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. Abstract
A commoh problem in the field of envirome\tal ¥luid
mechanics is the disposal of an effluent into a moving
ambient fluid. The prediction of concentration contours:is
important in these cases to be able t0~eva}uate:the 1m§act
of the effluent. In cases where the effluent discharge .
velocity is large compared to the ambiept velocity the
problem may be modeled as a turbulent jet. The purpose of
this’ study is to investigate the effecf Q{\a,weak croseflow

on such a jet.

The studx was done by first performing an experimental
investigation. The sitqation ﬁbde1ed in the experiments was
tﬁat of a jet discharged on the bed of a curved channel. Th
experimenal s tudy provided a physical appreciation and the
means for theoretical approximations ‘Essentially, it was
found that the jet behaviour was not significantly altered

by the presence of the crossflow except that the jet was

defllected from a strarght line path.

To theoretically predict the deflection of the jet a

number of s1mp1er problemm were considered as wellaqp the

curved channel problem. The procedure, however, was the
same. A mﬂHENt of momentum equation was derived and
deflection given the variation of the othen*lli"J<lnd
without the need of additional empirical consttnts

simplifiad snd was found in all cases to prod,'f”ffazhe

v'iv‘
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* The theoretical predictions were compared with various

observations snd were found to be valid for the initial

portign of the deflected jot w to a Timit which varies with

the relative magnitudes of the initial jet velocity, ambient

,longiludinal velociiy, and ambient lateraknvelocitya
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0.1 Introduction

2

0.'1.1 Purpose

The effecg of lateral currents on turbulent jets and
plumes is a c i dimensional problem in the

f{eld of enviromental fluid mechanics. Much work has been

done on this problem, mostly of an experimental nature, but
general resultgkfre few. It‘is the objective of the present
study to investigate the effect of weak lateral currints on
turbulent jets. A specific practical problem to be
considered is a circular turbulent wall jet discharging into

a curved co-flowing stream.

0.1.2 Practical Significance

Accurate prediction of the enviromental effects of
industrial and domestic waste disposal is becominé ever more
important in the wopld today. The first step in predicting
these effects is normally to calculate the pollutant
concentration field. The tools availabie for this
calculation are jet theory, diffusion theoby. and dispersion
theory. Each has it's own range of applicability and
limitations. In some problems all three approaches may be
required to cover the appropriate range of interest. The

present study is concerned with the problems in the domain

of jet theory.
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‘must be known. Essentially, the calculation of pollutant\\

Jet theory is most useful near the pollutant outlet,
where concentrations are highest. The excess momentum of the
jet causes entrainment of the ambient fluid resulting in

rapid mixing and dilution. Bouyancy effects may or may not

be important!‘Thé ambient fluid body may be a stream, a

river, lakes of various sizes, the ocean, or the atmosphere.
v N . \

Rarely, however, is the ambient fluid at rest. Thus.\so

accurately predict the pollutant concentration field.\the

\
effect of the ambient motion on the jet and pollutant mi5ing

mixing by a jét is accomplished by calculation of the
velocity field. Using Reynold’s hypothesis modified to fit
the experimental data, the concentration field may be
calculated from the velocity field through the use of a

pollutant conservation equation.

The present -study is concerned with the dischafge of
jets into ‘a moving.ambient fluid with a small lateral
component (relative to the jet).'Somenéxamples of practical‘
situations are: a jet dischargihg'into a stream ét a small
angle to the flow, a jet discharging intz a curved channel
flow, a bouyant plume discharged into an ocean current;’and

a heated surface discharge onto a lake with circulation.

Although the results of this study may be applied to
any of these cases, the emphasis wiil be on the case of a

discharge into .a curved channel. As most‘natural channels



are curved to some extent, the resulting behavior of a

& pollutant discharge is of considerable practical importance.

0.1.3 Sketch of Proposed Work

The effect of lateral currents on turbulent jets was
investigated by the following procedure. First, an
experimental procédure was devised to obtain qUalitative'
information useful in problem simplification. The
arrangement used was that of a circular wall jet injected
longitudinally into a curved channel flow. This setup
simulated to some extent the ‘practical s1tuat1on of a
pollutant diffuser in a natural channel. Vélocity profiles,
both vertical and latéral{ were taken*ag a number of
downstream locations for a range ofAinitial velocity ratibs.
The poSition of the jet in the channel cros5jsection was

also varied.

The results of the experiments were analysed with
respect to similarity of profiles and downstream scale"
variation. These results were then compared to the results
of a\:imilar study in a straight channel. Qualitatively, the

effect of the crossflow was observed and the important

\
parameters noted.

'
!

Ao, |

Using /the simplifications afforded by the experimental

results, a theoret1cal\analy515 was made of a s1m11ar but

~——

more basic| situation. The essential assumpt1on Justif1ed ﬁy
|



the experimental results was that the cross-sectional
profilés of the downstream component of excess velocity
remained similar. With this assumption, integral momgntum.
energy, and moment of momentum equations were derivéﬁ. These
equations provided the means to calculate the the variation
of the width scale,. velocity scale, and deflection of the
jet in the downstream direction. The latter parameﬁer and
terms involving the crossflow were found to occur only in
the moment of momentum equation thus allowing the first two
}equations to be solved separately and the results

substituted into the'third to explicitly calculate the

deflection.

Various simplified problems were studied a?d the
results compared to ekpérimental data where available.
Finally, the thedry was applied to the experimental work and

the results compared.

0.2 Review of Existing Work

0.2.1 Jets in Crossflow
In recent years the subject of jets in crossflows has

recieved consideraﬁfé attention from various researchérs.
The earlier studies were primarily of an experimental nature
including descriptive observation and empirical predictive
formulae. Notable studies include Pratte and Baines (1967)
Keffer and Baines (1963) and Gordier (1859).



Based on these obsergations thrée separate regions of
the deflected jet may be distingufbhed. The first, the near
fieid.lfs chﬁraéterjzed'bg high jet$velocity to crossflow
velocity ratio, ind small deflections. The second region,
the curvilinear region, is characterﬁzed by largé ambient
fluid entrainment, rapi&‘jet velocity decay, and.large
deflection. The charac}eristic 'kidney' shaped velocity
contours develop inp this region. The thinrd region, the
vortex' region. is characterized by a pair of counterrotating
vortices generated in the wake of the deflecting jet. By
this time the jet axis is nearly parallel to tHe ambient
flu%d direction. In any analysis the special features of

each region must be maintained in consideration.

