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A b s tr a c t

In th is thesis we describe the second com ponent of the crystal base 

o f an irreducible m odule o f highest weight ATA0 of Uq(sl{n)),  where 

N  €  N  and Ao is a fundam ental weight, as a set of iV-tuples of Young 

Tableaux. This description difFers from that given by Jimbo, Misra, 

M iwa and Okado, and it is related to certain Demazure modules. We 

use this description to obtain an explicit set of inequalities defining 

the cone whose lattice points give the im age o f one of the Kashiwara 

em beddings.
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Introduction

Crystal bases, which, are used as tools to study the representation theory of the 

quantized universal enveloping algebra lAq{g,) o f a sym m etrizable K ac-M oody Lie 

algebra g, were introduced by Kashiwara in 1990, and since then have been the 

subject o f extensive study. T hey can be thought o f as “bases” o f £/g(g)-m odules at 

“q = 0” , and can be “lifted” to bases, called global bases, o f these molules.

Let (L (A ),5 (A )) denote the crystal base of K(A) (the irreducible £/g(g)-m odule  

of highest weight A), w  an elem ent o f the Weyl group and uw\  an extrem al vector of 

weight wX of V^A). Littelm ann [L it95] conjectured th e existence of a subset B w( \ )  

of 5 (A ) such that

Mg (q)u w\ C L{A) ^

n  1 L W  ~

and proved this for g of types A n, 5 n, Cn, 5 n, E 6  and G-i.

In [K as93], Kashiwara proved this conjecture in general by showing the existence  

of a subset B w(A) of 5 (A ) such that

W,+ ( 0 ) « „ A =  J 2  Q ( ? ) C ? a ( 6 ) ,
b<ZBw ( A)

1
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I N T R O D U C T I O N 2

where {G(\(6) : b G # (A )}  is the (lower) global base of K(A), and hence obtained the 

character formula

ch(M,+ (B)u„A) =  J 2  ■
6eBw(A)

It is therefore o f im portance to describe the subset B w( A) as exp lic itly  as possible.

If (L (0 0 ), 5 (o o ) )  denotes the crystal base of LI~(q) and T\ — { i.\}  the one point 

crystal defined in 1.7, then it is known that there exists a full em bedding of crystals 

r \  : B { A) j9 ( o o ) ® T\  (see 1.3).

Kashiwara [K as93] showed that for a sequence £ =  ( . . .  , z2, i 1) o f elem ents of I  - 

the index set of the sim ple roots - satisfying certain conditions (see 2 .1 (7)), the set 

of sequences o f “coloured” integers

Z f3 : = { . . .  c^ao : ak is an z* — coloured integer, and a* =  0 if k »  0}

can be endowed w ith a crystal structure (see 1.17) such that the weight o f . .  . a i a0 

is equal to — Ylk>o a ka ik an(  ̂ such that the crystal B ( 0 0 ) is (isom orphic to) the con

nected com ponent of Z f 3 containing . . .  00 (we identify B ( 0 0 ) with this com ponent). 

If w  =  r,-( . . .  rtl is a reduced expression of an elem ent of the Weyl group of g, then 

B w(A) A- Bw(00 ) ® T\ ,  where

B w{oo) :=  {...a iao G B{oo) : â . =  0 if k >  /} .

In [N Z 97], B ( 00 ) was shown to be the set of lattice points o f a cone whose 

defining inequalities can be generated by applying certain operators to a given set 

of inequalities. T he inequalities defining this cone were obtained for g of rank 2 

in [K as93], and for the finite dimensional Lie algebras in [C li98] and [L it98] (for
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a particular sequence t). In this thesis, we obtain an explicit formulation o f these 

inequalities (see Theorem  4.9) for g o f type A^1̂  (also for a particular t).

In Theorem 2.3, we show that if g is affine (or o f finite type) and t  is appropriately 

chosen,

B{oo) — { . . . a i a0c : c £  B (oo ,g ') and . . . a i a o 0 G S (o o )}

where g' is a Lie algebra of lower rank than that of g.

Since the £?(oo)’s for the finite dim ensional Lie algebras were described in [Cli98] 

and [L it98], this Theorem reduces the problem of describing B(oo)  for affine g to 

that of describing its subset

{. . .ajpoO: . . .  aiaoO G 5 (o o ) } .

Since TNKi( B ( N h i ) )  =  { . . .  cqaoO <g> : . . . aiaoO G B(  oo) and a0  <  N } (see

Lemma 2.5), in order to describe f?(oo), we would like to have an explicit description 

of B (N A{)  and an explicit description o f how the map r j v a c t s  on it.

In [J M M 0 9 1 ] , B ( N A 0) was explicitly described for g o f type A ^  as A7’—tuples 

of coloured Young diagrams such that an z-coloured box in an elem ent Y  of B { N A q) 

contributes —a,- to the weight of Y  and hence contributes to an i —coloured integer 

in the image of t/va0 •

Let l =  ( . . .  , 0 , 1 , . . .  , n — 1 , 0 , 1 , . . .  , n — 1, 0,  t'), where d  is appropriately chosen 

(see 2.1(7)) so that

B { N A q) c—̂ { . • • o,\ ciq 0 ® Lyao }•
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If we superimpose an e lem en t Y  G B ( A q )  on the following pattern:

0 (n — 1) 2 (n — 1)
1 (n -  1) +  1 2 (n -  1) +  1
2 (n -  1) +  2 2 (n -  1) +  2
3 (n — 1) +  3 2 ( n - l ) + 3  •••

then Y  ^  . . .  a x ao 0 <8> t \ 0-  where a*, is the number o f /c’s in th e  pattern which are 

enclosed by Y . (See Corollary 3.35).

For exam ple, let n = 2 . Then, if the number in a box of Y  G B { Ao) denotes the 

colour of that box,

Y  =
0 1 2 0
-2 0
1 2

i-j. ...0 0 1 0 2 1 2 1 1 0  ® t Ko,

since, when we superim pose Y  on the pattern above, we obtain

0 2 4 6 S
1 3
2 4

5 7 9
6 8 10

3 5 7 9 11

It can be shown (see Corollary 3.34) that if to is a subword o f . . .  rn_ xrorx . . . rn_ ir 0, 

then the elem ents of B w(A0 ) are those elem ents of £ (A 0) such th a t, when placed on 

the pattern, only enclose num bers less than or equal to  the length  of w.

For N  >  1, however, tire map t/va0 is not easily com puted from the description  

of B ( N A q) given in [JM 1V I091].

In 3.9 and 3.10, following the ideas in [J M M 0 9 1 ], we show  that 3 /̂v, the set of 

yV-tuples of coloured Y oung diagrams, can be endowed w ith a crystal structure for 

every total order of the set - {1, . . .  , N } x  N x  (—N) such that if th e  order is as defined 

in 3.11, the crystal structuxe on 3^v coincides with that defined in [J M M 0 9 1 ] .
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If th e  order is as defined in 3.14, we prove in  Theorem  3.31 that the connected  

com ponent o f JV  containing the iV-tuple o f em pty  Young diagrams is equal to  the 

set B n  defined in 3.16.

In Theorem  3.23, we show that the map

$  : Bn  ^  ®  Tx

defined by

(Vi, • • • i Yn ) . . .  aiao 0 ®  fiVAo i

where ak =  Y2jLi ( ^ e number of fc’s in the pattern which are enclosed by V}), is a 

full em bedding of crystals.

In Theorem  3.33, we prove that B n  is isom orphic to B ( N Ao), hence obtaining  

a description of B (ArAo) as iV-tuples of Young diagrams, which is different from  

that given in [J M M 0 9 1 ] . If we identify B n  w ith  B ( N k o ) ,  then $  =  t n \ 0  (see 

Corollary 3.35.

One can show (see Corollary 3.34) that if w  is a subword of . . .  rn-iroTT . . .  rn^iro,  

then the elem ents o f BW( N A0) are those elem ents ( Yi , . . .  , Yn ) G Bn  which are N-  

tuples o f Young diagrams which when placed on the pattern, only enclose numbers 

less than or equal to the length of w.

In Chapter 4, we use our description of B ( N Ao) as B n  and the fact that w ith  

this description t n a 0 =  $  to explicitly find th e inequalities defining the im age of 

t/vao (Theorem  4.7). This, together w ith our results from Chapter 2 and a result 

in [C li98] and [L it98] (see Appendix A), gives us an explicit description of i?(oo) 

(Theorem  4.9).
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CHAPTER 1

Preliminaries

In this chapter we set up the notation and state  the definitions and known 

results which will be needed in the following chapters. Most of the definitions and 

results stated here are due to Kashiwara and can be found in [K as91], [Kas93], 

and [K as94].

1 . 1 . Let g be a symmetrizable Kac-Moody Lie algebra over Q, f) its Cartan 

subalgebra, {hi  : i E 1}  the set o f simple coroots, {a,- : i E / }  the set of simple 

roots, P  a la ttice  in ()“ such that a,- E P  for all i  E / ,  P+ =  {A E P : (h,-, A) >  0}, 

and P* =  {h  E f) : (h, P )  C Z }. T he quantized universal enveloping algebra of g, 

ZY9(g), is a H opf algebra over the field of rational functions of an indeterminate q 

generated by the set {e,-, /,-, q{h) : i  E /  and h E P “}  subject to some relations (see 

for exam ple 1.1.14-1.1.IS in [K as91].) This algebra contains a module L over the 

ring R  of rational functions with no poles at 1 such that

(i) Q (q r )  ZY,(g) and

(ii) L / ( q  — 1)L ~  if(g )  =  the usual universal enveloping algebra of g.

A Uq (g)— m odule M is said to belong to the category O l7Xt if

(i) M  =  M \  where M \ =  {u  E M  : q{h)u  =  q^'^u  Vh E P “},

(ii) dim(AP\) <  oo for all A E P ,

6
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1. P R E L I M I N A R I E S 7

(iii) for each z E / ,  M  is the union o f fin ite dim ensional i / g(g,)-m odules where g £- 

is the subalgebra of g generated by e,-, q(h{) and q (—h{), and

(iv) M  =  where F  is a finite subset o f P  and Q -  =  — £ T € / N at-.

The category O t7lf is semisimple with irreducible objects {V^A) : A E P+}- V(X)  is 

generated by a highest weight vector denoted by u \  and if l i~  (g) :=  the subalgebra 

of Uq(g) generated by {/,- : i  E / } ,  then there exists a surjective IA~ (g)-m olule  

homomorphism 7ry\ : U ~( q) -¥  V'(A) such that 1 —> u,\. K(A) contains an R —m odule, 

which we denote by (V'(A))/* such that

(i) Q(q) (^(A))/? ~  V"(A) and

(ii) ( V (X ))n / (q  — l)( l/(A ))/i ~  Verma m odule of highest weight A.

1 .2 . If M  is a Q(q) vector space, a b a s is  o f  M  a t  q  =  0 is defined to be an 

ordered pair (L, B )  where

(i) L is a free A —module such that M  — Q(<?) <8>a L and

(ii) B  is a basis o f the Q vector space L /q L .

Here A is the ring of rational functions w ith no poles at 0.

1 .3 . If M  E O  and i E I,

M  =  ® ©  / ‘“ ’ (A * < •(* )  n  M x ) ,
A € P  0<n<(/i,,A)

where [n]t- :=  9J._*'r i > [u]t! := n*=i[^]«’ ancl is as defined

in [K as91].

For i E T, the operators e,- and /,- are defined as follows: for u  E ker(e{) fl M \

and 0 <  n <  (hi, A), f i ( f j n)u) =  / l n+I) and e,-(/Jn)u) =  (Here / / -1) :=  0.)

A pair (L , B)  is called a (low er) c r y s ta l b a se  of M  if

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



1. P R E L I M I N A R I E S 8

(i) (L , B ) is a basis o f M  at q =  0,

(ii) i i (L )  C L and f i ( L )  C L for all i G / .  and hence we can define e,- and /,- on

B,

(iii) i i ( B )  C. B  U {0 }  and f i ( B )  C B  U {0 } ,

(iv) L =  ® A6p ^ a  and B  =  U ae p B \  where L \  :=  LC\M\ and B \  :=  B n (L , \ / q L \ ) ,

and

(v) for bi and b2  G B ,  6X =  / , ( 62) if  and only if e,-(&x) =  62.

Let A G and define L (A) to be the A —module generated by { / tl . . .  f i tu \  :

i i . . . i i  G /  } and let B (  A) :=  { / tl . . .  +  qL(  A) : zx . . .  ii G / } \ { 0 } .  (We will also

denote ua  +  ^L(A) by u a ) .  In [K as91], Kashiwara shows that ( L(A) , 5( A) )  is the 

unique crystal base of V(X).

1 .4 . Let e,- and /,• be the operators on U ~ ( q) defined in [K as91j.

A pair (L , B ) is called a c r y s ta l b a se  of K ~ ( q) if

(i) (L, B)  is a basis o f U ~ { q) at q =  0,

(ii) £{(L) C L and f i (L )  C L for all i  G / ,  and hence we can define e,- and /,- on

5 ,

(iii) £{(B) C B U  {0} and / i ( B )  C 5 ,

(iv) L =  ® A€p L \  and B  =  IJaeP B \  where L \  :=  LDMa and B \  :=  5fl(LA/qLA), 

and

(v) for 6X and b2  G B , 6X =  fi{b2) if  and only if e ,(6x) =  b2.

Let L(oo) be the A —m odule generated by { / Xl 1 : 2X. . . f /  G / }  and let 

B (oo) :=  { f it . . .  f i t 1 +  q L ( \ )  : zx . .  . if G / } .  (We will denote 1 +  <?L(A) by and 

5 (o o )  by B { oo ,g ) if we need to em phasize with which algebra we are dealing). In
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[K as91], Kashiwara shows that (L(oo),  B (oo))  is the unique crystal base o f Uq (g), 

and that

(1) rrA(L (oo)) =  L( A),

(2) 7ta : B(oo)\A:er(7rA) —> B ( A) is a bijection,

where tt\ ( u +  L (oo)) :=  +  qL(A),

(3) f i  o tr,\ — 7r,\ o for all i G / ,  and

(4) if b G f?(oo)w ith 7Ta(6) ^  0, then e,-(7fA(6)) =  7TA(e,-(6)) for all i  G I-

1 .5 . Define the antiautom orphism  * : K q(s)  —► U,(g )  by, for i G I  and 

h G P,  e* =  e,-, =  f i  and (q(h))M — q(—h). It is shown in [K as91] and [Kas93] 

that (L (oo))“ =  L{oo) and (5 ( o o ) )“ =  f?(oo), respectively.

1 .6 . A c r y s ta l is defined to be a set B  together w ith maps w t  : B  —» P, 

e,-, (pi : B  —> Z U { —oo}, and e,-, : B  —»• B  U {0} for i G / ,  satisfying for b G B  

and i G /:

(i) <p>i{b) =  s,-(6) +  (A,-, U7t(6)),

(ii) if et-(6) ^  0 , £t-(et-(6)) =  £,•(&) — 1 , ĉ t-(et-(&)) =  ip{(b) +  1 and u>t(et-(&)) =  

wt(b)  +  a t-,

(iii) i i  M b )  #  0 , £ ,-(£(6)) =  Si(b) +  1, p i { f i {  b)) =  p f b )  -  1 and w t ( f {(b)) =  

wt(b) — a,-,

(iv) for &i and 62 G 5 ,  &2 =  /,-(6: ) iff e;(&2) =  6 i,

(v) if  <pi(b) =  —oo, then e ,(6) =  fi(b) =  0 .

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .



1. P R E L I M I N A R I E S 10

(N ote that ipi(ii(b)) =  <pi(b) +  1 and <^,(/,-(6)) =  ipi(b) — 1 are redundant in the 

definition as they follow from (i) and the rest of (ii) and (iii))-

T he c r y s ta l g r a p h  of B  is a graph whose set of vertices is B  and whose edges 

are defined by: if  &i and 62 E B  w ith /,-(&i) =  62 for some i E / ,  there is a directed  

i —coloured (or i —labeled) edge from 61 to 62. i.e. 61 A- &2.

We will deal with the following exam ples of crystals in the coming chapters.

1 .7 . E x a m p le s . For A 6  P+ 1  and b E B { A), if we define wt(b) :=  fj if 

b E B(X)fl,£i(b)  :=  m ax{n : e?(&) 7  ̂ 0}, and <̂ ,-(&) :=  m ax{n : /)”(&) 7  ̂ 0 }, then  

B ( A) is a crystal.

For 6 €  B ( 0 0 ), define wt(b) :=  ^ if 6 E ^ (oo)^ , £,(&) :=  m ax{n : e”(6) 7  ̂ 0}, and 

cfi{b)  :=  £{(b) +  (h { ,w t(b )), then B (oo)  is a crystal.

For i E / ,  define :=  {&,-(«) : n E Z } , u;t(&,-(n)) :=  n a t-,

. .

1^-00 i f j E / \ { t } ,

% w - ) ) = = f n^—00 if j  E

- / l  /■ u  f 6i(n +  f)  if 3 =  i >ej(bi(n)) :=  <
[0  if j  E /\{*}>

Jj{bi{n)) . < .
[0  i f j E / \ { * } >

T hen B{ is a crystal.

For A E f ,  define T\ :=  { ^ } ,  iyi(t,\) =  A, £i( t \ )  =  =  —00 , and ^-(^a) =

f i ( t \ )  =  0 for i  E I.  Then T\  is a crystal.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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1 .8 . If B i  and B 2  are two crystals, a m o r p h ism  from B\  to B 2  is a map 

*£ : Bi  U {0} —r B 2  U {0} such that ^ (0 ) = 0  and for 6 E B\  such that ^ (6) E f?2, 

and i  E I, the following are satisfied:

wt(&(b j)  =  wt(b), £i(^(b))  =  £i(b), and <pi(^(b)) =  <fi(b),

if tf (e t-(6)) E B 2, (ef(6)) =  (&)),

if *(/■(&)) €  B 2, * ( / t(6)) =  £ (* (& ))-

1 .9 . If Bi  and B 2  are two crystals, the te n s o r  p r o d u c t  of B i  and B 2  is defined

by

Bi  ® B 2  :=  {&i <g) &2 : 61 E f?i and 62 E f?2} , w t(b L ® &2) =  U7f (6t ) +  wt(b2), for i E / ,  

£,(6 i 0  &2) =  m ax{e,-(6i) , £,-(&2) — (k{,w t (b i ) } } ,  ® b2) =  max{y?t-(62), +

( hi ,w t(b2))},

. . .  , ,  , . / e,-(6i) ® 62 if  v?,-(61) >  £t-(&2)
(5 ) e i( ° l ) =  I Z. ~ f L \ -f  /-t \ ^  ̂  I[ b i ®  e,-(62) if <  £ ,(62)

~f(h  , . f / - ( 6i )® 6 2  if  >  ei(&2)
(6) /{ (0l ® 02) =  < - r  / ,  X ^  / 7 \

[ & 1  ®  / . ( M  i f  V > t ( 6 l )  <  £ - 1 ( 6 2 )

1 .1 0 . The category whose objects are crystals and morphisms are as defined 

above is shown in [K as93] to be a tensor category.

1 .1 1 . If (Li, B{) is a crystal basis o f iVf,-, where for i  =  1,2,  M,- E O,  then 

( L i @ L 2, f? i© i?2), and ( L i ® L 2, B i ® B 2) are crystal bases of M i ® M 2  and M i ® M 2  

respectively.

1 .1 2 . Let ^  : B i  U {0 }  —> B 2 U {0} be a morphism of crystals. H is called an 

e m b e d d in g  if $  is injective. In this case B 1 is called a s u b c r y s ta l of B2- is

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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called an iso m o r p h ism  if there ex ists a crystal morphism $  : . 8 2  U {0 }  — B\  U {0}  

such that <l>o'Ir =  id s lL,{0} and ^ 0 $  =  idBjufo}- (id :=  the identity m ap.) 'J is called 

s tr ic t  if  \Hlsj com m utes w ith  all e\s  and f [s ,  for i G I .  And if $  is an embedding, 

is called fu ll  if  ^ |s i  com m utes w ith all e(-s, for i  G / .

Note: the com position and the tensor product o f two full (strict) embeddings of 

crystals is again a full (resp. strict) embedding. Also, t? is an isom orphism  if and 

only if $  is injective and surjective, and ^r|s l com m utes w ith  all e,-7s and f f s for

i  €  I-

1 .1 3 . For A G P+,  define the map t\  : B ( A) —»• B (o o) 0  T \  as follows: 

if 6 G B {0 0 ) is such that tt\ (6) G B ( A) (see 1.4(2)), ta (7T,\(6)) = 6 0  t.\. Using 

1.4 (2) - (4), this map can be shown to be a full em bedding o f crystals. The image 

of this map is

{6  0  t x G B ( 0 0 ) 0  Ta : £i{bm) <  (hi , A)Vi G / }

(see Proposition S.2 in [K as94]. G. Cliff pointed out that a proof o f th is result can 

be found in Proposition 2.8 o f [N ak 99]. )

We will need the following lem m as.

1 .1 4 . L e m m a . Let  $  : B i  U {0 }  —>■ B2 U {0} be a full embedding of  crystals, 

then fo r  i G /  and b G jBi, fi(b)  =  0 iff  f i { ^ { b )) ^

P r o o f. If f i (^ (b ) )  =  ,Er(67), for som e 'o' G f?i, then 

® (6) =  e,-(tf(&7)) since ^ ( 67) £  0

=  ^ (e ,-^ 7)) since is a full em bedding.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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So b =  e ,(6') since 'F is injective. Hence b' =  /,(&) 7  ̂ 0.

If /,-(&) 7  ̂ 0, # (/,(& )) ~f~ 0 since \F is an em bedding. Since $  is a morphism,

/,(* (& )) =  * ( A ( 6)) e  l m * \ { 0}.

□

1 .1 5 . L e m m a . (Lemma 1.3.6 in [K as93]^. For 1 <  k  <  m , /e£ C& 6e a crystal  

and bk 6  C*. F o r i €  / ,  define a fc :=  £i(bk) — J 2 i < „ < k ( ^ w t (^ ) ) -  Then i f  ak > a„ for  

1 <  v  <  k and a k >  au for  k <  v  <  m,

et-(6i 0 . . .  0 6m) =  6t 0 . . .  0 et-(6fc) 0 . . .  0 6m,

and i / a t  >  â , f o r  1 <  u <  k and ak >  a„ /o r  k  <  v  <  m,

fi(bi  0  . . .  0 6m) =  &i 0  . . .  0  / t ( M  0 . . .  0 6m.

(For a proof, see Proposition 2.1.1 in [K N 94]).

1 .1 6 . For each positive integer / ,  let Cy be a crystal, and define Coo := {cco}, 

wt (coo) :=  0 , £,-(coo) :=  0 and e,-(coo) =  0 for all i  €  I.

Define the set

C  := Coo 0 • • • 0 C2 0 Ci

:=  {coo 0  • • • 0  c2 0  Ci : for all j  €  N>i, cy 6  Cy; for all i  €  f ,  wt (cy) =  0

and £i(cj)  <  0 for all but fin itely many j ‘s; and t,-(cy) =  0 for 

infinitely many j ‘s.}

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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For j  G J  =  { 1 , 2 , . . .  ,o o } , i G /  and c :=  ® - - • ®  ci G C, define

ait(c) :=  e«(cj) -  wt(c/ ) ) .  Note: for j  > >  0, ay,-(c) <  0.

We now define a crystal structure on C.

For c =  Coo ® • • • ® c2 ® Ci. and i G / ,  define wt (c) :=  IZyej wt (ci)>

£,-(c) :=  m ax/6j{ay i(c)}, y»f(c) :=  e.-(c) +  (h{, wt (c)),

e,(c) :=  Cqo ® • • • ® e,(cfc) ® • * • ® Ci if a*,,-(c) >  a^-(c) for all j/ >  A;

and cifci(c) >  ^ -(c )  for all 1 <  u <  k,

and

/.-(c) :=  Coo ® • • • 0  /«(cfc) ® • • ■ ® ct if aki{c) >  aui{c) for all 1/  >  A:

and a ki{c) >  a ui{c) for all 1 <  u <  k.

N o te  1 : We don’t need to define /i(c 0o) since aoo^c) =  0 and for som e j  »  0, 

aji{c) <  0.

1 .1 7 . L em m a . C with w t , ey, ipi, e,-, and fi ,  f o r i  G I, as defined above is a 

crystal.

P r o o f. Let c =  Coo® • • -® ci G C and suppose e,-(c) =  c,*,® • • -® ei{ck) ® • • - ® cx 0.

Then wt (et(c)) =  wt (c) +  a,-, and

( a j f c )  — 2 if j  <  k
a j f e f c ) )  =  <| a j fc )  — 1 if j  =  k

[ a j f c )  if j  >  k.

Since aji(c) <  a ki(c) if j  >  k,

£,-(et-(c)) :=  rnax{ay,-(et-(c))} =  aki{c) — 1 =  e f c )  -  1 .

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Also, since afci(e,-(c)) =  aki(c) — 1 >  ay,-(e,-(c)) for all j  >  k,  and afc,-(e,-(c)) >  ay,-(e,-(c)) 

for all j  <  k ,

f i ( e {(c)) =  Coo <S> • • • ® /t-e,-(cfc) ® - • • 0  Cr =  c since e,-(cjt) ^  0.

Now suppose that fi{c)  =  Cqq ® • • • ® /,-(cfc) 0  - - • ® Ci 0. Then wt (/{(c)) ==

wt (c) — a,- and

«i«-(/-(c)) := <
aj i(c) +  2 if  J <  k
aj i(c) +  1 if j  =  k
 ̂aj i (c) if  j  >  k .

