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Abstract

Distributions of sequences modulo one (mod 1) have been studied over
the past century with applications in algebra, number theory, statistics, and
computer science. For a given sequence, the weak convergence of the associated
empirical distributions has been the usual approach to these studies. In this
thesis, we give a formula for calculating the Kantrovich distance between mod
1 probability measures. We then use this distance to study the convergence
behavior of the (mod 1) empirical distributions associated with real sequences
()02, for which lim,, o n(z, —x,_1) exists. We find that for such sequences,
every probability distribution in the limit set of the empirical distributions is
a rotated version of a certain exponential distribution. We also describe the

speed of convergence to this limit set of distributions.

Keywords: distribution modulo one, slow-growing sequence, Kantorovich-

Wasserstein distance, empirical measure, weak convergence
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Motivation

For a real number z, its fractional part (x) is the number in [0, 1) such that
x — (x) is an integer. For example, (3.14) is 0.14. Consideration of the frac-
tional part of a real number is, in algebraic terms, considering its equivalence
class in the quotient space T := R/Z. As a natural consequence of taking
numbers modulo 1 (mod 1 for short), one is compelled to think of the frac-
tional parts of reals not as the usual interval [0, 1), but as the interval bent to
form a circle so that the two endpoints overlap. This topology is an obvious
choice in light of a sequence like (0.9,0.99,0.999, ---), and the consideration
of the fractional part of its limit.

The question is ‘how are the fractional parts of a sequence (z,,), -, distributed
on the circle?” Take, for example, the sequence x = (ﬁn)jﬁf’:l . Plotting the
first N elements of this sequence on the circle for larger and larger N seems to
suggest that the points are uniformly distributed mod 1 (see Figure 0.1). This

is indeed known to be the case [19]. In other words, the sequence (wy)y_; of

empirical distributions associated with x given by

N
1
wN:NZ(sWZ VN eN |,

n=1

converges for every interval [a,b] C [0,1) to the length of that interval, i.e.,
limpy 00 wN([a, b]) = b — a. This is equivalent to the notion of weak conver-

gence of measures (see (1.4)).
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Figure 0.1: Plotting the first N points of the sequence (v/2n)%; mod 1. The

n=1
pattern seems to suggest that in the limit, the points are uniformly distributed.
This is known to be the case.
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Figure 0.2: Plotting the first N points of the sequence (log;qn),-, mod 1 for
N = 5, 50 and 500. The visible points are fewer than N because some points
overlap. The pattern seems to suggest that in the limit, the points are most densely
distributed to one side of log;y N, and least densely to the other side.

In contrast, the sequence (log,on) -, is known to not have a unique dis-
tribution mod 1 [17]. However, for carefuly chosen Ns, plotting the first N
points of the sequence seems to reveal a pattern. For example, if we plot the
first 5, 50, and 500 points of (log;yn),~, mod 1 and compare them side by
side as in Figure 0.2, it appears the points tend to be more densely distributed
exactly behind the last drawn point namely (log,, 500) = (log;, 50) = (logy, 5)
on the circle. While it turns out that indeed for every wy the highest den-
sity precedes the final point log,, IV, the observed pattern is an artifact of our
chosen Ns. If we choose to plot the first 10, and 100 points, the high density

would precede (log;, 1) on the circle (see Figure 0.3). The most dense portion
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of wy keeps rotating to log,, N on the circle as N increases, and hence there is

no unique distribution mod 1 for (log,,n)

> .- We ask the question, however,
if something can be said about the pattern observed in the carefully chosen
subsequence of empirical distributions plotted Figure 0.2, namely (w5xmj)]°.i1,
or other similar subsequences of (wy)y_, like in Figure 0.3.

To describe the common pattern observed in Figures 0.2 and 0.3, take
the points for one particular N, say N = 10 in Figure 0.3. Note that the
distance between two consecutive points on the circle decreases. That is to
say, the distance between the first two points log;, 1 and log;, 2 is larger than
the distance between the next two points log;, 2 and log;, 3, and so on. These
points, circled in red, are also present for N = 100, with 9 additional points
‘squeezed’ between them. The pattern continues for N = 1000 (not pictured),
and so the windows to squeeze the next 9 points in get smaller, yet more

numerous.

N=10

Figure 0.3: Plotting the first N points of the sequence (log;yn),-; mod 1 for
N = 10 (circled in red), and 100. For N = 100 all the red-circled points are still
present, and there are 9 new points inserted in between any two of them.

Once we have set up the apparatus to investigate the above question, we
can also get more insight to the curious Benford’s law. Reading numbers from
left to right, Benford’s law informally says that in many different situations,

observed numbers most probably begin with the digit 1 (more than 30%), fol-
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lowed by 2 being less likely (about 18%), and so on all the way to 9 being
the least likely first digit (less than 5%). This pattern is observed in many
seemingly irrelevant recordings of numbers such as lengths of rivers, population
sizes of countries, even the numbers appearing on the first page of a newspaper

[5]. More precisely, the law states that for any d € {1,2,---,9}, the proba-
a1
d
sequences follow this rule. The sequence of Fibonacci numbers, factorials,

bility that the first significant digit of a number is d equals log;, . Many
powers of 2, or even powers of e all follow Benford’s law in the sense that the
proportion of the elements whose first digit is d among the first N elements of
the sequence approaches log;, % as N grows [26, 23, 22]. Take for example
the sequence (2")%°,, and for some N € N, count the elements that have the
first digit 1. If we denote this count by # {n e{1,2,--- /N}:Dy(2") = 1} ,

then
#{ne{l,2,--- ,N}:Di(2") =1} nNoa
N

as demonstrated in Figure 0.4. The analogous ratio for the first digit being 2

> logn2

approaches log;, % , and so on for the other possible first digits.
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N

Figure 0.4: The ratio of the powers of 2 that have first digit 1 among the first N
powers. The ratio approaches log,y2 as N grows larger.

A natural (no pun intended) question to ask is if the sequence of N is
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also Benford in the above sense. In other words, would the proportion of
the first N natural numbers whose first digit is d approach log,, % as N
gets larger? The answer is no. The proportion does not converge for any
d e {1,2,---,9}. Figure 0.5 depicts the mentioned ratio for first digit being
1. Instead of approaching the value log,,2, the ratio seems to oscillate up
and down in every order of magnitude. The oscillation pattern is present for
other possible first digits as well. Focusing on Figure 0.5, the first upward
region is for N between 10 and 19; and the downward region after that is for
N from 20 to 99. Clearly, that is followed by another upward pattern from
100 to 199, and so on. The up-down oscillation takes a periodic form if the

horizontal scale is logarithmic (see Figure 0.6).
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Figure 0.5: The proportion of the first IV naturals with first digit 1 keeps oscillating
up and down over each order of magnitude.

In this thesis, we work with the Kantorovich/1-Wasserstein metric dr on
the space P of all probability measures on the circle, which induces the weak
topology mentioned above [10]. We introduce an explicit formula for calculat-
ing dr between any two u,v € P, and through that formula we explore the
basic topology of P with this metric. We calculate, for example, the distance

between an exponential and the uniform distributions mod 1. We will see that



o0

>, the subsequence of (wy)y_, that is pictured in

for the sequence (log;,n)
Figure 0.2 converges (in the dr sense) to an exponential distribution mod 1
rotated so that its most dense point is at log,,5. More generally, we will see
that if all wys are rotated so that their most dense points coincide (e.g., at
0+7Z), they all converge to a unique exponential distribution. We will also see
that the pattern observed in Figures 0.5 and 0.6 is the measure of an arc on
the circle under a sequence of rotating empirical distributions associated with
a log-like sequence, which turn out to be approximations of an exponential

distribution rotating around the circle.

1 T T T T T T T T T
. 0.8 |
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£
) 0.6 i
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vl
< log, 2 I
— Y10
¥* 02
1/9 |-
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0 0.5 1 1.5 2 25 3 35 4 45 5

log,y N

Figure 0.6: The proportion of the first N naturals with first digit 1 plotted against
a logarithmic horizontal scale. The ratio seems to follow a periodic pattern.

For the reader’s convenience, the preliminary work required for the main
results of each chapter are presented separately in the first section of the
chapter with the exception of Chapter 1 in which the first section is dedicated
to notations. Additionally, all proofs are presented in a different color so that

the reader has the option of skipping them at their discretion.



Chapter 1
Preliminaries

In this chapter, we formally introduce the main objects of study in this thesis.
Before doing so, we first clarify the notations and conventions in Section 1.1.
Additionally, a list of the symbols and their meanings is provided at the be-
ginning of this thesis for reference. Section 1.2 includes preparatory remarks

and lemmas required for the rest of the chapter.

1.1 Notations and conventions

Throughout this document, C, R, R*, R, Z, and N denote the set of com-
plex numbers, real numbers, non-negative reals, extended reals, integers, and

natural numbers, respectively. The natural logarithm is always denoted log.

For every function f: R — R, we call f increasing if for every x,y € R
such that = < y, we have f(z) < f(y). Similarly, f is decreasing if for every
x,y € R such that x < y, we have f(z) > f(y). A function that is either
increasing or decreasing is monotone. The adverb “strictly” modifies the above
adjectives to mean that our monotone function preserves strict inequalities.
Furthermore, for every xy € Dom(f), we denote lime g f(zo —€) by f(zg),
and likewise limeo f(zo 4+ €) by f(zg), provided these limits exist.

For every t € R, we denote the largest integer that is less than or equal
to t by |t] := max{k € Z : k <t}, and denote the fractional part of ¢ by

7



(t) :=t — |t] . The number (t) is also referred to as the residue of t modulo 1
[17], and is interpreted geometrically as the distance between ¢t and the first

integer to its left on the real line. Furthermore, ¢+ Z is a shorthand notation
for theset {---, t—2,t—1,¢t,t+1,t+2,---}.

For any two metric spaces (X, dx) and (Y, dy), denote by C' (X;Y) the set
of all continuous functions from domain X to codomain Y, ie., C (X;Y) =
{f € YX: f is continuous}; and similarly denote by Lip, (X;Y’) the set of all

a-Lipschitz continuous functions, i.e.,
Lip, (X;Y) = {h e C(X;Y) :dy (h(.l’l),h(l’g)) < adx(xy,my) Yoy, a9 € X} )

If Y is omitted in these notations for collections of functions, it is understood
that Y =R, e.g., C (X) = C (X;R). Furthermore, for every f € Y* and every
B C Y, define the notation {f € B} := {z € X : f(z) € B}. Lastly, denote
by 1x, Idx, X, and #X , the indicator function, the identity function, the

closure, and the cardinality of X, respectively.

For two measures p and v defined on the same measurable space, denote by

1 << v absolute continuity of u with respect to v.

1.2 Preparatory work

The preparatory results and lemmas used to prove the main statements in this

chapter are gathered in this section and are as follows.

Remark 1.2.1 (composition of continuous functions is continuous). Let (X, 7x),
(Y, 7v) and (Z, 77) be topological spaces. Let f: X - Y and ¢g: Y — Z be

continuous functions. Then go f: X — Z is also continuous.

Remark 1.2.2 (composition of Lipschitz functions is Lipschitz). Let (X, dx),
(Y,dy) and (Z,dz) be metric spaces, and let f: X — Y and ¢g:Y — Z
be Lipschitz continuous functions. Then go f: X — Z is also Lipschitz
continuous. Furthermore, if L' and L” denote Lipschitz constants of f and g,

then a Lipschitz constant of go f is L'L".
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Remark 1.2.3 (Range of a continuous function on a compact space is com-
pact). Let (X,7x) and (Y, 7y) be topological spaces, where (X, 7x) is com-
pact. Then for every continuous function f: X — Y, Range(f) = f(X) is

also compact.

Corollary 1.2.4 (Continuous functions map compact sets to compact sets).
Let (X,dx) and (Y,dy) be metric spaces, and let f: X —Y be a continuous
function. Then f(K) is compact for every compact set K C X.

Remark 1.2.5 (isometries are one-to-one). Let (X, dx) and (Y, dy) be metric

spaces, and let f: X — Y be an isometry. Then f is injective.

Lemma 1.2.6 (auto-isometries on compact domains are onto). Let (X, dx)
be a compact metric space, and let f: X — X be an isometry. Then f is

surjective.

Proof. We want to show f(X) = X.
Clearly, Range(f) € CoDom(f) and therefore f(X) C X . Thus it suffices to
show X C f(X). Assume, by contradiction, 3z € X \ f(X).

Claim 1.2.6.1. The point x is not a limit point of f(X), i.e.,

r ¢ f(X) .

Proof. X is compact; thus through Remark 1.2.3, f(X) is compact. If = was
a limit point, then there would exist a sequence in f(X) that was convergent
(in X) to x. This sequence and all of its subsequences, therefore, would be

divergent in f(X). This contradicts the sequential compactness of f(X). O

By Claim 1.2.6.1, we know dx (z, f(X)) > 0. Let d := dx (z, f(X)).
Therefore we know

Vy € f(X), dx(z,y)>d . (1.1)

Consider the recursively defined sequence (z,,),~; C X in which every element

is the image of the previous element under f, i.e., consider
T =2 A Vn>2, x,:= f(z,1) -

9



By (1.1), we know that Vn > 2, d(z1,x,) > d. This implies through the

following steps that no two elements are ever closer to each other than d.
Let arbitrary m,n € N : m # n be given. WLOG assume m < n. By (1.1)

and the fact that composition of isometries is still an isometry we know

isometry (1.1)
— dx ($1,$n7m+1) > d .

dx (Tm, Tn) = dx (fmA(xl)’ fm%(xnfmﬂ))

So no subsequence of (x,),~, C f(X) can be convergent. This contradicts the

sequential compactness of f(X). |

Corollary 1.2.7. We see immediately from Remark 1.2.5 and Lemma 1.2.6
that an isometry on a compact domain is invertible, and its inverse is an

1sometry as well.

Definition 1.2.8. We define the function dr: R x R — [0, 3] as

Va,beR, dr(a,b) :=minla—b+ k| .
ke
Note that in the above definition, the function dp: R xR — R* is invariant

under shifts by integers. More precisely,

Va,b € R, Vki, ke € Z, d’]r(a + ki, b+ ]{72) = dT(CL,b) . (12)

1.3 The circle

Denote by T the quotient space R/Z. Note that every z € T has the form
xr = t+ Z for some t € R. This real ¢ is not unique, and any two ¢t € R
yielding the same points in T differ by an integer, i.e., if t} +Z = ty + 7Z,
then t; —ts € Z. (The converse of this conditional statement is obviously true
as well [4].) Tt is known that equipped with the quotient topology (i.e., the
topology induced by the map t — t+7Z), T is a compact metrizable space [21].
Note that dr in Definition 1.2.8 is well-defined on T x T in the sense that for
every z,y € T, the value dr(s,t) is independent of the chosen representatives
s,t ER of x =547 and y =t+7Z, by (1.2). When interpreted as a function
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on T x T, dr becomes a metric that induces the quotient topology. We
formally define this metric in Definition 1.3.1, and we use the same notation

to avoid introducing new notations.
Definition 1.3.1. We define the metric dp: T x T — [0, 3] as

vt1+Z,t2+ZET, dT(t1+Z,t2+Z)Z:Ilgliél|t1—t2+k’| .
€

The set T corresponds to the unit circle centered at the origin in the complex
plane C in a bijective fashion. One such bijection 1c: T — {z € C: |z| =1}
is defined in Definition 1.3.2. Furthermore, the bijection i¢ is in fact a home-
omorphism (see Remark 1.3.3) and therefore (T, dr) is (topologically) isomor-
phic to ({Z €eC:lz| =1}, || ), and as such, we are justified in referring to
T as a circle. It is convenient to geometrically interpret (T,dr) as the unit
circle centered at the origin in C where the metric dr(z,y) is the (normalized)
arclength of a shortest arc connecting the two points tc(x), tc(y) on the circle.
To define the bijection ¢, note that just as was the case with dr in Defini-

t2mi

tion 1.2.8, the complex-valued function of a real variable ¢ — e*“™ is invariant

under shifts by integers, and thus (¢ in Definition 1.3.2 is well-defined.
Definition 1.3.2. We define 1c: T — {2 € C:|z[ =1} as
Vt+ZeT, 1wc(t+2Z):=e? .
Remark 1.3.3. [6] The bijection ¢ defined in Definition 1.3.2 satisfies
Ve,y € T, 4dr(z,y) < |Lc(l‘) - Lc(y)| <2mdr(z,y) ,
and is therefore bi-Lipschitz continuous. Thus (T, dr) is Lipschitz isomorphic

[11] (aka Lipschitz equivalent) to ({z eC:lz| =1}, | ]) . This implies that

(T, dr) is a compact metric space.

Denote by P the set of all probability measures on the measurable space

(T, Br), where Br denotes the Borel o-algebra on T. Every p € P is uniquely
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determined by its (cumulative) distribution function F), as defined in Defini-
tion 1.3.4. Note that despite our use of the usual notation F' for a cumulative
distribution function, Definition 1.3.4 is not exactly the same as the usual
definition, yet is closely related and contains the same information. This def-
inition is comprehended more easily in light of the bijection (g defined in
Definition 1.3.6.

Definition 1.3.4. For every pu € P, we define the associated distribution
function F,,: R — R as

VteR, F(t)i=p({s+2Z:se0,®0})+ 1)

Every probability distribution function F),, as defined in Definition 1.3.4,
is increasing and right-continuous, and F,(0) > 0. Additionally, the function
t — F,(t) —t is 1-periodic, and F,(17) = 1. Conversely, every function with

these properties is the distribution function of a (unique) p € P.

In talking about measures we often use the concept of a pushforward mea-
sure or image measure. Every measurable function from a measure space to
a measurable space induces a measure on the codomain that is in a sense
the domain measure ‘pushed forward” onto the codomain by the measurable

function.

Definition 1.3.5 (Pushforward measure). Let (X, M, 1) be a measure space
and (Y, N') a measurable space. If f: X — Y is an M-N-measurable function,

1

then v := po f~! is a measure on (Y, N') — the pushforward of u under f.

We now turn to introduce the bijection (g which provides scaffolding not
only for a more intuitive interpretation of probability measures in P and their

distribution functions, but also for the calculations that follow in Chapter 4.
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As a set, T also corresponds to the unit interval [0, 1) in a bijective fashion.
One such bijection is tg: T — [0,1) defined in Definition 1.3.6. If equipped
with the right topology, the interval [0, 1) can become topologically isomorphic
to T through tg . The metric dr as defined in Definition 1.2.8 gives the right
topology when restricted to [0,1). With the Euclidean metric |- |, however,
[0,1) is not topologically isomorphic to the circle T (see Remark 1.3.7). To
define the bijection (g, we again note that just like the map t — €™, the
map (-): R — [0,1) as defined in Section 1.1 outputs the same value for all
equivalent ts in every t +7Z € T; and thus (g in Definition 1.3.6 is well-defined.

Definition 1.3.6. We define wg: T — [0,1) as
Vi+ZeT, w(t+2Z) = (t)

Remark 1.3.7. The bijection tg: T — [0,1) defined in Definition 1.3.6 is

bi-measurable. While ¢ is not continuous, ¢z': [0,1) — T is 1-Lipschitz.

While ([0,1),-|) is not topologically isomorphic to (T, dr), it is of interest
because of our familiarity with the calculus of real-valued functions on [0, 1)
(see Theorem 2.2.8). Using the measurable map (g, we can think of any
it € P as a probability distribution on the measurable space ([O, 1) ,8[071)).
The F), defined in Definition 1.3.4 is the result of extending the cumulative
distribution function of such a pushforward measure by shifting copies of its
graph one unit to the right and unit up repeatedly to form a ‘diagonal’ in the
first quadrant of R?, and similarly one unit to the left and one unit down for

the third quadrant’s ‘diagonal’. To see this, note that for any given pu € P,
Fu(s)=pouwz" ([0,s]) Vsel0,1) . (1.3)

A few examples of probability measures in P and their distribution func-
tions are given in Section 1.4. In that section, we will see that despite not
being our approach later on, each of the examples of interest could be defined
as push-forward measures (under Lﬂgl) of a probability measure that we know

on [0,1). Similarly, the bijection g allows us to identify any function on T
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as a function on [0,1). Thus from now on, for any function A on T and any
s € [0,1), the notation A(s) is understood to mean houg'(s). Not surprisingly

we define the derivative of any h to be that of ho Lﬂgl .

Definition 1.3.8 (Derivative of a function on T). Let h: T — R be a real-
valued function, zo € T, and sg := tg(xg). We say h is differentiable at xq if
houg'o(-): R — R is differentiable at s, in the usual sense; and we define the

derivative of h at x( as

h'(xg) == (h o' o) ), (s0)

hOLﬂg10<->(t) — hOLﬂglO<->(SO)
t—so :

where (houz' o (-) )/ (so) is understood to be lim;_,,

If h is differentiable at every zq € T, we call it differentiable (everywhere).

1.4 Some examples of measures in P

There are a few elements of P that are of particular interest to us and they

are as follows.

Perhaps the simplest family of probability distributions is the family of point
mass (or Dirac) distributions denoted by d,, for every point z¢ € T, in which
all probability mass is assigned to a single point zo € T, or so € [0, 1) if one

sees the distribution on [0, 1):
Vrg €T, VB € Br, 5a:0 (B) = ]lB(iL‘Q)
The distribution function of d,, satisfies

0 s <S89 ,
Vse(0,1),  Fj, (s)= 0
1 SZSO )

where so = tg(xg). We could have used this formula of Fs,, to define the
measure d,, — an approach we take for the remaining probability measures

in this section. Note that the formula above is the same as the distribution
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function of d,, on [0,1). Since every distribution function uniquely determines
a probability measure, we see through (1.3) that d,, o Lﬂgl = 0, - Conversely,
we conclude that &, = d,, © (LHEI)_l :

Another simple element of P is the uniform (or Lebesgue) distribution de-
noted by At in which every open arc on the circle T is assigned its (normalized)
arclength as its probability mass. We define the distribution function F), as

follows, and thereby we will have fully defined Ar:
Vs € [0,1) F.(s) =5 .

Again, note that the above formula is the same as the distribution function
of A, the familiar Lebesgue measure on [0, 1). By uniqueness of distribution

functions, we see through (1.3) that Aotz = X and therefore Ay = Ao (Lﬂgl)fl .

