University of Alberta

PRACTICAL DIVERSITY COMBINING SCHEMES FOR
GENERALIZED FADING CHANNELS

by

©

Sasan Haghani

A thesis submitted to the Féculty of Graduate Studies and Research in partial
fulfillment of the requirements for the degree of Doctor of Philosophy

Department of Electrical and Computer Engineering

Edmonton, Alberta
Fall 2007

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3

Library and Bibliothéque et

Archives Canada Archives Canada

Published Heritage Direction du

Branch Patrimoine de I'édition

395 Wellington Street 395, rue Wellington

Ottawa ON K1A ON4 Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 978-0-494-47639-0
Qur file  Notre référence
ISBN: 978-0-494-47639-0

NOTICE: AVIS:

The author has granted a non-
exclusive license allowing Library
and Archives Canada to reproduce,

publish, archive, preserve, conserve,

communicate to the public by

telecommunication or on the Internet,

loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

L'auteur a accordé une licence non exclusive
permettant a la Bibliotheque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par I'Internet, préter,
distribuer et vendre des theéses partout dans

le monde, a des fins commerciales ou autres,
sur support microforme, papier, électronique
et/ou autres formats.

L'auteur conserve la propriété du droit d'auteur
et des droits moraux qui protege cette thése.
Ni la thése ni des extraits substantiels de
celle-ci ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

In compliance with the Canadian
Privacy Act some supporting
forms may have been removed
from this thesis.

While these forms may be included
in the document page count,

their removal does not represent
any loss of content from the

thesis.

Canad;

Conformément a la loi canadienne
sur la protection de la vie privée,
quelques formulaires secondaires
ont éteé enleveés de cette thése.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



To Laleh,

My love, soul mate and best friend

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Abstract

Spatial diversity employing multiple antennas is an effective method for mitigating
the effects of fading in mobile communication systems. One of the simplest and lowest
complexity diversity methods used for the mitigation of the deleterious effects of
fading channels is switch-and-stay combining (SSC). In the first part of this thesis, we
study the performances of predetection and postdetection SSC receivers in correlated
fading channels. Tractable analytical expressions are obtained for the average symbol
error rate (SER) of various modulation formats of practical interest. It is shown that
the performance gain of postdetection SSC over predetection SSC can be as much as
1.1 dB in average signal-to-noise power ratio (SNR). In the second part, we examine
the performances of noncoherent modulation schemes with L branch signal-plus-noise
(S+ N) selection combining (SC) receivers in independent as well as correlated fading
channels. We compare the performances of S + N SC receivers with the classical
SC receiver and show that, unlike as suggested by previously published results, the
performances of S + N SC receivers are not always superidr to the performance of
the classical SC receiver, if the receiver is operating in the low SNR region. However,
for moderate to large average SNR, we show that S + N SC can have a gain of 1.5
dB in average SNR over classical SC, when operating in correlated fading channels.

In the last part of this thesis, we propose and examine the performance of a dual-

branch decorrelator receiver in correlated fading channels. It is shown that the receiver
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does not need any knowledge of channel statistics to perform the decorrelation. It
is observed that the decorrelator receiver when combined with switched combining
and classical SC is superior to the performance of a conventional switched combining
and classical SC receiver, respectively. The gain of the decorrelator receiver over the
conventional receiver is shown to be as much 2.8 dB in average SNR when SSC is

employed.
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Chapter 1

Introduction

Wireless technology is the foundation for the much anticipated ubiquitous commu-
nication systems that allow people and machines to transfer and receive information
on the move, anytime and anywhere. Wireless systems operate on complex and time
varying channels that introduce severe multipath and shadow fading to the prop-
agating signal. This places fundamental limitations on the performances of mobile
communication systems. Many methods such as linear diversity combining techniques
are used to overcome the effects of fading.

In this chapter, we first give a brief review of fading channels and we introduce
some linear diversity combining techniques which are used to overcome the effects
of fading. Next, we introduce system performance measures which are widely used
in assessing the performance of various digital communication systems. Finally, we

conclude this chapter with the thesis outline and a summary of contributions.

1.1 Fading Channels

When a steady-state, single-frequency, radio wave is transmitted over a multipath

channel, the envelope amplitude of the received signal is observed to fluctuate in
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time. This phenomenon is known as fading [1] and its existence constitutes one of
the limitations of mobile communication design. In the following sections, fading

channels are categorized.

1.1.1 Slow and Fast Fading Channels

Fading channels can be categorized as fast fading or slow fading channels [2], [3]. The
terminology fast fading is used to describe channels in which the channel coherence
time, Ty, is less than the time duration of a symbol transmission, T,. The coherence
time is a measure of the expected time duration over which the channels response
is essentially invariant. In fast fading channels 7y < Ts, and the time in which
the channel behaves in a correlated manner is shorter than the time duration of the
symbol. In contrast, under slow fading Ty > 75, and so the channel state will virtually

remain unchanged during the time in which the symbol is transmitted.

1.1.2 Small- and Large-Scale Fading Channels

Another categorization of fading channels is large-scale and small-scale fading [2], [3].
Large-scale fading represents the average signal power attenuation or path loss due
to the transmission of the signal over large aréas. The statistics of large-scale fading
provide a way of comparing an estimate of the path loss as a function of distance,
where path loss is defined as the received power expressed in the terms of transmitted
power. Small-scale fading refers to dréfnatic changes in signal amplitude and phase
that can be experienced as a result of small changes ( as small as one-half wavelength )
in the spatial separation between the receiver and the transmitter. Small-scale fading

is further categorized as frequency selective and frequency non-selective fading.
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1.1.3 Frequency-Selective Fading Channels

In frequency-selective fading, as the name suggests, the frequency components of the
transmitted signal are not attenuated equally by the channel. Frequency-selective fad-
ing is found in wide-band systems whére the bandwidth is greater than the coherence
bandwidth. Coherence bandwidth is defined as the range of frequencies over which
the fading effect introduced by the channel is highly correlated [3]. In other words, the
coherence bandwidth represents a range of frequency over which the channel passes
all spectral components with approximately equal gain and linear phase. One of the
consequences of frequency-selective channels is the time dispersion in the transmitted
signal which limits the system performance by causing intersymbol interference in the

detection process.

1.1.4 Frequency Non-selective Fading Channels

A fading channel is called non-selective if all the frequencies are affected in the same
manner. Narrowband systems, \&here the; transmission bandwidth occupied by the
signal is smaller than the coherence bandwidth, experience non-selective fading.

In a frequency non-selective channel the phase and the amplitude of the signal are
affected. The phase is usually assumed to have a uniform distribution in [0, 27]. For
the envelope of the transmitted signal, however, many different distribution models
have been proposed in the literature.‘ The most well known distributions are the
Rayleigh, Rician and Nakagami-m distributions. The probability density function
(PDF) for each of these distributions and short descriptions of the environments in

which these models are used, are given below.
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1.1.4.1 Rayleigh Distribution

In a rich scattering environment where there is no line of sight (LOS) between the
receiver and the transmitter, the envelope of the fading signal is modeled with a
Rayleigh probability density function (PDF) [4], [5]. The PDF of the fading ampli-
tude, a, is given by |

fla, Q) = %exp(—-%—:), @3>0 (1.1)

where Q) = E[o?] is the average fading. Note that E[] denotes the expectation oper-

ation.

1.1.4.2 Rice Distribution

Some types of scattering environments have a specular or LOS component. This
happens in microcellular urban and suburban land mobile, picocellular indoor and
factory environments. In these environments the Rice distribution is used to model

the fading amplitude o and its PDF is given by [4]

fla; L K) = M—lgfvg—zexp (——K—-(l—_'_——é—()—a—z> Iy (204 M) , a>0

where K is the Rice factor defined as

_Specular component power 52 (1.3)
~ Scattered component power {2 )

and E[o?] = s? + Q and where I(-) denotes the modified Bessel function of the first
kind of order zero. Note that for X = 0, this model reduces to the Rayleigh model

and for K = oo, the channel does not exhibit fading at all.
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1.1.4.3 Nakagami-m Distribution

The Nakagami-m model was first developed by Nakagami in early 1940’s. It is of-
ten the best fit to land mobile and indoor mobile multipath propagation as well as

ionospheric radio links [4]. The PDF of the fading amplitude « is given by [4]

2m™mo2m1 mao?
. _—a _ > .
flo;92,m) T () exp ( q ) , a>0 (1.4)
where m is the fading parameter defined as
02 1
B — > —.
TEEE-) "2

As was stated earlier the Nakagami-m distribution has better accuracy in matching
experimental data than the Rayleigh and the Rice distributions. The parameter m
controls a wide range of fading models. For m = % and m = 1 the Nakagami-m dis-
tribution reduces to the one-sided Gaussian and Rayleigh distributions, respectively.

Also, as m approaches 400 the pdf becomes an impulse function located at v/Q,

which corresponds to a channel with no fading.

1.2 Diversity Methods

Diversity is an effective method that exploits the principle of providing the receiver
with multiple faded replicas of the same information bearing signal [4]. To understand
why diversity can be an effective method to improve the system performance, assume
that the receiver has L independent copies of the transmitted signal. Then if p
denotes the probability of any given branch being in a deep fade, then the probability
of having an all the branches being in deep fades will be p* [6].

Diversity can be achieved by several methods. Some are antenna diversity, angle
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diversity, polarization diversity and frequency diversity. The most well known diver-
sity method used in wireless communication systems is antenna diversity. Diversity
combining schemes can be categorized as predetection and postdetection combining
schemes. Diversity combining that takes effect at radio frequency (RF) is called pre-
detection combining, while diversity combining that takes effect at baseband is called
postdetection combining.

Lets assume that there are L diversity branches at the receiver and each branch
undergoes frequency nonselective fading. The signals that are received at the diversity
branches could be combined in different ways. Depending on the bit error rate (BER)
requirements of the system and the constraints on the complexity one can choose a

diversity combining technique.

1.2.1 Classical Selection Combining

In selection combining (SC) the input having the largest signal-to-noise ratio (SNR)
among L possible branches is selected for data detection. The output SNR of SC can

be expressed as
¥sc, = max{y} =y (1.5)
where 7y(;)’s are the ordered SNR'’s of the diversity branches, i.e., vy > v > -+ >

Y)- Note that in the analysis of classical SC, such as that presented in [5], it is

assumed that in measuring the largest SNR, the average noise power, computed as

n2(t) = 1 /OT n?(t)dt (1.6)

T

is taken over a sufficiently long time 7 such that it can be assumed constant over all
branches [7]. Therefore, in the analysis of classical SC, choosing the largest signal

magnitude is considered equivalent to choosing the largest SNR.
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1.2.2 Signal-plus-Noise V(S + N) Selection Combining

In a practical communication system employing classical SC, one needs to measure
the SNR. on each diversity branch in order to choose the largest for data recovery.
This however, might be expensive or difficult especially for high signaling rates. As
a result, the branch with the largest signal-plus-noise (S + N) sample at the output
of the matched filter is selected for data recovery. We refer to this combining scheme

as S+ N SC.

1.2.3 Maximal Ratio Combining

In this method, the signals from L branches are weighted proportionally to their
SNRs, co-phased and then summed. Brennan [1] has proved that the output SNR of

the MRC combiner is equal to the sum of the branch SNRs, that is

L
YMRC = Z’Yi-
i=1

If the branches are independent and identically distributed and the signals have equal
energy, then it can be shown that MRC is equivalent to maximum likelihood (ML)

detection [4, pp. 280-281]. Note that MRC is used with coherent modulation systems.

1.2.4 Equal Gain Combining

In MRC, the receiver has to estimate both the phase and the amplitude of the com-
plex channel gain and is expensive to implement. Equal gain combining (EGC) is a
simpler diversity method, where the branches are co-phased and are equally weighted,

alleviating the need to estimate the amplitude of the channel.
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1.2.5 Square-Law Combining

In square-law combining (SLC), the outputs of the square-law detectors are summed
to form the final decision. For orthogonal digital modulation with noncoherent de-
modulation and independent and identically distributed (i.i.d) diversity branches, the

optimum diversity combining techniqu‘evis SLC [8].

1.2.6 Switch-and-Stay Combining

Switch-and-Stay Combining (SSC) is a combining scheme designed to simplify the
complexity of a classical selection combiner. As mentioned earlier, in a classical SC
receiver the system has to monitor all the branches to find the branch with the best
fading conditions. In SSC, however, the receiver selects a particular antenna until
its quality drops below a predetermined threshold. When this happens, the receiver
switches to another antenna and stays connected to it until the signal quality drops
below the threshold, regardless of whether the quality of that antenna is above or
below the predetermined threshold. |

We note that switching transients will cause “dead times” (locally generated out-
ages) in the receiver. However, switching rate analyses of SC and SSC systems have
only been recently considered in the literature [9], [10], [11]. For example, Beaulieu
has obtained analytical expressions for the switching rates of dual-branch SC and
SSC systems [11]. We do not consider the deleteroius effects of switching transients

in this thesis.
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1.3 System Performance Measures

In this section we briefly introduce three measures which are widely used in evaluating

the performance of wireless communication systems.

1.3.1 Mean Output SNR

One of the most well known performance measures of a communication system is the
mean output SNR at the combiner output. The mean output SNR is often used as
a comparative performance measure in communication systems and can be obtained
as [12]
o0
7= [ e (1.7)
0

where f,(-) denotes the pdf of the combiner output.

1.3.2 Outage Probability

The outage probability of a system is defined as the probability that the instantaneous
error probability exceeds a specified value or equivalently, when the probability of ~
falls below a certain threshold -y, [12]. That is,

Veh

Pout = o fv(7)d7' (18)

1.3.3 Average Bit Error Probability

The most well known performance measures of a communication system are it’s av-
erage BER and average symbol error rate (SER). One way of obtaining the average

BER/SER is by averaging the the conditional bit error probability in a static (non
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fading) channel over the signal fading. That is

R(E) = / " BB £y (). (L.9)

The average BER/SER is a very good indicator of the system behaviour and the one

most often illustrated in documents containing system performance evaluations [12].

1.4 Thesis Outline and Contributions

In Chapter 2 we study the performance of predetection dual-branch SSC in correlated
Rician fading. Analytical expressions are derived for the average SER of several
modulation formats of practical interest with predetection SSC in correlated Rician
fading. Analytical expressions are also derived for the mean output SNR and the
outage probability of dual-branch predetection SSC in correlated Rician fading.

In Chapter 3 the performances of two dual-branch postdetection SSC receivers op-
erating in slow, frequency nonselective correlated Rayleigh and Rician fading channels
are analyzed. For each receiver structure analytical expressions are derived for the
average BER and average SER of noncoherent binary frequency shift keying (BFSK)
and noncoherent M-ary frequency shift keying (MFSK) in correlated Rayleigh and
Rician fading. For Rayleigh fading, the impact of fading power imbalance is also
studied. The effects of important parafneters, such as the correlation coefficient, fad-
ing power imbalance and fading factor, on the performances of these postdetection
SSC receivers are analyzed. The performances of the postdetection SSC receivers are
compared to the performance of the predetection SSC receiver obtained in Chapter
2 and it is observed that postdetection SSC outperforms predetection SSC.

In Chapter 4 we study the performance of two S+N SC receivers with noncoherent

BFSK and noncoherent MFSK in independent but not necessarily identical (i.n.d)

10
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Rician, Nakagami-m and Rayleigh fading channels. For each receiver, we obtain
average SER and BER expressions in terms of single integrals with finite integration
limits. In addition, we analyze the performance of classical SC in i.n.d fading channels.
Our analytical expressions are validated using extensive Monte Carlo simulations.
Our results indicate that, unlike as suggested by previously published results, the
performances of § + N SC receivers are not always superior to that of classical SC
in fading and depend on the value of the SNR, the modulation order, the diversity
order, the multipath intensity profile and the fading parameter of the channel. It is
further shown that increasing the number of diversity branches in a S+ N SC receiver
does not necessarily decrease the probability of error if the system is operating in the
low SNR region. The performances of S + N SC schemes are also compared to the
performances of EGC and SLC receivers.

In Chapter 5 we generalize the results of Chapter 4 to correlated Rayleigh and
Rician fading channels. The branches are assumed to be equally correlated for Rician
fading. For Rayleigh fading, the correlation model is more general than the equally
correlated scenario and includes it as a special case. For each receiver structure, we
obtain analytical results for the aVerage BER of noncoherent BFSK and noncoherent
MFSK in the format of double integrals which can be easily computed using Gaussian
quadrature techniques. The effects of diversity order, correlation and the fading
parameter on the performances of S+ N SC receivers are studied. Several numerical
examples are presented to compare the performances of S + N SC receivers with
classical SC. For example, in the case of equally correlated Rician branches, it is
shown that the performance gap between S+ N SC and classical SC increases as the
correlation among the diversity branches increases.

In Chapter 6, we propose a new dual-branch decorrelation receiver and analyze

11
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its performance with classical SC, SSC, EGC and SLC in correlated slow, frequency
nonselective Rayleigh and Rician fading channels. We show that the decorrelator
receiver, when combined with classical SC and SSC, can improve the performance
of the system as much as 2.83 dB in average SNR. It is shown that the decorrelator
receiver and the conventional dual-branch receiver have the same performance if SLC
is employed. For the decorrelator receiver with SC and SSC important performance
measures such as the average BER of several modulation schemes of practical interest,
mean output SNR and outage probability are computed. Our results show that the
outage probability of the decorrelator receiver can be reduced by as much as one-sixth
relative to the outage of the conventional receiver in some scenarios. On the other
hand, it is shown that decorrelation has no benefit for dual-branch MRC and negative
benefit for dual-branch EGC.

Finally, the conclusions and a sumrhary of the thesis is presented in Chapter 7 as

well as some suggestions for future research.

12
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Chapter 2

Predetection Switched Combining in

Correlated Rician Fading

2.1 Introduction

The application of SSC systems has been suggested for low complexity receivers where
the number of diversity branches is equal to two [13]. In this chapter, we consider
the performance of dual-branch predetection SSC in correlated Rician fading in con-
junction with several modulation formats of practical interest. The performance of
predetection SSC systems has been thoroughly investigated in correlated Rayleigh
and Nakagami-m fading channels [14], [15]. However, the performance of predetec-
tion SSC in correlated Rician fading is not well studied in the literature. To the best
of the author’s knowledge the only reference that has results on the subject is [16],
where the performance of noncoherent BFSK is analyzed. In [16], the authors have
used the probability density function of the bivariate Rician distribution to obtain
their results which are in the form of triple integrals and are difficult to compute. In
this chapter, using a different approach to that of [16], we obtain analytical expres-

sions for the average SER of several types of modulation formats in correlated Rician

13
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fading. For example, for noncoherent BFSK, our result is given in closed-form and is
much easier to compute than the triple integral given in [16].

Using these analytical expressions, optimum switching thresholds that minimize
the average SER can be obtained. The validity of our analytical results are tested
using Monte Carlo simulation. The performance of predetection SSC is compared
to classical SC. The effects of correlation coefficient, fading parameter and switching
threshold on the performance of predetection SSC systems are investigated.

The remainder of this chapter is organized as follows. In Section 2.2, the system
model and the structure of the receiver are introduced. In Section 2.3, analytical
expressions are derived for the performance of various modulation formats with dual-
branch predetection SSC in correlated Rician fading and optimum switching thresh-
olds that minimize the average SER are obtained. Furthermore, analytical expressions
for the output average SNR and outage probability are derived. In Section 2.4, some
numerical examples are given and the validity of our analytical results are tested
via Monte Carlo simulation. In addition, the effects of fading correlation and fading
parameter on the performance of SSC systems are demonstrated via some numerical

examples. Finally, some conclusions are given in Section 2.5.

2.2 Switching Mechanism

The switching mechanism is as follows. We assume that the switching is performed
at discrete instants of time ¢ = nT where n is an integer and T is the time interval
between switching times [17]. For instance, in a packet based communication system
T could be the time between the transmission of packets. The fading on each diversity

branch is assumed to be slow and frequency nonselective and the Rician model is used

14
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to characterize the fading statistics. The fadings on the two branches are assumed to
be correlated with correlation coefficient p.

Let yssc(n) denote the output of the switch at time ¢ = nT and let v;(n) and
72(n) denote, respectively, the instantaneous SNR on channels 1 and 2 at time ¢ = n7T.
We assume that the fadings on the two diversity branches are correlated. We further
assume that the average SNR on the two branches are identical, ie., ¥ = 7, =
2. Let ssc(n) denote the instantaneous SNR at the output of the switch at time
t = nT. The system operates as follows. Suppose that the switch is connected
to Antenna 1(Antenna 2), i.e., vssc(n) = n1(n){(ssc(n) = ¥2(n)). The switch will
remain connected to Antenna 1 (Antenna 2 ) as long as the SNR on channel 1 (channel
2) is above a predetermined threshold. If the SNR on channel 1 (channel 2) falls
below the predetermined threshbld, the system will switch to Antenna 2 (Antenna 1)
regardless of the value of SNR on that branch. In mathematical terms, yssc(n) can

be written as [17, eq. (3)]

eso(n) = m(n) if Yssc(n—=1)=m(n—1) 7n)2nr (2.12)

Yssc(n = 1) =m(n—1) y(n) <nr

vssc(n) = ve(n), as above with interchanging ~; and 7, (2.1b)

where 77 is the switching threshold on either channel. Following the analysis in [16],

the CDF of vssc can be written as

Frsso() = Pr(ny <m <)+ Pr(m < z,7 < nr) (2.2)

where we have dropped the dependence on n for notational simplicity. Eq. (2.2) can

be alternatively written as

Frsso () = (By(2) = Ey(nr)) w(z — 1) + Fy (2, 11) (2.3)

15
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where u(-) denotes the unit step function and F,(-) £ F,,(-) = F,,(:) and E,, ., (-, )

denote the marginal and the joint distributions of the RVs ~; and 79, respectively.

