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ABSTRACT

For coupled systems of differential equations on networks, a graph-theoretic

approach to the construction of Lyapunov functions is systematically devel-

oped in this thesis. Kirchhoff’s Matrix-Tree Theorem in graph theory plays

an essential role in the approach’s development. The approach is successfully

applied to several coupled systems well-known in the literature to demonstrate

its applicability and effectiveness.
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Chapter 1. Introduction

The method of Lyapunov functions or the directed method of Lyapunov,
named after Russian mathematician A. M. Lyapunov [85], is a standard tool in
the stability theory of nonlinear differential equations. A difficulty in applying
the method of Lyapunov functions is the ad hoc nature of the construction of a
suitable Lyapunov function for the investigation; there is no general principle
to guide such construction. In this thesis, for a large class of coupled systems
of differential equations, we are able to develop a systematic approach that
guides the construction of Lyapunov functions.

We start with a brief introduction to the method of Lyapunov functions.

Let D be an open set in R™ and ty € R. Consider a nonautonomous system

¥ = f(t,x), (1.1)

where f : [tg, 00) X D — R™ is continuous. In the direct method of Lyapunov,
real-valued functions V' with the same domain as f, V : [ty,00) x D — R, are
considered. From properties such as the sign of these functions and knowledge
of the manner in which they evolve along solutions of (1.1), inferences are
drawn about the qualitative behavior of the solutions. If z(¢) satisfies (1.1)
and v(t) = V(t,z(t)) is continuously differentiable and satisfies, for all ¢ in its

domain, a differential inequality of the form

V(t) < F(t,v(t)), (1.2)



with F' continuous, then v(t) < u*(t), where u*(¢) is the maximal solution of
the differential equation ' = F(t,u), for t > t, as long as both z(t) and u*(t)
exist. An example of this is found when x is a state variable associated with a
physical system whose behavior in time ¢ is governed by a differential equation
of the form (1.1) and V/(¢,x) is the energy in the state x at time t. Then
V(t,z(t)) < V(to,z(to)),t > to as long as x(t) exists if it is known that energy
dissipates so that V(¢,z(t)) is non-increasing. In this example F(t,v) = 0 and
u*(t) = u*(to) = V(to,xz(to)). In particular, the system never achieves a state
in which the energy is greater than that in the initial configuration.

We assume that a unique solution z(t; to, zo) of (1.1) through (o, o) exists
forallt >t and g € D. If V : [tg,00) x D — R is continuously differentiable

on its domain and define the derivative V' along the solutions of (1.1) as

1./(t,x) = 8‘/;’ 7) + 8V(§tx, x)f(taf)a (1.3)
then, with v(t) = V (¢, z(t)),
V(1) = V(t,2(t)) (1.4)

when x(t) is a solution of (1.1).

The term Lyapunov function is not used with great consistency in the
standard texts in differential equations. For instance the broadest use is in
[61, page 80 et seq] where it denotes any real-valued function V' with the same
domain as f and enough smoothness to allow differentiation along solutions.

For a given choice of V', a function F' is sought such that

V(t,z) < F(t,V(t,x))

for all (¢,z) and thus an inequality (1.2) is satisfied by v(t) = V(¢t,z(t)).
Depending on the qualitative property being investigated, various restrictions

on V and F' are required. This approach is then used to investigate questions



such as global existence, boundedness, and stability. For example, for stability
of an equilibrium, various sign requirements on V' and F'(¢,v) near equilibrium
are imposed. Lyapunov functions that are not necessarily sign definite may be
used to establish instability of an equilibrium by a method of Chetaev [21] (or
see Theorem 5.1 in [39]). Necessary and sufficient conditions for the existence
of a nontrivial exponential dichotomy for linear systems are expressed in terms
of Lyapunov functions which are specifically not sign definite, see [26, Chapter
7]. This approach may also be used to establish hyperbolic behavior near an
equilibrium of a nonlinear system. Consistent with the usage of [104, page
77] and [100, page 274], the term will be used throughout the thesis as in the

following definition.

Definition 1.1. A continuously differentiable function function V' : [tg, 00) X

D — Ris a Lyapunov function for (1.1) if‘;'(t, x) < 0forall (¢,x) € [tg,00)xD.

The main objective of the thesis is to investigate the construction of Lya-
punov functions for the following class of coupled systems of differential equa-
tions

= filt )+ gyltounug),  i=12...n. (15)

j=1
Here u, € R™, f; : RxR™ — R™ and g;; : RxR™ xR™ — R™. The class
of coupled system (1.5) is an abstraction of a wide variety of physical, natural,
and artificial complex dynamical systems: from biological and artificial neural
networks [3, 17, 23, 55], coupled systems of nonlinear oscillators on lattices
[8, 22], to complex ecosystems [92, 107] and the transmission models of infec-
tious diseases in heterogeneous populations [18, 112]. We look for Lyapunov

functions in the form
V(tvulv"’ ,Un> = Zci‘/;(ta ui)v (16)

i=1

with constants ¢; > 0 and functions V; : R x R™ — R. In practice, functions



V; are commonly chosen as Lyapunov functions for the uncoupled system

w, = fi(t,u;), 1<i<n. (1.7)

The uncoupled system (1.7) is often of low dimension whose Lyapunov func-
tions V; are relatively easy to construct. The goal of our investigation is to
select coefficients ¢; so that V' becomes a Lyapunov function for the coupled
system (1.5). Due to the complexity and large scale of system (1.5), this is a
very challenging task.

In the thesis, utilizing results from graph theory, we are able to develop a
uniform and systematic approach of selecting coefficients ¢;. The determina-
tion of ¢; in our approach is given explicitly in terms of the coupling structure
of system (1.5). Our approach is sufficiently general that it is applicable to
systems with arbitrary coupling structure.

We have chosen several well-known classes of mathematical models in
Chapters 3-5 to demonstrate the applicability and effectiveness of our graph-
theoretic approach. These examples are chosen from different areas of science
and engineering and include coupled mechanical or electrical oscillators, spa-
tial ecological models of interacting species, and models of infectious diseases
in heterogeneous populations. These models represent a variety of differen-
tial equations: ordinary differential equations, differential equations with time
delays, and stochastic differential equations. These examples also include sev-
eral different types of coupling structure: physical coupling in mechanical and
electrical engineering, spatial interaction through species dispersal in ecology,
and nonlinear coupling through cross-infection in the spread and transmission
of infectious diseases. Our approach applies to both coupling with instanta-
neous connections and those with time-delayed connections. Our approach
also works for different types of Lyapunov functions.

For all of the examples in Chapters 3-5, our graph-theoretic approach al-

lows us to significantly improve the best known results in the literature. In



particular, our global-stability result for a multi-group epidemic model (The-
orem 3.9) contains a complete resolution of a 30-year old open problem in

mathematical epidemiology.



Chapter 2. A Graph-Theoretic
Approach to the Construction

of Lyapunov Functions

In this chapter we develop a general and systematic approach to the con-
struction of Lyapunov functions for coupled systems on networks. Concepts
from graph theory related to our development are reviewed in Section 2.1. In
Section 2.2 we apply Kirchhoff’s Matrix-Tree Theorem to prove several combi-
natorial identities, which will be used in our development. The mathematical
framework of coupled systems on networks along with several examples is given
in Section 2.3. The graph-theoretic approach, the key result of my thesis, is
systematically developed in Section 2.4. We apply the approach to establish
several stability results in Section 2.5. Related discussion are given in Sec-

tion 2.6.

2.1 Definitions and Notations from Graph
Theory

A directed graph or digraph G = (V,E) is a pair of two sets: a set V =
{1,2,...,n} of vertices and a set E of arcs (7, ) leading from initial vertex 4
to terminal vertex j. A subgraph H of G is said to be spanning if H and G

have the same vertex set. A digraph and a spanning subgraph are depicted



in Figure 2.1. A digraph G is weighted if each arc (j,7) is assigned a positive
weight a;;. In our convention, a;; > 0 if and only if there exists an arc from
vertex j to vertex ¢ in G. The weight w(H) of a subgraph H is the product of

the weights on all its arcs.

Figure 2.1: (a) A digraph G. (b) A spanning subgraph of G

A directed path P in G is a subgraph with distinct vertices {iy, 2, -+ , i}
such that its set of arcs is {(ix, ix41) : k=1,2,...,m — 1}. If 4, = i, we call
P a directed cycle. A subgraph 7 in G is a rooted tree if it contains no directed
cycles, and there is one vertex called the root that is not a terminal vertex of
any arcs while each of the remaining vertices is a terminal vertex of exactly
one arc. A subgraph Q is unicyclic if it contains one directed cycle and every
vertex of @ is a terminal vertex of exactly one arc. A unicyclic graph has also
been called a contra-functional digraph [44, page 201]. A rooted tree and a
unicyclic graph are depicted in Figure 2.2. We refer the reader to [44, 120] for

general theory on graphs.
[ ] \ [
(@) (b)

Figure 2.2: (a) A rooted tree. (b) A unicyclic graph



2.2 Matrix-Tree Theorem and Combinatorial

Identities

Given a weighted digraph G with n vertices, define the weight matrix as

a1 A1z -+ Qi

Q21 Q22 - Q2p
A= ,

ap1 Ap2 -+ Gpp

where a;; is defined as the weight of arc (j,4) if it exists and 0 otherwise. For
our purpose, we denote a weighted digraph as (G, A). A digraph G is strongly
connected if, for any pair of distinct vertices, there exists a directed path from
each vertex to the other. A nonnegative matriz is a matrix in which all the
elements are nonnegative. A nonnegative matrix A is reducible if, for some

permutation matrix P,
A 0

PAPT—[AZ W

and A, A3 are square matrices. Otherwise, A is irreducible. A weighted
digraph (G, A) is strongly connected if and only if the weight matrix A is
irreducible [15]. The Laplacian matriz of (G, A) is defined as

Zk;ﬂ A1k —ai2 ce —din
—a21 D ko G2k —as
L= ? " (2.1)
i —Qn1 —Qp2 st Zky&n Ank ]

Let ¢; denote the cofactor of the i-th diagonal element of L. The following
result is standard in graph theory, and customarily called Kirchhoff’s Matrix-

Tree Theorem. We refer the reader to [64, 95] for its proof.



Proposition 2.1 (Kirchhoft’s Matrix-Tree Theorem). Assume n > 2. Then

=Y wT), i=12..,n (2.2)

TET,

where T; is the set of all spanning trees T of (G, A) that are rooted at vertex
i, and w(7T) is the weight of T. In particular, if (G, A) is strongly connected,

then ¢; > 0 for all 1 <i <n.

Using Proposition 2.1 we can prove the following combinatorial identity,
which is the key step in the development of graph-theoretic approach in Section
2.4.

Theorem 2.2. Let (G, A) be a weighted digraph with n > 2 vertices, and ¢; the
cofactor of the i-th diagonal element of the associated Laplacian matriz (2.1).
Then the following identity holds for arbitrary functions Fj; : R™ x R™ — R

and all x; e R™ 1 <4,5 < n:

Z ¢ ai; Fij(zi, ;) = Z w(Q) Z Fos(z,, xs). (2.3)

ij=1 QeQ (s,r)EE(CQ)

Here Q is the set of all spanning unicyclic graphs of (G, A), w(Q) is the weight
of Q, Cq denotes the directed cycle of Q, and E(Cg) is the arc set of Cg.

Proof. For every spanning tree 7 rooted at vertex i,
w(T) ai; = w(Q),

where Q is the unicyclic graph obtained from 7 by adding an arc (j,7) from

vertex j to the root vertex ¢, see Figure 2.3. As a consequence,
w(T) aij Fij(wi, 7;) = w(Q) Fyj(wi, x;), and  (j,) € E(Co).

When we perform this operation in all possible ways to all rooted trees in G,

we obtain all unicyclic graphs in G, and each unicyclic graph Q is created as

9



Figure 2.3: A unicyclic graph is formed by adding
a directed arc (j,7) to a tree rooted at i.

many times as the number of arcs in its cycle Cg (see Theorem 16.5 in [44,
page 201]). The identity (2.3) follows from (2.2) if we reorganize the double

sum on the left hand side as a sum over all unicyclic graphs in G. O

Corollary 2.3. Let (G, A) and ¢; be as in Theorem 2.2. Then the following
identity holds for arbitrary functions G; : R™ — R and all x; e R™ | 1 <i <

n:

D ciay Gi(zi) = Y ciai; Gy(x;). (2.4)

4,j=1 i,j=1

Proof. Using Theorem 2.2, we know that both sides of (2.4) are equal to

dow(Q D Gula),

QeQ keV(Co)
where V(Cg) is the vertex set of Co. O

A weighted digraph (G, A) is said to be balanced if for any directed cycle
C in G, the reverse —C is also in G, and w(C) = w(—C) (see [99]). Here, —C
denotes the reverse of C and is constructed by reversing the direction of all arcs
in C. If the weight matrix A is symmetric, then (G, A) is balanced. However,
the weight matrix of a balanced digraph is not necessarily symmetric. For
a unicyclic graph Q with cycle Cg, let Q be the unicyclic graph obtained by
replacing Co with —Co. Suppose that (G, A) is balanced. Then w(Q) = w(Q).

10



In the right hand side of identity (2.3), we can further pair Q with Q and obtain

- 1

Z Ciaijﬂj('xhxj) = 5 Z ’lU(Q) Z [Frs(xrv xs) + Fsr(xsa xr)]7 (25)
ig=1 QeQ (s,7)EE(Co)

for all (x1,2z9,...,2,) € R™ x R™ x ... x R™. We thus have the following

result.

Theorem 2.4. Assume (G, A) is balanced and n > 2. Let ¢; be as in Theo-
rem 2.2. Then identity (2.5) holds for arbitrary functions Fj; : R™ x R™ —

R,1<4i,j<n.

Using Theorem 2.4 and the same proof as for Corollary 2.3, we obtain the

following result.