With reference to the present study, attention is
focused only on the initial near field region. Even then,
only the specia]‘situafion wherein this region is much

longer than the potential core length is considered.

Th&iearly studies provided empirical expressions for
;qugaggf1ected jet axis usually in the form of a power law

je:

% m | |
e d ) n .x_._ K
- b, “L.8 [bo} | ;.
. AR .

A
.

where x is loﬂigfudiirl distance, d is deflection , 8 is the
- TR b 4 .



initial jet to crossflow velocity ratio, byis nozzle radius,
and C, n, and m are empirical constants. Often, the
expression was inverted to give the penetration as a
fuhction of downstream distance. In some cases the exponent
and constant were evaluated separatly for the different
regions but usually one formula was fitted to the entire
jet. A review of these foémulae appears in Rajaratnam

-

(19761 .

Early analytical approaches to this problem, such as
Abramovich (1863) and Crowe and Reisbieter (1967) were based
on the principle that the deflection of the jet is caused by
a pressure differential aﬁa]ogous to the drag force on a
cylinder. 1t was found however, that this mechanism could
not account for the ﬂeflectioﬁ.unless unrealistically high

values of the drag coefficent were chosen.

A later study, Platten and Keffer (1968), introduced
the mechanism of entrainment as the cause of jet deflection.
Essentially, the jet obtains momentum in the iéte;al |
direction by entrainment of the ambient fluid. This
entrainment was found to bé larger than for free jets but
- the form of the entrainmént relation and coefficents proved

difficult to evaluate.

The most recent analytical studies by Chan, Lin, and
. Kennedy (197€), Wright (1977) and Makibata and Miyai (1979)
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a1l recognize the three separate regions and use both drag
and entrainment concepts to calculate the deflection and
other parameters. The Chan, Lin, and Kennedy study, in
particular, uses integrated equations of motion and
similarity relations in the calculation. In regard to the
near field region, however, the deflection is taken simply
8s a consequence of lateral convection and the equation for

the def\ection is:

ala
x Q.

Y
Generally, these studies were primarily concerned with

jets dischérging perpendicular to the ambient fluid
direction although some observat1ons on oblmque jets d;re
also presented. Bouyancy effects were also investigated,
particularly by Wright (1977). No study, however. inc luded
wall effects.

0.2.2 Jurbulent Jets

The mechanics of turbulent jets is a well studied
. problem and.all the essential information used herein may.be
easily obtained in Rajaratnam (1976). Of particulér interest
_is the problem of compound jets. The results of an analysis
by Pande and Rajaratriam ({979) are used ‘in simplified\form
in the present study. Circular compound(ygll jets were



N

studied experimentally by Stalker (1979).

0.2.3 Curved Channel Flow
~Since Thomson (1876) noted the presence of a spiral
, current in the flow around bends of streams, much
’ investigation has been made into the problem. The most
rnotable studies were Einstien and Harder (1956), Rozovski
(1857), Yen(1965), and Engelund (1974). Due to the
complexity of the problem, these investigators were
concerned mainly with the special case of developed or
axisymmetric flow. They did however, obtain useful
information about the magnitude and'shapeAgi the lateral

'velocity disfribution. In particular, the approximate

relation due to Engelund (1974):

Unnversity ol Alberts

’ v
L4 =7

¥

ol
A

whére h is the depth of flow, R is the radius of curvature,
U is mean downstream velocity, and V is lateral velocity
gives an egtimate of the mqgnituée of the crossflow near the
bed. Over the depth of the jet the average velocity ratio is

given by changing the constant to about three.



1. EXPERIMENTAL INVESTIGATION

1.1 Experiments
1.1.1 Apparatus and Equipment

1.1.1.1 Flume

The flume used was curved in an ‘'S’ shape with two
consecutive 180 degree bends of 9.0 feet centerline radius.
The test section was located at 90 degrees into the second
bend. A plan of the flume is shown in figure (1) and a view
of the test<location is shown in plate (1). The flume was
located at the Ellerslie River Engineering research station

of the University of Alberta.

The flume iﬁ equiped with it's own sump and pump and

has an';djustable tailgate to regulate flow depth. The table
slope of the flume is adjustable but was mantained level for
the experiments. The bed was smooth aluminum and was marked

with a curvilinear grid for qualitative feference.

1.1.1.2 Traverse
The traverse used provided electrically powered motion

in the lateral‘and Yertical directioas but required manual
adjustment in the longitudinal direction. The lateral
position was measured electronicly by means of a
potentiometer to the nearest one hundredth of a foot while
the<verti9al position was moasﬁred visually using a staff

gauge with a vernier to the ﬁearest one thousandth of a

~
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foot. The downstream locations were set at 0 2 foot {$M5ﬂt T:wﬂ
1ntervals along lines tangent to the curve JQ;the Jet £ ?

\ S

location. Plate (2) Shows the traverse.

1 , 1.3 Jet Arrangement

The jet arrangement involved a constant head devié;.
large dtameter tubing..and a8 nozzle. The constant head
device was mounted on an adjustable stand and }ed by a hose
directly from the city water supply. The tubing was 3/4 inch
inside. diameter plastic " Tygon Nubing’ and was aboqt five
feet in length. The nozzle was steamlinegd tubé’Lent at a
90 degree angle at the bot tom to the exit. It was 1gtroduced ®
into the flow tHrough the water surface to the bed. This
resulted in some disturbance to the flow but was’necesséry
because:of the requirenfent-that the location of fhé Jet be

changed easily. The inside d1ameter of the “tube port1on was

3/8 inch and the outlet dgameter was 1/4 inch.

- I\

The elevation of the water in the head tank was not
measured because it was found that the losses in the tub1ng _
and nozzle were very 519n1f1cant ahd  therefore the only
rel1able measurement of initial velocity was an actual
veloc1ty reading in the potent1al core of the jet.

\‘ ¢
Two flaws of this setup became apparent during and

\
after the course of experiments. The first was that the jet o

flow was at city water temperature while the channel filow
. - .
.
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tehded to be at room temperature, resulting in possible
bouyancy effects. The second problem was that thefe was no
provision to accurately align the jet with the coordinate
system. As a consequence the measured deflections proved

difficult to correlate.

