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Abstract

Twenty-six beasms and slabs, with reinforcement ratios ranging from
008% to DSQ‘E; were tested to study the mmdrrm _ amount af. ;Iem.ri
reinforcement required in concrete bci:rnsf The major variables considered were:
concrete stréngth, steel percentage. steel properties and cross-section shape
Sisbs and rectanguiar, T- and inverted T-baams were tested

Four of the beams failed in a brittle or. nexrly brittle msnner the
remaning 22 members having a ductile failure ésgd on the test d.ﬂ;a it '!X
proposed that the minimum reinforcement ratio be expressed as a function of
both the compressive stra;ng'th of concrete and the yield -strength of the
reinforcing steel |

" The T-beams and the mnverted T-bsams (flange in tension) required about

.14 tmes and 28 times, respectively, as much, reinforcement as the rectangulsr

shapes. . -
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1. . INTRODUCTION

£ s
1.1 Genersl remarks
If the moment capacity of a concrete member after cracking is less than the
cracking moment. as may bé the case for extremely lightly remforced members,
a brittle fracture can occur when the &aﬁr:rﬂéfﬁcl;; There is no agreement,
however, on how much rtiﬁfarc:mt 15 needad to svowd this. and in some
cases published recmmﬁs differ substantially It will be the task of this
Study to verify expermentally the snalytical results obtaned by different

mvist!gjiﬁfs .

1.2 Object and scope
The am of this inv;stng.gtn;ﬁr 1s the development of equations that define the
i;ﬁinimgn renforcement ratio that should be sllowed mn concrete flexural
members subjected to static loading  This minimum allowable reinforcement ratio
will be based on the condition that the member should fail in a ductiles manner,
giving some warning before failure Since the greatest part of the energy
absosped by a ductile member is sbsorbed after the member has yielded, the
load-deformation characteristics in the plastic range are of particular interest

Although many varisbles must be taken into accout in a complete study
of the fiexural load-deformation characteristics of reinforced Eﬁéﬁ::rsfe mambers,
it was not considered parii:tnéal to introduce all of them in this study  Previous
' :nvestugatafs inchicate that the most important variables are the concrete strength,
steel percentage and stesel prgr:;rtnas These ,&nd  cross—section shape have
been chosen as the principal varisbles to be studied

Some of the previous investigations in this fisid are studied in Chapter
2. and compared to different code requrements. The theoretical equations for
calculsting moment capacities are given in Chapter 3 An attempt to estimate
the effect of shrinkage on the tensile strength of !ecmcr’atg is siso made in this

chapter Chapter 4 explains the experimental program ’ -

vy



The test results are presented and discussed n Chapter 5 and the last
section in this chapter gives the design rules recommended ' Chapter 6 is
conciusions and Appendix A gives the test resufts in a form of gribhs.

i



2. REVIEW OF PREVI@US INVESTIGATIONS

2.1 Minimum reinforcement

In this section, recent literatre on minimum  reinforcement  will be
review;d and some of the recommendstions given therein will be restated in
for\ms of tables X

in 1961, Friz Leonhardt (1961) reported extensive tests to determine
mcmrr}rn aliowable reinforcement in rectangular beams Using a pneumatic
pressure system and a large (300 litres) “pressure equalizer’. the drop mn
pressure and hence load :‘t the t»m; of cracking. was hmited to about 04 per
cent As a result the loading approximated a dead load In this series of
experments 21 beams of dimensions 200x500x2200 mm were tested, using
concrete strength of 18 MPa to S50 MPa Two different kinds of deformed
rebars were used the diameter either 6 mm or 8 mm and the yreld strength
ranging from 450 MPa to 525 MPa The ultimate tensile strength of the steel

f was mn 3l cases close to 560 MPa Cubes for compresstve strength

su -

tests and prisms for tensile strength tests (modulus of rupturel were also made

Leonhardt divided his results into 3 categories

1 brittie fracture. when reinforcement does not provide a moment capacity
lsrger than the cracking moment, ie. My = M,

2. borderiine case. M., < M, < 105 M., ~

3. ductile failre. M, 2 105 M,

in the test series, the reinforcement ratio was based on the asres of the

concrete tension zone only. e

A A
ﬂt = S = S R 21)
b h/2 Act

\

Megiecting the effects of the reinforcement. Using this nomor{ p, ranged “ |
from 0.176 to 0423 .



Plotting s, sganst the ratio f_(cube) /fe, . and fitting 8 straght hne to
the boundary between brittle and ductile faikures Leonhardt deveiopad the

4

£ (cube)

fsu

% = 012 + 22 b % of Ay ) 22

If the reinforcement ratio A s changed to the more commonly used

S ’ 2.3

ma=0.&swummemwsmm;,onegcts' a
\ .

A

18

(2.4)

and using cylinder strength rather than cube strength {assuming
foleyll = 083 fo(cube) ), the test results can be plotted as-shown n Fig 2.1.

Equation (22) now becomes.

f
P = 0067 + 147 —SOBS (2.8
fsu obs

-

Finally, applying a safety factor of about 12 Leonhardt gave recommendations
for minmum reinforcement ratio for normal, deformed bars These ratios.

expressed in terms of ¢ (not A, ) and using concrete strength in MPa are

given in Table 2.1 . \ .

it should be noted in Table 21 thst the compressive strength of
concrete given is the specifidd cylinder strength, fok . not the observed
Trength, obs - |

‘Some years Ister, Leonhsrdt and Mohning  (1973)  published new
tecummendstions for minimum reinforcement ratio for members n figxure, this
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Table 21 — Recommaendstions for minimum reinforcement rastio for
rectangular members (Leonhardt, 1961).

_ ~ * _ i
Concrete compressive strength, f., MPa)
Steel strength ' i
th P2l 18 25 35 50
< 220 00017 0.0020 00026 0.0032
= 450 00014 0.0016 00020 00024

time b;sed on theoretical observations Negiecting the tensie force n ﬂ’-
reinforcement before cracking of t:ancrata “and using the straight .line tFmgfy
the cracking moment. M., , of a rectsnguisr section is

<
"

Assuming the tensile strength to be one-tenth of the compressive cube strength

of concrets

1
fer ™ —— fy (cube) 27
10
rs‘s;ﬂts in
Mer = 00187-b-hi-f., (cube) ; 28

f
Taking the moment-srm as 095d for the reinforcement, the uitimate moment

capacity after cracking is

u

Reaizing that for a ductile failure M, 2 M., . and using d = 0.9n grves (again
083 f.(cubel )

]

using f.(cyl



alr

@
Ag: fyy - 095-d 00167 b - 083 -fc, (2.10)
(0.9 5

thus giving the minimum amount of renforcement necessary for a ductile

o

Pmin® ———— = 0.0180- 211

For shapes other than rectangular » must be expressed in terms of the
concrete tension zone area (A, ) Referring to the tests Leonhardt did in
1961, Leonhardt and Monning state that for I-shaped beams the following
"relation is valid

and that in some cases &qn (211) Gverestimates the necessary reinforcemeant

rato for rectangular besms Table : summarizes their conclusions for normal

deformed rebars

Table 2.2 — Recommendstions for minimum reinforcement ratio
for both rectangular’ and I-shaped members
(Leonhardt snd M&AMNg, 1973).

Concrete Rectanguisr I - beams-
compressive members

strangth, ) , )
fox MPa fuk =220MPa fyk =450MPa fyx =220MPa fyk =450MPa

0 0.0015 0.0010 0.0027 0.0018
0.0020 0.0014 0.0036 0.0025
< 45 0.0025 00018 0.004% 0.0032

L] | ")

w | N
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Leonhardt (1977) studied the amount of reinforcement required to prevent
excessively wide cracks in concrete members. When 8 concrete member under
axial tension cracks. the tensile force which was carried by the concrete.
Ne = Agp - fy . must suddenly be taken ower by the remforcing bars  This
Causses a jump of stress in the steel st the crack The stee! stress in the..
cracked section. at the cracking load, can easily be caiculatﬂd as:

fet Ag

( where Dt=

Pt ACt

) \ 213

The sudden jump of steel stmsi 1s then

. 1 E .
80, =05 - —2 . = ¢,. — - S ‘ 2.14)
Ec t Ec

L}

Thus a smatl A gives rise to a high jump of steel estress. a large p, to a

low jump.
A high steel stress jump  leads’ to bond stresses beyond the
bond-strength between- rebars end concrete and tends to destroy the nd on

a4 short length adjacent to the crack. Leonhardt estimates the length % . of

]
"almost lost bonc;' (for standard ribbed rebars) as
g, in MPa
2, = i-q& S (2.15)
45 $ in mm

it the stee!l Hress jumps up to the yield strength of the steel g, can be
assumed ¥ 6-¢ . The crack width is a function of the steel strain at the

crack and the length of “simost lost bond” For memberg in fiexure instead of

axial tension, the sudden jump of steel stress is considgrably smalier. only about
40% of above mentiohed values if A, is used or\20% if o is used
In crack width calculations the concept "effectiye embedment area” is