Corollary 2.5. Assume (G, A) is balanced and n > 2. Let ¢; be as in The-
orem 2.2. Then the following identity holds for arbitrary functions Fj; :

R™ xR™ — R and all z; e R™, 1 <14, 5 <n:

Z ¢i ayj Fij(wi, ) = Z ¢ aij Fji(xj, ;). (2.6)
i,j=1 i,j=1

2.3 Coupled Systems on Networks

Given a network represented by digraph G with n vertices, n > 2, a coupled
system can be built on G by assigning each vertex its own internal dynamics
and then coupling these vertex dynamics based on directed arcs in G. Assume

that each vertex dynamics is described by a system of differential equations

up = fit, ui), (2.7)

where u; € R™ and f; : R x R™ — R™. Let g;; : R x R™ x R™ — R™
represent the influence of u; from vertex j on wu; from vertex ¢, and g;; = 0

if there exists no arc from j to 7 in G. See Figure 2.4. Then we obtain the

11



following coupled system on digraph G

up = filtow) + Y giy(tousu),  i=1,2,... n (2.8)

j=1
Many large-scale dynamical systems from science and engineering can be rep-
resented as coupled systems on networks in the form of (2.8). Several examples

are illustrated below. More examples are considered in Chapters 3-5.

gji(t, uj, u;)
up = fi(t, ui) u; = fi(t, uj)

935 (L, ui, uy)

Figure 2.4: A coupled system on a network

Example 1 (Coupled Oscillators). A coupled system of nonlinear oscilla-
tors on G can be built as follows: each vertex i is assigned a nonlinear oscillator
described by

! + @l + fi(x;) =0, (2.9)

where a; > 0 is the damping coefficient, f; : R — R is the nonlinear restoring
force, and the influence from vertex j to vertex i is provided in the form
aij(z; — x}) [29, 42]. Here weight constants a;; > 0, and a;; = 0 if and only if

no arc exists from j to i in G. See Figure 2.5. We arrive at a coupled system

— o/ tor+ fi(r) =0 /=

a;j(z; — x}) aji(z}; — )

~— x;-’ + ozj:v; + fi(z;) =0 —=

Figure 2.5: Coupled oscillators on a network

12



of second order differential equations on G
n
m§'+az—m§+fi(1’i)+Zaij(x;—x;) =0, i=1,2,...,n,
j=1
or in the form of first order systems

Ii/ = Y,
n (2.10)
yi' = —aqy; — fi(ws) — Zaij(yi —Yj)-

j=1

We will study the global dynamics of (2.10) in Section 3.1.

Example 2 (System Coupled via Dispersal). Assume that the vertex

dynamics at each vertex is described by an m-dimensional differential equation
u, = fi(t,u;), w € R™, i=1,2,...,n. (2.11)

Let K = diag{ki, ko, - ,kn} be a diagonal matrix with k; > 0 for all 1 <
i <m. A class of coupled systems of differential equations (2.11) on G can be

given as
up = filtw) + Y agK(u;—u),  i=1,2,...n (2.12)
j=1

The underlying network is described in Figure 2.6. Several mathematical mod-

els in the form of (2.12) are investigated in Chapters 3-5.

2.4 Construction of Lyapunov Functions for
Coupled Systems
In this section we develop a systematic approach to the construction of Lya-

punov function for coupled systems on networks. Our approach allows us to

13



— up = fi(t,u;) —
ain(uj — ul) Cle‘K(ui — Uj)

Figure 2.6: System coupled via dispersal

resolve global-stability problems (Chapters 3-5) for many complex systems in-
cluding coupled oscillators (2.10) and dispersal coupled systems in the form of
(2.12).

Consider a coupled system on a digraph G

u;:fz(taul)+z gl](tyuwuj)ﬂ i = 17277n (213)

Jj=1

The vertex systems after removing all couplings are given as
u’i:fi(t,ui), 1= 172,...771. (214)

Our objective is to investigate if a Lyapunov function V' can be constructed for
system (2.13). Such an investigation is significant for the stability and control
of large-scale dynamical systems.

Let U; C R™ be an open set. For each continuously differentiable function
Vi :Rx U; — R,1 <i<n, the derivative ‘;; along the solutions of (2.13), as
defined in (1.3), is given as follows

Vit u;) = a%((;t, u) 4 avgi’.“") (fltw) + Y gsltouw)).  (215)

=1

In practice, V; is often chosen as a Lyapunov function for each vertex system

(2.14). Let U =U; x Uy X --- x U, C R™,m = my +mg + -+ + m,, and

14



u = (uy,ug, - ,uy,). Fora continuously differentiable function V : RxU — R,

the derivative V' along the solutions of (2.13) is given as follows

Vi) - av t,u) Z 81/85 2 (At + > gt wuy). (216)
i =1

We are particularly interested in constructing Lyapunov functions V' for cou-

pled system (2.13) of the form

u) = Zcﬂ/;(t, i), (2.17)

where ¢; > 0 are constants. The following result gives a general and systematic
approach for selecting suitable coefficients ¢; such that V' as defined in (2.17)

is a Lyapunov function for (2.13).
Theorem 2.6. Suppose that the following assumptions are satisfied.

(1) There ezist functions V; : R x U; — R, Fj; : Rx U; x U; — R, and

constants a;; > 0 such that, for every 1 <i <mn,

Vilt, uy) Za” Fii(t,u,uj), Vt>0, u=(u,...,u,) € U. (2.18)

(2) For each directed cycle C of the weighted digraph (G, A), A = (a;;),

> Fultiup,u) <0, VE>0, u=(uy,...,u,) €U (219)
(s,r)EE(C)

(3) The weighed digraph (G, A) is strongly connected.

Then, the constants ¢; given by Proposition 2.1 satisfy ¢; > 0 for all i and the

function

Vit u) = icz"/}(t,ui), (2.20)

15



satisfies ‘./(t,u) <0 forallt >0 and w € U, i.e., V is a Lyapunov function
for (2.13).

Proof. Using (2.15), (2.16), and assumption (1), we obtain

‘./(t, U) == Zcﬂ;;(t, ui) S Z Ciaz‘jﬂj(t, Ui, Uj).
i=1

ij=1

Applying Theorem 2.2 to the weighted digraph (G, A), we obtain

Z ciay Fij(t,us, uy) = Z w(Q) Z Fos(t, uy, ug). (2.21)

ij=1 QeQ (s,r)EE(Co)

Since w(Q) > 0 and
> Bultun,u) <0,

(s,r)€E(Co)
by assumption (2), we arrive at V(t,u) < 0, completing the proof of Theo-
rem 2.6. 0J

If the underlying network (G, A) has special properties, then Theorem 2.6
holds under a weaker assumption than (2). Suppose that (G, A) is balanced, as
defined in Section 2.2. Using Theorem 2.4, we can further organize the terms

on the right hand side of (2.21) and obtain

n

1
> ciayFyltuu) =53 w(Q) D [Fultiun ) + Fultougu).
i,j=1 Q€eQ (s,;r)EE(Co)
(2.22)

The same proof shows that the conclusion of Theorem 2.6 holds if the assump-

tion (2) is replaced by the following.

(2”) Along each directed cycle C

Z (Fm(t’umus) + Fsr(t,us,ur)) <0, Vt>0 uecU (2.23)
(s,r)EE(C)

16



We thus have the following result.

Theorem 2.7. Suppose that (G, A) is balanced. Then the conclusion of The-
orem 2.6 holds if condition (2.19) is replaced by (2.23).

Conditions (2.19) of Theorem 2.6 and (2.23) of Theorem 2.7 can be readily
verified if there exist functions G; : R x U; — R,7=1,2,...,n, such that

Fii(t,u,uj) < Gi(t,w) — Gi(tug), V1<ij<nt>0ueclU (2.24)

Hence the following corollary holds.

Corollary 2.8. The conclusion of Theorem 2.6 and Theorem 2.7 holds if
condition (2.19) and (2.23), respectively, are replaced by (2.24).

If V; satisfies a more restrictive condition
V;(t,ul) < —bl V;(t,u,) + Zaijﬂj(t,ui,uj), Vi> 0, u e U, 1 <1< n,

j=1

(2.25)
for constants b; > 0, then a stronger conclusion can be drawn for V. The

following result can be proved the same way as Theorem 2.6 and Theorem 2.7.

Theorem 2.9. Suppose that the following assumptions hold.

(1) There exist V; :Rx U; = R, Fj; :Rx U; xU; = R, a;; >0, and b; >0
such that (2.25) holds.

(2) Either (2.19) or (2.24) holds, or (2.23) holds provided that (G, A) is

balanced.
(3) The weighted digraph (G, A) is strongly connected.

Then, constants c; given by Proposition 2.1 satisfy ¢; > 0 for all i and the
function V' in (2.20) satisfies

V(t,u) < =bV(t,u) forall t>0,ueU,
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where b = min{by, by, - -+ ,b,} > 0.

2.5 An Application to Stability Problems

In this section we use the graph-theoretic approach developed in Section 2.4 to
obtain stability results for coupled systems of nonautonomous differential equa-
tions, while in Chapters 3-5 we investigate stability problems for autonomous
systems.

Let D be an open set in R™. Consider a nonautonomous system
¥ = f(t,x), (2.26)

where f : [0,00) x D — D is continuous. We assume that the solution
x(t;to, xp) of (1.1) through (ty,x0) with zy € D exists for all t > ¢, and is
unique. We say that the origin x = 0 € D is an equilibrium of (2.26) at ¢t = ¢
if f(t,0) =0 for all t > ty. The origin = = 0 is uniformly stable if for any given
€ > 0 there exists 0 = d(e¢) > 0 such that |xo| < 0 implies |z(¢; ¢y, zo)| < € for
all £ >ty > 0. The origin is uniformly asymptotically stable if it is uniformly
stable and there exists 7 > 0 independent of ¢, such that |z¢| < n implies
x(t;to, ) — 0 as t — oo. The origin is globally uniformly asymptotically
stable if it is uniformly asymptotically stable and for any xy € D we have
x(t;to, xp) — 0 as t — oo.

Consider the coupled system (2.13) with U; = R™ i =1,2,...,n, that is

W= L) £ Y gsltuy),  i=12..n (220)

J=1

where u; € R™, f; : RxR™ — R™ and g;; : R x R™ x R™ — R™i. Suppose
that the origin is an equilibrium of (2.27). Using the graph-theoretic approach

developed in Section 2.4, we have the following stability result.

Theorem 2.10. Suppose that there exist functions V; : R x R™ — R, Fj; :
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RxR™ xR™ and constants a;; > 0,b; > 0,1 <4, j < n such that assumptions
(1)-(3) in Theorem 2.9 are satisfied. In addition, assume that the following

conditions hold for every function V;.

(1) (positive definite) V;(t,u;) = 0 for all t > 0 if and only if u; = 0; and
there exists function ®; : R™ — [0,00) with ®;(u;) = 0 iff u; = 0 such
that ®;(u;) < Vi(t,u;) for allt > 0 and u; € R™.

(2) (decrescent) There exists function W; : R™ — [0, 00) with W, (u;) = 0 iff
u; = 0 such that |V;(t,u;)| < V;(u;) for allt >0 and u; € R™:.

(3) (radially unbounded) V;(t,u;) — oo uniformly on t as |u;| — 0.

Then the origin is a globally uniformly asymptotically stable equilibrium for

system (2.27).

Proof. Applying Theorem 2.9, we find that the function
V(tv U) = Z ci‘/;(ta ui)7
i=1

with ¢; > 0 given by Proposition 2.1, is a Lyapunov function for system (2.27),

and

V(t,u) < =bV(t,u), for all (t,u) € [0,00) x U,

where b = min{by, b, ...,b,} > 0. Since V is a linear combination of functions
V; that satisfy conditions (1)-(3), V" also satisfies conditions (1)-(3). Therefore,
by Theorem 4.3 in [39] (also see [102, Theorem 6.2] or [122, Theorem 9.8]), we

conclude that the origin is globally uniformly asymptotically stable. O]

Example 3. Consider the following coupled system of nonautonomous differ-

ential equations

l‘; :Oéi(t)l’i—FZCLij(Ij —1'1‘), 1= 172;-~-7n7 (228)
j=1
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where z; € R, ; : R — R, and the nonnegative matrix A = (a;;) is irreducible.
Assume that o;(t) < —3; < 0 for all s and t > 0. Set V;(¢,x;) = z?. It can
easily be verified that V; satisfies conditions (1)-(3) in Theorem 2.10. We also

have

Vilt, z;) = 20 (t)z? + Z aij(2zir; — 227) < —2B.27 + Z a,-j(a:? —z?).
j=1

Jj=1

Let Fij(xi,x;) = Vi(x;) = Vi(z;) = 23 — 27 and b; = 20; > 0. Hence all as-
sumptions of Theorem 2.9 and Theorem 2.10 can be verified. Therefore, by
Theorem 2.10, we conclude that the origin is a globally uniformly asymptoti-

cally stable equilibrium.

2.6 Discussion

To demonstrate that mere existence of Lyapunov functions V; for each vertex
system is not sufficient for the existence of V', we consider the following exam-
ple, which shows that two asymptotically stable linear systems can be linearly

coupled as in (2.12) to form an unstable system.

Example 4. Let
-2 3

-1 1

B:

u; = (z5,v;) € R% and fi(u;) = Bu;. The vertex systems (2.11) become

/

=B , 1=1,2. (2.29)
?JQ Yi

Since the two eigenvalues of B are —% + @i, the zero solution of the vertex
systems (2.29) is globally asymptotically stable in R%. Moreover, there exists

a 2 x 2 matrix C such that V; = u! Cu; is a Lyapunov function for the vertex
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system (2.29) [41, page 295]. Let

denote the weight matrix associated with a digraph G and K = diag{1,0}.
The dispersal coupled system (2.12), interpreted as in Figure 2.7, becomes

x) _ g T Ty — Ty |
h Y1 0
(2.30)
@ g T T1 — To |
Y Yo 0

whose coeflficient matrix

—
o o R ow
|
e 2
—_ W o o

has a positive eigenvalue @, and thus the zero solution of the coupled
system (2.30) is unstable.

