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ABSTR;@\CT
- The Quantum Fleld Theory of a self-lnteractlng
scalar fleld rs rev1ewed ln the case where/an extended
B o -

object 1s present As a conggquence of a new type of

\ T #

~ff lnteractlon, the sollton—quanta lnteractlon, ‘the phy51ca1
. obserVables dlﬁfer substantsally from the ‘case w1thout an[
| extended obgect.l A fundamental result is the appearance of,r
the\quantum\coordlnate whlch emerges asma zehp—energy Boson
'%: mode taklng care of the rearrangement of the t anslatlonalbn~
':'symmetry The latter symmetry was spontaneousZ& broken by Tt
the creatlon of the extended obgect through th Boson. 'E‘
transformatlon. The ex1stence of the object/also alters
the structure of the P01ncare generators through the asymp—,
toklc and c-Q transmutatlon condltlons as well as the Fock c
space of the theory whlch must be enlarged to contaln‘quané'
i tum sollton states. The knowledge of the P01ncare genera—-d
tors glves exaCf\informatlon on the dynamlcal map of/the |
'l Boson fleld and leads to the exlstence of the so called ;‘
‘generallzed coordlnates._'f.: | | g:‘;“'
The rev1ew 1s extended to the Quantum Fleld Theory
1,of}1nteract1ng scalar and splnor flelds ln t%e presence of
the object ln l+l dlmenSLOns., Agaln we are led to a: vexy
rlch phy51cal 51tuatlon where aqurmlon zero-energy mode_
appears bes1de the quantum coordlnate. ThlS Fermlon modef.f

] 1s locallzed on the sollton Wthh then acqulres a set of

f new quantum numbers related to the'symmetrles of the splnor”
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.fiéld.l The ‘structure of the latter fleld is then deter—

mined from lts propertles under the 901ncare transforma—‘
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t10ns and is used to show the exlstence of a. hldden super—
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‘actlng scalar and splnor flelds w1th a topologlcal sollton

"INTRODUCTION

The purpose of the present work is to review the
Quantum Fleld Theory of a self-~ ~interacting scalar field

and the model describing interacting scalar and«spinor

< e

fields in. the case where an extended classrcal object. 1nter~

N #

acts with the quanta.

The %irst Chapter will outline a ﬁormal method of

\1ntrodu01ng extended objects in Quantum Fleld Theory, the

,Boson Transformatlon, in the . context of a self-lnteractlng

scalar fleld ‘ The emergence of a new phy51cal operator the

\vquantum coordlnate, w1ll be shown. “The quantum coordlnate

is ‘a Goldstone mode‘whlch ‘appears as- a rearrangement of the
translatlonal symmetry It possesses a canonically conju-
gatelmomentum which is, through’the asymptotic condition;

theftotal momentum of the system.- Asymptotic forms for the

-

g,condltlon w111 argue for the’ ex1stence of the generallzed

coordlnates. These are operator expre551ons determlnlng in’

k?whlch comblnatlon the c-number coordlnates appear w1th the
"phy51cal operators of the theory in the dynamlcal map of the

'Boson transformed Helsenberg fleld

B | 3
The second chapter w1ll rev1ew the theory of 1nter-

in I+l dlmen51ons. VEry ;nterestlng phenomena occur ‘in

thlS theorv such as the emergence of a Fermlon zero-energy

mode, a.hldden supersymmetry_at therlevel of the physical

i
- e

lP01ncare generators will be glven and the c-Q transmutatlon '

A

Y
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fields and the’experimentally]vefifiable charge fraction~
alization mechanism. Thé quantum numbers in general
. carried by the soliton will be obtained through a calcu-
lation scheme to whlch the author has contributed. The
charge fractionalizatlon appears in thlS calculatlon.
Because of the experlmentally verlflable aspects
of the latter mechanlsm in Condensed Matter Physics, a
model of the polyacetylene molecule as well as of the
niobium triselenide molecule will be qualitatively des-
-cribed.: jln» . | J

It is very 1nterestlng to note that,&n Quan tum
Fleld Theory with extended objects, the nature of the.
fields can be three- -fold. They can show cla551cal
quantum mechanlcal and quantum field theoretic modes of
behav1our.'-Thls 1mmed&ately points out to us that the
quantum~cla551cal duallty is’ not llnear“as one is used |
to think. The cla551cal limit is usually thought of as the
llmlt as Planck' s constant goes to zero However,‘as will
'( be shown in thls work cla551ca1 behav1our ‘may also arlse
when we deal w1th many bodles. The extended object /,/f;/{
'created by the  local condensatlon of many phy51cal quanta
in the vacuum w1ll show quantum or cla551cal behav1our
i accordlng to whether or not the expectatlon value of the
j‘quantum fluctuatlons 1s large compared to the cla531cal

background. This non—llnearlty of the quantum—cla551cal

duallty 1s well illustrated by the preV1ously mentloned

~
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charge fructicnalizaélan machunism.' The fragtional elec-
tric charge, which is of classical nature (macroscopic),
emerges ffom the quantum (microscopic) properties of the
object. On the other hand, when we deal with gauge -
theories with extended abjacts, the so~¢aliaﬂ flux quﬁﬁ—
tization isva,phendmenon of purely classical nature which
leads tb quantuﬁ.statés (topological quantum numbers) of
macroscopic origin, It is easy to récognize phat the
'noh4lineérity of the classical limit is partly due to

the eéistence of a new type of iqteraction, the soliton-

quanta interaction. -

In this work ¢ (speed of light) is set equal to 1.
‘ . VA .



_'_Umezawa and Matsumotosgéhf:_V L

iﬁf-accordlng to the problem one wants to solve.‘ For exa ple,ﬁ'
f?pln Hadron Physics one 1ntroduces bags or strlngs in p:;

'ymenologlcal models as fundamental objects essentlally g

s I.  THE BOSON T%QA.NSFORMATION APPROACH

'~',A smeary ofrPrev;ous Approaches

Extended objects 1n Quantum Fleld Thecry constltutetf

Rz

la very acthe tOplC of research today.' Slnce thlS subject
:1;1s very extens1ve, the purpose of thlS sectlon 1s not
.*ffvto dlscuss at 1ength the many dlfferent ex1st1ng approaches:fir

-"but rather to outllne them ln an lntroductory and lncom—:*

plete way For more detalls the reader 1s referred to

'the reV1ew artlcles of Ra3araman4}; Colemana; Gervals and

13

‘*f[?Neveu B ‘Jacklw20 Faddeev and Korepln9 and more recently

i

The 1ntroductlon of extended objects as cla551cal

~[iob3ects 1n Quantum Fleld Theory follows dlfferent routes'y

’.3.;‘

zfdlstlnct from the quantum flelds., In the bag model of

&

fihadrons the bag plays a dynamlcal role 1n the conflnement "tf"

'{hfirof quarks.p These quarks are quantum flelds 1nteractlng

s

*jfw1th gluons 1n51de the bag._,”

In SOlld State Phy51cs one can descrlbe dlslocatlonsff;f

~71p crYStMS as clas51cally behav1ng objects lnteractlng Wlthfﬁ

\w.

””fquantum flelds such as phonons.l Vbrtlces 1n superconduc—fb

g- .
2l f) .

V;tors, magnetlcddomalns ln ferromagnets as well as boundary

[

'“ﬁdomaln emerglng from the symmetry breaklng'of the chaln‘

;m;structure of a polyacetylene molecule can be descrlbed as

R

Ly

nO—' S



"claSSlcal extended objects w1th relevant propertles.‘ﬁgh

iy

J’,Unllke the case of g@enomenologlcal bag or strlng

kY

V>qumodels in Hadron Phy51cs, the latter objects are of quan—f'

qtum orlgln Phy51cally howevep, 1t may well be that bags
“Yand strlngs are of quantum orlgln.‘ It is: known that thlS ;lﬂ»
‘<is 1ndeed the case ﬁn:the Nlelsen—Olesen strlng

A very common method of 1ntroduc1ng these class1cal

l'if;objects of quantum orlgln 1n local QuantumaFleld Theory

‘ncon51sts of flndlng the cla551cal solutlons of the fleld
'equatlons whlch are flnltely extended in space and Wthh
f{are non dlSSlpatlve.m These solutlons are usually called

7_solltons for l+l dlmen51onal models., ThlS cla551cal fleld

'hlls then assoc1ated w1th the vacuum expectatlon value of the

,':ﬂ’quantum fleld and 1s therefore 1nt1mately related “to/ the v

; Y N
':phenomenon of spontaneous symmetry breaklng. _g,'ﬁ/

/.
/

.y Once stable cla551cal solutlons have been/found
.?fquantum correctlons can then be calculated by varlous
Sem1class1cal me%hods developed by Dashen, Hasslacher
Cip /
7,8

and Neveu ! 25/

_and by Korepln and Faddeev
-eFeynman path lntegral quantlzatlon formallsm and make use
"tof the Wentzel Kramers Brlllouln (WKB) approtlmatlon to |
f}calculate quantum effects._f.&fh‘”7ﬁw‘t” :J :
Another approach to quantlzatlon of cla551cal solu—[
Jtlons, developed by Goldstone and Jack1w1§} starts w1th a t:°'
.hhbfully quantlzed fleld theory whlch 1s expan d in'a tlhf'iy
1'Born Oppenhelmer fashlon | The flrst term ii,the‘ |

are based on the ":f’



"o
f_expan51on 1s the cla551cal solutlon of the fleld equatlons.'-g;'
htIn thlS approach a. rlcher Hllbert space 1s postulated and

'later checked for self-con51stency.,Phy51ca1 partlcle states

Tzfappear along w1th quantum sollton states.’These are elgen— -

‘ "fstates of the total momentum and energy._ The sector of

.’\

"‘the Hllbert Space contalnlng the sollton.states together

ﬂfl;W1th the partlcle states 1s called the sollton sector. LInjd

At ,‘

.fwthls approach however,when one wants to quantlze about c-';~rw
hnumber statlc flelds one does not know about whlch solutlon
‘~ﬁto expand 51nce a spatlal translatlon maps one solutlon 1nto

'_another._ The 1ntroductlon of ‘a: new quantum operator called -

'r.*ethe collectlve coordlnate allows)us to restore translatlonal

bi“jfhees and Tomboulls51

}»symmetry and do a systematlc perturbatlon expan51on about hi o

pdstatlc class1cal solutlons._ The collectlve coord1nate'5d

_1method for the sollton problem has been 1ntroduced through

S 7. o
”J;the Feynman path 1ntegral formallsm by Gervals and Saklta.'l P

25

-gCallan and Gross3 and also Korepln and Faddeev It has'

5ibeen developed us1ng the canonlcal formallsm by Chrlst and

P

'Let us note now that 1t 1s p0551b1e to flnd non-@'*

_non dlSSlpathe stable c—number solutlons to the‘>>
o R 6 52 0 _
_zfleld equ tlons USlng topologlcal arguments . There are

usually non-tr1v1al conservatlon laws (topologlcal conser—'f:
.' N R

v

j'vatlon laws) assoc1ated w1th these cla551cal solutlons..'

'hl] These conservatlon laws however are not related to the

s «»'

'_ﬂsymmetrles of the theory They tell us that the space of

extended object type of solutlons of the fleld equatlons 1s



5»:notdsimplyfconnected’ Thls means that one can cla551fy

solutlons 1nto homotopy classes where two solutlons belong-

‘g.

