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Abstract 
Multilevel converters (MLCs) have been widely accepted for decades in various applications, e.g. 

high-voltage transmission systems, medium-voltage drive systems, distributed generation inte-

grations, low voltage power supply, etc. During the evolution of power electronics equipment, a 

large number of MLC topologies and pulse-width modulation (PWM) schemes are proposed. Due 

to the sophisticated topology structure of MLCs, the topology derivation and PWM design meth-

ods are normally case-by-case and lack generality. While the concrete methods that emerged dur-

ing the development of MLCs are still ambiguous and lack systematic methodology.  

At present, more new topologies keep emerging, resulting in a large number of circuits with 

resembling structures and similar features which require systematic analysis and optimal design. 

To better understand the relationship of various MLC topologies, the general relationships of 

power converters are systematically discussed in this work, and new relationships are discovered 

and elaborated, especially for the voltage-source converters (VSCs) and current-source converters 

(CSCs). In addition to the famous duality principles, the novel isomorphic relationships of VSCs 

and CSCs are firstly revealed in the power converter field with thorough theoretical discussions 

and simulation/experimental verifications. To facilitate the derivation process of MLCs, the stage-

based uniform structures are also derived from the structure-level duality and the equivalence 

and implemented for systematic topology synthesis and derivation for not only multilevel VSCs 

and CSC, but also matrix converters. Several newly proposed topologies are demonstrated as ex-

amples with practical considerations and experiments on a special 5-level case. 

To facilitate the PWM design process, a universal carrier-based PWM design method through 

hierarchical method is proposed. It iteratively utilizes the identical circuits in converters and can 

provide an exhaustive list of carrier-based PWM schemes for the non-modular MLCs, e.g. active-

neutral-point-clamped (ANPC) based converter. Based on this methodology, the novel phase shift 

PWM for improvement of loss distribution, the systematic simplification of ANPC converters and 
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systematic fault tolerant operation under multiple fault switches are also investigated, which also 

has potentials for other ANPC-based derivatives. Various 4-level and 5-level PWM design cases 

are elaborated with both theoretical investigations and experimental verifications in this work. 

With the systematic knowledge of theory/circuit/structure/modulation level of MLCs, this 

work will simplify the topology derivation and PWM design process over conventional case-by-

case methods and provide different innovation perspectives for MLC research. 
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Chapter 1  
Introduction1 

 

In this chapter, the innovations of multilevel converters are highlighted among various milestones 

during the development of power electronics. Then, two challenges of converter design are dis-

cussed: topology derivation and PWM design. As general-purpose tools, circuit theory and graph 

theory have great potentials to facilitate the design process, which are also introduced in short. 

Motivated by the current research challenges in the multilevel converter, the objectives and the 

contributions of this work are summarized at last, which is focused on four levels in terms of the-

ory, circuit, structure and PWM of multilevel converters. The general logic structure of this chap-

ter is summarized in Figure 1-1. 

1.2 MULTILEVEL CONVERTERS
      RESEARCH REVIEW

CH1: INTRODUCTION

1.1 MULTILEVEL CONVERTERS 
      IN THE INDUSTRY

1.3 CIRCUIT THEORY AND GRAPH THEORY IN POWER ELECTRONICS

Topology derivation

Modulation design

Duality Cycling phenomenon Isomorphism

Conventional achievements

Some promising trends

 
Figure 1-1 Logic structure of Chapter 1. 

 

1.1. Multilevel converters in the industry 

1.1.1   Multilevel converters for conventional applications 

Since the beginning of power conversion techniques, the accurate waveform had been never easy 

to generate through the limited functions of available devices and the applicable topologies. This 

was also true even after the advent of SCRs. To overcome such limitation, filed in 1961, the 

 
1 Publications out of this Chapter: 
 
Yuzhuo Li and Yunwei Li, "The Evolutions Of Multilevel Converter Topology," in IEEE Industrial Electronics Magazine, 2021, in press. 
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magnetic coupling method was implemented to generate a multilevel voltage in the three-phase 

system using square wave per module [1]. Filed in 1964, a similar idea was introduced for aircraft 

applications, which featured lightweight, low harmonic distortion, and high efficiency [2]. Later, 

in 1969, McMurray filed the patent for a stepped-wave converter which can be considered as the 

predecessor of well-known cascaded H-bridge (CHB) converters [3]. And then, this topology was 

perfected by the following researchers and resulted in the “modern” CHB converters at present 

[4], [5]. Meanwhile, more topologies were developed featuring the multilevel outputs, such as 

neutral-point-clamped converter [6], [7], flying capacitor-clamped (FCC) converter [8], active 

neutral-point-clamped converter [9], modular multilevel converter[10], hybrid-clamped con-

verter [11], etc.  

On the other hand, high-power devices like thyristor and GTO are commonly adopted for tra-

ditional CSCs [12]. Another commonly used device is IGCT, which has an even current distribu-

tion in the silicone and enhanced reliability due to redundant stages when connected in series [13]. 

Though the devices in CSCs require the reverse voltage blocking capability, the inherent lower 

dv/dt, easier short-circuit protection and controllable regeneration features led this type con-

verter very popular for utility-scale power transmission and high-power drives [12]. However, 

compared to the thriving VSCs covering applications in almost all the power levels, the behind-

hand performance of switching devices and bulky DC chokes makes CSCs struggle to expand their 

applications, which in turn, results in relatively low interests on developing new CSCs. Recently, 

advanced active/passive devices are emerging and have been applied in practice [14], as well as 

show some promising development of CSCs penetrating the territory of VSCs [15]-[17]. 

Historically, the multilevel concept has been introduced in a more general way for the very early 

stage of direct AC-AC converters, e.g. three-to-single-phase cyclo-converter (CCV) [18], [19]. The 

approach of a practical CCV that synthesizes the AC output waveforms by actively selecting the 

proper multiple AC inputs in predefined operational sectors is fundamentally the same as the 

present MLCs (with “AC inputs” replaced by “DC inputs”) [19], [20]. Around the 1980s, the excel-

lence of CCVs in certain power ratings (e.g. MW-scale or lower) was challenged by the upcoming 

matrix converters and other two-stage AC-AC configurations, e.g. back-to-back VSCs [12], [21]. 

The conventional matrix converters burst out in fierce market competition, however, end up with 

desolate commercialization [22]. Recently, following the similar paths of VSCs and CSCs, some 

“old-fashion” matrix topologies integrated with WBG devices are gaining increasing attention 

thanks to component-level improvements and more advanced design [23], [24]. 

As of today, various MLCs have been widely applied in the industry owing to their merits like 

high-quality output, reduced voltage/current stress on semiconductor devices, reduced device 
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switching frequency, low electromagnetic interference (EMI), and so on [7], [25]. Till present, 

there have been approximately 10,000 papers of MLCs published on IEEE Xplore, as shown in 

Figure 1-2. Passing through the turn of the 21st century, the research quantity of MLCs experi-

enced tremendous growth. Meanwhile, some topics like converter topology, power grid, control 

strategy, gained major attention in this field (see Figure 1-3 for details). Predictably, this growth 

trend of research papers will continue in the near next years. 

2019

1990

2005

1995

2000

2010

2015

 
Figure 1-2 Numbers of MLC papers published on IEEE Xplore (1990~2019). (Note that the numbers are 
obtained directly from the search results from IEEE Xplore and there could be a small number of unre-
lated papers.) 

 
Figure 1-3 Diversity of research topics of MLC papers published on IEEE Xplore (1990~2019). (Note that 
all topics are obtained from the default setting from IEEE Xplore and there could be overlaps in some.) 
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In general, MLCs can be classified as three types, namely the voltage-source MLCs [26], the 

current-source MLCs [12], and the matrix MLCs [27]. A more detailed classification of existing 

MLC topologies is summarized in Figure 1-4. For medium-voltage high-power applications, volt-

age-source cascaded H-bridge (CHB) converter has been commercialized successfully [28], [29], 

e.g. GH180 (Siemens), ACS5000 (ABB), PowerFlex6000 (Rockwell), MV700 (Ingeteam), 

MV1000 (Yaskawa), Altivar1200 (Schneider), etc. Such topologies with multiple isolated DC links 

are normally consists of single/shared DC-link topology as basic modules. In a single-phase or 

multiple-phase system, an MLC with a single/shared DC link is referred to as the converter with 

(1) only one dc source; (2) with several non-isolated and series/parallel connected dc sources that 

are shared by all phase-legs simultaneously. Some of these kinds of voltage-source MLCs have 

been applied in industry [28], [29], e.g. SM series (Siemens), ACS series (ABB), MV series (GE), 

MV series (Ingeteam), etc. Current-source MLCs and matrix MLCs with shared DC link can also 

be found in literature, e.g. multicell current-source MLC [30], diode-clamped indirect matrix 

MLC [31], just to name a few. 

VOLTAGE-SOURCE MULTILEVEL CONVERTER

Neutral-point clamped

Neutral-point-piloted

H
yb

ri
d 

cl
am

pe
d 

Active-neutral-point clamped

 Flying-capacitor clamped

CURRENT-SOURCE MULTILEVEL CONVERTER

Modular multilevel cascade 
converter (MMCC) family

Modular multilevel converter 

Cascaded H-bridge

Single-rating Inductor

Multi-rating Inductor

Two-stage

H-bridge with inductor cell

MATRIX-TYPE MULTILEVEL CONVERTER

Indirect matrix converter (IMC) Direct matrix converter (DMC)

Voltage-source part Current-source part 
Flying-capacitor

Four-leg
 

Figure 1-4 Classification of existing MLC topologies. 

 

1.1.2   MLCs for promising low-voltage applications 

Besides conventional applications, MLCs have also been increasingly accepted in some low volt-

age (and/or current) applications. Topologies like three-level active neutral-point-clamped, flying 

capacitor-clamped, T-type neutral-point-clamped have become increasingly popular in applica-

tions like PV inverters and electric vehicle drives (which have relatively low voltage ratings, e.g. 

400V-1500V) [32]-[36]. In applications with even lower voltage, e.g. power supply and LED 
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driver, MLCs are also gaining their popularity [37]. Recent technology can even integrate multi-

level converter into integrated circuits [38]-[40]. 

Looking back into the history of power conversion techniques, the multilevel concepts have 

been already proposed for some high-performance applications (e.g. lightweight, high efficiency, 

reduced cost, etc.) since the very early stage of power electronics. The use of combinations of ca-

pacitors for producing high voltages can be traced back to the 19th century [41]. Such a technique 

is one of the iconic features of modern MLCs. In 1863, the Hungarian physicist, Ányos Jedlik, 

introduced the first voltage multiplying capacitor battery system, which can be considered as the 

origin of the “switched capacitor” technique and was named as “chain of Leyden jars” back then 

[42].  

Sixty years later, in 1923, the Marx generator was invented for the R&D of lightening through 

the same concept, but with different device technique [43]. Though this type of topologies was 

implemented in extremely high voltage fields at first (prior 1950s), the shrink of their volume 

happened soon after the advent of semiconductor-based switches [43]. The miniaturization of 

commercial electronic equipment drove the inductor-less power conversion into surprisingly high 

density and efficiency. Even now, it is not difficult to see the gene of the Marx generator in some 

modern MLCs, e.g. derivatives of MMC [44], PV inverter [45], ANPC converter [46], etc. In recent 

years, switched-capacitor-based MLCs are emerging in the literature to achieve reduced circuit 

complexity and decent performance [47]. Some of them also feature the voltage self-balancing 

and voltage boosting capability to cope with the high input-output voltage ratio within a single 

power conversion stage [48], [49]. Yet, the core ideas have not been much evolved since the early 

era of this technique, i.e. a similar methodology can be found in Baker’s patent filed in 1977 [50]. 

Moving forward from the pre-SCR period, another type of MLCs using a magnetic coupling 

technique was introduced. For instance, Amato’s patent filed in 1960 managed to generate a five-

level stepwise waveform by utilizing a multi-switch structure [51]. It targeted portable applica-

tions with a potential lighter weight, smaller size, higher efficiency, and lower harmonic distor-

tions. Other examples are Heinrich’s patent filed in 1961 [52], Garnett’s patent filed in 1964 [2], 

and Nard’s patent filed in 1967 [53], which were invented for similar reasons. Nearly 50 years 

later of Amato’s patent, the in-leg magnetic coupling technique was introduced as another ap-

proach for multilevel waveform synthesis [54]. Another way is to use the interleaved technique, 

like the multiphase MLC system introduced in 1962 [55], or the motor drive system in 1983 [56]. 

Essentially, the same method could also be found in some emerging MLCs [57], [58]. Recently, 

the interleaved technique is further generalized by introducing the internal parallel concept in 

MLCs [59], [60]. 
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In addition to the magnetic coupling method, another multilevel technique, i.e. unfolder struc-

ture/operation was also received some early attention back in the 1960s and 1970s [61]-[63]. This 

type of MLCs normally divides the circuit into two parts: one is for multilevel DC waveforms (i.e. 

high-frequency operation); one is for the AC waveform synthesis (i.e. low/line frequency opera-

tion) [64]. Until recently, such configurations started to draw some increasing attention once 

again [65], [66]. The synergetic nature makes this type of converter naturally gain re-balance of 

the power loss, therefore, offering an extra degree of design freedoms. In fact, similar ideas can 

also be found in literature, e.g. cascaded DC-DC stage handling the major switching actions, while 

the DC-AC stage only dissipates minimum switching loss [67]-[69]. 

Different from the medium and high voltage applications, the scaling laws of MLC could be 

different due to the physical limits of passive/active devices in low-voltage area, and enable the 

use of a wide range of topologies, including those that are originally unfavorable in medium and 

high voltage applications. For example, topologies with difficulty in DC voltage balancing are ap-

parently impractical in medium voltage applications, but when in low voltage applications, bal-

ancing circuit becomes a feasible solution. As the demand for MLCs keeps increasing, it can be 

anticipated that new topology will keep emerging in the future. While seeking new topologies, 

systematic topology derivation and the PWM design approach can greatly facilitate the implemen-

tation of topologies in practice.  

 

1.2. Multilevel converters research review 

The performance of power converters has been greatly improved since the 1900s thanks to im-

proved devices, circuits, manufactures, design methods, etc. As the performance of the power 

converter approaching its limits, the manual design becomes less efficient with dramatically in-

creasing workloads, especially when considering millions of combinations of different materials 

and layouts of components [70]. To reduce manual duty and accelerate the design process, auto-

mation methods are emerging in recent years [71]. Meanwhile, multi-physics and/or multi-objec-

tive optimizations are also introduced to push the limits of power converter even further [72], [73]. 

In recent years, virtual prototype [74], artificial intelligence [75], have also been studied. Like 

other digital techniques, these new methods normally benefit from the great advancement of com-

puter science as well as profound understandings of the power converter.  

As for MLCs, they normally have much more complicated circuits compared to other converters, 

therefore, demanding a lot more design efforts. To date, over three thousand papers (nearly one-

third of all the MLC papers) have been published on IEEE Xplore regarding three-level converters. 

The research volume is stimulated by both the growing industrial needs and the deepening 
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knowledge from academia. As the research on three-level topologies approaching saturation, 

more and more research efforts are committed to higher-level converters with increased complex-

ity. Higher complexity comes with more topological derivations and operation/control freedoms. 

This can be reflected in the recent MLC research. 

In practice, to find the proper power converter for a specific application, both the topology and 

its operation methods should be considered in a synergic way. First, the design possibilities could 

be fundamentally constrained by the topology. Without well-established topology database, the 

design results could not be comprehensive in general. Besides, proper modulation/control strat-

egies are necessary to ensure the basic operation. Without considering various applicable PWM, 

the design results could be narrow and limited. Therefore, both the topology and the operation 

method are of great importance for developing advanced MLCs. In the following sections, the 

current topological derivation methods and PWM methods will be briefly reviewed to elaborate 

on this opinion. 

 

1.2.1   Derivation methods of multilevel converters 

Research of topological structures of voltage source MLCs can be traced back as early as in 1980s 

[76]. They typically consist of multiple DC links and the switching networks that can be controlled 

to select proper voltage levels during operation. Different switching networks could lead to differ-

ent topologies, e.g. the family of diode-clamped MLCs introduced in [77]. In recent two decades, 

numbers of studies have also been reported in literature focusing on not only voltage-source MLCs 

but also current-source MLCs, as shown in Figure 1-5 [78]-[82].  

