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If all the trees on earth were pens and the ocean were ink, with
seven oceans behind it to add to its supply, yet would not the
knowledge of God be ezhausted in the writing: for God s exalted
wn power, full of wisdom.

Quran, 31:27
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Abstract

Originating in Abraham Wald’s seminal work in the 40s, hypotheses testing
in Sequential Analysis is now about 7 decades old. In spite of all the studies
published in this area, little work has been done in the sequential testing of
composite hypotheses. Composite hypotheses can arise when the parameter
of interest is not a single point or when nuisance parameters are present along
with the parameter of interest.

The objective of this thesis is to develop parametric and nonparametric
fully-sequential procedures for testing two-sample hypotheses. The approach
taken to reach this goal is based on the strong invariance principles (Csorgd
and Révész 1981) and is inspired by the work of Gombay (1996, 1997, 2002a,
2002b, 2002c).

Specifically, we will use Rao’s efficient score and Wald’s statistic pro-
cesses and functionals of them for the sequential testing of two-sided, two-
sample, null hypotheses against two-sided alternative hypotheses with un-
known nuisance parameters. The extension of these test procedures to the
multi-sample case will also be discussed.

Nonparametric counterparts of the two-sample parametric tests, based

on U-statistics with anti-symmetric kernels, will be developed.
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Finally, Monte Carlo simulations will be carried out to compare the
test procedures developed in the thesis to the fixed-sample t-test and group
sequential t-tests of Pocock and O’Brien-Fleming in terms of total sample
sizes, average stopping times, power, and robustness to deviations from the

normality assumption.
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Conventions and notations:

Throughout the thesis, we will use lower-case letters to indicate random vari-
ables as well as their observed copies. Also, the following notations will be

used;

Symbol

Meaning

1, 2 O((t)) or 2, = O(4(t)) a.s.
2 = Op(0(1)) (T = 0p(9(2)) )

a.s.

is almost surely finite

lim sup %
t—o0
?5?5 is bounded (converges) in probability

Almost sure convergence

—
N Convergence in distribution

2 Equality of (finite dimensional) distributions
LIL Law of Iterated Logarithm
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Chapter 1

Introduction

1.1 Sequential testing of composite hypothe-
ses

Sequential testing of hypotheses began in 1943 when Abraham Wald devel-
oped what is known as the “Sequential Probability Ratio Test” (SPRT). Let
ZT1,Z2,-..,%n,... be a sequence of independent and identically distributed
random variables with a common one-parameter distribution F(.;8) and a
corresponding pdf f(.;8). Wald’s SPRT procedure for testing the simple null
hypothesis Hy : 8 = 6, vs the simple alternative Hy : 8 = 6, is to stop sam-
pling and accept Hy as soon as L, > A or stop sampling and accept Hy4 as
soon as L, < B, where 0 < B < 1 < A are constant stopping boundaries
dictated by error probabilities & = Py (Reject Hp) and B = Py, (Reject Hy),

and

1 — iz f(wi60)
" i f=a 61)

is the likelihood ratio based on the n observations available thus far. The
sample size, N, at which the boundaries are crossed, is a random variable. The

mean of N is known as Average Sample Number (ASN) or average stopping

1
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time. Wald and Wolfowitz (1948) showed that the so defined SPRT procedure
is optimal in the sense of minimizing both Ey,{N} and Es {N} among all
tests possessing a finite ASN under both Hy and H4 and with errors a and S.

Clearly, the original SPRT did not deal with composite hypotheses,
which were composite either because of the null and/or alternative param-
eter spaces not being single points or because of the presence of nuisance
parameters. Wald attempted without much success to adopt the SPRT to
the composite hypotheses case by introducing the weight functions approach.
Another attempt to extend the SPRT to the case of nuisance parameters pro-
duced the so-called “Invariant SPRTs” (Ghosh 1970). This method consists
of reducing the composite hypotheses to simple hypotheses through maximal
invariant statistics by transforming the data as well as the hypotheses of in-
terest and then applying Wald’s SPRT procedure. According to Lai (2001),
this approach has two drawbacks. Firstly, it necessitates the specification of
a suitable alternative hypothésis, thus introducing some restrictions on the
hypotheses to be tested under the maximal invariants. Secondly, the log L,, is
no longer a random walk under the maximal invariants, so, the rich arsenal
of the random walk theory, used by Wald-Wolfowitz to show optimality, is no
longer applic.able. A third practical drawback is the complexity of the test
procedures derived from this approach, which require special tables.

In a case where the hypotheses of interest are composite because of
the presence of nuisance parameters, a third approach suggested by Bartlett

(1949), Cox (1963) and Breslow (1969) is based on using the likelihood ratio,
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or an asymptotically equivalent form of it, under the assumption of contiguity.
The method replaces nuisance parameters in the likelihood ratio by their re-
stricted MLEs and uses Wald’s SPRT procedure. This approach relies on the
assumption of contiguity, i.e., on the assumption that the distance between
the value of the parameter under the null hypothesis, 6y, and its value under
the alternative, 6y, is such that |6; — 65| = O(N~/2), where N is a sample
size larger than that at which the sequential procedure reaches its decision.
Alternatively, Gombay (1996, 1997) relaxed the contiguity assumption and
provided some tests based on the generalized sequential likelihood ratio along
with their asymptotic critical values at significance level a. Gombay (2002c)
discussed why the Bartlett-Cox type of asymptotics fail under noncontiguous
alternatives and compared the tests of Gombay (1996, 1997) to the sequen-
tial t-tests of Barnard (1947) and Rushton (1950, 1952), which are invariant
SPRTS.

Whitehéad (1978) adopted and improved the Bartlett-Cox approach by
using closed triangular stopping boundaries. Anderson (1960) originally pro-
posed this type of boundaries to reduce the expected sample size of the SPRT
as an alternative to the open-ended Wald boundaries. Whitehead (1997) con-
tributed much to the popularization of the triangular tests, to the extent that,
recently, many clinical trials using these procedures have been conducted.

Sequential testing of hypotheses was introduced into the biomedical and
clinical trials field during the 50s (Armitage 1960). As an alternative to the

SPRTs, Armitage et al. (1969) suggested and studied the so-called “Repeated
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Significance Test” (RST). Its key idea is to perform conventional fixed-sample
significance testing on the cumulative data every time an observation arrives.
That is, ng conventional fixed-sample tests will be performed if the total sample
size attainable at the end of the study is ng. The null hypothesis of interest is
then rejected at the first inspection when the conventional fixed-sample test
rejects it. The critical values, z,,, 4 = 1,...,n0, used for the intermediate
testing, are obtained either by numerical integration as in Armitage et al.
(1969) or from the approximating continuous time Wiener processes (Siegmund
1985). In any case, the RST approach did not solve the nuisance parameters
problem.

Since, in double-blinded multi-centre clinical trials, frequent inspections
may not be feasible, Pocock (1977) introduced a “group sequential” version of
the RST. This approach performs a repeated significance testing only period-
ically as opposed to continuously testing after each observation. The conven-

| tional testing is performed at the pre-specified inspection times, k = 1, ..., K,
with a fixed number of patients (group of patients) recruited between each two
inspection times; that is, the number of patients, n, —ny..1, recruited between
the (k — 1)** and k** inspection is the same for all k = 2,..., K. The critical
values, z,,, k=1,..., K, used for the intermediate testing, are obtained from
the joint distribution of the K conventional test statistics by requiring that

the overall significance level is a pre-specified ¢, i.e.,
P{Reject Hpat any k< K} =a.

O’Brien and Fleming (1979) modified the constant boundary of Pocock’s orig-

4
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inal group sequential method (i.e., z,, = constant for all k < K ) to a square
root boundary. In 1981, the O’Brien-Fleming method was used in the famous
Beta-Blocker Heart Attack Trial (BHAT 1982) . The original group sequential
methods did not accommodate nuisance parameters. Jennison and Turnbull
(1997) suggested group sequential ¢ and F' tests and provided recursive formu-
lae for use in numerical computation of the boundaries. In general, obtaining
exact boundaries for group sequential methods is a computationally intensive
task, a disadvantage for group sequential methods if the number of interim
analysis, K, is large. Jennison and Turnbull (1999) provide a detailed discus-
sion of classical and recent developments in the group sequential methodology.

In the nonparametric field, sequential methodology for testing the equal-
ity of two or more distribution functions has undergone substantial develop-
ment. However, this research has been largely concentrated on rank score
statistics, developed for censored survival data. Chatterjee and Sen (1972),
Majumdar and Sen (1978) and Sinha and Sen (1983) studied linear rank statis-
tics for staggered entry survival data. Jones and Whitehead (1979, 1981) used
log-rank and Gehan-Gilbert score rank tests. Tsiatis (1984), Stud and Wei
(1982), Sellke and Siegmund (1983), Stud (1984), and Gu and Lai (1998) used
rank score tests for censored data with random staggered entry. Murray and
Tsiatis (1995) considered the sequential use of the Kaplan-Meier estimator for
survival distributions. For the non-censored case, Miller and Sen (1972) de-
rived weak invariance principles for U-statistics with symmetric kernels. Sen

(1981) gives a detailed discussion of the use of such U-statistics in the sequen-
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tial testing of hypotheses. Also, Gombay (2000b) used anti-symmetric kernels

for change-point problems.

1.2 Overview of the thesis

As mentioned in the previous section, sequential testing of hypotheses in
the presence of nuisance parameters has not yet received an adequate fully-
sequential treatment. Most of the fully-sequential tests used in practice are
based either on RST methods adapted to special cases with no nuisance pa-
rameters (c.f., Siegmund 1985) or on the Bartlett-Cox type asymptotics (c.f.,
Whitehead 1997) in which contiguity assumption is crucial.

In the cases where nuisance parameters are present and treatment effect
differences might not be small enough (i.e., the contiguity assumption might
be violated), Gombay (1996, 1997, 2002a, 2002b, 2002c) developed a class of
one-sample two-sided tests using generalized sequential likelihood ratio and
strong invariance principles (Csorgé and Révész 1981, Einmahl 1987, Einmahl
1989, Csorgé and Horvath 1993). The main attractive features of Gombay’s

approach are
a) Simple accommodation of the nuisance parameters.

b) Easy-to-compute approximate boundaries (critical values) which do not

require any numerical integration.

c¢) A generality allowing application of the methods to a wide class of dis-

tribution families including the exponential family.
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This thesis has three objectives:

1. Development of a class of two-sample sequential composite hypotheses-
testing procedures and their extension to the multi-sample case. The
methodology allows for random treatment allocation schemes and is

based on Rao’s efficient score and Wald statistics.

2. Development of a class of nonparametric procedures, counterparts of the
above two-sample parametric procedures, using U-statistics with anti-

symmetric kernels.

3. Empirical comparison of some of the parametric and nonparametric tests
developed in the thesis to the fixed sample t-test and group sequential t-
tests of Pocock and O'Brien-Fleming (Pocock 1977, O’Brien and Fleming
1979, Jennison and Turnbull 2001) in terms of power, maximum sample
size (truncation point), average stopping time, and robustness to non-

normality.

Specifically, in Chapter 2 we shall compare two-treatments in a clinical
trial where patients arrive sequentially over time and are assigned to one of
two treatments (e.g., experimental and standard) with allocation probabilities
of Aand (1 —A), 0 < A < 1. Asymptotic results for functionals of the Rao
score and Wald statistics and for their weighted versions will be developed
under Hy. Tests based on these asymptotic results are proposed in the same
chapter, and Monte Carlo simulations are carried out in order to assess the

power, Type I error and average stopping time of the tests. In Chapter 3,
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the asymptotics of the functionals in Chapter 2 will be developed under the
alternative hypothesis, and the consistency of the tests discussed in Chapter
2 will be proved. A methodology for obtaining the power and moments of the
stopping time of these tests will be highlighted, with particular emphasis on
the case of the one-dimensional parameter of interest.

In Chapter 4, we will present some straightforward extensions of the
results of Chapters 2 & 3 to the multi-sample hypotheses testing and multiple
comparison problems. In Chapter 5, we will construct nonparametric test
procedures for the two-sample case by using U-statistics with anti-symmetric
kernels. Finally, in Chapter 6, we will carry out some Monte Carlo studies to
compare the two-sample parametric and nonparametric methods of Chapters 2
and 5 to the group sequential t-tests of Pocock and O’Brien-Fleming (Jennison

and Turnbull 2001).
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Chapter 2

Two-sample parametric tests
and their asymptotics under H

2.1 Preliminaries

In clinical trials, the comparison of at least two treatments (e.g., active treat-
ment and a placebo) is important and often encountered. For the two-treatment
comparison, assume that patients arrive sequentially and are being assigned to
either an experimental treatment (E) or a standard treatment (S) with alloca-
tion probabilities of A and (1 — A), respectively. At any stage, say, k = m +n,
of such a sampling plan, we would have two independent sequences of ob-
servations, xy, s, ..., Zn and y1,Ys, ..., Yn, coming from patients assigned to
the experimental and standard treatments, respectively. These independent
observations can be continuous or discrete measurements. We assume that
the distributions of the two streams of observations have densities of the same
functional form but with different parameter vectors. The parameter vectors
are partitioned into components of interest and nuisance components.

We assume the existence of a re-parameterisation under which the two
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densities have different functional forms, fi(x;8,n) and f2(y;8,n), but share
the same set of parameters, (4, ).

In this chapter, the composite null hypothesis,
Hy:0=6, ne,
will be tested against the two-sided alternative
Hy:0#0, n¢€Qy, (2.1)

where 8 € Q; C IR%, 5 € Q, C IR? and thus, £ = (8,1) € @ = Q) xQy C RH?.

This type of hypotheses are of interest in clinical trials where exper-
imental and standard treatments are being compared and there is no prior
knowledge of the direction of difference. It is also worth mentioning that the
methods of this thesis for testing the above hypotheses do not have provision
for early stopping under Hy. In fact, according to Armitage and Berry (1994)
using procedures for early stopping under H; is not recommended because
such cases have no ethical imperative, and the data collected will certainly be
useful in learning more about the characteristics of the standard drug. Exam-
ples of trials in which continuing to the planned end of the trial is desired in
the absence of evidence against Hy are given, for instance, in Whitehead and
Thomas (1997) and Donaldson et al. (2000).

Since the nuisance parameter, 7, is common to both distributions, we
assume that the above null hypothesis represents equality of the densities of
the two populations, i.e., fi(x;60,m) = fo(y;00,m) = f(z;00,1). In such cases,
the two sequences of observations will be combined and denoted by 2, ..., 2,

where kK = m + n.

10
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Before establishing the asymptotic null distribution of functionals of
Rao’s score and Wald statistics, we will give some necessary notations and

regularity conditions. Denote by

82
I;;(€) = —E¢ [5@9—& 10gf1(l‘1,§)] : (2.2)
0* 1
5(6) = ~Bg | oo 0]
J5©) = ~Fe | e low a6
entries of the expected Fisher information matrices of the first and second

population, respectively, where 4,7 = 1,2...,d 4+ p. We shall partition these

matrices based on the partition of the parameter vector £ = (8, 7). For exam-

L1 Iy
I= , 2.3
(121 m) (23)

_ o2 ) ot & .
where Iy; = (—Emlogﬁ(h,f))dxd, he=1} = (—Emlog fl(ivhf))dxp,

I = (— EE:%;TJ- log fi(21;€ ))pxp. The inverse of I will also be partitioned and

ple, we write,

denoted by
5 Ill 112
It = ( 2t 22 > (2.4)

Analogous notations apply to the matrix J. In general, given any partitioned

An Ap
A ==
( Ay Ay )’

we shall be denoting the partitioned inverse of it by

B All A12
A1=(A21 Azz)-

matrix

Also, we define
M(€) =M + (1 = \)J)(),

11
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which will be partitioned as above whenever needed.
Suppose that (6,9) is always a point in an open subset Q C IR4*?, The

following regularity conditions are required.

Cl. Distribution functions Fy(.;8,n), ¢ = 1,2, are identifiable over (2.

C2. There exists an open subset, )y C €, containing the true value of the
parameter under Hy, (6o,n), such that the partial derivatives

3

8 82 8
77108 fo(#:€) 5z log fy(w;€) 04,0¢;0,

%, 8&8@' log fg(iv,f)

exist and are continuous for all z € IR, £ € {y, and g = 1,2, indicating

the first and second population, respectively.

C3. For each and m,n =1,2,3,..., the score equations

> Valog fi(i;00,m) + Y, Vylog f2(ys;00,m) = 0

i=1 j=1
Y Velog fi(z::€) + ) Velog falys€) = 0
i=1 j=1

have unique solutions, ), &, in Qy where k = m + n.

C4. Under the setup of C2, there are functions M;(z), Ma(z) such that
/ Mi(@)(de) < oo; Epy o[ Ma(X)] < 00

with

2

O og fy(x:6)| < Ma(o),

lilog fg(w;é)l < Mi(z), DEDE,
el Y]

9&;

12
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63
lm log fg(ﬂv;f)l < My(z)

forallé € 0,1 <4,5,k<d+pand g=1,2.
C5. Eggklog fo(2;€) =0,1<i<d+p §€ D, g=12

C6. 15(6) = —F [ 55 08 filoni )], Jus€) = —Ee [ a5z Vo8 fo(uni )], I7€)

and J(£) exist and are continuous for all £ € Qg and 1 < 4,5 < d +p.
C7. Varg [bg%;?j logfg(x;ﬂo,n)] <oofor1<i,j<d+p g=12
246
C8. Egyn Ub%logfg(az;oo,n)l } <o0,i=12,...,d+p,g=1,2and § > 0.

