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Abstract

The objectives of this thesis is to explores the mechanical behaviour of alumina

ceramics, focusing on fracture and fragmentation response through a blend of

experimental investigations and advanced computational modelling. To bridge the gap

between micro-mechanisms and macroscopic material behaviors, the microstructure and

mechanical properties of the CeramTec ALOTEC 98 SB (CeramTec 98%) alumina

ceramic are examined using microscopic characterization and mechanical testing under

various strain-rate and stress-state loading conditions. The mechanical tests employs

a modified split-Hopkinson pressure bar complemented by high-speed imaging and

digital image correlation (DIC), to capture the fracture processes and stress fields. The

testing results indicate that this ceramic exhibits superior mechanical properties to other

commercial alumina ceramics, with strengths becoming stronger with higher strain rates.

Further, a three-dimensional hybrid finite-discrete element model considering the flaw

system of advanced ceramics is developed and validated against experimental data. These

models successfully simulated crack initiation, propagation, and fragmentation processes,

offering new perspectives on the failure process of alumina ceramics. Sensitivity analyses

explore the influence of material properties, such as elastic modulus, fracture properties

and flaws, on mechanical strength, including the tensile and compressive strength of

advanced ceramics. By integrating experimental and computational approaches, this

research advances the fundamental understanding of failure mechanisms of alumina

ceramics. The findings provide valuable insights into the design and optimization of

advanced ceramics, contributing to the development of next-generation advanced ceramic

materials for defence and aerospace applications.
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the slope of the loading curve. . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.4 Schematic representation of two kinds of loading types exerted on the
disk, and these equivalent methods can provide an approximate analytical
solution for the FBD tests [138]. The blue load is the equivalent uniformly
distributed load and the red load is the equivalent sinusoidal distributed
load. The 2ω0 is the loading angle, and its value is the same as that in
an FBD with 2ω0 = 20°. R and t are the radius and thickness of the
sample, respectively, and their values are the same as the FBD. (r, θ) is
an arbitrary point on the sample in polar coordinates. . . . . . . . . . . . 49

3.5 The stress distribution along the vertical diameter under a total
compressive force of F = 5.25 kN obtained by different models. The
σyy and σxx curves under uniform load are obtained by Equations (3.3)
and (3.4) [156], and the σyy and σxx curves assuming a sinusoidal load are
obtained by Equations (3.6) and (3.7) [163]. The point of σxx is obtained
by Equation (3.2) [136–138]. . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.6 An example of the tensile stress (σxx) and strain (εxx) history of the disk’s
center (x = 0 and y = 0 mm) in a dynamic test. Here, the stress and strain
curves are in different system times, the SHPB or MTS system time and
the DIC system time, respectively. . . . . . . . . . . . . . . . . . . . . . . 57



List of Figures xiv

3.7 The DIC strain vs. predicted strain for the disk’s center (x = 0 and y = 0)
of the FBD sample in a dynamic test with a loading rate of Ḟ = 8.69×108
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Chapter 1

Introduction

1.1 Motivation

Advanced ceramics are prime candidates for use in armoured vehicles and personal

protective equipment [1] due to their notable characteristics, such as low density

[2], high hardness [3], and exceptional wear resistance [4]. These properties make

them indispensable in protection systems where they endure high deformation rates

and complicated dynamic stress conditions during blast and impact scenarios [5, 6].

In ballistic penetration, the brittle nature of ceramics leads to their fracturing and

disintegration within a conoidal shape. The subsequent stages of fracture, including

fragmentation and the flow of granular material, play a crucial role in energy dissipation,

dulling the impact of the projectile and neutralizing its impact [7, 8]. Among the

various advanced ceramics, alumina is widely favored for its favourable cost-effectiveness

and widespread availability [9, 10]. This thesis focuses on alumina ceramics due to

their common application in protection systems and their role as a prime example of

oxide-dense ceramics.

To understand the failure mechanisms of advanced ceramics in defense applications,

researchers conduct controlled experiments, such as uniaxial compression tests, which

are often complemented by detailed imaging techniques [11]. These experiments

typically unravel the failure process in stages, starting with fracture (encompassing crack

initiation, growth, and coalescence) [12], then fragmentation [13–15], and culminating in

granular flow, where some fragments further break down into fine powders [13, 16, 17].

The mechanical behavior of advanced ceramics depends on both strain rate [18] and the

stress state [19, 20], revealing complex mechanical mechanisms under different conditions.

Various experimental methodologies have been employed to investigate these failure

processes, including quasi-static tests using MTS machines [5, 6], a split-Hopkinson
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pressure bar (SHPB) for dynamic testing [21], laser shock experiments [22], and ballistic

impact assessments [6, 14]. Additionally, exploring the microstructure of advanced

ceramics through X-ray computed tomography, transmission electron microscopy, and

scanning electron microscopy has been crucial in understanding the mechanisms behind

strain-rate- and stress-state-dependent failures [5, 23]. This thesis aims to elucidate these

failure mechanisms through an integrated approach that combines experimental research

with physics-based numerical modelling.

Numerous computational approaches have been developed to simulate the failure

behavior of advanced ceramics. Among them, Johnson and Holmquist have developed

several versions of their model, namely JH1 [24], JH2 [25], and JHB [26]. These models

are designed to capture the mechanical behavior of brittle materials under conditions of

large deformations, rapid strain rates, and high pressures. The JH2 model, in particular,

stands out for its application to ceramics, owing to its accuracy and the availability of

necessary parameters for simulation [24–27]. This model successfully incorporates the

effects of strain rate, hydrostatic pressure, and other relevant factors on material strength

[24–26]. However, these models generally fail to accurately represent the post-fracture

phenomena, such as fragmentation and granular flow seen in advanced ceramics [28, 29].

To address these limitations, some researchers [29, 30] have turned to discrete element

modelling (DEM) to capture the processes of crack development and fragmentation in

brittle materials. DEM conceptualizes materials as collections of distinct, interacting

particles or blocks, which can be either rigid or deformable [31–33]. This method has

been extensively used to study granular materials [30, 32] and structures with joints

[29, 31]. The existing body of research underscores the importance of developing models

that can accurately depict the post-fracture behaviour of advanced ceramics, particularly

focusing on fragmentation and granular flow dynamics [18, 29]. These studies lay the

groundwork for further exploration into the post-peak stress responses of such materials,

highlighting the ongoing need for advancements in modelling techniques.

1.2 Background and Literature Review

1.2.1 Failure processes in advanced ceramics

Fracture initiation in advanced ceramics under compressive loading is largely attributed

to micro-cracks and pores within the material [34]. These imperfections act as stress

concentration locations, significantly influencing the material’s fracture behaviour [5, 23].

The theoretical framework for understanding compressive failure in brittle materials

is often described by the "wing crack model" [35–38], which traces its roots to the
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foundational work by Nemat-Nasser and Horii in the 1980s [37, 38]. According to

this model, micro-cracks or pores, initially oriented randomly, extend in the direction

parallel to the applied uniaxial compressive load. The cracks are driven by the mode

I tensile stress at the crack tips [37–40]. Building on the foundational principles of

the wing crack model, subsequent studies have introduced additional mechanisms for the

macroscopic crack propagation process, including the interactions between cracks [41, 42],

the phenomenon of dilatancy [43], and models that integrate sliding and material damage

[44, 45]. Despite these advancements, existing models still need help to fully capture the

complexities of post-fracture and fragmentation behaviours in ceramics. This thesis

addresses these limitations, proposing new insights into the fragmentation processes

following fracture in ceramic materials.

Understanding the intricacies of fragmentation processes is crucial for accurately

depicting the post-fracture dynamics of advanced ceramics [14, 46]. The work by Grady

and Kipp [46] highlighted that the fragmentation phenomenon is intricately linked to the

entire crack lifecycle, including nucleation, propagation, and coalescence. Moreover, they

pointed out that the size of the fragments is closely tied to the mechanical characteristics

of the materials and the loading rates. Further investigations by Hogan et al. [15]

identified two principal mechanisms of fragmentation in the context of compression failure

in boron carbide, observed through impact and compression testing. They delineated

a "microstructure-dependent" fragmentation mechanism, accountable for generating

smaller fragments, and a "structure-dependent" fragmentation mechanism, responsible

for creating larger fragments due to structural breakdown. The existing limitations

of conventional constitutive models (such as JH1, JH2, and JHB [24, 26, 47, 48]) in

incorporating these fragmentation processes into their descriptions of failure in advanced

ceramics underscore the necessity for a combined approach of numerical and experimental

research, as pursued in this thesis.

After the fragmentation process, the collective behaviour of the resulting granular

materials comes into play. This granular flow entails the interactions among hundreds

or thousands of fragments or particles produced during fragmentation. Key behaviours

observed in this phase include pore compaction [49], friction among fragments [50], the

formation of force chains [51, 52], and shear-induced dilation [49]. Grady’s research

[17] on the dynamic response of brittle materials to shock loading introduces a physical

model that breaks down the shear failure mechanism within the shock wave into three

distinct phases: the initiation and nucleation of fractures, their subsequent growth, and

the flow of comminuted material, or granular flow. His findings suggest that further

compression of these powder-like particles leads to ultra-fine debris layers within the

fracture zones, which retain significant compressive and shear strength. Moreover, the

granular flow phase is characterized by particle rotation [53], jamming [54], and local
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dilation to make room for the volume increase caused by shear fractures [17]. These

processes contribute to localized energy dissipation and a temperature rise. This thesis

adopts a novel multi-scale modelling approach to capture both the fragmentation and

granular flow dynamics in advanced ceramics. This method, which has not previously

been applied to advanced ceramics, includes defining a representative interface area [55]

and incorporates factors like compaction and friction [30], providing a comprehensive

framework for understanding complex ceramic failure behaviours. Thus, this thesis will

consider these characteristics of advanced ceramics by numerical modelling methods.

1.2.2 Experimental methods in advanced ceramics

The mechanical properties and failure mechanisms of advanced ceramics are significantly

influenced by the strain rate and the stress state under which they are subjected.

This intricate dependency reveals the complex nature of their mechanical behaviour,

necessitating a diverse range of experimental techniques to comprehend their responses

under various conditions fully. To this end, researchers have developed and utilized

multiple methodologies to probe the failure processes inherent to these materials. These

methodologies include:

• Quasi-static testing, typically conducted using MTS machines, allows for carefully

examining ceramic materials under slowly applied loads, providing insights into

their mechanical properties at low strain rates [5, 6]. Such tests are invaluable for

establishing baseline mechanical behaviour, enabling comparisons with dynamic

testing results to assess the effects of strain rate more comprehensively.

• The Split-Hopkinson Pressure Bar (SHPB) has become a cornerstone methodology

for investigating the behaviour of ceramics under high strain rates [11, 21]. The

SHPB facilitates the imitation of dynamic events such as impacts or explosions,

offering a window into the material responses under conditions often encountered

in real-world applications. This method has been instrumental in delineating

the dynamic strength and fracture characteristics of ceramics, thereby enhancing

our understanding of their performance in protective equipment and structural

components.

• Laser shock experiments represent another avant-garde approach, providing a

non-contact method for inducing high strain rates in materials. Researchers [22]

can generate shock waves within the ceramic by applying intense, short-duration

laser pulses, simulating extreme stress conditions. This technique is particularly

useful for studying damage onset and crack propagation under high-speed impact

scenarios [22, 56, 57].
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• Ballistic impact assessments further expand the toolkit for exploring mechanical

behaviour of advanced ceramics [6, 14]. By subjecting ceramic samples to impact

from high-velocity projectiles, scientists can directly evaluate their resistance to

penetration and fracture. Such experiments are crucial for developing ceramics used

in armour and protective structures, where material performance under impact is

paramount [14, 58].

• Due to the brittle nature of advanced ceramics, the quest to understand their

tensile properties has prompted the adoption of indirect testing techniques.

Sleeve-fracturing, beam bending, and Brazilian disk tests circumvent the direct

application of tensile forces, offering a pragmatic approach to evaluating tensile

strength [59, 60]. These approaches bypass the difficulties of direct tensile testing,

providing valuable insights into the tensile strength of advanced ceramics.

• Uniaxial compression testing has been instrumental in understanding the

compressive strength of advanced ceramics, a crucial attribute for materials used

in structural and protective roles [13, 23]. By applying pressure along a single axis

until failure, this testing method elucidates the mechanical strength of ceramics,

guiding their development for industrial and technological applications where

compressive loads are prevalent.

• To comprehend the shear response of advanced ceramics, hydraulic confinement

and compression-shear techniques have emerged as a novel experimental approach

[11, 21]. These methods simulate the complex stress states ceramics encounter,

including combined compression and shear stresses by changing the geometries of

specimens, thereby enhancing our understanding of their failure mechanisms under

such conditions. Insights from these studies inform the design and improvement of

ceramics for applications requiring superior shear strength.

Beyond mechanical testing, exploring the microstructural characteristics of advanced

ceramics has proven essential in uncovering the underlying mechanisms of strain-rate-

and stress-state-dependent failures. Techniques such as X-ray computed tomography

(CT), transmission electron microscopy (TEM), and scanning electron microscopy (SEM)

offer insights into the internal structure of these materials. Through detailed imaging

and analysis, researchers [5, 11, 23, 61] can identify the presence of micro-cracks,

pores, and other features that influence mechanical properties and failure modes.

These microstructural investigations complement mechanical testing, providing a holistic

understanding of ceramic behaviour that guides the development of more robust and

reliable materials.
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Together, these diverse experimental methodologies capture the mechanical behaviour

of advanced ceramics under various conditions. By integrating findings from mechanical

testing with microstructural analysis, researchers are equipped to advance the design and

application of ceramics in industries ranging from aerospace to defence [3, 62–64].

1.2.3 Computational methods for describing failure in brittle materials

A wide array of computational techniques has been developed to accurately model the

mechanical properties and behaviour of brittle materials. Among these, continuum

damage mechanics (CDM) [44, 45], the extended Finite Element Method (XFEM) [65],

and the cohesive zone model (CZM) [66] have emerged as particularly influential. The

CDM focuses on the initiation and growth of damage within a material, and XFEM

facilitates the modelling of discontinuities such as cracks without re-meshing. The

CZM, in particular, stands out due to its unique advantages [67], such as generating

new surfaces that adhere to the Griffith energy criterion, supporting branching and

intersecting cracks, and eliminating the singularities found in linear elastic fracture

mechanics. These features have made the CZM a powerful tool for investigating the

compression strength of advanced ceramics [68, 69], studying the fragmentation of brittle

materials [70], and analyzing various fracture mechanisms [71].

The implementation of the CZM involves creating new fracture surfaces during the

simulation process, necessitating the use of numerical contact algorithms. This

requirement renders the CZM especially compatible with discretized simulation methods

[72]. Building upon this foundation, Munjiza [31] introduced the hybrid finite-discrete

element method (HFDEM), a novel computational approach designed to seamlessly

integrate the finite element method (FEM) with the discrete element method (DEM).

This hybridization allows the modelling of material behaviour to transition from a

continuum to a discontinuum [32, 33], effectively capturing the complex damage and

failure dynamics [73].

Initially conceived for simulating the behavior of geomaterials [73–75], the HFDEM

has since been adapted to model the failure of ceramics as well [33]. Within the

HFDEM framework, materials are represented as either two-dimensional triangular or

three-dimensional tetrahedral elements, with cohesive elements interlinking these discrete

components to simulate arbitrary crack paths [55]. The motion of the discretized system

is then resolved using an explicit finite difference time integration scheme, enabling

the detailed simulation of fracture initiation, propagation, and the interactions between

emergent discrete fragments [55, 72, 76]. Despite its success when applied to geological

applications [31–33], the application of HFDEM to advanced ceramics still needs to
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be explored, presenting a novel area of investigation that this thesis aims to address.

By extending the use of HFDEM to advanced ceramics, this research seeks to unravel

new insights into the fracture behaviour and mechanical integrity of these materials,

potentially paving the way for innovative applications and improvements in material

design.

1.3 Thesis Objectives

The objective of this thesis is to deepen our understanding of the failure mechanisms

observed in an advanced ceramic by leveraging a combination of experimental

observations and numerical modelling techniques. The ceramic used in this thesis is

a commercially available alumina ceramic (CeramTec ALOTEC 98 SB alumina ceramic)

widely used in protective applications. Central to this study is developing a model that

encapsulates the intricate processes and mechanisms underlying the failure of ceramics,

including the initiation and propagation of fractures [38], the damage evolution leading

to catastrophic failure [12, 77], and the subsequent fragmentation and granular flow

behaviours that emerge post-failure [13–15]. To ensure the reliability and applicability of

this model, it will undergo rigorous validation against a suite of high-fidelity experimental

data. These experiments, which include uniaxial compression, compression shear, and

Brazilian disk tests, will provide critical insights into the stress-strain responses, fracture

patterns, and fragmentation characteristics of advanced ceramics. This comprehensive

approach bridges theoretical modelling and empirical observations, offering a more

nuanced understanding of ceramic failure mechanisms.

1.4 Thesis Goals

The objectives of this thesis are accomplished by completing the following research goals:

• Investigate the essential microstructural characteristics and elemental analysis of

the alumina ceramic, such as grain size, impurities and elements, using scanning

electron microscopy (SEM), energy-dispersive spectroscopy (EDS), Electron

Backscatter Diffraction (EBSD), X-ray microscopy (XRM). These parameters serve

as key inputs for modelling efforts and provide a basis for comparison with other

materials.

• Conduct strain-rate and stress-state dependent experiments (e.g., Brazilian

disk tests, uniaxial compression experiments, and combined compression-shear
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experiments) of advanced ceramics coupled with an ultra-high-speed camera that

enables the digital image correlation (DIC) technique to resolve the deformation

field of the specimen surface during testing. The quasi-static tests are carried out

on a standard MTS series 810 servo-hydraulic machine, and the dynamic tests

are carried out on a modified version of a split-Hopkinson pressure bar (SHPB)

device. The stress-strain curves, deformation evolution (lateral to axial strain

ratio), fracture patterns, and post-experimental fragmentation characteristics are

used to validate the proposed HFDEM model developed in this thesis.

• Explore the micro-failure mechanisms of the alumina ceramic, and bridge the gap

between micro-mechanisms and macroscopic material behaviors. It is necessary

to identify key micro-failure mechanisms such as intergranular and transgranular

fracture, crack initiation at grain boundaries, and the influence of impurities and

pores. Additionally, it is crucial to investigate how these micro-failure mechanisms

affect macroscopic properties like tensile strength and compressive strength.

• Develop a theoretical method that predicts mechanical tensile strength, drawing

directly from the experimental findings presented in this thesis. This model would

incorporate the effects of microstructural features, strain rate, and stress state to

describe the strength of alumina ceramics under tensile loading. The theoretical

model is calibrated against the experimental results, adjusting parameters to match

predicted and observed tensile strengths closely.

• Develop a multi-scale hybrid finite-discrete element model to describe the fracture

and fragmentation processes of advanced ceramics. This proposed model accounts

for various phenomena and mechanisms that manifest during compressive failure

of advanced ceramics, such as 1) fracture initiation and growth via the wing-crack,

2) catastrophic failure via well-chosen damage evolution law, and 3) fragmentation

and granular flow behaviour via the hybrid finite-discrete element method. The

model is informed and validated by experiments performed in this thesis.

• Utilize experimental data and computational simulations to analyze the impact

of material properties, including elastic modulus, fragment size, and flaws in the

material on the strength of advanced ceramics. These sensitivity analyses provide a

theoretical groundwork for the future design and optimization of advanced ceramic

materials, enabling more accurate predictions of material behavior and guiding the

development of more efficient ceramic materials.
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1.5 Key Contributions

The findings of this thesis will be important to:

• Provide insights into the transition process of the intact advanced ceramic to a

fractured state under both stress-state and strain-rate dependent loading. Insights

are gained by understanding the crack patterns and damage evolution mechanisms

of the fracture process.

• Propose new theoretical models to describe failure mechanisms in advanced

ceramics that consider stress-state and strain-rate dependent loading, guided by

advanced stress-state and strain-rate dependent experimentation.

• Offer insights into the factors that affect the mechanical performance of advanced

ceramics under external loading by bridging their micro-scale mechanisms (e.g.,

flaws) and macro-scale mechanisms (e.g., fracture and fragmentation processes).

• Provide a better understanding of the relationship between mechanical properties

(e.g., shear strength and tensile strength) and the failure process (e.g., fracture and

fragmentation) by applying the HFDEM.

• Offer promising avenues for a qualitative and quantitative understanding of the

failure mechanisms of advanced ceramics, which serves as theoretical support for

further material design, optimization and manufacturing, such as improving the

mechanical performance of these materials.

1.6 Thesis Structure

This thesis is structured based off of research published as journal articles presented

as individual chapters. Individual author contributions are listed on the title pages of

Chapters 2−6 . Variable notations may differ across chapters. The chapters are presented

in the following order, with a summary included:

• Chapter 1: “Introduction” discusses the background and motivation for studying

advanced ceramics, emphasizing their importance in various applications. It

provides an overview of the existing challenges and gaps in knowledge that this

research aims to address. The chapter sets out the specific objectives of the

thesis, detailing the research questions and goals that guide the investigation.

Additionally, it outlines the overall contributions to the field made by the thesis,
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highlighting the novel insights and advancements achieved. This chapter establishes

the context and framework for the subsequent research, setting the stage for the

detailed studies presented in the following chapters.

• Chapter 2: “Strain-rate-dependent Compressive and Compression-shear Response

of an Alumina Ceramic”. Published in the Journal of the European Ceramic

Society, as Jie Zheng, Min Ji, Zahra Zaiemyekeh, Haoyang Li, and James David

Hogan, 2022. This chapter studies the microstructure and properties of CeramTec

ALOTEC 98 SB alumina ceramic (CeramTec 98% alumina) through microscopic

characterization and mechanical experiments. The rate-dependent strength and

failure response of an alumina ceramic are studied under both uniaxial compression

and compression-shear loading. To monitor the strain field and the failure process

of the alumina ceramic during testing, an ultra-high-speed camera coupled with

digital image correlation (DIC) is used to visualize crack initiation and propagation

processes and obtain quantitative stress-strain information. A new data processing

method is then proposed in this study to calculate the shear components for

the compression-shear tests. Validation of the proposed method is confirmed

by the shear strain obtained from the DIC analysis with the ultra-high-speed

camera. New observations and understandings of failure mechanisms are obtained

using the results obtained by the proposed model and the DIC analysis. 1) In

compression-shear tests, the shear failure happens before complete failure and

shear behaviour plays an important role during the failure process. 2) The

equivalent peak stress (strength) of the compression-shear test is smaller than the

uniaxial compression one. 3) The directional cracks have a weak influence on the

compressive stiffness but have a strong influence on the shear response.

• Chapter 3: “Strain-rate-dependent Tensile Response of an Alumina Ceramic:

Experiments and Modelling”. Published in the International Journal of Impact

Engineering, as Jie Zheng, Haoyang Li, and James David Hogan, 2023. In

this chapter, the strain-rate-dependent tensile response of a commercial alumina

ceramic (CeramTec 98% alumina) is investigated by experimental and modelling

methods. The experiments at different loading rates are carried out on a

standard MTS machine and a modified split-Hopkinson pressure bar system with

flattened Brazilian disk specimens. High-speed imaging coupled with digital image

correlation (DIC) is used to measure the strain fields. In the dynamic tests,

it is verified that multiple cracks appear simultaneously around the locations of

maximum tensile stress and strain. Next, a matching approach based on theoretical

models (i.e., the uniform and sinusoidal load models) is proposed to synchronize the

stress and strain history curves in time, and the matching results show the tensile

cracks are often generated prior to the peak stress as visualized in ultra-high-speed
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camera images. This peak stress corresponds to the failure of the sample structure,

which is different from the material tensile strength as an inherent material

property. The strain-rate-dependent tensile strength of the alumina ceramics is

computed with a correction method, and the tensile strength is defined as the tensile

stress when the central crack first appears in the ultra-high-speed camera images.

Then, a strain-rate-dependent tensile strength model is proposed to describe the

tensile strength of the CeramTec 98% alumina and other alumina ceramics in the

literature [78–82].

• Chapter 4: “Hybrid Finite-discrete Element Modeling of the mode I Tensile

Response of an Alumina Ceramic”. Published in Modelling, as Jie Zheng,

Haoyang Li, and James David Hogan, 2023. In this chapter, we have developed

a three-dimensional hybrid finite-discrete element model to investigate the mode I

tensile opening failure of the alumina ceramic. This model implicitly considers the

flaw system in the material and explicitly shows the macroscopic failure patterns.

A single main crack perpendicular to the loading direction is observed during the

tensile loading simulation. Some fragments appear near the crack surfaces due to

the branching behaviour of the cracks. The tensile strength obtained by our model

is consistent with the experimental results from the literature. Once validated

with litterateur, the influences of the distribution of the flaw system on the tensile

strength and elastic modulus are explored. The simulation results show that the

material with more uniform flaw sizes and fewer big flaws has stronger tensile

strength and higher elastic modulus.

• Chapter 5: “Advanced Tensile Fracture Analysis of Alumina Ceramics: Integrating

Hybrid Finite-discrete Element Modeling with Experimental Insights”. Published

in the Engineering Fracture Mechanics, as Jie Zheng, Haoyang Li, and James

David Hogan, 2024. This chapter offers novel insights into the mode I tensile

response of an alumina ceramic through the use of computational modelling and

the flattened Brazilian disk (FBD) experiments. A modified hybrid finite-discrete

element method (HFDEM) is developed, integrating a coupled damage and friction

cohesive model and a microscopic stochastic fracture model with a Weibull strength

distribution by Monte Carlo simulation. The model is used to simulate direct tensile

failure processes under quasi-static loading conditions, providing qualitative and

quantitative predictions of direct tensile failure processes of an alumina ceramic.

Concurrently, quasi-static flattened Brazilian disk tests (indirect tensile tests) are

performed on a standard MTS machine coupled with a high-speed camera. The

modified HFDEM model is also applied to reproduce the FBD experiments, and

our simulated tensile strength is consistent with the experimental results. The

results of the modified HFDEM model show three kinds of phenomena (i.e.,
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“underestimation”, “reasonable estimation”, and “overestimation” of the indirect

tensile strength) and four different types of associated fracture and fragment

patterns of FBD testing. The integration of simulation and experimental results

reveal relationships between fracture patterns, fragment geometry, tensile strength,

and indirect tensile strength. The fracture and fragmentation patterns derived

from our modified HFDEM model can be utilized to analyze the “tensile strength”

measured in BD testing.

• Chapter 6: “Modified Hybrid Finite-discrete Element Modeling of Compressive

Failure in Alumina Ceramics”. Submitted to International Journal of Mechanical

Sciences as Jie Zheng; Li, HY; Zaiemyekeh, Z; Sun, N.; Sayahlatifi, S.; Chen,

ZT and Hogan, JD. 2024. In this chapter, we developed a modified hybrid

finite-discrete element model (HFDEM) for alumina ceramics, and the model

is validated with quasi-static uniaxial compression experiments coupled with a

digital image correlation technique. This model proposed the linear- and power-law

cohesive constitutive behaviour to describe the crack nucleation and propagation

processes, respectively. Additionally, our model considers the flaw distribution

of the material by coupling a microscopic stochastic fracture model. This

HFDEM accounts for various phenomena and mechanisms that manifest during

compressive failure of advanced ceramics: fracture growth follows the wing-crack

mode, catastrophic failure and fragmentation behavior. The proposed model

was evaluated by comparing the numerically-predicted quasi-static compressive

stress-strain responses to the experimental results. The simulation results

demonstrated that the proposed method can predict the mechanical response of

the alumina ceramic under uniaxial compressive loading. Once validated, the

effects of other mechanical properties (e.g., Poisson’s ratio, elastic modulus, shear

strength, and tensile strength) on the compressive stress-strain responses were

explored. Notably, the elastic modulus and Poisson’s ratio were found to have

a negligible impact on the peak compressive strength during uniaxial compression.

Additionally, the impact of increasing tensile strength on compressive strength

becomes less significant. Conversely, shear strength significantly affects both the

peak compressive strength and the failure strain.

• Chapter 7: "Conclusion" provides a summary of the key scientific contributions

and implications of this thesis. It highlights the major advancements and findings,

showcasing their significance in the field of advanced ceramics. This chapter delves

into how these contributions enhance our understanding of material behaviour

and failure mechanisms. In addition, it discusses the broader impact of the

research outcomes on material science and engineering applications. Furthermore,

this chapter outlines directions for future work, proposing specific areas where
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additional research can further enhance understanding and innovation in advanced

ceramic materials.
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2.1 Abstract

This study assessed the microstructure and properties of CeramTec ALOTEC 98 SB

alumina ceramic through microscopic characterization and mechanical experiments. The
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rate-dependent strength and failure response of an alumina ceramic were studied under

both uniaxial compression and compression-shear loading. Under quasi-static uniaxial

compression at rates of 10−5 to 103 s−1, the strength had an average of 3393 ± 306

MPa, and at dynamic strain rates of 102 to 103 s−1, the strength ranged from 3763 to

4645 MPa. The CeramTec ALOTEC 98 SB alumina ceramic was found to have greater

mechanical properties than other commercial alumina ceramics from the literature (i.e.,

AD-995). To monitor the strain field and the failure process of the alumina ceramic

during testing, an ultra-high-speed camera coupled with digital image correlation (DIC)

was used to visualize crack initiation and propagation processes and obtain quantitative

stress-strain information. A new data processing method was then proposed in this study

to calculate the shear components for the compression-shear tests. Validation of the

proposed method was confirmed by the shear strain obtained from the DIC analysis with

the ultra-high-speed camera. Using the results obtained by the proposed model and the

DIC analysis, new observations and understandings of failure mechanisms are obtained.

1) In compression-shear tests, the shear failure happens before complete failure, and shear

behaviour plays an important role during the failure process. 2) The equivalent peak

stress (strength) of the compression-shear test is smaller than the uniaxial compression

one. 3) The directional cracks have a weak influence on the compressive stiffness but

have a strong influence on the shear response.

2.2 Introduction

Advanced ceramics are used as critical structural components in applications of ballistic

protection systems because of their superior hardness [3, 62–64] and strength-to-weight

ratio [83]. During high velocity impact, ceramics experience different spatially- and

temporally-evolving strain rates and stress states, resulting in various failure behaviors

(e.g., brittle ceramics fracture and fragment in a conoidal volume) [83]. The effective

application of advanced ceramics requires a thorough understanding of their mechanical

response and failure behavior at various strain rates and stress states. To date, many

efforts in studying the dynamic behavior of ceramics have been made for impact [6],

tension [60, 84] and uniaxial compression loading [13, 23, 85, 86], with limited studies

on the role of the shear component in dynamic failure under compression-shear loading

[87]. This paper will explore both the compression and compression-shear response of an

alumina ceramic.

Using a hydraulic confinement technique during compression experiments is one approach

in the literature to study the shear-type response of brittle materials [88]. In their

studies, Lankford et al. [89] and Anderson et al. [90] studied the dynamic compressive
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failure behaviour of silicon carbide at a strain rate of 1800 s-1 and confining pressures

of 0 MPa to 200 MPa. In other studies, Hogan et al. [15] and Farbaniec et al. [21]

investigated the dynamic fracture and fragmentation of boron carbide under biaxial

confined compression. Their experimental results revealed the addition of confining

pressure effectively suppresses unstable growth of the cracks and delays catastrophic

failure. As an outcome of the suppression of failure, the shear strength is increased with

increasing hydrostatic pressure, and the effect of strain rate on the strength of advanced

ceramics diminishes with the confinement pressure increasing [15, 88]. However, in these

experiments, limited efforts were applied to explore the influence of shear behaviour

in the failure process [91, 92]. In the current study, we will explore the role of shear

behaviour in the failure process under combined compression-shear loading.

