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Abstract 

Relatively few tests have been conducted to determine the block shear 

connection capacity and behaviour of coped steel beams.  Furthermore, design 

standards are inconsistent in the way they treat this failure mode and may predict 

capacities significantly higher than those determined experimentally.  To address 

these issues, 17 full-scale tests were conducted on coped wide flange beams.  

Parameters considered in the study include beam end rotation, end and edge distances, 

and bolt layout.  Following the laboratory tests, non-linear numerical analyses of five 

of these connections was completed.  A statistical assessment of current design 

standards and three proposed strength models was then completed to determine the 

level of safety being provided.  It is found that current design standards do not 

consistently provide an acceptable level of safety and that the strength of two-line 

connections are often over-predicted by a considerable margin.  A new equation is 

proposed for design that provides both an adequate and consistent level of safety. 
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1. Introduction 
1.1 Statement of Problem 

Block shear is a connection failure mechanism, most commonly associated with 

bolted connections, in which a block of material is torn out in a combination of tensile 

and shear failures.  It can be the governing failure mode for gusset plates, angles, and 

coped beams.  A beam is coped when a short length of one or both of the flanges has 

been removed near the connection to facilitate construction or for compatibility with 

adjoining structural members.  In coped beams with bolted double-angle header 

connections, the removal of the top flange increases the susceptibility of the web to 

block shear failure, often making it the governing connection failure mode. 

Historically, block shear failure of coped beams has not been well understood.  

Due to the relatively small number of full-scale tests completed on coped beams, 

capacity equations are largely based on tests of block shear failure of gusset plates, 

upon which a significant number of tests have been completed.  Although the two 

failure mechanisms are similar, there are marked differences.  The effects of beam end 

rotation and the asymmetric stress distribution on the block that are not present in 

typical gusset plates may be influential in the load carrying capacity of coped beams.  

Examination of current design standards by Kulak and Grondin (2000, 2001) showed 

that none of the strength models currently in use accurately and consistently predicts 

block shear failure. 

Within the limited number of tests completed on coped beam connections, few 

connection parameters have been systematically investigated.  These include the 

effects of end and edge distances, number of bolt rows and lines, and double coped 

specimens.  Many other connection parameters exist whose effects need to be 

quantified to predict accurately block shear failure, including the effects of bolt 

spacing, connection depth, section depth, and bolt diameter.  Most importantly, the 

effect of beam end rotation needs to be studied as this may adversely affect 

connection capacity, a parameter that has not been investigated in previous research.  

Furthermore, only linear elastic finite element analyses have been completed on the 

topic, even though extensive non-linear material behaviour is expected by the time the 
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connection reaches its capacity.  Therefore, a rigorous research program consisting of 

both laboratory tests and numerical analyses was required to understand better the 

block shear failure mode in coped beams. 

1.2 Objectives and Scope 
The objective of this work was to examine the behaviour of connections on 

coped wide-flange beams and the effect of many connection parameters on that 

behaviour.  Within this context, existing design equations were to be evaluated to 

assess the level of safety currently being provided.  This was completed through 

laboratory tests, numerical analyses, and statistical examinations of the resistance of 

tested connections predicted by existing design standards.  Ultimately, a 

recommendation of an appropriate design model was made.  Each of these items is 

briefly discussed below. 

Prior to the research described herein, only 19 full-scale coped beam tests had 

been completed.  Furthermore, as discussed above, few connection parameters had 

been examined systematically.  Existing design equations are inconsistent in their 

ability to predict the capacities of the 19 tests and, in particular, the strength of 

two-line connections is often over-predicted.  To provide the foundation for a 

comprehensive evaluation of the existing design equations, the research program 

commenced with 17 laboratory tests.  The effects of many connection parameters 

were examined including end and edge distances, bolt layout, bolt diameter, and a 

double cope (a connection with both the top and bottom flanges removed).  The effect 

of connection end rotation was also investigated, a parameter that had not been 

studied previously.  A change in stress distribution may be associated with the rotation 

of the connection and this may, in turn, affect the connection capacity and ductility.  

This effect needed to be fully examined to define accurately the failure mechanism.  

The load vs. deformation response for each connection was  recorded. 

Following the experimental program, models of five of the connections tested in 

the laboratory were analyzed using a general purpose non-linear finite element 

program.  The connections modelled were chosen to encompass a wide range of 
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connection parameters.  Attempts were made to predict accurately the load vs. 

deformation behaviour of these connections as well as the connection load capacity.  

Various modelling methods were implemented including different bolt models and 

web tearing procedures.  The effect of the initial bolt bearing condition, i.e., the 

location of the bolts in the holes at the beginning of the test, on initial connection 

stiffness was also investigated. 

The laboratory tests from this research program were combined with those of 

others to examine critically the existing design standards for conservativeness and 

consistency in capacity prediction.  Additionally, the level of safety being provided by 

each standard was evaluated.  Three new design equations are presented and 

compared with existing strength models.  For each design method, the level of safety 

being provided was evaluated through the determination of the associated safety 

index.  The resistance factor needed to provide the target level of safety commonly 

used for connections in the development of steel design standards was also evaluated.  

Based on the accumulated experimental, numerical, and statistical work, a design 

equation is recommended for predicting the block shear capacity of coped beams. 

An additional series of tests was completed to examine the behaviour of single-

angle connections with slotted holes and without plate washers.  Using the same test 

apparatus as that used in the block shear tests, five connections were tested to failure 

to investigate the pull-out failure model, wherein the bolt head or nut pulls through the 

deformed bolt holes without fracturing either of the connection elements.  No research 

has been completed to ensure that this failure mode does, in fact, occur, when the 

restraining effect of plate washers is not present.  

1.3 Organization of Thesis 
The thesis is separated into six chapters.  Chapter 2 reviews research previously 

completed on block shear failure of coped steel beams, summarizing and discussing 

the major findings from each of the research programs.  Capacity equations proposed 

by others for the general case of block shear are presented, as are the equations 

prescribed by current design standards from North America, Europe, and Japan.  The 
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laboratory research program is discussed in Chapter 3.  Details of the test specimens, 

material properties, test apparatus, instrumentation, and test procedure are presented.  

Test results are shown in the form of connection load vs. deformation curves and 

briefly discussed.  Chapter 4 outlines the models examined in the non-linear finite 

element analyses.  The material model used for each analysis is described and the 

analysis procedure is summarized.  Load vs. deformation curves are presented for 

each analysis and compared to the associated laboratory test results.  The results of the 

laboratory tests and numerical analyses are discussed in Chapter 5.  The effects of the 

connection parameters studied are quantified and the numerical results are interpreted.  

A critical analysis of the design standards listed in Chapter 2 is presented and three 

new design models are introduced.  Finally, a summary of the work completed is 

given in Chapter 6 and conclusions about the behaviour of coped beam connections 

are drawn.  Recommendations for future research are made and a new design equation 

is recommended.  The test procedure and results of the single-angle, slotted hole 

connection tests are presented in Appendix A. 



 5

2. Literature Review 
2.1 Introduction 

Historically, block shear failure of coped beams has not been well understood.  

Testing and analysis of these connections is limited and, as such, capacity equations have 

been largely based on the results of research on block shear failure of gusset plates.  

Although the two failure mechanisms are similar, there are marked differences including 

the effect of beam end rotation and the asymmetric stress distribution on the block.  

These factors are not present in gusset plates and may be influential in the load carrying 

capacity of coped beams.  Prior to the experimental program reported herein, only 19 

laboratory tests and nine numerical analyses had been completed.  A review of this work 

and of the block shear capacity equations currently being used in the design of coped 

beams follows. 

2.2 Laboratory Tests and Numerical Analyses 
Birkemoe and Gilmor (1978) first identified block shear failure in coped beams.  

The authors tested one coped beam and one uncoped beam as part of a study on double-

angle beam-to-column connections.  These tests were prompted largely by a significant 

increase in allowable bolt bearing stresses in the standards of the day (e.g., CAN/CSA–

S16–74), making certain connections more susceptible to failure by block shear.  The 

three-bolt, single-line connections were identical but for a 150 mm long cope and 

fabricated on the same CAN/CSA–G40.21 grade 300W W460x67 beam.  Each 

connection was loaded to its ultimate capacity in a nearly pure shear condition resulting 

in little beam end rotation.  Inspection of the coped specimen after the tests revealed that 

the tension face had necked and cracked and the web had locally buckled at the cope.  

The ultimate capacity of the coped connection was 24% lower than that of the uncoped 

connection, and it was recognized that new design equations were required to account for 

this reduction.  The authors suggested that the block shear strength be the sum of the 

shear resistance acting over the shear area and the tensile resistance acting over the 

tension area, but gave no definitive equation. 

Yura et al. (1982) carried out research on wide-flange beams supported by double-

angle connections, some of which incorporated slotted holes.  Of the nine tests 



 6

completed, three were coped beams that failed in block shear.  As with the work of 

Birkemoe and Gilmor, the connections were tested predominantly in shear, with little 

beam end rotation.  The tests were all single-line connections on ASTM grade A36 

W460x89 beams and the variables were end distance and slot length.  An increase in end 

distance from 25 mm to 50 mm resulted in a 16% increase in capacity, and a connection 

with 48 mm x 21 mm slots showed a 16% reduction in capacity over one with 21 mm 

round holes.  No recommendations on capacity prediction were reported. 

Shortly thereafter, Ricles and Yura (1983) completed eight additional double-angle 

connection tests.  Of these, seven were coped beams and all had two lines of bolts on 

ASTM grade A36 W460x89 beams.  The major variables were end and edge distance, 

slot length, and number of holes.  All connections failed in block shear and the web 

buckled at the cope in four of the specimens.  The results indicated that increasing the 

end distance from 25 mm to 50 mm increased capacity by 10%, while the same increase 

in edge distance increased capacity by 18% to 37% leading to the conclusion that edge 

distance has a greater effect on capacity than does end distance.  A connection with 

49 mm x 21 mm slotted holes had a 9% lower capacity than one with 21 mm round holes.  

Tests of two-line connections showed that capacity is not affected by the number of bolt 

holes on the shear face, indicating that the shear component of the resistance is likely 

developed over the gross section rather than the net section.  The authors suggested that 

more three- and four-bolt pattern connections be tested to fully understand this effect. 

Following the full-scale tests, Ricles and Yura (1983) analyzed nine two-

dimensional linear elastic finite element models.  The authors modelled eight two-line 

specimens, similar to those from their laboratory program, as well as one single-line 

configuration.  The models consisted of the entire beam as well as the double-angle 

connections and were loaded to 445 kN.  Elastic stress distributions along the shear and 

tension faces of the connections were plotted and analyzed.  In general, for two-line 

connections, the shear stress distribution was found to be nearly constant.  Along the 

tension face, the normal stress distribution was found to be nearly linear for connections 

with minimum edge distance, varying from a maximum at the beam edge to a value close 

to zero at the furthest bolt line.  For connections with a larger edge distance, the stress 
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distribution can be approximated as bi-linear, with the maximum stress occurring near the 

first line of holes.  The authors proposed the following capacity equation based on the 

calculated stress distributions and test observations: 

ygvunt FA6.0FA5.0P +=  [2-1] 

where: 

P is the ultimate connection capacity (kN), 

Ant is the net tension area (mm2), 

Fu is the tensile strength (MPa), 

Agv is the gross shear area (mm2), and 

Fy is the yield strength (MPa). 

Equation 2-1 implies that the connection capacity is the sum of a triangular normal stress 

block on the net area of the tension face and shear yielding on the gross shear area.  The 

authors suggest that this is appropriate for connections with minimum edge distance and 

conservative for larger edge distances.  The equation produces reasonable predictions 

when compared to the full-scale tests completed by Ricles and Yura. 

Aalberg and Larsen (2000) tested eight coped beam specimens—four each with 

single and double copes.  Welded I-shaped beams were fabricated using normal and high 

strength steel plates (Grades S355 and Weldox 700, respectively) for the webs with three 

connection configurations.  The tests utilized a double shear tab connection in which two 

plates were welded to the reaction column and bolted to the beam.  A short shear span 

was used, minimizing beam end rotation, and the specimens were loaded until both the 

tension and shear faces had ruptured.  The data showed that the onset of failure occurred 

at a similar displacement in all cases, irrespective of the steel strength (vertical 

displacement of the top flange at the cope was measured).  The authors compared the 

results to Canadian, American, and European standards and showed that, in general, the 

design standards are inconsistent in their predictions of connection capacity.  No 

comment on the adequacy of these equations is made. 
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2.3 Capacity Equations 
Several authors have critically examined block shear capacity prediction equations.  

Hardash and Bjorhovde (1985) completed the first such analysis and, although their work 

was specific to gusset plates, the results can be applied to block shear in general.  It was 

found that if the stress on the tension face at the connection capacity is assumed to be the 

material tensile strength and to act over the net area, then the shear stress can be assumed 

to act on the gross area with an average magnitude, Feff , that lies between the yield and 

tensile strengths. The authors found that Feff varies linearly with connection length.  A 

regression curve was fit to the laboratory data to quantify this relationship and an 

equation was proposed.  The authors suggest that the connection capacity be the sum of 

the ultimate strength acting over the net tension area and the effective shear strength 

acting over the gross shear area.  Although this work is not derived based on coped beam 

tests, a similar method could be applied to coped beams to derive a capacity equation. 

Cunningham et al. (1995) examined the effects of block aspect ratio and in-plane 

eccentricity by studying experimental data from the literature.  It was found that neither 

of these factors affects the tension component of the resistance, but both have a 

significant effect on the shear component.  However, for connections with a high aspect 

ratio (i.e., Anv/Ant > 5.0, where Anv is the net shear area (mm2)), these may have no effect 

on the ultimate strength.  Most single-line coped beam connections with minimum edge 

distance have a block aspect ratio greater than five, while two-line connections tend to 

have smaller aspect ratios.  The authors, therefore, note the need for more tests of 

connections with high block aspect ratios.  They also conclude that the shear rupture 

constant of 0.6 may not accurately predict the shear contribution of the connection 

capacity.  This supports the similar conclusion made by Hardash and Bjorhovde (1985). 

Kulak and Grondin (2000, 2001) examined capacity equations from Canadian, 

American, European, and Japanese design standards.  It was found that, in general, the 

equations predicted ultimate loads for gusset plates relatively accurately but were 

inconsistent in the predictions for coped beams.  The authors suggest that the single shear 

plane present in coped beams creates a rotation of the block and results in a non-uniform 

stress distribution, an effect that may reduce  the connection capacity.  On this basis, the 
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authors suggest a reduction factor of 0.5 for the tension contribution, as proposed 

previously by Ricles and Yura (Equation 2-1), to account for this. 

2.4 Design Standards 
The block shear capacity equation for coped beams in the previous edition of the 

Canadian standard, CAN/CSA–S16.1–94 (CSA, 1994), assumes that the ultimate tensile 

strength of the net tension area and the ultimate shear strength of the net shear area can be 

reached simultaneously: 

)FA6.0FA(85.0P unvuntr +φ=  [2-2] 

where: 

Pr is the factored ultimate connection capacity (kN), and 

φ is the resistance factor. 

The equation combines a resistance factor, φ, equal to 0.90 with a further reduction of 

0.85.  This additional factor reduces the probability of failure to an acceptable level for 

connections.  However, it was shown by Kulak and Grondin (2001) that this equation can 

overestimate capacity by as much as 50%. 

Based on the recommendations of Kulak and Grondin (2001), the most recently 

published edition of the Canadian standard, CSA–S16–01 (CSA, 2001), provides two 

equations wherein the contribution of the tension area to the connection capacity is 

reduced by one-half: 

)FA6.0FA5.0(P ygvuntr +φ=  [2-3] 

)FA6.0FA5.0(P unvuntr +φ=  [2-4] 

The standard states that the lesser of the two equations should be used as the connection 

capacity.  This first equation assumes that when the connection reaches its capacity, the 

net tension area has a non-uniform stress distribution with a mean stress of 0.5 Fu and the 

gross shear area is at the shear yield stress, while the second equation limits the shear 

contribution to rupture of the net shear area.  The resistance factor, φ, remains as 0.90, but 
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the reduction factor of 0.85, present in the 1994 standard, is not present in this edition.  

This equation results in more conservative and consistent predictions of capacity than 

provided by Equation 2-2. 

The American standard, AISC LRFD 1999 (AISC, 1999), utilizes two equations, 

the use of which is dependent on the relative ultimate strengths of the tension and shear 

net areas of the connection: 

for unvunt FA6.0FA ≥ : 

 )FA6.0FA()FA6.0FA(P unvuntygvuntr +φ≤+φ=  
 

[2-5] 

for unvunt FA6.0FA < : 

 )FA6.0FA()FA6.0FA(P unvuntunvygtr +φ≤+φ=  
 

[2-6] 

where: 

Agt is the gross tension area (mm2). 

The combination of ultimate stress on the net tension area and yielding on the gross shear 

area is logical (Equation 2-5), but the qualifying statement effectively precludes it from 

being used; in coped beams, the ultimate strength of the tension area is often much 

smaller than that of the shear area.  Equation 2-6 combines yielding on the gross tension 

area and rupture of the net shear area, which seems unlikely and is not supported by 

laboratory test observations.  In both equations, the capacity is limited by rupture of both 

the tension and shear net areas.  The standard employs a resistance factor of 0.75, which 

is comparable to the combined factor used in CAN/CSA–S16.1–94. 

Eurocode 3 ENV 1993–1–1 (ECS, 1992) utilizes a series of equations for the 

capacity prediction of block shear in coped beams.  When the equations are combined, a 

single equation can be derived: 







 +−= ygvuhgt
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[2-7] 

where: 
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YM0 is the partial safety factor, 

w is the web thickness (mm), 

Lgt is the gross tension length (mm), 

k is the tension area coefficient, and 

dh is the bolt hole diameter (mm). 

The equation combines shear yielding acting over the gross shear area with a reduced 

normal stress acting over the tension area.  The factor k is assigned the value of 0.5 for 

one-line connections and 2.5 for two-line connections.  This results in using the net 

tension area for one-line connections but is a smaller area for two-line connections.  The 

justification for this and for the reduction of the normal stress by 31  is unknown.  The 

partial safety factor, YM0, is given as 1.1, resulting in a resistance factor similar to that 

used in CSA–S16–01. 

The Architectural Institute of Japan’s Standard for Limit States Design of 

Structures (Draft) (AIJ, 1990) provides a procedure that is, theoretically, more 

conservative than any of the others presented.  It combines tensile and shear stresses 

acting over net areas in two equations for unfactored resistance presented below: 

ynvunt FA
3

1FAP +=  
 

[2-8] 

unvynt FA
3

1FAP +=  
 

[2-9] 

The lesser of the two equations is to be taken as the block shear capacity.  Although there 

is little support in the literature for the combination of yield stresses acting over net areas, 

the equations provide a theoretically conservative estimate of capacity. 