Remark 1.4.1. It is noteworthy that if ; € P is absolutely continuous with

1

respect to Ar, then p oy~ is absolutely continuous with respect to A, with

density
dpors) _dn
d\ d\p R
F5 F
Sy Ap
1 - 1 :
0.87 1 087
0.6} 1 06}
0.4} 1 0.4}
0.2} 1 0.2}
0 O : 0 :
0 EN 0.5 1 0 0.5 1
s S

Figure 1.1: The distribution functions of s, and Ar plotted on [0,1).
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In this thesis, an important family in P consists of ezponential distributions,
denoted 7, for every non-zero real a. We define 7, via its distribution function

as
e®” —1

e — 1

Vs €[0,1), F,(s):=

One may wonder why 7, is called ‘exponential’. This is because it can be
shown (see Proposition 1.4.2) that 7, is the distribution of (=tY) +Z where
Y ~ Expo(1). Before demonstrating this, we must recall that if X is a random
variable such that X ~ Expo(#) where 6 > 0 denotes the rate parameter,
then £ X ~ Expo(af) for every a > 0 [9]. We also recall that if X has an

exponential distribution with rate § > 0, i.e., if X has the density function

0 e 0 t>0 ,
0 t<0 ,
then —X has the density function
0 t>0 ,
VEER,  fox(t)=
0 et t<o0 .

Proposition 1.4.2. Let a € R\ {0} be given, and let Y': (2, M,P) — (R, Bg)

be a standard exponential random variable, i.e., let Y ~ Expo(1). Then the

function s — <=1 is the distribution function of (—1Y) on [0,1).
Proof. Let arbitrary Y ~ Expo(1) and an arbitrary a € R\ {0} be given. We

want to show that F<%1Y>(s) ==l Vse[0,1).

Let arbitrary s € [0,1) be given.

[Case 1] a>0 .

0 t>0
We know that [ 1,(t) =

ae t<o0 .
By definition of the distribution function,



n=0 Y —1-n n=0" 1
N s—1
= ]\}13;0 nzzoe_‘m 9 ae*tdt
s ¢ . al 15—1 1
= /_1 ae"dt ]\}1_13100;6 o= le"]7] —
e (s—1) _ e 4 B W(eas _ 1) B ess _ 1
1—e@ 77 (e — 1) et — 1

a<0

The proof of this case is analogous to that of Case 1.

as

Thus we have shown that Va € R\ {0}, F-1y,(s) = 5= Vs €[0,1). ®

er—1

F when a>0 F when a<0
n U]
1 a . 1 a
0.87 1 0.87
0.67 1 0.67
0.4} 1 0.4}
0.2¢ 1 0.2¢
0 : 0 :
0 0.5 1 0 0.5 1
S S

Figure 1.2: The distribution function of 7, plotted on [0,1) when a is positive
(left) and when a is negative (right). The closer a is to 0, the more F),, resembles
F, .
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The final family we introduce in P consists of distributions (, where a is a
non-zero real. We define (, via its distribution function as
e“la+1—as)—1 e — e

Vs € [0,1), Fe(s) = g Oy

These distributions are examples of Gamma distributions because (, is the
distribution of (=1Y; + =1Y3) 4+ Z where Y3,Ys '~ Expo(1).

1.5 P as a compact metric space

In this section we topologize P by defining a convergence criterion for a

sequence in P. We then introduce a metric that induces that topology.

Note that with the notion of distance dr: T x T — R* defined on T (see
Definition 1.3.1), the notion of continuity is well-defined for any real-valued
function on T. In addition, the set Lip,(T;R) of 1-Lipschitz continuous func-

tions is also well-defined.

Consider the fact that T is a compact metric space. Thus the space of all
finite Borel measures with the total variation norm is isometrically isomor-
phic to the (normed) space of bounded linear functionals on C(T), i.e., the
dual space of C(T) denoted by C(T)* [15]. Under this isomorphism, ev-
ery probability measure p1 € P is identified with the functional ¢, given by
ou(h) == [y hdp for every h € C(T). The topology that we define on P is
through the notion of weak convergence in the following sense: A sequence
(in),—, converges to p in P iff (gpun)zo:l
words, iff for every h € C' (T), the sequence ( Jp b d,un)zoz

in R. More succinctly,

converges pointwise to ¢,; in other

| converges to [ hdp

fn —=% 1 <= VYheC(T), /hdunw—“> hdp . (1.4)
T T

In the terminology of linear analysis, this topology corresponds to the weak-x

topology on P, understood as a subset of C(T)*. With this topology, P is
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compact and metrizable [21]. A metric that induces the weak topology is the

following metric known as the Kantorovich or the 1-Wasserstein metric [10].

Definition 1.5.1 (Kantorovich/1-Wasserstein metric). The Kantorovich met-
ric dp: P x P — R* is defined as

Yu,v € P, dr(p,v) == sup (/hd,u —/hdu)
heLip, (T) \JT T

In Chapter 2 we will prove that the above supremum is in fact a maximum
(see Corollary 2.1.5.) Even then, however, the computation of the Kantorovich
distance remains difficult. A less abstract and easier-to-use formula for dr is

introduced in Theorem 2.2.8.

Apart from convenience, the main reason why we use the same symbol
dr for both the metric on T and the metric on P is that the Kantorovich
metric in Definition 1.5.1 is an extension of d as defined in Definition 1.3.1
in that dr (8, ,8,) = dr(z,y) for every z,y € T (see Theorem 1.5.3). Thus
through the map = +— J,, the circle (T,dr) is isometrically isomorphic to
{0, € P : 2z € T} CP. That is to say, once P is equipped with the Kantorovich

metric dr, the map x — §, becomes an isometric embedding of T into P.

Lemma 1.5.2. Let (X,d) be a metric space, and let an arbitrary y € X
be given. Define the function h,: X — R as hy(-) == d(-,y) . Then
h, € Lip; (X).

Proof. We want to show |h,(b) — hy(a)| < d(a,b) for every a,be X .
Let arbitrary a,b € X be given. By the triangle inequality,

d(b,y) < d(b,a) +d(a,y) . (1.5)

It is now readily seen that

def’n of hy (1.5) d symmetric

d(b7 y) - d(a> y>| < d(b7 CL)

|y (b) = Doy ()] d(a,b) .
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Theorem 1.5.3. For every z,y € T, dr (51,53,) =dr(z,y) .

Proof. Let arbitrary x,y € T be given. On the one hand, by definition,

dr (§m,5y) = sup (/hal(iD —/hd5y>
heLip, (T) \JT T
h € Lipy (T)

= sup (h(z)—h(y)) < sup |h(zx)—h(y)| < dr(zy) .
heLip, (T) heLip (T)
On the other hand, considering the function h,: T — R given by h,(:) :=
dr(-,y), We know

dr(z,y) = hy(x) — hy(y) = /hy do, — / h,, dé,
T T
Lemma 1.5.2
< sup (/ hdd, — / hdéy) = dr (51,6y) .
heLip, (T) \JT T

Thus dr (6$,5y) =dr(z,y) . [ |

Note that Theorem 1.5.3 says in particular that the mapping x +— 9, is
an isometric embedding of T into P. Thus, the set {0, € P : x € T} may be
viewed as a circle. In Chapter 4, we will examine in detail the distance between
the probability measures introduced earlier, which will complete this informal

view on the space (P, dr); see Figure 4.4.

1.6 Rotating T and P

In this section, we introduce the rotation and reflection transformations that
will become important later in Chapters 4 and 5. We also consider the push-
forward probability measures under rotation. We then conclude that the Kan-

torovich distance between probability measures is invariant under rotation.

Considering (T, dr) as a circle in the complex plane, for every t +7Z € T, we
can rotate every point of the circle counterclockwise by 27t. Another relevant

transformation would be to reflect the points about the real axis.
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Definition 1.6.1. Let ¢ € R be a real number. We define the rotation (isom-
etry) Ry: T — T as
VeeT, Ryzx)=x+t,

and the reflection (isometry) Q: T — T as

VeeT, Qz):=-x .

We additionally interpret R;y7 to mean R;; and thereby R, is well-defined
for every y € T .

Remark 1.6.2. Note that for every s,t € R,

R;IItha RioRs=Riyys, QoRy=R 0@, and Q71:Q~

Since R;: T — T is (bi)measurable, we can consider the pushforward of
any u € P under R; (or R;'). The same is true for Q (or Q7'). When
thinking about po R; ', we can either think that the input set (i.e., the set to
be measured) is rotated by —t and then measured by pu, or we can think of
the probability measure p itself being rotated around the circle by ¢ while the
input sets remain where they are. See Figure 1.3 for an example. With this
view, the mapping p +— o R;' can be thought of as a rotation defined on
P. This mapping is an isometry too (see Theorem 1.6.5). In other words, the

metric dp: P x P — RT is invariant under rotations. In symbols,
Vu,v € P, VteR, dr(p,v)=dr(poR;,voR") . (1.6)

Similarly, p +— o Q! reflects measures in P and dr is invariant under it.

It is easy to see that the rotated (or reflected) version of the uniform distri-
bution is the uniform distribution itself, and that the rotated (or reflected)
version of a Dirac measure is again a Dirac measure with the massive point

rotated (or reflected).

21



Remark 1.6.3. Note that A\ = AyoQ ™!, and that for every ¢t € R and every
Xg € T,

AT:)‘TORt_17 59000Rt_1:510+t7 51()0@_1:(5—107 and TIaOQ_IZU—a )

for every a € R\ {0}.

-
a 72" Raja

057¢ 05¢

Density
o

low

-1 -0.5 0 0.5 1

Figure 1.3: Schematic depiction of the probability distributions 7, (left) and 7, o
Ry /14 (right) where a > 0. The dark red color represents the highest probability
density, and the light yellow color the lowest.

The rotated versions of 7, will be of particular importance in Chapter 5.
Considering the example depicted in Figure 1.3, it is easy to see that with the
probability density of 7, rotated, the distribution function of 7,0 R, on [0, 1)
is essentially the distribution function of n, on [0, 1) cut at (t) and rearranged
so that the section on [0, (t)) and the section on [(t), 1) are switched to produce

a continuous function (see Figure 1.4).

Another way of thinking about this is to first recall that F;’s graph on [0, 1)
is the graph of F,, on R in the sense of Definition 1.3.4 viewed through the
[0,1) x [0,1) frame. Similarly, we can think of the graph of F, ,p-1 on [0,1)
to be the graph of F),, viewed through the 1 x 1 frame shifted by 1 — (¢) to
the right and by F, (1 — (t)) upward (see Figure 1.5). Thinking of rotation
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F R when as0 F °R' when a<0

1 n, =34 | | 1 n, 34
0.8f - 0.8¢
0.6¢ - 0.6¢
0.47 - 0.4f
0.2¢ - 0.2¢
0 : - 0 : -
0 05  3/4 1 0 05  3/4 1
S ]

Figure 1.4: The distribution function of 50 R /14 plotted on [0, 1) when a is positive
(left), and when a is negative (right).

as a shift of frame for viewing the distribution function of a measures will be
useful in Theorem 4.2.1.

It is thus not hard to see that once 7, is rotated by R;, we have

Vs € [0,(1),  For1(s) = Fp (1= () +5) = 5, (1= (1)
1 =F,

Vs e [(),1), B opo(s) = Fy (1) = By, (1= (8) + Fy. (s = (1)

which simplifies to the following

ea(lf<t))(ea5_1) >)
Vs€[0,1), F, pi(s) = ot )
' 1 — e ot if s €[(t),1)

er—1

We will later learn in Chapter 4 that for any fixed exponential distribution
Na, two rotated versions of it, say, n, o R; ' and n, o B!, are close in P if and

only if s and t are close in T; see Theorem 4.2.8 for a precise statement.
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F °R:' asaframe shiftonF
n 3/4 n

2 a

a

1.6 1

141 .

1.2 7

1k _

0.8r _

0.6 T

0.4r 1

0.2 _

O 1
0 1-3/4 1 2-3/4 2

Figure 1.5: The graph of F, o R3—/14 plotted on [0,1) is the graph of F, viewed
through the 1 x 1 frame shifted by 1 — ¢ to the right and by F,, (1 —t) upward. In
this example a is positive.

The remainder of this section proves a few statements in general about the
mapping that takes a u € P and maps it to its pushforward. By the end of this
section the truth of dr’s invariance will have been shown not just for rotation

and reflection, but also for any auto-isometry on T.

Theorem 1.6.4. Let S: T — T be a continuous function. Then the map

p— oS~ s also continuous.

Proof. Let an arbitrary convergent sequence (i) -, in P be given, and let

1 € P denote lim,,_, pt, . By definition of weak convergence,

VYheC(T), lim [ hdu, = /ﬁdu : (1.8)
T

n—oo T
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We want to show

VheC(T), lim [ hd(g,oS™") :/hd(uoS_l)

Let arbitrary h € C'(T) be given. Then,

lim hd(ﬂnoSfl): lim [ hoS du, (]ig)/hoSd/L:/hd(uoSl) ,
T T T

n—oo T n—o0

where the second equality is due to the fact that hoS € C'(T) by Remark 1.2.1.
[

Theorem 1.6.5. Let S: T — T be a an isometry. Then the map > poS™1

1S also an isometry.

Proof. By definition of isometry and by Corollary 1.2.7, S, S~! € Lip, (T;T).
We want to show that dy (p,v) =dp (po S, voS™!) for every p,v € P.
Let arbitrary p, v € P be given. On the one hand, we know by Remark 1.2.2
that hoS™! € Lip,(T) for every h € Lip;(T) . Thus considering the supremum
in the definition of dr (,u oSt vosSt ), we have for every h € Lip,(T),

dT(MOS_l,UOS_l) Z/hOS_l d(uos_l)—/hos_l d(l/OS_l)
T T
= /hd,u—/hdl/.
T T
Thus by taking the supremum over h € Lip,(T),
dy (po S voS™) > dr(uwv)

On the other hand, Remark 1.2.2 also tells us that ho S € Lip,(T). Applying

the same argument to the supremum in the definiton of dr (i, v), we get
d’]I‘(,uvy) > d?l‘ (MOS_laVOS_l)

Therefore dr (p,v) =dy (po S~ voS™) for every p,v € P. [ |
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Thus, in particular, we have proved the rotation invariance of dr mentioned

in (1.6). In light of the fact that the graph of F“OR;I o is the graph of F),

viewed through a shifted 1 x 1 frame, rotation invariance of dr becomes even

)

more intuitive once we prove in Chapter 2 that the dr distance between two
measures is just the minimal L'[0, 1) distance between vertically shifted ver-
sions of their distribution functions. This is because Definition 1.3.4 implies
that the difference of two distribution functions is 1-periodic, and thus the inte-
gral of this difference remains constant regardless of how much our integration

frame is moved.
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Chapter 2
A Formula for dp (i, v)

The goal of this chapter is to give a formula for the Kantorovich distance
dr. By the end of this chapter, we will have proved in Theorem 2.2.8 that
the Kantorovich distance between two distributions p and v is the minimal
Lt ([O, 1), Bp,) )\) distance between vertically shifted distribution functions
F,and F, , ie.,

dr(asv) = min || Fu = By =] a0 5, 0)

This formula is more convenient to use in light of Theorem 3.2.13 which pro-
vides a characterization of a t,,;,, € R that minimizes such L'[0,1) distance.
Thus, Chapters 2 and 3 together provide a practical way to compute the Kan-

torovich distance between any two u,v € P.

Preparatory lemmas and results are needed for the proof of Theorem 2.2.8.
Section 2.1 includes the preparatory work, and Section 2.2 includes Theo-
rem 2.2.8 itself.

2.1 Preparatory work

In this preparatory section, we first recall that the supremum of a real-valued

function on a compact domain is attained.

27



Remark 2.1.1. Let (X, dx) be a nonempty compact metric space, and let
f: X — R be a continuous function. Then f attains its infimum and supre-

mum,; i.e.,

Fy,z€ X+ fly) = inf fo) A f(z) =sup f(2) .

zeX

Next, we introduce a subset of Lip,(T) as follows:
Lip, o(T) := {h € C(T;R) : h(0) =0 A |h(z) = h(y)| < dre(z,y) Yo,y e T}

where h(0) is understood to mean the value of h at 0 + Z. The graphs of
Lip; o(T) functions pass through the origin if we interpret T as [0,1).

Remark 2.1.2. Since h € Lip,(T) if and only if h — h(0) € Lip,((T),
Definition 1.5.1 remains unchanged if Lip,(T) is replaced by Lip, ((T).

With Remark 2.1.1 in mind, we will now prove that Lip, ((T) is com-
pact. For this purpose, we first need to remind ourselves of the Arzela-Ascoli

theorem.

Remark 2.1.3 (Arzela-Ascoli). [13] Let (X, dx) be a compact metric space.
A set FF C C(X) is relatively compact in (C'(X) , ||.|«), i-e., F is compact
in (C(X), ||l.|ls) , if and only if F has the following two properties:

(i) F is (pointwise) bounded, i.e., the set {f(z): f € F} is bounded for
every r € X.

(ii) F is equicontinuous, i.e., for every € > 0 there exists 6 > 0 such that

dx(z,y) <0 implies |f(z) — f(y)| < e for every f € F.

Lemma 2.1.4. The metric space (Liplvo(']l‘) : ||||OO> is compact.

Proof. We will first use Arzela-Ascoli to prove that Lip, 4(T) is a relatively
compact subset of (C(T), ||.|l«). We will then prove that Lip, ((T) is closed.
To show the boundedness of {h(x) eER:he Lipl,O(T)} for every z € T, let
an arbitrary x € T be given. Clearly, for every h € Lip, o(T),

Lipschitz

|h(x)] = |h(0) — h(x) dr(0, ) <

N | —
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Thus Lip, 4(T) is pointwise bounded. To show the equicontinuiuty of Lip, ,(T)

we need to show
Ve>0,30>0:Va,y €T, dr(z,y) <d = |h(z) — h(y)| < e Vh € Lip, o(T).

Let arbitrary e > 0 be given, and let 0 := 5. Clearly for every x,y € T such
that dr(x,y) <0,

Lipschitz

(@) = Pon ()

dr(z,y) <0 = % <e VheLip(T) .

Thus Lip, ((T) is also equicontinuous. Therefore by Remark 2.1.3, Lip, ((T) is
relatively compact. To show that Lip, ((T) is closed, let an arbitrary Cauchy
sequence (hy),~, in Lip; o(T) be given. We know

(C(T),ll ) is complete

Lip, o(T) € C (T) Fhe C(T): ||hy — hll, =50 .

oo

We want to show that i € Lip, o(T). Since sup-norm convergence implies
pointwise convergence, we know h(0) = 0. To show h € Lip,(T), let arbitrary

€e>0 and z,y € T be given. We have for sufficiently large n € N,

|h(z) = h(y)| < |h(x) = ho(2)| + [hn(z) = Ba(y)| + | ha(y) — R(y))|
< € + dr(z,y) + €

where the first inequality is the triangle inequality, and the second is by the
fact that h,, € Lip; . Since € > 0 was arbitrary, |h(z) — h(y)| < dr(z,y) and h
is 1-Lipschitz and thereby in Lip, o(T) . Thus m = Lip, o(T) . Therefore
we have proved that Lip; o(T) is compact. |

Next, note that for every p € P, the map h+ [, hdp defines a bounded

linear functional on C (T) because

[l < [wan < al e cm.
T T

We therefore have the following corollary.
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Corollary 2.1.5. The supremum in Definition 1.5.1 is attained with Lip,(T)
replaced by Lip, o(T) . In other words,

Vu,v € P, Jho € Lip, o(T) : dr(p,v) :/hod,u —/hodl/ :
T T

Proof. Immediate by continuity of A +—> fT hdu , Remark 2.1.1, and Lemma 2.1.4.
[ |

We close the section with a few lemmas about Lipschitz functions that are

going to be used in Section 2.2.

Remark 2.1.6. Every Lipschitz continuous function f: R — R is absolutely

continuous, and hence differentiable almost everywhere.

Lemma 2.1.7. Let h € Lip,(T), and let b’ be as defined in Definition 1.3.8.
Then,
7] <1

Proof. Recall from Remark 1.3.7 that 15! € Lip, ([0, 1); T). By Remark 1.2.2,

(h o Lﬂgl) is 1-Lipschitz as well, i.e.,
Vs1, 50 € [0,1), ’(ho i2Y) (1) — (hou3?) (52)‘ <lsi—so . (21)

Through Remark 2.1.6, for almost every xo € T, we have by Definition 1.3.8,

(20| = tim [0t 200 = horgT ot (so)]
t—so ’t — S(]’
Note that Vzg € T\ {0+ Z}, the function (-) acts as the identity for any point

in close neighborhoods of sy. In that case,

| ‘(hOLﬂgl) (s) = (houw") (s0)| ey
W (z0)| = lim < liml=1.

S—So |S — 80| S—S0

And in the case where xqg = 0 + Z, i.e., where sy = 0, we know that in the

right limit £ — 07 subcase, the function (-) acts as the identity again, and the
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argument is the same as above. In the subcase where t — 07,

houwg')(s)— (hog') (so
(o) — g [ = (o) o

s—1 ‘3 — 30’ s—1
Thus ||A|| <1. [

Remark 2.1.8 (reverse triangle inequality). Let (X, dx) be a metric space.
Then,
‘v’a,b,ceX, |dx(a,b>—dX(CL,C)|de<C,b) :

2.2 The Kantorovich Formula

As mentioned in the chapter opening, in this section, we prove that the dr
distance between two measures p and v is the minimal L* ([0, 1), By, )\)
distance between vertically shifted distribution functions F}, and F,. Some
of the tools we use in this task include the bijection (g introduced in Defini-
tion 1.3.6, the Radon-Nikodym theorem, and integration by parts. Below are

applicable versions of the latter two statements.

Remark 2.2.1 (Radon-Nikodym Theorem). [24] Let (X, M) be a measurable
space, and let v and p be probability measures. Then, u < v if and only
if there exists a measurable function f;: X — R such that it satisfies the

following two conditions:

(i) [y fodv exists (in R).

(i) Vfe L"( X, M,p), [y fdu= [ [ fodv .

The function fj is the Radon-Nikodym derivative of p w.r.t. v, denoted

dp
dv °

Remark 2.2.2 (Integration by parts). [20] Let [a,b] C R be an interval, and
let w,v: [a,b] = R be real-valued functions. If u is absolutely continuous and

v is integrable w.r.t. the Lebesgue measure A on B, , then

/ uvd\ = u(b) V(b) —/ u'Vd\
[a,b]

[a,b]
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where w/ 2= 44 anqd V(z)= [ _vd\ for every x € [a,b] .
dz la,z]

Recall from Remark 2.1.6 that Lipschitz continuity implies absolute conti-
nuity. The fact that every Lip, o(T) function is absolutely continuous implies
Lemma 2.2.3 through the integration by parts formula. This lemma will be a

piece of the proof of the Kantorovich formula.