('en used  This is the part of the concrete tension zone area where the



w

rebars are assumed to be effectve in controling the crack width and spacing
Leonhardt's definiton of effective embedment ares is defined i Figure 22

L

\

o
Amx

o
el

\
|
o

Pi ot At A et = Shaded Area

Figure 2.2 - Definition of “effective embedment ores’”,
- Ay o (CEB, 1977)

This concept is used in Table 2.3 '

Based on this study the values in Table 23 are recommended for minimum
ratios of Z‘FEiﬁfDl‘Emﬁf to satisfy limit states of crack width lrfd ultimate load
requirements (for members in flexure)

In 1969, ACI Committee 439 (ALl 439, 1969) reported on the "Effect
of steel strength and of reinforcement ratic on the mBde of faikwe and strain
energy capacity of reinforced caﬁcrete beams” The report is a theoretical
study based on idealized stress—strain curves for stg;l, and the tensile strength

of the concrete is neglected, both in computing reinforcement ratios and strain
, +



10

Tsble 23 — Recommendations for minimum ratios of reinforcement to
satisfy limit states of ocrack width and/or ultimate load
requiremeants (Leonhsrdt, 1977). :

Concrete compressive
Minimum reinforcement strength, f., (MPa)

ratio, based on
10 20 30 40 50

Rectangular beams
A .
P =—=5-.100 (%)

ultimate b-d
load - — - -
{failure) I - beams 1 ) ) 7 e
A 020 | 026 | 031 | 036 | 040

P =—S—.100 (%)
Act
Limit states A i’ for mean . . ; -

of cracking o 062 [065 [ 068 | 072 | 077

{ 95 = 200MPa) crack width 0.4mm
- i - _ _ _

*for definition of fer €€ Fig 22

energy.  The minimum values of 2 given earlier in this section are therefcre
not drectly comparable to the ratios suggested by ACI 439 In all calculations

the concrete strength was assumed to be f. = 4000 psi (X 28 MPa) with stee!

strengths varying from f = 40 ksi (X 280 MPa) to fy= 75 ksi (= 530 MPa)
To present their resqlts, the committee plotted the strain energy capacity of
concrete members against the reinforcement ratoc o . as shown in Fig 23
Although Fig 2.3 is taken from another paper (Mirza and MacGregor, 1981). it
1S essentially the same as the plot published by Committee 439

Figure 23 has three types of lines The first (from left to right)
represents the situation where rebars fail before the concraete crushas at the
top.  The second line shows the case where reinforcement yields, but does not
break, before concrete crushes at the top. The third line gives the situation
whe'e the area of the steel is so large that :c:m:rgfg crushes befare the steel
yizlds .

The main conclusions of this paper are:
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1 In order to obtain a ductile failure in dynamically loaded structures. it is
suggested that the remforcng steel ratio should be limited to 2 value of
14/, MPa) 8s given in the Canadian code (CSA A233

s between o

1977). (see section 2.2) snd 0.75 A, where a, 15 given in Table 24

- In addition they recommended that s should be at least 0005 It should
be noted that 0005 exceeds 14/f, if f, exceeds 280 MPa (40 «ksi)
2 Regardiess of the strength of steel used m the remnforcing bars. the

+ Stram-eneérgy capacity i1s maximized by using an amount of reinforcing
steel ciose to the minimum requrred to cause a ductile failure ( Bp D

Table 24)

c

Table 24 — Range of reinforcing steel ratio to insure ductile failure in
concrete beams (AC| 439, 1969).

) Reinforcement ratio, p

Steel yield _ - _ -
strength, f., ) -

' ] P .14
min t, (MPa)
ksi) MPa) e__ .= 075
but > 0005 L max 2

40 ~ 280 (00050 0005 0034 0.025
60 ~ 420 (0.0033) 0.005 0018 0013
75 ~ 530 (G.0027) 0005 0013 - 0010

Mirza and MacGregor (1981) made similar calculations for one way
roncrete  siabs, comparing the differént strain energy capacity of slabs
reinforced with welded wire fabric and conventional rebars As a part of this

~wwy they plotted the strain energy capacity of slabs contaning different types
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and smount of remnforcement aganst the reinforcement rato, o . as shown in

Fig 23
Figure 2.3 suggests that i 8in energy capacity of rectanguisr sections

having the maximum aliowable reinforcement ratio of Pnax™ 0.75-11b (n
North—-American codes) is approximately 5 n-lbs/in Based on the assumptioy
that this is the minimum tolerable ductility, Mirza and MacGregor recommend the
corresponding minimum _reinforcemem ratios for rectangular slabs as ( see
horizontal line at 5 m-ibs/in n ‘Fig 2.3 }

Grade 60 rebars. Pmin = 0001

W4 wires........... Pmin = 0.006

WI1B wirres....____ Pmin = 0.003

For the weided wire fabric, they give the following equation

00012
Pmin= ,_,An

(2.16)

where A, s the nominal area of one wrre in in: (to convert to Si-units.
multiply Eqn 216 by 254

Only 4000 psi concrete was considered in the Mirza and MacGregor study. ‘
Both this study and the ACI 439 report neglect the relationship between
cracking moment and ultimate moment Finally. the authors emphasize that the
ductility is required only in .t.hose locations in a st'ruc.ture where the actusl load
capacity of the structure depends on the reinforcing steel yieiding before 'the
structure assumes a failure mechanism by successive formation of plastic hinges.
Hence, the above mentioned ratios need only to be used for members requiring
ductility | -

McCollister, Siess and Newmark (1954) reported test results of three
beams with small amounts of reinforcement Beams N-1 and N-2 had the
same amount of reinforcement Beams N-2 and N-3 were moist cwred and-
tested in moist condition, while N-1 was allowed to dry out The concrete

strengths‘, reinforcement ratios and steel strengths are summarized n Table'2.5,



14

Table 25 — Dsta for three test specimens tested for
minimum reinforcement (McCollister, Siess and

Newmark, 1954).
Concrete Steel yeid Reinforcement
strength, strength, ratio.
Member fé,obs Psi) fyobs Psil p = Ag/b-d
N-1 6138 47600 00017
N-2 5649 48100 00017
N-3 6407 41600 00031

Because of higher degree of hydraton ahd the lack of shrinkage
stresses due to being cured and tested in the moist condition, beams N-2 and
N-3 had a cracking load appreciably higher than beam N-1.  The companion
besms N-1 and N-2 both failed at a deflection of about 75 mm (3 mnches)
in the case of N-1 which had a low cracking ioad. the steel was just able to
resist that load. after stran hardering had taken place N-1 would thus be
regarded ss s boundary case between brittle and ductile failures
Beam N-2 ftailed n a brittle manner since its moment capacity after cracking
was less than at cracking Beam N-3 although badly damaged by cracks. was
able to withstand a load about_ 10% higher than the cracking load and will
therefore be considerec.i ductile. It should be noted that the concrete
compressive strength given in Table 25 s fc,obs' that s the actual strength
when tested.
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2.2 Present design code requirements for minimum reinforcement

2.21 North American codes
The codes referred to here are CAN3-A233-M77 ICSA A233 1977)
the Canadian code. and ACI 318-77 (ACI 318. 1977, widely used in the Urwtad
States of America These two codes are n most respacts identical. but since
the Canadian code uses the Si-units. it will be used as the main reference
he &
The requrements are as foliows
Non-prestressed members
"At  any section of a flexural member lexcept siabs of uniform
thickness) where tension (oositive') reinforcement is required by analysis
the ratio » supplied shall not be less than that given by.
; . 4 o
Pmins —— ( f, m MPa ) 5217]

, y
fy

uniess the area of reinforcement provided at every section, positive and
negative. 1s at lsast pne third grester than that requred by analysis in
T-beamns and joists where the web I1s In tension the ratio shall be
computed for this purpose using the width of the web"

For structural siabs of uniform thickness the area of reinforcement in
the direction of the span shall provide at least the following ratios of
renforcement area to gross concrete area. but not less than 00014
égrEiﬁ bars | 7 . .. . . D.0025
Siabs where deformed bars having a yeld strength less

than 400 MPs awe used . . . . . . . 00020
Siabs where deformed bars having a vyield strength of

400 MPa or welidel wire fabric, deformed or plane, are

used - . . . . . . . ... . o008

" =2 AClI code uses the word ‘positive” where the Canadian code uses
"tension’



Slabs where reinforcement with yieid strength exceeding
400 MPa measured st a yweld strain of 035 per cent

0.0018x400
1s used -
fY
*

The reason for different rules for slabs and other members is given m
the ACI 318 Commentry (ACI 318. 1977b) which says that the minmom
reinforcement required for siabs is somewhat less than that required for beams
smce an overiosd would be distributed lsterally and a sudden failre would be
less likely -

