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Chapter 1

Introduction and Motivation

1.1 Introduction of Subdivision Schemes

1.1.1 A Short Survey of Subdivision Surfaces

Subdivision is a method for generating smooth surfaces, which first appeared
as an extension of splines to control nets with arbitrary topology. It has
been studied for more than 20 years for representing complex surfaces, since
two well-known schemes were given by Catmull and Clark [4] (Catmull-Clark)
and Doo and Sabin [7] (Doo-Sabin) in 1978. During the period from 1978
to 1995, some new interesting subdivision schemes, such as Loop, Butterfly,
Modified Butterfly, Kobbelt and Midedge schemes, were proposed. Recently,
in order to have a better smoothness, many people are starting investigating
subdivision schemes such as ternary and quincunx schemes, with the hope that
the smoothness of the corresponding basis functions with other refinements

instead of the traditional dyadic refinement can achieve C? continuity.

Actually, the basic ideas behind subdivision are very old, and it can be

traced back as far as the late 40’s and early 50’s when G. de Rham used “corner
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cutting” to describe smooth curves. In recent years, subdivision schemes have
found their way into many applications in computer graphics and computer
aided geometric design (CAGD). One milestone has occurred when subdivi-
sion hit the big screen in Pixar’s short “Geri’s Game.” At Siggraph ’98, Pixar
unveiled a short animated film: Christened Geri’s Game, it was, to quote its
academy award press release, the “endearing tale of an aging codger who likes
to play chess in the park against himself.” Not only was it artistically stun-
ning, but it was also a technological powerhouse. In the last few years these
techniques have received more interest in the computer graphics literature be-
cause of many potential benefits of subdivision. Subdivision scheme deserves

further research, since it has a good prospect in many applications.

Subdivision surfaces are an efficient way of describing a surface using a
polygonal model. Like the polygonal model, the surface can be of any shape
and any size, that is of arbitrary topology. Unlike that polygonal model, the
surface itself is perfectly smooth. From the point of view of implementation,
starting with a base mesh Up, subdivision [22] is the process of obtaining a
smooth surface F as a limit of a sequence of successive refinement operation
Sa,m, Where a is the mask and M is the dilation matrix. Subdivision schemes
are similar to spline-based schemes [11] but are more general than spline-
based schemes because subdivision schemes can be defined for functions with
arbitrary topology. The iterative transform S, » is used to obtain a finer
level mesh representation U;,; of the surface from a coarse level mesh Uj
and is expressed as Uj1 = S, p(U;). Subdivision schemes allow one to take
the original polygonal model and produce an approximation of the surface
by adding new vertices and faces by subdividing the existing polygons. The
subdivision mesh can be as coarse or as detailed as your needs allow because

of the property of arbitrary topology.
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1.1.2 Some Notations

Mesh Type For an arbitrary initial mesh, if we keep applying subdivision
schemes on it, we will get the refined subdivision surfaces. However, the faces
of the mesh can be formed in different ways. For a regular mesh, in order to
have a symmetric property, it is natural to use faces that are identical. If,
in addition, we assume that the faces are regular polygons, it turns out that
there are only three ways to choose the face polygons: squares, equilateral
triangles and regular hexagons. In applications of computer graphics and
CAGD, hexagonal meshes are seldom used, because it is difficult to implement;
meanwhile triangular meshes and quadrilateral meshes are the most convenient

and widely used ones for practical purposes.

Regular and Extraordinary Each triangular mesh is made up of a
sequence of faces. There are altogether 3 vertices and 3 edges per face. An
edge has two vertices, but a vertex may have various valences. In terms of
the number of valences, there are two types of vertices: regular vertices and
extraordinary vertices. For triangular meshes, a vertex is a regular one if it has
6 valences, otherwise it is an extraordinary vertex; for quadrilateral meshes, a
vertex with 4 valences is a regular one. Here we have to determine whether a
vertex is a regular one or an extraordinary one, because we can apply regular
subdivision schemes on regular meshes, but we shall employ special subdivision

rules for extraordinary vertices, which will be discussed in detail in Chapter 4.

Vertex Insertion and Corner Cutting In CAGD there are two main
approaches that are used to generate a refined mesh: one is vertex insertion and
another is corner cutting. The schemes using the first method are often called
primal, and the schemes using the second method are called dual. Considering
the dyadic subdivision schemes, in the first case, each edge of a triangular or
quadrilateral mesh is split into two. Old vertices of the mesh are retained, and
new vertices inserted on edges are connected. For quadrilaterals, an additional

vertex is inserted for each face. In the second case of dual schemes, for each
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old face, a new similar face is created inside of it and the newly created faces
are connected. As a result, we get four new vertices for each old edge, and
a new face for each edge and each vertex. The old vertices are discarded.
Geometrically, one can think about this process as first cutting off the vertices,
and then cutting off the edges of a polyhedron. For quadrilateral meshes, this
can be done in such a way that the refined tiling has only quadrilateral faces.
For triangles, we can get only a hexagonal tiling. Thus, a regular corner-
cutting algorithm for triangles would have to alternate between triangular

and hexagonal meshes.

Odd and Even For vertex insertion (primal) schemes, the vertices of the
coarser mesh are also vertices of the refined mesh. For any subdivision level,
we call all new vertices that are created at that level, odd vertices. This term
comes from the one-dimensional case, while vertices of the control polygons
can be enumerated sequentially and on any level the newly inserted vertices
are assigned odd numbers. The vertices inherited from the previous level are

called even.

Interpolating and Approximating Any subdivision scheme can be
classified as interpolating subdivision or approximating subdivision. In ap-
proximating subdivision, the vertices at the current level are updated after
the new vertices are added at each new level, whereas in interpolating subdi-
vision, the existing vertices do not change as we introduce new vertices at each
new level. The new vertices introduced at each step are usually referred to as
the odd vertices and the old vertices are usually referred to as the even ver-
tices. The Loop subdivision scheme [26] and the butterfly subdivision scheme
[28] are two classical examples of approximating and interpolating subdivision
schemes, respectively. The modified butterfly subdivision scheme [31] is an

improvement over the original butterfly scheme.

Intuitively, the refined polygon meshes are obtained by adding new vertices

to the mesh and connecting them with old vertices, but the rules of connectivity
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Figure 1.1: Refinement of the subdivision surface.

are different for different schemes. The positions of new vertices are computed
as functions of positions of the old vertices; the positions of old vertices in the
refined mesh can be modified or fixed. Figure 1.1 shows a very simple example
of a subdivision surface for a triangular mesh, where the linear interpolating

subdivision scheme is used on a simple 2-dimensional mesh.

More complex subdivision schemes (rules) are often used to obtain a
smoother surface, for example, a subdivision surface with C? continuity. These
rules are based on more complicated principles such as compact support, effi-
cient algorithms and affine invariance. We shall discuss them in details in the

following chapters.

1.1.3 Properties of Subdivision Surfaces

Before delving into the details of how a subdivision scheme works, let’s have a
look at its properties by comparing it with other possible modelling approaches
for smooth surfaces: traditional splines, implicit surfaces, and variational sur-

faces [1].

Efficiency: In applications, computational cost is an important aspect of

a modelling method. Subdivision is easy to implement and is computationally
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efficient, since only a small number of neighboring old points (i.e. those with a
short support size) are used in the computation of the new points. On the other
hand, implicit surfaces, for example, are much more costly. An algorithm such
as marching cubes is required to generate the polygonal approximation needed
for rendering. Variational surfaces can be even worse: a global optimization

problem has to be solved each time the surface is changed.

Arbitrary topology: It is desirable to build surfaces of arbitrary topol-
ogy. Here, “arbitrary topology” means the topological genus of the mesh and
the associated surface can be arbitrary, and the structure of the graph formed
by the edges and vertices of the mesh can be arbitrary too. Specifically, each
vertex may be of an arbitrary degree. Classic spline approaches have great
difficulty with control meshes of arbitrary topology. When rectangular spline
patches are used in arbitrary control meshes, enforcing higher order continuity
at extraordinary vertices becomes difficult and considerably increases the com-
plexity of the representation. Although implicit surfaces can be of arbitrary
topological genus, the genus, precise location, and connectivity of a surface are
typically difficult to control. Variational surfaces can handle arbitrary topol-
ogy better than any other representation, but the computational cost can be
high. Subdivision on the other hand can handle arbitrary topology quite well
without losing efficiency; this is one of its key advantages over other modelling
approaches. Historically subdivision was brought forth when researchers were
looking for ways to address the arbitrary topology modelling challenge for

splines.

Surface features: Often it is desirable to control the shape and size of
features such as creases, grooves, or sharp edges. Variational surfaces provide
the most flexibility and exact control for creating features. Implicit surfaces,
on the other hand, are very difficult to control, since all modelling is performed
indirectly and there is much potential for undesirable interaction between dif-
ferent parts of the surface. Spline surfaces allow very precise control, but it is

computationally expensive and awkward to incorporate features, in particular
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if one wants to do so in arbitrary locations. Subdivision allows more flexi-
ble control than is possible with splines. In addition to choosing locations of
control points, one can manipulate the coefficients of subdivision to achieve

effects such as sharp creases or control the behavior of the boundary curves.

Complex geometry: For interactive applications, efficiency is of pri-
mary importance. Because subdivision is based on repeated refinement it is
quite straightforward to incorporate ideas such as level-of-detail rendering and
compression for the Internet. During interactive editing locally adaptive sub-
division can generate just enough refinement based on geometric criteria, for
example. For applications that only require the visualization of fixed geom-
etry, other representations, such as progressive meshes, are likely to be more

suitable.

1.2 Examples of Classical Subdivision Schemes

In order to well understand the basic ideas of subdivision schemes, we shall

briefly review some classical schemes in this section.

1.2.1 Classification of Subdivision Schemes

Based on three criteria, we can classify most of the regular subdivision schemes

as follows:

e The type of refinement rule (vertex insertion or corner-cutting);
e The type of generated mesh (triangular or quadrilateral);

e Whether the scheme is approximating or interpolating.

Two well-known corner-cutting schemes are: Doo-Sabin and Midedge.

7
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The following table shows refined classification of vertex insertion schemes:

- Triangular Meshes Quadrilateral Meshes

Approximating Loop Catmull-Clark

Interpolating | Modified Butterfly, ternary Kobbelt, ternary

The above classification and examples of subdivision schemes are only
suitable for regular vertices. Additional special rules have to be specified for

extraordinary vertices.

1.2.2 Some Known Subdivision Schemes

Loop Scheme The Loop scheme is a simple approximating vertex insertion
scheme for triangular meshes proposed by Charles Loop [26]. The scheme is
based on the three-directional box spline, which produces C?-continuous sur-
faces on the regular meshes. The Loop scheme produces surfaces that are
C?-continuous everywhere except at extraordinary vertices. Hoppe, DeRose,
Duchamp et al. [22] tried a piecewise C'-continuous extension of the Loop
scheme, with special rules defined for edges. Therefore the scheme can be ap-
plied to arbitrary polygonal meshes, after the mesh is converted to a triangular

mesh, for example, by triangulating each polygonal face.

Modified Butterfly Scheme The Butterfly scheme was proposed by
Dyn, Gregory and Levin in [10]. However, although the original Butterfly
scheme is defined on arbitrary triangular meshes, the limit surface is not C-
continuous at extraordinary points of valence k = 3 and k > 7 [33]. It is C!

on regular meshes.

Unlike approximating schemes based on splines, this scheme does not pro-
duce piecewise polynomial surfaces in the limiting case. In [35] a modification
of the Butterfly scheme was proposed, which guarantees that the scheme pro-

duces C*-continuous surfaces for arbitrary meshes (for a proof see [33]). The
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scheme is known to be C! but not C? on regular meshes.

Catmull-Clark Scheme The Catmull-Clark scheme was described in [4].
It is based on the tensor product bicubic spline. The scheme produces surfaces
that are C? everywhere except at extraordinary vertices, where they are C*.
The tangent plane continuity of the scheme was analyzed by Ball and Storry

[2], and C'-continuity by Peters and Reif [31].

The rules of Catmull-Clark scheme are defined for meshes with quadrilat-
eral faces. Arbitrary polygonal meshes can be reduced to quadrilateral meshes

using a more general form of Catmull-Clark rules [4].

Kobbelt Scheme This is an interpolating scheme and was described by
Kobbelt in [11]. For regular meshes, it reduces to the tensor product of the
four point scheme. C'-continuity of this scheme for interior vertices for all
valences is proven in [34]. Crucial for the construction of this scheme is the
observation (valid for any tensor-product scheme) that the face control points
can be computed in two steps: first, all edge control points are computed.
Next, face vertices are computed using the “edge rule” applied to a sequence

of edge control points at the same level.

1.3 Motivation

For evaluating a subdivision scheme, one criterion is to see whether or not the
refined surfaces have good smoothness, which is determined by the continuity
of the surfaces. In general, the basis functions of subdivision schemes are
required to be at least C?, otherwise the curvature of the generated subdivision

surfaces which are refined from the initial mesh would be discontinuous.

It is well known that in order to have a smoother subdivision surface, it is
necessary for a basis function in a subdivision scheme to enlarge the support

of its associated mask. This is almost equivalent to saying that lager support

9
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size of the mask implies a smoother surface. On the other hand, once the sten-
cil contains one or more extraordinary vertices the subdivision scheme will be
totally different, since the topology is different. Therefore, from the point of
view of implementation and computation (especially the computational cost),
we have to reduce the probability of using special subdivision rules for extraor-
dinary vertices. Thus in the application of CAGD, it is strongly suggested that
the associated subdivision stencils should be restricted within no more than
two-ring neighboring vertices, which is almost equivalent to saying that its
mask should have a very short support. Consequently we can say that high
smoothness of a basis function in a subdivision scheme and the shortness of the
support size of its mask are two mutually conflicting requirements. For exam-
ple, it was proved in [12] that there is no C? interpolatory dyadic subdivision
scheme whose mask can be supported on [—3, 3]* (that is, it has two-ring sten-
cils). As a consequence, the butterfly scheme [10], which is an interpolatory

dyadic subdivision scheme with two-ring stencils, cannot be a C? scheme.