Another way to obtain combined compression and shear loading is to use a modified

split-Hopkinson Pressure Bar (SHPB) device or to utilize specimen with specially

designed geometry structures, as is done in this paper. In their studies, Clifton [93], Baker

and Yew [94], and Duff et al. [95] modified the conventional SHPB by adding a torsion

device to achieve dynamic compression and shear loading. In related studies, Zheng et

al. [96], Xu et al. [97] and Zhou et al. [98] used a compression-shear modified loading

device to study rock materials, and Tan et al. [20] applied the same technique to study

the dynamic failure of inorganic glass. All of these studies found that these materials

exhibit obvious strain rate sensitivity and shear-dependency. Apart from modifying the

SHPB device, changing the shape of the specimen is another effective and implementable

technique to generate shear stress in standard dynamic compression experiments. For

example, Rittel et al. [99] and Zhao et al. [100] developed a special compression-shear

specimen which is a cylinder with two diametrically opposed slots. As another example,

Xu et al. [87] conducted both static and dynamic compression-shear experiments on

rock materials through loading cuboid specimen containing parallel loading faces that

are inclined to the loading direction. In their experiment, high-speed photographs were

used to monitor the progressive failure process, and the results demonstrated that both

shear-dominated failure and localized tensile damage appeared during the failure process,

with the splitting failure mode being dominant. Different from confined compression

experiments, in the compression-shear experiment of rock materials and glass, researchers

[87, 96–98] concluded that the equivalent stress at failure decreases with an increasing

shear portion in the stress, with obvious strain-rate effects noted. Despite numerous

publications involving rocks in this area, the study of the shear-type behavior of advanced

ceramics under compression-shear loading is less common, and this motivates the current

study to address the gap in knowledge on the compression-shear behavior of alumina

ceramics.
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This paper probed the microstructural characteristics and mechanical response of the

material under strain rate dependent loading. First, microstructural characterization

studies were carried out using scanning electron microscopy, energy-dispersive

spectroscopy, Electron Backscatter Diffraction, and X-ray microscopy. This

characterization informs about the microscale features and chemical composition of

the CeramTec ALOTEC 98 SB alumina ceramic under investigation here. Then, both

uniaxial compression and compression-shear testing were carried out on a standard MTS

machine at quasi-static strain rates (10-5 ∼ 10-3s-1) and a split-Hopkinson pressure bar

for dynamic strain rates (102 ∼ 103s-1). To monitor the strain field and the failure

process of the alumina, an ultra-high-speed digital camera was used in conjunction with

digital image correlation (DIC) to visualize the crack initiation-propagation processes

and to obtain quantitative stress-strain information. A new data processing method was

proposed in this study to calculate the shear strain and stress for the compression-shear

tests, based on previous works in the literature [101–103] by now considering the

evolution of Poisson’s ratio and compressive stiffness induced by compressive loading.

The validation of the proposed method was confirmed by the shear strain measured

from the DIC analysis. The results show that the compression and shear responses

of the alumina exhibit obvious strain-rate and stress-state-dependent behavior. In the

Discussion section, we compare the mechanical properties of the CeramTec ALOTEC

98 SB alumina ceramic with other alumina from the literature [5, 86, 104–110]. We

also discuss new observations of shear failure in ceramics made possible through the

approaches pursued here. Overall, results from the present study provide a better

understanding of the compression-shear failure behavior of alumina, including the effects

of strain rate and stress state, which is crucial in the design of next-generation protection

materials.

2.3 Experimental methods

In this study, a commercially available alumina ALOTEC 98 SB from CeramTec (which

is called CeramTec 98% in this paper), Germany, was studied. The number “98" refers to

the alumina content being approximately 98 mass percentage, with the remainder being

sintering additives or trace impurities, and this is confirmed in microscopy analysis in

section 2.5.1. The specimen was 2.3 mm by 2.7 mm in cross-section and 3.5 mm in length,

with tilting angles between parallel ends of 0° (for uniaxial compression tests) and 5° (for

compression-shear tests). These sizes were chosen to give the material sufficient time to

reach stress equilibrium to achieve more accurate results, as described in details in the

literature [6, 86, 104, 111–113]. The shapes of specimens are shown in Figure 2.1. The

cuboidal shape was chosen so that digital image correlation analysis could be performed
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on the flat surface of the specimen during the test, as well as to better observe dynamic

fracture behaviors. The surface of the specimens was sprayed with speckle patterns (with

the paint spot size in the range of 20 to 30 µm) using a fine-tipped airbrush to facilitate

digital image correlation.

2.3.1 Material characterization

Scanning electron microscopy (SEM), Electron Backscatter Diffraction (EBSD), and

energy-dispersive x-ray spectroscopy (EDS) were used to perform the microstructural

characterization (such as grain size and defects) and determine the elemental composition

on mechanically polished surfaces of the alumina (i.e., polished down to 0.25 um). A Field

Emission SEM (Zeiss Sigma, Oberkochen, Baden-Württemberg, Germany) equipped

with EBSD and EDS detectors were used to perform the microstructural and elemental

analysis in this study. The electron high tension voltage was set at 20 kV with working

distances of approximately 8.5 mm and 13.5 mm for the EDS and EBSD detectors,

respectively. The working distances were selected to compensate for the detecting angle

of the detectors and to ensure sufficient signal strength. The EDS and EBSD map data

were analyzed using the Oxford AZtec software. Mechanically polished samples were

coated with 6 nm of carbon to enhance conductivity.

2.3.2 Quasi-static uniaxial compression and compression-shear tests

The quasi-static uniaxial compression and compression-shear tests were carried out using

a standard servohydraulic MTS 810 machine. The description of this setup is detailed

in previously published papers from the authors [6, 112]. In order to prevent the MTS

loading platens from being indented by the alumina samples and fragments, polished

tungsten carbide (WC) platens were placed in between the specimen and the loading

platens. For uniaxial compression tests (the specimen with tilting angles of 0°), high

pressure grease was applied between the surfaces of the WC platen and specimen to

eliminate the frictional effect and allow for lateral motion [6, 112]. On the contrary, for

the compression-shear tests, no grease was applied to induce tangential force by friction

and to make sure no surface sliding occurs between the specimen and platens [87]. In

the quasi-static tests, the specimens were compressed under the displacement control

setting along the long dimension (3.5mm) at a constant rate in the range of 3.5×10−4 to

3.5×10−2 mm/s. The force history was recorded by a 100 kN load cell with a background

noise of ± 1 N. The strain field of the specimen surface was obtained by digital image

correlation (see section 2.3.4 for details), and the strain rates in the axial direction were

measured to be in the range of 10−5 to 10−3 s−1 by taking the slope of the digital image
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correlation outputted strain history curves. The measured strain rate is an order lower

than the setting value (10−4 to 10−2), and this is due to the compliance of the loading

frame [114].

2.3.3 Dynamic uniaxial compression and compression-shear tests

Figure 2.1: The split-Hopkinson pressure bar configuration for dynamic testing
with an ultra-high-speed camera, a high-speed data acquisition system (DAQ) and
an ultra-bright LED ring light. The insert below shows the geometries of the specimen:
(a) uniaxial compression specimen with a tilting angle of 0°, and (b) compression-shear

specimen with a tilting angle of 5°.

The dynamic uniaxial compression and compression-shear tests were conducted on a

modified split-Hopkinson pressure bar (SHPB). The experimental system used in this

study was the same as in Koch et al. [104] and Lo et al. [6]. The incident and transmitted

bar were 1016 mm and 914 mm in length, respectively, with a diameter of 12.7mm.

The bars were made of hardened C-350 maraging steel with a density of 8080 kg/m3,

an elastic modulus of 200 GPa, and longitudinal wave velocity of 4975 m/s. The yield

strength of the bar was approximately 2.68 GPa which meets the requirements for testing

ceramics [115, 116]. Impedance-matched Ti-6Al-4V titanium alloy jacketed tungsten

carbide platens were used in the dynamic tests to protect the incident and transmitted
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bars from being indented by the hard ceramic samples and fragments [116]. In dynamic

uniaxial compression tests, high pressure grease was applied between the protection

platens and specimen to reduce friction and allow for free lateral expansion for specimen.

Similar to the quasi-static tests, no grease was used in the dynamic compression-shear

tests to induce tangential force by friction and to make sure no surface sliding occurs

between the specimen and loading devices [87]. The theory of the SHPB system has been

well documented by Song and Chen [102], and the nominal axial stress of the specimen

is computed using the strain gauge signal from the transmitted bar and the transmitted

bar properties.

An HBM Gen3i High-Speed Recorder was employed for the data acquisition at 4 MHz

with a Bessel IIR pre-filter to eliminate low frequency noise. In the current experiments,

different types of pulse shaping configurations were used to produce near triangular pulses

(i.e., tin and high density polyethylene (HDPE)), which is desired in testing linear elastic

brittle materials [6]. The pulse shapers reduce the oscillation of the stress pulse due to

dispersion effects and ensure the required stress equilibrium is achieved, as recommended

in literature [6, 104, 117]. In order to achieve dynamic strain rates ranging from 80

to 850 s-1, we varied the striker length (125 and 304 mm), as well as the types and

dimensions of pulse shapers (tin, thin HDPE and thick HDPE), which are summarized

in Table 2.1. Figure 2.2 and Figure 2.3 show that the pulse shaping configurations used in

the current study can induce uniform deformation across the sample surface and achieve

near constant strain rates for the specimens, as is recommended in literature [6]. In all

configurations of the setup, the 1-wave passage criterion was verified by comparing the

rise time in the incident and transmitted pulses. More details of Figure 2.2 and Figure 2.3

are discussed next in section 2.3.4.

Table 2.1: Pulse shaping configurations used in dynamic experiments

Strain Rate (s−1) Pulse Shaper Striker Length (mm)Material Diameter (mm) Thickness (mm)
80 to 150 Tin 3.97 1.59 304
300 to 450 HDPE (thin HDPE) 3.18 1.59 304
500 to 850 HDPE (thick HDPE) 3.18 2.38 125

2.3.4 Digital image correlation

To provide visualization on the specimen surface to monitor the macroscopic deformation,

an AOS PROMON U750 high-speed camera with a full resolution of 1280 × 1024 pixels

recording at 5 to 500 frames per second (FPS and its value is determined by the loading

rate) was used in quasi-static tests, and an ultra-high-speed camera (Shimadzu HPV-X2)

was used in dynamic tests. The Shimadzu HPV-X2 camera has a full resolution of 400
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× 250 pixels, and the frame rates used in the tests ranges from 0.5 million to 5 million

FPS depending on the pulse shaping configurations used (i.e., affecting the strain rates).

An REL Inc. ultra-bright LED ring light was applied to provide sufficient lighting that

enhanced imaging and DIC analysis. The exposure time was set at the range of 200 to

500 ns according to the frame rate of the camera and compensation for the lighting.

The DIC technique was applied to obtain the two-dimensional strain information and

the failure process of the quasi-static and dynamic experiments by using the VIC-2D V6

software (Correlated Solutions, Inc. USA). During analysis, the surface of the specimen

was discretized with a subset size of 31 × 31 pixels, and a step size of 7 pixels was

chosen [6]. The zero-normalized sum of squared differences (ZNSSD) criterion with the

optimized 8 tap interpolation scheme was utilized in the analysis.

Figure 2.2: For specimen under dynamic uniaxial compression, the stress profile
obtained from the transmitted gauge and the local strain profiles computed from six
different areas of interest (AOI) by DIC are matched in time. The locations of the six
AOIs are shown in the inset. The linear portions of the strain-time curves is taken as
the strain rate, and the average strain rate in this experiment is approximately 383 s-1.
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Figure 2.3: For specimen under combined dynamic compression and shearing loading,
the axial stress profile obtained from the transmitted gauge and the local axial strain
profiles computed from six different areas of interest (AOI) by DIC are matched in
time. The locations of the six AOIs are shown in the inset. The linear portions of the
strain-time curves is taken as the axial strain rate, and the average strain rate in this
experiment is approximately 392 s-1. The axial direction is the horizontal direction.

In this study, the engineering strain was computed by DIC analysis, and the slope of

the linear portions of the strain-time curves was taken as the strain rate. Figure 2.2

and Figure 2.3 show the representative stress and strain history for the dynamic uniaxial

compression and compression-shear tests on the CeramTec 98% alumina, respectively.

Six different local areas of interest (AOI) for strain-time are plotted with the stress-time

to verify the stress equilibrium of the tests. It is observed that all six strain-time profiles

are overlapped with each other, and this indicates that the specimen was deformed

uniformly during loading [102]. In addition, the strain profiles were matched well with

the stress history curve, which is expected for a typical linear elastic brittle material, and

further demonstrates stress equilibrium during loading [6]. Lastly, the stress-strain curves
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were obtained by matching the average strain profile with the stress profile generated

from the quasi-static and dynamic experiments. The average strain was calculated by

averaging across the entire specimen surface.

2.4 Data processing method for combined compression and

shear loading

In this section, we propose a new method that includes the force and deformation analysis

during the compression-shear tests used to calculate the shear strain and stress based on

previous work [101, 102]. This new method considers: 1) the evolution of Poisson’s ratio

induced by the loading [77, 118] and 2) the damage evolution of the compressive stiffness

[12, 118]. The degrees of changes in these elastic properties depends on the material [77].

This proposed method is validated with the DIC measurements in the current study,

which will be shown later.

As reference for this analysis, labeled in Figure 2.4a, Fn and Ft are the normal force and

the tangential force applied on the specimen, respectively, where the tangential force is

induced by friction. In Figure 2.4b, α is the tilting angle of 5°, γ and θ are the shear strain,

d is the loading displacement, and h is the length of the specimen. In compression-shear

testing, it is difficult to measure the tangential force directly, and so the current study

proposes a data processing method to calculate the tangential strain and stress. To

do this, our study utilized existing literature [102] to develop some assumptions to

calculate the tangential force: 1) there is no surface sliding between the loading device

and specimen (i.e., no grease applied between specimen and platen surfaces), as the red

dashed line in Figure 2.4b shows, and 2) when the specimen reaches the equilibrium

state, the deformation is uniform, and the strain and stress can be determined. Also, it

is emphasized that these assumptions are consistent with the observation from images

of the ultra-high-speed camera acquired in this study.

When no surface sliding occurs between the specimen and loading devices, and the value

of d is extremely small, the normal strain ϵ, the shear strain γ and their incremental

form can be expressed as:

ε =
d

h
, ∆ε =

∆d

h
(2.1)

γ = θ ≈ d

h− d
tanα ≈ d

h
tanα, ∆γ ≈ ∆d

h
tanα (2.2)
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Figure 2.4: The analysis of force and deformation of the specimen during
compression-shear testing: (a) the force analysis of the specimen, where the specimen
is sprayed with a speckle pattern for digital image correlation which allows for
measurements of compression and shear strains. Fn and Ft are the normal force and
the tangential force applied on the specimen, respectively, where the tangential force is
induced by friction. (b) the deformation analysis of the specimen with the assumption
that no surface sliding happens, as indicated by the red dashed lines. The black dashed
lines demonstrate the initial location of the specimen, and the solid line is the specimen
under compression and shear loads. α is the tilting angle of 5°, θ is the shear strain, d

is the loading displacement, and h is the length of the specimen.

In a general case, the non-linear constitutive relationship of the alumina is:

∆σ =
E(1− v)

(1 + v)(1− 2v)
·∆ε1 +

E · v
(1 + v)(1− 2v)

· (∆ε2 +∆ε3) ≈
E(1− v)

(1 + v)(1− 2v)
·∆ε

(2.3)

∆τ = G ·∆γ (2.4)

where E = E(σ) is the elastic modulus, G = G(σ) is the shear modulus, and v = v(σ) is

the Poisson’s ratio. Based on the study of Koch et al.[113, 118], E,G and v are regarded

as functions of the stress, and their relationship is:

G(σ) =
E(σ)

2[1 + v(σ)]
(2.5)

The normal force and the tangential force follow:

Fn = σ ·As, Ft = τ ·As (2.6)
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where As is the cross sectional area of the specimen. As a result of the dependency of

the elastic modulus, shear modulus and Poisson’s ratio on the stress state and level, the

relationship between the tangential and normal force in an incremental form is obtained

by combining Equations (2.1) to (2.6):

∆Ft

∆Fn
=

G(σ)

E(σ)
· (1 + v)(1− 2v)

(1− v)
tanα =

[1− 2 · v(σ)] tanα
2 · [1− v(σ)]

≡ tanβ (2.7)

Here β is the effective frictional angle of the contact surface of the specimen with the

loading devices, and it refers to the ratio of the normal component to the shear component

of surface force applied on the specimen. Note here that β is different from tilting angle

α.

According to Equation (2.6) and Equation (2.7), increments of compressive and shear

stresses in the specimen satisfy:

∆σ =
∆Fn

As
(2.8)

∆τ =
∆Fn

As

[
1− 2 · v(σ)

]
tanα

2 ·
[
1− v(σ)

] (2.9)

According to Equation (2.7), the compression and shear force can be obtained by the

strain signals measured on the transmitted bar in an incremental form:

∆Fn = Ab · Eb ·∆εt(t) (2.10)

∆Ft = Ab · Eb ·
[
1− 2 · v(σ)

]
tanα

2 ·
[
1− v(σ)

] ·∆εt(t) (2.11)

where t is the time, Ab and Eb are cross-sectional areas and elastic modulus of the impact

bar and the support bar, respectively, and εt is the strain signals of the transmitted wave

recorded by the strain gauges.

The relative loading displacement d in Figure 2.4b can be determined by DIC analysis,

and thus d and its increment are:

∆d(t) = h ·∆ε = h ·∆ε(∆ε0, DEc) (2.12)

d(t) = h ·
t∫

0

[
∆ε(∆ε0, DEc)

]
dt (2.13)
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where ε is the axial strain obtained from DIC analysis, DEc is the damage to the

compression stiffness, and ε0 is the axial strain without any damage. Similarly, according

to Equations (2.1) and (2.2), the compressive strain and shear strain in incremental form

are expressed as:

∆ε(t) = ∆ε(∆ε0, DEc) = ∆ε (2.14)

∆γ(t) = tanα ·∆ε(∆ε0, DEc) = tanα ·∆ε(t) (2.15)

In order to compare the uniaxial compression results and the compression-shear results

across the range of strain rates probed here, the equivalent stress and equivalent strain

rate are used. The equivalent stress is expressed as:

σe =

√
1

2

[(
σx − σy

)2
+ (σx − σz)

2 +
(
σy − σz

)2
+ 6

(
τxy2 + τxz2 + τyz2

)]
(2.16)

The equivalent strain rate is analogous to the equivalent stress and is expressed as:

ε̇e =

√
1

2(1 + v)2

[(
ε̇x − ε̇y

)2
+ (ε̇x − ε̇z)

2 +
(
ε̇y − ε̇z

)2
+ 6

(
ε̇2xy + ε̇2xz + ε̇2yz

)]
(2.17)

2.5 Experimental results

2.5.1 Material characterization

The microstructural features of the CeramTec 98% alumina were first investigated by

examining the intact material surface. Figure 2.5a is an SEM micrograph showing a

typical microstructure of the CeramTec 98% alumina. The grey regions correspond to

the alumina phase, and the surface pores can be observed. Some of the porous features in

Figure 2.5a are secondary glassy phases that were removed during mechanical polishing

[104], confirmed by EDS analysis (shown later). Figure 2.5b shows an EBSD map for

the CeramTec 98% alumina, and it shows the grain size and the crystal orientation of

the grains at the surface of the sample. Based on the Figure 2.5b, the equivalent circle

diameters of grains were determined by using the AZtec Channel 5 software, with an

average of 1.85 ± 0.98µm. Specifically, the large standard deviation is associated with

the large horizontal high-aspect-ratio grains. Figure 2.6 shows approximately 88% of

the grain size (the equivalent circle diameters) distribution is between 0.4 and 2.8 µm,

and they are nearly circular small grains. There are also a relatively small number

of large horizontal high-aspect-ratio grains with the equivalent circle diameters ranging
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from 5 to 8 µm. Next, both small equiaxed and large columnar grains appear to have no

preferred crystallographic orientation, and most boundaries are of high misorientation

angle (>15°). The large grains with higher aspect ratios appear to be more-or-less aligned

near-parallel with each other. Lastly, the un-indexed (black) regions in Figure 2.5b

are believed to be corresponding to either the pores or regions with impurities. Those

impurities can easily form a glassy phase concentrated at the grain boundaries [104, 119],

and the impurity analysis has been conducted using the EDS data (shown later).

The X-Ray Microscopy (XRM) was also applied to characterize the defects (pores and

impurities) in the sample. XRM scans of the samples were carried out using a ZEISS

Xradia Versa 620, with X-ray voltage 100 kV, power 14.02 W and a voxel size of

0.5275×0.5275×0.5275 µm3. Only the central volume of the sample (a cylinder with

a height of 0.61 mm and a diameter of 0.53 mm) was considered for XRM analysis,

as Figure 2.7a and b shows. The Dragonfly Pro software (Object Research Systems,

Inc. Canada) was used to explore the data, and the reconstructed pores were filtered

by a minimum of 8 voxels (a resolution limit consistent with those used in the literature

[5, 120]). The histogram distribution of different defect volumes is shown in Figure 2.7c,

and most of the defects are less than 160 µm3 in volume. The largest volume of the

defect is around 10200 µm3 and large defects are infrequent in the sample. The volume

percentage of the defects is around 1%.

Next, the elemental composition and impurity distribution are examined using EDS.

Figure 2.8 and Table 2.2 show the elemental composition of the CeramTec 98% alumina

determined in terms of weight percentage and atomic percentage by EDS. This material

is primarily composed of aluminum (atomic 39.52%, weight 52.47%) and oxygen (atomic

59.47%, weight 46.1%) mixed with traces of Mg (atomic 0.49%, weight 0.58%), Si (atomic

0.27%, weight 0.37%), and Ca (atomic 0.25%, weight 0.48%). Carbon is excluded from

the concentration calculation since it is likely introduced during sample preparation

(mechanical polished with liquid-suspended diamond and carbon coating to enhance

conductivity). For pure alumina, the ratios of atomic percentage of aluminum to oxygen

should be 2:3, and an excess of oxygen element would indicate oxide contaminants. The

distribution of magnesium, calcium and silicon may come from manufacturing process

[121]. Overall, the material is confirmed to be single phase α-alumina verified by SEM

and EDS.

2.5.2 Strain-rate dependent uniaxial compression tests

In the current study, four quasi-static tests with strain rates ranging from 1.6×10-5 to

1.63×10-3 s-1 and eleven dynamic tests with the strain rates ranged from 83 to 835
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Figure 2.5: (a) SEM image of a polished alumina surface which shows the
micro-structural features of the alumina. The grey regions correspond to the alumina,
and the surface pores can be observed. (b) EBSD maps for the CeramTec 98% alumina,
and this map shows the grain size and the crystal orientation of the grains at the surface

of the sample.

s-1 were performed for the alumina under uniaxial compression. Figure 2.9 shows the

representative stress-strain curves where the solid lines represent the uniaxial compression

tests. The stress-strain curves are shown as nearly-straight lines. When the stress-strain

curves reach the peak value, the specimen failed catastrophically, and the stress drops

immediately in both quasi-static and dynamic tests. The Young’s modulus and Poisson’s

ratio remain near-constant before failure, as Figure 2.9 and Figure 2.10 show, and their

values are calculated by taking the slope of the stress-strain curve and the lateral-axial

strain curve, respectively. Under the quasi-static condition, the Young’s modulus has an

average of 356± 28 GPa, and an average of 380± 42 GPa under the dynamic condition.

Similarly, the Poisson’s ratio has an average of 0.243 ± 0.023 under the quasi-static

condition, and 0.226 ± 0.030 under the dynamic condition. A summary of the data is

shown in Table 2.3. These properties are consistent with the reported values of alumina
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Figure 2.6: The histogram distribution of the equivalent circle diameter of the grain
in the CeramTec 98% alumina, which is obtained from several regions of the sample.
Approximately 88% of the grain size (the equivalent circle diameters) distribution is
between 0.4 and 2.8 µm, and they are nearly circular small grains. There are also a
relatively small number of large horizontal high-aspect-ratio grains with the equivalent

circle diameters ranging from 5 to 8 µm.

Table 2.2: Elemental composition of the CeramTec 98% alumina as
determined by EDS

Element Weight (%) Atomic (%)
O 46.1 59.47
Al 52.47 39.52
Mg 0.58 0.49
Si 0.37 0.27
Ca 0.48 0.25

ceramics [104].

Figure 2.11 shows the relationship of the compressive strength and the strain rate for the

CeramTec 98% alumina. From Equation (2.16) and Equation (2.17), the equivalent peak

stress and corresponding strain are computed, and their values are also listed in Table 2.3

for clarity. It is observed that the CeramTec 98% alumina shows rate dependence in its

compressive strength. For the quasi-static experiments at the strain rates of 1.6×10−5

to 1.63×10−3 s−1, the compressive strength has an average of 3393± 306 MPa, and the

failure strain was 0.88±0.11%. For the dynamic experiments at strain rates of 83 to 835

s−1, the compressive strength has an average of 4126±297 MPa (with an average of 4126

MPa) and the failure strain was 1.13±0.17%. In the current study, the CeramTec 98%

alumina has approximately a 22% increase in strength across the studied strain rates,

and these results are consistent with the recent SHPB results by Koch et al. [104] on
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Figure 2.7: (a) and (b): The central volume of the sample, a cylinder with a height
of 0.61 mm and a diameter of 0.53 mm, was considered for the XRM analysis. The
colored volumes in (b) are the defects (pores and impurities) in the sample. (c) The
histogram of defects with different size volumes. The volume value of the defects is
dominated by small ones (less than 160 µm3), and large defects are infrequent (the
largest volume of the defect is around 10200 µm3). The histogram of the volumes less

than 1200 µm3 is enlarged in the inset.

the CoorsTek AD-85 (around 30% increase) and AD-995 (around 50% increase) alumina

ceramics (see section 2.6.1 for details).

2.5.3 Strain-rate dependent compression-shear tests

In the current study, six quasi-static compression-shear tests with axial strain rates

ranging from 1.5×10-5 to 1.6×10-3 s-1 and nine dynamic compression-shear tests

with axial strain rates ranging from 82 to 833 s-1 were performed for the alumina.

Similar to uniaxial compression results, the axial stress and axial strain curves for the

compression-shear tests are shown as nearly-straight dash lines in Figure 2.9 with little

softening occurring prior to failure, which corresponds to DEc in Equation (2.14) in our

proposed model. The Young’s modulus and Poisson’s ratio in the compression-shear
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Figure 2.8: SEM coupled with EDS investigating the chemical composition of the
alumina. (a) SEM micrograph showing a magnified view of a mechanically polished
surface of the CeramTec 98% alumina. (b) EDS map of the distribution of oxygen.
(c) EDS map of the distribution of aluminum. (d) EDS maps of magnesium element.
(e) EDS maps of silicon element. and (f) EDS maps of the calcium element. The

magnesium, silicon and calcium elements are present in low quantities.

tests are in the same range as the uniaxial compression tests, as the dash lines in

Figure 2.9 and Figure 2.10 show. As before, Table 2.3 lists the data. In order to

compare the uniaxial compression and the compression-shear results, the equivalent stress

(Equation (2.16)) and equivalent strain rate (Equation (2.17)) are used. Figure 2.11 and

Table 2.3 show the equivalent peak stress and the equivalent strain rate of both uniaxial

compression and compression-shear tests. It is observed that the equivalent peak stress of

the compression-shear tests is smaller than the uniaxial compression one. The significance

of these results will be discussed later.

Next, to validate the proposed model in section 2.4 and better understand the role of

shear failure on the mechanical response in compression-shear tests, the predicted shear

strain calculated by using Equation (2.15) is compared with shear strain obtained by
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DIC analysis in Figure 2.12. It is notable in Figure 2.12 that the peak value in the black

DIC curve occurs sooner in time than that of the red predicted curve. The red curve

in Figure 2.12 is derived from Equation (2.15): ∆γ(t) = tanα ·∆ε(t), whose time is

related to the complete failure of the sample. It means the shear failure happens earlier

than complete failure. There are also minor differences in time-evolved magnitudes

between the DIC results and the model results, which may be induced by different crack

and damage evolution, which are themselves strain-rate dependent. More specifically,

in quasi-static loading, fewer defects are activated and the evolution of the cracking

is considered less interacting [77]. In dynamic loading, multi-cracks are nucleated and

grow. As the strain rate is further increased, the density of cracking nucleation increases,

and these cracks will interact and coalesce with each other [77]. These rate effects in

terms of nucleation, growth, interaction, and coalescence results in differences in damage

accumulation behaviors. Altogether, the validation from Figure 2.12 shows the predicted

model is in reasonable agreement with the experimental results.

Figure 2.9: Representative stress-strain curves in the axial direction at quasi-static
and dynamic strain rates (with three different pulse shaping configurations shown in
Table 2.1 ) for the CeramTec 98% alumina. The solid lines correspond to the uniaxial
compression tests, and the dashed lines correspond to the compression-shear tests.

Additional summarized data is provided in Table 2.3.
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Table 2.3: The mechanical properties and responses of the
CeramTec 98% alumina

Young’s
modulus (GPa) Poisson’s ratio Axial strain

rate (s-1)
Equivalent strain

rate (s-1)
Axial peak

stress (MPa)
Equivalent peak

stress (MPa)

Uniaxial
compression test

349 0.228 1.8×10-5 1.8×10-5 3378 3378
321 0.257 1.6×10-5 1.6×10-5 2977 2977
367 0.219 1.54×10-3 1.54×10-3 3691 3691
388 0.266 1.63×10-3 1.63×10-3 3529 3529
395 0.203 98 98 3937 3937
421 0.288 83 83 3763 3763
403 0.224 93 93 4128 4128
342 0.261 87 87 3760 3760
372 0.235 115 115 4074 4074
311 0.190 383 383 3914 3914
407 0.216 433 433 4054 4054
384 0.189 355 355 4593 4593
411 0.211 835 835 4645 4645
311 0.226 638 638 4201 4201
428 0.242 785 785 4318 4318

Compression-shear
tests

358 0.230 1.7×10-5 1.70×10-5 2620 2624
364 0.247 1.6×10-5 1.60×10-5 2433 2436
367 0.196 1.5×10-5 1.50×10-5 2656 2660
342 0.213 1.6×10-3 1.60×10-3 2927 2931
376 0.23 1.6×10-3 1.60×10-3 2972 2976
364 0.199 1.6×10-3 1.60×10-3 3090 3095
407 0.198 83 83.2 3278 3283
396 0.289 86 86.2 3289 3292
429 0.287 82 82.1 3303 3306
425 0.249 347 347.6 3743 3748
405 0.207 392 392.8 3500 3505
398 0.24 364 364.7 3565 3565
342 0.216 833 834.6 3720 3725
353 0.239 706 707.3 3708 3713
428 0.224 508 508.9 3186 3191

Finally, the time-evolution of surface fracturing is investigated by relating high-speed

images acquired during dynamic experiments with stress-time information. In both

uniaxial compression and compression-shear tests, the surface cracks are primarily

directional cracks in the axial direction (almost parallel to the lateral edge), as Figure 2.13

and Figure 2.14 show.

2.6 Discussion

2.6.1 Microstructure and mechanical properties of comparable
alumina ceramics

In this study, the chemical composition, microstructure and mechanical characterization

of the CeramTec 98% alumina ceramic have been investigated. In this sub-section,

a comparison is made between the CeramTec 98% alumina, the CoorsTek alumina

ceramics (AD-85 and AD-995) and others from the literature [5, 86, 104–109]. Comparing

microstructures among this study and the CoorsTek alumina, it is found that the

CeramTec 98% alumina has fewer intergranular defects (the defect volume fraction is
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Figure 2.10: Representative lateral-axial strain curves at quasi-static and dynamic
strain rates (with three different pulse shaping configurations shown in Table 2.1) for the
CeramTec 98% alumina. The solid lines correspond to the uniaxial compression tests
and the dashed lines correspond to the compression-shear tests, noting little differences

between the two types of tests.

around 1%), which is similar to AD-995 (the defect volume fraction is around 1%) but

much fewer than AD-85 (the defect volume fraction is around 4%) [5, 104]. Additional

previous studies on AD-995 by Lankford et al. [106] demonstrated the AD-995 material

has larger and more porosity than the CeramTec 98%, although this conclusion is made

on limited available micrographs. In the CERAMSHIELD CAP3 material in Swab et

al. [86], there is a greater number of intergranular phases and more frequent porosity

features, although the authors do not necessarily quantify the amount or types of phases.

