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ABSTRACT

This investigation attempts to define the effect of -moment
gradient on the rotation capacity of a structural steel member, and to
separate the influence of moment gradient from that of the unbraced
slenderness ratio.

The results of twelve tests on rolled steel wide-flange beams
are reported. The tests were performed on simply-supported beams of
CSA G40.12 steel, subjected to a concentrated load at midspan. The
flange plate geometry and the laterally unbraced slenderness ratio were
varied, while the web plate geometry was held constant. All tests
were continued until substantial unloading had occurred due to instability.

The results of the present tests provide sufficient information
on which to base a specific design recommendation for the Timiting
flange slenderness ratio for compact sections used in structures
designed by the allowable stress method.

The plastic hinge rotations delivered by the test specimens are
compared to the maximum practical requirements for plastically designed
continuous beams. For short beams, the requirements can be easily met,
but for longer beams, the requirements appear to be excessive. An
analytical study is proposed to obtain a closer estimate of the required
hinge rotation. This proposed analysis, along with available test
results, would allow firm conclusions to be drawn regarding the plastic

design of continuous beams.
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CHAPTER I
INTRODUCTION

The plastic design method defines the limit of usefulness of
a structure as its maximum load carrying capacity. Plastic design makes
conscious use of the complete stress-strain relationship for structural
steel. This enables a structure to redistribute internal moments once
yielding occurs and results in a Toad carrying capacity above that
predicted by 1imiting the nominal strains in the material to those
within the elastic range.

FIG. 1;1 represents (to an expanded horizontal scale) the
idealized initial portion of a stress-strain (o-g) curve for structural
steel in either tension or compression ]. For strains below the yield
strain, ey » the material is elastic, with the slope of the stress-
strain curve defined as the elastic modulus, E . For strains greater
than ?y » the stress remains constant at the yield stress, Gy , and
the material deforms up to a strain of €t o the strain at the onset
of strain-hardening. Strains greater than €t can‘on]y-take place
with an increase in stress. The initial slope of thé‘curve in this
range is Est » the strain-hardening modulus.

The "simple plastic" theory assumes that the material in a
member cross-section subjected to flexure remains elastic untf] the
"plastic moment", Mp » is reached. At this stage; a stress of

t oy s present in all elements of the cross-section. Once the plastic
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moment has been reached, the member is able to rotate indefinitely at
this constant moment value. In other words, a "plastic hinge" has
developed. Thus a redundant structure will develop plastic hinges and
will redistribute the increased bending moments produced by further
Toading until sufficient sections have yielded to produce an unstable
linkage or "mechanism".

The behavior assumed in the simple plastic theory neglects
the additional moment capacity due to the effects of strain-hardening,
however, it also ignores the possibility of instability occurring before
the collapse load has been reached. Certain factors, such as Tocal or
lateral buckling, Timit the actual rotation capacity of a section.
Consequently, the ability to deform inelastically at the plastic
moment is a function of the loading condition, the adequacy of the
bracing system and the material and geometric properties of the member.

FIG. 1.2 plots the maximum moment (under the load), M ,
non-dimensionalized as M/Mp (where Mp is the plastic moment capacity
of the cross-section) versus the relative rotation of the two ends, 6 ,
non-dimensionalized as e/ep (where ep is the rotation corresponding
to the attainment of Mp assuming ideally elastic behavior). The curves
are plotted for a simply supported beam of length, 2L , subjected to
the concentrated Toad, P , as shown in the inset. The behavior assumed
in the simple plastic theory is represented by the dashed lines. The
actual behavior, represented by the solid curves, departs from the
idealized M-6 curve at first yielding. For a "short" beam the drop-off
in moment capacity is a result of local buckling within the yielded

portion of the compression flange. The Tlocal buckling condition is



related to the flange slenderness ratio (b/t) and possibly to the
moment gradient 2. For specimens of intermediate length unloading is
precipitated by lateral deformations of the unbraced span. These
deformations produce strains which assist the local flange buckling. As
indicated by FIG. 1.2, in both the above cases, Mp is reached and
exceeded due to strain-hardening of the material. In other cases,
unloading may occur before the attainment of the plastic moment. This
behavior is representative of "long" beams in which unloading is precipi-
tated by the large lateral deformations of the unbraced span.

The three plots of FIG. 1.2 represent the behavior of beams
subjected to a moment gradient. The behavior typical of short beams
would appear to provide adequate rotation capacity (inelastic rotation
with MZMp) for use in plastically designed structures while that for
long beams would not. For beams of intermediate length, the adequacy of
the delivered rotation capacity would depend on the inelastic rotation
required to form a mechanism in the structure.

Beams subjected to moment gradient have been the subject of

3,4 . 2,5,6 s
>" and experimental investigations. However, the

both analytical
results to date have not defined the effects of unbraced length and
moment gradient on the hinge capacity. The present investigation attempts
to define the effect of moment gradient on the rotation capacity and to
separate the influence of moment gradient from that of the unbraced
slenderness ratio. In addition, an attempt will be made to differentiate

between failure triggered by local buckling and failure which results

primarily from large lateral-torsional deformations.
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CHAPTER 11
PREVIOUS INVESTIGATIONS

In order for a steel structure to attain the load predicted by
the simple plastic theory, the members must be proportioned so that
Tocal or lateral buckling will not prematurely terminate the rotation
capacity of the hinging sections.

Lay and Galambos have reported the results of a study of the
inelastic behavior of wide-flange beams under moment gradient 3. The
Toading condition is illustrated by FIG. 2.1. The applied load, P |,
is sufficient to produce a midspan moment, MO = PL/2 , above the
plastic moment, - Mp . The yielded Tength, over which the moment exceeds
M, » is represented by 2tL in FIG. 2.7(b). The curvature diagram

P
corresponding to this moment distribution is as shown in FIG. 2.1(c).

