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Abstract

This thesis broadly investigates monopole-driven confinement transitions in parton gauge
theories of fractionalized phases of matter. Chapter 2 studies the Dirac spin liquid, a
2d fractionalized Mott insulator with gapless Dirac fermion excitations coupled to a com-
pact U(1) gauge field. We use semiclassical instanton methods not relying on conformal
symmetry to construct all monopole operators as 't Hooft vertices — instanton-induced
interactions between fermions that have their origin in zero modes of the Euclidean Dirac
operator in an instanton background. These monopole operators serve as order parameters
for conventionally ordered states proximate to the Dirac spin liquid, as determined by their
quantum numbers under lattice symmetries, which we are able to capture on bipartite lat-
tices. Chapter 3 is a detailed technical description of instanton-induced interactions and
their symmetry-breaking effects in CQEDj3, motivated by a fermionic parton description
of hardcore bosons on a 2d lattice with U(1) symmetry. We show how the proliferation of
instantons carrying fermion zero modes can lead to spontaneous breakdown of this sym-
metry, leading to either a conventional superfluid or an exotic ‘paired superfluid’. Chapter
4 generalizes this study to Ising spins on a 2d lattice with Zs symmetry, represented by
N Majorana partons. By varying the Chern number of the Majorana bandstructure, we
access chiral spin liquid, paramagnetic, and long-range ordered phases of the Ising spins. A
certain SO(N) Chern-Simons gauge theory with massless Majorana fermions is argued to
be the critical theory that interpolates between these different phases. Finally, Zj-charged
monopoles are shown to drive confinement in such a theory, leading to a magnetic phase

with spontaneous breakdown of the Ising Z, symmetry.
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Chapter 1

Introduction

This thesis is broadly on theories of phase transitions between so-called fractionalized
phases and conventional symmetry-broken phases. To place such a study in context, we
begin with a review of the Landau-Ginzburg-Wilson theory of phase transitions and discuss

why this theory is not straightforwardly applicable to the transitions studied in this work.

1.1 Landau-Ginzburg-Wilson Theory

In 1937, L. D. Landau published two extraordinary papers [4] formulating a theory of con-
tinuous phase transitions, initiating a research program the results of which now form the
basis of our understanding of much of condensed matter and quantum field theory. Landau
noted that the majority of then known transitions, for example between solids of different
crystal structures or between a ferromagnet and paramagnet, involved the “sudden disap-
pearance or appearance of some elements of symmetry”.! A quantitative description of this
phenomenon is afforded by the notion of a Landau order parameter ¢(z), which is nonzero
on average in the symmetry-broken/ordered phase and zero in the symmetric/disordered
phase. It is clear that ¢ must transform nontrivially under the symmetry in question. In
the example of a uniaxial magnet, ¢(x) is the local magnetic moment along the preferred

axis, and a nonzero average (¢(x)) =m results in a magnetized state that spontaneously

L “The problem is not so much to see what nobody has yet seen, but to think what nobody has yet thought
concerning that which everybody sees”, Arthur Schopenhauer reflects in his Parerga und Paralipomena
(1851).



breaks the Zs symmetry ¢ — —¢ present in the disordered phase — characterized by random
values of ¢(x) across the system. An investigation of the phase diagram of a certain mate-
rial thus begins with the identification of an appropriate order parameter. The next task
is to obtain the free energy F(T',m) from which thermodynamical quantities of interest
can be calculated; for example, the specific heat or susceptibilities of various kinds and
associated critical exponents that characterize their singular behavior at the transition.

For concreteness, let us briefly sketch this program for the Ising model of a uniaxial
ferromagnet on a hypercubic lattice, described by the partition function

7 — Z e2w,a! Ja,al w8y (1.1)
{so=+1}

The discrete spins s, attain the binary values £1 on any lattice site x, and the function
oz =B Zﬂ Or+p 18 assumed to couple nearest neighbors, with 3 =T"" as the inverse
temperature and [i being vectors from a lattice site to all its nearest neighbors. Straightfor-
ward expansions of the partition function in the low and high temperature limits show that
there are two distinct phases in any dimension D > 1. Naively, at low temperatures T'— 0,
the energy is minimized by the symmetry-breaking ferromagnetic state s; =1 on all sites,
which forms the dominant contribution to the partition function. At high temperatures,
the energy becomes unimportant and all configurations contribute more or less equally to
the partition function suggesting a disordered phase. A more careful analysis accounts for
entropic effects of excitations in the low temperature phase, but supports the conclusion
that ordered and disordered phases exist in dimensions D > 1.

Introducing a continuous field ¢, € R, the partition function can be exactly rewritten as

Z o< /D¢ e_iZw,w/ ¢$J;il¢z’ Zezm ¢x5x,
{sz}

_1 -1 0
— /D¢€ 421@/ ¢IJI,I,¢z/+Zzl 2C05h¢z. (12)

From the first line, we observe that the interaction between spins is encoded in the in-

teraction of a spin with a local field ¢,. The interpretation of the latter as the local



magnetization at x is enforced by the observation that the variational saddle point of ¢,
is at (s;). Therefore, ¢, is the Landau order parameter for the Ising model. Assuming ¢
to be a uniform constant that minimizes the action is precisely the content of mean-field
theory. As the transition temperature is approached from above, we may assume that ¢,
is infinitesimally small and Taylor expand the potential derived above. Moreover, as the
ordered phase is characterized by a uniform magnetization, we may further posit that its
variation from site to site on the lattice is small near the transition, allowing us to replace
the lattice variable ¢, and its lattice derivatives with a smooth field ¢(x). We thus arrive

at the Landau-Ginzburg action? that governs the dynamics of the order parameter

S= /d% E(aﬁ))? Y

where the “bare” coupling constants gs, are O(1) numbers that can be explicitly derived

Y2n D—n(D-2) 42n
A 1.3
2n)] ¢ (1.3)

from eq. (1.2), and the factors of A =a~! are obtained on converting sums to integrals.
The continuum fields have been defined as ¢(x) ~A%?71¢,. It is clear that our continuum
theory can only be valid on length scales larger than A~!, so the Fourier modes ¢(k) have
nonzero support only for k€ (0, A).

The first task of identifying an order parameter and its dynamics now complete, the goal
is to now perform the path integral over ¢ and thus compute the free energy F'=—T1In Z,
which encapsulates the thermodynamics of the transition. Let us briefly discuss how this
is traditionally done in the context of the Ising transition. Unfortunately, in the vast
majority of cases, the calculation of the free energy can only be done perturbatively in the
interactions ¢o,, the matter being all the more complicated by the presence of an infinite
number of them. This turns out to be a general feature; the Landau-Ginzburg action for

any order parameter in the representation of a symmetry group will involve all possible

2The lattice propagator has been replaced with the continuum propagator, which is an excellent ap-
proximation even for |z —z'| ~a the lattice spacing. The lattice propagator has the sole effect of regulating
the divergence in the coincidence limit # = 2’, which can equivalently be done with a cutoff A~a~! on
momenta. Strictly speaking, one must perform a gradient expansion of the lattice propagator, which leads
to derivative interactions of the form ¢V?2"¢. Such interactions are almost always irrelevant in a sense
to be described below. A general principle in writing the Landau-Ginzburg action is to allow all possible

interactions allowed by symmetry with a minimal number of derivatives.



terms allowed by symmetry. Still, we may hope that the leading perturbative corrections
near the transition (where ¢ is small) will come from monomials of small degree, for example
the ¢* term in the potential.® For instance, we may perturbatively calculate the inverse of

the susceptibility

X (k) = K+ [g2A7 = (0)] — [B(k) — 2(0)],

= k* + pu— [X(k) — 2(0)], (1.4)

where YX(k) is the self-energy and p the renormalized mass in the language of field theory.
The transition is defined by the divergence of the exact static susceptibility x(k = 0),
that is u = 0. A direct application of diagrammatic perturbation theory reveals that
corrections from interactions to the susceptibility are ordered in powers of gy (uA=2)(P=4/2,
Evidently for D > 4, the corrections are smaller than g in the critical region u — 0,
validating perturbation theory. However, for the interesting cases of dimensions D < 4,
the perturbative corrections overwhelm the mean-field result and it becomes necessary
to account for “all orders”, quashing any hope of a direct perturbative analysis of the
thermodynamics near the transition.*

The culprit behind the failure of direct perturbation theory in the critical region turns
out to be the low momentum fluctuations of the order parameter ¢, which lead to infrared
divergences in various Feynman diagrams. The renormalization group (RG) was invented
in part to address this problem. While there were many contributors to the formalism,
the deepest insights inarguably came from K.G. Wilson [5, 6]. In its full generality, the
RG is a set of metaphysical ideas that have to be adapted to the problem in question. We
shall limit ourselves here to a brief qualitative discussion of its application in the theory
of the Ising transition being discussed. Since the invalidity of direct perturbation theory

is caused by k ~ 0 Fourier modes of the order parameter, the idea is to leave these alone

3This hope can be bolstered by an analysis of the superficial degree of divergence of various Feynman
diagrams.
4In the ’upper critical dimension’ D = 4, the perturbative corrections are logarithmic of the form

9aIn(A%/p)+0(g3),



and first account for the effects of large momentum modes. This is done by means of a

decomposition

2m)P

sA D A D
0= [ st + [ g eoin).
d<( +¢>( ), (1.5)

where ¢ and ¢~ are called slow and fast modes, respectively. Inserting this into the action
(1.3), the path integral over the fast modes ¢ (x) can be computed in perturbation theory.
For inappropriate but historical reasons, this process of integrating out fast modes is called
a renormalization group transformation. All perturbative corrections coming from the fast
modes turn out to be finite, as they involve momentum integrals over a shell (sA, A) that
excludes a neighborhood of £=0. The result is a new effective action for the slow modes
that is exactly of the same form as the original action, but with renormalized couplings
g2n(sA). By making the momentum shell (sA, A) infinitesimally thin, a set of differential

“flow equations”

dg?n
dlns’

Bon = (1.6)

can be perturbatively derived to describe the “RG flow” of the couplings as modes in
momentum shells (sA, A) are iteratively integrated out. This suggests a hope that may
salvage our failed perturbative endeavor earlier — that is (5, > 0 so that the couplings
gan(sA) decrease as s is decreased, so that the effective interaction that governs the k~0
modes is weak enough to validate perturbation theory in the renormalized couplings in the
critical region. This turns out to not be true, but the line of thought nevertheless leads to
great progress and new ideas that form the foundations of modern field theory. It will also

give us the occasion to introduce language that is used throughout this thesis.



For the Ising transition, the first few terms in the first few beta functions are

Po 2 —2gy —

)

3Kpgi  Kpgs
(1492 1492

15K pgags
~ (2D — 6)gg + —R9495
Bs = ( )96 (1+ o)

I+ g9
By~ (D —4)gs +

(1.7)

where Kp is the surface area of a unit sphere in D dimensions. Trivially, we first note
that turning off all couplings g, = = 0 implies that all beta functions are zero. This
defines a fized point of the RG flow, called the Gaussian or free fixed point. In mean-field
theory, this is the choice of couplings that corresponds to the critical point go o< (T—T,)=0.
Invariance of the couplings in a theory under RG flow implies scale invariance, for small
and large momentum modes all interact with the same numerical value of the couplings.®
As implied by £, < 0, a nonzero gy is amplified under RG flow in any dimension D, and
takes us away from the Gaussian fixed point. Depending on the initial sign of g», we end up
in the paramagnetic or ferromagnetic phases of the Ising model. This means the Gaussian
fixed point is unstable to the mass term go¢?, which is said to be a relevant operator at this
fixed point. On the other hand, all the interaction couplings g4, flow to zero in D >4, so
that the £~ 0 modes of the order parameter roughly do not interact in those dimensions.
This means the operators g,,¢°" are irrelevant at the Gaussian fixed point. This causes
critical exponents to simply attain their mean-field values as obtained from the free part
of the Landau-Ginzburg action which defines the Gaussian fixed point.

Unfortunately, the flow equations in D <4 instead show that small momentum modes
do interact strongly due to the relevancy of the coupling g, at the Gaussian fixed point.
Since g4(sA) grows as s is lowered, our earlier hope of formulating a perturbation series in
this renormalized coupling seems to have been crushed. A simple but elegant solution to
this problem was provided by K. G. Wilson and M. E. Fisher in the charmingly titled paper

[7], “Critical Exponents in 3.99 Dimensions”, by formulating a perturbative expansion in

5For many fixed points, including the Wilson-Fisher and Gaussian, scale symmetry is actually extended
to conformal symmetry.



the quantity e=4— D in addition to the interaction g4. The benefit of treating dimension
as a continuous variable is that in a neighborhood of € =0, the interactions are relevant
but still weak. In this limit, the flow equations can be explicitly solved to find that the

bare couplings at the transition flow to a new fixed point

(939396, ) ~ (—€,€,0,...) + O(?). (1.8)

This is the celebrated Wilson-Fisher fized point that governs the Ising transition in 4—e¢
dimensions.® In the limit € — 0, it fuses with the Gaussian fixed point. Treating e as
small, a perturbation series can be formulated in the couplings g3, to redo the previous
calculation of the susceptibility [8]. Perhaps surprisingly, the critical exponents calculated
as a series in € turn out to be fairly accurate even if we set € =1 to obtain the integer
dimension D=3. Of course, the existence of the fixed point as we move away from D=4
can only be perturbatively established in this scheme. For interacting fixed points such as
the Wilson-Fisher that are a finite ‘distance’ away from the free fixed point, the strategy is
always to introduce a parameter into the theory that brings it close to the free fixed point,
making it perturbatively accessible. One is the e-expansion discussed above. The other
is a 1/N-expansion. The basic idea of the latter, in the context of the Ising transition,
is to consider generally a vector order parameter ¢,, where a = 1,..., N. In the limit
N — oo and fized dimension, one can show that the theory is again weakly coupled and
organize a perturbative expansion in powers of 1/N, hoping that accurate results for the
Ising transition will be obtained for N = 1. More detail can be found in the beautiful
monograph by A. M. Polyakov [9].

This concludes our brief tour of the theory of phase transitions in conventional phases
described by a local Landau order parameter. In this thesis, we will be concerned with

phase and transitions where this formalism is not at all straightforward to implement. To

6By linearizing the flow equations (1.7) at this point, one observes that there is only one relevant
operator at the Wilson-Fisher fixed point that is a linear combination of the mass (g2 —g3)$? and inter-
action (g4 —g})¢* operators. This combination tunes us away from criticality into the ferromagnetic or
paramagnetic phases.



segue into this next topic, we end with a few additional observations from the discussion
above. The Gaussian and Wilson-Fisher fixed points discussed above are both unstable,
for there exist relevant operators that amplify under RG flow and take us away from the
fixed point. Such unstable fixed points generically describe phase transitions. The relevant
operators have the simple interpretation of various parameters (temperature, pressure,
external fields etc.) that one can tune to pass into proximate phases. The (ir)relevancy of
an operator at a fixed point can be deduced from its scaling dimension at that point, which
characterizes how operators respond to the scale transformations that form an emergent
symmetry at fixed points. Generally given a basis set of scaling operators O; that transform

homogeneously under scaling,
z—Ar,  Oyx) = O;i(\x) = A2 04(x), (1.9)

where A; is the scaling dimension of O; at the fixed point. This is similar to how ro-
tation invariance can be used to decompose a general operator into angular momentum
components. The scaling dimension fixes the correlator of O; at the fixed point to be

(O(2)0,(0)) ~ — (1.10)

oS

Perturbing a fixed point action S, by a local operator O;(x), and scaling coordinates as

above,

S +/dD:E O;(z) — S, +/dDa7)\D_AiOi(:B). (1.11)

If A;> D, then evidently O;(z) is irrelevant at the fixed point, being driven to zero under
RG flow. On the other hand, A; < D implies the operator is relevant at the fixed point,
and forms a perturbation that grows in importance at low momenta. A fixed point with
no relevant operators is said to be stable. These correspond to critical phases of matter.”

The Dirac spin liquid studied in chapter 2 is purported to be such a phase.

Strictly speaking, fixed points can have either zero or infinite renormalized correlation length &, the
characteristic length scale of fluctuations of the order parameter. We neglect the £ =0 case, for they imply
only on-site or “ultralocal” correlations; the connected correlation function vanishes. This does not mean
such phases are trivial, for they could be described by a nontrivial topological quantum field theory. The
chiral spin liquid studied in chapter 4 is one example of such a phase.



1.2 Fractionalization and parton gauge theories

The early 1970s marked the dawn of the era of topology in condensed matter physics, with
the discovery of phases that could not be distinguished on the basis of broken symme-
try. The historical example is the superfluid transition in thin helium films. The Landau
theory, by means of the Mermin-Wagner theorem?®, predicts that the superfluid order pa-
rameter cannot have a nonzero average in two dimensional systems. It was realized by
V. L. Berezinskii [10, 11], and independently by J.M. Kosterlitz, and D.J. Thouless [12]
that there nonetheless exists a transition in such films driven by proliferation of vortices,
which arise as topological defects. The two phases on either side of this BKT transition
can be distinguished by the behavior of the correlations (p(x)p*(0)) of the superfluid order
parameter ¢ € C, although () itself is zero in both phases so the epithet 'order parameter’
is not to be taken seriously in the Landau sense. In the low temperature phase, the corre-
lation decays as a power law |z|~" with a temperature dependent exponent 7n(7T). In the
high temperature phase, there is exponential decay similar to other disordered phases in
the Landau framework. However, the formalism used to study the transition is not different
from the Landau-Ginzburg-Wilson theory discussed above. There still exists a Landau-
Ginzburg action for the order parameter ¢ (which never condenses in either phase). Upon
identifying vortex defects in the phase of ¢ as playing an important role, one can rewrite
the Landau-Ginzburg action in terms of 'vortex fields’ (called a duality in field theory) at
which point the theory outlined in the previous section can be straightforwardly applied.

It is with the experimental discovery of the integer and fractional quantum Hall effects
in the 1980s [13, 14] that our ability to devise such descriptions began to be truly tested.
Of these, the former belong to a now wide class of phases that can mostly be understood

in the framework of electronic band theory, with interactions playing little role.® The frac-

8 A no-go theorem on the possibility of spontaneous symmetry breaking in low dimensions. This was
first demonstrated for crystal structures by L. D. Landau, building on an argument of R. E. Peierls, already
in his seminal paper on phase transitions [4]. By the ‘Arnold principle’, it is therefore attributed now to
Hohenberg, Mermin, Wagner, Coleman, and Berezinskii.

9There is an ongoing attempt to bring these into an ‘extended’ Landau paradigm by describing topo-



Figure 1.1: Néel state on a square lattice.

tional quantum Hall effect belongs to a class of phases that cannot be understood without
interactions, involving the phenomenon of fractionalization — the low energy excitations of
such phases are described by quantum numbers that are fractions of those of the elemen-
tary constituents (lattice bosons or fermions). The first example of such a phase, actually
predating the discovery of quantum Hall effects, is the “resonating valence bond” (RVB)
state proposed by P. W. Anderson in 1973 as a possible ground state of an antiferromag-
netic Mott insulator on the triangular lattice [16].'° A ‘metamodel’ for antiferromagnets
is the spin-1/2 Heisenberg model

H=> J;8 8, [SS]]=ides], (1.12)

i<j

on a lattice of interest. If the spins are treated classically and J;; >0 couples only near-
est neighbors, the obvious ground state for a square lattice is the Néel state depicted in
figure 1.1. This is a Landau symmetry-breaking phase with the staggered magnetization
(—1)Twm in some randomly chosen direction serving as a Landau order parameter. In

the quantum case, this is no longer the true ground state as it is not eigenstate of H. How-

logical phases as states with spontaneously broken ‘higher-form symmetries’ [15].

0The original proposal was for the spin-1/2 Heisenberg model with only nearest neighbor antiferro-
magnetic interactions. This model is now known to exhibit an ordered state in which the moments are
angled at 120° relative to each other. However, next nearest neighbor interactions can change this picture
considerably.
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ever, it turns out to remain an excellent approximation to the true ground state, which
simply has the average local magnetization reduced due to quantum fluctuations [17].

However, it is clear that the Néel state ceases to be the ground state even classically if
Ji; also couples next nearest neighbors with comparable strength, leading to frustration of
magnetic order. It is in such a context that Anderson proposed the RVB state. Noting
that the energy of the exchange interaction S;-S; is minimized if the spins form a singlet
(1M @), =), ®I[1);), the RVB state is a superposition of various such singlets. More
precisely, it is a linear superposition of dimer coverings D of the lattice, with each dimer
being a spin singlet:

IRVB) =) "d(D) D). (1.13)

Two example terms in the sum are depicted in figure 1.2. The coefficients d(D) can be
further written as a product over dimers (ij) of functions d;;, which serve as variational
parameters. If these are functions only of the distance |z;—z;|, then it is clear that such
a state preserves all lattice symmetries in addition to full spin rotation symmetry (no
magnetization). However, the state as written also seems quite different to a trivially
disordered state such as a paramagnetic state found at infinite temperature. The key
difference turns out to be long-range entanglement of well-separated spins on the lattice;
the RVB state cannot be smoothly transformed, by tuning d;;(D), to a product state like
[L; IS7). This is the defining feature of a quantum spin liquid (QSL). It is clear that no
straightforward order parameter exists to describe such phases. We shall see later that
the low energy excitations above such states carry fractional quantum numbers. Similar
variational states, called Laughlin states, were proposed as descriptions of ground states
of FQH systems [18].

Early studies of fractionalized phases relied on such explicit variational constructions.
While these allow to build intuition and emphasizes the entanglement structure of such
states, it is not obvious what a “parent Hamiltonian” could be or what the low energy

excitations (quasiparticles) are. It is also not clear where such states fit within the broader
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Figure 1.2: Two dimer coverings that form components of the RVB state on a square
lattice.

phase diagram of antiferromagnetic materials, which certainly includes Landau-ordered
states such as the Néel state in figure 1.1. An appropriate theory of such phases must
then allow us to study transitions between a QSL and any proximate phases, similar to
the Landau-Ginzburg-Wilson theory. Parton methods achieve precisely this feat, rephras-
ing the description of fractionalized phases in a language amenable to the application of
Landau-Ginzburg-Wilson theory. The basic idea behind such methods is to represent a
local physical degree of freedom, for example a lattice spin or electron, as a bound state of
fictitious particles called partons. In fractionalized phases, it so happens that these partons
become unbound at low energies, carrying quantum numbers that are a fraction of that of
the physical composite. This is similar to the liberation of quarks in the Standard Model,
with one key difference. Quarks are bound into hadrons at energies much smaller than
Aqep ~ 250 MeV, and become asymptotically free at high energies. Precisely the reverse
occurs in fractionalized phases of condensed matter — partons become unbound and acquire
a physical reality only at low energies. This analogy hints that a parton description will
be a gauge theory. This is reviewed in detail for the various parton constructions used in
this thesis in the main chapters below, and only a brief sketch is provided here to convey
the essential ideas.

In the context of spin models, representing the local spin-1/2 basis as |S?), one possible

12



parton construction begins by noting that
15) = ¢, [0) (1.14)

is an isomorphism between span{|f;),|]:)} and span{cg |0) ,CL |0)}, the latter being a
subspace of the four dimensional Fock space of the fermionic partons c;,. This physical

subspace is specified by the single-occupancy constraint

ch»acw = 1. (1.15)

The isomorphism (1.14) maps the spin-1/2 operator

1
Sl' — §c;-raa'agci5, (116)

where repeated spin (Greek) indices are always summed over. Any spin-1/2 Hamiltonian
H{S} can thus be written as a parton Hamiltonian H{c} using such a representation of
the spin operators; for instance the Heisenberg model is

H = Z Jij(cjﬂawcil,) : (c;/\a')\pcjp) (1.17)

]

The virtue of this representation is that it allows for a broader range of mean-field theories
than the original spin Hamiltonian. The latter generally leads only to magnetic states with
order parameter (S;) when subjected to a mean-field decoupling. The crux of the problem
is to then interpret the meaning of the parton mean-field states in terms of the original
spins; this is one of the main problems addressed in this thesis. For instance, one possible
mean-field decoupling of the quartic interaction in the above model leads to the mean-field

model
Hmf ~ E [tijc;[gcja + hC] + E CLO(’L.)[CIJCZ'U—]_], tij = <CIUC]‘O—> s (118)
ij i

where ag(7) is a Lagrange multiplier field that imposes the half-filling constraint (1.15). The
mean-field ¢;; above is one choice that preserves spin-rotation invariance, and motivated

by a desire to produce states akin to the RVB state. Of course, this choice is not unique
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by any means. There could also be pairing terms for the partons, which we have neglected
to include, or a more general hopping term that mixes the parton spins. As such, there
is clearly enormous freedom in the choice of mean-field ansatz in the parton framework,
made possible by various decouplings and patterns of ¢;;. The correct choice for a given
spin model is undoubtedly decided by symmetry and energetic considerations, but it is
typically impractical to search for the lowest energy state among all possible mean-field
solutions. Instead, the utility of parton methods is mostly in the discovery of novel phases
that can plausibly occur in a given system of (in this case) spin-1/2 moments. In particular,
it allows us to combine fractionalization with band topology (as ¢;; amounts to a choice of
parton bandstructure) to discover an entire host of unconventional phases. For instance,
by including pairing terms between the spinons, one can arrive at a Zs gauge theory that
describes the RVB state of Anderson [19, 20]. Instead, choosing ¢;; =t real on a honeycomb
lattice leads to relativistic spinons and the so-called Dirac spin liquid, which forms the
subject of chapter 2. Yet another is the Kitaev spin liquid discussed in chapter 4 that can
be obtained from a Majorana representation of spin-1/2. For each of these spin liquids,
there is an enormous experimental literature on candidate materials, synthetic designs,
and possible means of detection. As the field is still rapidly evolving, we preclude here a
discussion of the experimental status of the search for various QSLs and refer the reader
to the review [21]. However, we stress that the existence of such phases in theory has been
established beyond any shred of doubt, in large part due to exactly solvable models with
spin liquid ground states [22-24].

Returning to the development of the parton method, to check if the mean-field ansatz
(1.18) really does correspond to a plausible phase of spins, we must investigate its stability

under fluctuations of the mean-field ¢;;, of which there are two kinds — amplitude and phase.

R
Amplitude fluctuations (of ¢;;) are typically gapped [19, 20, 25] or correspond to higher

derivative terms in a continuum limit, thus irrelevant compared to phase fluctuations.

14



Including the latter by replacing ¢;; —¢;;€"*7, the parton model can be written as
H=> [tie“iclcio +hc]+ ) aoli)lclcir—1] + Hy, (1.19)
ij i
where H, specifies the dynamics of a;; that we shall shortly discuss. The matter part

above describes a gauge theory as foretold earlier, being invariant under the U(1) gauge

transformations,
ci — eigy,
Qi — aw‘+*(Ai'— Aj). (1.20)

Of course, this is a consequence of the ansatz chosen. If pairing terms are included in
Egs. (1.18)-(1.19), then there may only be a Zs gauge invariance. This gauge invariance
actually emerges from the parton decomposition (1.16) itself. Clearly, a U(1) transforma-
tion of the partons as just defined leaves the local spin operator invariant, and thus any
spin model will also be gauge invariant.!!

The dynamics for a;; specified by H, in Eq. (1.19) must preserve gauge invariance, and
all the symmetries of the mean-field ansatz specified by the matter part. This includes
compactness a;; ~ a;;+2m. These constraints uniquely determine the gauge dynamics to
be that of compact U(1) gauge theory:

H,= Ze? + KZ(l — cos fo), fo= Z ag, (1.21)
¢ O

teod

where e, and fm denote the electric field on edge ¢ and magnetic field on the face [1. The
latter is the lattice curl of as, i.e. the sum of a, over the set of boundary edges 0J of
the face [J. As usual, the electric field is a time-derivative of a; and obeys the canonical
commutation relation [as, ep] = idgr. The presence of the electric field means the gauge
constraint is modified from the hard relation (1.15) enforcing half-filling, to the Gauss law

(dive); = chacw —1. (1.22)

o

Tn fact, as discussed later in chapter 2, the largest group of transformations on the partons that leaves
the spin invariant is actually SU(2). However, this gauge group will be broken down to a U(1) or Z
subgroup by a specific choice of mean-field ansatz such as (1.19).
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On short distances comparable to the lattice constant, the electric field must be zero
and the hard half-filling constraint is recovered, so that only spins are visible. At long
distances, the partons c¢;, can transition from being purely formal degrees of freedom to
physical quasiparticles. These renormalized low energy partons are called spinons in the

context of spin liquids.

1.3 Polyakov confinement

Most of the parton constructions in this thesis involve compact U(1) gauge theory directly
or indirectly, coupled to partons with various bandstructures. It is therefore expedient to
discuss at this point some general properties of the pure gauge theory, i.e. in the absence

of any matter, described by the Hamiltonian and Gauss law
1 9 :
H, = 5 ;eg + K;(l — cos fno), (dive); = 0. (1.23)

Traditionally, K o ¢g~2 where g is the gauge coupling. Some aspects of this theory are
discussed in chapter 3. In this section, we shall demonstrate that test charges in this
theory are subject to a confining force that grows linearly with their separation, a result
established in a historic paper by A.M. Polyakov [26].

In the limit K — 0, the ‘electric term’ (kinetic part) in (1.23) dominates and the eigen-
states are then those of e;, but subject to the Gauss constraint (dive); =0 on every site i.
The compactness of a, and the canonical relation [as, ep] =idgr implies that the spectrum
of the operator e, is integral. Therefore, the operator (dive); also has an integral spectrum
implying the quantization of charge in integral units. It is then easy to see that the ground
state has e, =0 on all links of the lattice, and that gauge invariant excited states are ori-
ented loops of links carrying an integer valued electric flux. Explicit formulae for excited
states and energies can be inductively found starting from the ground state. Let the latter
be denoted |0). Excited states are obtained by increasing the electric field e, on the links of

a set of closed, oriented loops {C'} by {n(C)}, where n(C) €Z. The commutation relation
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lag, e¢] =104 allows us to construct an operator that does this. The excited states are then

{Congdy = Fouse_gmvdenor o) B(Cn)=Y" % ni]? P(CY), (1.24)
where E(C;,n;) is the energy of the state and P(C;) is the perimeter of the loop C;. Unlike
standard U(1) gauge theory with free gapless photons, the compact theory is gapped in
the electric limit K =0 due to the integral spectrum of the electric field.

Equation (1.24) provides the energy of excited states in the absence of gauge charges.
Let us now place two test charges, £1 at sites 2 and j. The Gauss constraint is modified on
those sites to (dive);=1 and (dive);=—1. Then every gauge invariant state must contain
an electric field line that begins and ends on ¢ and j respectively. In addition to this field

line, there can be closed loops at various places. The new ground state is the field line

with the shortest length, that is
zfj ap 1 . .
|0ij> =e"i"|0), Eo,ij:§|2—]|~ (1.25)

There is an extensive cost in energy to separate opposite test charges, which are thus
linearly confined. The tension in the electric flux line confining the test charges is the
energy per unit length, 1/2. This linear confinement of test charges is quite different to
the standard Coulomb force in two dimensions, which logarithmically confines.

In the opposite limit K — oo, the magnetic term in Eq. (1.23) must be minimized. Since
the Hamiltonian in this limit is a sum over plaquettes of commuting terms, we can restrict
attention to a single plaquette. It is incorrect to conclude that there exist degenerate

vacua fo = 2mng, which we shall call n-vacua.'?

The true dynamical variable in the
compact theory is exp(ia,), which implies the total flux is defined only modulo 27. A
close analogy is offered by the problem of a quantum particle on a ring, immersed in a
gravitational potential (1 —cosf). The position 6 of the particle is defined only modulo

2w, so the labels 6, = 2nm for the classical ground state are all identified as the same

physical point. However, there is a finite tunneling amplitude (due to the kinetic term) for

2The full ground state is then a product state over plaquettes: @ [ng), which has total flux Y 27np.
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Figure 1.3: Construction of fields o; on vertices of the dual lattice (blue), defined by
0; — 0;_3 =€, 5. The same is done for other links in a consistent way (right-left on the dual
link pierced by e; ), as denoted by the relative orientation of black and blue arrows.

the particle to wind around the ring an integer number of times. As we shall see shortly,
such tunneling events also occur in the compact U(1) gauge theory between the different
n-vacua.

We shall proceed with the analysis by first solving the Gauss constraint in order to
determine the physical states (on the square lattice for simplicity). It is easy to do this
in the continuum and then adapt the solution to the lattice. In the continuum, the Gauss
law div(e)=0,e,=0 can be solved by setting e, =¢,,0,0 for some scalar field o. To adapt
this to the lattice, let us consider the dual lattice as shown in figure 1.3 and place a scalar
field o; on its sites ¢. Consistent with the relative orientations of blue and black arrows in
figure 1.3, we define

2me; s = —Ayo(i — 7)),
2me; g = Nyo(i — 2),
2me; 5 = Ayo(i — & — ),
2me; g = —Ayo(i — & —9), (1.26)
where A, is the lattice derivative along the direction fi. It can be checked that the Gauss

constraint is automatically satisfied on expressing the electric field in terms of o; as above.
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The scalar o3 is called the dual photon, and it is clear that its spectrum consists of integral
multiples of 2. The terminology is because o describes the single polarization state of the
photon in two spatial dimensions; as expected, the momentum k,~ A, 0 of o is transverse
to both electric and magnetic (out of plane) fields. It is also clear from the definitions
above that electric flux lines correspond to kinks/domain walls of o. It is known that the
energy of a domain wall scales with its length in two dimensions'®, which is the signature
of confinement in the dual language, which we shall now demonstrate explicitly.

We have already established that the K =0 limit of the theory is in a confined phase.
It remains to show that this is also true in the opposite limit K — oo. For this purpose,
we rewrite the Hamiltonian (1.23) in terms of 0. To express the magnetic term in the
new variable, note that (1.24) tells us that exp (m fo a) increases the electric field on the
links forming the oriented loop C' by n. If C' is chosen to be the anti-clockwise elementary
plaquette centered on the dual site i (see figure 1.3), then this operator can be written in

terms of f; with action

1

7infgwinfg: L — (e ) -
e €5 Cig =N =5 (0 —05_3) — n,
L _— 1
e—mfiei iemfi =e;;+n= —( -5 Jg) + n. (1.27)
bl ’ 27T
This result shows that
eigzem i = o2 4 21, (1.28)

which identifies the momentum canonically conjugate to o as

I; = Ji (07, 10;] = id;;. (1.29)

o’

In terms of these dual variables, the gauge theory Hamiltonian (1.23) is

LK

H = KZ(l — cos 27ll;) + % Z(Aua;)Q. (1.30)

13 An instant way to see this is to consider the energy of a domain wall in the ferromagnetic state of the
2d Ising model J 37, .\ s;s;.
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Compactness a, ~a,+27 translates to compactness IT ~ TI+1 as evident from (1.29), which
again means that o has a spectrum in 27Z. The dual variables enable an easy analysis
of the magnetic limit K — co. We cannot proceed with a Taylor expansion of cosll, for
this destroys the compactness [I~II+1, or equivalently the integrality of the spectrum of
o. However, we can attempt to impose the latter energetically by adding a perturbation

coso. The result is the sine-Gordon theory

H~ %ZH% + % Z(Auog)Q — /\Z: COS 073. (1.31)

[
The operator exp(io) generates translations in II= f /27 by unity, so it inserts 27 flux

on a plaquette. The operator
M, (i) =™, MLGE) M) = f; + 2mn, (1.32)

is thus called a monopole operator of charge n. Evidently, M,, connects the different n-
vacua discussed earlier in this section. The coupling A is then interpreted as the transition
amplitude between |n) and [n+1)."* The importance of such tunneling events can be
studied in the framework of the RG. If the coupling A is relevant, then instantons are
important and play an important role in determining the ground state by pinning o € 27Z.
This also pins the electric field e;, ~€,, A, 07 to integral values, which leads to confinement
just as in the electric limit (K =0) due to an energy gap to create electric flux on a link.
On the other hand, if X is irrelevant, then o can fluctuate as it pleases, monopoles do not
form an important class of low energy excitations, and the electric flux on a link can be as
small as it likes. This obviously implies deconfinement, for test charges can be far separated
with little cost in energy. This RG analysis is easiest to carry out in the continuum theory

with a Euclidean Lagrangian

1

L=5K

(0,0)* — Acoso. (1.33)

141n the framework of field theory, tunneling events between classical vacua correspond to instantons,
which are finite-action saddle points of the Euclidean action.
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This is a monopole perturbation of the Gaussian fixed point at which [¢]=0 and [K]=—1.