In the rest of the thesis, to demonstrate the applicability and effective-
ness of the approach described in Section 2.4, we consider the global-stability
problem for various coupled systems. For these coupled systems, the types
of vertex systems are ranging from ordinary differential equations, delay dif-
ferential equations, to stochastic differential equations; the couplings among
vertices can be linear or nonlinear, or have delay. We show that Lyapunov
functions for these coupled systems can be systematically constructed by our

approach.
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Chapter 3. Applications to
Ordinary Differential Equation
Models

In this chapter we choose several well-known mathematical models to demon-
strate the applicability and effectiveness of our graph-theoretic approach de-
veloped in Chapter 2. These models include coupled oscillators (Section 3.1),
spatial ecological models of single species (Section 3.2) and predator-prey (Sec-
tion 3.4), and heterogeneous epidemic models (Sections 3.5-3.6). These exam-
ples have different types of networks, such as mechanical and electrical net-
works for coupled oscillators, dispersal networks for spatial ecological models,
and interaction networks for multi-group epidemic models. Vertex Lyapunov
functions for these models are also different, from energy-type functions for
coupled oscillators to Volterra-type functions for ecological and epidemiologi-
cal models. Our graph-theoretic approach allows a unified solution regarding
the construction of global Lyapunov functions for all these different type of
complex systems.

The graph-theoretic approach also allows us to significantly improve the
best-known results in the literature. In particular, the global stability of the
endemic equilibrium for multi-group epidemic models has been an open prob-
lem for more than thirty years. Our approach resolves this long-standing open

problem for a large class of multi-group epidemic models (Theorem 3.9).
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3.1 A Model for Coupled Oscillators

Many mechanical, electrical, chemical, and biological systems can be modelled
as coupled oscillators. Their dynamical behaviors can be very complicated;
bifurcation and chaos have been observed in various model systems (see [8]
and references therein). It is also interesting to investigate when and how
these coupled oscillators can eventually stop oscillations. In this section we
apply the graph-theoretic approach developed in Chapter 2 to investigate the
global-stability problem for a class of coupled oscillators. Our approach allows
us to construct a global Lyapunov function for coupled oscillators using the
well-known energy function for each individual oscillator.

We consider the model of coupled oscillators as constructed in Section 2.3.
Recall that, for a given weighted digraph (G, A) with n vertices, A = (a;;),

n > 2, a coupled system of nonlinear oscillators on (G, A) is

[
'/L‘i_ylﬁ

n
/
Y, = —o5Y; — fz xz § az]

J=1

(3.1)

The vertex system at each vertex is described by a nonlinear oscillator as
! + @l + fi(x;) = 0. (3.2)

Here a; > 0 is the damping coefficient, f; : R — R is the nonlinear restoring
force.

For each vertex system, we assume that there exists =} such that f;(z;) =0
iff z; = x7. We also assume that the potential energy F;(z;) f ' fi(s)ds has
a global minimum at x; = zf and lim,, .. Fi(z;) = oo for all i. Then it is

standard that, if a; > 0, the total energy

2
Zi

Vilai,y) = % + Fi(x) (3.3)
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is a global Lyapunov function for the global asymptotic stability of x; = z
for vertex system (3.2).

It can be verified that E* = (x7,0,23,0,--- ,2%,0) is an equilibrium of
coupled system (3.1). In the following, we apply the graph-theoretic approach
to construct a global Lyapunov function for coupled system (3.1), and then

establish the global stability of E*.

Theorem 3.1. Assume (G, A) is strongly connected. Suppose that o; > 0 for
all © and there exists k such that oy > 0. Then equilibrium E* is globally

asymptotically stable in R*".

Proof. To apply the graph-theoretic approach, we want to verify that V;(x;, y;)
in (3.3) satisfies the assumptions of Theorem 2.6. Differentiating V; along (3.1)

gives
Vi = —ouyi - Zaij(yi —Y;)Yi
& 1 1 1
= —at+ Y a( — 50— )+ 50— 5uE)
7=1
n
L, 1,
< D58 - ).
7j=1
Let
1, 1
Fii(yi, v5) 5Yi — Qv
We have

Vi< Z aij Fij (Yi, ;)
=1

and along every directed cycle C of the weighted digraph (G, A),

Z Frs yT7y$ - Z (%yz - %Z/z> =0.

(s,r)EE(C) (s,r)EE(C)

Assumptions (1) and (2) of Theorem 2.6 are satisfied. Let ¢; be the cofactor

of the i-th diagonal element in the Laplacian matrix of (G, A), as given in
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Proposition 2.1. Then, by Theorem 2.6,
Vi(z, g, Tn Yn) = Z i Vi(zi, yi)

is a Lyapunov function for (3.1), in fact,

V(1 Y1, s Ty Yn) = ZCZVZ(UCHZ/J

=1

sl

n

7 azJ-Fz] Yi, y]
1 7j=1

IN
o

.
I

for all (z1, 91, , Tn, Yn) € R?™.

To show E* is globally asymptotically stable, we examine the largest in-
variant set where \./ = 0. Since (G, A) is strongly connected, ¢; > 0 for all
1 < i < n. Therefore, V = 0 implies that c;y? = 0 and a;;(y; — y;)* = 0 for
all 1 <4,7 <n. As a consequence, y; = 0 if a; > 0; and y; = y; if a;; > 0, or
if there exists an arc from j to ¢ in (G, A). By our assumption, there exists k
such that oy > 0, thus y,, = 0. Let [ # k denote any vertex of (G, A). Then,
by the strong connectivity of (G, A), there exists a directed path P from I
to k. Applying the relation y; = y; to each arc (j,i) of P, we obtain that
11 = yr = 0. Hence, ‘./ = 0 implies y; = 0 for all . From the second equation
of (3.1), we have 0 = y; = —fi(x;), and thus x; = x} for all . This implies

that the largest invariant subset of

{(xlvylu e 7$n7yn) € RQn | V= 0}
is the singleton { E*}. Note that V is radially unbounded, namely,

V(xlvyh'" ,xn,yn)—>oo as |($17y1>"' 7$n7yn)‘_>oo'

*

Therefore, by the LaSalle Invariance Principle [75], E* is globally asymptoti-
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cally stable in R?". O

Theorem 3.1 shows that in a strongly connected network, the existence of
damping in a single oscillator is sufficient to eventually wipe out all oscillations

in coupled system (3.1).

3.2 A Single-Species Model in a Patchy Envi-
ronment

Spatial heterogeneity exists in the natural world and can influence population
dynamics [77]. Both continuous reaction-diffusion systems and discrete patchy
models are used to study the effect of spatial heterogeneity in the literature
(see [98] and references therein). While reaction-diffusion systems are suitable
for random spatial dispersal, patchy models are often used to describe directed
movement among patches [51, 76].

In this section we consider a general model that describes the dispersal of

a single species among n patches (n > 2)
37; = Sl?lfl<.flfz) + Z dij(xj — Oéij.ifi), 9 = 1, 2, o, N (34)
J=1

Here z; € R, represents population density of the species in patch i, f; €
C*(R4,R) represents the intrinsic growth rate in patch 4, the constant d;; > 0
is the dispersal rate from patch j to patch ¢, and the constant a;; > 0 can be
selected to represent different boundary conditions in the continuous diffusion
case [1, 86]. We remark that growth functions of patches can be very different;
that is, system (3.4) allows patch-specific population dynamics [2]. To model
this specification using continuous space model, one needs to deal with partial
differential equations with spatially varying coefficients, which are particularly
challenging in stability analysis.

Stability problems for system (3.4) have been investigated by different au-
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thors. For example, Hastings [48] studied the local stability of a positive
equilibrium of (3.4). Sufficient conditions for uniqueness and global stability
of the positive equilibrium were first derived in Beretta and Takeuchi [13] and
further generalized in Lu and Takeuchi [86]. In the following, we interpret (3.4)
as a coupled system on a network. Using our graph-theoretic approach devel-
oped in Chapter 2, we prove a global stability result under weaker restrictions
then ones in [13] and [86].

A digraph G with n vertices can be constructed for system (3.4) as follows:
each vertex represents a patch, a directed arc (j, ) is assigned if the dispersal
rate d;; from patch j to patch ¢ is positive, and no such arc exists if d;; = 0. The
dynamics at each vertex are defined by the scalar ordinary differential equation
x, = x;fi(x;). The coupling among vertices are provided by the dispersal
among patches. See Figure 3.1. We remark that the dispersal network G is

strongly connected if and only if the dispersal matrix (d;;) is irreducible.

dji(@; — ajix;)

xy = xi fi(x;) o = x;fi(x;)

dij(zj — i)

Figure 3.1: A coupled single-species system on a network

Let @ : (0,00) — [0,00) be such that

O(z)=x—1-Inz, Va > 0. (3.5)

It can be easily verified that ®(x) > 0 for all z > 0 and ®(z) = 0 if and only
if z = 1. Denote R = [0,00) and R" = {(z1,22,...,2,) € R* | 2; € Ry, i =
1,2,...,n}. Now we are in a position to establish the global stability result for
system (3.4). Biologically, our result implies that populations in all patches
persist at the unique positive equilibrium level if it exists, irrespective of the

initial conditions.
Theorem 3.2. Suppose that the following assumptions hold:
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(1) The dispersal matriz (d;;) of (3.4) is irreducible.

(2) fl(x;) <0, for all z; > 0,i = 1,2,...,n, and there exists k such that
fi.(u) # 0 in any open interval of Ry.

*

Then, whenever a positive equilibrium E* = (a3, x5, -+ ,x}) with 2f > 0 for
all 1 < i < n exists for system (3.4), it is unique and globally asymptotically

stable in the positive cone of R’}.

Proof. Let E* = (af,25,--- ,x), xf > 0,1 = 1,2,...,n, denote a positive

equilibrium of (3.4). Then ] satisfies

*

fi(z}) = — i dij (% - aij). (3.6)
=1 i

We show that £ is globally asymptotically stable in the positive cone of R},
and thus is unique.
Set

Vi(z;) = xf@(%) =z, —z; —aln x—i
T T

From the properties of function ® as defined in (3.5), we obtain that V;(z;) > 0

for all z; > 0 and V;(z;) = 0 if and only if 2; = xf. Direct calculation and

(3.6) yield

n

Vo= ([l + (- o)

j=1
n T X Ty
= (561—1’1){— dz](? al]) +fz(xl) fl(xz)_‘_sz( alﬂ)]
= i j=1 '
% * X T; X
= (o )il — fa) + Y dyy (B - T - T
j=1 J i Tit
(3.7)
Let
A5 = dwl; >0,
Fylwiaj) = 2 — 20 41— 250
1’] xi ilj



and
x .

Gy(zi) = _@<%) —1-

X

Ty
— —+ ln
i Ly Z;

€y
x

Using the fact (z; — x7)(fi(x;) — fi(z})) <0 for all ; > 0 and all i, we have

n

Vi< Z a;; Fij(x;, x;).

j=1
On the other hand,
ri Ty riw;
Fiyj(w ;) = - —+1-—"—
r; Tt
= Gi(z) — Gj(x;) +1— =L +In—
'L( Z) .7( ]) xlx* xixxf

J

= Gi(x;) — Gi(;) - (I)(fzo
itj

J

IN

Gi(z) — Gj(x;).

We have shown that V;, F};, G;, and a;; satisfy the assumptions of Theorem 2.6
and Corollary 2.8. Let ¢; be the cofactor of the i-th diagonal element in the

Laplacian matrix of (G, A), as given in Proposition 2.1. Therefore,
V($1, S Tp) = Z Cz‘Vi(ﬂﬁi)

i=1

as defined in Theorem 2.6 is a Lyapunov function for (3.4), namely,
V<0 forall (xq,---,2,) € R},

Using the strong connectivity of (G, A) and a similar argument as in Sec-
tion 3.1, we can show that 1./ = 0 if and only if z; = 2} for all <. Note that V
is radially unbounded and V' (z1,--- ,x,) — oo as z; — 0T for any i. By the
classical Lyapunov stability theory, E* is globally asymptotically stable in the

positive cone of R”. This completes the proof of Theorem 3.2. O

The existence requirement for E* can be satisfied through boundedness
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and persistence analysis, which only involves dynamics on the boundary of
R?. Theorem 3.2 contains an earlier result, as a special case, in Lu and
Takeuchi [86], in which the global stability of E* was proved by the theory of
monotone dynamical system under the stricter conditions that f/(z;) < 0 in
(0,400) for all i. Before our Theorem 3.2, the result of Lu and Takeuchi [86]

was the best-known global stability result for system (3.4).

3.3 A Volterra Food Web

Stability and complexity of ecosystems have been studied in the field of math-
ematical ecology and biology, see [91] and references therein. The interactions
of many species within biological communities and/or inter communities re-
sult in different complex systems. Global-stability problems for these complex
ecosystems can be very challenging due to complexity of ecosystems. In this
section and Section 3.4 we demonstrate that our graph-theoretic approach
is applicable to different types of complex ecosystems, from food webs (this
section) to patchy predator-prey models (Section 3.4).

Food webs [24, 121] are complex ecosystems describing the predator-prey
relationships between species. Global-stability problems on food webs can
be used to describe the coexistence of species, and thus are interesting and
important [31, 46, 99]. In this section, we apply our graph-theoretic approach
to investigate the global stability of a Volterra food web

:c;::ci(ei—f—Zpija:j), i=1,2,...,n. (3.8)

j=1
Here x; € R, represents the population density of the i-th species, ¢; € R,
pii < 0, and p;;pj; < 0if p;; # 0,47 # j. Biologically, p;; > 0 means that z; is
predator and x; is prey. We describe (3.8) as a coupled system on a network.
Let G be a digraph with n vertices, in which each vertex represents one species.

An arc (j,1) exists if and only if p;; # 0,7 # j. The dynamics at each vertex
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are defined by the scalar ordinary differential equation
T = ;i + put:.

The coupling among vertices are provided by the interaction among species,
in the bilinear form of p;jz;x;,7 # j. System (3.8) thus can be regarded as a

coupled system on G. See Figure 3.2.

/! 2 le——

— T; = €;%; + PiT; —
Dij il DjiZilj

-~ I . 2 fe—

a— x5 —-ejm]—+1bjxj E—

Figure 3.2: A Volterra food web

Suppose that (3.8) admits a positive equilibrium E* = (af,z3,--- ,z),
where x7 > 0,7 =1,2,...,n, satisfy the equilibrium equations
ety pya}=0, Vi=12..n (3.9)
j=1
Let

Vi(x;) = x*@(ﬁ) =z, —z —zln x—i
Differentiating V; along with (3.9) gives

n n n
[ ]
* * * *
Vi= ey + ) pyriry — exf — Y pyaia; =y pila — @) (@5 — @)
=1 j=1

Jj=1

= pii(a; — 27)* + Z ai; Fyj (w3, 25),
j=1

*

where a;; = |p;;| when i # j, a; = 0, and Fij(@, 7;) = sgn(py;) (2 —27) (2;—27).

