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A bstract

Starting from the JV-soliton wall solution of KPII equation

( l i t  T  §'UUX "j- Ux x x ) x ~f" '̂ 'U'yy b,

we derive a new class of solutions of KPII (oscillatory solutions called harmonic 

breathers). The formula derived (called N-harmonic breather solution) will define 

the motion and interaction of N  harmonic breathers. We show that in certain 

conditions, the N -harmonic breather solution can be approximated to a Fourier- 

like expansion and miscellaneous profile-solutions are obtained.
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Chapter 1

Introduction

In 1895 Korteweg and de Vries derived an equation (called KdV equation) equiv­

alent to

tif~\-Quux-{-uXxx 0) (I-l)

to describe one-dimensional, small-amplitude, long surface gravity waves prop­

agating in shallow water of uniform depth. KdV equation has applications in 

several other physical settings, as for example: internal solitons in the ocean, 

nonlinear acoustics of bubbly liquids, and more.

The restriction in the application of the KdV equation as a practical model 

is that the KdV equation is strictly one-dimensional (one spatial dimension plus 

time). In 1970 Kadomtsev and Petviashvili derived a two-dimensional generaliza-

3

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



tion of the KdV equation (called KPI and KPII equations) equivalent to

by relaxing the restriction that the waves be strictly one-dimensional. For q2 =  

— 1, the equation (1.2) is known as the KPI equation and for y 2 =  1, the equation 

(1.2) is known as the KPII equation.

In the derivation of the KPI and KPII equations one may start by considering 

waves of the form

(U f p ̂ )VfLlx  p U x x x )x  h 3y 'U“yy 7 — PI (1.2)

_ gi(k xx+ kyy-o>t) ky <C kx, kx small (1.3)

that satisfy the corresponding dispersion relationships

The latter suggests that u(x,y,  t) satisfies the linear equations

(1.5)

which under the change of variables

told =  372t new > old — &new “b 3'y t ■'new j Void

become

(tlf “f~ V>xxx) X  “f" 37 'U'yy ~~ 0 (1.6)
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For q 2 =  — 1, the equation (1.6) is known as the linear KPI equation (/KPI) and 

for q 2 =  1, the equation (1.6) is known as the linear KPII equation. In order 

to cause a variation in the amplitude in both space and time to the sinusoidal 

oscillations of u(x, y , t ), a nonlinear term  (6uux)x is added to the left hand side of

(1.6) which turns the equation into the KPI equation (for q 2 =  —1) and the KPII 

equation (for q 2 =  1). The functions u(x ,y , t )  given by (1.3) and satisfying the 

corresponding dispersion relationships (1.4) are solutions of (/KPI) and (/KPII) 

respectively. By adding nonlinearity into (/K PI)/(/K PII), the functions u(x, y, t) 

are no longer solutions of the nonlinear K PI/K PII equations respectively obtained. 

Since KPI (KPII, respectively) can be viewed as a perturbation of (/KPI) ((/KPII), 

respectively) by the nonlinear term (6uux)x, it is only natural to study how such 

a perturbation affects the solutions (1.3). As well, further on in the thesis it will 

be shown that the addition of the term (Quux)x to (/KPI) ((/KPII), respectively) 

transforms the solutions (1.3) into solutions of KPI (KPII, respectively) which 

possess all important physical properties of the linear waves (1.3). In this thesis 

only the case of KPII equation is considered.

In the first chapter we present some important results obtained by different 

authors for both KPI and KPII equations. We show how the K PI/K PII equations 

came in discussion as a model for surface waves and as well we show the derivation 

of a special type of solution of the K PI/K PII equations, called the N -soliton

5
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wall solution. The material presented in this chapter was gathered together from 

different references mentioned within the chapter.

The main results of this thesis are presented in Chapter 2. We construct 

oscillatory solutions of the KPII equation using the formula for the N -soliton 

wall solution. The simplest oscillatory solutions of the KPII equation that are 

nonlinear analogue of the linear waves (1.3) are of the form:

o 92 ,
a7‘

—8 A' 

8A

u(x ,y , t )

-Qi ~  V(x,y) -  12t(Xj -  y\)  +
2 2 008(27! +  2A\V(x,y)  + StA^A^ -  3/xf))

2Ai

cos(27a +  2X1V(x,y)  + 8Aj(Af — 3 y\)t)
1cos(271 +  2A1V(x,y) +  8Ai(Af -  3n\)t)  -  2A1(̂ >1 + V(x,y)  +  12(Af -  y\)t) 

1 +  sin(27i T  2X\V{x,y)  +  8A](A2 — 3y |)t)
cos(27i +  2X\V(x,y)  +  8Ai(A^ -  3p,f)t) -  2A1(y1 +  V(x,y) +  12(Af -  /xf)t) 

where A1; Qi and qj are real parameters and V(x,y)  = x — 2fi\y.

One can notice tha t unlike the solutions (1.3) of (7KPII) satisfying the corre­

sponding dispersion relation (1.4) (the case q 2 =  1 in (1.4)), the solutions (1.7) of 

KPII are singular. Singular solutions were studied for different other partial differ­

ential equations as: KdV equation ([Nov 2], [Kov 1-4], [Matveev 1], [Stahlhofen 1], 

[Jaworski 1]), Sine-Gordon equation ([Jaworski 1]), nonlinear Schrodinger equa­

tion ([Kopell 1]) and other. However, since all applied problems are considered 

in finite space-time physical domains, one may adjust the parameters of (1.7) to 

assure that within the physical domain the solutions (1.7) stay regular. Moreover,

6
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within the physical domain, the solutions (1.7) have oscillatory behavior similar 

to that of the functions (1.3).

For pi =  0 the functions defined by (1.7) are solutions of the KdV equation

at V i'yiinj' ~f~ ii’xxx d.

These solutions have been previously derived and studied by a number of authors 

([Nov 2], [Kov 4], [Matveev 1-2], [Stahlhofen 1]) and they have been correspond­

ingly referred to as harmonic breathers or positons. The functions defined by (1.7) 

will be referred to as harmonic breathers of the KPII equation.

We derive a formula for nonlinear superposition of solutions of the KPII equa­

tion that describes the nonlinear interaction of the KPII harmonic breathers. This 

formula will be referred to as the N -harmonic breather solution of the KPII equa­

tion.

We show that in a finite space-time physical domain we can use the N-  

harmonic breather solution to construct more complicated exact solutions of the 

KPII equation. In this thesis it is shown th a t within a finite space-time physical 

domain we can use the N -harmonic breather solution to construct wave packet­

like solutions and 5 function-like solutions. We can do this due to a phenomenon 

that can be viewed as a nonlinear analog of interference from the linear theory of 

waves.

7
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1.1 H istory  o f  th e  K ad om tsev -P etv iash v ili Equa­

tion s

In 1844 John Scott Russell reported to the British Association for the Advance­

ment of Science, [Russ 1], a very interesting discovery which in his own words 

was:

’...I was observing the motion of a boat which was rapidly drawn along a 

narrow channel by a pair of horses, when the boat suddenly stopped-not so the 

mass of water in the channel which it had put in motion; it accumulated round the 

prow of the vessel in a state of violent agitation, then suddenly leaving it behind, 

rolled forward with great velocity, assuming the form of a large solitary elevation, 

a round, smooth and well-defined heap of water, which continued its course along 

the channel apparently without change of form or diminution of speed. I followed 

it on horseback, and overlooked it still rolling at a rate of some eight or nine miles 

an hour, preserving its original figure some thirty feet long and a foot to a foot and 

a half in height. Its height gradually diminished, and after a chase of one or two 

miles I lost it in the windings of the channel. Such, in the month of August 1834, 

was my first chance interview with that singular and beautiful phenomenon...’.

He called this ’great wave of translation’ solitary wave and described it as 

wave consisting of a single elevation which, if properly started, may travel for a

8
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considerable distance along a uniform channel with little or no change. Amongst 

his results on this observed type of wave we find the following:

1. The solitary wave is a long, shallow water wave of permanent form.

2. The speed of propagation, c, of a solitary wave in a channel of uniform depth 

h is given by

c2 =g{h + a), (1.1)

where a is the amplitude of the wave as measured from the undisturbed free 

surface and g the gravitational acceleration. The solitary wave is therefore 

a gravity wave.

3. Higher solitary waves travel faster as a consequence of the formula (1.1).

At the time, Russell’s observations came in conflict with Airy’s shallow-water 

theory prediction that a wave of finite amplitude cannot propagate without change 

of profile.

In 1870 Russell’s experimentally work on the solitary wave phenomenon was 

mathematically explained by Boussinesq and Rayleigh who separately studied the 

phenomenon using the equations of motion for an inviscid incompressible fluid. 

The two eminent scientists assumed that a solitary wave has a length scale (Aq)

9
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much greater than the depth of water (h), i.e

52 ( — j =  0(e),  £ < C l (square of the frequency dispersion parameter).
\ x°)

( 1.2 )

Rayleigh treated the problem as one of steady motion and derived the equation 

[Lamb 1]:

< ■ »

which governs long one-dimensional, small amplitude, surface gravity waves in a 

channel of water of uniform depth h, where c is the uniform velocity in the parts of 

the fluid at a distance from the wave, whether in front or behind. In the equation 

(Rl) we have y' = 0 only when y  =  h or y =  c2/g,  and since (1 — gy/c2) must 

be positive, we obtain that c2/g  is a maximum value of y. Therefore the wave is 

necessarily one of elevation only, and, denoting by a the maximum height above 

the undisturbed level, we have

c2 =  g(h +  a)

which is exactly the empirical formula for the wave velocity adopted by Russell 

(1.1). If in the equation (Rl) we use the formula (1.1) and we denote y = y — h, 

then the equation becomes:

<R1>'

10
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The integration of the equation (R l)' gives

71 =  °  ^  =* y<X) =  k  +  “  SCCh2 { ' j i k ^ + a f )  ' (SV)

if the at-axis is placed beneath the summit of the wave.

The solitary wave profile (SV) for the ratio a/h  =  .1 is shown in Figure 1.0.

depth of the channel (h)

0 . 4 -

0 . 2 -

-20 -10 bottom of the channel

Figure 1.0

In his work, Boussinesq showed that appropriate allowance for the vertical 

acceleration (which is responsible for dispersion and is neglected in Airy’s shallow- 

water theory) as well as for the finite amplitude, leads to  the following solution 

for the profile z =  rj(x, t) of the free surface elevation

1 3 (x
rj(x,t) =  a sech2[/3(ir -  ct)], (32 =  for any a > 0, (1.3)

11
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where c is given by Russell’s formula (1.1). He found as well that the profile (1.3) 

is correct only if

^  =  £ < 1  (ratio of nonlinearity parameter). (1-4)

Prom (1.2) and (1.3) we can find the Ursell number

r/  =  $  =  1 + e ’ (L5)

which tells us that the solitary waves have the essential quality of balance between 

nonlinearity and dispersion.

In 1895 Korteweg and de Vries, who apparently did not know of the work 

of Boussinesq and Rayleigh and who were still trying to answer the objections 

of Airy [Zeytounian 1], derived a nonlinear evolution partial differential equation 

(named after them: KdV equation), [KdV 1], governing long one dimensional, 

small-amplitude, surface gravity waves propagating in shallow water of uniform 

depth. The KdV equation1 is

Vt +  | c 0 ( \ m x  +  fcwfe +  \ar}xx^] =  0, a  =  \ h 2 -  — , c0 =  Jgh ,  (1.6)
2 \ h  3 3 /  3 pg v

The KdV equation can be obtained from the Boussinesq equation

IJtt =  Co ĴJxx ~t~ 77̂ " V  ) xx ’jxxxx )  , Co =  gh,

which describes one-dimensional weakly nonlinear dispersive water waves, for waves propagating 

in both directions in water of uniform depth h [Zeytounian lj.