2.5 Summary 
It has been shown (Kulak and Grondin, 2000, 2001) that existing design standards 

overestimate the capacity of many of the tests described above.  The relatively small 

number of laboratory tests and numerical analyses makes it difficult to define a method 

that closely reflects the true behaviour of these connections.  Many important connection 
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variables have been considered in the experiments completed prior to the research 

presented herein, but some important factors have not yet been investigated.  For 

example, the effect of beam end rotation on coped beam connection capacity was not 

studied in previous research.  Given the limited data available, it is clear that more 

laboratory tests and a finite element study that includes non-linear effects are required.  

Analysis of current design equations for block shear of coped beams shows that in many 

cases an adequate level of safety is not being provided.  Furthermore, the level of safety 

is not consistent among the various connection configurations studied.  With further 

testing and an improved understanding of the connection behaviour, an appropriate level 

of safety can be provided. 
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3. Experimental Program 
3.1 Introduction 

In order to expand the available experimental database for block shear failure of 

coped steel beams, tests were completed on 17 full-scale connections.  The test 

program includes parameters that have not been investigated prior to this research 

including the effect of beam end rotation arising from flexural deformations, bolt 

diameter, and section depth.  Other parameters that have been investigated previously, 

such as end and edge distance and number of lines of bolts, were also examined.  A 

summary of the connection properties, the test set-up, including instrumentation, and 

the test procedure follows.  Load vs. deformation plots are also presented for each test.  

The experimental results were used to validate a non-linear finite element model for 

predicting block shear behaviour, as well as to assess the adequacy of current capacity 

equations.  A discussion of the test results, the numerical analyses, and existing design 

equations is presented in Chapter 5. 

3.2 Description of Test Specimens 
Nine wide-flange beams of two sizes—eight W410x46 and one W310x60—

were provided for the experimental program by Supreme Steel Ltd. of Edmonton, 

Alberta.  Each beam was 3.6 m long with test connections fabricated at both ends.  A 

two-character alphanumeric identifier was assigned to each connection as follows: the 

beams were each designated by a letter (A through J, excluding I) and each connection 

was designated by a number (1 or 2).  As such, two W310x60 connections and 15 

W410x46 connections (only one end of beam F was used) were tested.  Beams A 

through G were sandblasted to remove surface rust, while beams H and J were not 

cleaned.  Nominal dimensions for the 17 connections are shown in Figure 3-1.  The 

top flange cope dimensions were fixed for all connections, with the cope length 

extending 50 mm past the line of bolts furthest from the beam end and the cope depth 

extending to 25 mm below the bottom of the top flange.  Only beam D2 had the 

bottom flange coped as well.  All bolt holes were punched and of standard size.  

As-built connection and beam dimensions are listed in Tables 3-1 and 3-2, 

respectively.  Table 3-1 also depicts how “end” and “edge” distance, as well as “rows” 
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and “lines” of bolts, have been defined herein.  To facilitate the interpretation of the 

test results, a list of tests in which only one parameter was varied is shown in Table 

3-3.  Nominal values of each parameter under examination are specified in the table. 

Three series of tests were completed to investigate the effect of connection end 

rotation on block shear capacity and behaviour.  The first series was completed on 

three identical single-line, four-bolt connections, each with a different applied end 

rotation: 0º, 2º, and 3.5º.  This connection configuration represents a typical 

single-line connection in which the connection depth is a significant portion of the 

section depth remaining after coping—in this case, approximately 75%.  The no 

rotation case was carried out as a baseline test to be compared with research 

previously completed.  The intermediate rotation, 2º, was chosen to represent a 

rotation that might be expected in a real structure.  The final case, a large rotation of 

3.5º, was chosen to represent an extreme magnitude of rotation.  This was determined 

to be near the upper limit of reasonable deformations and could occur in a long beam 

that is heavily loaded.  The second series of tests in which only end rotation was 

varied used the same three rotation magnitudes.  In this case, the connections had a 

single-line, three-bolt configuration, and the connection depth was only 50% of the 

section depth at the cope.  The final end rotation series was completed on two-line, 

six-bolt connections and only two rotations were examined: 0º and 2º.  This series 

investigated the effect of end rotation on a typical heavy, two-line connection.  The 

largest rotation magnitude was excluded because such connections usually occur on 

shorter, heavily loaded beams for which flexural deformations are relatively small.  

Early results (i.e., end rotation series one) indicated that end rotation likely did not 

affect these connections significantly and, therefore, all tests in which end rotation 

was not a parameter were completed with no applied end rotation.  In these cases, the 

beam reaction support was not lowered during the test. 

A series of tests was completed to determine over which area the shear stresses 

develop on the block: gross shear area or net shear area.  This was completed by 

comparing tests B2 and C1, which had identical net tension areas and net shear areas, 

but different gross shear areas.  The three-bolt connection, C1, had slightly larger bolt 
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row spacing than the four-bolt connection, B2, in order that the two connections had 

identical net shear areas.  This resulted in a larger gross shear area for Connection B2 

(1750 mm2) than for Connection C1 (1603 mm2).  Comparing the response of these 

two connections would indicate the governing shear area.   

All connections used minimum end and edge distances, namely 25 mm for 

19.1 mm (3/4") bolts and 32 mm for 25.4 mm (1") bolts, except for the two tests 

specifically investigating these parameters.  Connection E1 had an edge distance of 

50 mm, a typical value used by local fabricators for increased edge distance for 

19.1 mm bolts.  The connection configuration was identical to Connection B2 apart 

from the increased edge distance.  The end distance was increased on Connection E2 

to 50 mm.  Again, the connection was identical to Connection B2 apart from the 

increased end distance.  The effect of both end distance and edge distance has been 

examined previously by Yura et al. (1982) and Ricles and Yura (1983).  The 

parameters were included in this study to increase the data pool of available tests and 

to assess consistency in results between research projects.  As well, increases in end 

and edge distance constitute the simplest and most widely used method to increase the 

capacity of these connections and it is, therefore, important to gain a full 

understanding of these effects. 

Standard 19.1 mm (3/4") bolts were used for all connections except 

Connection D1 in which 25.4 mm (1") bolts were used.  Connections C1 and D1 were 

both three-bolt, single-line connections and the bolt row spacing was varied slightly 

such that the net shear areas were identical.  Both connections used minimum end and 

edge distances—25 mm for C1 and 32 mm for D1.  Bolt diameter had not been 

investigated as a parameter in previous research with all prior tests being completed 

with either 19.1 mm or 20 mm bolts. 

Two section depths were used in this research—W410x46 and W310x60—with 

similar web thicknesses—7.0 mm and 7.5 mm, respectively.  Identical three-bolt, 

single-line connections were fabricated on the two sections to investigate the effect of 

section depth on block shear behaviour.  A small variability in the ultimate capacities 
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was expected, due to the difference in the web thicknesses, but any significant 

variation would indicate that section depth plays a role in block shear capacity.  

Different section depths have been tested in previous research, but the effect on block 

shear behaviour has not been explicitly investigated. 

Two three-bolt, single-line connections with different bolt row spacing were 

tested, resulting in connections with varying connection depths.  A difference in 

ultimate capacity was expected given that Connection C1 had a significantly larger 

shear area than Connection F1.  However, any variation in capacity or behaviour that 

could not be attributed to this would indicate a change in the load carrying system due 

to the change in connection depth.  It is possible that the stress distributions on the 

tension and shear faces of the block would be affected by this change in geometry. 

The number of bolt rows was varied between Connections B2 (four rows) 

and F1 (three rows) with all other parameters constant, including bolt row spacing.  

As with the connection depth tests, this series was intended to investigate the effect of 

geometry on connection capacity, and a difference in ultimate capacity was expected 

due to the larger shear area of Connection B2. 

A similar set of tests was completed investigating the effect of the number of 

bolt lines.  Connections C1 and C2 both had three rows of bolts, but with one and two 

lines of bolts, respectively.  Although many two-line connections have been tested 

previously, this was the first series of tests to directly examine the effect. 

The shear behaviour of these connections was investigated through the test of a 

double coped specimen, i.e., a connection with both the top and bottom flanges coped.  

Connection D2 was identical to Connection E1, but for the bottom cope.  A bottom 

end distance of 25 mm was chosen to ensure that this connection would fail by pure 

shear, rather than block shear.  By removing the tension component of the resistance, 

the shear component could be identified and examined.  One limitation of this method 

is that the restraint provided by the bottom flange and the web that are present in the 

single coped specimen are not present in the double coped specimen, which may lead 



 17

to a different distribution of stress along the shear face.  However, double coped 

connections occur in real structures and few such tests have been completed. 

 To assess repeatability of the test results, two identical connections were tested 

on the opposite ends of the same W310x60 beam.  Since the connection geometry was 

nominally identical and the material properties were unlikely to vary significantly 

between the beam ends, this provided an opportunity to examine the testing procedure 

for consistency.   

Two additional tests were completed that are not listed in Table 3-3.  Test A1 

was intended to be an additional test of repeatability to be compared with 

Connection B2.  However, problems with the loading frame during the test did not 

allow the test to be completed and total block shear failure did not occur due to 

localized distortion at the cope.  Connection J2, on the other hand, was included in the 

research program simply to expand the data pool of applicable tests.  The two-line, 

four-bolt connection represents a compact two-line connection, a configuration that 

had not been previously examined. 

Bolted double-angle header connections were used with L127x127x9.5 angles 

for connections with a single line of bolts and 10 mm thick bent plates for the two-line 

connections.  The bent plate was used since an angle with sufficient leg size could not 

be provided.  As with the bolt holes in the beam webs, holes were punched and of 

standard size. 

3.3 Material Properties 
Tension coupons were fabricated from the web of each beam to determine the 

material properties.  After the connection tests were completed, material samples were 

cut from the midspan of the beam, a location that remained elastic throughout the 

tests.  The coupons were oriented transverse to the axis of the beam in all cases except 

for beam G where the reduced section depth necessitated cutting the coupons in a 

longitudinal orientation.  A second sample was taken from beam B in the longitudinal 

direction to assess variability of the material properties in the two orthogonal 

directions.  The designation B(2) was given to these specimens. 
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Three sheet-type coupons were fabricated and tested from each material sample 

according to ASTM standard A370 (ASTM, 1997).  Stress was calculated as the 

specimen load divided by the initial area of the coupon, while strain was measured 

using an extensometer with a 50 mm gauge length.  Static readings were taken on the 

yield plateau, along the hardening curve, and at the tensile strength. 

A summary of the test results is shown in Table 3-4.  For beams F, G, and H, 

only two of the three coupons are shown because a combination of technical and 

human errors resulted in the loss of data for the third.  The results of the two 

remaining material tests for each beam were, in themselves, consistent and it was 

therefore determined that additional coupons did not need to be fabricated and tested.  

The elastic modulus was calculated by applying a linear regression analysis to the 

elastic portion of the test data.  Two to four static points were taken along the yield 

plateau to define the static yield stress, and mean of these values is given in the table.  

The Static Ultimate Stress is the stress from the static reading taken near the ultimate 

load.  The stress in the coupon determined from the final load reading taken just prior 

to fracture is shown as the Failure Stress.  The strain at the end of the linear portion of 

the stress vs. strain curve is shown as the Yield Strain and the Hardening Strain is the 

strain at the end of the yield plateau.  The strain at the peak stress during the test is 

listed under the Ultimate Strain column, while the strain at fracture is shown as the 

Failure Strain.  The Reduction of Area is calculated from the initial and final 

cross-sectional dimensions as per ASTM standard A370 (ASTM, 1997).  Mean values 

of all these parameters for each beam are also listed in the table. 

Material properties meet the requirements of CAN/CSA–G40.21–98 350W steel 

(CSA, 1998) for all beams except beam H, which had a tensile strength below the 

prescribed minimum.  The yield point for this beam, however, was above the 

minimum set in the standard.  No significant differences in strength were noted 

between the longitudinally and transversely oriented coupons of beam B, although the 

longitudinally oriented specimens exhibited slightly more ductility. 
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3.4 Description of Test Set-up 
The test set-up was designed to ensure a block shear mode of failure and to 

simulate a typical beam-to-column connection.  The inclusion of end rotation as a 

parameter in this study necessitated a method to control it accurately.  As such, a 

hydraulic jack was used as the opposite reaction instead of the fixed support condition 

used in previous research that prevented vertical displacement.  Lowering the jack as 

the load was applied simulated the rotation of the connection due to beam action.  The 

test set-up is shown in Figures 3-2 through 3-5. 

The beam was connected to the reaction column through a conventional double-

angle connection.  New 19.1 mm (3/4") or 25.4 mm (1") A325 bolts were used in each 

test to connect the beam to the angles and in all cases the threads were not in either 

shear plane.  A 12.7 mm (1/2") cover plate was attached to each of the angles on the 

column-side leg to reduce the angle deformation.  These plates supplied additional 

strength to resist the bending of the angles away from the column.  The connection 

was in bearing prior to the application of load to the beam and the bolts were 

tightened to the snug-tight condition as described in CSA–S16–01 (CSA, 2001).  A 

minimum factor of safety of 1.8 against angle failure was used to ensure that, during 

the test, failure would occur in the beam. 

A vertical load was applied to the beam approximately 350 mm from the 

connection with an 890 kN hydraulic jack.  A roller and knife edge assembly was 

installed between the jack and the beam to prevent longitudinal and rotational 

restraint.  An identical 890 kN hydraulic jack was placed at the far end of the beam as 

the reaction point.  A roller and knife edge assembly was also installed at that support.  

Electronic load cells were used in both the loading and support assemblies to measure 

forces at these locations.  The loading jack was controlled with an air-driven hydraulic 

pump, while the reaction support was controlled with a hand pump. 

Lateral supports were provided at two locations—at the reaction end (opposite 

end to the test connection) and at the load point.  The reaction end lateral supports 

were provided by steel wheel assemblies clamped to the top flange of the beam and 
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bearing against adjacent support columns.  The load point supports were provided by 

a steel wheel assembly attached to the adjacent column and bearing against an 

HSS 51x25x3.2 clamped vertically to the edges of the beam flanges.  In both 

locations, supports were provided on both sides of the beam.  For tests with two lines 

of bolts and for the double coped specimen, an additional lateral support was provided 

at the cope using an assembly similar to that used at the load point.  Details of the 

lateral supports can be seen in Figures 3-4 and 3-5.  The lateral support assemblies 

were designed with wheels to provide lateral restraint, while minimizing friction.  

Nevertheless, the supports were tapped with a rubber mallet at regular intervals during 

the test to release any small frictional forces that might have developed. 

Stiffeners were provided at the load point for Tests C2 and J1.  The large 

capacity of these connections required 300x60x16 mm stiffeners welded on both sides 

of the beam to prevent localized deformations from occurring.  For the remaining 

tests, two full-depth HSS 76x51x4.8 were clamped to the web on either side to 

prevent local web crippling. 

3.5 Instrumentation 
Electronic measurements of load, deflection, rotation, and strain were taken 

during the test.  In addition, lateral displacements were monitored manually.  Forces 

in the loading and reaction jacks were measured using 890 kN load cells.  Deflection 

measurements were taken at four locations using cable transducers with the 

connection deformation assessed through two measurements of vertical deflection.  

One cable transducer was mounted to the bottom flange directly below the line of 

bolts nearest the beam end and a second was mounted to the top of the web directly 

above the same line of bolts.  The difference in these two displacements was taken as 

the deformation of the web alone.  This includes only deformation of the block and 

does not include connection slip, bolt bearing distortions, or angle deformations.  An 

additional measurement of vertical displacement was taken directly below the load 

point.  At the reaction jack, another cable transducer measured the jack stroke, which 

was used to ensure that, in the tests without end rotation, the reaction jack did not 

significantly deflect under the load.  A clinometer was secured to the beam web at 
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mid-height near the connection to measure the end rotation.  Strain gauges were 

mounted at the beam midspan primarily to provide a redundancy of measurements for 

confirming that the frictional forces in the system could be neglected.  Two gauges 

were applied to the top flange, two to the bottom flange, and two on the beam web.  A 

dial gauge was secured to the top flange of the beam at the cope to assess lateral 

displacements.  A graphical representation of these locations is shown in Figure 3-6.  

Electronic data was gathered through an electronic data acquisition system and a 

personal computer, while the dial gauge readings were recorded manually. 

3.6 Specimen Installation and Test Procedure 
Initially, the double-angle connections with cover plates were attached loosely 

to the support column using 25.4 mm (1") A325 bolts.  The beam was then moved 

into place, attached through one bolt to the double angles, then levelled and centred in 

the apparatus.  The remaining bolts were installed and all were tightened to a snug-

tight condition with an open-ended wrench. 

The hydraulic pressure in the loading jack was increased slowly to raise the load 

in approximately 10 kN increments until non-linear behaviour commenced.  The 

specimen was loaded under stroke control.  Electronic readings of load, displacement, 

rotation, and strain were taken at each load increment, and at regular intervals—

approximately 50 kN—loading was stopped and the system allowed to reach its static 

equilibrium.  Manual readings of lateral displacement were taken at each static point 

and the lateral supports were tapped to remove any build-up of frictional forces.  Once 

non-linear behaviour commenced, the displacement at the bottom flange at the test 

connection was increased in approximately 0.25 mm increments, with static readings 

being taken approximately every 3 mm.  The test was continued either until the 

specimen fractured completely or until the load decreased significantly. 

The stroke of the reaction jack was also monitored and increased or decreased as 

the test dictated.  For tests with an applied end rotation, the jack was lowered at each 

load increment in a linear relationship with the connection load.  The predicted 

ultimate load and desired ultimate rotation were used to calculate a desired rotation 
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per unit load.  The displacement was controlled to achieve a rotation within ±0.02° of 

the desired rotation as measured by the clinometer.  For tests without end rotation, the 

jack stroke was increased slightly during the test as the increased load caused 

compression of the jack.  The beam elevation was kept within ±0.25 mm of its 

original elevation throughout the test. 

3.7 Test Results 
All test connections failed by block shear except for the double coped specimen, 

which failed in pure shear.  Photographs of each connection in its failed state are 

shown in Figure 3-7.  Most tests exhibited a classical tear-out in which the entire 

block was removed from the web.  In three cases, Tests C2, H1, and H2, a partial tear-

out occurred, in which the block remained attached to the beam web through a portion 

of the shear face of the block.  The block from Connection A1 did not exhibit 

complete rupture due to the development of local distortions near the cope, although 

necking and cracking along the tension face were observed after the test.  Examination 

of the specimen deformation indicated that load was being resisted in a combination 

of tensile and shear stresses, suggesting that a block shear failure was occurring.  