Let (G, A) denote the weighted digraph with the weight matrix (a;;). Suppose
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that (G, A) is balanced. Thus condition (2.23) of Theorem 2.7 is satisfied since
Fij(z;,2;) = —Fj(z;,2;),1 # j. Let ¢; be the cofactor of the i-th diagonal
element in the Laplacian matrix of (G, A), as given in Proposition 2.1. Then,

by Theorem 2.7,

n

V(en,as, o an) = Y Vi) (3.10)

i=1
is a Lyapunov function for (3.8) provided that (G, A) is balanced. In particular,

we have

i=1

Therefore, we have the following result that extends an earlier result on global

Lyapunov functions for (3.8) in [99].

Theorem 3.3. Suppose that system (3.8) admits a positive equilibrium E*.
Assume that (G, A) is balanced with weights a;; = |pi;| if pi; # 0 and 0 oth-
erwise. Then V as giwen in (3.10) is a Lyapunov function for (3.8). Fur-
thermore, if p; < O for all , then E* is globally asymptotically stable in the

Yt n
positive cone of R7;.

3.4 A Patchy Predator-Prey Model

Patchy predator-prey models can be used to model complex ecosystems of
predator-prey interactions in a heterogeneous environment. Assume that the
heterogeneous environment can be divided into several homogeneous regions,
called patches, prey and predator populations interact in each patch, and only
prey population can dispersal among patches. Then we obtain the following

predator-prey model in which prey disperse among n patches (n > 2).

z; = xi(r; — biw; — e;y;) + Z dij(rj — ujmy),
j=1 (3.12)

Vi = yi=i — pays + €y), 1=12..,n
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Here, x;,y; denote the densities of preys and predators on the patch i, respec-
tively. The parameters in the model are nonnegative constants, and e;, ¢; are
positive. The dispersal constants d;;, a;; are similarly defined as in Section 3.2.
We refer the reader to [30, 71] for detailed interpretations of predator-prey
models and parameters.

In this section we interpret (3.12) as a coupled system on a network. Uti-
lizing a well-known Lyapunov function for single-patch predator-prey models
[56] as V; and using our graph-theoretic approach, we establish that a positive
equilibrium of the n-patch model (3.12) is globally asymptotically stable in
R2" as long as it exists. We remark that, for a special case of system (3.12)
when patch number n = 2, Kuang and Takeuchi [71] proved the global sta-
bility of the positive equilibrium by constructing a Lyapunov function. Our
graph-theoretic approach allows us to extend such a construction of Lyapunov

functions for a two-patchy model to an arbitrarily n-patch model.

] @ = 2i(ri = biwi — eiy;) n—
Vi = yi(—vi — payi + €x;)
dji(zi — azizg) | | dij(xj — ijag)
L] @) =i(rj — bjzj —ejy;)

/

Y; = yi (= — miys + €;5)

Figure 3.3: A coupled predator-prey system on a network

A digraph G with n vertices for system (3.12) can be constructed similarly
as in Section 3.2. Each vertex represents a patch and (j,7) € E(G) if and only
if d;; > 0. At each vertex of G, the vertex dynamics is described by a predator-
prey system. See Figure 3.3. The coupling among these predator-prey systems

are provided by dispersal among prey populations.
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Now we are ready to establish the global stability of system (3.12).

Theorem 3.4. Suppose that the dispersal matriz (d;;) is irreducible. Assume
that there exists k such that by > 0 or ux > 0. Then, whenever a positive
equilibrium E* exists, it is unique and globally asymptotically stable in the

y 2n
positive cone of R,

Proof. Let E* = (z7,y5,--- ,z},yk), with «f,yF > 0 for all 1 < i < n, denote

the positive equilibrium. Here z*, y* satisfy the equilibrium equations

n *

B * d L
= b;x; + ey — i\ Qij |,

i=1 :

Vi = — Yy + &

(3.13)

Consider a vertex Lyapunov function in [56] for a single-patch predator-prey

model,

L Y; Z; Yi

We show that V; satisfies assumptions of Theorem 2.6. Following similar steps
as in (3.7), and using (3.13), we can verify that

. . = Ty — X
Vi = e(xi—a])(ri — biwy — eqys) + Z Eidz‘jT(xj - Oéijl‘z')

=1 '

+ei(yi — yi ) (=vi — s + €x;)

n z*
= &z — 1)) (ble + ey — Z dij (;1 - aij) —bir; — 611/1)
j=1 i

+> iy ———(2; — ayzi) + ei(ys —yi) (i — 6] — payi + eii)
j=1

n *
_ *\2 *\ 2 * J ? J7
= b= o) = el — i o+ D dye; (G = 1= ),

j=1 J i g

Set
*
_ * _ ¢ [}
aij—dijeixj, Ej(xhxj)_g_g_'—l_ )
i ity
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and

Then, as in Section 3.2, V;, Fj;, G;, and a;; satisfy the assumptions of Theo-
rem 2.6 and Corollary 2.8. Let ¢; be the cofactor of the i-th diagonal element
in the Laplacian matrix of (G, A), as given in Proposition 2.1. Therefore, the

function
n

V(fpla Yty 5y Ty yn) = ZCiVi(%,yi)

i=1

as defined in Theorem 2.6 is a Lyapunov function for (3.12), and
V<0 forall (1,91, " ,%Tn,Yn) € RY".

Using a similar argument as in Section 3.1, we can show that the largest
invariant set on which V' = 0 is the singleton { E*}. Notice that V is radially

unbounded and for all 7 we have
V(zy, g, Tn,yn) — 00 as x; — 07 or gy — 0T,

The LaSalle Invariance Principle [75] implies that E* is globally asymptoti-
cally stable in the positive cone of Ri". This also implies that E* is unique,

completing the proof of Theorem 3.4. O

Theorem 3.4 generalizes a global-stability result in [71] from 2 patches
to any number of patches. Biologically, our result indicates that arbitrary
prey dispersal among patches never changes the global stability as long as the

system persists.
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3.5 An SIR Epidemic Model in a Patchy En-
vironment

Heterogeneity exists in many aspects of disease transmission processes [20, 84]:
heterogeneous spatial distribution of host populations, heterogeneous suscep-
tibility among age groups, heterogeneous social behaviors among groups for
sexually transmitted diseases, multi-hosts for many diseases such as West Nile
virus and Avian flu. Heterogeneity produces complexity in disease transmis-
sion. Due to extremely large scales of the resulting models, rigorously es-
tablishing their global dynamics poses a great mathematical challenge. In this
section (spatial heterogeneity) and Section 3.6 (host heterogeneity), our graph-
theoretic approach allows us to completely determine the global dynamics of
several classes of heterogeneous epidemiological models.

Discrete spatial epidemic models in patchy environments have been pro-
posed in the literature to model the spread of infectious disease in spatially
heterogeneous host populations [7, 116]. In the proposed models, a patch
can be a city or a country; and directed movement can be migration among
countries and regions or travel among cities. Arino and van den Driessche [6]
formulated n-city epidemic models to investigate the effects of inter-city travel
on the spatial spread of infectious diseases among cities. The basic reproduc-
tion number Ry was derived and numerical simulations were carried out to
show that Ry determines whether the disease dies out (Ry < 1) or becomes
endemic (Ry > 1). Wang and Zhao [117] studied an n-patch SIS model with
bilinear incidence. In the case that both susceptible and infectious individuals
on each patch have the same dispersal rates, they proved that the disease-
free equilibrium is globally asymptotically stable if Ry < 1. They also proved
that the system is uniformly persistent and admits an endemic equilibrium if
Ry > 1. Under the same assumption that the dispersal rates of susceptible
and infectious individuals are the same, Jin and Wang [60] showed that the

n-patch SIS model can be reduced to a monotone system. Using the theory of
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monotone dynamical systems, they proved the uniqueness and global stability
of the endemic equilibrium when Ry > 1. Salmani and van den Driessche [103]
studied an SEIRS model with standard incidence in a patchy environment and
proved that, if Ry < 1, the disease-free equilibrium is globally asymptotically
stable, regardless of travel rates. Uniqueness and global stability of endemic
equilibria when Ry > 1 is unresolved for many patchy epidemic models.

In this section, we consider an SIR epidemic model in a patchy environment

in which the couplings are provided by individual travel among patches

Sio= A= BiSili— S+ > aySi— > a8,
j=1 J=1

Il = BiSili— (uf + 7)1l + Z bij I — Z bjil, (3.14)
i=1 j=1

R; = ’Yili_:u/zRRi+Zcinj_chiRiv 1= 1,2,...,71.
j=1 j=1

Here S;, I;, R; represent the susceptible, infectious, and removed populations
in the i-th patch, respectively, A; is the influx of individuals into the i-th
patch, 3; is the transmission coefficient between susceptible and infectious
individuals in the i-th patch, pf, p!, and pff represent death rates of S, I, R
populations in the ¢-th patch, respectively, and ~; represents the recovery rate
of infectious individuals in the ¢-th patch. The travel rates of susceptible,
infectious, and removed individuals from the j-th patch to the ¢-th patch
are given by a;;, b;;, ¢;;, respectively. All parameter values are assumed to be
nonnegative and Ay, 3;, 1, ! > 0 for all i. The travel matrices A = (aij),
B = (b;j), and C' = (¢;;) are not required to be symmetric, namely, the travel
rate from the i-th patch to the j-th patch may not be the same as that from
the j-th to the i-th. A typical assumption we impose on these matrices is
that they are irreducible. In biological terms, this means individuals in each
compartment can travel between any two patches directly or indirectly through
other patches. For detailed discussions of epidemic model with patches, we

refer the reader to the articles [7, 116] and the references therein. Model
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(3.14) includes as special cases several earlier models in the literature. A two-
patch SIS model [115] and a two-patch SIRS model [19] become special cases
of model (3.14) if we assume that the disease has permanent immunity. An
n-patch model similar to (3.14) was proposed in [87] without global-stability
analysis. We remark that model (3.14) differs from those in [103] in that
bilinear incidence is used in (3.14) while standard incidences are assumed in
[103].

Since the variable R; does not appear in the first two equations of (3.14),

we can first study the reduced system

n

Sio= A= BiSili = pfSi+ Y ayS; = > a8y,
j=1

j=1
I = BSili— (uf +7)Li+ Y byly =) bl i=12...n,
j=1 j=1
(3.15)
with initial conditions S;(0) > 0 and 7;(0) > 0. The behavior of R; can then

be determined from the last equation of (3.14). Our results will be stated for

system (3.15) and can be translated straightforwardly to system (3.14).

T Si=A - BiSil; — ufS; —

I = BiSil; — (ul + )1 ]

CL]‘@‘SZ‘ - aiij aiij - ajiSi bijIj - bjifi bjifi — bi]‘Ij

Sy =M = BiSiI — i3S

g I =680 — (uf + ) [

Figure 3.4: A coupled SIR model on a network

System (3.15) can be regarded as a coupled system on a digraph G. See
Figure 3.4. For G, each vertex represents a patch and (j,7) € FE(G) if either
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a;; > 0 or bj; > 0. At each vertex, the vertex dynamics is described by a
standard epidemic model. The coupling among patches are provided by travel
of individuals.

To find the disease-free equilibrium of (3.15), we consider the following

linear system
A= S+ aiS;— Y auSi=0, i=12..n, (3.16)
j=1

j=1

or in the form of matrix system

DS = A,
where
i + Zj;él aj1 —a12 o —lin
Do —6.121 15 + :j;«éz a2 ’ _C.LQ” . (3.17)
—Up1 —0Qn2 e+ Zj;én @jn

S = (81,8, ,S,)T, and A = (A1, Ay, -+ ,A,)T. Since all off-diagonal en-
tries of D are nonpositive and the sum of the entries in each column of D is
positive, D is a non-singular M-matrix and D~' > 0 [15, p.137]. A square
matrix is said to be an M -matriz if all off-diagonal entries are nonpositive and
all eigenvalues have positive real parts. Hence, the linear system (3.16) has
a unique positive solution S° = (S9,59,---,8HT = DA, with S? > 0 for
all i. As a consequence, system (3.15) has a unique disease-free equilibrium

Py=(5,0,59,0,---,5Y 0). We thus have the following result.

Proposition 3.5. System (3.15) always has a unique disease-free equilibrium

Pp,.
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Let
A=A,

M*:mln{:ufa MzI+’71 | =12, "7n}a

and
N = Z(S@ + 1;).
i=1

Adding all equations of (3.15) gives N’ < A — p*N, which implies that
A Since all off-diagonal entries of D are nonpositive, it

o

limsup, .. N <
follows from the first equation of (3.15) that

n

j=1 j=1

when S; = S and S; < S for j # 4. Thus a feasible region of (3.15) can be

chosen as
n

D= {(S1, 11+ S 1) €RZ | N = 32 (SiHE) <

S| =
w0
IA

i=1

It can be verified that I' is positively invariant with respect to (3.15). Let I’

) of (3.15) belongs

denote the interior of I'; and JI" the boundary of T'.
An endemic equilibrium P* = (ST, 11,83, 15,..., S5, I

to I, namely, S > 0,17 > 0 for all i = 1,2,...,n. System (3.15) is said to be

uniformly persistent [16, 114] in T" if there exists constant ¢ > 0 such that

ligninf S;(t) > ¢ and litminfli(t) >c, 1=1,...,n,

provided (51(0), 1;(0),. .., S,(0),,(0)) € I.
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Define

/S 0 0
0 S9 0
F— ﬁ% 2 (3.18)
0 0 - B8
and
p+ o+ by —b1z e —biy,
J#
—ba fh Y2+ Y b - —bay,
V= J7#2
~bu —bn2 Yt D bjn
J#n
(3.19)

Using the method of van den Driessche and Watmough [113], the basic repro-

duction number can be calculated as

Ry = p(FV™Y), (3.20)

where p represents the spectral radius and F'V~! is the so called next gener-
ation matrix. The following result for system (3.15) can be proved the same

way as in [19, 103].
Proposition 3.6. Suppose that B = (b;;) is either irreducible or equal to 0.