12
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where rj is the surface elevation of the wave above the equilibrium level h, a  is 

a small arbitrary constant related to the uniform motion of the liquid, g is the 

gravitational constant and a  is a parameter depending on the surface tension T  

of the liquid (of constant density p).

1.1 .1  S o lita ry  W aves and K d V  E q u a tio n

Korteweg and de Vries found a family of periodic solutions for the equation (1.6) 

which they called cnoidal waves, expressible in terms of Jacobian elliptic function 

’cn’ which is obtained as follows2: First we define the integral

r<t> d6 . T .
V =  /  (J.l)

Jo V l  — m sin 6

where m  is a real parameter such that m  € [0, 1]. We may compare the integral 

(J.l) with the elementary integral

where we use t  — sind so that w = sin-1 tp or sinw = ip, and so we observe tha t 

the integral (J.2) defines the inverse of the trigonometric function ’sin’. This led 

Jacobi (and also Abel) to define a new pair of inverse functions from (J.l)

(J.2)

sn v =  sin (p, cn v — cos <p. (J.3)

2the brief description of the Jacobian elliptic functions ’cn’ and ’sn’ is reproduced from [Drazin

13
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These are two of the Jacobian elliptic functions; they are usually written sn(r;|m), 

cn(u|m) to denote the dependence on the parameter.

The two special cases m  — 0,1 enable the integrals (J .l) and functions (J.3) 

to be reduced to  elementary functions: if m  =  0 then,

v = 4> and so cn(v|0) =  cos</> =  cosn, sn(u|0) =  sm<p =  sinu, 

and if m  =  1 the integral (J.l) can be evaluated to yield

Let us show that cn(u|l) =  sech v. Consider <p € (0, tt/2) in (J.l). For m  — 1 

the integral (J.l) is then

v =  sech 1 (cos 4>) and so cn(u|l) =  sech v

and

v =  tanh 1(sin^) and so sn(u|l) =  tanh  v

v =  In |sec (p +  tan  4>\, (J-4)

cos 4> [(1 +  e2v) cos 4> — 2ev] =  0,

cn(n|l) [(1 +  e2t,)cn(n|l) — 2ev] =  0. (J.5)

14
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For nontrivial solutions of (J.5) we obtain the conclusion:

cn(u |l) =  sech v. (J.6)

The Russell’s solitary wave can be recovered from the cnoidal waves in the 

special case m  =  1, as it is going to be seen in this section. Following the deriva­

tions in [Whitham 1] and [Abll] we show how the cnoidal waves can be derived 

from KdV equation (1.6) and th a t the solitary wave is indeed a solution of the 

KdV equation (1.6) as well.

Because both the periodic and the solitary waves described by the equation

(1.6) are found as solutions of constant shape moving with constant velocity (V ), 

we may describe them in the following form

If in the equation (1.8) we neglect the surface tension (so th a t the parameter 

a  from (1.6) becomes a  =  h2/ 3), then we obtain the equation:

(1.7)

Under the substitution (1.7), the equation (1.6) becomes

(1.9)

Integrating the equation (1.9) twice, we obtain

y C *  =  £ ( 0 , ( 1.10)

15
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where

e ( 0  =  - < 3 +  2 ( h  _  a j  ?  +  6C ,(  +  C2, (1.11)

with Cl, C2 being constants of integration.

For practical applications we are interested only in real bounded solutions ( (x) 

of (1.10). Thus we require (£')2 > 0, and the form of £(()  shows that (  will vary 

monotonically until ('  vanishes (i.e. £(()  has at least one real zero). In other 

words, we can anticipate that the zeros of £ (£) are important. From the form of 

£{Q we see that £(C) can have either one simple real zero or three real zeros. In 

the case that £(()  has three real zeros a, b and c (we may assume th a t a <  b < c), 

we can have one of the following subcases: a < b < c, a = b < c, a < b = c or 

a = b = c. All the situations are depicted in detail in [Abl 1], and here we shall 

reproduce only the situations of interest for us, i.e. the situations in which we 

have real bounded solutions of (1.10). These situations are when £(()  has three 

real zeros a, b and c (a < b < c) and we have either the distinct roots case or the 

a = b < c case. We can write

£(C) =  - ( C - a ) ( < - i > ) « - c )  (1.12)

A rough sketch of the behaviors of the function £(()  versus £ in the two special 

situations mentioned above is shown in the figure below:

16

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



Rough sketches of £(()  against (.

When all the roots are distinct (a < b < c), the real bounded solution is 

nonlinear and oscillatory between b and c. The case when a =  b < c corresponds 

to the solitary wave solution.

D istinct roots case If a, b, c are distinct (a < b < c), then the solution of

(1.10) between b and c is given implicitly by

_  h f C d9 /i no%
V z k  s ] { a -  g ) { g -  b ) { g -  c)

The solution (1.13) is transformed into a standard elliptic integral by using

17
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the substitution

g =  c +  (b — c) sin2 9.

We obtain

T (x  -  c)
\J3 ( c -  a)

fJo
de

2h Jo y/l  — m  sin2 9 ’ 

where m ~  (c — b)/(c — a) E (0, 1) and

£ =  c +  (6 — c) sin2 0 =  6 +  (c — 6) cos2 9.

Thus we have

cn ( x - c
V3(c _ a )

2 h
m COS</>,

where the is suppressed since cn is an even function, and so

yjHc ~  a)
C(x) = b + { c - b )  cn (* ~ c)^ 2 h ~ m

I

r)(x, t) =  h  ̂6 +  (c — 6) cn2 

V

\ /3(c ~  a) 
2 h

a T  b T  c— = a  d  ----- ,
Co 2

{x — V t  — c)\m

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

the cnoidal-wave solution as Korteweg and de Vries called it.

In the limit case m  —> 1 (i.e. 6 —>■ a) we have cn —» sech (as it was shown at 

the beginning of this section), i.e. the solitary wave is recovered.
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T h e  ease a = b < c If in (1.19) we take the limit b —> a (i.e. m  —» 1), then 

r/(x,t) reduces to the solitary wave solution of KdV equation (1.6):

In 1965 Kruskal and Zabusky [KZ 1] discovered tha t the solitary wave solu­

tions of the KdV equation asymptotically preserve their shape and velocity upon 

nonlinear interaction with each other, i.e. the interaction is elastic. They called 

these special solutions solitons.

An important problem with the KdV equation is th a t it cannot be applied 

when the nonlinear surface gravity waves in weakly dispersing shallow water are 

not strictly one-dimensional. Therefore an approximate model equation for this 

case was needed. In 1970 Kadomtsev and Petviashvili obtained in their paper 

[KP 1] a generalization of the KdV equation to the case (2+1) (two spatial di­

mensions plus time) under the assumption tha t locally the waves are almost one­

dimensional.

(1 .21)

V
—  =  a  +  
Co

2a +  c
2
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1.1 .2  In tu itiv e  G rounds in D er iv in g  th e  K P I /K P I I  E qua­

tio n s

In this section we present an intuitive derivation of the K PI/K PII equations. We 

follow the ideas of Kadomtsev and Petviashvili ([KP 1]) but this derivation is not 

a reproduction from the article [KP 1]. In the next section we shall present the 

derivation of the K PI/K PII equations in the physical context of water surface 

gravity waves.

Recall that the classical wave equation in R n, n > 1 positive integer,

C)̂ U  ̂̂
^2  ~  c2Am =  0, u =  'u(x), X =  ( x i , x 2, . . .  , x n) E Rn, A u  =  ^  (1.22)

has solutions3

u ( x ) =  (1.23)

that satisfy the dispersion relation

UJ =  c2|k |2, |k |2 =  k\+kl- \  hA;2. (Dl)

We can generalize the right hand side of the dispersion relation (D l) as an 

arbitrary function of |k |2:

u;2 =  / ( |k |2). (D2)
3c is the speed o f wave propagation, k  =  (k\ , k2, ■ ■ ■, kn) is the wavenumber vector and k  • x  

is the inner product between k and x  in R ” .
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Under the assumption that /  is well approximated by its Taylor expansion about 

|k |2 =  0 and / ( 0) =  0, / '(0 )  =  A2, A > 0, /"(0 ) =  - B 2, B  > 0 , we have

/ ( |k |2) -  v42|k |2 -  T?2|k [4 +  0 ( |k |6) (D3)

for small |k |2. For |k |2 sufficiently small, in the asymptotic expansion (D3) we 

can drop the terms 0 (|k |6), so that

/ ( |k |2) =  vl2|k |2 — R 2|k |4 (D4)

From (D2) and (D4) we obtain

u 2 = y42|k |2 — f?2|k |4, (1.24)

for sufficiently small |k |2.

Restricting ourself to the case n  =  2, we can write (1.24) as follows:

u!2 — A 2(k2 +  k 2) — B 2(k2 + k2)2. (1.25)

Extracting the positive root in (1.25) and assuming kx small but ky/ k x <C 1, 

we obtain

u) =  A kx — - —kl  +  —kykx 1 +  • • •. (1-26)

Multiplying (1.26) by kx, we obtain

uk, =  Akl -  A k l  +  ± e y + . . . ,  (1.27)
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which suggests tha t u (x ,y , t ) (the function (1.23) for the case n =  2) satisfies the

linear equation

B 2 A
( u t  3“ A u x T  2/1  ^ xx x ^x  ̂ 2 ^ (1 .2 8 )

If in the equation (1.28) we make the following change of variables (we take two 

cases):

,  _  4/ 2~A _  , ,  4f 2 A ,
£old ~ \ j  T - t^n ew s  ^ o ld  ~~~ y 2̂ -4 '^'new y 2 eW:

< =  V=T, Case I
Void

6

then the equation becomes correspondingly

Aynew, Case II,

(v>t T  Uxxx^x  T  3rryy — 0 , (1 .2 9 )

where the case corresponds to  the Case I and the '+ ' case corresponds to the 

Case II. The equation

T Ux x x ) x  '   0

is known as the linear KPI equation (1KPI equation or simply fKPI) and the 

equation

( l i t T U x x x ) x  T S'Uyy — 0

is known as the linear KPII equation (1KPII equation or simply ZKPII). In order 

to cause a variation in the amplitude in both space and time to the sinusoidal 

oscillations of u(x, y , t ), a nonlinear term (6uux)x is added to the left hand side of
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(1.29) which turns the corresponding linear equations into:

(Ut &'UXLX Uxxxjx “F dl/yy 0. (1.30)

The equation

( z i t  T  O u t l x  +  'U 'X X X  )  X  3 n y y  —  0

is known as the KPI equation (KPI equation or simply KPI) and the equation

( - f -  U x x x ^ x  +  'T c .y y  0

is known as the KPII equation (KPII equation or simply KPII).

1.2 P h ysica l D erivation  o f  t h e  K P I /K P I I  E qua­

tion s

First we are looking to find a mathematical model for describing the surface 

gravitational waves propagating in the ary-plane (the motion is three-dimensional 

in the xyz-space).

Consider a fluid which has the following features:

1. irrotational

2. inviscid

3. incompressible
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4. homogeneous

5. it is subject to a constant gravitational acceleration g.

Consider that the fluid is lying on an impermeable bed of infinite extent at 

2 =  — h and the free surface displacement is 2 =  r){x,y,t) (the vertical coordinate 

2 is measured upward from the undisturbed free surface) (Figure 1.1).

z=-h

Figure 1.1
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Consider u =  | | ,  | | )  the velocity vector of a particle. Because the fluid

is irrotational then we have

V x «  =  0.4 (1.31)

Thus we can define a velocity potential cf) of the particle such that

u —
( d4> dcf) d<f>\
y i t e ’ ih j ’ i h ) ' (1.32)

The differential form of the law of conservation of mass (called continuity 

equation because it assumes that the fluid flow has no voids in it) is

where D p/D t  is the total rate of change of density following the fluid particle. 