These intergranular impurities and pores serve as crack nucleation sites [104], and so

are detrimental to material performance. Further, the grain size of the CeramTec 98%

alumina (over 88% is between 0.4 and 2.8 µm) is much smaller than that in Coorstek

AD-995 (8 ± 3 µm) [104]. In the CERAMSHIELD CAP3 alumina in Swab et al. [86],

the grain sizes measured using outlines of their intergranular phases in their SEM images

yield sizes of 15.3±9.7 µm. These differences are notable because past studies [122, 123]

have found ceramics with smaller grain sizes will have better mechanical performance.

To probe these comparisons further, a summary of the uniaxial compression strength of
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Figure 2.11: Semi-log plot of the equivalent peak stress and the equivalent strain
rate for the CeramTec 98% alumina. The black rectangle points represent the uniaxial
compression tests, and the red circle points represent the compression-shear tests.
A black rectangle point in the figure is circled, because there are two points almost
overlapped. A red circle point in the figure is circled, because there are three points

almost overlapped.

various alumina ceramics under strain rates of 10-5 ∼ 2500s-1 [5, 104–110] is shown in

Figure 2.15. Note that most commercial names are known, while some are not. Also, we

are only making a comparison among test results acquired using cylindrical and cuboidal

shaped specimen. In Swab et al. [86], dogbone specimen geometries were used and

strength results are higher as described by those authors [5, 104–110], and we do not

report their results in Figure 2.15. Here, we observe that the CeramTec 98% alumina

has a greater quasi-static compressive strength (3393± 306 MPa), and generally greater

dynamic strength, when compared with AD-995 (quasi-static strength of 2455 ± 366

MPa) [104–106, 110] and AD-85 (1942±155 MPa) [5, 104]. From a survey of the limited

literature involving Young’s modulus measurements, the CeramTec 98% also has a higher

experimentally measured Young’s modulus (356±28 GPa) when compared with AD-995

(elastic modulus of 303 ± 31 GPa [104, 106]) and AD-85 (elastic modulus of 221 ± 27

GPa [5, 104]). As highlighted earlier, these improvements in mechanical properties are

likely related to the differences of defects and grain sizes [5, 104, 122, 123].
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Figure 2.12: The shear strain-time curves from compression-shear tests at various
strain rates. The black curves are the shear strain obtained from DIC analysis, and the
red curves are the predicted shear strain by Equation (2.15): (a) shear strain-time curve
at a quasi-static strain rate (1.6×10-5 s-1), (b) shear strain-time curve at a quasi-static
strain rate (1.6×10-3 s-1), (c) shear strain-time curve at a strain rate of 83 s-1 (tin pulse
shaper), (d) shear strain-time curve at a strain rate of 347 s-1 (thin HDPE pulse shaper),
(e) shear strain-time curve at a strain rate of 392 s-1 (thin HDPE pulse shaper), and

(f) shear strain-time curve at a strain rate of 706 s-1 (thick HDPE pulse shaper).
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Figure 2.13: Time-resolved failure visualization for uniaxial compression test. The
strain rate is around 638 s-1. Ultra-high-speed photographs are shown in the inset, and
their corresponding points are shown as the black points on the red stress-time curve.

The cracks are pointed out by yellow arrows.

2.6.2 Shear-induced failure on mechanical response

In this final sub-section, we discuss the implications of the results in terms of acquiring a

better understanding of the role of shear in failure of ceramics. We draw upon mechanical

response (i.e., stress-strain response, strain-time curves and rate-dependent strength

measurements) presented in the manuscript to articulate the importance of this study in

modelling ceramic behavior, especially in impact applications [91, 92].

First, results presented in Figure 2.12 show that shear failure (peak shear strain) in

the compression-shear experiments occurs sooner in time than complete failure, and the

shear strain evolution is associated with rate effects manifested in shear strain. These

rate effects and trends are believed to be related to localized nucleation, growth and

interaction of the cracks [77] and crack sliding [43]. In quasi-static tests, the increase
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Figure 2.14: Time-resolved failure visualization for compression-shear test. The
strain rate in the axial direction is around 706 s-1. Ultra-high-speed photographs are
shown in the inset, and their corresponding points are shown as the black points on the

red stress-time curve. The cracks are pointed out by yellow arrows.

in shear strain is accelerated prior to failure (Figure 2.12a and b), indicating that
·
D →

+∞ prior to catastrophic shear failure [77, 124, 125], where
·
D is the damage in shear

response. In this damage accumulation and failure process, compression-shear results

from this study indicate that directional cracking has a stronger detrimental effect on

the shear resistance of the material as indicated by shear strain evolutions (Figure 2.12a

and b) when compared with the compressive resistance as indicated by the nearly linear

stress-strain curve prior to peak strength (Figure 2.9a). Taken together, these results

confirm that shear loading and associated shear damage accumulation play an important

role in the failure process of brittle materials. The importance of shear has been noted

previously in the literature for uniaxial compressive failure [104, 118, 126] and is a core

assumption in the wing crack model [38, 39, 43].The anisotropic damage evolution is an

important consideration in failure modelling of brittle materials [77, 124, 125], where
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Figure 2.15: Summary of uniaxial compression strengths of various alumina ceramics
with cylindrical or cuboidal shaped specimen. The black points are the uniaxial
compression strength of the CeramTec 98% alumina from this study, and the other
colored points are the uniaxial compression strength of other alumina obtained from
literature [5, 104–110]. A black rectangle point in the figure is circled because there are

two points almost overlapped.

insights into stress-state dependent and non-linear damage forms can be gained from

experimental results presented here.

Finally, a key observation from this paper is that the equivalent peak stress in combined

compression-shear loading is smaller than that under uniaxial compression (Figure 2.11),

which may related to the earlier shear failure (Figure 2.12) from overall increased

damage accumulation and fracturing. As far as the authors are aware, this observation

has not yet been made widely for ceramics, with most studies involving combined

compression-shear loading occurring in rocks [87, 96, 98] and glass [20]. Based on the

new results presented in this paper, it is important to consider stress-state dependent

(e.g., combined or history-dependent loading) anisotropic damage accumulation evolution

in models [77, 125, 127], and this will be of particular importance when simulating the
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response of advanced ceramics in impact and ballistic applications [6, 27, 91, 92, 128–130]

where the materials experience spatially- and temporally-evolving combined stress states

and strain rates.

2.7 Conclusion

This study assessed the performance of the CeramTec 98% alumina through microscopic

characterization, and strain-rate-dependent uniaxial compression and compression-shear

experiments. The microscopic characterization and mechanical performance of the

CeramTec 98% alumina are compared with some other commercial alumina, and the

CeramTec 98% alumina has higher mechanical properties stemming from Figure 2.15. A

new data processing method was proposed in this study to calculate the shear components

for the compression-shear tests. Validation of the proposed method was confirmed by

the shear strain from the DIC analysis. By dealing with the results obtained by the

proposed model and the DIC, new observation and understandings are made: 1) The

shear failure happens before complete failure, and shear behaviour plays an important

role during the failure process in compression-shear tests. 2) The equivalent peak stress

(strength) of the compression-shear test is smaller than the uniaxial compression one.

3) The directional cracks have weak influence on the compressive stiffness, but have a

strong influence on the shear behaviour.
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3.1 Abstract

The strain-rate-dependent tensile response of a commercial alumina ceramic (CeramTec

98% alumina) is investigated by experimental and modelling methods. The experiments

at different loading rates are carried out on a standard MTS machine and a modified

split-Hopkinson pressure bar system with flattened Brazilian disk specimens. High-speed

imaging coupled with digital image correlation (DIC) is used to measure the strain fields,

and this enables us to capture the fracture process and the corresponding stress field
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based on theoretical considerations. In the dynamic tests, it is verified that multiple

cracks appear simultaneously around the locations of maximum tensile stress and strain.

Next, a matching approach based on theoretical models (i.e., the uniform and sinusoidal

load models) is proposed to synchronize the stress and strain history curves in time, and

the matching results show the tensile cracks are often generated prior to the peak stress as

visualized in ultra-high-speed camera images. This peak stress corresponds to the failure

of the sample structure, which is different from the material tensile strength as an inherent

material property. In this study, we use the term “overloading” to describe the structural

failure of the material. The difference between the peak stress and material tensile

strength is associated with the time it takes for the crack to propagate, interact, and span

the structure during the loading process, which is termed as “time-dependent structural

failure”. The strain-rate-dependent tensile strength of the alumina ceramics is computed

with a correction method, and the tensile strength is defined as the tensile stress when

the central crack first appears in the ultra-high-speed camera images. Then, the fracture

surfaces of the alumina fragments are examined by Scanning electron microscopy to

explore the fracture mechanism in the failure process. Finally, a strain-rate-dependent

tensile strength model is proposed to describe the tensile strength of the CeramTec 98%

alumina and other alumina ceramics in the literature.

3.2 Introduction

Advanced ceramics are attractive for use in impact protection applications as a result

of their low density, high hardness, and high wear resistance [3]. In the application of

armour systems, ceramic materials are used as the first layer to blunt the projectile

[131]. Upon impact, the ceramic materials crack and fail because, in part, of the

reflected tensile waves generated from the back-free surface of the armour [83]. Thus,

the wide application of advanced ceramics requires understanding the deformation and

failure mechanisms that manifest under tensile loading. The challenges associated with

performing conventional direct tensile tests on advanced ceramics have led to several

indirect approaches (e.g., sleeve-fracturing tests, beam bending tests, and Brazilian

tests) for assessing the tensile strength of ceramics [59, 60]. Among these testing

approaches, the Brazilian testing is suggested for studying the tensile strength of brittle

materials for ease of manufacturing [132–135]. To reduce the stress concentration near

the loading area, Wang et al. [136–139] introduced two parallel flat ends on the

Brazilian disk (termed the flattened Brazilian disk) of rock materials. In the dynamic

Brazilian tests, Antonn et al. [140] found that the stress distribution was similar to the

quasi-static one, and more dynamic Brazilian disk tests were carried out to investigate

the strain-rate-dependent effect on the tensile strength of brittle materials [141–146].
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Recently, the flattened Brazilian disk and the split Hopkinson pressure bar (SHPB)

are widely used in the literature to characterize the dynamic tensile strength of brittle

materials [60, 139, 147–151]. In the dynamic Brazilian disk tests conducted by Mellor and

Hawkes [152], the cracks appeared prior to the recorded peak load (“structural strength”),

therefore, the tensile strength is likely overestimated without any correction [152]. This

overestimation phenomenon is also mentioned in the Brazilian tests of concrete [153] and

rock materials [154, 155]. However, little attention has been directed toward solving this

problem. In the current study, experimental and theoretical methods are used to unravel

the differences between the “structural strength” and the “material tensile strength” in

Brazilian disk testing.

To obtain the stress and strain fields, the Brazilian disk test has also been extensively

studied coupled with theoretical approaches [156, 157]. For example, Hondros [158]

proposed a complete stress solution for the Brazilian disk under uniformly distributed

loads, and he assumed the material was linearly elastic, homogeneous, and isotropic.

Since then, several studies have investigated the exact solutions of the stress and strain

fields to take anisotropy [159, 160] and nonlinear deformation characteristics [161, 162]

into account. In recent studies, Markides et al. [156, 163, 164] obtained the full-field

solutions for stress and strain in the Brazilian disk under different types of loading

distributions (e.g., the uniform and sinusoidal load), and he found that the stress and

strain fields away from the disk’s center were influenced by the different applied load.

In addition to the mechanical properties, the other topic of interest in Brazilian disk

testing is the problem of crack initiation and growth [155]. In some studies [162, 165],

researchers hypothesized the central crack would occur first when the maximum tensile

stress exceeded its tensile strength, based on the Griffith failure criterion. In other

studies [155, 166], researchers thought the tensile cracks might initiate at the location

where the tensile strain reached the critical extension strain. In the current study, we

use insights from these theoretical studies [156, 163, 164] coupled with experimental

methods to explore the fracture process of a CeramTec 98% alumina ceramic in the

flattened Brazilian disk (FBD) test configuration.

Building on past works, the current study uses combined experimental and modelling

methods to investigate the strain-rate-dependent tensile response of an alumina ceramic.

Firstly, quasi-static and dynamic tests are carried out on a standard MTS machine and

a modified split-Hopkinson pressure bar (SHPB) system. An ultra-high-speed camera

coupled with digital image correlation (DIC) is used to measure the strain field. In

Section 3.3.4, analytical solutions proposed by Markides et al. [156, 163, 164] are used to

calculate the stress and strain of the Brazilian disk specimen along the vertical diameter

based on the Saint-Venant principle [60, 137–139, 147–150]. In the dynamic FBD tests,

we find the splitting fracture of the FBD may not be controlled only by the Griffith
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failure criterion (the maximum tensile stress), but also by the maximum tensile strain.

In Section 3.4.1, by using the proposed matching method in the current study, the

“time-dependent structural failure” phenomenon is observed in the dynamic FBD tests of

the alumina ceramic, thereby providing insights into the differences between “structural

strength” and the “material tensile strength”. Then, the strain-rate-dependent tensile

strength of the CeramTec 98% alumina is achieved with a correction method that regards

the stress when the central crack first appears as the tensile strength and is compared with

other alumina ceramics under different loading rates. The fracture surfaces of the alumina

fragments are examined using Scanning electron microscopy (SEM) to explore the failure

mechanism in Section 3.4.2. Lastly, a strain-rate-dependent tensile strength model for

alumina ceramics is proposed based on the one-dimensional elastic wave theory [81, 101,

102], the Griffith failure criterion [79, 81, 155], and observations made in the current

study and spall experiments [81, 167, 168]. Finally, in Section 3.4.3 and Section 3.4.4,

this model is validated with the experimental results of the CeramTec 98% alumina and

other alumina ceramics (i.e., A94, A98 and A99) [78–82].

3.3 Experimental and modelling methods

3.3.1 Material and specimens

In this study, a commercially available alumina ceramic ALOTEC 98 SB from CeramTec,

Germany, is investigated, and it is referred to as CeramTec 98% in this paper. This

ceramic has an alumina content of 98 mass percentage, a low porosity of less than

2%, high hardness of 13.5 GPa, a low density of 3.8 g/cm3, Young’s modulus of 335

GPa, and Poisson’s ratio of 0.23. These mechanical properties are provided by the

manufacturer [169] and evaluated in our previous studies [11, 61]. The FBD specimen

has a diameter of 8 mm and thickness of 4 mm with two parallel flat ends corresponding

to the loading angle 2ω0 = 20°, as Figure 3.1 shows. The thickness to the diameter ratio

is 0.5, which is recommended in the literature [133, 170]. The surfaces of the specimens

were sprayed with speckle patterns to facilitate digital image correlation (DIC) analysis,

and the methods are presented in detail later in this section.

3.3.2 The flattened Brazilian disk tests

The quasi-static FBD tests were carried out using a MTS 810 materials testing machine

with a ±100 kN load cell. The specimens were compressed under displacement control

at a loading speed in the range of ∼ 10−4 to ∼ 10−2 mm/s, and the loading direction of
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Figure 3.1: The schematic diagram of the FBD sample. The diameter D is 8 mm,
thickness t is 4 mm, the loading angle 2ω0 is 20°, and F is the applied loading in the

test.

F is shown in Figure 3.1. A PROMON U750 high-speed camera with a full resolution of

1280 × 1024 pixel2 was used to monitor the specimen surface during quasi-static testing.

The acquisition rate of the camera was set between 5 and 500 frames per second (FPS),

and its value is related to the loading speed. In FBD tests, shear failure might occur

near the loading zone due to friction between loading platens and specimen [155, 164],

as observed in many Brazilian disk tests of rocks [171]. To eliminate the frictional effects

and prevent the premature edge failure (shear failure), high-pressure grease was applied

between the surfaces of the loading platens and the flat ends of the specimen in both the

quasi-static and dynamic FBD tests.

Figure 3.2: The split-Hopkinson pressure bar configuration for dynamic testing. This
figure shows the schematics of the experimental setup and the typical camera view of

an FBD sample.

Figure 3.2 shows the dynamic FBD test setup, and these were conducted using a 12.7mm

diameter split-Hopkinson compression bar synchronized with an ultra-high-speed camera.
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The incident and transmitted bars were made from hardened C-350 maraging steel with

an elastic modulus of 200 GPa and a density of 8080 kg/m3, and they are 1016 mm and

914 mm in length, respectively. The experimental system used in this study was the same

as in Koch et al. [104] and Lo et al. [6]. In addition, a long striker (304 mm in length)

was chosen to provide a loading pulse recommended in literature [149, 172] to realize the

dynamic force equilibrium and to maintain the equilibrium status until specimen failure.

The pulse shapers (i.e., tin, high density polyethylene (HDPE), and paper) were also

used in the dynamic test to control the rise time and profile of the incident pulse and

achieve a constant strain rate [6, 11, 149]. In this study, the tin and HDPE pulse shapers

are 1.59 mm in thickness and 3.97 mm in diameter, and the paper pulse shaper is 0.1

mm in thickness and 3.97 mm in diameter. During the dynamic tests, the images were

recorded by a Shimadzu HPV X-2 ultra-high-speed camera with a SIGMA F2.8EX DG

MACRO OS lens with a full resolution of 400 × 250 pixel2 and a focal length of 105

mm. To monitor the specimen surface with different strain rates, the exposure time was

chosen in the range of 200 to 500 ns, and the framing rate was selected in the range of

0.5 to 2 million fps.

Two strain gauges (Micro 184 Measurements CEA-13–250UN-350) on the incident and

transmission bars were used to measure the incoming, reflected, and transmitted pulses.

An HBM Gen3i High-Speed Recorder was employed for the data acquisition from the

strain gauges at 4 MHz with a Bessel IIR pre-filter to eliminate low-frequency noise.

For the theory of the SHPB system, the stress wave propagation analysis has been

well documented by Song and Chen [102]. Using the strain gauge signal, the dynamic

loading applied to the specimen was computed from the classical one-dimensional wave

propagation theory [173, 174], as we will now explain.

In all the dynamic tests of the current study, force equilibrium was achieved. For example,

Figure 3.3 shows a representative force equilibrium plot comparing the force applied to

the specimen surface in contact with the incident bar Fin (obtained from the incident and

reflected signals) and the force on the specimen surface in contact with the transmitted

bar Fout (obtained directly from the transmitted signal). A factor Rf is used to evaluate

the relative difference between Fin and Fout [60, 111, 149]:

Rf = 2

∣∣∣∣Fin − Fout

Fin + Fout

∣∣∣∣ (3.1)

In Figure 3.3, Rf has a higher value at the beginning and then drops dramatically with

an average value of Rfmean = 0.034 starting around 18 µs during the loading process

in the dynamic FBD test. The evolution of Rf in the current study is similar to the

observations in the experimental studies of Khosravani et al. [149] and Zhang et al.

[60, 175]. As a result, our experimental results satisfy the criterion for force equilibrium
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Figure 3.3: The check for force equilibrium in the dynamic FBD test. The Fin is
the incident bar force obtained from the incident and reflected signals. The Fout is the
transmitted bar force obtained from the transmitted signal. Rf is a factor related to
the force equilibrium. Rfmean is the mean value of Rf during the loading process in
the dynamic FBD test when the force equilibrium is achieved. Finally, the Ḟ is the

loading rate obtained from the slope of the loading curve.

in brittle materials (less than 5%) [60, 149, 176] during the loading process in the dynamic

FBD tests. Thus, a good force equilibrium was achieved during the loading process in

the dynamic FBD test at around 18 µs. Due to the linear increase of the loading force, a

constant loading rate Ḟ = 8.69×108 N/s can be determined by the slope of the force-time

curve in Figure 3.3.

Finally, the engineering strain was obtained from DIC analysis. In the current study,

a commercial software, VIC2D V6 (Irmo, South Carolina, USA), was used for the DIC

analysis in both quasi-static and dynamic experiments. During analysis, according to

the different loading rates, the area of interest was discretized into a subset size between

23 × 23 and 31 × 31 pixel2 and step sizes between 3 and 5 pixels to minimize the

correlation error, as recommended in literature [60, 82, 131, 177]. The zero-normalized

sum of squared differences (ZNSSD) criterion with the optimized eight-tap interpolation

scheme was utilized in the analysis. Pre-filtering of images was done with a low-pass filter,
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and subset weighting was done via a Gaussian weighting, as recommended in literature

[6, 112].

3.3.3 Post-mortem fractographic analysis

The microstructure of the as-received CeramTec 98% alumina had been investigated in

our previous study [11] by Scanning electron microscopy (SEM), Electron Backscatter

Diffraction (EBSD), energy-dispersive x-ray spectroscopy (EDS), and X-Ray Microscopy

(XRM) methods. In this study, post-mortem fracture surfaces of tested samples were

studied by SEM analysis. This analysis was carried out using a Zeiss Sigma machine

(Oberkochen, Baden-Württemberg, Germany). The micrographs were obtained using an

In-Lens (IL) detector. The machine was operated with the electron high tension voltage

at 10 kV and a working distance of ∼5 mm.

3.3.4 Theoretical considerations

In addition to obtaining the strain field by DIC analysis, the current study uses a

theoretical approach to estimate and explore the stress and strain fields during FBD

testing. The stress and strain used in the current study are the nominal stress and

engineering strain because the failure deformation of the alumina ceramic is small (i.e.,

failure strain < 0.003). There is no direct analytical solution of the stress and strain fields

for the FBD geometry, but the equivalent method based on the Saint-Venant principle

can give an approximate analytical solution of the stress and strain fields near the disk’s

center [136–138]. For example, based on the equivalent uniformly distributed load in

Figure 3.4, the tensile strength, σt, at the center of the FBD sample is given by Wang

et al. [138]:

σt = k
2F

πDt
(3.2)

where σt is the tensile strength in the radial direction (xx), D and t are the diameter

and thickness of the sample, and k is a non-dimensional factor depending on the loading

angle whose value is 0.9644 when 2ω0 = 20°. In the literature, this equivalent uniformly

distributed load method was used to give an approximate solution for the FBD tests in

both quasi-static [136–138] and dynamic [60, 139, 147–150] conditions.

In the literature, researchers have also been interested in the stress and strain distribution

along the vertical diameter (denoted as y-axis in Figure 3.4) [155, 157, 178], which is

parallel to the loading direction. These stress and strain fields away from the disk’s

center are influenced by the exact distribution of the applied load [164, 178], which may

affect tensile crack initiation [155]. To investigate the influence of the load distribution,
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Figure 3.4: Schematic representation of two kinds of loading types exerted on the
disk, and these equivalent methods can provide an approximate analytical solution for
the FBD tests [138]. The blue load is the equivalent uniformly distributed load and the
red load is the equivalent sinusoidal distributed load. The 2ω0 is the loading angle, and
its value is the same as that in an FBD with 2ω0 = 20°. R and t are the radius and
thickness of the sample, respectively, and their values are the same as the FBD. (r, θ)

is an arbitrary point on the sample in polar coordinates.

both uniform and non-uniform (i.e., sinusoidal) distributed loads are selected in the

current study to predict the stress and strain along the vertical diameter, as Figure 3.4

shows schematically.

For the equivalent uniformly distributed load in Figure 3.4, the stress along the vertical

diameter is given by Markides et al. [156]:

σrr=
p

π

[
2ω0 + arctan

(
R cosω0 − r sin θ

R sinω0 − r cos θ

)
+arctan

(
R cosω0 + r sin θ

R sinω0 + r cos θ

)
+

arctan

(
R cosω0 − r sin θ

R sinω0 + r cos θ

)
+arctan

(
R cosω0 + r sin θ

R sinω0 − r cos θ

)
− 2π−

R2(R2 − r2)

(
sin 2(θ − ω0)

R4 + 2(rR)2 cos 2(θ − ω0) + r4
− sin 2(θ + ω0)

R4 + 2(rR)2 cos 2(θ + ω0) + r4

)
(3.3)
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σθθ=
p

π

[
2ω0 + arctan

(
R cosω0 − r sin θ

R sinω0 − r cos θ

)
+arctan

(
R cosω0 + r sin θ

R sinω0 + r cos θ

)
+

arctan

(
R cosω0 − r sin θ

R sinω0 + r cos θ

)
+arctan

(
R cosω0 + r sin θ

R sinω0 − r cos θ

)
− 2π+

R2(R2 − r2)

(
sin 2(θ − ω0)

R4 + 2(rR)2 cos 2(θ − ω0) + r4
− sin 2(θ + ω0)

R4 + 2(rR)2 cos 2(θ + ω0) + r4

)
(3.4)

with

p =
F

2Rt sinω0
(3.5)

where F is the total force applied to the specimen, θ = 90°, and r is in the range of 0

to 4 mm as we are interested in the values from the center to the outer edge of the disk.

σrr and σθθ are two normal stress in polar coordinates, and they can be transformed into

the Cartesian coordinates: σyy = σrr and σxx = σθθ with x = 0 and y in the range of

0 to 4 mm. The ω0 is the loading angle, and its value is the same as the one in FBD

2ω0 = 20°. R and t are the radius and thickness of the sample, respectively, which are

both 4 mm.

Next, in one study of dynamic FBD tests, Wang et al. [139] found the stress distribution

is non-uniform at the two flat ends of the specimen. The sinusoidal load model considered

the contact and deformation between the specimen and loading device by assuming a

non-uniform distribution of radial pressure [163]. Although, it is generally accepted that

the different types of load distributions would not seriously influence the stress or strain

field at the center of the Brazilian disk [138, 164], but this condition is not appropriate

for the area far away from the center along the vertical diameter in Figure 3.4 [164]. In

the current study, we investigate the influence of the loading distribution on the stress

and strain field along the vertical diameter (x = 0 and y in the range of 0 to 4 mm for

the equivalent sample in Figure 3.4). For the equivalent sinusoidal distributed load, the

stress along the vertical diameter is given by Markides et al. [163]:
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σrr=
c

2π

{
−4ω0 cosω0 +

(R2 − r2)
2

2Rr3
·

cosθ

ln

√
R2 + r2 − 2Rr sin(θ − ω0)

R2 + r2 − 2Rr sin(θ + ω0)
− ln

√
R2 + r2 + 2Rr sin(θ − ω0)

R2 + r2 + 2Rr sin(θ + ω0)

+

(
r4 + 4R2r2 −R4

2Rr3
sinθ − 2 cosω0

)
(arg(t1−z)− arg(t2−z))−(

r4 + 4R2r2 −R4

2Rr3
sinθ + 2 cosω0

)
(arg(t1+z)− arg(t2+z))+

R2 − r2

r
·(r2 cos 2θ −R2

2Rr
+cosω0sinθ

) (
R sinω0 − r cos θ

R2 + r2 − 2Rr sin(θ + ω0)
+

R sinω0 + r cos θ

R2 + r2 − 2Rr sin(θ − ω0)

)
−

(
rsin2θ

2R
−cosω0 cos θ

)(
−R cosω0 + r sin θ

R2 + r2 − 2Rr sin(θ + ω0)
+

R cosω0 − r sin θ

R2 + r2 − 2Rr sin(θ − ω0)

)
+(

r2cos2θ −R2

2Rr
−cosω0 sin θ

)(
R sinω0 + r cos θ

R2 + r2 + 2Rr sin(θ + ω0)
+

R sinω0 − r cos θ

R2 + r2 + 2Rr sin(θ − ω0)

)
−

(
rsin2θ

2R
+cosω0 cos θ

)(
−R cosω0 − r sin θ

R2 + r2 + 2Rr sin(θ + ω0)
+

R cosω0 + r sin θ

R2 + r2 + 2Rr sin(θ − ω0)

)]
(3.6)
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σθθ=
c

2π

{
−4ω0 cosω0 +

3r4 − 2R2r2 −R4

2Rr3
·

cosθ

ln

√
R2 + r2 − 2Rr sin(θ − ω0)

R2 + r2 − 2Rr sin(θ + ω0)
− ln

√
R2 + r2 + 2Rr sin(θ − ω0)

R2 + r2 + 2Rr sin(θ + ω0)

+

(
3r4 +R4

2Rr3
sinθ − 2 cosω0

)
(arg(t1−z)− arg(t2−z))−(

3r4 +R4

2Rr3
sinθ + 2 cosω0

)
(arg(t1+z)− arg(t2+z))−R2 − r2

r
·(r2 cos 2θ −R2

2Rr
+cosω0sinθ

) (
R sinω0 − r cos θ

R2 + r2 − 2Rr sin(θ + ω0)
+

R sinω0 + r cos θ

R2 + r2 − 2Rr sin(θ − ω0)

)
−

(
rsin2θ

2R
−cosω0 cos θ

)(
−R cosω0 + r sin θ

R2 + r2 − 2Rr sin(θ + ω0)
+

R cosω0 − r sin θ

R2 + r2 − 2Rr sin(θ − ω0)

)
+(

r2cos2θ −R2

2Rr
−cosω0 sin θ

)(
R sinω0 + r cos θ

R2 + r2 + 2Rr sin(θ + ω0)
+

R sinω0 − r cos θ

R2 + r2 + 2Rr sin(θ − ω0)

)
−

(
rsin2θ

2R
+cosω0 cos θ

)(
−R cosω0 − r sin θ

R2 + r2 + 2Rr sin(θ + ω0)
+

R cosω0 + r sin θ

R2 + r2 + 2Rr sin(θ − ω0)

)]
(3.7)

with

c =
F

2Rt(sinω0 − ω0 cosω0)
;

arg(t1−z) = arctan

(
R cosω0 − r sin θ

R sinω0 − r cos θ

)
;

arg(t1+z) =π+arctan

(
R cosω0 + r sin θ

R sinω0 + r cos θ

)
;

arg(t2−z) =π−arctan

(
R cosω0 − r sin θ

R sinω0 + r cos θ

)
;

arg(t2+z) =π−arctan

(
R cosω0 + r sin θ

R sinω0 − r cos θ

)
.

(3.8)

Our study only focuses on the vertical diameter (or y-axis) in Figure 3.4, thus θ = 90°

(or x=0) and r (or y) is in the range of 0 to 4 mm. In the later part of this paper, the

Cartesian coordinates are used to describe the stress and strain fields, thus σxx = σθθ

and σyy = σrr in Equations (3.3), (3.4), (3.6) and (3.7) with y = r (in the range of 0 to

4 mm) and x = 0 (corresponding to θ = 90°).

Figure 3.5 shows the stress distribution along the vertical diameter (denoted as y-axis

in Figure 3.4) under a total compressive force F = 5.25 kN using the above-mentioned
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models. It should be noted that when the force equilibrium is realized in the experiment,

the stress and strain distribution in the dynamic test is considered the same as the

quasi-static [139, 176, 179]. Thus, based on the force equilibrium in Figure 3.3, the

total compressive force F = 5.25 kN is selected for both quasi-static and dynamic tests.

Figure 3.5 shows that the uniform and sinusoidal load models compute the same tensile

stress at the disk’s center (x = 0 and y = 0), but differences appear when the location

is away from the center (around x = 0 and y > 2.5 mm). The maximum tensile stress

σxx appears at the disk’s center, and the tensile stress decreases slightly within 3 mm

but drops dramatically when y is larger than 3 mm. This result is consistent with

the conclusion made by Markides et al. [163] that the stress field around the center

region (x = 0 and y < 2.5 mm in the current study) is insensitive to the exact loading

application mode, but the critical differences appear near the loading vicinity (x = 0 and

y > 2.5 mm in the current study).