Since the support size of the mask is suggested to be no more than two
rings, it is worthwhile to analyze some properties of subdivision schemes in
order to achieve continuity of the curvature in a subdivision surface. Hence,
in recent years, quite a few researchers have been actively tackling issues in
the area of interpolatory ternary subdivision surfaces, and several works have
been done on these corresponding subdivision schemes due to the expected
at least C? continuity. For example, in the one-dimensional case, C? inter-
polatory ternary subdivision scheme with two-ring stencils have been studied
and obtained in [21]. Some examples of two-dimensional interpolatory ternary
subdivision schemes have been proposed in [19, 6, 17]. In particular, several ex-
amples of two-dimensional C? interpolatory ternary subdivision schemes have
been obtained in [19]. The goal of this thesis is to generalize the results in [19]
on ternary interpolatory subdivision schemes, and to investigate the smoothest
optimal interpolatory dilation 4 subdivision schemes with two-ring stencils in

one and two dimensions for both triangular meshes and quadrilateral meshes.

10
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Although the smoothness of the basis function of our new interpolatory
subdivision scheme can achieve log, 24(~s 2.29248, which is better than 2), the
scheme is only for regular meshes. In order to apply these schemes to an initial
mesh with an arbitrary topology, we shall attempt to find reasonable special
rules for extraordinary vertices to have a C* continuity around extraordinary
vertices, otherwise they will lead to a coarse visual quality on the local sur-
face around extraordinary vertices. By analyzing the subdivision matrix and
its eigenvalues, we can figure out suitable subdivision stencils for extraordi-
nary vertices. Therefore we have at least C'-continuity around extraordinary

vertices.

1.4 Analysis of Subdivision Triplets

In this section, we shall discuss the idea of subdivision triplets which can com-
pletely determine a subdivision scheme in any dimension. We shall also discuss
two important quantities which will be used in estimating the smoothness of

the basis function of a subdivision triplet.

1.4.1 Definition of Subdivision Triplets

The notion of subdivision triplets has been introduced in [17]. In this section,
let us recall the definition of subdivision triplets here. We say that G is a
symmetry group on Z° if each element E € G is an isomorphism on Z° (i.e.
F is an integer matrix with |detE| = 1) and G forms a group under matrix

multiplication.

Definition 1.1. ¢ is a refinable function if ¢ satisfies the following refinement

equation

(L.1) b= al@)é(M - —a),

aEZs

11
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where {a(a)}nezs is a finitely supported sequence on Z° such that ) ;. a(a) =

|detM|. Such a sequence a is called a mask for the refinable function ¢.

Any subdivision scheme can be completely determined by a unique triplet
(a, M, G), where a is a mask giving all the subdivision stencils, M is a dilation
matrix determining the refinement of the mesh, and G is a symmetry group on
Z# distinguishing the mesh type (see [17]). The two commonly used meshes:
quadrilateral meshes and triangular meshes are invariant under the symmetry

groups D4 and Dg, respectively, which are defined to be

R R Aty
] I R A 8 i

A V2 subdivision scheme is given by a triplet (a, M s5,Dy), a V3 sub-

division scheme is given by (a, M s, Dg), a ternary subdivision scheme is ei-

ther (a,312, Dy4) or (a,31, D), and a dilation-4 subdivision scheme is either
(a,4I, D4) or (a,41ls, Dg) for the quadrilateral mesh and the triangular mesh,

respectively, where a is a mask and

w2 o
VET D ) YT e g P o 1l

In this thesis, for simplicity, we only consider the dilation matrices M =
ml, case, where m is an integer such that m > 1. In the setting of CAGD,

this kind of subdivision schemes are also called m-adic subdivision schemes.

It is difficult to have a global coordinate system on a general mesh because
there are corresponding connectivities between certain vertices, which are also

called edges. Clearly, different edge has different direction, therefore it is much

12
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complicated to identify the directions in R® in implementation. In order to
overcome such difficulty, we require that the stencils satisfy a symmetric prop-
erty in a subdivision scheme. This is equivalent to saying that a subdivision
scheme is a subdivision triplet (a, M, G) (see [17]) that satisfies the following

two conditions:

1. The mask a is G-symmetric:

(1.2) a(EB) = a(B) VBeZ and E €G;

2. G is a symmetry group with respect to the dilation matrix M (see [14]);

that is, G is a symmetry group on Z° such that

(1.3) MEM™'eG forall E€G.

When M = ml;, the condition in (1.3) is automatically satisfied. The
basis function ¢ of a subdivision triplet (a, ml, G) is a unique solution to the
refinement equation:

(1.4) ¢p=> a@)¢(m-—p) with  $0)=1,

pezs
where the Fourier transform is defined to be f(£) := Je f@)e™™8 dz, € € R,
Since (a, ml;, G) is a subdivision triplet, it is easy to see that ¢(E-) = ¢ for
all E € G. In fact, ¢ is given by $(&) = [1;2,[m " a(m¢)], where d is the
Fourier series of the sequence a and is defined to be

(1.5) a€) = > a(@e P, £eRe

BeZs

By #o(Z*) we denote the space of all finitely supported sequences on Z°.
For a subdivision triplet (a, mI;, G), the subdivision operator S, 1, : Lo(Z°) —
20(Z°) is defined to be

(1.6) [Samrul(@) =" ala—mBlu(B),  a€L, ucb(Z).

BEZS

13
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Since (a,mls, @) is a subdivision triplet, it is easy to check that if u €
£(Z®) is G-symmetric, then S, u is also G-symmetric. The subdivision
operator S, 7, plays an important role in CAGD. Let II; denote the space
of all polynomials of total degree at most k. In general, one requires that a
subdivision scheme can reproduce some polynomial space Il for some integer
k; in other words, the mask a satisfies the sum rules of order k+ 1 ([24]) with
respect to the lattice mZ°®, that is,

(L) > ala+Bpla+p) = Y aB)pB) VaeZ pell

Bsemzs gemzs

We say that (a, ml, G) is an interpolatory subdivision triplet if (a, mI;, G)
is a subdivision triplet and a is an interpolatory mask with respect to the lattice

mZ?®, that is,

(1.8) a(0)=1 and a(mB)=0 VG eZ\{0}.

It is easy to see that if (a, m[,, G) is an interpolatory subdivision triplet,
then [Somrul(mB) = u(B) for all 8 € Z* and u € £,(Z°%).

Now we see that in order to compute the value of f! at the point m=1y,
the stencil is given by (a(y — mf))gezs; that is, the stencil is given by (a.(8 —
m~v))gezs, where a.(8) = a(—mp3), 3 € m1Zs.

1.4.2 Convergence and Smoothness Properties

In this subsection, we shall discuss convergence and smoothness properties
of subdivision triplets, in particular, of interpolatory subdivision triplets. In
order to do so, let us first introduce some notation and recall some results from

the literature, in particular, from Han and Jia [18].

We denote by £,(Z°) the linear space of all sequences u on Z* such that

(ulle,ze) == ( Z ]u(5)|p> e < 00.
B

€z

14
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For any a € Z°, we denote by 4, the sequence on Z° such that §,(a) =1
and §,(B) = 0 for all § € Z*\{a}. In particular, 6 := . The convolution of

two sequences is defined to be

[uxv](a) = Z u(Bv(a — B), u,v € Lo(Z°).

BEZ®

Clearly, % v = 40. For a finitely supported sequence a on Z*, we define

the following quantity:

(1.9) pla,mls,p,u) = 7}1_{20 b= | (’}’mfsé]”Z?Zs), 1 <p<oo,u € by(Z°).

For o € Z° and t € R?®, we define
(1.10) Vovi=v—v(-—a), V.f:=f—f(-—1), v € L(ZF), f € L,(R®).
Denote No := NU{0}. For p1 = (pua, ..., ps) € N§, || = |pa| 4 - + |s
and V# := V£ ... Vi, where ¢; is the jth coordinate unit vector in R®.

Note that
VEy = [VF§] * v,
and
VEf = [VE]x f =Y [VHS)(B)f (- — )

Bezs

The partial derivative of a differentiable function f with respect to the jth
coordinate is denoted by 8, f. For = (p1, ..., ps), we denote ¥ 1= O - - - OFs.

If a mask a satisfies the sum rules of order £ but not k£ + 1, then for

1 < p < oo, we define (see [14, 16]) the following quantity:

vp(a, mly) = s/p — log,, max{p(a, mis,p, V*3) : |u| = k}.

The following result has been established in [19]:

15
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Theorem 1.1. ([19, Theorem 2.1]) Let (a,ml,,G) be a subdivision triplet
and let ¢ denote its basis function. Then for any nonnegative integer k, the

following statements are equivalent:

1. veola,mls) > k;
2. For every compactly supported function f € C¥(R®) such that
(111)  f(0)=1 and 0*f(2nB)=0 Y |ul <k B€Z\{0},

the cascade sequence Q7 ,.; f is a Cauchy sequence in C*(R?) (in fact,
iy o0 | @ 1, f — Pllckmey = 0), where the cascade operator Qqmr, :

C(R®) — C(R?) is defined to be

(1.12) Qamrf =Y a(B)f(m-—B),  feC®);

ez
3. The basis function ¢ € C*(R®) and

(1.13) lim [|m™ V(87,1 0]() — [0*@l(m ™ Mz =0 ¥ |ul=k;

4. For every sequence u € £y(Z°), there exists a function g € C*(R®) such
that

(1.14)  Lim [lm"WI[VHSE () = [8#9)(m ™) lewa(ze) = OV [l < k.

n—

For any 0 < v < 1 and a function f € L,(R®), we say that f belongs to
the Lipschitz space Lip(v, L,(R®)) if there exists a positive constant C such

that
N = fC=Dl@ey <Ot VieR:.

The L, smoothness of a function f € L,(R®) is measured by its L, critical

smoothness exponent v,(f) which is defined by
vp(f) =sup{n+v : 8"f e Lip(y, L,(R®%)) V|ul=n}.

16
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For the basis function ¢ of any subdivision triplet (a, mIs, G), one always
has v,(¢) = vy(a,ml;). A function f is an interpolatory function if f is a

continuous function such that f(5) = §(0) for all g € Z°.
The following result is known in the literature (e.g., see [14, 16, 18]).

Theorem 1.2. ([14, Theorem 8.1]) Let (a,mls, G) be an interpolatory sub-
division triplet and ¢ denote its basis function. Then ¢ is an interpolatory
function if and only if veo(a,ml;) > 0. Moreover, if v(a,mls) > 0, then
vp(¢) = vp(a, mls) for all1 < p < oo.

The ¢,-norm joint spectral radius has been introduced in Jia [23]. The
quantity p(a, mls, p,u) in (1.9) can be rewritten using the £,-norm joint spec-
tral radius. Let T be a finite collection of linear operators acting on a finite-
dimensional normed vector space V. For a positive integer n, we denote

T ={(T1,...,Ty) : T1,...,T, € T} and we define

175 == Z Ty - - TP, 1<p< o
(T4, To) €T
and
[T oo == max{[|Ty - - To|l : (T1,...,Tn) € T},
where || - || denotes some operator norm.

For 1 < p < oo, the ,-norm joint spectral radius of T (see [18, 23]) is
defined to be

(1.15) pu(T) = Jim [THL/" = imf |77

Let T' == [0,m — 1]° N Z*. To relate the quantity p(a, mls,p,u) to the

¢,-norm joint spectral radius, we introduce T,y € I" on 4,(Z*) by

(1.16) Toqv(e) == Z a{ma — B+ v)v(f), v € U(Z°),a e’
BeZs

17
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It was proved in [18, Lemma 2.3] that if ¢ is finitely supported, then
for any finitely supported sequence u on Z*, there exists a finite dimensional
subspace V' (u) of £y(Z*) such that V(u) contains u and V(u) is the smallest
subspace of £3(Z°) which is invariant under the operators T, .,, v € I'. We call
such V(u) the minimal {7, , : v € I'} invariant subspace generated by u.

Let T:= {T,4y|lvw) : 7 €T}, where V(u) is the minimal {7, : v € T}
invariant subspace generated by w. Then it is known ([18]) that
(L17)  pla,mIy,p,u) = lim [lus [S7, 00l = £p(T) = nf T7{/"

The following result is useful in calculating the quantity p(a, ml, p,u) in
(1.9) and is given in [19].
Theorem 1.3. ([19, Theorem 2.3]) Let a be a finitely supported mask on Z°.
If

(L18) a(e) = 47

PG b(¢) for finitely supported sequences b and ¢ on Z°,

such that ¢(m&)/é(€) is a 2m-periodic trigonometric polynomial, then for any

1< p< oo and u € (7%,

pla,mls,p,u*c):= lim ||u*xcx[S} ol ]“;/?ZS

(119) n. 1/n
= n1—1——>nolo ”U * [Sb’m_[ ]HZ o (Z5) = (b, mIsapa ’LL)

Since the support of the sequence b is smaller than that of the sequence a, it
is relatively simpler to compute the quantity p(b, mIy, oo, d) than the quantity
pla,mls,p,d). The following result provides a reasonable and convenient way

for estimating the quantity p(b, ml,, 00, d):

Theorem 1.4. (19, Theorem 2.4]) Let b be a finitely supported sequence on

Z°. Then
(1.20)
1/n
p(b,mi; 00,0) = hm HSmes&Heoo(Zs) = }Llélf\l (géa%ﬂzzj |S£m155(a+mnﬁ)|>
e 8
18
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Chapter 2

One-dimensional Interpolatory
Subdivision Schemes with

Dilation Factor 4

In this chapter, we shall investigate optimal one-dimensional interpolatory
subdivision triplets (a, 4, {—1,1}) with two-ring stencils. Then we discuss the
smoothness property of the basis function associated with the mask a and
figure out the corresponding parameters which yield the smoothest subdivi-
sion scheme. Then we shall discuss the projection method for the optimal

multidimensional interpolatory subdivision schemes with two-ring stencils.