(1) If Ry < 1, then the disease-free equilibrium Py is globally asymptotically
stable in T'.

(2) If Ry > 1, then Py is unstable.

(3) If Ry > 1 and B = (b;j) is irreducible, then system (3.15) is uniformly

persistent and there exists an endemic equilibrium P* in T'.

We remark that when the travel matrix B = (b;;) is reducible, system

(3.15) can have multiple boundary equilibria and the dynamics of (3.15) can
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be complicated. In fact, when B = 0, system (3.15) can have an asymptotically
stable boundary equilibrium when Ry > 1 and thus is not persistent [19, 115].
It is also possible that, if B = 0, no endemic equilibrium exists when Ry > 1
[19]. We refer the reader to [5, 6, 19, 115] for discussions on this issue.

The uniqueness and global stability of the endemic equilibrium, if it exists,

are established in the following result.

Theorem 3.7. Assume that Ry > 1 and an endemic equilibrium P* = (S}, I,

oo SEUTY) exists. Suppose that one of the following assumptions is satisfied.

(1) A=0 and B is irreducible;
(2) B =0 and A is irreducible;

(3) A and B are irreducible, and there exists X > 0 such that a;;S} = \by; I

foralll1 <i,57 <n.
Then P* is unique and globally asymptotically stable in I.

Proof. We prove the result when assumption (3) is satisfied. The other two

cases can be proved similarly. Under assumption (3) we show that P* is

globally asymptotically stable in I". In particular, this implies that P* is
necessarily unique. Set

Si I; Si I;

(S5, 1) = *@(J> I*@(i> S = S S I I~ [Fln

Vi(Si, I;) = S; Sr + I I S; — 5] SlnS‘*—i- ; In[i*

7

which is a Lyapunov function for a one-patch SIR model [67, 69]. From the

equilibrium equations of (3.15), we obtain

HEST = Ny = BiSTIT + ) ayS; =) ayS;, (3.21)
j=1 j=1
and
(1} + )L = BiSTI+ ) byly =) byl (3.22)
j=1 j=1
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Recall that ®(z) =2 — 1 —1Inz > 0 for all x > 0 and ®(x) = 0 if and only if

x = 1. Differentiating V; along the solution of system (3.15), and using (3.21),
(3.22), we obtain

V; 1SS, + Z a;;S; — Z a;;5; — A + B,SHL + 1S S:
- Z %‘Sjj + Z a;iS; — (ui + i)l + Z bijl; — Z bjil;
j=1 b=l j=1

J=1

~BiSill + (i + 7)1} ~ 2; bijfjg + 2; basli

Y §§)+ZS(1§§+§§)
Sonn- B
--80(3) -80() - Seusa(3) - Snure(F)
+Zaz]5*<3*+1 Z—S—l *)+me< g g

Lt

<Za”5*<5*+1 ‘;—S—l 7) me< +1n Z—;*—l ?)

_Zb”]K g Aln§;+g+1n‘2) ()\g*Jr)\l “ZJFI{H [I)}
(3.23)

Let w;; = b;;1; and

Zj]

S, St I I
Gi(S;, T,) = (/\§+>\1 ?*F“ 7)

Then we have

wa — G;(S;, 1)),

namely, V;,G; and w;; satisfy the assumptions of Theorem 2.6 and Corol-

lary 2.8. Hence,

V= ZCZ (S, I;)
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as defined in Theorem 2.6, is a Lyapunov function for system (3.15). Since
B is irreducible, we know that ¢; > 0 for all ¢ (see Proposition 2.1), and thus

V = 0 implies that S; = S for all <. From the first equation of (3.15), we

obtain
0= () =N = BiSi L — plS;+ > ayS; = auSy, i=1,2,....n,
j=1 j=1

which implies that I; = I for all 7. We have verified that the largest invariant
set on which V' = 0 is the singleton {P*}. Note that I' is positively invariant
and system (3.15) is uniformly persistent. Therefore, by the LaSalle Invariance

Principle [75], P* is globally asymptotically stable in I2 O

Theorem 3.7 can be readily applied to the n-patch epidemic model in [87]
and yield global-stability analysis. When the disease has permanent immunity,
the global stability of the endemic equilibrium for two-patch epidemic models

in [19, 115] is resolved as a special case of Theorem 3.7.

3.6 A Multi-Group SEIR Epidemic Model

Multi-group epidemic models have been proposed in the literature to describe
the transmission dynamics of infectious diseases in heterogeneous host popu-
lations. Heterogeneity in host population can result from many factors. Indi-
vidual hosts can be divided into groups according to different contact patterns
such as those among children and adults for Measles and Mumps, or to distinct
number of sexual partners for sexually transmitted diseases and HIV/AIDS.
Groups can be geographical such as communities, cities, and countries, or epi-
demiological, to incorporate differential infectivity or co-infection of multiple
strains of the disease agent. Multi-group models can also be used to investi-
gate infectious diseases with multiple hosts such as West-Nile virus and vector
borne diseases such as Malaria.

In this section, we consider a multi-group SEIR epidemic model in which
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inter-group cross infections are described by nonlinear functions. The model

Sl =N, — i S; — Zﬁz‘jfij(si; 1;),

& 3.24
E; = Zﬂijfij(siajj) — (uF + &) E;, (3:24)
j=1
ny:EzEz_(/j‘zI"i_rYz)]zv 221727 » 1,

describes the spread of an infectious disease in a heterogeneous population,
which is partitioned into n homogeneous groups. Each group ¢ is further com-
partmentalized into S;, F;, and [;, which denote the subpopulations that are
susceptible to the disease, infected but non-infectious, and infectious, respec-
tively. The nonlinear coupling term (3;; f;;(S;, I;) represents the cross infection
from group j to group i. The parameter ¢; represents the rate of becoming in-
fectious after latent period in the i-th group. All other parameters in (3.24) are
similarly defined as in Section 3.5. For detailed discussions of the multi-group
model and interpretations of parameters, we refer the reader to [37, 112].
Assume that ¢; > 0 and p > 0, where pf = min{u?, uf, uf + ~;}. Based
on biological considerations, we assume that f;;(0,1;) = 0, f;;(S;,0) = 0, and
fij(Si, ;) > 0for S; > 0,1; > 0. We also assume that f;; is sufficiently smooth.

For each ¢, adding the three equations in (3.24) gives
(Si+ Ei + L) < Ay — pi (S + Ei + 1).

Hence

limsup(S; + E; + L) < A;/ ;.

t—o0

Similarly, from the 5; equation we obtain
limsup S; < A;/ps.

t—o0

Therefore, all w-limit sets of system (3.24) are contained in the following
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bounded region in the nonnegative cone of R?",

= {(Sl,El,Il,--- Sy By 1) € RS, < ;\S Si+Ei+1I; < Q 1<i< n}
(3.25)

It can be verified that region I' is positively invariant. System (3.24) always
has the disease-free equilibrium Py = (SY,0,0,---,5°,0,0), on the boundary
of T', where S = A;/u?. An equilibrium P* = (S}, Ef, I,---,S% EX IF)

in the interior I' of I' is called an endemic equilibrium, where Sf, EX I7 > 0

1771

satisfy the equilibrium equations

Ai =S5+ Biifi(S.I3), (3.26)
j—l

(U + &) Bl = Zﬁ”fu eI, (3.27)

B = (uf + %)} (3.28)

One of the earliest results on multi-group models is by Lajmanovich and
Yorke [73] on a class of n-group SIS models for gonorrhea. The global stability
of the unique endemic equilibrium is proved using a quadratic global Lyapunov
function. Global stability results also exist for other types of multi-group mod-
els; see e.g., [10, 49, 50, 83, 111]. Results in the opposite direction also exist
in the literature. For a class of n-group SIR models with proportionate inci-
dence, uniqueness of endemic equilibria may not hold when Ry > 1 [58, 112].
Due to the large scale and complexity of multi-group models, the global sta-
bility of the endemic equilibrium of (3.24) has been a 30-year open problem in
epidemiology until Guo, Li, and Shuai in [36, 37| applied the graph-theoretic
approach to construct a global Lyapunov function for (3.24) with bilinear in-
cidence f;;(S;, ;) = 1,;S;. For general nonlinear incidence, the global stability
of the endemic equilibrium remains unsolved.

Let G be a digraph with n vertices, in which each vertex represents a

group. An arc (j,4) exists if and only if 5;; > 0, namely, if the disease can be
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transmitted from group j to group i. System (3.24) can thus be regarded as a
coupled system on G. See Figure 3.5. We note that G is strongly connected if

and only if transmission matrix (3;;) is irreducible.

B} = Bufu(Si, i) — (uf +e)Ei [

Il = 6B — (uf + 7)1

—B5i f5i (S5, 1i) —Bij fi5(Si, 1) Bij fij(Si, 1) Bjif4i(S;, It)

L S = Ay — Sy — B85 £35(S5, 1)
1 Ej=Bjifii(85, ;) — (uF + ) E;

I} = ¢; B — (1 + 1)1

Figure 3.5: A multi-group SEIR model on a network

In the rest of this section we consider the following basic assumptions on

functions f;;(S;, 1;):

(Hy) 0 < lim M =: C;;(S;) < +oo for all 0 < S; < S;

I;— 0+ J

(Hs) fij(Si,1;) < Ci;(8;)1; for sufficiently small I;;
(Hs) fi;(Si, 1;) < Cy(S;)1; for all I; > 0;
(H4) Cz(Sl) < CZ](SZO) for all 0 < 5; < SZO

Classes of f;;(.S;, ;) satisfying some assumptions of (H;)-(Hy) include many
common incidence functions such as the bilinear function f;;(S;, I;) = I;S5;, the

nonlinear function f;;(S;, I;) = I;”S{*, and the saturated incidence f;;(S;, I;) =
Py .
L’ s

Ij+Aj Si+B; "

Assume that f;;(S;, I;) satisfies (H;), and let

Ry = p(Mp) (3.29)
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denote the spectral radius of the matrix

My = M(S°,8,...,8% = ( By & Cys(5) ) .
(uf +€) (i + ) 1<i,j<n
If C;;(S?) = +oo for some i and j, we set Ry = +00. The parameter Ry is
referred to as the basic reproduction number. Its biological significance is that
if Ry < 1 the disease dies out while if Ry > 1 the disease becomes endemic
[27, 113]. The following results for system (3.24) can be proved the same way
as in [10, 36, 49, 50, 83, 111, 112].

Proposition 3.8. Assume that B = (3;;) is irreducible and f;;(S;, I;) satisfies
(Hy) for alli,j.

(1) If Ry <1 and assumptions (Hy) and (Hy) hold, then for system (3.24),
Fy is locally asymptotically stable.

(2) If Ry < 1 and assumptions (Hs) and (Hy) hold, then Py is the unique

equilibrium and it is globally asymptotically stable in I.

(3) If Ry > 1, then Py is unstable and system (3.24) is uniformly persistent.

Furthermore, there exists an endemic equilibrium P* for system (3.24).

When Ry > 1, an endemic equilibrium P* exists by Proposition 3.8. A long-
standing open question in mathematical epidemiology is whether a multi-group
epidemic model such as (3.24) had a unique endemic equilibrium P* when
Ry > 1, and whether P* is globally asymptotically stable when it is unique
[112]. We prove the following theorem, which answers this open problems for

system (3.24).

Theorem 3.9. Suppose that Ry > 1 and thus an endemic equilibrium P* =
(ST, Ef IS, -+ Sk B IY) exists. Assume that B = (f3;5) is wrreducible and all
fij satisfy (Hy). If fi; satisfy, for every 1 <1i,j <n, the following conditions

(Si = SO (fulSi, IF) — fu(S7, I7)) > 0, V.5 # 57, (3.30)
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(£ (Sis I FulSET7) = Fia (S5, T Fal S 7))
(fij(Si7 L) fa (S5 L) fis (S5, I7) fii (S5, If)) <0
I T =5

J

A Si, Ij > 0,
(3.31)
then P* is unique and globally asymptotically stable in f

Proof. The case n = 1 is proved in [66]. We only consider n > 2. Let
P* = (ST, B If, -+, SEVES T, where all S EF I > 0 forall 1 < i <mn,
denote an endemic equilibrium which exists from Proposition 3.8-(3). We
prove that P* is globally asymptotically stable in IO‘ In particular, this implies

that the endemic equilibrium is unique. Let

Si fal& 1) = [a(S7, L)

Vi(Si, i, I;) =
( ) sz fu(& IF)

E) 0 +€Z[*<I)<I>,

dé + B @(E* . T

be the Lyapunov function for a single-group model as considered in [66]. We
verify that V; satisfies the assumptions of Theorem 2.6. Using the equilibrium
equations (3.26)-(3.28), we obtain

fu(Si, IF)

s (1= By : ©(1- 1) (aB— (d + 1)
- (- BB e s s - L)
() (Smis-S s )

(87, I JEX I,
+Zﬂzjf]‘ ?k] (1_T><6E_€[* >

’L

V _ (1 B fu(SZ‘,IZ‘))(A_ 55, — Z@]fm (Si, I;) ) + (iﬁijfij(si,lj)

- fu(Su[l*) (S't Sz)(fll(s'wlz) f’ll 57,7[7, +Zﬁzgfzg Sl7[j
<3_ fulSEIE) | fii (S5 1) fia(S], I7) fu(SzJ )E* L Ef{‘)

ST T Fa SIS L) (S IE T Bl

177)]

177)

(3.32)
Let

Ai5 = ﬁljflj(sz*7];)
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I; I; I;
Gl(ll) = _q)<IZ*> = — TIL* ln E,
and
(S5 IF)  fii(Se, 1) fu(SE 1) fii(Si, ) Ey 1 EiIF
Fi-Si’Ei’Ii’I- :3_ 9 i + * * - Z* - * * 1_7*_ *2'
il i) Fi(Si, ) fi (S5, ) fu(Si, IF) - £ (S5 L) By I EFL

Then, using condition (3.30) and above notations, we have

Vi < Z aij Fij(S:, B, I;, 1),
ij=1

Recall that ®(z) = 1—z+1Inz <0 for > 0 and equality holds only at = 1.