2.3 Error Rate Analysis

For a Rician faded environment, with fading parameter K, one can show that F,(-)

is given by
Fy(z)=1-G1 <V 2K, ?‘(‘1—_%-@2> (2.4)
where @Q1(-, ) is the first order Marcum-Q function and is defined as [18, eq. (4.11)]
0 2 2
Q1(a,b) =/ T exp (——m ;—a ) Ip(ax)dz (2.5)
b

and where Iy(-) is the zero-order modified Bessel function of the first kind [19, Section
8.43] given by

_ o (z/2)*
Io(x)—; G (2.6)

Following the procedure in [20, Section III.A], one can show that F.,, .,(z,nr) can

F’Yl,’Yz(m’nT)_/O (1 Ql( 1-p’ 7(1=p) ))

- 2pv 2(1+ K)nr
* <1 _Q1< 1-p\ 3(1-p) )) 27)

be written as

16
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Using [18, eq. (B.31)], (2.7) can be simplified as

Fom(@nr) =1~ (ﬁ[?, 2(1_4;1(_)3;)

o (m 2(1+K)77T> +/°°exp <_U__zg)

P P )

(2.8)

Substituting (2.4) and (2.8) in (2.3), we obtain a general expression for the CDF of

vssc in correlated Rician fading as

Fro(e) =1+ Q1 (ﬁf? 3@7}1) (ule —nz) — 1)

- Q1 <\/—> M)( (x—nr)+1)

L0 5 R
o ) )

2.3.1 Moment Generating Function

The moment generating function (MGF) is calculated in this section. The MGF can
be used in the calculation of the average SER as well as in the calculation of the
moments of the predetection SSC output SNR. The MGF of predetection SSC can

be obtained using

Dy (s) = /000 exp(sz) frgso (T)d. (2.10)

To avoid calculating f,.(+), using integration by parts, we transform (2.10) into

Bo(s) = s /0 " exp(s2) Py (2)da (2.11)

17
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Substituting (2.9) in (2.11), changing the order of integration where necessary and
after many mathematical manipulations and integral evaluations we obtain a closed-

form expression for the MGF of predetection SSC in correlated Rician fading as

(I)SSC( ) f_y

OK(1+K) [20s7+K + 1)z
Y + 1+ K’ 5 (2.12a)

— @1 (\/Tz(K» $,7), vV Ts(K, s, ’7)%) )

where
oy 1+ K Ksy
Ti(K,s,5) = 1+K—s7yeXp<1+K—37y> (2.12b)
—em (1 — )2
Yo(K,s,7) = 2K(1+ K = s7(1 — p)) (2.12¢)

(1+K—s7)(1+ K —s7(1-p?)
21+ K)(1+ K — s7)
Y14+ K = s7(1-p?)

T3(K,s,7) = (2.12d)

2.3.2 Mean Output SNR

The mean output SNR can be obtained from the MGF as

_ ___ d@ssc(s)
¥ssc ds

(2.13)

s:O.

Substituting (2.9) in (2.13), using

d@ (\/ g1(z), \/W) 1 <_91($) + 92(3”))

dz 2P 2

g1(z)

x o ( gl(w)gz(fc))>

5 (dgéim) 92(z) Il( gl(QZ)gz(iU)) _ 6_19_;9%2 (2.14)
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and after some mathematical simplifications, we obtain the following expression for

the mean output SNR in correlated Rician fading as

L (K + Dnr 2 [ Kynr
VSsc—7+€XP(K 5 (1=p) 1+ K

X I ( Ty(K, ;Y)UT) + (‘1 — 0°)nrly ( T4(K, ’7)%)}

(2.15a)

where I(-) is the first-order modified Bessel function of the first kind [19] and

AK(K +1)
—

T4(K,7) = (2.15b)
The optimum switching threshold, n7, . that maximizes the mean output SNR
d¥ssc

nr
related Nakagami and Rayleigh fading where n7,, . = %, [14], one can show that the

= 0. Unlike correlated or uncor-

can now be obtained by finding the root of

optimum switching threshold in correlated Rician fading is not equal to 7. However,
our numerical calculations have shown that the optimum switching threshold is close
to 7. For example, for K =5, p = 0.8 and ¥ = 10 dB, 7z, = 10.55 (10.23 dB).

For p = 0 which corresponds to independent fading, (2.15a) reduces to

(K + 1>nT) < Kynr

e — K
¥ssc ’H‘exp( 5 T+ K

1 (V) or (ET ) |

(2.16)

which is equivalent to, but easier to compute than the expression given in [14, eq.

(21)].

Interestingly note that unlike correlated Rician fading, for uncorrelated Rician

fading, n1,,, = 7-

19
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2.3.3 Average SER

In a slow fading environment the average symbol error rate is usually computed by

averaging the static SER, P;(e|y) over the PDF of ygsc. That is

Po= [ Pl el (2.17)

In this section, we take a different approach to compute the average SER, which does
not involve the computation of the PDF of ys5¢. Using integration by parts one can
write (2.17) as

a:—szwwamwmm (2.18)

where P.(e|v) denotes the derivative of the static error rate. Alternatively, we can
use a MGF-based approach [12] to calculate the average SER in fading channels.
In the following we derive the average SER of various modulation techniques with

dual-branch predetection SSC in correlated Rician fading.

1. For coherent BFSK and M-ary pulse amplitude modulation (MPAM) the static

SER is given by [20, eq. (33)]

Py(ely) = aQ(+/by) (2.19)

where (a,b) = (1,2) for BPSK, (a,b) = (1,1) for coherent BFSK and (a,b) =
(2(M —1)/M,6/(M? — 1)) for MPAM, and Q(-) is the area under the tail of
the Gaussian PDF defined at [21, eq. (2-1-97)]. Substituting (2.19) in (2.18),

the average SER is obtained as

avb [ 1 1
P,=—— —_ —=by | F. d 2.20
2m o ﬁeXp< 5 7) 7550(7) Y ( )

2. For 4-ary PSK, M-ary quadrature amplitude modulation (MQAM), minimum
shift keying (MSK) and coherently detected binary differentially PSK (DPSK),

20
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the static SER is given in [20, eq. (39)] as

Py(ely) = aQ(v/b7) — cQ*(VbY) (2.21)

where (a,b,¢) = (2,2,1) for 4PSK or MSK, (a,b,c) = (2,2,2) for coherently

detected DPSK and (a,b,c) = (4(‘/_ D} 31]\°f2f/[, 4(‘/—_1) ) for MQAM. Substi-

tuting (2.21) in (2.18), we obtain the average SER as

PoyL I ——ep(—%b’y> (L~ @ (VF)) Fuselddy  (222)

3. For Z-quadrature differential PSK (QDPSK) and noncoherent correlated BFSK,

the static SER is given in [20, eq. (41)] as

Py(ely) = @i(a/7,by/7) — -;—exp <_(_a2_-+;)ﬁz) Iy (abry) (2.23)

where (a,0) = (V2 —v2,V2+v?2) and (a,b) = (\/1‘”1’\ \/1 VIHA) for
7-DQPSK and noncoherent correlated BFSK, respectively and where A is the
correlation between the binary signals in noncoherent correlated BFSK. Using

(2.23) in (2.18), the average SER in this case can be evaluated using

@t —b* % a? + b?
Fe= 4 /o oxp (_g—Q—)l) Io (aby) Frgso(7)dy (2.24)

4. For noncoherent MFSK, using the moment generating function method, one

can obtain a closed-form expression for the average SER as

M~-1,/ q\p+1/M-1
Po=)_ E—l)nT(l”—)n(K,ﬁ(n),fv)

n=1

2K(1 + K) 28(n)y + K + 1)y
X (Ql <\/ﬂ(n)'7 +1+K’ \/ ~ ) (2:25)

— Q1 (VT3 B(n),7), v/ Ts(K, B(n), ) )+1>

21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where B(n) = —n/(n + 1). For M = 2, which corresponds to BFSK (2.25)

reduces to
I _
Ps - TI(K) 5)7)
o JAKQ+K) (542K + 2
1
X( T (\/&+2+2K’\/ 5 (2.26)
1 _ 1
- Ql (\/T2(K,§77)a 5 > )
which is much simpler to compute than [17, eq. (18)], which requires triple
integration.

It is clear that the average SER of any modulation format with predetection SSC is a
function of the switching threshold. In general, the optimum switching threshold that
minimizes the average SER will be different from the optimum switching threshold
that maximizes SNR. An optimum switching threshold that minimizes the average

Py
= 0. For example, for MFSK the
dnr

optimum switching threshold is the root of

Ty [ Ty Yo
2 TP\ T T T3

M-1 (_1)n+1(M—1

Z n—l—ln)ﬁrl

n=1

x Io (\/ T2T377T) By ;K ha 1Io (\/ T477T) - (227)

K(K+1) _JMMW+K+DW>JZO

X exp | —
p( Bln)y + K + 1 y
which was obtained by differentiating (2.25) with respect to nr. Note that for nota-

tional simplicity we have removed the dependence of T; on K, 3(n) and 7.
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2.3.4 Outage Probability

The outage probability is the probability that the output instantaneous SNR, 7ssc,

falls below a given threshold y, and is given by

Pout = PI‘(O < vsso < ’Yt;h) = F’Yssc(’)’th)- (228)

where Fiy.. () was obtained in (2.9). It follows from (2.3) that the value of switching
threshold, n7, , for which the outage probability attains its optimum (minimum)

value is 75, = = 7 [14]. Thus, the optimum outage probability is given by

Pyt = F’rmz (’Yth, ’)’th) (2'29)

which is equal to the outage probability of classical SC.

2.4 Numerical Examples

In this section, we give some numerical examples. In Fig. 2.1, the average SER of
noncoherent QFSK with SSC and classical SC is plotted as a function of the average
SNR per symbol per branch for several values of p and for K = 5. For SSC, we have
used (2.25) to plot the analytical curves in Fig. 2.1 where for each value of SNR,
the optimum switching thresholds the minimize the average SER have been used.
These optimum switching thresholds have been calculated by obtaining the roots of
(2.27) numerically. Note that there is excellent agreement between our theoretical
results and simulations. Also plotted in Fig. 2.1, is the average SER of QFSK with
classical SC in correlated Rician fading. As expected, the average SER of classical SC
is always less than the average SER of predetection SSC and the SNR gap between

predetection SSC and classical SC does not change significantly with p.
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In Fig. 2.2, the optimum switching thresholds that minimize the average SER of
QFSK are plotted as a function of the average SNR per symbol per branch for several
values of K and for p = 0.4. Fig. 2.2 shows that the optimum switching threshold
increases as the channel is less faded. Fig. 2.2 also shows that for a given K, the
optimum switching threshold increases as the average SNR on the branches increase.

In Fig. 2.3, the optimum switching thresholds that minimize the average SER
of QFSK are plotted as a function of the average SNR per symbol per branch for
several values of p and for K = 2 and K = 10. Fig. 2.3 shows that for a fixed K, the
optimum switching threshold decreases as correlation increases.

In Fig. 2.4, the average SER of QFSK is plotted as a function of the switching
threshold for several values of p for ¥ = 5,10 and 15 dB. Fig. 2.4 shows that as
correlation increases, and for a given %, the average SER becomes less sensitive to
the switching threshold.

Finally, in Fig. 2.5, the optimum outage probability of SSC is plotted as a function
of normalized SNR (/%) for several values of K and p. As expected, the outage

probability decreases as p decreases or K increases.

24

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10 L T I I T
¢ SSC-theory
[ #* SSC-simulation
B o SC
10 3 p=02 E
@ -=-=-p=04 ]
e IO—ZEL E
I
[ I
on
8 L
g 3
< 10 " E
-4 .
10 E— ' \‘\ -
. Y
- b\, "\
AN \ ’
‘ . AN
] 1 1 ) N Q\ Y
0 5 10 15 20 25 30

Average SNR per symbol per branch (dB)
Figure 2.1: The average SER of QFSK as a function of the average SNR per symbol
per branch in correlated Rician fading for K = 5 and p = 0.2,0.4 and 0.8. The

optimum switching threshold values that minimize the SER are used to plot the

curves.
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Figure 2.2: The optimum switching threshold of QFSK as a function of the average

SNR per symbol per branch for p = 0.4 and K =0, 3,6 and 9.
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Figure 2.3: The optimum switching threshold of QFSK as a function of the average

SNR per symbol per branch for p = 0,0.3,0.6 and 0.8 and for K = 2 and 10.
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Figure 2.4: The average SER of QFSK as a function of the switching threshold for

several values of p and #.
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Figure 2.5: The optimum outage probability of dual-branch predetection SSC as a

function of the normalized switching threshold for p = 0.35 and 0.55 and for K = 3,5

and 7.
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2.5 Conclusion

The performance of dual-branch predetection SSC in correlated Rician fading was
studied. Analytical expressions for the average SER were derived for a number of
modulation formats of practical interest. Analytical expressions were also derived for
the output average SNR and outage probability of dual-branch predetection SSC in
correlated Rician fading. As a practical example, the effects of correlation, fading
parameter and switching threshold on the performance of QFSK were demonstrated.
It was shown that for large correlation, as the average SNR decreases, the average

SER becomes less sensitive to the switching threshold.
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Chapter 3

Performance of Postdetection
Switch-and-Stay Combining Schemes in

Correlated Rayleigh and Rician Fading

In the previous chapter, we studied the performance of predetection SSC system
in correlated Rician fading, In this chapter, we study the performance of binary
frequency-shift keying (BFSK) and M-ary frequency shift keying (MFSK) with dual-
branch postdetection switch-and-stay combining (SSC) in correlated Rayleigh and
Rician fading.

Although the performance of predetection SSC is well studied both in independent
as well as correlated fading channels [14]- [17], [22]- [26], to the best of the author’s
knowledge, the performance of postdetection SSC receivers has only been studied in
independent fading channels [13], [27]- [29]. In practice, however, the assumption of
independence among the diversity branches may not be accurate particularly if the
antennas are placed closely as in many portable communication devices.

In this chapter, two postdetection SSC receivers are studied. We refer to these
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receivers as postdetection SSC Model 1 and postdetection SSC Model 2. The perfor-
mances of binary frequency shift keying (BFSK) and M-ary frequency shift keying
(MFSK) with postdetection SSC Model 1 and Model 2 are analyzed in both corre-
lated Rayleigh and Rician fading channels. In the Rayleigh fading scenario we also
consider the case where the average fading powers are not necessarily equal. Closed-
form expressions are derived for the average BER of noncoherent BFSK and MFSK
with Postdetection SSC Model 1 and Model 2 in Rayleigh and Rician fading chan-
nels. The validity of our analytical expressions are tested using extensive Monte Carlo
simulation results. Using these analytical expressions, optimum switching thresholds
that minimize the average BER are obtained. The performances of postdetection
SSC Model 1 and Model 2 are compared to the performance of predetection SSC.
The remainder of this chapter is organized as follows. In Section 3.1, the structure
of postdetection SSC Model 1‘is givén and the performance using BFSK in this
receiver structure is analyzed in correlated Rayleigh and Rician fading channels. In
Section 3.2, we analyze the performance of MFSK with postdetection SSC Model
2 in correlated Rayleigh and Rician fading channels. Some numerical examples are
given in Section 3.3 and the performances of postdetection SSC Model 1 and Model 2
are compared to the performance of predetection SSC in correlated fading channels.

Finally, some conclusions are given in Section 3.4.

3.1 Postdetection SSC Model 1

3.1.1 System Model

The signaling transmission is assumed to be BFSK over a slow, flat fading channel.

The equiprobable binary symbols zero and one are transmitted around the carrier
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Figure 3.1: The block diagram of postdetection SSC receiver Model 1 (after {10, Fig.
1)).

frequencies fi and fa, respectively, with energy E.

A block diagram of a BFSK system with dual-branch postdetection SSC is given
in Fig. 3.1 (after [13, Fig. 1]). Non‘"cohérenf modulation is employed on each diversity
branch consisting of two bandpass filters, one tuned to frequency f; and the other to
frequency f; followed by square-law detectors [13]. Let Wix(n), i,k = 1,2 denote the
output of the jth square-law detector on the ith branch in the nth symboling interval.
The receiver computes the decision variables W7 = Wy, — Wi and Wy = Wa; — Woy
which are also the inputs to the switch. If the switch is connected to W; and W; > 0,

the receiver selects the binary symbol corresponding to frequency f;, otherwise the
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symbol corresponding to frequency fs is selected.
Let wp, and wr, denote the switching thresholds on channel 1 and channel 2,

respectively. In mathematical terms the operation of the switch can be written as [13,
egs. (1)-(2)] |
Wn-1)=W;y(n-1) and |W;(n)|>wg, i=1,2
W(n) = Wi(n) =if or

Wn—-1)=Win—-1) and |Wi(n)|<wp, i=1,2
(3.1)

where i denotes the 2’s complement of i.

3.1.2 Average BER Analysis

Following the analysis in [13], thg average BER of noncoherent BFSK with dual-
branch postdetection SSC can be Writfen as [13, eq. (7))
Py(E) = prFw,(—wn) + paFw, (—wr,)

+ p1(Fw,w, (wry, 0) — Fiwy wy (—wry, 0)) (3.2a)

+ p2(FW1,W2 (0? sz) - FW1,W2 (Oa _sz))
where Fy, w,(-,-) denotes the joint cumulative distribution function (CDF) of the

random variables (RVs) W; and Wy, Fyy, is the marginal CDF of the RV W;, i = 1,2

and p; and p; are defined as [13, eq. (13)]

FIWZI(sz)
P = 3.2b
Y Fy (wry) + Fiwy (wr,) (3.20)
py = F|W1|(wT1) (320)

a ﬂwll(le) + Fjlwzl(sz)‘
In the case of identically distributed branches, Fi, (-) = Fw,(-) £ Fw(-), wp, =

wr, = wr, py = ps = 1/2 and (3.2a) can be further simplified to

Pb(E) = FW(_wT) + (FW1,W2 (wT’ 0) - FW1YW2(_wT7 O)) (33)
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Assume, without loss of generality, that the symbol corresponding to frequency

f1 is transmitted. Then the RVs W; and W, can be written as [13]
Wl = W11 — W12 == |2EbG1 + N11|2 — |N12|2 (34)

Wao = Wy — Wog = |2E1,G2 -+ N2112 — |N22|2 (35)

where E, is the energy per bit per symbol, Nig, i,k = 1,2 are independent and iden-
tically distributed (i.i.d) zero-mean Gaussian random variables (RVs) with variance
4Fy Ny and G1 and G5 denote the complex channel gains on channel 1 and channel 2,
respectively. We assume that the average fading powers, Q; = E[|G;]?], i = 1,2, are
not necessarily equal, i.e., they are non-identically distributed. We further assume
that the channel gains are correlated and we denote the fading correlation between
G, and G, as p.

To proceed, we need to calculate the joint CDF of W; and W, and the marginal
CDFs. To calculate the joint CDF of W; and W5, we transform W; and W, into
conditionally independent RVs so that their conditional joint CDF can be written
as the product of the conditional margiﬁal CDFs [20], [30] and subsequently the
joint CDF is obtained by removiﬁg the conditioning. Assume that W; and W, are
conditionally independent given a positive RV Z. Then, their joint CDF can be

calculated as
Fuws(ws,wa) = [ Fogaun) Pz f(2) (35)
0

3.1.2.1 Rayleigh Fading

To begin our analysis, we write G;,7 = 1,2 as

Gi = VU1 = pXi + v/pXo + §(v/T = pYi + /pY0)) (3.7)
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where j = /=1 and X; and V; are independent zero-mean Gaussian RVs with vari-
ance % The definitions given in (3.7) guarantee that G; and G, are Rayleigh dis-
tributed with E[|G;|?] = € i = 1,2. Furthermore, one can easily show that the
cross-correlation between G; and G5 is equal to p. Note that the power correlation,

pns is equal to the square of the fading gain correlation, i.e., p, = p? [31].

Using (3.7), we can write W1; defined in (3.4) as

Wit = (2Ey/ \/1 — pX1+/pXo) + NI + E/ QU (V1 = pY1 + /pYo) + N3 )2
(3.8)
where N/, and N are zero-mean Gaussian RVs with variance 2E,Ny. Similarly Wy,

can be written as

War = (2Epy/Qa( FX2+WXO)+N21) 2B/ Qa(\/1 = pYa ++/pYo) + Ng)2.