Since ay,-(c) <  a*,-(c) if j  <  k,

e«(/t(c)) :=  m ax{ay,(/«'(c))}  =  a*,-(c) +  1 =  e,-(c) +  1.
i€J

Also, since a*t-(/-(c)) =  a*,-(c) +  1 >  ayt-(/i-(c)) if  /  <  A: and afcx-(/{(c)) >  ay,-(/i(c)) if 

j  >  kj

e i ( M c)) =  Coo ®  ®  e,-/-(cfc) ®  - • • 0  ci  =  c since / , ( c fc) ^  0 .

1.6(i) follows from the definition, and 1.6 (v) is true since ipi-(C) C Z.

□

N o t e  2 : If we define 

C ' := - - - 0 C2 0 Cx

: = { - • -  ® c2 ® ci : for all j  €  N>i, cy €  Cy; for all i  E / ,  wt (cy) =  0

and e,(cy) <  0 for all but fin itely m any j 1 s; and e,-(cy) =  0 for 

infinitely m any j cs}

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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then vve can define w t ,  <pi and /,- the sam e way we defined it for C  since aj{ <  0 

for all j  »  0, but the definition o f e,- only m akes sense for those c £  C'  such 

that £i(c) >  0 otherw ise there would not exist a m axim al elem ent jo £  J  such that 

aJ0i =  e,-(c) =  0. T his is why we need the elem ent Coo- And although C'  is not a 

crystal, for c £  C", =  c ^ ^ f ^ c )  and if e ,(c) >  0 , e^Coo^c) =  ® e,-(c).

N o te  3: For any positive integer j ,  Coo ® - • • ® CJ+i is a crystal and

C ~  (Coo ® • • • ® Cj +l ) ® (Cy ® • • • ® Ci).

R e p r o d u c e d  with p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



CH APTER 2

Kashiwara’s map and its image

If w  =  r,-, . . .  rtl is a reduced expression of an elem ent w o f the Weyl group of g, 

and if uw\  is the extrem al vector of weight wX o f V { \ ), then in [K as93] Kashiwara 

shows the existence o f a subset B w( \ )  of B { A) such that

ch(w +(0 )U„.o =  y .
beBu,(\)

and the existence of a unique subset B w( oo) o f B{ oo) satisfying 

Bw( \ )  =  7fA(5u/( o o ) ) \ { 0 } ,  for all A G P+.

He also shows th e existence of a strict em bedding of crystals

: B ( oo) {uoo} © ■ ■ ■ © B i2  © £ tl ,

for a sequence £ =  ( . . . ,  i 2, u ) of elem ents of /  satisfying 2.1(7) such that ^ ( .^ ( o o ) )  =  

vpt(£ (o o ))  fl {uqo © - - • ® b{2 (—a2) © 6fi (_ ^i) : aj =  0 for all j  >  /} .

If g is affine (or of finite type), i G / ,  and is th e finite dimensional Lie algebra 

whose Dynkin diagram is the Dynkin diagram of g w ith the i th node removed, and 

if i and d  are appropriately chosen (see 2.3), then we show that ^ t(5 (o o ,g ) )  can be 

described by '9l>(B(og 1 g L)) and the images of ('f, © id̂ vA0) 0 t n a 0 (see 2.5).

We also show how in the sim ply-laced case, the im ages o f 'J,t and are related 

if l and d  are two sequences of elem ents of I.

17

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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2 . 1 . For i  £  I, the map t?,- : B { oo) c->- B { oo) ® .Z?,- is defined, (see [K as93], 

Thm . 2.2.1) as follows: for b £  F?(oo), we have that 6* €  B ( oo) (see 1.5). Let 

m be such that e j 1̂ )  ^  0 and e7l+1(6’‘) =  0. Now le t  b0  £  B(oo) be such that

e f ( b ' )  =  6q, then ^,-(6) :=  bo ® / f l6,(0). In [K as93], this map is shown to be a

strict em bedding of crystals.

For i i , . . .  , i j  £  / ,  define

:=  (tff, ® o • - • o ($,-2 ® idSi i ) o \Jfh .

If t =  ( . . . ,  i2, zi) is a sequence of elem ents of I  satisfying

(7) for each i £  / ,  { j  : ij  =  i}  is infin ite

(or if g is finite dimensional and wo =  rtl • • • r,-£ is a reduced expression of the longest 

word w Q of the Weyl group of g, we may take i =  (z'i, z2, • • - , i[) (see [Jos95], 6.1.15)), 

then for each 6 £  B { oo), there exists a j  such that

Viy-i* h (&) e  {«oo} ® B { j ® - - - ®  B h .

Using this, one obtains the K a sh iw a ra  e m b e d d in g  (se e  [K as93])

vfh : B { oo) {uoo} ® ■ • * ® B i2  ® B q .

Here {iioo} ® • • • <g> B {2 <g> £?tl =  {uoo ® ® &,-2(—a2) ® ^  (—fli) : as =  0 for s > >  0}

is the crystal defined in 1.16. (Note that {uqq} ® - • • <g> B {2 ® i?tl is isomorphic to a

subset of lim  13(oo) ® 5 , fc ® ® .)
U

From the definition of the crystal structure on {u o ,}®  —  ®B{ 2 ® B i l , Lemma 1.15, 

and the fact that for all j ,  '£r,-J...t-2 tl are strict em beddings of crystals it follows that 

is a strict embedding of crystals.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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We will denote ® • • - ® B {2 ® f?,-, and - - • ® Z?,-2 ® i?tl =  {• • • ® 6,2(—a2) ®

6tI( —ai)  : as =  0 for 5 > >  0} by {««>} B L and B t respectively. N ote that we did 

not define a crystal structure on B t although /,- and et- act on { u ^ }  ® B c as they  

would if  {uqo} ® B l were the tensor product o f two crystals (see N ote 2 at the end  

o f 1.16).

In what follows, we write ( . . .  , a2, ai )  (uco <g> ( . . .  , a2, a i )) for the element 

• - • <S> bi2 ( —a2) <g> 6tl(—at) E B L (resp. <g> • - - ® &t-2( —a 2) ® 6£l( —a j  E {^co} <g> 5 t) 

if the sequence ( . . .  , 22,^1) is understood. Also we denote by 0 both the elements 

( . . .  , 0 , 0 ) and (0 , . . .  , 0 ).

2 .2 . L e m m a . Let l =  ( . . .  , i 2, i i )  be a sequence o f  elements of  I  satisfying

2.1(7) and S  C { u o o ®( . . .  , a2,<zi) E {u co}® B £ * a*, >  0 f o r  all &}. Then S  =  Im'Ert

i f  and only if

(a) « o o ® ( . . .  , 0 , 0 ) 6  S;

(b) f o r  all j  E I , f j  S  C S ;  and

(c) f o r  all j  €  I , ej S  C 5' U {0 } .

P r o o f . Suppose S  =  Im'Ir£. Then

(a) Uoo <8> (• • • , 0,0)  =  ^ £(uoo) E S ,

(b) and (c) are true since '5 is a strict em bedding o f crystals.

Now suppose (a) - (c) are true. Then

I m ' I h  =  { ® t ( / fcl • • • A . u o o )  : A * , . . .  , k a G / }

=  {A i • • • fkA u00 ® ( . . . , 0 , 0 ) ) : f c i , . . . , i , G / }

C 5  by (a) and (b).

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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To show that S  C Im'Ifi , we use induction, on the height o f the weight o f an 

elem ent of S.  Let s E S.  If wt (s) =  0, then s =  Uoo ® 0 6  I m $ ,. If wt (s) ^  0, 

s =  Uoo <g> ( . . .  , 0 , a fc, . . .  , a i )  for som e a 1?. . .  , ak E N, a k 7  ̂ 0. Then <Pik(uQc) =  0 

and £ik( s ) >  ak >  0 .

Hence £{ks =  Uoo ® e,-fc( . . .  , 0, a * , . . .  , a L) E S  by (c). B y induction, eIfc5 E Im 'Eh- 

So 5 =  f ikeiks E Im'IL-

□

2 .3 . Let g be affine (or o f finite type) and I  be as in Chapter 1. Let j G f  and

g' be the Lie algebra whose Dynkin diagram is the Dynkin diagram of g w ith the i th

node removed. Let 1/  =  ( j i , . . .  , j 2, j \ )  be a sequence of elem ents of / \ { * }  such that 

the im age of the map 'Eh' : B ( 00 , g') «->• B ( 00 , g') ® Bjt ®  • • • ® Bjx is inside {uoo} ® 

Bjt ® - - - ®  Hjj (see 2.1(7)). Let i u  z2, . .  - G I  be such that, t =  ( . . .  , z2, i u j i ,  - • - , i i )  

is as in 2.1(7) and let 1 " =  ( . . .  , z2,z’i) . Then we have 'Eh : H (oo,g) ^  {uoo} ® BL. 

(We can assume zh =  zh) We will also denote 'Eh by 'Eh"jt/.

T h e o r e m .If 1 , 1 ' and d' are as above, then

Im('Eh) =  {uoo®b®b' : 6 E B t», 6' G Ht/, ^<^^600 G Im('Eh) and Uoo®bf G Im('Eh')} 

P r o o f . Let S  be the set on the right of the above equality. We show that (a), (b) 

and (c) of Lemma 2.2 are satisfied.

Clearly Uoo ® 0 G S. So (a) is true.

Let b G and b' E B t> be such that Uoo®b® 0  E Im('Eh) and Uoo®b' G Im('Eh'). 

So Uoo ® b ® b' G S. We need to show that fj(uoo ® b ® b') E S.

fj(u<x> ® b ® b') — Uoo ® f j (b  ® b'), see Notes 1 and 2 in 1.16 
_ (  Uoo® f j(b) ® b' if (fj(b) >  £,(&')

\  U o o ®b ® fj(b') if cpj(b) <  £j{b').

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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(See Note 2 in 1.17 for the definitions of / , ( 6 ® 6'), f j {b ), and ipj(b).)

If ¥>/(&) >  £j(b'), then <Pj(b) >  £j(0) since

«» ^  { > r  v rA
Hence Uoo(2)^(6)(2)0 =  Uoo®fj{b®Q) =  fj(uoo®b<gd) G Im(Vl/t) and /j(zzoo®6® 6') E S.

If ‘Pj(^) <  ej(b') and j  ^  z, then zzqo © / j ( 6') =  fj(uco ® ^') £  Im('Ir1'). H ence  

f j i u oo ® 6 ® 6') 6  5  and (b) is true.

We now show that ey^oo © 6 © 6') E 5” U {0}.

e,-(uoo ®  6 0  b') =  (  e^ u ° ° ®  ^  ®  J) -  £i ( b'\
\  Uoo ® b ®) e_,(6') if ^ (uoo © 6) <  £j(b  )

(See Note 3 at the end of 1.17).

If <^j(uco ® b) >  £j(b'),  by (8 ) above <Pj(uQ0  ® 6) >  £j(0). So eyCtZoo <® 6 ® 0) =  

(eJ-(uoo® 6 ))® 0 . If 0 >  £y(6), ey(uoo® 6 © 6') =  0 and if 0 <  £y(6), ey(zzco ® 6 © 6') =

Uoo ® ey(6) ® b' and uc 0  © e-jib) © 0 =  ey(zzoo ® 6 ®) 0) €  Im $ t (since ey(Im'Irt.) C

Im'IL U {0}). So ej{uoo ® b © 6') E S  U {0}.

If <Pj(uoo®b) <  £y(6'), j  7̂  z (since otherwise £y(6') =  —oo). Since ey(zz00© 6®C)) E 

Im ^U -fO }, and since Uoo®6©ey(0) ^ Im'frl U {0}, ey(uoo© 6® 0) =  (ey^oo©  6))©>0. 

So <pj(u 00 ® b) ^  £j(0) — 0. Thus since 0 ^  ( ŷ(zz00 ® 6) ^  £7(6 ), izqo ) 1

ejiuoo ® 6') E Im^j-. So ey(tZoo ® 6 © 6') G 5  and (c) is true. Hence S  =  M , .

□

2 .4 . Note that for certain sequences cns the image of the Ivashiwara em bedding  

is “ known” for the finite dimensional Lie algebras (see [C li98] and [L it98]) or 

A p p e n d ix  A  for g of type A„); hence for affine g , we will “know” the image of
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if  vve can describe the elem ents o f the set {uqq 0  6 0  0 E {^co} 0  B t» 0  B L> : 

Uoo 0 6 0 0  G I m $ J .

2 .5 . L em m a . For N  GM, i E / ,  and i  as in (7) o f  2.1,

{uoo 0  a 0  0 : a E B t», uQ0 0  a 0  0 E

=  {«oo 0  a 0  0 : Uoo 0  a 0  0 0  tjVA< £  Im( ( ’<£,. 0  id,vA, ° tn a , ) /o r  som e N  6  N }. 

Where id̂ TA, denotes the identi ty  function on t,va, -

P r o o f . Imr,vA,- =  {6  0  ijVA, £  B (oo ) 0  T,va, : £j(b") <  (hy, iVAt-) =  iV^y for all j  E 

/ } .  (See 1.13). For 6 E f?(co), £j{b?) <  NSij  if  and only if ^ t(6) =  Uoo0 ( . . .  , A:) 0 0 ,  

for k <  N.  It follows that Im (('Irt 0  i d ^ \ t ) o tnAt) =  {^oo 0  (• • • , k)  0  0 0  tjva, : k <  

N  and u^  0  ( . . .  , k) 0  0 E

□

2 .6 . L em m a . Let i, j  E /  be such that (c t i ,h j ) =  —1, and let C i and C 2  be 

crystals. Define the map (3 : =  /?,-y,- : C i 0  5 ,- 0  B j 0  S,- 0  C 2  —> C i 0  Fy 0  Z?t- 0  f?y 0  C 2

by P ( X  0  6 ,(—a) 0  6y(—6) 0  —c) 0 K) =

X  0  6y(— m in (c, 6 — a)) 0  6,-( — (a +  c)) 0  6y(— m ax (a, b — c)) 0  Y

f o r  X  E Ci,  Y  E C 2  and a , b , c G  Z .

Then (3 o f k =  fk o (3.

P r o o f . Let a, 6, c E  Z . Then

• / , \ , , x I c +  (6 — c) if c <  6 — a
(9) m in (c ,6 - a )  + m a x ( a ,6 - c )  =  <

I (0 — a) +  a if c >  0 — a

=  6,
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m in(m ax(a, b — c), a +  c — m in(c, b — a)) =  min
(b — c ,a  +  c — c) if  c <  b — a
(a, a +  c — (b — a)) if  c >  b — a

=  a, and

m ax(m in(c, 6 — a), a +  c — m ax(a, b — c)) =  max
(c, a +  c — (6 — c)) if c <  b — a 
(6 — a, a +  c — a) if c >  6 — a

c.

Hence o pjij  is the identity map.

Let k £  I. We first show that ipk(bi( —a) 0 bj(—6) <g)6t-( —c)) =  <pk{bj( — m in (c, 6 — 

a)) 0  6t-(—(a -f c)) 0  b j (— m a x (a ,6  — c))) and wt (&,-(—a) <g) bj(—b) 0  b{(—c)) =  

wt (bj(— m in(c, 6 — a)) <g) &,(—(a +  c)) 0  bj(— max (a, b — c))). It will then follow that 

£k(b,-(—a ) 0 bj(—b) 0 c)) =  — m in (c, 6 — a ) ) ® 6t-(—(a +  c ) )® 6J( — m ax (a, 6 —

To show that a) <g> bj(—b) 0  c)) =  <Pk(bj(— m in  (c, 6 — a)) 0  6,-(—(a +

c)) 0  bj(— max (a, 6 — c))), we consider three cases.

If k ^  i  and k ^  j ,  ^>k(bj(— m in(c, b — a ) 0  6,(—(a +  c)) ® bj(— m ax(a, 6 — c)))) =  

—oo =  ¥k(bi(—a) 0  b j ( - b )  0  bi(—c )).

wt ( a ) 0  bj(—b) 0  bi(—c))

=  — min(c, 6 — a ) a 3- — (a +  c )a t- — m ax(a, b — c)ay (by (9))

=  wt (&j(— m in(c, b — a)) 0  (a +  c)) 0  b j (— m ax(a, 6 — c))).
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If k = j ,

<pk(bi(-a) ® b j ( - b )  <g) &,•(—c))

=  max(v?fc(6,-(-a )) +  (wt (bj(—b) ® b{( - c ) ) ,  hk),ipk(b j(—b) ® 6t( —c)))

=  ipk(bj(—b) ® —c)), since p̂k(bi(—a)) =  —oo

=  max(<^fc(&;(—6)) +  (w t  (b i ( -c ) ) ,  hk),ipk(b{(—c)))

=  —b — (c a i ,h k), since ipk(bi(—c)) =  —oo

=  — b +  c,

and

<Pk(bj(— m in (c, 6 — a)) ® 6t-( — (a +  c)) ® 6y(— m ax (a, 6 — c)))

=  max(c/?fc(&y(— min(c, 6 — a)) +  (wt (6,-(—(a +  c)) ® 6y(— m ax(a, 6 — c)))), hk),

(a +  c)) ® 6y(— m ax(a ,6  — c))))

=  m ax(— min(c, b — a) +  ( —(a +  c)a,- — (m ax(a, b — c ) ) a j , /i^),

m ax(—oo, — m ax(a, b — c)))

=  m a x ( -  min(c, 6 — a) +  a +  c — 2 m ax(a, 6 — c), — m ax(a. 6 — c))

=  m ax(a +  c — 6 — m ax(a , 6 — c), — m ax(a , 6 — c)), (by (9))

{a +  c — 6 — max(a, 6 — c) if  a +  c — 6 > 0
— m ax(a, 6 — c) if a +  c — 6 <  0

=  c — 6
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Finally, if k  =  z,

<Pk(bi(—a) ® bj{—b) 0  c)) =  <Pk{ljij ° 7 iji(bi{—a) 0  b j {—b) 0  6t-(— c)))

== min(c, 6 — a)) 0  6,-(—(a +  c)) 0  6y(— m a x (a , b — c))))

=  <pk(bj(— m in(c, b — a)) 0  (a +  c)) 0  &,•(— m a x (a ,6  — c))),

by the previous case applied to 7 jij. (Here 7  :=  7 -7 ,- is defin-ed by j i j i(b{(—a) 0  

bj(—b) ® 6,(—c)) :=  6j ( — min (c, 6 — a)) 0  6,(—(a +  c)) 0  6j( — m a x  (a, 6 — c)), and 7 ,-,-j 

is its inverse.)

Now £k{(bi(—a) 0  bj(—b) 0  c)) 0  V')

=  ma.x(sk(bi(—a)  0  6y(—6) 0  &,•(—c)), £*(*0  -  (wt (&,•(— a) 0  b j^ —b) 0  c)), hfc))

= max(£fc(7(6i(—a) 0  &_,•(-&) 0  6i(-c))),£/t(F) -

(wt (7 (6,- ( -a )  0  &, (-& ) 0  6; ( - c ) ) ) ,  hk))

=  cfc(7 (6, ( - a )  0  6y(—6) 0  6, ( —c)) 0  Y).

So

/ fc(X  0  6t(—a) 0  &,-(—&) 0  6,-(-c) 0  y )

A ( ^ )  0 ) bi(—a) 0  bj(—b) 0  c) 0  V'
if ^fc(X) >  £&((&,■(—a) 0  b j ( - b )  0  — c)) 0  V')

^  0  fk((b i(—a) 0  6j ( —6) 0  &,-(-c)) 0  y )
i f  yjjfc(X) <  ejfe((6f ( — a )  0  b j ( - b )  0  & , ( - c ) )  0  y )
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f k( X  ® 7 (6,-(—a) ® b j(—b) ® bi(—c)) ® F )

/ fc(X ) ® 7 (6, (—a) ® 6j ( - 6) ® b{(—c )) ® F
if <fik(X) >  £k((bi(—a ) ® b j (—b) ® 6t-(—c)) ® F )

-X" <S> A ( 7 (&i(—a) ® b j(—b) ®  6i(—c)) ® F )
if <Pk(X) <  £ k ( ( b i { - a ) ® 6y(— 6) ® b i ( - c ) )  ® F )

fk(b i(—a ) ® bj(—b) ®  6,-(—c) ® F )

fk(bi (—a) ® bj(—b) ® bi(—c)) ® F
if v?*(6i ( —«) ®> 6j ( —6) ® 6i (—c)) >  e*(F )

(&,-(—a) ® 67-(— 6) ® 6t-(—c)) ® /fc(F )
if <fk(bi(—'a) ® b j(—b) ® b{(—c)) <  e* (F )

f k ( l ( b i ( - a )  ® b j ( - b )  ® bi{—c )) ® F )

A (7 (6« (—a) ® b j ( - b )  ® bi(—c)))  ®  F
if ipk(bi(—a) ® bj(—b) <g> c)) >  e* (F )

7 (6, ( - a )  ® 6j ( —6) ® c)) ® f k ( Y )
if Vk{bi{—>a) ® b j(—b) ®  —c)) <  e* (F )

If A: ^  i  and /: ^  j ,

fk(bi(—a ) ® b j ( - b )  ® b{(—c)) =  f k ( l ( b i ( —a) ®  &,•(—&) ® 6,-( — c))) =  0 .

If /c =  j ,  fk(b{( —a ) ® b j ( —b)® bi(—c)) =  &,•(—a)<®bj(—{b +  l ) ) ® b i ( —c), 7 (/*(&,•(—a)®  

b j (—b) ® bi(—c ))) =  (6y(— m in(c, 6 +  I — a )), &t-( — (a +  c)), &y( — m ax(a, 6 +  1 — c))), 

and

A ( 7 ( 6 f ( - a ) ® 6i ( ~ 6) ® 6« ( - c)))

=  fk{b j (— m in (c , b — a)) ®  6t-(—(a -f- c)) ® 6j ( — m ax (a, 6 — c)))
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bj{— min(c, b — a) — 1) ® 6, ( —(a +  c)) ® bj(— m ax(a, b — c)) 

if — min(c, b — a) >  m ax(a, b — c) — (a +  c) 

bj(— min(c, b — a)) <g> (a +  c)) ® 6y(— m ax(a, b — c) — 1) 

if — min(c, b — a) <  m ax(a, 6 — c) — (a +  c)

r 6j ( — min(c, 6 — a) — 1) ® 6,-(—(a +  c)) ® 6y(—m ax(a, 6 — c))

if b <  a +  c

6j ( — min(c, 6 — a)) ® (a +  c)) ® &/( — m ax(a, b — c) — 1)

if 6 >  a +  c

bj(—(b — a +  1)) ® (a +  c)) ® b j(—a)

if b <  a +  c 

bj(—c) ® bi(—(a +  c)) <g> bj(—(b — c +  1))

if b >  a +  c

=  7  fk(bi(—a) ® 6j ( —6) ® 6,-(—c)).

So (3f k ( X ® b i ( —a )® bj(—b)®bi(—c)® Y )  =  fk(3{X®bi{—a)®bj( —6)® 6,(— c)®V'). 

If fc =  i, using f3jij o (3iji =  id and the previous case, we get our result.

□
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2 .7 . C oro lla ry . Let E I .  I f  {oci.hj) =  — 1 ,

t . (•••  ̂i j  i j it  • • • ? 3 1) and l . (••• t ît 31 ^Jt j tt  •• • 1 3 ;  then

Im’i rt/= { u 00 ® X  g> bj(— m in(c, 6 — a))  g) (a +  c)) g  6j( — m ax (a, 6 — c)) ® V' :

X  E ^ ( . . . , , - 2 ^ ) ,  K E Bjt ® ■ <S> B jv, and

«co <8> X  g) a) g  bj(—b) g  c) g  K €  I m f ,}

P r o o f . W ith {3 as in Lemma 2.6,

Im # t/ =  {/fcl - - - / * , ( u o o ® 0 ) : Arl } . . .  ,fca € / }  

=  {A -i • • • A ^ C ^ c o  ®  0 )  : Arl 5 . . .  , ks E / }

=  { /? A i  ' '  • A 3(«oo ®  0 )  : ku . . .  , ks E 1}

=  /?(Imtt4).

□
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B( NAq) and sequences of Young Tableaux for L

In. [M M 90], Misra and Miwa give a description of B { Ao), for a fundamental 

weight A0 of £ /,(s[(n )), as a subset o f Young Tableaux. Using this description, we can 

then view B (N A o) ,  for N  6  N, as a  subset o f Ar-tuples of Young Tableaux by using 

the fact that B { N  A q )  is the connected com ponent o f B { A0)<®. . .® R(Ao) (Af-factors) 

containing uAo ® . .  . ® u \ 0. A different description of B ( N A 0) as a subset o f A -tuples 

of Young Tableaux is given in [J M M 0 9 1 ] , where the action of et- and /,-, for i G I, 

is determ ined by a given total order on { 1 , . . .  , N } x  N x  (—N) (see 3.11). In this 

chapter, we will show that for an arbitrary total order on { 1 , . . .  , N }  x  N  x ( —N),  

we can define a crystal structure on J^v, the set of Y -tuples o f Young Tableaux, 

which

(i) coincides w ith that defined in [J M M 0 9 1 ]  if the order is as defined in 3.11,

(ii) coincides with that of 3 î ® ■ ■ ■ <® !Pi (here we identify 3^v w ith - 

if the order is as defined in 3.12, and

(iii) gives us a new description o f B ( N A q) as a subset of y ^  if the order is as 

defined in 3.14.

W ith this third description, the im age o f an elem ent of B (NKq  ) under the map 

(^t.t' ®  idiVAo) ° t n \ 0 is easily com puted if  i  and d  are as in 3.17 and we use this in 

Chapter 4 to describe the im age o f ('EY*' ® idwA0) o r/va0- Also if w  =  r,-, . . .  where 

l =  ( . . .  , *2,*i) is as in 3.17, then the elem ents o f B W(NAq)  are those elem ents of

29
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B ( N A q) which are N-tuples o f subtableaux of a single Young Tableau which we call

S ( - l ) .