1.1.1.4 Measurement System

Velocity measurements were made by means of a standard
Prandt1 tube of 1/8 inch outside diameter. e pressure
difference was measured with a sloping manometer set at 0,
60, and 75 degrees from the vertical depending on the
magnitude of the velocity. At the flatest setting, pressure
differentials could be measured to the nearest one

thousandth of a foot of water.

Water surface slope was measured by means of two static
head screwdriver type probes placed at 45 degrees upstream
and downstream of tHe jet location. The depth at these
locations wes indicated on the same sloping manometer as thé'

velocity readings.

A yaw probe was also considered for use but the
additional information about the lateral velocities was
found to be unreliable due to the width of the probe

compared to the lateral velocity gradient.



15

1.1.2 Procedure

1.1.2.1 Preliminary Runs

A series of preliminary runs were performed in order to
qualitatively examine the problem. These runs used the
equipment described above but no velocity measurements were
made other than to obtain an initial velocity ratio.
Instead, the injected water was dyed and the dispersion of
the jet wag visually studied. & typical plot of a visual]y’
time averaged jet profile is shown in figuﬁe.(2). A
photograph of the dyed jet is shown in plate (3). Note that
the plot is referenced to the arc of the curve determined by
the location of the jet. Various parameters chh as velocity
ratio, channel Reynolds and Froude numbers, and lateral

position of the jet were varied. The parameters selected for

further study were the velocity ratié and jet position.

1.1.2.2 Actual Runs

After eompletion of the preliminary runs a series of
six more detailed runs were performed. Table (1) indicates
the appropriate parameters for each experiment. Fiéure (3)
is the definition sketch for this data. The object of these
runs was to obtain qualitative and quantitative information

about the velocity distribution of the jet.

Each experiment involved taking a lateral and vertical
velocity profile at three or four downstream stations. The

only component of velocity measured was the 'u’ component ;
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that is, the compohent parallel to the initial jet axis. The
lateral profile was taken first with the Prandt1 tube
slightly above the flume bed. The results of the lateral
profile were plotted as th&y were ta and the position of
maximum velocity noted. About ten po?ggéiwere found to be

sufficent fo describe the lateral profile.

The verticai profile was taken at the location of
maximum velocity as indicated by the lateral profile. The
first reading was taken with the tube resting on the bed and
su?sequent readings were taken at spacings upward tonallow
the profile to be adequately definéa with approxiametly ten
points. The élevation of the latera) phbfile was chegked to

insure that it was reasonably close to the elevation of

“maximum velocity.

To insure that air qub]es did not interfere with the”
readings, tﬁe system was flushed before each profile.
Readings were then taken in order of decreasing velocity to
prevent the air rich ambient water from ente;ing the system.
For the lateral profiles this involved alternating the pitot
tube from side to side of the centerline gnd further away.

Figures (ZTl(15) show the vertical and lateral velocity

profiles for all sections of runs one to six.
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1.2 Analysis of Experiments

1.2.1 Methodology

To reduce the expefimental data to a managable and
useful form, similarity analysis was.applied. Practicaly,
this invo1ved plotting each profile, fitting a smooth curve
through the data points and then extraﬁting the:pertinent
scales. The scales needed were maximum velocity, distance of
maximdm velocity from orfgin, and distahce.from point of
maximimum velocity to the point where the velocity was one
half maximum. In the case of lateral proffles the latter

scalé was measured in both directions and an average taken. .

Using these—sca1es. which were unique to any one
profile, the similarity profiles of each run were plotted
togetﬁer and were indeed fdund to be similar. F{gures (16) -
' (27) show these similarity plots for all the runs. The solid’

line is the often used exponential curve:
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1.2.2 Scale Analysis

The yelocity data., having been shown to have similar
profiles, yere_next anélysed with respect to the variation
of their séales. Figures (28} - (32) show graphically the
downstream variation‘of each of the scales for all- of the
runs. ln order to correlate these scale variations reference
was made to the compound jet theory briefly discussed above.
Using U as a velocity scale and the momentum thickness --to
nondimensionalise the profile scales, figures (33) - (37)
were plotted and show reasonaSly good corelation. The
results of Stalker(1978) are shéwn for comparison. The
velocity correlation agrees very we11 thle the length,scéle
predictions do not. This is‘believed to have been causéd by
the small density difference between the jet and ambient
flow which resulted in a flatter, wider jet profile in the

preseht study.
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2. THEORETICAL INVESTIGATION

1]

2.1 Théoretical Analysis

. ~ Py
2.1.1 Preliminary RemarkKs %;g

.
«

The exper . 11 work above showed that the. j@
j&*

]

parameters and similarity,profﬁles were not siqa. fcant]y

altered by the presence of the crossflow. The jet,‘however.
was deflected to follow a curved path. In this chapier a

theoretical analysis based on an assumption of a weak ' - ,n“\§>

crossfiow will be presented. <
. 4

~To start with, for simplicity, the case of ayw.plane. (

turbu1g%t jet in a uniform crossflow will be studied: The

Y

complicated problems of a circular compound jet as well as

technigue developed will then be applied to‘the fiore

to the circular wall jet in a curved stream.

iﬁ# 4
2.1.2 Plane Jet in Uniform Crossflow o
T e

. 4
Refering to figure (38), thqﬁggfinition sketch for a

/,

plane jet in a crossflow. ihe situation is that of a plane
Jjet of initiallvélocity Usand width 2bissuing into .an

ambient fluid with a velocity V in a directiqn perpendicular

io the jet axis. The parameters which characterize the

velbcity fieﬂd,are: the maximum ' x’ component of velocity at
any section, U the half velocity width of the jet b , and
the deflection of the jet, d, defined to be the distance

fﬁdm the outlet axis to the location of velocity maximum.

¢
|

!

f
/ ’
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Assuming V is of the order of magnitude of v' and the
pressure, gradient terms are negligable, the equations of

motion for this problem reduce to (see the appendix;for
. .

reduction): ‘
L . ’
qu . .3u, \3u _ 1ot (5)
Ux Y Vay T Vay T ooy .
R
u , av'_ (6)
57-+§7 0
|
Where: )
A
vis v -V . (7)

The prime on v/ will be dropped from this point on for
copvienience. Integral relationships will now be developed

to predict uyp, b , and d.