In the absence of the monopole perturbation, there is a shift symmetry,
U(1)op : o—o+c, (1.34)

corresponding to the conservation of magnetic flux. Monopole operators can be abstractly
defined as operators charged under this symmetry, a fact obvious from our explicit con-
struction of such operators above.

The (ir)relevancy of monopoles is determined by the scaling dimension of the monopole
operator exp(io) at the Gaussian fixed point, which can be inferred from the long distance

behavior of the correlator

(7@ eir0)  — ({7O%),~(e@)r O (1.35)
The propagator is
d®k eik® K
=K = 1.
(o(x)o(0)), / 2 1 = Tl (1.36)

which shows that (¢(0)?) is UV divergent. Regulating with a finite lattice spacing a,

. . K K
wo(x) —10(0
(77 = exp (R B M) ' (137)

The UV cutoff a can be absorbed into a definition of renormalized monopole operators

Mg(z) =/ Zyy M(z) = B8 aeio@) (1.38)
from which it follows that

(Mg(2)Mg(0)), = e K/l 1. (1.39)

T—00

The scaling dimension of Mg(z) at the Gaussian point is therefore 0 < (D = 3), implying
that monopole operators are very relevant and pin ¢ to 27Z in the infrared, causing
confinement.

These arguments indicate that compact U(1) gauge theory always confines in three

spacetime dimensions. This might seem sobering in that QSLs require a deconfinement of
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partons, the gauge charges in the theory. One obvious way to obtain QSLs is Higgs the
U(1) down to a Z, gauge group, which does not feature monopoles. An alternative is to add
gapless matter. This is discussed in chapter 2 in the context of the Dirac spin liquid, which
is described by coupling the compact gauge theory above to Ny =4 flavors of relativistic
spinons (CQED3). It has been shown that in the limit of large Ny, monopole operators'®
in CQED3 have scaling dimensions that scale linearly with Ny, rendering them irrelevant
for large Ny [27-29]. Since the theory confines for Ny =0 (pure gauge theory), there must
exist a critical N, that separates confinement and deconfinement regimes. There is as yet
no consensus on what this critical N, is, and estimates range from N, < 1.5 all the way
to N.~10. A useful table of different N, obtained using various methods is provided in

Ref. [30]. In the following chapters, we shall see that monopole operators function in effect

as Landau order parameters for conventional phases proximate to a fractionalized phase.

1.4 Structure of this thesis

This thesis presents three case studies of phase transitions out of fractionalized states. The
structure is fully modular with few cross-references between chapters (at the cost of some
redundancy), which can therefore be read in any order.

Chapter 2 uses the parton representation of spin-1/2 discussed earlier in the introduction
to develop CQEDj3 as a theory of the Dirac spin liquid in spin-1/2 systems. Monopole
operators analogous to the those discussed for U(1) gauge theory in Sec. 1.3 are explicitly
constructed for CQEDj3 by means of an instanton gas calculation. By studying the response
of monopole operators to lattice symmetries, we argue that these function as Landau
order parameters of conventional phases proximate to the Dirac spin liquid in the parton
framework. The methods developed in this chapter allow the classification of all such

proximate phases on bipartite lattices.

15Monopole operators in CQED3 have a different structure to those of the pure gauge theory discussed in
this section. In particular, as shown in chapter 2, the flux operator exp(io) gets dressed by instanton-bound
fermion zero modes.
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Chapter 3, chronologically the first, is in effect a detailed description of instanton-
induced interactions between fermions and their symmetry-breaking effects. This is stud-
ied in a context where the fermions emerge from a parton gauge theory of a system of 2d
hardcore bosons with U(1) symmetry, which we show is spontaneously broken by instanton-
induced interactions. This chapter fills in many of the fine details and subtleties underlying
similar calculations appearing in other chapters, in addition to expounding on some intri-
cate features of the vacuum structure of compact U(1) gauge theory in three spacetime
dimensions.

Chapter 4 presents the theory of a continuous transition from a chiral spin liquid to a
phase with magnetic long range order in 2d Ising spin systems (i.e. with Zy symmetry).
This is achieved by first representing an Ising spin by N Majorana partons. By varying
the total Chern number of the parton bandstructure, paramagnetic, long-range ordered,
and chiral spin liquid phases are accessed. The critical theory that governs the transitions
between these phases is constructed by utilizing recently discovered dualities between (2 +
1)D quantum field theories, and turns out to be an SO(N) gauge theory with massless
Majorana fermions. Zsy-charged monopoles in this theory are shown, when proliferated, to

lead to confinement of partons and long-range ordering of Ising spins.
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Chapter 2

Monopoles in Dirac spin liquids and
their symmetries

2.1 Introduction

A quantum spin liquid is a quintessential example of a fractionalized phase in strongly
correlated systems, whose low-energy description is best afforded by a deconfined gauge
theory [24]. The parton construction is a systematic approach to derive such a descrip-
tion [19, 20, 31]. In such an approach, the lattice spins are rewritten as a composite of
fermions or bosons (partons) glued together by an emergent gauge field. While these par-
tons remain confined in conventional phases, a quantum spin liquid is characterized by
their deconfinement at low energy.

Of the various spin liquids that have been proposed, the Dirac spin liquid (DSL) is of
special renown for its candidate role as a “parent state” for several competing orders in
two spatial dimensions (2d) on various lattice geometries [32-38]. As known and reviewed
below, a low-energy description of the DSL state is afforded by compact quantum electro-
dynamics in three spacetime dimensions (CQED3) with Ny =4 flavors of massless Dirac
fermions. This theory is strongly coupled in the infrared and is expected to flow, at least
for sufficiently large Ny, to an interacting conformal field theory (CFT) with an emergent
SU(Ny) flavor symmetry, at which one observes power-law correlations in order parameters

for several microscopic competing orders [32, 35, 39].
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In this story, the first question to be asked concerns the stability of the DSL. Are there
relevant operators in this CFT with the same microscopic lattice symmetries as the DSL?
Fermion bilinears are of course relevant, but always violate microscopic symmetries [32, 35—
37]. Of special concern are monopole operators in CQEDj3 [9, 26, 27, 40], which have their
origin in the compactness of the emergent gauge field that results from the parton con-
struction on the lattice. At least for sufficiently large Ny, all monopole operators are
irrelevant [27, 28, 39, 41] and CQEDj; remains in a deconfined phase, thus guaranteeing
stability of the DSL. In contrast, the fate of the DSL for small Ny, including the value
of interest Ny =4, is murkier. The issue is the possible renewed relevancy of monopoles,
in which case one then has to determine if there are monopoles with the same symme-
tries as the microscopic realization of the DSL on a given lattice. Correctly determining
how monopole operators transform under lattice symmetries (i.e., their “quantum num-
bers”) has been the subject of a longstanding theoretical program [35-37, 42-45]. To be
specific, as monopole operators in CQEDj are dressed by fermion zero modes [1, 27, 46],
their transformation under lattice symmetries has two contributions: from the zero modes
themselves, and from a U(1),, phase shift of the bare monopole interpreted as a Berry
phase obtained on dragging the monopole through a Dirac sea. (Here U(1)top denotes
the U(1) topological symmetry of planar U(1) gauge theories, whose global charge is the
total magnetic flux.) The latter Berry phase has been difficult to compute, and a general
framework to do so has only recently emerged in two works by Song et al. [36, 37]. Their
conclusions indicate that, in realizations of the DSL on bipartite lattices, there always exist
monopoles that transform trivially under all lattice symmetries of the state. The relevancy
of such monopoles will then destabilize the DSL, and a transition into one of the proximate
competing orders is then expected.

The second part of the DSL story is then determining the various competing orders for
a given microscopic realization of a DSL [32, 35-37, 45, 47, 48]. The immediately available

“order parameters” in the continuum field theory are the gauge-invariant fermion bilinears
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Yt%), where ) is a spinor in the fundamental representation of the SU(4) flavor symmetry
group and t* € su(4). However, the spontaneous generation of an expectation value for such
a fermion bilinear is not enough to drive the DSL into the corresponding ordered phase, for
the fermions are still deconfined. To obtain phases with conventional long-range order, one
further requires a mechanism by which the gauge charges confine. This is assumed to be
due to monopole proliferation in the gauge theory, whose consideration we are again led to.
The state-operator correspondence allows one to classify all monopole operators by their
scaling dimension [27-29, 49-58]. Combined with the methods developed in Refs. [36, 37] to
compute the quantum numbers of the monopoles, one can determine the correct monopoles
to add to the Lagrangian. As argued in those references, the transition from the DSL into
a proximate conventionally ordered phase then consists of a two-step process in which a
fermion bilinear is first spontaneously generated, due for instance to a sufficiently strong
symmetry-allowed four-fermion interaction [59], followed by the proliferation of the relevant
monopoles to drive confinement. In certain cases, the fermion bilinear does not encode
all the broken symmetries of a given microscopic order, and monopole proliferation is
responsible for breaking the remaining symmetries.

To construct these monopole operators, Ref. [27] utilized the conformal invariance of
massless CQEDg3 at large Ny and defined monopole operators as states in the large-NN
CFT in a background flux on S?xR. In this chapter, we use the definition of monopole
operators as instanton defects in the path integral [9, 26, 40, 60, 61] to explicitly recon-
struct these directly on R? as terms in an effective Lagrangian, in the specific context
of a DSL. Moreover, our construction is not reliant on conformal symmetry. Indeed, we
specifically focus on the dynamics of confinement once a fermion mass 1t%) is added to
the DSL Lagrangian. We find that such an “adjoint mass” results in the existence of
Euclidean zero modes (of the 3D massive Dirac operator) bound to instantons, distinct
from the zero-energy modes that appear in the massless limit. Resumming the instan-

ton gas results in the generation of an instanton-induced term in the effective Lagrangian
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dubbed the 't Hooft vertex [1, 2, 62-65], which in this case turns out to be equivalent to
the zero mode-dressed monopole operator found in the CF'T approach. For ordered phases
with (broken) symmetries fully captured by a fermion mass, we show that requiring the
associated 't Hooft vertex to satisfy the same symmetries can be sufficient to compute
monopole quantum numbers under microscopic symmetries. As observed in Refs. [36, 37],
the DSL on square and honeycomb lattices possesses such proximate orders, in contrast to
non-bipartite lattices.

The rest of the chapter is structured as follows. After a review of the parton construction
of the DSL in Sec. 2.2, we organize the effects of monopoles in the path integral as an
instanton-gas sum in Sec. 2.3.1, where it is also shown that such instanton-bound zero
modes cause the path integral to vanish. The physical meaning of these Euclidean zero
modes, and their relation to zero-energy modes found in previous constructions in the
literature, are discussed in Sec. 2.3.2. Section 2.3.3 discusses the technical computation
of the 't Hooft vertex by resumming the instanton gas. This 't Hooft vertex is rewritten
by introducing “zero-mode operators” in Sec. 2.4, which reveals the relation to monopole
operators constructed in the CFT approach. After discussing the continuum symmetries
of the instanton-induced monopole operators, we comment in Sec. 2.5 on their quantum

numbers under lattice symmetries for bipartite lattices, and finally conclude in Sec. 2.6.

2.2 Review of Dirac spin liquids

For concreteness, we consider the spin-1/2 antiferromagnetic Heisenberg model,

H=Y 7,88, (2.1)

]
on an arbitrary planar lattice, although one really has in mind an equivalence class of lattice
models differing by symmetry-allowed terms. To obtain spin-liquid states, one typically
begins with a parton representation [20],
S:EZCTU . (2.2)
v 2 ¥ aBltif) .
a76:T7¢
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where ¢;, are fermions of spin-1/2 and o =(0,, 0y, 0.) is the Pauli vector. Since the local
spin-1/2 Hilbert space is only two-dimensional, the parton representation introduces a
gauge redundancy, and one must project out unphysical states using the single-occupancy

constraint:

D clicia =1. (2.3)

o

The gauge group can be seen to be SU(2), for a local SU(2) rotation of the Nambu spinor
(cir c}i) leaves the spin operator (2.2) invariant.

The Heisenberg model then becomes a quartic interaction of fermions, which can be
exactly decoupled inside a path integral using Hubbard-Stratonovich (HS) fields, as a
prelude to mean-field theory. Motivated by a search for translationally and rotationally
invariant spin liquids', the most general decoupling consistent with these requirements

results in a Lagrangian (assuming sums over repeated spin indices):

L= Z O Cia — Z %(cjazijcja—l—h.c.) - Z {fj (eagcjawijc;ﬁ—i—h.c.)

ij pr
Jij . .
" Z 1 (sl 4wyl = Z ao (i, 7) (€l Cia—1)- (2.4)
1] i

Here aq(i,7), with 7 being Euclidean time, is a Lagrange multiplier field that imposes the
half-filling constraint on every site, and z;; and w;; are complex-valued HS link fields. The
saddles of z; and w;; are respectively at c}acja and echTac; 5» 80 a mean-field ansatz for

(2

zi; and w;; is equivalent to condensing those fermion bilinears. Introducing the Nambu

variables,
Cw Zij U}”
€y Wi~

and Pauli matrices 7!, [=1,2,3 that act in this Nambu space, and relabeling ag— a3, the

Lagrangian can be rewritten as:

8

v

L= 00 —iar )i = j4 Ty +he) + 3 L u Ty, (26
7 i

"'While breaking spin-rotation symmetry does not preclude a spin-liquid ground state [66], the Dirac
spin liquid is a state that preserves this symmetry.
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where the half-filling constraint is redundantly imposed using two more Lagrange multi-
pliers, a} and a2, to produce the temporal component ag = aj7’ of an su(2) gauge field.

Indeed, the Lagrangian is now invariant under an SU(2) gauge transformation:

ao(i) — Qi(ao + 10,0,
Tij — QiTijQ;r‘v

The Lagrangian (2.6) is an exact representation of the spin-1/2 Heisenberg model on an
arbitrary lattice, and describes a lattice SU(2) gauge theory at infinite gauge coupling
(i.e., with no dynamics for the gauge fields), but with the group elements U;; on every
link being arbitrary complex matrices instead of SU(2) matrices. However, any complex

matrix admits a polar decomposition
T =VTiTU = pU, (2.8)

where U is unitary, and p is positive semi-definite and Hermitian.

At this point, one chooses a mean-field ansatz (T};) that renders the parton Hamiltonian
quadratic. As T} is gauge-covariant, this ansatz generically violates gauge invariance, and
the mean-field Hamiltonian H,,; will not commute with the constraint operators @ ;.
However, some measure of gauge invariance is restored by considering fluctuations in 7}
about its mean-field value. Of these, there are “amplitude fluctuations” in p and “phase
fluctuations” in U, as evident from (2.8). Since p only modulates the magnitude of the
hopping, it is expected that the fluctuations of qualitative importance are those of the
“phase matrix” U. Since we are interested in the infrared fate of the system, these gauge
fluctuations will have dynamics due to a renormalization of the gauge coupling to finite
values under RG flow of (2.6). This means the hard gauge constraint (2.3) will be softened

in the infrared to

(OE"); = ylrtyy, (2.9)

29



where the left-hand side is t he lattice divergence of the electric field. It is understood that
the fermions on the right-hand side are now renormalized fermions, and thus need not obey
the hard constraint of the ultraviolet partons originally used in the parton construction.
The mean-field Hamiltonian is then understood as written in terms of these renormalized
partons, dubbed spinons.

Then writing 7;; =T; exp(ia;;) to allow for phase fluctuations, it is intuitive from (2.6)
that a generic mean-field value 7', which translates to condensing bilinears of type cmc;r-a
and c;rc;, might Higgs the su(2) gauge bosons down to some subgroup. A criterion given
by Wen determines the infrared gauge group [19, 20, 67]. Considering all based loops
on the lattice, a collinear flux (in some direction in SU(2) space) of the mean-field T
through all such loops results in a Higgsing of SU(2) — U(1), and generic non-collinear
fluxes will break it down to Zs, completely gapping out all gauge bosons. In contrast, a
trivial SU(2) flux (xI) ensures all the su(2) gauge bosons remain massless. We shall be
specifically interested in mean-field states that Higgs SU(2) — U(1) on various lattices.
Examples include the staggered flux state on the square lattice [32], or the 7 flux state on
the kagome lattice [33-35]. The spinons (¢4, ¢)) in these states have relativistic dispersions,
with generically two Dirac nodes (=) in the bandstructure. A linearized description at
these nodes with low-energy fermions 1,,, that also accounts for U(1) gauge fluctuations

with an emergent gauge field a,,, is then given by the continuum (Euclidean) Lagrangian:
_ ) 1
£:¢(@—Z¢)¢+@f2> (2.10)

where f,, =0,a, —0,a, is the field strength tensor, 1 is a Dirac 2-spinor in the fundamental
representation of SU(4)?, the gamma matrices (y1,72,73) = (Va, Vy»V2) are chosen as the
three Pauli matrices, and the Dirac adjoint is ¢ = 1fvy5. Since the gauge coupling e?
has dimensions of inverse length, the Lagrangian is expected to be strongly coupled in
the infrared, flowing to an interacting conformal fixed point which we shall call the DSL

fixed point. In the 1/N; expansion, one can show that this fixed point becomes nearly

%i.e. there are Ny =4 flavors of relativistic 2-spinors forming a vector of SU(4).
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free, characterized by €2 oc N7, so that in the limit N 5 — 00, gauge fluctuations are
suppressed and spinons are free [39, 68, 69]. While it is unclear if this fixed point persists
as Ny is lowered to the physically relevant value Ny=4, conformal invariance at large V¢
provides an accessible window to find relevant operators that can destabilize the DSL. Of
central importance are monopole operators arising from the compactness of a, which when
proliferated act to confine spinons into gauge-neutral spins [9, 26, 40], yielding conventional
phases of the parent spin system.

These monopole operators can be defined at the large- Ny DSL fixed point via the state-
operator correspondence in radial quantization, by considering free fermions on a sphere
containing a monopole (plus fluctuations controlled by the 1/Ny expansion) [27]. The
monopole with smallest scaling dimension corresponds to the ground state of the fermions.
In a 27 flux background created by a minimal monopole, there is one zero-energy mode per
flavor of relativistic fermion as required by the Atiyah-Singer index theorem. To obtain
a gauge-invariant state respecting the constraint (2.3), half of the four zero-energy modes
have to be filled. There are thus (3) = 6 monopole operators of minimal charge. If there is a
symmetry-allowed relevant monopole, then the DSL is an unstable critical point separating
ordered phases. If all monopoles are irrelevant, then there is no confinement and a stable
DSL is obtained. However, there could be other interactions that drive symmetry-breaking
by generating a fermion mass, allowing a previously disallowed monopole to then condense,
causing confinement. We will now proceed to explicitly construct these monopole operators
without relying on conformal invariance. As a byproduct of such a construction, we will
obtain the exact monopole that proliferates for a given pattern of symmetry breaking

described by the “adjoint masses”:
M® = mat™y, t* e {o', u o'y}, (2.11)

where o;, i1; are Pauli matrices that act on spin and nodal indices respectively. The 15 mass
terms considered above are the most general (Hermitian and Lorentz-invariant) fermion

masses that do not radiatively generate a Chern-Simons term for the gauge field a,. Indeed,
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along with the identity matrix, they form a basis for the space of all 4 x 4 Hermitian
matrices. The identity itself, that is the fermion mass 1), generates a Chern-Simons
term for a,, and is not expected to lead to a symmetry-broken phase with confined gauge
charges. In the CFT picture, an adjoint mass spoils conformal invariance and splits the
degeneracy between the four zero-energy modes, causing one particular combination of
the six monopole operators to lower its scaling dimension compared to the rest [48]. Our
construction will directly yield this monopole, and by varying the adjoint mass yields all

linearly independent monopole operators.

2.3 The ’t Hooft vertex

The basic idea behind our construction is to (1) formulate the instanton problem in its orig-
inal Euclidean path-integral language, rather than the canonical-quantization formalism
of CFT, and (2) utilize semiclassical instanton calculus [61, 63-65] to resum a monopole-
instanton gas in the presence of massive fermions [1]. We show that the existence of
instanton-bound fermion zero modes (ZMs) of the Fuclidean Dirac operator on R? cause
transition amplitudes to vanish unless fermion insertions can “soak up” these ZMs in the
path-integral measure. This is in contrast to the case of massless Dirac fermions, for which
no normalizable Euclidean ZMs exist [70]. These insertions will then “dress” the bare

monopole operator that simply creates 27 flux in the gauge theory.

2.3.1 Euclidean fermion zero modes

To set up our semiclassical calculation, we decompose the emergent gauge field as:
a=A+da, (2.12)

where A is a monopole-instanton solving the Euclidean equations of motion, and da de-
scribes smooth fluctuations (photons) around the instanton solution. Temporarily neglect-

ing the coupling of fermions to photons®, the partition function can be written as a sum

3This is justified in a large-N; approximation, but one can improve the calculation by considering
fluctuations around the instanton just as in Ref. [28].

32



over an instanton gas [1]:

7= / Dae~% /@5 0u)? i i' ﬁ ( / Pz Y e /i) / D(¥, ¢)e—sf[A<qkn> 7
N=0"" k=1 ak€Z
(2.13)
where ¢ is the dual photon [9], N is the number of monopoles in the gas, g, their charges,
2 their locations (a collective coordinate), and g3 /e*¢ with short-distance cutoff ¢ (on the
order of the lattice constant) the action cost for a charge-¢; monopole. Finally, S¢[A(qx)]
is the fermion action in a single-instanton background specified by (qx, zx). A dilute-gas
approximation has been made in the partition above, which allows one to partition an
N-instanton background as A = fo:l A, describing N well-separated boxes contain-
ing a single instanton each. Assuming a dilute gas of monopoles allows one to bring
the fermion path integral inside the product in (2.13), and consider fermions moving in
a single-instanton background instead of that of a correlated instanton liquid. This is
formally accomplished by decomposing 1 into fields localized in large boxes around each
instanton [64], with zero overlap between boxes. This is justified in hindsight by the ob-
servation that fermion ZMs are exponentially localized on the instantons.

A brief remark on the validity of the dilute gas approximation is in order. In the
pure gauge theory (without matter), monopoles interact via a Coulomb potential, which
is known not to form bound states in 3D. The diluteness of this Coulomb gas can be
argued using a standard Debye screening theory that assumes weak coupling e?¢ < 1, as
in Polyakov’s original work [9, 40]. In the theory with fermion matter considered in this
work, we will see that there exist pair exchanges of fermions between monopoles. Such
pair exchanges are expected to correct the Coulomb potential between bare monopoles.
However, since the fermions considered are massive, we suspect that such a correction
is not enough to overwhelm the long-range Coulomb interaction and result in monopole
bound states that would invalidate a dilute gas approximation.

We will only be concerned with monopole operators of lowest charge ¢ = +1 since

these have the smallest scaling dimension, although the computation straightforwardly
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generalizes to higher charges in an obvious way. The fermion path integral in Eq. (2.13),

which we separately write as:

_ / D(, p)ed FO-iA rmiy (2.14)

evaluates to zero for a gauge-field configuration .4, with nonzero monopole charge ¢. This

is because the Euclidean Dirac operator:
D,=ad—iA, +mt", (2.15)

has nontrivial ZMs in an instanton background. Unlike zero-energy modes of the Hamil-
tonian [71] that are typically bound to solitons, these zero modes of © are bound to
instantons. The relation between energy ZMs and these Euclidean ZMs will be further
elucidated in Sec. 2.3.2.

Explicit solutions for these ZMs are obtained in Appendix 2.7. For a fixed mass mt® €

su(4) with m >0, the normalizable ZMs of ©® in ¢==+1 backgrounds are (respectively):

v2m 1/2

W(r,0,0) == "V (0.9) i), i=2,4; (2.16)
i vam _ , :
u(r,0,0) ==Y 00, 0) i), . i=1,3, (2.17)

and those of @l are respectively:

vV 2m —mr~sl/2

0.6, 0)=""=e VG0 0) ), i=1.3 (2.18)
i V2 , :
oO(r.0,0) =" Woo@ @) i), =24, (2.19)

where the four eigenvectors of the su(4) mass are defined by:
t iy, =(=1)"li),, i=1,2,3,4, (2.20)

and ygjjf are monopole spinor harmonics as defined in Appendix 2.7. As discussed in the
subsequent section, gauge invariance mandates that only two of these ZMs can be filled

in any fixed instanton background. It will turn out to be sufficient to consider the ZMs
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qu) and v of ®, and D' to obtain nearly all the results in this chapter. As shown in

Sec. 2.3.3, these lead to spontaneous fermion pair creation (in an instanton background)
and annihilation events (in an anti-instanton background).

The topological guarantee of these Euclidean ZMs is provided by their relation to energy
ZMs of a massless Dirac Hamiltonian in a static 2wq flux background, which are protected
by an Atiyah-Singer index theorem [46]. Indeed, the Euclidean ZMs above in the limit
m—0 (ignoring the normalization) have precisely the form of the energy ZMs observed in
radial quantization on S? xR, on recognizing the Weyl rescaling factor r~' =exp(—7) [27].
A nonzero mass gaps out these energy ZMs, which reincarnate as normalizable (exponen-
tially localized) ZMs of the Euclidean Dirac operator ©. As we show below, the physical
consequence of these Euclidean ZMs is that instanton events are correlated with fermion-

number violating processes.

2.3.2 Euclidean fermion zero modes in a Hamiltonian view

We first present an intuitive argument for the heretofore claimed fermion-number violating
processes caused by instantons. Instead of modeling the instanton as a point source of
flux spatially localized in 2d, we can distribute the 2wq flux uniformly across the area A
of a finite system. This is physically reasonable as a nonzero gauge coupling will supply
monopoles with momentum, effectively delocalizing them. What is important is that the
total flux through the system can only jump discretely through instanton events. Massive
Dirac fermions under this uniform magnetic field 2wg/A are then housed in relativistic

Landau levels (for each flavor),

Eni = ++/2mn|q|A-1 4+ m2, n>1,
Ey = msgn(q), (2.21)
where Fj is the “zero Landau level” obtained in the massless limit. The degeneracy of

the levels is |¢|, so that for ¢ =41 there is precisely one “zero mode” per flavor of Dirac

fermion, in agreement with the Atiyah—Singer index theorem, giving a total of four modes
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for Nf=4

Figure 2.1: Massive Dirac fermions in various flux backgrounds at half-filling. Clockwise
from top left: [(a) to (b)] Instanton f=0 — 27 accompanied by spinon pair creation in two
midgap modes. [(b) to (c)] Anti-instanton f =27 — 0 accompanied by pair annihilation
of spinons in occupied midgap modes. [(c) to (d)] Anti-instanton f=0 — —27 with pair
creation of spinons in two midgap modes. [(d) to (a)] Instanton f=—27 — 0 accompanied
by pair annihilation of spinons in the occupied midgap modes.

In preparation for an interpretation of instanton events, let us imagine adiabatically
dialing the flux from 0 to 27. In the zero-flux limit, we simply have two bands formed by
gapping a Dirac cone [Fig. 2.1(a)]. The single-occupancy constraint (2.3) ordained by the
parton decomposition (2.2), which is equivalent to a Gauss’ law constraint, mandates a
half-filling of these bands (for each flavor of Dirac fermion). As a 27 flux is adiabatically
turned on, the F, 4 levels evolve in perfect tandem out of the upper and lower bands, while
the “zero mode” captures the spectral asymmetry of the Hamiltonian. Depending on the
relative sign of m and ¢, it either descends from the upper band [sgn(mgq) > 0] or ascends
from the lower one [sgn(mgq) <0]. Since we are working with su(4)-valued masses mt¢® that

preserve time-reversal (TR) invariance, it follows that there are a total of 4 displaced energy
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“ZMs” | two with energy m and two with energy —m [Fig. 2.1(b)]. Gauge invariance (i.e.,
the single-occupancy constraint) again requires us to fill two of these modes. The ground
state is uniquely obtained by filling the two negative-energy modes. This is to be contrasted
with the massless limit, in which all four modes are degenerate at zero energy, and there
are six possible ways to fill two of them. Selecting a specific su(4)-mass mt* gaps the four
degenerate ZMs in a TR-invariant manner, selecting precisely two of them to fill.

Therefore, when the flux tunnels from 0 — 27 by means of an instanton, two negative-
energy modes suddenly appear in the spectrum. If these remain unfilled*, the instanton
would have caused an unphysical transition from a gauge invariant state to a non-invariant
state violating the half-filling condition. The resolution is that an instanton event must be
accompanied by fermion pair creation in the two new unfilled levels. Proceeding then in
reverse from 27 — 0 flux sectors by means of an “anti-instanton”, we immediately observe
that anti-instantons should cause fermion pair annihilation as the two “ZMs” disappear
into the lower bands [Fig. 2.1(c)].

These considerations lead to the conclusion that instantons cause fermion pair creation
and annihilation. However, such processes must be reflected in an appropriate effective

Lagrangian by means of “dressed” monopole operators of the form:
MYA P+ MigTAL Y, (2.22)

where M is a “bare” monopole operator that creates 27 flux, T denotes the transpose, and
A, is a vertex factor valued in su(4) that will select precisely two flavors from the four ¢4,
to fill the two displaced energy ZMs just discussed. Determination of this vertex factor for
a specific su(4) mass is one of the central goals of this work, a task that shall be taken up
in the next section.

Finally, the above considerations can be equally applied to flux tunneling from 0 —

(—2m), which leads to the conclusion that anti-instantons can also create fermions [Fig. 2.1(d)].

41t is assumed that we are at sufficiently low temperature that the leading order contribution is the
filling of the two negative modes rather than the positive mid-gap modes that are also present. In any case,
we shall see in the next section that the selection of two modes automatically falls out of the calculation.
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This would yield a vertex contribution
MIGA_PT + MyYTAT 4, (2.23)
2.3.3 Resummation of the instanton gas

In this section, the intuitive picture sketched in the previous section will be formally laid
out in the path-integral framework, and the monopole operators (2.22-2.23) completely
determined by a resummation of the instanton gas in the partition function (2.13). To do
so in the presence of ZMs of the Euclidean Dirac operator, we shall use a slight variant of the
technique originally devised by 't Hooft in his resolution of the U(1) problem in QCD, [63—
65]. More technical details can be found in Ref. [1]; see also Ref. [62] for a symmetry-based
argument. An analogous calculation for SO(N) gauge theory with Majorana matter was
done in Ref. [2], which studied confinement transitions out of a chiral spin liquid. Readers
uninterested in the technical details of the calculation can safely proceed to the next section
with just the final result [Eq. (2.36)] in hand.

As observed in Sec. 2.3.1, the fermion path integral vanishes in a nontrivial instanton
background, implying that only the sector with zero instanton charge contributes to the
partition function itself in Eq. (2.13). However, sectors with nonzero charge will contribute
to correlation functions that can “soak up” the ZMs (to be explained below). From the
discussion in the previous section, we expect these to be correlators of the form (y1)). This
is best seen with mode expansions of the spinons (v, @E) in eigenfunctions of the self-adjoint
operators (@1@+, ®+@1) for a ¢g=+1 background:

¥ =gy (T2 s (T =2 )+ Y wilw—z4)6,

(2

b= mi(e—2)E, (2.24)

i
where w; are nonzero modes (indicated by the primed sums) of ’DL’DJF, which occur in
pairs with w; of @+@L and {n, ¢, £} are Grassmann numbers to ensure the correct Fermi

statistics. The functions w;; (x — 2z, ) are the ZMs of ©1©+, localized on a charge +1
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instanton at z,, whose explicit expressions are given in Eq. (2.16). Only two ZMs have
been included as mandated by the gauge-invariance arguments in Sec. 2.3.2, and the ZMs
vgf) of @Jﬂr have not been “filled” by including them in the mode expansion of 1. Strictly
speaking, we should sum over all possibilities by doing a separate calculation that only
includes the two ZMs of ’DL and not those of ® ;. However, it will be easy to write down
the result of such a calculation after our considerations below.

The functional measure can now be defined as:
— -

where the prime again denotes the exclusion of ZMs in the product. Since the ZMs {1, 14}
do not appear in the Lagrangian 1/® ¢, the Grassmann integrals over these cause the
partition function to vanish. However, pair correlators of the form (¢1)) involve enough
insertions to “soak up” the ZMs in the measure and produce a nonzero path integral. An

explicit calculation, using the mode expansions (2.24), shows that:

(W@ ()T), = —Kaus, (z — 2 )uf, (y — )7, (2.26)

a,,,b

=yt —

where a,b are SU(4) indices that have been here antisymmetrized (i.e., vl*w® = v
vPw?®), and K is the fermion path integral over the nonzero modes (¢, &) in the instanton
background. While this amplitude looks neither Lorentz nor gauge invariant at present, we
reassure the reader that these issues will be addressed towards the end of the calculation.

Since the fermion ZMs are exponentially bound to the instanton with a width m ™!, this
result shows that anomalous correlations also decay exponentially away from the instanton

with a length scale m™".

This also reinforces the conclusion reached intuitively in the
previous section; the fermion vacuum in the presence of 27 flux has two additional fermions
compared to the one with zero flux. A transition between the two states is possible only

if these two extra fermions are annihilated, and this is precisely what the 1) insertion

achieves.
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We now ask for an effective Lagrangian that reproduces such correlation functions, which
will amount to resumming or “integrating out” instantons. In the pure gauge theory, it
is well known that the result of such a resummation is a sine-Gordon term o cos(o) that
gaps out the dual photon o in the infrared [9, 26, 40]. With fermionic matter, a 27 flux is
associated with two additional fermions, so we expect an effective Lagrangian to contain
a term of the form 1A 1". To determine A, let us perturb with a generic anti-
symmetrized source® 1 (x)TJ(z,y)w(y), with suppressed su(4) and Lorentz indices, and

perturbatively expand to O(J):
Zi[ Ay, )] = / D(g, e HPrtmum oy
= K, / Fx dPyul (v — 20)J (2, y)uay (y — 2¢) + O(J?), (2.27)

where the second line is obtained by using the mode expansions (2.24), and K is the
fermion integral over non-ZMs as in Eq. (2.26). Our arguments in this and previous
sections have indicated that such an amplitude can be reproduced by a path integral of

the form [1]:

I ] :/D(¢,¢) o= [ P@+mtyp—[ YT
< [ @ B €@ a2 O (2229

where the vertex A, has been written as a dyadic product w; (] of vectors with possi-
ble spinor and su(4) indices. We will determine C, wy, (4 by demanding equality with
Eq. (2.27) to O(J). Note that the fermions are no longer in a flux background in I [J].

Expanding the above integral to O(J) and Wick contracting gives:

I[J]=Cy /d?’(x,x',y, y’)[Gf(x —2')¢ | (x, y)[Gf(y —y)wyl, (2.29)

where Gy = <¢QZJ> , 18 the free fermion propagator. Comparing with Eq. (2.27) and demand-

50ne should strictly add TJv + h.c., but the conjugate term cannot soak up the zero modes in the
path-integral measure in the g=+1 sector, so we drop it to reduce clutter.
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ing equality gives the vertex factors:

Cy =K, =det®D,,

G = Gluzy & =221 05(6,0) 12),.

wy = Gy lusy & =220 50(0,0) [4),, (2.30)
where we have used explicit expressions for the free propagator (Appendix 2.8) and ZM
solutions [Eq. (2.16)], and the approximation holds at distances r>>m™" (the width of the
instanton-bound ZM). One can now replace Z¢[A,, J] with I [J] in the instanton-gas sum
appearing in the partition function (2.13).

