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Abstract

Metamaterials are artificial media designed to achieve exotic electromagnetic
responses that are not available in conventional materials. Engineering the
black body thermal emission using metamaterials promises to impact a va-
riety of applications involving thermophotovoltaics, energy management and
coherent thermal sources. Metamaterials with hyperbolic dispersion exhibit
a broadband singularity in the bulk photonic density of states, which can be
thermally excited and utilized in various thermal applications.

In this report, we give a detailed account of equilibrium and non-equilibrium
fluctuational electrodynamics of hyperbolic metamaterials. We show the uni-
fying aspects of two different approaches; one utilizes the second kind of fluc-
tuation dissipation theorem and the other makes use of the scattering method.
We show the existence of broadband thermal emission and heat transfer be-
yond the black body limit in the near field. This arises due to the thermal
excitation of unique bulk metamaterial modes, which do not occur in conven-
tional media. We analyze the near-field of hyperbolic metamaterials at finite
temperatures and show that the lack of spatial coherence can be attributed to
the multi-modal nature of super-Planckian thermal emission. We also adopt
the analysis to phonon-polaritonic super-lattice metamaterials and describe
the regimes suitable for experimental verification of our predicted effects. The
results also reveal that far-field thermal emission spectra are dominated by

epsilon-near-zero and epsilon-near-pole responses as expected from Kirchoff’s

i



laws. Our work should aid both theorists and experimentalists to study com-
plex media and engineer equilibrium and non-equilibrium fluctuations for ap-
plications in thermal photonics.

In the second part, we describe our discovery of a singular resonance with
infinite quality factor which occurs between moving plates. Conventional res-
onators fold the path of light by reflections leading to a phase balance and thus
constructive addition of propagating waves. However, amplitude decrease of
these waves due to incomplete reflection or material absorption leads to a finite
quality factor of all resonances. Here we report on our result that evanescent
waves can lead to both a phase and amplitude balance causing an ideal and
Fabry-Perot resonance condition in spite of material absorption and non-ideal
boundary discontinuities. The counterintuitive resonance occurs if and only
if the Fabry-Perot plates are in relative motion to each other separated by a
critical distance. We show that this singular resonance can be thermally ex-
cited between moving plates separated by a small gap causing a large number
of photons to be exchanged between them. Furthermore, we also show that
this resonance fundamentally dominates all non-equilibrium interactions (mo-
mentum and heat transfer) between the moving bodies. Our result is valid in
the relativistic limit considering polarization mixing and also reveals the im-
portant role of the singular resonance on the fluctuational drag force between

moving bodies in the T—0 limit (quantum friction).
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Preface
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Chapter 1

Introduction

The foundations of analyzing thermal and vacuum fluctuations of the electro-
magnetic field inside matter were laid in the seminal work of S. M. Rytov [1].
Every point in space is associated with electromagnetic fluctuations (currents),
which obey specified second order correlations, through the framework of fluc-
tuation dissipation theorem (FDT) [I,2]. The magnitude of these fluctuations
depends on the temperature and the macroscopic conductivity of the media.
Conventionally, the FDT that specifies correlation of the random currents is
called the second kind of FDT [I,3]. In global thermal equilibrium, FDT can
also specify the correlation of electromagnetic fields directly, which is called
the first kind of FDT [1,3]. Provided the information of the sources, Dyadic
Green’s function (DGF) [1,5], which is the electromagnetic propagator relating
point sources to electromagnetic fields, can completely specify the electromag-
netic fields. Theoretically, combining FDT and DGF, we are able to calculate
the energy density, Poynting vector, spatial coherence of the electromagnetic
fields for any physical structure, if the optical constants and temperatures are
known.

Rytov’s work gave rise to a unified approach of understanding fluctua-
tional forces [0] (Lifshitz theory of Casimir forces), near field thermal emis-
sion and radiative heat transfer [7—30]. (Polder-Van-Hove theory [7]). Re-
cent developments in nanoengineering and detection have led to experimental
regimes [28-31] where these effects can play a dominant role. Simultaneously,
theoretical work has shed light on the fact that the classical scattering matrix

along with the temperatures of objects of various geometries can completely
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Figure 1.1: (a) The isofrequency contour for an isotropic dielectric is a sphere.
For extraordinary waves in an extremely anisotropic uniaxial medium, the
isofrequency contour becomes a hyperboloid which supports waves with un-
bounded wavevectors, in stark contrast to an isotropic medium. (b) A type I
HMM has one component of the dielectric tensor negative (€, = €,, > 0 and
€.. < 0) and supports low-k and high-k waves. (c¢) A type II HMM has two
components of the dielectric tensor negative (e, = €, < 0 and €,, > 0) and
only supports high-k waves.

characterize these fluctuations in both equilibrium and non-equilibrium situa-
tions [35-17].

Metamaterials (artificial photonic media) are emerging as a novel con-
cept to engineer the scattering matrix and achieve exotic electromagnetic re-
sponses which are beyond those available in conventional materials [15-50]. A
large body of work has emerged in the last decade which in principle engi-
neers the classical scattering matrix to achieve effects such as negative refrac-
tion [51,52], enhanced chirality [51-55], invisibility [56-58] and subwavelength
imaging [70-00]. Recently, it was shown that a specific class of metamaterials,
known as hyperbolic metamaterials [60—66](indefinite media) has the poten-
tial for thermal engineering. Such media support unique modes which can be
thermally excited and detected in the near-field due to the super-Planckian
nature of their thermal emission spectrum [12,67-71].

Hyperbolic metamaterials (HMMs) can be considered as uniaxial meta-
crystals with an extremely anisotropic dielectric tensor [62], ‘= diag|€zy, €y, €22
such that €,, = €, and €;,€.. < 0. The properties of HMMs are best un-

derstood by studying the isofrequency surface of extraordinary waves in this
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T=0K

Figure 1.2: Propagating waves with large wavevector inside HMMs could tun-
nel out to become evanescent waves in the near field, leading to broadband
super-Planckian thermal emission.

medium 2o R 2

—zezz L+ j =3 (1.1)
The above equation represents a hyperboloid when €,.€,, < 0 which is an
open surface in stark contrast to the closed spherical dispersion in an isotropic
medium (Fig. 1.1). The immediate physical consequence of this dispersion
relation is the existence of propagating waves with large wavevectors known as
high-k£ waves which are evanescent in conventional media. Furthermore, the
density of states, which is proportional to the volume between two adjacent
iso-frequency contours, can be infinite inside HMMs in the ideal case (when no
optical losses are considered). The singularity in the bulk photonic density of
states [72] is directly related to the removal of the upper cutoff of wavevectors
on the iso-frequency surface. For thermal applications, we show that the high
wavevector states tunnel out from HMMSs and contribute to the thermal energy
transport (Fig. 1.2). Since these wavevectors are much larger than the free
space wavevector, this enhancement of thermal energy can only occur in the
near field. Besides, the extreme anisotropic dielectric tensor doesn’t rely on
resonant effects and can be achieved over a broad frequency region. Using
this idea, the near field emissivity of hyperbolic metamaterials can be largely
enhanced over broad frequency regions [12], in contrast to mechanisms based
on resonant effects (for example, surface waves), where enhancement occurs
only in a narrow band [11].

We now introduce nomenclature to classify the two types of hyperbolic
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Figure 1.3: (a) Multilayer realization of hyperbolic metamaterials consisting
of alternating subwavelength layers of metal and dielectric (b) metal nanorod
array in a dielectric host matrix.
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metamaterials based on the number of components of the dielectric tensor
which are negative [61]. Note that if all three components are negative, we have
an effective metal and propagating waves are not allowed in such a medium.
Type I: If there is only one component negative i.e. €,, < 0 in the tensor, then
we term such metamaterials as type I HMM. They have low loss because of
their predominantly dielectric nature but are difficult to achieve in practice.
Type II: If there are two components in the dielectric tensor which are negative
i.e. €z = €y < 0, we term them as type II HMMs. They have higher loss and
high impedance mismatch with vacuum due to their predominantly metallic
nature.

There are two prominent methods to engineer practical hyperbolic media.
The first consists of alternating layers of metal and dielectric with the layer
thicknesses far below the size of the wavelength. The second approach consists
of metal nanorods in a dielectric host such as porous anodic alumina (AAO).
Figure 1.3 is a schematic illustration of these two approaches. Both these
approaches achieve the desired extremely anisotropic response according to
Maxwell-Garnett effective medium theory [73-77]. It is important to note
that effective medium theory predicts the desired response in a broad spectral
bandwidth because of its non-resonant nature. This is crucial since absorption
in resonant metamaterials are a major detriment to practical applications.

In chapter 2, we adopt the techniques of fluctuational electrodynamics to
provide a first-principle account of the thermal emission characteristics of hy-
perbolic metamaterials. We show that the conventional approach of utilizing
the second kind of fluctuation dissipation theorem [1,3, 78] is equivalent to the

scattering matrix method [3,35,413, 78] for calculating the metamaterial energy



density. We specifically provide the derivations of the fluctuational effects in
both effective medium theory and practical thin film multilayer metamaterial
designs [61,79]. While the characteristics can in principle be obtained from
formulas related to the reflection coefficients, it does not shed light on various
aspects of equilibrium or non-equilibrium fluctuations in the context of meta-
materials. Our aim is to provide an insightful look at prevailing approaches
adopted to the case of hyperbolic metamaterials.

We also consider the case of a practical phonon-polaritonic metamate-
rial [12,80] and show the stark contrast in the far-field and near-field thermal
emission characteristics [11]. This should help experimentalists design experi-
ments starting from analyzing the far-field characteristics, retrieving effective
medium characteristics and then look for our predicted near-field effects. We
show that the far-field characteristics are dominated by the epsilon-near-zero
and epsilon-near-pole responses as expected from Kirchoff’s laws [31]. This
is true independent of material choice and can occur for both nanowire and
multilayer hyperbolic metamaterials [21]. We comment here that for prac-
tical applications high temperature plasmonics and metamaterials would be
needed [31].

We also study the limitations of effective medium theory (EMT) but focus
on cases where there is good agreement between practical structures and EMT
[61,79,82]. We emphasize that it is known in the metamaterials community

that the unit cell of a metamaterial can show characteristics similar to the

bulk medium [61]. In the context of thin film hyperbolic metamaterials, this
was experimentally elucidated in Ref. [33] and theoretically explained in detail
in Ref. [01].

In this work we also describe another effect connected to hyperbolic super-
Planckian thermal emission [12]. We analyze the spatial coherence [13,81-87]
of the near-field thermal emission and relate it to the metamaterial modes.
We show that there is a subtle interplay in near-field spatial coherence due to
competition between surface waves and hyperbolic modes. We expect our work
to aid experimentalists in isolating thermal effects related to metamaterials and
also form the theoretical foundation for developing the macroscopic quantum
electrodynamics [¢8] of HMMs.

In chapter 3, we present our work on momentum transfer between two
moving plates, intrigued by the controversial quantum friction problem—if there

exist lateral Casimir forces exist between two plates moving parallel to each



other at constant speed at zero temperature [21, 38, 89-102]. We interpret
the lateral force as momentum transfer through photon exchange between the
moving plates [38]. We argue that the stark difference of zero temperature
Bose-Einstein occupation number at positive and negative frequency should
be responsible for the existence of quantum friction.

More importantly, we report our discovery on a fundamentally new Fabry-
Perot resonance of evanescent waves bouncing between two relatively moving
mirrors. Unlike any other conventional resonance, the quality factor of this
resonance can be infinite in spite of material absorption and dispersion. This
singular resonance leads to infinitely many photons exchanged between two rel-
atively moving mirrors even at zero temperature. We further demonstrate that
fluctuational electrodynamic forces between the mirrors can be infinitely large
due to the singular Fabry-Perot resonance of evanescent waves, challenging the
conventional viewpoint that phenomena dealing with vacuum fluctuations are
too weak to be detected. The singular resonance should be detectable in nano-
electro-mechanical systems and can shed light on interaction between moving

bodies at the nanoscale.



Chapter 2

Thermal emission and heat

transfer

2.1 Fluctuation dissipation theorem

In global thermal equilibrium, the first kind of fluctuation dissipation theorem
[1,3](FDT) directly specifies the correlation function of electric fields. It is
expressed by

<E(r1,w) ® E*(rg,w’)> = % (w,T) Im 8(r1,7’2,w)5(w '), (2.1)
Here (7 is the dyadic Green’s function [4,5](DGF), O(w, T) = fiw/(e"/ksT 1)
is the mean energy of a thermal oscillator.

Eq. (2.1) has two main applications. Firstly, it can be used to derive the
electromagnetic stress tensor at a certain point. Secondly, it directly gives the
cross-spectral density tensor [31,87] which characterizes the spatial coherence
of a thermal radiative source. The second kind of FDT [1,3] that specifies the

correlation function of thermally generated random currents is

- Wey 4

(irs,w) @ F(ra,0)) = “2€"@)0(w, T)o(rs — r)d(w — ). (22)

™

We assume the permittivity € is a diagonal matrix; €” denotes the imaginary
part.
The first kind of FDT can only be used in global thermal equilibrium. In

non-equilibrium situation, we should first employ Maxwell equations to obtain



the electromagnetic fields generated by random currents through the DGF,

S / / / C(r,r)j () dr, (2.3)
= / / V x G(r, ) j () dr, (2.4)

and then calculate the electromagnetic stress tensor or the cross-spectral den-
sity tensor.
The dyadic Green’s function (DGF) satisfies an important identity [3,103],

— —t

2 <>
Tm Gy, 7, w) = %/ Gro, v ) (', w) O (ro, !, w)dPr. (2.5)
|4

This identity ensures that at global thermal equilibrium the first kind and the
second kind of FDT lead to identical results.