Prestressed members

“The total amount of all types of remforcement shall be such that the

uitimate cap;city of the member s at least 1.2 times the cracking

moment where cracking moment is defined as that which mnduces a

tensile stress in the concrete equal to the modulus of rupture defined

as *
] _ = Y
fy = 06V (2.18)

Minimum bonded reinforcement shail be provided in the pre-compressed
tension zone of flexursl members in which the prestressing steel is
unbonded  Such bonded reinforcement shall be distributed uniformiy
Over the ténsion zone near the extreme tension fibre

The minimum smount of bonded reinforcement, Ag . in beams and
one-way siabs shall be

Nc

05- 1,‘y

L]

or Ay = 0004-Ay 219
whichever is larger, where Ay = area of the tension zone end Ne =
tensile force in the concrete under load of -D + 12L and f’ shall not
exceed 400 MPs" - . ’
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2.2.2 Ewro-international concrete committee model code (CEB, 1977)
The mimmum reinforcement requirements m the CEB Model Code are as

foliows

1 ‘A minimum  area of longitudinal reinforcement should be provided mn
beams ana siabs to ensure that there is a sufficient reserve of strength
after cracking The area of longitudinal tensile reinforcement provided

should ROt n general be iess than

00015 b, d for steel grades S400 or S500 or for prestressing steels
00025 b, d for steel grade $220

where b, is the average width of the concrete zone in tension

In a T-beam, if the neutral axis is located in the flange the width of
the istter is not taken into sccount n evaluating b, *.

2 "A minimum  smount of reinforcement should be provided wn all cagas

for the control of cracking, even for members which had been
for the decompression Irmit state That renforcement shouild beé so
dimensioned that
h al at cracking the stress in the steel rar:mns below fyk,
bl the crack widths remain below a specified limit"

In order to satisfy condion s one should ensure that

A, $
= (2.20

A(:ftief fyk

where Acteq denotes that part of the tension zone of the concrete where

\
|
M

the reinforcing bars can effectively infience the crack widths (effective
embedment zonel The effective embedment zone is as defined in Fig 22
shouidbomtiﬂﬁﬂhﬁ:caﬂeﬁ;dﬁ;ﬁn&timisméeb@Mmﬂwemwt

of minimum required r:iﬁ?;r::rniﬁt in non-prestressad and prestressed membaers
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2.3 Comparison between various minimum reinforcement requirements

In comparng different Lterstre one must be aware of different us.!ge
of ;m reference vaiues, such as concreta stength Fig 21 for exampie
uses the actual céﬁt;assme cylinder strength “:;:ﬁ the day the member was
tested, while design ii generally based on the specified 28 day strength The
most commonly used reference value for steel strength is the specified or
characteristic yield strength, fyk
concrete compressive strength are a little different all comparison will be bssed
on the North—-American defiwtion, €. and other specifications will be modified
to be comparsbie to it

The North-American definition of specified compressive strength of

concrate s

& = fae - 1343 s 221)

and the European defmnition is

fk = feave -~ 164 8 ’ 22)°

where fc,ave = #verage stength to be used as a basis for selecting concrete
proportions ]
standard devistion of individual strength tests

s
Thus, in order to compare these two, the following relstionship will be used

(assuming a coefficient of varation for the concrete as. 8. = 015)

. & = 106 fy (2.23)

in order to compare \the code requirements and the recommendations given n
Section 21, Fig 2.1 must be replotted n terms of t and fyx - This resuilts
in a new equation for the boundary line, which now becomes:

” £ o .
Pmin= 0067 + 124 —— (2.24)
Iy



=

Ths line is compared in Fig 24 to the other recommendations presentad n
sectons 2.1 and 22 In this figwe the conorete strength 15 hmited to
15 MPa<f s 45 MPa and the steel strength 15 hmited to 200 MPa < f. <
600 MPa  which gives lower and upper boundaries for !f'yk equsl to 0025
and 0225 respectively The lines and bands piotted m Fig 24 ail are for
rectangular unprestressed members loaded n flexure Three observations can be
made from the data plotted in Fig 24
1. The CEB requirements are similar to most of the other requirements,
ncluding the CSA-AC! “temperstre and strmkpge” remforcement. and
Quite close to Leonhardt's test results
2 The CSA-ACI recommendations for l;eﬁs ae much higher than the
others and m no case do they cross Leonhardts hne
T3 Leonhsrdt's recommendations (1961. 1973 and 1977 seem to move
:!wiy from his test-ine as the years go by. and his 1977 proposals
e well below the miwmum suggested by the tests he reported n
1961

2.4 Concrete strength in tension and comprassion \
Atthéugﬁ the present test program deals with specimens where tensile

strength 1s more important than compressive strength, both of them will be -

discussed here since the  tensile strength is often expressed as a function of

the compressive strength v -

2.4.1 Effect of loading rate

The observed strength of concrate is considerably affected by the rate
" of application of the load the lower the rate of loading. the lower the '
apparent strength 7 '
Miria Hatzinikolas and MacGregor (1979)grecommend the following relationships
for the effect of the rate of loading
a) for compressive strength
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Figure 2.4 - Comparison between different recommend-
ations for minimum reinforcement ratio in
rectanguiar concrete members.
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f = 089 f, (1 + 008:log R (2.25)

cR)
n which 01 =R psi/sec = 10 000, where R is the rate of stressing (the
normal rate of stressing for the standard cylinder test is approximately
35 psi/sec or 15 MPa/mn (CSA A232. 1977) )
b) for tensiie strength both in flaxure and splitting tension)

4

fom = 096 oy (1 + O11:10g R) ’ 2.26)

m which 001 <R psi/sec £ 170 (25 psi/sec or 1 MPa/min roughly corresponds
to the rate of stressing of control specimens)! Mirza et al assume that fe g,

and fcuﬁ, have the same coefficients of variatioh as ic‘,ss) and fcﬂg.si

2.4.2 Effect of voluma

The in-situ strength of concrete is affected by the vo/ume of material
under stress. in 1931 Reagel and Wilis reported that variations in the depth
of concrete gm:is'ehs caused a vaation m the modulus of r;éturg Linder
and Sprague (1955) reported a 15% decrease in the modulus of rupture
between 6 mnch and 18 mnch deep beams  They developed what they called
rectibolic  formula’. to account for the difference between the modulus of
elasticity iIn compression, E.. and tension, E.,  The ratio E. /Ecy they reported
ranged from 147 to 185

Bolotin (1965, using statistical theory of brittie fracture of sohds, gave

the following estimates for the influence of 'size in geometrically similar

specimens.
a) in comprassion .
X = X, 058 + 042 (v, o (227)

n  which X, and V, represent the strength and  volume of an
100mmx 100mmx 100mm cube specimen Egn  (227) indicates that as the
voh me increases. the mean strength dacreases The coefficient of variation for

{227) can be taken as

-



M
L8]

0147 vy»" 3
by = ———— (2.28)
058 + 042 (V,/V)
bl mn tension
X = X, (043 + 057 (V,/V)") : (2.29

The coefficient of variation can in this case be taken as

0.200 v,yw" \
043 + 057 v,/

-
‘Dl‘
[
0}

(2.30)

In both tension and compression the value of the strength three standard

deviations below the mean is essentially independent of volumne

2.4.3 The relstionship between compressive and tensile strangth
in studies of the strength of reinforced concrete slements it is a
common practice to express tensile concrete strength as a function of the

compressive stﬁﬁgth The CSA-AC! codes recommend the use of.

fq = 06V | C arr
The CEB Model Code recommends the use of

) L % )

= 0.3-(fy) (232)

Regression anelysis (Mirza et al 1979) of data from 588 sets  of
modulus-of-rupture beams with third point loading and standard cylinders gave
the following relation (developed for square-root ralationship)

fy = 069V (233)

The effect of age of concrete should also be tsken into sccount

Nevilie (1970) reports that the following relationship is valid for normal Portiand
cement concrets:
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4
ot = f.(28) ———— {2.34)
3 + 28/t

where t is age of concrete in days

Egqn (234) is plotted in Fig 25 for a 28 day strength of 30 MPa

o . _ _ _
w T T T T
g
‘.—uo =
s >
§ _ -
E
[ ]
$
Egh |
3
(=) 4 1 — N 1 —

0 25 SO 75 100 125
Age of concrete in days

Figure 2.3 -- Assumed strength development of concrete
(nrormsl Portland cement). .

A

2.4.4 Effect of shrinkage 5

Portland cement concrete has the tendency to shrink with loss of wgtér:
On exposure of a concrete member to drying conditions, moisture siowly
diffuses from the interior mass of the concrete to thu surface, replacing the
moisture lost by surface evaporation As a resuft moisture gradients are
produced, which in turn induce stresses in the concrete.