"1ng to the same class are contlnuously deformable 1nto
'teach other.‘ Solutlons belonglng to dlfferent classes
icfcannot decay 1nto one another and are therefore stable L

B w1th respect to each other unless a; sollton meets 1ts
! . :

h'hfcorrespondlng antlsollton._ Each class is characterlzed

- 5
*dby an 1nteger called the w1nd1ng number or topolog%cal

kquantum number.t Though topologrcal conservatron laws do

A

' fnot depend on the symmetrles of the theory,whlch topologl-'f'i’

"'7 cally conserved number 1s quantlzed (1 e. what klnd of

rtopologlcal quantum number)ls controlled by symmetr1es.5’

:‘[.The ex1stence of topologlcal quantum numbers 1nsures ]7'

3 fthat the Stablllty crlterlon 1s satlsfled When one

u;ematches solutxxs belOnglng to dlfferent classes, a dls-fhugf:"

contlnulty ex1sts ln the matchlng reglon and the resultlng

_)extended object\ls sald to be topologlcal s1nce 1t 1s not
: o

'7f51ngle—valued 111 some deflnlte reglon of spaCe tlme. The

e

'*fdlscontlnulty 1s called a topologlcal 51ngular1ty. Extended

‘beb]eCtS w1th topologlcal 51ngular1t1es are often the most

o ,1nterest1ng ones because of thelr stablllty and because

rftthey naturally lntroduce a gauge and lead to the,so called/

,7flux quantlzatlon, monopole charge quantlzatlon, etc., When fc“

aiwe comblne thls concept of gauge w1th a gauge fleld,we are
'vled to the partlcularly 1nterest1ng gauge theorles..”w

Flnally, objects carrylng other types of srngularl—f‘

:'2sft1es (essentlal 51ngular1tles) are 1rrelevant to Physrcs.v'




\:_‘yThe Boson Transformatlon and the Quantum Coordlnate
The Boson Transformatlon method29 30 3Q\S‘l,cons— uic

‘-,htltutes a formal way of 1ntrodu01ng extended DQJects 1n

A‘Quantum Fleld Theory. In thlS method the extended object

’tﬂigls created as a result of the condensatlon of phy51pal -

oo ) R
' Boson flelds 1n the vacuum Thls condensatlon can be ex—‘?~
. d + : E L“ N
‘[’pressed as a local c—number phys1cal Boson fleld translatlon”"
1.
‘;leadlng to a space tlme dependent vacuum expectatlon\value _

*of the phy51cal fléld.‘ The condensatlon of many phy51cal

”stflelds lead to a space tlme dependent Vacuum expectatl

DR

'j value (1 e.‘the order parameter) of the ?elsenberg fleld

'*nr;fthrough 1ts dynamlcal map whlchf‘sl‘it es

'comblnatlons of normal productsof physr\al fields.a Thlsi;f'r°

1dent1f1ed

/fspace tlme dependent ordér parameter 1sf

bf»%lw1th the cla551cal extended ob]ect f The creatlo'vof thej'nf.¢

EJbbject lS therefore based on., the duallty between Helse ‘”

ipand phy31cal fleld operators.yfﬂf’?” B R c“gs;_;;'f.
R < Lo e TR e SN
oo Let us perform the Boson Transformatlon on a free
“,(phy51cal) scalar fleld operator ¢(x),:‘_
d)(x) +¢ (x) ¢(x) + f(x) R S ,‘vl_j('l*.»'l)‘;"' B

'fl where f(x) {s - a c—number functlon satlsfylng thedsame free‘

fleld equatlon as ¢(x), o o ‘ B
e S i e : vl . SR

A(a)¢(x> A<a>f(x) =0 R

Here A(a) lS an approprlate derlvatlve operator.




N L " . Lo . .
6
- .

W1 note that when the Boson functlon f(x) has as

Q

_Fourler‘transform, the Boson Transformatlon 1s equlvalent

”’fto a- translatmon of the annlhllatlon operator. -The vacuum ’

G

. 1s then an elgenstate of the annlhllatlon operator 1mply—‘
‘jvlng that 1t lS a coherent statels." e

. Introduce the follow1ng Helsenberg equatlon ﬁor the o
,nHelsenberg fleld w(x), “p ;vp" ‘ “ﬂ'. “v‘ §~\4\; .

'A(a)w(x) SR e - .ff(1;3>i'

xb*-where F[w] 1s a: functlonal of w(x) whlch is 1tself a. func—

.,6 N

Ntlonalvof the phy51ca1 fleld ¢(x) through ltS dynamlcal map

L F

h:One can then wrlte the follow1ng Yang—Feldman equatlon,ff.;~

-..:.

w(x) = ¢(x) . A (B)FIW(X)] ;;f;;}“f-' o s(1.4)

~"*Here W(x) is the renormallzed Helsenberg fleld and F[wl

'7[conta1ns the renormallzatlon counterterms as- well as the

f‘wave functlon renormallzatlon factor ertlng the Yang-'z

‘fFeldman equatlon as the dynamlcal map, v _fx‘,ﬁfhy,*
w(x) W[x,¢] ,;*.--:,-:kv_ s : :-m-‘hi (l 5)

‘jlwhlch is a llneaﬁ comblnatlon of normal products of the '

;phy51cal flelds, we w1lﬁ obtaxn the follow1ng dynamlcal “;'5

"1map for the Helsenberg fleld after the Boson Transforma-
2 ! ‘ : , _ \ , S , ,
- tlon 3 '

”v-w(x);+‘wf< w[x,¢+f] S (L)
' The Boson Transformatlon theorem ls-fr _
‘gjff*ﬁ Both Helsenberg fleld operators w(x) and w (x)

‘}jsatlsfy the same Helsenberg equatlon.‘”
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‘ A 31mple proof follows from the fact'that the Yang-
, Feldman equatlon (L. 4) holds true when ¢(x)-1s replaced by
¢(x) +f(x) The proof of thlS theorem w1th ut the use of
the Yang-Feldman equatlon uses the fact that the Boson
| Transformatlon commutes w1th any derlvatlve © eratlon ‘as’|
| well as w1th the product of operators. . ¢\'f O

_'Expandlng the;dynam;cal’map of w(xllasfi

-2, ) ¢(z )...¢(z )
(L. 7)

il
le~18
[+
[——
B TR
K
N

-“a od( Zn c‘(xl Zl

v(x)
f” one. then obtalns the dynamlcal map of w (x) by re= summlng
Lias follows,i’; | o '

Tt = T oMo s sy

ez )0(z) . o0(z)  (L.8B)

w(n)(x) f-fdfr ’.;q42hl?f(¥jé

",sf(yl);,,fcy2>;.[@' 7fi L ‘T,(l.aé)‘t‘.t

f.Thehleedinéiorders of the latter eXpahSioniarehseen“'f
;tofbe;f*_ ¥ : ‘ fl . 4 |
B f',s;~"w (x) =c (x) +Jd4z c (x z)¢(z) + ;;,75“.-?f;p(l.9)'

'{ﬂThe'Vacuum ekpectation Velue of,wblx)‘isﬁthen}t“

PO

oy

oyt fo> s et me ). L (1.10)

T N T T et R S o 3 i P s DN i S A NS T 0 o e AV e AN g8 g e N



‘Aalredﬁy seen to be altered b

ThlS space tlme dependent érder parameter w1ll be

' seen to obey an Euler-type field equatlon and w111 descrlbe
Y
the dynam;cs of the extended object

hmore the 11near term in ¢(x) in the dynamlcal map (l 9) is
¢

the presence of the extended '

Ker coeff1c1ent cf(x z) ThlS tells

| .

‘us that the phy51cal partlcle representatlon of our Hllbert

v'object through the c-n”

;?space will be altered by the extended ObeCt and allows usl‘

' |
- to. foresee the eventual emergeqce of quantumxsollton states.
: : b

Equatlon (l 9) suggests«that w (x) be expanded 1n a
: N , _
functlonal Taylor serles,-

®

B T S TN T EISL I |
Y (x) _q; (X) +J’ldz ¢(z)-‘§-—f(——?)- ‘I’(X) o -v i _ E »

R Y S I Y Y
'.*5{‘3' 1@ 22020 5) gy ¢ (0

P s

,A;com@arisOi\with (1.8) leads to, - '

o

- éf(szlfofzn) = Sf(ZI)T;'Gf(Zn;\b‘(X),7 o aa2)

”hDeflnlng the operator,
.8

%

 one gets~theufol;OWing simple form for vF(x), B

HT_ffdf),é‘(g). TR SRS (;.;4)J

v =

RGSE:

n

"Thérefore}'f

11

of our theory Further—r



*’ wf“’<x) '(sff?¢f<x) o aas)
) and | . | i | - | . \\.! : " . . x y
.wé9f1?<x)"= e . aas

;EquationSt(l.IS)'and (l;iG);show that one.CanA

12

‘sol%e completely,‘at‘least formally(ythe dynamical map for

wf(;) to all orders once its vacuum expectation Value (the
.classical eXtended object)'has beenvcalculated. “in orderl
ffto Obtaln thls quantlty however, one must use an- appro—
/x1mat10n scheme since we are confronted w1th a. hlghly non-
-_l;near dlfferentlal‘equat;on. It has been shown hy

Matsumoto_et}al,35fthat_the vacuun expectation value for

v5(x) satisfies the field equation (1.3) in the tree appro-

_ximation. This is so since
. ‘<@13[wfjIO>-=F[<o|wf1o>J‘+ loop diagramsﬁ.tif<1.17>.
LIdentlfylng w1th a hat the set of c-numbers or’ Helsenberg

';ffleld operators ln the tree approx1matlon, we wrlte (l 3)

aé”‘ l : ;' .
.whichtcan benre—written as, .'n
A(a)f 1 T ‘@ D). ;F[fg_'ﬁt @ DL (1.19)
n=0 %7 % n=0 2! R

.Expanding.the‘right—hand‘side'aS‘a functionalﬁTaYlof' ’

,serles about the vacuum expectatlon value of w (x) in, the

_tree approx1matlon (denoted ® (x) ) and maklng use.of the-':

“Vgpolynomlal expan51on,dlsregard;ng the'non—commutativity ‘;f ‘

£
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among different orders w(n)(x) because of the tree approx1—
matlon, one then obtalns the following set of dlfferentlal

‘ equatlons,

e ‘-{T;‘(‘n.i) (x) SR AN
Aca)w(n) () =nt Jrd 3R W Lo ZE - (1.20a)
restricted'by;l‘ o g \ ‘, - . - ..f'-
'Zgi= ki Zklnl =n for . 0'<_ni <n - (1.20b)
Here] .>_ ﬂ ) l
& RICIENE “"[@( )]a“”( ).ty )’\
5¢(xl-)...<s¢>(x) S AR XXy
| | Co(1.21)
Eor n 0 and n —l, we obtaln respectlvely (wéo)- @ ),
A(a)q> (x) __F,[q, (x)] B R B (A1.2'2)
and , o | ‘. .‘ ", :
) - ¥ (1 ’[@ ( Sl}w‘“ 0. (1.23)

Equatlon (l 22) is 51mply the Euler equatlon for
’:the extended object whlle equatlon (l 23) represents a

£

h.Schrodlnger type equatlon w1th c—number potentlal } 47
(l)[® (x)] It is called the self-conSLStent potentlal

by Matsumoto et al 27 ‘and equatlon (l 23) 1s called the
stablllty equatlon by Jacklwzo. It descrlbes a quantum dl\n
fleld lnteractlng w1th the extended object. Dependlng upon”_ f»
the form for the self-con51stent potentlal w(l) Will -
develop-scattered and/or bound state modes.‘ Slnce lt is
the. llnear term in the dynamlcal map it w1ll be chosen to

. reallze an 1rredu01ble representatlon of the Hllbert space
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of the theory ‘ Note that‘in'the‘latter formalismigit is
rlmp11c1tly assumed that there is no. comp081te partlcle.
When thls is the case,.we know that a new phy51cal fleld
operator correspondlng to the comp051te partlcle must
5be 1ntroduced in the existing set of phy51ca1 field opera—
tors for the . sake of completeness.r Thls bosonlc bound{\'
’statehcan then condense‘ 1n the vacuum like any otherAf‘

; physical ‘Boson fields:__In;the Namhu model, for instanoe,f
, N : T :
the'Goldstone Boson is oomPOSitehand once it is Boson
:transformed;'ohe‘is’led to extended'ohjectsAof vortex-
type3o. 3L B o
v An lmportant feature Wthh arises from the above j
: con51derat10ns is the emergence of a new quantum mechanlcal
operator‘called the.quantum coordlnate.‘ It 1s an operator\
51mllar to the collectlve coordinate mentlonedlln theI |
"prev1ous sectlon. Although they play the same role,tthey
are not qulte 1dentlcal.‘ It is known that thenquantum' :> 7
coordlnate commutes with the annlhllatlon and creatlon coE
zoperators whlle the collectlve coordlnate dOeS not.<~‘

To see how the quantum coordlnate emerges from the

‘theory, ‘let us dlSCUSS the smtuatlon 1n Wthh the extendea

‘w*akobject is time lndependent in its proper frame. One then

'separates w(l)(x) 1nto scattered solutlons ‘and bound state t

solutlons w1th the respectlve wave fundtlons satlsfylng

the stablllty equatlons | |
a3

k). (l)[¢ (x)]}u(x,k) =0 fh, 5h”(1124aj‘

a



and
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T

andv . ‘ ! ‘ ‘
B -F P @G e, = o (1.24b)
where | | L

A, w)