Figure 3.5: The stress distribution along the vertical diameter under a total
compressive force of F = 5.25 kN obtained by different models. The σyy and σxx

curves under uniform load are obtained by Equations (3.3) and (3.4) [156], and the σyy

and σxx curves assuming a sinusoidal load are obtained by Equations (3.6) and (3.7)
[163]. The point of σxx is obtained by Equation (3.2) [136–138].
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3.3.5 The strain-rate-dependent tensile strength model

In this section, we reveal the relationship between strain rate and tensile strength for

alumina ceramics based on one-dimensional elastic wave theory [81, 101, 102]. The

model proposed here is also based on the post-mortem fractographic analysis made in

the current study (discussed in Section 3.4.4) that failure processes of alumina is governed

by the intergranular and transgranular micro-cracks, and the experimental observations

of spall tests [81, 167, 168] that the failure process of alumina ceramics began with a

single initial crack when encountered by the first reflected tensile pulse, although other

secondary cracks appearred subsequently by the later reflected pulse. Thus, the dynamic

tensile strength of alumina ceramics is dominated by the defects that generate the single

primary initial crack. The experimental results presented in Gálvez et al. [79] and

Dıaz-Rubio et al. [81] followed the Griffith failure criterion that the specimen failed at

the point where the tensile stress exceeded the material tensile strength [155]. From

this and considering a square tensile incident pulse passing through a potential cracking

section with defects (e.g., micro-crack), the reflected and transmitted waves would be

generated due to discontinuity, according to:

σin = −ρ · c · vin

σ− = ρ · c · v−

σ+ = −ρ · c · v+
(3.9)

where σin, vin, σ−, v−, σ+ and v+ are the stresses and particle velocities of incident,

reflected and transmitted waves at the interface of the potential cracking section inside

the sample, respectively. An equilibrium is achieved at the two sides of the flaw prior to

failure when:

σ+ = σin + σ− (3.10)

Also, we assume that the strength of the flaw decreases due to the opening of the flaw,

and this assumption is based on the linear degradation law [68]:

σ+ = σcr(1−
δ

δcr
) (3.11)

where σcr is the critical stress leading the material to degrade. Later in the

strain-rate-dependent tensile strength model (Equation (3.18)), we would find the value of

σcr equals the quasi-static tensile strength, which is determined experimentally. δcr is the

critical micro-crack opening displacement, and the material fails when δ = δcr. Finally,

we have the relationship linking the crack opening displacements and particle velocities
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at the interface of the potential cracking section inside of the sample [81, 101, 102]:

δ̇ = v+ − (vin + v−) (3.12)

Combining Equations (3.9) to (3.12), we define::

σ̇+ =
2σcr

ρ · c · δcr
(σ+ − σin) (3.13)

whose solution to the ordinary differential Equation (3.13) is:

σ+ = σin + (σcr − σin) · e
t
tc (3.14)

where tc is a constant value related to the material properties:

tc =
ρ · c · δcr
2σcr

(3.15)

From this, we determine that failure results in σ+ = 0 and δ = δcr at a time t = τ , where

τ is defined as the time to fail. Equation (3.14) becomes:

σ0 = σin = σcr ·
eτ/tc

eτ/tc − 1
(3.16)

where σ0 is the tensile strength associated with failure from the initial flaw.

The time τ is the failure time of a square pulse. In this study, the loading force is a

triangle pulse with a constant strain rate ε̇. The empirical transformation that converts

the strain rate of a triangle pulse (ε̇) to the equivalent failure time of a square pulse (τ)

is given by the linear regression method [180]:

τ

tc
= a · ε̇−0.5 (3.17)

Here, a is a constant factor associated with the strain rate sensitivity (discussed in

Section 3.4.4), and its value can be obtained by curve fitting with the experimental

results.

Finally, by combining Equations (3.16) and (3.17), we define a relationship describing

the strain-rate-dependent tensile strength of alumina ceramics:

σ0 = σcr ·
ea·ε̇

−0.5

ea·ε̇−0.5 − 1
(3.18)

As a limiting case for quasi-static conditions, ε̇ is a extremely small value and the

quasi-static tensile strength is σ0 = σcr based on Equation (3.18). In Section 3.4.4,
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we apply this strain-rate-dependent tensile strength model (Equation (3.18)) to the

experimental results from this study and the literature [78–81].

3.4 Results and discussion

Figure 3.6 shows typical experimentally measured tensile stress and strain history curves

for the disk’s center in a dynamic test. The stress history curve at the disk’s center

is obtained from the force curve in Figure 3.3, as well as using the models proposed

in Equations (3.4) and (3.7) assuming both a uniform and sinusoidal distributed load.

These two models (Equations (3.4) and (3.7)) can obtain the same stress history curve

at the disk’s center, which is mentioned in Figure 3.5. The strain history in Figure 3.6 is

obtained experimentally by DIC, where a rapid increase in strain is observed at around 70

µs. This rapid increasing turning point corresponds to the onset of a crack at the center

of the disk in the dynamic FBD test (more details are discussed in Section 3.4.2). Some

studies [149, 152] have noted that correlating the peak stress and the onset of the center

crack (i.e., the turning point in Figure 3.6) may lead to overestimation of tensile strength.

The current study proposes a new matching method to solve the overestimation problem

and determine the tensile strength as the stress when the central crack first occurs.

3.4.1 The temporally- and spatially-evolving strain components

In these experiments, the loading history F (t1) is obtained from the SHPB or MTS

system with the recorded time t1, and the DIC system can measure the strain history ε(t2)

at the disk’s center with a different recorded time t2. The matching method proposed

here is to determine the delay time t0 between the recorded time t1 and t2 from the two

different systems. In the current study, we use the strain history of the disk’s center to

carry out the matching. The theoretical results of the uniform and sinusoidal loading

models are the same for the disk’s center; thus, we can choose either the uniform or

sinusoidal loading model (Equations (3.4) and (3.7)) to calculate the predicted results at

the disk’s center. The method is described as follows:

1. Based on the experimental method, the loading history F (t1) is obtained from the

SHPB or MTS system with the recorded time t1, and the DIC system can measure

the strain history ε(t2) with a different recorded time t2;

2. Next, the theoretical stress history curve σ(t1) for the disk’s center can be obtained

by the loading history F (t1) and assuming a uniform or sinusoidal loading model;
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Figure 3.6: An example of the tensile stress (σxx) and strain (εxx) history of the
disk’s center (x = 0 and y = 0 mm) in a dynamic test. Here, the stress and strain curves
are in different system times, the SHPB or MTS system time and the DIC system time,

respectively.

3. Then, the theoretical strain history curve ε(t1) can be estimated by adopting

Hooke’s law generalized for isotropic linear-elastic materials;

4. Then, the theoretical results ε(t1) can be matched with the DIC strain history

curve ε(t2) in time to find out the delay time t0.

5. Lastly, the ε(t1 − t0), σ(t1 − t0) and F (t1 − t0) obtained from the SHPB or MTS

system are matched with ε(t2) obtained from the DIC system.

Based on the matching method, Figure 3.7 compares the theoretically calculated strain

components with experimental results for the disk’s center during the loading period in

the dynamic FBD test with a loading rate of Ḟ = 8.69×108 N/s. From Figure 3.7, it

is observed that the experimental results are consistent with the theoretical predictions,

with the main difference appearing around 70 µs, where the DIC strain component

increases (for εxx) or decreases (for εyy) rapidly prior to the peak predicted strain

and stress. This is due to the fast expansion from cracking at the disk’s center that

occurs at around 70 µs (more details about the cracking are discussed in Section 3.4.2).
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The discrepancies between the theoretical and experimental strains are relatively small

before 70 µs, and the material behaves linear-elastically. As an outcome of the linearly

increasing part in the tensile strain curve, a constant tensile strain rate of ε̇ = 91 s−1

can be determined by the slope of the εxx history curve in Figure 3.7a. In the current

study, all the tensile strain rates (ε̇) are calculated for the disk center (x = 0 and y = 0),

and their values are obtained from the slope of the εxx history curve.

Figure 3.7: The DIC strain vs. predicted strain for the disk’s center (x = 0 and
y = 0) of the FBD sample in a dynamic test with a loading rate of Ḟ = 8.69×108 N/s.
The predicted strain is obtained by Equations (3.4) and (3.7) and Hooke’s law. The
DIC strain history εxx(t2) in (a) is the same as that in Figure 3.6, and here we only
show some part of it for the value of εxx(t2) within 0.005. The ε̇ is the tensile strain
rate calculated from the slope of εxx(t1 − t0) obtained by the theoretical model. The
stress history curves are also shown in the figures, and the stress history σ(t1 − t0) is

matched with the DIC strain history εxx(t2) in time.

In addition to investigating the temporally-evolving strain components shown in

Figure 3.7, the current study also investigates the spatially-evolving strain components

along the vertical diameter (the y-axis with x = 0 mm) under a total compressive force

of F = 5.25 kN, as Figure 3.8a and b show for εxx and Figure 3.8 c and d show for

εyy. The force F = 5.25 kN is selected because force equilibrium is achieved under this

condition, as Figure 3.3 shows. When the force equilibrium is achieved, the stress and

strain distribution in the dynamic test is considered the same as in the quasi-static test

[139, 176, 179].

First, Figure 3.8a shows the distribution of εxx along the vertical diameter (the y-axis

with x = 0 mm) under a total compressive force of F = 5.25 kN, where the blue and

red curves are obtained by assuming the uniform and sinusoidal loading models. For the

two curves of εxx, it can be seen that the tensile strain will increase slightly along y from

the center to the loading area and then drop dramatically. Specifically, the two curves of

εxx are almost the same within y = 2.5 mm, but the difference becomes larger when y is
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greater than 2.5 mm, as the inset in Figure 3.8a shows. In addition, experimental results

from quasi-static (Qs) and dynamic (Dyn) testing are plotted in Figure 3.8a, and the

following number in the legend is the loading rate obtained from the slope of the loading

curve (shown in Figure 3.3). Although the maximum tensile stress is located at the disk’s

center (x = 0, y = 0 mm) as Figure 3.5 shows, the maximum tensile strain occurs away

from the disk’s center as Figure 3.8a shows. In the uniform loading model, the maximum

tensile strain appears at approximately x = 0, y = 2.5 mm, which is approximately 13%

greater than the value at the disk’s center. Similarly, in the sinusoidal loading model,

the location of the maximum tensile strain is around x = 0, y = 2.8 mm, and its value

is around 27% greater than the tensile strain at the disk’s center. Averaging across all

the experimental results, the maximum tensile strain is located between y =2 and 3.2

mm with x = 0 mm, and its value is around 17% to 40% greater than the tensile strain

at the disk’s center. To better demonstrate the location of the maximum tensile strains,

Figure 3.8b shows the full tensile strain (εxx) field of a sample under a total compressive

force of F = 5.25 kN in the “Qs 7.55×102N/s” test. It is observed that a band with large

tensile strain appears along the y-axis, with the maximum tensile strain being 0.00073

at around x = 0, y = 2.9 mm when compared with 0.00053 at the disk center. This

observation justifies the model prediction. The strain component εyy along the vertical

diameter is also shown in Figure 3.8c. Similarly, the two curves of εyy obtained from the

two models are almost the same within y = 2.5 mm, but the difference becomes larger

when y is higher than 2.5 mm. According to the experimental results, εyy decreases

faster than the results of the predictive models. In addition, the full strain (εyy) field of

the sample in the “Qs 7.55×102N/s” test is shown in Figure 3.8 d. It is observed that the

maximum compressive strain is near the loading vicinity (x = 0 and y > 3 mm), which

justifies the model prediction.

Overall, by comparing the predictive curves obtained by the two models with the

experimental results in Figure 3.8, we find that both the uniform and sinusoidal loading

models are consistent with the experimental results within y < 2.5 mm. However,

the differences become large when y > 2.5 mm. The discrepancies between the

theoretical and experimental results may come from: 1) the real load distribution is

complicated and different from the uniform and sinusoidal load distribution [136–138];

2) the material microstructure is not homogeneous and the defects inside the material

may have significant effects on stress and strain distributions [155]. In this paper, the

main purpose of comparing the results of two models and experiments is to show that the

loading distribution would affect both the values and locations of the maximum tensile

strain along the vertical diameter, but has almost no influence on the area near the disk’s

center where the maximum tensile stress exists.



Chapter 3 60

Figure 3.8: This figure shows εxx and εyy distributions under a total compressive
force of F = 5.25 kN. a) The blue and red curves are the εxx distribution along the
vertical diameter (x = 0 and y = 0 to 4 mm) obtained from the uniform (Equation (3.4))
and sinusoidal (Equation (3.7)) loading models. The points in the figure are obtained
from experimental results with different loading rates. b) The εxx field of the sample
surface obtained from the “Qs 7.55×102N/s” test. c) This figure includes the εyy
distribution along the vertical diameter (x = 0 and y = 0 to 4 mm) obtained from the
uniform Equation (3.3) and sinusoidal Equation (3.6) loading models, and the points
are obtained from experiments with different loading rates. d) The εyy field of the

sample surface in the “Qs 7.55×102N/s” test.

The phenomenon that the locations of maximum tensile stress and maximum tensile

strain are different along the compressive diametral line has also been observed in

Brazilian disk tests involving polymethylmethacrylate (PMMA) material [164] and rock

materials [155, 171]. This phenomenon occurs because the material is in a local biaxial

stress state along the vertical diameter, which is the main disadvantage of using BD tests

to calculate the tensile strength [181]. The different locations of the maximum stress and

strain and their linkages to the crack initiation location in the BD test has been a topic of
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interest in the literature [155, 162, 165]. In some studies [162, 165], researchers thought

the central crack would occur first when the maximum tensile stress exceeds its tensile

strength based on the Griffith failure criterion. For example, in one study involving the

dynamic FBD tests of rock material, Wang et al. [139] had found the location of crack

initiation is the center of the FBD sample with a loading angle 2ω0=20° (the same as the

current study) by using strain gauges. However, in other studies [155, 166], researchers

postulated that the tensile cracks might initiate at the location where the tensile strain

reaches the critical extension strain. To investigate the crack initiation location of the

alumina ceramic, in the current study, an ultra-high-speed camera is used to monitor

the surface cracks in the dynamic FBD tests. Based on this, in the following section, we

will unravel the relationship between the loading distribution, maximum tensile stress,

maximum tensile strain, and crack initiation in the dynamic tests.

3.4.2 The fracture process of the FBD sample in a dynamic test

Here, we explore the fracture process of the FBD sample in the dynamic test. The reason

why we do not show the fracture process of the quasi-static tests is that our quasi-static

camera is not fast enough to capture the process. An appropriate speed camera could

be triggered manually to capture the quasi-static fracture process, such as in Swab et al.

[182]. However, we were unsuccessful in using our ultra-high-speed camera in capturing

meaningful data in the quasi-static experiments. The fracture processes happen in µs

[182, 183], which is extremely short compared with the loading time (e.g., seconds) in

the quasi-static tests; therefore, triggering is challenging. While this is the case, we

do note that the fracture processes have almost no influence on the strain and stress

history in quasi-static conditions, which will be fully discussed in Section 3.4.3. Included

in Figure 3.9 are time-resolved images showing the fracture process of a disk and the

associated DIC contours with a loading rate of Ḟ = 8.69×108 N/s imaging at 1M fps.

At 69 µs, no crack is observed on the sample surface in Figure 3.9a and d. However,

in Figure 3.9b and e, four cracks appear simultaneously at 70 µs at around x = 0,

y = 0 mm and x = 0, y = ±2.5 mm; these are pointed out by the yellow arrows in

Figure 3.9e. The locations of maximum tensile stress is around x = 0 and y = 0 mm

and maximum tensile strain is around x = 0 and y = 2.5 mm in the “Dyn 8.69×108 N/s”

test, shown in Figure 3.5 and Figure 3.8a. In all the dynamic tests, it is observed that

multiple cracks appear simultaneously around the locations of maximum tensile stress

and strain. This observation suggests that the splitting fracture of a Brazilian disk may

not be controlled only by the Griffith failure criterion (the maximum tensile stress), but

also by the maximum tensile strain in dynamic tests [155].



Chapter 3 62

Figure 3.9: This figure shows the fracture process of the FBD sample in a dynamic
test with a loading rate of Ḟ = 8.69×108 N/s. a) and b) are the tensile strain (εxx) field
of the sample at 69 and 70 µs, respectively; c) is the εxx history curves of the disk’s
center obtained by DIC and the predictive model, which are from Figure 3.7a; d), e) and
f) are the fracture process of the FBD sample obtained by the ultra-high-speed camera.
The yellow arrows in e) are main cracks, and the red arrows in f) are secondary cracks.

The fragmentation process is found in the red rectangle zone.

Figure 3.5 previously showed that the location of the maximum tensile stress is at the

disk’s center, and its value is weakly influenced by the types of loading distribution.

However, the types of loading distribution are important for determining the location

and the value of the maximum tensile strain theoretically. For example, the value of

the maximum tensile strain in the uniform loading model is smaller than that in the

sinusoidal loading model, and their locations are different, as Figure 3.8a shows. Thus,

the loading configurations (or the types of loading distribution) should be carefully

considered in the dynamic BD tests for advanced ceramics through experimental design

(e.g., specimen geometry and/or setup modification) to prevent cracks induced by the

maximum tensile strain appearing early and affecting the central crack [139]. According

to Figure 3.8a, applying a uniformly distributed load can better limit the maximum

tensile strain. Various efforts have been made in the literature to obtain a uniformly

distributed load by experimental methods. For example, Yu et al.[184] designed special

spacers with a 20° arc angle to improve the contact between the specimen and spacers

in order to generate a uniform stress distribution. In a separate study, Swab et al. [185]
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placed a piece of grafoil between the specimen and load platens to promote a uniform

stress distribution along the contact interface.

3.4.3 Unraveling structure vs. material failure

Now, we explore the difference between the tensile strength (material failure) and

structural failure, especially in the dynamic tests. The current study will still use

the crack at the disk’s center (the location of the maximum stress) to determine the

material’s tensile strength of the FBD samples. This is because: 1) the crack at the disk’s

center based on the Griffith failure criterion is widely accepted and used to determine

the tensile strength in the dynamic FBD tests for brittle materials, including advanced

ceramics [60, 139, 147–150]; 2) the location of maximum stress is at the disk’s center

and is independent of the types of loading distribution (see Figure 3.5); and 3) the stress

and strain at the disk’s center is insensitive to the types of loading distribution as the

results of the uniform and sinusoidal loading model are the same at the disk’s center

(see Figure 3.8). The theoretical results of the uniform and sinusoidal loading models

are the same for the disk’s center; thus, we can choose either the uniform or sinusoidal

loading model (Equations (3.4) and (3.7)) to calculate the predictive results (i.e., stress

and strain) at the disk’s center.

In the dynamic tests, the central crack may occur before the recorded peak stress is

reached. Using the peak load to calculate the tensile strength without any correction

might lead to overestimating the strength [149, 176]. To avoid the overestimation

problem, we define the tensile stress when the central crack first occurs to be the tensile

strength of the alumina ceramics. To identify when the central crack first appears,

the tensile strain evolution and fracture process are investigated. In addition to the

time-resolved images showing the fracture process in the disk, Figure 3.9 also includes

the temporally-evolving tensile strain of the disk’s center (Figure 3.9c). Here, we observe

the tensile strain (εxx) obtained by DIC analysis is consistent with the results predicted

by the model at 69 µs, and no crack is observed on the sample surface as Figure 3.9d

shows. However, at 70 µs in Figure 3.9c, the tensile strain (εxx) obtained by the DIC

analysis increases rapidly, and the central crack occurs at 70 µs in Figure 3.9e. Thus,

we take the tensile stress σxx = 320.6 MPa at 70 µs as the indirect tensile strength

with the tensile strain rate of ε̇ = 91 s−1 for the disk’s center. It is observed that the

tensile strength is smaller than the peak stress, which occurs at 73 µs, as Figure 3.9c

and Figure 3.7a show. According to Hooke’s law, the predictive tensile strain history is

obtained from the loading (or stress) history, and their peak values occur at the same

time. In Figure 3.9f, it can also be observed that the cracks continue to propagate,

interact and generate fragments at around 73 µs in the dynamic FBD test. In the
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literature [176, 186], it has been noted that during the fracture and fragmentation process

in the compression loading period, the absorbed energy contributes to the generation

of new surfaces, the number and size of fragments, and the kinetic energy of moving

fragments. Thus, the peak loading (or stress) at around 73 µs in Figure 3.9c is related

to fracture and fragmentation processes (the structural failure), which is higher than the

material tensile strength. The phenomena that the peak loading stress is higher than

the material tensile strength has been referred to as the “overloading” phenomena in the

literature [149]. Here, we observe that the difference between the peak loading stress and

material tensile strength is associated with the time it takes for the fracture to propagate

and span the structure during the loading process. In the current study, we define this

fracture evolution and fragmentation process happening during the loading process as

the “time-dependent structural failure” phenomenon.

Next, we explore the “overloading” phenomenon observed in the experiments with

different strain rates. Figure 3.10 shows four representative examples comparing the

predictive strain components with DIC results for the disk’s center. Figure 3.10a and

b show that the predictive strain components are consistent with DIC results, and the

failure occurs when the peak load is reached in quasi-static tests. The “overloading”

phenomena is not observed in the quasi-static loading condition because the fracture and

fragmentation processes happen in µs [183], and the “time-dependent structural failure”

is extremely short compared with the loading time (e.g., seconds) in the quasi-static tests.

Thus, in the quasi-static tests, the “time-dependent structural failure” phenomenon can

be reasonably ignored, and we identify the peak stress as the tensile strength [136, 137].

In the dynamic tests, Figure 3.10c and d show that there is a rapid increase in the

experimentally measured tensile strain prior to the peak stress (or peak predictive strain).

The rapid increase in the experimentally measured tensile strain is associated with the

“structural-dependent failure”, and this process results in the “overloading” phenomena

in all the dynamic tests.
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Figure 3.10: The DIC tensile strain history vs. predictive tensile strain history
for the disk’s center in the FBD test with various loading rates. The predictive tensile
strain history is obtained theoretically using Equations (3.4) and (3.7) and Hooke’s law.
The tensile strain rates ε̇ and loading rates Ḟ are listed in the legend. In this figure, a)
and b) are quasi-static experimental results, and c) and d) are dynamic experimental

results.

The disadvantage of this time-matching method to determine the material tensile

strength is related to the challenge of determining the delay time between the measured

tensile strength and the peak stress. It means this method requires sophisticated data

acquisition and ultra-high-speed camera systems. In addition, this method requires

the first-appearing crack to be at the disk center, which means more tests should be

performed to satisfy this requirement.

3.4.4 Strain-rate-dependent tensile strength and post-mortem
fractographic analysis

For each strain rate, we run at least three tests, and the variability on experimental

results (e.g., the strain rate and tensile strength) is now summarized in Table 3.1. The

experiments include quasi-static and dynamic tests with different pulse shapers (i.e., tin,
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HDPE and paper) for achieving various strain rates. In Table 3.1, the strain rate is

calculated from the slope of the tensile strain-time history at the disk’s center (shown

in Figure 3.7); the loading rate is obtained from the slope of the loading curve (shown

in Figure 3.3); the peak stress at the disk’s center is calculated by Equations (3.4)

and (3.7) which obtain the same results for the disk’s center; the material tensile stress is

determined by the tensile stress when the central crack first occurs, and its corresponding

tensile strain is listed as the “tensile strain when the central crack first appears”. In all

the quasi-static tests, the peak stress is the same as the material tensile strength without

observing the “overloading” phenomenon. However, the “overloading” phenomenon is

observed in all dynamic testing leading to tensile strength lower than the peak stress.

Table 3.1: The experimental results of the FBD tests under
different loading rates

Strain rate

(s−1)

Loading rate

(N/s)

Peak stress

(MPa)

Material tensile strength

(MPa)

Tensile strain when the

central crack first appears

Quasi-static tests

7×10−6 69.9 292.1 292.1 0.00157

7.8×10−5 755 324.9 324.9 0.00185

7.8×10−5 754 277.5 277.5 0.00153

7.5×10−5 738 271.4 271.4 0.00151

6.9×10−4 6780 321.7 321.7 0.00163

6.9×10−4 6770 329.8 329.8 0.00171

Dynamic tests

(pulse shaper: tin)

40.9 4.08×108 340.2 324.5 0.00176

42.1 4.03×108 332.4 321.2 0.00182

40.7 4.02×108 333.3 316.1 0.00171

Dynamic tests

(pulse shaper: HDPE)

91.4 8.69×108 337.8 320.6 0.00179

71 6.72×108 357.2 334.1 0.00186

85.4 8.21×108 335.1 316.7 0.00169

Dynamic tests

(pulse shaper: paper)

321.5 3.13×109 413.1 399.1 0.00241

321.7 3.08×109 383.7 371.3 0.00192

385.5 3.67×109 413.4 400.2 0.00252

387 3.68×109 395.7 383.7 0.00194

Next, post-mortem fractographic analysis is used to investigate the microstructural

fracture mechanisms of the CeramTec 98% alumina under quasi-static and dynamic

indirect tension loading. Figure 3.11a and b show the fracture surfaces taken from

quasi-static tests. The rough fracture surface consists of sharp edges, indicating

intergranular cracking is the dominant failure mechanism. Intergranular-type fracture

has been commonly observed in alumina materials because of the relatively weak

interfacial strength [107, 187]. In addition, pores resulting from the impurity phase

(e.g., oxide contaminants of Mg, Si and Ca [11]) pullout and cleavages are observed

on large flat grain surfaces. For the CeramTec 98% alumina under dynamic loading in

Figure 3.11c and d, the intergranular fractures result in the uneven fracture surface,

but more transgranular micro-cracks span across the grains. Besides cleavages and

pores, micro-crack branching can be observed in Figure 3.11d. Overall, the fracture
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mode transitions from mainly intergranular fracture under quasi-static loading to both

intergranular and transgranular fracture under dynamic loading in indirect tension

experiments.

Figure 3.11: SEM images of the fracture surface of the CeramTec 98% alumina by
the indirect tension tests. a) and b) are quasi-static experimental results, where the
fracture surface is rough and full of sharp edges, indicating intergranular cracking is
the dominant failure mechanism. c) and d) are dynamic experimental results, and the
failure process is governed by a mixed-mode of intergranular and transgranular fracture.

Pores and cleavages are observed in both quasi-static and dynamic tests.

Figure 3.12 shows the strain-rate-dependent tensile strength of various alumina ceramics,

and the legend lists the testing types, the material names, and the corresponding

literature citation. The red points in Figure 3.12 are the tensile strength of the CeramTec

98% alumina considered in this study under strain rates between 10-6 and 400 s-1. It

is found that the tensile strength variability is large in the quasi-static tests, and the

level of scattering tends to decrease with higher loading rates for the CeramTec 98%

alumina. This is because, in quasi-static conditions, the brittle material follows the

weakest link hypothesis, and the mechanical properties of the local weakest sites of

different samples (e.g., the relatively weak interfacial strength in Figure 3.11b) are more

variable [107, 187, 188]. But in dynamic conditions with higher loading rates, more

micro-cracks are nucleated (shown in Figure 3.11d), which results in a smaller scattering

effect [107, 188, 189]. Figure 3.12 also shows the tensile strength of other alumina

ceramics under different strain rates [78–82]. Note that most tensile strength values
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are known, while some are given with the average values and error bars depending on

how they were presented in their original publication. The additional alumina ceramics

from the literature [78–81] are manufactured by Morgan Matroc with different purities

of 94% (A94), 98% (A98), and 99.5% (A99). From Figure 3.12, it is observe that the

CeramTec 98% alumina has greater tensile strength than other alumina ceramics across

all strain rates, especially in the quasi-static tests.

Then, we apply the strain-rate-dependent tensile strength model (Equation (3.18))

proposed in the current study to the experimental results of the CeramTec 98% alumina

and other alumina ceramics [78–81]. Note that this model is based on the one-dimensional

elastic wave theory, and thus, this model is only applicable for the uniaxial tension

condition. Although the tensile strength obtained from the FBD or BD experiments in

our study are evaluated in a state of biaxial stress, and it is widely accepted that the FBD

or BD experimental results can be used as the uniaxial (one-dimensional) tensile strength

[78, 79, 81]. In the current study, we also calculate the tensile strength with a correction

method to determine the tensile strength as the stress when the central crack first occurs.

This tensile strength does not include the fracture propagation and interaction process

(“time-dependent structural failure”), which satisfies the “single crack initiation” criteria

in the proposed model. The black dash curve in Figure 3.12 is the strain-rate-dependent

tensile strength model for the CeramTec 98% alumina with σcr = 314 MPa and a = 31

in Equation (3.18). The black full curve in Figure 3.12 is the model for the A94, A98 and

A99 with σcr = 181 MPa and a = 15 in Equation (3.18). It is observed that the tensile

strength at lower strain rates remains nearly constant, and its value equals to σcr. When

the strain rate is higher than a static-dynamic transition strain rate [190], the tensile

strength will increase rapidly, as has also been observed in other models [191, 192]. The

transition strain rates of the different alumina ceramics are discussed later in this section.

Next, it is observed that there are some differences between the proposed model for A94,

A98 and A99 and the values measured at high strain rates in Figure 3.12. First, this

is because the model is fitted to all three types of alumina ceramics, with each ceramic

having a different microstructure, purity, and expected material properties based on these

differences [23, 191]. Second, their strengths are determined by two kinds of experiments

(i.e., dynamic Brazilian disk tests at a strain rate of around 40 s−1 and spall tests at a

strain rate of around 1000 s−1). In the dynamic Brazilian disk tests, the “overloading”

phenomenon may lead to an overestimation of the tensile strength at around 40 s−1,

which explains that the experimental data is higher than our model. For the spall

tests at around 1000 s−1, the elastic wave dispersion in cylindrical rods (e.g., material

dispersion and geometrical dispersion) may cause the decrease of the peak pulse observed

in a typical spall test of a ceramic material [193]. Furthermore, microstructural effects

[81] will also manifest differently between the Brazilian disk and spall tests given they are
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performed under different stress states. The data denoted by the red dashed rectangle

in Figure 3.12 lie outside of the model prediction because their strengths are lower than

those of the same material at a lower strain rate. These data are still included in the

Figure 3.12 for completeness. Overall, the proposed model is mostly consistent with

experimental results from the current study and the literature [78–82].
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Figure 3.12: Strain-rate-dependent tensile strength of various alumina ceramics.
The red points are the material tensile strength of the CeramTec 98% alumina studied
here. The other colored points are the tensile strength of different alumina obtained
from literature [78–82]. The legend includes the testing types, the material names,
and the corresponding literature citation. The black dash curve in the figure is the
strain-rate-dependent tensile strength model for the CeramTec 98% alumina with σcr =
314 MPa and a = 31 in Equation (3.18). The black full curve in the figure is the model
for the A94, A98 and A99 with σcr = 181 MPa and a = 15 in Equation (3.18). A red
dash rectangle is used to denote some data because their strengths are lower than those
of the same material at a lower strain rate. These data lie outside the model prediction

but are still included in the figure for completeness.

