s hypothe51s was tested will

xbe eas;er 1f ‘some” new symbols are def1ned Flrst the

maxrmum'value of'FL and the value of F fcr ‘hevcorner

-
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.lo%d“ng position w1ll be denoted F,, and F_ respectlvely A
; S b,
mathf{atlcal formulatlon of the hypothe51s is then -simply

F the ratio of o at FL = Fm‘to o at F, = F,
-willf?t;;enoted R, Please‘note that in those cases where
F, - A r a range of posztloﬁs, the position being
specifi _ that which has the largest value 6f S. The :
%ypothesi; ?ﬁ Fl ;;piies simply that R, is always less
‘than‘lr' e - \ | |

Initiall;, a seasible way of testihg the hypothesis is .
,rtO‘calcalate F,, o,, and o curves.for'a Wide;variety of gear
pairs. Since the analysis of a sihgle.pairvof gears with the
finite element programsgrequires apprbximateiy-one‘hour of
;‘computlng tlme, 11m1tat10ns had to be placed on the var1ety
of gear palrs tested With a few exceptlons the gears tested
1n thlS study had the following characteristics: they were
assumed to be cut by a rack cutter with a.t1p round of O!an
and.pressure angle of: 20° in the.normal section, thedprbfiie_
fshiftbwas set to zero, the adden%gm and dedendum of both
_gears was set equal to m; and 1.25mn respectively, the gears.
:were mounted at_the standard Cehter-distahce,‘ahd a |
Poisson's ratio of 0.3 was assaﬁed EOr‘the material of the
dgears.zuﬁder these circumstances the amount of backlash is
eQUal toizeror The helix_angle, the number of teeth'on_eaCh
Qear} and the face width'were’alloﬁed to vary. The value of

——

the helix angle in these early tests was varied between 15°

. N | o

and 30°.



The results ftom the finite element analysis supported
" the hypothesis. Investigations were then undertaken to gain
a better understanding of how the o, and F  curves were

' affected by changes in helix angle, numbers of teeth, and

face width. The aim of such understanding:?ould be increased

efficiency in the. search for examples which would disprove

were sfg}iar for many gear pairs. her testing

the hypothesis. It was noticed”that plots 0,/0, versus
S/s

max

showed that the amount of var1at10n in such plots was

primarily a_funct1on of hellx angleg‘Flgure 3.11 shows plots_uﬁ\

of o,/0, for helix angles ranging from 0 to 30°. These plots
are all for gears‘with a face width of 4m_ and‘40 teeth.

Clearly, increasing helix angle corresponds to decreasing

variation in stress for a constant tooth load. Since all the

'curves in Flgure 3. 11 must by def1nf%10n pass through the
point (1,1), the var1atlon in o0,/0, can be assessed on the
4}’ba51s of the value of o /a at S = 0. By def1n1t10n, V w1ll

uequal 1 -0 /07 at 'S = 0. A large value of V, means the
'f1llet stress decreases a relatlvely large amount as a
constant tooth load moves from S =85, to § = o.,xn'
Figure 3.11 the ‘value of Vy 15 0.207 for the tooth w1th the
'730° hel1x angle. ‘The value of Va increases by 92% to 0. 397
when the ‘helix angle is reduced to zero.

8

Changing the number of teeth-and changing the face
~width affect .V, less than a change in:helix,angle. When the
,number:ofsteeth is doubled from 20 to 40v£or a:'gear with a

<

.0.

‘—’

63



0.4 |-
0.3 |- >
0.2 .
N 0.1
~ DA
0 L0 e 1 L IR |
o 0.1 0.2 03 04 05 06 07 .0.8 0.9 1.0
T ‘ S

Figure 3.11. .
helix angles.

S
S

max

_ Position of the load,

Flllet stress vors_d_s load pdslﬂori for different

64



‘,A

4 T .
hellx angle of 20°' Vo increases by 15% from 0.263 to 0.302.

Doub11ng the number of teeth again to 80 teeth causes V, to

flncrease by Only 5% to 0. 318

65

An explanatlon for the effect of tooth number on V, can

-be obta1ned by looklng aga1n at Figure 1.4 1n the first

chapter of this study. F1gure R 4 shows three loads on the
tooth proflle. As descrlbed before, the loads may be
resolved into a tangentlal component and a.radial‘
COmpressiYe COmbonent.bThe.radiallcompréssive stress tends
to reducefthe'tensilehstress caused_by;the bending load. As

the load moves from the tip ofhthe tooth towards the root,

fthe'load veCtOr'rotates, the radial component decreases in

magn1tude, and the tangentlal componeﬁ% 1ncreases 1n'

‘magn1tude.‘Decrea51ng the radlal component and 1ncrea51ng

V“‘/
the tangent1alvcomponent‘tends to increase the ten51le o

fillet-stress.'This‘tendenEy partially?counteracts,thev

reduction in stress caused by moving the load closer to ‘the

'root andh-therefore, contributes to a lessening of V,. This
”counteract1ng tendency w1ll be strongest for teeth w1th a
small radlus of curvature. For teeth w1th a stralght prof1le

“the components of the load will be constant, the

IS

counteract1ng tendency will not exist, and'V will be

relat1vely large. Increa51qg the number of teeth on a gear

-

causes a stralghter tooth proflle and, therefore, also

causes Vy, to- 1ncrease. The greatest change 1n the cuu&ature

- of a.gear‘tooth s proflle cccurs when,the number of feeth is

llow. This fact explains why doubling_the~number_of teeth
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~from 20 to 40 causes a much'greater change in Vd than
doubling from 40 to 80 teeth. l

N

IncreasingAthe‘face width of avspur‘gear with 40 teeth;
from 4m_ to 6m_ causes V to increase .2%. Increasing the
face width of a hellcal gear with 40 teeth and a hel;;\angle
-,0f 20° from 4m_ to ém_ causes a decrease in Va of 8%. An_ R

E:
1ncrease t0'7m for the helical gear causes an addltlonal

#
1 6% decrease in V,..Finally, increasing the face w1dth of a’ ‘
hellCal gear w1th a 10° helix angle fgom 4m to 6m causes a .
3.5% decrease in Vo' The- effect of face width on VO was not fﬂ:jf

thoroughly.explored. However, the ev1dence collected shows ;yl

~ that the effectgt

{ increasing face uidth is relatively smallgis-.
and that tHA fect rapidly decreases as the face *

width incre

The-curves in Figure 3.f1 form the basis of a set of
programs which will be called the HTEST programs. The HTEST

programs assume that the o /a curve for a gear with a:face-’

; ‘_Wldth ofv4mn, with 40 teeth, and with some hellx angle 1s

representatlve of all gears w1th that same: h€ll$ angle, as
‘long as m, is less than 1. As has been stated in a prev1ous

Section, when m, is large enough to ‘cause CL“A to pass

through the,bottom 51de of the contact reglon, o, increases:

w
ashthebload moves towards the root..By stipulating that m,
is less than TVthese'circumstances are avoided. A fourth
degrée’pol&nomial.was fitted to each of the aw/aT curves for

gears with helix angles ¢f£ 0, 1'C%, 15%, 20°, and 30°. Values

-



.

.of o o9 for' hel1x angles between those ]USt listed are

founo by l1near 1nterpolat10n One ver51oh of the HTEST

program varies the number of teeth on the. driven gear from

20- to 80 teeth in 10- tooth ipncrements, varies the number of

Lteeth on the'driviqg“éear from 20 to 300 teeth in one tooth

1ncrements, varies the helix‘. gle from 0, to 30° in 2. 5°'

alncrements, adﬁBLarles the face contact’ ratlo from 2 - m, to

1 1n 1ncre9ents of 0 05 In thlS way over 250000 palrs of

<]

"teeth arevcon51dered..HTEST calculates R, for each pair agd

. R

oon - P W
records’those_circumstaﬁces) if any, which yleld(a value oﬁ.
o that is greater than 1. Many examﬁles were indeed found

wheﬁefRo i%.greatef than 1. Strlctly speaklng, the

'hypothesis'is therefore dlsproved. However, .the practlcal

‘usefulness of the hypothes1s is st111 to-be consider?d.

E14]

vBeforelpaking,thls evaluatxpn_severalaother points need to

v

) \—-\:\ h L A e o . g . .
O . fd

be presented.

As expla1 ed in section 3.2, the value of S

e*

correspondln-

tﬁ the max1mdm*value of F&;iS'hotlihfluenced.

by the numbe ‘of teeth on the dr1v;ng gear'if the<operating"

Y

_pressure angle'is kept constanf. Therefore; once the driven

gear is séecified the. amount by wh1ch o, ‘dectreases ‘as F,

¢

..reaches qts maxlmum value 1s flxed If 2 - m, {gm 1S‘m‘ -then.j’

F, is m,/(mv + 2m 2) “The value of F, is elther 0.5 or
: W..
m,/(m, + m h— 2 dependlng on. whlch of the fradtlonal Parts

.of me and m A19 greater. The- rat1o of Fu “to F *1s therefore §

P
Ao ) i
e1ther‘2m /(m +2m, = 2) or (m + mp 1)/(m + 2m 2).

Ny
H)
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. . . [ ‘. . . . . . | ' R
Obviously’, for a given value of m,, the only parameter that

affects these values and ratios is*m . Ingreasing m - causes

i,

" F, htotdecrease and also causes F"/F' to decrease.

Increa51ng the number of teeth on. the dr1v1ng gear causes m_

to 1ncrease. Therefore, once a palr of gears is found for

which R 1s,equal to. 1, any increase in the number of teeth

b

on the dr1v1ng gear w1ll 1ncrease R to more than’1. A

.

"decrease in the number of teeth on the dr1V1ng gear w1ll

- than each of the numbers »00 1. 01 1 02 and 1°03 in turn.

O 55 then R, has a value of 1% 01 To obtaln a value of R,

‘make R, less than 1.

