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Abstract

The objectives of this thesis are to develop data-driven approaches for control perfor-
mance assessment and predictive control design for multirate systems. Some related
outstanding problems for univariate systems are also addressed. The benchmark is
chosen as minimum variance control (MVC) to assess multirate control loop perfor-
mance because MVC provides us a theoretical lower bound of the output variance
under linear feedback control, and it provides useful information such as how well
the current controller is performing and how much “potential” there is to improve
the control performance.

Generally speaking, a multirate controller performs better than a slow-single rate
(SSR) controller but worse than a fast single-rate (FSR) controller in the sense of
minimum variance control. This conjecture is theoretically proved in Chapter 2
for a continuous linear time-invariant (LTI) single-input and single-output (SISO)
system. The optimal FSR multirate and SSR controllers are designed under the
same performance criterion: variance of the fast sampled output. Basic statistical
properties of the discretization of continuous stochastic disturbance models are in-
vestigated. A linear matrix inequality (LMI) approach is developed to derive the
optimal controllers for dual-rate (DR) and SSR loops.

Chapter 3 discusses data-driven MVC design and control performance assess-
ment based on the MVC-benchmark for multirate systems. A lifted model is used
to analyze the multirate system in a state-space framework and the lifting tech-
nique is applied to derive a subspace equation for multirate systems. Irom the
subspace equation the multirate MVC law and the algorithm to estimate the multi-
rate MVC-benchmark variance or performance index are developed. The multirate
optimal controller is derived from a set of input-output open-loop experimental data

and thus this approach is data-driven since it does not involve an explicit model.
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The presented MVC-benchmark algorithm requires a set of open-loop experimental
data and closed-loop routine operating data. In contrast to traditional control per-
formance assessment algorithms, no explicit models or model parameters, namely,
transfer function matrices, Markov parameters or interactor matrices, are needed in
the data driven approach.

Besides the data-driven MVC control, predictive control laws are also designed
in Chapter 3 and 4 for both single-rate and multirate systems via system open-loop
input-output data. Comparing with the previous data-driven predictive control ap-
proach, the developed predictive controllers can handle systems where only partial
on-line outputs measurements are available and multirate systems. This is to circum-
vent the problems that in reality, some outputs may not be measured in real-time,

or are too costly to measure at fast sampling rate.
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Chapter 1

Introduction

With an objective towards data-driven subspace approach for performance assess-
ment and predictive control, the work of this thesis is related to several fundamental
subjects in control and identification, such as multirate systems, control perfor-
mance assessment, subspace identification and subspace-based predictive control.
This chapter starts by reviewing existing work in these areas, then discusses the
objectives, motivation, and contribution of the thesis research, and finally presents

the outline of the thesis.
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1.1 Multirate systems

Multirate systems, also known as multirate sampled-data (MRSD) systems, consist
of two or more sampling and hold elements that operate with different frequen-
cies. Multirate systems have been widely applied in many industrial fields such as
electrical, mechanical and chemical engineering. This is because in large scale mul-
tivariable digital systems it is often unrealistic or sometimes impossible to sample
all physical signals at one single rate. For example, in chemical processes, different
variables such as flows, temperatures and compositions may be sampled at different
rates depending on their signal bandwidths. Another reason is that multirate sys-
tems can often achieve objectives that cannot be achieved by single-rate systems, for
instance, usually the optimal linear quadratic Gaussian (LQG) cost function of a
multirate system is larger than that of a fast single-rate (FSR) system and less than
that of a slow-single rate (SSR) system; thus a better performance-implementation
tradeoff can be obtained by using multirate systems.

The research on multirate systems can be traced back to 1957 [40], when the
concept of lifting was developed by Kranc from the switch decomposition tech-
nique. From then on, the lifting technique, which converts a linear periodically
time-varying (LPTV) multirate system to a linear time-invariant (L'TI) one, has
been a most powerful tool used for multirate systems design and analysis. Much of
the recent work on multirate systems has been in the control design and model iden-
tification fields. Multirate LQG design was studied in [47], in which it was noted
that the causality constraint was a convex one and hence a numerical technique
based on convex optimization was proposed. In [76], explicit optimal solutions for
the multirate Hy optimal problem were obtained by using a projection method. In
[11], a direct method was given based on the frequency-domain technique and the
nest algebra. A state-space approach was shown in [67], which treated a multirate
pure discrete-time system by a state space model and solved the Hy control problem
with the causality constraint in terms of two Riccati equations. A direct state-space
solution of the multirate system Hs optimal control was given in [57], which avoided
converting the sampled-data problem to an equivalent discrete-time problem. A

generalized predictive control scheme for multirate systems was proposed in [66].
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In the multirate model identification area, an algorithm was proposed that uses
slowly sampled outputs and fast control inputs to estimate the intersample outputs
in [45]. A technique was presented in [74] to estimate the models of periodically
time-varying systems. The problem of identifying a fast single-rate model with slow
sampling period was studied in [42] based on multirate input-output data, which
differs from [74] in that not only a lifted model for the multirate process but also
a fast single-rate model was identified. The related issues were further discussed in
[78] such as the uniqueness of the fast-rate system, controllability and observability
of the lifted system. The paper [65] provided a method estimating the time delay
of a SISO continuous-time system by analyzing the interactor matrix of the lifted
system. The identifiability of closed-loop identification via fast-sampling direct ap-
proach was studied in [77], which gave a new point of view based on cyclostationary
signal processing and bispectral analysis showing that a traditional identifiability
condition (an external persistently exciting test signal) may be removed.

The study of multirate systems has been very active for decades, but little work
has been done in multirate control performance assessment. Like all controllers, mul-
tirate controllers need to be maintained, monitored and tuned routinely. Because
some problems can not be avoided such as sensor or actuator failure, equipment
fouling, feedstock variability, product changes, and seasonal influences, even if a
controller initially performs well, the aforementioned factors may lead to its abrupt
or gradual performance deterioration. Thus, for those control loops where multi-
rate controllers have been implemented, multirate control performance assessment is
necessary to ensure that they are working as designed. This is our initial motivation
to choose multirate performance assessment as one of the proposed research top-
ics. Multirate control performance assessment is an intersection between multirate

control systems and control performance assessment fields.

1.2 Control performance assessment

Control performance assessment is an important technique to assist process opera-
tions with high efficiency. There are many ways to assess the performance of process
controllers, but in general they explicitly or implicitly involve comparing the current

control quality against some standard. To the best of our knowledge, little work
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has been done in multirate control performance assessment, even though multirate
sampling or operations are not uncommon in industry. Due to the lack of pub-
lished work on multirate control performance assessment, we will only review the
important research which has been done for single-rate control loops.

For linear systems, it is known that minimum variance control (MVC) is the best
possible control in the sense that no other controllers can provide a lower closed-
loop variance [5]. Many papers [22, 12, 68, 46, 28] have shown that MVC is a useful
benchmark to assess control-loop performance. Several excellent reviews of control
performance assessment theoretical issues have been published, such as [55, 21, 70].
The current status in control performance assessment technology and industrial ap-
plications was reviewed in [31]. A significant work is [22] by Harris, who presented a
new direction and framework for the control performance-assessment area. It applies
time-series analysis to find a suitable expression for the feedback controller-invariant
terms from closed-loop routine operating data, and subsequently uses it as a bench-
mark to assess single-input and single-output (SISO) control-loop performance. The
filtering and correlation analysis in [28] extends the method in [22] to multi-input
and multi-output (MIMO) processes. Other MIMO performance assessment work
can also be found in [23]. To estimate the MVC-benchmark variance from routine
operating data, the time delay (SISO case) or the interactor matrix (MIMO case)
must be known a priori. This is a common point in these aforementioned traditional
methods. The factorization of the interactor matrix by singular value decomposi-
tion is one of the main contributions in [29]. A similar result is given in [38], which
presents a one-shot solution to estimate the MVC-benchmark variance, but it re-
quires the first few Markov parameters in multivariable feedback control loops. A
framework based on subspace matrices is studied for the estimation of the MVC-
benchmark variance for multivariate feedback control systems [27]. This algorithm
consolidates the traditional three-step procedure, model identification, closed-loop
time series analysis, and extraction of the MVC benchmark, into a single shot. No
prior knowledge, such as Markov parameters or interactor matrices are needed in
the algorithm.

There are approaches other than the MVC-based techniques, such as frequency
analysis [35], and likelihood ratio methods [71]. The method to estimate the PID-
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achievable performance is studied in [37, 18]. A benchmark in terms of user-specified
closed-loop dynamics is discussed in [29] by defining in advance what performance
is acceptable. To take control action limitation into account, the paper [25] presents
a pragmatic approach to evaluate control performance based on the LQG control
benchmark via LQG trade-off curves from the estimated plant and disturbance mod-
els. In [32], a method to assess the performance with LQG benchmark for univariate
model predictive controllers is proposed. A monitoring technique is proposed to de-
tect and flag poor control performance for an individual controlled variable based

on analyzing run length distribution [44].

1.3 Subspace identification methods

System identification can be defined as building mathematical models of systems
using input-output measurements. Subspace identification methods were developed
in the late 80’s and early 90’s. They allow the identification of a system state space
model directly from data, which is very convenient for estimation, filtering, predic-
tion and control. The name “subspace” comes from the fact that the basic objects
which are constructed in the algorithms are subspaces generated by the data. A
typical subspace identification algorithm contains two steps: the first step is mak-
ing data projections to obtain subspace matrices; the second step is to extract a
state space model from the subspace matrices [52]. Subspace methods are appeal-
ing because neither canonical parametrization nor iterative nonlinear optimization
is involved; instead, the main computational tools are simple and numerically ro-
bust such as orthogonal projections and singular-value decompositions. Moreover,
subspace methods have better numerical reliability and modest computational com-
plexity compared with the prediction error method (PEM) particularly when the

numbers of outputs and states are large.

Among the subspace identification methods, the canonical variate analysis (CVA)
by Larimore [41], the numerical algorithms for subspace state space identification
(N4SID) by Van Overschee and De Moor [51], the multivariable output error state
space identification procedure (MOESP) by Verhaegen [73] and the deterministic
and stochastic subspace system identification and realization (DSR) by Di Ruscio

(58] are the algorithms which not only resolve the problem of system identification
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but also deal with the additional problem of structure identification. A unifying the-
orem is given in [52] providing a framework in which several subspace identification
methods can be interpreted as a singular-value decomposition (SVD) task with dif-
ference choices of weighing. An overview of theoretical and numerical issues about
subspace identification methods can be found in [75] and [50]. An instrumental vari-
able subspace identification approach, which gives consistent model estimates under
the errors-in-variables situation, is developed using principal component analysis in
[79]. A closed-loop subspace identification approach adopted the error in variable

structure through a QR projection and SVD decomposition is proposed in [26].

1.4 Subspace-based predictive control

The predictive control has usually been studied under the heading of model pre-
dictive control (MPC). This is because MPC has considerable advantages relative
to other conventional control strategies: the ability to handle input and state con-
straints for large scale multivariable plants, the capability of dealing with variables
interaction, and the ease of adaptation to new operating conditions [17, 32]. MPC
refers to a class of computer control algorithms that utilize an explicit process model
to predict the future response of a plant, and then using the predicted response in
a cost function minimization to obtain a sequence of future optimal control signals.
Only the first optimal control input will be sent into the plant, this is also known
as receding horizon control.

Like any other model-based control, conventional MPC relies heavily on process
models. An accurate process model is required if the process is to be regulated
tightly. Usually there are two ways to obtain process models: the analytic approach
where certain process knowledge (such as fundamental physical laws) is required to
derive the model and the experimental approach by fitting a model to the input-
output data through system identification. Unlike the model-based control design
approach, where the system model is required, we follow a new approach based on
results from the area of subspace system identification [58, 59| to design optimal
control laws when only the input-output data of a given system are available. Fig-
ure 1.1 illustrates the difference between the model-based predictive control and

the data-driven predictive control, where one can see that the process modelling is
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Model-based

Data-driven

Figure 1.1: Model-based approach vs. data-driven approach.

bypassed. The idea of designing predictive controllers using subspace system iden-
tification techniques has been investigated in recent years. For instance, subspace
matrices are used in the model-free LQG design [14] and subspace predictive control
design [15]. In addition, the extended state space model is used to obtain predictive
controllers [60]. The subspace approach to designing a predictive controller with all
the important predictive control features is investigated in [34]. A model-free predic-
tive controller based on subspace identification technique with Laguerre polynomials
is proposed in [7]. A data-based LQG control design including a data-based observer

and an optimal feedback based on the system Markov parameters is developed in [2].

1.5 Motivation and objectives
Our work is motivated by the following reasons:

e Compared with single-rate systems, multirate systems are more complex and
challenging. Though much research has been done in single-rate performance

assessment areas, the work for multirate performance assessment is rare.

e The data-driven design approaches presented in the literature so far has been
limited to single-rate systems. Particularly, they are developed under condi-

tions that all output measurements are obtained on-line in closed-loop systems.

Due to these reasons, the main objectives of this thesis are to develop a data-
driven control performance assessment method for multirate systems, and to design

optimal control for single-rate systems (when not all outputs are measurable) and
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for multirate systems. We choose MVC as the benchmark to assess multirate control
loop performance because it provides us a theoretical lower bound of the output vari-
ance under linear feedback control, and it gives useful information such as how well
the current controller is performing and how much “potential” there is to improve
the control guality. Besides the data-driven MVC control, we design a data-driven
predictive control which can handle input and state constraints, deal with variables
interaction, and adapt to new operating conditions easily. Our detailed objectives

are given below:

o Exploring and then analyzing the performance limits caused by time delays
of multirate systems and single-rate systems. Theoretically justifying that a
multirate controller performs better than an SSR controller but worse than
an FSR controller in the sense of minimum variance control. This topic is of
importance to control specialists and process engineers who have implemented

multirate control systems to their control loops.

¢ Developing data-driven MVC design and control performance assessment based

on MVC-benchmark for multirate systems.

e Designing the single-rate data-driven predictive control based on partially
available system outputs. This is to circumvent the problem that in reality,
some outputs may not be measured in real time, or are too costly to measure

on-line.

e Developing multirate data-driven predictive control based on system input-

output data.

1.6 Contributions of this thesis
Oriented by the objectives, we have mainly contributed in:

¢ Investigation of the minimum variance control problem for single-input single-
output linear systems sampled with different rates: fast, dual and slow rates.
A discretization method preserving the mean and auto-correlation of a con-

tinuous stochastic disturbance model is developed. A linear matrix inequality
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(LMI) approach is proposed to derive the minimum variance controllers for
the lifted dual-rate and slow-rate control loops. It is theoretically proved that
the performance of an optimal dual-rate controller is superior to that of a
slow single rate controller but inferior to that of an optimal fast single rate

controller in the sense of minimum variance control.

e Development of the data-driven MVC and the MVC-benchmark variance es-
timation for a multirate system. A multirate subspace input-output equation
is derived via the lifting approach, from which the multirate MVC law and
the algorithm to estimate the multirate MVC-benchmark variance are devel-
oped. The proposed algorithms are data-driven: the multirate MVC controller
design only requires a set of input-output experimental data; the presented
MVC-benchmark estimation algorithm requires a set of open-loop experimen-

tal data and closed-loop routine operating data.

e Proposal of a predictive control strategy that can handle constraints and op-
timize control performance using the subspace approach. Comparing with
the previous data-driven predictive control approach, the developed predic-
tive controller can handle systems where only partial on-line outputs mea-
surements are available. The proposed algorithm is demonstrated through a
SOFC model which has been commonly investigated in the dynamic SOFC

modeling/control literature lately.

e Development of a multirate data-driven predictive control including feedfor-
ward control. The proposed multirate predictive control is data-driven. Par-
ticularly, the developed algorithm is applied to a multirate SOFC system,
where the explicit dynamic model of SOFC is generally difficult to develop,

and the fuel utilization is difficult to sample in the fast rate.

1.7 Organization of the thesis

Chapter 2 investigates the MVC problem for single-input single-output linear sys-
tems sampled with different rates: fast, dual and slow rates. The conjecture is

theoretically justified that a dual-rate (DR) controller performs better than an
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SSR controller but worse than an FSR controller in the sense of minimum vari-
ance control. The optimal FSR, DR and SSR controllers are designed under the
same performance criterion: variance of the fast sampled output. The discretiza-
tion of continuous stochastic disturbance models is investigated preserving certain
basic statistical properties. An LMI approach is developed to calculate the optimal
controllers for DR and SSR loops.

Chapter 3 discusses MVC design and control performance assessment based on
the MVC-benchmark for multirate systems. A lifted model is used to analyze the
multirate system in a state-space framework and the lifting technique is applied to
derive a subspace equation for multirate systems. From the subspace equation the
multirate MVC law and the algorithm to estimate the multirate MVC-benchmark
variance or performance index are developed. The multirate optimal controller is
calculated from a set of input-output open-loop experimental data and thus this
approach is data-driven since it does not involve an explicit model. In parallel, the
presented MVC-benchmark estimation algorithm requires a set of open-loop exper-
imental data and closed-loop routine operating data. No explicit models, namely,
transfer function matrices, Markov parameters or interactor matrices, are needed.
This is in contrast to traditional control performance assessment algorithms.

Chapter 4 is concerned with single-rate predictive control design. The predic-
tive control applied is completely data based. In addition, unlike other data-driven
predictive control designs, the proposed approach can deal with systems without
complete on-line measurement of all output variables. It has been shown in previ-
ous studies that control of SOFC is challenging owing to the slow response and tight
operating constraints [36]. In Chapter 4, the developed data-driven predictive con-
trol approach is applied to solving the control problem of the SOFC system [53, 85],
and the simulation results have demonstrated the feasibility and robustness of the
control application.

In Chapter 5 we mainly explore a data-driven predictive control law for multirate
systems, when only the open-loop input-output data are available. This control
design includes both feedback and feedforward control. Particularly, the developed
dual-rate predictive control is verified by a multirate SOFC system, where the fuel

utilization is sampled in slow rate while other variables are sampled in fast rate.

10
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The last chapter summarizes the work in this thesis, and outlines some possible

future research directions.

11
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Chapter 2

Minimum Variance in Fast, Slow
and Dual-rate Control Loops!

In certain industrial applications, the control updating rate is faster than the output
sampling rate by a certain factor, which leads to dual-rate (DR) control problems.
Generally speaking, a DR controller performs better than a SSR controller but
worse than a FSR controller in the sense of minimum variance control. This con-
jecture is theoretically justified in this chapter for a continuous LTI single-input
and single-output (SISO) system. The optimal FSR, DR and SSR controllers are
designed under the same performance criterion: variance of the fast sampled out-
put. The discretization of continuous stochastic disturbance models is investigated
preserving certain basic statistical properties. A linear matrix inequality (LMI)
approach is developed to calculate the optimal controllers for DR and SSR loops.

The theoretical results are illustrated by two simulation examples.

!The materials in this chapter has been published in “X. Wang, L. Zhang, T. Chen, and B.
Huang. Minimum variance in fast, slow and dual-rate control loops. Int. J. of Adaptive Contr.
and Signal Processing, 19(8):575-600, 2005”.

12
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2.1 Introduction

In industry, processes almost always operate in continuous time while controllers ex-
ecute their commands in the discrete-time domain, which constitutes sampled-data
systems. Thus a sampled-data system is a hybrid system involving both continuous-
time and discrete-time signals. In many applications of electrical, mechanical and
chemical engineering, control signals and output measurements need to be sampled
at different rates, leading to multirate sampled-data systems. The research on mul-
tirate systems began in the late 1950s. Much recent work on multirate systems has
been done on the LQG/LQR design [47], the Hy design [10, 56, 67, 57], the Ho
design [10, 11], and model identification and validation [42, 78]. Far less work has
been done on multirate control-loop performance-monitoring.