To describe the strain-rate-dependent tensile behavior of alumina ceramics in a general

form, the tensile strength σ0 in Equation (3.18) is normalized by the characteristic stress
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σcr and the applied strain rate ε̇ by the characteristic factor a2:

σ∗
0 =

eε̇
−0.5
∗

eε̇
−0.5
∗ − 1

(3.19)

with

σ∗
0 =

σ0
σcr

, ε̇∗ =
ε̇

a2
(3.20)

Figure 3.13 describes the strain-rate-dependent tensile behavior of all alumina ceramics

in the normalized form. The black curve in Figure 3.13 is the normalized

strain-rate-dependent tensile strength model for alumina ceramics obtained by

Equation (3.19). The colored points are the normalized tensile strength of various

alumina ceramics with different normalized strain rates obtained from experiments

[78–82]. Broadly, it is observed that the normalized tensile strength of alumina ceramics

would remain nearly constant below a transition strain rate (around ε̇ = 0.04a2), while

a rapid increase in strength develops as the strain rate increases above the transition

strain rate. The transition strain rate for the CeramTec 98% alumina is around 39 s−1,

and is around 9 s−1 for the A94, A98, and A99 alumina. According to Equation (3.20)

and Figure 3.13, the alumina becomes more rate sensitive when the transition strain

rate (0.04a2) is smaller. Thus, a is the factor associated with the strain rate sensitivity

of the materials, and the CeramTec 98% alumina shows less rate sensitivity than the

other alumina ceramics (i.e., A94, A98 and A99). Overall, this model can describe the

strain-rate-dependent tensile behavior of alumina ceramics in a general form, and this

has implications if one wanted to implement such strain-rate-dependent tensile model

into higher scale constitutive models (e.g., Johnson–Holmquist–Beissel model [26]).

Finally, the limitations of this strain-rate-dependent tensile strength model are that the

model is only applicable for the uniaxial tension condition, and the tensile failure should

satisfy the “single crack initiation” criteria. In addition, this model does not consider

temperature effects and cannot be applied to higher strain rate experiments (e.g., laser

shock tests).
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Figure 3.13: The relationship between the normalized tensile strength and
normalized strain rates of various alumina ceramics. The black curve is the normalized
strain-rate-dependent tensile strength model obtained by Equation (3.19). The red
points are the normalized tensile strength of the CeramTec 98% alumina. The other
colored points are the normalized tensile strength of different alumina obtained from
literature [78–82]. The experimental data is normalized by Equation (3.20). A red dash
rectangle is used to denote some data because their strengths are lower than those of
the same material at a lower strain rate. These data lie outside the model prediction

but are still included in the figure for completeness.

3.5 Conclusion

In this study, experimental and modelling methods are used to investigate the

strain-rate-dependent tensile response of an alumina ceramic. Several key outcomes

are obtained:
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1. The locations of maximum tensile stress and maximum tensile strain are different

along the compressive diametral line, and the loading distribution affects both the

value and location of the maximum tensile strain along the vertical diameter, but

has little influence on the area near the disk’s center where the maximum tensile

stress occurs;

2. In the dynamic tests, multiple cracks appear simultaneously around the locations

of maximum tensile stress and strain, and this observation means that the splitting

fracture of a Brazilian disk may not be controlled only by the Griffith failure

criterion (the maximum tensile stress), but also by the maximum tensile strain;

3. In the dynamic tests, cracks appear prior to the recorded peak load, and the

peak stress corresponding to the failure of the sample structure is different from

the tensile strength of the material, which is referred to as the “overloading”

phenomenon;

4. The difference between the peak stress and material tensile strength is associated

with the time it takes for the crack to propagate, interact, and span the structure

during the loading process, which is referred to as “time-dependent structural

failure”;

5. The strain-rate-dependent tensile strength of the alumina ceramics is achieved with

a correction method, which is determined by the tensile stress when the central

crack first occurs;

6. The fracture mode transitions from mainly intergranular fracture under quasi-static

loading conditions to both intergranular and transgranular fracture under dynamic

loading in indirect tension experiments.

7. A strain-rate-dependent tensile strength model for alumina ceramics is proposed

based on one-dimensional elastic wave theory, the Griffith failure criterion, and

experimental observations. This model is consistent with the experimental results

of the CeramTec 98% and other alumina ceramics (i.e., A94, A98 and A99).
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4.1 Abstract

We have developed a three-dimensional hybrid finite-discrete element model to

investigate the mode I tensile opening failure of the alumina ceramic. This model

implicitly considers the flaw system in the material and explicitly shows the macroscopic

failure patterns. A single main crack perpendicular to the loading direction is observed

during the tensile loading simulation. Some fragments appear near the crack surfaces due

to the branching behaviour of the cracks. The tensile strength obtained by our model

is consistent with the experimental results from the literature. Once validated with
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litterateur, the influences of the distribution of the flaw system on the tensile strength

and elastic modulus are explored. The simulation results show that the material with

more uniform flaw sizes and fewer big flaws has stronger tensile strength and higher

elastic modulus.

4.2 Introduction

Advanced ceramics are often used as structural components in shielding applications

[194–197] because of their desirable properties, such as low density [83], high hardness [3],

and high wear resistance [4]. In ballistic applications, the role of the ceramic upon impact

is to blunt the projectile [58, 198, 199] and to distribute the load [198]. During impact,

pre-existing micro-cracks or pores in ceramics serve as stress concentration sites [34],

which significantly affect fracture behaviour [5, 23, 200, 201]. The relationships between

microstructure and failure processes have been widely investigated [5, 13–15, 202, 203].

For example, Munro [202] and Nohut [203] found that the strength of alumina ceramics

is limited by the distribution of flaws in the material, and the Weibull analysis could

be used to characterize both the strength and the flaw system. Recently, Lo et al.

[5] studied the microstructural and mechanical variability of AD85 alumina, and they

found the flaw characterization (e.g. pore size, spatial distribution, orientation, and

morphology) significantly influences the mechanical response of the alumina ceramic. In

a separate study, Hogan et al. [13–15] identified the relationship between microstructure

and fragment size by observing impact and compression experiments of ceramics. To

better understand the failure mechanisms of advanced ceramics, controlled experiments

such as uniaxial compression, beam bending tests, and Brazilian disk experiments are

often coupled with advanced high-speed imaging [6, 59, 60, 86, 204–208]. In these

experiments, the mode I tensile opening cracks are widely accepted as an important

failure mode of advanced ceramics [35–39]. However, direct tension tests is a challenge for

advanced ceramics because of their brittleness. In the current study, the mode I tensile

behaviour of an alumina ceramic is investigated. The widespread use of high-purity

alumina (Al2O3) as body armor material is due to its beneficial combination of favorable

ballistic properties, affordability, and well-established manufacturing processes [209].

A significant number of studies have been conducted with the objective of enhancing

the performance of alumina ceramics [209–212]. These ceramics are usually produced

through various sintering techniques such as flash sintering (FS) [212], hot-pressing

sintering (HPS) [210], and spark plasma sintering (SPS) [209]. The trend of 3D

printing ceramics is gradually becoming more prevalent, offering multiple methods for

production [209]. Some of the most common methods include stereo lithography, which

involves curing photo-curable binder loaded ceramic pastes, and selective laser sintering,
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involving laser sintering of green powder beds [209]. Other techniques such as modified

inkjet printing and binder jetting are also utilized in ceramic material production [211].

These different manufacturing methods would affect alumina ceramic’s microstructure

(e.g., flaw system). However, these experimental studies are limited by manufacturing

technologies and testing methods for the direct tension performance of ceramics. For

example, many factors (e.g., additives [212], debinding step [210] and temperature

[209]) can affect the internal flaws and mechanical performance of ceramics in sintering

manufacturing, which is complex [211]. In addition, exploring the influence of flaw

systems on direct tensile performance is expensive and challenging [211, 213]. To

overcome these challenges, in the current study, the inherent microstructural flaws based

on experimental studies [202, 203, 214] are applied to the numerical modelling method

to explore the mode I tensile behaviour of an alumina ceramic.

Numerous numerical models have been established to describe the failure behaviour

of brittle materials. These include the continuum damage mechanics (CDM) [44, 45],

the extended Finite Element Method (XFEM) [65], virtual crack closure technique

(VCCT) [215–217], and the cohesive zone method (CZM) [66]. The CDM method utilizes

damage parameters to explain the failure process but cannot capture crack-induced

discontinuities [31]. VCCT, on the other hand, can simulate pre-defined crack

propagation by imposing constraints on the nodes at crack edges but requires re-meshing

[215–217]. XFEM avoids mesh refinement and reconstruction by modifying the

displacement approximation function in conventional FEM with an enrichment function

term [65]. While these methods can model progressive cracking behaviour, they

necessitate additional limitations, such as external criteria for discontinuous displacement

enrichment [65], re-meshing requirements [215–217], and complex model pre-definitions

[215–217]. Additionally, these methods cannot effectively address complex cracking

problems, including crack intersection, coalescence, and branching. The CZM has several

advantages over the other methods, including 1) creating new surfaces to generate cracks,

2) allowing for branched and intersecting cracks, and 3) eliminating the singularity

present in linear elastic fracture mechanics [67]. In the literature [68, 69], the CZM

framework has been applied to study the strength of advanced ceramics, dynamic fracture

events [71], and fragmentation of brittle materials [70]. In the CZM method, new

surfaces are created when the fracture occurs, and these new faces require numerical

contact algorithms, which makes CZM ideally suited for discretized methods [72]. To

address the mutually interacting separate fragments in fracture processes, Munjiza [31]

developed an innovative numerical approach called the hybrid finite-discrete element

method (HFDEM). One distinct feature of the HFDEM is that it is able to capture

the transition from a continuum (e.g. finite element method) to a discontinuous-based

method (e.g. discrete element method) [32, 33] to overcome the inability of these
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methods to capture progressive damage and failure processes in brittle materials (e.g.,

geomaterials [73–75] and ceramics [33]). In HFDEM, materials are often discretized

as triangle elements (two-dimensional) or tetrahedral elements (three-dimensional), and

cohesive elements are utilized to connect these discrete elements to represent the potential

arbitrary crack path [55]. In addition, the use of tetrahedral elements offers the advantage

of generating more potential fracture surfaces when compared with hexahedron elements,

which make the results using tetrahedral element more reliable [30, 31, 55, 126, 218].

Then, an explicit finite difference time integration scheme is applied to solve the motion

of the discretized system [31]. Recently, HFDEM has been used in modelling brittle

materials under different loading conditions, as it can explicitly describe the process

of fracture nucleation and growth, as well as the interaction of newly-created discrete

fragments [55, 72, 76]. In the current study, the HFDEM is applied to investigate the

failure process of the alumina ceramic.

Motivated by these previous studies, this paper aims to develop a three-dimensional

HFDEM model to investigate the mode I tensile opening failure of the alumina ceramic.

This method is focused on the macroscopic failure process accounting for the flaw system

with an implicit method. The material is assumed to have Weibull distributed initial

flaws, making its failure mode stochastic. The failure of the specimen is simulated

through the nucleation and propagation of these cracks generated by flaws. Limited

experimental results are available for the direct tension problems, owing to the challenges

posed by testing, such as specimen gripping and alignment [219]. The indirect tensile

strength from our previous study is used [208], and the simulation results show reasonable

agreement with the experimental results. The influence of flaw system on the tensile

strength is also investigated. Overall, the current study provides new insight into the

mode I tensile fracture behaviour of alumina ceramic.

4.3 Computational approach

In this section, a three-dimensional hybrid finite-discrete element method (HFDEM) is

established to describe the failure process of brittle materials, and then applied to the

alumina ceramic. First, we develop the main features of the cohesive law to represent

the mode I tensile response of brittle materials. Second, the distribution of the flaw

system [202, 203, 214] is considered in this model. Finally, the model is implemented

with a FORTRAN vectorized user-material (VUMAT) subroutine in ABAQUS/Explicit

to solve the model numerically.
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4.3.1 The cohesive law

An extensive account of the HFDEM theories and their finite element implementation

can be found in [31–33, 73–75, 220]. In this section, we summarize the main features of

the cohesive law used in the current study:

σ = (1−D)Kδ (4.1)

with

σ =


σ1

τ1

τ2

, K =


K1 0 0

0 K2 0

0 0 K3

, δ =


δ1

δ2

δ3


where σ represents the interface stress, σ1 is the normal stress, and τ1 and τ2 are the

shear stresses in the other two directions. D is a scalar damage parameter of the REA,

where D = 0 is the intact state, and D = 1 represents a fully damaged state. K is the

penalty stiffness of the interface where subscript 1 represents the normal direction, and

subscripts 2 and 3 represent the two shear directions. δ represents relative displacements.

Linear irreversible cohesive law is widely used for the decaying response of brittle

materials, such as rocks [55, 72, 76] and ceramics [69, 220–222]. For a damage value

in the range of 0 ∼ 1, the damage evolution can be expressed as:

D=max{0,min{1−
(
δc − δe
δc − δ0m

)
, 1}} (4.2)

where δe is the effective relative displacement (δe=
√

δ21+δ22+δ23), and δc represents the

critical displacement when interface failure occurs. δ0m is the relative displacement when

the damage initiates under mixed mode loading, which is obtained by:

δ0m =

√√√√(δ01)2 (1 + β2
)
δ02δ

0
3

δ02δ
0
3 + β2

(
δ01
)2 and β=

√
δ22+δ23
δ1

(4.3)

δ01=
σ0
1

K1
, δ02=δ03=

τ01
K2

=
τ02
K3

(4.4)

where σ0
1, τ01 , and τ02 are the strengths in the normal and two shear directions under pure

mode loading, and δ01 , δ02 and δ03 are the corresponding displacements.

Until here, the only unknown parameter in Equation (4.2) is the critical displacement

δc. In the cohesive zone method, mode II and mode III fracture is often regarded as the
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same due to a lack of mode III mechanical property information [223]. Thus, the mixed

mode energy-based failure function [224] can be expressed as:(
G1

Gc
1

)γ

+

(
Gshear

Gc
shear

)γ

= 1 (4.5)

where Gc
shear is the critical shearing energy release rate with Gc

shear = Gc
2 = Gc

3, and

Gc
1, Gc

2 and Gc
3 terms are the fracture energies under pure mode loading. The Gshear is

the energy dissipation rate by shearing, which is sum of the energy release by the mixed

mode II and III crack, Gshear=G2 +G3, and the G2 and G3 are given in Equation (4.6).

A quadratic γ = 2 failure criteria is frequently chosen according to the mixed mode

experimental results [224, 225] and so it is used here. For the cohesive interface, the

energy dissipation rates are:

Gi =

∫
σidδi (i = 1, 2, 3) (4.6)

In HFDEM model proposed in this current study, the bonding stresses transferred by

the material are functions of the relative displacements across the crack elements, and

this is illustrated in Figure 4.1 for the mode I tensile response.

Figure 4.1: The mode I constitutive behaviour of the cohesive element with K1 =
4.6×107 N/mm3, σ0 =440 MPa, and Gc

1 = 0.04 N/mm. In the inset figure, a cohesive
(crack) element is interspersed throughout two tetrahedral elements.
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4.3.2 The microscopic stochastic fracture model

For brittle materials such as ceramics, the strength is limited by the distribution of flaws

in the material specimen, and any flaw in the material can serve as an origin of a crack

[202]. The Weibull strength distribution is widely used in ceramics to characterize the

influence of flaws statistically [202, 203, 214].

P (σ, V ) = 1− exp

[
− V

V0

(
σ

σ0

)m
]

(4.7)

where P (σ, V ) is the cumulative failure probability of an alumina ceramic, V is the

volume of the investigated component, V0 is the characteristic volume, σ is the applied

stress, m is the Weibull modulus, and σ0 is the Weibull characteristic strength.

In HDFEM, the cohesive elements represent the intrinsic and extrinsic flaws [55]. Thus,

Weibull’s statistical strength theory [203] is applied to cohesive elements to show the

stochastic properties of the alumina ceramics. In the recent study by Daphalapurkar

et al. [222], a modified microscopic facet-strength probability distribution based on

Equation (4.7) is applied to the dynamically introduced cohesive method.

f(σ) =
m0

σ0

(
A

A0

)m0
ma
(

σ

σ0

)m0−1

exp

( A

A0

)m0
ma

·
(

σ

σ0

)m0

 (4.8)

where A is the facet area of the cohesive element, A0 is the characteristic area; m0 is the

Weibull modulus of strength distribution, and ma is the Weibull modulus for the effective

area modification. In the current study, we applied the microscopic facet-strength

probability model to the pre-inserted cohesive method to represent the flaws in the

material. Monte Carlo simulations generate the strength data affected by flaws according

to Equation (4.8).

Figure 4.2 shows a Monte Carlo simulation for Weibull’s statistical strength distribution

of cohesive elements with m0 = 11.0, ma = −11.0, σ0 = 440.0, A = 0.01268 and

A0 = 0.013. The percentage of low-strength cohesive elements (below 350 MPa) is

around 7.9%, which is associated with the big flaws in the material. The rest of the

cohesive elements (around 92.1 %) have strong strength (between 350 and 530 MPa),

which corresponds to the material with smaller flaws. The Weibull statistical model for

failure has been adapted to fit within the cohesive element framework by incorporating

the following assumptions: 1) The pre-inserted cohesive elements in the finite element

mesh are treated as potential locations for flaws. 2) When the tensile stress applied on a

facet exceeds its strength, the flaw in that location becomes a microcrack. The cohesive
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elements with low strength will activate at nearly negligible loads and can be considered

as intrinsic microcracks.

Figure 4.2: The green line is Weibull’s statistical strength distribution of cohesive
elements obtained from Equation (4.8) with m0 = 11.0, ma = −11.0, σ0 = 440.0,
A = 0.01268 and A0 = 0.013. The orange bar is the statistics of the facet strength of
the cohesive element with random flaws generated by Monte Carlo simulations. The
percentage of low-strength cohesive elements (below 350 MPa) is around 7.9%, which is
associated with the big flaws in the material. The rest of the cohesive elements (around
92.1 %) have strong strength (between 350 and 530 MPa), which corresponds to the

material with smaller flaws.

4.4 The hybrid finite-discrete element method

The hybrid finite-discrete element method is an advanced numerical method that

combines continuum mechanics methods with the discrete element method (DEM)

algorithms to solve complicated crack problems involving multiple interacting deformable

bodies [31–33]. In HFDEM, the specimens are considered a collection of elastic bulk

elements connected by cohesive elements [31]. The cohesive elements represent the

inherent flaws in the specimens, which become the potential cracks during the loading

process, and are also referred to as “crack elements” in HFDEM [55]. When D=1, the

crack element is completely broken, and the cohesive element is deleted from the model,

which generates new crack surfaces. In the HFDEM model, cohesive elements introduce

a well-defined length scale into the material description, and are consequently sensitive

to the size of the element [226]. In the current study, the physical and statistical model

(Equation (4.8)) has introduced an internal microstructural length scale (A0) into our

HFDEM model, and thus regularizes the problem in terms of mesh convergence. This

technique (Equation (4.8)) has been applied to the dynamically introduced cohesive

method and demonstrated the effectiveness of mesh convergence [221, 222]. However, this
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technique (Equation (4.8)) has not been used in the pre-inserted cohesive method before,

and we use the pre-inserted cohesive method considering the physical and statistical

model (Equation (4.8)) to simulate the mode I tensile behaviour in this paper.

4.4.1 Modeling mode I failure considering distributed flaws

In this study, the mechanical properties of the CeramTec 98% are provided by the

manufacturer [169] and evaluated in our previous studies [11, 61, 208]. This CeramTech

ceramic has an alumina content of 98 mass percentage, a low porosity of less than

2%, a high hardness of 13.5 GPa, a low density of 3.8 g/cm3, Young’s modulus of

E = 335 GPa, and Poisson’s ratio of v = 0.23. For the physical and statistical model

[11, 61, 202, 203, 208, 214], the Weibull modulus of the strength distribution is m0 = 11,

the Weibull modulus for the effective area modification is ma = −11, the Weibull

characteristic strength is σ0 =440 MPa, the characteristic area is A0 = 0.013 mm2,

and mode I fracture energy is Gc = 0.04 N/mm, which are summarized in Table 4.1.

Table 4.1: The properties of CeramTec 98% alumina for the
HFDEM model

The mechanical properties of the CeramTec 98% alumina

Porosity < 2%

Hardness 13.5 (GPa)

Density 3.8 (g/cm3)

Young’s modulus 335 (GPa)

Poisson’s ratio 0.23

The properties for the microscopic stochastic fracture model

Weibull modulus of the strength distribution 11

Weibull modulus for the effective area modification -11

Weibull characteristic strength 440 (MPa)

Characteristic area 0.013 (mm2)

Mode I fracture energy 0.04 (N/mm)

The simulation sample for the mesh sensitivity analysis is a ceramic block with

dimensions Lx = 1.5 mm, Ly = 0.5 mm, and Lz = 2.5 mm. In the simulations, a

fixed-displacement boundary condition is implemented to the bottom, and the specimen

is free to expand or contract freely in the lateral direction. The loading process is

performed by imposing a velocity boundary condition in the z-direction to mimic the

direct tension loading. The boundary velocity, v0, is fixed to 1 mm/s, which is a
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quasi-static direct tension loading. This model has also been also employed by Zhou

and Molinari [221] to study mesh sensitivity. In the literature [218, 226], various studies

have focused on the influence of mesh size on the mechanical response of brittle materials,

and the upper limit of mesh size for advanced ceramics is suggested to be around 0.3

mm. In addition, experimentally determined fragment sizes for ceramics [13, 15] can

also guide in choosing the element size because each tetrahedral elastic element acts as

a potential fragment generated in the post-fracture process in the HFDEM model. In

their experimental study, Hogan et al. [15] measured more than 1500 ceramic fragments

generated by quasi-static uniaxial compression. According to their measurements, most

of the fragments are between 0.01 and 1 mm in size, and over 70% of the fragments

are larger than 0.1 mm [13]. With this taken into account, the current study focuses

on capturing the macroscopic failure (fracture and fragmentation process) numerically,

therefore, we performed simulations with mesh sizes of 0.075, 0.1, 0.15, and 0.25 mm to

confirm that there was minimal sensitivity. Monte Carlo simulations are carried out to

simulate the variety of the specimen strength because of the different flaw distributions

inherent to the samples. Three numerical tests are performed for each simulation

case (fixed mesh and material parameters). The facet area of the cohesive element is

A = 0.00336 mm2 for mesh sizes of 0.075 mm, A = 0.00611 mm2 for mesh sizes of 0.1

mm, A = 0.01268 mm2 for mesh sizes of 0.15 mm, and A = 0.038 mm2 for mesh sizes of

0.25 mm, which are summarized in Table 4.2.

Table 4.2: Statistics of four FEM meshes

Validation models Average mesh size (mm) Average facet area (mm2)

Case 1 0.25 0.038

Case 2 0.15 0.01268

Case 3 0.1 0.00611

Case 4 0.075 0.00336

The stable time step used in the current study satisfies the criteria given by [222]:

∆tstable ≤ α

(
le
c

)
(4.9)

where c is the wave speed in the alumina ceramic, le is the smallest element size, and α is

a factor whose value is 0.1 or less. This stable time step is able to resolve the two kinds

of time-scales. The first time-scale is the response time associated with the cohesive law,

and is given by [227]:

t0 =
E

c

Gc

σ02
(4.10)
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The other time-scale is associated with the time required for complete decohesion of the

cohesive law [222]:

tc =

(
δc
cε̇

)0.5

(4.11)

where ε̇ is the applied strain rate, and δc is the critical crack opening displacement.

(a)

(b)

Figure 4.3: a) Variation of engineering stress-strain response of the CeramTec 98%
alumina during the direct tension simulations with four kinds of mesh sizes. b) The
shaded region is the tensile strength of the CeramTec 98% obtained by Brazilian disk
experiments [208], and the dots are the simulation results with four kinds of mesh sizes.
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Figure 4.3a illustrates the tensile stress and strain evolution of the alumina under

quasi-static direct tension loading. The stress increases linearly during the loading

process with a constant strain rate until catastrophic failure occurs. The variety of

the tensile strength in the simulations with the same mesh size is due to the different

flaws in the materials generated by Monte Carlo simulations. The peak stresses of the

four kinds of simulation with different mesh sizes are consistent with the experimental

results [208], and the difference of simulated stress-strain responses are within 7% (see

Figure 4.3b). Although the difference in stress (or strain) states between indirect and

direct tension samples, the difficulties inherent in conducting conventional direct tensile

tests on advanced ceramics have resulted in using indirect methods, such as Brazilian

tests, for evaluating their tensile strength [59, 60, 208]. Our previous investigation [208]

involved the application of an experimental approach coupled with a theoretical method

to determine the tensile strength of alumina ceramic materials, which makes the obtained

tensile strength more reliable.

Next, the failure pattern of the simulation with four different mesh sizes is shown in

Figure 4.4. A horizontal crack perpendicular to the loading direction is observed during

the loading process. The single main crack causes catastrophic failure at the low loading

rate. Some fragments appear near the crack surfaces due to the branching behaviour of

the crack. The fracture process of simulation results under the tensile loading is consistent

with the observation in brittle materials [228–231]. The origins of fractures can stem from

either internal volume flaws (such as cracks, pores, uneven density, and composition

variations) or surface flaws (like cracks from machining, surface pits, and voids) [231]. In

the current study, we consider the tensile characteristics in the loading direction based

on the statistical studies of flaws for alumina ceramics [202, 203, 214]. However, the flaws

on the sample surfaces and the influence of the flaws on shear or compression directions

are not considered. In brittle materials, fracture in brittle materials occurs due to the

application of stress to the critical flaws in the material leading to unstable propagation

of that cracks. When subjected to direct tension testing, the crack at the origin expands

approximately perpendicular to the principal tensile stress and spreads symmetrically

from the origin in a uniform stress field. The fracture processes include crack surface

creation, fragment release, and the main crack splits into multiple branches [231]. In the

simulation, the branching phenomenon is more pronounced for the samples with smaller

mesh sizes, and this is because each cohesive element associated with flaws is a potential

source of microcracking in the material. The smaller meshed sample has more cohesive

elements (or crack elements) with critical strength in the material. The increase in the

number of crack initiation sources naturally promotes branching behaviour [228–231].

Overall, our model is mesh-independent based on qualitative (e.g., failure patterns) and

quantitative (e.g., stress-strain curves) evaluations.
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(a) Mesh size = 0.075 mm (b) Mesh size = 0.1 mm

(c) Mesh size = 0.15 mm (d) Mesh size = 0.25 mm

Figure 4.4: The failure pattern of the samples with different mesh sizes. The legends
in the figure correspond to the displacement of the samples in the z-direction (U3). It
is observed that a horizontal crack perpendicular to the loading direction is generated
during the loading process. The single main crack causes catastrophic failure. In some
cases, the main crack may split into multiple branches. Some fragments appear near

the crack surfaces due to the branching behaviour of the cracks.

4.4.2 The effect of flaw distribution

In recent years, the influences of cohesive parameters (i.g., cohesive strength and the

critical energy release rate) on the mechanical response of brittle materials have been

widely investigated [55, 72, 76, 126]. However, limited numerical studies focused on the

influence of the distribution of the flaw systems. The influence of the flaw systems in
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materials on the strength at the quasi-static loading rate has traditionally been related

to the size of the largest flaw in the material based on experimental studies [222, 232].

Moreover, researchers found that the distribution of the flaw systems is also significant

to the elasticity and strength of ceramic materials [233, 234]. In the current study,

we consider the different Weibull distributions of the flaw system with five choices of

Weibull modulus m0 = 9, 10, 11, 12, and 13 [202]. Figure 4.5 shows that the percentage

of low-strength cohesive elements (below 350 MPa) is around 12.2% for m0 = 9, 9.9%

for m0 = 10, 7.9% for m0 =11, 6.4% for m0 = 12, and 5.1% for m0 = 13. This means

the higher value of m0 corresponds to more uniform flaw sizes with fewer big flaws, and

a smaller m0 physically represents a more heterogeneous material with a higher amount

of bigger flaws.

Figure 4.5: Microscopic strength distributions with different Weibull modulus (m0 =
9, 10, 11, 12, and13).

Figure 4.6a shows the tensile stress-strain curves during the constant low strain-rate

loading, and Figure 6(b) summarizes the tensile strength and elastic modulus obtained

by simulation with five different Weibull modulus. It is observed that material with

smaller m0 (i.e., more heterogeneous material with a higher number of bigger flaws)

exhibits lower tensile strength and elastic modulus. This agrees with the experimental

observation [233, 235] that both the strength limit and elasticity moduli decrease with

a higher percentage of big flaws. This is because the strength of a ceramic specimen

is not only determined by the existing critical flaws in the material [77] but also by

the flaw distribution [202, 203, 214]. Next, Figure 4.7 shows that the failure pattern is
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consistent with Figure 4.4, for which a single main crack perpendicular to the loading

direction is generated during the loading process. Some fragments appear near the crack

surfaces due to the branching behaviour of the cracks. The branching phenomenon is

more pronounced for the material with a smaller m0 value. This is because the material

has more critical flaws with larger sizes, and these flaws are activated during the loading

process. The increase in the number of crack initiation sources naturally stimulates the

branching behaviour.

(a)

(b)

Figure 4.6: a) The engineering stress-strain response of the CeramTec 98%
alumina during the direct tension simulations with different Weibull modulus (m0 =
9, 10, 11, 12, and13). b) The full dots are the tensile strength and the hollow dots are

the elastic modulus obtained by simulation with five different Weibull modulus.
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(a) m0 = 9 (b) m0 = 10 (c) m0 = 11

(d) m0 = 12 (e) m0 = 13

Figure 4.7: The failure pattern of the simulation results with different Weibull
modulus (m0 = 9, 10, 11, 12, and 13). The U3 legend in the figure indicates the
displacement of the samples in the z-direction. The failure pattern is consistent with
Figure 4.4, a horizontal crack forms perpendicularly to the loading direction during the
loading process, ultimately leading to a catastrophic failure caused by the single main
crack. In certain instances, the main crack can divide into multiple branches, resulting

in fragments near the crack surfaces due to the crack’s branching behaviour.

4.5 Conclusion

We performed a three-dimensional HFDEM model to investigate the mode I tensile

opening failure of the alumina ceramic. In this model, the ceramic material was

divided into two parts: bulk material regions, represented by tetrahedral elements, and

pre-inserted cohesive elements that appear at the interfaces (facets) between tetrahedral

elements. The bulk material was linear, homogeneous, and isotropic elasticity, while the

behaviour of the micro-cracks was described using cohesive elements. A microscopic

stochastic fracture model is developed considering a random distribution of internal

flaws in the material. The microscopic stochastic fracture model, including a Weibull

strength distribution, is adapted to fit within the HFDEM model. Our model implicitly

considered the tensile failure processes related to the flaw system in the material and
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explicitly showed the macroscopic failure patterns. This model is mesh-independent

based on qualitative (e.g., failure patterns) and quantitative (e.g., stress-strain curves)

evaluations. The tensile strength obtained by our model is consistent with the indirect

tensile testing results from our previous study [208]. In the simulation, micro-cracks

nucleated randomly within the sample and grew, eventually merging, leading to the

catastrophic failure of the specimen. A single main crack perpendicular to the loading

direction is observed during the tensile loading process. Some fragments appear near the

crack surfaces due to the branching behaviour of the crack. Furthermore, the influences

of the flaw system distribution on the tensile strength and elastic modulus are explored.

The simulation results show that the material with more uniform flaw sizes and fewer

big flaws has stronger tensile strength and higher elastic modulus. Overall, applying this

new model provides theoretical guidance for future material design and optimization.
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5.1 Abstract

This study offers novel insights into the mode I tensile response of an alumina ceramic

through the use of computational modelling and the flattened Brazilian disk (FBD)
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experiments. A modified hybrid finite-discrete element method (HFDEM) is developed,

integrating a coupled damage and friction cohesive model and a microscopic stochastic

fracture model with a Weibull strength distribution by Monte Carlo simulation. The

model is used to simulate direct tensile failure processes under quasi-static loading

conditions, providing qualitative and quantitative predictions of direct tensile failure

processes of an alumina ceramic. Concurrently, quasi-static flattened Brazilian disk

tests (indirect tensile tests) are performed on a standard MTS machine coupled with

a high-speed camera. The modified HFDEM model is also applied to reproduce the

FBD experiments, and our simulated tensile strength is consistent with the experimental

results. The results of the modified HFDEM model show three kinds of phenomena

(i.e., “underestimation”, “reasonable estimation”, and “overestimation” of the indirect

tensile strength) and four different types of associated fracture and fragment patterns of

FBD testing. The integration of simulation and experimental results reveal relationships

between fracture patterns, fragment geometry, tensile strength, and indirect tensile

strength. The fracture and fragmentation patterns derived from our modified HFDEM

model can be utilized to analyze the “tensile strength” measured in BD testing. Overall,

this research offers important insights and direction for future Brazilian disk experiments

and tensile strength assessments, enhancing our comprehension of ceramic failure

mechanisms under tensile loadings.