Remark 2.1 Conditions C1 - C6 are the usual classical regularity condi-
tions guaranteeing the existence and consistence of a sequence of MLEs (c.f.,
Lehmann (2001) and Serfling (1980)). The last two conditions are, respec-
tively, required by the Law of Iterated Logarithm (Serfling 1980) and by the
strong invariance principles of Komlds et al. (1975) and Einmahl (1987) that

are used in this thesis.

We shall state a Lemma that is useful in proving our results. Horvath

(1993) provides a proof of this lemma.

Lemma 2.1 (Horvéath, 1993) Let {8;;1 < i < oo} be a sequence of in-
dependent and identically distributed random wvectors such that EF;; = 0,
EBY =1, EBiifu = 0 (5 # 1), ElB;1*** < oo for some § > 0,1 < 5,1 <d.

Then, as ng — 00,

1/2

d k 2
P | allogno) max. ’“’IZ(Z%) < 2+ by(log o) | —> exp(—e ™),

7j=1 \¢=1

13
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where

a(z) = (2log z)"/? (2.5)

and

d 1
ba(z) = 2logz + 3 loglogz — log F(id) (2.6)

with T(c) = [;°y* e Vdy.
2.2 Rao’s efficient score statistic

We shall use Rao’s efficient score statistic to test Hy. If under Hy, £ =§; is a
completely specified parameter value, then the general form of Rao’s statistic

would be

Ry, = Vil 7€) Vi,

where V}, = k~%/2 [Z:’ll Velog fi(zi;€o) + D7y Velog fz(yj;fo)], I(&,) is the
expected Fisher information matrix (Serfling 1980) under Hy, V¢ denotes the
vector of partial derivatives with respect to €, and the superscript ¢ denotes a
vector or matrix transpose. In the current problem, however, a nuisance pa-
rameter is present and has to be replaced by its restricted maximum likelihood

estimator under Hy; that is, Rao’s statistic becomes

Ry, = VX (60, m)Vi, (2.7)
where
Vi =k > Volog fi(zi;00,0) + ) Valog foly;:60,0) [, (28)
i=1 =1
14
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and 1), is the restricted MLE of the nuisance parameter 1, which is the solution
of the equation
m n k
> " Vylog fi(zii00,m) + Y Vylog fo(y;;00,m) = Y Vylog f(2i;60,m) =0,
i=1 j=1 i=1
(2.9)
and £(6o,) = [M™(0y,m)]~1. This fact is rigorously stated in the following

theorem which approximates Ry, in (2.7) by means of Wiener processes.

Theorem 2.1 Under Hy, if conditions C1-C8 hold, then there exist indepen-

dent Wiener processes, B;(t), j =1,2,...,d, such that for a < 3 — 335,

sup | Rppg — U(nt)] 2 O(n~*(loglogn)2), (2.10)

1<t<o0

where [nt] indicates the closest integer to nt,
Rpg = Wnt]E_l((’o,n)V[fn]
1
J=
£(60,m) = [M"@0,m)] ™ = [\ + (1= NN @o,m), (211)
6 >0.

Proof. Suppose for simplicity of notation, that under Hy, the true value of

the nuisance parameter, common to both populations, is 5. Re-write (2.8) as

Ve = k712 Zvologfl(wi;eo,ﬂ)+Zvologf2(yj;90,’7)}
i=1

=1

L g2 Z Vo log fi(zi;00,9,) — Z Ve log f1($i;00:17)}

Li=1 i=1

+ kY2 ZVologﬁ(yj;%,flk)_Zvalogh(yj;oo’n)]'
j=1

Lj=1

(2.12)

15
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The last two terms in the above sum represent errors committed in esti-
mating 7 by its MLE 1,. These errors can be linearized by using a three-term
Taylor expansion of Vglog fi(zi;00,%;) and Vglog fa(y;;00,%;) around the
true parameter value 1 so that

Vi = k17 [Zvologﬁ(fvi;eo,n)+ZVologf2(yj;00,17)}

i=1 j=1

+ 1/2(’7 - ’7) {Z Vﬂn 10g fl(xh 00) ’7) + Z VOﬂ lOg f2(y]; 00» ﬂ):l

g=1 j=1

+ e(k,n"), (2.13)
where ), < 9* < 9 and Vgn denotes a d x p-matrix of second order partial
derivatives, first with respect to components of 8 and secondly with respect to

th

components of . The term e(k,n*) is a row vector whose r** component has

the form

m 3
I/QZZk(nkq Ng) (Mt — nz){kz—gwlogfl(%oo, )}

| =

3

0
1,172 L N 1 . *
+ 2k ;Z,: k(fkg — 1g) (et — 1) {k 37]q<977530r log f2(vi;60,m )} .

[y
3

By the Law of Iterated Logarithm (LIL) and by C4, the terms in the
curly brackets are almost surely O(k~Y/?(loglog k)'/?). On the other hand, by
Lemma 2.1 of Gombay and Horvéth (1994), o log omie=z (kg — M) (T — me) is almost

surely O(1). Hence,

og log k)3/2
e(k,q*) = O ((—lﬁl—]—cg—i> . (2.14)

16
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In order to obtain an expression for (1), —n), we shall analyse the following

three-term Taylor expansion of the pooled data log-likelihood under Hy,

k
> [Valog f(2i:00,%) — Valog f(zi;00,m)]

i=1

= szz log f(2:;00,m) + €(k,n"),
(2.15)
where Vf]z is a p X p-matrix of partial derivatives with respect to the compo-

nents of 7. By the same arguments leading to (2.14), the error term above is

almost surely of amplitude O ((l"—gl‘%ﬂaﬁ). On the other hand, by C4 and the

LIL we have
k
_ 1 9 . (loglog k)'/?
lim b % Zi:l V2 10g f(2i;00,m) + I22(00,n) || = O (—-——k—l—/2—— a.s.

Thus, we have
k

=D Valog f(z;:60m) = k(i ~ n){ka log f(zi; 60, >+122—122}
i=1

+ 0 ((log log k‘)3/2)

vk
1
= k(@) —n) {E Y Vi log f(z;60,m) + 122}
i1
. (log log k)3/? )
— k(=) + 0 (LB BNT
(. — 1) 122 ( NG

. log log k)1/2 .
= (’7 )O (( 1172 ) - k(nk _’7)122
N ((log log k)3/2>
log log k)%/2
= ( i ) — k() —n) Iz
3/2
+ 0 ((log log k) ) ’
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where the last equality follows from the Lemma 2.1 of Gombay and Horvéath

(1994). Since, by C6, I, is invertible, we have

k
. 1 ~ log log k)3/2
(e —m) = |3 Vylog f(zi;oo,m] 1@ +0 (LEEDD) . @ag

i=1

Collecting (2.13), (2.14) and (2.16), we obtain

Vi = kY2 Zvologfl(ﬂfueo, +Zv010gf2(y]a00an):l

| i=1 Jj=1
© &

+ kY2, log f(zi;00,m) | I

L i=1

|> Zven IOg fl(xzae()’ﬂ ZVOn IOg fQ(yJaOO)n):|

] 1

22 (00) )

X

_ loglog k)2 [ &
+ 120 <(g_k§§_l__> [ngnlogfl(xi;oo,ﬂ)
i=1

- log log k)32
+ > Vi, logfz(yj;eo,n)] +0 (L_g.k_%_)_> . (2.17)

=1

Again, by C6 and LIL,

, 1 & log log k)'/?
hmnfggo p” ngn log fi(zi;00,1m) + I2|| = O <(—g—k—1—g/—2—)——) a.s.,
=1
. log log k)1/2
hm;g& Z Von log fa(y;;00,m) + Jia2f| = O <(—gkig/—2—)———) a.s.
Jj=1

It follows, therefore, after neglecting errors that are at most O ((l—og-l,f’%c)sﬁ»

1/]6 = k-1/2 Zvologfl(xueﬂ’ +Zv010gf2(y_7)00)1’):|

L Jj=1

+ k12 val log f(zi;oo,n)] I3 (B0,1) [~ A2 — (1 — A) o’
L i=1

(log log k)3/2
+ O (—ET/'E— a.s.

18
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If we re-arrange terms, V; takes the following final form,

Vi = k712 Z [V log f1(zi;00,m) — Vylog fi(zi;00,m) 15 {A 1o + (1 — A\)J12}]

=1

+ K72 " [Valog fa(ys;00,m) — Vylog fo(ys:00,m) 5" { Az + (1 =~ X)J1a}]
=1
log log k)3/2 log log k)*/2

Observe that Vi in (2.18) consists of the sum of the independent d-

dimensional random vectors, z;, defined by

{ Ve log fi(z:;00,m) — Vylog fi(z:;00,m) 15" {\12 + (1 — X\)Ji2} wp A
Z; =

Vo log fo(yj;00,m) — Vi log fo(y;; 00,m) I3 {12 + (1 — N)Jiz} wp X
(2.19)

where ' =1—- X, i=12,....,k = m+n. By C5, £z, = 0 for all s. This

equation, along with our treatment allocation rule, implies that
COV(‘/]C) == )\21 -+ (]. — )\)22,

where X; and X, are the covariance matrices of the terms in Cj and Dy

respectively. Now,

X1 o= I+ {)\112 + (1 — )\)le} 12_21[2212_21 {/\121 + (1 — )\)JQI}
— Tl {4+ (1= N Ja} — { Mo+ (1 = Ao} I Iy
= I+ {Ahg+ (1= N Ja} I {O oy + (1= Moy — It}

— oI { Ay + (1 — A)Jar} - (2.20)

19
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Similarly, covariances of the terms in Dy are given by
Yo = Ju+{Mp+ (1= N} L Ll {A oy + (1 — X)Jar}
— Jialp Ay 4+ (1= Mo} — { Mo + (1 — ) Jio} I35 o
= Jn+ {4+ (01— A)Jie} 12—21 {AhLy + (1 =Ny — Jo1 }
— Tl M+ (1= N)Jx}. (2.21)
So,
Cov(Vp) = A+ (1 -2,
= My + (1 =N+ M+ (1= N} I
X { NI + M1 = Aoy — Aot + M1 — X Iar + (1= X)2Jo = (1= N)Jar}
— { M+ (1= XN} I {0 oy + (1 — M) Jas }
= My + (1= NJu + {Ma+ (1 — N)Jie} Iy
X Aoy 4+ (1= A)Jog — ALy — (1= N Jar} — {Myg + (1 — \)Jio} Iyt
— { A+ (1= N J} Ip {A o + (1 — N)Jas }
= My + (1= — { Mg+ (1= N Ja} 12‘21 {Ao1 + (1= A)Ja }
= My + (1= Ny — {0 Mo+ (1= N T} {0 + (1 — N Jaa}
x Ay + (1 —A)Jar}, (2.22)

where the last equality holds since Iy = {Aloo + (1 — A)Jao} under Hy. By

the inversion rules of partitioned matrices (Rao 1965, p.29), (2.22) is, in fact,

1

Cov(Vi) =S = [(A[+ (1= X)) . (2.23)

Using C5, C8 and the fact that the above covariance matrix is symmet-

ric and positive definite and the z; in (2.19) are independent and identically

20
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distributed random variables under Hy, we can write

d m+n 2
_ _ (log log k)3/2
Rk = ‘/;CE IW =k 1 jE—l ( 'E'——l ﬁl]) + 0 (——]{;1/2— a.8., (224)

where B; = (Bi1,...,8i4), 1 <1 < 00, are i.i.d. random vectors with ES;; =0,
Ef% =1, Ef;;Bu=0(j #1), E|Bi;]*° < 00, § > 0,1 < 4,1 < d. Now, (2.10
follows from Lemma 3.3 of Gombay (1996) using similar steps to those in the

proof of Theorem 1.1 therein.

O

Remark 2.2 From the proof of the Theorem, we can easily see that the al-
location probability, A, can be replaced by m/k since, by LIL, |m/k — \| &

O((loglog k)2 /kY/?), as k — oo.

The following Corollary gives the asymptotic distribution of the maximal

functional of R;, and a weighted version of it.

Corollary 2.1 Under the conditions of Theorem 2.1 and for any integer ng

(truncation point),

(i) limpg—oo P {a(log o) MAX1 <k<ng Rl,lc/2 <t +by(log no)} = exp(—e™), t €
IR where Ry, = Vi(0o,71,) 2 (00, m)VE(@o,71), a(z) and by(z) are defined

in (2.5) and (2.6), respectively.
. 1/2 1/2
(ii) maxi<k<ng (nﬁoRk) 2, SUPg<¢<1 (Z‘;zl BJQ(t)) as mg — 0O.
Proof.

(i) It follows directly from (2.24) and Lemma 2.1.

21
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(ii) From Theorem 2.1, it follows that for a = § — 725,
sup |Ruy — U(kt)| %2 O(k~*(loglog k)*/?).
1<t<00
So, for t = 1, we have,
|R, — U(k)| 2 O (k™*(loglog k) /%) .

Taking max over 1 < k < ng and remembering that almost sure bound-

edness implies boundedness in probability, we get

max (k*(loglogk)™/?) |Ry — U(k)| = Op(1).

1<k<ng
Now,
k k k a _1/2 -1
B R 500)] < e o me (ogtogk ™)
x max (k*(loglogk)™/%)|Ry — U(k)| = 0p(1),

1<k<ng

and so, (ii) follows.

O

In order for this corollary to be useful in testing hypotheses, we need
to replace the covariance matrix, ¥, by an estimated version. The following

Lemma will allow us to do so.

Lemma 2.2 Ifthe conditions of Theorem 2.1 hold, then replacingn in ¥71(8y,7)

by its restricted MLE, ), does not change the limits in Cororllary 2.1(i) and

(ii).

22
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Proof. Let 3 denote the covariance matrix with # replaced by #;. From the
approximation of Vj, by ii.d. terms in the proof of Theorem 2.1 we get that

for any I, max; <x<; ||Vi|| = Op((loglog!)*/2). Hence as ng — oo,

max (I<J/no)1/2R,1€/2 = Op(nglﬂ(log ng)/?(log log log n)*/?).

1<k<logno

By the assumptions, each component of the matrix B = )fJ(OO, k) — L(6o, 1)
is almost surely bounded, and max V}, is taken in the range logng < £ < ny,
where the matrix B is almost surely o(1). From these facts, we obtain the

Lemma.

O

Remark 2.3 In the preceding lemma, 1), need not be the unique solution of
the restricted log-likelihood. All we need is that the estimator converges weakly
to the parameter 1) with a rate of at least 1//logk. This can be attained by,
say, a one-step estimator based on the Newton-Raphson iterative procedure
(see Lehmann 2001, p.475). Therefore, condition C8, requiring ), and ék to

be the unique MLEs can be relazed accordingly.

Remark 2.4 From the theoretical point of view, we could use the unrestricted
MLE, 1, instead of the restricted one, 1),. However, since the use of the
restricted MLE is what gives Rao’s score statistic its attractiveness and since it
is hard to imagine any gain by using a less efficient estimator (the unrestricted
MLE), we will concentrate, in this thesis, on the case where the restricted MLE

15 used.
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2.3 'Wald’s statistic

In a similar manner to that used in Section 2.2, we now consider tests based
on functionals of Wald-type statistic process. All notations and conditions C1
- C8 of Section 2.1, along with the treatment allocation scheme therein, are
still required for the results of this section. Furthermore, we write £, = (6o,7)
and £ k= (ék, 1), where 6 and 1], are the unrestricted MLEs of the parameter
of interest and the nuisance parameter, respectively.

For testing Hy of Section 2.1 in a non-sequential situation where a nui-

sance parameter is present, Wald’s test statistic is given by
W = k(6 — 60)I" (€)1 (6 — 8,)".

In a sequential setup, we will treat the statistic as a processes Wy and ob-
tain its strong approximations by means of Brownian motions, after a proper

normalisation.

Theorem 2.2 Assume that conditions C1 - C8 hold under Hy, then there exist

independent Wiener processes, B;(t), j = 1,2,...,d, such that for o < %—ﬁg,
sup |Wig — U(nt)| = O(n™*(loglogn)'/?)  a.s., (2.25)
1<t<0
where
18
U) = =3 Bia),
7=1
Wiy = [nt](Bng — 00)57"(€o) Bpnsy — 00)*
) = A4+ =NJ]ME) = MU(E), (2.26)
6> 0.

24
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Proof. Using Taylor expansion and error analysis similar to that in the proof

of Theorem 2.1, we have
=Y Velog fiwiibo) — Y Velog f2(usi€o)
i J

= K —60)p [Z_ Vlog fi(wi0) + 3 Vilog fz(yj;fo)]
+ (O((loglogk)?’ﬂk—m)) a.s.
(2.27)

By using C4, C6 and the Law of Iterated Logarithm,

VEE—€) = %[Zvelogﬁ(wi;ﬁo)+ZV510gf2(yj;€o) M+ (=2

+ (O((loglog k)3/2k_1/2)) a.s.