Furthermore,

. fu(Sz*ajz*) [jfij( j,[;‘)fu(S“I;‘)

Fyj = Gi(z;) — Gj(x;) + q)<fii(si>[i*)> + CI)([;‘fij(Si,[j)fii(sf7]f))
EiI; fij(Si, 1;) E} fij(Si, 1) fu (S, IF)
+¢<E;Ii> * ‘p(fij(s;, I;)Ei) i <fij(S;‘,I;‘)fii(Si, o 1)

(1 B ]jfij(sfaff)fii(sn—’f))

]ffij(smfj)fii(?fv(g)] VST T)
i) = Gt + (o gt 1)
(1 B ijij(S:’I;)fii(Sh];))

I fi (i Ij) fu(SF, 1) )

IN

Under condition (3.31), we can show that V;, F};, G;, a;; satisfy the assumptions
of Theorem 2.6 and Corollary 2.8. Therefore, the function
V = Z Ci‘/i(Sip Ei, Il)
i=1

as defined in Theorem 2.6 is a Lyapunov function for (3.24), namely,

o

VSO for all (Sl,El,Il,"' ,Sn,En,In) erl.

It can be verified similarly as in Section 3.1 that the largest invariant set where

V' =0 is the singleton {P*}. Since I' is positively invariant and system (3.24)
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is uniformly persistent, by the LaSalle Invariance Principle [75], P* is globally
asymptotically stable in I'. This completes the proof of Theorem 3.9. O]

Remarks

1. Condition (3.30) holds if f;(S;, I}) is strictly monotonically increasing
with respect to .S;.

2. In the special case f;;(S;, 1;) = hi(S;)g;(1;), condition (3.31) becomes

(1) - o) (Z - 270 <o (333

J

If g;(I;) is C* for I; > 0, then a sufficient condition for (3.33) is

(L
0 < g\(I;) < gfgﬁ), VI, > 0. (3.34)

J

Furthermore, if g;(/;) is monotonically increasing and concave down,

then (3.34) holds, and so does (3.33).

3. In the special case f;;(S;,I;) = S;1;, system (3.24) becomes the stan-
dard multi-group SEIR model studied in [37]. Theorem 3.9 generalizes
Theorem 1.1 in [37], which contains a complete resolution of a well-
known open problem on the global-stability of the endemic equilibrium

for multi-group epidemic models [112].

4. When n = 1, Theorem 3.9 contains earlier results on single-group SEIR

models, see [65, 66, 67, 68, 78, 82] and references therein.
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Chapter 4. Applications to
Delay Differential Equation
Models

In this chapter we demonstrate that the graph-theoretic approach developed
in Chapter 2 can be also applied to complex systems with time delays. An
ecological model on a time-delayed spatial dispersal network is studied in Sec-
tion 4.1. The delay occurs in connections of the network. We investigate a
multi-group epidemic model with age structure in Section 4.2. The delay is of
distributed type and occurs in both the network connections and the vertex
systems. Our approach allows us to prove global stability for these complex

systems.

4.1 A Patchy Single-Species Model with Fi-
nite Delays

In Chapter 3 we have applied the graph-theoretic approach to several spatial
heterogeneous models in ecology and epidemiology. We assume that dispersal
and travel among different patches happen instantaneously. A time delay, how-
ever, is natural to include in these models to incorporate the travel time from
one patch to the other. The resulting models are systems of delay differential

equations. Various complicated dynamical behaviors have been observed for
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these delay systems [70], such as delay induced instability and oscillations. In
this section we demonstrate that our graph-theoretic approach can be applied
to establish the global stability of these delay systems. As an example, a patchy
single-species model with dispersal delay is investigated in the following.

In Section 3.2 we have studied the patchy single-species model
$; = -xzfz(-zz) +Zdij($j —O[Z‘]'ZL'i), 1= 1,2,...,”. (41)

The couplings in system (4.1) are provided by dispersal among different patches
and the dispersal is assumed to happen instantaneously. That is, the influence

from patch j to patch ¢ takes the form:
dz’jl‘j — dijOéiin.

In this section, we assume that the populations require some time to travel
among patches and thus the influence from patch j to patch ¢ is given as
follows:

dijei)\ijnjl‘j(t — Tij) — 5,]561(13)

Here 7;; > 0 is the time which population takes to travel from patch j to patch
i, Aij > 0 represents the death rate during the travel, and d;; > 0 is the rate
of population in patch i traveling to patch j. Therefore, system (4.1) can be

generalized to the following coupled system on a network given by Figure 4.1:

ot =w fi(x) + Zd e_A‘Jme (t — ;) Z(Sux“ i=1,2,....,n. (4.2)
j=1
Takeuchi et al. [110] studied a special case of system (4.2) when fi(z;) =
a; — b;z; and proved the global stability of a positive equilibrium. Using the
method of Lyapunov functionals and our graph-theoretic approach, we prove
the global stability for system (4.2) with general functions f;.
Denote 7 = max{m; : 7,7 = 1,2,...,n}. Let C be the Banach space of
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s
djie ”TJK’EZ‘(t — Tji) — 5]-ia:j

.’13; = xlfl(:cz) Ty = ‘ijj(xj)

—-A

dije ijTij:Ej(t — Tij) — 51].’131

Y

Figure 4.1: A coupled single-species system with delays

continuous functions on [—7, 0] with uniform norm. We consider system (4.2)

in the phase space

x=]]c (4.3)

We consider positive initial conditions for system (4.2)
Tio=0¢", i=1,2,...,n, (4.4)
where ¢' € C satisfies ¢'(s) > 0 for —7 < s < 0. Let

A={("(),d*(),...,0"(")) € X | ¢'(s) > 0,Vs € [-7,0],i =1,2,...,n}.

It can be verified that A is positively invariant. We have the following global-
stability result.

Theorem 4.1. Suppose that the following assumptions hold.
(1) The dispersal matriz (d;;) of (4.2) is irreducible.

(2) fl(z;) <0 for all xz; > 0,0 = 1,2,...,n, and there exists k such that
fi.(w) £ 0 in any open interval of R .
Then, whenever a positive equilibrium E* exists, it is unique and globally
asymptotically stable in A.

Proof. Let E* = (a3, 2%, ,2%), xf > 0,7 = 1,2,...,n, denote a positive

rn

equilibrium of (4.2). Then ] satisfies

- _ * - _>\ij7_ij x’;
;5@' = fi(z7) +;dzj€ et (4.5)
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We show that E* is globally asymptotically stable in A, and thus is unique.
Set V; : X — R, defined as

Vi(g) = zn:dije_xij”j /OW x;‘@(gb](:r)> dr —i—a:f(I)(qi(P))
j=1

L

(3

- S [ (pen - s
#'(0)

*
%

+6/(0) — 2 — 27 In

Recall that ®(x) =2 —1—1Inz > 0 for all z > 0 and ®(z) = 0 if and only if

x = 1. Using integration by parts, we have

i 0 e Ti(t—1)
/o —(3:]»(75—7") — 7] —:UjlnT> dr

Tii Q) xi(t —r)
_ Gt —p) = — i\t :
/o o <x](t r) —x; —x;ln ()x;‘ )dr (4.6)
x;(t
= (72t —T7.) — 1. lp — N7
<$J(t Tij) — x;(t) + 7} nxj(t_Tij))

Direct calculation along with (4.5) and (4.6) yields

d
Vi = —Vi(@(t + 5)sei-r0)

dt
. n B "Ti"TA(‘_Ti‘) n
— ($l — xz)[fz(xz) +Zd1]€ Aij ’J]Tij _ Z(SZ]:|
7j=1 7j=1
x.
— die T (g (« — 700) — 2 lp —— 4.
]-Zl 7€ (.’L‘]( T]) Ly —|—1‘] n.’L‘j(' _ Tij)) ( 7)
= (@ —2)(f(z:) — f(27))
- oA Tig ok Li) _ &)_ (M>>
+dee T (@(ﬁ) CD(ﬁ P " :
j=1 J ? J
Let
a;j = di]e_’\“”jx;‘»,
B Y A AN &) _ (l"f%‘('—ﬂ'j))
EJ (‘Tu 'IJ) q) (.'L';k> (I) <l’:< @ .'L',LI;( 9
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and

Then we have

3

and

Fij(zi ;) = Gi(x) — Gj(z;) — CI)(JW_T”)>

Here we use the fact: (z; — x})(f(z;) — f(xf)) < 0. We have shown that V;,
F;;, Gy, and a;; satisfy the assumptions of Theorem 2.6 and Corollary 2.8.

Therefore,

V(i(), - () = ZCM(%('))

as defined in Theorem 2.6 is a Lyapunov functional for (4.2), namely,
v <0 forall (x1(-), - ,za(-)) € A.

Using a similar argument as in Section 3.1, we can show that ‘./ = 0 if and
only if z; = z} for all i. By the LaSalle-Lyapunov Theorem (see [75, Theorem
3.4.7] or [43, Theorem 5.3.1]), we conclude that E* is globally attractive in A.
Furthermore, it can be verified that E* is locally stable using the same proof
as one for Corollary 5.3.1 in [43]. Therefore, E* is globally asymptotically
stable in A. This completes the proof of Theorem 4.1.

O

When f;(z;) = a; — bx; for all i, Theorem 4.1 contains an earlier result
in [110] where the global stability of E* was proved under the condition that
b; > 0 for all i while Theorem 4.1 only requires by > 0 for some k.

When dispersal delays are incorporated into ordinary differential equation
models (3.12) and (3.14), we obtain a patchy predator-prey model with dis-
persal delays and a patchy SIR epidemic model with dispersal delays. We
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remark that the same proof of Theorem 4.1 can be carried out to prove the

global-stability of these delay systems.

4.2 A Multi-Group Epidemic Model with In-
finite Distributed Delay

In this section, we consider a multi-group epidemic model that describes the
disease spread in a heterogeneous host population with general age-structure
and varying infectivity. The host population is divided into several homoge-
neous groups. Let S;, F;, I; and R; denote the susceptible, infected but non-
infectious, infectious, and recovered populations in the i-th group, respectively.
Let a;(t,r) denote the population of infectious individuals in the i-th group
with respect to the age of infection r at time ¢, and I;(¢ f —o @i(t,r)dr. Let
hi(r) > 0 be a continuous kernel function that represents the infectivity at the
age of infection r. The disease incidence in the i-th group, assuming a bilinear

incidence form, can be calculated as
S 3y8i(t) / by (F)ay (¢, r)dr, (4.8)
j=1 r=0

where the sum takes into account of cross-infections from all groups. In the spe-
cial case h;(r) = 1, the incidence in (4.8) becomes » 7, 3;;S;(¢)I;(t). There-

fore, we consider the following system of differential equations

Sl=A; — Z@]S/ (r)a;(t,r)dr — u?S;,

E! = ZﬁUS / ra;(t,r)dr — (uf’ + &)E;, (4.9)
I} = 6B — (u] + 7)1,
R, =~ — uFR;, i=1,2,---,n.
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Here all parameter values are assumed to be nonnegative and A;, uf, uZ > 0
for all i. For detailed discussions of the model, we refer the reader to [37, 101]

and references therein. Note that

<;+£>ai(t,r) = —(u +yi)ai(t,r),
a;(t,0) = eFEi(t),

whose solution is
ai(t,r) = a;(t — r,0)e W0 = ¢, Fy(t — r)e” Wi, (4.10)

Substituting (4.10) into (4.9) we obtain
Si=AN; — Z@]S / it —1)e ~5Hr gy — 4SS,

E! = Z Bi;Si / i(t—r1)e ~5 T g (uf + &) E, (4.11)

Since the variables I; and R; do not appear in the first two equations of (4.11),
we can consider the following reduced system with distributed time delays and

general kernel functions

S = A ZﬁwS/ F(MVE5(t = r)dr — 5SS

B = Z%S | BB =~ B =120
(4.12)
Here the kernel function f;(r) > 0 is continuous and fzo fi(r)ydr = & > 0.
While this system is derived from a general age-structured model (4.9), it can
also be interpreted as a multi-group model for an infectious disease whose

latent period r in hosts has a general probability density function é fi(r), for
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the ¢-th group.
System (4.12) can be regarded as a coupled system of delay differential
equations on a network; see Figure 4.2 for more details. We will establish the

global dynamics of system (4.12).

8= A — BuiSi [ 2 fi(r)Bi(t —r)dr — pfS;  l——

Bp = 0iiS; [[Z0 [i(r) Bi(t — r)dr — (uf + &) B

—BjiSj [20 fi(MEi(t — r)dr| | =Bi;S; [[Zq fi(r)E;(t —r)dr BijS; [24 f3(r)Ej(t —r)dr| | BiS; [[Zq fi(r)Ei(t — r)dr

L S5 =85 = 8558 [ 2o f5(r)E;(t = r)dr — 7' S;

B, = 0555 [;20 [i(M)Ej(t = r)dr — (uF + ;) B[]

Figure 4.2: A multi-group model with delays

The basic reproduction number R is defined as the expected number of
secondary cases produced in an entirely susceptible population by a typical
infected individual during its entire infectious period [27]. Intuitively, if Ry <
1, the disease dies out from the host population, and if Ry > 1, the disease
will persist. Let S? = % for all <. The next generation matrix for system
(4.12) is

= (D)., 49

Motivated by [27, 113, 118], we define the basic reproduction number as the

spectral radius of M,

Ro = p(Mo). (4.14)

We make the following assumption on the kernel function f; in (4.12)

/OO fi(r)edmdr < oo, (4.15)
r=0

where )\; is a positive number, ¢ = 1,2,...,n. Define the following Banach
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space of fading memory type (see e.g. [9] and references therein)

C; = {gﬁ € C((—00,0],R) | s — ¢(s)e** is uniformly continuous on (—oo, 0],
and sup |¢(s)|e* < oo},
s<0
(4.16)
with norm |[¢|]; = sup,<q [¢(s)|e**. For ¢ € C(R,R), let 1y € C; be such that
Pi(s) = (t+s), s € (—00,0]. Let S;p € Ry and ¢; € C; such that ¢;(s) >
0,s € (—00,0]. We consider solutions of system (4.12), (S1(t), E1¢, -+, Su(t),

E,;) with initial conditions
S;(0) = Sip, FEio=¢', i=12...,n. (4.17)

Standard results of functional differential equations (see [9, Theorem 2.1])
imply that F;; € C; for all t > 0. We consider system (4.12) in the phase
space

X =

—.