The density of fluid particles does not change appreciably along the path of the 

fluid under certain conditions, the most important of which is th a t the flow speed 

should be less than the speed of sound in the medium. This is called the Boussinesq 

approximation and holds in most flows of liquids which include water as well. In 

these flows the term (1 / p) • (Dp/Dt)  is much less than any of the derivatives in 

Vu, under which condition the continuity equation (1.33) becomes

(1.33)

V m =  0, (1.34)
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irrespective of whether the flow is steady or not. Prom (1.31), (1.32) and (1.34) we 

obtain that the velocity potential <p of the particle satisfies the Laplace equation

v V  =  o h < z < 7](x,y,t). (1.35)

Boundary conditions are to be satisfied at the free surface and at the bottom. 

Because the bed is impermeable, then the condition at the bottom  is zero normal 

velocity, i.e.

d<t> ntz3 =  —  =  0
dz

at z — —h. (1,36)

At the free surface, a kinematic boundary condition is that the fluid particle

never leaves the surface, that is:

Dr) dr)
~ jy ^ = fr Y x f j x  + ryyVy — <Pz = at z — T). (1.37)

For small-amplitude waves, the quantities <f)x , r)x , d)y, rjy are small, so the 

quadratic terms <pxr)x and 4>yr)y are one order smaller then the other terms in 

(1.37), which then simplifies to

dr)
~dt

at z — r). (1.38)

Linearizing the condition (1.38) about rj = 0 we obtain

dr)
~di dz Z=7}

d<p
dz

i)
z — 0

d24>
d z 2 + (1.39)

z=0
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which in the first approximation is

^  =  7T a t z  =  °- Mat  dz

At 2 = 77 a dynamic boundary condition arises which involves the interaction at 

the interface between water and air. A density discontinuity exists a t the interface 

which makes the latter behaves as if it were under tension. Near the interface all 

the liquid molecules are trying to pool the molecules on the interface inward and in 

consequence this effect is making the interface to contract. The magnitude of the 

tensile force per unit length of a line on the interface is known as surface tension, 

denoted here by T  (Figure 1.2). In the Fluids Mechanics literature, [Kundu 1], 

one can find that the pressure jump across the interface (Figure 1.2) is given by

at z — rj, (1.41)

Figure 1.2
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where the curvatures 1 f R  and 1/r  are given by

i_ » f a ( i+ 1 I) 
r  ~  (1 +  nl  4- , 2)3/2

and

rjxx (1-42)

V” ( l + V i )  ~ f c . .  (1-43)
r  (1 +  vl +  v2y ? /2

the approximations made in relations (1.42-43) being valid for small slopes only.

Thus, for small slopes and considering the atmospheric pressure pa — 0, the 

dynamic boundary condition (1-41) becomes

p «  ~T(rjxx + rjyy) at 2 =  77. (1-44)

For small-amplitude waves, the relation (1.44) can be further simplified. Be­

cause the flow is inviscid, irrotational and incompressible, the unsteady Bernoulli’s 

equation for small-amplitude waves is applicable:

^  + l  + gz = F(t),  (1.45)

where the integrating function F(t)  is independent of location. Redefining 4> by 

4> — /  F(t)dt , equation (1.45) becomes

d4> T
—  == - g p  + —{rjxx +  r}yy) a t 2 = rj, (1.46)

where the dynamic boundary condition (1.44) has been applied. For small- 

amplitude waves we can evaluate the term dtfi/dt in (1.46) at 2 =  0 rather than 

at 2 =  77.
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— h < z < r)(x,y,t) (1.47)

at 2 =  —h (1.48)

at z = 0 (1.49)

at z = 0. (1.50)

Hence the linearized mathematical model for describing surface small-amplitude 

gravitational waves in the three dimensional space is

V 20 =  Q

£ - 0dz

d4> drj
dz  dt

d(j) T ._  =  - g V +  - ( Vxx + %y)

Prom Fourier Analysis we know that an arbitrary disturbance can be decom­

posed into sinusoidal wave components of different wave lengths and amplitudes. 

We shall seek then solutions of the linearized problem (1.47-50) of the following 

form

r](x,y,t) ( i .51)

Relation (1.51) and boundary conditions (1.49-50) suggest us to look for solu­

tions of (1.47-50) of the following form

<f>(x,y,z,t) =  £ ( z)eh^+**J/-^). (1.52)

Substituting (1.52) into the equation (1.47) we obtain a second order differen­

tial equation for Z

~{k2x +  k l )Z  +  Z"  =  0, (1.53)
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which has the general solution:

Z(z)  =  A e V k*+k$z +  B e - ^ +k>, A , B  =  real constants (1.54)

The velocity potential <f> becomes then

<f>{x, y, z, t) -  (A e ' / k̂ z +  B e ~ ^ ~ k 0 (1.55)

Using the boundary conditions (1.48-49) the constants A  and B  can be found:

-V jJ
A =    7= = ,  (1.56)

- i u e - n V Z * ?
B  =  — = -------------- — — . (1.57)

y /W + K O -  -  e - 2hV ^ v )

The velocity potential <j) becomes then

cosh \ J k l  +  k'Bz +  h))
(U x , y , Z , t )  -   ::■:■■= = ---------------------------------------------------------------------------- (T[.5 8 )

sinh(y/fc|Tfcfh)

So far the Laplace equation (1.47) was solved using kinematic boundary con­

ditions only (1.48-49), which is typical of irrotational flows. We want to find now 

the application of the dynamic free surface condition (1.50) to the problem. This 

will give us a relationship between k — (kx, ky) (the horizontal (x, y) wavenumber 

characteristic of disturbances) and to.

Substituting (1.58) and (1.51) into (1.50) we obtain

to2 =  -I tanh(«;/i), (1.59)
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where k =  /̂k% + kj*.

Relation (1.59) is the d i s p e r s i o n  r e l a t i o n  associated with the problem (1.47-50) 

(it expresses the nature of the dispersion process).

Let us consider the positive root of (1.59)

u =
\

f T  \
K g  4  k 3 tanh ( n i l ) ,

k P )
(1.60)

The Taylor’s series expansion of oj from (1.60) about k  =  0 is

1
0J =  Cq K 1 -  ^ h 2(l -  T ) k2 +  0 { k ),

where

Co
3T

pgh?

(1.61)

(1.62)

represent the non-dispersive phase speed and the dimensionless surface tension 

respectively.

From (1.61) we can obtain the linearized phase speed

1ojc =  — =  Co 
K

1 -  | h 2( 1 -  T ) k2 +  0 ( k4), (1.63)

which shows us th a t as k  —> 0 (i.e. long waves, or shallow water waves) the 

linearized problem (1.47-50) is weakly dispersive. KdV and K P equations arise 

as models of the water wave problem in this weakly dispersive limit r h  1. 

Indeed, let us consider the dispersion relation (1.61). For k  sufficiently small, in 

the asymptotic expansion (1.61) we can drop the terms 0 ( k 5 ) ,  s o  that

OJ — c0 l -  jU 2(l -  T)(k l  +  kl) (1.64)
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Assuming kx small but ky/kx <C 1, from (1.64) we can obtain

- u , k .  - l £ -  \ k l  + f i 2(l -  T )k i  =  0 (1.65)
Co Z D

Let us recall th a t we sought solutions for the linearized problem (1.47-50) of the

form

ri{x,y,t) =  (1.66)

Equation (1.65) suggests us that r)(x,y,t) satisfies the equation

d_
dx — r}t + Vx + )U 2(1 -  T)r)x 

c0 6
+  \ilvv =  0 (1.67)

In order to cause a variation in the amplitude in both space and time to the 

sinusoidal oscillations of r)(x, y. /,). a nonlinear term (rjrjx)x is added to the equation 

(1.67), yielding

d_
dx

—fit + rjx  +  r]Tjx  +  \ h 2{ 1 -  T)rjx 
.Co 6 +  \ ) y y  =  0  (1 .6 8 )

Under the transformation

Cflf y c0t . . . .
r = - T - ,  f  = S , r = - ,  ,  = U(r,{,r) (1 .69)

we obtain the dimensionless form of the equation (1.68)

(uT +  6 uur +  (1 — T)urrr)r + 3utf =  0 (1.70)

Equation (1.70) is equivalent to the equation

(uT +  6 uur +  urrr)r + 3q 2u ^  =  0, (1.71)
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where 72 =  ± 1, the choice of sign depending on the relevant magnitude of gravity 

and surface tension, i.e.

1. If T  1 (gravity dominates surface tension) then equation (1-71) (with 

7 2 =  1) is equivalent to the equation (1.70)

(uT +  6uur -f urrr)r -f 3 =  0. (1-72)

Equation (1.72) is known as KPII and is of most interest in water waves

studies.

2. If T  > 1 (surface tension dominates gravity) then equation (1.71) (with 

7 2 =  — 1) is equivalent to the equation (1.70)

(uT +  6uur +  urrr)r — 3 Utf = 0. (1.73)

Equation (1.73) is known as KPI and is of interest for very thin sheets of

water.

1.3 N - S o l i t o n  W all S o lu tion  o f  th e  K P I /K P I I

E quations

In this section we reproduce the derivation of the iV-soliton wall solution of the 

K PI/K PII equations respectively as given by Zakharov and Shabat [ZSl] in 1974.
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To derive these solutions Zakharov and Shabat used the Dressing Method devised 

by them. The Dressing Method yields wide classes of new solutions from already 

known solutions for many problems - the soliton solutions in particular. These 

solutions were derived by other authors as well. They used different methods in 

their derivations, as for example:

1. In 1976 Satsuma, [Satsuma 1], derived the N -soliton wall solution of the 

K PI/K PII equations respectively by using the Hirota’s method.

2. In 1983 Okhuma and Wadati, [Okhuma 1], derived the iV-soliton wall solu­

tion of the KPII equation by using the trace method.

1.3.1 L a x ’s R ep resen ta tio n

In order to use the Dressing Method we need to introduce the notion of Lax’s 

representation. The general concept of Lax’s representation is reproduced from 

[Abl 1].

Consider two differential operators L  and A  where L  is the operator of the 

spectral problem

L(f> =  \<f>, (1.74)

and A  is the operator governing the associated time evolution of the eigenfunctions
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0 (X, t)

4>t =  A<p. (1.75)

Taking d/ d t  of (1.74) and using (1.75) we obtain

[Lt + (LA-AL)}<f> = \ t(f>, (1.76)

and hence in order to solve for nontrivial eigenfunctions </>(x, t)

L t + [L, A] =  0, [L, A) =  L A  -  AL,  (1.77)

if and only if Xt = 0.

Equation (1.77) is called Lax’s equation and contains an evolution equation 

for suitably chosen differential operators L and A.  For example if we consider the 

spectral equation (1.74) given by the Schrodinger operator

L  =  ~ & + u '  ( 1 ' 7 8 )

and the operator A  of the simplest form

d
A  =  c— , c =  const, 

ox

then we have

Lt +  {L, yl] =  Ut — cux,

and so we can see tha t L and A  satisfy (1.77) if u  satisfies the one-dimensional 

wave equation

Ut -  cux — 0 .
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We can see then that the one-dimensional wave equation has an associate spectral 

problem with eigenvalues which are constants of motion and may be thought as 

the compatibility condition of the above two linear operators L  and A.

If a partial differential equation arises as the compatibility condition of two 

such operators L  and A, then (1.77) is called the Lax representation of the partial 

differential equation and the pair (L, A)  is called Lax’s pair.

In 1974 Zakharov and Shabat, [ZS1], and also Dryuma, [Dryuma 1], derived

the Lax’s pair (L, A) for the KP equations (1.71). They found th a t

L  =  1 ^ ~ M ’ (L 79 )

d 2
M  =  -Tj ~ 2  -  u (x ,y , t )  (1.80)

and

Q? Q
A = ~  ®Udx ~  3Ux +  Wx = uy, 72 =  ± 1. (1.81)

The Lax’s pair (L,A)  given in (1.79-81) allows us to write the evolution forms of 

the KP equations:

Ut +  6uux + uxxx +  372wy =  0, wx = Uy.