2.2 Thermal emission from half space uniaxial

media

In this section, we consider an uniaxial medium located in the lower space
(z < 0) at temperature T while the upper space vacuum part is at zero temper-
ature. The relative permittivity of the uniaxial medium is a diagonal matrix,
€ = diagle|; €;€1]. Note that hyperbolic metamaterials are a special kind of
uniaxial medium satisfying €je; < 0. As mentioned before, we should employ
the second kind of FDT because this is a non-equilibrium problem.

To solve DGF in planar structures, it is convenient to work in the wavevec-

tor space. DGF in vacuum [5] is (z > 2/)

) dk,dk
8(,’177‘/7&)) :# // kzo “hxtivy zkl (rJ_—'r'J_)

{g(}rsg iko(z—2") _i_pipi tk.o(z— z/)} (26)

Here we define l%+ = (ky, ky, k.0)/ko is the normalized wave-vector of upward
waves (z > 2') in free space, k — 0 = w/c, ki = (ka, ky), k, = /B2 + k2,
koo = (/K3 — k2, and 7, = (2,y). 8% = ks x 2 = (k,, —k,,0)/k, is the unit
direction vector of s-polarized waves, pf = 59 x ky = (—kykao, —kykz0, k2)/kok,

is the unit direction vector of p-polarized waves. Correspondingly and for



later use, ko = (ky, ky, —k»0)/ko is the normalized wave-vector of downward
waves (when z < 2/), 8% = k_x 2 = (k,,—k,,0)/k, same with 5% | and
PO = 8% x ko = (kyko, kyko, k2)/kok,.

The DGF relating thermally generated random currents inside the medium

in the lower space to the fields in upper space vacuum is

] dk.dk, . /
801(,’,7,’,/) _ 8;2 // kzo yezku_.(m_—m_)

. . . , o . . » ,
{tss(isiezkzoz ikysz + tppg)rp}rezkzoz ikzpz } (27)

Here, k.o = /€ kg — k2, k. = /€kg — :_llkg’ st =389 = (ky, —k;,0)/k,, and
Py = (—kokep, —kykap, k2 /€L)/kok,. /€] which are the unit direction vectors
of s- and p-polarized waves inside the unaxial medium, respectively. Note the
transmission coefficients incident from the vacuum side should be in terms of
the electric fields,

2k, 2k.0./€
po 2o PRV 28)
kzO + ks 6\\1620 + kzp

x4
To calculate the magnetic fields, we should evaluate V x Gg1, which can be
easily done in the wavevector space. The curl operator will work on the first

nd
vector of Go1,

V x Gou(r, ') = n // hipdhy gy, 1)

T o8n2 k.o

N » , 0o . '
{tsp(J)rS}rezkzoz thasz' tpsg]rp}rezkzoz ikzpz } (29)

The free space energy density is defined by
1 n sk
u(w,r) =2 (560 Tr <E(w, r)® E(w, r)>
1 - _
+§u0 Tr <H(w,r) ®H*(w,r)>) , (2.10)

where the prefactor 2 accounts for the negative frequency counterpart. Fol-



lowing the formalism in Ref. [37], we define

o 520 Al _ik,oz—ik,s2’ A0 A1 ikoz—ik.p2’
= %O{t 5.5,¢ +tPpipLe . (2.11)
2

o ) iy , 0 . . . /
{tspgs—li_elkzoz ikysz _ tpsg_p}i_euﬂzOZ 'Lk?zpz } . (212)

" 9k

One can then find

3 0 +oo 12
u(w, z) = ~ G(w,T)/ dz’/ LY (Tr (9.€"g!) + Tr (ghellg,TI))

wct 42
(2.13)
Inserting the expressions of g. and g, we have
3 0 +o0 k’2 + |]{52 ’
_ v —2Im(k0)z / 1 p 20
u(w, 2) fm@(w,T)e 0 /_OO dz /0 kpdkpm 1+ TR
7 21.2 1.2
6//’t5|2€21m(kzs)z’ I € lej/eL] kp+6H|kzp |tp|2621m(kzp)zl
I k2|e2 .
0]
(2.14)

The integration at 2z’ can be easily done. Further by taking the imaginary part

of the dispersion relation

k32 k2 2 k’2 k‘2 2
Zepie Y By Y (2.15)
EH €|| C € EH C

for s- and p-polarized waves, this result can be simplified as

u(w, z)

_ Usp(w,T) {/k kpdk, (1—[r*]) + (1—[r"]*)
2 0 k0|kzo| 2

> kydky o
+ / e m(k=0)2(Im (%) + Im(rP)) p . (2.16)
ko kO |k20|
Here Upp = %@(w, T) is the energy density of blackbody. r* and r? are the
standard reflection coefficients given by
kzO - kzs €||k2’0 - kzp
rf=———  7rrr=-———"" 2.17
kzO + kzs EHI{:ZU + kZp ( )
The propagating wave part 1 — |r|> in Eq. (2.16) is the far field emissivity,
equivalent to Kirchhoff’s law. Correspondingly, the evanescent wave part can

be interpreted as Kirchhoff’s law in the near field and 2Im(r) is the near

10



field emissivity [17,22,68,104], which is widely used in heat transfer problems.
2Im(r) is also proportional to the near field local density of states (LDOS)
proposed in Ref. [22] and is related to the tunneling and subsequent absorption
of energy carried by evanescent waves. Recently extensive theoretical and
experimental works have demonstrated the ability of HMMs to enhance the
near field LDOS [61,63,105]. Thus we expect the use of HMMs in thermal and

energy management.

2.2.1 Energy in matter and fields

We can use the above definitions to compare the energy density in the near-
field of the hyperbolic metamaterials to any other control sample. A pertinent
question is about how much energy density is in matter degrees of freedom as
opposed to the fields. This is difficult to answer inside the medium but can be
done unambiguously in the near-field.

In the high-k approximation, where the wavevector parallel to the interface
k, is sufficiently large, the near-field energy density is governed by the tunneling
parameter which we define as the imaginary part of the p-polarized reflection
coefficient. Thus studying the behavior of this tunneling parameter sheds
light on the near-field energy density. In the low loss limit, the reflection for

p-polarized waves incident on an interface between vacuum and HMM can be

(i)  2VIG0EL (2.18)

p N1+|6H€L|.

expressed by [12, 100]

While for an isotropic medium, the high-£ approximation gives

iso 2¢”

Im(r;°) ~ Tree (2.19)
The most striking difference between the above equations is that for a conven-
tional isotropic medium the near-field energy density is completely dominated
by the imaginary part of the dielectric constant. These fluctuations disappear
in the low loss limit and can be attributed to matter degrees of freedom. This
is because the imaginary part of the dielectric constant which governs field
fluctuations also characterizes the irreversible conversion of electromagnetic
energy into thermal energy of matter degrees of freedom. On the other hand,
the hyperbolic medium shows near-field fluctuations arising from high-k modes

completely independent of material losses and the energy resides in the field.
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Let us analyze what would happen at mid-infrared frequencies where phonon
polaritonic materials can give rise to this low loss high-k limit for hyperbolic
metamaterials. We clearly see from Eq. (2.19) that the near field emissivity
would be very small when the frequency is away from the surface phonon po-
lariton resonance (SPhPR) frequency where Re(e) = —1. However, for HMMs
made of phonon polaritonic materials and dielectrics, the near field emissivity
(Eq. 2.18) can be comparably large in broad frequency region, though in this
approximation its magnitude cannot exceed one. Note here we do not account
for surface wave resonances which can change the picture considerably espe-
cially if one wants to optimize near-field heat transfer [106]. Our aim is to

focus on the bulk modes only.

2.3 Thermal emission from multilayered struc-

tures

In this section we will consider multilayered structures. In the field of meta-
materials, multilayered structures are widely used to achieve effective uniaxial
media. The aim here is to go beyond effective medium theory and calculate the
exact thermal emission from multilayered structures using the second kind of
FDT. We assume that the medium in all layers is isotropic and non-magneto-
optical for simplicity. To find DGF's relating the random currents in each layer
to the vacuum region, we will follow the method in Ref. [5]. Firstly assuming
the current source is in the vacuum region, we can calculate the fields induced
by the source in all the layers by transfer matrix method which matches the
boundary conditions at all the interfaces. Thus the DGFs with source in the
vacuum region are ready to be employed. Next we use the reciprocal property
of the DGF to achieve DGF when the sources are in the lower space.

DGF in the vacuum region (z < 2’) is

Gt = o [ Sttt
m

{ (SO e —ik0z + T’S Ag)r zkzoz) §O ezkzoz

(e 0 g sy ko ) 220
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DGPF in the intermediate slabs are
o i dkydky g r
Gu(r,r') = 5 // o € 1ry=rl)

N N N ,
{(BZSZ_G ik, 2z +Al8l+67,kzlz) S(iezk’zoz

+ (Dypt e ka7 4 Czﬁieikzlz)ﬁgeikzozl} (2.21)

DGF in the last layer is

= i dkﬂﬁdky iky-(r, —7
Gnsno(r, 1) = @// k‘—zoe wlr =)

) » N . , R . R . ’
{tsst,e thetz g0 oik02" 4t Bt e ZthZpgelkzoz} (2:22)

Note in the last layer we only have the downward waves, namely, the trans-
mission.

The boundary conditions give [5]

Alelk‘zlzl _|_ Ble—lkzlzl —

Appetama 4 By ek (2.23)
kZl(Ale’ikzlzl _ Blef’ikzlzl) —
kz(l+1)(Al+1€ikZ“+1)zl — Byqe Feuen®) (2.24)

for s-polarized waves, and

\/G_I(CleikZlZl + Dlefl'kzlzl> —

\/61+1(CI+1€ikz(l+1)Zl + Dl+16_ikz(l+1)zl) (225)
Koo in ik
(Clel 2121 __ Dle z zlzl) —
va
kZ(GlJrl) (Cl+le’ikz(l+l)zl _ Dl+1ef’ikz(l+1)zl) (226)
+1

for p-polarized waves. Following the same steps as in the uniaxial case, the

final expression is
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N+1

3
u(w,z) = 8:2046@1 _ﬂm(km)z Z/ /

L (, N k2 4 |2
|kzol? kg

+ kzl<cleikzlzl _ Dle—ikzlz/)
ko€

. , . ,
) 6;/ (’Alezkzlz + Ble ik,12

2 ikzlz’ D —ikleI 2
L | FelCae™® + Diem™7) ‘ , (2.27)
ko€

where N is the total number of layers in the structure.

To simplify the above result, we first note that the integral

Z-1
/ dz'kie]
21

Re [k;zl(_AleikZZZ + Ble—ikzzz)(Aleikzlz + Ble_ikzlz)*]

2
. / o ’
Alezkzlz + Ble k12

2l—1

2l

= Qi(z1-1) — Qu(=1), (2.28)

which is valid for all layers. From the boundary condition, we have

Qi(z) = Qi (21) (2.29)
Thus we find
N+1
Z / d=i2el | A 4 B | = Qo(z0) — Onor(zwar). (2:30)
For the last term, zy,1 = —00, 80 Qn11(2nv41) = 0, and in our convention,

zp = 0. The final result is

1= |r*)kaol, K, <k
Re [kso(1 — ) (1 + r*)*] = =1kl k< ho (2.31)
2Im<7"5)’l{z0|, kp > k’o

This is the contribution from s-polarized waves. For p-polarized waves, the
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corresponding identity is

2l—1 9
/ dz'kge/
2

kzl
NG

Then the contribution from p-polarized waves can be evaluated in the similar

kzl(Cleikzlz/ _ Dlef’ikzlz/) 2
kov/€

(C«leikzlz . Dle—ikzlz) (\/E—Z(Cleikzlz —f—Dle—ikZZZ))*}

G

2l-1

(2.32)

=

2l

way. The final expression for thermal emission from a half space multilayered
structure will be given by Eq. (2.16). The reflection coefficients should be that
of the whole structure.

If we are interested in a slab inside vacuum rather than a half space struc-
ture, we can eliminate the contribution from the last layer vacuum part. To
do so, in Eq. (2.28), for the last layer Ay, = 0 and By, = t*, the right hand
side is therefore Re(k.q)|t*|?, which vanishes for evanescent waves. Subtracting
this term from Eq. (2.16) gives the thermal emission from a multilayered slab

inside vacuum,

T
u(w, z) = —UBB(w’ )
{/’“’ kodk, (1 —1|r®]2 —[t°]7) + (1 — [rP]> — |tP]?)
o ko |kz0| 2
o k3dk
+ / —; P e’QIm(kZO)Z(Im(rs) + Im(r”))}. (2.33)
ko k0|k20’

The above expression can be also obtained by replacing 1 — |r|? in Eq. (2.16)

with 1 — |r|? — |t|?, which is consistent with Kirchoff’s law.

