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ABSTRACT

" The defleetion behavior of conposite beame under
service load conditions is investigated. The effects of
lohd—slip behav1or of stud shear connecto}s, shear defor-
metion and degreee of shear connection are con81dered

N

Ba51c equilibriumrequationsmin tetms of displace—l“av
ment and Sllp are formulated for composite beams w1th
partial shear connection and the cla851ca1 solutions are ﬂﬁ.
obtained for simply supported beams subjected to concentratedN
and uniformly distribgned load.- A numerical technique,

V‘based on‘numerical integration of slip strain, .is‘deVeloped.
for continuous or simply supported beams w1th a lineay or
nonlinear 1oad—slip relationshlp hlf technique involves.

“a corrective iterative proce@ure for slip‘appliedxto an/

-

assumed initial slip; and_fhe numerical integration~tech—~
<nique using a fourth‘order Runge;Kntte nethaﬁ; ’
v ‘Solutione'obtaineﬁiirom the numerical analysis,gi
:are’compared nithitheoreticel ann ekperinental reeults‘of
other in%esti%étors;‘ The numerical technique SatisfaCtoril§
prediCts'the deilecti%nnand slip up to serVicelload"con;
ditions The effects Gi.partial and full shear connection

) linear and nonlinear load—slip characteristics of the shear

connectors, cracking,of.concrete, and the type of construction

- }

method are eigniiiéqnt in the evaluation of deflection of
\coMposite'beams. e | |

iv
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(. LIST OF SYMBOLS
N

i

[}

a = Depth of stress block in concrete slab

a- Consfantedefined in Eq. 2.5
= Transformed area of concreteg slab

Area of steel beam ¢

i

- A
c
A
S
At‘ Area of comp051fe section
A
S

g = Area of flange of steel beam i

L3

<p = Area of reinforcing steel = - D
cw " Affa'of web of steel_beam‘ R .
= Constant definediin Eq. .2.5*

= Width of flange of sfeel beam
f

= Compress1ve force in concrete slab .

f

A

A

b

be = Width of concrete “slab -/
b

C

d = Depth- of steel beam

d

= Dlameter of shear connectors in Eq 2 3
= 'Depth of steel beam '

‘dw = Depth of web vf steel beam

eEé/= Modulus of élasticity of concrete’
Es = Modulus of elasgicity of steel

f f, = Values of function at points 1, 2 and 3

1 T20 I3
fo = 28‘days concrete cylinder strength R ’

fy ==W‘:z'ie]ld stress of steel

fyffe Yield stress of flange)of steel section !

Q
)

) xvid



N

Py

Py =

= Yield stress of reinforcement

= _Ul’t imate | load
Service load

fxviii .

R

fyr N | .
£y = Yield stress of web of stéoi section
,F = Compressive foroe in concrete slab |
F = Flexibility matrix = o
F.5.C. = Fullwsheor connection
G - Shear or.rijidi;y modulus of steel
h = Step size _ % “; 7
I, = Momeot of inertia of concret;“slabﬂ
I, = Momsnt‘of inertigtof concrete bemﬁ ‘ C;”J.
k = Constant in Eq. Al _  o . e
K. = Shearlﬁoonector modulus ofSStiffness
i = Spacing of,shea;Loonnector
L = Length of the beam :
M = Bénding'homent
Mp = Plasth mgment. '
Mh = Ultlmate moment capa01ty
n = IoVersevof modular ratio .
na = Numbor of Shear connéctors betweenfzépo'and maximum’
.momoot =5
,nb-='Number of shééf-connectois betweén mgximum moment
| and inflection point » |
nc = Number of shear connectors between 1nf1ectlon point
* ' ‘and first‘interior support‘ - . |
= Number of shéaf éonoectors o
P = Concentrated load



a

Yo

P.S.C. = Partial shear connection

i

Shear flow

i

q
Q Statical moment
.

Q; = Load per connector K

u - Ultimaté’load capacity for conneé@ors in Appendix C

Q

Qu Ultimate capacity per connector

R = Fou%datlon modulus of concrete in’ Eq. 2 4
o :

='Redundants
s = Slip | I
s"= Sigp strein ‘ -
'si, sé = Strain at the centroid of steel sectlon
1eft and rlght of 1nflect10n point
t = Thickness of concrete slab ‘
te Thickness of concrete slab -

te = Thickness of;flange of steel beam

T = Ultimate strength of steei»section
T. 7 ﬁltimate strength of reinforcement-

Horizontal displacement in steel beam

o

é Horizontal dispracement at, ‘origin

Ucyl

= Deflection

= 28 dgys concrete cylinder strength
v' = Curvature
T'= Shear’

w = Uniform 1oad

Aww-w Width of web. of steel beam_ B

-W o= Concentrated load

Id
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x = Distance along‘the=length of the beam

X = Any qﬁantity (moment, shear, défledtioé)

y = Centroidalq;isfance bet&eeﬁ centroid of concrete

+ slab ana sféel beam . ,> 'o
v, = Centroidal diétance betwéén‘composite:segtion and
) conCreéezslabﬁgggz;bids |

Y, F Cenffoidal di§tgﬁ€é bétweéﬁbco@posite seqtion and

| steél section~cen:§6{§s

z = Centroidal distanée betwéen the centroids of concrete

slab;and steel beam |

a?= Const@nt defi%ed in Eq. 3.21

B = Eonétant defined in Ed: 3.22

y = élip'f ; . _

Y =ishear strain jn Eq. 6.6 and B30

Gdg= Midspan déflection qﬁévto bending bnly'assﬁmingffulla

- '”intfraétion | | o .

5, = Midspan deflection due to bending and slip ‘.. ——
55 = Shear deflection - . | e / |
f5£v= Mi?span‘defleétion ﬁue“tq bending, slip-andmékéar
Spp = Deformation at B dué to unit load at B
'GB¢.= Defofﬁatioh}at’B due to unit:ioad.atiC
Soc ='Deformétion at C due to unit load at c o o
ﬁ¢B=(Def0rmatioﬁjat C due ‘to unit loa&ﬂat,B. i g.\\\\
Ai = Deformétionyat_supportvi'f | | ,vlr |

Ay, An = Deférmatio@s'duepte external 1oadihg 5%,

B’ °C _
' ’ redundants B and C:

¥



Strain in steel béaﬁ’at‘iﬁterface

o /é(‘ R
il

Strain difference at interface

Str?in in concrete slab at interface

‘.U)‘

Etraih in-horizontal direction

[y}
%
]

Strain in horizontal direction af origin

‘('14
i

£ = Cbnstant‘detined in Eq. 6.4

n = Constant defined in Eq. 6.5

. 8-= Angle

A = Constant defined Eq. 4.24

o = Constant defined in Eq. 38.49
o = Stress -
"y = Constant defined in Eq. 3.29
=.Constant defined in Eq. 3.34
xg = Constant defined in EQ. 3.35
¢ = Curvature
u = ShearZCOnnectbr’moduluS o T
‘o \
A\
<, o s)( >,
- xxi f
l,
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1.2 Composite Action CLT L,

CHAPTER I

INTRODUCTION

1.1 5Introductory‘Remark5u e J'a v

4 \
Y

One significant.advantage of pomposite'

constructlon is that beam deflectlons are conslderably

~

reduced as a result of 1ncreased stlffness. Compos1te

behav1or is dependent on the shear connectlon between

theﬁcomponent’parts.

. - . -

' Shear cohnectors attached to the steel

sectlon and embedded in the concrete slab re81st shear

J

at the 1nterface of the slab and steel sectlon thus

creatlng an - 1nteract10n between two components The‘degree

of. 1nteractlon may be complete Or partlal A typlcal e

Xt

;comp051te beam is: 111ustrated in F1g 1 1. tIf there is no”'

&
shear connectlon or fr1ct10n at the 1nterfacé between the

_concrete ‘and steel, the compatlbllity requirmmau&reduces
.to equal vertical deflectlon of two compOhents Therefore

"~ the applled load is divided between two components 1n

'prOportion to their tiffnesses and each component acts as-
'_,if it were an isolat d member. Assuming the materials can‘

,resist tensile stress, equal and opposite stralns develop

&



at the top and bottom fibers of each'component, as
rilustrated in Fig. 1¥2(a). However,'tensile,cracks may
occur in the concrete slab as cOncrete is relatlvely

weak in tension. The dlfference ‘in straln between the
adJacent flbers of concrete and steel at the 1nterface

_ks known as sllp straln 51nce it results from'a horizontal

!

- slip that occurs between the two components.

£

1.2.1 Full Interaction : R

\

. C \
. Lf the cbncrete‘slab and steel section are

301ned together by 1nf1n1te1y stiff shear connectors
the two members behave as a unlt gﬁth noé’ s11p occurrlng
at the ‘interface. The vertlcal deflectloﬁs of the -
components are equal at any p01nt along the 1ength of the
beam Sllp and s11p strains are. Zero everywhere along
.the 1nterface and 1t can be assumed that plane sectlons
_remaln plane durlng béndlng ThlS condltlon is %nown as
full 1nteract10n and 1s 111ustrated in F1g.,1.2(c). |
p'Bendlng stresses and deflectlons due .to service loads for
_the condltlon of complete interactlon are usuaa}y determinedt
,by employlng 31mp1e elastlc beam theory u81ng sectlon
E propertles associated with the transformed cross sectlon

N

In practice the- majority of desi n methods

N for composite beams are based on the assumption of full

interaction.f However CSA 816 1- 1974 "Steel Structures -

: for Buildings -/Limit State Design" (3) also specifies R
» *a ) = : i’i I



. methods for composite’deSign based on partial interaction. .

1

3
1.2.2 Partial Interaction - &y

‘

The assumption of full interhction is only
vafid~ifjthere islno relativetmovement or slig at the !
steel- concrete 1nterface It is#generally{essumed that
the horlzontal shear forcé at the 1nterface is transmltted
.:only by shear connectors‘and not'byhhond, Due to the Wv
compressibilityfofethe concrete slebfand the flexlblllty of
the connectors)/thefsheer forpe’cannot.be'transmitted
vaWJthoutfsome\slip occurring,’andptherefore thewinteractiony
must be- partlal Or’incomplete The strein distrihution
relatlng to thlS type of behav1or is shomn in Flg l;Z(b).
In every composite structure ’1nteract10n is less than
complete; 1rrespect§ve of the relatlve strength of the
component parts.g It is therefore 1mportant to understandu
how the behavior of a composite beam is modified'bf the

-

‘presence of,slip; T
. _ S . o
1.3 ~Deformation Of¢COmposite«Beams

{

Beam deformation is caus%d by bending and
shear' Composite beam deformation is also 1nf1uenced.by$

; the sllp along the %pterface of the two components.'
'Stiffness rather than strength is the governing criteria 8

¢
for deflection at sefvice loads. Stiffness is Lnfluencedf

<



-

A

connector. -

£

‘ A T ’ g R v' . ‘,
‘by the geometry of'the Cross section and the material

.
y

propertles of the components involved,

Bendlhg deflections are dependent on the

' moment- curvature relationshlp ! Shear deformatlon can be

evaluated?\ndependently Qf bendlng deformatlon by»applylng

the pr1n01ple of v1rtual work Deflectlon due to Sllp
&

depends on the st1ffness of the shear connectlon whlch 1s

deflned by ‘load-= s11p relatlonshlp for the type of shear

]
. e

" In continuous beams, the flexural stiffness

.in the negative moment’region is differeft,from that in

the positive moment region. In the negatlve moment reglon

" due to tensile cracking of concrete the moment of inertia

'

-

L

3

' magnitudeeofﬁslip'and'hence the déflection;

1.4 Seope .

of the cross sectlon 1s reduced cons1derab1y result;ng 1nxa
N

reductlon 1n'st1ffness wh1ch=1nfluences the deflectloﬁ
. Improper dlstributlon of shear connectors or faulty con-
nectlon may 1ncreaSe sllp at the 1nterface Premature

yig 1ng of shear_connectors~produces a non-linear load-

:ilipﬂrelationship-at working loads which influences the .

.
N e e T

"\ E &,

hg”» o The present study investigates the<deflection

beﬁivior of composite beams underoservice load conditions
B

The effect of the load-slip behavior of stud sheag connecto s

RO on deflection is considered The effects of partlal and f 11

7 ,
shear connection and shear deformation arée ex@mined A

. i A . . .,'

.



numerical analysis technique is_devi}dped for the.analysis

of single span and contihuous composife~beams{ Affqrtherf
-objectiﬁe is to compare ﬂefléptiéns produced in shored

-and unshored’construction. N S

d



CONCRETE SLAB SHEAR CONNECTORS

[TLILLIIILI m L1111

- CENTROID COMPOSITE BEAM\:;

1]

STEEL BEAM .

(a) SIDE VIEW

e
“
be X
}i% ' | 1
| | 2
CENTROID - ~ | |
COMPOSITE BEAq‘rﬁ? ' - o
o | . ‘o o X X
L .
. (b) SECTION
FIGURE 1.1 COMPOSITE BEAM WITH SHEAR CONNECTORS
I_,.‘:" ’ - ) \ P ) |
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. CHAPTER\EI
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b}

REVIEW OF PREVIOUS RESEARCH

-

2.1 Load-Slip Relationship for Shear Connectors

-

2.1.1 Push:Out Test

The push-out test has been used at least since

1930 (26) as a means of evaluatlng the lo

’capac1ty ,of shear connectors and the loa —sllp.r'latlonshlp
for shear;connecto?s is normally determined f such a
test., Tig. 2.1 showe a typical push-outjtest specimenj'
and Fig. 2.2 illustrates typical results obtained from’
such a test.
o In push—out tests, one epproach considers
that the«function of -shear connectofs is to control the
.'magnitnde of slip between the concfete%slab ano the steel
,section. The load cafried by the connectors at -some-

_ limiting slip is defined,asithe’ﬁuseful load capacity"”
(25) A second approach con51ders that “the functlon of
'snear connectors between sections of zegp and maximum
moment is to transfer across the concrete-steel 1nterface
the maximum coﬂpressive force that can be developed in

’ the concrete. slab or the maximum tension force in tne

- steel section without consideration/of the maghitude of

‘'slip which has occurred.

.\’8'— ) . g )

L5



2.1.2 Linear Load-Slip Behavior
I

Newmark et al'(17),\in interpreting their

. push-out: test results, concluded that the amount of slip
e ‘ : ' .
is directly proportional to the applied load. They

‘observed that‘§1ip depends upon the stiffnes§ and spacing

/

of the shear connectors and defined the shear connector

[}

« - modulus, K, as
. . | -
K = — 2.1
Y o ( )
K = _Qr ’ (2.2) -

¢
4

. where Q ié load per connector, q is horizontal Shear force
transmltted per un1t length of beam at the 1nterface of
steel and concrete (shear flow), Y is the slim in 1nches

and £ is the spacing of connectors in inches.

2.1.3 Non-Linear Load-Slip Behavior

-

On the ba31s of a study of numerous push-out
tests, Slutter and Drlscoll (22) deflned the ultimate

load capac1ty.o§ a stud connector as

q, = 930d° /U o (2.3)

“where Qu is the ultimate loddbcapacity of a shear

connector, d is the diameter of the connector in inches,

and UCyl is the 28-day conrete cylinder strength in psi.



- ) ' 10
Yen Dalen‘(24) proposed the following
"relationship between slip, applied ehear force and

foundation modulus:

= 3.7°x 1072 QR‘0'75 L . (2.4)

where Q ie the applied;shear force'in pounds, end R ie
foundationvmodulué in psi. The foundation modulus Qas
deflned as the modulus of elast1c1ty of concrete | Fig.,:
2.3 111ustrates the relatlonshlp proposed by Van Dalen,

From his tests hetconcluded that.

RN
\ . \

1. The ultimate load carrying capacity of‘a\

\
etud connector embedded in a‘toncrete slah)'
s prlmarlly oependent upon the tension in
the connector resulting'from a separation of
‘ °  concrete and steel at the interface.
2. The ultimate'load,ofpa connettor in a

push-out test‘shonld not be adopted‘as the
ultimate 1oad for a connector in a beam unless
- the expected separatlon at ‘the concrete steel

1nterface in the beam is 1ess than that at

1

» failure,ln a push-out test.

Yam and Chapman (30) proposed an exponential

- relationship between load and slip for a stud shear

“connector: .
Q =a(l-e’hH (2.5

»
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»

N

\
!

where amand b are constants. The eprhential-relafionship
Was obtaine&Eby establishiﬁg_the best fit curve for |
experimental results. By sélécting two slip values in

an experimental load-slip plot such that one slip value

is two times the other, the constants a and b can be

evaluated as 9
a = s : - (2.6)
Q.. ) o '
b=t inp—3% _ ' L (2.7)

Fig. 2.4 111ustrates this exponentlal load s11p relaﬁlonship
and defines values qf Yl,'Yz, Q1 and Qz.; The ultimate
eapacity of’a shear connector was defined by Yam and |
Chapman as the load at which the Sllp attalns a 11m1t1ng

value of O 055 inches

2.2 seothen Properties

2.2.1  Positive Moment Region

IPrpperties~6f éompOsite beags are different‘
in positive and negative moment regions. Ipva pdsitive
moment region'as shown in Fig. 2.5(a), the-concrete‘slab,

or a portion‘theféof . depending upon the ibcation,of'

—

| neUtral axis, is in compression and contributes ‘

significantly to moment resistance - In evaluating the,

N
elastic stiffness of a composite section it is customarx

11



L

to pransform the concrete slab 'area into an equivelent
~area of steei by applyinz the.modulaf ratio (Ec[Es); as
a multiplier of the effective slab width. _ |
Slutter and Driscoll (22)‘proposed'that the
load oapacity of-a—connector in a positive moment region
should be the ultimate load as obtained in a push-out
test, whereas Chapman and Balkrishnan ( 5) propose 80%

-of ultimate capac1ty.

[

*2.2.2 Negative Moment Region .

In the vicinity of an interior support a
‘contlnuous comp051te beam 1s subjected to negative bending

b.

moment. which produces tens1on in the slab.. If the concrete‘
‘cnacks the compo81te seczion con51sts of the longitudinal
slab reinforcement and the steel section as shown in |
‘Flg. 2.5(b). The cracked coﬁt;ete acts as a medinm for
'transfeffingkhorizontal shear forces required to develop
tension stress in the longitudinalksteel. Thus the
vstiffness is significsntly lower than that in a positive
:moment region fhis deéreasedvstiffness may result in

an increase of as much as 25% in the velue of the pos1t1ve
'moment based on uniform stiffness The elastic stress and;
"strain distribution for composite beams in positive and |

negative moment region is illustrated in Fig 2. 6



v

Siess.(21)¢reported results of tests on
two-span continuous bridge beams, one with shear
connectors provided. along the total length of the beam,
and. the other with shear connectors only in the region
of positive moment. Longltudlnal slab relnforcement

‘wﬁs provided in the negative moment region of both beams.
Siess concluded'that at ultlmate-moment complete

interaction existed in the p081t1ve moment reglon of thev .
beam with shear connectors throughout the -length, whereas .
partial 1nteract10n was present in the other beam The ~

tests thus showed that shear connectors are effectlve in

the negative moment region and‘they ar: necessary to

achieve effective comp081te actlon

Van Dalen (24) concluded that stud shear
connectors form a'satisfaotory shear_ﬁonnect1on in a ‘f't” s
negative bending moment region. However, he concluded,
their capacity is somewhat less than’that,attained in »

}a p031t1ve moment region. B :
| Wastlund and Ostlund (29) tested comp081te
beams loaded SO that the concrete slab was on the ten51on
side One beam had only two bow—shaped shear connectors i

wh11e a second beam contalned no shear connectors but
/-v

©

contained slab reinforoement bent down and welded to the
steel beam at the ends. The third beam had a prestressed
concrete slab w1th three bow—s aped connectors at each

end. The authors concluded that: ‘ . 0




_‘1." In a comp051te ‘beam subjected to negatlve
bendlng moment the concrete cannot be

assumed to act COmpositely with the steel

section., as Ehe%concrete craeks at very ‘
small tensile stresses.