To obtain a path integral I_[J]=Z¢[A_, J] in the anti-instanton sector, the calculation

above should be repeated with ZMs of ©_®! in the mode expansion of ¢. One can
write down the result based solely on reflection positivity (not reality) of the Euclidean

action [72, 73], but since this is somewhat subtle as we shall see later, it is more prudent

to just repeat the above calculation. The result is:
I[J]=cC- / d* (.2 y. ) [Gh(w = a ) (@, p)Chly — ¢ )], (231)
with

C_=K_=det'D",
¢ = (=@ +mt*) tus 2721V 0(0,0) 12),

wo = (=@ +mt?) tug ~ —2v27 Y00, 9) 14), - (2.32)
Substituting in I, [J] for Z;[Ay, J] in the partition function (2.13), we obtain:
/DaD P, 1h) e%0~ fWW“”Z H/d%k/d%d?’
N= 0
X | KT h (@) V(o= 2) X4 DL Goly—2) 0 () + e |, (2:33)

where “r.c.” denotes the reflection conjugate®, dimensionless constants have been lumped

6This is the analog of the hermitian conjugate in Euclidean signature, and is discussed in Sec. 2.4.1.
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into K, and the free action Sy is:

So = / d*x {%2(8#0)2 + (@ + mt*)y| . (2.34)

As remarked below the mode expansions in Eq. (2.24), one must also sum over a transition
amplitude that involves the two ZMs of @1 but not those of ®,. The calculations leading
to Eq. (2.33) clearly indicate that resumming instantons with these ZMs would lead to

further insertions of the kind:

—K_e ) (x) i/1200(515 zk)|1><3|y—100(?/ )T (y) + e, (2.35)

where the ZMs (2.17) and (2.18) have been used. As predicted at the end of Sec. 2.3.2,
this vertex corresponds to spinon-pair creation by anti-instantons. Including these terms in
Eq. (2.33), re-exponentiating the instanton-gas sum and then setting the source J to zero

results in an instanton-induced contribution to the effective action: the ’t Hooft vertez,

St = Ko [ @207 | [@a@ifie - o] 0l | [ @3t - 200
w i [z | [anye -] e | [ ey - v
w1 [aze | [aei@p e - 2| el | [ @ b - 0]

w6 [@zemo | [eeyifie -] | [ esmiie -]

(2.36)
where the superscript a in Sj; serves to remind that this effective interaction is associated
with a given adjoint mass mt®, whose eigenvectors |i) feature in the vertex. However, at this
point, we note that the role of the fermion mass is solely to regulate K, = (det’@i@i)l/ 2
(our discussion below of reflection positivity will imply K, = K_ = K), and the derived
instanton-induced vertex is sensible in the massless limit, with the functional determinant
being regulated in some other way. The adjoint mass then serves a role similar to a
symmetry-breaking source for a specific ordered state in our calculation. When the massless

limit, which does not “commute” with the resummation of the instanton gas, is taken at
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the end, the adjoint mass leaves behind in its wake a monopole which in turn will drive a

confining transition into a proximate ordered state.

2.4 Monopole operators and their symmetries

We will now rewrite the 't Hooft vertex (2.36) using “zero-mode operators” in a form that
makes explicit its relation to the CFT monopole operators constructed in Ref. [27]. To

this end, we define the mode operators:

() = [ PB@I o 2),
() = [ @I =) 0(a),

c+100 = d, (2.37)

where flavor indices have been suppressed. These can be thought of as a spacetime analog
of a change of basis with coefficients (jM|z). In fact, this follows from a mode expansion of
the fermion fields in monopole harmonics (see Eq. (7.3) of Ref. [29]), and thereby identifies

(13

cgim as the R? analog of the “zero-mode operators” of Refs. [27, 29], there defined in
radial quantization on S?xR. The 't Hooft vertex (2.36) can be written in terms of these

operators as:

St = K / a2 (2) |2)04] dy ()7 + e~ d_(2)T |4)2] d_(2)

+e70d_(2) [1)(3] d-(2)T + P d (2)7 3X1] d+(z)] : (2.38)

which should be understood as the monopole operator spawned by a given adjoint mass
mt® with eigenvectors as in Eq. (2.20). This form makes it manifestly clear that the su(4)
part of the vertices, |2)(4| and |1)(3|, must be antisymmetrized, in accordance with the
observation in Refs. [27, 29] that monopole operators of minimal charge transform in the
antisymmetric representation of the flavor group with N;/2 indices. Before discussing
flavor symmetry in greater detail, we first derive how the ZM operators (2.37) transform

under spacetime symmetries, reflection positivity, and gauge transformations.
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2.4.1 Spacetime symmetries, reflection positivity, and gauge in-
variance

Lorentz invariance

Since the ZM operator dy defined in Eq. (2.37) creates a fermion in a j = 0 state, one
might intuitively expect it to be Lorentz invariant. To see that this bears out, consider a
Lorentz transformation A (rotation in Euclidean signature) with U(A) the corresponding
SU(2)0t action on spinors. Since the monopole spinor harmonics yj:/fop have total angular

momentum j =0, they must satisfy the identity:”
Viroo(hz) = U)o o(w), (2.39)
using which we see that:

Az (A ) UN M)V ol = 2),

Pz () Vi ol — A72),

/
_ / (@)U (MY (M = A712)
/

= (_1:‘:<A71,Z), (240)
as expected of a Lorentz scalar.

CRT

Here we consider how the ZM operators transform under the discrete symmetries of con-
tinuum Euclidean QEDj3: reflection R, charge conjugation C, and time reversal 7. These
are to be distinguished from the microscopic symmetries of the projective symmetry group
(PSG) [20] for Dirac spin liquids on various lattices, to be discussed later in Sec. 2.5.

We define reflections R, to be in the p-coordinate. Let us consider reflections R; in

the o' coordinate for concreteness. On spinors, this acts as 1 — v and ¥ — (=)

"To explicitly verify this with the expressions for the harmonics in Appendix 2.7 requires some care, for
such expressions are derived by solving the Euclidean Dirac equation in a fixed gauge. The background
gauge field A, dx#* also transforms under rotations, and one must make a subsequent gauge transformation
to bring back V), to its original form, as discussed in Ref. [74].
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so that a flavor-singlet mass 1) breaks reflection symmetry. Under Ri, the unit vector
¢ =—(sin ¢)z+(cos v)J — —@ so that the monopole background in the Wu-Yang gauge [74]
transforms as A, = (0,0,.4,) — (0,0,—A,), which amounts to reversing the monopole

charge q— —q as expected of reflections. Explicitly, the monopole spinor harmonics obey:

Vo000, m—0)=(—1) V%00, 0), (2.41)

under reflection R, in the z'-coordinate, so that

Ry:dal) — / 0 p(Rax) (—y) VY2 o (2 — 2),

d*x 171(9U)<—’71)yj1[/12,0,0 (Ri(z — Raz)),

d3x 1&(33)(—71)2));/1270’0@ - RIZ),

——

Charge conjugation is a unitary symmetry that acts to send:

Y= =Yt = =930’ = (i)Y,

= YT (—7173) = ¥ (i), (2.43)

which flips the sign of the Dirac current, but not the mass. Using:

() Vio0(0, 0) = £VE00(0,9), (2.44)

it is straightforward to verify that:

C:dy(z) = +d(2), di(z) — Fd+(2). (2.45)

In Euclidean signature, time reversal as a spacetime symmetry behaves identically to

reflections [75], and is specifically unitary. It can be defined as:

T: () = 13 (Rax),

U(x) = P(Rax)ys, (2.46)
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where R3 is a reflection in the Euclidean time (2*) coordinate. One can alternatively define
a modified time-reversal operation C7 that also involves charge conjugation. On the ZM

operators,
T: di(2) = d+(R32), (2.47)

using the fact that, under Rj3 reflections,

Ve (m — 0, ¢0) = YYHT 6, ), (2.48)

as one can verify from explicit expressions for the monopole harmonics.
Reflection positivity

Reality of the real-time action (and thus unitarity of the corresponding quantum field the-
ory) is guaranteed by reflection positivity ¥(S)=.S of the Euclidean action [72, 73|. This is
a form of complex conjugation accompanied by a reversal of Euclidean time and an invo-

lution of the Grassmann algebra. With our choices of coordinates and Dirac matrices [1],

I (2)) = N P(Rsx)ys,
DNp(x)) = N3¢ (Rax), AeC,

Hay(x)dz") = a,(Rsz)d(Rsx)", (2.49)

and 9 also reverses the order of Grassmann variables, e.g., V(1a051,) = 9 (¢,)0(¢5)0 (V0.
For instance, one can check that the usual Berry phase term [ 1y30-1) is reflection positive

using the definitions above. On the ZM operators d.., we observe that

ﬁ@g@>=/ﬁ% 2 (@ — Raz)(a),
(R, (2.50)

where we have used the fact that reflections invert the monopole charge [see Eq. (2.48)].
Together with the transformation ¥(o(z)) = o(R3z) for the dual photon [1], the transfor-

mation (2.50) ensures that the 't Hooft vertex (2.38) is reflection positive, thereby implying
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the reality of the real-time action or hermiticity of the Hamiltonian. It is important to note
that reflection conjugation ¥(d,) replaces the notion of hermitian conjugation in Euclidean

signature. In particular, we will define:
di = 9(dy) = ds. (2.51)
Local gauge invariance

We will prove invariance of the ZM operators under gauge transformations with nonzero
support on a sphere of fixed radius in R3. By radial quantization, this suffices to prove
gauge invariance in general. The integrand of the expressions (2.37) should be viewed as
sections of a U(1) bundle over punctured R3. Charting a fixed sphere surrounding the
monopole with “northern” (N) and “southern” (S) gauges a la Wu-Yang [74], it is clear

that 1) should gauge transform identically to the spinor harmonics y%g :

¢(N) (:13) _ e—iqsoq/}(s)(%)7
1/2,(N —i 1/2,(S
Vioo (@) = eV, 057 (@), (2.52)

for ¢ the azimuthal coordinate on S* CR®. Since [d°z= [, ¢z, because the N and S

poles are a set of measure zero in the integral, the mode operators transform as:

dy= [ etV 2
NNS
5(S —iqp\* —i (S
-/ A @) ey ey —
N

| #rd®ae -2
NNS o

d,. (2.53)

A similar calculation shows invariance of d,,.

2.4.2 Flavor symmetry

The global form of the symmetry group of compact QED3 with Ny flavors has been nicely

summarized in Ref. [76]; let us review the necessary aspects here in our framework and
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notation, for general Ny. The Lagrangian YIPy is invariant under U (N ) rotations of the
fermions, but the center U(1) is a gauge redundancy as it leaves spin operators invariant.
Moreover, it acts trivially on gauge-invariant fermion bilinears such as 1t%). One might
then conclude that the symmetry group of the DSL is PU (N )xU (1) p = PSU(Ny)xU (1) pm,
where PSU(Ny) = SU(Ny)/Zy, and U(1)aq is the topological “magnetic” symmetry cor-
responding to conservation of magnetic charge % [ f on any 2-cycle. However, monopole
operators do not transform well as a representation of this group. The monopoles of min-
imal charge are precisely the 't Hooft vertices calculated previously, and are of the form
(for general Ny):

e\ dio---dl (2.54)

al..-aNf/Q al aNf/27
with A totally antisymmetric in its N;/2 indices. Under the center of SU(Ny) generated
by e2™/Ns | the vertex transforms by an overall phase of (e2™/¥s)Ns/2= 1. This is identical

to a 7 shift in U(1)r, which implies the symmetry group is really:

SU(N 1
(Ny) < U( )M7 (2.55)
Zy;
where the Zy, in the quotient is generated by:
(e2/Nr 1) € SU(Ny)x U(1) p. (2.56)

For Ny =4, the isomorphism SU(4)/Zs = SO(6) can be used to equivalently write the

symmetry group of the DSL as:
Zo ’

(2.57)

as concluded by Ref. [37].
A basis for the vector space of ¢ = £+1 monopole operators can then be constructed

from the six antisymmetric generators of su(4). Doing so, we obtain three spin-singlet,
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valley-triplet monopoles:

eiqaaq(_i@NB)(aq)T = Vi,
eiqaaq(UQ)(aq)T = Vay,

eiqgaq(iO'Q/Ll)(Elq)T = ng, (258)
and three spin-triplet, valley-singlet monopoles:

eiqaaq<_03ﬂ2)(&q>T = Sig,
eiqac_iq(iﬂ2)(c_iq>T = Sy,

eiqac_lq(ol,ug)(c_iq)T = qu. (259)

It is straightforward to verify that these have the same spin/valley structure as the monopole
operators defined in Refs. [36, 37], up to some signs chosen so that the six monopoles map
to the standard basis of C, under the isomorphism from the A*C* irrep of SU(4) to the
vector irrep of SO(6). In addition, there are operators reflection conjugate to those defined
above:

Vi =0(V,),  SI=9(S,), (2.60)

q g

which we can use to construct the six operators
Vi=Vi +V | §=8,+S!, (2.61)

For example,

Vo = €(d0o9d] + dload,), (2.62)

is a monopole of definite magnetic charge (+1) that can create or annihilate pairs of spinons,
as illustrated earlier in Fig. 2.1.

By examining the instanton-induced 't Hooft vertex (2.38), we observe that a choice of
su(4)-adjoint mass proliferates a linear combination of two of the six monopoles {V;, S;}.

There are 15 such combinations, in correspondence with the 15 generators of su(4). As an
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Adjoint mass | Monopole proliferated
My Vs +1Vy +1.C.
Moys Vs 4+ 1V +r1.c.
Moz -V +1iVs +r1.C.
M; Si — V) +r.c
Mo S; + 1V +r.c.
M; S, —1V3+r.c.
M; S; + i8S, +r.c.

Table 2.1: Monopoles proliferated by the 15 adjoint masses. “r.c.” denotes the reflection
conjugate. In the last row, (ijk) is an even permutation of (123).

example, the 't Hooft vertex (2.38) for a spin-Hall mass Msy=1031) can be written in the

above basis as

530 = 81+ + 7:82_;,_ + 31_ — iSQ_ +r.c.

= Re Sl + ImSg, (263)

defining Re §; ESi+Sj and Im §; Ez’(Si—Sj ). Again, the adjoint §j of a monopole operator
should really be viewed in Euclidean signature as the “reflection conjugate” 9J(§;) defined
earlier in Sec. 2.4.1. In this way we can find the monopole operators spawned by all 15

adjoint masses, and we tabulate them in Table 2.1.

2.5 Monopole quantum numbers on bipartite lattices

It was observed in Refs. [36, 37] that there exist orders on bipartite lattices whose mi-
croscopic symmetries are completely captured by appropriate adjoint masses. Using such
orders, we can demand that the 't Hooft vertex induced by the given adjoint mass—i.e.,
the monopole proliferated by such a mass (Table 2.1)—must not break additional symme-
tries, in order to fix its quantum numbers under certain lattice symmetries. As we show

below for the square lattice (Sec. 2.5.1) and the honeycomb lattice (Sec. 2.5.2), monopole
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quantum numbers on bipartite lattices are reproduced accurately by this method. We ex-
pect that this is true for any microscopic order that can be described in the continuum by
condensing a fermion bilinear. Conversely, there exist conventional orders whose broken
symmetries are not fully captured by condensing a fermion bilinear. Examples include
the ¢ =0 noncollinear magnetic states on the kagome lattice [35, 77]. Such orders have a
Cg-breaking spin-ordering pattern which is invisible to all 15 adjoint masses, but is cap-
tured by the spin-triplet monopoles that serve as the correct order parameter for such
states [36, 37]. (Precisely, it turns out that Cs embeds into a Z3! subgroup of U(1), as
suspected initially in Ref. [35].) On non-bipartite lattices, monopole proliferation breaks
additional symmetries beyond those broken by the adjoint mass [36], thus our method for

determining monopole quantum numbers does not apply to those cases.

2.5.1 Square lattice

On a square lattice, a DSL is obtained by coupling a staggered flux mean-field state to U(1)
gauge fluctuations [32]. We work with the gauge choice of Refs. [36, 37] (but a different

gamma matrix convention) which yields the following PSG action on the continuum Dirac

spinor :
T tp — (—ioopus) (i)Y, b = YT (iy2) (ioap13),
Ty: ¢ — (—ioapu)(iv2)¥", b = YT (i72) (i02p11),
ret ) = (uam)Y, U = Y(=mps),
Cus: 9h = %02(1‘“2—1)@—"372(@'72)% ) = Pl (iw)az(—iuz—l)%,
O: ¢ = Kipa(iv2)y39", ¥ = T (—ip) (in2) 1 K, (2.64)

for z and y translations (77, T,), reflections in the x coordinate (r,), site-centered four-fold
rotations (Cys), and time reversal (©), respectively, and K denotes complex conjugation
only on spin/valley matrices.

The embedding of the PSG into flavor (Sec. 2.4.2) and spacetime (Sec. 2.4.1) symmetries

in the continuum completely fixes how the zero-mode part of the monopole operators
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T, | Ty | 2| Cas | O
Mj | — | — | — - -
Mo | = |+ | +| Mo |+
Mog | + | — | = | =Mo1 | +
Mo |+ |+ +] - |-
My | + | = |+ | M | +
Mg | — |+ | —| Ma |+
Mo | —| = |+| + |-

Table 2.2: Transformation of the adjoint masses M;; = J}aiuj@b under the symmetries of
the staggered-flux state on the square lattice.

transform. However, the lattice symmetries also embed into U(1), which acts on the
bare monopole exp(ic), and this information is not present in the mean-field state from
which the above PSG is derived. The most general approach to calculating this action,
developed in Ref. [37], is to consider the Wannier limit, and the associated charge centers, of
the spinon insulator obtained on gapping the DSL with a given adjoint mass. In this limit,
the U(1)x¢ phase rotations of the monopole under lattice symmetries are interpreted as
Aharonov-Bohm phases. For instance, a Cy4 action on a g=+41 monopole in an insulating
state with gauge charges ) at lattice sites will yield a phase exp(iQ7/2).

While no substitute for such rigorous microscopic arguments, we simply note here that
the existence of orders whose symmetries are fully encapsulated by a fermion bilinear
provides a simple means to compute some, if not all, of the monopole quantum numbers.
For example, on the square lattice, the symmetries of Néel and valence-bond-solid (VBS)
states are completely encapsulated in the adjoint masses M;, and Moy /3, respectively (see
Table 2.2). Let us demand that the monopoles proliferated by those masses (Table 2.1)
also remain invariant under the latter’s symmetries. As the VBS mass M3 is T, invariant,
we require that the monopole (— ReV;+ImV,) also be T, invariant. Likewise, Cy4 is a

symmetry of the Néel mass M;s which proliferates the monopole Re §;+Im V,. This means

92



we can demand that ImV, = i(V, — V}) be invariant under both T, and Cy,. However,
from Eq. (2.64) we see the corresponding PSG transformations involve charge conjugation
1 — (i72)¥". Thus, the ZM operators d+ will also undergo charge conjugation [Eq. (2.45)],
and from Eq. (2.58), V, will be mapped to its reflection conjugate V;. The only way for

Im Vs to remain invariant is thus to demand:

T,(Va) = To(e)(d" oad_ + d_ond’) = —VI,
Cus(V2) = Cus(€)(—dT 9d_ — d_ood) = —V}, (2.65)
which determines:
T.(0)=—0+m, Cys(0) = —o0. (2.66)

The quantum numbers of o under other lattice symmetries can be similarly calculated, but
one can also exploit relational constraints among the generators of the PSG (see Supple-
mental Material of Ref. [36]). Using that 7,7, and OT, are symmetries of the Néel order
Mo leads to:

T,(0)=0(0c) = —0 +m. (2.67)

Finally, we look at reflections r, on the square lattice. Its embedding into the continuum
symmetries involves the continuum reflection R, which has an action Ry : dy — Elqc on ZM

operators [Eq. (2.42)]. On the monopole V,, we find that:
re(Va) = 1 () (d_o2d + dToad_) = ¢ Vi, (2.68)

As reflections are a symmetry of the Néel mass M;,, we can demand invariance under 7,

of the Im V, monopole it proliferates. This sets 6, =7 in Eq. (2.68) and therefore
ry(0) = —0 + . (2.69)

The set of equations (2.66)-(2.69) completely determines the Berry phases of monopoles
under the lattice symmetries (2.64). The total action of these symmetries on monopole

operators has been summarized in Table 2.3. We note that our results are identical to the
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V| Vo=V vl vl Vi
Vo | =VE| =V | vt | i | -y

Vs | =Vl v v v
S| =8| =8| s | s |-8

Table 2.3: Monopole quantum numbers on the square lattice.

first four rows of Table 1 of Ref. [36]. In particular, we also find that the monopole Im V,
is trivial under all lattice symmetries.

We caution that one cannot expect the 't Hooft vertex to respect the symmetries of the
adjoint mass in general, as demonstrated by the results of Refs. [36, 37]. As an example,

consider the unconventional order:

Mz~ (=1)"(Sy X Srig)i, (2.70)

where the right-hand side is a spin operator on the square lattice with the same microscopic
symmetries as the fermion bilinear on the left-hand side [32, 36]. This equation suggests
that M;s describes a spin-triplet VBS state invariant under 7,. However, the monopole
proliferated by M;3 is S;—iVs. By condensing this as (S;—iVs) =1—1, one observes that
there is Néel order along o; in addition to the order described by M;s (2.70). This follows
from the fact that ReS; and Re V3 have the symmetries of Néel order M;, and the triplet
VBS order (2.70), respectively. The additional broken symmetries of the Néel order are
not visible to the adjoint mass M;3 but are captured by the associated 't Hooft vertex,
which additionally breaks 7, and © symmetries. However, the above method offers a quick
way to compute quantum numbers when there exist orders with symmetries completely

encoded in a fermion bilinear, paradigmatic examples being Néel and VBS orders.
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2.5.2 Honeycomb lattice

On a honeycomb lattice, a parton mean-field Hamiltonian describing uniform nearest-
neighbor hopping has a relativistic dispersion with gapless Dirac nodes at Ky = :|:3477r§g}.
As is well-known, this model has a particle-hole symmetry which acts trivially on the
physical spin operators, and when combined with U(1) gauge fluctuations yields an SU(2)
gauge theory (QCD3) at low energies [78]. However, the addition of longer-range hopping
breaks particle-hole symmetry and yields a DSL described by CQEDj in the infrared. Since
the particle-hole symmetric state is adiabatically connected to the DSL, we may calculate
monopole quantum numbers in the former for simplicity, and to make useful comparison
with the results of Refs. [36, 37]. Choosing a two-site (AB) unit cell on armchair graphene
with Bravais lattice vectors a;»=(1/2, £v/3/2), the PSG for the particle-hole symmetric

ansatz is:

Tyjg: b — e 2mHs/3q), b —s Pet>Hsl3,
Co: 16 — —igne~Bmmafse=imn/oy, B Dlicnloemnls )
Tz Y — Y3, Y — P(—pays)
O: ¢ — K(ioguays)y, Y — Plioapays) K, (2.71)

for (respectively) translations 77/, along ai/2, plaquette-centered six-fold rotations (Cs),
reflections about the vertical axis through an AB unit cell (7,), and time reversal (0). K
acts to complex conjugate only within the spin-valley space (i.e., the matrices o; and ;).

Similar to the square lattice in Sec. 2.5.1, we first tabulate the transformation of the
15 adjoint masses M;; = @ai,uj@/) under the above PSG. From Table 2.4, it is clear that
M;3 encapsulates all the symmetries of Néel order on the honeycomb lattice. We can
then expect the associated proliferated monopole S;—iV5 (see Table 2.1) to not break any

additional symmetries, and thus demand:

Tijo(Vs) = T1ja(€)[ds (oo )dy —do (i02pn1)dy] = Vs, (2.72)
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T /2 Cs Tz

M; + + —
Moy | aMy+BMoy | aMy+BMy | +
Moy | aMy—BMy | —aMoa+BMy | —

+l+ |+ |+ ]

My | aMy+BM;y | aMjy+BM; | +
My | aMis—BMy | —aMg+BMy | — | —

M; + — + | —

Table 2.4: Transformation of the adjoint masses M;; =1o;p 1 under the PSG (2.71) on

the honeycomb lattice, with oz:cos(%’r) and :sin(%’r).

noting that to the difference of Eq. (2.64), the PSG here does not involve charge conju-
gation. Equation (2.72) implies that lattice translations act trivially on the dual photon.
Turning to reflections, we similarly demand that r,(V3)= ew’“Vg be equal to Vs, which leads

to the action r,(0) =—0 with no Berry phase.

Figure 2.2: Kekulé-O (left) and Kekulé-Y (right) patterns on the honeycomb lattice.

Similarly, My and My, account for all symmetries of the Kekulé-O and Kekulé-Y VBS
states, respectively (Fig. 2.2). We can use the time-reversal invariance of these orders to

demand invariance of the monopole Re V3 that both proliferate:
O(Vs) = O()[d_(ioap)dT —d" (ioapy)d_] = V] = Vi, (2.73)
and so #g = 0. Finally, to compute quantum numbers under Cg, we may use the CgO
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symmetry of the Néel mass M;3 to demand invariance of Im Vj:
(Cs00)(i(Vs — Vi) = —iCs(Vs — Vi),
= —ie % (V3 — V),

= i(Vs - V), (2.74)

which requires g =m. Collecting our results, the lattice symmetries act on the dual photon

as follows:
Tl/Q(O') =0,
re(0) = —0,
O(0) = —o,
Cs(o) =0+, (2.75)

from which transformations of all six monopole operators can be determined. These results
are summarized in Table 2.5, and agree with the results in Table 1 of Ref. [36] for the
honeycomb lattice. The monopole Re Vs is trivial under all lattice symmetries and is thus

a symmetry-allowed perturbation to the DSL.

T /2 Ty Cs ©

Vi | aVi—BVy | VI | —aVi+8V, | VI
Vo | aVot BV | =V | a8V | VI
Vil W Vi Vs Vi
S; S; -S) -S) -S!

Table 2.5: Monopole quantum numbers on the honeycomb lattice, with o= cos(%”) and
[ =sin (%’T) .

2.6 Conclusion

In summary, we have constructed monopole operators in the DSL directly on R?® with-

out assuming conformal invariance, and have computed their quantum numbers under
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lattice symmetries on the square and honeycomb (bipartite) lattices. The first task was
accomplished by first deforming the DSL with a choice of an su(4)-valued fermion mass.
This was shown to lead to ZMs of the Euclidean Dirac operator exponentially bound to
monopole-instantons. The interpretation of these ZMs in the Hamiltonian framework and
their relation to zero-energy modes was also discussed. We then showed that resumming
a semiclassical instanton gas in the presence of such ZMs leads to an instanton-induced
effective interaction, designated as the 't Hooft vertex in analogy with a similar effect in
QCDy,. By introducing ZM creation/annihilation operators, we then identified this vertex
as a linear combination of two of six possible monopole operators in the DSL, previously
constructed in radially-quantized conformal CQEDj.

Our next result involved an analysis of the effects of lattice symmetries in specific micro-
scopic realizations of the DSL. By recognizing the existence of orders on bipartite lattices
with symmetries fully encapsulated in a specific fermion bilinear, we were able to compute
quantum numbers of all monopoles under symmetries of the DSL on square and honey-
comb lattices. Specifically, from a symmetry standpoint, Néel and VBS orders on these
lattices could be described in the continuum by either appropriate fermion bilinears or
monopole operators (although monopole proliferation is necessary to confine spinons). By
knowing the 't Hooft vertex associated to a given bilinear, we could then demand that
the former not break additional symmetries of the DSL to fix the lattice symmetry ac-
tion on monopoles. Néel and VBS orders on the square and honeycomb lattices together
possess enough unbroken lattice symmetries to fully determine the transformations of all
monopole operators. In particular, our results for the “Berry phase” of monopoles, arising
from the embedding of the lattice symmetries into the magnetic symmetry U(1)a of the
dual photon, were shown to be consistent with the more general Wannier center calcula-
tions of Refs. [36, 37]. On both square and honeycomb lattices, we showed the existence
of a monopole transforming trivially under all lattice symmetries, and thus an allowed

perturbation to the DSL on these lattices likely to lead to its instability.
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2.7 Appendix: Zero modes of Dirac operators

Since an index theorem for Dirac operators with abelian gauge fields on odd-dimensional
noncompact manifolds has not been established, we resort to an explicit calculation of zero
modes.

A charge-q € Z monopole-instanton can be described by a Wu-Yang connection,

A — —QT;HQ(COSQ o 1)¢7 e (0,7T/2), (2 76)
" o (cosO+ )@, O€(m/2,7), '

in spherical coordinates with an orthonormal frame (7, 9, (}5) We will explicitly solve for the

zero modes of the Euclidean (non-self-adjoint) Dirac operator in an instanton background,
Dog =P — i A, +mit®, (2.77)

where t* € 5u(4). Using the fact that (y-7)*=~2=1, with v= (71, 72,73) the Pauli vector,

the Dirac operator can be rewritten as [1, 27]:

1 q
2 a
Doo =% | O — =L — —~, e, 2.78
Vs Dag 7( el 2T7)+m (2.78)
where:
L=rx(p—a)-— g'f“, (2.79)

is the conserved angular momentum in a monopole field. Defining the total angular mo-

mentum:
1
J=L+ 5'7, (2.80)
the Dirac operator takes the form:
L 2 3 4q
=~ |0, — =(J*—L*-2) — —~, e, 2.81
Dag =1 |0r = —(J 1) g T (2.81)

To find the eigenfunctions, note that J?, J,, t* and ©,, commute. This prompts an eigen-

function ansatz:

ulyy =RV *(0,9) 1)y +S (Vi *(0,0) i), - (2.82)
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where |i),, is one of the four eigenvectors of ¢* with eigenvalue (—1)*, and Y}, are monopole
spinor harmonics defined in Appendix A of Ref. [1], and also in [27]. Their necessary

properties are summarized as follows:
J2 q[}M ](]+1) qjM>
LzyLM - L(L + 1) qjM>
/2 an = MY, ajM>

WVt * = @z Y+ Vo, (2:83)

where:

(27 +1)* — ¢?
27 +1 '

(2.84)

The condition j >0 implies j=(|¢q|—1)/2 is excluded when ¢=0, and the condition L >|q|
requires that L = j—1/2 be excluded when j = (|¢|—1)/2. Therefore, for a fixed g, the
lowest angular momentum states with j = (|¢g|—1)/2 have S(r) =0 in the ansatz (2.82).
As we shall now show, these states are zero modes. The zero mode equation for ©,, then

separates to:

(&,R + %R + sgn(q)mi) R(r) =0, (2.85)

where m; = (—1)"m corresponding to |i),, the SU(4) part of the zero mode. Solving for

the radial function R(r), the zero modes can be written as:

u?jfl)/%M = qu(r)y;(q,l)/%M(@, ©) 1),

V2 con(g)(—1)imryya

- R ? ovyonr i) - (2.86)

For a fixed monopole charge ¢ and su(4) mass mt®, it is clear that there are 2¢ x % =
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gN; linearly independent normalizable zero modes.® We have utilized the fact that for
j = (g—1)/2, the quantum number M ranges over the 2¢ values —j,...,j, and that a
given sign of ¢ results in precisely two of the four eigenvectors |i = 1,2, 3,4), contributing
normalizable ZMs.

It is also important to consider zero modes of the adjoint Dirac operator D, for the
Dirac action can be rewritten after an integration by parts and throwing away boundary

terms as:

:/E%K—$+M+4M%WV% (2.87)

where it is to be remembered that ¢ and ) are independent variables in the Euclidean
path integral, unrelated by any notion of complex conjugation. Repeating the calculation

above leads to the zero modes:

U?;*U/LM = qu(r)yj,(qfl)/;M(e’ gp) ‘i>a ’

2m sgn mr
_ Vr esen(a)(=1) Vot 1) (2.88)

where again, for a given ¢, ¢ must be chosen to ensure normalizability.
For reference, we give expressions for the monopole spinor harmonics, also given in

Appendix A of Ref. [1]:

. 1 myY, 1,1
y‘ij}r/rf(67 ®) =5 + :
j ’] _m}/zlmj**;n’H”Q

1 — j —m; +1Y

N aftzms | (2.89)
a VI+m+1Y,

8Tt is assumed that N ¢ is even, so that there is no parity anomaly. In the case of Ny odd, the non-
anomalous theory has a half-integral Chern-Simons term that can be regarded as the result of integrating
out an extra Dirac fermion.

1/2
VIR, o) =
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The monopole harmonics Y, are defined in terms of the Wigner D-matrices D3, (cv, 8,7)

(74, 79]. In the northern chart on a sphere that surrounds the monopole-instanton,

2L +1

A7 [D]I\I4,fq/2(§07 97 _90)} " ) (290)

}/q,L,M(QJ\U SO> -

where 0y € [0, 7). The southern versions (which are valid on the south pole) can be ob-
tained via a gauge transformation on the overlapping region between northern and southern

charts:

Yorm(0s, ) = €_i2q¢}/q,L,M<9N7 ©). (2.91)

From the above formula, the first two ¢=1 harmonics are given by

Yl,é,é(@N, p) = —\/—2—76 7 sin bk
1 0
Yii (O, 0) = Nt (2.92)

in the northern chart. Their analogs on the southern chart are obtained from the gauge
transformation exp(—i¢p).

For ¢g=—1, the first two harmonics on the northern chart are

1 0

coSs —,

T Vo2
1 0
- 271_6_“0 sin 2 (2.93)

with their versions in the southern chart now obtained from the gauge transformation

exp(ip).
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2.8 Appendix: Real-space Dirac propagator

With the Lagrangian ¢)(@+m)i where m is a signed quantity, the free Dirac propagator

on R3 is:

Gyle) = / (d3k Jika if —m

21)3 k2 +m?’

_(a_m)/d“q’_’fﬂ

(27)3 k2 + m?’

a eflmlr
—(%' T_m> P
(L ) el
e mi\r me
= — y— —. 2.94
4rr? 7 4rr ( )
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Chapter 3

Parton theory of superfluidity in 2d
hardcore bosons

3.1 Introduction

The parton or projective construction is one of the most versatile and conceptually fruitful
approaches to a theoretical understanding of strongly correlated systems [20]. This ap-
proach is based on rewriting microscopic degrees of freedom in terms of fractionalized ones
that are charged under an emergent gauge field, and thus transform projectively under
microscopic symmetries. The emergent gauge structure strongly constrains the low-energy
physics, which is progressively revealed as high-energy degrees of freedom are integrated
out. A lattice gauge theory with dynamical gauge fields first emerges, and is then replaced
by a continuum gauge theory once lattice-scale fluctuations have been decimated. The
universal low-energy physics of the original quantum many-body system is then dictated
by the infrared fate of this continuum parton gauge theory.

Fractionalized phases of matter, such as spin liquids, fractionalized Fermi liquids, or
fractional quantum Hall states, correspond to deconfined phases of parton gauge theories.
Whether such phases exist at all for U(1) parton gauge theories in 2+1 dimensions—our
prime focus—is a nontrivial question, due to the strong infrared relevance of the gauge
coupling and the ensuing tendency to confinement. Nonperturbative confinement-inducing

effects in such gauge theories, notably monopole-instantons [9, 26, 40], can be suppressed
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by a variety of mechanisms, including large-flavor screening effects [39, 80], the Higgs mech-
anism [31], and Chern-Simons topological masses [81, 82]. If the suppression of monopole-
instantons does obtain, the appropriate fractionalized phase is adiabatically connected to
a weakly coupled phase of the parton gauge theory, despite being highly nonperturbative
from the point of view of the microscopic Hamiltonian.

While fractionalized phases are thus perturbatively accessible in the parton framework,
conventional broken-symmetry phases are more difficult to describe, as nonperturbative
confinement effects must then necessarily play a role. An ability to describe conventional
phases within the framework of parton gauge theory is however necessary for overall con-
sistency of the theory, as well as to understand the mechanism underlying confinement
transitions between a fractionalized phase and proximate conventional phases. This ques-
tion was studied carefully in recent work [36, 37] in the context of the Dirac spin liquid,
described at low energies by U(1) quantum electrodynamics (QED3) with four flavors of
two-component massless Dirac fermions [32, 68, 69, 83]. Extending earlier work by Alicea
and collaborators [42-45], Song et al. [36, 37| utilized the state-operator correspondence
of conformal field theory [27] to determine the quantum numbers of monopole operators
M for microscopic realizations of the Dirac spin liquid state on various lattices. The in-
sertion of a (single) monopole operator in the Hamiltonian formalism corresponds to an
instanton event in (24+1)D spacetime whereby a localized source of 27 magnetic flux is
suddenly added to the system [9, 26, 40]. In the Hamiltonian picture, a conventional phase
is argued to be accompanied by a monopole condensate (M) # 0 which confines excita-
tions with nonzero gauge charge, gives a mass to the emergent photon, and breaks physical
symmetries if M transforms nontrivially under the latter.