3 .1 . In this and the next chapter, g =  sf(n ), and the notation is as in section  

2.1 of [J M M 0 9 1 ] . Hence I  =  { 0 , . . .  , n — 1} and A0 G P  is such that (A0, h{) =  50i 

for all i  G I.

3 .2 . D e f in it io n . A Y o u n g  d ia g ra m  ( o r  ta b le a u )  Y  is a sequence {yk}k>o 

such that

(i) yk G Z,

(ii) Vk <  Vk+1 f o r  all k, and

(iii) yk =  0 f o r  all k »  0 .

(In [J M M 0 9 1 ] , Y  is called an extended Young diagram  of charge 0.)

The em pty Young diagram will be denoted by <f>. i.e. <f> =  (0, 0 , . . . ) .

We colour the (a:, y)-plane as follows: the “box” { ( x , y )  : k, k' G Z,  k  — 1 <  x <  

k , k' <  y  <  k' +  1} is coloured i  where i G { 0 , . . .  , n — 1} and k  +  k' =  i mod n. 

Then the diagram Y  =  {y*}*>o is represented in the coloured (a;,y)-plane by the 

coloured region defined by { (x , y) : k <  x <  k +  1, 0 >  y  >  yk for som e k  G N}. 

For iVGM,  define

Y>n  ’■= { Y  =  ( F I , . . .  , Yv) : for 1 <  r  <  N,  Fr is a Young diagram }.

(In [J M M 0 9 1 ] , { Y  =  (Yl5. . .  , Yiv) G Tat : I i  2  . . .  2  Y v} is denoted by ^(iV A 0) .)
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3.2.1. E x a m p le . Let n  =  3, N  =  2, and 

Y  =  ( ( - 4 ,  - 2 ,  - 1, 0 , 0 , . . . ) ,  ( - 2 ,  - 1, - 1, 0 , 0 , . . . ) ) .

Y  :

V

0 1 2 \
2 0 0 1 2
1
0

2

J

3 .3 . Let Y  =  ( ? i , . . .  , Yn ) E y N and Yr =  { yrk}k>o for 1 <  r <  N.  If yrk ^  

yr(*;+ i) for som e r  E { 1 , 2 , . . .  , lV} and k E N, Y  is said to have a c o n c a v e  (co n v ex )

corn er at site (r, +  1, yr{k+x)) ((r, k +  1, yrk), resp.). Also for r  E { 1 , 2 , . . .  , N } ,

Y  is said to have a concave corn er at site (r. 0 ,y ro). A corner at site  (r , k , y ) is 

called an i —co lou red  corn er if  i E I  with i =  k +  y  mod n.

3.3.1. E x a m p le . If Y  is as in 3.2.1, Y  has 0-coloured concave corners at sites 

(1 ,3 ,0) ,  (2 ,3 ,0) ,  and ( 2 , 1, —1), 0-coloured convex corners at sites ( 1 , 2 , —2) and 

(1,1,  —4), 1-coloured concave corners at sites (1, 2, —1) and (2,0,  —2), no 1-coloured 

convex corners, 2-coloured concave corners at sites ( 1, 1, —2 ) and ( 1, 0 , —4), and 

2-coloured convex comers at sites (1,3,  —1), (2,3,  —1) and (2,1,  —2).

3 .4 . Let cr =  (cti, . . .  , a m) where m E N and for 1 <  / <  m, <j[ E { 0 , 1} .  Define 

J(cr) as follows: let J  =  { 1 , . . .  , m }.

(i) If there exists r  <  s  such that (crr,crs) =  (0,1)  and r' ^  J  for r <  r' <  s, 

replace J  by J \{ r ,  s }  and repeat this step;

(ii) otherwise let J(cr) =  J .

Let /(cr) =  {j  i , - - - , j*} w ith j \  <  ••• <  j t . Define cr J{<t) :=  (crh , . . .  , crit) 

(=  (1 • • • 1 0 • • • 0)).  Let to(cr) E /(cr)U (m -(-l}  be the largest elem ent o f J(cr)u{m-1-1}
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such that cr/ =  1 for all / E J(cr) with I <  t 0 (cr), and let ii(cr) E J ( u ) U {0} be the 

sm allest element of /(cr) U {0} such that 07 =  0 for all / E «/(<r) w ith I >  tficr).

Now define

r/ \  f (°T  &2i - - •  ̂&to(iT) — li lj ^o(<r)+l? - - • 7 &m) if t 0 (a )  TTl -(- 1,
{0  if to(cr) — m  +  1

\ ___ 1 (^1? °”25 • - ■ ? &ti(cr) — lj 0 , &ti(o-)+h ■ • • 1 &m) if 7̂  5̂
{0  if ti(cr) =  0

3.4.1. E x a m p le . Let a  =  ( 1 , 1 , 0 , 0 , 1 , 1 , 0 , 0 , 1 ) .  Then /(cr) =  { 1 , 2 , 7} ,  

cr,(cr) =  (1,1,0) ,  t 0 (cr) =  7, t i ( a )  =  2 ,/(c r )  =  ( 1 , 1 , 0 , 0 , 1 , 1 , 1 , 0 , 1 ) ,  and 

e(<r) =  (1 , 0 , 0 , 0 , 1, 1, 0 , 0 , 1 ).

3 .5 . L em m a . Let a  =  (crl5. . .  ,crm) where m  E N and fo r  1 <  t <  m,  

a t E {0 , 1} .  For 1 <  t <  m ,  define tot :=  ̂ f  %  ̂. Then

(i) crj{<j) =  (1, . . .  , 1 ) (possibly empty) i f  and only i fY ^ jL t^ i  —  ̂ f or   ̂  ̂ —

m. (Note: in this case toj =  #  of  1 ’s in c r j^ ) ,  and

(ii) <Jj{a) =  (0 , . . .  , 0 ) (possibly empty) if  and only if  u j  ^  0 f 0T all 1  <  t <  

m. (Note: in this case — ajj — fi=- of  0 ’s in c r j^ f .

P r o o f . We use induction on m.

If m  — 0, cr =  ( ), crj v̂) =  ( ) and 03i  =  0- Assume m  >  0.

(i) Then a J{a) =  ( 1, . . .  , 1)

crj((<r2 <rm)) =  ( 1 , • • • , 1) and jc ^  =  1 or =  0 and >  0
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53 ® ôr aU 2 <  f <  m  and =  1 or ^<xi =  0 and 5 3 >  0

j=t

(ii) a J(er) =  (0 , . . .  , 0 )

m—1
>  =  (0 , . . .  , 0 ) and crm =  0 or |c r m =  1 and 5 3  u i  <  0

rn —1
5 3  ujj <  0 for all 1 <  t  <  m  — 1 and -|̂ crm =  0 or ĵ crm =  1 and 5 3  wi ^  ^

4
y > , -  <  0 for all 1 <  t  <  m , 
j =i

3 .6 . L e m m a . Let a  =  ( c i , . . .  , crm) where m  E N and f o r  1 <  t <  m,

a t E {0, 1}. For  1 <  t <  m ,  define ujt :=  i  ^ 1 3  Define :=  0 and
[ — 1 if  a t — 0

E *  :=  E /= i  ôr 1 — t  — rn' Then

(i) E t 0(«r)-i ^  E t  / or a// 0 <  1 <  £o(or) -  1 and  E t 0(a)-i >  E i  / or a l 1  t o{cr) <

t <  m , and

(“ ) E t ^ )  >  E *  f ° r  allO < t  < ti(<r) -  1  and  E t ^ * )  ^  E f / or * i ( ° 0  < t < m .  

P ro o f.

(i) <L/((<r1,...,^0(<r)_l)) =  ( 1 , and a-j((o.to(<r)+l.....^  =  ( 0 , . . . , 0 ) .  So by

Lemma 3.5, E y = f -̂1  — 0 f° r all 1 <  i  <  io (c ) — 1, and Ei=«o(°-)+i ̂

for all to(cr) +  1 <  t  <  m . Hence for 0 <  t  <  to{a) — 1, E t 0(«r)-i — E t  =
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E } = £+7lw i  >  0 and for fo(o-) <  t  <  m ,  E * - E t o(<r)-i =  E U ) “ i  =

E U w +i " i +  <  °-

(“ ) ^J((*rlf.„f<rtl(<r)_ l)) =  (1, - - - , 1) and o-J((ffti(4r)+l CTm)) =  ( 0 , . . . , 0 ) .  So by

Lemma 3.5, E i= f^ - lu ,i  >  0 f°r all 1 <  t <  ii(cr) — 1, and wj — 0

for all ̂ i(cr) +  1 <  t <  m.  Hence for all ti(cr) <  t <  m , E £ — E £l(<r) =

E i= t l(ff)+i u i  <  0 and for all 0 <  t <  t Y(a)  -  1, E £l(<r) ~ E £ =  E;=*+i =

E ; ^ 7 1- i  +  i >  0 .

□

3.6.1. E x a m p le . Let <j be as in 3.4.1. Then E o  =  0, E i  =  1, E 2 =  2,

E s  =  E 4 =  °> E s  =  E e  =  2> E t  =  !> E s  =  E g  =  1; ^ence by the

above lem m a, t 0 (cr) =  7 and £i(c) =  2.

3 .7 . For * 6  /  and Y  =  (Yl5. . .  , Yn ) €  Ĵ iv with Y- =  { yrk}k>o, for 1 <  r <  iV,

let Y(z)  =  ( Y / , . . .  , FXr)> where for 1 <  r <  AT, Yr' =  {yrA.-}fc>o> and f°r & >  0,

f _  \ yrk +  1 if yrfc <  2/r(Jfc-t-1) and yrk +  k  +  1 =  i  mod n
r [ Urk otherwise

i.e. Y(z)  is obtained from Y  by removing all of its 2-coloured convex corners.

3 .8 . Let >  be a total order on { 1 , . . .  , N }  x  N  x  (—N) (see 3.11, 3.12, and

3.14 for exam ples). For i  6  / ,  we now define operators e,-, /,- : 3V  —> Y v U {0}

which, if >  is as in 3.11, coincide w ith the e,- and /,- acting on y ( N A0) C y N given 

in [J M M 0 9 1 ],

Let Y  =  ( Y i , . . .  , Yn ) G T n with Yr =  { y rk}k>o for 1 <  r <  N.

Suppose Y(z)  has m  concave z-coloured corners and let their sites be (r1? fci, y'r k ) 

>  (^2,fc2,yr2fc2) >  ••• >  {^m,km,y'rmkm). Define a,-(Y) or sim ply cr(Y) =(<7!, . . .  ,<7m),
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where for 1 <  / <  m ,

{0 if Y  has a concave corner at site {i'i,ki7 y'r[kl)
1 if Y  has a convex comer at site (r;, k[ +  1, ynkt ) =  (n , k[ +  1, y'rikl — 1). 

(Here cr(Y) =  ( ) if  m  =  0). Then Y  is uniquely determ ined by Y(z) and cr(Y) and 

we write Y  =  (Y(f ) ,  <r(Y)). Define

f  (Y )  =  I (Y (f)’ /  W ) ) )  if *  0
Jl{ } \Q  if  /(c r (Y )) =  0

and

a r s n - f  (Y(z‘}’ g^ Y ) »  if 5W Y )) ^  0
’ \ o  if e(<r(Y)) =  0 '

So if Y ) 7  ̂ 0 (resp. e,-(Y) =£ 0), then /• (Y ) (resp. e,-(Y)) is obtained from Y  

by adding (resp. removing) an z-coloured box. (See exam ples in 3.11.1, 3.12.1, and

3.14.1.)

3.9. Define maps wt : y Xr —*• P,  for i £ 7, £i ’• TV —*■ Z and cpi : y ,v —*■ Z 

as follows: for Y  £  TV as in 3.7, wt (Y ) =  N A 0  — XT/=o wi a ji  where Wj =  4r{p £  

Z : for some r  £  {1 , .  • - , iV} and k £  N, <  p <  0 and p +  k =  j  mod n}. 

i.e. wj =  #  of y-coloured boxes in Y , £ ,(Y ) =  m ax{p £  N : e f (Y)  ^  0},  and 

<pi ( Y ) = e i( Y )  +  (hi , w t  (Y)) .

3 .1 0 . P r o p o s it io n . TV with wt,  f o r i  £  I  as defined in 3 .8  and 3.9 

is a crystal.

P r o o f . Let Y  £  TV- If e«(Y) ^  0 , then wt (e,-(Y)) =  wt (Y ) +  a,-, and if / t(Y ) 7̂  0, 

then wt (/,-(Y ))  =  wt (Y ) — (See comment at the end of 3.8.)

Then (i)-(v) in 1.6 follow from the definitions.

□
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N o te: m ax{p €  N : f f ( Y ) ^  0} =  #  of 0’s in «/(<r(Y)) =  #  o f I ’s in J(cr(Y )) 

-F <  h,-, wt (Y ) > =  e,-(Y )+ <  hi, wt (Y ) > =  if i(Y ) . (T he secoad equality can. be 

shown by induction on the height o f the weight o f Y .)

3 .11 . E x a m p le . [J M M 0 9 1 ]. For N  6  N, define the total order >  on

{ 1 , . . .  , N } x  N x (— N) as follows:

( r , k , y ) >  {r' ,k ' ,y ')  iff k  +  y >  k' -f  y'
or k  +  y  =  k' +  y'  and r  < r '
or k +  y  =  k' -f  y ' , r  =  r ' , and k  >  k'.

(Note: we do not need to order (r, k, y ) and (r', k', y') if k +  y  =  k' +  y', r  =

r ' , and k >  k').

Then, for i  €  I,  the operators e.-^^Ao) and fi\y(NA0) defined in 3.8 coincide with 

those defined in [JM M 091].

3.11.1. E x a m p le , (n =  3, N  =  2).

Let Y  =
0 1 2 0
2 0 1
1 2 0

0 1 2
2 and >  be as in 3.11.

Then Y (0 ) =
0 1 2

0 0 1
1 2

0 1 2
J 2 and the sites o f the 0 — coloured

corners o f Y (0 ) are: (1,3 ,0)  >  (2 ,3 ,0)  >  ( 1 , 2 , —2) >  ( 2 , 1 , —1) >  ( 1 , 0 , —3). So 

oo(Y ) =  ( 1 , 0 , 1 , 0 , 0 ) ,

/o ( Y )  =

0 1 2 0
2 0 1
1 2 0

0 1 2
2 0

, and

e0(Y ) =
0 1 2
2 0 1
1 2 0

0 1 2
2
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3 .1 2 . E x a m p le . (Tensor product) For N  €  N, define th e to ta l order >  on 

{ 1 , . . .  , N }  x  N x  (—N) as follows:

(r, k, y) >  (r', k', y ') iff r  <  r'
or r  =  r' and k >  k'.

(Note: we do not need to order (r, k, y)  and (r ' . k ' , y ') if r =  r' and k =  k').

N ote that if N  =  1, i  £  I  and Y  £  3V  the ordering of the sites o f the z-concave

corners of Y  given in 3.11 and in this section is the same.

P r o p o s it io n . The map defined by

3V  U { 0} : —>• y l ® • • • <E> 3̂ i U { 0 }
( Y i . . .  , Yv) : i-> Y  ® ® Yn
and  0 : i—̂ 0

is an isomorphism of crystals.

(Here the crystal structure of 3V  and Y  is as defined in 3.8 and 3.9 with >  as 

defined at the beginning of this section; and the crystal structure on 3̂ 1 ® ® 3 i

is as defined in 1.9.)

P r o o f . Let Y  =  (Y , . . .  , Yv) E Y  T hen wt (Y ) =  wt (Vi ® ® 3V)- To show that

this map preserves <pi, and that it commutes with /,- and et-, we use induction on 

N .  If N  =  1, we are done. So assume N  >  1. Let i £  I. Then

e t- ( Y , . . .  , Yv) =  #  of l ’s in ./(o -(Y ))

+  m ax{0, #  o f l ’s in «/(cr(Y, - • • , Yv)) — #  o f 0 ’s in /(c r (Y ))}

=  e.-(Y) +  m ax {0 ,£ t((Y2, . . .  , Yv)) -  <?i(Y)}

(see note at the end of 3.10)

=  max{ert-(Y ), e,-((Y2, . . .  , Y v ) ) -  <  V , wt (Y )  > }
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=  max{£,-(yi),£-,-(5/2 ® • • • ® Yn )— <  wt (Yi) > } ,  by induction.

=  ei(Yi <g> • • • <8> Yv)-

<Pi(Yu . . .  , VV) =  , YN ) +  <  A,-, wt (VI , . . .  , Yn) >

=  £.-(Vl <g> • • • <g> Viv)+ <  h,-, wt (Yi ®  - • • ®  Yiv) >

=  ^-(Vi ® • • • ® Yn ).

[Yu M Y *, . . .  , Yv))

if #  of 0’s in J(cr(Yi)) >
#  of l ’s in J(<r(Y2, . . . .  Yv))  

if #  of 0’s in J(or(Ki)) <
#  of l ’s in «/(o-(Yi, • • • , V5v))
and #  o f 0’s in J ( a ( Y 2, . . .  , Yn )) >  0 

otherwise

(  (f iCf i) ,  Y2, . . .  , w )  if <Pi(Yt ) >  6 t-(Y2, . . .  , Yiv)
=  I (Yi , M Y 2, . . .  , Yn )) if V i M )  < £i(Y2, . . .  , Y N ) and ip{(Y2, . . .  ,YN) > 0

I 0 otherwise

f i {Y i  ® • - - ® Yn ) =  <

f A-(V1) ® Y 2 - - - ® Y n  if  >  e,-(K2, . . .  , Vat)

Yi ® /i(V 2 ® • • • ® Iat) if  ¥>i(*i) <  £>(*2, - • • > Y„)
and (pi(Y2, . . .  , VV) >  0 

0 otherwise

So by induction, / i ( Y i , . . .  , V/v) t-F /{(VI ® Y v ) -
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(e,-(Vl), Y2, . . .  , Yn ) if ^ -(Y ) >  e t-(Y2 , . . . , Y v )  and e t- (Y )  >  0 
i i ( Y lt . . . , Y n ) = {  (Y i , et-(Y2, . . . ,  Yn))  if <p;(Y) <  £i(Y2 , . . .  , Y v )

0 otherwise

[ e,(Yi)  0  y 2 • • • ® Yn  if ¥>,-(*1) >  £i(Y2, . . .  , Yn)  a n d e^ y i) >  0 
e,-(Vi 0  - • ■ 0  Yn)  =  < VI 0  et-(Y2  0  • • • 0  Yn)  if <Pi(Yi) <  £{(Y2, . . .  , Yn)

 ̂0 otherwise

So by induction, et-(Yi , . . .  , Yv)  e,(V'i 0  • • • 0  Yn ).

□

3.12.1. E x a m p le . Let Y  be as in 3.11.1 and >  be a s  in 3.12. Then the sites  

of the 0-coloured corners of Y (0 ) are: (1 ,3 ,0)  >  (1, 2 , —2 ) >  ( 1 , 0 , —3) >  (2 ,3 ,0)  >  

(2 , 1, - 1). So or0(Y)  =  ( 1 , 1 , 0 , 0 , 0 ),

/o(Y ) =

0 1 2 0
2 0 1
1 2 0
0

0 1 2
2 , and

eo(Y) =
0 1 2 0
2 0 1
1 2

3 .13 . So B ( N Ao) can be described as a subset o f  Tat (see [J M M 0 9 1 ], 

Prop. 3.12) with the crystal structure given by the ordering >  in 3.11, and it can 

also be viewed as the connected component of B ( Ao) 0  • • • <g> B ( A q) C 0  - • • 0  ~

y N  (y .v  with the crystal structure given by >  in 3 .12) containing the highest 

weight vector of weight N A q . In 3.14 below we will define a third order >  on
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{ 1 , . . .  , N }  x N x ( - N )  which we will show will give us a third description, of B { N Ao) 

as a subset of 3V -

3.13.1. E x a m p le . Let n =  3. If >  is as in 3.11, then

(<£> <f>) 4  (| 0 | 5 4>) 4 , 4> )  4 0 1
2

0 1
2
1

, <p

, <t>

4
0 1

, . U (
0 1

to 0 2 0 , 0
1 J  \ 1

and

{4 >, (f>) -4  (| 0 | , 4>) 4 0

3.13.2. E x a m p le . Let n =  3. If >  is as in 3.12, then

A i m — , ^  i 4

0 1
2 , 4>

0 1
2
1

0 1
2 0
1

, $  4
f 0 1

2 0
1
0 /

and

(<£, cf>) A  (| 0 | , 4 >) A  (_0_ , _0_) -4- (_0 1_  , 0 )

4 (| 0 1 1 |, | 0 | 1 1) 4 (1 0 1 1 j 2 | , j 0 | 1 |) 4 0 1 to

2 0 1
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•0 •2 •4  *6 •0 •2 •4
•1 •3 •5 •  1 •3 •5
•2 •4 •6 •2 •4 •6
•3 •5 •3 •5
•4 •6 •4 • 6
•5 •5
•6 •6

FIGURE 1. (n =  3, N  =  2). The number beside the dot representing 
(r, k , y)  £  { 1 , . . .  , iV} x  N x  ( —N) is (n — l)fc — y.

3.13.3. E x a m p le . Let n =  3. If >  is as in 3.14 below, then

, A  A( 4>, d>) 4 - (_0_ , 4>) 4
o 0 1

2

0 1
2
1

,  4
0 1
2

0

1
<p A

/ 0 1 \
2 0

1

Vi 0 /

, and

(4>'. <f>) (I 0 1 j 4>) (1 0 1 * | 0 1) 4  (_0__1_ , 0 )

A  (1 0 | 1 | , | 0 | 1 1) A (1 0 | 1 | 2 1 , | 0 1 1 |) A  (| 0 1 1 | 2 1, | 0 [ 1 | 2 |)

3 .1 4 . For N  £  N, define the total order on { 1, . . .  , N } x N x (—N) as follows:

( r , k , y )  >  ( r ' ,k ' ,y ' )  iff (n -  1)(& -  k') -  (y -  y') >  0
or (n — l)(fc — k') — (y — y ) =  0 and r  <  r'
or (n — 1)(A: — k ) — (y — y ) =  0 ,r  =  r' and k >  k‘.

(See Fig. 1)

For the rest of this Chapter, 34v will denote the crystal defined in 3.10 with this 

order.
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3.14.1. E x a m p le . Let Y  be as in 3.11.1 and >  be as in 3.14. Then the sites 

of the 0-coloured comers o f Y (0) are: (1 ,3 ,0)  >  ( 1 , 2 , —2) >  (2,3,0)  >  ( 1 , 0 , —3) >  

(2 , 1, - 1). So o'o(Y) =  (1 , 1 , 0 ,0 ,0) ,

MY) =
0 1 2 0
2 0 1
1 2 0

e0(Y)  =
0 1 2 0
2 0 1
1 2

0 1 2 o
2 1 ?

0 1 2
1 2

, and

3 .1 5 . Let t £  /  and j  G N. We say that (r, k , — j + ( n  — l ) k)  lies on the j th-sta ir  

for any r  G { 1 , . . .  , N }  and 0 <  k <  |_~rJ (see Fig-1 - the dots labelled j  lie on the 

j th stair), and we say say that (r, k , i — j n  +  (n — l)/c) lies on the j th i—sta ir  for any 

r  G { 1 , . .  - , N }  and 0 <  k  <  (see F ig .l - the dots labelled by 3 lie on the

l si 0—stair and those labelled by 5 lie on the 2nd 1—stair.)

Let Y  G JV  and i G I.  Then cr(Y) =  ( . . .  , A1? A0) where for j  >  0, A j  is the 

part o f cr(Y) com ing from the concave z-coloured corners o f Y(z) which have sites 

lying on the j th i —stair. (Note: A0 is em pty if i ^  0; and for some /, Ay is em pty for 

all j  >  I.)

For y  G — N, define

S( y)  :=  (y, y  +  (n -  1), y  +  2 (n — 1), —  , y  +  [  ^rj (n -  1), 0 , 0 , . . . )n — 1

and

S( y)  : =  (y  +  (n — 2 ) , y  +  (n — 2 ) , y  +  2 (n — 2 ) , y  +  2 (n -  2 ),
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••• ,y + L—̂ xJ(n- 2).y + L—̂ d(™ — 2),o, o, ...)•n — Z  n  — Z

3 .16 . Let B k = { Y  =  ( VI , . . .  ,Y N) G J6v : Yj =  {yjk}k>o, 1 <  j  <  N  and

Y  satisfies (i), (ii) and (iii) below }.

(i) Vjk +  (rc — 1) >  Vj(k+i) >  Ujk for all k >  0 and for all 1 <  j  <  N  — 1:

(d) VI D • • • D Yn  (i.e. yrk <  yr+ik  for all Ar G N  and 1 <  r  <  N );

(iii) for each r, 5 G { 1 ,__ , N }  w ith r <  s  and fc G N, there exists an a(r, s, k , Y )  G

(we w rite a ( r , s , k )  for a(r, s,A:,Y) if  Y  is understood) such that

(a) for k  <  b <  a(r, s,A:), y rk +  (n — 1)(6  — k) <  y sb; i.e. the subtableaux

o f Ys formed from its k th to a(r, s, k) th colum ns is contained in S { y rk) -

(see 3.15).

(b) for 6 ^ 1 ,  Vrk ”b (^ 1)( (̂ *̂5 "S, At) re) -f" (ĵ  2)6 ^  J/s(a(r,s,A:)-t-2&)i i.e.,

the subtableaux of Ys formed from its (a(r, s,A:) -f- l ) st to last columns 

contains S ( y rk +  (n — l ) ( a ( r ,s , k )  — k)) .

VVe will show th a t B n  is isomorphic to B (N A o) .