Lemma 2.2.3. Let p € P be absolutely continuous w.r.t. Ay. Then,

Vh € Lip, o(T), /hdﬂ——/ h'F,dX\ .
' T 0,1)

Proof. Let an arbitrary p € P with p < Ar be given. By the Radon-Nikodym

theorem we know
3f. € L' (T, By, A\r): Vfe L' (T, Br, u /fdu—/ffud)\qr. (2.2)

Let an arbitrary h € Lip,o(T) be given. Since T is compact, we know
Lip,(T) C L' (T, Br, A1), and so (2.2) applies to h:

/hdu @/hfudknr =/ (hog") (fuotz") d (Mo
T T = (T)
:/ (hoLﬂgl) (fu o Lﬂgl) dx (2.3)
[0,1)

where in the second and third equalities tg: T — [0, 1) is as in Definition 1.3.6.
We would like to apply integration by parts to (2.3). In order to check the
conditions, we note that by Remark 1.2.2, ho Lﬂglz [0,1) — R is 1-Lipschitz,

and hence absolutely continuous through Remark 2.1.6. We also note that

fMOLHgldA:/fMdAT ‘2;2)/@:1 <o .
T T

[0,1)

Thus f, o' is integrable w.r.t. A, and we can integrate (2.3) by parts.
Recalling from Remark 1.4.1 that f, o Lﬂgl is the density of the push-forward

measure 4 o ", and from Definition 1.3.8 that (h o Lﬂgl)/ =: b/, integration of
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(2.3) by parts yields

0
/hdu = [(hos! #(s)]l —/ WE,d\ |
T 0 [0,1)

where the first term vanishes since i € Lip, o(T), hence h(0) = h(17) =0. W

Remark 2.2.4. Through analogous steps to the above proof, one can show

that for any z € T and absolutely continuous u € P,
Vh € Lipy o(T) . /hd(u o RY) = hz) — / Wo R, Fy,d\ .
T [0,1)

As another puzzle piece to be used in the proof of the Kantorovich formula

we introduce the following:

Let My denote the set of all essentially bounded measurable functions on

[0, 1] that have sup-norm < 1, and integrate to zero, i.e.,

MO::{gELOO[O,l]:HgHOOSl A / gdAzO} . (2.4)
0.1

The functions in this set are exactly the derivatives of the functions in Lip, o(T) ,

and in that way My is in one-to-one correspondence with Lip, ((T).

Lemma 2.2.5. With My as in (2.4), the function 1: Lip, o(T) — My given
by ¥(h) :==h is a bijection.

Proof. To show that ¢ is surjective, note that for every h € Lip,(T), h
is almost everywhere differentiable and by Lemma 2.1.7, |||, < 1. Also,
f[o 1 h' d\ = 0, since by Definition 1.3.8,

1-

[ o= (oo 6] =0-0=0

0

Thus Range(v)) C My. To show the reverse inclusion, let an arbitrary g € My

be given. Note that ¢ is integrable on [0,1]. Consider the anti-derivative of
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g denoted h(s) := f[o 4 9dA. Clearly h(0) = 0. We want to show that h is
1-Lipschitz as well.
Let arbitrary sy, so € [0, 1] be given. WLOG assume s; < $3 .

sl <}

Note that in this case, dr (s1,s2) = sa — s1. By definition of A,

/OSQg(t) dt—/OSIQ(t) dt’
/:g(t)dt < /82 |g(t)] dt

< HQHOO/ 1dt <1(sy—s1) = dr(s1,52)

S1

|h(s2) = h(s1)] =

[s1— 82 > 5 -

Note that in this case, dr (s1,82) =1—s9+s;. Since f[o 1 gd\ =0, we know

/082g(t) dt:—/sjg(t) it . (2.5)

/082 g(t)dt — /0319(10 dt‘
(2.5) ‘_/lg(t) dt — /0819(15) dt

< [lawldes [ o]

S1
< ol [ v+ Dol [ va
S2 0

< 1(1—s9) +1(s1) = dr(s1,52)

By definition of h,

‘h(Sg) — h(Sl)’ =

Thus in both cases h € Lip, o(T), and ¢ is surjective. To show its injectivity,
let hi,hy € Lip, o(T) be such that ¢(hi) = ¥(hy). Thus h} = hj almost
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everywhere. For every s € [0,1),

0:/ (W, — hy) dA :/ h’ld/\—/ Wod\ = hi(s) — ha(s) |
[0,9] [0,s] [0,s]

where the second and third equalities are by Remark 2.1.6, the fundamental
theorem of calculus, and the fact that hy(0) = hy(0). Therefore we have
shown that h; = hy, and thus v is injective too. [ |

As the final puzzle piece, we will prove Theorem 2.2.7; but to do so, we

need to remind ourselves of the Hahn-Banach theorem.

Remark 2.2.6 (Hahn-Banach). Let (X, || - ||y) be a normed linear space, and

A C X a (not necessarily closed) linear subspace. Then,

x- = [l

Ve, 3peX': @ —¢ A |8 o

where A* and X* denote dual spaces.

Theorem 2.2.7. Let (X, ||-||) be a normed vector space over R, and let
x,y € X . Then,

sup{go(x) eER: pe Bo} = I;lelﬂrglnl’ —ayl , (2.6)

where By = {o € X* : |lo] <1 A @(y) =0} is the set of bounded linear
functionals in the closed unit ball centered at 0 € X*, that contain y in their

kernels.

Proof. Let arbitrary x,y € X be given.

x € span{y} .

By definition of span, there exists ay € R such that x = oy . By linearity of ¢,
clearly ¢(z) =0 for all ¢ € By, and therefore sup {p(z) €R : ¢ € By} =0.
On the other hand, by non-negativity of the norm, min,eg |[|aoy — ay|| = 0.
Thus (2.6) holds in this case.

x ¢ span{y} .

In this case, the distance inf,cg ||z — ay|| of = to span{y} is positive. We
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will first show that this infimum is attained. Since the attainment is obvious
when y = 0, assume y # 0. Note that a — || — ay|| is Lipschitz continuous

because for every aq,as € R,

[z = oyl = llo — ooyl | < ll—ony + asyll = |az —anl llyll

where the inequality is by the reverse triangle inequality (see Remark 2.1.8).

Note that the reverse triangle inequality also gives us a lower bound
oyl =zl < llz—ayl| VaeR ;

which implies that lim,—, 1 ||z — ay|| = +00. Thus considering o — ||z — ay||
on [—N, N] for a large enough N, we see through Remark 2.1.1 that this map
attains a global minimum. Assume the infimum is attained at ag and let b
denote this minimal value. That is, b := || — apy|| = minger ||z — ay|| > 0.
We want to show that sup .z, ¢(r) = b. Note that —¢ € By for every
¢ € By. Thus sup,cpp(r) = sup,ep |¢(z)|. By the linearity of ¢, the

definition of B, and the definition of operator norm,

|o(@)] = (@ — aoy)| < llell Iz — aoyll < ||z — oy =b Vo eB .

Therefore
sup |¢(z)] < b . (2.7)
peB

To show the reverse inequality, consider the vector z := x — apy which is

clearly linearly independent of y, and thus the following linear functional

on span{y,z} is well-defined:
Vs,t e R, (sy+tz):=t |

To show that ¢ is bounded, note that if ¢ = 0, then ||sy +tz|| > |t] for all
s € R. And in case where s € R and t € R\ {0}, we again find

S
lsy +t2ll = |t] || 2y + (= — aoy) || = [¢]

x—(ao—;)yHZMb ;
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where the inequality is true by definition of b. Therefore, for every s,t € R,

sy +tz
W(S?/-i-tZ)l =t| < w )
which implies that [[¢| < 3. By the Hahn-Banach theorem, there exists
¢ € X* such that ||¢| < %, and U(sy+tz) =t for every sy+tz € span {y, 2} .
Therefore by € By and bi(x) = bip(—agy + z) = b. Thus by definition of

supremum,

b < sup |p(z)| . (2.8)

peB
Through (2.7) and (2.8) we conclude that sup,cpp(z) = b, and thus (2.6)
holds in this case also. |

Denote by P, the space of probability measures on Br that have a fi-
nite support (i.e., u(C) = 1 for some finite set C' C T). Since dr induces
the weak topology on P, we know that P, is dense in P[21]. The space
Pac of probability measures that are absolutely continuous w.r.t. Ar can
approximate any p € Py arbitrarily well, and thus Pac is dense in P too.
We will use this fact in the proof of Theorem 2.2.8 below. Needless to say

Pe = {u € P: p continuous } O Pyc is consequently dense as well.

Theorem 2.2.8. For every u,v € P,

dr (p,v) = min/0 |Fu(s) = F,(s) — t|ds .

teR

Proof. We will first show the above holds true for any u,v € Pac. We then
use the density of Pyc in P to show the result is true for any p,v € P.
Let arbitrary u,v € Pac be given. By Corollary 2.1.5,

Jho € Lip; o(T) = dr(p,v) :/hodu —/hodu .
T T
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Since pu, v < Ar, through Lemma 2.2.3 we know that

nv) = [ Hale) (R = Fu(s) ds
< sup/0 9(s) (Fu(s) — Fu(s)) ds (2.9)

g€Mo

where M, is as defined in (2.4), and the inequality is because Lemma 2.2.5
implies h{ € My. On the other hand, Lemma 2.2.5 also implies that for every
W e My, [hdu— [hdv < dp(p,v), and therefore through Lemma 2.2.3,

we know for every h' € My,

/0 W(s) (F,(s) = Fu(s)) ds < dp(p,v) .

Taking the supremum over all b’ € My we have

Sup/0 9(s) (F,(s) — Fu(s)) ds < dp(p,v) . (2.10)

geMo

Therefore through (2.9) and (2.10) we have

dr(p,v) = sup/0 g(s) (F,(s) — Fu(s)) ds . (2.11)

g€Mo

Through Corollary 2.1.5 and Lemma 2.2.5 we know that the supremum in
(2.11) is attained. Recall that the dual space of the Banach space (L'[0,1], ||||,.)
is simply (L>°[0,1], ||-||.) up to an isometric isomorphism. Thus we can iden-
tify My in (2.4) with the set

No:={peL'0,1]": o] <1 A (L) =0} .
Consequently, (2.11) can be written as

dr(p,v) = sup ¢ (F, — F,) . (2.12)
pENo

Note that 1j1 € L'0,1], and letting x = F,, — F,, in Theorem 2.2.7, we
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conclude that
dr(p, v) = min HFu —F, - tHLl

teR

Claim 2.2.8.1. (2.11) holds for all u,v € P.

Proof. Let arbitrary pu,v € P be given. By the density of Psc in P there
exist sequences (i)~ and (1,),~, in Pac such that lim, e dy(pn, p) =
limy, 00 dr (v, v) = 0. Note that the definition of weak convergence implies

1

1 1 1
lim F,, ds= / F,ds AN lim F, ds= / F,ds . (2.13)
By what has already been proved, there exists a real sequence (t,) -, such
that

1
dr (i, vy) = / |Fp,(s) = F, (s) — t,| ds VneN .
0

— -||L1 and F, —F, <1, clearly the sequence

(tn)o, is bounded and thus has a convergent subsequence (t,,)

Since ¢,, minimizes HF un — o,

> L Therefore

1

lim dr(pn,, Vs;) = lim F, (s) = F,, (5) —tn,|ds
Jj—o0 Jj—=oo Jo J J
1
- dr (11, v) :/ |F, — F, —to] (2.14)
0

where the second equality is by dominated convergence and (2.13). The symbol

to denotes the limit of (tnj);il. We now show that the right hand side in

(2.14) is mingeg fol |F,, — F, — t| . Assume, by contradiction, that

1 1
/ }F,u_Fu_tmzn‘ </ |FH_Fu_tO )
0 0

for some t,,;, € R. By (2.14), we can choose € > 0 so small that

dr (. v) = Jo 1By = Fy = tuin
3

€< (2.15)
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Clearly by the continuity of dr there exists N; € N such that for every j > Ny,
dr(pin;, Vn;) > dr(py) —€ .

By (2.14) there exists Ny € N such that for every j > Ny,

1
/ ‘F n; - Funj - tmin
0

Let N := max{Ny, No} . We have shown for every j > N,

1
dT(/’L'ILjJ V'rl]') - /
0

1
</ |Fy = F, — ton| +€ .
0

F,unj - Fyn]. - tmin

1
> dqr(,uy)—/ ’FM—Fy—tmm — 2¢
0

(2.15)
> 3e—2e¢=c¢€ .

Taking the limit as n — oo, this implies 0 > ¢ which is a clear contradiction.
Thus we have shown fol |, — F, — to| = minyeg f01 |Fu(s) = Fo(s) — t|ds. O

Thereby dr (i, v) = mingeg fol |Fu(s) = F,(s) — t|ds for any y,v € P. B
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Chapter 3
Minimizing the L' Distance

We learned in Chapter 2 that dr (u,v) = mineg fol ‘FM(S) — F,(s) — t|ds
for every p,v € P. The goal of this chapter is to show that the median value
of F,, — F, is a minimizer ¢ for the above integral (see Theorem 3.2.13). We
will do so by more generally proving that for any L' function g: [0,1) — R
the L' distance between ¢ and a constant function ¢ is minimized when ¢ is
the median value of g. As with previous chapters, the preparatory lemmas

required for the proof of the main result are presented in the first section.

3.1 Preparatory work

In Section 3.2 we will begin the journey toward proving that the median
value of g minimizes fol ‘ g(s) — t‘ ds by first proving it for monotone g. Also
prominent in an essential theorem (Theorem 3.2.10) will be the cumulative
distribution function of g which is a monotone function as well. For these rea-
sons we prove a few useful facts about monotone functions in this preparatory

section.

Remark 3.1.1. Let f: [a,b] — R be monotone. Then for every ¢ € (a,b),
f(c™) and f(c™) both exist. Specifically, if f is increasing,

fe)=mf{f(x):c<az<b} A f(c)=sup{f(z):a<z<c}.
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Furthermore, for an increasing f we have
fle) < flo) < fleh)

We will prove that monotone functions have only a countable number of

jump discontinuities. We first set the stage to that end.

Definition 3.1.2 (jump of a monotone function). Let f: [0,1] — R be mono-
tone. We define the jump at a point ¢ to be

jmp(c) := f(c") = f(c7)  Vee(0,1) .

We additionally define the jump at the end points as jmp(0) := f(0%) — f(0),

and jmp(1) := f(1) — f(17). Increasing functions have non-negative jumps.

Remark 3.1.3. Let f: [0,1] — R be increasing, and let {:1:']} be a partition
on [0,1],ie, neNand O=zp<z;<22<..<xp=1. Then,

ijp(wj) < f(1) = f(0) .

Lemma 3.1.4 (Monotonicity implies countable discontinuity). Let f: [0,1] —
R be monotone, and let S be the set of (necessarily jump) discontinuities of f,
, let S = {:U € [0,1] : jmp(z) # 0} Then S is countable.

Proof. WLOG assume f is increasing. For every m € N, define the set S, :=
{x € [0,1] : jmp(z) > L}, Clearly, S,, C S for all m € N, and (S,,)7_, /S,
, Smy €Sy, and U, Sy = S for every my,my € N with my < ma.

Claim 3.1.4.1. Every 5,, defined above is a finite set.

Proof. Assume, by contradiction, that there exists some mg € N for which
Sm, 18 infinite. Let ng be a natural number such that (ng — 1) (= ) > f(b)—

f(a) . Since #8S,,, > ng, we can choose nyg—1 points in S,,, , which we name
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Ty, Tg, *+* , Tpy—1 in increasing order. Let xy := 0 and z,, := 1. Note that

{.Tj}?io is a partition on [0, 1] . By definition of S,,

> bl > 3 = -1 (1) > 70— fla) ¥

which contradicts Remark 3.1.3. [l

By Claim 3.1.4.1, every S, is a countable set. Since countable union of

countable sets is countable, we have proved that S is countable. [ |

Lemma 3.1.5. Let f: [0,1] — R be a monotone function. Then for every
to € Range(f), the set {f =to} is a (possibly degenerate) interval.

Proof. WLOG assume f is increasing. Let an arbitrary t, € Range(f) be
given. By definition of range, {f = tq} # 0. We want to show that for every
a,b € {f =to} such that a < b, we have [a,b] C {f =1to}.

Let arbitrary a,b € {f = to} where a < b be given. For every ¢ € [a, b],

since increasing functions preserve order. Thus we have shown that f(c) =t
or ce{f=t}. |

Recall that a monotone function is not necessarily invertible in the usual
sense because it may not be one-to-one or onto due to constant regions or
jumps, respectively. There is, however, a way to define ‘the inverse’ of a
monotone function, and we will make use of this definition because we will
need to invert distribution functions (which are increasing) in Section 3.2. In
this preparatory section we state the general definition and results about the
inverse of an increasing function f: R — R, and later in Section 3.2 we use
it for cumulative distribution functions g: (0,1) — R of integrable functions g
on [0,1).
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Definition 3.1.6 (Inverse of an increasing function). Let f: R — R be an
increasing function. We define the inverse of f to be the function f~': R — R
given by:

VaeR, f'a):=sup{f<a} ,

where {f < a} is understood to mean {z € R : f(x) < a}. We follow the

usual convention that sup() = —oo.
Remark 3.1.7. The f~! in Definition 3.1.6 is increasing and right-continuous.

We close off this section by proving a result which we will use in the proof
of Theorem 3.2.13.

Lemma 3.1.8. Let (2, M, i) be a o-finite measure space, and let ¢: [0, +00) —
R be a continuously differentiable, increasing function with ¢(0) = 0. Then

for every M-Bjg to0)-measurable function f: Q — [0,400),
[et@)dn) = [ on(ir=n)d
Q 0

Proof. By the Fundamental Theorem of Calculus,

[etre)as - [ ( /Of(w)w'u)dt) dp(w)

- /Q(/ooowl(t)]l[o,fm](t) dt) dp(w) . (3.1)

Note that (2, M, pu) and ([0,+oo), Bio,+o0) 5 )\[07+oo)) are o-finite measure
spaces. Also note that since ¢’ is continuous, it is Bg-Bjo,10)-measurable.
Thus the map (t,w) — @,(t)]l[o,f(w)] (t) is (M ® Bjg +0)) - Br-measurable. We
can therefore apply Tonelli’s theorem to (3.1):

[ty = [7( [ ¢ 100 ) a

= [Te( [ 1 ©de ) a

:/Ooocp’(t),LL({wEQ:f(w)Zt}) dt .
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Corollary 3.1.9. Let (2, M, P) be a probability space. Let X : 2 — [0, +00) be
an M-Bj yo0)-measurable function (“non-negative random variable”). Then,
+o00
0

E[X]:/QX(w)dIP’(w) :/ P(X >t)dt .

3.2  thnin

The main goal of this section is to prove Theorem 3.2.13. Throughout this
section, we denote by t,,, any t € R that minimizes fol | g(s) — t| ds for
a given real-valued function g on [0,1). Note that if existent, t,;, is not

necessarily unique. We begin by proving the result for monotone g.

Theorem 3.2.1. Let g: [0,1] — R be a monotone function. The value of
fol |g(s) — t! ds is minimized if and only if t is between the left limit and
right limit of g at %, i.€.,

teR

1 1
min/ ‘g(s)—t‘ds:/ ‘g(s)—t()‘ ds <= tp€ [g%n, gf] )
0 0

where g%” ‘= min {g(%f),g(%v} , and g? ‘= max {g(%f),g(%ﬂ} )

Proof. We prove the theorem for the case where g is increasing. The decreas-

ing case is completely analogous. Let ¢, := g(3). Note that by Remark 3.1.1,

(5 <n=al}) o2

Let arbitrary t € R be given. We distinguish three cases: t < g( %_) , >

g(37), and t € [g(47), g(4")| . We will show in Claims 3.2.1.1 and 3.2.1.2

that if ¢ ¢ [g(%_) , g(%+)] , then fol |9(s) — t| ds is strictly larger than fol |9(s) — to] dt.

2
value fol l9(s) — to| ds is equal to fol |9(s) — t| ds. The desired result will
thereby follow.

We then show in Claim 3.2.1.3 that in the case where ¢ € [g(l_) : g(%+)} , the
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G 1] ¢ < g(1)

Claim 3.2.1.1. The L' distance between ¢ and ¢ is strictly greater than that

of g and 1y, i.e.,
1 1
/ |g(s) — to| ds </ lg(s) —t| ds .
0 0

Proof. We want to show [ lg(s) —t| ds — f01 lg(s) —to| ds > 0 . (See
Figure 3.2.) In order to do this, we need to know the sign of the integrands by
properly partitioning the domain of the integrals. To that end, we first note
that by assumption,

- @
t<g(3 ) 8Dy t<ty . (3.3)

Second, note that by Lemma 3.1.5, g1 ({to}) is an interval. Let a < b € [0, 1]
denote the endpoints of this interval. Additionally, let ¢ :== 0 if {g <t} = 0.
Otherwise, denote ¢ := sup{g < t}. Lastly denote d := inf{g > ¢}. And note
that since ¢ is increasing,
0<c<d<a<

<b<1, (3.4)

| —

as seen in Figure 3.1. The essence of the proof in this case comes down to

the following fact: d < % because the middle two inequalities in (3.4) cannot

simultaneously be equalities. That is, if a = % then d < a. We will soon
1 1

demonstrate this fact by distinguishing the subcases a = ; and a < 3.

Before that, however, we break down the integrals into a partition:

/01 lg(s) — 1] ds _/01 lg(s) — to| ds —
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/ |g(s)—t‘ ds—l—/ ‘g(s)—t‘ ds
{g<t} {g>1}
_/ |9(s) — to] ds—/ |9(s) — to] ds
{g<to} {g>to}

.

0 1 : : 1 1 1
0 0.2c d0.4 0.6 0.8 1

Figure 3.1: An example of a generic increasing ¢ in the case where t < g(1/27)
is in Range(g) . In this example, a = 5.

= /Od (—g(s) +1) ds+/d1 (9(s) —t) ds
- /0 (—g(s) + to) ds — /al (9(s) —to) ds

:/Od (—g(s) + 1) ds+/da (9(s) — 1) ds—i—/a1 (g(s) —t) ds
[ o) as— [ ot ) ds = [ (ot - 10) as
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= [Ca-wast [ -0 ast [ -0 ds— [ (o)1) as.

(3.5)

Assume a = % In this subcase, d < a because otherwise we would have

inf{g >t} = d = a = 5, which since g is increasing, implies that g(s) < ¢
for all s < 3, which in turn implies the contradiction g(3 ) < ¢. Also note
that the fact that ¢ is increasing, together with the definition of inf{g > ¢},
implies that

t<g(s) <ty Vs e (d,a) . (3.6)

By (3.5) we know

/o {g(s)—t’ dt —/0 ‘g(s)—tol dt
:d(t—to)+(1—a)(to—t)+/da (9(s) — 1) ds—/da (—g(s) +to) ds

>d(t—to)+ (1 —a)(to—t) — /da (—g(s) +to) ds
> d(t—t0)+(1—a)(t0—t)—/a(—t+t0) ds = 0
d

where the strict inequalities are by (3.6) and the fact that d < a. Now assume
that a < % Again, by (3.5) we know

/0 !g(s)—t‘ dt —/0 ‘g(s)—to‘ dt
:d(t—t0)+(1—a)(to—t)Jr/da(g(s)—t) ds—/da(—g(s)—l—to) ds

2d(t—t0)+(1—a)(to—t)—/da (9(s) =) ds—/da (—g(s) +to) ds

=d(t—t)) +(1=a){to—1) = (a=d)(to—t) = (1 =2a)(to = 1) > 0,

where the inequalities are by (3.6) and the assumption that a < % .

e 2] t> (1)
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| |
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L
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1

1

Figure 3.2: The area between g and tp shaded in light orange (left) and the
area between the same ¢ and ¢t < ¢(1/27) shaded in light red (right), and the
superposition of the two pictures (middle). In Claim 3.2.1.1 we proved that the

light orange area is strictly bigger than the light red area.