There are many possible limitations or constraints on the achievable performance
such as time delays and non-minimum phase dynamics. The most fundamental
performance limitation is the time-delay. Time delays are fairly common in chem-
ical processes and pose the main limitation toward minimum variance control [28].
This chapter is concerned with exploring and then analyzing the performance limits
caused by time delays of multirate systems and single-rate systems. This topic is
of importance to control specialists and process engineers who have implemented
multirate control systems to their control loops. It is also meaningful to estimate
the benefits of changing control loops from single-rate to multirate. Instead of
treating general multirate systems, we consider the DR system where the sampling
frequency of the controller output is M times that of the controller input (M is a
positive integer). This setup holds most of the fundamental features of multirate
systems while maintains some clarity in exposition. Loosely speaking, compared
with SSR controllers, DR controllers can yield additional performance because of
the fast-rate D/A converters (holds). But they obtain less measurement information
than FSR controllers due to the slow-rate A/D converters (samplers). Hence, an
intuitive thought is that a DR controller performs superior to an SSR controller but
inferior to an FSR controller. This conjecture is proved in this chapter in the sense
of minimum variance control by a theoretical analysis and two simulation examples.

To make a fair comparison, a uniform benchmark should be set up for the afore-

13
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mentioned three kinds of control loops. Here we choose the variance of the fast
sampled closed-loop output as the control cost function. It is known that the MVC
is the best possible control in the sense that no controllers can provide a lower vari-
ance for linear systems with time delays. Many papers {22, 12, 68, 46, 28] have
shown that minimum variance is a useful benchmark to assess control-loop perfor-
mance. A significant one is [22] which presented a new direction and framework
for the control-loop performance-monitoring area. It applied time-series analysis to
find a suitable expression for the feedback controller-invariant term from routine op-
erating data and subsequently used it as a benchmark to assess SISO control-loop
performance. The filtering and correlation analysis in [28] extended this method
to MIMO processes. An overview of the status of control performance monitoring
using minimum variance principles is presented in [55]. In contrast to some results
[10, 57] with criteria in continuous time for DR control, this chapter uses a criterion
in the discrete-time domain. The rationales are: the existing benchmarks in the
performance-monitoring field are all in discrete time; if the fast sampling interval is
chosen small enough, we can almost guarantee the control performance even though
the plant operates in continuous time; the problem may be simplified by choosing
a criterion; considering the fast rate criterion, we may eliminate or reduce the pos-
sibility of inter-sample ripples for the slow sampled output in DR and SSR control
loops. The advantage will be shown by comparing the control effects under the
optimal controllers designed by fast-rate and slow-rate criteria in Section 2.6.

The systems studied are LTI systems driven by white noises (zero mean and
unit variance). A fact is that the H2 norm square of this kind of systems equals
the variance of the output signal. Hence, the MVC problem can be treated as a Ha
optimal control problem. Many pieces of work for the Hs optimal control design of
multirate systems have been completed. It is known that in general using the lifting
technique [40], a LPTV multirate system can be transferred to an LTI one. In
solving the multirate sampled-data Hy control problem using the lifting approach,
one needs to solve a discrete-time Hy optimal control problem for a generalized plant
with the consideration of the so-called causality constraint. This constraint restricts
the direct feedthrough terms in lifted controllers to be (block) lower-triangular. This

condition is induced by the fact that the control signal can only be a function of
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present and past measurements during the period. There exist two techniques to
solve this constrained Hsy optimal control problem: a frequency-domain solution
is shown in [56]; a more implementable one via state-space approach is presented
in [67]. In this chapter the systems of concern are SISO ones, where the lifted
controllers have the structures satisfying the causality constraint automatically. As
shown in [10], using the state-space method to solve the Hy optimal control problem,
the controllers can be obtained as explicit formulas in terms of the solutions of two
Riccati equations. But the generalized plants need to satisfy several regularity
assumptions. For the generalized plants of lifted DR and SSR control loops, it turns
out that not all the regularity assumptions can be satisfied. Thus an LMI approach
is exploited to find the optimal Hy controllers for DR and SSR control loops using
output feedback. With this algorithm, the optimal performance can be obtained
together with the optimal control law simultaneously. For the FSR control loops,
the MVC law developed in [5, 6, 29| is applied.

This chapter is organized as follows. The problem is described in detail in Section
2.2. Section 2.3 presents a way to discretize a continuous-time noise model preserving
the mean and auto-correlation. In Section 2.4, different methods are investigated to
design the optimal controllers: the MVC law is applied to FSR control loops; then
the solution to the discrete-time Hy optimal control problem is given via LMlIs for
plants not satisfying the regularity assumptions, which can handle the lifted DR and
SSR control loops. Section 2.5 analyzes the reason why optimal DR controllers have
performance between optimal FSR controllers and SSR controllers. Two illustrative

examples are provided in Section 2.6, followed by conclusions in Section 2.7.

2.2 Problem statement

Considering a continuous SISO plant, P., and a continuous SISO noise, N,, as shown
in Fig. 2.1, where a is a continuous-time standard white noise, and y; and wu; are the
continuous output and control signals, we have three objectives. The first objective
is to design discrete output feedback controllers K¢, K4 and K, which are shown
in Fig. 2.2 where Hy and Sy are the fast hold and sampler, H; and S; are the slow
hold and sampler, us and y; are the fast sampled control and output signals, and

us and ys are the slow sampled signals. Controllers K¢, Kq and K, are of three
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different rates: fast-rate, dual-rate and slow-rate respectively and their targets are
the same: minimizing the variance of the fast sampled closed-loop output y¢, which
is also defined as:

J =min [Var(yy)].

U R i s Y

Figure 2.1: The open-loop diagram

Figure 2.2: The fast-rate, dual-rate and slow-rate controllers

The second objective is to find Jfast, Jauar and Jgon for FSR, DR and SSR
control loops respectively after the derivation of the optimal controllers. In gen-
eral, the DR controllers outperform SSR controllers but are outperformed by FSR

controllers, which can be presented as:

Jfast < Jdual < Jslow-

The third objective is to prove this conjecture through a theoretical analysis.

2.3 Noise model discretization

Although our problem begins in the continuous-time domain, to design a discrete

controller, the discretization of the noise model is necessary. There are many meth-
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ods to discretize LTI continuous systems to discrete-time systems with determin-
istic inputs, such as zero-order hold, bilinear (Tustin) approximation and impulse-
invariant discretization. But now we are concerned with the problem of finding
suitable ways to characterize a stochastic continuous disturbance model with a
stochastic discrete one. It is desirable to preserve some basic statistical proper-
ties. The method to be developed below preserves the properties of the mean and

auto-correlation of the continuous system output at the sampling instances.

Theorem 2.1 Given a stable, strictly proper stochastic continuous disturbance model

N, (the system starts at t = —o0), which has the state space model

w-[#4]

where the input is a standard white noise a, if the discretized model Ny is given by

NdZ[Ad Bd},

c| 0

where Ay = e, ByBT = foh ABBTetA" gt and h is the sampling period, then Ny,
subject to a discrete white noise input, preserves the mean and the auto-correlation

of the output of N at the sampling instances.
Proof. Considering the continuous model N,, which can be expressed as

& = Az + Ba,

y =Cu,
at sampling time #, it can be seen that
bk
zy, = My, +/ et =4 Ba(t)dt
te—1

k k-1 [h tk
= (ehA) zo + (ehA> / e"=VABa(t)dt + - + / et =94 Ba(t)dt,
0 te—1

i 2.1)
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and

ti+1
hA trr1—t)A
Ty = € Ty +/ eltrt=DA B (t)dt
teti—1

= (ehA)k+l zo + (ehA>k+l—1 /Oh e DABG()dt + - - -

1 e (22
_I_(ehA)/ et=DABG () dt + - - + / et =4 Ba(t)dt. (2.2)

th—1 thyi—1

Noticing that zp = 0 and y;, = Cz;,, the expectation of y;, should be zero, i.e.
Blyy,) = 0. (2.3)

From (2.1), (2.2) and Ay = e”*, the auto-correlation of y;, can be calculated as

iy 0] = E{vv,,, } = OB {mual,, } 7

h
— C{Ag_l A etABBTetATth§k+l—l 4.

t
+ / " DA g BT =047 gy AT T

tr—1

h h
= Cc{A™ /O e ABB e atATF o+ /O BBt gt ATy O

Substituting foh et ABBTetA” 4t = Bng into the above equation, it gives

Ry, (N =C {AZ—IBng ATR=1 4 ak=2p,BTATF2 1 ... 4 ByB] } ATl CT
= CL4A;'CT, (2.4)

where L, is the unique symmetric solution of the discrete Lyapunov equation Ly =
A4L4AT + B4BY.

Considering the discrete stochastic system Ny, we have

zp = Akzo + Afl_leao + -+ AgBgak—2 + Bgak—_1,

Tt = A2+l.’l:0 + Aldc—'_l_leao + -+ Afinak_1 + -+ Byag4i—1-

It can be seen that

E(ye) = (2.5)
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and

Rlyx (D] = E {yyiri} = OF {mpaiy } CF
= C{ Al BaBT AT + A BBTATH? + o 4 ByBY | ATCT
= CLaAT'CT. (2.6)

From (2.3)-(2.6), it is clear that

E(ya) = E(yr), Rlyy (D] = By ()]

Thus the theorem is proved. m

It is noticed that the solution of equation B;BY = foh e!ABBTetA" gt is not
unique. A simple way to solve By from this equation is through the Cholesky
factorization. But using this method the dimension of By may be different from that
of B, e.g, in the later numerical simulation example for the given SISO continuous
noise model N, we obtain a 1 x 2 multi-input single-output (MISO) discrete model
Ny = [ Ng1 Ngp } We need to combine Ng; and Ny to a SISO discrete model to
keep the same input dimension. To this end the co-inner-outer factorization method
is applied. Suppose Ny is stable and has no zeros on the unit circle, the inner-outer
factorization of Ng is as

Nax1y = Niax1)No(ix1)
or
Ny(1x2) = N(T(1x1)Nz{1x2) = Neo(1x1) Nei(1x2)»

where N, is the co-outer factor and Ng; is the co-inner factor [16]. Because we
have N N c; = I, where N c; is the shorthand for N g; (271). Tt can be seen that N,
and Ny have the same Ho norm. Thus we can use N, instead of Ny to present
the discrete noise model. The algorithm in [30] is applied to calculate the inner-
outer factorization, which is numerically effective. Thus till now we have presented

a method which discretizes a continuous stochastic disturbance model to a discrete

one preserving the mean and the auto-correlation.

2.4 The minimum variance controller design

The objective of this section is to design the optimal controllers for FSR, DR and
SSR control loops. As we have discussed before, the MVC problem is similar to the
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Ho optimal control problem for linear systems which are driven by white noises. The
MVC law is directly applied to FSR control loops to obtain the optimal controllers.
The generalized models of DR and SSR control loops are obtained via the lifting
technique. Since it can be found that the derived models do not satisfy all the
regularity assumptions of the general discrete-time Ho optimal control problem [10],

an LMI method is developed to handle the lifted DR and SSR control loops.

2.4.1 The FSR control loop

The principle of MVC was pioneered by [5]. A more explicit solution can be found
in [29]. Here we design an output feedback controller for the fast-rate loop. The

output of the fast-rate loop can be written as

Ny Fy+ 2 %Ry 279 (Ry + PyKFy)
= frma a
1- P~ 1-PsK; 1- PiK;

= (Dn +2'C\B, + 2 2Co A B,y + - .+ z“df“anif‘QBn) a

a:Ffa—i—

Yf

& (Ry + PyEpFy)
1-PrKy

where Ny, Py, dy and Ky are the fast-rate noise, plant, time delay and controller
respectively; I~3f is the delay-free plant transfer function; ay is a discrete-time stan-
dard white noise at the fast rate. Using Diophantine equation or long division [6],
we have Ny = Ff + 2% R; and Fy is the first dy controller-invariant term of y;.

The state space model of Ny is given as
An n
= . 2.7
T @)
It can be observed that when
Ky=—P;'RsF;,
the variance of y; is minimal, that is, the minimum variance of the FSR loop is

_ 2
Jpast = Var(Fya) = D3 + (CuBa)* + (CoAnBa) + -+ (Codid °By) . (28)
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2.4.2 The DR control loop

The DR controller Ky in Fig. 2.2 is time-varying due to the presence of Hy and S;.
To avoid dealing with the time-varying DR controller directly, here we introduce
the lifting technique, which can be attributed to Kranc in 1957 [40]. Let y be a

discrete-time signal:
y={y(0), y(1>a y(2)a }a

and y be the vectored-valued sequence as follows:

y (0) y (M)
y= : ) :
y(M —1) y(2M —1)
The map from y to y is then defined as the lifting operator Ly. After lifting, both

,

the signal dimension and the underlying period are increased by a factor of M.
The inverse lifting operator LX/} is defined in the obvious way. It can be seen that
LyLu=1

Introducing the lifting operator and inverse lifting operator, the DR closed-loop
can be transferred to an LTI system in Fig. 2.3, where P is the lifted version of
the fast plant model Py; N is the lifted version of the fast disturbance model Ny;
yr is the lifting of the fast sampled output ys; u is the lifting of the fast control

signal us; a is the nth dimensional lifted version of the discrete standard white

noise. Fig. 2.3 can be further simplified to Fig. 2.4, where N, P, v and a have been

defined before; S = SSLX} = [ I 0 --- 0 } (M blocks). Combining the lifting
operator Ljys and the DR time-varying controller Ky, the lifted DR controller is as:
Kg=LyKy= [ Ky Ky -+ Ky ]T, which is time-invariant and satisfying the

causality constraint by its special structure. The generalized model of Fig. 2.4 can

be expressed as:

HEEEIINI e

where y; is the signal to be controlled, a is the disturbance, and ys, u are the
controller input and output signals respectively. It is known that stationary ran-
dom processes, when passed through multirate systems, become cyclo-stationary [4].

Thus the fast-sampled output of the DR system, 3y, is a cyclo-stationary signal. Its
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TH - CHE

Figure 2.4: The lifted dual-rate closed-loop sketch

variance is periodic with period M. The control objective is to design the optimal
controller to minimize the average of the variance of y¢. The minimum cost function

of the DR control-loops is defined as:

Z¢Ai1 Va”'(yfi)}

i = min trace (2.10)

Jdual = min
U Kd Kd

Var(ys)
M ¥

where yy; is ith row of the lifted output s
2.4.3 The SSR control loop

By the lifting technique, the lifted SSR closed-loop diagram can be drawn in Fig.
2.5. Here we change the slow holder Hy = H¢S¢H,. Then Fig. 2.5 can be simplified
to Fig. 2.6, where H = LyySfH, = [T -+ I ]T (M blocks). The generalized

model of Fig. 2.6 can be written as:
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Figure 2.5: The lifted slow-rate closed-loop diagram

Figure 2.6: The lifted slow rate closed-loop sketch

)= Lo szw ][] o3

where yy, a and y, are of the same meanings as defined in the previous subsection.
The only difference is that here us is the controller output signal. Because y; is
cyclo-stationary, similarly to the DR minimum control cost function, the slow-rate

one is defined as:

(2.12)

= min trace

M
. —Var(yn
Jslow = rr}l{lsn [____—Zz_l (yfl)] e

M

Var(yi )
7|

Now we show that the generalized plants do not satisfy all the regularity assump-

tions for the general discrete-time Ho optimal control problem by the state-space
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approach. The generalized lifted dual-rate and slow-rate models (2.9), (2.11) can be

put into the same structure as

A|B, B
G=|C.|D. D |. (2.13)
C | Do Dy

If the fast-rate plant model is given as

Py = [%%] : (2.14)

then its lifted version is ([10])

[ A AY'By  A¥?B; .- By ]
Cy Dy 0 0
P=| Ci4 CyBy Dy - 0 (2.15)
L CfA}V[~1 CfA?/I_2Bf CfAj\c/[_SBf Df ]
_ | A B J
G| Dy

Considering the generalized model of the lifted DR loop, it can be seen from (2.9) and
(2.13) that D, = D; and D, = SD; = [ Dy 0 -+ 0] (M blocks). Considering
the lifted SSR case, from (2.11) and (2.13) we have D, = D;H and D, = Dy.
Because the fast plant model has time delays, which means Dy = 0, thus in the
common model G, D, does not always have full column rank which violates one
of the regularity assumptions in [10]. This is the motivation that we use the LMI

approach to find the optimal control solution.

2.4.4 LMI H, optimal controller design

In this subsection, we will design the optimal output feedback controller for a gen-

eralized model GG, which has the state space model as follows

A|B, B
G=|C,|D;y D, |. (2.16)
C|D, 0
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The input and output signals of G are [ 2%2; ] and ‘: ZEIZ; ] respectively, and the
state of G is (k). The output feedback controller K is as
E(k +1) = Axé(k) + Bicy(k), (217)

u(k) = Cké&(k) + Dgy(k), (2.18)

where £(k) is the state vector of the controller of the same dimension as z(k).

The optimal control problem can be stated as: for the discrete-time system
(2.16), find a controller given by (2.17) and (2.18) such that the resulting closed-
loop system is stable and its Ha norm square from a to z, denoted as ||Tza||§ , s as
small as possible, that is

min_ 7. (2.19)
st Teall2<y

The resulted closed-loop system from G and the controller in (2.17) and (2.18) has

the state space model as

za(k +1) = Azy(k) + Bya(k),
2(k) = Cz(k) + Daa(k),

z(k ~ A+ BDgC BC ~ B, +BDgD,

é [ Cz +DzDKC DzCK } 3 Da = Dza + DzDKDw

I

The Ho norm of the closed-loop system is:

| Tzalls = \/trace(éf/éT + D,DT) = \/;r'ace(égXBa + DT D,),

where X and Y are the symmetric solutions of the following discrete Lyapunov

equations:
AYAT -Y + B,BT =0,
ATXA-X+CTC=0.

Based on the above analysis, we have the following theorems:
25
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Theorem 2.2 [63] For the closed-loop system, | Tyall3 < 7y if and only if the follow-

ing matriz inequalities

trace(CYCT + D,DT) < #,

~Y + AV AT + B,BT <0 (2.20)

hold for Y > 0, or dually
trace(BFXB, + DI'D,) < 7, (2.21)
ATXA-X+CTC <0 (2.22)

forX > 0.

Theorem 2.3 For a discrete-time plant G in (2.16), there exists an output feedback
controller in (2.17) and (2.18) such that ||Tza|l§ < v if and only if the following LMIs

are feasible:

} o r -
_X _I (AX n Bc) AT (C’zX + DZC)
~ T N T ~ T
T Y (A + BDC) (YA + BC) (Cz + DzDC)
AX+BC A+BDC -X —~I 0
A YA+ BC —I -Y 0
| C.X+D,C C,+D,DC 0 0 I |
(2.23)
N T R T R T
_p (BDDa + Ba) (BDa + YBa) (DZDDa + Dw>
BDD,+B, -X -1 0 <0,
BD,+YB, -I -Y 0
D,DD,+ D,, 0 0 ~I
2.24)
trace(P) < v (2.25)

If (2.28)-(2.25) are feasible, the controller is given as

Ag = N~ [21 — NBxCX — YBCxWT —Y(A+ BDO)X| (WT)™Y,  (2.26)

Bk = N"YB -YBD), (2.27)

Cx = (C - Dex)(wT)=1, (2.28)

Dk = D. (2.29)
26
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Here P, X, Y, fl, B, C’, D are LMI variables where P > 0, and X and Y are

symmetric. W and N are invertible matrices such that
WNT =1 - XY. (2.30)

Proof. The similar method to design continuous-time controllers can be found in

[64]. Let n be the number of states of the plant. X and X~ can be partitioned as

- (Y N o [X W
e e T

where X and Y are n x n and symmetric. Let us now define

X I 1Y

and the change of controller variables as follows:

A=NAxWT + NBxCX + YBCxWT +Y(A+ BDkC)X, (2.32)
B = NBy +YBDk, (2.33)
C =CxWT + DkCX, (2.34)
D = Dg. (2.35)

The motivation for this transformation lies in the following identities derived from

(2.31)-(2.35):

o [ AX + BC A+ BDC
T = ~ A
HlXAHl__A YA+BC’]’

-~ [ BDgD,+B

T _ " KUqg a
HlXB“—_BDa+YBa ]

Cl=[ C,X+D,C C,+D,DC ],

y [ X T
HlTxnlz_I Y].