Drying shrinkage of concrete has been found to be one BT—theprincipal
causes of cracking (Cady. Clear and Marshall. 1972 and ACI Committee 224,



1980) Factors such as: composition of cement aggregate size, water content,
chemical admixtures, pozzolans (fly ash) member size. and duration of moist
curmg all have some effect on the shrinkage of concrete members
Although a considerable amount of ‘work has been-done on this subject no
overall agreement has been r'aac:heié so far on the form that mathematical
equations describing shrinkage sh@uié take |

One of the early researchers was Carison (1937) He stated that "The
diffusion of moisture from the interior of concrete toward a drying surface
can be linked to the diffusion of heat from the interior of a sohd to the
cooler surface” also " .when both moisture loss and drying shrinkage are stated
in terms of per cent of expected total they should be nearly identical”
Based on his experments. Carlson recommends values for the peréentage; of
evaporable moisture remaining in slabs drying in an atmosphere with relative
humidity of 50 per cent. these values are shown in Thble 26 He also
explains how these values for slabs can be used far merfvbers of any shape
drying from any number of sides ‘i',

Neville (1970} correctly points out that shﬁnka#e and creep occur
simultaneously and can not be separated completely Shrﬁirkage Causes stress in
the concrete, which in turn activates the creep action E’Frns craep or ralaxation
reduces the effective shrinkage stresses and so on Y In his book on creep
Neville gives the following iterative expression for Calculating actual shrinkage

stresses after relaxation, based on a given initial stress:

E . — .;‘, 1 | _
al,“sﬂl;“*‘*—{iu[z,grl— Z(Glg‘*t?,:ﬁ)g(1*§“) i (2.35)
Lj=1 j=1

The ‘notation in eqn  (235) is based on Fig 26
For good agreement with. experimental results, the number of steps neaded in

Egn.  (235) is small, usually about five It is advisable to choose shorter

Intervals in the early stages when the rates of creep and shrinkage are highest
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Table 2.6 — Parcentage of evaporable moisture remsining in drying siabs
st various depths from drying surface (Carlson, 1937). .

Dist Time of continous drying in terms of K-t/a

from _ - _

dTYIﬁg ] - '
surface |.005] 01 (.02 (04 |06 |08| 10]15]20]25] 30 40160|80]|10

01 a 7052382232@1814121097432

7

 02a |92 |82 |67 |52 |43 |38 3428 22 |20 18l13[8 |53
03a |98 |93 |85 |71 |60]5a 2941|3530 25 20({12]7 5
04 a [99 (98 |95 |84 |75 6863|5346 |38]35]27 161101 &
05 a [100[99 [99 [93 (@5 [79[74 63|55 |48 42|33 |20 12] 8
06 a |100 100 [100 97 |91 ]e6|82[72]63 |55 a9 |58]23]1a] 5
07 a |100[100 [100 |99 |95 [91]88] 79|69 |61 |54 |42 |26 | 16 | 10
08 » [100 (100 [100 [100 |97 |94 |92 83|73 |65 |58 |45 |29 |16 [0
[ 09 a |100 100|100 |100 |98 |96 | 94 |85 ] 6 |6 6047|2817 11
10 a |100]100 |100 100 |99 |97 | 95 |86 |77 les a1 ag|28 17 |11

-moisture diffusion constant (0001 fti/day for average concrete)

Notes K = 7
t = tme from beginning of drying in days
a = half-thickness of slab drying from both faces

Cady. Clear and Marshall (1972) tested 30 standard test cylmders for the

splitting tensile strength  Prior to testing the specithens were dryed at 140 °C

/b\yaric:,us time Pperiods to produce the degree of saturation desired Their
test ';*esults are replotted in Fig 27

It is evidént from Fig 2.7 that the minimum tensile strength is obtained at a

poirt at which about half of the total evaporable water has been removed

The maximum strength loss compared to the saturated condition is in the order

. of 30% to 35% This observation confirms the observation that tensile strength

of concrete is lower during the intermediste stages of drying when steep

voature  gradients exist in the specimen It can be seen that the tensile
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Figure 2.7 - Splitting tenslle strength of concrets eylin-

ders versus degres of saturation ( Cady, st al.
1972)



strength is highest in the totslly dry condition and the totally saturated condition
These are the two states in which it is not possible to have moisture gradients
R must be noted that in practise the drying tempersture is. of c;;grs-; much
lower than 140 *C and thus moisture gradients are not naxly as steep as m
this experment However., the 35% loss in strength serves to illustrate the
possible magnitude of the effect of rapid drying



3. THEORY

3.1 Moment capscities —

3.1.1 Cracking momant -

The cracking moment capacity of the test specimgns will be caiculated
using the transformed area of the cross-section, LL_I steel area will be
transformed to an equivalent area of concrete. using the modulsr ratio Eq/E. =
n Calhng ah the distance from the dxtreme fibre in compresion to the nautral

axis (NA) one gets the following equations for the rectangular shapes

n=1):Ag-d + 1/2-b-h

ah = 3

b-h + tn-1)-Ag

1 1
“cbelahy ¢+ ——-b.(1-aP.- W + In-1)-Ag-(d - ahp (32)
3 3 . )

I,

which finally gives

v Mecal = —T——— (3.3)

Similar equations can be derived for the T - shapes and the T - shapes For
comparison, the cracking moment will also be calculated using the gross
concrete area ie iéﬂaring the reinforcing steel In that case a = 05

3.1.2 Yielding moment x:.\

The vyieldng moment capacity will be calculated using two dif’faraﬁ_t
approaches. First the C:SA;ACI (CSA-A23.3-M77 and ACI 313*1977)" code
equation for nommal moment capacity ™M) will be used

'y,cal y’

28
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Ag-fy
085-f.- b
Secondly. the straght line theory, which grves the equstion:

where s =

Mycai = Ag-f,-d-(1-a/3 (35)

where a = Van* tonI = ne

The values these two equations grve will be compared to the . yieiding moment
Ca acities observed in the tests.

3.1.3 Ulitimate moment
Two different methods will be used to calculate the ultimate moment

capacities of the members First the CSA-AC! equation (34) wil be used,

substituting f, for fy

Mycal = As-Ys,-id - a/2) (36)
A - f
where: a = > S
085'fc‘b

ARternatively. using stran compatibility. an equation relating stress and stran in

the renforcing steel at ultimate can be derived

ﬁ'OBS'fC'Ccu
Ples, + &g )
where 8 = 085 for f. < 30 MPa

065 for fc 2 55 MPa
(near interpolation betwean)

Q37

OSU =

By varying &, and computing Og, Ohe cCan compute points on a line
representing Eqn  (37). The intersection of this line and the stress - strain
curve for the reinforcing steel gives the steel stress at failure, Oz, - This og,
is then eubstituted for f, in Eqn (36) to find the ultimate moment capacity
If te reinforcing bars fracture at the uitimate load. it is not naccesary to use

oz~ (37) to determine Oy, Since it is then known that O, = fsg . In these

"



c;gs. c:nly Eqn (36) will betused If. on the other hand. the bars do not
bresk the steel stress must be calculated using Egn  (37) and the resutting ag,,
used in Eqn (36). Both M, My~ and M., /M, are of mterest here and will
be discussed m Chapter 5 '

A L

3.2 Moment contours in siabs

An ‘elastic frute element program for siabs frabok. unpublished was
used to find the bending moments in the siabs, especially the point loaded slabs
(see section 442) The moment contours for both types of slabs (point loaded

and Ine loaded) for a total load of P = 615 kN are given in Fig 31

3.3 Effect of shrinkage on the tensile strength of concrete
- As mentioned earlier (section 244 drying shrinkage cih considerably
reduce the tensile strength of concrete

The shrinkage effects in rectangular beams. aryng from all four faces
are estimated here Two different size beams. with cross=sections 310 mm x
310 mm and B9 mm x 115 mm will be considered representing the R series

beams and the modulus of rupture beams described n section 42

Table 26 (Carison, 1837) will be used to find the moisture
remaining in the members at different times Ffrom the beginning of | drying
Since both beams are drying from four sides results from each two adjoining
sides must be multiphed together to get Iha amount of evaporsble moisture
remaning in the members. Typical results from these ml;ul;tiaﬁs e shown in
Fig 32 as moisture content lines. Based on these c;anté&s, the cross-section
of the member is divided nto regions, each region having spproximately the
same shape as the contour imes. The first region (the shell has a thicknass
of 1/10 a (» being half the thickness of the member) at the sides where the
effects from the other sides are negligible.  The second region goes from
1710 a to 1/2 a st the sides The third region (the core) represents the area
from 1/2 a to the centre Figure 3389&\:;5 the total areas and shapes of the
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regions for both beamns
The percentage of the moisture remaining in each region at different -
times from the begmning of drying can be calculsted using Table 26: Then by
assuming an ultimate shrinksBe strain of 400 x 10+ m/m and that shrinkage is
proportionai to the percentage of moisture evaporsted from the specimen,
values of stran in each region at different tmes are obtained
Ch:atmstr;miﬁ:ﬂfgg@nshisbnnabm:sifmﬁtjgnafﬁim,
the correspondipg stress can be caiculsted, taking into account the creep
occurring due to the given stran Eqn  (235) will be used for this purpose
The creep coefficients used in the calculations are derived from graphs and
tables n Appendix E m the CEB model code (CEB. 1978 For the
development of concrete compressive strength with time. Egn (234) is used

The modulus of elasticity 1s taken as .