L R - , . .

2. If the connection between the steel-séction

and slab .is sufficient (there is no‘indication
of what might be a sufficient connection) the
longitudinal reinforcement acts jointly with

" the steel section.

3.  The ultimete load capacity-of'shear'connectors‘

N - v o, . ,
,in a negative moment region is considerably
~ smaller than that found for similar shear

connectors in positivé moment regions.
. . " (\

The amount of longitudinal reinforcement
affeots the behav1or of- comp051te beams 1n theinegatlve
moment‘region Plepgrass (20) observed that the ratlo of
eXperimentel to theoretical ultlmate%moment decredses with

;an‘increase of amountwof ‘longitudinal reinforcement in

.‘negative moment regions. Davison (6 ) concluded that the -

amount of 1ongitudina1 reinforcement increases the

!

‘Anegatiqe'moment'capacity butvreduces_the rotation capaoitye

i of°p1asticvhinges'in7the negative moment reéion In his'~
study the amount of longitudinal re{%forcement was 0. 111

”'-to 0 232 times the area of the steel sectlon

-

14
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| oy
2.3 Analytical Studies of Simply Supported Composite

Beams

2.3.1 Elastic Analysis o - : B L

N

Newmark et al (17) develoé}dla closed form

solution for a simply - supported comp081te beam. They L.

‘assumed a linear stress- strain relationship for steel and

- concrete and a linear 1oad-s11p relatlonship for shear

connectors Their ana1y31s is based on the following
vassumptions ﬂ | |
l. The shear connectionibetween slab and the ) -
beam is assumed,to be. continuous aloné the
. length of the beam. | ﬁ
2,‘ The amount’of‘slip oceurring in'the'shear
"connector is assumed to;be directly,propor-
tional to the 1oad transmitted | |
3. The dlstribution of strain throughout the’(.v,_‘ —
| depgh of slab and steel section,is assumedp “ :
- linear. . “ | |
4, .The steel section and the concréte slab are

assumed to deflect equal amouhts at all

p01nts along the span length

¢

They defined slip, or the relative movement between the
- {

concrete slab and steel sectlon interface as . S

_.Q _.9q%t_ &  _dF S iaay
LY X T X K Tdx oy (28) .



) where F is the compr9551ve/force in the concrete slab.
'The rate of change of s11p is equal to the differencg

‘between strain in the concrete slab and the steel section

- at the interface. »

-

<

— . 'l; dY = € _ . ’ . ) .
- L ome -5y (2.9)

where Eb is the strain in the steel and g is the strain

in the concrete.

r -

v
”
A

U51ng a 1inear Stress relatlonship they

déVeloped the follow1ng second ‘order dlfferentlal equatlon

-

- for force in terms of moment,nshear connecupr_modulus,and >

section properttes 'k_"'/" ] d Qﬁb
' K

R (f M- £,F) 20 . (2.10)

~ R T . : ’ R
S . -

wherebM is bending mOment, and o L

| e Ly T R
Cof, = | 0 (2iila)
1SR YR , o
fz “EAtEA T Y o (211D

s's” Tp'b T

E E are the values of modulus of elastlcity of concrete

8’ b .

- and steel, respectlvely, Is and Ib are. moment of 1ntert1a

of siab and“heah,‘respectively; and y is the dlstance

between centroid of the concrete slab end the»centroidfof»,

-~

1'the steel section

Newmark et al (17) also presented a sdlutionv

'dfor‘Equation 2 10/for a simply supported beam subjected to‘

-

a single concentrated 1oad only.. They found closel

-

16
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X

) c* ax - (1 -‘e ‘*) R (214)

, P . o .
-y =S e a0 o (2.18)
2 N . o ax S : . LT - Ce
where f(M c) is an 1mplicity function of moment and . faR

agreement between theoret1ca1 results anq experlmental

results obtalned from a serles of tests

2;3;2 Inelastic Analysisg .

- . I

Yam and Chapman (30) studied ult1Mate load

behav1or of 51mply supported compos1te ‘beam using a

‘non 11near stress straln relatlonshlp and’ 1ne1astlc

load-sllp behav1or for the shear connectors Based on’

the equ111br1&m of a segment of the slab the shear flow »
"\

q, at the 1nterface of the concrete slab and steel sectlon

3
Ad

may be deflned'as -
i . dC L : ) P
= O - (2.12)
- - v . ( .
Ehere Cc is the compre531ve force as shown 1n Flg 2 Ty

I

raipg dlfference at the 1nterface due to the relatlve

r zontal movement of two components may be expressed as

cat @ @

St

rerd

sing an exponent1a1 1oad~sllp relatlonshlp as descrlbed .

fin Section 2 13 they derlved the follow1ng two flrst

J'order 31mu1taneous equations with the dependent varlables

/ o o : : ’ o~ A

C and Y as

compressive force.

ey

17



‘significant difference at connector failure.

;slab ‘and . steel section They der1ved the follow1ng

18

' ' N O
By eliminating y, the following second order

differential equation, with C as a dependentvyariable,

o

e . )
results:

'-\ - -
r t .__.(_12_. - bf » : = 2 :
cr + c T bf(M,CJ + £(M,C) = 0 (2,16)

ab
g

\

" This equation may be svlved by the predictor—corrector

method of numerlcal 1ntegratlon For a'Simply supported

‘beam a value of Sllp is assumed at one end and. force 1is
‘computed at the other end, TIf the computed force is: zero
then the assumed sl1p value is correct otherw1se

' successxve corrections are applied., Yam and Chapman found

s

good correlation between theoretical and experimental

" results up to 98% of’therfailure Joad, but there was

-~

Lo 4

B ) . SR . e ’ N

K4

2.4  Analytical Studies of Continuous Composite Beams

-

*2.4,1  Elastic Analysis - T

'5
lenﬁand Horne (19) developed a closed form

solutlon for a- continuous comp051te beam of two unequal

’spans w1th equal concentrated loads on each span  They

used a llnqar load slip relatlonshlp for the shear_ﬂv

G

‘connectors, elastic propertles for the concrete slab and

dsteel sedtion and partial 1nteract10n between the concrete

s
governing fourth order diffenential equation, in terms-

of deflection as the dependent variablé

i . . : P ‘ ! o . v ‘ o ‘ A . . “r' ‘
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L ’
O v ooyt = - (zgx) M (2.17) -
‘ : - ’EA(ZEI) .
% ") ' ’ ,"
g s WEELH E—KZ ) ) (2.18Y
L EACZED) . 0 LT |
where u is the 1nterface stiffness (snear connector |
Vo
'modulus), v is the deflectlon M is the bendlng moment ,

o\

: rw ;s the uniformly dlstrlbnied Lpad, (ZEI) and,EA are
‘composite Section.prOpeties, and z is the distaﬁke between
the centroids of the‘concrete slab an& steei sgction.

. - Beams with constant and variable fle#ufal

'stiffness were studied) For constant flexural stiffness,
. i =
. : . . 3

° v < ’ s R . LT L.

. the cracking of the concrete slab-in the negative bending

¢ Phe Nesgs

moment region was. ignored and the composite beam was assumed‘

to be of unlform cross 'section over the entlre 1ength

Varlable stlffness was treated by means of an equlvalent

’

haunched beam in Wthh depth of .the beam along the 1ength

S

E _
varied 'in accordance w1th t%e moment~of inertia of' the

»

- actual beam section. -In other wprds

~

did»not arise from cracking of con in the negative .

,moment reglon A comparison‘of theoretical and experimen
N . R

vdeflectlon values 1ndicated good agreement

A

L

*orvass ®

2.4.2- ‘Inelastic Analysis

. ’ ‘ : B ¢ ) ’,) .
"~ Yam and Chapman (31). extended their analysis’
o : ‘ R R
of a‘sgmply supported beam to a two—span‘symme%fic
continuous beam which could be modeled as a single span

He variyhble stiffness

,"1é

‘C)



prdﬁped cantiiever. Equa; concentrated loads Were‘applied
to each span and the same composite section wasﬁused as v
fdr the simple span case. The effect of sheér connegtor
spacing énd types of loading onéaefleétion and'slip were
studied. They used the governing equation 2.16 and the
same intégratipn prOcé@ure as for the simply supported beam.
In the solution for a;g9ntinuous,beam, values of both slip

at the exterior suppofiﬂahd bending moment at the interfor [
support must be‘init{éily assumed. iherefdré, more
iterat?ons requiring~eonsideréb1e computatibnal time must

be performed to obtain cofrect values.
Hamada and Long&orfh‘(g) suggégted the com-
 putationa1 time required in Yam and Chapmag'S‘procedure
can be signifiéanilb reduced B?rassuming“that the slip
§train ié constant along the shear span. °This assumption
is based on linear éiipbdistribution;and is satisfactory

for a simply supported beam but iggqﬁi\valid for a
: U :

. continuous beam.

¥

2.5  Effect of Slip

The\é&ip at the interface of the slab and the.
éteelvsection affécts szesskkgtrain-?nd deflection at a}l
sections along the be#m;' Aéédrding»to SigSs (21)}the'
éffect of slip on strain #s a haximpm at the interface and

minimum at the bottom of the steel section where the strain

is maximum. His tests indicated that the effect of slip~
TR ' —7

on the distribution of strain was a relatively localized



_

21
. ) | P ey
: e

effect confined to the  region of the applied concentrated
4 . N

-

load.

Johnson (11) reported that within fhe_elastic

. ! ' )
range, slip may change the stress distribution by as much

Newmark et al (17) obtained similar results in full scale

Per]

beam tests.” ‘

Plum and Horne (19) stated that incomplete

*

l

|

|

: & . ‘ %
as 5% and may increase deflection by as much as 13%. o
|

l

1

\

|

| ‘\
interaction may increase the deflection as much as 40%. |
|

Thelr test results indicate that slip may 1ncrease

deflectlon as much as 50& and decrease the- compres51ve force,

in ¥he slab up to 20%.

Hamada and Longworth ( 9 ) proposed an analysis

. for computing deflections of continuous composite beams

“which ineluded the effect of shear and.slip;/ They found

that shear defgrmatlons were 51gn1f1cant and their
analytlcal results were .in close agreement with actual

deflections determlned in tests. . .
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[_ CONCRETE SLAB NEUTRAL AXIS
'STEEL BEAM ;
STRAIN. 'STRESS
(a) POSITIVE MOMENT REGION .
‘ LONGITUDINAL
/' REINFORCEMENT
| // NEUTRAL AXIS [/
— —— 1
 STEEL BEAM ‘ MOMENT
r-—t:/ v l
4 | =
, y B , - _
| ’  sTRalN STRESS
(b) NEGATIVE MOMENT REGFON L
FIGURE 2.6 ELASTIC STRAIN AND STRESS DISTRIBUTION =~

FOR COMPOSITE BEAM'
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STRAIN - STRESS

(a) STRESS & STRAIN ACBOSS A SECTION

L .

c—y| | o —DTEE]

" (b) ELEMENT OF SLAB®  (c) ELEMENT OF COMPOSITE BEAM

" 'FIGURE 2.7  CONDITIONS IN AN ELEMENT OF A COMPOSITE BEAM
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CHAPTER III ¢

FORMULATION AND CLASSICAL SOLUTION

'OF BASIC EQUATIONS FOR COMPOSITE BEAMS

3.1~ }Fofmulationbof Basic Equations

3.1.1

t

are made:

1.

Assumptions“for Displacements and-Stresses

“In‘the,analysis,vthe following assumptions

‘-concrete and steel are linear.

-

>

The distribution of strain is linear over the
depth of slab and the depth of steel beam, ﬂ

respectively'

: The shear connection betaEen the slab and o |

i

’;steel beam acts as a contlnuous medlum along

the 1ength of the beam

| Concrete has no ten511e strength

It isvassnmed ‘that the relnforcement,bare;afe
placed at one deptﬁ in_fhe concrete slab.

The streés/strain'curVes‘fof-steel are the same

: f& ten51on ‘and .in compre551on

?

Within service load range the stress/stra1n for o

U

-

: The concrete slab and steel beam deflect equally -

at all points along the beam so that at any

n/




”-remain plane after deformation - The slip, s, creates a

= cross‘section”the§ have equal curvature
‘ . and that uplift forces‘are resisted by the.
* . shearvconnectors.nithout separation-and'do
," not affect the beharior ofbcomposite'beamsr

3

.Flg 3 1 shows a.portion of a compos1te system
'with the. slab spannlng over several equally spaced beams
In the transverse direction the slab is con31dered to,act
'as ‘a’ continuous one-way slab supported by. the beams N A"
;port1on of the-slab,‘ of width bc, acts comp051tely w1th

each steel seetion{"The coordinate system and referencev

Ty dimen51onsgfor a typical comp031te beam are . shown in

Fig 3 2(a) and the assumed deformatlon and displacements
are shown 1n Fig’ 3.2(b). |

| As a result of partlal 1nteraction crosst:
section ABCD which is plane before deformation w1ll not.

discontinity at the interface of the concrete and steel -

ifas shown in Fig 3. 2(b)

The strains at any p01nt 1n the beam may be

' -dete£pined directly from therhorizontal displacement u

ﬂand the vertical displacement v through the use. of

standard beam assumptions and strain displacement equations

-



_Assumlng plane sectlons reMain plane the horizontal
k,ements in the steel may be expressed as ; >
u=uy*v'y ° 0%yd N (3.1)

“y

+ vy +5 dey<(d + t)  (3.2) 7
fComblnlng Equatlons 3.1 and 3. 2 and using a step function_ ‘

7) so that the 1ast term of Equatlon 3 2 is zero in

e range: 0<y<d the dlsplacement across the entlr

’/’
ctlon can be expressed as _
¢ et ‘ ' 6
u=u,+ vy + <y - d>os ) O<y < (d + t)., v'-(3_3)=,' s

0

1

2 <y ~‘d>0 has a value of 0 for a negatlve argument
&‘and 1 for a p051t1ve argument ; The strain in the
horlzontal dlrectlon can now be determlned from the strain

displacement equatlon as .-

o fx T ; e
i t co v
leferentlatlng Equitlon 3. 3 y1e1ds
. ' ‘ : . . . L . .
- '4’| u- : ; O ‘: ' v, . ”
€, e u'y trv y +f,yi—?4}bs o , (3'5)ev.~ .
Defining the reference axis St#ain» i e o {p
; ‘« . . “A, o, i . » ) . . :

~ o



~ Equation 3.5.may be written as

tée curvature as . L i /

¥

W= - ¢ . (3.5D)

- and slip strain as

-

dax

\,’ N

i
v 7

o~ : ey =g, - oy + <y - a9 s' j S (3.6)

0 4
X v e P

B . o _(t.. g

- For a linear elastié-stressfstrain relationship,'stress

\ L T

is expressed as

,0'%5Ee : 'e : ’ (3.7)}7'

X

. . .
C N - g . B : ' . ) L .
. . - . - N .
( . 8 B . . . .

Substltutlng Equatlon 3.6 into Equatlon 3. 7 gives stress

in the terms of displacement derlvatlves as.

.

o= By - dnt v -@®sy (38

. N
*

3.1.2 .,‘Equilibfium Equétions in Termé»of‘DiSplacemehts

Three basi@ equlllbrlum equations may be

_ wrifteﬁ for.the compos;te beam shown 1n F1g 3.4. These'

frovan =~y a0

0‘

ds=s” . (3.50)

 ., e v- : - ,’;odA =0 - . b _. . . .;1(‘3.‘9).

= [f,oda]rg FToE=-a @A

32
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-

where q 1is the shear flow on the 1nterface between steel
and concrete ’ Equatlon 3. 11 is valld only if there .is 'a
relatlonshlp between shear flow and ?ll% Substltutrng
Equatlon 3.8 into Equat@bns ‘3.9 to 3.11, “and carrying

I
L

out the 1ntegrat10n, we obtain

_E(AS t AC)’QO f E(ACYé +;ASYS)¢ + EACS =0 7<3.123
~ y ! ’ R 4
E(A Y, ¥ ASYS)€0,— E(;c TAY, T Ig & Ag¥g 74
S+ EAYS' = -M (3.13)
ot - 2 v o= ) ‘7 .
Ehge'y.m EAYoe Ks . _»(:,3@14)
e Sy

-in whlch Y and Y, indicéte‘the distanCes fromfneutral
axis of the compos1te section to the centr01ds of the .
area of. steel Aé; and the transformed area. of concrete
(neglectlng concrete area in tenslon), respectively,
'E is the modulus of elast1o£ty of fhe steel and ﬁ;'
(— E /E ) is the 1nverse modular ratlo Equatlons 3.12

to 3 14 may be 31mp11f1ed by shlftlng the xvax1s to the

) -
centr01d of the: transformed sectlon 1n Wthh case the o

follow1ng deflnitions apply L

9
e
v

S | (As¥§ tAY) =0 0 e _‘(3;14a)’
and . ‘(1¢1+~A v 2 eag -1, (1)

cc S 5°S, S N

wﬁere'l is ‘the. moment of inertla of’ the steel about the

steel section centr01dal axis, Ic is the moment of

L%

33
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inertia{of theutransfofmed area of the concrete siab :
‘about its,oentroidal‘axis in compression and It fs the
moment of inertia of the transformed.compositensection
about the centroidal axis of the composite section. .. Thus'
€g becomes the strain at the composite section centroid
level, ahd : . | '

- A+ A ="A U (3.14c¢)
is the total area'of ttenstormed section‘ The simplified ’

forms of Equations 3.12 to 3.14 are
8 '

“EA.e, + EA.s'

+€0 ¢ ,=CO - (9.15)‘
- EItcp + EACYCs' = - M N (:%.16)
EAS;?0 - EASYS¢ = -Ks ( - (3,1?3

Equations 3.15 to 3.17 exoTeSs the basic equilibrium

conditions, i.é., Equatlons 3.9 to 3.11, in terms of the
' du : . 2" :

o . . _ .0 dv
three;dlsplacement gradients €g dxc’ ¢ = 5;5 , and |
s' = %% ; the sectlon propertles of the transformed area

Pand the stiffness of the shear connectors, K. However,

in order to -obtain a solution,\lt is desirable to elimlnate
all but one™of the displacements from the equatlons andul s
derive governing equations to enable the solution of one

displacement independently from the others.

5
R 4

34
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3.1.3  Governing Equation for Slip

o

By differentiating Equations 3.15 and 3.16,

e'o and ¢' may be expressed in terms of derivatives of s,

Thus, A . ‘ :
€9 = - F— S | - (3.18a)
. t ¥
A, x o
JE' L= - s" ‘ (3.18b)
350 K, |
AY s'
6 = S+ E¥ (3.19a)
' t Bt . -
B Y, s" Ly S
1= —3 s o U (3.19b)
t

xSubstituting these expressions for e'o,and ¢' into
}Equation.3.17 and grouping the ter&sryith a common order

of derivative of sii‘i s, yields

' ; < A Y. :
no_ K _ . Viis's 1
s Ay Y |S - ET A | Aary.| (320
EA — + 3 S ¢ tej s, ss¢
A I; ' A I, .
¢ "¢ e t t
s o K N2
Lettlng‘_‘ Aé AsYsYc‘-.a . | ‘(3.21)A
EA = +
4 C Ay L
P —
: AY S A ~
. . 1 : «
and .8 .S =B - (3.22) °
: - |ETA, A . AY Y | e _
; Y VL SO
| t t

s=~8v . (3.23)




H

This is a second order differentiél equation and is the
gbverning equation fbr'slip; When the beam is &tatically
determinate, V isga.known function of x,oand s can be
‘determined by solving the differential equaEién. With

‘thé slip known,4the;curvature can be obtained directly

from Eqﬁatioqu.lS.'BIntggrating Equation 3.16 twice yields
_—the’value of‘trénsverse deflectiénuv; and integrating
Eduation 3,15'0nce yieids the value of Ug- Thus tﬁe_
éomplete solution mdy be obtained from Equations 3.23,

3.15, and 3.16.