From Theorem 2.2, we need (2.21) and (2.22) to hold. By Schur complements, (2.22)
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is equivalent to

-X ATX C7T]
XA -X 0 <0&
c 0 —I |
o ol[-X ATX CT7[m 0 0
0 o7 o XA -X 0 0 I 0| <0«
0 0 I c 0 ~I 0 0 I |
~mfxm, nTATXm, 0icT ]
I XA, —I{ XTI 0 < 0. (2.36)
C1I, 0 -1 ]
On the other hand, (2.21) is equivalent to:
BI'XB,+DID, <P, (2.37)
trace(P) < 7, (2.38)
for P > 0. By Schur complements again, (2.37) can be written as:
-P BTX DI
XB, -X 0 <0«
D, 0 I |
I 0 0 -P  BIX DI I 0 0]
0 ¥ o XB, -X 0 0 II;, 0f<0«
00 I D, © ~I 00 I
oy BTX1, DT T
0fXB, -I{XT; 0 <0. (2.39)
D, 0 ~I ]

After simple calculations, (2.36) and (2.39) can be transferred to (2.23) and (2.24)
respectively. Inequality (2.38) is the same as (2.25). Thus the problem is already
changed to three LMIs (2.23)-(2.25). If these LMIs are feasible, P, X, Y, A, B, C,
D can be solved. If W and N are invertible, (2.26)-(2.29) can be obtained from
(2.32)-(2.35). It has been proved in [64] that one can always find invertible matrices
W and N satisfying (2.30). m

Noticing that the control objective function shown in (2.19) is to minimize the
variance of the lifted fast sampled output of the lifted DR and SSR systems, thus
from (2.10) and (2.12) we have

T, 2 T 2
Jdual = min LZM] , Jslow = min [_” za||2slowj| ,

i i (2.40)
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where || Toall5guar || Tzall5s10, denote the square of the Hg norms of the lifted closed-

loop DR and SSR systems, respectively.

2.5 Comparison of the minimum variance of FSR, DR
and SSR control loops

In this section, the objective is to calculate and then compare the minimum cost
functions of FSR, DR and SSR loops, which are denoted as Jyqst, Jauat, and Jsiow.
The conjecture that Jrasr < Jguar < Jsiow is proved theoretically by two parts:
the first subsection shows that Jg,u < Jsow; the second subsection shows that

Jdual =z Jfast-
2.5.1 Comparison of DR and SSR control loops

In this subsection, Jg,q and Jy,,, will be compared. The lifted dual-rate closed-
loop system (Fig. 2.4) and the lifted slow-rate closed-loop system (Fig. 2.6) can be
generalized to the same system (Fig. 2.7), except that the lifted DR controller is
[ K, Ky -+ Ky ]T while the lifted SSR controller is [ K, K, -+ K, JT,
where K, is the SSR optimal controller. From the controller structures we can
see that the lifted SSR optimal control problem is a constrained lifted DR op-
timal problem, i.e., the optimum solution must satisfy K1 = Ky = --- = K.
Hence, the solution, min {HTzaﬂg ol Ow] , obtained from (2.19) in the lifted SSR control-
loop is a constrained minimum whereas the solution of the lifted DR control-loop,
min [”Tza”gdual}? is the unconstraint minimum. So according to (2.40), the mini-
mum cost function of DR control-loop must be less than or equal to that of the SSR

control-loop, which gives:

Jdual < Jslow .

2.5.2 Comparison of DR and FSR control loops

In this subsection, we will calculate the minimum cost functions of DR and FSR
control-loops: Jgya and Jg.st and then prove that Jgue > Jfast. Recalling (2.8),

the fast-rate minimum variance is as
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Figure 2.7: The slow/dual-rate closed-loop sketch

_ 2
Jrast = D2+ (CoBp)? + (CuApBp)? + - + (an;if 2Bn) . (2.41)
To calculate Jg,q:, we must know the time delay of the lifted DR loop, which is
defined as dg,q. The following parts will first investigate the time delay of the lifted

plant model, then calculate the minimum cost function of the lifted DR loop.

Pure time delay of the lifted plant model

In this part the pure time delay of the lifted plant model will be discussed. Given
the FSR plant transfer function as Pj(z) = 2% 15} (z) where dy is the fast-rate
time delay and 13} (z) is the delay-free plant transfer function. If the pure time
delay of the lifted plant, dgyq, is defined as the number of initial zero matrices in
the impulse, then it satisfies: when %/If- =k, dguai = k; when dﬁ =k+ %, dgual = k,
where k, i are integers and ¢ € {1,--- , M — 1}. This property can be proved by the
following analysis.

The state-space model of the fast rate plant is (2.14), which gives the impulse

response of the fast rate plant as follows:

pr:{h/O, hla Ty hdf_la hdf’ }
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where

ho = Dy =0,
hi = C¢Bs =0,

ha;_, = CfAGflf_2Bf =0,

df—1
ha, = C’fAff B #0,

df _

When 57 = k, the impulse response sequence of P is as:

HBZ{hEOa"'y hgk, }

where
C/B; Dy 0
hpo = : : . : ’
CfA}V[_2Bf CfAy[_:st cee Df
CfAjf;‘le 0
hpr = ! d , . ;
Cr A7 ™M B Ayt iBy . AV By

Since C’fACflf ~p ¢ # 0, it can be seen that: the first k£ blocks are zero matrices; the

(k +1)th block hpy is the first non-singular one. Hence,
dgual = k, P(z) = z~ %t P(2) (2.42)

where P(z) is the lifted plant transfer function matrix and P(z) is the pure delay-
free transfer function matrix of the lifted plant. When %/[f- = k + 4, the impulse

response of the lifted plant P is
Hp ={hpo, - hpk, hpgr1), -}
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where

Dy 0 0
CyBy Dy 0
hpo = : :
CrAY By CrAY By Dy
i 0 0 0 0 0 0
0 0 0 0 0 0
hpp = CfAjf;*le 0 0 0
Cy AY By CrAY 'By 0 0 0 - 0
| cpAY 2 A, cpAYTIBE 0 - 0
CpAy g, 0 o 0
M(k+1 M(k+1)-1
. | oA UB, Al 0
P(k+1) = : : . : ’
CfAﬁc\/I(k+2)—2Bf CfA;-VI(k+2)_3Bf o CfA?/I(k—I—l)—le

In the impulse response sequence: the first k& blocks are zero matrices; the (k + 1) th
block hpy is a singular matrix; and the (k + 2)th block hp(x41) is the first non-
singular one. The trick here is that each block of Hp is a lower triangular Toeplitz
matrix with constant values along all the diagonals, thus if the (1,1) element of a

block is non-zero, that block is non-singular. So the pure time delay is as
dgual = k-

Here we can also write P(z) = z7FP(z). Hence it has been proved that the pure

time delay of the lifted plant is k.
The DR minimum cost function

In this part we will give explicit expression of the DR minimum cost function Jg,q
and show that Jyue = Jfese- First the lifted models in the DR control loop will be
derived, by which the minimum cost function of the lifted output can be calculated.

It is shown in Fig. 2.4 that
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vy = Na+Pu (2.43)

where a = [ ar - apm ]T denotes the lifted standard white noise and u =
[ Uy e UM ]T denotes the lifted control signal. As the fast disturbance model

is shown in (2.7), from [10] we can obtain the lifted noise state space model as

[ AM AM-1p, AM=2p. ... B, ]
Cn Dn 0 ce O
N = CrAy CnBn D, . 0 (2.44)
CoAM~1 | CLAM=2B, C,AMB, - Dy |

and its transfer function matrix as

ny 2 lny oo 27lng Ny

N9 n1 v z_1n3 Ny
M(Z) = = 3

nyM  nM-1 M Ny

where Ny, is the kth row of N. From the above equation it can be seen that

Ni = NN, (2.45)
where
Ny = 0 27 Tnr—kyx(M—k) ‘
I 0 MxM

N, is an inner function where the subscripts ¢ and k£ denote inner and the kth row

of N respectively. Similarly, the lifted plant transfer function matrix is as:

p1 2 lpam o0 27 1pg P
-1
D2 D1 e 2773 P
P(z)=| . . _ . = . |, (2.46)
PM  PM-1 - D1 Py

where Py represents the kth row of P.
To prove that Jgye > Jpqest, we will first investigate the minimum variance of
each branch of the lifted output. The first sampled output ys1, which is also the

control feedback signal at the slow rate, can be obtained from (2.43) as

yr1 = Nia + PLKgys1,
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where Kg = [ Ki Ky -+ Ky ]T is the lifted dual-rate controller in Fig. 2.4.

Thus we have
N 14

From (2.45) we can see that Ny is an outer factor of Ny, thus designing a minimum
variance dual-rate controller against the disturbance V; is the same as against Nyy.

The Diophantine decomposition of Ny is as
Ny =[nu -+ m | =Fy+z %Ry, (2.48)

where
Fy=[fu - fi], Ru=[rm - 1], (2.49)

Substituting (2.49) into (2.47) and noticing P, = z~%uet P; where P, is the delay-free

transfer function of P;, (2.47) can be written as

(2.50)

Ry + PLK Py
— F _ddual —
Yrn Ma+ z ( =Pk, a

Supposing there exists an optimal controller which could cancel the second term of

the above equation, and noticing that a1, - - - , apr are independent white noises, we
have

Ry + PiK Py

=[rm - n]+@EKi+z " puKo+ -+ 2 p2Ky) [ fn - A ] =0,

which leads to
rn M

AR i
Unfortunately in (2.48) n; is generally different from n; (¢ # j), thus this equation

cannot be satisfied, which means that the optimal controller can not make the second
term of (2.50) zero but can minimize its o norm instead. So the minimum variance
of Y71 can be written as

J,

Y — VG,’I“(FM(Z) +c (2.51)

Ry+PiKgFu

where ¢; = min T PRy

2
‘ . Var(Fya) will be derived by the following analy-

sis. When éjvff =k, from (2.44) the impulse response of Ny is
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Hny ={ hvyo, - hypg-1) > -}

where
hnyo = [ CaAM—2B, C,AM—3B, --- D, ]|, (2.52)
hNM(k—l) - I: CnAgLf_2Bn CnAng_SBn e CnAgf_M_an ] ’ (253)

From (2.48) we can see that Fy is a transfer function of order z~%uet hence

a1
[ - £ : are the first dgual items of the impulse response sequence
apm
of Ny, which gives
al a(O)
FMGZ[fM o fi ] : =[ hnyo - hNM(k_l)} :
oy a(k—1)

where a(m) is the lifted standard white noise signal at different sampling time, i.e.,
a(m) = z7™a(0) and m is an integer. Considering Jfqs¢ shown in (2.41), (2.51) can

be revised as

2
Jy; = [ Ango <o+ Page-1) ] : +c
a(k —1)

= D2 4 (CoBp)? + (CoAnBn)? + -+ + (Cp Al 2

Bn)2 + C1

= Jfast +e 2 Jfast-

Till now we have shown the components of J, s1- Let us consider the minimum

variance Jy,, of the ith (2 <14 < n) row of the lifted output y;. In the fast single

rate control loop we have minVar(ys;) = Jyqst, Where up = Ky [ Ypr o YfMm ]T
us et Mkt
and Ky is the lifted fast rate controller. But in the lifted dual rate control loop
Jyp = minVar(ys;), where ug = K4S [ Y1 YrM ]T = Kgyr. It can be seen
g Ud = A4 A
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that n;inVar(yﬁ) > muinVar(yf,-) s Le Jy,, 2 Jpase. According to (2.10), we have
ud f

T
J, min trace __Var(yf) i 1 E!l¢t y{“l y{tl
= = =min | — ‘
dual Ky M i % race :
Yrm Yrm
_ Y51 +Jyf2+"‘+']ny S Jf08t+cl+*]fast+"'+<]fast
M g M

= Jfast +cz Jfasta

where ¢ is positive number usually presenting a minimized H; norm of a certain

transfer function matrix. When de =k+ 324;’ following the exactly same proof as

in the case when de = k, we can still prove Jgua = Jfast since the first k terms
of the output are control independent. Thus, we have shown that Jiuu > Jrast-
Combining this conclusion and that of the previous subsection: Jyuq < Jsiow, it has

been proved that the conjecture Jyqsr < Jauar < Jsiow holds.

2.6 Simulation examples

The key results are illustrated by two univariate examples: Example 1 is a numerical
one; Example 2 is a case study of a stirred tank heater. In the examples, the
continuous disturbances are discretized via the proposed discretization method, and
then the optimal controllers are designed for the control loops of three rates : the
MVC law is employed to the FSR control loops; the LMI Hy optimal controller
design method is applied to the DR and SSR control loops. The simulation results
of both examples show that: the performance of the optimal DR controller is better
than that of the optimal SSR controller but worse than that of the optimal FSR
controller. In addition, Example 1 illustrates the optimal controllers derived by the
fast-rate criterion obtain smaller inter-sample ripples than the optimal controllers

derived by the slow-rate criterion.

2.6.1 Example 1

A continuous plant and a continuous disturbance models are given as:

_9s 824075+ 0.3 _ 25+0.2
s2+40.36s+0.24" ¢ s24+0.36s+0.24

P.=e (2.54)
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We adopt the fast and slow sampling periods as Ty = lsec and T; = 2sec re-
spectively. Thus the dual-rate factor M = 2. In the FSR control loop, using the

zero-order-hold discretization, the discrete-time plant is acquired as:

b 2l 1.2z~ 1 4 0.44662~2
F T 115150697722

By the proposed discretization method, the fast-rate noise model is:

Ny — 1.7092z71 —1.532—2 0.05852~1—0.14862—2
f T-15,-140.6977z—2 1-1.52-110.6977z-2 |~

Since the co-inner-outer factorization of Ny can be obtained as:

-1
N+=N.N.—= 1.723 —1.5232 0.99192~1—0.888z~2  0.03395z ! —0.086252 2
;= HYeotlei = 1—-1.52"1 + 0.69772—2 1—0.88372~1 1—-0.8837z~1 ’

the outer-factor N, is an equivalent of Ny, such that

1.723 — 1523271
1—1.52714+0.69772-2

In the lifted DR and SSR control loops, after lifting by Lo, we can calculate the

Nf@NCO:

lifted plant and disturbance transfer function matrices from (2.15) and (2.44) as

271(1-0.65532~14-0.31162~2) 272(0.3005—0.167z 1)
pP= 1~0.8552-140.48682 2 1—0.8552—1+0.486822
= 271(0.3005-0.1672~1) 2~1(1-0.65532—140.31162~2) |
1—0.8552=140.48682 2 1—0.8552—1+0.48682~2
1.723—1.08242 "} 2~1(1.0615—1.062642~1)
N — | 1-0.8552"T50.4868z—2 1—0.855z 1+0.48682—2
= 1.0615—1.0626421 1.723-1.08242~1
1—0.8552—140.48682—2  1—0.8552~110.486822

and S, H in (2.9) and (2.11) as
S=[10],H=[1 1]".

We design the FSR, DR and SSR optimal controllers: Ky, K4 and K, to minimize
the variance in the sense of the fast sampled output. To show the advantage of
adopting the fast-rate cost function as criterion, we design controller K (for the
DR case) and K? (for the SSR case) minimizing the variances of the slow sampled
outputs. The simulation results are shown in Table 1, where yr1, yso are the first
and second row of the lifted ys, and Var denotes the variance of a signal. It should

be noticed that yy; is the slow sampled output actually. From theoretical minimum
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Table 2.1: Results of Example 1

Optimal controllers Ky Ky K; K, K
Fast-rate minimum cost function 4.0955 4.4094 — 4.5273 —
Slow-rate minimum cost function — - 4.3264 - 4.3264

Simulated Var(yy1) - 4.3509 4.3509 4.4895 4.3509

Simulated Var(ys2) — 4.4364 5.1377 4.5362 5.1180

Simulated minimum cost function 4.0966 4.3937 4.7445 4.5078 4.7344

cost functions and the consistent simulation results one can see that Jr.st < Jgual <
Jsiow- One can also see that the variances of y; under Ky and K, are smaller than
those under K and K respectively, although Kj and K{ may have even better
control effects at some slow sampling instances (ys1). Hence, considering the fast
sampled output, controllers by fast-rate criteria achieve better performances than

controllers by slow-rate criteria.

2.6.2 Example 2

nlet T, i
' PP Jacket inlet
V_WV VVVVVVV Fji Tu
] T
C X |
Tank |
i Tank outlet
Jacket F; ! » [a;n Ol,}e
Outlet 7 <4—— Jacket

Figure 2.8: The stirred tank heater

In this example, we consider a stirred tank heater shown in Fig. 2.8. Similar
examples can be found in [49] and [8]. The stirred tank may serve as a chemical
reactor, in which the reaction often occurs at a certain temperature to obtain the
desired yield. In this example, saturated steam is circulated through the jacket to
heat the fluid in the tank. The assumptions made in writing the dynamic modeling

equations to find the tank temperature are as follows:
(1) Perfect mixing in both the tank and the jacket.
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(2) The steam and liquids have constant density and heat capacity.

(3) The temperature and the flow rate of the saturated steam are constant through

the jacket.

(4) The tank inlet flow rate F;, tank outlet flow rate F,, tank inlet temperature

T; vary with time.

Neglecting the work done by the impeller, we use energy balance around the

tank to obtain the modeling equation given by

ir, F,,.

Q@
pV Gy’

(2.55)

where p is the liquid density, V' is the volume of the tank, C), is the heat capacity,
Q is the rate of heat transfer from the jacket to the tank. It is governed by the
equation

Q=UVA(T; - To),

where U is the overall heat transfer coefficient and A is the area for the heat transfer.
The subscripts 7 and j denote inlet and jacket. Considering F,, T,, and T; as the
manipulated variable, the controlled variable and the disturbance respectively, the

steady-state can be obtained by solving the dynamic equation dg;" = (. The steady-

state variables of this system and some parameters are given as:

Fy=5.0 ft3/ min, pC, = 61.3 Btu/°F - ft3, V=20 ft3, T}, = 50°F, T = 125°F,
Fjs = 1.5 ft3/ min, p;C,; = 61.3 Btu/°F - ft3, V; = 1ft3, Tj;5 = 200°F,
T;s = 150°F, UA = 183.9, Var(T;) = 25 (°F)?

Linearizing (2.55) and applying Laplace transform yield

T, — 1/V(Tis_Tos) F + Fos/V T
T s+ E/V+UA/pVC, ° s+ F,/V+UA/pVC, "

(2.56)

Inserting the above parameters values and assuming that the temperature measure-

ment has a time delay of 0.3sec, (2.56) can be written as

- —7.5e703% . L L%
°T 5504 °T5+04

where @ is a continuous standard white noise signal. The fast and slow sampling

periods are chosen as Ty = 0.1 min and T, = 0.3 min, respectively. Thus the lifting
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Table 2.2: Results of Example 2

Control loops FSR DR SSR

Fast-rate minimum cost function (°F)?  0.5349 0.6411 0.6882
Simulated Var(ys) (°F)? — 07418 0.7573
Simulated Var(yys) (°F)? ~  0.5338 0.6462
Simulated Var(yys) (°F)? — 0.6392 0.6492

Simulated minimum cost function (°F)2 0.5321 0.6383 0.6842

operator in this example is L3. After discretization, the fast-rate system can be

expressed as
~-0.7352 0.3875

1-0.96082-1" ° " T2 0.96082-1%

where q;, is a discrete-time white noise with zero mean and unit variance. The lifted

T, = 24

plant and disturbance transfer function matrices can be calculated from (2.15) and

(2.44). S, H in (2.9) and (2.11) are as
S=[100], H=[11 1],

Thus the generalized models of the lifted DR rate and SSR rate can be obtained
from (2.9) and (2.11). For the FSR, DR and SSR control loops, we design the
optimal controllers, calculate the minimum cost functions and then do simulations.
The results are shown in Table 2 where y¢1, ys2, and yy3 are the first, second and
third row of the lifted y;. It can be seen that the results illustrate the effectiveness

of the proposed methods and validate our results again.

