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ABSTRACT

Majorana fermions emerge in topological superconductors as end zero modes in one
dimension, and vortex-trapped zero modes or chiral edge modes in two dimensions.
A question of much recent interest is the effect of electron-electron interactions on
such Majorana fermions. We introduce' a class of interacting Majorana-Anderson
impurity models which admit an exact solution at finite temperature for a wide range
of parameters, including on-site interactions of arbitrary strength. A general model
in this class is solved by mapping it via the Z, slave-spin method to a non-interacting
resonant level model for auxiliary Majorana fermions. The resulting gauge constraint
is eliminated by exploiting the transformation properties of the Hamiltonian under
a special local particle-hole transformation. To demonstrate our results, we study
representative systems of a quantum dot coupled to (i) the end mode of a Kitaev
chain, and (ii) the chiral edge modes of a Read-Green superconductor. In both cases,
we obtain exact expressions for the dot spectral functions and host local density of
states at any temperature. In case (i), we also study how the interaction strength
and localisation length of the end mode affect physical properties of the dot, such as

quasiparticle weight, double occupancy, and odd-frequency pairing correlations.

"Chapters 2 and 3 of this thesis are based on Ref. [1].
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CHAPTER

OVERVIEW

In 1937, Ettore Majorana introduced a representation of the Dirac equation that
allowed real solutions [2]. These solutions correspond to fermions that are their
own antiparticles, and which now bear his name. Majorana fermions were originally
introduced as a candidate particle type for neutrinos, a proposition that survives
even today. However, once exclusive to the realm of high-energy physics, Majorana
fermions have recently entered the world of mainstream condensed matter physics
through their experimental realisation in topological superconductors, with exciting
prospects for quantum computation (see the reviews [3—7]).

At the intersection of topological physics and the study of strongly correlated
systems, a promising new research direction has emerged that investigates the effect of
interactions on such emergent Majorana fermions, with striking predictions ranging
from emergent supersymmetry to exotic Kondo effects [8-12].

This thesis introduces a wide class of interacting quantum impurity models in
Majorana fermion systems, analogous to the classic Anderson impurity model, that

are exactly solvable at any temperature and for arbitrary interaction strengths.!

"Chapters 2 and 3 of this thesis are based on Ref. [1].
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Models that fall in this class include an interacting quantum dot hybridising with
a Majorana zero mode in a one-dimensional topological superconductor, a model
of interest that has been experimentally realised recently [13]. An exact solution to
such models presents a significant advance over existing approximate mean-field or
numerical studies of similar models, and paves the way for future exact studies of
the equilibrium and non-equilibrium properties of models of correlated Majorana
fermions, including those of relevance to transport experiments in Majorana devices.

The structure of this thesis is as follows. Chapter 1 is an introduction to Majorana
fermions in condensed matter. The concept is motivated from the perspective of
error correction in quantum computation. Several toy models are constructed in
which isolated Majorana fermions emerge, and these models are recognised as those
of topological superconductors. Practical versions of these toy models, and a few
experiments that have realised them, are then discussed briefly. It is then recognised
that Majorana fermions present an opportunity to realise correlation physics in new
degrees of freedom previously unavailable. A guide to the literature on the relatively
new field of interacting Majorana fermions is then presented, with this avenue
of research motivating the consideration of the models introduced in subsequent
chapters. Chapter 2 introduces the general class of Majorana-Anderson impurity
(MAI) models. The Z, slave-spin representation is then reviewed in context, and used
in conjunction with a Majorana representation of spin operators to map the general
Hamiltonian of this class of models to a quadratic form. Noting that the slave-spin
representation introduces a gauge structure, the fate of the associated constraint in
calculations of correlation functions is then discussed. Some immediate extensions of
the MAI class of models are then highlighted. Chapters 3 and 4 apply this method of
exact solvability to study an interacting quantum dot coupled to emergent Majorana
fermions in the toy models introduced in Chapter 1. Finally, we conclude with a brief
summary of our key results, and discuss prospects for future work.

A good knowledge of the methods of many-body physics, particularly the Matsub-

ara imaginary-time formalism, is assumed on the part of the reader. An acquaintance
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with the basic aspects of the BCS theory of superconductivity is also assumed. These
are the only overarching prerequisites. Isolated parts of the thesis make use of coher-
ent state functional integrals, but these sections (or at least the computational details)
can be safely skipped without loss of continuity. Throughout, we work in natural

units A=c=1.



CHAPTER

MAIORANA FERMIONS IN CONDENSED MATTER

2.1 TOY MODELS OF TOPOLOGICAL SUPERCONDUCTORS

In this chapter, we will construct toy models of condensed matter systems in which
we may expect Majorana fermions as emergent excitations. One motivation to embark
on such an endeavour comes from practical applications to quantum computation.
A classical computer is a device that processes information stored in bits. A bit is
classical system that can exist in one of two states (such as an on/off switch for a
light bulb), which we denote as o and 1. A quantum computer operates on qubits,
which are two-state quantum systems. A prototypical example is a spin-1/2 moment
with states span{|0),|1)}. The basis states are defined by 0?|0)=—|0) and o*|1)=|1),
where 0 =(0%,0%,07%) is a Pauli spin-1/2 operator. Unlike a bit, a qubit may exist
in a superposition of states such as |1,b) =a|0) + ]1). In a multi-qubit system, this
results in a far larger space of states than a classical counterpart constructed from
bits, resulting in far more powerful computational ability [14].

However, using qubits to store information also leads to new kinds of error [5]. In

classical computers, the only error that can occur is an erroneous discrete flip of a
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bit from o to 1 (or vice versa). A classical computer corrects such errors by storing
and comparing multiple copies of information. In addition to such classical errors,
a quantum computer is also susceptible to phase errors. The exact source of such
errors is not important in the present discussion, but may occur due to interactions
with the environment or due to imprecise control in gate operations (processing of
information). Let us understand what these errors are in more detail. Consider an n-
qubit system, modelled by a chain of # spins and described by a general superposition

state

|1ub>: ZC{U}|GI>®---®|Un>r (2.1)
{o}

where {0} denotes a configuration of qubits (spins) and c(4)=¢,, ., are the expansion
coefficients. The sum is over all such configurations. A classical error is represented
by 0]?‘, which discretely flips the spin on the j-th site. A phase error is represented
by a]-z, which generally introduces a relative phase difference between states in the
superposition |l/)> As an example, for n=3 and |lp> =al110)+b[100), o5 |1/)) =all10)—
b|100), which is physically distinct from |¢)

Let us now try to construct a qubit that is protected from classical and phase errors,
following Kitaev [15]. To this end, note that the qubit basis states {|0),|1)} can also
be interpreted as the Fock (occupancy) states of a spin-polarised (spinless) electron
on a lattice site. In a chain of such qubits, a single classical error is now forbidden,
as this requires a single electron to disappear from the chain. This obviously cannot
happen in a system that conserves electric charge, but also cannot happen in a system
that spontaneously breaks this symmetry — a superconductor also conserves fermion
parity (electric charge mod 2). However, an electron can presumably tunnel from one
site to another, which would lead to two classical errors, but this may conceivably be
avoided by simply placing the sites far apart.

Phase errors in such a chain of electrons are now mathematically represented by
(ZC}rc]-—l). For example, a state a|110)+b(101) —a|110)—-b|101) under the action of

(2cfcy—1). For protection against phase errors, consider the following construction.
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One can formally decompose the electron fields into real and imaginary parts as

(7/]-—1')/](), (2.2)

N | =

(i+ivi) <=

| =

Cj:

which define Majorana fermion operators y; and 7/]7 that are Hermitian, and satisfy the
Clifford algebra

oyt =tivit=28;  ryjl=o0. (2.3)
‘Complex fermions’ such as electrons can be crudely regarded as bound pairs of
Majorana fermions. The phase error operator (2c;c]-—1) = i)/]-y]f can be described as
a pairing of the Majorana fermions y; and 7/]-'. If we can engineer a system in which
such pairing is unlikely, then such a system would be protected against phase errors.
Roughly speaking, we must fractionalise the electrons into component Majorana
fermions and then spatially separate the components. Since any physical fermionic
Hamiltonian must conserve fermion parity', a single Majorana operator cannot
appear as a standalone term; provided we can find Majorana fermions y and 3’ that
are unpaired, then they must not appear in the Hamiltonian at all. Such Majorana
fermions are termed Majorana zero modes (MZMs), and qubits constructed from
these are protected from classical and phase errors. The information stored in such
qubits can be processed by gate operations that are physically implemented by
braiding, that is controlled exchanges of MZMs, which generally satisfy non-Abelian
exchange statistics [5, 16]. In the following sections, we will construct toy models
that support such MZMs, and then look for experimentally realisable systems that

may be described by these models.

2.1.1 Kitaev chain

To find a system that supports MZMs, note that an arbitrary quadratic Hamilto-

nian governing a chain of spinless electrons admits a Majorana representation. For

1This means the Hamiltonian must be constructed out of bosonic terms such as c;-rcj or ¢;cj, in
order for it to be interpreted as an observable and for the existence of stationary states.
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Ficure 2.1 — (a) Construction of the Kitaev chain by pairing (purple bands) Majorana
fermions between sites to obtain unpaired Majorana zero modes at the ends. (b)
Pairing of Majorana fermions in a typical tight-binding chain. The blue bands
indicate on-site pairing due to chemical potential terms and purple bands indicate
nearest neighbour pairing due to hopping terms.

example, a N-site tight-binding chain is described by a Hamiltonian

Z

N
t ’ ’
> 0~V —%Z L+iyjy)) (2.4)
j=1

j=1
and can thus be thought of as the pairing of Majorana fermions on and between sites.
There are two Majorana fermions, or equivalently one spinless electron, on every
physical lattice site. In the tight-binding chain, it is easy to see that all available
Majorana fermions are paired up in one way or another in the Hamiltonian (see
Figure 2.1b). Beginning with an open chain of Majorana fermions, we can try to
reverse engineer an electronic system that supports unpaired Majorana fermions.
One simple scenario is shown in Figure 2.1a, and can be described by a Hamiltonian,

N-1

Hy=it) yjyj (2.5)
j=1

where Majorana fermions on neighbouring sites are paired. y; and yJ}; are unpaired
MZMs that do not appear in Hj, and are exactly localised at the ends of the chain. To
see what electronic system H; corresponds to and attempt a possible realisation in
real physical systems, we re-express H in terms of the electron fields c "~ (7/] +z7/])

to get

z

H, = —tZ(c;cj+1—c]~c]-+1+h.c.). (2.6)
j=1
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This is a mean-field BCS Hamiltonian of a one-dimensional superconducting chain
with equal hopping integral and pairing potential.* To induce superconductivity in a
system of spinless (spin-polarised) electrons requires odd-parity pairing, which in
the case of a one-dimensional chain translates to a pairing potential Ao (c;c;;1). Such

a system is described by a general Hamiltonian

HK_EZ[ (cFejur +h.c) = pulcic; = 1/2) + Alejeja + o),

. N-1

[(A+ 87y + (A =y7) - prv]] (2.7)
j=1

l\)|~

where A>0 is the p-wave pairing potential that can be taken as real-valued without
loss of generality.3 This model is called the Kitaev chain. For A=t and =0, Hg
reduces to H; and we recover unpaired MZMs y; and yy;. These two modes form a
highly non-local electronic state f(t)=13(+iy},), the occupancy of which describes a
qubit. Note that the wavefunction of this electronic state is non-local, with support
fractionalised between the ends of the chain.# We refer to the wavefunction piece
localised at each end as a MZM wavefunction. Explicit expressions for the MZM
wavefunctions are given in Appendix A of Ref. [17] and in Ref. [18]. The ground
state of the Kitaev chain is thus two-fold degenerate, at least for A=t and =0,
with respect to the occupancy of this non-local electronic state defined by f(*). We
denote these ground states by |1,b) and f7 |1,D), which surprisingly differ in fermion
parity. These degenerate ground states form basis states |0) and |1) for a qubit that

is protected from both, classical and phase errors. The information stored in such

*In retrospect, that H; is a superconductor is not so surprising. The fact that y; is an unpaired
MZM in this system means symmetry transformations cannot mix it with other Majorana operators. A
U(1) transformation on the electron field c; implies y;— y; cos@—7y; sin6, and so mixes y; and y;. If
H, were to respect this symmetry, y; must generally appear along with y{ in Hy. In a superconductor,
this U(1) symmetry is broken down to Z,. Since Z, transformations do not mix different Majorana
operators, unpaired Majorana fermions are possible in superconductors.

3A complex valued pair potential A=|Ale’® can be made real by a gauge transformation on the
electron fields.

4The support of the wavefunction is the real-space domain where it is non-zero. This is where
there is a non-zero probability of finding the particle. By fractionalised support for the f-electron
wavefunction, we mean that it is piecewise defined with the two pieces localised at the ends of the
chain. We refer to each piece as a MZM wavefunction.
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a qubit can be processed by gate operations that are physically implemented by
braiding the MZMs at the ends of the chain [5, 16]. However, braiding is well defined
only in two-dimensional systems in which particles with non-Abelian statistics may
occur. Nevertheless, one can construct wire networks from many Kitaev chains that
remarkably permit non-Abelian statistics and therefore braiding of the MZMs in such
networks [19].

In addition to supporting a zero-energy fermionic excitation, fractionalised be-
tween the ends of the chain, we expect the Kitaev chain to also have the usual Bogoli-
ubov quasiparticle excitations in the bulk, which are separated from the ground state
by an energy gap, characteristic of superconductors. To study the bulk properties, it
is convenient to use periodic boundary conditions and pass to momentum space, in

which Hg can be written in Bogoliubov-de Gennes (BdG) form as

1 —2tcosk—pu  2iAsink Ck
HK:E Z (ci ck)[ ][ ], (2.8)

. . +
—2iAsink  2tcosk+pllcl,

where the sum is over momenta in the first Brillouin zone (-7, ), and a lattice
constant of unity has been assumed. The bulk energy spectrum is obtained from

eigenvalues of the BAG matrix, which are +E(k) where

E(k) = \/(2tcos,k+/u)2+4A2 sin’k, k€ (-m,7). (2.9)

Note that the BAG matrix doubles the number of physical degrees of freedom (elec-
trons and holes considered separately), resulting in a redundancy in the number of
energy levels which now occur in doubled +E(k) pairs (see Figure 2.2). Only E(k)>0
correspond to physically distinct energy levels. This can easily be seen by diagonal-
ising the BAG matrix by a Bogoliubov-Valatin transformation on the electron fields;
defining the quasiparticle fermion operators aj = ucy +vkcik and choosing uy, vy to
obtain the correct anti-commutation relations for a, ai and to diagonalise the BdG

matrix, one obtains

E(k) 0
0 —E(k)

[ak]: Z E(k)(alak—%)- (2.10)

.l.
a.) keFBzZ
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FiGUrE 2.2 — (a) Doubled tight-binding dispersion for electrons (blue) and holes
(red), for p=0.5¢. (b) Bulk dispersion of Bogoliubov quasiparticles (superposition of
electrons and holes) in the Kitaev chain, for y=0.5¢, A=0.2¢. Finite A opens a gap in
the bulk excitation spectrum. As in (a), only the blue band with E >0 is physical.

Before studying the bulk properties of the Kitaev chain in more detail, it is
pertinent to ask if the MZMs it supports for A=t and p=0 survive away from this
special choice of parameters (henceforth called the Kitaev point). This is necessary for
the sake of stability of our qubit, let alone the question of whether one is able to tune
to these special parameters in an experiment. Consider small perturbations away
from the Kitaev point. If the MZMs are destroyed, then the states |1,l)) and f* |1,D) will
split in energy, with one of them moving away from zero energy. Such a splitting is

described by an effective Hamiltonian,

0 . ,
H5:6f+f:§(1+17/17/N), (2.11)

and thus corresponds to pairing of the MZMs at the opposite ends of the chain. As
stated earlier, the qubit is not immune to phase errors if such pairing is allowed in
the Hamiltonian. There are two ways in which such pairing can effectively arise. (i) If
the chain is closed (periodic boundary conditions), then the MZMs are paired just
like other Majorana fermions in the bulk and the ground state is non-degenerate even
at the Kitaev point. (ii) If the medium (bulk) separating the two MZMs is gapless,
then we might intuitively expect the MZM wavefunctions to tunnel/delocalise into
the bulk and overlap (pair). Case (i) can obviously be avoided. As regards protection

against case (ii), a natural expectation is that a gapped bulk excitation spectrum,
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FiGure 2.3 — Closures of the gap in the bulk excitation spectrum of the Kitaev chain.
(a) For py=-2t, the bulk gap closes at k=0, and (b) for p=2t¢, the gap closes at k=m.
In both plots, A=0.2¢.

along with very large separation between the ends of the chain, will prevent overlap
of the MZM wavefunctions. It may be helpful to think of the bulk as a potential
barrier; the MZM wavefunction on one end will generally decay exponentially into
the bulk and will not penetrate to the other end (beyond the barrier) and overlap with
the other MZM wavefunction, if the barrier is effectively infinite in length [17, 18].
This intuition turns out to be correct, as we shall see shortly; the MZMs are pro-
tected as long as the bulk gap does not close. However, there clearly exist parameter
values for which there are no MZMs. For example, A=t=0 and y >0, the ground
state of Hy is obtained by pairing Majorana fermions on-site to form the ‘complex
fermions’ ¢; with C}Lc]- =1 for every j. This is the picture that also holds for p/t>1,
while Vj, c}rcj =0 characterises the ground state in the u/t <1 limit. In both these
(gapped) regimes, there seem to be no MZMs. However, as was just argued, the
MZMs are protected by the bulk gap. Therefore, we expect the bulk gap to close
as we vary p from zero to +oo, characteristic of a quantum phase transition. This is
easily seen to be true from the bulk excitation spectrum given by Eq. (2.9), which
closes at k=0, 7t for y=+2t respectively (see Figure 2.3). Since the Kitaev point is
inside the region |;4| <2t, we may conjecture that the MZMs are protected inside the
phase that this region defines. As |y| is increased, the bulk gap closes at the lines
|pt| = 2t of critical points, and is again finite for |/,t| > 2t. From anywhere in these

regions with |;4| >2t, one can continuously tune to the trivial regime y=+oco without
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FIGURE 2.4 — Boundary LDOS (blue) of a semi-infinite Kitaev chain in (a) the topolog-
ical phase with y=1.7t, and (b) the trivial phase with p=2.3t. In both plots, A=0.5¢
and shown in dashed red is the bulk LDOS. Note in (a) the presence of a zero-energy
subgap excitation at the boundary that is due to the MZM, which is missing in (b).

encountering a phase transition where the bulk gap closes. Since the MZMs are
clearly absent in the trivial regime, we may conjecture that they are absent in the
entire regions defined by |]/l| >2t. These two distinct phases are called the topological
phase (|;4| <2t) and the trivial phase (|p¢| >2t) and are characterised respectively by the
presence and absence of boundary MZMs.> Superconductors like the Kitaev chain
that support protected gapless boundary modes in a certain phase are known as
topological superconductors [4, 20—22]. We will shortly encounter the reason for this
nomenclature. The local density of states (LDOS) at the ends of the Kitaev chain
provides an explicit check of the verity of these statements. The boundary LDOS can
be obtained from the boundary Green function of the Kitaev chain, which is explicitly
calculated for a semi-infinite chain in Appendix A. The results for the topological
and trivial phases are shown in Figures 2.4a-b. Figure 2.4a confirms our conjecture
that a MZM (signified by the infinitely sharp peak at zero energy) is present even
away from the Kitaev point, throughout the topological phase. Figure 2.4b, which
shows the boundary LDOS in the trivial phase just beyond the critical line p = 2t,
is characterised by the absence of a MZM and the associated subgap zero-energy

excitation.

5Note that A=0 and M <2t is a line segment inside the topological region of the phase diagram
that characterises a normal metal with a gapless excitation spectrum.
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In Figures 2.4a-b, note that the bulk LDOS of both phases look qualitatively
identical. The distinguishing feature between the two phases has thus far been the
presence or absence of boundary localised MZMs, whose presence results in a two-
fold degenerate ground state for an open, infinite chain. Even in the case of a closed
chain, when there are no boundary MZMs present, the bulk gap closes at the lines of
critical points y=+2t. We then have no means (yet) of distinguishing between the
different phases of the system, if at all they still exist. It is clear that we must study
the bulk properties of both phases in more detail, hoping to find differences that
can be used to construct something like an order parameter, in order to distinguish
the two phases in the bulk itself. To this end, consider the bulk Hamiltonian of
a closed Kitaev chain given by Eq. (2.8). Both regions, |/,t| <2t and |y| > 2t, are
superconducting, so the usual local order parameter description (Landau-Ginzburg
theory) is not sufficient to distinguish the two. There exists another picture of the BCS
theory of superconductivity that exploits an analogy between the BdG Hamiltonian
in (2.8) and that of a spin in a magnetic field, due to Anderson [23]. For details on
the application of this formalism to s-wave superconductors, see Refs. [23, 24]. We
apply this formalism to the Kitaev chain, following Refs. 3, 25]. The analogy with a

magnet rests on the observation that the BAG matrix in (2.8) can be written as
hi (k) = (—2tcosk — p)t* — (2Asink)t? = d;. - 7, (2.12)

where dy =—(0,2tcosk+p,2Asink), and = (t*,1v¥,7%) is a Pauli spin-1/2 operator
acting on the space of Nambu spinors, variously called the Nambu space, isospin
space, or particle-hole space. Imagine a second-quantised isospin operator 7 =
(CZ c_x)T(ck cfk)T for every k in the first Brillouin zone. The d vector plays the role
of a site (k) dependent magnetic field for a chain of isospins 7; in momentum space.
If there are no pairing correlations (A =0), then 7; is magnetised aligned along -2
(in isospin space) for (-2t cosk)<pu i.e. for occupied electron states below the Fermi
level, and along Z for (-2tcosk) > u i.e. for empty electron states above the Fermi

level. There is then a sharp domain wall in the isospin chain at the Fermi momentum,
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where the 7y reverse their orientation. For non-zero pairing correlations A, dy, tilts
the quantisation axis away from 2.

Let us see if we can use the perspective offered by this analogy with a magnet to
distinguish between the topological and trivial phases of the Kitaev chain. Clearly,
we must look at the profile of d as this dictates the form of the BdG matrix hg (k). To
this end, we define the unit vector di =d,/E (k) which is ill-defined at the transitions
p==2t, and study its properties within the topological and trivial phases. Note that
d is restricted to the y-z plane, and so can be located anywhere on a unit circle
(S!) centred at the origin on this plane. The momentum k takes values in the first
Brillouin zone (-7, 7t), which is also a circle as the end points are identified due to
being related by a reciprocal lattice vector 2. Therefore, the function d(k)=d) is
really a map d : S' — S', which has an associated integer-valued winding number
w captured by the homotopy group® 7;(S!) =7 [26]. This expresses the fact that
one can wrap a circle around a circle clockwise or anticlockwise, once, twice, thrice
and so on. Maps that wrap with different winding numbers cannot be continuously
deformed into one other; they are said to be homotopically inequivalent.