3.1.4 Governing Equation for Deflection

S An alternatlve solution technlque consists
of deriving a governlng fourth order equatlon in terms of
‘the transverse dlsplacement_v. "Differentiating Equation

3.17 and expressing terms as diSplacement gradients

-,

yields
B | /‘ tn . iv LIPS : o

. _EAsut 0 f EAS¥SV' +MKS 0 : / ~(3.24}

‘From Equation 3.16,
) . ' - - N I‘ i .

. PO, , )

RPN S (3.25)

BT, T A 3:29)

i

By substitutlng Equatlon 3, 25 in Equatton 3 18a

. and differentiating twice uo'" may be obtained in terms

‘ot v. Thus ‘
. . I vll

'y (E“Y“. ——y—T' - (3.26)

b
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't = o+ -t (3.27)

Substituting Equations 3.25 and 3.27 into Equatioh 3.24

results in . R
C I. + AYY A A o
iv t t's'c n — KM c's
-V EASAC ( A m? + KItv 5 + A w (3.28)
t . t
Letting I+ AYY. . '
t t's'c, _ : ‘
» : EASAc (‘ At Yy = ¢ : -(3.29)
N\
Equation 3.28 becomes °
N .
. KI AA |
iv t oo - —-KM o
v - 4 ok V] w (3.30):‘

t

This is a fourth order differential equgtion
- in terms of deflection. If the beam is statically '\/

determinate, M is a known function of x and w (the

»

uniform loading) and v can be determined as the solution
to the differential equation. With deflection known, the

curvature may be determined by differentiation and the 4

— 5

slip strain deterﬁined from Equation 3.25 by substitufion.

The-slip may be evaluated ‘by integfating Equation 3.25

and ug is determined from Equation 3.26. The complete

solution is therefore available from EquationslélBO,

’ FS
N

3.25, and 3.26. . .

Y



3.2 Slip Strain at Inflection Point
T

Flgure 3.5 111ustrates the neutral axis
p051t10ns in a contlnuous comp031te section: under p051t1ve
“and negative bendlng for uniform and dlscontinuous sectlon
properﬁige. ~In the negatlve ben11ng_moment reglon,
assuming the concrete'has no teneion strength,~the.concrete
slab is not effective. Theoretically there is an abrupt
change in the position of neutral axis at the point of
‘inflectlon as shown in Fig 3 5(b) The slip straln is
} ffected by thls abrupt change in the neutral axis
p031tion and the abrupt change 1n effective area of
concréte slab. ) 77( s

In order to maintain contlnuity of the force
F between positive and negative moment.reglons,.the strain
h:at,the'centroid of steei section must be equal,on both
'sides of the point of inflection. |

—

esn-= €sR (3.31).

'ff}where subscripts L and R refer to locations to the left

and right of inflection point In the positive moment

' region the strain at. the centroiq of the steel section

“can be expressed in terms of the curvature and the strain

- at the neutral axis of ‘the transtrmed section ‘ From ‘

) A}

Equation 3.6,

L]

o
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Similarly for the negative moment region,
oo (3

€cR ='60R_—n¢RYsR . , (3.32b)\

Now substituting vaiues of EOL' OR’ ¢L and QR from
Equatlons 3.18(a), and 3 19(a) into Equations 3 32(a)
'.and 3.32(b),/and~equating the results as 1nd1cated by

Equation 3.31, the following relationship iéfobtained:

_(AcL YsLAcLYcL> | MYsL
L

+ + .
Aty Lir L BT,
- [Ber YstferYer)., s | ;
S (A TR - C (3.33)
tR tR tR .

1f uniform or constant section propertiesr‘

are aseumed over the entire 1ength of beam? there w111 be
\ _
no change 4An the concrete area at the inflection p01nt

‘and the neutral axis will not shlft its position Hence
the section properties to the left. of the 1nf1ect1en

point will be the same as section propertles to the right
}From Equation 3. 33 1t 1s evident that with uniform section,
‘properties the slip strain to the left of ‘the 1nf1ect10n
point is equal to that to the right?. Thus it can be *
proved that continuity of slip strain . exists w1th constantt
hsection properties | v o ; ' » A
1’FI:t.’ there is a phange in section properties the_f"
’slip strain to the right of the inflection point w111 be
related to slip strain to the left but there will be

discontinuity at the infl ction point Letﬂ"v o

) R T Y



A .Y

' A Y e : ) ‘ )
. cL ., "sLcL’cL _. ey A
- S e A (3.38)
tL tL . |
o A Y ALY .
and ; ~(ACR + sRIcR cR _ XR.‘ - (3.35)

1y

‘tR tR
By substituting Equationg 3.34 and 3.35 into Equation
: 3.33 and eliminating moment terms (moment»lsvzero at the -
binflection point), the slip strain to the right‘of the

inflection point may be written as

X ' B S | '
R CR ,_ o (3.36)

_3.3 ) Boundary.Conditions

- In order to evaluate the constants of
71ntegration 1nvolved ‘in the solution boundary conditlons _
~must be established for any particular problem ‘For , »
: example for a simple span beam. the bendlng moment |
3stresses and stralns are zero 1. e ) M =-O,Vof' 0

’,eo = 0 at X = 0 and at x =-L; Hence, from Equatlon g}lﬁ

- s'. must he zero and from Equation 3, 16 it may be

yconcluded that ¢ is also zero at X "0 and at X = L
| From compatibility requirements it is

ofobv1ous that slip is continuous. Also as explmined 1n'

‘;{Section 3 2, the strain at the centroid of ‘the steel

.fsection is continuous since the force P 1n the slab must

¥

71;be continuous and therefore s* ls continuous wherever

°7efsection preperties are continuous. For equilibrium the



’ o
‘sumnmation of the axial force over the‘éntire-seétion‘
must be zero. The boundary_condifions,for.é simply ?
supported beam and a continuous beam are shown in

' Fig. 3.6.

B
3.4 ° Linear Closed Form Solutions -
vThe governing equation for slip, Equation ‘
3.23, is T
| s" - a“s = -8V L (3.37)
. The particular SOIution bf‘this equation for a uniformly
distributed load, w, is
(R Tt A R
‘The homogeneous solution is .
’ ' sh =,A‘sinhax;+73 coshax : (3.39)VA VI
Hence'the general solution is
. K ) ) ' 5 - ]
o . . B .wL : \ ‘
s = A sinhax + B coshax + ~5 (1? - WX) - (8.40)
' : o . ' R ;

ko

~ .

,The‘boundafy conditions relating to‘siipfstrain'?f__

are | o
atx=0,%=0 . . (3.41a)

R L g e

at x= L ix=0 (7;3:,‘41.@ S

oA

TR



' \
Differentiating Equation 3.40 results in a slip strain
equal to- |
. . . t R ‘ . ) ] . .
ds _ N o - B, '
-— = Aacoshax.+ Boasinhox + — (-w) . (3.42)
dx o R _ S

By introducing the boundary condition Equation 3.41a,

o

Ehuation 3. 42 becomes .
. w .

'Ao’=‘Aa‘_ Sw © 0 (3.432)

from which

| B P R
S ’ A‘;“» 3W‘ e - e (3_43b)1

A

| 1;>f;titdting the second boundary condltion Equationf3Q41b,

into~Equation 3 42 gives

0 =—B£ coshal, + BO.SilfflGL s w | | (3'443) .

@ eme T rEmR e

~ from which

dSii sinhal -

f\Substituting Equations 3 43b ‘and 3. 44b into Equatlons

3. 40 and 3 42 yields 8

‘ =.g§- coshax
i ‘8. "3 [sinhax + (1 = COShGL) m]

a

. i ; ‘ W sinhax wB
= coshax + (1 o coshaL) ] : (3 46)
o o The deflection may now be determined by
. wf'v .
1ntegration of Equation 3 46 using Equation 3 19(a)

B =_!§.[1 = costh}, R L (3.44p) ,

42



0‘ ’ LT ) ':.
. R o .- 43
) | C
: LN
Combining these two equations yields ‘
\ . : (
’ " 4 A Y »
Vo= e (LX - xz) + C_c we coshax
2E1 - I 2
Tt t ot b
I . - . ’
sinhox '
-+ (1 ~ COShaL) EIHHEE -1 o ‘ (3 47)
Integratlngbtwi¢e y1e1ds ST
o 3 .4\ - A Y Bw -
- W Lx~ x~ S TetetT. .
vV = 3EI -( 6 12)‘ A [COSh x
e | Lo
L 'a2x2 s e o
-+ psiphax - =5 + D+ Cx T (3.48)
n which -, o (4 ;‘costh)/siﬁhaL“ - G

_ Subgecting Equatlon 3 48 to the boundary
'vconditfbn v(O) = 0, yields D = 1.: Impos;ng the bqundary;

~ condition v(L) = 0 yields -

| 4 ALY Bw 22 |
o - wLi : a L7 . o I ,
07 agEr ¢ *1’“4 AT PO (8.908)
1a B _ |
- t ,
~ from which ’ 4 3  d2L' P
) i ‘(3y50b)

'~Cf=‘f 24EA 782

Substituting into-Equation 3.48 and rearranging yields .

v = Lx> _ zf  _ wLx
2EIt 6 12 24E1
R & i coshax'f"psinhax'+'~§ (Lx5— X)) =11 (3.51), . -
‘-‘I a . ';\__“ . e . : - ) .: £ - ; ) Sy

c""

Equations 3 45 3 46 and 3 51 give the

solution for slip, slip strain and deflection of a simply

:rted uniformly 1oaded beam A solution of the
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d1fferent1a1 equatlons for a contlnuous bgam with two

o unequal spans subJected to two equal midspan concentrated

loads is. derlved in" Appendix A The evaluatlon of the
consta;tskof 1ntegrat10n for th1s case is so complex
that they can only be obtalned by 801V1ng a matrlx
equat1on in the computer Therefore solutlons can onlyl
be obtained once'humerlcal values are a531gned to all

4
 §

variables,

3.5 7*Formu1a¢ion for.Nonlinear“Load—Slip Relationships:

‘ The solutlons in Sectlon 3.4 and Appendlx A

‘-fassume a 1inear relationship between shear flow and slip

4

This assumption .was 1ntroduced in Equatlon 3 11, where .

N

‘h it was assumed that S o - B : o SRR

When the slip’is'nonlinear 'Equation'S;sz.mayfbe-
:replaced by the genenal expression e e

f(s)

'e‘1n which f(s) is any. nonlinear function of s.

Yam and Chapman (31) introQuced an .

'"’aexponential relationship in the fOrm {;‘,ih

Q =a ( 1-e bs)f .«-;.-r"('_3~.75_‘4)“‘ o

to reprEsent a nonlinear load—slip relationship between

the total shear connector force Q, and the slip, S‘ﬂlg:}f"?y?; S



.- d1v1d1ng by phe connector spac1ng, i. Then Equatlonv

&
A}
‘
-2
~ » N

45

SN

'Thls may be reduced to a shear flow relatlonshlp by

«

3.52Lbecomes |

I R
o Q=5 =3 (1 -e. ) o (3,55)i

oy

’which 1s a partlcular forh of the more. general relatlonshlp

represented by Equatlon 3 54

If the relatlonghlp of Equatlon 3 53 is used

_1n place of Equatlon 3 52 Equation 3. 11 becomes o

fend“

B AP b o T ey
R B3 ETfif' A_ vy Y| o (3.80) .

L

in which, from Equation 3.21,

e -‘ ‘f.(s), - q | 5 : A (3.»,56)
, ,

Equation 3.17_becomes SRRt ; B ff i - o

| . B Cone e
] K - 1 |‘ = . . . . g ot
EAge, - EAY ' £(s) L (3'57):
. ! . > v L N . ) ’
and the governingrequation for‘inpQIEquatieﬁ:3;23s,

P

becomes. o , e ST Ty

s" -a® f(s) = -8V - - (3.58)

1
P |

.1\'> ‘ L . ) . ’
. . - A e N
. . . . :

‘ solutions._ Therefore numerical $Q1ution techniques'f:
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FIGURE 3.3  STEP FUNCTION
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' CHAPTER 1V

A NUMERICAL SOLUTION TECHNIQUE

I

FOR COMPOSITE BEAMS

té.l'_ Introduction’

Classical solutlons for deflections of

-

comp081te beams are limited to simple se&tions with no )

-

material nonlinearitles Furthermore as may be seen 1n :

+ 3

Appendix A, the evaluation of constants of integrat1on
becomes tedious for continuous beams . Numerical techni-
ques offer an alternative in these cases \
A technique for obtalnihg numerical‘solutions
, forvcontinuous compositeibeams‘with:e nonlinear.load-
Slip’relationshiplis-developed in-this'chepter; ~The‘*
}'governing equation for slip, Equation 3, 23 is the basis
'of the numerical solution technique Beginning with an
initial assumed slip, the numerical technique 1nvolves a
,process of iteration which is continued until the slip

l?has an- acceptable degree of accuracy

K ‘e . . L
i : " : . ).
_ o K .




- % - . \T(‘
z\ ’

4.2 Numer1ca1 Integratlon of Slip Equation

A three-span continuous composite beam, shown
in Fig 4 1, is divided into a number of segments of
length h. Each end of a segment length is defined by

a’nodal'point, as 111ustratedvin Fig. 4.1(b). The

continuous beam is changed into a simple beam primary }//.

struefure subjected'to two sets of 1oadings. ‘The first"
loadlng consists of the external 1oad1ng wh11e the second
.con51sts of the reddndant reactlons This scheme is
‘ lllustrated in Flgs 4.1(c) and 4 1(d), respectlvely
Aswderived,in Sectlon 3.5, the governlng

second order equation for slip‘is
-’ ‘ 0 T I 2 — ‘ ' : ’ - .
s" - a"f(s) = - BV : - (4.1)

‘Setting §' =V (which is not 'to be conqued'with v
of Chapter III) the second order Equation 4.1 may be

expressed as the follow1ng two flrst order 31mu1taneous

s

f equations. ‘ '\tl v
B N O

) . *

.Equations 4 2 and 4 3 may be solved by usxng ‘a Runge-:fv

;Kutta method of integration and iterat1ng each equation,'e

"in turn.a In applying the Runge~Kutta method ( 7)

R /
S ;

OIS

. 53

.
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‘Equations 4.2 and 4.3 are expressed as

s =HGs, % v (v.4)
Syt = G(s,l’x,.v) | | (45) .

1n which H and G represent the functional, forms in - o
\ o

Equations 4.2 and 4.3. The recursive equat;ons _or the

fourth order Runge—Kutta_solution of_Equations'4 4 and L

[

”4.5Qafe f

(ky * zk2 + 2k &t k4 ) (4.8)

,(kl + 2k2 + 2k3 + k) (4-7)_' | {

;Equations 4.6 and 4 7 are used altetna;ely and the k

and k values are determined as follows

|

ey - H<xi»1si, oo @s

P
"

G(x;, s;, ;) : _3»1-(4;9;:,”

kZS:é H(Xiff 5,‘31 + —7?—, vi.f ‘ 5) dféﬂlo) R

]
e
N)
Pobs
™o

et

Sanp

ol ol

<a>*4v%:;9£¥11+32etss;+=»ksgi




The‘initial values of Xy sl,.vldetermlne k1 and kl
from Equations 4.8 and 4. 9 respectively The' remaining
values, kjs and kJ , where J.= 2 v3 .4 are determined
from Equations 4.10 through 4. 15 successively .
- Equations 4.6 and 4. 7 deterﬁnne values of slip
and slip strain ‘respectively. The computation of slip
starts from ‘the left end of the beam at Xy = 0 and ..

progresses through all nodal p01nts to the right end of

‘thevbeam as shown in F1g.,4.1(b). The shear flow at any

_nodal point‘in the beam may be computed by-u51ng either
" a linear or*anonlinear'relation for slip}in which,rfrom
»vKuation 3;52, s . o | - i o

' I j_;v;p". '.};(4~1645"

or, from Equation 3.55,

Pl

, L)
- a o Zbsy oo T . x S - o
a=—@-e" o (4.16b)
The axial force in the'concrete'at the right end;oflthe_ii
beam is computed by using the relationship R j"f":',_vg~‘

' "r

If the axial force computed at the right end is zero the

‘ assumed initial slip value is correct and hence the total

solution is correot. If the axial force is not zero at

¥

Sy

55

£

-lthe right end a correction is applied to satisfy the Qrﬁ_li";"”

,lboundary condition "1lh'”<“f}'.7*i§;-f(.aj_ﬁ_~f¢

F 4

Ry =0 Caim
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4.3  Correction and Iteration for Slip

.An unbalanced axial force in the*slab at the
rlght end of the beam as shownsln Fig. 4.2a, ‘creates an
-vunbalanced moment An equal ‘and opp051te balan01ng |
' moment produces a correctlon to the initlal assumed s11p

value. The general solutlon to Equatlon 3.37 for this
loading case is- -
- R o F(Y, - Y) DR
= A sinhax + B coshax + —5 S (4.19)
ST - o a2 -‘L; , .

_Evaluating s', and equatlng it to zero for x . =0
requires that A is zero. Flg 4 2(b) 111ustrates the

moment correctlon to remove the unbalanced force Using

»(.)

Equation 3 6 the strains at the centroids of the slab

and steel section at the end of the span are

-

". ‘ . . . . . N . N R PE ) R . ' .
L” . .

Ecv 60‘ ¢Yc. + SL = -F-:-A—c-:- _ | .v (420)

.EAa‘

Eliminating eo from Equations 4.20 and 1. 21 fhe'Sxip E

- strain 1n terms of unbalanced force and curvature s

 % T%r+~www FJ;?U~““W*V
From Equation 3 16 the slip strain can also be eXpresSEdfff,ait;

in terms of curvature and the applied forces required f{;,r

to balance the unbalanced moment as ;f;jtfﬁ
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by eliminéging cur;5¢ure from‘Equations 4.22 and'4.23
AT A ALY, - Y )2 | B

. » = A (4.24)
TE | RE TR SR Y (T, R

Equétion 4, 24’defines the slip strain boundary condition
cat. the rlght end of the beam for the balanclng moment
eBy dlfferentlating Equatlon 4.19 the slip strain at the

Yoo

right end oﬁ{the;beam, where x = L, is

sp =.0B sinhal - . (4.25)
By equating Equatlons 4 24 and 4 25 the constant B is

evaluated as

Cmo A ' R , -
Voo B f asinhoL e 64'26).

-~ As the A and B values are now‘known;ﬁthe‘slip at the left
. : A g.

‘}.3fend;'fpomequation 4.17, is

.8 =fBa+‘;%F (Yq_; Ys)ﬂ | N 42D f,"
Eduation 4. 27frepféeents4the.correction to Be applied‘toii
“~ the initial assumed slip at the left end of the beam
elThe procedure is repeated with the corrected slip value
_until the force boundary conditlon at the right end
eeEquation 4 20 is satisfied Values of slip and slip
'=:strain are then directly available from Equations 4 6 and
"'4 7 sbear flow may be computed from Equations 4, 16a or

54 16b and ag‘rl Iorce may be computed from ‘a numerical
‘kef;ntegration oﬁ.Equation 4 17 | | L

57
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if‘-ﬁ\\ gives.rf‘, ”**J",.', el o T
NI | gt T BRI

- the Runge-Kutta solutlon as the variable K evaluated in

£, + _ £, ','(;4...30a")’
LS nO) 1 Tam, T T Ty R
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.4.4  Evaluation of Slip Strain | -

Although the slip strain may be obtained"_rffom S
v 2

Equatlon 4. 7 the Sllp straln used to determlne the shear

flow in the progrmn developed hereln was - obtalned as the
’ der1Vat1ve of a quadratlc polynom1a1 passxng through

' three consecutive p01nts on the sllp curve. For"equally

[y

spaced. p01nts tnls reduces to the standard second order o

flnlte dlfference approx1mat10n. ' . : : -;._
; L .