3.16.1. E x a m p le .

Let Y i =
0 1 2 0
2 0 1
1 2 0

0 1 2
2 , Y 2

0 1 0

2 0 1

1 to 0

0 1 to

2

y 3 = 0 1 2
2

0 1 2
2 0 1
1 2 0

, and Y 4 =

0 1 2 0 \
2 0 1 0 1 2 0
1 2 1 2 0 1
0 /
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Then Y i  E B2, but 3.16 (i), (ii), and (iii) are not satisfied by Y 2, Y 3, and Y 4, 

respectively.

3 .1 7 . Let l' =  be a sequence of elem ents o f / \ { 0 }  such that

rJm • - - r jl is a reduced expression of the longest word of the Weyl group of s[(n ). 

Define

B l> :=  Bjm ® ■■■ ® Bj l . We will denote by 0 the elem ent 6Jm(0) ® - - - ® M  0 ) 

of B t>. Let l — ( . . .  , 1 , . . .  , n — 1, 0 , 1 , . . .  , n — 1,0) and B t =  - • - ® B 0  ® Bi  ® ■ - • ®  

B n- 1 ® Bq ® Bi  ® • - - ® ® Z?0.

Define the map $  : B n  U {0 }  —> {uqq} ® B t ® ® T/va0 U {0} as follows:

For Y  =  ( Y , . . .  , Yv) G B n  w ith Yr =  {t/rfc}it>o, 1 <  r  <  N ,

$ (Y )  :=  iioo ® • • • ® bQ(—a2n) ®> • - - <® &n-i(—an+1) ® &o(—an) ® M  —<2n- i )  ® • • •

• • • ® 6n_ 1(—Gi) ® 60( — a0) 0  0 ® Lvaq

where for s 6  N.

as :=  as (Y ) :=  # { ( r ,  A:) : 0 <  k <  [ — j and y rk <  —s +  k(n  — 1)}
n — I

=  #= of boxes in Y  whose upper left hand corner 

lies on the s th stair

(and $ ( 0 ) =  0 ).

To show that $  is a crystal morphism we first show how the action of et- and /,- 

on Y  can be described by the a s’s, s  E N (see 3.21 ). We first need the following 

Lemmas.
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3.17.1. E x a m p le . Let n =  3. Then

$  1 r  1 " 1 , 4> =  Woo ®  (• • • , 0 , 0 , 2 , 2 , 1. 1) 0 0 0 t 2\ 0

/ 0 1 \
2 0

, 4>1

\ 0

$ ( | 0 1 1 1 2 1 , | 0 | 1 2 j ) = Uoo 0(... , 0 , 0 , 2 , 0 , 2 ,  0 , 2 )  0 0 0 f2Ao

$
0 1
2 0
1

, [o] = Wco® ( . . .  , 0 , 0 , 1 , 2 , 1 , 2 )  0 O 0 t 2Ao

$ 0 1 2
2 0 1 1 I = Uoo ® (... , 0,0,1,0,2,1,2) <g> 0 0 f2Ao

f l  f l  / o ( « o o ® 0 ®  0 ®  ^ A o )  =  Woo® ( • • •  , 0 , 0 , 2 , 0 ,  2 , 0 , 2 )  0 0  0  i 2A0

/ o / i / 2 / o ( « c O ® O ® O 0 i 2Ao) =  U o o 0 ( . . .  , 0 , 0 , 2 , 2 , 1 ,  l ) 0 O 0 f 2Ao

So if >  is as in 3.11 or 3.12, $  is not a crystal morphism. (See Examples 3.13.1, 

3.13.2 and 3.13.3.)

3 .1 8 . L em m a . Let i E I  and Y  E Bjv- I f  o"(Y) =  ( . . .  , A^Ao) where for  j  >  

0, A j  is the part of  cr(Y) coming from the j th i —stair, then A j  =  ( 1, . . .  , 1 , 0 , . . .  , 0) 

(possibly empty).

P ro o f. For j  >  0, let A j  — (A j i , . . .  , Aŷ v), where for 1 <  r <  N ,  A yr =  part of Ay 

coming from the j th i —stair of Yr. By 3.16 (i), Ayr =  ( 1 , . . .  , 1 , 0 , . . .  ,0) (possibly 

em pty). We now show that if for some r  E { 1 , . . .  , AT}, AJr has a zero, then for all 

s >  r, Aj s =  ( 0 , . . .  ,0)  (possibly em pty). This will prove the Lemma.
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Suppose that for some s  >  r, Ays has a one. Let ( t , yrt) be the site of the concave 

i —coloured corner corresponding to a zero in Ayr, and (t' +  1, yst') the site of the 

convex i — coloured corner corresponding to a one in Ays . B y 3.16 (i) and (ii), t < t '

and by 3.16 (iii(a)), since y Sf  =  yrt +  (n — 1 )(t' — t) — 1 <  yrt +  (n — l)(f'  — t ), we

have t' >  a(r, s , i) . Let 6 =  t' — a(r, s, t). Then

y»(t'+1) <  y s(2 t '-a(r,s,t)) by 3.16 (i), since t' +  1 <  2t' -  a(r, s , t )

Vs(a(r,s,t)+2 b)

<  y rt +  (n — l)(a (r , 5 , t) — t) +  (n — 2)6 by 3.16 (iii(b))

=  (yrt +  (n — l )( i '  — t) — l )  +  (n — l)(a (r , s, t) — f') +  l  — {n — 2 ) ( a( r , s , t )  — t') 

=  yst< +  a(r, s, t) — t' +  1

^  l/st' •

This is a contradiction since Ys was assumed to have a convex corner at site (i', yst'), 

so ysti <  j/si'+i-

□

3.18.1. E x a m p le . Let i — 0 and Y 1? Y 2, Y 3, and Y 4 be as in 3.16.1. If 

Y  =  Y i,  Y 2, Y 3, or Y 4, and A2 is the part o f cr(Y) com ing from the 2nd 0-stair, 

then A2 =  ( 1 ,1, 0), (0,1,0) ,  (0, 0,1)  or (1, 0,1) ,  respectively.

3 .1 9 . L em m a . Let i  €  I , Y  £  B n  o.nd cr(Y) =  (A;, . . . ,  A1? Ao) where for  

0 <  j  <  I, A j  is defined as in 3.15. For j  >  0, let 1 j  =  #  o f  1 ’s in Ay, l_j  :=  0, and 

0y =  #  of  0 ’s in Ay; and f o r  k >  —1, define Ak :=  X3y=jfc ~  0y+i (Note: 0/+i :=  0).

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



3. B(NA0) AND SEQUENCES OF YOUNG TABLEAUX FOR 47

Then fo r  t  E [— 1. /],

f  (Y(z' ) , (A/ , . . .  , / ( A t) , . . .  ,A0))
M  } \ 0  i f t  =  - 1

<=+ A t >  Ak fo r  all k >  t  and A t >  Ak fo r  all  — 1 <  k <  t.

and for  t  E [0, / +  1]

=i(Y) =  | , e (A. )  Ao)) i f t  < 1 + 1 ,
0 i f t  =  l +  l

<=$■ A t >  Ak f o r  all k >  t and At  >  Ak f o r  all 0 <  k  <  t.

P r o o f. By Lem m a 3 .IS, for 0 <  j  <  /, A j  — ( 1 , . . .  , 1 , 0 , . . .  , 0)  (possibly em pty). 

Applying Lemma 3.6 to er(Y), we see that £i(cr(Y)) (as w ell as £0(cr(Y)) — 1) corre

sponds to the rightm ost 1 appearing in one of the Ay ’s. So by this Lemma,

_ /  (A, , . . .  , / ( A f) , . . .  ,A0) if t >  - 1 ,

and

0 i f * - - !

At  >  Ak for all k >  t and A t >  Ak for all — 1 <  k <  t,

  r • • • 5 e(Af), • • • , Ao) if t  <  I -(- 1 ,
-  I  o  a t  = i + i

A t >  Ak for all k >  t and A t >  Ak for all 0 <  k <  t. 

So we have our result.

□
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(k +  1, - ( s - f r c  — 1) +  (k 4- l ) (n — 1)) 
(k, —s  +  k(n — 1))

(k, — (s +  1) +  k(n — 1))

(«) (b) (c) (d) (e) (/ )
FIGURE 2. If Y  £  B i intersected with figure (a) above equals fig
ure (a), (b), (c), (d), (e), or (f). this part o f Y  contributes a 
o, 1, 0 , 0 ? 1, or 0 , resp. to as gs_|_̂ as .̂n—̂ -{- as+n.

3.19.1. Exam ple. Let n = 3, N =  2 and

/ 0 1 2 0

Y  — 2 0 1 0 1 2
1 2 0 2

V 0

If i =  0, then cr(Y) =  (A2, Al5A0) where A0 == ( ), Ai

and A - i  — 1, Ao — 1 , A i  - 2, A2 =  2 , A3 — 0,

( 0 1 2 0

/o(Y ) =
2 0 1 0 1 2
1 2 0 2 0

\ 0

e 'o (Y )  =

/ 0 1 to 0
2 0 1

1 2

\ 0

and

/

0 1 2
2

\

3 .2 0 . L em m a . Let the notation be as in Lemma 3.19 and as, s £  N  as in 3.17. 

For s £  N, let i £  I  and j  E N  be such that s =  —i +  j n .  Then

i+i-

(See Figure 2.)
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P roof.

O-s ŝ-f-1 ®s+n—1 d- ®s+n

=  # { ( r ,  k) : 0 <  k <  [_— -J and yrk <  —s +  k(n — 1)}
n — I

- # { ( r , k) :0 <  k <  [ - - -  -y j and yrk <  - ( s +  1) +  k(n  -  1)}
n — I

—# { ( r , k) :0  <  k <  L— —~ r —J and Vrk <  ~ { s  +  n — 1) +  k(n — 1)}n — I

+ # { ( 7', k) :0  < k  <  |_--+  y J and yrk <  - ( s  +  n)  +  k(n — 1)}
n — 1

=  # { ( r ,  k) : 0 <  k <  [— J and yrk =  — s — 1 +  k(n — 1)}
n — I

+ # { ( r> k) :0  <  k <  [ — J and yrk <  - s  -  2 +  k{n  — 1)}
n — I

—# { ( r>&) : 0 <  k <  [ — —̂r J and yrk <  —(s +  1) — 1 +  k(n — 1)}
n — I

- # { ( r ,  k) : k =  ± ± i  e  N, yrk <  - 1 }  
n — 1

—#{(*", k) : 0 <  k <  — T—"j and Vrk =  ~ { s  +  n — 1) — 1 +  k(n — 1)}n — 1

—# { ( r> k) :0  <  k <  [ S +  U 1 j and yrk <  —(s +  n — 1) — 2 +  k(n  — 1)}
n — I

+ # { ( r 5 &) : 0 <  k <  [ — --A ] anci yrk <  _(,g +  n ) _  i  +  k{n  — 1)}
n — 1

+ # { ( r , f c )  : fc =  s  N , yrk <  - 1 }
71 — i
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g
=  #{(**, k) : 0 <  k  <  [ ------ -J , yrk =  —S — 1 +  k(n  -  1) and yrk <  yrfc+i}

n —  I

+ # { ( r ,  k) : 0 <  k <  [— ^-rj and y rk =  y r k + 1  =  —s — 1 +  k(n  -  1)}
n — I

—# { ( r,&) : k =  -'S —\  E M and yrk <  - 1} 
n — I

—# { ( r , k) : 0 <  k <  L— j— J ? lJrk =  —(5 +  n) +  k(n  — 1),
n — 1

and yr(*_i) <  y rk or k  =  0}

-# {(* * , k ) : l  < k  <  +  !> yr(fc-i) =  yrk =  ~ ( s  +  n ) + k { n  -  :

+#{(>■,*) : k =  €  N, yrk <  - 1 }
n — l

g
=  # { ( r ,  A:) : 0 <  A; <  [_ r j ,  2/rfc =  —s — 1 +  k(n  — 1) and yrk <  2/rfc+i}

n  — I

+ # { ( r ,  k) : 0 <  k <  [ — J and yrk =  y rk+l =  - s  -  I +  k(n  -  1)}
n — I

—# { ( r> k) :0  < k  <  [-■ -  j , yrk =  - ( 5  +  n)  +  k(n  -  1),
n — 1

and yrk- 1 <  y rk or k =  0}

-# { (* * , k)  : 1 <  k <  ^  1 J +  1, yr(*-i) =  yrk =  s  -  1 +  (k -  l ) (n -

—# { ( r ,  k) : k =  e  Vrk — ~ 1 and ^r(*+i) =
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£
=  # { ( * * ,  k) :0 < k  < [ -------- r j , y rk = - s  — 1 + k{n — 1) and yrk < y rk+1 }

n — 1

—# { ( r , k) : 0  <  k <  [ S ^ j , yrk =  —(s +  n)  +  k(n — 1)
71 — i

and y rk- i  <  y rk or A: =  0}

=  1 j  — Oy+i (Recall 5 =  —i +  j n . )

3 .2 1 . P r o p o s it io n . Let i E / ,  Y  E B jv and cr{ Y )  =  (A ; ,. . .  , A^Ao) where for  

0 <  j  <  I, A j  is defined as in 3.15. For j  E N, let aj be as in 3.17. Define aj  :=  0 

ifO >  j  >  —n. Then fo r  t  E [0,/],

/■ (Y ) =  (Y (* ),(A ,I . . .  ,A0))

i f  and only if

i
^  ] & —i + j n  a —t+jn+1 a —i+j'n+n— 1 ""F ® -i+ jn+n  ^

J=«

I
^  '  2 -i+ j'n  i+jn-f-1 t+ jn+n—1 “t“ i+ jn+ n  f o r  all k t
j = k

and

i
^  ̂Q‘—i + j n  G —i + j n + l  i+ jn+ n—1 *f" t+ jn+n ^
J = t

I
^  ] ® -t+ j’n ®—i+j’n+1 i+ jn+n—1 T  ® -i+ jn+ n  fo r  till 0 ^  k <C. t.
j=k
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and fo r  t E [0 ,I +  1],

g ( Y ) =  J ( Y W ’ (A' ’ ‘ ’ A° ) )  <  1 +  1
A \ o  i f t  =  1  +  1

i f  and only i f

i
^ ] Q —t + j n  G - i - t - jn - i -1 t'+ jn+n—1 "f" ^ —i + j n + n  ^

and

:=t

i
^  '  O—t’-f-j’n ^ - i+ jn + 1  i+ jn + n-1  “L ^ - i+ jn + n  f o r  all k t
j=k

I
^   ̂ f+jn i+jn-H ^ - i+ jn + n —1 *f" ® -i+ jn+n ^

J = t

I
^   ̂Q—t+ jn  ^ —i-f-JTi-f-1 0 _ t'_f_jn-f-n—1 ~b ^ —i+jn-i-Ti f o r  all 0  ^  Ic ^  t .
j=h

P roof.

 ̂ _  ( ao — ai — an_ i +  an if i =  0 (by Lemma 3.20)
° 1 |  —0i if i 7̂  0 (see Note in 3.15)

flo — ay — On—i +  on if i =  0
an- i  — tZn—i—i if i  7̂  0 and i ^  1

On—l On—2 ^0  ^   ̂— f

— O—j 0_,'.|_i 0 _ , ’̂ .(n—1) “f” O -i^-n -

So by Lem ma 3.20 and 3.19, we have our result.
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3 .2 2 . L em m a . Let i E I, B t and B ti be as in 3.17, and ( . . .  , a 2 , a i , a 0) E B L. 

I f  i  — 0 let j  E N and i f i  ^  0 let j  E N > i, then define

dj • a —t+jn O—i+jn+l G’—t+jn+n.—l “t" ®-i+jn+ni

_  j  —«_,•+(„_!) +  a_t+n i / i  7^1 and i ^  0
[ —ao ~  an_2 +  an_! i f  i =  1,

Aoo :=  0, and for  fc E N , Afc :=  'f2j>k dj .  Then

et-(uoo 0  - - • 0  6o(—a0) 0  0  0  / va0)

ei(woo) 0  • • • =  0
Woo 0  • • • 0  et-(6t-(—af)) 0  • • • ® 60( —a0) 0  0 ®  t,vA0 

Aqo =  0 >  Afc for  all k  >  0
At >  A* /o r  all k >  t and A t >  A^ /o r  all 0 <  k <  t ,

and

f i ( u oo 0  • • • 0  &o(—a 0) 0  0  0  / v a 0)

(uoo) 0  • • • 0  f i { b i ( —a t )) ®  • • • ®  60( —a0) 0  0 0  ^va0 

Woo 0  • - • 0  60(—a0) ® /-(O) 0  t Na0

A t >  A* fo r  all k >  t and A t >  A k for  all 0 <  k <  t 
A q >  Ak fo r  all k > 1  (Note: in this case i  ^  0)

P r o o f. For k >  1 (or for k  >  0 if i =  0),

7^-k ^  y W—i+in+1 /  y a _ t’̂ -/n+n—1 “I" /  J ~ a _ t‘_|_(f-j_i)n

/>fc />fc

e*(6,-( ®—i+ in ))  H~ ^  ^( ^ i i  Q -I+ /71-H a i- lm o d (n ))

/>fc
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J Q—i+ln+n-l  mod(n)) if n 7̂  2
| 0  if n =  2

l>k

— a_tq.fcn)) ^   ̂ (^:i w t(6_j tnod(n)( ®j)))-
j>—i+kn

In the last equality we used that for / G / ,  w t(6;(—a)) =  - a a ;  and that {d,-,cq) =  0 

if / 7̂  z — 1 , z or z +  1.

Sim ilarly, we can show that A 0  =  £,-(0) — wt(fe-imod(n)(—ay))).

Therefore, since Aqo =  0 =  £t(uoo), £t(fiVA0) =  —°o and et(bi(—a))  =  —oo if  

/ 7̂  z, then  this Lemma follows from th e  definition of {zz^} 0  B t 0  B L> 0  Tn a 0 in 

1 . 16 .

□

3 .2 3 . T h e o r e m . The map  $  : B n  U {0} —> {«<»} 0  B t 0  B L> 0  T,va0 U {0}  

defined in 3 .17  is a full embedding o f  crystals. Furthermore,  z /Y  G B n,  $ ( Y )  =  

zzoo 0  • • • 0  b0( —a0) 0  0 0  tiVAo and z G I ,

=  Uoo 0  • • • 0  /{(& t-(-ai)) 0  • • • 0  0 0  t NAo <=>- / , ( Y )  7̂  0,

and in this case $ ( / ( Y ) )  =  Y )) .

P r o o f . Let Y  G 5^-. We first show th a t $  and e,-, for z' G / ,  com m ute. Let 

*(Y ) =  Uoo 0  • • • 0  bo(-ao) 0  0 0  tNA0- Then by Prop. 3.21 and Lemma 3.22, if  

(A ;,. . .  , A0) is as in Prop. 3.21,

oo 0  • • • 0  bi(—a t -f- 1) 0  • • • 0  60( —a0) 0  0 0  t Na0

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



3. S(ATAo) AND SEQUENCES OF YOUNG TABLEAUX FOR 55

<■;—>■> e- (Y)  =  <
lV ; | ( Y ( z ) , ( A , , . . . , e-(At) , . - . ,A o ) ) .

So <&t-(e,-(Y)) =  e,-($(Y )).

Now assume that /,-($ (Y ))  =  u 00 © • - • © /,-(&,•(—a t)) © • • • © bQ( —aQ) © 0 © Lv a 0 - 

T hen again by Prop. 3 .2 1  and Lem ma 3 .2 2 , if (A /,. . .  , A0) is as in Prop. 3 .2 1 ,

f i ( $ { Y ) )  =  iioo ©  - • • ©  bi(—at — 1) ©  ■ • • ©  60( —a 0 ) ©  0 ©  Lva0

«=► /- ( Y )  =  (Y ( i) , (A ,,. .  • , M At), ■ • - , Ao))

/■(Y) #  0.

So S ( /- (Y ) )  =  /- ( * (Y ) ) .

We now show that $  is injective. Let Y i and Y 2 €  Hat such that $ ( Y i )  =  

3>(Y2) =  Uoo © - © 60( —a0) © 0 © t NAo- If w t ($ (Y i) )  =  iVA0, then $ ( Y i)  =

Woo ® • • • © &o(0) © 0 © fjvAo- So Y i =  Y 2 =  (<p,<£,... ,<£). If wt ( $ ( Y i ) )  ^  YAo, 

there exists an ak >  0 such that $ ( Y i )  =  uoo® ■ • •® b j (—ak)© • • - © 0 © L v a o- Choose 

the biggest such A:. Then

s j ( -  - - ©  b j ( - a k ) ©  • • • ©  0 ©  ^atao) >  —«fc)) =  a h >  0 =  <f>j{u00).

So ei ( $ ( Y 1)) 7̂  0, (recall that £j(ijVA0) =  —oo) and

^ (c^ Y O ) =  e j W Y ,) )  =  ej-($(Y 2)) =  $ (e y(Y 2)) ^  0.

So since wt (ej-(Yi)) =  wt (Y iJ + a y , by induction we have that e j (Y i)  =  ej(  Y 2) ^  0. 

Hence Y i =  Y 2.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Now let Y  E Bn. Then wt (Y ) =  wt ($ (Y ) )  by definition (see 3.9, 3.17 and 1.7). 

Let z E / .  Then

£{(Y ) :=  m ax{p E N : e f(Y ) 7  ̂ 0} (by definition)

=  m ax{p E N : e?(3>(Y)) 7  ̂ 0}(since et- commutes with $  and $  is injective)

=  e t-($ (Y )) (see 1.16)

From (i) in 1.6, <^.(Y) =  <̂ t-($ (Y )) .

□

3 .2 4 . We will now show that the image of $  equals the image of (0 tTi'®zdjVAo) 0 

t n a 0 (see 2.5). To do this we first show that B /v =  { /q  " ' fimi.f’-i ■ ■ ■ »<?>) 7  ̂ 0 : 

z i , . . .  , zm E I } •

3.25. L em m a . Let T  =  { f il ■ ■ • . . .  , <f>) 7  ̂ 0 : E / }  and

S  C { ( Y , . . .  , Yv) : Y are Young diagrams such that Y  C Y +i fo r  1 <  z <  iV — 1}.

U

(a) (d>,. . .  , <f>) E S,

(b) f i ( S )  C 5 U { 0 } ,  and

(c) et-(5) C 5 U  {0}..

£/zen S  =  T .

P r o o f. Assume that (a), (b), and (c) are true. Then by (a) and (b), T  C S.  To 

show that S  C T,  we use induction on the height of the weight o f an element of S. 

Let Y  =  ( Y , . . .  , Yv) G S.  If wt (Y ) =  0, then (Y , • • • , Yv) =  (cf>, <f>,. . .  , <p) E T.  

If wt (Y ) 7  ̂ 0 , let Y  =  ( 2/ 1 0 , - • • , Vu, 0 , 0 , . . . )  with yu  7  ̂ 0 . Then Y  has a convex

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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com er at site (/ +  l , y u )  o f  som e colour, say i. Then cr,-(Y) =  ( 1 , . . . ) .  So et(Y ) ^  0. 

B y (c), e,-(Y) E S.  B y induction, et-(Y ) E T,  and 0 ^  Y  =  / t-(e,-(Y)) E T .

□

3 .2 6 . L em m a . Let  Y  =  ( Y , - - -  , Yv) E B v  V} =  {yjfc}jt>o- Let r , s  G

{ 1 , 2 , . . .  , iV} u'zf/i r <  s .  I f  f o r k ,  t G N  we have y rk +  (n — l ) ( t  — k) +  ( n —2) <  y s(t+2 ),

then y rk +  (n — l ) ( t  +  I — k) <  y s(t+i)-

P r o o f . We need to show that a :=  a ( r , s , k ,  Y )  >  t +  1.

If not,

y s(t+2) <  ys(t+2 +t-a) =  ys(a+26): where b =  t  — a +  1 >  1,

<  yrk +  (n — 1 ) 0  — k) +  (n — 2)6

=  yrk +  ( n -  1 )(f -  k) +  (n -  2) +  (n -  l ) (a  -  t)

+ (n  — 2)(6 — 1)

<  ys(t+2 ) H" a — t  ^  ys(tJr2 )i a contradiction.

□

3 .2 7 . D e f in it io n . F o r m  >  1, let S m — { Y  =  (V I,. . .  , Y v) : Y  =  {yjfc}fc>0: 1 <  

j  <  N  and  Y  satisfies 3 .16( i) ,  (ii), ( ii i)(a) and (iii)(b') below. }

(iii)(b') For 1 <  b <  m , y,.* +  (n — l)(a (r , s, fc) — A:) +  (n — 2)6 >  ys(a+2 b)-

3 .2 8 . L em m a . Let  Y  =  (Y .,-- -  , Yv) £  (or Bn )  with Yj =  { y jk }> o- Let  

r , s  G { l ,  • • • , iV} unf/i r  <  s .  I f  fo r  some k  E N  and t  >  A;—1, t/r^+(n  —l ) ( f —fc) <  yst

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .



3. B(NAo)  AND SEQUENCES OF YOUNG TABLEAUX FOR 58

and y rk +  (n — l ) ( t  — k  +  2 ) >  y s(t.h2) then y rk +  ( n - l ) { t  — k +  l )  +  ( n - 2 )b >  y s(t+ i+ 2 b) 

f o r  1 <  6 <  m  (or  6 >  1 if  Y  G Bn).

P r o o f . If t  =  k  — 1, then t <  k <  a(r,  s , k ) and if  t  >  A:, the first inequality above 

im plies t  <  a(r, s , k ). Also the second inequality above im plies a(r, s , k) <  t  +  1.

If a(r, s , k )  =  t  +  1, we are done.