Consider first the trivial phase |;4| > 2t. For p<-2t, the z-component Z-d; =
—(2t cosk+p) is strictly positive for all k. Therefore, as k sweeps through the (circular)
Brillouin zone (-7, 1), the unit vector dj oscillates like a pendulum in the upper
half plane, due to the sink in the y-component. Similarly, for pu>2t, 2. d; is strictly
negative for all k and so the unit vector dj oscillates in the lower half plane. In both
cases, we note that cfk does not wind around as k sweeps the Brillouin zone and so
w=0 (see Figure 2.5a).

Now, consider the topological phase |]/l| <2t. This is the case when the Fermi level

lies inside the conduction band (-2t cos k), and so the z-component 2-dy =—(2t cos k+u)

6Two maps are said to be homotopic if they can be ‘continuously deformed’ into one other. More
formally, two maps fy, fi : X =Y are homotopic if there exists, for t€[0,1], a t-parametrised family of
continuous maps (called a homotopy) f; : X =Y such that f,_q=f; and f;_; = f;. This can be used to
impose an equivalence relation on the space of maps from X to Y. 7, (X) is defined to be the set of
equivalence classes (under homotopy) of maps from the n-sphere S” to the target space X. It can be
shown that this set has a natural group structure, and so 7, (X) is called the n-th homotopy group of X.
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4
Trivial phase Topological phase

FiGure 2.5 — Illustration of the winding of dj as k sweeps the first Brillouin zone in
(a) the trivial phase, and (b) the topological phase with A > 0. Note that d} winds
clockwise once in (b}, but does not wind in (a). For clarity, we have illustrated the
winding of d}, instead of that of the unit vector d;. as discussed in the text.

has two zeros where it changes sign. For A > 0, it is easy to see by following the
evolution of dj with k that it winds around once, clockwise and so w=—1 (see Figure
2.5b). Similarly, it can be seen that dj winds anti-clockwise once if A <0 and so w=1.
If the isospins are visualised as a chain of spins in momentum space with length
equal to the first Brillouin zone, these two cases with a non-zero winding number
result in topologically non-trivial textures on this chain that cannot be deformed
into one another or to a trivial texture (with all isospins pointed up for example) by
means of purely local deformations. Note that for A=0 (the gapless metal inside the
topological region), there is again no winding. We thus arrive at the conclusion that
the topological and trivial phases are distinguished by the winding number w (called
a topological invariant) of the map d : k — d;. Although the local bulk properties of
both phases remain the same, they are topologically inequivalent as the maps dtg
and drp that define the BAG Hamiltonians in the trivial and topological phases are
not homotopic. This allows us to distinguish the different phases in the bulk itself,
without looking at the boundaries.

Note that even though the winding number w is integer-valued, only the phases

with w=+1 are accessible to the Kitaev chain. That w is integer-valued is due to
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the fact that the % - (fk =0, which restricts cfk to the unit circle in the y-z plane. No
other model specific properties are invoked; it can be seen that taking multiple
copies of the Kitaev chain Hamiltonian will also result in a similar dy vector with
the x-component equal to zero. To access phases with winding numbers |w| > 1,
multiple such copies are required.” An equivalent statement to the above is that
the BAG matrix hg (k) of the Kitaev chain satisfies a chiral symmetry that places it
in the BDI symmetry class in the classification table of non-interacting topological
insulators and superconductors [27-29]. The BDI class has a Z topological invariant.
If we consider perturbations to the Kitaev chain Hamiltonian that result in X - dAk =0,
then this moves the Hamiltonian to class D, which admits only a Z, topological
invariant and thus only two topologically distinct phases, of which one will be a
trivial phase with no end modes in an open chain. Finally, we remark that in the
presence of interactions, the winding number does not correctly classify the different
phases of Majorana chains. Fidkowski and Kitaev [30, 31] have shown that the Z
classification is broken down to Zg in the presence of interactions for a Majorana
chain in class BDI. Even in the absence of interactions, a homotopy classification
based on winding numbers is insufficient to classify all topological superconductors,
but generally works for two-band Hamiltonians like those of the Kitaev chain in the
BdG formulation of Eq. (2.8)[27].

With this, we pause the discussion of the Kitaev chain to pursue other toy mod-
els that might support emergent, unpaired Majorana fermions. A discussion of

experimental realisations of the Kitaev chain is relegated to a future section.

2.1.2  Read-Green superconductor

Let us now try to construct a two-dimensional version of the Kitaev chain. Since
the Kitaev chain is a one-dimensional spinless p-wave superconductor, it is natural

to also look for unpaired Majorana fermions in a two-dimensional, spinless p-wave

7This will also result in multiple MZMs at the ends of the chain. In absence of the protecting
symmetries that define the BDI class, multiple MZMs at one end of the chain will generally pair up
and move away from zero energy.
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superconductor. To construct a specific model Hamiltonian, we begin by stacking
(along 9) N Kitaev chains that have N fermionic sites each. In addition to intra-
chain hopping and pairing, there can now also be inter-chain hopping and pairing
of electrons. We know how to generalise the tight-binding dispersion in the Kitaev
chain to a square lattice; —2tcosk — —2t(cosk, +cosk,). In the limit N — oo and
with periodic boundary conditions, a natural guess for the bulk Hamiltonian can be

obtained from generalising that of the Kitaev chain in Eq. (2.8) to

1 Z s )—Zt(coskx+cosky)—;4 2iAsink,+ f (k) Ck  (2a3)

KEEBZ —2iAsink,+f*(k)  2t(cosky+cosk,)+p cik

where k=(k,, ky) is now a momentum vector in the first Brillouin zone (-7, 70)x(-7, 1)
and f (k) is a contribution to the p-wave pairing potential that must be determined
according to our preferences; we would like the bulk excitation spectrum to look as
close to the Kitaev chain as possible, in the hope that the two-dimensional model will
also support unpaired Majorana fermions. The eigenvalues of the BAG matrix are

+E(k), where the bulk excitation spectrum is

E(k)= \/(Ztcoskx +2tcosk, +p)? + 4N2sinky +|f* + 2iAsink,(f - f*).  (2.14)

Two intuitive choices are f =+2Asin ky, which sets the last term inside the square root

to zero.® For the choice f =—2Asin k,, the BAG Hamiltonian in Eq (2.13) becomes

1 —2t(cosk,+cosk,)—pu 2iA(sink,+isink,) || ¢
He=5 ) (d e e N o CRE
KEFBZ —2iA(sink,—isink,) 2t(cosky+cosky)+pu cik
which has a bulk excitation spectrum given by
E(k) = \/(Ztcos ky+2tcosk, +p)? + 4A2(sin’ k, + sin? ky). (2.16)

This model of a spinless k,+ik, superconductor will henceforth be called the Read-

Green superconductor, after Read and Green [32] who studied the continuum version

8This choice can also be motivated from the need to avoid gapless nodal points or lines in the
Brillouin zone, for generic values of y and A. except perhaps at isolated critical points.



CHAPTER 2. MAJORANA FERMIONS IN CONDENSED MATTER 18

FiGure 2.6 — Closures of the gap in the bulk excitation spectrum w(k) of the Read-
Green superconductor. (a) For y=—4t, the gap closes at k=0, and (b) for y=4t, the
gap closes at k=(7, 7). In both plots, A=0.7¢t. Recall that only one band (blue) with
energies w >0 contains physically distinct states.

FiGure 2.7 — (a) Closure of the bulk gap at k=(0, ) and k=(7,0) for x=0. (b) Bulk
excitation spectrum away from critical points for y=2t. In both plots A=0.7t.

of the lattice model above. Note that the bulk excitation spectrum becomes gapless at
the points ke {(0, 7t), (7, 0)} for p=0, at k=(m, 1) for y=4t, and at k=0 for y=—4t¢ (see
Figures 2.6a-b and Figure 2.7a). Away from these critical values of y, the bulk remains
fully gapped throughout the Brillouin zone (see Figure 2.7b). The line of critical
points at p = +4t might have been anticipated as a straightforward generalisation
of the critical lines at y =+2t in the Kitaev chain. In analogy, one may guess that
the regions Iy' >4t are topologically trivial with no edge states (in particular, the
unpaired Majorana fermions we are looking for). The difference between the regions
—4t<pu< 0 and 0< pu<4t, separated by a line of gapless critical points, remains to
be seen. The presence or absence of edge states will manifest in the edge spectral
function of the Read-Green superconductor. An inverse Fourier transform of Eq. 2.15

gives the real space lattice Hamiltonian, which for a semi-infinite plane geometry
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with a single edge reads as

[c o e o)

_ + +
HR B Z’ Z[_t (Cx+1,ycxy32 + Cx,y+1cxyy + hC)

X=—00 y:l

t ot At ot t
+ (Acxﬂ’ycx,y +ilcy g Cxy+ h.c.) - VCx,ny,y]- (2.17)

Since translation invariance is broken only along 7, one may work in a mixed (k,, )
representation and calculate the edge spectral function Ag(k,, @). This has been done
in Appendix A, and results for the three distinct phases discovered above are shown
in Figures 2.8a-c. As expected, the regions |y| >4t form a trivial phase with an edge
spectral function not very different to that of the bulk, fully gapped with only the
usual Bogoliubov quasiparticle excitations. However, the regions —4t << 0 and
0 < u <4t are distinct topological phases that host linearly dispersing, chiral edge
excitations that lie within the bulk energy gap. The two phases, -4t < < 0 and
0<pu<4t, are distinguished by the opposite chiralities of their edge modes, as evident
from the opposite signs of the group velocities (dw/dk,) of the subgap excitations
in Figures 2.8a-b. For example, the edge modes of the —4t < u < 0 phase are all
right-moving on the single boundary of the semi-infinite plane.

In order to distinguish between these phases without regard to the edge modes,
one can try to construct a topological invariant as done for the Kitaev chain earlier.

To this end, we cast the BdG matrix in Eq. (2.15) as an isospin Hamiltonian,
hgr(k) = —[2t(coskx+cos ky)+y]r7‘ — (2Asink,)t? - (2Asink,)t* = dk)-t. (2.18)

Unlike the Kitaev chain, all three components of d (k) are non-zero, which implies
the unit vector d(k) can generally point anywhere on the unit sphere S2. This
indirectly also implies that the Read-Green superconductor falls under symmetry
class D in the periodic table of topological superconductors [27-29]. Also in two-
dimensions, the Brillouin zone (-7, t)x(—7, 7t) is a Cartesian product of two circles
S1, and is therefore a torus T2, which means we must now consider homotopy classes

of maps d : T> — S? and can therefore no longer rely on the exhaustive table of
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FiGure 2.8 — (Clockwise from top left) Intensity plot of the edge spectral function
Ag(ky, w) of a semi-infinite planar Read-Green superconductor in (a) topological
phase with y=-3t, (b) topological phase with p=3t, and (c) trivial phase with
u=-5t. In all plots, A=1.5t, w is in units of t, and k is really ka where a is a lattice
constant we have set to unity. The two distinct topological phases [(a) and (b)] host
chiral edge modes of opposing chiralities, featuring as linearly dispersing subgap
states. Recall that only excitations with energies w >0 are physical. The two-band
structure is an artifact of the BdG formalism, which doubles the number of physical
degrees of freedom.

20
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homotopy groups 7,,(S™).9 Classifying maps between general topological manifolds
up to homotopy is an extremely difficult problem. However, in the present case
of interest, that is maps from T? to S2, we find our salvation in the Hopf theorem
[33] in differential topology; two continuous maps from a compact, oriented, n-
dimensional manifold to the n-sphere S” are homotopic if and only if they have the
same Brouwer degree. The Brouwer degree of a continuous map is (informally) the
number of times it wraps the domain manifold around S”, and is therefore integer-
valued.’® An immediate result of the Hopf theorem is that homotopy classes of maps
d: T?—S? are indexed by an integer. Therefore, we arrive at the result that there
exists a Z topological invariant for the Read-Green superconductor, in accordance
with the result in Refs. [27-29] for class D superconductors in two dimensions. The

topological invariant in this case (which we simply state without proof) is the first

1 d(k) (ad ad)
C :—J d%k . X . 2.1
YT an Jg o jd)P \ Ok, ok, (2.19)

Similar to the Kitaev chain, only the phases with Chern numbers 0 (trivial) and

Chern number

+1 (topological with opposite chiralities) are accessible to the Read-Green lattice
Hamiltonian as presented above.

From an explicit calculation of the edge spectral function of a Read-Green super-
conductor in a semi-infinite plane geometry, we have seen the existence of gapless,
linearly dispersing, chiral edge modes. We will now show that these are chiral Majo-
rana fermions, following Refs. [3, 32, 34]. To this end, it is convenient to work with a
continuum model, instead of the lattice version discussed above. To obtain such a
model, note that the phase transition at y=—4t is accompanied by a closing of the

bulk energy gap at k=0. Linearising Eq. (2.15) near this point, and defining ji=u+4t,

9Each choice of parameters y, A in the Hamiltonian defines a map d, and so there is an entire
family of them. The problem is that of classifying these maps up to homotopy.
'°As the domain manifold and S" are both oriented, there is a notion of orientation for the wrapping,
which is why the degree can be positive or negative. This is just a generalisation of the concept of
winding numbers of maps between circles, discussed in the previous section on the Kitaev chain.
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trivial phase
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topological phase n<o
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FIGURE 2.9 — Read-Green superconductor on an annulus. The inner and outer edges
host chiral Majorana fermions with opposing chiralities.

we obtain!?!

—ji 2iA(ky+ik
Hg = leZk (Ci: C_k) M 1 ( xt1 y) Ck ’
2 ~2iA(k,~ik,) i cty
1 ’ ’ ’ ]
-5 | dndist-xep-y)
y (CJr . ) —j 2A(9x+idy) ||y (2.20)
VY oA(9,-id,) i ct,

where we have Fourier transformed back to real space in the second line, and d(x,y)=
dxdy. This model then captures the transition from the topological (ji>0) to trivial
phase (fi<0) at ji=0. Instead of a rectangular geometry, we consider this model in its
topological phase on an annulus of inner (outer) radius R;, (Ryy,¢), with a trivial phase

(or vacuum) forming outside (see Figure 2.9) [3]. Using polar coordinates r=(r,0), a

"'The continuum and lattice models only agree near k=0. This means that the momentum integral
should be regulated in the Hamiltonian. We could also just consider the continuum version as a model
of its own right, severing ties with the lattice model. Such subtleties are not our concern here.
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Hamiltonian describing such a setup can be written as

1 / ’ Cr,G
Hr =3 Jd(r,Q)d(r 0 )(c o cw,g,)é(r— r')6(6 -6 )hR(r,G)[CJr ], (2.21)
r,0
where d(r,0)=rdrd6 and the BAG Hamiltonian hy(r, 0) is defined as
— 2Ae'% (9, +ir 19
hg(r,0) = ‘ ) ( o) , (2.22)
—2A€_16(ar—i1’_1(99) ﬂ(r)

where ji(r)>0 inside the annulus, and fi<0 outside. Instead of a discontinuous step
function, we assume a smooth, slowly varying profile for ji(r) [one example is tanh(r)

near R;, and tanh(-r) near R, ; with some smooth interpolation in between]. The

factor ¢'9 disappears upon rewriting Hy, in terms of new fermion fields ', =¢9/2¢t
pp p g 1R r,0 r,0
T . .. .
and 1, g =e%2c, 3.*> Note, however, that gD: 9) obey anti-periodic boundary conditions

(t) (‘r)

11br,6+2m7z = (_1 )mll)r,G'
Say the BAG Hamiltonian has eigenvectors x,,(r,0) = [u,(r,0) v,(r,0)]T with
eigenvalues E,, defined by hgx,,=E,, x- Since hy is self-adjoint, it admits a spectral

decomposition of the form
o(r—1")0(0 —0')hg(r,0 ZEm)(m rO)x! (1,0 (2.23)

Using this in Eq. (2.21), we find
E ) n’ 7 N\, T ) N’
Hg = ZT’“ {Jd(r ,0') [t (1, 0")0F, g + V(1,0 )|

de(r, 0) [u;;(r, O)ih, 0+ (7, e)lpjﬁ]}, (2.24)

which is diagonal in the Bogoliubov quasiparticle operators

Ym = Jd(fﬁ)(u;ﬂ#r,e V) V= fd(r,e))(umtp:,@ +Vntro)  (2:25)

The requirement of non-zero y,, imposes anti-periodic boundary conditions (4
periodicity) on u,,(r,0) and v,(r,0), so that the integrands in Eq. (2.25) are not odd
in 6 €(0,2m).

2Note that the pairing term actually transforms as e'?ct (9, + ir 1dg)ct , = 9T (9, +ir1dg +
P 8 y 0 Cro = %ro

1/2r)1,b . The extra 1/2r factor disappears as (¢+ )2=0. Similarly for the pairing term involving ¢, ¢.
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Let us now solve for the eigenvectors x,,, whose component functions u,, and v,,

are solutions to the following system of coupled first-order differential equations:

—f(r)u(r,0) +2A(d, + ir_189)v(r,6) = Eu(r,0), (2.26)
fi(r)v(r,0) = 2A(9, —ir ' dg)u(r,0) = Ev(r,0). (2.27)

We are primarily interested in the nature of the chiral edge states we found in a
brute force calculation of the edge spectral function in the lattice model. To this

end, we may approximate r~! in Eqgs. (2.26)-(2.27) by R™! €{R;},, R}, which form

out’

the two boundaries of the annulus under consideration. Solving Egs. (2.26)-(2.27) is
equivalent to solving a single second-order partial differential equation for one of

u(r,0) or v(r,0). The former satisfies

2A

—E2[82 u(r,0)+ R~ 282 rG] u(r,0)
(9

_A
2 jir)/
C1-[E/p(nP A(r)/A

Let us assume that d,fi(r)/fi(r) < fi(r)/A~&~!, where & is the coherence length of the

fi(r)?

[aru(r,e) - iR_189u(r,9)] ~0. (2.28)

superconductor; the last term in Eq. (2.28) can thus be dropped. This is similar to a
WKB approximation; one considers r ‘slightly away’ from the edge of the annulus
(where fi(r) changes sign) so that the spatial variation of ji(r) is slow, but close enough
to the edge that the approximation r~! ~R~! made above still holds. Using a separa-
tion of variables, by substituting in u(r,0)=f(r)g(60) and then dividing throughout
by f(r)g(6), we obtain

~ 2 1
f o [ 4£2(r) l:_Rzg(e)aégEAZ’ (2:29)

where A? is a constant, since 0 and r are independent variables. A specific solution to
the angular equation is g(6) =exp(iRA0). Using the anti-periodic boundary condition
2(0+2m)=—-g(0) determines A =m/2R, where me2Z+1 is an odd integer. Therefore,
the angular part of u,,(r,0) is then

gm(Q):exp(#), me2Z+ 1. (2.30)
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The radial equation is then

B2 m? ()
4A2  4R?  4A?

33f+[ ]f(r) =0. (2.31)

Now, assume E,,=+mA/R. Then given Re{R;,, Ry}, the two solutions (to the radial

equation) are

¥ Rout
o ~expl-5 [“ @], zes| -5 [aran] e

These solutions are valid in the respective approximations r~R;, and r ~ R, ;; since
fi>0 inside the domain of integration in the exponents of f;;, and f,, these solutions
are exponentially suppressed away from the inner and outer boundaries (respectively)
of the annulus.'3 Tt remains to be seen which of E,, =+mA/R correspond to EI" and
ESMt.

The eigenfunctions vi?/°U!(r, 0) can be obtained from ui?/°u(r, 0) using Eq. (2.27).

For vi,?(r,@),

U (1,0) = - [Ez_—%] (9, =iRiy Do)ty (1, 6),
_ ,,in ﬁ(r)_mA/Rin
—um(r,Q)[—E%?_ﬁ(r) ] (2.33)

where the Leibniz integral rule has been used to calculate d, fi,. For EI" =mA/R;,, we

then have the result vi?(r,0)=—ul"(r,0). Similarly,

i A/R
v (1,0) =—u%ut(r,9)[y(r)ottm ~/ Out],
En™ - ji(r)

and for EQ" = —mA/Ryy, we get v (r,0) = uS"(r,0). The eigenvectors yxin/out =

(uin/out  pinfoutyT a4 respective eigenvalues EiVoUt of the BAG Hamiltonian hg(r, 6),

'3That these are solutions to the radial equation can be verified by direct substitution into the radial
equation, and calculating the derivatives d, f and 92 f using the Leibniz integral rule. In calculating
d2f, one actually obtains a term proportional to d,fi. Such terms can be ignored under the assumption
d, ji(r)/ji(r) < ji(r)/A made earlier.
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with a suitable choice of normalisation constant N2, read

~ 1 i . mA
x(r,0) = ——¢™0/2 £ (¢ , EN= , me2Z+1 2.
1 1 nA
out in6/2 out
(r,0) = ——e (r)f |, E)"=- , ne2Z+1 (2.35)
W fout 1 ! Rout >

where fi,/0ut(7) are specified by Eq. (2.32). Note that the excitations with wavefunc-

in/out

tions given by x/°"" are exponentially localised at the inner and outer edges of the
annulus. In the thermodynamic limit R;; /o, — 0, these excitations become gapless.

To show that the edge excitations are chiral Majorana fermions, note that Hy in
Eq. (2.24) can be roughly separated into two parts as Hg = Hyyji + Hedge, where Hyyjx
describes the gapped quasiparticle excitations in the bulk (irrespective of the topology
of the system) and Heqg. describes the edge excitations just described. Using Eqs.
(2.34)-(2.35) in Eq. (2.25), the quasiparticle operators (edge modes) that diagonalise

Hegge are given by

d(r,0)

Vo = Nd "0 fio(r) ’abre P o) (2.36)
ngut: di;’;_Q) lmg/zfout 9br9+¢r6) (2.37)

in/out)

Crucially, note that (y;; =y_,, and the operators yi/out satisfy the Clifford

out out}

algebra {y,i??, Vi_ F={ytt, p2

each edge as Majorana fermions. To see this more explicitly and the fact that they

26,,, and {yin 04 = 0. This identifies the modes on

are chiral, note that the effective Hamiltonian describing excitations on both edges,
using Eq. (2.24), is

mA in _in TlA out , ,out
2 Rm V—mym 2 Rout 7/—1’1 7/71 4

A ou ou
:Zp—y_pyp XR— YU pefl,3,5...), g€ {-1,-3,-5,...},
p

Hedge_ mmnel..,-3,-1,1,3,...},

1n/out)

where we have used the property (y;: =79_,, to restrict the angular momentum

quantum numbers p (g) to the positive (negative) odd integers. These are the only
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physical excitations; to see why, recall that the BAG Hamiltonian [for example, in Eq.
(2.21)] doubles the number of physical degrees of freedom, so that energy eigenvalues
appear in doubled +E pairs. This implies that only states with EI/oUt> 0 are physically
distinct from each other. Therefore, the inner and outer edge modes have positive
and negative angular momentum respectively, and are thus chiral, with the inner
(outer) edge excitations moving anti-clockwise (clockwise), as shown in Figure 2.9.
To show that the inner and outer edge modes are separately Majorana fermions, let
us consider Heqge above in the thermodynamic limit Ri,/ou; — o0, so that the inner

and outer modes both have a gapless dispersion k. Constructing the operators

fi = (Vk +iyt™),  fl= (7_ +iy%W), (2.38)

in/out

it is easily seen that {fk,fk+} =1 and {f, fx} =0, using the fact that y, satisfy the
Clifford algebra. The operators fy, f,:r therefore destroy and create complex fermions,
albeit highly non-local fractionalised ones, with weight equally distributed between
the two well-separated edges of the annulus. Now, a chiral Hamiltonian for the

f-fermions can be written as '4
.l.
H=) 2kff
k

=) 2k(fH fi- Fifa),

k>0

=Y Moo i - o - i ],

k>0
Zky kyk Zkyoutyi);(lt’
k>0 k<0
edge: (2-39)

Therefore, a chiral complex fermion is constructed from two chiral Majorana fermions.
If instead of the annulus, we consider the Read-Green superconductor on a geometry

with a single edge, such as a disk or a semi-infinite plane, then only a single species of

'4The sums should strictly be replaced by integrals, but we ignore such issues of rigour here.
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chiral Majorana modes with a gapless dispersion will be seen. This is the case in Fig-
ures 2.8a-b, which show the edge spectral function of a Read-Green superconductor
on a semi-infinite plane. The subgap states with a linear (in momentum) dispersion
are precisely the chiral Majorana fermions we discovered above.

