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Abstract

Starting from the N-soliton wall solution of KPII equation

(us + 6UUy + Uggy )z + SUyy = 0,

we derive a new class of solutions of KPII (oscillatory solutions called harmonic
breathers). The formula derived (called N-harmonic breather solution) will define
the motion and interaction of N harmonic breathers. We show that in certain
conditions, the N-harmonic breather solution can be approximated to a Fourier-

like expansion and miscellaneous profile-solutions are obtained.
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Chapter 1

Introduction

In 1895 Korteweg and de Vries derived an equation (called KdV equation) equiv-

alent to
U+ 6UUL ULy = O, (L1)

to describe one-dimensional, small-amplitude, long surface gravity waves prop-
agating in shallow water of uniform depth. KdV equation has applications in
several other physical settings, as for example: internal solitons in the ocean,
nonlinear acoustics of bubbly liquids, and more.

The restriction in the application of the KdV equation as a practical model
is that the KdV equation is strictly one-dimensional (one spatial dimension plus

time). In 1970 Kadomtsev and Petviashvili derived a two-dimensional generaliza-
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tion of the KdV equation (called KPI and KPII equations) equivalent to
(s + 6ULy + Uggg)s + 372y, = 0, 7 =+1, (1.2)

by relaxing the restriction that the waves be strictly one-dimensional. For 42 =
—1, the equation (I.2) is known as the KPI equation and for v2 = 1, the equation
(1.2) is known as the KPII equation.

In the derivation of the KPI and KPII equations one may start by considering

waves of the form
- ei(km.’c+k'yy-—wt)’ ky < kg, ke small (1_3)

that satisfy the corresponding dispersion relationships

2 1 ky

The latter suggests that w(x,y, t) satisfies the linear equations
(3'72“% + 3")’2“'1 + uzxz)ac + _'2_uyy = 0, (15)

which under the change of variables

1
tolg = 372tnew; Told = Tnew + 372tnew7 Yold — Eynew,

become

(U + Ugez )z + 372 0yy = 0 (1.6)
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For 42 = —1, the equation (1.6) is known as the linear KPI equation (IKPI) and
for ¥ = 1, the equation (1.6) is known as the linear KPII equation. In order
to cause a variation in the amplitude in both space and time to the sinusoidal
oscillations of u(z, y,t), a nonlinear term (6uu,), is added to the left hand side of
(L.6) which turns the equation into the KPI equation (for 42 = —1) and the KPII
equation (for 42 = 1). The functions u(z,y,t) given by (I.3) and satisfying the
corresponding dispersion relationships (I.4) are solutions of (IKPI) and (IKPII)
respectively. By adding nonlinearity into (IKPI)/(IKPII), the functions u(z,y,t)
are no longer solutions of the nonlinear KPI/KPII equations respectively obtained.
Since KPI (KPII, respectively) can be viewed as a perturbation of (IKPI) ((IKPII),
respectively) by the nonlinear term (6uu,),, it is only natural to study how such
a perturbation affects the solutions (I1.3). As well, further on in the thesis it will
be shown that the addition of the term (6uug), to (IKPI) (({KPII), respectively)
transforms the solutions (I.3) into solutions of KPI (KPII, respectively) which
possess all important physical properties of the linear waves (I.3). In this thesis
only the case of KPII equation is considered.

In the first chapter we present some important results obtained by different
authors for both KPI and KPII equations. We show how the KPI/KPII equations
came in discussion as a model for surface waves and as well we show the derivation

of a special type of solution of the KPI/KPII equations, called the N-soliton
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wall solution. The material presented in this chapter was gathered together from
different references mentioned within the chapter.

The main results of this thesis are presented in Chapter 2. We construct
oscillatory solutions of the KPII equation using the formula for the N-soliton
wall solution. The simplest oscillatory solutions of the KPII equation that are

nounlinear analogue of the linear waves (1.3) are of the form:

u(x7 y) t) -

62
2=——1In [—@1 — V(z,y) — 126(A — pf) +

cos(2y1 + 2\ V(z,y) + 8tA1 (A} — 3#3))]

81?2 2)\1
_8)2 cos(2y; + 20 V(z,y) + 82 (A2 — 3u)t) B
Yeos(2v + 20 V() + 81 (A} — 3ud)t) — 201 (01 + V(z,y) + 12003 — pd)t)
) 1+ sin(2y1 + 20 V(z, y) + 8A;1 (A2 — 3u2)t) 2 17
lcos(2y1 + 220 V(x,y) + 8A (A2 — 3ud)t) — 20 (01 + V(z,y) + 1200 — )| 7 Y

where \;, p1, 01 and 7, are real parameters and V(z,y) = — 2u1y.

One can notice that unlike the solutions (I1.3) of (IKPII) satisfying the corre-
sponding dispersion relation (1.4) (the case 4? =1 in (1.4)), the solutions (L.7) of
KPII are singular. Singular solutions were studied for different other partial differ-
ential equations as: KdV equation ([Nov 2], [Kov 1-4], [Matveev 1], [Stahlhofen 1],
[Jaworski 1]), Sine-Gordon equation ([Jaworski 1]), nonlinear Schrodinger equa-
tion ([Kopell 1]) and other. However, since all applied problems are considered
in finite space-time physical domains, one may adjust the parameters of (1.7) to

assure that within the physical domain the solutions (I.7) stay regular. Moreover,
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within the physical domain, the solutions (1.7) have oscillatory behavior similar
to that of the functions (1.3).

For p; = 0 the functions defined by (I.7) are solutions of the KdV equation
Uy + Bty + Ugee = 0.

These solutions have been previously deriyed and studied by a number of authors
([Nov 2], [Kov 4], [Matveev 1-2], [Stahlhofen 1]) and they have been correspond-
ingly referred to as harmonic breathers or positons. The functions defined by (1.7)
will be referred to as harmonic breathers of the KPII equation.

We derive a formula for nonlinear superposition of solutions of the KPII equa-
tion that describes the nonlinear interaction of the KPII harmonic breathers. This
formula will be referred to as the N-harmonic breather solution of the KPII equa-
tion.

We show that in a finite space-time physical domain we can use the N-
harmonic breather solution to construct more complicated exact solutions of the
KPII equation. In this thesis it is shown that within a finite space-time physical
domain we can use the N-harmonic breather solution to construct wave packet-
like solutions and § function-like solutions. We can do this due to a phenomenon
that can be viewed as a nonlinear analog of interference from the linear theory of

waves.
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1.1 History of the Kadomtsev-Petviashvili Equa-

tions

In 1844 John Scott Russell reported to the British Association for the Advance-
ment of Science, [Russ 1], a very interesting discovery which in his own words
was:

’...I was observing the motion of a boat which was rapidly drawn along a
narrow channel by a pair of horses, when the boat suddenly stopped-not so the
mass of water in the channel which it had put in motion; it accumulated round the
prow of the vessel in a state of violent agitation, then suddenly leaving it behind,
rolled forward with great velocity, assuming the form of a large solitary elevation,
a round, smooth and well-defined heap of water, which continued its course along
the channel apparently without change of form or diminution of speed. 1 followed
it on horseback, and overlooked it still rolling at a rate of some eight or nine miles
an hour, preserving its original figure some thirty feet long and a foot to a foot and
a half in height. Its height gradually diminished, and after a chase of one or two
miles I lost it in the windings of the channel. Such, in the month of August 1834,
was my first chance interview with that singular and beautiful phenomenon...”.

He called this ’great wave of translation’ solitary wave and described it as

wave consisting of a single elevation which, if properly started, may travel for a
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considerable distance along a uniform channel with little or no change. Amongst

his results on this observed type of wave we find the following:
1. The solitary wave is a long, shallow water wave of permanent form.

2. The speed of propagation, ¢, of a solitary wave in a channel of uniform depth
h is given by

¢® = g(h +a), (1.1)

where a is the amplitude of the wave as measured from the undisturbed free
surface and g the gravitational acceleration. The solitary wave is therefore

a gravity wave.
3. Higher solitary waves travel faster as a consequence of the formula (1.1).

At the time, Russell’s observations came in conflict with Airy’s shallow-water
theory prediction that a wave of finite amplitude cannot propagate without change
of profile.

In 1870 Russell’s experimentally work on the solitary wave phenomenon was
mathematically explained by Boussinesq and Rayleigh who separately studied the
phenomenon using the equations of motion for an inviscid incompressible fluid.

The two eminent scientists assumed that a solitary wave has a length scale (Ag)
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much greater than the depth of water (), ie

2
h
5= (—;) = O(g), £ <1 (square of the frequency dispersion parameter).
0
(1.2)
Rayleigh treated the problem as one of steady motion and derived the equation

[Lamb 1}:

2 2
which governs long one-dimensional, small amplitude, surface gravity waves in a
channel of water of uniform depth h, where c is the uniform velocity in the parts of
the fluid at a distance from the wave, whether in front or behind. In the equation
(R1) we have i/ = 0 only when y = h or y = ¢*/g, and since (1 — gy/c?) must
be positive, we obtain that ¢?/g is a maximum value of y. Therefore the wave is
neéessarﬂy one of elevation only, and, denoting by a the maximum height above

the undisturbed level, we have
c¢* = g(h+a)

which is exactly the empirical formula for the wave velocity adopted by Russell
(1.1). If in the equation (R1) we use the formula (1.1) and we denote n =y — h,

then the equation becomes:

n = in\/'h—f(hi}-T) (1 - ‘Z‘)l/?» (R1)

10
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The integration of the equation (R1)" gives

_ 2 3a _ 2 _____3_(3’____
n = a sech ( m4h2(h—+ a)x) = y(z) = h+ a sech (1/4h2(h+a)$) , (SV)

if the z-axis is placed beneath the summit of the wave.