A more sophlstlcated ver51on &HTEST flnds the number

of teeth requlred on the dr1v1ng gear to make\Ro greater
The max1mum number of teeth allowed on the dr1v1hg gear was
11m1ted to 300 As an example of the results from HTEST,

cons1der a drlven gear w1th 40 teeth and ‘a hellx angle of

<O°"Mesh1ng th1s gear. w1th a dr1v1ng gear hav1ng 79 teeth

will y1e1d a value of 1. 0001'for R, Jwhen m 1s equal to

0.95. If the dr1v1ng gear has 103 teeth and m, ‘is eQualfto

.equal to 1 p2 requ1res 122 teeth on - the dr1v1ng gear and\\

4

4aga1n a facd\fontact ratlo of. O 55. R wrll be greater than

f'1 03 1f the . number of teeth on the dr1v1ng gear 1s 1nCreased

: Ly e
to 12. 5°' then a 40 tooth dr10en gear must be meshed Fith -
(\"

dr1v1ng gears w1th 207 and 293 teeth to g1ve values of R,

_greater than”ﬂ,O};and 1,02 repect;vely, lnvboth‘cases the

.

p hin

.S

68

\
[ 3

s

§ -

%o 149 teeth and m,is 0. 55. If the hel1x angle is 1ncreasedhl f

g e
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value of'mttnust-again be equal to'Q.SS.
- . Thé resulfsbof'the HTEST programs make sense, If the
value'of Vg is small and the ratio F ./F; is large then it
iSVUnlikely that R, will.bevgreater than 1. Increasing helix
angle'is thé’primary-cause of decreaslng VO.'Increasing'
lhellx angle also tends to reduce mp"and therefore,‘causes
an’ 1ncrease 1n the rat1o F /F . One-would expect values of
- R “gfeater than t tO‘be'increasﬁngly rare as'helix angle is
1ncreased W1th the number of ‘teeth on the driven gear |
limited to 80 and the number of teeth on the dr1v1ng gear
llqrted to 300 no - cases were found where R, was greater'
than 1.01. for gears w1th a helix angle of 17.?? or greater.h

L)

Accord1ng to the reasoning ]USt presented the-highest‘

o

values of Ro w111 occur with small he11x angles. Us1ng an
”;1nteract1ve ver51on of HTEST c1rcumstances ‘were found which
o ylelded a value of Ra of 1 25 The gears that produced th1s

result each had 200 teeth had a helix angle of 1°;fand a

»f&ace tontact ratlo of 0 3 In pract1ce such a gear palr;
. “ L3 . - 'y )
would -never be desmgned;e )

R Figure‘3 12-and Figure‘3 13 show"F curves’forra range P

'f'of face contact rat1os. Flgure 3 12° is for a'palr of gears

-

‘aw1th a hellx angle of 20°' .40, teeth on the drlven gear and a”>

S
‘proflle contact ratlo o£ 1 6 F;gure 3. 13 1s for a paln of.

N -

Yy TN o
o Z:jrs W1th a: hellx angle of 2 5° 80 teeth on the drlven

ar and.mp = 1 8 The dlfferences between these graphs are‘

Y °
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‘easily seen. The rate at which FL decreases for 1ncrea51ng
m, is much greater-in Figure 3.13. Also, Py tends to occur

at lower values of S in Flgure 3.13 as compared to

Flgure 3 12. Hav1ng ref:tlvely low values of F at low

values of S are prec1sely the: conditions wh1ch would cause

high values of R,

. The hypothe51s that Fe. = F, has been shown to be

e false. However those cases whlch dlsprove the hypothe51s P

"would be rarely encountered in the real world A value of ﬁ
bof 1 02 means that ol for a corner load1ng w1ll be 2% h1gher.

. than ¢ at the pOSItiO“ 9f Fy,

. In thls case, mlstakenly.

‘gat-the posltion of Fru has "

ra

e calculatdpg the maximu
”llttle pract1cal 51gn1f‘q If a value of R, of 1 02 is

regarded as a tolerable error- and 1f ‘the numbers of teeth on

. f' the dr1ven and driving gears are 11m1ted to 80 teeth then
"4r‘f %the hypothe51§¥§‘ ;»F,-ls valld for hel;x angles greater
e thar or equal to 12, 5° If the numbers of teeth are

I R ) I

'restrlcted to 70 on each gear then the hypothe51s is val1d

.28

- for: hel1x angles greater than or egual to 10° Gear pa1rs
:.‘out51de these r1m1t5aare‘relat1vely rare 50 the hypothes1s

'has 1n fact a large scope of valldlty It should be

o, E empha51zed that’ for gear pa1rs out51de the 11m1ts JUSt ngen

it does not follow that the maxlmum‘stress w1ll necessar1ly "ﬁy

. o . -y R Sw K

hfiqnh"f 'ffioccur in the corner loadlng p051t10n rather than the ‘u‘ ﬂ;;ﬁ‘;"
. _.ﬁ_l : .;9951t10n of F Only for some values of m, w1ll R be’ E 3-9"§5'
*igreater than 1 02 Usually the requ1red value of m, is" near T

0.55.
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The.work of J.R. Colbourne™[5] has been mentioned in

the:first two chapters of this thesis in connection withtthe‘

F

’issue of the position producing maximum fillet,Stress;U

Colbourne's conclusions are stated .in terms of load

.

intensity. He claims that the position of mé&ximum stress

occurs when the load intensity is a maximum for helical
pairs with m, < 1. For heliCal gears with“1,s m,, he claims

the p051t10n of max1mum stress occurs in. the corner load1ng

posztlon where thé load 1nten51ty is a minimum. As was

pointed out in earller sectlons,-FL_ls a maximum when w. is

a maximum for m, < 1,'and F_ 1s a. maxlmum in the corner.

loading.position where W, is a m;nlmum. The assertion that

‘/

fillet stress is maximized when F_ is;haxlmlzed 1s-1dent1cal

-in substance to the‘conclusions)reacheddby-Colbourne. In the

last section it was reported'that a case was'fOUnd where

H : e

’»1'S;m ahdrthé maximum stress occurred at th positionlof

"‘.done suggested that exceptlons such as the one found would

be rare. In th1s sectlon the hypothes1s ‘was 1nyestlgated for

A e \ \ .

'2~f m i»m < 1, Again, exceptlons were found However, the

b

exceptlons of sxgnﬁflcance (R > 1. 27 are created by gear"_

0

‘palrs that would rarely,~1f ever, be: usgd in a practlcal

"\.“

'»de51gn problem.'-f s e,

. N o ’ -
Foonr - . . S
.. . I " . o .
oo . L

Flgure 3 14 llStS sets of equaq%fns that nge cr1t1ca1

’values of S and F for varlous iace contact ratxos. Theseh

'quuatxonsuassume’ij#'Fuv:Equat1onsg(3)_and (4)-_g1ve;FLc

T ” .
T 3 _ , :

‘fmax1mum load intensity. It was remarked tha'.the few tests® '

¢

—
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te e 8o o ' ' ' ' e
for m, < m,. The'inequality specifying the validity of" . '

: 'eqﬁatibn'(B) is equ1valent to the statement that the

'ffractlonal part ‘of m, 1s greater than the fractional part of

‘r : »-

p“tlf the fractlonal part of m, is less than the fractional

part. of mp, then equat1on (4) 1s used. Understandlng the

w 1

/- 3 L
1nequa11t1es-}n this way makes pro%gamm1ng these;equatlons
fofta~c0mputen§very'easy;

" ‘ , | )

Y
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Chapter 4: The F1n1te Element Programs
4:1 Introduct1on : “ . w}f
- K . -

Two complete and autonomous sets of programs were

written for two-d1mens1onal (2D) and three dlmen51onal (3D) -

‘f1n1te element analy51s LTl;e 2D program uses-” elght ‘ghe

Y

*quadrllateral elements and the&GD program u£25 ‘twenty node

t k- , -
brick elements. In each case the elementS*are 1soparametr1c.

The 3D programs wfll be descr1bed in some detail. The basic

-
¢

structgre of both sets of,programs is identical. For the .
" T -

remainder of this chapter any referénce to‘finite element

Ehs

programs can be taken as a referegpe to the 3D programs

unless otherw1se 1nd1cated ﬂf'

.'1.‘

- The f1n1te element programs can be separated into three

9

v'dlStlnCt parts. The f1rst part generates 1nformat1on

'pertainlng to the_ nodes; elements, and loads, and w111'be*

called the mesh generatlon program The second part creates

‘the stlffness matr1x,’solves the equ111br1um equat1ons, and

1’

”routputs dlsplacements. ThlS part w111 be called the f1n1te_-

7element program. The th1rd part uses thevdlsplacements'

[y

,outputted from ‘the finiteTelement'program'to compute'

stresses at spec1f1ed locatlons and outputs these: stresses

1n a. convenlent format ThlS part wxll be called the S%Eess

-
e




'4.2. Introduction to the Mesh Generation Program %,

3

The mesh generat1on program orlglnally outputted“ﬁedal

and element 1nformat10n in a fprmat that could be used by “&a,
F'ADINA, a commerc1a1 finite element program bought several
years ago by the Départment of C1v11 Eng1neer1ng ADINA
proved to be inflexible, 1nconven1ent,~andvexpen51ve. It was
decided that the aUthor of this theSis would write his'oun
programs..As a result of th1s dec1s1on the mesh generat1on
program was expanded =1} that 1t now computes much of the
~1nformat10n normally computed by a f1n1te element program..
For example; the‘mesh generatio® program numbers the
equilibrium equations“;nd creates the arrays that specify
vthe structure of the st1ffness matrix.- Hav1ng these
calculatlons done in thlS section means that 1nformat10n
'concernlng the number of degrees of freedom and the size of
the stlffness matrix is avallable before subm1tt1ng the job
to the finlte element program., It is then Known whether the
arrays in the finite element program are suff1c1ently large
and est1mates can be made as to how. long the f1n1te ebementv

»program w111 run.

v

The mesh generatxon program credates ‘meshes for spur
'gears, hellcal gears, and cantxlever beams with unlform
_rectangular cross sectxon. Flgure 4. shows an obllque
.;ldraw1ng of a spur,gear and Plgure ?%2 shows an obl1que