(2.28)

Hence, for 8 we have

11
nglogﬁ(xi;fo) +ZVE logfz(yj;fo)} ( %21 )
: j

+ (O((loglog k)3/2k“1/2)) a.s.

Vi@ —0,) = %

(2.29)

The covariance of the main terms on the right-hand side of the above

equality is found to be

£(,) = [( v ) (o )} €)= M(&,).

Now the rest of the proof proceeds in the same way as that of Theorem

2.1.

25
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a

The following corollary and lemma are similar in spirit and proof to

Corollary 2.1 and Lemma, 2.2, so their proofs will be omitted.

Corollary 2.2 Under the conditions of Theorem 2.2,

(1) limp,—00o P {a(log Ng) MAX1<k<ng W,:/Q <t + by(log no)} =exp(—e7), t€
IR where Wi, = (0, — 00)=72(€,)Br, — 00)", a(x) and by(z) are defined in
(2.5) and (2.6), respectively.

(43) max;<g<n, (n—oWk) — SUPg<t<1 (Ejzl B: (t)) as ng — 00.

Lemma 2.3 Replacing &, in £71(&,) by either &, = (0,7), €on = (00,71)
or restricted MLE, EO,C = (0o,7;) and X\ by m/k do not change the limits in

Corollary 2.2(i) and ().
2.4 Test procedures

Let stat; denote either of

R}, = Vi(80, 1) (M™) (8, 1) Vi (B0, 1), (2.30)
WM = (61, — 80)(M™) ™ (B, 71,) Bx — 65)", (2.31)
W@ = (85, — 60) (M) (8o, 7,) (B: — 8o)" (2.32)
or
W = By, — 80)(M™) ™ (6o, 1) (B — Bo)". (2.33)
26
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As a consequence of the Corollaries 2.1, 2.2 and Lemmas 2.2 and 2.3, we can
identify two, a-level sequential testing procedures, truncated at my observa-

tions.

Test 2.1 (Test 1) Compute +/staty, for k = 1,2, ...,n9 and reject Hy at the

first k when it exceeds

CVi = CVi(a, g, d) = (a(logne)) ™ [ log(—log(1 — @)) + bg(log ne)] .
(2.34)

Fuail to reject Hy if it is not rejected by k = nyg.

The functions a(z) and bg(z) are defined in (2.5) and (2.6), respectively.
A better finite sample approximation to the critical value in Test 2.1 can
be obtained by using a result in Vostrikova (1981). In fact, using methods

similar to those used in proving Corollary 2.1(ii), we can show that

max (staty)? — sup UY2(t)| = 0,(1). (2.35)
1<k<no 1<t<ng
Also, from It6 and McKean (1965),
{UV2(t);1 <t < 0o} 2 {N(logt);1 < t < oo}, (2.36)

where {N(t),0 < t < oo} is a diffusion process with backward equation

6u_102u+1 d—1 du
ot 2022 ' 92 1) oz

and boundary condition

ou
i—19U
lalcﬁ)l T o 0
27
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On the other hand, from Vostrikova (1981), we have for a fixed T' > 0,

P ( s N0 > ) _ _..__md;;gf/(—djz/)” R (i) b an

as £ — 00.
From (2.35), (2.36) and (2.37), we can get a better approximation, CV; =

CV;(a,ng,d), to the critical value of Test 1 by solving

_ (OV])lexp(—(CV1)?/2) d 4 1
TP {1 BT~ GV 1°g""+<0v1'>2+0(<cw>4)}'
(2.38)

Test 2.2 (Test 2) For k = 1,2,...,ng, compute 1/%5tatk and reject Hy the
first time it exceeds CVy = CVa(ar,d). Fail to reject Hy if it is not rejected by
k = ng. The critical value, CVa, is obtained by using part (ii) of Corollaries
2.1, 2.2 and approximations to the crossing probabilities of a Bessel process.

One such approzimation is available from Borodin and Salminen (1996).

For the case of a one-dimensional parameter of interest, CV, can be

obtained from the well known formula (Borodin and Salminen 1996)

(—1)F 72(2k 4 1)2
Z:21<J-+1 ( 8CV?2 ) (2:39)

Using numerical integration, Delong (1980) tabulated the exact values of CV,

for several dimensions and for almost all @ of practical importance. Also,
Betensky (1998) offered a handy, but not very accurate, analytic approxima-
tion to boundary-crossing probabilities of a Bessecl process which can be used
for calculating CV5.

For the sake of completeness, we give in Table 2.1 some values of CV;, CV,

and C'V; for a and ng used in later simulations.
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Remark 2.5 ‘In the important case of the Adaptive Biased Coin sampling
scheme of Wei (1978), the (k + 1)** patient is assigned to one of the two
treatments with probability p = (1 — Dx/k)/2 and to the other with probability
qg = 1 — p, where Dy, = m — n in our notation. In our case, we can write
(Dr/2k) + 1/2 = m/k. Therefore, using Lemma 8 of Wei(1978) in which he
shows Di/k — 0 a.s., as k — 0o, we have m/k — 1/2 = X a.s. as k — oo.

Thus, in connection with Remark 2.2, our results remain valid.

2.5 Applications

Example 2.1 Consider a sequential clinical trial involving the comparison
of two treatments, E and S, (Experimental and a Standard treatment) with
continuous outcomes. We assume that patients are assigned to treatment E
with probability A and to treatment S with probability 1 — A and that the two
streams of observations have normal densities; that is, we have z1,...,Zm, ...
Yi, - +Yn, - - - , assumed to be, respectively, from N(uy,0?) and N(pz,0?). We
are interested in testing Hy : p1 = pg (0 > 0, unknown) vs Hy : p1 # po

(6 > 0, unknown). Under the re-parametrization

g M e Pt e 1
- 0_2 y Th = 20_2 y M2 '0__2)

the hypothesis to be tested is Hy : § = 0 (m € (—00,00),m2 € (0,00)) vs

Hy:0 # 0 (m € (—00,00),m2 € (0,00)), and the log-likelihood of the two
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sequences up to observations n and m are

log f1(0,m,m;x) = 0 [52%] +m [;mz} + 17 [—EZI’]

=1

1 0 T S| m
— — —_—t =] — =1 — — log 2,
m [27]2 (2772 +772> 7 ognz} 5 og 27

r 1 n n 1 n
log fo(6,mi,msy) = 0 "52%‘] +m [Z?JJ} + 72 [—52%2]
i j=1 J=1 Jj=1

n ! —9+n1 2—110 —ogor

Expected information matrices of the two populations under the new param-

eters are
1 1 1 ( b m)
4y 219 2ne \2m2 12
1 1 16 n
I= — — —— =+ :
21, 72 T2 \ 272 Je
1 0 1 7] 1 6 1
SE 2de 3
2 \2m2 M M \2 M) M \2n n 2n5
1 1 1 (—9 n 771)
41 2n9 2 \2n5 M2
1 1 (-6 m
J= —— — —— | —+ =
2n9 72 e \2m2 7o

1 (-6 16 1 (-6 !
LD e 12D
22 \2m M mA\2n2 "/ m\2m 0 2m3
Rao’s efficient score of equation (2.8) can be verified to be
1 [ns; —msy
Vi=—4{| —— 1,
£ vk ( m+n )

where s; = )_ x; and s; = ) y;. Now, using the restricted MLE,

o m+n

52 = 1 _ Zi$?+2jyg2' B (81+32)2

i m+n
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and transforming back to the original parametrization under Hy : g = po = p,

we have
S _1_ 1
YIS
Therefore,
1 /ns; — msy 21 1
R 7/ Sl VA — . 2.40
B = ViV k( m+n ) G211 -\ (240)
For Wald’s statistic we have
z—g)° FEIN1 - A)
w0 - |22 Y T2 , 9.41
k7 < 25N~ ) (241
. EX1 =) (Z —9)?
Wk(Z) _ ( ~)2( y) , (2.42)

if we use the unrestricted MLE 62 = (3_(z; — T)? + Y_(y; — 9)*)/m+n. Using

the restricted MLE, 62, and 6y = 0 we have

2
wr® =k {”’722] x G2A(1 = N). (2.43)

Remark 2.6 In the above example, the unrestricted MLE, 52, can be replaced

by the pooled estimator,

oo 2@ TP+, -9

P m+n—2

This replacement would slightly improve power and does not disturb the asymp-

totic results developed in this chapter.

Example 2.2 Asin Example 2.1, suppose that we have patients enrolling se-

quentially into a clinical trial and being assigned to one of two treatments, E
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or S, with probability A or 1— ), respectively, and binary outcomes being mea-
sured afterwards; that is, we obtain two streams of independent observations:
T1,...,T;,... iid. with density f(z;m) = 7¥(1 — 71)'® and y1,...,Y;,- -
iid. with density f(y;ms) = n5(1 — )Y, and the two Bernoulli populations
are independent of each other.

Let the hypothesis of interest be Hy : my = my vs Hy : m # mo. A nat-
ural re-parametrization is (4,7) = (log(-l—’_r-hli—;'—z),log(l—fza)) (Robbins 1974,
Whitehead 1978). Under this re-parametrization, the two populations will

have densities of different functional forms sharing the same vector of param-

eters. The log-likelihoods of the two sequences are now
log f1(0,m; %) = 0s1 + 151 — mlog(1 + &) (2.44)

log f2(8,m;x) =nsy — nlog(1 +€"), (2.45)

respectively, with s; = Y v, Zi, Sg = Z;’:l y;. It can be verified that the

expected information matrices are

e0+77 60+7]
ro | ez [T+ ety
- 60+n 69+77 3

(L4 ef+m)2 (14 eftn)2
0 0
J = e
(14 em)2

Therefore, in terms of the original parameters and under Hy : 6 = 0, the

estimated version of the covariance matrix in (2.22) becomes

5 = (1 — ) x A1 — A),
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where 7y, = %&% is the MLE of the common Bernoulli parameter under H.

Consequently,
v 1 med+n 1 [ns; —msy
= e———_ 15 — ———— = — —_—_— .
FTVEL T4 b=om=iy VEL m+n
Hence,
1 [ns; —ms,]? 1 1
== X X . 2.46
B k { m+n ] (1 — 7)) AM1—A) (246)

Similarly, for Wald’s statistic we have

. e 1= \1? L Mue(l = Fe) (1 — No(1 — 7ar)
W(1)=k[l (—&—————ﬂ X _ 2 2
k o8 1-— Tk Tok /\7T1k(1 - 7l’1k) + (1 - )\)ﬂ'gk(l - 7T2k)
(2.47)

and

~ ~ 2
W = g [k,g (_Mlﬂ)] X (L = N)ak(1 — Tax) (2.48)

1 -7y ok
if we use the unrestricted MLEs, 715, = s1/m and 7o, = sa/n, for estimating the
covariance matrix. In contrast, using restricted MLE and the null hypothesis

value, 8y = 0, we obtain

~ 1— 7 2
Wi ® =k log | — 2 T2V 5 M1 = Nia(l — f8), (2.49)
1—Tg o

where, i, = 2382,

2.6 Simulation study

We have carried out Monte Carlo experiments using Examples 2.1 and 2.2
to assess the performance of Test 1 and Test 2 in terms of power and average
stopping times. Both normally distributed outcomes and binary outcomes had

the following parameter sets in common:
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1. Allocation probability: A = 0.5
2. Truncation points: ng = 50, 100, 200, 500
3. Nominal significance levels; « = 0.01,0.05,0.1

For the normal case, we kept u; = 0, and pu, was varied over the set
{0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. The common variance of the two
populations was 0% = 1, which allowed assessment of power and average stop-
ping time for Test 1 & Test 2 under standardized treatment differences of
magnitude po.

For the binary outcomes case, m; was kept at 0.5 and 7y varied over
the set {0.1,0.2,0.3,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. These values correspond to
odds ratios that are above as well as below 1.

Each scenario in these Monte Carlo simulations is based on 104 replicates.
Taking values of A other than 0.5 did not change the results of the simulations
and hence, we concentrated only on A = .5. Also, it is worth mentioning that
for the Bernoulli case, values of 7; that are more extreme resulted in lower
power and higher ASN, however, this did not affect the empirical o

Generally, these simulations suggest that the test procedures are consis-
tent against fixed alternatives, a fact justified by Theorems 3.1 & 3.2; that is,
as the truncation point, ng, grows to infinity, the power of the tests goes to
unity for any fixed alternative.

Specific comments about the Monte Carlo results are provided in the

following subsections.

34

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.6.1 Comments on Test 1

1. The results for Test 1 using normally distributed outcomes, Rao’s ef-
ficient score statistic, I;, and Wald’s statistic, W,: @ are reported in
Table 2.2, using the C'V] of (2.38 ), and in Table 2.3, using the CV; of
(2.34). The truncation points are limited to ng = 50,500 to illustrate

the performance at small and large sample. We notice:

a. Test 1 using R} is extremely conservative and has much lower power
than Test 2 (Tables 2.4-2.8) at small treatment differences but stops

much earlier than Test 2 at large truncation points.
b. Test 1 using W, W) is even more conservative than Test 1 using Rj.

c. In some simulations (not reported in this thesis), we observed that
Test 1 using W, @ is very liberal and has, for instance, empirical
o = 0.13 corresponding to a nominal 0.05. This feature makes it
even less attractive than Test 1 with Wy ™. W® shows similar

anti-conservative behaviour.

2. In some other simulations (not reported), less severe but similar patterns

appear for Test 1 when binary outcomes are used.

2.6.2 Comments on Test 2

1. Test 2 using Rao’s efficient score statistic, R, and critical values CV;
from Equation (2.39) performs very well for both normal (Table 2.4 ) and

binary outcomes (Table 2.5). Its empirical Type I error (rows headed by
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p2 = 0.0 or m = 0.5 ) is slightly on the conservative side and gets better

for large truncation points.

2. Test 2 using W, ™ has a much larger average stopping time and a much
more conservative significance level than Test 2 using Rj. This pattern
persists for both the cases of normal outcomes (Tables 2.6) and binary

outcomes (Tables 2.7).

3. Test 2 using W, @ has a liberal empirical significance level at small sam-
ple sizes (truncation points ny = 50,100), a phenomenon which disap-
pears at large truncation points (ny = 200 or larger) for both normally
distributed outcomes (Tables 2.8) and binary outcomes (Tables 2.9). The
average stopping time for this test is much smaller than that of Test 2

using Rj.

4. In other simulations, not reported, Test 2 using either W, @ or Wy ®

resulted very conservative.
2.6.3 Conclusion

From the above comments on the Monte Carlo simulations, we recommend
Test 2 with Rao’s eflicient score for practical use for all truncation points.
However, if early stopping is crucial and the truncation point (i.e., the total
sample size attainable at the end of the trial) is large, it is safe and better to

use Test 2 with Wald’s statistic W} @,
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Table 2.1: Critical values for d = 1 and «, ng of interest in later simulations.

ng a CVi(ng,a,d) CVi(ng,a,d) CVy(a,d)

50 .10 2.76 2.74 1.96
05 3.20 3.02 2.24
.01 4.18 3.56 2.80
100 .10 2.83 2.80 1.96
05 3.24 3.07 2.24
01 4.17 3.60 2.80
200 .10 2.89 2.85 2.80
.05 3.28 3.12 2.24
.01 4.17 3.64 2.80
500 .10 2.95 291 1.96
.05 3.32 3.17 2.24
01 4.18 3.69 2.80
37
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Table 2.2: Simulated power (P), and average stopping time (EN) for Test
1 using normally distributed outcomes (Example 2.2 ) with gy =0, 0 =1
and various pp. Rao’s score statistic Ky and Wald’s W,:(l) were used with
critical value CV; obtained from Vostrikova’s approximation, Equation (2.38).
Treatment allocation probability was A = 0.5.

a=0.01 a = 0.05 a=0.1
ng  fo P EN P EN P EN
0 Rao’s efficient score statistic
0.0 0.000 50.00 0.008 49.82 0.030 49.30
0.1 0001 4999 0.014 49.72 0.033 49.21
0.2 0.002 4997 0.025 49.55 0.057 48.73
0.3 0.008 49.92 0.042 49.28 0.086 48.29
0.4 0014 4986 0.074 4879 0.147 47.13
05 0034 4962 0.133 47.94 0.235 45.66
06 0059 4934 0.208 46.74 0.329 43.78
0.7 0.104 48.84 0.303 45.17 0.442 41.60
0.8 0.174 4802 0.426 43.01 0.569 38.73
€00 0.9 0270 46.96 0.560 40.33 0.690 35.74
0.0 0.004 49892 0.019 493.73 0.045 483.64
0.1 0.016 496.40 0.065 4R83.54 0.117 467.60
0.2 0126 478.23 0.293 436.66 0.399 403.30
0.3 0.469 41250 0.687 339.64 0.783 295.09
04 0.828 312.58 0.939 234.82 0.963 195.04
05 0979 218.80 0.995 159.42 .0.998 131.89
0.6 0.999 15836 1.000 115.27 1.000 96.83
0.7 1.000 120.00 1.000 87.61 1.000 73.45
08 1000 96.00 1.000 69.89 1.000 5850
09 1.000 79.70 1.000 57.22 1.000 48.44
50 Wald’s statistic
0.0 0.000 5000 0002 4998 0.006 4994
0.1 0.000 50.00 0.002 49.99 0.009 49.89
0.2 0.000 5000 0.004 49.96 0.019 49.75
0.3 0.000 5000 0.011 4991 0.039 4955
04 0.001 50.00 0.028 49.74 0.070 49.20
0.5 0.004 4998 0.046 49.60 0.126 48.55
06 0.008 4997 0.092 49.19 0.202 4754
0.7 0.015 4993 0.151 4864 0.304 46.21
0.8 0.034 49.85 0.242 4777 0425 44.56
£00 0.9 0.069 4967 0.355 46.46 0.544 4265
0.0 0.001 499.71 0.010 496.97 0.029 491.12
0.1 0.014 49770 0.051 488.81 0.099 475.78
0.2 0.113 48248 0.269 446.88 0.366 419.46
0.3 0.435 426.67 0.660 355.19 0.766 311.88
0.4 0.821 327.22 0.925 252.06 0.964 213.33
0.5 0.978 237.79 0.996 173.57 0.998 147.28
0.6 0.999 175.68 1.000 129.82 1.000 109.19
0.7 1.000 137.32 1.000 100.82 1.000 85.49
0.8 1.000 112.12 1.000 83.03 1.000 7047
0.9 1.000 95.07 1.000 70.11 1.000 59.21
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Table 2.3: Simulated power (P), and average stopping time (EN) for Test 1
using normally distributed outcomes (Example 2.2 ) with y; =0, 0 = 1 and
various pz. Rao’s score statistic R} and Wald’s W M) were used with critical
value CV} obtained from (2.34) and treatment allocation probability A = 0.5.