2.7 Conclusions

In this chapter we have investigated the MVC problem for single-input single-output
linear systems sampled with different rates: fast, dual and slow rates. The mini-
mum variance of the fast sampled output was chosen as the control cost function.
A discretization method preserving the mean and auto-correlation of a continuous
stochastic disturbance model was developed. The MVC law was directly applied to
the design of the optimal controller for the fast-rate control loop. Using the lifting
technique, the dual-rate and the slow-rate control loops can be unified under a com-
mon structural plant. This kind of plants do not satisfy the regularity assumptions

for a general discrete-time Hy optimal control problem. Hence, a novel linear matrix
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inequality approach to solve this problem was developed. Then the new approach
was used to derive the optimal controllers for the lifted dual-rate and slow-rate con-
trol loops. It was theoretically proved that the performance of a dual-rate controller
is superior to that of a slow single rate controller but inferior to that of a fast single
rate controller in the sense of MVC. The effectiveness of the proposed methods were
illustrated by two simulation examples. The future work is to develop an experi-
mental methodology to estimate the dual-rate minimum variance from data for the

assessment of dual-rate control loops.
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Chapter 3

Multirate Minimum Variance
Control Design and Control
Performance Assessment: a
Data-driven Subspace
Approach?

This chapter discusses MVC design and control performance assessment based on
the MVC-benchmark for multirate systems. In particular, a dual-rate system with
a fast control updating rate and a slow output sampling rate is considered, which is
not uncommon in practice. A lifted model is used to analyze the multirate system
in a state-space framework and the lifting technique is applied to derive a sub-
space equation for multirate systems. From the subspace equation the multirate
MVC law and the algorithm to estimate the multirate MVC-benchmark variance
or performance index are developed. The multirate optimal controller is calculated
from a set of input/output open-loop experimental data and thus this approach is
data-driven since it does not involve an explicit model. In parallel, the presented
MVC-benchmark estimation algorithm requires a set of open-loop experimental data
and closed-loop routine operating data. No explicit models, namely, transfer func-
tion matrices, Markov parameters or interactor matrices, are needed. This is in

contrast to traditional control performance assessment algorithms. The proposed

2The materials in this chapter will be published in “X. Wang, B. Huang, and T. Chen. Multirate
minimum variance control design and control performance assessment: A data-driven subspace
approach. TEEE Trans. Contr. Syst. Technol., 15(1): 65-74, 2007”.
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methods are illustrated through a simulation example.
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3.1 Introduction

In this chapter we consider a dual-rate system where the sampling frequency of the
controller output is M (a positive integer) times that of the plant output. There exist
other cases of dual-rate systems, e.g., those systems where the plant output is fast
sampled and the controller output is slow sampled. However, the former one is more
common in practice. For example, polymer reactors [48], fermentation processes
[20] and octane quality control [43] are this kind of multirate systems, where the
manipulated variables are sampled faster than the output measurements. This is
because the composition, density and molecular weight distribution measurements
are typically obtained after several minutes of analysis, whereas the manipulated
variables can be adjusted at relatively fast rates.

The first objective of this work is to explore a dual-rate MVC law, when only
the input-output data of a given dual-rate system are available. Unlike the tradi-
tional methods, where Diophantine or Riccati equations are solved to achieve this
goal, we follow a novel approach based on results from the area of subspace system
identification [58, 59]. Subspace identification methods, which were developed in
the late 80’s and early 90’s, allow the identification of a system’s state space model
directly from input-output data [41, 51, 73]. Subspace identification algorithms
contain two steps. The first step is making data projections to obtain subspace
matrices; the second step is to extract the state space model from the subspace
matrices [52]. The idea of designing predictive controllers using subspace system
identification techniques has been around for a few years. For instance, subspace
matrices are used in the model-free LQG design {14] and subspace predictive control
design [15]. In addition, the extended state space model is used to obtain predictive
controllers [60]. The subspace approach to designing a predictive controller with
all the important predictive control features is investigated in [34]. The model-free
design approach presented in the literature so far has been limited to single-rate
systems. In this work, we will consider the MVC design for dual-rate systems. As
it will be shown, a subspace equation will be proposed with the lifting technique.
This subspace equation is of importance because as soon as the subspace matrices

in it are determined, the dual-rate MVC law can be obtained without relying on an
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explicit model. It should be noticed that the determination of subspace matrices
is different from subspace identification. The former does not identify an explicit
state space model, but the latter does. This is why the method we use is so-called
model-free or data-driven in the literature.

The second objective of this work is to assess dual-rate control-loop performance
using input-output data. Control performance assessment is an important technol-
ogy used to assist high efficiency process operations. There are many ways to assess
the quality of process controllers, but in general they explicitly or implicitly in-
volve comparing the current control quality against some standard. To the best of
our knowledge, little work has been done in multirate control performance assess-
ment, even though multirate sampling or operations are not uncommon in industry.
Due to the lack of published work on multirate control performance assessment, we
will only review the important research which has been done for single-rate control
loops. For linear systems, it is known that the MVC is the best possible control
in the sense that no controllers can provide a lower closed-loop variance [5]. Many
papers [22, 12, 68, 46, 28] have shown that MVC is a useful benchmark to assess
control-loop performance. A comprehensive overview of research up to 1998 on con-
trol performance assessment using minimum variance principles can be found in [55].
A significant work is [22] by Harris, who presented a new direction and framework
for the control performance-assessment area. It applies time-series analysis to find
a suitable expression for the feedback controller-invariant terms from closed-loop
routine operating data, and subsequently uses it as a benchmark to assess SISO
control-loop performance. The filtering and correlation analysis in [28] extends the
method in [22] to MIMO processes. Other MIMO performance assessment work
can also be found in [23]. To estimate the MVC-benchmark variance from routine
operating data, the time delay (SISO case) or the interactor matrix (MIMO case)
must be known a priori. This is a common point in these aforementioned traditional
methods. The factorization of the interactor matrix by singular value decomposi-
tion is one of the main contributions in [29]. A similar result is given in [38], which
presents a one-shot solution to estimate the MVC-benchmark variance, but it re-
quires the first few Markov parameters in multivariable feedback control loops. A

framework based on subspace matrices is studied for the estimation of the MVC-
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Figure 3.1: Block diagram of a sampled-data system

benchmark variance for multivariate feedback control systems [27]. This algorithm
consolidates the traditional three-step procedure, model identification, closed-loop
time series analysis, and extraction of the MVC benchmark, into a single shot. No
prior knowledge, such as Markov parameters and interactor matrices are needed
in the algorithm. The second objective of our work, estimation of the dual-rate
MVC-benchmark variance, is an extension of the work in [27] to dual-rate systems
by using a novel multirate subspace algorithm [59, 62].

The remainder of this chapter is organized as follows. The system and the prob-
lem formulation are described in detail in Section 3.2. Section 3.3 presents the
derivation of the dual-rate subspace equation via the lifting technique. In Section
3.4, a model-free approach which is based on the subspace equation, is investigated
to design the dual-rate MVC controllers. Section 3.5 presents a data-driven frame-
work to estimate the dual-rate MVC-benchmark variance. An illustrative numerical

example is provided in Section 3.6, followed by conclusions in Section 3.7.

3.2 System description and problem statement

Consider the following discrete-time, time-invariant, linear state space model of the

form

ZTx+1 = Az + Buy + Eeg (3.1)
yr = Cx + Duy + Fey (3.2)

where k is a discrete-time instance, x, € R™ is the state vector, y; € R™ is the system
output, ux € R" is the system input, and e € R™ is white noise with zero mean and
identity covariance matrix. A, B, C, D, E, F are system matrices with appropriate

dimensions. We assume that (C, A) is observable, (A, B) is controllable, and v and e
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are independent signals. The system is shown in Figure 3.1, where H and S denote
a zero-order-hold and an output sampler with interval T, respectively, the solid
line represents continuous-time signals, and the dashed line indicates discrete-time
signals. Thus the discrete-time state space model of the system SPH is (A, B, C, D),
and the discretized state space model of the disturbance SN is (4, E,C,F). In
certain industrial applications [43], it is common that the control updating rate is
faster than the output sampling rate by a certain factor, which leads to dual-rate
systems. Assume that the input variable is sampled with a fast sampling rate Ti,e =
T and the output variable is sampled with a slow sampling rate Tyow = MTiast,
where M = %ﬁ is the lifting factor. The problem investigated in this chapter is
to design the dual-rate MVC law, and then estimate the MVC-benchmark variance
directly from the input-output data defined as
{ Ug, k=1+ky, Vi=0,1,--- , N, — 1,
Yk, k=M + ko, Vj=0,1,--- Ny~ 1,
where ko > 1 is the first discrete-time instance when yi is available. The lengths

of input and output data satisfy N, = Ny x M, which means that the last time

instance when uy is available equals to the last time instance when yy is available.

3.3 A dual-rate subspace equation with the lifting ap-
proach

The two objectives of this work, dual-rate MVC design and dual-rate control per-
formance assessment via data-driven approaches, are both based on a dual-rate
subspace equation. This input-output subspace equation is also named as extended
state space model in the DSR algorithm [59, 62] and the related predictive con-
trol algorithm [60]. Here, we will derive it for dual-rate systems with the lifting
technique, which makes it possible to follow the conventional subspace approach in
solving multirate problem, and, most importantly, facilitates the derivation of the

model-free multirate control performance assessment algorithm.

3.3.1 Definitions

For the sake of presentation, the following definitions are adopted. In this chapter,

{---} is used to represent a data set, and [---] is used to denote a vector. For a
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sequence of data

st € R™ ™ Wt =01, kk+1,-

with n, being the number of the rows and n. the number of the columns in s;, given
positive integers k, J, L and K, the extended signal sequence sy, € RIxnr)xne ig

defined as
Sk
def Sk+1
SKIL = o (3.3)

Sk+IL—1

and the Hankel matrix Sy 1, € RUxnr)xKne ig defined as

Sk Sk+1 Sk+K-1
s s . s
def k+1 k+2 kt+K
SkiL = : : y , ) (3.4)
Sk+IL—-1 Sk+L °° Sk+K+L-2

where k is the starting index and k = ko+JM; L, the number of n,-block rows in sy,
and Sy, is defined as the prediction horizon. K is the number of nc-block columns
in Sy z. In this chapter we work with vector sequences, i.e., sy is a vector (ne=1)
in this case. The number of block columns in Sy, is chosen as K = N, — L —J

[62], where J is the past horizon to define the instrumental variable matrix.

3.3.2 Lifting and input-output subspace equation

In the dual-rate control loop in Figure 3.1 the slow sampled output signal is y = {yk,,
*) Yks Uk+M, -}, and the fast sampled input signal is u = {ug,, -, Uk, Uk+1,
-+ }. The dual-rate controller is time-varying due to the presence of the fast-rate
hold and the slow-rate sampler. To avoid dealing with the time-varying system
directly, we introduce the lifting technique. By the definition in equation (3.3), the

control signals can be stacked as vector-valued sequences as follows:

U= {uk0|M7"' 7uk|Mauk:+M|Ma"'}'

For instance, if M = 2, the lifted control signal is as

Uk . Uk Uk+2 }
Ugor1 |1 | upar || wkas |

The map from u to u is defined as the lifting operator Ly [40]. The inverse lifting

operator L;,Il is the reverse of the mapping. It can be seen that L;/}LM = I and
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LML]T/[1 = 1. After lifting, both the signal dimension and the underlying period
are increased by a factor of M. The system from u to y is the lifted system which
is single-rate and linear time-invariant. Recall that the state space model for the
system SPH in Figure 3.1is (4, B, C, D). The systems we are studying in this work
have at least one time delay, hence matrix D can be set to a zero matrix without loss
of generality. From the known state space model of the fast-rate plant, the lifted

system Gjs can be written as [10]:

Term = AMzp + Buyy (3.5)

Yk = Czp + Dpypug (3.6)

where B = [ AM~1B ... AB B | € RVM*7) ig the lifted external input ma-
trix, and Dpy = [0 --- 0] € R™Mx7) ig the lifted direct control input-to-

output matrix. Again, by lifting yx and wuy; with the user chosen prediction

horizon L, equation (3.6) can be written as

Yk C Dy 0 Uk M
Yk+M CAM CB e 0 Ukt MM
. = . T+ : .
: : : .0 :
Yk+(L-1)M CAL-DM CAL=2MpB ... Dy Uy (L—1)M|M
(3.7)

Let us make the following matrix definitions. The dual-rate extended observability

matrix Oy, for the pair (C, AM) is defined as

C
CAM
oL d=ef . e R(L><m)><n7 (3.8)
OAM(L—l)
and the lower block triangular Toeplitz matrix Hy, is defined as
Dy e 0 0
CB .0 0
H, def CAMB e 0 0 € R(Lxm)x(LxMxr). (3.9)
5 DU 0
CAL=2MpB ... OB Dy
Then (3.7) can be expressed as
YeiL = Orxx + Hpug o (3.10)
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Then it can be obtained from (3.5, 3.10) that [58]

YrMm|L = OLThem + Hpugy piom
= Op(AMay + Bugas ) + Howge v
= 0 AM(0T0L) 71010107 (ykir — Hrurizm) + OrBugns + Hitger vna
= M(ykw — Hpug o) + OLBugy + Hpugymom
= Mygz — M [ H O@nxm)x(Mxr) | Wk|(Ls1)M
+ [ OB O(pxm)x(Lxmxr) | UkjL+0)m + | Opxmyx(prxr) HL | wrjze1ynm
= Myyy+ ([ OB Hy | = MHL O(5xm)x(Mxr))Uk|(L+1)M
= My, + Nugr41)m (3.11)

where M and N are defined as

M ¥ o,4M0T0) 107,
N [OLB Hp | —M[ Hy Onymyx(arxr) | - (3.12)

The subspace model in (3.11) is disturbance free. Now let us consider the noisy part
of the model. The disturbance model is in the slow sampling rate and the corre-
sponding discrete-time state space model is as (AM, E,, C, F;), where the subscript
s denotes the slow sampling rate. Actually, this model can also be obtained from
the fast-rate noise model (A, E, C, F) by lifting. The relationship between these
two models is discussed in detail in [82]. So by taking into account the disturbance,

via similar derivation as shown in (3.11), it can be seen that

ki ML = Mygz + Nugrriym + Tejri (3.13)

where eg41 is defined in (3.3), T €' [ OpB; Hy | — M [ H} O(nxmyxm ), and

Hj is defined as

F, e 0 0

CFEq 0 0
s def CAMES 0 0 c R(Lxm)X(LXm). (3.14)

: " : 0

| CAL-DME, ... CE, F, |
From (3.13), it can be observed that
Yiyanr = MYy + NUgpriym + TErjra (3.15)
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where the data matrices Yy a7, Yiin, Ukj(z+1)m @nd Eyj41 are defined as in (3.4).
Equations (3.13) and (3.15) are equivalent, and they both are input-output equations
for dual-rate systems. Though in [62] equation (3.13), named as the extended state
space model, is derived by an M-step predictor approach, our alternative method
approaches the problem from a different way, i.e. lifting, which makes it possible to

use conventional subspace approach to solve multirate problem.

3.3.3 Determination of subspace matrices

Since the subspace matrices M, N and T in (3.13) and (3.15) will play important
roles in the later dual-rate MVC controller design and MVC variance estimation, in
this part we will show how to determine them directly from the open-loop input-
output data. It is important to mention that estimating the subspace matrices is
not equivalent to estimating state space matrices of the lifted system, although the
steps which will be presented here are clearly based on techniques from the area
of subspace identification. Using the subspace matrices calculated from the input-
output data we can directly design the control law as well as assess the control loop
performance, while the lifted dual-rate system parameters AM, B, C, Dy, E, and
F, are never explicitly calculated. The sketch to determine the subspace matrices is
shown in the following by using a QR decomposition from DSR algorithm [59, 62].
The first step is to structure the data matrix in the left-hand side of (3.16) from the
open-loop input-output data set. Then, the QR decomposition of the data matrix

can be defined as

Ukz+nym Ry 0 0 O ]}

1 w Ry Ry 0 O Q2
_ = RO = 3.16
VK YiL @ Ryt R3s Rzz O Q@3 (3.16)

Yirmio Ry Ry Ryz Ry Q4

T
where W = [ Yk:g| J U,z;| IM } denotes the past information including the past
input and output data. The QR decomposition can be treated as a data compres-
sion step, i.e., the data matrix in the left-hand side of (3.16) can be compressed
to a usually much smaller lower triangular matrix R which contains the relevant

information of the system. By certain derivations [59], the subspace matrices can

ol

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



be obtained as follows:

M = Ry Rl (3.17)
N = (R4 — MR3)RT(R11RT)) ™! (3.18)
T = Ry3 — MR33 (3.19)

where the superscript { means the Moore-Penrose pseudo inverse.

3.4 Data-driven MVC law design
3.4.1 Control objective

For linear systems, it is known that MVC is the best possible control in the sense of
variance control because no controllers could provide a lower closed-loop variance.