The solitary wave profile (SV) for the ratio a/h = .1 is shown in Figure 1.0.

lg 08

y 0.61 depth of the channel {h)

0.4

0.21

20 -10 bottom of the channel 10 %

Figure 1.0

In his work, Boussinesq showed that appropriate allowance for the vertical
acceleration (which is responsible for dispersion and is neglected in Airy’s shallow-
water theory) as well as for the finite amplitude, leads to the following solution

for the profile z = n(z,t) of the free surface elevation

1 3a

—_ = —_— 1.
X " T T a) for any a >0, (1.3)

n(z,t) =a sechz[ﬁ(x —ct)], ﬁ2 —

11
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where ¢ is given by Russell’s formula (1.1). He found as well that the profile (1.3)

is correct only if
70;- = £ < 1 (ratio of nonlinearity parameter). (1.4)
From (1.2) and (1.3) we can find the Ursell number

U =1+e, (1.5)

T

which tells us that the solitary waves have the essential quality of balance between
nonlinearity and dispersion.

In 1895 Korteweg and de Vries, who apparently did not know of the work
of Boussinesq and Rayleigh and who were still trying to answer the objections
of Airy [Zeytounian 1], derived a nonlinear evolution partial differential equation
(named after them: KdV equation), [KdV 1], governing long one dimensional,

small-amplitude, surface gravity waves propagating in shallow water of uniform

depth. The KdV equation® is

3 /1 2 1 1, T
7 -+ 560 (‘f;ﬁ% + 3 + '?;Uﬁzm) =0, o= §h T g’ co = 1/gh, (1.6)

Ithe KdV equation can be obtained from the Boussinesq equation

3 1
Tht = Cg (nzz + ﬁ‘(nz)wx + §h277mmz:c) , Co = +/gh,

which describes one-dimensional weakly nonlinear dispersive water waves, for waves propagating

in both directions in water of uniform depth h [Zeytounian 1].

12
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where 7 is the surface elevation of the wave above the equilibrium level h, « is
a small arbitrary constant related to the uniform motion of the liquid, ¢ is the
gravitational constant and ¢ is a parameter depending on the surface tension T

of the liquid (of constant density p).

1.1.1 Solitary Waves and KdV Equation

Korteweg and de Vries found a family of periodic solutions for the equation (1.6)
which they called cnoidal waves, expressible in terms of Jacobian elliptic function

‘en’ which is obtained as follows?: First we define the integral

4 dé
o [ o)
0 v1—msin?0
where m is a real parameter such that m € [0, 1]. We may compare the integral

(J.1) with the elementary integral

v dl
w= [ —— J.2
| —= (3.2)
where we use t = sinf so that w = sin™! ¢ or sinw = ¢, and so we observe that

the integral (J.2) defines the inverse of the trigonometric function ’sin’. This led

Jacobi (and also Abel) to define a new pair of inverse functions from (J.1)

snv=sing, cnv=cosg. (J.3)

2the brief description of the Jacobian elliptic functions ’cn’ and ’sn’ is reproduced from [Drazin

13
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These are two of the Jacobian elliptic functions; they are usually written sn(v|m),
cn(vm) to denote the dependence on the parameter.
The two special cases n = 0,1 enable the integrals (J.1) and functions (J.3)

to be reduced to elementary functions: if m = 0 then,
v=¢ andso cn(v|0)=cos¢ = cosv, sn(v|0) = sing = sinv,
and if m = 1 the integral (J.1) can be evaluated to yield
v =sech '(cos¢) andso cn(v|l) = sech v

and
v =tanh™'(sing) andso sn(v|1)=tanh v

Let us show that cn(v|1) = sech v. Consider ¢ € (0, 7/2) in (J.1). For m =1

the integral (J.1) is then
v = In|sec ¢ + tan |, (J.4)

4

cos ¢ [(1+ e*) cos ¢ — 2€°] = 0,

4

cn(v]1) [(1 + e*)en(v|1) — 2€*] = 0. (J.5)

14
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For nontrivial solutions of (J.5) we obtain the conclusion:
cn(v|l) = sechv. (3.6)

The Russell’s solitary wave can be recovered from the cnoidal waves in the
special case m = 1, as it is going to be seen in this section. Following the deriva-
tions in [Whitham 1] and [Abll] we show how the cnoidal waves can be derived
from KdV equation (1.6) and that the solitary wave is indeed a solution of the
KdV equation (1.6) as well.

Because both the periodic and the solitary waves described by the equation
(1.6) are found as solutions of constant shape moving with constant velocity (V),

we may describe them in the following form

n(z,t) =hl(x), x=z—Vi. (1.7)

Under the substitution (1.7), the equation (1.6) becomes

-2 (=-a)¢+ 5" =0 (18)

0
If in the equation (1.8) we neglect the surface tension (so that the parameter
o from (1.6) becomes o = h?/3), then we obtain the equation:

2/V h?

&'~ (E} - a) ¢+5¢"=0. (1.9)

Integrating the equation (1.9) twice, we obtain

h2
2= £(0), (110)

15
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where
E(¢) = —C* +2 (% - a) ¢ F6CIC + Ca, (1.11)

with C7, C being constants of integration.

For practical applications we are interested only in real bounded solutions {(x)
of (1.10). Thus we require (¢')? > 0, and the form of £(¢) shows that ¢ will vary
monotonically until ¢’ vanishes (i.e. £(¢) has at least one real zero). In other
words, we can anticipate that the zeros of £(¢) are important. From the form of
E(¢) we see that £(() can have either one simple real zero or three real zeros. In
the case that £(¢) has three real zeros a, b and ¢ (we may assume that a < b < ¢),
we can have one of the following subcases: a < b<c,a=b<c¢c,a<b=cor
a = b = c. All the situations are depicted in detail in [Abl 1], and here we shall
reproduce only the situations of interest for us, i.e. the situations in which we
have real bounded solutions of (1.10). These situations are when £(() has three
real zeros a, b and ¢ (@ < b < ¢) and we have either the distinct roots case or the

a =b < ¢ case. We can write

E(Q) =—=(C=a)([¢=b)(C~¢) (1.12)

A rough sketch of the behaviors of the function £(¢) versus € in the two special

situations mentioned above is shown in the figure below:

16

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



E(¢)
\\
N
a — = b e~ ¢
N
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\\

\
N

NIETES)
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\\.
N,
h T e
T ////-’/7//’ ™ \\
R rv'“ Y -
a=b cC. ¢
\,\

\

\\
N

Rough sketches of £(¢) against (.

When all the roots are distinct (@ < b < ¢), the real bounded solution is
nonlinear and oscillatory between b and ¢. The case when a = b < ¢ corresponds
to the solitary wave solution.

Distinct roots case If a, b, ¢ are distinct (a < b < ¢), then the solution of

(1.10) between b and c is given implicitly by

N R
* Wf’?/c\/m—g)(g—b)(g—-c)

(1.13)

The solution (1.13) is transformed into a standard elliptic integral by using

17
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the substitution

g=c+ (b—c)sin®0. (1.14)

‘We obtain

Fx — c)————M = ff il (1.15)

2h V1—msin?§’
where m = (¢ — b)/(c — a) € (0, 1) and

C=c+(b—c)sin®f = b+ (c— b) cos? 0. (1.16)

Thus we have

2h

cn {(X _ c)——-_*Vg(C_“)m} — cos ¢, (1.17)

where the F is suppressed since cn is an even function, and so

B ) 3(c — a)
Cx)=b+(c—b)cn (X—C)T]m , (1.18)

{

B o | y/3(c— a)
n(z,t) =h{b+(c—b)cn T(w - Vt—c)lm (1.19)

b
Y o_gqetbte (1.20)
Cop 2

the cnoidal-wave solution as Korteweg and de Vries called it.
In the limit case m — 1 (i.e. b — a) we have cn — sech (as it was shown at

the beginning of this section), i.e. the solitary wave is recovered.

18
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The case a = b < ¢ If in (1.19) we take the limit b6 — a (i.e. m — 1), then

7n(z,t) reduces to the solitary wave solution of KdV equation (1.6):

n(z,t) =h {a + (¢ — a) sech? [-——3-(%};2(56 -Vt — c)} } , (1.21)

In 1965 Kruskal and Zabusky [KZ 1] discovered that the solitary wave solu-
tions of the KdV equation asymptotically preserve their shape and velocity upon
nonlinear interaction \x}ith each other, i.e. the interaction is elastic. They called
these special solutions solitons.

An important problem with the KdV equation is that it cannot be applied
when the nonlinear surface gravity waves in weakly dispersing shallow water are
not strictly one-dimensional. Therefore an approximate model equation for this
case was needed. In 1970 Kadomtsev and Petviashvili obtained in their paper
[KP 1] a generalization of the KdV equation to the case (2+1) (two spatial di-
mensions plus time) under the assumption that locally the waves are almost one-

dimensional.

19
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1.1.2 Intuitive Grounds in Deriving the KPI/KPII Equa-~
tions

In this section we present an intuitive derivation of the KPI/KPII equations. We
follow the ideas of Kadomtsev and Petviashvili ([KP 1]) but this derivation is not
a reproduction from the article [KP 1]. In the next section we shall present the
derivation of the KPI/KPII equations iﬁ the physical context of water surface
gravity waves.

Recall that the classical wave equation in R", n > 1 positive integer,

Oy n LY
(—925~C2Au:(), u=u(x), x=(£1,%2,...,%,) € R", Au:;—é—g, (1.22)

has solutions®

u(z) = ettkex—wt) (1.23)
that satisfy the dispersion relation
W = P, kP = R R (D1)

We can generalize the right hand side of the dispersion relation (D1) as an

arbitrary function of |k|%:

W = f(K[2). (D2)

¢ is the speed of wave propagation, k = (k1, k2,. .., k») is the wavenumber vector and k - x

3

is the inner product between k and x in R™.

20
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Under the assumption that f is well approximated by its Taylor expansion about

k|2 =0 and f(0) =0, f'(0) = A%, A >0, f"(0) = —B? B >0, we have
F(KP) = A%k = BZ[k|" + O(K]%) (D3)

for small |k|2. For |k|? sufficiently small, in the asymptotic expansion (D3) we

can drop the terms O(|k|®), so that
f(k*) = A?|kf* — B*[k|* (D4)
From (D2) and (D4) we obtain
w? = A%|k|* — Bk}, (1.24)

for sufficiently small |k|?.