<]R x C) (4.18)

=1

It can be verified that solutions of (4.12) in X with initial conditions (4.17)
remain nonnegative. In particular, S;(t) > 0 for all ¢ > 0. From the first

equation of (4.12), we obtain
Sit) < Ay — 17 Sit).

Hence,

lim sup S;(t) <

t—oo

For each i, adding the two equations in (4.12) gives

(Si(t) + Ei(0))" < A; — i (Si(t) + E;4(0)),
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where pf = min{u?, uF + ¢;}. Hence, we have

=

limsup(S;(t) + Ei,(0)) < —

t—o00

Sl

5|

Therefore, the following set is positively invariant for system (4.12).

%)
% %

Ei(s) > 0,Vs € (—00,0],i = 1,... n}
(4.19)
Let

o A A
O = {(St. Ea(), -+ Su Bul)) € X [ 0< 8 < 5 0< Sk B(0) <
Ei(s) > 0,Vs € (—0,0],i = L...,n}.
(4.20)

It can be shown that © is the interior of ©.

The equilibria of (4.12) are the same as those of the associated ODE system

Sio= A — ZﬁijijiEj - Mfsz’,
1

. (4.21)
j=1

System (4.21) is similar to a multi-group SIR model considered in [36] with

E; relabeled as I;. Results established in [36] can be readily applied to system

(4.21). In the positively invariant region

I = {(Sl,El,--- SpmE)ERT | Si< Sl S4B < Szgn},
1 ;

(4.22)
system (4.21) has two possible equilibria: the disease-free equilibrium Py =

(57,0,---,520), where S? = ;\—s, and the endemic equilibrium P* = (S}, Ef,

»~no
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o, S CEY), where SF, EF > 0 and satisfy

n

A= Bii&STE; + i S, (4.23)
j=1
j=1
We assume that the transmission matrix B = (f;;) is irreducible. This is

equivalent to assuming that for any two distinct groups ¢ and j, individuals in

E; can infect those in S; directly or indirectly. The following result is proved

in [36].
Proposition 4.2 (Guo, Li, Shuai [36]). Assume that B = ((3;;) is wrreducible.

(1) If Ry < 1, then Py is the only equilibrium for system (4.21) and it is
globally asymptotically stable in T.

(2) If Ry > 1, then Py is unstable and there exists a unique endemic equilib-
rium P* for system (4.21). Furthermore, P* is globally asymptotically

stable in the interior of T'.

Since the delay system (4.12) and the ODE system (4.21) share the same

equilibria, the following result follows from Proposition 4.2.
Proposition 4.3. Assume that B = ((3;;) is irreducible.
(1) If Ry < 1, then Py is the only equilibrium for system (4.12) in ©.

(2) If Ro > 1, then there exist two equilibria for system (4.12) in ©: the
disease-free equilibrium Py and a unique endemic equilibrium P* defined

by equations (4.23) and (4.24).

The global dynamics of system (4.12) are completely established in the

following result.
Theorem 4.4. Assume that B = ((3;;) is irreducible.
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(1) IfRo < 1, then the disease-free equilibrium Py of system (4.12) is globally
asymptotically stable in ©. If Ry > 1, then Py is unstable.

(2) If Ry > 1, then the endemic equilibrium P* of system (4.12) is globally
asymptotically stable in é

Biologically, Theorem 4.4 implies that, if the basic reproduction number
Ry < 1, then the disease always dies out from all groups; if Ry > 1, then the
disease always persists in all groups at the unique endemic equilibrium level,

irrespective of the initial conditions.

Theorem 4.4 includes several previous results. Choose the kernel function
as

filr) = e;e~ it

and let [; = [.= fi(r)Ei(t — r)dr. Then (4.12) takes the form

Si=A\; — ZﬁijSJj — 113 S,

j=1

= BuSiL; — (uf + &) E:.
j=1

Using integration by parts we obtain

/ ity D) / 1) P8 by — e (0

System (4.12) is thus reduced to a multi-group SEIR model governed by the

system of ordinary differential equations considered in [37]. Note that

filr
/ uz + Y’

and the basic reproduction number in (4.14) becomes

Bijeil\i
R pu—
’ p<(uf + ) (1 +vi)u? )1<w<n
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which agrees with that given in [36, 37]. Thus the global stability results in
[36, 37| are special cases of Theorem 4.4.

In the case n = 1, system (4.12) reduces to a single-group SEIR or SIR
model with distributed delays studied in [11, 12, 14, 88, 93, 94, 101]. Theo-
rem 4.4 generalizes the global stability results in [93, 94] to multi-group models.

Proof of Theorem 4.4-(1):
Since B is irreducible, we know that My, as defined in (4.13), is also irre-
ducible, and has a positive left eigenvector (wy,ws, - ,w,) corresponding to

the spectral radius p(My) > 0. Let

%

a; = P and a4(r) = /JT fi(o)do

Consider a Lyapunov functional

L= Zal(S()( )+E +2@750/ aj(r)Ej(-—r)dr). (4.25)

Note that A; = pf'S?, oy;(0) = [0 o filo)do = &, and ®(x) > 0 for all z > 0
with equality holding if and only if = 1. Differentiating L along the solution
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of system (4.12) and using integration by parts, we obtain

n

L = > ai(hi - uis +Z@]S° T HVE = ) dr + S0
i—1 r=0
o0 OFE;(t —r)
—(uF + ) E; —i-;ﬁ”SO/Toozj(r)Jat dr)
S, 8
_ Sq0fo _ Zv _ Hi 0 _
= Ll g )t LS [ B
= e OFE;(t —r)
—_(,F .q0 _ J
s St [ (- Z=0)
= a; [ufS? (2 — g0 §> + ZﬁijSlo ij(r)EJ(t —r)dr
i=1 e j=1 r=
—<uf+ei>Ei+2@j5§>(@ By— | fin)E(t—r)dr)]
r=0
0 . .
< 2 /JZE‘FQ(.ZI:BZ]&JS ( +€1)Ez)
- (wlvw27“' 7wn)(MOE_E)
= (IO(MO) - 1)(0&)1,&)2,"' 7wn)E < O, lfRO < 1.

(4.26)
Here E(t) = (Eyi(t), Ea(t), -+ , E,(t))". Denote

Y = {(S1, Ei(), -, S Eu(-) €0 | L =0},

and Z be the largest compact invariant set in Y. We will show Z = {P}.
From (4.26), L=0 implies S;(t) = SY = 2& for each i. Hence, from the first

equation of (4.12), we obtain

Z@J/ fi(r)Ej(t —r)dr = 0,

/fy At —r)dr =0,

for all t > 0 and 1 < 4,5 < n. Then, by irreducibility of B, for each j, there

and thus
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exists ¢ # j such that 3;; # 0, thus for all t > 0

/ £ () E;(t = r)dr = 0.

This implies that in Z, Ej(s) =0 for all s € (—00,0], j =1,2,...,n. There-
fore, Z = {Py}.

Using the LaSalle-Lyapunov Theorem [38, 43, 75] and a similar argument
as in Section 4.1, we conclude that Py is globally asymptotically stable in ©
if Rg < 1. On the other hand, if Ry > 1, then —L serves as a Lyapunov
functional for system (4.12). The same proof as in Theorem 5.3.3 of [43] can

be used to show that Fy is unstable. This establishes Theorem 4.4-(1).

Proof of Theorem 4.4-(2):

The global stability of the endemic equilibrium of the single-group model
with delays has been proved in [93, 94]. In the following, we consider the case
n > 2. Let P* = (S}, Ef,---, S, E¥) denote the unique endemic equilibrium

of system (4.12). Set V; : X — R, defined as

Vi(S1, 01, , Sns On) = znjﬁijsf /OO a;(r)E; (I)(qu(E*r )

o(2) + o2

- ZBUS*/ <¢J( r) E* ¢]éjj )) dr
i(0)

P

—l—Si—Sf—S;lngi—i—ngi(O)—E;—Ei*ln

7

-/ °° fi(0)do

Differentiating V; along the solution of system (4.12), and using the equilibrium

(4.27)

and
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equations (4.23), (4.24) and integration by parts, we obtain

Vi =ps; (2 —i——) Zﬁws*E*[ (2- i = g+gj)
Sf’EE;* / fi(r)E;(t —r)dr — - fj (r)In Efi(j)r)dr}

uSS: (2 . 71- - 7) Z@]S*E*/ £i(r ) - ‘I’(§> (4.28)

—@(?ﬁ) (MeEE ) o

Siﬁijst; <¢<§}) B @(2))
=

In the above derivation, we have used two facts: % + :qi > 2 with equality

holding if and only if S; =S, and 1 — 2 +1Inx <0 for all z > 0 with equality
holding if and only if x = 1. Let

* *
CLZ] = ﬁijSi Ej

and

Then

3

s
S
<S
A
S
N—
N—

=1

.

Therefore, V;, G, a;; satisfy the assumptions of Corollary 2.8, and the func-

tional
V= Z Cz’V;'(Si, Ez())
i=1
as defined in Theorem 2.6 is a Lyapunov functional for (4.12), namely,

V<0 forall (Si,L(),-,SmIn(-)) € O.

Using a similar argument as in Section 3.1, we can show that the only compact
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invariant set where 1./ = 0 is the singleton {P*}. By the LaSalle-Lyapunov
Theorem for delayed systems [38, 43, 75] and a similar argument as in Sec-
tion 4.1, we conclude that P* is globally asymptotically stable in Ci) if Rg > 1.
This establishes Theorem 4.4-(2).
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Chapter 5. Applications to
Stochastic Differential Equation
Models

In this chapter we show that the graph-theoretic approach is applicable to com-
plex systems that incorporate stochastic disturbances. Stochastic differential
equations are used to describe vertex dynamics under stochastic perturba-
tions. The network is kept as deterministic. The resulting models are coupled
systems of stochastic differential equations on deterministic networks. We in-
vestigate how large random perturbations can be allowed in a stable system

so that the perturbed system remains stable.

5.1 Preliminaries

In this section, we recall some results from basic theory of stochastic differential
equations which we will use in later sections. For more detailed discussions,
we refer to [4, 32, 33, 62, 72, 89, 97].

Consider an autonomous n-dimensional stochastic differential equation
dx(t) = f(z(t))dt + g(x(t))dW (¢) (5.1)

on t > 0 with initial value z(0) = 2o € R™. Here both f : R™ — R™

and g : R™ — R™ 4 are locally Lipschitz continuous functions and W is
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a d-dimensional Wiener process defined on the probability space (2, F, P).

AW (1)
dt

Customarily, is called white noise. It is known that system (5.1) always
has a unique continuous solution x(t;z¢),0 < ¢ < T, for some T' > 0 (see [33,
page 76], [89, pages 56 and 58], or [109, Theorem 1]).

Assume that for some z* € R™ we have f(2*) = 0 and g(z*) = 0 so that
x = x* is an equilibrium or a trivial solution of (5.1). The equilibrium = = x*

is called stochastically stable if for each pair of € > 0 and r > 0, there exists a

d > 0 such that |zg — 2*| < § implies
P{|z(t;xg)| <rfor allt >0} >1—e. (5.2)

The equilibrium x = x* is called stochastically globally asymptotically stable
in R™ if it is stochastically stable and for xy € R™, the solution z(t; z) — x*
a.s. as t — oo, namely, P{lim; .. z(t;z0) = 2*} = 1.

The method of Lyapunov functions has been developed to establish stabil-
ity for stochastic differential equations. Let V : R™ — R, be a continuously
twice differentiable function. Define an operator associated with system (5.1)
as

LV (x) =V (x)f(z)+ %tmce (97 (2)Vae(2)g(2)]. (5.3)

Then Ito’s formula [59] states
dV (x(t)) = LV (x(t))dt + Vy(x(t))g(x(t))dW (t). (5.4)

Theorem 5.1. Suppose that V(x) > 0 for all x € R™, V(x) = 0 if and only
if © = a*, and V(x) — o0 as |x| — oo. If LV (z) < 0 for all x € R™ and
LV (x) =0 if and only if x = x*, then the equilibrium x = x* is stochastically
globally asymptotically stable in R™.

Theorem 5.1 is a special case of Theorem 4.4 in [62] and Theorem 11.2.8
in [89]. We refer the reader to [62, 89] for its proof.
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5.2 A Patchy Predator-Prey Model with Ran-
dom Perturbations

In this section, we investigate the effect of the random perturbations to the sta-

bility of the positive equilibrium of the following patchy predator-prey model

x; = (r; — by — ey;)z; + Z dijrj — Z 0ij T
=1 =1 (5.5)

yi = (= — Wayi + €)Y, i=12...,n.

System (5.5) has been investigated in Section 3.4. Here 14, b;, €;, Vi, fui, €, dij, 0;j
are nonnegative parameters. Suppose that there exists a positive equilibrium
E* = (a},y7, ..., x5, y)) to system (5.5), where z},yf, 1 < i < n, satisfy the

equilibrium equations

* n

n
biat — eyt + 3 dyy 2 5 =0
T — 0T — ey + i ij = U,
j=1 i j=1

(5.6)
—y; — iyl +ex; =0, 1=1,2,...,n.