Abstract structure

CURRENT-SOURCE 
MULTILEVEL CONVERTER

DERIVATIONS OF MULTILEVEL CONVERTERS

General topology

Duality derivations

General topology

Decouple structure

Basic-cell derivations

VOLTAGE-SOURCE 
MULTILEVEL CONVERTER

 
Figure 1-5 Derivation methods of multilevel converters. 

 

A generalized self-balancing MLC is proposed in [78], from which several existing voltage-

source topologies, e.g. diode-clamped and capacitor-clamped topologies, can be derived. In [78], 

the concept named level line is used to explain the output voltage level based on the natural struc-

tural division of this self-balancing topology. Though the generalized topology is composed of 
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minimal cells (such as half-bridge or three-level cells), systematic topology derivation is difficult 

to be realized based on the suggested procedure. More importantly, some topologies (such as SMC, 

switched capacitor MLC) are hard to be explained or analyzed based on this generalized self-bal-

ancing MLC.  

In [79], a concept that divides a specific hybrid voltage-source multilevel topology into two 

functional parts, named level generation and polarity generation, is proposed to establish the link 

between the topological structure and its operation. However, this concept cannot be generalized 

to other kinds of voltage-source multilevel converters as 1) it limits the relationship between the 

two parts must be low-frequency coupling; 2) it can only represent one fixed structure for a spe-

cific type of MLC.  

Recently several voltage-source topology derivation methods are summarized in [80], which 

can cover a large number of topologies and can be considered as a good extension to the general-

ized topology in [78]. Attempts were given to highlight some specific rules based on expertise. For 

example, in [80], two types of derivation methods are reviewed for voltage-source converters 

(VSCs): 1) generalized-topology method; 2) basic-cell method. Based on the former type, one 

needs to get a general topology first, and then simplify it according to various requirements. The 

general principles of topology deduction can hardly be obtained in this way. While the second one 

limits the basic cells self-balanced, which makes the topology deduction lose generality. In fact, 

some general structures of voltage-source MLCs are summarized in [65], [66]; however, without 

clear mathematical interpretations, which are difficult to be implemented for other types of MLCs. 

To derive current-source MLCs, dual principles are normally utilized to facilitate the topological 

derivation process [81], [82]. In [81], the duality principle is utilized to construct the current-

source MLCs topologies based on the existent voltage-source MLCs topologies. In [82], such du-

ality principle is also utilized for MMC derivation considering both the sub-modules and cell con-

nections. In addition to dual principles, some research works utilize the common structure of 

MLCs, intentionally or unintentionally, to help their derivation process of new topologies [66]. 

The derivation methods of matrix-type MLCs are barely discussed in the literature, even though 

there are several types of topologies published as shown in Figure 1-4. The structure of matrix-

type MLCs is more complicated than the other two types, which normally requires a large number 

of active devices and special design consideration [27], [31].  

 

1.2.2   PWM design methods of multilevel converters 

A properly designed modulation scheme can greatly improve the performance of converter, which 

is critical for real-world requirements, e.g. output power quality, thermal management capability, 
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power density, device volumes, and so on [83]. However, due to the sophisticated topology struc-

ture of MLCs, the design methods are normally case-dependent and lack of generality. There are 

several modulation methods in general (as summarized in Figure 1-6), such as carrier-based 

PWM (CB-PWM), space-vector-based PWM (SVM), low-frequency modulation, etc. [84]-[89]. 

As one of the classical low-frequency modulation method, selective harmonic elimination (SHE) 

typically operates the converter in a very low switching frequency and utilize limited pulses within 

one fundamental period to eliminate the selected harmonics [89]. This type of methods can guar-

antee a low total harmonic distortion and switching losses, and well developed for high-power 

applications where the device switching frequency is dominantly limited by hardware constrains. 

The basic theory is to tune the output pulses and eliminate certain harmonics through Fourier 

transform (normally a precalculated table is needed for different operation conditions) [89]. As 

for model predictive control (MPC) based modulation, it is quite straightforward for a conven-

tional two-level/three-level converter. However, the computation burden could dramatically in-

crease for MLCs with a large number of output levels. Besides, there could be many pulse patterns 

which further increases the design complexity [88]. The same issues will emerge when dealing 

with SHE method. 

Level-shift PWM

MODULATION DESIGN METHODS OF 
MULTILEVEL CONVERTERS

CARRIER-BASED 
PWM

SPACE-VECTOR-
BASED PWM

LOW-FREQUENCY 
MODULATION

SOME OTHER 
METHODS

Signal injection

Carrier overlap

Phase-shift PWM Simplified SVM

Nearest vector

Virtual vector 

Conventional SVM

Stair-wise

Direct torque 
control 

Selective harmonic 
elimination

Synchronous optimal 
PWM

Hysteresis method

Finite-set model-
predictive control

Hybrid modulation

 
Figure 1-6 Modulation design methods of multilevel converters. 

 

In addition to the above methods, SVM has been well adopted for MLCs for decades [90], [91]. 

It can fully utilize the freedoms of degrees in MLCs through exhaustive research of potential per-

mutations of switching sequences. Numerous papers are focused on practical problems for some 

promising topologies, e.g. neutral-point voltage balance of three-level NPC topology [92], com-

mon-mode reduction of five-level paralleled current-source converter (CSC) [93]. However, it can 

not easily be extended for high-level topologies due to lack of modularity [94], especially when 

the converter is not modularly composited. 
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However, compared to SVM, CB-PWM has inherent scalability and modularity towards MLCs, 

which makes it quite popular in real-world applications [85]. Various CB-PWM methods are de-

veloped for different MLCs, e.g. level shift PWM (LS-PWM), phase shift PWM (PS-PWM), zero 

sequence injection CB-PWM, discontinuous PWM (DPWM) [85], [86], [95]. While existing CB-

PWM design methods are mainly focused on a specific topology and only discuss very limited 

PWM patterns [96]-[98]. In practice, CB-PWM has been successfully implemented for MLCs with 

highly modular structures, e.g. CHB, MMC and flying-capacitor clamped converters [99]. In re-

cent papers, growing efforts have been dedicated to CB-PWM methods for hybrid-clamped MLCs 

[100]-[104]. Recently, an MPC-based modulation design for ANPC-based MLCs with identical 

structures was proposed, which can simplify the algorithm and reduce the computation burden 

[105]. Similar concepts can be further generalized for CB-PWM design methods for MLCs. In fact, 

identical structures in circuits can be considered as sub-isomorphism in graphical sense, which in 

turn, transfers the PWM design problem into the identification and utilization of isomorphic 

structures inside the topology. 

In terms of some specific MLCs, e.g. the ANPC-based topologies, they normally feature a highly 

non-modular structure, and their general form inherently consists of a larger number of devices 

compared with conventional NPC topology. Therefore, it is sometimes favorable to simplify the 

ANPC topology while ensuring feasibility and functionality. However, the existing methodology 

of obtaining simplified topologies is highly based on experiences, hardware configuration, and 

product requirements. Due to the lack of general frameworks with a systematic analysis of topo-

logical structure, such a process is normally a case-by-case study. Besides, the PWM design pro-

cess has to be carried out repeatedly for each newly simplified topology. It leads to repetitive work 

and further reduces the converter design efficiency.  

Another concern in practice is the fault-tolerant operation of the MLCs. It could be very difficult 

and inefficient to analyze without proper methods, especially for those with a large number of 

redundant switching states, e.g. ANPC converters. To tell if the output can be maintained the same 

as pre-fault, the applicable switching states are needed to be examined for each case. Moreover, 

the post-fault algorithms are normally realized through space-vector modulation methods, which 

are inherently lack of scalability and modularity towards higher-level topologies (e.g. four-level 

and five-level ANPC topologies). In fact, due to the similarity between topology simplification and 

switch-open-fault-tolerance, the same philosophy for topology simplification could be utilized for 

switch-open-fault-tolerance with merits like systematic analysis and scheme design, improved 

scalability using carrier-based PWM, etc. 

 



11 

 

1.3. Circuit theory and graph theory in power electronics 

Power electronics is cross-disciplinary in nature, and driven by the technologies from electronics, 

power engineering and control science as summarized by William E. Newell in 1970s (see the 

triangle of power electronics in Figure 1-7) [106]. Meanwhile, as the internal driving forces of 

power electronics approaching their maturity, new technologies and theories are entering the par-

adigm of power electronics, leading to increasing diversity of the field as shown in Figure 1-7 

[107]. As for power converter topologies, circuit theory is proved to be a very powerful tool, while 

graph theory also shows great potential for generalizing the existing knowledge and facilitating 

the topology design in a fundamental way. In the following sections, they will be briefly reviewed.  

 

Triangle of power electronics by 
William E. Newell in 1970s

 
Figure 1-7 The paradigm of power electronics shifts from triangle type to increasing diversity. 

 

1.3.1   Duality methods 

Among various circuit theories, dual principles have been served as an important synthesis/anal-

ysis tool for power converter topologies. In fact, dual phenomenon of various theories has been 

noticed during the development of science long before this word firstly introduced in history [108]. 

In a dual pair (two theories share a dual relationship), complementary or opposite concepts can 

be mapped with each other from one theory to another, and each theory is still valid. Such a theory 

can be as simple as a sentence of a specific relationship regarding various objectives, e.g. two 

points determine a line and two lines determine a point, or as simple as a mathematical function 

regarding various parameters, e.g. the function describing the dynamic behavior of an ideal in-

ductor/capacitor. Among various theories, the one focused on circuit system (branch of electro-

magnetism) is one of the fundamentals of power electronics, thus, playing a critical role when 

designing and analyzing the power converters. 
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Generally, the dual phenomenon of electromagnetic system has been observed long before the 

establishment of circuit theory which was firstly implied in Coulomb’s law. Coulomb found that: 

(i) “the force between two small spheres charged with electricity was inversely proportional to the 

square of the distance between them”; (ii) “the force between the two magnetic poles is propor-

tional to the product of the strengths of the poles and inversely proportional to the square of the 

distance between them” [109], [110]. Such that a dual relationship between electrical force and 

magnetic force exists. In 1847, Kirchhoff firstly introduced his fundamental work of classical cir-

cuit theory [111]: the Kirchhoff’s current law (KCL) and Kirchhoff’s voltage law (KVL). As pre-

sented in [112] and almost any circuit theory teaching material, KCL states the sum of all current 

injections at every node must be zero, while KVL states the sum of all voltage drops around any 

loop must be zero. The fundamental cut-set matrix and the fundamental loop matrix form a dual 

pair. Another famous dual pair is in the Maxwell’s equations, which says the electric field intensity 

is dual to magnetic flux density [113], [114]. 

In A. Russell’s book (1914, second edition), the dual relationships in electrical circuits are thor-

oughly discussed [115]:“There are many reciprocal relations of this nature in geometry, and the 

method of reciprocating a theorem may be called the method of duality. In electrical theory, there 

are also many reciprocal relations, and we shall show that the method of duality often leads to 

important results. When the solution of the reciprocal of a problem is known, the solution of the 

problem can always be written down at once.” 

A summary of dual quantities and connections are given as: 

 

(α) e or V r K ϕ series 

(β) i or A 1/r L q parallel 

 

where e or V is voltage cross a component, i or A is the current flow through the component; K is 

the capacitance of capacitor (or called condenser back then), L is the inductance of inductor (or 

called choking coil back then); r is the resistance of resistor; ϕ is the flux, q is the charge. 

For over a century, dual methods have evolved into many variants, some of them are not well 

known for researchers. For power converter topologies, two types of dual transformation are de-

veloped in history: (i) geometrical dual method, (ii) physical dual method, as shown in Figure 1-

8. The first type is focused on the dual principles by establishing a direct mapping relationship 

between dual components. Three different methods can be categorized into this type: (a) conven-

tional geometrical dual method [115]-[118], (b) quasi-dual method [119], (c) input-output dual 

method [120]. The second type utilizes the dual principles in the physical sense of circuits rather 
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than topological structure, thus, normally based on the equivalent transformation of circuit dy-

namics [121]. 

 
Figure 1-8 Milestones of duality theory for electrical circuit and power converter. 

 

1.3.2   Graphical methods 

The graph theory can be dated back to 1736 when Euler dealt with the famous puzzle of the bridges 

of Königsberg [122]. Since then, it has been evolved into an important mathematical tool and 

found significant applications in various applications [123], e.g. Chemistry, Physics, Biology, 

Computer science, etc. Here the special focus is given on the graph theory for electrical engineer-

ing. Many concepts and tools from graph theory have been introduced in this area, e.g. trees, pla-

nar graph, directed graph, adjacency matrix, etc. Until recently, dedicated works keep emerging 

in power system/electronics utilizing graph theoretical methods [124]-[128]. 

Among various concepts in graph theory, isomorphism of graphs is one of the most important 

concepts but hardly be mentioned in power electronics. In fact, the definition of isomorphic graph 

was systematically presented in the graph-theoretical field till the early 1930s [129]. A similar 

word homeomorphism (coined by Poincaré in 1895) appeared in literature quite earlier and its 

concept kept evolving till 1930s [130]. There is another confusing concept homomorphism in the 

graph theory, which can be thought as a more general graphical mapping than isomorphism [131]. 

In power electronics field, isomorphism or homomorphism is normally replaced by a much more 

ambiguous word “equivalence” to state a similarity between two circuits (geometrically or 
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physically). In this section, the origin of isomorphic problem and the exact definition of graph 

isomorphism are introduced. 

 
Figure 1-9 Examples of isomorphic graphs. 

 

Graph isomorphism phenomenon has been studied in the graph-theoretical field for over 80 

years, which can be expressed as “two graphs G1 and G2 are isomorphic if there exists a one-to-

one mapping of the vertices of G1 onto the vertices of G2 such that adjacency is preserved, i.e. 

two vertices in G1, are adjacent if and only if the corresponding vertices of G2 are adjacent” [132]. 

According to Whitney’s work [129]: “two graphs are electrically equivalent if and only if they 

are 2-isomorphic, or, if and only if there is a 1-1 correspondence between their arcs so that cir-

cuits correspond to circuits”, the isomorphic relationship indicates the electrical equivalence. 

Therefore, even two power converters look different, they may share the common electrical fea-

tures as long as they are isomorphic in the sense of graph representation. A natural problem is to 

find an efficient algorithm to determine whether there is an isomorphism between two given 

graphs. In literature, this is normally referred as to graph isomorphism (GI) problem [133]. Such 

problem arises in many practical applications, e.g. automatic retrieval of information, machine 

translation of languages, pipeline and electric networks, pattern recognition, graph-theoretic enu-

meration problems, the four-color conjecture, and so on [134]. Though it looks like a straightfor-

ward question, the algorithms of the GI problem may require a surprisingly high computation 

resource due to the lack of efficient algorithms [135]. For instance, through an exhaustive search 

algorithm, there are n! possible permutations to be compared for two graphs with n vertices, 

which will easily exceed the practical capability of a real-world computer. In computer science 

field, complexity theory is established to focus on quantifying computational efficiency of this kind 

of problems [136]. Although efficient algorithms have already been known for many special clas-

ses of graphs, however, they are most unlikely to be useful in practice. The available algorithms 

with practical significance are still limited only for certain graph classes [133], e.g. trees, and pla-

nar graphs.  

In terms of the electrical network, the GI problem is also critical and addressed when synthe-

sizing numerous circuits [137], [138]. For power converter research, topological equivalence issue 
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of DC-DC converters with three switches (it is actually GI problem) was highlighted in [139], and 

dealt with by specific algorithms. The complexity of such equivalence could dramatically increase 

as the circuits of MLCs consisting of more nodes and branches. In fact, the GI phenomenon can 

be found not only in the same type of converters (DC-DC converters), but also in different types 

of converters, e.g. direct matrix converter (AC-AC) and the T-type NPC converter (DC-AC or AC-

DC) have the same structure as revealed in [20]. Benefit from the structural equivalence, unified 

modulations were proposed for direct matrix converter using the carrier-based concept for T-type 

NPC converter. Therefore, the existing knowledge of well-known topologies (e.g. T-type NPC con-

verter) can be transformed into the associated topologies (direct matrix converter), which could 

potentially facilitate the analysis and design process. However, up to now, the fundamental rela-

tionships among different MLCs are still unclear. This indeed inspires us to re-consider the rela-

tionships of various types of MLCs in graph theoretical perspectives, especially for some VSCs and 

CSCs with unfamiliar topologies.  