Restricting ourself to the case n = 2, we can write (1.24) as follows:
w? = A(KZ + k1) — BAkE+ KD (1.25)

Extracting the positive root in (1.25) and assuming k, small but k,/k, < 1,
we obtain
B? A

w = Akg — ﬂki + —2—k5k;1 SR (1.26)

Multiplying (1.26) by &, we obtain

B? A
wky = Ak2 — ﬂki + -2-k§ e (1.27)
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which suggests that u(z,y,t) (the function (1.23) for the case n = 2) satisfies the

linear equation

B? A
ﬂu”m)x + =y, = 0. (1.28)

(g + Aug + 5

If in the equation (1.28) we make the following change of variables (we take two

[2A | B? [2A
told - Y "Bfgtnewy Lold = Y ﬂxnew + A Y "B'z’tnewv

i\/-—‘ézynew, t=4+/—1, Casel

cases):

Yold =
%ynew , Case 11,

then the equation becomes correspondingly
(1wt + Ugzs )z F Bty = 0, (1.29)

where the '—' case corresponds to the Case I and the '+’ case corresponds to the

Case II. The equation

(ut + u:c;r:t:):c - Su'yy =0

is known as the linear KPI equation (IKPI equation or simply [KPI) and the
equation

('U/t + USE:L':L').’I: + 3uyy = {}

is known as the linear KPII equation ({KPII equation or simply [KPII). In order
to cause a variation in the amplitude in both space and time to the sinusoidal

oscillations of u(z,y,t), a nonlinear term (6uu, ), is added to the left hand side of
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(1.29) which turns the corresponding linear equations into:
(ug + 6utly + Uz ) F 3ty = 0. (1.30)

The equation

(wg + 6uUy + Ugpg )w — Bty = 0

is known as the KPI equation (KPI equation or simply KPI) and the equation
(g + 6uty + Upgy ) + 3y, =0

is known as the KPII equation (KPII equation or simply KPII).

1.2 Physical Derivation of the KPI/KPII Equa-

tions

First we are looking to find a mathematical model for describing the surface
gravitational waves propagating in the zy-plane (the motion is three-dimensional
in the zyz-space).

Consider a fluid which has the following features:

1. irrotational
2. inviscid

3. incompressible
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4. homogeneous

5. it is subject to a constant gravitational acceleration g.

Consider that the fluid is lying on an impermeable bed of infinite extent at
z = —h and the free surface displacement is 2 = n(z, y,t) (the vertical coordinate

z is measured upward from the undisturbed free surface) (Figure 1.1).

Figure 1.1
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dr Oy 0z

Consider u = (Ta't" L 5

) the velocity vector of a particle. Because the fluid
is irrotational then we have

V xu=0* (1.31)
Thus we can define a velocity potential ¢ of the particle such that

_ (9 09 3

The differential form of the law of conservation of mass (called continuity

equation because it assumes that the fluid flow has no voids in it) is

1D
—/;-5-:3 + V= 0P, (1.33)

where Dp/Dt is the total rate of change of density following the fluid particle.
The density of fluid particles does not change appreciably along the path of the
fluid under certain conditions, the most important of which is that the flow speed
should be less than the speed of sound in the medium. This is called the Boussinesq
approximation and holds in most flows of liquids which include water as well. In
these flows the term (1/p) - (Dp/Dt) is much less than any of the derivatives in

Vu, under which condition the continuity equation (1.33) becomes

Vu =0, (1.34)
1y = (%3%5’-)
5%3 = %,_B +u-Vp
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irrespective of whether the flow is steady or not. From (1.31), (1.32) and (1.34) we

obtain that the velocity potential ¢ of the particle satisfies the Laplace equation
V=0  —h<z<n(yt). (1.35)

Boundary conditions are to be satisfied at the free surface and at the bottom.
Because the bed is impermeable, then the condition at the bottom is zero normal

velocity, i.e.

8¢:

5

0 at z = —h. (1.36)

At the free surface, a kinematic boundary condition is that the fluid particle

never leaves the surface, that is:

Dy _ on = -
e Palle -+ Pyly = P2 = u3 at z = 7. (1.37)

For small-amplitude waves, the quantities ¢, 7., ¢,, 7, are small, so the

quadratic terms ¢,7, and ¢,n, are one order smaller then the other terms in

(1.37), which then simplifies to

on _ —
5 &, at z =r1. (1.38)

Linearizing the condition (1.38) about 1 = 0 we obtain

0%*¢

on 09
— T — 77 rr—r—
O2z2

ot 0z

_ 9%
- Oz

z=n

- (1.39)

2=0

z=0
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which in the first approximation is

on _ 99

% Ba at 2z = 0. (1.40)

At z = n a dynamic boundary condition arises which involves the interaction at
the interface between water and air. A density discontinuity exists at the interface
which makes the latter behaves as if it were under tension. Near the interface all
the liquid molecules are trying to pool the molecules on the interface inward and in
consequence this effect is making the interface to contract. The magnitude of the
tensile force per unit length of a line on the interface is known as surface tension,
denoted here by T° (Figure 1.2). In the Fluids Mechanics literature, [Kundu 1],

one can find that the pressure jump across the interface (Figure 1.2} is given by

1 1
pa~p:T(—é+;> at z =1, (1.41)

[ af

AR

N
— >)7/ i

T >

Figure 1.2
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where the curvatures 1/R and 1/r are given by

1 Moz (1 +17)

ROt rmpr = (142)
and

1 1472

i Myy(l+mg) (1.43)

N ) e
the approximations made in relations (1.42-43) being valid for small slopes only.
Thus, for small slopes and considering the atmospheric pressure p, = 0, the

dynamic boundary condition (1.41) becomes
P~ =T (Naz + Myy) at z=7.  (1.44)

For small-amplitude waves, the relation (1.44) can be further simplified. Be-
cause the flow is inviscid, irrotational and incompressible, the unsteady Bernoulli’s

equation for small-amplitude waves is applicable:

0p p B
5t P + gz = F(t), (1.45)

where the integrating function F(t) is independent of location. Redefining ¢ by
¢ — [ F(t)dt, equation (1.45) becomes

d¢ T
5= It ;(nm + Nyy) at z=m, (1.46)

where the dynamic boundary condition (1.44) has been applied. For small-
amplitude waves we can evaluate the term 9¢/9t in (1.46) at z = 0 rather than

at z = 1.
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Hence the linearized mathematical model for describing surface small-amplitude

gravitational waves in the three dimensional space is

Vi =0 —h <z <n(z,y,t) (1.47)
0o B

e 0 at z= —h (1.48)
0¢ _ On _

O¢p T

From Fourier Analysis we know that an arbitrary disturbance can be decom-
posed into sinusoidal wave components of different wave lengths and amplitudes.
We shall seek then solutions of the linearized problem (1.47-50) of the following

form

Nz, y, ) = e thw—sn), (1.51)

Relation (1.51) and boundary conditions (1.49-50) suggest us to look for solu-

tions of (1.47-50) of the following form
B(z,y, 2,t) = Z(z)ekeTHhyy—ut) (1.52)

Substituting (1.52) into the equation (1.47) we obtain a second order differen-

tial equation for Z

—(k:+kDZ+ 2" =0, 1.53)
T Y
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which has the general solution:
Z(z) = AeVFEEZ | Be—\/mz, A, B = real constants (1.54)
The velocity potential ¢ becomes then
o(z,y,2,1) = (Ae\/@_gz + Be"mz)ei(k:"“kyy““’t). (1.55)

Using the boundary conditions (1.48-49) the constants A and B can be found:

A= —w (1.56)
2 T R2(1— e /kg+k§)’ '
z y

. -9 2 2
—iwe—hREEL

B= : (1.57)
— 2 2
JE2 + k2(1 — emVETR)

The velocity potential ¢ becomes then

—iw_ oA R AR (1.58)

¢w7 ’z7t:
N = Oy s By

So far the Laplace equation (1.47) was solved using kinematic boundary con-

ditions only (1.48-49), which is typical of irrotational flows. We want to find now
the application of the dynamic free surface condition (1.50) to the problem. This
will give us a relationship between k = (k, k) (the horizontal (z,y) wavenumber
characteristic of disturbances) and w.

Substituting (1.58) and (1.51) into (1.50) we obtain

T
w? = (K,g + 7)—&3) tanh(xh), (1.59)
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where k = ,/k2Z + kg

Relation (1.59) is the dispersion relation associated with the problem (1.47-50)
(it expresses the nature of the dispersion process).

Let us consider the positive root of (1.59)

w= J (is;g + %n:’») tanh(kh), (1.60)

The Taylor’s series expansion of w from (1.60) about k =0 is

w = con {1 - %m(l - T)nz] + O(+%), (1.61)
where
. 37
= h, T = . 1.62

represent the non-dispersive phase speed and the dimensionless surface tension
respectively.

From (1.61) we can obtain the linearized phase speed

W

c=—=c|l- -é-h2(1 — TY?*| + O(rY), (1.63)

which shows us that as x — 0 (i.e. long waves, or shallow water waves) the
linearized problem (1.47-50) is weakly dispersive. KdV and KP equations arise
as models of the water wave problem in this weakly dispersive limit kh < 1.
Indeed, let us consider the dispersion relation (1.61). For x sufficiently small, in

the asymptotic expansion (1.61) we can drop the terms O(x°), so that

w = co\[FE 1 R2 [1 - %h2(1 ~ Yk + k;’)} (1.64)
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Assuming k, small but k,/k, < 1, from (1.64) we can obtain

1 1 1 _
—wky — k2 — 2k 4+ 221 =Dk =0 .