If a(r ,  s , k) =  t ,  y rk +  (n — l) ( i  -  A:) +  (n — 2)6 >  ys(t+26), 1 <  6 <  m,

and yrk +  (n -  l ) ( t  +  1 -  k) +  (n -  2)6 >  y s{t+2b) +  (n — 1) >  y s(t+ i+ 2b) by 3.16(i).

□

3.29 . L em m a. Bn  =  Si.

P r o o f . Since <Si D ••• D <Sm D S m+i —  and B n  =  n m>i<?m, it suffices to show  

that <Sm_i C S m for all m  >  2 . Let Y  =  (V i,. . .  , Yv) G <Sm- i  w ith Yj =  {ysfc}A:>o, 

1 <  j  <  A . Let r, s G { 1 ,. -. , iV} with r <  s , and I g N .  Set a :=  a(r, s, Ar).

Suppose there exists an integer c G {A: +  1, —  , 1 +  a} such that yrc <  y rk+  

(n  — l ) ( c  — k — l) .  Choose the smallest such c. Then j/r(c- i )  >  y rk +  (n — l) (c  — k — 2 ).

y r(c - i)  +  (ra -  ! ) ( «  — ( c  — 1)) <  yrc +  (n — l ) ( a  — ( c -  1))

<  Vrk +  (n — l) ( c  — k — 1 ) +  (n — l) (a  -  (c — 1))

=  yrk +  (n — l ) (a  — A:) <  ysa, and

S M c - i ) +  0*  -  ! ) ( < * - ( c - l ) + 2 )  =  y r ( e - i )  +  (w — l ) ( a  -  c  + 3 )

>  y rk +  (n — l ) ( c  — k — 2) +  (n — l) (a  — c +  3)

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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=  Vrk +  (n — l ) (a  — k  +  1)

>  y rk +  {n -  l) (a  - k )  +  (n - 2 )  >  ys{a+2)

So by Lemma 3.28, for 1 <  6 <  m  — 1,

(10) yr(c-i) +  (n -  1 )(a  -  (c -  1) +  1) +  (n -  2)6 >  ys(o+1+26)-

Vrc -r (n — l)(a  -f 1 — c) <  yrk +  (n — l) ( c  — k — 1 ) +  (n — 1 )(a  +  1 -  c)

=  Vrk +  (n — l ) (a  — k ) <  ysa <  ysa+ i, and

yrc +  (n — l)(a  +  3 — c) >  y r(c- i )  +  (n — l ) (a  +  3 — c)

=  Vr(c— i) +  {j1 — l ) ( a — (c — 1) +  1) +  (n — 2) +  1

>  ys(a+3) +  1 (by 10)

2/s(a-f-3)-

So by Lemma 3.28,

y rc +  (n — l)(a  — c +  2) +  {n — 2)(m  — 1) >  ys(a+2+2(m-i)) =  ys(a+2 m)-

Hence

yrk +  (n — l) (a  — k) +  (n — 2 )m  >  yrc — (n—l) ( c — k—1) +  (n—l ) ( a —k) +  (n—2 )m

=  yrc +  (n — l) (a  — c +  1) +  (n — 2)m

=  Vrc +  («  — l) (a  — c +  2) +  (n — 2)(m  — 2) — 1

^  ys{a+2 m) 1

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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So yrk +  (n — l ) (a  — k) +  (n — 2)m  >  ys{a^2 m) and Y  G S m.

Now assume that for all c €  +  1, • •. , a +  1}, yrc >  y rk +  (n — l) ( c  — k  — 1).

In particular, z/r(a+i) >  y rk +  (n — l) (a  — k ), and y r{a+i) +  (n — 1) 

>  yrk +  (n -  l) (a  -  k) +  (n -  2) >  y ,(a+2). So yr(a_K) +  (ra -  2)6 >  ys(a+i+2&) 

for all 1 <  6 <  m — 1. Hence

yr(a+2) +  (n — 1) >  yr (a+i) +  (n -  1) >  yr(a+i) +  (n -  2) >  ys(a+3)-

So yr(a+2 ) +  (n — 2)6 >  ys(a+2H_2i) for all 1 <  6 <  m — 1. Therefore

yrk +  (n — I)(a  — k)  -+- (n — 2)m >  ys(a+2 ) +  (ji — 2)(m  — 1)

>  yr(a+2 ) +  ( n -  2 )(m  -  1)

^  !/s(o+2m) i

and Y  E S m.

a

3 .3 0 . L em m a . L e t ' Y  =  ( Y , . . .  , Yv) £  * €  /  and c ( Y )  =  (A; , . . .  ,A0)

where fo r  0 <  j  <  I, Ay =  (Ayx, . . .  , Ayjv) and for  1 <  r <  Ar, Ayr zs the part  o f  cr(Y) 

coming from the j th i —sta ir  o / Y r . I f  there exists an r  >  1 and a j  >  1 such that  Ayr 

contains a zero, then f o r  all 1 <  s <  r, \ j - i ) s =  ( 0 , . . .  , 0)  (possibly empty).  (Hence 

i f X U-i)s is not empty,  Ay_i =  ( 0 , . . .  ,0)  or  Ay =  , 1 )  (possibly empty).

P r o o f. Suppose that A(y_i)s contains a 1 for some 1 <  s  <  r.  Let (r , k , y rk) be the 

site of the concave corner o f Y r corresponding to a zero in Ayr and (s, h +  l , y s/,) 

be the site of the convex corner of Ys corresponding to a 1 in A(y_i)s . Then yrk =  

Vsh +  (n — 1 )(k -  h) — (n — 1).

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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By 3.16(1) and (ii), for 1 <  h' <  h, y rh. >  y sh >  ysh> >  ysh — (n — 1 )(h — h'), and 

hence k >  h >  0.

Since ysh +  (n — 1  )(k  — h — 1) =  yrk >  y r(k-i), k — 1  >  a ( s , r , h ).

Let a :=  a (s , r, h).

yrk <  yr(2 k - a - 2 ) (by 3.16(i), since k >  a +  2)

=  J/r(a+26), where 6 =  A : - ( a  +  l ) > l

<  ysh +  (n -  l ) ( a  — h) +  (n — 2)6 (by 3-16(iii) (b ))

=  2hh +  (n — 1 )(k — h — 1) +  (n — l) (a  — k +  1) +  (n — 2)6

=  ysh +  {n — l ) ( k  — h — 1) — 6

<  ysh +  (n — 1)(A; — h — 1) =  yrk.

T his is a contradiction.

□

3 .3 1 . T h e o r e m . Let T  =  { f i l . . .  /j-m <p) ^  0 : z‘i , . . . ,  zm £  I } -  Then

T  =  Bn .

P r o o f . By Lemma 3.25, it suffices to show (a), (b), and (c) of that lem m a.

(a) (<£,... , 4>) G Bn  since for r, s 6  { 1 , 2 , . . .  , iV} w ith r <  s and €  K, we can 

choose a(r, s, k) =  k  and (i) ,(ii) , and (iii) of 3.16 are satisfied.

(b) Let Y  =  ( Y , . . .  , Y n ) E Bn , Yj =  {y jk}k>o for 1 <  j  <  N,  and i G

I.  Suppose f i ( Y )  7̂  0. T hen there exists an s G { 1 , . . .  , N }  such that /,-(Y ) =

( V i , . . .  , fi(Y3) , . . .  , Yn ) and a k  G N such that Ys has a concave z-coloured corner

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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at site (5 , k, y sk) and f i (Y s ) has a convex z-coloured corner at site (s , k  +  1, y sk — 1). 

Note that k =  0 or ys(k-i) <  Usk- Then there exists a j  such that the concave corner 

at site (s . k , y sk) is on the j th i  - stair o f Ys , and the first 0 in Ay =  ( 1 , . . .  , 1 , 0 , . . .  , 0) 

(Ay as defined in 3.15) corresponds to this corner.

We now show (i) of 3.16 is satisfied by /,-(Y ).

If Vsk +  (n — 1) =  ys(k+i), there would be a concave corner in Ys at site ( s , k  +  

l , y s(*+i)) and this corner would contribute a 0 to Ay appearing before the 0 cor

responding to the concave corner at site ( s , k , y sk). This is a contradiction. So 

y sk +  ( n -  1) ^  ys(fc+i) and (i) in 3.16 im ply that y sk — 1 +  (n — 1) >  y s{k+i)- Also if 

k  >  0, y sk — 1 >  ys(k-1)- So (i) of 3.16 is satisfied by f i ( Y ) .

To show that (ii) of 3.16 is satisfied by / t-(Y ), we need to show that if s >  

1, f i (Ys) c  Ys- i .  If y(s-i)k =  ysk, then either k =  0 or y(s_ 1)(fc_ 1) <  y s{k- 1) <  ysk =  

y{s-i)k- Hence Ys~i would have a concave i-coloured corner at site (s  — 1 ,A:,ysi-) =  

(s — 1, k, y(s-i)k)  and this corner would contribute a 0 to Ay appearing before the 0 

corresponding to the concave corner at site (s , k , y sk). This is a contradiction. So 

y(s-i)k  7̂  ysk and (ii) of 3.16 im ply y sk -  1 >  y(s-i)k- Thus f {(Ys) C Ya- i .

We now show (iii) of 3.16 is satisfied by / t(Y ).

Let r  E { 1 , . .  . , N }  be such that r  >  s , and let a :=  a(s, r, k, Y ) . Then by (iii) 

of 3.16,

(11) ysk +  (n — 1)(6 — k) <  yrj for all k <  b <  a and

(12) ysk +  (n -  l) (a  — k) +  (n — 2)6 >  yr{a+2 b) for all 6 >  1

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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So we have for all b >  1,

(13)

Vsk — 1 +  (n — l ) ( a +  1 — k)  (n — 2)6 =  ysk +  (n — 1)(ge — k) +  (n — 2)(6 +  1)

by (11)

> y r(a+1+26), by (i) o f 3.16

If (l/sk — 1) +  (n — l) (a - h i  — A:) =  yr(a+i), this together with (11) and (13) imply 

a ( s , r, A;, / , ( Y ))  :=  a +  1. Otherwise,

(14) (ysk -  1) +  (ra -  l) (a  +  1 -  k) >  yr(a+i),

since

y sk — 1 +  (n — l) (a  +  1 — k) =  ysk +  (n — l ) (a  — A:) +  (n — 2)

>  Vr{a+2 ) 5 by (11)

— J/r(a+l)-

If yr(a+2 ) =  Vsk +  (n — l) (a  — k) +  (n -  2), using (14) we get that y r(a+2) >  yr(a+1)- 

So Yr would have an zt/l-coloured concave corner at site (r, a +  2 ,y r(a+2)) which 

would contribute a 0 to A(J+1)r (see the definition in Lemma 3.30). By 3.18, Ay+1 =  

( 1 , . . .  , 1 , 0 , . . .  ,0),  and by Lemma 3.30, there are no l ’s in <x(Y) between the 0’s 

corresponding to the concave corners of Y  at sites (r, a +  2, y r(a+2 )) an(i  (s , k , y sk). 

This is a contradiction. Hence, using (12), we get that yr(a+2) <  (ysk~  l )  +  (n — 1)(G — 

k) +  (n — 2). This, together with (11) and Lemma 3.29, imply a (s , r, A:, / , (Y ) )  := a.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w ith o u t  p e rm is s io n .
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Now let r G { 1 , . . .  , N } be such that r  <  s, k' G N  and a :=  a (r , s.  k '). Then by

3.16 (iii),

IIrk' +  (n  — 1)(6 — k ') <  ysb for all k' <  b <  a and

yrk- +  (n — l ) ( a  — k') +  (n — 2)6 >  ys(a+2 b) for all 6 >  1.

So if k >  a or k <  k ', a (r , 5, k', / , ( Y ))  =  a. So cLSSume k' <  k <  a.  We suppose that

yrk- +  (n — l ) ( k  — k') =  y sk and obtain a contradiction. If k' >  0, then

yr{k‘- 1) +  (n — l)(fc — 2 — (k ' — 1)) +  (n — 2) =  y r{k--1) +  (n — 1)(A: — k') — 1

<  yrk- +  (n — l ) ( k  — k') — 1 <  ysk.

So by Lemma 3.26,

yr(k--1) +  (n — l)(fc — k') =  y r(k--1) +  (n — l)(fc — 1 — (k' -  1))

<  ys(k -1) <  ySk =  yrk- +  ( n  -  i ) (A:  -  k').

So either k' =  0 or yr(fc/_!) <  y rk-- In either case, there is a concave i —coloured 

corner in Yr at site (r, k', y rk-), and this corner contributes a 0 to Ay which appears 

to the left o f the 0 corresponding to (s, k , ysk) in Ay. This is a contradiction; therefore 

y rk- +  (n — 1)(A: — k') <  y sk — 1 and a ( r , s , k ' , f i ( Y ))  =  a. So 3.16 (iii) is satisfied by 

M Y )  and therefore f i ( Y )  G Bn-

(c) Let Y  =  (Yl5. . .  , Y n ) G Bn , Yj =  {yy*}A:>o for 1 <  j  <  iV, and i G 

I.  Suppose et-(Y) ^  0. T h en  there exists an s  G { 1 , . . .  , N }  such that e i(Y ) =  

( Y ,  - - • , e»(Y),  - - - , Yn ) and  a k  G N such that Ys has a convex z-coloured corner at 

site (s, k  -f l , y sfc) and et ( Y )  has a concave i-coloured corner at site  (s,A;, y sk +  1)- 

Note that >  y sk- T h en  there exists a j  such that the convex corner at site

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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(s , Ar +  1, ysk) is on the (j +  l ) 5* i - stair of Ys, and the last 1 in \ j  =  ( 1 , . . .  , 1 , 0 , . . .  , 0) 

(Ay as defined in 3.15) corresponds to this corner.

3.16 (i) is satisfied by et-(Y) since ysk +  1 <  ys(k+1) and if k >  Q.ysk +  1 <  

Vs(k-i) +  (n — 1), otherw ise ysk =  ys{k-1) +  {n — 1) and there would be a convex 

corner in Ys at site (s , k , y s(k-1)) contributing a 1 to Xj appearing to the right o f the 

1 corresponding to the convex corner at site (s , k  +  1, ysk)-

To show 3.16 (ii) is satisfied by e,-(Y), we need to show that if s  <  iV, e{(Ys) D 

K+i -  If Vsk =  y(s+i)k, then y(s+1)fA:+i) >  ys(k+i) >  ysk =  V(s+i)k- So there is a convex 

corner at site ((.s +  1), k + 1, j/(s+i)jt)on the (j  +  l ) st i —stair which contributes a 1 to \ j  

appearing to the right o f th e 1 from the convex corner o f Ys at site (s , A;+l, ysk)- This 

is not possible, so by 3.16 (ii) and ysk ±  J/(s+i)fc, ysk +  1 <  V(s+i)k and e,-(Ys) D Ys+l.

We now show 3.16 (iii) is satisfied by e,-(Y).

Let r E { 1 , . .  • , N }  be such that r >  s. Let a :=  a (s , r, k , Y ) . Then for k <  b <  

a, Vsk +  (n — 1)(6 — k) <  y rb and for 6 >  1, ysk +  (n -  l ) ( a  — k) +  (n — 2)6 >  yr(a+26)- 

If for k <  6 <  a, ysk +  (n — 1)(6 — k) <  yrb, a (s , r, A:, e ,(Y ))  =  a. So assume there

exists a k <  60 <  a such that ysk +  (n — 1)(60 — k) =  yrbo■ Choose the smallest

such 60. Then ysk +  1 +  (n — 1)(6 — k) <  y rb for all k <  b <  b0  — 1 and ysk +  1+  

(n -  1)(60 -  1 -  k) +  (n — 2) =  yrbo >  yr(5o+1), otherwise y rbo <  yr(60+i), and there 

would be a convex corner on the j th i —stair of Yr at site  (r, 6o + 1, yrb0) corresponding 

to a 1 appearing to the right o f the 1 from the corner at site (s,& +  1, a)- So by 

Lemma 3.29, ysk + 1  +  (n — l)(6o — 1 — k) +  (n — 2)6 >  t/r(60_ 1+26) for all 6 >  1. Hence 

a ( s , r , k , e {(Y )) :=  60 — 1.

Now let r 6  {1, - - - , AT} be such that r  <  s , k' €  N  and a :=  a(r, s, k', Y ) . Then

(15) yrk' +  (n — 1)(6 — k') <  ysb for k' <  b <  a and

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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(16) yrk> +  (n — l ) ( a  — A:') +  (n — 2)6 >  ys(a+2b) for 6 >  1.

So if k  <  a, a(r, s, k', e,-(Y)) =  a. So assume k >  a. If k ^  a +  2, by Lemma 3.29,

a ( r , s , k f, e,-(Y)) =  a. So let k — a +  2. If yrk, +  (n -  l)(a  -  k') +  (n -  2) >  ysk,

a ( r , s ,k ' ,  e,-(Y)) =  a (use Lemma 3.29). So assume y rk' +  {n — l ) ( a —k ' ) + ( n —2) =  ys/t-

yr(i'H-i) +  (a — (k' -f l ) ) (n  — 1) <  yrk, +  (n — 1) +  (a — k' — l)(rc — 1) (by 3.16(1))

=  yrk' +  (a — k')(n — 1)

<  Vsa by (15).

V r ( k ' + i )  +  (a +  2 — (k' +  l ) ) ( n  -  1) =  t/r(&'+i) +  (a +  1 — k')(n  — 1)

>  yrk' +  (a — k')(n — 1) +  (n — 2)

=  ysk 

ys{a+2)-

By Lemma 3.28, yr(*»+1) +  (n -  l ) ( a  +  1 -  (A/ +  1)) +  (n -  2) >  y s{a+z) =  ys(k+i) >  

Vsk =  yrk- +  (n -  1 )(a -  k') +  (n — 2).

So yr(k'+i) >  yrk'-, and there is a convex corner in Yr at site (r, k' +  l,2/rfc') =

(r, A:' +  l,?/sfc +  (n — l ) (a  — k') -f- (n — 2)) which contributes a 1 in A^-.^p. By

Lemma 3.30, there are no zeroes in cr(Y) between the l ’s from the convex corners 

at sites (s , A: +  1, ysk) and (r, k' +  1, yrk>)- This is a contradiction. Hence 3.16 (iii) is 

satisfied by e,-(Y) and e,-(Y) €  S.v.

□
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3 .3 2 . T h e o r e m . If  i and if are as in 3.17, then Im $  =  Im (^rt,t/(g)id.iVAo)0'nvAo- 

P ro o f. Recall (see 2.5) that

Im ® idjVAo) °  riVAo =  {“ oo ® (• - • , a) <g> 0 ® t NAo : a <  N  and

**00 ®  (- • • : <*) ®  0 ®  t iVAo =  ’ ’ ’ fim  (**00 ®  0 ©  0 ®  ^NAo )

for some *i, - • - 5 *771 €  /} •

By Theorem 3.31, the definition of <&, and  the fact that $  is a morphism of 

crystals, Im $  C Im (\PM/ ® idyvA0) ° Tna0-

Now let 6 €  I m (^ ty  ® id^Ao) o t-jvao- If wt (6) =  iVA0, 6 =  Uoo ® 0 ® 0 ®  

t NAo =  $((<£, . . .  ,<£)). So assume wt (6) ^  N  A0. Then there exists i €  I  such

that 0 ^  e,-6 G Im ('frt,i< ® idiVAo) 0 Tiva0- By induction , there exists 6' G Hjv such

that $(&') =  e,-6. Since /r(et6) =  b =  m,*, ®  • • • ® 0 ® tjvA01 by Theorem 3.23,

6 =  /($ (& 0 )  =  $(/;&') € l m $ .

□

3 .3 3 . T h eo re m . B n  ~  B(NAq) as crystals.

P ro o f. Let r  :=  ®> idjvA0) ° T/va0 : H(-AfAo) —>• {uoo} ® BL>L- ® T,va07 and

7  =  r ~ x|im$ o $  : B n  —»• £ (A rA0). (Note: T heorem  3.32 says that Im r  =  Im $ .)  

Then 7  is 1-1 and onto and it preserves cpi, and w t . To show that 7  is an 

isomorphism of crystals, it suffices to show th a t 7  com m utes w ith e,- and /,- for all 

i G I.  Since t n \ 0 is a full embedding of crystals and <ptll'®id,vA0 is a strict embedding 

of crystals, r  com m utes with all e,-’s, i G I.  B y Theorem  3.23, $  commutes with all 

e,-’s, i  G I. Hence for all i G / ,  e,-0 7  =  e,-or-1  o <6 =  r -1  oe ,-o$  =  r -1  o$oe,- =  7 oe,-.

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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Now we show that 7  com m utes w ith /,- for i  6  I.  Let b G B ^.  We consider two 

cases.

If Mb) ^0,

M l ( b)) =  M l i W i b ) ) )  since / - ( 6 ) ^  0 

=  f i e i l ( f i (b ) ) ,

=  l ( M b))i since l ( M b)) °-

Now suppose that /,-(&) =  0. Since $  is a  full em bedding (see Theorem 3.23), 

by Lemma 1.14, /$ (& ) 0  l m $ \ { 0 } .  B y Theorem 3.32, Im<I> =  Im r, hence 

/ , - ( t ( t - 1(<I>(6)))) =  /,$(& ) ^  Im r. Since r  is a full em bedding, again by Lemma 1.14, 

f i r - ' Q i b )  =  0. Hence M l ( b)) =  0 =  7 M b)-

□

3 .3 4 . C o ro lla ry . I f  w  =  r,-{ . . .  r,-t is a subword of  . . .  rn_ ir 0r! . . .  rn_i r0, then 

B w( N i \ 0) — { Y  =  ( F i , . . .  , Yn ) G Bn  : Fr C S’(-Z ), /o r  1 <  r <  N } .

See 3.15 fo r  the definition o f  S ( —l).

P r o o f . Let 1  and 1!  be as in 3.17, r  and 7  be as in Theorem  3.33, w'  :=  rym . .  . r j t 

and b 6  B { 0 0 ) such that Tr^\0 (b) 7  ̂ 0.

^NA0 {b) £  ^ ( iV A o )  <==>- ^i,i'(b) =  Uoo0  . . .  aido 0 and 6 €  B w{ 0 0 )

(see Proposition 3.3.1 in [K as93])

<£=*>- ^ i,t'(6) =  Uoo ® . . .  a ia 0 0 and bm G (0 0 )

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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(see Proposition 3.2.5 in [K as93])

=  Uoo ® . . .  aia 0  0 and bm E 5(„™/)-i (oo)

(see Proposition 3.2.5 in [K as93])

■€=$■ 'Jrttt»(6) =  Uoo ®  • - • a iuQ 0 and a,k =  0 if  k >  /

T{^N\ 0 {b)) =  Uoo ® - - • ai^o 0 ® ttfAo an<  ̂ =  0 if k >  I 

4=!> $ ( t -1 ((^ va0(6)))) =  Uoo ® • • .a iao  0 <g> tjVA0 and afc =  0 if A: >  / 

7 _1((^na0(b))) =  (P'i,. . .  , yjv) €  such that p; C 5 ( —/),  

for 1 <  r <  iV

□

C o ro lla ry . Let  7  6e as in Theorem 3.33. Then

$  0 7 _1 =  ®  idiVAo ) 0 rNAo-

R e p ro d u c e d  with perm iss ion  of th e  copyright ow ner.  F u r th e r  reproduction  prohibited without perm iss ion .



CHAPTER 4

A set of inequalities describing B(NAq) and B (oo).

In [NZ97] and [N ak99], the authors prove that for a sequence l o f elements of 

I  satisfying certain conditions, the images of 'irt and 'Ert ® id,\ o r \, for A €  /+ ,  can 

be described by a set of inequalities generated by applying certain operators to a 

given set of inequalities.

In this Chapter, we use our results from Chapter 3 to explicitly find the inequal

ities defining the image of '£rt ®  id^Ao ° T/Va0 f°r a particular sequence l  (see Theo

rem 4.7). This together with our results from Chapter 2 and a result from [Cli98] (or 

[L it98]) (see Appendix A), gives us a description of the image of for a particular 

i  (see Theorem 4.8).

70

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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4 .1 . For i V ^ N ,  let

S n  '■= }/>0 for all / G N  a; G N, for I »  0 a/ =  0,

and {a;} satisfies (17) — (20) below}

(17) a0 <  N,

(IS) afc(n_ 1)+t- <  if  k G N  and i  G l \ { 0 , n  -  1},

(19) ajfc(n-i)+t <  ^afc(n-i)-i +  a (jt-i)(n-i)+.- if k  G N>i and i G I \ { n  — 1},

r

(20) a*(n_ i)+f <  afc(n_ij_! +  5 Z ( a (jfe-a)(n-i)+E;r0Li, ~  a(M(«- i )+EJ=oO)
5 =  1

+  (k — r)a(fc_r_ 1)(n_ i)+^ j=o — (k — r  — l)a (* -r)(n-i)+£J_0 i}

if k G N>2, r  G N  such that 1 <  r  <  k — 1, i =  fo, i \ , . . .  , i r G N,

*o +  *i <  (n — 2), and i j  +  i j+ i <  (n — 1) for 1 <  j  <  r  — 1.

Let t, t', B t , and BL> be as in 3.17 and define

Mn  :=  {uoo <g> {ai}[>Q ® 0 ® LvAo €  {«oo} ® B t ® B t> ® TNAo : {a;};>0 G Sjv}.

We will show that $ (5a t) =  Byv where B ;v and $  are as defined in 3.16 and 3.17.

4 .2 . L e m m a . Let  Bjv be as in 4-1, then f o r  all j  G / ,  ej-(lB;v) C Byv U {0}.