<bp
assuming ideally elastic behavior. The plastic hinge rotation may be
3

= Mp/EI is the curvature corresponding to the attainment of Mp s

approximated by the cross-hatched area in FIG. 2.1(c)
This study indicated that Tocal rather than lateral buckling
will initiate unloading of the member for values of A below approxi-

mately 0.7 . The slenderness factor, A ,is defined as

v E%— (2.1)

-sll—

A=
y



Lay has treated flange Tocal buckling by considering the
torsional buckling of the flange 7. The model used has been described
in a previous report and considers the restraining action of the web 2.
In order for a local buckle to form at a minimum stress, the length of
flange, L , which is fully yielded, must equal one full wavelength

of the buckled plate. This length is referred to as the optimum

yielded length, 'tzpt » given by:

A\ 1/4
- bt | w
p = 1.42 = (Af) (2.2)

A

op

In Equation 2.2, b and t are the flange width and thickness
resbective]y while w 1is the web thickness. AW represents the area of
the web and Af the area of one flange.

The study attempted to relate the inelastic hinge capacity
to the optimum yielded Tength, for sections having f1ange slenderness

ratios, b/t , defined by the equation:

b2, 1268 11 (2.3)
t 3 + g, . € T + h

u Y 57
) Oy

Where 9, represents the ultimate strength of the material and h

represents the ratio E/ESt
The predictions of the optimum yielded length given by

Equation 2.3 agree qualitatively with experimental results of tests on

8

beams and stub columns Based primarily on the results of stub

column tests, Haaijer and Thurlimann concluded that the critical b/t
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ratio for wide-flange beams of A-7 steel was 17 . These experimental

9 10

results form the basis for the C.S.A. and A.I.S.C. code limitations

for compact sections.

Lukey and Adams, in 1967, reported the results of an
eXperjmental investigation of the influence of the flange slenderness
ratio on the rotation capacity of members subjected to moment gradient
Three series of tests were performed on rolled wide-flange beams of
G40.12 steel, having a range of b/t values from 14;0 to 19.4 .
The specimens were simply supported and subjected to a concentrated
load at midspan. The unbraced slenderness ratio, L/ry s Was
approximately 35 for all specimens,

The results of the Series B tests, taken from this study, are
given in FIG. 2.2 2. Thié figure shows that a wide range of rotation
capacities, R =,e/ep - 1 (where 6 1is the rotation ;orresponding to
Mp on the unloading branch of the curve), were observed. The rotation
cépacities were limited by the inelastic buckling of -the compression
flange, which triggered large lateral deformations of the unbraced span
and eventual unloading of the member. As expected, the rotation.
capacity decreased as the flange slenderness ratio (b/t) was increased.

The inelastic lateral-torsional buckling problem has received
only a limited amount of study. Lay and Galambos analyzed the lateral
buckling. model shown in FIG. 2.3 3, The model consists of a column
composed of the compression flange tee, laterally unbraced over a len-
gth, L , and subjected to a uniform axial load, oyA/Z . The yielded
Tength of the column is <L , and the lateral restraint at the yielded

end is neglected. The rotational restraint provided by the adjacent
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span at the elastic end of the beam is represented by the spring constant
SEIyy/L

It is assumed that the extent of yielding exerts a greater
influence on the Tateral buckling load than does the variation in stress,
therefore, the stress is assumed to remain constant at the yjeld stress.

The solution of the differential equation describing the lateral
buckling of this model results in a relationship between A and 1 .

A comparison of the lateral and local buckling so]utidns shows that the
value of X corresponding to simultaneous local and lateral buckling is
approximately 0.7 . However, in this region the solutions are ill-defined.
The present test series include beams having values of A greater than

0.7 . Therefore theoretical and experimental work related to the lateral
buckling of wide-flange beams subjected to moment gradient is of importance
in this study.

Adams, Lay, and Galambos have reported the results of tests on
three simply supported beams subjected to loads producing a moment
gradient 5. The tests were performed on A441 steel wide-flange members
having a nominal yield stress of 50 ksi. The unbraced slenderness ratio,
L/ry s was varied for the three tests and also, of necessity, the moment
gradient. As the beams were loaded, the lateral deflections remained
relatively small until Tocal buckling was induced in the compression
flange. - Once local buckling had occurred the lateral deflections increased
rapidly and eventually unloading of the member was observed. These tests
do not provide sufficient information to delineate the influence of
bracing spacing on the rotation capacity.

Massey and Pitmann performed an analytical study of the

inelastic lateral buckling of simply supported beams subjected to a
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]]. Lateral bracing was provided at the

concentrated load at midspan
reaction points but not at the load point. An energy solution was used
to predict the inelastic lateral-torsional buckling load. In the
inelastic portion of the beam, the stiffnesses were reduced linearly.

to account for the influence of yielding. The predictions were
compared to the results of experiments performed on small scale

model I - sections. The agreement was generally good. However these
results cannot be gpplied directly to the present investigation because
of the difference in the lateral restraint conditions.

An analytical study, by White, has been performed on the
lateral-torsional buckling of wide-flange members composed of structural
carbon (A-7) steel 4. The loading on the member was restricted to in-
plane end moments.

The inelastic behavior was examined first by analyzing a
member which was completely strain-hardened. The results indicated that
the critical buckling length was principally dependent upon the warping
torsional resistance of the beam, while the St. Venant torsional
resistance introduced slight modifications. The effects of moment
gradient, extent of strain-hardening and boundary conditions were
systematically considered and solutions were obtained‘for the various
cases. The finite difference technique was used to express the
differential equations, with the resulting algebraic equations being
solved numerically. The results of this study were adjusted to form the
basis of a design procedure 4

The results of recent analytical and experimental

investigations have attempted to define the effects of flange slenderness



11
on the rotation capacity of short beams. However, additional information
regarding the effects of moment gradient and lateral bracing spacing is

required before design provisions can be formulated.
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CHAPTER III

EXPERIMENTAL PROGRAM

Scope

The experimental program consisted of two series of tests on

12

rolled wide-flange beams of CSA-G40.12 steel The six lengths used

for the test series had been cold-straightened by rotarizing and all
lengths were rolled from the same heat ]3.

The testing arrangement is shown schematically in FIGS.
3.1(a) and (b). The test beams were simply supported and subjected to
a concentrated load at midspan, producing the bending moment
distribution shown. The maximum moment, M = PL/2 , occurred under the
load. Lateral bracing was provided at midspan, at the two reaction
points, and (for specimens; D-2, D-4, E-2 and E-4 only) at two inter-
mediate locations.