These edge states are quite different to the on-site localised, unpaired, zero-energy
Majorana modes (MZMs) that appeared as end modes in the Kitaev chain. The
ground state in that case was twofold degenerate, and these states could form a
qubit protected by an energy gap from the bulk excitations of the system. In the
Read-Green superconductor, the discussion above seems to imply that zero-energy
modes only appear in the thermodynamic limit when the chiral edge modes become
gapless. This also means that zero energy states, when they occur, are not protected
by an energy gap from other excitations of the system. It is pertinent to ask if we can
realise protected MZMs in the Read-Green superconductor, as it is one dimension
closer to the real world than the Kitaev chain. In the annulus geometry considered
above, recall that the inner edge states have quantised energies EI" = mA/R;,, where
m is a positive odd integer. Recall that the condition of odd m has its origins in the
anti-periodic boundary conditions on the fermion fields 1, g in Eq. (2.24), which
follow from the exp(i@) factors in the BAG Hamiltonian in polar coordinates [see
Eq. (2.22) and the discussion below there]. If we could somehow remove the exp(i0)
factor in the pairing terms in Eq. (2.22), then the fields 1, 9 would satisfy the
usual periodic boundary conditions, which would presumably lead to even angular
momentum quantum numbers m and thus to the desired zero-energy mode. This is
easy to do; imagine that the core trivial region of the annulus in 2.9 is a vortex in
the order parameter field [35]. The precise mechanism of the formation of such a
vortex is unimportant for the discussion here. This implies that the phase ¢(r, 0) of
the order parameter field A winds by 27t around the vortex (if it is threaded by one
flux quantum hc/2e). One choice of the phase field that satisfies this is ¢(r,0)=-0.
One can then replace A — Aexp(-if) in Eq. (2.22), which gets rid of all exp(i0)
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factors there.'> Now solving for the eigenfunctions of the BAG Hamiltonian with
periodic boundary conditions, one finds edge states with energies EI" =mA/R;, and
E9" =—mA/R, where me{0,2,4,...}. The energy spectrum thus includes two MZMs,
with one localised on each edge of the annulus. If the core trivial region is a vortex
formed by an external magnetic field, then we expect Ry, i.e. the size of the vortex to
be on the order of the coherence length of the superconductor, which would result in
the next excited vortex-bound state to be separated by an energy gap from the MZM.
Several such vortices, each harbouring a trapped MZM, can thus be used to construct
a system of qubits that are protected from errors, provided the vortices are spatially
well separated to prevent tunnelling of MZMs between vortices [36—38]. Braiding of
the vortex-trapped MZMs, which are actually non-Abelian anyons, can be used to

process information stored in the qubits they construct [5, 16].

2.2 PRACTICAL REALISATIONS

The Kitaev chain, constructed in section 2.1.1 as a toy model with MZMs, is a one-
dimensional p-wave superconductor made of spinless fermions. At first sight, it
seems an impossible endeavour to experimentally realise such a system, as:

1. The model involves spinless (spin-polarised) fermions, but we only have spin-
ful electrons at our disposal in solid-state systems.

2. Off-diagonal long-range order, defining of a superconducting state, cannot
spontaneously form in one-dimensional systems by virtue of the Mermin-
Wagner theorem [39—41]. Even in the case of quasi-long-range order at zero
temperature, the importance of fluctuations in the order parameter makes the
BCS mean-field formalism used in the model suspect.

3. The model involves spin-triplet superconducting pairing, as must be the case
for spin-polarised fermions. Nearly all superconductors in nature involve

spin-singlet s-wave pairing.

15Strictly, A — A(r)exp(—i0) as A(r) must be zero inside the vortex. This can be done by assuming
the same profile for A(r) and ji(r), and does not change our conclusions.
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We briefly sketch how these issues can be addressed by modifying the Hamiltonian of
the Kitaev chain, while trying to preserve its topological phase with MZMs, following
Ref. [42]. One can add a spin index to all the fermion fields in the Hamiltonian [Eq.
2.7] to obtain a model of spin-1/2 electrons. This generates two decoupled copies of
the Kitaev chain, which implies there are now two MZMs at each end. In the absence
of protecting symmetries (time-reversal), the MZMs will generally pair up and form
a local complex fermion with non-zero energy. However, we can add a Zeeman term
—h(c;chT—c;.rlcj 1) to the Hamiltonian, and tune h relative to the chemical potential y
so that the spin-up electrons are in the topological phase |;4| <2t while the spin-down
electrons are in the trivial phase |]/l| >2t. This would then result in a single MZM at
each end of the chain.

Since the chain of electrons cannot spontaneously order (long range), it is clear that
superconductivity would have to be induced by proximity to a bulk superconductor.
This would then justify the BCS form used for the Hamiltonian of the Kitaev chain, as
fluctuations in the order parameter are governed by the bulk superconductor. Nearly
all superconductors are s-wave spin-singlet in nature, and we must somehow induce
p-wave spin-triplet superconductivity in the chain while proximitising it with an
s-wave superconductor. Simply changing the pairing in the spinful Kitaev chain
to s-wave destroys the topological features of the model. However, in conjunction
with s-wave pairing, if one adds Rashba spin-orbit coupling [43, 44] of the form
ka]? = —ik(c;.rTc]-i—c;.rlc]-T), where k is the momentum and ¢? is the y-component of the
electrons’ spin, it can be shown that one effectively obtains p-wave pairing terms for
small momenta in the Hamiltonian [3].

Given a one-dimensional electronic system, the three key ingredients required to
overcome the issues (1)-(3) above and engineer a Kitaev chain are then (i) a magnetic
field to ‘spin-split’ electron bands, (ii) an s-wave superconductor to proximity-induce
superconductivity, and (iii) spin-orbit coupling along an axis perpendicular to the
Zeeman field to render the induced superconductivity p-wave. There are several

different designs that use these ingredients to create specific realisations of the Kitaev
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chain. The semiconductor nanowire proposal of Refs.[45, 46], building on earlier
work in Refs. [47, 48], involves proximitising a Rashba spin-orbit coupled semicon-
ductor nanowire (such as InSb) with an s-wave superconductor in the presence of
a transverse magnetic field. For a moderately large magnetic field, the nanowire
enters a topological phase with predicted boundary MZMs. Another proposal [49, 50]
involves gapping the edge modes of a quantum spin Hall insulator (2d topological
insulator) [21, 22, 51, 52]. The quantum spin Hall insulator supports two counter-
propagating chiral edge fermions with opposite spins and a linear Dirac dispersion,
which thus form a spin-orbit coupled one-dimensional electronic system. To render
the system spinless, one applies a Zeeman field to open a gap in the Dirac spectrum
and locates the chemical potential inside the gap. Proximity effects from an s-wave
superconductor can then induce inter-band p-wave superconductivity. Yet another
proposal [25, 53] utilises a ferromagnetic chain deposited on a superconducting lead
substrate that also provides spin-orbit coupling.

The Read-Green (spinless, p,+ip,) superconductor can be engineered in a similar
fashion. In fact, all the proposals referred to above began with the seminal work [49]
of Fu and Kane, who showed that proximitising the surface of a three-dimensional
topological insulator with a bulk s-wave superconductor induces a time-reversal
symmetric relative of the Read-Green superconductor on the interface. To localise
unpaired Majorana fermions, however, requires time-reversal symmetry breaking. To
realise chiral Majorana fermions, one requires a one-dimensional boundary for the 2d
pxtipy superconductor. In the Fu-Kane proposal, since the latter state itself is formed
on the boundary of the 3d topological insulator, it cannot have a boundary of its own.
However, such a boundary can be created by forming a domain wall between the
pxtip, state on the surface, and a ferromagnetic insulator that breaks time-reversal
symmetry. Chiral Majorana fermions will then flow on this domain wall. One can
also lift time-reversal symmetry by creating a vortex in the surface state using an
applied magnetic field. Such a vortex will then trap a localised and unpaired MZM,

precisely like the Read-Green superconductor as discussed in section 2.1.2.
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Unlike the Kitaev chain, which must be specifically engineered using heterostruc-
tures of ordinary materials, we mention that there do exist materials that might in-
trinsically realise spin-triplet p-wave superconductivity in two dimensions. Sr,RuQOy,
is a leading candidate as a spinful p,+ip, superconductor [54], and more recently
the surface states of certain iron-based superconductors [55-57] have also attracted
attention. Such superconductors admit half-quantum hc/4e vortices that trap MZMs,
in addition to hc/2e vortices that do not. The fractional quantum Hall state at filling
fraction v =5/2 is also predicted to realise a spinless p,+ip, superconductor (albeit of
composite fermions), and is in fact the original context in which such a phase was
proposed by Read and Green [32]. However, predictions of Majorana edge states
in the A phase of superfluid Helium-3 under confinement precede the advent of
topological superconductors, and its status as a topological p,+ip, superfluid is

reviewed in Ref. [58].

2.3 EXPERIMENTAL SIGNATURES

Now that practical realisations of the Kitaev chain and Read-Green superconductor
have been discussed, the question of how to detect Majorana fermions in these
systems remains. We very briefly outline the most basic measurement protocol aimed
at detecting the presence of a MZM and associated key experiments, referring the
reader to Refs. [6, 59] for extensive reviews of the current experimental status of the
field.

For the Kitaev chain, the simplest means of detecting the presence of a MZM is
through tunnelling spectroscopy; a tunnel junction is created between the Kitaev
chain in its topological phase and a normal metallic probe. An applied bias volt-
age causes electrons to flow from the metallic probe into the superconductor. The
measured tunnelling conductance, as a function of bias voltage, then probes the
local density of states of the Kitaev chain at the junction. Due to the presence of a
zero-energy MZM at the end of the chain, there can be a non-zero (2¢2/h) conductance

even at zero bias voltage [60, 61]. Such measurements were first made by Mourik et al.



CHAPTER 2. MAJORANA FERMIONS IN CONDENSED MATTER 33

di/aVv (2e2/h)

-400 -200 0 200 400

FiGURE 2.10 — Tunnelling conductance as a function of applied bias voltage in the
Mourik et al. experiment [62], shown for various magnetic fields (o to 490 mT
in 10 mT steps). The proximity-induced superconducting gap in the nanowire is
between the green arrows. Note the zero bias peak for a range of magnetic fields
from approximately 100-400 mT.

[62], on a device constructed after the semiconductor nanowire proposals of Lutchyn,
Oreg et al. [45, 46]. Their pioneering measurements (subsequently reproduced by
other groups), shown in Figure 2.10, clearly display a zero-bias peak that develops
for a range of magnetic fields, consistent with the presence of a MZM at the end
of the nanowire. However, not all features of the data align with predictions based
on the Lutchyn-Oreg realisation of the Kitaev chain. For example, the onset of the
zero-bias peak is predicted to be accompanied by a phase transition, signalled by the
closing and re-opening of the superconducting gap. No such transition is seen in
the data. The zero bias conductance is also much smaller than the predicted 2¢?/h.
Also, it turns out that the finite length of the nanowire used in this experiment is
not negligible, and should result in some visible splitting of the zero-bias peak due
to a residual coupling between the two MZMs of the nanowire. The lack of such
a splitting in the data is yet another discrepancy with theoretical predictions. An
extensive debate regarding the conclusions of the experiment followed, and it was

realised [63] that the presence of disorder could also result in zero bias peaks that
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could mimic the signature of a MZM (even in the trivial phase). In all subsequent
experiments, the key issue has become that of distinguishing zero bias peaks due
to non-topological, subgap Andreev bound states (resulting from disorder), from
the zero bias peak contributed by a topologically protected MZM [64]. A conclusive
demonstration of the existence of MZMs in such semiconductor devices would thus
have to incorporate signatures other than the zero bias peak. One must show that (i)
there is a state pinned to zero energy; (ii) this zero-energy state exists in a limited
parameter range of chemical potential and applied magnetic field; (iii) the onset
of a zero bias peak that indicates the existence of such a zero energy state must be
accompanied by a closing and re-opening of the bulk gap; (iv) the zero bias peak
must be observed at both ends of the nanowire. While these requirements have been
individually satisfied in various experiments, no one experiment has conclusively
demonstrated all these properties in a single device, to the best of our knowledge.

More recently, the Yazdani group at Princeton has experimentally realised [65] the
Kitaev chain in ferromagnetic iron (Fe) atomic chains deposited on a superconducting
lead (Pb) substrate, which also provides the necessary spin-orbit coupling, following
an earlier theoretical proposal [53]. Their approach, using scanning tunnelling
spectroscopy (STS), permits measurements of the LDOS across the entire Fe chain.
Their results, partially reproduced in Figure 2.11, clearly show zero bias peaks in
the STS spectra on each end of the chain that are resolved from the other subgap Yu-
Shiba-Rusinov states [66—-68]. Spatial and energy resolved maps of the LDOS clearly
show strongly localised zero-energy excitations at the ends of the chain. Subsequent
experiments [69—72] from the same and other groups have since reproduced and
improved upon these results, including measurements of the localisation length of
an MZM that agree remarkably well with expectations from theory. There is now
a consensus that the results of all these experiments, taken together, indicate that
MZMs have indeed been observed, although no one explanation seems to fit all
aspects of the data in any experiment.

The vortex-bound MZMs present in p, +ip, superconductors can also be de-
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FIGURE 2.11 — STS measurements by Nadj-Perge et al. [65] of the spatially resolved
LDOS across an Fe chain deposited on a superconducting Pb substrate. (B) and (C)
show the topography respectively of the upper and lower ends of the Fe chain. (A,
D, E) show STM spectra measured at the various locations on the Fe chain marked in
(B) and (C). There are zero bias peaks (in red in A, D, E) at the ends (locations 1 and
7) of the Fe chain, that are well resolved from the other subgap Yu-Shiba-Rusinov
states. (F) Spatial and energy resolved conductance maps near the end of another Fe
chain. Note the increased conductance at zero energy at the end of the chain, which
supports the existence of a localised MZM there.

tected by spectroscopy measurements. Experiments on Fu-Kane heterostructures
are extensively reviewed in Ref. [74]. We choose to highlight here the results of
two experiments that potentially bear relevance to the models discussed later in
this thesis. The first is a recent experiment by Machida et al. [73], which presents
spectroscopy data on hundreds of vortex cores in an Abrikosov vortex lattice in the
iron-based superconductor Fe(Se,Te), previously established (in both theory and
experiment) to host a topological p,+ip, state with hc/4e vortex-trapped MZMs on
its surface [55-57, 75, 76]. Their results, partially reproduced in Figure 2.12, show a

large fraction of zero bias peaks in the STS spectra of the vortex lattice that is heavily
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FIGURE 2.12 — (a-e) STM images of vortices by mapping the zero-energy conductance
on the surface p,+ip, state of the iron-based superconductor Fe(Se,Te) [73]. Images
are of the same field of view, for increasing magnetic fieldsof (a) 1 T, (b) 2 T, (¢) 3 T,
(d) 4 T, and (e) 6 T. (f-j): Fourier transformed images of (a-e). (k-0): Probabilities of
observing peaks at given energies in the STS spectra of all the vortices, in correspon-
dence with (a-e). Note that the fraction of observed zero bias peaks decreases with
increasing magnetic field.

suppressed with increasing magnetic field, which results in a denser vortex lattice. A
preliminary analysis of the data [77] indicates that this is explained by hybridisation
(tunnelling) of MZMs between vortices, in addition to disordered vortex distributions.
The importance of the experiment is in the fact that it is a step towards realising
a system of interacting Majorana fermions, where the interactions result from the
overlap of MZM wavefunctions from (at least) four vortex cores [78].

Experiments aimed at detecting chiral Majorana edge modes of p,+ip, supercon-
ductors have been relatively scarce, partly due to the difficulty in engineering the

heterostructures required to observe such a phenomenon, though concrete proposals
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FiGure 2.13 — STM experiment by Menard et al. [79] on a (a) Si(111)/Pb/Co
heterostruture (schematic shown), which realises a p, +ip, superconductor with
magnetic islands. (b-c) Topography of the sample, showing in-grown magnetic
clusters of Co-Si on the lead surface. (d) Conductance map at a subgap energy on
the area shown in (c), showing gapless states localised at the boundary between the
Co-Si disk and the superconductor. Everywhere else, a superconducting gap persists
(dark blue regions) with no low energy excitations.

for such experiments have existed for a while [50, 80-82]. However, we mention a
recent STM experiment by Menard et al. [79] that shows promising results. A het-
erostructure, combining the three essential ingredients required for spinless p,+ip,
superconductivity, is fabricated by growing a monolayer of superconducting lead on
top of the semiconductor Si(111), after which magnetic islands of Co-Si are grown
on the surface (see Figure 2.13a). As mentioned in the previous section, gapless and
chiral Majorana modes are expected to localise on the one-dimensional boundary
between these magnetic islands and the superconducting state. A conductance map

of the heterostructure at a subgap energy reveals gapless excitations localised at the
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boundary between a magnetic disk and the surrounding superconductor (see Figure

2.13d).

2.4 INTERACTIONS IN MAJORANA SYSTEMS

The experiment by Machida et al., discussed in the previous section, presents an
interesting avenue of research. Vortex-bound MZMs, when brought together, will
generally hybridise and form Majorana bands. If the vortex lattice is dense enough to
allow nearest neighbour MZM wavefunctions to overlap, the low energy physics at
energy scales below the superconducting gap is expected to be entirely dominated
by these Majorana degrees of freedom [78, 83]. The richness of strongly correlated
electron systems is motivation enough to realise and study interaction effects in
correlated Majorana systems. The vortex lattices of topological superconductors
present a natural setting to realise such interacting Majorana fermions. To describe
such systems, Majorana-Hubbard [84-89] and Majorana-Falicov-Kimball [go—92]
models on various lattice geometries have been proposed, with interaction effects
in some cases leading to rich phase diagrams and exotic effects such as emergent
supersymmetry at critical points. This work has been reviewed recently in Ref. [83].
We mention in particular the Majorana-Falicov-Kimball model of Ref. [92], which
models an itinerant band of Majorana fermions interacting with a species of localised
fermions, and admits an exact solution at finite temperature by means of the Z,
slave-spin technique [93]. The methods of Ref. [92] provide the motivation for the
exact solution of the Majorana-Anderson impurity models presented in the following
chapters of this thesis.

We also mention a few other settings in which correlations between Majorana
fermions become important, and lead to new physical effects. One is the avenue of
research motivated by transport experiments on superconducting Rashba nanowires,
exploring interacting Anderson-type impurity models involving small numbers of
MZMs on mesoscopic islands coupled to dissipative baths, some of which are pre-

dicted to exhibit exotic Kondo effects [9—12]. Another is motivated by the search for
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so-called Fibonacci anyons, whose braiding structure is richer and more suitable for
quantum computation than MZMs [5]. For example, Ref. [94] shows that Fibonacci
anyons emerge in a constructed model with interactions between chiral Majorana

fermions.
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CHAPTER

MAJORANA-ANDERSON IMPURITY MODELS

3.1 GENERAL STRUCTURE OF MODELS

Motivated by studies of interaction effects in Majorana fermion systems, we consider
Majorana-Anderson impurity (MAI) models described by a lattice Hamiltonian of the
form

H:HC+HA+thb: (31)

where H( describes an arbitrary host material or leads that couple to the quantum
dot. We assume that Hc is bilinear in fermion operators {c;, c;-r}, where j denotes the
set of all quantum numbers required for a description of the host. For example, c;,
with a € {L, R} and lattice-site index i could describe left (L) and right (R) leads that
couple to the quantum dot. The dot is modelled as an Anderson impurity' with

Hamiltonian

Hy = U(anT—l)(ani—1)+g(ndTwLndl—l)—g(TldT—”di); (3-2)

'The terms ‘quantum dot’ and ‘impurity’ are used interchangeably in this thesis, and are synony-
mous within the current scope of discussion.
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where 1y, = did, is the number operator for impurity fermions of spin o € {1, l}.
U describes on-site Coulomb repulsion, h is a Zeeman field, and € is a shift in the
chemical potentials of the impurity fermions. The hybridisation between the host

and impurity is described by
thb:—iZVj(cj—i-c}L)(dT+d;) (3.3)
j

which allows for the possibility of spatially extended hybridisation (strength V;).
This form of Majorana hybridisation arises naturally if the host material supports
localised Majorana zero modes (MZMs) in proximity to the quantum dot. As MZMs
arise in effectively spin-polarised superconductors, it is reasonable to expect that
only one impurity spin species will hybridise [95—-98]. In Ref. [96], Hoffmann et
al. consider a quantum dot hybridising with a superconducting Rashba nanowire
(Kitaev chain) and prove the existence of a fully spin-polarised tunnelling regime
such as that considered here by tuning the distance between the dot and an end MZM
hosted by the nanowire.

Note also that the number 74| of spin-down fermions commutes with the Hamilto-
nian and is thus conserved. The problem studied here can therefore be thought of as
a Majorana version of the X-ray edge problem [99, 100]. By contrast with the classic
Noziéres-De Dominicis solution of the original problem [100], which is restricted
to asymptotically low frequencies, here we find an exact solution for the impurity
spectral functions at all frequencies. As 1, is conserved, the Hilbert space of many-
body eigenstates of H breaks into two sectors labelled by the eigenvalues n;| =+1,
within which H is bilinear and so can be exactly diagonalised. However, this is a
weak notion of exact solvabilty. To calculate zero temperature properties, one must
know which of the two sectors contains the ground state, and this requires numerics
and becomes rapidly tedious as the number of impurities increases. Also, at any
finite temperature, the system is specified by a mixed state (density matrix) operator
that involves states from both sectors. Calculation of the temperature dependent

weights assigned to individual states in each sector is a very difficult problem which
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again requires numerics. By contrast, we obtain an exact solution to the MAI class of

models for arbitrary temperatures.