(3.9)
Let Xy(a,0?) denote a non-central chi-squared RV with non-centrality parameter
a? and assume that X and Y, are fixed. Then W); is a non-central chi-squared
RV with two degrees of freedom With‘non-centrality parameter a? = 4E2Q,pZ and
0% = 2E,No(1+71(1—p)), where 4; = E3$%;/No is the average SNR on the ith channel
and

Z=X2+Y2 (3.10)

Similarly, one can show that Ws; is a non-central chi-squared RV with non-
centrality parameter aj = 4E2QpZ and 03 = 2E,Ny(1 + 72(1 — p)). Noting that
W1s and Wos are independent central chi-squared RVs with two degrees of freedom
and parameter 2E, Ny, one can see that the RVs W; and W, are now conditionally
independent given Z. Furthermore, W1|Z and W|Z are the difference between a

non-central and a central chi-squared RV. Therefore using [13, eq. (51)] and after
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some mathematical manipulations and simplifications, their CDF's can be written as

(Vi 0 ) e (22 ) w<0

1_Q1< 1/2(’71'3072)7\/ ot _.>
Fyy,z(w) = { 2By No(1 + (1 = p)% (3.11a)

+Y1(’7¢,p, z) exXp (431:]\[0) X

0 (Vi) 22t ), w0

where

. N Y G .

e = 2+(1—p)‘reXp( 2+(1—p)7) (3:110)
_ _ 2p7z

Y2(%,0,2) = 50— (3.11c)
_ _ 2p7z

N (e ey R ) (3119

24 (1 - p)¥
Yi(¥,p,2) = TH (3.11e)

The unconditional CDF of W; can now be calculated by integrating Fy, z(w) over

the probability density function of Z given by
fz(z) = exp(~z), z>0. (3.12)
The result, after some algebra, is

w
2+_ eXP(m)’ w <0

7} —_—
L= & ( 4EbN0(1+’7i)) , w>0

which, as expected, is equal to [13, eq. 17] and [13, eq. 18] for ¢ = 1 and i = 2,

respectively.
To obtain the average BER, we now calculate the terms in (3.2a). We begin by -
evaluating p; and p, defined in (3.2b) and (8.2c), respectively. Substituting (3.13) in

(3.2b) and (3.2c) and noting that Fw, (wr,) = Fw,(wr,) — Fw,(—wz,), results in

_ Fol( ¥, N13)
P Rl + Fola ) &1
_ Fo(71,m1,)
b2 = Fo(V1,mmy) + FolTe, ) (3.15)
37
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where 1z, = wr, /(€ E?) is the normalized switching threshold on the ith channel and

Folz,y) is defined as

1+z Ty 1 xy)
— — —— . 3.16
2+a:eXp( 4(1+x)) 2+xeXp( 4 (3.16)

Next, substituting (3.11) in (3.6), using [18, eq. (B.18)], and after some mathe-

fo(l‘,y) =1-

matical manipulation and integral evaluations, we obtain closed-form expressions for

FW1,W2 (’le,O) and FW1,W2(_'1UT1,O) as

1 wr, F1{71, T2, p)
Foyyw, (wry, 0) = 2 + Y (1 eXp < 4E,Ny

F ) (3.17)
- - _Wn v, 72, P
+-7:2(”)’1,72,P) exp ( BN, )
and
Fivy iy (=wy,0) = Fa(F1, T2, ) €xp | = (3.18)
L2 v . 4F,Ny
respectively, where F(x,vy, z) and Fy(x,y, 2) are defined as
2+y
% = 1
1
]:2('Ta Y, Z) = (320)

(2 + (1-2)2)2+ (1 +2)y)

Similarly, we can derive analytical expressions for Fw, w, (0, wr,) and Fw, w, (0, —wr,)

as
1 W Fy (% T
e
o (3.21)
Y15 Y _wT?fl(’YIa’Y?)p)
+ Fa(F1, To» p) €Xp ( , )
and
w
Fy, w, (0, —wr,) = Fa(Ta, 11, p) exp (_ 4E:;V0) (3.22)

respectively. A closed-form expression can now be obtained for the average BER

of BFSK with postdetection SSC in correlated Rayleigh fading with average fading
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power imbalance as

Py(E) = ZZ: Fol%: 1)
— Fo(¥i,nr,) + Fol¥i, nr3)

y { L oo (_nm‘i) . 1_' (1 —exp (_nmi}.l(%%p))) (3.23)

2+%; 4 +%; 4

— = n 1’7 . T]Tz’V’L
+ Fo(%i ¥s p) (eXp (—%ﬂ(%, Vi p)) — exp (_T)) }
where 7 = (4 +1) mod 3, i.e., I = 2 and 2 = 1. For p = 0, one can show that (3.23)
reduces to the result given in [13], as expected.

For the case of identical correlated fading, ie., 1 = 2 = ¥, 7, = 7, = 11s

p1 = py = 1/2 and (3.23) reduces to

(3.24)
oo (oo (=TT oo (T (o
F2(%,%, ) (eXp ( 1 ) exp ( AL p))) :
For p = 0 one can easily show that (3.24) reduces to [13, eq. (20)], as expected.

As a check on the validity of our results, we see that for both extremes nr = 0 and
nr = 00, (3.24) reduces to the BER of a single-branch noncoherent BFSK receiver
given by

1

R(B) = 5. (3.25)

The average BER in (3.24) can now be minimized by obtaining an optimal switch-
ing threshold, 7%, which is the solution to the equation [13]

dPy(E)
dnp

=0. (3.26)

nN=nr

Substituting (3.24) in (3.26), leads to the desired solution as

4520 - 437 +2) (72(1 D) 394+ 2)
2+71 - p?))7? 2+75

The minimum BER can now be obtained by substituting (3.27) in (3.24).

(3.27)

nr =
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Figure 3.2: The average BER versus the normalized switching thresholds of noncoher-
ent BFSK with postdetection SSC Model 1 in non-identically distributed correlated

Rayleigh fading with p = 0.7, 71 = 10 dB and 7, = 5.48 dB (6 = 0.6).

In the case of average fading power imbalance between the diversity paths, the
average BER given in (3.23), is a function of n7, and 71, and the expression has to be
minimized with respect to both parameters to reach a global solution. For example,
Fig. 3.2 shows the average BER of postdetection SSC Model 1 as a function of np,
and 7r, for 73 = 10 dB and > = 5.48 dB where the average SNR on the second
branch is related to the average SNR on the first branch as ¥, = 41 exp(—4) where
d = 0.6 is the average decay factor. The optimum values of the normalized switching

thresholds that minimize the average BER are shown in the figure.
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3.1.2.2 Rician Fading

In the case of Rician fading, the complex channel gains can be written as

Gi=\/1'—PXi+\/ﬁXo+V1 + (/1 = pYi + /Yo + 12) (3.28)

where X; and Y; are zero-mean Gaussian RVs with variance 0% = Q/(2(K + 1)) and
vy and v, correspond to the in-phase and quadrature component of the line of sight
component and are related to the Rician factor K through K = (V2 + v2)/(20?).
Using the representation given in (3.28), one can show that the fading correlation
between G; and G is equal to p and E[|G;|?] = Q,i = 1,2. In addition, the power

correlation between |G1|% and |G3|? can be obtained as

2K +p
oy = DT (3.29)
Define
Z = (Xo+ ~L)2 + (Yo + 2 )2. (3.30)
Nz vz

Then assuming that Z is fixed, one can show, similar to the derivation in the previous
section and after some mathematical simplification, that the conditional CDF of

Wi,i=1,2 given Z, i.e., Fy,z(w) can be written as

,

Hl(;y’Kapaz)eXp (Iﬁ':ﬁo)v w<0
- _ w

1- Ql (\/ H2(’71’ K, £, Z)v \/H3(’7) K> :0) 2EbN0)

+H1(P—Y) K)pa Z) exp (4E1:No) X

w
_H‘)-Kap) ) _a ) y
\ Ql (\/ 114( Z) 135() K p)QEbNO w >0

FWz.Iz(’w) = ﬁ (331&)
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where

_ _ 1+ K Fp(1 + K)z
n K2 = 2(1+K)+f7(1—p)exp<_2(1+K)+7(1—p)> (3:31b)
Hy(%,K,p,2) = 1f$(ij;(fl()_z’p) (3.31c)
Hy(3,K,p) = : (3:31d)

1+ K+7(1-p)
_ B 27p(1 + K)*z
O krd = - g o -y 0%
21+ K) +3(1— p)

I+ K+4(1-p)

Similar to the approach taken in the previous section, using the PDF of Z, given
by

(3.32)

fz(z) = (K + 1) exp (”% — (K + 1)2) I (2 m)

P

and after much mathematical manipulations and integral evaluations, we obtain the

BER of BFSK in correlated Rician fading as

P, = Ri(K,7) (eXp (_Qii) +1- Ql (\/Rz(K, ¥,0), \/UTRS(K’;Yap)))

+ Ry(K,7, p) [Ql (\/R5(K, ¥, 0), \/nTRa(K, Y P)) €xp (@) —exp (_27%7)]

(3.33a)
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where

B (K.7) = 2(1i}K+7 ( 1+K (3-33D)
R = GRS >+37E e 55
Bs(K70) = g3m j(;?;rf{?,)v((fl:f([;):za) oD (3:33d)
RUTO) = GET R Ga TR

.o <_.2(1+K2)Ii7ﬁ(1+p>> (3:33¢)
Rlfome) = 2K7(1(;Ié{ zr( 21()1:;((1): ;j)()1 =
x ! (3.33f)

(72(1 — p?) +37(1 + K) + 2(1 + K)?)
oy @O+ K)+7(1 —p) 20 + K) +5(1 + p)
Boll70) = S mm = 150+ ) 120+ KF) (3-33¢)

As a check on the validity of our result one can show that for p = 0, (3.33) reduces
to [13, eq. (9)], as expected. Also note that for K = 0, which corresponds to Rayleigh
fading, (3.33) reduces to (3.24).

The optimum switching threshold that minimizes the average BER can now be
calculated by substituting (3.33) in (3.26) and obtaining n%. Using [13, eq. (39)], we

obtain

Ru(K,) ( L (1) BTt (BT + Pl

" {le (VESE 7,90,/ FalE 7, e ) — ST

oxn <_R5(Kﬂ,p) +ZRG(K,7,p)nT) bo (VR 5 VR 7,7 }] 0

whose solution is the optimum switching threshold 7.
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Figure 3.3: The block diagram of postdetection SSC receiver Model 2 (after [24, Fig.
1)).

3.2 Postdetection SSC Model 2

3.2.1 System Model

The modulation format is considered to be MFSK. The structure of the receiver is
depicted in Fig. 3.3 (after [27, Fig. 1]). Let W;;(n),i=1,2,5 =1,---, M denote the
outputs of the M square law detectors of the receiver at the sampling instant ¢ = n75,
where T} is the symboling time and where the subscript 7 in W;; denotes the diversity

branch. The square-law detectors are matched to frequencies f; through fi;. Assume
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that the first symbol of the alphabet is transmitted. Then Wj; can be written as

Wi(n) = |2E,G;+ Nii|? (3.35)

Wie(n) = |Nul?i=1,2k=23,--- M (3.36)

where Ej is the transmitted energy per‘ symbol, G; and G5 are the complex channel
gains on channels 1 and 2 and Nj; are zero-mean complex Gaussian RVs with variance
4FE;Ny. Note that the definition of G; is given in (3.7) and (3.28) for the cases
of Rayleigh and Rician fading, respectively. The switching mechanism is based on
comparison of the maximum of the square-law detector output on each branch with a
predetermined threshold wr,. For example if the switch is connected to Antenna 1, it
will stay connected to Antenna 1 as long as max Wig(n) > wr,. If max Wi(n) < wr,
the system will switch to Antenna 2 regardless of whether max Wo(n) is greater or less
than the predetermined threshold wz,. Note that the difference between postdetection
SSC Model 1 and postdetection SSC Model 2 is that in postdetection SSC Model
1 a summing process occurs on the outputs of the square-law detectors before data
detection, while in poystdletectiovn SSC Modél 2 the outputs of the square-law detectors
are directly used for data detection. Note also that BFSK signaling can be used with
both postdetection SSC Model 1 and Model 2 whereas MFSK signaling can be used

only with postdetection SSC Model 2.
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3.2.2 Average Symbol Error Rate

Assume that the switch is connected to Antenna 1. Then the probability of a correct

decision can be written as [27]
Py (C) = Pr(Wii(n) > wp, Wia(n) < Wii(n), -+ , Wiy (n) < Wii(n))
+ Pr (Wi, (n) < wry, Waa(n) < War(n), - -+, Wanr(n) < War(n))  (3.37)
£ P, (C) + P4(C)
where Wiyay,(n) £ max Wiy, k = 1,--- , M. Noting that Wiy, k = 1,--- , M are

independent and Wy, k = 2,--- , M are i.i.d, we can write P} (C) as

PYC) = [ funs () [Py ()], (3.38)

’UJT1

Let Y = max Wy, # 1. Then, P%(C) can be written as

Pszl(C) = [FW12 (le )]M~1Pr(W11 < Wry, War > Y)
(3.39)

= [FW12 (le )]M—l[FWu (wT1) - /Ooo FWu,Wzl(leay)fY(y)dy}

where Fy,, w,, (w1, we) is the joint CDF of the RVs Wy; and Way, and fy(y) is the
PDF of the RV Y defined earlier. Note that in obtaining the second equality in (3.39)
we have used the total probability theorem. Now assume that the RVs Wi; and Wy,
are independent given RV Z defined in the previous section in (3.10) and (3.30) for

the cases of Rayleigh and Rician fading, respectively. Then (3.39) can be written as

Pszl(c) = [lez(wﬁ)]M—l FW11(wT1) - (M - 1)

< [T Farzton) Pz )220z (B () )0

(3.40)

where fy(w) = (M — 1)(Fw,,(w))™~2 fu,,(w) has been used. Combining (3.38) and

(3.40), the probability of correct decision assuming the switch is connected to Antenna
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1 becomes

Psl(C) = /Oo lel(w)[FWu(w)]M—ldw + [FW12(wT1)]M_1 FW11(wT1) - (M - 1)

T

[ Frtaton) Funiatw) 220 | (B ) <w>dw} .

(3.41)

Similarly if the switch is connected to Antenna 2, the probability of correct decision

becomes

Pa©) = [ o) B ) + [y ) | Py ) = (M = 1

’IUT2

<[ Bzt Bzt a1z <FW,2<w)>M-2fwn<w>dw} .

(3.42)
Let p; denote the percentage of time that the switch is connected to Antenna i. Then,

using a two-state Markov chain, similar to the one presented in [15], one can compute

p; and ps as
- Fw,, (wr,)[Fyw,, (wr, )M (3.43)
FW21 (sz)[FWm (sz)]M_l + FWu(le)[Fle (le)]M——l
M-—1
Py = FWll (le ) [FW12 (le)] (344)

FW21 (sz)[szz (sz)]M_l + FW11 (wT1)[FW12 (le )]M_l '
The probability of correct decision can now be obtained as P(C) = p; Ps(C) +

p2Ps3(C). Thus the SER can be computed as

Fy,, (wr,)[Fus, (wr) ]!

Ps(E) =1- PS(C) =1- ; FWil(wTi)[FWiz(wTi)]M—l + FWn (sz)[FWiz (wTi)]M—l

X ( N fWu(w)[FWiz (w)]M_ldw + [FWz‘z(wTi)]M_l FWz'l (sz) - (M - 1)

<[ { [ Pzt i) ) (B0 (w)dw} ) .
(3.45)
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To proceed, one needs to obtain Fiy,,z(-), Fw,, (-), Fw,(-) and fw,,(-). These CDFs
and PDF's are obtained for the cases of Rayleigh and Rician fading below.

Note that the average BER can be obtained from the average SER using [21]

M

P(E) = S0I=T)

Py(E). (3.46)

3.2.2.1 Rayleigh Fading

In this case, using (3.10) and similar to the approach in the previous section, one can

show that Fy,, z(:) is given by

F,jz(w) =1~ Q; < 2%p2 ad ) . (3.47)

14+ %(1=p)" V 2EsNo(1 + 7(1 — p))

Integrating (3.47) over the PDF of Z given in (3.10) we obtain Fy;,, (+) as

Fw,, (w) =1—exp (— 4E3Nol(ul = ’71)) . (3.48)

The PDF of W;; can be obtained from (3.48) by differentiation as

1 w
an (w) = 4E3N0‘(]- T ’7@) exp <— 4E3N0(1 n ,‘71’)) . (349)

The PDF and CDF of W;, can be calculated as

w
Fw,(w) =1—exp (-— 4E3No> (3.50)
and
1 . w
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respectively. A closed-form expression for the average SER of MFSK in unbalanced

correlated Rayleigh fading is

Z;1+nnm% g i 1+M1+%)

77T’_Yz 1 + Z 1 + ’Yz UT»’—Yi))M“l
3 1 7
X exp (— 1 z ) —|— exp L

Vi — - M) (=L
X (1—-exp<-—41+% ) 12 z—l—l WeE+D(A+%)+1)

B i, (1% + % + 1+ 2)
g {l‘ex"( 4<w(1—p2><z’+1)+2<1+%>+(%W)(i“)“‘%))}>}

(3.52a)

where 77, = wr, /(€4 E?) is the normalized switching threshold and

(1 — exp ( Y 7,))1\4—1 (1 — exp (‘Z%%%{S)) (3.52b)

7\ \ ML e\
(o (55 (1 ()

The details of the derivation of (3.52) are given in Appendix A. The average

KZ(’I’]T“ '71) =

BER can be obtained from the average SER using (3.46). Similar to postdetection
SSC Model 1, we obtain optimum switching thresholds 77, and 77, that minimize the
average BER. For example, in Fig. 3.4, the average BER of BFSK with postdetection
SSC Model 2 with average fading power imbalance is plotted as a function of nr, and
nr, for p = .5, 1 = 15 dB and ¥, = 13.2 dB (§ = 0.4). The optimum switching
thresholds that minimize the average BER are shown in the figure.

In the case of identically distributed branches, &1 = %2 = 4, nr, = 7, = nr and
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Figure 3.4: The average BER of BFSK with postdetection SSC Model 2 in correlated

Rayleigh fading with average fading power imbalance for p = 0.5, 4, = 15 dB and
¥, =13.2dB (6 = 0.4).

(3.52) reduces to

M-1

M—1\ (-1) ry(1+i(1+7))
PS<E>=1'{;( i )me"p(‘maﬂw;ﬂ )
+(1-ew (-B1)) (1‘exp (’4(1@7))
| (3.53)
B -y

— (i+1)((+1)(1+9)+1)

Anr(iy +7 +1i +2)
<[1-o0 (- =iy r i £ o ) ) }
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Substituting (3.53) in (3.26) one obtains
M-1

(
E S () 1
Ty -2 ‘ T%i = 1) Mz_z (1)
X<1_6Xp(_n_41) <1"6Xp( ;74—7%> Z z+1 z+(1)(1zv7i)+1)
Yinr (1% + % 2)
" {1 —o (‘4(1-2(1 A0 : T 1)))} >
(1-ow (-7 :

T e [T
4(1+7) p( 4(1-w)>
_ (M=) (1)

= 4+ DFA - )i+ 1)+ 2(1+7) +27( + 1))
Xexp( _ ¥1r(# +7 +i+2)

4P (1= p)E+1) +2(1+79) +27(i+1))>} -

(3.54)
whose solution is the optimum switching threshold 7} and can be easily obtained
using the bisection method |

3.2.2.2 Rician Fading

For Rician fading, using (3.32), Fw,z(-) can be written as

| 29ip(1+ K)z 1+ K)w
Fwaz(w) =1- G (\/1 + K +%(1 - p)’ \/ZESNO(

. (3.9
1+K+v‘i(1—p))> (3.5
Next we calculate Fyy,(-) by integrating (3.55) over the PDF of Z given in (3.32)

The result is

2K7 w(K +1)
F (w) =1 — , 3.56
wa () 9 <\/’7+K+ 1 \/2ESN0(~7+K+ 1)) (3.56)
The PDF of W;; can be obtained from (3.56) as
fuvn () = K+1 e (__ (K + 1w __ kK# >
ol = B Ne GG+ K +1) TP\ 4E,No(F+ K+ 1) 7+ K +1
- (3.57)
I Ky(K + 1w
"\VENG+EK+12)
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Now substituting (3.50), (3.51) and (3.55)-(3.57) in (3.45), using [18, egs. (B.27)
and (B.31)], and after much mathematical manipulations and integral evaluations
similar to the procedure in the appendix, the average SER of MFSK with identically
correlated Rician fading is obtained as

P(B)=1- Af(—l)" (M[ 1) fo(%%l?) P (‘HII%T))

=0

ZK(K+ 1);)/ 77T”—)’T0(K, 7 2) nrYy M-1
X Q1 (\/( + K +1)TH(K, 7, )’\/2(7+K+1)) - (1nexp <_T>)
(

2K7 Amp(K + 1) 2 /m—2 .
X{I_Q1<\E+K+1’ 2(7+K+1))'(M—1)Z( i >(“1)

=0
y K+1 - <_K7i+1)>
G+ )TW(EK, 7,3) P\ Tu(K,7,1)

«|1-0, 2KY(T3(K,%,1,0))>  [Amr(1 + K)TV (K, 7,1)
T\(K,7,)T3(K,7,i,p)’ 2T3(K, 9,1, p)

(3.584a)
where
To(K,7,1) = (K+1)(i+1)+7 (3.58b)
Ty(K,7,4) = (K+1)(6+2)+5(+1) (3.58¢)
To(K,7,i,0) = (K+1)(G+2)+756+1)(1—p) (3.58d)
T3(K,7,4,p) = (K+1)%(+2)+2i%(K +1)
+ 3Y(K + 1)+ 741 - p®) (1 +1). (3.58¢)

As a check on our result, one can show that for p = 0, (3.58a) reduces to [29, eq.
(17)], as expected.

Substituting (3.58a) in (3.26) and using the identity

Q(a,b,2) = (\/_ \/—) =—= exp (—g — 923) Iy (\/@) (3.59)
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a transcendental equation whose solution is the optimum switching threshold is ob-

tained as
M-1 (_1)1(Mz—1) (K + 1) K’L’Ty
; TO(K’;Y’ Z) P <_T0(K,’7, ’l))
2K(K + 1)y YIo(K,7,7) (M — 1)y nry
XQ((*HKH)TO(K 7,0) 27+ K +1)’ ”) e"p(‘T)

(1o w—ﬂ» a7 w( )

M2 ) 1)(K—I—1)eX < K’yz—}—l)
Z+1T1(K- ) ( 77))

P V>
" [1 Ql(\/ it el \/ e )m
(-0 (-20) | 2 e (55)

<o (- e o [
—(M”%;( 2) z+1KTIf1M,)

K3(i+1) 2KY(T5(K, 7,4, 0))*  3(1 + K)Ti(K,7,19) _
XeXp( Ti(K, 7, >)F (Tl(K 7, 0)T5(K,7,5,p) 2T3(K,7,i,p) T)}‘O'

(3.60)

The solution to (3.60) can be obtained using the bisection method.