While these arguments are undoubtedly correct, there exist few explicit computations
of the nonperturbative dynamics that would substantiate these general symmetry consid-
erations. Song et al. assume a two-step scenario in which a gauge-invariant fermion mass

bilinear first acquires an expectation value, a process described by an effective theory of
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the QED3-Gross-Neveu-Yukawa type [38, 55, 84-93] in which compactness of the gauge
field is assumed to not play a role. After the fermionic matter is gapped out, instanton
proliferation is further assumed to proceed as in the pure compact gauge theory [9, 26, 40].

In the presence of fermionic matter, however, gauge instantons may be accompanied by
fermion zero modes (ZMs) [94], which can qualitatively affect the dynamics of instanton
proliferation. Such Euclidean ZMs are traditionally associated with massless fermions, and
are responsible for symmetry-breaking effects in the fermion sector. In (34+1)D Yang-Mills
theory with massless fermions in the fundamental representation, 't Hooft showed [63-65]
that fermion ZMs on the Belavin-Polyakov-Schwartz-Tyupkin instanton [95] are responsible
for the explicit breaking of chiral symmetry in the fermion sector, in a manner consistent
with the Adler-Bell-Jackiw anomaly equation [96, 97]. Fermion ZMs on gauge instantons in
the (2+1)D Georgi-Glashow model [40] with massless fermions in the adjoint representation
were shown by Affleck, Harvey, and Witten [62] to possibly lead to spontaneous breaking of
the global U(1) fermion number conservation symmetry. In both cases, Euclidean fermion
ZMs generate, via resummation of the semiclassical instanton gas, an effective fermionic
interaction—the 't Hooft vertex—that manifests the desired broken symmetry. The ex-
istence of fermion ZMs in the above theories is guaranteed by the Atiyah-Singer index
theorem in (341)D [98] and the Callias index theorem in (2+1)D [99, 100]. The latter in
particular crucially relies on the non-Abelian nature of the gauge field and the presence of
a scalar Higgs field in the adjoint representation which winds nontrivially at infinity in the
instanton solution [40].

The examples above involve non-Abelian gauge fields and do not directly apply to our
prime focus, but nonetheless suggest that fermion ZMs on gauge instantons may play an
important role in the description of conventional phases and their broken symmetries in
U(1) parton gauge theories. A natural starting point to investigate this question is compact
QED3 with massless Dirac fermions, relevant for the Dirac spin liquid. At late times and

long distances, the Polyakov lattice instanton can be modeled as a Dirac monopole in 3D
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Euclidean space. The corresponding Euclidean massless Dirac equation was studied by
Marston [70], but shown by explicit calculation to not exhibit any normalizable ZM bound
to the instanton. Further, there appears to exist no generalization of the Callias index
theorem to compact QEDj3 [101], despite the similar infrared fate of the (2+1)D Georgi-
Glashow model and compact QED3 without fermions [9, 26, 40]. In the absence of explicit
fermion ZM solutions or a general theorem guaranteeing their existence, their relevance to
the infrared dynamics of U(1) parton gauge theories is at best speculative.

We emphasize here that we are interested in fermion ZMs bound to instantons in non-
compact Euclidean spacetime R?, as opposed to ZMs of the Dirac Hamiltonian on a 2-sphere
S? surrounding a monopole insertion in the state-operator correspondence of conformal
QED; [27]. The existence of the latter ZMs is guaranteed by the Atiyah-Singer index
theorem applied to the massless Dirac operator on the compact space S?. As the Marston
calculation [70] indicates, however, the existence of Hamiltonian ZMs in the latter context
does not automatically imply the existence of Euclidean ZMs in noncompact spacetime.

In this chapter, we present a study of nonperturbative effects in a U(1) parton gauge the-
ory, in which we show by explicit calculation that Euclidean fermion ZMs bound to gauge
instantons exist and lead to symmetry-breaking effects. The gauge theory we consider
arises as the effective continuum description of interacting lattice bosons in the vicinity
of a multicritical point separating superfluid, Mott insulating, and fractional quantum
Hall ground states [102]. While the parton description is introduced as a means to ac-
cess the fractional quantum Hall state, in which a Chern-Simons term for the emergent
U(1) gauge field leads to deconfinement, our focus here is on the nonperturbative gauge
dynamics that obtains in the superfluid phase, which must result simultaneously in the
confinement of gauge-charged excitations and the spontancous breakdown of the global
U(1) boson number conservation symmetry. Ref. [102] argues from general considerations
that the Affleck-Harvey-Witten mechanism [62] should be operative and yield the desired

physics, but does not provide an explicit derivation of the underlying instanton dynamics.
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Here we show by explicit calculation that, by contrast with massless QED3, QED3 with
massive Dirac fermions admits normalizable Euclidean ZM solutions in a U(1) instanton
background. Such solutions are exponentially localized to the center of the instanton with
a length scale inversely proportional to the fermion mass. Using semiclassical methods [63—
65], we then explicitly compute the 't Hooft vertex induced by those ZMs and show that
it naturally leads to two possible superfluid phases: a conventional superfluid phase with
single-particle condensation [102], but also an exotic paired superfluid phase with a residual
Zo symmetry.

The rest of the chapter is structured as follows. We briefly review Ref. [102]’s parton
description of the interacting boson problem in Sec. 3.2. In Sec. 3.3, we formulate the
imaginary-time partition function of the system in a way that makes the contribution
of Polyakov instantons manifest, and allows us to introduce 6 parameters analogous to
those of 4D Yang-Mills theory [103, 104]. In Sec. 3.4, we show that massive fermions
support Euclidean zero modes localized on such instantons, and discuss their relationship to
Hamiltonian (quasi-)zero modes in canonical quantization. Sec. 3.5 details the calculation
of the 't Hooft vertex and Sec. 3.6 explores its symmetry-breaking consequences. We
end the chapter with brief concluding remarks in Sec. 3.7; accessory technical results are

collated in Appendices 3.8 and 3.9.

3.2 Parton gauge theory

We begin by reviewing the parton gauge theory introduced in Ref. [102]. We consider a
system of charge +1 (in appropriate units) hard-core bosons on a 2d lattice described by

operators b(x) and b'(x). The hard-core condition imposes on these operators the algebra

[b(z), b ()] = [1 — 20" (@)b(2)] 0, (3.1)

[b(z), b()] = [b' (), b7 ()] = 0. (3:2)
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The hard-core boson then admits a parton decomposition

b(x) = fi(x)f2(), (3.3)

where fi(x) and fo(x) are fermion annihilation operators. We associate the physical bo-
son charge with f; and couple this to a background gauge field A, when it is necessary
to keep track of the physical U(1) symmetry associated with conservation of the boson
number. The parton decomposition (3.3) also introduces a local SU(2) gauge redundancy
filx) = Wi;(x)f;(x), under which the boson operators remain invariant. In the parton
approach [20], one first ignores this gauge structure and postulates a mean-field ansatz for
the partons. Gauge fluctuations above the mean-field fermion ground state are then rein-
troduced, which ensures the parton dynamics is projected onto the physical boson Hilbert
space. In what follows, we shall assume a mean-field ansatz for the partons that breaks
the SU(2) redundancy down to a U(1) subgroup, for example via a lattice analog of the
Higgs mechanism [31], which leaves a single gauge boson massless. Under the leftover U(1)
gauge redundancy, the partons f; and f, are assigned gauge charges +1 respectively, so
that the boson operator remains gauge invariant.

We further consider a mean-field ansatz for the partons in which f; and f; form inde-
pendent Chern insulators with Chern numbers 41, respectively, described for instance by
Haldane models [105] or their analog on the lattice of interest. In the vicinity of Chern-
number-changing transitions in the parton bandstructure, this theory is described in the

continuum limit by a 3D Euclidean Lagrangian,

L= S [aald— i+ )+ G — mn] (3.4)
a==+

where A, is the background field that tracks the physical U(1) symmetry, and {114,121 }
are two-component Dirac fermions obtained in a linearization of the partons { f1, fo} at the

two Dirac points K4 that generically appear in the parton bandstructure !. Importantly,

In our convention, the 3D Euclidean Dirac matrices are just Pauli matrices with 2 being the Eu-
clideanized time direction. Matter of general charge e gauge transforms as ¥ — 1e***(®) and the gauge
covariant derivative is (9, —iea,).
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the fermion masses for ¥+ and 1,1 are opposite in sign, since the Chern numbers are
opposite in sign for f; and fs.

For the above mean-field parton ansatz to correspond in fact to a physical state of
bosons, we must reintroduce gauge fluctuations. To study the effect of those fluctuations,
the lattice fermions (i.e., the partons) are minimally coupled to an emergent U(1) gauge
field a,. For example, the parton f; of gauge charge 41 minimally couples to the gauge
field on link (x,7) as f{rmtm- exp(—iag ;) fiz+i, where t,; is a hopping integral, « is a lattice
site, and ¢ is a lattice vector. The invariance of such a term under 2nr shifts of a,, can
be viewed as a gauge redundancy or as a true local symmetry. These two perspectives will
be discussed in Sec. 3.3. In either case, at low energies, the renormalization group endows
the emergent field a with dynamics that preserves this periodicity, implying an effective

gauge field Hamiltonian of the form
1 2
H, = 3 % e + K gD (1 — cos fo), (3.5)

where ¢; is the electric field on link [ satisfying [a;, ey] = @9y, and fq is the flux (lattice curl)
of a through the plaquette O (we shall henceforth assume a square lattice for simplicity).
The physical Hilbert space of the gauge theory (with fermions) is the gauge invariant
subspace specified by a Gauss constraint. Weak fluctuations of a, correspond to the K >>1
limit, in which H, is energetically appeased by fo = 2mng, where ng € Z is a plaquette-
dependent integer. Expanding about any one of these minima leads to the usual Maxwell
theory with a massless photon. However, it is well known that tunneling events fn —
fo+2nQ), where () €7Z, on a plaquette cannot be ignored, for these give the photon a mass
exponentially small in the gauge coupling K. These tunneling events, corresponding to
27(@ flux insertions on a plaquette, feature as instantons (Dirac monopoles of charge Q)
with finite action in the 3D Euclidean theory [9, 26, 40].
In a naive continuum limit, the effective parton Lagrangian with gauge fluctuations is
L= 3 [0 — A= it e+ Dan@+ i~ m)in] + o5 0% (36)

a==+
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where e is the renormalized gauge coupling (some function of the lattice coupling K).
However, a finite UV regulator (lattice constant) and the fact that the lattice theory is
invariant under a — a+2nm imply that the effects of instantons must be accounted for in
this continuum limit. This theory is termed compact QED3 (CQED3). We note however
that by contrast with the CQEDj3 theory of the Dirac spin liquid, which also has four
flavors of two-component Dirac fermions, the fermions in our case (i) are massive, and (ii)

do not all have the same sign of the gauge charge.

3.3 0 parameters and instantons

In this section, we use canonical quantization to derive a path integral representation of the
partition function of the pure gauge theory without matter, which makes the contribution
of instantons explicit and allows us to introduce 6 parameters [106, 107] analogous to those
of 4D Yang-Mills theory [71, 104]. This sets the stage for our computation of the 't Hooft
vertex using path integral methods in Sec. 3.5, after explicit fermion ZM solutions in the
background of a single instanton are obtained in Sec. 3.4.

We begin with the pure gauge theory, described by the Hamiltonian (3.5), which we shall
consider in the absence of background charges. This means that the Gauss constraint on
every site is (dive), |¥) =0 on all physical states |¥). As stated previously, the invariance
of Hy under 2m() translations of the gauge flux on a plaquette can be viewed as either a
true local symmetry, or as a gauge redundancy due to rotor-valued link variables a,; €
U(1)= R/2xZ. The former view will be called minimal compactness, and the latter forced
compactness. In what follows, we shall mostly be concerned with the “magnetic limit”

K >1, in which gauge fluctuations are weak.
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3.3.1 Minimal compactness

In the minimal compactness picture, the gauge field a,; €R. A general state in the Hilbert

space is given by a wavefunctional
Vfag,| = ({a2}V), (3.7)

where {az;} denotes the collection of a on all links, and |{a,;}) forms a basis. The electric

fields e4; generate translations of these wavefunctionals. On a single link,
e "*a) = |a + ), (3.8)
which means

e_m%\IJ[a] = (a] e7" | W)
= (a — a|V)

= Ula — al. (3.9)

A gauge transformation exp[—i¢(dive),] on a site x is a translation that leaves all plaquette
fluxes fg invariant. Since the magnetic term is a periodic function of fn, H, is not only
invariant under these gauge transformations, but also under a discrete group of local flux
translations fo— fo+27Q, QQ € Z on a plaquette. This group is generated by monopole
operators Mq(Z), where & denotes a plaquette (or equivalently, a site on the dual lattice),
and

ME (&) faMo(T) = fo + 27Q. (3.10)

This translation is also generated by electric fields, but one must use an infinite string
of fields [108], since only the flux in plaquette & must be changed. One possibility is to

consider an infinite product of all horizontal links below &, and non-uniquely define

0
MQ(.’E) = e’i2Tl'Q0'i7 Oz = Z Cxtpio,ins (311)

p=—00

where 1, 25 are unit vectors in the positive horizontal and vertical directions, respectively.
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The minimally compact theory has similarities with the Bloch problem of electrons in a
crystal lattice, in which a discrete translation by a lattice constant is a physical symmetry as
opposed to a gauge redundancy. In the Bloch problem, there occur instantons that tunnel
between the minima of the crystal potential, and the true ground state is a superposition
of all local minima. In minimally compact CQEDj3, the analogs are monopole-instantons
that tunnel between physically distinct minima fz =2n7m to f, =2mm on a given plaquette
x. Since [H,, M(Z)] =0 on every plaquette, the physical eigenstates of H,, fall in repre-
sentations of these symmetries. The irreducible representations of this Abelian group are
all one-dimensional, and are simply phase factors (Bloch theorem). The eigenstates of H,

must thus obey,

VZ, Mq(@) W) = "% |V, 0), 0z€(0,27), (3.12)

where 0z is an analog of crystal momentum, and n is a collective index denoting all the
other quantum numbers necessary to specify the state. The corresponding eigenenergies
will be continuous functions of 6z, as in conventional band theory.

For example, a single square plaquette in the “electric limit” K — 0 (the analog of the
“empty lattice approximation” in the Bloch problem) is governed by the Hamiltonian

1
Hy~ 5 €. (3.13)

There is a single site & on the dual lattice, and we thus drop the site index. Eigenstates of
H are eigenstates of all four electric fields bordering the plaquette, but subject to the Bloch
condition (3.12) and the Gauss constraint (dive), |¥)=0. For this single-plaquette system,
Eq. (3.11) implies 0z =€, 7, and thus Mg (&) =exp(i2nQes z,). The Bloch condition (3.12)
is then

e?mRi |, o) = ' W, o) . (3.14)

This implies physical eigenstates of e, ;, (and of H, in the limit K — 0) satisfying the
Bloch condition are restricted to those with eigenvalues

0
exiy =N+ 70 neZ. (3.15)
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The electric fields on the other links can be found using the Gauss constraint. The phys-
ical states are loops of electric flux circling the plaquette, with an integer level spacing.

Substitution of these values into the Hamiltonian (3.13) gives the bandstructure

E,(0) =2 (n + 1)2 . (3.16)

2

In the minimal compactness picture, {0z} are a set of quantum numbers specifying states
in the same Hilbert space.

Finally, we observe that [H, Mg ()] =0 for the full lattice Hamiltonian H with gauge
fields and fermions, since the gauged fermion hopping term discussed in Sec. 3.2 is invariant
under local shifts of the link field a,; by arbitrary integer multiples of 27, including those
produced by conjugation with the monopole operator (3.11). Thus the Bloch condition
(3.12) applies to eigenstates of H as well. As with the Bloch theorem in solid-state physics,
an eigenfunctional of H satisfying this Bloch condition can be written as the product of a

“plane wave” and a periodic function,
U, glag,] = ez Ze 0228, olag.], (3.17)

where ®,, ¢ is invariant under 27() flux translations on a plaquette, i.e., M(2)® =, and
we have suppressed the dependence of ® on fermionic coordinates, which does not play
a role in this analysis. As in band theory, we can reduce the solution of the Schrodinger
equation over a,; € R to that over a single “unit cell” a,; € [0,27) by either solving the
original equation over that domain with the twisted periodic boundary conditions (3.12),

or by deriving an equation for the periodic part ®. Defining the unitary
Uy = e3x 2alals (3.18)
we see that ®,, 5 obeys the modified Schrédinger equation Hy®,, o= E,(0)®,, 9, where

1 1 2
Hy = UgHUg =5 Z |:ew’i+%€ijAjemjj‘| +K Z(l—cos fz)- (3.19)

x,l
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Since 0z only enters Hy through its spatial lattice derivative, a uniform parameter 6z =0
has no effect in the bulk [106, 107], but will affect energetics in a system with boundary as
the single square plaquette considered here.

The partition function for a fixed set {6z} is [109]

Zy = tre PHo = Z e'2eWabe 7 (3.20)
{Qz}eZ

where the second equality is a Fourier decomposition, since Zy is periodic in all the 05.

The Fourier coefficients are given by
2
Zg :/ D{z} e 22 @aba 7, (3.21)
0

where we define D{0z} = [[, %. These Fourier coefficients can be interpreted as a
partition function of the original Hamiltonian H with monopole insertions as follows. Let
M(Qz) be a product of monopole operators that inserts flux across the system in a manner

determined uniquely by the configuration function ()z. Using the completeness of flux (f)

eigenstates in the gauge-invariant subspace, we obtain:

tre S M(Q / DL} (ol e P M(Qa) 1)
- / D{fo} (o} € 1y +27Q5}) (3.22)

where D{ f3} = Hy %. Inserting a complete set of eigenstates of H using

1= [ D16} 3 ) (W, (323)
{”w}

we find that

e M@ / D{6a} / D{fy} > LS}l e [Wog) (Wl { f5 +27Q5})
{naz}

/ﬂp{e }Y e et QEGZ/D{fy}\If olf1Wn0lf]

{n=}
2T
= / D{0z} e ' 2a Qaba ty o =OHo
0
= Zo. (3.24)
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In the second line, we have used the Bloch condition satisfied by the gauge-invariant wave-
functional ¥, »[f] as seen in Eq. (3.17), and the third line follows from its normalization

to unity. Therefore, the partition function for a fixed set {0z} can be written as

Zy = Z el e @ala 1 o=PH A (). (3.25)
{Qz}eZ

Each term of this series can be written as a path integral in a fixed monopole configuration
background. The (-dependent exponential prefactor can be absorbed into the trace by
explicitly including a 6-term ¢ [ 0(z)xd f(x) in the action, where f(z) is now the Euclidean

electromagnetic 2-form and x denotes the Hodge star.

3.3.2 Forced compactness

In the forced compactness picture, the gauge field a,,; € U(1) = R/27Z is a rotor-valued
variable. The canonically conjugate electric fields then have a spectrum valued in Z. In
this perspective, the various minima fz =2n,7 for n, €7Z are identified as the same state,
and a flux translation fz — fz+27(Q becomes a gauge redundancy.

In this perspective, the problem is akin to that of a quantum particle on a ring, where
a translation by a length equal to the circumference is a gauge transformation. If the
ring is suspended in a gravitational potential, then the unique classical ground state that
minimizes the potential is at the bottom of the ring. However, in the quantum problem,
there are tunneling events (instantons) that correspond to the particle winding around the
ring an integer number of times, which involves overcoming a potential barrier.

The exact analog in CQEDj3 in the forced compactness picture are monopole-instantons
that cause fz — fz+27Q on a plaquette. The monopole operator defined by Egs. (3.10)-
(3.11) is thus a gauge transformation (a “do-nothing” operator) that connects different
labels for the same physical state. These are called large gauge transformations, termi-
nology inspired by analogous concepts in 4D Yang-Mills theory [71, 104]. Large gauge

transformations are distinguished from the usual small ones in that the former crucially

76



utilize the multi-valuedness of the gauge function.? A small gauge transformation is one
of the form [[, exp[i¢y(dive),], where {¢,} are single-valued gauge functions, i.e., all of
them lie in a single branch of R/27Z, for example [0,27). One example of a large gauge
transformation is [[ 2, exp[i0(dive)sps,] Which, since 0~ 27 in R/27Z, can be written as
1,20 exp(i27 sy ps, 4,), Which is the same operator as (3.11), but with a displaced Dirac
string.

Physical states are required to be invariant under all gauge transformations, small and
large. This imposes 0z = 0 for all plaquettes & in the Bloch condition (3.12). For the
particle on a ring, a background flux can be threaded through the ring, which changes
the Hamiltonian and the Hilbert space of the problem, as we are dealing with a physically
different system. The background flux can be unitarily removed from the Hamiltonian, at
the expense of twisting the boundary conditions on wavefunctions, which in winding around
the ring, will then gain an Aharonov-Bohm phase. Similarly, in CQEDj3, one can introduce
a theta term, which changes the Hamiltonian from Eq. (3.5) to Eq. (3.19). There is a
macroscopic number of such possible theta terms, corresponding to a choice {0z}. Again,
one can remove the theta terms from the Hamiltonian, but at the expense of introducing
twisted boundary conditions under large gauge transformations, as in Eq. (3.12). The key
difference with the minimal compactness picture is that a given set {0z} labels the entire
Hilbert space of the theory, sometimes called a given theta universe. States with different
{0z} belong in different Hilbert spaces; conversely, states in the same Hilbert space have
the same {0z}.

The expression (3.25) for a partition function with fixed {0z} remains valid in the forced
compactness perspective. In fact, it is the full (i.e., unrestricted) partition function here

since the entire Hilbert space is characterised by the fixed set of parameters {6z}

2Precisely, gauge functions defining small gauge transformations vanish at infinity.

7



3.4 Zero modes of massive fermions in instanton back-
grounds

Having discussed instantons in the pure gauge theory, we now include fermions. As men-
tioned previously, the presence of fermionic ZMs in instanton backgrounds is typically as-
sociated with massless fermions in non-Abelian gauge fields [62-64, 99, 100]. Marston [70]
considered massless Dirac fermions in an Abelian instanton background in (24+1)D and
found no fermion ZMs bound to the instanton. Motivated by the U(1) parton gauge
theory (3.6), we consider here massive Dirac fermions in the same background and show
by explicit construction that fermion ZMs now exist. This result is in accordance with
the existence of zero-energy bound states for relativistic fermions in a (soliton) monopole
background in (3+1)D (see Ref. [110] and references therein). In the soliton version of the
problem, the fermion ZM is found by a self-adjoint extension of the Dirac Hamiltonian.
Such a technique is inapplicable for the instanton version of the problem as the Euclidean
Dirac operator D appearing in the action [see Eq. (3.26)] is not Hermitian, nor is there any
requirement for it to be. Rather, D must obey reflection positivity (see Appendix 3.9).
Therefore, the calculation of the ZM solution must be done anew in the context of the
instanton problem.

As Marston himself notes, the Callias index theorem for odd-dimensional noncompact
manifolds provides the number of fermion ZMs in the case of massless fermions in the
background of non-Abelian instantons [99, 100]. This index theorem crucially relies on (i)
the existence of a Higgs field, and (ii) on relating the index of the Dirac operator D to
(dim ker DID —dim ker DDT), both of which fail to hold in the current setting of massive
fermions in Abelian instanton backgrounds. The reason for the failure of (ii) might seem
surprising, and is discussed in Appendix 3.9. Despite the absence of a rigorous index
theorem for the current problem, and as we discuss below, the ZMs we find by explicit
solution can be given a topological interpretation by analogy with Hamiltonian (quasi-)zero

modes associated with the Atiyah-Singer index theorem.
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3.4.1 Setting up in spherical coordinates

A 3D Dirac fermion ¢ of charge e (with sign) and mass m, in an instanton background

(9) . : . . .
a;’ of topological charge g, is specified by the Euclidean Lagrangian
L =0(d —ied? +m)p = PDip. (3.26)

The instanton is assumed to sit at the origin, with its Dirac-monopole vector potential

defined a la Wu and Yang [74]. Working in spherical coordinates (r, 6, ), we have a'? =

aég) =0 and

rsin 6

——4—(cosf@+1), re€ Rg,

rsinf

a9

(3.27)

_{— J_(cosf — 1), re€ Ry,

where charts in the northern and southern hemispheres, Ry and Rg, are defined by Ry :
0€[0,7/2+5) and Rg : 0 € (w/2—0, 7], and a choice of 6 € [0, 7/2) defines the chart overlap
region Ryg : 0€(m/2—0,m/2+7). The Dirac matrices are Pauli matrices (o,,0,,0,), with

Z being the Euclideanized time direction. The ZM g of the Dirac operator D solves
—iDiy = (=i — ed? — im)eyy = 0. (3.28)

We will treat this formally as a quantum mechanics problem in three spatial dimensions,

regarding —i0; as a canonical momentum operator p;. The ZM equation is then

(ojp; — ecrjaE-g) —im)y = (ojm; — im)ihy = 0, (3.29)

where the mechanical momentum 7 =p—ea'?. Defining 7 = o -, we use the fact that

(o -1)*=02=1 to write

f=(o-1)(o-1)(0-m)
= (o 1)t -w+io- (T xm)). (3.30)

The canonical angular momentum that is conserved in a monopole field is (see Appendix 3.8)
L=rxm—egr, (3.31)
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where eg € Z/2 by the Dirac quantization condition. This can be used to rewrite Eq. (3.30)

as
7f:(a-f~)(f~-w+fa-L+@a-f). (3.32)

Since L generates spatial rotations, which leave r =|r| invariant, [r, L] =0 and the place-
ment of r does not matter in the above equation. Using w=p—ea'? and since # - a9 =0

for the Wu-Yang potential,
f=(o-1) (f-p—i—%a-L—Fie—ga-f)
= —i(o 1) (& ——o0:L—-—0- f") : (3.33)
The Dirac operator is thus
D=i(o-1) <f~p+ ;O'-L + ieTgaY') +m

=(oT) (@ - 10'-L - %U-f‘) +m. (3.34)
r r

3.4.2 Zero modes of the Dirac operator

Firstly, we note that [J, D] =[J, iff] =0, since 7 =0 -7 is a dot product that remains invari-
ant under simultaneous rotations of o and 7 generated by the total angular momentum

J=L+ %0’. As a set of commuting observables, we take
[J?,D] =[J.,D] = 0. (3.35)

This means the angular part of eigenspinors of D are the monopole spinor harmonics

YE . (0,p) (see Appendix 3.8), which informs the eigenspinor ansatz:
eg7]7mj
Vi = Ajan, (VL2 (0, 0)+ B, (V2,0 (0,0). (3.36)

for a given (eg,j,m;). It is necessary to superpose both values of the orbital angular
momentum, Ly = j+1/2, that give rise to a given total j as L is not a good quantum

number.
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For a monopole of the lowest magnetic charge g= +1/2e, the total angular momentum
can assume j=0,1. We will focus on the lowest spherical wave j =0, for which the orbital
angular momentum L_ = —1/2 is excluded. To reduce notational clutter, we suppress
(eg,j,m;) labels everywhere except on the monopole spinor harmonics, and write the ZM

ansatz as:
Yo(r,0,0) = Ax(r)V150,0(0: ). (3.37)

The zero index on 1) indicates that it is a ZM. The =+ indices on the radial part AL (r)
denote the value of eg = +1/2. Finally, yi/l’jwo stands for the (L=1/2,eg=+1/2,75 =
0, m;=0) monopole spinor harmonic. Since this ansatz is coincidentally also an eigenstate

of L?, we rewrite the Dirac operator in Eq. (3.34) as

T 4 T

D= (o) {a - (J2 L2—§) - %a-f‘] +m. (3.38)

The action of D on the ZM ansatz (3.37) is then (for eg==41/2),

(o-1) )71/12/2006 As + Aiy1/12/200

1
¢5Ai( )yl/f/zoo} "‘mAiyl/lQ/QOO 0. (3.39)

Using Eq. (3.119) of Appendix 3.8 with eg==+1/2 yields:

(o )y1/12/2 00 i3)1/12/2 0,0° (3.40)
and therefore:
1

which have the obvious exponential solutions. Therefore, the ZMs for eg==+1/2 are

2 fmr
U5 (r.6,0) = e 06,9,

vV —2m o
” y1/12/200( 90)) (3-42)

@Z)O_ (T7 0, QD) =
2

which are normalizable for m >0 and m < 0, respectively (recall that there sits an r* in

the Jacobian for spherical integrations). The divergence at r=0 is superficial. The origin
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is excluded in the problem due to the instanton there, mathematically implemented by
working in spherical coordinates. Alternatively, we know that the instanton has a finite
core due to the underlying lattice, and so the derived form of the ZM is valid only at large
distances compared to the lattice constant. This has been discussed further in the soliton

version of the problem by Yamagishi [110].

3.4.3 Zero modes of the adjoint Dirac operator

Under an integration by parts, the Lagrangian changes from /D1 to (D%T)w, so the ZMs

of the adjoint Dirac operator are also important. The adjoint Dirac operator is
Df = —§ +ied'? +m, (3.43)

where the adjoint is defined with respect to the standard inner product on L*(R?). In fact,
the correct domains of D and D' are subsets of L*(R3), as discussed in Appendix 3.9. The
ZM equation for D is

DIy = (—id — ed'? + im)ip, = 0, (3.44)
which is the same as that of D, but with the sign of m reversed. This implies the ZMs of
D' for eg=41/2 are

~ v =2

1/}3_0"79790) = , = mry11//2200( )7

o v.enn 2m e~ mr

Q/JO (Tv 9, ()0) r y1/12/2 0 0( 90)7 (345)

which are normalizable for m <0 and m > 0, respectively. We note that D and D' cannot

both possess normalizable ZMs simultaneously.

3.4.4 Hamiltonian picture and quasi-zero modes

Although the Callias index theorem does not directly apply to the problem considered here,
the topological nature of the fermion ZMs explicitly found in the previous subsections can
be understood by considering an approximate treatment of the same problem but in the

Hamiltonian picture, following the approach of Refs. [42-45]. In this approach, a single
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instanton is modeled as a static, infinitely thin 27 solenoidal flux to which the fermions
respond: V X a = 27(r), where r = (x,y) now denotes the spatial coordinate. Consider
first fermions of gauge charge +1 and zero mass. As is well known, for each fermion flavor,
the corresponding 2d massless Dirac Hamiltonian possesses a single quasi-normalizable
“chiral” zero-energy eigenstate 1= (u,0)? with u~ f(x-+iy)/r, which can be understood
as a manifestation of the Atiyah-Singer index theorem [46].

In the presence of a nonzero mass m >0, a “zero-mode” solution persists, again of the
form g = (u,0)” with u~ f(z+iy)/r, but its energy E is shifted from zero to E=m. For
fermions of gauge charge —1 and negative mass —m, there is also a single such quasi-zero
mode per fermion flavor, now with wavefunction ¢ = (0,v)" and v ~ g(z —iy)/r, but
again energy F=m. For a —2x flux background corresponding to an anti-instanton, the
situation is reversed: fermions of gauge charge +1 and mass m possess a quasi-zero mode
o= (0,v)" with v~ g(x—iy)/r, and fermions of gauge charge —1 and mass —m possess a
quasi-zero mode vy = (u,0)? with u~ f(z+iy)/r, both with energy E=—m.

The Hamiltonian quasi-zero modes discussed above are similar to those appearing in the
“zero” mode dressing of monopole operators at the quantum critical point between a Dirac
spin liquid and an antiferromagnet [55, 56, 111]. In the latter context, a spin-Hall mass
mo, appears spontaneously in the saddle-point free energy of the associated conformal field
theory quantized on a sphere surrounding a monopole insertion, following the approach
of Ref. [27] to calculate the scaling dimension of monopole operators at conformal fixed
points. This spin-Hall mass gives a mass of opposite sign to fermion flavors ¢+ and | of
opposite spin, but the gauge charge is the same for both flavors. In our case, the two parton
flavors ¢y and 1, in Sec. 3.2 play the role of ¢4 and %, and the “spin-Hall” mass comes
from the parton Chern numbers appropriate to a superfluid state [102]. Furthermore, the
gauge charge is opposite for both flavors on account of the parton decomposition (3.3).
Nonetheless, in both cases a single normalizable quasi-zero mode with energy +m appears

for each Dirac fermion flavor, as expected from the Atiyah-Singer index theorem.
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Finally, the counting of instanton zero modes in Sec. 3.4.2 and 3.4.3 is consistent with
that of the Hamiltonian quasi-zero modes just discussed, if both D and D' are considered.
For an instanton (g > 0), and for fermions of positive gauge charge (eg =1/2) and mass
m >0, the Euclidean Dirac operator D has a single normalizable zero mode g oce™™" /r,
where r now denotes Euclidean spacetime distance from the center of the instanton [see
Eq. (3.42)]. For fermions with negative gauge charge (eg = —1/2) and mass m < 0, D
likewise possesses a single normalizable zero mode, 1, oce™" /r. The adjoint Dirac operator
D' has no zero modes in this case. For an anti-instanton (g<0), the situation is reversed,
as in the Hamiltonian picture: D' now has normalizable zero modes, but D has none. For
e> 0and m >0, D' has a single zero mode {Dg oce™™" /r; for e <0 and m <0, the DT zero
mode is 1;; oxe™ [r [Eq. (3.45)]. The fact that instantons (anti-instantons) are associated
with zero modes of D (DY) is further discussed in Sec. 3.5.2 and 3.5.3 and has important

consequences for instanton-induced symmetry breaking.

3.5 The ’t Hooft vertex

Using the explicit ZM solutions for massive 3D Dirac fermions found in Sec. 3.4, we now
show that Abelian instantons in CQEDj3 induce symmetry-breaking interactions for such
massive fermions. The calculation here is analogous to 't Hooft’s groundbreaking solution
of the U(1) problem in 4D quantum chromodynamics [63, 64], which is well summarized
in a review article [65] by the same author. In short, fermion ZMs cause transition am-
plitudes with nonzero instanton charge ) # 0 to vanish when evaluated between states
of equal fermion number. Instead, nonvanishing amplitudes occur between states of dif-
ferent fermion number: fermionic field insertions appearing in such amplitudes “soak up”
the fermion ZMs appearing in Grassmann integration. Resumming these insertions in the
Coulomb gas formalism produces a fermionic interaction term known as the 't Hooft vertex,

whose symmetry is lower than that of the classical Lagrangian.
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3.5.1 Partitioning the partition function into instanton sectors

To make the calculations less tedious, we consider only two species of 3D Dirac fermions
1, Y9 with opposite gauge charges e; = —ey =e and zero net Chern number, so that their
masses satisfy m; = —mgy = m. This corresponds to effectively ignoring the valley (+)
subindex in the original Lagrangian (3.6), which can be easily restored at the end of the

calculation (see Sec. 3.6). The Lagrangian of interest is then

L =1 (d —id +m)p + o+ i — m)ihs + 4%2]‘,3 + 0(2) €0y fun, (3.46)

where an explicit # term has been added to keep the discussion general (see Sec. 3.3).
The fermion part of the action will be denoted as Sg[a,] when there is need to refer to it
separately. The presence of a lattice regulator permits monopole-instantons in this theory
to have finite action. The qualitative effects of those instantons on fermions are what
we wish to understand. To formulate this problem in terms of a path integral, we use
Eq. (3.25) to write the partition function in a fixed § universe as
Z=> / D(¢, ¥a) [Day]ge, (3.47)
Qe
where [Da,,] o indicates a restriction of the integration over a, to configurations with total
instanton charge )/2e. The sum over instanton configurations in Eq. (3.25) has been
replaced by a sum solely over total charge (), with integrations over instanton collective
coordinates subsumed in the measure [Da,,] o- We will “integrate out” the instantons in
the @ # 0 sectors and write a theory of fermions. A direct coupling between photons—
quantum fluctuations of the gauge field about the classical instanton background—and
fermions remains in this final theory, but can be neglected in the computation of the
't Hooft vertex, which is a semiclassical effect [63-65].
Insofar as the pure gauge theory is concerned, the effect of an instanton of charge @)/2e

is captured by an insertion

72

6252Q2/d3$€i2ﬂ-Qa(x)7 (348)
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in the path integral [9, 26, 40]. Here, 72Q*/2¢? is the action of a charge-Q/2e instanton,
o(x) is a compact scalar called the dual photon—the continuum limit of the lattice variable
0z in Eq. (3.11)—and the integration is over the instanton position x. Likewise, the factor
exp(i2mQo) is just the spacetime representation of the monopole operator My, [27], whose
lattice form was given in Eq. (3.11). An attempt to dualize this theory in the same vein as
the classic Polyakov duality between the compact U(1) gauge theory and the sine-Gordon
theory [9, 26, 40] leads to the path integral

00 N
62 : 1
2 [poeziesoor o L] [ ata
T k=1

N=0

y Z 6;;Q%eiQk[Qﬂ'o'(zk)JrG(zk)]/D(wa’wa>eSF[GSH. (349)

Qr=—00

There are a number of results used in writing Eq. (3.49), especially with fermions present.