The Lagrangian 1nterpolat1ng polgpomlaL f(x),

-

'»‘paSSingythrough ‘the values - f1 f2 and f3 at three unequally‘

) spaced points as illustrated in F1g 4. 3(a), may be

*

';expressed in terms of the lodal X coordinate, measured

='ffrom point 1, as ‘,ﬂ-.ryf.v o o ,\\) o

S (x-z )(x—z) C oy XEx-2.)7 :
20 = —p3 g e BEE gy e b 3 (a.28)

. 1 S e 20
ifferentiating this expression yields i .
-df e 2 - : A

Evaluating this derivatiVenat the Yhree nodal points '

;_(zg +22) £1+22 *_a-;;;.gl;

-
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&

by (R + L +28;

df ; 1*) 1 11¢%g -
I"TI”"T"T 1 ‘_T_I—“ f + T_TT_:T_— f (4.300)
'Mx=2, _ '. : 7 . | ‘

These-eﬂuatlons are used to evaluate s' 1 'In evaluating

he‘i at node 1,-and_1ett1ng 21'=-22 h, Equatlon 4.30
beCOYﬂ»e\Sv + R - ;‘ . ) o
fj'si-l) o S .(.4‘.:31)¢
Wthh is the f1n1te dlfference form H
At an 1nf1ectlon p01nt the sectlon propertles
‘may be cons1dered to be dlscontlnuous, as dlscussed in -
Section 3 2. /’Let us con31der that the bendlng moment
'dlagram is as. shown in Flgure 4 3b and the dlscontlnulty'_f
_in sectlon propertles occurs. at p01nt O?Whlch is 1ocated;

A-‘?

at a dlstance 'a' from a nodevJ,ahd at avdlstance,lbﬂ -

«wm

.from node i. In terms‘of the slip values at.nodes j—i;»t

L

o ahd j+1 shown in Figure 4.3c, the slip strain at points-“ﬂv

3

¥ and J+1 h@y be computed by evaluat1ng Equatlpns 4 30b

,_and 4 300 whloh become @%é %& o .‘, . .
v : .-"f'—a \ a-—-h ‘ . ) h : ,'_‘,‘_ E B o J
S 3 T R(ath) .Sj-l.*’-:‘,aﬂ B S ’f,,’("“a a i) Sj+1 (4.32)
r‘ ; - o v L T .‘ i ] .. ) ,.4 . T ) R . o e
gt =B ~(ath) h+2a " 7 i aazE
Spj+1’~ h(a+h) j 1 ~.ah 'sk+ a(a+h),sj+1 , (4'33) '

: JBased on the value of s' 3+1’ the value of s\"1 (Figure

' 4.3c) may be evdiuated from Equation 3. 36 The standard
-iRunge-Kutta formulae Equations 4.6 and 4 7 may then be ",’.

- ] ueed_to evaluate.si,ggd_ei+l{_ The particularvvalues of

"



-

._s'i_1 and s”i,'obtained from EquationS"4‘30a andh4”30b,

are S -~ R B ) ; '

¢ VI bt 7___b___s T

i-1 ~ b(b*h) i- 1 Bh Si T h(bTRY “itl . (4.349)
and o S
Batt h -, h=-Db. b ‘
1 - K Hurv ~ P .
© %1 T BeHR) Pin1 1P b5 th(bfh_) Sii (4.35)"
_ _ L,

Therefore, the Sllp ‘'strain can be@obtalned at nodes
adJacent to ‘an 1nf1ect10n p01nt by 1nterpolat1ng t rough

' ‘the values of Sllp at these’ pornts

IR .

P

»

: e : S ' B . /
4.5  Evaluation of Deflections o

*

Once the slip has been determlned the
curvature at any poxnt along the length of the beam may

fbe determlned by using Equatlon 3. 16 since all the terms

L fare known. The curvature is expressed by Equatlon '3.16.

as.

e '(4.36) R

- .

,_”Deflnlng v' ='z the above second order equaflon.may be
“expressed as two fxrst order Simultaneous equatlons. 1fNote
a :

that v 1s\the displacement defined 1n Chapter IIT.

77V?d*‘i" ﬂf,'f°'iﬁ‘ SIS (4 37)
e e *-ﬁ‘" 1 s'. ' (4.38)
O o t o f“r‘f, %X.v “, | s U

-

By employing a second order Runge-Kutta method of




and 4.38 may be written symbolically as

vt =Gz, v) -« (4.39)
z' = H(z,-v) N (4.40)
. from which _ i) : )
4 . - , .
L E _ o P S
Vil T zf(klv + k ) + vlu L 7(%.41) -
z by .k .‘) roz (4 42")“‘“:4
i+l 2 1z - 7"2z7 ;71 RS T
Values of klv, kzv auo.kzz-are evaluated as é&<
Biv T %1%
.' " l‘ prg
b 2 klz'=(EI“ + 7 fs 'R | g (4.43)
t- t . .
& - . o \ ~
,’rf‘ ~' : T . . ‘. .. ) " ‘.-‘
;kﬁ%”— z; + k1Z xﬁh Lo ‘ ;‘(4.45)‘[
M. AY j - o
_ 1  Teci ., : ’ > )
| Koy = EIt AP S TS} - - (4.46))
e t ) a":“ /" . /
‘iBy substltutlng vglues from Equatlon 4.43 through 4 46 1n
13
' Equatlons 4 41 and 4. 42 the deflectlon at every nodal
p01nt is computed l‘ ce the value of v (0) 1s unknown T
'a priorl-“ a value of zero is first assumed before the
’flntegration 1s carrled out The deflectlons SO obtalned
'*.’are shown in Figure 4.4. To obtaln the true deflectlon
o 'Q . o
TR af;everyunodal point a llnear correctlon must-be applled,' ¢
| _ As 111ustrated in. FlguEe 4 4 the sﬁope of '/{<
's” the 11ne Joihing A and N is i b ,1-'j'v€ , ,
. - o (aiaTy .

i
TN
¥



j,?

‘dan'
. 600 nre de;foma.tiona due te un),t load at C.‘ RB and Rc

)

a,

: Therefore, the’ corrected deflection at any_poiﬂt is h

A

. S . i . \
. a0 =ex, -6, - (4.48)

Thus a complete set of deflections is. obtalned
The procedure de$cr1bed above is valld for a

-

simply supported or contlnuous:beam.‘ However, to obtaln

‘values for a continuous beam, ;t is necessary to solve for

the indeterminate reactions, as desoiibed in Séction 4.86.

AN
{

4.6 nSolution Procedure for Continuous~Beams
. € ]

-~

&
\

The redundancy of a continuous beam may be

i

solved by using the fiexibility'method. ‘A three span
o “ : -
continuous beam with a uniform load w, shown in Figure

4.5a, is statically indeterminate to-the second degree.
. . . : . F = ”

The primary system has been selected as a simple beam -

which deflects,unﬂer\appiied loads as-shown in Figs.

. .
L3

4.5b, ‘c and d. With the fedundants and deformations'as‘

-y » -

“deflned in thése flgures “the cont1nuity equations can be

. "

expressed as . o :
S ey * GBQC * 8, o W)

PRI GCBRB+GCCC e (450

-
.-’ - —~

"where AB and AC are deformations gue to external loading.

8. BTE deforbaxions due to unit load at B and §

CB

8 »°»‘_

m the mue’éima‘ = el

ca"

I
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//fﬁ\\\\‘ ~ Equations 4.49 and 4. 50 are expressed in the.
- fmatrix‘form as
GBB % t k : . (4.515
) SBC' Sce . 5.5 |
or : - ‘ ‘ ) |
v . Eﬂ’ {R} = (&} (4.52)

whePe F is the flexibility matrix, {R} is the redundant
vector aﬁd{A} deformation vector. The feactions, determined
by inversion of the flexibility matrix, are’ v

{R} = '}F}“;l {a} |  (4.53)

The total stress resultants are obﬁained'by superimposing

the stress resultants due to external loading and those L

due to interior support reactions.

The contlnuous beam of Flg 4.5 may now be

4%‘
solved by the following procedure » Assuming constant

section properties the deflectlons {&}for tbe uniform
- load acting on the primary structure are computed by the

'

Similarly the defl ctions GBB and GCB are computed for

»

a unit redundant applied at B, and the defle&tions GBC

procedure descr{&eg in Sections 4, 2 4. 3 and 4. 5

 ‘-~ ..and 5CC mcomputed for a unit redundant ppplied gat C.
 The matrj-x {F} of Equation 4, 52 is then formed a.nd the

nedundants determined from oquation ,4,53. : /,7 ’

‘05
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in which X rep¥esents any quantity (moment, shear,

deflection, slip, slip strain, shear flow, etc.), and
Xo, XB‘and XC
'quhntity from the three basic solﬂtionS-deScribed in the

represent the values obtained for that

- preceding paragraphs. The solution is then complete for
classical solutions guch as'that/of Plum and Horne (19),
described in Appendix A. _ ‘ | © s

~ Two types of nonllnearlty have however,'been
included herein. -The fifst is that arising from the
cracklng of the concrete in the negative moment reglon
and.the second is a nonlineax llp/sheqr/flow relatlonshipl
'In the.followingvparagraphs,/the contlnuous_beam technique
will be‘cOnsiderec, for'the’eiample problem of Fig. 4.5,'
'treating‘each of tneécrao&ing effects separatelytand then
combining them with the nonlinear 16ad-3lip relatianhip ‘

For the nonllnearitl?s arising from the cracking

,ﬁof'%he slab the following technique may bé used. Super-

°!position ot3moment according to Equation 4 54 will produce

5 <cregions of negative MQment The locations of the points of

1nflection cnn'be d&termined from a linear 1nterpolation

4.'

]of the supeflmposed moments between nodal points résulting
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The deflectlons {A}l requlred to set up
Equatlon 4.52 ‘are now computed with these nonuniform
seqtlon properties and by considering the stress resultants
obtained from Equation.4754:with the current:values of Ry .
and R;. The lack of compatipility in deflection at the

Ct
redundants are now obtained as

fSA}l = fA}l - {A} : (4.55)

», %
’ [

Now the_changé in redundants to eliminate this lack of

compatibility is computed,as

[f] omy= oy, (4.568)
The improved estimate of reaction is ‘then |

- N_ . "' - ‘ ‘

{R}, = {R} * {aR}, © (4.56b)

The total superpositlon ‘expressed by Equatlon 4. 54 isf

now repeated for the new reactlons until, for the ith

A

iteratlon v . X
| (R} ;= {0} ° 7 (4.57a) |
G o N {aA} g = {Qh;v o t‘¢ o ~(4.57b) R
. o Te o .'.‘ s a -

" ;5_ When conditinns 4 57a or 4.57b are satisfied the process

is ccnsidered to have converged And the !correct‘ solntion o

Fs

“has been obtainnd

81nce the above iterative prpae"“
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béahs:with 4 nonlinear load-slip relationship. The
primary difference is that the‘iteratiouirequired {b
\determine the‘proper shear<flow' desoribéd iw'Sect -4 3,
which must be carrled for each of the separate loading
conditlons, may take longer to converge'because the

estimated slip cotrection described by Equation 4.27*is}

not as good an estimate as for the linear case.
: : , ‘ .

4.7  Special Problems in Solving Continuous Beams
»” . . ) . .. : -

o , : .
The genetal technique»develpped hefein'for
the solution of continuous beams’has beengdeSCribed*in*
'Sect‘ 4.6. In that seétion 1t was pointed out that at : :f : .
:an inflectlon point there is an abrupt change in" section '
) fproperties if it is assumed that concrete cannot resist
- tension. This gjves rise to the discontinuities‘
illustrated in Fig. 3. 4 There 15, therefore a )
' vajdiscontinuity in’slip strain as derived 1n Sect 3 2 it : fi';_;,t
| ';faﬂd expressed by Equation 3 36 It is nebessary to ’ ‘ ‘
hf;fcensider this discontinuity in the integration or Equations '?;;t:

;4 4 and 4. 5 described in Sect 4.2, 'when sqlving eoutihuous 3uf,

:fbeam ﬂroblems This results in the following medif!eation




J @ . N
. .

‘The value of s and v are then determined for node point

L

_bence s; is computed from Equation 3.36.  Since slip ié

continﬁdus, the values.of s and s' at mode i- 1 of Fig 4.3

j*+1 by Equation 4.2, s/ of Equation 3.36" is Known and

*

are now‘knowhg and the‘values at'node i\;ggfdetermined_by.

using 'b' of Fig. 4. 3 jn place of h-in Equat1ons 4.6 to - V%% .

4.15. The integratlon procedure now proceeds normally to

* . «

the next 1nf1ection polnt when the same procedure is USEd

Thus the discontinuity in slip strain is.accountEd for,iﬁ
5 the integrationﬁgrocedure(fbr continubus beamSﬂA,

N ) N "‘x"
) . “ . 3 .

.
Foug
-
1
=
W

4.8 : Computer Program.. T ” £ o o  w ;
S R

A number of computer programgl wés‘Qevélppédiv-‘

. : e T B o o
during this investigation. Thé main program, developed
o g R S
en the basis of the numerical solutlon technlque is v

1nc1uded in Appendlx F. Th4s dppepdix ineludes the flow
&
chart description and’ listing for the program and a'

v

. " EE S ST N ’ .
‘ttest problem.,‘ o ' z.i_,'g, ' z‘~ ",' ‘~~_; S e

The program is designed to analyse composite ;

béams of. up to six spans and can handle any combination of

4

Calculatibns may be“perfarMed on t

loading




'regions, or ' L e

i(c) Average flexural stlffness (EI W&? i e. ,‘

the average of p051tive and negative moment reglon_

| flexural stlffnesses.

Ccmputations for slip, slip strain, ehear

—

flow force and deflections are based on the procedures

»descrlbed in this Chapter
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DEFLECTED SHAPE OF
SIMPLY SUPPORTED BEAM -
: Ty

DuFLECTED -SHAPE OF
CONTINUOUS‘ BLAM '

© FIGURE 4.4 DEFLECTION AND ITS CORRECTION . % .

. . o ) [
S .
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(a) CONTINUOUS BEAM
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~(b) PRIMARY STRUCTURE
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CHAPTER V-
VERIEICATION OF NUMERICAL TECHNIQUE
. ' | - '
5.1 Introduction

— In Chapter IV a'nUmériCalbtechniqueawis
N
, establlshed for the solution of contlguous compos1te beam

o problems under the cond1t10ns of: (a) ‘linear response
and (b) nonllnear response in wthh the nonllnearlty is-
conflned to cracking of the concrete in the megatlve mOment i

, reglon and/or a nonllnear shear connector 1oad Sllp
i \‘_1

w <

Srelatlonsh}p The ba51s for a computer program to solve

Y

SUCh prOblems Was,_ d63crlbed »‘t’ 1 ._;l,~ o .
B It is’ the purpose of thlS Chapter (a) to :;‘

li,bverlfy the numerlcal technique developed in Chag;er lV for

the prOblems itemiZed a%ove and (b) to establlsh the . R
LE S
adequacy Qf fhe model for the computatlon of deflectlons o

. 1n simply supported and contlnueus composite bea@s

Since the program does not 1nclude'%%e a,,'

ERA I - - L
wriag

;:ié;j[effects of steel yielding or concrete crushiﬂg, it cannot

S

of?°ufcbbf“39d‘to compute deflection'of composite beams at




75

[
. RN -

5.2 {Proéram‘Vérification for’hinear Beha@ior ,
' . ‘. [ ] . . “ ) i . o N . o

- 5.2.1 Jimply Supported, Beams s ey
: ] ; P ' o
v" "\ c N ) v ’ .'4- L " . .
‘ The classical solutionffor;a simply supported RREA

- unlformly loaded beam w1th a flex1b1e ‘but llnear elastlc

\d’

‘shear. connectﬁbn 1s deered in Sect 3 4. A~comparlson-of ’
the numerlcal results obtalned from ‘the program descrlbed .“":k}/

in Chapter IV w1th this classical solutlon is contalned in
3 | @
Flgs 5.1 to 5 3. The propertles,of the chosen cross-

JA

k]
section are contalned 1n Column (1)~ of Table 5.1. ~The

e L!.

c1a551cal solutlon for a. s1mply supported beam subJected

w

: to a concentrated load is 1ncluded in Append1x B and the n‘“

S
‘ results obta&ned from numerlcal ane1y51s Are compared w1th
/

the closed form solution

. - L '.'.‘;g; ‘ . -.. ‘A o : ce
L It can be seenﬁfrom Flgs 5.1 t0'5'3‘that‘ 7

s

based on llnear load s11p behavxor of shear connector
the results of the numerlcal solutlon for slip, sllp straln

and deflect1on (at a load of 30 klpS) are 1ndlst1ngulshable

l

from the values ob alned in the clas31ca1 solutlon."'d

A

“\i Nonlinear load-slip behavior for the shear connectors

incré&ses the magpitude of slip and defle 1on throughoux '

Lo

he 1ength of the beam

';ggf In addition to .ﬁe,solution for the linear




-

* 1

|
"'ere alsqishown on the figures‘ . In Fig. 5 3 deflection
1nc1ud1ng the effect of shearlng deformat\on 'is also
Shown for comparisoh purposes 4
Th1s example- verlfies that\the results
obtained by he numerical technlque for 51mp1y supported .
beams are cpnsistent with the lineat elastic. classical

29

solutiop. «

5.2.2 Continuous Beams

The ébility of ‘the computer program C%ased
: . ]
on numerical technique) to properly analyze a' continuous

beam'with flebele shear connectors but linear elastic

4
»

response 1s verified 1n this Sectlon by’ solv1ng the
problem which was the subJect of 1nvest1gat10n by Plum and’
_ Horne (19)ay.The*prob1em 1s'111ustrated 1n Fig, 5.4. ‘Plum
end Horhe solved this problem by determfning'the generel.
solutioﬁ to the governing equationsﬁ_derived‘in Chapter
’Ili, ehd&imposing the'proper boundary conditions ‘in order‘
to evaluate the constants of ihtegration ” For this solutlon
constant sectlon properties throughout the length of . the
beam, that is, concrete\cracklng, is 1gnored in the nega-,
t1ve moment region‘

« Since Plum and Horne did not provide deta&ls
of their solutlon the classical solution for a two—span

continuous compos1te beam has been derived in Appendix A

A computer program to evaluate Sllp, slip strain and

i P
N
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R 7]

deflection consistent_with the class;czl solution derived
in Appendin A was written, and the prpblem of Fig. 5.4
was eolved in‘this manner. The properties of the beam are
tabulated in Column (2) of Table 5.1. The soiution for
slip, slip strain, slao force, and dé%lection obtained by
"the numerical technique of Chapter IViare compared with
the classical solution in Figs. 5.5 to 5.8, respectively.
The only significant discrepancy between the

classical solution and the numerical solution is that for
slip strain in the region of the concentrated loads and the
reactions. This discrepancy appears to arise becdhse the
numerical solution;technique computes slip strain by
.averaéing values obtiined from the'two,element lengths -on
each side of the nodalipoints - This technique does not
permit the accurate evaluatlon of slip strain at the point
‘of‘appllcatlon of a concentrated load. Nevertheless, the
'correspondence between slip curves indicates*ihat'the
distribution of shear flow (directly proportional’to slip
in" a linear problem) preQicts.an accurate determination of
tne distribution of internel forces. The defleCtions'are
also reliable | &. B |

; It is concluded from this groblem that the
.humerical techniques incorporated 1nto the computer program
are suitable for the solutlon of- composite beam problems

involvtgg linear load-slip resgbnse\of shear connectors
. 5 o ‘

and concentrated loads.

N M - PR
‘ /ﬂ ~
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5.3 Program Verification for Nonlimear Behavior '

N \ ' -
\Q . : N‘-. o
S~ Any solution which includes nonlinearities

for composjite beams must be based on évnumerical'technique.