By Theorem 3.4, E* is globally asymptotically stable provided that (d;;) is
irreducible and for some k either by > 0 or p, > 0. Assume that system (5.5)

endures the random perturbations in the form of

oiwi(x; —:lzf)dm(t), i=1,2,...,n, (5.7)
dt
and
A7t )
niyi(yi — y) dt( ), 1=1,2,...,n. (5.8)

Here W;, Z;,1 <1 < n, are independent 1-dimensional Wiener processes. The
perturbation terms (5.7), (5.8), are chosen such that random perturbations
disappear at the positive equilibrium E* as we are particularly interested in

the randomly perturbed dynamical behavior near E*. Thus the perturbed

71



—_’ dz; = l’i(Ti — bjx; — eiyi)dt + O'll’l(l’l — .T:)dVVz(t) le——
dy; = yi(—i — payi + €ixi)dt +niyi(yi — v )dZi(t)
dj,-xi — 5jixj dij.%'j — 5@]$z
L) daj = xj(rj — bjzj — ejy;)dt + ojaj(x; — a)dW;(t) ——r7p

dy; = y;(=j = wiy; + €z5)dt + 15y (y; — y5)dZ;(t)

Figure 5.1: A coupled predator-prey system with random perturbations

system can be written as follows

d(L‘i = ((TZ — bz$l — elyl)xz + i dijij — i 5131'1) dt + O'ilL'i(.CEi — xf)dVVZ(tL

j=1 j=1
dyi = (=% — payi + ) yadt + miyi(yi — y; ) dZi(t), 1=1,2...n,
(5.9)
For any given initial conditions (21(0), y1(0), -+, 2,(0),4,(0)) € R2" to system

(5.9), there is a unique solution (x1(t),y1(t), -, z.(t), yn(t)),0 < t < T, for
some 7" > 0. Note that E* is also an equilibrium of (5.9).

System (5.9) can be regarded as a coupled system of stochastic differential
equations on a network; see Figure 5.1. FEach vertex represents one patch,
vertex dynamics is given by a scalar stochastic differential equation, and the
couplings among vertices are provided by the travel among patches. In the
following result, using the graph-theoretic approach developed in Chapter 2,
we are able to build a Lyapunov function for system (5.9). We prove that the
solution to system (5.9) exists for all ¢ > 0 and the positive equilibrium is

stochastically globally asymptotically stable.

Theorem 5.2. Assume that (d;;) is irreducible and b; > o?x} and p; > in?y;

foralli=1,2,...,n. Then E* is stochastically globally asymptotically stable

- 2n
in R
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Proof. We first show that for any initial value problem to system (5.9) with ini-
tial value (21(0),41(0), - -+, 2,(0), ¥, (0)) € R3", the unique solution (x1(t), y1(¢),

. Zn(t), yn(t)) remains in R3" for all ¢ > 0 with probability 1. The following
proof is based on the combination of the graph-theoretic approach developed
in Chapter 2 and a stopping time method conducted by Mao and etc [90].

Let 7. denote the explosion time [32] of the solution (x1(t), y1(t), - , xn(t),
Yn(t)). We are going to show that 7, = oo with probability 1. Without loss of
generality, assume that x;(0),v;(0) € [1/mg, mg], for all 1 < i < n, for some
given positive integer my. For each integer m > myg, define the stopping time

[32]
Tm = inf{t € [0, 7] | miin{xi(t),yi(t)} < ; or m?x{xi(t),yi(t)} > m}.

For the empty set (), we use the convention that inf () = co. Note that 7, is
an increasing function of m, set 7., = lim,, o 7, and 7o, < 7.. We are going
to show that 7., = oo with probability 1, which consequently implies that
7, = oo with probability 1 and thus the solution (x1(t), y1(t), -+, xn(t), yn(t))
stays in Ri" for all t > 0 with probability 1.

Suppose there exist 7> 0 and € € (0, 1) such that P{r,, < T} > €. Since

Tm < Too, We obtain
P{7r, <T} > P{1c <T} > ¢,

for all m > mg. Let 7}, = min{T, 7,,,}. For ¢t € [0, 7], define

Xy

Vi(zs, ;) = eifo(—*)—i-einyI)(y—*) =€ <xi—xi —z; In —*)—l—ei (yi—yi -y In y—*>
4 Y X, Y

% % 7 [
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By It6’s formula, we obtain

i i 2 Y; Y; 2
dv, = ¢ (1 — :E) dx; + €zT:B?(d$z) + €i( - E)@h + eiTyig(dyi)
1 * * 1 * *
= [ albo— goted e — a1 = e — Guu) e — i)’

*

- w(Xj i LTy
—O—Zdijeix]— (E - ? +1-— [E(L‘j)i|dt
j=1 ‘ ‘

J

tei0i (v, — 7)) dWi(t) + emi(ys — yi)2dZi(t).

(5.10)
Let
T T; Trx;
ij ij L j i\ L, Lj s i
and

Gi(w:) = —cp(jj;).

Recall that ®(z) =2 — 1 —1Inz > 0 for all x > 0 and ®(x) = 0 if and only if
x = 1. It can be easily verified that F}; and G; satisfy the following relation:

Fyj(xi,xj) = Giwi) — Gj(z;) — (1)(:]6961) < Giwi) — Gj(x)).
i

Let ¢; be the cofactor of the i-th diagonal element in the Laplacian matrix of

(G, A), as given in Proposition 2.1. Then, by Theorem 2.3, we have

Z Ciaijﬂj(l'i,l'j) S Z ciaij(Gi(xi) - Gj(l'])) =0. (511)

i,j=1 i,j=1

Consider a Lyapunov function

V= Z ciVi(wi(t), yi(t)).
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Using (5.11) and It6’s formula, we obtain

n
v = ) cdv;
i=1
- 1 2 % *\ 2 1 2 % *\ 2
= Zci[_ei(bi_iaixi)(xi_ffi) —ei(ui—§myi)(yi—yi)
i=1
- z; T 1
+ dza:*<—J——1—|— - = ])—I—feicrfaz—x 2
24y ) et
1
+§emf(yi }dt%—chezm T; N2dW;(t)

+Zcz eani(yi — y; )2 dZi(t)

—Zciei(bi— o2 (w; — dt—Zczez i fmyz)(yi—yi‘)zdt
i=1

—Q—Zcieioi(xi — + ZCZ 1771 7 dZ( )
i=1

IN

(5.12)
Since b; > 307z} and p; > $n?y;, we have
dv < Z ci€ioi(z; — x7)2dWi(t) + Zciemi(yi — yH)2dZ;(t).
i=1
Integration from 0 to 7, yields
V(ai(r,), m (7, Tn(750): Yn(75)) = V(21(0),91(0), - - 24(0), 4 (0))
<Y o/ a0+ S ciem [ i),
=1 0
and thus

E{V(@i(rn),91(70) s 2a(mn) v (7))} < VI(@1(0),91(0), -+, 24(0), ¥ (0)).
(5.13)
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Since P{r,,, <T} > € and 7, = min{T, 7, },

E{V (w1 (75), p1(70)s -+ an(70) yn (7))}
> P{Tm < T}E{V(l‘l(Tm)ayl(Tm)v o 7xn(7-m)7yn(7-m))} (514)
> BV (@1(7n), Y1 (Tim)s - s 20 (Ton ), Y (7)) }-

Notice that from the definition of 7,,, there exists k such that one of following

identities holds:

1 1
(1) =m,  xx(7m) = — Yr(Tm) = my  Yr(Tm) = p

Hence, we have

E{V(21(7in), 1(Tm), * + s Tn(Tin), Yn (7)) }

= min {ckekvk(m)a crerVe(m), crerVi <;)  Cre€x Vi (;) } (5.15)

Combining (5.13), (5.14), and (5.15) yields

V(@1(0),91(0), -+, 2(0), 4 (0))
> E{V (a1 (77), 91(70), - 2n(70), yn (7))}
> emin{ckeka(m),ckeka(m),ckeka(%»ckeka(i>}.

Letting m — oo, we obtain
V(x1(0)7 y1(0)7 o ,In(O), yn(o)) > 00

since Viy(m) — oo and Vi(%) — oo. This is a contradiction. Therefore,
P{r, < 00} =0, and the solution (z1(t),y1(t), - ,x,(t), yn(t)) stays in R2"
for all ¢ > 0 with probability 1.

From (5.3), (5.4), and (5.12), we obtain

LV < = eie(b = gofa)) (i —a))* = Y eelps — Suiyi) (v — y)* < 0
=1 =1
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and LV = 0if and only if z; = z},y; = y; for all i. Therefore, by Theorem 5.1,
E* is stochastically globally asymptotically stable in ]R%r".. O]

When o; = n; = 0 for all i, the noisy system (5.9) becomes system (3.12)
discussed in Section 3.4. Biologically, our result indicates that the global-

stability result holds as long as the noise is small.

5.3 A Multi-Group SIR Epidemic Model with
Random Perturbations

In this section, we apply our graph-theoretic approach to a randomly perturbed
multi-group epidemic model. We regard such a model as a coupled system
of stochastic differential equations on a deterministic network. Each vertex
represents a particular group of individuals, the vertex dynamics is given by
a stochastic SIR model, and the coupling among vertices is provided by cross

infections. See Figure 5.2. The resulting coupled system is given as follows:

as, = (A - > Ayl = S )dt + 02/ Si(Ss = S7) WD),

dI; = (II; + Z@'J‘Si]j — (pi + i) L)dt + Ui\/Ti(Ii — I7)dZ;(t), (5.16)
j=1
i=1,2,...,n.
When ignoring the random perturbations, i.e., o; = n; = 0 for all ¢, the noisy

system (5.16) reduces to the deterministic multi-group SIR model

S;=A; — Z@'jsﬂj — 1S,

jil (5.17)
L=+ BySidy — (uf +7)L, i=12,....n.

=1
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Suppose that there exists an endemic equilibrium P* = (S}, I5,..., S5, ) to

system (5.17), where S7, I, 1 < i < n, satisfy the equilibrium equations
A; — Zﬁ,]S*I* —u3SF =0,
(5.18)
IL; +Z@;S*I* (Wl +7)I; =0, i=12...n

Using the same method as in Section 3.6 and Section 4.2, we can prove that
P* is globally asymptotically stable as long as it exists. Note that P* is also
an equilibrium of (5.16).

] dS; = (N — BuSil; — p3 Si)dt + 047/ Si(Si — SPAWi(t)  l—r
dl; = (BuSili — (uf + i) L)dt +miv/Ti(L — I)dZi(t) [
—B5iS;ili | | —BijSil; BiiSily | | BjiS;1i

|1 dSj = (Aj — B850 — pf Sj)dt + 01/ S;(S; — S3)dW;(t)

) dl;j = (8351 — (uf + ) Ly)dt +nj/Ti(1; — I5)dZ;(t) [

Figure 5.2: A multi-group SIR model with random perturbations

In this section, using the graph-theoretic approach developed in Chapter 2,
we are able to build a Lyapunov function for system (5.16) and thus establish
global stability of system (5.16).

Theorem 5.3. Assume that (3;;) is irreducible and pf > 30257, I1; > inZ(I7)?

1

1=1,2,...,n. Then P* is stochastically globally asymptotically stable in Ri".
Proof. Set

S;
S*

)+[*<1>(I[*) S S-Sty Il

V, = Srd ( 5 -
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By It6’s formula, we obtain

I

S; S: I )
dv; = (1—§)d5+252(d5) (1 Z)d[ o)
_ [ _fz*@is") L e i 1)
+Z@]SI( SAGT I;)}dﬁ
(S S;)? (L——I‘*)2
s, W) ()
Let
Q5 = ﬂijs}kl;a
B S, SLIy I I
Fig(Si £ 1) = oS SiI; +[; I’
and

Then we have

< Gi(li) — G;(1).

Let ¢; be the cofactor of the ¢-th diagonal element in the Laplacian matrix of

(G, A), as given in Proposition 2.1. Then, by Theorem 2.3, we have

Z ciai; Fii(S;, S5) < Z ciaij(Gi(Si) — G4(S;)) = 0.

ij=1 ij=1

Let
V= ch (S;, I). (5.20)
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We thus have

av = Zn:cid\/i
i=1

1o (Si—S5)2
< —ZQ(M? 5 12Sz>( S ) dt
i=1 ’ (5.21)
1 (I — I7)?
_ . H 2 Ifk 2 1 7
;Cl( 1 2 l( ’L) ) I,L*—[z dt
- (Sz S%)Q - ( T I‘*)Q
—i—chal dWi(t) + z:cmZ —dX(t).
i=1 \/E i=1 \/TZ

Since pi > $0257 and II; > In?(17)? for all i, we have

n _o%)2 n o T*\2
i=1

pa V'Si v

By similar arguments as in Section 5.2, we can show that for any initial value
problem to system (5.16) with initial value (S;(0), I,(0),---,S5,(0), I,,(0)) €
R?" there is a unique solution (Si(t),I1(t),-- ,Sn(t), [,(¢)) which almost

+
surely remains in R2" for all ¢ > 0. Moreover, we know

- 1 (I; — I¥)?

S —85:)? & 1
< — , 5_7.2%(171_ (IL, — =n2(I")H) L <«
ﬁv— ch(luz JS) Si ZCZ(HZ 277@(11)) [Z*[z —O

=1 i=1

and LV = 0if and only if S; = S}, [; = I; for all ¢. Therefore, by Theorem 5.1,

P~ is stochastically globally asymptotically stable in Ri".
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Chapter 6. Future Research

Directions

Our graph-theoretic approach to the construction of Lyapunov functions for

coupled systems on networks has several advantages.

1. Our approach is independent of specific forms of the vertex sys-
tem. We have shown that our approach is applicable to vertex systems
including second-order differential equations for mechanical or electri-
cal oscillators, multi-species interacting models in ecology, and epidemic

models for the spread and transmission of infectious diseases.

2. Our approach is independent of special structures of networks
and specific forms of interactions. We show that our approach
is applicable to mechanical or electrical networks in engineering, spa-
tial dispersal networks in ecology, and disease-transmission and spatial
spread networks in epidemiology. We have also shown that our approach
is applicable to different forms of coupling including physical or electri-
cal connections among oscillators, dispersal of species among patches or
communities, and cross infections among different host groups in disease

transmission.

3. Our approach is independent of particular forms of vertex Lya-
punov functions. We show that our approach can work with vertex

Lyapunov functions that are energy-type functions for electrical or me-
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chanical oscillators or Volterra-type functions for ecological and epidemi-

ological models.

We expect that our graph-theoretic approach can be further applied to
much wider classes of mathematical models from many other areas of science
and engineering.

Many mathematical questions regarding coupled systems on networks can
be further investigated. As future research, I plan to investigate the following

questions:

e Apply the graph-theoretic approach to investigate the global-stability
problem in neural networks, chemical reaction networks, and control

theory.

e Apply our approach to study synchronization problems for coupled os-

cillators.
e Extend our approach to coupled systems on multiple graphs.

e Investigate stability and bifurcation problems for coupled systems on

random networks.
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