A summary of the specimen dimensions is given in TABLE 3.1.
The depth, d , flange width, b , flange thickness, t , web
thickness, w , support length, L , and bracing length, L' , were
determined by measuring the specimens used in the test program.

Each of the two series, D and E , indicated in TABLE 3.2
was chosen to provide a particular flange slenderness ratio (b/t)
The desired flange slenderness ratio was obtained by milling down the

flange width to the required dimension. The weak axis slenderness ratio

15
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(L/ry) of the beam was varied within each series by increasing the
support length, L . To vary the moment gradient independently of
the lateral bracing spacing, the unbraced length, L' , was made
smaller than the support length, L , as shown schematically in

FIG. 3.1(b).

Material Properties

The chemical composition for the material is given in TABLE 3.3
along with the mill test results. These conform to the CSA-G40.12
specification ]2.

TABLE 3.4 summarizes the material properties obtained from
laboratory tension tests performed on specimens cut from each of the
six lengths. The locations from which the coupons were taken are shown
in the inset. In this table cy denotes the static yield stress, 9,
denotes the ultimate stress, and Ey is the calculated yield strain
corresponding to a modulus of elasticity, E = 29,600 ksi. €t is the
measured strain at the onset of strain-hardening and Est is the strain
hardening modulus 2

The residual stress distribution over the cross-section is
shown in the inset to TABLE 3.4. This distribution is typical for

rotarized beams ]3.

Testing Arrangement

FIGS. 3.2 and 3.3 show an overall view of the test setup. The
arrangement has been described in detail in a previous report 2. The
specimens were tested as simply-supported beams, with the reaction forces
taken by hanger rods. The rods were connected to a reaction beam attached

to the laboratory floor. Web stiffener plates were welded to all
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specimens at the supports and at midspan and also, in some cases, at
intermediate brace locations.

The concentrated load was applied by means of a hydraulic ram
and transmitted to the beam through a box bolted to the midspan web
stiffeners. The box was constructed to contact the specimen only at the
stiffeners, and to provide ample clearance for buckling of the compression
flange. Hydraulic pressure to the ram was provided by an-air-driven
pump, and regulated by adjustment of the air pressure and hydraulic
line valves at a control panel

For all test specimens lateral braces were provided at the two
reaction points and at midspan, as shown in FIG. 3.2. However for some
test beams, as indicated in FIG. 3.3, additional lateral braces were
provided at two intermediate Tocations between the midspan and the
reaction points. Lateral support at the reaction points was provided by
steel rods bolted in a horizontal position between the testing frame and
the stiffener plates, as shown in FIG. 3.2. At midspan and at the inter-
mediate locations the articulated bracing mechanism shown in FIG. 3.3 was
used.

FIG. 3.4 shows the instrumentation used in the tests. The
applied loads were determined by monitoring the strains in the two
reaction support rods which had been previously calibrated in a testing
machine. The vertical deflection at midspan was measured by means of
a dial gage. Support settlements were also measured using dial gages,
and the appropriate adjustment made to obtain the net vertical midspan
deflection. Rotation gages were attached to the beam ends to measure
the rotations at the supports. Lateral movements of the compression

flange were measured by means of dial gages placed horizontally between
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the beam and the testing frame. For test specimens braced as shown in
FIG. 3.2 lateral movements were measured at the beam quarter-points.
Lateral movements for beams with intermediate lateral braces (FIG. 3.3)
were measured at locations halfway between midspan and the intermediate
braces. The relative vertical movements of the tension and compression
flanges were measured near the midspan of the beam by a dial gage
placed between the flanges in a series of prepunched gage points.

The entire specimen was whitewashed before each test to aid

in observing the progression of yielding.

Test Procedure

In the initial elastic range of the test, the specimen was
deformed by increasing the hydraulic ram pressure to give predetermined
load values. The Toad was maintained at each of these values until all
readings had been taken.

After yielding had occurred, the loading procedure was to
increase the midspan deflection to predetermined values; the flow of
hydraulic fluid to the ram was then closed off for a five minute
stabilization period before readings were taken. In addition to the
instrument readings mentioned in the previous section, visual
observations and measurements of the progression of yielding, local
buckling and lateral buckling were recorded for each increment.

The specimen was deformed well into the unloading range
using the above procedure. The ram pressure was then reduced in

several increments to trace the elastic unloading curve.
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Test d b t W L L
(in) (in) (in) (in) (in) (in)
D-1 7.94 2.654 0.190 0.182 34.8
D-2 7.94 2.656 0.189 0.182 19.1 51.4
D-3 7.94 2.657 0.191 0.182 52.1.
D-4 7.94 2.658 0.193 0.185 42.6 73.0
D-6 7.94 2.658 0.192 0.185 44,7
D-6 7.93 2.641 0.188 0.183 17.4
E-1 7.94 3.461 0.192 0.189 48.8
E-2 7.93 3.460 0.189 0.182 27.6 73.2
E-3 7.93 3.461 0.189 0.182 73.2
E-4 7.94 3.461 0.188 0.182 59.8 102.5
E-5 7.93 3.461 0.188 0.182 62.8
E-6 7.93 3.463 0.189 0.183 24.4

SECTION DIMENSIONS

TABLE 3.1

Test d/w b/t L' L

/ / /ry /ry
D-1 43.6 14.0 69.6
D-2 43.6 14.1 38.2 102.9
D-3 43.6 13.9 103.9
D-4 42.9 13.8 85.0 145.7
D-5 42.9 13.8 89.4
D-6 43.3 14.0 35.2
E-1 42.0 18.0 70.2
E-2 43.6 18.3 39.5 104.8
E-3 43.6 18.3 104.8
E-4 43.6 18.4 85.7 146.9
E-5 43.6 18.4 90.0
E-6 43.4 18.3 34.9