2.1 Optimal One-dimensional Interpolatory Sub-

division Schemes

For the sake of convenience, in the following sections, by 4-adic subdivision
schemes we denote the schemes with dilation factor 4. This new 4-adic subdi-

vision scheme is a primal interpolatory subdivision scheme which adds three

19
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new vertices on each edge, and reconnects them sequentially, that is to split

one edge into four edges and make the curve smoother.

2.1.1 The Optimal Subdivision Scheme

For one-dimensional interpolatory 4-adic subdivision schemes with two-ring

stencils, we have the following result.

Theorem 2.1. Let (a,4,{—1,1}) be a one-dimensional interpolatory 4-adic
subdivision triplet such that the mask a is supported on [—7,7| (that is, all
its subdivision stencils have two-ring neighboring vertices). Then vy(a,4) <
log, 24. Moreover, vy (a,4) = log, 24 if and only if a must be the unique mask
ab®st which is given by
- a’b\est(@ :IéieSiE(l e 7 4 BiE)3

(—5e™ + 3" + 8+ 87 + 3e7H — 5,

or equivalently, the mask a®* is supported on [~7,7] and is given by

95 1 13015955 95 9 15 13 1 o
1927 167 192" 77 64’ 16’ 64’ 77 64’ 16° 64’ 7 1927 16’ 192

Proof. Since the mask a is an interpolatory mask with support [—7, 7], by (1.8)

we have,
a(0) =1 and  a(—4) =a(4) =0.

Since the mask a is {—1, 1}-symmetric, it must take the following form:

[Cﬁa CS, C4a 07 03’ C?y Cl; ]-v Cla C27 O3> 07 047 CYE’); 06]

Note that subdivision stencils come from the mask a. So we must have

Ci1+C3+Cy+Cg =1,

(2.2)
202 + 2C5 =1,

20
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Moreover, suppose that v(a,4) > log, 24 =~ 2.29248. Then the mask a
must satisfy the sum rules of order at least 3 with respect to the lattice 47
(see [24]). By the definition of the sum rules given by (1.7) with k = 2, we

have the following equations, for all o € Z,

(2:3) D ale+8) =7 a(p)=1,
BeAZ pedZ
(2.4) > ala+B)(a+p) = aB)b,
BedZ BedZ
(2.5) Y ala+B)(a+B)’ =Y aB)s
BedZ BedZ

By calculation, we see that (2.3) becomes (2.2). And (2.4) is equivalent

to the following equation:
(2.6) Cy—C3+4+5Cy —7Cg =0,

and (2.5) is equivalent to

Cy +9Cs =0,

(2.7)
C1 + 9C5 + 25C, + 49C = 0.

Then by solving the system of linear equations in (2.2), (2.6) and (2.7), we
can figure out 5 parameters by leaving just one free parameter there. For ex-
ample, we can choose Cy as our free parameter to express all other parameters.
Let Cg = t, we have:

15 9 5} 3 1
Cr=3t+ 1o Cr=1p Cs= -3t o5, Ci=~t— =, Ci= 1

Consequently, we have

8(6) =(3t + 2)(¢f + e7€) 1 - (62 4 ¢~%E) _ (3¢ — 2 )5 4 &%)

16 16
3 . ) 1 ) . ) )
. (t+ _é_é_)(em{ + 6——5'L§) . _1_6(6625 + e—-ﬁzf) 4 t(e7z£ 4 e——?uf) + 1.
21
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In order to facilitate our analysis later, we rewrite () in the following

form:
(2.8) a(g) = €€ (1 + 7% + e 4 ¢ HE)3B(E)
with
B(E) et 2 L\ e 3 3 )it
(&) :=te® — (Bt + —=)e* + (2t + =) + (2t + = )e
— (3t + —)e™ % e,

16

Since the mask a satisfies the sum rules of order 3, in order to compute
the quantity ve(a,4), we have to compute p(a,4, 00, V3§). By Theorem 1.3

we have
pla, 4,00, V38) = p(b, 4, 00,d).

Consequently, in order to compute the quantity v (a, 4), we have to com-
pute p(b, 4, 00,4). In the following, we shall use £y-norm joint spectral radius
to find a lower bound for p(b,4, c0,d) and use Theorem 1.4 to find an upper
bound for p(b, 4, 00, ).

Let Tp,v = —1,0,1,2 be the linear operators defined in (1.16) with
m = 4. Since the mask a is supported on [~7, 7], it is easy to check that
the linear space £([—1,1]) is {T, : v = —1,0,1,2}-invariant, for example,
take v = 0, we have
b(—4), ifa=-1,
Ty000(cx) = Zb(éla — B)do(8) = b(dar) = 4 b(0), ifa=0,
BEZ
b(4), if o =1.

So
T57050 - b('—‘4)5,_1 -+ b(O)(SO + b(4)51
Similarly, we have

Th06_1 = b(—3)6_1 + b(1)de + b(5)dy,

22
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and
Tb,051 = b("“5)5_1 + b(“l)é{) -+ b(3)51

AN Ty 68,8 = —1,0, 1 are linear combinations of {6_1, dp, d1}. So £([-1,1])

is an invariant subspace under all operators T3 ;v = —1, 0, 1, 2.

Their matrix representations H.,, under the standard basis {5_1, dp, 61 } of
e([_—la 1])’ are H"/ = (b(4k~]+7))—1§3,k$1 for”)/ = —1, 07 17 2. SO’ p<ba 47 00, 5) =
poo({H—la HO; H17 HQ})7 where

(2.10)
0 2t+3/32 0 0 2t+3/32 0
H.,=10 —-3t-1/16 t , Ho= |0 2t+3/32 0f,
0 t -3t —1/16 0 —3t—1/16 t
t -3t—1/16 0 ~3t—1/16 t 0
Hy =10 2t+3/32 0f, Hy = t ~3t—1/16 0
0 2t+3/32 0 0 20+3/32 0

It is easy to see that {0, —2t — 1/16, —4¢t — 1/16}, {0, ¢, 2t + 3/32},
{0, t, 2t +3/32} and {0, -2t — 1/16, —4¢ — 1/16} are eigenvalues of H_;,
Hy, Hy and H,, respectively.

Consequently, we have the following inequality

P(ba 4, 00, 5) = poo({H_1, Ho, Hy, HQ}) > max{p(H_l), p(HO)a p(H1>, p(H2)}'

In order to find out the maximum value, we sketch the graphs of [¢], |2t +

3/32|, |2t + 1/16| and |4t + 1/16|, as shown in Figure 2.1.

It is easy to check that the maximum value is determined by intersection
points of the line |2¢ + 3/32| and the line |4t + 1/16|. The enlarged figure is
shown in Figure 2.2. Thus

p(b,4,00,8) = max{|2¢t +2/32|, |4t + 1/16|} > 1/24,

23
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Figure 2.1: Find out the optimal parameter of “t”.

where the equal sign in the last inequality holds if and only if t = —5/192.
By Theorem 1.3, we have

p(a, 4,00, V2 8) = p(b,4,00,8) > 1/24.
el

Therefore, we conclude that

Voo (a,4) = —log, p(a, 4, 00, V2 8) = —log, p(b, 4, 00, 8) < log, 24.

On the other hand, by (2.10), we have

p(bv 4’ 00, 5) < max{“H"“:lHZoo,l’ “H()Hfoo,u HHIHZDQ,M “H2“loo,1}
< max{|2t + 3/32|, |3t + 1/16] + |¢|}.

where || - ||, is & matrix norm which is defined to be
J
1t )1<ist, 1< e = 112%21 |ti;l-
J:
24
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Figure 2.2: The calculation of free parameter “t”.

Or, by Theorem 1.4, we have

p(b,4,00,8) < rélgicz |b(a + 45)| < max{|2¢t + 3/32]|,|3¢ + 1/16| + [¢]}.
BEZ

Therefore, we have

max{|2¢ + 3/32|, |4t + 1/16]} < p(b, 4, 00, §)

(2.11)
< max{|2t + 3/32|, |3t + 1/16] + |¢|}.

When t = —5/192, the above inequalities yield that p(b, 4, 0o, d) = 1/24.
Therefore, we conclude that ve,(a® 4) = —log, p(b,4,00,8) = log, 24. [

Therefore, for our one dimensional 4-adic interpolatory subdivision schemes,
we have shown that the quantity v (e, 4) have a bigger upper bound than
that of other dyadic and ternary schemes. That is almost equivalent to saying

that 4-adic may generate smoother curves. Moreover, we figured out the best
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mask a such that the quantity v (a, 4) can achieve its upper bound. That is

reason why we call the mask a the best mask.

2.1.2 Smoothness of 4-adic Interpolatory Subdivision

Schemes

More precisely, we have the following result on subdivision triplet (a, 4, {—1, 1})

with two-ring stencils.

Theorem 2.2. Let (a,4,{—1,1}) be an interpolatory subdivision triplet such
that the mask a is supported on [—7,7] and satisfies the sum rules of order 3.

Then the mask a must be given by
a(§) = (1 + e7 + e7%E 4 eTHE)P(¢)
with
b(€) =t e¥ — (3t + 1/16)e™ + (2t + 3/32) + (2t + 3/32)e™%

— (3t +1/16)e™ %8 + te 3¢,

Moreover, we have

—log,(—4t —1/16),  ift< —5/192,
Voo(a; 4) = { —log, (2t + 3/32), if —5/192 < t < 1/64,
—log, (4t + 1/16), ift > 1/64.

In particular, the subdivision triplet is C* if and only if —1/32 < t <
—1/16.

Proof. By the proof of Theorem 2.1, we see that (2.11) holds. By a simple
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Figure 2.3: Graph of |2t + 3/32|, |4t + 1/16| and |3t + 1/16] + |¢|.
calculation, we observe that

max{|2t + 3/32], |4t + 1/16]} = max{|2t + 3/32|, |3t + 1/16] + |t|}
—4t —1/16,  if t < —5/192,
= { 2t + 3/32, if —5/192 < t < 1/64,
4t +1/16, ift>1/64.

See Figure 2.3 for more details about the above identities.

Therefore, the claim follows directly from (2.11) and

VOO(aa 4) = 10g4 p(b7 4, 00, 5)

We are done.
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© e ©

0 1 0
stencil for "inherited" point

© & i © o
-13/192 55/64 15/64 -5/192

stencil for "1/4 * point

o © e © =)
-1/16 9/16 9/16 -1/16
stencil for "1/2" point

o o e & o
~5/192 15/64 55/64 -13/192

stencil for "3/4" point

Figure 2.4: Associated subdivision stencils for the best interpolatory 4-adic
subdivision scheme. By the symbol “A” we denote the new inserted vertex,

and the symbol “o” denotes vertices at the previous level.

2.1.3 Associated Subdivision Stencils

Once we find the optimal mask of the 4-adic interpolatory subdivision scheme,
we can start to generate subdivision curves. But the mask cannot be employed
directly, we must figure out the stencils from the mask. For one-dimensional
case, it is relatively easy to get it. Let § € Z/mZ, {a(y) : v = B+ ma,a € Z}
is a stencil for a certain 3, where m is the dilation factor. Thus for § =

0, ..., m— 1, we have m different stencils.

In our interpolatory 4-adic subdivision scheme case in Section 1, we need
insert three new vertices on each edge, we call them “1/4” vertex, “1/2” vertex
and “3/4” vertex, respectively. Intuitively, we should figure out three stencils
for these three new vertices, and one stencil for the “inherited” vertices. Since
this scheme belongs to interpolatory schemes, those “inherited” vertices will
definitely remain unchanged. Naturally, the stencil for “inherited” vertices

must be [0, 1, 0].
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In terms of the symmetric property, we found that, for “1/4 vertex” and
“3/4 vertex”, the stencils are almost the same, the only difference is the order.
Therefore we can treat the stencil for “3/4 vertex” as a flip of that of “1/4
vertex”. Thus we actually only need to figure out two subdivision stencils. All
the details of the associated subdivision stencils are given in Figure 2.3. It is
quite interesting to note that the subdivision stencil for the “1/2 vertex” is
the same subdivision stencil derived from the well-known 4-point interpolatory

scheme.

2.2 Projection Method for Multi-dimensional
Subdivision Triplets

For a sequence a on Z°, we define a new sequence Pa via the projection
operator P : £y(Z°) — €o(Z) as follows:
(2.12) [Pa)(j):= > a(j,8), JEL

gezs-1

Now we have the following result on optimal multidimensional interpola-

tory 4-adic subdivision triplets with two-ring stencils.

Theorem 2.3. Let (a,41;,{I;,—Is}) be an interpolatory subdivision triplet
such that the mask o is supported on [—7,7)°. Then vy(a,4) < log, 24. More-
over, if Veo(a,4l,) = log, 24, then the projected mask 4'7°Pa must be the

unique mask a** defined in (2.1).

Proof. Suppose that v..(a,4ls) > log, 24. Then a must satisfy the sum rules
of order at least 3. Let Pa be the one-dimensional sequence defined in (2.12).

Then by [13, 15], Pa must satisfy the sum rules of order at least 3.

For the convenience of the reader, we provide a proof here for the fact that

41=% Pq is an interpolatory mask and satisfies the sum rules of order 3.
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Since a is an interpolatory mask and satisfies the sum rules of order at

least 3, we must have
(2.13) a(0)=1 and a{dp)=0 V[ e2z°\{0},

and

(214) ) ala+4B8)(a+48) = a(dB)(4B) YaeZ, |u| <2

pezs BeZ®

Obviously, by (2.13), we must have

> a4y =6(n)  VpeN;.

gezs
Therefore, (2.14) becomes

D ala+4B)(a+4P) =6(n) YaeZ, |y <2

Bezs
That is,

Z Z a(aq + 461, az + 402)(oq + 46:1)" (a0 + 40:)12
(2.15) ez peze?