X

drawxng of a cantzlever beam a close look at these two -

Q
f
o
r

~figures will shew t they have laen.lcnl uaslc‘element

\ N
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Figure 41 A Spl.drdwlng of a finite elemant mesh for a

[a)

.spur gear.
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structure. Basic element structure refers to the‘numbers of
elements of different size#ana how these elements are
‘arranged in relationvto one another. Basic element strugture
is.independent of the actual shape of‘the_elements; Be‘ause
they are much easierﬁto draw} rectangular‘beams will usually
bevused to:describe basic‘element structure. To further

' clarlfy these statements F1gure 4.3 shows the z =0
transverse sections of the gear tooth in Flgure 4, andithe

rectangular beam in F1gure 4 2 *

.
[it]

Flgures 4.4 anQ,4 5 use -side and top views of a
'rectangular beam to show two examples of ba51c element

2

strucgﬂres that were actually used in this study Flgure 4.4
‘shows the four different 51zes of elements that are
'ayallable. AS»lndlcated, the ‘smallest elements are A size
_elemehts,,nd'the largest‘elements are D‘size‘elements.‘The D
_eréments are used Onlyito extend the face width of the

"tooth. Type C elements cannot be nested into the D'elementsf

«j’ ‘L1n the way that ‘the B and A elements are shown to be nested

, «
;nto;thetc and_Bvelements. The ba51c element structure shown

v

'in Figure 4.4 contains 272 elements and 1673,nodes. Since
some:of‘fhe nodes are fixed or'constrainedj the total:number

of degrees of freedom is only 3552. The‘storage'of-the'

-

stlffness matrix for this ba51c element structurb requ1res a;
F .
one d1men51onal array wh1ch will hold 1542684 double SR

’prec1sxon numbers The basic element Structure in Flgure 4.5.

-

 has slzghtly fewer elements and degrees of freedom but

'_requ1res slx@htly more space for the stlffness matrxx

‘v
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and Figure 42

Flgure 43 Side views ‘of *he 30 meshes shown In Flgure 4.1

,?;;,
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ki
: 'beca"&s\e-of- greater . band width.
:~ _ In Flgures 4 4 and 4 5 some . of the llnes are thlckened

when the ﬁop and 51de v1ews are consmdered together, thesei_‘

s

L"ﬁlth1ckened l1nes represent a surface at the end of the beam

1 -

o gear tooth All the nodes 1n th1s surface are f1xed Thls

- boundary cond1t1on was used for all the finite element -€~
Ko L a

”'“The'first’step.fn‘the'mesh generation“program iS‘tO

'create a matr1x of p01nts in the xy plane. The names of

. ,subroutlnes wh1ch perform th1s task are MSHGNG and MSHGNR.

"jThe subroutlne NOﬂE then uses the 1nformat1on generated by

'MSHGNG or MSHGNR as the bas1s for generatlng nodes 1n the

3

: dlrectzon of the z axis. Subrput1ne CEQGEN generates
: . S )
;1equatlons wh1ch constraxn the dlsplacements of some nodes to

utv.the dlsplacements of other nodes. The need {or these

'”equatlons w1ll be expla1ned later. After CEQG N has created

-fthe cohstra1nt equatlons, a ser1es of seven s brout1nes
R

"called ELGEN1 ELGENZ a551gn the nodes to elements. The |

flnal major task is to generate the loads to be applled to

Jdthe nodes.\Thxs ‘task is performed bY elther LOADG or LOADR

-A varlety of small tasks such -as numberzng equatlons and

»

spec1fy1ng the structure of the stlffness matr1x are then~v

o

‘ Jdone bY the MAIN program. E1nally, the 1nformatlon generated

B by the mesh generat1on program is wr1tten into a. flle.

e

o,
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4 3 The Mesh Generatxon Subroutxnes

o

.‘)"y ’ h" -t.. g

Eigure-4.&a‘showslthe side view of a 3D mesh for a

MSHGNG and MSHGNR

‘rectangular chhtilever beam degure 4.6b shoWS a;plot of the
e . X ,t; .

2D information,that is'created as- a ba51s for £orm1ng the 3D
| mesh Flgure 4.7 shows'a plot of the 2D 1nformat1on that is

created as-a ba51s for formlng the 3D mesh for the gear

._tooth shown in Flgure 4 . MSHGNR creates 2D 1nformat10n for;.

jfrectangular cantllever beams and MSHGNG creates 2D

1nﬁormat1on for gears.
‘The formation~Of“the'2b information~£or rectangular
cantllever beams is very s1mple,_requ1r1ng aboux a dozen
' .
l1nes of programmlng The format1on of the ZD 1nformat10n
for a gear tooth 1s more: complex and w1ll be brlefly '

E . outllned, o ,5- d‘ T - g

The‘firSt major‘task is toxgenerate theiprofile of'a .

‘Ytooth The exact shape of thlS prof11e is spec1f1ed by

\iﬁ'prov1d1ng 1nformatlon about the radlus of the gear blank

" ‘the number of teeth to be cut the dxmens1ons of the cutter,_ﬂ._' .

' the he11x angle, and the amount of proﬁ1le sh1ft MSHGNG
;assumes the gear is cut by a rack cutter To.spec1fy thef
'dlmens1ons of the cutter teeth the follow1ng 1nformat1on 1s
1nput- the normal module,'the normal pressure angle% the”
_addendum of the rack teeth and the shape of the round at

the t1p. In the normal sect1on, rack cutter teeth usually i

' have a c1rcular round at the tlp w1th a radlus equal te .
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Side view of a three—dimensional ';_mesh
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. Figure 4.7. Data created by MSHGNG for the gear tooth mesh shown '

v\.‘ N

in Figure 4.1.



‘about 0. 3 of the normal module. MSHGNG 1s more general and

rfallows ‘the spec1f1catlon of an elllptlcal round by 1nputt1ng

the lengt§3~of the major and mlnor axesu Know1ng the shape‘;fq

. -3 S
: of the normal sectlon of a rack cutter tooth allows MSHGNGVE
oy < B

to calculate the shape of the,rack tooth 1n the transverseﬁ;i

-sectxon. A c1rcular ‘round at’ the t1p in the normal sect1on.f =

";w1?ffbecome elllpt1cal 1n the transverse sectlon. Once thehj
| shape of the prof1le of a rack cutter tooth is known in- theﬁ
"transverse sect1on, the proflle of the gear tooth~15'ea51ly.
.determlned G1ven the coord1nates of any p01nt on the rack |

‘to th proflle and the slope of the normal through thls'."
"yp01nt, a subroutlne called XGYG calculates the coord1nates

- of the correspond1ng polnt. The words "correspond1ng po1nt"

,refer to the po1nt on the gear tooth wh1ch comes 1nto

contact with the glven p01nt on the rack tooth The detalls'

vof the subroutlne XGYG follow from- an understandlng of the

concept of a conjugate pair Whlch the reader w111 rlnd

explalned in any ba51c text on the geometry of gear teeth
If. requested MSHGNG w1ll prov1de the pxer w1th detalled
blnformatlon about the gear proflle such as the cOordlnatés

\\
- of po1nts on the proflle, the slope of the normal at these

‘.p01nts, and the radlus of curvature between adjacent p01nts.v

Slnce the transverse sectlon of the gear tooth 1s -

';symmetrlcal about 1ts center llne, only half of the ent1re jd

d-tooth proflfe needs to be generated Wlth XGYG For th1s half‘

) of the profrle MSHGNG uses a trlal and error method to"

: generate over 200 Equally spaced po1nts. These p01nts on the“ -



oy e

*Vproflle prov1de the ba51s for form1ng a matr1x of p01nts".

'program.

~ NODE |

'that is much denser than those p%otted 1n Flgure 4 7 The
'surplus of polnts is prov1ded to. make manual adjustmen;eof

the mesh easier. These adjustments are done by a subroutine '

T

,MSHCH wh1ch 1s called by MSHGNG In pract1ce the meshx'

| ...automat1ca11y generated by ‘JISHGNG needs very l1ttle

adjustment by MSHCH

Out of the very f1ne matrlx just descrlbed MSHGNG

selects the po1nts shown 1n F1gure 4. 7 The locat1on of the_.

. 1nterlor po1nts 1s further modlfled in ways that mlnlmlze

-

:f<the add1E10na1 adjustment that must be made 1n the CEQGEN.

o

-j.)'-'; o N . : X o .

o

Subrout;ne NODE generates the nodes of the elements.

~mThe 1nformat1on from MSHGNG or MSHGNR supplles the,- startlng

_ ax1s for spur gears and cantllever beams. In the case of
-7"‘he11cal gears these nodes 14e along hel1ces wh1ch w1nd
A;faround the gear axzs. The nodes belonglng only to the D
jelements are generated flrst Then nodes belongzng only to
‘gthe o] elements areagenerated Nodes for the B elements and
,flnally the nodes for the A elements are generated The only
:h compllcatlon 1n the programmlng of"’ NODE comes 1nXIeav1ng
| holes 1n the large elements 1nto wh1ch the smaller elements'

~can be nested NﬂD° RLTb" *he nodes wz“h gl ba.vnode

S

.poznts of llnes of nodes that run parallel to the negat1ve z
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" .CEQGEN and ELGEN
Although the CEQGEN subrout1ne precedes the generatxon

of the elements by the seven ELGEN subroutlnes, the funct1on

of CEQGEN wlll be more ea511y understood 1f the elements are

Fzgure 4 8a shows a typxcal element W1th

N \

nodes_labeled w1th numbers from 1\to 20 These numbers fh.

P ‘J .\_\

- are the local node numbers for the element The task of the

seven ELGEN subroutlnes 1s to f1nd the correspondlng\global

node numbers. Thls author d1d not f1nd or. 1nvent a compadt,

- and elegant procedure for this task “The 'ELGEN routlnes_arev

f‘ except1onally tedlous.; j“]i - '”_',‘_.“5>¥+ S

"‘«'.\u .