M| s e (1.240)
dp==iw ’ :

One can choose the . above wave functlons to satlsfy

the follow1ng orthogonallty and’ completeness ?ondltlons,

"ﬁfd3x u (x,k)u(x,z)‘= G(f ~E) ro ’ C 0 (l.25a)
fd‘x ui(x),uj(x) = 6ijf B 7 F1.25b)
deX w@u K =0 7 T sy

| fd?k BERER Lol Gruy = s D L aue)

It 1s now possrble to show that under spatlal trans~

"latlon, ‘the correspondlng varlatlon of the extended classi=
cal fleld satlsfle the stabllrty equatlon (1. 24b) for

jbound states with . zero energy - For a non- spherlcally

; symmetrlc extended object, the varlatlon of the classrcal

_fleld under spatlal rotatlons also satlsfles equatlon.dv

f(l 24b) w1th zero—energy solutlons.. The problem of non-

‘;,:spherlcally symmetrlc extended objects has been treated

recently by Papastamatlou et al. 39 in 2+l dlmen51ons."A”

- new angular operator will. emerge from rotatlonal lnvarlance

whlle the quantum coordlnate w1ll emerge from translatlonal

:lnvarlance., Here, we Wlll restrlct ourselves to Spherlcally

\

symmetrlc extended objects;/ Therefore only the quantum

”“tcoordlnate'w1ll appear. . : S



'we write. themqps,‘
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Taking the spatial gradient of the Euler equation
(1.22) leadé to, | |

A(3 0)V¢ (x) “F( )[® (x)]V¢ (x) ‘ | o (1.27)

It is then obvious that stxgj is 'a solution of
(1.,24b) with zero.energy. To each épatial direction is
a55001ated a zero—energy solutlon . ¢f( ) (1 1,2,3).

/ We now turn to the problem of constru tlng the
quantum flelds whlch descrlbe the theory ;nc udlng the i
three translatlonal modes. Flelds W1th wave - functions

satlsfylng (l 24a) and (1. 24b)/w1th non~zero energy can be

S
written respectlvely as; |
L N ~-iw, t : : .
x (x)- fd3k B Bede K o4nell  (1.28)
and : » ‘ . ‘
3 _ -']_(,L) t 8. .
xb(x)~ ' ;33: T, (0 o e 1T 4 heell (2.29)
133 Ao - , .

”:where a(k) and oy are scattered and bound. state annihila¥

tion operators andvh.c means henmltlan conjugate.

Slnce the translatlonal modes are zero-energy modes,

f T.M. 'Eh-ui(x§ By . S o (L.30)
v . 1=l S . \

m

-where Bi is"a new quantum mechanical operator. It will be

shoWﬁ*to_pOSSess‘a canonical conjugate if @ka) is to obey

I

.an equal tlme commutatlon relation (E T C R P "Normalizing

the translatlonal mode u51ng (1. 25b), one then wrltes,
. . [ . /A
-
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PoM. o= - e vEE ) . (1.31)

Here q is the quantum coordinate. It differs from f defined
previously by a normalization. One can now write

w(l)(x) as,

wél’(x>,x Ry (0 +x, (0 —q- ViR (1.32)

- Now we assune the‘foilowing E.T:C.R. for the Boson

transformed Heisenberg field @f(x),

2 Ly FE 2 ey mams (4)
Wo(x,t ), ¥ (y,ty)]d(tx‘ty)-1h§ (x‘y) . (1.33) .

This leads to

2(1)

[w‘l’(x e B Gre 18t ) = ins ) Gey) (1130)

[

in.the tree approx1mation.
Since a‘COmmutes with the annihilation and creation
<
operators of the theory, equation (1.34) 1mplles that there
exlsts a momentum operator p proportlonal to q which
satisfies the follow1ng commutat;on relatlon w1th_the quanf‘t

7

: ) 5
tum coordinate q,

[qi,pj]‘% ihs, ‘. | (1.35)

Slnce q and p are canonlcally conjugate quantum
mechanlgal operators, " they’ must satlsfy the Helsenberg
1nequallt1es.% Furthermore from (1. 32L\we see that the no-
vpartlcle state of the theory is a pure quantum mechanlcal
representatlon for p and q. _It 1s the staie\of the quantum i%

soliton and the sector of the Hilbert space which contains

the quantum soiiton is called the_soliton sector.

L



<

' Q"where

te

o

> .

;?@_gut As for any Helsenberg operator, the tlme translatlon

: 1s generated by the Hamllton;an. Therefore one has,;fffp.

R S ; o ‘ ..J-'pﬂ
R e e T e
RERR - 1C 'elHt}Exoxe»lHt““; L 36

“e

76(t5 dlffers\from q(t) 31nce 1t contalns annlhlla—-ag:fr"

tlon and creatlon operators through the Hamlltonlan. -How-b_"

/._ . 2

vaever one can show that there 1s noadlfference betweenthe um:

operators %n the tree approxrmatlon. One then replaces
q(t) by Q(t) ln prevrous expre551ons.u
Now 51nce.—Q(t) V@ (x) must satlsfy (l 23) and srnce

| - o -

V@ (x) satlsfles equatlon (l 27), we are led to,

‘@h,%

Canti

"e;¢i.55;;gv,q_;;‘;*5,;;14; ;g,_rqr'g:7,=;;';:f (1 37>

1f we assume that the derlvatlve operator A(a) 1s of second
AN ' oy

order w1th respect to the tlme derlvatlve., Thls 1mplles

SRR *v;”'»'~t S T I
that, >~ev:- e )

ey {"' q<o> '&7f%{?;5‘?ﬂa.k 0 swasen)

o

A

An lmp°rtant asPeCt Of the quantum-cobrdinAtéfis,f;jpl;g_-'
that 1t always appears 1n the comblnatlon x'- Q(t) in:jg‘s.g
the dynamlcal map for w (x) To show lt rlgorously would v

requlre expllclt hrgher orderusolutlons of equatlon

(l 20a) A rough way to percelve the solutlon 1s to remark

that the followrng expansron,v7 e

o

3 (x) —6f(§) +x(x) Q(t) v (x) + .;-~f?#75:‘(l?39é)9:f}lf'



'lfiabsent.;- (n )(x) obeys equatlon (l 20a) w1th x

’Hf'the pure quantum mechanlcal SOlltOn state.

- where - =

:.M_isfindeedja Taylor serles for w (x), ,
I ‘A_ (

w (X)—

| 0~ 8A

n'
n—0~

m—O : m'

"f;fwhere x( )(x) 1s w(n)
g )(x) ~x(x)

(o)

A Af - T - »"’?U;A
0=1 ok ,,-,”

\fhrwhlch shows that Q(t) always'appears_in thefgombinatlon,’

As a flnal remark in thls sectlon,-let me add
1fthat the Hllbert space of thls theory 1s a dlrect pro—ft‘."

”“Educt of the quantum mechahlcal reallzatlon of the opera—f,w

*ffators (q p) and the Fock space reallzatlon of the phy51cal

'space has been called the extended Fock space and ltS

ﬂjvacuum can be denoted by, 'f

pﬁq;'
-‘}where IO > is the Vacuum of the Fock space and | o>iis
. / ‘

»pmomentum representatlon, an arbltrary state can be wrltten 'hf Sy

-lw?-f”JQ,%JQ‘kl d k gc(z)gl(kl)... .‘kn?akli g%

(x) ln whlch the quantum coordlnate lS

(x)—i® (x) Therefore equatlon (l 40) leads to,:;}”‘

s When the vacuum ln the sollton sector 1s 1n the"”'

LR = R 'f(x')]{f‘-&b(x)f{* o sy

P

'( 1) _(nylm-{ Z X———LEL, [ ;(1.40),;;

(x O(t) ,t) S (1 sy

';,4”part1cle annlhllatlon and creatlon operators Thls Hllbert o _:'



,-"\‘. i \

'_The state“'z> 1s the pure sollton state and 1s an elgen-j'

20

7_state of the operator p. ‘Qhe set {g (k )} in. (l 43) is a _j'

:,certaln orthonormallzed complete set of square lntegrable
lftﬂfunctlons Let us remark that, ‘

.

: Flnally the pure sollton state can be wrltten as,e

m'f

o

':The Asymptotlc and c-Q Transmutatlon Condltlons

We have seen €h the prev1ous sectlon that the quan— _fd"
"fﬁtum coordlnate Q(t);always appears-ln the dynamlcal map of

. the Boson transformed Helsenberg fleld w (x) ln the conbln—

atlon P Q( ):f Furthermore 1t has been shown how thls new

ev‘v ,_7‘_'.

'ja3z gaxzy1z>-gr[“”;'f;_:{};*5f7f}j_{i<1;4s);h

”Helsenberg operator emerges from translatlon ._1nvarrance-~

tfof the theory vflf?i,l_j'»ffg‘.fiftt'ﬂﬁ'{* .

0 - . o
In Quantum Fleld Theory 1t is known that in c—number :

o transformatlons such as sbace tlme translatlons, Lorentz

;ﬂtransformatlons as well as spatlal rotatlons are 1nduced
'*through operator (Q= number) transformatlons.f'They are
bdcalled c—Q transmutatlons. In the case W1thout an extended

'g'object the generators of such transformatlons are cons—i‘

'JTtructed from the phy51cal partlcle creatlon and annlhllatlon‘h

’v’operators., For example the asymototlc forms for the tlme X

Vtranslatlon generator (asymptotlc Hamlltonlan) and: spacev-"'

”ftranslatlon generator (total momentum) are respectlvely,‘--fh'

U S



'"ft51tuatlon is dlffe

and-

Tnese operators are the ones . correspondlng to a free

ffleld theory and are weakly equal to the energy and momen-'-

’*ptum’operators calculated from the Lagranglan formallsm in.

. the ;nteractlng case,-;i"”"}{“..~,f;:-_;_,

Defining,
e L ;ﬂ.fléh, > &
SRR

-Tf};thev —Q transmutatlon w1th respect to the tlme translatlon'

'can”be wrltten as,;ﬂf

[ B

0]

Q
My

o

[t

ff(1.47)1f

oy exp -in [vus];‘,t;-k..x,] vy Caue

21

S(1.46)

;ékKXftfhf&gtift;fidg?,‘(1,49ir5;:

o t' =t+a : .‘ 1 E L (150)

R

47_SimilarlY"we“ha§e*for spatial<translations,gp~

' 7§-+"' 13 a

“v;

‘-\'Q;,]“ o (x tﬂ e | dx t ‘ pk(}f;t)9-f;:'(l;51)% ;f“v

.‘Where,

H Whenlthere is an extended object however, the

ent. vSlnce we know that the c—V.ﬁ“

“pynumber coordlnate x always appears ln the comblnatlon x—q }.:[*'”

b‘~f_w1th the quantum coordlnate, we obtaln the 1mportant

~result that c-number space translatlons of x w1ll berﬁi R



ylnduced by a c—number translatlon of the quantum c—"

\&

~ord1nate.‘ ThlS already tells us that the annlhllatlon’,f/~’”*“

'_,_/,— el

| R

'and creatlon operators need not change under spatlal

”translatlon and that consequently they commute w1th the

-correspondlnq generator.ﬁ

B
In turn thls 1mplles that the

o -

,total momentum 1s 1ndependent of the annlhllatlon and

J“creatlon operators thch 1s a‘ drastlcally dlfferent 51tua-H

'_tlon from the one w1thout an extended object.-

6

tmeanlng of thlS remarkable result 1s that 51nce the p051—v

‘jtron of the phys1cal partlcles 1s descrlbed relatlve to

.the p051tlon of the object, a. spatlal translatlon of these

-

‘bpartlcles 1s equlvalent to a spatlal translatlon of the

§

.extended object c_/-ffl‘;.‘y:“_

Let us now turn to the asymptotlc condltlon 1n fleld

.
i
. \

t*:theory Wlth an extended ObjeCt-

B
i

The phy51cal '

: In the absence of the object the usual asymptotlc con-l

v‘,dltlon 1n the Lehmann—Syman21k Zlmmermann (LSZ)

.x.,

-qllmlt In the case w1th an extended object however,
"T_that even when thls tlme
'quuanta of the theory stlll lnteract w1th the object through

'V'the self—con31stent potentlal.