Few of these solutions are availﬁble. However, Yam‘ahd

n

Chépman (él) have p@blished'numerical solutions based on

L ¢

whiéh include the effects of steel yielqing, concretéA
tensile cracking, concrete crushing and a nonli;ear expo- .
nential relatiqgship between fordeﬂand slip in the éhéar
connegtbrs. ) |
The primary objective of this thesis is to°
invgstié;té deflections of composite beams under serviCé
lbéds. Noniinearities due to yielding of the steel ahd
crushing of the‘concrete havé no effectiat this leve} of
load. Therefore, the simpler technique devélqﬁpd“herein
is appropriate for tﬁé present sfﬁdy. In order té’demon-
strate this, the solution;obtaiuéd from the preéént,
numericai technique is cémpared, at §e£viée'load; with the
full.nonlinear solufion of;Yam and Chapman.
| Yam and Chapman's test beam is shown in
Fig. 5.9'andaits propertieé aré‘shown in Column (3) of
Table‘s.l} Their'soiutioh for‘slip'and deflection, at a
service load of 7.4 tons, is’sﬁown {h Figs. 5.10 and 5.11,
respéctiveiy, where they are compared with thé préseny}

numenical soiution.

3

R ' .
.predictor corrector technique for continuous composite beams.

78
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“that, although_there'are some differences in the vicinity

— \zThejcomparison of slip in Fig.‘5;10‘indicates

< o

of the concentrated loads, the characteristics -of the curves

are very sjymilar. In particular, thé maximum stip values IR

"are esse 1a11y the same and occur at. approximately the same -

locatiqfs. "The comparison of the service load deflections

£6r these tw0!solutions is shown in Fig. 5.7 where the
. ! !
values are seen to be identical for all&practical purposes

The indrease in deflectlon produced by the flex1b1e shear

connectors and'concrete cracking may be‘seen>by comparing

‘values w1th the comp{sge interaction deflections, shown also'

‘associated with the load—ship'relationship at service)logd

in Fig. 5 11 and which are taken from the paper by Yam and
Chapman " From Fig. 5.11 1t 1s evident that shear deformatlon'
has not been included in Yam and Chapman's analysis The ,
degree of nonlinearity developed in the load-slip relatlonshlp
for this problem may be seen by determining'the position at
which the maximum slip of Fig. 5.6 is located on a load—sllp
or shéarJflow—slip curve. This is shown in Fig. 5.12,
from whi?h it may be concluded that there is some-nonlinearity
for this prcblem; _ _ |

- Figs. 5.10 to 5.12 appear to support the

argument that an analysis in which the nonlinearities are

- confined to crackihg'of‘thelcoﬁcrete and\thesloed-slip

relationship'is capable of producing an ade@uate‘simulaticn

of the behaVior,ofpcomposite beams at service loads.



2
T J
| . ‘ . *

Furthermorev this establish that the proé(:n deVeloped R

‘{herein has inoorporated these nonlinearities ih such a. way

l

that the results are consistent with a more sophisticated

(

'treatment of - the problem Thus; it is considered that the e

“reliability ‘of the computational technique is adequate to-
draw eonclusions relgtive'to the etfects 03 service load o

deflectibns arising from variations on&stiffness parameters

8. w ot
. b
LA

5.4 Comparisons-with'Test Results

5.4.1 Compdrison with.ﬂamada and Longwortﬁq* 9)
® . (2N

.j Hamada and Longworth ( 9), .in an experimental

L)

and analytical investigation into’ the behav1or of continupus
“comp051te beams concluded that shear deformation ma;
contribute significantly to the deflection of composite
beams Load deflection computations for one of their beamsv
(CBI) are shown in Fig. 5 13. The properties used in the
analgsis of this beam are summarized in Column (4) of E
‘Table 5.1. ’The computation of service load for this beam

is given in Appendix C and the results are summarized in ;‘,
Column (2) of Table 5.2, Very good agreement is obtained
with Hamada and Longworth's results up to 70-kips using
nonlinear load-slip behavior of shear connectors and
including the sheaf deformations It is apparent that

for the shear connector stiffness used in- this analysis it

is necessary to include: shear deformations to obtain

—

e



reasonable‘agreement with their:experimentaliresults.
' Therefore, shear deflection’will be included 'in maay of

thefparameter’studies Of»Cnapter VIt - t S N

5.4.2°  Comparison with Chapman and Balakrishnan ( 5)

L

S - : e
Chapman and Balakrishnan ( 5) carried out‘an

exten81Ve testing program of simply supported composite
“

beams with various types of shear connectors. A comparisonr

' with one of. their tests (Beam AG) is’ shown‘ln Fig' 5. 14 v
A4

. ' The beam properties are summarized in Column (5) of Tab1e~f‘

5 1 N The service»load~i§ computed in accordance with the

t procedure of Appendix C and the computation is summarized'
. Z*.\ L

o

W
A »

,in Column (3) of Table 5. 2 |

‘ t | In contrast to Hamada and Longworth's beam’

- it should be noted that better agreement is obtained with g
dthese results when linear 1oad-slip behavior is assumed
.'This appears to contradict the conclusion obtained from

., the comparison in Sect 5 4. 1 : However there are ‘

e

o
, uncertainties involved in evaluating shear connector

o ' .
'stiffness for‘HdMada and Longworth“s beam.: Hence solutions e
iwith and without, shear deformations will be presented

fin Chapter v1 '9"; | ‘ji' ,;? '\5;4”*f5‘y<k J~=



L f5.5:3ﬂ~poncidsion7

i

The numerical technique developed in Chapter7

IV predicﬁs the behavior of composite beams with very goodf._‘

accuracy up to service 10ads and hence the'validity of"

N

the model is established UL e
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TABLE 5.1 PROPERTIES OF COMPOSITE BEAMS
. FOR TEST PROBLEMS -
R Lo ‘ \.
T simply | Plum and | Yam and | Chapman and | Hamada and
Supported . "Horne's -'|. Chapman's )Balakrishnan's Longworth's
, ‘ - Beam Deam - ‘[ - Beam  Beam ’ Beam
Beam Designation | BSS12 x L |- ¥12'x-31 | BSB 108 | BSS12 x 6L | W13 x 31
“Total.Depthed tn] 18,000 | 16.000 .| 8.378 | 18.000 16.000
Concrete Slab : . ) o N . o
be (in.) 48,000 " |- 48.000 19.000 48.000 48.000
L teina .8.000 4,000 2.37% 6.000" 4.000
Ec (ksl) | 3.580x10% | 3.750x103 | 4.002x10% |-3,880x10° | «.527x10%
" f'c (pst) 3440.0 | 4000.0 6900.0 3440.0 8577.0
Reinforcement * Se . ‘ v
Agp (sq.im.) - “1:871 0.890 - 1.600
 (10.) - 3.000 1.750 - 2.000 - -
(knt) - - 50.000 . 48.600 - 59, soo
" (xat) - -, " |30.000x10° |30.000x20° - s 000x10
Stegl Secttou ) , . ' e .
~ ds (in.) 12,000 12.090 ~ 8.000, 12,000 13,080
1 -Ag (sq.in.) -1 13.000 9.130 3.830 | "13.000 '~ 9.130
by (in.). " 8:000 |7 6.830 3jooa |’ 8.000 - 6.530
tt_(inf) 0.717 . 0.485 0.377 0.717 0.485
v (180) 0,400 | . - 0.285 0.230 ,|.  0.400 0.388
gt (ki) 34,832 v - - e 34.832 40.500
v :;y\ (ket)’ © 38820 |  44.000 46.600 |~ 38,820° 46.500
« E8 (kai) 31.140x10% . |30.000x107 [30.016x10% *| 31.140x20% | 30.200x10°
Sheur Connector 4
;. Type .
‘Headed Type: o . e PR o .
e ‘ 81£° ‘ 3,‘"”4" 3/4"’(3" 3,3”‘“2! . 3/‘“*‘" v si‘uxan‘
- K (pst) |1s0; oooxxo‘l 150,000x10*| 30.44ax10% | 14.400x10* 19.350x107
“a (psi) ~18.200x10° o | 25.380x10% | 18.200x10%  |21.280m10°
[ ' 79.160 . 120.000 | 79.000 90.418 .
Q, (kips) 28,000 | 28,760 7.280 28,716 28,716

.
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TABLE 5.2 ‘TEST PROBLEM COMPUTED VALUES
- Hamada and’ Chapman and
-Longworth's | Balakrishnan's "
e . Beam & * - Beam
P o ar
Beam Designation - W12 x 31 BSS12 x 6L
Shear Connectors Lo
. Type feaded Stud | Headed Stud
S ~ (Paired) © “(Paired)
‘Size =« 3/4"x3" 3/4"4" .
na 16 16
.nb . 16 g -
-ne b 8. 5 -
Q, (kips) 28.716 28.000
- C = .85f!bcte 910.170 842.112
- “(kips) | o
. T = At (kips) ~387.456 469.670 *
" na Q (kips) + Y 459.456 448.000
nb Q, (kips) - . 459.456 -
~ nc Q (kips) ' 229,728 -
Mg, (ft.-kips) 291,775 393.000
- ¢ § N : } - 4 X
: CyDu (:t,—kips) '203‘147- -
P, (kips) - 129.384  83.463
P, (kips) 86.250  55.650
- ‘ } : )

MDu‘” |

84



85

.an..Hw Hod wmbd<> .A#.UH@@SDZ QZ< A<0Hmw30 J0 ZOWHM:NQ.SOU, ﬁ.m H&D,Ou.m
’ 14 ’ T )

o | - _ SAHONI NI HIONAT T .
681 291 sel - B0l a8 . A 2 0

A . L ; | R ﬂ.. v ¥

\

Amgmzuazoz - q«onmzozv .o m d

- (4vaNI1 - TVPTIHINAN) e |
(TYO1ISSVID). o m Jd

Aq<onm<quv onao¢mmazH FLITINOD

0O 4+
Y

|

. 513335“? g1?31ﬂS;?‘

Zfeoqjoj¢; 




©

6 -

L

zm<mam a11s mom SANTYA g«uHmmsaz NV TTVOISSVIO 4O NOSINVAWOD Z°S @¥nold |
‘ B A mmzqu NI HIONT .- I
g 912 - 88r . - ,mxmmmw mm“ . e0d , 1@  ®s - L2 0

i . - - — — T " | ; R B T " pumen SN ST

-8

2t

9-—01" ;(":;' -},NI»‘/ "NI )l_'h‘I&IV'H'.}I,S_ fdlfl;s.

+ AmﬁmzHAzoz - Aﬂuummﬁbzv O w A .

, C- v Am<mqu < TYOIYAWAN) ‘2°s8'd
o W o o (I¥YD1S8VI0) ‘o's'd . . £
A o @ Aq<onm¢gov onao<mmazH ALTTROD - SREE

s . ) - . R . . . ) »

A

o - T R | ) i SR | SR — ~\ - : 8




§7

812

-

o e81 . 291 . SET 801 e ..aw_A

zowﬁomqhma mo& wmbd<> qﬁUHmmzbz QZ< A<0wa<do MO ZOme<QHOU

WWEUZH ZH m&ozma :

g'g TUADIL

v

(A+S+8 ¥VANI'INON - TIVOIHANAN) ‘O
(A+S+8 YYIANIT - TIVOIHEWAN) °O°

o)

o)

(S+4 UVIANIINON qcuamm:pzu,.
,,Am+m HVANIT - TVOTHEN :

L ' (S+€ TIVOISSVE SRR
(" q<u~m®«qov zo~eo<mmsz mamqmzou..w;w

9

BOo4+Xoe

0=

’

RS Y BORDIRRE] B
,vo.080%0=

 “SEHONI NI NOTLOFILHA -



#

. {‘ . -,
! ‘4 »

4 SECTION 3

A ﬁlB G
et %

_ SECTION1 -

T

L

SECTION 2. -

T

——y-

&4

»
.

' 13

Ay Ly

5
B

e
S

)

+

.

-




89

N

009

(NOILNTOS TYOTHAWAN GNV ENHOH ANV WATd) SEQTVA dTTS 4O NOSIHVAWOOD  §'S HNOIL

<

18423 4
I}

P

SHHONI NI HLDNAT

0%

09¢

i
L4

L
T

i
L g

]
1)

E N

NOTLATOS TVOTHAMAN e o o « « + «

(INIOR™3 HNTd) WHOd QEASOTO

-

I3

z_or‘x STHONI NI dIﬁSH

-

o

O



90

..«w. . o , o A /

~

N

2

(NOILATOS TVOIUAWAN GNV INHOH ANV WATd) SANTVA NIVHLSAITTS 40 NOSIHVAWOD  -9°S FUNOHIJ

SANONI NI HIONTT

009 - 08¥ 09€ ovz Q2T
' L 3 $ 2 I3 3 $ 3 } 3 — 3 b1 } 3 ) n 3 3 3 3 3 Y -
2 * <\A.., 2 ¢ T T A4 v \ ) Y 1 4 A\l T T T ™ T ~ T T T 8 T h o'
» . .
’ -

NOILNTO0S TVOIUIRNN vom — — - - - .

| (anuon & maTd) WHOL QESOTO

0T X ("NI/'NI)*NIVHMIS dITS

]

8—



91

3 s.a, -
. B
(NOLLNTOS TVOTHARAN E%w ANUOH NV RO1d) SANIVA DYOJ 'IVIXV 4O NOSINVAROOD  £°S TuADIA
STHONI NI HIONH'T o . | , _
009 (03:14 0g9e ove . , 414§ Onb.
——t "N;“n‘.ﬁ""“h”"““; T
uq . ~ . - Qoﬂ.l
, ; - 570"
: 0°'0
s TS0
NOILOTIOS TVOIYAMAN .« . . . . . 1
(INUOH B MNTd) WHOZ AFSOTD ot
* L .
& i
N\
SL°T.

2014x SANNOd ‘NI TOHO0d



o

92

£

s

//,w o :

SHHONI NI HLONAT]

009 : 101:3 . , own

- (NOIINTOS A<0Hmmzbz aNv mzmom aNv EDJQV SdINTVA ZOHHUMAth J0 - ZOme<&!0D

ove oz1

8¢ FYUNODIL

i Iy &
A T La Y L 4 L v g - vy

4 Fy r ] ' 4 3 'S
2\ Y T Y v T T ’

- (INYOH % AN'1d) RYOd nmoo.G \.huﬂl.l.l:l

2

ﬁ

- NOILNI0S iuuzmai cre et 4

| A S

-
o

 SEHONI NI NOILOTTAQ



'5'6"

93

11 1 0"

11'0"

(a)LOADING SYSTEM

(b)MOMENT DIAGRAM

N.=(2C;+C,)/Q

(1)METHOD A

“SLAB }—c, \sLaB

¢, -]

N1=01/Q

N C1/Q rq-qdq '

%
v

o

N =(cl+c2)/a

om—————————

.
N =cl/a

(iif)METHOD c

;(c)unruons OF SHEAR CONNECTION DESIGN‘
| | FIGURE 5. 9 YAu AND CHAPMAN'S TEST BEAM
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" CHAPTER VI |

APPLICATIONS

'6,1 Introduction

In Chapter \' the capabilities of the numerical

~ '(?' solution developed 1n Chapter IV were compared w1th closed

k1
N
form solutions and published 1:su1ts It wasxconcluded

that the program developed herein is adequate to reliably
predict deflections of s1mply sﬁBported and continuous |

4

composite beams for a variety of loading conditions and'
0 that the nonllnearities included in. théxprogram capture’
the essential aspects of behav1or at service loads It
is necessary to attempt to. draw some genefal conclusions
wath respect to the effect of shear connector flexibllity

' and nonllnear behav1or on service load deflections.‘

'A In this Chaerr an evaluation of the effect of

variou54parameters on service load deflections is attempted.

For simply supported beams which respond in the linear
‘f ,elastic range at service Ioads nondimensional parameters
'*9fpz/ are derived from the closed form solution This permits

a quﬂntitative evaluation of increments in deflections

»

relative to thoss which would occur in a beam\with complete”

1nteractign., Assuming the same nondimensional parameters
' "*7?~f]};,”' .¢=Qvf_lﬁ ._'} S » 7
ot ggrgrr(tgfvv--w_~ B o

o

o



.control the behavior of contlnuoﬁs beams, the numerical
technique developed herein fg used for the evaluation of
u'deflection 1n continudus beams. However for nonlinear
"respoﬁse no valid me&ﬂpd of nondimensionalizlng the results

.hasvbeen found Therefore, it has only been pos31b1e to

ﬂexamine the effects of the parameters ‘on particular example

' problems, w1th the inference that the ‘same qualitative

type of result occurslin other-beams of similar type.

6.2 Deflections of a Linear Elastic Slmply Supported

Composite Beam Squected to Unlform Load
The solution of thevdifferential‘equation for

:a simply” supported beam subgected to uniform load was

)

"l determined in Sect 3. 4 Evaluating Equation 3 51 at

L/2 yields the maximum deflection in the span as

o ~ 5 wL _cc ’
_ﬁ- VL/Z "'i384 Eit_+,f
x,.: " I ° + ( 1 - . zcoshaL) Slnh aL asz _ ) 1 - ( 6 1)
. ’ ? SinhGLx 2 ! 8 ) ’: " .

4Considering downward deflection as>pos1tive and

”"_recognizing that the first term is the deflection of &
\a

,beam w1th complete interaction Equation 6. 1 may be

written-as - '?" '1?' o7 v°"J
7f£‘= 1+ 3841EACY68' i'; a?12 (1 - coshaL)
8 BT =T B R I sinhaL™
2 aL‘

'?@ssinhﬁ1r‘-;coshv%%),_“ _',f (8.2)
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5,
)

in Whlch 6f gs the midspan deflectlon (excludlng shear

101

deformatlon) of the _composgite beam and 60 is the m1dspan

deflectlon/gi~LQ§ same beam (due to bendlng only) assumlng
' : : 3 v
full 1nteraction

e

’ » Recalllng the definitions of a and B - from
.Equatlons 3 21 and 3. 22 Equation 6.2 may be wrltten in ’

terms of two nondimensional ratlos as

and ’ ‘)" h i . v“. ; 1‘:7 . ‘ n .'._'.‘3:"
R EASACY SY gui

I\"’

'rf the that E agd w are. aIWays positlve ¢ It ean be seen

"-1,a

;that the ratio E 1s dependent only om the geometry of the

o \".4.

.cross~section whereas the watlo n depends on the geometry

t»ﬁdfactor (K), ahd the elastlc mbdull of steel aqd cvncreﬁe

e B
) f:,.-»f A

'1fa factor by which 60 Gan be multiplied in order to determ“qe

The right hand side of Equation 6 3 represents

- PR " ,
Ei =1+ 383 (1 —'%? - .cosh '%?
0 5£n T S
.. (1 - cosh /£n) VEn ,
.,’ , ‘ o - sinh 31nh 3 : (6,3)
in Whlch the follow1ng deflnltlons apply; s
| ® A 154 A Y R
g N R
. tﬁ';"i T + AtYsYc : ;-.‘ o
KI Lz

\ S 4 :> 0 ‘\ R ‘-‘ v..
T ‘“;'f_-uV'a}v(Gﬂs)
LA

\

Y

~ﬂj;of the cress-sectioﬁ the Span, the shear connector*stiffgess ‘d}

B i
P
P

LN

ke R
v Ca
. o S
N . . T, i
: = PR n.: . Do ‘n, . L T e e .;x‘ e "~,'.M:ﬁ_'q T e
. . ' »_'A e T PN .n_..' . e R R IR



] . . .
within which most composdte beams'wou}d~fa11; and

.were computed'for:a number of typical sectiohs.i By'

his rahge the? \

arbitrarily varying these factors over
" plot of F1g 6. 1 was produced This igure 1nd1cates that
shear connector flex1b111ty may have a cons1derab1e effect
ont composite beam deflectlon s W1th reduction 1n shear |
connectdr stiffnes-dfhat is w1th part1a1 shear connection
the shear connector modulus K is reduéed bue to this. -

reductlon in Equatlon 6.5, n decreases and hence the .

o deflectlon due to s11p 1ncreases (See F1g 6.1. )

Dependlng on the propertles of the cross sectlon the.