B

It is 1mportant that the results of the ELGEN be seen.
Durlng the course of development of “the mesh generatlonf}@
programs, several plottlng routlnes\were wr1tten. The most .'d\hhﬂf

useful of these reads the output of the mesh geperatlon

programs and plots the elements in e1ther two or three"'
dlmen51ons. The OSer has control over wh1ch elements are
plotted and even whzch parts of the elements are plotted
: Vlsually 1nspect1ng the mesh is a very 1mportant part of

'.u51ng the mesh generatlon programs. It is the only way the' )

user can know how to adjust the parameters that control
L]

where the A type. elements -are. 1n relatlon tb the flllet

Only by 1nspect1ng the mesh can the user make 1ntell1gent -

moulflcatlons through VSH’H.s
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f:ﬁpertlnent facts about 1soparametr1c elements w1ll be -

,"rev1eweGW'

ﬁhwsystem. Th1s element may ‘be called a- daughter element. The

- Vb.tng_ﬁ S o f_;'“fy,'. S 92
Before moV1ng on ‘to the CEQGEN subroutlne a few "
. 1

: 4 S
~The element 1n F1gure‘4 8a 15 a‘curv111near ,

”'element“that ex1sts 1n space deflned by the xyz coord1nate*

W~

_Jparent element is the cube shown in F1gure 4 8b..The parent_ B

' gjelement exlsts 1n a space deaned by a epn coordxnate -

parent element o§~the‘form <x 4 zz = <¢>[x Y, 2 ] where.

<x.y z> is a row vector containing the-x,‘y; and z

system whose or1g1n 1s at the center of the cube. The R S

"daughter element may be regarded as a mapplng from .the

[ S
4

coordinates'of a~point in the daughter element': i 'y.,‘and-

z, are column vectors contalnlng the coordlnates of the

‘f,'nodes of the daughter element-'and <¢> 1s a row vector of

~the. element from the dlsplacements of the nodes. The \ y
'equat1on for ‘the d1splacement at_a point 1is y v .T:lif .'\\\.
'<u V. w> ‘= <¢>[u v w ] where u, v, aﬁd’w are the

,‘d. placemc 1t hof the'p ~1tfin‘the7x;‘y,zand~z directions,

'“:shape functions whose values are determ1ned by spec1fy1ng e,'

fp, and n. There w1ll be twenty shape gunctlons since one ‘is

needed for each node of the element. If 9; 15 the shape i -

ffunct1on for local node 1, then examples of typlcal shape,
functlons fot  corner and m1d51de nodes would be =

"¢. ='D.125(1;ﬁ-c)(1 + p2(1 +_n)(g_i_p + —‘2),'and

¢;>a 0 25(1 - e er) (1 + 5)(1 + n)"respectivelyflﬁlementS'are'

sa1d to be 1soparametr1c by def1n1tlon 1f the same set of

shape funct1ons is used ‘to f1nd 1nternal d1splacements of

.

"):' . -



'respectlvely, u:

“'satlsfled The dlsplacements of these nodes must be

- To ensure compat1b1l1ty 1t is hecessary to make the

v

-

L',Vr' and w are the vedtors conta1n1ng the

-

, dlsplacements of the nodes*vand <¢> 1s the same vector of

3 B B '
shape functfbns mentaoned above. R " ?.’;
. : & . ' -

Flgure 4.9 shows a draw1ng o(_four smaller elEments

,attached to one l;rge elemept. Flgure 4 9b shows the surface)

~)

that 1s the boundary between ‘the two dlfferent s1zes of‘

-elements. The number1ng of the nodes in thls flgure has

Anothlng tb do w1th the numberlng shown 1n F1gure 4. 8. The

nodes that are numbered from 1 to 8 in Flgure 4.9b are nodes

that belong to both the large and the small elements. These

‘”nodes present no spec1al problem The other nodes belong

.only to the small elements. and do present a problem.-lf

E

these nodes‘are left to themselves, a contlnuous

L.

dlsplacement f1e1d over the boundary will net be ensured In

other words, the requ1rement of compatlblllty w1ll not ‘be

_constralned From the po1nt of view of the large element,

:wtne dlsplacement of a. partlcular po1nt on the boundary

>

surface is a funct1oh of the dlsplacements~of nodes 1to- 8

C

: dlsplacements of po1nts S to 21 match the dasplabements Ofm b
hthe surface of the large element. CEQGEN creates\the

,'constralnt equatlons that ensure compat1b111ty whereverf.-

l

. there is a boundary between elements of d1fferent 51ze."7“

\» «

The generat1on of the constra1nt equat1ons is ‘made -

tr"

E - ‘
cacier ba

'|.u

ha,‘b; d11a es of ncdes © to 21 in.
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Figure 4.9b are known and constant. Assume the bOundary

Rl

surface in the figure is the result of- mappxng from the .

© plane n = 1.0. If node 9 corresponds to a mapp1ng from the
~point in the parent element where e= 1 and p = 0.5, then-the'

;displacement of'node 9 along the x axis®will be

"ug = 0.375u, + 0.75ugs -0.125u,, If.nhde 17dhas coordinates

of’(Q;S,O,T) in the parent element, then

1.

"u17 = au, +bu, + au; + cuy +'au5 + bug. + au; + du., where

L]

a.= -0, 1875, b = 0.375, c = 0.25, and d = 0. 75. Part of ‘the

b'job of the MSHGNG subroutlne is. to locate node 9 and node'f

so»that-thelr”coord1nates are close to those']ust ment1oned.

jin any event ;as CEQGEN moves over the boundaries; the nodes

are moved to the" de51red locat1ons The amount of movement

is mlnlmlzed 1f MSHGNG has done 1ts ]Ob well,

LOADG and LQADR

-

As their names suggest, these subroutlnes generate ld&d
1nformat1on.TIn *he case .of gears, LOADG takes the load W

and unlformly dlstrlbutes 1t alorig the contact l1ne. This

hl1ne 1oad1ng must then be represented by an equzvalent set -

AR .
of nodal loads. The concept of v1rtual work is’ used to

'determlne the correct nodal loads.

An example of a contact 11ne on a. hellcal gear is shown

. at the beg1nn1ng of Chapter 2 in F1gure 2. 1 Thls 11ne lies .

,1n ‘the' surface of the tooth Load 1nten51ty vectors along

the contact ling would be normal to this u fa-e» LOADG

95
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finds the elements over wh1ch the contact line passes. The-.
'Qllne w1ll not necessarlly Lie 1n the surface of. the element

"because the actual surface of the tooth is being

approxlmated by the curv111near element It is assumed that
the- contact 11ne w1ll be very close to. the element surface.

It is necessary to find p01nts in - the parent element wh1ch

,correspond to po1nts ‘that are very close to the contact l1ne

in the daughter element. Since it is 1mp0551ble to solve for

e, p, and n ;n the equat1on <x Y z> ‘<¢><x Y, z3>,,a.'

';subroetlne was wr1tten that uses a trlal and error procedure .

to map-from (x yrz) to (e,P 7). After the contact 11ne on

~

the daughter element has been mapped onto the parent

4
element one of the nodes on the surface of the element is

'g1ven a dlsplacement of 1. The d1splacements along the

contact llne can then be calculated us1ng the equation

h<u> = <¢>[u, 1. Slmpson s rule is then'used to 1ntegrate the
work done by the 11ne load. Thls work is numerxcally equal
hto the equ1valent load fo&,the node that was. moved One by

one each of the elght nodes. on the surface of- the element is

g1ven ‘a dlsplacement of 1 and 1ts nodal load calculated
. L2 .
. .}).. ) . .
To test the LOADG subroutlne an exact solutlon was ~

found to the problem of an obllque line pa551ng through a

.‘flat eight- node rectangle._The LOADG subroutlne was applled
to thls problem and the results were eompared to. the exact
1solut1on..Another type of check can be done every time LOADG

ufls run. The moments of the line loagvabout each of the Xy y,{

,'and z-axes are calculated and outputted as well as - the sum'

Ve



‘prec;51on numbers are used,

'*qui ements of wvi rtaal ;ork.

.y
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of the moments of the nodal loads. These two sets of'moments’

N

- can then be compared The performance of LOADG 1s poorest 1n

thls last test The sum of the moments of the equxvalent

.nodal loads agree w1th the exact value to five szgnlflcant
AN

d1g1ts.,Th1s degree of accuracy is more than suf£1c1ent.

-Part of :the reason LOADG works 'SO° weLl is that it uses only'
',ldouble prec151on numbers. Dur1ng the developmeng of LOADG it
"_was found that the subroutlne that maps from xyz to epn.

. would ‘not work well unless double prec151on numbers were

-

used. Since that time all parts of the flnlte element
J.

programs: have been converted or - wrltten so that only double

LOADR creates load lnformation’for rectangUlar

e

cantilever beams. Several tvpes of loadingS-can b plied

The beam can be 'put 1nto pure- ten51on or: a bend1ng load at

. _‘>

pthe end can be appl1ed An obllque 11ne 1oad runnlng across

the tpp surface of the beam can also be appl1ed In thn§€§ .
last case the exact solutlon for a 11ne runnlng across a \
rectangular element 1s used to calculate the equ1valent
nodal loads. . o

- . '& ‘ - o
Neither LOADG or LOADR takes into account the fact that

' constralned nodes cannot ‘have. loads app11ed to them. One of.

)'h i

the tasks of the MAIN program is to find~ any constra1ned

‘nodes with loads and redlstrlbute these loads to

4

iunconstralned nodes 1n a way that 1s cdn51stent w1th the .

\.