5.2 Introduction

The emergence and development of advanced ceramics have significantly influenced the

effectiveness of impact protection in various applications such as aircraft [236], tanks

[197], and bulletproof body armors [11]. This is due to their exceptional properties such

as high wear resistance [4], high hardness [200], and low density [208]. In protection

systems, ceramic materials often serve as the front layer to blunt the projectile [131], but

they tend to crack and fail upon impact partly due to reflected tensile waves generated

from the back-free surface of the target [83]. Moreover, most ceramics are brittle and

exhibit low tensile strength simultaneously [237]. Therefore, for applications such as

ballistic protection [83, 197] and debris shielding in aerospace and space applications

[236, 238], it is necessary to conduct research on ceramic materials to optimize lightweight

structures, especially regarding the deformation and failure mechanisms that occur under

tensile loading.

Due to the difficulties in conducting traditional direct tensile tests on advanced ceramics,

alternative indirect methods have been developed to assess their tensile strength, such

as sleeve-fracturing tests [239], beam bending tests [240, 241], and Brazilian disk tests
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[149, 185, 242]. Among these methods, the Brazilian disk method is particularly

recommended for studying the tensile strength of brittle materials due to its ease of

implementation [135, 242]. The Brazilian disk testing approach is suitable for brittle

materials that have significantly higher compressive strengths than tensile strengths

[86, 243], and has been applied to, for example, alumina ceramics [61, 192, 208], silicon

carbide [244], and glass ceramics [60]. To reduce stress concentration near the loading

area, Wang et al. [136–139] modified the Brazilian disk test by adding two parallel

flat ends that are subjected to the experimental loading, which is called the flattened

Brazilian disk. The flattened Brazilian disk has been noted to achieve better contact

with loading devices compared to the technology using curved loading platens [164].

The flattened Brazilian disk test has been widely recognized in recent scholarly works

[60, 61, 147, 151, 208, 242] as a Brazilian disk method for determining the tensile strength

of brittle materials. Thus, our study uses flattened Brazilian disk testing to investigate

the mode I tensile response of an alumina ceramic. The Brazilian disk method induces a

bi-axial stress state (i.e., vertically compressive and horizontally tensile when the loading

direction is vertical) that causes the sample to fracture under tension at the disk’s center,

typically resulting in a clean breakage along the loaded diameter and resulting in splitting

the disk into two halves [245]. An important and basic assumption for determining the

indirect tensile strength by the Brazilian disk method is that the vertically compressive

stress (or intermediate principal stress) does not influence the disk fracture [155]. Despite

the widespread use of the Brazilian disk method for determining the tensile strength of

brittle materials, varying research findings have led to inconsistent conclusions regarding

the correlation between the tensile strength obtained through the Brazilian disk method

and direct uniaxial tensile tests [155]. For example, Coviello et al. [246] and Swab

et al. [185] have found that the Brazilian disk method might underestimate the tensile

strength of certain materials. Conversely, other studies have suggested that the Brazilian

disk method effectively determines the tensile strength of brittle materials, as noted

in the studies by Zhang et al. [60] and Khosravani et al. [149]. In other studies,

many researchers maintain that the Brazilian disk method tends to overestimate tensile

strength, as indicated in the investigations by Li et al. [155] and Zheng et al. [208].

Currently, limited studies focus on the root cause of these arguments of “underestimation”

and “overestimation” phenomena in BD testing [155]. In this study, we implement a

comprehensive computational model to compare the tensile strength obtained by the

Brazilian disk and direct tensile simulations and investigate the mechanisms behind

the “underestimation” and “overestimation” phenomena observed in the Brazilian disk

method.

Computational models are important for capturing the mechanisms that control the

performance of a given brittle material [247–249]. In the literature, several models



Chapter 5 94

have been developed to investigate the failure process of brittle materials, which include

continuum damage mechanics (CDM) [250, 251], the extended Finite Element Method

(XFEM) [65], virtual crack closure technique (VCCT) [216, 217], and the cohesive zone

method (CZM) [66, 252]. CDM uses damage parameters to explain failure but cannot

model crack-induced discontinuities [250, 251]. VCCT can simulate crack propagation

by imposing constraints on nodes at crack edges. However, it requires computationally

expensive re-meshing in order to capture the stress field around the crack tip [216, 217].

XFEM, on the other hand, avoids mesh refinement and reconstruction by modifying the

displacement approximation function with an enrichment term, but with the limitations

of capturing multiple interacted deformable bodies [65]. The CZM approach offers several

benefits over other discussed methods, including the capability to create new surfaces to

initiate cracks, enabling the modelling of crack branching and interaction, and eliminating

the singularity that exists in linear elastic fracture mechanics [68, 69]. Due to these

advantages, the CZM has been widely used to investigate the strength of advanced

ceramics [68, 69], fracture behaviour [71], and fragmentation processes [70]. Recently,

Munjiza et al. [31] developed the hybrid finite-discrete element method (HFDEM), a

pioneering numerical approach based on the CZM. The HFDEM method creates new

surfaces when cracks occur, and numerical contact algorithms are introduced to manage

these new faces. For such reasons, the HFDEM is particularly suitable for geomaterials

[55, 73, 74] and ceramic materials [33, 253]. For example, Mahabadi et al. [73] attributed

the failure mechanism of these brittle materials to the development of macro-cracks

generated from pre-existing internal flaws and defects, and these pre-existing internal

flaws and defects are represented by cohesive elements in HFDEM. Mahabadi et al. [55]

also found that the use of tetrahedral elements provides an advantage over hexahedron

elements by generating more potential fracture surfaces, leading to more reliable results.

Recently, Daphalapurkar et al. [222] and Zheng et al. [253] modified the HFDEM

by considering a random distribution of internal flaws for ceramic materials. In their

modified HFDEM, micro-cracks randomly nucleated within the ceramics, grew, and

interacted, resulting in catastrophic failure. Based on the modified HFDEM [222, 253]

and experimental flaw system results [202, 203, 214, 254], the current study will

integrate the HFDEM with a Weibull distribution of flaw systems in alumina ceramics to

investigate the fracture behaviour. In the fragmentation process of HFDEM, researchers

[68, 126] observed that fragments can still maintain contact with friction force persisting

under compression-and-shear loading, and they have assumed that the shear strength

of cohesive elements remains constant without degradation for ceramics. To overcome

the limitation of the assumption, our study also integrates the coupled damage and

friction cohesive model [255] with the modified HFDEM model. Thus, our study involves

the integration of the hybrid finite-discrete element method (HFDEM), a microscopic

stochastic fracture model based on a Weibull distribution, and the coupled damage and
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friction cohesive model to explore the mode I tensile behaviour of an alumina ceramic

(i.e., the direct tension and Brazilian disk tests).

This paper presents a combined experimental and computational method to investigate

the mode I tensile response of an alumina ceramic. In Section 5.3, a modified HFDEM

is developed by integrating the hybrid finite-discrete element method and the coupled

damage and friction cohesive model. To account for the random distribution of internal

flaws in the material, a microscopic stochastic fracture model, featuring a Weibull

strength distribution, is developed and integrated into the HFDEM model. In Section 5.4,

the proposed model is applied to simulate the direct tensile failure of an alumina ceramic

under quasi-static loading conditions. In Section 5.5, quasi-static indirect tensile tests

are performed using flattened Brazilian disks, and the failure process was monitored

using a high-speed camera. In addition, the HFDEM simulation is applied to a Brazilian

disk test setup, and our tensile strength predictions agreed with experimental findings.

The validated Brazilian disk HFDEM model is then utilized to explore the mechanisms

governing the “underestimation” and “overestimation” phenomena and compare them

with direct tensile simulations. These simulated and experimental results reveal the

relationship between fracture patterns, fragment geometry, tensile strength, and indirect

tensile strength. Overall, the findings from this study provide valuable insights and

guidance for future Brazilian Disk experiments and tensile strength evaluations, thereby

deepening our understanding of ceramic material behaviors and failure mechanisms under

tensile stress.

5.3 Computational approach

This section presents the development of a modified hybrid finite-discrete element method

(HFDEM). In Section 5.3.1, the constitutive response of alumina is represented by a

three-dimensional (3D) coupled damage and friction law of the cohesive zone method

based on the works of literature [74, 252, 255, 256]. In Section 5.3.2, a microscopic

stochastic fracture model [222, 253, 257] is incorporated to consider the random

distribution of internal flaws in the material observed in experiments [202, 203, 214].

This model incorporates a Weibull strength distribution, designed to represent flaws in

the material [222, 253], and is tailored to integrate with the modified HFDEM model.

5.3.1 The coupled damage and friction cohesive model

An extensive account of the theory of HFDEM and its finite element implementation

can be found in [33, 73, 74, 220]. In this section, we summarize the main features of the



Chapter 5 96

cohesive law used in the current study. In their work, Alfano and Sacco [255] proposed a

cohesive zone method that combined interface damage and friction. They partitioned a

unit representative elementary area (REA) of the interface into two parts: the damaged

part, D, and the undamaged part, (1-D), and their model only accounted for friction in

the damaged part when the material was under compressive loading. Building on the

two-dimensional model proposed by Alfano and Sacco [255], we extend the model in this

study for a three-dimensional system:

σ = (1−D)Kδ +Dσd (5.1)

with

σ =


σ1

τ1

τ2

, K =


K1 0 0

0 K2 0

0 0 K3

, δ =


δ1

δ2

δ3

, σd =


σd
1

τd1

τd2


where σ represents the interface stress, σ1 is the normal stress, and τ1 and τ2 are the

shear stresses in the other two directions. D is a scalar damage parameter of the REA,

where D = 0 is the intact state and D = 1 represents a fully damaged state. K is the

penalty stiffness of the interface, where subscript 1 represents the normal direction, and

subscripts 2 and 3 represent the two shear directions. δ represents relative displacements,

and σd is the stress in the damaged part, which follows the Coulomb friction law [256]

defined by:

σd
1=

(
|K1δ1| −K1δ1

)
2

, τd=

 τd1

τd2

 =

 K2

(
δ2 − δdi2

)
K3

(
δ3 − δdi3

)
 (5.2)

with

·
δdin =

·
λ

τdn
|τd| (n=1, 2)

accompanying with the extra Kuhn-Tucker conditions [255]:

µσd
1 +

∣∣∣τd∣∣∣ ≤ 0,
·
λ ≥ 0,

·
λ
(
µσd

1 +
∣∣∣τd∣∣∣)= 0 (5.3)

where µ is the coefficient of friction and λ is an internal variable.

A linear irreversible cohesive law is widely used for the decaying response of brittle

materials, such as rocks [55, 76] and ceramics [69, 220–222]. For a damage value in the
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range of 0 to 1, the damage evolution can be expressed as:

D=max{0,min{1−
(
δc − δe
δc − δ0m

)
, 1}} (5.4)

where δe is the effective relative displacement, δe=
√
δ21+δ22+δ23 , and δc represents the

critical displacement when interface failure occurs. δ0m is the relative displacement when

the damage initiates under mixed mode loading, which is obtained by:

δ0m =

√√√√(δ01)2 (1 + β2
)
δ02δ

0
3

δ02δ
0
3 + β2

(
δ01
)2 and β=

√
δ22+δ23
δ1

(5.5)

Until here, the only unknown parameter in Equation (5.4) is the critical displacement,

δc. In the cohesive zone method, mode II and mode III fracture is often regarded as the

same due to a lack of mode III mechanical property information [223]. Thus, the mixed

mode energy-based failure function [224] can be expressed as:(
G1

Gc
1

)γ

+

(
Gshear

Gc
shear

)γ

= 1 (5.6)

where Gc
shear is the critical shearing energy release rate with Gc

shear = Gc
2 = Gc

3, and Gc
1,

Gc
2 and Gc

3 terms are the fracture energies under pure mode loading. The Gshear is the

energy dissipation rate by shearing, which is the sum of the energy release by the mixed

mode II and III crack, Gshear=G2 +G3, and G2 and G3 are given in Equation (5.7). A

quadratic failure criteria with γ = 2 is frequently chosen according to the mixed mode

experimental results [224, 225] and so it is used here. For the cohesive interface, the

energy dissipation rates are:

Gi =

∫
σidδi (i = 1, 2, 3) (5.7)

5.3.2 The microscopic stochastic fracture model

Ceramics usually contain pre-existing flaws such as micro-cracks, pores, and impurities

that act as stress concentration sites during the loading process [5, 11, 34, 258]. These

flaws may serve as the origin of a crack [201, 202]. To characterize the statistical influence

of flaws in alumina ceramics, the Weibull strength distribution is widely used [202, 203,

214], and defined as

P (σ, V ) = 1− exp

[
− V

V0

(
σ

σ0

)m
]

(5.8)



Chapter 5 98

where P (σ, V ) is the cumulative failure probability of a alumina ceramic, V is the volume

of the investigated component, V0 is the characteristic volume, σ is the applied stress, m

is the Weibull modulus, and σ0 is the Weibull characteristic strength.

The use of cohesive elements in HDFEM enables the representation of pre-existing

intrinsic defects in ceramics [55]. As a result, the stochastic properties of alumina

ceramics can be demonstrated by applying Weibull’s statistical strength theory [203]

to these cohesive elements. In recent studies by Daphalapurkar et al. [222] and Zheng

et al. [253], a modified microscopic facet-strength probability distribution, based on

Equation (5.8), has been applied to cohesive elements as:

f(σ) =
m0

σ0

(
A

A0

)m0
ma
(

σ

σ0

)m0−1

exp

( A

A0

)m0
ma

·
(

σ

σ0

)m0

 (5.9)

where A is the facet area of the cohesive element, A0 is the characteristic area, m0 is the

Weibull modulus of strength distribution, and ma is the Weibull modulus for the effective

area modification. The current study utilizes the microscopic stochastic fracture model

to represent material flaws through the pre-inserted cohesive elements in HFDEM. The

mechanical properties of cohesive elements affected by flaws are generated using Monte

Carlo simulations by Equation (5.9).

5.4 The hybrid finite-discrete element model (HFDEM)

This section applies the HFDEM to a commercially available alumina ceramic ALOTEC

98 SB from CeramTec, Germany, referred to as CeramTec 98% alumina throughout this

study. First, we use the modified HFDEM considering the coupled damage and friction

law and the microscopic stochastic fracture model to show the constitutive behavior of

the CeramTec 98% alumina by using a user-material (VUMAT) Fortran user-subroutine

in ABAQUS/Explicit software in Section 5.4.1. Next, the modified HFDEM is applied

to simulate the direct tension behavior of the CeramTec 98% alumina in quasi-static

loading conditions in Section 5.4.2. In the direct tension simulation, the influence of

mesh size and loading rate on the modified HFDEM is investigated.

5.4.1 Material properties and HFDEM

The mechanical properties of CeramTec 98% alumina have been previously evaluated by

the manufacturer and other studies [11, 61, 208]. Table 5.1 shows the ceramic material has

98% alumina content by mass, less than 2% porosity, a hardness of 13.5 GPa, a density of
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3.8 g/cm3, Young’s modulus of 335 GPa, Poisson’s ratio of 0.23, and friction coefficient of

0.4. The microscopic stochastic fracture model used in this study incorporates a Weibull

modulus of strength distribution of m0 = 11, a Weibull modulus for the effective area

modification of ma = −11, a Weibull characteristic tensile strength of σ0 =440 MPa,

and a characteristic area of A0 = 0.013 mm2 as evaluated by the studies [11, 61, 202,

203, 208, 214, 253].

Table 5.1: The properties of CeramTec 98% alumina for the
HFDEM model

The mechanical properties of the CeramTec 98% alumina

Porosity < 2% [11, 61]

Hardness 13.5 (GPa) [11, 61]

Density 3.8 (g/cm3) [11, 61]

Young’s modulus 335 (GPa) [11, 61]

Poisson’s ratio 0.23 [11, 61]

Friction coefficient 0.4 [11, 61]

The properties for the microscopic stochastic fracture model

Weibull modulus of the strength distribution 11 [214, 253]

Weibull modulus for the effective area modification -11 [214, 253]

Weibull characteristic tensile strength 440 (MPa) [214, 253]

Characteristic area 0.013 (mm2) [214, 253]

Mode I fracture energy 0.04 (N/mm) [214, 253]

The hybrid finite-discrete element method (HFDEM) is an advanced numerical technique

that integrates continuum mechanics approaches with discrete element method (DEM)

algorithms to address complex fracture and fragmentation issues involving multiple

interacting deformable bodies [33]. In this method, specimens are treated as elastic bulk

elements connected by cohesive elements. These cohesive elements embody the inherent

flaws in the specimens, which may turn into potential cracks during loading, and are also

known as “crack elements” within the HFDEM framework [55]. Figure 5.1a and b show

the mechanical response of the cohesive element of the CeramTec 98% alumina obtained

by Equation (5.1) and Table 5.1. In accordance with Tabiei and Zhang [259] and Wang

et al. [260], the penalty stiffness values for Equation (5.1) are selected as K1 = 4.6× 107

N/mm3.

The cohesive stress transferred by the material is a function of the relative displacements

across the crack elements. When D equals to 1, the crack element is entirely broken,

resulting in the removal of the cohesive element from the model and the creation of new
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crack surfaces. Subsequently, elastic elements separate from the specimen, producing

fragments. Figure 5.1a shows the tensile response of the cohesive elements following

the bilinear cohesive law. This law is popularly used to simulate the fracture of brittle

materials [33, 73, 74, 253, 260].

Next, many studies [68, 126] have assumed that the shear strength of cohesive elements

remains constant as the relative shear displacement increases in the BD simulation.

In our current study, we emphasized the coupled damage and friction cohesive model

under compression and shear loading conditions to explain this assumption. We propose

that friction can contribute to sufficient residual strength in shear. For example, the

shear strength mentioned in Figure 5.1b is more than three times the tensile strength.

Equation (5.1) illustrates that when the material is subjected to compression-shear

loading, the friction effect becomes active in the damaged part of the cohesive element.

Figure 5.1b describes the shear response under constant compressive loading, showing an

initial linear increase in shear stress followed by a nonlinear response when the friction

effect becomes significant. It is observed that the peak shear stress increases with higher

compressive loading, and this phenomenon is also observed in confined compression

experiments in the literature [13, 15]. When the damage value (D in Equation (5.1))

reaches 1, the materials fail, but the fragments can still maintain contact with frictional

force persisting between elastic elements as Figure 5.1b shows.

In this study, we have incorporated a physical and statistical model known as the

“microscopic stochastic fracture model” (Equation (5.9)) into the HFDEM model.

This model has been applied to advanced ceramics when representing flaws in the

material [202, 203, 214, 221, 222, 253]. Figure 5.1c is a Monte Carlo simulation

of Equation (5.9), illustrating Weibull’s statistical strength distribution of cohesive

elements, with parameters m0 = 11.0, ma = −11.0, σ0 = 440.0 MPa, A = 0.01268

mm2 and A0 = 0.013 mm2. These parameters are chosen based on the literature

[202, 203, 214, 221, 222, 253]. Figure 5.1d shows the cumulative probability distribution

of the tensile strength of cohesive elements. Figure 5.1d demonstrates that approximately

7.9% of the cohesive elements have low strength (below 350 MPa), indicating the presence

of significant flaws in the material. The remaining cohesive elements (approximately

92.1%) exhibit higher strength values (ranging from 350 to 530 MPa), indicating the

portion of the representative volume with smaller or fewer flaws. A comprehensive

explanation of the physical significance of this microscopic stochastic fracture model

can be found in the studies by Daphalapurkar et al. [222] and Zheng et al. [253], which

is omitted here. The modified HFDEM model is numerically solved in the current study

using a user-material (VUMAT) Fortran user-subroutine in ABAQUS/Explicit software.
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Figure 5.1: a) The blue line is the mode I constitutive behaviour of the cohesive
element under tensile loading derived from Equation (5.1) and Table 5.1, and the inset
figure shows the loading state of the cohesive element. b) The curves are the mode II
constitutive behaviour of the cohesive element under compression-shear loading derived
from Equation (5.1) and Table 5.1, and the inset figure shows the loading state of the
cohesive element. c) The purple line depicts a Weibull’s statistical strength distribution
by Equation (5.9). The blue bar is the statistical data related to the facet strength of
the cohesive elements generated by the Monte Carlo simulations. d) The cumulative

probability distribution obtained from the Monte Carlo simulations shown in (c).

5.4.2 The direct tension HFDEM model

The hybrid finite-discrete element method combines continuum mechanics methods and

discrete element algorithms to solve complex fracture and fragmentation problems that

involve multiple interacting deformable bodies [33]. The elastic elements could be

separated from the specimen during the loading process which generates fragments.

The element size dictates the minimum fragment size in the post-fracture process of

the HFDEM model. Hogan et al. [13, 15] shows the fragment sizes of advanced ceramic

were between 0.01 and 1 mm, and most of (over 70%) the fragments were larger than

0.1 mm in the experimental observation. So, we pick four kinds of mesh sizes (0.075,
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0.1, 0.15, and 0.25 mm) to verify the mesh sensitivity for the direct tension model. The

direct tension HFDEM model used in the current study is a ceramic rectangular block

with dimensions Lx = 1.5 mm, Ly = 0.5 mm, and Lz = 2.5 mm. This model has

also been used to study the tensile response of advanced ceramics by Zhou and Molinari

[221] and Zheng et al. [253]. For each mesh size with fixed input material parameters,

three numerical simulations were carried out with the Monte Carlo method to show

the variety of the specimen strength due to the stochastic flaws (e.g. impurities, pores

and micro-cracks) in the material [5, 11, 202, 203, 214]. The facet area of the cohesive

element in Equation (5.9), denoted by A, is provided in Table 5.2 for different mesh

sizes. For mesh sizes of 0.075 mm, the area is 0.00336 mm2; for mesh sizes of 0.1 mm,

the area is 0.00611 mm2; for mesh sizes of 0.15 mm, the area is 0.01268 mm2; and for

mesh sizes of 0.25 mm, the area is 0.038 mm2. In the simulation, direct tensile loading

is applied in the z-direction by imposing a velocity boundary condition. For the mesh

size sensitivity analysis, the velocity boundary is set to be 2.5 mm/s. Furthermore, four

kinds of different velocity boundary conditions are chosen as v0 = 0.05, 0.25, 2.5 and 25

mm/s to show that the tensile strength is a constant value under quasi-static loading

conditions. To save calculation time, the simulation with different velocity boundary

conditions employed 0.15 mm tetrahedral elements and a maximum time step of 5×10-7

ms. This time step size was used to maintain numerical stability [218].

Table 5.2: Input parameters for the four different mesh sizes

Validation models Average mesh size (mm) Average facet area (mm2)
Case 1 0.075 0.00336
Case 2 0.1 0.00611
Case 3 0.15 0.01268
Case 4 0.25 0.038

Figure 5.2a is the summary of the tensile strength of the CeramTec 98% alumina in

quasi-static loading conditions. The points in the Figure 5.2a is the simulated direct

tensile strength with four kinds of mesh sizes (0.075, 0.1, 0.15, and 0.25 mm), and the

variety of the tensile strength in each mesh size is because of the stochastic flaws generated

by Monte Carlo simulations of Equation (5.9). The purple shaded area is the indirect

tensile strength obtained by the quasi-static flattened Brazilian disk (FBD) testing, which

will be discussed in Section 5.5.1. It is observed that the simulated tensile strength using

different mesh sizes is consistent with the experimental results, and the difference in

simulated tensile strength is within 6%. Figure 5.2b compares tensile strength under

four kinds of velocity boundary conditions (25, 2.5, 0.25 and 0.05mm/s) with the mesh

size of 0.15 mm, and the results show that a strain rate up to at least 10 s−1 does not

influence tensile strength in quasi-static loading conditions. Next, the crack patterns for

four different mesh sizes are presented in Figure 5.2c to Figure 5.2f. These figures reveal
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consistent behavior across all direct tensile simulations, with a main crack propagating

horizontally and perpendicular to the principal tensile stress. Additionally, fragments are

observed to generate around the horizontal cracks. This crack pattern aligns with the

mode I failure process observed in experiments and simulations involving brittle materials

[228–230]. Generally, the fracture process involves the generation of crack surfaces, the

release of fragments, and the splitting of the main crack into multiple branches [229].

According to Figure 5.2c to Figure 5.2f, the branching phenomenon is more pronounced

in cases with smaller mesh sizes. This is attributed to the increased number of critical

cohesive elements that are activated during the loading process in simulated samples with

smaller mesh sizes. Consequently, a greater number of crack initiation sources naturally

promotes more severe branching behavior [228–230]. Overall, this demonstrates that our

HFDEM model can qualitatively (e.g., crack patterns) and quantitatively (e.g., tensile

strength) predict the mode I failure process of the alumina ceramic.

Figure 5.2: a) The purple-shaded area represents the indirect tensile strength of the
CeramTec 98% alumina obtained by the FBD experiments in Section 5.5.1. The plotted
points correspond to simulation results obtained using four distinct mesh sizes. b) The
bar graph represents the tensile strength simulated by three distinct samples under
four different tensile loading rates in quasi-static loading conditions. c)-f) The results
show the vertical displacement field and the crack patterns across four distinct mesh
sizes. Notably, a horizontal crack perpendicular to the loading direction is generated.
In certain instances, this primary crack might bifurcate into several branches. The

black arrows in c) show the tensile loading direction.
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5.5 Experiments and numerical simulation of indirect

tensile testing

In this section, we use experimental and HFDEM methods to study the indirect tensile

behaviour of the CeramTec 98% alumina by FBD testing. The FBD tests are also

called indirect tensile tests in this paper. First, the experimental method, process,

and results are introduced in Section 5.5.1. Next, the modified HFDEM is applied

to the indirect tensile tests in Section 5.5.2. By comparing the simulated indirect tensile

results with the direct tensile results, the “underestimation”, “reasonable estimation”,

and “overestimation” phenomena of the indirect tensile strength are interpreted in the

HFDEM simulation. These simulation results are consistent with the experimental

observation in our study and literature [155, 185, 208]. Then, the fracture patterns and

fragment geometry of the indirect tensile tests are investigated to reveal their relationship

with tensile strength and indirect tensile strength in Section 5.5.3.

5.5.1 Experimental method and results of FBD testing

In the current study, the flattened Brazilian disk (FBD) tests involving CeramTec 98%

alumina are performed using a MTS 810 materials testing machine, as Figure 5.3a shows.

The FBD specimen has a diameter of 8 mm and thickness of 4 mm with two parallel

flat ends corresponding to the loading angle 2ω0 = 20°, shown in Figure 5.3b and c.

The thickness-to-diameter ratio is 0.5, which is recommended in the literature [170].

The specimens are compressed under displacement control at a loading speed in the

range of ∼ 10−4 to ∼ 10−2 mm/s. The force history is recorded by a 100 kN load cell

with a background noise of approximately ± 1 N. An AOS PROMON U750 high-speed

(HS) camera is used to visualize the specimen surface and monitor the macroscopic

deformation at a full resolution of 1280 by 1024 pixels. The acquisition rate of the

camera is set between 5 and 500 frames per second (FPS), and its value is related to

the loading speed. In FBD tests, shear failure might occur near the loading zone due

to friction between loading platens and specimen [155, 164]. To reduce the frictional

effects and prevent premature edge failure (shear failure), high-pressure grease is applied

between the surfaces of the loading platens and the flat ends of the specimen, as done in

many previous experimental papers [61, 112–114, 164, 208].

For the quasi-static experiments, we perform six tests, and the variability of experimental

results (i.e., loading rate, strain rate, tensile strength) is summarized in Table 5.3. In

Table 5.3, the strain rate is calculated from the slope of the tensile strain-time history

at the disk’s center; the loading rate is obtained from the slope of the loading curve;
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Figure 5.3: a) The flattened Brazilian disk (FBD) tests are performed using a MTS
810 material testing machine coupled with a high-intensity light and a high-speed (HS)
camera. b) The schematic diagram of the FBD sample. The diameter D is 8 mm,
thickness t is 4 mm, the loading angle 2ω0 is 20°, and F is the applied loading during
the test. c) The specimen is sprayed with speckle patterns to facilitate digital image

correlation measurements.

the material tensile stress is determined by the tensile stress when the central crack first

occurs. The tensile strength, σt, was proposed by Wang et al. [138]:

σt = k
2F

πDt
(5.10)

where σt is the tensile strength of the material, and F is the applied loading force. D and t

are the diameter and thickness of the sample, and k is a non-dimensional factor depending

on the loading angle whose value is 0.9644 when 2ω0 = 20° [138, 208]. It is observed that

the material tensile strength is a nearly constant value under the quasi-static loading

conditions in the range of 300.6 ± 29.2 MPa, which is consistent with the results from

literature [61, 192, 208].
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Table 5.3: The experimental results of the FBD tests

Strain rate (s−1)
Loading rate

(N/s)

Material tensile strength

(MPa)

7×10−6 69.9 292.1

7.8×10−5 755 324.9

7.8×10−5 754 277.5

7.5×10−5 738 271.4

6.9×10−4 6780 321.7

6.9×10−4 6770 329.8

5.5.2 The numerical simulation of FBD testing

The HFDEM model is employed for FBD testing, also referred to as the indirect tension

simulation in this paper. To optimize computational time, we select a slice measuring

0.3 mm, approximately 1/13th of the thickness of the actual experimental specimen, as

Rena et al. used in their study [68]. The remaining geometric parameters, including

diameter and loading angle, match those of the specimen presented in Figure 5.3. Our

model comprises of roughly 35,000 tetrahedral elements and 66,000 cohesive elements,

with a selected mesh size of 0.15 mm. We impose plane strain boundary conditions on

this model, which is also utilized in the indirect tension studies by Rena et al. [68] and

Li and Wong [155]. Within our simulation, loading is applied at a constant velocity of

10 mm/s, in accordance with Figure 5.3b. The maximum time step is set at 3.6×10-10

s, following the methodology of Camacho and Ortiz [218]. The simulation incorporates

the mechanical properties of CeramTec 98% alumina, as summarized in Table 5.1 and

Figure 5.1. The shear strength is estimated to be approximately three times the tensile

strength according to Markides et al. [163], leading us to select six cases with τ =

2.5, 3, 3.5, 4.0, 5.0 and 8.0 σ. For each case, we conduct three numerical simulations

using a Monte Carlo approach to illustrate the specimen’s variability. In our study, each

simulation takes roughly 120 hours to complete; utilizing computing hardware equipped

with an Intel Xeon CPU E5-2650 v4 @2.2 GHz with 24 cores and 48 threads.
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Figure 5.4: The area shaded in pink signifies the indirect tensile strength of CeramTec
98% alumina, as documented in Table 5.3. The area shaded in red corresponds to the
simulated direct tensile strength derived using a 0.15 mm mesh size, as detailed in
Figure 5.2. The points plotted on the graph represent the tensile strength from the
HFDEM simulations of FBD testing (also known as indirect tension simulation) using

a 0.15 mm mesh size, which are carried out with six different shear strengths.