'ls requlred and 1n order

“~fthe llmlt must spatlally

Zl'Denotlnq the p051tlon of

‘1xo+q, one;constructS-the

formallsm

llmlt has been performed, the:,;

to obtaln truly free behavlour,

e pleS up the terms Wthh behave as free flelds ln the t+~tw

A further llmltlng process =

separate quanta from the object. i

the quantum extended object by

follow1ng asymptotlc condltlonzg,

22

‘e know‘b



||X'—(X +-q0||g > > w‘.

- The absdlute value rn51de ‘the bra—ket means the root mean

‘\_.

',»square value of x —(x +q)

_/

‘, Since the dynamlcal map. of w (x),.v

f—)-‘“—»

w ) =V G E;ga*"

"le a weak relatlon, the asymptotlc condltlon (1.53) lmﬁlleér_t
'that x and q always appear 1n the comblnatlon x q in- thek‘/
dynamlcal map (1. 54)- ‘Thls result 1s exact and lS thérefore
' not based on the tree approx1matlon.‘ Now srnce the c-numbér ;.
itspatlal translatlonx:+a can be 1nduced by the Q—number

v‘.translatlon q -a and 51nce the total momentum P of the sys*d

‘dtem (calculated from the Lagranglan formallsm) generates e

;g spatlal translatlons, it follows that, l{“

[qij?il ?:;ﬁdij'lftr e . .;“,iul(;ﬂSS)
';fherefore}. .

-'t{Equatlon (l 56)'15 a weak relatlon and tells us, that the :
total momentum of the system can be determlned from the
momentum of the quantum extended object.;-Thls latter equa- dt“
“tion is. of the greatest 1mportance 51nce 1t tells us that,ii
. as stated earller, the totaﬂ momentum commutes w1th the
m.acreatlon and annlhllatlon operators of the theory and
;therefore that relatlon (l 473 no longer holds when there
'1s an. extended object : Relatlon (l 56) 1mplles that t eimfd*%

l

total momentum of the system is attached to the sollton. ,,~'
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(J

It is now. p0551ble to- obtaln asymptotlc forms for

'a whole set of relevant operators 1n Quantum Fleld Theory

hsuch as the generators of the[P01ncare transformaﬁlons Once

fth se operators ‘are determlned it w111 ‘be p0351ble to cons-

Y

».Lln the theory

‘quantum coordlnate lS the only zero energy mode present ' v

//
[uct the dynamlcal map of w (%) by an exten51ve use: of the

| —Q transmutatlon condltlon.b THls w111 glve exact results'

i

1ndependent of any approx1matlon.'

Before g01ng on, let us remark\that everythlng so ‘_" -ﬂ

'.far has been derlved under the assumptlon ‘that the extended

£
Ob]ECt is spherlcally symmetrlc and therefore that the

s

"} From now, we: w1ll restrlct the theory to the l-tl N o B

1

dlmen51onal case. Under such a constra%nt,there 1s nelther'an

3angular momentum nor a spln operator in the theory Also a B

v’-tions.” The phenomenon of ngner rotatlon

'Here the quantum extended object 1s mov1ng w1th a quantumﬁ‘

subtlellicompllcatlon has then been aN01ded. It 1s related
o L .

‘ jct_o_t'he‘. —Q transmutatlon condltlon for Lorentz transforma—o o

~

25 56 would then

¥

o appear ‘in, more spatlal dlmen51ons.‘ Tne ngner rotatlon is’

B

the rotatlon lnvolVed when a mov1ng object is” boosted.

‘v7mechan1cal veloc1ty proportlonal to the momentum p.rlThe,\VJ
fipr1nc1pal reason for 1mp051ng such a llmltatlon is ‘ |

..that theﬁmodel that w1ll be descrlbed 1n the next chaptervlfilgw
'1s a l+l dlmen51onal one, though one can: obtaln some e

‘;1nformat10n on’ 1t 1n more spatlal dlmen51ons. Struc—”

»tures 1P 34-1 dlmen51ons of the P01ncare generators as



, dlmensmons. : S

~with

s

well as other types of operators affected by the latter

llmltatlons have been completely determlned in the case
\

" of spherlcally symmetrlc extended ObjeCtSS§ as well as in

A

the case of non fpherlcally symmetrlc objects39 ;nv2+l

o In order to calculate the’ generators of the P01ncaré'
transformatlons 1n l+l dlmen31ons, let us wrlte the algebra
these generators must satlsfy

\\

| [P,H]h=to L . (1.57a)
LT S B o
P,Kl =diH , - . - . . (1.57p)

cand o
[H;K]téfiﬁ‘.. N D T B '(1157c> -

P 1s the spatlal translatlon generator (total momentum), H B

1s the tlme translatlon generator (Hamlltonian) and K is

the generator of tﬁe Lorentz boost ThlS algebra together
S

rth the asymptotlc condltlon and (ﬁ l),
V[q'Pl = i!d g,“ J‘; o . eu " o r‘_ }gp(l.SB)
,'P:'='p D R T T S B LNt - ~"<1."59‘>

©

w1ll determlne unlquely all the generators.' The quantum

’coordlnate g in (l 58) 1s a°Schrod1nger—type of operator

| ',and is t1me lndependent.

ff{follows,

The operator algebra (l 57) together w1th equatlon

'(l 58) determlnes the pos1tlon Operator up to a unltary

:‘transformatlon. One ‘can therefore always choose 1t as

‘(1;60)
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This‘position.operater.is'just-the Newton;Wignerjf
‘posiﬁion dpefator24'37'which‘determines,‘in this case,
3 the\free motlon of the center of mass of the extended‘
: object in conflguratlon space
. The heost generator is then determlned as follows,.»~
K =.-,§{q;H}, oo S S (-‘].;.61)"”,}’

'ﬁowlsince’P and H commute;, the asymptotic Hamiltonian
'iS‘then‘independent of the position'operatdf and}using_(l.SQ)-
" onei/obtains;

H =1H(p,n ) o S U (1.62)

- ‘where nk 1s the number operator (nk-—akak).

:.\J/ - oje can” e}eo eerlve, o “ |
H} =1 3= =1pH " ... - - = : - (1.63) "
[q,: 1 __ dp = ip T ( 63)

The latter equatlon together with relatlon (1. 62)

1

determlnes H to be,'

H =:[P';+'Mv(nk)] . o . (1.64)
,;EqUatient(1,64)‘centaihs'a mass'opetetbrrM(nk) which
can_bejdeterminedefrem the asymptotic cdndition;ifThisveonf 

. dition for the Heisenberg fieia.wﬁ(x)tcan be written ds,

e —<o b EE B 0 —— g (Ret) o (1.65)

o £t O : c

| | | |x—q[+°§ o | . . s

Awhere h‘ : h"' T o TR ) R
(a)w (k) =0 . (1.66)

' The spatial 1imit-in?(1;65x.is;the;sameﬁas equation (1.53)
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7

o and the tlme limit is the one deflned through the LSZ for-

mallsm.¢7For a state where the root mean square value of P
‘lS negllglbly ,small, -the energy of the system glven by the‘
matrlx elements of the. total Hamlltonlan 1s then weakly
vequal to the matrlx elements of the foll9w1ng asymptotlc

w Y

Hamlltonlan,

s

H(ny) = fd k wk MMy (L.e7)

"where wk is the energy of the freekquanta and @oaie-the
: maés-of'the’extended“ehjeCt;,‘This is so sincet(l.67)tmustli
' be free according to (1.65) and (1.66). Far-th%é7§a£tl— |
't‘culat etate,(rp;+Q$)"Qne'then obtains the‘felloning_Ldrentz
invariaht,A : | | | - : ” |
. ’

Jo-PA =wmy . C o (1:68)
o 1 p=0 - . - ' . .

Hz(n
EquatiOnl(l.68)vdetermines'the mass operato:,;

Mn ) =H_ +M_ o ©"(1.69)
- where H 'is the same as in equation fl.46).
The Helsenberg representatlon of the quantum coor—

dlnate is now glven by,

oy = elhiyé<e'*HF. . B e LV I

From (1.63) and (1.70) one obtains,

10,Q(8)] = ¢ = pH ~ STy
and : " o . : : - : ' .‘_

‘Therefore,



. : | b . IR ; . | v
Q(t) = q + H‘t . . . " (1.73)
Y‘This-shOWS‘that.the extendedgobject, although classically
\statlc, is mov1ng with the quantum ve1001ty Q pH l,i
U51nq the latter asymptotic forms for the P01ncare

generators, 1t is then possrble to obtaln 1mportant 1nfor— .‘

mation concernlng the dynamlcal map of the ﬁelsenberg fleld

"w(x)

Since the Poincare transformationS'are»transforma—

. tions of c—number space t;me coordlnates (x t) we then

expect that they w1ll be 1nduced by Q—number transformatlons
of the phy51cal operators that w1ll appear in ‘the dynamlcal
',-map{f It is then necessary for them to show up only through
spelelC comblnatlons w1th the c- number coordrmgtes.k This
.requlrement leads to the exlstence of the generallzed |
'coordlnates (X T) whlch are functlons of the c-number space—
‘tlme coordlnates and the’ phy51cal operators The general—
1zed coordlnates can be unlquely determlned through the
\condltion of c—Qﬂtransmutatlon wrth respect to coordinate
transformatiOns‘together’with the'requirement'that they
become the c-number coordlnates (§,t),When quantumwmechaniQ’
~cal operators are dlsregarded In 1+1 dimensrons the c—Q'.
.transmutatlon qondltlon applled to the generallzed coordln—‘

!
ates can be expressed as,; _ ‘

X(x'pt';S)“= X(x,t}S(e)) o B , : (l.74a)
and: - o o -
T(x',t'58) = T(x, t'S(en b  (1.74b).



e

where M is the maSS‘Operator and H is the‘asymptotig

formation parameter. The prlmes on the left hand side
/

denote the c-number transformed coordlnates  The right-

hand Slde is defrned as,'

x(x,t:8(0)) = ¥ x(x,ti8) e (1754
and - ' ‘ . .
T(X}t;S(G))E'eﬁ?e.T(x,tf55ve-;ge , " (L.75b)

: where Qis the generator of the transformatlon.

In l+l dlmen51ons the generallzed coordlnates take

-

the follow1ng forms, S
| . o -
. . _— .. : - \\$ V'W ) ‘v o . .
| X »'lv+ ﬁTEE;ﬁT’ [x Q(t%}\\g . | (lt76a?
.and - Lo ) N
T = f{‘d,t“ %[x' -Q(v)1, . - o © (1.76b)

Ve

.

-Hamlltonlan ) ) N
One can then write the dynamical map ofmw;(x,t) a§;>xv\
vE,n) = 3t . @
Eqdations (l.76a) and (l.76b5 lead to, “G/,f
o 2..2_ .2 2 2 _ 2., ' h
e 3™ .= 95, — 97 = Do -~ D] = D" & (1.78a)
“vhere. ‘ S
,D, = 5% ‘~and | D ﬁ_\g— EE f".' o (1.78b),

. . S / ., ' - N
.‘Now*since the dlfferentlal operator A(a) is the. -

Kleln Gordon operator,

A(a).: R T & 8 1)

"

. /'\_’ .
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because wf(x;t) is a scalar field, one can then re-write
the Heisenberg eQuatio? (1.3} as, .
(- 0¥ Wi x,m = F[w (X, , | (1.80)

{

where (1 77) and (l 78) have been used. It satlsfles all
© the transﬁormatlon propertles of the S1m11ar‘$heory w1thout
| " an extended object. va;ously.the scalar fleld must,trans—'
form as,‘ ‘ | . | ' .A

RIS > W§(X(6),T{6))“{ o (1.81)

where,

i

X)) 2 R(x,ti8(0)) o | 7 (1.82a)
(agé ° | B . ‘ ‘ f . . ‘ ‘ . . » .