3.2 Zz SLAVE-SPIN REPRESENTATION

The key ingredient in constructing an exact solution of the MAI models introduced
in section 3.1 is a slave-spin technique [93, 101, 102] in the minimal Z, formulation
of Ruegg et al. [93, 102]. We review this method here in the context of our impurity
models, following Ref. [93]. The idea behind any slave-particle method is to represent
local degrees of freedom by auxiliary ones in an enlarged Hilbert space. The auxiliary
degrees of freedom are then subjected (enslaved) to constraints in order to account
for this enlargement of the Hilbert space and obtain a faithful representation of
the original problem. The Z, slave-spin method rests on the observation that an

interaction of the form
U(zndT—l)(2”d¢—1): (3.4)

has two distinct eigenvalues +U determined by the local fermion occupancy modulo
2 (or equivalently the local magnetic moment), which can be viewed as the two states
of a spin-1/2 degree of freedom. Building on this observation, let us introduce a

spin-1/2 (Pauli) operator u = (u*, p?, y*) such that

W) = £[5). (35)

Now, the interaction on the quantum dot has as its eigenstates the four d-fermion

Fock states and so the physical impurity Hilbert space is

Hg =span({[0)4,1T)4, 1), 1T)ah) - (3-6)

We wish to associate the states [0);,|Tl); with no local moment and [1),,|l); with
a moment to the eigenstates of y?, say |+) and |-) respectively. But to ensure that
the anti-commutation properties of fermions are preserved, we need to introduce

auxiliary fermions f; and construct a tensor product space Hgg from the two y*



CHAPTER 3. MAJORANA-ANDERSON IMPURITY MODELS 43

10)4 Mg ¥ T a

— 4+ 4+ H
to— ab jod tobe

0 9N, S, [Heltd),

original H :

physical subspace of Hgg :

FiGure 3.1 — [llustration of Z, slave-spin representation. Figure adapted from [93].

eigenstates |+) and the f-fermion Fock states {|O>f,|T)f,|l)f, |Tl>f}, that is define a

‘slave-spin Hilbert space’

Hss = span ({l+), [0 @ {10y, 10,101, 11L)f})-

Note that dim Hgg = 8, twice as large as the physical Hilbert space H,;. This means
Hss is endowed with a gauge structure — there are redundant or unphysical states
in Hgs. We will shortly see how to deal with this problem. The physical fermion

operators (d,) that act on H,; are then represented on Hgg as

d — D, (3.7)

We note that the anti-commutation relations of d((:) are preserved in this definition.
It is also consistent with our requirement that y* describe the local moment; the left
and right hand sides (LHS and RHS) of this definition both change the local moment
when acting on H; and Hgg respectively. It also provides a natural formulation of
the constraint required to eliminate the extra unphysical states in Hgg. The fact
that ny, — ny, and our requirement that y* describe the local d-fermion moment as

(2”dT - 1)(2nd¢ - 1) — p? also constrains the f-fermion moment as

(2157 —1)(2nf, - 1) =47, (3.8)

allowing the identification of the physical subspace of Hss (see Figure 3.1). States

in Hgg such as |+)®|T)f are therefore unphysical and one should ensure that these
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do not contribute to any physically observable quantities by enforcing the constraint
above.

In the literature, the relation d, — p* f; in the slave-spin representation is written
as an equality. Strictly speaking, this is not well defined — the operators on either side
of the relation act on different vector spaces that are not isomorphic (the dimension
of the slave-spin Hilbert space is larger than that of the physical space). What is
typically meant by the equality is the following — the slave-spin Hilbert space contains
a physical subspace that is isomorphic to the physical space of states (Figure 3.1). The
equality between d; and p* f, holds only when the domain of the latter is restricted
to this subspace, that is when the gauge constraint is strictly imposed.

The constraint equation also allows a simplified rewriting of the interaction term
in MAI models in terms of a single spin-1/2 operator. With a view towards the
exact solution to be presented later, we also rewrite the impurity chemical potential
and Zeeman terms in Eq. (3.2) [103]. To this end, note that the idempotency of the

number operators 7, implies

yz(Znﬂ - 1) = (4nﬁnfl —21/lfT —2nfl + 1)(21’1}% - 1)
1
=N (3-9)
Therefore, using the results in Egs. (3.7)-(3.9), we arrive at the slave-spin (SS) repre-

sentation of the MAI class of models [Egs. (3.1)-(3.3)], specified by the Hamiltonian

Hgs = Hc - ZiV]-(cj +c;-r)(fT+fT+)yx+ Uyz+%[e+h+(e—h)yz](nfi— %) (3.10)
j

3.3 MAJORANA REPRESENTATION OF SPIN

The next step towards an exact solution of the MAI class of models is to rewrite the
SS Hamiltonian entirely in terms of fermion operators. To this end, we define the

operators

F{“:ya<fT+fT+), a e {x,v,z}. (3.11)
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It is easily seen that the operators FT“ satisfy the Clifford algebra

{FT“,FTIJ]} =28%, (3.12)

and are thus Majorana fermion operators. Using the Pauli matrix identity,
ol =500 ey, (3-13)

the spin operators y“ may be expressed as Majorana fermion bilinears in terms of FT“

as

p'=—ilT;, @ =iy, =il (3.14)

Since a pair of Majorana operators form a complex fermion that has a Hilbert space
dimension of 2, one may formally assign a Hilbert space dimension of V2 to each
Majorana fermion [104]. The tensor product of the y spin space and (f; +fT+) Majorana
Hilbert space thus has a dimension of 2v2 = (V2)3, which is also the dimension of
the Hilbert space spanned by the three I\, which attests to the consistency of the
definition in Eq. (3.11).

Using Egs. (3.11) and (3.14), one may rewrite the SS Hamiltonian (Hgg) entirely
in terms of fermions as

Hgs=He— Y iVi(cj+cl)Tf —iUTTY + % [e+hi(e-WET! (nfl - %) (3.15)

]

For € = h, Hgg is bilinear in fermion operators and is thus exactly solvable. The
chemical potential € of the physical impurity fermions can be tuned via applied gate
potentials on the quantum dot, and & can be controlled using an applied magnetic
field. We thus expect this exactly solvable limit to be realisable in an experimental
situation. Henceforth, this exactly solvable limit will be assumed unless specified

otherwise.

3.4 FATE OF THE GAUGE CONSTRAINT

Although we have arrived at an exactly solvable representation of the original physical

model, the redundant states in the enlarged Hilbert space Hgg introduced by the SS
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representation necessitates the application of a gauge constraint in calculating all
physical quantities, in order to ensure that unphysical states do not contribute. In
practice, this is done by including in all expectation values a projector that projects
out these unphysical states. To construct such a projector, note that the gauge

constraint in Eq. (3.8) can be rewritten as

2
yZ:Z(nfT+nf¢—1) -1=(-1)" (3.16)

where we have used the fact that n}%g =ng, in arriving at the first equality, and
ng=nsp+ny is the total f-fermion number. Multiplying both sides of the equation

by y* and re-arranging terms, we obtain a natural definition for the projector,

P= o[+ (1)), (3.17)

As required, P=1 when acting on physical states that satisfy the gauge constraint and
P=0 on unphysical states. The physical partition function is therefore expressed in
the SS representation as

Z =tre PH = tre PHssp, (3.18)

We now show that the partition function for MAI models can actually be computed
directly in the SS representation without the necessity of the projector, even away
from the exactly solvable point € = h. The proof is similar to those constructed
for other such constraint-free models studied using the Z, slave-spin method [92,
103, 105, 106]. Defining a local particle-hole transformation D; that acts only on
dy-fermions as

Dy Dy = dj, (3-19)

let us consider the transformation of the physical Hamiltonian in Egs. (3.1)-(3.3)
under Dj. Clearly, the host Hamiltonian H¢ and the hybridisation Hy,yy, are invariant.

However,

1 1 €

_ h
DiHy(U, e h)Dy" = ‘4U(”dT i} 5)(”‘” B E)‘ 3 (nar=nay)+ 3 (nar +nar -1

= Hu(-U, h,e), (3.20)
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where we have used the relation Dyn77D; ! =1-ny; to obtain the first equality. How-
ever, since the physical partition function is invariant under similarity transforma-

tions of the Hamiltonian, we have
Z(U,e,h)=2Z(-U,h,e), (3.21)

where the dependence on other parameters (such as the hybridisation V) has been
suppressed as they are unaffected by Dj.
Now, the action of D; in the SS representation (on Hgg) is represented by u*, and

SO

W Hss(U,e,h)u* = Hgs(=U, h,e), (3.22)

as is obvious from Eq. (3.10). Exploiting this property in the calculation of the

partition function, we obtain

Z(-U,eh) =tr ‘uxe_ﬁHss(U,h,e)’ux]P),

= tre PHss Py, (3-23)

where the cyclicity of the trace has been used in the second step. To simplify further,

we observe from (3.17) that y*Pu*=1-P, and thus

Z(=U,h,e) = tre PHssUeh) (1 _p)

= tre PHssUeh) _ 7(U e, h). (3.24)

Now using Eq. (3.21), we obtain

1 1
Z(U, e h) = Stre PHssel) = ~745(U, e, h), (3-25)
with no projector in sight, thus proving that the physical partition function can be
computed directly in the SS representation (with Hgg) without applying the gauge
constraint.
It is natural to ask now if the projector can also be disposed of in calculating

correlation functions. Let G be a correlation function of M operators Oy, ..., Oy
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;ﬂ,déﬂ}. Considering a given

imaginary-time ordering of the operators {O;}, we have

constructed out of the physical fermion operators {c

M
1
G ={(0O(1q)...0(1p)) = Ztre_ﬁH e 0;e il (3.26)
i=1
Inserting two identity operators inside the trace as DTD%I and then using the cyclicity

of the trace,
M

tr DT—IDT e—ﬁH(U,e,h)DT—lpT l_[ eTiH(U,e,h)Oi o~ TiH(U.eh)
i=1

G(U,e,h) = m

M
I_[ eriH(U,e,h)Oie—riH(U,e,h)
i=1

where in the last step, the results DyH(U, e,h)D{1 = H(-U,h,e) and Z(U,¢,h) =

- L gepHcumap,

-1
T Z(U,he) by (327)

Z(-U,h,e) have been used. Again inserting multiple identities DTDT_l inside the

product,

M

_ —-BH(-U,he) 7, H(-U,h,€) -1 ,-1,H(-U,h,e)
G(U,¢e,h) = —Z(—U,h,e) tre [!:[e D1O;D; e . (3.28)

If we now make the assumption that Vi, [Oi:DT] =0, then it follows that G(U, €, h)=

G(-U, h,€). In the SS representation, the same correlation function G is expressed as

M
2
G = (Z_Ss)tr e PHss [l | eTiHss Ogss)e—Tsts
i=1

Since the action of D; is implemented by p* in the SS representation, inserting the

P. (3-29)

identity p*p* and repeating the steps in Egs. (3.27)-(3.28), making use of the results
G(U,e,h)=G(-U,h,e) and p*Pu*=1-P, yields

M
2
G(U,e,h)=Z_Sstre—ﬁHssw,e,h) l_[erz-Hssw,e,h)ﬂxOf,SS>Mxe—ans<U,e,h> (1-P). (3.30)
i=1

The operators {O:-SS)} are the SS representations of {O;}, and so are constructed from

¢;, slave-fermions d,;, and slave-spin p* operators. This implies that ‘uXOf.SS)yx = Ogss)

for all i, from which it immediately follows that

M

1

G= Z—Sstre_ﬁHSS [l_[ etiflss Ogss)e_TiHssl. (3.31)
i=1
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Therefore, correlation functions of operators O; that are invariant under the particle-
hole transformation Dy can be calculated in the SS representation without constraint.
For example, this includes any operator function of d| and Cj- Correlation functions
involving dy cannot typically be calculated without constraint.

However, it turns out to be possible to exactly implement the constraint in any
correlation function in the MAI class of models. This rests on the observation that

the projector P in Eq. (3.17), expressed equivalently as

IP’:%[1+(2nﬁ—1)(2nﬁ—1)y‘z], (3.32)

admits a representation entirely in terms of fermions. Using the Majorana operators

It :yz(fT+fT+) and V}T =—i(f; —fTJr) to write 2ngy—1 :iyzfzy}T, we obtain

P= %[1 +il2yp2ff - 1), (3-33)

which only involves fermion operators in terms of which the SS Hamiltonian is
quadratic. As seen above, a (time-ordered) correlation function G’ of a physical
operator O that does not commute with Dy must be calculated in the SS representation

with the projector,

G’ = 2(T;Og5(11)Os5(12)P)gg

= (T, Oss(11)Oss(12) [1 +iT*(0)y 1 (0) {2 (0) £1(0) - 1}]) (3-34)

SS

As the expectation value on the RHS is taken with respect to the quadratic Hgg (at
the exactly solvable point € =), the RHS can be Wick contracted into a product of
one-particle Green functions of free fermions that can be evaluated exactly. Since the
gauge constraint can be explicitly implemented in this way, all correlation functions

can be calculated exactly for the MAI class of models.

3.5 EXTENSIONS OF THE MAI CLASS OF MODELS

In this section, we briefly comment on two immediate extensions of the MAI class of

models that are possible while retaining exact solvability. The first is a generalisation
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of the hybridisation term in Eq. 3.3. While applications to spin-polarised topological
superconductors naturally justify a spin-selective choice of hybridisation [95-98], it
is possible to generalise the latter in MAI models such that impurity fermions of both
spins hybridise equally with the host fermions and retain exact solvability. To this
end, consider a general hybridisation of the form

Hiyy =1 Y ~Lley+ i, + ), (335
jo
where the index j denotes a complete set of quantum numbers required to describe
the host fermions. Now, the operator (dﬁd%r +d l+dI)/ V2 is Hermitian, squares to one,

and so can be thought of as a Majorana operator. In the SS representation,
, . V] 1 Ty, x
Hyyp — 1 Z%(Cj +¢i)(fo + fo )1
jo

If we now carry out similar transformations as done in sections 3.2 and 3.3, with
I‘T“ replaced by new Majorana operators x* =Y , u®(d,+d} )/V2, where a €{x, Y, 2z} as
before, and )(4 = (dT"'d%r_dl_dI)/\/Z we find that the resulting slave-spin Hamiltonian
is bilinear in fermions for e =h=0. The definition of the x* fermion is again required
in order for the slave-spin Hilbert space to be of dimension equal to eight and thus
be a faithful representation of the original problem. Therefore, generalising the
hybridisation in the MAI class of models comes at the cost of setting the impurity
chemical potential and Zeeman terms to zero.

Another extension is to consider periodic Majorana-Anderson models, which can
be thought of as a Majorana version of the periodic Anderson model [107]. This model
describes a lattice of Anderson impurities hybridising with the itinerant fermions
of some host Hamiltonian, and is obtained simply by adding a site index to all the

impurity fermion operators in the MAI Hamiltonian —

Hppia = He —i Zvj(cj +ch)(djp +dfy)

]
(d) (d) € ( (@ . (@ hi( @ ()
+ZUj(2an —1)(211].l _1)+?(an +1; _1)_?(an —1 ), (3.36)
]
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where n d;rgdja The exact solution of this model for €;=h; is obtained following
the same methods as for the MAI model in sections 3.2 and 3.3. The bilinear SS
representation of Hpys, is simply that of the MAI model in Eq. (3.15) with lattice
indices for all the slave-fermions.

In the case of periodic Majorana-Anderson models, since the impurity Hilbert
space is enlarged on every site, there is correspondingly a local gauge constraint to im-
plement on every site. A proof that this constraint can be disposed of in calculations of
the partition and most correlation functions in the SS representation follows along the
same vein as the one given for MAI models in section 3.4. We briefly sketch the proof
for the partition function, for the sake of completeness. Considering an on-site par-
tial particle-hole transformation D;; that acts only on d;; as D]-Td]-TD]TTl = dJ.rT, we find
Dj1Hpma(Uj, e],h])D].‘Tl =Hppma(-Uj, hj,€j) and so Zppa(Uj, €j,hj) = Zppa(=Uj, hj €).
In the SS representation, Dj; is implemented by ;4}‘ and so

(55)
Zpyma(Uy, €1,hy, Uy, ) = tr pfe PPpualUneriu V) yip,y I_[ P,

>1
(5S)
=tr e—ﬁHpMA(U1,€1,h1;U2,-~)(1 _Pl)l_I]P)
])
>1
= %tre_ﬁHl(’sl\;l‘(Ul’el’hl’Uz"") I_[IP]'; (3-37)

1
where the projector PP; is the same as that for the MAI model [Eq. (3.17)], but with
site indices for all slave-spin and slave-fermion operators. Repeating this for every
site je{1,..., N} immediately gives Zpy4 = ZPMA/2N which implies that the physical
partition function can be calculated in the SS representation without constraint. A
similar proof holds for correlation functions of operators that commute with Dj for
every j. However, there is one important difference in this regard between the periodic
Majorana-Anderson and MAI class of models. In the latter, since the projector P
could be explicitly implemented (see section 3.4), all correlation functions could be
exactly calculated. In the case of periodic Majorana-Anderson models, correlation
functions in the SS representation will involve an infinite string of projectors as in Eq.

(3-37), also similar to the Majorana-Falicov-Kimball model [92]. Although P; admits
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a representation in terms of the slave-fermions that appear in the bilinear ng\izq'

Wick contraction of the infinite string of projectors inside correlation functions will
result in an infinite product of slave-fermion Green functions which likely cannot be
computed practically. Therefore, at least in the thermodynamic limit, one is restricted

to computation of correlation functions of operators that commute with all the Dj;.
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CHAPTER

KiTAEV MAJORANA-ANDERSON IMPURITY MODEL

As a first application and concrete demonstration of our results in chapter 3, we
consider the case of a quantum dot hybridising with the end mode of a semi-infinite
Kitaev chain, motivated by a recent experiment on such a hybrid system [13]. The

geometry of the setup is shown schematically in Figure 4.1. The Hamiltonian,
Hyg = Z[—tcjciﬂ + Acjci1 + h.c.] - chci, (4.1)
i=1 i=1

describes a semi-infinite Kitaev chain with hopping integral ¢, p-wave pairing po-
tential A, and chemical potential y. As discussed in section 2.1.1 the Kitaev chain

supports two phases - a topologically trivial phase for | ,u| >2t characterised by strong

pairing of on-site Majorana modes y; = c,-+c:r and y/ = —i(ci—c;r), and a topological
phase for |[/l| <2t that is characterised by strong pairing of nearest neighbour modes
y; and y;,;. The latter phase supports Majorana zero modes (MZMs) y; and yy
(N — o0 in a semi-infinite chain) that are exponentially localised at the left and right
ends.

The quantum dot is modelled as an Anderson impurity, coupled to the Majorana
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FIGURE 4.1 — Geometry of the setup described by the KMAI model.

end mode y; of the Kitaev chain. The resulting system is described by a Hamiltonian,
H =Hg —iVy1dy+iVdiy, + Hy, (4.2)

where H, is the Hamiltonian describing the Anderson impurity, given by Eq. (3.2).
This model is hereafter referred to as the KMAI (Kitaev-Majorana-Anderson impurity)
model. The SS representation of the KMAI model is obtained by simply substituting
Hc=Hg and V;=V¢;; in Eq. (3.15) to get

Hgs = Hg —iV(cy +¢))If = iU +e(ng —1/2), (4.3)

where we have specialised to the exactly solvable limit € = h.

4.1 CALCULATIONS OF CORRELATION FUNCTIONS

4.1.1  Slave-fermion Green functions

All physical GFs can be expressed in terms of the GFs of slave-fermion operators

(T3, I, T8 £, Vi =-ilfi- f7)}, which we denote by
Gt -) = ~(TIM)If (1)),  aelxy,2) (4-4)
g)/}T(Tl —Ty) = _<TT7/}T(T1)7/}T(T2)>’ (4.5)

Gri(t1 —12) :—<Trfi(T1)ff(T2)>- (4.6)
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The calculation of these slave-fermion GFs is the subject of this subsection. The
one-particle GFs of FTZ, Y}T’ and f| are trivial to calculate using the equation of motion
method [108] - the f| are decoupled from the other fermions and have an energy e,
and FTZ, V}T are zero energy Majorana modes that do not appear in Hgg [see Eq. (4.3)].

For example,

G (1) = (T (0)T7(0)),
= =0(0) (I (O (0)) + O(-) (TF (O (-1)), (4.7)

where 6(7) is the Heaviside step function. Taking derivatives with respect to 7, and

using FTZ(T) :exp(THSS)I“TZ exp(—tHgg), we obtain
= 0:G5 (1) = S(OIF I+ (T Hss T () [T5(0). (4.8)

Since FTZ does not appear in the Hamiltonian, the two operators commute. Using

the fact that {I‘T“,I‘Tﬂ} —26%8, and Fourier transforming to the Matsubara frequency

representation, we obtain

. 2
G (iky) = - (4.9)

where ik, are fermionic Matsubara frequencies. The Matsubara GFs of V}T and f| can

be similarly calculated, with the results

) 2

gy}T(lkn) = T (4.10)
) 1

Grilik,) = ra— (4.11)

The calculations of the GFs of I“Tx and I“Ty are nontrivial and necessitate the use
of boundary Green function methods [109, 110], to which we turn next. For this
purpose, it turns out to be convenient to express Hgg entirely in terms of complex

fermions. Defining new complex fermion operators,

1 , 1 .
n= E(rTy + er"), nt= E(rTy - zFTX), (4.12)
Hsg in Eq. (4.3) can be expressed, apart from trivial additive constants which do not

affect correlation functions, as

Hgs = Hg — V(cJ{n +cin+hc)+ U(217+17 —1)+e(ng —1/2). (4.13)
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Later, we will show that the GFs of the Majorana fermions {FTX, FTy } can be calculated
from the Nambu GF of the spinor (7 17+)T. Eq. (4.13) can be rewritten in Bogoliubov-

de-Gennes (BdG) form with Nambu spinor

V¥ = (fl ff N 17+ Cq C-{ Co C; )T

and semi-infinite BAG matrix hgg as

& 0 0 0 |0 0 0
0 ¢ 0O 0 |0 0 0
0o 0 20 0 |-V =V 0
1.+ 0 0 0O =20} v V 0
Hss = 5WhssW,  hss = (4.14)
0 0 -V V |-y 0 -t -A
0 0 -V V[0 u A t
0 0 0 0 |-t A —u 0
-A t 0
Defining the matrices
—t -A -V -V
T = , C= , (4.15)
At v Vv
the BAG matrix can be written in block tridiagonal form as
€o? 0 0 0 0
0 2U¢*| C 0 0
Hy | ] 0
0 Ct |-uo?| T 0 .
hss = =| J" | Hs | Tsp | (4.16)
0 0 TV | -po®* T
0 | Tdy | Hp
0 0 0 Tt —po® T
o T

where the new symbols defined in the matrix on the far right are to be identified with
the corresponding partitions of the matrix in the middle, and {0*, 0¥, 0%} are Pauli
matrices in Nambu space. Physically, Hy describes the impurity, Hg the boundary

site of the Kitaev chain, Hg the bulk of the Kitaev chain, ] the coupling between
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the boundary and impurity, and Tsp the coupling between the boundary and bulk.
Partitioning the resolvent matrix G = (z—hgs)™! in correspondence with the partitions

of hgg, we write'

Gy Gyus Ggp
G=| Gsa Gs Ggp |- (4.17)
Gpa Gps Ggp

The identity (z — hgs)G = 1 leads to a set of nine simultaneous equations for the

submatrices of G that include

(z—Ha)Ga—JGsa =1,
~TdyGsa+ (2= Hp)Gpa = 0,

~]"G A +(2—Hs)Gsa— TspGpa = 0, (4.18)
from which we obtain for the impurity part of the resolvent,

) ~ -1
G, :z—HA—][Z—HS—TSB(Z—HB) 1T;B] Jt

=z-Hy—Jgs(2)]". (4.19)

Since Hg describes the boundary site of the Kitaev chain, an interpretation of Tgp(z —
Hp)™! TSJFB as the self-energy due to coupling the boundary site to the bulk leads to
the identification of the term in square brackets in the first line as the left boundary
(Nambu) GF of the Kitaev chain (without an impurity), which we denote as gg(z) in
the second line.> The expression for Ggl itself can be interpreted similarly, with
the third term being the self-energy due to coupling (/) the impurity (Hy) to the
boundary of the Kitaev chain. An explicit expression for gs(z) can be calculated
following the method outlined in Ref. [112]. The strategy is as follows - we first

calculate the bulk GF of an infinite Kitaev chain and then obtain the boundary GF

'z € Cis a general complex-valued frequency. Evaluation of the resolvent G(z) on the imaginary
axis z = ik, yields the frequency representation of the corresponding Matsubara GF whereas the substi-
tutions z = w £ iy, with w € R and 7 a positive infinitesimal, yield the (real) frequency representation

of the retarded and advanced GFs respectively [111].