Ec= 5000\t | (38)

The tme mtervals are chosen smaller in the exly stages of drying as
recommended by Nevils (section 244) Caiculations sre done for two strength
levels of concrete. corresponding to 28 day strengths of 20 MPa and 40 MP,,
respectively. The results from these caiculations are shown In Fig 34 for tha
smaller beams (modulus of rupture beams) and in Figures 35 and 36 for the
lgrger beams (R-beams)

In the modulus of rupture besms the shell region 1) starts i tension at
early ages. switching to compression at ages greater than about 18 days
Because of ther greaster size, the R series beams dry mora slowly tha outside
staying in tension throughout the period considered
Since all members will be older than 18 days when tested, shrinkage stresses
are clearly not going to affect the tensile strength of the modulus of rupture
besms. Therefore, resufts are only shown for one strength level of concrete
for these beams (Fig 34) Figures 34, 35 and 36 wil be used in Chapter 5
to aid in explaning differences between caiculated and observed vaiues of the
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4. EXPERIMENTAL PROGRAM

4.1 Materials

4.1.1 Concrete
The concrete used was bought from a local concrete supplier and was
delivered in ready-mix trucks. The test specimens were cast in four separate
batches, edch batch using a different truck load The parameters specified
when ordering were
1 normal Portland cement
2 specified compressive strength at 28 days, fc. 20 MPa and 45 MPa
3. meximum aggregate size of 20 mm
;ﬂ}islurr@ of 70 - 75 mm
In batches 1 and 2. 20 MPa concrete was used. and in b:tch

45 MPs concrete was used The observed or measured propertias

batch are tabulated in Chapter 5

4.1.2 Reinforcing stesl

The reinforcing steesi was also bought from a local supplier, except for
the 6 mm diameter steel referread to as G6mm steel, which was a part of a
larger shipment imported from Sweden All reinforcing bars had a well defined
yield point and all bars of the same size that were supposed to have the same
stfaﬁgjth were taken from the same heat The ;iéid strength varied from
371 MPa to 551 MPa The high strength steel was used in the first two
batches in ,combination with low strength concrete and the low strength steel in
the last two batches in combination with hog-n strength concrete.  Stress-strain .

diagrams for all reinforcing bars sre presented in Chapter 5
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4.2 Test spscimens

N
Rectangular beams, T-beams, mverted T-beams (ie with the flange in tension)

Specimens of four different cross-section shapes were tested

and slabs Cylinders for compressive strength and modulus of rupture beams
were also tested at ahout the same age as the other members Each group
of specimens will be described in more details in the following sections.
471 Cylinders snd modulus of rupture beams

For each batch 18 cylinders and 18 beams were cast The cylinders
were the standard 6 in by 12 in (152 mm by 304 mm) and the cross section
of the modulus of rupture beams is given in Fig 41 These beams had
overalt dimensions of 83 mm by 115 mm by 400 mm and were loaded at
ther third points on a 345 mm span
4.2.2 Rectangular beams

Eight beams of this shape were cast four using low strength concrete
(20 MPaj and four using high strength concrete (45 MPa) The identification R1
to RB will be used for these beams The length of the beams was 35 m
and typical cross section dimensions are given in Fig 41 The propertes of

the individual beams are summarized in Table 55

4.2.3 T-beams and inverted T-beams
Five T-beams. were cast two using 20 MPa concrete and three using

45 MPa concrete ~ The identification T1 to TS5 will be used for these beams.

A typical cross—secfon is shown in Fig 41 The same cross-section Was
used for the invertdd T-beams as for the T-beams the only difference being
that the reinforcement was placed in the flange part of the besm Five
inverted T-beams were cast, two using 20 MPa concrete and three using
45 MPa concrete  The identification I1 to IS will be used for the inverted
T-baams. . The length of both T-beams and inverted T-beams was 40 m The
s ~nerties of the individual T-beams are summarized in Table 57, and for the

&
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I-beams n Table 59

4.2.4 Siabs

Eight slabs were cast two pars using 20 MPa concrete and two pairs
usng 45 MPa concrete Each par of slabs had exactly the same amount and
type of reinforcement This was done in order to mnvestigate the effect of a
point load st centre on the slabs compared to the effect of a line load across
th. slab  The point loading case produced a distribution of moments about a
section under the load that was roughly similar to the distribution of moments
sbout s section through a spread footing adjalent to the column
The identification P1 to P4 will be used for the slabs loaded with a point load,
and L1 to L4 for the slabs loaded with a hne load The slabs were 30 m
long and a typical cross-section is given in Fig 41 The properties of the

individua! slabs are summarized in Table 511

4.3 Curing procedures

All members were Egpt moist i the forms for one week After that
they were taken out of the forms and aliowed to dry 0 the Elaberttcryi whaerea
the relative humidity was approximately 50 per cent The same procedure was
used for the control cylinders and modulus of rupture beams for batches 1
and 2 (e when the 20 MPa concrete was used For batches 3 and 4,
however, only half (9) of the cylinders and beams were cured this way, the
rest were moist cured from the day of casting until the day of testing This
was done to get an indicstion of the effect of the short time moist—-curing of
the members, both on the degree of hydration and possibly also on the

shrinkage stresses
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4.4 Loading spparatus and instrumentstion

All members were loaded in a 14 milion pound MTS machine (Material
Testing System) under a controlled rate of loading Loads were measured by a
25 kip capacity load cell sensitive ‘to *03% of the full rated capacity The
rate of loading was controlled using this load c:;:gll Deflection was measured
using electrical transducers LVTD'si The maximum range for these transducers
is 6 in (150 mm} and since of the members deflected that much without
bresking. the transducers had td be set to max range at the beginmning of the

test, losing some of CUracy that is available at a smaller range The
minimum  accuracy of the defiection readings was *03 mm Both load and
deflection readings were taken automatically by a computer In the following
two sections. the test set-ups for the baams and slabs will be explamed in
more detail
4.4.7 Baams ,

‘ For all the beams ( R. T, I ) a third point loading system was used. the
beams being simply supported at both ends The deflection was measured at
three points. at midspan and at the two loading points The test set-up for

the beams 15 shown in Fig 42

4.4.2 Sisbs

=

Two types of loads were applied to the siabs Half the slabs were
losded by a lne load at midspan and the rest with a point load at centre.
The slabs were simply supported st the ends and free at the sides
Deflections were measured on each side of the slabs at Fﬁidsps The test
set-up for the slabs is shown in plan view in Fig 43 To be able to
investigate the order of crack formation in the slabs, several 10 mm wide by
200 mm long strips of brittle electrical conducting paint were painted on the
bottom of esch sisb st the locstion shown in Fig 4.3 A low voltage electrical
current was sent through these strips. When a crack formed the current flow

stopped. giving an indication of the time of crack formation
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4.3 Testing procedures

As mentioned before. the loading of the members was at a fixed rate
controlied by the load cell n the MTS machine The rate of loading ranged
from 670 N/min to 1340 N/min  All readings were taken automatically by a
computer, using up to 20 different channels for the siabs The tme of day
was read every time the other readings were taken Cracking generally
occurred 30-50 mun after the start of Yoading  Before cracking readings were
tai on every 30 sec. but shortly before crackmng wai snticipated the mterval
between readings was changed to take readings as fast as possible., with about
2-3 sec intervals This procedure closely monitored the load-deflection and

load-time curves as can be seen In Appendix A



5. TEST RESWLTS

8.1 Presentation of test results

5.1.1 Reinforcing steel

Deformed (ribbed) reinforcing steel was used in all test specimens. the
yieid strength ranging from 371 MPa to 551 MPa All remforcing bars had a
definite yield point Table 51 gives the 'cross—sectuanal and materal propertes
of the renforcng bars used Stress-stran curves for the different bars are
presented n Fig 51 The stress gven 1s in all cases based on the measured
bar areas. found by weighing the bars The area of the 6 mm bar
corresponded to a dameter of 66 mm  All the renforcmg bars were tested

8t 2 slow strain rate. giving approximately 8 static yisid strength

L]

Table 5.1 — Cross-sections! and material propertias of
reinforcing bars.

Nominal Area* f, fsu £,
Bar name | bar da Heaat o .
(mm) No mm<2) MPa) (MP a) %)
$6 mm 6 1 340 477 659 .15
f4 127 3 1240 488 712 17
#4 12.7 5 1240 371 578 21
10M 113 2 880 551 785 15
.10M 113 4 | 960 380 578 22 | @

*The area was determined by weighing the bars
**Approximate values.