2.4 Scattering matrix method and spatial co-

herence

We now describe another approach to evaluating the near-field energy den-
sity near metamaterials using the scattering matrix approach. However, first
we will discuss a few important points related to the concept of the thermal
environment. We note that when the lower space is vacuum, the reflection coef-
ficients are zero. As a result of Eq. (2.16), the contribution from the evanescent

waves part is zero while that from the propagating waves is nonzero. However,
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this is not very intuitive from FDT. The reason is that losses of vacuum i.e. €”
of vacuum is zero and from the second kind of FDT, the correlation function
of random currents of vacuum should be zero, suggesting a zero field correla-
tion. It turns out that for an unbounded vacuum region, we should add an
infinitesimal imaginary part to €y, integrate over the region and then take the
limit of the imaginary part to be zero in the final expression [37, 107]. This is
needed to preserve causality requirements. In the derivation of Eq. (2.16), we
have integrated the source region 2’ from —oo to 0. However, for a vacuum
gap with any finite width, the final fields correlation originating from the gap
can be shown to be zero [3]. For this reason, fluctuations in vacuum can be
interpreted to come from infinity.

It is then natural to think about the thermal emission from the upper
space vacuum region as well. If the vacuum region is also at temperature T,
the system is at global thermal equilibrium. Therefore we can employ the first

kind of FDT to calculate the thermal energy density. This approach is used in

Ref. [108] to define the local density of states. Here we directly cite the final
result,
U T
Ueq(z,w, T) = Usp(w,T)
2
ko L dk k2 : .
{ [ e ot JBRelee) + Re(rrehos))
o ko lkol ko
> k3dk
+ /k —k:3p|k p| e~ 2Imk=0)z (I (%) 4 Im(rp))} (2.34)
0 0 1720

Note again that the contribution from evanescent waves equals that of Eq. (2.16),
implying no evanescent waves contribution from the upper space vacuum re-
gion. However, in non-equilibrium, to determine electromagnetic fields induced
by every random current inside the medium using second kind of FDT is quite
laborious. We note from the second kind of FDT that the currents are not
spatially correlated, which suggests that the thermal emission from different
spatial regions can be calculated separately. In thermal equilibrium, we can
calculate the thermal energy density by the first kind of FDT. Thus if we
can calculate the thermal emission from the upper space vacuum part at tem-
perature T, thermal emission only from the lower space can be achieved by
excluding the vacuum part from the total thermal energy density.

The electric field generated by the upper half vacuum space can be written
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o k) = ik T
Ef(w,’r):/ By, ko, ) (2.35)
where
Ep(w,ky,z) = (as(w, k1)8° + ap(w, ke )p° e =0, (2.36)

as and a,, are the field amplitude for s and p-polarized waves, respectively. The

operator a = (as, ap)T satisfies the correlation function [13],
(a(w, k1) ®@al (W, K\)) =47°C(w, k1 )d(w — )6 (k1 — K')). (2.37)

The coefficient C' can be read directly from FDT and the free space DGF,

oo
47

L, (2.38)

O(u),kl) = k‘
20

(w,T)Re(

which vanishes for evanescent waves. These fluctuations from the upper vac-
uum region shines on the interface and get reflected. The total fields due to

fluctuations in the vacuum part are

EO(ijy kL) f— (as(w7 kL)S(l —I— ap(u_)’ kL)pO_)e_ZkZOZ
+ (ras(w, ’ﬂ)si +rfa,(w, kJ_)p[_::_)eikzOZ‘ (2.39)

The magnetic fields can be calculated using Eq. (2.39) and Maxwell equations.
Then one can find the energy density due to the fluctuations in the upper

Space vacuull,

Upp(w,T) /’f k,dk,
Rl Bt
U()(Z,w, ) 92 0 k0|kz0| +

[ L }

5 T s Re(r*e0) 4 Re(rn et (2.40)
0

Subtracting Eq. (2.40) from Eq. (2.34), we recover the expression by the second
kind of FDT.

From the definition of the cross-spectral density tensor
W(ry,r,w)d(w — w') = <E(r1,w) ® E*(rg,w’)> , (2.41)

one can find the spatial coherence due to fluctuations in the upper space vac-
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uum,

_UBB(W,T) ko k’idk‘p
e /0 k3| k.o
1+ |rP)?
—

W2 (r1,re,w) Jo(k,d)

+ Re(rPe**=0%)] (2.42)

where r; = (0,0,2), 7o = (d,0,2) and fo% dfethrdcost = 21 Jo(k,d) is used;
Jo(k,d) is the zeroth order Bessel function of the first kind. Further, from
Eq. (2.1), the first kind of FDT, we have

Upp(w, T) ¢ [* k3dk .
erg(rh T2, w) - %{ /0 k(:]))p| k’z(?| Jo(kpd) [1 + Re(rpemkwdﬂ

o E3dk
—l—/ —k;;]k‘ p| Jo(/{;pd) Im(rp)e‘21m(kzo)2} (2.43)
ko 01720

Then the contribution from the lower space structure is

1—|rp|?
2

_ UBB(%T){/]CO kpdk, Jo(k,d)
I
0

sz 9 ) -
<T1 "2 W) 46[) kg‘kz[)’

> kzdkp —2Tm(k
+ 2220 Jo(kyd) T (rP)e 2™ >} (2.44)
ko kO ‘ kzo ‘

Only p-polarized waves contributes to W, since s-polarized waves do not have
E, components.

Once again, if the structure is a multilayered slab in vacuum, the contribu-
tion from the lower vacuum space can be evaluated using the scattering matrix
method in a similar way to the upper vacuum space. The fields due to the

vacuum fluctuations in the lower space transmit through the planar structure,

Eyw, ki, 2) = tas(w, k)3 + tPay(w, k. )p° ez, (2.45)

It is clear that the contributing energy density will be proportional to the |¢]?,
so that we recover the result of Eq. (2.33). Note that due to the reciprocal
property, the transmission coefficients from two sides of the structure should
be identical.

Generally speaking, considering a single object in thermal equilibrium, the
energy density can be determined by the first kind of FDT, which is simply a
single scattering event. To find the contribution from the object only, we can

exclude the contribution from the environment, which can be also expressed
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by the scattering matrix of the object. If there are several objects at different
temperatures, we can first decide the thermal emission from one specific object
in the absence of other objects and then build the scattering part from other
objects, in which procedure the temperatures of the other objects and the en-
vironment are assumed to be zero. Note this is the basic idea of M. Kardar and
co-authors in sequent works [36,37,109]. Beyond the multilayered structures
considered here, the authors also give the scattering matrix of various geome-
tries including sphere and cylinder. For more complicated objects, numerical

methods are also well developed [16,47, 110, 111].

2.5 Heat transfer

The heat transfer between two plates separated by a vacuum gap at different
temperatures can be found through computing the Poynting vector inside the
gap. One can first find the fields on the interface of each plate assuming the
other plate is absent, which structure is just the half space problem we have
discussed. Then the fields on the interface of each plate can be seen as the
boundary condition of the fields inside the gap. Next we can simply employ the
plane wave expansion to compute the fields inside the gap and finally obtain
the Poynting vector [20,21].

We consider two homogeneous half-space mediums (labeled by 1 and 2)
separated by a vacuum gap with width d. One medium is at local equilibrium
with T} and the other with 75. Within the framework of Rytov’s fluctuational
electrodynamics, Polder and Van Hove [7] first derived the general expressions

of the heat flux between the two media

*d
H@ T T) = [ 52 ho(n(,T)) — nfw. )
o 27
2 2
S o T e
P R TR
oo d2k|| —2Tm(k:)z 4Im(r§?1) Im(T’?Z)
+ € —— . (2.46)
ko AT ‘1 _ r;nrgzezmzd
Here, ©(w,T) = hwn(w,T) is the mean energy of a harmonic oscillator,

n(w,T) = 1/(exp (hw/kpT) — 1) is the Bose-Einstein occupation number,
ko = w/c is the free space wave-vector, ky = (kg, k), k, = \/k2 + k2, k. =
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0
J
flection coefficients between vacuum (labeled by 0) and the medium (i = 1, 2)

k2 — kﬁ, j = s, p accounts for the s and p polarizations, r?"* are the Fresnel re-
for s and p waves. The contribution of propagating waves (kj < ko) and
evanescent waves (k| > ko) are naturally separated in this expression. The
propagating wave term is Kirchhoff’s law taking the multiple reflections into
account. Here 21m(7’?i) in the evanescent waves term can be interpreted as
the generalization of emissivity to the near field [17,104]. We note 2Im(r}")
are also proportional to the near field local density of states (LDOS) proposed
by Pendry [22] and is related to the tunneling and subsequent absorption of
energy carried by evanescent waves. Recent work has shown that the heat
flux between two planar structures just depends on the scattering matrix, re-
gardless of the inner structure of the half space medium [13]. We utilize this
approach for planar multilayer HMMs. The broadband enhancement in the
near field LDOS of HMMs can be utilized to engineer the heat transfer at
the nanoscale [72,105]. We will use both the approximate effective medium
theory and the exact Bloch theorem to calculate the reflection coefficients and
compare the heat transfer properties of HMMs.

To clearly understand the physical meaning of the above expression for
heat transfer [33], we define that 7 is the absorptivity/emissivity of a plate,

since emissivity should equal absorptivity from Kirchhoft’s law,

:{ L= [ PWs (2.47)

2Im(r), EWs

Here ‘PWs’ denotes propagating waves and ‘EWs’ denotes evanescent waves.
The number of photon emitted by plate 1 is Ny = ny(w,T1)n;. The emitted
waves propagate within the gap with a factor e®*=¢. At the second plate they
get partially absorbed and partially reflected. Thus the number of photon
emitted by plate 1 and then directly absorbed by plate 2 is

Nllitz = nl(w,T1)|eikzd|2n1n2. (248)

Likewise, the number of photon emitted by plate 2 and then directly absorbed
by plate 1 is
Ny*y = ng(w, T) ™= *nam, (2.49)

Therefore the number of photons exchanged directly from plate 1 to plate 2 is
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Figure 2.1: (a) Schematic of the multilayered structure and the coordinates.
The spatial coherence are calculated between 71 = (0,0, z) and r, = (d, 0, 2).
(b) Effective permittivities of a SiO,-SiC multilayered structure, where the
fill fraction of SiC is 0.4. Only real part of the permittivity is plotted. The

insets from left to right, denote the iso-frequency dispersion of dielectric, type
IT HMM and type I HMM.

Nllit2 — Nglitl = (nl(w, Tl) — TLQ(W, Tg))leikzd 27]17]2. (250)

Next we incorporate the factor 1/(1 —rr2e?*=4) which accounts for the multi-
reflection between the two plates, and get the total number exchanged between

the two plates,

N = Nis9—Noyy = (nl(vaI) - ng(w,T2))

Lastly, hwN is just the energy exchanged (heat transfer) between the two
plates. Thus we reproduce the main expression for heat transfer, which is
usually derived by starting from FDT, within the simple photon exchange

picture.

2.6 Results and discussions

There are multiple approaches to achieving hyperbolic dispersion [61,62]. Two
of the prominent geometries consists of 1D or 2D periodic metal-dielectric
structures. We consider here a multilayer combination of silicon dioxide (SiOy)

and silicon carbide (SiC) which has a metallic response in the Reststrahlen
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band due to phonon polaritons (Re(e) < 0 between wro = 149.5 x 10'? Hz
and wro = 182.7 x 10'? Hz, the transverse and longitudinal optical phonon
resonance frequencies). The permittivity of SiC is given by €, = € (W%, —w?—
i), (o —
Hz and v = 0.9 x 10'2 Hz. We note that this realization formed the testbed for

the first complete characterization of the modes of hyperbolic metamaterials

—1yw), where w is the frequency of operation, ws, = 6.7 x 1012

due to their low loss as compared to plasmonic media [30]. The modes of this
HMM can be excited at relatively lower temperatures (400-500K) when the
peak of black body emission lies within the Reststrahlen band of SiC.

To understand the thermal properties of phonon-polaritonic hyperbolic
metamaterials we need to focus only on the Reststrahlen band of SiC where
it is metallic. The multilayer structure (see schematic in Fig. 2.1(a)) shows a
host of different electromagnetic responses as predicted by effective medium
theory €| = €, f +€4(1 — f) and €, = epeq/(€af +em(1l — f)), here f is the fill
fraction of the metallic medium [G1].

We classify the effective uniaxial medium [01,62] using the isofrequency
surface of extraordinary waves which follow k2 /| + (k3 4 k) /e = w?/c* and
the media are hyperboloidal only when ¢e; < 0. We can effectively achieve
a type I hyperbolic metamaterial with only one negative component in the
dielectric tensor (¢ > 0, e, < 0), type II hyperbolic metamaterial with two
negative components (¢ < 0, e; > 0), effective anisotropic dielectric (¢ > 0,
€, > 0) or effective anisotropic metal (¢) <0, e, < 0). In Fig. 2.1(b), we plot
the effective permittivities of a SiO9-SiC multilayered structure with the fill
fraction 0.4 and label the two hyperbolic regions. As the purpose of this work
is to examine how extraordinary waves in HMMs impact thermal emission

properties, we only consider p-polarized waves in our numerical simulations.