P r o o f. Let a  =  {a;}/>0 G Sn ,  b =  Uoo <8> {a/}/>o <g> 0 <g> tyvAo? anci i  €  / .  Assum e

ey(6) 7  ̂ 0. T hen e,(&) =  Uoo ® ey({a/}/>o <S) 0) (S> iyvA0 (see N ote 2 at the end of 1.17 

for the definition of ey({a/}/>0 ® 0) and recall that £j(tyvA0) =  ~ ° ° ) -

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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If j  =  0, o <g> 0) =  ey({a;}/>o) ® 0 since £O(0) =  —oo.

If 1 <  j  <  n — 2, by 4.1(1S) ay <  ay_r and if  j  =  n — 1 by 4.1(19), 

ay <  ay_i +  a0. In either case, ey({a/}/>0 ® 0) =  (ey({a;}/>0)) ®  0.

Let / G N  be such that ey( ( . . .  , a ; , . . .  , a 1; ao)) =  - , a; — 1 , . . .  , ai ,  ao). Then

for all t  G N,

t
( 2 1 )  ^  ^ ( G l+ n s  “I" < 2 i+ l+ n s  T  a /^ . ( n _^)^_n s  d l ^.n ^ .n s ) <C 0

s = 0

(See Note 2 at the end o f 1.17 and the definition in 1.16.)

In particular

(22) a, >  a,+ i +  â +(n_i) — a/+n

We now show that a! : = ( . . . , a; — 1 , . . .  , a l5a0) €  Av be. ai -  1 6  N  and o' 

satisfies 4 .1(17)-(20). Let k & M and i G A ( n — 1} be such that I =  i +  k(n  — 1).

To show that a; -  1 G N, we consider two cases.

If i n — 2,

(23) ai 1 ^  aj-j-i -F a/.j_(n_]j Qi+n hy (22)

=  a/4.1 -f a(fc+i)(n_i)+t- — a(fc+i)(n-i)+ i+ i

>  aj+1 by 4.1(18) since i  ^  n — 2

>  0.

If i =  n — 2,

(24) a/ — 1 >  a/+(n_i) +  ai+i — a/+n by (22)

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i te d  w i th o u t  p e rm is s io n .
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=  a (fc+l)(n-l)+i +  a & (n-l)+ t+ l ~  a (fc+l)(n-l)+«+l 

=  a (fc+l)(n-l)+(n-2) +  a(fc4- l) (n - l)  — a(fc+2)(n -l)

>  «(A :+l)(n-l)+(n-2) ~  ^  +  9 G(* + 2 )(n -l)- l b y  4 . 1 ( 1 9 )

k -(- 1
k +  

>  0.

:a (fc+ l)(n -l)+ (n -2 )

So in either case a; — 1 E N.

To show that 4.1(18) is satisfied by d  all we need is to show that if  i ^  n — 2, 

ai+i =  ctfc(n_ i)+,-+ i <  ai — 1. This was done above (see (23)).

We now show that 4.1(19) is satisfied by d . Again we consider two cases.

If i 7̂  n — 2, we need to show that a.[+(n_i) <  -<̂ -j-a(fc+1)(n_i)_i  +  (a/ — 1).

“/-f(n-i) <  al+n — a t + 1  +  (a/ — 1) by (22 )

=  a (fc+l)(n-l)+i+l — «fc(n-l)+z+l +  ( ° i  — 1)

<  —- — a(fc+i)(n_ i)_ i +  (a/ — 1) since a  satisfies 4.1(19).
rC “f" 1

If i =  n — 2, we need to show that a/+(n_i) <  ( ^ y  +  l)(a/  — 1) which was done above 

(see (24)), and that if 0 <  j  <  n —3, a(fc+1)(n_ i)+y <  ^A_(afc(n_ 1)+(7l_2) — l ) + a fc(n_ 1)+_,-.

a.t(n-i)+ (n -2) — 1 =  a* — 1 >  ai+i +  a/+(n-i) — o-i+n by(22 )

=  G(fc+i)(n_i) +  a(fc+l)(n-l)+(n-2) ~  a{k+2 )(n-l)

>  (k +  l)a(fc+1)(n_ 1)+J- — (k +  l)afc(n_ i)+j

by 4.1 (20) with k replaced by A: +  2, i =  i 0  =  0, i i  =  j ,  and r  =  1 .

R e p r o d u c e d  with p e r m is s io n  o f  t h e  co p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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To show that a! satisfies 4 .1(20) we first show that if z' =  n — 2, r g N  such that 

1 <  r <  k,  z0 =  z', z'i,. . .  , zr G N, z0 +  i i <  (n — 2), and z's +  z‘s+i <  (n — 1) for 1 <  

s <  r — 1, then

(2 5 )
r

«(A:+l)(n-l)+i' <(afc(n-l)+(n-2) ~  1) +  y ^ f f c - H - s t t n - n + T p i  u “  a (fc+ l-»)(n-l)+E ;=0«J
3 = 1

+  (fc +  1 — r )a (fc-r)(n-l)+E j=o i j  —  (fc ~  r )a (fc+l-r)(n-l)-f-£J_0 iy •

Let i'o :=  0, ẑ  :=  zv, and for 1 <  s <  r, z'+1 :=  i s . Then k +  2 G N>2, 1 <  r +  1 <  

k +  1, z’o +  i\ =  z' <  (n — 2) and for 1 <  s <  r, z' +  ^ +1 <  (n — 1). Thus since a  

satisfies 4.1(20),

(26)
r+ l

<Z(fc+2)(n-l) <  a (fc+1)(n -1)+(n-2) +  ^ ( a ffc+2-5Hn-lH-TJJr ffL i '  ~  a (*+2-s)(n-l)+E*=o )
S=1

+  (k  +  2 -  (r  +  l ) ) a ( * + 2 - ( r + l ) - l ) ( n - l ) + E ^  «■;

-  (A: +  2 -  (r +  1) -  l ) a (fc+2_ (r+1))(n_ 1)+5:r+i .

So we have

r

(GfA:(n-l)+(n-2) ~  1) +  5 ^ ( a (A:+l-.s)(7i- l)-fE j= o  «> _  a (fc+ 1- 's)(n- 1)+Ex=o h  )
3=1

+  (fc +  1 — 7*)a (A ;-r)(n-l)+E ;=o ‘j — ( fc — r ) a ( i-+ l-r )(n -l)+ E ,r=o

>  a (i+ l)(n -l)  +  ^(fc+l)(n-l)+(n-2) ~  fl(fc+2)(n-l) 

r

+  5 Z ( a (*+i-^)("-i)+E ;=o v “  a (‘+ i-« )("-i)+ E J= 0ij)
S=1

+  (AH -l-r)a(fc-r)(n -1)+E;=oi> “  (fe -r )a(fc+i-r)(n-i)+E;s.0ii by (22)

R e p r o d u c e d  w ith  p e r m is s io n  o f  t h e  c o p y r ig h t  o w n e r .  F u r t h e r  r e p r o d u c t io n  p ro h ib i ted  w i th o u t  p e rm is s io n .
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=  a(fc+l)(n-l)+{' — fl(fc+2)(n-l) +  a (fc-fl)(n-l)+(n-2)

r+1

+  5 3 ^ a(fc+2-s)(n-l)4-i:jrol i; _  a (fc+2-s)(n-l)+S:;=0 )
s=l

+  ( k  +  2  -  ( r  +  l ) ) a (fc+ 2 - ( r + l ) - l ) ( n - l ) - j - £ ^ + i

-  (A: +  2 -  (r +  1) -  l ) a (j..+2_ (r+1))(n_ 1)+Er+i

>  a (A:+i)(n-i)+{'. by (26)

And hence inequality (25) is satisfied.

Secondly, we need to show that if for som e k' €  N>2, 1 <  r <  k' — 1, z’o =  

i', z’i , . . .  , i r €  N  such that io +  i i  <  (n — 2) and i j  +  i j+i  <  (n — 1) for 1 <  j  <  i—  1, 

there exists an so such that 1 <  so <  r, i So >  1 and I =  k(n  — l )  +  i =  (kr — so)(n — 1)

+  T,j°=ol then

(27) afc'(n-l)+tv <  a£'(n-l)-l

+  ((a{A'-0)(n-l)+E;®7l »i “  1) ~  a (*'-»o)(n-l)+E£0*>)

+  (a (*'-S)(n-i)+E ;=ofi_  a ^ '- sh,i- i )+E;=0fi)
1  <  s  <  r  

s  ^  S o

+  (kr -  r )a (fc/_r_ 1)(n_ 1)+E r=o ~ { k '  - r -  l ) a (fc/-r)(n - i)+E ;=o *u 

We consider three cases:

CASE A . First assum e that sq >  1 and that there exists t  E N such that 2 <  

s 0  — 2 t (<  s 0) and

f  n  — 1 i f  s0 — 2 t  >  2
*(.-2 0 -2  +  >(..-20-1 +  1 <  [ „  _  2 if ao _  2i =  2.
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Let t i  be the sm allest such t. Below  we will need that

(28) is0-2t  >  1 f°r all 0 <  t <  t i .

We prove this by induction on i .  If t  =  0, iSQ >  1 was assumed. So assume that

t >  0. Then zSo_2(t_i) >  1 and since *30_2(4_i) -f- <  n — 1, we have that

*so—2 (t—i)—i < n  — 2. So iso~2 (t—i ) —2 + * 50- 2 ( t - i) - i  =  n — 2 implies i so- 2t >  1- And we 

have (28).

We will also need that

5o-2t-l
(29) (k' — (so — 2t)) (n  — 1) +  i j  =  I +  tn  forall 0 <  t  <

j =o

Again we prove this by induction on t. If t  =  0, we are done since I =  (k‘ — so)(n — 1)

+  X^Lo* zi- assume that t >  0. Then we have that

50-24-1
{k' — (s0 — 2 t ) ) (n  — 1) -f- i j

i=o
so—2(4—1) —1

=  (k' — (s0 — 2 (t  — l) ) ) (n  — 1) +  2 (n — 1) +  ij  — (4So-24 +  *s0- 24-k)
j =o

=  / -j- (t — I)n +  2(n -  1) -  (f^0_2(£_ 1)_2 +  ^ ^ ( f . ! ) . ! ) ,  by induction

=  I +  (t — l )n  +  2(n — 1) — (n — 2), by the m inim ality of

=  I +  tn.

So we have (29).

Now for 0 <  j  <  r, define

{ ij  — 1 if j  =  s 0 — 21 and 0 <  t <  ti
ij  +  1 if  j  =  so — 2t  — 1 and 0 <  t <  ti

ij otherwise.
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Then i'- G N for all 0 <  j  <  r  (see (28)). i'Q +  i \  <  n — 2 and i'- -f z'-+1 < 7 7 . - 1  for 

1 <  j  <  r  — 1. Note that i' 2f 2 +  i' 2t , <  i  n  ̂ ^  S° ^  ~ .
“  - o - 2 t l - 2  * o - 2 t , - I  | n _ 2  i f  S „ - 2 ^ = 2

We have

■SO
(30) (a (t'-S)(n-i)+i:;r0i i ' -  a (fc'-5)(n-i)+E;=0i;)

S=Sq —2f i —1 

<1

-  5 Z ( a (fc'-(5o-2t))(n-l)+E ‘-i0o"2t)_I 0  + 1 a (*,- (» o -2 t)) (n -l)+ E ^ o 2t 0
i=0

+ a (A r'-(so-2t-l))(n-l)+E'=o"2° - 2 0 ~  a (* '- (^ -2 t - l) ) (n - l)+ E j°  o^"1 0  +  ̂

ti
— y ^ ( ( QG-tn+l — Ql+(£+l)n)

£=0

—a (fc,-(so-2£))(n-l)+Ej=o2t 0  + a (fcJ- ( « o - 2 t - l ) ) (n - l ) + E ‘3 r 2° “20 ^

ti
<  ^  ] ( ( a I+£n G/+(n—l)+£n)

£=0

+  ( - a (A:'_(So_2£))(n-l)+E;?=o2C0  +  V ' - (* o - 2 £ - l ) ) ( n - l ) + E ) l ° o _2t)_2 0  ^
ti

=  S ( a(fc'-(3o-2f))(n-l)+E^o2t_lO “  a (fc,-(*o-2£))(n-l)+E;°o2C0 
£=0

+  a (fc'-(so-2£-l))(n-l)+E)=0o_2£)_20 ~  a(fc,-(^ -2£-l))(n-l)+E ‘l0o_20_l 0^
SQ

=  (a ( i ' - s ) ( n - l ) + E J1: ol >'J ~  a (fc' - s)(n- 1)+ E j= o 0 )
s = s q  — 2 £ [  —  1

In the last inequality, we used (21).

B y 4.1(20), we have the first inequality below and by (30), we have the last inequality 

below. Hence,

r

a fc '(n -l)+ i' < a fc '( n - l ) - l  +  y " ! K f c '- s K n - l ) + T p f  »' ~  ^ ' - ^ ( " - O + E ^ o  «> )

s= 1
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+  (k' -  r )a (fc/_r_ 1)(n_ 1)+Er= < ) +  (k' — r  — l)a(fc'-r)(n-i)+E;=0 «')

so  —2£ i  —2

=&fc'(n-l)-l +  (a( i ' -S)(n-l)+E ;:,i ~  a (i'-^)(n-l)+E;=o >; )
5 = 1

SQ

+  (a (*'-«)(«-l)+E;-ol ij ~  a (*'-s)(n- 1)+E;=o ij )
s = s o  —2 £ j —1 

r

+  (a (Jfe'-,)(»-l)+E;=ol *i ~  a (fc'-^)("-l)+E ;=o ij )
S = S o  + 1

+  (fc' -  r )a (fc/_r_ 1)(n_ 1)+^ _ oij + ( k f - r  -  1 )a (Jfc#_r)(n_ 1)+£r

r

< a k ' ( n - l ) - l  +  U ~  a ( f c ' - s ) ( n - l ) + E ; = o o  )
S = 1

+  {k' -  r )a (fc/_r_ 1)(71_ 1)+E-=0 + ( k '  - r -  1 )a (fc'-r)(n -i)+E ;=0 b

and (27) is satisfied.

C a se  B . N o w  assume that So >  1 and that for ail t  £  N  such that 2 <  so — ‘2t (<

f n - 2  i f5o — 2t >  2
+  *(■.-»)-> =  | n _  3 if So _  2t =  2.

Let t \  be the largest t such that 2 <  so — 21 . So s 0 — 2t\  =  2 or 3.

su b c a se  1. s 0 — 2ti =  3

As before (see proofs o f (28) and (29)), it can be shown that

(31) iSo- 2 t >  1 f° r all 0 <  f <  fi +  1 and that

5 o - 2 t - l

(32) (k ' — (s0 — 2t ) ) (n  — 1) +  i j  =  I +  tn  for all 0 <  t <  t \  +  1.
i=o
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Now for 0 <  j  <  r, define

{ i j  — 1 if j  =  so — 2t  and 0 <  t  <  +  1
i j  +  1 if j  =  so — 2 t  — 1 and 0 <  t  <  t i  +  1 
i j  otherwise.

(Note: i '0  =  i 0  + 1  =  i' +  1, i[  =  i\ — 1 , . . . ) .  T hen i'- €  N  for all 0 <  j  <  r (see (31)), 

i'Q +  i[ <  n — 2 and +  z'-+1 <  n — 1 for 1 <  j  <  r  — 1.

We have,

(33)

Ofc'(n -l)H -» '+ l +  ^ ( a ( i l ' - j ) ( n - l ) + 2 ‘"o ij _  a (fc,-s)(n- l ) + E j = o  ‘j  )
5 = 1

«l +  l

=  S ( a (fc'-(5o-2U)(n-i)+E)=0o"2t)“l h+i ~~
£= 0

+ a (fc'-(So -2 t- l))(u -l)+ < o + E jf? r2t)-2h _  a W - ( so -2 t- l) ) (n - l )+ E jL o 2t_I 0 + ^

U +  l

=  ^ ^ ( ( a / + t n + l  ~  <2/+(f+l)n) 
t=0

+  ( —a (fc/_(S0_2t))(n-l)+E;°72t f> +  a (^-(50-2t-l))(n -l)+ t0+i:)!?l- 2t)_2 «j ^

U +  l

<  ^  ] ( ( a I+tn a l + ( n —1)+Jti)

£=0

+  ( - a (A.,_ (so_ 2t))(n_ 1 )+ E >0-2ttj +  a(Jfe/_(ao_2t-1))(n -1)+to+E‘4Or 2t)-a0))

=  E ( V - ( . - « , K n - X , + ^ ,  -  « ( , - ( . - 2 £ ))(n- 1)+E - ^
£=0

+  ^ ( k ' —(so —2£—l))(n —l)+ t0+ E j= i_2t)_2 *"> “  a ( f c '- ( * 0 - 2 £ - l ) ) ( n - l ) + E ‘40o-2 0 “ l ‘>^

$0

=  y ^ ( a f f c '- 5 H n - n + T ; - 1 ij -  a ( fc '- s ) (n - l)+ E i= o  ij ) (Note: If * =  t! +  I, »o -  2t -  1 =  0)
5 = 1

In the last inequality, we used (21).
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By 4.1(20), we have
r

afc*(n-l)+i'+l < a k - { n - 1)-1 +  i ' ~  “ ( ^ - ^ ( n - l J + E ^ o  )

5 = 1

+  (A;' — r ) a (^/_r_ 1)(n_ 1)+j : r=otv - f  (&' -  r  — l ) a ( fc/_r)(n_ 1)+^ r =o 

Hence by this inequality and (33),

Gfc'In-lJ+i' <  Gfc'(r.-1)-1 +  Gfc'(n-l)+i' ~  Gfc'(n-l)-H '+l 

r

+  5 3 ( a (Jfe,-*)(n-l)+E ;=0l f; ~  a (* '-»)(n-l)+E;=o^)
5 = 1

+  (k' -  r ) a (fc/_r_ 1)(n_ 1)+E;=0 «•' +  (A:' -  r  -  l)a (fc '-r)(n -i)+ £ ;=0 <,

r

<  Gfc'(n—1) —1 +  y ^ ( a ffc'-3H n-lI+^;rl - fl(l:'-s)(n -l)+ E ;=o 'j)
5 = 1

+  ( k '  -  r ) a (fc/_r_ 1)(n_ 1)+£ r =o tj +  (fc' -  r  -  l)G (fc '-r)(n-i)+ £;=0 h

and (27) is satisfied.

SUBCASE 2. s0 — 2ti  =  2

As before (see proofs o f (28) and (29)), it can be shown that

(34) is0- 2 t >  1 for all 0 <  t <  f 1?

s0—2i—1

(35) (k' — (so — 2t ) ) (n — 1) +  i j  =  I +  tn  for all 0 <  t <  t i
j =o

(36) and that k'(n — 1) =  / +  (tx l)n  -f- 1.
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Now for 0 <  j  <  r  +  1, define

0

oII

i' i f  j  =  1
i j - i  ~  1 i f  j  — 1 =  so — 2 t  and 0 <  t  <  t i
i j - i  +  1 i f  j  — 1 =  s0 — 2 t  — 1 and 0  <  t  <  t
Zj_l otherwise.

Then i'- E N for all 0 <  j  <  r  (see  (34)), Zo+z  ̂ =  V <  n — 2, +  =  z'+zh +  l  <  n —1

and i j  +  f'+1 <  n — 1 for 2 <  j  <. r.

We have,

so

(37) 5 ^ ( “ (fc'-,)(n-d +e ;=o1 ~  a (fc'-s)(n-d +e ;=o «%i )
s—1

*i

=  X^^a (/:'-(so-2f))(n-l>+.E)=V20"1h+l _  a(*'-(-0-2t))(«-l)+E^72‘ij 
£=0

+ a (fc,- ( » o -2 t - l ) ) (n - l )+ i : J -3 r2*,- 2 0 “  a ( fc '- ( so -2 t - l ) ) (n - l )+ i : ;o -2t- 1 O+l)

£i
=  ^ ^ ( ( a /+£n+l — aH-(t-f-l)„)

£=0

+  ( —a (A/-(*0- 2 £ ) ) ( n - l ) + £ 2 £ 2* 0 +  a (fc'-(so-2£ - l ) ) (n - l )+ 5: )5=0o_2t)“ 2 b  ^

£i
<  ^  ^( ( QH-tn. a l + ( n —l)-f£n)

£=0

+  ( - a (i-/_(S0_2£))(n -l)+E :;° ;2t«J + a (fc'-(s0-2 £ - l ) ) (n - l )+ 5 :^ =0- 2t)- 2 .J ))

+  a /+(£i + l)n — t-l)n+l ~  a/+(£l+ l)n+(„_l)  +  a /+ (f1+2)n

t i

=  X I ( a (A:'-(so-2i))(7l- l ) - H : ; ° o 2t_l i j  ~  a (fc'-(so-2£))(rl - l ) + E ; ^ 2C b
t=0

+  a (fc '-(so -2£-l) )(n-l> + i: ) l00" 20~2h ~~ a (fc/-(»0- 2t - l ) ) ( n - l ) + E ‘40o"2° ~ I ' P
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+  « f c ' ( n - l ) - l  — — <2(jt'H-l)(n-l)-l +  a ( fc '+ i ) (n - l )

So

— ' Y 2 ( a (k' -s){n- l)+E ; - 0l _  a (fc,-»)(^ -l)+E ;=o ij)
3 = 1

+  a k ’ ( n - 1) —1 — a j t ' ( n - l )  — <3(Ar,+ l ) ( n - l ) - l  +  a ( fc '+ l) ( , i - l )

In th e last inequality we used (21) and in the second to last equality we used (36). 

B y 4 .1(20), we have

a ( i t '+ l ) ( n - l )  <  a ( i ' + l ) ( n - l ) - l  +  ^ fc '(n - l )  ~  a jfc '(n-l)+i ' 

r+1

+  X ) ( a (^+i-^)(n-D +E;=ol ‘') _  a (*,+ i—)(" -i)+ E ;= 0 i;)
5 = 2

+  ((& ' +  1) -  ( r  +  l ) ) a ((fc/+1)_ (r+1)_ 1)(n_ 1 ) + i : r+(i f, 

+  W  +  1)  -  ( r  +  1) -  l ) a ( ( i ,+1)_ (r+1))(n_ 1 ) + E r+oi

H ence by this inequality and (37),

a & '(n - l)+ t ' <  aic'(n-1) —1 — <2fc'(n—1)—1 +  afc/(n_!) +  a(fc/+i)(n_ i )_ i  — a(fc/+ l)(„_ l)

SQ

+  X )^a(fc'- s)(n- 1)+i:;=ii) “  a(k'-sKn-i)+E:±[i')
5 = 1

r

+  (a (*'-»)("-i)+E>=o ^ “  a (fc/-* ) (" - i )+ E ;=o b )
5 = 5 0  +  1

+  ( k r -  r ) a (fc/ _ r _ 1)(n_ 1 )+ E  r=o q  +  (k '  - r -  l ) a ( f c ' - r ) ( n - i ) + £ ; =0 «> 

r

<  a v i n - v - i  +  X ^ a (*'-s)("-i)+E ;=o ij - ^ ' - S)(n-1 )+ E ;=0'j)
3 = 1

+  (k '  -  r ) a {/:(_ r _ 1)(n_ 1 ) + I : r=o ,v + ( k ' - r  -  l ) a ( f c '- r ) ( n - i ) + £ ;=0 b

and (27) is satisfied.
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CASE C . Now assum e that so =  1, then i' +  1 =  io +  1 <  io +  z’i <  n — 2. Hence by 

(22) and 4.1(20),

afc'(n-l)-H' <  (a(yfc'-l.)(n-l)+i' — 1) — OCfc'-lJfn-lJ+t'+l +  a*:'(n-l)+tv+ l

<  (aiAr'— l)+t'' _  1) +  a*/(n_ i)_ i — 0 (A:'_i)(n_ l)+t'+z-[ 

r

+  y ^ ( a f ^ - SH n -U + r p l  i3 -  a (k ' -s){n- l)+E)=o 0
3 = 2

(k‘ -  r)a^k' -r-i )(n- i)+J2j=Q  *j -  ( fe/ -  r  ~  1)a (*'-«-)(n-i)+E;=o*j

and (27) is satisfied.

Finally to finish the proof that a '  satisfies 4.1(20), we need to show that if

k' E N>2, 1 <  r <  k' — 1, i0 =  i ' , t \ , . . .  , i r 6 N  such that i0 +  i i  <  (n — 2) and ij  +

i j+i  <  (n — 1) for 1 <  j  <  r  — 1, and I =  k{n  — 1) +  i =  (k' — r  — l) (n  — 1) +  X^=o *71

then

(38)
r

a k>(n-i)+i> <  +  y ^ ( Qa-'-SH n-n-t-rplt, -  a(fc'-s)(*-]-)+x:;=ob)
5 = 1

+  (&' -  r )(a (fc/_r_ 1)(n_ 1)+E;=0 h -  1) -  (&' -  r  -  l ) a (/c/_r)(n_ 1)+E;=0 i}. 

We consider five cases:

C a s e  A . i r =  n — 2. Note: r  >  1 since io +  i i <  n — 2. Then by 4.1(20),

i—i

a&'(n-l)+i' <  a fc/(n_ 1)_ 1 +  5 3 (a(A:'-S)(n-l)+i:^-0l tj ~  a (*'-s)(^-l)+Ej=o b )
5 = 1

+  (k' -  (r -  l))«(A/-r)(n-l)+2:;-0l y _  ( fc/ -  r )a(*'-(r-l))(n-l)+E;ral h

i— 1

=  a fc '(n - l) - l  +  5 I ( a ( * ' - « ) ( n - l ) + £ J - 0l «> - a ( * ' - s ) (n - l )+ E ;= o b )
5 = 1
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+  (fc' - r ) ( a (A '-r -l)(n -l)+ E Jr=o'J+1 ~  O (t'-r)(n -l)+ E ;=0ij + l)

r —1

<  ~  “ t'-sJfn-ll+E jL o *> )
5 = 1

+  a (* '-r)(n -l)+ E J-0l

+  i k ' ~  r ) U a ( k ' - r - l)(n-l)+E ;=o 0 “  X) “  “ (fc'-rJIn-lJ+EJoO 0 ) ’ ^  (2 2 )

r

= flfc'(n-l)-l +  5 3 (a( '̂-s)("-l)+Ej=ol h ~  a (k' - s)(n~l )+^:=o *>)
5 = 1

+  (£' -  r )(a (Jfe/_r_ 1)(n_ 1)+Er_o0. -  1) -  (k' - r -  l)a(*'-r)(»-i)+EJ=0«,- 

and (38) is satisfied.