3.3 Numerical Examples and Discussion

In this section, we present some numerical examples. Monte Carlo simulation results
are also presented to test the validity of our analytical results obtained in Sections

3.1 and 3.2.

The average BER of dual-diversity BFSK in correlated Rician fading is plotted as
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a function of the normalized switching threshold in Figs. 3.5 and 3.6 for postdetec-
tion SSC Model 1 and postdetection SSC Model 2, respectively, for several values of
average SNR and correlation factor. The optimum normalized switching thresholds
for each average SNR and correlation factor are given in the figures. Figs. 3.5 and 3.6
show that for a fixed value of correlation as the average SNR increases the optimum
switching threshold decreases. Also note that as correlation increases, and for a fixed
value of average SNR, the optimum switching threshold decreases. Comparing Figs.
3.5 and 3.6 we see that the optimum switching threshold for postdetection SSC Model
1 is smaller than the optimum switching thresholds for postdetection SSC Model 2,
implying that postdetection SSC Model 1 switches more often than postdetection
SSC Model 2. Figs. 3.5 and 3.6 also show that the average BER changes significantly
with a small change in the optimum switching threshold for large values of average
SNR.

Fig. 3.7 shows the effect of modulation order, M, on the optimum switching
threshold of MFSK with postdetection SSC Model 2 in correlated Rician fading for
K = 5 and p = 0.6. Note that as the modulation order increases the optimum
switching threshold decreases.

In Fig. 3.8, the performance of quaternary FSK (QFSK) with postdetection SSC
Model 2 is compared to the performance of QFSK in predetection SSC for several
values of fading parameter K where it can be seen that the performance gap of post-
detection SSC Model 2 over predetection SSC increases as the channel becomes less
faded. The effect of correlation on the performance of postdetection SSC Model 2 and
predetection SSC is shown in Fig. 3.9 for QFSK. Fig. 3.9 indicates that the perfor-
mance gap between postdetection SSC Model 2 and predetection SSC decreases as the

correlation increases. For predetection SSC, we have used the analytical expression
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given in [32] to plot the curves in Fig. 3.8

Fig. 3.10 shows the average BER of MFSK with postdetection SSC Model 2 and
predetection SSC for several values of M in correlated Rician fading with K = 5,
p = 0.6 and for several values of M. Fig. 3.10 shows that the performance gap
between the two diversity receivers remains almost constant as the modulation order
increases.

To compare the performances of postdetection SSC Model 1 with postdetection
SSC Model 2 and predetection SSC, we have plotted in Fig. 3.11 the average BER
of BFSK in correlated Rician fading for several values of correlation. Fig. 3.11
shows that the BER of postdetection SSC Model 1 is superior to the performance of
postdetection SSC Model 2 and predetection SSC in all cases. Fig. 3.11 also indicates
that as correlation increases the performance gap between postdetection SSC Model
1 and postdetection SSC Model 2 decreases. For example, at an average BER of 10~*
the SNR gap between postdetection SSC Model 1 and postdetection SSC Model 2 is
0.79 dB, 0.50 dB and .45 dB for p = O, p = 0.4 and p = 0.8, respectively.

Finally Fig. 3.12 studies the effects of average fading power imbalance on the
performance of postdetection SSC Model 1 and 2 in correlated Rayleigh fading. In
Fig. 3.12 the BER of BFSK is plotted as a function of the average SNR of the first
branch for several values of p. The average SNR on the second branch is related to
the first branch as ¥, = 77 exp(—4§) where § = 0.5. Comparing Fig. 3.12 with Fig.
3.11 shows that the gap between postdetection SSC Model 1 and Model 2 decreases

when there is average fading power imbalance between the branches.
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Figure 3.5: The average BER of BFSK with postdetection SSC Model 1 as a function
of switching threshold in correlated Rician fading for 4 = 10 dB, 15 dB and 25 dB

and p =0,0.4 and 0.8.
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Figure 3.6: The average BER of BFSK with postdetection SSC Model 2 as a function
of switching threshold in correlated Rician fading for 4 = 10 dB, 15 dB and 25 dB

and p = 0,04 and 0.8.
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Figure 3.7: The average BER of MFSK with postdetection SSC Model 2 as a function

of switching threshold in correlated Rician fading with p = 0.6 and K = 5 for
M =2,4,8,16 and 32.
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Figure 3.8: The average BER of QFSK with postdetection SSC Model 2 and pre-

detection SSC as a function of the average SNR per bit per branch in identically

distributed correlated Rician fading with p = 0.5 and K =0, 3,6 and 10.
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Figure 3.9: The average BER of QFSK with postdetection SSC Model 2 and pre-
detection SSC as a function of the average SNR per bit per branch in identically

distributed correlated Rician fading branches with K = 5 for several values of corre-

lation p = 0,0.3,0.5 and 0.8.
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Figure 3.10: The average BER of MFSK with postdetection SSC Model 2 and pre-

detection SSC as a function of the average SNR per bit per branch in identically

distributed correlated Rician fading branches with K =5 and p = 0.6 for M = 4,16

and 64.
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Figure 3.11: The average BER of BFSK with postdetection SSC Model 1 and 2
and predetection SSC as a function of average SNR per bit per branch in identically

distributed correlated Rician fading with K = 5 for p = 0,0.4 and 0.8.
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Figure 3.12: Comparison of postdetection SSC Model 1 and Model 2 in correlated

Rayleigh fading with average fading power imbalance for several values of p.
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3.4 Conclusion

In this chapter, the performances of two postdetection SSC receivers in correlated
Rayleigh and Rician fading channels were studied. Closed-form expressions for the
average BER of BFSK and MFSK with postdetection SSC Model 1 and Model 2 were
derived. Optimum switching thresholds that minimize the probability of error were
obtained. The effects of correlation, switching threshold and average fading power im-
balance on the performance of postdetection SSC were examined. The performances
of postdetection SSC Model 1 and Model 2 were compared with the performance
of predetection SSC and it was shown that similar to the case of independent dual-
diversity branches, postdetection SSC outperforms predetection SSC in correlated
fading for all values of SNR. Our results indicate the the performance gain of post-
detection SSC Model 1 over postdetection SSC Model 2 in Rayleigh fading decreases

when the average fading power on the branches is not balanced.
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Chapter 4

Performance of S+ N Selection Combining
Receivers in Independent Nakagami and

Rician Fading

In this chapter, we study the performances of § + N SC receivers in independent
Nakagami and Rician fading channels. Some previous studies related to S + N SC
employing noncoherent MFSK are as follows. In [33], the authors analyzed the per-
formance of noncoherent MFSK with § + N SC in independent and identically dis-
tributed (i.i.d) Rayleigh fading. In [7], two new S+ N SC models were presented and
the performance of noncoherent BFSK was obtained for the case of i.i.d. Rayleigh
fading channels. A comparison of various selection combining schemes for noncoher-
ent BFSK operating on independent and non-identically distributed (i.n.d) Rayleigh
fading channels was given in [34].

In this chapter, we consider two S + N receiver models which we refer to as S+ NV
SC Model 1 and S+ N SC Model 2. We analyze the performance of noncoherent
MFSK and the performance of non‘t:ohérent BFSK Wifh L branch diversity with S -+

N SC models 1 and 2, respectively. We assume that the diversity branches are
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independent but not necessarily identically distributed (i.n.d). Analytical expressions
are derived for the average BER and average SER of noncoherent MFSK in Rician
and Nakagami-m fading with S+ N SC and classical SC in the form of single integrals
with finite integration limits. Extensive Monte Carlo simulation results are presented
to validate our analytical expressions.

The remainder of this chapter is organized as follows. In Section 4.1, the structure
of the § + N SC Model 1 is presented and the performance of noncoherent MFSK
with S + N SC Model 1 in i.n.d Rician, Nakagami and Rayleigh fading channels is
obtained. In Section 4.2, the performance of S + N SC Model 2 with noncoherent
BFSK is analyzed in i.n.d fading channels. Section 4.3 reviews the performance of
noncoherent MFSK with classical SC in i.n.d Rician, Nakagami and Rayleigh fading
channels. Numerical examples; comparing the performances of S + N SC receivers
with classical SC, are presented in Section 4.4. Finally, some conclusions are given in

Section 4.5.

4.1 Performance of S+ N SC Receiver Model 1

The receiver structure is depicted in Flg 4.1. We assume that the fading process is
slow and frequency nonselective and the diversity branches are i.n.d. Furthermore,
we assume that the signals are equiprobable with the same energy E,;. An optimum
receiver for each diversity reception is implemented in the format of a matched filter
followed by a square-law envelope detector.

Let X;pn,m=1,--- ,M,i=1,---, L denote the output of the square-law detector

for the mth symbol of the ith diversity branch. Assume, without loss of generality,
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that the first symbol in the alphabet is transmitted. Then, the outputs of the square-

law combiners can be written as [33]
Xiu = [2Esa;exp(jti) + Nal? (4.1)
Xim = |Niml®, i=1,---,Lim=2,--- M (4.2)
where Nyp,i=1,---,L,m=1,.-- , M are independent and identically distributed,

zero-mean complex Gaussian RVs with variance 4E;Ny and «; exp(j#;), i =1,--- , L

are the complex channel gains. Then, the average SER can be written as

i

P, Pr |max{X;} < max{X;n,} (4.3a)

m#l
ror-1) [ (H in1<x>> (Fxm@)) fra(e)iz  (43b)

where Fx(-) and fx(-) represent the cumulative distribution function (CDF) and

probability density function (PDF) of the RV X, respectively. Note that to ob-
tain (4.3b) from (4.3a), we have used the fact that the RVs X;,,i = 1,--+ ,L,m =
2,+++, M areii.d. For noncoherent MFSK, The average BER can be computed from

the average SER using [21]
M

b= 5=

P, (4.4)

To proceed, we first obtain the PDF and CDF of X55 which are independent of the
fading model. From (4.2), one notes that X is a central chi-squared RV with two

degrees of freedom. Hence, its PDF and CDF is given by [35]

1 w
fX22 (w) - 4ESN0 eXp (_-4ESN0) (4'5)
and
Fitp(w) = 1~ exp (| —— (4.6)
XZZ w) = eXp 4ESNO .
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respectively. To obtain the PDF and CDF of X;;,7 =1, , L we consider two fading
scenarios: Rician and Nakagami-m fading. Rayleigh fading is considered also as a

special case of either Rician or Nakagami-m fading scenarios.

4.1.1 Rician Fading

In this case o; exp(j1;) can be written as [4]

a; exp(j;) = Zin + jZp, i=1,---,L (4.7)

where Z;; and Z;; are Gaussian RVs with means m;; and m;y and variance af, re-

spectively. The Rice factor K; can be written in terms of m;1, mi and 0%, as [4]

2 2
My + My

K, =
‘ 20%,

(4.8)
Next, we obtain the CDF of Xj;,i = 1,--- , N. Substituting (4.7) in (4.1), we obtain
Xi1 = |2E,Ziy + NA|? + |2E, Zin + N3|? (4.9)

where N/, and N3 are independent zero-mean Gaussian RVs with variance 2E,N,.
From (4.9), one can see that X;;,7 = 1,---, L are non-central chi-squared RVs with

non-centrality parameters s? and variance ¢? given by

o _ 4B NoKiYi

2 4.10
Si K, +1 (4.10)
9 ¥+ K+ 1
2 _ g N, T RiT2 4.11
9 254 No K, +1 (4.11)

where ¥; is the average signal-to-noise ratio (SNR) on the ¢th diversity branch. There-

fore, the CDF of X;; can be written as

o | PAK;, %)z .
FX“(IZ')Z l_Ql Pl(Kia’Vi)a —%.E—j\;yg)— ) 1= 1a aN (4123')
s
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where

2K;

P (Ki,y) = ——— 4.12b
1 (Ky i) Gt K+ 1 ( )
_ 2(K; +1)
P(K,%) = ——t 2 )
2 (K, 1) Gt KitD) (4.12¢)

Substituting (4.5), (4.6) and (4.12) in (4.3) and making the change of variable y =
z/(4E;Ny), we obtain

Pe = L{M —1) /0°° [ﬁ {1 —G (\/Pl(Ki,’Yi)a \/P2(Ki)’71)y> }}

1=1

(4.13)

x (1 —exp(—y))™ ¥ exp(—y)dy.

For numerical calculations it is desirable to transform the integral in (4.13) into an
integral with a finite range of integration. This is accomplished by making the change
of variable y = tan(d) in (4.13). Thus, we obtain the average SER of noncoherent

MFSK with S 4+ N selection combining as

ud L
P.= L(M =1) / lH {1- 0 (VAE:7), VRK:, 5) tan(0)) }}

0 =1 (4.14)

x [1 — exp(—tan(6))]* "' exp(— tan(0)) sec(9)d.
For i.i.d Rician fading K; =+ = K, = K, 9y = -+ - = 7, = 7 and (4.14) reduces to

3 L
Pe=L(M‘1)/ [{1—Q1 (\/Pl(K,’—Y),\/Pz(Kﬁ)tan(g))H (4.15)
0 4.15
x [1 — exp(— tan(8))]* ! exp(— tan(f)) sec®(8)d4.
4.1.2 Nakagami-m Fading
To obtain the CDF of X;y,i=1,--. , L, we first write it as
Xil = |2E305i6j6i + Ni1|2
= |2E305i + e—jeiNi1|216joi‘2

(4.16)

= |2Esai + Ni|2
= |2E,0; + N{|* + INiQ|2
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where N; = e 7% N;; and the fixed phase term e~7% is absorbed in the noise term
N;; without changing its statistics [21, p. 292] to yield NNV;. Under the static channel
condition, Xj;; is a non-central chi-squared RV with two degrees of freedom and its

CDF is given by

2F0 /T
FXﬂIOtiﬂi(x) =1- Ql ( a_\/:> (417)
where 0 = /2E,N,.

To obtain the unconditional CDF" of X;i, we average Fix, o, 0,(w) over the joint

pdf of («a;, 6;) to get

oo 27
Fy,(z) = / P jous (@) f (s, 65 dasd), (4.180)

=0 J 0;=0

_ /a :O (1—@1 (2]300‘@)){ 9:) f(ai,ei)dﬁi}dai (4.18b)
_ /a > (1-Q1 (%i%E)) F(c)das. (4.180)

i=0

Note that in obtaining (4.18¢) no assumption is made about the phase of the Nakagami
m distribution. In a Nakagami-m fading environment, the marginal PDF of ¢; is given

by [12, eqn. (2.20)]

2afmi"1 mi\ m;a?
(o) = ™ _mig 1
Pas @) I'(m;) (Qz) exp( Q; (4.19)

where m; is the fading parameter on the ith channel and Q; = E[a2].
Substituting (4.19) in (4.18c) and using [36, eq. (9)], and after some mathematical

simplifications, we obtain the unconditional CDF of X;; as

FXil(:C) =1- i ~ €Xp ( a T )

m; + % C202m; + i
mi—1 k _ (420&)
\ _ m; X Yi
i Vi —— | Ll —53 =
X ;; ex(mai, ¥i) (mi +%) k ( 202 m; +%>
where Lg(-) is the Laguerre polynomial defined as [19, eq. (8.970.1)]
. k O\
Li(z) = Y (=1) — :
@ =3 0,57 (4.200)
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and ex(m;,3;) is given by

1, k<m;—1
ex(mi, 7i) = 4 : (4.20c)
s :I_ ’71’7 k= m; — 1
M
For notational simplicity we define Cy,; as
_ - I+1 k
_y _ ex(my, %) k Yi m;
Cyi(my, ) = 2 1) — _ 4.21
kalrms, ) i (k—j><mr+%> (mr+%> (421
and we rewrite Fx,, (z) in (4.20a) as
m;—1 k T I
Fx,(z)=1-¢ c (—) 4.22
X, () Exp( %% m, +%> 2 ; et (M, i ) (4.22)

where we have replaced the Laguerre polynomial with its definition given in (4.20b).

The average SER of noncoherent MFSK with § + N SC receiver Model 1 in
Nakagami-m fading can now be computed by substituting (4.5), (4.6) and (4.20) in
(4.3). The result is

PS(E)=L(M——1)/OoofI<1—exp<

i=1

m;—1 k
.’E) Z ch“l, m,,% ))

k=0 1=0
x (1 — exp(—x))" exp(—z)dz.
(4.23)
For i.i.d Nakagami-m fadings, using the binomial theorem and after some mathe-
matical manipulation and integral evaluations, the integral in (4.23) reduces to a

closed-form expression as

LM-L-1 L
- ML—-L-1\ /(L nm
P(E)=L(M—1) (—1)”+"( > ( ) exp (— (—————_ +1 +v))
s ; v T m -y
e (zzp)!
=1
X Ckp,z,,} -
KL=k (L=qL {}1 nm 1+p2=:1 b
—+ 1+
m+7
(4.24)
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where O is a constant vector of dimension L with each element being C' and we

vk

define the summation ) as
wb=nL

DI IID I (4.25)

wb=nl  K1=m Kka=n2 KN=TL
4.1.3 Rayleigh Fading

For Rayleigh fading it can be shown that setting K; = 0,4 =1,.-- ,L in (4.14) and
setting m; = 1,4 = 1,--- , L in (4.23), and after some mathematical simplifications
we obtain a closed-form expression for the average SER of noncoherent MFSK with

S 4+ N SC model 1. The result is
J L
~(J—1 . 1 1
P.=1J ==
;;( J >( ){J—J ;J_J+Ci1
1 } (4.26)

N
J—j+2q
i=1

1
+ : + 4 (=1)F
Z J—]—l—cil-%-c,-z ( )
where ¢; = = and J = LM — L — 1. For the case of noncoherent BFSK (4.26)
reduces to [34, eq. (21)] as expected.
For i.i.d Rayleigh fading, one can show that (4.15) reduces to

r=y ()

n=0

L(M-1)

!
11 T (4.27)

=1

which is equal to [33, eq. (11)], as expected.

4.2 Performance of S+ N SC Receiver Model 2

In this section, we derive the BER of binary orthogonal signaling with S+ /N SC Model
2. The receiver structure is depicted in Fig. 4.2 ( after [7, Fig. 3]). Notice that this

receiver structure is limited to binary signaling and therefore, in this section we only
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consider noncoherent BFSK. The receiver bases its decision on the RVs X; = X;; — X;

where X;; and X, are expressed as

Xa = |2Bp0;exp(jii) + Nal? (4.28)

Xz = |Nip)?, i=1,---,N, (4.29)

where Ej denotes energy per transmitted bit, «; exp(j4;) is the complex channel gain
and N;; and N;, are zero-mean complex Gaussian RVs with variance 02 = 2E, N, per
dimension.

Assuming that u;(t), corresponding to a “1” bit, is transmitted, an error occurs if
from the L statistics X; = X;; — Xjo, the one with the largest magnitude is negative.

Mathematically, the BER can be written as

P L7 \ (4.30)
4.30
P, = P Xl <X, Xi <0}
; r <r§.lgg<! il < 1Xil )
To proceed, we write (4.30) as
L ,
P=YP Xi|+X: <0
> Pr (maxil+-X, <o)
L oo L (4.31)
-3 / Fx(=2) [] (Fx,(2) — Fx,(~)) dz.
i=1 V0 j=1
i
For i.i.d fading, (4.31) reduces to
P=L / Fxa (=) (Fxs (%) — Py (—2))" ™ das (4.32)
0

Note that (4.32) is equal to {7, eq. (8)], as expected. Eqs. (4.31) and (4.32) show
that we need to compute the CDF and PDF of X; to compute the BER. These are
computed in the following subsections for Rician, Nakagami-m and Rayleigh fading

channels.
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4.2.1 Rician Fading

In this case, the RV X is the difference between a non-central chi-squared and a
central chi-squared RV. In [13], an expression is obtained for the CDF of the difference

of a non-central and a central chi-squared RV. Using [13, eq. (51)], we obtain the

CDF of X; as
( B T
le(Ki)’Yi)eXp (4EbN0), <0
/ P2 Ku')’z)
Fy(z)={ 1~ @ | VA (K 7). 4E,N,
AT Y3(Ki, 7i)z
(4.33a)
where
oy K+1 K
nK7) = 2K+2+7€Xp< 2K+2+’"y) (4.33b)
._ 29K(K + 1)
Y, = 4.
2(K,7) (¥ +K+1)(7 +2+2K) (4:33¢)
o 2+ 2+ 2K
vk - AL (4.334)
The PDF of X; is computed from its CDF as
1 ; . x
fx,(z) = 4E'bN0Y1(Ki’%) exp (4EbNO> , <0. (4.34)

Note that to compute the BER, eq. (4.31) shows that one only needs the PDF of
fx,(x) for negative arguments. Therefore, fx,(x) is only given for z < 0 in (4.34).
Substituting (4.33a) and (4.34) in (4.31) and making a simple change of variable, we

obtain the BER of noncoherent BFSK with S+ N selection Model 2 in Rician fading
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as a single integral with finite integration range as

L x L
P, = ZYI(Kz,’Yz) /2 ¢ tan(x) H {1 _ Yl(Kj,’Yj)e_tan(w)
i=1 0 j=1
J#
- Q1 (\/P1(Kj:’7j)a \/Pz(Kj,’Yj) tan(a:)) (4.35)

Y3, ) @Q, (\/Yz(Kj, )/ Yo K5, %) tan<m>> } sec?(z)dz.

For i.i.d Rician fading, (4.35) can be simplified as

id

P, = LYi(K,7) /O * exp(— tan(z))

< <1 ~Yi(K, ﬁ)e-tan(m) o (\/Pl(K, ), \/Pz(K, ) tan(ac))

+ Y1(K,7) exp(tan(z)) Q1 (\/Yz(K, 7), VYa(K,7) taﬂ(ﬂ) ) sec’(z)dz.