The control objective for the system in Figure 3.1 can be expressed as
1 N
in Elyfyx] = min lim =) "y 2
min E[y; yx] = min Nl—rgoNk_lyk Yk (3.20)

Given the transfer function of a system, e.g., an ARMAX model, the principle
of MVC can be obtained by solving a Diophantine equation [6]. A more explicit
solution can be found in [29]. Also, if the system state-space model is known,
the MVC problem can be reformulated into an Hz optimal problem. For the Hp
optimal problem, an elegant solution is developed by solving two Riccati equations
[10]. Numerical solutions can also be found by solving a group of linear matrix

inequalities [63, 82].
3.4.2 Prediction model

What inspired one to develop MVC law via subspace approach is the following idea.
It can be seen that the subspace input-output equations (3.13) and (3.15) contain
inherent relationship between the past and the future control/output signals. Then
by setting the future predicted output variance to the minimum, the optimal future
control signals will be expressed as a certain combination of the past control and
past output signals. Hence, we can obtain the feedback MVC law. Next, it will
be shown how to present the explicit relationship between the past and the future

control /output signals by the subspace equations.
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Proposition 3.1 The prediction model for the future outputs is

UermiL = Pyyp—e—1ymip + Po—-1Uk——nymy—-1m + Frerugrenyms  (3.21)

and the terms are given by

P, — i, (3.22)
Poi=[p p2 -+ pr-1l,
Frpi=0fH fo - foa ],
where
i
pi= Hjjpij¥i=1-,L—1, (3.23)
j=1
L—i+2 L
fi: Z Hj,j+i—1 VZ:2, ’L+1, ‘f]':ZH]’J (3.24)
=1 j=1

H, ; denotes the sub-block of the Hankel Matriz H, which is structured by the subspace

matrices M and N :

~N~ Hyi -+ Hypn
MN Hy -+ Hyp1

Y , | gl (3.25)
ML-1N Hpy -+ Hprp4

Proof. By noting that ey ;4 is a white noise sequence, it follows from (3.13) that

an optimal prediction of yy a7z can be written as
Ik = Mygr + Nugzinym (3.26)
It can be derived from this equation that

. ~ ~ U
esomiL :MkaIL+ [ MN N ] [ k|(L+1)M ]

U+ M|(L+1)M

Uk|(L+1)M
0 y TL-17n  AfL—2 N Y Ukt M|(L+1)M
Okrrmn = MPygr + [ MFZIN ML2N ... N | '
Uk+(L-1)M|(L+1)M
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By letting k' = k + (L — 1)M and then substituting k" with k, the above equation
can be written as

Up—(L-1)M|(L+1)M

. - . e oo ~ Uk—(L-2)M|(L+1)M
Giemip = My + [ ME'N MEP2N -0 N :

Uk|(L+1)M
(3.27)
From equations (3.26) and (3.27) it can be seen that P, = ML, To prove that (3.23)
and (3.24) hold, we first rewrite the term Pr_1up_(r_1ymjn—1)m + Fre1ugrr1)m

as follows:

Praug—(o-1ymj@-1m + Fri1vemriym

Uk —(L-1)M|M Uk M
Ug—(L-2)M|M Uy M|M
=[p p2 -+ pr1] : +(fi fooo foa ] .
Up—M|\M Uk+LM|M
(3.28)
Then the second term in (3.27) can be reformulated as
Uk—(L-1)M|(L+1)M
- ~ o~ . ~ Uk—(L-2)M|(L+1)M
[ MLIN ML2N ... N ] ( 2)' [(L+1)
Uk|(L+1) M
Ug| M U M|M Uk—(L-1)M|M
~ U o~ [ ~ ~ Up—(L—OM|M
s s I 75 KM 4o MEIN (L=2M]
Uk+LM|M Uk +(L-1)M|M Uk+M|M
(3.29)
Considering the Hankel Matrix
N Hyu Hip -+ Hiyrn
MN B Ho1r Hoo -+ Hypg
ML-IN Hpy Hpp -+ Hppq

from (3.28) and (3.29) it can be seen that
the coeflicient of Uk|M * fi=Hi1+Hyp+---+Hpp,
the coefficient of ugiarar : fo = Hiz + Has + - + Hp, 141,
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the coefficient of uyy pasar ¢ fr+1 = Hin41

Then equation (3.24) is proven. Similarly, by collecting and comparing the
coefficients of the past control signals in (3.28) and (3.29), we can obtain that

the coefficient of ug_(r_1yarar 2 P1 = Hia,

the coefficient of uy_(r,—oymr+1)amr : P2 = Hr-11 + Hia,

the coefficient of w_pn @ pr—1 = Hon + Hs2 + -+ + Hp 1.

Thus, equation (3.23) holds. The similar prediction model for single-rate case

can be found in [60]. m

3.4.3 Computing MVC control law

Proposition 3.2 Considering the prediction model in (3.21), the L-step ahead op-

timal control variables, which minimize the control cost function

def . N
Jr = Oy Okt (3.30)
can be computed as
weisym = —(Fr Fra) T FE o (M -1z + Pr-1%e—(n-1)m)(L-1)M)-

(3.31)

Proof. Inserting fjj sz shown in (3.21) into the control objective function (3.30),

it can be shown that

oJr,

_ L _opT (Bity_
Bt (a0 L+1 k—(L—1)M|L

+ Pr_1up(—0)M|(L—1)M T FLi1Ug@s1ym)-

By setting %—‘—9;]% = 0, the optimal control variables can be obtained as
kl(L+1)M

weynrym = —(FEaFra) Pl

x (MLyk—(L—l)M|L + PL—1uk—(L—1)M|(L—1)M)'

After the optimal control sequence wyz11)ps is calculated, only the first block
row of Ug|(L4+1)M> Uk|p s implemented as the receding horizon MVC law. Observing

equation (3.31) we can make some important remarks:

55

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



e The data-driven MVC law avoids the system identification step in the tradi-
tional MVC design. Moreover, the lifted system matrices AM, B, C, Dy, E,
and F do not have to be calculated. The only parameters of importance are
M and N. The Riccati equation or Diophantine equation is replaced by one

single QR decomposition of data block matrices (see (3.16)).

o Although only the first control action is implemented, it has been shown [14]
as the horizon being increased, the receding horizon implementation converges

to the true optimal control. This fact will be further elaborated next.

e Looking at both, the data-driven MVC law derived via the subspace approach
and the classic MVC law, one might wonder what the link between these two is,
and if they are equivalent. The answer to the latter question is positive. The
reason is that as discussed in [39], the minimum variance controllers designed
for ARMAX systems using Diophantine equations are identical to the LQG
controllers for any system delay. Thus, the MVC problem is a special case of
the LQG problem. Also, it is proved that a subspace-based LQG approach is
equivalent to the classical LQG when the horizon is infinite [14]. Due to the
equivalence of the subspace identification methods, we can conclude that the
data-driven MVC controllers approach the classical MVC controllers when the
prediction horizon goes to infinity (L — oo). This fact has also been verified

from our simulation studies.

e The prediction horizon L must be chosen greater than or equal to the order
of the interactor of the lifted system d. Recall H and N are defined in (3.25)
and (3.12) as

and

o def ’ )
N<E [ OB Hjp }—M[ Hp, O(Lxm)x(Mxr) J.

When L < d—1, from (3.8) and (3.9) it can be seen that OB and Hy, are zero

matrices, thus N and H are zero matrices. In addition, the optimal future

56

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



control signals in (3.31) are zeroes. Therefore the minimum prediction horizon

Lin should be chosen as Ly, = d [60].

e A dual-rate system where the outputs are sampled at the same rate is consid-
ered in this chapter, to make the exposition simple and clear. Notice that a
multirate system where the outputs are sampled at different rates can also be
handled within the framework, if the proper lifting operators are applied. Con-
sidering a system where y = [ y{ yd }T, y1 is sampled at n1T, ys is sampled
at noT, and the input u is fast-updated with period T, to apply the designed
algorithms we need to lift the input signal u by the lifting operator Ly; (M is
the least common multiple of nyand ng), lift y; by Ly, (N1 = n—Af) and lift yo by
Ly, (Ng = n—”ﬁ) The lifted system from the lifted input v = Lyru to the lifted
output y = [ (Lyv,y)T (Lnyye)” ]T is a single-rate linear time-invariant

system with sampling period MT. Thus our algorithms can be applied.

3.5 Estimation of the MVC-benchmark variance directly
from input-output data

3.5.1 Estimation of the single-rate MVC-benchmark variance

In [27], a data-driven approach is developed for multivariate feedback control perfor-
mance assessment for any structure of time delays. It presents the extended output

Yk, of the process (in Figure 3.1) as
Yk = Orxs + Hpugp + Hieg L,
and the output variance under MVC can be written as
Juve = min E[yl yx] = trace(min Efyzyl])
= trace (I — Hp H} )HE HiL (I — H H))T (3.32)

where Hp is defined as in (3.9) with M = 1 as it addressed in the single-rate case; Hy
is defined as in (3.14), and Hj ; denotes the first block column of Hj. The impor-
tant contribution of this algorithm is that “it consolidates the traditional three-step
procedure, model identification, closed-loop time series analysis, and extraction of
the MVC benchmark into a single shot”. Thus “no concepts, such as transfer func-

tion matrices, state space matrices, Markov parameters, interactor matrices, etc. are
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needed anymore in the algorithm” [27]. In the following subsection we will introduce

the estimation of the dual-rate MVC-benchmark variance based on this method.

3.5.2 Estimation of the dual-rate MVC-benchmark variance

It is shown in (3.32) that the Jyye can be estimated if Hy, and H 2’1 are known. In
the following, we will discuss how to estimate these two matrices. From (3.21, 3.22)

it can be seen that

G = M yr_panin + Pr-1ue_ran@-1)n + FLe1Ue— 1M
= Lpr + HLuk]LMa
T
where W), = [ Yr_ LMI|L up_p M|LM ] denotes the past information (output and
control signals), and L, = [ MF P,_;, Fp.1(:1: M xr) ]. Then Hp, the
estimation of Hy, can be determined as

Hy=[h hy - hr] (3.33)
where
L—i+41 )
hi= Y Hjjpi Vi=1,---L, (3.34)
j=1

and H is the estimation of the Hankel Matrix defined in (3.25). To estimate H L1

we need first define another Hankel matrix

T A o A
I e (3.35)
ML;lf A;n AL,‘L+1
then ﬁi,1 can be obtained as
L
H 1= Ajj. (3.36)

j=1
The proof of (3.33), (3.34) and (3.36) is omitted since the procedure is the same as

that in Proposition 3.1. Therefore, the estimated MVC-benchmark variance can be

computed as
Jj =t o aigs osTor _ i gihT
mve = trace (I — HLH)H} (Hi (I —H Hp) . (3.37)
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So far we have shown the procedure to estimate the dual-rate MVC-benchmark
variance: the first step is to arrange the data matrix in the left-hand side of (3.16)
from the open-loop input-output data; then the subspace matrices M, N and T
should be determined by a QR decomposition; finally the dual-rate MVC-benchmark
variance can be calculated by (3.37), where Hy, and H 7,1 are obtained from Hankel
Matrices (3.25) and (3.35). Notice that Hj , is preferably estimated from a set
of representative closed-loop routine operating data to reflect control performance
assessment under routine operating condition. With the estimated MVC-benchmark
variance, the closed-loop performance index can be computed as the ratio between

the estimated MVC-benchmark variance and the current output variance:

vac

var(yx)

3.6 A simulation example

Enriched vapor
- Cooling water

-~ = Condensate

—

- # Distillate
B Reflux

Vapor l
{ | Steam flow
- o
- l ;
Bottom liquid 4 # Bottom products

Figure 3.2: The distillation column [1]

Feed ]

.. Reboiler
-~

This distillation column example is adopted from [83] and illustrated in Figure
3.2. Similar examples can be found in [34] and MATLAB/Control Toolbox User’s
Guide [1]. This distillation column is used to separate a mix of methanol and water
(the feed) into bottom products (mostly water) and a methanol-saturated distillate.
The linearized transfer function model around the steady-state operation condition

18:
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12.8¢7%  _18.9¢=32

[ y1(s) ] _ 16.75—1;1 21‘0;*% { u1(s) ]
—7s _ —3s 9

y2(s) fogsrt rrdert | L u2(s)

where the regulated output variables y; and y, are the percentage of methanol in
the distillate and in the bottom products, respectively; the manipulated variable u;
is the reflux flow rate, and us is the steam flow rate in the reboiler. We assume
the control signals are fast sampled while the output signals are slow sampled. The
fast and slow sampling periods are chosen as Ty = 1 sec and T, = 2 sec; therefore
the lifting factor M = 2 in this example. By discretization and lifting [10], we can

obtain the lifted dual-rate system model as

0.5786z~4 —1.3022—2 0.52782~5 —1.2142—3
Z Utz
yz( ) 1-0.8324z—1 1-0.8703z—1 1-0.83242—1 1-0.8703z~1 —-2—( )

0.744z "% —0.8789z2 0.7077z=2 —0.8382~3
[ y1(2) } — { T-0.8871z—f 1-0.9092z-1 1—0.8871z-1 1-0.9092z71 ] [ﬂ(z) }
3

where u; and uy are lifted control signals. We assume the slow-rate transfer function
model of the disturbance, under which the dual-rate system works, is as

wo = [ FaE o ][ el ],

T2062-17 T1-05.-1 ea(2)

where e; and ey are independent white noises with unit variance in slow rate. The

unitary interactor matrix of the lifted dual-rate system is calculated [29] as

—Z
Dm—[ _22:|a

and the order of the interactor matrix d = 2. As stated in Theorem 6.2.1 in [29)],

the interactor-filtered disturbance model can be separated as

1 0.7
—d _ 2] 7% 1-04z-1T 1-03z7!
2 %DinNs = 2 [ _.2 :| |: 90% 0133
< 1-062-1 1-05z 1

= Np + Z-QNR,
where
—z71 —0.7271
Nr = { 0.3+0.182"1 —1-0.52""
and

0.108272 —0.252"2
1-0.6z—1 1-0.52"1

—0.4272 —021z72
Ng = 1-04z"1 1-03z"1 |
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Thus, the theoretical minimum variance can be calculated as

Jve = trace(ataf) = 2.8624,
where a; = Np [ e €] }T.

In the following part, we are going to use this distillation column example to
illustrate both the dual-rate data-driven MVC algorithm and the control perfor-
mance assessment algorithm. To design the data-driven dual-rate MVC, the open-
loop input-output data are required to identify the subspace matrices. Open loop
input-output data are obtained by exciting the open loop dual-rate system using a
designed random binary signal of magnitude 1 for the inputs, and random numbers
with unit variance for the white noise sequences. The input and output data are
collected over 600 seconds with their respective sampling rates. The data are plot-
ted in Figure 3.3. After estimating the subspace matrices from the input-output
data by equations (3.17) and (3.18), the optimal control signal series are computed
from (3.31). Notice that only the first 2M rows of the optimal control signal are
implemented because of the receding horizon MVC control law. According to Re-
mark 3, the longer prediction horizon L we choose, the better control performance
we could obtain. Using the same group of open loop data, we design different MVC
controllers with different prediction horizons for the dual-rate system, such that L
changes from 10 to 20 and the past horizon J = 2. The simulation results are shown

in Table 3.1, where var(yy) is the simulated output variance, and the relative error

Ua'r(yk)—l]mvc

vac

between the simulated and the theoretical minimum variances O, =
Table 3.1 shows that the error between var(yx) and the Jy. is small, which verifies
the dual-rate data-driven algorithm. Also, it can be observed that when L increases,
var(yg) approaches the theoretical minimum variance Jyy. This validates Remark
3. The fast-rate optimal control signals and slow-rate regulated outputs are shown

in Figure 3.4 when L = 20.

Table 3.1: Simulation results of the distillation column under the designed data-
driven dual-rate MVC controllers

Prediction horizon L 10 11 12 13 14 15 20
var (yx) 2.9906 2.9756 2.9750 2.9360 2.9025 2.8931 2.8915
O, 0.0448 0.0395 0.0393 0.0257 0.0140 0.0107 0.0102

Now let us look at simulations for the data-driven dual-rate MVC-benchmark
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Figure 3.3: The open loop input-output data from simulations

Table 3.2: Simulation results of the distillation column for the data-driven dual-rate
MVC-benchmark performance assessment

Control law  Prediction horizon L var(yx)  Jmve Jmve Ne

Non-optimal 13 3.2510 2.8624 2.8339 0.0100

Non-optimal 14 3.2018 2.8624 2.7751 0.0305
Optimal 10 29872 2.8624 2.8040 0.0204
Optimal 11 2.9721 2.8624 2.9931 0.0457

performance assessment algorithm. Open-loop and closed-loop input-output data
sets are needed to estimate Ay and H 1.1, respectively. Then the MVC-benchmark
variance is calculated according to equation (3.37). The open-loop data set is gener-
ated in the same way as in the dual-rate MVC design simulations. The closed-loop
data sets are collected under two kinds of control laws: the non-optimal and the
optimal. The non-optimal control law is computed by multiplying the optimal re-
ceding horizon MVC control signals by 1.5. For each of the cases listed in Table
3.2, we run the simulations for 1000 seconds. The simulation results are listed in
Table 3.2, where var(yy) is the simulated output variance, Jmv is the theoretical
minimumn variance, jmvc is the estimated minimum variance from each simulation,
and 7, = |-Jme Jive

var(ye) — var(yk)
mation error. We can see that 7. is small, which verifies the derived dual-rate

is the absolute value of the performance index esti-

MVC-benchmark performance assessment algorithm.
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Figure 3.4: The closed-loop control/output signals when L = 20

3.7 Conclusions

In this chapter, the data-driven minimum variance control and the MVC-benchmark
variance estimation have been discussed for a dual-rate system. A subspace input-
output equation is derived by the lifting technique to obtain a prediction model. The
dual-rate optimal controller design is data-driven since it only requires a set of input-
output open-loop experimental data and the explicit process model is not needed.
The presented MVC-benchmark estimation algorithm requires a set of open-loop
experimental data plus a set of closed-loop routine operating data. The proposed
algorithms were illustrated through a distillation column simulation example. In
this chapter we consider a dual-rate system where the outputs are sampled at the
same rate, to make the exposition simple and clear. Notice that a multirate system
where the outputs are sampled at different rates can also be handled within the

framework, if the proper lifting operators are applied.
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Chapter 4

A Data-driven Predictive

Control for Single-rate Systems?

This chapter is concerned with some outstanding problems in predictive control of
single-rate systems. The predictive control applied is completely data based and
does not need an explicit model. In addition, unlike other data-driven predictive
control designs, the proposed approach can deal with systems without complete
on-line measurement of all output variables. The proposed data-driven predictive
control approach is applied to solving the control problem of a solid oxide fuel cell
(SOFC) system, which is challenging owing to its slow response and tight operat-
ing constraints. Simulation results have demonstrated the feasibility of the control

application.

3The materials in this chapter will be published in “X. Wang, B. Huang, and T. Chen. Data-
driven predictive control for solid oxide fuel cells. J. of Process Contr., to be published, 2007”.
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4.1 Introduction

One of the objectives of this chapter is to explore a data-driven predictive control
law for single-rate systems, when only open-loop input-output data are available.
Unlike the model-based approach, where the system model is required to achieve this
goal, we follow a novel approach based on results from subspace system identification
[58, 59]. The data-driven design approach presented in the literature so far has been
derived under the condition that all outputs measurements are measured on-line
in closed-loop systems. However, in reality, some outputs may not be measured in
real time, or are too costly to be measured on-line although they may be measured
in some off-line model identification experiments in a laboratory. For example, it
may be difficult and costly to on-line measure the fuel utilization which is the ratio
between the reacted fuel flow rate and the inlet fuel low rate which is a component
of total inlet flow in the SOFC system [53, 85]. To circumvent this problem, we
consider the data-driven predictive control design based on only partially available
output measurements.

In this chapter we propose a predictive control method via subspace approach.
The predictive control has usually been studied under the heading of MPC. This
is because MPC has considerable advantages relative to other conventional control
strategies: the ability to handle input and state constraints for large scale multi-
variable plants, the capability of dealing with variables interaction, and the ease of
adaptation to new operating conditions {17, 32]. Like any other model-based con-
trol, conventional MPC relies heavily on process models. An accurate process model
is required if the process is to be regulated tightly. Usually there are two ways to
obtain process models: the analytic approach where certain process knowledge (such
as fundamental physical laws) is required to derive the model and the experimental
approach by fitting a model to the input-output data through system identification.
In this chapter the proposed predictive control is completely data based and does
not need an explicit model. It can explicitly deal with constraints and incomplete
on-line measurements.

The remainder of this chapter is organized as follows. The system description and

the problem formulation are described in Section 4.2. In Section 4.3, a data-driven
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approach is investigated to design the predictive controller using partial closed-loop
output measurements. The SOFC dynamic model and operating conditions are
given in Section 4.4. SOFC control simulation is provided in Section 4.5, followed

by conclusions in Section 4.6.

4.2 System description and problem statement

As it can be seen later in Section 4.4, the SOFC model of concern is linear in its
dynamics but nonlinear in its output equation (due to the Nernst equation). In
this chapter, we restrict to a linear predictive control strategy. The model is not
linearized from the original nonlinear model. Instead, we assume that the nonlinear
model is not available, but an off-line experiment can be performed by varying fuel
and oxygen inlet flows. In classical system identification, a linear state space model
can be identified. Note that in the proposed method only certain subspace matrices,
not an explicit system model, need to be determined. To formulate the problem,
we consider a general linear time-invariant system which can be described by the

following discrete-time state-space model

Tp+1 = Az, + Buy + Eey, (4.1)
Yk = Cz + Duy + Fey, (4.2)

where k is a discrete-time instance, zx € R" the state vector, y, € R™ the system
output, ux € R" the system input, and e, € R™ a white noise sequence with zero
mean and identity covariance matrix. A, B, C, D, E, F are system matrices with
appropriate dimensions. We assume that (C, A) is observable, (A, B) is controllable,
and v and e are independent signals. Due to time-delay, it is generally assumed that
D =0.