The gauge field in each Q-sector in Eq. (3.47) has been formally decomposed as

— SW Q
ay = a,  +a;,

(3.50)

where a" is the photon (analog of “spin wave” in the 2d XY /sine-Gordon duality [112])
part whose coupling to fermions is neglected at the semiclassical level, and aff describes
an instanton configuration of total charge ()/2e. The photon part has been dualized to
the Gaussian action for the compact scalar o. In the above decomposition, the photon
part can be thought of as finite-action fluctuations (of arbitrary size) around the fixed
instanton solution. In addition, the sum over charges (), and integration over positions
implicit in the measure [Day,], in Eq. (3.47) have been rewritten as sums over the number
N of instantons, their charges )y, and their locations z.

An important assumption used here is the dilute gas approximation, which gains new
significance in the presence of fermions for the following reason. Consider, for instance,
N =2 with charges @1/2e and ()2/2e. It has been assumed [63-65] that the gauge field for

such a configuration can be written as
aP (15 21, 20) & aFH (w3 21) + a2 (33 22), (3.51)
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with |21 —22| > 1. This might seem plausible given the assumption of a dilute instanton

gas, but the consequence is severe, for it implies that the Dirac action also separates,
Spla? %] ~ Sp[ad'] + Splaf?]. (3.52)

This allows the fermion path integral to be written inside the N and () sums, as in
Eq. (3.49). If Q1 = —Q2 so that the total instanton charge is zero, one might expect
that there exist no normalizable fermion ZMs. However, the decomposition of the action
in the above form (which filters into a decomposition of the Dirac operator) clearly al-
lows ZMs. We shall nevertheless assume such a decomposition; the error in the resulting

partition function turns out be of O(\?), where
A= ™% (3.53)

is the action for an instanton of lowest charge, and we consider the semiclassical limit A < 1.
Moreover, even if there are no strict (topologically protected) ZMs in this case, there will
likely be eigenmodes of the Dirac operator lying arbitrarily close to zero, with splitting pro-
portional to exp(—m|z; —23]), since the ZM wave functions (3.42) for an isolated instanton
decay exponentially away from the center of the instanton.

In what follows, we shall only consider the effects of a dilute gas of instantons of elemen-
tary charge, thereby restricting the sum over @y, in Eq. (3.49) to +1. The contributions of

instantons of higher topological charge are suppressed by increasing powers of \.

3.5.2 (=1 instanton sector

In the Q=1 sector, the fermion part of the partition function is

Zpla,] = / D(th,, o )e5r 1o, (3.54)

where af describes a single charge 1/2e instanton located at 2. We will show that this
path integral is precisely zero. Before the zero is revealed, the fermion functional measure

needs definition. For technical reasons discussed in Appendix 3.9, the standard means of
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definition using the eigenfunctions of DD and DD' does not work, since these only span
subspaces of L?(IR?) over which DD and DD' are self-adjoint (not merely Hermitian), and
it so happens that the ZM lies outside these subspaces. Instead, we shall proceed along
physical lines; the effects of ZMs are what we are interested in. The results of Sec. 3.4

indicate that the Euclidean Dirac operators,

Dy = "0, — iy*a); +m,

Dy =410, + iv*a); —m, (3.55)

each possess a normalizable ZM. We shall thus use a mode expansion of the Fermi fields

as

Y1(x) = up(z — 24 )0 + Z/ wi( — 24 )i,

Yo() = vo(r — 24 ) X0 + Z, 0i(T — 24 )X (3.56)

7

where 7);, x; are single-component Grassmann variables. uy and vy are the respective ZMs
of Dy and D,, calculated in Sec. 3.4.2, and the primed sum denotes non-ZM contributions.
As discussed in Appendix 3.9, we can either assume that there exists some self-adjoint
operator whose domain includes the ZM, or we can use the eigenfunctions of a self-adjoint
DI D, (which excludes the ZM) to account for non-ZM contributions and add the ZM by
hand. Either way, the ZM contribution has to be accounted for on physical grounds.

Since D! and D} are deprived of normalizable ZMs in the Q =+1 sector, we write mode
expansions of ¢, € Dom(D!) and v, € Dom(D}) as

O(e) = 3wz — o), Wz — o) = (e — 2,

%

Uol@) = wiles — )%, Wiles —7) =0 (@ - 24), (3.57)

i

where the transpose acts on spin and spatial indices, no matter where the T is placed. The
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functional measure for fermions can now be defined as

— — !
D(thy 1,4, ¢b2) = dno dxo H dn; dn; dx; dx;

= dno dxo D'(7,7)D'(X, X)- (3.58)
Since the ZMs 19, xo do not appear in the action, the path integral for Zp [a:[] is killed by
the measure. Therefore, only the sector with zero instanton charge contributes to the full
partition function (Z) of the theory.
However, sectors with nonzero instanton charge will contribute to correlation functions
that can “soak up” the ZMs. For instance, (only) the @) = 1 sector contributes to the
correlation function

J

(1 (21)12(22)) o /dﬁo dxo Dl(ﬁ:ﬁaf(aX)@_SF[am ZUZT(%—Z#)?%ZUJ(@—%)XJ‘

= —U8<£L‘1 - Z+)U0(l’2 - Z+) / D/(ﬁa R 9_(7 X)eisF[ama (359)

where only the fermion part of the path integral has been written. This correlation function
is non-zero provided

w1 — 24 [ ~ 22 — 24 [ S 1/m, (3.60)

where m ™! is the width of the ZM bound to the instanton at z.

A nonzero value for such an anomalous (Gor’kov) Green’s function is suggestive of
symmetry breaking. It is indeed a gauge-invariant object, since ¢); and 1, couple to the
dynamical U(1) gauge field a, with opposite charge, but transforms nontrivially under the
global U(1) symmetry associated with boson number conservation in the original micro-
scopic model (see Sec. 3.2). To investigate whether symmetry breaking indeed occurs, we
add a weak symmetry-breaking source J and consider the fermion part of the path integral
in Eq. (3.54),

Zpla), J) = /D({pwwa)esﬂa;ﬂfd3wd3y¢IJw2, (3.61)

where the source J(x,y) is generically nonlocal with some spinor structure. This is not

a valid term by itself, since it renders the Hamiltonian non-Hermitian (or the action non
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reflection positive). However, the Q = —1 sector will provide the needed conjugate term
(Sec. 3.5.3). In nonlocal expressions like the source term in (3.61), Wilson lines should be
inserted to maintain local gauge invariance. In accordance with our neglect of fermion-
photon interactions at this stage, and because the final form of the 't Hooft vertex will be
a local interaction, we do not write down these Wilson lines explicitly. Working to linear

order in J, the action can be simplified using the mode expansions in Eqs. (3.56)-(3.57) as

Selaf ) = Selaf) + [ (.0 Y ulle =2 @)l - =g

_ Splat, T+ / & (2, ) [wawo)mm S o+ Y (UZTJUO)THXO} |
7 7

(3.62)
where d*(x,y) = d3xd®y, and all the non-ZM contributions have been subsumed into

Stlat, J]. Using the functional measure (3.58),
ZF[GZ’J] = /dno dxo D/(ﬁanyf(jX)e_SHa‘t’J] [1—/‘13(%?/)(“5!]“0)770)(0}

X {1— Z/ / d?(z, y)(ugjvi)noxi}
< 1= [t G

the square brackets coalesce into the expression Z

L - /dg(% y) [(USJUO)UOXO‘F Z/(USJ%)UOXH' ZI(UIJUO)WXO]
£ Y [ @) I T (3.64)
2

All the terms except the second vanish because of the functional measure (3.58); dy kills
the third, dno the fourth, both kill the first, and dn, ., dx; 4, kills the last. Therefore, we

obtain a nonvanishing result:
Zplay, J]:/d3:cd3y ud(r—2)J (2, y)vo(y—24) K, (3.65)

where K denotes the contribution of nonzero modes. The order of integration, dnydyo,

has yielded a minus sign. The factor K is independent of J when working to first order
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in the weak source J. Recalling that the ZM spinors ug, vy have radial parts of the form
exp(—m|x—z4]), similar to the free-fermion propagator, we note that Eq. (3.65) resembles

the structure of the Feynman diagram in Fig. 3.1.

X

y

Figure 3.1: Fermion pair annihilation due to the source J(x,y) and instanton at z,.

As an ansatz for the result of integrating out instantons, we are thus motivated to

consider the path integral,

11J] = / D(§hq, a)e 57— Hrdvvi@ eyt / &2y dPwy Aty (w)wrw] ] (1), (3.66)

where Sp (written without a source argument) is the free Dirac action in the absence of
instantons, A is some constant to be determined, and wy » are spinors (possibly spacetime
dependent) to be determined. A %) in the insertion can pair up with a 1 in the source term
to give the free propagator that we desire. A,w are malleable quantities that must be fixed
to obtain the exact result in Eq. (3.65). The specific form of the insertion is motivated
in hindsight by the calculation that follows. Taylor expanding the source exponential, we

obtain:

)= [ D)™ (1 [ @il @it [ @b, aystilio)

== A1l0] [ @, ponrsmn) (95001, )0 () (a2} D 0r)) (3.67)
defining
(Oart))o =757 [ Pliarba)e™* Ol i) (3.69)
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The normalization I[0] serves to restrict Wick contractions to connected diagrams, and

therefore
I[J] = A/d3(x, Y, x1, 22)[G1(x — x1)w1|TJ (2, 9)[G2(y — z2)ws), (3.69)

where
Gz —y) = —(W(x)(y)), (3.70)

is the free Dirac propagator in Euclidean signature.
Comparison of Eq. (3.69) with Eq. (3.65) tells us I[J] = Zp[a}, J] if we make the

identifications

A=K,
/d3x1G1(x —z1)wy = —up(x — 24),

/d?’:tgGQ(y — Tgy)we = —vp(y — 24 ). (3.71)

The minus signs on the right-hand side are conventional, and I[.J]=Zr[a};, J] even without
them. Clearly, the second and third equalities demand w; =w;(z;—2, ). A shift of integration
variables x; — x;+ 2, reveals that these are Fredholm integral equations of the first kind,

with solutions

wy = —G1ug = (@ + m)u,

wy = —G5 g = (@ — m)vy. (3.72)
Substituting the results for A and w into Eq. (3.66) gives

Zplay, J] :/D(%,@Doa)e_SF_f””*yMM)2 by (2) [Kwo(ws— 24 Jw] (11— 21)] ] (21).
(3.73)
The single instanton of the () =1 sector has been integrated out. This path integral still
evaluates to zero if the source J is switched off, since the free Dirac action Sr conserves

fermion number. So far, all we have done is rewrite zero in different garb.
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3.5.3 (@=-—1 anti-instanton sector

A similar analysis can be carried out for the () =—1 sector, assuming a single charge —1/2¢
instanton (anti-instanton) localized at z_ and described by a background gauge field a, .
The final result can actually be written down by the requirement of reflection positivity
alone, but for the sake of completeness we explicitly rederive the result here.

The anti-instanton sectors gift the adjoint Dirac operators D] with ZMs, and thus
contribute to anomalous Green’s functions of the form <1Z21TD1> This means one has to add

a source term of the form t,J1] and consider
Zplay,, J) = / Dy, o )eSelanl= S @u)va o], (3.74)

where J=o0,J 0, with J being the source added in the discussion of the Q =1 instanton

sector. This is determined by the requirement of reflection positivity of the action with
the full source term (] Jabo -+ J1bT).

The mode expansions are now

Y1 () = Z/ ui(x — 2-)m;,

Pa(x) = ZI vi(z — 2-)Xi,

U(a) = To(zm — )iy + Y wla — 2

Do) = Doz )Xo+ 3 Bz~ )X, (375)
where @; =] and g is the ZM of D' calculated in Sec. 3.4.3. Inserting this into Zg[a,, , J]

gives the analog of Eq. (3.65) for an anti-instanton as

ZF[a;, J] :—K/d3xd3y170(z_—x):]($,y)ﬂg(z_—y)

:—K/dS:Ed3y o (z—2_)J (x,y)to(y—2_). (3.76)

The Feynman-diagram interpretation of Fig. 3.1 holds again but for fermion pair creation

due to an anti-instanton at spacetime coordinate z_. There is an extra minus sign here
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compared to Eq. (3.65), due to the order of the measure dnydye. This is important
to obtain a reflection positive action at the end. The contribution from nonzero modes,
subsumed into K, is the same as the @ = +1 sector if the eigenfunctions of DD and
DD are used to account for the non-ZM contributions in mode expansions of fermion
fields. This is because the nonzero eigenmodes of both operators are paired with the same
eigenvalues. In any case, the precise numerical factor is unimportant here.

Similar to the analysis in the previous section, we consider with an insertion a path

integral

- / Dt tha)e 5] v lvi / (21, 75) AT (1) 6163 (2), (3.77)

which can simplified as before to

1] = -A [ @@y €Caloa — )T )Gl — )6 (379
Demanding equality with Eq. (3.76) sets A=K and provides equations to solve for &; o:
[ 061w = e 2) = oy - =)
/deng(xg —x)&a(ry — 2_) = Doz — 2_). (3.79)
Again, these are Fredholm integral equations of the first kind, with solutions
& =—(—d+m)ig
—(=@ — m)do. (3.80)

The explicit forms of the ZMs, quoted here from Sec. 3.4, are

_ V2m 1/2

Uy = ” e "y 1/200( @) = Yo,
~ Ve 2m e mr
Yo = y11//220 o(0,%) = uo, (3.81)

r

where wug, vy are the respective ZMs of Dy, Dy. The equations (3.80) for & thus become

&1 = ((,79 - m)Uo = Wy,

&2 = (@ +m)ug = wr, (3.82)
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where w; were defined in Eq. (3.72). Therefore, the final result for the fermion path integral

in the ()=—1 sector is

Zrla,, J] :/ D(, o )€ 5 e V2701 Y1 (71) [Kwa(z1 — 2 )w] (22— 2 )] tha(22).
o (3.83)

3.5.4 Resummation and a local Lagrangian

Inserting the results of Sec. 3.5.2 and 3.5.3 into the partition function (3.49) of the full

theory, where only () = £1 instantons are kept, we obtain:

Z[J] = /D({pw Vo) Do o~ [ & Lo [ d¥(ay) (] Jatedy J9T)

> AK)N &
X Z ( N!> H/d3zk/d3xd3y
=0 k=1

N =
x [e7 Bro R 0CRIYT (2 )ws (2 — 24 )w] (Y — 21) Y2 ()

FelPro 0GR, (1) ws (2 — 21 )w] (y— 219 ()] (3.84)

where
Lo = D0l = i ms + D+ i — m) + (00" (389

is the Lagrangian of Eq. (3.46) but absent instanton effects, with the Maxwell term du-
alized. We have also reinstated fermion-photon interactions to maintain explicit gauge
invariance. The k-product in Eq. (3.84) just gives the N*® power of the insertion and,
summing over N, an exponential is born. Exponentiating and then setting the source

J=0 results in a nonlocal effective action
Seff = /d3x Lo — )\K/d?’zd?’:chy
x | e B O () (o — 2)] (y—2)ba(y)
+ N (2 (a— )] (y =)0 ()] (3.86)
Can this action be approximated by a local one? Because the ZM wavefunctions decay
exponentially in spacetime, it is reasonable to expect so (recall Fig. 3.1 and the discussion
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surrounding it). A change of integration variables, x — z+z and y — y+z, allows the

rewriting of one of the terms in the 't Hooft vertex (i.e., the instanton-induced action) as:
A‘Seff = _\K / d?’zd?’a:d‘gy e—i[27ra(z)+i6(z)]
X P[( + 2)ws(2)w] (y)a(y + 2), (3.87)

Since wy and we are proportional to the radial part (e”™"/r) of the ZM, the dominant
contributions to the x and y integrals are from small neighborhoods of x =0 and y = 0.

Taylor expanding the Fermi fields in powers of x and y to leading (zeroth) order gives
ASer 7 =K / A3z e~ Bro(H)H0()]
<l(e) [ Preato) [ @9e1)) i (389
Using Eq. (3.72), and denoting vy(p) = [ d3z e vy (),

[ Erino) = [ a0 - myuta)

= lim(ip — m)u(r)

= —m/dngo(x)
= —\/§m3/2/0 drremr/dﬂyi/f/m’o

:,/21.4_\/5 1 (3.89)
m 3 1 ’ .

and similarly,
/d%w{(m) = /d?’x((}ﬂ—m)uo(x)
= \/§m3/2/0 drre_mr/d§2< 11//227070>T

_ \/% 4 _3\/5 (-1 1), (3.90)

we find that the quantity appearing in brackets between ¢ (z) and ¥»(z) in Eq. (3.88) is

/d?’x wa(x) /d?’wa(y) x —%(az +i0y), (3.91)
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where the proportionality constant is some number which shall be subsumed into K. This
implies the effective action is specified by the local Lagrangian
Ke—7/4e , . - _

Lo = Lo+ — [e‘Qm(gw/Q’T)dJI(Jz—i-iay)wg + 22 (o, 4i0y, )T |- (3.92)
Using the transformation © in Appendix 3.9, with additionally O(c(x)) = o(0x) for a
scalar field, one can check explicitly that the local 't Hooft vertex thus derived is reflection
positive, and thus corresponds to an interaction that preserves unitarity of the underlying

real-time quantum field theory.

3.6 Partons and symmetry breaking

The original parton gauge theory had 2Ny =4 fermion flavors, described by the Lagrangian
(3.6). In the preceding Sec. 3.5, to simplify the calculation of the 't Hooft vertex, we
retained only two fermion flavors while preserving the U(1) global and gauge symmetries.
It can be seen from the calculations in that section that instantons in CQED3 with 2N
flavors of fermions with the given mass and charge assignments will induce a 't Hooft vertex
with 2V, fermion operators. For example, in the case of the original Lagrangian (3.6) with
four fermion flavors {114, 19+ }, since the mass and charge assignments are independent of

the valley (£) index, one considers the Euclidean Dirac operators:

D, =~"0,, — iv'a, +m,

Dy = "0, + iv"a, —m. (3.93)

The presence of a valley index for the fermion fields simply doubles the number of fermion
ZMs in each instanton charge sector. For instance, in the () =1 sector, there are four ZMs,
and the mode expansions of the four fermion fields now become:

() = uo(z — 24 )no+ + Z/ Ui (T — 24 )iz

]

Yor (z) = vo(2 — 24 )Xox + Z’ i@ = 24 )xis (3.94)

7
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This results in a path integral measure:

D@li,wliﬂ_ﬁ&,%i) = 01776r dny anr dxg D' (N, n) D' (Xas X£), (3.95)

where the primed measure includes contributions from nonzero modes in the expansion
(3.94). Therefore, to obtain a nonzero path integral, a four-fermion insertion of the form
Ui hay ] 1o is required. Repeating the calculation of the 't Hooft vertex in Sec. 3.5 with
a four-fermion source and insertion yields an instanton-induced term (the exponentiated

insertion) in the Lagrangian of the form:

e 27 e 0T Ao T _yiby- + Hec., (3.96)

where Y=o, +i0,, and we have used ¢)=1Tc, to rewrite the second term as the Hermitian
conjugate of the first. Because 1, and 1 _ create excitations with lattice momenta near
the Dirac points K, and K_, respectively, the presence of an equal number of ¢, and
Y_ fields in (3.96) guarantees the 't Hooft vertex respects the microscopic translation
symmetry (since K + K_=0 modulo a reciprocal lattice vector).

In the absence of instantons, (noncompact) QEDj has a global topological U(1)tep sym-
metry associated with the conservation of the topological current jffp: %ij 2\0,ay. In the
dual formulation, this symmetry is a shift symmetry of the dual photon o — o+a, manifest
in the Lagrangian (3.85). The parton theory with noncompact gauge fluctuations thus has
the global symmetry U(1) x U(1)iop, where the first U(1) is the boson number conserva-
tion symmetry under which 1,4 — 1)+ and o — oy [recall the choice of global charge
assignments in Eq. (3.6)]. The 't Hooft vertex (3.96) shows that instantons have the effect
of explicitly breaking this U(1) x U(1)ip symmetry to a diagonal U(1) subgroup under
which

Ve =Py, hor — 1oy, o—0+ § (mod 1). (3.97)

The latter transformation makes clear the fact that o is a compact scalar field of compact-

ification radius 1. The diagonal U(1) symmetry (3.97) is to be understood as the correct
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incarnation of the unique microscopic U(1) boson number conservation symmetry in the
low-energy parton theory with compact gauge fluctuations, i.e., where Polyakov instantons
are accounted for.

Although instantons have been explicitly taken into account in the derivation of the four-
fermion 't Hooft vertex (3.96), the resulting effective theory is still an interacting gauge
theory, and its infrared fate not altogether obvious. A natural route to confinement—
our primary focus—is the instanton proliferation scenario, whereby the coefficient of the
't Hooft vertex (3.96) is assumed to run to strong coupling under renormalization group
flow. One then expects spontaneous breaking of the global U(1) symmetry (3.97), with o
acquiring an expectation value [62, 101, 113]. The o field itself is the Goldstone mode of
the broken continuous symmetry, and the microscopic hard-core boson system becomes su-
perfluid, as discussed in Ref. [102]. Additionally, (3.96) shows that a constant § parameter
can be given a natural interpretation as a global shift in the phase of the condensate.

However, (o) #0 only implies that the U(1) symmetry is broken to a Z, subgroup under
which 114+ — —111 (=), since the 't Hooft vertex contains two 1; fields. In terms of the
original constituent bosons, this corresponds to a boson pair condensate (b(x)b(x’)) # 0
without single-particle condensation, (b(x)) =0, which preserves an Ising symmetry b(x)—
—b(x) (see, e.g., Refs. [114, 115]). In terms of the fermionic partons, the order parameter
(], yhar ] o) # 0 is analogous to that for charge-4e superconductivity [116], but
without concomitant Higgsing of the U(1) gauge symmetry since (3.96) is manifestly gauge
invariant (recall that ¢; and 1, carry opposite gauge charge under the dynamical gauge
field).

The residual global Z, symmetry in such a paired superfluid can be further broken [114,
115], yielding a conventional superfluid phase with single-particle condensate (b(x)) #0. In
the current context, this occurs if a gauge-invariant fermion bilinear condenses, (1)119) #0.
The various possible spinor/valley index structures of such a bilinear (suppressed here)

allow in principle for both translationally invariant condensates and spatially modulated
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ones, i.e., supersolid phases.

3.7 Conclusion

In summary, we have presented a nonperturbative study of monopole-instanton effects
in a (2+1)D parton gauge theory featuring Dirac fermions coupled to a compact U(1)
gauge field—CQED3. This parton gauge theory is meant to encapsulate the universal low-
energy physics of hard-core lattice bosons in the vicinity of a multicritical point separating
fractionalized phases, such as boson fractional quantum Hall states, and conventional ones.
While the compactness of the gauge field becomes irrelevant in fractionalized phases, which
support deconfined excitations, we focused on developing an explicit understanding of the
instanton dynamics that leads to confinement in conventional phases. As our first main
result, we showed that in contrast to CQED3 with massless fermions—an effective gauge
theory describing the Dirac spin liquid—CQED3 with massive fermions supports Euclidean
fermion zero modes exponentially localized on instantons. The localization length of the
zero mode “wavefunction” is found to be inversely proportional to the fermion mass, which
in hindsight elucidates the absence, first observed by Marston, of normalizable zero modes
in massless CQED3;. While we did not prove a rigorous index theorem guaranteeing the
topological stability of such Euclidean zero modes, they were found to be in one-to-one
correspondence with Hamiltonian quasi-zero modes occurring in the context of monopole
operator dressing in conformal field theories associated with spin ordering transitions out
of the Dirac spin liquid. In such theories, a nonzero fermion mass arises when the theory
is canonically quantized on the sphere, and the resulting Hamiltonian quasi-zero modes
can be understood as “massive deformations” of true zero modes protected by the Atiyah-
Singer index theorem.

As our second main result, we combined semiclassical methods with our zero mode
solutions to show by explicit derivation that instantons mediate an effective four-fermion

interaction in the gauge theory, known as the 't Hooft vertex. This effective interaction
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explicitly breaks a spurious U(1) x U(1)top symmetry of the classical parton Lagrangian
to a diagonal U(1) subgroup, corresponding to the physical boson number conservation
symmetry of the microscopic model. Under the further assumption of confinement via
instanton proliferation, we found that the 't Hooft vertex could naturally lead to two
distinct superfluid phases: an ordinary single-particle condensate, but also a boson pair
condensate without single-particle condensation, in which the global U(1) symmetry is
only broken to Zs,.

Looking ahead, our approach based on semiclassical instanton techniques could be used
to complement the Hamiltonian monopole-operator dressing approach to confinement tran-
sitions out of the Dirac spin liquid [36, 37]. Song et al. rely solely on microscopic sym-
metries and write down deformations of the conformal QEDj3; Lagrangian consisting of
(dressed) monopole operator /fermion composites allowed by those symmetries. Alterna-
tively, 't Hooft vertices containing similar physics could be explicitly derived as follows.
In the two-step route to confinement advocated by Song et al. and mentioned earlier,
a fermion mass bilinear acquires an expectation value before instanton proliferation pro-
ceeds. Applying the semiclassical methods employed here after the first step, Euclidean
zero modes for the resulting massive fermions could be searched for and used to derive
a 't Hooft vertex that would encapsulate the range of symmetry-breaking phases made
possible by instanton proliferation. Finally, the proof of an index theorem for massive
Dirac fermions in 3D Abelian instanton backgrounds would be a desirable extension of the

results presented here.

3.8 Appendix: Monopole miscellanea

3.8.1 Monopole harmonics

This appendix collates some well-known results on the theory of Dirac monopoles and is

mostly self-contained. We first consider a spinless charge e in the field of a static point
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monopole at the origin,

B="Ys, (3.98)

described by a Wu-Yang vector potential A [see Eq. (3.27)]. Classically, the spherical
symmetry of the problem suggests conservation of angular momentum. The natural guess

l=rx(p—eA) =rxmuv, by minimal coupling, does not work because

= L xm)
at "

=r X mr,

=r x e(v x B),

€g
=T X 7’_3(v X T), (3.99)
€9

This is generically non-zero, suggesting ! is not conserved. Using a formula for the vector

triple product, Eq. (3.99) can be rewritten as [117]

73 2 dt
= 1r 2 |F|r
B P ’
d r
== <eg;> . (3.101)

This implies a conserved angular momentum
L=rx(p—eA)—qr, g=eg €7/2. (3.102)
One can explicitly prove (post-quantization) that
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Since [r?, L] =0, these two operators can be simultaneously diagonalized and L can be

studied for fixed r. Also, since [L,, L?|=0 and [L;, L;] =i€;; Lg, we have the familiar

LY, (0, 0) = L(L+1)Y, (0, ¢),

L.Yorm(0,0) = MYy (0, ). (3.104)

The sections Y, 1 s are called monopole harmonics, and their exact form is gauge depen-
dent, which means northern and southern versions differ by a gauge transformation in
the Wu-Yang formulation. Only L, M are quantum numbers, while ¢ is a parameter that
determines one complete set of harmonics. Just based on the su(2) algebra, allowed values

of L must be a subset of {0,1/2,1,...}, while M e{—L,—L+1,..., L}. However,

L? = (1 — qt)?
=P+ —ql-t+1-1)

=1+ ¢ (3.105)
For fixed 2q € Z, this gives a bound on the eigenvalues
L(L+1)> ¢ (3.106)

The solution of the inequality above is L > |q|. To prove this, we may take ¢ >0 without
loss of generality as the inequality is independent of sgn q. Factorization and substitution
of g=n/2, where n€N, gives

(L__Hm) (L__l_gm> Y

> (3.107)

Both brackets must be of the same sign. Positivity of L implies

S —1++v1+n?
p— 2 .

L

L>n/2=q satisfies this inequality, since for n>0,

—1++vV14+n? < —1+\/1+n2+2n_
2 - 2 N

)

n
2
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To see that this is the smallest satisfactory half-integral L, note that the next smallest

value of L does not satisfy:

n—1 —1++vn? < —1++v1+n?
2 2 - 2 ‘

We thus have the result that L >|q].

Written in spherical coordinates, Eq. (3.102) reads
LN5 = —gi + @i csc 00, — q(cot O T csc )] — @idy. (3.108)

This implies
L.=—i0,Fq, (3.109)

for the Z component, which has northern and southern eigenfunctions of the form exp[i(M +q)¢].
The requirement of a single-valued wavefunction then mandates (M £¢q) € Z, which is sat-
isfied if M is (half-)integral whenever ¢ is (half-)integral. Together with L > |g|, this

determines the allowed values of (L, M) as
Le{lq|q+1,..}, Me{-L,—-L+1,..,L}. (3.110)

For completeness, we provide a general formula for the monopole harmonics Y, 1 3 in
terms of the Wigner D-matrix. An elegant derivation can be found in Ref. [79]. In the

northern hemisphere,

2L +1
47

Yorm(On, ) = [Dy_ (0,0, —0)]", (3.111)

where 6y €[0, 7). The southern versions (valid on the south pole) are obtained by a gauge

transformation,

Yora(ls,9) = €Y, L (On, ). (3.112)

The Wigner D-matrix is defined in terms of Euler angles («, 3, 7) as

Dl 0, 8,7) = (| 107 P

jm),

= e7med, (e ™. (3.113)
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Using the formula above, the first two ¢=1/2 harmonics are given by

1, 0
— P qin —
Y%éy%(eN?@) \/ﬁe Sin 9’
1 0
Yii 1(0n,¢) = 5 05y (3.114)

in the north. Their southern versions are given by a gauge transformation exp(—iy).

For ¢=—1/2, the first two northern harmonics are

1 6
Y—%éé(eN,S@) = \/ﬂcoséa
I 7
_ —i gip —
Yo a(On,¢) = \/%e sin o, (3.115)

with their southern versions now obtained by a gauge transformation exp(iyp).

3.8.2 Monopole spinor harmonics

We now consider a spin-1/2 particle of charge e in a monopole background. The total

angular momentum for a spin-1/2 is

1
J=L+ 0. (3.116)

The allowed eigenvalues of J? and J,, respectively denoted j(j+1) and m;, follow from

rules for addition of angular momenta:

. 1 1
ie w-vzniri ={ld-ghege

m; € {—j,—j+1,...,j} (3.117)
The same rules also provide the (angular) eigensections (fjmj, called monopole spinor
harmonics,
j1/2 1 \/JT 0.0—3mj—5
yq,j,mj (‘9’ 90) :\/_2_] )
}/(1.7_* m]"‘
1 — j—m] +1Y L m—L
yﬁjl/?( Q) =—— e , (3.118)
mj /9 2 -
,]+ j+m]+1}/:]]+ mj_,’_2
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where Y, 1 as are the monopole harmonics defined in Sec. 3.8.2, and their coefficients are
Clebsch-Gordan. For a given ¢, these spinor harmonics are a complete, orthonormal set of
2-spinor eigensections of L% o2, J?, J,.

For use in the main text, we also record here the action of o - on quj m>

which can
be explicitly evaluated using Eq. (3.118). Alternatively, since o -t commutes with J, the

most it can do is mix the L=7j41/2 states. A general formula is

(- D)V = a Y02 4, )0 (3.119)

qajvmj q7j7mj 7j7mj :

Substituting in Eq. (3.118) and using the known forms of the monopole harmonics provides

linear equations for the coefficients, which turn out to be [118§]

b 24
a = 0. = —-
+ 2J+17
27 + 1)2 — 4g?
a_:b+:—\/<‘7+ fodd (3.120)

2j + 1
3.9 Appendix: Self-adjoint operators

This appendix elaborates on some technical aspects of the path integrals studied in Sec. 3.5.2-
3.5.3, particularly the difficulties involved in suitably defining the functional measure and
connections with index theorems. We shall first proceed along a standard route used in

the physics literature to define path integral measures. The path integral of interest is

Zpla}] = /D(w,w)efd%{m’, (3.121)

where az describes a single charge 1/2e instanton located at z,. Although an even number
of fermion flavors are required for this theory to make physical sense, a single flavor is suf-
ficient to highlight some of the general mathematical difficulties that arise in this problem.

The (massive) Euclidean Dirac operator D is defined as
D =~"0, — iv“a: +m,
1 3
= (o 1) lar - <J2—L2—Z) - ga : r] +m. (3.122)
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The (naively taken) adjoint of the Dirac operator is

Dl = 49, + i’y“a: +m

= —(o1) [& _ % <J2—L2—§l> _4,. r} +m. (3.123)

The second lines of Eqgs. (3.122)-(3.123) are the results of Sec. 3.4.2-3.4.3. These operators
are not Hermitian, but one can consider the Hermitian combinations DD and DD' with

eigenvalue equations

DiDuy(x — 24) = aus(x — 24),

DD (x — 24) = a;t(x — 2), (3.124)

for an instanton located at z, .

We have used the term “Hermitian operator” to refer to what is called a “symmetric
operator” in the mathematical literature on unbounded operators [119, 120]. Acting on a
Hilbert space, a densely defined Hermitian (or symmetric) operator A satisfies (u, Av) =
(Au,v), for any u,v€ Dom(A). To be self-adjoint, that is for A= AT to hold as an operator
equation, one also requires Dom(A) =Dom(AT), which does not follow from the Hermiticity
condition for unbounded operators (such as the Dirac operator under consideration), and
usually Dom(A) € Dom(AT). Only self-adjoint operators have the desirable properties
of possessing a complete set of eigenfunctions and real eigenvalues. However, this fact is
typically ignored, and one proceeds to use the eigenfunctions of DD and DD' as a basis to
facilitate a mode expansion of the Fermi fields in the path integral, assuming such operators
are indeed self-adjoint. This is usually harmless, but not so in current circumstances as we
shall momentarily show. In any case, a loose mathematical justification of this ignorance
can be made by assuming that the Hermitian operators above possess a unique, or a family,
of self-adjoint extensions. An arbitrary choice in this family will have the required property
of possessing a complete basis of eigenfunctions to facilitate mode expansions.

However, a self-adjoint extension of a Hermitian operator A involves imposing boundary

conditions on its eigenfunctions which effectively shrink or enlarge Dom(A) and Dom(AT)
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until they are equal. The eigenfunctions of the self-adjoint extension will form a complete
basis only for the final domain Dom’(A). Assuming DD or DD' have been made self-
adjoint, mode expansions of Fermi fields in terms of the eigenfunctions of these operators
effectively assume that the space of fields being integrated over in the path integral is
the same as Dom(D'D) or Dom(DD'). This typically does not warrant close analysis
since one hopes (usually correctly) that all important physical effects are accounted for
in this procedure. In the present case, as we show below, the ZM solution lies outside
these domains and is thus missed if the eigenfunctions of DD or DD are used for a mode
expansion or in the definition of the functional measure.

We start with the following paradox. The ZMs of D and D' were calculated in Sec. 3.4.2

and 3.4.3 respectively. For g=—1/2e, the operator D' has a normalizable ZM

o vere 2m e~ mr
(0N (T‘, 0, 90) , y1/12/2 0, 0( 90)7 (3'125)

which implies
(¢, Dby ) = 0. (3.126)
However, using Eq. (3.122), one finds explicitly that DQZJ(; :Qm&; , which seems to imply
2
Yo

(D ;) = Zm‘ (3.127)

The implied consequence is that ({b; ,DWJ(; ) # (D{p; , zzg ). Before a resolution of this is
pointed out, we note that D@g = Zm@g implies then that DTD{DO_ =0 so that dim ker DD—
dim ker DD = 0. It is the latter that is typically calculated as index(D) in typical proofs
of index theorems used in physics. This highlights the difficulty in producing an index
theorem for the current scenario, and also in defining the functional measure of the path
integral using eigenfunctions of DD or DDT.