This is an infinite family of different equations according to the choice one can 

make for w. However, once the boundary conditions are selected, then these define 

w  uniquely ([Abll]).
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1.3.2 T h e D ress in g  M e th o d  A p p lied  to  th e  K P II  E q u a tio n

Steps in deriving the N -soliton wall solution of the K PII equation (1.71) ([ZS 1]): 

Step 1. Consider the Lax’s pair (1.79-81) of the K PII equation (1.71)

(1 .82)

d^
M  =  ~Qx̂  ~  y ’ ^  (i-83)

d
^  =  ~  ®U~dx ~~ ^Ux +  wx = uy. (1.84)

Consider as well the operators L0 and .40 corresponding to u  - 0 and w — 0

Lo = ^ - ~  Mo, (1.85)
dy

=  (1.86)

A ° = ~ 4^ -  ^

Step 2. We find a Fred holm operator F  tha t commutes with the operators

L q and d /d t  — A>.

C om m ents

Consider the Fredholm operator

poo
F ip (x ,y , t )=  F(x , z ,y , t ) 'p ( z ,y , t )d z ,  (1.88)

J — OO

which possesses a sufficiently well-behaved kernel and admits the triangular fac­

torization

1 + F  = (l + k ~ ) - 1{l + k +), (1.89)
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where K  and are the Volterra operators

iT ~tp(x) =  f  K  (x, z ,y , t) ip(z ,y ,t )dz ,
J ~  OO

poo
K +ip(x) =  /  K +(x,z ,y , t ) ip(z ,y , t )dz .

Jx

Supposing tha t F  is chosen to commute with L0 and d /d t  — A q

\Lo, F] — 0,
d_
dt

An,F 0,

(1.90)

(1.91)

(1.92)

then we have tha t when the space of ip(x) is transformed by 1 -f F,  the operators 

Lq and d /d t  — A q remain invariant, i.e.

(1 +  F ) - 1L0(1 + F) = L0

$

(1 +  K +)Lo(l + K + ) - 1 =  (1 +  k - ) L 0(l + k ~ y \

and

t

r \

(i +  k +) ( -  -  d 0)(i +  k + y l -  (i +  k ~ ) ( -  -  a 0)( i  + k ~ y \

(1.93)

(1.94)

Step 3. Once we have obtained F,  we find K  by solving the GLM equation 

(1.96).
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C o m m en t

Applying 1 +  K~  to the left of (1.89) we obtain

(l + K ~ ) ( l  + F) = (l + K+),  (1.95)

which iov z < x leads us to the following equation in terms of the kernels F  and

K~

F(x, z , t ,y )  + K ~ (x , z , t , y )  + f  K~(x ,  s, t, y)F(s,  z, t, y)ds =  0, (1.96)
J  — CO

called the Gel’fand-Levitan-Marchenko equation (GLM equation).

S te p  4. The new class of solutions of the KPII equation will be generated 

from

d
u(x ,y , t )  =  - 2 — K ~ (x ,x , t , y ) .  (1.97)

Rem arks

1. For u(x, y, t)  found in Step 4, the following identities hold

L = ( l  + K - ) L 0(l  +  K - ) - \

^ - A = ( \  + k - ) ( ^ - A o ) { \ + k - ) - \  (1.98)

which finalize the Dressing Method (a new class of solutions was obtained 

from an already known solution).

2. By making the substitution y  -* iy, i = V ~ l ,  the formula (1.97) becomes 

an exact solution of the KPI equation.
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1.3.3 D er iv a tio n  o f  th e  iV - S o l i to n  W all S o lu tio n s  o f th e

K P II  E q u ation .

Consider the Lax’s pairs (L , A ) and (Lo, A>) defined by (1.82-84) and (1.85-87) 

respectively.

We find a Fredholm operator F  tha t commutes with the operators L0 and 

d /d t  — Aq. We shall have

[Lo, F] =  0

$

gP \  r°° roo /  g d 2 \
+  ^ 2  I J  ^  F(x , z , y> t)ip{z, y, t ) d z - J ^  F(x, z, y, t) f —  +  —  I ^ ( z , y , t ) d z

' d_ & 
p y

d F ( x , z , y , t ) d 2F(x, z ,y ,  t) d 2F (x , z , y , t )
dy d x2 dz2

t

d F  d2F  d 2F

ip(z ,y , t ) dz — 0

dy dx2 dz2
0 (1.99)

Similarly

d_
dt

- A o , F

t

' Q Q3.

m  +

. dz \  roo roo
4 ^ 3  1 F(x, z , y, t)ip{z, y, t ) d z - J ^  F(x, z , y , t )

t

' d d3 \  .
w F d r d ' p(z ’v ’i ) i z
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One of the simplest solution of the differential system (1.99-100) is

N
(1.101)

with

(1.102)

P n , q n E R . Cn > 0, Pn + qm -/ U, Ul -  1 . . . N.

The solution K~  of the GLM equation (1.96) is sought of the following form:

N

K~(x ,  z , t ,  y) =  J 2 K n(x , t ,y )eqnZ- (1.103)
n=l

Substituting (1.101-103) into the GLM equation (1.96) we obtain the following 

linear system for (Kn(x, t ,  y ) ) n=i...N

K n(x , t ,y )  +  ]T  K m(x, t ,y )dn(y,t)
N g  (pn + q m) x

The matrix of the system (1.104) is:

(1.105)
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1 if m =  n
5,m n

0 if m / n .

Using the Cramer’s rule for solving linear systems, the solution of the system 

(1.104) is:

det A^n^
K n{x, t ,y)  =  ■ ,  n  = I . . .  N,  (1.106)

where A ^  is the matrix obtained from the matrix A  in which the n-th column

was replaced by the free column of the system (1.104).

Hence the solution K~  of the GLM equation (1.96) is

K~(x ,  z, t ,  y) = A{n)eqnZ ■ (1.107)

Proposition. We have

d
K  (x,z,t ,y)U=x =  - — IndetM (1.108)

P r o o f

For the matrix A  given in (1.105) we have

det A  =  £ ( - D  t('a‘>Aia(l)A2cr(2) ■ ■ -Ana^n) • • -An (t(N) (1 -109)
<?$zPn

where Vn is the group of permutations of { 1 , 2 , ,  TV} and i (<j ) (a € Vn) is the 

total number of inversions in the permutation cr. Then

d N d
—  det A  —  ( — 1)  ̂  ̂̂ l a ( l ) A 2 a ( 2 ) - - - ~ Q ^ A n a ( n ) ---------^ N a ( N )  —

«‘J & P r i  T t—  1
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N

=  -  ^ 2  eqnX { — ̂ Y ^ ^ l a ( l ) A 2 a ( 2 ) - - - (  — Ci7(n)(y, t)eP,r{n)X)--- 'ANa(N) =
n = l  <r€Vn

N
=  -  ^ d e t ^ W .  (1.110)

n—1

Hence, from (1.107) we obtain

tt* det A  d 
K - ( x , z , t , y ) \ , „  =  =  - — In det A

which ends the proof of the proposition.

Finally, from (1.97) and (1.108) we find the new solution of the KPII equation

cF
u(x ,y , t )  — 2— r In det .A, (1.111)

oxz

which is called the N -soliton wall solution. The new class of solutions obtained

is the one formed by soliton walls. A soliton wall is obtained for N  =  1 in the

formula (1.111).

R em ark

By making the substitution y  —> iy, i — V~-T, the formula (1.111) becomes an 

exact solution of the KPI equation called the TV-soliton wall solution of KPI.
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Chapter 2 

Basic Oscillatory Solutions o f the  

K adom tsev-Petviashvili II 

Equation.

2.1 M otivation .

The KPII equation as derived in Chapter 1 is

(U-£ "f~ QtlUx T ^xxx}x   3Wyy - ^2. l)

Since the nonlinear term (6uux)x is small, in applications at least, in compar­

ison with the linear terms, due to the smallness of u ( t ,x ,y )  itself, KPII can be
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viewed as a nonlinear perturbation of its linearization (/KPII)

(ut T  u x x x ) x  ‘>>'>̂”yy (2.2)

by the term (6uux)x. The (/KPII) equation possesses special solutions of the form

cos[27 (A, f i )  + 2 X x  -  4Apy +  8A(A2 -  3p2)f], (2.3)

akin to the functions (1.3). A fairly large class of solutions of (/KPII), due to the 

fact that (/KPII) is linear, can be written as

u(x ,y , t )  = J  / h(A,p)cos[27 (A,/r) +  2 A ,- 4 A ^  +  8A(A2- 3 ^ ]  dXd(X,), (2.4)

where C C R 2 and the two functions 7 (A, p) and n(A,/r) are essentially arbitrary 

with restrictions imposed only to  guarantee convergence in certain sense. The 

formula (2.4) is nothing else but the Fourier decomposition of solutions of (/KPII) 

into much simpler basic motions (2.3).

If KPII is viewed as a perturbation of (/KPII) by a small term  (6uux)x , then 

such perturbation will affect the basic solutions (2.3) and the decomposition for­

mula (2.4).
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2.2 TV-Soliton W all Solu tion  o f th e  K P II  E qua­

tion .

Recall that nonlinear superposition is already defined and well known for the class 

of solutions of KPII known as soliton walls. The N-soliton wall solution of the 

KPII is given by the formula (1.111)

d2
u(x, y % t ) =  2— - In det A  (2.5)

o x 1

where A  is a N  x N  matrix with entries

Amn = 5mn +  — - — m , n  =  1 , . . . ,  A  (2.6)
P n  + Qm

1 if m  =  ra

0 if m / w

with pn ,qn e  R , c n > 0, p n + qm A  0, n , m  = 1 . . .  N.

The formula (2.5-6) represents a nonlinear superposition principle for the con­

struction of the jV-soliton wall solution of KPII equation.

R em ark

By making the substitution y  -> iy, i =  \/^T , the formula (2.5-6) becomes an 

exact solution of KPI equation. Prom them there were obtained rational solutions 

of KPI, called lump solutions, which decay algebraically as \Jx2 +  y l —>■ Too. 

Among scientific literature about these solutions of KPI equation we can mention 

[Manakov 1], [Abl 1], [Nov 2], [Satsuma 2] and [Boiti 1-3].
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Lump solution of the KPI equation (ut +  6uux +  uxxx)x — 3uyy.

Som e properties o f th e soliton  walls o f th e  K P II equation.

1. Do not decrease in the directions x / y  — pn — qn, n  = 1..N.

2. Move at a certain angle to the x-axis.

3. Never propagate along the y-axis.

4. If pn = qn for some n  6 {1, . . .  ,iV} in (2.5-6), the corresponding soliton 

walls are converted into KdV solitons.
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5. Miles [Miles 1] noted that the phase shift of two soliton solution tends to in­

finity when the parameters describing the soliton walls satisfy certain linear- 

like resonance conditions.
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Figure 2.1 a-b: KPII Soliton Wall with p = 0.1, q = 1, c =  1 a t t =  0 (moves at 

the angle arctan[l/(p  — g)] & 131.9° to the x-axis).

a) 3D plot.

b) Contour plot in projection to xy-plane.

49

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



Figure 2.2 a-b: Nonlinear superposition of two KPII Soliton Walls with 

p = [1,0.1], q — [1.2,1], c =  [1,1] at t =  0.2.

a) 3D plot.

1  •< '■ V A '.w . 'v i  i '.w i V ,s \

. '.‘ii Oji i1.. 1*1 'tYrfA’i '

b) Contour plot in projection to xy-plane.
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Figure 2.3 a-b: KdV soliton obtained from the formula (2.2-3) for the 

parameters p  =  0.5, q =  0.5, c =  1 at t  =  0.