CASE B . r  =  1 and i r — n —3. Note that z0 =  V =  0 and / =  [k’ — 2)(n  — 1) +  {n — 

By 4.1(20),

< 2 ( j t ' + l ) ( n - l )  <  a ( f c ' + l ) ( n - l ) - l  +  a f c ' ( n - l )  ~  « £ / ( „ _ ! )  +  1 ) (»x—1) ~  a ( A : ' - l ) ( n - l ) + u + l

+  (k' — l)a(fc/_2)(n_ 1)+tl+1 — (k' — 2 )a (fc/_1)(n_ 1)+tl+i.

So we have

Gfc'(n-l) 1) —1 + «(Ar'-l)(n-l) + <Zl+l — 20/+n. + a/+n+l + 0/+2n-l ~  <2/+2n

+  (&; — 2)(a/+i — <z/+n)

<a*:'(n-l)-l + a(fc/_i)(n_i) + (a/ — 1) — Oi+(n—1)

+  (A:7 -  2)((a, -  1) -  a/+(n_1}), by (21) and (22)
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= a fc ' ( n - l ) - l  +  « ( fc '- l ) (n - l )  — a ( fc '- I ) (n - l )+ (n -3)

+  (k' — l)(a / — 1) — (k ' — 2)a(fc/_1)(n_ 1)+(n_3)

and (38) is satisfied.

For the rest o f the proof, w e assum e that

, . . f n  — 2 if r >  1
3 9  * r  <  < qI n — 3 if r  =  1

C a se  C. i r +  *r_ t <  2  r >  1  . B y 4.1(20),
n  — 3 it r  =  1

i—l
a - k ' { n - l ) + V  <  O fc '(n - l ) - l  +  ^ ( Q f f c z - s H n - D + ^ r l t ,  ~  a ( . k ' - s ) ( n - l ) + ^ =0 i ,  )

S= 1

+ f l ( A : ' - r ) ( n - l ) + j : ; - 0l i,  ~  a ( k ' - r ) { n - l ) + E J = o  h + l

+ ( k '  — r ) a ^ > - r - i ) ( , n - i ) i  j : rJ=0 0 + 1 — { k ' — r  — l ) a {fc/_r )(n _ i ) + £ j =0 ,-J+ 1  

r

<  afc'(n-l)-l +  5 3 ( a (fc'-s)(n-i)+Ej=o 0 ~~ a (fc'-s)(n- 1)+E;=oO)
S—1

+(fc ' -  r)(a(fc/_r_ 1) ( n - l ) + E ; =o0  ~  X) ~  _  r  ~  1 ) a (*,- r ) ( n - l ) + E ; = o ‘l  ^  (2 2 )

and (38) is satisfied.

So for the rest of the proof, we will assum e that

/ „■> • - f n — 2 if  r >  1
(40) lr +  lr- 1 =  S q • -C 1In  — 3 if r =  1.

C a se  D . A ssum e (39), (40) and that there exists t  E N  such that 2 <  (r + 1) — 2t (<  

(r +  1)) and

f n -  1 if (r +  1) — 2f >  2 
* ( ( r + l ) - 2 0 - 2  +  * ( ( r + l ) - 2 0 - l  +  1 < \ n _ 2 if ( r  +  1) -  2* =  2.
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Let fi be the sm allest such t. Below we will need that

(41) z'(r+1)_2i >  1 for all 1 <  t <  t x.

N ote that (39) and (40) im ply that f(r+1)_2 =  ir- i  >  1- The rest o f the proof is 

similar to the proof o f (28).

We will also need that
(r+l)—2t—1

(42) (k' — ((r +  1) — 2t) ) (n  — 1) +  i j  =  I +  tn  for all 0 <  t  <
j =o

The proof o f this is identical to the proof o f (29) with sq replaced by r  +  1.

Now for 0 <  j  <  r, define

[ i j  ~  1 if  i  =  (r +  1) — ‘2 t  and 1 <  t  <  t i  
i j =  < ij  +  1 if j  =  (r +  1) — 2 t  — 1 and 0 <  t  <  ti  

I i j  otherwise.

Then i j  E N for all 0 <  j  <  r  (see (41)), i'Q +  i'i <  n — 2 and z'- +  z'-+1 <  n — 1 for

n  — 1 if (r +  1) — 2 t i  >  2  

if (r +  1) — 2ti  =  2
We have

■ L U C U  I j  ^  I N  1 U 1 .  d i l l  U  J  /  ^ O C C  J L ) )  1 4 -Q  i  ^  • f '    * -  C t i l U .  C

1 <  j  <  r  -  1. Note that t'(r+1)_ 2tl_2 +  *'( r+ i ) -2 t l - i  <  j ” _ J |J

( 4 3 ) 5 3  ( a ( A ' - s ) ( n - l ) + ^ - 0l «' -  a ( * ' - s ) ( n - l ) + £ ; = o »' )
s= (r + l)-2 i!- l

+(fc/ -  r )a (*/_r_ 1)(n_ 1)+£ j =of*. + [ k '  - r  -  l)a(*'-r)(n-i)+j;;=0«;

=  ij+1 ~  a (* ' - ( (r + l) -2 0 ) (n - l )+ i : ) l+oI)_2t ht=1

+ a (*'-((r+ l)-24-l))(n -L )+E ‘Lro+l)_2C)"2 L ~  a (^ -((r+ l)-2 f-l))(n -l)+ E )L +ol)~2'_1

+ Ct(A:'-r)(n-l)+E;r0I ij ~  a{k'-r)(n-1)+£J=0 V+l

+(k '  -  r)a(fc»_r_ 1)(n_ 1)+2 ; =0fi +1 +  (&' -  r  -  l)«(*'-r)(n-i)+5:;=0 b+i
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11
—  y  ^(g f+ tn + l  — 0 / + ( t+ l ) n )  — O-l+n +  <*1+1

t=l

ti

+ 53̂  a (fc/- ( ( r+ l) -2 t) ) (n - l)+ i :( :+ l>-2t i j  + a (fc'_((r+1)_2 i-l))(n -I)+ 2 :< f:0+I>-2t) - 2 )
£=1

+ a ( A : ' - r ) ( n - l ) + i : ; r ol i j  +  ( k '  — r  — l ) ( c q + l  — d t + n )

t i

<  ’y  'X a i + tn  ~  a I+ (n-l)+£n) — O’l + n - l  +  (o / — 1)

£=1

h

+  53 ( a (fc'-((r+l)-2£))(n- l ) + 5 : ‘: t I)_2e i j  +  a (fc,- ( ( r+ l) -2 £ -X ))(n - l)+ i: '( :0+t>-2t) - 2 i ,  )

+ a (Jfc,- r ) (n- l)+ E ;= o  i j  +  ( ^  — r  — l ) ( ( a  ̂ — 1) — a /+ (n - l) )  

r

=  5 3  ( a ( * '- s ) ( n - l ) + £ ; r ol i j  -  a ( k ' - s ) ( n - l)+ E ;= o  i j  )

s= (r+ l)-2£l - l

=  (k' ~  r )(a (i./_r_ 1)(71_ 1)+j:j=o tv -  1) +  (k' -  r  -  l ) a (^ -r )(n -i)+ E ;.0 h 

In the last inequality, we used (21).

B y 4 .1(20), we have the first inequality below and by (43), we have the last inequality 

below. Hence,

r

a k > ( n - l ) + i '  < a k' { +  5 3 ( a ( f c '- s ) ( n - l ) + z ;^ i ' “  a (fc '-s )(n -l)+ E ;= o  )
5 = 1

+  (kr -  r )a (fc/_r_ 1)(n_ 1)+£ j =o ^ + ( k '  - r -  l ) a (fc'-r)(n-1)+E;=0

( r + l ) - 2 £ ! - 2

=a*,(n_ i )_ 1 +  y r  (a (fc '-5 )(n -l)+ E ;-0l i j  ~  a (^ -^ ) (" - l)+ Z ;= o  i j  ) 
5 = 1

+  53 (a (fc'-^)(n-l)+Z^0l i' - a (fc,_ s)(n-l)+£‘=0;')
s= (r+ l)-2 £ !- l
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(k' -  r )a (i,_r_ 1)(n_ 1)+£ j =o +  (k' — r -  l ) a (A:/_r)(n_ 1)+i:j=o {r

r

< a k - ( n - i ) - i  +  ] O a (fc '-* )("-i)+ £ ;= o  ^  ~  a (fc,- s)(^ -i)+ E ;= o  i3 )
5 = 1

+  {k> -  r ) { a {k._r_  l) (n - l)+ E ;=o h -  ! )  +  ( k> ~ r ~  1)a (* '-r )(n -l)+ i:;=o b 

and (38) is satisfied.

C A S E  E . N ow  assum e (39), (40) and that for all t €  N  such that 2 <  (r 4- 1) — 21 ( <

(r +  1)),

f n  — 2 if  (r 4-1) — 2 t  >  2

. ((r+1)- K>-i +  . (Cr+„ - a )- i  -  | n _  3  if (r +  1} _  2< =  2 .

Let t i  be the largest t  such that 2 <  (r 4- 1) — 2 t. So (r +  1) — 2fi =  2 or 3. 

SUBCASE 1. (r +  1 ) -  2*i =  3

As before (see proofs o f  (41) and (29)), it can be shown that

(44) Z(r-+1)_2£ >  1 for all 1 <  t <  t i  +  1 and that

(r+ l)-2£-l
(45) (k' — ((r 4-1) — 2t ) ) (n  - 1 ) 4 -  ^  i j  =  I +  tn for all 1 <  t  <  t \  4- 1.

j =o

Now for 0 <  j  <  r« define

f  i j  — 1 if j  =  (r 4- 1) — 2t and 1 <  t <  t i  4- 1 
J 4-1 if j  =  (r 4- 1) — 2t — 1 and 0 <  t <  t i  4- 1

(Note: i '0  =  i 0  4- 1 =  i' 4- 1, i \  =  ii — 1 , . . . ) .  Then i j  E N for all 0 <  j  <  r  (see (44)), 

i'o -M i <  n — 2 and z'- 4- z’j-+1 <  n — 1 for 1 <  j  <  r  — 1.

We have,

(46)
r

a*/(n_ 1)+f» -  a*/(tt_i)+f*+1 4- 5 I ( a (*'-*)(n-i)+Ei=i i' ~  a W -s)(n-i)+£j=o*;)
5 = 1
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+(& ' — r)a(A:/_r_1)(n_1)+2:r= o +  ( k '  — r  -  l)a (fc '-r)(n -1)+ £ ;=0ij 

tt+ i

=  5 I ( V ' - ( ( r + l ) - 2 t ) ) ( n - l ) + E “=ro+ l ) _ 2 t ) _ l U + l  ”  V - ( ( r + l ) - 2 0 ) ( n - l ) + £ < I + l ) ~ 2 t iJ 
£=1

+ a ( f c ' - ( ( r + l ) - 2 £ - l ) ) ( n - l ) + , o + E y = ? l ) _ 2 0 - 2  U ~  a ( * - ( ( r + l ) - 2 £ - l ) ) ( n - l ) + i ; £ + l> -a ‘~ l

+ G(A:'-r)(n-l)+E;=ol i j  ~  a { k ' - r ) ( n - l ) +  £ ; =0 f,-+l +  a (fc '-r - l)(n -l)+ i:;=0 *i+l

+ ( k '  -  r  -  l ) ( a (^ - r - 1)Cn-i)+ E ;«0 ij+ 1 -  a (fc'-’-)(" -i)+ E ;= o‘V+i)

£1 +  1

=  ^ ^ ( a Z+£n+l — a Z +(f- f l)n )  — a l + n  +  a l + 1 
£=1

ti+1

+  X J^ _ a (fc'-((r+l)-2£))(n-l)+E‘r=+0l)''2£U +  a (^-((r+l)-2£-l))(n-l)+i0+E'L?l)_2t)

+ a ( j t ' - r ) ( n - 1) + j : ; - 01 ij +  ( k '  — r  — l ) ( a / + i — a [+n)

£l +  l

<  ^ ~ ] ( g / + t n  — a i + ( n- l ) + £ n )  — ^ Z + n - l  +  ( a l  ~  1 )
£=1

il+I

+  ^ ^ _ a (A:'-((r+l)-2£))(n-l)+i:<I+1)_2t 0 +  a (^H(r+l)-2£-l))(n-l)+.o+E“r fl)-20

+ a (Jfc'-r ) ( n - l ) + E ; = o  h  +  ( k '  ~ r  ~  l ) ( ( a Z — 1 )  ~  f l Z + n - l )  

r

=  5 Z ( a ( * ' - * ) ( » - l ) + E > = o l i J “  a (fc' - s )(n “ 1) + S j = o L )
5—1

+ (fc ' -  r)(<z(fc/_r_1)(n_1)+£r=o — 1) +  (A:' — r — l)a(jfc'-r)(n-i)+j;;=0 i,

In the last inequality, we used ( 2 1 ) .  B y 4 . 1 ( 2 0 ) ,  we have

r

a* :'(n -l)+ « '+ l < a k ’ ( n - 1)-1  +  fc '-sIfn -U +T T pl ■' — a (* '-s )(» i- l)+ E j=o «’' )
S=1

+  (k ' -  r )a (jfe/_r_ 1)(n_ i )+2 ;=0i; +  (k' - r  — 1 )a(*,_r)(n_x)+£r=
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Hence by this inequality and (46),

<  <2fc'(n-l)-l +  <2fc'(n- l)+ i' ~  ajk'(n-l)+«'+l

r

+ ] O a(fc'-s)(n-l)+£;rol»-; -  a(*'-*)(n-l)+E;=o^)
5 = 1

+  (Ar' -  r )a (fc,_r_ 1)(n_ i)+E r= o +  (k' - r -  l)a(t'-r)(n -i)+E ;=0

r

<  +  X ^ ( a (^-^)("-i)+E;=ol u - a (*'-*H »-i)+E;=o«i)
5 = 1

+ (A:' -  r)(a(*'-r- 1)(n-i)+£;=o«, -  1) +  (Ar' -  r -  l)a(jfc/_r)(B_1)+j;jr=ofj

and (38) is satisfied.

SUBCASE 2 . (r +  1) — 2 =  2

As before (see proofs o f (41) and (29)), it can be shown that

(47) z’(r+i)_2t >  1 for all 1 <  t <  i i ,

( r+ l) -2 £ - l

(48) (k' — ((r +  1) — 2t)) (n  — 1) +  i j  =  I +  tn for all 0 <  t <  t\
j =o

(49) and that k (zz — 1) — I -(- (f^ 1 )zz -F 1-

Now for 0 <  j  <  r  +  1, define

0 if J = 0  
i' if j  =  1
i j -1  — 1 if j  — 1 =  (r +  1) — 2 t  and 1 <  t <  t i
i j - 1  +  1 if j  — 1 =  (r +  1) — 2 t  — 1 and 0 <  t  <  t i .

Then z'- G N for all 0 <  j  <  r  (see (47)), Zo+z’i =  z' <  n — 2, i[ +  i '2  =  z'+z'i +  l  <  rz — 1

and i j  +  z'-+1 <  rz — 1 for 2 <  j  <  r.
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We have,
r

(s ° )  X ^ a (fc'-*)(*-i)+£;=o tj+i ~  a (fc'-5)(n-i)+E;io *;+i)
5 = 1

+  (A:' -  r ) a (i./_r_ 1)(n_ 1)+ i:r=otj+1 -  (£' -  r  -  l ) a (A/_r)(n_ 1)+Ej=o t-J+1

t i

=  0+1 “  a (*,-(('-+l)-2£))(n-l)+E'lo1)_2t
£=1

+ a (fc'-r)(n-i)+E:;-(; o -  a (*,-'-)(n-i)+E>=0 o+ i +  a (^'-’--i)(n-i)+E;=0 o+i

+(&  — r  — l)(fl(fc'_i—i)(n—i)+£J_„ ,j+1 — 1̂ + 1 )

h

=  5 Z ( - a (*/-((r+l)-2£))(n-l)+i:'l+ol)_2t0 +  " C (̂ -f-1)-2f -1)) (rz-1) 1' _2° "
t  =  1

11
+ a (fc'-r)(n-l)+£:;-010 +  y ^ ( Q/+tn+l ~  «/+(£+l)n) ~  Ct£+n +  <*/+1

£=1

+(& ' — r  — l ) ( a /+1 — a/+n)

<i

-  X ^ ( - a (A='-(('-+l)-2£))(n-l)+E^1>"2£0 +  V M (r4U )-2£-l))(n -l)+ £y=r0+1)- 2t>-
t=l

«l
+a(fc/_r)(n_ 1)+£ j - (5 ,v +  ai+tn — a/+(n_ 1)+tn) — a;+n_i +  (a; — 1)

£=1

+ a /+(£l + l)n — ai+(£! + l)n+l — a/+(£l+ l)n+(n-l) +  <Zr+(*l+2)n

+ (k '  — r -  l)((a / -  1) -  a/+n_ !) by (21) and (22).

In the last inequality we used (21) and in the last equality we used (49).
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B y 4 .1(20), we have

<  a(fc-+1)(n_ 1)_1 +  ak'(n- 1) — a&/(n_i 

r+l

5=2

+  ( ( fc/ +  1 )  — ( r  +  l ) ) a ((*'+1)- (r+ 1) - l )(n - 1)+ E ^ 5 i ;

+  ( ( * '  +  1 )  —  ( r  +  1 )  -  l ) a ((fc/+ 1 ) _ (r + 1 ) ) (n _ 1 ) + i : j + i  i>.

Hence by this inequality and (50),

C‘k ' ( n - l ) + i ’ <  a k ’( n - 1) —1 ~  ( „ _ j.) _ t +  <2fc'(n _ i )  +  a( fc / + i ) ( n _ i ) _ i  —  a( fc/+ i ) ( n _ x )

r

+  y ^ ( a (fc/ - * ) ( n - l ) - n ; : = l  -  a ( k ' - s K n - l ) + j : ‘ ± l  « ' )
5 = 1

+  ( k f -  r )a (fc#_,— i ) ( n - i ) + y ) J _ 0 tj+i. — (&' — r — l ) a (^ _r)(n_ 1)+£ j =o b+i

r

<  a f c ' ( n - l ) - l  +  $ ^ ( a ( * ' - « ) ( n - i ) + E > = o fi  _  a (fc,- s)(n - 1) + E ; = o h )
5 =1

+  ( k '  -  r ) ( a (Jfc/ _ r _ 1)(n _ 1 ) + E ; _ o f j  -  1 )  +  ( k '  -  r  -  l ) a ( f c ' - r ) ( n - i ) + £ ; =0 h  

and (38) is satisfied.

□

4 .3 . C orollary. C $ ( B m )

P r o o f. (T he proof is similar to that of Lemma 2.2).

Let a  =  { a a} s>o G 5at. We use induction on X^>o as to show that b =  Uqq <g) a  <8> 

0 ® tw A0 £  $(H jv). If Z)s>oas =  O5 since as G N  for all s, then as =  0 for all s , so 

6  =  $ ( ( < £ , . . .  , <f>)) G  $ ( B n ) .  If H ) s > o  a s  ±  0, let a  =  ( . . . ,  0, a / , . . .  , a 0 )  with a ,  ^  0
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then as in the second part of the proof o f Lemma 2.2, there exists a k £  I  such that 

ek(b)  =  efc(uoo ® a  0  0) 0  t NAo =  0  efc(a  0  0) 0  t NAo ^  0. efc( a  0  0) =  efc(a ) 0  0

(see th e beginning o f the proof of Lem ma 4.2). By Lemma 4.2, e t (6 )  E Bjv- By  

induction, ek(b)  E $ ( B n ). So b =  f k(ek(b))  E $ ( B ty ) .

□

4 .4 . L e m m a . Let k E N > i, r  E N such that 1 <  r <  k — 1, A:o =  k, k i , . . . , kr E 

N, i  =  z'o,. . .  , i r £  / \ { n  — 1} such that f o r  1 <  s <  r,  {ks-.x — l) (n  — 1) -f- <

— 1) +  i s, and c E N>i such that c <  k — r.

I / Y  =  E B i and fo r  s > 0 ,  as is defined as in 3.17, then
r

^  >( Q ( fcJ - l —l ) ( n ~ 1 ) + L - I  a k,{n—l ) + x 3 ) + c a (fcr - l ) ( n —l ) + t ' r  —  ( c  l ) a t r ( n — l ) + i ' r

s =  1

>  # { t  : t =  k — 1 and y k~i <  — i} .

P r o o f . N ote 1: For all 1 <  s <  r, ks-.x — 1  <  ks.

N ote 2: For all 1 <  s  <  r, (k — 1) — s <  ks_ x — 1. (Proof: If s =  1, k  — 2 <  k — 1.

Assum e s >  1; then (k — 1) — s =  (k — 1) — (s — 1) — 1 <  &s_2 — 1 — 1 <  ks_ x — 1.)

r

^  1 ( a ( ^ - l - l ) ( « - l ) + G - l  <2fc3 ( n - l ) + « a )

5 = 1

+ c a (c_ 1)(n_ 1)+ir — (c -  l ) a fcr(n_ 1)+lv

r

=  : 0 — * -  — 1) and y t < ( t -  (ks~i — 1))(«  — i)  -  L j-i}
5 = 1

—# { t  : 0 <  t  <  ks and y t <  (t  — £:s)(n — 1) — i5})
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4 . A  S E T  O F  IN E Q U A L IT IE S  D E S C R IB IN G  B(ATA0) A N D  B(ao). 94

+ CCt(fcr —l)(n—l)+t'r (C — 1) a k r ( n — l)+t'r

r—1
=  y  ] (t^{^ ; 0 <  £ <  A: — 1 — s and y t <  (t — (A:s_ i — l))(rz  — 1) — zs_ i}

5=1

—# { t  : 0  < t  <  k — 1 — s and y t <  (t — ks )(n — 1) — zs})

+ # { t  : 0 <  t <  k — 1 — r and y t <  (t — (fcr- i  — l))(ra — 1) — zr- i }

— : 0  < t  <  k — 1 — r and y t <  (t — kr )(n — 1) — zr}

r

+  ^  ( # { i  : k — s < t  <  — 1) an d y t <  (t — (ks- i  — l) ) (n  — 1) — is- i }
5=1

—# { t  : k — s <  t <  ks and y t <  (t — ks )(n  — 1) — zs})

—l)(n—l)+x'r (C 1) a k r ( n  — l)+t'r

>  # { t  : 0 <  t  <  k — 1 — r and yt <  ( t  — (&r_i — l)) (n  — 1) — z’r- i }

—# { t  : 0 <  t <  k — 1 — r and y t <  (t  — kr )(n — 1) — zr}

+ # { f  : t  =  k — 1 and z/f <  —z}

r—1
+  ^  ( # 0  '■ k — s — 1 < t  <  ks — 1 and y t <  (t — (ks — l) ) (n  — 1) — z's}

S=1

—# { t  : k — s <  t <  ks and y t <  (t  — ks)(n — 1) — zs})

—# { t  : k — r  < t  <  kr and y t <  (t — kr)(n — 1) — z’r}

+ c # { t  : 0 <  t <  kr — 1 and y t <  (t — (kr — l) ) (n  — 1) — z’r}

—(c — 1) # { f  : 0 <  t  <  kr and y t <  (t — kr)(n — 1) — zr}

(Here we have used the fact that (&s_ i — l)(rz — 1) +  zs_ i <  ks(n — 1) +  i s•)

R e p r o d u c e d  w ith  p e rm is s io n  o f  th e  c o p y r ig h t o w n e r . F u r th e r  re p ro d u c tio n  p ro h ib ite d  w ith o u t p e rm is s io n .
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=  # { t  : t  =  k  — 1 and y t <  —z}

i—i

+  E (« ‘ : k — s  <  t <  ks and y t~\ <  (f — ks)(n — 1) — z'a}
5 = 1

—# { t  : k — s <  t  <  ks and y t <  (t — ks)(n — 1) — zs})

+ c # { £  : 0 <  t <  kr — 1 and y t <  (t — (kr — l ) ) (n  — 1) — zr}

—c # { t  : 1 <  t <  kr and y t <  (t — kr ){n — 1) — z’r}

—c # { t  : t  =  0 and y 0  <  (t — kr )(n — 1) — zr}

+ # { t  : 0  <  t <  k — 1 — r  and y t <  (t — (Av_x — l) ) (n  — 1) — zr_ i}

>  # { t  : t =  k — 1 and y t <  —z’}

+ c ( # 0  : 1  < t  <  kr and y t~i <  (t — kr )(n — 1) — zr}

—# { t  : 1 <  t <  kr and y t <  (t — kr)(n — 1) — zr})

—c # { t  : t  — 0 and yQ <  (t — kr )(n — 1) — zr}

+ #  { t  : 0 <  t  <  k — 1 — r and yt <  (t — (&r- i  — 1))(^  ~  1) — V - i}

(by 3.16(1))

>  # { t  : t =  k — 1 and yt <  — z}

—c # { t  : t =  0 and y 0  <  (t — kr)(n — 1) — zr}

+Hz{ t  : 0 <  t <  k — 1 — r  and y t <  (t — (fcr_i — l ) ) ( n — 1) — *V-i}

(by 3-16(1) )

R e p ro d u c e d  w ith p e rm is s io n  o f  th e  c o p y rig h t o w n e r. F u r th e r  re p ro d u c tio n  p ro h ib ite d  w ith o u t p e rm is s io n .
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>  # { t  : t  =  k  — 1 and yk-i  <  —i} ,

since by 3.16(1), if  y 0  <  —kr(n — 1) — i r , then for all t  E N,

Vt <  t { n - l ) + y 0

<  (t  — kr)(n — 1) — i r

<  (t  — (&,._! — l)(ra — 1) — i,—i by assum ption.