The resolution of the paradox lies in a careful examination of the domains of the op-
erators D' and D, which turn out to be subspaces of square integrable functions. In the

subspace of spinors ¢ with fixed angular part yll//g 00( ¢), and for eg=1/2 (i.e., in the
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(@ =1 instanton sector discussed in Sec. 3.5.2), the action becomes:

S = /d%(ﬁ(im +m)1p, (3.128)

where one defines a “radial momentum operator” [121],
tos ) : 1
prz—§(r-V+V-r):—2 (8r+;>. (3.129)

The adjoint Dirac operator D' in Eq. (3.123) has been naively derived from the form of D
by essentially assuming p, is Hermitian on Dom(D). However, this Hermiticity condition
is violated on the ZM,

Po(r) o 1e‘"”, (3.130)

r

of the operator (ip,.+m) appearing in the action (3.128), for (p,to, %o) # (Yo, pribo). This
is the reason for the paradoxical equations (3.126)-(3.127). However, to restrict the path
integral over ¢ to a function space on which p, is Hermitian is to exclude ZMs and their
associated physics. To determine the space of fields (¢ and 1) that one should integrate
over, we use the necessary condition that the Minkowski action must be real-valued.

The reality of the Minkowski action in a unitary quantum field theory translates to
Osterwalder-Schrader or reflection positivity of the corresponding Euclidean action, which
is invariance ©(S) = S under a form of complex conjugation followed by Euclidean time
reversal [72]. This transformation acts on fermions as an involution of the Grassmann

algebra [73], which for our particular choice of Dirac matrices can be chosen as
O(tha(x)) = 0% 4(0), (3.131)
O(1h, (1)) = o2P4s(0), (3.132)

where 6 flips the sign of the time (z) coordinate. Additionally, © complex conjugates c-
numbers and reverses the order of Grassmann variables, e.g., ©(¢o¥g1,) =O(1),)O(15)O(¢y).
Gauge fields transform as ©(ag(x)) = —ao(fx) and O(a;(x)) =a;(0x) [122]. One can show

that under ©, Eq. (3.128) transforms as:

0O(S) =S + /dQ (—r* )| (3.133)

109



where the boundary term follows from an integration by parts. However, for reflection
positivity to hold, the boundary term is required to vanish.

The upper limit of the boundary term vanishes if we require all fields to be square
integrable. Say v ~r "y as r —0, where y is a Grassmann number without  dependence.
Then square integrability requires lim, o 7%2? to exist, which means 3<3/2. Since square
integrable functions are therefore at most as singular as 7~3/2* where € >0, the lower limit

of the boundary term is at most as singular as

7,2

N e vy (3.134)

where § >0. The existence of this limit requires 0+€>1. The choice e =0 >1/2 restricts
both field integrations (over 1 and 1)) to the subset of square integrable functions that are
less singular than 1/r at the origin. As discussed earlier, this excludes the ZM from both
path integrals, over 1) and 1. To remedy this, we may set e=0 and 6 > 1, so that functions
that behave as 1/r as r—0 (such as the ZM 1)) are included in the path integration over
1, but not in that over v to maintain reflection positivity of the Euclidean action. The
problem now reduces to finding self-adjoint operators with domains as these new subspaces
of L*(R?), so that the path integral measure can be adequately defined. We will simply
assume such operators, with eigenfunctions {v;(r,0,¢)} and {{Di(r,ﬁ, ©)}, exist and will

expand the Fermi fields as
/
Y =1ho(r,0,0)m+ > wilr, 0, 0)m,
_ ! ~
=Y (r 0,0, (3.135)

where the primed sum includes non-ZM contributions and 7, n; are independent Grass-
mann variables.
For eg=—1/2, i.e., in the anti-instanton sector @) = —1, the situation is reversed. In a

subspace of spinors with fixed angular part yi/12/2 0.0(0, ), the action is
S:/&%w4%+mm. (3.136)
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The operator (—ip, +m) does not have normalizable ZMs. However, integrating by parts,

we obtain

5= [ @alin+mpo+ [0 (o) (3.137)
and the operator (ip,.+m) does have the ZM (3.130). Contrary to the @ =1 sector, we
now include functions with the limiting behavior of the ZM in the path integral over 12),

but exclude them from that over ¢ so that the boundary term in Eq. (3.137) vanishes and

reflection positivity is maintained. This implies mode expansions of the form
!/ ~
1/} = Z wi(r’na 67 90)7717

P = &0(73 0,0) + Z/ &i(ra 0, 0);. (3.138)
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Chapter 4

Magnet to chiral spin liquid in 2d
Ising spins

4.1 Introduction

Quantum phase transitions out of fractionalized spin-liquid states in two spatial dimen-
sions (2d) are an active area of research in the study of quantum matter [24, 123, 124].
From a theoretical standpoint, the universal properties of spin liquids are captured by
slave-particle gauge theories with bosonic or fermionic spinons [20]. In describing a tran-
sition from a spin liquid to a conventional ordered phase, two effects must be accounted
for: spontaneous symmetry breaking, and confinement of excitations with nonzero gauge
charge. In theories with bosonic spinons, such as Schwinger boson theories of Zs spin lig-
uids [125], confinement concomitant with symmetry breaking results from the condensation
of bosonic visons and/or spinons which carry nontrivial quantum numbers under global
symmetries [126]. In descriptions of spin liquids with fermionic gauge theories, such as the
U(1) gauge theory of the Dirac spin liquid [32], condensation of a fermion bilinear leads to
symmetry breaking and opening of a fermion mass gap [36, 55, 77, 87, 90, 91, 127, 128|.
The opening of this gap is followed by the proliferation of monopole-instantons, which
induces confinement [9, 26, 40]. In addition to those of fermion bilinears, the symmetry
quantum numbers of monopole operators are important to determine the precise patterns

of symmetry breaking [35-37, 45, 56].
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An emerging platform for the observation of spin liquids and their competition with
various ordered phases is spin-orbit coupled Mott insulators; such systems have been a
focus of quantum materials research in recent years [129, 130]. In those systems, strong
correlations promote the formation of local magnetic moments, while spin-orbit coupling
entangles spin and orbital degrees of freedom and introduces anisotropy in the magnetic
exchange interactions. The paradigmatic class of materials in this context is Kitaev mate-
rials [66, 131], described at low energies by effective spin-1/2 moments on the honeycomb
lattice and governed by a Kitaev-like Hamiltonian [23] in which SU(2) spin rotation symme-
try is broken to a discrete subgroup. Recently, the Kitaev material a-RuCl; has attracted
much attention due to the observation of a magnetic-field-induced transition from a zigzag-
ordered state at low fields to a paramagnetic state at higher fields [132-138]. Remarkably,
the latter state appears to exhibit a quantized thermal Hall conductance x,,/T = 1/2 in
units of wk%/6k, suggestive of a gapped chiral spin liquid phase with intrinsic topological
order [137, 138]. In Ref. [139], a theory of the transition between the zigzag-ordered state
and the chiral spin liquid was developed, based on dualities of (2+1)D gauge theories with
U(N) gauge groups.

Motivated by these recent developments, we ask the general question whether, from an
effective field theory point of view, the phase diagram of spin systems with Ising spin-
flip symmetry can exhibit a continuous transition from Ising magnetic order to a gapped
chiral spin liquid. Given that the chiral spin liquid is a topological phase without a local
order parameter, while the Ising-ordered phase exhibits conventional symmetry breaking,
such a transition is necessarily an exotic non-Landau transition involving the fractionalized
degrees of freedom of the spin liquid, and possibly monopole-instanton configurations in
the associated emergent gauge field.

In this chapter, we use effective field theory methods to show that such an exotic tran-
sition is in general possible. Our approach is based on a parton decomposition of the Ising

spin operator, involving fractionalized Majorana fermion degrees of freedom coupled to an
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emergent non-Abelian SO(N) gauge field. Our study can be viewed as a generalization
of Ref. [102]—which studies transitions between Mott insulating, fractional quantum Hall,
and superfluid states of bosons with continuous U(1) symmetry—to systems of Ising spins
with a discrete Zs symmetry. Chern-number changing transitions between different topo-
logically superconducting states of the Majorana partons correspond to different phases
of the Ising spin system. While various spin-liquid states can be accessed in this way,
including spin liquids with non-Abelian topological order, we focus on Abelian chiral spin
liquids with the topological order of the bosonic fractional quantum Hall (Laughlin) state.
In our construction, such a chiral spin liquid is naturally proximate to a trivial paramagnet
and to a magnetically ordered phase with broken Z, symmetry. Using recently conjectured
dualities of SO(N) gauge theories in (241)D, we find that the critical theory for the or-
dering transition from the trivial paramagnet is, as expected, dual to the standard 3D
Ising Wilson-Fisher theory, while transitions involving the chiral spin liquid are described
by theories of massless Majorana fields coupled to an SO(N) gauge field with a Chern-
Simons term. In particular, we show that a direct transition from the chiral spin liquid
to the Ising-ordered phase is possible and can be protected by inversion symmetry on the
honeycomb lattice.

Finally, in analogy with our previous work on bosons with U(1) symmetry [1], we show
that the breaking of Zs symmetry in the confined, ordered phase can be understood as
a nontrivial consequence of Euclidean Majorana zero modes (ZMs) bound to monopole-
instantons. By contrast with monopole-instantons in U(1) theories, the latter carry here
a Zy topological charge under the Z3' magnetic symmetry of SO(N) gauge theory in
(24-1)D. Under the assumption that the infrared effects of such instantons is adequately
captured by a semiclassical instanton-gas treatment, the Euclidean ZMs lead to an effective
interaction among Majorana fermions that is analogous to the 't Hooft vertex in quantum
chromodynamics [63-65]. This interaction intertwines the Ising Z, symmetry with the Z2*

magnetic symmetry. As a consequence of this intertwinement, the spontaneous breakdown
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of Z5' magnetic symmetry expected in a confined phase [140, 141] automatically results
in long-range Ising order for the underlying spin system.

The rest of the chapter is structured as follows. In Sec. 4.2, we review the parton
description of bosons with U(1) symmetry [1, 102], as a means to introduce the basic
ideas and methods that we will generalize to Ising spins with Zs spin-flip symmetry. In
Sec. 4.3, we introduce our parton decomposition of Ising spins and discuss the various
phases that can be accessed within the parton mean-field framework: chiral spin liquids,
a trivial paramagnet, and an ordered phase with broken Z, symmetry. Using SO(N)
dualities in (241)D, we discuss transitions between these phases. In Sec. 4.4, we turn
our focus to the broken phase. Although conventional from the microscopic standpoint,
its description within the parton framework necessitates accounting for nonperturbative
confinement effects. We discuss Zs monopole-instantons in SO(N) gauge theory, show
that Euclidean fermion ZMs are bound to them, and resum the instanton gas to exhibit
the 't Hooft vertex that properly accounts for the broken Z; symmetry. We conclude in

Sec. 4.5 with a summary of our main results and suggestions for future research.

4.2 Warm-up: bosons with U(1) symmetry

We begin by briefly reviewing the problem of continuous quantum phase transitions in
systems of hardcore bosons with the global U (1) symmetry associated with particle-number
conservation. To aid the passage from U(1) bosons to Z, spins, we re-interpret the results
of Ref. [102] in the context of dualities of (2+1)D quantum field theories with unitary
gauge groups [142-151]. We also point out the key role of monopole-instantons and the
Euclidean fermion ZMs bound to them in accounting for the physics of broken-symmetry

phases [1].
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4.2.1 Parton construction

We begin by considering a system of charge-1 hardcore bosons on a 2d lattice described
by operators b(r) (b'(r)) that annihilate (create) a boson on lattice site . We then write

the boson operator as

b(r) = fi(r) far), (4.1)

where fi(r) and fo(r) are fermionic annihilation operators. This parton decomposi-
tion [152, 153] introduces a local gauge redundancy. We consider parton mean-field ansétze
such that f; forms a Chern insulator with Chern number 1 and f; forms a Chern insulator
with Chern number C. In general, such ansétze have a U(1) gauge structure with emergent
gauge field a,; we assume f; (fs) carries gauge charge —1 (+1), and f, carries the unit
global U(1) charge of the boson system.

Upon integrating out the massive partons f; and fo, we obtain the low-energy effective

Lagrangian:

1 C
— _ 4.
L 47Tada + o (a+ A)d(a+ A), (4.2)

where adb = €"*a,,0, by for any two gauge fields a, and b,,, and we have added a background

gauge field A, which couples to the global U(1) symmetry. Performing the shift a, —

a, — CLHAM to eliminate the cross terms, we obtain:
C+1 1 C
L= da + ———AdA. 4.3
4r 0 + Adr C + 1 (43)
For values of C' other than C' = —2, —1,0, this describes an Abelian fractional quantum

Hall state with ground-state degeneracy |C' + 1|9 on a genus-g surface and quantized Hall
conductance o,, = C/(C + 1). For C = 0, the ground state is unique and the Hall
conductance vanishes: this is the Bose Mott insulator. For C' = —2, the ground state
is again unique, but the Hall conductance is nonzero, o,, = 2: this is a bosonic integer

quantum Hall state [154-157]. For C' = —1, the Chern-Simons term for a, cancels and we
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must keep a Maxwell term. Integrating out a,, we obtain in the low-energy limit,

Sl = 5 [ a0 (- L5 ) o) (1.4)

e
where n* is the (2+1)D Minkowski metric. Equation (4.4) describes the (transverse)
Meissner response of a charged superfluid, thus the C' = —1 phase is a superfluid of the b

bosons.

4.2.2 Phase transitions and U(1) dualities

At the parton mean-field level, transitions between the different bosonic phases mentioned
above are Chern-number-changing (topological) transitions in the f, parton band structure.
For simplicity, we focus on transitions between the Mott insulator (C' = 0), superfluid
(C = —1), and v = 1/2 bosonic fractional quantum Hall state (C' = 1) [158]. To derive
a critical theory for the transition, we can integrate out f;, which remains gapped across
the transition. This generates a U(1); Chern-Simons term in the effective theory. By
contrast, fs becomes gapless at the transition and must be kept in the critical theory.
In the low-energy limit and near the transition, the f; band structure will generically
consist of two Dirac points K, and K_, such that fy(r) can be expanded near the Dirac
points: fa(r) ~ >, eEr Ty (r), where o, o are slow two-component Dirac fields
with mass m_, m_ respectively. The low-energy effective theory interpolating between all

three phases is thus:
1 -
L= Eada + ];@Z)Qk(zlﬂ — my,) Yok, (4.5)

where ) = D, with D, = 9, —i(a, + A,) the gauge-covariant derivative, and 7* are
(24-1)D Dirac matrices.

The phases described in Sec. 4.2.1 are recovered when both Dirac fermions are massive
and can be integrated out (Fig. 4.1). Since a single massive two-component Dirac fermion
with mass m carries a partial Chern number of %sgnm [159-161], when both my > 0,

we recover Eq. (4.2) with C' = 1, i.e., the bosonic ¥ = 1/2 Laughlin state. When both
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m+ < 0, we find the superfluid with C' = —1. When the masses are of opposite sign, the
partial Chern numbers from the two Dirac fermions cancel out and we obtain the trivial

Mott insulator with C = 0.

MI | FQH

SF MI

Figure 4.1: Phase diagram for bosons with U(1) symmetry as a function of the two tuning
parameters m,, m_. MI: trivial Mott insulator; SF: superfluid; FQH: v = 1/2 bosonic
Laughlin state.

Transitions between the Mott insulator and superfluid and between the Mott insulator
and the bosonic Laughlin state can be accessed by tuning m_ through zero at m, < 0 and

my > 0, respectively. When m_ < 0, integrating out 1o, and setting m_ = 0 gives
1 - 1 1
L= 8—ﬂ_ada + ¢2_lew2_ - EAd(l - 8_7TAdA’ (46)

a single two-component Dirac fermion coupled to a U(1) Chern-Simons gauge field at level
1/2, which is conjectured [142, 146-148, 150, 151] to be dual in the infrared to the (2+1)D

Wilson-Fisher fixed point of a single complex scalar ¢,
Laual = \((9“ - iAu)¢|2 - >“¢|4' (4'7)

We thus recover the known fact that the boson superfluid-Mott insulator transition is in
the 3D XY universality class (in the presence of particle-hole symmetry, which is assumed
here due to the relativistic Dirac dispersions). Furthermore, a fermion mass term for ¢y

maps to a mass term for the scalar of the same sign!, such that m_ > 0 corresponds to

!The reason the fermion and scalar masses are of the same sign is that we are in fact using a time-
reversed version of the duality in Ref. [146].
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the disordered (Mott insulating) phase of the scalar and m_ < 0 to its broken symmetry
(superfluid) phase. As is clear from Eq. (4.7), the dual scalar field ¢ carries charge 1 under
the background gauge field A, and can thus be directly interpreted as the continuum limit
of the boson operator b near the superfluid-insulator transition.

When m, > 0, integrating out ¥y, and setting m_ = 0 yields
3 - 1 1
L= —ada+y_ ilphy + —Ada + — AdA, (4.8)
8T AT 8T

a Dirac fermion coupled to U(1)3/2 Chern-Simons theory, which is dual to a single complex

scalar coupled to U(1)_5 Chern-Simons theory,
Laar = (0, — ia,)o|* — M o[* — iada + iAda. (4.9)
: : 4m 2m

The derivation of this duality is reviewed in Appendix 4.6. If we add a positive mass term
for the scalar (corresponding to m_ > 0 for the fermion), the scalar can be integrated out
and upon shifting @ — a+ 3 A we obtain U(1) Chern-Simons terms of level —2 and 1/2 for
the @ and A gauge fields, respectively, in accordance with the v = 1/2 bosonic Laughlin
state expected for m_ > 0. Setting A = 0, approximate critical exponents for the Mott
insulator-bosonic Laughlin state transition can be obtained by studying Eq. (4.8) in the
1/N; expansion where Ny denotes the number of Dirac fermion flavors [142, 162], or by
studying the dual theory (4.9) in a bosonic 1/N, expansion [163].

Finally, exact microscopic symmetries may force m, = m_ and protect a topological
transition in which C' changes by 2 (e.g., inversion symmetry in the Haldane model [105]).
In this case a direct transition from the superfluid to the bosonic Laughlin state is generi-
cally allowed, and the critical theory is (4.5) with m, = m_ = 0. Critical exponents can

be estimated using the large-N; expansion mentioned above [142, 162].

4.2.3 Instantons, fermion zero modes, and superfluidity

So far, we have ignored the compactness of the emergent U(1) gauge field a,. In the

superfluid phase, the low-energy effective action does not feature a Chern-Simons term,

119



thus confinement effects due to the proliferation of monopole-instantons [9, 26, 40] are
expected to play a key role. In the presence of fermions, such instantons can additionally
lead to symmetry-breaking effects [62]. In an instanton background aLg) of topological

charge g, a (2+1)D Dirac fermion ¢ of charge e and mass m possesses Euclidean ZMs

given by [1]:
Ui (r,0,0) = “2_ " Pil000:9); (4.10)
550,06 = Y2, 0,0), (4.1)
for eg = +1/2 and eg = —1/2, respectively, according to the Dirac quantization condition.

Here ygjjl fi (0, ¢) are monopole spinor harmonics with total angular momentum j and its
projection m; [74, 118], and (r, 8, ¢) are spherical coordinates in 3D Euclidean spacetime.
In the semiclassical instanton gas approximation, those fermion ZMs induce an effective

four-fermion interaction, known as the 't Hooft vertex [63-65]:

e 27 YT yha bl o + Hec., (4.12)

where 914 are the slow fields in the low-energy expansion fi(r) ~ Y ,_, eE:"y(r), o
is the dual photon, ¥ is a topological angle analogous to the theta angle of 4D Yang-Mills
theory, and « is a certain 2 x 2 matrix in spinor space [1]. The operator M(z) = > (®)
is a monopole operator that inserts 27 flux at a given point x in spacetime.

The importance of this term is that it properly accounts for the unique U(1) global sym-
metry of the microscopic boson system. Absent instanton effects, the Lagrangian (4.5) has
a spurious U(1) x U(1);,p symmetry, where the first factor corresponds to the conservation
of 1o, particle number, and the second factor represents the conservation of the topologi-
cal current jf,, = 2—6‘“’)‘8 ay = Tlr)gé?“(f. The 't Hooft vertex (4.12) intertwines these two
symmetries, reducing them to the diagonal U(1) subgroup under which a phase rotation
of 1oy is compensated by a shift of 0. Assuming instanton proliferation in the confined

phase, o acquires an expectation value, which breaks this U(1) symmetry spontaneously

and results in a superfluid phase.
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4.3 Ising spins

We now turn to our main focus, a system of quantum Ising spins 7%(r) = £1 living on the
sites r of a 2d lattice. We assume the Hamiltonian of the system is invariant under the
global Zy symmetry 7%(r) — —77(r), for all . We wish to describe ordered and disordered
phases of this quantum spin system, as well as transitions between them, using a parton

construction.

4.3.1 Parton construction

In analogy with (4.1), we introduce the parton decomposition

*(r) =" ()P (r) XN (), (4.13)

where N is even and x*(r), « = 1,..., N are Hermitian (Majorana) fermion operators
obeying the SO(N) Clifford algebra {x*(r),x’(r')} = 26“?8,,.. One easily checks that
(4.13) implies the expected properties 72(r) = 7%(r)!, 7%(r)? = 1, and that the 7%(r)
commute on different sites. This parton decomposition introduces a local SO(N) gauge
redundancy x(r) — R(r)x(r) under which 7%(7) remains invariant, where R(r) € SO(N)
and we group the Majorana operators into an SO(N) vector x = (x!,...,xV)T. The
charge under the global Ising symmetry can be assigned to any odd number of the N
Majorana modes; we choose to assign the global Z, charge to x!, i.e., x transforms as
x(r) = Wx(r) where W = diag(—1,1,...,1). This action of the global symmetry does
not commute with SO(N) gauge transformations in the parton Hilbert space. Therefore,
unlike for the U(1) boson problem (Sec. 4.2), we cannot couple the parton system to a
background Z, gauge field while maintaining SO(NV) invariance at the Lagrangian level.
However, the global symmetry action is well defined on gauge-invariant operators and
gauge-invariant states. To the difference of other Majorana-based parton decompositions
of spin operators [164], explicit expressions for the operators 7%(r) and 7¥(7) in terms of the

Majorana fermions x*(r) are expected to be nonlocal and cannot be easily written down.
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Nonetheless, in Appendix 4.7, we show that the strong-coupling limit of an SO(N) lattice
gauge theory with Majorana matter naturally describes a quantum Ising spin system, thus
lending support to (4.13) as a valid parton representation.

We consider an SO(N )-invariant parton mean-field ansatz in which all N partons of the
multiplet form a class-D topological superconductor [165] with Chern number C'. Consid-
ering fluctuations above the mean-field ground state, the partons couple to an emergent
SO(N) gauge field denoted by a,. Integrating out the partons, we obtain the effective

Lagrangian
L= CSSO(N)C[G] + .. (4.14)

where CSgo(n),[a] denotes a level-k non-Abelian SO(N) Chern-Simons term for the gauge
field @ [166-168],

k
2-4r

2
CSso(vy,la] = tr <a/\da+ ga/\a/\a) : (4.15)

with the trace in the vector representation of SO(N). The dots in (4.14) denote non-
topological gauge invariant terms such as the Yang-Mills action o tr(f A *f) where f =
da + a A a is the non-Abelian field-strength 2-form.

We now investigate the different phases of the original spin system that can be reached
by varying C. When C' = 0, the Chern-Simons term is absent and the Yang-Mills term
dominates the action. At least when regularized on a lattice, as is the case here, pure
SO(N) gauge theory in 2 + 1 dimensions and without a Chern-Simons term is believed to
be confining at zero temperature [169, 170]. The confining theory is massive, thus C' = 0
corresponds to a gapped phase of the original Ising spin system. When C' = 1, the effective

Lagrangian contains an SO(N); Chern-Simons term,
L= CSS()(N)1 [(Z] + ... (416)

This theory is also massive, but the Chern-Simons term leads to deconfinement at zero
temperature. Below the mass gap and in the long-wavelength limit, the system is de-

scribed by a pure topological SO(N); theory. Similarly to U(1); Chern-Simons theory,
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this is an invertible topological quantum field theory with a unique ground state on all
closed manifolds [146]. Note that SO(N), Chern-Simons theory is a consistent theory of
microscopic bosons, even if k is odd, provided that only fermionic matter fields couple to
the SO(N) gauge field [167]; both conditions are satisfied here. Thus for C' = 1 the original
Ising spin system forms a gapped paramagnet without topological order. For |C'| > 1, one
obtains a deconfined phase described by SO(N )¢ Chern-Simons theory. Such theories are
not invertible, and thus the Ising spin system is in a phase with intrinsic topological order,
i.e., a gapped spin liquid.

Another way to see that the C' = 1 phase corresponds to a gapped paramagnet without
topological order is by looking at the edge degrees of freedom. At the mean-field level,
the C' = 1 phase features N free chiral Majorana modes on the boundary, which is a
noninteracting conformal field theory (CFT) with chiral so(/N); current algebra and chiral
central charge c. = N/2 [171]. However, when projecting to the physical Hilbert space the
SO(N) symmetry is gauged, which gives a trivial coset CFT on the edge with vanishing
chiral central charge.

More generally, for C' > 1 one obtains NC' free chiral Majorana modes on the boundary
at the parton mean-field level, corresponding to a chiral so(NC'); current algebra (we
assume C' is positive without loss of generality, as a sign reversal of C' simply corresponds
to a reversal of chirality). In Appendix 4.8, we show that this current algebra obeys the

following conformal embedding:
50(N)e ® 50(C)ny C s0(NCO);. (4.17)

Gauging the SO(N) symmetry leaves a chiral so(C)y current algebra [172], with chiral

central charge

_ NC(C-1)
2N+ C—-2)

(4.18)

Thus the C' > 1 phases are chiral topological phases with protected edge modes described

by the chiral so(C)y Wess-Zumino-Witten (WZW) CFT. Since the microscopic system
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consists of interacting Ising spins, these are chiral spin-liquid phases with broken time-
reversal symmetry but unbroken Z, spin-flip symmetry. For C' = 2, the edge theory is a
50(2)y = u(l)y CFT with c_ = 1. This is consistent with the fact that the bulk SO(N),
Chern-Simons theory is equivalent to SO(2)y = U(1)y by level-rank duality [173]. Thus
the C' = 2 phase is an Abelian topological phase, with the topological order of a v = 1/N
bosonic fractional quantum Hall state [158, 174, 175]. Such a chiral spin liquid has anyonic
spinon excitations with statistical angle § = w/N. Likewise, for C' > 2 but N = 2,
the edge theory is a s0(C')y CFT which is equivalent to su(C'); [168], with chiral central
charge c. = C' — 1. This can be understood intuitively since N = 2 corresponds to two
Majorana fermions, which is equivalent to a single Dirac fermion. The mean-field state is
a Chern insulator of this Dirac fermion with Chern number C, and gauging the internal
SO(2) symmetry corresponds to gauging the U(1) symmetry of the Dirac fermion. For
N > 2 and C > 2, the bulk SO(N )¢ Chern-Simons theory is level-rank dual to SO(C)y,
consistent with the so(C')y edge CFT. In the following, we will be interested exclusively

in the case N > 2, for reasons to be clarified shortly.

4.3.2 Phase transitions and SO(N) dualities

For simplicity, and to make an analogy with Sec. 4.2.2, we focus on transitions between
the three phases with C' = 0,1, 2. At the mean-field level, those are topological transitions
that proceed by linear (Majorana) crossings of the Bogoliubov-de Gennes bands of the
topological superconductor. We consider a parton bandstructure such that a low-lying
band with Chern number one remains filled across the transition, and there is a linear
crossing at zero energy of two other bands (for examples of multiband Majorana models
with topological transitions, see Refs. [176-178]). Since the total Chern number must be
integer, and a single massive two-component Majorana fermion carries a partial Chern
number of %sgn m, the low-energy bandstructure in the vicinity of the transitions can be
described by two slow, two-component Majorana fields 1,1 _ in the vector representation

of SO(N) with masses m,,m_ respectively. In Appendix 4.9, we give an example of
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Majorana hopping model that produces such a low-energy bandstructure with tunable
masses my. Considering gauge fluctuations, the theory interpolating between all three

phases is
1 .
£ = CSsowy[a] + 5 > WIC(iD — my )by, (4.19)
k=+

where ) = y#(8, —ia,) is a gauge-covariant derivative involving the internal SO(N) gauge
field @, C is a charge-conjugation matrix, and the level-1 Chern-Simons term comes from
the response of the low-lying band. The phases described in Sec. 4.3.1 for C' = 0,1,2 are
obtained when m and m_ are nonzero. When m_ > 0, the two Majorana fermions ¢, can
be integrated out, yielding an SO(N), Chern-Simons term. As seen above, this is a chiral
spin liquid with the topological order of the v = 1/N bosonic fractional quantum Hall
state. When both m4 < 0, the Chern-Simons level vanishes and one obtains a pure Yang-
Mills theory which confines. As we discuss below, this is a phase with magnetic long-range
order. Finally, when the masses are of opposite sign, one has an SO(N); Chern-Simons
term which corresponds to a topologically trivial, gapped paramagnet. A schematic phase
diagram is given in Fig. 4.2.

The critical theories for the transitions in Fig. 4.2 can all be written in the following

general form:
Ny

1 .
Ly, = CSsoy,la] + 1 Z YICip;, (4.20)

j=1
where v is the Chern-Simons level and Ny is the number of Majorana fields that become
massless at the transition. We first consider transitions involving the chiral spin liquid.
The transition between the chiral spin liquid and the paramagnet is tuned by m, (m_)
crossing zero at constant m_ > 0 (my > 0); integrating out the massive fermion, we find
Eq. (4.20) with Ny = 1 and v = 3/2. A direct transition from the chiral spin liquid to
the ordered phase is obtained by tuning the mass of both fermions through zero, and is
described by Eq. (4.20) with Ny = 2 and v = 1. Such a transition can be protected by

microscopic symmetries enforcing m, = m_; for example, this is achieved by requiring
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inversion symmetry in the honeycomb lattice model presented in Appendix 4.9. Assuming
both theories flow to a bona fide critical fixed point in the infrared, they correspond to

novel universality classes.

PM | CSL

SSB | PM

Figure 4.2: Phase diagram for Ising spins as a function of the two tuning parameters m,,
m_. PM: trivial paramagnet; SSB: ordered phase with Z, spontaneous symmetry breaking;
CSL: chiral spin liquid.

We next argue that the confining phase at my < 0 (i.e., C' = 0) has a spontaneously
broken Z, symmetry: that is, it possesses Ising-type magnetic long-range order. The
transition between the C' = 1 (paramagnetic) and C' = 0 phases is obtained by tuning
m4 (m_) through zero at constant m_ < 0 (my < 0). It is thus described by L;;/o in
Eq. (4.20), i.e., a single flavor of Majorana fermions in the vector representation coupled
to an SO(N)1/2 theory. It was conjectured in Ref. [168] that an SO(k;)_MjL% theory
coupled to Ny flavors of vector Majorana fermions is dual to an SO(M ) theory coupled
to N; flavors of real scalars ¢ in the vector representation with (¢?)? interactions, i.e.,
an SO(M ), theory coupled to the bosonic O(M) vector model at its Wilson-Fisher fixed
point. For Ny = M = 1, this stipulates that an SO(k)_1/» theory coupled to a single

Majorana fermion is dual to a single real scalar ¢ at its Wilson-Fisher fixed point, since

SO(1) on the scalar side is trivial:
Majorana 4+ SO(k)_/, <— real scalar, (4.21)

which can be viewed as a fermionization of the 3D Ising transition. Note that this duality

is conjectured to hold only for & > 2, which corresponds in our case to N > 2, ie., a
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minimum of four partons in the decomposition (4.13). Equation (4.21) can also be viewed

as the Majorana counterpart of the U(1) boson-fermion duality [142, 146-148, 150, 151]
Dirac + U(1)_1/2 +— complex scalar, (4.22)

whose time-reversed version we have used in Eqs. (4.6-4.7), or as the “inverse” of the

Majorana bosonization duality [167, 168]
Majorana <— O(M) scalar + SO(M )y, (4.23)

obtained by considering Ny = k =1 (and M > 3). Setting k = N and performing time
reversal to reverse the sign of the Chern-Simons level, Eq. (4.21) is precisely the critical

theory L£;1/2. Thus one obtains the dual critical theory
1 s Ay
£dual = §<au¢) - E¢ : (424)

The dual Lagrangian (4.24) has a global Z, symmetry ¢ — —¢ and two massive phases, the
unbroken phase (¢) = 0 and the phase (¢) # 0 with spontaneously broken Z, symmetry.
This transition can be tuned by adding a scalar mass term o< ¢?. Since m_ > 0 in the
original theory corresponds to a trivial paramagnet with no broken symmetries, this must
correspond to the unbroken phase in the dual theory, i.e., a positive scalar mass term.
Therefore, m_ < 0 must correspond to a negative scalar mass term in the dual theory, i.e.,
the phase with spontaneously broken Z, symmetry.

It remains to be shown that the Zs symmetry under ¢ — —¢ of the dual theory (4.24)
is nothing but the original global Z, symmetry of the spin system. As in Sec. 4.2.3, this is
properly achieved by the consideration of nonperturbative instanton effects, to which we

now turn.

4.4 Instantons, Majorana zero modes, and Ising sym-
metry

In this section, we wish to understand how the low-energy SO(N) gauge theory accounts

for the broken Ising symmetry in the phase with parton Chern number C'=0. In our
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description of the C' =1 — C = 0 transition in Sec. 4.3.2, the C' = 0 Chern number of
the occupied bands resulted from the cancellation between a spectator C'=1 band and a
nearly-critical C'=—1 band (fermions ¥4 with masses my < 0). To understand the physics
deep in the C' = 0 phase, it is simpler to work with a topologically equivalent theory, that
is, a single C'=0 band producing two continuum Majorana fields ¥, and W_ with opposite
masses +m (see again Appendix 4.9 for a lattice representative), specified by the Euclidean
Lagrangian

= i\mc(a ) iww — i —m)¥_ + Q—;tr 15 (4.25)

where we have explicitly included a Yang-Mills term, in the absence of a net Chern-Simons
level. As we discuss below, the breaking of Ising symmetry ultimately results from Eu-
clidean ZMs supported by those massive Majorana fields in the presence of instantons in
the SO(N) gauge field, which have heretofore been ignored.

The rest of this section is structured as follows. We first discuss the monopole operator
of SO(N) gauge theory in (241)D, which is charged under a topological (magnetic) Z"
symmetry and becomes a Z, instanton in Euclidean spacetime (Sec. 4.4.1). Together
with the global Z; symmetry action W on the Majorana partons y (recall Sec. 4.3.1),
the Lagrangian (4.25) has a spurious global Zy x Z5' symmetry absent instanton effects.
We show that in the presence of massive fermions coupled to the SO(N) gauge field, these
instantons are dressed by Euclidean Majorana ZMs bound to the instanton (Sec. 4.4.2). We
then show that semiclassical resummation of the Z, instanton gas produces an interaction
term among the fermionic partons, the 't Hooft vertex, that explicitly breaks this spurious
Zo x 7" symmetry down to its diagonal Z, subgroup (Sec. 4.4.3). This intertwinement
ensures that if the Z4! magnetic symmetry is spontaneously broken, as is typical in a
confined phase [140, 141], the microscopic Ising symmetry 7% — —77 is broken also. The
C = 0 confined phase is thus naturally identified as a broken-symmetry phase, in agreement

with the duality arguments of Sec. 4.3.2.
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4.4.1 7, instantons in SO(N) gauge theory

In the absence of instantons, SO(N) gauge theory in (24+1)D with N > 2 possesses a
magnetic Z3' symmetry [140, 141, 168, 179-181], analogous to the topological U(1)iep
symmetry of U(1) gauge theory in (2+1)D. Unlike the latter, Zs* lacks a conserved current,
being a discrete symmetry. The similarity between the two is that both result in the
existence of disorder operators that create topological excitations, in this case monopole-
instantons.