0 .4

0.2

a) 3D plot.

b) Projection to am-plane.

51

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



Figure 2.4 a-b: Miles’ observation (Property 5 from page 40). The formula 

(2.2-3) was used for the parameters p =  [0.5,0.5], q =  [0.2,1.3], c = [1.1,1.3] at

t  =  0.

so l i to n  w all

so l i to n  wall
t o '  p h a s e  sh if t  a p p r o a c h e s  infinity

a) 3D plot.

b) Contour plot in projection to xy-plane.
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2.3 C onstruction  o f O scilla tory  S o lu tion s o f  th e  

K P II E quation .

Theorem  1

Let u(x, y, t) be defined by

q2
u(x,y,  t) = 2 ^ 2  ln det/C,

where K  is a N  x N  matrix with the entries:

/

K

K xx K 12 

K 2\ K 2 2

. . .  K jN

•  • • K 2n

K m  K  7V2

K nn pn ~F

K n n

cos 2Fr 
2A„

( 2 .7 )

(2 .8)

(2.9)

K„
(A m +  An) cos(rm t  rn ) (Am An) s in (rm - r „ )

(/bn — /bi)2 +  (Am +  A„)2 (/bn /bi)2 ”b (Am -A n )2J

(/bn /bi) shl^m  T r n) ^  (/bn /hi) Ln)
(/bn /bi)2 T (Am "b An)^ (/bn /bi)2 T (Am An)2_

Pn /?n T (c 2p>ny  "I* 12(An /rn)f,

Ln =  'Yn "b An3) 2Xnpmy  T 4An(An 3/rn)i,

(2 .10)

(2 .11)

(2 .12)
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where A„’s, /in’s, gn ’s and 7„’s are real parameters. Then u ( x , y ,  t ) satisfies the 

KPII equation.

P r o o f

We follow the ideas from [Kov 1-3]. Consider the iV-soliton wall formula (2.5-6) 

of Zakharov and Shabat. Replacing N  with 2N  and taking

P2k- 1  =  P 2k =  i Afc +  fik +  £

Q2k-1 — 92 k — i ^ k  — P k  + £

C2k-1 =  c2k =  2 e e i7r̂ +ilk+ekS

(2.13)

A&, y*k j 'Jk i Qk £ k  ^ —  1 ... IV

the formula (2.5-6) transforms into

d^
u(x,y,  t) =  2—-r In det A 6

o x 1
(2.14)

where

,4£ =

As^21

Ae12

Aea 22

A ni A£N2

A£n l N

A£a 2 N

Aea n n

(2.15)
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with 2 x 2  blocks

A €
rnn

$m.n T C 2 n - i e ( P 2 n  -1  + 9 2 m - 1  ) * +  ( « 2 n  - 1  " P L  - 1 )y ~ 4 ( p L  - 1  + 9 L  - 1  '>t

C2n~ie

P 2 n - l + 9 2  771 — 1

( P 2 n - l + 9 2 m ~ l ) * + ( ' 3 2 n - l  ~P2n-l'>y ~ ^ p2 n - l +^2« - l > ‘

9.2n3.

P2n — l~\~Q2m

(P2»+92m)*+(92n“pL ^ ”4(pL +«L)* ^
P 2 n + ? 2 m ~ l

;(P2n+92m)a;+(g2n̂ pL^~4<p2n+qL)t
P2ra"l-<72m

A _L ££& umn i
(2.15a)

/
where <5mn are the regular Kronecker symbols. Then

N

d e t^ £ =  e
<t€V2;

(2.155)
j=i

where T^tv is the group of permutations of { 1 ,2 , . . . ,  21V}, a  =  {fc;1, kj2, • • •, kj 2v} G 

V 2 N, '-(a) is the sign of a permutation a and 'Djkjlkj2 are 2 x 2  matrices obtained 

by taking the elements of A £ a t the intersection of the (2j  — l)-th  and (2j)-th

rows and fcj r th  and k i2-th columns, k u < ki2. The 2 x 2  determinants detl>, 2- jkjikj 2

have the following asymptotic behavior as e —> 0: 

1) if kji =  2j — 1, kj2 = 2j ,  then

detXW , 2 = 4e —Pj +
cos 2Vj

2\ j
+ 0(£2). (2 .16)

2) if =  2} — 1, kj2 ^  2 j , then

de t 'E>£jkjlkj2 -  2

(Mfcii -

(/+fcji ftkj2) c()s{^'kj1 rfej2) . Xktf) sia (rfc3i )

______ • Hkj2) sm(Tkji +  Vkj2) _  (Afcj, +  Akj2) cos(Tfc.1 +  Tfcj2)
(Vfcji ~  k-kj2)2 +  (Akjx +  Akj2)2 — ll kj-2

2/ _j_ V̂ fejl x fej2/
:)2 (/^kji — k-ktf)2 +  (Afê .j — Afĉ )"

; .2 )  c o s ( r fc j l  + r f c .2 )

j2)2 +  (a kS1 + a  kj2y
£+

55

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



+ 2 k a kj2) cos(rfcJi -r,,2) ~  Vkj 2) s m ( T kji - r fcj2) .
—  k'kj2) 2 +  (Afcj! - A , i2)2 ~ ^k j2)2 +  (Afeji -  ̂ ) 2

( A fcjl +  A fcj.2 )  s i n ( r fcj.j +  P  kj2) (Vkj  1 “-/x fci2) c .o s ( r fc.1 + r f c i 2 ) '

i^kjj  -  hfcj2) 2 +  ( A kjl +  A ^ ) 2 {k'kj 1 ~ Pkj2) 2  +  ( A f c j !  +  A fe3.2 ) 2 _
+ 0 (£2).

(2.17)

3) if kji /  2j — 1, kj 2  =  2j ,  then

d e tV Jkjlkj2
-  Vki2) c o s ( r fc jl -  r f c .2 )  {xkjl -  \ kj2) sm (rfc.1 -  r kj2)

~  + ( ^ k j i  ~  ^ k j 2) 2 {ki k j 1 ~~ H k j2) 2 + (Afcji — Akj 2 ) 2

(ton -  kkj2) sin(Fkjl +  r kj2) (Xkjl +  Xkj2) cos(rfcj] +  r fc f2 )

{ f t k j i  ~  Mfĉ ) 2 ~b "h ^ k j 2)2 “  TOĉ ) 2 "f- 'h Afc.^)2

-2ic
(Afcjl -  Afcj.2) cos(rfc .t -  r fci2) (/xfcjl -  ) sm (rkjl -  r fcj2)

.(/%,•! -  M%2)2 +  (Afcj! -  h j2)2 (fj>kn -  fj'kji)2 +  (A/yj -  Â .2)2

( A f c j ,  +  A fcj.2 ) s i n ( r fc jl + r \ 2 )  _  (nkjl -  / / f c j a ) c o s ( r fc j l  +  r f c j2 )

~  Ab^)2 +  (Afcji +  Aki2)2 (Pkj! ~  +  (Afcji +  Akj2)2

4) if kji 7̂  2j — 1, 7̂  2j, then

+  0 (£2).

(2.18)

d e t V %jlkj2 0(e2), (2.19)

where p^’s and T^’s are given by (2.11-12). For small e we have

N
det. A £ — (4^)^ ^  (—l)d CT) J J  Kjcr^ +  terms of order o(eN), (2.20)

y=i

where Kjk are as defined by (2.9-10).

Passing to the limit as e -» 0, we obtain that u ( x , y , t ) defined in (2.7-12) 

satisfies KPII for all values of parameters An, [xn , gn and 7n. q.e.d.
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Let us consider the simplest case of the formula (2.7-12) when N  =  1. In this 

case the formula becomes:

u{x,y , t )  =

Qi -  V(x,y)  -  12t(Xj -  p\)
d 2

2
2 2 \ c o s ( 2 7 i  +  2XiV(x,y)  +  8tXi(Xl -  3/xf))

2A

-8A 

8A

2_______________ c o s (271 +  2 A i V ( x , y )  +  8Ax(Af -  3 _________________________

1 c o s (27i +  2A iV(x ,y)  +  8A j(A f -  8 p \ ) t )  -  2A1( y 1 +  V(x ,y)  +  1 2(A f -  y f ) t )

1 +  s in (27! f  2Aj V ( s ,  y )  +  8A i(A f — 3 y f ) t )  12
cos(27i +  2AiV(s,y) +  8Ai(Af — 3/if )f) — 2Ai(yi +  V(ar,y) -f- 12(Af — yf)i)

(2 .21)

where

V(x, y) =  x  -  2/riy. (2.22)

The functions defined by (2.21) will be referred to here as harmonic breathers. 

Each harmonic breather is determined by a spectral pair (two spectral parameters) 

(Aj, y x). For y i =  0 the functions defined by (2.21) are solutions of the KdV 

equation

ry T Quzlx T uxxx 0. (2.23)

These solutions have been previously derived by a number of authors ([Nov 2), 

[Kov 4], [Matveev 1-2], [Stahlhofen 1]) and they have been correspondingly referred 

to as harmonic breathers or positons.

We are interested now to see whether the harmonic breathers defined by (2.21) 

are nonlinear analogues of the solutions (2.3) of (/KPII) as a result of nonlinear
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perturbation of (/KPII) by the term (6uux)x. We notice that if +  x — 2px|/ -f 

12(Aj — y \) t  is large, the harmonic breathers defined by (2.21) have the following 

asymptotic behavior:

1, . , x cos(2P1) f
u (x ,y , t )  fst 4A1------------   - T------——j-0

gi +  x — 2pi y  +  12(Aj — iL])t y (Qi +  x ~  2/qy +  12(A  ̂ — y\ ) t )2

(2.24)

The asymptotic behavior (2.24) shows that, in physical domains in which Qi + 

x — 2y iy  +  12(Af — fi\)t is large, the harmonic breathers defined by (2.21) have 

oscillatory behavior similar to that of the functions (2.3). Therefore one can 

think that the harmonic breathers defined by (2.21) are nonlinear analogues of 

the solutions (2.3) of (/KPII) as result of nonlinear perturbation of (/KPII) by the 

term (Quux)x. Indeed, let us consider in the formula (2.21) the following scaling:

(5)

u(s)(x(s),y(s),£(s))

an ' y'
X - 4  ------ , y  ~4 — t  r

s si

Ai -4 sAi, yi  y qi - 4 s  Qi, u(x ,y , t ) .s

The functions u ^ ( x ^ \ y ^ s\ t ^ )  satisfy the scaled KPII equation

t(s) ^ 3  x (s) ' x (s)x (*)x(a)

and their asymptotic behavior follows from (2.24):

u (s)(x(s) v (s) =  1A cos(27l +  2A1V ( x ^ , y ^ )  +  SA^Af -  3i4) t&)

Ql + ----------------- ^ ---------- ------

^  ( ( s3£i +  a;Pl — 2//iyP) +  12(A2 — /xf)/W)2)  (2.25a)
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As s —> 1, the equation (2.25) and the formula (2.25a) become respectively the 

KPII equation and (2.24), whereas as s —> -Too, the equation (2.25) and the 

formula (2.25a) become respectively the (/KPII) equation and (2.3).

Prom the asymptotic (2.24) we notice that the harmonic breathers have de­

caying oscillatory behavior whereas the solutions (2.3) of (/KPII) are not decay­

ing. The price to pay for the decaying behavior of the harmonic breathers is the 

presence of the singularities within them. The singularities are movable in time 

for each harmonic breather regardless the spectral pair describing it. The Figure 

2.5a-d illustrates a harmonic breather at two different times within the same space 

domain for both times.