= 5(/11)(5(#,2) Vo €Z, ay € Zs—l, w1 € Ny, us € Ng—l.

On the other hand, by the definition of the projected mask Pa, we have

> [Pal(ar +48) s +48)" = Y Y alon + 461, Bo) (0 + 45

€L BiEZ Bocts— 1

= Z Z Z a(ay + 401, o + 406:) (o + 45)"

B€Z 0pe{0,1,2,3}571 PocZs—1

= Z Z Z C¥1 -+ 4ﬁ1, Qo + 4,62)(051 + 461)

02€{0,1,2,3}s~1 B1€Z BocZs—1

Now by (2.13), it follows from the above identity that

Y [Pd(oa+4B) (0 +4B) = D S(uy) = 47 (w), =012

B1€Z a€{0,1,2,3}5-1
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So,

(2.16) >[4 Pal(on + 4B:)(0q + 48)" = 6(p1) ¥ p =0,1,2.
/el
Therefore, 4!7%Pa satisfies the sum rules of order 3 with respect to the
lattice 47Z.
Note that the mask a is supported on [—7, 7]*. Therefore the mask 4!~ Pa
must be supported on [—7, 7]. Taking a; = 0 in (2.16), we conclude that

Z [4175 Pa)(461) (480)" = 6(ua) Y =0,1,2.

Bi=—1

Putting the above equations into a matrix form, we have

1 1 1] |[4-*P](—4) 1
~4 0 4| | [P0 | =0
16 0 16| | [4'*PR,)(4) 0

By solving the above system of linear equations, we must have the follow-

ing unique solution:

[4175P,](—4) = [4"°P,)(4) =0 and [4°P](0) = 1.

Therefore, 4!7*P, must be an interpolatory mask with respect to the lat-
tice 47Z.
Now by [13, Theorem 2.5] and Theorem 2.1, we must have vy(a,4/,) <

Voo(4175Pa, 4) < log, 24. When vy (a, 41,) = log, 24, we must have v, (41 7% Pa, 4) =

log, 24. Therefore, by the uniqueness of the mask a® in (2.1), we conclude

that 4175 Pg = qgbest, O
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Chapter 3

Two-dimensional Interpolatory
Four-adic Subdivision Schemes

with Two-ring Stencils

In this chapter we shall present some examples of two-dimensional interpola-
tory subdivision triplets (a, 415, G) with two-ring stencils for both the regular
triangular mesh (G = Dg) and the regular quadrilateral mesh (G = Dy).
Moreover, for these subdivision triplets, we shall investigate the smoothest
subdivision triplets such that the quantity v.(a,41l5) can achieve its upper
bound log, 24(~ 2.29248), which provides us a better smoothness than C?

and is the best possible smoothness.

3.1 Subdivision Schemes for the Regular Tri-

angular Mesh

Let us first consider subdivision triplets (a, 4ls, Dg) for the regular triangular

mesh. Since we only discuss the schemes with two-ring stencils, the interpola-
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tory mask a must be supported on [~7, 7]2. The following subsections describe
a way how we figure out the optimal subdivision triplets such that the quantity

Veo(a,415) can achieve its upper bound.

3.1.1 Computing the b Sequence

For subdivision triplets (a, 415, Dg) with two-ring stencils, since the support of
the mask a is [-7, 72, it is relatively difficult to compute the important quan-
tity p(a, 41, 00, V#§), where p = (3,0), (2,1), (1,2), (0,3). By Theorem 1.3,
we are expecting to figure out another sequence b and compute the quantity
of p(b,415,00,9) instead of p(a, 4, oo, V#§), where the support of b is much
shorter than that of a. In order to facilitate our analysis, we require that the

mask a should take the following form:
(&1, 6) =(1 + 7% 4 e720 4 o=31) (] 4 o7i2 | o= % | o3It

3.1
(3:1) x (1 + eflite) 4 2ilti+ee) o 3ilet+e))p(e, ¢,).

Since the product of the first three terms on the right-hand side of (3.1)
is supported on [—3,3]%, it is easy to see that the support of sequence b is
[—4, 4]2. The sequence b must be Dg-symmetric, and therefore the sequence b

takes the following form:

0
0 0 0 Cy C5 Cq Csg Cs Cs
0 0 Cy Cg C3 Cy C3 Cq Co
0 Cs Co Cy Cy Cy Cy Cg Ch

Cs Cg Cy Cy Cy Cy Cg Cg 0
Co C¢ C3 Cy C3 Cg Cy 0
08 C 5 C 6 C 6 C 5 C. 8 ] 0
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For the subdivision triplet (a, 475, Dg), the interpolatory mask a is required

to satisfy the following requirements:

(i) The mask a is an interpolatory mask with respect to the lattice 422

a(0)=1 and a(48)=0 Vp3eZ*\{0}).

(ii) The mask a satisfies the sum rules of order 3 with respect to the lattice

472

(3.3) Z ala+ )= Z a(8), aeZ?

Bedz? Bedz?

(34) Y ala+pf)(a+B)y = > aB)p’, w=(1,0),(0,1),ac 7

Bedz? Bedz?

and

> ala+B)a+ )= > aB)p”,

(3,5) Bedz2 Beaz?
p=(2,0),(1,1),(0,2),a € Z*.

(iii) The projected mask 47! Pa must be equal to the unique best mask a®®**
given in (2.1), that is:

_5 1 13 159 5% 55 9 15 18 1 5
1927 167 1927 77 647 167 64" 7 64’ 16’ 647 7 1927 16’ 192’

Since a has the following factor
(1 +e-—’i§1 +€H2i€1 +6—3i€1)(1 + 6*7:52 _‘__6“27;52 _}_e”3i§2)’

the mask a automatically satisfies sum rule of order 1 in (3.3). Consequently,
the mask a satisfies the sum rules of order 2 in (3.4) because of the symmetric

property of the mask a.

Since ) 5ez2 a(8) = 16, we must have ) 5 . b(6) = C1 + 6C; + 6C3 +
6C, + 6C5 + 12Cg + 6C7 + 12C3 + 6Cy = 1/4.

34
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For the equations of (3.5), by a simple calculation, we have the following
linear independent equations:
3C1 + 205 + 2C5 — 6Cy + 2Cs — 12Cs + 18C; + 4C5 + 2C, = 0
Cy + 20y — 205 — 204 + 205 — 4Cs + 6C7 + 4C5 — 2Cy = 0;
Cy1 — 205 + 6C5 — 2C3 — 2Cy — 2Cs5 — 4Cs + 6C7 — 4Cs + 6Cq = 0.

where Cy := —5/192 — 2C7 — 2Cs by the condition of projection.

Once we have set up a system of these linear equations, by solving these
equations via Maple, we see that there remain only 4 free parameters in the
sequence b. Here, for instant, let’s choose Cy, Cs;, C; and Cgs to be free
parameters. In addition to the conditions induced by interpolating in (7)and

projection (1), we can set up a system of linear equations. By solving them,

we have:
Cr = 132(3t1—6t2—6t3-—6t4—12) Cr = o5(~t+ 2 +8),
Cs = 3;4( —t1 + 2ty + 6t3 + 414 + 18), Cy = Itg—li’

(3.6) Cys= 1t922 Ce = 1;2( —ty —t3 — 1),
Or = 1212 Cs = 1?2
Co = 1;2( 1 — 2t3 — 2t4).

By now we have not completed the procedure of finding the best mask
a, since there are still 4 free parameters. By finding out the corresponding
subdivision stencils and forcing the weights of those vertices which are furthest
away from the new inserted vertex to be zero, we may figure out some examples

with the best mask a.

3.1.2 Computing the Quantity v (a,41s)

Now we have the following result on interpolatory subdivision triplets (a, 415, Dg)

with two-ring stencils for the regular triangular meshes.
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Theorem 3.1. Let (a,4ls, Dg) be an interpolatory subdiwvision triplet, where

the mask a is given by (3.1) and the sequence b is given in (3.2). Then

Voo, 413) = —log, max{1/24, p(b, 415, 0, §)}.

In particular, ve(a,4ly) = log, 24 if and only if p(b, 415, 00,8) < 1/24.
For example, in (3.6), if t; = 10/3, t = 0, t3 = —5/3 and ty = 0, then
p(b,415,00,8) < 1/24 and veo(a,41) = log, 24; therefore, the subdivision
triplet is the smoothest two-dimensional interpolatory 4-adic subdivision scheme

with two-ring stencils for the regular triangular mesh.

Proof. Our proof here follows the line developed in [19]. Since the mask a
satisfies the sum rules of order 3, in order to calculate v..(a,41ls), we have to

calculate
(3.7) pla, 415, 00, V¥§) = 7}13)10”‘7“5*[ o 41,00 200 (22
where p = (3,0),(2,1),(1,2),(0,3). Since the mask a is Dg-symmetric, the
sequence Sy 47,0 is also Dg-symmetric and it is easy to see that
pla, 41y, oo, V;J) = pla, 415, oo, V;:’lé),
and
pla, 413,00,V V2, 6) = p(a, 41, 00, V2 V,,6).

where ¢; := (1,0)7 and e, := (0,1)7 are unit vectors in two dimension.

So it suffices to calculate p(a, 415, 00, V3 §) and p(a, 412, 00, V2 V,,8). Note
that

Ve b =08~ Oy = [5~62 - 561] + [5 - 6—62]

(3.8)
= [v61+€25](' + 62) - [v625](' + 62)'

Forany §§ € Z°, it is easy to see that u(-—8)*[Sy41,6] = (ux[Sg 41,0])(-—0).

Therefore,
p((l,4[2,p,’d('——ﬁ)) zp(aa 4.[2,]),'11/), V/B € Z’.

36

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Consequently, by the definition of p(a, 41y, 0o, V#§) in (3.7), it follows
straightforward from (3.8) that

pla,4r. ,oo,VicS)
(39) (a, 41
< max{p(a, 41,00, V2 Ve 1e,0), pla, 412, 00, V2 V., 0)}.

Let £ :=
—1

:l € Dg. It is easy to check that
[V§1V62(5](E-) = V%_lel VE-16,0 = vglv_el_ez&

Since [Sg45,0](E-) = Sp45,0 by E € Dg, we must have

a

[(VE,Vesd) * (SeanOIE) = (Ve, Vo, —e20) * (Sar,0)-

Therefore, it follows that

ola, 413, 00, V;Vezé) = p(a, 41, 00, v’ﬁlv-el_ezé) = p(a, 413, oo, V§1V91+625).

Since VU4 = V2 V.,4, in order to calculate p(a,4ls, 00, V#6) in (3.7),
by (3.9) and the above identity, we see that it suffices to calculate the quantity
pla, 41,00, V2 Ve, 1e,0). Note that

VeVerre, 046, 46) 1 — %1 1 — e~tilare)

VeVaiad(E, &) L@ 1—eiaie)
= (1 + 6—7151 + 6—2i€1 + 6—31'51)(1 + e—i(§1+§2) + e——2i(£1+§2) + 6—3i(§1+£2))_

By Theorem 1.3, it follows from VZ V., 1¢,0 = [V, 0] % [V, Ve 4e,0] that
(3.10) p(a, 415,00, V2 Ve, te,0) = p(h, 413,00, Ve, 6),
where the sequence h is defined by
(3.11) W&, &) = (7% + 1+ &% + 72)b(£y, &).
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It is easy to check that h satisfies the sum rules of order 1. Define I' :=
[~1,2]2NZ2 Then T is a complete set of representatives of the distinct cosets

of the quotient group Z2/4Z2. Denote
(3.12) K ={(j,k) € Z* : |j| <1,|k| <2}
and define the linear space U by

(3.13) U := {u €6(Z?) : uf) =0 VBeZ\K and Y u(f)= o}.

Bez?

Then it is easy to check that [(supph — ' + K)/4]NZ? C K. Since h
satisfies the sum rules of order 1, we see that 73 ,U C U for all v € I'. Set

A = {60,0) — 6(-1,0)> 0(1,0) — 0(0,0) }

(3.14)
B = {5(j,k+1) — 6(j,k) N j = -—-1,0, 1; k= ‘—2; "‘1;07 17 2}

Since (&1, &) = (67 + 1+ € + e282)p(£1, &), we see that W := spanB

is invariant under all the operators T}, ,y € I'. Therefore, by [25], we have

poo{Thnly =7 €T}
= max{poe({Thslw : ¥ €T, Poo{Thpluyw = v€TH}

Since all the elements in B take the form [V,,0](- — 3) for some 3 € Z?,
by Theorem 1.3, we have

(3.15) Poc({Thrlw + v €T} = poo(h, 43,00, Ve,0) = p(b, 415, 00, ).

For any u € U, we denote [u] its equivalence class in U/W. The represen-

tation matrices of Ty ,|y/w, denoted by H,,, under the basis {[u] : v € A} =
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{[5(170) — 5(070)}, [5(0’0) — 5(_170)]}, are given by

1 {—5 3
Hrg) = Heayy = Heao) = Heaon = 755 { } ’

192109 8

1 [3 -5

H(0,2) — H(O,l) = H(D,O) = H(O’_l) = Eé‘ _5 3 )
(3.16) . :

1 [8 o
H(I,Q) — H(l,l) = H(l,O) = H(l,*—l) == E——Q— _3 —5 ?

1 [8 0
Hep = Hey = Heo = He-y = 155 s ol

By a simple calculation, we have

poo{ Tl + 7 €TY) = pool{H, : y€T})

(3.17)
< max{||H,|le, . : Yy €T} =1/24,

where || - ||¢, .. is a matrix norm which is defined to be

1t hrcicrngicalles o = max Z [t:51-

Since V¢, 6 € U, by (3.15), we conclude that:

max{p(a, 413,00, V¥8) : |p| =3} < p(h,4l3,00,V,,9)
< poo({Thplu = 7 €T}
< max{1/24, p(b,413,00,0)}.