Claim 3.2.1.2. The L' distance between ¢ and t is strictly greater than that

of g and 1y, i.e.,

Proof. Analogous to the proof of Claim 3.2.1.1.

te [od). 94")]

/01\g<s>_toyds</01 9(s) — 1] ds .

Claim 3.2.1.3. The L' distance between g and ¢ is equal to that of g and ¢,

ie.,

[ 1ot = tal s [ lots) ] s =
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[ o)l ds = [ Jots) 1l ds

Proof. Breaking down our integral,




=

/02 (—g(s) +to) ds + /; (gs) — to) ds

)

= /OQ(to—t)dS_f_[l(t—to) ds = %(to—t)—%(to—t) —0

ol

(—g(s) + t) ds — [ (g(s) — t) ds

where the sign of the integrand ¢(s)—t in the first equality is by Remark 3.1.1.
0

Thus by Claim 3.2.1.2, Claim 3.2.1.1 and Claim 3.2.1.3, ¢ — [ |g(s) — t| ds

is minimized iff ¢ € [g(%f), g(%Jr) . |

Remark 3.2.2. As an immediate consequence of Theorem 3.2.1 we see that
1

. 1
mingeg [, [s —t|ds = ;.

Informally speaking, Theorem 3.2.1 is saying that for a monotone g, the
value of the integral fol } g(s) — t| ds is minimized when half the time g is
above t, and half the time below. More precisely, it tells us that for every

monotone function g,

AMig<tt) =3,
lg — t||; is minimized <= A

A{g=t}) =4,

which is to say that t,,; is a median value of ¢g. This fact is reminiscent
of a well-known fact in statistics [9] : If X is a random variable and ¢ is a
constant estimator for X, then the ¢ that minimizes the mean absolute error
E [|X — t|] is the median value of X ; see Theorem 3.2.3. While not identical,
this fact is closely related to Theorem 3.2.1. The exact relationship between
these two theorems will become clear in Theorem 3.2.13; but for now, one
such relation to know is that Theorem 3.2.1 is used to prove the statistics fact
stated in Theorem 3.2.3.
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Theorem 3.2.3. Let (2, M,P) be a probability space, and let X: Q — R
be an M-Bgr-measurable, absolutely continuous function (i.e., X has a den-
sity). The value of [, |X(w) — t| dP(w) with t € R is minimized iff t €
[F)}l(%f) : F)}l(%ﬂ} , where Fy(z):=P ({X <x}) for everyz € R,

Proof. By definition,

/Q]X(w)—t|dIP’(w):/R|x—t| APy (x)
= [l =t ix(o) o

1
:/ |Fx'(z) —t| dz = / |Fx'(z) —t| dz
Fx (R) 0

where Px := P o X!, fx is the density of X, and the third equality is by
the substitution z = Fy(z) which implies dz = fx(v)dr and = = Fy'(z).
Note that F;' is understood in the sense of Definition 3.1.6. By Remark 3.1.7,
F' is increasing. Thus by Theorem 3.2.1, the above intergral is minimized

iff 1 e [Fy'(3), Fy'(3D)] N

Remark 3.2.4. Note that in the above corollary if Fx is strictly increasing,
1+

then Fiy' will be continuous, and therefore Fy'(37) = F'(3") and thus the
integral is minimized iff t = F )}1(%) , i.e., iff ¢ is the median value.

If we let the probability space (€2, M, P) in Theorem 3.2.3 be ([0, 1), Byo,1), )\)
and rename the random variable X to g, it tells us, just as Theorem 3.2.1 did,
that ||g — t||, is minimized if ¢ is the median value of ¢g. Unlike Theorem 3.2.1,
however, which required g to be a monotone function, Theorem 3.2.3 is mak-
ing this statement for absolutely continuous g. Both of these results can be
thought of as special cases of a general theorem that tells us g only needs to

be integrable for this result to hold true (see Theorem 3.2.13).

We will show in Theorem 3.2.10 that the integral of g can be re-written

as the integral of an increasing function, namely its cumulative distribution
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function in the usual sense (CDF'). The usual notation for the CDF associated
with a random variable ¢ is F}; [9]; however, since we have used the capital F
notation for distribution functions in the sense of Definition 1.3.4, we use the
notation g for the CDF of g.

Definition 3.2.5 (CDF). Consider the probability space ([0, 1), 5[0,1)7>\)-
Let g: [0,1) = R be a Bjy1)-Br -measurable function (aka a random variable).
Consider the pushforward probability measure A o g=! on (R, Bg). We de-
fine g to be the cumulative distribution function (CDF) of that probability
distribution, i.e., we define g: R — [0, 1] as

vieR, gt)=x({g<t}) ,
where {g <t} is understood to be {s € [0,1) : g(s) < ¢} .
Remark 3.2.6. Note that g +a = §(- — a) for every a € R.

Lemma 3.2.7. Let g: [0,1) — R be B 1)-Br -measurable, and let g: R —
[0,1] be the CDF of g. Then,

Vi e R, g(t5) = A ({g < to})

Proof. Let an arbitrary tg € R be given. Then

9(ty) = th}gﬁt) = }i/{%)\({gﬁt}) = Ji_glo)\({gﬁto—%}>
= )\<U {Qﬁto—%}> = A({g<to})

Consider any CDF g: R — [0, 1] as defined in Definition 3.2.5. Being an
increasing function, we can define its inverse as in Definition 3.1.6. However,
in this setting, we don’t have to be concerned with the extended reals. Since

lim;, wg(t) =0 and lim; ;. g(t) = 1, we know that for every s in (0, 1),
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{9 < s} #0 . We thus define g7*: (0,1) - R as
Vs e (0,1), G '(s):=sup{g <s} , (3.7)

where {g < s} is understood to mean {t € R: g(t) < s} .

Remark 3.2.8. By Remark 3.1.7 it is immediate that g~! as defined in (3.7)
is increasing and right-continuous. Therefore, one can interpret this to mean
that the set {F,:p e P} C [0, 1) of all distribution functions on [0, 1) is

closed under inversion, provided we treat the end-points with care.
—1
Remark 3.2.9. Note that g+a =79 ! +a forevery a € R.

We now turn to prove the most essential part of characterizing t,,;, which
asserts the following: If our measurable function (random variable) g is inte-
grable (has an expected value) then its integral (expectation) can be written
as the integral of its CDF.

Theorem 3.2.10. Let g € L' ([0,1), Bjo1), A), and let : R — [0,1] be the

CDF of g. Then
1
/ gd)\:/ g '(s)ds .
[0,1) 0

Proof. Recall that any real-valued measurable function g has a positive part

g" and a negative part g~ defined as

g* == max{g,0} A g~ =max{—g,0}

both of which are non-negative measurable functions; and g = ¢g* — g~

By definition,

/ gdA :/ g d\ —/ g~ dA\
[0,1) [0,1) [0,1)
“+oo
:/ A(g+zt)dt—/ Mg~ =>t)dt
0 0
“+oo +oo
:/ (1—/\(g+<t dt / (g~ >t) dt, (3.8)
0 0
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where the second equality is by Corollary 3.1.9. Note that

Vi€ (0,400), {g" <t} ={g<t}

Lemma 3.2.7

— Ve (0,+00), )\({g+<t}>:)\({g<t}> () . (3.9)

Also note that

Vie (0,+00), {g >t}={-g <—t}={g<—t}
— e (0,+), A({o7=t})=A({s<-1})=G(-t) . (10)

Thus using (3.9) and (3.10), we conclude from (3.8) that

/[O’l)gdA :/Ooo(l—g(t—))dt—/o gt)dt . (3.11)

—00
v~ N~

Il 12

Note that at the points of continuity of g, we have g(t~) = g(¢). And
since g is monotone, by Lemma 3.1.4 we know the points of discontinuity are

countable. Thus
A-a.e.

9(.7)

3() . (3.12)

Also, (3.12) clearly implies

A-a.e.

1-9(7) 1-3() -

Thus I, equals the area of the region above g and below the constant 1 on
[0, +00). Let us call this area Epog, 1.€., Epes 1= {(t, s) € [0,400) x [0,1] : g(t) < s}.
Thus,

I = / / Lp. (t5)d (A x A) (¢ 5) (3.13)
[0,400)x[0,1]

:/01 (/O+Oo]l(Epos)s(t) dA(t)) dA(s)z/OlA((Epos)s)ds ,

where in the first equality, the second A is understood to mean )\‘[ X and the
0,1
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second equality is by Fubini’s theorem. By definition, we know

Vs € [Ov 1}7 (EPOS)S = {t € [07+OO) : (tv S) € Epos} = {t < [07+OO) :/g\(t_) < 3}

A-a.e.

C2s (Bpo)® =2 {t € [0,400) 1 (1) < 5} = {7 < 5} [0, +0)

1
— 11:/ A( (G < kN[0, +00) )ds . (3.14)

0
Similarly, I5 equals the area of the region below g and above the constant 0 on

(—00,0]. Let us call this area Eyeg, i.e., Eneg := {(t,s) € (—00,0] x [0,1] : s < g(t) }.
Thus,

n-|f Lo (08X N) (£ 5)
(—0,0]%x[0,1]

where the second A is understood to mean )\‘[ ; Thus by Fubini’s theorem,
0,1

I :/01 (/Zo]l<Eneg)s(t) d/\(t)> d\(s) :/OIA((Eneg)S)ds
:/01/\<{t€ (—oo,O]:sﬁ@})ds
:/01)\< {g>s}N(—o00,0] )ds : (3.15)
Thus using (3.14) and (3.15), we conclude from (3.11),
/[Ojl)gd)\ - /OlA( (G<s}N[0,+00) >ds —/le({ﬁzs}m(—oo,()] )ds

:/Olmax{?l(s),O}ds - /Ol—min{yl(s),o}ds

1
_ / G (s)ds
0

where the penultimate equality is because A ({§ < s}) = A ( (—o0, §’1(5)])
for every s € (0,1) . |
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Theorem 3.2.11. Let g € L* ([O, 1), B,y )\) , and let g: R — [0,1] be the

CDF of g. Then,
1
/ lg| dA :/ |/571(s)‘ds )
[0,1) 0

Proof. Recall that |g| = g™+ ¢~ . With that, the rest of the proof is analogous
to the proof of Theorem 3.2.10. [

Corollary 3.2.12. For every g € L! ([0, 1), B, , /\) ,

1
/ lg —t| dA :/ 97" (s) — t|ds .
[0,1) 0

Proof. Immediate from Theorem 3.2.11 through Remark 3.2.9. |

Theorem 3.2.13. For every u,v € P,

1 AN{F-FR<t}) 21,
/ |FLu(s) — F(s) — t|ds is minimized <= A
0

M{F-Fzt) 25,

where \ is understood to mean )\’[ g
0,1

Proof. We know that every monotone function is (Riemann) integrable [25].
Thus for every probability measure p € P, the distribution function F), is
integrable when considered as a function on [0,1), and so is F), — F,, i.e.,
F,—F, € L' ([0,1), Bp,1)) . Therefore by Corollary 3.2.12, we know

/01 IF(s) — Fo(s) —t|ds:/01

o6

(F,—F,) —t|ds .




By Remark 3.1.7, (FN/—\FV)_l is increasing. Thus by Theorem 3.2.1, the above
integral is minimized iff ¢t € [(FH/—\F,,)_l(%_) , (Fu/—\Fl,)_l(%Jr)} , which is the
case iff A ({Fy = Fy Stwin} ) = 3 and A ({Fy = Fo 2 tin} ) 2 -

|

A number of times in Chapter 4 we find the distance between two (shifted)
continuous distribution functions F), and F), + ¢,,;, that intersect at precisely
two points (s1, F,(s1)) and (s2, F,(s2)). One implication of Theorem 3.2.13
is that sy — s1 = % through the following steps:

1 1
1 1
- M)z 3 A A0l 1) 2 3
1 1
= 52_3125 A (81—0)—{-(1—52)25
1 1
— 82-8125 A 1-(82-81)25
1 1 1
EESS 82—3125 N 82—51§§ — 52—51:5.
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Chapter 4
Elementary Properties of (P, dr)

Chapters 2 and 3 together provide us with a tool to calculate the Kan-
torovich distance between probability distributions. In this chapter, we build
a picture of the points in (P, dr) by calculating some of these distances. These
calculations are simple yet long. The reader may choose to skip the proofs of

these distance results.

4.1 Preparatory work

The following lemma will be used in proving that the Kantorovich distance

of no probability distribution to the uniform distribution is ever more than i

(see Theorem 4.2.1).

Lemma 4.1.1. Let (a;);2, be a sequence of non-negative numbers. Then,
00 [e’e) 2
S < (Z) | (1)
i=1 i=1

Moreover, equality in (4.1) with both sides being finite is achieved if and only
if a; #0 for at most one 1 € N; i.e.,

o

Zaf:(mai) — #{ieN:q;#0} <1 . (4.2)

i=1
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Proof. Note that (4.1) holds trivially if > a; = +o0o. Thus assume that
the series is (absolutely) convergent in R*. Let arbitrary n € N be given,
and consider the non-negative real numbers aq,--- ,a, . This proof essentially

comes down to the following inequality

St < Y (Saw) (13
i=1 i=1 N j=1
which holds true because the RHS sum includes the terms in the LHS sum

when ¢ = j, as well as some additional non-negative terms a;a; when i # j.

Taking the constant factors out of the RHS sums twice, we have

n n n n n n 2
o= 2 (X)) = () (Be) = (50)
i=1 i=1 j=1 j=1 i=1 i=1

Taking the limit as n — oo, we conclude the truth of (4.1). To prove (4.2),
we note that the converse implication is immediately true. That is, (4.3) turns
into an equality if a;a; = 0 for all distinct ¢,j € {1,---,n}. To prove the
forward implication, assume (4.3) is an equality, and assume by contradiction
that there exists i # jo € {1,--- ,n} such that a;a;, > 0. Then

n

n n n n
dat=)" (Zaiaj) =Y wa;+ Y wa; >y al+aa, > a), X
i=1 i=j i=1

i=1 *j=1 i#j i=1

a clear contradiction. Taking the limit as n — oo, we have proven (4.2). W

Remark 4.1.2. The hyperbolic tangent function tanh: R — (—1,1) given

by x it)nsig; = Ziliiz is a strictly increasing odd function.

We close this section by talking about compactifications of R. A compacti-
fication of R is a compact (topological) space in which R is a dense subspace
[1]. The usual extension R of the real numbers is the two-point compactifi-
cation of R, because we essentially union two additional points, namely 400

and —oo, with R and form a compact space in which R is dense. The easiest
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way to appreciate the topology of R is through visualizing R as the open in-
terval (—1,1). The function tanh: R — (—1,1) is a topological isomorphism
between the two spaces. Intuitively, it feels like two points are ‘missing’ from
(—1,1). While the endpoints —1 and 1 are not part of (—1,1), we know what
their open neighborhoods would be if they were to be included to make the
interval compact. Through the bijection tanh, the open neighborhoods of —1
and 1 precisely determine the open neighborhoods of —oo and +oo respec-
tively. For example, a sequence (z,).-, in R converges to 400 if and only if
(tanhx,) >, in [—1,1] converges to 1. In this view, we can think of R as an

interval with two endpoints points missing.

Since R is locally compact, it is known to also have a one-point compactifi-
cation [14]. As the name suggests, here we only include one additional point,
namely oo, to form a compact space in which R is dense. Denote this space
R . The open neighborhoods of co are defined to be those sets U whose
complement in R,, forms a compact subspace of R. The space R, is known
to be topologically isomorphic to a circle [18]. Again, the easiest way to ap-
preciate this is to visualize R as the interval (—1,1) bent so that the two
endpoints coincide. Therefore in this view, we can think of R as a circle with
one point missing. For example, the mapping h: T\ {0+ Z} — (—1,1) given
by

h(r+%+Z)::2r VTE(—

is a topological isomorphism.

)

N | —

)

N | —

4.2 Some topological facts about (P, dr)

The main goal of this section is to provide the mental picture of (P,dr)
presented in Figure 4.4. In doing so, we also present some explicit formulae
for the distances between Dirac, uniform, and exponential distributions and

their rotated versions. We begin by proving that the distance between Ar and

1

1> and thereby we are justified in thinking about P at

any p € P is at most

a ball centered at M.
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Theorem 4.2.1. For every p € P,

dr(p, Ar) <

N

Proof. We first prove the result for u € Pe, ie., when F, is a continuous
function on [0,1). The assertion will then follow from the fact that Pc is
dense in P.

Let an arbitrary u € Pc be given. We know by Theorem 2.2.8 that dr(u, Ar) =
f[071) |Fu(s) = (8 + tymin)| ds. By Theorem 3.2.13, the continuous functions F,

and F)\, + tm, must have at least one intersection on [0, 1).

—F

in b

FA +tm

0.8 1

0.6 1

021 4

O 1 1 1 1 1 1 1 1 1
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

Figure 4.1: The graph of the functions F), and F\, + t, where p € P is
continuous. When these two functions do not intersect at the origin, one can rotate
both measures, i.e., shift the 1 x 1 frame of the distribution functions, so that the
origin becomes their intersection.

WLOG assume that both F, and F), + t,,;, intersect at the origin; oth-

erwise, using the fact that dr is invariant under rotation, we can rotate both
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1 and A appropriately. As explained in Section 1.6, this can be viewed as
a frame shift when viewing graphs of F, and F), (see Figures 1.5 and 4.1).
Note that the shift of frame in order to shift the intersection to the origin also
means we are assuming WLOG that (the rotated) £, and F\, + ¢, inter-
sect at s = 1 as well (see Figure 4.1). The functions F, and Fy, + t,,, (now
WLOG assumed to be F).) may coincide on intervals of positive measure.

These intervals’ contributions to the L! distance is clearly 0. Therefore

/ ‘FM(S)—S} ds =
[0,1)
- s| ds +/
{F,ﬁF . {waFAT}

_Aa»%} i (k+4a«%}

F, and F), can also intersect at isolated points. Thus {F}, > F)_} ‘[ : is a
0,1

—s‘ ds

[0,1)

( - u(S)) ds .

[0,1)

[0,1)

union of intervals, and there are countably many such intervals, i.e.,

{Fu > F,\T} ‘[0 ) = kl—J A; where Vj € N, A; C [0,1) is an open interval .

=1

.

See Figure 4.2. Similarly,

[0,1)

(€

{FH < F)\T}

B, where Vk € N, B, C [0, 1) is an open interval .

e
Il

1

Therefore

F,(s)—s|ds= F,(s)—s) ds s—F,(s)) ds . (4.4
JCICERRES o) RUCRRRED oy S ORI
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Figure 4.2: The graphs of F), and F), partition the interval [0, 1) into countably
many open intervals {A; }j and {Bj}, .

Claim 4.2.1.1. For the distance between F), and F)\, on every A;, we have

the following strict upper bound (see Figure 4.3):

VA, /A (Fu(s) - s) ds < %)\(Aj)z

J

Proof. Consider an arbitrary A;. Let aj; < a;o denote the two endpoints of

the interval A;. By monotonicity of F),, we know Fj,(a;1) < Fj,(a;2). Let

Fu(aj2)—Fu(aj1)

€ = 2

. By continuity of F}, ,
d6>0: Vse [ajlaajl +5] , Fu(s) —s < Fu(aj) —s .

Therefore by monotonicity of integrals,

/%H (Fu(s)—s)ds < /aﬂﬁ (Fulaj) =s)ds . (45)

aj1 aj1
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Thus by breaking down the integral over A; into partitions,

/A | (Fuls) — /af” —s)ds + / JH (Fu(s) — s) ds

< /%ﬁé (Fuajz) — s) ds +/ (Flu(aj2) — s)ds

(l]'1+5

= A(4)) Fu(ap) — % (“32 B ail)
(A

O

Claim 4.2.1.2. For the distance between F}, and F), on every By, we have
the following strict upper bound (see Figure 4.3).

VDB, /B. (3 - FH(S)) ds < %/\<Bk)2

Proof. Analogous to the proof of Claim 4.2.1.1. O

Equation (4.4) implies through Claims 4.2.1.1 and 4.2.1.2 that

1 & l &
F,(s) — - A+ = By)? 4.
JCCEEEIEE WIS DRI

as visualized in Figure 4.3. We also know from Theorem 3.2.13 that

iA(Aj) <

DN | —

= 1
A NBY) <3 (4.7)
k=

1

Thus (4.6) and (4.7) imply through Lemma 4.1.1 that

/H)71)|Fu<s>—s\ as < L (%) ‘'l (%) L s
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So we have shown that dr(u, Ar) < § for every p € Po. The density of

Pc in (P,dr) implies that the upper bound % holds for the distance of any
1 € Pto Ar through the following steps: Let arbitrary p € P be given. By
n—oo

the density of P, there exists (), in Pe such that dp(p,, p) —— 0.

By the triangle inequality we have for every n € N,

1
dr(p, Ar) < dr(ps pn) + dr(pin, Ar) < dr(p, pn) + 1
Therefore,
. 0o 1 1
dalp, M) < lim dolgein) + lim o = 7,
n—oo 4 4
as desired. [ |

Theorem 4.2.2. For every p € P,

1
dr(p, Ar) = 1 = =70, for somexeT .

Proof. We will prove both the forward and the converse implications.

Assume drp(p, At) = }L. We want to show that u = §, for some x € T. The

proof of this implication is essentially the same as the proof of Theorem 4.2.1
with a more careful treatment of the inequalities. Without repeating every

detail of the proof, we outline what the more careful treatment is.

n—oo

By the density of P¢ in P we know there exists (y,,), -, in Pe with pt,, ———
. Let arbitrary n € N be given. Consider the continuous distribution g, .

As shown in (4.4), we know

4)71) |Fp, () — s| ds = X:O;Aj (FL.(s) —s) ds+k§;/Bk (s — F,.(s)) ds .
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Note that the inequality in (4.6) is strict. So there exists €, > 0 that makes

the inequality non-strict in the following way:

1 & ) 1 ,
/[o,n‘F“”(S)_S‘ =5 ;MAJ') + 5 D AB) —e . (49)

where €, depends on the function F), . In particular, a closer look at the proof
of Claim 4.2.1.1 reveals that ¢, gets smaller the more F),, resembles the step

function depicted in Figure 4.3.