 

1.3.3   Topology cycling phenomenon 

The duality and isomorphism are some common features in the science of nature. However, dif-

ferent interpretations in various disciplines make the concept even more inexplicit and mysteri-

ous. In fact, both duality and isomorphism have their mathematical interpretation in category 

theory. The category theory was formulated originally for abstract algebra fields in 1945 by Eilen-

berg and Mac Lane. Then, its applications widely appeared in computer science, linguistics, cog-

nitive science, philosophy, and many other areas [140], [141]. From a categorical perspective, if 

duality and isomorphism are bijective transformations, then, a topology can be transformed into 

itself by limited steps of dual/isomorphic bijections. In fact, this indicates a cycling phenomenon 

in power converters, and not only the circuit, but also the features can be shared with various 

topologies in theory. 

In literature, such a phenomenon has gained some early attention. In 1979, S. Cuk discussed 

the DC-DC converter and found that after the dual transformation of the Cuk converter, the de-

rived topology had the same circuit as the original one [142]. He defined such feature as topolog-

ical “invariant”. In 2014, B. W. Williams stated following the discovery in [143]: “This repeated 

reversing and flip processing of a viable topology will always give a sequence of cycling viable 

topologies and will cycle back to the original topology.” In [143], duality and unique circuit recon-

figuration rules (e.g. flip, inverse) are used to derive DC-DC converters. Since the inverse process 

does not change the graph of power converter, but only interchanges the inputs and outputs, the 

resulting converters can be considered as graph isomorphism. The phenomenon was also 
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appeared in a recent paper, e.g. DC-DC converter synthesis method in 2020 [144]. Though widely 

exists, unfortunately, neither the theoretical nor the practical investigations of this cycling phe-

nomenon for power converters have been available in the existing literature. 

As the database of topologies expanding fast, resemble circuits and methods are needed to be 

recognized systematically, so that, wasted repetitive research efforts can be avoided. To achieve 

such a goal, the fundamental relationships among various power converters topologies should be 

defined clearly to link different converters with universal principles. This is ultimately important 

for MLCs, since they tend to have complicated circuits and normally are involved in great design 

efforts. The duality from circuit theory has been proved to be very successful when dealing with 

power converters. Meanwhile, the isomorphism from graph theory also shows some great poten-

tial that can be implemented. Furthermore, they can also be used to transfer the existing 

knowledge of some existing topologies and facilitate the design process in a more general way. On 

top of that, though the topology cycling phenomenon can be deduced in category theory and has 

gained some rough thoughts in literature, its fundamentals are still unclear. In this work, it will 

be investigated and implemented for power converter, in particular, the VSCs and CSCs for the 

first time through the well-established dual principles and emerging isomorphic theory. 

 

1.4. Research objectives and contributions 

The increased diversity of research paradigm along with emerging applications, e.g. low voltage 

applications, drives the MLC technique towards their mature stage with higher performance in 

general, which requiring innovated design methodology. Since the scaling laws of low voltage 

fields could be different from conventional medium/high voltage scenarios, more MLCs topolo-

gies could be accepted as reasonable candidates. As briefly reviewed before, the current topol-

ogy/modulation methods are mainly utilized in a case-by-case or type-by-type way. This may nar-

row down the power converter design space and lead to sub-optimal results when finding a proper 

converter and its suitable operation method. To avoid such limitations, systematic topological 

synthesis and modulation design methods are necessary to improve the design database of MLC 

topologies with more derivatives and increased circuit-level complexity. 

In detail, there are several research objectives and contributions to this work: 

(1) Topology fundamental relationships of power converters 

With increasing new power topologies, a large number of circuits with resembling structures 

and similar features could emerge and such phenomenon could be more extensive in the future. 

This may lead to wasted research resources when similar circuits/schemes are being rein-

vented/re-examined. Therefore, it is beneficial to establish the well-defined, clear and universal 
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relationships among various power converter topologies, such that the existing and future derived 

topologies can be linked with each other and sharing the existing knowledge in a more compre-

hensive way. In Chapter 2, the universal relationships for power converters, especially the VSCs 

and CSCs, will be investigated based on the dual theory and the graphical isomorphic theory. Fur-

thermore, by synergistically implementation of these two theories, the topology cycling phenom-

enon will be discussed for different kinds of VSCs and CSCs. With such relationships, the derived 

topology or PWM can also be utilized for other topology, therefore, further reduce the design bur-

den and accelerate the design process. 

(2) Mathematical model and general derivation rules for MLCs 

The derivation methods for voltage-source MLCs have been developed for nearly 50 years, how-

ever, the current approaches are still highly dependent on the expertise of designers and cannot 

cover all the main types of topologies. Meanwhile, as important types of MLCs, the current-source 

type and the matrix-based type have not been well studied. From the circuit level, both the math-

ematical unifications and the general derivation rules of different MLCs are still unclear. This 

indeed highly limits the understanding of various MLCs, and potentially leads to narrow and bi-

ased designs. To deal with such issue, unified mathematical models of MLCs should be obtained 

by establishing the fundamental relationships among different topologies in a structure-level. And 

then, the general derivation rules can be introduced to concretely deal with the MLC derivation 

issues in a comprehensive way. This part of work will be discussed in detail in Chapter 3. 

(3) PWM design for non-modular MLC topology 

Suffering from a more complex circuit appearance, the PWM design of some non-modular 

MLCs tend to become dramatically complicated with an increased number of output levels. Till 

present, the general PWM design method is still missing for those with complicated circuits and 

lack of modular structure. In particular, ANPC converters are chosen as examples since most of 

the non-modular MLCs can be derived from this type. To fully explore the potentials of MLCs, 

especially for the internal device utilizations, the new modulation design method is highly de-

manding and will be presented in Chapter 4. On the other hand, the multilevel ANPC converters 

have more control freedoms compared to the conventional NPC topology due to increased switch-

ing redundancies. However, the device utilization is inherently low with conventional PWM meth-

ods compare to other modular MLCs (e.g. FCC, CHB converters and MMC). To deal with such 

challenge, the identical circuits in ANPC topology are utilized in Chapter 4 with PS PWM method 

to achieve similar features in CHB converter or MMC. 

(4) Practical concerns in terms of converter simplifications and fault-tolerance 
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(i) With the increase of voltage levels, active-neutral-point-clamped (ANPC) multilevel topol-

ogy can be dramatically complex and consists of a high number of switching devices. Therefore, 

simplification of ANPC topology is favored by both manufacturers and customers, as the device 

costs, control complexity, and maintenance burden, can be reduced. However, due to the compli-

cated topological structure of ANPC topology, systematic simplification method is not available 

in the literature. To solve this problem, in Chapter 5, the matrix representation of multilevel 

converter can be utilized combined with the systematic PWM design method to achieve a general 

systematic simplification approach for multilevel ANPC converter.  

(ii) Fault-tolerant operation is another concern addressed in Chapter 5. Open-circuit faults in 

ANPC converters can degrade the reliability and cause distorted outputs. However, the systematic 

analysis and PWM design method are still unclear in the literature, particularly when multiple 

switches suffer from open circuit faults. In fact, due to the similarity between topology simplifica-

tion and switch-open-fault-tolerance, the same philosophy for topology simplification could be 

utilized. Though the unified matrix structure is introduced for multilevel topology derivation, now 

it can also be further modified for the open-circuit fault analysis and PWM design. By using such 

a tool, the applicable PWM patterns of fault-condition ANPC converter can be systematically de-

rived. Therefore, random enumeration and non-systematic case-by-case design can be avoided 

for ANPC converters. 

In summary, this work achieves contributions on four levels: 

(1) In theory level, the isomorphic theory is implemented for VSCs and CSCs in the first time to 

establish the intrinsic principles for power converters. In addition, existing dual methods are thor-

oughly investigated with practical considerations. 

(2) In the circuit level, both the duality and isomorphism are utilized to transform different 

power converter topologies. Special attentions are dedicated to the VSCs and CSCs. Besides, the 

topology cycling phenomenon is systematically investigated, and the cycling rules will be pro-

posed for dual and isomorphic topologies. 

(3) In the structure level, the fundamental relationships are utilized for obtaining the general 

structures of MLCs, e.g. duality. Then, a method for systematical topology derivation of MLCs is 

proposed to cover voltage-source MLCs, current-source MLCs, matrix MLCs with unified matrix 

models. In such a way, the derivation process of MLCs is systematically simplified and results in 

various emerging topologies with practical values. Meanwhile, the topology cycling rules are im-

plemented for various MLCs with sharing knowledge of existing converters. 

(4) In PWM level, the hierarchical decomposition method is utilized for systematical PWM de-

sign for ANPC converters. The internal identical parts of converters are hierarchically 
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decomposed to show how the utilized structure-level equivalent relationships are utilized to not 

only transfer topology properties from one converter to another but also transfer the operation 

properties simultaneously to facilitate the PWM design. Besides, matrix-based approach is also 

utilized and combined with the aforementioned systematic carrier-based PWM for topology sim-

plification and fault-tolerant operation of ANPC converters, which also has potentials for other 

ANPC-based derivatives. 

The research logic can also be demonstrated through the following Figure 1-10. 

Fundamental relationships of VSCs and CSCs through the proposed isomorphism principles 
(graph theory) and well-developed duality principles (circuit theory)

 Implementation of graphical isomorphism and circuit-level duality for VSCs and CSCs 
transformations and investigations of topology cycling phenomenon

The systematic carrier-based PWM design method of ANPC-based converter in terms of normal 
operation, loss distribution, simplification and fault-tolerance

Development of unified structure for systematic synthesis and derivation of Multilevel converter 
covering voltage-source, current-source and matrix type topologies

Fundamental relationships of 
(graph theory)

Implementation of graphical isomorphism and circuit
transformations and investigations of topology cycling phenomenon

Development of unified structure for systematic synthesis and derivation of Multilevel converter 
covering 

Theory level

Circuit level

Structure level

PWM level

 
Figure 1-10 Research logic of this work. 
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Chapter 2  
Fundamental relationships of power 

converters1 

 

As briefly reviewed in Chapter 1, the topology derivation and modulation design are two of the 

challenges in MLC research, and lack of systematic methodologies. This can be potentially solved 

by developing new fundamental relationships among power converters. Historically, various to-

pologies were developed through topological transformation in a circuit/graph theoretical per-

spective. To better understand the relationship of various converter topologies, circuit theory 

combined with graph theory can be utilized to link different circuits with universal principles. 

In this chapter, the major achievements are focused on the theoretical level innovations of the 

power converters, in particular, for VSCs and CSCs. In details, three tasks have been done: (1) 

First, the dual transformation of power converters is thoroughly demonstrated, some of them may 

not be well-known by the power electronics community, i.e. duality in non-planar circuits; (2) 

Furthermore, the isomorphic transformation is investigated for VSCs and CSCs in the first time, 

followed by its potentials on modulation design; (3) At the end, the cycling phenomenon of dual 

and isomorphic converters is elaborated for the first time. Cycling rules are highlighted with dis-

cussions of potential applications. 

These achievements can facilitate topology derivation and modulation design in comprehensive 

ways. For instance, the isomorphic theory can be utilized to transfer the existing modulation 

schemes from one converter to its isomorphic converter. Such isomorphism can be utilized to 

unify the modulation design process, providing a much more systematic approach covering vari-

ous VSCs and CSCs. In Chapter 3, the relationships in a structure level of the MLCs are investi-

gated, e.g. duality, resulting in the unified matrix models of the MLCs that will be utilized for 

 
1 Publications out of this Chapter: 
 

Yuzhuo Li and Yunwei Li, "Power Converters Topological Transformation Using Dual and Isomorphic Principles," in IEEE Open 
Journal of Power Electronics, vol. 1, pp. 74-87, 2020. 
Yuzhuo Li, Li Ding and Yunwei Li, "Isomorphic Relationships between Voltage-Source and Current-Source Converters," in IEEE 
Transactions on Power Electronics, vol. 34, no. 8, pp. 7131-7135, Aug. 2019. 
Yuzhuo Li and Yunwei Li, "Dual and Isomorphic Power Converters with the Topology Cycling Phenomenon," 2020 IEEE Applied 
Power Electronics Conference and Exposition (APEC), New Orleans, LA, USA, 2020, pp. 1176-1182. 
Li Ding, Yuzhuo Li and Yunwei Li, "A New Current Source Converter Using AC-type Flying-Capacitor Technique," in IEEE Trans-
actions on Power Electronics, 2021, in press. 
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systematic topology derivations for all kinds of topologies. Besides, the cycling transformation 

rules can be utilized to establish the links among VSCs and CSCs so that if one converter was well-

studied, the knowledge (e.g. operation methods, topology) of it can be transferred for associated 

ones (examples can be found in Chapter 3).  

The logic structure of this chapter is shown in Figure 2-1. 

Planar circuits

2.2 ISOMORPHIC    
      TRANSFORMATION

CH2: FUNDAMENTAL RELATIONSHIPS OF POWER CONVERTERS

Nonplanar circuits

2.1 DUAL 
      TRANSFORMATION

2.3 TOPOLOGY
      CYCLING

Topology

Modulation

Phenomenon Cycling Rules Applications
 

Figure 2-1 Logic structure of Chapter 2. 
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2.1. Dual transformation 

First, some basic concepts of circuit theory are introduced as follows [112], [145]: 

(1) A graph is a finite set of N vertices (nodes in circuit), together with a set of L edges (branches 

in circuit), each of them connecting a pair of distinct vertices. In circuit theory, the graph of an 

electrical circuit can be uniquely determined by the topological information. Figure 2-2(a) shows 

a graph (N=4 and L=4) abstracted from the demonstrated circuit when its switch is in OFF state 

(S=0). 

(2) A vertex in the graph of a circuit refers to any node on a circuit where two or more circuit 

components meet (e.g. what the number 1, 2, 3, 4 denote in Figure 2-2(a)).  

(3) An edge in the graph of a circuit refers to the branch connecting two vertices (e.g. what the 

letter a, b, c, d denote in Figure 2-2(a)). 

(4) A directed graph or digraph is a graph that has oriented edges (or directed edges or 

directed arcs or directed lines) (e.g. the graph with arrows in Figure 2-2(a)). 

(5) A planar graph is a graph that can be drawn on the plane with all its edges intersect only 

at their endpoints. Figure 2-2(a) is typically a planar graph, and the corresponding circuit is 

called a planar circuit. 

(6) A mesh is a loop of a planar graph not containing any graph elements either inside or outside 

(e.g. in Figure 2-2(a), loop 1→2→4→1 is a mesh). 

(7) A drawing is an injective mapping from a graph into its geometric realization. Two draw-

ings are different if their meshes are different. Therefore, different drawings could exist for the 

same graph of an electrical circuit (e.g. the shadow two meshes in Figure 2-2(b) are bounded by 

different sets of edges: 2→3→5→6→2 in drawing 1, 2→3→4→5→6→2 in drawing 2). 

 

2 31

4

S

21 3

4

S=0

a b

c
d

21 3

4

S=0

a b

c
d

(a) Graph based on electrical circuit
2 3

56

1 4

2 3

56

1 4

2 31

6 5

4

(b) Different drawings based on the same electrical circuit

Drawing 1 Drawing 2

 
Figure 2-2 (a) A simple demonstration circuit with controlled switch S. (b) Different drawings of the same 
electrical circuit. 
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2.1.1   Dual transformation of planar circuit 

As reviewed in the first chapter, there are various circuits can be linked through the dual relation-

ships. For planar circuits, the geometrical dual methods are commonly implemented in circuit 

theory. The basic idea is to utilize the dual relationships on the geometric realizations of electrical 

circuit, i.e. drawings. Followings are some examples. 

 

A. Geometrical dual Example 1 

For the circuit shown in Figure 2-3(a), the current in the inductor L is a maximum based on [115] 

when: 

𝐾 =
𝐿

𝑅2+𝜔2𝐿2                                                                          (2-1) 

where the value K is called capacitance in modern way.  

On the other hand, for the circuit shown in Figure 2-3(b), the potential difference across K is 

a maximum when it is put in series with an inductor whose self-inductance: 

𝐿 =
𝐾

1/𝑅2+𝜔2𝐾2                                                                          (2-2) 

It is easy to see that the Figure 2-3(a) is dual to Figure 2-3(b). In Figure 2-3(a), the in-

ductor is series connected with a resistor, and then, RL branch is parallel connected with a ca-

pacitor. In Figure 2-3(b), the capacitor is parallel connected with a resistor, and then, RC 

branch is series connected with an inductor. If the resistance in Figure 2-3(b) is 1/R, then, the 

(2-1) and (2-2) will hold the same form with only exchange between L and K. 