,rﬁ

L

"

et
LR
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.4;4'The Finite Element Program

_ There eklst many‘books.on thevtheorylofhfihite‘
elements. The purposefog this'sectlon is ‘not to'review the
basic theory of tinite}elements butjto»give>some detail
about. the finite element program that was yritten by the
author of th1s fhESlS.,ThIS f1n1te element program will be
called FEAP FEAP creates a set of 51multaneous equatlons,

5

known as. equ1l1br1um equat1ods, hav1ng‘the form

{Q} ' [K]{q} where {Q} is a column vector cpnta1n1ng the-

‘loads placed on the nodes, [K] is the global st1ffness

| matrix of the gear, and {g} 1s ‘a column vector conta1n1ng

the dlsplacements of the nodes of the gear. Since {Q} 1s

" known and [K] can be found the dlsplacements can be’ solved

for—~From the dlsplacements, stresses can be calculated _
3 Ty

‘ FEAP does notnlnxfact calculate any-stresses;_rts-sole_

output is displacements.

h
e

FEAP was written so“that it could3be'compiled to run in

T-the S1ngle Job Executlve mode on- the FPS 164 Sc1ent1f1c

"Computer. Two of these computers are attached ﬁo the'

'Un1vers1ty of Alberta s marnirame computer, the Amdahl The
ne

FPS= 164 1s spec1ally de51g to do Jobs 1nvolying'large

98

varrays and large numbers of computat1ons. The FPS- 164 has 2

'megawords of 64-bit memory Because all numbers, 1nclud1ng

1ntegers, are stored in one of’ these 64-bits words, they are :

t

' fapprox1mate1y equlvalent in’ accuracy to double prec151on on

d.the Andahl



R L
At present, FEAP will accomodate a problem 1nvolv1ng
2000 nodes, 300 el('ents, 4000 degrees of freedom, 500
; ‘constra1nt.equat10ns, 1Q»d1fferent load‘sets,'and a
| stiffness matrlx that will flt:into 1.7 mlllicn words-of
. memogy spgce. It 1s usually ths 11m1t on the 51ze of the
-stlffness matr1x that determlnes whether a problem can be

done. ' " - '.3%

.

- The mesh generation program calculateskalmost'

FO . . e .

‘everything up to the»point where the stiffnéss matrix must

be fo%@ed and puts th1s 1nformat10n into a 51ng1e data file.
'Almost 1mmed1ately after read1ng this data, FEAP beglns LA
formlng the global stlffness matr1x [K] To do tth the‘
stlffness matrlces of the 1nd1v1dual elements are formed one
hy.one. The format;on.of an'element'stlffness matr1x
;involues an integraticn’that can be done only by numerlcal

' means. FEAP uses a 3 x 3 x 3 Gau551an quadrature £or thlS

V
|

llntegratlon. Because each of 1ts noéag has three degrees of
F;_freedom.t e elemen st1ffness matrlx for a- 20 node brlck

will be 6 xLGO éﬁhause it is symmetr1c it can be stored‘in”
,’:an array with a length of 1830 Each of these 1839 numbers

is then dded to approprlate locatlons in the global
T ‘st1ffness matrlx. Because of the presence of constralnt
‘equat1ons the’ movement of numbers from the element st1ffness
-_p Tmatrlx to the global st1ffness matr1x is not as 51mp1e as it

<iyould/be otherwlse.:Th1s top1c is examlned more thoroughly4:2
in ‘the. next sectlon of thlS study. The global stxffness S

' matnlx 1s flnlshed when the contrlbutlons from all the_



eleﬂents have been made. The global matrlx [K] is an n X n

matrlx where nis equal to the number of degrees of freedom

A typlcal value for nin: this study is about 3600 To store

: 12 96 m11110n numbers. Howevern l1ke the element matrlces,v
EK] is symmetrlc and S0 the memory requ1rem8nt 1s- ’
1mmed1ate1y cut almost in half Oover 6 mllllon numbers 1?*

mst111 three t1mes the space ava1lable. Fortunately, be51des

f be1ng symmetrlc,.[K] 1s banded and therefore conta1ns many .

zeros wh1ch do not need’to be stored To take full advantage:ﬁ o

of th1s bandedness,i[K]_js stored-column byﬁcolumn in a~

‘x such a matr1x would requ1re a memory wlth a capac1ty for 7

100

one—dlmen51onal array. The columns~are stored'only.up to the.

po1nt of. the last non- zero number. This method 'sometimes“
known as ‘the "skyllne method makes the. storage of [K] much
more compact.,The 51ze of th1s one- d1mens1onal K array and

the locat1ons of the columns w1th1n the array are all"

‘.calculatedpby the mesh generatlon'program and_are part;of_.d

the data read byﬂFEAP;' i

With the-QIObal stiffness matrix'completed 'FEAP uses
Gau551an el1m1nat10n to solve for the dlsplacements. These
d1splacements are wr1tten 1nto a f1Le ‘that is then

transferred to the Amdahl

o
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4.5‘Creating the Constrained Stiffness Matrix  °

:_If {q } is the vector of dlsplacements before the
constra;nt equatlons are‘appl;ed, and {q} is the vector
';after_the'cpnstralnts are"applied, then the relat1onsh1p:
‘.betweenFthese‘two uectors can be’written {q'} = [T]{q}
{g} conta1ns 3600 numbersvand there are 1200 constralnt
. equatlong, then {q } w1ll conta1n 4800"numbers and [T] wxll“‘.

be a 4800 X 3600 matrlx. A typlcal row of {T) will e1then

K4

contain, all zeros except for a- s1ngle' ,'or will contain all-

zeros encept for the‘coeff1c1ents of a linear Constraint'

: eguatlon.,Ifb[K']lis the‘stiffness:matrlkathat WOuldmbe'
formed if there were no constralnts belng appl1ed and‘[K]
s the st1ffness matrlx after the constra1nts have been

"applled then it is ea51ly shown that [K] [rl” [K ][T]
Unfortunately [K] cannot in practlce be ea511y formed

) through thesé s1mple matrlx multlpllcatlons. The f1rst.

. ’reason is that [K' ] is too large to store in the avaxlable
space. Even if [K ] < be squeezed 1n, there would be nQ
space to perform the multlpllcations and to store. [K] ;%af'
1nstead of using the equatloﬁ‘iﬁl [T] [K ][T] |
algorlthm was developed that would take the numbers in the
element stlffness matrlx and approprlately modlfy and then.

‘move. them dlrectly 1nto the constralned stlffness matr1x.

ThlS algorlthm was tested by us1ng‘?

on a. relat1ve1y smalli'

problem and.then comparlng the stl'fn' matrlx obtazned

\'*'
\

w1th that obtalned by actually 1nd1ng the product

[T] [K ][T] Ult1nately, the algorrthm 1s ver1f1ed by the

N
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final results of the finite element program.. . - N

‘It was the experience of the author-of this study that
: o L * - Ly f P

most'ok the many available books on finite,element‘analysis-

prov1de l1ttle useful adv1ce to ‘one faced w1th the jOb of -

r

actually wr1t1ng a f1n1te element program. One book whlch 1s

very useful is F1n1te Element Method Ba51c Techg&que and
. T A%

Wlmplementatlon by Tong and Rossettos [16] Even thlS book

prov1ded no help with the problem of formlng the constralned
'1st1ffness matrlx dLrectly from the element stlffness -
‘,matrlces. Although such procedures must exlst they do not
"appear to be readlly avallable. A descrlptlon of the
', algorlthm used by FEAP has therefore been 1nc1uded in

Append1x B of this study
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4.6 The Stress Outputkprograms R o S
, = ( ‘

The stress output programs con51st of a set of
relatlvely small MAIN programs which call” varlous'
subroutlnes stored in a separate flle. Each of the MAIN
programs f1rst reads in the mesh data from the mesh
s-generatlon program and the dlsplacement data from\the f1n1te

element program. Subroutlnes are then called which calculate

stresses at any p01nt in any'element. Another subroutlne

~f1nds pr1nc1pal stresses. One of the MAIN programs has been

designed for use w1th cantllever beams. It outputs the - B
. e

f1n1te element stresses along51de stresses calculated

accord1ng to 51mp1e beam theory SO compar1sons can be ea511y

’-.;made. Altogether, about 14 MAIN stress output programs have_

bbeen developed for 2D and 3D analys:s.m

v



Chapter 5: Evaluation and Results of the Finite Element
| ' . Programs | '

'S5, 1 Assessxng the Performance of the F1n1te Element PrOgrams

Thls section’ addresses the questlon of whether the'
f1n1te element programs prov1de accurate 1nformat1on about
'1'jf1llet stresses in gear teeth No attempt w1ll be made to

descrlbe the multltude of tests used to make sure varlous
. o

3_,-subrout1nes work properly Nelther w111 the many checks

performed durlng each run be descrlbed Instead ,a;few‘
arguments and comments will be presented whlch taken
>together, preygﬁe good reason to believe that ‘the. f1n1te

~ element programsnporrectly perform the1r 1ntended tasks and

'output useable information.