a=0.01 a = 0.05 a=0.1
ng  Us P EN P EN P EN
£ Rao’s efficient score statistic
0.0 0000 50.00 0.004 49.92 0.026 49.35
0.1 0.000 50.00 0.005 49.92 0.031 49.27
0.2 0.000 5000 0.012 49.82 0.052 48.92
0.3 0.000 50.00 0.026 49.60 0.083 48.36
04 0.001 5000 0.0b1 4925 0.134 47.45
05 0.002 4998 0.080 48.69 0.221 45.88
0.6 0.006 4995 0.147 4798 0.324 44.05
0.7 0.015 49.89 0.226 46.78 0.436 41.70
0.8 0.033 4977 0.341 45.02 0.560 39.16
500 0.9 0.063 49.55 0.460 43.13 0.676 36.21
0.0 0.000 499.96 0.013 495.43 0.041 485.18
0.1 0.003 499.46 0.044 489.04 0.110 470.68
0.2 0.045 493.12 0.230 452.50 0.378 408.36
0.3 0272 45932 0.616 365.19 0.768 301.94
0.4 0.673 379.44 0.915 257.47 0.962 201.78
0.5 0.937 279.39 0.993 175.57 0.998 136.70
06 0996 204.83 1.000 126.35 1.000 98.44
0.7 1.000 155.15 1.000 97.67 1.000 74.80
0.8 1.000 123.67 1.000 77.08 1.000 60.70
0.9 1.000 10229 1.000 63.67 1.000 49.88
50 Wald’s statistic
0.0 0.000 50.00 0.001 49.99 0.006 49.92
0.1 0.000 50.00 0.001 4999 0.007 49.92
0.2 0.000 50.00 0.002 49.99 0.017 49.80
0.3 0.000 50.00 0.005 49.97 0.035 49.59
04 0.000 50.00 0.012 49.92 0.067 49.27
0.5 0.000 50.00 0.024 49.83 0.118 48.64
0.6 0.000 50.00 0.049 4966 0.195 47.74
0.7 0.000 50.00 0.087 49.38 0.299 46.29
0.8 0000 50.00 0.148 48.88 0.410 44.82
500 0.9 0.000 50.00 0.240 48.01 0.535 42.85
0.0 0.000 499.96 0.008 498.00 0.025 492.52
0.1 0.003 49954 0.036 492.34 0.089 479.67
0.2 0.035 49530 0.218 460.28 0.355 423.59
0.3 0.237 46820 0.600 378.04 0.744 320.37
04 0641 39534 0904 27524 0.959 217.68
0.5 0.928 300.48 0.991 192.30 0.998 150.39
0.6 0.994 226.06 1.000 141.80 1.000 110.88
0.7 1.000 176.18 1.000 111.07 1.000 8&7.17
0.8 1.000 14247 1.000 91.34 1.000 71.93
0.9 1.000 121.49 1.000 77.36 1.000 60.89
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Table 2.4: Simulated power (P), and average stopping time (EN) for Test
2 using Rao’s statistic, (2.40), normally distributed outcomes (Example 2.2 )
with p; = 0, 0 = 1 and various p,. Critical value CV; is obtained from (2.39),
and treatment allocation probability A = 0.5 is used.

a=0.01 a = 0.05 a=0.1
g P EN P EN P EN

50

=
)

0.006 49.96 0.041 49.62 0.086 49.02
0.010 4994 0.051 49.53 0.103 48.83
0.021 49.87 0.087 49.19 0.156 48.20
0.042 49.73 0.148 4856 0.239 47.18
0.081 49.45 0.238 4758 0.347 45.71
0.143 49.00 0.351 46.23 0.476 43.74
0.228 48.30 0.478 44.55 0.608 41.45
0342 47.29 0612 4243 0.729 38.90
0.466 45.98 0.730 40.19 0.828 36.35
0.597 4438 0.828 37.85 0.898 33.90

100
0.008 99.88 0.043 99.13 0.089 97.87
0.016 99.78 0.067 98.62 0.124 97.02
0.044 99.35 0.145 96.91 0.228 94.24
0.110 98.26 0.278 93.69 0394 89.40
0.227 96.14 0.456 88.79 0.581 82.80
0394 9256 0.645 82.25 0.754 75.08
0.585 87.51 0.802 74.92 0.878 67.23
0.757 8143 0.909 67.61 0.951 59.90
0.879 7511 0966 61.14 0.984 53.76
900 0951 69.10 0.990 55.62 0.996 48.87
. 199.75 0.045 198.12 0.092 195.38
0.026 199.19 0.097 195.77 0.165 191.57
0.101 196.61 0.258 187.93 0.370 179.45
0.280 189.49 0.519 17250 0.635 159.75
0.541 175.98 0.763 151.90 0.850 136.45
0.789 157.58 0.922 129.89 0.957 115.01
0.931 13828 0.982 111.63 0.992 97.96
0985 121.54 0.997 9738 0.999 85.41
0.998 108.28 1.000 86.74 1.000 76.01
£00 1.000 9798 1.000 7831 1.000 68.69

0.009 499.27 0.047 49492 0.096 487.87
0.063 494.61 0.182 479.06 0.279 461.92
0.334 466.01 0.570 419.41 0.684 385.91
0.748 399.34 0.897 331.65 0.942 293.69
0.961 320.91 0.991 257.57 0.996 225.75
0.998 260.94 1.000 208.55 1.000 183.07
1.000 220.37 1.000 176.12 1.000 154.52
1.000 191.76 1.000 152.96 1.000 134.25
1.000 170.51 1.000 136.36 1.000 119.31
1.000 154.44 1.000 123.18 1.000 107.95

COOO000OOO OOOOCOOOOS COOOOOOO0O OOCOOOOOOD
QIO UTERWNO COIOOUTTERWNEFD COJOULHRWNHD ©OO~JO R WNHOD
o
o
o
[07]
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Table 2.5: Simulated power (P), and average stopping time (EN) for Test 2
using Rao’s statistic, (2.46), binary outcomes (Example 2.2 ) with m; = 0.5
and various my. Critical value C'V; is obtained from (2.39), and allocation
probability A = 0.5 is used.

a=1{0.01 a=0.05 a=0.1
P EN P EN P EN

3
NS

ng
50

0.673 4267 0871 36.07 0.926 32.23
0.317 4725 0.551 4293 0.682 39.49
0.102 4920 0.274 46.95 0.380 44.81
0.025 49.80 0.098 4899 0.166 47.95
0.009 4994 0.045 49.57 0.098 48.86
0.026 4981 0.098 4897 0.171 47.88
0.105 49.18 0.271 46.92 0.377 44.90
0.314 4726 0.560 42.78 0.684 39.41
0.666 42.88 0.864 36.15 0.926 32.30

100
0971 6524 0.994 52.64 0.998 4592
0686 83.13 0866 69.86 0.921 62.14
0.2568 9529 0494 8714 0.615 80.67
0.055 99.08 0.150 96.65 0.251 93.48
0.009 9987 0.042 99.14 0.088 97.88
0.047 99.23 0.156 96.44 0.240 93.67
0.265 95.03 0.498 86.97 0.608 80.94
0686 8332 0.869 69.64 0929 61.69

500 <0972 65.31 0996 52.33 0.997 46.05
1.000 9215 1.000 73.54 1.000 64.92
0.967 127.39 0993 102.23 0.998 89.58
0.594 171.71 0.802 146.52 0.874 131.80
0.112 19597 0.268 187.07 0.378 178.63
0.009 199.73 0.049 197.87 0.096 195.04
0.106 196.36 0.271 186.81 0.388 178.10
0.588 172.28 0.806 146.31 0.869 132.12
0.967 12737 0.993 101.97 0.997 89.16

500 1.000 92.22 1.000 73.75 1.000 64.51

1.000 144.79 1.000 11597 1.000 101.57
1.000 200.89 1.000 161.05 1.000 140.36
0.972 309.36 0.993 248.51 0.997 216.69
0.353 462.64 0.582 416.32 0.688 384.08
0.011 499.21 0.048 495.19 0.095 487.61
0.352 463.34 0.573 416.89 0.700 381.70
0970 308.43 0.994 24840 0.997 218.28
1.000 201.43 1.000 161.01 1.000 141.07
1.000 144.62 1.000 115.88 1.000 101.36

OOO00000O COOOOOOOO OOOOOOOOO OOOSCOOOOO
OO WM OO~ UTERWN QOO ULERWNI = OO~ UTR QINI =
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Table 2.6: Simulated power (P), and average stopping time (FN) for Test 2
using Wald’s statistic, (2.41), for normally distributed outcomes (Example 2.2
) with g3 = 0, ¢ = 1 and various 9. Critical value CV; is obtained from
(2.39), and allocation probability of A = 0.5 is used.

a=0.01 a = 0.05 a=10.1
g P EN P EN P EN

50

=
5

0.009 499.33 0.043 495.60 0.095 487.77
0.060 49545 0.183 480.22 0.271 463.81
0.329 468.24 0.567 42243 0.684 388.58
0.735 403.41 0.894 337.61 0.940 298.75
0.958 329.59 0.991 262.59 0.996 232.51
0.998 268.98 1.000 216.72 1.000 189.23
1.000 230.31 1.000 184.73 1.000 161.88
1.000 202.57 1.000 162.04 1.000 141.99
1.000 182.54 1.000 145.86 1.000 128.61
1.000 166.87 1.000 134.02 1.000 117.60

0.0 0.002 4999 0.029 49.80 0.064 49.44
0.1 0.004 49.99 0.033 49.77 0.079 49.29
0.2 0.009 4996 0.062 49.56 0.125 4891
0.3 0.020 4993 0.110 49.22 0.201 48.11
04 0.042 49.84 0.187 48,56 0.308 46.97
0.5 0080 49.64 0.297 4761 0427 4546
0.6 0.144 49.33 0.412 46.35 0.565 43.50
0.7 0.226 48.88 0542 44.78 0.688 41.49
08 0335 48.18 0.668 43.10 0.796 39.16
100 09 0457 4726 0.779 41.04 0.880 36.96
0.0 0.006 9994 0.036 99.39 0.079 98.33
0.1 0013 99.84 0.059 9895 0.108 97.67
0.2 0032 9959 0.126 97.71 0.209 95.27
0.3 0.083 9890 0.256 94.95 0.374 90.92
04 0179 9756 0.431 90.61 0.563 84.85
0.5 0336 94.88 0.620 85.13 0.735 77.74
0.6 0527 9092 0.781 7838 0.870 70.74
0.7 0.712 8571 0.896 7199 0.947 63.76
0.8 0.844 80.48 0.960 65.55 0981 57.67
900 09 0934 7494 0987 60.75 0.994 53.37
0.0 0.006 199.85 0.043 198.36 0.083 196.26
0.1 0019 19946 0.089 196.50 0.156 192.43
0.2 0.093 197.11 0.246 189.63 0.354 181.84
03 0256 191.32 0.503 175.28 0.622 162.66
0.4 0513 17926 0.753 155.24 0.837 140.21
0.5 0.763 16245 0.913 13492 0.957 119.62
06 0921 143.77 0980 117.15 0.991 10291
0.7 0981 129.21 0.997 103.44 0.999 90.78
0.8 0998 116.11 1.000 92.86 1.000 81.51
£00 09 1000 106.53 1.000 84.95 1.000 74.61
0.0
0.1
0.2
0.3
04
0.5
0.6
0.7
0.8
0.9
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Table 2.7: Simulated power (P), and average stopping time (EN) for Test 2
using Wald’s statistic, (2.47), for binary outcomes (Example 2.2 ) with m; = 0.5
and various 7o. Critical value CV, is obtained from (2.39), and allocation
probability A = 0.5 is used.

a =001 o = 0.05 a=0.1
Ng o P EN P EN P EN
50

0.1 0421 4770 0.744 4231 0.829 38.86

0.2 0.223 4876 0.508 45.19 0.649 42.13

0.3 0.072 49.63 0233 4795 0.349 46.18

04 0.015 4992 0.082 49.34 0.143 48.56

0.5 0.006 49.97 0.034 49.70 0.076 49.25

0.6 0016 49.92 0.079 49.34 0.147 4849

0.7 0071 49.62 0.235 4793 0.351 46.02

0.8 0.211 48.84 0.507 45.18 0.655 42.10

100 09 0421 4764 0.739 4242 0.831 38.94
0.1 095 74.19 0988 60.47 0.992 54.12

0.2 0.659 86.25 0.857 73.28 0.921 65.37

03 0243 9593 0479 8830 0.605 82.30

04 0.041 9942 0.145 97.03 0.230 94.34

0.5 0.007 9991 0.041 99.17 0.088 97.98

0.6 0.043 9941 0.152 96.81 0.229 94.28

0.7 0.251 9597 0476 88.37 0.606 82.53

0.8 0650 86.63 0.851 73.49 0.918 65.56

900 09 0954 7424 0988 60.77 0992 53.86
0.1 1.000 103.75 1.000 83.66 1.000 74.00

02 0964 132.19 0992 106.49 0.997 93.67

0.3 0576 173.96 0.791 149.31 0.863 134.85

04 0113 196.16 0.259 187.83 0.378 179.01

0.5 0.009 199.76 0.045 198.14 0.095 195.40

06 0.103 196.53 0.268 187.35 0.369 179.26

0.7 0.570 174.19 0.792 148.86 0.868 133.74

0.8 0966 131.51 0.992 106.26 0.997 93.83

500 0.9 1.000 103.53 1.000 8341 1.000 74.04
0.1 1.000 161.14 1.000 129.21 1.000 113.97

0.2 1.000 20814 1.000 167.07 1.000 146.12

03 0974 311.54 0994 250.34 0.998 219.07

04 0336 465.29 0.573 419.06 0.687 385.48

0.5 0.009 499.29 0.049 494.74 0.098 487.23

06 0333 465.72 0.584 417.27 0.688 385.27

0.7 0972 312.15 0.995 249.04 0.997 219.49

0.8 1.000 208.15 1.000 166.44 1.000 145.70

0.9 1.000 161.17 1.000 129.46 1.000 113.64
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Table 2.8: Simulated power (P), and average stopping time (EN) for Test 2
using Wald’s statistic, (2.42), for normally distributed outcomes (Example 2.2
} with 3 = 0, 0 = 1 and various py. Critical value CV; is obtained from
(2.39), and allocation probability A = 0.5 is used.

a=0.01 a =0.05 a=0.1
EN P EN P EN

=
3
d

()

50

0.008 499.28 0.049 494.83 0.098 487.00
0.067 494.12 0.189 476.99 0.287 460.10
0.342 463.31 0.575 417.27 0.678 383.31
0.750 394.03 0.903 326.53 0.944 288.31
0.962 313.62 0.993 251.91 0.997 218.50
0.998 251.83 1.000 200.78 1.000 175.40
1.000 209.07 1.000 167.52 1.000 146.98
1.000 179.22 1.000 143.38 1.000 125.56
1.000 157.21 1.000 125.16 1.000 109.54
1.000 140.10 1.000 111.00 1.000 97.54