- 48
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512 Cy(;"idgr: and modulus of rupture beams
- The control cylinders and modulus of ruptré beams were tested in
accordance with CSA A232 °Methods of Test for Concrete” The data
obtained from these tests was corrected m two ways first for rate of loading,
- sinCe the test specimens were stressed at a different rate than the control -
specimens. and second, for age at testng Because t;ha test specmens from a
given batch of concrete were tested st ages ranging from 55 to 93 days the
strengths of the concrete were obtained from curves fitted to control tests
carried out at 55 to 97 days The loading rate for the control cylmders was
400 kN/min = To corract for the loading rate, Egn (225) was used The
spphed loading rate n the cylinder tests corresponds to a stressing rate of

R = 22 MPa/min (53 psi/sec) The correction factor thus becomes

fC;uS) = DQS fG(i’E) !,5”

where R = 15 MPa/min is the standard stressing rate (see section 24 1)
Since the correction factor 1s so close to unity. no correction was made in
this case

For batches 1 and 2 six cyhnders were tested each tme and the
average load ragistered :.s explaned in section 43 half of the cylinders and
modulus 1@’?‘ rupture baaﬁsﬁ in batches 3 and 4 were moist cured until the day
of testng For batches 3 and 4. three "dry’ and three "moist’ cylinders were
tested each tme Table 52 gwves the average ultimate loads, F, . for the
cylinders as well as the caiculated compressive strength, f.

The modulus of rupture beams were iosded at the third points of a 345
mm span.  They were loaded at a rate of 52 kN/min Since the tensile
streﬂg&\ of concrete is dependant on the rate of loading, a reference loading
rate is chosen (see section 2.4.1) corresponding to an increase in extreme fibre
stress (stressing rate) of 1| MPa/min (25 psi/sec. The applied loading rate in
the modulus of rupture tests, AP- = 52 kN/min, Cofresponds to a stressing rate

of:



‘Compressive
ditfersnt sges.

strength

of eontrol

dry

age (days)

F’E&N)

f‘:iw;

ags (days)

_ U

Batch 2 dry R, &N | 4887 | agos | 4sas
) . t. P 269 270 273
age (days) 64 70 92

dry P gg:

kN

f(: MPa;

R, &N

7 f(: t‘;VF;}i

Batch 4

age (da;rs)

Y

fr: (MPa)

moist

R, &N)

fo MPa)

471

where L

1]

Using Egn

where R = 1 MPa/min is the standard stressing rate.

IL.

AM

*dry means
**moist means

1]

. cured at

AP/2 L/3

176 -b- W

15

span length = 345 mm b = 89

(2.26)

to correct

reference strength now becomes:

feu)

for the difference

50% RH

Ccured at 100% RH

MPa/min (36 psi/sec) 5.2)

L]

115 mm

N stressing rates, the

5.3)
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The t!nsii; strength, fy . tmodulus of rupture) is caicuiated usng the
M (R, /2)L/3) + (1/8)-w L

w (1/6) b i

]

where w is dead load per unit length of beam = 023 N/mm based on the
specific weight of the concrete which was found to be Yo = 225 kN/m*
For_batches 1 and 2, six beams were tested each tme and the average
strength calculated For batches 3 and 4. three “dry” and three “moist” baams
were testad each time Table 53 gives the ultmate load F,. as well as the
(caiculsted average tersile strength of the modulus of rupture beams at different

ages. The values of the tensiie strgngth are rounded off to the nearest
0.05 MPa The reference strength foyr)is also given

In Figure 52, the compressive strength of the concrete is piotted against
age for all four b:tc;has Using the given data-points and assuming that the
ﬂévglmm of the concrete strength foliows Eqn (234). a curve is fitted
through each set Although Eqn . (234) was probably derved for moist cured
concrete only. the agreement between the test points and the gomputed
strengths suggests that it s reasonable to assume that Egn (2.34) is also vaiid
at 50% relative Fn:ﬁidity{ Using this assumption it can be seen in Fig 52 that
moist curing gives around 10% higher compressive strength .at\ all ages than
curing at 50% RH The strengths given by the curves in Fig 52 were used in
snalyzing the test data

In Figure 53, the flexural tensile strength (modulus of rupture) is plotted

aganst age for all four batches Assuming that the relationship

A N _
\ fot = KVie _ (5.5)

holds for all ages. where K is 2 constant for a given batch, curves are fittad
through each data set The c:énstant X varies from 064 to 073 for the “dry”

cured concrete, with an average of 069 For the moist cured concrete K is



Table 5.3 —

i

"

control beams at different ages.

Flexural tensile strength (modulus of rupture) of

- ) ige (diysl 7 _ 776 EE } 97
Batch 1 ary® R, N | 14290 | 13695 | 15548
fo MPa | 420 | 405 | 460 -
foy™a | 375 | 360 | 410
) “age (dsys) | 61 69 80
Batch 2 oy | R & | 11079 | 13102 | 13878
f« MPa | 325 | a8s | a0
) foqy™Pa | 290 | 345 | 368
. - age (days) | 66 73 | e2
dry R, N | 17031 | 178a6 | 17550
’ fr MPal | 500 | 525 | 815
Batch 3 foy™Pa | 445 | 465 | a0
moist™ | BN | 23229 | 21776 | 22110
& MPa) | 685 | 640 | 650
founy™Pa | 610 | 570 | 580
’ B sge days | 56 | 66 78
dry R, ™ | 17108 | 19329 | 19477
fo P | 505 570 | 575
Batch 4 foxn™Pa) | 450 | 510 [ s10
moist R, ™ [ 22665 | 21627 | 23110
tr MPa | 665 635 6.80
) 7 foy™a | 590 | 565 605

ik

*ary mesns

cured ;t 50% RH

moist means . cured at 100% RH

=

080 and -083 respectivaly. The value of 069 corresponds with the value
L J : =
obtained by Mirza et al (1879) see Egn (233
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t can be seen in Fig 53 that moist curing gives around 25% higher
tensile strength at all ages than curing st 50% RH  This is considerably more
than the 10% gain in compressive strength

5.1.3 Rectanguiar bsams R beams)

A total of B rectanguisr beams were tested The rate of loading was
€670 N/min for these bﬁiﬁ"% Load-defiection and load-time curves for esch
beam are given in Appandus A Figures A1 to AB Two typical sets of
l:s;d-dgﬂe%tiaﬁ and load-time curves are presented in Figures 54 and 55
When a member fails by, for exsmple. fracture of the reinforcing bars the
failure happens very suddenly. Because of this deﬂgct:aﬁ measurements could
not be taken accurstely after failure and are therefore not shown on the plots
On the other hand this load drop-off can be shown on the locad-tme plots
This is done in Fig 54 for beam R2 which failed suddenly at a load of 416
kN The loading on beam R8 (Fig55H was stopped at a deflection of 125 mm
without the beam failing In this case no load drop-off occurred

When the member cracks. the siope of the load-geflection plot changes
point A on the load-deflection plots) The next defnite change -in the siope
occurs at yieldng of the reinforcement. pomt B The ultimate load is then
registered. either when the reinforcement fractures. the concrete crushes or at
excessive deflections (135 mm) Beam R8 shown in Fig 55 had about’ 3
tmes more reinforcement than R2 (Fig 54) This leads to a smaller change in
the siope of the load-deflection curve for R8 than for R2 when the member -
cracks It also, obviously, allows R8 to carry a higher ultimate load

Ancther big difference in those two beaams was that R2 was reinforced
with a high stréngth, rather brittle reinforcing steel while R8 was reinforced.
with  low strength ﬂue;:ilg steel. This  difference is reflected in the
load-deflection plots. All the beams reinforced with the high strength steel R1
to R4) failed before a mid-span Zigflav;tiﬂn of about 100 mm was reached, but .
the beams reinforced with the low strength steel (RS to RB) all reached a

deflection of at least 125 mm before failing It was also noticed that the
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crack widths and spa:rng were different for these two cases the beams with
the high strength reinforcement M@ms but wider cracks In Fig 56 the
approximate crack locations for beams R2 and RB are shown

Table 54 gives the total applied loads determined from the
load-deflection data at the time of cracking of concrete, For . &t yielding of
the reinforcement. P, . and the uitimate load, ’F’: Also given in this table are
the batch numbers of the concrete and the ages of the members at the time
of testing Cross sectional and material properties for each individusl beam are

given in Table 55

Table 5.4 — Loads on rectsnguisr besms.