TABLE 3.2 TEST PROGRAM

19
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Length| Test | Coupon % |y =gy/E* €ct ESt o, ETongation
(ksi) (ksi) [(ksi) %
A D-2 F1 [40.3 | 0.00136 | 0.0214 | 384 [61.4 24.4
and F2 143.7 | 0.00148 | 0.0208 | 415 [63.0 26.5
E-5 F3 -- -- 0.0218 | 428 | -- 22.1
F4 -- -- 0.0220 | 440 | -- 23.5
W5 |54.1 1| 0.00183 [0.0230 | 353 [69.2 22.3
W6 [55.1| 0.00186 [ 0.0228 | 257 |67.4 17.8
B D-3 F1 |42.2 | 0.00143 | 0.0156 | 390 |61.9 25.8
and F2 145.0 | 0.00152 {0.0207 | 417 |63.3 23.1
E-1 F3 {41.1 | 0.00139 {0.0174 | 415 [61.9 24.6
F4 146.6 | 0.00157 | 0.0181 | 408 |64.0 23.8
W5 |52.7 | 0.00178 | 0.0247 | 466 [67.3 19.6
W6 55.6| 0.00188 -- 300 |68.2 17.6
c D-1 F1 143.2 | 0.00146 |0.0199 | 480 (62.3 23.4
and F2 139.1 | 0.00132 [ 0.0174 | 406 |60.7 23.3
E-2 F3 143.7 | 0.00148 |0.0194 | 369 |62.0 26.6
F4 |39.7 | 0.00134 ]0.0191 | 431 |61.0 28.1
W5 |54.9 | 0.00186 | 0.0237 | 289 |65.6 16.3
W6 |52.3 | 0.00177 |0.0252 | 286 |67.8 19.1

*Note - E taken as 29.6 x 10° ksi

TABLE 3.4

MATERIAL PROPERTIES
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Length | Test|Coupon oy ey =oy/E* €st ESt I, ETongation
(ksi) (ksi)|(ksi) #
D E-3 F1 44,2 0.00149 0.0165 433 [61.7 23.6
and F2 38.7 | 0.00131 (0.0188 397 [59.7 25.1
E-4 F3 38.1 0.00129 -- 383 (58.7 25.0
F4 | 42.1 0.007142 10.0148 448 |60.6 26.6
W5 52.5 0.00178 |0.0208 335 |65.4 19.5
W6 53.7 0.00182 -- 326 |66.1 17.6
E D-4 F1 39.4 | 0.00133 -- --- 160.4 27.8
and F2 41.7 0.00141 -- --- |60.5 28.0
D-5 F3 40.1 0.00135 [0.0177 341 (60.7 25.2
F4 | 41.7 0.00141 -- 385 [60.3 24.0
W5 55.9 0.00189 - 302 (68.8 17.6
W6 55.0 0.00186 - --- {67.8 19.1
F D-6 F1 41.8 | 0.00141 1|0.0190 378 [61.6 26.0
and F2 48.1 0.00162 {0.0230 377 |66.7 26.0
E-6 F3 { 40.9 0.00138 |0.0222 432 161.8 25.9
F4 46.4 0.00157 |0.0178 422 166.1 22.5
W5 54.1 0.00183 |0.0180 285 |66.2 17.1
W6 56.2 0.00190 |0.0184 277 |71.2 18.4
*Note - E taken as 29.6 x 10° ksi

TABLE 3.4

MATERIAL PROPERTIES (Cont'd)
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BEAM B—2
FRONT
LOAD INCREMENT 15

FIGURE 3.2 TEST SETUP - TOP FRONT VIEW

BEAM E-2

LOAD INCREMENT (7

FIGURE 3.3 TEST SETUP - TOP END VIEW
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CHAPTER IV
RESULTS

FIG. 4.1 is a graph of midspan moment, M , non-dimensionalized
as M/Mp » versus rotation, 6 , for beam D-5. Mp was calculated
using the measured cross-section dimensions and the flange and web
yield stresses obtained from tension tests. 6 = eL + eR is the total
of the two measured end rotations (see inset). The behavior predicted
by the simple plastic theory is shown by the dashed lines, and the actual
behavior as the full Tines joining the solid circles. Each solid circle
(and adjacent number) represents a stage during the test at which data
was recorded.

The member behaved elastically up to Load No. 2. First
yielding was observed during the application of Load No. 3, and
beyond this stage the rotations increased rapidly. The moment continued
to increase beyond Mp and between Load Nos. 4 and 5, lateral
deflections were observed visually between bracing points. Beyond
Load No. 5 the member unloaded, that is, an increase in deformation
was accompanied by a decrease in load (moment). The moment decrease
was rapid and was accompanied by local buckling of the compression
flange and increasing lateral deformation of the unbraced spans. The
Tocal deformations were first observed visually at Load No., 6. Beam E-5,
having the same slenderness ratio, but a b/t value of 18.3 (instead

of 14.0), behaved in a similar manner. However, the moment

26
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decreased more slowly at first with the decreases becoming more rapid as
local deformations increased. Specimens D-5 and E-5 had unbraced
slenderness ratios, L/ry » of approximately 90 . Both the observed
and theoretical rotations plotted in FIG. 4.1 and all subsequent figures:
exclude the effects of shear deformations

FIG. 4.2 plots M/Mp versus the vertical deflection at
midspan, v , for beam D-5. Again the solid lines represent the actual
beam behavior and the dashed 1ines represent the elastic-plastic prediction.
The experimental curve is similar to the M-8 curve of FIG. 4.1.

For beam D-5, Tocal buckling deformations of the compression
flange are shown in FIG. 4.3. This figure plots M/Mp versus the
out-of-plane displacement of the compression flange tips, & , at two
gage points on opposite sides of the web, The change in distance between
the tension and compression flanges was measured with a dial gage, as
shown in the inset; this change was taken to represent the out-of-plane
displacement of the compression flange tips. The two gage points for
which the deflections are plotted are those which had the largest observed
deformations. The first evidence of flange displacement at these points
occurred at Load No. 6. This coincided with the stage at which local
buckling was first observed visually. The local deformations increased
rapidly beyond Load No. 6. For this beam, as for others in the test
series, the out-of-plane movement was greatest in the direction toward the
tension flange.

FIG. 4.4 shows a graph of M/Mp versus the lateral
displacements of the compression flange quarter-points, u , (as

shown in the inset) for beam D-5. The deformations are non-dimensionalized
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as u/b . The first pronounced movement occurred between Load Nos. 4
and 5. At Load No. 6 the Tocal buckling deformations became severe
causing the Tateral deformations to increase rapidly. The combined
lateral and local deformations were accompanied by a decrease in
moment capacity. For this beam, the lateral displacement at one of
the quarter-points (right) was greater than the other (left) because
local buckling occurred primarily on the right side of midspan. A
similar situation was observed in a number of the tests, although
some did deform almost symmetrically about midspan. In all tests
(without intermediate braces) the compression flange deflected
laterally into an S shape, as may be seen for the series D specimens in
FIG. 4.5.