0.0 0.022 4962 0.072 48.63 0.134 47.46
0.1 0.030 49.53 0.092 4841 0.153 47.17
0.2 0.048 4931 0.131 47.83 0.206 46.24
0.3 0.086 48.84 0.206 46.77 0.296 44.88
04 0.140 48.18 0.297 45.53 0.405 42.97
0.5 0.226 47.20 0.420 43.44 0.542 40.42
0.6 0332 4577 0.538 41.25 0.660 37.72
0.7 0457 43.89 0.671 38.33 0.762 34.72
0.8 0.576 41.83 0.783 35.41 0.863 31.59
100 09 0.700 39.23 0.867 32.46 0917 28.96
0.0 0.012 99.71 0.055 9838 0.112 96.37
0.1 0.023 99.50 0.088 97.556 0.149 95.44
0.2 0.067 98.61 0.163 95.46 0.255 92.11
03 0.141 9708 0.308 91.67 0.427 86.72
04 0.267 94.04 0490 85.59 0.610 79.03
0.5 0441 8944 0.678 78.01 0.772 70.91
06 0631 8293 0.821 70.15 0.891 61.79
0.7 0798 7581 0920 6230 0.955 54.49
0.8 0.901 6867 0971 55.00 0.985 4827
900 09 0962 61.72 0991 48.70 0.996 4241
0.0 0.012 199.54 0.051 19748 0.101 194.30
0.1 0.033 19873 0.107 194.92 0.174 190.33
0.2 0.119 19543 0.278 185.79 0.383 176.94
0.3 0.305 187.32 0.527 169.57 0.651 156.70
04 0581 17135 0.774 147.69 0.852 132.02
0.5 0.801 152.18 0.926 124.77 0.960 109.57
0.6 0.939 131.08 0986 105.53 0.993 92.23
0.7 0988 112.85 0.998 89.93 0999 78.99
0.8 0.998 99.13 1000 78.64 1.000 68.97
500 09 1000 8796 1000 70.09 1.000 61.21
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
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Table 2.9: Simulated power (P), and average stopping time (EN) for Test 2
using Wald’s statistic, (2.48), for binary outcomes (Example 2.2 ) with m; = 0.5
and various 7. Critical value C'V4 is obtained from (2.39), and allocation
probability A = 0.5 is used.

a = 0.01 a = 0.05 a=0.1
g P EN P EN P EN

50

3
(]

1.000 123.02 1.000 9861 1.000 87.00
1.000 189.39 1.000 150.97 1.000 131.67
0.976 302.35 0.993 241.70 0.998 211.71
0.335 464.20 0.580 413.11 0.700 379.31
0.010 499.14 0.050 494.54 0.099 487.12
0.346 463.24 0.592 412.83 0.695 379.62
0.971 302.65 0.995 241.51 0.998 211.85
1.000 19035 1.000 151.14 1.000 132.37
1.000 123.04 1.000 98.51 1.000 86.45

0.1 0.718 4093 0.830 36.55 0.866 33.89
02 0414 4515 0.620 40.76 0.717 37.81
0.3 0.158 48.36 0.320 45.63 0.416 43.60
04 0044 4952 0.125 4835 0.197 47.07
0.5 0.020 49.78 0.067 49.08 0.117 48.28
0.6 0.045 4950 0.125 4835 0.197 47.07
0.7 0.160 4825 0.322 45.57 0.429 43.35
0.8 0412 4521 0.620 40.88 0.714 37.82
100 09 0713 4099 0.831 36.45 0.868 34.09
0.1 0975 58.19 0990 48.80 0.994 44.46
02 0731 7789 0883 6536 0.930 58.32
0.3 0305 93.18 0.523 84.24 0.633 78.12
04 0064 9866 0.165 95.69 0.262 92.07
0.5 0.012 99.75 0.057 98.61 0.106 96.90
06 0.062 9870 0.169 95.69 0.256 92.28
0.7 0305 92.84 0521 8443 0.628 78.25
08 0.736 7784 0.882 6501 0.932 5795
500 09 0973 5849 0991 49.00 0.993 44.46
0.1 1.000 79.15 1.000 64.86 1.000 57.71
0.2 0972 11881 0.995 9492 0.997 83.29
0.3 0.602 168.90 0.805 143.66 0.882 127.45
04 0122 19546 0.278 186.16 0.391 176.15
0.5 0.011 199.57 0.050 197.65 0.100 194.46
0.6 0.117 19542 0.278 185.55 0.378 177.37
0.7 0.614 168.30 0.814 142,51 0.874 12797
0.8 0973 11855 0.994 9493 0.998 82.99
£00 09 1000 79.60 1.000 64.82 1.000 58.15
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
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Chapter 3

Asymptotic results under H 4

3.1 Preliminaries

In this chapter, we will derive asymptotics of the test statistics in Chapter
2 under the alternative hypothesis, H4. In Section 3.2, we will discuss the
distribution of Rj under H 4, whereas Sections 3.3 deals with W} under Hy4. In
Section 3.4, we highlight some approximate methods for obtaining power and
moments of the stopping time when the parameter of interest has dimension
one.
To render the discussion and conditions more tractable, we assume through-

out this chapter that the observations come from the exponential family of
distributions (Serfling 1980). To this end, let the canonical form of the log-

likelihood be
log fi(z;0,1) = T(@)0' + T{On' + SO(z) — AD@,n), i=12 (31

where i indicates population, f; is the density function of the i* population
after eventual parameter transformation, Tj(i) are vector valued functions of

the data and A®(@,n) are functions of the parameters only. Under Hy, i.e.,
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when f; = fo = f, we may drop the superscript denoting the population so

that Ty = T3V = T? | and AW (g, n) = A (69,1) = A(By,n); hence,
VAN (66,m) = VAP (85,1) = VyA(80,7).

Under H,4, we assume that there exists A*, 0 < A\* < 1, such that m/k —
A*  a.s. We let n* denote the true value of parameter n and I'* an open
neighborhood of the line A*(6g,1*) + (1 — A*)(@,7*). The following regularity

conditions will be needed for the results of the coming sections.

C9. All first- and second-order partial derivatives of A®, i = 1,2, exist; the
functions V,,A(i)(ﬂ,ﬂ), i = 1,2, are continuous, and V,A(f,n) has a
unique inverse in I'* that is Lipschitz continuous of order one in each

component of 7.

C10. Matrices Vf)QA(i) 6,mn), VgQA(i) (8,7m), i = 1,2, are positive definite, Lips-
chitz continuous of order one in each variable in I'*. Furthermore, their
inverses and the inverse of matrix A*V% AN 4+ (1 — A*)VZ, A® exist in

™.
C11. The third derivatives of A(@,7) are bounded.
Ci12. E'g]ﬂ’j(i)H”‘S < 00, 1,7 = 1,2, for some § > 0.
3.2 Consistency for R}

As a consequence of the following theorem, we will see that Test 1 and Test 2

are consistent for Rao’s score statistic process.
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Theorem 3.1 Under Hy, if C9 - C11 hold, then
limsup |Rg(00,7)/k — [Mey + (1~ Mea)
k—o0
X (X180, nd) + (1= X)T (@0, m)) " Nrex + (1 = M)ealf|
= O(k"%(loglog k)'/?) a.s.,

where

1 = veA(l) (0) 77*) - VOA(l) (00,’]61)7 (32)
e = VoAD(0,9°) — Vo A® (85,03, (3.3)

and 0§ is the solution of the equation

NV, AD(0,7%) + (1 — \)V,AD(0,7*) = V,A(60,1)- (3.4)

Before proving the theorem, we need a technical Lemma showing that

under Hy, the restricted MLE, 1), almost surely converges to the point 54

Lemma 3.1 Under the conditions of Theorem 3.1, we have

limsup |7, —n3] %= O(k™"*(loglog k)'?). (3.5)
-0

Proof Lemma 3.1. Since 7, is the MLE of 5 under Hy,

Z Ty(xs) + Z Ta(y;) = mVp AW (80,7),) + nV, AP (60,7,),
i=1 j=1

or equivalently,
m 1 — ~
Tm L@ ZTQ(yJ = Vo A(Bo, ). (3.6)

48

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Subtracting \*V, A (8,9*) + (1 — X\*)V,AP(8,7*) from both sides of (3.6)

and taking into account (3.4), we have

m 1 — nly
L S Ty - A ,a00, ) + 22 ) — (1= XV, AP0,
M ileQ(mz) XV,AN0,9%) + kn;TZ(%) (1-XA)V,y,A¥(6,1n")
= VpA(bo,n;) — V,,A(ﬂo,ﬂf)

(3.7)

Noticing that by the law of iterated logarithm,

= O(m *(loglogm)*’?) a.s.,

m-—00

lim sup “% iTZ(xi) - V,,A(l)(O, 7%)
i=1

1 n
lim sup “E ZTg(yj) — VnA(Z)(G,n*) = O(n_1/2(loglog n)1/2) a.s.,
j=1

n—o0

m
limsup |— — \*

= O(k‘l/z(log log k)1/2) a.s.,

k—o0 k
and
lim sup % — (1= X)*| = O(k™(loglog k)/?) a.s.,
k—o0
we obtain

lim sup NV,,A(OO,ﬁk) - V,,A(Oo,n{;l)”: O(k™2(loglog k)*/?) a.s.
k—o0

This result combined with the fact that, by C9, V,A has a unique inverse

which is Lipschitz continuous of order one, will complete the proof of the

lemma.
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Proof of Theorem 3.1. Re-write the score vector, Vi, as
Vi = k2)0 (T0() ~ VoAV 00, 7)) + 52 (T () - Vod® (0,01
i=1 Jj=1

Y i (Tfl)(mi) - V(,A(l)((),n*)) + k72 zn: (T 2 (y;) — VoA® (0,77*))

i=1 7=1
+ KV mey + k™ YVnc, 4+ k2m (Ve AW 8, 18) — VoA (80,7,))

+ kY2 (Ve AD(60,08) — VoA (6o,7)).- (3.8)
By C10, C11 and (3.5),
Vo ABo, )~V Allo,13) = @1 V2 A0, 1)+ (0 (k72 (loglog k)'?) ) s,

and hence, by C11, the relation (3.4), and (3.6),

Mg = (VA0 7) — VaABo, 1)) I (B0, 1) + (O (k~2(10g log k)'") )

n

> (Balw) = VaADO,0)) 157 (00,03)

=1

(TZ(yj) — Vo AP (0,7")) J35" Bonp)

1

s =3
SIH

|3

Il

J

+ O(k—1/2(log log lc)l/z)) a.s. (3.9

N

Similarly, by using C10 and (3.5),

VgA(i)(eo,ﬁk)—V(}A(i)(oO:n(/){) _ (ﬁk_na‘l)vgn2A(i)(0O,1’64)+(0(k"1/2(10g log k)l/Z)) a.s.

(3.10)
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Now, by inserting (3.9) and (3.10) in (3.8), the efficient score vector Vj

can be written as

Ve = EY2Nci+ K21 - X)ep + B2 (TP () — VoAV (0,7%))

i=1

+ KN (TP - VeAPO,0) + k7 mi@, — 1) s (Bo,5)
j=1

+ kY20, — 08)Ja(80,m5) + (O™ (log log k)'/%))

= KVNc + K2 (1= Mep + k72 (T (i) — VeAD (0,1%))

i=1
+ kU2 Z (T1(2)(’yj) — VaA(Q)(O,n*))
j=1
RIS (1) - VA0, O )
i=1

n

+ Y (By) - Vo AP0, 0°)) I3 60, 1) | 1 00,08

J=1

— k~1/2% [Z (To(z:) — vnA(l)(avn*))Iﬁl(oo’ng)
i=1

+ 2 (Tay) — VaA®0, 1)) 35 (60, n)] x Jar (B0, mE)
7j=1
+ (O(k_l/Z(loglogk)l/Q))
= kY2 X*c1 + KY*(1 — X)ea + Cr + Dy + (O(k7?loglog k)) a.s.

(3.11)
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where, after re-arranging terms,

G =k 3 (T @) - VodD@,n))

=1
— (To(z) — Vo A, 1)) Iz (B0, 1) (V Fr (B0,m) + (1 = X} 60, 1))
Dy, =Ky [(Tl(g)(yj) — VAP (6,1%))
—(Ta(y;) — VaAD0,1%)) 55 B0, m5) (A Iz (B0, 1) + (1 — /\*)J21(0o,176‘))]-
The independent terms in Cy and Dy, have mean zero. Their covariance struc-

ture can be calculated, but it gives a lengthy formula not needed for the proof

of this theorem. Instead, by the law of iterated logarithm,

liinsup [|k~Y2C|| = O(k™*(loglog k)*?) a.s.,
liinsup |E7Y2Dy| = O(k_l/z(log log k)1/2) a.s.,
—00
and since , — 7¢ a.s. implies that we can replace ©7*(8o,4;,) by Z~*(8o,1%)
without disturbing the error magnitude, the theorem follows.

a

Remark 3.1 From the proof of Theorem 8.1, one can see that the efficient
score process {Vi} behaves, in the limit, as a zero-mean Gaussian process with
finite covariance structure and a drift of order kY. As Ri/k <> constant

> 0, by Theorem 3.1, the consistency of Tests 1 and 2, based on Ry, follows.
3.3 Consistency for W}

Using arguments similar to those in Remark 3.1, and the following theorem,

one can conclude consistency for the procedures based on the test statistics
W;.
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Theorem 3.2 Under Hy, if C9-C10 hold, then

lim sup IWZ(I)//ﬂ — (9 - 00)[M11(97’7*)]—1(9 - OO)t

k—00

=3 (O((loglog k)l/zk—l/z)) ,
(3.12)

timsuup [ /k = (6.~ 00)[M" (Bo,1°)](6 — 80| % (O((loglog k)"2K1)

(3.13)

and

limsup |W;® /k — (8 — 80)[M*(0,n8)] (8 — 8,)"

k—00

= (O((log log k)l/zk“l/z)) ,

(3.14)

where g is the solution of

1 m N *
VaA(Bo,n) = L mE(T @) +nE(T3 (1) = 7 VaAV 0,07+ Vo AP 0,77).

(3.15)

Proof. Using arguments similar to those leading to (2.29), we can write
VE@, —00) = VE(O-8;)+ VE@:—0)
2 V(0 - 8o) + C + Dy + (O((log log k)*/?k /%)) ,

(3.16)

where

1 1

Ce=— [Xi:Tf”(wiHTé“(xi) ~V£A(1)(0,n*):] (%2, )(ao,n*) (3.17)

and

J

Dy = {Z TP () + T3 () — ng@)(a,n*)} ( %; ) @0, 7). (3.18)
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Since the independent terms in Cy and Dy have mean zero, by the law

of iterated logarithm it can be shown that

limsup ||k~/2C|| = O(k™Y*(loglog k)'/?) a.s.

k—o0

and

limsup [|k7/2D|| = O(k™*(loglog k)*/?) a.s.
k—00

Hence, almost surely, (6 — 8o) = (8 — 85) + (O((loglog k)V/2k~1/2)). Now,
it W, @) g used, since Lemma, 2.1 of Gombay and Horvath (1994) guarantees

enough closeness of the MLE E to &, by C10 we have
Wy® k= (6 — 60)[M* (8,9)] (8 — 60)" + (O((loglog k)'/*k /%))
and
Wy [k = (6~ 06)[M™ (60, 7°)] (6 — )" + (O((loglog k)!/*k~7%))

so that (3.12) and (3.13) follow. Analogous arguments would lead to (3.14) for
W;® if we realize that, almost surely, ||n& — ]| = (O((loglog k)/2k~1/2)).
This result is a consequence of C9, Law of Iterated Logarithm and the fact

that, under Hy, 9, is the solution of

kVoABo,m) =Y TV () + > T (yy),
i J

thus completing the proof.

54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.4 Examples

Example 3.1 (Example 2.1 continued): For Example 2.1, it can be easily

seen that under the alternative hypothesis, Hy,

o = () = 0 (LX)~ )

and
Rifk =% (p1 — pa)? [{o® + X (1 = M) (i — p2)?},
where pi, ttg, 02 denote the values of the parameters under H,. Similarly, for

the Wald statistics we have

A= M) (1 — pa)?
02 + A1 — A*) (1 — p2)?

wy® /K &2

and

W;@)/k ke )\*(1 — A"y — H2)2((024+ (1~ )‘*)(Nl - N2)2)_

Example 3.2 (Example 2.2 continued): For the problem of Example 2.2,

by solving
NVgADO,7%) + (1 — AV, APV 6,9%) = V,4(80,m)
for 1, we can see that, under the alternative hypothesis,
(ma)g = Ny + (1 — Ao,

where 7y, m denote the true values of the parameters. Notice that if \* = 1/2,
then (7p)§ = T3, that is, the point to which the restricted MLE converges

is actually the midpoint between Hy and Hy,.
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Calculating the drift for R, we see that

R . (1 = X)3(my + my)?
k ()\*7r1 +(1— )\*)7r2) (1 — X7 — (1 — /\*)772)

a.s.

For Wald statistics we have

T 1-m\1? Xl —m)(1— A)me(l — m)
1‘71'1 ok A*’Tl’l(l—7T1)+(1-—)\*)772(].-—7T2)7

Wk — [1og (2 ﬂ)] X N1 = A ()L — (ma)f).

1—m 7o

3.5 Approximations for Power and sample size
distribution

In order to design a sequential trial, having a method for at least approximat-
ing the power, the expected sample size, and the probability that sample size
exceeds a specified threshold, is quite important. For example, the probabil-
ity that the sample size for the sequential procedure exceeds that of a fixed
sample procedure with the same power and significance level as the sequential
procedure is often needed.

In this section, we shall discuss these issues with particular emphasis on
the case of a one-dimensional parameter of interest.