Let us recall that we sought solutions for the linearized problem (1.47-50) of the

form

(@, y,t) = herthv=at), (1.66)

Equation (1.65) suggests us that n(z,y,t) satisfies the equation

a1l 1 i 1
i e+ =h2(1 — TNgze| + =Ny = 0 1.67
5 Cﬂern + 3 ( n + Sy (1.67)

In order to cause a variation in the amplitude in both space and time to the
sinusoidal oscillations of n(z, y, t), a nonlinear term (77, ), is added to the equation

(1.67), yielding

arl 1 _ 1
el i o _h2 1-T mzm} Y = .
5 | e e + ( Maws| + 5y =0 (1.68)

Under the transformation

C()t

T —cot N
~ 6h’

"T TR

 e=2 r n=u(r,é,) (1.69)

we obtain the dimensionless form of the equation (1.68)
(ur + 6ttty + (1 — T)ppr)r + Suge =0 (1.70)

Equation (1.70) is equivalent to the equation

(tr + 6Ly + Uppr)r + 37 1ge = 0, (1.71)
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where 7 = +1, the choice of sign depending on the relevant magnitude of gravity

and surface tension, i.e.

1. If T « 1 (gravity dominates surface tension) then equation (1.71) (with

7? = 1) is equivalent to the equation (1.70)
(wr + 6Uy + Uppr )y + Buge = 0. (1.72)

Equation (1.72) is known as KPII and is of most interest in water waves

studies.

2. If T > 1 (surface tension dominates gravity) then equation (1.71) (with

4?2 = —1) is equivalent to the equation (1.70)

(ur 46Uy + Uppr )r — Buge = 0. (1.73)

Equation (1.73) is known as KPI and is of interest for very thin sheets of

water.

1.3 N-Soliton Wall Solution of the KPI/KPII

Equations

In this section we reproduce the derivation of the N-soliton wall solution of the

KPI/KPII equations respectively as given by Zakharov and Shabat [ZS1] in 1974.
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To derive these solutions Zakharov and Shabat used the Dressing Method devised
by them. The Dressing Method yields wide classes of new solutions from already
known solutions for many problems - the soliton solutions in particular. These
solutions were derived by other authors as well. They used different methods in

their derivations, as for example:

1. In 1976 Satsuma, [Satsuma 1], derived the N-soliton wall solution of the

KPI/KPII equations respectively by using the Hirota’s method.

2. In 1983 Okhuma and Wadati, [Okhuma 1], derived the N-soliton wall solu-

tion of the KPII equation by using the trace method.

1.3.1 Lax’s Representation

In order to use the Dressing Method we need to introduce the notion of Laz’s
representation. The general concept of Lax’s representation is reproduced from
[Abl 1].

Consider two differential operators I and A where L is the operator of the

spectral problem

Lé = A, (1.74)

and A is the operator governing the associated time evolution of the eigenfunctions
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P(x,1)
¢y = Ap. (1.75)

Taking /0t of (1.74) and using (1.75) we obtain
(L + (LA — AL)l¢ = Mo, (1.76)
and hence in order to solve for nontrivial eigenfunctions ¢(x, t)
Li+[L,Al=0, [L,Al=LA- AL, (1.77)

if and ounly if Ay = 0.
Equation (1.77) is called Laz’s equation and contains an evolution equation
for suitably chosen differential operators L and A. For example if we consider the

spectral equation (1.74) given by the Schrédinger operator

62

L= -5 +u, (1.78)

and the operator A of the simplest form

A

= c%, ¢ = const,

then we have

L; + |L, A] = u; — cug,

and so we can see that L and A satisfy (1.77) if u satisfies the one-dimensional

wave equation

U — cug = 0.
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We can see then that the one-dimensional wave equation has an associate spectral
problem with eigenvalues which are constants of motion and may be thought as
the compatibility condition of the above two linear operators L and A.

If a partial differential equation arises as the compatibility condition of two
such operators L and A, then (1.77) is called the Lax representation of the partial
differential equation and the pair (I, A) is called Laz’s pair.

In 1974 Zakharov and Shabat, [ZS1], and also Dryuma, [Dryuma 1], derived

the Lax’s pair (L, A) for the KP equations (1.71). They found that

0
L=ny——M .

"%y , (1.79)

62
M = “"5;2' bt U(.‘E,y,t) (180)

and
A= ——4——-———83 - GU-?—— — 3u, + 3yw(z,y,t), w,=u 72 =41, (1.81)
6$3 o1 T I ARIE x Yy

The Lax’s pair (L, A) given in (1.79-81) allows us to write the evolution forms of

the KP equations:
U -+ OUly + Uppe + 372wy =0, wy = uy.

This is an infinite family of different equations according to the choice one can
make for w. However, once the boundary conditions are selected, then these define

w uniquely ([Abl1]).
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1.3.2 The Dressing Method Applied to the KPII Equation

Steps in deriving the N-soliton wall solution of the KPII equation (1.71) ([ZS 1)):

Step 1. Consider the Lax’s pair (1.79-81) of the KPII equation (1.71)

= — 1.
L=g =M, (1.82)
o2
A——4—Qg——-6—(?——3u +3w(z,y,t), we=1u (1.84)
- 83:3 uax T Y Y, ), T T Py :

Consider as well the operators Ly and Ag corresponding to u =0 and w =0

0
Lo= 5~ Mo, (1.85)
82
Moy = 5 (1.86)
o?
Ao = ~45=. (1.87)

Step 2. We find a Fredholm operator F that commutes with the operators
Lo and 9/0t — Ay.
Comments

Consider the Fredholm operator

A

Folo,yt) = [ Flazu,00(y,)d (1.88)

which possesses a sufficiently well-behaved kernel and admits the triangular fac-

torization

1+ F=Q+K) 1+ K", (1.89)
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where K~ and K+ are the Volterra operators

-

K p(@) = [ K (02,000, 0dz, (1.90)
Kh(e) = [ K*(@,2,5,00(z 5,0z (1.91)

Supposing that F is chosen to commute with Ly and 3/t — Ag

ot

. o .
(Lo, F] =0, [-— — Ao, F} —0, (1.92)

then we have that when the space of ¢(z) is transformed by 1 -+ F , the operators

Lo and 8/0t — Ap remain invariant, i.e.

L+ By L1+ F) = L

¢
(1+ KN L1+ KN =1+ K )Lo(1 + K7)™Y, (1.93)
and
(14 F) (%-%) (1+13*):5‘%—A0
()
(1+ f‘(ﬂ(% — A1+ KM = (14 K—)(% A1+ KL (1.94)

Step 3. Once we have obtained F, we find K~ by solving the GLM equation

(1.96).
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Comment

Applying 1 + K~ to the left of (1.89) we obtain
1+K)1+F)=01+K"), (1.95)
which for z < z leads us to the following equation in terms of the kernels F and
K-
F(z,z,t,y) + K (z,2,t,y) + /_zo K= (z,s,t,y)F(s,z,t,y)ds =0, (1.96)
called the Gel’fand-Levitan-Marchenko equation (GLM equation).

Step 4. The new class of solutions of the KPII equation will be generated

from
U, Y, 9 » Ly b Y ) =

Remarks
1. For u(z,y,t) found in Step 4, the following identities hold

L=00+K)L(1+K)?,

5] 5\, 0 —\—1
5~ A=+ K5 — A1+ K7, (1.98)

which finalize the Dressing Method (a new class of solutions was obtained

from an already known solution).

2. By making the substitution y — 4y, ¢ = y/—1, the formula (1.97) becomes

an exact solution of the KPI equation.
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1.3.3 Derivation of the N-Soliton Wall Solutions of the
KPII Equation.

Consider the Lax’s pairs (L, A) and (Lg, Ap) defined by (1.82-84) and (1.85—87)
respectively.

We find a Fredholm operator F' that commutes with the operators Ly and
d/0t — Ap. We shall have

(Lo, F] = 0
T

a 82 o0 o0 8 82
(‘a‘g -+ %5) ./—oo F(xyzaya t)Tﬁ(Zay; t)dZ“‘/_oo F(l’,Z,y,t) (5& + —5;) w(z’y7t)dz =0

(i
° [0F(z,2,y,t)  0*F(s,2,y,) 0*F(z,2,y,t) _
/_°° [ Ay * Ox? 522 P(z,y,t) dz=0
(i
- 1.99
oy = 0z 922 (1.99)
Similarly
0 .
L‘% — Ao, F} =0

0

0 & oo oo o o
(52 +45§§) /;oo F(%,Z,y,t)@[’(Z,y,t)dZ—[—oo F(iE,Z,y,t) (a + -a?) @b(z,y,t)dz =0

)
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o aF($7z7y7t) 63F($,Z,y7t) 63F($,Z,y,f,) B
/—oo { ot R R Y(z,y,1) dz=0
)
oF  @*F  OF
o T tiam Y (1.100)

One of the simplest solution of the differential system (1.99-100) is

N
F(z,2,t,y) =Y dn(y, )Pt =), (1.101)
n=1
with
d, (y,t) — Cnei(q72;~1’i)y—4(1>i+q13;)t]’ (1.102)

Pn;dn ER:CTL >O) pn"!“qm#o, n,mle
The solution K~ of the GLM equation (1.96) is sought of the following form:

N
K= (z,2,t,y) = Y Ku(z,t,y)e™. (1.103)
n=1

Substituting (1.101-103) into the GLM equation (1.96) we obtain the following

linear system for (K, (z,t,¥))n=1..~

N e(p'n'FQm)E
Koz, t,y) + > Knlz,t,9)dn(y, t)———— = —dn(y,t)e’®, n=1,...,N.
m=1 Pn + m
(1.104)
The matrix of the system (1.104) is:
Ao = b+ (g, 1) N (1.105)
n = Omn + dnly,t)————, m,n=1...N, 1.1
Pn + Gm
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1 if m=mn

5mn -
0 if m#£n.
Using the Cramer’s rule for solving linear systems, the solution of the system
(1.104) is:

det AM

Kn(z,t,y) = A

n=1...N, (1.106)

where A™ is the matrix obtained from the matrix A in which the n-th column
was replaced by the free column of the system (1.104).