Both the 2D and 3D f1n1te element programs can be used
.to f1nd stresses 1n cantllever beams with rectangular
cross sections. These beams may have elther bend1ng or
‘ten51le 1oads applled If 901sson S rat1o 1s set to- zero,

then the f1n1te element programs should g1ve results that

_are close ‘to the results of 51mple beam theory.,
e . o o f S
1A Both the 2D and 3D‘element5'in'this studpuhaue oné .

k m1d51de node on each edge. For the sake of 51mp11c1ty, -é‘L
consrder Just the_2D elements for a moment The shape o
nfunctions:for the 2b elements.contarn a complete set: of
quadratic terms (e’ 'ep, and p ), ‘as well as some cub1c

_terms. (e? P and ep? ) The flrst partlal der1vat1ves of the

shape funct1ons are used to f1nd the straln and stress‘

.
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, diStributrohs within the element These f1rs§ part1al _ R
de??vatlves contain. llnear terms and quadratlc terms. If the
T-derlvatlves of the shape ﬁunctlons are 1nspected one at a

time, it becomes apparent that none-. of them conta1ns a full

"set of quadrat1c terms, It is no surprlze that these . ‘s'
elements have no ditficulty-produc1ng llnear'stress
dlstr1but10ns,’but are 1ncapable of - produc1ng some parabollc
stress d1str1but10ns. A cant;lever beam constructed of a‘
s&nglevl1ne of'elements and loaded witt a bending<load at

the end will produce very accurate re‘ults for ten51le and
.compre551ve stresses, wh1ch vary 11nearly in the beam

'Accordlng to beam theory, the shear stresses should vary
parabollcally along a cross sectzon and should be constant-
yalong the length of the beam. The f1n1te elements g1ve the

- _opposite result Along the length of the beam the shear

stresses vary parabollcally and along the cross sectlon they
V%are constant Only at- the p01nts used in a 2 x. 2 Gauss1an

quadrature do the shear stresses- from the f1n1te elements

| agree w1th beam theory

g Many basic element structures were used to model a_w
fcant1kever beam«/In the followlng dlscusszon all numer1ca1
.. values are taken from results wh1ch uSed the ba51c element
vstructure shown in Flgure 4 5 for 3D elements. Stresses were -
Vcalculated'ln ‘the reglon of the A 51ze elements.'In the case
vof a qugorm tens1le load at the end of the beam, the 1oad

--1s calculated to produce a stress of exactly 9. The output

vfrom ‘the f1n1te element program gives the stress as
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9. 00000000 Ithhe7case of a bending'load‘the'differenceJ
between the 3D f1n1te element solut1on and s1mple beam

theory is sen51t1ve as to how the load at the end of the'
beam is applled and how far from the ‘loaded . end the stress
‘r;s‘calculated If the load is d1str1buted over a line on the.gy'i
top.surface of the beam, the d:-ference-between 51mple beam
‘1theory and the finite element solut1on mayybe as much as

1. 5%. If the stress 1is calculated at exactly the same polnt
but the load is dlstr1buted over the surface at the end of'
the. beam, - the dlfference between theory and the f1n1te-'

>

element solutlon drops to 0. 13% At other locatlons thlS
dlfference 1s much less. All of the percentage‘dlfferences
fjust g1ven refer to comparlslons between ten51le stresses
,_caushd by the bend1ng load One does not expect comparlsons.
between shear stresses to be as good because, as explalned
*above, ‘the elements are 1ncapable ofvproduc1ng the correct
,parabollc stress f1eld o g1ve the reader an 1dea of how
‘well the shear. stresses are approxlmated some numerlcal .
results w111 be glven. In a case where beam theory glves the |
ftens1le stress as exactly 8 25 and the shear stress as |
exactly zero, the f1n1te elements g1ve the . stresses as 8 253
and -0.00225 respectlvely.gAt_another~locatlon beam theory ;
_ giVeS’stresses‘of 7’387'andu—0 147. while’the.finlte éiemeht}'
program outputs 7 397 and. —0 144. ~At"this p01nt one could R
reasonably cla1m that 1t has been proved that the f1n1te

77element programs work properly for rectangular cantllever

beams with Poisson’ s fatio setgequal.to_zero.
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‘lhs{stated in Chapterwz‘"fhedb0undary‘con dition at the
flxed end of the beam is that all the nodes are - f1xed When
, the value of Poisson's ratlo is 1ncreased from 0 to 0 3, thel
| boundary cond1t10n at the end of the beam has a s1gn \cant
effect on the stresses,.espec1ally in the case of the 3Dw\‘
- analy51s. One would expect thls effect to’ become smaller as>
‘“the dlstance from the f1xed end 1ncreases. Also, 51nce the
rectangular cross sectlon of ‘the beam has two 11nes of
symmetry,'one'would expect the stress dlstr1butlon 1n such a
‘sectlon to be symmetrlcal about these 11nes. "All of these,;;w
'expectatlons were fulfllled by the f1n1te element results.

There is no reason to belleve the programs do not also run

correctly for’ non-zero values of Po1sson S ratxo.

The productlon of a mesh for a gear tooth involves many
subroutlnes not used to produce a s1mple cantllever beam. As”.'
- well the elements produced for -2 gear tooth are curv111near
-and are orlented at a great var1ety of angles. It is
entlrely p0551ble that programmlng errors could exist that
would. not affect the performance of the f1n1te element
programs when applied to‘slmple cant1lever beams, but affectt
the analy51s of gear teeth One way of check1ng thls,
p0551b111ty 1s to produce a spur gear tooth w1th a very
small pressure angle and a’ very large number of teeth Such
a- tooth would look 11ke a ‘cantilever beam w1th c1rcular'
shoulder flllets. Flgure 5. 1 shows such a tooth produced

T ,w1th the zp f1n1te element mesh generatlon program The 2D

loadlng subroutlnes can apply e1ther a ten51le load or a



Figure 5.1. A ‘mesh.used for the 20 finite element 6n'oIYsis of a *
_rectangular bar ‘with circular shoulder fillets. -

L .
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bending load at the end of the tooth. In the reg1ons away
from'the fillet‘ the’ 2D flnlte element analysxs glves the
expected results of s1mple beam theory In the flllet reg1on.
ktress concentratlon factors were calculated and compared

. w1th pubt&shed values [14]. In the case of a tensile 1oad
the calculated value 1s w1th1n 2% of the publ1shed value. In
the case of the bendlng load “the calculated value is 12%
h1gher than the publlshed value. The\publlshed values are

.based on photoelastlc tests ags certalnly not toﬁbe regarded;"b

..as exact solutlons. The comparlsons ]ust descrlbed were done

-as-a check They show that the f1n1te element programs are

not produc1ng absurd results. The comparlsons wlth publlshed

values were done only w1th the 2D- f1n1te element programs.

-
—

Asléigure'S. shows;fthe mesh in the fillet area isj
very f1ne.'Flgure 5 2 shows Ta 51m11ar 2D mesh for a. typlcal.
gear tooth. ThlS mesh has 308 elements. Cont1nu1ty of
dlsplacements‘between elements is guaranteed by the-shape
'fﬁunctions;'Theseushape functions do nOt;'however,aguarantee
.contlnuity'of_stresses. Inafact,ﬂthe degree to which
'stresses‘are continuous between boundaries is an indicator *é°
- of whether the mesh is f1ne enough to accurately approximate

the stress gradlents at a part1cular locat1on: In the very
‘.frne meshes such as those shown.fh F!gure 5.1 and 5.2,
stresses on the fillet at points between elements differ“
from one,another.by'at most 0.3%. In many instances thev;'
difference is less.than-o.l%.vSuch close’agreemeht isv

evidence that the elements are more than sufficiently’Small.
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Figure 5.2. A mesﬁ used for the AZD_ finite element ._dpoly‘sis of o

spur gear.
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A mesh thh only 189 elements glves a maxlmum f1llet stress~

that d1ffers by only 0 002% from the value from the 308

element' mesh. o '_ﬁ@' T

At this‘point it-wouldiseem_very llke1y~that'the 2D
finite element’programs‘are working correctly. If -the 3D

v e

programs.are working propérly;bthershould rebrodUCe.the

’ . v . . . \“’-- R - -‘ . ) o
results of the'2D programs w1th1n reasonable llmltS. It-was‘

stated above that 1n the case of rectangular cantllever-

3

beams, Poss1on ‘S ratlo has an espec1ally large effect on the

stresses outputted by ‘the 3D programs.'Thls is. the case w1th

g%anxteath as well, Chang1ng P01sson 8 rat1o from 0 to O 45

causes the max1mum flllét stress outputted by the 2D

programs to change by only 0 36% The max1mum flllet stress”‘

from'the 2D analysis is affected-by less than 0.1% by
changlng from plane stress to‘plane straln analy51s. The
only reasonable comparison - that can be made between the 2D

and 3D analy51s 1s in-cases where- Poxsson S ratlo 1s set to

zero.-Identlcal spur gear teeth were subjected.to ten

constant loads rangingvin posﬁtion from S =”§ﬁ§ to S = 0 in

equal 1ntervals. W1th P01sson s rat1o set to zero the tooth

'was analyzed by both the 2D and 3D finite element programs
'nghe fine mesh shown in F1gure 5.1 was used for the ZDVI

“ analysis and a bas;&;element structure llke that in ®

Figure 4.5 was uéed for the 3D analyls. Maxzmum fillet

~stresses. for each of the load p051t10ns were compared At

S = 's” the 3D stress. is 2. 0% lower than that from the 2D .

max

analy51s. At S = 0 the:3D stress is 2.1% lower than that

7‘, - N
RE .3
i

IR R R



.programs do prOV1de mean1ngful information about fillet "”a

stresses along some curve runnlng fromyz =0 to z = -F. The

nz

from the 2D analysis. _: f;.ﬁ

The’stresses along'the'fillet in the'directionyofithe,z

ax1s should be symmetrlcal about the plane z = -F/Z for: spur

“xgear teeth regardless of the value of Poisson's ratio. ThlS

was 1ndeed the case, For basic element structures that are

also symmetrlcal about the z =.-F/2fplane,'stresses at

correspond1ng pos1tlons on. either s1de of the plane agreed

\

'to every one of the elght d1gxts outputted Comparlsons
'between dlfferent ba51c element structures were made. These

compar1sons support the cla1m that the 3D f1n1te element \;

é‘.;

'-__.\

stresses ;nvspur gear teeth.

teeth. The only dIfference between spur teeth and helical EaR

It is evidént that the 3D analysis works for spur

fteeth as far as the programmlng is concerned is in regard to

the node generatlon subroutlne NODE and the load generat1on
subroutlne LOADG Checks by plottlng and checks by various

calculatlons ver1f1ed the operat1on of these routlnes when

v

'appl1ed toahellcal gears.

- has already bee?*explalned with reference to the 2D

analy51s that an 1mportant cr1ter1on for evaluatlng the

performance of finite element results is the degree of

COﬂtlﬂUltY of stress over element boundarles. Two typ1cal

iy

"types of output from the 3D stress output programs are

‘ stresses along the fxllet 1n a g1ven transverse sect1on and .