Figure 5.4 presents a comparison of tensile strength values obtained from indirect tensile

simulations, FBD experiments, and direct tensile simulations. The data demonstrates

that the tensile strength derived from FBD experiments exhibits more variability than

that from direct tensile simulations. In terms of the indirect simulations, case 1 with

τ = 2.5 σ and case 2 with τ = 3 σ result in an underestimation of tensile strength when

compared with direct tensile simulations. On the other hand, case 3 with τ = 3.5 σ and

case 4 with τ = 4.0 σ yield reasonably accurate estimations. Interestingly, case 5 with

τ = 5.0 σ and case 6 with τ = 8.0 σ overestimate the tensile strength in comparison to

the direct tensile simulations. These distinct phenomena (underestimation, reasonable

estimation, and overestimation) suggest that the indirectly obtained tensile strength

via FBD testing is significantly influenced by the failure strength of the disk structure,

which has been reported in previous studies [155, 185, 208]. This indicates that the

aforementioned phenomena correlate with the fracture patterns and fragments observed
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in the FBD testing. The specific nature of this relationship is further elucidated in the

following section.

5.5.3 The fracture patterns and fragmentation

The Brazilian disk test assumes that the material’s tensile strength can be evaluated by

initiating a fracture along the diametrical plane when subjected to a compressive load

applied along the diameter. This is because most brittle materials fail at their uniaxial

tensile strength in the biaxial stress fields of BD testing [261]. The verification of the

BD test is usually based on the fracture initiation process captured by a high-speed

camera. For example, Swab et al. [185] and Gui et al. [262] used visual examination

and photogrammetric analysis methods to capture the fracture patterns, as shown in

Figure 5.5. They found that besides the fracture along the diametrical plane, some

cracks were also generated at the loading interface. Swab et al. [185] observed that

fracture initiation occurred at the loading points, deviating from the expected process

in a valid Brazilian disk test where fracture typically initiates in the middle portion of

the diameter. In these invalid tests [185], the loading point cracks led to a triple cleft

fracture, and the measured tensile strength was lower than the true tensile strength,

which is termed the “underestimation” phenomenon in this paper. However, in the

case of advanced ceramics possessing high stiffness and strength, the initiation and

propagation of cracks occur within microseconds [182]. This is significantly shorter than

the loading time (e.g., seconds) in quasi-static tests [208]. Given that the camera used

in the quasi-static tests is very hard to capture the fracture process because of the very

fast failure process, we employ a combination of experimental methods and numerical

simulations to investigate the relationship between the fracture patterns, fragment, and

the phenomena of “underestimation”, “reasonable estimation”, and “overestimation”.
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Figure 5.5: Fracture patterns observed in the BD tests of a) a coarse-grained,
hot-pressed magnesium aluminate spinel by Swab et al. [185] and b) a rock material
by Gui et al. [262]. The black arrows in (a) show some cracks initiated from the load

application points.

The findings from our indirect tensile simulation reveal four distinct types of fracture

and fragmentation patterns, which are illustrated in Figures 5.6 to 5.9. Specifically, in

the indirect tensile simulation of case 1 where τ = 2.5 σ, Figure 5.6a demonstrates the

formation of two cracks at the loading points. However, these cracks do not extend along

the central diametral plane but tend to curve slightly out of this plane in the mid-region.

As depicted in Figure 5.6b, the sample divides into three primary fragments. These

fracture patterns and fragmentation fail to meet the criteria that necessitate the disk

to fail at its tensile strength in the biaxial stress fields located at the central diametral

plane during FBD testing [261]. Consequently, case 1 represents an unsuccessful FBD

test, resulting in a significantly underestimated indirect tensile strength.

Figure 5.6: Fracture patterns and fragmentation observed in the indirect simulation
of case 1 with τ = 2.5 σ. a) two cracks are generated at the loading points. b) the

sample breaks into three primary fragments in the simulation.
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Figure 5.7a and b illustrate the fracture pattern and fragments from the indirect tensile

simulation in case 2, where τ = 3 σ. As observed in Figure 5.7a, two types of cracks

emerge simultaneously: a central crack traversing along the central diametral plane and

four curved loading point cracks. Notably, the loading point cracks exhibit a slight

curvature rather than forming straight lines. These cracks are preliminary indications of

the triple cleft fracture pattern frequently observed in BD testing [185, 262], as shown in

Figure 5.5. Figure 5.7b depicts that more fragments are generated compared with case 1.

A notable bulge is seen in the middle of the fracture surface for the two side fragments,

caused by the curved loading point cracks. The shape of these simulated fragments

aligns with the fragments from our FBD experiments, as shown in Figure 5.7c. This

triple cleft fracture pattern and associated fragments are the most commonly observed

in our FBD experiments. However, their measured indirect tensile strength is still slightly

underestimated (see Figure 5.4).

Figure 5.7: Fracture pattern and fragments observed in the indirect simulation of
case 2 with τ = 3 σ. a) Two kinds of cracks emerge simultaneously: the central crack
along the central diametral plane and the loading point cracks. b) Fragments generated
in the indirect simulation of case 2 with τ = 3 σ. c) Fragments generated in the FBD

testing.

For the indirect tensile simulations in case 3 with τ = 3.5 σ, and case 4 with τ = 4.0

σ, both of them can reasonably estimate the tensile strength. Additionally, they exhibit

identical fracture patterns and fragments, as shown in Figure 5.8. These fracture patterns

and fragments bear a resemblance to those in Figure 5.7. The only discernible difference

lies in the loading point cracks, which are straighter than those in Figure 5.7, resulting

in straight cracks for the two side fragments with a more flat fracture surface.
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Figure 5.8: Fracture pattern and fragments observed in the indirect simulations of
case 3 with τ = 3.5 σ and case 4 with τ = 4.0 σ. a) Two kinds of cracks emerge
simultaneously: the central crack along the central diametral plane and the straight

loading point cracks. b) Fragments generated in the indirect simulation.

The fracture and fragment patterns derived from our indirect simulations for case 5 with

τ = 5.0 σ and case 6 with τ = 8.0 σ are shown in Figure 5.9. In both simulations

(Figure 5.9a) and the experiment (Figure 5.9d), it is observed that the central crack

running along the central diametral plane appears first. Subsequently, the loading point

cracks and secondary cracks emerge, as shown in Figure 5.9b and e. It is noteworthy

that these loading point cracks are straight as opposed to curved. Figure 5.9c and

f display the fragments obtained through simulation and experiments, respectively,

which agrees well with each other. Observations reveal that these fragments consist

of four quarter-circles and some long strip-shaped fragments. This occurs because the

failure load is considerably higher, which results in more fragments, and subsequently

overestimates the tensile strength.
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Figure 5.9: Fracture pattern and fragments observed in the indirect simulation
of case 5 with τ = 5.0 σ and case 6 with τ = 8.0 σ. a) and d) are the central
crack running along the central diametral plane that appears in the indirect simulation
and FBD experiment respectively, and the yellow arrows in d) highlight the central
cracks observed in the experiment. b) and e) are three kinds of cracks, including the
central crack, the secondary crack and the loading point crack, observed in the indirect
simulation and FBD experiment respectively. c) and f) are fragments generated in the

indirect simulation and FBD experiment respectively.

By comparing Figures 5.6 to 5.9, we found the three kinds of phenomena

(“underestimation”, “reasonable estimation”, and “overestimation” of the tensile strength)

are related to the competition between the central crack and loading point cracks. The

Brazilian disk specimen is expected to split along the compressive diametral line, where a

central crack forms due to tensile stress. However, in many brittle materials, particularly

the alumina ceramics investigated in this study, the compressive stress concentration

near the loading platen may induce early shear failure fractures, resulting in cracks at the

loading points [155]. These loading point cracks have a significant influence on the results

of Brazilian disk tests. According to our simulated results (Figures 5.6 and 5.7), brittle

materials with weak shear strength tend to develop curved cracks at the loading points. In

these scenarios, the “tensile strength” calculated from test results is typically lower than

the actual value. When materials possess strong shear strength, the loading point cracks

are straight (Figures 5.8 and 5.9), leading to a “reasonable estimation” or “overestimation”

of the tensile strength. Furthermore, additional secondary and horizontal cracks are

noted in cases of “overestimation” of tensile strength, corresponding to the structural

failure of the Brazilian Disk (BD) samples, as shown in Figure 5.9.

The fracture process in advanced ceramics typically occurs rapidly, making it difficult to

capture crack patterns. Therefore, the current study suggests using the geometry of the

fragments as a means to analyze the measured “tensile strength”. Specifically, our study
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finds four different kinds of fragments obtained using the modified HFDEM model. 1)

When the BD sample breaks into three primary fragments due to curved loading point

cracks without a central crack, resulting in the side fragments resembling crescent moons,

it signifies invalid testing and a significantly underestimated tensile strength. 2) If the BD

sample splits into two primary fragments and some long strip-shaped fragments because

of curved loading point cracks and a central crack, which creates a noticeable bulge

in the middle of the two fragments, this indicates an underestimated tensile strength.

3) If the BD sample breaks into two primary fragments and several long strip-shaped

fragments due to straight loading point cracks and a central crack, leaving the two

main fragments with flat fracture surfaces, it suggests a reasonable estimated tensile

strength. 4) When the BD sample breaks into four quarter-circle fragments and multiple

long strip-shaped fragments, resulting from straight loading point cracks, a central crack,

secondary cracks, and horizontal cracks, it indicates an overestimation of tensile strength.

Thus, these results provide a solid foundation for guiding future Brazilian disk experiment

interpretation and tensile strength assessments in brittle materials.

5.6 Conclusion

This paper presents the development and implementation of a modified hybrid

finite-discrete element method to investigate the mode I tensile response of alumina

ceramics, including direct and indirect tensile simulation. Additionally, the flattened

Brazilian disk experiments under the quasi-static loading condition are carried out to

support the computational modelling.

The computational method developed in the current study integrates a hybrid

finite-discrete element method with a coupled damage and friction cohesive

model, which provides a sufficient residual shear strength for the materials under

compression-and-shear loading due to friction. To quantify the statistical variability of

the micro-flaws in the alumina ceramics, a microscopic stochastic fracture model based

on a Weibull distribution and Monte Carlo simulation is integrated into the modified

HFDEM method. This modified HFDEM is subsequently applied to simulate direct

tensile failure processes of the CeramTec 98% alumina under quasi-static loading. The

simulation results show that the modified HFDEM can qualitatively (e.g., crack patterns)

and quantitatively (e.g., tensile strength) reproduce the direct tensile failure process of

an alumina ceramic.

The modified HFDEM is applied to reproduce the flattened Brazilian disk experiments.

By comparing the simulated indirect tensile strength with direct tensile strength, the

model for the Brazilian disk shows three kinds of phenomena: “underestimation”,
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“reasonable estimation”, and “overestimation” of the tensile strength, as Figure 5.4 shows.

The HFDEM model is then utilized to investigate the mechanisms behind these three

kinds of phenomena. The simulated results show the mechanism is related to the

competition between loading point cracks and the central crack, as Figures 5.6 to 5.9

shows.

The validation of the modified HFDEM is performed with FBD experiments. The

consistent findings from our simulations and experiments elucidate the relationship

between fracture patterns, fragment geometry, and indirect tensile strength. We observe

that: 1) When the curved loading point cracks appear without a central crack, it leads

to a notably underestimated indirect tensile strength, as Figure 5.6 shows. 2) The triple

cleft fracture pattern (characterized by the central crack and bulges in the middle of the

fracture surface for the two side fragments) corresponds to an underestimated indirect

tensile strength, as Figure 5.7 shows. 3) Having a straight central crack and a clean

fracture surface for the two side fragments results in a reasonable estimation of the

indirect tensile strength, as Figure 5.8 shows. 4) The presence of a central crack, the

secondary cracks, and four quarter-circle fragments lead to an overestimation of the

indirect tensile strength, as Figure 5.9 shows. From these results, the fracture and

fragmentation patterns obtained by our modified HFDEM mode can be used to analyze

the measured “tensile strength” by BD testing.
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6.1 Abstract

This paper developed a modified hybrid finite-discrete element model (HFDEM) for

alumina ceramics, and the model is validated with quasi-static uniaxial compression
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experiments coupled with a digital image correlation technique. This model proposed the

linear- and power-law cohesive constitutive behaviour to describe the crack nucleation

and propagation processes, respectively. Additionally, our model considered the flaw

distribution of the material by coupling a microscopic stochastic fracture model. This

HFDEM accounted for various phenomena and mechanisms that manifest during

compressive failure of advanced ceramics: fracture growth follows the wing-crack-type

failure mode, catastrophic failure and fragmentation behavior. The proposed model was

validated by comparing the simulated quasi-static compressive stress-strain responses

to the experimental results, demonstrating that the method can accurately predict the

mechanical response of the alumina ceramic under uniaxial compressive loading. Once

validated, the effects of other mechanical properties (e.g., Poisson’s ratio, elastic modulus,

shear strength, and tensile strength) on the compressive stress-strain responses were

explored. Notably, the elastic modulus and Poisson’s ratio were found to have a negligible

impact on the peak compressive strength during uniaxial compression. Additionally, the

impact of increasing tensile strength on compressive strength becomes less significant.

Conversely, shear strength significantly affects both the peak compressive strength

and the failure strain. Overall, this study provides a qualitative (e.g., fracture and

fragmentation behaviour) and quantitative (e.g., stress-strain response) understanding

of alumina ceramic under quasi-static uniaxial compressive loading and provides a

theoretical guidance for future material design and optimization.

6.2 Introduction

Advanced ceramics are often used as critical structural components in protection [197]

and aerospace applications [195] for their desirable properties, such as low density [83],

high hardness [3], and high wear resistance [4]. In ballistic applications, the role of

the ceramic upon impact is to fracture the tip of the incoming projectile [58, 198, 199]

and to distribute the load [198], followed by progressive erosion of the projectile and

fragmentation process of the ceramic [8, 263]. During impact, various failure mechanisms

(e.g., fracture [197] and granular flow [46]) are activated and evolve spatially and

temporally to dissipate energy [264]. To better understand these mechanisms, controlled

experiments like uniaxial compression experiments are performed with imaging [6]. In the

initial phase of uniaxial compression, pre-existing micro-cracks or pores in ceramics serve

as stress concentration sites [34], which have significant effects on fracture and failure

processes [5, 23]. Recently, Nohut [203] discovered that the distribution of flaws within

the material significantly affected the strength of alumina ceramics, and he suggested

that a Weibull distribution analysis can effectively describe the material strength and its

flaw system. In a related study, Lo et al. [5] thoroughly examined the microstructural
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and mechanical properties of AD85 alumina. Their findings highlighted that the

detailed characteristics of flaws, encompassing aspects like pore size, spatial distribution,

orientation, and morphology, significantly influenced the mechanical performance of

alumina ceramics. Conceptually, the evolution of flaws in advanced ceramics is often

described using the “wing crack model” [35, 36, 38], where micro-cracks of random

orientation grow parallel to the compressive loading direction as a consequence of the

resolved mode I tensile opening failure at the crack tip [37, 39]. In the literature,

various models of macroscopic crack propagation have been proposed based on the

wing-crack model, such as crack interaction [41, 42], dilatancy [43], and coupled sliding

and damage models [44, 45]. However, these models do not include the post-fracture

behavior (e.g., fragmentation) of advanced ceramics. This study proposes a modified

hybrid finite-discrete element model to build on these past works and improve upon

their limitations by considering both the fracture and fragmentation processes. The

modified hybrid finite-discrete element model developed in this study also considers the

inherent microstructural flaws of an alumina ceramic based on experiments [11, 203, 214]

and numerical studies [222, 253].

The ability to capture the fragmentation process in simulation is important as it is the

next dominant phase of study to understand the post-fracture behaviour of advanced

ceramics after crack initiation and fracture growth [14]. For example, Grady and

Kipp [46] found that all three fracture stages (crack nucleation, crack propagation, and

crack coalescence) would influence the fragmentation process, and the fragmentation

size was associated with mechanical properties of the material and loading rate. Later,

Hogan et al. [13–15] identified two distinct fragmentation mechanisms by observing

impact and compression experiments of advanced ceramics: the first fragmentation

mechanism was “microstructure-dependent” that was responsible for the relatively

smaller fragments produced during loading (<100 µm), and the other mechanism was

the “structure-dependent” fragmentation mechanism that produced relatively larger

fragments (>100 µm). For lower loading rates, especially under the quasi-static

loading condition, “structure-dependent” fragmentation was found to be the dominant

mechanism, and the fragment size was relatively large [13]. Thus, our study focuses

on the “structure-dependent” fragmentation mechanism for quasi-static experiments

through implementing the modified hybrid finite-discrete element model proposed in the

current study. In addition to the structural-scale fragments, frictional sliding is another

mechanism observed in the fragmentation process of advanced ceramics. In their study,

Hu et al. [258] obtained a direct conclusion that the compressive strength is related

to frictional sliding when they studied the compressive failure of aluminum nitride. In

a separate study, Nicewicz et al. [265] also found experimentally that compaction and

frictional interactions played an important role in the breakage of alumina ceramic. The
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limitation in considering fragmentation processes in conventional numerical methods and

the lack of consideration of the frictional sliding on the compressive strength of advanced

ceramics motivate our current joint numerical and experimental investigation.

Besides the experimental studies mentioned above, numerous computational models have

been established to describe the behaviour of brittle materials in the past studies. These

include the continuum damage mechanics (CDM) [44, 45], the extended Finite Element

Method (XFEM) [65], and the cohesive zone model (CZM) [66]. The CZM has a number

of advantages over the other methods, including: 1) creating new surfaces following the

Griffith energy criterion, 2) allowing for branched and intersecting cracks, and 3) the

removal of the singularity presented in linear elastic fracture mechanics [67]. The CZM

has been applied to study the compressive response of advance ceramics [68, 69], dynamic

fracture [71], and fragmentation of brittle materials [70]. In the CZM method, new

surfaces are created when a crack occurs, and these new faces require numerical contact

algorithms, which makes CZM ideally suited for discretized methods [72]. Furthermore,

to address the mutually interacting separate fragments in fracture processes, Munjiza [31]

developed an innovative numerical approach, known as the hybrid finite-discrete element

method (HFDEM). One distinct feature of the HFDEM is that it models the transition

from a continuum (e.g. finite element method) to a discontinuous-based method (e.g.

discrete element method) [32, 33] to overcome the inability of these methods to capture

progressive damage and failure processes in rock materials [73]. The HFDEM approach

was initially developed to simulate geomaterials [73–75]. However, more recently, this

method has been extended to simulate the failure of ceramics [33]. In HFDEM, materials

are often discretized as triangle elements (two-dimensional) or tetrahedral elements

(three-dimensional), and cohesive elements are utilized to connect these discrete elements

to represent the potential arbitrary crack path [55]. Then, an explicit finite difference

time integration scheme is applied to solve the motion of the discretized system [31].

Currently, HFDEM is popularly used in geological materials, as it can explicitly capture

the process of fracture nucleation and growth, as well as the interaction of newly-created

discrete fragments [55, 72, 76]. To date, limited studies have applied three-dimensional

HFDEM to advanced ceramics, which is pursued in this paper.

Motivated by these previous studies, this paper aims to develop a modified

three-dimensional HFDEM model to describe the fracture and fragmentation processes

of an alumina ceramic. This method focuses on macroscopic failure, and accounts for

various mechanisms that manifest during compressive failure of advanced ceramics: 1)

fracture growth via the wing-crack model [35, 36, 38], 2) catastrophic failure [266], and

3) the “structure-dependent” fragmentation process [15]. To guide model development,

quasi-static uniaxial compression experiments of alumina ceramic are performed coupled

with the digital image correlation (DIC) technique to resolve small strains and obtain
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2D field information. The stress-strain responses and the corresponding ratio of axial

to lateral strain are obtained, and these experimental results are used to validate the

numerical model. Once validated, this model is applied to provide theoretical guidance

for material development and improvement. Specifically, the model explores the effect

and variation of mechanical properties (e.g., Young’s modulus, Poisson’s ratio, tensile

and shear strength) on the failure of alumina ceramics, and links between these properties

and microstructural features that may be controlled via manufacturing [209, 211, 212].

6.3 Experimental methods and results

In this study, experiments on alumina ceramics were performed under uniaxial

quasi-static conditions to study variability in stress-strain and Poisson’s ratio evolution.

In the experiments, a commercially available alumina ALOTEC 98 SB from CeramTec

(which is called CeramTec 98% in this paper), Germany, was studied. The number

“98" refers to the alumina content being approximately 98% in mass percentage, with

the remainder being sintering additives or trace impurities. The test specimen was

cuboids with dimensions of 2.3×2.7×3.5 mm used for mechanical testing, as shown in

Figure 6.1. Cuboid was selected to enable better imaging and digital image correlation

(DIC) analysis. In the figure, the loading platen and base platen are observed on the top

and bottom of the image, and the speckle pattern that is used for DIC (discussed later)

is observed on the specimen surface. This section will give brief and relevant information

about the material and experiments, with additional details found in Zheng et al. [11].

Figure 6.1: The alumina ceramic sample under a quasi-static uniaxial compression
experiment, sprayed with a speckle pattern necessary for DIC measurements of axial

and lateral strains.
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6.3.1 Experimental method

A standard MTS series 810 servo-hydraulic machine was used to conduct the quasi-static

uniaxial compression tests. The specimens were compressed along the vertical direction

in Figure 6.1 under a displacement control setting with a nominal strain rate of ∼ 10-4

s-1. The force history was recorded by a 100 kN load cell with a background noise

of approximately ±1 N, and the engineering stresses were computed by dividing the

measured force by the cross-sectional area of tested specimens. Protective tungsten

carbide jacketed platens were used to prevent indentation into the machine, as being

used in the literature [112–114]. High-pressure grease was applied between the specimen

and loading platens to reduce friction and allow for free lateral expansion. The data

acquisition rate of the MTS machine was set at 30 Hz. An AOS PROMON U750

high-speed (HS) camera was used to provide visualization on the specimen surface to

monitor the macroscopic deformation at 100 frames per second (FPS) at a full resolution

of 1280 by 1024 pixels.

DIC analysis was used to obtain the two-dimensional strain information (i.e., axial and

lateral strains) during the experiments. These strains were matched in time with the

stress calculated from the MTS machine to acquire complete stress-strain curves for

each experiment. As shown in Figure 6.1, the specimens were sprayed with speckle

patterns (with the paint spot size between 20 and 30 µm) using a fine-tipped airbrush to

facilitate correlation, as done in previous papers [112, 113]. VIC2D (V6 2018) software

was employed to perform the DIC analysis. During the analysis, the surface of the sample

was discretized with a subset size of 31 by 31 pixels and a step size of 7 pixels. The

zero-normalized sum of squared differences (ZNSSD) criterion and the optimized 8-tap

interpolation scheme were used to perform correlation analysis to obtain the engineering

strain. The current work follows the experimental methodologists used in previously

published papers on brittle materials by Li et al. [112], Zheng et al. [11], and Zaiemyekeh

et al. [267].

6.3.2 Experimental results

Figure 6.2a shows the stress-strain response of the alumina ceramic obtained from the

quasi-static uniaxial compression experiments. The strain rates are obtained by a linear

fit of the strain-time data, which ranged from 1.6 × 10-5 to 1.6 × 10-3 s-1. The peak

compressive stress is found to be 3.39 ± 0.31 GPa at a corresponding failure strain of

0.99 ± 0.1 %. Young’s modulus is obtained by calculating the slope of the stress-strain

curve for all specimens, which ranges from 345 GPa to 388 GPa, with an average of 362

± 20 GPa.



Chapter 6 121

Figure 6.2: (a) The engineering axial stress-strain curves of alumina ceramic
specimens under quasi-static uniaxial compressive loading at strain rates of 1.6 × 10-5

to 1.6 × 10-3 s-1. (b) Lateral and axial strain curves obtained from the DIC analysis
are used to determine Poisson’s ratio of the material.

For Poisson’s ratio as an important material parameter, there is still an argument about

whether Poisson’s ratio of ceramics varies during the loading process [77, 268, 269]. In

one study, Wang and Ramesh [268] noted an evolution of Poisson’s ratio in SiC-N during

dynamic uniaxial compression experiments. However, in experiments involving AlON,

Paliwal et al. [269] did not observe such a phenomenon, and they regarded Poisson’s

ratio as constant during the loading process [77]. In the present work, we plot the lateral

versus axial strain response for all experiments (see Figure 6.2b). It is observed that the

ratio of lateral to axial strain of alumina ceramic can be considered as constant during

the quasi-static uniaxial compression, whose slope (Poisson’s ratio) ranges from 0.22 to

0.26 with an average of 0.24 ± 0.02, which is in good agreement with the valued reported

for other alumina ceramics [11, 61, 113, 202].

6.4 Computational approach

In this section, a modified hybrid finite-discrete element method (HFDEM) is proposed

to describe the failure process of brittle materials under quasi-static uniaxial loading and

then applied to the alumina ceramic. First, a three-dimensional (3D) coupled damage

and friction law of the cohesive zone method is selected to represent the constitutive

response of brittle materials [255, 256]. Next, two types of damage evolution law,

linear- and power-law characteristics, are presented to model the catastrophic failure

of brittle materials observed in the experiments [77, 240, 241]. Then, to solve the

problem numerically, the model is implemented with a user-material (VUMAT) Fortran

user-subroutine in ABAQUS/Explicit. Finally, the modified hybrid finite-discrete

element method is presented [31–33].
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6.4.1 The coupled damage and friction law of the cohesive zone method

Alfano and Sacco [255] proposed a modified cohesive zone model that integrated interface

damage with friction, dividing a unit representative elementary area (REA) of the

interface into a damaged part (D) and an undamaged part (1-D). In their approach,

friction was considered only within the damaged portion when the REA experienced

compressive loading.

Expanding upon the two-dimensional model introduced by Alfano and Sacco [255], we

have developed an extension of this model to accommodate a three-dimensional system:

σ = (1−D)Kδ +Dσd (6.1)

with

σ =


σ1

τ1

τ2

, K =


K1 0 0

0 K2 0

0 0 K3

, δ =


δ1

δ2

δ3

, σd =


σd
1

τd1

τd2


In this context, σ denotes the interface stress, with σ1 representing the normal stress,

and τ1 and τ2 indicating the shear stresses in two orthogonal directions. D is the scalar

damage parameter of the REA, where D = 0 signifies an intact state and D = 1 indicates

a fully damaged state. K is the cohesive stiffness at the interface, with subscript 1 for the

normal direction and subscripts 2 and 3 for the shear directions. δ symbolizes relative

displacements, and σd is the stress within the damaged portion, governed by the Coulomb

friction law, as defined by:

σd
1=

(
|K1δ1| −K1δ1

)
2

, τd=

 τd1

τd2

 =

 K2

(
δ2 − δdi2

)
K3

(
δ3 − δdi3

)
 (6.2)

with

·
δdin =

·
λ

τdn
|τd| (n=1, 2)

accompanied by the additional Kuhn-Tucker conditions [255]:

µσd
1 +

∣∣∣τd∣∣∣ ≤ 0,
·
λ ≥ 0,

·
λ
(
µσd

1 +
∣∣∣τd∣∣∣)= 0 (6.3)

where µ represents the coefficient of friction, and λ is an internal variable.
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6.4.2 Damage evolution with linear- and power-law characteristic

Catastrophic failure is a typical failure characteristic of brittle materials. Hao et al.

[270] reported a specific precursor of catastrophic failure in rock experiments, which they

called “a power-law singularity of responses”. This characteristic has also been observed

in experiments involving ceramics [77, 240, 241]. To account for the characteristic of

“catastrophic failure” in the present study, the damage evolution model defines the failure

as being reached when the damage evolution satisfies the following criterion:

[
∂D

∂δe

]
δe=δc

→ +∞ and

[
∂δe
∂D

]
δe=δc

→ 0 (6.4)

where δe is the effective relative displacement (δe=
√

δ21+δ22+δ23), and δc represents the

critical displacement when interface failure occurs. Based on the assumption that δe is

continuous and can be derived by damage D before D reaches 1, δe can be expanded

using a Taylor series to:

δe = δc +

[
∂δe
∂D

]
δe=δc

(Dc −D) +
1

2

[
∂2δe
∂D2

]
δe=δc

(Dc −D)2 +O
(
D2
)

(6.5)

Neglecting the high-order term in Equation (6.5) and substituting Equation (6.4) into

Equation (6.5), the damage evolution can be expressed as a function of the effective

relative displacement δe:

D=Dc −

√
−2

[
∂2δe
∂D2

]
δe=δc

(δc − δe)
1/2 = Dc − C(δc − δe)

1/2 (6.6)

with

C=

√
−2
[
∂2δe
∂D2

]
δe=δc

and Dc = 1

where the constant value C can be obtained from three-point-bending experiments [240,

241]. We use a power law damage evolution form [271] to replace the calculation process

of the constant value C :

D= 1−
(

δc − δe
δc − δ0m

)α

= 1−
(
δc − δ0m

)−α
(δc − δe)

α (6.7)

Comparing Equation (6.6) with the power law damage evolution in Equation (6.7), it

can be determined that α = 0.5 in Equation (6.7), and C = (δc − δe)
0.5 in Equation (6.6)

for “a power-law singularity of responses” [77, 240, 241, 270]. It should be noted that
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if α = 1, this model degrades into a linear damage evolution, which is utilized in many

studies of brittle materials [74, 75, 126, 253]. For a damage value in the range of 0 to 1,

the damage evolution can be expressed as:

D=max{0,min{1−
(
δc − δe
δc − δ0m

)α

, 1}} (6.8)

where α = 1 for the linear-law characteristic, and α = 0.5 for the power-law

characteristic. The δ0m is the relative displacement when the damage initiates under

mixed mode loading, which is obtained by:

δ0m =

√√√√(δ01)2 (1 + β2
)
δ02δ

0
3

δ02δ
0
3 + β2

(
δ01
)2 and β=

√
δ22+δ23
δ1

(6.9)

So far, the only unknown parameter in Equation (6.8) is the critical displacement δc,

which can be determined by the Griffith energy criterion [271]. In the cohesive zone

method, mode II and mode III fracture is often regarded as the same due to a lack of

mode III mechanical property information [223]. Thus, the mixed mode energy-based

failure function [224] can be expressed as:(
G1

Gc
1

)γ

+

(
Gshear

Gc
shear

)γ

= 1 (6.10)

where Gc
shear is the critical shearing energy release rate with Gc

shear = Gc
2 = Gc

3, and

Gc
1, Gc

2 and Gc
3 terms are the fracture energies under pure mode loading. The Gshear

is the energy dissipation rate by shearing, which is the sum of the energy released by

the mixed mode II and III crack, Gshear=G2 + G3, and the G2 and G3 are given in

Equation (6.11). A quadratic γ = 2 failure criteria is frequently chosen according to the

mixed mode experimental results[224, 225] and is used here.

For the cohesive interface, the energy dissipation rates are defined as follows:

Gi =

∫
σidδi (i = 1, 2, 3) (6.11)

In the following section, the formulated cohesive laws are integrated into the

hybrid finite-discrete element method and incorporated into a user subroutine using

FORTRAN. Simulations are conducted using the commercial finite element software

ABAQUS/Explicit and their results are compared with experimental data.
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6.4.3 The microscopic stochastic fracture model

In brittle materials such as ceramics, strength is limited by the distribution of flaws

within the materials, with each flaw potentially initiating a crack [202]. The Weibull

strength distribution method has been extensively used in ceramics to assess the effects

of these flaws statistically [202, 203, 214], which is defined as follows:

P (σ, V ) = 1− exp

[
− V

V0

(
σ

σ0

)m
]

(6.12)

where P (σ, V ) denotes the cumulative failure probability of an alumina ceramic, V

represents the volume of the component under investigation, V0 is the characteristic

volume, σ indicates the applied stress, m is the Weibull modulus, and σ0 is the

characteristic strength according to Weibull’s definition.

In the HDFEM, cohesive elements are used to model flaws [55]. Our study employs

Weibull’s statistical strength theory [203] combined with cohesive elements to capture

the influence of the distribution of stochastic spatial flaws in alumina ceramics.