(4.36)
For dual-branch diversity (4.35) reduces to a closed-form expression, namely
2
Pe = Z }/1(K57 5’5){1 - fl (Pl(K'i7 ’Vi)) P2(Kia ,-71)’ 1)
=1 (4.37a)
Y Kia _’i
o+ Yi(K 7)o (Ya( Koy 7). YKoy 7)) = —1%—7—)}
where fi(a,b,c) and fa(a,b) are defined as
filat,d = [ Quva, VEz) exp(-ca)ds
0
4.37b
2c+b—bexp| — ac ( )
= 2etb a,b,c> 0
- c(2¢c+b) T
o 2+a
fg(a, b) = / Ql (ﬁ, \/53_3-) dr = —-[-)——-, a,b>0 (4370)
0

and where ¢ denotes the 2’s complement of 4, i.e., if 4 = 1 then ¢ = 2 and vice versa.

The proof of the integral identities in (4.37b) and (4.37c) is given in [37].
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4.2.2 Nakagami-m Fading

In this case, it is shown in [38] that the CDF of X; is given by

( ~1 k
Z > Dyy(my, %) exp (2 2)
k=0 1=0'
Fx.(x) = < 4.38a
%@ =0 r(i+1, B4 1) %), 5> 0 (4.38)
T —
exp (2 2 C(mw’y’t)a z <0
where I'(-,-) is the incomplete Gamma function defined as [19, eq. (8.352.2)]
I'(n+1,z) = nlexp(— Z L (4.38b)
and where for notational simplicity we have defined Dy, ;, and C(m,%¥) as
Crea(mi, Vi
Dk’l(Tni) ’71) k’l( 7 l)q:'l'l (4.380)
(1 + mz+71)
C(my,5) = 1— Z ZDk,z(mi,Vi)P(l +1) (4.38d)
k=0 1=0

where I['(n) = I'(n, 0).

From the CDF of X;, we derive the PDF of X; by differentiation. The result is

1 T _
fx:(2) = 5 exp (5.5) Clmiy 7)< 0. (4.39)

The PDF in (4.39) is given for z < 0, as we only need the pdf for negative arguments

for the calculation of the BER in (4.31) and (4.32). Now substituting (4.38) and
(4.39) in (4.31), we obtain the BER of noncoherent BFSK with S + N SC receiver

Model 2 in Nakagami-m fading as

L o L m—1 k
P, = Z C(mi,’%)/ exp(—z) H [1 - ZDk,l(mJ,’YJ)
i= Y - 0 =
: pr (4.40)
mJ _
<ep@)l (141, (2= +1) 2) - Clmy, ) exp(-a)]da
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For i.i.d Nakagami-m fading the BER becomes

00 m—-1 k
LO(m,) [ exp(=)[1= Y 3 Deam, )
° k=0 1=0 (4.41)
x exp(z)l’ (l + 1, (T’"y +1 :v) C(m,7) exp( )] Lkldm

4.2.3 Rayleigh Fading

For i.n.d Rayleigh fading, setting K; = 0,4 = 1,---,L in (4.35) and m; = 1,4 =
1,-+-,L in (4.40), we obtain the BER of noncoherent BFSK with i.n.d Rayleigh

fading as

L [1 ~ exp(—z) + exp ( ) 3+ ;) oo, (44

1 /°°
ex -
5 Jo O )11 2+ 7;

j=1
i

L
=;2

Note that the expression given in (4.42) is simpler to compute than the expression
given in [34, eq. (22)] for the BER of S + N SC receiver Model 2 in i.n.d Rayleigh
fading. Notice that for a given N, (4.42) reduces to a closed-form expression. For

example, for the important case of dual-branch diversity, (4.42) reduces to

8+ 571 + Y2 + 311 7e
(2+7)%2+712)?

P, = (4.43)

which is equal to [39, eq. (12)] and [34, eq. (22)], as expected.

For i.i.d Rayleigh fading, one can show that (4.41) reduces to

S (LT (D sn () G+ D
Fe= LZ( n )7+2)n+1 O(i)f‘y(n-—i+1)—|—n+1 (4.44)

n=

which is equal to [7, eq. (9)], as expected.
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4.3 Performance Analysis of noncoherent MFSK

with Classical Selection Combining

In this section, we derive the average SER of noncoherent MFSK with classical SC in
i.n.d fading. To compute the average SER, we average the static error rate, denoted as
P; (e|7y) over the PDF of the largest SNR, f,._.. (), where Ymax = max{y1,¥2, - , ¥~}
That is
. o0
Po= [ Puel) i (445
0
The SER of noncoherent MFSK in an additive white Gaussian channel noise

channel is given in [21] as

e = 55U o (L (4.46)

n+1 n+1

n=

where -y is the instantaneous SNR per branch.

The CDF of yax can be written as

P H Fy( (4.47)

where F.,(z) is the CDF of the SNR on the 1th branch. Differentiating the CDF of

Ymax in (4.47), we obtain its PDF as

Fronn(@ me H (x)- (4.48)

j=1
J#i

Substituting (4.46) and (4.48) in (4.45), we obtain a general expression for the SER
of classical SC as

R SR

n=1 i=1

L

nx

+ 1) @) [[ Py (@)do.  (4.49)
e
G

Note that in obtaining (4.49), we have assumed the diversity branches go through

i.n.d fading. We now, obtain SER expressions for Rician, Rayleigh and Nakagami-m

fading scenarios.
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4.3.1 Rician Fading

For Rician fading, the PDF and CDF of ~; can be written as
K;+1 K, + 1z K,(K;+ 1)x
fru(w) = ‘(‘_—‘)‘ exp ( K; - (_‘_"“)_'> Iy (2 —-—(—7——)) (4.50)
) (3 (3

and

i
respectively, where +; is the average SNR on the ith branch.

F(z) -1—Q1<ﬂf€, ”K)) (4.51)

Substituting (4.50) and (4.51) in (4.49), and making the change of variable, z =

tan(#), we obtain the SER of selection combining with i.n.d Rician fading as

M—1 M-1y L x
N D) K+ 5 n K+1
Py = ; —— ; = exlo(—K)/0 Ol o tan(6)
L
X H 1-@h | V2K, \/2(1 ha K_) tan() sec?(6)db.
j=1 i
ji
(4.52)
4.3.2 Nakagami-m Fading
In the case of Nakagami-m fading, the PDF and CDF of 7; are given by [12]
()™ m;T )
, = - mi— 4.
Fulo) = Fs exp (<25 0 (453)
and
R s ) s
Yi - F(m@) .

respectively. Substituting (4.53) and (4.54) in (4.49), we obtain the average SER of

noncoherent MFSK with classical SC in i.n.d Nakagami-m fading as

e il ()" [ et (- (2542 )

n+1 I'(m;) 7% n+1
iz (4.55)
L r myg, -%—
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For i.i.d Nakagami-m fading, (4.55) reduces to [40, eq. (18)], as expected. For i.i.d
Nakagami-m fadings with integer values of m, using the multinomial theorem and
after some mathematical simplification and integral evaluations, (4.55) reduces to a

closed-form expression given by

M—l n+1 UL
P=1L (7 )
“ n+ 1 I'(m)
L I(m—1) (4.56a)
+ k)
(i) 50 (ﬁf-) o
n +1 7
where dj; can be computed using [41]
-
Ox = Z (k(— )) Tjo,q-1)(m-1) () (4.56b)
i=k—-m+41 . Z
where doo = doy = 1, dp1 = 5, Ou = [ and Iio () is defined as
1, a<z<b
I[a,b] (:E) = . (4.560)

0, otherwise

which is equal to [40, eq. (19)], as expected.

4.3.3 Rayleigh Fading

For Rayleigh fading, it can be shown that (4.52) and (4.55) reduce to a closed-form
expression as

n+1 (M 1)

p L1t & 1
2; it Z?{a“;aimﬁ

(4.57)
-3 “‘—}

1111;21229&1, a; + Z
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where a; = 25 + % and §; = % For i.i.d Rayleigh fading, the SER can be written

as

L .
I 459
which is equal to [33, eq. (6)], as expected.

In [33, Section V] it is concluded that S + N SC always outperforms classical
SC. Comparing (4.58) with (4.27) one can show, unlike previously concluded in [33,
Section V], that the SER performance of S+ N SC model 1 is not always smaller than
that of classical SC in i.i.d Rayleigh fading. For example, in the case of noncoherent
16-ary FSK with 2 branches the performance of classical SC is superior to that of
S + N SC Model 1 for the SNR range of 0 to a crossover value of 6.97 dB. One can
also show using numerical calculations of (4.58) and (4.27) that for a fixed value of
M, as the number of diversity branches‘ increases this crossover value decreases. For
example, considering noncoherent 16-ary FSK, the crossover value is 6.97 dB, 3.87
dB and 2.67 dB for L = 2,4 and L = 6, respectively. For a fixed number of diversity
branches, increasing the modulation order decreases the SNR cross-over value. For
example, if L = 4, the cross-over value is 4.21 dB, 4.08 dB and 3.88 dB for noncoherent

4-ary, 8-ary and 16-ary FSK.

4.4 Numerical Examples and Discussion

In this section, some numerical examples are presented to compare the performances
of the S+ N SC receivers with thdse of classical SC and SLC in i.i.d and i.n.d Rician
and Nakagami-m fading. For i.n.d fading we assume an exponentially decaying mul-
tipath intensity profile (MIP), i.e., %; = 1 exp(—B(i—1)),¢ = 1,-- -, L where § is the

average power decay factor. We also present examples to compare the performances
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of the systems in i.i.d and i.n.d fading. Monte Carlo simulation results are presented
to test the validity of our analytical expressioris. We study the effects of the modu-
lation order, the diversity order, the fading parameter and the average power decay
factor on the relative performance of S+ /N SC Model 1 and Model 2 with classical
SC and SLC.

We begin with examining the effect of the fading parameter m on the system
performance for both i.i.d and i.n.d Nakagami-m fading employing S + N SC Model
1. In Figs. 4.3 and 4.4, we have plotted the average BER of noncoherent QFSK
with 4 diversity branches in i.i.d and i.n.d Nakagami-m channels, respectively, where
m = 1,3 and 6 and 8 = 0.8. Both figures indicate that as the severity of fading
decreases, and for a given BER, the SNR difference between S + N SC Model 1 and
classical SC increases. For example, in Fig. 4.3 and at a average BER of 107, the
SNR difference is 0.72 dB, 1.37 dB and 1.63 dB for m = 1, m = 3 and m = 6,
respectively. Comparing Fig. 4.4 with Fig. 4.3, one can see that in i.n.d fading, in
contrast to the i.i.d case, the perfc;rmance of §+ N SC Model 1 is inferior to that of
classical SC when the average SNR is small. The differences are small, however, and
they occur for large values of error rate, so that the S + N model 1 receiver will be
preferred for practical implementations.

The effect of average decay factor on fhe relative performance of S+ /N SC Model 1
to classical SC in presented in Figs. 4.5 and 4.6 where the SER of noncoherent QFSK
is plotted as a function of the average SNR per bit of the first branch 4; for 3 = .5 and
B =1and for K = 0,3 and 6. Comparing Figs. 4.5 and 4.6, one can observe the effect
of average decay factor on the relative performance of the two selection combining
receivers. For example when K = 0, which corresponds to Rayleigh fading, Fig. 4.5

shows that S+ N SC Model 1 outperforms SC for the range of SNR given. However,

84

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



in Fig. 4.6, classical SC has superior performance over S+ N model 1 for small values
of SNR up to a crossover value of 8.4 dB. Fig. 4.6 also shows that as the channel
becomes better, this crossover value decreases.

Figs. 4.7 and 4.8 study the effect of modulation order on the performances of
S 4+ N SC Model 1 and classical SC in i.i.d and i.n.d Nakagami-m fading channels.
While Fig. 4.7 shows that S+ N SC Model 1 outperforms classical SC for the range
of SNR given, we see in Fig. 4.8 that similar to Fig. 4.4, classical SC has superior
performance over S + N SC Model 1 for small values of SNR. Fig. 4.8 also shows
that the value of SNR at which the error rate curves of classical SC and § + N SC
Model 1 cross, decreases as M increases. For example, the cross-over value is 3.4 dB,
2.7 dB and 2.3 dB for M = 4,8 and 16, respectively.

In Fig. 4.9, the average BER of noncoherent BFSK with S + N SC model 1 is
plotted as a function of the average SNR in i.n.d Rician fading with an average decay
factor of B = 0.5 and for K = 3 for several values of L. It is interesting to note that
unlike the case of i.i.d fading, the performance of the system does not necessarily
improve as we increase the diversity order. For example, Fig. 4.9 shows that the
performance of the S + NV SC Model 1 with 4-branch diversity is superior to the
performance of 8-branch § + N SC Model 1 for the SNR range of 0 to 13 dB. This
phenomena can be explained as foyllovgrs. In the small SNR region the noise term is
dominant and S + N SC receiver is basically choosing the branch which is mostly
affected by noise. Therefore, in the small SNR region, increasing the diversity order
does not necessarily improve the performance of the system.

In Fig. 4.10, the effect of the average delay factor, 3, on the relative performances
of S+ N SC Model 1 and classical SC is examined, where the BER of noncoherent

16-ary FSK is plotted as a function of SNR per bit on the first diversity branch for
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4-branch S + N SC Model 1 and classical SC in Nakagami-m fading with m = 4.
Notice that as 0 increases, the performance gain of S + N SC Model 1 over classical
SC decreases. Also, it is important to notice that for the region of small SNR and
for large (@ classical SC performs better that S + N SC Model 1. This is because for
larger 3, we get weaker diversity branches in terms of signal strength and the noise in
the system becomes the dominant factor. Therefore, by choosing the largest output
of square-law detectors, the § + IV SC receiver is in fact choosing a branch mostly
affected by noise resulting in an inferior performance compared to classical SC. The
same phenomena is in evidence in Fig. 4.11, where for large 8 and in the small SNR
region, classical SC outperforms S + N SC Model 1 and S + N SC Model 2, while
in the moderate to high SNR region S + N SC Model 2 outperforms both S + N SC
Model 1 and S+ N SC Model 2. Furthérmore, Fig. 4.11 shows that S+N SC Model
2 has superior performance over S + N Model 1 in all cases.

Finally, we compare the performance of S + N SC Models 1 and 2 with square-
law combining (SLC). Fig. 4.12 shows the average BER performance of noncoherent
8-ary FSK with 3, 4 and 5 branch diversity with S+ N SC Model 1, classical SC and
SLC in i.i.d Nakagami-m fading. For ‘SLC, we have used the analytical expressions
given in [42] to plot the curves in Fig. 4.12. Fig. 4.12 showé that as we increase
the number of diversity brahches; the performance gap between S + N SC Model
1 and SLC increases. For example at an average BER of 1072, the SNR difference
between S + N SC Model 1 with SLC is 1.18 dB, 1.57 dB and 1.9 dB for N = 3,4
and 5, respectively. The performance gdp between S + N SC Model 2 and SLC also
increases as the number of diversity branches is increased, as illustrated in Fig. 4.13.
For example, at an average BER of 1073 the SNR difference between the two systems

is 0.29 dB, 0.57 dB and 0.92 dB, for L = 3,4 and 5, respectively.
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Figure 4.3: The average BER of noncoherent QFSK with 4-branch S+ N SC receiver

Model 1 and classical SC in i.i.d Nakagami-m fading with m = 1,3 and 6.
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Figure 4.4: The average BER of noncoherent QFSK with 4-branch S+ N SC receiver

Model 1 and classical SC in i.n.d Nakagami-m fading with m = 1,3 and 6 and 8 = 0.8.
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Figure 4.5: The average SER of noncoherent QFSK over 4-branch i.n.d Rician fading

with an average decay factor § = 0.5 for K = 0,3 and 6.
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Figure 4.6: The average SER. of noncoherent QFSK in 4-branch i.n.d Rician fading

with an average decay factor § =1 for K = 0,3 and 6.

90

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10 e —
[ S+N SC Model 1]
e - - ~Classioal SC
Lo S T S + _Simulation

Average BER

: E N :
J | s | A *
0 2 ‘ 4 6 8 10 12 14
Average SNR per bit per branch [dB]

Figure 4.7: The average BER of noncoherent MFSK with 4-branch S+ N SC receiver

Model 1 and classical SC in i.i.d Nakagami-m fading with m = 2 for M = 4,8 and
16.
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Figure 4.8: The average BER of noncoherent MFSK with 4-branch S+ /N SC receiver

Model 1 and classical SC in i.n.d Nakagami-m fading with m = 2 and 8 = 0.8 for
M = 4,8 and 16.
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Figure 4.9: The average BER of noncoherent BFSK with S+ N SC Model 1 in i.n.d

Rician fading with L = 2,4 and 8, an average decay factor of § = 0.5 and K = 3.
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Figure 4.10: The average BER of noncoherent 16-ary FSK with 4-branch S + N

SC receiver Model 1 and classical SC in i.n.d Nakagami-m fading with m = 4 and

6 =10,0.3 and 0.8.
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Figure 4.11: The average BER of noncoherent BFSK with 4-branch S+ N SC receiver

Model 2 and classical SC in i.n.d"Naka‘gami—m fading with m =5 and 8 = 0,0.3 and
0.8.
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Figure 4.12: The average BER of noncoherent 8-ary FSK in L-branch i.i.d Nakagami-

m fading with S+ N SC receiver Model 1, classical SC and SLC form = 3and L = 3,4

and 5.
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Figure 4.13: The average BER of noncoherent BFSK in L-branch i.i.d Nakagami-m

fading with S + N SC receiver Model 1, S + N SC receiver Model 2 and SLC for
m=>5and L = 3,4 and 5.
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4.5 Conclusions

The performances of two S + N SC receivers in i.n.d Rician, Nakagami and Rayleigh
fading channels were analyzed. For each receiver, analytical expressions were derived
for the average BER in terms of single integrals. These analytical expressions were
verified using extensive Monte Carlo simulation results. It was shown that, unlike
previously published results, the performance of S + N SC receivers are not always
superior to the performance of the classical SC receiver when the receiver is operating
in the low SNR region. The effects of diversity order, modulation order and average
fading power imbalance on the performances of the two S + N SC receivers was
examined. Interestingly, it was shown that the performance of the S+ N SC receiver
does not necessarily improve with the addition of diversity branches when the receiver
is operating in the low SNR region. The performances of the S+ N SC receivers were

compared to the performances of classical SC and SLC.
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Chapter 5

Performance of S + N Selection Diversity
Receivers in Correlated Rayleigh and

Rician Fading

In Chapter 4, we studied the performances of two S + N SC receivers in i.n.d Rician,
Nakagami and Rayleigh fading channels. In this chapter, we generalize the results of
the previous chapter to correlated Rayleigh and Rician fading channels. For Rician
fading we assume that the branches are equally correlated. For Rayleigh fading,
the correlation model is more general and includes the equally correlated scenario as
a special case. For each S + N SC receiver structure, we obtain easy to compute
analytical expressions for the average BER, which are verified using Monte Carlo
simulation results.

For Rayleigh fading, we assume that the correlation structure follows the model
given in [30, eq. (8.1.5)], [43], which includes the case of equally correlated fading
as a special case. We also consider the general scenario that the fading powers on
the channels are not necessarily identical. For Rician fading, our analysis considers

the case of equally correlated branCheS, where for each receiver structure analytical
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expressions are derived for the average BER. The effects of correlation, fading power
imbalance and fading parameter on the performance of S+ N SC receivers are exam-
ined and the performance of S + IV SC is compared to classical SC. Our analytical
results are verified using Monte Carlo simulation results. Note, that the equally cor-
related model can be used as a worst case benchmark or as a rough approximation
by replacing every non-diagonal element in the correlation matrix (p;;,7 # j ) with
the average value of p;; [20]. The equally correlated model has been used to model
a set of closely placed antennas [44]. However, using experimental measurements,
Zhang [45] has shown that the correlation model for a set of three equally placed an-
tennas does not follow the equally correlated model, so the equally correlated model
must be applied with care. The performance of classical SC over correlated fading
channels has been studied in [46]- [53].

The remainder of this chapter is orgénized as follows. In Section 5.1, average SER
expressions are derived for S + N SC Model 1 for the cases of correlated Rayleigh
and Rician fading channels. In Section 5.2, average BER expressions are derived
for the performance of S+ N SC Model 2 in equally correlated Rayleigh and Rician
channels. Several numerical examples that compare‘the performances of the two S+ N
SC receiver structures with classical SC are presented in Section 5.3 and the validity
of the analytical expressions obtained in Sections 5.1 and 5.2 are verified using Monte

Carlo simulations. Finally, some conclusions are given in Section 5.4

5.1 Average SER of S + N SC Model 1

The performance of noncoherent MFSK signaling with L branch diversity with S+ N

SC Model 1 is considered. The structure of the receiver is given in Fig. 4.1 and the
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outputs of the square-law detectors are give by

X’i = |2ESG1, + Nillz (51)
Xim = |Niml|?, i=1,---,Lim=2,---, M (5.2)
where G;,% = 1,---,L are the complex channel gains and N;;,¢ = 1,---,L,j =
1,--+, M are complex Gaussian RVs with variance 4F;Ny. Following the analysis in

Section 4.1, the average SER can be written as
Ps(E) = Pr [leax < X2ma.x] (53&)
o]
= / Fleax (x)fX2max (m)dx (5'3b)
0

Noting that the RVs X;,,,i=1,--- ,L,m = 2,--. , M are independent and identically

chi-squared RVs with common PDF and CDF given by

1
Ix(@) = 77w, = (" 4E1:)N0> (5:4)
and
Fx(z) = 1 — exp (- y szv0> (5.5)

respectively, we can obtain the PDF of X5, as

L(M B 1) N r LM—-L-1
== e - 1 - - ' '
fXZmax (:L') 4E3N0 CXp ( 4E3N0) ( exp ( 4E3N0>> (5 6)

The CDF of Ximax is given by

Fleax (:E) = FX11,X21,"',XL1 (CC, Ly ,.’E) (5°7)

where Fx,, xp1, x5, (%, @, -+ , ) is the joint CDF of the RVs Xj;,i =1,--+, L. Sub-
stituting (5.6) and (5.7) in (5.3b), we obtain a general expression for the average SER

of noncoherent MFSK with S + N SC in correlated fading as

L(M—1) [* =
P(E) = TsNO—/O Fxy X1, %00 (%, %, -+, ) exp (—4E3N0)

. LM—L-1
X (1 — exp (‘4E N0>) dx.
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Note that the average BER can now be obtained from the average SER using P,(E) =
M/(2(M — 1))Py(E). If the branches are independent, Fx, . (z) can be written as

the product of the marginal CDFs Fx, ,i=1,---,L and (5.8) reduces to

;== [ [T oo ()

. LM—-L-1
X (1 — exp (_4E No)) dx.

which is equal to (4.3a).