The operator charged under the Z4! symmetry is a local monopole operator M(z),
whose charge is defined by a nontrivial second Stiefel-Whitney class wy € H?(3,Z5) on a

closed surface ¥ surrounding the operator insertion 2:

/ Wy € L. (4.26)
¥

A nontrivial Stiefel-Whitney class is an obstruction to lifting an SO(N) bundle to its
double cover, a Spin(N) bundle. For ¥ a sphere, the Zy monopole charge corresponds to
the nontrivial homotopy group m (SO(N))=Zy, N >2. It measures the winding number
of an SO(N) gauge transformation that relates the gauge fields aL and aLI on the overlap
of two coordinate charts I & IT on X. As in the U(1) theory [9, 26, 40], the Z, monopoles
are regarded here as instantons in 3D Euclidean spacetime.

An explicit semiclassical representative [185] is obtained by placing a Dirac monopole
in a specific SO(2) subgroup of SO(N), so that one may use the Wu-Yang connection
1-form [74]:

A, = 3(1 —cosO)t.dp, nez, (4.27)

where n is the Dirac monopole charge, ¢ is the azimuthal coordinate on a sphere ¥ sur-
rounding the monopole, and t. € s0(N) generates a subgroup SO(2) C SO(N). By means of
gauge rotations, any t.€s0(/N) can be rotated to a Cartan generator, which shall be taken

as t(12), the generator of rotations in the (x', x*) plane of the Majorana vector (x', ..., xV).

2For an introduction to Stiefel-Whitney classes in a condensed matter context, see, e.g., Refs. [182-184]
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Such a semiclassical characterization explicitly breaks the SO(N) gauge symmetry down to
an [O(2)xO(N—2)]/Zs subgroup, where quotienting by Zs restricts the determinant of the
overall transformation to be positive. Note that a suitable SO(N) gauge transformation
can invert the SO(2) monopole charge n; thus an n=2= 141 monopole is topologically
equivalent to an n = 0 = 14 (—1) monopole, and the unique Zs-nontrivial monopole is
given by n=1 (or n=—1). Although it does not preserve full SO(NN) gauge invariance,
this semiclassical description will allow us to perform an explicit instanton-gas calculation
analogous to that in Ref. [1] for U(1) gauge theory.

Incarnating the SO(N) monopole as a Dirac monopole in a specific SO(2) subgroup can
be regarded as a partial gauge choice. Formally notating this gauge condition as G/(a)=0,
the Euclidean path integral for the theory can be expressed using the Faddeev-Popov (FP)

method as

7 = / IR / 20DV 1 Agla)d[G(a'P)])e SVl (4.28)
SO(N)

where a®) is related to a by a gauge transformation R(z), and we denote 2V, = 2V, PV _
for simplicity. The FP determinant Ag[a] and the delta functional §[G(a'®)] can be
written respectively as ghost and gauge-fixing terms in the Lagrangian. The essential idea
expressed by Eq. (4.28) is that one can perform a path integral calculation in a fixed gauge
(gauge slice), and then integrate the result over its gauge orbit ([ ZR) to recover gauge
invariance. This will allow us to use a U(1) monopole operator that creates 27 flux in
the SO(2) subgroup, for which an explicit expression is known. In the following, we will
omit explicit integration over the gauge orbit but invoke heuristic arguments to (partially)
restore SO(N) gauge invariance at the end of the calculation, focusing on its physical
consequences.

As stated earlier, incarnating the SO(NN) monopole as a Dirac monopole in an SO(2)
subgroup only partially fixes the gauge. The group S[O(2)xO(N—2)]=[0(2)xO(N—-2)]|/Z
of global gauge rotations is a stabilizer for such a monopole configuration. Naively, the

existence of a nontrivial stabilizer leads to ghost ZMs, which are ZMs in the FP deter-
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minant Ag[a] = |det 6G/dw|, where w € so(N) generates the rotation R = exp(—w), and
G(a) is the aforementioned gauge function partially determining the gauge. By employ-
ing the background-field gauge method [64], we show in Appendix 4.10 that such ZMs
can be removed from the FP determinant at the cost of introducing an overall factor of
vol(SO(N)/S[0(2)xO(N—2)])V in the N-instanton contribution to the partition function.
This is interpreted as the volume of the moduli space of “gauge collective coordinates”—
global gauge rotations that act to move the Dirac monopole to distinct SO(2) subgroups
of SO(N), thus yielding other viable instanton solutions [186]. Besides this, the ghost and
gauge-fixing terms will simply spectate in the instanton gas calculation to follow, and will
thus henceforth be suppressed to reduce clutter.

The coupling of fermions to finite-action fluctuations (“gluons”) around the instanton
solution A4, is ignored in the semiclassical approximation [63-65]. In our choice of gauge,
the contribution to the path integral from Z, instantons can be separated and written

as [1]

LB g £2 00 )\./\/' N
Z—/@angQf @S Z/\TH/dgzk
N=0""" k=l

where MY is a monopole operator that creates a Dirac monopole of charge n in the

) Mgf)(zk)/@q’ieSF[A"’C’M], (4.29)

nk;tl

SO(2) subgroup generated by t2) €s0(N), and A is the fugacity of an n = %1 instanton.
In this fixed gauge, the monopole operator has an explicit representation exp (mv(lg)) in
terms of the dual photon ~(12) [9, 26, 27, 40]. Unlike in U(1) gauge theory, v(12) is no longer
gauge invariant, as evident from the presence of the gauge-dependent susbcript that selects
an SO(2) subgroup in SO(N). The fermion action in the instanton background is

1

SplA,] 1

/ d*z [WLC(P —iA, + m)V, + VT C(J—iA, —m)¥_]. (4.30)

The inclusion of charge n=41 monopoles in Eq. (4.29) deserves further explanation in
light of the Zy nature of the topological charge of SO(N) monopoles. A simple explanation
is that in our fixed choice of gauge, these two charges are distinct configurations and must

both be accounted for. Alternatively, one can resort to a stability argument. In one
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higher spacetime dimension (4D), Zs monopoles feature as solitons in the gauge theory. A
monopole of topological charge 0 or 1 can be “dynamically” represented as Dirac monopoles
of charges {0, +2, £4, ...} or {£1, £3, ...} respectively, in some SO(2) C SO(N). A stability
analysis [187, 188] indicates that the uniquely stable dynamical configurations in the two
topological classes are the charge 0 and +1 Dirac monopoles. This result can be used to
determine the stable dynamical configuration of multimonopole solutions. At distances
large compared to their separation, two monopoles with Dirac charges +1 look like a single
monopole of Dirac charge 2, which is unstable to the charge 0 configuration. This implies
the instability of the 1 + 1 to the 1 — 1 configuration, which proceeds by the emission of
gluon radiation. While such a stability analysis has been applied to monopoles as soliton
excitations in 4D, we expect that a similar result holds for monopole-instantons, with
the charge 0 and 41 configurations being the most probable instanton events. Since the
instanton gas calculation is performed with the Dirac charge instead of the topological
Zs charge, one must account for both £1 charges in the instanton sum (4.29), as both
are expected to be equally probable. Finally, we find that inclusion of both +1 charges
is required to maintain reflection positivity of the instanton-induced 't Hooft vertex, as

discussed in Sec. 4.4.3.

4.4.2 Euclidean Majorana zero modes

A natural question to ask now is if there are (Euclidean) Majorana ZMs, associated with

zero-eigenvalue modes of the Fuclidean Dirac operators
D, =@ —iA, £m, (4.31)

appearing in the fermion action Sg, for Dirac instantons of charges n==+1. In the absence
of a Callias index theorem for Dirac instantons in Abelian SO(2) = U(1) gauge theory [70,
101], we resort to an explicit solution of the Dirac equation.

As stated previously, we assume a gauge in which the instanton incarnates as a Dirac
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monopole in the SO(2) subgroup generated by

(4.32)

where the upper-left block corresponds to the (12) subspace, and 0 denotes a zero matrix
of the appropriate size, involving the remaining N —2 directions in color space. Writing
A, = anlaz), and working in the Cartan (diagonal) basis of so(/V), the Dirac operators

can be written as

P—id +m 0 0
Dy =U 0 P+ig, +m | 0 U', (4.33)
0 0 (@£m)1

where U is the unitary matrix that diagonalizes ¢(12). Borrowing results from Ref. [1], in an

n=1 instanton background, (J—ig, +m) and (J+i¢, —m) have the respective normalizable

ZMs:
v 2m —mr
@U(;r = r € y?/2,0,0(‘97 ),
— V 2m —mr
Yy = - € y91/2,0,0(6>¢)7 (4.34)

where yzz%;lj(ﬁ,gb) are monopole spinor harmonics. The rest of the operators on the

diagonal of Eq. (4.33) do not have any normalizable ZMs. Therefore, the normalizable

ZMs of DL in an n=1 instanton background are, respectively,

Yo .
up = U, 0,...,0)T = ~2(—4,1,0,...,0)T,
0 (% ) \/5( )
_ i« — T _ ela¢6 . T
vo = €°U(0,45,0, ...,0)T = (i,1,0, ..., 0)T. (4.35)

V2

Any phase multiplying a ZM still produces a normalized ZM, and this apparent freedom

has been encoded in an arbitrary relative phase e'*.
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Similarly, in an n=—1 instanton background, the operators D, have the ZMs

+
iy = U(0,9F,0,...,0)T = %(z, 1,0,...,0)T,
e Py

V2

The Zy topological equivalence of the n = £1 field configurations under the full SO(N)

vo = e PU (Y ,0,...,0)T (—i,1,0,...,0)T. (4.36)

gauge structure will be discussed later, as well as constraints on the relative phases a and

B.
4.4.3 The 't Hooft vertex and Ising symmetry

In this subsection, we show that the Euclidean Majorana ZMs found in the previous sub-
section induce symmetry-breaking interactions in the SO(N) gauge theory. (As mentioned
previously, Appendix 4.10 shows that FP ghosts do not give rise to physical ZMs bound
to instantons.) Specifically, these ZMs imply that instanton events are correlated with
creation (or annihilation) of Majorana fermions. Resumming the instanton gas results in
a new fermion interaction, called the 't Hooft vertex, which reduces the symmetry of the
initial Lagrangian (4.25).

We now sketch a derivation of this 't Hooft vertex; more details regarding the structure
of such a calculation can be found in Ref. [1]. In the background of an n =1 instanton
fixed at location z,, the measure of the fermion part of the path integral (4.29) can be

defined by means of the mode expansions
/
Uy (2) = uo(x — 24 )no + Z ui(x — 24 )m;,

U_(z) = volx — 2)x0 + Z’vx:c — 20X (4.37)

where 7;, x; are single-component Grassmann variables, uy and v,y are the respective ZMs
of D, and D_ in an n =1 instanton background, and the primed sums denote non-ZM
contributions. The functions that form the non-ZM contributions can be taken to be
eigenfunctions of a self-adjoint extension of the Hermitian operator D:TtDi, whose non-ZM

eigenfunctions occur in pairs that share the same eigenvalue [62, 189].
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Defining the fermion functional measure as
/
PV =PV, PV_ =dnodxo [] dmidxi, (4.38)

we observe that the mode expansions (4.37) diagonalize the fermion action Sg, but the
ZMs do not appear in the diagonalized action, by virtue of being annihilated by the Dirac
operators D.. This causes the integral over the ZMs (79, xo) to vanish, killing the path
integral. As in Ref. [1], instantons do not contribute to the partition function itself, but
to correlation functions that can “soak up” the ZMs, such as <\Ifﬁ‘r\If’€ > Such correlation
functions generically violate the apparent Zs x Z5' symmetry of the naive continuum La-
grangian (4.25). To find the true effective theory, we add a weak symmetry-breaking source
to the action and re-evaluate the fermion part of the path integral to linear order in the

source J. Explicitly, using the mode expansions (4.37),
ZplA, J] = / DU o~ SrIAL P @) VL @I @)V (w),
= [ @@ ugfe-20) @ g)uly-2)K (4.39)

where K denotes the path integral over non-ZMs, and d?(x,y)=d3zd3y. Strictly, nonlocal
expressions like the source term require an insertion of Wilson lines to maintain gauge
invariance, but we do not write these explicitly, as the final form of the 't Hooft vertex will
turn out to be local. This is also consistent with our neglect of fermion-gluon interactions
at this stage.

Demanding an effective theory that reproduces this path integral amounts to “integrat-
ing out” the instantons in the full partition function (4.29). As an ansatz for the resulting

partition function, consider
L] = / DU e~ S PEDIL@I )T / B (21, 22)pUT (2ol Vs (1), (4.40)

where p and w5 are fixed by requiring equality with Zp[Ay, J] in Eq. (4.39). Note that
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the action Sy written without source arguments is the free Majorana action. This leads to

p=K,

1
w1 = 58(@ + m)uo,

Wy = %C(@ — m)vyp. (4.41)
The above calculations can be repeated for an n =—1 instanton background using the
mode expansions
Wy (x) = do(z — 2-)no + Z Ui(x — z-)m,
U_(z) =0o(x — 2_)xo0 + Z (x — 2-)Xis (4.42)

where 7y and ¥ are the respective ZMs of the Dirac operators D4 in an n=—1 background,

discussed in Sec. 4.4.2. The fermion path integral Zp[A_, J| can be shown to be equal to
= / DV eSS L@y VL) () V() / A3y, 20) KUT () 0001 (1),  (4.43)

provided
1 1
Wy = 56(&9 + m)uo, Wy = §C(é9 — m)0o. (4.44)

Substituting I [J] instead of Zp[A, J] in the full partition function (4.29) and resumming

the instanton gas leads to an instanton-induced action of the form

Sinst:—)\K/ UT (z) [eM02Bwy(z—2)w] (y—2) + e 102 E @, (2 —2)D] (y—2)] T (y).
(4.45)
As wy 2 and @; o are proportional to the radial part (e=""/r) of the ZMs, the contribution
to the z and y integrals are mainly from small neighborhoods of xt==z and y==z. A change
of integration variables + — x+2 and y — y+z, and subsequent Taylor expansions of the
fermion fields W_(z+2z) and ¥, (y+2) to leading (zeroth) order in z and y, yield a local

action. Substituting the explicit forms of w; 5 and @, o, this local action is
AK
Sinst = —/dSZ UT(2)A(2)P 4 (2), (4.46)
m

136



where the instanton-induced 't Hooft vertex is defined as

+e e oo ||, (447)

where the z dependence comes through the dual photon 12y = Yq12)(2).

We next address the issue of SO(N) gauge invariance, which the derived 't Hooft vertex
currently lacks. Indeed, its matrix structure is invariant only under the [O(2)xO(N—2)]/Z
subgroup, and involves gauge-dependent variables «, 3, and 7(;2). The key physical feature
that full SO(N) invariance brings, for N >2, is the gauge equivalence between instantons
and anti-instantons in any SO(2) subgroup, given the Z, topological charge discussed in
Sec. 4.4.1. It is expected this feature will be restored upon performing the SO(N) Haar
integral in Eq. (4.28), but this is analytically intractable. A more physically transparent

way is to impose by hand the gauge equivalence between the 4+ monopole operators
€102) ~ emMa) (4.48)

where the ~ implies the two operators can be made equal by an SO(N) gauge rotation.

Writing the SO(N)-invariant monopole operator as
M = e, (4.49)

the constraint (4.48) requires that v € {0, 7} mod 27. Accordingly, the continuous U(1)
shift symmetry of the dual photon reduces to a discrete Z3' magnetic symmetry, under

which the monopole operator is charged:

Zol iy sy 4

M= —M. (4.50)

This is the behavior expected of monopole operators in 3D SO(N >2) Yang-Mills theories,
which are charged under Z* [140, 141, 168, 179-181].
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The 't Hooft vertex can be further simplified by imposing reflection positivity of the
Euclidean action as well as an anti-unitary time-reversal symmetry. First, reflection posi-
tivity® sets =3 in Eq. (4.47), partially constraining the phases of the ZM functions. This

simplifies the vertex to

cosa  sina |0
A(z) = M(z)(—o.+io,) | —sina cosa |0 |. (4.51)
0 0 |0

From this form of the vertex, it is clear that « is analogous to the theta angle in compact
U(1) gauge theory in 3D [1], bar complications arising here from the lack of SO(N) gauge
invariance. To fix the value of «, we demand that the 't Hooft vertex (4.51) satisfies the
same discrete spacetime symmetries as the rest of the action obtained from the Lagrangian
(4.25). As can be checked explicitly, the corresponding Hamiltonian possesses an anti-

unitary time-reversal symmetry 7, which is defined by
TV T ' =io, Vs,  TaT '=a. (4.52)

The nonstandard transformation of the vector potential a; comes from the fact that the
generators of s0(/N) are pure imaginary antisymmetric matrices [e.g., Eq. (4.32)] which pick
up an additional minus sign under complex conjugation. To determine the action of 7 on
M, we use a physical argument. 7 can at most reverse the direction of SO(2) flux created
by the monopole operator; but monopoles and anti-monopoles are gauge equivalent. Thus
we conclude that M transforms trivially under 7.

To study the effect of T on the 't Hooft vertex, we first rewrite it using the Majorana

condition (4.148) as

AK
Linst = 2—(\IJT_awA\IJ+ + 0l Afe, )
m

AK
= %(qﬁ_mh + Ul Afw), (4.53)

3In Euclidean signature, reality of the Minkowski action requires reflection-positivity of the Euclidean
one. However, as the instanton-induced term is free of time derivatives, it is also a term in the effective
Hamiltonian, which is required to be Hermitian, so it suffices to check Hermiticity.
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It is then readily observed that

AK
T LinstT ' = _2_(\Ij1_0-yA*o-y‘I]_ + U o, ATo, 0 ,). (4.54)

m

Demanding 7 invariance then yields the condition
o,ATo, = A, (4.55)
which requires that the SO(N) matrix in (4.51) be antisymmetric. Thus we obtain

T 3T
a € {5, 7} mod 27, (4.56)

which can be interpreted as a Z, theta angle. The two resulting 't Hooft vertices only
differ by an overall sign that can be absorbed in the coupling constant. Choosing a=m/2,

the effective Lagrangian that accounts for instanton effects is

Leg = 1@LC($ —ig+m)¥, + }l\IlT_C((? — g —m)W_

4
+ Z)\WKJ\/I\IIT_(—az—i—z’ay)t(u)\lbr + 2Lg2 tr f2, (4.57)
where the coupling of fermions to a gluon field a has been restored.
Clearly, Lg is still only gauge invariant under [O(2)xO(N—2)]/Zs, the presence of (19
indicating memory of the specific SO(2) subgroup the instanton was placed in. Yet, Lo en-
capsulates all the correct physical symmetries expected of the gauge-invariant Lagrangian.

Without instanton corrections, the parton theory has the spurious global symmetry ZyxZ,

where Zs, is the microscopic parton representation of the Ising symmetry, under which
\I/:t — W\:[Ji, W:diag(—l,l,...,l)NxN, (458)

as per our choice of global charge assignment in Sec. 4.3.1, and Z4" is the magnetic symme-
try (4.50). This enlarged symmetry is absent in the physical spin model. The low-energy
effective theory (4.57) indicates that instantons have the effect of explicitly breaking this

spurious Zy x Z4' symmetry to the diagonal subgroup, under which

U, oW, M- M. (4.59)
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Indeed, since WTt(12)W = —t(12), the fermion bilinear in the 't Hooft vertex acquires a minus
sign under the action of the first Zy factor, which can be compensated by another minus
sign coming from the Z}' symmetry action on the monopole operator M. This diagonal
symmetry is finally understood as the correct incarnation, in the low-energy parton theory,
of the microscopic Ising symmetry 72 — —7*. Although it is not presently clear whether
nor how this may be derived analytically, we speculate that full averaging over the SO(N)
gauge orbit ([ ZR) in the partition function (4.28,4.29) produces a fully SO(N)-invariant

't Hooft vertex of the form
Lot~ Megyay U (=0, +i0,) T2 - VN (—g, +i0, ) UGN, (4.60)

Under the Zs symmetry W, the fermionic “baryon” operator is multiplied by a factor
det W = —1 which is compensated by the transformation of the monopole operator M un-
der the Z"' magnetic symmetry. Note that those transformation properties are now prop-
erly independent of the choice of global charge assignment to the fermionic partons, since
det W is invariant under gauge-equivalent redefinitions W — RW RT with R € SO(N).
In either its [O(2) x O(N —2)]/Zy or SO(N) invariant incarnations, the 't Hooft vertex
implies that a breakdown of magnetic symmetry, which is typically associated with con-
finement [140, 141], is concomitant with a breakdown of the Ising symmetry implemented
by W in the parton theory. We thus conclude that the C' = 0 phase, which is described
by a confining pure Yang-Mills theory at low energies, is indeed a phase in which the

microscopic Ising symmetry is spontaneously broken.

4.5 Conclusion

In summary, we have employed slave-particle methods to discuss universal aspects of quan-
tum phase transitions between magnetically ordered, trivially paramagnetic, and gapped
topological phases of Ising spin systems. Our theory can be viewed as a generalization of
the work of Ref. [102] from hardcore bosons with U(1) symmetry to Ising spins with Z, sym-

metry. Using a slave-particle decomposition of Ising spins in terms of fermionic Majorana
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partons with SO(N) gauge structure, we argued that placing the partons in topologically
superconducting mean-field states with Chern number C' = 0, 1, 2 corresponds respectively
to magnetically ordered, trivially paramagnetic, and chiral spin liquid phases of the con-
stituent spins. Accounting for gauge fluctuations beyond mean-field, the corresponding
Chern-number changing transitions were described by theories of Majorana fields coupled
to SO(N) gauge fields with a Chern-Simons term. Using recently conjectured SO(N)
dualities with Majorana fermions, the critical theory for the ordering transition from the
trivial paramagnet was found to be dual to the usual Wilson-Fisher theory with a single
scalar field, as expected for a standard Ising transition. We found that a direct ordering
transition from the chiral spin liquid was also possible, and could be protected by lattice
symmetries such as inversion symmetry on the honeycomb lattice.

Finally, we turned our attention to the ordered phase itself, in order to identify the
symmetry-breaking mechanism from the point of view of the parton gauge theory. The
latter was characterized by a spurious apparent Z, x Z' symmetry, with the first Z, fac-
tor a global symmetry action on the Majorana partons, and Z3' the magnetic symmetry
associated with SO(NN) monopole operators. We then showed that the resolution of this
problem is to account for nonperturbative instanton effects. First, the massive Majorana
fields of the C' = 0 phase support Euclidean ZMs bound to instantons. Second, resumming
the instanton gas using semiclassical methods produces an interaction vertex ('t Hooft ver-
tex) involving Majorana fields and monopole operators, that is only invariant under the
diagonal Z, subgroup of Zy x Z'. Under the plausible assumption of spontaneously bro-
ken Z7' magnetic symmetry in the (confined) C' = 0 phase, the 't Hooft vertex naturally
led to simultaneous breaking of the global Ising symmetry in the parton sector. Thus, as
in our earlier work on U(1) bosons [1], we found that nonperturbative instanton effects
are instrumental in accounting for spontaneous symmetry breaking in the relevant parton
gauge theory. The precise pattern of symmetry breaking (e.g., ferromagnetism vs antifer-

romagnetism) in the physical spin system depends on the microscopic interpretation of the
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continuum Majorana spinors W, in a specific lattice model.

We finally outline a few avenues for future research. First, it would be interesting to per-
form tests of the fermionization duality (4.21) using large-N methods, as done in Ref. [142]
for the fermionization (4.6) of the 3D XY transition, or in Refs. [190, 191] for non-Abelian
dualities with unitary gauge groups. In particular, the duality predicts that the scaling di-
mension of the Majorana mass operator [¢)TCt¢] = 3 —v~!, which is dual to the ¢* operator
on the scalar side and related to the correlation length exponent v, should be independent
of the rank of the SO(N) gauge group. It would be interesting to test this prediction
by performing computations in the 't Hooft limit with N — oo [192]. Second, while the
transition between magnetic order and trivial paramagnet is ultimately a standard Ising
transition, a direct transition between magnetic order and the v = 1/N chiral spin liquid
is described by a theory of Ny = 2 massless Majorana fermions coupled to an SO(N),
Chern-Simons term. This presumably defines a new universality class of Ising transitions
in 2+1 dimensions, and it would be interesting to compute critical exponents using either
large-N; or large- N expansions. Third, to complement the semiclassical instanton gas cal-
culation we have presented here, it would be interesting to study the scaling dimensions of
Z5 monopole operators in critical SO(N) gauge theories with Majorana matter, using the
state-operator correspondence of conformal field theory [27]. The latter has been success-
fully used in U(1) gauge theories with massless Dirac matter [27, 28, 55-57]. Finally, from
a more microscopic standpoint, it would be desirable to construct variational many-body
wave functions based on the parton ansatze discussed here (i.e., N-flavor wave functions of
Majorana fermions projected to the SO(N) gauge-invariant sector) and use them to study
frustrated lattice models of interacting spins with Ising symmetry. Such models could
include antiferromagnetic quantum Ising models defined on geometrically frustrated lat-
tices like the kagome lattice, or on non-frustrated lattices but with competing anisotropic

interactions, as in the Kitaev model on the honeycomb lattice.
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4.6 Appendix: Dualities for bosons with U(1) symme-
try

For the reader’s convenience, we provide here a derivation of the dualities between the
fermionic critical theories (4.6), (4.8) and their respective bosonic duals (4.7), (4.9), re-
spectively, based on Ref. [147].

The starting point is the duality of relativistic flux attachment, whereby coupling a level-
1 Chern-Simons gauge field to a relativistic complex scalar attaches one flux quantum to
the latter and turns it into a Dirac fermion [193]. This can be expressed by the following

equivalence between the partition functions

Zy|AlezSesll = /@a Z4[a)e~Seslal+iSerladl (4.61)
where we define the fermionic and bosonic partition functions

Zy|A] = / DY) &' ] Prvid—id) (4.62)

Z4[A] = /@¢*@¢ eifd3r(|(3u—iAu)¢l2—/\|¢l4)’ (4.63)

and the bosonic action is understood as being tuned to criticality. We define the Chern-

Simons and BF actions as

Scsla] = ﬁ /ada, (4.64)
Sprla, b] = Selb, a] = % / adb. (4.65)

Equation (4.61) for A = 0 is simply the relativistic version of the statement that attaching
a flux quantum to a boson turns it into a fermion. The BF term for nonzero A expresses
the fact that the conserved U(1) fermion current 1)y corresponds to %e‘“”\aya)\ in the
bosonic theory [194]. To understand the level 1/2 Chern-Simons term for A, consider
a massive deformation of the theory. If we add a mass term —r|¢|? for the scalar with
r > 0, the scalar is gapped and can be integrated out. At low energies the factor Z,[a|

in Eq. (4.61) only contains irrelevant terms and reduces to a constant; integrating out a
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then produces a Chern-Simons term of level 1 for A. The fermionic theory should also be
gapped. Assuming a fermionic mass term oc —ri1, if r > 0 integrating out the fermion
produces a Chern-Simons term at level 1/2 for A; an additional level-1/2 Chern-Simons
term must be added to the fermionic action for the two sides to match. For this assignment
to be consistent, the two sides should match also when » < 0. In this case, on the fermionic
side integrating out the fermion cancels out the Chern-Simons term and the Hall response
vanishes. On the bosonic side, the scalar condenses and a is Higgsed; the Chern-Simons
term for a becomes irrelevant and the Hall response also vanishes upon integration over a.

We now turn to deriving the duality between (4.6) and (4.7). The partition function

Z[A] for the fermionic theory (4.6) is given by
Z[A] = / Da Zyla + AlesSosld—3Serladl-5Sos(A] (4.66)

Shifting a — a — A and using

SCS [a - A] = SCS [CL] — SBF[G, A] + SCS [A], (467)
SBF [a - A, A] == SBF [CL, A] - 2SCS [A], (468)

we obtain
Z[A] = / Da 2, [a)esSeslal-iSsrlaAlises(4] (4.69)

Apart from an additional Chern-Simons term, this can be interpreted as applying the S
operation of Witten’s SL(2,7Z) action on (2+1)D CFTs with a global U(1) symmetry [195]
to the left-hand side of the flux-attachment duality (4.61). Using (4.61), Z[A] becomes

Z[A] = /@a@& Zd)[&]e*iScs[&]HSBF[ava}*iSBF[avA]HSCS[A]

= / D Zg|a)e Soslal+iseslAl / Daes=d od@=A), (4.70)

Integrating over a enforces a = A + dx where x is an arbitrary function. Exploiting the

gauge invariance of the bosonic partition function (4.63) and the Chern-Simons action
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(4.64), we find simply Z[A] = Z4[A], thus the gauged Wilson-Fisher theory (4.7) is dual
to the fermionic theory (4.6).

We now derive the duality between (4.8) and (4.9). The partition function corresponding
to (4.8) is

Z[A] = / Da Zyla+ Ale Seslol+sSseleAl+5Sosl4] (4.71)
Performing the shift a — a — A as before, we obtain
2[4] = / Da 7y |a)e s Seslel=iSnrlo.Alisos|A] (4.72)

This can be interpreted as applying the combined ST operation of Witten’s SL(2,Z) action
to (4.61), whereby one first shifts the Chern-Simons level of the background gauge field by

one before making it dynamical [195]. Using (4.61) once again, we have
Z[A] _ /@a@& Z¢ [a]e—iScs[&]—i—iSCS [a]+iSBF[a,a—A]+iScs[A]

= / Da Zy|a)e~2Scs il +iserlaAl (4.73)

performing the path integral over a. Thus a single Dirac fermion coupled to U(1)3/2 Chern-

Simons theory [Eq. (4.8)] is dual to the gauged Wilson-Fisher fixed point coupled to U(1)_y
Chern-Simons theory [Eq. (4.9)].

4.7 Appendix: Majorana SO(N) lattice gauge theory
in the strong-coupling limit

In this Appendix, we show that in the limit of strong gauge coupling, a theory of N colors
of Majorana fermions (N even) coupled to an SO(N) lattice gauge field naturally reduces

to a theory of Ising spins corresponding to the gauge-invariant Majorana baryons (4.13).

4.7.1 Euclidean vs Hamiltonian approach

First, we relate the Euclidean and Hamiltonian descriptions of SO(N) lattice gauge theory

with Majorana fermions in the vector representation, following the approach of Refs. [196—
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198]. We begin with a Fuclidean action in discrete 3D spacetime,

S =5+ 5, (4.74)
where
SU:—éZtrUUUU—&ZtrUUUU—FC.C. (4.75)
2 = 2 ’
is the gauge-field action, and
zt
S Z Xz 4 ’L+,LLU’L 2+,uX1+,LL + Z Xz iyi+7 Xi+7) (476)

isp
is the gauged Majorana action. Here 7, j denote spacetime lattice sites, 1 = (Z,y) denotes
lattice vectors in the two space directions, and 7 denotes the lattice vector in the imaginary-
time direction. We write y; = (x7,...,xY) for the N-component vector of Majorana
fields on site i, U;; € SO(N) for the link variable on nearest-neighbor spacetime link
1, with U = le, and [J and [, for spacelike and timelike plaquettes, respectively.
The real antisymmetric matrix A describes Majorana hopping in the absence of gauge
fields [23], but we have factored out the hopping strength t. We consider spacetime-
anisotropic couplings in anticipation of taking the 7-continuum limit to relate the discrete-
time action formulation to the Hamiltonian formulation [199]. For the same reason, we
take the lattice constant in the spatial direction to be unity, and the lattice constant in

the temporal direction to be € < 1. The action is invariant under local SO(N) gauge

transformations,
xi = Rixi, Uy — RiUinj_la R; € SO(N). (4.77)

First, we use this gauge freedom to work in the temporal gauge: U;;1+ = 1 on all

temporal links. The Majorana action becomes,

Z( ZXr Ur il (T) X0 (T) EXT XrT+6)+cc)
Z( Zxr Uns (1) X4 () + Zxr Orxr(7 +cc> (4.78)
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to leading order in e, ignoring additive constants. Here we use ¢ = (r,7) to denote the
dependence on space r and time 7 coordinates separately.
The gauge-field action is more subtle. The contribution from spatial plaquettes is obvi-

ous; we now focus on temporal plaquettes. In the temporal gauge, we have:

trUUUU|, =tr Up ot i (T) Uy (T + €)

=trU_' (T + €U rin(7), (4.79)

i

using the cyclic property of the trace. To work towards the Hamiltonian formulation, we

seek an operator O such that
(Upr (7 + €)|€C|Upp (7)) = P Retr9, (4.80)

where g = U_} (7 + €)U,(7) € SO(N), and the equality holds in the limit ¢ < 1. We
focus on a given spatial link rr’. The state |U,,) is an eigenstate of the matrix-valued link

operator U -
U |Upyr) = Uppr | Uy (4.81)

We define an electric-field operator Ejr, that is (almost) a canonical conjugate to U,y

AQ A ~

B, U] = —TU 0, (4.82)

rr’

where a = 1,..., N(N — 1)/2 ranges over the generators 7 of SO(N). (Note that on the
right-hand side of Eq. (4.82), there is matrix multiplication between the c-number matrix
T and the matrix-valued operator U,,/, while for a given a, the operator EZT/ is a scalar.)

The electric-field operators satisfy the so(/V) Lie algebra,

~Q C

~b ~
[ rr!'s E’r’r’] = Z.fabcErr” (483)

where f¢ are the so(N) structure constants. Now consider the operator
Ryw(g) = 7" B (4.84)



where the SO(N) matrix is parametrized as g = e=“"T". We have the property
Rrr/(g”Urr’) = |gUrr’>- (485)

Indeed, using Eq. (4.82), we can show that R,..(g)|U,) is an eigenstate of U, with
eigenvalue gU,.,:
Urer (B ()Un) ) = (O™ B 01,0 ) | U
— w0 B U Uy | Uy
= ¢ W Bt T U,
—iw® By —iw T 7

=e€ me rr/ ’Urr’>

= gUrp (Rw/ (g)\Um) . (4.86)

In the fourth line, we use the fact that [£..,, 7% = 0 because T° is a c-number matrix

rr!s
. ~a
while £/, is a scalar operator.

Using property (4.85), we claim that Eq. (4.80) is satisfied if
0= [dgerenaf(g) (4.87)
where dg denotes the Haar measure on SO(N). Indeed, we then have
(Unn (7 + e[V (7))
= [ g AU, 4 ) o) U (1)
= [ dg e U+ lgUr()

— / dg e” ISy re) gU,, 0 (r)

_ eﬂT Retr U, (T+€)UT;} ()

_ eﬂT Retr U;} (t4+€)U,.,.r (T)

: (4.88)

where in the last line, we have used the fact that Retrg = Retrgf, and ¢g=! = g for
g € SO(N). Finally, we consider the SO(N) Haar integral in (4.87). Since g = e™*"T",
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we have Retrg = %tr(g + gT) = trcosw®T™®. The integral over g can be converted to an

integral over w:

e—eO _ (H/dwa> j(w)eﬁTtrcosw“T“e—iw“Eﬁr,’ (489)

where J is the Jacobian of the transformation. We further write 5, = 1/(eJ) with fixed J,
and consider the limit € < 1. In that limit, we can use a saddle-point approximation: the
integral is dominated by Gaussian fluctuations around the maximum of tr cos w*T®, which
is at w® = 0. Using
trcoswT® = tr (1 — %w“waaTb +.. )
_N- iw“w“ + O, (4.90)

assuming the SO(N) generators are normalized as tr T%T° = %5‘“’. We thus obtain
e=0 x 7(0) /dw e~ Tt gmiw B
o e~ BBy, (4.91)

Taking the logarithm on both sides and ignoring an irrelevant additive constant, we thus

conclude that the desired operator O is
O = ‘] Z Ej,r+ﬂEj,r+ﬂ7 (492)
T,

where we have generalized Eq. (4.87) to include a product over all spatial links, since all
spatial links decouple in the sum over temporal plaquettes. Finally, writing § = eK with

fixed K, t = ex with fixed k, and normalizing the action such that ¢, = 1, we obtain
1 T
SxeY (ZZXTaTXT+H>
1 T
~ /dT (Z Z Xr aTXT‘ + H) ) (493)

where the Hamiltonian is, now dropping hats on operators,

K
H = Z Z Xghr,r+ﬂUr,r+ﬂXr+ﬂ +J Z tr E72=7T+ﬂ

™K LT

+ K> RetrUUUT, (4.94)
O
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where we have defined the matrix-valued electric-field operator E. .5 = By, T to arrive
at a basis-independent expression (and have absorbed a factor of % into J). Note that
the hopping matrix h,,, = —h,, = h},, has no dependence on color indices. To be more

af

precise, we have X! hyp Uy Xy = XSy U Xf,, where a, 3 = 1,..., N are the color indices.