2.6.1 Far field thermal emission

We first characterize the thermal emission of a HMM slab in the far field.
This is extremely important for experiments currently being pursued in mul-
tiple groups. We clearly observe two peaks in Fig. 2.2 in agreement with the
previous work on epsilon-near-zero and epsilon-near-pole resonances for ther-
mal emission [31]. The right one occurs when €, is close to zero. From the
displacement field boundary condition, egFy, = €, E;,, when €, — 0, the

fields inside HMM F;, should be very large. Thus large absorption is ex-
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Figure 2.2: Far field thermal emission (normalized to blackbody emission) of
a 3um Si09-SiC multilayered structure, where fill fraction of SiC is 0.4.

pected at this epsilon-near-zero (ENZ) region. The epsilon-near-pole (ENP)
resonance results in narrowband thermal emission due to the increase in the
imaginary part of the dielectric constant in this ENP spectral region. The
most critical aspect is the direction of the dielectric tensor components which
show ENZ or ENP [31]. An ENZ in the component parallel to the interface or

an ENP perpendicular to the interface does not show such effects.

2.6.2 Near field thermal emission

Here we analyze the near-field thermal emission from multilayer hyperbolic
metamaterials [12]. We first focus on how thermal emission will depend on
the thickness of the slabs. In Fig. 2.3, we plot the wavevector resolved ther-
mal emission from a structure consists of 40 layers of SiO,/SiC , 30nm/20nm
achieving a net thickness of 1uym. We clearly see multiple discrete high-k modes
in both the type I and type II hyperbolic region. Note the thickness 1um is
about one tenth of the operating wavelength, so these high-k modes will not
occur in conventional isotropic dielectrics. The excellent agreement between
the EMT prediction and the practical multilayered structure is seen, which
validates the use of EMT in our structure. Further, we increase the thickness
of the slab to 3um and 30um while keeping the same unit cell. The waveguide
modes will be denser as expected. At the thickness of 30um, the high-k£ modes
are almost continuous and result in two bright bands in Fig. 2.4(b). This is
close to the bulk metamaterial limit.

We show the thermal emission spectrum in Fig. 2.5(a) for various thick-
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Figure 2.3:  Wavevector resolved thermal emission (normalized to blackbody
emission into the upper space) from a SiO,-SiC multilayered structure calcu-
lated by (a) transfer matrix method and (b) EMT at z=200nm. The thermal
emission is normalized to the black body emission to the upper half-space and
in log scale. The structure consists of 40 layers of SiO./SiC , 30nm/20nm
achieving a net thickness of 1um. The presence of high-k modes are clearly
evident in both the EMT calculation and the multilayer practical realization
which takes into account all non-idealities due to dispersion, losses, finite unit
cell size and finite sample size. The bright curves denote the enhanced ther-
mal emission due to high-£ modes in the HMM. In the practical multilayered
structure, the high-k modes come from the coupled short range surface phonon
polaritons at the silicon carbide and silicon dioxide interfaces.
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Figure 2.4:  Wavevector resolved thermal emission (normalized to blackbody
emission into the upper space) from (a) a 3um thickness HMM slab and (b)
a 30pum thickness HMM slab. The fill fraction of SiC is 0.4, same as the
1lpm HMM slab. The two hyperbolic regions where the thermal emission is
enhanced are evident. The modes supported by 3um thickness slab are denser
than that of 1um slab and the modes supported by the 30um slab are almost
continuous.
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Figure 2.5: (a) Thermal emission (normalized to blackbody emission) from
slabs with various thicknesses. The dashed black line is calculated using trans-
fer matrix method while the solid lines are calculated using EMT parameters,
where 'DM’ in the legend means the top layer of SiOs(Dielectric)-SiC(Metal)
multilayers is SiO,. Despite the clear difference of the density of modes sup-
ported by the slabs shown in Fig. 2.3 and 2.4, the thermal emission spectrum
are interestingly in good agreement. The two main peaks where the thermal
emission are largely enhanced are due to the high-k states in the two hyperbolic
regions. (b) Wavevector resolved thermal emission at w = 1.6 x 10**Hz. The
sharp peaks on the left (k,/ky < 2) are the surface modes. When k,/ky > 3,
the curve for 30um slab is almost flat with no oscillations, while that of 1um
and 3um slabs show the discrete modes denoted by crests and troughs.

nesses of the metamaterial. The two main peaks are due to the high-k modes in
the hyperbolic region. In Fig. 2.5(b), we plot the wavevector resolved thermal
emission at a specific frequency w = 1.6 x 10'*Hz within the type II hyperbolic
region where the structure supports both surface mode and high-k modes. The
sharp peaks at the left are due to the surface mode while the high-k£ modes
emerge at larger k,. In the high-k modes region, the curve for 30um slab is
almost flat indicative of a continuum of high-k modes. In contrast, the curves
of 1ym and 3um slabs clearly show the existence of discrete high-k waveguide

modes featured by crests and troughs.

2.6.3 Spatial coherence of hyperbolic metamaterial slab

Surface waves can lead to large spatial coherence length in the near field [34].
To see this, we first show in Fig. 2.6 the wavevector resolved thermal emission
from a 30pm thick SiC slab. The bright curve gives the dispersion of surface
phonon polariton (SPhP) between the vacuum and SiC interface. Note we will
not see the splitting of the vacuum-SiC interface SPhP mode into long range
and short range modes since 30pum is in the order of several operating wave-

lengths. In the time domain, the temporal coherence is best for monochromatic
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Figure 2.6: Thermal emission from a 30pum SiC slab. The red bright curve
represents the dispersion of the SPhP mode between the vacuum and SiC
interface since the slab is very thick.
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Figure 2.7:  Spatial coherence of (a) a 30um SiC slab and (b) a 30um
HMM slab at 0.2um and lum from the surface with w = 1.6 x 10"*Hz and
w =179 x 10MHz. (a) At w = 1.6 x 101Hz, the SiC slab supports a single
degenerate SPhP mode. As a result, SiC slab has large spatial coherence at
both 0.2um and 1ym. At w = 1.79 x 10“Hz, the SPhP resonance frequency
where Reegic = —1, this frequency corresponds to a bright horizontal line in
the SPhP dispersion curve shown in Fig. 2.6. This means at this frequency,
multi-modes with different wavevectors can be thermally excited. Thus the
spatial coherence is poor both at 0.2um and 1ym. (b)At w = 1.6 x 10Hz, the
HMM slab supports high-£ states besides the SPhP mode. At 0.2pum, the high-
k states contribute a lot to the fluctuating electric fields, and consequently the
spatial coherence is poor. But when the distance becomes larger at 1um, the
high-k states will not reach that far because of their large wavevector k,. Thus
the electric fields will be dominated by the surface mode which has smaller £,,.
The spatial coherence length is large due to this dominant surface mode. At
w = 1.79 x 10"*Hz, the HMM slab can only supports multiple high-%k states,
and unlike the type I HMM region, there is no lower bound for the high-k
wavevectors. Thus the spatial coherence is poor both at 0.2um and 1pm.
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waves. Thus for the spatial coherence, one can imagine it will be favorable if
a single wavevector dominates the fields among all the wavevectors. This is
indeed the case for surface waves. In Fig. 2.7(a), we plot the spatial coherence
of the SiC slab at w = 1.6 x 10"Hz and w = 1.79 x 10Hz. At the fre-
quency w = 1.6 x 10"Hz, the SPhP mode wavevector k, is about 1.1kg. Large
spatial coherence length is seen at both 0.2um and 1pm from the interface.
However, near the surface phonon polariton resonance (SPhPR) frequency
w = 1.79 x 10"Hz where egic = —1, the mode dispersion curve is almost
a horizontal line, which means that multiple modes with different wavevec-
tors can be thermally excited. Thus a poor spatial coherence is expected. In
Fig. 2.7(a), the spatial coherence is poor at at both 0.2um and 1um from the
interface. This feature could be used to determine the resonance frequency.

Hyperbolic metamaterials can support multiple high-£ modes. Therefore
the spatial coherence length should not be long in the hyperbolic region. This
is true for type  HMM. In Fig. 2.7(b), we plot W, at w = 1.79 x 101Hz, where
the multilayered structure effectively behaves in the type I hyperbolic region.
The spatial coherence lengths are only a fraction of the operating wavelength
at both 0.2um and 1pym from the interface.

But the situation for type II hyperbolic region is interestingly different.
For a HMM slab in the type II hyperbolic region (¢j < 0, €, > 0), the slab
can support a surface wave mode as well as multiple high-k modes. Thus
we have two sets of modes that can result in a unique interplay of spatial
coherence effects. Furthermore, these modes are separated in wavevector space
because of the lower bound of the high-k states in type II hyperbolic region
[61]. High-k modes are confined to the surface better than suface waves and
these high-k waves will dominate at a shorter distance from the interface.
We choose w = 1.6 x 10"Hz within the type II hyperbolic region to confirm
this point. At distance 0.2um, the spatial coherence is very poor. However,
at a larger distance 1um, the fluctuating fields have large spatial coherence
length. This is because at this distance, the contribution from surface wave
mode dominates the electric fields while the high-k states rarely contribute to
the fields. This distance dependence behavior can have applications such as

obtaining the modes distribution at a given frequency.
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Figure 2.8: (a) Optical phase diagram of SiC-SiO, multilayered structure
predicted by EMT. Cyan region denotes effective dielectric, blue region means
effective metal, red region stands for type I hyperbolic metamaterial, yellow
region is type II hyperbolic metamaterial. Thermal emission at z=200nm (log
scale plot normalized to the black body radiation into the upper half-space)
by the multilayered structure depending on the operating frequency and the
fill fraction calculated by (b) EMT, (c) SiO2-SiC multilayer (with first layer
Si0g), (d) SiC-SiOy multilayer (with first layer SiC). In the effective metal
region, the dark red line is due to surface phonon polariton resonance. Both
type I and type II region have a clear thermal emission enhancement due to
bulk high-£ modes in agreement with the optical phase diagram.
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2.6.4 Thermal topological transitions

Until now, we have fixed the fill fraction to be 0.4. It is useful to examine the
structure’s behavior at various fill fractions. In Fig. 2.8(a), we plot the opti-
cal phase diagram [12,61] of this metamaterial which shows the isofrequency
surfaces achieved at different frequencies and fill fractions of SiC. The phase
diagram is classified as effective dielectric, effective metal, type I and type II
HMM as introduced before [61,62].

Figure. 2.8(b) shows the thermal energy density (normalized to black body
radiation into the upper half space) evaluated using Rytov’s fluctuational elec-
trodynamics for an effective medium slab at a distance of z=200nm from the
metamaterial. It is seen that the regions of hyperbolic behavior exhibit super-
Planckian thermal emission in agreement with our previous analytical approx-
imation, but here we will go beyond effective medium theory and consider
practical structures. The role of the surface waves is very important and can
lead to significant deviations when the unit cell size is not significantly sub-
wavelength [68,79,82].

The macroscopic homogenization utilized to define a bulk electromagnetic
response is valid when the wavelength of operation exceeds the unit cell size
(A > a). However, even at such wavelengths if one considers incident evanes-
cent waves on the metamaterial the unit cell microstructure causes significant
deviations from EMT. This is an important issue to be considered for quan-
tum and thermal applications where the near-field properties essentially arise
from evanescent wave engineering (high-k modes) [61,62]. For the multilayer
HMM, at distances below the unit cell size, the thermal emission is dominated
by evanescent waves with lateral wavevectors k, > 1/a. Since this is above
the unit-cell cut off of the metamaterial, the high-k£ modes do not contribute
to thermal emission at such distances. It is therefore necessary to consider
thermal emission from a practical multi-layer structure taking into account
the layer thicknesses. This is shown in Fig. 2.8(c) and Fig. 2.8(d). The unit
cell size is 200nm, and we consider a semi-infinite multilayer medium using the
formalism outlined in Ref. [79]. An excellent agreement is seen of the optical

phases of the multilayer structure with the EMT calculation.
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Figure 2.9: (a) Heat transfer spectrum (normalized to heat transfer between
blackbodies) calculated with EMT, SiC-SiOy (MD) multilayer, SiO,-SiC (DM)
multilayer. The fill fraction of SiC layer is 0.4 and the unit cell size is 50nm.
The gap is 200nm. Here we consider two semi-infinite slabs. One slab is at
500K and the other at OK. There are two distinct peaks. The left and right
one correspond to type II and type I hyperbolic regions, respectively. The
higher peaks in the MD curve are due to the surface phonon polaritons of the
topmost metallic layers. (b) Wavevector resolved heat transfer of SiC-SiO,
(MD) multilayer normalized to blackbody limit, the three red bright regions
clearly show the origin of the three peaks in (a) and the high-k states in
hyperbolic regions.