(5.9)

5.1.1 Rayleigh Fading
Let ¥ denote the branch power covariance coefficient matrix, whose elements ; ;(¢, j =
1,--+, L) satisfy [43, eq. (2)], i.e.,

_ E(GPIG) — E(GME(G,P)
VVar([Gi[2)Var (IG;P?)

= pip; (5.10)

where G;,7 = 1,--- , L are the complex channels gains and E(X) and Var(X) denote
the expected value and the variance of X, respectively. Note that, for p; = p,i =
1,--+,L, (5.10) reduces to the case of equally correlated branches. For Rayleigh

fading we write the channel gains, G;, as [30]

Gi = VUWT = piUi + voilo + §(V1 = piVi+ VEiVo)), i=1,---,L (511)

where j = /-1, U; and V;,i = 0,..., L are independent zero-mean Gaussian RVs

with variance 3, 0 < p; < 1 and Q; = E[|G;|?] is the average fading power on the

ith channel. Note that one can show that |G;| are Rayleigh distributed and that the

branch power covariance matrix will follow (5.10). Furthermore, one can show that

the cross-correlation between any G; and G; is \/pipr = E[G:G}l// E[|Gi|!| E[|Gk|?].
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Using (5.11), we can write X;; defined in (5.1) as

X = 2BV U(V1 = pilli+v/pilo) + Ny + B/ Qu(V/T = piVit v/piVe) + NiY)*

(5.12)
where NI, and N are zero-mean Gaussian RVs with variance 2E,Ny. Define Z =
U2 + VZ. Then assuming that Uy and V; are fixed, one can show that the RVs Xj;
conditioned on Z are independent and their conditional CDFs, Fx, z(z), are given

by

1 29;piz x
FXillZ(CU) =1 Ql ( 1+ ,71(1 _ pi), \/2E3N0(1 T '71‘(1 _ pi))> (513)

where ; is the average SNR on the ith branch. Thus, the joint CDF of X;;,7 =
1,---, L conditioned on the RV Z can be written as the product of the marginal

CDF's conditioned on the RV Z, i.e.,
L
FX11,X21,"',XL1|Z(‘T1’ Ty ,.’L‘L) = H FX,-1|Z(-'I"1'|Z)° (514)
i=1
The RV Z is central chi-squared with two degrees of freedom and its PDF is given by
fz(z) = exp(—=z). (5.15)
Using (5.14) and (5.15), we can now obtain the joint CDF of X;;,i=1,---,L as

o0
FX11,X21,~--,XL1(-7717$, e >$L) = /
0

H FX“|Z($,~|Z)} fz(z)d= (5.16a)

I A = B 2902 Ti
= /O [E (1 Q1 ( 1+ %(1—p)’ V 2E,No(1 + (1 — Pi))))}

X exp(—z)dz. (5.16b)

Substituting (5.16b) in (5.8) and using a simple change of variable, the average SER of

noncoherent MFSK with §+ N SC Model 1 operating with nonidentically distributed

103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



correlated Rayleigh fading branches becomes

B B oo proo [ L B 29;0:2 2z
Py(E) = L(M 1)/0 /o D} <1 Q1 (\/1 + % (1~ p;)’ \/(1 +7:(1 - Pz))))}

x exp(—z — z) (1 — exp(—2z))"M 7 dadz.

(5.17)

For the important case of dual-branch diversity, after much mathematical manipu-

lation and integral evaluations, (5.17) reduces to a closed-form expression given by

2M

-3
2M -3 A1 1
FolB) = 2M =) L ( i )(_1) i+1 26+1+4)
— Az +2(i+ 1+ 4)) __ 1 (5.182)
A? + AS + 2(’l + 1+ Al)) 4A2A3 2(’5 +1+ A4)
A6+2(i+1+A4)
A= +A6+2(Z+ 1 +A4)) 4A5A6
where 212
A = — (5.18b)
1 - 1 +’71 .
2(1 4+ 1)
Ay = 5.18¢
Rt n Rl (5:18¢)
271720
Ay = 5.18d
S YA ) P ) Ry (5-184)
1
A, = 5.18
! 1+ (5.18¢)
A5 = 2Viap (5.18f)
N1 —pP)+ 7+ T+ 1)1+ )
As = —— 21 + %) : (5.18g)

Tl -+ +H+1

The derivation of (5.18) is given in Appendix B.
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5.1.2 Rician Fading

In the case of Rician fading, we consider the case of equally correlated branches and

we represent the channel gains as [20]

Gi= \/1—pUi+\/ﬁUo+m1 +j(\/1—p‘/i+\/ﬁ‘/0+m2) (519)

where 0 < p < 1 and U; and V; are independent zero-mean Gaussian RVs with
variance 02 = /(2(K +1)), and where K = (m?+m2)/(20?) is the Rician factor [4].
Using the representation given in (5.19), one can show that the fading correlation
between G and G is equal to p and E[|Gy|*] = Q,i = 1,---, L, i.e., the branches
are identically distributed. In addition, the power correlation between |G;|? and |G;|?

(¢ # j) can be obtained as [20]

2K +p

R (5.20)

Pn=0p

Define Z = (U + %)2 +(Vo+ %)2: Then assuming that Z is fixed, one can show,
after some mathematical simplification, that the conditional CDF of X;;,i=1,--- , L

given Z, i.e., Fx,,z(z), can be written as

29p(1 4+ K)z (1+ K)z
Fixyz(z) =1 -G (\/1+K+’7(1—p)’\/2E3N0(1+K+7(1—p))>' (5.21)

Note that because the branches are identically distributed F,,z(z) is independent

of 7. Using (5.21) and the PDF of Z given by

fz(z) = (K + 1) exp (_—Ib{— — (K + l)z) Iy <2 _K__(i(p—}—_l)_z_) (5.22)
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we obtain the joint CDF of X1, =1,---,L as

K
FX11,X21,---,XL1 (CE, Ly ,l‘) - (K + 1) €xp <_?)

v /Ooo exp (—(K +1)2) I (2 5&;_”_%)

(11 K2 (1+K)e L
x (1—Q1 <\/1+K+7(1_p)’\/2E3N0(1+K+f‘y(1—p))>) dz.

(5.23)

The average SER of noncoherent MFSK with S + N SC Model 1 in identically dis-
tributed equally correlated Rician fading can now be obtained by substituting (5.21)
in (5.8) as
K oo o0
Py(E) = L(K+1)(M — 1) exp (—7) / / (1 — exp(—x)) ML
o Jo

X exp (—(K + 1)z —x) I (2 H_;*_QE)

27p(1 + K)z 21+ Kz L
N <1 - @1 (\/1 —|-.K+’7(1—p)’\/(1+K+7(1_p)))> dzdz.

Note that eq. (5.24) is valid for p > 0 as we have used (5.22) to obtain (5.24) which

(5.24)

implicitly assumes that p > 0. For p = 0, which corresponds to independent fading

branches, the average SER is given in [54, eq. (11)].

5.2 Average BER of S+ N SC Model 2

The receiver structure of S+ N SC Model 2 is depicted in Fig. 4.2 and the outputs

of the square-law detectors are given by

Xiu = |2BGi+ N (5.25)

Xi? = |Ni2{2a l = 17 e 7L (526)
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where Ej, denotes the energy per bit, N;; and N;3,¢2 = 1,--- | L are i.i.d zero-mean
complex Gaussian RVs with variance 4F,Ng and G;,i = 1,--- , L denote the complex
channel gains.

As discussed in Section 4.2, the receiver bases its decision on the decision statistics
X; = X1 — Xjg, i.e., a summing process occurs on each diversity branch before data
detection. The receiver will make an error if from the L statistics X;, the one with

the largest magnitude is negative. Therefore, we can write the average BER as

L
P, = ZPI‘ (r?;%leXJI < |Xl|,X1 < 0) (527&)
i=1
L
= Z Pr (mi,x | X5+ Xi < O) (5.27b)
=1 7

- ZL: Fi,(0) (5.27c)

where W; = X;+ Y, and Y; = max |X;|. The CDF of W;, Fw,(w), calculated at w =0
ji
can be written as

A= [ [ e vdvds (5.28)
=—00 J y=—00

To continue, assume that the RVs X; are independent given a RV Z. Then, because
functions of independent RVs are also independent, we conclude that X; and Y; given

Z are also independent RVs and thus, fx, v, z(z,vy|2) = fx,z(2) fv;z(y). Noting that

fx,v,(z,y) = / thmz(x,y)fz(z)dz,‘we can write (5.28) as
0

o) = [~ [ " s s s (290
= [Tt ([ tiel@)Frat-a)d) ds (5.290)

==
o0
=0

_ /O°° fZ(z)(z fX,.,Z(—x)FmZ(x)dm> dz. (5.29¢)
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Next, we calculate Fy;z(z) as

L
Fyyz(z H Fx,z(z) — Fx,z(—z)) (5.30)
i
where we have used the fact that the RVs X; are independent given Z. Combining
(5.30) and (5.29¢) and the result in (5.27c), we obtain the average BER of noncoherent
BFSK with S+ N SC Model 2 as

- Z /0°° /°° 1 (Fx;iz(z) = Fx;1z2(=2)) fx:(—2)fz(2)dzdz.  (5.31)
=1 0 ;;i

We now obtain analytical expressions for Fx, z(z), for the cases of Rayleigh and Rician
fading channels. Using these expressions we can obtain analytical expressions for the

average BER of noncoherent BFSK S + N SC Model 2 in these fading scenarios.

5.2.1 Rayleigh Fading

In this case, using (5.11), we can write X; as

X; = 2B/ u(/1 = piUi + /Bilo) + NL)?
+ En/Qu(/1= piVi + /2iVa) + N7)? = | Naif*

As in the previous section, define Z = U2 + V2. Then, assuming Z is fixed, it is

(5.32)

easy to see that X; is the difference of a non-central and a central chi-squared RV.

Using [13, eq. (51)], we can obtain the conditional CDF of X; given Z as

( q)l(’?i)pi:z) exXp (@%ﬁg) ’ <0

- (W \/2E,,N0(1 f(l ~ m)%)

Fx,z(z) = ’ (5.33a)
+@1 (%, pi, 2) exp (Efz—v;>
o Yis Pir 2)T
Ql ( (I)S(i’iapiaz), JS;E%%) ’ z>0
- 108

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where

®(7,p,2) = m exp (wﬁgp—i;ﬁ) (5.33b)
Dy(7,p,2) = a +?107—Z PE) (5.33c)
W09 = T (5:334)
O4(7,p0,2) = 2?——:—8——:—3—; (5.33¢)
From (5.33), we obtain fx, z(z) for negative arguments as
fxjz(z) = ! 1 (%, pi, 2) exp <—i—) yx < 0. (5.34)
4E, Ny 4E, Ny

Substituting (5.33) and (5.34) in (5.31), we obtain the average BER of BFSK with
S + N SC Model 2 as

L

[0 0] o0
= Z/ / @1(’7i,piaz)
i=1 70 0

L

XH{l_Ql (\/q)2 Yis Pjr 2 \/1+ 1—p;) )+(I)1(7JHOJ’ )eXp( )
A

X Q1 <\/<1>3(’7jn0j72)» \/4’4(’79',/01‘, Z)a?) = ®1(7;, pj, %) eXp(—m)}

X exp(—x — 2)dzdz.
(5.35)

For dual-branch diversity, after many mathematical manipulations, a simple closed-
form expression is derived for the average BER of noncoherent BFSK with S+ N SC

Model 2 as
8 + 5% + 572 + 37172(1 — p?)
(4 + 291 + 292 + 17(1 — p2))?’

Fy(E) = (5.36)
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5.2.2 Rician Fading

Using the representation of the complex channel gains in (5.19), and assuming that
Z = (Uo + m1//p)* + (Vo + ma/\/p)* is fixed, one can show, similar to the case
of Rayleigh fading, that X; conditioned on Z is the difference between a noncentral
chi-squared and a noncentral chi-squared RV. Hence, using [13, eq. (51)], and after

some mathematical manipulations, Fx, z(z) can be obtained as

4

Hi(%, K, p,2) exp (75 ) 7<0
1_621 (VHQ(’—)/aK,pvz)’ H3(’77K>p) d
Fx,z(z) = \/ ZEbN‘)) (5.37a)
+H, (7, K, p, z) exp (ML%) x
o (\/H4(W,K> o2, \/Hm,K, p)2EfNO) 23>0
where
_ _ 1+ K w1+ K)z
B0 K2 = s myean—p P < 21+ K) + (1 — p)) (5:370)
2 K
Hy(V, K,p2) = 7 +7I€(—1|—-;(1 )_zp) (5.37c)
+ K
H3;(7, K, p) = T i((le,_y(l)_ 3 (5.37d)
_ . 29p(1 + K)?z
B Fop2) = AR T30 )R+ B) + 30— p) (5.37¢)

1+ K +75(1—p)
Note that because the branches are identically distributed F'x, z(z) does not depend

on ¢. From (5.37), we obtain the conditional PDF of X given Z for negative arguments

as

1

) = H (7

w
4EbNO) , <0 (5.38)

Substituting (5.37) and (5.38) in (5.31), The average BER of noncoherent BFSK

with S + N SC Model 2 in identically distributed equally correlated Rician fading is
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obtained as

Pb(E) = L(K + 1) S Hl(ﬁ'v K, p, Z) 1- Ql \/H2(’7i>Ka Ps Z)’ \/H3(’7a K, p)x
0 JO

+ exp(@) Hy(7, K, p,2)Q1 (VE(T K, p,.2), v Hs(3, K, )

p

K(K +1
« I, (2,/—(—5-—)3) dzdz, p> 0.

For p = 0, the average BER is given in [54, eq. (24)]. In the important case of

(5, K, p,2) exp(—x)} - exp (—5 (K 4+ 1)z - :1:>

(5.39)

dual-branch diversity, using [18, egs. (B.27) and (B.31)] and similar to the procedure

presented in the Appendix, (5.39) reduces to

h(B) = goflz exp <_ BlB ; 2) v 20 +22£4 2 (5.402)
where
2K +1) K7
_ 2(K +1)(2K +2+7)
b= Sy im0 B 120 K (5.40¢)
_ 2K53(2(1 + K) +7(1 - p))?
B = (2K +2+%9)(3%(1—p*) +371 + K) +2(1 + K)?) (5.40d)
B - 2(1+ K)?
2T+ K) +31+ )21+ K) +4(1 - p))
2K7
< e (s ramrs) (540e)

B, — 2K3(K +1)(2(1+ K) +5(1 — p)) (5.40f)
TR+ K) + 31 +p)FA - ) + 331+ K) 21+ K)?)

B, = 220+ K)+50+ )20+ K) + 50— p)) (5,408
(1 - p2) + 371+ K) + 2(1 + K)? ' '
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5.3 Numerical Examples

In this section, we give some numerical examples to show the effects of correlation,
average fading power imbalance and fading parameter on the performance of S+ N SC
receivers. Furthermore, we compare the performance of S+ N SC Model 1 and S+ N
SC Model 2 to that of classical SC. Monte Carlo simulation results are presented to
confirm the validity of our analytical expressions.

Fig. 5.1 shows the average BER of QFSK as a function of the average SNR per
bit per branch of S + N Model 1 and classical SC in equally correlated identically
distributed Rician fading for K = 4 and p = 0.5 for several values of diversity order
L =24 and 6. Fig. 5.1 shows that similar to the case of independent fading [54],
the performance of S + N SC is superior to the performance of classical SC for the
range of SNR given. Also note that as the number of diversity branches increases, the
performance gap between S+ N SC Model 1 and classical SC increases. For example,
at an average BER of 107 the SNR gap between S + N SC Model 1 and classical
SC is 0.33 dB, 0.83 dB and 1.10 dB for L = 2,4 and 6, respectively.

In Fig. 5.2, the effect of fziding parameter on the relative performance of S+ N SC
Model 1 is compared to that of classical SC in equally correlated Rician fading. Fig.
5.2 shows the average BER of QFSK with 3-branch diversity in equally correlated
Rician fading for K = 0,5 and p = 0.6. It can be seen from Fig. 5.2 that the SNR
gap between the two SC schemes increases as the channel becomes less faded. For
example, for an average BER of 1073 the SNR gap between S + N SC Model 1 and
classical SC is 0.56 dB, 0.69 dB and 1.17 dB for K = 0,5 and 10, respectively.

In Fig. 5.3, the average BER of MFSK with §+4 N SC and classical SC in Rayleigh
fading is plotted as a function of fhe average SNR per bit of the first branch ¥, for

an exponentially decaying multipath intensity profile ( 4; = 71 exp(—f(i — 1)), i =
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1,--+, L where (3 is the average power decay factor ) for 8 = 0.5 and [p1, -, p4] =
[0.3,0.5,0.7,0.9]. Both theoretical and simulation results are presented. The equation
used to plot the curves for classical SC is

py(B) = %‘:1 (Mn— 1)( 1) n:illo& / / ( nh;gifz\f)»y ~ t)

n=1

L
2pl
X 1-— drydt.

Note that eq. (5.41) is derived using similar techniques to that of [43] and generalizes

(5.41)

the result given in [43, eq. (23)] for Rayleigh fading to include the effect of aver-
age fading power imbalance. Fig. 5.3 indicates that the performance gap between
S + N SC Model 1 and classical SC remains almost constant for different values of
modulation order.

Fig. 5.4 shows the average BER of 4-branch QFSK with § + N SC Model 1 and
classical SC in correlated Rayleigh fading for several values of average decay factor
B =0,0.5 and 1 with [py, -, ps] = [0.3,0.5,0.7,0.9]. Note that the performance of
classical SC relative to the perfor’maﬁce of S+ N SC is a function of the average
decay factor. For example, while for 6 = 0, § + N SC outperforms classical SC for
the range of SNR given, for 8 = 1, classical SC outperforms S + N SC for the range
of 0 to 10 dB. This phenomena can be explained as follows. When the average SNR
is small, the noise term is dominant and the S+ N SC receiver is practically choosing
the branch that is mostly affected by noise and thus its performance is inferior to the
classical SC receiver which selects the branch with the largest SNR. However, when
the SNR is large, the S + N SC receiver yields a better error performance than that
of the classical SC receiver because with the former system there is opportunity for at
least one sample to be better (less noisy) than the average of the samples [7]. Notice

that for 8 =0, S+ N SC outperforms classical SC in the range of SNR given but as
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the channel becomes more faded ( § increases ) and for small SNR, the noise term is
again dominant and fhe S + N SC receiver is more likely to make errors compared to
the classical SC receiver.

In Fig. 5.5, the average BER of BFSK with S + N SC Model 1 is compared to
the average BER of S + N SC Model 2 in correlated Rayleigh fading for L = 3,
[01, P2, p3] = [0.55,0.85,0.25] and for several values of the average decay factor § =
0,0.6 and 1.2. The analytical and simulation results are in excellent agreement. Fig.
5.5 shows that the average SNR difference between S + N SC Model 1 and S + N
SC Model 2 does not change significantly with § at small average BERs. However,
at large average BERs the difference in the average SNR between the two receivers is
larger for smaller values of (.

In Fig. 5.6, the performances of 4-branch BFSK with S + N SC Model 1 and
Model 2 are compared to the performance of classical SC in equally correlated Rician
fading with K = 5 and for several values of p = 0.2,0.4 and 0.6. Fig. 5.6 shows that
S+ N SC Model 2 outperforms both S+ /N SC Model 1 and classical SC. Fig. 5.6 also
shows that the performance gap between S+ N SC Model 1 and S + N SC Model 2
increases as p increases. For example, at an average BER of 107, the SNR difference
between S+ N SC Model 1 and S+ N SC Model 2 is 0.16 dB, 0.65 dB and 0.99 dB
for p = 0.2, 0.4 and 0.6, respectively. The SNR difference between classical SC and
S+ N SC Model 1 and Model 2 also increases as the correlation among the diversity
branches increases. For example, for an average BER of 10™*, the SNR difference
between S + N SC Model 2 and classical SC is 1.17 dB, 1.38 dB and 1.56 dB for
p = 0.2,0.4 and 0.6, respectively.