For the sake of presentation, the following definitions are adopted. {---} is used
to present a data set, and [- - - | is used to denote a vector. The problem investigated
in this chapter is to design the data-driven predictive control law directly from the

experimental input-output data defined as
{ug, yx: k=0,1,--- ,N —1}.
The lengths of input and output data equal to N. Particularly, the controller to
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be designed needs to work in control-loops where only partial measurements are
available, i.e., the output can be described as y; = [(y,‘:)T (y}j)T]T € R™, where y} €
R? denotes the measurable outputs and y; € R? indicates the unmeasurable outputs.
The superscript § means “sampled” and w indicates “unmeasured” respectively. It

is obvious that a + b = m.

4.3 Data-driven predictive control algorithm

Recall that in this work the extended signal sequence sy, € REXmr is defined as

def y 7 T T T
SklL = [St Skt1 ** Skpz—1]
where s; € R™ (t = ko,--- ,k,k+1,---) is a sequence of data with n, being the
number of the rows; k is the starting index; L is the number of n,-block rows in
sk~ The control objective of this work is to minimize a standard cost function in
model-based predictive control subject to certain constraints. This can be re-written

in vector form for convenience as follows:

. i T ~ T T
min Jy = min(Jp 11y —Tkr1iz)” QOkr1ir —Thrain) + Ay, Ro. Ay g, +ug 5, Pi ) g,

Auk”c ( )
4.3

subject to
up < upgg, < U (4.4)
Augi? < Auyy g, < Aup?, (4.5)
Yern S k1 < Yeriin (4.6)

where L is defined as the prediction horizon; J, (J. < L) is the control horizon;
Uk+1) 1 a vector of the prediction of future output; rpy 1) is a vector of future

. . . . def -
reference signals; uy, s, is a vector of future manipulated signal; A =1-2z1

with
2~ ! being the back shift operator; hence Auy = ug — ug—1 is the incremental input
or control move, and Auy,;, is a vector of future incremental inputs over the next
J. samples. Awuy is introduced to ensure zero steady state error in the case of
non-zero constant reference or load step changes [9]. Q € RUXmxUIxm) R, ¢

RWUexn)x(Jext) and P; e RUexm)*{JeXT) are weighting matrices with block diagonal
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Figure 4.1: Block diagram of the closed-loop system

structure on the error between the predictive outputs and the future references,
the future incremental inputs and the future control efforts respectively. Note that
Q, Ry, and P;, can be time-varying in general. Different from [60, 61] where the
prediction horizon and the control horizon are both chosen to be L, we set the
control horizon to J, to make the predictive control law more flexible. The closed-
loop system diagram is shown in Figure 4.1, where uy is the control signal to make
yi = [(y3)" (yP)T]7T follow the reference r or satisfy certain constraints, while only
partial measurements, y;, are available on line.

Given the measured output as y = {yzo, YRy Yy O }, and the input as
u = {ugy, -, Uk, Uk+t1, -}, the subspace predictive equation of the measured

outputs can be written as [60]

Ups1i = (MS)L?J;—(L—1)|L + Pp_yup—(p—1yjL-1 + FLuk|Ls (4.7)
where M*, P;_,and F§ are subspace matrices which can be obtained from the

experimental input-output data [60].

Proposition 4.1 It can be obtained that the predictive equation for the unmeasured

outputs is
33;5+11L = Pp_qup_r—1)jz—1 + Frugr + Up, (4.8)

where P}_, and F} are subspace matrices obtained in the same way that P}_, and
F} are formed, respectively, in [60], and Uy is a constant matriz in terms of past

mnputs.
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Proof. By iteratively substituting y};_j L1L where j = 1,--- ,14, it can be obtained
[60]

Uey1i = (MU)LZJ}:—(L—WL + Pp_quk—(r—1)jn-1 + FrugL
= (M"Y (M) yp_ or+1L T PL-1Uk—2r+11.-1 + Frug—rz
+ Pl _yuk—(p-1)-1 + FLugL

(M) Fyie ey, + ) VEPE_jwe iz

+( u)(l 1LFLuk (i—1)L+1)L T ° +(M")LPL 1Ug—2L41|L-1
+ (ML Fpug_py] + PE_yug—(p—1yp-1 + Flug
= (

MUY Eye s + PEoatk—p-1)e-1 + FLug + Up (4.9)
where

Uk—ix L+1|L—1
Up = [ (M™)6=DEPp_ oo (M*)EPE : +
Uk—2L+1]L—1
Uk—(i—1)L+1|L
[ ()EDERE o ()R
Uk—L|L
It will be proven below that (M%) — 0 when i x L — oc. Assuming that in the

operating control loop some measurements are unavailable, we can re-write (4.1)
and (4.2) as

Tiy1 = Az + Bug + Eeg,
Y cs D, F;
I b A P R P

where the superscripts s and v indicate “sampled”and “unmeasured”. Thus, the

state-space model from u to y* is

Tp+1 = Az + Bug + Eey

yp = CYz + Dyuy + Fuey
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and O}, the extended observability matrix for the pair (C*%, A) is defined as

Cu
O% dgf C:A e R(LXb)Xn.
Cv (A)L_l

It can be obtained that [59]
M* = orAl(op) oy o),
Noting that
eig(AB) = eig(BA);
hence
eig(M") = eig{O} Al(0})" 01]7" (O})"}
= cig{4[(0})" OF]7* (0})" OF)

= eig(A).

Because the identified discrete-time open-loop system is stable, i.e., eig(A) < 1, thus

when ¢ x L goes to infinity,
eig[(M")] = eig[(4)™"]
= [eig(A)*% — 0
- (Mu)iXL - 0.

Therefore, it can be seen that when ¢ x L is large enough to make (M*)**L — 0,

(4.9) can be written as

Ok = PL-1tr—(z-1))L-1 + FLugL + Up.
|
Proposition 4.2 Combining (4.7) and (4.8), it can be obtained the prediction of the

future outputs presented by the past available measurements and past input signals

as

D1 = M Yp— (-1 + Po—1Ue—(—1) -1 + Frugr + . (4.10)
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Proof. The matrices in equation (4.10) are as follows:

[ (M*)E(1,1) 0 (MHL(1:L) 0
0 0 0 0
Mb = : : : : : ’
(ML) 0 - (MHYL,L) 0
i 0 0 - 0 0 |
PL—l:{PIS,ﬂ(la:)T PE—1(173)T P£—1(L,3)T Pf—l(Lﬂ)T }T7
Fr=[F1,)7 Fr,)T - F(L,)T FMILT )T,
and
U, =[0 Uy (L,:)T - 0 UyL,)T 7.

In the above equations, each block is with appropriate dimension, such as for j =

L,2,---,L,

(MS)L(j, k) € Raxa, Pf—1(jai) e Rax(L—l)r’ g_l(j’ :) € RbX(L—l)r,

Fi(j,:) € R™EXD Fp(j,:) € R, Uy(j,:) € R
||

Proposition 4.3 Substituting (4.10) into (4.3) to predict the future measured and
unmeasured outputs, one can formulate the control objective as a Quadratic Pro-

gramming (QP) problem [61], i.e.,

min Jy, = Aug; HAuy g, + 2f; Auy, (4.11)

Auk;L

subject to constraints:

ADuyp, < by (4.12)

Proof. Defining matrices S and c¢ as

I, 0, -+ O,
g def I'T I'r qr e RILXT)x(Lxr).
Ir Ir Ir
and
cd——(if[ I, I, - I, ]T e R(Lxr)xr’
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we can obtain

UL = SAUML + CUp—1. (4.13)

Thus, equation (4.10) can be re-written as

Uky1L = MLyk—(L—1)|L + Ppqup_(p-1)—1 t Frugr + ¥p
= ®r(k) + Frur
= &r(k) + FL(SAuy L + cug—1)
= O2(k) + Ff Ay, (4.14)

where

O (k) = M y,_ -1y + Po-1t—(z-1)jz-1 + Yp, (4.15)
@%(k) = (I)L(k) + Freug_q,
FA =FS.

It can be seen that (4.3) is equivalent to (4.16) with the future control moves be-
ing zero after k + J. step, i.e. Augyj i1)-s) = 0. Thus (4.3)-(4.6) can be

re-formulated as

Igin Tk = min(fer1z — Ter1z) T Qs — Teain) + Augy, RAw L + ug, Pug L,
Uk|L
(4.16)

subject to

min max

Uglp, S UkiL S Ug|L s

AUETE} < Auk|L < Auazx’

N

min ~ max
Yer1 L S Yk+1L S Ypp1|Ls

Augy jor1)(L-Je) = 0

Control signal related weighting matrices and constraints are all extended from

original ones to those with proper dimensions. Substituting (4.13) and (4.14) into

72

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



(4.16), we have

Tk = @r11z = Tra112) T QDrr1iz — Thrrin) + Aufy RAug + gy Pugr
= (92 (k) + FP Augy, — riyqin)” @ (D2(k) + F{ Duyr, — re11r)
+ Au;‘gLRAule + (SAug, + cuk_l)T P (SAug, + cug_1)
= Aup (FPQFL + R+ STPS)Auyp +2 (97 (k) — Tk+1|L)T QFf Auyg
+2 (cup—1)T PSAuyp + (82(k) = riarn)” Q (B8 (k) — resaj) + (cur—1)” P (cup_1)

= AUQLHAUML + QfEAUHL + Jlg,
where

H = FPQFP + R+ STPS,
fr=FpTQ (®0(k) — reqqr) + ST Peug—1,

T
J) = (@f(k) —rey1n) @ (@%(k) - Tk+1|L) + ug_1ct Peug_1.

The constraints on control are

min

max

ugig‘ < SAuyp + cup—1 < Ukmﬁx A

.

SAuk|L uk|"zx — CUk_1,

N

=SAuy L, < —ukmilil + cug_1.
The control rate constraints are

Au,rc’an < Augr < AupT* &
InxrAugp < Aug?s,
—IpxrAuy < —Aukmﬁi’.
The output constraints are
y;‘:’fm S Yk+1L S YL <
y;grili;L < oL (k) + FLAAukIL <YL &
F{ Auyp, <y, — @2 (k)

~F[ Auy, <~y + 7 (k).
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To change the control horizon from L to J, (J. < L) we set Augyj 41y0—g,) = 0.

Thus
I gyr Dtk gop1yn—g) <0 and —Ip_ gy Augy g ay-g) S0
MJCAuk|L £ 0and — MJCAuk“; <0
where
O(JCX’I‘)X(LX’I‘)
My =1 g@-dorx(oxr) p(L-dor

All these constraints above can be written as an equivalent linear inequality:

ADuyp, < by (4.17)
where _

S ugllif —cup_1 |

_S —uﬁf + cug—1

Ipsr Aukmtix

A - _IITLAXT ;and b, = max—AuMI,IA
LA yk+1|L — o7 (k)

o —yPn, + 23 (k)

My, 0
L _MJC i 0

Thus the predictive control law can be solved by the following QP problem

min (AuﬂLHAuML + 2nguk|L),

Auk|L

subject to flAuML < by,
which can be solved in MATLAB as

AUZlL = qp(Ha fka Aa bk)

After the optimal control sequence uy;, is calculated, only the first block row,

ug, is implemented in the receding horizon predictive control law.

4.4 Dynamic model of SOFC and operating conditions

A fuel cell is an electrochemical device that converts the chemical energy of a fuel

directly into electricity and heat without combustion. The electricity produced has
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all kinds of applications such as residential power stations, portable devices, military
services and transportation. The byproduct heat is also used in some applications,
e.g., for space heating. Though certain problems still remain, fuel cells have shown
their potential for high energy conversion efficiency, low to zero emissions, quiet
operation, and high reliability over conventional power generation equipment [24].

Depending on the electrolytes used, there are different types of fuel cells:

e Alkaline fuel cell (AFC)

Direct methanol fuel cell (DMFC)

Molten carbonate fuel cell (MCFC)

Phosphoric acid fuel cell (PAFC)

Polymer electrolyte/ Proton exchange membrane fuel cell (PEMFC)

e SOFC

They are all based on a central design that consists of two electrodes, a positive
cathode and a negative anode. Almost all the research that has been conducted in
fuel cell control is model-based [54, 85, 72, 19, 69, 3, 36], i.e., an explicit model of the
fuel cell system is required to design controllers. In [54] a combination of a nonlinear
feedforward and a linear feedback controller was designed to improve the transient
oxygen response. An SOFC dynamic model that has been well studied lately is
originally presented in [53]. Its dynamic performance is analyzed and evaluated
in [85]. A model predictive controller is developed in [72] for a hybrid PEMFC
system with ultracapacitors as an auxiliary source of power. A feedforward controller
is utilized to solve the “oxygen starvation” problem in [19]. A nonlinear model-
based controller is developed for the regulation for a PEMFC system. A detailed
dynamic model is presented and a multi-loop control strategy is proposed for a simple
SOFC hybrid system in [69]. In [3], a master controller which maintains constant
fuel utilization and air ratio and a typical feedback proportional-integral-derivative
temperature controller are implemented for an SOFC model. In [36], two robust
controllers, which are synthesized by solving an J#, mixed-sensitivity optimization,

are designed for a linearized SOFC power plant that is originally developed in [53].
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Figure 4.2: SOFC system dynamic model

The SOFC model that is selected for control study in this chapter has been
investigated by several researchers for dynamic modeling and control [53, 85, 33, 36].
Although the model is a simplified dynamic model of SOFC systems, it has been
shown to be a challenging control problem owing to the SOFC’s slow dynamics and
tight operating constraints [36]. The solid oxide fuel cell (SOFC) system dynamic
model [53, 85] is shown in Figure 4.2. This SOFC system includes three main parts:

e Power section (fuel cells), which generates electricity. There are numerous
individual fuel cells in the power section. The SOFC stack dynamic model is
based on the following assumptions [53]: ideal gas and isothermal operation.
The only source of losses is ohmic loss, as the working conditions of interest
are not close to the upper and lower extremes of current. The channels that
transport gases along the electrodes have a small and fixed volume; thus it is
only necessary to define one single pressure value in the interior. The exhaust
of each channel is via a single orifice, which can be considered choked. The

Nernst equation can be applied to calculate the voltage.

e Fuel processor, which converts fuels such as natural gas to hydrogen and

byproduct gases. The chemical response in the fuel processor is generally
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slow. It is associated with the time to change the chemical reaction parame-
ters after a change in the flow of reactants. This dynamic response function
of the fuel processor is modeled as a first-order transfer function with a time

constant of 5 s [85].

e Data driven predictive controller, which is to be designed via the subspace
approach. There are four variables to be controlled including the voltage (to
be given later). The only on-line measurement is fuel cell stack output voltage.

Other three controlled variables are assumed not to be measured in real time.

The electrochemical reaction in the triple phase boundary is
1
H2+502 — H50.

e The manipulated variables are [g!® q%‘Q]T, where gl is the input fuel flow and
qi& is the input oxygen flow. The steady state of the inputs is [0.7023 0.6134])7

mol/s, and the constraints are

0 0]" mol/s < [qf* i3 ]7 < [1.7023 1.6134]" mol/s.

e The fuel cell current demand I, is considered as the disturbance. The power
output of the fuel cell system is 100kW, under which the nominal value of the
voltage demand Vi, is 333.8 V and the current demand is 300 A. The dynamic
response function from I[;, to the fuel cell current I, is modeled as a first order
transfer function with a time constant of 0.8 s. This electrical response time
in fuel cells is usually fast, and it is mainly associated with the speed at which
the chemical reaction is capable of restoring the charge that has been drained

by the load.

e The controlled variables are[V; U; Ry o pdif]T, where

— V. is the fuel cell stack output voltage. Applying Nernst’s equation and
Ohm’s law (to consider ohmic losses), the stack output voltage is repre-
sented by the following expression [53]:

Vi = No [Eo + RyTy (ln pHQ\/P02>] L
2Fp DPH,0

7
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where pn,, po, and py,0 are hydrogen, oxygen and water partial pressure.
The constraint on V; is 328.8 V< V; < 338.8 V, and 333.8 V is chosen as
the operating point. In the closed-loop simulation, we assume that only
V: is measurable.

— Uy is fuel utilization, which is defined as the ratio between the Hy flow

that reacts and the input Hy flow, i.e.,
def -
Ut = dhy,/ai,
Typically, an 80% — 90% fuel utilization is desired [53]. We choose the

operating point of U; as 85%.

— Ry o is the ratio between inlet Hy and Oy flows, which is defined as
Ruo % i /dd

In the simulation, the constraint on Ry o is set as 0 < Ry o < 2, and

the operating point is as Ry_o = 1.145 [85].

— pait is the fuel cell pressure difference between the hydrogen and oxygen
passing through the anode and cathode gas compartments, i.e., pgr =
~ po,. By taking Laplace transform, it can be derived that [53]

1/KH2

, — 2K I;).
1+ 74, ( rr)

sz

THy, = KH‘:E}%OTO is the value of the system pole associated with the hy-
drogen flow, where Vuy, is the volume of the anode. Similar expressions
can be obtained for all the reactants and products such as po, and py,o0.
To prevent damage to the electrolyte, |pqis| needs to be kept below 8 kPa
under transient conditions [85]. The steady operating point of pgir is 0
kPa. All parameters and operating conditions are summarized in Table

4.1 and Table 4.2, respectively.

4.5 Control of SOFC

In this section we apply the proposed data-driven predictive control to the SOFC
problem discussed in Section 4.4 to achieve optimal fuel utilization and maintain op-

eration constraints when only the voltage output is measurable online. The sampling
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Table 4.1: Parameters in the SOFC system model

Parameter Value Unit Representation

Ty 1273 K Absolute temperature

Fy 96485 C/mol Faraday’s constant

Ry 8.314 J/(mol K)  Universal gas constant

Ey 1.18 V Ideal standard potential

Ny 384 — Number of cells in series in the stack
K, 0.996x107% mol/(s A)  Constant, K, = No/4F,

Ky, 8.32x107%  mol/(s Pa) Valve molar constant for hydrogen
Ku,o0 2.77x107%  mol/(s Pa) Valve molar constant for water
Ko, 2.49x107%  mol/(s Pa) Valve molar constant for oxygen
TH, 26.1 8 Response time of hydrogen flow
TH,O 78.3 s Response time of water flow

TO, 2.91 S Response time of oxygen flow

r 0.126 Q Ohmic loss

Te 0.8 s Electrical response time

Tr 5 S Fuel processor response time

Table 4.2: Operating conditions of the SOFC system model

Variable Nominal Value Constraint Unit
@ 0.7023 0< g% < 1.7023  mol/s
a5, 0.6134 0< ¢35, <1.6134  mol/s
Vi 333.8 3288 < V; <3388 V

I 300 - A

Us 85% 80% < Uy < 90% -
Ruo 1.145 0K Rgo €2 ~
|pdit] 0 0< |pait] <8 kPa,
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Figure 4.3: The open-loop SOFC disturbance, input and output signals

rate of the SOFC and the predictive controller is chosen as T' = 1 s mainly target-
ing the system’s dominant dynamics (see Table 4.1). To design the data-driven
predictive controllers, open-loop input-output data are required to determine the
subspace matrices. Open loop input-output data are obtained by exciting the open
loop SOFC system using a designed random binary signal of magnitude 0.1 mol/s
for the fuel and oxygen inlet flows, and a white noise with variance 5 A% for the
current demand disturbance (see the generated disturbance signal in Figure 4.3).
The input and output data are collected over 2000 seconds, and they are plotted
in Figure 4.3. In the control objective function in (4.3), the weighting matrices are
selected as Q =diag(Qu,---,Qr), Q, =diag(10%,10%,0,10%), where ¢ = 1,--- , L,
Ry, =0.1xI, and Py, = I. The predictive control is applied to the SOFC system
after t = 100 s.