Bach | agem | R, [ B [ P
No | days | &N | &N | &
RT | 1 77 285 | 332 | 391

" R2 2 61 | 209 | 335 | a6
R3 2 60 278 | 372 | 456

Mermber

76 315 | -- | 315
587 ' 31.'5 a4 ééd"‘
| 268 303 | 364"
298 a11 | a96*
63 353 32 | 761°

R4 1

RS

Ré

bl b
o
L&, ]

R7
RB

L M
1™
Lobs |

‘La;dmg stopped when mid-span defisction
reached 125ymm (5 inches) Beam was still carrying
the load giver
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514 T - besms

A total of 5 T - beams ‘were tested The loading rate was 670 N/mn
Load-deflection and load-time curves for these beams are given in Appendix A,
Figres A9 To A13 Beams T1 and T2 were reinforced with high strength
stesl and showed the same tendancy as the R-beams for few wide cracks
Beams T3 to T5 ©n the other hand were reinforced with lower strength steel
and showed more ductility Table 56 gives the total applied loads at the time
of cracking of concrete. P, . at yleiding of the reinforcement, Py, and the
ultimate load. R, . R also gves the batch numbers of the concrete and the
ages of the members st the tme of testing Cross sectional and material

properties for each individual beam are given m Table 57

Table 56 — Loads on T - beams. o

Bach | Age m | B, | R | R
No | cays | &«n | v | & | O
2 68 | 221 | 373 | 474
2 | 1 | 83 | 308 | - | 322
7 63 | 310 | 486 | 582
| as3 | --
64 318 | --

Membaer

T1

(4]
\“m‘
h

B
pw
M

L

—
' -
bbb
o
I

¥

LP]
U'l\
Lad

égpeﬁ when mid-span deflection
(5 mnches) Beam was still carrying

*Loading st
reached 125 mm
the load given

A total of 5 inverted T - beams, referred to as 1 - beams, were
tested The loading rate was 1340 N/min for these bsams Load-deflection
and load-time curves are given in Appendix A Figres A14 to A18 Beams
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I1 and 12 both failed by crushing of the web at about the same’ time as the
first flexural cracks formed In these beams the ioad after cracking never
reached the cracking load These must. be considered as brittle failures atthough
the deflections st failure were QD to 120 mm  These two specimens were
the only ones to fail by crushing of the concrete Tabie 58 gves the total
spplied loads at the time of cracking, Fey . at the yielding of reinforcement,
R, . and the utimste load P, Rt asiso gives the bstch numbers of the
concrete and the ages of the members at the time of testng Cross sectional
snd material propertigs for each individual baqm >e gign in Table 59 The

renforcement ratio given is P, - based on the- web thickness, not the fiange

width

Teble 58 — Losds on I - beams.

Batch Age in Per R, P,

No days &N | &N &kN)
80 565 | -- | 565
70 498 | -- | a98
77 | 407 | 782 | 963

a52 | 537 | 646"

Al 78 4;3;;;1 9;5: 1’3355‘

<

iRl
[N

=
¥
Lo | G | G
~I
~

I5

‘Lsadiﬁg stopped when the mid-span deflection

reached 125 mm (5 inchesl Beam was still carrying
the losd given

'5.1.6 Siabs

A total of 8 siabs were tested, 4 using a line load and 4 using s poin
load The rate of loading was 1020 N/min for the slabs Load-deflectigpn and
load-time curves for the slabs are given in Appendix A, Figures A 19 to A26.
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i Figures 57 and 58 two - typical load-deflection and load-time curves are
giveh (slabs L4 and P4) Points A teEN on the curves represent the fracture
of the paint strips shown esrlier Fig 4.3) ie pamt strip E broke at the load
shown by point E on the plots By fqllowing the letters in Fig 43 one can
see the order of crack formstion in the slabs. Table 5 10 gives the total
apphed loads at the tme of cracking. R, . at yelding of the reinforcement,
Py.mmdﬁmgléadﬁﬂﬁsmma.%. rt:lsegwishb:t:{i:
numbers and the sges of the slabs st the tme of testing Cross sectional and
materisi properties of the slabs are given m Table 511

Table SJP — Loasds on siabs.

o L S B S R,
No. | daays | an | & | o
L1 1| e 482 | 577 | 633
’ ’ C | 663
522
77 [ a72 | - | s0s
84 | 536 | 804 | 1098°
3 | 522 | 876 | 1031
76 | 481 | 622 | 785
* 77 ass | ss9 | 739

P1
L2
P2
L3
P3
= L4

0
w
o
ol
o
o
o
0

M
~J
LN
-
b
o
L

bld|lw|w|wn
©
w
o
N
N

P4

'Lmdipg stopped when the. mid-span deflection
reached 125 mm (5 inches. Siab was still carrying
the load given
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8.2 Discusszion of test rasuits

.21 Comparison of calcuisted snd observed cracking moments

In order to use the previously caiculsted reference fensile strength of
the modulus of rupture beams one must adjust the strength for the loading
rate used on the test specimens The load was applied on the rectanguiar
beams st s rate of 670 N/min, which corresponds to an elastically computed
ncrease n the extreme fibre stress of 0.06 MPa/min or 0 15 psi/ssqj before
crackmg  The correction factor for the R-beams thus becomes. usiﬁg Egn.
(2.26)

fcnooey = 087 fy) (5.6)

For the T-beams the loading rate was also 670 N/min, giving a stressing rate
of 007 MPa/min The correction factor for the T-beams then becomes

f

cvoo7 = 088 -feyp B

.
The loading on the I-beams was 1340 N/min. giving a stressing rate of 007
MPa/min.  The correction factor for the I-beams therefore is the same as for
the T-beams  All the slabs. except L1 and P1, were loaded at a rate of
1020 N/min, giving a stressing rate of 006 MPa/min and had the same
correction factor as the R-beams. For slabs LI and P1 the correction factor

is

fovo1e = @‘91“33(1) ’ - 58

Using the equations in Chapter 3, the theoretical moments at cracking of
concrete. yieldng of reinforcement and the ultimate moments are calculatad
These are compared to the observed values in Table 512 for the rectangular
beams  Similar comparison is made for the T-beams and I-beams in Table
513 and for the siabs in Table 514 Shrinkage stréss&s in the rectanguiar
bsams were estmated n Chapter 3
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To be able to carry out the strain compatibility calculations explaned in
Chapter 3. the S‘,“BSS‘S’B‘EF\ curves for the rebars must be used Figure 51
has been replotted in Fig 59 where the mtersection points are indicated for
the differant members

In Fig 510 the calculated cracking moments for the R series beams,
using transformed moment of inertia with and without the shrinkage reduction
are compared graphically to the observed values. Also given on the same pilot
are values obtaned by using the gross moment of mertia Similar tomparison
Is made in Fig 511 for the T series and 1 series beams and in Fig 512 for
the slabs. except that shrinkage stresses were not estimated for these members.

The difference between the cracking moments computed using the
transformed moment of inertia I, . and the gross moment, I . is very small
for all members as would be expected because of the low steel percentages
Figures 510 to 512) In the case of F'i T and I beams the calculated
cracking moments are about the same as the observed values for the Eaarﬁs
cast in the first two batches (20 MPa concretel For the beams cast in
batches 3 and 4 (45 MPa concretel the Ealculateé values seem to be
cans:ste::,ﬂy én the high sidé This is not as obvious for the slabs

On the other hand, the ‘shrinkage reduced vaiues tend to be on the low
side for beams made of the low strength concrete

A comparison of the measured and computed values suggests that there
Is Iittle advantage to using the transformed moment of inerta  On the other
hand. the calculation of cracking moments appears to be improved by inclusion .
of the shrinkage stresses . appears - however, that the calculations
overestimated the shrinkage stresses for 20 MPa concrete and underastimatad
them for the 45 MPa concrete In the shrinkage calculations, the ultimate
shrinkage stran of both 20 MPa and 45 MPa concrete was assumed to be
400x10* m/m  The beam data suggests that the actual shrinkage was less. than
this amount for the 20 MPa concrete and more for the 45 MPa concrete
Because of the lack of shrinkage data on the concrete, shrinkage stresses were
only caicuisted for the rectanguiar beams.
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A correction in tensile concrete strength for volume differences was not

found to give satisfactoy results and was not used
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Calculated cracking moment, M., .., &N.m)
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5.2.2 Compsarison of calculated and observed yielding moments

The caiculated yielding moment capacities for the R-beams gven in Table
512 are compared graphically to the observed values n Fig 513  Similar
comparison for the T-beams and the I-beams i1s made n Fig 514, and for
the slabs in Fig 515 ! .