;‘s".. . ' ' N ‘?

E‘Integra] Momehtum Eguétion

‘ﬁ' -;, 1H?§gra1e equat1on (5) ‘with respect to y from minus

ER S
COx Al s } T )

e _ 1nf1n1ty taxpdus 1nf1n1ty to obta1n

’ & ‘~f .

' - ., .. ~8 ' ® bad had
. : - auld. Juv auv, . 1 a1 (8)

- —""d —"—d + = a——

< ax Yt J ay” OJ A i e .

‘.co

~00 -0

3
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é 7

since u and T equal zero at plus and minus infinity, this

equation reduces to: : !
- d | 2 . . (9)
Ix | U dy = 0 |
This equation states that total axial momentum flux is
conserved. ' l
2.1.2.2 Integral Energy Eauétion
Multiply equation (5) through by u and use 16) to
rearrange it into: .
au’ |, autv,, au?V _ 2 3t (10)
- i '
Again, integrate with respect to y és beﬁbﬁef’ *

o ) o A ’ (-3 *
T au? wauzv) du2V 2 9T ’ 111)
du + dv = 2 3T
[ B | 55 [ 2[5

. Simplifyihg, the integral energy equation is obtained. €i~

» © ©

(12)

-

This equation states that the rate of change of total
. y . k

4
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Kinetic energy flux in the jet is equal to the dissipation

. ®
caused by the shear stress.

2.1.2.3 Comment

The transverse velocity V has disappeared from both the
momentum and energy equations which would seem to impfy that

it has no effect on the axial momentum and energy balances.

2.1.2.4 Integral Moment gj Momentum Equation

Multiply equation (5).through by y and integrate as .

above: .
"‘E:’ o0 v ’ oo © ©o
e ay N .‘lg;l"’, 3 . auv s 8 uv 1 aT
J _ Yoyt YSyE o | vy (13)

- Integrating the second, third, and fourth terms by parts:

'%-J y u? dy - J uvdy - J uVdy = - J T dy (14)

X
-0 > - g )
N

éol‘—'

-

Since u goes to zero exponentially the_terms evaluated at
-

™
infinity are all equal to zero. The remaining term involvin
' . .

shear stress is also zero.by antisymmetry.;This l&aves: ,

«© o«© -]

Lo giff y u?dy - J uvdy - J uVdy =0

«00 -00
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Consider the second and third terms. Lt may be noted tQat in
the second term v will be small where u is largestland also
that v will tend to have opposite signs on opposithsidés of
the jet. Thus the, integral willitend to be small. if V is of
the same order o‘imagnitude as v then the third term will
clearly~?¢‘much larger and the second may be neglected.
(Note: In’an'undeflected jet v is antisymmetric and u is
symmetric resulting in the integral going to zéro: _
identically. In the weékly deflectedlcﬁse considered heﬁevu
remains symmetric but v is no longervshtisymmetric. The

‘deviatiob. however, is small.) Thus the following is-

"obtained.

© [oo]

- J y u?dy = J u V dy

-00 -00*

{16

Q.IQ

"!,
This equation may be interpreted as stating that the rate of
change of the total flux of moment of momentum equals the

convection of Ui’ velocity in the y direction.

..

2.1.2.5 Similarity Hypothesis
rollowing the experimental analysis and preliminary
remarks the profile of u velocity in the y direction is

assumed to be similar, or:

| | 4 (17)
- &;= f{{¥j;—‘]==fl(n ) '

v
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Also assume:

- d | (18)
b—T‘u—z‘= 2{‘Y_b—} = f,(n)
-m
Note that:
y=nb+d (19)
dy = b dn
Substitute equations (17), (18}, (19), and (20) into
eqyations'(g). (12), and (16) to obtain:
:\__,} . W
d . 2 24 < ‘ (21)
dx'm bJ f’dn 0 .
Y
]
o0 [~}
g;u% Jf f;’dn=2u3Jf, £,"dn ‘22’_

20) . .



64
(23)
%J(nb+d) UmzflzdeI:JVUmfbdn |
Simplify to get:
N\ -
(24)
g—)-(- (u2b) = 0
%;-umab J fi3dn = 2 um3_J f, f,'dn (25)
\ “;‘x.’ -
;tv‘
& (u?bd) =1L Vb 126)

It may be noted that equatiohs (24) and (25) are identical

- to the corresponding equations for an undeflected jet. Since

these équations do not contain d or V they may be solved to

. O
give uand b . The solution will be identical to the case of

~an undeflected jevé éxcept, for a possible difference in the

empirical constant. Assuming for now that the constants will

indeed be the same, Rajaratnam(1976) gives the solutions as:

- "i\."SOP . | A _ (?7)

X T8y

¢
Um .
T

"
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b = 0.097 x (28)

]

These expressions may now be substituted into (26) to

calculate d. Letting:

o

I, = J £, dn (29)

4 " .
Q I:=Jf12dn (30)

# and substituting (27) and (28) into: (26):
. d (3.5 Ug)%.b, (0.097 x) d _-1) W, v (0.097 x) 3.50 (31)

dx ‘ X ‘ Iz ‘ r""_"‘—""x/bo
Rearranging:

dd _ 5086 LV /X o (32)

Solving the differential equation with the initial
condition: |
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(33)

we obtain:

-

= 0.19

c'lo.
o

U T,

vV 1, [x}”z (34)

o

Evaluating constants using the convienient exponential form

for f:
s 2
f(ﬂ) = 9-0.693 n (35)
gives: ‘
I, = 1.063 (36)
I, = 0.751 (2% _
A 4

Finally, substituting for these constants we obtain:
4



Equation (38) gives the deflection of a simple plane jet as

.a function of downsteam distance and initial jet parameters.