2.6.5 Near field heat transfer

Now we utilize Eq. (2.46) in the heat transfer section to examine heat transfer
between two plates composed of identical HMMs. Fig. 2.9(a) shows the heat
transfer spectrum normalized to blackbody between two HMMs separated by
a vacuum gap of 200nm. It is seen that only in regions of hyperbolic behavior
we see super-Planckian thermal energy transfer in agreement with our previ-
ous analytical approximation of thermal topological transitions in near-field
energy density. We note that the surface states at the interface of the top-
most layer and vacuum plays a significant role in energy transfer when the
top layer is metallic (Fig. 2.9(a)). This is similar to case of near-field imaging
where surface plasmon polaritons at both the object plane and image plane
contribute significantly to resolution enhancement; a phenomenon not cap-
tured in EMT descriptions. In Fig. 2.9(b), we show the wavevector resolved
heat transfer for a multilayer metamaterial which clearly elucidates the role of

high-k metamaterial states in the heat transfer.
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2.7 Conclusion

This work shows that extension of equilibrium and non-equilibrium fluctua-
tional electrodynamics to the case of metamaterials can lead to novel phenom-
ena and applications in thermal photonics. We presented a unified picture
of far-field and near-field spectra for experimentalists and also introduced the
near-field spatial coherence properties of hyperbolic metamaterials. We have
analyzed in detail thermal topological transitions and super-Planckian thermal
emission and heat transfer in practical phonon-polaritonic hyperbolic metama-
terials. We paid particular attention not only to the effective medium approx-
imation but discussed all non-idealities limiting the super-Planckian thermal
emission from HMMs. We have provided practical designs to experimentally
measure and isolate our predicted effect. Our work should lead to a class of

thermal engineering applications of metamaterials.
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Chapter 3

Singular evanescent wave

resonarnce

3.1 Introduction

In the previous chapter, we have examined the photon transfer and the energy
associated with them between two plates at different temperatures. Another
property photons possess is momentum. However, for two stationary plates,
due to the symmetry of the structure, a photon with frequency and momentum
(w, /;) will be emitted/absorbed at identical probability with photon (w, —/2),
and thus no net momentum transfer can occur. But if we consider an asym-
metric setup where one plate, say plate 2, is moving at a constant velocity V'
parallel to its interface (along x direction), photons with opposite momentums
will be scattered at different rate due to the Doppler shift caused by the rel-
ative motion. The frequency and wavevector perceived by the moving plate
are Doppler shifted and thus different from those perceived by the stationary
plate. Photons with positive momentum, propagating along the moving direc-
tion, will be shifted to lower frequencies, while those with negative momentum,
propagating against the moving direction, will be shifted to higher frequencies.
This asymmetry leads to differences in the Bose-Einstein occupation number
and the scattering matrix for (w, k) and (w, —k) photons, thereby causing a net
momentum transfer between the moving plates even at the same temperature.
Actually the momentum transfer between moving plates is an example of the
research field on ‘dynamical Casimir forces’ that focuses on fluctuational forces

between moving objects [112—114], and can be solved by combining Lifshitz’s

32



theory [0] and electrodynamics in moving media [96]. But here we will stick to
the simple photon exchange picture (see Eq. 2.47-2.51), and directly give the
final result for the force which has clear physical interpretation. The lateral
force between the moving plates is the product of photon exchanged and the

momentum of each photon (hk,),

F(d,Tl,Tg):/O d—whk( (w,Th) — n(w', Ta))

o @y (1= [0 ] mov}Q)
o Z / A2 |1 01 r02 €2zk2d

Jj=s,p j mov
+/ d k” —2Im(k;)z 4Im( ) ( JmOU) ) (31)
ko an? ¢ ‘1 rmr;)%novemzd
Here, 7“] oo denotes the reflection from the moving plate 2. The frequency

shift from w to W' = w — k,V in n(w’', T3) is necessary and important because

the occupation number should be counted in the plate’s rest frame.

Interestingly, we find that the denominator |1 — 791792 e2k=d

i mov in the above

expression can be exact zero for the moving plates, which can never occur in
the stationary case. This vanishing multi-reflection factor means a singular
Fabry-Perot resonance with infinite quality factor, while any conventional res-
onance in passive, stationary system should have finite quality fact because of
causality. The singular resonance leads to divergent dissipative force between
the moving plates. We next start from the conventional Fabry-Perot resonance
and demonstrate how the moving system can support a singular resonance and

why the force diverges step by step.

3.2 Fabry-Perot resonance

The canonical example of a resonator is the Fabry-Perot (FP) system consisting
of two reflecting plates separated by a vacuum gap [5, 115]. Light bouncing
between them serves as a textbook introduction to the concept of a resonance
and is the basis of practical devices from the laser to the interferometer |5,

|. A simple argument suffices to understand this resonance. The reflection
coefficient of propagating waves with frequency w from the first mirror (r1(w))
times that of the second mirror (ry(w)) along with the propagation phase

accumulated over a round trip (e?*:?) should reconstruct the wave, capturing
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V =

Figure 3.1: Singular Fabry-Perot (FP) resonance of evanescent waves can be
achieved by setting the FP plates in relative motion. Plate 1 is stationary
while plate 2 is moving at a constant velocity V along the x direction. The
reflection coefficients and the distance for the moving case can lead to a perfect
balance of both phase and amplitude which cannot occur for stationary plates.

it inside, leading to a resonant build-up of intensity. Here, d is the vacuum
gap between the mirrors and k, is the propagation constant perpendicular to
the mirrors. We arrive at the Fabry-Perot resonance condition

ry(w)ra(w)etted = 1, (3.2)
which also follows from a plane wave multiple scattering approach.

It is well known that this above equation cannot be fulfilled by any passive
media. Note that the reflection coefficients are complex signifying the change
in phase and amplitude of the propagating wave at the mirrors. A closer look
reveals that an optimum choice of the gap can possibly lead to a net phase
balance (arg(ri(w)ry(w)e?*=4) = 2n7) for a resonance, but material absorption
and non-ideal reflections necessarily require |r(w)r2(w)| < 1 (Fig. 3.2(a)).
A gain medium is needed to compensate for this loss in amplitude as in a
laser. The arguments presented above can be generalized to arbitrary passive
structures showing that the bound resonances are signified by the poles of
the scattering matrix which always lie in the lower half (Im(wyes) < 0) of
the complex frequency plane [116]. This condition ensures that all resonances
decay in time leading to a finite quality factor.

In this work, we show that the conventional Fabry-Perot condition has fun-

damental differences in the case of moving media. We explain that evanescent
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waves bouncing between moving plates can lead to a resonance with perfect
amplitude and phase balance. We consider cases in which such a resonance,
which necessarily requires negative frequency modes, can be excited in a prac-
tical scenario. Finally, we show that non-equilibrium processes (momentum
and heat transfer) would be dominated by this resonance making our predicted
effect viable for experimental verification. We emphasize at the outset that
our result is valid taking into account polarization mixing that occur in pho-
tonic interactions between moving bodies and we predict unique scaling laws
in frictional force arising due to the predicted resonance which have not been
elucidated till date.

3.3 Perfect phase and amplitude balance

The case for evanescent waves in a Fabry-Perot configuration is interestingly
different. They do not have phase propagation and the amplitude of such waves
exponentially decays within the vacuum gap. However, those evanescent waves
which couple to the surface modes of the mirror can have a reflection coefficient
with amplitude greater than unity (Fig. 3.2(b)). Such waves can thus have
|1 (w)ra2(w)| > 1 to compensate the evanescent decay within the gap as well
as non-ideal mirror reflections. The important condition of phase balance
however always remains unfulfilled. This is because the mirrors necessarily
impart a phase change to the evanescent waves which cannot be compensated
while propagating. We also note that the mirrors can never balance or cancel
the phase imparted to the evanescent wave by each other irrespective of their
dielectric properties. This can be discerned by relating the phase of reflection
to the energy which always tunnels into a passive medium. The energy of
incident evanescent waves on any medium is given by the normal component
of the Poynting vector (see Appendix A)
1

_ o ks
S, = 5 Re(E x H*), = 2w,u021m(r). (3.3)

For passive media, the energy tunneling into the medium is positive (S, > 0,
Im(r) > 0) implying that the complex reflection coefficient of evanescent waves
lies in the upper half of the complex plane and 0 < arg(r(w)) < w. Thus the
product of the reflection coefficients at the two mirrors can never be purely real

(0 < arg(r (w)re(w)) < 2m) for evanescent waves as required for the resonance
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Figure 3.2: Complex reflection coefficients in passive media for positive (red)
and negative frequencies (blue) (a) For propagating waves, the magnitude of
the reflection coefficient should be smaller than one but there is no restriction
on the phase. (b) For evanescent waves incident on a medium, the direction
of energy tunneling is fixed (S, o Im(r) > 0) implying that r should be in
the upper complex space (both red phasors in the figure lie in the upper half
of the complex plane). The magnitude |r| can be larger than one especially
at surface wave resonances. We also illustrate the reflection coefficients for
negative frequency propagating and evanescent waves which are complex con-
jugates of their positive frequency counterpart (blue phasors). Note that for
evanescent waves, r(w)r(—w) can be a real number larger than one leading to
the possibility of a singular resonance condition (Eq. 3.2).

in Eq. (3.2). Therefore we suggest an additional condition
ro(w) = ri(w) (3.4)

which fulfills the phase balance condition for evanescent waves at the mir-
rors. This leads to the Fabry-Perot resonance condition for evanescent waves
1 (w)rf(w)e=2mk=d
phase arg(ri(w)ri(w)e

since the L.H.S of Eq. (3.2) |r(w)r}(w)e 2Mmk=d| = |p)(w)[2e 2™mF=4 can ac-
(e~ 21mkzd)

= 1. We emphasize that phase balance occurs since the

“2Imkedy — (). Simultaneously amplitude balance arises

tually be unity when the exponential decay is compensated by the
enhancement (|r(w)| > 1) due to evanescent coupling with surface waves.
The complex conjugation of the reflection coefficient (r*(w)) for evanes-
cent wave Fabry-Perot resonances can be obtained by considering the neg-
ative frequency counterpart (r(—w)) since the reality of fields [116] requires
r(—w) = r*(w). Thus the problem of achieving such a resonance reduces to
transforming the reflection from the second mirror into the negative frequency

reflection coefficient of the first mirror ro(w) = r1(—w). This can be achieved
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by setting two plates made of the same material in relative motion but with a
fixed gap between them (Fig. 3.1)).
We now analyze the resonant modes within this gap. Consider an incident

plane wave in vacuum given by e** 7t

on a moving interface. We consider the
lateral wavevector (k,, k,) along the non-relativistic moving direction (V/c <
1 and k, = 0) and provide the generalized approach in Appendix A. The
frequency of the wave in the frame co-moving at a constant velocity V along
the x axis is Doppler shifted to w’ = w—Fk,V [5]. This shifted frequency appears
negative (w' = w — k,V < 0) to the second plate for waves with k, > w/V.
Such waves have large wavevectors lying beyond the light line (k, > w/c) and
are necessarily evanescent in the gap.

We conclude that an evanescent wave with frequency w incident on the
stationary plate 1 will appear Doppler shifted to —w for the moving plate 2

when —w = w — k., V. We call this the phase balance wavevector,

KPB = 2%

= (3.5)

Evanescent waves with this special wavevector will bounce off the stationary
first mirror with reflection coefficient r1(w) but reflect off the second identical
but moving mirror with coefficient 75" (w) = ri(—w) = rf(w) (see Appendix
A).

We emphasize now the fundamental difference between the stationary plate
[117] and moving plate cases. Using the near-field quasi-static approximation,
the stationary plates would lead to the well-known condition found in text-
books,

7’}2,6’4‘“[/‘/ =1 (3.6)

where 7, is the reflection coefficient of p-polarized waves. As explained pre-
viously, the complex nature of the reflection coefficient implies this condition
cannot be fulfilled irrespective of distance or material properties. This result
has been utilized extensively in laser physics and also extended to the case of
Casimir force [117]. Our aim here is to show that subtle balance of phase and
amplitude are completely missed by the above equation. The moving plate

case gives rise to a counterintuitive singular resonance condition

[yl eV =1 (3.7)
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The subtle role of the negative frequency mode is revealed in the phase cancel-
lation on reflection which cannot occur for stationary plates. We note now that

there is a critical distance which can lead to a singular resonance condition

d*P = % In |r,(w)], (3.8)
The central result in our work is the combination of Equations (3.5), (3.7) and
(3.8) and the invalidity of (3.6) for the moving case even though it is widely
used. Note we require |r,| > 1 which can occur if the plate supports surface
waves. The phase balance (PB) (Eq. (3.5)) and amplitude balance (AB) con-
dition (Eq. (3.7)) together can achieve the singular Fabry-Perot condition for
evanescent waves bouncing between moving media.

We emphasize that this condition holds true in the relativistic case as well
leading to a singular resonant condition in spite of the presence of material
dispersion and absorption. A detailed proof of this result taking into account
polarization mixing is given in the Appendix A. We note that a complete nu-
merical calculation taking into account polarization mixing produces all the
scaling laws mentioned in the subsequent sections. Furthermore, the relativis-
tic phase balance wavevector kI'® = (1 4+ 1/7)w/V also makes the relativistic
multi-reflection which includes polarization mixing to be completely real. We
show in Appendix A information that one can always find a distance that

makes this real multi-reflection factor exactly zero.

3.4 Excitation of the perfect resonance

Coupling energy from the far-field into near-field to excite the singular reso-
nant mode becomes increasingly inefficient as the spectral width of the mode
decreases. However, we show that evanescent wave Fabry-Perot modes with
vanishing spectral width can be thermally excited between moving bodies with-
out the need for any external optical excitation. Near-field plates at different
temperatures exchange thermal energy through excitation of allowed evanes-
cent gap modes [17,29]. However, even if we consider the temperature T
of the identical plates to be the same, the Bose-Einstein distribution [2] of
thermally excited modes n(w,T) = 1/(e™/*3T — 1) within the moving plate
will be Doppler shifted from the stationary plate. This drives an interesting

photon exchange between the plates through the singular resonance. The oc-
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cupation of modes in the moving plate, which have to be evaluated in the
co-moving frame, will be negative specifically for those modes which have neg-
ative Doppler shifted frequencies, since the Bose-Einstein distribution gives
n(w',Tp) = —1 —n(—w', Ty) for w’ < 0 [118]. We emphasize that this negative
occupation is indicative of an excitation akin to population inversion made
possible by the energy of motion.