The following two Lemmas give the covariance structure of V; and \/E(ék—
0y), respectively, under H,. For ease of notation, we adopt the convention that
superscript * for a matrix means evaluation at (@,%*), the superscript 0 means
evaluation at (p,n*), and no superscript means evaluation at (6,7%). In

particular, this convention means that for the matrix M,

M = XI(80,78) + (1 — X*)J (60,72 (3.19)

96

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



M*=XI10,7")+(1—-X)J@,7n"), (3.20)

M® = X1(60,1%) + (1 — X*)J(00,0%). (3.21)

Lemma 3.2 Under Hy and C9-C12, Virg — +/[kt]d is approzimately a mean-

zero Gaussian process with the covariance structure

Ta=M + Mp{NIGLIs + (11— X)J5 J5Jn ) Ma
— NG 4 (1= M) 5 My

— Mp{XNIHh+(1-X)Jg' 05}, (3.22)
where d = A*e; + (1 — A*)ca, and ¢y, ¢y are defined in equations (3.2), (3.8).

Proof. From (3.11), it is clear that Vi is approximately a d-dimensional

Gaussian processes with covariance
Ya=Cov(Ci+ D) = XS8 + (1 — 224,

where =4, 34 are, respectively, covariances of terms in Cj, and Dy. It can be

easily seen that
Y8 = I+ Mol I I Moy — I 10t Moy — My IGH,,

YA = Ji 4 Mg Ty It Moy — Jiy it Moy — Mg Jot 3,

Hence, the desired result follows by simple algebraic manipulations.
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Lemma 3.3 Under Hy C9-C12, \/E(ék —8,) —Vkd is approzimately a mean-

zero Gaussian process with the covariance structure

ma= () @ WO +a =100 () €. 623)
where d = (6 — ).

Proof. The proof uses equations (3.16)-(3.18) and is similar to that of the

previous Lemma. Hence, the proof is omitted.

O

Example 3.3 For Example 2.1 of the two normally distributed treatment
outcomes, the X4 for Rao’s efficient score depends on p; and py only through
@, which measures the standardized minimum clinically significant betterment

achieved by the experimental treatment. The formula for ¥4 is given by

zAz{%x&Hﬂm%%%4m%W—xﬁ+@Wx—M%M%m&mv
+ 6% —2)*0 — 8X*0360% 4 120°0* X2 4 20°6* — 80°0*\* + 40°6?
—  16X*20%0* + 28X*3050* — 24052*460* + 65°0° A" — 1803052 + 20050521+
— 10080502 4 20808\ + 805 N°0* — 6X*3550 + 20°1*%6?) }
+ {o® (=X0*0” + X76%° — 1))}

For Wald’s statistic, however, the covariance under H 4 is free of the parameter

of interest # and is actually the same as the covariance under H,

1

) —
AT a1 = M)
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Suppose that for the one-dimensional 8, by using the above lemmas and
results of Theorem 3.1, one has been able to calculate the variances of Vi,
under both Hy and Hy, and denoted them by o3 and 0%, respectively.

Let

T o= inf{l <k<mng: (R,";)l/2 > CVl}
. -1 Jo
= 1nf{1§k§n0: ‘O'A Vk] z—CVI}.
JA
Since by Lemma 3.1, 0;'Vxg — 05" 1/[kt]d is approximately a Wiener process,

one can approximate 71 by
inf {t < g |W(t) + \/Zagldl > go—cvl} . (3.24)
A
Hence, the stopping time for Test 1 using Rao’s efficient score statistics can

be approximated by min {ng,71}. Similarly, the stopping time for Test 2 can
be approximated by min{ng, 72} with

VIW () + | 2otd| > /2201, (3.25)
('} (o}

Therefore, the problem is reduced to computing the moments of the first pas-

Tzzinf{tgnoz

sage time of a Wiener process through a non-linear barrier. In such cases, no
closed form exists for the moments or for the density of the first passage time;
however, much literature has provided approximate methods requiring numer-

ical integration. We believe that the most tractable one is that of Potzelberger
and Wang (2001). Other related references include Scheike (1992), Novikov et

al. (1999), Daniels (1996) and Ragimov (1993).

Remark 3.2 In Tests 2.1 and 2.2, when the process crosses the boundaries,
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we have stat,, > OV and Tstat,,/ng > CVZ. On the other hand, since The-
orems 8.1 and 8.2, imply staty/k 2% d (positive drift), we can, heuristically,

approzimate stat.,/T; by the drift. Therefore, we can conclude that

ng > Ery > CV/d

2
no > Bry > \/———""ZV? .

Using numerical values from Tables 2.2-2.9, we have seen that this lower bound

and

is a good approximation of the average stopping time for tests based on Wald

statistics.

60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4

Generalization to g treatment
groups

4.1 Preliminaries

Large multi-armed clinical trials in which several treatments have to be com-
pared with each other or against a standard one are becoming quite frequent.
However, until now, few studies have been published on this issue. For in-
stance, by using a two-stage hypothesis-testing procedure, Siegmund (1993)
and Betensky (1996) considered the comparison of three treatments with out-
comes that are normally distributed with known common variance and obser-
vations coming in triplets. This procedure starts with a sequential test of the
null hypothesis of no difference among the three treatments (henceforth, the
“global null hypothesis”) and once this hypothesis is rejected, the apparently
inferior treatment will be removed and another sequential testing starts to
compare the remaining two treatments. Both authors based their procedure
on RST methods, and their strategy is similar to the Fisher’s protected LSD

in the fixed sample literature (Kuehl 2000). Gombay (2002a) gives an example
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of a sequential procedure comparing g normally distributed populations with
known, common, variance by using generalized likelihood ratio and assum-
ing that observations arrive in g-tuples. Also, Examples 6 and 7 in Gombay
(2002¢) provide sequential change-point procedures for testing the ANOVA
global hypotheses.

In the group sequential literature, Jennison & Turnbull (1999, [16.1])
addressed the problem of testing a global hypothesis of no difference among g
treatment groups with outcomes that are normally distributed. The authors
provided O’Brien-Fleming & Pocock-type critical values for use in the case of
balanced designs (i.e., designs in which groups of equal sizes are recruited in
each treatment arm at each interim analysis) with known common standard
deviation across treatments. In the case of unbalanced designs with unknown
variances, Jennison and Turnbull (1999) suggested the use of the critical values
for the balanced case with known variances as good approximations, whereas
Follmann et al. (1994) suggested obtaining critical values by simulations.

In this chapter, we shall give some straightforward extensions of the
results of Chapter 2 to the case of global hypotheses for g treatment groups.
This extension will be discussed in Section 4.2. Application to the case of
the one-way ANOVA for g treatment groups along with a small Monte Carlo

simulation assessing power and ASN for g = 3 will be given in Section 4.3.
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4.2 Extension to g treatment groups

As in Chapter 2, we assume that patients arriving sequentially are assigned
to one of i = 1,2, ..., g treatments with probabilities ); such that >7_ A, = 1.
At each stage of the trial, {z;;;i =1,...,9, j=1,...,n;} independent observa-
tions are available, with the total number of observations being k = }_7_, n,.
Let fi(z;0,m), i =1, ..., g denote the population densities with different func-
tional forms sharing the same d-dimensional parameter of interest, 8, and the
same p-dimensional nuisance parameter, 1. These densities are obtained by
appropriately transforming the parameters of the original problem so that the
hypotheses of interest become Hy : 8 =64 vs Hy : 6 # 8, and 5 unknown.
Conditions similar to C1-C8 of Chapter 2 are still required in order to
extend Theorems 2.1, 2.2 and their corollaries to the case of g groups. The
extension of the conditions to the general case is quite simple. For example,

C3 requires that, for each £ € )y and n, = 1,2, 3, ..., the score equations

g m
Z Z Vylog fi(xij;00,m) =0
i=1 j=1
and
g m
Z ZVg log fi(zi;;€) =0,
=1 j=1

have unique solutions denoted by %, and é & where k£ = Y7  n;. However, for
the error terms to be bounded, the number of treatment groups must be small
compared to the total sample size at any given stage of the trial.

For the i** treatment group, let I; be the population Fisher information

matrix. Partitioned matrices will follow the notation of equations (2.3) and
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(2.4).

Under the above setup, Theorems 2.1, 2.2, Corollaries 2.1, 2.2, Lemmas
2.2, 2.3 and their proofs will, apart from notational complications, extend to
the general case of g treatments in a straightforward manner. The resulting

Rao’s test statistic process is
R]’.:; = ‘/;c(o(h f’k)Mll (00) ﬁk)‘/kt(a) ﬁk)a

with
9 m
Vi(0,%:) = Z Z Vo log fi(z5;00,1k),

=1 j=1

11
Mll — ( - &IIL> .
=1

Similarly, for Wald test statistics,
Wi ® = Bk — 80)[M™ (B, 715)] Bk — B0)",

Wi ® = (B — 60)[M" (00,711 Bi — 60)",
and
We® = (B — 0)[M™ B0, 7)) (B — 60)',

where ék, 1), are unrestricted MLEs, and %, is a restricted MLE. Furthermore,

Tests 2.1 and 2.2 will straightforwardly apply in the general case.

Remark 4.1 By using the above global hypotheses testing procedures, one can
adopt a strategy similar to that of Siegmund (1993) and Betensky (1996). In
that case, one would start with all the g treatments and use the tests of this

chapter to eventually reject the null hypothesis and then discard the, apparently,
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most inferior treatment and continue with the remaining ones until only one
best treatment is left or the terminal planned sample size is reached. The

overall o can be controlled by using a methods such as Bonferroni.
4.3 Application and simulations

As an extension of Example 2.1, suppose the measured outcomes, z;; ~
N(p;,0?), are coming from treatment 7 = 1, ..., g with probability X;. Consider
the global hypotheses of interest Hy: 1 = po = ... = pg=p vs Hy : pi #
for at least one ¢ and that the variance, 02, is an unknown nuisance parameter.

Without loss of generality, let y; = p. A transformation such as

+'u9

i1 = 1=2,...,0; Og=m = ooz 3 e =m=—

leads to the equivalent null hypotheses Hy : 8; = 0, = ... = 0,_; = 0 with

nuisance parameters 7, 72, and the log-likelihood of the data is given by

1 Y
O.mz) = Zlog(\/—) +log: - 2’72% + 1y (2gn21 * %)

1 9 T 1
— — E E log(—=—) + logmy — =3
277 ( + 2> + { Og( \/ﬂ) + 08 7]z 2772371,]

2?72 i=2 j=1
—0;1 99—1 m ) 1 ( —0;_1 eg-l i ) 2
+ Tl —+——+— | — = +—— + — .
s ( M2 2ne Mo 2" M2 2ny M

Example 4.1 By using the above described ANOVA setup, it can be shown

that for g = 3,

(202. —Ngx ,T(3). — n3$..)t,

, 1 da(1—As)  Agd
M"(0,,8,) = —— ( 3 3) A2A3 >,
(B0 FEA A2 A3 21— A9)

Vi =

=l
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and

Y A\ (1- )\ ) Aods
11 T2 B0 A
(M (80, 7;)] Tk ( Ao A2l —)Ay) > ’

n; _\Y n P
where z; = Zj;1 Tijy T = Doy D imy Tijy A = ni/k and
3
1
A2 —_— . —
Uk_EE :(wij z.)
=1

is the restricted MLE of o2 under Hy. Also, the unrestricted MLE of o2 is

3 n;
oy = %ZZ(%‘ —z;)%

=1 j=I

Hence,

R = (z2. — nat )’ As(1—Xs) + 2(zy — naz)(z5 — sz, ) Aol

k623 A0 {
+ (x5 — n3:1:__)25\2(1 - 5\2)} )

(4.1)

W:(z) = &k{ 5\2(1 - 5\2)(152. - 531,)2 + 23\2:\3(i'2. - -’El.)(i& - :zll.)
+ 3\3(1 - :\3)(533. -z1)*} (42
and
W® =g { M1 = X)) (@2 — 71)? + 2hohs(Zo. — 71)(Zs. — 1)
+ a1 =)@ —71)% ). (4.3)

The matrix [M(6y, )] and hence W;™® have lengthy expressions and will

not be reported here.

Using the above example, we have carried out a small Monte Carlo sim-

ulation for Test 2 with R; by using allocation probabilities A\; = 1/3 for
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i = 1,2,3 and common variance 0> = 1 . The results of the simulation,
in Table 4.1, indicate that our conclusions for Test 2 with R}, given in Section

2.6, are still valid for g = 3.
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Table 4.1: Simulated power (P), and average stopping time (EN) for Test 2
using R} of equation (4.1) with normally distributed outcomes (Example 4.1 )
with u; = 0, 0 = 1 and various ps, 3. The critical value, CV3, obtained from
Delong (1980) and treatment allocation probabilities A\; = 1/3 for ¢ = 1,2,3

were used.
a = 0.01 a = 0.05 a=0.1
Nog Mo M3 P EN P EN P EN
50

0.0 0.0 0.006 49.97 0.038 49.72 0.084 49.24

00 05 0072 4961 0.227 48.12 0.347 46.47

00 09 038 47.37 0.664 4281 0.782  39.52

05 00 0.072 4961 0.228 48.13 0.347 46.47

05 05 0.073 49.60 0.228 4811 0.348 46.46

0.5 09 0263 4836 0.533 44.73 0.663 41.90

09 00 0.388 47.35 0.664 4281 0.777 39.57

09 05 0.260 4837 0.5631 44.77 0.663 41.84

100 09 09 038 47.36 0.664 42.83 0.779 39.54
0.0 0.0 0.008 99.91 0.043 99.28 0.087 98.27

00 05 0.239 9643 0.477 89.75 0.608 84.29

0.0 09 0849 79.41 0.953 66.96 0977 60.13

05 0.0 0241 9643 0.476 89.75 0.604 84.29

0.5 0.5 0.241 96.40 0477 89.75 0.608 84.25

0.5 09 0696 85.64 0.878 73.72 0.931 66.67

09 0.0 0850 79.39 0.954 66.85 0978 60.11

09 0.5 0.697 85.59 0.879 73.64 0.929 66.68

900 09 09 0851 79.33 0.954 66.96 0.977 60.13
0.0 0.0 0.008 199.79 0.045 198.43 0.091 196.24

00 0.5 0614 174.31 0.817 152.02 0.887 138.20

0.0 09 0.997 116.00 1.000 96.17 1.000 86.20

05 0.0 0.613 17440 0.817 151.97 0.889 138.07

05 05 0.615 17437 0.816 152.05 0.887 137.98

0.5 09 0.981 130.19 0.996 108.28 0.999 96.82

0.9 0.0 0998 116.05 1.000 96.25 1.000 86.21

09 0.5 0.980 13031 0.996 108.26 0.998 96.88

500 0.9 09 0.998 116.02 1.000 96.17 1.000 86.20
0.0 0.0 0.009 499.39 0.046 495.74 0.093 490.09

0.0 0.5 0986 308.87 0.997 255.76 0.999 229.36

00 09 1000 184.23 1.000 152.97 1.000 137.11

0.5 0.0 0.986 308.83 0.997 255.79 0.999 229.26

0.5 0.5 0.987 309.02 0.998 255.86 0.999 228.96

0.5 09 1.000 207.78 1.000 172.28 1.000 154.54

0.9 0.0 1.000 184.22 1.000 152.89 1.000 137.13

09 05 1.000 207.92 1.000 172.33 1.000 154.49

0.9 0.9 1.000 184.19 1.000 153.23 1.000 137.11
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Chapter 5

Two-sample nonparametric
tests using U-statistics with
anti-symmetric kernels

5.1 Preliminaries

Consider the sequential comparison of two populations (treatments) in which,
as in Chapter 2, observations come from the first population with probability
A and from the second with probability 1 — A; that is, at each stage of the
sampling, the investigator has a total cumulative sample of size &k = m + n,
Z1,. .., %y independent each from distribution ¥ and y,...,y, independent

from distribution G. One would like to test

Hy: F(z)=G(z) forallz e R (5.1)
Hy: F(zo) # G(xy) for some zp € IR
based on the sample at hand at every stage and come to a decision as soon
as possible. Early decision-making is dictated, especially in trials involving

human lives, by ethical and economical reasons.

Many studies have been published on nonparametric methods for the
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sequential testing of (5.1). These studies concentrate mainly on rank score
tests when observations are survival times with certain censoring mechanisms.

In this chapter, we will focus on non-censored observations and, unlike
Sen (1981), use U-statistic based procedures with anti-symmetric kernels, i.e.,
kernels h(z,y) such that h(z,y) = —h(y,z) for z,y € IR, to test (5.1). In
Chapter 6, we will compare the sequential methods so constructed with the
two-sample t-tests of the Pocock and O’Brien-Fleming types studied in Jenni-
son and Turnbull (2001).

Originally, U-statistics were invented for unbiased estimation of a param-
eter 6. For that purpose, people usually considered symmetric kernels without
loss of generality, as all other kernels useful for that purpose can be sym-

metrized. For anti-symmetric kernels,
Elh(z,y)] =0 if z 2y

Therefore, anti-symmetric kernels are suitable for testing hypotheses of the
form (5.1). We point out that symmetrizing an anti-symmetric kernel will
result in an identically zero U-statistic which is, obviously, not useful. For
this reason, the weak invariance principles of Miller and Sen (1972) are not
applicable. A detailed discussion of the general theory of U-statistics is given
in Koroljuk and Borovskich (1994) and Lee (1990).