2.1.3 Circular Compound Jet In Uniform Crossflow

The technique for analysing a circular compound jet in
a uniform crossfow is identical to that.used to analyse the
plane jet. The symmetry.condifions. however, are no lonéer
satis;}ed'and it will be necessary te integrate in both
cross-sectional directions.w?he more complicated boundary
conditions at infinity will also resul: in added compliexity

in both the analysis and final expression for the

deflection. Refering to the definition sketch, figure (39),

the additional parameters are the background”aiial velocity

U and b is now the nozzle diameter. The equations of motion
\

for this problem are: . : ) -
U, v . oW < (39)
37'*ay t37°0
-
au+;§_u_+.wa~_q+ U@l"_-g, V?.‘i:_l. .....laTx +8sz} “140)
UBx " Vay TYz T Y T sy T Ty T X
r
- "
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2','_‘1.3.1 Integral- Momentum Equation

Integrate (40) with respect to 'z’ from minus to plus

infinit . ¢ ‘ R .'&"\,
infinity. S Y
- ¥ -
, - . - il
- . °°, - ) [ 31 { 37 (42) w ol
8 [ 2. [ duv 9 ZX o4, o L [ yX
. ﬁ)“ﬁz*-J‘WdZ+alei“dZ+J. 3y gz STy
| -00 - -0 -00 3 LI o
R v ’

Now integrate (42) with respect to ‘y' from minus infinity

to plus infini.t):/h aJQd simplify as above.

| .
cd [ Y Ly - (4
E’(—J’(q(u+u) dy ¢ = ) :
, = « N . . .
. : , ‘_' K ' L
" R -Ihls equat1on ,the mtegral momen‘tum equa onb states thd’t
:the exess momentum e“ff'lux of the Jet 1s conserved. e .. ,
i » . - r*‘:j *I : . “. . :[!}' N o o . K ' ‘ ,v i -‘A
- 4 a'ﬂ . ;o, . S - , . . L 'q":
2.1. 3 2 Integral Erérgy __qdahon j . -
. . Multlply gqua.t!qp (40)‘ by u and bse (39) to obtain: ’
. - . .
. L Q
9T, .; ot ‘ .
o au’, v, aulw au w2, 3V u?2u %y, YTaxi 7 (a4)
ax ay dz . 9x 3y  p {(-9y °z | -

. , ‘ : .
Integrating with respect to 'z’ and 'y’ as above and
‘simplifying the integrail ener”tion is obtained.

g~

KR T 72 3T .
. ” u‘(U+u)a9ydz=J [—Q-L _ﬁ_z_x] dy dz. (45)

- i -0d
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A
This equ';ation states that the rate of change of total energy
B efflux eQL@Js' the dissipation by shear. stresses.
-h ‘\..‘ n@,’ ‘('t ‘.
Vo . . .
¢ R ) ~, te jonce -again that the crossflow V does not appear in
) “ . .“,' th vuations. If we assume that the width.scales are the
";.\ same fon both cross-sectional dlrectlorTs. then these two
-*j w t1ons can be solved for u, and b ‘Note also that these
. A ‘3
eduations are the same %s the equat10ns ‘derived by Pande and
RaJaratDam'1979) (t‘hough w d'ifferent form) |
. 3 . S . o . {\ Py :’“ e o .,(“_ ~E -
¢ LI TRy L, : L
2.1.3.3 Integ-ra1 Moment of Mome nngm,im B
T Multualy equat1on (@9) by y"v%hd mtegrate w1th o
f._;" E respect to z from m1r#u‘§ 1nf1mty fo b'lui infinity.
. ] { Py 4, 4BF
z ‘v LA S _y a Z ,
Y ® j ud ~y » :
' R ", = ﬁ'
i 3 ‘. -'
& vy '
) R ~'\5. N ’ X ’ N
_ .Integrate .again with respect to 'y’ f .minus infinity to
;@ " 9 ,‘ g . P Yy w m R y
o plus infinity. .. L v .
. . . y S .{ . W - o
‘ d (I j( du “ 3Vu
. = + d dz + suv dz + d dz
deJ yu (u U) y | Yy dy Yy ¥ 47
B * \a—[- » X .- t.
| %” —-Y— dy dz-
’ ',*x - O !
Integratmg. the second term by parts »
'. I y.a.‘.y"&!.ﬁy = . .
. ' - i PR o °
. / fs\. - .-' -

&

.

s

N

I3
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\‘r'\ | o
Stm 1£,ar11y the third term: .
‘:& - T )
, L] 'l&'\,) . " .\;.,
-+ Nw
(49)
s
(50)

& .
CollectL?{g the rema1n1nQ° terms i .~ T
' u: 4‘ (l ‘.& ' Py ) o ) CD“ . “‘ i . s
Lo e ” ; ,(u“? )‘? dz - j dy dz: r‘:Vd dz
Y ‘S S v y u jl u) dy .dz - u Y - ’ Y .
_‘,*g i, . 'dx__w ,.--"‘. . ‘Qﬁ_& A %q y . ‘\ C(51)
U : ‘ ? L - s ) "5 ey
L iy S 1 = Aol T ; S x
9"‘&;.%_’ A" 3- d’ . 3 ._‘;" =.~y fj yx d_Y dz ; “ ‘u
~The last q;erm may be set equal to ze?o by ant\q&etry ‘sz .
N m the plane jet, theases “‘,-d term, whﬂe not 1deq\1¢a11y
B -
4 ;ro 1snmall conpareﬁ [} the th1rd term and may. lé’
: vvneglect‘ed Finatly: > = ~ . : " At
[ \' . R . . N ) . . =
. . .. i -
T - T | (52)
g—ny u (U+ u) dy dz = ” U V-dydz
X . : .
‘ -00 e ) ¢
. f -
' A .
. . - , ‘ ‘ R ) “
2.1.3.4 Similarity Hypothesis
" "Assume: e ' . s ‘
L@
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»

il

o

IR ;
" .-.2_5‘.“_” fi o (fz 92+f3 93) dn dQ
-0 s . . ' : ¢
& = Y

u Z 2
£er
Un 3 bj .
where f1 and gltaré“‘th ;
directions. Note that the wwdth scale b is assumed to be the
4 L # .
same in both directions. Also assume: -
T
- (54) V.
py:‘(, 2 = fz(E) g, (n) e _
m .
% e
T . PP o
~ ) . N 1l
§ 4 A "".S",' Y P
T o', . , {5%)
x 7 . : .
'p;,-umz = fa.&)_ga.'(ﬂ) 0. . .
ul r
Q ) 3
‘ " )
v 4 ¥ "Ny
Now subshtt.ag these similarity express1ons inta equat1ons . o
(£3),145) and (52). & T oo
o . "
. © s ‘
'- - .
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© . e

St neeuey e na-ve vffne ;e (58)

' \
-
Equations (56) and (57) are found to be identical to the

. ' corres'ponding equations for an undeflected jet. The

s~

\

: parameters umand,b are therefore g1ven by the analysﬂs of
.."l

‘Q " Pande and Rajaratnam( 18799, as ' , Lo
! ) .
. ‘ S -
u K 16 8 ,
m
3 “
.- - \ *
r..;"‘ "D‘-“.
; g - e L e
!.. ‘7') b “l_‘ ez ?

where

e . o JUg JUC T . \
N S - > '
/ -. \ . . - .% . 4

.