1 1
Z —F
H

0.8 0.8

0.6 0.6

04 V 04
Y

0.2 0.2

0 0
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1

Figure 4.3: The L' distance of F). to F},, (right), and to the step function that is
constantly F}, s right-endpoint value on every A; and left-endpoint value on every
By (left). By (4.6), the former area is €, less than the latter for some €, > 0.

We will shortly assert that our assumption requires ¢, to vanish as n grows;
but before we do that, we introduce another quantity that must vanish: Con-
sider the series in (4.9). Lemma 4.1.1 gives us an upper bound for each of
these series through (4.1). Moreover, (4.2) tells us that the inequality in (4.1)
is also strict unless there is at most one term in the series. So there exists
e/, > 0 such that

/[071) |[Flu(s) — 5] ds < % (gA(Aj)Y +% (g)\(Bk)Y_E”_E% . (4.10)

where €, depends on how many times F), intersects F),. Lastly, we apply the
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upper bounds in (4.7) to (4.10). Note that the inequalities in (4.7) may also be
strict because F),, and F)\, may coincide on a set of positive measure. In this
proof WLOG we treat only the inequality for Z;; A(A;) with this additional

care. So there exists €/ > 0 such that

1/1 21 /1\?
F _ d <_ __// - - _n_l
[ Vo =slas < 5 (5-4) +5(3) ~w-et

which is a more accurate version of (4.8). Therefore, through the triangle

inequality we know that for every n € N,

1 1/1 2 1 /1\?
[ < (= . o o
A dT(M? )\'JT) = d'ﬂ'(:ua ,Un) + 9 (2 €n> + 9 (2) €n En )

which after letting n — oo implies

1 1/1 21 /1\?
1= 5(5—3320644) * 5(5) Sl e (41D

It is now clear that €,, €, and € all converge to 0; otherwise, (4.11) gives the

contradictory statement }l < }l — ¢ for some € > 0. The vanishing of each of

these limits reveals several properties that p must have:

(i) lim, o€, = 0 tells us that F, must not equal F), on a set of non-
vanishing positive measure. Therefore the (L') limit F}, does not coincide

with F), on a set of positive measure. In other words, by Theorem 3.2.13,

A{F > B} ’{071) ~A({F < A} ‘[m)) = % . (4.12)

(ii) lim, o€, = 0 tells us that as n — oo, {F,, > F\.} )[ : consists of at
0,1

most one interval A;, and similarly {F u < F,\T} ‘[ : at most one interval By, .
0,1
On the other hand, by Theorem 3.2.13, there must be at least one interval A;

and one By, ; so F), has precisely one interval on which it is above F\, and one
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interval on which it is below. That is

{Fu> Py} =4 A {FM<FAT}’[01):B, (4.13)

[0,1
where A, B C [0, 1) are intervals. We can WLOG assume the same for every
F,, as well, i.e., assume {FM > F,\T} ’[0,1) and {FM < F,\T} ‘[0’1) are respec-
tively A and B for every n € N. Note that since every F),, is continuous, our
WLOG assumptions imply that all F), s intersect F, on the same points in
[0,1), namely the endpoints of A and B.

(iii) lim, . €, = 0 tells us through (4.13) together with our WLOG assump-
tions and a careful look at the proof of Claim 4.2.1.1 that F},, converges to
F, (az) on Ain the L' sense, where ay is the right endpoint of A. Analogously
for Claim 4.2.1.2, it tells us that F), converges on B to F}, (b;) where b; is
the left endpoint of B. Since these endpoints are the points on which the F),,
intersect F),, we know that F), (as) = ag and F), (b) = by for every n € N.

So F), is the step function that takes the value b; on B, and as on A, i.e.,

Vs €10,1), Fu(s) = ?“Ebl)) Sii’ (4.14)

(4.12) and (4.13) imply that A and B are two disjoint subintervals of [0, 1) the

length of each of which is % . Recalling that neither include their endpoints,

clearly one of them must be (0, 3) and the other (3,1). If B is (0, 3), then by

(4.14), the value of F}, on B is 0. Similarly in that case the value of F}, on A

is 1. The value at % must be 1 to preserve right-continuity. So in this case,

0 sel03) ,

Vs €[0,1), Fu(s)= )

1 se]|

[N

which is the distribution function of d1. On the other hand if A is (0,3) then
F,, constantly has the value %, which is the shifted distribution function of d;.

In either case, the distribution p ended up a Dirac measure after our WLOG
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rotation. Once rotated back, it will still be a Dirac distribution.

Let arbitrary z € T be given and assume pu = d,. We want to show that
dr(p, Ar) = }L. By Theorem 2.2.8, dT()\T, () = mingeg fol |s Fs, ( —t‘ ds .
We will show that mingeg fol !s Fs,(s) — t‘ ds = minyep fo s —t| ds , and by

Remark 3.2.2 our proof will be complete.

We extend the function s — Fém(8>‘[ : in a 1-periodic fashion on both sides of
0,1

[0,1). To avoid introducing a new notation let the same notation denote the
1-periodic extended version. For convenience, let sy denote tg(z) .
Partitioning [0, 1] into [0,1] N {Fs, =0} and [0,1] N {Fs, = 1}, we have

1 S0 1
vt € R, / ‘S—ng(s)—t}ds:/ |s—tlds+ [ |s—1—t|ds
0 0

S0

S0 0
:/ \s—t|ds+/ |s+1—1—t|ds
0 so—1
S0 0
:/ s — 1] ds+/ s — 1] ds
0 so—1
s0
:/ |s—t|ds-/|s—t—|—x—1|ds
/|s— t—x+1{ds.

Let t:=t—x+ 1. So we have shown

1
min{/ ‘S—F(g —t|ds tER}:min{/ ‘s—ﬂds:%eR}
0

And we know by Remark 3.2.2 that min {fol |s—t|ds : te ]R} = 1. Thus

we have shown that dr(p, M) = . [

Remark 4.2.3. As a corolllary of Theorem 4.2.1, we see that for every u,v €

(ii) dr(p,v) =3 <= wp=20,, v=24, for some z,y € T with dr(z,y) = 3
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As explained at the end of Chapter 1, the set {J, € P : = € T} of all Dirac
probability measures can be thought of as an isometric copy of T in P (see
Theorem 1.5.3).

Theorem 4.2.4. For every a € R\ {0},

1
dr(Na, do) = - tanh ( %)

Proof. Let arbitrary a € R\ {0} be given. By Theorem 2.2.8, dr(1,,0) =
mingcg fol |, (s) — Fy,(s) — t| ds. Thus,

1| sas
) e
dr(Na, o) —-g%%ljg prame i 1—-t‘d8
Let t:=1+t. Then,
1
as _ 1 5
det ) =min [0 s

ter Jg | €% —

By Theorem 3.2.1 and continuity of F,,, ¢ = F, (3) minimizes the above

1
dT(na,é(]):/
0
a>0 .

Breaking our integral down into a partition,

1 a a
2 s _1 ez —1 Plew—1 e2—1
dT(na,(So):/ <_ea +62 ) ds +/ (e — ez ) ds
0 e er—1
1l a 1 a
2 2 ez —
:/ ds—|— ds—|— ds—/ ds
0 ! -1
s 1 1
p— e —_——
a(ea—l @—1 1 2 e —1

:m<62—1>+m<6—62)
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e —1 ez2—1
er —1 er —1




1 —2e3+e*+2-1)\ 1 —2(65—0
a er —1 a er —1
_ZM =

1 1 ([ -2

== I |
N\ a7 (o) ) T a\dreT

1 _261‘;+ezjef) 1 (i) N
a er +ea a\ e:r+et a 4

a<0 .
By Theorem 1.6.5 and Remark 1.6.2 we know

dr(1a,00) = dr(1a0 Q7,800 Q™) = dr(1-a,00) - (4.15)

On the other hand, since a < 0, we have —a > 0. Therefore through Case 1

we know that

Ar(0-a,60) = ——tanh () = tanh () (4.16)

where the second equality is because tanh is an odd function. By (4.15)
and (4.16), therefore,

1
dT(T]a, (50) = 5 tanh (Z)

Theorem 4.2.5. For every a € R\ {0},

dr(Na, A1) = S log (cosh ( Z ))

lal

Proof. By Theorem 2.2.8, dr(ny, A\r) = mingeg fol |Fa —F\, — t| ds. By its
convexity or concavity, I}, intersects the line Fy, + ,,;, at two points, parti-
tioning [0, 1) into the interval between the points and the complement of the

interval in [0,1) as explained at the end of Chapter 3. Let (s, F).(s1)) and
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(52,F )\T(SQ)> denote the intersection points, where we assume s; < sy. By

definition,
e®t —1
Fﬂa(sl) = F)\'ﬂ‘(sl) + lmin = o 1 = S1 + lmin
6(182 _ 1
F77a (82) - F)\T (82) + tmin - et _ 1 = So + tmzn .

In addition, we know that sy, — 51 = % (see the end of Chapter 3). Thus we

have three equations for the three unknowns s;, s, and %,,;,. Subtracting

the first equation from the second yields

e*? —e
oo — 1 = 82 — 81
ea(sl-i-%) eas1 1
— et —1 T2

Therefore we have

1 eitet a 1 a
§1 = alog <T64> —alog(cosh(z) ) +
—llo cosh(g) +

a & 4

With these preparations, we are ready to calculate

RS
S~

(4.17)

B~ Q|

1
dqr(m, )\T) = /
0

[Case 1] a <0
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Breaking our integral down into a partition,

dqr(’f]a,AT) =
S1 1 __ pas 52 as __ 1
/ < € + s+ tmm) ds +/ (6 - S = tmzn) ds
0 e —1 s \et—1
n I
L1 — eos
+ 4+ S+ tmin | ds
s \ €4 —1
Ty
Calculating I ,
S1 1 51 1 2 51
[, = — a8 = tmin
' e’ —1 {a(ea_l)e }0 +{2S}0 e
51 e — 1 s2
- es — 1 o a(e“—l) + 21 + 51 lmin - (418)
Calculating I3,
1— 52 o)
I3 = S 1— tmin
1-— Sz e“ e*s2 1—s2
T e -1 alen—1) T 2+ (1= 52) tomin - (4.19)

And by (4.18) and (4.19) we know the sum

1—(sg—s1) e¥ —e™24e—1

I +1; = —
1 et —1 a(et—1)
s2—s2+4+1
%4—(1—(82—81))15”“'”.
And since 32—51:%, we have
1 2 2
5 el —e%2 ] gt — 3 1 1
I+ =—2— — — o+ 2 4.20
P ST T e =) a2 Tata (420)

73



Finally, calculating I,

(2= s) [a( 1 )eas]”_ Fsar’_(@_sl)tmm

I =
? e —1 e —1 2
S1 S1
—(s3—51) €™ —e™ §5— s
er —1 * a(e*—1) 2 (52=51)
o — 51 = L 1 aso asi 2 2
2-81=3 3 e —e s5—s7 1
— — =~ tmin - 4.21
e“—1+a(e“—1) 2 2 (421)

And since dp(ng, A\r) = I + [ + I3, from (4.20) and (4.21) we get

o8 _gasi ] 1
il d) = 2y (s3—s7) + 5

a(sﬁr%)_asl 1 1 1 1
Y S A

- a(er —1) a 2 2
e\~ 1 11

- LTIt
alez =<1 (e%—l—1>
log(cosh(%))—i-% 1

R ____log<COSh(—))—/¥+/¥
a(65+1 a a 4 /A
cosh (2) ed 1

— 54) ————10g(cosh(—)>
a<e§—|—1> a

Replacing the cosh in the numerator of the first term by its definition,

1 ZM@% 1 a
dr(Na, A1) = . eg/gT—l —Elog(cosh(z)>

as desired.
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[Case 2] a >0

1
dr (na, Ax) = dz (na 0 Q7 Ar0 Q1) = dr (0o, M) = —log (cosh (3 )) ,

where the three equalities are by Theorem 1.6.5, Remark 1.6.3, and Case 1,

respectively. Thus the result holds in this case as well. [ |

Theorem 4.2.6. For every a,b € R\ {0} such that a # b,

b

oo [ (oo (2)"™

dr(Na, M) = —— — 1

ab (cosh ( )) ot

NS

o

Proof. By Theorem 2.2.8, dy(n,,n5) = mingeg fol !Fna - F, — t‘ ds . By its
convexity or concavity, [}, intersects the curve F}, + ¢,,;, at two points, par-
titioning [0, 1) into the interval between the points and the complement of the
interval in [0,1) as explained at the end of Chapter 3. Let (s1, Fy,(s1)) and

(32 , Fna(SQ)) denote the intersection points, where s; < s5. By definition,

et — 1 ebst — 1

Fna(sl) = Fnb(sl) + tmin = r— = o1 + toin
e®? — 1 ebs2 — 1
Fna(52) = Fnb(SQ) +tmin = o _ 1 - b1 + tmin -
In addition, we know that s, — s; = 3 (see the end of Chapter 3). Thus we

have three equations for the three unknowns si, ss, .. Subtracting the

first equation from the second yields

ea327/1/_ easl;'/l/ 6b527‘i/— 6b51%

er —1 et —1
. ea(81+%) — east B eb(81+%) . eb51
e? — 1 N et —1



2 <1 (62 + 1) eé 1 (e% + 1)
741
— el = & -
ez +1
1 ez +1
S1 a — b 0og <€g i 1) ( )

With these preparations, we are ready to calculate

1| as bs
e —1 e” -1
d ar - - _tmmd .
[Case 1] a <b
dT(Ua’Wb):
S1 ebs_]_ e _ 1 s2 [ cas _ ebs_l
/0 (eb—1+ —1) S—i_/51 (ea—l et —1 > °
I I
1 bs as
e” —1 e’ —1 d
4 N e e
Iy

Calculating I,

S1
1 S1 1 o S1
I = | ———=e"| — + s1tmin — | —————=e*| +
' [b(eb—l) L et —1 " ! {a(ea—l) L er —1

ebst — 1 S1 e®1 — 1 S1
= — tonin — ) 4.23
b(eh—1) a1 a(ea—1)+e“—1 (4.23)

Calculating I3,

1
1
Iy = e - - trnin — —e"
’ [b(eb—l)e ] eb—l+< %2) LL(@“—l)6 } -



]_—82

= - (1 - 52) tmzn -

b(eb—l) et —1

eb—ebz 1 - 1 e — 52
- - +{=z—51 tmin - +

b(eb—l) et —1 2

Thus by (4.23) and (4.24) we know

bs1 b bsa S
et —1+e" —e +
L +13 = _#

b(eb—l) eb—
e®1 — 1+ e% — %2

e? — %52 1— 59
a(er —1) -1
1
3 %1
4.24
aler—1) e*—1 (424)

So we have shown that

1
ebsl _ eb32 + €b -1 _ 1

L+I; = e

b(eb—1) et —1

a(er —1)

-I—l t
2 min

easl _ easz + ea _ 1

+%+%—/_

e — 1

Finally, calculating I5,

a(er —1)

I, = L e*® 82—82_81— e
27 la(er—1) er —1 b(eb—1)

S1

-1
452 _ oas1 5 ebsl _ eb52

- a(er —1) +e‘l—l—i_b(eb—l)

Together (4.25) and (4.26) imply that

B 2ebst — 9ebs2 b

+
4.25
et —1 ( )
— 5;) (32 - Sl) tmzn

22 — 2e%1 1 — €

I+ I + I )
eb(81+2) €b 1
ICED R

Wﬁé/ﬁ
— 9

+2

a(er —1)
ea(s1+2) 6

a (e U

1

a

a&%

(SIS

ble 1 (63—1—1)

%1<e



" 10g<‘°‘§+1> b log e%“)
(4.22) e e2+1 e e2+1 n a—2b
a<e2 —|—1> b(eg—i—l ab
a ﬁ_l a ﬁ
() G
N = 25+ ab

Thus we have shown that

(b—a) (COSh (%)) =1 ! i

dr(1as ) = T
ab (cosh (%)) o

[Case 2 b<a

By Theorem 1.6.5 and Remark 1.6.2, we know
dr(1ay 1) = dr(1a 0 Q7 1y 0 Q1) = dr(n-a; 1) -
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On the other hand, since b < a, we know that —a < —b. Therefore by Case

1, we know

= — -1 (4.28)

where the second equality is because cosh is an even function. Therefore (4.27)

and (4.28) yield

as desired. [ |

Theorem 4.2.7. For every a € R\ {0} and r € [0,1),

2 cosh(ﬂ)

-1\ _ “© [ N
d'ﬂ‘(navnaoRr )_ |(Z| 10gCOSh(6L1_4i)

Proof. By Theorem 3.2.13, there is at least one intersection point between

F Tao R and F,,, +tm:,. In fact, there are exactly two intersections, and one of

these intersection points occurs on [0,r) and the other on [r,1). This is easy
to see in light of the fact that both F,  p-1 and F,, start at 0 and end at 1,
but they go through this value change at different average speeds on the two

intervals because of the swapped concavities (see Figure 1.5). More concretely,

a as
_16

of F,  p-1is —2e®+s=1) on [0,7), and
Let (sl,FnaoR;

F, op-t and Fy, + tpi,. WLOG assume s; € [0,7) and s2 € [r,1). By

on both intervals, but the rate of change

9 e~ on [r,1).

ead —

the rate of change of F}, is —

1(s1)) and (SQ,FnaoR;l(SQ)) denote the intersection points of
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definition,

%1 _ 1 60,(177') (easl - 1)
Fﬂa (81) -+ tmin = FﬂaORfl (Sl) - ot — 1 + tmzn = et — 1 ;
(4.29)
ets2 _ 1 o el — @82
Fna(32)+tmm:FnaoRZ1(82> — e — 1 Flmin =1 =€ e —1
(4.30)

Equating the expressions for ¢,,;, from (4.29) and (4.30),

eoL(l—r) (easl _ 1) — et 11 eTaTels2 _ oaTel _ oas2 4
e —1 e* —1

ea(lfrJrsl) . ea(lfr) e 4] = T+ ea(szfr) . ea(lfr) — et

Using the fact that sy — 1 = % ,
051 <€a(1fr) _ 1) 1] eallon) — gasi (ea(%ﬂ«) _ eg) Lt all-m)
Gathering all terms with the e**! factor,
e <e“(1’” 1 —etla) 4 e%) =% — T _ ] 4 gdlT

Thus,

e — 1 6% 1 <€%—|—1)

e—ar (e“ - e§> +e2 —1 e~res(ez<1) +e3=T

asy __
(& =

Taking the log of both sides,

b, i1 , ef+e e (720
= R me 1 T 98 s PR x o
(64 + efa> ! .
= log - +loge® (17245

80



Therefore

Q|

(4.31)

S1 —

DO 3

cosh (%)
log (cosh (aﬂ)> +

4

By Theorem 2.2.8,

1
dﬁr(mwaoer):/
0

FaoR:l(S) - Fna(S) — tin| ds .

n

[Case 1] a >0

Breaking our integral down into a partition,

dy (Mo, a0 By') =
S1 59

/ (= Fyor 1 (5) + Fya(5) + b ) s + / (Foo 1 (5) = Fuu(5) = bin ) ds
0

S1

1
+ / <_F77EOR:1(S) + Fna (S) + tmm) dS 5
82

where t,,;,, terms can be canceled using s, — s =1 — (sy — s1) = 1.

Breaking the middle integral down further,

dT(naanaoRr_l) -

/051 (_ F opo1(s) + Fy(s) + tmm> ds + / (Fnaoml(s) _Fy(s) — tmm> s

S1

X ~ ‘Ig o
S92 1
/ (FnaoRfl(S) B Fﬂa (8> B tmzn) ds +/ <_F77aOR;1 (S) + Fna(s) + tmzn) ds .
?g }Z 4
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Calculating I ,

s1 f _ pa(l—r)(,as __ 1 as _
[1 :/ ¢ (6 )+ ¢ ds
0 e —1 e —1

[ _ea(lfr) 51 ea(lfr) 51 |: 1 :| 51 |: 1 :| s1
- a “ + a § + a eas o a S
a(er —1) . er — 1 . aler—1) |, e —1 |,
B _ea(l—r) (easl 1) 51 ea(l—r) 051 1 1

a(e*—1) er—1 aler—1) er—1

1— 6a(lfr) eas1—1
- (== — s (4.32)

Calculating I, ,

T a(l—r)(,as __ 1 as __
I, :/ (6 (e )— ‘ 1) ds
st e*—1 e —1
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Calculating I3,
52 6a _ 6as eas _ 1
I = 1—e o — d
’ /T ( ‘ er —1 er—1 > °

X pa(1-7) 52 . o—ar , 52 1 N 52 . 1 52
=|1- — e —|—e¢
er — 1 a(e* — 1) . a(e* — 1) . er—1],

6&(17")) (67(17‘)(60482 o ear) eas2 _ car P
+

= (=) {1 a(e® — 1) a(ea—1)+ea—1

a(l-r) _ 1 ( —ar __ 1)( asy __ ar)
(& € € €
= — 1—

(52 =7) ev —1 ) * a(e® — 1)

= (s2=7) ev —1 a(e® — 1)

1 — e ar __ ,ass
:(?fi0<@—ﬂ&+17;—). (4.34)

Calculating I, ,
1
a __ ,as as _
I4:/ <—1+e‘"e ¢ +6 )ds
s er —1 er —1

= ) ], - [
N 4| eus o
. a(et — 1) . Laler—1) o L1,
ea(l—r) B (e—ar)(ea - 6&52) N 0 — 082 Sy — 1
er —1 a(e® — 1) ale —1) e*—1

P (1 _ 6‘")) N (e—ar _ 1)(ea52 _ ear)

e

—1
+e“—1

= (1—82) (-1-{—

(s2=1) (1= ") (ea _ goony (1 — o)
=8y — 1+ 1 + aler — 1) . (4.35)

By (4.32) and (4.33) we have

1 — 6a(l—r) 2651 _ 1 — eor
L+ 1, = pra— ( " —281+7”)
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By (4.34) and (4.35) we have

]3+I4 -

1 _ 67(1""

_— —1.
et _ 1 +82

ee — 52 | ot _ €a52> (32 — 1) <]_ _ ea(l—r)>
+
er —1

(s rger+

a

And therefore, since dr (1,, nao RyY) =L + L+ Is + Iy |

dT(naanaoRr_l) =

1 — ea(l—r) <2ea51 —1— e 1)
—s1+r—5
a 2

—2e052 | @ | eor

+—<(32—T)e“+ >+32—1 .

a
Multiplying the numerator of each term into the parentheses,

dT(naanaoR:l) =

1 (26“51 — 1 — " — 2eall=r+s1) 4 gal=r) 4 o
e* —1

—e““‘”(—s ~|—7“—1>—s +7“—l
' 2) ! 2

1 (_261152 4ed 4 e 26(1(52—7") _ ea(l—r) -1
er —1

a

a

+ (52 —1r)e* — (s — r)e““‘”) +s9—1 .