Daphalapurkar et al. [222] recently applied a modified microscopic facet-strength

probability distribution, based on Equation (6.12), to the cohesive element method:

f(σ) =
m0

σ0

(
A

A0

)m0
ma
(

σ

σ0

)m0−1

exp

( A

A0

)m0
ma

·
(

σ

σ0

)m0

 (6.13)

where A represents the facet area of the cohesive element, A0 denotes the characteristic

area, m0 is the Weibull modulus for strength distribution, and ma signifies the Weibull

modulus related to the effective area modification. In this study, we applied the

microscopic facet-strength probability model with the pre-inserted cohesive method

to represent material flaws. We generated strength data impacted by stochastic

flaws through Monte Carlo simulations, following the flaw distribution equation

(Equation (6.13)).

6.4.4 The modified hybrid finite-discrete element method

In the HFDEM, specimens are modelled as an assembly of elastic bulk elements

interconnected by cohesive elements, simulating inherent material flaws that evolve

into potential cracks under load, termed “crack elements” [31, 55]. A crack element is

considered completely fractured and removed from the model when its damage parameter

D equals 1, creating new crack surfaces. Consequently, elastic elements detach, forming

fragments that maintain contact and exhibit friction under compressive loads. In
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the modified HFDEM model proposed in this study, the cohesive stresses transmitted

by the material are dependent on the relative displacements across crack elements.

This fracture behaviour is demonstrated for mode I in Figure 6.3 and for mode II in

Figure 6.4, aligning with the mechanical characteristics of alumina ceramic as specified

in Table 6.1. Subsequent descriptions of Figures 6.3 and 6.4 will occur in the following

paragraphs. In Table 6.1, the “basic mechanical properties” are derived from experiments

and the manufacturer [11, 61, 208]. The “fracture properties” are sourced from previous

studies [253, 272], and the “properties for the microscopic stochastic fracture model” are

evaluated by literature [202, 203, 214].

Table 6.1: Mechanical and fracture properties of the alumina
ceramic
Parameters Notation Value

The basic mechanical
properties of the

elastic bulk element

Density ρ 3800 kg/m3 [11, 61]
Young’s modulus E 362±20 GPa [11, 61]
Poisson’s ratio ν 0.24±0.02 [11, 61]

The fracture properties
of the crack element

Weibull characteristic tensile strength σ0 440 MPa [253, 272]
The model I fracture energy Gc

1 0.04 N/mm [253, 272]
The friction coefficient µ 0.4 [253, 272]

The tensile penalty stiffness of cohesive element K1 4.6×1016 N/m3 [253, 272]

The properties for the
microscopic stochastic fracture model

Weibull modulus of the strength distribution m0 11 [214, 253]
Weibull modulus for the effective area modification ma -11 [214, 253]

Characteristic area A0 0.013 mm2 [214, 253]

Figure 6.3 illustrates the evolution of tensile stress adheres to the linear law and power

law forms for the catastrophic failure of brittle materials. The linear law is indicated by

α = 1 in Equation (6.8), while the power law is denoted by α = 0.5 in the same equation.

A comparison between the decreasing stress with the linear law and power law damage

evolution reveals that, near the point of critical displacement, the decrease in stress

according to the power law is significantly sharper than that of the linear law. Notably,

the damage rate of the power-law becomes infinite at critical displacement (δc). While

the linear cohesive law is widely applied in modelling brittle materials [126, 218, 253],

studies focusing on power-law damage evolution in such materials are scarce.

In Figure 6.4, the mode II constitutive behavior of the cohesive element is shown using

the coupled damage and friction law. The mode II fracture properties used in Figure 6.4

are recommended by our previous study of the CeramTec 98% [272], which are seven

times greater than those of mode I in Table 6.1. The pure shear behaviour indicated

by the dashed curves is similar to the tensile response in Figure 6.3, where the stress

decreases according to the power law is significantly faster than that with the linear

law. The solid curves in Figure 6.4 demonstrate the shear response of the cohesive

element under a compressive stress of 1000 MPa. Comparing the pure shear with the

compression-shear behavior, it is noted that the area under the solid curves exceeds that

under the dashed curves, indicating the shear response under compressive load consumes

more energy than the pure shear response for both linear and power laws. This increased
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Figure 6.3: The mode I constitutive behaviour of the cohesive element is obtained
from a validation model (shown as the inset in the figure). In this validation model,
a cohesive (crack) element is interspersed throughout two tetrahedral elastic elements.
The black line represents the linear cohesive law, and the red curves represent the

cohesive law developed in the present study with power-law characteristics.

energy consumption is attributed to friction providing significant residual strength to

the material’s shear strength during degradation. Furthermore, when the relative shear

displacement surpasses the critical displacement under compression-shear conditions, the

shear residual strength maintains a constant value due to friction, aligning with the

extended Mohr–Coulomb model proposed by Shafiq and Subhash [88]. This frictional

residual shear strength, as derived from the coupled damage and friction law, validates

the assumption in prior studies [126, 218] that the shear strength of cohesive elements

remains unaltered with increasing relative shear displacement under compression-shear

conditions. Based on the constitutive behavior of the cohesive elements, friction can

enhance the shear strength under compression, thereby inhibiting mode II cracks and

favouring the formation of mode I cracks, which evolve into micro “wing-cracks”. These

cracks consistently align parallel to the direction of compressive loading when there is no

lateral confinement, a phenomenon corroborated by numerical studies [44, 45, 126] and

experiments [13, 15] for brittle materials.

Figure 6.5 shows a Monte Carlo simulation using the microscopic stochastic fracture

model for the strength distribution of cohesive elements, showing that around 7.9 % of

these elements, indicative of significant flaws, have low tensile strength (below 350 MPa).

In contrast, a vast majority (92.1 %) exhibit higher tensile strength (350 to 530 MPa),

implying smaller flaws. This adaptation of the microscopic stochastic fracture model
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Figure 6.4: The mode II constitutive behaviour of the cohesive element is illustrated
in terms of the tangential bonding stresses (or shear stress) versus the relative shear
displacement. The dash curves show the pure shear behaviour, and the solid curves
represent the shear behaviour of the cohesive element subjected to a compressive stress

of 1000 MPa.

within the cohesive element framework indicates that: 1) cohesive elements inserted a

priori act as potential sites for flaws, and 2) the stress exceeding a certain threshold

transforms these flaws into microcracks.

6.5 The comparison between linear- and power-law

simulation results

In the previous section, we introduced a modified HFDEM approach, which incorporates

a coupled damage and friction model, linear and power-law damage evolution, and a

microscopic stochastic fracture model. Following this, the alumina ceramic’s response

to quasi-static uniaxial compression is simulated using ABAQUS finite element software

using a VUMAT subroutine. This modified HFDEM method is then validated against

experimental data from quasi-static uniaxial compression tests.

First, the mesh size is carefully chosen based on the physical considerations and

computational costs. Several studies [218, 226] indicated that the optimal mesh size for

simulating the mechanical behavior of brittle materials, particularly advanced ceramics,

should be at most 0.3 mm. This guidance aligns with experimental findings on alumina
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Figure 6.5: The red curve represents the Weibull statistical strength distribution
of cohesive elements, derived from Equation (6.13), featuring parameters m0 = 11.0,
ma = −11.0, σ0 = 440.0, A = 0.01268, and A0 = 0.013. The grey bar illustrates the
strength statistics of cohesive elements with randomly generated flaws, as determined

by Monte Carlo simulations.

ceramic fragmentation [13, 15], suggesting that each elastic element within the model

could represent a potential fragment in the post-fracture scenario. For example, Hogan

et al. [13, 15] documented the characteristics of over 1500 ceramic fragments resulting

from quasi-static uniaxial compression tests. Their findings revealed that more than 70%

of these fragments exceeded 0.1 mm in size, categorizing them as “structure-dominated

fragments”. Drawing on insights from published research [13, 15, 68, 218, 226] and our

prior mesh sensitivity analysis of the modified HFDEM [253, 272], we selected an element

size of 0.15 mm, paired with a maximum time step of 5×10−7 ms for our simulations.

The mesh convergence analysis has been conducted in our prior research [253]. This

configuration resulted in the model comprising approximately 110,000 tetrahedral elastic

elements and 210,000 cohesive elements, ensuring an accurate representation of the

material’s response.

In our simulations, we implemented a fixed-displacement boundary condition on the

foundation platen to allow lateral expansion or contraction of the sample, closely

replicating the experimental conditions (shown in Figure 6.1), where high-pressure grease

enabled unimpeded movement at the specimen-platen interface. The application of

load was simulated through a velocity boundary condition on the loading platen, an

approach that aligns with the methodology employed by Molladavoodi et al. [45] on
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uniaxial compression. This technique ensures that our simulations are consistent with

experimental conditions.

6.5.1 The stress-strain response

To study the ability of this model to capture the stress-strain response of alumina ceramic

under quasi-static uniaxial compression, the linear- and power-law simulation results

are compared with experimental results. The input parameters of the alumina ceramic

are provided in Table 6.1, and the mode II fracture properties of the reference input

parameters are chosen around seven or eight times greater than those of mode I [272]. We

carried out three Monte Carlo simulations for each condition to consider the randomness

of the flaws in the alumina ceramics, and there are twelve simulations for the linear- and

power-law versions of the HFDEM model in this comparison section.

The outcomes of the simulation results are summarized in Figure 6.6. The stress-strain

responses from the three Monte Carlo simulations consistently align for each condition

with the same input parameters. The average compressive strength calculated by the

HFDEM model shows the following results: 2.89 ± 0.06 GPa for the linear damage

evolution law when the shear strength is seven times the tensile strength (σ = 7τ);

3.27 ± 0.05 GPa for the linear damage evolution law with σ = 8τ ; 2.65 ± 0.01 GPa for

the power damage evolution law with σ = 7τ ; and 3.02±0.02 GPa for the power damage

evolution law with σ = 8τ . The elastic modulus obtained by all the simulation results is

between 355 and 366 GPa. By comparing the results obtained by linear- and power-law,

it is observed that the stress and strain response of linear law is more brittle than the

power law. The results of the power-law simulation exhibit a softening process when

the stress reaches its peak value. This occurs due to the distinct failure modes (fracture

and failure processes) governed by the two different types of damage evolution laws (the

linear- and power-law). These two failure modes are further discussed in the subsequent

subsection. Due to the different failure modes, the compressive strength obtained by the

linear damage evolution law is higher than that by the power law.
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Figure 6.6: Variation in the engineering stress-strain response of alumina ceramic
obtained by the HFDEM model with linear and power damage evolution laws. Results
using the linear damage evolution law are presented as solid curves, and those using the
power damage evolution law are depicted with dashed curves. a) The power damage
evolution law results are shown as transparent. b) The linear damage evolution law

results are displayed transparently.

6.5.2 The fracture and fragmentation processes

Observing the fracture and fragmentation processes experimentally is challenging because

the fracture and fragmentation processes of advanced ceramics happen in microseconds

[61], which is beyond the frame rate of most of the cameras. However, these processes can

be effectively examined through simulations by capturing the spatio-temporal evolution

of failure with a smaller time step. Results from the current HFDEM model, as illustrated

in Figures 6.7 and 6.9, provide insights into the fracture and fragmentation characteristics

observed during the quasi-static compressive failure of the alumina ceramic. Figure 6.7

is the representative failure process of the linear damage evolution law corresponding

to the red solid curve in Figure 6.6. Figure 6.9 represents the failure process of power

damage evolution law corresponding to the red dash curve in Figure 6.6. The crack

modes in Figures 6.7 and 6.9 are consistent with the wing-crack-type failure mode [113],

where cracks grow parallel to the compressive loading direction. The common fracture

and fragmentation characteristics of the simulation results shown in Figures 6.7 and 6.9

are:

1. Before the peak compressive stress, at ε1, there exists a small axial crack on the

surface of the specimen, which is oriented in the loading direction. This axial crack

can be seen before the maximum stress is reached. These oriented cracks obtained

by the HFDEM is consistent with the wing-crack-type failure mode.
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2. Then, more axial cracks are generated simultaneously near the peak compressive

stress, and they continue to grow to dissipate the strain energy at ε2.

3. At ε3, after the peak compressive stress, transverse cracks are observed, which are

perpendicular to the compressive loading direction. These transverse cracks occur

mainly due to the buckling of the columns formed from the span-wise propagation

of the axial cracks generated at earlier strains, which has also been observed in

experimental research by Ashby and Hallam [273]. Later, these axial and transverse

cracks propagate rapidly across the specimen, and they coalesce with each other.

As a consequence, more and more fragments are generated due to the interaction

and coalescence of axial and transverse cracks. Finally, two kinds of fragments are

generated: 1) elongated fragments that have higher aspect ratios, and 2) blocky

fragments with aspect ratios close to 1. These two types of fragments agree well

with observations in Hogan et al. [14].

However, there are differences between the fracture and fragmentation characteristics

of Figures 6.7 and 6.9, which are attributed to the implementation of the linear- and

power-laws. It is observed in the linear damage evolution failure process (Figure 6.7)

that the crack initiates from the corner of the specimen at the strain of ε1, and then the

fracture growth and fragmentation process begins from the top of the specimen shown

at the strain of ε2. The fracture and fragmentation processes in Figure 6.7 are consistent

with the experimental observation in the current study shown in Figure 6.8. In Figure 6.9

of the power damage evolution failure process, the crack is initiating from the middle part

of the specimen at the strain of ε1 and ε2. The fracture and fragmentation processes in

Figure 6.9 are consistent with the experimental observation shown in Figure 6.10 [267].

Figure 6.7: The fracture and fragmentation process of alumina ceramic of the linear
damage evolution law at three different representative strain points, which are shown in
the red solid curve of Figure 6.6. These three strain points (ε1, ε2 and ε3) correspond
to the average strain of 0.75%, 0.80% and 0.84%. To better observe the cracks on the
specimen surface, we use the displacement legend for the three images, and the unit

here is mm.
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Figure 6.8: The fracture and fragmentation process of an alumina ceramic in the
current experiments. The strain points (ε1 and ε2) correspond to the average strain
of 0.84% and 0.86%. At the strain of ε3 and ε4, the DIC loses correlation due to the

appearance of cracks.

Altogether, the current model can reasonably capture both the stress-strain response

(shown in Figure 6.6) and the fracture-fragmentation processes (shown in Figure 6.7)

under quasi-static compressive loading conditions. The simulation results also show

various phenomena and mechanisms that manifest during compressive failure of advanced

ceramics: 1) the fracture growth follows the wing-crack-type failure mode [35, 36, 38],

2) catastrophic failure of brittle materials [266], and 3) the “structure-dependent”

fragmentation process [15]. Next, we explore the effects of varying mechanical properties

on the compressive response of the material towards guiding future materials design.

Figure 6.9: The fracture and fragmentation process of alumina ceramic of the power
damage evolution law at three different representative strain points, which are shown in
the red dash curve of Figure 6.6. These three strain points (ε1, ε2 and ε3) correspond
to the average strain of 0.72%, 0.76% and 0.81%. To better observe the cracks on the
specimen surface, we use the displacement legend for the three images, and the unit

here is mm.
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Figure 6.10: The fracture and fragmentation process of an alumina ceramic [267].
The strain point (ε1) correspond to the average strain of 0.75%. At the strain of ε2, ε3

and ε4, the DIC loses correlation due to the appearance of cracks.

6.6 Results and discussion

Recently, researchers have explored several manufacturing techniques to improve the

mechanical properties of alumina ceramic, such as exploring the role of sintering

temperature and pressure-assisted compaction on properties [274–277] and the use of

additive manufacturing [211, 267]. Specifically, these techniques have been shown

to enhance the elastic modulus, Poisson’s ratio, tensile strength, and shear strength

of alumina ceramics. However, the extent to which these properties influence the

stress-strain response is not yet fully understood; this section aims to provide more

insights into the role of properties on structural performance (i.e., stress-strain). In

the following sub-sections, we will explore the effects of various mechanical properties of

alumina ceramic on compressive strength by using the linear damage evolution law, which

is more consistent with our experimental results than the power law. The mechanical

properties of the red reference curve shown in Figure 6.6 are used as the reference input

parameters for the subsequent parametric studies, listed in Table 6.1. The mode II

fracture properties of the reference input parameters are chosen as seven times greater

than those of mode I [272].

The mechanical and fracture properties, which serve as inputs to the model, are studied

individually. The variation of mechanical properties investigated in this section is divided

into two groups. The first group includes the properties of the elastic bulk elements

which are Young’s modulus and Poisson’s ratio in the model, and these are named the

“basic mechanical properties” in Table 6.1. Physically motivated by various studies in

the literature [275–277], we assume that Poisson’s ratio ν may vary between 0.22 and

0.26, and that the elastic modulus E varies between 340 and 390 GPa. The second

group of interest includes the “fracture properties” of the crack elements, and these are

the tensile and shear strengths. It is appropriate to assume that the fracture properties
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of alumina ceramic will be improved continuously as advancements in manufacturing

progress [278–281]. Here, we assume the tensile strength σ0 increases from 440 to 700

MPa, and the shear strength increases from 5 to 8 times the tensile strength, which were

values used in previous studies involving alumina ceramics [272, 282, 283].

6.6.1 The effect of basic mechanical properties

First, we explore the influence of Poisson’s ratio on the stress-strain response in

Figure 6.11 by setting its values between 0.22 and 0.26, while the other properties remain

the same as the ones used to generate the red reference curve shown in Figure 6.6. This

exploration is motivated by previous studies [77, 268, 269] on the role of Poisson’s ratio

in failure. As Figure 6.11 shows, the peak compressive stresses and corresponding strains

are almost identical throughout this range of Poisson’s ratio, with an average of 2.93±0.01

GPa at a failure strain of 0.8±0.01%. According to these results, it is conclude that the

compressive strength in this model is insensitive to Poisson’s ratio. This may not be

surprising under quasi-static uniaxial compression conditions studied here where mode I

fracture dominates [35–38], as the effect of Poisson’s ratio becomes more important for

multi-axial loading (e.g., confined compression [21]).

Next, we explore the effect of Young’s modulus on the stress-strain results in Figure 6.12.

This is motivated by the study of Sairam et al. [274], who noted that higher

manufacturing temperatures and heating rates increase the elastic modulus of sintered

ceramic. In Figure 6.12, the simulation results show that by varying the elastic modulus

from 340 to 390 GPa, the failure strain at the peak stress increases from 0.75% to 0.84%.

In contrast, the change in the peak compressive strength is negligible over these changes

(with an average of 2.94±0.02 GPa). This conclusion is consistent with the experimental

result shown in Figure 6.2. Lastly, it should be noted that this conclusion is valid for

a small range of Young’s modulus with the other properties unchanged. In reality, if

Young’s modulus changes over a larger range, the density, fracture toughness, and other

properties would likely change because of the significantly shifts in microstructures or

phases [274]; however, this interplay was not considered in this study.
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Figure 6.11: The predicted engineering stress-strain behavior of alumina ceramic for
various Poisson’s ratio ν while the other properties remain the same as the ones used to
generate the red reference curve shown in Figure 6.6. The changes in the stress-strain

curves are negligible over these values of ν.

Figure 6.12: The predicted engineering stress-strain behavior of alumina ceramic for
various elastic modulus E, while the other properties are set to the reference values.
According to these curves, the failure strain is affected by the change in stiffness, but

the change in the peak compressive stress is minor over these values of E.
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6.6.2 The effect of fracture properties

Figure 6.13 illustrates the influence of shear strength, set at 5 to 8 times the tensile

strength, on the stress-strain response, with all other properties maintained at their

reference values. Three Monte Carlo simulations are conducted for each specified

shear strength condition. A black curve connecting them represents the average values

and corresponding standard deviations from these simulations. It is observed that by

increasing the shear strength by 60% (from 5 to 8 times the tensile strength), there is an

increase in the peak stress of 44% (from 2.27 to 3.27 GPa) and an increase in the failure

strain of 47.5% (from 0.61 to 0.90%) corresponding to the peak stress. The relationship

between the shear strength and compressive failure strength is almost linear (see the

black curve in Figure 6.13).

Figure 6.13: The predicted compressive strength of alumina ceramic for various shear
strengths while the other properties are set to the reference values. The compressive

strength increases with higher shear strength.

Next, Figure 6.14 shows the influence of the Weibull characteristic tensile strength on

the stress-strain response while the other properties are set to the reference values.

Similarly, for each specified tensile strength condition, three Monte Carlo simulations are

conducted. The average value and corresponding standard deviation of each specified

tensile strength condition are connected by a black curve. As observed, the effect of

increasing the Weibull characteristic tensile strength on compressive strength appears to
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be weakened. By increasing the tensile strength by 59% (from 440 to 700 MPa), there

is an increase in the peak stress of only 23% (from 2.89 to 3.55 GPa) and an increase in

the corresponding failure strain of 23.7% (from 0.80 to 0.99%).

Figure 6.14: The predicted compressive strength of alumina ceramic for various
Weibull characteristic tensile strengths, while the other properties are set to the
reference values. The impact of increasing the Weibull characteristic tensile strength

on the compressive strength is weakened.

In the literature [35, 36, 38], the compressive failure of alumina ceramic is attributed

to the wing cracks. Interestingly, according to Figure 6.13 and Figure 6.14, the

influence of the tensile strength on the compressive strength gradually decreases when

the tensile strength increases, as well, the compressive strength is more sensitive to the

shear strength than the tensile strength. The central role of wing crack formation in

compressive failure aligns well with the observations presented in Figure 6.13 [126]. It is

believed that the linear relationship between the shear strength and compressive failure

strength follows the idea that shear damage must first occur for wing cracks to form

[45, 126]. Thus, the shear strength is strongly correlated to the compressive strength.

In addition, Sadowski and Samborski [284] found there exists a significant difference

between the tensile and compressive strength of porous ceramics. They concluded that

for tensile loading, the wing cracks were open and became unstable after initiation,

while under compression, the wing cracks had a closed region, and the main resistance

for the growth of the crack was the shear resistant force. The correlation between the

compressive and tensile strength values are weak because they are governed by different
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failure mechanisms. In their numerical study, Warner and Molinari [126] obtained a

similar conclusion by explaining that the compressive strength is sensitive to the shear

strength. Altogether, these observations are consistent with the results obtained in the

current study, and the simulation results and discussions presented in this section provide

theoretical guidance to perform material design and optimization in the future.

6.7 Conclusion

The purpose of this study was to better understand the mechanical behaviour of

alumina ceramics under quasi-static uniaxial compressive loading by developing a

modelling framework that accounts for various failure phenomena and mechanisms

(i.e., fracture growth via the wing-crack-type failure mode, catastrophic failure, and

fragmentation behaviour). First, quasi-static compressive stress-strain curves were

obtained experimentally using DIC techniques. Then, a modified hybrid finite

discrete element model was employed to study the crack nucleation, propagation, and

fragmentation process of the alumina ceramic. This model included three main failure

phenomena and mechanisms of the alumina ceramic: 1) the fracture growth follows

the wing-crack-type failure mode by using a three-dimensional (3D) coupled damage

and friction law of the cohesive zone method, 2) the catastrophic failure was modelled

using a type of damage evolution law with linear- and power-law characteristic, and 3) a

microscopic stochastic fracture model described the fracture and fragmentation behaviour

of the materials.

The modified HDFEM model was validated with experimental results from quasi-static

uniaxial compression tests, and it was demonstrated that the presented model could

reasonably predict the mechanical response of alumina ceramics under quasi-static

uniaxial compression while accounting for variability in mechanical properties. Namely,

it was shown that the results of our modified HFDEM model ware in good agreement with

the experimental results in terms of qualitative (e.g., fracture-fragmentation behaviour

and patterns shown in Figures 6.7 to 6.10) and quantitative (e.g., stress-strain curves

shown in Figure 6.6) properties of the advanced ceramics under quasi-static uniaxial

compression. Once the model was validated, the influences of different parameters, such

as Poisson’s ratio (shown in Figure 6.11), elastic modulus (shown in Figure 6.12), tensile

strength (shown in Figure 6.14), and shear strength (shown in Figure 6.13), on the

compressive behaviour were explored and discussed. Interestingly, elastic modulus and

Poisson’s ratio were shown to have negligible effect on the peak compressive strength

in uniaxial compression. The influence of tensile strength on compressive strength
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diminishes as the tensile strength increases, and notably, the compressive strength is

more sensitive to shear strength than to tensile strength.



Concluding Remarks 141

Chapter 7

Concluding Remarks

7.1 Summary

This thesis aims to investigate the fracture and fragmentation behavior of alumina

ceramics under various stress-state and strain-rate conditions, using both experimental

and computational methodologies. Experimentally, this thesis has pushed the boundaries

of traditional testing methods by integrating high-speed imaging and digital image

correlation techniques with dynamic testing frameworks such as the modified Kolsky bar

setup. These advanced experimental techniques have provided unprecedented insights

into the real-time fracture processes of ceramics. In addition, advanced microscopy

techniques, including high-resolution scanning electron microscopy, high-resolution X-ray

tomography, and energy-dispersive X-ray spectroscopy, have been used to investigate the

microstructural characteristics, chemical compositions, and microstructure-dependent

deformation and failure mechanisms. The development and validation of the modified

hybrid finite-discrete element model (HFDEM) stand out as a cornerstone achievement

of this thesis. This model has demonstrated remarkable success in accurately simulating

the complex behaviors of alumina ceramics, including the initiation and propagation

of cracks, and their subsequent evolution into fragments. The ability of the HFDEM

to predict these dynamics across different scales and under various loading conditions

marks a significant progression in the field of computational materials science, offering a

powerful tool for engineers and researchers.

This thesis achieves its objective of providing a better understanding of the effects of

microstructure, stress state, and strain rate on the fracture and fragmentation behavior

of alumina ceramic materials in the form of five peer-reviewed papers (Chapters 2, 3, 4,

5 and 6). The key results from the works are summarized below for further emphasis:



Concluding Remarks 142

1. The mechanical performance of the CeramTec 98% alumina is evaluated

through detailed microscopic characterization and strain-rate-dependent uniaxial

compression and compression-shear experiments. A novel data processing method

was introduced to accurately calculate shear components during compression-shear

tests, validated against shear strain measurements obtained from DIC analysis.

Analyzing results from the proposed model and DIC data yielded several new

insights. Shear failure occurs before complete structural failure, indicating that

shear behavior plays a critical role in the failure process during compression-shear

tests. The equivalent peak stress (strength) observed in compression-shear tests

is lower than that in uniaxial compression tests. Directional cracks minimally

influence compressive stiffness but significantly affect shear behavior. These

findings underscore the importance of considering shear effects in the mechanical

assessment of alumina ceramics, particularly for applications involving complex

loading scenarios.

2. The strain-rate-dependent tensile response of an alumina ceramic was explored by

experimental and modeling methods. The locations of maximum tensile stress and

strain differ along the compressive diametral line. Dynamic tests revealed that

multiple cracks often appear simultaneously around the areas of maximum stress

and strain, suggesting that the splitting fracture of a Brazilian disk is influenced

not only by the Griffith failure criterion (maximum tensile stress) but also by

maximum tensile strain. Moreover, cracks were observed before the recorded peak

load, indicating that the peak stress corresponding to the structural failure of the

samples differs from the material’s tensile strength. This difference is linked to

the time required for cracks to propagate, interact, and span the structure. The

strain-rate-dependent tensile strength of alumina ceramics was determined using a

correction method based on the tensile stress at the initial occurrence of the central

crack. In addition, a strain-rate-dependent tensile strength model for alumina

ceramics, consistent with experimental results for CeramTec 98% and other type

(A94, A98, A99) alumina ceramics, was proposed based on one-dimensional elastic

wave theory, the Griffith failure criterion, and experimental observations.

3. A microscopic stochastic fracture model, incorporating a Weibull strength

distribution, was integrated into the HFDEM framework, taking into account a

random distribution of internal flaws. This model seamlessly combines the tensile

failure processes related to the internal flaw system with the macroscopic failure

patterns observed during simulations. The validity of the model is supported by

both qualitative (e.g., failure patterns) and quantitative (e.g., stress-strain curves)

assessments, proving it to be mesh-independent. The tensile strength predictions

from our model align with the indirect tensile testing results. During simulations,
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micro-cracks nucleated randomly and grew within the sample, eventually coalescing

and leading to catastrophic failure. Typically, a single main crack perpendicular to

the loading direction was observed, accompanied by some fragments near the crack

surfaces due to branching behavior. Additionally, the influence of flaw distribution

on the tensile strength and elastic modulus was examined. Results indicated that

materials with more uniformly sized flaws and fewer large flaws displayed enhanced

tensile strength and a higher elastic modulus.

4. The proposed computational model integrated a hybrid finite-discrete element

approach with a coupled damage and friction cohesive model. It also incorporated

a microscopic stochastic fracture model based on the Weibull distribution of

micro-flaws in the ceramics. This model successfully simulated the direct tensile

failure processes of CeramTec 98% alumina, demonstrating both qualitative

(e.g., crack patterns) and quantitative (e.g., tensile strength) results. The

modified HFDEM was also utilized to replicate the flattened Brazilian disk

experiments, comparing simulated indirect tensile strength with direct tensile

strength and identifying phenomena of underestimation, reasonable estimation,

and overestimation. Analysis revealed that these differences were linked to the

interplay between loading point cracks and central cracks. Validation efforts

involving FBD experiments had confirmed the consistency of our simulation

findings with experimental observations, highlighting a clear relationship between

fracture patterns, fragment geometry, and indirect tensile strength. These findings

allow the HFDEM to provide a robust framework for analyzing the measured tensile

strength in Brazilian disk testing, thereby enhancing our understanding of the

indirect tensile behaviour of ceramic materials.

5. A hybrid finite discrete element model (HFDEM) was utilized to examine the

processes of crack nucleation, propagation, and fragmentation in alumina ceramics.

This model incorporated a three-dimensional coupled damage and friction law of

the cohesive zone method to simulate fracture growth, a damage evolution law

with linear and power-law characteristics for modeling catastrophic failure, and a

microscopic stochastic fracture model to describe the fracture and fragmentation

behavior. The HFDEM model was validated against experimental results from

quasi-static uniaxial compression tests, demonstrating its ability to accurately

predict the mechanical response of alumina ceramics, capturing both qualitative

(e.g., fracture-fragmentation behavior and patterns) and quantitative (e.g.,

stress-strain curves) aspects. After validation, the influence of various parameters

such as elastic modulus, Poisson’s ratio, tensile strength, and shear strength

was investigated. It was found that while elastic modulus and Poisson’s ratio
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had negligible effects on peak compression strength, shear strength significantly

influenced both peak compression strength and failure strain.

7.2 Future works and recommendations

The research carried out in this thesis has significantly advanced our understanding of

the fracture mechanics and failure behaviors of alumina ceramics under various stress

conditions. However, several avenues remain open for further exploration to extend

these findings and enhance the applicability of the developed models. The following

recommendations are proposed for future research:

1. Future studies should include a broader range of ceramic materials to validate the

generalizability of the developed models. Investigating different ceramics, such

as boron carbide [6] and silicon carbide [285], could provide insights into the

unique behaviors of these materials and enhance the robustness of the modeling

approaches.

2. The models developed in this thesis primarily focus on mechanical stress responses.

Including environmental factors such as temperature, humidity, and corrosive

environments could significantly impact the predictive capabilities of these models,

particularly for applications in harsh operational conditions [286].

3. Incorporating machine learning techniques to analyze experimental data and

predict failure modes could significantly streamline the development of predictive

models [287, 288]. Machine learning could also assist in identifying patterns and

dependencies not immediately apparent through traditional analysis methods.

4. Modify the SHPB system to facilitate the study of material behavior at

intermediate strain rates and to allow for a broader range of stress states, including

impact [27] and confined dynamic compression [21].

5. While the current study largely assumes isotropic material properties, some

advanced ceramics can exhibit anisotropic behaviors depending on their processing

and microstructural orientation [289]. Future studies should consider the

anisotropic properties of ceramics to more accurately predict their performance

in real-world applications.
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