The chapter is organized as follows: in section 5.2, we will give a defi-
nition of the U-statistic and its kernel, and the regularity conditions for the
kernel, along with the main asymptotic results for the maximal functionals of

the U-statistic. Based on these asymptotic results, we define in Section 5.3
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two testing procedures for (5.1), similar to Test 1 & 2 of Chapter 2, and give
an illustrative application using sign and Gehan-Gilbert kernels. In Section

5.5, the consistency of the test statistics is proved.

5.2 Asymptotic results under Hj

A kernel function, h(z,y), is called “anti-symmetric” if h(z,y) = —h(y, ).

For a given anti-symmetric kernel, h(z,y), define
hi(u) = E(h(z,y)|z = u). (5.2)
We require the following regularity conditions.

Cl. For all |¢t| < ty with t; > 0, the moment generating function of h; is

finite; that is, E{exp(t hi(z))} < 0.
C2. The kernel, h, is non-degenerate; that is,

o® = Var (hi(z)) > 0.

To compare the two populations at stage £k = m + n of the sequential
sampling when there are m observations from population 1 and n observations
from population 2, we use the U-statistic

U, = Zm: Xn:h(a:i,yj).

i=1 j=1
Let S = Y0, hy(x;) and S = S0 hy(y:) with hy defined in (5.2).
Theorem 5.1 Under Hy, C1 and C2,
limsup |k7U — (1 — M)SSY + ASEL .l =2 067D,
k—o0
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where

—1/2

Br = k™/*(log log k) ~*/*(log(k/ loglog k)'/? — log log k) (5.3)

For the proof of Theorem 5.1, we need the following Lemma:

Lemma 5.1 Assuming the conditions of Theorem 5.1,

limsup |S® — 8 ,(\2

k—o0

= 0(6cY),

where B is defined in (5.3).

k
Proof of Lemma 5.1 We have m = ) I;, where I; = 1 if the ith observa-
i=1
tion is from population 1 and zero otherwise. Since observations come from

population 1 with probability A, it is clear that E(m) = Ak, and so the law of

iterated logarithm gives

limsup’m - )\ki = O(ag), (5.4)

k—o0

where a; = (kloglog k)'/2. From Theorem 3.1.1 of Csorgé and Révész (1981)
on the increments of partial sums of independent identically distributed ran-

dom variables, we get

a.s.
=1,

limsup max max ‘S(i),- @)
P I8 1S Be| S = 8

k—oco

and from this the Lemma follows.
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Proof of Theorem 5.1 We write,

Ue = n)Y_h(z) Zhl (v;)
¢=1

53 S (o) — ha(w) + ()]

=1 j=1

= A — Bi+ Ch.

Defining a new kernel h*(u,v) = h(u,v) — hy(u) + hi(v), we see that C;, =
S h* (xi,yj). From the anti-symmetry property of A, it is easy to verify
that the kernel h* is also anti-symmetric. By using properties of conditional

expectation and Jensen’s inequality,

Elh()l” = E{|E[Mz,y)lz]|"}
E{E[|h(z,y)|"|=]}

= E[[A(z,y)|"] < oo

IN

Therefore, it is easy to see that E|h*| < co for some v > 2. Also, since under

Hy, E[hi(z)] = Elhi1(y)], it can be seen that

Var[hij(z)] = Var{E[R (z,y)ly]}

= Var {E[h(z,y)|z] — E[h1(z)] + E[la(v)]} = Var{0} =0,

and hence, the kernel h* is degenerate.

73

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Now denoting by z; elements of (z1,...,Tm, ¥1,..-,Yn), We have by The-

orem 2 of Dehling et al. (1986)

Ck = Z h* (Zil s Ziz)

1<i1,12<k
- Z h*(minxiz) - Z h*(yila yiz)
1<iy, io<m 1<iy,i2<n
= O(k loglog k) (5.5)

By the law of iterated logarithm as in (5.4), we get

‘ (- -0 (k™ (log log k)*/2).

Thus,

k_lAk = n/k Zm:hl(.’li,,)
= (1=NSG + /RSP - S) + (n/k— (1 - A)SE

= (1- )\)S,(\? + A + Agk.

By Lemma 5.1, (5.4), and the law of iterated logarithm,

|4l = OB ) (5.6)
| Ag] 2 O(loglog k), (5.7)
and hence,
K24 E (1= NS5 + 0B (5.8)
Similarly, we have
KB = ASE ) + OB, (5.9)

From (5.5), (5.6), (5.7), and (5.9), the Theorem follows.
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O

Based on Theorem 5.1, we can derive the following corollary giving weak

convergence results for two functionals of Uy.

Corollary 5.1 Under the conditions of Theorem 5.1,

(i) lim p{a(T) max k~¥207IAV2(1 — \)12|U,| < t+d(T)} = exp(—2e7t),
ng—o0 1<k<ng

lim P{a(T) max k=320 IN"12(1 - A)"Y2U, <t + d(T)} = exp(—e™),

ng—00 1<k<ng
where T = log(ng), a(T) = (2log T)*/?,
d(T) =2log T+ (1/2) loglog T — (1/2) log .

(ii) lim P{ max k~'ng 2o IAV2(1 — N)T12|U,| < t}

ng—o0 1<k<ng

= P{sup W()| <t} =4 T2y §25 exp (- m2(2m+ 1)/(38),
o<t

where W(t) is a standard Brownian motion,

lim P{ max k~'ng 2o~ IN12(1 — \) V20, < t}

ng—00 1<k<ng
= P{ sup W(t) < t} =2®(t) — 1,

0<t<1

where ®(-) is the standard normal distribution function.

Proof of Corollary 5.1 Theorem 5.1 implies that Uy/ko(/A(1 — )A) is well

approximated by

_ (L= NS = AT\
a/A(1—=))

But, since My is the partial sum of i.i.d. random variables with mean zero

and standard deviation one ( we can see this by calculating the variance of
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the terms in the sum defining M), the Darling-Erdés and KMT invariance
principles will apply to Ux/ko+/A(1 — A) to give (i) and (ii), respectively (c.f.,

Csorgo and Révész 1981).

d

The following Lemma shows that the asymptotic results in Corollary
5.1(ii) remain valid if the unknown variance is replaced by a consistent esti-
mator. In the case of Corollary 5.1(i), we need the convergence rate of the

estimator replacing the variance to be of the order O((log k)-Y %).

Lemma 5.2 Under Hy and conditions of Theorem 5.1,

(i) if 52 23 02, then

S | 1 —1/2 -1/2 -1/2 _
max |67 — o) K ng VAL )AL = o,(1).
(ii) if |o% — 0| = 0,((log k)~1/2), then
a(T) max |6 — ™) K A1 )TV = 0y(1).

Proof. (i) By Coroliary 5.1(ii)

e kg U] = Op(ng " (10g n0)"?),
and
max kg 0L = 0y(1).
As
1<£2?8)§n0la‘1 -5, Z 0(), (5.10)
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-1, —1/2_— 1, —1/24-
max |k'ng 67U — k' ng /aklUkl

1<k<logng
< max |o7'-5%! max kg 2| U|
1<k<logng 1<k<logng
-1/2
= Op(ng / (1ogn0)1/2).

Thus it is enough to examine the process in the range logng < k£ < ng.

~1 —1/2j~— —_
max  klng 267 U — 07 Uk
log ng<k<ng

< max |g;'—o07Y max k7lng 21U
log no<k<ng logno<k<ng

= Op(l)a
ot — o7 = o(1).
as g frlf)lgi(snow’“ o= o(1)

(i) By Corollary 5.1(i),

max k~3/2|U| = O,((log log log ng)*/?)

1<k<logng
and
-3/277.1 — 1/2

1r<r’162§7<l0k |Uk| = Op((log log no) ) (5.11)

By (5.10),
-3/2, ~177 _ 1.-3/25~1 < -1 _~-1 -3/2
1<%?gén0|k o U — k™6, U] < 1<£r£1?3;n0|0 A |1<£2?é)énok |Uk|
= O,((logloglogny)*/?).

For the range logng < k < ng, we have by the assumption

logr{f}gffsﬂok_sﬂlUkl lgit o7l = logfrgg;cgﬂgk*“l%lo,,((log k)%
< 0p((loglogng)™'/?) 1ogfglgfgnok_3/2w’°'
< op((loglogng) /) O,((loglog ng)'/?)
= o0,(1).
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By (5.11), the proof of part (i) of the Lemma is now complete.

5.3 Test procedures and examples

Let o denote the level of significance, T = log(ny), a(T) = (2log T)'/?, d(T) =
2logT + (1/2)loglogT — (1/2)log and & be estimator of o with appropri-
ate convergence rates. Corollary 5.1 and Lemma 5.2 allow us to define the

following sequential tests, truncated after ng observations.
Test 5.1 (Test 1) For k=2,3,...,n9 calculate
k326N 12(1 — \) Y2y
Stop and reject Hy the first time it exceeds the critical value CVi(a, ng), where
CVi(a,ng) = a (T [ —log (—1/2 log(1 — ) + d(T)];

otherwise do not reject Hy.

If a one-sided version is desired, we replace |Uy| by Uy, and CVi(a, ng)
by OVi* (e, no) = a™Y(T') [ — log ( —log(1 — @)) + d(T)].

As we have mentioned in Chapter 2, critical values CV; and CV}* give
conservative tests. However, we have seen how, by using Vostrikova’s (1981)

results, they can be improved.
Test 5.2 (Test 2) For k=2,3,...,ng calculate

k~Ing 2o I 2(1 — ) TV2|U.
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Stop and reject Hy the first time it exceeds critical value CVa(0).

CVa(a) is obtained from the distribution in Corollary 5.1(ii), and some
of its values were already given in Table 2.1. For the one-sided version using
Uy, instead of |Ug|, we replace CVa(a) by CVy(a) = (1 — a/2), where ® is

the standard normal distribution function.

5.4 Examples

Example 5.1 The sign kernel defined by
+lif z>y
hz,y)=< 0if x=y
-lifzr<y

is useful for comparing the locations of two populations. In this case, 02 = 1/3

under the null hypothesis (Lee 1990).

Example 5.2 Consider a sequential trial comparing two treatments with a
survival endpoint. Let. xi = {z,0,,} be the observation from the i" subject
under treatment 1, where z; is time from entry to study until either death or
random right censoring occurs, and d,, is an indicator of death or censoring.
Similarly, let y; = {v;,d,,} be an observation of a subject under treatment
2. Assume the censoring mechanism is the same in the two groups, and inde-
pendent from the survival time, and that the data is analysed each time an
event (death or censoring) occurs. In this situation, the Gehan-Gilbert kernel

(Kalbfleisch and Prentice 2002),
hz,y) =1z >v,8, =1) = I{z < v,8, = 1),
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where [ is an indicator function and z = (z,6,),y = (v,4,), can be used to

test (5.1) sequentially.
5.5 Consistency results

Now we will analyse the process under the alternative hypothesis H4. Define

p = Eh(zi,y) (5.12)
ho(z;) = E(h(zi,1)|z:) (5.13)
05 = Var (ha(z1)) (5.14)
03 = E(h(z1,p)h(z2,11)) — B2 (5.15)

Under Hy, we need the following regularity conditions:

Cl. 0<o2< o
C2. E|h(y1,y2)|” < oo with some v >2
C3. 0 < E|E{h{(z1,y1)h(z2, y2)]| 1,92} < o0

C4. Eh%(z1,11) < 00

In the next theorem, we will show that the process k~3/2U, converges
weakly to the linear combination of two independent Ornstein-Uhlenbeck pro-

cesses.
Theorem 5.2 Under Hy, if p # 0 and C1-Cf are satisfied, then
k=320, — (1 - \)AV2RY2,
~ A1 = A\)Y2a3T (log[(1 — N)k])
— (1= M)A 20Ty (log[AK])| = 0,(1),
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where I'y and Ty are independent Ornstein-Uhlenbeck processes.

[AK] [(1-)%]
Proof. Define Uy = h(zs, y;)-
=]

=1 j=
Since, m < [Mk] implies n > [(1 — A\)k] and conversely, m > [Ak] implies

n < [(1 — A)k] we can see that

(0 m = [Ak],
S S )| +[3S 3 hanwy)| m <
Ty Yj + Ziy Y5 m < )
[Up — Ug] € { li=m 521 A ’
m n m  [(1-)M)k]
S Lhlsu)|+| X X hay)|  m> D,
| i=[Ak] j=1 i=[Ak] J=n

where [.] indicates the integer part of its argument. The terms in the right-
hand side of the above inequality are almost surely of order O((log log k)'/%).
Therefore, the asymptotic distributions of Uy /k%? and U} /k%/? are the same,
and we will concentrate on U}.

For simplicity, from now on we will omit the integer part notation [-].
To derive the asymptotic distribution of U}, we follow some of the ideas in the

proof of Theorem 3 of Gombay (2000b). Re-write Uy as

e (1-2)k

Up = Z Z (A(zs, y5) — ha(zs)]

Ak
+HL =Nk Y ha(m:)

= Ay + By,

and let F) be the sigma-algebra generated by the sequence z1, s, . .. . Note

the orthogonality of Ay, to FI), i.e., E[Ax]FD] = 0.
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Define the conditionally standardized, independent, identically distributed

and centered random variables

zj = (i[h(% Yj) — hz(iﬂi)])/a*,
where
Ak )
ol = E{(Z[h(% Y;) — h2($i)]) If(l)},
so that
(1-Nk
Apfo. = Z 2.

Given F, there exists an Ornstein-Uhlenbeck process I'; such that, as

k — oo,

(1—N)k
o7 (= NE) Y 2~ Ti(logl( - ,\)k])| &5 (1),

j=1

using strong invariance principles for independent and identically distributed
random variables (Csorgé and Révész 1981). To analyse the large sample

behavior of 02, we use properties of conditional expectations, and re-write it
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2
o} = E [h(xz,yg h2($z)]) If(l)}

= E { Z h(xz,yj | f“)} +E { (:Y_kj hQ(xi)) | J—"(l)}

2 w@,y])] [ho(w:)] | f(l)}

- {(Z;h(wu%) .7-"(1)} (th(wz)

S EWRe) | 7012 Y B (e | 7O}

=1 1<i<I<Ak

Y 2
~ (Z h2(a:¢)) = Cy, + 2Dy — Hy,
i=1

?r

- E

As k — 00, by the strong law of large numbers and C2 and C4, we get,

C a.s
o 5 BR (o) (5.16)
and
H a.s
AZ’“ 22 ER2(z1,11). (5.17)

Noticing that (/\219) Dy, is a U-statistic with kernel

&(xi, y1) = E {h(zi, z)h(z1,95) | FO},

by the strong law of large numbers for U-statistics (Koroljuk and Borovskich

1994), we get

2

OROE P 7 Eldlen z2)] = Blh(e, y)h(zz i) | L. (5.18)
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Now from (5.16)- (5.18) and the fact that, & 23 0 and &2 22 1 as

k — 00, we have
a2 /(Ak)? =5 Elh(z1, y1)h(z2, y1)] — 1 = o°.

Thus, we get

a.s

| 4w /los(Mk) (1 = NE) %) = Ty (Togl(1 = M| 22 o(1). (5.19)

Finally, the term By is the sum of independent, identically distributed
random variables, so by strong invariance principles (Csorg6 and Révész 1981),

there exists an Ornstein-Uhlenbeck process I's, such that
|((1 = MEOK)2) T By — (Ak)Y21] — 0T (log(AR))| 25 0(1).  (5.20)
Putting (5.16), (5.19) and (5.20) together, we have
|30 — (1 — MAY2EY 2 — A1 — N) Y2031 (log[(1 — M)k])
—(1 = AAY20,T5 (log(Ak))| = 0p(1).
O

Theorem 5.2 derives the distribution of the test statistic under the alter-
native hypothesis H4. From it, we see that under H4 and for large k, k=3/2U,
is approximately normal with a bounded variance and an expected value in
the order of k2. From here, the consistency of the test procedures described

in section 5.3 will follow.
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Chapter 6

Empirical comparisons and
concluding remarks

6.1 Preliminaries

From a practical point of view, determining how the test procedures proposed
in this thesis compare, at least empirically, to the group sequential methods is
very important.

In Section 6.2, we will examine the performance of Test 2 (Test 2.2) by
using both Rao’s efficient score and Wald’s statistics, and Test 2 (Test 5.2)
by using the sign kernel of Example 5.1. These tests will be compared to the
fixed-sample t-test and to the group sequential t-tests proposed by Pocock
(1977) and Jennison and Turnbull (2001).

In Section 6.3, we will provide concluding remarks for the thesis and

directions for further research.
6.2 Monte Carlo simulations

Throughout this section, we will call the Test 2 (Test 2.2) procedure using

Rao’s efficient score process, defined in (2.30), the “ sequential Rao test”, the
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Test 2 (Test 2.2) procedure using Wald’s statistic process, defined in (2.32),
will be called the “sequential Wald test”. Similarly, the Test 2 (Test 5.2)
procedure using the sign kernel of Example 5.1 will be called the “sequential
sign test”.

The design and results of the Monte Carlo simulations comparing these
test procedures to the fixed-sample t-test and to the group sequential t-tests

of Pocock and O’Brien-Fleming will be discussed in the next sections.
6.2.1 Parametric case

This section compares the sequential Rao and Wald tests to the fixed-sample t-
test and to the group sequential t-tests of Pocock and O’Brien-Fleming (OBF)
given in Jennison and Turnbull (2001). For this purpose, we use the setup of
Example 2.1.