 

K

R L

L

R

K

(a) (b)

C

 

Figure 2-3 Duality between two different RLC resonance circuits [115], (a) RLC circuit with RL series con-
nection, (b) RLC circuit with RC parallel connection. 

 

B. Geometrical dual Example 2 

Based on the method introduced in [115], one can derive the dual circuit of Figure 2-4(a) into 

Figure 2-4(b). The series connection of voltage source E, resistor R, inductor L and capacitor C 

is dual with parallel connection of the current source I, and R', C', L'.  

Such process was generalized in [116] as follows: (1) select a node for each mesh of the original 

circuit as shown in Figure 2-4(a) (note that a node should be assigned for the outside of the 

mesh, normally it will serve as a reference potential), (2) join each neighbor node with branches 
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to form the dual graph, each new branch crossed one original branch as shown in Figure 2-4(a), 

and the component of each new branch is dual to the original one. 

 

C

R

L

(a) (b)

C' R' L'

1

2

3

E

I

1' 2' 3'

a
b

 

Figure 2-4 Duality between two different RLC circuits with power source [116], (a) RLC circuit with series 
connection, (b) RLC circuit with parallel connection. 
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Figure 2-5 Duality between two circuits with multiple meshes [116], (a) passive RLC circuit with active 
source, (b) the dual version of (a). 

Such procedures can be implemented for any planar circuit, e.g. circuit with multiple meshes 

as shown in Figure 2-5. In Figure 2-5(a), the new circuit is sketched in dotted lines, in Figure 

2-5(b) it is redrawn. It is worth noted that, for each given drawings of an electrical circuit, the 

geometrical dual of the dual circuit is itself1. 

 

C. Geometrical dual Example 3 

In [117], an identical relation of pattern exists between the magnetic circuit of a transformer and 

its equivalent electric circuit was revealed through dual principles. As shown in Figure 2-6(a), 

the fluxes satisfy: 

Φ1+Φ2+Φ3+Φ4=0                                                                 (2-3) 

The induced voltages satisfy: 

e1+e2+e3+e4=0                                                                   (2-4) 

 
1 This is easy to illustrate by considering the dual circuit drawing (blue dot in Figure 2-5(a)) as the circuit to be transformed by 

duality. Then, the node (from the original circuit drawing) can be selected for each mesh, and the branches (from the original circuit 
drawing) can be selected as the dual of the dual circuit drawing (blue dot in Figure 2-5(a)). 
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The currents satisfy if it is an ideal transformer: 

i1=i2=i3=i4=i                                                                      (2-5) 

While the equivalent electric circuit can be derived through a unique dual transformation which 

shows the same voltage and current relationships. Note that this unique duality only transforms 

the circuit connection, not the component types. 

For an ideal transformer with the series magnetic circuit as shown in Figure 2-6(b), the same 

procedure can be implemented, and a meshed equivalent circuit can be derived. Based on [146], 

the equivalent electric circuits are developed with the effects of magnetic non-linearity and losses 

preserved. The introduced duality follows the same method as in Figure 2-5. 
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i4
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i2

e2

i3 e3

o
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ko

i1

i2i3

i4

 

Figure 2-6 (a) Mesh-type transformer and its equivalent electric circuit, (b) junction-type transformer and 
its equivalent electric circuit. 

 

D. Geometrical Example 4 

In [2], the geometrical dual relationship is discussed for power converter with actively controlled 

switches. The general dual relationship is indicated as shown in Figure 2-7. It is one of the most 

general relationships among switching structures. In addition to the dual circuit connection, for 

each parts of the original converter, there is an associated dual component in a dual converter 

including the active switches as shown in Figure 2-8. 
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Figure 2-7 Duality among switching DC-to-DC converters. 
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Figure 2-8 Duality between the buck and the boost switching converters. 

 

In [118], this relationship in power circuits is thoroughly discussed. Various dual pairs of ideal 

power switches are discovered as shown in Table. 2-I. In addition, the magnetic device in power 

converter can also be considered, which can cover a large number of power converters (e.g. reso-

nant converter). However, due to the complicated physical nature of the magnetic components, 

such derivation is normally conducted with certain simplifications. The transformer can be mod-

eled as an ideal transformer with the magnetizing inductance split as demonstrated in Figure 2-

9. And the dual transformation can preserve the ideal transformer while substitute the inductor 

with capacitors. The resulting impedance can have the dual equations as listed in Figure 2-9. 
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Figure 2-9 An ideal transformer with the magnetizing inductance split, and its dual. 

 

Table 2-I   Ideal switches and their duals 

Symbol and name 
Defining 
relations 

Dual defining re-
lations 

Symbol and name 

i
v+   

Ideal 
rectifier 

𝑖 ≥ 0 
𝑣 ≤ 0 

𝑖𝑣 = 0 always 

𝑣∗ ≥ 0 
𝑖∗ ≤ 0 

𝑖∗𝑣∗ = 0 always 

i*

v*+  
 

Rectifier 
(reversed) 

d

v+  
i

 
1-Quadrant 

switch 

𝑣 = 0
𝑖 ≥ 0

} for d=1 

𝑣 ≥ 0
𝑖 = 0

} for d=0 

𝑖𝑣 = 0 always 

𝑖∗ = 0
𝑣∗ ≥ 0

} for d=1 

𝑖∗ ≥ 0
𝑣∗ = 0

} for d=0 

𝑖∗𝑣∗ = 0 always 

d

v*+  

i*

 
1-Quadrant 

switch 
(inversed control) 

d

v+  
i

 
2-Quadrant 

switch 

𝑖 ≥ 0
𝑣 ≤ 0

} for d=1 

𝑖 = 0 for d=0 
𝑖𝑣 = 0 always 

𝑣∗ ≥ 0
𝑖∗ ≤ 0

} for d=1 

𝑣∗ = 0 for d=0 
𝑖∗𝑣∗ = 0 always 

d

v*+  

i*

 
2-Quadrant 

switch 
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(bidirectional 
voltage) 

(bidirectional cur-
rent) 

d

v+  

i

 
4-Quadrant 

switch 

𝑣 = 0 for d=1 
𝑖 = 0 for d=0 
𝑖𝑣 = 0 always 

𝑖∗ = 0 for d=1 
𝑣∗ = 0 for d=0 
𝑖∗𝑣∗ = 0 always 

+  v*

i*

d  
4-Quadrant 

switch 

 

2.1.2   Dual transformation of non-planar circuit 

In addition to geometrical duality-based methods which is preferred for planar circuits, some 

other dual methods was introduced in the literature to deal with nonplanar circuits. The basic 

idea is to transform the nonplanar circuit into equivalent planar circuits, while all the operation 

features are preserved. Followings are some typical examples. 
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Figure 2-10 Power circuit of a three-phase DC voltage link converter system. 
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Figure 2-11 Dual transformation of all eight switching states from DC voltage link converter to DC current 
link converter. 
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A. Quasi-dual Example 

In [119], the topological transformation between a three-phase DC voltage link converter (see Fig-

ure 2-10) and a three-phase DC current link converter (see Figure 2-12) is realized through the 

quasi-dual method. In fact, although the three-phase converter is a nonplanar circuit, the power 

circuit under each switching states is planar, with which the strict dual method is compatible. The 

details of such transformation process are shown in Figure 2-11. After derivation of all switching 

states of three-phase DC voltage link converter, the eight dual circuits are combined to form the 

complete topology of three-phase DC current link converter as shown in Figure 2-12. 

S11 S12 S13

S21 S22 S23

 

Figure 2-12 Power circuit of a three-phase DC current link converter system. 

 

B. Input-output dual Example 

To overcome the nonplanar nature of three-phase converter system and establish the dual duality 

relationship between voltage-source inverter (VSI) and current-source inverter (CSI), the input-

output dual method is introduced in [120]. Although the three-phase system is nonplanar, the 

input/output equivalent circuits are planar as shown in Figure 2-13 and Figure 2-14 where the 

strict dual relationship can be derived as summarized in Table 2-II. Besides, the PWM method 

of VSI can be transformed into CSI version through such dual relationship, resulting in a dual 

performance of the input/output harmonics.  

 

Table 2-II   Dual relationships between voltage-source and current-source three-phase inverters 

Voltage-source Current-source 

Line-to-line voltages Line currents 

Line-to-line switching states Line switching states 

AC voltage sources AC current sources 

AC inductance AC capacitance 

DC current source DC voltage source 

DC side current DC side voltage 

DC capacitance DC inductance 
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Figure 2-13 Output equivalent circuits of (a) voltage-source and (b) current-source inverters. 
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Figure 2-14 Input equivalent circuits of (a) voltage-source and (b) current-source inverters. 

 

C. Physical dual Example 1 

In Julia’s method [121], the first step is to choose a proper node, and then introduce a junction-

type transformer to preserve the physical properties, e.g. current distributions. Such an intro-

duced transformer should result in a planar circuit. After the transformation, the dual circuit can 

be easily derived through conventional geometrical duality. In Figure 2-15, the process is shown 

in detail. Node A is chosen, and a transformer is introduced to replace the original intercross 

branch AD with a separated new branch A'D'. The conventional strict dual method can be imple-

mented for derived equivalent planar circuit Figure 2-15(d) and resulting in a transformer-en-

abled planar dual circuit as shown in Figure 2-15(f) or (g). 

A B

C

DE

F

A

D

A

D
D'

A'

D(A)

A'(D')

or

(a) (b) (c) (d)

(e) (f) (g) (h)
 

Figure 2-15 Julia’s physical dual method for a nonplanar circuit. (a) Original nonplanar circuit, (b) selected 
node A, (c) equivalent transformation through ideal transformer, (d) derived equivalent planar circuit, (e) 
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implementation of conventional geometrical dual method, (f) derived dual circuit, (g) another dual circuit 
with 2-widing transformer, (h) derived dual circuit if node D is chosen. 

 

D. Physical dual Example 2 

Another method was introduced by Bloch in [121] through the fictitious junction point, which is 

the generalization of Julia’s method. The basic idea is to utilize an ideal transformer to enable the 

introduced node to remove the intercross branches. Therefore, all the cross-over branches can be 

transformed into planar circuit with introduced nodes. In Figure 2-16, this method is imple-

mented for the same nonplanar circuit in Figure 2-15(a) and results in another dual circuit as 

shown in Figure 2-16(f). Furthermore, the required number of ideal transformers is reduced 

compared to Julia’s method (see Figure 2-15(f)~(h)). 

F

A B

C

DE

(a) (b) (c)

(d) (e) (f)
 

Figure 2-16 Physical dual method through fictitious junction point for a nonplanar circuit. (a) Original non-
planar circuit, (b) introduced fictitious junction point through ideal transformer, (c) the dual transfor-
mation, (d) implementation of fictitious junction point method for nonplanar circuit in Figure 17, (e) the 
dual transformation through strict dual method, (f) derived dual circuit. 

 

E. Other dual method 

In addition to geometrical and physical duality-based transformation methods, other methods 

can also be found in the literature. Recently, in [147], the Lagrangian dynamic-based method is 

introduced for both planar and non-planar circuit. This method utilizes the Lagrangian dynamics 

to model the power circuits in terms of charges and fluxes directly. And the constraints of electric 

nodes and magnetic nodes are shown in Figure 2-17. In this method, resistors can be modeled 

by electric dissipation through Reighley’s dissipation function inductance (see Figure 2-18(a)). 

While the Lagrangian of a current source can be modeled as an inductor with an infinite 
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inductance (see Figure 2-18(b)). Since the dynamic properties can be preserved through equiv-

alent Lagrangian without the circuit limitations, it can be implemented for any types of power 

converters. In Figure 2-19, two dual converters are shown through this method: (a) the conven-

tional CSC same as in Figure 2-12, (b) a planar dual version also mentioned in [148]. Different 

from other methods, the Lagragian dynamic transformation also preserves the switching action 

constraints which are also known as modulation process. Therefore, not only the topology appear-

ance but also the modulation schemes are transformed simultaneously. 

q3

q1

S(on):d=1

S(off):d=0

q1 dq2+q3=0

ϕ1 ϕ2

ϕ3

ϕ1 ϕ2+ϕ3=0

q2

 

Figure 2-17 Constraints of an electric/magnetic node. (a) Constraint at a node of conductive wires, (b) Con-
straint at a node of magnetic core. 
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Figure 2-18 Analytical models of a resistor and a current source. (a) Magnetic model of resistance R, (b) 
Model of current source. 
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Figure 2-19 Dual topologies of a conventional non-planar three-phase VSC. (a) Non-planar three-phase CSC 
with three legs, (b) planar three-phase CSC with two legs and enabled through a three-phase transformer. 

 

2.1.3   Summary of various duality-based methods 

A. The application scenarios of different dual methods 

In literature, the geometrical dual methods are the most commonly used duality method of power 

converters. In [81], such a method is verified thoroughly for many types of multilevel CSCs con-

formation. While the conventional geometrical dual method can only be implemented for planar 
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circuits, which are basically the single-phase DC-AC/AC-AC converters or DC-DC converters with 

simple circuit forms. 

For nonplanar circuits shown in Figure 2-20, other dual methods should be considered. While 

quasi-dual method is particularly implemented for dual transformation from three-phase VSC to 

three-phase CSC based on each switching state since the VSC becomes equivalently planar under 

each state. On the other hand, the Lagrangian dynamic-based method is implemented for dual 

transformations of converters which are based on the equivalent transformation of circuit dynam-

ics instead of topological 1-to-1 mapping, therefore, can be applied for non-planar circuit without 

the limitation of strict dual methods.  

Three-phase DC-AC converter Z-source converter Hybrid-clamped multilevel converter  
Figure 2-20 Typical examples of power converters with non-planar circuits [11], [149], [150]. 

Planar circuit Non-planar circuit

Geometrical dual method

Input-output dual method

Physical dual method

Lagrangian dynamic-based method

Quasi-dual method

 
Figure 2-21 Applicable circuits types for different dual methods. 

 

B. The dual transformation process 

To implement the dual methods for power converters, the 1st step is to distinguish the circuit is 

planar or nonplanar. The 2nd step is to utilize compatible methods for it (see Figure 2-22). 

Step 1: 
Planar or 
nonplanar

Step 2: 
Dual transformation for Planar circuit

Step 2: 
Dual transformation for Nonplanar circuit

Synthesis
Completion

 
Figure 2-22 Topology transformation process through duality. 

 

Let us take the electrical circuit in Figure 2-2(b) as an example. Note that, for the same circuit 
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(graph), there could be different drawings, which could lead to different circuits (circuit 2 and 3 

in Figure 2-23) through the geometrical dual method. Conversely, it is also possible that differ-

ent drawings from different circuits (circuit 2 and 3) can be dual to the same circuits (circuit 4 in 

Figure 2-23). Therefore, the unique mapping relationships between an electrical circuit and its 

dual is established on the drawing-level, not the converter-level. 

On the other hand, the two different duals (e.g. circuit 2 and 3, or circuit 1 and 4) from the same 

original circuit can be considered as electrical equivalence based on R. M. Foster’s work in 1932 

[151]. For example, same loop voltage equations can be established for circuit 1 and 4, meanwhile, 

equivalent node current equations can be derived as well. Therefore, the electrical behavior can 

be modeled in a unified way for both circuits. 
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Circuit 1

Circuit 2 Circuit 3Circuit 4

Drawing 3 Drawing 4

Drawing 5 Drawing 6Drawing 8Drawing 7  
Figure 2-23 Different circuits can be obtained through the geometrical duals based on different drawings 
of the same electrical circuit. 

 

2.2. Isomorphic transformation 

The graph theory can be dated back to 1736 when Euler dealt with the famous puzzle of the bridges 

of Königsberg. However, the definition of isomorphic graph was systematically presented in the 

graph-theoretical field till the early 1930s [129], [152]. A similar word homeomorphism (coined by 
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Poincaré in 1895) appeared in literature quite earlier and its concept kept evolving till 1930s [130]. 

The concept homomorphism in the graph theory can be thought as a more general graphical map-

ping than isomorphism. In power electronics field, isomorphism or homomorphism is normally 

replaced by a much more ambiguous word “equivalence” to state a similarity between two circuits 

(geometrically or physically). In this section, the concept of isomorphism and the definitions of 

power converter isomorphism are introduced, and the implementation of such concept is shown 

with examples of various power electronic converters. 