>In other words, gg is the real-space Nambu GF of the spinor (c; c{)T, where c(lﬂ annihilates

(creates) a fermion at the boundary site j = 1.
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from the Dyson equation that results when the chain is effectively cut in half by an
infinite local potential. Since the calculation is somewhat tedious and lies outside the
current line of development, it has been relegated to Appendix A. Substitution of Hy

and J from Eq. (4.16) into Eq. (4.19) yields

q z—€po? 0
Ga = _y2[y2 g x (4-20)
0 z-2Uo?-V [Z’M/:lgS (z)](l—a )

The sum of all matrix elements of the Nambu GF gg(z) is simply the frequency
representation of the boundary Majorana GF g, (t)=—(T;y(t)y1(0)), where y; =
1 +c’1L. The inverse of the first diagonal block of G4 is clearly the Nambu GF of
(fi ff)T and is consistent with Eq. (4.9), while the inverse of the second block is that
of (1 #")T which we denote as G, and is given by

1 z+2U - Vzgyl(z) —Vzgyl(z)

G (2) = - (4.21)
1 Z2 - 4U2 - 2V22g7/1 (Z) _Vzg)ﬁ (Z) z-2U - V2g7/1 (Z)

The GFs of the Majorana fermions I‘Tx and I“Ty can be computed from G,, as nt =
(FTyiil"T")/Z For example, the Matsubara GF of FTy =n+ntis

G (1) == (Teln(0) + 7 (010 + 7' (0)]) = ) G (),

2z-4V?%g, (z)
vy _ 71
— QT (2) = ap7o 2V2gy1(2)' (4.22)

Similarly,

2
GE (1) = (=) (Teln(t) = n (@O0 -1 (O]) = ) (1) G} (x)
uwv=1
2z
22 -4U?-2V2zg, (2)

= G{'(2) = (4.23)

Mixed GFs such as Q?y(z) can also be calculated from appropriate linear combinations

of the matrix elements Gf;v(z) in Eq. (4.21).
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4.1.2  Impurity Green functions

Recall from section 3.4 that correlation functions of physical operators that commute
with the local particle-hole transformation Dy can be calculated in the SS represen-
tation without constraint. The one-particle Green function (GF) of the impurity
d|-fermion is an example. The corresponding Matsubara function is expressed in the

SS representation using Egs. (3.7) and (3.31) as

Gay = —<Tzﬂ"(r)f¢(T)ﬂ’“(o)ff(o))

= —(T.IY (O] (O)TF()TE(0) £ () £1(0)) o o (4.24)

where the Pauli matrices ¥, y¥ have been expressed in terms of Majorana fermions
(I') using Eq. (3.14). Since the expectation value on the RHS is with respect to the

thermal ensemble defined by the quadratic Hgg, one may Wick contract the RHS into

Ga(7) = ~(T.TY (1)1 (0)) (T TF(OTF(0)) (T AL () (0)
= G (0GF(1)Gry (7). (4.25)

The GFs on the RHS are those of slave-fermions and therefore strictly defined only
with respect to the slave-spin Hamiltonian Hgg, whereas the LHS is a physical GF
defined with respect to H. It is to be understood from context whether a GF is physical
or defined only in the SS representation. Working in the Matsubara frequency

representation, we obtain

Gay(iky) ZZ‘JW ipa)GE(i9,)G7 1 (1K — iy — i4,), (4.26)

ipy iqy

which is diagrammatically represented in Figure 4.2. f=T"! is the inverse tem-
perature and ip,,iq,, ik, are fermionic Matsubara frequencies. Therefore, the d-
fermion in the SS representation corresponds to f| dressed by a two-particle bubble
of the spin-up Majorana fermions FTy and FTZ, similar to the localised fermions in the
Majorana-Falicov-Kimball model [92]. However, in contrast to usual diagrammatic

perturbation theory, the bubble diagram in Figure 4.2 gives the exact, fully resummed
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FIGURE 4.2 — Diagrammatic representation of the physical d| impurity propagator
in terms of slave-fermion propagators. Matsubara frequencies are omitted for
simplicity.

propagator of the physical d|-fermion. The fact that the physical impurity GF is a
convolution product of free slave-fermion GFs gives rise to temperature dependence
in the physical spectral function, as will be seen below. This emphasises that the
physical impurity degrees of freedom are interacting, even though the slave-fermions
are not. The slave-fermion GFs appearing in the RHS of Eq. (4.26) were calculated

explicitly in section 4.1.1. Substituting the results for G* and Gy |,

o1 V9 i 2 !
gdi(lkn) - /32 ZZQT (lpn)lqn lkn _lpn_lqn _6;

ip, iqy
_ l VY, . 27’11:‘(6) -1

where the Matsubara sum over igq,, has been performed in the second line and np(x) =
[exp(x/T)+1]7! is the Fermi function at a temperature T. Note that if e =0 (when
the physical Hamiltonian H enjoys full particle-hole symmetry), the sum over iq,
gives Bog, , /2 and so gslj(ikn) :g%)y(ikn)/& where the superscript ph denotes the GF
in the particle-hole symmetric limit. Denoting the corresponding spectral function

as AP"(w) = —2Im Qph(ikn — w+1i1n); and introducing the spectral representation of
dl dl Ul ) p p
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this GF, we obtain

) _ * dw’ ph, 2 1 2711:(6)_1
gdl(lkn) = J:OO o Adl((u )/3 ZZ‘ lpn —w lkn — lpn —e’

n

00 ’ Aph(a)')
:J‘_ do’ A4 . 2[2np(w') - np(e) — 1] [2np(e) - 1], (4.28)

w 27 ik, —€e—w
where ng(x)=[exp(x/T) - 1]"! is the Bose function at a temperature T. Although the
integral cannot be computed in closed form, the spectral function can be obtained
upon analytic continuation ik, — w+i# to real frequencies using the distribution
identity (x —xg +i1)~L =P(//x-x,) — i1t5(x — x¢),where P denotes the Cauchy principal
value, with the result

Agy(@,T) = 2[1-2np(e)]{np(e)np(w - €) +[np(e) + 1][1 - np(w - 6)]}Aslf(w —€),
(4.29)
where
w+in— 2V2gy1 (w)

AP!
(w+in)?—4U%2-2V?(w + iq)gyl(a))'

dl

(@) = -ImG¥ (w) = —2Im (4.30)

is the temperature independent spectral function in the particle-hole symmetric limit
€=0. A discussion of the various features of A, is relegated to section 4.2.
Recall from section 3.4 that the one-particle GF for the hybridising d; impurity

fermion must be calculated in the SS representation with constraint,
_ t
Gar(r1 = 12) = ~(Tedy (1))l (1)),
= (T (m) fr(m)p () £ () P) o (4.31)

To express the operators inside the expectation value in terms of the slave-fermions
that define Hgg, we may use p* = —il’TyI‘TZ [see Eq. (3.14)], the fermion representation

of Pin Eq. (3.33), and

—FXI“T}}I‘TZiy}T). (4.32)
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Substituting these into Eq. (4.31), some tedious but straightforward algebraic simpli-

fication and Wick contraction gives
1

Gar(t1 —15) = Z[Q?X(Tl —T)+ Q?(Tl - Tz)g%Z(Tl - T2)g;/f’,T(Tl —172)

+2iG71(0)6y (11 ~ )G (12) Gy, (12)

+ Zigfi(o)g?(ﬁ - Tz)gf(Tl)gy}T(Tl)

-iG (1 - 0)GF(7)Gy,,

G (11 - )GF(11)Gy, (1)) (4-33)

(72)

Note that the exact dy-fermion GF is not represented by a single two-bubble diagram
of slave-fermion propagators, but is a finite series of diagrams. This is unlike the
d|-fermion GF shown in Figure 4.2. A laborious Fourier transform to the Matsubara
frequency representation, substitution of the relevant slave-fermion GFs from section
4.1.1, and tortuous algebra including Matsubara sums yields the simple result

ik, — V2gy1(ikn) +2U [2np(e)—1]
(ik,)? —4U? - 2ik,V?2g,, (ik,) '

Gar(ik,) = (4-34)

4.1.3  Local Green functions of the host material

The host c¢;-fermion operators that appear in the slave-spin Hamiltonian Hgg are
the same as the physical ¢;-fermions, as only the impurity fermion Hilbert space is
enlarged in the slave-spin method. The local GFs of the c;-fermions can be calculated
in the same boundary GF framework presented in section 4.1.1, by repartitioning
and considering appropriate blocks of the BdG and resolvent matrices in Eqgs. (4.16)
and (4.17). Let us first calculate the boundary Nambu GF, that is of (c; ¢!)T, in the
KMAI model. This corresponds to the Gg block in the resolvent matrix in Eq. (4.17).

The identity (z — hgs)G =1 yields the following simultaneous equations for Gg,
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(z—Hu)Gys —JGs =0,
~J'G s+ (z— Hs)Gs — TspGps = 1,

~Td3Gs + (z— Hp)Gps = 0, (4.35)
from which we obtain

Ggl =z—-Hg - TSB(Z—HB)_l TS-I-B _]+(Z_HA)_1]’
=g5'(2)-J"(z=Ha)J,
2V?%z

— a7 (1+0%), (4.36)

=gs'(2) -
where gg(z) is the left boundary Nambu GF of the Kitaev chain in the absence of
an impurity, as defined earlier in Eq. (4.19) and calculated in Appendix A. The
second term in the second and third lines of Eq. (4.36) is thus the self-energy due to
hybridisation with an interacting Anderson impurity. For convenience, we relabel
Gs(z) = G (j = 1;2), where j is a lattice site index and the subscript ¢ denotes that it
is a c-fermion GF. The interior, local GFs for j>1 can be calculated using the Dyson
equation,

G.'(j>1;2)=g5'(2) - TTpj1(i = j-1;2)T, (4.37)
where T is a coupling matrix defined earlier in Eqgs. (4.15)-(4.16) and p;_;(i=j-1;2)
is the right boundary Nambu GF of a finite (j —1)-site (subscript) Kitaev chain coupled
to an Anderson impurity at the left boundary (i = j—1). This is a finite KMAI system
with a finite slave-spin BdG Hamiltonian h(sjs_ " that is obtained simply by truncating
hss in Eq. (4.16) appropriately, at the (j—1)-th po® block. p;_; (i =j—1;z) itself can be

calculated from the Dyson equation,
. ot . -1
pjaili = j-1;2) = [z+4 po™ = T'p; (i = j-2;2)T] ",
. -1
=771 [(z+ ,uch)T_1 - T+pj_2(z = ]—2;2)] ) (4.38)

The RHS of this equation is a matrix Mobius transformation [109] of p;_»(i = j-2;2).

Given a 2M x2M matrix A = (ec‘ 3), where a,b,c,d are M x M matrices, the matrix
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Mobius transformation of another MxM matrix x by A is defined as Aex=(ax+b)(cx+

d)_l. Therefore, we have

o 0 T-! o
pj-1li=j-1;2)= °p; (i =j-22),
—Tt (z+po?) T-1
j—2
0 T-!
= ®p1(2), (4.39)

~TY (z+puo?) T!
where p;(z) is the GF of a single site coupled to an Anderson impurity, and so given

by

p1(2) = [z+ po* =T z-HA) V|,
2V

-1
a7 (1 +a")l . (4.40)

= lz+yaz—

The local density of states (LDOS) on a general site j can be calculated from the

corresponding local GF as —Imtr G.(j;z).

4.2 IMPURITY SPECTRAL FUNCTIONS

We now turn to a discussion of the various features of the impurity spectral functions
Ays(w, T) in the KMAI model, beginning with a study of their temperature depen-
dence. We reproduce from section 4.1.1 the relevant results - the d|-fermion spectral

function is

Aqi@,T) = 2[1 = 2np(e)} {np(€)np(w—€)+[np(e) + 1][1 - np(w =€)} Af (w—e),
(4.41)
where the temperature independent spectral function at the particle-hole symmetric
point € =0 is

W+ — 2V2gyl(a))

Aph =-21 '
) = I AU 2V 2w+ in)g,, (@)

(4.42)

The first term in Eq. (4.41) corresponds to the absorption of a spin-up bosonic two-

particle fluctuation of energy € by a spin-down fermion of energy w — €, while the
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FIGURE 4.3 — Spectral functions of (a) localised d| and (b) hybridising dq-fermions
for various temperatures T, shown in the topological phase. In all plots, y=0.2t, A=
0.5t, V=0.4t, U=0.8t,e€=0.1t are fixed. T=0.02¢t (green), T =0.03¢ (blue), T =0.5¢
(red) .
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FIGURE 4.4 — Spectral functions of (a) localised 4| and (b) hybridising d-fermions
for various temperatures T, shown in the topological phase. In all plots, y=0.2¢, A=
0.5t, V=0.4t, U=0.8t, e =—0.1t are fixed. T =0.02¢ (green), T =0.03¢ (blue), T =0.5¢
(red). Note that € <0 and the spectral asymmetry is reversed here in comparison to
the plots in Figure 4.3.
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second term describes the emission, stimulated or spontaneous, of such a two-particle

fluctuation by a fermion of energy w. Turning now to the hybridising dy-fermion, its

spectral function is given by

w+1in — Vzgyl(a))+ 2U [2np(e)—1]

A ’T :—2I . ] ‘
ar(@,T) m(a)+117)2—4U2—2(w+1’7)V2g71(“))

(4.43)

It is easy to see that the deviation € from particle-hole symmetry sets the scale for

the interaction-induced temperature dependence of both spectral functions. Low

temperature and € > 0 accentuate the spectral asymmetry in A;| (or Ayq) about
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w =€ (or w=0), shifting spectral weight towards excitations with energy w> e (or
w < 0). It can be seen from Eq. (4.41) that, in the limit T > ¢, the temperature-
dependent prefactors of AZﬁ(w) tend to unity, and particle-hole symmetry is restored
(see Figure 4.3a). Similarly, the temperature-dependent factor 2U[2ng(e) — 1] in
Eq. (4.43) tends to zero for T > € and particle-hole symmetry is also restored to
Agz in this limit (see Figure 4.3b). This behaviour with respect to temperature can
be intuitively understood in the atomic limit (V = 0) of an isolated impurity. In
this limit, the GFs of the impurity fermions can be calculated exactly, as the exact
eigenstates and eigenvalues of H, in Eq. (3.2) are known - these are the Fock states
10)4,1T>4, 114,111 ) 4} [see Eq. (3.6)] with respective eigenvalues {U—-€/2,-U—-€/2,-U+
€/2,U +€/2} in the exactly solvable limit € =h. Using the Lehmann representation
of the spectral function3, it is easy to show that the spectral functions in the atomic

limit (superscript at) are

Agi(w, T)= <ndT>2n6(w —e-2U)+ <1 - ndT>2n5(w —e+2U), (4.44)

A% (@0, T) = (nq)) 218(w = 2U) + (1 = ng) ) 278(w + 2U), (4.45)

where (1,4, ) is the mean occupation of impurity spin o €{T, l}. The two infinitely sharp
peaks in A;| at the energies w, =€+2U correspond to localised charge excitations
(ITY—|Tl) and |0) — || ) respectively) that can occur from injecting a d|-fermion on
the quantum dot. The spectral weight (probability) for w, (|T) —|Tl)) is greater
as it is proportional to the d;-fermion occupancy <”T>' which is favoured over d|-
fermion occupancy for € >0 since the latter has a chemical potential of e-2U while
the former has one of —2U. Flipping the sign of € reverses this asymmetry, for d -

fermion occupancy is then favoured (see Figure 4.4) — the spectral weight of w_<0

3This is just the spectral function in the basis specified by the exact eigenstates of the Hamiltonian,
and is given by [108]

Ao, T) = 27“ Z( <m|d;|n>|2 (e—ﬁEm + e—ﬂEn)(s (w—E,,+E,),
mn

where f=T"! and the states summed over are the exact many-body eigenstates of the Hamiltonian
under consideration. There are sharp peaks (delta functions) at the exact excitation energies of the
system.
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FIGURE 4.5 — Spectral functions of (a) localised d| and (b) hybridising dy-fermions
for various interaction strengths U, shown in the topological phase. In all plots,
p=0.2t, A=0.5t, V=0.4t,e =0.1¢t, T = 0.05¢ are fixed. U =0.05¢ (green), U = 0.8¢
(blue), U=1.2t (red).

is then greater than that of w,. The temperature dependence of A;; can be similarly
explained. This behaviour with temperature carries over when the hybridisation V is
finite, which is the case in Figures 4.3-4.4. Of course, then the eigenstates of H, are
not the true stationary states of the system, and the charge excitations with energies
w, acquire a finite lifetime, which is reflected as a broadening of the sharp spectral
peaks at those energies that were present in the atomic limit.

In the topological phase of the KMAI model, when the hybridisation (V) and
interaction (U) are both non-zero, both impurity GFs have three poles which manifest
as quasiparticle peaks in their spectral functions (Figure 4.5). The two side peaks
correspond to impurity charge excitations, present also in the atomic limit (V =0),
with a gap that increases monotonically with both U and V. For small U and V, these
excitations feature as sharp peaks inside the energy gap of the Kitaev SC. As U or
V is increased, they fall into the SC energy bands and broaden, and then eventually
again become sharp peaks when they move out of the bandwidth of the SC. The fact
that the gap increases monotonically with U is not so surprising, as these excited
states differ in charge/occupancy, and the same behaviour is seen in the atomic limit.
The reason for the monotonicity of the gap with hybridisation V is unclear.*

The third quasiparticle peak, at w=€in A;| and w =0 in Ay is never broadened

4The monotonicity of the gap with V is also present only in the topological phase.
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and persists for any non-zero U, V. Let us first consider the peak at w =€ in A;|. This
is where a sharp peak would occur were the d|-fermion free (U = 0), but it is not
and the peak persists for large U. This is actually a signature of the presence of a
MZM, as can be understood from the small U/V limit. A semi-infinite Kitaev chain
in the topological phase implies that there must be an exact zero energy Majorana
mode at the boundary.5 But the original MZM (c; +c!) of the Kitaev chain is now
fused/paired with (dT+d%L) to form a local complex fermion at some non-zero energy
(proportional to V) due to the hybridisation term Hyyy, in the Hamiltonian. Neither
of the two Majorana modes that make up the d|-fermion can be the new MZM as
ng, is conserved. The only choice left is —i(dT—d%r), and therefore this must be the
new MZM in the small U/V limit. Note that this is permitted as n,1 is not conserved
in the KMAI model. As it has to be an exact zero energy mode, interactions cannot
change its energy. In this limit then, the d|-fermion becomes free, and this features
as a sharp ’free fermion’ peak in A;| at w=€. That —i(dT—d%r) is the preferred MZM in
this limit features as a sharp peak at zero energy w=01in Ay;.

This picture is further corroborated by spectral functions of the Majorana modes
(dT+d%r) and —i(dT—d}r), shown in Figures 4.6a-b. As expected, the zero energy (w=0)
peak is only present in the spectral function of —i(dT—d%r). In the large U/V limit,
energetics suggest that the original mode (c; +cJ{) will be the preferred MZM. This is
because —i(dT—d%r) participates in the interaction, which tends to split the zero energy
level. Therefore, the hybridisation and interaction terms in the KMAI model compete
over the preferred MZM, with the former selecting —i(dT—d}r) and the latter (c; +c{).
Another check of this picture is provided by the local density of states of the host

cj-fermions, and will be discussed below in section 4.6.

5Recall from section 2.1.1 that the non-local zero energy level due to the MZMs splits away from
zero energy only if the Kitaev chain is of finite length (or gapless in the bulk), with a splitting that is
exponentially suppressed in the length.
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F1GURE 4.6 — Spectral functions of the Majorana modes (a) (dq +d;r) and (b) —i(dT—d;r),
shown in the topological phase. In both plots, y=0.2¢, A=0.5t, V=0.3t, U =0.3¢.
The spectral peak at w =0 in (b) has weight that increases with hybridisation V,
implying that —i(dT—d}r) is a Majorana zero mode in the small U/V limit. The
absence of a similar zero energy excitation in (a) is consistent with the fact that
(dy + d%r) pairs up with the original MZM (¢, +C{) to form a complex fermion at
non-zero energy.

4.3 LOCAL FERMI LIQUID

A Fermi liquid is an interacting fermionic phase of matter with a ground state that is
adiabatically connected to a free fermion ground state [24, 108, 111]. The momentum
(k) spectral function in a Fermi liquid is given by A(k, w)=Zyo(w—ex)+g(k, w), where
g(k, w) is a smooth function that contributes a diffuse, featureless background, and
€y is the dispersion of excitations. Z, called the quasiparticle weight, captures the
essence of Fermi liquid theory and indicates that there still exists a Fermi surface
where a discontinuity in the fermion occupation number occurs.

Since the free-fermion peak at w =€ in A;|(w) remains sharp even in the presence
of interactions, a natural quantity to study is the associated quasiparticle weight
Z. This can be calculated from Eqs. (4.41)-(4.42). For w ~€ in Eq. (4.41), Asﬁ is
evaluated at zero energy. Inside the SC gap, the retarded GF of the MZM y, of a

semi-infinite Kitaev chain takes the form

_AwA)
8y (@) =—= Y eSCgap (4.46)

where 7 is a positive infinitesimal and A(p, A) is the spectral weight (characterising

the localisation) of the MZM peak in the boundary LDOS of the Kitaev chain. For
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example, at the Kitaev point A(y=0,A=1)=2, and thus g, (w) is a free Majorana
GF, which reflects the fact that the MZM is exactly localised at the boundary and
decoupled from the bulk. Thus, max(A)=2 and A — 0 at the topological phase
transition |;4| = 2t. Given the complicated form of g, (w) [see Appendix A], it is
difficult to derive a general closed-form expression for the function A(y, A). However,
the allowed values of A can be derived by numerically integrating the Majorana LDOS
—2Im g, (w)over an infinitesimal neighbourhood of w =0. In the expression (4.41) for
the spectral function away from particle-hole symmetry, since np(w—€)—1/2 for w e,
the temperature dependent pre-factor of Azlj becomes [1 + 2ng(€e)][1 + 2np(e)] = 1.

Therefore, near w =¢, the spectral function is temperature independent and given by
Ay (w) =2 Z(U/V)d(w —€), w€efe—n,e+n} (4.47)
where 7 is a positive infinitesimal and the quasiparticle weight Z is found to be

Z(U/V) =

1+ (2/)(U/V)2 (4.48)

In the non-interacting limit U =0, the d|-fermion is free and so Z=1. The interaction
renormalises Z to a value less than one (Figure 4.7), and transfers some spectral
weight to other excitations, thus giving credence to a local Fermi liquid picture [107]
for the d|-fermion. It should be noted that this picture holds only in the topological
phase, as the free-fermion peak for finite U and V has its origins in —i(dT—d%r) being
an MZM candidate, which is not true in the trivial phase. This can be seen from the
fact that A — 0 at the transition (|;4| = 2t) into the trivial phase (A =0), which also
implies Z— 0 at the transition (and equal to zero in the trivial phase).