”. geometry of the beam and the shear connector modulus,

thlS deflectlonfduea§p Sllp can be as hlgh as 45 ofﬂthe'
'deflectlon due to flexure | o 5

A
\
. . \ Y
o~ ‘ N B : R
ey AN

6.3  Evaluation of Shear Deflection for 4 Simply
. X N > i - - a \ g

Supported Composite Béam‘Subjected fdaUniﬁormJtoad

: , The shear straln in. a beam may be expressed

as (23) KRGV e
R S(x) GAt.. S (6.6) e

- ‘ ) . - ° o . v_ | “. . "'ﬂl . . ‘ ’. \ A
in which Vs is the_ShearﬂdefleCtioh.apd |

o I VP SRR & o

rK'sh -—-—-—I ) ’/'7 da - | | (6.7)
-, '. t , A v, 0 [ . a .A'\ .

in a- propertyfof the cross-sectfon

- N

”r'a_simplyu o

\)i o

——~
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supported beam} symmetrically loaded,

5 %fL/z Ken [L12
s v! dx = V dx (6.8)
5 s(x) 1 T GAg ) , _

Shear deflection is therefore simple to evaluate provided
KSh is known. |

Recognizing that the integral on the right
hand side bf Eqdétion 6.8 is the moment at midspan, the

~ratio of shear deflection to 8y can be written for unL{orm

load as - 5
S5 Ko wi? 384EL, 6. 0m)
S0  GAy g swr?
or
5 FK_, I ,
=2 _sht (6.9b)
0 4 GAL | | ;

Unfortunately this ratio cannot be expressed directly in

tefms of £ and N and, therefore, it is probably best to

S S

compute gﬁ sgparately and add it to gi,if shear deflections
. 0 . 0 ‘

are to be combinéd with flexural deflections.
However, since the evaltation of Ksh,by-

Equation 6.7 is not simple, its value has been computed -

N

~for a number of cross—sections‘dga is plottéd against the

width of the concrete slab in Fig. 6.2, Koy for various

Wide flange steel sections With different concrete slab}
widths and for thickness t = g; and 4" are tabulated in
Table 6.1. #Lt ié observed that Ksh vélé%s for the béahs
lie bq;we;h 3.317 and 10.229. Ksh"for the beams not

included in the table may be derived from the upper and

%



lower boundlv51Ues\of the ;,beam of the sa&eudaﬁignated
rolled section usihg the liqeaf variation inédepth. Using
' these shear form factors, shear deflection for siﬁply
supported beams can be computed with ease for practical
design purposes.

| TPe magnitude of shear defiection for a

e

specific simply supportdl uniformly loaded beam has been

shown in Fig. 5.3 whiéh indicates that it is not negligible.

%

6.4 Influence of Type of Loading, Shear Connection and
- <

Load-S1ip Characteristics of the Shear Connectors

and Shear'Deformation on Déflections
i‘

6.4.1 Simply Supported Beam Subjected to Uniformly

: Distributed Load and a Concentrated Load

Beam U-6 tested by Chapman and‘Balakrishnan
( 5.) was modeled with the same parameters, and the load-
deflection‘curve up to 80 kips (service 'load) was obtained
using the numerigal technique discussed in Chapter 1IV.
~ Fig. 6.3 shows the comparison of deflections for full
shear connection and partial syear cbnnectionv(50%\of full

Fd . i . . )
shear connection) considering g : .

°

(a) the linear and nonlinear load-slip
’ 7
characteristics for the shear connector

(b) the effect of shear deformations.

" 104
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It can be seen that each effect, namely slip, nonlinear
load-slip characteristics and thé effect of shear defor-
‘mation p:ogressively'increase‘deflection and slip and that
deflection and slip for beams with partial shear connection
are sohewhat larger than for those wifﬁkﬁdlllshear con-
nection. The total defiectionlof the cohposite'beam
considering the effects of nonlinear load-slip, character-

istics, shear and partial shear connection is approximatelyj

twice that éf the bending deflection of thé‘beam_neglécting

ihe above effeéts. A similar trend is ofserveq in the case
of beams subjected to concentrated load and the‘déflections
are significantly greater than those for uniferm load. The
percentage increase in deflection:as well as end slip from _

* full shear connection to partialfshear connectidn gs given
in Téble 6.2 and Table 6.3 respectively. Reféfing,to

| “TableAG.g, it can be seen that the maximum percentage \ .
‘increase in deflection is found when botﬁ nonlinear load-
-slip charaéteristics for the connectors as well as shear
defofmationé are ‘included. The properties of thprbéams are
"~ given in Columns 1 and 2 of Table 6.5.

Fig. 6.4 shows the comparison of 1oad deflection,

“load-slip curvesffor‘fuil and partia1‘§hear connection
considering a) linear and honline;r 1oad-slip characteristics
of ghe_shear %onnectors and b) tﬁe effecﬁ of shear deformation
for éi@ply §u§ported beam subjected to uniformly distribufed

b4
load. Similar load deflection and load slip curves are
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drewn in Fig. 6.5 and 6.6, when the beam is subjected to
concentrated load. From the above figures, it can be
observed that the. deflect1ons and slip of the beam are
1ncreased due to nonlinear load-slip characterlstlc of)

- the shear connectors and the shear deformations. .The

effect of partial shear connection on deflection,and slip

is lagger than that of full shear connection.
#
o

6.5 Deflection of a Continuous Beam Subjected to

e

a

Uniform Load

. ,Since a closed form solution for the deflection
‘of a continuous beamfconeiderihg nonlinear 1oad-sli%“'
characteristics of eheer connector is not available, it
is not possible to derive an expression of the form of |
Equation 6.3 to determine the effect of flexible shear
connectors on contlnuous beam deflections. However, it
is reasonable to_assume that the,same nondimehsional
‘factofs which control the deflection 0s simply supported
beams also control the deflection of continuous beams.
A universally appllcable plot 31m11ar to that of Fig. 6.1
can then be constructed from the results of numerical |
solutions.

Fig. 6.7 is such a plot for a continuous beam

with two equal spans subjected to uniform load.- Two sets

of results are shown, namely, those with zero stiffness



Y
R . . Pf e

of the concrete in the negative moment region (variable I),

and those with constant moment of inertia,

 Fig: 6.8 is identical to Fig. 6.7 except that
it includes the effect of shear deformatiot; Recalling
. the discussion from Sect. 6.3, it was pointed out that
shear deflection is not directly a function of § and n.
Nevertheless the smooth variatlon of the curves 1nd1cates
that, in the absence of better 1nformation Fig. 6.8
could give a reasonable andlcation of the deflectlon of
continuous beams 1nclud1ng the shear effect. For a more
accurate computation shear defledtions can .be super-
1mposed on the results from Fig 6.7, as indicdated in
Sect: 6.3. .

A comparison between Fig 6. 8 and 6.7 1nd1cates
~the very 51gn1ficant increase in deflection due to the
effect of shear deformations in continuous beams. This
fact has previously been p01nted out by Hamada and
LOngworth_(Q). Since the shear-deflection of a continuous

beam subjected to. a concentrated load is approx1mate1y the
same as that of a simple beam the increase in; deflection
"ratio results primarily from the fact ‘that the flexural
deflection in a continuons beam is approximately one-

quarter of that for a simple beam and, hence the shear

deflection is a higher fraction of the flexural deflection.

4

107
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6.6  Deflection of a'Two-Span Continuous Beam

Subjected to Concentrated Load

_ The properties of the beam are given in Column 3
of Table 6.5. Figs. 6.9 and 6.10-show the comparison of
load~deflection and load-slip curves for full and partial

4

shear connection considering a) linear and nonlinear
load—slip“characterisfics'for the shear connector and "
b) the effect'Of Shear deformations. Tﬁe figures are
based on constant moment of inertia. ASimilar‘Curves afe*
~drawn in Figs. 6“11'ahd 6.12 for a beam with variable
moment of 1nert1a In cohtinuous'beams it may also be
observed that each effect namely slip, ndnlinear‘lcad—
slip behavior of the sheah’connectors and.the’efféct of
shear deformation increasésbdeflection and slip. Paftiélq
shear;connectien causes'la?ger deflection than that
obtained for full shear connection. The deflectlon
comparison of contlnuous beams at service load for partial

7/

and full shear connection is given in Table 6.4.

SR : o .
ﬂﬂ6,7 Influence of NegatiVe Moment Cracking in

: Continuous Beams

| While the figures in Sect. 6.5 give:the influence
of'negativé moment cracking on deflections théy give no _
in51ght into the effect of this cracking on the distributlon

of Sllp and slip-strain along the 1ength~of the beam.'



The effect of crecking on these diStributions is examined
for a typical beam in this Section,“ ' o ;
The example beam has. the propertiesxlisted‘in
Column 4 of Table 6.5. The distribution gf defiection;
slip,‘elip—strain and force in the sleb are shown in.
Fige 6. 15’to 6. 16,,respective1y,?for tbe beam with and

w1thout cracking It canrbelseen that the effect-of :

'cracking is to 1ncrease the deflections (Fig 6. 13), .

: increase slip in the pos1tivevmoment reglon.(Fig, 6.14),
introduce discontinuities in the siipéstrain relationship
(Fig.‘6.15), and increase the slab fofce‘in the'pOsitivev

moment region (Fig. 6.16).- = .
A T Ty

6.8 Analyees of a Three;Span.Beam for Shored and .

UnShored'COnstruction

~The example problem is a beam with three equal
'spans subjected to uniform load with nroperties 1isted
.__1n Column 5 of Table 6 5. The 1ive load to dead load”
ratio is 2 25 In the analysis of unshored construction.

- all the dead load is assumed to be carried by the steel o

109

}beam and the live load by the comp051te action.¢ Full ghearA_

. connection and linear load~slip:tehavior is assumed
"Deflection slip, slip strain and force distribution in
Fig 6. 17 to 6 20 The effect of unshoreg,construction;,m

.,1s to incnepse the deflection decrease slip#{n both"
.\w/

-

positive and negative moment regions and decrease slip B
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»
oy
strain as well as 1ntroduce discontinuities in the slip—

strain relationship and decrease the slab force in both

3

positive»and negative,moment regions.

' 6,9  Conclusions

. - -

In this Chapter an evaluation of the effect of
variods parameters such as . - o |
“(a) partial and full shear connection

‘,'(b), linear and- nonlinear ldad slip behav1or

. (c) shear deformation

. (d) - constant “and variable moment of 1nértia, and
/ 2.

=

.:{e) shored;and unshored construction

o P .
‘on service load deflections have been studied. ‘The.
computer program reliably predicts deflection and slipﬁ~

for simply supported and continuous beams under serv1ce :

L4

floads The shear form factors for various sections with '
different w1dths and thicknesses of concrete slab are
‘tabulatedvfor practical design Shear slip and partialf?;; &

shear COﬁnectlon Slgnificant1y affect deflection values N
and.should therefore be considered for an accurateiﬂ o

evaluation of deflection L .'v _— ' . ﬁ?ﬁﬂ,
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CHAPTER VII o
' SUMMARY AND CONCLUSIONS.

7.1  Summary

This study has examined the formulationrof
‘governing eqnations forJZOmposite beams. Solutions of
these equations have emphasized~the effectsvof such
' factors as partial’and full shear connection, shear‘

'deformation and linear or nonllnear load—sllp character— :

1st1cs of the shear connectors

1. Classical solution_techniQues were examined in order
| to provide a standard conparisonﬁagainst‘which' |
numerical soiutions can,be}meaSured. | |
2. Pnograms were written for'the5ena1uetion30f classical
'solutlons for .a’ 51mp1y supported beam and a continuous,
beam of two unequal spans, subJected to concentrated

loads,,;'

. 3 .

' 3ﬁ Results obtained from»numerical technlque developed »
I

| herein were compared with puﬁiished numerical results
- of Ymg and Chapman (31), test results of Chapman,

3 divand Balakrishnan ( 5) and Hamada and. Longworth ( 9)
R

: )
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| 4. The solution fdr the deflection of a simply
_ supported comp051te ‘beam with uniform load wes :
é\*\\\;\\recast in terms of two dimensionless parameters
- & and n-. ThlS permitted a plot to be developed |
‘to determine the effect of s1ip which is applicable  "¢

_to sections of any simply supported comp051te beam.

5. Shear form'factors were computedﬂfor various rolled
steel shapes w1th different concrete slab w1dths
and thicknesses These factors can be used to

: compute shear deflection

6. The effects ofvparameters such as partial and fu11
:shear connection shear deformation, linear and
. nonlinear 1oad—slip characteristics on deflection and
'.slip fd% a 31mp1y supported beam have been examined _d
lfor two loading cases viz. uniformly distributed

“'»load and concentrated load ’x»‘j ‘;-i "J

7;ni<A numerical solution technique which permits the
'v‘solution for slip and deflection of continuous beams S
:tgunder arbitrary Ioading was developed and programmed
’=f1This program is capable of treating the effects of
| "»t%lslab cracking in negative moment regionsJ;nd non- f}hfs‘,_tj
std;ffjlinearities in the shear connector 1oad-slip ..{Qf]f<c s
"'tfrelationship The numerical solution‘technique was :f;:idi
?;;fchecked against closed form solutions and other o



A8 .

'.'.\ K
. *

numerical'solutions‘and're§u1ts Qere coﬁpared with l,‘
‘selected enperimental resﬁlts.' The program_was |
¥ }used to‘prepare-a-simple.design ehart,to determine
« oeflections'of two-span uniformly loaded oontinuons_:
beams. o |
‘.8.‘.'The solution'for defleotion due to shear ano slip,f
| ofla}two.span continnousfcombosite beam with‘nnifonn
load was:rebast"in terns of the Same two dimensionless '
'oarameters £ andfn . 'Plots were developed-for beamsiv
nith nniformvand variabie moment'of inertia.: |
‘9.. " The effects of various design parameters on deflections

.  were examined for particular example problems

. 10. The effect of’shored‘and unshored-cOnstruction’on

;

the behavior of three span continuous beams was

examlned

T2 ConcluSions :

On the basis of this 1nvestigation w hé)g_

following conclusions are drawn 'l'”-_i '3{ﬁw F

;__l}‘f There is good agreement between the results of the v-ﬁlQe
s | numerical solution‘and the classical solution for o
deflection and slip for simply supported and i
I continuoua composite beams.v Howeven there rsra ;:’3

R TREN

signiiicaut ditference in the slip strain at the




,.2'

The'results'fcr-deflection‘and'maXimum slip using. -
. the technique%ﬁeVelopeﬂ herein are in gcod agreement

with Yam and Chapman's‘results,'éxcept for the

; be due to the gssumed connector stiffness

r o ‘ 139
v B

S

L

distribution of slip along the length of the beam,
Whic& may be. due to the error in the assumed data.
L : /ﬂ*
The results of the numerlcal solutlon are in good
agreement with the test fesults of Chapman and
Balakrlshnan in the study of 11near load Sllp
behavior' However the numerlcal soluﬂlon results
Kj

1n higher deflectlon values than test results for

nonlrnear load Sllp behav1or On the basrs of the

| end slip characterlstlcs the load—slip behav1or is.

11near The results obtalned with the CondltlonS of
!

full shear connechion and non—llnear 1oad Sllp

behavior underestimates ‘the deflectlon whereas the
condition of partial shear connect1on overestlmates

the deflections obtained by Hamada and Longworth (9 )

"“iff at maximum service load even though Hamada and

' Longwofth s beam was designed for full shear

’
‘-‘

/'

connection.v The discrepancy in the deflectlon may

\\K;:
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vslip can be computed for practical design purposes
using the table of shear form factors as well as
sthe plot developed in tegms of dimens1on1ess
parameters £ and n.- - Partial shear connection.
increases the slip and reduces the effective stiff-

' ness of the beam thus 1ncreasing the deflection |
‘Therefore the effect of shear slip,.and partial -\f
shear connection on deflections should . not be | '

ineglected-in de51gn. :’ - ;3 Ty

Using the plot 1n Fig. 6.8, the total deflection
jdue to shear and slip can b@ computed for, a two ‘
. span continuous beam w1th uniform load Tota1n~-&

o’

deflection can be as high as three tlmes the bending
: 4

:deflection depending on stiffness of shear connector
» and’ beam éeometry - The effects of ‘the various

'parameters on deflection and slip of continuous beams

are similar to those for simply Supported beams
”fHowever 1ncreases in defle‘g;on and- slip tend to be
e‘much higher ﬂx t‘ ‘ | | | v p .,
P ;;f_Concrete cracking im negative moment regions produces
'mincreased deflection and slip in positive moment
.»3 regions. The 1ncrease in deflection may be as high
“'-Nas 15% of the deflection of composite beams with

uniform moment ot inertia Cracking also creates '

entinuities in the slip«strain relationship

BN
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! { ! ) ) S . .: " bv\.,( N g __‘,. ‘ o
7. Unshoredvconstruction results in iﬁcrease in
| . B “?;'; >

. defleﬁtien» decrease 1n Sllp in both p081tiwe

and negative moment reglons decrease 1n slip

v

‘vstrain as we11 as. in introducang discdntlnuities

v

_ r*\The Sllp strain relgtionship and decrease of

& H B

slab forCe in- both positlve and negatlve moment.‘ , S

- g
§

v region. s
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.. CLOSED FORM SOLUTION (TWO-SPAN CONTINUOUS BEAM)

A.1l Classical Solution

Figure Al illustrates a conténpous beam with two
ﬁnequal spans and with equal cdncentrated loads at the center

of each span. The deflection equation may be expressed as

4 42 _
el R e (A1)
dx ©odx EAZET -
where u = defiection . ' N
. EAIEI .

U = K = shear ‘connector modulus

bending moment |-

=
]

w = uniform load

concentrated load

PRI = Byl + ol

—
-y
i}

1 ='E1A1 + ElA1
A E1A1E2A2
where El and Eé'are moduli of elasticity of concrete and

steéﬁ, respebgively; A1>§nd'Az are areas of concrete slab

moments

and steel section, respectively; and I iﬁdglz are
. | ; € are

of inertia éf”conc;é ‘ biand steél‘séction, respectively.
The gebmetry;of the beam is as shown in

‘Fig. A1, ,Thgfequations.forjmomenf for the four segments

of the beam are as-follbws:f e
. ©M(x) =T :Mo) L S |
MI(X) 2 - f; x - 0<x<m  (A2)
® | ‘v ’
e



, MZ(X)
Maly)

My ()

=Y.I:—1... E-{-
2 2

_ e (w
2 2

_ Yy (W
2 \2

L
%g)x gLy

1 L4

L

Mo) 2
)V 0<y <5
L, | 2
Mo "2
z;)y 7Yy

147
(A3)

(AS5)

¢
LS

where Mo is thé‘redundant moment at the interior support.

.