Hence the solution K~ of the GLM equation (1.96) is

1 N
- = det AMetn2, :
K (z,2,t,y) detA,; et Ae (1.107)
Proposition. We have
- 7]
K~ (z,2,t,9)]| 1oz = 5 Indet A (1.108)

Proof

For the matrix A given in (1.105) we have

det A = Y (—1)" Aipq)Aoo(2)- - Anomy---Ano( (1.109)
0EPn

where P, is the group of permutations of {1,2,..., N} and ¢(c) (¢ € P,) is the

total number of inversions in the permutation ¢. Then

0 o & 9
—det A=Y (-1)4? ZAla(l)-AZO'(Q)---b—;AnU(n)-‘-ANU(N) =

6$ gEPy, n=1
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N
==Y " 3 (=1 DAy Asr@y (= oY, )P ™). Anov) =
n=1

o€Pr
N
=~ 3 det AMe®, (1.110)
n=1
Hence, from (1.107) we obtain
K= (2, 2,t,y)|se0 = et A 0 ) e
TyZ,0,Y)|z=a = det A = O ndae .

which ends the proof of the proposition.
Finally, from (1.97) and (1.108) we find the new solution of the KPII equation

€ 82
u(z,y,t) = 25_;2— Indet A, (1.111)

which is called the N-soliton wall solution. The new class of solutions obtained
is the one formed by soliton walls. A soliton wall is obtained for N = 1 in the
formula (1.111).

Remark

By making the substitution y — iy, i = v/—1, the formula (1.111) becomes an

exact solution of the KPI equation called the N-soliton wall solution of KPIL
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Chapter 2

Basic Oscillatory Solutions of the
Kadomtsev-Petviashvili 11

Equation.

2.1 Motivation.

The KPII equation as derived in Chapter 1 is
(ue + 6wty + Uzzz )z = — 3y, (2.1)

Since the nonlinear term (6uu, ), is small, in applications at least, in compar-

ison with the linear terms, due to the smallness of u(t,z,y) itself, KPII can be
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viewed as a nonlinear perturbation of its linearization (IKPII)
(ue + Ugaa )z = —3Uyy (2.2)
by the term (6uu,),. The (IKPII) equation possesses special solutions of the form
cos[2v(A, p) + 22z — Adpy + 8A(A? — 3uP)t], (2.3)

akin to the functions (I.3). A fairly large class of solutions of (IKPII), due to the

fact that (IKPII) is linear, can be written as

u(z,y,t) ://L@(A,u) cos[27(A, p) +2Az — Ay +8A(A2 = 3u)t] dAd(Ap), (2.4)

where £ C R? and the two functions (A, ) and @(A, u) are essentially arbitrary
with restrictions imposed only to guarantee convergence in certain sense. The
formula (2.4) is nothing else but the Fourier decomposition of solutions of (IKPII)
into much simpler basic motions (2.3).

If KPII is viewed as a perturbation of (IKPII) by a small term (6uu,),, then

such perturbation will affect the basic solutions (2.3) and the decomposition for-

mula (2.4).
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2.2 N-Soliton Wall Solution of the KPII Equa-

tion.

Recall that nonlinear superposition is already defined and well known for the class
of solutions of KPII known as soliton walls. The N-soliton wall solution of the

KPII is given by the formula (1.111)
2

0
u(z,y,t) = 2—8~;C—§lndet¢4 (2.5)

where A is a N x N matrix with entries

A =6+ . :’“q e(Pntam)z-t (g% ~p3 ) y—4(0] +a3)t m,n=1,...,N (2.6)
n m

1 if m=n

6’”’171 -

0 if m#mn
with pn,gn € Ry >0, D+ gm #0, n,m=1... N.

The formula (2.5-6) represents a nonlinear superposition principle for the con-
struction of the N-soliton wall solution of KPII equation.

Remark

By making the substitution y — 4y, i = 4/—1, the formula (2.5-6) becomes an
exact solution of KPI equation. From them there were obtained rational solutions
of KPI, called lump solutions, which decay algebraically as v/zZ + y> — +oo.
Among scientific literature about these solutions of KPI equation we can mention

[Manakov 1], [Abl 1}, [Nov 2], [Satsuma 2] and [Boiti 1-3].
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Lump solution of the KPI equation (u; + 6uty + Uzsa )o = 3ty

Some properties of the soliton walls of the KPII equation.

1. Do not decrease in the directions z/y = pn, — gn, 7 = 1..N.
2. Move at a certain angle to the z-axis.
3. Never propagate along the y-axis.

4. If p, = g, for some n € {1,...,N} in (2.5-6), the corresponding soliton

walls are converted into KdV solitons.
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5. Miles [Miles 1] noted that the phase shift of two soliton solution tends to in-
finity when the parameters describing the soliton walls satisfy certain linear-

like resonance conditions.
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Figure 2.1 a-b: KPII Soliton Wall with p = 0.1, g=1, ¢ =1 at t = 0 (moves at

the angle arctan|l/(p — ¢)] ~ 131.9° to the z-axis).

0.6
0.4

b) Contour plot in projection to zy-plane.
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Figure 2.2 a-b: Nonlinear superposition of two KPII Soliton Walls with

p=[1,0.1], ¢ =[1.2,1], c=[1,1] at t = 0.2.

b) Contour plot in projection to zy-plane.
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Figure 2.3 a-b: KdV soliton obtained from the formula (2.2-3) for the

parameters p = 0.5, ¢ =0.5, c=1at ¢ =0.

b) Projection to zu-plane.

ol
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Figure 2.4 a-b: Miles’ observation (Property 5 from page 40). The formula
(2.2-3) was used for the parameters p = [0.5,0.5], ¢ = [0.2,1.3], ¢ =[1.1,1.3] at

t=0.

soliton wall

-6

soliton wall

a) 3D plot.

b) Contour plot in projection to zy-plane.
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2.3 Construction of Oscillatory Solutions of the

KPII Equation.

Theorem 1

Let u(z,y,t) be defined by

2

0
u(z,y,t) = QWlndeth, (2.7)

where K is a N x N matrix with the entries:

Ku Ky ... ... KlN\
K21 Kzg K2N
| 28)
KNl KN2 KNN
cos 2I
= — i 2.9
Knn pn + 2)\n ( )
Ko (Am 4+ M) c08(Tm +Tn) (A = An)sin(lUm — I') ] 3
- (,u'm - ﬂn)z + ()‘m -+ ;\n)z (,u'm - lu'n)2 + (Am - )\n)2
— (ttm — pn) sin(ly + 1) (tm = pin) c08(L' — T'y) } (2.10)
(ﬂm - Hn)z + (Am + /\n)2 (Mm - :un)2 + ()‘m - An)z ,
Pn = 0n + T — 2uqy + 12(N] — pl)t, (2.11)
Tn = Yn + A — 2\niny + 400 (A2 — 3u2)8, (2.12)

o3
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where A\,.’s, p,’s, 0’8 and 7,,’s are real parameters. Then u(z,y,t) satisfies the
KPII equation.

Proof

We follow the ideas from [Kov 1-3]. Consider the N-soliton wall formula (2.5-6)

of Zakharov and Shabat. Replacing N with 2N and taking

D2k—1 == Dok = LA+ Uk + €

Qok—1 = o = 1A — Mg + €

(2.13)
Copy = Co = 2ee™/AFimnters
)‘kyuk77kagk€R k=1...N
the formula (2.5-6) transforms into
62
u(z,y,t) = 2555 Indet A (2.14)
where /
ASy A5, .. L Al
£ £ £
21 29 cee eea IN
e | o .19
\A{;‘Vl N2 oo ..o AWy
54
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with 2 x 2 blocks

(P2 —1+a2m — 1)@+ (a5, _, —P2, _y—4(p3_ +aS. )t

é‘ C2n—-1€
mn + Pon-1tg2m-1

AE
mn 3 3
ea le(mnq +‘]2m—1)$+(‘1%,n__1 ~p§n,1)y-4(1’2n~1 +a5,, 1)t
e~

P2n-1+492m

2
copelP2n + Qo w95, — 2, Vo —4(p,, +a3 )t

P2ntgem-1 (215(1)
P mme(pznwzm)w+(q%,,~p§n)y—4(p§n+q§n)t
mn Pentqom
where 0,,, are the regular Kronecker symbols. Then
N
det A= >~ (o) [T det Djy n (2.15b)

o€Pa j=1
where Py is the group of permutations of {1,2,...,2N}, 0 = {kj1, kj2, -, kj an} €
Pan, t{o) is the sign of a permutation ¢ and Dj;_ ., are 2 X 2 matrices obtained
by taking the elements of A° at the intersection of the (2j — 1)-th and (27)-th
rows and k;;-th and k;o-th columns, kj; < kj3. The 2 X 2 determinants det Dj.kjl ki
have the following asymptotic behavior as € — 0:
1) if kjp = 2§ — 1, kjp = 27, then

cos 2I';
2}

J

et Dy, =4 |03+ |+t (2.16)

2) if k‘j] = 2] - 1, kjg 7£ 2], then

N (/”’ij - p’k_ﬁ) COS(ijl - ijz) ()\kjl - ’\kj2) Sin(rkjl - ijQ) _
(l‘l’kjl - Nka)z + (/\kjl - ’\ka)z (:u‘kjl - l"ka)2 + ()‘kjl - )‘kj2)2

det D.?kjlka - 2

(ukjl - /"ka) Sin(rkjl + ijz) N (Akjl + >‘ka) COS(Fkﬁ + ijz) ] et
(lu'kjl - /‘ijz)z + (Akjl + )‘ka )2 (”kﬁ - “ka)z + (Akjl + )‘ka)z

29
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42z (’\kjl - Aka) COS(ijl - ij?) + (H’kjl - )uka) Sin(rkjl - ijz)
()ukjl - /’l’kj2)2 + (/\kjl - )‘ka)z (:u’kjl - u‘ka))z + (’\kjl - )‘ka)z

(/\kjl + )‘ka) sin(rkjl + ij:a) . (ukjl - ”ka) COS(ij1 + ijg)

(P"kﬂ - Mka)2 + (Akjl + /\ka)Q (#’kjl - /kaz)z + (/\kjl + )‘ka)z

+ -+ 0(62).
(2.17)