Factoring ea—l_l out, and replacing s, with s; + % , we get

dT(naanaoRr_l) =

1 (26a51 o 26(1(51-1—%) 4 2e0 + 2€a(sl—r+%) o 2€a(81—r+1) -9
et —1

a

+< 1 )“ TP I
S1 5 re S1T7T B S1 2
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By factorizing further,

dr (10, nao Ry') =
1 2 a a 1 1
(— <e“51 (1—62)—i—e“(sl_”(eZ—e“)—l—e“—l) + (51—1-5—7“) (e“—l)) —i—sl—é :

e —1\a

1
ed—1

Multiplying the factor back inside the parentheses,

d’H‘(naanaoRr_l) -

—1 —1
9 as1 2 a(si—r) % 2
2( ety | et d el +sl+%—r+sl—%

o« \(E=D(eF+1) " BT + 1)

Factoring out e**'~") from the two fractions in the parentheses as well as

commuting them with the +1,

— 2 a(s1—r 6ar+6%
dT(na777aORT1) g 5(1_6(1 )m>+281—7“ . (436)

~—

We now prove that the expression inside the parentheses in (4.36) equates to

0, and thereby demonstrate that dr (na, Na © R 1) = 2s; — r. In other words,
s1—T) e‘”’+e% _

we show that e - =
(e2+1)

We know by (4.31) that

ea(sl_r) e 1+ e2 (4.31) <&(1%)2> —ar e 4 e

(ez +1) cosh (a=2") (ez +1)
B cosh (%) e% + ™72
~ \ cosh (al=2) (ez +1)

Multiplying both the numerator and the denominator by e |

ea(le)M _ cosh(%) el |y elisr=e
+ cosh (a=2") (cf +e5)
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Factoring out ¢ in the powers of the numerator,

ea(sl—r)

~—

O 4 o% ( cosh (%) eh2r=1) | p§2-2r-1)
)

(ez +1 cosh (a% (eF + e_Ta)

- () ()

which implies through (4.36) that

d’]l‘ (naa naoR;l)

281 —r

(3 1 10g( cosh @)) N

a cosh (a 1

2 cosh(%)

N3

Theorem 4.2.8. For every a € R\ {0} and s,t € R,

4 log cosh (%)

|a| dT(Sat)SdT(naoRs_lanaoRt_l) <

tanh ( % ) ‘ dr (s,t)
Proof. Let arbitrary s,t € R be given. We know through Theorem 1.6.5
and Remark 1.6.2 that

dr (a0 B mao BN = de (oo B o (B7) ™ nao 7o (R )

= d’]I‘ (na o R;Et ) na)

Letting r := s —t, it suffices to prove this theorem only for when one measure
is 7, rotated by 7, and the other is not rotated. WLOG assume r € [0,1).

Claim 4.2.8.1.
dr (77a y Tla © R;l) < ‘ tanh ( % ) ’ d’ﬂ‘(o,r) .
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Proof. For every r € [0,1], let d(r) := dr (4, 1. © R;') . By Theorem 4.2.7,

2

d(T) = m log(cosh(%)) _ 2 log(COSh(a 1 —427~ )>

Clearly, d(0) = d(1) = 0. As a function on [0,1], d is differentiable every-

where, and its derivative is

a(l—2r) —1

4 cosh(@)

a(l —2r)
— )

d(r) = % (—2) % inh ( = tanh (

4

Clearly, d' is continuous, and by Remark 2.1.1 has a maximum. To find this
maximum, note that d'(3) =0 and thus through Remark 4.1.2 we know |d'|
is symmetric about % . Remark 4.1.2 also tells us that d' is strictly decreasing

(if @ > 0) or decreasing (if a < 0). Therefore
@(s)] = |d(0)] = [ (1)] = |tann ()]
max [d'(s)] = | (0)] = [@'(1)] = | tanh (7 )
Consequently, through the mean value theorem we know
d(r) — d(0) < ‘tanh(%)‘ I — 0]

In particular, this implies that

1
Vr e [0

_ a
51 d (ne o B < ‘tanh(z)’dT(O,T) . (4.37)

The mean value theorem also tell us that
d(r) — d(1) < ‘tanh(%)‘ I — 1]
In particular, this implies that
1
Vr e [5, 1, dr (e, maoR') < ‘ tanh ( Z ) ’ dr(0,7) . (4.38)

Thus (4.37) and (4.38) prove the claim. O
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Claim 4.2.8.2.
4log cosh (%)

|CL| d’]I‘ (O,T’) S d’IF (’r/av UaORr_l)

Proof. Let d be as in the proof of Claim 4.2.8.1. By Remark 4.1.2, d is

concave (if @ > 0) or convex (if @ < 0). Consider the secant passing through

) d
d) | | ac

VI

)] . By concavity,

N|=

1
Vr e [0

Sl )T <d)

In particular, this implies that

1 4
vr e [0, 5] Tl log cosh ( Z )dr (0,7) < dr (o, nao R;Y) . (4.39)

N

1
J )} and |:d(1):|' By con-

vrelp ], ~2d(3) (r—1) < dlr) -

Similarly, consider the secant passing through {

—~
N

cavity,

In particular, this implies that

1 4
Vr e [5, 1], Tl log cosh ( Z )dr (0,7) < dp (e, nao R;Y) . (4.40)
Thus (4.39) and (4.40) prove the claim. O

The truth of the theorem has thus been shown through Claims 4.2.8.1

and 4.2.8.2. (The argument above shows that the left and right inequality

becomes an equality when dr(s,t) = 1 and dy(s,t) — 0, respectively.) [

Recall the distribution function F,, (s) = <= (see Figure 1.2). While not
defined for a = 0, one can see that as a approaches 0, the continuous functions

F,, approach (monotonically from below if a — 0%, and from above if a — 07)
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the continuous distribution function F),(s) = s pointwise:

as ’ i as
e _ 1 L’Hospital ) se

Vs € [0,1], lim lim = lims (9" = s .
a—0 e% — ] a—0 e a—0

One therefore suspects the Kantorovich distance between 7, and Ar to go to 0
as well, and indeed it does (see Theorem 4.2.9). In fact, one could use Dini’s
theorem to show that the convergence is uniform [12]. As a result, we are

justified to define ny := Ar.
Theorem 4.2.9. The exponential distribution n, converges (in P) to Ar as

a— 0, 1e.,

d’]r (’I]a, )\']1‘) LO) 0

Proof. By Theorem 4.2.5,

‘ 1 a :
v de (g ) = Ly 2 log cosh (§)) =ty 55585 —0

where the second equality is by L’Hospital’s rule. [ |

Additionally, we can see pointwise convergence of F, to dp as a — +00.

e* —1
For s =1, lim = lim 1=1,
a—+oo €% — 1 =1 a—r+00
) e — 1 ' PR ] ., s—1<0
Vs €[0,1), lim = lim — = lim (e*)"' 0,
a—+oo €4 — 1 a—+oo 2 a—+00

which implies a jump at 1; but since the points 0 and 1 correspond to the
same point on our circle, we recognize this point mass distribution as dy in P.
Through analogous steps we see the pointwise convergence of F),, to dp as a —
—o0. We therefore define n_, = 1,4 = 0y as justified by Theorem 4.2.10.
We lastly agree that N = Moo = 0o -

Theorem 4.2.10. The exponential distribution n, converges (in P) to o as

a — +oo, i.e.,
la]—o0

d']T (naa 50) O
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Proof. By Theorem 4.2.4 we see

1 a 1
lim dr(n,d) = lim —tanh (- )= lim — =0 |,
|a|1£>noo T(n 0) \a|1i>noo a a ( 4 ) |a\1£>noo |a|
where the second equality is by the fact that [tanh| is bounded by 1. [ |

Note that while originally 7, was only defined for any a € R\ {0}, we now
have it defined for any a € R U {oo}, where the symbol oo represents both

e?S—1

—-— Is continuous

+00 as one point since 7_, = M40 - Noting how F, (s) :=

with respect to a € R\ {0}, and how we defined 1y and 7., by taking limits,
we can see that the map a +— 7, is not only a bijection between R U {co}
and E := {na eP:acRU {oo}} , but also a topological isomorphism if
R U {oo} has the one-point compactification topology. On the other hand,
as explained at the end of Section 4.1, the one-point compactification of R is
topologically isomorphic to T. So we conclude that the set E of all unrotated
mod 1 exponential distributions forms a circle in P that on one side passes
through P’s center, namely Ar, and on the other passes through d,. This set
is depicted in blue in Figure 4.4. Note that FE is closed under reflection but
not under rotation. For any ¢ € R, the set {n, o R;':a € RU{oc}} too is

a circle, and passes through At and d;,7 .

Figure 4.4 pieces together the results of this chapter: Recall that Theo-
rem 4.2.1 tells us that the space (P,dr) can be thought of as a disc or a ball
of radius 1/4 centered at Ay . Theorem 4.2.2 states that the outermost edge of
this disc is the set {d, : @ € T} of all Dirac distributions, which itself forms
a Lipschitz-isomorphic copy of T by Theorem 1.5.3. This circle is depicted in
Figure 4.4 in black. Note that through Theorem 4.2.8 we know that for every
a € R\ {0}, the mapping s+ Z > n, o R;' is bi-Lipschitz continuous. As
a result, for every a € R\ {0}, {n,0 R;':s € R} is a Lipschitz-isomorphic
copy of the circle T inside P. The rotation-invariance of dr implies that the
center of this circle must be Ar. One such circle is depicted in red in Fig-
ure 4.4. Theorem 4.2.9 implies that the closer a is to 0, the smaller the radius
of the circle {na oR;':s€ R}. This radius approaches }l as a — oo by
Theorem 4.2.10.
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50 = N—oco = Moo

Figure 4.4: Schematic depictions of T (left), and P (right). The latter is a ball
of radius % with Ar at the center. For a fixed nonzero a, the set {n, o R;!:s € R}
(red) is Lipschitz-isomorphic to T.

We will learn in Chapter 5 that the empirical distributions of (logn) >,
have the circular limit set {n; o R;':s € R} .
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Chapter 5

Empirical Distributions of

Slow-varying Sequences

In light of the questions raised in the Motivation, this chapter demonstrates
that for any sequence that grows to infinity at the pace of (logn) -, , the se-
quence of suitably rotated empirical distributions converges to an exponential
distribution in (P,dr). Theorem 5.2.10 provides an upper bound for the dr
distance between the rotated empirical distributions and the exponential limit.
Theorem 5.2.10 also applies to sequences that grow slower than (logn)’~ . We
will even be able to get information about the speed of the mentioned conver-
gence using this theorem. These tools are then used to explain the patterns

observed in the Motivation.

5.1 Preparatory work

Definition 5.1.1 (Asymptotic equivalence of sequences). Let (¢,),~, and
(rn);~, be sequences in R* \ {0}. We say (t,),—, and (r,).—, are asymp-

totically equivalent, in symbols t, ~ 1, , if

n
lim — =1 .
n—oo 1,

Definition 5.1.2 (Asymptotic order of decay of sequences). Let (t,) -, and

(rn)>~, be positive real sequences that converge to 0. We say (t,),—, decays
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[e'S)
n=1"

no slower than (or is of the order) (ry) in symbols t, = O (r, ), if

lim sup tn <00 .
n—oo  T'n
To numerically approximate the integral of a function w.r.t. Lebesgue
measure on an interval, one can sum the values of that function at certain
sample points in the interval. It is natural to ask what the difference between
the sum and the integral is. The Euler-Maclaurin summation formula answers
this question, and is also useful for approximating a sum by an integral [2].

The latter is what we will use the formula for in Lemma 5.2.9.

Remark 5.1.3 (Euler-Maclaurin summation formula). [3] Let g € C1[ty, t5]
where t; < ty. Then,

> gln) = /th(t)dt + /t2 ((ﬁ—%)g’(t)dt + M

nEZﬁ[tl,tz] t1 t1

One other tool used in Theorem 5.2.10 is the variation of parameters

method for solving a linear differential equation.

Remark 5.1.4 (First-order variation of parameters). [16] Consider the initial
value problem

g +ag=G() ,

g9(to) = g0 ,
where « is a constant, and G: [tp,+00) — R is continuous. The unique

solution to this problem is

t
g(t) = (go +/ e G(r) dr) e it >t .

to

For the main convergence result to follow from Theorem 5.2.10, we will use
the fact that if the value of a locally integrable function on R converges to a
real number as the input tends to +o00, then the average value of that function

over increasingly larger intervals converges to the same real number.
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Lemma 5.1.5. Let g € L}

a € R, then

(R+, Br+ , )\) .

loc

T—00

1 /T
—/ gt)ydt ——— a .
T Jo

Proof. Assume g(t) ——=5 a € R, i.e., assume

If limy_,o g(t) = a for some

Ver >0, IM; € RT 1Vt > My, |g(t) —a| <e .

We want to show that Ve >0, IM € Rt : VT > M, ‘%fOTg(t)dt—a’ <e€.

Let an arbitrary € > 0 be given, and let €; :=

5. By assumption,

€

IM; > 0:Vt> M, |g(t) —a| < 5 (5.1)
Note that since g is locally integrable, fOMl ’ g(t) — a| dt is finite. Thus,
My
t) —al dt
My 0: YT > My, b }g(T) d <§ . (5.2)

Let M := max {M,, M}

1 T
— t)dt —
7| et

Thus we have shown that limy_,., fOT g(t)ydt =a.

. Forevery "> M + 1,

fOT g(t)dt —aT

T
o (9() — a) at
My T -
%/o |g(t)—a‘dt +
g +
g +

I gty dt — [ adt
T

Jy lo(t) —af at
T

1 (7
T/A/Il |g(t)—a}dt
1 T

2z S

T Ju, 2

e eM; -

2 oT ‘

In Example 5.2.13 we use the following useful fact:
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Lemma 5.1.6. The logarithmic integral function is given by Li(z) := [* - dt

e logt
for every x € [e,00). This function is asymptotically equivalent to @, i.€.,

1
——dt
li fe ligt -1
T—>00
log x
Proof. By the L’Hospital rule, we have
T 1 1
t ez 1
iy Je 2 L lim T = lim =1
T—00 r—y00 08T T—00 logx —1

logz log(z)2

Remark 5.1.7. Let (¢,),—, be a sequence in R\ {0} that converges to 0.

Then (log(l + en))zo: converges to 0 at the same rate, i.e.,

1

log(14¢€,) ~ €, .

5.2 Convergent subsequences of empirical dis-

tributions

This section describes the limit set of the empirical distributions in (P, dr)
associated with slow-varying real sequences mod 1; it also provides an estimate

of the speed of convergence to those limits.

Definition 5.2.1 (Empirical distribution). Let x = ().~ be a sequence in
R. For every N € N, we define the associated (mod 1) empirical distribution
to be

N
. 1
wN : N § Tn+Z
n=1

where 0, 17 is as defined in Section 1.4. When the sequence with which the
empirical distribution is associated is clear from the context, we simplify the

notation to wy.

95



We call a sequence (z,),—, in R log-like if the distance between two con-
secutive elements decreases asymptotically equivalent to a constant multiple
of (%)Oo ie., if

n=1"
lim n(z, —z,-1) € R\ {0} . (5.3)
n—oo
Such a sequence will necessarily satisfy lim, ., z, = *oo. Clearly, if the
limit in (5.3) is 0, then the sequence’s rate of change is eventually slower than
that of (logn) >, . The main results of this chapter ( Theorem 5.2.10 and its
implications) apply to these sequences as well as log-like ones. Hence we define

slow-varying sequences as follows.

Definition 5.2.2 (Slow-varying sequence). A sequence = = (z,),, in R is

slow-varying if it satisfies

lim n(z, — x,—1) € R . (5.4)

n—o0

The limit in (5.4) is denoted b .

As mentioned in the Motivation, the sequence (wy)y_, of empirical distri-
butions for a log-like sequence does not converge in P in the sense of (1.4).
However, Theorem 5.2.10 will tell us that if every wy is rotated by —xy, we
will have a convergent sequence. We denote this rotated version of every wy
by wy .

[eS)
n=1

Definition 5.2.3 (Suitably rotated empirical distribution). Let x = (z,,)
be a sequence in R. For every empirical distribution w¥; , we define its suitably
rotated version to be

~r .__ , T —1
wy =wyo R,

As with Definition 5.2.1, we simplify the notation to wy when the sequence

is clear from the context.

Given a log-like sequence, in Theorem 5.2.16 we will characterize the limit
set of that sequence. For log-like sequences these limits end up being accumu-

lation points of the set {z,} -, . For this reason, we denote the limit set by

A.
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Definition 5.2.4. Let x = (x,),., be a sequence in R. The set of limits of

all convergent subsequences of x in T is
A = {y eT: dyp (x¢(n), y) 7% 0 for a strictly increasing ¢: N — N} .
We simplify the notation to A when there is no ambiguity about the sequence.

For a sequence of empirical distributions, we define the limits of convergent

subsequences in P similarly.

Definition 5.2.5. Let x = (z,,),—, be a sequence in R, and let (wy)3y_; be

the sequence of the associated empirical distributions. Then
QF = {,u €eP :dr (w¢(N), ,u) 7%, 0 for a strictly increasing ¢: N — N} .
We simplify the notation to {2 when there is no ambiguity about the sequence.

A sequence is in essence a function on N. Thus restricting the domain of
any function on Rt \ {0} to N specifies a sequence, and clearly every sequence
can be generated that way. The advantage of considering these functions
as opposed to sequences is the ability to use the Euler-Mclaurin summation
formula (see Remark 5.1.3). This summation formula is a central part of
Theorem 5.2.10. Thus henceforth, instead of a slow-varying sequence x, we
consider a function f: RT — R that is a smooth interpolant for the graph
([an] );’;1 of z, and satisfies lim;_,o. ¢ f'(t) = b". We denote the collection of
such functions by F, thus,

F = {f € C* (R*\ {0}) : tliglotfl(t) exists in R} . (5.5)

Hence for any given f € F, we re-define the relevant quantities consistent with

their discrete counterparts:

b o= lim t f/(¢) ;

t—o0

Al = {:U eT : dy (f (¢(n)) ,a:) 22 0 for a strictly increasing ¢: N — N} :
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N
1 ~ _
w]{, = N E Otmy+z A w]]:, = w]’:, o R_}(N) VN €N ;

n=1

0 = {,u ep: dT(wf;(N),u) 7% 0 for a strictly increasing ¢: N — N} .

As before, we simplify the notation by omitting the superscript f whenever the
function in question is clear from the context. Note that since dr is invariant
under reflection (Theorem 1.6.5) we have A~/ = Q(A7). Next, we denote the

subset of functions that are asymptotically slower than log by Fy, i.e.,
Fo={feF v =0}

Thus the set of all log-like functions is JF \ Fy. It is convenient for the proof
of Theorem 5.2.10 to introduce two more quantities for any given f € F. The
first is the smooth function Af: RT\ {0} — R given by

AF() =tf'(t) = b/ vteRT\ {0} . (5.6)

It is clear from the definition of F that lim, , . A/(t) = 0 for every f € F.
For a given f € F, one interpretation of A/ () is that it tells us how different
the slope of f is compared to that of b/ logt. Note how A9(t) = 0 for all
t € R\ {0} if g(¢) := b/ logt. Soin a sense, A/(t) measures how ‘far’ f(t)
is from b/ logt at every t € RT.

Lemma 5.2.6. Let f € F. Then for every m,t € RT\ {0},

f(t) = f(m)+blogt — blogm+/t¥ds

m

Proof. Let arbitrary m,t € Rt be given. By (5.6),

iy~ A0+

Integrating both sides from m to t¢ yields through the Fundamental Theorem
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of Calculus,

ft) — f(m) :/t¥d3+blogt—blogm ,

m

which is rearranged to show the desired result. [

Lemma 5.2.7. Let f € F. Then

N |AG)]
fm s
N—oo  logN

Proof. Let arbitrary e be given. Since lim; ,o, A(t) = 0, there exists N, € N
such that ‘A(t)‘ < g for every N > N.. Clearly,

N A N¢ N Ne
/ ‘ (S—)‘ ds < / Al ds+/ = ds = / - ds—=log Ne+— log N .
1 1 € 1 s 2 2

S s 2s

Note that since A is continuous, leE 2) s and thereby leE Al) ds—5log N,

S S

is bounded. After division by log N we find

€
0< lim L5 = < °
= NS log N 2

Since € was arbitrary, the limit must equal 0. [ |

Lemma 5.2.7 states that log N eventually grows faster than le M—ES” ds .

. . A .
Needless to say, this means that any constant multiple of le |si)| ds or its

sum with any constant still grows eventually slower than log IV .

The other quantity we define is D{V for every N € N:
D]{/' =dr (6:)]{[7 Ubif) = dr <w]{[7 Ubif © R;(ljv)) )

which is the distance between n . and the suitably rotated empirical distri-
b
bution of the first N elements of (f(n))

[e.9]

n=1"
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In Theorem 5.2.10 we introduce a sequence of (eventual) upper bounds for
each of these distances. Since the upper bounds converge to 0, as a corollary

it becomes apparent that the distances Df\, also approach 0.

Lemma 5.2.8. Let f € F be such that b > 0. Then for every h € Lip;(T)
and every N € N,

f(N)

[ty o Ryl = o g = [ aGs) e as

—0o0

Proof. Let arbitrary h € Lip(T) and N € N be given. Then

hd(ni o R} :/
/T (m2 © Ry(y)) -

i@

= / ho Rywy [y, dAr = / (ho Ry o) (fa
T b r(T)

ho Ry d(m o Rylyy 0 Ryv)) = / ho Ry dis
T

oux')dX,

1
b

where f771 is the Radon-Nikodym derivative m/ -

, and by Remark 1.4.1 equals

Fy Thus
B 1 es/b
1 s/b X .
= [ nGowr0) S S s

=1

:‘ /Ojjh(s—l—j—i-f(N))ebb 7 ds
_Z/_ h(s+ f( ))%dsz/ h(s—i—f(N))%ds,

where the geometric series formula is true by positivity of b, the third equality
is by dominated convergence, and the penultimate equality is by recalling
from Section 1.3 that by h(s+j+ f(N)) we mean h(s+j+ f(N)+Z).
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Therefore

) F(N) o =5
/1rhd(n‘l’ oR]T(N)) :/ h(s) 2 ds

s—f(N f(N) f(N) s—f(N
— [h(s)e 5 )} —/ h'(s)e 52 s
f(N) s—f(N)
:h(f(N))—/ h'(s)e o ds ,

where the middle equality is because Remark 2.1.6 allows us to integrate by
parts, and the last equality is by the fact that h is bounded. [ |

Lemma 5.2.9. Let f € F. Then for every h € Lip;(T) and every N1, N € N
such that Ny < N,

JF(N) 1

N/ThdwN:Nhof(N)—i—/f(Nl) <<f—1<3)> —§>h'(s)ds

f(N)
—/ ()W (s)ds + an
f

(N1)

where ay = YN (ho f(n) —ho f(N1)) + 3 (ho f(N) —ho f(N,)) .