A summary of the test results is given in  

 

 
Table 3-5.  The ultimate vertical reaction in the connection is listed for each test, 

as well as connection moment and deformations that occurred simultaneously.  The 

load and moment were calculated from statics using the measured forces in the two 

load cells and the measured distances between the connection, the load point, and the 

reaction point.  The friction in the lateral supports at the reaction point was evaluated 

using the data gathered from the six strain gauges at the beam midspan.  The moment 

at that location was calculated based on measured beam dimensions and measured 

material properties, and through statics, the frictional force developed at the reaction 

point during the test was evaluated.  It was found that, in general, the frictional force 

did not exceed 1% of the connection load.  This is sufficiently small to be neglected in 

the calculation of connection load and moment.  The lateral supports provided at the 
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reaction point consisted of a small diameter wheel (38.1 mm) on a lubricated axle, 

while at the load point a larger wheel (76.2 mm) complete with lubricated roller 

bearings was used.  Although it was not possible to evaluate the frictional forces in the 

lateral supports at the load point, it is concluded that this superior wheel mechanism 

produced frictional forces less than those developed at the reaction point.  Therefore, 

all frictional losses have been neglected in the calculation of connection load and 

moment.  

The connection moment is, in all cases, small compared to the yield moment, My , 
of the beam.  For the W410 section, the nominal yield moment is approximately 
270 kN·m and it is 297 kN·m for the W310 section.  The connection moment at 

ultimate is approximately 0.5% to 5% of My .  The sign convention used in  

 

 
Table 3-5 is a moment is less than zero when the top flange is in tension.  It is 

expected that the moments generated at a connection of this type are always negative.  

However, it is noted that, in some cases, the connection moment is greater than zero, 

implying that the bottom flange is in tension.  This is likely a product of the 

assumption that the frictional forces can be neglected.  The small vertical forces 

developed in the lateral supports, especially at the reaction end of the beam, have long 

moment arms and could result in moments with a magnitude sufficient to reverse the 

sign.  However, since the moments generated are small and, therefore, the moment 

likely does not affect connection behaviour, this sign reversal is of little consequence. 

The displacements of the bottom and top of the connection, as described in 
section 3.5, and the Block Shear Deformation, i.e., the difference between the two 

measured displacements, are also shown in  

 

 
Table 3-5.  The end rotation at the ultimate load, as measured by the clinometer 

at the connection, is shown for each test.  For the tests with no applied end rotation, 

the measured values are small, usually less than 0.5%.  However, no rotation was 

applied to these connections and the rotation that is measured is attributed to a 

combination of elastic beam bending over the 3.6 m span and localized deformations 
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at the connection.  Elastic rotations for this beam configuration should be less than 

0.5º at peak load and, for the most part, the rotations are less than this.  In the cases 

where the rotation has exceeded this level, the increase can be attributed to localized 

deformations of the web near the connection near ultimate load.  In the cases where an 

end rotation was applied and controlled, the final rotation is not always equal to the 

nominal rotation.  This is attributed to a combination of localized deformations, as 

described above, and to a difference in the predicted ultimate load and the actual 

ultimate load.  Since the rotation per unit load was applied until non-linear behaviour 

occurred, the rotation, in some cases, was higher than expected.  In one case, 

Connection F1, the end rotation was measured as less than zero.  This does not 

indicate that the connection rotated in the opposite direction, but is indicative of 

localized distortions. 

Load vs. deformation plots for each test are presented in Figures 3-8 through 

3-24.  For all single coped connections, the deformation presented is the algebraic 

difference between the measured vertical displacements of the bottom of the 

connection and the top of the connection, the Block Shear Deformation.  For the 

double coped connection, Test D2, the displacement at the bottom of the connection is 

used as the deformation indicator since little block shear deformation occurred (the 

connection exhibited little difference in top and bottom displacements). 

In two of the tests, the connection was unloaded and reloaded prior to the 

ultimate load being reached.  In Test A1, a gradual movement of one column of the 

test frame was detected as load was applied to the connection.  In order to remedy 

this, the test specimen was unloaded and the column anchor bolts pretensioned.  

Re-loading of the connection caused a buckle in the web near the cope and the test 

was therefore stopped prior to the development of a block shear failure. To address the 

web buckling issue, two HSS members were clamped to the web below the load point 

for the remaining tests.  In Test J1, the web again buckled near the cope prior to the 

ultimate load being reached.  In this case, a 16 mm stiffener was already present under 

the load point.  Additional, full-depth stiffeners, cut to fit the slightly buckled shape of 
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the web, were added on each side at the cope to strengthen the beam.  The connection 

was then re-loaded until block shear failure occurred. 

3.8 Summary 
To address issues of current over-prediction of block shear capacity in coped 

beams and the fact that relatively few laboratory research programs have been 

completed on the topic, 17 full-scale tests were carried out.  Connection 

configurations were chosen to encompass a wide range of connection parameters 

including end rotation, end and edge distances, bolt diameter, bolt layout, and double 

cope.  The effect of connection end rotation had not been investigated previously, with 

all previous research completed holding the beam horizontal throughout the test.  

Here, a rigid body rotation was applied to the beam to simulate the effect of beam 

action on the connection.  Connection geometry and beam dimensions were measured 

and material properties of each beam web were determined through standard tension 

coupon tests.  The test set-up was constructed to represent a conventional double-

angle beam-to-column connection, and lateral support was provided to the top flange 

at two locations for one-line tests and three locations for two-line tests.  Deflections of 

the bottom flange at three locations and of the top of the web at the cope were 

measured, as were connection rotation, top flange lateral displacement at the cope, and 

longitudinal strains in the beam at mid-span.  Complete load vs. deformation 

behaviour for each connection was collected and is presented both numerically and 

graphically.  The results of these tests were used to validate the non-linear finite 

element model and to evaluate existing and proposed capacity equations. 
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Table 3-1: As-Built Connection Dimensions 
Connection 
Designation 

es 
(mm) 

s1 
(mm) 

s2 
(mm) 

s3 
(mm) 

eg 
(mm) 

g 
(mm) 

 dh
† 

(mm) 
 A1 26.3 75.1 75.3 75.1 24.8 — 20.6 
 A2 25.2 75.1 75.1 74.9 25.3 — 20.6 
 B1 26.5 75.3 75.3 75.6 24.1 — 20.9 
 B2 25.1 74.9 75.1 75.0 26.0 — 20.7 
 C1 25.6 101.6 101.9 — 26.2 — 20.7 
 C2 25.1 101.9 102.4 — 24.9 76.1 20.7 
 D1  32.0 103.3 103.1 — 31.6 — 27.0 
 D2    25.3†† 75.4 75.3 74.8 50.2 — 20.7 
 E1 24.3 74.7 75.1 75.1 50.4 — 20.6 
 E2 49.4 75.3 75.4 75.0 24.2 — 20.6 
 F1  25.2 75.0 75.4 — 25.8 — 20.7 
 G1 25.8 75.3 75.0 — 25.1 — 20.7 
 G2 26.1 75.3 75.0 — 23.6 — 20.7 
 H1 26.5 74.8 75.0 — 25.1 — 20.7 
 H2 26.5 74.8 75.0 — 25.4 — 20.7 
 J1 26.7 101.9 101.8 — 24.1 76.4 20.7 
 J2 27.5 75.3 — — 24.7 75.0 20.7 

 
 

Connection 
Designation 

lc 
(mm) 

dc 
(mm) 

A1 73.7 36.3 
A2 74.9 36.4 
B1 73.3 34.9 
B2 73.8 36.6 
C1 74.4 36.2 
C2 149.5 35.5 
D1 79.7 36.3 
D2    98.4††    35.1†† 
E1 99.4 37.8 
E2 74.8 35.9 
F1 74.4 36.3 
G1 74.4 37.3 
G2 74.5 37.3 
H1 76.3 35.4 
H2 77.5 35.6 
J1 150.3 34.7 
J2 152.1 32.9 

 

† Mean diameter for all bolt holes in connection 
†† Bottom End Distance 26.80 mm 

Bottom Cope Length 98.1 mm  
Bottom Cope Depth  90.3 mm 
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Table 3-2: As-Built Beam Dimensions 
Beam 

Designation 
d 

(mm) 
b 

(mm) 
t 

(mm) 
w 

(mm) 
 k† 

(mm) 
Sx 

(mm3) 
A 401.5 138.5 10.56 7.03 19.2 717 300 
B 401.5 138.4 10.70 7.00 20.3 723 100 
C 401.5 138.6 10.46 6.95 19.6 711 000 
D 402.4 140.8 10.47 6.87 18.9 720 400 
E 401.6 138.5 10.37 7.01 19.4 708 500 
F 401.6 138.6 10.45 6.94 19.4 710 600 
G 303.8 201.9 12.58 7.95 22.9 803 900 
H 403.8 144.0 10.78 6.93 21.9 753 700 
J 403.5 137.9 11.13 7.16 19.6 749 600 

 

† Mean distance for four fillets 

Table 3-3: Test Parameters Summary 
Parameter Connection Designations Nominal Values of Parameter 

End Rotation B2, B1, A2 0°, 2°, 3.5° 
End Rotation F1, H1, H2 0°, 2°, 3.5° 
End Rotation C2, J1 0°, 2° 

Gross Shear Area B2, C1 1750 mm2, 1603 mm2 
Edge Distance B2, E1 25 mm, 50 mm 
End Distance B2, E2 25 mm, 50 mm 
Bolt Diameter C1, D1 19.1 mm, 25.4 mm 
Section Depth F1, G1, G2 W410, W310, W310 

Connection Depth C1, F1 229 mm, 175 mm 
Number of Bolt Rows B2, F1 4, 3 
Number of Bolt Lines C1, C2 1, 2 

Double Cope E1, D2 Single, Double 
Repeatability G1, G2 — 
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Note: All dimensions in millimeters.  All hole diameters 21 mm 

unless noted otherwise.  All cope radii 12.5 mm. 
 

Figure 3-1: Nominal Connection Properties 
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Note: All dimensions in millimeters.  All hole diameters 21 mm 

unless noted otherwise.  All cope radii 12.5 mm. 
 

Figure 3-1: Nominal Connection Properties (cont.)
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Figure 3-4: Section of Test Set-up at Loading Frame 

 
 

 
Figure 3-5: Section of Test Set-up at Reaction Frame
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Figure 3-6: Instrumentation Layout 
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(a) Connection A1 

 

 
(c) Connection B1 

 

 
(e) Connection C1 

 
(b) Connection A2 

 

 
 (d) Connection B2 

 

 
(f) Connection C2 

Figure 3-7: Failed Connections
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(g) Connection D1 

 

 
(i) Connection E1 

 

 
(h) Connection D2 

 

 
(j) Connection E2 

 
(k) Connection F1 

Figure 3-7: Failed Connections (cont.) 
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(l) Connection G1 

 

 
(n) Connection H1 

 

 
(p) Connection J1 

 
(m) Connection G2 

 

 
(o) Connection H2 

 

 
(q) Connection J2 

 
Figure 3-7: Failed Connections (cont.)
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Figure 3-8: Load vs. Block Shear Deformation Curve, Test A1 

 

 
Figure 3-9: Load vs. Block Shear Deformation Curve, Test A2 
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Figure 3-10: Load vs. Block Shear Deformation Curve, Test B1 

 

 
Figure 3-11: Load vs. Block Shear Deformation Curve, Test B2 
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Figure 3-12: Load vs. Block Shear Deformation Curve, Test C1 

 

 
Figure 3-13: Load vs. Block Shear Deformation Curve, Test C2 
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Figure 3-14: Load vs. Block Shear Deformation Curve, Test D1 

 

 
Figure 3-15: Load vs. Connection Deflection Curve, Test D2 
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Figure 3-16: Load vs. Block Shear Deformation Curve, Test E1 

 

 
Figure 3-17: Load vs. Block Shear Deformation Curve, Test E2 
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Figure 3-18: Load vs. Block Shear Deformation Curve, Test F1 

 

 
Figure 3-19: Load vs. Block Shear Deformation Curve, Test G1 
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Figure 3-20: Load vs. Block Shear Deformation Curve, Test G2 

 

 
Figure 3-21: Load vs. Block Shear Deformation Curve, Test H1 
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Figure 3-22: Load vs. Block Shear Deformation Curve, Test H2 

 

 
Figure 3-23: Load vs. Block Shear Deformation Curve, Test J1 
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Figure 3-24: Load vs. Block Shear Deformation Curve, Test J2 
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4. Numerical Program 
4.1 Introduction 

Following full-scale physical testing, finite element analyses (FEA) of selected 

connections were completed to investigate some of the main features of the block 

shear response.  The configurations chosen encompass a wide range of connection 

parameters including edge distance, number of rows of bolts, and number of lines of 

bolts.  Connection end rotation was not modelled in this analysis since the laboratory 

test results indicated that end rotation did not have a significant effect on connection 

behaviour.  Five models were created and analyzed using ABAQUS, a general 

non-linear finite element analysis program, and the resulting load vs. deformation 

curves were compared to the laboratory test data.  Studies on the effects of the initial 

bolt bearing condition and incremental tension face tearing were also completed.  A 

summary of the connection and material models, the analysis procedure, and the 

analysis results is presented below. 

4.2 Description of Models 
Models of five of the laboratory test specimens representing a wide range of 

connection parameters were created.  Table 4-1 lists the finite element model number 

and its associated laboratory connection designation.  Nominal connection properties 

of each connection are shown in Figure 3-1.  Model M1 is a four-bolt, single-line 

connection representing a typical connection in which the connection depth is a 

significant portion of the section depth.  The second model, M2, is a connection with a 

similar depth to M1, but with two lines of bolts.  An increase in edge distance is 

investigated in Model M3.  A light connection with only three bolts was modelled in 

M4 and, finally, M5 is a compact, two-line connection with only four bolts.  These 

models encompass a wide range of connection variables in order to validate the finite 

element model.  

A linear elastic finite element modelling program, S-FRAME (Softek, 2000), 

was used to construct the geometry and connectivity of the models because of its 

suitable mesh generation features.  Four-node, quadrilateral shell elements were used 

to create models that consisted of the entire beam, including the flanges, based on 
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as-built dimensions.  An isometric projection of a typical mesh is shown in Figure 4-1.  

It was found during the analyses that a very fine mesh is required in the region of the 

connection in order to model the localized behaviour.  The mesh around the hole was 

defined with 16 elements along each side of a 50 mm by 50 mm area and ten elements 

in the radial direction.  The generated mesh is somewhat finer near the hole, as shown 

in Figure 4-2, which provides the necessary resolution to define accurately the 

relatively steep strain gradients induced near the bolt holes.  To reduce computational 

requirements, the majority of the beam web was modelled with only four elements 

through its depth and only two elements for each flange.  This resulted in a 

significantly smaller total number of elements but did not affect the connection 

behaviour due to the small strains in the elements and their relatively large distances 

from the connection.  A transition region was provided within the mesh to convert 

from approximately 100 elements through the beam depth to four, as shown in Figure 

4-3. 

Once the mesh was generated, the nodal co-ordinates and element definitions 

were imported into ABAQUS (HKS, 1998) to carry out the non-linear analysis.  

Four-node, reduced integration, finite strain shell elements (ABAQUS element type 

S4R) were selected for each of the quadrilateral elements produced by S-FRAME.  

As-measured thicknesses of the web and flanges were specified for the shell 

thicknesses.  The four web elements below the load point were assigned a thickness of 

30 mm to account for the effect of the stiffeners used in the laboratory tests. 

Since sufficient laboratory deformation measurements were taken to isolate the 

beam web (block shear) deformation (i.e., excluding slip, bearing, and angle 

deformations), it was not necessary to model the connection angles.  Four methods of 

modelling bolt–web interaction were used.  A graphical representation of these four 

bolt models is shown in Figure 4-4.  It was initially assumed that since the bolt could 

bear only on the top of the hole, restraining the movement of the top of the hole and 

allowing the bottom of the hole to move freely was a reasonable representation.  This 

was accomplished by fixing the translational degrees of freedom of the nodes around 

the top of the bolt hole in all three co-ordinate directions.  The 31 nodes making up 
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the top half of the bolt hole were pinned in this manner (see Figure 4-4(a)).  The 

observation that near the ultimate load the contact region was actually shorter than 

one-half of the hole circumference led to a second modelling method.  In this case, the 

translation of only the top 17 of the 64 nodes (approximately ¼ of the nodes) around 

the bolt hole were restrained (see Figure 4-4(b)).  Thereafter, a more rigorous bolt–

web interaction was modelled (the third method) through the implementation of 

contact elements.  Four-node, three dimensional, rigid elements (ABAQUS element 

type R3D4) were used to create a cylindrical bolt with a diameter equal to that of the 

nominally 19.1 mm (18.9 mm measured) bolts used in the laboratory (see 

Figure 4-4(c)).  A simple friction model was used to represent the bolt–web 

interaction and a static friction coefficient of 0.7 was used, a typical value for 

steel-to-steel contact (Avallone and Baumeister, 1996) although this value is not 

expected to have a great effect on the load vs. deformation behaviour.  The elements 

making up the bolts were fixed in space and as the load was applied, the beam web 

was allowed to deform around them.  This was deemed to be a reasonable 

approximation of the laboratory conditions.   

The contact element method was also used to investigate the effect of the initial 

bolt bearing condition.  In real connections, normal fabrication tolerances result in 

initial conditions wherein not all of the bolts are initially in bearing.  Small differences 

in bolt hole spacing between the angles and the beam web result in some bolts initially 

contacting both the angle and the web with other bolts contacting only the angles.  

Upon application of load on the connection, high stresses develop in the web at the 

contact point resulting in localized bearing deformations.  As these deformations 

increase, the web deflects sufficiently to allow the other bolts to bear.  By changing 

the location of the cylindrical elements in the bolt holes, the bearing condition was 

varied, and an investigation of its effects was completed.  Another bolt–web 

interaction model (the fourth method) used to investigate the effect of the initial bolt 

bearing condition was also created by modifying the pinned node method.  Rather 

than fixing the translation of the nodes in all directions, non-linear springs were 

inserted in the vertical direction (see Figure 4-4(d)).  The springs were defined with no 

stiffness (0 kN/mm) until a specified displacement was reached, after which the 
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springs were given near infinite stiffness (1010 kN/mm).  The nodes were fixed against 

translation in the other two co-ordinate directions.  By changing the displacement 

required to engage the springs, different initial bolt bearing conditions could be 

investigated. 

Other boundary conditions were modelled to represent accurately the load and 

support conditions of the laboratory experiments.  Load was incremented through a 

specified displacement of the three nodes across the top flange at a distance from the 

connection equal to that measured to the load point in the laboratory.  Lateral 

translation was prevented at these nodes as well, but no longitudinal restraint was 

included.  Vertical and lateral translations were prevented at the three nodes of the 

bottom flange at a distance from the connection equal to that measured to the centre of 

the supporting jack in the laboratory.  Again, no longitudinal restraint was provided.  