.
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'curves used for thisnlast type of oUtput'are either a helix
running‘along.the-8urfaCe of:the fillet or i curve that
thlns points of maxlmum fillet stress in success1ve o | j'
'transversebsectlons, In_all Cases, stresses at b0undar1es
hetween elements are calcuiatedius1ng one element, and then’
the other element, so.comparisons can heceasiiy and y
frequently made. When stress vaers Ere given along the‘
: flllet 1n~a given . transverse sect1on dlfferences across
boundarles in the v1c1n1ty of the pOLnt of maxlmum stressv'
are about 7% When stresses are g1ven along a curve runn1ng
from z- hO to.z7=_—F, dlffefEnCeS across boundarles -
typlcally range from 0 7% near. the 51des of the tooth to
- 0.05% in the middle of the tooth As w111 be shown in the

t.next sectlon the stress gradlents tend to be much larger on

fthe 51des of the tooth than 1n the m;ddle.v

The isoparamettic.elements\created by the finite
element programs in this study'are&standard‘eiementsr Their;v
"ability‘tonsimulate the behaviob‘of_loadedvstructuresﬁgsfhotj
a matter of controversy The degree to which this simulat{ohﬂ
is accurate is largely a funct1on of the numbe@gof e&ements
'used If round- off errors in the numerical computatlons have -
a negllg1b1e effect then 1ncrea51ng the number of elements
llncreases the\accuracy of ‘the result However,'xncrea51ngv
the‘@umber'of‘eleménts.also increases memory spaceA'
requlrements and computatlonal tlme. The 2D mesh shown in-

'Flgure 5 2 requlres an array with a 1ength of 159572 to

_stpre4the stlffness matrlx and_takesnaboutAZZS_seconds of



T4
. N - .
» computer t1me. The much coarser 3D meshes shown in the last -
-chapter requ1re an array ‘with a length of over 1400000 and'
‘take over 3000 seconds of computlng tlme. leen the
11m1tat10ns 1mposed by the F164 Sc1ent1f1c Computer and the." Voo
manner in which FEAP is programmed 1t is 1mposs1b1e to
substantlally 1ncrease the flneness of . the 3D mesh ~The
ev1dence presented above 1nd1caé§s 1hat the ba51c element'
structures usedAfor.the 3D analysis of gear teeth are._
‘suffieieht‘to yield results that are within a few pereeht of -

%He actual valpes.



_5.2.Results of the Finite Elements_Programs

Some results of the finite element programs have‘
. already been: presented in Chapter 3 in the form of 0,/a,
- versus S/S : curves. The~a1m of thls séctlon is to nge ‘a

more . deta1led presentatlon and dlSCUSSlOﬂ of some of the

'results of the 3D f1n1te element programs.

It was45tated in'the’last sectiOn that the yaluelofl‘
‘m_Poisson's ratio‘v has a substantial-effect on stresses.
Flgure 5.3 shows how flllet stress 1s affected by Poxsson s

[
ratio for a spur gear with 36 teeth and a face w1dth of 4m

oy

Clearly, increasing v, tends to decrease the flllet stress on

R

" the 51des of the tooth and 1ncrease stress in the middle of
the tooth This trend makes sense when 1t is reallzed that
Y

_ the s1des of.. th@’tooth will be in a, state of plane StrESS'
4}

wh11e the mlddle of the tooth will approach a state of plane

straln. The elements in plane straln will be st1ffer ‘than

. elements in plane‘stress(znd so will carry more of. the load.

-The ratiO'of the maximum

w1th v
';- ;

stress at z = 0 is 1.47 for the curve 0.3 and the

load atyS/S]nax =1, This ratio decreas

htly to 1.44

“.

when the 1oad is moved to S/S .;0 333, The substant1a1

max

"varlatlon in stress across the w1dth of this part1cular

tooth suggests an 1nadequacy in the assumptlon of unlform

\\

'load 1nten51ty along the contact 11ne.,
‘The comparisons in the last paragraph,were between
~stresses*at different values of z on the curves withe

Ly

tress at z = -F/Z'to ‘the maxlmum -
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v = 0.3. Comparisons. can also be made between stresses at

identical.values of z, but on curves correspoéding to

'“d1fferent values of v, The most relevant value of .2 is

z = -F/2, 51nce thlS és where the f1llet stress 1s at 1ts
[ L4

- maximum. At load p051t10n S/Sm" 1-the maximum Stress at
v)z'— —F/Z w1th v = 0 3 1s 10, 4% hlgher than the stress
calculated for the tooth with.» = 0. .At load. pos1t1on

’S/S'-;= 0.333 th1s percentage dlffe@Ence is 7.1%. For the'

max
-

tooth under conslderatlon‘the effects;caused,by changing

Poisson's ratio are not negligible. In thé last section-it

is stated that.varying Poissonfs ratio has a very small.
‘ %,

5 effect (less than 1%) on stresses when 2D f1n1te element

analy51s is used The s1gn1f1cant changes in stress caused

by changes in v in the 3D analys1s show the fundamental '%

‘1nadequacy of modelllng a spur gear tooth as a two

T,
dlmen51onal object. g

>

£

Figure 5;4vshows'the‘effeCt of varvfﬁg'Poisson'seratio

‘with a helical gear tooth'having‘4b tééth ‘a helix angle of

20°<’and a face w1dth ‘of 6m . The reader may be surprlzed

that even w1th v set to zero the max1mum fillet stress does
not occur in the sectlon z = 0.’An example of an attempted_.
ﬂexplanation-is to'recognlze that-the loadfon the tooth will
produce a bending moment not only around the z ax1s but also

B

'axis‘Will tend to putathe fillet in compression in.the z = 0

about the y axis (see F1gure 2. 1) The ‘Homent about the y -

section and in tensién-in the-i = -F. This explanatzon may

be somewhat satlsfactory for the reduct1on in stress on thej

17
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z = 0 side of the tooth. It fails completely to ekplaih the

sudden reduction in stress near z = -F,

- R - -_. . I : " P
'As expected; Figure 5.4 shows that increasing Poisson's

‘fwatio reduces the stresses on the sides of the tooth-ahd

1ncreases ‘the stress in the mlddle sect1on of the tooth The
max1mum4%tress moves towards z = -F/2 as v 1ncreases. The ﬁ‘}

maximum stress on the v

u

0. 3 curve is 11 1% h1gher thanathew

max1mum,stress on the v = 0 curve, Aga1n, thlS 51gn1f1cant

T

R’

5
S

change 'in stress caused by varylng 901sson s rat1o cannot be

v
- predicted by a 2D model of the»tooth., o '
The'last figufe in this study,:Figute'S 5, ‘Showsihow
the max1mum stresses vary "along the face width as the load , ME'_.

p051t10n changes. As S decreases the. locatlon of the maximum ®

value of the curves moves towards the z = 0 side ofithe-

tooth. S o T - 7
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thuro S.5. Maximum flllet stress along the face wldfh for a hellcal
gedr at dlff}rent load posiﬂons .



f5.3>Conc1usionv o - : t,f”

“ in cases where the face con’t- ratio is ‘more tha
t

'cr1t1cal posltlon is the corner loadlng p051t10n.

r

For mostthelical,gearhpairs'the'pOSition of engagement

‘that causes maximum fillet stress will:'be the position where

the fract1on of the load on the tooth first becomes -a-
maxlmum as the load moves from a corner 1oad1ng p051t1on.

For gear palrs w1th a face contact ratlo less than 1, thls’

'cr1t1cal position c01nc1des w1th the p051tuon of maximum
"load 1nten51ty For gear pairs’ ‘with a face contact ratlo
g_greater*than 1, the cr1t;ca1 position is that of awcorner‘

‘lcading where the load intensity is a minimum.

o Exceptions to the generalizations just‘stated exist in

cases where the face conta@@ ratlo is less than 1 and also

face contact rat1o is less 1, significant eff§eptions

‘tend toeoccurbwhen the number .of teeth on each 'gear exceeds . -

80, the helik angle‘is‘leSS'than 10°, and.thelface cbntact
rat1o has a value near 0 55 In these exceptlonal cases ‘the

,_

“/;&7the face contact ratio is greater'than 1, then the -
position’causing maximUm'fillet'stress isinormally the

corner loadlng p051t1on where the load 1ntenszty is a

m1n1mum. An except1on to thlS rule has been shown to occur

for a hellcal palr with a hellx angle of 30° and a face
contact ratio sllghtly greater than the proflle contact

rat;o. ‘In thlsycase,.the cr1t1cal pos;tgon occurs at the

position of’maXi@um load intensity. Reducing the helix angle

121

1. If the
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or moving the value of the face contact‘ratio away from the
» .
value of the proflle contact rat1o moves the cr1t1cal

pos1taon back to the corner load1ng p051t1on..

r

Both spur gear teeth and hellcal gear teeth are

bhree d1men51onal objects. ‘The stress d1str1butlons along p

the flllets of these gear teeth are complex and cannot be

generated from two-= dlmen510nal models. Maxlmum f1llet stress -

‘calculated*u51ng a 3D model y be as much as 10% hlgher

than the maxlmum stress obtalned from & 2D model The
s

o

results of the 3D analy51s show ‘a 51gn1f1cant var1at10n in

stress along the face W1dth of a tobth even.in the case of

spur gears. These results suggest an 1nadequa€y in the

'assumptlon‘of unlform 1oad 1nten51ty along the contact llnes

even in thegbest«of c1rcumstances.

The amount of computlng tlme and the memory

5requ1rements of 3D f1n1te element analy51s are much greater-”

than those reqb1red-by:2D.analy51Sr However, as large

high-speed computers become more accessifle this
_ disadvantage of 3D analysis-becomes,inCreasinle

- unimportant. - o T .



[1]'“AGMA'Standard‘For Retihg the Pitting Resistance and
. . . ) .

-Bibliography'f

.

o

éendinngtrength‘Qf Spur and Heiical'lnvolute~Gear

Teeth,” AGMA 218.01, December .1982.