3) if kjl 7é 2] - 1, k;j2 = 2_], then

. (iu’kjl - p'ka) COS(Fk]’] - ijz) ()\kjl — Akj?) Sin(rkjl _ ijz)
(:u’kjl - luka)2 + (/\kjl - /\ka)2 (/‘ijl - #’kj?)z + ()\kjl - ’\kj2)2

det ,D;:kjlkjE —_ 2 [

(lu'kjl - luka) Sin(ijl + ijz) . ()‘kjl + Aka) COS(ij] + ijz) } e

(tu'kjl - »u’kﬂ)2 + (Akjl + Akj2)2 (/‘l’kjl - :uka)z + ()‘kjl + )\kp )2

—9% [ (/\ij - ’\kj'z) COS(ijl - ijz) (/J’kjl B /J'ka) Sin(rkjl - ijQ)
(lu'kjl - /J’ka)2 + ()\kjl - )‘ka)2 (lu’kjl - luka)z + (/\kjl - /\kj2)2

+

(/\kjl + )\kﬂ)Sin(Fkﬂ + ijz) . (,“kjl - /*ijz) COS(ijl + ijz) ] + 0(62)
(/"kjl - Ukj2)2 + (’\kjl + )\kj2)2 (l“l’kjl - /-“%2)2 + (/\kjl + Akﬂ)Z
(2.18)
4) if kj] 7£ 2] - 1, ka 7£ 2], then
det Dy, = O(?), (2.19)
where p’s and I'y’s are given by (2.11-12). For small € we have
N
det A° = (4e) 3 (—1)“ 1 Kjo(;) + terms of order o(e™), (2.20)

g€Pp j=1
where Kj; are as defined by (2.9-10).
Passing to the limit as ¢ — 0, we obtain that u(z,y,t) defined in (2.7-12)

satisfies KPII for all values of parameters A,, tn, ¢n and v,. g.e.d.
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Let us consider the simplest case of the formula (2.7-12) when N = 1. In this

case the formula becomes:

w(z,y,t) =

82
2551 [—01 = V(w,y) — 12t(A\] — i) +

cos(21 + 2\ V(z, y) + 8tA (A2 — 3;@))]
20

_ax? cos(2y; + 2\ V(z,y) + 8A1 (A2 — 3ud)t) 3

Yeos(2y1 + 20V (z,y) + 8A1 (A2 — 3ud)t) — 2M\i(01 + V(=, ) + 12(AF — ud)t)

5 1+ sin(2y; + 20 V(z, ) + 8A1(A% — 3u2)t) 2

' Leos(2m + 20V (@, y) + 80 (X - 3ud)t) - 2Ma(en + V(z,y) + 12(M = pf)1) |
(2.21)

where

V(z,y) =z — 2u1y. (2.22)

The functions defined by (2.21) will be referred to here as harmonic breathers.
Each harmonic breather is determined by a spectral pair (two spectral parameters)
(A1, p1). For py = 0 the functions defined by (2.21) are solutions of the KdV
equation

g -+ Outly + Ugee = 0. (2.23)

These solutions have been previously derived by a number of authors ([Nov 2],
[Kov 4], [Matveev 1-2], [Stahlhofen 1]) and they have been correspondingly referred
to as harmonic breathers or positons.

We are interested now to see whether the harmonic breathers defined by (2.21)

are nonlinear analogues of the solutions (2.3) of ({IKPII) as a result of nonlinear

a7
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perturbation of ({KPII) by the term (6uu,),. We notice that if o; +x — 2uyy +
12(X2 — )t is large, the harmonic breathers defined by (2.21) have the following

asymptotic behavior:

(5, ,1) ~ 42 cos(2I'y) 1o 1
u(z,y,t) ~ :
Y Yoo T —2my + 12003 — pd)t (01 + = — 2my + 12(A7 — p2)t)2

(2.24)

The asymptotic behavior (2.24) shows that, in physical domains in which o; +
z — 2my + 12(02 — p2)t is large, the harmonic breathers defined by (2.21) have
oscillatory behavior similar to that of the functions (2.3). Therefore one can
think that the harmonic breathers defined by (2.21) are nonlinear analogues of
the solutions (2.3) of ({IKPII) as result of nonlinear perturbation of (IKPII) by the

term (6uuy),. Indeed, let us consider in the formula (2.21) the following scaling:

£ (@)

()
y Y — —a

t—

T —r
52’ 53

’

(8)( 1(8) 5,(5) #(s)
w7\ T
M = SA1, f1 > s, 01— st0r, u(z,y,t) = ( Sy )

The functions u®®) (29, y() #()) satisfy the scaled KPII equation

6 s
[“i(ss)) + gu(s)ug(:(z) + U g = ‘3“;(Z>y<s)> (2.25)

:c("’)

and their asymptotic behavior follows from (2.24):

cos(271 + 20 V(z®), y®) + 82 (A2 — 3u)t)
4\ +

3','('5)*-'2/119(3)+12()\2"'[L2)t(3)
o1+ PO

w2y 1)y =

© S3 (2.25a)
(s%01 + z0) — 20,y + 12(A\2 — p2)t())2 |~ .25a
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As s — 1, the equation (2.25) and the formula (2.25a) become respectively the
KPII equation and (2.24), whereas as s — oo, the equation (2.25) and the
formula (2.25a) become respectively the (IKPII) equation and (2.3).

From the asymptotic (2.24) we notice that the harmonic breathers have de-
caying oscillatory behavior whereas the solutions (2.3) of (IKPII) are not decay-
ing. The price to pay for the decaying behavior of the harmonic breathers is the
presence of the singularities within them. The singularities are movable in time
for each harmonic breather regardless the spectral pair describing it. The Figure
2.ba-d illustrates a harmonic breather at two different times within the same space
domain for both times.

Since all applied problems are considered in finite space-time physical domains,
one may adjust the parameters of (2.21) to assure that within the physical domain,
which can be considered as large as we wish but we must keep it finite, a harmonic
breather stays regular. We may consider the following finite space-time physical

domain

QX1,27Y1,2,T1,2 = {(t,:c,y)lX] S T S Xz, Yl S Y S Y2, T] S t S Tg, X1’2,Y1,2,T1,2 ﬁnite},
(2.26)

in which
1
lQlI > ‘X1,2L ‘Yl,2l, |T1,2|, 55\—1' (2.26&)

Then, within Qx, , v, ,,11.,, We have a non-singular part of the harmonic (2.21) (we
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shall call it tail of the harmonic). For example, in the domain
Q]O}]O’Q._T - {(t’l’:,y)HiEI S 10, ly[ S 10, 0 S 1 < T, T ﬁnite}, (227)

we have a non-singular part (tail) of the harmonic breather (2.21) with A\; = 1,
g =0.1 and p = 15 (Figure 2.6a-d).

The decaying behavior of a harmoniq breather defined by (2.21), away from
its singularities, is shown in the Figure 2.7a-d.

The asymptotic behavior (2.24) of the harmonic breathers defined by (2.21)
and the nonlinear analogy of the harmonics with the solutions (2.3) of the (IKPII)
equation suggest that we may use the harmonic breathers to construct more com-
plex solutions of the KPII equation as the solutions (2.3) may be used in con-
structing more complex solutions of the (IKPII) equation. In the next section we
shall present how we can do this by using the formula (2.7-12) for N > 1.

For N > 1, the formula (2.7-12) defines a nonlinear superposition of solutions
of the KPII equation that describes the nonlinear interaction of the KPII harmonic
breathers. This formula will be referred to as the N-harmonic breather solution
of the KPII equation. The case N =1 in the formula (2.7-12) was also obtained
in [Cho 1]. Superposition of two harmonic breathers with distinct spectral pairs

is shown in Figure 2.8a-d.
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Figure 2.5¢-d: KPII Harmonic Breather with A =1, p=-0.1, v=0, p=0 at

—

1
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e
i
—
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b) Cross-Section by plane y = 1.
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Figure 2.6a-b: KPII Harmonic Breather in 40 100.7 with A =1,

=01, v=0, p=15at (a) at t = 0 and b) at ¢ = 5);
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0 5 T
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Figure 2.6¢-d: KPII Harmonic Breather in 203007 with A =1,

p=01, v=0, p=15at (a) at t =0 and b) at ¢ = 5). Cross-Section by plane

y=1;
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Figure 2.7a-b: Large distance behavior of the KPII Harmonic Breather with
A=1, p=~01, v=0, o =0 (snapshots at t = 0). Cross-Section by plane

y = 100. The solid line is the harmonic and the dot line is the asymptotic (2.24).
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Figure 2.7¢-d: Large time behavior of the KPII Harmonic Breather with A = 1,
p=—0.1, v =10, o= 0. The solid line represents the decaying oscillations of the
harmonic as it passes through z = 1, y = 1 and the dot line is the asymptotic
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Figure 2.8a-b: Superposition of two KPII Harmonic Breathers with A = [1, 1],
p=10.2,-0.2], v = [0,0], 0 =10,0] at t = 0 ( a)-projection onto zy—plane and

b)-cross-section by plane y = 10).
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Figure 2.8c-d: Non-singular part of the superposition of two KPII Harmonic
Breathers with A = [1,1], p = [0.2,-0.2], v = [0,0], o = [0,0] at ¢t = 0 (

¢)-projection onto zy—plane and d)-cross-section by plane y = 1).
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2.4 Nonlinear Interference of Harmonic Breathers

of KPII Equation.