Proof. Let arbitrary h € Lip;(T) and N;, N € N be given where N; < N.
Then

N/ThdwN:MZ_:lhof(n)%— ﬁ:hof(n)
:]\hz_:lhof(n)—l—/NNhof(t)dt—i—/NN((t>—%) (ho f) (t)dt

+hof(N1);—hof(N) |

where the second equality is by Remark 5.1.3. Since f’ is continuous and
t—o0

f'(t) —— 0, we know that f, and thereby ho f, are Lipschitz on [IN7, 4+00).
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Thus Remark 2.1.6 allows us to integrate the first integral by parts and get

Ni—1

N/hdwN—Zho + [tho f(t )}xl—/N th'o f(t) f'(t)dt

+/N(<>“)h' ff<)()dt+hof(Nl>2+h°f<N>;

N1

And by rearranging terms and using the substitution s = f(¢), we get

N1—1

2

f(N) fV)

(n = g)tsas— [ rieme)as

(N1)

+Nhof(N)+/

f(N1)
Thus we have shown

f(N) 1

(7)) = 5 )/ (s) ds

N/ThdwN:Nhof(N)—l—/ .

f(N1)

J(N)
—/f f1(s)h (s)ds + an

(N1)

where ay =0 (ho f(n) —ho f(N)) + L (ho f(N) —ho f(Ny). W
The following theorem is the main result in this chapter.

Theorem 5.2.10. For every f € F, there exists Ny € N such that

1 bfllogN 2 [N
VN > Ny, foV—4N+HTg+N/ ‘Af(t)‘dt
1

Proof. Fix f € F. When the superscript in A/, b/, and w]]i, is omitted it is
understood to refer to that fixed function. For a fixed N € N, we want to

find an upper bound for

T T

102



Let an arbitrary h € Lip;(T) be given.

b>0
Choose Ny € N such that |A(t)] <2 for every ¢ > Ny. Since f/(t) >0 for
every t > Nj, we know that f~' is defined on [f(N;),+00). Let g(t) be

defined to be f~1(t) forall ¢ > f(N;), and the constant N; for all ¢ < f(NNy).
By Lemmas 5.2.8 and 5.2.9,

—N/hd un oRf(N —i—N/hdwN—

f(N1 o F(N) .
N / e ds + N / (s)e ™5 ds
Ny
J(N) 1
—/ h'(s)g(s) ds+/ ((g(s)) - —)h’(s) ds + ay .
7N £V 2
Therefore
£V ) £V
N (/hdwN —/hd(nl ORJ?(lN))) = bN/ h'(s)ev ds+/ B (s)gn(s)ds
T T b _ J L Jran )
n I
F(N)
s [ (ta) - e ds+ ay (51
JF(N1)
I
—7 (V)

where by := Ne~ v | and gy is a smooth real function on [f(Ny), f(IV)]
given by gn(s) := byeb — g(s) for every N > N;. We now find an upper
bound for each of the labeled terms in (5.7).

(i) Firstly, for Iy,

ff(Nl) h/ )eb ds| is bounded by be b
f(N7)

Therefore |I;] is bounded by some constant multiple of by , namely |by|be s
Considering by, note that by Lemma 5.2.6,

1 N A(s) ZF(1) —1 N Als)
bN _ N@E( f < ds) log(1)—log(N) () 1f g ds

=€

() N |AG)]
<eboerh o4 (5.8)
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Clearly, if le@ds < 00, then (5.8) implies that by is bounded too,
and thus limN%oobbg—NN = 0. That is, in this subcase, clearly log N even-
tually grows faster than any constant multiple of by. In the subcase where
fl N A S)| ds = oo, we know that both the upper bound in (5.8) and fl |A(s)| ds
approach oo as N grows. We show that limy_,

By (5.8) and the L’Hospital rule we have,

| = 0 in this subcase.

le’A(s) ds

0< lim ————— < lim
N—>oof ‘A ‘ds N—o0 |As
—f(1 N |A(s) é@)
lim < ”() e bN
= lim
N—oo J_A—@VL)T
1 —f(l) ‘A(g)| ds —logN

= - B
b ]&;ﬂ%oeb

=0,

where the last equality is because Lemma 5.2.7 tells us the limit in the exponent
is —oo. Thus we have shown that in this subcase, f1 ‘A ‘ ds eventually
grows faster than any constant multiple of by . Therefore it is true in either
subcase that there exists Ny € N such that

b I
|11|§§10gN+§/1 |A(s)| ds VN >N, . (5.9)

(ii) Secondly, for I, noting that gy(s) = by et — g(s), we have

where the last term is because g = f~! for every s > f(N;). Therefore we
know by (5.6) that for every s > f(Vy),

/ o bN 2 g(S)
In(s) = 35 T A og(s)+b
_ (Aog(s)+b)byet —byg(s) L 9(8)A0g(s) — g(s)A 0 g(s)
b(Aog(s)+0b) b(Aog(s)+b)
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_byet —g(s) L _9)Bogls) _gn(s) | _g(s)Aog(s)
b b(Aog(s)+b) b b(Aog(s)+D)

which, together with the fact that gy ( f(N )) = 0 poses a first-order initial
value problem. Since the right hand side of the last equation above is continu-

ous and its derivative w.r.t. gy is also continuous, we have a unique solution
which, by Remark 5.1.4, is:

- F(N) - g(r)A o g(r)
(o) == [T ORI Vs € SN SN

Substituting this formula for gy in I, we get

B F(N) - A ( )
|I5] = / / Je ( ) drds
| ™ gses) [ .
N /fuvl) b(Aog(s)+0) /Nl)h(s>€ s

f(N) T
< [l msont ||,
f(N1) F(N1)

b(Aog(s)+b)
where the second equality is by reversing the order of integration. Therefore,
using the fact that ¢ = f~! and that ‘A(T)’ < g for every r > Ny,

s—r
b | dsdr

F(N
| 15| S/ r|A og(r)/ = | dsdr
f(Nl) b — [A]og(s) f Nl)
F(N
S/ |A|og(r) 1 oI ds dr
f(Vy |A| °g(s) F(Ny) b
f(N ( )[Alog(r) N A(t) +b
< dr = / Alt)| ————dt ,
/f( b—|Alog(s) N | ‘b— |A®))|

where the second inequality is by Lemma 2.1.7 and the fact that %e% >0,
and the last equality is by the substitution ¢ = g(r). Therefore since |A(t)| <
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% for t > Ny, we have

b

b+2 N 5 [N
Ll <+ [CJawja =2 [
=,

3 |A()| dt

Ny

(5.10)

(iii) Finally, to bound I3, note that by the triangle inequality,
Ni—1

fonl £ 30 [1 (7)) = (F) [+ 5 [ (70) = ()|

N1—1
< 3 dn (), F(ND) + s (F(V), F(N)
n=1
1, 1/ N-1 % N—1}
—;2+§<2>: 7t 2

(5.11)

where the second inequality is because h € Lip;(T), and the third inequality
is by Definition 1.3.1. Thus (ax)%_p, is bounded. Note that

f(N) N
< [t = 5| ] s+ o] < £

_Qf(Nl) + lan|
10 f(N) = F(N7) + Ny — }

2
ds + f(1) — F(Ny) + Ny — 1) ,

1 N1A(s))|
< 3 <blog]\f—|—/1 e 5

where the last inequality is by Lemma 5.2.6. Thus |I3| is bounded by half of

the sum of blog N and le @ ds shifted by a constant. It therefore follows
from Lemma 5.2.7 that there exists N3 € N such that

2b

(5.12)
Letting Ny := max{Ni, Ny, N3} and summing (5.9), (5.10) and (5.12), we find
an upper bound for (5.7).

N
N(/hdwN—/hd(néoR;(lN)D gblogN+2/ |A(s)| ds VN >Ny |
T T

106



which proves the result for Case 1 once we notice that Ny, No, N3, and hence

also Ny are independent of h.

[Case 2] b <0

Define j‘ := —f and note that ol = b > 0. By definition of D}c\, and
Theorem 1.6.5,

DJfV = dr (w]{ﬁ % ° R;(IN)) = dr (W{v °oQ7, NL © R;(lN) © Qfl)
_ —f -1 _pl
—dT<wN ,n%bfoR_f(NJ =Dy ,

where the penultimate equality is by the definition of ), Remark 1.6.2, and
Remark 1.6.3. Thus the truth of this case has already been shown in Case 1.

(Case 3] b=0

Let an arbitrary N € N be given. On the one hand, recalling that 7., = d,

/Thd(nll)OR;(lN)) :/Ehd(sf(N) =ho f(N) .

On the other hand, using Remark 5.1.3 and integration by parts through
similar steps to that of the proof of Lemma 5.2.9,

/hdwN:hof<N)+g(hof<N>2—hof<1>

N
_ /IN ((t) - % - t) (ho £)(t) dt)

Therefore

o L [|ho f(N)—hof(1)
/ThdwN—/Thd(nioRf(N)) SN(‘ . |

+/1N &) - % || e r)] 1) dt)
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+/1 [ = 1) = 2| 1] 7o) dt)
< %(d“f <f(N2)’f(1)) +/1 (t+%>|f’(t>| dt>,

where the second inequality is by the fact that h € Lip, (T), and the third

inequality is by Lemma 2.1.7 as well as the fact that ¢ > 0. Thus, by definition
of dr, as well as the fact that ¢f' = A+ b,

1(1 N 1
-1
/ThdwN—/Thd(nioRf(N)) SN(Z+/1 (1+§)]A(t)| dt)

<3 (343 1aen )

<L+E/N|A(t)}dt
“4AN N J, '

Thus the theorem is true for this case as well as the other cases. [ |

Corollary 5.2.11. For every f € F,

o) LN I

Proof. Immediate from Theorem 5.2.10 through Lemma 5.1.5. |

In particular, Corollary 5.2.11 proves the promised result that for a slow-

growing sequence in R, the associated sequence (Wy)y_, converges to 7z
9 N N=1 g 7]5 .

The upper bounds in Theorem 5.2.10 do more than just show convergence,
they also allow for gauging the speed of convergence, as shown in the following

examples.
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Example 5.2.12. Consider « = (logn); -, . This sequence is clearly log-like
with f=loge F,and b=1, and A =0 constantly. By Theorem 5.2.10 we

know that eventually,

- < 1 +logN
~ 4N N
dr (w 1
- 1imsupT(lfg—N]\;m) < limsup (m—l—l) =1<o0 ,

N—o0 N N—o0

which means dr (Wy,n) = O(I%TN). A careful analysis [6] of dr (Wy,m)

reveals that the precise speed of convergence is

Thus the bound on dr (wy,n;) provided by Theorem 5.2.10 is too pessimistic
by a factor y/log N as N — oo.

Example 5.2.13. Consider = = (loglogn) - ,. Letting f := loglog on
le, 00) , we see that

1

b= lim — lim —— =0 |

1
t— = t—
00 : 00 log t

1
log

e, [ € Fo,and A(t) = @ for every ¢t > e. By Theorem 5.2.10 we know
that eventually,

dr (@, 00) < _4N N/ logt

- loeN 2log N
—  logNdr (@, 6) < 4gN+ & /lOgtdt,

which through Lemma 5.1.6 implies

lim sup
N—oo log N




which means dr (wy, dy) = O(loglN) . Again, it can be shown [8] that

1

dr (W, do) ~ log N

Thus the bound on dr (wy, dg) provided by Theorem 5.2.10 is sharp as N —

oo, up to a constant factor.

Example 5.2.14. Consider = = (e_”)zozl. Letting f(t) := e™" for every
t € [1,400), we see that

-t
b= lim ——— =
t—o00 1/t

0,

and thus f € Fy, and A(t) = —te™". Theorem 5.2.10 tells us that eventually,

dr (@, 6) < ! +2/N}—t e
T\WN, %) =71y N J, €

~ 1 N 1 2 N+1
NdT(wN,60)§Z+2/ tetdt:rrz(—— +>

1 e eV

I

- 1 4

— limsup N dy (W, 00) < -+ -~ 1.722 < 00
N—o00 4 €

implying that dr (Wx,dp) = O(%) . This upper bound which Theorem 5.2.10

yielded for limsupy_ ., N dr (Wn,dp) is consistent with the precise value of

the limit superior calculated from

0
~ ~ 1 Y -n —N
dr (Wn,00) =  sup hdoy — dog| = sup — Zh(e —e )
T T) N n=1

heLipy ((T) heLipy o (

Let I(z) := dp(x,0) for all € T. Note that I € Lipjy(T). For every
h € Lip;(T), we have h < I in the sense that h(z) < I(z) for every
x € T. If otherwise, we would contradict Lemma 2.1.7 through the Mean
Value theorem. Thus supheLipio(T)h(x) = x for every z € [0,3]. We have
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therefore shown

and hence

N—oo Noco\ e—1 eV e —

1—e ™ 1 1
lim N dp (@y,0) = lim <—6 - —> = —— ~ 05820 ,

implying dy (Wy, dg) ~ 1) ~ - Note that the bound on dr (wWy,dy) provided

by Theorem 5.2.10 agaln is sharp as N — oo, up to a constant factor.

Example 5.2.15. Consider = = (logn + loglogn) ~ .. Letting f(¢) := logt+
loglogt for every t € [3,400), we see that

1, 1
b= lim % = lim (1+—) =1,

t—o00 1
t

and that A(t) = @ . Theorem 5.2.10 tells us that eventually,

~ 1 logN
dr (WOn,m) < 5 + N/ logt

T 4N
- log N log( )2 2logN
log N d <
d og N dy (Wn,m) < AN TN / logt

Therefore through Lemma 5.1.6 we know

limsup log N dr (wy,m) < 2, (5.13)
N—o00
implying dr (wy,m) = O(@) . As with the previous two examples, this
asymptotic analysis gives the correct rate of convergence. In other words,
limy o0 log N dy (Wn,m1) is finite and positive. We now show what this limit
is.

Since the domain of f is [3,+00), we have f'(t) = l‘t)ngt;tl > 0, and thus our

continuous f is also strictly increasing. Denote the inverse by ¢g. While not
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explicitly expressed, g has a useful implicit formula. By definition of inverse,
for every s € [f(3), +00),

s =logg(s) + loglog g(s)

= e® = g(s)logg(s)
= )= log g(s)

Substituting this implicit formula into itself, we get

S S S

e e s

(& €

— — = —

B log@ ~ s—loglogg(s) s — loglog i s —log (s —loglogg(s))

g9(s)

Therefore for every s € [f(3), +00),

eS
5) = , 5.14
9(s) s—log3+lo%fq'(s) ( )

where g(s) == = log (1 — M) .

"~ logs s

Claim 5.2.15.1. The function ¢ is bounded.

Proof. Note that f(t) > logt for every t € [3,4+00). Since f isincreasing and
continuous, sois g. Thus ¢ is order-preserving and we have go f(t) > gologt.

Since go f = expolog = Id3 4, we have

exp(y) >g(y)  Vy=>f(3) .

Thus clearly, for every s € [f(3), +00),

loglog g(s) 1l — loglog g(s) _ O(logs)
log(s) s s

Therefore by Remark 5.1.7, log (1 — M) = O(lofs), and hence g is
bounded. U
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Consider the denominator in (5.14). Note that for a large enough Ny € N,

gsZ(s)>1 Vs> f(Vy) (5.15)

s —log s+
s

For every N > Ny, let I :=1log N for convenience. Let arbitrary h € Lip;(T)
be given. By (5.7),

f(N1) . f(N)
N/ hd(w]]i,—nloR;(lN)) = Ne_(lN+1°glN)/ h'(s)ev ds+/ h'(s)gn(s)ds
T . —o0 JF(N) y
T T2
f(N) 1
+/ <<g(5)> — —)h/(s) ds+ an .
7V 2

By (5.12), we know ||J3]| < Iy eventually. Additionally, Lemma 2.2.5 implies
that ‘f_fiivl) h'(s) e ds‘ is bounded by e/(™) and thereby |.J;| < Nﬁ N log Ny .

Thus we know that eventually,

F(N)

N/hd(wfv—moR;&V)) —/ W (s) gn(s)ds
T f(IN1)

< N1 IOgNl 4

N

lN7

which after the change of variable v = f(N) — s in the integral, implies that

eventually,

F(N)=F (M)
'N/Thd(wzfv—moli’f&v)) —/0 W(f(N) = s)gn(f(N) = s)ds

Ny log N
< 10g1+

In

In .

Thus the LHS difference is O(ly). This implies that the ratio of this difference
to [% vanishes as N grows. Therefore there exists No € N such that for every
N Z N2 )

FIN)=f(N1)
N/Thd(wjfv—nloRJZ(lN)) :ch]QV+/0 h'(f(N)—s)gn(f(N) —s)ds
(5.16)
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where we know that the number ¢y , which clearly depends on N; and thereby
on h, satisfies |cn| <1 forall N > N,.

We will partition the RHS integral in (5.16) into [0, v/Ix] and [V/Iy, f(N)—
f(N1)]. Consider the integrand on the RHS. By definition of gy, we have for
every N > Ny,

gn(f(N)—s) o g(f(N) —s)

N =t - E e Vs € [0, f(N) — f(Ny)] . (5.17)

On the other hand, by (5.14), we know that for every s € [0, f(IN) — f(N1)],

W) —s) _ 1 et

N N f(N) = s —log(f(N) — s) + UM 5 r(N) — )

Iye™?

Iy +logly — s —log(ly +logly — s) + s HoEl =) G () — )
Iye™®

B oeln_ss  loglytlog(142BIN=2)
In—s— 10g(1 + : gll;\\; ) + 1N+1OglN_lsN g(f(N) - 3)

Therefore,

g(f(N)—s) e’ ; B
N 1oy (o) Vs € [0, f(N)=f(Ny)] , (5.19)

- o s 1 310glN+10g(1+10g17N75) ~
where Gy (s) := —1y log(1 + NS Iy et 9(f(N) =)

Claim 5.2.15.2. For every N € N, the value gy(s) vanishes as N — oo for

all s € [0,v/Ix].

Proof. Let an arbitrary s € [0,4/Iy] be given. Note that gy is smooth.
Additionally, note that

log Iy — v/ 1
0= lim 28l Vi < lim 08I

logly — s <

=0 .  (5.20)
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Therefore by Remark 5.1.7,

logly — s

. 1/3 T 1/310glN—8
e P Sy P
. loglN . S
= e A s =0
N N

where 12% A% 00 because s € [0, ljlv/Q] . As for the second term in gy , recall
N

that by Claim 5.2.15.1, g (f(IN) — s) is bounded for all N, s. For convenience,
we denote the bound simply by g, so

10glN+10g(1+10gll—gis)N ) log Iy -
g= M i
=0 It (14 2=

log(1 + —loglljvv_s)

lim
oo 12/3 loglin—s
VI I (1 + )

lim
oo (1 )

=0 ,

where the reason is Remark 5.1.7 as in the first term. Thus ¢y is a continuous

function with limy . gnx(s) = 0 uniformly on s € [0,v/Iy]. O

Claim 5.2.15.2 implies that there exists N3 € N with N3 > f(N;) such
that [gn| < 1 for all N > N3. Turning our focus to s € [\/Iy, f(IN)— f(N1)],
note that

FIN) < f(N) =5 < f(N) = Iy

and so (5.15) applies to (5.18), and therefore

’g(f(N)—S)

o<t seViv SN - f()] L (5:21)
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Partitioning (5.16) implies through (5.17) that

en 3 Viv s
lNAﬁd@gﬂmm%M):f%NHNA Mgmm_ﬁ<eﬁ_ﬂﬂN) ))%

FON)—F(N) .
+ Iy /W h'(f(N) —s) (es — M) ds . (5.22)

Claim 5.2.15.3. The limit of K, as N grows is 0, i.e.,

N—o0
Proof. By the triangle inequality, Lemma 2.2.5, and (5.21),

| < Ly / (7 + e B)) = (L 4+ 88) [—e] o = (b + 1) eV
N N
and thus limy_,oo K2 =0. ]
Claim 5.2.15.4. The term K approaches [~ h/(f(N)—s)e™*(—s)ds as N —

00, i.e.,

lim K1+/ sh(f(N)—s)e*ds| =0 .
N—o0 0
Proof. We first note that by (5.19) we know
Vin ) 1
K, =1 / th—ses(l— — )ds
N lN
VIN -5+ ll%ﬁN(s)
= R(f(N)— 3)6_5( — = ) ds . (5.23)
/o L=+ &%QN(S)

Also note that by Lemma 2.1.7,

i/oo sh(f(N)—s)e *ds

Vin

g/ se*ds = (\/Iy +1)e Vv |

Vin

116



and thus limy_,« f\c}% sh(f(N)—s)e ®ds = 0. Therefore,

= lim
N—oo

VIN
K1+/ sh'(f(N)—s)e *ds| .
0

N—o0

lim | + /OO SH(F(N) — s)e=* ds
0

On the other hand, by (5.23) we know that

NN
‘Kl—I—/ sh(f(N)—s)e *ds
0

In " 7
e 2 4
=] RN = e
0 1— = 4+ gn(s)
IN 1411\1/3
Therefore by the triangle inequality,
Vin
K1+/ sh(f(N)—s)e*ds| <
0
1 vin / —s gN(S)
e | ) - se—~ ek
N l 145\7/3
i
1 Vin 52
+o- / R (f(N)—s)e™® o 48
N 1Jo 1 N + e
4
1 Vin ~
+ s W (f(N) — 3)6—5% ds| . (5.24)
l / 1 - + QN( )
N l 1411\1/3
s
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All three terms in the above equation converge to zero because K 1, 1?2 , and
K are all bounded. To sece this, note that for all N > Ny and s € [0, v/In],
we have —YIv < =<0 and 14_—/13 < 54—% < L. Therefore

N IN i lN 14]1\7/3
\/lN 1 < gN S 1

Thus for a large enough N > N3, we have for every N > Ny,

q q. V10 1
In 143 Iy 1473 In ljlv/g
For l?l , through Lemma 2.1.7 we have
" Vin Tnv(s
’Kl S / e—s ‘gN( )J (s) < 00 ,
0 ‘1 — i+ 5
N

because the integrand is integrable on any finite interval in R*, and for ev-
ery N > Ny, the integral remains below some constant through (5.25) and
Claim 5.2.15.2. Analogously one can see that K, and K3 are bounded as
well, and thereby (5.24) is 0, and thus we have shown that

=0 .