No rotational degrees of freedom in the model were restrained.  Using these numerical 

boundary conditions, the effects of the knife edges, rollers, and lateral supports 

provided in the laboratory were modelled.  End rotation of the connection imposed by 

lowering the support jack, which was a parameter in the laboratory tests, was not 

modelled in the numerical analyses because it was found that it did not adversely 

affect the coped beam capacity. 

4.3 Material Model 
An elastic–plastic–hardening material model was selected for the numerical 

analysis to represent accurately the material properties of structural steel.  Using the 

data gathered from the three tension coupons taken from the associated test beam web, 

a single stress–strain response was created for each numerical model.  The mean 

modulus of elasticity, E, from the three coupons was used to define the elastic 

response of the steel.  For the inelastic portion of the model, the stress and strain data 

from the static readings taken during the coupon tests were used.  Along the yield 

plateau, two to four static readings were taken in each coupon test and the mean of 

these static readings was used for the yield stress in the numerical model.  The mean 

hardening strain from the three coupon tests defined the end of the yield plateau.  

Along the hardening curve, two static readings were taken in each coupon test.  For 
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each of these points, the mean static stress and mean static strain from the three 

coupons were used to define a point in the model.  Similarly, the mean stress and 

strain from the static readings at ultimate from the three coupons defined the ultimate 

strength.  Figure 4-5 shows the stress–strain response of the three coupons from 

Beam J and the associated material model (up to the ultimate strength) used in the 

numerical analysis for Model M5.  The differences among the material model curves 

for the five numerical analyses are relatively small. 

The nominal stress, σnom, and nominal strain, εnom, evaluated from the coupon 

tests were converted to true stress, σtrue, and true plastic strain, p
trueε , the values 

required as input by ABAQUS, using the following equations: 

( )nomnomtrue 1 ε+σ=σ  
 

[4-1] 

( ) 





−+=

E
σε1lnε true

nom
p
true  

 

[4-2] 

After the ultimate load is reached in a tension coupon, the stress and strain are no 

longer calculated based on initial coupon dimensions, i.e., load divided by initial area 

for stress and change in length divided by initial length for strain.  As necking takes 

place, the length over which elongation occurs is very small and the associated 

cross-sectional area reduces, resulting in stresses and strains significantly different 

from those calculated using initial area and length.  To model the stress–strain 

response of steel after ultimate in the material model, a material stiffness (i.e., slope of 

the true stress–true strain curve) after ultimate was assumed.  Based on numerical 

analyses of standard tension coupon tests by Khoo et al. (2000), a post-ultimate 

material stiffness of approximately 500 MPa was assumed (e.g., see Khoo et al., 

Table 5.6).  For the tension coupons used here, the typical static ultimate stress was 

approximately 600 MPa (true stress) with a corresponding true plastic strain of 15%.  

Using the material stiffness above, the material response was extrapolated to 120% 

true strain resulting in a corresponding true stress of 1125 MPa.  It was expected that 

the strain-based criterion used to eliminate elements (described in section 4.4) would 

dictate that elements be removed when they reach a strain less than 120% and, 
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therefore, the material model was extrapolated to the upper bound of this range.  

There was no need to extrapolate beyond this level since elements would be removed 

from the model prior to reaching this strain level.  A summary of the material model 

parameters for the five numerical analyses is given in Table 4-2. 

4.4 Analysis Procedure 
A specified vertical displacement was applied statically to the three nodes along 

the top flange at a distance from the connection equal to that measured to the load 

point during the laboratory test.  Deformations were determined in the same manner 

as in the laboratory tests.  The displacement of the nodes at the top and the bottom of 

the beam directly in line with the line of bolts nearest the end of the beam were 

measured and the difference provided the block shear deformation. 

To model the tearing behaviour of the block, a strain-based failure criterion was 

used.  From the results of the tension coupon tests, a maximum principal strain 

criterion for fracture was calculated using the following equations.  Assuming, first, 

that the volume of the coupon remains constant, it can be shown that the nominal 

strain at fracture, crit
nomε , can be calculated from the initial and final measured 

cross-sectional areas: 

1
A
Aε

final

initcrit
nom −=  

 
[4-3]

where: 

Ainit is the initial cross-sectional area of the coupon, and 

Afinal is the minimum cross-sectional area of the coupon after fracture.  

The nominal strain is converted to true strain by taking the natural log of the nominal 

strain, as follows: 

)1ln(ε crit
nom

crit
true ε+=  [4-4]
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By substituting Equation 4-3 into Equation 4-4 and manipulating the variables, the 

following equation can be derived: 









−
=

Area of Reduction1
1lnεcrit

true  
 

[4-5] 

This value is the true strain in the tension coupon at rupture, and, since the loading in 

a tension coupon is uniaxial, this is the maximum principal strain at fracture.  

Reduction of Area, as defined in ASTM A370 (ASTM, 1997), is the difference in the 

initial cross-sectional area of the coupon and the final cross-sectional area expressed 

as a fraction of the initial area: 

init

finalinit

A
AAArea of Reduction −=  

[4-6] 

The Reduction of Area for each coupon set is shown in Table 3-4.  As the connection 

was loaded, the maximum principal strains along the tension face were monitored.  A 

sixth order polynomial regression was fit to the data from the integration points of the 

ten elements in a radial line extending out from the bolt hole and extrapolated to the 

hole edge.  At the load increment at which this extrapolated strain reached crit
trueε  

(considered to represent the onset of tearing at the hole), the maximum and minimum 

principal strains at the hole edge, max,prε and min,prε , respectively, were recorded.  To 

reflect the fact that ductile fracture is a shear phenomenon, the point of tearing of 

subsequent elements was determined using a shear strain criterion.  Using the theory 

of strain transformation, the maximum shear strain, maxγ , at the integration points of 

the elements along the tension face was calculated using the following equation: 

minpr,maxpr,max εεγ −=  
 

[4-7] 

The shear strain at the element edge was then determined using the extrapolation 

method outlined above.  This shear strain was used as the critical shear strain, crit
maxγ , 

for failure of any element in the model.  The critical principal strains at the hole edge 
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(onset of tearing) and the corresponding critical shear strains (used as the general 

tearing failure criterion) for each model are shown in Table 4-3. 

As load was applied to the model, the maximum shear strain for all elements in 

the connection was monitored.  The element in the model with the largest maxγ  at the 

integration point was located and the maximum shear strain at the element edge was 

determined by extrapolation.  If this strain was larger than crit
maxγ , then the element was 

removed from the model.  This process was continued until all elements with an edge 

shear strain greater than crit
maxγ  were removed.  Along the shear face, only those 

elements with a shear strain at the element edge exceeding the critical strain were 

removed at any given load increment.  This approach assumes that the crack tip would 

blunt because of extensive yielding in the region around the crack tip. Although 

significant plastic deformation is expected to take place at the crack tip due to the high 

ductility of the steel in the test specimens, the extent of crack blunting in a real crack 

is probably not as large as the one modelled by element removal.  Along the tension 

face, the elements were removed in a more abrupt manner.  For single-line 

connections, the entire tension face was removed when the shear strain at the hole 

edge exceeded crit
maxγ , while the tension face was removed in two sections for two-line 

connections.  The area between the two bolt lines was treated as one section and the 

area from the bolt line nearest the beam edge to the beam edge was treated as another, 

each being removed when the shear strain at the hole edge along that section exceeded 
crit
maxγ .  Although removing the entire tension face at once may not accurately represent 

the actual failure, it provides a conservative result.  This topic is discussed further in 

section 4.5.  Once all elements exceeding crit
maxγ  were removed, the vertical 

displacement of the nodes along the top flange at the load point was incremented.  The 

connection load, therefore, increased and all elements were re-checked and removed if 

required.  This process was continued until the connection load had decreased 

significantly, at which point the analysis was terminated.  The web block was not 

completely torn from the beam web at the end of the analysis. 
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4.5 Analysis Results 
The first set of analyses used the bolt model in which approximately one-half of 

the nodes were pinned, a method found by Epstein and Chamarajanagar (1996) and 

Huns et al. (2002) to produce acceptable results.  This method gave reasonable 

predictions of load vs. deformation, but the connection initial stiffness was 

significantly higher in the model than in the laboratory tests.  In an attempt to improve 

this, the rigid cylindrical bolt model with surface contact was implemented.  These 

analyses resulted in slightly improved predictions of connection stiffness, although 

improvements were still required.  A series of models intended to improve this further 

were completed in which the bolt initial bearing condition was varied.  The cylindrical 

elements were lowered slightly inside the bolt hole to represent bolts that were not 

initially in bearing.  Various bolt bearing conditions were modelled and it was found 

that the initial connection stiffness could easily be manipulated through this method.  

A reasonable bolt bearing condition was found for models M1 and M2 that resulted in 

acceptable approximations of connection stiffness.  Upon continuing these contact 

element analyses past tension face rupture, it was found that shear tearing could not be 

modelled with reasonable effort.  The removal of elements along the hole edge also 

removed a part of the contact surface, and as the connection was loaded further, the 

cylindrical bolt element attempted to contact web elements not defined in the contact 

surface interaction.  This could only be resolved by redefining the contact surface at 

each step in which elements were removed, a process that would have made 

modelling times unreasonable.  The contact element models were, therefore, not 

pursued past the initial bearing condition trials. 

Examination of the contact element results showed that only a small portion of 

the bolt was in contact with the beam web at high loads.  The method of pinning the 

nodes on the hole edge was reinvestigated, but with only ¼ of the nodes pinned.  This 

method resulted in load vs. deformation behaviour similar to that obtained from the 

contact element models.  It was, therefore, concluded that this method was a 

reasonable approximation of the bolt–web interaction.  All models were analyzed 

using this bolt model and load vs. deformation plots for all five are shown in 
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Figures 4-6 through 4-10.  The nature of the modelling process results in load vs. 

deformation behaviour that exhibits sharp decreases in capacity with the discrete 

removal of elements.  Furthermore, immediately prior to the removal of elements, the 

capacity tends to be somewhat overestimated.  The process, therefore, provides a 

bound of load vs. deformation behaviour, with the lower and upper peaks representing 

the lower and upper bounds of behaviour, respectively.  The true load vs. deformation 

behaviour lies somewhere between these two bounds.  Table 4-4 summarizes the 

ultimate vertical connection reaction and block shear deformation at ultimate for each 

model.  In each case, the ultimate reaction from the analysis is compared to the 

ultimate reaction from the associated laboratory test in the form of a test to predicted 

ratio.   

All five models failed in a block shear mode with the tension face, or a portion 

of it in the two-line connections, being removed first.  For both of the two-line 

connections, Models M2 and M5, the portion of the tension face between the two lines 

failed initially, with the remaining portion failing after some tearing of the shear face 

had already taken place.  After tension rupture, the connections showed gradual shear 

tearing vertically upwards from the bolt holes.  The combination of tensile and shear 

tearing indicates that a block shear type failure was predicted by the analysis.  

The effect of the initial bolt bearing condition was also investigated using the 

¼-pinned models through the use of non-linear springs.  Similar patterns of bolt 

bearing conditions as were used in the contact element models were analyzed using 

this method.  Note that the results of Figures 4-6 to 4-10 are for an initial bearing 

condition where all of the bolts are initially in contact with the top of the hole, a 

condition that may not occur in practice due to normal fabrication tolerances.  The two 

models selected for the bolt bearing investigation were Models M1 and M2, which did 

not show particularly good agreement in initial stiffness with the experimental 

response for the case of full bolt contact.  For Model M1, two additional bearing 

conditions are presented in Figures 4-11 and 4-12.  The maximum stagger case, 

Model M1-B-Max, had the topmost bolt pinned at the beginning of the test, with the 

remaining bolts modelled with non-linear springs requiring different displacements to 
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engage the high stiffness springs.  The displacements required were 0.67 mm, 

1.33 mm, and 2.00 mm for the second, third, and fourth bolt rows, respectively, with 

the last case representing a bolt at the bottom of the hole.  The intermediate stagger 

case, Model M1-B-Int, had the topmost bolt pinned with the second, third, and fourth 

bolt rows requiring 0.17 mm, 0.33 mm, and 0.50 mm, respectively, to engage the 

springs.  For Model M2, only one staggered case is presented in which the topmost 

row of bolts was pinned and the second and third rows were engaged after 1.00 mm 

and 2.00 mm of displacement, respectively.  The load vs. deformation behaviour for 

Model M2-B-Max is shown in Figure 4-13.  Models M1-B-Int and M2-B-Max gave 

reasonable approximations of the connection stiffness of their respective laboratory 

test specimens.  Note that the initial curves—Figures 4-6 and 4-7—and the maximum 

stagger curves—Figures 4-11 and 4-13—demonstrate the large range of stiffness that 

can be achieved merely by varying the initial bearing condition.  A summary of the 

data from the bearing condition investigation analyses is shown in Table 4-4.  The 

results indicate that, although the bolt bearing condition affects connection stiffness, 

the ultimate load is not greatly affected, as shown by the similar ultimate loads of the 

tests with varying bolt bearing conditions. 

One series of analyses was completed to investigate the effect of progressive 

tension tearing.  In all previous analyses, the tension face of the block was removed in 

a single step when the strain at the hole edge exceeded the critical shear strain.  Based 

on observations of block shear failure of gusset plates tested by Huns (2002), this was 

considered to be a reasonable approximation.  However, in coped beams, the stress 

distribution along the tension face is less uniform than in gusset plates, with high 

stresses near the hole edge and lower stresses towards the end of the beam.  As such, 

the tension tear likely does not occur all at once, but probably occurs progressively.  

Analysis of the normal stress distributions along the tension face of each of the five 

models showed that Model M3 exhibited a more non-uniform distribution than any of 

the others, likely due to the increased edge distance.  Moreover, this model showed 

the largest error in ultimate load when compared to the test results, a result that may 

be improved through more refined modelling of the tension face tearing process.  As 

such, this connection configuration was used in the incremental tearing analysis series 
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and designated Model M3-I.  The analysis was completed using the ¼-pinned node 

bolt model.  Rather than removing the entire tension face at once, the elements were 

removed one at a time in the same manner as the shear tears.  It should be noted, 

however, that this method is not a true representation of the tension tearing process, 

since the width of a crack tip is infinitely small and the modelled crack tip had the 

finite with of the adjacent remaining element.  Nevertheless, the fineness of the mesh 

provided a reasonable crack tip condition.  It was believed, therefore, that this was a 

more representative method than removal of the entire tension face in a single step.  

The load vs. deformation behaviour of this model is shown in Figure 4-14.  At the 

peak connection load, only two of the 18 elements along the tension face had been 

removed, and the ultimate connection reaction showed a significant increase over 

Model M3, as seen in Table 4-4. 

4.6 Summary 
Non-linear finite element analyses were completed on five connections from the 

laboratory experiments to explore some of the main features of the connection 

response.  The configurations chosen encompassed a wide range of connection 

parameters including number of bolt rows, number of bolt lines, and edge distance, 

and were used to validate the finite element model for future use.  A variety of 

modelling procedures were used to predict the load vs. deformation behaviour 

recorded in the laboratory tests.  Four methods were used to represent the restraining 

effect of the bolts on the connection that utilized pins, non-linear springs, and surface 

contact elements.  Non-linear material models based on tension coupon test data were 

created to represent the elastic–plastic–hardening behaviour of structural steel.  The 

results show that due to the complexity of the behaviour, the load vs. deformation 

response of coped beams cannot yet be predicted accurately in all respects by finite 

element analysis. 

The methods used in this research program may not accurately represent the 

propagation of the tears by which block shear failure occurs.  In particular, the blunt 

crack propagation that is used in this method does not accurately represent the 

condition that exists at the crack tip.  The analyses revealed, as well, that the 
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connection initial stiffness is highly dependent on the initial bolt bearing condition 

and that a reasonable bearing condition exists that gives good agreement with the 

experimental stiffness.  However, it was also found that the ultimate connection 

capacity is not as significantly affected by this parameter.  Although the finite element 

models did not predict well the load vs. deformation behaviour of the laboratory 

connections over their full range, they do provide a significant advancement toward 

the development of a strength model for block shear failure of coped beams over those 

that have been described in the literature. 
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Table 4-1: Analysis–Laboratory Test Associations 
FEA Model 

Number 
Associated Laboratory 
Connection Designation 

M1 B2 
M2 C2 
M3 E1 
M4 F1 
M5 J2 

Table 4-2: Material Properties Summary 
Model M1 Model M2 Model M3 Model M4 Model M5 

E = 203 500 MPa E = 210 600 MPa E = 201 200 MPa E = 207 500 MPa E = 205 400 MPa 
σtrue 

(MPa) 
p
trueε  σtrue 

(MPa) 
p
trueε  σtrue 

(MPa) 
p
trueε  σtrue 

(MPa) 
p
trueε  σtrue 

(MPa) 
p
trueε  

368 0.000 367 0.000 371 0.000 368 0.000 379 0.000 
374 0.017 373 0.018 377 0.016 374 0.016 388 0.024 
442 0.035 442 0.027 458 0.036 452 0.035 446 0.037 
501 0.062 505 0.059 512 0.059 505 0.059 515 0.067 
590 0.137 592 0.135 602 0.140 598 0.143 607 0.161 
1125 1.20 1125 1.20 1125 1.20 1125 1.20 1125 1.20 

Table 4-3: Critical Strains Summary 

Model Number crit
trueε  crit

maxγ  

M1 0.56 0.70 
M2 0.51 0.70 
M3 0.56 0.70 
M4 0.48 0.70 
M5 0.86 1.30 
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Figure 4-1: Typical Beam Mesh, Isometric 

 

 
Figure 4-2: Typical Bolt Hole Mesh Detail 
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Figure 4-3: Typical Transition Mesh Detail 

 

 
(a) ½ Nodes Pinned 

 

 
(c) Rigid Cylindrical Contact Elements 

 
(b) ¼ Nodes Pinned 

 

 
 (d) ¼ Nodes with Non-linear Springs 

Figure 4-4: Bolt Modelling Methods 
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Figure 4-5: Material Model Definition, Model M5  

 

 
Figure 4-6: Load vs. Block Shear Deformation Curve, Model M1 
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Figure 4-7: Load vs. Block Shear Deformation Curve, Model M2 

 

 
Figure 4-8: Load vs. Block Shear Deformation Curve, Model M3 
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Figure 4-9: Load vs. Block Shear Deformation Curve, Model M4 

 

 
Figure 4-10: Load vs. Block Shear Deformation Curve, Model M5 
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Figure 4-11: Load vs. Block Shear Deformation Curve, Model M1-B-Max 

 

 
Figure 4-12: Load vs. Block Shear Deformation Curve, Model M1-B-Int 
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Figure 4-13: Load vs. Block Shear Deformation Curve, Model M2-B-Max 

 

 
Figure 4-14: Load vs. Block Shear Deformation Curve, Model M3-I 
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5. Discussion 
5.1 Introduction 

A discussion of the laboratory tests and numerical analyses is presented below.  