Since all applied problems are considered in finite space-time physical domains, 

one may adjust the parameters of (2.21) to assure that within the physical domain, 

which can be considered as large as we wish but we must keep it finite, a harmonic 

breather stays regular. We may consider the following finite space-time physical 

domain

,2,Yi,2,:ri,2 — {(£> x j V)\X\ <  x < X 2, Yi < y < Y2, T i < t  < T2, X i t2, Y \t2,T \t2 finite},

(2.26)

in which

l f t l » | V w |, |y u | , | r u | , 4 - .  (2.26a)

Then, within 2,Yi 2,71,2 > we have a non-singular part of the harmonic (2.21) (we
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shall call it tail of the harmonic). For example, in the domain

^10,10,0,-y — { (M ,//)  IM < 10, \v\ < 10, 0 < t < T , T  finite}, (2.27)

we have a non-singular part (tail) of the harmonic breather (2.21) with Aj =  1, 

H =  0.1 and q =  15 (Figure 2.6a-d).

The decaying behavior of a harmonic breather defined by (2.21), away from 

its singularities, is shown in the Figure 2.7a-d.

The asymptotic behavior (2.24) of the harmonic breathers defined by (2.21) 

and the nonlinear analogy of the harmonics with the solutions (2.3) of the (/KPII) 

equation suggest that we may use the harmonic breathers to construct more com­

plex solutions of the KPII equation as the solutions (2.3) may be used in con­

structing more complex solutions of the (/KPII) equation. In the next section we 

shall present how we can do this by using the formula (2.7-12) for N  > 1.

For N  > 1, the formula (2.7-12) defines a nonlinear superposition of solutions 

of the KPII equation that describes the nonlinear interaction of the KPII harmonic 

breathers. This formula will be referred to as the N -harmonic breather solution 

of the KPII equation. The case N  — 1 in the formula (2.7-12) was also obtained 

in [Cho 1], Superposition of two harmonic breathers with distinct spectral pairs 

is shown in Figure 2.8a-d.
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Figure 2.5c-d: KPII Harmonic Breather with A =  1, y  =  —0.1, 7  =  0, p =  0 at

t  =  1;

10-3
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y

-103
-10-15

X

a) Projection onto x y —plane

u

-10-14 -1 2 .

b) Cross-Section by plane y  =  1.
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Figure 2.6a-b: KPII Harmonic Breather in f2io,io,o..r w ith A =  1,

— 0.1, 7  =  0, g =  15 at ( a) at t =  0 and b) at t =  5);
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Figure 2.6c-d: KPII Harmonic Breather in O10;io,o..r with A =  1,

fx =  0 .1 , 7  =  0, q =  15 at ( a) a t t =  0 and b) at t =  5). Cross-Section by plane

y =

0.6

04

0.2

- 0.2

-0 4

-10

0.06

0.04

0.02

-0.02

-0.04

-0.06

64

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



Figure 2.7a~b: Large distance behavior of the KPII Harmonic Breather with 

A =  15 /x =  — 0.1, 7 =  0, £> =  0 (snapshots at t  =  0). Cross-Section by plane 

=  100. The sohd line is the harmonic and the dot line is the asymptotic (2.24).
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Figure 2.7od: Large time behavior of the KPII Harmonic Breather with A =  1, 

(i — —0.1, 7 =  0, g =  0. The solid line represents the decaying oscillations of the 

harmonic as it passes through x = 1, y =  1 and the dot line is the asymptotic

(2.24).
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Figure 2.8a-b: Superposition of two KPII Harmonic Breathers with A =  [1,1], 

p =  [0.2, —0.2], 7 =  [0, 0], £ =  [0, 0] at f =  0 ( a)-projection onto x y —plane and

b)-cross-section by plane y  =  10).
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Figure 2.8c-d: Non-singular part of the superposition of two KPII Harmonic 

Breathers with A =  [1,1], y  =  [0.2, —0.2], 7 =  [0,0], g =  [0,0] at t =  0 ( 

c)-projection onto cry—plane and d)-cross-section by plane y = 1).
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2.4 N onlinear Interference o f  H arm onic B reath ers

o f K P II E quation .

Let us consider the N -harmonic breather solution (2.7-12) in the physical domain 

f tx ,Y ,T  =  { ( t , x , y ) ||x| <  X, \y\ < Y, |t| <  T, X , Y , T  finite}, (2.28)

such that the gn’s satisfy

|ft,| »  X ,y ,T ,2 _ ,  n =l . . . AT (2.29)

|£n| all K nm, n  ^  m, n, m  =  1 . . .  N 1 (2.30)

i.e. the gn’s are dominant elements of the matrix K,. Then in f Ix ,y,t  the function 

u ( x , y , t ) can be represented by

N 4A (  I
U{X' % t )  ~  £  ft. +  X -  2 „  +" 12(AJ -  «()* “ s <2r» ) + °  ( ( f c + x - 2 ^ v + W

(2.31)

which, due to  the condition (2.29), can be further approximated by

u(x,  t / , i ) ~ E  —  cos(2 r „ )  + O f 4 V  (2-32)
7 i = l  \  6 n  J

The formula (2.32) resembles the interference case from the linear theory of

superposition and interference of waves (Figure 2.9) ([Feynman 1]). It suggests

1 Observation: Under the conditions (2.29-30), in the domain (2.28) we have only tails of

harmonic breathers.
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that the tails of the harmonic breathers form some sort of nonlinear Fourier series, 

and under appropriate conditions can lead to some sort of nonlinear analogue of 

the Fourier integral. For this we need to  see what is happening if An — Am and 

fj,n ~ fim (in the formula (2.7-12)) are small, because in this case the condition 

(2.30) may no longer hold. We shall show that if An — Am and y n — y m are 

small enough then a nonlinear analogue of interference from the linear theory of 

superposition and interference of waves will happen.

For the beginning let us consider the superposition of two harmonic breathers 

(N  = 2 in the formula (2.7-12))

u ( x , y , t )
d 2

n -Pi
cos 2F! \  /

2Aj )  V P2 +
COS 2F;

2A2
+UX I \  A/\\ / \  ZA2 /

I (p 1 -  P2) sin(Fi +  r 2) (p 1 -  P2) cos(r  ̂-  r 2) V 
\(P i ~  P2)2 +  (-̂ l +  A2)2 (pi —  p 2) 2 +  (Aj —  A2)2y

_  / (A! +  A2) cosCF, +  r 2 )  _  (Ax -  A2) s i n ( r 1 -  r 2) V  
\(pa —  P2)2 +  (Ax +  A2)2 (pi —  p 2)2 +  (Ax —  A2)2y

and let us consider the following asymptotic behavior as e —» 0:

(2.33)

A2 — Ax -(- £, p2 — pi as^, y2 — yi -f- bs a,b  R\-(0}, 1 >  2, r  7; 1. (2.33a)

Then, the harmonic breathers experience a different kind of interaction, i.e. 

from their interaction results a single harmonic breather given by the formula:

d 2
u{x,y , t )  =  2-^2 In

cos 2IA \  . 9 ,, . 9
Pi -1— 7T{— ) (26 — gi — Q2 ) + a — (b — qi)2Ax j , (2.336)
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which can be simplified to

where £>12 is given by

-012 ~ x  + 2nxy -  12t(Aj -  y\)  +
cos 2F1

2AX

(0i -  b) + (g2 -  b) .
012 ~ b  (01 -  &)(02 ~  &) +  a2

which, if £>1, £2 a, b, simplifies to

1 1 1 --  rvi   ~j---- ,
£12 £l £2

and

if I = 2 , r  =  1,

(2.33c)

(2.33d)

(2.33e)

—  =  — +  — if I >  2, r  > 1.
012 01 02

(2.33/)

In the physical domain (2.28) under the condition (2.29), the formula (2.33c) 

can be approximated by

4Ai
u (x ,y , t )  ~  cos(2Fi) +  0

012 (<&)'
(2.34)

R em ark

The formula (2.34) resembles the interference case from the linear theory of 

superposition and interference of waves (Figure 2.10).

71

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



For the general case we have the following result:

Theorem 2

If in the N-harmonic breather solution (2.7-12) we have the following asymp­

totic behavior as e —> 0

AN = Ajv-i + e, Hn = AOv-i +ael, =  7^-1 +ber a,b E R \{0}, 1 >  2, r >  1,

then

d^u (x ,y , t ) =  2^~2 lndet

K n  K n

K 2 1  K\22

K n -  1 1 K n _ ! 2

where

K \  N-l

K 2 N - 1

K N - 1 N - l

(2.35)

(2.36)

K N- 1 iv-i — — Qn - i ,n  — x  +  2/ijv-iy — 12t(A^_1 — /r^_1) H----—— (2.37)
2A/v-i

rjv-1 =  7 i v - i  +  Ajv-ia; — 2 A j v - i / p v - i  ?/ +  4tA /v-i(A ^_1 — 3/r|r_ 1), (2.38)

1 ( £ at- i  -  5) +  (ftv  -  6)

— b  ( q n - i  — b ) ( @ N  — b)  + e.
if Z =  2, r  =  1, (2.39)

which, if 0 n -  1 , Q n  3> a, 6, simplifies to

1 1
+

8 n - \ , n  Qn -  1 £ jv
(2.40)
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and

1 +  —  if I > 2, r >  1. (2.41)
Q n - i , n  Q n - i  Q n  

Proof

Using properties of determinants, detK, from the jV-harmonic breather solution 

(2.7-12) becomes

det/C = 

/

det

i f i i  i f  12 . . .  K i  n - i  K x x  — K j  t v — i

K 21 i f 22 • • • i f 2 t v - i  i f 2 n  —  i f 2 n -  1

K N - ,  1 i f  t v - 1  2 • • • i f / v - i  t v - i  i f  t v - i  iv —  i f j v - i  tv

ifTV 1 — i f  TV-1 1 i f  TV 2 — i f iV - 1  2 • • - i f  TV N - l  ~  i f jV - 1  TV-1 i f  TV TV +  i f  TV-1 TV-1

K n —1 n  — i f  TV TV-1
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det

K n

K n

K 12 

K  22

K N- i  i — Qi K n - i  2 ~  Q 2

K\  TV—1 

^ 2  JV -l

Ai iv — K 1 N- i  

K 2 jy  —  K 2 TV—1

K n -  1 j v - i  — < 2 jv -i 0

.Rjv 1 -  AA-i 1 K n  2 — ifjv-i 2 • • • AA tv—1 — K n -  1 j v - i  AT̂y jv +  -Kjv-i jv -r

K N-1 N  ~ K n  N - 1 
(2.42)

where

O  — (AQv j ~  K n ~  1 j ) { K N - 1 tv — K n —i  n -  1 ) . __ 1

A #  tv +  K n —i  n - i  — K n - i  n  — K n  t v - i  ’
., iV -  1. (2.43)

As e —> 0 we have

jim  (A* w -  A* jv-i) =  0, i = l , . . . , N - 2 .  (2.44

lim (Kn i — K N- i  i )  = 0, i = I , . . . ,  N  -  2. (2.45
£*—> 0

} ^ % ( K n  n  +  K n - i  n - i  — K n - i  n  — K n  jv-i) =  A — gjv-i — £>n, (2.46

where A =  26 if I =  2, r  =  1, and A =  0 if / > 2, r  > 1. From (2.45) and (2.46 

we have

lim Qi =  0, i =  1 , . . . ,  N  — 2.
£—>0

(2.47
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As e —» 0 we have as well

v ^  ^   ̂ K N - 1  N - 1 K n  N  — K n  N - 1 K n ^  i  ivlim (/Cjv-i n - i -  Q n - i) =  h m  — ---- — ---------- — ---------------
£ - > 0  £ - > 0  A j V  JV +  A j V - 1  j V - 1  —  r l j V - 1  N  —  - f t /V  i V - 1

' if i =  2, r  =  1
r i V  1 2 A j v - i  5 ’

co s  2 r ^ _ !
I - P N - 1  +  2Ajv + gy-i

l  £ w - i + 0 jv ’
if I > 2, r > 1

-Qn - i ,n  ~ x  + 2yN-\V  -  12t(Ajr_1 -  +
cos 2T jy_ ! 