Finally, in Fig. 5.7 the average BER of BFSK with classical SC, §+ N SC Model

1 and S + N SC Model 2 is plotted as a function of average SNR per bit per branch
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in equally correlated Rician fading with X = 10 and p = 0.6 for several values of
L =2,3 and 4. Fig. 5.7 shows that the average SNR gap between classical SC with
S+ N SC Model 1 and Model 2 increases as L increases. For example, for an average
BER of 107 the SNR, difference between S + N SC Model 2 and classical SC is 1.44
dB, 2.06 dB and 2.43 dB for L = 2, 3 and 4, respectively. Fig. 5.7 also shows that the

SNR gap between S+ N SC Model 2 and S+ N SC Model 1 increases as L increases.
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Figure 5.1: The average BER of QFSK with S + N SC Model 1 and classical SC
as a function of average SNR per bit per branch in equally correlated identically

distributed Rician fading for K =4, p=0.5 and L = 2,4 and 6.
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Figure 5.2: The average BER of QFSK with § + N SC Model 1 and classical SC as
a function of average SNR per bit per branch in equally correlated Rician fading for

K =0,5,10 and p = 0.6.
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Figure 5.3: The average BER of 4-branch MFSK with S+ N SC Model 1 and classical

SC as a function of average SNR per bit per branch in correlated Rayleigh fading with
M = 2,4 and 16.
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Figure 5.4: The average BER of QFSK with S+ N SC Model 1 and classical SC as a

function of the average SNR per bit of the first branch in correlated Rayleigh fading

with 8 = 0,0.5 and 1.
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Figure 5.5: The average BER of 3-branch BFSK with S+ N SC Model 1 and S+ N

SC Model 2 in correlated Rayleigh fading for several values of average decay factor

B =20,0.6 and 1.2.
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Figure 5.6: The average BER of 4-branch BFSK with S+ N SC Model 1, S+ N SC

Model 2 and classical SC as a function of average SNR per bit per branch in equally

correlated Rician fading with K =5 and p = 0.2,0.4 and 0.6
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Figure 5.7: The average BER of 2-, 3-, and 4-branch BFSK with classical SC, S + N

SC Model 1 and S+ N SC Model 2 as a function of average SNR per bit per branch
in equally correlated Rician fading with K = 10 and p = 0.6.
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5.4 Conclusion

The performances of two S + N SC receivers in correlated Rayleigh fading for a
particular correlation structure and in equally correlated Rician fading were analyzed.
For each receiver structure, analytical expressions were derived for the average BER.
The performances of S + N SC Model 1 and Model 2 receivers were compared to
clagsical SC and the impacts of correlation, modulation order, fading parameter,
fading factor and number of diversity branches on the relative performances of S+ N
SC receivers were studied. It was shown that for Rayleigh fading and with average
fading power imbalance, classical SC outperforms S+ N SC for small values of average

SNR.
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Chapter 6

On Decorrelation in Dual-Branch

Diversity Systems

6.1 Introduction

It is well known that correlation between the branches of a dual diversity system
has a deleterious effect on the performances, outage and average error rate, of the
diversity system [32], [55], [56]. Meanwhile, space restrictions may dictate that only
correlated diversity branches are available in an application; this is particularly true
for a handheld wireless unit. In these cases, correlated dual branches are employed
for the gains they provide over a single branch system, even though the gains are re-
duced relative to independent dual branches. Decorrelation of the correlated branches
might be considered to improve the diversity receiver performance. However, results
in [57] show that there is no benefit gained from decorrelating correlated branches in
an optimal maximal ratio combining (MRC) diversity system . The question remains
as to whether the performances of other diversity combining schemes such as selec-
tion combining (SC), switch-and-stay combining (SSC), square-law combining (SLC)

and equal gain combining (EGC) can be improved by employing decorrelation. In
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this regard, complexity plays a crucial role. In general, performing a decorrelation
of correlated diversity branches requires complex measurement of channel state in-
formation for the diversity branches in order to determine the parameters needed to
implement complex matrix transformations to effect the decorrelation. Overall, the
system becomes more complex than a MRC diversity system, requiring more channel
estimation and more signal processing than an optimal MRC system. Thus, MRC is
simply to be preferred and decorrelation is impractical.

In the special case of dual diversity, however, decorrelation can be easily and eco-
nomically implemented using simple addition and subtraction of the correlated signals
without any channel state information, regardless of the value of the correlation co-
efficient between the branches, provided that the channels have the same average
power. If the fading is Rician, or complex Gaussian, the decorrelated branches are
independent branches, albeit of different mean powers. The addition of simple, eco-
nomical adder circuits as signal pre-processing ahead of SC, SSC or EGC diversity
combining is both practical and consistent with the otherwise simple and economical
implementations of these diversity combining schemes. In this chapter, we examine
the use of decorrelation pre-processing with SC, SSC and EGC diversity schemes.
The results will show that in the case of dual branch diversity with branches of equal
mean powers, decorrelation pre-processing offers worthwhile performance enhance-
ment at little additional cost for SC and SSC diversity systems, but has no value in
MRC, EGC and SLC systems.

Many researchers have analyzed the performance of dual-branch diversity systems
in independent and correlated fading channels employing several combining schemes
such as MRC, EGC, SC and SSC [32], [55], [56], [58]- [67]. The performance of

coherent as well as noncoherent and differentially coherent modulation methods have
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been analyzed in dual-branch diversity systems. For example, Simon and Alouini
presented a unified performance analysis of digital communication systems with dual-
branch selective combining diversity over correlated Rayleigh and Nakagami-m fading
channels [55]. In this chapter, we propose a simple decorrelator dual-branch diversity
receiver structure and we show that the performance of this receiver with SC and SSC
is superior to the performance of a conventional SC and SSC receiver, respectively,
in correlated Rician and Rayleigh fading.

We assume that the branches have fhe same average fading power and the branches
are generally correlated with correlation coefficient p. Slow, flat fading is assumed.
In the decorrelator receiver the branches are first decorrelated and then diversity
combining is performed on the decorrelated branches. It is shown that to decorrelate
the incoming signals, the receiver does not need any information about the signals
and the decorrelation can be easily done by adding and subtracting the signals on the
two diversity branches. Important performance measures such as the mean output
signal-to-noise ratio (SNR), outage probability, average symbol error rate (SER) and
average bit error rate (BER) of several modulation schemes of practical interest are
computed for each combiner. The perfofmance of the decorrelator diversity receiver
with SC and SSC is compared to the performance of the conventional SC and SSC
receiver, respectively, and it is shown that the decorrelator receiver has superior
performance in terms of the average BER, outage probability and mean output SNR.
For example, for binary phase shift keying (BPSK) and at an average BER of 1074,
the SNR improvement of the decorrelator receiver over the conventional receiver is
as much as 2.1 dB in correlated Rician fading. The effects of modulation order,
correlation and the severity of fading on the relative performances of the conventional

and the decorrelator receivers are examined. We note that using the results of [57],
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Diversity
Combiner

Decorrelator

Figure 6.1: The structure of the dual-branch decorrelator receiver.

one can show that the performance of the decorrelator receiver and the conventional
receiver with MRC are identical. In this paper we show that the performance of the
decorrelator receiver and the conventional receiver are also equivalent when SLC is
employed at the receiver. For EGC, we show that the performance of the decorrelator
receiver is inferior to the performance of the conventional receiver.

The remainder of this chapter is organized as follows. The system model is pre-
sented in Section 6.2. The performances of the decorrelator receiver with SC and SSC
are discussed in Sections 6.3 and 6.4, respectively. In Section 6.5, it is proven that
the performance of the decorrelator and the conventional receiver with SLC is iden-
tical. The performances of the two receivers with EGC are compared in Section 6.6.
In Section 6.7, some numerical examples are presented and the performances of the
conventional and the decorrelator receiver are compared. Finally, some conclusions

are given in Section 6.8.
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6.2 System Model

The structure of the decorrelator receiver is shown in Fig. 6.1. Let r; and 7o de-
note the received base-band equivalent signal samples at the first and second branch,

respectively, given by

r = G133+N1 (61)

T = G21E+N2. (62)

In (6.1) and (6.2) z is the data symbol sample, G;,i = 1,2 are the complex channel
gains and N;,7 = 1,2 are independent complex additive white zero-mean Gaussian
noise samples with variance Np/2 per dimension. We assume that the fadings on the
branches are identically distributed and the instantaneous and average signal-to-noise
ratios on each branch are given by ~ and 7, respectively.

Let the fadings on the branches be slow and frequency flat Rician, correlated with
correlation coefficient p. It is useful in the subsequent development to represent the

channel gains as (3.28), which we repeat here for the sake of completeness as

Gz=\/1—le—F\/ﬁXo-i-Vl+](\/1—p}/z+\/ﬁYO+I/2), Z=1,2 (63)

where 0 < p < 1 and X; and Y; are independent zero-mean Gaussian RVs with
variance 02 = Q/(2(K + 1)), and where K = (v} + 1v2)/(20?) is the Rician factor.
Signal samples r; and ro are input to the decorrelator. The outputs of the decorrelator,
denoted as w; and wy, are given by

7‘1+T‘2_G1+G2 N1+N2AA
- - 1

_|_
vz ViR
Tl—TZ__Gl—sz+N1_N2é

V2 V2 V2

Since ¢; and g, are complex Gaussian RVs, one can see from the definition of A;

w; =

T+ vy (6.4)

AQCE + V2. (65)

Wy =

and A, that these are also complex Gaussian RVs. Furthermore, one can show that
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A; and A, are uncorrelated and thus independent. Similarly, one can prove that the
noise terms v; and v, are mutually independent Gaussian RVs with variance Ny/2
per dimension. Furthermore, it can easily be shown that the noise components v,
and v, are independent of each other and also independent of the signal components
in wy; and wy. Thus, the decorrelator transforms the two correlated branches into
two independent branches. The outputs of the decorrelator are input into a diversity
combiner. In the sequel, we analyze the performance of the decorrelator receiver in
conjunction with SC and SSC. Important performance measures such as the mean
output SNR, outage probability and average SER and average BER of several mod-

ulation formats are examined.

6.3 Selection Combining

In selection combining the branch with the largest SNR is chosen for data detection.
Let 7, and 72 denote the instantaneous SNR for w; and ws, respectively. Then, one

can show that the CDF of +; and 7, are given by
4K 21+ K)x
F. ={1- , 6.6

F,(z)=1—exp (—g&—ﬁ%) (6.7)

respectively. Examination of (6.6) shows that (6.4) corresponds to a Rician faded

and

branch with average fading power

(1 + p+2K)/(1 + K) (6.8)
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and Rician factor 2K/(1+ p). Similarly, one can see from (6.7) that (6.5) corresponds

to a Rayleigh faded branch with average fading power

(1 -p)/(1 + K). (6.9)

6.3.1 Output SNR CDF

Noting that the two branches after decorrelation are independent, the CDF of the
output SNR can be written as the product of the CDF of the SNRs of the individual
branches. Thus, using (6.6) and (6.7), the CDF of the decorrelator receiver with SC,
E.

Ysc

(1+K) (1+ K)z
Fyso(z) = (1_eXp( ( p) (1_Q1 (\/1+p \/ T+ )) (6.10)

6.3.2 OQOutput SNR PDF

(z), can be calculated as

Differentiating (6.10) with respect to z, using (3.59) and after some algebraic simpli-

fications, the PDF of the output SNR is obtained as
—~(1+K)ex _(1+K)z B 4K 2(1+ K)x
fucte) = 3= gy wl—p))(l Ql(\/1+p’¢-<1+m ))
1+ K 1 — ex _(1+K)z . 2K (1+K)z
“rarg 0o (C5ag) ) e (- Sars) o

8K(1+ K)z
*fo (\/ A1+ p)? ) |

6.3.3 Output SNR MGF

A closed-form expression for the MGF of vsc can be obtained as

_ 1+ K 2K#s
Pscls) = 7 YK —si1+p) ° (1+K—s7y(1+p)>
N 7s(1 — p)*(1 + K) ox (_2K(1+K—SW(1—P))>
2+2K —s7(1-p))A+ K —s71—p) P\ 2+2K—sy(1-p?) )

(6.12)
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6.3.4 Mean Output SNR

The average output SNR can be obtained from the MGF using

oo dPsc(s)
Ys¢c =
ds

N (6.13)

Substituting (6.12) in (6.13) and after some mathematical simplifications, we obtain

the average output SNR as

exp(—K). (6.14)

_ Y14+ p+2K) (1 - p?
o = JLHP )+;( )

1+ K (1+K)

For conventional dual-branch SC, similar to the procedure in [20, Section V.C], the
mean output SNR in correlated Rician fading can be calculated as a two-dimensional

integral given by

o= Ko () [+ (-0 (V225505
<o - ng% ?f¥>%( ﬂ§§%?>%(¢r;>dm

Note that one can easily calculate the double integral in (6.15) using the Gauss-

(6.15)

Laguerre formula [68].

6.3.5 Average Error Rate

One could either use
P.= [ Pet oy (6.16)
or

a=—1w () Fr(dy (6.17)

to calculate the average SER of various modulation techniques. However, because

(6.10) is more compact than (6.11), we use (6.17) to calculate the average SER of
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various modulation formats in the sequel. We note that, one could also use the MGF-
based approach given in [12] to derive the average SER. As shown in [12] the main
step in using the MGF-based approach is expressing the MGF of the combiner output
in a form that is both simple and suitable for single integration. Since the MGF of
the output combiner has been already derived in (6.12), we can use it to obtain the
average SER using the methodology given in [12]. In the sequel, we use (6.17) and the
MGPF-based approach to derive the average SER of various modulation techniques of

practical interest.

1) For coherent BFSK and MPAM the static SER is given in (2.19). Substituting

(2.19) in (6.17), the average SER becomes

avb [ 1 1
P, = — — —~by | F d. 6.18
w2r Jo ﬁeXp( 2 7) e (N (6.18)

where (a,b) = (1,2) for BPSK, (a,b) = (1,1) for coherent BFSK and (a,b) =
(2(M —1)/M,6/(M? — 1)) for MPAM.

2) For QPSK, MQAM, MSK and coherently detected DPSK, the static SER is given

in (2.21). Substituting (2.21) in (6.17), we obtain the average SER as

Py / e (—%M) (2 -0 (V&) Fuglly. (619)

where (a,b,c) = (2,2,1) for 4PSK or MSK, (a,b,¢c) = (2,2,2) for coherently de-
tected DPSK and (a,b,¢) = (4(‘/\/% b, 35\?2{\4, AV 1L) for MQAM. Substituting

(2.21) in (6.17), we obtain the average SER as

3) For n/4-QDPSK and noncoherent correlated BFSK, the static SER is given in
(2.23). Substituting (2.23) in (6.17), the average SER in this case can be obtained

using

a2 _ b2 o0 a2 + b2
p=2 / exp (—L—z—ﬂ) I (aby) Fro(y)dr.  (6.20)
0
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where (a,b) = (V2 ~ V2, V2 +v/2) and (a,b) = (\/1”;"’\ ,\/1”2“’\ ) for 7/4-
DQPSK and noncoherent, correlated BFSK, respectively, and where X is the cor-

relation between the binary signals in noncoherent correlated BFSK.

Alternatively, using the MGF-based method, the average SER can be obtained by

calculating

1 b4 (1 —¢)?
P = - Psc <—2(1 T 2Csm(0) & C2)> do (6.21)

-

where ¢ = a/b.

4) Using the MGF-based approach the average SER of MFSK can be obtained as

1)rtt (M1
P, = Z n+(1 )q>sc<nil>. (6.22)

Again, using the MGF—based approach, one can derive the average BER of non-

coherent BPSK and DBPSK as
Ps = atI)sc (b) (623)

where (a,b) = (1/2,1/2) for noncoherent BPSK and (a,b) = (1/2,1) for DBPSK,

respectively.

6.3.6 Outage Probability

The outage probability, Py, is the probability that the instantaneous output SNR

falls below a given threshold ~;;, and is given by

Pout = Pr(vsc < 7n) = Figo (1en)- (6.24)

Using (6.10), the outage probability can be easily computed as

Py = (1 — exp (—E%lff%ﬁ)) <1 O <\/1 — \/2(1 J{fp”“‘)) . (6.25)

The results in this section will be used to examine the performance of dual selection

combining with decorrelation in Section 6.4.
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6.4 Switch-and-Stay Combining

The structure of the SSC receiver was introduced in Section 2.2. Similar to Section
2.2, we denote the output SNR of the SSC receiver at time ¢ = nT as yssc. Then,

vssc(n) can be written as [17, eq. (3)]

yoso(n) =y ird Se == mln) 2 0r (6.26a)
Yssc(n —1) =1(n—1) 7(n) <yr

vssc(n) = v2(n), as above with interchanging -+, and ~,. (6.26Db)

In the following sections, we obtain the output SNR CDF, output SNR PDF and the

output SNR MGF of the decorrelator receiver with SSC in correlated Rician fading.

6.4.1 Output SNR CDF

Following the analysis in [14], one can obtain the CDF of the output SNR as

([ F,(vr)Fy, ()
E, (yr) + Fy,(vr)

(F"h (:II) + F’Yz(x)) ) T <r

sc(P) =\ Py (o) By () (6.27)
() + By () (@) + (@) = 2)

B (Or) Py (8) + Py (2) o (r)
\ F’Yl (’YT) + F’Yz ('YT)

where F, (-) and F.,(-) are defined in (6.6) and (6.7), respectively.

T 27
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6.4.2 QOutput SNR PDF

The PDF of the output combiner can be obtained from the combiner output CDF by

differentiation as

r F, (vr)Fy, (yr)
Fy, (vr) + F,, (yr) (f"'l (z) + fra (z)), T < yr

Frosc(®) =9 F, (y2)Fyp(7r) (6.284)
P (1) + Po(yn) )+ 1)
+ Fy, ('VT)fvz (z) + fo(2) Yy (yr)

\ Fy, (vr) + Fyy(vr)

where f,,(-) and f,,(:) are the PDFs of ; and 7, and are calculated using (6.6) and

z 2T

(6.7) as
_1+K oo [ — 2K (1+K) 8K(1+ K)z
b= 5070 p( L+p 7(1+p)>j°( V(L +p)? ) (6:285)
and
_ 4K ( (+K) )
)= 5w (5 ) (6:259
respectively.

6.4.3 Output SNR MGF

Similar to the analysis in the previdus section, taking the Laplace transform of (6.28a),

we obtain a closed-form expression for the MGF of the output SNR as
Pssc(s) = Hi(s,vr)G(yr) + (1 — Gyr))Ha(s, vr) (6.29a)

where G(vr), Hi(s,vyr) and Ha(s,yr) are defined as

_ F’Yl ('YT)
G(yr) = F ) + Foton)’ (6.29b)

(1+K)
Hi(s,vr) = 77 = s7(1— p)

I = )

(6.29¢)
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and

1+ K

H = :
2(8)7’1’) 1 +K _ 8’7(1 _|_p) exp(

2sK#
7 > F’Yl (’YT)

K+1-s%(1+p)

s \/ 4K (K +1) \/;)/T(l-i—K—s"y(l + p)
"WV a+p+K —s7(1+p) 3(1+ p)

(6.29d)

respectively.

6.4.4 Mean Output SNR

Using the MGF in (6.29), and after tedious mathematical manipulations, the mean

output SNR is derived as

Yssc = G(r) (M + yr exp ( A+ Kr K)VT)) + (1= G(yr) [(1 +p+2K)7

1+ K T 3(1-)p) 1+K
QA+ Ky 2K\ | 8K (1 + K )yr
+€Xp< ¥(1+p) 1+p> {VTIO (\/ F(1+ p)? )

2K~y 8K(1+ K)vyr
+ 1+K11<\/ (1 + p)2 )H

Note that the mean output SNR is dependent on the switching threshold v7. An op-

(6.30)

timum switching threshold that maximizes the average output SNR can be computed

by finding the root of

d'?SSC/d'YT = 0. (631)

6.4.5 Average Error Rate

Similar to the analysis in the previous section, one can obtain the average SER of

SSC with various modulation schemes of practical interest. For example, the average
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SER of nonccherent MFSK can be obtained as

P, = Zl D 1)<I>ssc ). (6.32)
T n+1 n+1

Note that the average SER is a function of the switching threshold. An optimum

switching threshold that minimizes the average SER can be obtained by finding the
root of dP;/dyr = 0. For example, for noncoherent MFSK the optimum switching

threshold is the root of

/ —_
o wro (n . 1) 0. (6.33)

In (6.33), oo (+) is the derivative of $gga(+) with respect to v and can be calculated
ssc

n=1

as

Psscls) = Gyr)Hi(s,yr) + (1 — G(vr)) Hals, vr) + G'(vr) [Hi(s,v7) — Ha(s, 7))
(6.34a)
where G'(yr), Hi(s,yr) and H|(s,vr) are the derivatives of (6.29b), (6.29¢) and

(6.29d) with respect to y7 and are givén by

) = o) F Fn0)) (6.340)
, (1+K) 1+ K) (1 + K)
A = RS0 {w 5o () 510
_(1+K—571— )exp( 1+ X ’7(1—p))) |
(1 - —p)
and
, 1+ K 2sK#H
Ha(s,vr) = 1+ K —s%( 1+p ( K +1—s%( 1+,0))> [fvl(VT)
1+ K —s7(1 +,0) ( K(K + 1)7T>
(1 + p) (1 + p)?
o oxc <__ 2K(K +1) _ 7T(1+K—57(1+p)>
PO+ A+ E—s31+9) ¥ +p)
(6.34d)
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respectively. Note that, in general, the optimum switching threshold that minimizes
the average SER, is different from the optimum switching threshold that maximizes
the average output SNR.. The results of this section are used in Section 6.7 to examine

the performance of SSC diversity with decorrelation.

6.5 Square-Law Combining

In this section, we show that the performances of the decorrelator receiver and the
conventional receiver are identical when the combining scheme is SLC. In SLC, the
receiver bases it decision on the summation of the outputs of the square-law detectors.

For the conventional and the decorrelator receiver, the decision output statistics are

given by

Dy = |r* + |raf? (6.35)
and

Dy = |w: | + ws/? (6.36)
respectively. Let

o= T1+I% (6.37)

o= ot (6.35)

Then it is easy to show that D; = z? + 22 + y? + y3. Substituting (6.4) and (6.5) in
(6.36), and using (6.37) and (6.38), one can show that Dy = D;. This proves that

the performances of the decorrelator and conventional SLC receivers are identical.