T(B) = T(x,£:8(0)) . L (1.82b)



II. THE INTERACTING MESON-FERMION-SOLITON MODEL

W

A Physical Survey of the Model
In this\section I intend to describe the Quantum
. Field Theory of an interacting scalar meson field with a
spinor field in 1+l dimensions. The theoretical interest
»of_such a model resides in the fact that when there is a
soliton in;the theory, it interacts with both types of
quanta‘and creates a much richer physical situation. For
instance,Fermion fields can be trapped‘by the soliton and‘,
then develop zero—-energy modes. New quentum operators,will.
be seen to-appear and’will'create a much richer representa—.
‘tion‘for the Hilbert.space. Another interesting aspect
_will7consist of studying the transformation properties of
’the spinor field whendthe extended object is present. The
splnor fleld Operator w1ll be seen to Spllt into two dls—
'tlnct parts which take care separatelv of coordinates ‘and
splnor transformatlons under Poincaré tr;nsformatlons. It
| will then ‘be p0551ble to construct an operator S from the
part taklng care of splnor transformatlons together w1th
the quantum Operator assocxated w1th the/Fermlon zero-energyf
fmode." A supersymmetry algebra ecan then he constructed from
- the operatorﬁs toéether with the'uSual'?oincaré generators.
" Therefore Bosons are transformed 1nto Fermlons and Fermlons

‘lnto Bosons at the level of the phy51cal fields in the

‘sollton sector

31



: When there lS spontaneous symmetry breaklng of the chalnrfld”b

3 tand topologlcal,'ff_JF)3;

M;fQﬁ‘T

.~ where, ,7':,__f;

and..

The model 1s also 1nterest1ng from the v1ewp01nt

. of experlmental Phy51cs 51nce 1t has appllcatlon in. qua51-

\

-

exaﬁple %he polyacetylene molecule has a llnear chaln o

)

R structure ln whlch electrons and phonons can 1nteract.""

TN

structure’a sollton can be created by condensatlon of

optlcal phonons and the local phenomenon of charge frac—t : ;f;'

tlonallzatlon arlses.‘

' Q In thls model the sollton w111 be assumed statlc,ﬂ

B

32

.one dlmen51onal system51n Condensed Matter Phy51cs..,Forknv=1?

In what”w1ll follow the metrlc tensor 1s chosen as,O j

: iﬂgl ' -%2“l)

goQ : = gll

Sy ‘

?Uti;fheaiadrangianidenSityfoflour'model’is:written-as}"

: ( 2'.‘2‘,)'. :

LR =Ly e (2.38)

LGy E Y

O.’f N

Cxg =k et o~ ¢ +w[w a“?—mlw o 2ae

fHere ¢ 1s a one- component hermltlan scalar fleld and P 1s a

. l).
. PO : g
e .

;:;t-If=,'—: Vf(cb) - wwu O i *f~i"'<'2_-_3.<':)ff‘ S

.?"two-component splnor fleld - We also have w w Yo Equatloni'

S (2 3b) 1s the free part of the Lagranglan (2 3a) and (2 3c)’f,_



*ifthrough U(¢9

'7”:through the number operator 1n the/mass operator M(nk)‘

o33

‘udeéCrihesethe"interaction;. One must mentlon that V(¢) ‘and
‘v;U(¢) do not codtaln derlvatlves of ‘the. fleld ¢ | "4Qf"wﬁ'
| The Euler—Lagrange equatlons lead to the follow1ng

_fleld equatlons,

4(}3327;yt)§';‘8¥éé?‘fh§gé¢zf$yAh (_‘_.*lg;ai_(z.gji'ﬂt»

Z - m) U<¢)w (2 5

: 5One sees from (2 4) and (2 5) that the Splnor flelds 1nt5

=

';act w1th the scalar fleld as well as W1th the sollton ‘_ﬁ‘
From the con51deratlons developed ln the prev1ous" f,i
f_chapter, one knows that the total momentum P of the systemfv*'

bnt_calculated from the Lagranglan (2 3) must be weakly equal tOf

nthe conjugate momentum p‘of the quantum coordlnate. There-ff"

‘y change requlred 1n the sét of P01ncare

ngenerators obtalned ln Chapter I 1s the lnclu51on of the

’ o, e

"annlhllatlon and creatlon operators of the Fermlon flelds

’-Follow1n? (l 77) to (l 80), one can re—wrlte equatlons (2 4);
. and (2.5yhaS[vA a‘;.~ o
C=ote? 5;:(,(--,-5) =V B v BT I 06D (2.6)
S @ myen cBEmNeY @
5U-



m' Slnce the Porncare generatbrs must 1nduce the coor-
T_dlnate transformatlohs 1h the splnor flelds as well, thlS
:hlmplles that the c-numBer coordlnates 1n w(x,t) must appear
‘:through the generallzed coordlnates (l 76a) and (1 76b)

LaHOWever,51nce w(x,t) must transform as a splnor under o

‘-v_Lorentz transformatlons, the structure of 1ts dynamlcal map

"1wr1tten in termsof the physrcal operators w1ll not be as =
;__s1mple %s,ln the case of the scalar'fleld ¢(x,t) |
o

Although 1t 1s possrble to dlscover much of the

el

:-‘rstructure of the splnor flelds through a perturbatlve analy—‘”“

'tf}”51s of the fleld equatlohs, there is a very srmple way of

‘wdetermlnlng the exact structure by examlnlng the transfor—f.hu‘
. g o
.matlon propertles of the fleld equatlons when Lorentz ;,?'-

- lnvarlants are expressed in termsof the phy31cal operators."

'dquuatlons (l 78a) and (l 78b) show that there ex1stsaxset

‘3,;”Of matrlx Operators (Iv PLL SuCh that, e

'*TT_,':ff.f'*iiﬂ A 11 = E',f L -f fi')_f, 5"3,. PR d'l"‘:" L
f“*-yuﬁg-, t“D v~'~"'ﬂ».7afw{-;f7»[ffh' :* (2 9)
- where Du has been deflned 1n (l 78b) Uslng the expllc1t

“mfforms (l 76a) and (l 76b) for the generallzed coordlnates,;d

;one flnds the unlque reallzatlon,-;t?UBVJ”};:L'.; S

"Tl;.. o BT I S

. ; :O
“and
’ : IR

H
<
=)

gAgaln M 1s the mass operator and H is the astptotlcyg,ﬂ
'"3lHamllton1an.? From the latter expressrons 1t 1s easy to |

-

F‘gshow that,



'{P‘ifv} = 1y ,Y,}’?_Zguv s t2an
THlS lmplles the ex1stence of the follow1ng SLmllarlty

:,transformatlon, N

T =aya~ .. ‘} S ‘?y;~(2;12)'
& S A S -
Insertlng equatlon (2 9) 1nto the fleld equatlon (2 7)

wy;

rand maklng use of the above s1mllar1ty transformatlon one

obtalns,

B 1 e Te A R CRENT

- 'i rﬁ

PRIt

v?iﬁbp;;_,,";f;Y SO e 23p)
Defining, |

f'ﬁléiA'lw(i}t)aJ,',fff7 ?f:ff;te ftf”V'ifeﬂgc (i‘léf

:equation (2 13a) tells us that w 1s a functlon of the gener—';f*
e . ,‘

*allzed coord1nates.,¢Soi‘f
T o 3

itf;(é_lg);ﬂ”vu'

- Therefore,
PR e e
CoVRE) = AU(X,T) A,

- and equation (2.13a) becomes, .
I[iﬁ;efm}@(x,w) ;ﬂﬁ[&(x;T)]ﬁtx;mys;i;3..3«.j‘,(2;17y*“
. Slnce w?x T) clearly transforms as a scalar under Lorentz

5'htransformatlons,\the matrlx A must take care of the splnor'"

wpart of the transformatlons The structure of the splnor

‘hfleld 1s then exactly determlned ,aIn;order‘to,flnd;a»unlque*;.’;
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:operator A, one needs to restrlct the transformatlon '
(2 lZ)further.j'The supplementary condltlon can be found by..

'1nsemnng equatlon (2 16) lnto the fleld equatlon (2 6),

[

(-nz 2 )¢(x T)~—V [¢(x T)] +U; [¢<x T)Jw (%, T)A Yo Aw(x 7).
e (2. 18)
‘_Requiring-thatr'J
- o Lo R R oo
‘equatlon (2 1s>‘beeome;;
‘}_pﬁ? u)¢(XT)"’V M(XT)]+U[¢0(TH¢(XTMMX'N';
f | | S | o, 20
‘“IWhile A[is determined[byn(2;12)'and'(2;19) The - result is,

1

A= [H + M+ Y, Ylpl R 7. #fvfc(2.21ai
/2M(H+M) S LR T T e T
hiwhlch glves, b'
At L .[Hf+»M‘¥fYoY1p]';,’ (2l
XZM(H +M) L T T e e W e

:It lS easy to check that,
%(2 22)

Observe at thlS p01nt that everythlng so far de—'

fhrlved from thls model has been studled 1n one or two spatlal

L dlmen51ons 1n the case of a- non—spherlcally symmetrlc exten—

S Y

ip:ded object and 1n one two or three soatlal dlmen51ons in the
3case of a, spherlcally symmetrlc object.c A group theoretlcal‘

,h_study of thlS problem has also been done and it has been ‘
-;shown that the matrlx Operator A 1s the Lorentz boost

h'matrlx operator for the fleld w w1th quantum velOC1ty p H- l
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It 1s,then p0551ble to generallze the result to flelds

'.w1th arbltrary sp1n33. ‘“b‘_k< : . 'a H_[

‘;‘f ‘ To- show now that zero-energy Fermlon moaes can |

'»”appear in thls theory requlres the solutlon of the fleld 2
'5:“equatlons (2 4) and (2 5) w1th the help of perturbatlon

theory46 The method COnSlStS of the 1ntroductlon of a h

power countlng parameter A 1nto the Lagranglan, the derl—

vatlon of the correspondlng fleld equatlons and then the :
-expan51on of. the solutlons as power serles of the parameter
~;X.1‘ The fleld equatrons can then be solved lteratlvely and

LI

the condltlon for the emergence of the Fermlon zero-energy

——

mode w1ll be clearly seen._:v»'
Let us then make the follow1ng substltutlon ln the.

3

- Lagranglan (2 3a),

. The llmlt A +l should be performed at the end of the compu-tﬁ

‘£(¢,w),4+ A , ’(A¢ Aw) ' ffjhf_;,‘,“';g (2 23) i

' tatlon

e

Q,The fleld equatlons (2 4) and (2 5) become

%t =ty <A¢) slxul(x¢)wwf.: > : (2.24)

,(15 - m>w U(A¢)w ;v't o q2:28)
i‘i{We can expand the quantum flelds as,:_ .



\

s N
AN

iThe term with n =?l_in equation (2:27) describes'the-c>

o number sollton field of the theory.’ .

b | As ;n‘Chapter I, one can expand the 1nteractrng
‘terms V(A¢) and U(A¢) as;a functlonal Taylor'serles about

the sollton solutlon For the f&-th order of this Taylox

/

V‘serles .one- deflnes,

Yoo 'frsz TR T T ,
e v(¢ ) . o . © o (2.28a)
' | 5¢ S . S -

and :
| 5“ I S
LR sk Uv(q’ Vo o (2.2Ep)

i

i

i Each term ln thlS Taylor serles con51sts of normal products.

1;of the scalar fleld ¢(x) When equAtlon (2 27) is 1nsertedh.:}‘

,‘1nto the Taylor expan51on for V(Xo) and U(k¢)/ one 1gnores

the non~commutat1v1ty among dlfferent terms in (2 27) We.