As presented in Whitney’s work, the isomorphic relationship indicates the electrical equiva-

lence. Therefore, even two power converters look different, they may share the common electrical 

features as long as they are isomorphic in the sense of graph representation. A natural problem is 

to find an efficient algorithm for determine whether there is an isomorphism between two given 

graphs. In literature, this is normally referred as to graph isomorphism (GI) problem [132], [133]. 

Such problem arises in many practical applications, e.g. automatic retrieval of information, ma-

chine translation of languages, pipeline and electric networks, pattern recognition, graph-theo-

retic enumeration problems, the four-color conjecture, and the problem of “squaring the rectangle” 

[134]. Though it looks like a straightforward question, the algorithms of GI problem may require 

a surprisingly high computation resource due to the lack of efficient algorithms [135]. For instance, 

through an exhaustive search algorithm, there are n! (factorial of n) possible permutations to be 

compared for two graphs with n vertices, which will easily exceed the practical capability of a real-

world computer [134]. In computer science field, complexity theory is established focus on quan-

tifying computational efficiency of this kind of problems [136], [153]. Although efficient algo-

rithms have already been known for many special classes of graphs, however, they are most un-

likely to be useful in practice. The available algorithms with practical significance are still limited 

only for certain graph classes, e.g. trees, planar graphs.  

 

2.2.1   VSCs and CSCs transformation using the proposed isomor-

phic method 

As demonstrated in session 2.1, the dual relationships between VSC and CSC are commonly 

discovered in power converter fields. However, not all methods can be easily interpreted through 

dual relationships. 

In [154], the voltage-based Bi-Tri logic PWM was proposed to realize the carrier-based modu-

lation for CSC. The basic idea is to translate the bi logic PWM signal of VSC into tri logic PWM 

signal of CSC through Bi-Tri logic translation. This abstract dual relationship under three-phase 
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configuration was revealed in the sense of physic: line-to-line voltage in VSC is the dual of line 

current in CSC [120]. While the utilization of zero states between VSC and the dual CSC are not 1-

to-1 mapping. In [20], the carrier-based PWM for direct matrix converter was proposed through 

the mapping of topology and modulation between the direct matrix converter and the three-phase 

three-level VSC. However, the physical meaning of this method can hardly be understood by dual 

principles, i.e. the dual of a three-phase direct matrix converter is itself, which has no dual rela-

tionship with VSC. In [155], [156], another type of carrier-based PWM called direct PWM was 

introduced for CSC, of which the gating signals are generated through direct comparisons between 

reference and carriers without logical mapping. Still, its physical interpretation is ambiguous and 

has difficulties with dual principles. 
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Figure 2-24 The geometric graphs of typical power converters: (a) single-phase VSC Ga, (b) single-phase 
CSC Gb, (c) three-phase VSC Gc, (d) three-phase CSC Gd. 

 

A. Graphs of VSCs and CSCs 

Based on graph theory, the graphs of VSCs and CSCs can be established, such that each graph 

G consists of a set [ei] of e edges (physical branches with components) and a set [pi] of v vertices 
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(physical nodes in the circuit). Associated with each edge ei is an orientation, and a weight (rep-

resenting voltage, and/or current, and/or admittance). To simplify the representation, both ori-

entation and weight are omitted here. 

In Figure 2-24, the geometric graphs of four power converters are shown. For example, the 

first graph Ga consists of a set of 13 edges (branches) and a set of 12 vertices (nodes). The label 

order of vertices is arbitrarily chosen. The least number of vertices is limited by the physically 

distinguishable components of the converter. If the admittance weight of an edge is unit, i.e. a 

conductor in the physical sense, then, the joint vertices can be simplified into one vertex. For a 

graph without unit weight edge, it is called a minimum graph in this work. It is easy to observe 

that Ga, Gb, and Gc are planar graphs, while Gd is nonplanar based on the definition introduced in 

[142]. Also, the similarity of Ga, Gb can be shown through a simple graph mapping.  

In terms of VSCs and CSCs topologies, two converters are isomorphic if and only if their minimum 

graphs are isomorphic with correspondence weight of each edge (i.e. current-to-current, voltage-

to-voltage, same type impedance). The 1-to-1 mapping of two isomorphic graphs guarantees that 

topological features in one graph can be losslessly transformed into another one. 

 

B. The proposed isomorphic transformation process 

The isomorphic transformation can be applied for either VSC or CSC that converts the AC power 

to DC power, or vice versa. In details, the process can be divided into three steps (see Figure 2-

25):  

The 1st step to derive the isomorphic converter of the origin is to draw the minimum graphs. 

The graph is undirected, and the label order of nodes is arbitrarily chosen. The least number of 

nodes is limited by the physically distinguishable components of the converter. If the admittance 

weight of an edge is unit, i.e. a conductor in the physical sense, then, the joint nodes can be sim-

plified into one. 

The 2nd step is to reverse the input and output of the converter. In this step, only the 

power form are reversed, such that the DC (AC) link should be changed into the AC (DC) link of 

its isomorphism, while the passive components and all the connections are maintained the same. 

By the common sense, such change will lead to the type of converter change, e.g. from voltage-

source type to current-source type. If the power flow of the original converter is unidirectional, 

then, by reversing the input and output power forms, the power direction of the isomorphic con-

verter should also be reversed, e.g. from AC-DC to DC-AC. 

The 3rd step is to implement the compatible switches in the derived converter. Since 

the input-output features are exchanged along with the power flow directions, the switches should 
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be changed accordingly. For instance, the IGBT with anti-parallel diode for a VSC will normally 

be replaced with IGBT with a series diode for a CSC. 

Step 1: 
Draw 

minimum 
graph

Step 2: 
Reverse the 

input 
output

Step 3: 
Implement 
compatible 

switch

Synthesis
Completion

 

Figure 2-25 Topology transformation process using isomorphism. 

 

C. Single-phase VSC and single-phase CSC 

The single-phase VSC and single-phase CSC are demonstrated here as the first isomorphic pair 

through the isomorphic transformation. To derive the minimum graph of single-phase/H-bridge 

VSC, vertices B, C and D can be merged into one vertex, so can J, K, and L (the same process can 

be applied for single-phase/H-bridge CSC). This process does not change any topological proper-

ties of both converters. In Figure 2-26, it is clearly shown that the minimum graphs are isomor-

phic. Interestingly, the single-phase/H-bridge VSC and single-phase/H-bridge CSC are also the 

best-known dual pair [119]. Such topological invariants (dual circuits with isomorphism) can be 

considered as the iconic properties of the canonical circuit as introduced in [142]. 
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Figure 2-26 Isomorphic transformation from a single-phase VSC to a single-phase CSC. 

 

D. Single-phase three-level T-type VSC and three-phase CSC 

The second isomorphic pair is the single-phase/H-bridge three-level VSC and three-phase CSC as 

shown in Figure 2-27. Note that there is a third capacitor in the three-level VSC, which is com-

patible with Kirchhoff’s laws. A similar modification is done towards the filters of CSC (from Y-

connection to Δ-connection). With the simplification of wires, the minimum graphs of these two 

converters are clearly isomorphic. 
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Figure 2-27 Isomorphic transformation from a single-phase three-level T-type VSC to a three-phase CSC. 

 

E. Single-phase multilevel T-type VSC and multiphase CSC 

Extended from Figure 2-27, the key isomorphism is obtained for the popular single-phase multi-

level T-type VSC and multiphase CSC: each N-phase CSC has its isomorphic single-phase N-level 

T-type VSC as shown in Figure 2-28. Note that the additional capacitor in the dc-link of the con-

verter in Figure 2-28 is added to be compatible with KVL. To guarantee the completeness of graph, 

it is always recommended to be added for VSC. 

 

Figure 2-28 Isomorphic transformation from a single-phase multilevel T-type VSC to a multiphase CSC. 

 

F. Other isomorphic pairs 

In addition to three-level T-type VSC, there are other three-level topologies, e.g. ANPC converter 

[9], that can have isomorphic relationship with associated CSC (see Figure 2-29(a)). The de-

rived CSC has similar device rating and same device number as conventional CSC with series-

connected devices, but more redundant vectors for optimal operation. Isomorphism can also be 
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found between three-phase two-level VSC and an H-bridge multilevel CSC (proposed in [157]) as 

shown in Figure 2-29(b). The derivation process is based on minimum graph criterion stated in 

previous. The detail is omitted here. The above case can be further extended to multiphase multi-

level (MPML) T-type VSC and MPML CSC as shown in Figure 2-29(c). As for multiple VSCs and 

CSCs system, if one VSC and one CSC are isomorphic, then their composite systems with identical 

connection are also isomorphic as the single-phase example shown in Figure 2-29(d). 
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Figure 2-29 (a) Isomorphic transformation from single-phase three-level ANPC VSC and associated three-
phase CSC. (b) Isomorphic transformation from three-phase two-level VSC and an H-bridge multilevel CSC. 
(c) Isomorphic transformation from multiphase multilevel T-type VSC and multiphase multilevel CSC. (d) 
Isomorphic transformation from paralleled single-phase VSCs and single-phase CSCs. 

 

2.2.2   Modulation transformation of VSCs and CSCs 

In addition to topological isomorphism, a similar relationship can be established towards 
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modulation schemes of VSC and CSC. Here the second isomorphic pair (Figure 2-26) is chosen 

as an example. 

 

A. Space vector modulation 

Since two converters of the second isomorphic pair share the same graph, same labels can be 

assigned without losing generality. Therefore, the diagrams of space vector modulation (SVM) for 

both single-phase three-level VSC and three-phase CSC can be derived as shown in Figure 2-30. 

Each space vector of one converter can be strictly mapped into another converter with the same 

type of physical meaning, i.e. the switching state of the converter. That is the SVM isomorphism 

between the second isomorphic pair. Note that dual principle does not work well here. Recall the 

quasi-dual modulation introduced in [119], [120], the active vectors of VSC and CSC have 1-to-1 

dual relationship, however, this does not hold for their zero vectors. As for this isomorphism pair, 

the one-to-one mapping of zero vectors are clearly shown in Figure 2-31, that is, each zero vector 

of three-phase CSC has a uniquely associated zero vector of single-phase three-level T-type VSC. 
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Figure 2-30 Space vector modulation diagrams of single-phase three-level T-type VSC and three-phase CSC 
derived from the isomorphic graph. 
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Figure 2-31 The one-to-one mapping of zero vectors between single-phase three-level T-type VSC and three-
phase CSC derived from the isomorphic graph. 

B. Carrier-based pulse width modulation 
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Direct PWM for CSC is realized through the direct comparison of targeting reference signals and 

the carriers [155], [156]. In [156], the normal three-phase references are transformed into three 

sets of signals arranged in large, medium and small (maximum, middle, and minimum), which 

can be considered as the isomorphic mapping between abc domain and max-mid-min domain, as 

shown in Figure 2-32. Such transformation does not change the topological relationship, thus, 

the resulting PWM schemes can be interpreted in the isomorphic point of view. That is: the struc-

ture of PWM algorithms for VSCs and CSCs in max-mid-min domain share the isomorphic rela-

tionship. To summarize, the physical meaning of direct PWM for CSC is the modulation process 

of the DC-side voltage of three-phase CSC. 

VpVa

Vb

Vc
Vn

Sap

Scn

VpVmax

Vmid

Vmin
Vn

Smaxp

Sminn  

Figure 2-32 Graph transformation from abc domain to max-mid-min domain. 
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Figure 2-33 (a) The algorithm of carrier-based PWM for VSC, (b) VSC main circuit. (c) The algorithm of 
direct PWM for CSC, (d) CSC main circuit. 

 

C. Theoretical and Experimental Verifications 

To demonstrate the modulation isomorphism phenomenon in detail, the phase disposition (PD) 

PWM and phase opposition disposition (POD) PWM of both VSC and CSC are implemented. The 

detailed realization of these PWM schemes is shown in Figure 2-33. For VSC and CSC, the same 

logic is used for these two PWM. Under normal operation, DC-link voltage potentials of VSC 

should be maintained max, mid, min (normally labeled as VP, VO, VN) all the time. Therefore, the 

synthesis of gating signals is naturally taken in the max-mid-min domain to generate its AC-side 

PWM pulses, which is equivalent to the direct PWM for CSC in the max-mid-min domain. As for 
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CSC, the phase current references are mapped into the max-mid-min domain, and then they are 

compared with carriers (PD or POD), resulting in max-mid-min domain gating signals. That is, 

the direct PWM of CSC has the same modulation process as carrier-based PWM of VSC in the 

max-mid-min domain if voltage reference Vpref>0 and Vnref<0 (note that in CSC, Imax>0 and 

Imin<0). 
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Figure 2-34 POD PWM waveforms and corresponding FFT results of Vp, Vn, and Vpn in (a) VSC, (b) CSC. 
PD PWM waveforms and corresponding FFT results of Vp, Vn, and Vpn in (c) VSC, (d) CSC. 

 

Figure 2-34 shows the analogous theoretical PWM waveforms and corresponding harmonic 

spectrums of both VSC and CSC with PD and POD PWM (carrier frequency is 1k Hz, the 

modulation index is 0.6). Note that the doubled equivalent switching frequency of CSC with PD 

PWM (Figure 2-34(d)) is limited compared with VSC case (Figure 2-34(c)). This is mainly 

due to incomplete harmonic cancellation of utilized carrier-based PWM with non-sinusoidal DC-

side references with 60° phase shift [158]. While the 1kHz component can be seen largely reduced 

compared to POD PWM (Figure 2-34(b)), which can also be observed in VSC case. Thus, the 

CSC under direct PWM (PD and POD) and its isomorphic VSC not only have similar modulation 

schemes in max-mid-min domain (see Figure 2-33), but also share a common modulation prop-

erty: both voltage PWM waveforms in CSC (DC side) and VSC (AC side) are multilevel and share 

similar harmonic spectrums distribution. 

To further verify the isomorphic relationship, the experiment of three-phase IGCT-based CSC 
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(with POD PWM) is also carried out (parameters are listed in Table.2-III). The experimental 

waveforms of phase A current IA and DC voltage Vp and Vn (respect to the neutral point of three-

phase loads) are shown in Figure 2-35(a) and are consistent with theoretical analysis. 

 

Table 2-III   Experiment Parameters 

DC link Current 4 A AC Capacitors 120μF 

Line Frequency f1 15 Hz AC Loads 5.76Ω/5 mH 

Carrier Frequency fc 1 kHz DC Inductor 10 mH 
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Figure 2-35 (a) Experimental results of a three-phase IGCT-based CSC with Direct POD PWM. The 1st wave-
form (top) is the phase A current IA before filtered. The 2nd (middle) and 3rd (bottom) waveforms are DC 
voltage Vp and Vn with respect to the neutral point of three-phase loads. (b) Waveforms of DC voltage Vp 
and Vn with respect to the middle phase voltage (after data processing in the max-mid-min domain). 

 

Recall the topological isomorphism between VSC and CSC, the DC-side of CSC is corresponding 

to the AC-side of VSC. Such that, if we formalize the DC voltages of CSC with respect to the middle 

phase voltage (obtained through voltage transformation from abc domain to max-mid-min do-

main), the resulting PWM pulses (see Figure 2-35(b)) will be a three-level waveform which 

resembles with the VSC with POD PWM. So will be the PD PWM case. It is given that the physical 

meaning of carrier-based PWM of VSC is the modulation process of AC-side voltage [159]. There-

fore, in this considered isomorphic pair, it can be easily concluded that the physical interpretation 

of direct PWM for CSC is the modulation process of the DC-side voltage of three-phase CSC. 

 

2.2.3   Potential applications 

A. PWM design for Multi-phase CSC through isomorphism 

Recall section 2.1.1.C, if N=4, then, it is given the isomorphic relationship between single-phase 

four-level T-type VSC and four-phase CSC. To operate four-phase CSC, both the SVM and direct 
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PWM can be implemented through existing modulation schemes of the four-level VSC. To fully 

control the AC currents of CSC, the DC capacitor voltage balance methods of VSC (e.g. carrier-

based PWM methods in [103], [160]) can be easily implemented for CSC with isomorphic rela-

tionship. In Figure 2-36, the theoretical waveforms of CSC with carrier-overlapped PWM is 

shown and the multilevel DC voltage with doubled switching frequency can be observed in four-

phase CSC. 

 

B. Fault tolerant for CSC through isomorphism 

With the isomorphism relationship, the fault tolerant methods of VSCs can be utilized for associ-

ated CSCs. The DC-side fault tolerant of CSCs can be derived through AC-side methods of VSCs 

[161], and vice versa. In Figure 2-37, the reconfigurable CSC can operate as the CSC proposed in 

[157] after DC-side fault.  
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Figure 2-36 The theoretical waveforms (modulation index is 0.6) of four-phase CSC with carrier-overlapped 
PWM developed from four-level VSC. 