For specimens D-6 and E-6, with unbraced slenderness ratios
of approximately 35 , and for specimens D-1 and E-1, with L/ry ratios
of approximately 70 , the behavior is similar to that described in a
previous report 2, However, for the two longer beams, (L/ry = 70)
local buckling was accompanied by larger lateral deflections of the
unbraced span. The moment did not increase beyond this stage (as was
the case for shorter beams), but instead held constant for a limited
rotation before dropping off at a relatively rapid rate.

FIG. 4.6 is a plot of M/Mp versus 6 for beam D-3. The
unbraced slenderness ratio for this beam was approximately 105
The member behaved elastically up to Load No. 2. First yielding was
observed between Load Nos. 2 and 3 and the moment continued to
increase up to Load No. 4. However, during the application of Load
No. 5 large lateral deformations were observed and the member began to

unload. Between Load Nos. 4 and 6 the moment decreased slowly; after
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this stage the decrease became more rapid. No local deformations were
observed for beam D-3. The behavior of beam E-3, having the same
slenderness ratio, but a b/t value of 18.3 (instead of 13.9 ),
behaved in a similar fashion except that the maximum moment exceeded Mp
In addition, small local deformations were observed at the peak of the
M-6 curve.

FIG. 4.7 shows a graph of M/Mp versus the lateral displacements
of the compression flange quarter-points for beam D-3. The first
pronounced movement occurred during the application of Load No. 5. Beyond
this point lateral deformations increased rapidly and were accompanied by
a drop in moment capacity. For this beam the lateral displacements of
the quarter-points were considerably greater than those of beam D-5.

FIG. 4.8 shows the lateral deformations at various loading increments.
The numbers shown in the photographs correspond to the Toad numbers shown
in FIG. 4.6.

FIG. 4.9 is a plot of M/Mp versus 6 for beam E-2. The half-
span, L , was approximately 105 ry and the distance from the Toad
point to the intermediate brace, L' , was approximately 39 ry . The
member behaved elastically up to Load No. 3. First yielding was
observed between Load Nos. 3 and 4. The moment continued to increase
beyond Mp and, at Load No. 7, the local deformations of the compression
flange and the lateral deflections of the unbraced span were first
observed visually. Lateral deflections were measured half-way between
the load point and the intermediate lateral braces. The increase in
moment continued up to Load No. 10. Beyond this stage the member
gradually unloaded. Beam D-2, having the same half-span and unbraced

length, behaved in a similar manner. This behavior was also typical for
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specimens E-4 and D-4 in which the half-span was approximately 147 ry
and the unbraced length was approximately 85 ry . However, for these
specimens large lateral deformations between braces were observed
visually before local deformations of the compression flange were
observed. Once Tlocal deformations had occurred the member unloaded.
During unloading the Tateral deformations increased rapidly.

The experimental moment-rotation relationships for the 12
beams tested are summarized in FIGS. 4.10, 4.11 and 4.12. In these

figures, M/Mp is plotted against the dimensionless rotatijon parameter,

e/ep s (ep = Mp/EI).
In Series D and E the unbraced slenderness ratios tested
ranged from approximately 35 to approximately 105 . The flange
slenderness ratios were approximately 14.0 for Series D, and 18.3
for Series E. These two b/t values were chosen to define the effect
of flange slenderness on the rotation capacity, for various unbraced
lengths. FIGS. 4.10 and 4.11 show the large variations in rotation
capacity which occurred within this range of L/ry values.
FIG. 4.12 shows the beams tested in Series D and E in which the
unbraced length, L' , was somewhat smaller than the half-span, L
(as shown in FIG. 3.1). These tests were chosen to separate the

influence of moment gradient from that of the unbraced slenderness ratio,

on the rotation capacity of the members.
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FIGURE 4.5 SERIES D SPECIMENS AFTER TESTING
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FIGURE 4.8 BEAM D-3 DURING TESTING
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FIGURE 4.11 SERIES E MOMENT-ROTATION RELATIONSHIPS
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CHAPTER V
DISCUSSION OF RESULTS*

The rotation capacities (R = e/ep - 1) of the Series D and E
beams, obtained from FIGS. 4.10 and 4.11, are summarized in TABLE 5.1
along with the pertinent geometric properties. The flange slenderness

ratios, b/t , have been adjusted by the factor /oyE/44Est » Where

oy and ESt are the measured yield stress and strain-hardening modulus
of the flange. This factor was used to bring the results for members
having different yield stress levels and strain-hardening moduli to a
common basis. The modulus of elasticity, E , has been taken as

29,600 ksi. The values of the unbraced slenderness ratio, L/ry » and
the slenderness factor, A , (defined by Eq. 2.1) are also given for

the tests. In TABLE 5.1, eH » the inelastic hinge capacity of the full
span, is taken at the point where M drops below Mp (eH = Rep).

TABLE 5.1 presents information (for Series D and E tests)
illustrating the influence of the unbraced length, and of necessity the
moment gradient, on the rotation capacity. For the beams listed the
rotation capacities, R , decreased significantly as the unbraced
length increased.

Lay and Galambos have indicated that lateral rather than local
buckling will initiate unloading of the member for values of the

3

slenderness factor, X , above approximately 0.7 °. Of the tests

Tisted in TABLE 5.1, the values of X\ for the "intermediate" (D-1,D-5,

43
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E-1 and E-5) and "Tong" (D-3 and E-3) specimens exceed 0.7 . For the
short specimens (D-6 and E-6), A 1is less than 0.7 » and for this
case the inelastic hinge capacities have been related to the optimum
) 3

yielded length of the compression flange, Aé7 » given by Eq. (2.2

opt
This development is valid only for sectjons having flange slenderness
ratios given by Eq. (2.3).