'

is the momentum t;nckness aqd K is a constant taken to be

1 ’ 7. ( o : -
equa to N2, ~1 Rewr1t1ng equatmn 58) ”T'/” | .
oL ‘ _- . .g_. [u b2d (U, I, + ~u 15)} =y umpz I, B ‘_(6'2‘-
- ‘25 , N ‘
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# where

-~

F a4
»

®

<

LY

¥ PR
):‘,#' L
54 \‘,'s ¢ .
© . ', S ’.
e
‘ : o= ] e o | g4
\J - “
. -0 Y )
v , ) 09‘,‘ e e . A
!"; ’ ‘ \ ‘ = L ’ * ' j‘ ‘::I: ) 3.:\ - ‘ ) 4'"‘ a

substituting (5¢' ., (601, (63) and (64) into (62):

T UTKF, + (x/8)Fy)

3 . - :
N ' - Nal

Expand derivétive: . . ' .

H _V o add (x/8). ™ (p5) .

W,d_ X (Frla-Fi 1) ) SV oL (x/e) T (66Mm
/ dx 78 TR Tx/8) + KT (x/8) FKTY UK + L (x/8) - :
\ | . E Y -\w. ‘ | =
)-

. . ‘ | . |
. Usi(\g' equation (4) forvboth f1 and g1 we may (evaluate t«he

"constants as: . ¢ ,‘5 L : . (‘

L 4

; fp' LB -p‘. s : Ly.= IJ' -0. 693(n ¥ C ) dﬂ dC = 4(533 : .,/» (67)~ o
.; ¢ | : i Q‘q .: RE- N ' L . _“; "‘ R \ . ': . . v o
. y
: . . '
. . -

,‘_ ' » .
- v.
LI
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oo

Is = f[ 00-693(2)(n* + %) o . 2.266 | . (68) -

|
.
-t

"' From Pande and Rajaratnam (1879) .
¢ :! : ’ .. " \.t'

& e v

afrgs 0.7235 ' (69
ST o _ :

e

L

-ty T T o F A 3
. 4
ar‘ o ¥ [ ’ " ¢ ) " ;
R Y -
. » X
% g R L -~ Fa
r o s

o
*
S
2

B L
¥ o ’S'u ~ 7
v 1 N
RN TS ‘ -
L ] o o 3 Y v r 8 »

g BT N "o N - i %L .

ey . # )

. § L] ) I w» 7 0 ’ ¢
v- A > A
s
.

. 2

Unasersity of Aty

T R LRy S0 L S

9

-

TNus we obtain thetsimplified form:

-~

e | R B AR 7 AP 7
U

; o - W T UT(x/e) + (K72)) , -,
‘ . , . . | - -
’Tn h . lj\ ° ) "

-
' Thi's may be easily integrated to giVe'!/" * \\\

o K .(x/e)”'+_.(|(/2)'.
- /\ o - .[%7'2‘.%”[-' (K72) H"

Sor . 5y .

$
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Again, we ®ave a simple expression for the ealculation. of

jet def 1ec?‘1'on.

¥

A

2.1.3.5 Simole Jet As a Spec i, Case

Take equation (72) again:

© o dd j_( (x/8)
¥ dx U Tx78) + (K72))

1

e

e

Since: o
& | :
. o M{ . W
T U‘L U‘l"l TN (75)
X
< . -~
N L o
S We have: >~
s
dd ey Vx| = (76)
ydx"‘oU_.o_.U_o__l x -1 '+ K
) U U - o Us _U_Q_ - 2
AT ]u N 1.]
Setting U equal to Zero: s i . .

%f,‘ > N v =
» -

. I dd _ 2V x N I (77)

. Solving: B e e

L 3
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2.1.4 Jet Discharging On Bed 0f Curved Channel ) : .

The theory developed above will now be applied to
predict the jet deflectloi'ln a complicated practical

‘situation. The prohlem will be idealized as a three

dimensional compound wall jet with a |1near1y varang
crossflow. In this case no analytical solut1on exx‘@s tha{
the writer is aware of for the undeflected case. However,
the experimental resuigs of bogpvthe preéent study and that
of Stalker(1979) may.be u;ed iﬁstead to provide the
neceséary informat'dn about the yariation of width and
velocity scales. Therefore, only the integrz? moment -of
momen t um equation will be deriyeq angﬁused.

14

2.1.4.1 Integrdl Moment of Momentum Equation

Multiplying equation (40) by 'y’ and integrating with

respect to 'z’»fhom z = 0 toz = © we obtain:
. o 2 0
|r —L—a,a: dz + JS 3“ Q{ f _U_ux dz + f g)\l/u dz )
o/ o’ | (79) & -

(-]

J -—JL-dz --y T,
° ‘ P p / ‘ ,
Integrate'now with respect to y from y = %ﬁ\ toy = ?" : '

d_ 2 auv Uuy thj auv 4 '
dx ”y"d‘v d“” ay ¥ d“”. Wz Yay Y 2o,
-0 0 -0 0 . -0 0 . -0 \
o o © o -
aT,, .
=1 A 2.9 21
=3 JI y ay dy dz 5 J_y Tox dy
. -0 0 -0 0 b“"
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"4 Q:‘:‘.h ‘*i w oo 0
& JJ y u (U + u) dyge® [J uVdy dz = 0 (81)
- 0 -0 0 )

-

Thus the integral moment of momentum equation is identical

P

to that of the prfevious section. In this case however the

two length scales may not be taken as equal. T

\ &
2 1.4.2 Similarity _xpothes1s )

Substituting the s1m1]ar1ty hypothesis 1nto equat1on

AB1):
® ©
'g—)‘(‘ Um b bZ [ f1 0 d (U + u f, g)) dn dC u 3 ‘
- - (82}
. b 'b “ﬁu g dn dc
‘ " y ' ("‘,1"?’?
v or.: - a
Ta . (83
a;‘ [Um by bZ d (U Is"' U 17)] =V Um bZ by I -
) -
. ‘& w : ) d ) ’
LI > B 0'& . ' . e
where - v *'
. - o™ ' ) ’\" R

. . =‘JJ f, g7 dn dg - 184)
J - L .