On the other hand, by (3.8), we have V¢, 1,0 = V,,0 4+ [V, 6](- — e2) and
it is not difficult to see that

p(b,415,00,6) = pla, 415,00, Ve, Vey Ve, 1es0)
< max{p(a, 41z, 00, V2 V.,6), p(a, 413, 00,V,, V2 6)}.
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By Theorem 2.1, we conclude that

(3.18)  max{p(a,4l,00,V*3) : |u| = 3} = max{1/24, p(b, 415, x,d)}.

In the following, we estimate p(b, 415, 00, ). By Theorem 1.4, we have
p(b, 415, 00,6) < f’%%/;zz [b(a + 40)]

1
= 1—5-2— rnax{|3t1 e 6t2 - 6t3 - 6t4 - 12| -+ 6|t4‘,

lta] + 2|t3| + |8 — t1 + 12,
|18 — ¢y + 2ty + 6t3 + 4ty + |10 + 4t5 + 4t4],
1] + 12 + 2t2 + 2t5]}.

It is easy to verify that, when ¢; = 10/3, t, =0, t3 = —5/3 and ¢4, = 0, it
follows from the above inequality that p(b, 413, 00,d) < 1/24. Therefore, the
claim in this theorem follows directly from (3.18). O

Thus, we have figured out the smoothest 4-adic subdivision triplets such
that the quantity v (a, 413) is equal to its upper bound log, 24. Consequently,
with this best 4-adic subdivision triplets, we can generate the smoothest sub-

division surfaces.

3.1.3 Interpolatory Subdivision Stencils for the Trian-
gular Meshes

In this subsection, we shall give out our interpolatory 4-adic subdivision sten-
cils, which have two-ring neighbourhoods, for the example given in Theo-
rem 3.1. All the stencils shall be used in our C++ programs to generate the

refined subdivision surfaces.

For 4-adic subdivision schemes on triangular meshes, we shall insert three

new vertices on each edge, thus an edge will consequently be split into four
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Figure 3.1: The interpolatory 4-adic subdivision scheme for the triangular
mesh. By adding 3 new vertices on an edge and 3 new vertices for each face,

one edge is split into 4 new edges and one face is split into 16 new faces. “o

denotes the old vertices and “o” denotes the new inserted vertices.

new edges. Here, we denote “1/4 vertex”, “1/2 vertex” and “3/4 vertex” the
three new inserted vertices, respectively. Naturally, we need three subdivision
stencils for these three new inserted vertices. However, by the property of
symmetry, the stencil for “3/4 vertex” is a flip of that of “1/4 vertex”. There-
fore, we actually need only two stencils, one is for “1/4 vertex”, another is for

“1/2 vertex”.

Similarly, we shall insert three new interior vertices inside a face, which can
be regarded as the intersections of the connections between the corresponding
new inserted vertices on three edges of a face. Consequently, a face will be
split into 16 new faces. Although there are three new vertices, we need only

one stencil in implementation because of the symmetry property.

The stencils of the subdivision triplets in Theorem 3.1 are given in Fig-

ure 3.2. The weights u;,...,u7 in Figure 3.2 are given by
Tty B9ty ty
MT127 96 96 TSR T RIS
1ty R
BETT6 T 96 96 R TR TR T
(3.19) | A
9= Ty RRRTTRIT L
5ty
Up = —=—== — —— —
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Figure 3.2: Associated subdivision stencils for the best two-dimensional inter-
polatory 4-adic subdivision scheme for the interior new inserted vertex. By the
symbol “A” we denote the new inserted vertex, and the symbol “()” denotes
vertex of the previous level, the numbers inside the circles, which are named

ul, u2, ...,u7, are the weights of the corresponding vertices.

Moreover, if taking ¢; = 10/3, to =0, t3 = —5/3 and t; = 0, we have

up = 173/288,  wuy = 167/576,  uz = —13/288,
ug = —11/576,  u; = —10/576.

Figure 3.3: The interpolatory subdivision stencil for new inserted interior
vertez inside a face, with ¢, = 10/3, t3 = 0, {3 = —5/3 and t4 = 0. All the
numbers in the above stencil should be divided by 576.

The corresponding stencil for the special case t; = 10/3, to = 0, t3 =
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—5/3 and t, = 0 is shown in Figure 3.3.

(=)

Figure 3.4: Associated subdivision stencils for “1/4 vertex” on an edge.

The followings are the weights of the associated interpolatory subdivi-

sion stencils for the new inserted “1/4 vertex” on an edge, which is shown in
Figure 3.4:

v1 =5/6 — t4/64,

ve = 35/192 + t1/384 — 15/192 — t3/192 — /192,

vy = 5/64 — t1/384 + t2/192 + t3/192 + ¢4 /96,
(3.20) vy = —5/96 + t1 /384 — /192 — 3/192 — t4/192,

vs = —1/64 — 11 /384 + t5/192 + t3/192 + t4/192,

vg = —5/192 — t3/192,

vr = t4/192.

Moreover, if t; = 10/3, t2 = 0, t3 = —5/3 and t; = 0, we have

vy = 5/6, vy = 105/576, vz = 35/576, vy = —5/144,
vy = —19/576, vg = —b/288, o7 = (.

The corresponding stencil for above special case is shown in Figure 3.5.

Similarly, the following are the weights of the associated interpolatory

subdivision stencils for the new inserted “1/2 vertex” on an edge, as shown in
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Figure 3.5: The interpolatory subdivision stencil for “1/4 vertex” on an edge,
with ¢t; = 10/3, t3 =0, t3 = —5/3 and ¢4 = 0. All the numbers in the above
stencil should be divided by 576.

Figure 3.6:
w 1ty tg 1y
T2 192 96 96’
1ty ty i
(3.21) Mgt T T wm
' 1 by oty
Wy = —70 — oo = — —

¥~ 792 796 " 96

Figure 3.6: Associated subdivision stencil for “1/2 vertex” on an edge.

Moreover, if t; = 10/3, to = 0, t3 = —5/3 and t4 = 0, we have
149 13 13 5

w1=@, w3 = m; Wy = _585’ 1U5-‘“§§'8',

44

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 3.7: The interpolatory subdivision stencil for “1/2 vertex” on an edge,
with t; = 10/3, t; = 0, t3 = —5/3 and ¢4, = 0. All the numbers in the above
stencil should be divided by 288.

and the corresponding stencil is shown in Figure 3.7.

See Figure 3.8 for the graph of the basis function in the subdivision triplets
in Theorem 3.1. Note that the support of the basis function is contained in
[—7/3,7/3]* while the basis function of the butterfly scheme is supported on
(-3, 3]>.

Figure 3.8: The graph of the basis function ¢ for the subdivision triplet in the
Theorem 3.1 with ¢t; = 10/3, t2 =0, {3 = —5/3 and t4 = 0.

We have implemented the stencils on the regular triangular mesh on com-
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Figure 3.9: The graph of the contour value of the basis function ¢ for the
subdivision triplet in the Theorem 3.1 with ¢#; = 10/3, t3 = 0, t3 = —5/3 and
ty = 0.

puter by C++ programs. The following figures are the initial mesh and refined

meshes after one and two subdivision steps, respectively.

Figure 3.10: An example of subdivision surfaces by applying interpolatory 4-
adic subdivision scheme on the regular triangular mesh. They are the initial

mesh, the first step subdivision surface and the second step subdivision surface,

respectively.

46

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.2 Subdivision Schemes for the Regular
Quadrilateral Mesh

In this section, we shall investigate interpolatory 4-adic subdivision schemes
with two-ring stencils for the regular quadrilateral mesh. By computing the
quantity of vy (a,41l) and finding out its upper bound, we shall figure out the

best mask among all the possible subdivision schemes.

3.2.1 Masks of the Two-dimensional Interpolatory Four-

adic Subdivision Schemes for the Quadrilateral

Meshes

For quadrilateral meshes, we can use the tensor product of the one-dimensional
interpolatory subdivision triplet (a”, 4, {—1,1}) to get an optimal two-dimensional
interpolatory 4-adic subdivision scheme. In the following, let us present some
other examples of subdivision triplets (a, 413, D4) with better time localization

of their basis functions for the quadrilateral meshes.

In order to facilitate our analysis, we require that the mask a should take

the following form:

a(€1, &) =(1 + 781 4 721 4 g7 3it1)2

(3.22) . . . o
% (1 + etz + e~ %2 + 6—3152)263161 e3l€2b<€17 52)

It is easy to check that the support of the product of first four terms on
the right-hand side is [—3,3]?, thus the sequence b should be supported on

[—4,4]?, and must be Dy-symmetric.

Since we are discussing a two-dimensional interpolatory four-adic subdi-
vision schemes with two-ring stencils, the corresponding mask a must satisfy

the same three conditions (7), (4¢), (#4¢) as for the symmetry group Dg, where
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we discussed the analysis on the regular triangular mesh. In the same way,
we can set up a system of linear equations. By solving these equations,we see
that the sequence b, which is supported on [—4,4]% and is D4-symmetric as

well, must take the following form:

tis tie liz tiz tin tiz hiz fua fis
tie tio to ts t7 tg l9 tio tu
tis tog te ts ta s le to tis
tlig tg ts t3 ta tz3 ls 15 Tli2
768 tn bzt ta 1ttt in
tig s &5 t3 ta t3 l5 s ii2
tis lg te t5 ta ts le to ti3
tiy tio to Tg Tz tzg to tiwo tig

(3.23)

t15 tiy ti13 tip tin tiz tiz tie s

Since ) 5cz2 a(B) = 16, we must have Y ;... b(B) = t1 + 4ty + 485 4 4ty +
8t5 + 4t6 + 4t7 -+ 8t8 —+— 8t9 + 4t10 + 4t11 + 8t12 + 8t13 + 8t14 + 4t15 - 1/16

Since a(£) has the following factors:
(1 + e~ 1 + e~ %4 + 6*31'51)2 % (1 4 g% L o262 + 6*31352)2,

the mask a automatically satisfies the sum rule of order 2. By the condition

of the sum rules of order 3, we have:

6t + 4ty — dt5 + Aty — 8t — 4t + 4t — 8ig
- 8t9 - 4t1() + 12t11 -+ 8t12 + 8t13 + 8t14 + 12t15 = O,

and

4t2 -+ 2t1 + 8t12 + 8t14 -+ 8t15 - 8t5 - 8t6 -+ 4t7 - Stg —+ 8t11 = {).
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By solving the above equations, we see that ¢y, to, t3, t4, t7, 11 are given by

(3.24)
ty = —4 — 8ty — 12tg — 16tg — 40t — 32t19 — 2415 — 56113 — 8814 — 60t15,
to := 10 + 615 + 8ig + 10tg + 24tg + 18t1p + 1419 + 32813 + 48814 + 3255,
ty = —dt5 — 4dtg — 6ty — 12tg — 9t1g — 819 — 16t13 — 24t14 — 16135,
ty = 6 — 2bs — 2g — 2o — Uy,
by o= —2 — Uty — 2o — 210 — 2tra,
t11 = —9 — 2t1g — 2l13 — 2t14 — 2115,

where ts5, tg, ts, to, t10, t12, t13, t14, f15 are chosen as free parameters.

3.2.2 Computing the Smoothness v, (a, 415)

Now we have the following result on interpolatory subdivision triplets (a, 412, Dy)

with two-ring stencils for the regular quadrilateral meshes.

Theorem 3.2. Let (a,41,, Dy) be an interpolatory subdivision triplet, where
the mask a is given by (3.22) and the sequence b is given in (3.23). Then

Voo(a, 415) = —log, max{1/24, p(b, 415,00, 6)}.

In particular, ve(a,4l3) = log, 24 if and only if p(b, 413, 00,0) < 1/24.
For example, if —2 < t5 < 2 and tg = tg = tg = t1g = t1o = t13 = t1y =115 =0,
then p(b,413,00,8) < 1/24 and vo(a,4l;) = log, 24; therefore, the subdivi-
sion triplet is the smoothest two-dimensional interpolatory ternary subdivision

scheme with two-ring stencils for the regular quadrilateral mesh.

Proof. By symmetry on the mask a, it suffices to compute p(a, 415, 00, vgla)
and p(a, 415,00, VZ V,,0). Note that
Ve 0(461,48)  (1—et4)?
Vid(e, &) (Lmemm)

— (1 + e_ifl + 6—2ifl + 6«31{1)2.
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By Theorem 1.3, we see that

p(a, 45, 00, V2 8) = p(h, 415,00, V.,5)

and

pla, 413, o0, V;V@é) = p(h, 413,00, V,,0),
where
(3.25) h(€y,65) == 738 (1 4 %2 4 %2 | o7%2) 2], £,).

It is easy to verify that h satisfies the sum rules of order 1. Denote
[:=[-1,2]2NZ% Let K and U be defined in (3.12) and (3.13), respectively.
Since h satisfies the sum rules of order 1, we have T}, ,U C U for all v € T". Set

A= {5(0,0) - 5(—1,0), 5(1,0) - 5(0,0)},
(3.26) B := {0(-1,1) — 81,0, 0(0,1) — 30,00, 01,1y — 61,00 }»
C:= {5(j,k+2) - 26(j,k+1) + 5(3'7]‘;) : ] = —1, O, 1; k= ——2, —~1, O}

Define W := span(B U @) and V := span€. Since h(£y, &) = (1 + e % +
e %2 | e732)(] 4 %2 4 2ibz 4 egi@)l;(fl,fg), we see that T;,,W C W and

T,V CV forall y € T\

For any u € U, we denote [u] its equivalence class in U/W. The represen-
tation matrices of T}, |y w, denoted by H.,, under the basis {[u] : u € A},
are given in (3.16). Therefore, by what has been proved, (3.17) holds.