The local Fermi liquid picture is also not valid for the hybridising d;-fermion,
in spite of the presence of a seemingly free-fermion peak at w =0 in its spectral
function (Figure 4.5b). The spectral weight of this peak is trivially less than one due
to proximity coupling with the Kitaev chain, even in the absence of interactions. For
U =0, it is easy to see from Eq. (4.43) that A ;(w) ——2ImQ2w+in)~! =nd(w) for w~0
and so the peak there has spectral weight 0.5. It is as if half the d;-fermion is localised

on the quantum dot with zero energy — this is the new MZM —i(dT—d%r), as can also be
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FIGURE 4.7 — Interaction dependence of the d|-fermion quasiparticle weight Z, for
several values of y and A, which control the localisation length of the original end
MZM (c; +c’1L) of the Kitaev chain. Continuous curves correspond to Eq. 4.48, while
dots are the result of numerically integrating A;|(w, T) over a small neighbourhood
of w=e.

seen from Figures 4.6a-b. Conforming with this picture discussed in detail in section

4.2, Z is suppressed at large U, the regime in which (c; +c}) is the preferred MZM.

4.4 DENSITY FLUCTUATIONS ON THE QUANTUM DOT

Another measure of inter-particle correlations on the quantum dot is provided by the

mean-squared density fluctuation

D = 2 (Ina—na)) = 5 [(n3) - (20)?], (4-49)

where n;=n4y+ny is the total number of impurity fermions. Consider the particle-
hole symmetric model with € =0. Since the physical Hamiltonian H [see Eq. (4.2)]
enjoys full particle-hole symmetry, DHD ! = H where Dd, D! =d for o €{1,!}, and
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therefore
(ng) = %trDe_ﬁHD_lnd,
= %tr e_ﬁHDndD_l,
= %tre_ﬁH(Z —ny),

=2-(ng), (4.50)
where the cyclicity of the trace has been used in the second line, and the fact that
D(ngy +ng,)D! =1-ngp+1-n4, has been used in the third line. This immediately
implies (n;)=1 in the particle-hole symmetric (¢ =0) model. In this case then, the
mean-squared density fluctuation D in Eq. (4.49) reduces to the double occupancy
D :<”dT”di>- Since nyyny) is not invariant under Dy, the partial particle-hole trans-
formation that acts only on dy, the double occupancy cannot be calculated in the SS
representation without constraint (see the discussion in section 3.4). Even though
the constraint can be explicitly implemented, there is a simpler way to calculate
D directly from the partition function. Recall from section 3.4 that the physical
partition function can be calculated without constraint in the SS representation and

is given by Z =Zss/2. In the particle-hole symmetric model, as

Z =trexp-p [HK + Hygp + U(21147 — 1)(214) — 1)], (4.51)
it is easy to see that
dlnZ
- = 4D - 1; (4 2)
9(pU) ’

with D the double occupancy defined previously. Therefore, D can be calculated
directly from a derivative of the slave-spin partition function Zgg, which can be
exactly calculated as it is defined by a quadratic action. However, this is true only for
the particle-hole symmetric model with e =0.

The coherent state functional integral for the SS representation of the KMAI

model, in the form given in Eq. (4.13), is®

_ ; _ y 1 =Sleefufuin Ty,
Zss :jD[C,C]D[fL’fL]D[’%W]D[TTZ]D[VfT]e et ity (4.53)

6Since coherent states are not definable for Majorana operators, a coherent state functional integral
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where the (slave-spin) action is defined as

- , PN - ] 1 1, .,
S[C?C:fiffuﬁ:ﬁlrflyﬁ]=JO d() 6ore;+ [0y +19en + T79L7 + 74007}
j=1

+Hgs(6¢, fi, fu.7,m)] (4.54)

The dependence on imaginary time (7) of all fermion fields integrated over has been
suppressed for notational clarity. Note that, although FTZ and y}T are zero modes that
do not appear in Hgg, their inclusion via Berry phase terms in the path integral is
necessary to obtain a faithful representation of the physical problem — the dimension
of the SS impurity Hilbert space must equal eight.” The exact Nambu GF of the
fermions was calculated in section 4.1.1. Therefore, if the Kitaev chain is integrated

out (cj-fermions), the effective action must be

_ ) BT 1 1, )
Set[fir 1 T2 v | = fo a0, + €)fy + JTF0.TE + 1)1 07s |

] (iky)

o | (4.55)
ﬂ(_lkn)

1 . . —_ .
# 30 |tk n-ik)|[-65'
ik,
As the Nambu spinor W, =(n7  17)T satisfies the Majorana condition Wr=wiex, Wt s
not linearly independent from W and it suffices to integrate over the latter field in
the functional integral [113-115] (also see Appendix B). Setting € =0 and performing

the functional integral, we obtain

Zss oc PA[-PGy(ik,)] ec [Det[-Gy'(ik,)], (4.56)

where Pf is the Pfaffian and is, up to an irrelevant sign, the square root of the
determinant. Constants that result from the functional integral over f|, I, V}T have

been ignored and buried in the proportionality sign, as only factors which depend on

of Majorana fields, strictly speaking, does not exist. This is not a problem here as we have an even
number of Majorana fermions that can be paired up as complex fermions. See Appendix B for a
discussion on how this problem can be circumvented in general and more details on Majorana path
integrals.

7See the discussion of this point in section 3.2. A Majorana fermion can be thought of as nominally
spanning a Hilbert space dimension of V2.
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the interaction strength U are relevant for the double occupancy D. Det indicates
a determinant over both, the Nambu matrix structure of Ggl and over Matsubara
frequencies. Using the operator identity Det M = exp(Trln M), it is easy to show that

Zss=exp % Tr ln[—ﬁGgl]. Using the result for Ggl from section 4.1.1, we thus obtain

1
InZss = - Zlnﬁz |- (iky)? + 2V %ik,g,, (iky) + 4U2] + const. (4.57)
ikn

Therefore, using Eq. (4.52), the double occupancy is given by

D=1+ E 2
B L= (ik,)? - 4U% -2V 2ik,g, (ik,)
2U — 97 (iky)
—1+=y (4.58)
B ; ik,

where the slave-fermion GF g;X(r) = _<TTFTX(T)FTX(O)>SS has been introduced using the
result in section 4.1.1. Introducing the spectral representation of this GF with spectral
function AY*(w) =-2ImG*(ik, — w+i1n) and performing the resulting Matsubara

sum, we obtain the result

1 U (Pdo ,,  np(w) ® do
D-gry | Gear@ oy [ o) (4.59)

The last term vanishes as A’T‘X is even in w, making the integrand odd in w.® Plots

of D (Figure 4.8) reveal that density fluctuations (or double occupancy for e =0) are
suppressed at large U and low T, but encouraged by hybridisation V. Therefore,
at low temperatures in the interaction dominated regime, we expect a local (Ising)

moment to develop on the quantum dot.

8This property of A’T"‘(w) can be seen in the spectral representation,

‘ * do A7 (@)
g%cx(lpn)zf ot

00 2T ipy —@

By virtue of being a Majorana GF, Q%‘x(—ipn) :—gf‘(ipn). Using this property and changing integration

variables w — —w, it is easy to show that A’T‘x(w) = A’T‘x(—w).
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FiGURE 4.8 — Interaction dependence of impurity double occupancy for various
temperatures T in the particle-hole symmetric KMAI model (e =0). Black: atomic
limit (V =0), all other curves: p=0.2t, A=0.5¢t, V=0.4t,e=0. .

4.5 ODD-FREQUENCY SUPERCONDUCTIVITY

The essence of superconductivity is captured by a non-zero anomalous Green func-
tion, called the Gor’kov function, A, (11 =72, t1—t2)= —<TTC01 (r1,t1)cq, (12, t2)>, where
o0; is a spin index, r; and 7; are space and (real) time coordinates respectively. Berezin-
skii [116] noticed that Fermi statistics imposes specific symmetry constraints on the
Gor’kov function under permutations of its spin, spatial, and temporal arguments
(1 & 2). Let us denote the respective permutation operators as P,, P,, and P;. For
example, P, A o, (r1 =19, t1 —t) =A, 5 (11 =12, 1 —15). Specifically, Berezinskii showed
that P, P,P,A;, 5, (r1 =12, t1 —t3) = —A; 5,(r1 =12, t; —t5), which is denoted symbolically
as P;P.P, =—-1. A Gor’kov function that changes sign under P, is said to denote
odd-frequency pairing of electrons [117].

Unlike the d|-fermion, the number 7,41 of the hybridising dy-fermion is not con-
served. In fact, Majorana hybridisation with the Kitaev chain results in proximity-
induced superconductivity for the dy-fermions on the quantum dot. The only pos-
sibility in this case is pure odd-frequency pairing [118], characterised by the real

(imaginary) part of the retarded Gor’kov function being odd (even) in frequency
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FIGURE 4.9 — Left panel — Real (blue) and imaginary (red) parts of the impurity
retarded Gor’kov function FgT(a)) in the topological phase of the KMAI model,
showing odd-frequency pairing correlations on the quantum dot. Parameters are
chosen as y=0.2t, A=0.5t, V=0.4t, U = 0.7t. Right panel — Meissner effect of (a)
a conventional superconducting ring and (b) an odd-frequency superconducting
ring. An external magnetic field induces a paramagnetic supercurrent in the odd-
frequency superconductor, which leads to an attractive force between the ring and
the magnet. Figure and caption adapted from Lee et al. [118].

[116, 117, 119, 120] (Figure 4.9). The latter is obtained by analytic continuation
of the Matsubara Gor’kov function F(7) = —<TTdT(T)dT(O)>, which can be calculated
in the SS representation by implementing the gauge constraint exactly, following
a similar calculation as that of the d;-fermion Matsubara GF in section 4.1.1. The

frequency representation of F(7) is given by

Flikn) = (ik,)? — 4U2 - 2V2ik,g,, (ik,)’ (4.60)

where g, (ik,) is odd in ik, by virtue of being a Majorana GF [121, 122]. The explicit
form of the pairing terms on the quantum dot can be seen by integrating out the
Kitaev chain in the physical action for the KMAI model. Introducing the Nambu

ajorana) spinors W;=(c; ¢;)Tand x,=(d, d,)7,the sical partition function
(Maj ) spinors Wj=(c; ¢;)T and (dy ds)T, the physical partition functi

of the KMAI model can be written as a functional integral,

2= [ Dl D[S (4.61)
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where the physical action? is defined as

4

- P 1 .
S[XO.,\I]]-] = J;) d’l’|:§ ;‘I’f&r‘lf] + E ;)(lar)(g - ZVX-{(l + Ux)\pl +HK +HA

(4.62)

where Hy is the Kitaev chain and Hy, is the physical Hamiltonian of the Anderson

impurity, given by Egs. (4.1) and (3.2) respectively. The third term in the action is
the hybridisation Hyyp, written in terms of Nambu spinors. Now, if the fields \¥; for

j>1 (the Kitaev chain minus its boundary site) are integrated out, we must obtain
Seft[Xo» W] j dt [— Zxa IeXo(T) +Ha =iV x (1) (1+0%) W (1)

o[ arar o g, wes)

where gs(7—1’) is the boundary Nambu GF of the Kitaev chain calculated in Appendix
A. The Gaussian functional integral over W} can now be performed (see Appendix B

to see how) to obtain an effective action for the quantum dot,

geff[)(a] = j dT[_ ZXO‘ TX(Y +HA}
+—j dtdt’ x7(1)g), (T =) (1 +07) x1(7'), (4.64)

where g, = fm/:l g’;v is the Majorana GF of the MZM (c; +c}) in the Kitaev chain.

Rewriting S.¢ in terms of (d,,d,), we have

geff[d_mda] = J dT[_ ZXO’ rXcr +HA]

P V2 _ _ _
+ L drdt’' —g), (-7 [d1(0)dy(T') + dy (0)dy () + dy(T)dy (7) + (1) di(T).
(4.65)

The last two terms in the second integral are effective pairing terms that emerge due

to coupling with the superconducting Kitaev chain. Since the frequency-dependent,

9This is not the slave-spin action introduced in Eq. 4.54.
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effective pairing potential is proportional to Vzgyl(’c —1’), which is odd in (t-7’)
by virtue of being a Majorana GF, we see that the inherited superconductivity is
purely odd-frequency. Note also that odd-frequency pairing on the quantum dot is a
consequence of the Majorana hybridisation (Hyyp) and in fact obtains regardless of
the specific host c-fermion Hamiltonian. It is a consequence of the fact that it is a
Majorana mode of the host that couples to the impurity, and Majorana GFs are always
odd in frequency.

Since the quantum dot considered here is essentially a ‘zero dimensional’ local
system, some elaboration is needed as regards the statement that it is superconducting.
If one considers a host Hamiltonian that supports an array of MZMs, and if each MZM
is coupled to a quantum dot similar to the hybridisation in our MAI models, then
this array of quantum dots would be a bonafide pure odd-frequency superconductor.
For example, a ring of such odd-frequency superconducing dots would exhibit a
paramagnetic Meissner response to an external magnetic field [118]. In practice
however, the Kitaev chains that host the MZMs are realised as semiconducting
Rashba nanowires proximitized by bulk s-wave superconductors. This means that
the net Meissner response, dominated by the bulk s-wave superconductors, would be

diamagnetic.

46 LOCAL DENSITY OF STATES OF THE HOST

The local Nambu GFs G,(j; w) of the host c;-fermions were calculated in section 4.1.1.
The LDOS on site i is then simply obtained as p(i; w)=—Imtr G.(i; ). At the boundary
(i=1), the LDOS displays three quasiparticle peaks in the topological phase for non-
zero hybridisation and interaction (Figure 4.10a), similar to the impurity spectral
functions in section 4.2. The two subgap states at non-zero energy in Figure 4.10a
are non-topological Andreev bound states induced by the quantum dot, reminiscent
of Yu-Shiba-Rusinov states [66-68, 123]. By tuning (increasing) the interaction and
hybridisation strengths, it is possible to push these states out of the SC gap.

The third quasiparticle peak is at zero energy and appears at any finite interaction
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FIGURE 4.10 — (a) Interaction dependence of the boundary local density of states
p(i =1;w) of the host c-fermions, for y=0.2t, A=0.5¢t, V =0.4t, and U =0 (blue),
U = 0.3t (red). (b) Spectral weight of the MZM peak (w = 0) in the c-fermion
boundary LDOS shown in (a) as a function of U/V. For p=0,A =1t (red) and
u=0.2t, A=0.5t (blue).

strength U and hybridisation V, but disappears for U =0 (V still non-zero). This
is consistent with the analysis of the impurity spectral functions in the small and
large U/V limits in section 4.2, as we now explain. If the hybridisation with the
impurity is switched off (V =0), then the LDOS is just that of the Kitaev chain. There
are no side peaks, and the lone subgap zero energy quasiparticle peak corresponds
to the MZM of the Kitaev chain. In the presence of hybridisation, but still in the
non-interacting limit, the MZM peak immediately disappears for any finite V, which
is consistent with —i(dT—d%r) becoming the new MZM as discussed in section 4.2.
Now, as soon as interactions are switched on, the MZM peak at w =0 immediately
reappears, along with two other subgap quasiparticle states. The reappearance of the
MZM peak at any finite U is an omen of what happens in the large U/V limit - the
interaction-favoured (c; +c’1L) regains its status as the MZM of the model. If this is
correct, then the spectral weight of the zero-energy peak must increase monotonically
with U. This is confirmed numerically, with the result shown in Figure 4.10b. This is
to be compared with the suppression of the quasiparticle weight Z of the d|-fermion
with increasing interaction strength U (Figure 4.7).

Since all local GFs in the KMAI model can be calculated (see section 4.1.1), it is

also possible to study the effect the quantum dot has on the localisation of the MZM.
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F1GURE 4.11 — LDOS p(i; w) of the host c-fermions on (a) site i =2 and (b) site i =4.
Parameters chosen as y=0.2¢, A=0.5¢t, V=0.3t, and U =0 (blue, dashed), U =0.2¢
(red, solid).

Away from the special point (#=0, A =t) on the phase diagram of the Kitaev chain, we
know that the MZM (c; +cJ{) has a finite localisation length with a wavefunction that
exponentially decays into the bulk. However, in the presence of hybridisation with the
impurity, particularly for weak interactions (small U/V), we have found previously
that —i(dT—d%r) is the preferred MZM, and this mode is exactly localised on the
quantum dot. As seen in Figures 4.11a-b, the LDOS on interior sites do not support
zero-energy peaks in the non-interacting limit, even when (¢, A)#(0,¢). When U =0,
the zero-energy peaks reappear, and thus interactions allow a finite penetration depth
of the MZM wavefunction. Generically then, we expect the characteristic localisation
length of the MZM in the KMAI model to differ from that in the Kitaev chain (without
an impurity). This can be quantified by studying the decay of spectral weight of the
zero-energy peak with distance away from the boundary, but we do not pursue this
here.

A curious feature of the LDOS of the interior sites shown in Figures 4.11a-bis a
seemingly oscillatory behaviour inside the SC bands. These oscillations are greatly
enhanced as one proceeds into the bulk of the chain, with the oscillations tracing on
average, but not converging to the bulk LDOS of the Kitaev chain (Figures 4.12a-b).
The oscillations are due to interference effects from scattering off the boundary of

the chain, and the lack of convergence to the bulk LDOS is a generic feature of
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FIGURE 4.12 — LDOS p(i; w) of the host c-fermions in blue on (a) site =10 and (b)
site 1 =45. Parameters chosen as y=0.2t, A=0.5¢t, V=0.4t, U =0.7t. Shown in red in
both plots is the bulk LDOS of the Kitaev chain.

one-dimensional systems [124-126].

4.7 DEPARTURES FROM EXACT SOLVABILITY

We now consider deviations from the exactly solvable point € =h of the KMAI model.
Defining 6 =(e—h)/2, the new physical Hamiltonian H’ [see Eq. (4.2)] can be written
as

H' =H(u, A, V,U,€)+6(ng —ngy), (4.66)

where H is the exactly solvable part with e =h. In the SS representation, using Eq.

(3.15) specialised to the KMAI model, this becomes
Hgg = Hsg(e=h) = d(npy —1/2) =idL Ty (npy —1/2), (4.67)

where Hgg(e =h) is the bilinear exactly solvable part. For sufficiently small o, correc-
tions to physical observables away from the exactly solvable limit can be computed
by treating the last term in Eq. 4.67 in perturbation theory, in analogy to the pertur-
bative analysis of small departures from the Toulouse point in the Kondo problem
[127]. We emphasise that this is distinct from ordinary perturbation theory in the
physical interaction strength U; here U can be arbitrarily large, and the perturbation

corresponds to a change in the Zeeman field, as evident from Eq. (4.66).
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As an example, let us calculate the correction to the free energy away from the
exactly solvable point, to linear order in 6. The functional integral for the KMAI
model [see Eq. (4.53)] away from the exactly solvable point is now defined with

respect to an action
S'=S=0o(ns —1/2) =i} (ns) ~1/2) = S +Ss

where S is the quadratic action that appears in Eqgs. (4.53)-(4.54). The physical free

energy corresponding to H’ is given in the SS representation by*°

1 Zés
F' = ——an =F- ,
g8 ﬁ Zss

where unprimed quantities are defined with respect to the exactly solvable limit e=h

of the KMAI model and are thus independent of 6. Using the linked cluster theorem

[24, 115],

g =) ~1=) s,

where the connected (subscript c) average is with respect to the functional integral
defined by the unprimed action S, that is Eq. (4.53)-(4.54). It is easy to see that the
corrections to the free energy are thus connected, closed-loop Feynman diagrams.
For example, the first order correction to the free energy is

1 o P
E<S5>c = _EJO dT<f¢+(T)fi(T) - 1/2>C

; B
-5 | armono) (fenm-12). )

Fourier transforming to the Matsubara frequency domain,

1 X
5GSc= g3 ) GYlikIG(ip) - Zgﬂ (k) =55 ) G lik). (4.69)

iky an lkn

Substituting in the relevant slave-fermion GFs from section (4.1.1) and performing

the Matsubara sums over Gy |, we get

%<55>c = ~5[np(e)-1/2]

19Recall from section 3.4 that the proofs presented there for disposal of constraints in the partition
and correlation functions did not depend on the exact solvability of the KMAI model, only on its
transformation properties under a partial particle-hole transformation Dj.

2U 5
4 Zn(”‘")z‘4U2—2V2ikngy1(ikn) ~one(e)- - (4.70)
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Recognising the Matsubara sum above as the same that appears in the calculation
of the double occupancy [see Eqs. (4.58)-(4.59)], the correction to the free energy to

linear order in 6 can be written as
P('l) =2[1-2ngp(€)][1/4-D]-ng(e),

where F(’l) is defined through the perturbative expansion F’:F+F(’1)6+F(’2)52+(9(53),
and D is the temperature-dependent double occupancy in the particle-hole symmet-

ric, exactly solvable model, given in Eq. (4.59).
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CHAPTER 5

READ-GREEN MAJORANA-ANDERSON IMPURITY

MODEL

We now consider the two-dimensional spinless p,+ip, superconductor, or the Read-
Green superconductor [32], on a semi-infinite square lattice coupled to an Anderson
impurity on its edge. The geometry of the setup is depicted schematically in Figure

5.1. The Read-Green superconductor is described by a Hamiltonian,

(o o BN o]

Hp = Z Z[—t(cx+1,ycx,y +C} 1Oy + h.c.)

X=—00 y:l

t b At t
+ (Acxﬂ'ycx,y +iAcy Gy + h.c.) — ,ucx’ycx,y], (5.1)

with hopping integral t, p-wave pairing potential A, and chemical potential y. The
Read-Green superconductor supports three distinct phases — two topological SC
phases for 0<pu <4t and —4t <u<0 that support gapless, chiral Majorana edge modes
with opposite chiralities, and a topologically trivial SC phase for | ,u| >4t. Note that
the system described by Hy has a single edge (y=1) and no corners.

The Anderson impurity is coupled locally to the edge modes on the (x=0,y=1)
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FIGURE 5.1 — Geometry of setup described by the RMAI model.

site, and the resulting system is described by a Hamiltonian,
H =Hg—iV(coy +cf)(dy +d)+ Hy, (5.2)

where V is the hybridisation strength and H, is the Anderson impurity Hamiltonian
given by Eq. (3.2). This model is hereafter referred to as the RMAI model, for brevity
and to distinguish it from the KMAI model. The slave-spin representation of the
RMAI model is simply obtained by substituting Hc=Hg and V; =V, , =V 9,0, in
Eq. (3.15) to get

Hgs = Hp =iV (co1 +cf )Ty —iUTTT! +e(ng) —1/2), (5:3)

where we have assumed the exactly solvable limit e =h of the MAI class of models,

discussed in Chapter 3.1.