 

Figure 2-37 A reconfigurable CSC topology derived from four-leg VSC for DC-side fault. 

C. Other potential applications 

To reduce the DC-side ripples of CSC, AC-side harmonic cancellation methods of VSC can be im-

plemented, e.g. PD PWM for CSC as shown in Figure 2-34. To reduce the DC-side ripples of VSC, 

AC-side harmonic cancellation methods of CSC can also be implemented, e.g. parallel VSCs. To 

increase the DC voltage blocking capability of CSC, AC cascaded VSC structure can be utilized, e.g. 

series CSCs.  

 

2.3. Topology cycling phenomenon 

In this section, the dual principles and isomorphic principles are utilized together to reveal the 
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circuit-level fundamental relationships of VSCs and CSCs. It can be seen that a VSC or CSC can 

always be transformed into itself through two or four steps of dual and isomorphic transfor-

mations. Here we define this phenomenon as the topology cycling phenomenon. Various VSCs 

and CSCs with planar/nonplanar circuits are investigated and linked with each other through such 

universal relationships.  

 

2.3.1   Cycling phenomenon in power converters 

A. VSCs and CSCs with planar circuits and cycling phenomenon 

In example 1 (Figure 38 (a)), four topologies with planar circuits are investigated. An AC-paral-

lel H-bridge CSC system is isomorphic with a DC-parallel H-bridge VSC system. And a DC-parallel 

H-bridge VSC system is strict dual to a DC-series H-bridge CSC system. The DC-parallel H-bridge 

CSC system is isomorphic with an AC-series H-bridge VSC system which is strict dual to the pre-

viously introduced AC-parallel H-bridge CSC system. This complete the cycling as a closed loop: 

Topology 1-2-3-4-1. 

In example 2 (Figure 2-38 (b)), another four topologies are investigated. Utilizing the same 

H-bridge modules, they form different converter systems, and another closed loop: Topology 5-

6-7-8-5. The main features of these examples are summarized in Table 2-IV regarding the opera-

tion [162], [163]. 

It is worth noted that each converter in the examples can be transformed into itself by a 4-step 

topological transformation regardless of its order inside the loop. Even though some features are 

different with each other, there are some commonalities within the loop, e.g. all converters have 

the same number of devices and applicable switching states, all converters are consisted of two 

H-bridge modules and have doubled parameters compared to single H-bridge module, all con-

verters have the same order of output filters, etc. 

Table 2-IV   Planar Circuits with Four-Step Topology Cycling Phenomenon 

Topology Features 

1 AC-parallel H-bridge CSCs Voltage boost; doubled AC current 

2 DC-parallel H-bridge VSCs Voltage buck;  doubled DC current 

3 DC-series    H-bridge CSCs Voltage boost; doubled DC voltage 

4 AC-series    H-bridge VSCs Voltage buck;  doubled AC voltage 

5 DC-parallel H-bridge CSCs Voltage buck;  doubled AC current 

6 AC-parallel H-bridge VSCs Voltage boost; doubled DC current 

7 AC-series    H-bridge CSCs Voltage boost; doubled AC voltage 

8 DC-series    H-bridge VSCs Voltage buck;  doubled DC voltage 
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(a) Example 1 with 4-step closed loop. 
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(b) Example 2 with 4-step closed loop. 

Figure 2-38 Cycling transformation phenomenon of power converters with H-bridge modules. 

B. Topology cycling phenomenon for other VSCs and CSCs circuits 
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The topology cycling phenomenon for planar circuits is clear and easy to follow: the physical prop-

erties (both the circuits appearance and the operation principles) can be preserved/transformed 

through isomorphic transformation and strict dual transformation.  

On the other hand, the topology cycling phenomenon for non-planar circuits is more compli-

cated. In fact, isomorphic transformation is bijection mapping for any circuits. While the dual 

transformation is not straightforward for non-planar circuits. To complete the closed loop, the 

dual method needs to be a bijection, which means circuits will cycle back to its origin by doing the 

transformation twice. For non-planar circuits, extra constraints are necessary for the utilized dual 

methods, e.g. physical dual method or Lagrangian dynamics-based method. 
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Figure 2-39 Cycling transformation Example 3 of power converters with nonplanar circuits. 

 

Table 2-V   Nonplanar Circuits with Four-Step Topology Cycling Phenomenon 

Topology Features 

9 Four-leg CSC Voltage boost; unbalanced power regulation; 18 switching states 

10 Four-leg VSC Voltage buck; unbalanced power regulation; 16 switching states 

11 
Single-phase CSC with 

auxiliary circuits  

Voltage boost; common-mode suppression capability; 16 switching 

states 

12 
Single-phase VSC with 

auxiliary circuits 

Voltage buck; common-mode suppression capability; 18 switching 

states 
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In Figure 2-39, four topologies with nonplanar circuits are presented as Example 3. The main 

features of the converters are summarized in Table 2-V regarding the operation. Similar with the 

planar cases, all converters within cycling loop have some commonalities, e.g. same number of 

switches (if bidirectional switching is realized by one device like RB-IGBT), same number of non-

zero switching vectors, same filter orders, etc. 

 

C. Topology cycling phenomenon for matrix converters 

In addition to DC-AC converters, the cycling transformation phenomenon can also be found in AC-

AC converters by generalization of the concepts regarding VSCs and CSCs. A typical example is the 

direct matrix converter (the input terminal can be linked to voltage source and called voltage-

source input, while output linked to current source and called current-source output), which is 

dual to itself (with reversed input-output terminals) as shown in Figure 2-40. 

 

 
Figure 2-40 The general cycling transformation phenomenon of direct matrix converter. 

 

2.3.2   Cycling rules for VSCs and CSCs 

In this section, the theoretical discussions of the discovered topology cycling phenomenon are 

presented. In particular, the relationships of dual and isomorphic converters are discussed, and 

the cycling rules are proved as well. 

 

A. The converter relationships among dual and isomorphic converters 

As investigated previously, the geometrical dual method is implemented in the drawing-level, 

such that, each drawing can have its unique dual, and vice versa. Therefore, same converter could 

have different duals since its drawings could be different, and this leads to different dual convert-

ers. On the other hand, the isomorphic method only alters the input-output forms of the converter 

and preserve the graph during the transformation process. Therefore, same converter won’t lead 

to different isomorphic converter. 
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To systematically demonstrate such relationships in theory, the transformation process in Fig-

ure 2-23 is extended as an example by adding the related isomorphic transformations. For sim-

plicity, only the name of the converters and drawings are preserved. It can be observed in Figure 

2-41 that four closed loops exist in this mapping networks, e.g. one of them is {circuit 1, circuit 2, 

circuit iso. 1, circuit iso. 2} highlight with a dotted red circle.  

When implementing the geometrical dual transformation, if the dual circuit is unique, then, it 

normally forms a 2/4-step cycling loop among the converters. If the dual circuit is not unique, all 

the different drawings of each circuit can be considered to help derive multiple related dual cir-

cuits (as demonstrated in Figure 2-41). Therefore, multiple loops could co-exist among more 

converters, and the 2/4-step cycling loop can be considered as the minimum cycle linking the 

neighboring converters. 

This is also true when implementing other dual transformation methods (e.g. physical dual 

method through the electrical equivalence), such that all the possible dual circuits from same con-

verter can be linked with each other, forming an extended network together with the isomorphic 

circuits (such that more converters can be linked with each other). 

Circuit 1

Drawing 1

Drawing 2

Dual
Drawing 3

Drawing 4
Dual

Circuit 2

Circuit 3

Circuit 4

Drawing 7

Drawing 8

Dual
Drawing 5

Drawing 6
Dual

Iso.

Drawing 2 Drawing 4 Drawing 6

Iso. Iso. Iso.

Drawing 8

Drawing 1 Drawing 3 Drawing 7Drawing 5

Iso. Iso. Iso. Iso.

Circuit 3
Iso.

Circuit 2
Iso.

Circuit 1
Iso.

Circuit 4
Iso.

Dual Dual

Dual Dual

 

Figure 2-41 Multiple loops of converters and their drawings based on the dual and isomorphic method. 
(“Iso.” Stands for “isomorphic” in the figure.) 

Based on such observation, we may have two propositions regarding the topological transfor-

mations of the power converters, especially for the VSCs and CSCs, such that: 

Proposition 1: An arbitrary VSC or CSC can always be transformed into itself by limited 

steps of 1-to-1 mappings on its drawing. 

Proposition 2: If the 1-to-1 mappings are based on the dual/isomorphic method on its draw-

ing, then, the steps in Proposition 1 are two or four.1 

 

B. Proof of Proposition 1 

 
1 Here the notion of “isomorphic” is in the sense of the isomorphic transformation for power converters. 
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First, define the 1-to-1 mapping of the drawings of VSCs and CSCs as the morphism between 

objects A and B, such that, all the properties of A (a1, a2,…) are mapped into the associated prop-

erties of B (b1, b2,…) through T, and (b1, b2,…) can be mapped into (a1, a2,…) through the reverse 

process of T, named T-1. This is also presented as follows: 

                                              (2-6) 

Such mapping relationships will satisfy composition law:  

                                     (2-7) 

The symbol “◦” means a composed action of two transformations. Obviously, isomorphic trans-

formation is a 1-to-1 mapping for any circuits based on this definition (e.g. Figure 2-42). Note 

that the isomorphic transformation in this work is particularly designed for the power converter, 

such that, the minimum graph of the converters are maintain the same after the transformation. 

Dual transformation is 1-to-1 mapping for planar circuits on the drawing-level1, and conditional 

1-to-1 mapping for nonplanar circuits (additional constraints like the dual voltage/current rela-

tionships using ideal transformer or the three-phase balanced output, as introduced in section 

2.1.2). 

 

Figure 2-42 1-to-1 mapping of isomorphic transformation. 

 

(i) Proof of sufficient conditions:  

Given limited steps of 1-to-1 mappings,  

                                                (2-8) 

Define the mapping T=T1◦T2···, then, A can be transformed into itself by T◦T-1, which proves 

an arbitrary drawing of converter can always be transformed into itself by given limited steps of 

1-to-1 mappings. 

 
1 This is true since each circuit is drawn in the way that there is unique 1-to-1 mappings between the circuit and its drawing in any 

dual pair. 
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(ii) Proof of necessary conditions: 

Given an arbitrary converter, and there is a 1-to-1 mapping that the drawing of VSC or CSC can 

be transformed into itself. 

Then there is at least one intermediate drawing B, such that, 

                                                                    (2-9) 

Based on the given condition, there is at least one intermediate drawing C associated with B, 

such that, 

                                                                  (2-10) 

Therefore,  

                                                                   (2-11) 

Based on the same rules, we can have a limited number of drawings and from A to N by a limited 

number of steps: 

                                                           (2-12) 

In summary, it is proved that an arbitrary drawing of converter can always be transformed into 

itself by limited steps of 1-to-1 mappings. 

 

C. Proof of Proposition 2 

To prove Proposition 2, first, we model an arbitrary circuit of the VSC or CSC as follows: 

Output=F(Input, M)                                                           (2-13) 

where M is the model of the main circuit of the power converter and M= [node, edge, drawing]1, 

F indicates the basic circuit laws, e.g. KVL or KCL. 

Then, we utilize dual principles to transfer this model into: 

D(Output)=F[D(Input), D(M)]                                              (2-14) 

The duality maintains the numbers of all the circuit elements, but change the inputs, outputs, 

components, and drawings into dual versions. Next, we use isomorphic principles to transfer (2-

15) into: 

D(Input)=F[D(Output), D(M)]                                             (2-15) 

The isomorphism of converters utilized here swaps the inputs and outputs of original circuits.  

If  

 
1 In practice, the model corresponds to a unique drawing, such that each converter can be represented by some specific drawings. 

The dual transformation, especially the geometrical dual methods, are based on drawing-level transformation. 
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D(M)=M, D(Input)=Output, D(Output)=Input                           (2-16) 

then, the cycling is complete with two transformation steps: one is dual, another one is isomorphic. 

We utilize dual principles again to transfer (10) into: 

D2(Input)=F[D2(Output), D2(M)]                                       (2-17) 

where D2 indicates the dual transformation is conducted twice. Note that, for the drawing of pla-

nar circuits, the utilized dual principle is bijection mapping. Therefore, the circuits will cycle back 

to its origin by doing the transformation. While for nonplanar circuits, to guarantee such property, 

additional constraints are needed (e.g. balanced operation in a three-phase system). Then, (2-17) 

can be rewritten as: 

Input=F(Output, M)                                                    (2-18) 

If we swap Input and Output again through isomorphic principles, we will get (2-13) eventually. 

Therefore, it is proved that the topology transformation steps for the cycling phenomenon of 

dual and isomorphic power converters are always two/four on the drawing-level. To demonstrate 

such rules, the converter is drawn as a building block with n-port inputs and m-port outputs, as 

shown conceptually in Figure 2-43, while the inputs and outputs can be arbitrarily assigned as 

DC-type or AC-type. 
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Figure 2-43 The general cycling transformation phenomenon of topology with n-port inputs and m-port 
outputs. (a) 2-step closed loop, (b) 4-step closed loop. 

 

2.3.3   Potential applications 
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In previous sections, the topology cycling phenomenon of VSCs and CSCs is thoroughly investi-

gated with examples and theoretical proof. It is demonstrated that such phenomenon is not a 

simple combination of dual and isomorphic methods, but a unified abstract relationship that ex-

ists in all power converters. In this section, the potential applications of discovered cycling phe-

nomenon are discussed with various VSCs and CSCs examples. 

 

Table 2-VI   Details of the Operation Analysis of Topology 13~16 

Topology Switching States 

S1

S2

S3

S4

S5

S6

Vac1 Vac2Vdc

Idc

 
Topology 13 (state 3) 

[164] 

S1 S3 S5 S2 S4 S6 Vac1 Vac2 Idc 

000 111 (state 1) 0 0 0 

001 110 (state 2) 0 -Vdc -Iac2 

010 101 (state 3) -Vdc Vdc -Iac1+Iac2 

011 100 (state 4) -Vdc 0 -Iac1 

100 011 (state 5) Vdc 0 Iac1 

101 010 (state 6) Vdc -Vdc -Iac2+Iac1 

110 001 (state 7) 0 Vdc Iac2 

111 000 (state 8) 0 0 0 
 

S1

S2

S3

S4

S5

S6

  
Topology 15 (state 3) 

[165] 

S1 S2 S3 S4 S5 S6 Vac Vdc2 (i+) 

01 0101 (state 1) 0 - 

01 0110 (state 2) Vdc2 discharge 

01 1001 (state 3) Vdc1-Vdc2 charge 

01 1010 (state 4) Vdc1 - 

10 0101 (state 5) -Vdc1 - 

10 0110 (state 6) Vdc2-Vdc1 charge 

10 1001 (state 7) -Vdc2 discharge 

10 1010 (state 8) 0 - 
 

Idc

Iac1

Iac2

S1 S2

S3 S4

S5 S6

Vdc

  
Topology 14 (state 3) 

[166] 

S1 S3 S5 S2 S4 S6 Iac1 Iac2 Vdc 

000 111 (state 1) 0 0 0 

001 110 (state 2) 0 -Idc -Vac2 

010 101 (state 3) -Idc Idc -Vac1+Vac2 

011 100 (state 4) -Idc 0 -Vac1 

100 011 (state 5) Idc 0 Vac1 

101 010 (state 6) Idc -Idc -Vac2+Vac1 

110 001 (state 7) 0 Idc Vac2 

111 000 (state 8) 0 0 0 
 

Iac
Idc1

S5S3

S1

S6S4

S2

Idc2

 
Topology 16 (state 3) 

[157] 

S1 S2 S3 S4 S5 S6 Iac Idc2 (v+) 

01 0101 (state 1) 0 - 

01 0110 (state 2) Idc2 discharge 

01 1001 (state 3) Idc1-Idc2 charge 

01 1010 (state 4) Idc1 - 

10 0101 (state 5) -Idc1 - 

10 0110 (state 6) Idc2-Idc1 charge 

10 1001 (state 7) -Idc2 discharge 

10 1010 (state 8) 0 - 
 

 

A. Operation analysis 

The topology cycling indicates the strong links among VSCs and CSCs which can be utilized for 

analysis. Take another group of four topologies as demonstrations [157], [164]-[166] (see Figure 
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2-44). Since they are planar circuits, strict mapping relationships are expected for all of them, e.g. 

same numbers of switching vectors (eight vectors), same (dual) operation limitations of isomor-

phic (dual) circuits, etc. Based on such interconnections, operation analysis can be done with not 

only the neighboring topologies but also any pair of topologies inside this loop, e.g. AC currents 

of Topology 13 and DC voltages of Topology 15, AC voltages of Topology 14 and DC currents of 

Topology 16.  