4.5.1 The effect of prediction of the unmeasured outputs

To demonstrate the effect of prediction of the unmeasured outputs, we did the
closed-loop simulations with two different predictive control laws — without and with
prediction of the unmeasured outputs Uy, Ry_o and pgis. In this example, the best
control tuning with prediction horizon L = 9 and the control horizon J. = 9 for the
developed predictive control with prediction of the unmeasured outputs is chosen.
For the control without prediction, the best tuning with prediction horizon L = 3

and the control horizon J, = 1 is chosen. It can be seen that the optimal prediction
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horizon selected through simulations is not very large. Since the actual system is
nonlinear but the prediction based on subspace matrices is linear, larger prediction
horizons may also introduce larger prediction error. In addition, not all outputs
are measured and they need to be predicted from data and the subspace matrices,
a longer prediction horizon also introduces larger prediction error. We performed
several simulations to determine the best prediction horizon. In Table 4.3 we listed
the integral absolute errors (IAE) of the SOFC outputs under the developed data-
driven predictive control with a number of different prediction horizons. In terms of
the IAEs of the output voltage and fuel utilization (while both the H/O ratio and
pressure difference are controlled within their constraints), we find that L = 9 is
the optimal prediction horizon length for the control law obtained for this example.
As for the control without prediction of the unmeasured outﬁuts, the simulation
results show that with 2 < L < 5, the controller works better than with longer
prediction horizons. In this latter case, there is neither measurement nor prediction
of the unmeasured outputs that are assumed to be available for the feedback when
the control is designed. This is equivalent to an additional model-plant mismatch
and thus a longer prediction horizon yields larger error.

The fuel cell current demand disturbance is a multiple step signal which increases
from 300 A to 330 A when t = 200 s, changes from 330 A to 270 A when t = 300
s, and goes back to 300 A after ¢t = 350 s. The closed-loop outputs and inputs are
shown in Figure 4.4 and Figure 4.5, where the signals under the controller without
prediction of the unmeasured outputs are plotted in the left-hand side, and the
signals under the controller with prediction are drawn in the right-hand side. The
errors between the SOFC outputs and their respective operating points are shown
in Figure 4.6, and the integral absolute errors (IAE) of the SOFC outputs from
time 101 to 500 s are listed in the first two rows of Table 4.4. It can be seen from
both Figure 4.6 and Table 4.4 that the regulatory errors with prediction of the
unmeasured outputs are smaller than those without prediction. In addition, from
Figure 4.6 it can be seen that the errors of voltage and utilization are kept close to
zero steady state under large current load step changes, which is the effect of the
integral control. Furthermore, we compare the control results in terms of electrical

power of the SOFC system in Figure 4.7. The power demand of the SOFC is defined
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Figure 4.5: The SOFC disturbance and control signals without and with prediction
of the unmeasured outputs

as Py = Vinlin and the real power is as P, = V;I;. The results show that under the
control with prediction of the unmeasured outputs, the real power provided by the
SOFC tracks the power demand better. All the above comparisons show that the

predictive control with prediction of the unmeasured outputs yields higher control

performance.

4.5.2 Robustness test

To test whether the proposed predictive controller performs well under different

operating conditions, we perform simulations as follows: a group of open-loop data
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Figure 4.7: The SOFC demand and real power without and with prediction of the
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Table 4.3: TAE of the SOFC outputs with different prediction horizons

Prediction and control horizon IAE(V;) (V) IAE(U;) IAE(Rmo) IAE(pgg) (kPa)

5.457x 102 5.414 2.613x10 7.548x10°

L=J,=8

L=J,=9 3.037x10? 4.430 3.097x10 7.847%102
L=J.,=10 3.477x10? 4.973 3.308x10 8.661x 102
L=J.=15 5.714x 102 6.169 3.176x 10 9.017x10?
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Table 4.4: TAE of the SOFC outputs without and with prediction of the unmeasured
outputs

IAE I, (A) TAE(V;) (V) TAE(Uy) IAE(Rpo) IAE(pgsr) (kPa)

Without prediction 300 6.027x10? 6.204  4.172x10 1.110x10°
With prediction 300 3.037x102 4.430 3.097x10 7.847 %102
Robustness test 350 3.593x 102 4.738 3.188x10 8.656 % 102
Robustness test 250 3.649x 102 8.003 4.532x10 7.957x 102
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Figure 4.8: The SOFC output signals, disturbance and control signals of Case 1

is collected under the nominal condition I, = 300 A and V, = 333.8 V (the open-
loop disturbance is a white noise signal with variance of 5); this group of open-loop
data are applied to determine subspace matrices and then design the predictive
controller; the designed controller are run in the closed-loop SOFC system under
two different operating conditions shown in Cases 1 and 2.

Case 1 The operating condition in this case is as I, = 350 A with corre-
sponding V, = 328.4 V; [g* ¢5,]7 = [0.8202 0.7163]” mol/s; [U; Ru.o paie|]” = [0.85
1.145 O]T. The constraint on V; is 323.4 V< V; < 333.4 V. The current disturbance is
a multiple step signal which increases from 350 A to 380 A when ¢t = 200 s, changes
from 380 A to 320 A when t = 300 s, and goes back to 350 A after ¢ = 350 s.
Simulation results are plotted in Figures 4.8 and 4.9, and the IAEs of the SOFC
outputs from time 101 to 500 s are shown in the third row of Table 4.4, from where
it can be seen that the power generated by the SOFC can track the power demand
well, and the SOFC outputs errors under the designed controller are negligibly small

under this non-nominal condition.
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Figure 4.10: The SOFC output signals, disturbance and control signals of Case 2

Case 2
sponding V; = 335.9 V; [¢i" ¢5. 17 = [0.5859 0.5117]” mol/s; [U Ru_o paxt]” = [0.851
1.1450]T. The constraint on V; is 330.9 VL V; < 340.9 V. The current disturbance is

The operating condition in this case is as I, = 250 A with corre-

a multiple step signal which increases from 250 A to 280 A when ¢ = 200 s, changes
from 280 A to 220 A when ¢t = 300 s and goes back to 250 A after ¢ = 350 s.
Simulation results can be found in Figures 4.10 and 4.11, and the IAE of the SOFC
outputs from time 101 to 500 s are shown in the fourth row of Table 4.4. Similar
conclusions can be obtained as in Case 1.

Here, we make some important remarks about the proposed data-driven predic-

tive control for the SOFC system:
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Figure 4.11: The SOFC outputs errors, demand and real power of Case 2

e In the simulations, certain subspace matrices are calculated from open-loop
input-output data. It is important to mention that estimating the subspace
matrices is not equivalent to estimating state space matrices of the SOFC
system. Using the subspace matrices calculated from the input-output data
we can directly design the control law, while the system matrices A4, B, C, D,

E, and F are never explicitly calculated.

e Although only the first control action is implemented, it has been shown in
[14] that as the horizon increases, the data-driven receding horizon implemen-
tation converges to the true optimal control, i.e., the data-driven predictive
controllers approach the classical MPC controllers when the prediction horizon

L goes to infinity.

e The problem of stability of the subspace-based data-driven controllers is still
open [13, 84]. There is no explicit model used in the proposed data-driven ap-
proach. Intuitively, one would expect that the longer the prediction horizon,
the greater the probability that the closed-loop system is stable [13, 84]. How-
ever, since the actual system is nonlinear but the prediction based on subspace
matrices is linear, larger prediction horizons may also introduce larger predic-
tion error. Thus, the choice of prediction horizon length is a design parameter

which must be selected by the designer.

e If a model is obtained from experimental data, the model is only valid within
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the experimental region if the system of concern is nonlinear. The first-
principle models represent nonlinear systems better, but this type of mod-
els are typically difficult to obtain and, even if available, difficult for control
design. The proposed method is data driven; thus it is subject to the same lim-
itation as using models identified through experiments. However, since SOFC
control is mainly regulatory and the system is expected to operate around an
operating point, a carefully designed experiment around the operating point
can provide a good dynamic model for control purpose as we did in this chap-
ter. In general, however, if the system needs to operate in several distinguished
operating points, a nonlinear control or a multiple model control should be ap-
plied. In this case, several experiments or an experiment that cover a large

operating region must be considered.

e The previous studies have shown that control of SOFC is challenging due to
the slow response and tight operation constraints [36]. Any feasible control
must take into account of hard constraints of the manipulated variables. Thus,
constraint predictive control appears to be the most appropriate control strat-
egy. Comparable control strategies for a similar SOFC model, such as % or

H% control [36], have been shown not satisfactory.

4.6 Conclusions

An SOFC model has been commonly investigated in the dynamic SOFC model-
ing/control literature lately. The previous studies have shown that control of SOFC
is challenging due to the slow response and tight operation constraints. In this chap-
ter, a predictive control strategy that can handle constraints and optimize control
performance has been developed via the subspace approach for the SOFC system.
Unlike model-based approaches, the proposed predictive controller is data-driven
since it only requires a set of input-output open-loop data; thus it provides an al-
ternative to SOFC control problem. This is particularly effective for SOFC since
the explicit dynamic model of SOFC is generally difficult to develop. Comparing
with the previous data-driven predictive control approach, the developed predictive

controller can handle systems where only partial on-line outputs measurements are
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available. This solution is important when, for example, the fuel utilization in the
SOFC system may not be measured in real-time control applications. The simu-
lation results validate the proposed data-driven predictive control algorithm. The

robustness of the proposed predictive controller is verified by simulation.
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Chapter 5

A Data-driven Predictive
Control for Multirate Systems

This chapter discusses predictive control of multirate systems. The multirate pre-
diction strategy that can handle constraints and optimize control performance is
developed via the subspace approach. The proposed multirate predictive control
is data-driven since it only requires a set of input-output open-loop experimental
data and the explicit process model is not needed. This algorithm is effective for
multirate systems where some measurements are difficult to sample at the fast rate.
The proposed algorithm is illustrated through simulations of a distillation column

and an SOFC control.

89

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.1 Introduction

The objective of this work is to explore a data-driven predictive control law for
multirate systems, when only the open-loop input-output data are available. Unlike
the model-based approach, where the system model is required to achieve this goal,
we follow an approach based on results from multirate subspace system identification
[59, 81]. The data-driven approach presented in the literature so far has been derived
for single-rate systems. However, in reality, some outputs may not be measured or
too costly to be measured at the fast sampling rate, leading to multirate systems. In
many applications of electrical, mechanical and chemical engineering, control signals
and output measurements need to be sampled at different rates. For example, in
control of solid oxide fuel cell it may be difficult and costly to measure the fuel
utilization at the fast sampling rate because the fuel utilization is the ratio between
the reacted fuel flow rate and the inlet fuel flow rate which is a component of
total inlet flow [53, 85]. To circumvent this problem, we consider the data-driven
predictive control design for multirate systems. Instead of treating general multirate
systems, in this chapter we consider a dual-rate system where the sampling frequency
of some signals is M (a positive integer) times that of the rest signals. Polymer
reactors [48], fermentation processes [20] and octane quality control [43] are examples
of this kind of multirate systems, where the manipulated variables are faster than
the output measurements. Particularly, the developed dual-rate predictive control
is verified by a distillation column system and a solid oxide fuel cell system [53, 85].

The remainder of this chapter is organized as follows. The system and the
problem formulation are described in detail in Section 5.2. Section 5.3 presents the
derivation of the dual-rate predictive control algorithm. Two illustrative examples

are provided in Section 5.4, followed by conclusions in Section 5.5.

5.2 System description and problem statement

Consider a multirate system shown in Figure 5.1, where H denotes a zero-order-hold;
St and S, are fast-rate and slow-rate samplers with interval T and MT respectively;
the superscript f denotes fast rate, s means slow rate, and M is the lifting factor

which is an integer; P(s) and N(s) are the continuous-time process and disturbance;
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WI

Slow Sampler

4 K(2) L 1 H I """"""""" { P(s) i+‘+ ’t‘ Vk’>

Coniroller Zero-Order-Hold  Process

Fast Sampler

Figure 5.1: Block diagram of the described multi-rate system

K(z) is the discrete-time predictive controller; solid lines represent continuous-time
signals, and dashed lines indicate discrete-time signals. Assume that the control
input variable u; € R", the measurable disturbance w;, € R™ and some output
variables yf: € R™f are sampled with a fast sampling rate at sampling period T,
and the remaining output variables y; € R™ are sampled with a slow sampling rate
with sampling period MT. The problem investigated in this paper is to design the
data-driven dual-rate predictive law directly from the input/output data defined as
{‘ uS, wi,yl, k=1i+ko, ¥i=0,1,---, Ny — 1,
Yo k=M + ko, V7 =0,1,--- ,Ny — 1

where kg > 1 is the first discrete-time instance when the data is available, and

N, = Ny x M.

5.3 Multirate data-driven predictive control algorithm
5.3.1 Description

For the sake of presentation, the following definitions are adopted. {---} is used to
present a data set, and [---] is used to denote a vector. Recall that the extended

signal sequence sy, € RI*nr ig defined as

def , T T T T
Sk|L = 8k Sk+1 ' Sker—1l > (5.1)

where s; € R™ (t = ko, - ,k,k+1,---) is a sequence of data with n, being the
number of the rows; k is the starting index; L is the number of n,-block rows in

Sk]L-
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5.3.2 Control objective

The control objective of this work is to minimize a standard cost function in model-
based predictive control subject to certain constraints. This can be re-written in

vector form for convenience as follows:

. N T s
min Ji = min(Jiy 0 — Tkt min)” Qrpap — TheMiL)

IAUINSY:
+ Augy g Ry Dugyg,r + g g a0 Prosrurg g.a (5.2)
subject to
uﬁlsz < Uggom S uka’C‘M, (5.3)
A v < Ay < AupTy,, (5.4)
Yermiz < Geranr S Yeimin (5.5)
ylj;r:llirLM S Gieyajoum S yI{Jr:lszM (5.6)

where L is defined as the prediction horizon on the slowly sampled output (thus LM
is the prediction horizon on the fast sampled output); J.M (J. < L) is the control
horizon defined on the fast sampled control signal; g | MIL and Q}: +1)LM 8re vectors
of the predictions of future slowly sampled and fast sampled outputs, respectively;
Tk+m|L 18 a vector of future reference signals in slow rate; wug . is a vector of
future manipulated signal; A L R R being the back shift operator;
hence Aup = up — ug—1 is the incremental input or control move, and Augj s is
a vector of future incremental inputs over next J.M samples. Awuyg is introduced
to ensure zero steady state error in the case of non-zero constant reference or load
step changes [9]. Q, Rj.m and Py j are weighting matrices with block diagonal
structure on the error between the predicted outputs and the future references, the
future incremental inputs and the future control efforts respectively. @, Ry, and
Py can be time-varying in general. Note that here we set the control horizon to

J.M to make the predictive control law more flexible.

5.3.3 The dual-rate subspace input-output equation

Although the dual-rate subspace input-output equation has been derived in Chapter

3, to keep the continuity of this Chapter, we will review it in the following part.
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In the dual-rate control loop shown in Figure 5.1 the slow sampled output signal is
y® = {y,ﬁo, 5 Uiy Ypanr o 1> and the fast sampled input signal is u = {ugg, -+,
Uk, Uk+1, * - ;. The dual-rate controller is time-varying due to the presence of the
fast-rate hold and the slow-rate sampler. To avoid dealing with the time-varying
system directly, we introduce the lifting technique. By the definition in equation

(77?), the control signals can be stacked as vector-valued sequences as follows:

U= {uko|Ma oy Uk My Uk MM } .

For instance, if M = 2, the lifted control signal is as

_ Uy Uk Uk4-2
g = sy , st .
Uko+1 Uk+1 Uk+3

The map from u to u is defined as the lifting operator Ly [40]. The inverse lifting
operator LX,} is the reverse of the mapping. It can be seen that LX,}LM = I and
L ML]T,I1 = I. After lifting, both the signal dimension and the underlying period are
increased by a factor of M. The system from u to y is the lifted system which is
single-rate and linear time-invariant. Assume that the fast-rate state space model

from uy, to the output that is going to be slowly sampled is

Tht1 = Az + Buy + Ewy (57)
yi = Cag + Duy + Fuy (5.8)

where z;, € R™ is the state vector;A, B, C, D, E, F are system matrices with
appropriate dimensions. We assume that (C, A) is observable, (A, B) is controllable,
and u and w are independent signals. The systems we are studying in this work
have at least one time delay due to the hold, hence matrix D can be set to a zero
matrix without loss of generality. From the known state space model of the fast-rate
plant, the lifted system G from the lifted control signal (wug)ar, w ar) to the slowly

sampled output y$ can be written as [10]:

Tepm = AMaxy + Bugnr + Ewgga, (5.9)
where B={ AM-1B ... AB Bland E=[ AM"'E ... AE E ] are the
lifted external input matrices, and Dyy =[ 0 -+ OJand Fy=[F 0 --- 0]

93

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



are the lifted direct control input-to-output matrices. Note the lifted duel-rate
system is a linear-time-invariant system. By lifting yx, ugp and wyjas with the

user chosen prediction horizon L, we can re-write equation (5.10) as {81]

yi+M;L = Myle + Nukj(L—l—l)M + kal(LH)M- (5.11)

M, N and T are subspace matrices that are defined as

M E o aM0T0;,) 107,
Ndzef[OLE HL]—M[HL OmeMT], (5.12)
T [ 0B Hy | ¥ Hy O, |

where Oy, is the dual-rate extended observability matrix for the pair (C, A™) defined

as

C

cAM
0¥ - e Rbxmpxn, (5.13)
CAM(L—l)

and Hy, and Hj are lower block triangular Toeplitz matrices defined as

Dy e 0 0
CB e 0 0
Hy, def CAME 0 0 c R(Lxm)x(LxMxr)’ (5.14)
5 .0
| CAL-2MpB ... CB Dy |
B F, 0 0
CE; -0 0
s def CAME, -~ 0 0 | ¢ pExm)x(Lxm) (5.15)
: : 0
| CAL-IME. ... CE, F,

Though in [62], equation (5.11), named the extended state space model, is derived by
an M-step predictor approach, our alternative method approaches the problem from
a different way, i.e. lifting, which makes it possible to use conventional subspace
approach to solve multirate problem. It can be seen that the lifted subspace input-
output equation (5.11) contains inherent relationship between the past and the

future control/output signals. It can be shown that the explicit relationship between
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the past and the future control/output signals is as

Yot = MLZ/Z_(L_l)M|L + Proauwe_(p—nymin-1ym + Fruwom

+ Powg——1ymi-1ym + Fowgiom- (5.16)

The subspace input-output equation of the fast sampled output y7 is as [58]

~f —_ (NrA\LM f f f
yk+1\LM - (Mf) ykz—LM—i—l[LM + PLM_luk«LM+1|LM—1 + FLMUMLM

+ Plwy-pariapae—1 + Flwgrm (5.17)

where M?* , Pr._1, Fr, P, and F,, are dual-rate subspace matrices which can be
obtained from the experimental input-output data (ux, wg, y;) [58, 81], and M/,
P}j M_1> F[’f Mo PJ and FJ: are single-rate subspace matrices that can be calculated

from the open-loop experimental data(ug, wg, y,{ ).