‘are then worklng 1n the tree approxlmatlon. In order for

~ dthe theory tovbe‘renormallzable, the lnteractlng part of mh
‘the Lagranglan den51ty must contaln the counterterms.“ They

'“contrlbute in each order of the expan51ons (2 26) and (2 27)

jand are lntroduced in each order of the°Taylor serles for

= the 1nteract1ng terms U(A¢) and V(A¢) as follows,-b

Uy = 1 *KJ‘sz T R L R _r;,(2729b)"

: m:Of
: mhere the prlme means that the summatlon is restrlcted to"
"5even values“of m.' ThlS ls SO - 51nce the quantum correctlons
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arise from a contraetionyof a pair’of fields. The cases m=0
and m-2 are called the tree and the one- loop approx1mat10nu'
respectlvely Insertlng (2 29a) and (2 29b) lnto the fleld
equatLOns (2 24) and (2 25) add equat:ng powers. of A dne,v
obtalns, v o
2 SUTTIEE T o
(-3% - uf >¢ = Z [vm b, AU b b, Doy )
, ; . 2! 2+l 1_,-'d2‘ .2fl uBl ABrids
‘ /, ' h - (2.30)

and d~“ . . » B _ S
<iz —-m)w'js]z U? ) Yo T (2:31)

ad n-. i l ‘ R o S
The summatlon in (2 30) is restrlcted by,

Rf4ﬁl+ql,+;;i+aa:=n1,_ 2+m+s1 .+ B +r'+s =n +2 (2&32a)j'

- and Eestéicted by, o ,
fz"+im’+.a1 + ;L;‘+~az+7r‘?'n T (2.32m)

*Aoln equatlon (2 31)
: ' For the casesvn ——l and n —O, one. has,.
_(713 = u?) ¢ 2\‘., o (2.33)

11%’32f‘u2i;¢' = v

G (2.34)
~“and nn‘V .vv‘:l' I S S SR ]"”-‘ R
B 'fiz”;'mi‘w'='d° g T e T (2.35)
d Equatlon (2 33) lS the Euler equatlon for the sollton and

equatlon (2 34) is™ the stablllty equatlon w1th the self—ﬂ'

. -
{

con51stent potentlal V2 - Those cases have been studled 1n

- Chapter T and lead to quantum sollton states.f Equa-’-

'tlQn'(Z 35) is 51m11ar to’ (2 34) since it represents a
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‘Fermlon fleld trapoed by the c- number trme 1ndependent '
‘potentlal U created by the sollton., Slnce w ‘1s the
.llnear term in the. dynamlcal map (2 26) of Y, it can be.
chosen to reallze an 1rreduc1ble representatlon of the
‘Hllbert space of the theory. As in the Boson fleld case, '
‘there can be scattered as well as bound state solutlons to

i

(2'35) ~The general solutlon representlng the partlcle— -

B llke excmtatlons has\the form,

ofxet) —z In; (x)e _ ait £, (x)e “bi]a+"
' —iwt R (o o '
fdk[n(x,k)e a(k) +€(x,k) e " b (k)] | (2,36)

.;:Here_n'(x) and n(x,h) are negatlve frequency bound state
and. scattered wave functlons whlle E;(x) and E(x k) are the
correspondlng ones w1th p051t1ve frequency ‘The set

{ai (k), f. b (k)} is the set of creatlon and annlhllatlon

'operators whlch obey antlcommutatlon relatlons

B It lS now easy to show tﬁet the follow1ng functlon

‘satlsfles equatlon (2 35) w1th 7ero energy (tlme—lndependent

'solutlon). T V.,. o s ' T ,
v(x) = [é ]-u(‘x) PSS L (2.373)
'where,
um=cewpl-mx- [ay I . T (2.37)

- The normalization constant C;is-finite.if,s'
lim m+00) 20 . o (a.Emy
m + Ugl 2 @ e B S

i g+t
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The complete solutiqn to.(2.35) can then be written

as, S . | \ TR : ,
¥ (x,t) = au(x) +awo(g(t) L (2.39)
where, 1 ,

. |
Here a is the new operator aSSOC1ated w1th the zero—energy

' fmode (2. 37) ' The problem of how it realizes an 1rreduc1ble

representatlon of the Hllbert space will be ‘treated in the
\ :

second sectlon of this. chapter and will be shown to have
to &b with symmetrles.aSSOCLated w;th the splno;
fields. The'specific spinof form (2 40) (Majorana spinor);

depends upon the ch01ce (2.2) for the repreSentatlon of 74 ,

Dlrac‘matrlces. In general one can wrlte the operator a as_”

'sd.where s is a two—oomponents Majorana splnor (s =Cs T w1th

L)

iC being the.charge“COnjugation matrlx) ‘ N0J781nce the oper—
"ator o reallzes an 1rreduc1ble representatlon of the
 Hilbert spaee, 1t antlcommutes with the splnor annlhllatlon'
and creation operato:svwh;le commutlng wlth-the;eorrespond_
. ing operatofsafof the Boeon field as.well as‘with the quan-
etum mechanlcal operators (g,p). The functlon (2. 37) |
1together w1th the wave functlons for the partlcle llke
exc1tatlons form a complete orthonormal set.v

Now the follow1ng equal tlme antlcommutatlon rela-

tions»(E T.A.C.R. ) for the phy51cal Splnor fleld

O IO T ce )= 62 (xoy)  (2.41c
c {g?q(x,tx)erB(y(ty)}dftx ty} faa&‘i\:v(x y) (Z.é}i)

and



o o ey gt o eme o

{-IPOB(XI txs)._ erB (YI ty) }6 (tX ty) = {\Poa (.x’tx) :lPoB (y: ty) }(S (tx" ty)
- =0 ., o ©(2.41b)

-1.

imply the existence of the operator o which satisfies toge-

ther with a,

{a,at} (2.42a)

i
i—l

and

" {a,a}

-

{a ‘o } IR © (2.42b)

2s a flnal remark in this sectlon, let us. show that -
it is 90851ble to construct an operator S Wthh together
’w1th the P01ncare generators,reallzes a supersymmetry algebra.,

. From: equatlons(l 61) and (2. 21a), one has, i

4

~

£ [K,2] =—:—L-.[YzorYl‘],A. N ¢ )

The latter relatlon checks that the matrlx A takes

'

rvcare of the spinoxr part of the Lorentz transformatlons of

"~ the splnor flelds‘w(x), Furthermore since the zero-energy

<. mode of‘wé'has zeroﬂenergy, the operator a does not appear

.

' in the asymptotic Hamiltonian. Therefore,

faE) = taxl=o0. (2.44)
‘hbefihing, | |
s.= /2 Ay a - . E S (2..45a)“
‘-and' S R e ' | B |
| 5= sty = v ;-YC;A,YQ. L B ‘(.2"45?)

and using the'Poincaré algebra'(1;57)ftogether!With (2.43),
3(2.443 and (2.45), one then shows that thé»foliowing algebra

‘is realized,



5,0 =0, . o " . (2.46a)
i[K,S, ] ='—l'[y Y. 1 | '(2 46b)
‘ ’ o '4 ’ l aB 8 ’ ‘ . X . .
and . o .
_ - : . p ,i‘ . - . ) ‘ "‘ .
{sa,sB} . (Y”)as PY + l(Yoyl)aB M. | ;'(?'46c?
o | B ’ B .
Here-PU E(H P) = (H,p). The above algebra is a super-

symmetry algebra with central charge M Which‘is ‘the mass,
0perator. It is a symmetry of the theory at the level of

/

the physical fields.

uThe Quantum Numbers of the Sollton

¢

) This sectlon is devoted to the constructlon of an
'1rreduc1ble representatlon of the Hllbert space for the
‘theory descrlbed by the Lagranglan (2.3). In the special
case where the splnor flEldS do not carry 1nternal symmetry
vlndlces, the phase symmetry is the only contlnuous symmetry
’assoc1ated w1th the latter flelds and leads to -a conserved

LN
'quantlty, the Fermlon number of the theory Slnce 1t is a

A

-A”good quantum number, the representatlon for the Hllbert .

space must contaln elgenstates of the Fermlon number opera- o
'Utor;y A study of..the charge conjugatlon propertles of the |
;Fermlon number‘operator as‘well aS/of the'operator Sy

'deflned in (2. 45a) leads to the - fact that the vacuum in the -
'sollton sector possesses elgenstates of the Fermlon number
‘“operator w1th elgenvalues +l>2 when the spln degree of

,freedom’ls 1gnored. 1Tnerefore there is no neutral»state

in the soliton sector. -This result differs from the one
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obtalned when . there is no sollton in the theory Thisr
phenomenon is called the charge fractlonallzatlon mechanlsm.
Besides the above algebralc method, there ex1sts
another calCulation'échemevthat enables us to discover the.
'representatlon for the Hllbert space in the sollton sec-
to 26. It con51sts of the solution of the dynamlcal map of
the- splnarflelds and the expllclt constructlon of the opera-
dtors leadlng to the conserved quantltles.‘ Slnce we are
lnterested in the no—partlcle'state in the soliton sector,\\
only the physical operator correspondlng to the zero—energy
'Fermion mode will be relevant. This method can be ea31ly
:extended'torcases where the splnor'fields_carry‘internal‘
symmetry indices. ‘Ihrsuch cases new conserVed quantities
will appear and the mult1pllc1ty of the sollton state will
'1ncrease, When the Lagranglan 1s 1nvaf1ant under the |
.transformatlon group SU(n)‘® U(l) in the fundamental repre—‘
sentatlon wuth respect to the generators of SU(n), 1t w1ll
. be shown that a vacuum state in the soliton sector:wlth all‘
.quantum numbers equal to zero does not eX1st.

For generalltyh we extend the model to,

£ =%.(§¢) - 2¢2 ~V($) +Tr w[lz ~m SO T, (2.47)

where the trace is taken-over internal symme try 1nd1ces.

vThe.Heisenberg equation (2.5) is then replaced

by, - | o S
S -m-u)) =0, - (2.48)

* where ¢ is the,k internal symmetry index.



The existence of the latter symmetry index does

not change the perturbative‘strueture of the solution for
the Fermion field since the scalar field does not have in-
ternal degrees of freedom. Therefore when condltlon (2 38)
‘is satlsfled the Fermion fleld w can develop a zero-
energy mode. However since it carries an internalfsymmetry
1ndex, so does the operator o assoc;ated with the latter

‘ux-m,

mode. By correspondence w1th‘equat10n (2.39) and from the

above considerations, the dynamical map of wc}is then
written as, : ' o | ' Qk{rQ

. g
V¢ ='s da_ + Yo R L. (2.49)

L4

our task lb to study hdw%,he physical Operators\(qc,ag) act

o
on the Hllbert space gz i
: e : !

ice they carry an@5 ternal symme%ry

Aindex, the. anticommuta relatlons (2.42a) and (2.42b)

3 0
musf:be generalized to,

‘{ac,ag} = ch (2.50a)

and .
PR, - - -
Ha ,ad} {ac,ad} =0 .ﬁi L (Z.SOb)

The latter relatlons are obtalned from the E.T.A.C.R. j2.4la)

and (2. 4lb) generallzed to our case.
TQe Lagranglan denSLty (2 47) is invariant under the

follow1ng global symme try group transformatlons,

K]

: | & |
w:+'expL~iL-§]w . B - (2.51a)
and L‘ | | | .

¥ > expl-i6_ly t‘j .2Aef .' f ‘_ ; (2.Slbf 



)
R 3

lHere Ll-are'the~classical‘generators of theannhabelian-‘*-
;“seml slmple Lre group SU(n) in the fundmnental representa— p”‘

-

i?tlon, wrth n2—l~parameters 6 They satlsfy the algebra,

o ,LJ@%_ ctr k PO NI S <2.52>f;-' |

7.w1thastructure coefflclents C kap:Equatlon'(z Slb) has 5
'Nonlybone parameter,ﬂeov ‘ThlS lsvthe gesrdual abellan phase
1:;symmetry U(l) of the Lagranglan.;h. K PR

An expllc1t constructlon of Noether currents lead to}
ijthe follow1ng conserved quantltles,c'@fh?“

TrF = —'——c—q’ Jd {‘P ‘PdI S R o SRRy . (2.53a)
and : . i E : | . .vilo“ . »_ . . .
Q= %de Tr [w R (2.53b)
‘Q is the Fermlon number operator constructed from tﬁL re-

© \

Vf‘qulrement of U(l) lnvarlance whlle F 1s constructed from

e',«', PR

'73.1nvar1ance under SU(n) transformatlons'“ The commutators"v/

correspdnd to the normal orderlng prescrlptlon and insure “t’”
el ,..\ S /. \‘- p ® - :
f(that the latter operators'have vanlshlng vacuum expec—i,5j

.'tataon value when there 1s no sollton 1n the theory

,,‘;'ﬁl;{~-Mak1ng use of the dynamlcal map (2;49)//we.re—wr1texu:;'

aequatlons (2 53a) and,(2;53bl as,_ SR
o

B I ‘ T e
_VF~'fn—*7f“— {a 10 ] . phy51cal partlcles terms‘ - (2.54a)

and ) "," } :051 L o

SR L o NS P
[Q]'+ physfcal_particles.terms% B R (2.54bff’:
Now the Hllbert space of the theor%%lsiéonstructed

tvas the dlrect product of the extended Foc%

space wrth the-,*



i 1rredu01ble representatlon ]S> for the phy51cal operators

, i
(acrqg) The vacuum ln the’sollton sector can be wrltten'

©

""vasb’v";: " ) L 4 . L PR ) .
*lo> =,10-><®z1§é-® JS>,1- o “:‘:~f;f.“ rQ';xz;ssj;x"
In order to’flnd the representatlon ]S> We must »
blstudy the effects of the operators (2 54a) and (2 54b) on?.e{f

‘4>i[0> Wlth lp*0> In such a- case only the flrst term 1n

(2 54a) @nd (2 54b) w111 have a non-vanlshlng contrlbut;on.