The detailed features of them are summarized in Table. 2-VI. All four topologies share asso-

ciated AC/DC physical meanings using the same switching tables, e.g., state 3 of topology 15 can 

be used to charge the Vdc2, while the same state of topology 16 leads to charge of Idc2, which implies 

a similar voltage/current balancing scheme can be implemented for both topologies. 

The detailed waveforms of DC current of Topology 13, DC voltage of Topology 14, AC voltage of 

Topology 15 and DC current of Topology 16 are demonstrated in Figure 2-45 using the same 

switching signals (see Figure 2-46). The operation principles are based on the conventional 

modulation of Topology 15, a hybrid phase-shifted scheme, as introduced in [167]. The resulting 

waveforms show strong similarities in all four topologies. Using proper selected DC-source values, 

the shapes of Idc of Topology 13 and the Vdc of Topology 14 are the same; the shapes of Vac of 

Topology 15 and the Iac of Topology 16 are the same as well. Through the FFT analysis (see Figure 

2-47), all these waveforms have a similar harmonic spectrum in theory: the same equivalent 

switching frequency which is doubled of the carrier frequency. Such performances further show 

the general similarities of operations among the studied topologies. 

+
 

AC LOAD/
SOURCE

AC LOAD/
SOURCE

AC LOAD/
SOURCE

AC LOAD/
SOURCE

Topology 13 Topology 14

+
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AC LOAD/
SOURCE
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Isomorphism
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Topology 13: Three-leg voltage-source converter with dual AC outputs
Topology 14: Six-switch current-source converter with dual AC outputs
Topology 15: Single-phase multilevel voltage-source converter with dual DC inputs
Topology 16: Single-phase multilevel current-source converter with dual DC inputs

Duality

 
Figure 2-44 The topological transformation cycling Example 3. 
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Table 2-VII   Input/Output Settings of Simulation 

Settings of converter input/output Value p.u. 

AC currents of Topology 13 (Iac1&Iac2) 100 A/50 A (peak) 1/0.5 

AC voltages of Topology 14 (Vac1&Vac2) 100 V/50 V (peak) 1/0.5 

DC voltages of Topology 15 (Vdc1&Vdc2) 100 V/50 V 1/0.5 

DC currents of Topology 16 (Idc1&Idc2) 100 A/50 A 1/0.5 
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Figure 2-45 Output waveforms of Topology 13~16. Line frequency is 60 Hz, modulation index is 0.9, equiv-
alent switching frequency is 6k Hz. 

Switching signals of S3

Switching signals of S5

Switching signals of S1

½T T

L
og

ic
L

og
ic

L
og

ic

 

Figure 2-46 The switching signals implemented for Topology 13~16. 
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Figure 2-47 FFT analysis results of (a) Idc of Topology 13 and Vdc of Topology 14, (b) Vac of Topology 15 and 
Iac of Topology 16. 

 

B. Modeling of VSCs and CSCs 
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In addition to operation analysis, the cycling loop can also facilitate the modeling process since 

the physical properties can be preserved for VSCs and CSCs within the closed loop. Therefore, the 

modeling process of any converters can be generalized for their counterpart.  

Given Example 3, the topology 13 can be modeled as: 

VL1=L1dIL1/dt, VL2= L2dIL2/dt, Ic=CdcdVdc/dt                                      (2-19) 

where VL1 and VL2 are the voltages of AC output inductors L1 and L2, IL1 and IL2 are the correspond-

ing currents, Vdc is the voltage of DC capacitor Cdc, Ic is the DC current of Cdc. 

The topology 14 can be modeled as: 

Ic1=C1dVc1/dt, Ic2=C2dVc2/dt, VL=LdcdIdc/dt                                       (2-20) 

where Vc1 and Vc2 are the voltages of AC output capacitors C1 and C2, Ic1 and Ic2 are the correspond-

ing currents, Idc is the DC current, VL is the voltage of the DC inductor Ldc. 

The topology 15 can be modeled as: 

Ic1=C1dVdc1/dt, Ic2=C2dVdc2/dt, VL=LacdIL/dt                                     (2-21) 

where Ic1 and Ic2 are the currents of DC input capacitors C1 and C2, Vdc1 and Vdc2 are the corre-

sponding voltages, IL is the AC current, VL is the voltage of the AC inductor Lac. 
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Figure 2-48 The simplified representation of Example 3. 

 

The topology 16 can be modeled as: 

VL1=L1dIdc1/dt, VL2=L2dIdc2/dt, Ic=CacdVC/dt                                   (2-22) 

where Idc1 and Idc2 are the currents of DC input inductors L1 and L2, VL1 and VL2 are the correspond-

ing voltages, VC is the voltage of the AC capacitor Cac, Ic is the corresponding current. 

It can be observed that:  

(i) (2-19) and (2-20) (or (2-21) and (2-22)) are identical after exchanges, i.e. voltage⇔current, 

capacitor⇔inductor;  

(ii) (2-19) and (2-22) (or (2-20) and (2-21)) are identical after modifications, i.e. only the labels 

are exchanged ac⇔dc;  
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(iii) (2-19) and (2-21) (or (2-20) and (2-22)) are also linked through the cycling with bijection 

as voltage⇔current, capacitor⇔inductor, ac⇔dc. 

To summarize, the uniform of (2-19)~(2-22) can be written as: 

X1=Z1dY1/dt, X2=Z2dY2/dt, Y3=QdX3/dt                                      (2-23) 

X, Y, Z or Q denotes the same types of physical parameters, e.g. current or voltage for X or Y, 

capacitance or inductance for Z or Q, while the subscripts denote the different allocations. The 

switching functions of converters can be obtained based on their switching tables. Therefore, the 

model of all converters in a closed loop can be unified as one form. 

 

C. Modulation/control strategy design of VSCs and CSCs 

Another important implementation of this discovered general relationship is to facilitate the de-

sign of modulation and control strategies for VSCs and CSCs, especially the ones that are not well 

known to everyone. 

Take an aforementioned cycling loop as a demonstration, e.g. Example 1 in Figure 2-38. Com-

paring to Topology 2 and 4, Topology 3 consists of two DC-series current-source-type H-bridges 

and is not popularly studied in literature as far as we know. To design the modulation schemes 

for Topology 3, conventionally, we have to start from the operation analysis and modeling of the 

converter, which is normally time-consuming. However, with the discovered cycling, the existing 

methods for Topology 2 and 4 can be utilized in a systematic way. 

If the reduction of DC-side voltage ripples of Topology 3 is the objective of modulation design, 

then, the AC-side multilevel modulation of Topology 4 can be directly utilized. If the objective is 

to modulate the AC-side currents of Topology 3, then, the AC-side voltage modulation of Topology 

2 can be directly utilized. Since carrier-based PWM can be applied for both the Topology 2 and 4, 

it can also be implemented for Topology 3. The modulation logic should follow the switching func-

tions exactly as shown in Figure 2-49. Due to the dual and isomorphic relationships, the DC 

voltages and AC currents of Topology 3 can be express in the same forms as its counterparts. 

Therefore, the phase-shifted PWM can be implemented for Topology 3, the modulation logic is 

shown with details in Figure 2-50. To validate the designed modulation scheme, experiments 

are done with the platform shown in Figure 2-51 and parameters listed in Table. 2-VIII. The 

experiment waveforms are shown in Figure 2-52. It can be observed that the AC output voltage 

is tracked as sinusoidal as well as the AC current, while the DC voltage is modulated as a semi-

multilevel waveform, which indicates reduced DC ripples. Note that some spikes in the waveforms 

are likely caused by the EMI from the experimental platform. In particular, we use SiC MOSFET 

(SCT3080KLHR) and SiC Schottky barrier diode (SCS220AE) in the main circuit. And the 
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switching turn ON/OFF time is very short (less than 100ns), which will easily lead to transient 

voltage spikes on the parasitic inductor in the current path.  In addition, the DC-offset of the DC 

voltage waveforms could be caused by the inherent voltage drop of the conducting devices in the 

current path. 
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Figure 2-49 The switching functions of three topologies in Example 1. Topology 2: DC-parallel H-bridge 
VSCs. Topology 2: DC-series H-bridge CSCs. Topology 2: AC-series H-bridge VSCs. 
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Figure 2-50 Implementation of carrier-based PWM for Topology 3. 

 

 
Figure 2-51 Experimental platform. 
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Table 2-VIII   Experiment Settings of Topology 3 

Parameter Value 

DC current (Idc) 3 A 

AC-side filter 120 uF 

AC-side load 5 mH 6 ohm 

Carrier frequency 2000 Hz 

Line frequency 60 Hz 

Phase-shift angle of four carriers 90° 
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Figure 2-52 Implementation of carrier-based PWM for Topology 3. 
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Figure 2-53 Harmonic spectrum of (a) Vac of Topology 3, (b) Vdc of Topology 3. 
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The harmonic spectrums are also demonstrated in Figure 2-53, which shows a doubled equiv-

alent frequency of DC voltage ripples. This phenomenon commonly exists in Topology 4 if phase-

shifted PWM is applied. In summary, by implementing the existing methods of the well-studied 

Topology 2 and 4, Topology 4 can be modulated with good AC-side and DC-side waveforms. 

Based on the discussions of the previous section, all converters in one closed loop have a unified 

form of the average model and switching functions. Therefore, the same control structures can be 

designed for them systematically. Either the single-loop or dual-loop control strategy can be de-

signed based on the filter orders of converters [168].  

 

2.4. Summary 

In this chapter, the fundamental relationships of power converters are thoroughly investigated, 

especially for the VSCs and CSCs. Meanwhile, two major types of theories are highlighted: one is 

the famous dual theory, the other one is the emerging isomorphic theory. 

Firstly, the dual theory for planar circuits and non-planar circuits are reviewed. Especially for 

converters with non-planar circuits, various methods have been proposed in literature and are 

systematically summarized here. To overcome the limitations, additional constraints are normally 

needed for dual transformation of those converters (e.g. balanced output, physical equivalent, 

etc.). Then, the isomorphic theory is introduced for establishing another intrinsic relationship 

among VSCs and CSCs. Not only the topology but also the operation rules (e.g. modulation) can 

be transformed from one converter to another. In particular, the single-phase three-level VSC is 

isomorphic with the three-phase CSC, and they share the one-to-one modulation scheme as veri-

fied in this work. Finally, instead of implementing the dual methods and isomorphic methods in 

an independent way, we use both the duality and isomorphism synthetically and discover the to-

pology cycling phenomenon. Such a new finding reveals the common properties among various 

VSCs and CSCs in terms of their topologies, operation principles, modulation/control strategies, 

etc. To demonstrate this work, the theoretical proof is given to show the versatility of these new 

findings for all kinds of power converters. Then, the systematic operation analysis and the unified 

model of selected VSCs and CSCs examples are given to show the similarities among the cycling 

topologies. The modulation scheme of the DC-series H-bridge CSC is designed to reduce the DC 

ripples based on the existing PWM of existing VSC topology. In summary, by properly utilizing 

the discovered relationships, both existing and future VSCs and CSCs topologies can be linked 

with each other and sharing the existing knowledge in a more comprehensively way. 

As for the following chapters, the theory-level achievements in Chapter 2 can be implemented 

for voltage-source/current-source MLCs and facilitate the topology derivation and modulation 



61 

 

design in a systematic way. In Chapter 3, the fundamental relationships in a structure level of 

the MLCs will be investigated, e.g. duality, resulting in the unified matrix models of the MLCs that 

will be applied for systematic topology derivations for voltage-source/current-source MLC topol-

ogies. Then, the cycling rules can be utilized for generating more new derivations by generalizing 

the derived VSC or CSC topology into more circuit forms.   
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Chapter 3  
Systematic derivation of multilevel 

converters1 

 

In conventional ways, MLCs derivations are mainly realized through circuit-level synthesis (e.g. 

voltage-source MLCs) or dual transformation (e.g. current-source MLCs). To derive current-

source MLCs, dual principles are normally utilized to facilitate the topological derivation process 

[81], [82], [169]. In [81], the duality principle is utilized to construct the current-source MLCs 

topologies based on the existent voltage-source MLCs topologies. In [82], such duality principle 

is utilized for MMC derivation considering both the sub-modules and cell connections. However, 

these methods tend to be quite complicated when dealing with high-level/non-planar circuits. In 

this chapter, we establish the unified models of MLCs based on the structure-level fundamental 

relationships extended from Chapter 2. And develop the systematic topology derivation ap-

proach for three types of MLCs (voltage-source, current-source, matrix type). 

As introduced in Chapter 2, the duality can be adopted for revealing such relationships in a 

higher-level abstract way. For voltage-source MLCs and current-source MLCs, dual relationships 

can be found in a structure-level by representing in matrix models. It will be demonstrated that 

both types of MLCs can be modeled in stage-based common structures. Therefore, it is possible 

to derive these two types of MLCs in a structure-level by following a universal approach. As for 

each stage, the basic circuit forms are summarized and can be directly utilized for topology syn-

thesis without conducting dual transformation. Moreover, it is well established that matrix-type 

MLCs have the equivalent circuits with voltage-source and current-source MLCs, which can be 

considered as another structure-level relationships. Therefore, the matrix-type of MLCs can be 

synthesized by directly combining voltage-source and current-source MLCs. In addition, to fur-

ther generalize the derived topology database, the discovered cycling rules can be utilized here. 

Once an original topology is derived, it can be transformed into another one/three forms with 

clear fundamental relationships (as established in Chapter 2). 

 
1 Publication out of this Chapter: 
 

Yuzhuo Li, Yunwei Li and Zhongyi Quan, "Systematic Synthesis and Derivation of Multilevel Converters Using Common Topological 
Structures with Unified Matrix Models," in IEEE Transactions on Power Electronics, vol. 35, no. 6, pp. 5639-5659, June 2020. 
Yuzhuo Li, Nie Hou, Li Ding and Yunwei Li, "Unfolder Operation and Modulation Strategy of Paralleled Current-Source Converters," 
2019 IEEE Energy Conversion Congress and Exposition (ECCE), Baltimore, MD, USA, 2019, pp. 5089-5095. 
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Figure 3-1 Logic structure of Chapter 3. 
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3.1. Unified models and structures of multilevel converters 

In literature, some research works summarize the common structure of certain types of voltage-

source MLCs which can help the derivation process of new topologies [29], [66], [80]. For exam-

ple, in [80], two types of derivation methods are reviewed: 1) generalized-topology method; 2) 

basic-cell method. Based on the former type, the structure of general topology is needed first, and 

then simplify it according to various requirements. However, the general principles of topology 

deduction can hardly be obtained in this way. While the second one limits the basic cells must be 

self-balanced, which in fact makes the topology deduction lose generality. While the self-voltage 

balancing capability is appreciated in some applications, we certainly cannot eliminate other op-

tions especially considering that the topologies that require external balancing force may still be 

valuable for low voltage applications. In [66], five main submodules (SMs) are introduced as the 

basic structures covering a large number of voltage-source MLC structures. The common struc-

tures are shown in specific types of circuit connection forms, e.g. series connection and parallel 

connection. While the structure properties among different topologies are still ambiguous due to 

the lack of universal representation models in a mathematical point of view. 

In this section, the structures of all three types of MLCs are thoroughly investigated, i.e. voltage-

source MLC, current-source MLC, and matrix-type MLC. To cover mainstream converters, eight 

typical topologies (e.g. half bridge, H bridge, MMC, generalized self-balance MLC, two kinds of 

general multilevel CSCs, 3-level and 5-level matrix converters) are presented with associated 

mathematical representations to demonstrate the common topological features of all three types 

of MLCs. 

 

3.1.1   Structure-level relationships based on matrix models 

A. Voltage-source multilevel converters 

First, four voltage-source topologies are selected and discussed as follows. 

Voltage-Source Example 1: Circuit form of 2-level (2L) output half-bridge converter is 

shown in Figure 3-2. Points A1 and A2 are the output terminals. If A1 is the midpoint of the DC 

side, then the output voltage level can be +Vd/2, or −Vd/2. 