We can check that the constraints of Fermi statistics and Hermiticity of the Hamiltonian
both separately imply that Uﬁf = Uf:f, i.e., that UY = U,,., which is satisfied for SO(N)
gauge fields since U7, = Ur_,j = U,,». Thus lattice Majorana fermions can be consistently

coupled to lattice SO(N) gauge fields.

4.7.2 Strong-coupling limit

In the 7-continuum limit, we saw that the relationship between the couplings in the space-
time lattice action f3, 5, and those in the Hamiltonian J, K is § = ¢K and (3, = 1/(eJ).
We now consider the “electric” limit in the Hamiltonian problem: J — oo and K — 0.
We see that in this limit, 8, 5, — 0. Going back to the Euclidean lattice action, the pla-
quette term Sy disappears in this limit, and the physics is purely governed by the gauged
Majorana action: S(J — oo, K — 0) ~ 5,, where
it 1
Sx=7 > X i pUsiviXisn + 1 D X Ui xivs- (4.95)
i i

In this limit, all links decouple, and the functional integral over the gauge field reduces to

a product of one-link Haar integrals over SO(N) [200, 201]:

Z = /.@X@U e’

- / 2" (H / dUeiIx?hi,MUw) (H / dUeix?Uw) . (4.96)
[N A

Consider first the spatial-link term. We perform a formal expansion in the hopping pa-

rameter:
=1 it "
it T
/dU e aXi hiitpUXitp — Z E (_Zhi,iJrﬂ) X?IX?}-[L o X?nXﬁg / dU Ualﬁl o Uomﬁn_
n=0

(4.97)
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Polynomial integrals over compact Lie groups can in principle be computed exactly in the
framework of Weingarten calculus [202]. Here we will not attempt to do this, but only use
general properties of those integrals to illustrate the physics [203]. The necessary results
are given in Ref. [202] for the orthogonal group O(N). To compute integrals over SO(N),

we insert the factor (1 + det U)/2 in the integrand:

1+ det
/ QU U | yendn = / AU (—+ ¢ U) gess  ganbs
SO(N) O(N) 2

1
= / dU U .. genbn
2 Jow

+%e%~~w / duyutn gNosgebs | genfe o (4.98)
O(N)

Consider the first term. For it to be nonzero, n must be even: n = 2k, and the sets
{ai,...,ag} and {f1,..., B2} must each contain k pairs of identical entries [202]. Con-
sider such pairs oy = a; = a and B; = B; = B; the corresponding Majorana term is
(X?)2(Xf+ﬂ)2 = const. Thus the first term in Eq. (4.98) can be ignored (the gauge-invariant
Majorana “mesons” are trivial). Turning to the second term, the pairing rule first requires
that the set {1,..., N,aq,...,a,} can be grouped into pairs. The smallest n for which this
occurs is n = N, which implies that {aq,...,axy} = {1,..., N} in some order. Likewise,
the set {71,...,7n, b1, ..., Bn} must obey the same pair constraint, which also implies that
{B1,...,Bn} =A{1,..., N} in some order since {71,...,yn} = {1,..., N} by virtue of the
epsilon tensor. But since both {ay,...,ax} and {5i,...,Bx} must equal {1,..., N} in
some order, then

o1, P

XS XX o (- X)X - X ) e e PN (4.99)

since Majorana fields anticommute. Absorbing into a constant B the following integral,

B oc 11N garan PreBn / AU U ... UgNoaNgeb L. UO‘N’BN, (4100)
O(N)
we obtain:
) B(—t)NRY., .
/dU e_ZtXZThi,i+/lUXi+ﬂ =1+ —( 4]37]\”2’“_“ Tz‘zTiZ—s—ﬂ 4+ ..
~ eJi,i+ﬂ7'fo+g+"" (4.101)
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where we have introduced the Ising baryon

7 =iV, (4.102)

NhN

with IV even, and an effective nearest-neighbor exchange J; ;1 = B(—1)"h

/(4N N,
Likewise for the temporal link integral in Eq. (4.96), the formal expansion gives:

,L'N

z,_z
WTiTi+%+"'

/dU e*iX?UXiH =14+

~ KT Tt (4.103)

where K = B(—1)"/2/(4VN!) is the nearest-neighbor coupling in the temporal direction.

One thus obtains an effective spacetime lattice Ising action,
Segt[T7] = — Z JiivaTi Tivp — K Z T T+, (4.104)
Ty pb %
which corresponds to an effective quantum Ising Hamiltonian in the 7-continuum limit [199],

ror+ot vt ri

Hel#*,#") = =Y Tl ditin — K'Y Fr 4., (4.105)
e

r

with a suitably defined exchange coupling J/

»r+n and transverse field K, neglecting higher-

order multi-spin interactions that correspond to neglected higher-order baryon processes
in the strong-coupling (hopping) expansion. Thus it is clear that, at least from a strong-
coupling perspective, the SO(N) Majorana gauge theory that results from the parton

decomposition (4.13) is a theory of interacting Ising spins.

4.8 Appendix: Conformal embeddings in so(n) WZW
models

In this Appendix, we explain the meaning of the conformal embedding [173]:
s0(N), ®so(k)n C so(Nk)y, (4.106)
which is a generalization of the embedding so(k)r®s0(k); C so(k?); used in Refs. [204, 205].
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4.8.1 Free chiral Majorana fields

The starting point is the 2D CFT of Nk free chiral Majorana fermions x,(z), where

a=1,..., Nk. The (holomorphic) energy-momentum tensor for this free theory is [206]:
T(z) L E 0 (4.107)
z)=—= aO0Xa, )
24 XaOX

where 0 = 0,. The chiral central charge c_ for this theory is 1/2 per flavor of Majorana
fermion, i.e., c. = Nk/2. This theory is equivalent to the critical so(n) WZW model at

level 1, with n = Nk. To establish this, we define the so(n) currents:

J(2) = X X(), (4.108)

where a = 1,...,n(n —1)/2 ranges over the real antisymmetric generators 7 of the so(n)
Lie algebra. These currents satisfy a nontrivial algebra (current algebra) in the sense of
the operator product expansion (OPE). To compute the OPE for free fields, we simply
need to use Wick’s theorem. For now we are only interested in the singular part of the
OPE, which is given by the sum of all Wick contractions:
FEI @) ~ = 3 X&) T () () Thsxs ()
Wick
~ =TT [~ (el () s (2 xs0)
= (xs(2)xs (W) xa(2) x4 (w)

+ (X8 (2)x5 (W) xa(2) x5 (W)

+ (Xa(2)xs(w)) (Xﬁ(z)Xv(w»] : (4.109)

Next, we use the free Majorana Green’s function:

(Xa(2)xs(w)) = 6f5 : (4.110)
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and, in the operator-valued terms, expand x,(z) = xa(w) + (2 — w)Oxa(w) + . . .. Keeping

only terms singular as z — w, we obtain:

o 1/ 2 ) 5 )
J(2)i" (w) N_Z(z_wXT[T ,Tb]XertrT T"), (4.111)
using xTT°T?y = —xTT*T%y, from Grassmann anticommutation and the antisymmetry

of the so(n) generators. We assume the (anti-Hermitian) generators obey the following

properties:
[T, T% = fobeTe,  trTT® = —26, (4.112)
where f¢ are the structure constants of s0(n). We then obtain:

6ab - rabc
PR 0) ~ o+

7 (w), (4.113)

z—w
which is the so(n); current algebra (Kac-Moody algebra) [206]. The energy-momentum

tensor can be expressed in terms of these currents using the Sugawara construction:

1

Tso(n)1(z) = mz ja(z)ja(z): > (4'114)

where the colons denote normal ordering, i.e., the product j%(2)j°(w) in the limit z — w
(that is, the OPE) but with all singular terms subtracted. To do this computation, we use
the identity in Eq. (15.204) of Ref. [206]:
Z (: (XOJ(ﬁ)(XaXﬁ) s (XaXﬁ)(Xﬁon) : ) = 4(” - 1) Z XaaXa' (4115)
af «

We also choose a particular basis for the so(n) generators [206],
(rs) _ srgs T ¢S
Ts" = 0405 — 6505, (4.116)

which is properly normalized according to Eq. (4.112). Here the generators are labeled by

the n(n — 1)/2 pairs (r,s) with 1 <r < s < n. Using the identity

S TG = 6ard55 — 0500, (4.117)

(r,s)
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and Eq. (4.115), we easily find that the Sugawara energy-momentum tensor (4.114) repro-
duces Eq. (4.107). The chiral central charge can also be checked. The Sugawara energy-
momentum tensor of the g WZW CFT has the general form [206]

Ty (2) = m Z JeJe: (4.118)

where k is the Kac-Moody level and g is the dual Coxeter number. The chiral central

charge is then

kdimg
k+g

¢ lo8] = , (4.119)

where dimg = 4., i.e., the number of generators of the Lie algebra g. Here we have
dimso(n) = n(n —1)/2, and k = 1. By comparing (4.118) and (4.114), we find g =n — 2,

and thus

c_[so(n)] = % - g (4.120)

as expected for n free Majorana fermions.
4.8.2 Conformal embedding

The conformal embedding (4.106) arises from a natural embedding of the Lie algebras
s50(N) and so(k) into so(Nk). We first represent the indices for so(/Nk) matrices as a
pair « = (a,&) where « = 1,...,N and & = 1,...,k. We construct an embedding

s50(N) — so(Nk) as
Yes = (T%)aplsp: (4.121)

ie, X% = T% ® 1y, where T* are so(/N) generators and 1; the k x k identity matrix.

Likewise, we construct an embedding so(k) — so(Nk) as

Eaﬁ = 5a6(Ta)aB7 (4122)
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ie, Y =1y®T", where T" are so(k) generators and 1y the N x N identity matrix. We

then define so(/V) and so(k) currents, respectively, as

N | .

J(2) = ST @5, T(E) = ST ()5 (), (4.123)

analogously to Eq. (4.108). By computing the OPE, we now show these satisfy the so(N)g

and so(k)x current algebras, respectively. Using the explicit forms

? ~a

J'(2) = SxaaTigXsar  J (2) = XaaTapXai (4.124)

and following the same steps as in Eqs. (4.109-4.113), we find:

k.(sab Z'fabc .
(z —w)? * z— wJ
N(Sab Z'fabc e
J (w) ~ G w) + o= wJ (w), (4.126)

J(2)J(w) ~ (w), (4.125)

which are indeed the so(N); and so(k)x current algebras, respectively. By following similar
steps and using the fact that tr7* = tr T = 0, we can show that the mixed J“jb OPE
has no singular terms. Thus the two current algebras decouple.

Finally, we show that the energy-momentum tensor (4.114) of the so(Nk); theory de-

composes into the sum of the energy-momentum tensors of the so(N); and so(k)y theories:

Tso(Nk)l(Z) = Tso(N)k(Z) + ng(k)N(Z). (4127)

To do this, we need the following formula [204, 205]:

(XaXg)(XaX8): = XaOXa +Xs0Xs, @ # 0, (4.128)

without summation over o, . We also use Eqs. (4.116) for T, T and (4.124) to write:

k o N
J(r,s) =1 Z XraXsés j(nS) =1 Z XaiXas) (4129)
a=1 a=1
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withl1 <r<s<Nand 1 <7 <35<k. Wehave:

ZZ J(TS (rs) . ZZ XraXsoc Xrﬁxsﬁ)

(r,5) (rs) apB
= =D | D (oaxsa) (axsa): + Dt XraXsaXopXop
r<s a a#pB

= Z Z(XraaXra + XsaaXsa +2 Z XraXsaXrpXsp

r<s | a a<p
= —% Z Z(Xra8er + XsaOXsa) — 2 Z XraOXra | — 2 Z Z XraXsaXrpXsp
a Lors r r<s a<B
= —(N-1) Z Xra0Xra — 20y (4.130)
where we define the four-fermion operator
Oyorx = Z Z XraXsaXrpXsp- (4.131)

r<s G<p3

Note that this operator does not need further normal ordering since all fields in the product

are different. Similarly, we find:
Z J r S)J T 8) = — - 1 Z Xon“aonr -2 Z Z XaiXas X 87 X85 (4132)
(7,3) a<f 7<s

By performing the changes of dummy summation variables o, 8 — 7, s and 7,5 — &, 3, we

find:

Z: J(?,E)J(?,E): — —(fk — 1 meaxm — 22 Zxraxrﬁxsaxsﬁ
(7,3)

r<s 54<5

= — -1 Z Xmaxm +2 Z Z XraXsaXrﬁXsﬁ

r<s 56<B
=—(k—1)Y_ xraOXra + 20xp1x- (4.133)

Based on Eq. (4.118) with g=n—2 for g=so0(n), we expect the following Sugawara forms:

1

T S — § L Jre) ) 4.134
1 7“ 5 7“ 3

Tootkyn (2) = SNTE_2) E JER T (4.135)

(7,3)
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Using Egs. (4.130) and (4.133), we thus find:

1
Tso(N)k(z) + Tso(k)N(Z) = —5 Z XraOXra

= EU(N]C)I(Z)’ (4136)

where we see that the four-fermion contributions o< Oy, cancel. Note that the so(NN)y
and so(k)y theories are interacting theories, since their energy-momentum tensors contain
four-fermion terms, but their sum is a free theory.

Using Eq. (4.119), we can also check that the chiral central charges add:

¢ [so(N)] = %
e-lsolx] = o
e [50(N)] + c_[so(k)n] = %Nk — ¢ [s0(Nk)]. (4.137)

Finally, Ref. [172] shows that a theory of N flavors of Majorana fermions ¢’ with an
internally gauged SO(k) symmetry (a =1,...,N,i=1,...,k, thus Nk Majorana fermions
in total) is equivalent to the so(N), WZW model. This is consistent with projecting out
the so(k)y sector in the conformal embedding (4.106). The su(n) analog [173, 207] of
this embedding was used previously in a similar manner to understand the edge physics of

fractional quantum Hall states obtained from a parton construction [152].

4.9 Appendix: Kitaev-Kekulé model

In this Appendix, we give an example of noninteracting Majorana hopping model whose
low-energy bandstructure consists of two continuum Majorana fields ¥, , W_ with tunable
masses my, m_ [176-178]. We begin with nearest-neighbor Majorana hopping on the hon-
eycomb lattice, which produces two massless Majorana fields at low energies [23]. We
then add two perturbations: a second-neighbor hopping term of strength x, which gives a
Haldane-type mass [23, 105] of the same sign for both Majorana fields, and a Kekulé dis-

tortion term [208, 209] of strength A, which gives masses of opposite sign for the Majorana
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fields. By tuning both s and A, the low-energy Majorana masses m4 resulting from the
combined effect of both perturbations can be tuned independently.

The hopping model consists of two terms:

H = Hyi; + Hyer, (4.138)
where
i
Hige = Zk Ajrejer, (4.139)
]7

is the model specified by Eq. (48) of Ref. [23], with nearest-neighbor hopping amplitude
J and second-neighbor hopping amplitude s for Majorana fermions ¢; on the honeycomb
lattice. This model gives a topological superconductor with Chern number equal to sgn «.
The second term is a spatially non-uniform modulation of the nearest-neighbor hopping
amplitude:
Hior = %thkcjck, (4.140)
j.k

where ¢, specifies the Kekulé distortion pattern:

V3 (4.141)

by = {—LeiK+"5"eiG""f +c.c., if r=r;+8,,
0, otherwise.

Here, 4,, are the 3 nearest-neighbor vectors on the honeycomb lattice, K1 = (+£47/3,0)
are the two gapless Dirac points obtained in the limit k=t=0, and G= K, — K _ is the
momentum connecting the two Dirac points. The complex parameter ¢ is such that ||
controls the strength of the distortion. This distortion triples the size of the unit cell of
the honeycomb lattice, and thus folds the Brillouin zone three times. The Dirac points are
mapped to the I' point of the reduced Brillouin zone. Since there are six inequivalent sites
in the Kekulé-distorted lattice, there are six bands in the bandstructure. When s and [¢|

are small compared to J, the low-energy physics is dominated by two bands with avoided

crossings near the I' point. The low-energy degrees of freedom are the spinors

ne(k)=(Chom Chow)s  ni(k)=nL(—k), (4.142)
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where A and B superscripts indicate the two sublattices of the honeycomb lattice, and the
second equality above is a Majorana condition. Linearizing the low-energy bandstructure

near the Dirac (I') point, we obtain [176]:

R e b L U PN

4 J (2m)? —ky ik, —6r/J
6r/J  —k,—ik,
+nl (k) , ! n- (k)
—ky+ik, —6r/J
0 2it)J
+n}(K) , (k)
—2it/J 0
; 0 20t*)J
+n' (k) _ n+(k) |- (4.143)
—2it*)J 0

The Kekulé distortion couples the gapless excitations from the K valleys. To diagonalize

the Hamiltonian, we define the new spinors

. (k) = %(—wzm(m + oy (k)
U (k)= %(ozm(k) —ioyn-(k)),
ol (k) = UL(—k)o,. (4.144)

In this model, the + indices in ¥, are no longer valley indices. Indeed, it is obvious from
their definition that the W fermions mix the fermions 7y from the valleys K. Further-
more, we set the Kekulé coupling t = ¢\, where A € R, thus removing the phase degree
of freedom in the distortion. This diagonalizes in flavor space the linearized Hamiltonian

(4.143), which is now written as

H= TP [0, — ke e (i), (015

where the low-energy Majorana masses

(4.146)



can be tuned independently by the lattice couplings x and A. When m and m_ are of
the same sign (i.e., when x dominates), the system is a topological superconductor with
Chern number +1; when m, and m_ are of opposite sign (i.e., when A dominates), the
system is a trivial superconductor. Using the Euclidean gamma matrix representation
(70, 71,72) = (02, 04, 0y), and rescaling the couplings to set the Majorana velocity to unity,

we obtain the Euclidean Lagrangian in position space,

1 T
L= ZZ\IIiC(&?eri)\I/i, (4.147)

i=+
whose gauged version appears in Eq. (4.19). Here, C=—i~, is a charge-conjugation matrix,

and the fermionic fields ¥, obey the Majorana condition
U, = Ul = ULC. (4.148)

For general nonzero x and A, the masses (4.146) break the microscopic time-reversal
(7)) and inversion (Z) symmetries. These can be represented on the Majorana fields 7y in

Eq. (4.142) as

Tne (k)T ' = —io. Kn+(—k),

Ine (k)T = ion=(~k), (4.149)

where we denote complex conjugation by K. These nonstandard transformations deserve
further explanation. We recall that the Kitaev honeycomb model (4.139) is in fact a
Zs gauge theory with static gauge fields u;, that modulate the nearest-neighbor hopping
amplitude J. The model (4.139) is obtained as the effective Hamiltonian in the ground-
state (zero-flux) sector in standard gauge uj, =1, for all j € A, k € B. The standard
A/B | BJA

) and inversion (¢~ — ¢}

definitions of time-reversal (CA/ B KkeMB i

J ; ) also flip the sign of

ujk, and thus do not preserve the standard gauge. However, the sign change of the latter
can be compensated by a Z, gauge transformation on either the j or k sites. The definitions

(4.149) denote such composite transformations, and are thus projective representations of
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time reversal and inversion on the Majorana partons. These filter down to the modified

spinors U, (k) in Eq. (4.144) as

TV, (k)T ! =io, KU-(—k),

TV (k)T ! =io, Ui (—k). (4.150)

Using these transformations on the Lagrangian (4.147), one observes that the Kekulé dis-
tortion A provides a 7 -invariant mass but breaks Z, whereas the Haldane mass \ breaks
T, but preserves Z. Imposing Z, we obtain m; = m_ = 6x/J, and tuning s through zero
induces a direct continuous transition between the chiral spin liquid and the Ising-ordered

phase in Fig. 4.2.

4.10 Appendix: Instanton calculus in the background
field gauge

To perform the instanton gas calculation in this chapter, we use a representation of Z,
monopoles in SO(N) gauge theory as Dirac monopoles in an SO(2) subgroup. This repre-
sentation breaks the SO(N) invariance down to a S[O(2)xO(N—=2)]=[0(2)xO(N—2)]|/Z
subgroup. This is interpreted as a partial choice of gauge, and naively leads to ZMs in
the Faddeev-Popov (FP) determinant. In this Appendix, we employ the background field
gauge to show that such ZMs can be removed [64, 210-212|, at the cost of introducing
“gauge collective coordinates”, which rotate the Dirac monopole between distinct SO(2)
subgroups of SO(N).

We shall begin by formulating and gauge-fixing the N-instanton contribution to the
partition function. Formally decomposing the gauge field A into an instanton background
A and a fluctuation part a,

A=A+a, (4.151)

162



the associated field strength decomposes to*
F=F+dza+aAa. (4.152)
Defining a gauge-invariant inner product on the space of so(/N)-valued forms as

1
<Oé,,6> = 2—92 /tr(a /\*ﬁ), (4153)
the Yang-Mills action can be decomposed as Syy = Sym+ S, [;1] where Syy = <F JF > and
SalA] = (daa,dza) + 2(F,a A a) + O(a®). (4.154)

Terms linear in a vanish as F' satisfies the equations of motion. The fermion action can be

similarly decomposed,

1 1
Sp = JUICHY + WTOF + A+ m)v. (4.155)
A single fermion W is considered here, but the derivation is straightforwardly generalized
to the case of multiple fermion flavors relevant for the main text.

The net action is invariant under the infinitesimal gauge transformation
A+a— A+a+dzw+ [a,w],
U —e“U="—wl. (4.156)
The fermions will just spectate in the following discussion, and so will not be discussed

further. Since A is a classical background field (not integrated over in the path integral),

a true gauge transformation must act only on the fluctuation a, so that

dwa = dzw + [a,w],
5,A=0. (4.157)
However, it is useful to define a “pseudo” gauge transformation

6pseudoA = d;lw 5

6pseud0a = [CL,LL)], (4158)

4Given a gauge group G and a linear representation p: G — Aut(V), the exterior derivative with respect
to a g-valued connection A is dg = d + dp(A)A, where dp is the induced representation of g on V.
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under which the action remains invariant. As far as the parent theory with A= A+a is
concerned, the pseudo and true gauge transformations are identical. We shall shortly see
that the background field method is a clever choice of gauge that retains invariance under
the pseudo gauge transformations (4.158) while gauge-fixing the fluctuation part of the
path integral

Z = e S / DV G e~ SeA=SrlAal (4.159)

To gauge-fix this path integral, we select an so(N)-valued gauge function G(a) and employ
the FP method by inserting into Z the identity in the form AppApp, where the gauge-

invariant FP determinant is defined as the inverse of

App = /@w d[G(a + dya)],

-1

oG
= GG o,a)l |det —|
[ 96316+ s.0) faer 5
-1
= deté—G . (4.160)
0w | o
We will choose the background field gauge,
G(a) = Duau = Ouay + [Alm au) =0, (4.161)

where Du is the gauge covariant derivative with respect to the instanton field A. The
reason for this choice is that the gauge function will eventually feature in a gauge-fixing
term tr G? in the Lagrangian, and it is easy to show that such a term is invariant under the
pseudo gauge transformation (4.158), but not under a true gauge transformation (4.157)
of the fluctuation field a. In this manner, the gauge invariance of the parent theory with
A= A+a is retained.

The FP determinant is easily evaluated to be
0G =
det E = detoDuD“, (4162)

where the subscript 0 indicates that the determinant is to be evaluated in the space of

so(N)-valued 0-forms w(x), and the (bar-less) covariant derivative D, is with respect to
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the total field A= A+a, so that D,w=0,w+[A,+a,,w]. If A=0, then this reduces to the
familiar result for Lorenz gauge. A good gauge function must satisfy G(a+d,a)# G(a) for
any w#0, so that the gauge slice G(a)=0 contains only inequivalent configurations of a. If
there exists an w that violates this requirement, then this would result in a ZM contribution
to (4.162); these can be interpreted as would-be FP ghost ZMs [see Eq. (4.172)]. To see

this explicitly, note that the FP operator is

w+ [G,w] + [a,, D,wl. (4.163)

If Duw =0, then w is a ZM of the FP operator evaluated on the gauge slice G(a) =0
[see Eq. (4.160)]. Noting that D,w =0 infinitesimally means e “(A + d)e* = A, we find
that ZMs exist if there is a nontrivial stabilizer (denoted H) of A in the group of gauge
transformations G.° For instance, if A =0 then the stabilizer consists of all global gauge
transformations so that H=SO(N), the gauge group. Here, A is the instanton embedded in
an SO(2) subgroup, which has a stabilizer subgroup of global rotations in S[O(2)xO(N—-2)].

Due to the presence of ZMs in the FP determinant, one must split the domain of the

w integral in Eq. (4.160) into a ZM space consisting of all w € kerg D,,, and its orthogonal

o

complement ker Di, where the subscript 0 indicates that the domain of D# is restricted
to O-forms. Such a grading can be achieved by means of the inner product (4.153) defined
on this space. Then any gauge transformation can be decomposed as

w=¢+A, ¢ekergD,, Ekerg Di. (4.164)
This also means that

App = /9w d[G(a+ é,a)],

_ / P26 DAS[Ga + dxa)],
kerg Du kerg Di

= vol(H)|detj, DMDH}_l, (4.165)

°If M is spacetime and G = SO(N) the gauge group, the group G: M — G of gauge transformations
acts as G:x—exp(w(x)).
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where the prime indicates that the determinant of DHD;L is evaluated in the space ker Di,

with the ZMs removed. The gauge-fixed path integral is then,

e—Svm
Z = e /@a.@\ll/@uMS G(a+ d,a) ’detOD D ‘e_S“[A] Srldal
vol(
e~ 7 —Su[A]—Sp[A,d]
= Dw ~ol() 2a2V5[G(a)]|dety DD, e o (4.166)

where the second line is obtained on a gauge transformation by —w, keeping all gauge
invariant quantities fixed. The integral over w is an infinite constant that can be dropped
by defining a suitable normalization.

The fluctuation integral is subject to the gauge condition G(a)=D,a,=0. Once again,
the inner product (4.153) can be used to split the space of so(N)-valued 1-forms into
ker; DM and its orthogonal complement ker; Di, where the subscript 1 now indicates that

the domain of D, is the space of 1-forms. Using the inner product

—~

4.153), it is readily

seen (using integration by parts) that any nontrivial element of ker; Di is of the form D ¢
for some 0-form ¢ € ker Dt. Then,
a, =, + D,p, «a,€ker; D,, peEker Dj. (4.167)

A change of variables from a to a and ¢ in the path integral now has a nontrivial Jacobian,

found by examining the metric in this functional space,

5 _ _ 1 0 ay,
laull* = (o + Dy, @y + Do) = (s o) g ). (4.168)

The Jacobian is thus [detg(—Di)]l/Q, where the operator acts on ¢ € ker Di, so there
are no ZMs in this determinant. Since —Di is a positive-definite operator on kerg Dt, its
square root is well defined, and an absolute value sign is redundant. The path integral

then simplifies to

e_SYI\/I / - A
7 = @a/ Dpo \/dety (=D, |dety D D /@\pe SotDplAFSFI a+DW]
VOI(%) ker; Dy, kerg Di [ ] 0 | 0 . |

e_SYh/[

=— Pa[det (—D*)V/2|det, D, D /@\DeSQ[A]SF[A’O‘], 4.169
L. e DL e DD, (4.169)
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where the second line is obtained by using § [Di(p] = [deto(—Di)]*lé[gp], and performing
the ¢ integral.

The path integral (4.169) has actually been derived for a general background A. We
will now specialize to the case of instantons in SO(N) gauge theory, and evaluate an N-
instanton contribution to the path integral, such as appears in Eq. (4.29). Each instanton
incarnates as a Dirac monopole in some SO(2) subgroup, and the background A is a simple
sum of the single instanton 1-form (4.27) in the dilute gas approximation. Within such
an approximation, the stabilizer for such an instanton configuration on a spacetime M is
simply H", where the single instanton stabilizer is H : M — (H = S[O(2) x O(N —2)]).

Writing a general element of H as exp[—¢®(z)h®], where a€{1,...,dim H },

dim H dim H/2
vol(H) = / ] / H d¢a,/V01M (V;;M > vol(H).  (4.170)
kerg Dy,

The determinant [detg(—Di)]_l/ 2 appearing in the general path integral (4.169), deviates

from [dety(—02)]7'/? pertinent to a trivial background A = 0, only in small (disjoint)
neighborhoods of the N localized instantons. The N-instanton correction to the trivial
determinant can be defined via [detg(—Di)]*l/Q = [det&(—f)ﬁ)]*lmKN [213]. Normalizing
the path integral against the trivial background A =0, the A/-instanton contribution to

the partition function is

N dim(G/H)

ZN N VOlM 2 _3
Z:VOI(G/H) ( 2g2 ) e °YM

x / _@a/ /@\1/ ¢ SelAbSridalSaldal (g 171)
kerq Du kerg D

where the action for the ghosts n, 7 is

Seh = /detrﬁDuDun, (4.172)

and the normalization K is the transverse mode («) and ghost path integrals evaluated in
the trivial background A=0.
As stated in the introduction to this Appendix, the coset space G/H =SO(N)/S[O(2)x

O(N—2)] has a collective coordinate interpretation. It is the space of global rotations that
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move an instanton between distinct SO(2) subgroups of SO(N). Furthermore, the fact
that the « integral is restricted to kery Du means that such global rotations that change A
are excluded from that path integral. However, there are still ZMs corresponding to other
non-gauge collective coordinates, such as a translation of an instanton in spacetime. For the
monopole-instanton considered here, it is clear that there are no other collective coordinates
besides these. Explicitly separating out the collective coordinates {z;} corresponding to
the locations of the instantons (for which the Jacobian is a trivial constant that can be
absorbed into k), the final result is
N dim(G/H)

ZN N VOlM 2 _3
7:VOI(G/H) ( 2 ) e oYM

N
KN _ _ _
X / (Hdz,-) / P /  D(i,m) / .@11/Te—sa[Al—SF[Aval—Sgh[Aval, (4.173)
i=1 ker1 Dy, kero D,

where the primed measure 2’'a means that ZM solutions of « are excluded from the domain

of integration. More precisely, if the Gaussian part of the fluctuation action is S, = («, Qa),
then ZMs of the operator €2 are to be discarded in a mode expansion of a. Therefore, the
only ZMs still present in the path integral are those of fermions bound to the instantons,

which have physical consequences for symmetry breaking.
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Chapter 5

Conclusion

The perspective of this thesis has been that parton gauge theories provide unified frame-
works potentially capable of describing both Landau-ordered and fractionalized phases.
The three chapters above have been case studies in support of this view. In chapter 2,
conformal CQED; with Ny =4 flavors of relativistic spinons was established as an example
of such a theory centered on the Dirac spin liquid, a critical phase of matter in 2d spin-1/2
systems that exhibits power law correlations for a wide array of fluctuating Landau orders.
To investigate the stability of such a critical state, and find proximate ordered states in
which spinons must be confined, we were led to the construction of monopole operators
in CQED3. In contrast to previous works on the subject that defined these operators by
conformal field theory methods, we used semiclassical instanton methods to directly con-
struct these operators on R? without assuming conformal invariance. This was achieved
by first deforming the critical theory with a choice of spinon mass, which was shown to
lead to instanton-bound zero modes of the Euclidean Dirac operator. A resummation of
the instanton gas in the presence of these zero modes resulted in a 't Hooft vertex (an
instanton-induced interaction) in the effective action, which we recognized as a monopole
operator previously constructed using conformal methods in the literature. By choosing
various spinon masses, we were able to obtain all independent monopole operators. More-
over, using the fact that the symmetries of Néel and VBS states on bipartite lattices could

be fully encoded in a fermion bilinear, we were able to infer the quantum numbers of all
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monopole operators under the symmetries of some lattice realization of the Dirac spin lig-
uid. On both square and honeycomb lattices, we confirmed the existence of a monopole
that transforms trivially under all lattice symmetries, thus likely to lead to an instability
of the Dirac spin liquid on those lattices.

In chapter 3, we emphasized how instantons could account for the spontaneous break-
down of internal symmetries in parton gauge theories. Our arguments were phrased in
the context of a parton gauge theory (CQEDj3) describing a multicritical point sepa-
rating fractional quantum Hall, superfluid, and Mott insulating phases in a system of
2d hardcore bosons with U(1),, symmetry. We showed how instantons break a spurious
U(1)top x U(1) symmetry of CQEDj3 to the diagonal subgroup, which we identified as the
U (1), number conservation of physical bosons. On proliferating instantons, this symmetry
was then shown to be spontaneously broken, leading in principle to two possible superfluid
phases: a ‘paired superfluid” with condensation of only charge-2 bosonic operators (SSB of
U(1)p, —Zs), or a conventional superfluid with completely broken U(1);,. Some finer points
of the vacuum structure of compact U(1) gauge theories and their effects on instantons
were also discussed.

Chapter 4 demonstrated the general perspective of the previous chapter in a more so-
phisticated example of a non-Abelian parton gauge theory — SO(N) Chern-Simons gauge
theory with massless Majorana fermions. Such a gauge theory was shown to describe a
critical point separating magnetically ordered, trivially paramagnetic, and gapped chiral
spin liquid phases in an Ising spin system with Z, symmetry. By representing an Ising
spin in terms of N Majorana partons on the lattice, we showed how these phases could
be accessed by varying the total Chern number of the parton bandstructure. By utilizing
recently conjectured dualities for SO(N) Chern-Simons-matter theories, the critical theory
for the Ising transition between the paramagnet and long-range ordered phase was found to
be dual to the usual Wilson-Fisher theory reviewed in the introductory chapter. A direct

continuous transition from the chiral spin liquid to the magnetic state was also found to be
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possible, protected by lattice symmetries such as inversion symmetry on the honeycomb
lattice. Finally, we investigated the dynamics of the spontaneous breakdown of the Ising
Zo symmetry in the parton description. This was shown to be due to the proliferation of
Zs-charged monopoles which feature as instantons of the SO(N) gauge theory, which also
supply the confinement mechanism required to produce a conventionally ordered phase in
the parton framework.

In closing, we outline a few open problems that naturally follow from our work. As
remarked previously, existing constructions of monopole operators in CQEDj3 have focused
on exploiting the conformal invariance of the latter, which allows operators to be identified
with states in radial quantization. However, this approach is very specific to the Dirac
spin liquid featuring relativistic spinons. Part of the motivation for the instanton gas
construction in chapter 2 comes from the existence of spin liquids unprivileged with such
a powerful symmetry, for instance those defined by parton bandstructures that feature a
quadratic band-crossing point or a Fermi surface. Our work can be applied to such systems
to see if there is a story paralleling that of the Dirac spin liquid. At least in (3 + 1)D,
it is known that QED featuring nonrelativistic fermions can flow to a stable interacting
fixed point, the Luttinger-Abrikosov-Beneslavskii point [214-217]. It is not clear to the
author if such a fixed point exists in the (24 1)D version of the theory. If so, then could it
serve as a ‘parent state’ encoding several competing orders like the Dirac spin liquid? Are
these ordered states classified by monopole operators? These are questions that lie outside
the purview of the CFT methods used to study monopoles, but can be studied using the
instanton calculus presented in this work.

In our study of the Dirac spin liquid, the proximate conventional phases were identified
by the quantum numbers of monopole operators under lattice symmetries. To complete this
program, one must also ensure that the correct number of Goldstone modes appropriate
for a given symmetry breaking is reproduced correctly in the parton framework. This is

also left for future work.
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