To briefly describe the Pocock and OBF group sequential t-tests with K
planned interim analyses, let n; denote the cumulative number of observations
from both treatment groups at the k*® interim analysis, k = 4,2, ..., K — 1. At
the terminal analysis, we have nx = ng, which is equivalent to our truncation
point. Jennison and Turnbull (2001) suggested the following t-test procedure:
Reject Hy at the first interim analysis when |tg] > tsq, where, ty is the usual
two-sample t-statistic for testing Hy based on the ny observations available at
the k™ interim analysis, f = ne — 2, ox = 1 — ®(c), and & denotes the cdf of
the standard normal.

For Pocock, ¢ = Cp, and for OBF, C, = cOBp\/K—/k. The two constants,

Cp and Cppr, are obtained by numerical integration assuming the known
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variance, 0% = 1.

For the current simulations, we have chosen K as small as possible for
the Pocock test and as many as K = 20 for OBF test wherever possible. In
fact, Jennison and Turnbull (1999) suggest that choices of K = 10 —20 for the
OBF and K = 2 — 5 for the Pocock test are optimal for the two methods.

Each entry in Tables 6.1 and 6.2 and each point in Figures 6.1 and 6.2 is
based on 10* Monte Carlo replicates using pseudorandom number generators
of the IMSL fortran library. The simulations used the normally distributed
outcomes of Example 2.1.

An initial guess of the truncation points, ng, needed for the OBF and
Pocock methods to attain a given fixed power at a fixed « level, is calculated by
using S+SeqTrial (2001) under the assumption of known standard deviation,
o = 1. Consequently, this value is fine-tuned by simulations until the correct
ng for the unknown o case is found. For the sequential Rao and Wald tests,
truncation points corresponding to fixed power and « levels are obtained by
simulation search.

In general, when comparing sequential tests, several performance mea-
sures have to be considered. These are the truncation point, average stopping
time, number of interim analyses, and power. Figures 6.1 and 6.2 summarise
simulation results when the truncation point, ng, is fixed and therefore, com-
parison is made in terms of power and average stopping time for some optimal
number of interim analyses, K. The meaning of the optimality here is regor-

ously defined in Barber and Jennison (2002) and Barber and Jennison (1999).
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Figure 6.1 shows that for a fixed, moderately large truncation point
(ng = 240), the sequential Rao test is practically identical in terms of average
stopping time and operating characteristics to the O’Brien-Fleming procedure,
and that both procedures have higher power than that of Pocock. The sequen-
tial Wald test is as powerful as the OBF and sequential Rao tests, but has a
smaller average stopping time than all other tests. Pocock’s test stops earlier
than other tests, but it has the least power. Jennison and Turnbull (1999)
reported this behaviour when comparing the Pocock and OBF tests to the
fixed-sample test. The situation remains almost the same for small truncation
points (See Figure 6.2), except that the sequential Rao and Wald tests are less
powerful. This phenomenon was expected since the tests in this thesis were
based on large sample theory.

On the other hand, if we fix power, then the comparison must be done
in terms of ny and average stopping times. Let ny be the sample size of the
fixed, two-sample t-test attaining the same power as the sequential test under
the same Type I error and treatment difference |u; — po| = 6. Also, let EgN
denote the average stopping time when the true absolute difference is 6, and
let ny denote the truncation point of the sequential test. We use 100(%’—}&)%
and 100(%)% as measures of the performance of the sequential tests.

Tables 6.1 and 6.2 show the simulation results in terms of these measures
of performance for 1 — g = .8, .9; @ = .05; and 6 = .1,.2,.5,.9. It is clear
from Table 6.1 that, at low power (80%) and small treatment difference, the

sequential Rao and OBF tests have a similar performance with respect to
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both measures. The sequential Wald test saves, on average, more sample than
do both the OBF and sequential Rao test while having the same truncation
points. For low power and large treatment difference, the sequential Rao and
Wald tests are inferior to OBF.

For high power (90%), the sequential Wald test is the most economical,
followed at all treatment differences by the Rao and then by the OBF tests.
All three methods have the same truncation points. Although, at high power,
Pocock’s method may save slightly more sample than the sequential Rao, se-
quential Wald and OBF tests, it requires a substantially much larger total
sample than the others, and hence, it may not be preferable.

In terms of the empirical significance level, the first column of Tables 6.1
and 6.2 shows that, for large total sample size, all tests maintain the nominal
level. For small total sample sizes, the Pocock and OBF tests are statistically
significantly anti-conservative (as Jennison and Turnbull (2001) also noticed),
whereas the sequential Rao and Wald tests are statistically signiﬁcantly con-
servative.

Other simulation results, not reported, for the case when A # .5 showed

the same behaviour as above.
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Figure 6.1: Plots for normally distributed outcomes with § = p; — y2, common
o = 1, treatment allocation rate A = .5 and total sample ny = 240. For

the OBF and Pocock test, the number of interim analyses are K = 20,5,
respectively.
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Figure 6.2: Plots for normally distributed outcomes with 8 = p; — po, common
o = 1, treatment allocation rate A = .5 and total sample ng = 40. For the OBF
and Pocock tests, the number of interim analyses are K = 20, 5, respectively.
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Table 6.1: Results of simulations based on Example 2.1 Sequential Rao and
Wald are compared to the results Pocock and OBF t-tests. Nominal a = 0.05,
1—08=.8,0 = |u — pz|, and allocation rule A = .5 are used. EyN is the
average stopping time for sequential trials when the true treatment difference
is 0, ng = ng is the truncation point, K is the number of interim analyses, n
is the sample size of the fixed, two-sample t-test attaining the same power at
the same a-level as the sequential tests. & is the empirical size at the given

total sample size, ng.

& K 6 EgN 100(%1)% ng  100(22)%
O’Brien-Fleming
0.0498 20 0.1 2420.25 77.08 3240 103.18
0.0502 20 0.2 622.70 79.22 840  106.87
0.0506 15 0.5 101.73 79.48 135  105.47
0.0527 11 0.9 34.04 81.05 44 104.76
Pocock
0.0493 5 0.1 2506.10 79.81 3860 122.93
0.0506 5 0.2 632.20 80.43 970 12341
0.0510 5 0.5 10480 81.88 160 125.00
0.0520 3 0.9 35.06 83.48 48 114.29
Sequential Rao

- 0.0500 0.1 239249 76.19 3260 103.82
0.0480 0.2 61997 78.88 850  108.14
0.0450 0.5 104.35 81.52 140 109.38
0.0410 0.9 35.83 85.31 46 109.52
Sequential Wald
0.0490 0.1 237736 75.71 3240 103.18
0.0490 0.2 61089 77.72 840 106.87
0.0510 0.5 98.40 76.88 135  105.47
0.0640 09 31.11 74.07 44 104.76
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Table 6.2: Results of simulations based on Example 2.1 Sequential Rao and
Wald are compared to the results from Pocock and OBF t-tests. Nominal
a=0051-0=.9,0=|u; — ys|, and allocation rule A = .5 are used. EyN
is the average stopping time for sequential trials when the true treatment
difference is 6, ng = nx is the truncation point, K is the number of interim
analyses, ny is the sample size of the fixed, two-sample t-test attaining the
same power at the same a-level as the sequential tests. & is the empirical size
at the given total sample size, ng.

é& K 0 EN  100(2N)% ng  100(22)%
O’Brien-Fleming
0.0499 20 0.1 2946.60 70.09 4380 104.19
0.0504 20 0.2 741.30 70.47 1110 105.51
0.0503 15 0.5 12290 71.45 180  104.65
0.0512 4 0.9 43.20 80.00 56 103.70
Pocock
00495 5 0.1 2890.30 68.75 5100 121.31
0.0490 5 0.2 723.60 68.78 1280 121.67
0.0515 5 0.5 11860 68.95 205 119.19
0.0510 3 0.9 40.90 75.74 63 116.67
Sequential Rao
0.0490 ny 0.1 2894.90 68.86 4400 104.66
0.0480 ny 0.2 73450 69.82 1110 105.51
0.0450 no 0.5 12220 71.05 180  104.65
0.0410 ny 0.9 40.60 75.19 56 103.70
Sequential Wald
0.0490 0.1 2885.54 68.64 4380 104.19
0.0490 0.2 730.64 69.45 1110 105.51
0.0510 0.5 118.05 68.63 180 104.65
0.0610 0.9 36.45 67.50 56 103.70
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6.2.2 Nonparametric case

In this section, we compare the sequential sign test ( Test 5.2, using the sign
kernel of Example 5.1 ) to the two-sample group sequential t-tests of Pocock
and O’Brien-Fleming defined in Jennison and Turnbull (2001). We employ
a class of location and scale-contaminated normal distributions used by Afifi

and Kim (1972). With probability A, we sample from the mixture population
f@) = (1-7)¢(z;0,1) +v¢(z; a, ) (6.1)
and with probability (1 — A) from

g(z) = (1 = 7)¢(w; 67, 1) + v¢(x; 0 + 67,c%), (6.2)

where ¢(z; u, 0?) indicates density of a normal distribution with mean x, and
variance 62, 0 < «y < 1 is the mixing proportion, and a, ¢, § are fixed parameters
useful for tuning the skewness and kurtosis of the populations. A nice feature of
these mixtures is that the two populations have all moments identical. Hence,
the hypotheses Hy : FF = G vs Hy : F # G are equivalent to Hy : § = 0
vs Hy :  # 0. The common variance of the two populations is given by
2 =1-—v+v2+v(1—~)a’. (Afifi and Kim 1972) provide formulae for the
skewness and kurtosis.

We have considered populations generated from all combinations of the
parameters: ¢ = 1,2,3; ¢ = 0,.51,2.56; v = 0,.1,.3 and 6 = 0,.2,.4. To
aid interpretation, we reported in Table 6.3 the skewness (first row) and kur-
tosis (second row) of the populations considered. The nominal & = .05 and

allocation probabilities A = .5 and .7 were used. Since our methods hinge
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on large sample results, we used truncation points ny = 150,300. The group
sequential tests had K = 10 and K = 3 interim analyses, respectively, for the
O’Brien-Fleming and Pocock tests. Beyond these numbers of interim analyses,
no substantial gain in sample size saving occurred. Indeed, a substantial loss
of power occurred in the Pocock method. Each scenario was replicated 10°
times by using Fortran IMSL random number generators.

Since the results for ng = 300 were similar, we reported in Table 6.4
results for ng = 150 only. We can summarise our findings in the following two

points:

1. All methods maintained their nominal oz = .05 very well under all com-
binations of a, ¢,~y; that is, non-normality did not matter under Hy for

all total samples considered.

2. Under the alternatives, the sequential sign test is more powerful and
saves, on average, more sample than the two group sequential t-tests
do when populations are non-normal and remains comparable whenever
the populations are perfectly normal (e.g., ¢ =1, a = 0 and any 7). To
illustrate this phenomenon, we reported in Table 6.4 results for the case
where § = .4, A = .5, nyg = 150, with all combinations of ¢, a,v given in

Table 6.3.

Finally, our simulation results are consistent with those of Afifi and Kim
(1972), who compared Wilcoxon’s rank-sum test to the two-sample t-test for

the fixed-sample design.
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Table 6.3: Skewness (first row) and kurtosis (second row) for several combi-
nations of mixture parameters for (6.1) and (6.2).

c=1 c=2 c=1

a y=.1 y=.3 y=.1 v=.3 y=.1 v=.3

0.00 0.00 0.00 0.00 0.00 0.00 0.00
3.00 3.00 444  4.57 8.33 6.49
0.51 0.00 0.00 027 035 0.45 0.40
3.00 3.00 4.58 4.59 847  6.47
256  0.06 0.12 034 0.89 1.53 1.28
3.70 2.58 6.56 4.23 10.30 5.82
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Table 6.4: Power (first row) and average stopping time (second row) of the
sequential testing procedures using (6.1) and (6.2). Test 2 uses the sign kernel
of Example 5.1. Truncation point ng = 150 and A = .5 were used.

Sign test

0.00 0.621 0.625 0.674 0.708 0.779  0.839
123.5  123.3 120.2  117.9 112.7 107.0
0.51 0.622 0.625 0.678 0.713 0.782 0.841
123.4  123.3 120.1 1175 1123 106.8
2.56 0.688 0.638 0.782 0.784 0.864 0.891
1193 1225 1124 112.2 104.7 101.2

O’Brien-Fleming

0.00 0.660 0.661 0.662 0.665 0.674 0.668
1246 1245 1241  123.9 1229 123.3
0.51 0.661 0.662 0.666  0.668 0.673 0.671
1246 1244 124.0 123.9 122.8  123.3
2.56 0.662 0.660 0.671  0.663 0.681 0.670
124.3 1245 1234 1241 122.0 1234

Pocok
0.00 0.600 0.600 0.607 0.608 0.619

0
1209 121.0 120.1  120.1 1186 1
0.51 0.602 0.600 0.608  0.607 0.618 (1).61
0
1

120.8  120.9 120.2  120.1 118.5
2.56 0.606 0.599 0.614 0.606 0.628
1204  121.0 119.0 120.3 117.2
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6.2.3 Discussion

The Test 2 procedure of Section 2.2 using Rao’s efficient score and Wald’s
statistic of Example 2.1 are compared, via simulations, to the almost exact
group sequential t-tests of Pocock and O’Brien-Fleming. Test 2 using Rao’s
score showed a very good performance comparable to that of O’Brien-Fleming
even at small total sample sizes, and much better performance than Pocock’s
method. Test 2 using Wald statistic, W, @ showed better performance than
all other tests for moderately large truncation points.

We have also seen that the Test 2 procedure of Section 5.2, using the sign
kernel of Example 5.1, outperformed both O’Brien-Fleming’s and Pocock’s
two-sample t-tests in terms of power and average stopping times even for
moderately large sample sizes under distributions with non-normal shapes.

Moreover, no numerical integration is required in order to obtain the
boundaries of this thesis’ procedures. Given these advantages, these proce-
dures might be more suitable than the group sequential procedures in many
situations including those where continuous monitoring is feasible. However,
the user has to be warned from using these methods if the final sample size

(truncation point) is small.

6.3 Concluding remarks
In this thesis, the following results were obtained:

R1. A class of parametric sequential testing procedures, based on Rao and

Wald type statistics, were derived. These procedures were designed for
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testing a two-sample, simple null hypothesis of the form Hy : 8 = 6,
against the composite two-sided alternative hypothesis Hy : 8 # 69
when there is a vector of unknown nuisance parameters, 1. The proce-
dures have simple decision boundaries that do not require heavy com-
putations. Values of the boundaries can be found in the literature for
many Type I errors and several parameter-of-interest dimensions of prac-
tical importance. The test statistics were examined under H4 and their

consistency was demonstrated.

R2. The simple extension of the above procedures to the case of multi-sample
global hypotheses was indicated. An application of this extension to the

one-way ANOVA for comparing three treatments was provided.

R3. Nonparametric two-sample procedures using U-statistics with anti-symmetric
kernels were derived. These procedures dealt with the null hypothesis of
equality of two distribution functions against a composite alternative. as
in R1, decision boundaries and consistency results for the nonparametric

test statistics were obtained.

R4. An important Monte Carlo simulation was carried out to compare the
most recommendable of our test procedures, namely Test 2 using Rao’s
efficient score and Wald’s statistic, to the popular group sequential t-
tests of Pocock (1977) and O’Brien and Fleming (1979) (see also Jenni-
son and Turnbull 2001). The simulation revealed that Test 2 performs

better than O'Brien-Fleming’s and Pocock’s t-tests in terms of average
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stopping time, power, and total sample required. Another set of Monte
Carlo simulations compared the two group sequential t-tests against our
nonparametric Test 2 based on U-statistics with observations from non-
normal distribution shapes. These simulations showed that the non-
parametric test had substantially higher power and lower stopping time
compared to the power and stopping of the group sequential t-tests under

deviations from the normality.

The results of the thesis are an incentive and a ground for further research

in the following directions:

D1. The methodology can be further extended to the generalized linear mod-
els (GLM) adjusting treatment effect for prognostic factors (McCullagh
and Nelder 1989). Usually, the GLMs have a vector of parameters, 8,
measuring effects of a set of covariates, x;, characterizing observations,
on the response. The response comes from exponential family whose
mean is linked to z}8 through some function, g. For example, in clinical
trials comparing two treatments, one would be interested in the hypoth-
esis of the form Hy : B; = 0 where, 3, is the coefficient of the dummy
covariate, x;;, representing treatments. In this setup, the rest of the
(3 parameters are nuisance parameters in addition to the scale param-
eter, o. Therefore, the two-sample sequential methods of Chapters 2-3
can be reformulated in terms of GLM methods. The latter approach’s
disadvantage is that it does not incorporate the random allocation mech-

anism allowed in Chapters 2-3, which may lead to some loss in efficiency.
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However, GLM approach would allow us to easily perform multiple com-

parisons by using the Bonferroni-type adjustment for c.

D2. Further research should look into applying the sequential analysis ap-
proach of this thesis to correlated data. This application can be done in
two directions: in testing hypotheses about the parameters of the Gen-
eralized Estimating Equation (GEE) models for longitudinal data and

in testing hypotheses about time series coefficients.
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