\"}'".
..“ o o ’ |
I JI fi3f,%dn 'dg (85)
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Substituté the above into.equation and simplify to.obtai;ﬁ“.
Ay - . = < s e |

? L ,, <. A SR
"g... & (I Ky E2 + \Is Ky & + IJl] = g £ I | wOif
ds (Ka + K, 5)2 : . (Ks + Ky E) - . e s S
. . T v ' o . ' ‘ 5‘_:‘- *
LT ; " ST -

4

Now V is 2 func_t,ibh of{" X' in ‘this case and is given by:

P { ’-'\Q_‘ ' | K "" .
»fg'{ ‘ " » d Py ) 79
TN : .
"Q To solve for d we will assume; ;
b
zZ .y X
= kg (86)
- N
% X | (87)
: 5 kg 7 .
12 \) -
’ L4
»
LW
SRR (88)
[ u -
. "5, ’ w - ’..'.:“ T e
where the K ‘s are to be determined fr@xperiment.
N . : @, o BT .
. oo 2 -4
Nondimensionalize variables by l{fttiag" . ) ;o
R Lx . \
R o E=%* § =7 - (89)
A ‘ = ‘ , .
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V = V, cos(x/R) + U sin(x/R) (91)
|
Since x is much smaller than R, this may be approximated. 2 3 -
S -
V=V, + U (x/R) . (92)
° ' . {
Substitute into équation (90): ) :
w ' ’ g
\ 'ii’f'- ‘ . "
g__[e (1s Ko E2 + I Kep8 + 15)). gg(é o/U)+Le/R) E) (93 ,
3 (K3+K‘.£f. - K3+&..€)._, .
‘ o. w Lo ‘, _ / ‘ .
» . . . I'J
0 e o . : ,o\"..
a0 M : e
Perform the mtegrahon - s " ' b By
. I¢ (Ks + K.. £)? Vo [ K3 :J |
S R KEF TR EF L)L -y
. (94) &
+ 2 52- & Kapnz 4 K3 (= tn_ =+ 1)+ C
R (2 Ky .
. N (‘; R e .. &
Where: SR S RS ¢ o
¢ A e T O ‘t
‘ K ’ 95
.= -J. . R
. - T [Kaag * 1] ' A
| L 2 v :
Dl -
Evaluate the constant v
. . ;
at € =0, 5.{‘0 - C=0 , » . (96)
- .". - “ : . . LI
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Finally:

-

| = Tg (K + Ky E)2 !00[ - Ks =]
S MR B T K EF YU & ™ K] @_w

gg__ﬁ__&': Kz':: -.;:_':
* 713 K. Ln_+‘ﬁ-2(_£yf_ =+ 1)t

&

& .
To evaluate the ggnstants take as a first approximation the
4 . v

f - 7
imilarity profife:
ﬁ‘ P :

(98)

}
Y . N
@. .
4 , . - v
'if‘ ‘ ' , . "'~‘"‘ o oy
Thus . ' ' . S
. - &;

» s . W 1 =226 . - Loty

s Sy A

v

Now from the experimental resuTts
. o : o PN
i . - .' » L i
| : . | '_
K; = 0.0822° . o - {101)
\ g.".v L
[N . \.‘ A
#> . o :-.-
‘ \ s

vih
\*_‘ v’
Z
;
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| P'°t ix;isplayeu on figure (ﬁfl Tﬁe mamttude of v was..'-‘\‘:‘*_{_

¢ e ‘u‘ o | ' 82
> . '4'.~ 7 B ‘
. Ky * 0.00439 | -~ (102)
. ‘ P .
» ~
s a

There is much expertmental data concerning the

deflection of jets by crossflows However there is little

J
data onﬁ'fhe particular region or typ% of jet that was

ana@ed above. At present“" the data consists of a very few »

runs at high velocity ratios and perhaps one or twg initial

points from low velocity ratio runs. Data on conpound jets _ ; ‘

and wall jets is even scarber& E - L B“"
¢ : oy T R

.. : 'y

Fmgure (40) shows a coupar’ison of equat‘on (18) to
compned data of Pratte jind Baines 11'9671 “The* ‘agreement s —
Y . . -

Qooduntoavalue of 'r' .Jl' . o o
b - - . . !
\é’ N L | . [ ] »'.- ) ' SN - " v . \
vx 4§ ' / —(103)
. UE-"<1 . . : : S .
/- s g '
thure (41) conpares the ‘same equation to .one profﬂe « .
Rajaratnam and Gangadrahiah and inchcates qood ;n}eement up
to the same limtt as abow,e 2o /{ S *f
'/Ft ly.h,equation (9?) may Iae"conpared to the S / . ‘\“

e,xperime al. data obtained previosty, in thts stﬁdys Thisf_
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.calculated from equation (3). THe théory seems to indicate

the mmgnitude of the deflection fairly well but the large

scatter 1n the data prevents any definate conclusions. The
scatter is befieved.to be caused by difficulty in aligning

the jet nozzle with the coordinate system. N -

B ’ e

[

2.3 Discussibn gf'Theorx

The use of a moment of momentd% equation to calculatQ 
the deflection is natural since tﬁp method is analagous q:,
the calculation of the mean of a statistical distribution.
The location of the maximum velocity point.fs, in'#act, the

‘

mean’ locatjon of the jet.