The photon exchange between the plates is also governed by the emissivity
or absorptivity of the plates in the near-field [17,22, 38, 104]. The near-field
emissivity of a plate is proportional to the evanescent wave Poynting vector
(S, o< Im(r(w))). There is a stark contrast between the Poynting vector direc-
tions for positive frequencies and negative frequencies (evanescent waves with
ky > w/V). Since r(—w) = r*(w), we see that the Poynting vector of tunneling
negative frequency waves S, o Im(r)is opposite to that of positive frequency
waves. Therefore the emissivity of the moving plate is negative while that of
the stationary plate is positive for negative frequency modes. We thus note
that as opposed to the conventional case of light tunneling into a medium,
the negative frequency evanescent modes supported by a moving medium can
tunnel out of it (Fig. 3.1). These photons will subsequently be absorbed by
the stationary plate. The net photon emission rates for the two plates are pos-
itive and given by Ny = 2Im(ry(w))n (w,T1) and Ny = 2Im (75" (w))n (', T3)
respectively. By generalizing Kirchoff’s law to the near-field, we see that the
near-field absorptivity of the plates is also given by 2Im|r(w)]. Thus the
number of photons emitted by the stationary plate and then absorbed by the
moving plate is Ni_,» = N;2Im [r]**Y(w)], which is negative due to the nega-
tive absorptivity of the moving plate. This negative absorptivity implies the
moving plate, which is in an excited state, is losing photons instead of ab-
sorbing them. It is the excitations from the stationary plate which cause the
stimulated emission of photons from the moving plate. Similarly, the number
of photons emitted by the moving plate and then absorbed by the stationary
plate is Ny, = No2Im [r1(w)] which is positive as expected.

The evanescent photons exchanged between the plates N = Ny_,; — Ny_.9

is [38]

22Im [V (w)] (n(w', To) — n(w, T}))

1= i) )

N(w, k) = 21Im [ry(w)] ‘eikzd

Y (3'9)

where 7 (w) and 75"Y(w) are the reflection coefficients for the stationary and
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moving plates respectively evaluated for a wave incident with frequency w in
the lab frame. We have r5**(w) = ry(w’) and the factor |e’=¢

decay of the photon propagating between the two plates while the denominator

2 accounts for the

11— ry(w)rye? (w)e?k=d ? is for the multi-reflection between the plates. Firstly,

(w
we note that at zero temperature, if w’ < 0 < w, we have n(w’,0) = —1 and
n(w,0) = 0, so the difference n(w’) — n(w,0) is nonzero; thus photon exchange
occurs even at zero temperature, which causes quantum friction. Secondly,
even though the multi-reflection factors are routinely encountered in the case of
parallel plates, once they are set in motion we predict a critical difference. For
frequencies at which the plates support surface waves, the singular Fabry-Perot
resonance of evanescent waves can lead to the divergence of this multi-reflection
factor for the phase balance wavevector (kI'? = 2w/V') and amplitude balance
distance (d48 = (V/2w)In |r,(w)]). The role of evanescent waves and surface
waves in the mediation of energy transfer as well as Casimir forces are well
known [29, 117]. However, the presence of surface waves does not in any way
imply the delicate phase and amplitude balance condition described above.
To analyze the nature of the excited evanescent wave resonance in a prac-
tical scenario, we consider two identical metallic plates moving relative to
each other at non-relativistic speeds. The moving velocity is bounded by
the phonon velocity of the medium [39], typically in the order of 10*m/s,
thus 8 = V/c <« 1 . The plates are separated by a small gap to allow for
interaction through large wavevector evanescent waves, necessary to achieve
Doppler shifted negative frequencies in the co-moving frame. Since phase bal-
ance wavevector kI8 (2k/[3) is much larger than kg, the reflection coefficient
for p-polarized waves can be approximated by r,(w) = (e(w) — 1)/(e(w) + 1).
When Re(e(w)) = —1, there occurs a pole of the reflection coefficient corre-
sponding to the surface wave resonance (SWR). The amplitude enhancement
of an evanescent wave has a maximum at this SWR wswr, leading to the
critical distance dy = V/(2wswr) In|r,(wswr)|. At the SWR frequency, the
magnitude of reflection coefficient |r,| is bounded by the loss of the material.
Realistic estimates for |r,| is in the order of 10 and if the plate velocity is
10*m/s, the operating frequency wgwr should be in the order of 10'?Hz to
give a critical distance in the order of 10 nm. Thus we need materials with
low plasma frequency in the THz region to observe the singular Fabry-Perot
resonance of evanescent waves. Here we consider a Drude metal with frequency

dependent permittivity given by €(w) = 1—w?/(w? + il'w) with w, = 3x10"*Hz
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Figure 3.3: Contribution to exchanged photon number resolved by frequency
and lateral wavevector k, (normalized to free space wavevector) at (a) d = 2d,
and (b) d = dj (d = (1 + 107%)dp). In both (a) and (b), we see two bright
curves, both of which are due to surface wave resonances. In (a), at a distance
away from dy, the singular resonance condition is far from being satisfied.
However, the bright curves remain due to the SWR at the two interfaces. In
(b), the red bright point is due to the singular resonance that arises since
the amplitude balance condition is satisfied when d — df and phase balance
condition is satisfied at k, = 2/. This leads to giant photon exchange between
moving plates at the singular resonance. The insets give the zoom in plots near
the intersection of the two SWRs. See also Fig. A.7.

and I' = 0.01w,. The temperatures are chosen to be T;=320K and T>=300K.
The SWR frequency for this material is 2.12 x 10'?Hz and at the velocity of
10*m/s, the critical distance dj that satisfies the singular resonance condition
is close to 10nm.

In Fig. 3.3, we plot the spectrum of photons exchanged according to their
frequency and wavevector in the lab frame. For a distance d; which is away
from the singular Fabry-Perot Resonance condition, we see two distinct bright
regions in w — k space through which photons are exchanged between the
two plates. The horizontal region corresponds to the SWR frequency of the
stationary plate where all wavevectors are excited like in a conventional surface
wave resonance [103]. The curved region corresponds to the Doppler shifted
SWR frequency of the moving plate. We emphasize that previous work on
quantum friction [21, 38, 89-102] has been limited to these modes and the
corresponding scaling laws.

Our result shows that as the plates are moved closer to the singular FP
resonance condition (d — dj), a fundamentally new mechanism of photon

exchange emerges. This is evident from Fig. 3.3(b) where photons with the
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Figure 3.4: Non-equilibrium vacuum friction on the FP plates (a) resolved by
the wavevector k, at d = dj and d = 2dy. A major contribution to the force
arises from modes at the perfect phase balance wavevector. Note, at 2dy, the
amplitude of friction is significantly smaller. (b) The distance dependence of
friction at distances near dy. The x axis is in (d/dy — 1) and log scale. We
clearly see a linear increasing behavior as d approaches dy. This is consistent
with the theoretical scaling law which predicts a logarithmic divergence of the
non-equilibrium vacuum friction in the ideal limit.

phase balance wavevector completely dominate the interaction. Note that this
occurs when the frequencies in the co-moving frame and lab frame are equal
and opposite, the condition for phase balance. Indeed, the multiple scattering
term 1—rroe?®4 in Eq. (3.9), vanishes giving rise to an infinitely large number

of photons exchanged.

3.5 Giant dispersive force between the plates

in relative motion

We assert that the singular evanescent wave resonance fundamentally dom-
inates all non-equilibrium processes between the plates. We focus here on
the observable force on the plates in a direction opposite to the motion, which
arises due to momentum carried by the photons exchanged between the plates.
This dispersive force, i.e., the momentum transfer between the two plates[11],
is the product of the total number of photons exchanged (Eq. 3.9) and the
momentum of a single photon hk, giving f.(w,k,) = hk,N(w, k,) where the
net force F = [ fu(w, ky)dk,.

In Fig. 3.4(a), we plot the spectrum of this non-equilibrium vacuum fric-

tion force resolved according to the wavevector for various distances of the
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plates. The largest contribution to the force is due to the singular Fabry-Perot
resonance of evanescent waves. This can be interpreted as a perfect coupling
of positive and negative frequencies in the near-field.

When the distance d approaches the critical distance dy, we predict the

non-equilibrium friction F to be

do
F~ln <d_d0) (3.10)

This result holds true for the quantum friction (T—0) case as well. We plot

the friction vs. distance in Fig. 3.4(b) to verify the theoretical predictions. We
clearly see that the friction increases as In [dy/(d — dy)] when d approaches dy.
In fact, it is interesting to note that this singular resonance causes the frictional
force to actually diverge under the macroscopic electrodynamic assumption [!]
used routinely. This is fundamentally different from previous works [21, 38, 89—

| that have calculated forces and scaling laws. The reason for the difference
is that previous works did not consider the effect of the unique resonance and
critical distance.

In Fig. 3.4(b), the magnitudes of friction evaluated around the resonance
at di = 2dy and dy = (1 + 107%)dy are 4.58 x 107°N/m? and 10.7 N/m?
respectively. We do not assume ideal mirrors [I19] and losses or dispersion
are not an impediment to the singular resonance. Our estimates are based
on assumptions of a local Drude model which will be modified for electro-
magnetic interactions with large wavevectors [120, 121]. However, the only
fundamental requirement is the enhancement in the reflection of coefficient of
evanescent waves which is known to occur even in the presence of non-locality
(eg: graphene plasmons [122,123]). This giant enhancement in non-equilibrium
momentum and heat transfer due to the resonance predicted in this work can
be ascertained either with THz surface waves in degenerately doped semicon-
ductors [73], phonon-polaritonic polar dielectrics [124], low frequency plasmons
or graphene [125]. The role of the giant photon flux caused by the resonance
on assumptions of macroscopic and local fluctuational electrodynamics will be
analyzed in future work. Our results can be extended to the case of energy
transfer as well where we expect a giant exchange in energy between the plates

due to the singular resonance condition.
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3.6 Conclusion

In essence, the singular resonance occurs when the pole of a scattering matrix
is pulled up to the real axis due to the relative motion of the plates [120].
We note that this is precluded by the requirement of an infinite energy supply
for maintaining relative motion near this resonance condition. We emphasize
that the singular resonance we introduced can be adopted to plates at any
temperatures including the low temperature limit of quantum friction. Our
result is fundamentally related to classical electromagnetic scattering theory
and is unrelated to the debate on quantum friction (T—0 case). Furthermore,
there is a consensus in the literature about the non-equilibrium vacuum friction
case which we have chosen to elucidate [118,127].

In summary, we have introduced a singular resonance supported by moving
media caused by the perfect coupling of positive and negative frequencies in the
near-field. Experiments with light induced potentials [125] or nanomechanical
[129] systems can manifest such resonances leading to a deeper understanding

of negative frequency modes [130, 131].
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Chapter 4
Conclusion

We have fully developed fluctuational electrodynamics in multi-layered struc-
tures at equilibrium or non-equilibrium. Both first principle second kind of
fluctuation dissipation theorem and the scattering matrix formalism are em-
ployed and confirmed to be equivalent. With dyadic Green’s function in multi-
layered structures, we are able to calculate the energy density, Poynting vec-
tor, spatial coherence of the electromagnetic fields in such structures. We have
limited ourselves to multi-layered structures which have simple analytic dyadic
Green’s functions. For complex geometries where no such analytic DGF's are
available, one should use numerical methods such as finite element method,
finite-difference time-domain and boundary element method [16,47, 110, 111],
which will be studied in future work.

We have applied the theory to examine thermal properties of practical hy-
perbolic metamaterials composed of multilayer phonon-polaritonic materials.
The high wavevector states in hyperbolic metamaterials lead to near field ther-
mal emission and heat transfer that exceed the black body limit in a broad
bandwidth. Furthermore, the high wavevector states have a large impact on
the spatial coherence of the thermal fields. We have utilized both effective
medium theory and transfer matrix method to compute the scattering matrix
of the multi-layered structures and shown the regions where effective medium
theory is valid. Our results could be verified in experiments and potentially
applied in energy harvesting industry, especially in enhancing the efficiency of
solar cells.

We have also introduced a singular Fabry-Perot resonance of evanescent
waves bouncing between two plates at relative motion. The resonance arises

due to the coupling of positive and negative frequency evanescent waves and
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leads to a spontaneous exchange of a large number of photons between the
moving bodies. The non-contact frictional force mediated by a nanoscale vac-
uum gap can diverge due to the existence of this singular evanescent wave
Fabry-Perot resonance. Thus essentially an infinite force is required to keep
the plate at the constant velocity, complying with causality.