In TABLE 5.2, the predicted inelastic hinge capacities,
eT » have been listed along with those measured experimentally, eu
The predicted capacities, 6T » have no meaning for the intermediate
and long specimens since failure was precipitated by large lateral
deformations. The values are included only for the sake of
completeness. The actual length of the local buckle, ,éz » the
yielded length, TuL » and the experimentally-determined inelastic hinge
rotation, eu » were measured at the peak of the M-6 curve. ruL
was determined by measuring the average length over which the whitewash
had spalled off the compression flange.

For the "short" specimens (D-6 and E-6), in which unloading
was triggered by Tocal buckling, the yielded lengths, TuL s were

smaller than 4? These were tests in which the yielded lengths

3
opt
were restricted by the high moment gradient. Thus local buckling was
initiated at yielded lengths considerably below ‘é;pt

For the "intermediate" specimens (D-1, D-5, E-1 and E-5) the
yielded 1engths, TuL s were greater than opt For these tests the
Tocal and Tateral deformations developed simultaneously. Once the local
deformations became severe, the lateral deformations increased rapidly

whereas the Tocal deformations increased at a slower rate. This
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behavior resulted in large out-of-plane deformations of the unbraced span
accompanying unloading of the member.

The yielded Tengths, TuL » of the "long" specimens (D-3 and
E-3) were less than ’é;pt
was precipitated by large lateral deformations of the unbraced span

at the peak of the M-6 curve. Unloading

with no severe local deformations. The large lateral deformations were
initiated by lateral imperfections in the member and were accentuated
by the slenderness of the unbraced span and the pattern of yielding at
the load point. The yielded pattern and lateral deformations of the
compression flange of the Series D specimens are shown in FIG. 4.5.  As
shown in TABLE 5.2, the measured wavelengths of the local buckle, ,éﬁ R
were approximately one-half of A(Zpt

FIG. 5.1 summarizes the data contained in TABLE 5.1. This
figure plots the rotation capacity, R , versus the effective slenderness
ratio, KL'/ry . The effective length factors, K , were obtained by
considering the lateral bending action of the compression flange of the

1% The values obtained agree with the

beam as a restrained column
laterally deflected shape of the compression flange observed during
testing. The figure illustrates that for members having small values of
KL'/ry (high moment gradient), where unloading is triggered by local
buckling, the flange slenderness ratio, b/t , has a definite effect
upon the delivered rotation capacity. This point is illustrated by the
results of Tests D-6 and E-6 which had b/t values of 14.0 and 18.3
respectively. For specimens having larger values of KL'/ry

(KL'/r'y 2 70), unloading was due primarily to large lateral deformations,

thus b/t has very little effect. This is illustrated by the results of
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D-1 and E-1, D-5 and E-5, and D-3 and E-3. 1In each pair of tests the
b/t values were widely separated and yet the delivered rotation
capacities were approximately equal. The inelastic hinge capacity
decreased as KL'/ry was increased. The discussion above refers to the
tests in which intermediate braces were not used. Tests D-2 and E-2 and
D-4 and E-4 will be discussed below.

The inelastic hinge rotations of beams under moment gradient
are limited by the extent of yielding at the load point. This yielding
in combination with either local deformations or initial lateral
imperfections (or‘both) will cause large out-of-plane deformations of the
unbraced span and consequent unloading of the member. No attempt has
been made to formulate a theory to predict the complete behavior of the
member,

For members having small unbraced slenderness ratios and
therefore high moment gradients, the yielded length, TuL s will
directly affect the correlation between the measured hinge rotations,
eu » and the predicted rotations, eT . Therefore, the predicted
values are reduced to compensate for the high moment gradients. The
adjusted values of op are éT = 61 Vopt/vu , where v, is defined

pt

.as the moment gradient corresponding to <L = 1? and Vu is the

opt
moment gradient on the member at the peak of the M-8 curve 3. For a

yielded Tength, L , greater than ’éZpt » the local buckle is not
restricted by the extent of yielding and therefore the predicted

rotations, eT , are constant for all values of Vu < VOpt

The ratio Vopt/vu is listed for the tests, in TABLE 5.2,

along with the adjusted values of the predicted hinge rotations,
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éT and the ratios, eu/éT and eH/éT . TABLE 5.3 presents a summary
of the results of previous tests 2. The adjusted hinge rotations, éT >
the rotation capacities, R , and the ratios, Vopt/vu s eu/éT and
eH/éT are listed. The flange slenderness ratio, b/t has been
adjusted by the factor ,/oyE/44ESt

' FIG. 5.2 illustrates the behavior of "short" beams in which

unloading of the member is a direct result of local buckling within the
yielded portion of the compression flange. This figure summarizes the
data for all specimens having unbraced slenderness ratios of approximately

35 . The ratio of experimental to predicted rotations, eu/éT and

0,,/8 Y SE— .

H"T , versus b/t cyE/44ESt are plotted. The tests include
specimens in which the length of the local buckle was restricted by the
high moment gradient (Vopt/vu < 1.0) and specimens in which Vu was

less than V » SO that the buckled wavelength was not restricted by

opt
the extent of yielding.

From the results of a previous investigation it was postulated
that the inelastic hinge rotation of beams having Tow moment gradients
are not necessarily limited by the attainment of a yielded length equal
to the optimum wavelength of the Tocal buckle 2.

However, the present experimental results do not confirm this
trend. If the ratio eu/éT is plotted versus the flange slenderness
ratio b/t V/G;7ZZ ; the Series A tests (beams under Tow moment
gradients but having a large ESt value) plotted well above the others 2.
If, however, the flange slenderness ratios are adjysted by the factor
/G}E?ZZE;; ; the results of all tests plot as a narrow band. The plot

in FIG. 5.2 illustrates that for "short" specimens (L/ry = 35) and
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therefore high moment gradients, the delivered rotation capacities are
dependent upon the flange slenderness ratio, b/t , and the material
properties, namely; the yield stress and the strain-hardening modulus.
The specimens with intermediate braces, having an effective slenderness
ratio (KL'/ry) of approximately 35 , were not included in FIG. 5.2
because unloading of these members does not appear to be dependent on
the b/t ratio.

The results of Lehigh tests, performed on A441 steel beams
under moment gradient have not been included in FIG. 5.2 as the values
of the strain-hardening moduli for these specimens were unavailable 5.