Each of the 11 parameters explicitly investigated in the laboratory tests is examined 

and conclusions on their effects on block shear behaviour are drawn.  Additionally, 

the numerical analyses are critically examined and conclusions on load vs. 

deformation behaviour, initial bolt bearing condition, and connection stiffness are 

reached.  Following this, existing design standards are assessed for their accuracy and 

consistency in predicting block shear failure, and three potential new design equations 

are presented.  All of these models are then assessed by calculating the resistance 

factor required to provide an adequate level of safety.  It is found that the models 

presented in the current Canadian and American standards do not provide adequate 

levels of safety for all connection configurations.  A new design model is proposed for 

prediction of block shear capacity of coped beams. 

5.2 Laboratory Tests 
From the laboratory test results, many conclusions regarding the behaviour and 

capacity of coped beam connections failing by block shear can be drawn.  In the 

discussion below, comparisons are made among the ultimate capacities of the various 

connections tested.  In order to avoid biasing the conclusions toward a particular 

capacity equation, the experimental capacities presented have not been normalized to 

account for variations in material properties.  The yield and tensile strengths of the 

nine beam webs did not vary significantly, as shown in Table 3-4, although the tensile 

strengths of beams G and H were slightly lower than those of the other beams.  Where 

significant differences occur, the relative material strengths are considered in the 

interpretation of the results and are included in the discussion below.  For each test 

parameter (see Table 3-3), load vs. deformation curves of the relevant connection tests 

are presented on a single plot.  These are shown in Figures 5-1 through 5-12. 
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Effect of End Rotation 

Three series of tests examining the effect of end rotation were completed, the results 

of which are shown in Figures 5-1 to 5-3.  In all cases, the ultimate load was not 

adversely affected by rotation, and, in fact, the beams to which a rotation was applied 

tended to achieve somewhat higher capacities, particularly in two-line connections.  In 

the second series (Figure 5-2), the lower material strength of the web of beam H 

amplifies this conclusion further.  The effect of end rotation on connection ductility is 

more difficult to determine.  In the first series, Tests B2, B1, and A2, the connection 

ductility was not significantly affected by end rotation, as shown by the nearly 

identical load vs. deformation behaviour of these connections in Figure 5-1.  For the 

second series, the ductility of Connections H1 and H2 was significantly higher than 

for Test F1.  This is attributed to the change in failure mode from a classical tear-out 

(Test F1 with no rotation) to a partial tear-out (Tests H1 and H2).  As the load was 

increased, the tensile crack opened further, rather than the web block tearing out, 

resulting in higher block shear deformation readings.  In the third end rotation series, 

Tests C2 (no rotation) and J1 exhibited partial tear-out and classical tear-out, 

respectively.  Since the high ductility exhibited by some of these connections can be 

accounted for by the mode of failure, it is concluded that end rotation does not have a 

significant effect on connection ductility.  As end rotation was shown to have no 

adverse effect on connections failing in block shear, the remaining tests were 

completed with no applied end rotation. 

Effect of Gross Shear Area 

Connections B2 and C1 were fabricated with identical net tension and net shear 

areas but with a different number of bolt rows.  This required an increase in bolt row 

spacing for Connection C1 (3 bolts) over Connection B2 (4 bolts), but resulted in a 

reduced gross shear area.  Connection B2 showed 18% higher capacity, and therefore 

it is apparent that the shear portion of the block shear capacity must be developed over 

an area greater than the net shear area.  However, this does not necessarily imply that 

the resistance is developed over the gross shear area.  Observations of the failed 



  73

specimens showed that the fracture surfaces actually intersect a small portion of the 

bolt holes, implying that the governing shear area lies somewhere between the gross 

area and net area, although it appears to be very close to the gross area (see 

Figure 3-7).  The bolts force the shear failure plane to pass through the edge of the 

hole rather than through the hole centre, where the shear area is minimum.  The net 

tension area and material properties for the two connections are nearly identical, and 

the increase in strength is more than can be attributed simply to the increase in gross 

shear area.  It is not known why the capacity of Connection B2 was somewhat higher 

than expected. 

Effect of End and Edge Distance 

Tests with increased end or edge distance (Figure 5-5) demonstrated anticipated 

changes in load vs. deformation behaviour.  For the test with increased edge distance, 

Connection E1, the capacity was 20% higher than that of a similar connection, 

Connection B2, having the minimum edge distance prescribed by CSA–S16–01.  The 

net tension area of Connection E1 was 68% larger than that for B2.  For comparison, 

the equation proposed by Ricles and Yura (1983), presented as Equation 2-1, is used 

to calculate an expected increase in capacity.  The capacity for Connection E1 is 

expected to be 12% higher than that for Connection B2, which is significantly lower 

than the observed difference in capacity.  This may be due, in part, to the inherent 

assumption in Equation 2-1 that the stress distribution varies linearly along the tension 

face, which may not be correct.  If the factor 0.5 in Equation 2-1 is changed to 0.9, 

then the predicted increase in capacity for these tests is 20%.  This suggests that the 

stress distribution along the tension face may not vary linearly from zero to Fu , as 

assumed by Ricles and Yura.  Test E2 had increased end distance, resulting in a 9% 

increase in gross shear area over Test B2, which had the minimum permissible end 

distance, and the capacity of Connection E2 was 9% higher than that of Test B2.  

Equation 2-1 predicts an increase in capacity, in this case, of 10%, which is very close 

to the observed increase.  This observation supports the shear portion of this equation, 

which assumes that shear yield stresses act over the gross shear area.  It is seen that a 

25 mm increase in edge distance (tension area) more effectively increases capacity 
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than the same increase in end distance (shear area), as would be expected based on the 

fact that the ultimate tensile stress is higher than the ultimate shear stress.  These 

results support similar conclusions made by Ricles and Yura.  Neither end distance 

nor edge distance is shown to have a significant effect on connection ductility. 

Effect of Bolt Diameter 

One test was completed with 25.4 mm (1 ") bolts while all others used 19.1 mm 

(3/4 ") bolts.  This test, Connection D1, had the same number of bolt rows and the 

same net shear area as Connection C1.  Both connections were fabricated with 

minimum end and edge distances and were on opposite ends of the same beam, 

effectively removing any variation due to material properties.  As shown in Figure 

5-6, Test D1 exhibited an 11% increase in ultimate capacity over Test C1.  This is 

attributed to a 14% increase in net tension area, due to the slightly larger edge 

distance, and a 3% increase in gross shear area, due to the slightly larger bolt row 

spacing.  Using the equation proposed by Ricles and Yura (Equation 2-1), the 

expected increase in load due to these changes in area is 7%.  Since the difference is 

relatively small, it is not believed that bolt diameter has a significant effect on 

capacity.  The two connections had nearly identical ductility showing that the bolt 

diameter does not affect connection behaviour. 

Effect of Section Depth 

Identical three-bolt connections on two section sizes were tested.  

Connection F1 was on a W410x46 section while Connections G1 and G2 were on 

opposite ends of the same W310x60 beam.  The load vs. deformation behaviour of the 

three tests was nearly identical with the connection ductility varying little, as shown in 

Figure 5-7.  The capacity of Connection F1 was 15% to 16% lower than that of the 

connections on the W310 section, but this can be largely attributed to a 12% to 13% 

difference in as-measured web thickness between the two sections.  The tensile 

strength, Fu , of these two beams was different, but it is not believed that this had a 

significant impact on the connection capacity.  It has been shown, above, that the 

shear portion of the capacity is generated by shear yielding over the gross shear area, 
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and, in this case, the yield strength of the two beams was nearly identical.  Since the 

net tension area is small compared to the gross shear area, the difference in tensile 

strength had minimal impact on the connection ultimate load. 

Effect of Connection Depth 

Connections C1 and F1 were both three-bolt connections on W410x46 beams 

with the bolt row spacing as the only variable.  The connection depth represented 

approximately 62% and 48%, respectively, of the section depth remaining at the cope.  

As seen in Figure 5-8, Connection F1 exhibited a 19% lower capacity than C1, an 

effect that is largely due to the 24% smaller gross shear area of this connection.  The 

expected decrease in capacity, as calculated using Equation 2-1, is 22%, which is 

close to the observed decrease of 19%.  The depth of the connection does not seem to 

affect significantly connection capacity apart from the effect of the increase in gross 

shear area.  The behaviour of the two connections was very similar with slightly less 

ductility in the shallower connection (F1). 

Effect of Number of Bolt Rows 

The number of bolt rows was varied between Connections B2 and F1, while the 

bolt spacing was identical for the two tests.  The three-bolt connection, Test F1, had 

32% less capacity than the four-bolt connection, B2, as shown in Figure 5-9.  The 

gross shear area of Connection F1 was 30% lower than that of B2, to which the 

change in capacity is largely attributed.  Using Equation 2-1, the expected decrease in 

capacity for these two connections is 29%, which is close to the observed decrease.  

The connection behaviour is nearly identical in the two cases with the ultimate load 

being reached at similar displacements.  The number of bolt rows does not affect the 

connection capacity apart from the effect of the associated change in gross shear area. 

Effect of Number of Bolt Lines 

Connections C1 and C2 compared one-line and two-line connections with all 

other connection parameters remaining constant.  The bolt line spacing for 

Connection C2 was nominally 75 mm, and, as expected, the two-line connection had 
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more capacity, as shown in Figure 5-10.  The 351% increase in net tension area 

produced a 34% increase in connection strength.  Again, using Equation 2-1, the 

expected increase, here, is 25%.  As described above with the edge distance series, the 

implicit assumption in this equation that the tension stress varies linearly along the 

tension face may not be correct.  In this case, replacing the 0.5 factor with 0.7 results 

in an expected increase in capacity of 34%, the same as that observed.  This supports 

the conclusion that the stress may not vary linearly from zero to the ultimate tensile 

strength along the tension face.  The change in failure mode for Connection C2 to the 

partial tear-out makes assessment of the effect on ductility difficult, as described in 

the discussion of the end rotation series.  The deformation at the ultimate load is 

similar in the two connections, but past the ultimate load, the partial tear-out failure 

produced high values of block shear deformation in Connection C2.  

Effect of Double Cope 

The double-coped connection, Test D2, had identical connection parameters to 

Test E1 except for the relatively deep cope of the bottom flange, which provided 

nominally equal top and bottom end distances.  Connection D2 was designed to fail in 

pure shear, which is considered to be a special case of block shear.  The change in 

failure mode—which effectively replaces the tension face resistance with that of an 

extension of the shear face—resulted in only a 7% loss in capacity with the deflection 

at the ultimate load being somewhat lower in the double-coped connection, as shown 

in Figure 5-11.  Equation 2-1 predicts a 6% loss in capacity, in this case.  An edge 

distance greater than the minimum permissible was selected to emphasize the effect of 

losing the tension face resistance and to ensure the shear failure mode in D2.  The 

edge distance in Connection E1 was approximately twice the bottom end distance of 

D2.  The test results demonstrate that a significant portion of the connection capacity 

can be developed by the shear component of the resistance.  Examination of the 

deformed specimen shows that the manner in which deflections were measured did 

not capture the block shear deformation well (see Figure 3-7(h)), and it is, therefore, 

difficult to comment on the effect of the double cope on connection ductility. 
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Repeatability 

The variability of the test procedure was examined with two identical 

connections having identical material properties, Tests G1 and G2, on the opposite 

ends of the same W310x60 beam.  The load vs. deformation behaviour of the two 

tests is nearly identical, as shown in Figure 5-12, and only a 2% difference in capacity 

occurred.  This verifies that the tests were conducted in a similar manner and that the 

results of all the tests are, in themselves, directly comparable. 

The effects of the test parameters discussed above on connection capacity can be 

largely attributed to the associated changes in tension and shear areas.  None of these 

parameters was shown in and of itself to have a significant effect on connection 

behaviour or ductility.  An exception is the end rotation series, where end rotation was 

shown to increase the connection capacity, particularly for two-line connections.  Due 

to the difficulty in predicting the degree of end rotation at the ultimate load, and the 

variability in the amount of increase observed, it is recommended that this effect be 

neglected in design.  Nevertheless, it was demonstrated that no reduction in capacity 

need be considered to account for the effects of end rotation.  Therefore, of the 

parameters investigated in this research program, only the magnitude of the net 

tension area and gross shear area are found to affect significantly coped beam 

connections. 

Although many test parameters have been investigated in this laboratory 

program and the pool of experimental data has been significantly increased, further 

full-scale testing is required to improve the understanding of certain aspects of the 

behaviour of these connections.  The effect of variables such as block aspect ratio and 

in-plane eccentricity have not yet been explicitly investigated and the effects of 

double copes and number of bolt lines need to be investigated further. 

5.3 Numerical Analysis 
The finite element analyses carried out in this research program, while not being 

developed to the point where the full load vs. deformation response can be predicted, 

did provide useful insights into important aspects of the connection behaviour.  The 
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method used in this research program was shown by Huns et al. (2002) to produce 

reasonable estimations of connection behaviour in bolted gusset plates.  Attempts to 

adapt the procedure of Huns et al. to account for the differences in the connection 

conditions of coped beams were made, including varying the bolt model and the 

tearing method, but the laboratory connection behaviour could not be reliably 

reproduced by the analysis. 

One limitation of the finite element analysis is the method of modelling block 

tearing.  The process used is not truly representative of the behaviour and may not 

provide accurate results.  As shown in the incremental tension face tearing 

investigation, the process of eliminating the entire tension face at once does not 

provide accurate results, although this method gives a conservative estimation of 

capacity.  If a progressive failure occurs, some resistance will remain after the 

initiation of the block tear.  Removal of the tension face in one step, however, 

eliminates all load resistance provided by that portion of the block, resulting in less 

connection resistance.  The incremental tearing analysis, however, did not accurately 

represent the true tearing behaviour either.  By eliminating elements in the model, 

blunt crack propagation is modelled, while tearing in the real connection is a sharp 

crack propagation process.  Blunt cracks do not exhibit the same high strain 

concentrations that exist at the tip of a sharp crack and, therefore, the critical strain 

criteria used will not be reached at the appropriate load step.  Further development of 

the finite element model would likely resolve these issues and allow for accurate 

prediction of block shear in coped beams.  A more rigorous approach to block tearing 

is likely the key to accurate prediction of load vs. deformation behaviour. 

Two of the test parameters studied in the laboratory tests were also studied 

within the five finite element models.  These were the effect of the number of bolt 

rows and the effect of edge distance.  Even though the finite element analysis cannot, 

using the current procedure, accurately predict the ultimate capacity of a coped beam 

connection, it may still be useful in predicting the relative capacities of two 

connections.  Comparing only within the analytical results, the decrease in the number 

of bolt rows from four to three (Models M1 and M4, respectively) resulted in a 36% 
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reduction in capacity.  The associated laboratory tests (Connections B2 and F1) 

showed a 32% reduction in capacity.  Although the ultimate capacities of these two 

connections are not well predicted by the finite element analysis, their relative 

capacities are.  The increase in edge distance from 25 mm to 50 mm resulted in a 9% 

increase in capacity in the numerical analyses (Models M1 and M3-I), while the 

laboratory tests showed a 20% increase in capacity for the associated connections 

(Tests B2 and E1).  In this case, the relative capacities are reasonably predicted 

although there is still a significant difference.  

The finite element analysis revealed that the initial bolt bearing condition has a 

strong effect on connection stiffness and that the connection stiffness could perhaps be 

reasonably predicted if the bolt bearing condition were known.  The bearing condition 

was examined for Models M1 and M2.  An upper bound stiffness was found when all 

bolts were in bearing at the beginning of the test.  The bearing condition with the top 

row of bolts initially in bearing, the lowest row initially in contact with the bottom of 

the hole, and the intermediate rows varying linearly in between (i.e., a staggered 

condition) showed the lowest stiffness of the configurations examined.  The finite 

element analysis was used to estimate the range of connection stiffnesses within 

which the real connection stiffness lies.  The analysis also showed that the initial 

bearing condition has a minimal effect on the predicted ultimate load of the 

connection, and, therefore, even if the initial bearing condition is not known, the finite 

element analysis should be capable of predicting connection capacity. 

The distribution of stress along the tension and shear areas determined from the 

finite element analysis can be assessed to indicate how the connection load is being 

resisted.  However, since the load vs. deformation behaviour has not yet been 

accurately modelled and the stress concentrations at the crack tips have not been 

accurately represented, these results may not be reliable.  Nevertheless, the stress 

distributions were examined to determine the trends in normal tensile stress along the 

tension face immediately prior to tension face rupture.  These stress distributions are 

shown in Figures 5-13 and 5-14 for one- and two-line connections, respectively.  The 

stress is normalized by the maximum stress along the tension face, thus removing any 
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bias between the individual analyses due to the magnitude of the stresses.  The 

horizontal axis represents the length along the block from the edge of the beam and is 

normalized by the distance from the beam edge to the bolt hole furthest from the edge.  

In Figure 5-14, the discontinuity in the stress distribution between 16% and 40% of 

the tension face distance represents the bolt hole in the bolt line nearest the beam 

edge.  In general, for the one-line connections with minimum edge distance 

(Models M1 and M4), the normal stress along the tension area was approximately 

uniform, except very near the beam edge.  For the two-line connections (Models M2 

and M5) and the one-line connection with increased edge distance (Model M3), the 

normal stress distribution was non-uniform with the stresses being highest near the 

bolt holes and somewhat lower away from the bolts.  This does not support the 

conclusion made by Ricles and Yura (1983), based on linear elastic analyses, that the 

stress distribution can be approximated as a linearly varying stress across the tension 

area with a stress equal to Fu at the beam edge and zero at the line of bolts furthest 

from the beam edge. 

Further development in the tear propagation method and an extension of the 

investigation into the effect of the bolt bearing condition should lead to more accurate 

predictions of the full load vs. deformation response.  Once the model is refined and 

validated using existing test results, a parametric study should be completed in which 

connection parameters outside those examined in the laboratory are analyzed to 

increase the data pool.  As well, block stress distributions could be used to quantify 

the effects of many connection parameters on the load carrying mechanism of these 

connections.  These data would provide valuable input to the development of design 

equations that better reflect the true failure mode of coped beams failing in block 

shear. 

5.4 Current Design Standards 
An analysis of current design standards from North America, Europe, and Japan 

shows that an adequate and uniform level of safety is not being provided against block 

shear failure in coped beams (Kulak and Grondin, 2000, 2001).  The design equations 
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for these standards, CAN/CSA–S16.1–94, CSA–S16–01, AISC LRFD 1999, EC3 

ENV 1993–1–1, and AIJ 1990, are presented in Chapter 2. 