FSlnce the clas51cal generators L of SU(n) are traceless

1

fi'maklnq use of the algebra (2 50a) and (2 SOb) leads to

"f(2 54a) and (2 54b) becomlng,: [,u‘

- '~?il“ (L ) d“ o‘d o Bt e A2k 5eal

An 1mportant feature of thé operator ac isethat'itfﬁi,»ﬂ

';'1s nllpotent, ff.bs,'7'

\=.ia*a.3%'§_[a¢5a ]‘+ —{a‘,a }quh{“fof!‘ (2. 57>

,A-\ : l"\Y—\

qﬁ7SC>.ls therefore-two‘dlmen51onal |+>,f$$$ Note

represen—Q
I

'mythat there could be also a try v1al one-iimen51oi‘_

”ihtatlon for ]S > However the presence f a central charge

len the supersymmetr;/algebra (2 46) prohlblts such a repre—rJ
;'*:sentatlon d“f‘:fmid ,"hmf f d'a‘ii*ﬁ.:*g'ﬁjhhffi'_VWﬂ_;f

A ‘_;/ . t : . o L
Deflne S Sl
s = s
Are T

: and Lt ; e R ‘-:,‘" : " O ’ !

.-

~
.

<
A
. ey

Hi~~
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| ,Slnce there are" n operators ac;in'the fundamental're—'
hpresentatlon of SU(n),:one deflnes thelr actlon .on [S> as,"

_ . N 2 s .

l;S‘J‘l"'S .a.S 2

[o}
g

AV

I

EN i (2.592)
GIULE Logsim o (pybie D g E o T
SpeesSgeelSp> = (LT §O,chls.lq,_..'s‘c‘-...s > -

w0
v
I
o
@0
O]
0
v
it

T e T : _ (2. 59b)
;Y'Here ]S 7 lS the fllpped state of [S >. and the multlpllclty |
:fof [S> is 2 : ~ﬂ f"hgffdrf,fv o L |
i i o bt speeae afa, 1o then
:3:e5511y found to be,f;ffh‘. | i B Do
”‘&+&f{si.};segr;s >'— 5

CaTy |s ;;s e Sy h(2.60)'
~Tetel”l R T R

1.5, .
Now the dlagonal‘operators-among the set of opera- :}':
thtorsw(2456a) and (2 56b) w1ll glve 'rise to a set of elgen—n B
"values from Wthh the lrredu01ble representatlon [S> s »Vh: .
}bdeterm;ned From the knowledgﬂ'of the general form for

dthe n- l dlagonal tlass1cal generators L 4 of SU( )]-one
.:fcan calculate exp11c1tly the elgenvalues of lS$ ‘vThef

»m‘.

h:general form for Lt p is ea51ly found to be,v"

T S FG F5 R D

‘V‘Jw1th 1 l S and n 1 l 0 s on the dlagonal The normallza—\

9

7rtlon factor has been determlned from the normallzatlon "



. conditionrfor‘the generatorsLl oﬁ SU(n),ir

| ‘-Tmix,js Sl . ey
7Q, o ‘2 ij ‘ o ST . e ) A
Insertlng (2 61) 1nto ‘the . express1on (2 56a) for*F.

‘and re—namlng the dlagonal operators as E : one obtalns,v
L By = ;‘*—f—_;;*[ .'1a a',—ia,f’a.‘u}7(i=l;...,n l) (2 63)
i arrany lesr eer ARl o vy

© Making use .56b) , -(2.60) and (2L63), one finds,

e T 5 (264a)

‘ The latter onerators completely determlne the ref

1sentat10n |S> and one does not need to construct the

Ca51m1r operators eXpllCltly.b Table I llStS the quantum

'”‘numbers of the sollton up to the case where the theory 1s

s

‘1nvar1ant under SU(3) ®U(l) “The elgenvalues of E. ‘ke_~"
"denoted by e; and the ones for the Fermlon number operator

Q are denoted by q . We then have ‘the follOW1ng representa—

:Jtlon, LY

When the Fermlon number of a state lS zero, the

elgenvaer of the operator E never vanlshes ThlS leads,d'.‘ﬁ”

n-1"

'?to the general result that the sollton always carrles at

- least,one non-zen:quantum.numberil

3



Table. I. ‘Quantum number. of. éoliton: ‘vacua.

o a2

s
“

su(2) © U(1)

11> o ; “; »' 71 'c } ‘Q' :
Cofors o 0 aaze f;“”,5;‘
s 0 12 |

Joor a0

12 e A

Joor> i"lfl/2,>””‘ R v

Cohes 12 0 13

i,|01’,0,>_ B -l/‘2‘? Sl
Jroo> -2 12 1203



When the only symmetry group is U(l); Wthh leads
back* to the orlglnal model - the sollton is seen to be an
energy degenerate doublet with Fermlon number +l/2 § Th;s
lS called. the charge fractlonallzatlon mechanlsm._ ngher
symmetry leads to an 1ncrease of the mult1p11c1ty for the

/

'sollton states; A-pure;sollton state.W1th all_quantum
numbers set equal to zero. does not ex15t.-
It is 1mportant to reallze that the equatlon for the

'_'splnor flelds lS of the Dlrac type,vthat 1s a first order

"ﬁ}dlfferentlal equatlon 1n both tlme and space derlvatlves.f.f"

_bBecauseaof thlsvproperty, 1t.was poss1ble to“obtalnwthe
tvlmportant normallzablllty condltlon (2 38) 1nsur1ng
»the ex1stence of the zero—energy mode of the splnor fleld.

B2 o

Flnally let us note that models Ain two “ rand

“hthreel7 21 space dlmen51ons have been studled - The vortexsf

_ 22 '
\Fermlon system - 1s a. partlcular example in . two spatlal
”dlmen51ons where Fermlon zero—energy modes can appear and

lead to new quantum numbers Here agaln the requlrement of a.

Dirac- type equatlon 1s 1mportant lf such modes are to ex1st.,-

1The Charge Fractlonallzatlon Mechanlsm in Condensed Matter

’Phy51cs
The'phenomenOnfof charge fractionalization has

3rbeen dlscussed by fleld theoret1c1ans lnvolved in

:legh Energy Phys:.csl7,21 122, 16 as well ‘as ln Condensed

Matter Phys:.csl 4 18 47 48 49. However, it is. 1n Condensed

gMatter Phy51cs that fleld theoretLCLans have looked for

}
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reallstlc examples where models with: fractlonally charged
solltons explaln experlmental datal.:d |

The purpose of this section 1s therefore to shpw
qualltatlvely and succ1nctly how the phenomenon of charge
fractlonallzatlon emerges 1n qua51 one- dlmen51onal charge—
den51ty-wave (CDW) systems llke the polyacetylene moleculeh

'and the nloblum trlselenlde molecule (NbSe )
10,40

R

HVA one-dlmen51onal CDW system 1s a llnear mole-
cular chain where the optlcal phonon flelds assoc1ated w1th
harmonlc oscxllatlons of the lattlce formed by the nuclel ;]
1nteract w1th the conductlon electrons in such a way that a -
spatlally perlodlc CDW-is created throughout the lattlce

A .
It can be shown that such a reglme arlses w1th the spon—

taneous symmetry breaklng of the reflexlon\symmetry of the_
phonon fleld ‘ Slnce thlS phenomenon appears in the mean
fleld approxrmatlon where the lattlce dlsplacements are
treated as c-numgers (cOndensatlon of the phonon fleld lnh
hthe vacuum), CDW s are seen to arlse from the 1nteractlon
of the conductlon electrons w1th the extended object created
by the condensatlon of the phonon fleld CDW's are theref :;‘ﬂ’
fore ground state exc1tations. In addltlon to thls, an o
electrdhlc energy gap is cr@ated and the conductlon elec—‘A
trons become effectlvely massive. :_m‘ h '977 - ;f‘f'

| In. the case of the dlmerlzed trans—polyacetylene_’
molecule the conductlon band = half fllled w1th only one =

electron per s1te and the anMi‘ngth of the CDW ls twice

the lattlce spac1ng.f In the case of the nloblum trlselenlde,_



it

the conductlon hand is a quarter fllled w1th two palred elec-g;
!trons at each four 51tes. The wavelength of the correspond-.
‘1ng CDW is four lattlce spac1ngs |
Let us now see in more detail how the charge
'fractlonallzatlon mechanlsm occurs in the polyacetylene
‘molecule.. The case of the nloblum trlselenlde molecule 13'
kinteresting‘from the experlmental v;ewp01nt and w1ll be
brlefly outllned after the follow1ng dlSCUSSlOH on the |
,'polyacetylene molecé}e - | |
'l; The Polyacetylene Molecule
" The polyacetylene mokecule has a llnear chain
‘structure as shown in flgures 1, 2 and_3. Flgures 1 and
2vshow-the-two p0551b1e'conflgurationSVOf thevdlmerlzed
trans—polyacetylene w1thout defect 1n the chaln structure.h
'The ex1stence of two such phases lmplles a double degeneracy
»'Lof the,ground state, Ergure 3 shows the coex1stence of ‘the _t'
r»two ground states ln the same chaln. The structure defect
.1nterpolat1ng the two phases 1s the sollton.i:'

Su et al 47 48,43 have developed recently a dlscrete

. . r\_\
field theoretlcal model to explaln stable structure defects

in the polyacetylene molecule The model 1s one-d1mensxonal
i 1mply1ng ‘the neglect of tranoversal 1nteract10ns between

: chalns, The conductlon electron 1n thlS model hops only
‘from 51te to 51te along a 51ngle chaln. Bes1de the treat-

"“ment of electrons, oscrllatlons of the hain structure are

‘included‘through”the configuration'coordinate‘un. ‘The



h Fig.\'l.

: Fig. 3.'

A—phase of the trans—polyacetylene

molecule.'

-phase of the trans—polyacetylene

molecule.

- Soliton

Sollton in the chain’ structure of
trans—polyacetylene.,

-
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latterlcoordinate‘obeys’a canonioal oommutation relation w;%h
its conjugate momentum Mun (M belng the mass of the group
.-CH) and therefore describes quantum phonon flelds 1n the

; c0ntlnuum llmlt | fa

‘The Hamlltonlan of the Su—Schrleffer-Heeger (SSH)

model ls then wrltten as,

.

. + ' Cy
H nES(le s C-\n",SJ' Chs Cnsl,s) 2\ ZMu s -u)?
+ . |
3 . ‘
@70 )(Cn+1 sCn,s ¥ Ch s Cn+l,s); . "_(2166)

Here the set {Cns,C;é} ishthe set of annihilation

and‘creation‘operators of the electron at site n. -The index -

s denotes the spln and takes the value +l/2 whlle t is the.

. /
- energy needed for an electron +o hop between two nelghbor—

lng s;tes.

The flrst two terms in (2. 66) constltute the free
part of the Hamlltonlan while the last term is a llnear
electron phonon lnteractlon Wlth coupllng constant o. Note -

that the . free phonon part of the Hamlltonlan 1s the sum of h

: harmonlc osc1llator motlons of the group CH over all s1tes

n. When there. is’no interaction, the ground state of theg-"

theory -is: stable and is the phonon vacuum together w1th all

. negatlve energy Ferml electron sea,states doubly fllled up

. : ° V\\\ . ' “
o | o
Up to now no constralnt has been 1mposed on the

to the Ferml energy E

conf1gurat10n coord;nate and equatlon (2 66) does not des— B

crlbe the real phy51cal situation in whlch SLngle and double
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' bonds alternate ln the chaln. One must then lmbose the

follow1ng condltlon,

o =‘(Fi)n al e ‘,l k2.67)
This condltlon 1nsures us that the dlsplacement changes 51gn
'alternatlvely from slte to srte, whlch is consxstent w1th
the plcture of long s1ngle bond and snort double bond (u
.always p01nts towards the double bond dlrectlon)

) Insertlng condition (2 67) lnto Fhe Hamlltonlan

(2. 66) and dlagonallzlng the resultlng Hamlltonlan glves,

2

gL ' vy , | | -
H=5 3 un-+ 2 Ek(nks .nks) &32‘NK11 R (2.63)_
. n. ks o . .
. ' Herelnﬁ and nzs-are the: conductlon and valence

_electron number operators: respectlvely and N lS the total
nu;%er of CH groups in the chaln., The second sum in (2. 68)

runs over the two spln states of the electron and the flrst

v . |
- |

Brlllouln zone of»the lattlce —ﬂ/2a <k g w/2a with lattlce

separatlon a). Note that the electron energy Ek is shown to

’

have a.gap.l The energy of the ground state is obtalned by

treatingru'as a c-number the'sollton) and puttlng nké =0

- ééd*nks,*l into (2f68).