W '
A B c YD ;ig |
SEGMENT 4| SEGMENT 3|  SEGMENT 2 SEGMENT 1 .
L -y ' X i
- Ly/2 L,/2 L,/2 | /2
o e — - - >
L, B Ly
— g —
0<y<L, | 0<x<Ly |
FIGURE Al. ° TWO-SPAN CONTINUOUS COMPOSITE BEAM
Equation Al may be solved in each of the
four segments of the beam as- follows:
. *
o Ly }
SEGMENT‘I' O‘:ffbir -
' “Homogeneous Solution: L
‘ h'= C2 + sz + Cqy sinh /Ei + C4 cosh / (A8) -
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- Particular Solution:

3 A .
w=i-3 -8 o (A7)
6ET © ™1 S )
Complete Solution: ‘
u(x) = C'1 + C2X +_ C3 sinh ,/.kx + C'4 cosh’ /-k—;: N
3 | 3
" BEI “ 1 . :
SEGMENT 2 - Ly
—_— 77<:xf<L1

" Homogeneous Solution:

&

u, = Cg + Co x +C

-, sinh /KX + Cg cosh Vkx  (A9)

" Particular Solution:
2 . :
~ Wle x3 W Mo .
uy = —— - 2 (7 - ) (A10)
' P 4FT . 6ET L -
Compiete Solption:
u(x) = Cg + Cgx + C, sinh /kx + Cg dosh/ﬁ3
, 0 , . |
T WL, x -3 » S
| P X (¥, Mo (A11)
— 2" L | ,=

4ET = 6ET

Similarly by symmetry: -

B Ly -V " Lo . .‘ . Lz S ‘ . ]
SEGMENT 3 o<y<m AR

u&y)‘f Cy *+ Cloy.f:cli sigh'/ﬁ? + C12'co?h /ky

) »é, L | o MR
. g ?154+ 6ET(§: Lz) | o o ‘AiZ); L



SEGMENT 4

]

W(y) = Cy3 * C1gy + Cy5 sinh /KF + Cp g cosh /Ky

2
+ WLzy y3 W, Mo v :
== - =\ T/ . - (A13)
- 4E1 6EI L2 o ) -
where Ci' i=1,2, ........, 16 are constants of

integration for_a particular beam, loading condition and
geometry. - R . -
For any segment of the beam, the equations'/

for{force, slip, and slip strain are giVen by:

_ 2 - .
Force: ’ p = —El Q—E : g » (A14)
' .' dx S '
. . __1 ap . ‘
Slip: s = T dx *»’(Alﬁ)
- L s ds ’ ‘
Slip strain; g' = = N (Alse)
The slope at any‘point is defined as

B | A du r W

[orm o

In order to solve for the l7 unknowns (16 constants of

v1ntegration and 1'redundant moment), it is necessary to

utilize 17 boundary conditions six related to deflectloqé'

five related to force three related to slip and ‘three
grelated to rotation. These boundary conditions are
'illustrated in FigureAz A 17 X 17 matrix.was formulated-
using the above conditions applied to the equations for

7def1ection force slip, and rotation. The matrix»was

149
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Y E |
coded in Fortran and solved using the subroﬁfine"LINV3F"f:
in the subroutine library IMSL. | r / Lo

‘After the constants of integration aﬁd '
< .
redundant moment were solved values for moment deflectlon
force 'slip, and Sllp strain were computed at 3-1nch
vintervals along the length of the-beam.f[f'
W o
A 18 o .¢ D E°
&%@m 4 |SEGMENT Sé\-k‘SEGMENT 2" | SEGMENT 1 @“
vl . . ' x :
- L2 , Llﬂ )
BOUNDARY CONDITIONS . )
DEF  Jus0  uy|=ug ug=0ju,=0  up Fuy o 0} %
FORCE p4§o : 94 =P3 P3 =P2 RQ =P Pi=Q
SLIP | .20 841783 831783 Sy [S1
SLOPE w64~%§3>. ’63.ér62 .,92‘561 >

| «FIGURE A2, BOUNDARY CONDITIONS FOR CONTINUOUS
o ' COMPOSITE BEAM
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—

g

e
..‘

J Deflectioﬁ

7 In segment 1

A2 ‘SummarY’of»EqueinnS;

¥ . S s

uy = C, + C x +C sinh /R + C cosh 'kx + 54—.(&.4 ﬂg)aig SRS
L 1 2 3 47 - 6ET \2 i'L1< o

In segment 2 SERRRE "; o \f‘_s"f‘_T\\\N“ (A18)

o WLx

| ..= " , 1
Uy C5 + Csx + C s1nh Ak;gnicscosh {E f e4§f .

R Sl | +-"19-) o (a1

In segment 3

+ X—"'( .£9  :'  '-.:;kvb.  vf(A26)e -

o segme“t 4 f‘ff :f,ffai R

3‘ 9

L

o

,13"0

u4p‘_ 4y + 015 sinh /ky + C 6 cosh JE

i

T ,,‘4, em UL

J:‘f :

In segment l*f*fT'v

o o g
6 = C + /EC cosh /_i + /§C sinh /E" + §++*
SRS | T 2T




L o T, g . . ’ o ¢ . : ’ . v ’ L
L . sa w o R * . . Pkt ’ oot . E :
. ‘ o o o “ LT EE o . . . '
Com T Y Caeo L » LN : . -

In segment 2, [W{m}T :f:{g; ”\57:3;j;eﬂ'
Wle s

X . B ,"
' : - . N ‘.~.
.
' v B _." | ’ .
L - ! o \ . h
Mo -‘ Qe (.-' v 3 :
LU (ae3y o
R ' .. )
. A' c . S - ) T

;1f~ ;ﬂ’f 8y = C + /EC COSh /E- +/EC 81nh /‘} 4 X—~ W M° i

(A24)

i

;T"ffg*552m5 ‘ '+ /"C7cosh /Ei + /KC881nh /E” +.

In segment 3

In segment 4 i;tfl;,f ,j/je‘f f“!,:f’, o

’_.

, ,m{§4 = + /EClsbqsh /E& +. /Eblesinh /E—

’ I e WLgy Mo PR
SRR (A25)

“ "-"'“Fdrce -.*-i-t. Sl

In segment 1 133]-,ﬂ;ffhf”fﬁ;r;f*‘?jfgvf.

s z EI{ < v . o ,‘(.W;? A
., : ’ 1 ,"'J ) f {_ . Z—T E L ‘; 22 ?’_' L 'l.“(" .) oo

./l’

cosh /_7(

P..

EEI
Py

kC7sinh /"';'c + kC

8
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1

> ‘

R -() a0
'Inﬂsegment 24.‘
1 = 2L {1072, com /55 + W0/, siny /.

1w ' Mo‘< 1<ﬁ’~-Mo)} e
Ce=z 2 e (e 220 (a3
o e B S By R
I’ﬂ“"segment 3 ",‘ S /Z
' ﬂf$31- %r*'{ 3/2 11 cosh /E +
3/ c sinh /E§ LW 4 Moy (a32)
| | Gz 2 c o, (A32)
: -'."’I_:_m_'-segment 4 . ‘; e R ‘ | o

S}}P Straia.f;ﬁfx.«w

 .;541

Q;j,_';;¢ w;i;€£ ﬁ_Lj“;x§j ;ff
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'>'In'segmeht‘4,
'y = 5z \KCyp sinh VRV + K°Cq cosh Jkyp  (A3T)

o

/
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A A.3  Equations Used in Solution of Constants of

| In‘tegratiof; ahd Redundant. Bﬁom‘,ent‘ g

1

v (2) Cg+C,=0

 (4), o jvf_*_. L, .c.» N, Sinﬁ /1?172 o . g VKL, C N
AL, AL

s -

WLt

' g:ﬂ‘  1  ja,f  ,.v  » i5'§g R

 (8)7 Cg + LiCq + SInh/KL,Cy + cosh /RDGg - ——
| L g e e e GO

‘.'.

'(G)ZEIk sinh\—vﬁ-—-C + ccsh 2 C - sinh




o

(8)

€9)

(10)

(¢

can

- vkcosh
- _t‘/kc_*’

-  ‘,+ /kClsqosh/ ‘z + fkc sinh /"T.z ---’!——-’ (L} + 1 )

o &

- fm,z R
LEIk smh/ Cyq + €osh —= C,, = sinh —5= Ci5
: . :‘/kL,z . ' : y ' -

<= cosh —5= Cyg° = 0o -

kC4=0

KC.. =0

LEIk (Sinh;/ﬁ.lc,l +\gq$h/fl:10 - sinh/RL,C, ¢

Ja,

| TeeshlCe) o
/EEI' ' ‘/kLi . '
5 §\C3 + /ksinh 3 C

VKL, /“kLl Wi, ®
C. - /kC8:sinh _ = s

C10 + /kC cosh ’2‘ + /KC, QSi“h 7 -~
cosh - ’. - '/kC Gsinh’_. 5 »= : ,,n» I

2 + /kcosh

e

15 BET

o

6

K + JkC cosh /l?- + smh @1%014 -

\= -—_E:—_(L 2 + Ll ) » oﬁ
g ",-f4EI IR
/*L

| m, . /EL PTE
Z:I:‘.Iksl2 (Cscosh —-—5-- + C sinh 251';- C7cosh —tz-—l o

. ) /.‘

i - cgstnn T) (1 < ) L3 g

-



1

-

i

L : 2 \ - wiq - EL
- Clasl.nh 2 ) " W(l ___)

(16) E1k3/ Kc cosh /EE‘ +Cq 51nh /KE“ + c scosh /kL
+’C sinh/EL : +Mo‘—l-+—}-..1>--—- -W--- 13

(17) Cyq + 014 g * 154inh/‘tg *+ c geosh /EE‘

v . 3
~ Mo —I'-"-—?- = e .._...g:
6EI 6 EI

. LY ¢ v_ov":‘

. . L ' ‘ : L " ) v g - V A' ) . —
| ory3/2 o /RLy o /ELy VKL,
(15) fEIK® (cllcosn,:zv_+ Cipsinh —52 - Cpglosh —



A.

4

&

Lengthsf_"gL1 = 180 in.

| Therefore ZEI

‘Constants‘ﬁsed,inNCIOsed Form Solufibn_'

5 = TR ? DT
L SR

= 0.0 klpi/ln ',4;?' fQ'ﬁe o

L2 = 120 in.!

Shear Connector Modulus: u = ; =

= K

Beam Sectlon #ropertles: . N L e

"E, = 3000.0. k31 (transformeﬂ)
~ E, = 30, ooo b ksi |
s —’ 4 v‘ . ‘v‘~ .
I = 32. @}an. o L
I ‘='278'28 nt
2

.ﬁA = 24, O 1nk
. 2.

A, = 10. 499 n.
- 2», a %

- 8.12 in. %» ff'. { '\

_"H

<931287G%? klps in.

2376015 0 kips in.% .

El{

’ 2191I% kips

-

‘- "mlﬁJ
o

= 0,0017465 e-»  :e_ée‘}

“w

w

150;kipé/i§;2'
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~ LINEAR CLOSED FORM SOLUTION FOR A SIMPLY
SUPPORTED BEAM WITH CONCENTRATED LOAD AT GENTER

Classical Solution - ' :

Figure Bl ﬁ;lustratqs beam geometry, loading

p‘attAern and gboundary éonditions. The governing equaﬁibn‘

for slip is Equation 3.23,

. » N . .
é" - azs'= - BV r ' ; (Ba)

The homogénébus solution for this equation.is' .
S,, = A sinhax + B coshax, ‘ (B2)

.

and the particular solution for the concentrated load at

the center : \B ‘ S .o _
. S, == : o B3

As the toad is at.the center of the span
T V) R T¢:2D

Therefore'theAgeneralleguation,for slip can be expressed
‘ n < i ﬁj . )

as ' S | L

' s = A sinhax + B coshax + iﬁ% T " (B5)
, e T IR

="Tﬁe boundary donditions relating to-slip and slip strain
o o . S e

¥ - B
are: o g ‘ e o
Ty atxso o a0 S @)
atx=1/2 = e=0 . (BD)

160



N};two equutions yielda | ;;

161
Differgntiating Bquation B5 results in slip strain as
ds _ ) - o '
ix - Aacoshax + Bgsinhax_ (38)_
By'shbstitutfng boundary condition Equatépp B6 into
Equation B8, L o |
v A=0 _* o (B9)
Substitutlng boundary condltion Equatlon B7 into Equation
- BS gives , ; ap L
B Sy 1o = 0 = O + B coshaL/Z + — (B10)
. ) 2q ‘ : o
R ) U ) " :
Therefore ; . o N : T
S B=-8E gechol o (B11).
9 2° 2 o
" By Shbstituting constants intc,Equation_B$ T
s = - B2 sech(xé coshax 8P e kB12) .‘, hd
9 2 2. 2 . »
| o a _ 2a°¢ . S :
or - : o . R d
= '8 ='§- (1 - secha g coshax) : ,",'(Bia) |
: za N . . _. E
af‘fd " st = £5 (- a secha g sinhax) (B14)
< 20; : : _ »

SR S , :
The deflection may now be determined by integration of

Eqﬂ&tion 314 and using Eqaution 3 19(3) Combining these
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Integrating Eduation B16 yields

PBACYc ‘ 2
L -V -3 a sechal/2 coshax . Px +'C

2I a o 4EIt 1

(B17)
PBA Y . | 3 .

o ¢ ¢ sechaL/2 sinhax Px . o
TvE- 2 o *ToEr. * Cx + Cp (B1®)
: 2Ita L t | ..

%
4

;The boundary conditions relating the deflection and slope

‘are
/ _ . at x

0 ; v = 0. ' ‘r,q (Blg)

at x = L/2° v' =0 . (B20)

- By Substitutfng Equation B20 into Equation?817,yieldé

PBA Y | 2 .

- _ cc L L PL o :

v R R > e T
. | |

Therefore . PBA Y. PL2 . Cae
. ' TEET" o (322) o
I , o o -

. ‘Substituting Equation B1@ ipto Equation B18 yields .

“ $&5st1tuting—Eéuatibn_Bls.yxelds
pga X, va ‘, PBA Y,

2! a

SR - L




ylelds the maximum deflection in the span as

vVL/2 45%1 Eiﬁ“zﬁ tanhaé - fffgz%’
v /_f t 210 Caro?
3 PRAY. .
. . p Y, L
& iz T IEEr * ——g(tanhel - ol

(B25)

(B26)

Recognizing’fﬁat the firstlferm is the deflection of a -

beam with complete interaction EQuation 'B26, may be wrltten

as , 24BEA Y ~—”, ‘L aL.

. _f . L _ oL
‘~°3;'7 ; f_ L3a3 (tanha2 5 )

PO N !. (':} ) -

(B27) |

:Recalling the definition of a and B from Equations 3 21

‘and 3. 22 Equation 827 may be written in terms of two )

»

nondimensional ratios as

N
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-B.ZHQ« Evaluation of Shear Deflections for a Slmply
Supported Co@p0s1te Beam Subjected to a Concentrated
Load at the Center - - ) |

/

' The shear strain-in & beam may be
expressedaag o ; A Kshv . . ‘{J ; , ';i T .
S Visx)” G, o (B30) e

»

1n whlch v is the shear deflection and

e~

Y . S )
"is a property. of the cross section For a simply supported

beam subjected to concentrated load at midSpan '7.i1";,fu‘X\'f':

RS .

fL/z - xs fL 2
.",V S(X) a—A-;- - de (B32)

V-

n Shear deflection can. therefore be eqil amed<proy1qeq‘gsﬁ f;

-

s known.::,‘rd;‘»c'f“f . c[ﬁ;»:7,, e 1:”4d7 1:cAn R
e e The integralﬁon tme right; hsmd side, o_f v,the

[ equation is;the‘moment_at midspan The ratio of shear




- to concentrated load at midspan

./J'.

Equation 835 1s the ratio of total deflection to bending

- deflection of a simply supported composite beam subaegﬁsd

,ﬁ .
i

‘ .

165"
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EVALUATION OF SERVICEQLOADS OE
COMPOSITE BEA FOR TEST PROBLEMS "

.

cC.1 Introduction L

. - R . . » . .
. . g g 9

"l

s PR . g . o’ -

R ?3 o Most experlmental research in ‘the behavior of"“

N s

O}composite beams is concerned with ultlmate loading con-
:‘ditions.r However this present study is concerned wf%h-

‘[behavtor,under service load conditions.} The following.fe

-

_eprocedure is followed to evaluate service 1oads for

K¢

'experlmental beams so that results from this analysis
’

can be compared with test results reported by other

J N ’ . i R . . "..

S researchers..».g *;“afj ;3

- Y 2

'1. o




DR S | T 1m0

c.2 Simply Supported Beam with_ Concentrated Load ¢+ ..
R at Center cChagman & Balakrishnanl : f' e

-

-~ . S . R . S BRI . . . .
N = - N N R ‘v", oy

./\.
Figure C1 illustrates the beam and its cross section.

Beam Geometry ;b* 1v..Sf : L s;ff t'f‘,i viv;  o
/////Length L= 18 0 ft = B N A I e

-

Width of slab be' = 43 o in.ajfx

Thickness of slab tc = 6 00 1“,4";

';-.3-

B

ll

«

,-‘Llf'- Steel sectlon BSB12 x 6 x 44# :Z:fsf;l:ibl
Depth of steel beam~- ds ¥ 12 0 in.ef‘v.e fbﬂvjavu
j*;‘. Area of steel beam = A 13 0 sq _iq;f:i.K;'af-a-yifs; o
fﬂ;?; Area of web ‘AW 4226 sq..ln,&,,ffflg%,y : NPT

. .., . L

Thlckness of flange é»gf_: 0 717 inl__ L;‘sf“lﬂi?)lw”””
. . i

S -
N s : : N ; . S v i

Shear Connectors

o Size of shear connector" 3/4”' *4ﬁ.57'

Spacing of shear connect:ﬁéz 14 88 ln. iff”?'T'
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e Ultimate capa01ty of concrete slab C =f0.855fé becte
= 0.85 x 3. 44 x 48. o X 6 0 = 342 11 kips

Total capac1ty of shear connector.f.Quj qu/2

S T o R 128.0 x 16 0= 448 0 kKips .
Ultimate capa01ty of steel sectlon EFT;=fAsfy‘
;; = A f x f f + A w X f w ? 469 67 k1ps N
. ST . e. . . N SR e
Therefore T> Q , - ' e e
T .'.r' L ey, SR N
B . . ’ i ° ) _‘\' ‘ H .

As the connector capaclty 1s 1ess than
ultlmate force that can be deweloped by the steel
sectlon or the*conerete slab and concrete slab strength

1s greater than the force that can be developed by steel ‘ﬁ%fi
\w: . o .:" -
section the governing criterla?in determinlng the _!;h

* K

location of the neutral axis at load is Q Therefore

it can be concluded that there 1s part;al shear connection

'"_ 1n thls case.m T0~achieve full shear cennection the .;ﬁ?i;ff"




-Farce that can be developed by bottQm flange

Py = Af»*,fyf-' 4.34832,x_34,332 151, a6 kips G

'_ .

L}
|l

Force that can be degeloped by geb T P C
AW\x I = 4.2264 x 38.8102'= 164.06 kips

The amount of: for~ce that should be developed in :tqp I :
: flange to utlllze the capacity of shear connection K T

\ .

£ Fgf?;Qu - F1', F2 = 448 0 - 151 46 - 164 06 132 48 kips

- £

' ,Depth of top flange below ultimate strength neutral axis |

132 48/6 1183 x 34 832 0 62164 in-‘, )

, _Depth of top ﬂ'\lange above ultimate strength neutral

Lk

- axis under compress,lon o e
, _’,dz = 0 717 = 0 62164 0 9536 in :

,' ‘i'é.‘_ . _' / ’ v‘s;‘

';'t’ -'_Compresswe force that. cam be developed fn this pbrtion B ( I"ﬁt' ‘

- .',,of top flange " . | u -

.f,4_

009536 % 6: 1183 x §4 832 = zo 322 kips 1f;j?i{ D
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. ‘ N N - \ .'
Therefore 1ocation of ultlmate streng\? nelitral axis

Al

. CG = (t

£ + d + dl) = }1 905 in.

) ’ . \
The Qomentﬁ(neglectlng.strain hardening) that can be

developed in the composite d@ction before-the failure

of the shear C%Pnectien' ' - ,

¥

A

t

f

M, = F1(CG - t4/2) +.F,(CG - d,/2) + Fsd?/z 7

+ F4dz/3 + Fs(t + dz - a/2)

il
]

4715 in. kips = 393 ft. kips

<
°

Mp = Moment due to self wt + Moment due to applled "1oad

y 6 x 48 x 150

Self wt =_44 + 144 = 344 1bs.