2 Aw-.JV-1

1 (qn—i -  B) + (gjv -  B)

(2.48)

(2.49)
qn- i ,n  -  B  (qn _! -  j3)tejv -  B) +  C ’

where B  — b if I — 2, r  =  1, and B =  0 if Z > 2, r  > 1 and as well C  =  a2 if 

I =  2, r  =  1, and (7 =  0 if I > 2, r  > 1. Prom (2.42),(2.44) and (2.46-48) we have

(.A -  qN—\ -  gN) det

where

K li

K-21

lim det K
£—>0

K 12

K-22

K , IV—2

. . .  K-2 JV-2

iCi iv-1

iP.2 JV-1

^  - K jv - i  i  K n - i  2 • • • - K jv - i  n - 2 P G v - i  v - i  y

(2.50)

i^iv-i jv- i

r \ p

' Qn ~ i ,n  - X  + 2fiN- iy  -  12t(A^_! -  ^ _ j )  +  CĈ . — (2.51)2AN - 1

75

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



Hence, from (2.50) we have that as e —> 0 the //-harmonic breather solution 

(2.7-12) will become

(

d 2
u(x, y, i) — 2^-^  In det

li K 12

\
A7- 1

K 2 1  K  22 A"2 jv—1

(2.52)

Y K n - i 1 A'jv-i 2 ................. ^Cv-i n - i j

because A — Qn - \  — Qn  is a constant and will be canceled by the logarithmic 

differentiation. The formula (2.52) is exactly (2.36). q.e.d.

In the physical domain (2.28) under the condition (2.29), the formula (2.36) is 

a nonlinear analogue of interference case from the linear theory of superposition 

and interference of waves, and we shall call the phenomenon happening here the 

nonlinear interference property of the harmonic breathers.

C onclusion of th e  section

The nonlinear interference property of the harmonic breathers suggests that 

the formula (2.7-12) can be used to construct solutions of KPII possessing certain 

properties, such as localization within the physical domain (2.28), & x ,y ,t - Due to 

the presence of singularities, the formula (2.7-12) cannot always be used to con­

struct solutions of KPII with required properties in all of Q.oo,oo,co =  {(t, x ,y)\\x\ <
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CO, |i/| < oo, \t\ < 00} . Instead, for a given triplet (X ,Y ,T ), the formula (2.7-12) 

can be used to construct solutions with given properties restricted to a bounded 

domain

77

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



Figure 2.9a-c Nonlinear interference of two KPII harmonic breathers with 

A = [0.2,0.15], /x =  [0.5,0.1], 7  =  [tt/4, —tt/3], q =  [150,150] at t =  0.

a )  KPII h a r m o n ic  b r e a th e r  1
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b )  KPII harmonic breather 2
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-40 -40

c) Nonlinear interference of KPII harmonic breathers 1 and 2 given by the

formula (2.7-12) for N  =  2.
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Figure 2.9d-f Nonlinear interference of two KPII harmonic breathers with

A = [0.2,0.15], fj, =  [0.5, 0.1], 7  — [7r /4 , —7t / 3], g =  [150,150] at t — 0. Cross

section b)T plane y =  0 .

0.006

0.004

0 002

- 0.002

-0.004

-0.006-

20 30 40-10 0 1C
x

d ) KPII harmonic breather 1

-20-30-40

0.004

0.002

0.002

0.004

30-20 -10 0  1( 
x

e ) KPII harmonic breather 2
-40 -30

80

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



0.005-
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f) Nonlinear interference of KPII harmonic breathers 1 and 2 given by the 

formula (2.7-12) for N  — 2. Cross section by plane y — 0.
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Figure 2.10a-c Nonlinear interference of two KPII harmonic breathers in 

^ 10,10 ,o . . t  w i t i l  A =  [1, 1 +  e], = [0.1, 0.1 +  e2], 7 =  [0,e], g =  [60,60], e =  10~3

at t =  0.
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c) Nonlinear interference of KPII harmonic breathers 1 and 2 given by the

formula (2.7-12) for N  — 2.
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Figure 2.10d-f Nonlinear interference of two KPII harmonic breathers in

with A =  [1,1 +  e], /x =  [0.1, 0.1 +  e2], 7  =  [0,-e], g =  [60,60], e =  10- 3

at t =  0. Cross section by plane y — 10.
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f) Nonlinear interference of KPII harmonic breathers 1 and 2 given by the

formula (2.7-12) for N  =  2. Cross section by plane y  =  10.
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2.5 N onlinear A nalogues o f  P h ase and  G roup  

V elocities.

Let us consider the nonlinear superposition of two harmonic breathers in the 

physical domain (2.28) under the conditions (2.29-30), described by the parame­

ters ( A i , / x a , 7 i  =  r e  Z, and (A2 -* Aj ,fi2 -»• A* 1 , 7 2  =  7 i > ^ ) -  Then the

combination of the two harmonic breathers will have approximatively the wave 

form:

W  IPS ^ a v e r a g e [C O S ( k \ x X  +  k l y y  -  +  C O s ( k 2xX  +  k 2yV  ~  U>2t ) ]  (2.53)

Using the trigonometric identity for cos a +  cosh, the combination (2.53) will 

become:

Writing d k x  =  k 2x -  k l x , d k y  =  k 2y -  k l y , duj -  uj2 -  07, k x  -  \{ k 2x +  k l x ) ,  

k y  =  \{ k 2y +  kly), u) =  +  u 2 ) ,  we get

where

(2.54)

k i x =  2Aj, k iy =  —4Aj/ij, w ,= 2 (1 2 A i^ - 4 A ? ) ,  » =  1, 2. (2.55)
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w 2 v 4 a v e r a g e  cos {^dkxx +  kyy  -  ^doutj cos(kxx +  kyy -  out). (2.56)

Here cos(kxx + kyy — out) is a progressive wave with a phase speed (along the x-axis 

and y-axis) of:

ou ou
cx — , Cy — . (2.57)

Its amplitude 2/lavcrage, however, is modulated by the slowly varying function 

cos dkxx  +  \d k yy — \dout^ which propagates along the x-axis and along the y- 

axis at a speed of:

_  diu _  du
dkx ’ ^  dky ( ^

Multiphcation of a rapidly varying sinusoid and a slowly varying sinusoid, as 

in (2.56), generates repeating wave groups. The individual wave components 

propagate with the speed (cx — ou/kx, cy =  ou/ky), but the envelope of the wave 

groups travel with the speed (c9x = dou/dkx, c9y =  dou/dky), which is therefore 

called the group velocity.

Prom the description given in this section, we can see th a t a nonlinear concept 

of phase and group velocity can be developed for harmonic breathers in the phys­

ical domain (2.28) under the conditions (2.29-30). This nonlinear concept may be 

viewed as a nonlinear analog of the linear concept of phase and group velocity for 

linear waves.
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2.6 M od u la tin g  P rop erties o f  H arm onic B reathers  

in th e  physical dom ain  (2 .28 ), Q x ,y ,t >

2.6 .1  W ave P acket-L ike S o lu tio n s o f  K P II.

We construct nonlinear wave packet solutions of KPII equation by taking sets:

T — '{('^n)n=l..iv}'5 Ad "{(p-n)n=l..iv}'i Q ”{(,"y«)n=l'.iv}') ^  {(^n)n=l..jv}> the

formula (2.7-12).

Prom the linear theory of waves we know that a two-dimensional linear wave 

packet can be expressed by the following Fourier integral

W (x ,y ) =

/oo  poo
I e-pi-fci0)2+(fc2 -fc2o)2] cos[(fci — ki0)x + (k2 — k2o)y] dki dk2. (2.59)

•OO J— OO

The Fourier integral (2.59) can be approximated in a certain sense by

W (x ,y ) «

L L
KnAfcl- fei0)2+(mAS;2- fc20)21 cos^nAAq -  klo)x + (m A k2 -  k2o)y}AkxA k 2,

m=1 n—1

(2.60)

for L large enough.

From numerical computation (we cannot prove analytically) we have discov­

ered that in the finite space-time physical domain (2.28), f I x ,y ,t , the formula
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(2.7-12) under the conditions (2.29-30) may be viewed as a nonlinear analogue of 

the Fourier integral (2.59) and the asymptotic (2.32) may be viewed as a non­

linear analogue of the Fourier sum (2.60). Using the formula (2.7-12) such that 

the conditions (2.29-30) to be satisfied, we have constructed a wave packet-like 

solution of KPII.

In Figure 2.11a-b (Figure 2.11a shows the 3D picture and Figure 2.11b shows 

the projection on the icy-plane of the 3D picture), a wave packet-like solution of 

KPII a t t = 0 is presented. The solution was obtained by considering N  =  2M 2, 

with M  =  6, in the formula (2.7-12) and the following sets of parameters

((A2Mp-l)+M+j)i=l...M) ,= 1  M =  ((A2 M (i-l)+j)j=l...M ) ,= 1  M =

=  ((Ai =  15 +  {—M /2  +  * -  0.5))i=i...M)i=a...M ,

\ \  3 /  j = \ . . . M /  2=1...M 

where /c* =  10 +  {—M /2  +  i — 0.5), i — 1 . . .  M,

( { l * 2 M ( i - l ) + j ) j = l . . . M ) i=1 _M  =  ,= i

((72M(*-1)+M+j )j=1...m ) i=1_ _M =  ((72M (i-l)+ j)j= l...A f)i=1___M =  ((7 i =

((^2M p-l)+ M +j)j= l...M ).= 1 M =  ((? 2 M (i-l)+ i) i= l...A f).=1

f a — 500eOO5(A< _ 15)2+0 008(Ml'_ 10)2 ̂  ^

M  /

^  M >

..M ~~
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Figure 2.11a-b
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P rop erties  o f a nonlinear w ave packet so lu tio n  o f  K P II  equation

1. It propagates along the x-axis (never along the y-axis); the KP physical 

model refers to nearly one-dimensional wave solutions with small transverse 

perturbation to the principal direction of motion.

2. Its leading edge is moving (along the x-axis) with the nonlinear analogue of 

the group velocity:

3. Its trailing edge is moving (along the x-axis) with the nonlinear analogue of 

the group velocity:

4. As t —> +oo the wave packet is moving to the left (c9a. < 0) and disappears 

due to dispersion of the harmonic breathers comprising it.

2 .6 .2  5 F unction-L ike S o lu tio n s o f  K P II .

Other different exact solutions of KPII (in the physical domain (2.28)) can be 

constructed by using the formula (2.7-12). One of them is the mimic of the 5 

function

max:max (2.61)

mm
P , m)

mm (2.62)

6(x ,y ) =  cos(kyX +  k2y)  dky dk2
J —  C O  J~oo

(2.63)
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The integral (2.62) can be approximated in a certain sense by 

L L
y ;  y  cos(n A k x x + m  A ^2 y )A k 1A k 2 , (2.64)
m—1 n=l

for L large enough.

Numerically we have discovered as well that in the finite space-time physical 

domain (2.28), £Ix ,y,t , tfie formula (2.7-12) under the conditions (2.29-30) may be 

viewed as a nonlinear analogue of the Fourier integral (2.63) and the asymptotic 

(2.32) may be viewed as a nonlinear analogue of the Fourier sum (2.64). Using 

the formula (2.7-12) such that the conditions (2.29-30) to be satisfied, we have 

constructed a delta function-like solution of KPII.