For any u € W, we denote [u] its equivalence class in W/V. The represen-
tation matrices of T, ,|w/v, denoted by H;,, under the basis {[u] : u € B},

are given by

. —495 2178 —495
Hy 19 = Ho11) = Ho (10 = Ho(o1,-1) = =602 0 1386 —1981 ,
0 594 594
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. —198 1386 0
Hs (0,2) = Ha01) = Ha0,0) = Ha 0,-1) = 5053 —495 2178 —495/ ,
0 1386 —198

and
594 594 0
Hy 12y = Ho11) = Hy 1,0 = Ha1,-1) = %3—35 —198 1386 0
—495 2178 —495

Therefore, we have

Poo({Thylwyv ¥ €T) = poc({Hay : 7 €T}

(3.27)
< max{||Hyylle, . : YET} =1/24.

Note that every element in € takes the form V2 6(- — 3) for some § € Z?,
by Theorem 1.3, we have

(3.28) Poo({Thnle : v €T}) = p(h, 4L, 00, V2 6) = p(b, 415, 00, 5).

Now by Theorem 1.4, we have

<
plb 412,00,6) < max [b(or +45)|

Bez?
< 7(1% max{|4 + 8t5 + 12ts + 16tg + 40t + 32t10 + 24t12 + 56t13 + 88t14 + 6025
+ 415 + 2t19 + 2t13 + 2t14 + 2t15| + 4ltas],
|10 + 6t5 + 8tg + 10ts + 24tg + 18t19 + 1dt1o + 32ty -+ 4814 + 32t15]
+ 2|1+ tg + tg + tio + t1a] 4 2t1a] + 2Jt14],
|4ts + 4tg + 6t + 12tg + Oty — Sty + 16813 + 24t14 + 16t15]
+ 2[ts| + [t10]},
where t;,7 = 6, 8, 9, 10, 12, 13, 14, 15 are defined in (3.23). When

tg = 1g = tg = {19 = 112 = {13 = 14 = 115 = 0, the above inequality becomes

1
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It follows easily from the above inequality that if —2 < #; < 2, then
p(b,415,00,6) < 1/24. Moreover, if t; = —1/384 we have p(b, 413, 0,5) =
1/24. Since the elements in A take the form V,,d(- — ) and the elements in
B take the form V.,6(- — ), by (3.17) and (3.28), we see that

max{p(a, 41, 0o, Vg’lé), pla, 415, 00, V2 V,,6)}
= max{p(h, 413,00, V,0), p(h, 412,00,V ,0)}
= poo({Thylv + v€T})
= max{1/24, p(b, 415, 00,8)},

which completes the proof. O

Therefore, for the quadrilateral meshes, we can also figure out the optimal
subdivision triplets (a,4Iy, Ds) such that the quantity v (a, 412) achieves its
upper bound log, 24.

3.2.3 Subdivision Stencils for the Quadrilateral Meshes

Figure 3.11: The interpolatory 4-adic subdivision scheme for the quadrilateral
mesh. By adding 3 new vertices on an edge and 4 new vertices for each face,
one edge is split into 4 new edges and one face is split into 16 new faces. “¢o”

denotes the old vertices and “o” denotes the new inserted vertices.
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Figure 3.12: Associated subdivision stencils for new inserted vertices on an
edge. Up triangle denote the “1/4 vertex” and down triangle denotes the “1/2

vertex” .

For 4-adic subdivision schemes on the quadrilateral meshes, we shall in-
sert three new vertices on each edge, thus an edge will be split into four new
edges. According to the property of symmetry, we need only two stencils in
programming implementation, one is for “1/4 vertex”, another is for “1/2 ver-
tex”. The stencil for “3/4 vertex” is the flip of that of “1/4 vertex”. Similarly,
although we shall insert nine new interior vertices inside a face, we need only
three stencils because of the symmetric property. Consequently, a face will be
split into 16 new faces. The stencils of the subdivision triplets for all new in-
serted vertices in Theorem 3.2 are shown in Figure 3.12 and Figure 3.13. Here
we use the general parameters ug,...,ur; and vy,...,v14 in Figure 3.12 and
Figure 3.13, because for different new inserted vertex, the value of ug, ..., ur;
and vy, ..., V14 in the stencils are different, we shall discuss them in details in

the following.

For the new inserted “1/4 vertex”, the parameters u, . . ., u7 in Figure 3.12

53

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



N, o o Ve
C"GJ L\ \ \?
]

A v
N A\ e e
\\ \ \"9)

oS

Figure 3.13: Associated subdivision stencils for new inserted interior vertices
inside a face. The upper triangle symbol denotes the “(1/4, 1/4) vertex”,
down triangle symbol denotes the “(1/2, 1/4) vertex” and small circle symbol
denotes the “(1/2, 1/2) vertex”.

are given by

(3.29)
Uy - — 55/64 -+ 4t5 + 8t5 + 8t8 -+ 28t9 -+ 24t10 + 10t12 + 36t13 -+ 62t14 + 40t15,

uy = 15/64 — 2t; — 4t — 4tg — 14tg — 12t19 — 2812 — 12613 — 22t14 — 8t1s,

Uy 1= —2ts — At — Aty — 14ty — 12t10 — Htig — 18t13 — 31t1s — 20t55,

ug = ~13/192 — 2t5 — 4tg — 4tg — 14ty — 12t19 — 6ty — 20t13 — 34t14 — 2415,
U =ty + 2 + s + Tho + 6t1o + 3t1z + 10t1s + 1Ths + 12ts5,

us 1=ty + 2t + 2t + Ttg + 6t19 + t10 + 6t13 + 11814 + 415,

ug 1= —5/192 — 2t15 — 4t13 — 614 — 8t1s,

Uy = —t19 + 2t13 + 3t14 + 435,

and for the new inserted “1/2 vertex”, the parameters uy, . .., u7 in Figure 3.12

o4
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are given by

up = 9/16 + 2tg + 4ty + 619 + 412 + St1g + 2014 + 16t15 := uyq,
Ug 1= —tg — 2tg — 3l1g — 2t15 — 4t13 — 10814 — 815 1= us,

(3.30)
Uz = ——1/16 - 2t8 - 4t9 — 6t10 - 4t12 - 8t13 - 20t14 - 16t15 = Ug,
Uy = tg + 2tg + 3t1g + 2812 + 413 + 10814 + 815 = u7.
For the new inserted interior “(1/2, 1/2) vertex”, the parameters vy, ..., v

in Figure 3.13 are given by

Vp ‘= V1 = Vg (= V3 = 5/16 -+ th + 4t14 + 4t15,

Ug ‘= Vy := Vg := VUg ‘= Vg .= Uy1p

(3.31)
= V19 = V3 = —1/32 - th - 41'}14 - 4t15,
Vg 1= VUpq = Vg := V15 = tyo + 4t1q + 4t15.
For the new inserted interior “(1/4, 1/4) vertex”, the parameters vy, . . ., v14

in Figure 3.13 are given by

vo = 93/192 + 4tg + 16t + 16t19 + 20t15 + 40t14 + 25¢15,

vy = vy 1= 13/64 — 2tg — 8ty — 819 — Tt1z — 14t14 — 5tss,

vg 1= T/128 + tg + 4tg + 4t10 + 2813 + 4t14 + 115,

vy 1= U5 1= —13/256 — 2tg — 8tg — 8ty — 1113 — 22t14 — 15¢35,
(3.32) Vg 1= vg i= —13/T68 + tg + 4tg + 4t1g + 4t13 + 8tig + 315,

vy 1= tg + 4ty + 4ty + 6ty3 + 12t14 + 9ty5,

Vg 1= V19 1= —b/256 — 2t13 — 4t14 — Btys,

V1 = V13 := —5/T68 + t13 + 2t14 + t1s,

U14 = vy = tig + 284 + 35, U15 1= 15
For the new inserted interior “(1/2, 1/4) vertex”, the parameters vy, ..., V5
95
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in Figure 3.13 are given by

Vo 1= vy 1= 61/128 4 2ty + 4tqg + 4t13 + 13t14 + 10tys5,

vg 1= w3 1= 17/128 — tg — 2t;9 — 2t13 — Ht1a — 2115,

vy = vg 1= —13/384 — tg — 2t19 — 2t13 — Tt14 — 6tys,
(3.33) vy 1= vy = —3/64 — 2tg — dt1o — 4t13 — 13t14 — 10t1s,

Ug 1= vyg 1= —1/64 + tg + 2t19 + 2613 + Ht1g + 2t1s,

vy = V1 1= by + 20 -+ 213 + Thy + 645,

Vg = V13 = —5/384 - t14 - 2t15, Vig = VU5 ‘= t14 -+ t15.

When tg = g = by = t1g = 112 = t13 = t1y = {15 = 0 and ts = —1/384,
the parameters of all the stencils should be pretty simple, we shall show the

details as follows.

The parameters in (3.29) become (all divided by 384), as shown in Fig-

ure 3.14.

Ug = 326, Uy = 92, Uy = 2, Uz = —24,
(3.34)

ug = —1, us = —1, ug = —10, uy = 0.

Figure 3.14: Associated subdivision stencils for new inserted vertices on an

edge at the “1/4 vertex”. All the numbers in the above stencil should be

divided by 384.
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The parameters in (3.30) become
(335) Up = Uy = 9/16, Uz = Ug = —1/16, Uy = Uy = Uy = U7 = 0.

We can find that the corresponding stencil (shown in Figure 3.15) is the same

as the well-known “4-point” subdivision scheme.

o %, _ o &l

~-1/16 9/16 9/16 ~-1/16

Figure 3.15: Associated subdivision stencils for new inserted vertices on an
edge at the “1/2 vertex”. This coincides with the stencil of the univariate

4-point interpolatory scheme.

The parameters in (3.31) become
Vo 1= vy 1= Uy 1= U3 = 5/16,
(3.36) Vy 1= U 1= Vg 1= Ug 1= U 1= Vg = Upg i= Urg i= —1/32,

Vr = V1] ‘= Vg ‘= U1 .= 0.

The corresponding stencil is shown in Figure 3.16.

Lo, FAY
\*% o
[ ]
© @

Figure 3.16: Associated subdivision stencils for new inserted vertices interior
of a face at the “(1/2, 1/2) vertex”. All the numbers in the above stencils
should be divided by 32.
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Figure 3.17: Associated subdivision stencils for new inserted vertices interior
of a face at the “(1/4, 1/4) vertex” and at “(1/2, 1/4) vertex”. All the weights
are divided by 768.

The parameters in (3.32) become
Yp = 93/192, Uy = Vg = 13/64,
vy = T7/128, vg = vs = —13/256,
(3.37) § = T/128, v = /
vg = vg = —13/768, v; = v1; = v13 = v14 = 0,

Vg = V19 = ”—5/256, Vip = V13 = ‘—5/768
The corresponding stencil is shown in Figure 3.17.

The parameters in (3.33) become
v = vy = 61/128, ve = vz = 17/128, vy = vg = —13/384,
(338) Vs = Vg = —3/64, Vg = V0 = —-—1/64,

Vr = V1] = Vg =V = O, Vg = V13 = —5/384
The corresponding stencil is shown in Figure 3.17.

See Figure 3.18 for the graph of the basis function in the subdivision
triplets in Theorem 3.2 with tg = fg = g = t1g = t12 = t13 = t1y = 15 = O,
Figure 3.19 for the contour of the basis function ¢ for the subdivision triplet

in Theorem 32, when t6 = ts = tg = th = tlg = t13 = t14 = t15 = 0.
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Figure 3.18: The graph of the basis function ¢ for the subdivision triplet in
Theorem 32, when tﬁ = tg = tg = th = tlg = t13 = t14 = t15 = 0 and

ts = —1/384.

Figure 3.19: The graph of the contour of the basis function ¢ for the subdivi-
sion triplet in Theorem 3.2, when tg = tg = tg = t10 = t12 = t13 = t1a = t15 = 0

and t5 = —1/384.
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Chapter 4

Smoothness Analysis at

Extraordinary Vertices

In this chapter, we shall first review the background techniques discussed and
developed in [30, 32, 34]. Then we shall apply the analysis to design special
subdivision rules at extraordinary vertices for the ternary subdivision schemes
given in [19]. Similar analysis and design can be applied to our 4-adic subdi-
vision schemes in Chapter 3. For simplicity, in this chapter, we shall mainly
discuss the special ternary subdivision rules for £ = 3 and k£ = 4, and spe-
cial 4-adic subdivision rules for k = 3. We shall leave other cases as a future

problem.

4.1 Subdivision Matrix and Characteristic Map

So far as we know in CAGD for one dimensional case, once a subdivision
triplet is given, all the stencils of the subdivision rules that are needed to
generate a curve are completely determined. The structure of the control

polygon for curves is always very simple: the vertices are arranged into a

60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



chain, and any two pieces of the chain of the same length always have identical
structure. However, the situation is radically different and much more complex
for surfaces, since for two-dimensional meshes, the local structure of the mesh
may vary. For example, the number of edges emanating from a vertex may
be different from vertex to vertex. As a result the rules derived from the a
subdivision scheme for a regular mesh may be applied only to parts of the
mesh that are locally regular. For regular vertices, we have set up a theory to
analyze the smoothness of subdivision surfaces, but we cannot apply the same
analysis on extraordinary vertices. The main methods we use are subdivision
matrix and its eigenvalues and the associated characteristic map, as developed

in [30, 32, 34] and explained in [1].

It is evident that for any arbitrary initial mesh, the number of extraor-
dinary vertices remain the same at every subdivision step. Moreover, for a
scheme with 2-ring subdivision stencils, extraordinary vertices will be isolated
after the first subdivision step. Here “isolated” means that there is at most
one extraordinary vertex within its 2-ring neighbors. Additional special subdi-
vision rules are needed for extraordinary vertices with some desired properties,
such as good smoothness and small stencils. Note that these special rules can

only influence local behavior of the surface near extraordinary vertices.