138

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6.6 Equal Gain Combining

In this section, we prove that the mean output SNR of the decorrelator receiver is
less than the mean output SNR of the conventional receiver when EGC is employed.
For the conventional receiver, using the approach of [69], one can show that the mean

output SNR is given by

_ (1 - p)? K
Yecc = ’7(1 + 1T K) exp p

(6.39)

Note that (6.39) corrects [69, eq. (36)]. For K = 0, the mean output SNR is given as

m 1 1
A =~ —. —— ].' 2 '40
Yrcc 7(1+42F1( 273 ,p)> (6.40)
where 2 F(a, b; ¢; z) is the Gauss hypergeometric function defined in [19, eq. (9-100)].

For the decorrelator receiver, one can show that the mean output SNR is given by

/1 - p? p( K)

~ =711 v e
YEGC y( + 11 K) ex T+ o

14+2K+p K 2K (K )}
I I
X[ 1+p 0<1+p>+1~1~p1 1+p

(6.41)

which, in the case of Rayleigh fading (K = 0), reduces to

YEGC =7 (1 + %\/ 1- p2> : (6.42)

Comparing (6.40) with (6.42), one can prove that for Rayleigh fading the mean output
SNR. of the decorrelator receiver is always less than the mean output SNR of the
conventional receiver. For Rician fading, Fig. 6.2 shows the normalized mean output

SNRs (Jecc/7) of the decorrelator receiver and the conventional receiver as a function
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of p for several values of K. Fig. 6.2 shows that the mean output SNR of the
decorrelator receiver is less that the mean output SNR of the conventional receiver
for all values of p. Thus, one can conclude that the performance of the decorrelator
receiver with EGC is inferior to the performance of the conventional EGC receiver.
An interesting behaviour shown in Fig. 6.2 is that the mean output SNR of the
decorrelator EGC receiver decreases as K increases while the mean output SNR of
the conventional EGC receiver increases as the channel becomes less faded. We also
note that numerical results show that when K approaches infinity (6.39) approaches

275 while (6.41) approaches 7.

6.7 Numerical Examples

In this section, we give some numerical examples to compare the performance of
the decorrelator SC and SSC receivers with conventional SC and SSC receivers, re-
spectively. Fig. 6.3 shows the average BER of BPSK for the conventional and the
decorrelator SC receivers as a function of the average SNR per bit per branch in cor-
related Rician fading with p = 0.55 and for several values of K = 0,5 and 10. Note
that for K = 0, which corresponds to Rayleigh fading, the performance of the two
receivers are almost identical and the decorrelator receiver performs slightly better
than the conventional receiver for small values of SNR. However, in Rician fading, the
performance of the decorrelator receiver is significantly better than the performance
of the conventional receiver and the performance improves as the channel becomes
less faded (K increases ). For example, Fig. 6.3 shows that for K = 10 and for
an average BER of 1073, the avérage SNR difference between the conventional and

the decorrelator receiver is 2.1 dB. Fig. 6.4 studies the effect of correlation on the
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relative performance of the conventional and the decorrelator receiver in correlated
Rician fading with K = 5 and 10 for p = 0.1,0.4 and 0.8. Fig. 6.4 shows that
the decorrelator receiver outperforms the conventional receiver for the whole range of
SNR. For example, at an average BER of 107#, the SNR gain of decorrelator receiver
over the conventional receiver is 0.77 dB, 0.54 dB and 0.63 dB for p = 0.1, p = 0.4
and p = 0.8, respectively. |

The outage probabilities of the conventional and the decorrelator SC receivers in
correlated Rician fading are plotted in Figs. 6.5 and 6.6 for several values of K and
p as a function of the normalized threshold SNR. Both figures show that the outage
probability of the decorrelator receiver is much less than the outage probability of the
conventional receiver. For example, Fig. 6.5 shows that for a normalized threshold
SNR of -4 dB and for K = 10, the outage probability of the conventional and the
decorrelator receiver are 0.0115 and 0.0019, respectively which means that the outage
probability of the decorrelator receiver is one-sixth of that of the conventional receiver.
Note also that Fig. 6.5 indicates that as K increases and for a given normalized
threshold SNR, the difference between the outage performance of the two receivers
increases.

In Fig. 6.7 the mean output SNR of the conventional and the decorrelator SC
receivers in correlated Rician fading with p = 0.5 have been plotted for several values
of K = 0,5 and 10. Fig. 6.7 indicates that unlike the conventional SC receiver where
the mean output SNR decreases as K increases !, the mean output SNR increases as

K increases in the decorrelator SC receiver.

!This behaviour may seem unexpected. However, a similar behaviour is observed and explained

in [60].
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Fig. 6.8 shows the average BER of QFSK with the conventional and the decor-
relator SSC receiver as a function of average SNR per bit per branch in correlated
Rician fading with p = 0.6 and K = 0,5 and 10. To plot the curves in Fig. 6.8,
for each value of SNR, the optimum switching threshold the minimizes the average
BER has been used. Fig. 6.8 shows that the performance of the decorrelator receiver
is superior to the performance of the conventional receiver and the performance gap
increases as K increases. For example, at an average BER of 10~ the SNR gap
between the conventional and the decorrelator receiver is 2.83 dB and 1.11 dB for
K =5 and K = 10, respectively. For K = 0, the performance of the two receivers
are almost identical for moderate to large values of average SNR. For small values of
average SNR, however, the decorrelator receiver performs slightly better.

The dependence of the averagé BER of QFSK with the decorrelator receiver in
correlated Rician fading, on the switching threshold is studied in Fig. 6.9 for several
values of 7 and p. Fig. 6.9 shows that for a fixed %, the optimum switching threshold
increases as p decreases. This is similar to the dependency of the conventional SSC
receiver found in [32, Fig. 4]. Fig. 6.9 also indicates that for a fixed p, the optimum
switching threshold increases as ¥ increases, which is again similar to the behaviour
of the conventional SSC receiver found in [32, Fig. 4]. Despite these similarities,
comparing Fig. 6.9 with [32, Fig. 4] shows that the average BER of the decorrelator
receiver is more sensitive to the changes in switching threshold than the conventional
SSC receiver, particularly for small values of 4.

The effect of modulation order M on the average BER of MFSK with the decor-
relator and the conventional SSC receiver is studied in Fig. 6.10 for several values
of M = 2,4 and 16. Again, similar to Fig. 6.10, for each SNR value, the optimum

switching threshold that minimizes the average BER is computed. Fig. 6.10 shows
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that for a given average BER the performance gap between the two receivers does
not change significantly with M. For example, at an average BER of 1073, the SNR
gap between the two receivers is 1.44 dB, 1.05 dB and 1.19 dB for M = 2, 4 and 16,
respectively. |

Finally, the mean output SNRs of the conventional and the decorrelator receiver
with SSC in correlated Rician fading with K = 10 are compared in Fig. 6.11 for
several values of correlation p = 0.15,0.45 and 0.75. Fig. 6.11 shows that unlike the
conventional SSC receiver and for a fixed average SNR, the mean output SNR of the
decorrelator SSC receiver increases as the channel becomes less faded. Fig. 6.11 also
indicates that mean output SNR of the decorrelator receiver is much larger than that
of the conventional receiver. For each value of average SNR in Fig. 6.11, the optimum
switching threshold that maximizes the mean output SNR has been computed. These
optimum switching thresholds have been calculated by obtaining the roots of (6.31)
numerically. Fig. 6.11 shows that the mean output SNR of the decorrelator SSC
receiver is less sensitive to the changes in the correlation than the mean output SNR
of the conventional SSC receiver for small to medium average SNR.

An interesting behaviour evidenced in Figs. 6.4, 6.6 and 6.11 is that the per-
formance of the decorrelator receiver improves with increasing correlation coefficient
while that of the conventional receiver degrades with increasing correlation coefficient.
This happens because the correlation increases the SNR of the stronger decorrelated
branch (see eq. (6.8)) while decreasing the SNR of the weaker decorrelated branch
(see eq. (6.9)), so that the effective SNR of the selected branch generally improves

with increasing correlation.
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Figure 6.2: The normalized mean output SNRs of the conventional and decorrelator

EGC receivers as a function of the correlation, p, for K = 3,6 and 9.
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receivers as a function of the average SNR per bit per branch in correlated Rician

fading with p = 0.55 for K = 0,5 and 10.
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Figure 6.4: The average BER of BPSK for the conventional and the decorrelator SC

receivers as a function of the average SNR per bit per branch in correlated Rician

fading with K = 5 for p = 0.1,0.5 and 0.9.
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Figure 6.5: The outage probability of conventional and decorrelator SC receivers as
a function of the average SNR per branch in correlated Rician fading with p = 0.5
for K = 0,5 and 10.
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Figure 6.7: The average output SNR of the conventional and the decorrelator receivers

in correlated Rician fading with p = 0.5 for K = 0,5 and 10.
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Figure 6.8: The average BER of QFSK for the conventional and decorrelator SSC

receivers in correlated Rician fading with p = 0.6 for K = 0,5 and 10.
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Figure 6.9: The average BER of QFSK for the decorrelator SSC receiver as a function

of the switching threshold in correlated Rician fading with K = 5 and p = 0.1,0.5
and 0.9 for ¥ = 10, 15 and 25 dB.
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Figure 6.10: The average BER of MFSK for the conventional and the decorrelator

SSC receivers in correlated Rician fading with p = 0.6 and K = 4 for M = 2,4 and
16.
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receivers as a function of the average SNR per symbol in correlated Rician fading

with K = 10 for p = 0.15,0.45 and 0.75.
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6.8 Conclusion

The benefit of implementing decorrelation prior to the employment of SC and SSC di-
versity was analyzed in correlated Rayleigh and Rician fading channels for dual-branch
diversity. The performance of a dual-branch decorrelator receiver in conjunction with
SC and SSC was analyzed in correlated Rayleigh and Rician fading channels. Im-
portant performance measures such as the average BER of several modulations of
practical interest, mean output SNR and outage probability were computed for each
diversity receiver. It was shown that the performances of the decorrelator SC and
SSC receivers are superior to the performances of the conventional SC and SSC re-
ceivers in correlated Rician fading, respectively, and that the average SNR gain can
be as much as 2.83 dB. Similarly the outage probability of the decorrelator receiver
was shown to be reduced by as much as one-sixth relative to the outage probability

of the conventional receiver in some scenarios.
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Chapter 7

Conclusion

In this chapter, we summarize the contributions of this thesis. We also give some

suggestions for future research.

7.1 Conclusions

1. The performance of dual-branch SSC in correlated Rician fading channels was
studied. Analytical expressions for the average SER of various modulation formats

of practical interest, outage probability and mean output SNR were derived.

2. The performances of two-dual branch postdetection SSC receivers in correlated
Rayleigh and Rician fading channels were analyzed. For each receiver structure
analytical expressions were derived for the average BER and average SER of non-
coherent BFSK and noncoherent MFSK in correlated Rayleigh and Rician fading.
These analytical expressions are obtained in closed-form and are easy-to-compute.
For Rayleigh fading, the impact of fading power imbalance on the performance of

postdetection SSC receivers was studied.

3. The effects of important parameters, such as the correlation coefficient, fading
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power imbalance and fading factor, on the performances of postdetection SSC

receivers were analyzed.

4. The performances of predetection and postdetection SSC receivers were compared.
It was shown that postdetection SSC outperforms predetection SSC for any given

average SNR.

5. The performances of two S+ N SC receivers with noncoherent MFSK and nonco-
herent BFSK in i.n.d Rician, Nakagami and Rayleigh fading channels were com-
puted as single integrals with finite integration limits. The performances of S+ N
SC receivers were compared with the performance of classical SC and it was ob-
served that, unlike as suggested by previously published results, the performances

of S+ N SC receivers are not always superior to the performance of classical SC.

6. It was shown that increasing the number of diversity branches in a S + N SC

receiver does not decrease the average SER if the system is operating in the low

SNR regime.

7. Tractable analytical expressions have been derived for the average SER of non-
coherent BFSK and noncoherent MFSK with L branch S + N SC in correlated
Rician fading. The performances of S + N SC receivers in correlated Rayleigh
fading were also studied. The correlation model used for Rayleigh fading is more

general than the equally correlated case and includes it as a special case.

8. The effects of important measures such as correlation and average power decay

factor on the performances of S + N SC receivers were studied.
9. A new dual-branch decorrelator receiver was introduced and its performance in
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correlated Rician fading was analyzed. It was shown that the decorrelation pro-
cess does not require knowledge of the fading statistics and can be performed
by the addition and subtraction of the incoming signals. It was shown that the
decorrelator receiver, when combined with classical SC and SSC, can improve the

system performance by as much as 2.83 dB in SNR.

10. The outage probability and the mean output SNR of the SC and SSC decorrelator
receivers were computed and it was shown that the outage probability of the decor-
relator receiver can be reduced by as much as one-sixth of the outage probability

of the conventional SC and SSC receivers.

11. The performance of SLC and EGC when combined with the decorrelator receiver
were analyzed and it was shown that for SLC, the decorrelator and the conventional
receiver have the same performance. For EGC, it was proved that the decorrelator
receiver has negative benefit and its performance is inferior to the performance of

the conventional receiver.

7.2 Suggestions for Future Research

1. Recently, there has been much interest in the performance of generalized selec-
tion combining (GSC) diversity systems where a subset of diversity branches are
selected for processing [70]- [79)]. ;In all these GSC systems, the criterion used
to select a branch is a function of the SNRs on the branches. In a GSC diver-
sity system, from the available L branches, L, branches are chosen whose SNRs
satisfy the system requirement. For example in hybrid-selection/maximum ratio
combining (H-S/MRC) the L, branches having the largest SNRs are chosen and

combined using a maximum ratio combiner. This requires the receiver to estimate
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the channel gains on all the diversity branches. For coherent modulation formats,
the receiver needs these estimates for data detection. For example in MRC, the
branches are co-phased and weighted proportional to their SNRs to form the output
statistics. For noncoherent and differentially coherent modulations, the informa-
tion of the channel gain is only used to choose the branches and is not used in
the data detection process. For noncoherent modulation formats, the L, branches
having the largest SNRs are combined using an equal gain combiner. We refer to
these combining systems as SC/EGC in the sequel. Note that the performance
of SC/EGC in i.i.d and i.n.d fading channels has been well studied in the litera-
ture. For example, in [79] the authors have derived the performance of SC/EGC in
i.n.d generalized fading channels for binary noncoherent and differentially coherent

modulation formats.

Instead of using the SNR on the branches as a measure of choosing a branch, one
may select a branch whose matched filter output satisfies a given condition. For
example, as shown in the previous sections, in S + N SC, the branch having the
largest sample at the output of the matched filter is chosen for data recovery. This
combining technique will alleviate the need for estimating the channel gains. Now
consider a noncoherent or differentially coherent system where the L, branches
having the largest matched ﬁiter outputs are selected and combined using EGC to

form the output statistics. We refer to this combining scheme as S + N/EGC.

Although the performance of SC/EGC systems is well studied in the literature,
there is little work on the performance analysis of S + N/EGC systems in fading
channels [80]. In [80], the average BER of a M-ary orthogonal NCFSK with S +
N/EGC is studied in L branch i.i.d Rayleigh fading channels where for each of the

M hypothesis, the receiver combines the L, largest outputs among the L available
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square-law detectors. The resulﬁs in [80] are limited to the case of i.i.d Rayleigh
fading channels. Furthermore, no comparison between S + N/EGC and SC/EGC
is given in [80]. An investigation of the performance of M-ary noncoherent NCFSK
with S+ N/EGC in i.n.d fading channels is needed. Other fading models such as
Nakagami-m and Rician fading can be considered. In addition, it is of interest to

study the performance of S + N/EGC receivers in correlated fading channels.

2. The performance of the decorrelator receiver was examined when the branches are
identically distributed. A topic for future research is to study the performance of
the dual-branch decorrelator receiver when there is average fading power imbal-

ance.

3. The performance of S+ N SC receivers was analyzed in equally correlated Rician
fading channels. It is of interest to study the performance of S + N SC receivers

when the correlation model is more general than the equally correlated case.
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Appendix A

_In this appendix, we derive (3.52). The main step in deriving (3.52) is to simplify the

integrals

Jk; = /OO sz’l (w)[FWiz(w)]M"ldw, k‘ = 1,2 (A].)

wT;

and

L = /0 ” { /O " Pz (wz) P 17(w) fz(z)dz} (Fuy ()M fu, (w)dw, k= 1,2
(A.2)

that appear in (3.45). These integrals are simplified below for k = 1. Similar results
can be obtained for k = 2. Substituting (3.49) and (3.50) in (A.1), and using standard

integration techniques we obtain a closed-form expression for J; as

e (M-1\ (- Cnn (L + i+ )
h= ; ( i )1+i(1+’71) exp( 41+ ) ) - Ay

Next we calculate I;. Substituting (3.12), (5.13), (3.50) and (3.51) in (A.2) and

using the change of variable y = w/(4E;Ny) we obtain

e [ [ (8] -0 (v i)

x (1 — exp(—y))" ? exp (—y) exp(—=2)dzdy

(A.4)

where for notational simplicity we have defined a; = 291p/(1 + 71(1 — p)), by =

M1/ (21 + 71(1 = p))), a2 = 2%2p/(1 + F2(1 — p)) and by = 2/(1 + T2(1 — p)).
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Next, expanding (1 — exp (—y))™ ™2 in the above equation, (A.4) can be written

as
M2
Ly=Y (=1)(Lu+ L + L1z + L1s) (A.5a)
i=0
where
Ly = / / exp(—z) exp(—(1 + 9)y)dzdy (A.5D)
o Jo

L= [ [ Qi (Ve VB) expl-s) exp(—(1 + ihy)dady (A50)
L= [ [ Qi (VaE Vo) explos)esp(-(Lk ipdzdy (A5
L= /Ooo /Ooo Q1 (\/6713, \/77;) o (\/52—2', \/I);Z) exp(—z) exp(—(1 + 1)y)dzdy.

(A.5e)
Using standard integration techniques, Ly can be calculated as
Ly = ——. (A.6)
1+1
For Lys, using [18, eq. (B.28)] we obtain
Ly = %_-il—-I exp (2 _?_1%) . (A.T)

Similarly, using [18, eq. (B.28)] one obtains a closed-form expression for L;3 as

2—|—a2
(i 4+ 1)(2+ag) + by

L13 = (A8)

To calculate L4, using [18, eq. (B.42)] we first integrate over z to obtain

_ [ b _ ba(ar + 2)y a1a2by
Liy= /0 {exp ( aj + 2) [1 Q1 (\/al +ag+2’ \/(a1 +2)(a; + ag + 2))}

bay a1azbyy bi(az +2)
—I—exp( a2+2)Q1 (\/(a2+2)(a1+a2+2)’ a1+a2+2

x exp(—(i + 1)y)dy.
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Next, using [18, eq. (B.28)] twice and after some mathematical manipulation, (A.9)

reduces to
e it) o () s ()
(A.10a)
where
A = a—?% (A.10b)
L=GT 2;25123—1 a5+ 2) (A-10c)
As = 2;(;‘?3_2 prr (A.10d)
A= —————;11 (f"’ajf)z (A.10e)
As =i+ 1+ azbi 5 (A.10f)

Finally, combining (A.6)-(A.8) and (A.10) and after some mathematical manipula-
tions we obtain

B M-2 (M__ 1)(Ml-—2)(_1)1
b= Z': G+ DG+ D)1 +%)+1)

—exn [ — T (i + V2 +1+2)
* [1 P ( ARl -pP2)E+ 1) +2(1+7)+ (M + )@+ 1) +i— 71))] .
(A.11)
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Appendix B

In this appendix, we derive (5.18). Substituting L = 2 in (5.17) and expanding the
term

(1 — exp(—z))* 2, we obtain

=P (oM -3
J=%M—D23(i y4f%+%+%+ﬂ) (B.12a)
=0
where
Jy = / / exp(—2z) exp(—(1 + 4)x)dzdx (B.12b)

/ / Ql Va1z b1x> exp(—2z) exp(—(1 + i)z)dzdz (B.12c¢)

= / / Q1 a2z bzx

Jy = / / Q1 \/alz bw) 1(\/a_— \/E:;)exp Yexp(—(1+ 4)z)dzdzx.
(B.12e)

exp(—=z) exp(—(1 + i)y)dzdx (B.12d)

v

and where for notational simplicity we have defined a; = 29;0; /(1 +%i(1—p;)),i = 1,2
and b; = 2/(1 + (1 — p;)),4 =1,2. Using standard integration techniques, J; can

be calculated as

[

T = ] (B.13)
For J,, using [18, eq. (B.28)] we obtain
A (B.14)
P+ A '
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where A, is defined in (5.18b). Similarly, J3 reduces to

1

‘7‘°’=i+1+A4

(B.15)

where Ay is defined in (5.18¢). To calculate J4, using [18, eq. (B.42)] we first integrate

over z to obtain

_ * _ﬁz:__ _ b2(a1 +2)-'E ai1asbix
i = /0 {exp ( a; + 2) {1 @ (\/a1 +aq+2’ \/(al +2)(a; +ag + 2)) }

+ ex . bQCE Q a1a2b2x bl (CL2 + 2)(11
P as+2) ! (a2 +2)(a1+a2+2)" | ag +az+2

x exp(—(i + 1)z)dz.

(B.16)
which can be re-written as
s = / exp (—(A; +1i+ 1)z) [1 - (\/Agx, \/A3.’E) ]
0 (B.17)
+exp(—(Ag+i+ 1)z) 1 (\/A5IL', \/As.’L') dz.
Next, using [18, eq. (B48)] twice, (B.17) reduces to
i = 1 - Ay — Az +2(i + 1+ Ay) 1
YT A Fir] 2y/(As + As + 20+ 1+ A1))2 — 4AzA; )~ 2(i+ 1+ Ay)
y As —Ag+2(i + 1+ Ay)
V(As + Ag +2(i + 1 + Ay))? — 445 A6
(B.18)

Finally, substituting (B.13)-(B.15) and (B.18) in (B.12), we obtain (5.18).
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