N—oo

lim |K, —I—/Oosh’(f(N) —s)e *ds
0

O
Thus (5.22) implies through Claims 5.2.15.3 and 5.2.15.4 that
. f -1 _ . > / —s
]\}gréolN/Thd(wN — o Rf(N)) = ]\}1_r>noo i R(f(N)—s)e *(—=s)ds |,
(5.26)

uniformly in A € Lip;(T). On the other hand, we observe that

0 n+1

—/Oooh’(f(N)—s)sesds:—Z/n h/(f(N)_S)Seisds

n=0
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:_Z/ W(f s) (s+mn)e " "ds
__/ W(f(N) — s) e (Z —i—Zne n)

- ()~ 9) (Zei 1+ Ji;z) ds

where the second equality is because h’ is 1-periodic. This also implies that
W (f(N)—s)=h(f(N)+1-s). Using the substitution u = 1—s, we have

—/Oooh’ (F(N) = s) se~*ds = —/01 W (f(N) +u) <(1€__ui€u e iul)?) du
= v (5 )
= [ W+ (Rl ~ By )

0

_ /Thd(gloR]?(lN))—/Thd(nloR]?(lN)) ,

where the ultimate and antepenultimate equalities are by Remark 2.2.4 and

Lemma 2.2.5 respectively. Thus by (5.26) we have shown

lim (ZN/hd( o R )—Ahd(((l—m)o]{;&v))) _0

N—o0

uniformly in h € Lip,(T). Replacing h with ho Ry 1 ) € Lip,(T), we get

lim ZN/hd( 771 = hm /hd(l m) -

N—oo

Taking the supremum over h € Lip,(T) yields

lim Iy dr @y, ) = dr(C, m) -
N—o0

Thus we have shown that dr (Wy,n;) is asymptotically equivalent to a constant

multiple of log;N
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Remarkably, the upper bound that Theorem 5.2.10 gauges for the rate
of the decay of D]{, was sharp in Examples 5.2.13 to 5.2.15,up to a constant

factor.

o

o1 - Slow-varying or not, this

Consider a sequence of real numbers (z,)
sequence has a convergent subsequence mod 1 simply because (T,dr) is com-
pact. In other words, A # (. The same is true for the sequence (wn)y_,
in the compact space (P,dr). In other words, 2 # (. Theorem 5.2.17 uses
Corollary 5.2.11 to characterize the limit set €2 and its relation to A. It states
that precisely for the subsequences (x Nj);il that converge to a t mod 1, the

oo o . . . . . .
sequence (wNj) of empirical distributions converge to an exponential dis-

j=1
tribution mod 1 rotated by t. On the other hand, Theorem 5.2.16 below tells

us that a slow-varying sequence (z,) -, accumulates everywhere on T.

Theorem 5.2.16. For every f € F\ Fo, we have A =T.

Proof. Let arbitrary f € F \ Fy be given.

[Case 1] b>0.

Since limHoofl,—f? = b > 0, there exists t, € R™ such that f is strictly
increasing on [tg, +00). For this proof, it suffices to show T C A/. To that

end, let arbitrary x +7Z € T be given. We want to show
3 (f(nj))j?‘; :Ve>0, Fjo € N:Vj > jo, dr (f(ny),z) <€ .

Let an arbitrary ¢ > 0 be given. WLOG assume € < % Set j = 1. To find

n—0o0

n;, let € = %e. Since |f(n) — f(n —1)] === 0, there exists ng; € N such
that ng; > o, and

|f(n) = f(n=1)| <¢ Vn=>ng;. (5.27)

n—oo

The fact that f(n) —— +o0o tells us that the following set N is non-
empty:

N = {NOGN:NOZan A dist(f(No),x+Z)<ej}.

120



Define n; := min N. Set t, = n;, increment j by 1, and repeat the above

steps. Since ; i 0, we have shown the desired result.

[Case 2] b< 0.

Define f := —f and note that
AT = Q) =Q(T) =T ,

where the penultimate equality is by Case 1. [

Theorem 5.2.17. Let (z,),, be a slow-varying sequence of real numbers
in the sense of Definition 5.2.2, and let t € R. Consider any subsequence
(mNj);il . We have

wNjH—OOH%oR;l <~ Jli_}rgodqr(:ij,t)ZO

Proof.
|
Assume I g By the triangle inequality,
dr (wNj,n% o Rt—1> < dr <wN].,77% o R;]\llj) + dr (n% o R;;j S/ Rt—1>
< Dy, + Cdr (t,zn;)

J

where the second inequality is by Theorem 4.2.8, and C' = ‘tanh ( ﬁ )’ . Tak-
ing the limit as j — oo,

0 0
lim dr (wx, , my o R, ') §M+CW ,
Jj—o0 b 7 ]

where lim;_, dr (t, x Nj) and lim;_,o, Dy, vanish by assumption and Corol-

lary 5.2.11 respectively. Thus lim;_, dr (wNj ;110 R;1> =0.

|
Assume dr (wNj ) 110 Rt_1> I, By Theorem 4.2.8 and the triangle
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inequality,

dr (o, 1) < C'dr (3

< ' (d U Rx]i, )—i-d'[r <wNj,77;OR§1>) )
1
where (' = # Taking the limit as j — oo,

4log cosh (i)

lim d’]r xN 1) < C'W%—W
Jj—00 b

where lim;_, dr (wN]., N1 o R, 1) and lim;_,, Dy, vanish by assumption and

Corollary 5.2.11 respectively. Thus lim;_, dr (xNj,t) =0. [ |

Clearly the above theorem says that the set of all empirical distributions
of (z,);~, and its subsequences accumulates at every mod 1 exponential dis-
tribution 71 that is rotated by an accumulation point of (z,)," . We formally

state this characterization of € in Corollary 5.2.18.

Corollary 5.2.18. Let z = (z,),.; be a slow-varying sequence in R. Then,

QF = {7717% oR, 1m€ A}

Proof. Immediate from Theorem 5.2.17. |

Thus, together with Theorem 5.2.16, we see that given a slow-varying se-

quence, for every z € A, there exists a subsequence (wNj);il of mod 1

empirical distributions that converge to n1 o R7 L

Theorem 5.2.10 told us

that if every mod 1 empirical distribution wy is rotated by —xy, then

In summary, given a log-like sequence (z,) -,

(w N O R_xN);’:l converges to 71 . Theorem 5.2.17 offered an alternative view
of this convergence: we do not need to rotate the empirical distributions if

they are associated with a convergent (in T) sequence. They converge to a
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1 rotated by the limit in T. This view explains the observations made in
Figures 0.2 and 0.3 regarding = = (log,on),—, . The pattern observed in Fig-

ure 0.2 was for the empirical distributions associated with the subsequence
(logyo(5 % 107));11 which mod 1 is the constant sequence (log;o5);2,. The
empirical distributions do therefore, as suspected, converge to a mod 1 expo-

nential distribution, namely n_1 o R} Similarly, the empirical distri-

log1o5 °
logig e
butions associated with (loglo(l x 107 ))joi1 depicted in Figure 0.3 converges

to N 1o Ry e n_1. When it comes to the sequence x, any sequence of
og 10 og 10

empirical distributions that does converge, converges to some rotated version

of the same exponential distribution, namely noi .
og

5.3 Distribution of the first significant digits

In this section we explain how T and P are related to the question of significant

digits, and how they explain the pattern observed in Figures 0.5 and 0.6.

5.3.1 Setting the Benford stage

Most likely because of the number of fingers on human hands, the radix 10 is
central to perceiving and recording numbers. For example, the symbol 472, as
children learn in elementary school, means 4 hundreds plus 7 tens plus 2 ones.
In other words, every digit is associated with a power of 10. Informally, the
non-zero digit associated with the highest power of 10 is the first significant
digit. For a positive number, the defining property of this digit is that if
increased by 1, it will bound the number from above. In the given example, 5
hundreds bound 472 from above. That is to say, 472 is between 4 hundreds
and 5 hundreds. The same is clearly not the case for other digits: 472 is not

between 7 tens and 8 tens, nor is it between 2 ones and 3 ones.

Definition 5.3.1 (First significant digit). [7] Let ¢ € R be non-zero. The
first significant (decimal) digit of ¢, denoted D;(t), is a unique integer j €
{1,2,---,9} satisfying

1085 < |t] < 10 +1) ,
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for some (necessarily unique) k € Z.

The centrality of the radix 10 is also tangible in the scientific notation for

recording a number, which writes every t € R\ {0} as

t = sgn(t) x 108wl 5 olewldl) (5.28)

t
It

factor is an integer power of 10. The integer |log;, |t|] is called the order of

where the left-most factor is the sign of ¢ given by and the right-most
magnitude of t. The middle factor, known as the significand of t, is a number
in [1,10) because (log;, |t]) isin [0,1). One can think of the significand of ¢
as the value of a function S: R\ {0} — [1,10) at ¢.

Definition 5.3.2 (The significand). The significand is the function S: R\
{0} — [1,10) given by

S(t) :=10%s0lh vt e R\ {0} .

We additionally define S(0) := 0. It is easy to see that S is Bg-Bj 10)-

measurable [7].

Given a real number ¢, the value S(t) € [1,10) contains all the information
about the significant digits of ¢. That is to say, in the representation (5.28) of
t, changes in the sign or the order of magnitude do not affect the significant
digits. For this reason, when it comes to probability measures for events
describing significant digits of reals, Bg is too fine a o-algebra on R. A more
suitable o-algebra would include all real numbers that share a significand in
the same measurable set regardless of their order of magnitude or sign. For
example, if the event of interest is having precisely the three significant digits

472 (in that order), the set to be assigned a probability must be

472 A2
e, B 2 472, 4720, £47200, - -
{ ? 1007 107 77 707 700? }
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The o-algebra generated by S achieves this. We denote this o-algebra by S.
S = O'(S) = {S_l(B) B e 6[1,10)} C QR .

Despite what might be inferred from the Motivation, Benford’s law does not
only describe the distribution of the first significant digits, but all significant
digits as well as their combinations. This law is characterized by whether it
gives rise to log,;, as the the CDF of S.

Definition 5.3.3 (Benford probability measure). A probability measure P on
(R,S) is Benford if and only if

P ({S <t}) =logyt vt € [1,10) . (5.29)
This probability measure is unique.

It is clearly seen that (5.29) implies the first-digit rule described in the
Motivation which stated

P ({Dy = di}) = logyo(di + 1) — logyo(dy)  Vdy € {1,2,---,9} . (5.30)

Since the distribution of S on [1,10) assigns a probability to any event con-
cerning significant digits (i.e., any set in §), it is sometimes convenient to skip
a level of abstraction and consider only the pushforward measure P := Po S~!
as the main probability distribution. This poses no problems because P and
P fully determine each other. In this view, Definition 5.3.3 can be re-written

as the following.

Definition 5.3.4. A probability measure P on ([1,10), Bji,10)) is Benford if
and only if
P ([1,t]) =logyyt vt € [1,10) .

This probability measure is unique.

Just as a real sequence = = (x,), -, has a sequence of associated mod 1 em-

pirical distributions (see Definition 5.2.1), it also has a sequence of significand
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empirical distributions defined for every N € N to be

1 N
a’}”\, = N st(mn) .
n=1

Every a% is a probability distribution on ([1, 10), B} 10)). Figures 0.4 and 0.5
plot the value of ay ({D; =1}) for the sequences (2")52; and (n);2,, re-
spectively.

We would like to call a sequence Benford if af, somehow approaches the
Benford probability measure P of Definition 5.3.4 as N increases. All we have

to define is the sense in which this convergence must occur.

5.3.2 The relevance to T

The range of S is easily perceived to have a circular structure if one takes a
real sequence like (9,9.9,9.99,9.999,--), and considers the significand of its
limit. This is the result of the fact that Definition 5.3.2 has a fractional part
as the power of 10. Thus the function log;, oS takes us to the familiar space
[0,1) which we identify with T through the bijection tg. The probability
distribution of log;,0S on (T, Br) fully determines the distribution of S on
([1, 10), 6[1,10)) and vice versa, and thereby fully determines the probability

measure defined on (R, S) and vice versa.

Example 5.3.5. Let P be a probability measure on (R, S). Assume the event
of interest is {D; = 1} . We have

P({Dy = 1}) =P ({S € [1,2)}) =P ({logyy 05 € [0,log,2)})
— s ({[01og1y2) +2})

where pg € P is the pushforward of PP under log;,0S. In other words, if ug
is known, then the probability of {D; = 1} is just the ug-measure of the arc
from 0+ Z to log,,2+ Z on the circle.
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Analogously, in general, for every d; € {1,2,---,9},

P (0= di}) = ps ({[lomso i, losu(d+ 0) 42} ) . (31)

Note that if pug simply returns the length of the arc of interest, then the
probability turns out exactly what the Benford law implies in (5.30). This
is no accident. In fact, it is well-known that P is Benford if and only if ug
is uniform [7]. In summary, the study of the distribution S on [1,10) and
whether it is Benford, can be replaced with the study of the distribution of
(logio |-]) on T and whether it is uniform.

Therefore, given a sequence (z,).-, in R, the study of the distribution
of y = (S(:Un)):;o:l on [1,10) reduces to the study of the distribution of
z = (logy |xn|):):1 mod 1. The sequence (a¥%)%_; converges to P if and

only if (w§)¥_; converges to Ar.

For the sequence of natural numbers, the question becomes whether or not

| = (logyn),-, is uniformly distributed mod 1. Noting that

loggn = logn VneN |

log 10

the sequence is slow-growing with b = log;l(]7 and therefore (wh)%_; does

not converge. It is therefore no surprise that the sequence (n)

n=1

ford. However, we know by Theorem 5.2.16 that for every M € N, the

1S not Ben-

point log;, M is an entry in a subsequence (log;, N;)52, that converges mod

1 to log;y M. Thus through Theorem 5.2.17 we know that w); is an ap-

l

proximation of n_1 o R} () for every N € N. Therefore wj is just

logipg e IOgIO

more or less the exponential distribution n_1 rotated such that its most
og10 €

dense region is “behind” log,, V. From the fact that log,, N Ao oo

and log N — log(N — 1) RN 0, we see that the approximation of the ro-

tated 7og10 that wh is, keeps rotating around the circle endlessly and in
increasingly fine angles as N grows (see Figure 5.1). It is this endless rotation
that causes the periodic up-down pattern seen in Figures 0.5 and 0.6. This

example captures the essence of the convergence behavior (or lack thereof)
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of slow-growing sequences: As N grows the empirical distributions approxi-
mate an exponential distribution increasingly well, yet there is no convergence

because the exponential distribution they approximate keeps rotating.

128



Figure 5.1: A depiction of wl; (in blue) where | = (log;un)>,. Each wy is an

approximation of a rotated version of 7j¢ 10, With the higher density “behind” the
point Iy + Z (circled in blue). As N increases, the approximation rotates with
oy + Z. The event {D;(n) = 1} (in pink) has a small measure under w!,, because
it coincides with the least dense region of W§v~ As N increases from 100 to 199 the
measure increases, and achieves a local max at N = 199 where the event coincides
with the most dense region of wﬁv. The measure of the event then starts to decrease
for any N after 200 and before 1000 (not pictured). This increase and decrease is
precisely the pattern observed in Figure 0.5.
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Conclusion

The Kantorovich metric dr induces the weak topology on the space P of all

mod 1 probability measures. For any two p, v € P, the distance dr(u,v) can

be calculated using fol ’F w(s) — Fu(s) — tmm} ds where t,,;, is a median value

of F}, — F,,. The metric dy is invariant under rotations and reflections. With
1

this metric, P can be perceived as a compact ball of radius 7 centered at

Ar. In other words, no probability measure in P is more than % away from
Ar. The set of probability measures that are precisely i away from At is the
set {0, : @ € T} of Dirac measures, which itself is topologically isomorphic to
T. Given any exponential distribution 7,, the set {na oR;':s€ ]R} of all its

rotated versions is again topologically isomorphic to T .

Given a real sequence = = (z,).., for which b = lim, o n(x, — xp_1)
exists in R, the limit set of the associated mod 1 empirical distributions is
precisely the set of mod 1 exponential distributions 1 that are rotated by
every point of in the limit set of x, with the convention that N = oo = 0o -
More precisely, for any subsequence (zy;)32; of x, the subsequence (wy;)32,
of (wn)F_; converges to o R, where zo € T is the limit of (zy,)%2,, in

symbols,

) — _ .
WN; SN 1 oRxO1 <= lim dy (ZN].,ZL‘O) =0 .

J]—00

o0

o 1, this means that the associ-

Specifically, for a log-like sequence | = (I,)
ated empirical distributions accumulate at every rotated version of the ex-
ponential distribution - In other words, the limit set of (wh)%_, is the

circle {77% oR':z € T} provided that b # 0. For example, the pattern
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seen in Figure 0.2 is a subsequence of the empirical distributions associated

with (log,,n)2%, that approximate n_1 o R ! increasingly well since

log1g e log4(5)
(10g10(5 X 10]));0:1 is a constant sequence mod 1.

The fact that (wh)%¥_, approximates some rotated version of n is a result
of Theorem 5.2.10 which provides the following upper bound for the distance
D]{, between un and the suitably rotated wh:

1 ‘bf ‘ logN 2 [N
pf < b IR 2
NEINTTN TN /1 (dt
for every large enough N. This upper bound allows us to describe the speed of
convergence of (Wy)x_, as big-O of a sequence. As shown in Examples 5.2.13

to 5.2.15, in some cases the upper bound is sharp, in that the big-O asymptotics

that it yields is in fact asymptotically equivalent to D]J:,, up to a constant factor.

Natural questions to investigate in the future include finding the speed of
convergence for the empirical distributions associated with sequences that are
known to have a distribution mod 1. For example, how fast does the sequence
of empirical measures associated with (log;, F,)s, of the logarithm of Fi-
bonacci numbers converge to the uniform distribution mod 1?7 Another inter-
esting question naturally arises in light of Example 5.2.15: The prime number

theorem implies that the sequence (p,)>; of prime numbers is asymptotically

)
n=1>

equivalent to (nlogn) which implies that logp, ~ logn+loglogn . Since
in Example 5.2.15 we were able to find the limit set of the mod 1 empirical
distributions associated with (logn + loglogn)® , as well as the precise rate
of convergence, it is natural to ask whether anything can be said for the mod

1 empirical distributions associated with (logp,)22 .

131



Bibliography

1]

[10]

The Concise Ozford Dictionary of Mathematics. Oxford University Press,
2021.

Tom M Apostol. An Elementary View of Euler’s Summation Formula.
The American Mathematical Monthly, 106(5):409-418, 1999.

Tom M Apostol. Introduction to Analytic Number Theory. Undergraduate
texts in mathematics. Springer, New York, NY, December 2010.

Sheldon Axler. Linear Algebra Done Right. Undergraduate Texts in
Mathematics. Springer International Publishing, Basel, Switzerland, 3rd
edition, December 2014.

Frank Benford. The Law of Anomalous Numbers. Proceedings of the
American Philosophical Society, 78(4):551-572, 1938.

Arno Berger. A Note on the Distributions of (log n) mod 1. Uniform
Distribution Theory, 17(2):77-100, 2022.

Arno Berger and Theodore P Hill. An Introduction to Benford’s Law.
Princeton University Press, May 2015.

Arno Berger and Ardalan Rahmatidehkordi. Circling the uniform dis-
tribution. Journal of Mathematical Analysis and Applications, 527(2),
2023.

Joseph K Blitzstein and Jessica Hwang. Introduction to Probability. Crc
Press Boca Raton, FL, 2015.

Sergey Bobkov and Michel Ledoux. One-dimensional empirical measures,
order statistics, and kantorovich transport distances. Memoirs of the
American Mathematical Society. American Mathematical Society, Provi-
dence, RI, October 2020.

132



[11]

[12]

[13]

[14]

[15]

[18]

[19]

[20]

[21]

[22]

[23]

Stefan Cobzas, Radu Miculescu, and Adriana Nicolae. Lipschitz Func-
tions. Lecture notes in mathematics. Springer Nature, Cham, Switzer-
land, 1st edition, May 2019.

Donald L. Cohn. Measure theory. Birkhauser Advanced Texts Basler
Lehrbucher. Birkhauser Boston, Secaucus, NJ, 2nd edition, July 2013.

John B Conway. A Course in Abstract Analysis. Graduate Studies in
Mathematics. American Mathematical Society, Providence, Rhode Island,
October 2012.

John B Conway. A Course in Point Set Topology. Undergraduate texts
in mathematics. Springer, 1st edition, 2014.

Gerald B Folland. Real Analysis: Modern Techniques and Their Applica-
tions. Pure and Applied Mathematics: A Wiley Series of Texts, Mono-
graphs and Tracts. John Wiley & Sons, Nashville, TN, 2nd edition, March
1999.

Morris W Hirsch, Stephen Smale, and Robert L. Devaney. Differential
Equations, Dynamical Systems, and an Introduction to Chaos. Elsevier,
3rd edition, 2013.

Lauwerens Kuipers and Harald Niederreiter. Uniform Distribution of Se-
quences. Pure & Applied Mathematics Monograph. John Wiley & Sons,
Nashville, TN, June 1974.

James R Munkres. Topology. Pearson custom library. Pearson Education,
London, England, 2 edition, July 2013.

Ivan Niven. Uniform distribution of sequences of integers. Transactions
of the American Mathematical Society, 98(1):52-61, 1961.

Endre Pap. Handbook of Measure Theory. Elsevier Science, Amsterdam,
Netherlands, October 2002.

Kalyanapuram R. Parthasarathy. Probability Measures on Metric Spaces.
Elsevier, 1967.

Andreas N Philippou, Alwyn F Horadam, and G E Bergum, editors.
Applications of Fibonacci numbers. Springer, Dordrecht, Netherlands,
1988 edition, March 2013.

Ralph A Raimi. The first digit problem. The American Mathematical
Monthly, 83(7):521-538, 1976.

133



[24] Elias M Stein and Rami Shakarchi. Real Analysis: Measure Theory, Inte-
gration, €& Hilbert Spaces. Princeton lectures in analysis. Princeton Uni-
versity Press, Princeton, NJ, March 2005.

[25] Terence Tao. Analysis I, volume 37 of Texts and Readings in Mathematics.
Springer, Singapore, 3rd edition, August 2016.

[26] Lawrence C Washington. Benford’s Law for Fibonacci and Lucas Num-
bers. The Fibonacci Quarterly, 19(2):175-177, 1981.

134



	Motivation
	Preliminaries
	Notations and conventions
	Preparatory work
	The circle
	Some examples of measures in P
	P as a compact metric space
	Rotating T and P

	A Formula for dT(µ,ν)
	Preparatory work
	The Kantorovich Formula

	Minimizing the L1 Distance
	Preparatory work
	tmin

	Elementary Properties of (P, dT)
	Preparatory work
	Some topological facts about (P, dT) 

	Empirical Distributions of Slow-varying Sequences
	Preparatory work
	Convergent subsequences of empirical distributions
	Distribution of the first significant digits
	Setting the Benford stage
	The relevance to T


	Conclusion
	Bibliography