The professional factor is defined as the ratio of the connection capacity 

determined experimentally to the predicted capacity as calculated from a design 

equation, without the resistance factor, using measured dimensions and material 

properties.  A professional factor of 1.0 indicates that the equation predicts the 

observed capacity exactly, while values greater than unity represent the case where the 

equation provides a conservative prediction of capacity and those less than unity 

represent an unconservative prediction.  Table 5-1 lists the mean professional factors 

for each of these standards for all 36 full-scale tests completed (both in this research 

program and those reported in the literature) on coped beams.  Also presented in the 

table parenthetically are the coefficients of variation of the professional factor, 

indicative of the variability of the factor.  A professional factor near 1.0, combined 

with a low coefficient of variation, implies that the design equation is a good predictor 

of the failure mode.  For CAN/CSA–S16.1–94, the factor 0.85 is considered to be part 

of the resistance factor and therefore is not included in the capacity prediction 

calculations.  Graphical representations of the professional factors for each test for 

each standard are shown in Figures 5-15 through 5-19 in the form of test vs. predicted 

capacity plots.  The diagonal line on each graph represents a professional factor of 1.0.  

Points above this line indicate conservative results, while points below indicate 

unconservative results.  It should be noted that it is not necessary for all data points to 

fall on the conservative side, as the resistance factor is selected to achieve the desired 

probability of failure of the block, as discussed in section 5.6. 

In the determination of the professional factors presented herein, as-built 

connection dimensions were used whenever available. However, in some cases, 

nominal dimensions had to be used, as presented in the literature.  Furthermore, bolt 

holes were assumed to be punched (they were punched in the 17 tests of this research 

project, making up practically one-half of all test cases) and the punched hole 

allowance that is specified in the North American standards was included in the 

assessment of the predicted block shear capacities for these standards, as well as for 
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the proposed equations discussed in section 5.5.  In any case, should any of the holes 

have been drilled, permitting the punched hole allowance in these standards to be 

waived, this assumption would have an unconservative effect on the resulting 

resistance factors of less than one percent.  In all cases, measured material properties 

were used. 

All standards provide a mean professional factor greater than one when all test 

results are considered, although their abilities to predict the capacity of the various 

connection configurations varies widely.  The mean professional factor is closer to 

unity for CAN/CSA–S16.1–94 (Equation 2-2) than for any of the other standards 

presented.  This equation assumes that the stresses reach ultimate on both the tension 

and shear areas.  However, the professional factor for this standard has a large 

variability, as indicated by the coefficient of variation of 0.20 and as identified in the 

test vs. predicted capacities plot (Figure 5-15).  Examination of the mean professional 

factors indicates that the equation is, in general, much less conservative for two-line 

connections than for one-line connections, and the standard also exhibits the lowest 

professional factor for any test under any standard, 0.59 (a two-line connection), 

representing a significant over-estimation of capacity.  The mean professional factor 

for this standard for all of the two-line connections conducted was 0.76, with a 

coefficient of variation of 0.18.  Kulak and Grondin (2001) identified this over-

prediction of strength, as well as the large variability, and the standard has since been 

revised. 

The current edition of the Canadian standard, CSA–S16–01 (Equations 2-3 

and 2-4), reduces the contribution of the tension component to the connection capacity 

by one-half and provides an additional limit to the shear component: the yield stress 

acting on the gross shear area.  This provides significantly more conservative results 

than the previous edition of the standard, with a mean professional factor of 1.23.  In 

fact, as seen in Figure 5-16, only two of the 36 predictions are unconservative, with 

professional factors of 0.89 and 0.97.  Equations 2-3 and 2-4 govern in 17 and 19 test 

cases, respectively.  Perhaps more importantly, the variability of the results has been 

reduced, as indicated by the coefficient of variation of 0.13.  The equation in the 
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standard implies that the effective stress acting over the net tension area is 0.5 Fu for 

all connections.  An effective stress less than Fu is consistent with the observations of 

the numerical analyses wherein the tension face normal stress distribution is 

non-uniform, especially for two-line connections.  However, a magnitude of this 

factor other than 0.5 may be more appropriate and provide more consistent results. 

The AISC LRFD 1999 standard (Equations 2-5 and 2-6) employs three capacity 

equations representing three failure modes.  Based on the relative ultimate strengths of 

the tension area and shear area, the equations combine either ultimate strength on the 

net tension area with yielding on the gross shear area or yielding on the gross tension 

area with ultimate strength on the net shear area.  Both equations are limited to the 

combination of ultimate strength on both the net tension and net shear areas.  The 

combination of ultimate stress in tension with the yield stress in shear is logical and is 

supported by test observations.  However, the qualifying statement that the tension 

ultimate strength must be greater than the shear ultimate strength is rarely achieved in 

practice, and of the 36 coped beam tests, this equation governs for only one.  For the 

remaining cases, the combination of tensile yield and shear ultimate is applicable for 

12 tests, and the rupture cut-off governs for 23.  The standard provides slightly more 

conservative and less variable results than CAN/CSA–S16.1–94.  However, for the 

two-line connections, the equations are largely unconservative, with professional 

factors as low as 0.59, as shown in Figure 5-17.  The mean professional factor for this 

standard for all of the two-line connections tested was 0.78, with a coefficient of 

variation of 0.17.  The three equations used here do not provide better results than the 

single equation used in CAN/CSA–S16.1–94, and, as such, the increased complexity 

is not justified.  Furthermore, the standard does not describe the failure mode 

observed in the tests. 

The set of equations presented in Eurocode 3 ENV 1993–1–1 (simplified to 

Equation 2-7) provides results similar to those provided by CSA–S16–01.  The 

equations combine yielding of the gross shear area with a reduced stress acting over 

the tensile area.  The reduction of 31 for the normal stress provides a reduction 

similar to the 0.5 factor used in CSA–S16–01, although the value appears to be 
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derived from the von Mises shear yield criterion and is not applicable to the tension 

portion of the model.  Eurocode 3 uses the net tensile area for one-line connections 

but reduces the net tension area for two-line connections by one bolt hole, the basis 

for which is unknown.  The professional factors for this standard are, in general, 

conservative, with only two unconservative results.  The standard also provides the 

least variability of any of the standards investigated with a coefficient of variation of 

0.11.  The equations provide similar results for both one- and two-line connections. 

The method outlined by the Architectural Institute of Japan (Equations 2-8 

and 2-9) is, in theory, a conservative approach to block shear, combining shear and 

tensile strengths acting over net areas.  One of the stresses is assumed to be at yield 

while the other reaches ultimate, with the lower of the two combinations governing 

the design.  It is generally accepted that yield stresses can develop over gross areas, so 

the use of a reduced area should provide conservative results.  In general, the standard 

provides professional factors greater than one, sometimes by a large margin, but also 

leads to several unconservative results, which can be seen graphically in Figure 5-19.  

Professional factors as high as 1.82 and as low as 0.75 are observed, and the 

coefficient of variation of the results is higher for this standard than for any of the 

others at 0.23.  The two-line tests conducted by Ricles and Yura (1983) show the most 

unconservative results, and the mean professional factor for this standard for all of the 

two-line connections tested was 0.92, with a coefficient of variation of 0.16.  The AIJ 

1990 method appears not to be representative of the actual failure mechanism for 

block shear in coped beams. 

Many strength models for block shear in coped beams have been proposed.  Of 

those examined above, few consistently provide a reasonable estimation of capacity.  

In particular, the differences in the ability to predict one- and two-line connections can 

be significant.  Not only are many of these models inconsistent, but also they are often 

highly unconservative, and, therefore, an adequate level of safety is not yet being 

provided in all standards.  A new design approach may better represent the observed 

failure mode of block shear in coped beams. 
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5.5 Proposed Capacity Equations 
Three connection strength models were created in an attempt to represent better 

the connection failure mode.  The first model presented, herein referred to as 

Proposed 1, includes only the first equation of the two used in CSA–S16–01: 

ygvunt FA6.0FA5.0P +=  [5-1] 

This single equation was originally proposed for use in the current Canadian standard, 

S16-01, but the second equation (Equation 2-4), limiting the capacity to rupture on 

both the net tension and net shear areas, was added for consistency with the procedure 

that was adopted for gusset plates.  The fact that rupture on the tension face is 

generally observed in tests to occur prior to rupture of the shear face, the combination 

of rupture on the net tension area with yielding on the gross shear area seems like a 

reasonable approach.  Mean professional factors for each dataset using this equation 

are shown in Table 5-2.  This model makes a small improvement in the mean 

professional factor for both one- and two-line connections over CSA–S16–01 but 

makes no improvement on the coefficients of variation.  Figure 5-20, which shows the 

test vs. predicted capacity data for this model, indicates that the equation provides 

generally conservative results. 

The second model, herein referred to as Proposed 2, involves a modification to 

the equations presented in CSA–S16–01 by applying a reduction factor for the tension 

contribution that is different for one- and two-line connections, as shown in the 

following equations: 

ygvuntt FA6.0FARP +=  [5-2] 

unvuntt FA6.0FARP +=  [5-3]  

where: 

1.0  for one-line connections  

=tR  
0.5  for two-line connections 

 

[5-4] 
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The connection capacity is the lesser of Equations 5-2 and 5-3.  For the test data 

available, Equations 5-2 and 5-3 govern in 17 and 19 cases, respectively.  Based on 

the numerical analysis, it was found that the normal stress distribution along the 

tension face in one-line connections was nearly uniform and, for two-line connections, 

the tension face stress was significantly non-uniform.  Therefore, a different reduction 

factor, Rt , was calculated for each case.  A quasi-Newton method was used to find the 

reduction factors that minimized the coefficients of variation of the professional 

factors calculated using the equations.  The values 1.0 and 0.5 for one- and two-line 

connections, respectively, were found to minimize the variation in the results.  The 

factors can be interpreted as representing a uniform stress of Fu acting over the tension 

area in the case of one-line connections, and an average stress of 0.5 Fu in the case of 

two-line connections.  When compared to the predictions by CSA–S16–01, this model 

provides predictions that are closer to the test capacities, as indicated by the mean 

professional factor of 1.14, and less variable, as indicated by the coefficient of 

variation of 0.10.  Figure 5-21 shows the test vs. predicted capacities for this design 

model and reveals that the Proposed 2 model reduces the variability in the 

professional factors over CSA–S16–01.  This method may be more representative of 

the true block shear failure mode. 

Analysis of the level of safety provided by these equations, which is dependent, 

in part, upon both the professional factor and its variability as discussed in section 5.6, 

indicated that a consistent level of safety was not being provided by either Proposed 1 

or Proposed 2 when comparing one- and two-line connections.  The lower 

professional factor, combined with a higher coefficient of variation, resulted in a 

lower level of safety for the two-line connections.  To address this shortcoming, the 

values of Rt were changed such that more consistent safety indices were provided for 

one- and two-line connections.  In addition, a single equation that is representative of 

the observed failure mode from tests is proposed that presumes that shear failure 

occurs on an area close to the gross area.  (Shear fracture on the net area has not been 

observed in the laboratory.)  Furthermore, when fracture of the tension face occurs, 

the shear face is assumed to be subjected to an effective stress that is equal to the 

average of the yield and ultimate shear strengths.  Using a stress greater than the shear 
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yield stress is consistent with the conclusion for gusset plates of Hardash and 

Bjorhovde (1985) that stresses significantly greater than the shear yield stress can be 

developed on relatively short shear faces, as is normally the case for beam end 

connections.  Associating the effective shear stress with both the yield and the 

ultimate tensile strengths was also found to provide more consistent results when 

including the tests of Aalberg and Larsen (2000) on beams with very high yield-to-

tensile strength ratios (0.96 in this case).  It is also proposed that the familiar 

von Mises factor to convert tensile to shear stress of 3/1  be introduced in place of 

the coefficient 0.6 to show more explicitly the purpose of the coefficient.  This new 

equation is referred to herein as Proposed 3: 








 +
+=

2
F  F

A
3

1FARP uy
gvuntt  

[5-5] 

where: 

0.9  for one-line connections  

=tR  
0.3  for two-line connections 

 

[5-6] 

This model provides an accurate prediction of connection capacity, with a mean 

professional factor of 1.01, combined with a relatively low coefficient of variation of 

0.12.  The coefficient of variation can be lowered further by changing the values of 

the factors in Equation 5-6, but only at the expense of requiring different resistance 

factors for one- and two-line connections to achieve an equivalent level of safety.  

Figure 5-22 demonstrates the ability of the equation to predict the test results. 

Although some improvements on the mean professional factor, which reflects 

the ability of the equation to predict block shear capacity correctly in an average 

sense, and the coefficient of variation, which reflects the associated variability, have 

been made using the proposed equations, these parameters do not in themselves 

indicate the level of safety in the connection as designed.  The level of safety is 

quantified by the safety index, which can be set to the desired level through the 

judicious selection of the resistance factor. 
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5.6 Resistance Factor Assessment 
The level of safety a design model provides can be assessed by statistical 

methods.  In general, an appropriate safety index, β, directly related to the probability 

of failure, is selected and the associated resistance factor, φ, determined therefrom.  

These parameters are affected by both the mean professional factor for the model and 

its variability.  The resistance factor is calculated using the following equations: 

)βVαexp(ρ RRR −Φ=φ β  [5-7] 

where: 

PGMR ρρρ=ρ   [5-8]  

2
P

2
G

2
MR VVVV ++=  

 

[5-9] 

The variables in the equations above are defined as follows: 

Φβ is the modification factor, 

αR is the separation variable, 

β is the safety index, 

ρM is the ratio of mean measured to nominal material strength, 

ρG is the ratio of mean measured to nominal connection geometric  

     properties, 

ρP is the mean professional factor, 

VM is the coefficient of variation of ρM , 

VG is the coefficient of variation of ρG , and 

VP is the coefficient of variation of ρP . 

The bias coefficient for the resistance, ρR , represents the ratio of the mean to 

the nominal connection capacity, the latter being based on nominal material and 

geometric properties.  VR is the coefficient of variation of this ratio.  The variability of 

relevant material properties is represented by the factor ρM , the mean ratio of 

measured to nominal material properties.  For block shear failure of coped beams, the 
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relevant properties are the yield and ultimate tensile strengths of the beam web 

material.  Geometric variabilities, related to both rolling and connection fabrication, 

are represented by the factor ρG , which is the mean value of the ratio of the measured 

relevant geometric properties to the nominal values.  For block shear, the relevant 

geometric properties are the tensile and shear areas of the block, which are related to 

both the web thickness and the placement of the bolt holes.  The coefficients of 

variation of the two ratios ρM and ρG are represented by VM and VG, respectively.  The 

values of the material and geometric parameters selected for this analysis are 

summarized in Table 5-3 and discussed below.  Ravindra and Galambos (1978) 

recommend that the separation variable, αR , be taken as 0.55.  The quantity Φβ is a 

modification factor for φ, discussed below.  

Schmidt and Bartlett (2002) showed, based on a sample size of 20 295, that for 

typical rolled steel shapes, the material factor, ρM , for the flange dynamic yield 

plateau stress is 1.11, with a coefficient of variation, VM , of 0.063.  To adjust this 

factor to web static yield strength, two corrections are required.  First, the authors 

suggest that the web yield strength bias coefficient be taken as 1.02 times the flange 

yield strength bias coefficient and that the coefficient of variation remain the same.  

Next, the authors suggest that the static yield stress be taken as 29.3 MPa lower than 

the dynamic yield plateau stress.  Applying these two corrections to the values above 

results in a material factor of 1.05 and a coefficient of variation of 0.068.  For the 

ultimate strength, the authors propose that a value of 1.13 for the material factor with 

a coefficient of variation of 0.044 be used for both flanges and webs.  When corrected 

to the static ultimate strength in the same manner as above, the values become 1.06 

and 0.047, respectively.  Due to the complexity of including material factors for both 

yield and ultimate strength in the assessment of resistance factors, a single material 

factor is used herein.  The factor for the web yield strength has a slightly lower mean 

and a larger variability than the factor for ultimate strength, providing conservative 

resistance factor results.  Therefore, the material factor for web yield stress is used for 

both yield and ultimate strengths. 
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The geometric factor was calculated based both on data from this research 

program as well as work by Kennedy and Gad Aly (1980).  For each connection 

configuration in this research program, net tension and gross shear lengths were 

calculated based on both nominal and as-measured properties.  The mean geometric 

factor, ρG , for this aspect of the connection geometry was calculated to be 1.00, with a 

coefficient of variation, VG , of 0.004.  The second aspect of the geometry in these 

connections is the web thickness.  Kennedy and Gad Aly indicate, based on 352 

measurements, that the mean geometric factor for web thickness is 1.017, with a 

coefficient of variation of 0.0384.  These statistics were combined to give an overall 

mean geometric factor of 1.017, with a coefficient of variation of 0.039 for these 

connections.  More recently, Schmidt (2000) evaluated the web thickness bias 

coefficient, although the sample size was significantly smaller than the work by 

Kennedy and Gad Aly.  Furthermore, the bias coefficients from the two sources are 

similar, indicating that changes in rolling practices have had little effect on the 

geometric factor related to web thickness.  Therefore, the data from Kennedy and 

Gad Aly were used to assess the geometric factor. 

Errors in measurement of connection properties, most notably the placement of 

the holes in the connection, were not included in this analysis.  It was found that the 

inclusion of this parameter did not significantly affect the calculated resistance 

factors, although exclusion of the measurement errors results in slightly 

unconservative estimates of the resistance factor.  The discretization factor, of 

consequence only in the selection of a suitable web thickness from standardized 

shapes, has also been excluded from this analysis, as it is expected to have a relatively 

small impact on the resistance factor and its omission leads to slightly conservative 

results.  Neglecting the two factors will have little effect on the calculated resistance 

factor, since individually their effects are relatively small and they tend to offset one 

another. 

The factors ρP and VP represent the mean professional factor for the strength 

model and its coefficient of variation, respectively.  These values, for the existing and 

proposed strength models, are listed in Tables 5-1 and 5-2 and the test results from all 
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researchers are included in the analysis.  The safety index, β, is related to the 

probability of failure of a given structural element considering both the variability of 

loads and resistances; a higher safety index indicates a lower probability of failure, 

and, hence, a higher level of safety.  In the capacity design approach used in North 

American standards, it is desirable to have a higher safety index for connections than 

for structural members, such as beams.  As such, members are usually assigned a 

safety index of about 3.0, while connections are assigned a value of approximately 4.5 

(Ravindra and Galambos, 1978). 

Due to the interdependence of the resistance factor and the load factor, it has 

been shown by Fisher et al. (1978) that the use of a safety index other than 3.0 in 

Equation 5-7 requires that a modification factor be applied to the resistance factor.  