4.1.1 Parameterization of Subdivision Surfaces

Definition 4.1. When computing a new inserted vertex, all the neighbouring
vertices associated with mask a are called control points p{ , =0,...,km{m+
1)/2) at subdivision level j, where k is the valence of the extraordinary vertex,

and m is the dilation factor of subdivision scheme.

The subdivision processing produces a sequence of meshes with increasing
numbers of faces and vertices. In this thesis we study the relatively simple

case: suppose the initial mesh is a simple polyhedron, i.e., it does not have self-
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Figure 4.1: Parameterization of the subdivision surface (see [1]).

intersections. Intuitively, the subdivision surface is the limit of this sequence.
For the purpose of analysis, it is convenient to represent subdivision surfaces
as functions defined on some parametric domain with values in R®. Thus
we can treat subdivision surfaces as functions from the planar plane R? to
the R? space f : U7 — WY, where U’ denotes the planar plane domain and
W7 denotes the R® domain. U7 is also called topology of the corresponding
subdivision surface parts, the points with topology are called control points.

We define this procedure the parameterization of subdivision surfaces.

Suppose each time we apply the subdivision scheme to surfaces to compute
the finer control mesh, we also apply the same subdivision scheme to the
topology of the polyhedron. Intuitively, the control points, edges and faces on

U7 have one to one correspondence to vertices, edges and faces on W7 .

Definition 4.2. A surface f : U’ — W/ is tangent plane continuous at z € U7
if and only if surface normals are defined in a neighborhood around z and there

exists a limit of normals at z, where U7 € R? and W7 ¢ R3.

This is a useful definition, since it is easier to show the tangent plane
continuity (all that is required is to show the existence of a limit). Additionally

the definition is very intuitive since it captures the notion that a surface is

62

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



smooth if there exists a tangent plane. Tangent plane continuity, however, is

actually weaker than C'-continuity [1].

4.1.2 Subdivision Matrix and Eigenvalue Analysis

Consider an extraordinary vertex B, after sufficient number of subdivision
steps, we will get a 1-neighborhood U7 of B, such that all control points defining
f(U7) are regular, except B itself. For example, we need only one subdivision
step for ternary or higher dilation subdivision schemes. This demonstrates that
it is sufficient to determine if the scheme generates C*'-continuous surfaces for
a very specific type of domains K: triangulations of the plane which have a
single extraordinary vertex in their center, surrounded by regular vertices. We
can assume all triangles of these triangulations to be identical and call such

triangulations k-regular.

Let p’ be the vector at subdivision level j of the control points i',z' =
1,...,km(m + 1)/2, corresponding to an extraordinary vertex B. Note that
Ui and U’*! are similar: thus we can establish a one-to-one correspondence
between the vertices simply by shrinking U7 by a factor of m (for ternary
subdivision schemes m = 3). Enumerate the vertices in the rings; there is

total of km(m + 1)/2 vertices, plus the extraordinary vertex in the center.

By definition of the control set, we can compute all values p{“ in the set
p?*! from the values p! in the set p’. Since we only consider subdivision which
computes finer levels by linear combination of points from the coarser level,

we see that the subdivision matrix S is given by:

it P}
it ]
=9
. _
N—-1 pgva
1 i+1
o] ey
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where N = km(m+1)/2+1 is the number of control points, S is the subdivision
matrix and is a IV x IV matrix. Each component pf of p’ is a point in the three-
dimensional space. Since we consider only stationary schemes, the subdivision

matrix S will be the same at all levels.

We can now rewrite each of the coordinate vectors in terms of the eigen-

vectors of the matrix S. Thus,
p’ = Z @i %;

and

p’ = (SYp’ =D ez

where the x; are the eigenvectors of S, and the \; are the corresponding eigen-
values, arranged in non-increasing order in modulus. By a simple argument,
Ao has to be 1 for all subdivision schemes, in order to guarantee invariance
with respect to translations and rotations. Furthermore, all stable, converging

subdivision schemes will have all the remaining A; less than 1 in modulus.

Subdominant eigenvalues and eigenvectors It is clear that as we
subdivide, the behavior of p?, which determines the behavior of the surface
in the immediate vicinity of our point of interest, will depend only on the

eigenvectors corresponding to the largest eigenvalues of S.

To proceed with the derivation, we will assume for simplicity that Ao = 1
and A = Ay = A2 > A3 > ---. We will call Ay and Ay subdominant eigenvalues.
Furthermore, we let ag = 0; this corresponds to choosing the origin of our
coordinate system in the limit position of the vertex of interest. Then we can
write

EJ‘ = Q171 +CLQ:E2+ (‘)‘\é)jl‘g“}‘ y

M A
where the higher-order terms disappear in the limit as 7 — oo.

This formula is very important, and deserves careful consideration. Recall

that p’ is a vector of km(m + 1)/2 + 1 3D points, while z; are vectors of
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km(m + 1)/2 + 1 numbers. Hence the coefficients a; in the decomposition

above have to be 3D points.

This means that, up to a scaling by M , the control set for f(U7) ap-
proaches a fixed configuration. This configuration is determined by the two
eigenvectors z; and x5, which depend only on the subdivision scheme, and on

a; and as which depend on the initial control mesh.

Each vertex in p’ for sufficiently large j is a linear combination of a4
and ag, up to a vanishing term. This indicates that ay and as span the
tangent plane. Also note that if we apply an affine transform A, taking a;
and ay to coordinate vectors e; and es in the plane, then, up to a vanish-
ing term, the scaled configuration will be independent of the initial control
mesh. The transformed configuration consists of 2D points with coordinates

(Z14, T24), ©=0,...,km(m + 1)/2, which depend on the subdivision matrix.

4.1.3 Characteristic Map

In order to have a further detailed analysis, we shall employ the characteristic
map which has been introduced by Reif, in [32] and further developed by
Prautzsch [30] and Zorin [34] and many other people. Informally speaking,
any subdivision surface generated by a scheme looks near an extraordinary

vertex of valence k like the characteristic map of that scheme for valence k.

Note that when we described subdivision as a function from the plane to
R?, we may use control vertices not from R?, but from R?; clearly, subdivision
rules can be applied in the plane rather than in space. Then in the limit we
obtain a map from the plane to the plane. The characteristic map is a map of

this type.

As we have seen, the configuration of control points near an extraordinary

vertex approaches a;z; + as%2, up to a scaling transformation. This means
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that the part of the surface defined on the k-gon U7 as j — oo, and scaled by
the factor 1/)\ , approaches the surface defined by the vector of control points
a1y + aZs. Let f[p] : U +— R3 be the limit surface generated by subdivision

on U from the control set p.

Definition 4.3. The characteristic map of a subdivision scheme for a valence k
is the map ® : U + R? generated by the vector of 2D control points e;z; +€379 :
® = fle1z1 + eazs), where e; and ey are the unit coordinate vectors, and x;
and z, are the subdominant eigenvectors of the subdominant eigenvalues A4

and Ao.

Regularity of the characteristic map inside each sector of the k-gon U,
is C1: since we can identify each sector with a sector in a regular mesh and
we assumed that our subdivision scheme for a regular mesh in at least C*.
Figure 4.2 shows this process. Moreover, the map has one-sided derivatives
on the boundaries of the triangles, except at the extraordinary vertex, so we
can define one-sided Jacobians on the boundaries of triangles too. We will say
that the characteristic map is regular if its Jacobian is not zero anywhere on
U excluding the extraordinary vertex but including the boundaries between

triangles.

The regularity of the characteristic map has a geometric meaning: any
subdivision surface can be written, up to a scale factor ), as the following
form:

1)) = T8(0) + w02, 1 € U
where v(t) is a bounded function v : U7 + R3, and T is a linear transformation
taking the unit coordinate vectors in the plane to a; and as. Differentiating
along the two coordinate directions ¢; and %, in the parametric domain U7,
and taking a cross product, after some calculations, we get the expression for

the normal of the surface:

(a1 x a2) J[@(t)] + 0((%)2?')@@),
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Figure 4.2: The k-gon without origin extraordinary vertex can be decomposed
into similar rings. Taking dyadic subdivision schemes into account, each two
times smaller than the previous ring. The size of the ring is chosen in such a
way that the control set of any ring does not contain the extraordinary vertex.
In this figure the control set is assumed to consist of the vertices of the triangles

of the ring itself, and of a single layer of vertices outside the ring.

where J[®(¢)] is the Jacobian, and ©(t) is some bounded vector function on
UJ. So the normalized normal is given by

n _ a; X a9 J[(I)(t)]
O = < el TR0

The fact that the Jacobian does not vanish for ® means that the normal-

ized normal is guaranteed to converge to :t”$§33”; therefore, the surface is

tangent plane continuous.

Now we need to take only one more step. If, in addition to regularity, we
assume that & is injective, we can invert it and parameterize any surface as
f(®1(s)), where s € ®(U). Intuitively, it is clear that up to a vanishing term
this map is just an affine map, and is differentiable. See the work [32, 34] for

more detail.

We arrive at the following condition, which is the basis of smoothness

analysis of all subdivision schemes considered in the work.
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Reif’s sufficient condition for smoothness. Suppose the eigenvectors
of a subdivision matrix form a basis, the largest three eigenvalues are real and
satisfy

A=1>X=XA>|N]|> ",
if the characteristic map is regular, then almost all surfaces generated by subdi-
vision are tangent plane continuous; if the characteristic map is also injective,

then almost all surfaces generated by subdivision are C-continuous.

4.1.4 Diagonalizing the Subdivision Matrix

The subdivision matrix will have a convenient block form if we arrange the
vertices “by symmetry class”. With this ordering of vertices, the subdivision

matrix has the form (see [34]):

-
oo bl .. b
c A oo Agn-
(A1) g 0 00 oz'v .
cv-1 An-o o Anoana |
where A;; are k x k matrices with entries and b; denotes the vector [b;, ..., b;]7

of size k with equal entries. For interpolatory subdivision schemes, b; = 0.

Similarly, c; is the vector [b;, ..., b;]7 of size k with equal entries.

For the convenience of analysis, each matrix block A;; can be reduced to
a diagonal form by using the DFT (Discrete Fourier Transform). Let D =
diag(1, %Dk, ol %Dk), where Dy, is the DFT matrix of size k. The number
of DFT blocks in D is V. Applying the transform to the subdivision matrix

S, we obtain

Qoo bi Dy e bl Dk
(4.2) DGD-L — %cho %DkAOOE T %DkAON~1—D;
| #Dvenv—y 3 DRAn_10Dp -+ §DpAn_anv-1 Dy
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The matrices + DA Dy, are diagonal with entries on the diagonal.

Finally, the subdivision matrix can be reduced to block diagonal form
by applying a permutation. Let P be the permutation that rearranges the
entries of a vector of length kN + 1 as follows: [0,1,2,3,..., Nk] — [0,1,k +
Lo, (N=Dk+1,k+2,...,(N=1)k+2,..., Nk]. Applying this permutation,

we have
(43) PDSDP = diag(Z, B(¢'F),..., B(e"F ).

where Z is a k x k block and B(w) is an N x N block, w = ?™i/k  g2k-1)mi/k,

See the work of Zorin [34] for more detail.

4.2 Special Subdivision Rules for Ternary Sub-

division Schemes

4.2.1 Stencils of Ternary Subdivision Scheme for Reg-

ular Meshes

A C? interpolatory ternary subdivision scheme with 2-ring stencils has been
proposed in Han and Jia [19] for the regular triangular meshes. The associated
stencils are given in Figure 4.3. In order to apply the interpolatory ternary
subdivision schemes in computer graphics, one has to design special subdivi-
sion rules at extraordinary vertices, we shall discuss this issue for special cases

in this section.
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L+

Figure 4.3: The stencils of the ternary subdivision schemes for regular meshes.
The numbers at left shall be divided by 99; the numbers at right shall be
divided by 891 [19].

In the following two subsections, we shall give two examples of interpo-
latory ternary subdivision schemes for triangular meshes to demonstrate the

analysis at the extraordinary vertex.

4.2.2 Subdivision Rule for k£ = 3 case

The stencils are given in Figure 4.5, and 4.6.

11

Figure 4.4: Numbering of the k-gon for the order as in the subdivision matrix.
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& b ,.

Figure 4.5: The stencil at left is for a new inserted “1/3 vertex”, and at

right is for a new inserted “2/3 vertex” on an edge associated with a k = 3

extraordinary vertex.

Figure 4.6: The stencil for a new inserted interior vertex inside a face which

contains an extraordinary vertex with the valence k£ = 3.