We have shown the singular resonance leads to divergent dispersive force
between the two plates in spite of loss of the material, polarization mixing
as well as relativistic effects. However, non-local effects occur due to the
large wavevector and the close spacing between the plates [132]. Moreover, as
the energy exchange between the two plates goes up, the large field intensity
will cause nonlinear effects. In the theory part, we have essentially assumed
the validity of linear scattering process. The fluctuational electrodynamics
theory in Ref. [96] is based on linear response theory [133]. The nonlinear
response of the media will certainly play an important role near the singular
resonance. Thus we argue that non-locality and nonlinear effects might curtail
the singularity, especially due to breakdown of linear response theory near
the singular resonance. The role of non-locality and nonlinear effects will be

examined in future work.
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Appendix A

Supplementary information for
singular evanescent wave

resoinarice

A.1 Derivation of Poynting vector

i(kex+kyy+k.z—wt

A p-polarized incident plane wave,H; = ge ), shines on the inter-

face in x-y plane between vacuum and a plate. Here k, and &, are real, k, =

\/ (w/ 0)2 — k2 — kZ, k. is real for propagating waves (PWs) while imaginary

for evanescent waves (EWs). Assuming that the reflection coefficient is r, the

reflected wave will be H, = gre!(ke=thyy—k:z=wt)  The electric fields lying along

the interface are Fj, = #-tecilherthyythez—wt) p = — g—ker gilkezthyytkzz—wt)
wHo ’ wio

Thus the Poynting vector [5] along the normal direction is

) %=l — ), PWs
S: = 5 Re(E x H"). = : (A.1)
I“ZJ—Z‘QIm(r), EWs

where [ is a constant proportional to the intensity of the incident waves. Then
the energy absorbed by the plate is proportional to 1—|r|* for PWs and 2 Im(r)
for EWs. For a stationary passive medium, S, must be positive so 1 — \7’]2 >0
for PWs and Im(r) > 0 for EWs. It is worthwhile noting that 1 — |r|* is the
far field emissivity related to the absorption of propagating waves and 2 Im(r)
can be physically interpreted as the near field emissivity [22, 38, 104] in the

photon emission process. The above result has been utilized throughout the
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manuscript to understand the tunneling of evanescent waves emanating from

the moving mirror.

A.2 On the reality of fields

The key condition for the Fabry-Perot resonance of evanescent waves is ob-
tained by the complex conjugation of the reflection coefficients. In the main
text we have argued that this can be achieved using the negative frequency
counterpart of the reflection coefficient. This result relies on the condition for
the reality of the fields [116]. In Fourier space, the electric fields are expressed
as

E(rt) = / w(w, ky, ky, 2)eFe TR ql dk, dw. (A.2)

In view of the reality of E(r,t),
w(w, by, ky, 2) = U (—w, —ky, —ky, 2). (A.3)

This is valid for both the incident waves and the reflected waves. For reflections

from a stationary plate with the in plane wavevectors (k, k,) conserved,
r(w, kg, ky) = 1" (—w, —kz, —ky). (A4)

In this work, we assume the reflection coefficients are written for isotropic
media so that
r(w, ks, ky) = r(w, —kz, —ky). (A.5)

Thus for reflection from a stationary plate, we have

r(w, ke, ky) =1 (—w, kg, ky). (A.6)

A.3 The scattering matrix of a moving plate

with polarization mixing

In the main text, for simplicity, we have assumed non-relativistic velocities
and no mixing of polarizations. However, here we generalize our approach and
show that the central result related to the singular resonance of evanescent

waves persists even in the relativistic limit.
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We start from the Lorentz transformation [5],

£ a5 E
Q@
= _ , A7
cB’ T E ot cB (A7)
where
1/ 0 0 00 O
o— <~
a =| 0 10|,8=l00 -5, (A.8)
0 01 05 0
with g =V/e, v = 1/\/1—52.
The electric fields are transformed by
=1 o
E' =~(a FE+ B cB). (A.9)
For plane waves with phase e!(Fkeothyythzz—uwt)
0 -k, ky
C - C Cc
cB=—kxE=—| k, 0 —k, =— Lk E. (A.10)
w w w
—ky, ks 0
For the frequency and wavevector, the Lorentz transformation gives [7],
Ky, = (ke — Bho), (A.11)
W =y(w =k V), (A.12)

while k, and k. remain unchanged. Note that under non-relativistic limit, we
have k, = k, and w’' = w — k,V which are used in the main text.

We first transform the incident field to the co-moving frame,

, ~—1 C T
By +5 BB (A.13)

The reflected fields in the co-moving frame are

r (rsé—é—l— + Tp]a—]a+)El' (A14)

/

N N
Here s, =5 = (k,,

—k,,0)/ k;'p are the unit vectors of upward and downward s-
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polarized waves, p, = (—kLkL, —ky k., (k)2)/ (koks), B = (KoL, kKL, (k)2)/ (Ko,

z'Vz yvVz
are the unit vectors of forward and downward p-polarized waves, respectively,
where ky = w/c, k, = \/(k,)?> + (k,)%. r, and r, are the standard Fresnel
reflection coefficient of s- and p-polarized waves in the co-moving frame, re-
spectively.

Next we transform the reflected field to the lab frame,

E, =~(a +— B k)E. (A.15)
Here
0 0 0 0 —k, Kk
! VAN c , y/
=10 0 Bl==08 k=1 k 0 —k |. (A.16)
0 -6 0 ~k, k, 0

R=~(a += Br)SE, +rp por@ +< Bk). (A.17)

For an alternative derivation of this reflection operator, see Ref. [95].
Now the reflection operator is written in a 3 by 3 matrix. The 2 by 2

reflection matrix is defined by
T = €\ Ré, (A.18)

where 7y, are the reflection coefficients for an incident wave with polarizationuto
be reflected as a wave with polarization \. éf = (k,, —k,,0)/k,, é;,t =
(qikxkz,qikykz,kz)/kokp (ko = w/c, k, = \/m) are the unit vector of
s- and p-polarized waves in the vacuum, respectively. As before, the plus sign
in the superscript of é denotes forward waves (incident waves) and the minus
sign for downward waves (reflected waves). After some lengthy but straight-

forward calculations, the scattering matrix of the moving plate ry, is found to

Tss Tsp
T)\# = [

Tps Tpp

/
TS

- B A (A.19)

/

"p

Here the matrix elements A = Ay = vké(kz—ﬁkokx)/k‘ok;km Ay = —Ay =
Vké(—ﬁkyk’z)/kok;km Bi = By = vho(k) — Bkokx)/kok;kp, B = =By =
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vko(—Bkyk.) / kok;,kp. The reflection coefficients are

oo = TR, = Boka)? [ (k) = i (Bhko)? [ ()%, (A20)
rop = —(r, + 10 )72 (K2 — Bkoky) Bkyk- / (k) k), (A.21)

rps = (1 4 1)V (k2 — Bhioky) By k. / (K k)2 = —rap, (A.22)
o = 1 (2 = Bhoka)? [ (k,)? = v (Bk,k.)? [ (k). (A.23)

Generally speaking, the reflected waves of p-polarized waves will have s-polarized
waves component, and vice versa. This is called polarization mixing. Note po-
larization mixing will not be a significant effect at non-relativistic velocity due
to the factor 8 in both 7y, and 7.

However, for k, = 0, we have

Tos(w, kn) = 7 (W' K, (A.24)
TPP<W7 kw) = r;;(wla kg/r>7 (A25)

and
Tsp = Tps = 0. (A.26)

This means, when k, = 0, polarization mixing disappears regardless of the
velocity. The reflection from a moving plate can be expressed as the standard
Fresnel reflection from a stationary plate with a Doppler shifted frequency
and wavevector. In the main text, we only consider the p-polarized waves
with k, = 0, thus r,(w, k,) = 7,(w', k). The polarization of the wave does not

change on reflection.

At the relativistic phase balance wavevector (set w’ = —w in Eq. (A.12))
by = (14 5% (A.27)
xr 7 V? N
we have
W = —w, k, = ky. (A.28)
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/

Thus rp(w, ky) = T;(—w, k). Herer,

co-moving frame, so r,(w, k;) = (r,(w, k,))*, which is the complex conjugate

is reflection from a stationary plate in the

of the reflection coefficient from the stationary plate in the lab frame. In this
sense, we achieve ro = r] at the phase balance wavevector.

The expression for the Poynting vector is also valid for a moving plate since
it only depends on the reflection coefficients. At the lab frame, we only consider
positive frequency, namely w > 0. When the Doppler shifted frequency w’ < 0,
Im(r) will be negative, resulting in a negative Poynting vector. Thus essentially

we extract energy out from the moving plate.

A.4 Approximation of the reflection coefficients

The moving velocity is bounded by the phonon velocity of the medium, typi-
cally in the order of 10*m/s, thus 3 is very small in the order of 1074, As k, is
very large to achieve negative frequency (k, > ko/3), the reflection coefficients
can be evaluated by the high-k£ approximation. For a stationary plate with a

very large k,,

e—1
/rS - 9 A.29
10k, Jho? (4.29)
and .
6 —_—
= } A.
Tp € + 1 ( 30)

The reflection coefficient for s-polarized waves is negligibly small, while |r,| has
a resonance at Re(e) = —1 , which is the surface wave resonance condition.
To compensate the propagating decay of evanescent waves inside the vac-
uum gap, |r,| should be larger than 1, thus implying Re(e) < 0. This means
the structure needs to work in the frequency spectrum where the materials are

metallic.

A.5 Full theory for photon exchange

In the main text, we have argued that the spontaneously occurring photon
exchange between the plates diverges due to the existence of the singular res-
onance condition. Here for completeness, we provide the complete relativistic
theory of the photon exchange and relate it to the frictional force to emphasize

how the phase balance and amplitude balance condition enters in the analysis.
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In the main text, we have assumed that k£, = 0 to avoid polarization
mixing of waves. Thus we can deal with p- and s-polarized waves separately.
The scattering matrix, i.e., the reflection matrix, will be diagonal and can be
handled as scalars. However, if k, # 0, the scattering matrix 7, of the moving
plate will have non-diagonal terms, i.e., polarization mixing terms. Therefore
we need the full theory with polarization mixing and relativistic velocity taken
into account to describe the photon exchange picture.

The spontaneous emission rate from a moving plate at constant velocity

is [35,37,38,134]
Tr(1 — SSHn(w', T) (A.31)

for propagating waves and
Tr(i(ST — S))n(w', T) (A.32)

for evanescent waves. Here, S = ry, is the classical scattering matrix evaluated
in the lab frame, w' is the frequency in the moving plate’s rest frame, n(w’, T)
is the Bose-Einstein occupation number [2] in the co-moving frame, ‘f’ denotes
Hermitian conjugate, ‘Tr’ means taking the trace. (1 —SST) and i(ST—S) can
be also seen as the absorption rate of the incident waves by the plates.
Assuming U is the spontaneous emission (absorption) amplitude of the
plate [358]. For propagating waves, UUT = 1 — SST; for evanescent waves,
UUT = i(ST — S). The amplitude of photon emitted by plate 1 and then
absorbed by the plate 2 is Uye®*+?U,, where e**:¢ accounts for the propagat-
ing with the vacuum gap. Taking the multi-reflection into account [4], the

amplitude is

eik:zd

Us(1 + #1518y + (€**=19195)% + - - - )™= Uy = UQW

U. (A.33)

With the Bose-Einstein occupation number n;(w,T}) of plate 1, the photon
) Y ]

ik.d

transfer rate from plate 1 to plate 2 is |

eikzd

€
T 5,51l

Uy—————
21 S, S,e2ik=d

Ni_y=Tr {(U2 UI)T] ni(w, 7). (A.34)

Similarly, the photon transfer rate from plate 2 to plate 1 is

ik-d pik=d

e
e

N2_>1 =Tr |:<U1—1 _ 525'1@2“%

UQ)T:| TLQ(UJ/, TQ) (A35)
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It can be shown that

pik=d pik=d T
T = ~ ~ a1 g = ~ ~ a1 g
! [(Uﬁ _ 5152621ksz1)(U21 _ 5152621ksz1) ]
pik=d pik=d T
=Tr |(Nh—————U) (Ui —————=U2)"| . A.36
: [< ! 1— 525162”“2‘1 2)( ! 1-— 525162”“2‘1 2) :| ( )

The net photon exchanged rate should be N = Ny _,; — Nj_,5. One then finds
that

N =Tr [(1 — §1S)D(1 - szs;)Dq (n2(w', T) — mu(w, T)) (A.37)
for propagating waves, and
N=Tr [(51 — SHD(S} - 52)DT] (na(, Tp) — ny(w, T)) (A.38)

for evanescent waves, where D = =4 /(1 — S, 5, e%k=d),
With the help of the scattering matrix and after some algebra, one can

derive the expression for number of photon exchanged,
N(w, ks ky) = (0w, T1) — n(o, n)){ﬁeﬂmwd
((kj — Bhokz)* + BkZky) [(kﬁ — Boka) (1 — [r1p[*) (1 — [y, |*)| Dys
F PR = P~ D + (0 9] |, PWs
Nk by) = (0, T0) = (! T} { e mieos
(k2 = Bhoky )2 + BK2K2) | (K2 — Bkok,)? Im(r1,) Tm(3,)| Dy

— B2k2k2 Im(ry,) Im(ry,) | Dyl + (p — s)} }, EWs (A.39)

Here k, = \/W, B=V/e, v= 1/\/1—7ﬁ2, ko = w/ec, k, = y(ky — Bko),
W =(w—=kV), k.= \/k§ — k%, Dy =1— e2kdpy oy Dy =1— eZikzdrlpr;p,
Dy = 1+ @ dry iy Dy = 1+ e drpry A = (k2 — Bkoks)?Des Dy +
BPk2k}DgpDys. The symbol p <+ s denotes the terms that can be gained by
permuting the indexes p and s of preceding terms. 7y, are the reflection
coefficients from the stationary plate, r’z( ) are the reflection coefficients in

87p
the co-moving frame. A is the denominator of the matrix (1 — S5S;e?*=4)=1,
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In the case 77 = T5 = 0K, under which condition n(w,T’) vanishes for positive
frequencies and equals —1 for negative frequencies. In the lab frame, we only
consider positive frequency photons, so essentially no photon emitted from
plate 1. However, for the moving plate 2, the photon emission can be nonzero
for negative Doppler shifted waves w’ < 0, under which condition only photons
with k, > w/V can be transferred.