5.1 CALCULATION OF CORRELATION FUNCTIONS

We now discuss the calculation of correlation functions in the RMAI model. Since the
calculations in the KMAI and RMAI cases are similar, this section is less complete than
section 4.1, and we refer the reader there for further details regarding calculational

methods.
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5.1.1  Slave-fermion Green functions

As in the case of the KMAI model, all physical Green functions can be expressed in
terms of the one-particle Green functions of slave-fermions {FTX FT FTZ flfV}T }. The
one-particle Green functions of T, ;/ % and f| in the RMAI model are the same as
those in the KMAI model, and given by Egs. (4.9)-(4.11). Those of FTx and I‘Ty require

boundary Green function methods. Defining

(Iy —iLy), (5-4)

_1 Y, irx +_1
”_E(FT+ZTT)’ n )

the slave-spin representation of the RMAI model in Eq. (5.3) can be expressed as
Hss =Hg—V(cg, +coin+hc)+UQ2nTn—1)+e(ng —1/2). (5.5)

Defining a Nambu spinor W.(x,y) =(cy, ct

%y)T, we may write Hp as

Hp =5 Z[\I’+xyT\I/(x+l y)-i—\Iﬁ(x y) T, (x,p+1)+h.c] - ‘Iﬁ(x o Wa(x,p),

X=—00

(5.6)
where 07 is a Pauli matrix defined in Nambu space, and the matrices Ty, T}, are defined
as

-t -A -t —iA
T, = , Ty =1 . . (5.7)
At —iA  t

While Hy, itself breaks translation invariance in 9, coupling to the impurity breaks
translation invariance in both & and ¢ directions. However, we choose to work in a
mixed (k,, ) representation, in which the Nambu spinors are defined as W, (k,,v)=

[y (Kx) c;(—kx)]T and the SS representation of the RMAI model is

Hss:%;; W e ) Ty Wik 9+ 1) + B |+ W (ke 9) 2 () W (R, )
_VZ[CI Dk +he]+ 200 -1+ e(ng - 1/2), (5.8)

where the matrix E(k,) has been defined as

—2tcosk, —p —2iAsink,
(kg=| ~ . (5.9)
2iAsink,  2tcosk,+ p

1
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We use periodic boundary conditions in %, that is the system is wrapped onto a
semi-infinite (along ¥) cylinder of infinite cross-sectional radius, such that k, assumes
values in the first Brillouin zone. In this mixed representation, Hgg can be written in
Bogoliubov-de Gennes (BdG) form with a semi-infinite BAG matrix hgg, Defining the

matrices
Y, = diag[E(-m),...,E(n)],

Ty = diag(Ty,..., Ty),

H, = diag(eo?,2Uc?),

0 0 -V -V
= , = (5.10)
C C Vv Vv
the BAG matrix hgg can be written in block tridiagonal form as
Hys| J | O
J' Y [Ty | O
hss = : (5.11)

0| TV | v | Ty

1.
0o |Th

Each Y; block is itself block diagonal, with the diagonal blocks being the 2x2 matrix
function Z(k,) evaluated at every point in the first Brillouin zone. In the limit of
infinite length along %, Y has elements parametrised by a continuous momentum
k. € (-, m), taking values in the first Brillouin zone. Each Y} block of hgg represents
a single layer of the two-dimensional superconductor along the y direction, with
the first Yy block corresponding to terms in Hgg that describe the edge (y =1) in
momentum space (k). Ty =diag(T,,..., T;) has the same dimensions as Y} and de-
scribes hopping and pairing between neighbouring layers along 9. ] couples the
impurity (Hy) equally to every k, mode of \W.(k,,y=1) on the edge, and so to the site
(x=0,9=1) in real space.

Partitioning the resolvent matrix G = (z—hgg)~! as in Eq. (4.17), in correspondence

with the partitions of hgg in Eq. (5.11), and solving for G4 from the simultaneous
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equations obtained as (z—hg5)G =1, we get

G-l —p z—€0* 0 (
2= , 5.12)
0 z-2Uc*-V?Y,; g (k;y=1;2)

where g, (k;¥=1;2) is the frequency representation of the boundary Matsubara GF

gy(kx;y: Lt)=—(Ty(k;y=11)y(-ki;y=1;0)), (5.13)

ad with y(k;p=1)= [cl(kx)+cJ{(—kx)]. This is the sum of all matrix elements of the
Nambu GF of [cl(kx)+cir(—kx)]T, which has been calculated explicitly in Appendix A.
The sum over k, of g, (ky;»=1;7), in the limit of infinite %, is an integral over the first
Brillouin zone, and defines

™ dk,
27

¢, (x=0;y=1;2) =f ¢ (kv =1:2), (5.14)

-7
which is the local GF of the Majorana mode (cg ; +c$’1) that the impurity hybridises
with. The integral must be computed numerically. Inverting the second diagonal

block of G;!, we find the Nambu GF of (1 1")T as

1
G =
" 22 —4U?-2V228,(x=0;y=1;2)
z+2U—V2gy(x:0;y:1;z) —Vzgy(x:O;yzl;z)
X . (5.15)

~V2g,(x=0;9=1;2) 2-2U-V?g,(x=0;p=1;2)

As in section 4.1.1 for the case of the KMAI model, all GFs of the form Q?ﬁ(r) =
—<TTTTX(T)I‘T}}(O)> with a, f€{x,y} can be calculated from appropriate linear combina-

tions of the matrix elements of Gq. The results are

22—4V2g7/(x:0;y:1;z)

vy

] , 16

Gy (2) 22 -4U?%-2V?zg,(x=0;9=1;2) >
2z

XX —

90 = 20 aviag m0ip=12) 7
4iU

Xy

N _ 18
Gy (2) 22 -4U? -2V2zg,(x=0;y=1;2) o
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5.1.2 Impurity Green functions

One can now do the same computations for the physical impurity GFs as done in
the KMAI model in section 4.1.2, with the slave-fermion GFs there appropriately
replaced with the results for the RMAI model obtained in the previous subsection.
We simply list the relevant results here, referring to section 4.1.2 for more details on
specific calculations. Although the one-particle GF for the d|-fermion does not admit

a closed form expression, its spectral function is given by

Agy(@,T) = 2[1 - 2np(e)] (np(e)n(w - €) + [1 + np(e)][1 - np(w - ) Al (w —€),

(5.19)
where
w+in-2V2?g,(x=0;y=1;w
Agi(w):—lmgi}’(w):—ﬂm 1 &(x=0y ) (5.20)

(w+in)?—4U%-2V2(w+in)g,(x=0;y=1w)’
with 771> 0is a positive infinitesimal, is the temperature independent spectral function
in the particle-hole symmetric model with € =0.

The Matsubara GF for the hybridising d;-fermion can be calculated by explicitly
implementing the gauge constraint, with the result being

ik, —V?2gy, (ik,)+2U [2np(e) - 1]
(ik,)? —4U2 - 2ik, Vg, (ik,)

Gar(iky,) = (5.21)

from which the spectral function is obtained as Aj1(w, T)=-2Im G 1 (ik, — w+in).

5.1.3 Local Green functions of the host fermions

The local GFs of the ¢, , fermions that form the Read-Green superconductor can
be calculated in the boundary GF framework described earlier in this section, by
repartitioning and considering appropriate blocks of the BdG and resulting resolvent
matrices. However, the BAG matrix in Eqgs. (5.11) is expressed in a mixed (ky,7)
representation. To calculate local GFs, it is better to work with a real space (x,)
representation of the BAG matrix. Recall that each block Y in the BAG matrix of Eq.

(5.11) describes an infinite one-dimensional layer of the system (infinite number of x
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sites), but in the momentum k, representation. Working in the momentum represen-
tation allows us to work with a bounded ‘matrix’ Y; that has elements parametrised
by the continuous variable k, € (-7, 7). However, Yj is infinite dimensional when
expressed in the real space (x) representation. To circumvent this problem, we work
with a large but finite system and numerically calculate blocks of the resolvent matrix.
The BAG matrix in the (x,y) representation of a finite N, x N, RMAI model can be

written similar to Eq. (5.11) as a block tridiagonal matrix,

Hy J 0 .. 0
jt Y Ty
(Ny,N,) ~
hgqc =] 0 T;r/ 0o | (5.22)
: Y Ty
Tt
o 0o o TV v

where there are Ny blocks of Y. The various matrix blocks are defined as follows; Y
is simply Y; written in the (x,y) representation i.e. an inverse Fourier transform of Yj
and describes hopping and pairing in X between sites on a single layer. Nearest neigh-
bour hopping and pairing implies Y is also a block tridiagonal matrix of dimensions
2N, x2N,. Ty = diag(T,,..., T,) similar to Ty in Eq. (5.11), but now of dimensions
2N, x2N, like Y. Since Y is written in the (x, ) basis, and the impurity couples only
to a single site on the bulk edge!, J has to be modified accordingly to J. We choose N,

odd and couple the impurity to the median site. Therefore, we have

—puo* T, ... 0
T o e : |0 .. 0 ... 0
v=| 7 . = , (5.23)
: o —puo? Ty 0O .. C ... 0
0 .. Tf —uo?

where T, has been defined in Eq. (5.7). The matrix | couples the 1-fermion block of
H, to the median diagonal block of Y with coupling matrix C (assuming N, is odd).

The 2N, x2N,, diagonal blocks of the resolvent matrix (z—hp;5)~! corresponding to the

"The bulk edge is simply the bulk of the edge layer y=1, far away from the corners.
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FI1GURE 5.2 — Spectral functions of (a) localised d| and (b) hybridising d-fermions
for various temperatures T, shown in the topological phase. In all plots, y=2.0t, A=
0.5t, V=0.4t, U =0.8t, e =0.1t are fixed. T =0.05¢ (green), T =0.2¢ (blue), T =0.9t
(red).
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FI1GURE 5.3 — Spectral functions of (a) localised 4| and (b) hybridising dq-fermions
for various temperatures T, shown in the topological phase. In all plots, y=2.0t, A=
0.5t, V=0.4t, U =0.8t, e =—0.1t are fixed. T=0.05¢ (green), T =0.2¢ (blue), T =0.9t
(red). Note that € <0 and the spectral asymmetry is reversed here in comparison to
the plots in Figure 5.2.

matrices Y are then computed numerically, using efficient algorithms for computing
blocks of the inverse of a block tridiagonal matrix [128]. These blocks contain the
c-fermion local (Nambu) Green functions G (xx’;yy;z), from which we may compute
the LDOS of the host fermions on various sites. One can also calculate the spatial

distribution of the LDOS at a given energy around the impurity.
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FIGURE 5.4 — Spectral functions of (a) localised d| and (b) hybridising dy fermions
for various interaction strengths U, shown in the topological phase. In all plots,
p=2.0t, A=0.5t, V=0.4t, T=0.2t, e=0.1t are fixed. U=0.1¢ (green), U =0.7¢ (blue),
U=1.2t (red).

5.2 IMPURITY FERMION PROPERTIES

We now discuss various features of the impurity spectral functions A;,(w,T) in
the RMAI model, given by Egs. (5.19)-(5.21). The behaviour with temperature of
the spectral functions is the same as that found in the case of the KMAI model,
where the impurity hybridises with the end mode of a Kitaev chain. The deviation €
from particle-hole symmetry sets the scale for the interaction-induced temperature
dependence of both spectral functions A;,. For €e>0 and T Se, there is pronounced
spectral asymmetry about w =€ (w=0) in A;| (A41), with larger weight for excitations
with w >0 (w <0) (see Figure 5.2). Flipping the sign of € reverses this asymmetry
(Figure 5.3), and T > e removes it. As in section 4.2, this behaviour can be intuitively
understood from the impurity spectral functions in the atomic limit (V =0), which
are independent of the host material and are given in Eqs. (4.44)-(4.45). The reader
is referred to the discussion there for more detail on the temperature dependence of
impurity spectral functions, which seems to be largely independent of the specific
host material.

Let us now consider the interaction dependence of the impurity spectral functions
in the topological phase of the RMAI model, as shown in Figures 5.4a-b. The line

shape of the spectral functions here is very different to that of the impurities in the
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KMAI model, discussed in detail in section 4.2 The two key features not present in
the KMALI spectral functions are as follows; (i) both impurity spectral functions do
not exhibit a gap in the excitation spectrum, and (ii) there are only two (broadened)
quasiparticle peaks that manifest in the spectral function, which can be traced back
to the charge excitations present in the atomic limit (V =0). These differences are
due to the differences between the Majorana edge states in the Kitaev chain and
the Read-Green superconductor, which the dy-fermion tunnels into. In the former,
the Majorana end mode manifests as a localised zero-energy state protected from
other excitations by an energy gap. Half the dy-fermion [specifically —i(dT—d;)]
could tunnel into this state, which resulted in a subgap quasiparticle peak in its
spectral function in the KMAI model, in addition to the charge excitation peaks at
non-zero energy. The absence of such a localised, gap-protected excitation in the
Read-Green superconductor explains why the impurity spectral functions have only
the two charge excitation peaks in the RMAI model. Recall that the Read-Green
superconductor supports chiral Majorana edge modes that have a gapless, linear
dispersion. This is why the impurity spectral functions are also not gapped; there is a
continuum of edge states the dy-fermion can tunnel into.

Recall also the Fermi liquid picture that existed for the localised d | -fermions in the
KMAI model. This was due to the presence of a gap-protected zero-energy state that
(half) the d;-fermion could tunnel into. Since the energy of this state was pinned to
zero due to the bulk gap and the topology of the Kitaev chain, local interactions with
the d|-fermion could not affect this state. This manifested as a free-fermion peak in
the d|-fermion spectral function at w =€ with a reduced quasiparticle weight, which
gave credence to a local Fermi liquid picture. The absence of this gap-protected zero-
energy state on the edge of the Read-Green superconductor implies no such picture
exists for the d|-fermions in the RMAI model. However, as discussed in section 2.1.2,
a vortex in the Read-Green superconductor traps a MZM that is protected by an
energy gap from other local excitations. We then expect a local Fermi liquid picture

to hold in the case of an Anderson impurity hybridising with these vortex modes in
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Ficure 5.5 — LDOS of the c-fermions at (a) impurity site (x,y)=(0,1) for various
interaction strengths U =0.3t (blue), U=0.7t (red) (b) sites (x,y)=(x1,1) (red/blue)
for interaction strength U =0.3¢. In all plots, y=2.0t, A=0.5¢t, V =0.4t are fixed..

the manner considered above.

5.3 HOST FERMION PROPERTIES

A prescription for calculating all Nambu GFs G (xx’;yy;z) was described in section
5.1.3, for the case of a finite RMAI model of size N, XN, sites. The local density of
states on a specific site is then simply —Imtr G, (xx’;yy;z). In contrast to the semi-
infinite plane geometry considered in Appendix A, the chiral edge modes in the
finite size system are not gapless, but quantised with a level spacing that goes as
(NxNy)_l. A qualitatively new feature in a finite size Read-Green superconductor is
the emergence of localised zero energy states at the corners [129, 130]. In the case of
odd N, and N, Komnik and Heinze [129] have shown that a non-local zero-energy
fermionic state is fractionalised between the four corners. While the corner modes
are not Majorana fermions like the end modes of a Kitaev chain, these can still be
used to construct a protected qubit for the purposes of quantum information and
computation. In the present discussion, we only focus on the ‘bulk edge’ states that
the impurity hybridises with.

The impurity induces localised bound states (inside the bulk gap), reminiscent

of Yu-Shiba-Rusinov states [66—68, 123], that the c-fermions can tunnel into. These
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FiGURE 5.6 — Spatial profile of the c-fermion LDOS (intensity plot) near the edge
at an energy w = 0.9¢ (inside the bulk energy gap) for (a) non-zero hybridisation
V =0.4t, U=0.3t, u=2.0t, A=0.5t (b) zero hybridisation V=0 and y=2.0t, A=0.5¢.
The ticks on the x-axis correspond to the boxes on the immediate right, while ticks
on the y-axis correspond to the boxes immediately above..

states feature as two quasiparticle peaks in the c-fermion LDOS on sites near the
impurity site (x =0,y = 1) [see Figures 5.5a-b]. In the case of the KMAI model,
impurity induced bound states with energies inside the bulk gap featured as sharp
peaks (infinite limetime) in the c-fermion LDOS. However, such states acquire a finite
lifetime in the RMAI model due to the absence of an energy gap at the edge of the
Read-Green superconductor.

A curious feature in Figure 5.5b is the inequality between the LDOS on sites
(x=1,y=1) and (x =-1,y =1). This is seen more prominently in a map of the
spatial profile of the LDOS at a certain energy, as shown in Figure 5.6a. Such a map,
at energies of the impurity induced bound states, also shows the spatial decay of
these local excitations away from the impurity site. We now show that the mirror
asymmetry present in the c-fermion LDOS near the edge (Figure 5.6a) is actually due
to the symmetry properties of the bulk Hamiltonian. To this end, consider a ‘mirror

transformation” M, such that

-1 t -1 t
chx,ny =Coxys chx,ny =Cxy (5-24)

Let us consider the transformation of the bulk Hamiltonian of the Read-Green
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FiGUre 5.7 — Spatial profile of the c-fermion LDOS (intensity plot) in the bulk at
an energy w = 3.0t (inside SC energy bands) for (a) A, =0.5¢ (b) A, =-0.5¢. In all
plots, p=2.0t, Ay =0.5t are fixed. The ticks on the x-axis correspond to the boxes on
the immediate right, while ticks on the y-axis correspond to the boxes immediately
above..

superconductor under M,. The bulk Hamiltonian is given by

o

T +
HR = Z [_t(cx+l,ycx,y + Cx,y+1CX,y + h.C.)

X,)=—00

t ot At t
+ (Acxﬂ’ycx,y +ilcy i Cxy+ h.c.) - ycx,ycx,y]. (5.25)

Clearly, the terms that are diagonal in x are invariant under M,; a simple relabelling
x — —x restores them to their original form. Therefore, let us consider the transforma-
tion of terms off-diagonal in x. To this end, it is convenient to work with anisotropic
coupling constants t,, t, and A,, A, that describe hopping and pairing along %,
respectively. The terms in Hy that describe hopping along x (which we collectively

denote as T,) transform as

A ag-l t t
M, T M, =—t, Z(c—x—l,yc—x,y + c_x,yc_x_l,y),

X,y
t t
= —tx Z(Cxl_l,ycxl,y + Cx’,ycx'—lfy)’ x, =-X,
X,y
t + ” ’
= —t, Z(Cx//,ycx”_'_l’y + cx,,+1,ycx~,y), x'=x-1,
xll’y

=T, (5.26)
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and therefore are invariant under M,. The pairing terms off-diagonal in x, collectively

denoted as A,, transform as

A a1 t t
MAM =AY (e ety + cnycniiy),
X,y

- t T -
=A, Z(cx,_l’ycx,’y + cx,’ycx,_l,y), X =-X,
X',y

_ T T ”n_
=A, Z(cx,,’y wly + cxn+1,ycx~,y), X =x"-1,

x”;y

=-A,. (5-27)

Therefore, one has the result M,Hg(A,)M;!' = Hr(-A,), where the dependence of
Hp on other coupling constants has been suppressed as they are unaffected by M,.
Since the bulk Hamiltonian itself transforms non-trivially under M,, we expect the
mirror asymmetry in the LDOS near the edge (Figure 5.6a) to also be present in the
bulk. Specifically, the result above indicates that p(x,y, w;Ay)=p(—x,y, w;—-A,). This
is clearly verified by inspection of separate plots of the left and right hand sides of
this equation, for a given energy w and in the bulk of the system, shown in Figures

5.7a-b.
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CHAPTER

CONCLUSION

In summary, we have introduced a general class of exactly solvable quantum impurity
models describing the local hybridisation of a Majorana mode in an arbitrary host ma-
terial with an interacting quantum dot, with broad relevance to current experiments
on 1d topological superconductor-quantum dot hybrid structures. A general model
in this class is exactly solved by mapping it via the Z, slave-spin representation to
a non-interacting resonant level model for auxiliary Majorana degrees of freedom.
The resulting gauge constraint is then eliminated by exploiting the transformation
properties of the Hamiltonian under a special local particle-hole transformation. We
then showed that correlation functions in this many-body problem can be computed
exactly at both zero and finite temperature when the deviation in impurity chemi-
cal potential from the particle-hole symmetric point precisely equals the impurity
Zeeman energy.

To highlight the utility and specific features of our exact solution, we studied a
hybrid system of an interacting quantum dot coupled to the end MZM of a Kitaev
chain (KMAI model), motivated by recent experimental progress in realising such

a setup. Since this model falls within the MAI class, exact expressions for the dot
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spectral functions and host LDOS can be calculated using the model’s free-fermion
slave-spin representation. We found a non-trivial temperature dependence in the
dot spectral functions, indicative of the fact that the physical dot fermions are
interacting, even though the slave-fermions are not. It was shown that the interaction
and hybridisation with the quantum dot favoured different MZMs, and affected
its localisation length. We then found that the non-hybridising fermion on the
quantum dot could be described by a local Fermi liquid picture, and calculated the
associated interaction-dependent quasiparticle weight. It was then established that
hybridisation with the end MZM of the Kitaev chain induced purely odd-frequency
pairing correlations for the hybridising fermions on the quantum dot. In addition, we
also studied the interaction-dependence of the double occupancy on the quantum dot
for various temperatures, finding a general suppression with increasing interactions
strengths. Finally, departures from the exactly solvable limit were considered, and we
demonstrated how corrections to the free energy could be calculated perturbatively,
with the perturbation corresponding to a shift in the chemical potential or Zeeman
field on the quantum dot.

As another distinct example, a hybrid system of a quantum dot coupled to the
chiral Majorana edge modes of a spinless p, +ip, superconductor was then considered
(RMAI model). The dot spectral functions and host LDOS were then studied, and the
key differences from those functions in the KMAI model were traced to the chiral
nature of the gapless edge modes in a p, + ip, superconductor.