This factor, denoted as Φβ herein, takes values less than one for safety indices greater 

than 3.0 and greater than one for safety indices less than 3.0.  Using the procedure 

outlined by Fisher et al., values for Φβ were calculated for safety indices ranging from 

1.5 to 5.0 using mean live load to mean dead load ratios ranging from 0.5 to 2.  It was 

found that Φβ varied little between the two values of the live to dead load ratio, and 

that using a ratio of 1.0 provided representative modification factors.  The calculated 

values of Φβ using a live to dead load ratio of 1.0 are shown in Table 5-4 along with 

the load factors required in the calculation.  The parameters γE , γD , and γL , are the 

load factors representing analysis uncertainties, dead load, and live load, respectively, 

as defined in Fisher et al.  A second order polynomial regression analysis was applied 

to this data (with a correlation coefficient of 1.000) to approximate the relationship 

between the modification factor, Φβ , and the safety index, β: 

338.1131.00062.0 2 +β−β=Φβ  
 

[5-10] 

The modification factor calculated using Equation 5-10 is within 2.0% of the factor 

calculated using the procedure of Fisher et al. over the full range of live to dead load 

ratios and safety indices examined.  (It is to be noted that for a safety index of 3.0 for 

the resistance factor calculation, the modification factor is not a function of the live to 

dead load ratio and is equal to 1.0. However, as the safety index deviates from 3.0, the 
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error resulting from the use of Equation 5-10 for live to dead load ratios other than 1.0 

increases.  For this reason, extrapolation beyond the range of safety indices considered 

here should be critically examined.) 

For each design model presented in sections 5.4 and 5.5, the resistance factor 

required to provide a safety index of 4.5 is shown in Table 5-5.  The safety index 

provided by each equation using the resistance factor prescribed in the respective 

standard is presented in Table 5-6.  The resistance factor itself is also shown in 

Table 5-6 for convenience.  (The resistance factor given in the table for CAN/CSA–

S16.1–94 includes the coefficient 0.85.)  In both tables, the results for one-line and 

two-line tests are also presented separately.  Due to the demonstrated differences in 

behaviour between these two types of connections, it is appropriate to consider the 

safety indices separately.  The prescribed resistance factor for AIJ 1990 is not known 

and, therefore, this standard is not included in Table 5-6.  It can be seen that, in 

general, a consistent level of safety is not being provided between one- and two-line 

connections.  For the Canadian and American standards, an adequate level of safety is 

being provided for one-line connections, with safety indices of at least 4.3.  However, 

for two-line connections, CSA–S16–01 provides a safety index of only 3.1, and the 

current American standard, AISC LRFD 1999, provides a safety index of only 2.0, 

both of which would be considered by most to represent an unacceptable level of 

safety for connections.  Eurocode 3 provides the most consistent results between one- 

and two-line connections.  The level of safety for two-line connections is higher in 

this standard than for any of the others due, in part, to the reduction of the net tension 

length by one bolt hole diameter, thereby reducing the tension contribution to 

connection capacity. 

For the first two proposed models, the basic Canadian resistance factor of 0.90 

is assumed.  These equations provide an inadequate level of safety for both one- and 

two-line connections.  The safety indices are also inconsistent between the two 

connection types, indicating that they do not represent the actual failure mode.  

Although a lower resistance factor could raise the safety indices closer to the 

traditional target value of 4.5, since the values for one-and two-line connections are 
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significantly different, these two equations are not recommended.  To address this 

inconsistency, the values of Rt were modified until a consistent level of safety was 

provided, resulting in model Proposed 3, as discussed in section 5.5.  Because the 

mean professional factors resulting from this equation are close to 1.0, a lower 

resistance factor of 0.70 is assumed in Table 5-6 to produce reasonable values of the 

safety index..  Proposed 3 provides a safety index of 4.3 for both one-line and two-line 

connections.  Although this is slightly lower than the target value of 4.5, it should be 

considered a reasonable level of safety for block shear failure which is not as brittle as 

some other modes of connection failure. 

A consistent level of safety is not being provided by current design standards, 

especially when considering two-line connections.  In most cases, safety indices much 

lower than those required to ensure an acceptable probability of failure are being 

provided.  It is, therefore, recommended that a new design model, Proposed 3 

(Equations 5-5 and 5-6), be used that addresses the apparent differences in behaviour 

between one- and two-line connections and results in a relatively small dispersion of 

the professional factor for both cases.  Model Proposed 3 also provides a consistent 

level of safety for a variety of coped beam connection geometries and steel materials, 

and is therefore considered suitable for use in design standards. 

5.7 Summary 
The results of the laboratory tests indicate that, of the parameters investigated in 

this research program, only the magnitudes of the tension and shear areas have a 

significant effect on connection capacity.  Although there was a concern that end 

rotation might adversely affect block shear behaviour, it was found that the lowest 

ultimate load was produced in the case where no end rotation was applied, with the 

most marked differences occurring for two-line connections.  It is, therefore, not 

necessary to include end rotation as a parameter in block shear capacity prediction for 

coped beams.  The numerical analyses were not capable of accurately predicting the 

full load vs. deformation behaviour of these connections.  However, the analysis 

revealed a strong dependence of the connection stiffness on the initial bolt bearing 

condition.  Fortunately, this did not appear to affect the connection ultimate load.  
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Further development of the finite element model, focused on tear propagation, is 

likely to produce reasonable predictions of behaviour. 

Using the test results from this research program as well as those of other 

researchers, existing design standards from North America, Europe, and Japan were 

examined.  Professional factors were calculated for each data set for each standard and 

examined for accuracy and consistency.  Three new design equations were presented 

in an attempt to represent better the block shear failure mode in coped beams, and 

resistance factors required to ensure an adequate level of safety were calculated for 

each strength model.  Examination of these results shows that existing design 

standards provide varying levels of safety and that, in general, current standards do 

not provide an adequate level of safety for two-line connections.  Current Canadian 

and American standards are found to be unconservative in the prediction of capacity 

for two-line connections by a considerable margin.  To address this, three potential 

new design models have been presented.  It is found that a consistent level of safety 

can be provided by model Proposed 3, defined by Equations 5-5, and 5-6.  Using a 

resistance factor of 0.70, a safety index of 4.3 is provided for both one- and two-line 

connections, which is likely adequate.  Since the design model is consistent in its 

prediction of block shear capacity for both one- and two-line connections, with 

relatively low variability, it is believed that it is more representative of the actual 

failure mechanism than any of the models in the existing design standards. 
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Table 5-1: Professional Factors for Existing Design Standards 
Professional Factor Mean 

(Professional Factor Coefficient of Variation) Source Number 
of Tests CAN/CSA–

S16.1–94 
CSA–S16–

01 
AISC 

LRFD 1999 
EC3 ENV 
1993–1–1 AIJ 1990 

Birkemoe 
and Gilmor 1 0.95 

( — ) 
1.18 
( — ) 

0.98 
( — ) 

1.18 
( — ) 

1.25 
( — ) 

Yura et al. 3 1.07 
(0.12) 

1.22 
(0.13) 

1.07 
(0.12) 

1.25 
(0.13) 

1.58 
(0.13) 

Ricles and 
Yura 7 0.69 

(0.09) 
1.03 

(0.10) 
0.71 

(0.11) 
1.13 

(0.06) 
0.85 

(0.07) 

Aalberg and 
Larsen 8 1.16 

(0.07) 
1.37 

(0.09) 
1.16 

(0.07) 
1.21 

(0.19) 
1.33 

(0.17) 

Univ. of 
Alberta 17 1.11 

(0.13) 
1.24 

(0.09) 
1.11 

(0.13) 
1.21 

(0.07) 
1.41 

(0.14) 

All One-line 
Tests 26 1.14 

(0.11) 
1.28 

(0.10) 
1.14 

(0.10) 
1.20 

(0.12) 
1.44 

(0.14) 

All Two-line 
Tests 10 0.76 

(0.18) 
1.10 

(0.13) 
0.78 

(0.17) 
1.19 

(0.10) 
0.92 

(0.16) 

All Tests 36 1.03 
(0.20) 

1.23 
(0.13) 

1.04 
(0.19) 

1.20 
(0.11) 

1.29 
(0.23) 

Note: Professional factors greater than unity are conservative.  All resistance factors are taken as 1.0. 
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Table 5-2: Professional Factors for Proposed Design Equations 
Professional Factor Mean 

(Professional Factor Coefficient of Variation) Source Number 
of Tests 

Proposed 1 Proposed 2 Proposed 3 

Birkemoe 
and Gilmor 1 1.18 

( — ) 
1.01 
( — ) 

0.91 
( — ) 

Yura et al. 3 1.22 
(0.13) 

1.16 
(0.13) 

0.97 
(0.13) 

Ricles and 
Yura 7 1.03 

(0.10) 
1.03 

(0.10) 
1.01 

(0.12) 

Aalberg and 
Larsen 8 1.21 

(0.20) 
1.17 

(0.07) 
1.01 

(0.11) 

Univ. of 
Alberta 17 1.17 

(0.06) 
1.17 

(0.09) 
1.03 

(0.12) 

All One-line 
Tests 26 1.18 

(0.11) 
1.15 

(0.09) 
0.99 

(0.09) 

All Two-line 
Tests 10 1.09 

(0.12) 
1.09 

(0.12) 
1.08 

(0.15) 

All Tests 36 1.16 
(0.13) 

1.14 
(0.10) 

1.01 
(0.12) 

Note: Professional factors greater than unity are conservative. 

Table 5-3: Parameters for Resistance Factor Calculations 
Parameter Value 

ρM 1.05 
VM 0.068 
ρG 1.017 
VG 0.039 
αR 0.55 
β 4.5 
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Table 5-4: Load Factors and Modification Factors  

Safety Index, β γE γD γL  Φβ 
† 

1.5 1.04 1.05 1.20 1.16 
2.0 1.06 1.06 1.26 1.10 
2.5 1.07 1.08 1.33 1.05 
3.0 1.09 1.09 1.39 1.00 
3.5 1.10 1.11 1.46 0.96 
4.0 1.12 1.12 1.52 0.91 
4.5 1.13 1.14 1.59 0.87 
5.0 1.15 1.16 1.66 0.84 

 

† Based on live load to dead load ratio of 1.0 

Table 5-5: Resistance Factors Required for Safety Index of 4.5 
One-Line Tests Two-Line Tests All Tests Design Standard 

ρR VR φ ρR VR φ ρR VR φ 
CAN/CSA–S16.1–94 1.21 0.13 0.77 0.81 0.20 0.43 1.10 0.22 0.56 

CSA–S16–01 1.36 0.13 0.87 1.17 0.15 0.71 1.31 0.15 0.79 
AISC LRFD 1999 1.22 0.13 0.77 0.83 0.19 0.45 1.11 0.21 0.58 

EC3 ENV 1993–1–1 1.28 0.14 0.79 1.27 0.13 0.81 1.28 0.14 0.80 
AIJ 1990 1.53 0.16 0.90 0.99 0.18 0.56 1.33 0.24 0.67 

Proposed 1 1.26 0.14 0.79 1.16 0.14 0.71 1.24 0.15 0.75 
Proposed 2 1.23 0.12 0.80 1.17 0.15 0.71 1.22 0.13 0.77 
Proposed 3 1.05 0.12 0.69 1.16 0.17 0.67 1.08 0.14 0.67 

Table 5-6: Safety Indices Provided by Design Equations 
Safety Index Provided Design Standard Resistance 

Factor One-Line Tests Two-Line Tests All Tests 
CAN/CSA–S16.1–94 0.77 4.5 1.7 3.0 

CSA–S16–01 0.90 4.3 3.1 3.7 
AISC LRFD 1999 0.75 4.7 2.0 3.2 

EC3 ENV 1993–1–1 0.91 3.6 3.8 3.7 
Proposed 1 0.90 3.7 3.1 3.4 
Proposed 2 0.90 3.7 3.1 3.5 
Proposed 3 0.70 4.3 4.3 4.2 

Note: Resistance factor for AIJ 1990 is not known and therefore this standard has been excluded 



  98

 
Figure 5-1: Load vs. Deformation Results, End Rotation Series 1 

 

 
Figure 5-2: Load vs. Deformation Results, End Rotation Series 2 

 

 
Figure 5-3: Load vs. Deformation Results, End Rotation Series 3 
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Figure 5-4: Load vs. Deformation Results, Gross Shear Area Series 

 

 
Figure 5-5: Load vs. Deformation Results, Edge / End Distance Series 

 

 
Figure 5-6: Load vs. Deformation Results, Bolt Diameter Series 
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Figure 5-7: Load vs. Deformation Results, Section Depth Series 

 

 
Figure 5-8: Load vs. Deformation Results, Connection Depth Series 

 

 
Figure 5-9: Load vs. Deformation Results, Number of Bolt Rows Series 
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Figure 5-10: Load vs. Deformation Results, Number of Bolt Lines Series 

 

 
Figure 5-11: Load vs. Deformation Results, Double Cope Series 

 

 
Figure 5-12: Load vs. Deformation Results, Repeatability Series 
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Figure 5-13: Tension Face Stress Distributions, One-line Connections 

 

 
Figure 5-14: Tension Face Stress Distributions, Two-line Connections 
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Figure 5-15: Test vs. Predicted Capacities, CAN/CSA–S16.1–94 

 
Figure 5-16: Test vs. Predicted Capacities, CSA–S16–01 
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Figure 5-17: Test vs. Predicted Capacities, AISC LRFD 1999  

 

 
Figure 5-18: Test vs. Predicted Capacities, Eurocode 3 ENV 1993-1-1 
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Figure 5-19: Test vs. Predicted Capacities, AIJ 1990 

 
Figure 5-20: Test vs. Predicted Capacities, Proposed 1
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Figure 5-21: Test vs. Predicted Capacities, Proposed 2 

 
Figure 5-22: Test vs. Predicted Capacities, Proposed 3 
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6. Summary, Conclusions, and Recommendations 
6.1 Summary 

Equations currently in use to predict block shear capacity of coped beams have 

been shown to provide inconsistent and often unconservative results (Kulak and 

Grondin, 2000, 2001).  Few full-scale laboratory tests have been completed on the 

subject, resulting in capacity equations largely based on block shear failure of bolted 

gusset plates.  Furthermore, only linear elastic finite element analyses have been 

carried out.  To ensure that an appropriate level of safety is being provided by design 

standards, a comprehensive research program consisting of full-scale tests and 

non-linear finite element analyses was carried out. 

The research program commenced with full-scale testing of 17 coped beam 

connections.  Test parameters examined included end and edge distances, bolt layout, 

double cope, and end rotation.  The last parameter had not been investigated 

previously, with all tests being completed with the beam held horizontal during 

loading.  To better reflect the loading condition in real connections, a rotation was 

applied to some specimens as the load was increased.  Analysis of the load vs. 

deformation results showed that none of the parameters investigated significantly 

affected connection capacity apart from the associated changes in tension and shear 

areas.  Although perhaps counter-intuitive, the application of end rotation was found 

to increase capacity, particularly for two-line connections. 

Non-linear finite element analyses were completed on five of the connections 

tested in the laboratory.  The configurations were chosen to encompass a wide range 

of connection parameters including bolt layout, edge distance, and number of bolt 

lines.  In general, it was found that the complete load vs. deformation response from 

the laboratory tests could not be predicted with the method used.  Various bolt models 

and tear propagation models were used in attempts to refine the analysis and better 

predict the laboratory results, although the model is not yet developed to the point 

where the full response curve can be predicted reliably.  Nevertheless, some useful 

observations could be gleaned from the analyses.  For example, the bolt bearing 

condition, i.e., the location of the bolts in the holes at the beginning of the test, was 
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varied in an investigation into connection stiffness.  It was found that the stiffness is 

highly dependent on the bearing condition.  Fortunately, it was also shown that this 

did not significantly affect the connection ultimate load.  The tearing propagation 

model used in this analysis is not truly representative of the actual process.  Here, a 

blunt crack propagation model was used while a tear is, in fact, significantly smaller at 

the crack tip than that modelled by element removal.  Although this method was 

found by Huns et al. (2002) to predict reasonably the load vs. deformation response of 

bolted gusset plates, it did not do so for coped beams. 

A reliability analysis of current standards from North America, Europe, and 

Japan was completed through assessment of resistance factors and safety indices.  In 

general, few of these standards consistently provide an adequate level of safety for all 

coped beam connections.  Most provide a sufficient level of safety for one-line 

connections, but for two-line connections, a level of safety significantly lower than 

that desired is being provided.  Only Eurocode 3 is found to provide a relatively 

consistent level of safety between one- and two-line connections. 

In an attempt to develop an equation that more closely predicts the experimental 

test capacities, and to improve the disparity in predictions between one- and two-line 

connections, three new design models were presented.  Again, resistance factors and 

safety indices were determined, and these results were compared to those for the 

existing standards.  It was found that by reducing the contribution of the tension area 

to the connection capacity by different amounts for the two connection types, in order 

to account for the non-uniform stress distribution, a consistent level of safety could be 

provided between one- and two-line connections.  Model Proposed 3 was found to 

provide a safety index of 4.3 for both connection types using a resistance factor 

of 0.70. 

6.2 Conclusions and Recommendations 
The number of laboratory tests completed to examine block shear behaviour of 

coped beams has been substantially increased.  Many connection parameters were 

investigated in this research program, but it was found that only the magnitudes of the 
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tension and shear areas significantly affect the connection capacity.  End rotation, a 

parameter that had not been examined prior to this research, was found to increase the 

capacity of these connections.  Due to the variabilities in end rotation that exist in real 

connections and the difficulty in assessing this parameter, it is recommended that end 

rotation not be considered in the prediction of capacity for coped beams, resulting in a 

conservative estimate.  Therefore, only the tension and shear areas need be considered 

in a design equation to reasonably represent this failure mode. 

The numerical analysis carried out in this research program was not capable of 

accurately predicting the full load vs. deformation behaviour of these connections.  

One limitation of the analysis used is the tear propagation model, and further 

development of this may result in accurate predictions.  In this analysis, it was 

assumed that the tear propagates across the tension face instantaneously.  However, as 

the incremental tearing analysis showed, this may not be the case; the tear likely 

progresses slowly, initiating at the bolt hole in the line furthest from the beam edge 

and propagating toward the end of the beam.  A method that accurately defines the 

stress concentrations at a crack tip would likely lead to accurate predictions of load vs. 

deformation behaviour.  The connection initial stiffness was found to be dependent on 

the initial bearing condition of the bolts, although this does not appear to affect 

connection capacity.  Connection stiffness is seldom a parameter for design, so this 

effect may not need to be investigated further, although, if in future numerical work 

the full response curve is sought, this aspect must be considered.  It should be noted 

that the bearing condition wherein all of the bolts in the connection are in bearing with 

the web prior to the application of load results in the upper bound of connection 

stiffness.  With further development of the finite element analysis, focused on the 

propagation of tears, block stress distributions could be determined, from which the 

effects of the various connection parameters could be further evaluated. 