<

121 Allison. I.M. and Heern E.J.,A"For the Bend1ng Strength

of(HeliCal Gears," Enginkering, October 1978,

bpp, 1055-1057

[3] Chabert G.]g"Ah Evaluation of Stresseéland Deflection of

Spur Gear Teeth Under Strain," ASME 72- PT1G-27, October
4972, | |

[4] Colbourne J R., "The Kihematics of Crossed Helical

. a8 -

18] Dawe.D.J., Matrix and Finite Element Displacemen:

_,Gears," Journal of Mechanlcal De51gn vol. 104+, January
1982, pp. 83-89. |
[5]:ColboUrhe J.R., “Critical Load Ihtensity and Loaﬁ

9051t10n on Hellcal Gear Teeth " Rgoceed1ngs of the

Second.wOrld.Congress on Gearlng, vol. I, ?arls March
1986, pp.- 179-190. o S o

_[6] Colbourne J. R., "Effect of Obllque Loadlng on ‘the Fillet

“*Sfress in Hellcal Gears," AGMA Paper No. 86 FTM 6

October- 1986

(7] Colbourne J R., The Geometry of Involute’ Gears, .

Spr1nger~Verlag,,New York 1987.

'Analzgis‘gg Structures,‘Clarenabh'Press,vaford, 1984.



| R 124

[9] Dolan T.J. and Broghamer E.L. , "A Photoelastic Study of

Stresses in Gear’ Tooth Flllets," Unlversrgy of IllanIS

Englneerlng Experlment Statlon Bullet1n 335, March 1942

[10] Gould’P;L., Introductlon to Lrnear Elast1c1ty7
Springer-Verlag, New York, 1983.

[11) Howes M.A. H., d1tor, Source Book.. on . Gear De51gn

Technology and Performance, Amerlcan Soc1ety of: Metals,

Metals Park, Ohlo,'1980.

[12] Mabie H.H. and Ocvirk'F.w.,‘Mechanisms and-Dynamics of
Machinery, Third Eaition, John Wiley and Sons,7New‘York,
1975.

[13] Oda s. and Shimatomi Y., "Study on Bending Fatlgue

;5_Strength of Helical Gears,‘-Bulletin,gg the JSME, vol.

.23, no. 177, March 1980, pp. 453-460.

'[14] Peterson R. E. Stress Concentrat1oq/gactors,'John Wiley."

and Sons, York 1974.
[15]‘Shotter'B.§\J "A‘ New Approach to Gear Tooth Root

Stresses,“ Journal of Englneer1ngsfor Industry,
February, 1974,

{16] Tong P. and Rossettos J.N., F1n1te Element Method:

Basic Technrgue and Implementatlon,.The.MlT Press,
Cambridge, Massachusetts, 1977.
~1[17]>Trbojevic;M}D., "Load Distribution“oanellcal Gear

Teeth," The Engineer, August 16, 1957, pp. 222-224.

5[18] wllcox L. E., "F1n1te element Ana1y51s P1np01nts

_ Gear tooth Stresses," Machlne De51gn, February 23, 1978;3

~py.v88‘92.



C ) . ' v
Appendix A: Additional Information on Figures

PO

These are several figures in this study which'%how

_ 3t ' ~
graphs of various. functlons pertalnlng to gear” teeth For
the .interested reader, more detailed 1nformat10n on some of

these graphs_ is given below. Unless otherwlse -indicated, the .

1follow1ng statements summarlze the settlngs used to generate1~f

‘and load the gear teeth

" - The normal module of the rack cutter is set to 10,

- The addendum of the cutter is set to 12 5.
';2 - The.t1p round of the cutter has a raF1us of 3, o ﬁ?”,x
- The normal pﬁ/ssure angle of ‘the cutter is 20°.
- The”tlp c1rcle radlus of “the gear blank 1s set so as to
yield an addendum ofﬁao for’ the gear..
—_The‘proflle shlft 1:%set to zero.
= The load:on,the tooth‘ls'méde.equaltto 100F. A eonsequence
_offthis load and thedfaqt that,mn_is‘egual'to‘10 is_that \
‘an/W is'equal to 0. 1. The value of‘theidimensi“nless stress

F/W is found by mult1p1y1ng o, by 0

- Po1sson s ratlo 1s set to 0.3.

= The gears are mounted at the standard;@. ter dlstance
. ) 4+ . ;a\ .
,F1gures 3. 2 3. 4 anda3 6 j,y';

The number of teeth on the drxuen qear is 40, the number of
teeth On the dr1v1ng gear is 80 and the hellx angle at the

pitch c1rcle is 20°, The face: w1dth 1ncreases from 18 37 to

40 to 65.

126
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Figuré 3.11
Foufth_deé:ge,polynomials were”fitted to the curves shown on

the-gréph in this figu:é‘as wéllvas a curve corresponding to

hel1x angle of 15°, The pblynomiais‘for these curves _in ¥
" order of 1ncrea51ng helix angle are as follows' |
'%g%. y = 0.02309x* - o.oaqg3x;$§ 012290x’ + 0.2312x.+7o.69312
’ y = —0'09074x*,+-o 1416x° + 0.1273x* + 0.1859x + 0.6360
oy = -0, 1277x‘ + o 2322x° + 0.06970x* + 0.1621x + 0.6638
’ ’y”= -0. 09368x‘ + 0. 1958x’ + 0.06696x* + 0.1320x + 0.6963
Y= “0.05608x* + 0. 1629x s 4 0, 03595x? + 0.06464x + 0.7926
4Where y‘= 0o,/o0, and x = S/Smax | |
Figﬁ?e 5.3, o 1--_» ;. ‘ “ )  . \“ o
. Tﬁe_féce widﬁh is equal to“40.‘ ‘  - u  -“':f‘  }
;",p'sgo.s, . . . L | n
S/Spax = | | -
o, - 27.675 at both z = -40 and z = 0
 0,.= 40.587 at z = -20 o
s/smn-= o{333‘ - C
o, = 19.860 at both z ; -40 and z =0
- o, = 28.565 at z = =20, o
v‘=C6,15 |  ' f : -
S/Smh = 1 , E
o, =:32.592 at both z = —46 and z = 0
o, = 38.169 at‘z:$ j20  o ;S
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Figure 5.5 '

| The face widthvis equal to 60.

s/s. =1,

ma
o, = 17.266 at z = -60
’ b;wa‘34.472 at z = -20
o, = 19;046 at’ z ﬁ)o 
Ss/S_,. ='0.778 -
o, = 15.423 at z = 60

= 31.525 at z = -16.875

0';; =
o, = 17.630 at z = 0 "'
's/s_,, = 0.556 |
o, = 14.059 at z =60
0, =-29.157 at z = -15
aw'=v16f425 at z = 0
S/s,,, = 0.333 R
0, = 13.175 at z = -60 |
a;_=;é73342 at z = -10.625
o, -4t ze0 |
S/Spay = o111 o
,a;'g 12.250 aﬁ z_=l-éo\
o, = 26.231 at z’=v—10’ |
o, = 14.802 at z. = 0 o ii'f{
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,Appendlx B: An Algorithm for the Format1on of the Global .

\.‘ :
‘ St1£fness Matrix

\ 7
If [k] is the stlffness matrlx for an element and [K]
“ie the global stlffness matr;x, then the" quest1on to be
answered is how a spec1f1c number from k], namely k.., is
moved into the global st1ffness matrix. In the algorlthm
about~to be presented the #ubscrlpts m and - n indicate.
generallzed coordlnates whlch exist in reference to an-
element. The number Kon 1s:found in row m and ‘column n of
k7. Subscripts that are capltal letters refer to
generallzed coordlnates wh1ch exist in the global system.
'Slnce‘both the element and global.stlffness matrices are
symmetriC'only the numbers above;and'including the diagonal
are‘stored 1f k and R“ are numbers stored in the element
and: global st1ffness matrlces respectlvely, then it followsi
'that ms n and M SAN; If the flrst subscrlpt of K is not
less than or equal‘tOnthe second subscript, then the order
ofhthe‘;ubscripts must  be switoned.‘ |
Case 1: If m andln correSpond_to §lobal‘generai£ged
'ooordinates'M and N, then k. is simply added to”the_
existing value of K, N B |
Case 2;‘If”m corresponds to glooal coordinateuM;bUt there
exiStsjno Qlobal"ooordinate‘for n, then n mustlrefer to a
" node ?hat'isreither‘fixed;or constrained If the node 15,,‘

fixed, then k_ wlll not modlfy the global st1£fness matrix.

- - 129
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I1f the node is constrained, a constraint'§QUation can be
found that gives the dlsplacement of 'n 1n terms of

’Tgenerallzed coordlnates belonglng to the global matrlx. The

7.

constralnt equatlon W1ll have the form

u, = au, toaguy *toaus tol . L where U, u, u

n A N and u. are

Bl
the dlsplacements of generallzed céordlnates n, A B and C;

~and «a,, a “and o are the relevant coefficients. The global-

B
'stiffness matrrx‘xs thengmodlfledkln the follcw1ng way:

Be, k is.added to &M,vﬁaghm is added to'K ar Back is added

.to Ky, etc. where B is'equal to 1 1f the two subscr1pts of

K are Pot equal and B is equal to 2 if the subscrlpts are

_egual.

C _ i 3
Case 3: If m = n and there exists no global coordinate
'-correspond1ng to m, then u_ = U= a u’ * e Uyttt .. .

The number k  af ects [K] in the follow1ng way: -“AaAKm is

added.tofK ar @ d k 1s added to K,,, @,a " '1s added to K,

mn ACmn

o agagk, 1s added to Kop etc., until.all combinations of .
N ! ' o

A, B, C,.,. . taken two at a time are used.

S s C . :
Case 4: If m does not equal n and neither m nor n
corresponds to a generallzed coordlnate in the global system

then tWo constralnt equatlons are relevant -

PR

LN *oagy ¥ U + . . and . N e

L= Bupg + g+ Gu, + .'.ﬁ,. The number kljaffedte (K] in.

is added to K,, BaAS . 15 added

- .‘u

+ - the followxng way ﬁ“an mn

to K

AS? etc., for all comblnatlons of the coeff1c1ents from

N\



e

fequation. The value of 8 i

 ‘the first equations with the jcoefficients of the second

7

1 if the subscripts of K are

~unequal and B is 2 if the subécripts of K are equal."
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