The data for the specimens having intermediate braces are
summarized in TABLE 5.4.  The inelastic hinge capacity, R , the
experimentally -determined hinge rotation, by > and the half-span
slenderness ratio, L/ry » have been listed for the tests. The flange
slenderness ratio, b/t , has been adjusted by the factor V/E;E7ZZE;;7.
Both the unbraced slenderness ratio, L'/ry » and A have been
adjusted to their effective values. In each of the tests Tlisted in
TABLE 5.4, having approximately the same b/t and KL'/ry values
(e.g. D-6 and D-2), the experimental inelastic rotations, 6y of the
beams under Tower moment gradient were approximately one-half those of
the specimens under higher moment gradient. The delivered rotation
capacities, for the beams having intermediate braces as shown in FIG. 5.1,
were much below those expected. The results plotted on FIG. 5.1 indicate
that since R was independent of b/t , unloading was essentially the
result of large lateral deformations. In fact, the test specimens having

intermediate braces delivered rotation capacities only slightly greater
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than those delivered by comparable specimens without intermediate lateral
braces. This would indicate that the large yielded lengths (due to the
lTow moment gradients on the members) have a dominant influence on the
member behavior ]5.

. In TABLE 5.5, the values of TuL . ’éZpt . Aéi . eu and
eT are 1isted. Along with the adjusted hinge rotations, éT the ratios
Vopt/Vu , eu/éT and 6,/8; are also given. In TABLE 5.5, the
yielded lengths, TuL » of the specimens under lower moment gradient
(having the intermediate braces) were greater than opt At the onset
of local defarmations for specimens D-2 and E-2 the yielded lengths were
of sufficient magnitude to precipitate large lateral deformations of
the unbraced span and consequent unloading of the member. For specimens
D-4 and E-4 the initial imperfections coupled with yielding lead to
large lateral deformations of the unbraced span before the occurrance of

local deformations. The yielded pattern and lateral deformations of the

compression flange of beam E-4 are shown in FIG. 5.3.
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FIGURE 5.3 LATERAL DEFORMATION OF BEAM E-4
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS

The analysis of a three-span continuous beam has been used to
estimate the maximum rotation capacities required for the formation of a

]6. For practical cases, the magnitude of the maximum

mechanism
required hinge rotation is bp = 1.66 eny/d » where f is the shape
factor of the beam cross-section 2° This hinge requirement is based on
simple plastic theory. More exact analysis has shown that the simple
plastic theory overestimates the true requirements ]7.

The hinge rotation requirement (eR) for a continuous beam can
be related to the delivered hinge capacity of a particular test specimen
by determining the continuous beam span which is equivalent to that of
the test specimen. By comparing the moment diagram of the continuous
beam and the test beam, it was found that the equivalent span of the
continuous beam is approximate]y 4aL/5 2, The required hinge rotation
is then calculated for the equivalent continuous beam.

In TABLE 6.1, the equivalent span to depth ratio, 4L/5d ,
and the required hinge rotation, eR , are listed for the tests, along

with the adjusted values of the hinge rotation, eH = eH Vu/vopt

The factor Vu/vopt (if 2 1) 1s applied to account for the restriction

of the yielded lengths due to the high moment gradients.
For the "short" specimens (D-6 and E-6), as well as for tests

reported in a previous report, 6, was greater than 6 2, This implies
H R

56
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that the hinge rotation requirements for "short" beams can easily be met,
even by the most slender-flanged sections.

The very Tong members, however, require the largest hinge
rotations. Because of the limitations on allowable working load
deflections, the L/d ratio is assumed to be less than 40 for wide-
flange beams having a yield stress of 44 ksi. Therefore the maximum
required hinge capacity (assuming L/d = 40 , cy = 44 ksi and
f = 1.15) has been calculated as 6p = 0.113 radians 2

The values of éH » for the "intermediate" specimens (D-1,
D-5, E-1 and E-5), having equivalent span to depth ratios approximately
equal to one-quarter of the maximum allowable, were also greater than
that required by the continuous beam analysis. However for the "long"
specimens (D-3 and E-3), with L/d ratios approximately one-half the
allowable, the adjusted hinge rotations do not meet those required.

The use of intermediate braces had a beneficial effect by
increasing the inelastic hinge rotations, however, for the longest
specimens tested (D-4 and E-4), with L/ry approximately 147 ,
KL'/ry approximately 70 and 4L/5d approximately one-half of the
maximum allowable, the required hinge rotation (GR) was still greater
than the delivered hinge rotation (éH)

These trends would indicate that the required inelastic
rotations cannot be delivered by long beams. However, this does not
seem reasonable. It is recommended that a further study be carried out
using a more exact analysis to determine the required hinge rotations.
This study would use the actual curvature distribution over the beam

length.
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In company with the more accurate prediction of 6 5 2
theory would have to be formulated to account for the inelastic behavior
of longer speciméns. Thus unloading triggered by local buckling and
unloading which is primarily a result of large out-of-plane deformations
of the unbraced span would have to be considered. No attempt has been
made to formulate a theory incorporating these factors.

The Canadian Standards Association has defined a compact
section as one in which the projecting elements of the compression flange
shall have a width-to-thickness ratio less than 54/V/7§7 2,

For beams tested under moment gradient the yielded length
extends along the length of the member from the point of maximum
moment. When the yield point stress is attained, a strain jump occurs
from the yield strain, ey , to the strain at the onset of strain-
hardening, €t ° Thus when Tocal buck]ing occurs, the material in
the yielded portion of the compression flange has been strain-hardened.
This would imply for most cases (and in fact for all cases tested) that
the moment has exceeded Mp . Therefore the allowable stress design
rules for the flange slenderness ratio (b/t) of a compact section can
be based on the results of short wide-flange beams tested under moment
gradient.