The dominant term in the multi-reflection factor A = (kg— Bkoky)? DssDyp+
B2k2k; Dy, Dy, is the term related to (p) polarized reflection coefficients Dy, =
1— e%kzdrmr;p. From the photon exchange term for the case with polariza-
tion mixing, we define the normalized Ay rather than A in Eq. (A.39) as the

multi-reflection factor,

(k2 — Bkok,)? Dss Dy + B2k2K2 Dy Dy
(k5 — Bhoky)? + B2k2k; '

Ay = (A.40)
In the region which supports the singular resonance 3 < 1074, since k, > ko/_3,
one has f*k2k; < (k2 — Bkok,)? and Dy, ~ 1. Thus Ay is well approximated
by D,,. At the phase balance wavevector k% = 2w/V, D,,(kFP) = 1 —
|Tp(w)|2 e dwdlV

1. It is clear that D, has a local minimum at (wSWR,kf

, we can adjust the distance d to make it zero as long as |r,| >
Bk, = 0) due to
the surface wave resonance (SWR) of |r,(w)|. That D,, equals zero at this

minimum leads to

dn —
° " Qwswr

In|r,(wswr)| - (A.41)

Note that we achieve an upper bound on the critical distance.

A.6 Singular Resonance: Polarization mixing

and relativistic effects

In the main text, we have assumed a non-relativistic Lorentz transform and
no polarization mixing. We then find the conventional multi-reflection factor

2ik=d ig real at the phase balance wavevector, which can lead to singular

1—rirqe
resonance at the critical distance. Here we show that the singular resonance
can exist in spite of relativistic effects and polarization mixing.

At the relativistic phase balance wavevector, k, = (1 + 1/y)w/V, ' =
—w, ki, = ky (Eq. (A.27) and (A.28)). The frequency is opposite and the

wavevector is unchanged, consistent with the invariance of the four dimensional
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momentum vector. Due to the reality of fields, the reflection coefficients in the
co-moving frame at frequency —w are the complex conjugates of corresponding
reflection coefficients in the lab frame at frequency w, 7"2(8@) = T(s.)" We now
note the critical fact that at this specific phase balance wavevector Im(Dy,) =
Im(D,,) = Im(Dy,Dys) = 0. Dy, Dy are real and Dy, = D, so that the
multi-reflection factor (A) which includes polarization mixing and relativistic
effects is real valued at the relativistic phase balance vector. We emphasize
that this situation is exactly equivalent to the simple multi-reflection factor we
considered in the earlier discussion. Furthermore, in the presence of surface
waves there will always exist a critical distance when this multi-reflection factor
A = 0. The main contribution in this work is this delicate phase balance and

amplitude balance condition that has not been pointed out before.

A.7 Non-equilibrium vacuum friction

The dispersive force, i.e., the momentum transfer between the two plates [35],
is the product of the total number of exchanged photons and the momentum
of a single photon hk,(h is the Planck constant divided by 27)

folw, kg, ky) = Rk, N(w, by, Ey). (A.42)

We also note that the energy transfer between the two plates is the product of
the total number of photons exchanged and the energy of a single photonhw.

The net dispersive force can be achieved by integrating all possible partial
waves w, kyand k, [38] in the above Eq. (A.42). Note that the frequency w
should be positive. The friction can be calculated by

ne[ )

Note that Nhas different expressions for propagating and evanescent waves
(see Eq. (A.39)). We can then recover the results in Ref. [96] which has a

detailed calculation based on the stress tensor.

/ yhk: N(w, ko, ky). (A.43)

In the main text, we use the general theory here to generate the figures.
At a fixed velocity 10*m/s, the critical distance is found to be 10.04nm by
Eq. (A.41). In Fig. 3.3 of the main text, k, in Eq. (A.39) is integrated from
—o0 to 0o. Here we show the 3D plots of Fig. 3.3 to illustrate the peak due to
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Figure A.1: (a) and (b) are the three dimensional version of Fig. 3.3(a) and
(b) in the main text, respectively. The large peak in (b) due to the singular
resonance is evident. Even though the resonance condition occurs at a single
isolated point in reciprocal space, it leads to divergences in physical observ-
ables.

singular resonance more clearly.

In Fig. 3.3 of the main text, we have not integrated all the possible (w, k;, k)
region in Eq. (A.43), but a small neighborhood around the singularity (wsw g,
kPB Kk, =0), w from (1—0.05)wswr to (1+0.05)wswr, k. from (1—0.05)k55
to (1 + 0.05)kTB, and k, from —0.05k77 to +0.05kT%. In Fig. 3.4(b), the
magnitudes of friction at d; = 2dy and dy = (1 +1075)dy are 4.58 x 1075N /m?
and 10.7N/m?, respectively.

A.8 The scaling law of non-equilibrium vac-

uum friction

We have shown that at the phase balance wavevector, the denominator Ay of
the integral Eq. (A.43) can be exactly zero. Thus we have a three dimensional
improper integral. We emphasize that this resonance condition leads to a
divergence in vacuum friction. Here, we rigorously prove the existence of this
divergence and find the scaling law governing the vacuum friction near the
resonance condition. The analytical scaling law is in excellent agreement with
the numerical calculations.

At a given velocity V, we first fix k, to be the phase balance wavevector
so that A is real. At any distanced, we can find the minimum of Ay as a
function of w and k, at (w°, k). We define dy as the critical distance so that

the minimum at dy is zero. The minimum generally occurs at k£, = 0 and
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wswRr, but our derivation below does not depend on this statement of the
location of the minimum. At the critical distance dy, we have a singular point
(W, kEB, k;g) in three dimensional spaces (w, ks, k,) where the denominator Ay
is exact zero.

First we analyze the behavior of the denominator at this singular point.
At the phase balance wavevector, Ay is real valued as a function of w and £,,.
As the function reaches the minimum, the first order derivatives of w and k,
are zero. However, the first order derivative of k, is not zero but a complex
number since A is generally complex when k, departs from kI'Z. Therefore
Ay can be approximated by ajw® + ask? + ask, around the minimum. Here
w should be understood by w — wy, the difference to the singularity, so are &,
and k.. a; and ay are positive numbers, a3 = a4 + ias is a complex number,
the possible cross term wk, is not important here since we are looking for
an upper bound of Ay. The denominator |AN|2 will be approximated by

(a1w? + a2k§ + agk,)? + (a5kw)2. In a neighborhood of the minimum, we have

1

5((a1w2+a2k§+a4kx)2+(a5kx)2) < |AN|2 < 2((a1w2+a2k§+a4kx)2+(ag,k:,;)Q)
(A.44)

The sign of a4 here should be dealt with carefully. Firstly we consider the

branch of k, where a4k, is positive. If a4 > 0, we choose the branch k, > 0; if

ay < 0 we choose the branch k, < 0. Then we have

(a1w2 + Clgk’;)z‘i‘ (a4kx)2 S (a1w2+a2k§—|—a4kx)2 S 2 (a1w2 + a2k§)2+2(a4kx)2
(A.45)
For the asymptotic behavior, the constants a; are not important. It is clear

that there exists positive constants ¢ and p so that,

g [(W+ kD2 + K] < |AN)? < p (W + K22 +K2]. A.46
Yy x Yy x
In the integral
1
/dwdkxdky T (A.47)
Y T
we first take w = rcos @, k, = rsinf, so that the integral transforms to
, 1 1 A
dr dk)xm = d?"dk,’x 2 T 12 . ( 48)
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Further by taking r = pcosf, k, = psinf, the integral will be

1
/dp; (A.49)

which diverges. Note that in the branch a4k, < 0, the upper bound of |A N|2
in Eq. (A.46) still satisfies; therefore the integral diverges in this branch also.

The scaling law can be seen just by an additional d — dy term agd (ag is
positive) in the first order Taylor expansion of Ay. In a neighborhood of the

minimum,
AN ~ (a10® + agk] + asky + agd)” + (ask,)” . (A.50)

Following the same integration procedure, the integral will be

o 1

where § is a constant that Eq. (A.50) holds in the d-neighborhood. This

integral gives

1
In p + constant. (A.52)
Thus the scaling law will be
F(d) o in( 720 (A53)
oc In(~— i) :

where we have replaced d by d — dy and normalize it to dy. It diverges very

slowly as d approaches d.

A.9 The non-equilibrium vacuum friction vary-
ing with velocity

The phase balance condition for the resonance is achieved by the coupling of
positive and negative frequencies whereas the amplitude balance condition is
adjusted by tuning the distance between the mirrors while keeping the velocity
of the moving mirror fixed. In this section we show that changing the velocity
while keeping the distance constant also leads to the excitation of the reso-

nance. We also derive the scaling law with respect to the velocity at a given
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Figure A.2: Contribution to exchanged photon number (in log scale) resolved
by frequency and lateral wavevector k, (normalized to free space wavevector)
at (a) V = 0.5V and (b) V — V. In both (a) and (b), we see two bright
curves, both of which are due to surface wave resonances. The horizontal
one comes from SWR at the interface of the stationary plate and vacuum
while the other one is due to SWR at the interface of the moving plate and
vacuum. These two bright curves join at the phase balance wavevector when
the Doppler shifted SWR frequency in the co-moving frame is opposite to the
SWR frequency in the lab frame. In (a), at a velocity much smaller than
Vo, the singular resonance condition is far from being satisfied. However, the
bright curves remain due to the SWR at the two interfaces. In (b), the red
bright point is due to the singular resonance that arises since the amplitude
balance condition is satisfied when V' — Vi~ and k, = 2/5. This leads to
giant photon exchange between moving plates at the phase and amplitude
balance condition. The insets give the zoom in plots near the intersection of
the two SWRs. We emphasize the dramatic increase in the photon exchange
due to the singular FP resonance of evanescent waves. (c) and (d) are the
three dimensional version of (a) and (b), respectively. The large peak in (d)
due to the singular resonance is evident.
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distance using a similar approach.

To prove the divergence of friction and scaling law, we first fix the wavevec-
tor k, to be the phase balance wavevector k£2. The only difference is that kZ'2
is a function of the velocity, so that it is also a variable compared to the given
velocity case where kI'Z(normalized to free space wavevector) is a constant.
However, this fact will not affect the second step, finding the velocity where
the minimum of the multi-reflection factor Ay is exactly zero.

At all practical velocities, Ay at the phase balance wavevector is well
approximated by D,,(kF?) = 1 — |ry(w)|* e %V with kPP = 2w/V. The
minimum of D,,(kL?) occurs at k, = 0 and wswr where |r,(w)| has a reso-
nance. That the minimum of D,,(kI'?) equals zero gives the critical velocity
Vo,

2WswR
Vo =d———. A.54
0= I (s (4.54)

Note that this equation is essentially the same to Eq. (A.41). These two
equations suggest that d/V should be a constant at the singular resonance.
Certainly, the velocity given by Eq. (A.54) should be practical.

The scaling law of friction to the velocity approaching the critical velocity

will be
Vo

Vo—-V
which can be easily read from the derivation of Eq. (A.53). One can just
replace d (d — dy) in Eq. (A.53) by V(Vo = V).

Here we present the results when the vacuum gap is fixed at 10nm, and com-

F(V) o In( ). (A.55)

pare the photon exchange and vacuum friction at different velocities. At this
distance, the critical velocity Vi where the multi-reflection factor Ay reaches
zero is about 0.996 x 10*m/s. Due to the same mathematical structure and
similar parameters, the results here look close to that of fixed velocity case.
In Fig. A.2, we plot the spectrum of photons exchanged according to their
frequency and wavevector in the lab frame. For a velocity V; which is away
from the singular Fabry-Perot resonance condition of evanescent waves, we
see two distinct bright regions in w — k space through which photons are
spontaneously exchanged between the two plates. The horizontal region corre-
sponds to the surface wave resonance frequency of the stationary plate where
all wavevectors are excited like in a conventional SWR. The curved region cor-
responds to the SWR frequency of the moving plate however the frequency is

Doppler shifted and the region is curved instead of a straight line.
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Figure A.3: Non-equilibrium vacuum friction on the FP plates (a) resolved
by the wavevector k, at V =V~ and V = 0.5V;. A major contribution to the
force arises from modes at the perfect phase balance wavevector. However,
at 0.5Vp, the amplitude of friction is significantly smaller. (b) The distance
dependence of friction at distances near Vj. The x axis is in (1 — V/V;) and
log scale. We clearly see a linear increasing behavior as V approaches V.
This is consistent with the theoretical scaling law which predicts a logarithmic
divergence of the frictional force in the ideal limit.

In Fig. A.3(a), we plot the spectrum of the frictional force resolved accord-
ing to the wavevector for various distances of the plates. The largest contri-
bution to the force is due to the Fabry-Perot resonance of evanescent waves.
When the velocity V approaches the critical distance V, the frictionF'scales
as In[Vy/(Vo — V)]. We plot the friction vs. velocity in Fig. A.3(b) to ver-
ify the theoretical predictions. The x axis is (1 — V/V;) and in log scale.
We clearly see the friction increases linearly as a function of In [V, /(Vy — V)]
when V' approaches Vj, consistent with the theoretical scaling law which pre-
dicts a divergence. Fig. A.3(b), the magnitudes of friction at V; = 2Vj and
Vo= (1—107%)7; are 3.70 x 107*N/m? and 10.8N/m?, respectively.
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