An examination of current design standards shows that few consistently provide 

an adequate level of safety for coped beam connections.  In particular, the capacity of 

two-line connections is poorly represented.  As such, changes to these standards may 

be warranted, either in the form of a reduced resistance factor or, preferably, an 
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improvement in the design model.  In any case, the probability of failure for some 

connections is in some cases currently unacceptable.  The new design model referred 

to as Proposed 3 is recommended for the prediction of capacity for coped beam 

connections.  The model addresses the issue of inconsistency in prediction of capacity 

between one- and two-line connections by reducing the contribution of the tension 

face to connection capacity by different amounts in order to reflect the non-uniform 

stress distributions.  With this model, a consistent level of safety is provided for both 

one- and two-line connections.  Using a resistance factor of 0.70, a sufficiently low 

probability of failure can be ensured, indicated by a safety index of 4.3.  Based on its 

ability to consistently predict the capacity of a wide variety of connection 

configurations, this model appears to represent better the actual failure mode of block 

shear in coped beams than those currently in use. 

Although this research has substantially increased the number of full-scale tests 

and numerical analyses completed on the subject of block shear in coped beams, the 

total number of tests is still small as compared with, for example, block shear in 

gusset plates.  More research on the subject would contribute further to the 

understanding of these connections.  Many connection parameters remain to be 

systematically investigated in the laboratory, such as the block aspect ratio.  The 

numerical analysis also requires further development and, once validated using the 

laboratory test data, a parametric study can be completed to investigate connection 

variables beyond those examined in the laboratory.  Block stress distributions, 

available from numerical analyses, could be used to quantify further the effects of 

these parameters. 
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A. Single-Angle Connections with Slotted Holes 
A.1 Introduction 

The current Canadian steel standard, CSA–S16–01 (CSA, 2001), requires that 

for connections with long slotted holes—i.e., having slot lengths up to 2.5 times the 

bolt diameter—in the outer plies of the joint, a plate washer must be installed to 

prevent pull-out of the bolts.  A plate washer is a washer built from plate 8 mm or 

greater in thickness that is large enough to cover completely the slot after installation 

and can be provided individually or in a continuous bar.  Pull-out occurs in a 

connection without plate washers when the slotted holes deform sufficiently to allow 

the bolt head or nut to pull through the hole.  In order to economize fabrication and 

installation costs, it is desirable not to use plate washers.  No testing has been 

completed to show that pull-out of the bolts does, in fact, occur in these connections.  

As such, five tests on single-angle connections with slotted holes and without plate 

washers were conducted.  The eccentricity inherent in single-angle connections makes 

them susceptible to failure by pull-out of the bolts.  A description of the test 

specimens, set-up, instrumentation, and results is presented below.  Conclusions and 

recommendations for future work are also presented. 

A.2 Description of Test Specimens 
Five single-angle connections with slotted holes and without plate washers were 

fabricated using L102x102x6.4 angles.  The connection parameters investigated were 

bolt location in the slot, length of the slot, number of bolt rows, and bolt diameter.  

Nominal connection configurations are shown in Figure A-1 and as-built dimensions 

are listed in Table A-1.  Test I was the baseline test and represented a typical 

connection in which the depth is a significant portion of the beam section depth.  

Minimum end and edge distances and standard 19.1 mm (3/4") bolts were used.  Slot 

dimensions of 21 mm x 32 mm were used since this is the standard slot size used by 

the fabricator who supplied the specimens, and the bolts were installed in the middle 

of the slots.  Test II was completed on an identical connection angle to Test I, but the 

bolts were installed at the end of the slot away from the support column.  This 

increased the flexibility of the connection due to the larger eccentricity of the 
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connection centre of resistance from the support column.  The effect of slot length was 

investigated through Test III, which had all connection dimensions equal to those of 

Test I and used 19.1 mm bolts but had 45 mm long slots.  This represents a slot length 

of 2.4 db , which is near the upper limit permitted by CSA–S16–01 (CSA, 2001).  

Test IV was a three-bolt connection using 19.1 mm bolts and had a larger bolt spacing 

(102 mm) with 21 mm x 32 mm slots.  Again, the connection depth is a significant 

portion of the beam section depth but, in this case, only three bolts were used resulting 

in higher bearing stresses at the bolts.  Larger diameter bolts (25.4 mm) were used in 

Test V with the same bolt spacing as Test IV.  The fabricator’s standard slots for 

25.4 mm bolts, with dimensions of 27 mm x 42 mm, were used.  Minimum end and 

edge distances were used for this connection, as well.  All slots tested are long slots, 

as defined by CSA–S16–01 and AISC LRFD 1999, and A325 bolts were used for all 

connections. 

The angles were connected to the reaction column through two 25.4 mm (1") 

A325 high strength bolts.  A 12.7 mm (1/2") thick cover plate was attached to the 

angles on the column-side leg to reduce the angle deformation.  The connections were 

designed such that shear failure of the outstanding (connection-side) leg of the angle 

was the governing failure mode, as per CSA–S16–01. 

The angles were produced from CAN/CSA–G40.21–98 350W steel (CSA, 

1998), although material property tests (e.g., tension coupon tests) were not completed 

and mill reports were not available.  Although the nominal tensile strength for this 

steel grade is 450 MPa, a value of 500 MPa is assumed herein, which has been shown 

to be typical for 350W steel. 

The beams for all tests were W410x46, and the same beam was used for Tests I, 

II, and III.  Its connection configuration was identical to that of Connection A1 from 

the block shear tests, shown in Figure 3-1, except for increased end and edge distances 

of 50 mm and 40 mm, respectively.  These were used, rather than minimum distances, 

so that the beam would have only minor damage at the end of each test and could be 

re-used.  For Tests IV and V, beam connections identical to those of Connections C1 



 117

and D1, respectively, were used.  All holes on the beams were standard sized, round 

holes and were punched.  The beam web thickness was greater than the angle 

thickness to ensure that failure would occur in the angles.   

A.3 Description of Test Set-up 
The basic test set-up for this research program was nearly identical to that used 

in the block shear tests, which is described in section 3.4.  Figures 3-2 through 3-5 

show the basic test set-up, although in the slotted angle test series, some modifications 

were made.  At the load point, the knife edge was replaced by a small-diameter 

spherical bearing to accommodate any beam twisting that might occur.  This bearing 

assembly allows rotation in all directions.  Additional lateral support was provided for 

all tests to both sides of the top flange of the beam at the cope using an assembly 

similar to that used at the load point.  This was added to approximate the restraining 

effect of a metal or concrete deck attached to the beam top flange.  Another support 

was added to the bottom flange at the end of the beam away from the tested 

connection to restrain beam twisting.  Rollers identical to those used on the top flange 

at this location were used at the bottom flange on both sides of the beam.  This 

represented the effect of beam-to-beam bracing typically found in structures. 

A.4 Instrumentation 
All instrumentation used in the block shear tests, as described in section 3.5 and 

shown in Figure 3-6, was also used in these tests.  This includes measurements of load 

in both the loading and reaction jacks, vertical displacements at four locations (bottom 

flange and top of web at the connection, the load point, and the reaction point), 

rotation of the connection, and strain distribution at mid-span.  Additional 

instrumentation was added to investigate other connection parameters in the slotted 

hole tests.  A graphical representation of this instrumentation is shown in Figure A-2.  

Vertical displacement of the top and bottom of the connection angle were measured to 

assess angle deformations.  Lateral displacements in the connection were measured at 

four locations—two each on the angle and the beam—by cable transducers attached to 

the connection in line with the row of bolts, directly above the topmost bolt and 

directly below the bottom bolt.  These displacements were also used to assess the 
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twist of the connection about the axis of the beam.  The connection twist was 

calculated using the difference in the displacements at the top and the bottom of the 

connection and the linear distance between the two measurements.  This quantity 

assumes that the angle and the beam rotate as rigid bodies and that no localized 

deformations occur.  Although this is not a true representation of the connection twist, 

it provides a reasonable estimate up to near the ultimate load. 

A.5 Specimen Installation and Test Procedure 
The test angles with cover plates were first attached to the reaction column and 

the bolts were tightened by the turn-of-nut method, as described in CSA–S16–01 

(CSA, 2001).  The test beam was then moved into the test apparatus, levelled, and 

attached to the connection angle.  New 19.1 mm (3/4") or 25.4 mm (1") bolts were 

installed and tightened to the snug-tight condition.  The bolts were installed with the 

head on the beam side of the connection and the nut on the angle side with a single 

standard hardened washer placed between the angle and the nut.  The threads were not 

in the shear plane.  The loading assembly (roller and spherical bearing) was then 

placed in the apparatus and the four lateral supports were installed. 

The loading procedure is described in section 3.6.  As the load was applied to 

the connection, data readings were taken at regular intervals.  Electronic readings of 

load, displacement, rotation, and strain were taken at 10 kN load increments or 

0.25 mm displacement increments.  Connection deflection was increased until either 

the angle had completely fractured or the connection load had decreased significantly.  

No end rotation was imposed on these connections by lowering of the reaction jack.  

A.6 Test Results 
Two failure modes were observed in the five connection tests.  Tests I, II, and 

III all failed by shear failure of the connection angles, as depicted in Figure A-3.  For 

each test, a load vs. deflection curve is presented to show the response of the 

connection.  These are shown in Figures A-5 through A-7.  The vertical axis of these 

graphs is the connection vertical reaction and the horizontal axis is the deflection of 

the bottom flange of the beam directly in line with the line of bolts.  Table A-2 lists 
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the connection ultimate load and the displacement and twist of the connection at 

ultimate for each test.  In Test II, the connection was unloaded and re-loaded at a 

connection deflection of approximately 20 mm.  For Test I and for the first part of 

Test II, a knife edge was used in the loading assembly to prevent unwanted rotational 

restraint at that location.  However, it was noted during Test II that the beam had 

slightly twisted about its axis causing a stability problem in the loading assembly.  To 

mitigate this problem, the connection was unloaded and the knife edge was replaced 

by a small-diameter spherical bearing, which allows rotation in all directions.  The test 

was continued with this bearing and the connection was loaded to failure.  The 

remaining tests were completed using the spherical bearing.  

The connection failure mechanism was similar in these three tests.  Failure 

initiated with small tears propagating downwards from the bottom bolt hole to the end 

of the angle, first observed at a connection load of 85% to 90% of the connection 

ultimate load.  Small tears then formed at the second bolt from the bottom of the 

connection followed by total shear failure of the angle.  Little deformation of the beam 

occurred during these tests. 

For Tests IV and V, shear failure did not take place. Rather, a combined angle 

and beam failure occurred involving tilting of the bolts about the axis of the beam.  

Photographs of the failed specimens are shown in Figure A-4 and the load vs. 

displacement curves are shown in Figures A-8 and A-9.  For the two cases, the series 

of events was nearly identical.  The failure initiated with fracture of the angle beneath 

the bottom bolt in a bearing-type failure mode at connection loads of approximately 

95% to 100% of the connection ultimate load.  Cracks propagated from the bottom 

bolt hole to the end of the angle on both sides of the bolt (see Figures A-4(a) and (b)).  

Following this, the top bolt of the connection began to tilt, slightly, about the axis of 

the beam.  The angle then bent out of plane between the bolts, as seen in 

Figures A-4(c) and (d).  Subsequently, the beam failed at the top bolt hole with a 

crack propagating from that hole to the beam edge (Figures A-4(e) and (f)), and this is 

indicated in the load vs. deformation plots as a drop in load at approximately 22 mm 

and 18 mm for Tests IV and V, respectively.  Further increases in connection 
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deflection caused tilting of the middle bolt about the axis of the beam.  Although the 

angles were not completely fractured, the tests were terminated when the connection 

deflections became large. 

None of the five connections failed due to pulling-out of the bolts.  Although 

Tests IV and V exhibited failure mechanisms that have some of the characteristics of 

pull-out, the failure mechanism was initiated by bearing failure of the bottom bolt and 

the remaining bolts did not pull through the slotted holes. 

The connection twisting response for each test is shown in Figures A-10 through 

A-14, wherein the sign of the twist is defined in the key diagram.  The curves show 

the twist of the angle and of the beam for the duration of the test.  The twist is 

calculated from the two lateral deflection measurements taken at the top and bottom of 

the connection and the vertical distance between them.  This assumes a rigid body 

rotation of the connection and does not account for localized deformations that may 

affect the displacement measurements.  This is a reasonable approximation of the 

connection behaviour until significant localized deformations occurred, usually close 

to the ultimate connection load.  The ultimate deflection of the connection is, 

therefore, marked on each curve to indicate, approximately, when localized 

deformations may have affected the results significantly.  It can be seen from the 

figures that the measured connection rotations were small prior to reaching the 

ultimate connection load, seldom exceeding 1º.  It is believed that for a pull-out 

failure to occur, the connection rotations need to be larger than those exhibited in 

these tests. 

The connection ultimate loads were significantly lower than expected.  Table 

A-3 lists the connection ultimate reaction measured in the laboratory as well as the 

predicted shear and bearing failure loads as calculated according to CSA–S16–01 

(CSA, 2001) and AISC LRFD 1999 (AISC, 1999).  The resistance factors in these 

calculations have been taken as 1.0.  For the Canadian standard, the shear failure 

criterion governs in all cases, but the predicted capacity is up to 55% higher than the 

test ultimate capacity.  The American standard uses the same shear failure criterion as 
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CSA–S16–01 but uses a different bearing criterion.  In the Canadian standard, no 

provision is made for the effect of end distance of the connection on the bearing 

capacity, while this is included in the American standard.  As well, the American 

standard reduces the bearing capacity of connections with long slots compared to 

connections with round holes or short slots.  Bearing capacity governs for Test IV 

when using the American standard but the capacity is still over-predicted, in this case 

by 21%.  It should be noted that these capacities are based on an assumed tensile 

strength, Fu , of 500 MPa.  Although this is a typical value of tensile strength for 

350W steel, any increase in material strength would result in even higher predicted 

capacities.  It is concluded, therefore, that single-angle connections with slotted holes 

and without plate washers may have a reduced capacity when compared to 

connections with round holes, although pull-out of the bolts appears unlikely to 

represent the failure mode.  Further testing is required to confirm this observation. 

A.7 Conclusions and Recommendations 
Tests of five single-angle connections with slotted holes and without plate 

washers were completed.  The connections were loaded to failure and load vs. 

deflection data were gathered.  Two failure modes were observed.  Three connections 

failed in pure shear, as predicted by the Canadian standard, and two failed in a 

combination of bolt bearing and tilting.  Pull-out of the bolts was not observed.  

Regardless of the failure mode, the connection ultimate load was lower than predicted 

by both the Canadian and American standards.  Predicted capacities based on as-built 

connection geometries and an assumed material strength were approximately 10% to 

55% lower than the predicted value.  It was therefore concluded that the use of 

connections with slotted holes and without plate washers may result in a reduction in 

capacity, but more testing is required to quantify the variables involved.  Many 

parameters that have not been examined here need to be investigated, including the 

effects of end and edge distances, lateral restraint, and slot dimensions.   

The research program described above considered only a small number of 

connection parameters and consisted of few tests.  Therefore, recommendations for 

changes to the practice of using plate washers for connections with slotted holes 
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cannot be made with confidence.  Although pull-out of the bolts did not occur, a 

reduction in capacity from that predicted by North American standards was noted.  
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Table A-1: As-Built Connection Dimensions 

Connection 
Designation 

es1 
(mm) 

s1 
(mm) 

s2 
(mm) 

s3 
(mm) 

es2 
(mm) 

I 24.9 75.2 75.1 75.1 25.2 
II 25.0 74.4 75.7 74.8 25.4 
III 24.3 75.0 74.4 74.7 25.3 
IV 24.8 102.3 101.8 — 22.7 
V 31.7 103.3 102.2 — 33.0 

 
Connection 
Designation 

 eg
† 

(mm) 
 dslot

† 

(mm) 
 lslot

† 
(mm) 

t 
(mm) 

Bolt Location 
in Slot 

I 26.0 20.3 31.4 6.395 middle 
II 26.3 20.3 31.4 6.444    end †† 
III 24.4 21.7 44.4 6.488 middle 
IV 27.4 20.3 31.4 6.477 middle 
V 33.8 26.8 42.1 6.342 middle 

 

† Mean values for all bolt holes in connection. 
†† Bolt installed at end of slot away from outstanding leg of angle. 
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Table A-2: Test Results Summary 

Connection 
Designation 

Ultimate Connection 
Vertical Reaction 

(kN) 

Displacement of 
Bottom of Connection 

at Ultimate (mm) 

Twist of 
Beam at 

Ultimate† (º) 

Twist of 
Angle at 

Ultimate† (º) 
I 338.3 32.5 0.46 0.84 
II 319.2 28.2 -0.76 0.60 
III 316.6 23.5 0.26 0.41 
IV 239.6 10.2 -0.54 -0.06 
V 268.6 10.1 0.04 -0.09 

 

† Positive values indicate twist in same direction as eccentricity 

Table A-3: Predicted Capacity Summary 

CAN/CSA–S16–01 AISC LRFD 1999 
Connection 
Designation 

Ultimate 
Connection 

Vertical 
Reaction (kN) 

Shear 
Capacity 

(kN) 

Bearing 
Capacity 

(kN) 

Shear 
Capacity 

(kN) 

Bearing 
Capacity 

(kN) 
I 338.3 373 733 373 414 
II 319.2 375 738 375 419 
III 316.6 364 744 364 419 
IV 239.6 371 557 371 289 
V 268.6 362 725 362 384 

 

Note: Capacities based on measured geometry and assumed tensile strength (Fu) of 500 MPa.  All 
resistance factors taken as 1.0. 
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Note: All angles L102x102x6.4 

 

Figure A-1: Nominal Connection Properties 
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Figure A-2: Additional Connection Instrumentation 
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(a) Test I 

 

 
(b) Test II 

 

 
(c) Test III 

 

Figure A-3: Connections Failed in Pure Shear
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(a) Test IV – Angle 

 

 
(b) Test IV – Bolt Tilting 

 

 
(d) Test IV – Beam 

 

 
(b) Test V – Angle 

 

 
(c) Test V – Bolt Tilting 

 

 
(e) Test V – Beam 

 

Figure A-4: Connections Failed by Bolt Bearing and Tilting 
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Figure A-5: Load vs. Deflection Curve, Test I 

 

 
Figure A-6: Load vs. Deflection Curve, Test II 
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Figure A-7: Load vs. Deflection Curve, Test III 

 

 
Figure A-8: Load vs. Deflection Curve, Test IV 
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Figure A-9: Load vs. Deflection Curve, Test V 

 

 
Figure A-10: Twist vs. Deflection Curve, Test I 
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Figure A-11: Twist vs. Deflection Curve, Test II 

 

 
Figure A-12: Twist vs. Deflection Curve, Test III 
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Figure A-13: Twist vs. Deflection Curve, Test IV 

 

 
Figure A-14: Twist vs. Deflection Curve, Test V