Although the CSA-ACI equation (Eqn 34) and the straight hne theory
tEan3.5) do not differ a grest amount the former one is siways eloser to
the observod values  For both the R-beams and the siabs, however, the
observed moment capacity was n all cases noticsably grester than the calculated
valuves. approximately 3 kN-m for the R-beams and 7 kN-m/m for the siabs.
The caiculated valves for the T-beams and I-beams sesn to compare better
with the observ vaiues. A possible explanstion for a portion of the
difforqncg betweer) measured and computed moments is that the inital crack did
not always occur at the point of maximum dead load moment at midspan  As
a result the moment at the crack could be as much as 05 kN'm less than the

maximum calculated moment
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- 5.2.3 Comparison of caiculsted snd observed ultimate moments .
. The calculsted and observed ultimate moment capaties are compared in
Fig 516 for the rectangular beams. in Fig 517 for the T- and I-beams and
in Fig 518 for the slab§ Aiso included in the figures is the yielding moment
capacity found by using the CSA-ACI code equation (Eqn 341, called M, in the
codes '

As expaned mn Chapter 3. the strain compatibility calculations have not
been performed in the cases where the reinforcing bars 'fractured Figures
516 to 5;18 snovl,t{m for the cases when the rebars broke. the CSA-ACI
equation, using fs, instead §f f,. cow"es well with the observed values In
other cases _Qaéerestimates the u'timafe moOment capacity as could be
expected - ) '

" The strfn:o" compat‘ibihry Ealculatiops, Wre applied. match the observed
valves® exceptionally well. The CSA-AC! equation based on fy consistently

underestimates the ultimate moment capacities
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5.2.4 Boundary betwsen ductile and brittle behaviour
7 The defintion of a ductile behaviour will be the same as Leonhardt used

n his 1961 paper (see secton 21) That s a beam will be sad to be
ductle if M, was greater tha 105 M_, The reinforcement ratio is plotted
aganst the ratio f ’stj“‘s dgt‘grmln,ad* by tests on control specimens) in Fig
519 for the rectangular beams The filled in symbols indicate that the
ohserved beha‘:nm was ductile. gand the -open §yfrnbals mdicate a brittle
behaviour. I the cass of beam RG, the expected behaviour based on
calculations  was bﬁi‘tle; but because of shrinkage stressgs induc,e,da in  the
concrete” the cracking moment was lower than expected. bringing the ratio
My/M¢, up above 1.0 | |

Using tl'haapcmts gven it s difficult to sélect a line dividing the points
into brittle and ductile cases Taking the observed ultimate mama;t, M, obs. for
the beams as a basis. the necessary tensile concrete strength can be calculated
{using Egn (3.3)). 50 that Mer = M, To find the respective compressive
strength. Egn (55 is us;df with the average valug of 068 for K (for all
batches!  This will gve for each beam a new value of the ratio fe /fg, (for a
constant £ ). which can heip in selecting a more definite postion of a boundary
ine between brittie and ductile cases This pracedére 15 only carried out for
the beams that are expected to be reasonably close ie this boundary line

Such a line intersects the y-axis at 0042 and has a siope of 132
The correlation coefficient is 098 This line s included in Fig 519 Also
included s Leonhardts test line from 1961 [Egn. 25). which appears ita
overestimate the amount of reinforcement Hecass_ary for a ductie behaviour
Similar procedures ‘are followed for the T-beams in Fig 620 for I-beams n
Fig 521 and-for the slabs in Fig 522 The' boundary line for the T-beams
intersacts the ;yéaxis’ 8t 0047 and has a slope of 240 The correlation
coefficient for this line 1s 099 Leonhardts lme (which was based on
rectangular shapes only) is lower than the caiculsted line :ﬁ.ﬁ'\il ‘c;:n, lﬂ? would,
underestimate the remforcement rato necessary for a ductile behaviour  The

ne for I-beams intersects the y-axis at 0 137 and has a slope of 338 and



-

a correlstion coefficient of 098 Leonhardts lne is m fthis case Eqn 125)
modified by Egn (212 The caiculated line gives in this case highet  values
than Leonhardt's line The boundary line for the slabs is only based on the lne
loaded siabs, since 2 :;:léul:ti@n for the other ones becomes more approximate
This should not cause any errors since the behaviour of the ine loaded and
point loaded slabs w:s\ very sinilar  This lne mtersects the y-axis st 0.051
and have a siope of 118 Correlation coefficient is 098 As is the case fér

. the rectanguisr beams, the caiculated boundary line for the siabs is somewhst

lower than Leonhardts iine These lined are all shown in the figures mentioned

€ The rato d/h does not vary H'u:h in practise and usually is about 09
In this test series. the rectangular shapes (beams and slabs) and the I-beams all
had this ratio close to 09 . For the T-beams on the other hand, the ratio was
closer to 08 which means that the reinforcement was farther away from the
bottom of the dbeams than us;ﬂ If the rebsrs were moved down to get «a
comparable ratio of d/h. one would have to reduce the smount of the steel n
order to get the same behaviour as in the tests Since Ag would become a
Wittle smalier and d a little larger. the remnforcement ratio would decrease
SQF;‘!QWha{ This means that if the ratio d/h = 09 s taken as a reference
value. the calculated ine in Fig 520 overestimates by some amount the

reinforcement ratio necessary for a ductile behaviour -

]
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5.2.5 Reinforcement ratio based on the ares of the concrete tension zone
One way of expressing the amount of reinforcement in concrete
/"

members is to base it on the area of the concrefe tension zone only, Eqn

21 Fc:; the rectangular shapes this rew ratio would be about " 1.8 times the
old one for the 'T-beams about 13 tmes larger and for the I-beams only
about 12 tmeg is‘ger _

In Figure 523 this renforcement ratio A . 15 plotted aganst the ratio
fe /fs;u for sl the members tested except the point loaded slabs Those aré
ot iﬁclud:d for the sake of clarity, since their behaviour was very similar to
that of the line loaded slabs Drawn n on this plot are the calculated lines
from Figures 518 to 522, converted to fit the new reinforcemént ratio used

The spread between the lines is less than that obtaned by using s,
but théfe H stm’; g«*éat'duffefgnée between the line¢ for the R-besms and the
I-beams. respectively Therefore. it does not appear t0 be worth the extra

work included in computing a reinforcement ratio based on tension area
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. 5.3 Selection of design rules for minimum reinforcement
-In practise. usually only the specified compressive strength of concrete.
fc . and the specified yield strength of the reinforcement, fyk . &re known
Since specifications may vary from one country to another. the quantities used
in the following discussion will be based on the measured valuesi of the
concrete strength and the steel strength Rt will be left to the reader to
estmate how high the ratio of the actusl strength over the specified strength
1S in each case -~

I
Figures 519 to 522 were all based on the uftimate steel strength, fg,,

The ratio of the ultimate strength over the yield strength, fg, /f, . of the
reinforcing bars used In the tests ranged form 138 tp 155 with an average
of 146 If ﬂﬁf; factor (146) is used to convert the plots to the more
commonly known ratio f. /f, . the resufts are as shown in Fig 5234 (for all
shapes).

As can be seen in this frgure. the derivad lines for the R-beams and
for the siabs are almost identicat The, T-beam Ime intersects the y-axis at
"about the same’ point as the line for the rectangular shapes (R-beams and
slabs). but has a steeper gradient One of the reasons for this difference in
slopes s probably the ratioc d/h as explaned mn section 524 The line
obtained for the I-beams is considerably higher than the others., as would be
expected. and is close to being 3 times higher than the line for the rectangular
shapes . g

As mentioned before the tests were done on specimens cured at about
50% RH. and the tensile strength therefore reduced by some amount by
shrinkage stresses  The lines .caiculated in section 524 were based on the
actual needed tensile strength of the concrete. derived from the observed
uitimate moment The compressive strength was then derived using Egqn {55
with K = 068 The effect of moist curing will thus have the effect of
moving the lne upwards by some amount since the compressive concrete

strength does not have to be as high to get the same tensile strength
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A nisnotvorylkelyttutabumoraw;;smsafiib\ﬂdiﬁate‘
subjected to a 100% relative humidity at all tmes. and also if the hurmickty 15
higher than 50% these members sre often restr’ninéd at the ends. allowing some
shrnkage cracks to form and reduce the effective tensile strength’ The
following recommendations will not tske into account the possible cases of a
100% RH. but Wil be based on the same conditions as the spéﬁmsﬁwerg
cured and tested under

The following equations are recommended for concrete merbers having a

ratio of d/h = 09

\For rectanguiar shapes (beams and slabs)

-

fe : ]
Pmn = 0050 + 080 — : _ 5.9
fy
For T-beams N
-

Same equstion as for rectangulsr shapes, muttiplied by 14

For inverted T-beams (flange in tension)

f ! ‘ |
Prn= 0140 + 230 - ° - (5.10)
' f
y

it must be noted here that the equations given above do not include any kind
of performance or safety factors

Although the above e@tims are valid for a large range of steel
strengths, the low strength steel should be preferred (because of highesr ultimate
stra'm; when designing a ductile member using minimum remnforcement



6. CONCLUSIONS

As indicated in Figure 24, ﬂwera is st present a great discrepancy between
various rules and recommendations for minimum reinforSement ratic m concrete
flaxural members

The minimum reinforcement ratio was selected to ensure a ductile failre
n which the ultmate mpment capacity after cracking was at least 105 tmes

The ‘results obtamed ih this test series indicate that the minimum
reinforcement ratio 1s basically a function of 4 variables f. | fy . d/h and
cross-section shape ] T-beams and wmverted T-beams required 14 and 28,
respectively. as much remnforcement as rectangular beams and slabs to develop
a ductils failure

No major advantage was found in basing the renforcement ratio on the
tension zone area of the concrete

The recommendations given in Egn (59 for both beams and slabs
suggest that the 1977 CSA-AC! rules asre grossly conservative for rectangular

beams
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