Let us consider the N-harmonic breather solution (2.7-12) in the physical domain
Qxyr ={tz,y)|lz| < X, | LY, |t| <T, XY, T finite}, (2.28)

such that the g,’s satisfy

1
lonl > X, ¥, T, =, n=1...N (2.29)
lon| > all Ky, n#£m, nym=1...N! (2.30)

i.e. the g,’s are dominant elements of the matrix X. Then in Q2x yr the function

u(z,y,t) can be represented by

N
4 1
t)~ - or, _
)~ D Ty 1 e — O ((gn = 2y 1202 = p%)t)2)
(2.31)
which, due to the condition (2.29), can be further approximated by
N
4, 1
w(z,y,t) ~ Y —cos(2ly) + O (-52—) : (2.32)
n=1 n n

The formula (2.32) resembles the interference case from the linear theory of

superposition and interference of waves (Figure 2.9) ([Feynman 1]). It suggests

1Observation: Under the conditions (2.29-30), in the domain (2.28) we have only tails of

harmonic breathers.
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that the tails of the harmonic breathers form some sort of nonlinear Fouriér series,
and under appropriate conditions can lead to some sort of nonlinear analogue of
the Fourier integral. For this we need to see what is happening if A, — A\, and
Pn — tm (in the formula (2.7-12)) are small, because in this case the condition
(2.30) may no longer hold. We shall show that if A, — A, and u, — p,, are
small enough then a nonlinear analogue of interference from the linear theory of
superposition and interference of waves will happen.

For the beginning let us consider the superposition of two harmonic breathers

(N = 2 in the formula (2.7-12))

( f =2 H? | [(_ N cos2I‘1) (_ N 0082F2) N
WBYE =25 I\ T T Ty, P2 o

(1 — pa)sin(Ty +T2) | (i — pa) cos(Ty =) \*
i ((Hl — p2)? + (A + Ag)? " (11— p2)? + (M — /\2)2>
~ ( (A +Ag)cos(Ty +T3) (A= Ag)sin(l'y ~ I'y) )2
(= p2)? + (M +22)2 (g — )P + (=222 ) |7

(2.33)

and let us consider the following asymptotic behavior as £ — 0:
A=M+e pp=mtac, m=m+b" a,becR\{0},1>2 r>1 (2.33a)

Then, the harmonic breathers experience a different kind of interaction, i.e.

from their interaction results a single harmonic breather given by the formula:

9?2 cos 20"
u(@,y,t) = 25 1n [(*m o 1) (26— 01— g2) +a* — (b—01)?|, (2.33D)
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which can be simplified to

2

0 cos 2I'4
u(z,y,t) = 2555 In [—012 — 3+ 2y — 12602 — 1) + TR (2.33¢)
where p;y is given by
1 (01 —b)+(e2—b) .
= ifl=2r=1, 2.33d
oi2—b (01— b)(02 —b) + a? ( )
which, if g1, 02 > a, b, simplifies to
1 1 1
— R ——f—, (2.33€)
212 01 Q2
and
1 1 1
— =t — ifl>2 r>1L (2.33f)
212 g1 02

In the physical domain (2.28) under the condition (2.29), the formula (2.33c)

can be approximated by

4\ 1
w(z,y,t) ~ — cos(2Iy) + O (—5—) . (2.34)
012 012

Remark
The formula (2.34) resembles the interference case from the linear theory of

superposition and interference of waves (Figure 2.10).
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For the general case we have the following result:

Theorem 2

If in the N-harmonic breather solution (2.7-12) we have the following asymp-

totic behavior as € — 0

/\N = /\N—l +E, UN = UN-1 ’}“0»52, YN = YN-1 +b€r a,b < R\{O}, 12 2, T 2 1,

then
Kll K12 K1 N—-1 \
Koy Ko Ko nv_g
u(z,y,t) = 2@ In det ,
\ Ky-11 Kyoiz2 oo ... Knoino

where

Ky_1n-1= —ON-1N — T+ 2Ny — 1260\ — k) +
2AN-1

IN-1=7YN-1+ AN-1Z — 2AN_1pn—1y + 4N -1 (W — 3k ),

L (eva-)+(ev—)
on-1,vn — b (on-1—b)(on — b) + a?

if1=2 r=1,

which, if py_1, 08 > a, b, simplifies to

1 1 1

~ + —.

ON-1,N ON-1 ON
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cos2l'y_1

)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)



and

1 1 1
- +— ifl>2 r>1 (2.41)
ON-1,N ON-1 ON

Proof

Using properties of determinants, det K from the N-harmonic breather solution

(2.7-12) becomes

det =
Kn K2 . Kina Kin—Kina
Kan Koy .. Koo Kon — K2 na
= det
Kn-11 Kn_12 oo Ky N Ky-iv—Kn-1 v
Kni1—Kny-11 Kna—Kno12 .. Knvoi—Kn-1v-1 Knv+Kyog vo1—

Ky_1nv—Kn N1
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K1 Ko oo KN Kinv—Kina
Ko Ko . Koy Kon—Kyn
= det
Knaay1—@1 Knoa2—-Q2 ... Kyawn-1—Q@n-y O
Kni1—Kya1iy Kn2—Kn-o12 -0 KEnvoa—Knoinv-r K v+ Kyoy ve1—
\ Knoanv— Ky v
(2.42)
where

(Kyi— Ky-1i)(Knoa v — Kneo1 Nvo1) )
Qi = Ne) i1 N—1. (243
Kn v+ Knoinv-1— Knoiv — Ky -t ’ (243)

As € — 0 we have

z;‘ligl()(Kz N Kz N——l) = O, P = 1, e ,N - 2. (244)
gl.l.Igo(KNl—KN'l 2):0, 'L:].,,N—"2 (245)

aliglo(KN N+ En-in1—Knoi v — Ky n-1) = A— on-1— 0n, (2.46)

where A =2bifl=2, r=1,and A=0if I > 2, r > 1. From (2.45) and (2.46)
we have

lim Qi =0, i=1,..,N-2 (2.47)

£—>
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As £ — (0 we have as well

(Kn_1 w On_1) = lim Ky-iN-1KEn N —Kn no1Knaw
/1 -1 -1) —

e=>0 Ky v + Kn_iv-1— Knoi v — Ky v

lim
e—~>0

_ cos 2y 1 (12—(17“91\’—1)2 3 — —
PN-1 + 22N -1 + 2b—on-1—oNn’ if = 2’ r=1

. cos 2y 1 QQNAl
pPN-1+ A3 +

ifl>2r>1

on-1+eon’
cos2I'y
= —on_1v = &+ 2pnaay — 120N — ) + (2.48)
2AN 1
1 ~ (en-1— B)+ (o~ — B) (2.49)

on-in—B  (on-1— B)(oxn — B) + C’
where B =bifl =2, r=1,and B=0ifl > 2, 7 > 1 and as well C = a? if

l=2 r=1,and C=0ifl>2, r > 1. From (2.42),(2.44) and (2.46-48) we have

Hm det X =
e—>0
Kn K2 ... Kin-a Ki v
Ky Koy oo Ko noo Ky vy
= (A—on-1 —on) det ' (2.50)
\ Kno11 Knoi2 .. KEnaawnee Knoina

where

cos 2y

o (251)

f(N—l N-1= —ON-1,N — T + 2Un_1Yy — 12t()‘?v—1 - #%v—l) +
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Hence, from (2.50) we have that as € — 0 the N-harmonic breather solution

(2.7-12) will become

Ky Ky Ky v
Ko Ky ... ... Kina
u(z,y,1) :25-:;5 In det | . (2.52)
Kyai1 Knoiz oo oo Kyoiwves

because A — on_1 — on is a constant and will be canceled by the logarithmic
differentiation. The formula (2.52) is exactly (2.36). g.e.d.

In the physical domain (2.28) under the condition (2.29), the formula (2.36) is
a nonlinear analogue of interference case from the linear theory of superposition
and interference of waves, and we shall call the phenomenon happening here the
nonlinear interference property of the harmonic breathers.

Conclusion of the section

The nonlinear interference property of the harmonic breathers suggests that
the formula (2.7-12) can be used to construct solutions of KPII possessing certain
properties, such as localization within the physical domain (2.28), Qx y . Due to
the presence of singularities, the formula (2.7-12) cannot always be used to con-

struct solutions of KPII with required properties in all of Qg o0 00 = {(f, z,y)]]z| <
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00, |y] < oo, |t| < oo}. Instead, for a given triplet (X,Y,T), the formula (2.7-12)
can be used to construct solutions with given properties restricted to a bounded

domain QX,Y,T-
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Figure 2.9a-¢ Nonlinear interference of two KPII harmonic breathers with

A=102,015], p=105,01), v = [n/4,-7/3], ¢ = [150,150] at t =0.
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c¢) Nonlinear interference of KPII harmonic breathers 1 and 2 given by the

formula (2.7-12) for N = 2.
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Figure 2.9d-f Nonlinear interference of two KPII harmonic breathers with

A =]0.2,0.15], p = [0.5,0.1}, v = [7/4,—7/3], 0 = [150,150] at ¢ = 0. Cross

section by plane y = 0.
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f) Nounlinear interference of KPII harmonic breathers 1 and 2 given by the

formula (2.7-12) for N = 2. Cross section by plane y = 0.
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Figure 2.10a-¢ Nonlinear interference of two KPII harmonic breathers in

Q0100.7 With A = [1,1+¢], p=1[0.1,0.1 + %], v=[0,¢], o = (60,60}, € =107

at t = 0.
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-0 B

c) Nonlinear interference of KPII harmonic breathers 1 and 2 given by the

formula (2.7-12) for N = 2.
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Figure 2.10d-f Nonlinear interference of two KPII harmonic breathers in
Qo100 With A = [1,1+¢], p=1[0.1,0.1 + &%, v=10,¢], ¢ = [60,60], £ = 103

at t = 0. Cross section by plane y = 10.

0.081
A\
‘ /

0.06 [ \ \ A ™ ~
N / NN N

L - \ -
\/\ ANANENANE

. o / I A T A A
| Y \/
a04] / \‘ | gf \ ;f \ xf \ / \'\ ;’j \

-0.061

-0.08 \j

0.08-
/ \ A

0.081 / i\ }1{ \\ }/ \1 ’/\" ‘ﬁ\ f’ﬂ\ M\

D.04

| - . \ f\z
/,/ \ | \\ A | | /\\ A
iy X\/’ WV

/
-0.081 \ /

e) KPIl harmonic breather 2

84

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

10



02

[ A
| \ f \\ A
01 }f P

AT
| o ooy
NN

o]

10

f) Nonlinear interference of KPII harmonic breathers 1 and 2 given by the

formula (2.7-12) for N = 2. Cross section by plane y = 10.
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2.5 Nonlinear Analogues of Phase and Group

Velocities.