In Figure 2.12 is presented a h-like solutions of KPII (t — 0). The solution was 

obtained by considering N  =  2M 2, with M  =  6, in the formula (2.7-12) and the 

following sets of parameters

((A i =  0.15i)j=i...M) i=l...M >

where p* =  .05H, i — 1 . . .  M,

i=l. ..M

((ft — 50 ?)j=i...Af )*=!...Af-
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In Figure 2.12 we can see the localization of the solution within the chosen 

domain 0 ,x ,y ,t -

Figure 2.12
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2.7 C oncluding R em arks

In this thesis we have obtained a new class of oscillatory solutions of the KPII 

equation that we referred to as harmonic breathers.

We showed how the harmonic breathers are a result of the nonlinear pertur­

bation of (/KPII) by the term (6uux)x , i.e. the harmonic breathers of KPII are 

the nonlinear analogue of the solutions (2.3) of (/KPII) obtained by perturbing 

(/KPII) with the nonlinear term (6^^^)^. Unlike the solutions (2.3) the har­

monic breathers are singular. However, since all the practical problems are in 

finite space-time physical domains, one can adjust the parameters involved in the 

harmonic breathers such that they stay regular within the physical domain. The 

regular parts of the harmonic breathers within a finite space-time physical domain 

were referred to as tails of the harmonic breathers.

We derived a formula for nonlinear superposition of solutions of the KPII 

equation that described the nonlinear interaction of the KPII harmonic breathers. 

This formula was referred to as the iV-harmonic breather solution of the KPII 

equation. The iV-harmonic breather solution of the KPII equation revealed, and 

it was proven in the section 2.4, tha t the harmonic breathers possess a property 

similar in analogy with the interference property of the linear waves. This led us 

to the idea that we may use the N -harmonic breather solution to construct more 

complicated exact solutions of the KPII equation.
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From numerical computation (we could not prove it analytically) we discovered 

that, within a finite space-time physical domain in which we have only tails of 

the harmonics, the N -harmonic breather solution of KPII may be viewed as a 

nonlinear analogue of the Fourier integral, and so the harmonic breathers may be 

viewed as nonlinear versions of the Fourier modes. In the section 2.6 we used the 

TV-harmonic breather solution of KPII to construct a wave packet like solution 

and a 5-like solution of the KPII equation in finite space-time physical domains.

95

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



Bibliography

[Abl 1] Ablowitz, M.J., Clarkson, P.A., Solitons, Non-Linear Evolution Equations 

and Inverse Scattering, London Math. Society Lecture Notes, Cambridge Uni­

versity Press 1991.

[Abl 2] Ablowitz, M.J., Segur, H., On the evolution of packets of water waves, J. 

Fluid Mechanics, v.92, 691-715, 1979.

[Abl 3] Ablowitz, M. J., Segur, H., Solitons and the Inverse Scattering Transform. 

SIAM, Philadelphia, 1981.

[Arkadiev 1] Arkadiev, V.A., Pogrebkov, A.K., Polivanov, M.K., The method of 

the inverse scattering problem in application to singular solutions of nonlinear 

equations, l,Theoret. Mat. Fiz., 53, no.2,163-180,1982.

[Arkadiev 2] Arkadiev, V.A., Pogrebkov, A.K., Polivanov, M.K., The method of 

the inverse scattering problem in application to singular solutions of nonlinear 

equations, II, Theoret. Mat. Fiz., 54, no. 1,23-37,1982.

96

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



[Bobenko 1] Bobenko, A.I., Bordag, L.A., Periodic multi-phase solutions of the 

Kadomtsev-Petviashvili equation, J. Phys. A, 22, no.9, 1259-1274, 1989.

[Boiti 1] Boiti, M., Pempinelli, F., Pogrebkov, A.K., Properties of solutions of the 

Kadomtsev-Petviashvili I equation, J. Math. Phys., v. 35, no. 9, 4683-4718, 

1994.

[Boiti 2] Boiti, M., Pempinelli, F., Pogrebkov, A.K., Solutions of the KPI equation 

with smooth initial data. Inverse Problems, v. 10, no. 3, 505-519, 1994.

[Boiti 3] Boiti, M., Leon, J.Jp., Pempinelli, F., Pogrebkov, A.K., Solitons and 

spectral transform for the DSI and KPI equations. Solitons and applications 

(Dubna, 1989), 19-30, World Sci. Publishing, River Edge, NJ, 1990.

[Boiti 4] Boiti, M., Pempinelli, F., Pogrebkov, A.K., Some new methods and re­

sults in the theory of (2+1 )-dimensional integrable equations, Theoret. and 

Math. Phys., 99, no.2, 511-522, 1994.

[Boiti 5] Boiti, M., Pempinelli, F., Pogrebkov, A.K., Solving the Kadomtsev- 

Petviashvili equation with initial data not vanishing at large distances. In ­

verse Problems, 13, no.3, L7-L10, 1997.

97

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



[Boiti 6] Boiti, M., Pempinelli, F., Pogrebkov, A.K., Prinari, B., Wave soliton 

solutions on the generic background for KPI equation. SIDE, Sabaudia, 47- 

52, CRM Proc. Lecture Notes, v.25, AMS, RI, 2000.

[Chow 1] Chow, K.W., Lai, W.C., Shek, C.K., Tso, K., Positon-like solutions 

of nonlinear evolution equations in (2 +  1) dimensions, Chaos, Solitons and 

Fractals, 1998, v .9 ,n o .ll, 1901-1912, 1998.

[Deconinck 1] Deconinck, B. The KP equation with quasiperiodic initial data, 

Phys. D., v.123, 123-152, 1998.

[Dodd 1] Dodd, R.K., Eilbeck, J.C., Gibbon, J.D., Morris, H.C. Solitons and 

Nonlinear Wave Equations, Academic Press, 1982.

[Dryuma 1] Dryuma, V.S., Analytic solution of the two-dimensional Korteweg-de 

Vries equation, Sov. Phys. JE TP  Lett., 19, 381-388, 1974.

[Drazin 1] Drazin, P.G., Johnson, R.S., Solitons: an introduction, Cambridge 

University Press, 1989.

[Dubrovin 1] Dubrovin, B.A., Flickinger, R., Segur, EL, Three-phase solutions of 

the Kadomtsev-Petviashvili equation, Stud. Appl. Math., v.99, 137-203,1997.

[Feynman 1] Feynman, R.P., Lectures on Physics, Addison-Wesley Publishing 

Company, 1966.

98

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



[Hirota 1] Hirota, R., Ohta, Y., Satsuma, J., Solutions of the Kadomtsev- 

Petviashvili equation and the two-dimensional Toda equations, J. Phys. Soc. 

Japan, 57, no.6, 1901-1904, 1988.

[Hirota 2] Hirota, R., Satsuma, J., N-soliton solutions of model equations for 

shallow water waves. J. Phys. Soc. Japan, 40, no. 2, 611-612, 1976.

[Jaworski 1] Jaworski, M., Zagrodzihski, J., Positon and Positon-like Solutions 

of the Korteweg-de Vries and Sine-Gordon Equations, Chaos, Solitons & 

Fractals, Vol. 5, No. 12, 2229-2233, 1995.

[Kopell 1] Kopell, N.J., Landman, M., Spatial Structure of the Focusing Singu­

larity of the Nonlinear Schrodinger Equation: A Geometrical Analysis, SIAM  

Journal on Applied Mathematics, Vol. 55, No. 5, 1297-1323, 1995.

[KdV 1] Korteweg, D.J., de Vries, G., On the change of form of long waves ad­

vancing in a rectangular canal, and on a new type of long stationary waves. 

Phil. Mag. (5), 39, 422-43, 1895.

[Kov 1] Kovalyov, M., Slowly Decaying Solutions of KdV, Contemporary Mathe­

matics, 2000, Vol. 255, p.163-180.

99

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



[Kov 2] Kovalyov, M., Nonlinear Interference and the Korteweg-de Vries equation, 

Applied Mathematics Letters, 1996, Vol. 9, No 5, p.89-92. Erratum, 1997, Vol. 

10, No 5, p. 133.

[Kov 3] Kovalyov, M., Hosseini Ali Abadi Mohammad, An explicit formula for a 

class of solutions of KdV, Phys. Lett., A, 254, no. 1-2, p.47-52, 1999.

[Kov 4] Kovalyov, M., Basic motions of the Korteweg-de Vries equation. Nonlin­

ear Anal. Theory Methods A ppl, 31, p .599-619, 1998.

[KP 1] Kadomtsev, B.B., Petviashvili, V.I., On the stability of solitary waves in 

weakly dispersive media, Sov. Phys. Dok., 15, p.539-41, 1970.

[Kundu 1] Kundu, P.K., Fluid Mechanics, Academic Press, 1990.

[KZ 1] Zabusky, N.S., Kruskal, M.D., Interaction of solitons in a collisionless 

plasma and the recurrence of initial states, Phys. Rev. Lett., 15, p240-43.

[Lamb 1] Sir Lamb Horace, Hydrodynamics, New York, Dover Publications, 1945, 

252.

[Manakov 1] Manakov, S.V., Zakharov, V.E., Bordag, L.A., Its, A.R., and 

Matveev, V.B., Two-dimensional solitons of the Kadomtsev-Petviashvili 

equation and their interaction, Phys. Lett., 63A, 205-206, 1977.

100

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



[Matveev 1] Matveev, V.B., Asymptotics of the multipositon-soliton r — function 

of the Korteweg-de Vries equation and the supertransparency. J. Math. Phys., 

35, 2955, 1994.

[Matveev 2] Matveev, V.B., Phys. Lett. A, 135, 2009-2012, 1992.

[Miles 1] Miles, J.W ., Resonantly interacting solitary waves, J. Fluid Mech., 79, 

p .171-79, 1977.

[Nov 1] Novikov, S.P., Manakov, V.S., Pitaevskii, L.P., Zakharov, V.E., Theory of 

Solitons, The Inverse Scattering Method, Contemporary Soviet Mathematics, 

Consultants Bureau, Plenum Publishing Corporation, 1984.

[Nov 2] Novikov, R.G., Khenkin, G.M., Oscillatory weakly localized solutions of 

the KdV equation, Theoret. Mat. Fiz., v.61, 199-213, 1984.

[Okhuma 1] Okhuma, K., Wadati, M., The Kadomtsev-Petviashvili equation: the 

trace Method and the soliton resonances, J. Phys. Soc. Jpn., 52, 749, 1983.

[Russ 1] Russell, J.S., Report on waves, Report of the Fourteenth Meeting of the 

British Associations for the Advancement of Science, York, 1844, p.311.

[Satsuma 1] Satsuma, J., N-Soliton Solution of the Two-Dimensional Korteweg- 

de Vries Equation, J. Phys. Soc. Jpn., 40, p.286-90, 1976.

101

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .



[Satsuma 2] Satsuma, J., and Ablowitz, M.J., Two-dimensional lumps in nonlin­

ear dispersive systems, J. Math. Phys., 20, 1496-1503, 1979.

[Sharipov 1] Sharipov, R.A., Multiplet solutions of the Kadomtsev-Petviashvili 

equation on a finite-gap background, Uspekhi Mat. Nauk, 42, no.5, 221-222, 

1987.

[Stahlhofen 1] Stahlhofen, A.A., Maisch, H., Dynamical properties of positons. 

Phys. Scr., 52, 228, 1995.

[Zeytounian 1] Zeytounian, R.Kh., Nonlinear long waves on water and solitons, 

Physics-Uspekhi, 38(12), p. 1333-1382, 1985.

[ZS 1] Zakharov, V.E., Shabat, A.B., A scheme for integrating the nonlinear equa­

tions of Mathematical Physics by the method of the inverse scattering prob­

lem, I. Fund. Anal. Appl, 8, p.226-35, 1974.

[Whitham 1] W hitham, G.B., Linear And Nonlinear Waves, A Wiley-Interscience 

Publication, John Wiley & Sons, 1974, p.467.

102

R e p ro d u c e d  with p erm iss ion  of th e  copyright ow ner.  F u r the r  reproduction  prohibited without perm iss ion .