As previously -discussed, the flange slenderness ratio, b/t ,
had relatively little effect on specimens with L/ry 270 . However,
for the "short" specimens (in which unloading was triggered by Tocal
deformations) the delivered rotation capacity, R , was directly
influenced by b/t . If b/t is calculated from the present C.S.A.
Code rule (b/2t N 54/¢/E;) using a yield stress, Fy , of 44 ksi
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a b/t value of 16.3 1is obtained. Using the smallest value obtained
for the strain-hardening modulus (ESt = 363 ksi) the rationE7E;; is
9.04 . The smallest observed value of Est was used in order to predict
the most conservative value (in this case the smallest value) of the
rotation capacity. Thus any increase in Est (above that used in this
development) would result in an increased hinge rotation. The factor
b/tV/F;E7ZZE;; has a value of 147 which corresponds, in FIG. 6.1, to
a delivered rotation capacity of approximately 6 . This large value
of R indicates that for working stress design the current code
limitations on b/t could be relaxed.

| To obtain a value of R approximately equal to 2.5 would
be quite satisfactory and still conservative. The factor
b/t¢/F;E7ZZE;; , from FIG. 6.1, would then be approximately equal to
174 and would result in a b/2t value of 9.65 (or b/t = 19.3).
Substituting this value into the form of the present code, b/t = C/va;f R
where Fy = 44 ksi; the value of the constant, C , would be
approximately equal to 64 . Therefore it is proposed that in working
stress design, for a section to qualify as compact, the projecting
elements of the compression flange shall have a width-to-thickness ratio
not exceeding 64/vf?§7 .

A limiting b/t value for plastic design rules cannot be

recommended until a closer estimate of the required rotation capacity

for the plastic design of continuous beams has been developed.



Test Ty R H

D-6 3.52 0.0100 0.183
D-1 7.02 0.0186 0.064
D-5 9.01 0.0235 0.047
D-3 10.50 0.0294 0.0

D-2 10,36 0.0278 0.061
D-4 14.74 0.0385 0.033
E-6 4.92 0.0140 0.088
E-1 9.84 0.0275 0.098
E-5 12.69 0.0341 0.054
E-3 14.78 0.0386 0.033
E-2 14.78 0.0392 0.055
E-4 20.70 0.0540 0.046

TABLE 6.1

SERIES D AND E - REQUIRED AND ADJUSTED ROTATIONS
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CHAPTER VII
SUMMARY

This investigation was undertaken to define the effect of
moment gradient on the rotation capacity of steel wide-flange beams
and to separate the influence of moment gradient from that of the
unbraced slenderness ratio. In addition, an attempt was made to
differentiate between unloading triggered by local buckling and
unloading which resulted primarily from large lateral-torsional
deformations.

The experimental program reported herein consisted of two
series of six tests on rolled wide-flange steel beams, having a range
of L/ry values from approximately 35 to 147 . The two test
series, D and E, had flange slenderness ratios (b/t) of approxi-
mately 14.0 and 18.3 , respectively. The specimens were
simply supported and subjected to a concentrated load at midspan.
Lateral bracing was provided at the load and reaction points, and for
some specimens at two intermediate locations. A1l tests were
continued well into the unloading range.

A wide range of rotation capacities was observed for the
beams tested. The members having large unbraced lengths delivered
smaller rotation capacities than did the shorter members. For

"short" specimens unloading was triggered by local buckling, whereas
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for the longer specimens, unloading was due primarily to the large
lateral deformations. These deformations were initiated by the initial im-
perfections of the unbraced span and accentuated by the yielded pattern
of the compression flange at the load point.

The test results indicated that for members having small
values of L/ry (high moment gradient), where unloading was triggered
by local deformations, the flange slenderness ratio, b/t , had a
definite effect upon the delivered rotation capacity (R) . For
specimens of larger unbraced length (L/ry 2:70), in which unloading was
due primarily to large lateral deformations, b/t had very little
effect. For tests on specimens having intermediate lateral braces and
low moment gradients unloading was also due to lateral deformations.
These specimens delivered rotation capacities much below those expected
and furthermore R was approximately constant for tests with varying
b/t ratios. This indicates that b/t had little effect on the
rotation capacities of these members.

Since only the hinge capacities of short beams were governed
by the flange slenderness ratio, a specific design recommendation was
made regarding the Timiting b/t value for compact sections. This
recommendation stated that for a section to qualify as a compact section
in working stress design only; the maximum width-to-thickness ratio for
projecting elements of the compression flange could be changed from
54/v[?;- to 64/¢fF;- . A limiting b/t value was not recommended for
members designed by the plastic method because the rotation capacities
required for continuous beams have not yet been determined.

The hinge capacities delivered by the test specimens were



compared to the maximum requirement, based on simple plastic theory, for
continuous beams of practical dimension. For the shorter specimens the
inelastic rotation requirements were easily met, whereas for the longer
specimens, the delivered hinge rotations were less than those required.
Therefore, a theoretical analysis was proposed to calculate a more

exact value of the required hinge rotation. It is expected that the
results of this analysis, in conjunction with the presently available
test results, would provide sufficient basis upon which to make specific
design recommendations for the plastic design of long beams under moment

gradient.
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NOMENCLATURE

Flange area

Web area

Flange width

Depth of section

Modulus of elasticity

Strain-hardening modulus

Shape factor

Yield stress

Ratio of elastic to strain-hardening modulus

Moment of inertia

Moment of inertia about weak axis

Effective length factor

Span length

Length from load point to intermediate lateral brace
Theoretical optimum wavelength of local buckle
Measured wavelength of local buckle at maximum moment
Moment

Maximum moment

Plastic moment

Load

Rotation capacity
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Weak axis radius of gyration
Adjacent span spring constant

Ratio of strain-hardening strain to yield strain

 Flange thickness

Lateral displacement of compression flange

Shear force corresponding to a yielded flange length of ‘é;pt
Maximum attained shear force

Thickness of web

Strain

Strain at onset of strain-hardening

Yield strain

Rotation

Inelastic hinge rotation (hinge capacity)

Max imum hinge capacity adjusted for effect of high moment gradient
Rotation corresponding to attainment of Mp

Required hinge capacity

Theoretical delivered hinge capacity

Theoretical delivered hinge capacity adjusted for effect of high
moment gradient

Delivered inelastic hinge rotation at maximum moment
Slenderness factor

Stress

Ultimate stress

Yield stress

Proportion of flange length yielded

Proportion of flange length yielded at maximum moment
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Curvature corresponding to Mp assuming ideally elastic material

Vertical deflection at midspan

Out-of-plane‘displacement of the compression flange
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