A minimiéation of'the'grpund'state energY“with'v'

. respect;to the’classical~displacehent‘u shows that the
‘vacuum'is‘degenerate and has twoistable symmetric.ninimaA
iné. ThlS is-a spontaneous symmetry breaklng of the
.reflex10n symme try (equlvalent to- the translatlon symmetry)
These two_vacua correspond to the chain structure lllustrar
ted inifrgures 1 and 2. 'HoWever When a soliton is created,

/” 5 tel

s N .
A ° R -
. . . . ) N o .
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“both vacua can.coexist as shown in-figureld.- The‘soliton
ishthen the boundary doma&n between the two stableuground
states and'interpolates-betWeen the‘corresponding ordern
‘parameters. Thls soliton is static and'ﬁossesses an;anti-
, sollton w1th opp051te 51gn I We can take them as'infinitely'\
separated in the la tlce In thls llmlt they do not 1nteract

_ A
with ‘each other and§%§€§me topologlcal - |

Now 1£ order to relate the "above discrete model to

- our preVLous con51deratlons in earlier sectlons, one must
note that the contlnuous llmlt (a-+0) of the SSH model

(known as the Takayama—Lln Llu—Makl (TLM) modelso) leads

>

,back to a theory of lnteractlng scalar and fermlon fields
51m11ar to, the one descrlbed in earller SECthn523; The
Optacal phonon is assoc1ated to the massive meson field of

_(2 3) whlle the conductlon electron w1th energy gap becomesfv
’the correspondlng mas31ve splnor fleld. The optlcal phonon

| - creates’ then a cla551cal extended object.(sollton) by con-

densation in the wvacuum.

H

"In the continuous limit;”both)models being similar, .
one can therefore expect the\appearance of zero‘energy
Aelectron modes in. the SSH model leadlng to the charge
'fractlonallzatlon mechanlsm as in our prev1ous Lagranglan:
'model (2;3). Slnce the zero- energy modes emerge as a result
of the electron—sollton 1nteractlon, they w1ll be locallzed
on the soliton which then ac&%lres spln and charge quantum

,numbers. The relatlons among quantum numbers of the sollton

‘Thave been dlscussed in the second sectlon of thls chapter.

)
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However, an argument based on the completeness of the elec-

tronic wave functions has been developed\&nd gives some
- physical lnSlght with respect to the appearance of frac—
tlcnal quantum numbers. Assumlng the exlstﬁnce of the
'elecfron'zeroeenergy mode,  the argument is as follows.
‘The completeness on the electronic eigenstates.

without soliton is written as),

S

de Onn (B) = 17, R (2.69)
. o 3
where, , ' , _
| o B ) e -
0n (E) = g“’s(n” 0(E ~Eg) . - (2.70)

L(E) is the electronic density at site n. Now since this

densitykis a symmetric fuhction of the. energy E, one'hae,

o
4

‘;v_ oo . B - | : N - . \l‘ |
‘1= J_dE 0 pn (E) =2 j Ep (B . (271

When the sollton is created howg ver, one must'ad the;g“ntrif, e
3 T

e

condition.- Thls can'be ertten as,

where p (E) is the electronlc den51ty when Eﬁe sollton 1s

g

present.- ThlS leads dlrectly to,

0 - ‘
f dE dp__(E) = 3 | ()

where’,
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bp  (E) = phn(E) - gnn(ﬁ) ) (2.74)

Equatlon (2. 73) tells us that half a state per Spln is miSs—
1ng from the 1nf1n1te set of negatlve energy Fermi sea .;
states in the case where there is a soliton. When the spin
of the electron is heglected, the seliton is then seen to
carry'ﬁermion number 11/2 dependihg on whether or not it is
occupied. When the spin is taken into consideration,rone

- complete electton)etate is-missing; The unocpupied state
Ahas”Fetmion ndmber equal to +1' and no“spin since -all spinsv
.are paired Addlng one electron to this state makes it
neutral whlle obtaining the two spin conflguratlons of the
electron. ,We,then have Fermlon number equal to zero with
two spin statesltl/2;, Theﬁlatter Statetcah also be filled
with a‘second electron having a different spin‘confiéuration,
This oreates avsoliton‘state with Fermion number -1 and

total spln zero.
. W,

3 7

Flnally 1t should bé&empha51zed that here too the -

]

requlrement of a Dlrac type equatlon(flrst order dlfferentlal

a

yequatlon) for the‘conductlon electrona (1n'the contlnuous
limit) must be imposed. This‘is\sof;}née ih the above con-
siderations, the electron zeroienergy;mode has been assumed

-
to ex1st by. analogy w1th the Lagrangian model (2. 3). This
requlrement is not always fulfllled in SOlld State Phy51cs
of two or three dlmen51onal'space-as 1h the case ot the

superconduct1v1ty model53
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"g/éi-‘Tle Nloblum Trlselenlde (NbSe ) Moledéle '
U

Let us turn brlefly now to the case of the nloblum

L ’ » b ‘\
“-trrselenlde (NbSe ) It 1s a CDW system w1th perlod of !.’\

lfour lattlce spa01ngs. As mentloned prev10usly ‘the conduc-t -
tlon\band is a quartervfllled w1th two palred electrons atb
feach four 51tes A CDW wrth no- defect 1s said to be
o commensurauaWLth the lattlce spaclng. Flgure 4 reproducesyil.;& o

'”fschematlcally the electron dlstrlbutlon on- the lattlce.'

Slnce one perlod 1s four lattlce unlts, the system

fi‘{can show up 1n four conflguratlons (phases) hav1ng the same‘
'Vdjenergy.: The ground state is. therefore four tlmes degenerate

/

'The removal of two electronlc states from the conductlohu _,latf
jband at one Slte of the chaln w1ll create a phase defect/

(the sollton) ‘ Slnce thewground state was four tlmes/,

.‘degenerate lq takes four Eolltons\}n the lattlce to/recu—ff'

.“perate the loss in. phase (flgure 5) From charge'conserva—“br'
;ftlon, the phase defécts must carry electronlc states Slnce ’
"ltwo electronlc charges 2e have been transferred from the
A pconductlon band to the electronlc states‘of four solltons,”s
a:each of them must carry fractlonal charge e/2 : Note that |
'uCDW w1th phase defects are called 1ncommensurate cmms whlle

. the phase defect ltself has been called a dlsc0mmensura-
:'t10n36§’ The latter correspond therefore to. the locallzed
zero—energy electronlc modes dlscussed earller._*i"

/

i l ;
From the experlmental v1ewp01nt the above molecule

is’ 1nterest1ng srnce when one applles an electrlc fleld '/

’“h‘on the system, the charged phase defe;t can move across the



o

>  '/  Vug1 '1 ‘lattlce unlt

g

—ol4a F—

+ + + + ,.+ + +...+ + ..+ +.. +...+ +‘..+ jl

'i +-.2 electrons

S Fig. 4 Schematlc S'Lucture of NbSe3
R T sollton / AT o

SA

Solltons

© - Fig. 5. Schematlc structure of NbSe. with™ .

‘ solltons..f;"_. i xu" 3

o
-

without - .
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vlattlce leadlng to the poss1bmﬂhty of current measurements
. S

'Such measurements have been performed and lead to charge
.values ranglng between 0 3e and @xﬂwa. One experlment even:

3uy1elds O 47<a.-It is argued that the dlscrepanc1es between

‘jthese numbers and e/2 may be due to experlmental error and/

£

;oor real effectsl; .a_i"] Fo ﬂ_“fk ,-h~ f' _.-'

62"

Nevertheless one can take the latter values as po—'~”

7ﬁ§s1t1ve ev1dence of the ex1stence of fractlonally charged

"1dextended objects in Condensed Matter Phy51cs._f

/.



CONCLUSION | J'
In the course of the present work Quantum Fleld

Theory w1th extende objects has been rev1ewed through the

]

ttreatment of ‘a- self 1nteract1ng scalar fleld model and an.
‘1nteract1ng scalar sp1nor~sollton model 1n 1+l dlmen51ons

. i D |
The results can be cla551f1ed as follows. -

vl)'bpfl In both models the Hllbert space of the tneory dif-
:Lfers @rom the one w1thout an’ extended object. As a result |
of the emergence of a new type of 1nteractlon (the quanta—
,{WSOllton'lnteraCthh), the Fock space has been enlarged to
ffnlnclude scattered and bound states of quanta w1th’the quan—l‘;
w‘ytum mechanlcal sollton L o |
téi ‘: :>Part1cularly 1mportant>among the bound states are
‘f‘the so—called zero-energy moﬁes wlth whlch one. constructs
:an lrredu01ble representatlon for the" pure’sollton state ofl
r}the theory : o . ” o | ‘

'3)7 : An lmportant consequence of tne ex1stence of exten—,

‘g:ded objects 1s the effect on- the asymptotlc condltlon ln"l

L

!11Quantum Fleld Theory Usually deflned through the LSZ for-fi~>35

P

V“mallsm, the asymptotlc condltlon requlres that as tﬁ++w the

'Helsenberg fleld weakly becomes the in=- fleld (freeffleld)

jfrom Whlch the Hllbert space 1s constructed When an exten-‘]a'

: ded object is created however,‘the latter tlme llmlt only
T |
separates quanta from 1fteract1ng among themselves whlle

'"stlll\feellng the effects from the extended object through

'“'the self—con51stent potentlal A spatlal llmlt then

S



. .

| separates quanta from the object and we are led to the
RS , . i
| '

.‘fully free case.’ ':"v" L ,nj;f o con
4) Because of the above reformulatlon of the asympto;

/ b ;
,_tlc condltlon, the asymptotlc forms for the P01ncare

generators dlffer from the ones 1nlthescase_when there'isf
\no extended object
',5) ‘ U51ng the new asymptotlc forms for the P01ncare

“'generators and maklng exten51ve use of the c—Q transmutatlon

l,condltlon One.can flnd much thormatlon on the @tructure of

*'jthe dynamlcal map of Helsenberg flelds from thelr transfor—

p:matlontﬁmgpertles.r_Thls completely determlnes the appearance d
Bfof quantum mechanlcal operators 1n the dynamlcal map These_
"operators always appear ‘in unlque comblnatlons with the c=
inumber space tlme coordlnates., These comblnatld;s are‘,::
,Ecalled the generallzed coordlnates.p'7'ﬁ%

[ A

-6); Partlcularly 1nterest1ng is the case of splnor

.

;flelds Wthh Spllt lnto two parts, one, part taklng care of

‘-coordlnate transformatlons and wh ch transforms as a Lorentz"“l’

'vﬁscalar and a second part Whlch transforms as a Spanr under_

ey

= Lorentz transformatlons. The latter splnor‘Qperator con-

f‘51sts of p and H and glves an example ofthe constructlon of

;splnor operators from the tensor operators p, (splnorlga—

¢

_ jtlon). . R g:;g”'

'Under4Certain‘circumstanceSQ the Fermlon flelds can

i L L

7develop a zero—energy mode through 1ts 1nteractlon w1th the

v'extended object. 'Thls mode can carry 1nternal degrees of

_,freedom when ‘the theory lS 1nvar1ant under an’ 1nternal

.
~ - . . . . Y BN
RN . - &



’symmetry group transformatlon._

- A Ced

S)M‘ P Flnally, in the task of constructlng an 1rreduc1ble
representatlon for the Hllbert space of ‘the theory, one
flnds new quantum numbers carrled by the sollton.,:For
lnstance the charge fractlonallzatlon mechanlsm is a par—
tlcular case where the sollton carries fractlonal Fermlon
’number +l/2 when the spin degree of freedom is 1gnored 'In
fthe case of the model descrlbed 1n chapter II, thlS leads

"

gvto observable physrcal effects as in the case of the poly—

.

: acetylene molecule or the nloblum trlselenlde molecule In

]

'generalvthe_vacuum ln-the sollton‘sector ;s'never;fheutralﬁ.

.65
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