Hence, in this case

# { t  : 0  <  t  <  k — 1 — r  and y t <  (t — (kr- 1 — l) ) ( n  — 1) — zr- i }  — k — r  >  c.

□

4 .5 . L e m m a . / / Y  G S i and for  s  >  0, a s is as defined in 3.17, then

{flj}s>0 £  Si-

P r o o f . Let Y  =  {yjt}fc>o. For k €  N  and i 6  / \ {n  — 1},

a k(n-i)+i =  #{-s : 0 <  s  <  k and y s <  (s  — k)(n  — 1) — i } .

(1) a0 <  1.

(2) For f c e N  and 0 <  i <  n — 3,

aJfc(n-1)+i+1 :=  # { s  : 0 <  s <  k  and y s <  (s  — k)(n  — 1) — f — 1}

=  # { s  : 0  <  s <  k  and y s <  (s — k ) (n  — 1) — i}

—# { s  : 0  <  s  <  k  and ys =  (s  — k)(n — 1) — i — 1}

—  •̂k(n—! ) + « '•

R e p ro d u c e d  w ith  p e rm is s io n  o f  th e  c o p y rig h t o w n e r. F u r th e r  re p ro d u c tio n  p ro h ib ite d  w ith o u t p e rm is s io n .
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(3) For k  E N>i and i E / \ { n  — 1},

: =  # { «  : 0 <  s  <  k  and ys <  (s — k)(n — 1) — 2}

=  # { s  : I <  s <  k  and ys <  ( s  — k)(n — 1) — i }

+ # { s  : s  =  0 and y 0  <  —k(n  — 1) — 2'}

=  # { s  : 0 <  s <  k — 1 and ys+i <  (s — (k — l) ) (n  — 1) — 2}

+ 7r{5 : s =  0 and yo <  —k(n  — 1) — 2’}

<  a(fc_i)(n- 1)+f +  # { 5  : 5 =  0 and y 0  <  —k(n  -  1) — 2}, by 3.16(i)

<  a (fc-l)(n-l)+i +  ^ f c ( n - l ) - l j

since if yo <  —k(n  — 1) — i, by 3 .16(i),

Vs <  -s(n — 1) +  y 0  <  (s — k)(n — 1) — 2 for all s  E N:

<  ( s - f c ) ( n - l )  +  l .

Hence a*(n_i)_ i =  a(A._1)(n_ 1)+(71+2)

=  # { s  : 0 <  s <  k  — 1 and ys <  (s — (k — l ) ) (n  — 1) — (n — 2)}

=  # { s  : 0 <  s <  k  — 1 and ys <  (s — k)(n  — 1) +  1}

=  k.

(4) For k  E N >i, 1 <  r  <  k — 1, i 0  =  i E A { n ~  1}? *1?• • • , 2r €  N,

ak(n-i)+i — #{-s : 0 <  s <  k  and ys <  (s — k){n — 1) — 2}

R e p ro d u c e d  w ith  p e rm is s io n  o f  th e  c o p y rig h t o w n e r. F u r th e r  re p ro d u c tio n  p ro h ib ite d  w ith o u t p e rm is s io n .
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=  : 0 <  s <  (k — 1) and ys <  (s — k)(n  — 1) — z}

+ 7 r{s : s  =  k and yk <  —*}

<  a(fe-1)(7i - 1)+(n-2) +  # { 5  : s  =  k  and y k <  —1}

since — (n — 2) >  — (n — 1) — i

<  a ^ n -i)-!  +  # { s  : s =  k  — 1 and yk- 1 <  —i }  by 3.16(1)

r

<  Gfc(n-l)-! +  ( a (fc -d (n -l)+ E ;rol ij ~  a (* -5 )(n -l)+ E ;=0 o )
5 = 1

+ ( k  -  r )a (fc_r_I)(7,._1)+E-=o tj

- ( k  -  r  -  l)a(fc—r)(n—i)+ e;=0

by Lemma 4.4.

□

4 .6 . C o ro lla ry . $(Z3,v) C B.v for  N  E N.

P r o o f. If Y  =  ( Yi , . . .  , Yn)  G B,y, then for 1 <  j  <  N . Yj E B\,  and for s E N ,  

as(Y ) =  By Lemma 4.5, for 1 <  j  <  N ,  {a s(Y})}s>0 G Si.  Hence

{«2s(Y ) } s>o G S n - The Corollary now follows from the definition of $  and the 

definition of Bjv-

□

4 .7 . T h e o r e m . =  ®n f or N  £  N. Hence if  1 and l' are as in 3.17,

then ®  idyvAo) 0 t N\ 0 { B ( N A 0)) =  BjV f o r  N  G N.

P r o o f. (Corollaries 4.3 and 4.6 and Theorem 3.32.) □

R e p ro d u c e d  w ith  p e rm is s io n  o f  th e  c o p y r ig h t o w n e r. F u r th e r  re p ro d u c tio n  p ro h ib ite d  w ith o u t p e rm is s io n .
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4 .8 .  T h e o r e m . Let z. =  ( . . .  , 0 , 1, . . .  , n — 1, 0 ,1, . . .  , n — 1, 0) and  

d  =  {n — 1 , . . .  , 2,1,  n — 1 , . . .  , 2 , . . .  , n  — 1, n — 2, n — 1). Then the image o f  is 

the set o f  all elements o f  the form

Uoo ® • • - <g> &„_i( —a x) <g> 60(—a0)

® (6 n - i( -a i(n - i) )  <2> • • - <S> 62(—a 12) <2> &i(—a n ))  <g> (6n_ i ( —a2(n-i)) ® - - • <8> 62(—a 22))

®  ®  (^n—l( ^ (n—2)(n—1)) ®  ^n—2( ^ (n —2)(n—2)) ®  1( ^ (n —l)(n—1))

szzc/z £/zai

o <  <  afc(n_2) <  . . .  < a kk f o r  1 <  k <  n — 1,

if  k G N  an<f z G I \ {0,zz — 1},

«fc(n-i)+i <  —ak(n- i ) - i  +  <2(i—i)(n-i)+t' i f  k €  M>! and z G A { n — J-L

r

a *(n -l)+ i a k ( n - l ) - l  +  X ^^a (fc--s)(n- 1)+Dj=o U <Z(A:-'sKTl-1)+ 5Z.;=o h )
5=1

+  (k -  r )a (fc_r_ 1)(n_ 1)+2:;=0 fj- -  (A; -  r -  l ) a (fc_r)(n_ 1)+Er=o 

if  k G N>2, r G M sac/z that  1 <  r <  A: — 1, z =  z0, z’i , . . .  , zr G N,

*o +  i \  <  (rz — 2), and  i j  +  i j+i  <  (n — 1) f o r  1 <  j  <  r  — 1.

P r o o f . (Theorem 2.3, Lemma 2.5, T heorem  4.7 and Corollary A .4).

□

4 .9 . Here we show that every inequality  in 4.1(1S) is needed to define 5V  (for 

N  >  1).

R e p ro d u c e d  w ith p e rm is s io n  o f  th e  c o p y rig h t o w n e r. F u r th e r  re p ro d u c tio n  p ro h ib ite d  w ith o u t p e rm is s io n .
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Let A; E N and i  E 7 \{0 ? n ~  1}- For s E N define

f  — i  — 1 if 0 <  s  <  k
V s  : =  \I 0 otherwise

Then Y  :=  {ys} s>o €  B\.  For t  E N, let at :=  o-tiX) be as defined in 3.17. Then

f  1 if  t =  k"{n — 1) +  j  for 0 <  k" <  k  and 0 <  j  < i  
0 otherwise

For t  E N, define a't := \  1 . - N ote that since

B y Lemma 4.5, {o.t}t>o £  Si  C S n , i.e. {a £} £>o satisfies 4.1(17)-(20).
at — 1 if t =  k(n  — 1) +  i — 1 
a t otherwise

a&(n-i)+i-i =  1, €  N  for all t E N. We will show that {a £}t>o satisfies all of

the inequalities in 4.1(18)-(20) except for

(51) ajt(n_i)+t- <

The only inequality in 4.1(18) in which appears in the right hand side

is (51), so all o f the other inequalities are satisfied by o- Since a'k n̂_^+i =  1

and =  0, 51 is not satisfied.

Since =  0, then

a (fc+l)(n-l)+£-l <  +  j-a(fc+ l)(n -l)-l +  a fc(n_i)+t'-l-

This is the only inequality in 4.1(19) in which a ^ n_ 1j+I_ 1 appears in the right hand 

side; hence all o f the inequalities in 4.1(19) are satisfied by {a (}£>o-

Now let k' E N>2, 1 <  r  <  k' — 1 and z’o, i i , . . .  , E N  with iq +  z’i <  n — 2 and 

i j  +  i j +1 <  72 — 1 i f l  <  j  < r  —1. Suppose k(n — l )  -f i — 1  =  (A/ — s 0)(n — lJ +  ̂ yLo1 

for som e 1 <  so <  r  +  1. Then

S O  — 1

k(n  — 1) +  i  =  (k' — •So)(n — 1) +  ^   ̂ i j  +  1
j=o

R e p ro d u c e d  w ith  p e rm is s io n  o f  th e  c o p y rig h t o w n e r. F u r th e r  re p ro d u c tio n  p ro h ib ite d  w ith o u t p e rm is s io n .
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<  (V  -  s 0){n  -  1) +  (50 -  1)(™ ~  1) +  * 0  +  1 

=  (fc'— l) (n  — 1) +  *o +  1

<  (fc' -  l ) (n  -  1) +  (n -  2)

<  k ' { n -  1)

<  k'{n — 1) -f- io-

Hence a;fc,(n_ l)+l-0 =  a*'(n-i)+fo =  °-

I f  s 0 =  1 ,  a ( f c '_ i ) ( r . - l ) + « o  =  a n ( ^ ^  ^  — S °  “  r  +  1 ,  a ( fc '_ so ) (n - l )+ 5 Z J=o h

. = 1 — 0 =  1- Also, for all 1 <  s  <  r : —d(fc'-s)(n-i)+2j=o0a ( f c ' - s o + l ) ( n - l ) + E ^ o  i j

a(, - ( s+i))(n-i)+E;=o  ̂ ^  °- So in either ca5e’

E L i K t ' - K n - D + r ; - 1 ^  -  + ( A ' “  ‘K — i + s ; , , . - ,

— (A/ — V l ) a (fc'—r)(n—l)+Z)=o Vi

=  <2(fc' —l ) ( n —l)+«o  +  E ^ = l ( - a ( f c ' - « ) ( « - i ) + i : i - o ' - J +  a ( f c ' - ( * + 0 ) ( n - D + E ; - o « i )

+  {k' -  r )(a (fci_r_l)(n-l)+5ZJ=0 *J “  a(i'-0(n-l)+£;=oiJ)

>  1-

Hence

r

Ofc'(n-l)+io =  0 -  +  “  a (fc'—s)(*i—l)+Zj=o *>

-J- (fc  r’) a ( f c ' - r - l ) ( n —l ) + H j = o ‘j

— (fc T l ) a(fc'—r ) ( n —l)+5Z>=o *»’

and { a j } f > 0  satisfies 4 .1(20).

R e p ro d u c e d  w ith  p e rm is s io n  o f  th e  c o p y rig h t o w n e r. F u r th e r  re p ro d u c tio n  p ro h ib ite d  w ith o u t p e rm is s io n .
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4 .1 0 . Here we show that every inequality in 4.1(19) is needed to define S/v 

(N  >  1). Let k  E N>i and i  E I \ { n  — 1}. For s E N, define

{—(k  — l) ( n  — 1) — i  — 1 if  s  =  0
(s — k)(n  — 1) — i — 1 if 1 <  s  <  A;

0 otherwise.

Then Y  :=  {2/s} s>o €  B\.  If at =  at (Y ) ,  t E N, is as defined in 3.17, then
L^zrJ + 1  if 0 <  t <  (k -  l ) ( n  — 1) +  i

Qt =  \  L^rrJ if (& — l ) ( n — 1) +  i  ̂ <  k{n — 1) +  i
0 otherwise.

By Lemma 4.5, {a t}*>0 E Si,  i.e. { a t } t>o satisfies 4.1(17) - (20). For t E N, define

, J at — 1 if t  =  (k  — l ) ( n  — 1) +  i 
at otherwise.

at =

Note that a[ E N for all t , since a(fc_i)(n_ i)+:- =  k >  1.

We will show that {a  t}t>  o satisfies all of the inequalities in 4.1(18) - (20) except

for

(52) a *(n-l)+{ ^  +  a ( & - l ) (n - l )+ f

If i ^  n 2, then ^^(n—i)—i — ^(k— i)(n—i)+(n—2) — k  1. If i ti 2, then

a i- (n - l ) - l  =  a (Jb-l)(n-l)+(n-2) =  a (fc-l)(n -l)+ (n-2) 1 =  A: 1. AlsO, afc(n_ 1j+l- =  k

and ajjt-ijfn-ij+i =  A: — 1. So in either case, 52 is not satisfied.

Now if j  E I \ { n  - 1}, i =  n - 2  and j  ^  i, then a*(n_ 1)+J- =  k and a'(Jb_ l)(n_ l)+y =  

k. Hence a'fc(n_ 1)+y <  +  a/(t_ 1)(n_ 1)+y. So the only inequality in 4.1(19)

which is not satisfied by {aj}t>0 is (52).

Now if i  <  n — 3, ^ A. _ 1^ n _ 1 j + t -+ 1  =  k  — 1 and =  A; — 1. So all of the

inequalities in 4.1(18) are satisfied by {a't} t>0.

R e p ro d u c e d  w ith  p e rm is s io n  o f  th e  c o p y rig h t o w n e r. F u r th e r  re p ro d u c tio n  p ro h ib ite d  w ith o u t p e rm is s io n .
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Now let k' €  N>2, 1 <  r  <  k' — 1 and z'o, n , . . .  , *r E N  w ith i 0 -j- z’i <  n — 2 and 

i j  +  ij.fi <  (n — 1) i f l  < j  <  r — 1. We want to show that
r

( 5 3 K - ' ( n - l ) + i  <  a k ’( n - 1)-1 +  S ^ a ( f c ' - » ) ( n - l ) + E ; i  0  “  a (fc,- s ) ( " - 1)+ I3 ;= i  ) 
s = l

+  (fc' -  ^ ) « ( f c ' - r - l ) ( n - l ) + E ; = 0‘J +  (^' -  r -  l)a(*/_r)(n-i)+E;=0 *V 

We consider three cases.

C ase  1 (k — l ) ( n  — 1) +  i =  k'{n — 1) — 1.

Then k' =  k  and i  =  n — 2. Hence a'k(̂n_ l)+io =  ak(n_ l)+io =  k  and =

k  — 1. B y Lem m a 4.4,

^ s = i ( a ( f c ' - s ) ( n _ i ) + E j r 0l i j  ~  a ( k ' - s ) ( n - 1) + '5 2 j= o i^

+ ( k r -  r )a (fc'_r_i)(„_i)+^;=0 — (kf — r  — lK ( fc'_r)(„_i)+£ ; =0 i,

=  X 2 s = l ( a (fc/- s ) ( n - l ) + E j r 01 i j  - a ( l ' - s ) ( n - l ) + E L o ‘J

+ ( k '  -  r ) a {k'-r-iUn-i)+Y : r]= 0  h ~  ( k> -  r  -  l ) a ( f c ' - r ) ( n - i ) + E ; = 0 h 

>  # { t  : t  =  k — 1 and y k- v <  — z} =  1.

Hence (53) is satisfied.

C a se  2 (k — l ) ( n  — 1) +  i =  (k' — l ) (n  — 1) +  i0.

Then k =  k' and io — i. So afc/(n_i)+,-0 =  k and a/fc<(u_ 1)_1 =  k — 1. So to get (53),

we need to show that

r

(54) ( a (fc -^ ) (n - i )+ E ;= o l ij ~  a (k— Kn- 1)+'£Ui ' J
5 = 1

+  ( k  —  r ) a ( f c - r - l ) ( n - l ) + E ; = o  i j  -  -  r  “  1 )<2(fc—r —l)(n —l)+ E J = o  *j

>  1-

R e p ro d u c e d  w ith  p e rm is s io n  o f  th e  c o p y rig h t o w n e r. F u r th e r  re p ro d u c tio n  p ro h ib ite d  w ith o u t p e rm is s io n .
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Let Y'  be the tableau obtained from Y  by removing the last two boxes o f the first

two columns o f Y. So Y '  =  {z/s}s>o? where

{ —(k  — l)(n  — 1) — i  if  s  =  0 or 1
(s — k){n  — 1) — z — 1 if 2 <  s <  k

0 otherwise.

Then Y'  €  Bi  and if  a" :=  a t(Y')  for t €  N is as defined in 3.17.

" L^rJ +  1 if 0 <  t <  (fc — l ) ( n — 1) +  i

a" =  < if ^  “  1^ n ~  !) +  * “  1 <  fc(n “  1) +  *
f j k  — 1 if t  =  k(n  — 1) +  i

y 0 otherwise.

N ote that if 0 <  t  <  k (n  — 1) -F i, a" =  a't, and that for all 1 <  s <  r,

s - l

(k -  s ) ( n - l )  +  <  k(n — 1) +  i.
3 = 0

Hence by Lemma 4.4,

r

5 T ^ a ( f c - s ) ( n - l ) + E ; = o  ij ~ a (fc- s ) ( ^ - l ) + E j = o  «,)
5 = 1

+  ( f c - r ) a ' ( ^ 1)(n_ 1)+Er=o tj — (k — r  — l)a(*_i)(„_i)+£ ; =0 b

>  # { t  : t =  k — 1  and y 'k_ L <  —z}

>  1-

Hence (54) and (53) are satisfied.

C a se  3 (k — l)(rz — 1) +  i =  (k' — s0)(n — 1) +  ^ iL o* zi  ôr some 2 <  s 0 <  r +  1.

If 0 <  s <  s 0 — 2,

5o — 1

k{n — 1) +  i  =  (k' — s 0 +  l) (n  — 1) +  i j
i=o
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s—1 so—1
=  (k' -  s )(n  -  1) +  ^  ij  -  (so ~  5 -  l)(rc -  1) +  zi

i=o i=s

S—1
<  (k' - s ) ( n  -  1) +

j=o

S
<  (k' -  s)(n  -  1) +  y ^ J j -

j=o

Thus

0 =  a'k’(n-l)+i0 =  G*'(n-1)-1 =  a (fc'-s)(n-l)+£;“o*J

=  “ (Ar'-sJIn-lJ+^^o.j f° r all 1 <  s <  So — 2.

So we need to show that

r

(55) ^ 2  â (*'-s)(n-i)+i:;r0l ij ~  a (^-s)(«-i)+E;=o«J
5—So — 1

+  (k' -  r)a[k)_r_ l){n_ l ) + z r=o ,v

-  (W — r  — l ) G(fc'-r)(n-L)+5:jr=o h 

>  0.

S u b c a s e  a  Suppose so <  r.

Let k" €  N  and i" £  I \ { n  — 1} be such that (k ' — (s0 — 1))(«  — 1) +  X)yLo2 zi 

k{n  — 1) +  i — 2So- i  =  k"{n — 1) +  i". (Note: k" >  k' — s 0  +  1 >  k' — r +  1 > 2 . )  

If z*0_ i <  2, then k" =  A;, 2" =  2 — 2So- i ,  and =  yk =  —2 — 1 <  —2".

If 2*0_ i >  2, then k" =  k — 1, i" =  (n — 1) +  i — 2*0_ i, and yk» =  yk- 1 

—(n — 1) — 2 — 1 <  —2'".

So in either case, # { £  : £ =  k" and yk"-i  <  —i"} =  1-
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B y Lem m a 4.4,

r

(a(k'~S)(n~i)+e;=o1«v ~  a(fc' - s)('i-D +E;=ou)
5—50 — L

+  (k  r)a(£/_r_i)(n_i)4.£j_0 ij

-  ( k ' - r -  1 )a (fc/_r)(n_ 1)+E;=o 

>  1,

and (55) and (53) are satisfied.

S u b c a s e  b Suppose so =  r +  1.

Since (k  — l) (n  — 1) +  i <  k(n  — 1) +  i — i r <  k(n  — 1) +  i ,

, , _  J k — 1 if ir >  i
V - r ) ( n - l ) + £ ; r ol ij =  a * (n -Q + i-‘V =  \  jf  - <

Then

a [fc'-r)(n - l ) + £ ; - 0l ij +  _  r ) ( a ( fc '-r - l) (n - l)+ £ ;=0 ij “  C(/:'-'-)(n-l)H-£jr=o 0 )

k — 1 +  ( k' — r ) (k  — 1 — k) if i r >  i
k +  (k' — r ) ( k  — 1 — k) if i r <  i

k — 1 — (k ' — r) if zr >  i
k — (k' — r ) if zr <  z

>  0,

since (k' — r ) (n  — 1) +  ]Cy=o =  ^(n — 1) +  * im plies k' — r <  k  and if zr >  z, 

k' — r <  k. So (55) and (53) are satisfied.
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Appendix A

In [C li98] and [L it98], the authors prove that if g is o f type A n- i  and t = 

(n — 1 , . . .  , 2,1,  n — 1 , . . .  , 2 , . . .  n — I, n — 2, n — 1), the image of ^  is the set of all

elem ents of the form

(56)
Uoo<g>(&7i - i ( - a i ( „ _ i ) ) ® . . .<g> b2{—a l2)<® &i(_ a n ) )® (&n - i ( —G2 (n - 1 )) ®  • - - ®  b2( - a 22)) 

(g) . . . 1)) ®  bn—2( ^(n—2)(n—2))) ®  bn—\ ( Q(n—l)(n—1))

such that

(57) 0 <  1) <  <2yt(n-2) <  ■ ■ ■ <  akk {or 1 <  k <  Tl — I.

In this appendix, we use our results from Chapter 2 to give an alternative proof 

of this result.

A .I .  Let g =  s(n, n > 2  and I  — { 1 , 2 , . . .  , n — 1}. In [K N 94], it is shown that

the crystal graph of B { A i) is given by [T] — n —2 n-I I [n] and that

if we view B ( N Ai) as a subset o f B { Ai) <g) • • • ® B { A i) ( N  — tim es), then

B ( N A i )  =  { |q i | (g) • • • <g) a x  : for 1 <  j  <  N, aj €  N  and n >  ai >  . . .  >  aw >  1}.
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A .2. L e m m a . Define the map  $  : B ( N A X) —>• B ( oo ) ® B,  ® T^Al 6y, /o r  

n >  ai >  —  >  ajv >  1,

3>(| fli |®  • • • ® j ajv D =  Uoo (g) 1( Cn—i ) ® . . .  ® 6 i(—cL) ® 0 <g> f,vAl

where f o r  1 <  k  <  n — 1, Ck '■= # { t  : a t >  £:}, and 0 z.s as defined in the last  

paragraph o f  2.1.

Then $  =  ( ' f £ ® idjVA, ) o riVAl -

P r o o f. Let 6 =  | g t | ® • • • ® |~a/v] G B ( N A x). Then vvt(6) =  E y l i  vvt( aj  ) =  

E f =1(A i -  Ei<fc<aj a * =  N A i -  E f = i  E i < k < aj a k =  N A x -  J2nkZl CkOCk. Hence

(^ t ® idyvA!) o t;vat (&) =  $ (6 ), since $(6) is the only elem ent o f {woo} ® Hn- i  ® - • • ®  

Hi ® { 0 }  ® 7atAi whose weight is equal to the weight of b.

□

A .3 . L e m m a . Im<3? =  { uqo ® 6n_ i( —Cn-i) ® . . .  ® &i(—ci) ® 0 <g> ^ A t :

/o r  1 <  /  <  n — 1, q  6 N  and N  >  Ci >  . . .  >  c„_i >  0}.

P r o o f. Let S  be the set in the right hand side o f the above equality. Let n >  a x >

. . .  >  a/v >  1. If T  is the Tableau with a x boxes in the first column, a2 boxes in the  

second colum n, . . .  , and aA- boxes in the N th colum n, then for 1 <  j  <  n — 1,

cj :=  # { t  : a t > / }  =  #: of columns in T  which have >  j  boxes

=  #  of boxes in th e ( j  +  l ) s4 row of T.

Hence N  >  cx >  C2  >  . . .  >  On-X >  0, and Im $ C S.

Now let N  >  C\ >  c-2 >  . . .  >  Cn-i >  0. If T  is the Tableau with N  boxes in the I s4 

row, ci boxes in the 2nd row, . . .  , and c„_x boxes in the n th row, and if for 1 <  t  <  N ,
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at : = #  o f boxes in the t th column of T, then n >  ai >  . . .  >  a^  >  1 and for

1 <  j  <  n — 1,

Cj =  #  o f boxes in the (j +  l ) sf row of T

=  #  of colum ns in T  which have >  j  boxes =  # { t  : a t■ >  j } .

Hence $ ( | Qi 1® • • -® | Q/v |) =  Uoo®&n-i(—c „ _ i)® ..  -(E)6i(—C i)® 0® tivAl and S  C Im $.

□

A .4 . C o ro lla ry . [C li98] ImTt is the set  o f  all elements o f  the form in (56) which 

satisfy (57).

P r o o f . (Induction, Theorem  2.3, Lemma 2.5, Lem m a A .3 and Lemma A .2.)

□
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