Load factor for dead ioad = 1,%5

> .
Load factor for appljed load 1.5

1.25 x 0.344 x (118)% . 1.5P x 18

Mp - ‘ g a - 4
. B -_-4‘— ; '.
Ph = (393.0 - 17.415) x 18 = 83.46?‘k1ps
_ 83.463 _ L \
Piservice) = ~ 1.5 55.65 kips - i

,/’
/

THe ultlmate load glven by Chapman and Balakrlshnan

~

Pu~= 96.95 kips and the 1oad factor = 1,75

_ 96.95
(serv1ce) 1.75-

= 55.4 kips 3 \

[}

‘Therefore it is evident that service load obtained~by
Q\

the above procedure is accurate to the degree required

L Figures E1 to E3 illustrate the beam geometry and the’

AN

»

'1oading condition. -

Wromy
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e
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| - )
C.3. Two-Span Continuous Composite . Beam Subjected to
Equal Concentrated Loads at the Center of Fach

Span (Hamada & Longworth)

"Figures-C2 and C3 illustrate the section and

Eéam geometry of the test’specimeﬁ and Figure C4

illustrates the idealized stress condition at ultimate
moment in positive moment,reéion. Figures C5 and C8

illustrate the stress condition in the negative moment

region. i
o | . . - 4
Beam Gébmetry: |
 Length = L.= 12.0 ft.
Width of 'slab = bc = 48.0 in.
Thickness of slab = tec £ 4.00 in.

Steel section = W12 x 31

‘Depth of steel section = ds = 12.09 in.

dy = 11.16 in. jﬁf

Depth of web

Width of web = w. = 0.265 in.

w
Area of web = A ‘= 2.9574 sq. in.

w \
Area of flange = A, = 3.0863 sq. in.
" Thicknes$ of flange = ty, = 0.465 in.
‘Width of flange = b, = 6.6372 in..

Topai area of steel section = AS = 9.13 sq. in.

Area of reinforcement in negative moment - region
| = Ag, =f}.6l§q._1n.
b o
AV » :
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Shear Connectors: ‘ ‘ B

Size of connector  3/4" X 3"

175,

*Number of connectors between zero and maximum

_ '%oment‘=‘N = 16

kY

Capacity of a conneéfdf = qr = 28,716 kipé

‘a) 3
Material Property:

Yigld strength of flange = Fyt = 40.5 ksi
Yield strength of web = F_. = 46.9 ksi
iy g yf
.Elastic modulus of steel = Es = 30.550 x 10
Ultimate strength of concrete = £, = 5577 p

Elastic modulus of concrete = Ec = 4,527 X

Yield strength of reinforcing steel =\Fys,—

In positive moment region: . - o

»

Ultimate strength of slab is

C = 0.85 fé betc = 910,.1664 kips

The ultimate strength of steel section is

N

T = Asf = ASf f + A fyw = 387.51 k?ps

y vyt - SwW

.- The ultimate éapaciﬁrd? shear connectors
Q, - N.qr = 16 x 28.716 = 459.456 kips
Therefo?e Q> T | | |
T<C

(?>Qu

3

“ksi
si .
10% ksi

50.3 ksi



176

» - ‘ - _
As Qu T and C T full shear connection can
be gphieved._:As_the concrete slab ul;imate stfength is

gféater than ultimate capacity‘of the steellsection;ﬁthe

slab ufder compression is
T

a = 085 fé bc = 2,0192 in. .

L

Therefopre
CG = ds +-tc - a = 14.0708 in. from the bottom flange

The ultiﬁgxe moment that can be deveioped

*

by’the compoéite section in the positive mdment regiod’

Ly Uy

is o ‘
' = T (CG - ds/2 + a/2) = 3501.3078 in. kips

= 291.775 ft. kips

~1n negative'moment region;
| In thé negétive moment region as illustrated
in Figﬁfe C4, the concrete slab is not effecfive as it
is s%pjected to tension, therefore tﬁe'moment has to be
resisted by the steel section and the reinforcémgnt.z_From ¢

Figure C6 the equilibrium equation can .be gxpfessed as

i

€S + T_ =TS
T

i

but »CS + TS = Asfy

-

T_ = 1.6 x 50.3 = 80.48 kips
. CS + TS = 387.51 kips



, | B . Lo1TT

L]

]

TS = 387.51 - 153.26 = 234.25 kips

t

The bottom flange‘can‘develop K

e Fl = Af X fyf =‘3.0863 x 40.5 = 12§ kips

The web below.thé?ultimafe'strength neutra% axis must
fesist -

F, = 234.25 - 125.0 - 109,25 kips

The depth of web beldw ultimate Strehgth neutral axis is

d = 109.25/46:9 x .265 = 8.7902 in.

¢

. P F
Therefore - ' ‘
1

CG =

<

8.7902 + .465 = 9.2552 in.

The depth of web & ltimate strength neutral
axis is C

4

"4 . = (11.16 - 8.7902 = 2,3698 in.
E W2 - 4

Area 02 web above neutral axis = 2.3698 x .265
= 0.628 sq. i.n.

N
H

‘The force that can develop in web is

F, = 0.628 x 46.9 = 29.453 kips

E

'Force that will develop in top flange

o Fy

= 3,0863 x 40.5 = 125 kips

‘Thé center of reinforcement is 3 in. from the bottom -

L

of the slab, and the force in the reinforcement is

b.
Mor
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Fy *\80.48 kips

Therefore the moment that can be re81sted by‘the section

in the negative moment reglon is

-

M 1 (CG - tf/2) + F2 (CG - tf - d W1/2)

u2 -
+ F3 (D,,5/2) + F4 (d,o *+ t£/2)
"vr } .
+ Fg (ds + te'~ CG - 1.0) . P
= 2437.773 in.'kips = 203.147 ft. kips .
| ) Maz _ .. | 205”147 | R
Total M = M 28 = 291 . 766 + 3=l = 393.35.ft. kips

ul 2 "2
wﬁz |
8

Moment due to self wt = 5.1975 ft. kips

&

M, = M(due self wt) + M (due to applied load)

!

’ ﬂéﬁ + EEE’
8 " ™
P L . | ,e“: » . \\w
——= 393.35 - 5.1975 = 388.1525 ft. kips . |
T ‘ SE ‘
Pu = 129 384 kips
Load factor = 1. 5 .
Service load_Pb(service)h= 12?'284 = 86.256 kips

o
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A
/ =Y
EVALUATION OF SHEAR COVNECTOR STIFFNESS

o 'FOR VARIOUS TYPES OF SHEAR CONNECTORS

D.1 ~ Evaluation of Shear Connector Stiffness

o

In Chapter III the shear connector stiffness

K used in analysis has been defined as load pér connector
~ o ¥ :

per unit slip. 1In the numerical,solufioggshear connection

g

stiffness has been divided by the cénnectof'spacing as

« the computer program is based on the numerical technique.

For linear load slip behavior :

®

A R _ \ ' |
\ . - Q=Ks . (D1)
, o %% =K | (D2)

For nonlinear load slip behavior

-~

Q=a(l-ePS - (D3)
) dQ _ _ .
, G- =K o

Figures D1 tb D5 illustrate'load slip character-
istics for varlous types of shear connectors (Chapman and

vl Balakrishnan). For linear behavior the shear connector

L

stiffness has been evaluated as the slobe of the loaa—

slip curve.  For nonlinear behavior the value of a and b

has been evaluatéd using the procedure as descrlbed in

Y

- Section 2. 1 ‘3 (Yam and Chapman).

-t In most of the examplesnﬁéed for verification
of the -numerical analysié dlfficulty was encountered in
obtaining a shear connector stiffness. The example

- problems,‘which arekcompared with the closed form



187

¢

solution, are designed for full shear connection and

A

3/4" x 4" stud shear‘connectoré,are used to achieve
this. The load-slip relatioﬁshfb‘for this connector
is availabie from push-out test results (Chapman &

Balakrishnan).

In the example based on Chapman & Balakrishnan's

(&)

beam, the shear connector stiffness was obtained from

[4

' théir load-slip data. As\thé ultimate strength of fhe

\

concrete in the push-out test and the test beam are
different, a linear interpolation was used to obtain the
. . - . &

-shear connector stiffnegs. The difference in results

Lo

may be attributed)to his interpolation.

a sheai connector stiffness for this example, several
eXampfes were selected with various shear connector
stiffnesses. After analySing these_examples,‘the end
.slip from énalysis was :plotted against sheér connector
stiffness. With the end slip for Hamadé and Long-
worth's beam, a shear conﬁector stiffness was interpolatéd
from this plot. Figdre D6 illustrates the relationship

between end slip and shear connector stiffness.- ”

.
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;
}

Push—out test results for varlouq stud shear
connectors are 111ustrated in Fig. DY to bs The
ultimate load for these connectors are also obtained

fro?:test‘results, Two slip values are selected as

Y, = 0.01 and v, = 0.02. Expressing them in terms of

ratio of Q/Qu « )

Q
Q, (G
N B T u (D5)
e B T ,
.‘ QU Qu
o
. Q.
1 u
b = — ¢n — (D6)
Yq ?2 - ?—]:- A
Qu QU.

E/For 3/4" x 4" stud c5nnector

Qu = 12.5 ?ons‘

For v, Q
- gt =0.35555
u
For Y Q !
2 63 = 0.51666
u .
Therefore a =

' 8.126 tons/in. or 18.20 kips/in.

b = 79.1578 w

]
I

1440.67 klﬁs/in

For other stud shear connectors,.the_values of a, b,

‘and K are computed as pér the dbove procedure and are

tabulated in Table D1.
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In the analysis the shear connector stiffness

was divided by the connector spacing in a particular

beam to obtain the shear connector stiffness per uhit

length of beam.’

'

A
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SHEAR STRESS DISTRIBUTION IN COMPOSITE BEAM SECTIONS

E.1  Evaluation of Shear Stre&s
P | |
Ih a composite beam thenneutral axis may. be

either in the concrete slab, in the top flange of steel

k ( ® . } .
section, or in the web of steel section. For these three

Ay

1ocations the varlatlon in statical moment of area and the

shear stress dlstrlbutlon are illustrated in Figs. E1 to E3.

The shear deflectlon factor for three common steel sectiohs

used in composite beams for different slab widths and-slab

tthknESSeS are shown in F1g E4 to E6.

. The shear. stress dlstrlbutlon 1s based on the

following assumptiohs: ¢

(1) ”There is linear stress-strain behaviorluhder
service‘load cohditions. ) |

(2) Concrete ih tensibn’is.neglectedi, |
It can be‘observederom‘Fig~‘Eé that the

maximum shear stress occurs at the neutral ax1s when the

-

neutral axis 1s in the web, wherévs in the other two cases
.\

(Flg El and Fig.- E3), where the neutral axis is in the

: slab or.in the top flange, the maximum shear stress occurs
' ’ s

at the junction ofhtop flangegand&Web Therefore it may be

concluded that the major portlon of the shear force in

B )..._‘

_compos1te beam is - re31sted by the web of st%el sectlon. e

) q: 2
o 3 -
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'In case of composite‘bégms due to the
X.presence gf concrete slab on fbe topiof steel sectioﬁ;
Vt%he:shéar stress at the top' of the top flange of steel
section is now zer@t therefore the shear form factors'

3 Y .
for composilte beams are much higher than that of wide

- flange beamns. ' éﬁ
_ Shear féxm factors for composité beams with -
steel secﬁions (WiGlx 50,:W16'x 26, W14 x 53, W14 x 22,
,Wié‘x 190, W12 x 14) for vérious slab.&iaths are ..

illustrated in Fig. E4, E5, E6, respectively, for concrete

slab thicknéss 6'' and 4".
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| LIGURE E1.  STATICAL MOMENY AND SHEAR STRESS
DISTRIBUTION IN COMPOSITE SECTION '

© 77 T(NEUTRAL AXIS IN SLAB) .
. . i ] ; ’“\_i" -

Y. - ¢

* ;
‘ 199
SHEAR CONNECTORS P ° -
- [ ; - e , '
o |° Ia l CONCRETE SLAP | NEUTRAL
-4 = % AXIS
| - STEEL SECTION
X (W12 x 31) '
. i o
)_.:L. A —
(a) SECTION OF COMPOSITE.BEAM
A
NEUTRAL
AXIS
vl
4 B .
i __/
(b) STATICAL MOMENT ' -(¢) SHEAR STRESS.
" VARIATION " DISTRIBUTION
. 5 ) \ ~
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SHEAR CONNECTORS

T TCONCRETE SLAB

| S —

——

NEUTRAL
AXIS

STEEL SECTION
(W12 x 31)

c—t—

| 12.09 | 3
EE—"

(a) SECTION OF COMPOSITE BEAN

- . " NEUTRAL

A

| » | AXIS

‘»9  (c) SHEAR STRESS

“(b) STATICAL MOMENT o AR
| wf ¢ DISTRIBUTION

VARIATION
\;./

—~.

N

FIGURE.E2, STATICAL MOMENT AND SHEAR STRESS
DISTRIBUTION IN COMPOSITE SECTION

* (NEUTRAL AXIS IN gEB)
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-

NEUTRAL AXIS
B
-~
2 !
P STEEL SECTION
— (Wl2 x 31)
X -

i (a) SECTION OF COMPOSITE BEAM

| ' NEUTRAL o
AXIS ]
/
/
/
_/
]
’ ]
‘ /.
‘ _ 4]
/
—
() STATICAL MOMENT (c) SHEAR STRESS

VARIATION 7 ‘ DISTRIBUTION

FIGURE E3. STATICAL MOMENT AND SHEAR STRESS.
DISTRIBUTION IN COMPOSITE SECTION
(NEUTRAL AXIS IN TOP FLANGE)
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COMPUTER PROGRAM

F.1 Introduction

o

The following assumptions are madde in the

computation of slip, shear flow, force, slip straih and

defleétion?

1. The composite beam is divided into a number
of elements of constant 1ength; thus estab—
lishing 2 number of equally spéced nodal
points. ! |

2. vDisContinuity_of strain is assumed at the
interface of the elements due to the presence.
- of slip‘strain. b
3. Concrete resists no tension in the negative
moment regions. |
'4', ' Reinforcement‘exists at.only.one level in
| the slab. ; |
5. In.the anaiysis Which'accounts for diffe{ent

section propertiés in posifive and ﬁegative
mémént regibns, prOperties'are.constant
'throughdhﬁ_eich region and equal to those §
éésqciated'with‘the transforined section
cééterminedbfOr'fu11>interACtion) ih the

respective regions.
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6. Dug,to the abrupt‘change in section properties
at the junction between ‘the positive and
negative regions, the slip strain is dis-

A .
4 . .
continuous at the inflection points.

The following steps are required in -the

compulitions for slip, slip strain and deformation of a

continuous beam for a given load:

» . - | o %
1. Initialiiation |
a. DetermiﬁeAthefneut}al akis'and section
propert;es. |
b. - Compute the stress resultants for unit
. . reactions at the“interior suppbrts.
c. Cdmput? fhe_stresékresuitant for the
externai 1oad;
2. Determiné the,fiexibility infiﬁence'cpefficients

and lack of compatibility dispiacements.
For each of the unit reactions in 1(b), and
_ for each of the stress resultants obtained by

_ » \ ,
combining the;reactions and the external loads:

“a. . Compute the slip at each nodal point -
using the Runge-Kutta method of numerical
Aintegration.

b. ‘Iterate the slip computatipn until ‘the

correct,slig‘haé been determfned.

s



c. Compute slip strain, curvature and
deflection.
d.  Enter the appropriate deflections in

the equations of consistent deformatitn.

-

.\ 3. Solve for corfections to reaotions.

a. Determine corrections to redundant -
reactions at the interior supports.

b. Determine the location of the inflection
points and alter the length of beam with
negative section properties

C. Check the deflectlon at the supports

¢ s

computed in step 2(d).

.

The computer program wastwritten'in Fortran -
, IV and computatlons were . carrled out on the AMDHAL 470/v

_at the Unlver51ty of Alberta computlng serv1ces | The flow

08

chart 1n Fig. ‘Bl outllnes the sequence of computatlon requlred

for the ana1y81s of a contlnuous beam The program cons1sts

of eight subroutines and one functlon.v

F.2 ‘Description of Program

. . -‘.
'MAIN PROGRAh' The main program reads an writes the beam |
| dimen31ons material propertles and loading con-
ditidns. It calls the following subroutines in
Sequeﬁce to compﬁte stress resultants, slip ahd

deflection.

-

£



PROP. :

o

REGULA:

209

This subroutine computes the position of the neutral
axis and the section properties. When necessary this
subroutine calls subroutine "REGULA" to compute an

average width so that average section properties areé

- g : I3
computed on this basis. o tvd

This subroutine computes average width of concrete’

slab by using the section properties of the positive

‘and negafive moment. regions by using the REGULA-

CONC. :

FALSI -method.
This subroutine computes stress réshltants due to
- . ~ \ o
all concentrated lqads. The shears computed for each

element are stored in two vectors, identified as the

left shear and right shear of the element, and bending

BMSU:

 MASTER:

homent,at the nodal point.
Computes stress resultants due to uniform load and
adds the stress resultants to those computed by

”

"CONC'" for external concentrated loads.
'This subroutine calls. two subroutines and one
function. First it calls "RUNGA" to compute slip,

shear flow and axial force. A correction for slip

"is used if the axial fofce~computedﬁat the 1ast”noda1

~ties, this subroutine selects the section propeities

‘point is not zero. For variation in section proper-

e

. S ¢
depending upon the sign of the bending moment at the .

- nodal point.f‘The subroutine also computes slip

strai@ and Cﬁrvature. At the inflection points the



£

. s
discontinuous slip strains are computed at the

left and right side of the point. The subroutihe
calls "DEFLEX" to compute deflection at each nodal
‘ point‘assuming'an initial slope of zero and then
applies arlihear correction to the dofleptions to
arrive at the correct deflection at each nodal
_ 7 . :
point. A/’
RUNGA: This §ubroutfne‘is baéed on a fourth order Rungo—“
Kutta method'of integratidn for a second order
differential equation. The subroutine calls function
"QF'" to compote shear flow. The. change in axial
fofcevis oompu%ed bétweenvevery‘p;§§:of nodal pointé

bY"integrating the™shear flow.

o

- QF: This funotion'defines the 1oad—slip relationship'fof -

~

the shear connector.

t

L N

'DEFLEX: Thié subroutinelaomputes defiection at every nodal

point by us1ng a - second order Runge ~Kutta method of
"»1ntegrat10n for a second order dlfferentlal equatlon

SYMSOL: ThlS subroutlne is an equatlon solver.. It solves

3 v the flex1b111ty matrix to compute changes in reactlons

~at the 1nter10r supports.

‘All notations for main,véctoré geometrlc propertles and

indices are- defined in the 1lst1ng
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START ) »

- i
. / " READ INPUT DATA / -

: COMPUTE SECTION PROPERTIES N ' ,
E (PROP) ~

COMPUTE STRESS, RESULTANTS'

~ FOR UNIT REACTIONS

o AND EXTERNAL LOADING
T ‘ (CONC) .

[ o
SUPERIMPOSE STHESS RESULTANT ’ ro
FOR EXTERNAL LOADS AND °

SUPPORT REACTIONS ,
(CONC, BMSU) } <
Lo |

COMPUTE SLIP, SHEAR FLOW,
o FORCE, SLIP. STRAIN AND . -

‘ " DEFORMATION FOR EACH UNIT
: REACTION AND STORE THE -

FLEXT B} LITY COEFFICIENTS
(MASTER)

. B COMPUTE SLIP, ‘SHEAR FLOW,
.o . FORCE,- SLIP STRAIN, AND | : -
DEFORMATION FOR SUPERIMPOSED :

LOADS AND STORE DEFLECTIONS
""AT INTERIOR SUPPORTS

COMPUTE CHANGES OF SUPPORT ’ ’
. . REACTIONS AND UPDATE
y ‘ REACTIONS AND LENGTH , _ '

OF NEGATIVE BENDING .
o (SYMSOL)

~N

3

F RT ‘ . . . .7
L ‘ . L L ;.‘
v PRINT OUT COMPUTATIONAL =~ [ - " B
: - . . n
LAST ¥ y
SECTION T
PROPERTIES .
\ .
. ‘\,4,)’ A .

PR

FIGURE F.1 FLOW CHART FOR COMPUTER PROGRAM o
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