Several extensions of our work are possible. For example, one can consider a
class of periodic Anderson models, describing a lattice of interacting impurities
hybridising with Majorana modes. Such models could potentially be realised in an
Abrikosov vortex lattice of a topological p, +ip, superconductor, with each vortex
hosting a localised and unpaired Majorana mode. It was shown in 3.5 that this class
of models also admits an exact solution by the Z, slave-spin method. It would be
interesting to study both zero and finite temperature phase transitions in models of

this class.
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Another direct application of the MAI class of models is to transport in junctions
of topological superconductors and quantum dots. Specifically, one would like to
study the various fractional a.c. and d.c. Josephson effects found in such junctions
[131-134] in an exactly solvable model. In Appendix C, we set up one represen-
tative transport problem in a topological superconductor-quantum dot-topological
superconductor (TSC-QD-TSC) junction, and prove that the average non-equilibrium
current can be calculated exactly without constraint in the quadratic slave-spin

representation of the model.
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APPENDIX A

BoUNDARY GREEN FUNCTIONS OF TOPOLOGICAL

SUPERCONDUCTORS

A.1 KITAEV CHAIN

In this section, we provide a derivation of the left boundary Green function (GF) of
a semi-infinite Kitaev chain [15], following the method outlined in Appendix A of
Ref. [112]. The strategy is as follows - we first calculate the bulk GF of an infinite
Kitaev chain and then obtain the boundary GF from the Dyson equation one gets
when the chain is cut in half by an infinite local potential. The Hamiltonian for an

infinite Kitaev chain is

(o]

Hg = Z[—tcjciﬂ + Ac;ciq + h.c.] — U Zc:.rci. (A.1)

i i=1

Imposing periodic boundary conditions and exploiting translational invariance
to Fourier transform to momentum space, the Hamiltonian can be written as a
Bogoliubov-de-Gennes (BdG) equation,

—2tcosk — —2iAsink 1
Hy = 1 Z\If,j # W= - Z\Ifk’fhk\lfk, (A.2)
2 3 2iAsink  2tcosk+ p 2 A



APPENDIX A. BOUNDARY GREEN FUNCTIONS OF TOPOLOGICAL SUPERCONDUCTORS 116

where W, = (¢ cfk)T is a Nambu spinor. The real space bulk (Nambu) GF is then

obtained as an inverse Fourier transform of the momentum space GF,

n .
gp(i—j;2) :J AR ik (z—he) ™",

g 2T
:f" %eik(xj—xi)z_ (2tcosk + p)o* + 2Asir.1k203’1 (A.3)
27 2% — (u—2tcosk)> —4A?sin” k

where {0*, 07,07} is a set of Pauli matrices in Nambu space. z is a general complex-
valued frequency such that z=ik,, (fermionic Matsubara frequencies) on the imaginary
axis and z=w (real frequencies) on the real axis. For example. evaluating gg(i—j;z) on
the imaginary axis or for z=w+i0" yields the Matsubara or retarded GFs respectively.
Placing a local scattering potential of strength ¢ at the site i = 0, the Hamiltonian is

modified to Hy :HK+qbcgco. The Dyson equation for the new real space GF is then
g'(ij;2) = gp(i - j;2) + gp(i — 0;2)po°g/(if; 2). (A.4)

Taking the limit ¢ — oo to cut the chain, we obtain the left boundary GF of the

semi-infinite chain as

g'(11;2) = g(0;2) — g(1 — 0;2)g5" (0;2)g5(0 - 1;2),
=gs(2) (A.5)

To calculate gp(0;z), gg(1 —0;z), and gg(0 — 1;z), one needs to compute the integral in

Eq. (A.3). To do so, we make the substitution w = —cosk to get

o n w+zs\/1—w2)x] t
Ba(i=J32) J:n27z\/71 Zz—zm §7— A1~ w?)
x[z+(2tw—y)az+25AV1—w2].

Factorising the denominator in the summand, we find

1 T 1
; — 5 d
BT t2>Lz VTww-Qow-Q)
xZ(—w+isV1—w2)xj_x [z+(2tw H)o +25AV1—w2] A=t (A7)

s=+1
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where the roots are

Qi@):Ez&;rzs[—UubJA%ﬂ—(Az—ﬂ)@2—4A2). (A.8)

The equation above only holds when A # t as it is easy to see that the denominator
inside the summand in Eq. (A.6) is quadratic in w only if this condition holds. Using

the following integrals,

1 (! 1 ~Ya
— dx = , Ima=0 (A.9)
V1-x?(x—a) VI1-1a 2
! 1dx x —a”_l(l ! ) ne{l,2},Ima=0 (A.10)
V1 -x%(x—a) Vi—yz2) o .
we obtain
85(0;2)=(z— po*) F_1(2) + 2to* Fo(2), (A.11)

gp(1—0;2)=2iAF {(z)0? —(z—po )}"()(z)+(2taz+2iAa3’)[ —}](z)l, (A.12)

_
4(t2—-A2)

gp(0—1;2)=—2iAF_{(2)0? —(z—po?) Fy(z)+(2tc*-2iAc?) [ —}](z)l, (A.13)

1
4(t2-A?)

where for me {0, +1}

Fn(z) = (A.14)

&LV

4(2-A%) Q. vTi?GT_
The left boundary GF of a semi-infinite Kitaev chain is then obtained by inserting
Egs. (A.11)-(A.13) into the expression for gg(z) in Eq. (A.5). The local density of
states (LDOS) at the boundary (normalised to 27) is obtained from the left boundary
(retarded) GF as —Imtrgg(w+i#n) and is shown in the topological phase in Figure A.1
and in the trivial phase in Figure A.1. The bulk LDOS is also shown in both plots
for comparison. That the topological phase hosts localised zero energy end modes

manifests as a subgap spectral peak at w=0 in the LDOS.

A.2 READ-GREEN SUPERCONDUCTOR

Using the same method as in the previous section, one can calculate the boundary

GF of a semi-infinite two-dimensional spinless p,+ip, or Read-Green supercon-
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Figure A.1 — Local density of states (blue) at the left boundary of a semi-infinite
Kitaev chain in (a) the topological phase: = 0.5t,A = 0.5t and (b) the trivial phase:
p =3.0t,A = 0.5¢t. That the topological phase hosts localised zero energy end modes
(Majorana zero modes) manifests as a subgap spectral peak at @ = 0 in the LDOS
shown in (a). The bulk LDOS is shown in dashed red for comparison.

ductor [32]. The bulk superconductor is described by a fully translation invariant

Hamiltonian,

_ + +
HR B Z[_t (Cx+1,ycx,y + Cx,y+]cx,y + hC)
X,y

t At t t
+ (ACHLyCW +ilcy, qCxy+ h.c.) - l/le,ny,y] , (A.15)

where t is the hopping integral, y is the chemical potential, and A is the p-wave
pairing potential that can be made real by a suitable gauge transformation in the
phase of the Cooper pair wavefunction. Imposing periodic boundary conditions and
Fourier transforming to momentum space k =(ky, k,), Hg can be written in BdG form
with Nambu spinor W =(cy (:ik)T as

Hg= %Zwk* _;“N 2_1?‘ WY, = % Y Wihp(k) %, (A.16)

k k k k

where &y = -2f(cosky +cosky)—p and Ay = 2A(sink, + isink,). The bulk GF in

momentum-frequency space is then [z—hg(k)]™!, which when evaluated gives

1
gs(ky, ky;z) =

z —E?’(k) [Z+hR(k)]l (A17)

where E(k) = 1/¢‘£lf+|Ak|2 . We now cut the system to obtain an edge by adding a

term J) . CI 0Cx,0 to Hr and sending ] — co. Note that translation invariance is lost
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only along y in this procedure. The Dyson equation for Nambu GFs in the new

semi-infinite system can be written as

g'(ky;v,v2) = gplk;v —v'52) + 8p(ky; v — 0;2)]0°g (ky; 0— 95 2), (A.18)

where we work in a mixed (k,,y) representation with Nambu spinors defined as
(Cky cik ’y)T. The edge GF gg(ky;z)=g’(k,; 1, 1;2) is then obtained in the limit ] — co
as

g (ki) = gp(ky; 0;:2) — gp(kis 1 — 0;2)g5" (ky; 0;2)g5(ky; 0 — 1 2). (A.19)
The GFs appearing on the RHS can be computed from a partial inverse Fourier
transform of the momentum-space bulk GF gg(k,, k,;2), given by

7 dk, oik6y)

 n 2o Er P el (A:20)

gB(kx;y —}/;Z) =

This integrals for y—y’=0,+1 can be computed following the same steps as in the
previous section — using the substitution w=—-cosk, and the standard integrals in

Egs. (A.9)-(A.10). The results are

gp(ky;0;2) = [z— (u+ 2tcosky)o? — 2Asink, 0¥ | F_1(ky; 2) + 207 Fy(ky; 2),  (A.21)

gp(ky;1-0;2) = 2iAF 1 (ky;z)0* —[z—(p + 2t cosky)o? — 2Asink, 0¥ | Fy(ky; 2)

. 1
+(2to*+2iAc™) _m_}—l(kxﬂ)_ , (A.22)
gp(ky;0—1;2) = =2iAF 1 (ky;z)0" —[z—(pu + 2t cosky)o? — 2Asin k0¥ ]| Fy(ky; 2)
. [ 1 ]
+ (2t(72—2lA(7x) hm—ﬂ(kx}Z)_ , (A23)
where for me{0,+1}
1 1 sQM(ky;z)
Fulky;z) = . s X , Ao
%) = AN Qi k) - 0 (kad) A VT Valiom (A-24)
1
Qi(kx;Z) = m{ — t(lxl + 2tCOS kx)

£ \JA2(u+ 2 cos k2 — (A2~ 12) 22— 4A2(1 + sinzkx)]}. (A.25)
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FiGure A.2 — Intensity plot of the spectral function Ag(k,; @) on the edge of a semi-
infinite Read-Green superconductor in the (a) topological phase: y = -3.0¢,A = 1.5¢
and (b) trivial phase: y = —5.0¢, A = 0.5¢. The topological phase hosts chiral Majorana
fermions as edge modes, featuring as linearly dispersing subgap states in the surface
spectral function.

The spectral function Ag(k,; w) at the edge is obtained from the retarded edge GF
as —Imtrgg(k,; w+ir), and is shown in Figures A.2a-b in both, topological and trivial
phases. The linearly dispersing subgap edge states present in the topological phase
are chiral Majorana fermions. Reversing the sign of y reverses the chirality of the

Majorana edge modes.
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APPENDIX

PATH INTEGRALS FOR MAJORANA FERMIONS

Partition functions of Fermi and Bose systems admit representations as coherent state
functional integrals. This involves working in the (overcomplete) basis of fermion
or boson coherent states, which are eigenstates of fermion or boson annihilation
operators.’ Since Hamiltonians of condensed matter systems are usually expressed
in second quantised form, the coherent state basis is a natural basis to work in.
However, Majorana operators do not admit coherent states that form a complete or
over-complete basis. In this section, we outline the construction of coherent state
functional integrals for Majorana fermions following Refs. [113, 114], although our
conventions differ from those references.

Consider a Hamiltonian that is bilinear in Majorana fermions,
H = iZ‘)/ihi]'Vj, (B.1)
ij

where the Majorana operators are Hermitian y;r =y; and satisfy the Clifford algebra
{vi,7j}=20;j. The factor of i is required in order for H to be Hermitian. The prob-

lem of non-existent coherent states for Majorana fermions can be circumvented by

'For details of the construction of such functional integrals, see Ref. [114]. This is necessary
background that is assumed in the rest of this section.
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expressing all the Majorana fermions in terms of complex fermions. There are two
ways in which this can be done: (i) fermion halving — all the Majorana fermions in the
problem are paired up as complex fermions, and (ii) fermion doubling — introducing
an extra, unphysical Majorana fermion for each physical one and then pairing up
the two to create complex fermions. The latter approach is discussed here. For more
details on both constructions, see Ref. [135]. To this end, we introduce a spurious
species of Majorana fermions #; that exist alongside y; on every site. Combining #

and y to create complex fermions as

1 . 1 .
gi=5(+ing) ol =5 (yi-in), (B.2)
the Hamiltonian in Eq. (B.1) can be expressed as
H=i) (i+ 9D+ v)) (B.3)

ij
The partition function Z =trexp(—pH) with inverse temperature  can now be ex-
pressed as a path integral using coherent states for complex fermions in the standard
way. Note that H must be normal ordered in this procedure in order to make the
replacements 1) — ¢ and ' — 1, from fermion operators to Grassmann numbers.

Since
:H::iE hij (0F ;- 0T+ pig; + 9l p!), (B.4)
i

the path integral representation of Z is

‘= J D[, pleS¥¥), (B.5)

where the action is defined in the usual way as
S, 9] = J; dr Z'Pjaﬂbj +i Zhij ('J)ﬂl’j i+ i + %bi'l’j)}:
[ ] ij

’

T
:L dr ZgﬁjaTl,bj+iZ(¢i+HEi)hij('ubj+4_)j)
| ]

ij
where we have made the replacement —1;1; =1;1; in the second line (since Grass-

mann numbers anti-commute) to get back the original form of H. In summary, we do
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not have to worry about normal ordering of the Hamiltonian when writing down the

action for the path integral. T€[0, f] is a compactified imaginary time variable.
Since the Majorana fermions # introduced earlier are spurious, one must ensure

that they do not contribute to the thermodynamics. Going back to the original

Majorana representation in terms of y and #, we find

Sy, 1] J- dT[4Z Vi Ty]+17]c9T17]+zy]8T17] in; Ty] +1Zy1 ijvi|- (B.6)

The cross terms in the Berry phase part of the action can be written as a total derivative
id(y;n;). Performing the 7 integral, this gives rise to boundary terms that evaluate

to zero, of the form

im0l = [9;(0)+ ;0] [95(0) - $3(0)] i
= 2[5 (8w () - @(0)%(0)]'
0 (B.7)

where the last line follows because the complex fermions (Grassmann fields) obey
anti-periodic boundary conditions in imaginary time, ¢()=-1(0) and similarly for

1 [114]. The action therefore simplifies to

B 1 , 1
:J:) dT[Z;%aTVj"'lle‘?/ihijVj*'Z;Wjarﬁj =S[y]+S[nl (B.8)

The action therefore separates into terms that only involve either y or # with no
cross-terms. The measure of the path integral can also be expressed in terms of the
Majorana fermions y and 71. To see this, note that the path integral measure in Eq.

(B.5) is [114], using a discretised imaginary time variable m,

N
DI ¢l= lim [ || [dwjtmdy;(m)
m=1 j

= D[y|D[n]. (B.9)
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The pre-factor limy_,.(i/2)NMsites is a constant multiplier to the partition function

that can be ignored. The path integral in Eq. (B.5) can thus be written as

Z = JD[y]e_S[V]JD[q]e_S[’”. (B.10)

The 1 fermions are just spectators in calculating properties of the physical y fermions
and can thus be ignored. In this case, the path integral over the # fermions can be
carried out explicitly, resulting in a constant multiplicative factor to Z that can be
dropped. Therefore, given a Majorana fermion (y) Hamiltonian such as Eq. (B.1), one
can write down a coherent state functional integral similar to the complex fermion
case with two caveats:

m  The path integral measure D[y] only involves y as there is no ’conjugate’
Grassmann field, in contrast to D[, ¢] for a theory of complex fermions ;

m The Berry phase term (y;d,y;)/4 in the action carries a pre-factor of 1/4, which
arises because y; operators satisfy a Clifford algebra. It is convenient at times
to think of this as %yj(%ar)yj — %7/]-(%]‘”)7/]-, where the latter is obtained upon
Fourier transforming to the Matsubara frequency representation. One can
then interpret ik, /2 as a "Majorana Matsubara frequency’, which is half the
complex fermion Matsubara frequency ik, =(2n+1)nT.

Consider now a general Gaussian functional integral for Majorana fermions y,

with a real Grassmann source J, given by
Z[]] = jD[y]e—édedx'y(x)A(x—x’)y(xr)+Jdx](x)y(x). (B.11)

This continuum functional integral is obtained from a limiting procedure N — co on

the discretised version,
Z[]] = Jd%--.dym e~ 2Vidi Vit (B.12)

where the Einstein summation convention has been used. Since the {y;} anti-commute,
Ajj=—Aj; can be taken to be anti-symmetric without loss of generality. Let us first

calculate the source-free integral,

m

Z[0] = jdyl .dyaN Z (n;,lz)m (vidijy)" (B.13)
m=0 ’
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where the exponential has been expanded into a power series. Since Jd)/ =0 by
definition, only terms with all y,..., o5 will give a non-zero contribution to the

integral, that is only the m=N term in the power series contributes. Therefore,

(-
Z[O] = N'z_N d')/]d')/2N (')/lAl]’)/])N,
1
T NN Y s8n(P)Ap()p(2)Ap(3)Apay-Apan-1/AP(N)
’ PESZN

=PfA,

where in the second line, the sum is over all permutations P of {1, 2,...,,2N}, and the
third line defines the Pfaffian of the matrix A [136]. It can be shown that Pf*> A =det A;
to see this, consider Z[0]* with an action of the form —(%y,-Al-]-y]-+%7/l.’Ai]-7/;). The y
and y’ Majorana fermions can be paired up to form complex fermions ¢ with the
action —1);A;j1p - the path integral defined by this action then gives the regular det A,
which immediately proves that det A=Pf? A.

To compute a general Z[]] with non-zero source, we invoke a change of variables,
defining

Xi :yi—Ai_jl]]-. (B.14)

Using the antisymmetry of A;;, it is easy to show that the path integral in Eq. (B.12)
transforms in the continuum limit to

17417,
Z[]] = llm Xm dXZN e_%XiAinje_QItAij ]],

N—oo

= Pf(A) exp[—% J dxdx’'J(x)A7 (x = x)J (x) |. (B.15)
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APPENDIX C

TRANSPORT IN A TSC-QD-TSC juNcTION

In the MAI class of models [1], consider a TSC-QD-TSC junction (see Figure C.1) with
Hamiltonian

H:HL+HR+HQD +thb’ (Cl)

where H; and Hy are Kitaev chains that form the left and right leads (LL and RL)

respectively:
. N-1
i , / ’
H =3 Z(AL )Y v A=ty vl -yl (C.2)
j=1
S N-1
Hr =3 ) (Ar+tR)Vjvjm + (AR = tR)Y;¥]u1 =~ IV}, (C.3)

~.
Il
—_

where the Majorana operators are defined in terms of complex fermions as y; = (cj+c;.r)
and y]-’:—i(cj—c}r), and satisfy the Clifford algebra {yi,yj} =2¢;; and {y,-, 7/;}: 0. Apr
are the p-wave pairing potentials, t; z are hopping integrals, and yj g are chemical
potentials. In the topological phases of LL and RL, i.e. for |/,1L| <2t; and |/,1R| <2tg, the
LL hosts Majorana zero modes (MZMs) y/; and y_y while the RL has y; and yJ as

its MZMs. Henceforth, we will assume semi-infinite leads given by the limit N — co.



j=-N j=-1 Vi Vi j=1 j=N

LL-TSC C K X = dl ] RL-TSC

Y—nN }’ﬁ 1 141 7/1/\’

Fiure C.1 — Setup of the TSC-QD-TSC junction.

The QD is modelled as an Anderson impurity described by

HQD = U(f)(ZTldT - 1)(2ndi - 1)+ g(ﬂdT +ng) — 1)— g(”dT —Yldl), (C.4)

where 14, = d}d, is the number operator for impurity spin o. U(t) describes a time-
dependent on-site Coulomb repulsion (quench on the charging energy of the QD), h
is a Zeeman field, and € is a shift in the chemical potentials of the impurity fermions.

The hybridisation between the leads and QD is
Hiy, =iViy/ dy +iVeyrdy +hee. = (Viy/y + Vo) (dy + df) (C.5)

where V| p are the hybridisation strengths. We have coupled spin-up electrons on the
QD to nearby MZMs in the leads. The fact that experimental realisations of the Kitaev
chain involve proximitised spin-orbit coupled nanowires subjected to magnetic fields
justifies a spin-selective choice of hybridisation, and the inclusion of a Zeeman term
in the QD Hamiltonian (C.4).

Although we have considered here a quench on the QD charging energy U, one
may also quench the hybridisation as in Ref. [103]. The proofs to be presented in the
next section will hold in this case as well. However, note that exact solvability requires
€ = h at all times. Departures from this limit have to be considered perturbatively as
in Ref. [1].

The Z, slave-spin representation [93] of H, obtained by fractionalising d;, — p* f,;

and using the resulting gauge constraint

w=2ng-1)>-1, (C.6)
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is given by

o, 1 1
Hgs = Hy+ o+ 1 (ViyZy + Vi) (fr-+ £ )+ UG + S [e e (e = ) mpy = 5 ).
(C.7)
For € = h, this is bilinear in Majorana operators defined as I'! = u(f;+ f;) forae{x,y,z}
[1]:
1 1
Hgs =Hp+Hp+i(Vpy ; + VRyl)FTx —zU(t)TT"TT +5 [e +h—i(e— h)rTer (”fl - E)
(C.8)
Henceforth, we will assume the exactly solvable limit e =h of Eq. (C.8) unless other-

wise mentioned. We show now that the projector
1
P =1+ (1)) (C9)

constructed from the gauge constraint [Eq. (C.6)] can be disposed of in calculating
the non-equilibrium current in the slave-spin representation, similar to Ref. [103].

Say at time t =0, the charging energy of the QD is U(t=0) = Uy and the system is
in thermal equilibrium at an inverse temperature  with a density matrix

1

PO T &= 207 D e

exp(-pH(V,Uy,€,h)), (C.10)

where Z is the physical partition function trexp(—fH). In the Heisenberg picture,

the current operators for the leads in equilibrium (at t = 0) are given by

8

=—i i[cfjc_]-,HL] - ZiVL[cf]-c_]-,c_l - cfl] (dT + d}r)

j=1 j=1
=Qp+iVy (e +cty)(dy +d]), (C.11)
and similarly,  jr(t=0)=Qp+iVg(c; —c])(dy +df). (C.12)

In the case of normal metallic leads that conserve total particle number, (3} x =0, but
as a superconductor spontaneously breaks this symmetry, these terms will contribute

to the current. Therefore, the total current through the QD in equilibrium is

Qp-0p

> +%[VL(C_1+Ct1)—VR(C1—C-{)](dT+d%-) (C.13)

j(6=0)= 3z~ jr) =
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Defining a particle-hole transformation Dyd;D; ! = d%t , observe that

Dyj(t=0)D;" = j(t=0) (C.14)
Dip(t=0; Vo, Up, €, 1D = p(t=0;V,,~U, hy€) (C.15)
where the second equality comes from the fact that D1H(V,, U, ¢, h)D{ V= H(V,,-U,h,¢€)
and Z(V,,U,e,h)=2(V,,-U,h,e¢).
After a quench on the QD charging energy, the average current at any ¢ >0 is given
by [137]
GY(t:V,, U, e,h) =trp(t=0; Vy,, Uy, e, KT (t;V,,U,e,h)j(t=0)K(t;V,, U, € h),
(C.16)

where K(t,0) is the evolution operator,

t
K(t;V,,U,€,h) = Texp(—ij dt’H(t’)) (C.17)
0

Inserting identities D{lDT thrice inside the trace in Eq. (C.16), using cyclicity, and

the relations Egs. (C.14)-(C.15), it is easy to see that
GY(t Ve, U,e,h) =(j)(t; Va4, —U, hye). (C.18)

In the slave-spin representation, the current operator at t=0 is

QO -0p
2

1,.ss) .ss)

Jss(t=0)==(j; ~'—Jjr )

2 +%[VL(C—1+Ci1)‘VR(C1‘CI)]FfC' (C.19)

Since the action of D{l is represented on the slave-spin Hilbert space by p*, the phys-
ical average current at >0 in Eq. (C.16) is expressed in the slave-spin representation

as

(Jss(t: Vo, U, h€) =tr u* 2ps5(t=0;Vy, Ug, €, h)u* u*
x Kis(t; Vo, U, €, h)p*jss(t=0)u*Kss(t; Vo, U, €, )u*P, (C.20)

where we have used the relation Z =Zsg/2 to obtain p — 2pgg, and

1
pss(t=0;V,, Ug, €, h) = Zes (VDo) exp (—pHss(t=0;V,, Uy, €,h)), (C.21)

t
Kss(t} Va, U,e,h): TCXP(—Z.J‘ dt’Hss(t’)). (C.22)
0
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Note that Hgg(t) is quadratic in fermions, so Wick’s theorem applies in calculation of
averages. Again using the cyclicity of the trace, and the relations p*Py* =1 -P and

Wjss(t=0)u*=jss(t=0), Eq. (C.20) simplifies to
(7)ss (t: Vo, U, e, h) = trpss(t=0, V,, Ug, €, WK (£ U)p*jss(t=0)Kss(t;U)  (C.23)

with the projector disposed of.
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