In order to facilitate the analysis, we consider the following stencils. Here
N = 3. Since the valence of extraordinary vertex is equal to 3, the corre-

sponding subdivision matrix with 2-ring invariant vertices has the following
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form:

10 6 0 0 0 0 0 0 O
Tz T3 XTg x4 0 0 29 214 0 x
Ts Tg Tz Ty To 0O 0 24 29 O
Ts Tg T4 T3 0 x99 0 0 z1 x4
Ys Ya Ys Y4 y2 0 0 y1r y1 O
Ys Y2 Y2 Y3 0 y2 0 0 v wn
Ys y3 Y ya 0 0 22 w1 O un
26 25 z5 21 23 0 23 24 2z o

2 21 2 25 23 z3 0O 2 za 2y

Zg 2y 21 2 0 zZ3 23 29 29 24 |

By a simple calculation, the DFT matrix of size 3 is as follows:

1/3 1/3 1/3
1/3 ~1/6+iv3/6 —1/6 —iv/3/6
1/3 —1/6 —iv3/6 —1/6 +iv/3/6

Applying the permutation on subdivision matrix S, by (4.3) we have:

-

Z 0 0
0 B (6271'1'/3) 0 ’
0 0 B

where )
1 0 0 0
2 2
P Ty X3+ 2T4 Xo 71 |
Ys Ys+2ys Y2 2y
Ze 221+ 225 223 24+ 229
and
wlw—1)(z3 —x4) (w+2)zy (w? + 2)x;
B(w) = m (W? +2)(ys — y3) wl(w —1)ys —(w+2)y

(w+2)z(z1 —25) (W?+2)z3 ww—1)(24 — 2)
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where w = e2™/3 g4mi/3,

Recall from linear algebra that an eigenvector x of the matrix S is a
nonzero vector such that Sx = Ax. Let
zy:=0, 22:=0, 23 :=1/4, 4 :=—1/12, x5 := 11/12;
y1:=0, yo:=0, y3 :=72/12, yy := —1/12, ys :=7/12;
2 :=—1/6, z22:=0, 23:=0, 2z4:=0, 25 :=1/, 25 := 5/6.

then we have

ooo1] Joo o o]ffoo o1
(45) L0010 Joo 0 o0 010
' 015 2 00 1/12 0 15 2|
1111 (00 0 1][1 111
(4.6)
(-=1+4v3)/4 0 0 1/3 0 0| [(-14+4v/3)/4 0 0
B(e*™/3) 1 01/=|0 00 1 0 1},
(1+iv/3)/4 1 0 0 00| | (Q+iv/3)/4 10
and
1 00 1/3 0 0 1 00
47) B(e™) | -1+iv/3 10/ =]0 00| -1+iv/3 1 0
(1+iv3)/2 0 1 0 0 0| [(1+4v3)/2 0 1

That is, Z, B(e*™/?) and B(e*™"/?) have eigenvalues {0,0,1/12,1}, {1/3, 0,0},
{1/3,0,0}.

Theoretically, the size of subdivision matrix is bigger than the one we used
in our previous analysis. By § we denote the real subdivision matrix with 3-

ring invariant vertices (see Figure 4.4), which is (6k + 1) x (6k + 1) and given

by
S 0
S = ,
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where S is a (3k+1) x (3k+ 1) matrix block given in (4.4) and really useful in
eigen-analysis; The block S’ is a 3k x 3k block, and the eigenvalues of S are
all constants and determined by the regular subdivision stencils. Figure 4.4

shows all the vertices contained in our subdivision matrix (19 x 19).

[dentify Map: ¢

~J €

Figure 4.7: Identify a section around extraordinary vertex with a sector in the
regular triangular mesh. All the vertices inside this bold area can be computed

by the vertices within two rings outside this bold area.

In the following, let us shortly describe how to comput ethe Jacobian of

the characteristic map using a method in [34].

Inside the area bounded by bold lines (see Figure 4.7), all the new in-
serted vertices are independent from the extraordinary vertex in the center of
the topology. Moreover, these new vertices will be computed within two-ring
around this bold area. By characteristic map, for each vertex, with which there
is a vector (u, v) attached to it, we can map it into a corresponding vertex in a
sector of two regular triangular meshes. One can attach the first component u
to one of the regular meshes and attach the second component v to the other
of the regular meshes. Let ¢ be the basis function of the subdivision scheme

in the regular mesh. Now up to an affine transform the characteristic map
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Figure 4.8: Applying the special interpolatory ternary subdivision scheme
on an example mesh with an unique extraordinary vertex (k = 3). From

left to right are the initial, first level and second level subdivision surfaces,

respectively.

® = (1)1, o) restricted on one section of a ring can be obtained as a linear

combination of the functions ¢(- — k), k € Z2. In particular
P = > u(k)p(-— k)
kez?

and

vy =y v(k)é(- — k).

kcZ?

To check the Jacobian of the associated characteristic map, we have

oY1 9
— oz Oy

J(®) = det s oue
dz dy

with

%./’j =Y u(k)@(- — k), %— =Y u(k)%(- — k),

0 2 0 0 2 0
= Tubge( -k, = 3 kg~ k),

Since -g#g and g—;’é can be numerically computed using the cascade algo-
rithm or the refinement equation, we can now numerically estimate the sign

of J(®) on one section of a ring, which is the area bounded by the bold
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lines in Figure 4.7. By symmetry of the characteristic map and the relation
J[®|(t/3) = 9N A P](2), if the sign of J(®) inside this section of a ring is
the same, then the sign of J(®) inside U, which is defined as the interior
triangular region given by the vertices of “1, 2, 3” in Figure 4.7, excluding the
extraordinary vertex is the same as the sign of J(®) on this particular section

of a ring.

4.2.3 Subdivision Rule for £ = 4 case

The stencils for the case k = 4 are shown as Figure 4.9, and 4.10.

Figure 4.9: The stencils for the new inserted “1/3 vertex” and “2/3 vertex”

on an edge associated with a k = 4 extraordinary vertex.

Figure 4.10: The stencil for a new inserted interior vertex inside a face which

contains a k = 4 extraordinary vertex.
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Similarly, we can figure out some stencils for & = 4. The subdivision

matrix with 2-ring invariant vertices should be:

1 0 0 0 6 0 0 0 0 0 0 0 O
Tg T3 T4 x5 x4 0 0 0 2o ¢ O 0 x4
Te X4 T3 Ty Tz 2 0 0 0 x zy 0O O
Te L5 Ta X3 T4 0 z9 0O 0 0 xz1 ¢ O
Tg Lg s Ta 3 0 0 29 0 0 0 z1 m
Y Ya Yz Ya Ys y2 0 0 0 yp1 oy O O
(4.8) S=19Y ys va ¥y3 ya4 0 yp 0 0 0 y w O
Y6 Ys Y5 Y1 y3 0 0 o 0 0 0 @ un
Yo Ys Y+ Y5 ya 0 0 0 w2z 0O 0 w©
2 25 25 21 2 z3 0 0 23 z4 oz 0 2z
26 2z 25 25 2z 23 23 0 0 z9 2z 2z O
26 21 21 25 zz 0 23 23 0 0 2z zy 2o

26 25 21 2z 2z 0 0 zz z3 2z 0 29 2z

By a simple calculation, the DFT matrix of size 4 is as follows:
1/4 1/4 1/4  1/4
1/4 ij4 —1/4 —i/4
/4 —=1/4 1/4 -=1/4
1/4 —i/4 -1/4 i/4

Applying the permutation on subdivision matrix S, by (4.3) we have:

Z 0 0 o |
0 B(e*/4) 0 0
0 0 Bty o |
0 0 0 B(ef/4) |
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where

1 0 0 0 |
7 - Te T3+ 2x4+T5 o 271
Yo Ys+2Ust+ys Yo 2y ’
| %6 221 + 225 225 229+ zy4
T3 — Ts 1T9 (1 -+ 2)2?1
B(ew/k) = i(ys — y3) Y2 (1= |,
(25 - Zl) -+ 1(25 - Z].) (1 + Z)Zg Z4
I3 — 21134 + 25 —To 0
B(e™*) = [ 2ys —ys —ys w2 0 ;
0 0 24— 22
and
T3 — Iy "‘Z'.’,EQ (1 - Z)$1
B(eP/%) = i(ys — ¥s) Y2 (1+7)m
(25 — z1) +i(zs — 2z1) (1 —1i)z 24
Let
2y:=0, @:=0, z3:=1/3+mz5 x4:=0, z5:=-1/12,
Te:=1—2xy — Ty — T3 — 224 — Ts,
y1:=0, =0, y3:=2/3+ys5, y:=0, ys:=-1/12,
Yo:=1—2y1 —y2 — y3 — 2ys — U5,
Zliz——l/].Q, 2220, 2’3:0, 24:0, Zy = 1/3+21,
26121"221—‘222"—223—24—225,
we have
0001 [i/6 000]foo o0 1]
1 001 0 00 1001
(4.9) Z = ,
31 01 0 0 03101
2 011 0 00 1J 011
L . L L |
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1 00 1300/ 1 00
(4.10) B(e™/) | —2i 1 ol=|0 0o0||-2i 10,
1—i 0 1 0 00| f1—-i 01
1 00 1/6 0 0 |1 00
(4.11) B(e"™/*)1-3 1 0/=|0 00/|-310
0 01 0 00/|0 01
and
1 00 /3 00| 1 00
(4.12) B(e™/™") 1 22 1 0l=|0 00|]|2 10,
1+i 0 1 0 0 0| [1+4 0 1

That is, Z, B(e**/%), B(e*"*/*) and B(e®™"/*) have eigenvalues {1/6,0,0, 1},
{1/3,0,0},{1/6,0,0} and {1/3,0,0}, respectively.

Similarly, the real subdivision matrix § with 3-ring invariant vertices has

S 0
S = ,

where S is the above 13 x 13 matrix block given in (4.13); and block S’ is a

a 25 x 25 size and is given by

12x12 block, which has constant eigenvalues determined by regular subdivision

stencils.

Using the technique as discussing before, we can numerically verify that
the associated characteristic map indeed has nonzero Jacobian, and therefore

the subdivision surface must be tangent plane continuous.

79

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 4.11: Applying the special interpolatory ternary subdivision scheme
on an example mesh with an unique extraordinary vertex (k = 4). From

left to right are the initial, first level and second level subdivision surfaces,

respectively.

4.3 Four-adic Subdivision Rule for k = 3 case

The stencils for the case k = 3 are shown as Figure 4.11 and 4.12.

20
1t
25 2%
5
15 14
26 2 23
8 7
16 13
0
b7) )
3 1
6 9 4
12 17 i8 10
21 28 29 30 19

Figure 4.12: Numbering of the k-gon for the order as subdivision matrix .

By the property of symmetry, the stencil for the new inserted “(1/4, 1/2)”
is a flip of the stencil of “(1/2, 1/4)” vertex. Thus we need only two stencils
for the new inserted interior vertices inside a face. Similarly, we can figure out

some stencils for k£ = 4. The subdivision matrix with 2-ring invariant vertices
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0;

Figure 4.13: The stencil for a new inserted “1/4 vertex” and “1/2 vertex” on

an edge associated with a k = 4 extraordinary vertex.

Figure 4.14: The stencil for a new inserted “3/4 vertex” on an edge associated

x4

&F

@

o

with a k = 3 extraordinary vertex.

should be:

(4.13) S
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Figure 4.15: The stencil at left is for a new inserted interior “(1/4,1/4)” vertex,
and at right is for a new inserted interior “(1/2, 1/4)” vertex inside a face which

contains a k£ = 3 extraordinary vertex.

By a simple calculation, the DFT matrix of size 3 is as follows:

1/3 1/3 1/3
1/3 ~1/6+1iV/3/6 —1/6—iv/3/6
1/3 —1/6 —iV/3/6 —1/6+1iv/3/6

Applying the permutation on subdivision matrix S, by (4.3) we have:

where ~ -
1 0 0 0
Ty Tp+2x1 T 2z
7 = 2 0 1 3 4 ,
Y2 Yo+2y1 U3 2y4
Zo U+ 2'LL0 2’U,4 Us + 2’&3
and
. ww-1)1-3z; —22 — 23— 274) (WP H+w+Drz (W +w?+ 1)y
B(w) = oo 1) WP+ + )G +ye+ys+ya—1) ww-—1ys —(WHw+ Dy |,
(W 4w+ Dz(u; — 2o) W +w?+ Duy wlw—1)(us — u3)

where w = e2™/3  4mi/3,
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Let

To:=1—2x1 — 29 — T3 — 214,

zp 1= —9/128, 29 :=3/4 —3z1, 23:=0, 24 :=0, 25 :=0, 25 :=0,
Yo:=1—2y1 —ys — Y3 — 2y,

y1:=—1/8, yo:=6/8, y3:=0, y4:=0, ys :=0, yg :== 0,
Zp:=1—22 — 29 — 23 — 224,

z1:==1/16, 29 :=0, 23 :=0, 24 :=0, 25 :=0, 25 := 0,

up : = (1 — uy — ug — 2uz — 2uy — us)/2,

uy i =—1/6, up = 3/4, uz :=0, ug :=0, us :=0,
Sg:=1—81 — 8y — 83 — 84 — 85 — 8¢ — 87 — Sg,

sp:=1/4, s9:=—1/6, s3=3/8, 5,:=0, s5:=0, 56:=0, s7:=0, sg:=0.

then we have

1 o0 o] [too0 o 100 0
100 1 000 0 100 1
(4.14) A - ,
11 0 32/5 000 0 110 32/5
1 0 1 32/5 000 5/128/ {1 0 1 32/5
(4.15)
(1+4v3)/3 0 0 1/4 0 o |(1+iv3)/3 0 0
BEe™) 1(5-iv3)/6 0 1| =]0 0 0] |[(5-iv3)/6 0 1],
1 10 0 0 0] 1 10
and
(4.16)
1 0 0 1/4 0 0 1 00
B(e*™#) |(=1+4v/3)5/4 1 0] =] 0 0 0| |(~1+iv3)5/4 1 0
(1+iv/3)3/4 0 1 0 0 0] (14+4/3)3/4 0 1

That is, Z, B(e*/*) and B(e*™/?) have eigenvalues {1,0,0,5/128}, {1/4,0, 0}
and {1/4,0,0}, respectively.
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Theoretically, the size of subdivision matrix is bigger than the one we used
in our previous analysis. By 8§ we denote the real subdivision matrix with 3-
ring invariant vertices (see Figure 4.11), which is (10k + 1) x (10k + 1) and

given by
g S 0 7
* 9
where S is a (3k + 1) X (3k + 1) matrix block given in (4.13) and really useful
in eigen-analysis; The block S’ is a 3k x 3k block, and the eigenvalues of S’ are
all constants and determined by the regular subdivision stencils. Figure 4.11

shows all the vertices contained in our subdivision matrix (31 x 31).

By the same technique as we discussed before, we can numerically ver-
ify that the associated characteristic map indeed has nonzero Jacobian, and

therefore the subdivision surface must be tangent plane continuous.

Figure 4.16: Applying the special interpolatory 4-adic subdivision scheme on
an example mesh with an unique extraordinary vertex (k = 3). From left to
right are the initial, first level and second level subdivision surfaces, respec-

tively.
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