A

The physical interpretaion of these results may be

~easily seen by simplificatibn of the final differential

eduation. Equation (26) for example may be simpljfied by

noting that the'corresponding momentum equation beduces to:

- "

%; (u 2 b) (104}

"
o

Thus: . N

g . oA LY (108),

. dd v
dx I, Uy

&

) .
- . @

The deflection is seen #0 be a consequence of simplé



R

. . A}
) - L

‘convect1on The constant 'factor accounts for the non- uhiform
veloc:ty distrigution and thus equation (10§r75tates that
the deflection .is 2 consequence of some type of average

cénvection,.This equation may be contrasted with equation

A2+, The essentfi}mdiffefence-is~that;%he~forﬁer'wiIi~app4y—2m'w

in cases where the jet’'characteristics dominate and the

latter to cases where they do not.
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| * CONCLUSION

\

‘The;bresehf_work on the deflection of jets byfweak

‘ crossflbws involved'ah expeﬁimen?al and analyticel study.

l»_The exper1meﬁ\al results provided the qual1tative .
information about’ s1milarity and scale wvariation wh1ch -

) allowed the simpllficat1on of the analysis. The exper1ments
did not, however, provide a validation for the theory due to
:a large scatter 1n\the deflections observed. This scatter is
believed to have beﬂn caused by a crude jet -alignment
proéedure ! : | | imﬂf

o o N . - T
The.iheoretica1 ane1ysis, involving the use of an

integrated moment of momentum equatioh provides é simple.

<~/vd1rect method of calculat1ng the deflection of a jet. The

method is only valid in the 1n1t1a1 reg1on of a weakly

deflected jet but there are numerous pract1ca] s1tuat1onsr

where this region is of interest. Advantages of this method °

are that: it is' direct, allow1ng the use of solutlons for

undeflected cases; 1t does not requ1re an emp1r1cal c;;stant

or functIOn. —and it is easily applied in a wide Yar1%&¥ of

cases. . : . L ¢ h wf

; , : W i
: - . e

As suggestions for further study the most -important

<
¥

would be accurate and purposeful experimental«work on the
. weakly deflected Jet both to- provide justifxcat1o@i and the
limits thereof for the theoretical 51mp11f1cat10ns for a

."-;wider var1ety of s1tuat1ons and uo validate the thegretlcal
_ . # ,

v
. « - R ~
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ca¥culations. AL1so of interest would be to attempt to apply
the 1heory to problems involving bouyancy, both deflection

- of a bouyant plume Sy a crossflow and the deflection of a

jet by! density gradwent -
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Appendix: Equations of Motion -
e - ®

The equations of motion for a xurbulent fluid.ere lusing

. . %
tensor notati@or)brevi ty): - :

a_"_f;u"_”,i._lap 180y, ' - (o
. 3t J axj P 3’(1 O aXJ 3)(1
y .
\ .
iu—i =0 (A2)
X
i
where g _composed of a viscous and a turbulent cmponent:
aui
T'ij=-puiuj+v'a—;j_ ‘(Aa)
" M

It mi.y be shown by order of magnitude analysis that for
steady and slender or boundary layer type flows, the above
: « >

equations reduce to(Pani (1972))

y 3y au u_ 13p 1 ,Q Mg i = 0 -
“ax T ¥ay 3y MY pOX p ay 52 - (A4)
\ .
' ot
Ju, 13p 1% yy (45)
r p dy .
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Acylindr*ca1 ¢coordinate &ystem.v

. scale and r is of the same order of: magnitude as the”‘ :i o

PRI BN o & - o ‘ ey
"leé S R SPRE AN S & oh
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FY ‘0= ...l .al *.m ";g(“
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S VR ) ‘ 3o AW w
. M e o
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. & ° “w N i - “‘.
e o s e e e _— - e
o F ax
, ! et )
S ';‘;':'\‘ f‘g‘
U, v, Aw g . S (&7)
v 9 3y R 31 - 1.‘“:5-,* e (Y
e : . ) ° *
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. ’ “T;::
i‘r. . s

where the equations have\been wrltten out in a locallyk

n

e
* -a g

This anayois spplies to crossflow situations where vV is ’
an order of maqnitude smaller than the loﬁgitqdina) vélocityéﬁ#

) \'V 3 \ . S

P
4

Al

Y .

long)tud1na1 length scale. Equatvon (AS) is simply the' F

hydrostatic eqﬂ%tion and may be dlscarded‘for the present

!

. [y

_purposes 5 o -

LN

.

Ay e -'4_" Daw )
S ] -

PPN
'¢>.>;1..'.,

e . ek

» . A
»> R _:,',

In!egrate equation (A&;Jwith respect to te y frbmﬁy Qn‘

1nfinity to.obtain:

Differeﬁtiate with respect fo x:J

N R
& 5 "-},.

Shed » . ® ' ‘
,8 2_ *E
-.ax a Q

P, -P= p-dy-1~

1 L ' \;;,w -2" "é ;
T AR W
POV i
* b4 ‘“1 B
ooy '
¢ +
% e
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Thus
l_a_;z:;e.e., 2 [wyy 41 T | (A10)
p o9xX p oX’ X 4 ax o
y ‘
Substitute into equation (A4)
aT 3T T
u, 8w, du_ ¥ap .3 |ut, 1| Tyy, Txy, Tx 0
Uax *V 3y WS T ) ng * A% J rdy o [ x| dy . oz {A1 .

Applying order of magnitude analysis again, it is found that
the fifth and sixth terms are negligable and may be omitted.
Further assume that the imposed pressure gradient is

negligable.

du ou . 03U _ Xy ., Xz ' - (A12)

Bu , av , (A13)

—_—t ——
IxX

~<

For the the prgsent purpose it is.useful to separate out the

’

ambient flow in these equations so define:

vi =v-YV _ (A14)

P
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"=u-y : (A15)

u

<
where U is the ambient co—flowiﬁg velocity and V is the
ambient crossflo& velocity. Noting that V is not a function
of y and U is not a function of x equations (A13) and (A14)

may be substituted into (A11) and (A12) to give:

' | 3T 9T
. au’ . u au'. T xy X2 (A16)
(“+U)ax+(V+V)y+“’az By | Taz
- v
du'y av'y aw'_ (A17)
aX ' 3y | 3z

These equations and simpiifications thereof form the basis
of the anal?tical work in this study. A further conceptual
approximation is made in that the these equations are
applied in a Cartesian coordinate system whereas they were
derived in a locally cylindrical system. Since there are no

curvature effects the notation is identical.