5.3.4 Data-driven dual-rate predictive control law

Proposition 5.1 Substituting (5.16) and (5.17) into (5.2) and (5.6), one can for-
mulate the control objective as a Quadratic Programming problem [61, 80], i.e.,
Augyppg

subject to constraints:

Proof. In the following we will show how to formulate the problem described in
(5.2) under the constraints (5.3)—(5.6) to a QP problem as shown in (5.18) with the
constraints in (5.19). Defining matrices S and ¢ as {61, 80]

I. 0, 0r
g def I"“ I"" 9’” € RUMxr)x(LMxr),

L L oo I

and
Cd:ef[Ir I - I |7 € REMxnxr,

we can obtain

Uk|Lm = SAUgLy + Cug-1. (5.20)
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Thus, the dual-rate subspace input-output equation (5.16) can be re-written as

Yoy = MLyz_(L_1)M|L + Ppyup_(p-nymy-1ym + Frugom (5.21)
+ Pywi_(r—1ymiL-1ym + FowkiLm
= @1(k) + FrugLm
=@, (k) + FL(SAugrp + cuk—1)
= ®r(k) + FLSAuypp + Freug-1
= &7 (k) + Ff Augy (5.22)

where

& (k) = M yy_ -1y + Po—1te—(p—1ymi(L—1)m + P (n-1ymL—1)m + Fuwr L,
(5.23)

d2(k) = ®r(k) + Freug_1,
FA = F1S.

The subspace equation of the fast-rate output 3/ is as

g£+1tLM = (Mf)LMyIJ:—LM+1|LM + Pl uk—parsnm—1 + F{MukILM (5.24)
+ Plwy_parvapn—1 + Flwgom
= &y (k) + Fpuniim
= &) (k) + Ff o (SAugiar + cug—1)
— &%, (k) + FI5 Augyr (5.25)

o7 (k) = (Mf)LMy;{_LMH‘LM + Pl e o1 Phwk_parnsa—1 + Flwiom
(5.26)
®] (k) = @1 (k) + Ff proup—1

A
F fM =F gMS-
It can be seen that (5.2) is equivalent to

, . X T T
min Jy = min(95 a2 —Termz) T Qg ariz Tk ar|2) T O Lar BAUR Ly Ui L Pt L1
(5.27)
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with the future control moves being zero after k+J.M step, i.e. Augy g pr41((L—d)M =

0. Thus (5.2)—(5.6) can be re-written as (5.27) subject to

min max
Uiom S Uk|LM S UL
min max

min ~ max
YerM|L S JotM|L S Ykt ML)

f

[ min ~
Yie+1Lm

f max
Yier11Lm

Yi+11LMm

N
N

Augy g m1y(z—gm = 0.

Substituting (5.20) and (5.22) into (5.27), we have

Te = Whpanir — Termin)T QWi ann — Termin) + Aufipar RAWLar + ufjpp Puikiy
= (®L (k) + F£ Augypar — Tk-f—MfL)T Q (27 (k) + F£ Augyrar — Termiz)
+ AU%]LMRAUMLM + (SAU,MLM + cuk_l)T P (SA’U,MLM + cuk_l)
= Aufy v (FEQFE + R+ STPS)Auypa +2 (92 () ~ rk+M|L)T QFf Augrm
+2 (cup—1)" PSAuyryr + (BF (k) — T’k+M1L)T Q (®L (k) = hynir)
+ (cup—1)" P (cup_1)

= Aufipp H AUy + 267 Duggrns + JF
where

H=FPQFA + R+ STPS,
fro = FETQ (97 (k) — roymayn) + ST Peug—1,

T
IR = (22(k) = rieaniz) Q (2 (k) = i) + wr—16" Peug_1.

In the following part, we are going to show that the constraints can be written

as an equivalent linear inequality:

Aug v < b
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where
_ max T

S B ukwM — CUL-1
_g —ugﬁ‘M + cup_1
Iiner AuiTyy
—Ip e —AugTy
. Fp Ipivits ‘ 2 (k)
A= | A and by = +M
i i+ 00
max
FL% yk}L1|LM - @L;\g(k)
- min
M];M “Yrrrrm T D70 (K)
L _M.]r‘ 0
2 . i O |

From equation (5.20), the output amplitude constraints are

UpLy S WLy S URTy €
uﬁfM < SAUk|LM + cup—1 & u}c’ﬁ’;w &
SAU’k]LM < ugﬁﬁw — CUE--1;
=S Auppp < —upjfas + k-1

The control change constraints are

min max
ma;
ILMTAUMLM < A’ule);w,

min

From equation (5.22), the constraints on slowly sampled output are
YieMiL < Yramin S YraMmin <
yif}\?w < 82 (k) + FIL}Auk]LM < YekmiL ©
A
Ff* Augipy < Yermin — 2L (k)
A i A
—Fp Aupim < —Yeian + (k).
From equation (5.25), the constraints on fast sampled output are
f min ~f f max
Yerrom S Yegrioum S Yirrom <
i A A
yf;:nll[nLM < @15 (k) + FLfMAuleM < yI{ETEM =
A A
FJ{MA“kILM < yiﬂﬁM - ‘I{M(k)a

A min A
—FI{MA’LLHLM < —y’]:_’_”LM + (I){M(k?)
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To change the control horizon from LM to J.M (J. < L)

Augy g1z -dom =0 &
Iir—goymr By g -dom < 0and — Iy pypr AUpy jom(—ggm < 0 &
My upry <0and — My ugpay <0
where M, = Osenxr)x(Latxry . Thus equation (5.19) is
O g )Mxr)x(JeMxr)  L(L—d)Mxr
proved.
Thus the control law can be solved by the following QP problem

Ag,jn (Aufpar HAw s + 217 Dugyrar),
LM

subject to fluleM < by,

which can be solved as

AU’Z|LM = qp(H> fkaAa bk:)

After the optimal control sequence uy;, is calculated, only the first block row,

ug, is implemented in the receding horizon predictive control law.

5.3.5 Prediction of future disturbance

It can be seen that in equations (5.16) and (5.17), the vectors wy_(z—1)m(L-1)Mm
and wg_rar41j0m—1 are past disturbance which are known. wy s is a vector which

consists of current and future disturbance signals as

W
wk+1 Wk
Wg|LM = . =
: We 1| LM -1
W+ LM—1

where the current disturbance wy is known but disturbances from wg41t0 Wk+LM—1
are unknown. In the following part we will discuss how to predict wy.4q2p—1 using
past to current w data. Note that w is sampled at fast rate. From [60], it can be
seen that

_ L
Wey1L = Mywg_p1yz + *
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where M, can be estimated by DSR subspace identification method, and * is the
future white noise related term. Hence, the optimal prediction of wy 1|1, is given by

the first term of the above equation, such that

N _ L
Wit1|p = My W L41|L-

Thus

. LM

Weyrm = My Wk pymi1Lm,
and

W 1)L -1 = W nm(l : (LM = 1) * ).

5.4 Simulation examples

5.4.1 Example 1

This distillation column example is adopted from [83] and illustrated in Figure

3.2. Similar examples can be found in [34] and MATLAB/Control Toolbox User’s

Guide [1]. The linearized transfer function model around the steady-state operation
12.8¢=%  —18.9¢~3¢

[ yi(s) ] — [ 167541  2L0st] } [ u1(s) ]

6.6e~ —19.4e~3s
() 100541 14.4s+1

condition is:

The control signals are fast sampled with two-time units and the plant outputs are
slow sampled with four-time units. So the lifting factor M = 2. By discretization

and lifting [10], the lifted dual-rate system is a 2-by-4 LTI as:

0.7442"1 —0.87892~2 0.70772~2 —0.83823

y1(2) _ | T-0.8871z-T 1-0.9092z—T T1-0.8871z-! 1-0.9092z1 u1(z)

ya(2) 0.57862—* —1.3022* 0.527825 —1.2142—8 ’
1-0.83242—1 1-0.8703z—1 1-0.83242—1 1-0.8703z~1

where u; and ug are lifted control signals. The cost function is

e = Gremin — k)T Q@@r4mL — ThemiL) + AUZ;QLMRAUMLM + ua]_,MPuMLM

where the weighting matrices are Q = I, R = 0.5] and P = 0.11. The constraints

are
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=21 < uym < 21,
—I < Augry <1,
—67

N

Urt+miL < 61.

By collecting open-loop data (2000 time-units) with designed random binary inputs,
we computed the dual-rate data-driven MPC law by the derived algorithm for L = 4
and J, = 2, and L = 5 and J. = 4, respectively. Also, supposing the lifted model
is known, we designed MPC controllers via MATLAB/MPC toolbox with the same
prediction horizon and control horizon for a comparison. The set point is multiple
step signal which increases from 0 to 5 when t=11 s and goes back to 0 after
20 s. The output and control signals, under dual-rate MPC controllers both from
the data-driven algorithm and from MATLAB/MPC toolbox, are shown in the
following figures. It can be seen that the difference between the control results under
proposed data-driven and MPC control law is minor. Thus, the proposed data-
driven predictive control algorithm is comparable to the traditional MPC algorithm
in terms of performance, but the proposed approach has the advantage that no
parametric model is needed.

The distillation column with disturbances is modeled as [34]:

12.8¢7%  —18.9¢ 735 3.8¢ 8¢
Yils ULS T4 017

[ gs; :| = [ AT Ty A ] [ U Es; ] + | Eoese } w(s) (5.28)
h 10.9541 14.4s+1 2 13.25+1

where w is a measurable disturbance. In the simulation we first set w is a random

walk signal such that

1
w= a
1—2"1

where a is discrete-time white noise with ¢%(a) = 0.5. The prediction horizon
and control horizon are chosen as L = 4 and J. = 3. The simulations are done
with feedforward control law and without feedforward control law. From control
results shown in Figure 5.6 and Figure 5.8, it is obvious that the performance with
feedforward plus feedback control strategy is better than that with feedback control

only. Also, we did simulation with w as a fast changing dynamical signal as

1

YT TT0.95. 1
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Figure 5.3: The control signals when L =4 and J. =2
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Figure 5.4: The outputs when L =5 and J. =4

with 02(a) = 0.5. The prediction horizon and control horizon are chosen as L = 4

and J. = 3. The controlled variables and manipulated variables are shown in Figure

5.10 and 5.11, respectively. From the figures, we can see that the outputs variables

follow the set points well.

5.4.2 Example 2

The solid oxide fuel cell (SOFC) system dynamic model [53, 85| is the same as we

used in Chapter 4. Readers are referred to Chapter 4 for details. The problem is

briefly summarized below:

e The manipulated variables are | ¢ ¢35, ]T, where gi® is the input fuel flow

and qio"2 is the input oxygen flow. They are sampled in fast rate. The steady

state of the inputs is [ 0.7023 0.6134

mol/s, and the constraints are

[0 0] mol/s<[gq® ¢ ]7 <[ 17023 1.6134]7 mol/s.

e The fuel cell current demand I, is considered as the measurable disturbance

which is also sampled in fast rate. The power output of the fuel cell system is
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100kW, under which the nominal value of the voltage demand Vj, is 333.8 V
and the current demand is 300 A.

e The controlled variables are[ Usr Vi Ruo pait }T, where

e U is fuel utilization, which is defined as the ratio between the Hy flow that

reacts and the input H, flow, i.e.,
def i
Uf :e qf‘l2/qﬁ12'

Typically, an 80%—90% fuel utilization is desired [53]. We choose the operating
point of U as 85%. It is a component of total inlet flow in the SOFC system
[63, 85]. Thus, it is difficult and costly to mecasurc the fucl utilization in the

fast rate.

e V is the fuel cell stack output voltage. The constraint on V; is 313.8 VL V; <
353.8 V, and 333.8 V is chosen as the operating point. In the closed-loop

simulation, we assume that only V, is measurable.
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e Ry o is the ratio between inlet Hy and Og flows, which is defined as

def in ; in
RH_O = qHz/qC)z'

In the simulation, the constraint on Ry ¢ is set as 0 < Rgo < 2, and the

operating point is as Ry_o = 1.145 [85].

® pyir is the fuel cell pressure difference between the hydrogen and oxygen passing
through the anode and cathode gas compartments, i.e., pgsr = PH, — PO,-
To prevent damage to the electrolyte, |pqiz| needs to be kept below 8 kPa
under transient conditions [85]. The operating point of pgir is 0 kPa. All
parameters and operating conditions are summarized in Table 4.1 and Table
4.2, respectively. In the SOFC system, the slowly sample fuel utilization is the
controlled variable, the other fast sampled outputs are constraint variables,

and the fast sampled current is the measurable disturbance.

We apply the proposed data-driven predictive control to the SOFC problem dis-
cussed in the previous subsection to achieve optimal fuel utilization and maintain
operation constraints. The fast sampling rate is chosen as Tpg¢ = 1 s mainly tar-
geting the system dominant dynamics (see Table 4.1). Iin, Vi, Ru.o and pgir are
sampled in the fast rate. The slow sampling rate is Tyow = b s to sample Us. Thus,
the lifting factor of the SOFC systems is M = %t‘f = 5. The dual-rate predictive
controller updates control inputs and outputs every 1 s. To design the data-driven
predictive controllers, the open-loop input-output data are required to determine
the subspace matrices. Open loop input-output data are obtained by exciting the
open loop SOFC system using a designed random binary signals of magnitude 0.1
for the fuel and oxygen inlet flows. The fuel cell current demand disturbance is
a multiple step signal which increases from 300 A to 330 A when ¢t = 200 s, and
goes back to 300 A after £ = 400 s. A white noise with variance 5 is added to
the current demand as measurement noise (see the generated disturbance signal in
Figure 5.12). The input and output data are collected over 1000 seconds, and they
are plotted in Figure 5.13. In the control objective function (5.2), the prediction
horizon L = 2, the control horizon J. = 2, and the weighting matrices are selected as
Q =diag(Q1,Q2) where Q12 =diag(10%), Ry =0.1xI, and Py = 0. The multirate
predictive control is applied to the SOFC system after ¢ = 100 s.
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To demonstrate the effect of feedforward control, we did the closed-loop simu-
lations with two different multirate predictive control laws— feedback control only
and feedback plus feedforward control. The closed-loop outputs and inputs under
the feedback controller are plotted in Figure 5.14 and Figure 5.15, and the signals
under the feedback plus feedforward controller are drawn in Figure 5.16 and Figure
5.17. From Figure 5.14 and Figure 5.16, it can be seen that under both predic-
tive controller, the errors of utilization are kept close to zero at steady state under
large current load step changes, which is the effect of the integral control action.
Furthermore, we compare the control results in terms of the mean and variance of
utilization, Ur and Var(uy), over closed-loop simulation. Under the feedback control
Ur = 0.8660 and Var(ug)= 0.0028; under the feedback plus feedforward control,
Ur = 0.8577 (which is closer to the utilization set point 0.85) and Var(uy)= 0.0027.
The results show that under the feedback plus feedforward control, the utilization
of the multirate SOFC system tracks the set point better. In other words, the

feedforward plus feedback control yields higher control performance.
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Figure 5.16: The SOFC output signals under feedback plus feedforward control
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Figure 5.17: The SOFC disturbance and control signals under feedback plus feed-
forward control

5.5 Conclusions

A data-driven predictive control including feedforward control has been discussed
for multirate systems. The multirate predictive strategy that can handle constraints
and optimize control performance has been developed via the subspace approach.
The proposed multirate predictive control is data-driven since it only requires a set
of input-output open-loop experimental data and the explicit parametric process
model is not needed. This algorithm is effective for multirate systems where some
measurements are difficult to sample in fast rates. The proposed algorithm was illus-
trated through a distillation column and an SOFC model which have been commonly
investigated in the literature. A multirate system where the outputs are sampled
with more than two sampling rates can also be handled within the framework, by

applying appropriate lifting.
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Chapter 6

Conclusions and Future Work

In this chapter, the main contributions of this thesis are summarized and some

suggestions for the future research are outlined.
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6.1 Conclusions

We have investigated the MVC problem for single-input single-output linear systems
sampled at different rates: fast, dual and slow rates. The minimum variance of the
fast sampled output was chosen as the control cost function. The MVC law was
directly applied to the design of the optimal controller for the fast-rate control
loop. Using the lifting technique, the dual-rate and the slow-rate control loops can
be unified under a common structural model. A discretization method preserving
the mean and auto-correlation of a continuous stochastic disturbance model was
developed. A novel linear matrix inequality approach was proposed and then was
used to derive the optimal controllers for the lifted dual-rate and slow-rate control
loops. It was theoretically proven that the performance of a dual-rate controller is
superior to that of a slow single rate controller but inferior to that of a fast single
rate controller in the sense of MVC.

We have derived a data-driven MVC and the MVC-benchmark variance estima-
tion has been discussed for dual-rate systems. A subspace input-output equation is
derived by the lifting technique to obtain a prediction model for multirate systems.
The multirate minimum variance controller is calculated from a set of input-output
open-loop experimental data and thus this approach is data-driven since it does
not need an explicit model. In parallel, the presented MVC-benchmark estimation
algorithm requires a set of open-loop experimental data plus a set of closed-loop
routine operating data.

Also, a predictive control strategy that can handle constraints and optimize con-
trol performance has been developed via the subspace approach. This algorithm is
validated by an SOFC simulation example that has been commonly investigated in
the dynamic SOFC modeling/control literature lately. The previous studies have
shown that control of SOFC is challenging due to the slow response and tight oper-
ation constraints. In this work, unlike model-based approaches, the proposed pre-
dictive controller is data-driven; thus it provides an alternative solution to SOFC
control problem. This is particularly effective for systems where an explicit dynamic
model is generally difficult to develop. Comparing with the previous data-driven

predictive control approach, the developed predictive controller can handle systems
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where only partial on-line outputs measurements are available.

The proposed data-driven predictive control has been extended to solution of
multirate problems. This solution is of importance when, for example, the fuel
utilization in the SOFC system may not be measured at the fast rate due to sensor
physical limits. The proposed data-driven multirate predictive control only requires
a set of input-output open-loop experimental data and an explicit lifted process

model is not needed.

6.2 Future work

e In this thesis, we proposed data-driven predictive control laws via subspace
approach for both single-rate and multirate systems. The problem of stability
of the subspace-based data-driven controllers is still open [13, 84]. Certain
terminal constraints can be introduced to achieve the closed-loop stability
when the model is an exact representation of the plant. However, in our
data-driven approach there is no explicit model used. Thus, considering the
terminal constraint without relying on an explicit model in order to prove the

closed-loop stability is one of the possible future directions.

e The previous study [14] has shown that the data-driven control laws approach
the LQG controllers when the prediction horizon goes to infinity. This fact has
also been verified by our simulation studies in Chapters 3 and 4. In addition,
the longer the prediction horizon, the greater the probability that the closed-
loop system is stable [13, 84]. However, simulation results in Chapter 4 have
shown that larger prediction horizons may also introduce larger prediction
errors. Thus, how to choose the prediction horizon is an interesting problem

to be studied.

e With the lifting technique we can transfor an LPTV system to an LTT system.
At the same time the input-output dimensions are enlarged considerably. If
a lifted system has an unmanageable dimension, we may not be able to im-
plement the developed data-driven optimal control and control performance
algorithms for the system owing to the memory limitation of the computer.

Hence, a following problem that needs to be considered is how to reduce the
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computation complexity for a high dimensional lifted system.

e To make the exposition simple and clear, a dual-rate system where the outputs
are fast sampled and inputs are slowly sampled is considered in this thesis.
The next step should be to extend the proposed data-driven MVC, predictive
control and control performance algorithms to general multirate systems. Note
that the casuality constraint may arise. This condition is induced by the fact
that the control signal can only be a function of present and past measurements
during the period. The causality constraint on a lifted controller K; means
that K, must be causal and the direct feedthrough term in K, denoted as
Dy, must satisfy certain causality constraint, i.e., Dg must be (block) lower-
triangular [10]. Hence, it would be interesting to study how to compute data-
driven optimal control laws, based on subspace matrices identified from open-

loop data, subject to casuality constraints.
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