Let us consider the nonlinear superposition of two harmonic breathers in the
physical domain (2.28) under the conditions (2.29-30), described by the parame-
ters (A1, p,m1 = 77, 01), 7 € Z, and (Ay = Ay, pp = f1,72 = 71, 02). Then the

combination of the two harmonic breathers will have approximatively the wave

form:
W A Agverage[€08(K1, 2 + K1,y — wit) + cos(ka, @ + kg y — wot)] (2.53)

where
Apvrnge = 5 (%1- + %2-) (2.54)
ki, =2, ki, = —4hp, w; =2(120pf —4))), i=1, 2. (2.55)

Using the trigonometric identity for cosa + cosb, the combination (2.53) will

become:
1 1 1
w ~ 2Aaverage COS (E(kzz — klm)f}? -+ -2—(]€2y — kly)y — 5(&)1 b QJQ)t) X

1 1 1
COs (§(k2m + klm)ﬂ'} + 5(]{?2@ + kly)y - —2—(w1 -+ (A}Q)t) .

Writing 0k, = ko, — k1, Oky = kz, — k1, Ow = wy —wy, ky = %Ufzm + k1),

ky, = %(k% +ky,), w= %(wl + wy), we get

86

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1 1 1
w R 2 A, erage COS (iakm:c + gﬁkyy — §8wt> cos(kzx + kyy — wt). (2.56)

Here cos(k.z + kyy —wt) is a progressive wave with a phase speed (along the z-axis
and y-axis) of:

(2.57)

Its amplitude 2A.verage, however, is modulated by the slowly varying function
cos (%—kar + $0kyy — %&ut) which propagates along the z-axis and along the y-

axis at a speed of:

e
e = Bk, T Bk,

(2.58)
Multiplication of a rapidly varying sinusoid and a slowly varying sinusoid, as
in (2.56), generates repeating wave groups. The individual wave components
propagate with the speed (¢, = w/k;, ¢, = w/k,), but the envelope of the wave
groups travel with the speed (¢g, = Ow/0ks, cg, = Ow/0k,), which is therefore
called the group velocity.

From the description given in this section, we can see that a nonlinear concept
of phase and group velocity can be developed for harmonic breathers in the phys-
ical domain (2.28) under the conditions (2.29-30). This nonlinear concept may be

viewed as a nonlinear analog of the linear concept of phase and group velocity for

linear waves.
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2.6 Modulating Properties of Harmonic Breathers

in the physical domain (2.28), Qxy7.

2.6.1 Wave Packet-Like Solutions of KPII.

We construct nonlinear wave packet solutions of KPII equation by taking sets:

L= '{(An)nzl..N}y M = {(,U'n)nzl..N}; g = {(7n)n=l..N}, R = {(Qn)n:l..N}; in the
formula (2.7-12).
From the linear theory of waves we know that a two-dimensional linear wave

packet can be expressed by the following Fourier integral
W(z,y) =

/oo /°° o [(R1=F1y)? +(k2~k20)?] cos[(ky — kyo )z + (kg — ko )y] dky dky. (2.59)
00 o 0O

The Fourier integral (2.59) can be approximated in a certain sense by

W(z,y) =~
L L \ \
Z Z g~ [(n Ak —k1g )"+ (mAka—ka,) ]cos[(nAkl — k1y)z + (MAky — kog)y| Ak Aks,
m=1n=1

(2.60)
for L large enough.
From numerical computation (we cannot prove analytically) we have discov-

ered that in the finite space-time physical domain (2.28), {2xyr, the formula
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(2.7-12) under the conditions (2.29-30) may be viewed as a nonlinear analogue of
the Fourier integral (2.59) and the asymptotic (2.32) may be viewed as a non-
linear analogue of the Fourier sum (2.60). Using the formula (2.7-12) such that
the conditions (2.29-30) to be satisfied, we have constructed a wave packet-like
solution of KPIIL

In Figure 2.11a-b (Figure 2.11a shows the 3D picture and Figure 2.11b shows
the projection on the zy-plane of the 3D picture), a wave packet-like solution of
KPII at ¢ = 0 is presented. The solution was obtained by considering N = 2M?2,

with M = 6, in the formula (2.7-12) and the following sets of parameters

= (()\ZM(i~1)+J')j:1...M) T

((AzM(i‘lHMﬂ)j:l‘“M)z'=1...M i=1...

= (M =15+ (=M/2+1—0.5))j=1..M);—1._pr >

((MzM(¢_1)+M+j)J':lmM)izl M ((X—) ) ,
. 17 =0 M) M

where p; =10+ (=M /2+i—0.5), i=1... M,

((#2M(i—1)+j)f=1~M)z'=1. M ((——3\“) ) ’
h J j=1L.M t=1...M

((72M(i—1)+M+j)jrl.‘.M)i:LnM = (('72M(z’—l)+j)j:1...M)i___lmM = (% = 0)j=1..M)ic1_ a1 >

((Q2M(i—1)+M+j)j=1~--M)i:1mM = ((Q2M(i"1)+j)j=1"'M)z‘:l...M -

_ . . :—15)24-0.008(p; —10)2
— ((Qz — 50060 05(\;—15)°+ ) ) ) .
j=l.M/j i M
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Figure 2.11a-b
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Properties of a nonlinear wave packet solution of KPII equation

1. It propagates along the z-axis (never along the y-axis); the KP physical
model refers to nearly one-dimensional wave solutions with small transverse

perturbation to the principal direction of motion.
2. Its leading edge is moving (along the z-axis) with the nonlinear analogue of

the group velocity:

Ow
= =} = max[12(n? — \? 2.61
cgmmax I(I}jf)( (8}\) ()\’#) [ (:u‘ )] ( )

3. Its trailing edge is moving (along the z-axis) with the nonlinear analogue of

the group velocity:
(Am)

o fOwY 9 5
Coemin = H0IT ((9)\) = min[12(p* — A*)] (2.62)

4. Ast — +oo the wave packet is moving to the left (¢,, < 0) and disappears

due to dispersion of the harmonic breathers comprising it.

2.6.2 ¢ Function-Like Solutions of KPII.

Other different exact solutions of KPII (in the physical domain (2.28)) can be
constructed by using the formula (2.7-12). One of them is the mimic of the ¢

function

5(z,y) = /_ Z /_ Z cos(kya + kay) dky dks. (2.63)
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The integral (2.62) can be approximated in a certain sense by

L L
Z Z cos(n Aky = + m Aky y)Aky Aky, (2.64)

m=1n=1
for L large enough.

Numerically we have discovered as well that in the finite space-time physical
domain (2.28), Qx yr, the formula (2.7-12) under the conditions (2.29-30) may be
viewed as a nonlinear analogue of the Foﬁrier integral (2.63) and the asymptotic
(2.32) may be viewed as a nonlinear analogue of the Fourier sum (2.64). Using
the formula (2.7-12) such that the conditions (2.29-30) to be satisfied, we have
constructed a delta function-like solution of KPII.

In Figure 2.12 is presented a d-like solutions of KPII (¢ = 0). The solution was
obtained by considering N = 2M?  with M = 6, in the formula (2.7-12) and the

following sets of parameters
((/\ZM(z 1D+M45 )j=1. M) i=1..M (()‘ZM('L D+)i=1. M> 1M
= (A = 0.150) =1 ) 1 a1 5

((ﬂzM(i_1)+M+j)j:l...M)iZl Mo ((l—;i) ) , where pu; = .0512, 2 = 1... M,
S g=b M) oy M

((,UIZM(Z*I)‘*-J J=1. M)z—l M ( 51’) 7
1/ i=1.M) . M

(Come-nyrmssdizrn),_, o = ((omvesdimin) o = (6= 0imrmt)icaag
= ((

((Q2M(z—l)+M+J)J 1. M)z Ly = \(e2m(-1)45)i=1. M)z_lmM = ((0s = 50%)j=1.. M )im1..M-
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In Figure 2.12 we can see the localization of the solution within the chosen
domain QX,Y,T-

Figure 2.12

y -10” .10 x
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2.7 Concluding Remarks

In this thesis we have obtained a new class of oscillatory solutions of the KPII
equation that we referred to as harmonic breathers.

We showed how the harmonic breathers are a result of the nonlinear pertur-
bation of ({KPII) by the term (6uu,),, i.e. the harmonic breathers of KPII are
the nonlinear analogue of the solutions (2.3) of (IKPII) obtained by perturbing
(IKPII) with the nonlinear term (6uu.);. Unlike the solutions (2.3) the har-
monic breathers are singular. However, since all the practical problems are in
finite space-time physical domains, one can adjust the parameters involved in the
harmonic breathers such that they stay regular within the physical domain. The
regular parts of the harmonic breathers within a finite space-time physical domain
were referred to as tails of the harmonic breathers.

We derived a formula for nonlinear superposition of solutions of the KPII
equation that described the nonlinear interaction of the KPII harmonic breathers.
This formula was referred to as the N-harmonic breather solution of the KPII
equation. The N-harmonic breather solution of the KPII equation revealed, and
it was proven in the section 2.4, that the harmonic breathers possess a property
similar in analogy with the interference property of the linear waves. This led us
to the idea that we may use the N-harmonic breather solution to construct more

complicated exact solutions of the KPII equation.
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From numerical computation {(we could not prove it analytically) we discovered
that, within a finite space-time physical domain in which we have only tails of
the harmonics, the N-harmonic breather solution of KPII may be viewed as a
nonlinear analogue of the Fourier integral, and so the harmonic breathers may be
viewed as nonlinear versions of the Fourier modes. In the section 2.6 we used the
N-harmonic breather solution of KPII to construct a wave packet like solution

and a d-like solution of the KPII equation in finite space-time physical domains.
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