The output voltage can be expressed as: 

  1
2 1 1 2

2
A A

L
V s s

L
 

=  
  .                                                            (3-1) 

Note that two vectors are implemented: one represents the switching states with conventional 

bi-logic, and another one represents the available input voltage levels. 
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LEVEL 1 (L1)
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Figure 3-2 Half-bridge converter with two-level output. 

 

 

Voltage-Source Example 2: Similarly, the circuit form of 3L output H-bridge converter is 

shown in Figure 3-3. Points A1 and A2 are the output terminals and the output voltage levels can 

be +Vd, 0, or −Vd.  

The output voltage can be expressed as: 

  11
1 2 11 21 12 22

12
A A

L
V s s s s

L
 

= − −  
  .                                                 (3-2) 

Similar to (3-1), two vectors are also implemented in (3-2). 

Vd

+

-

A1

S12

S11

S22

S21

A2

L22

L21

L12

L11  

Figure 3-3 H-bridge converter with three-level output. 

 

 

Voltage-Source Example 3: Circuit form of MMC with half-bridge sub-module (also can be 

referred to as double-star chopper cell (DSCC) converter in [7]) is shown in Figure 3-4(a). The 

topology can be equivalently transformed into Figure 3-4(b).  

The output voltage w.r.t. potential A1 of each sub-module is related to its switching states, the 

DC capacitor voltage, and the input voltage levels. The output voltage can be expressed as: 

 

22

21
2 1 4 3 2 1

12

11

n

n
A A n n n n

n

n

L
L

V S S S S
L
L

 
 
 =
 
 
 

,                                             (3-3) 

The equation (3-3) is for the rightmost two SMs, which can be expanded to cover all the sub-

modules information through iterative substitution. 

The matrix model of Stage n-1 of MMC is: 
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( 1)22

( 1)1 ( 1)4 ( 1)3 ( 1)21

( 1)2 ( 1)2 ( 1)1 ( 1)12

( 1)11

n

o n n n n

o n n n n

n

L
V S S L
V S S L

L

−

− − − −

− − − −

−

 
 

     =        
 
  

                             (3-4) 

Substitute the (3-4) into the Eq. (3-3), we have the extended model of VA2A1: 

 

( 1)4 ( 1)3 ( 1)22

( 1)4 ( 1)3 ( 1)21 2
2 1 4 3 2 1

( 1)2 ( 1)1 ( 1)12 1

( 1)2 ( 1)1 ( 1)11

0

0

n n n

n n n dn
A A n n n n

n n n dn

n n n

S S L
S S L V

V S S S S
S S L V
S S L

− − −

− − −

− − −

− − −

      
      

−      = + 
      
               

(3-5) 

If the stage n-2 of MMC is considered, (3-5) will be extended with the information of next neigh-

boring SMs (associated with [S(n-2)4 S(n-2)3 S(n-2)2 S(n-2)1] and [L(n-2)22 L(n-2)21 L(n-2)12 L(n-2)11]T). In such 

a way, VA2A1 can contain all SMs information. 
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Figure 3-4 Generalized MMC with half-bridge sub-module. (a) Circuit form. (b) Equivalent circuit form. 
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Figure 3-5 Generalized self-balancing MLC. 
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Voltage-Source Example 4: Circuit form of generalized self-balancing MLC in [78] is shown 

in Figure 3-5. 

The output voltage can be expressed as: 

( 1)2
2 1 ( 1)2 ( 1)1

( 1)1

n
A A n n

n

L
V S S

L
−

− −

−

 
 =   

  .                                                (3-6) 

The equation (3-6) is for the rightmost half-bridge and can also be expanded with all the clamp-

ing capacitors and associated switch networks through iterative substitution. 

 

B. Current-source multilevel converters 

Next, two examples are presented to illustrate the common structure of current-source MLC. 

Current-Source Example 1: Circuit form of single-phase single-rating inductor current-

source MLC is shown in Figure 3-6 [169]. The output current can be expressed as: 

   1
11 12 12 11 1 2 2 1

1

n
o n n n n

n

II
I s s s s s s s s

II
  

   = + +   
−−    .                                    (3-7) 
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Figure 3-6 Single-phase single-rating inductor current-source MLC. 
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Figure 3-7 H-bridge current-source inverter. 
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Normally, the upper switches are complementary (e.g. S11 and S'11), which simplifies (3-7) into: 

   1
11 12 1 2

1

n
o n n

n

II
I s s s s

II
  

= + +   
−−    .                                         (3-8) 

Note that two types of vectors are implemented: one represents the switching states, and an-

other one represents the available input currents. 

Current-Source Example 2: Circuit form of H-bridge current-source inverter is shown in 

Figure 3-7 [170]. The output current can be expressed as the same as (3-7) or (3-8). It can be 

considered as the counterpart of a conventional voltage source converter with floating capacitor 

H-bridge cells [171] and shares similar modulation schemes and control strategies. 

 

C. Duality in structure-level of MLCs 

Through the above examples, it is straightforward to summarize the common structure of a volt-

age-source MLC as the dot product of two vectors: 

v=S∙L,                                                                       (3-9) 

where v denotes the output voltage, S denotes the switching state vector, L denotes the voltage 

level vector. Such equation can also be written for any intermediate output voltages inside the 

voltage-source MLCs. In such a unified way, all topologies discussed in [66] can be systematically 

represented. 

Also, the common structure of a current-source MLC can be expressed as the dot product of two 

vectors: 

i=S∙I,                                                                       (3-10) 

where i denotes the output current, S denotes the switching state vector, I denotes the current 

vector. Such an equation can also be written for any sub-module output currents inside the MLCs. 

Comparing the (3-9) and (3-10), it is easy to observe the following relationships in between: (i) 

the output voltage is dual to the output current; (ii) the voltage level vector is dual to the current 

vector. The switching state vector is remained the same form in both types. 

Fundamentally, the unified matrix representation can be derived:  

X=S*L                                                                     (3-11) 

where X denotes the output voltage/current matrix of an arbitrary stage, S denotes the level se-

lector matrix of this stage through basic bi-logic representation (value 1 for switch “ON”, value 0 

for switch “OFF”), L denotes the level generator matrix of the same stage, * represents the most 

basic matrix multiplication. With that, the topological synthesis and derivation process can be 

considered as basic linear equation calculation. While the topology simplification process is the 

transformation of equations. 
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D. Equivalent topological features in matrix-type multilevel converters 

Finally, for matrix converters, two examples are presented to illustrate their topological features. 

Matrix Converter Example 1: A 3-voltage-level matrix MLC is shown in Figure 3-8. The 

detailed analysis of a similar 3L matrix MLC using NPC was given in [31].  

The equation of input voltages and output voltages can be expressed as: 

3inv L rect=V S V
                                                            (3-12) 

where Vinv, S3L, and Vrect can be expressed as: 

  1 2,
TT T T

inv A B C rect rect rectv v v  = =  V V V V ,   1
3 1 1

1

rect
L inv inv

rect

 
=  

 

S
S S S

S
, 

   1 1 1 1 2 2 2 2,T T
rect a b c rect a b cv v v v v v= =V V . 

Assume there is an intermediate voltage vector such as L=[L3 L2 L2 L1]T, the voltage relationship 

between rectifier parts and inverter part can be expressed as: 

 1
1 2

2

,rect
rect inv inv inv

rect

 
= = 
 

S
L V V S S L

S
                                       (3-13) 

where the equations of the two parts have the same structures of voltage-source MLC and current-

source MLC  (i.e. structure-level isomorphism), respectively. And the Srect1, Srect2, Sinv1 and S inv2 

can be expressed as: 

1 2 3

1 2 31

1 4 5 6

4 5 6

rect

rect

s s s
s s s

s s s
s s s

  
        =     
       

S
S

,  
7 10 7 10 7 10 7 10

1 1 8 11 8 11 8 11 8 11

9 12 9 12 9 12 9 12

inv inv

s s s s s s s s
s s s s s s s s
s s s s s s s s

        
        =     
            
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Figure 3-8 3-level indirect matrix converter. 
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Matrix Converter Example 2: A 5-current-level matrix MLC is demonstrated in Figure 3-

9. Note that this topology is parallel indirect matrix converters system as described in [172]. 

The equation of input currents and output currents can be expressed as: 

5
T

rect L inv=I S I
                                                                   (3-14) 

where Iinv, S5L, and Irect can be expressed as: 

   1 2 1 1 1 1 2 2 2 2, ,
T T TT T

inv inv inv inv A B C inv A B Ci i i i i i = = = I I I I I , 

   1 2 1 1 1 1 2 2 2 2, ,
T T TT T

rect rect rect rect a b c rect a b ci i i i i i = = = I I I I I , 

1 1
5

2 2

inv rect
L

inv rect

 
=  
 

S S
S

S S
, 

7 7 10 10

1 8 8 1 11 11

9 9 12 12

,inv inv

s s s s
s s s s
s s s s

    
    = =
   

       

S S , 

1 2 3 4 5 6
1 2

1 2 3 4 5 6

,rect rect

s s s s s s
s s s s s s
   

= =           
S S . 

Assume the intermediate current vector is L=[L1 −L1 L2 −L2]T, the current relationship between 

rectifier parts and inverter part can be expressed as: 

1

2

TT
rect

rect T
rect

 
=  
 

S
I L

S
, 

1

2

TT
inv

invT
inv

 
=  
 

S
L I

S
,                                  (3-15) 

which has the same structure of current-source MLC (i.e. structure-level equivalence). 
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Figure 3-9 Indirect matrix converter with 5L current output. 
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This section investigates the common structures among all three kinds of MLCs with associated 

matrix representations. It is demonstrated that the outputs of MLCs can be represented in a 

unique dot product of two matrices. For complex circuits, the models can be developed iteratively. 

In such way, the similarity and difference of various MLCs can be exhibited in a mathematical 

way, and the derivation method for one topology can be mathematically transformed into another 

one which will greatly facilitate the derivation process.  

 

3.1.2   Stage-based structures of multilevel converters 

In literature, similar concepts towards the MLC structure have been developed e.g. level lines, 

layers [78]-[80], [173]which easily leads to confusions under different semantics towards differ-

ent types of topologies. Based on the summary of common structures of MLC topologies in the 

previous section, all three types of MLCs can be represented in a unified mathematical form. In 

this section, such a concept is defined more precisely and will be discussed thoroughly with 

demonstration examples to help better understand the mathematical models and the topological 

relationships of various MLC topologies. 

To represent voltage-source and current-source MLC in a generalized manner, the concept of 

the stage is introduced in this section. In the proposed concept, a multilevel topology is composed 

of several stages, as shown in Figure 3-10. Herein a voltage-source MLC or a current-source 

MLC is considered as a composition of several consecutively connected stages as shown in Figure 

3-10(a) and (b). Each stage can have single or multiple inputs and single or multiple outputs 

with different circuit appearance. A stage can be further decomposed into a combination of level 

generators (LGs) and level selectors (LSs). An LG is a circuit responsible for generating or retain-

ing the desired voltage/current levels. An LS is a circuit responsible for selecting the proper volt-

age/current levels that generated from the previous LG. The typical structure of a stage is com-

posed of an LG and an LS. Since selecting level within each stage is actually based on modulation 

strategy, both high and low-frequency behavior can be represented in the proposed concept.  

A matrix MLC can be considered as a combination of voltage-source MLC with a virtual voltage 

source and current-source MLC with a virtual current source. Furthermore, the physical switches 

are abstracted into the node-branch diagram. The topology synthesis and derivation are realized 

by designing and manipulating the stages with node-branch diagram. 

The stage-based common structure of MLC with shared DC link shows that a stage has a com-

plete voltage/current level output capability, which can be considered as the smallest unit of func-

tional circuits in a topology. Two-level topologies can be considered special cases from the stage-

based point of view. 
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The connection rule of LG and LS in a stage is that the number of input terminals of an LS and 

the number of output terminals of an LG must be same when they are to be connected. After 

connection, the generated levels (from an LG) can be selected by the subsequent LS. By coordi-

nating the behaviors of all the LSs, desired output levels can be obtained. The procedure is also 

known as modulation. Since there is no restriction on the switching frequency of the LSs, the 

coupling between an LG and an LS can be either high frequency or low frequency in the proposed 

concept. Examples are given in following sections for better understanding of the concept of stage 

and the node-branch diagram. 
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Figure 3-10 A generalized representation of multilevel topology based on the concept of the stage for (a) 
voltage-source MLC, (b) current-source MLC. 

 

3.1.3   Commonly used level generators, level selectors 

A. Graphical representation through node-branch diagram 

The node-branch diagram has been a useful tool to represent the electrical topologies [174]-[177]. 

It provides a general way to present the multilevel topologies. However, conventionally, the node-

branch diagram cannot reveal the structural synthesis of a multilevel topology. In this work, this 

diagram is combined with the concept of the stage, providing an efficient and generalized ap-

proach to represent and derive topologies. The definitions of node and branch are as follows: 

(i) Node: A node is a point.  

(ii) Branch: A branch is a line segment joining two nodes. 

In a physical circuit, a node represents any chosen positions in a lumped circuit. While a branch 

represents the conductor connecting two chosen points in a lumped circuit. In a multi-level circuit, 

the power electronic switch is abstracted as a special node-branch diagram that can be controlled. 

From the signal flow point of view, it has only two states. One is the state of signal transmission, 

one is the state of the signal block. For each topology, the node-branch diagram can be drawn 
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based on the concept of the stage. To better explain the concept of stage and the node-branch 

diagram, examples are given in the following sections. 

 

B. Commonly used level generators, level selectors of voltage-source MLCs 

Considering the generality of multilevel topologies, the basic LGs and LSs of voltage-source MLC 

are firstly introduced in both circuit form and node-branch form in the following context.  

Firstly, the circuit form of n-input-n-output (n-to-n) LG is shown in Figure 3-11(a). Such a 

level generator is the most basic component of a voltage-source multilevel topology. Each input 

terminal Aj can be chosen as the reference point (j=1, 2, …, n), which can be arbitrarily selected. 

Voltage levels are generated by the linked dc source which is named as Vdi for ith dc source. In 

general, the dc sources can either be the outputs of dc-dc converters, or simply ideal voltage 

sources, or capacitor buffered voltage from the front end. LEVELi mean the generated voltage of 

ith output terminal relative to the reference point, i=1, 2, …, n. Node-branch form of the n-to-n 

LG is shown accordingly in Figure 3-11(b). It should be noted that in an LG, the sources are 

neglected while only levels remain. When drawing a node-branch diagram, the level must be la-

beled using the term LEVELi or Li to indicate the voltage level information. The associated level 

generator vector is expressed as follow: 

 1 1
T

n nL L L−=L .                                                        (3-16) 

Note that the arbitrarily selected input terminal is served as a reference to simplify the repre-

sentation of circuit voltages and will not change the difference between adjacent terminal voltage 

potentials. In Figure 3-11(c) and (d), a 1-to-n LG is shown, while A1 is the reference point (usu-

ally chosen as the mirror symmetry point of the circuit, also known as a neutral point). 
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Figure 3-11 (a) Circuit form of the n-to-n level generator, (b) node-branch diagram of n-to-n level generator, 
(c) circuit form of the 1-to-n level generator, (d) node-branch diagram of the 1-to-n level generator. 
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Figure 3-12 n-to-(n-1) level selector. (a) Circuit form. (b) Node-branch diagram. 
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Figure 3-13 n-to-1 level selector. (a) Circuit form. (b) Node-branch diagram. 

 

Secondly, the circuit form of n-input-(n-1)-output (n-to-(n-1)) LS is shown in Figure 3-12(a). 

This type of LS, which is commonly used as part of the generalized voltage-source MLC [78], is 

composed of connected half bridges. Node-branch diagram of n-to-(n-1) LS is shown in Figure 

3-12(b). The associated level selector matrix is written as follow: 

2 2 2 3

2 4 2 5

2 1

n n

n n

s s
s s

s s

− −

− −

 
 
 =
 
 
 

S

.                                                 (3-17) 

Note that the input nodes of a LS can be connected to a LG or a LS with compatible output 

terminals (i.e. to form an n-to-m LS, in which n>m, one can link (n−m) LS with input-output 

terminals following such order: n-to-(n-1) LS, (n-1)-to-(n-2) LS, …, (m+1)-to-m LS. If m=1, the 

connected LGs form the main topology of a general ANPC [96]).  

In literature, the LS with n<m can also be found in switching-cell arrays proposed in [178]. 

Another type of voltage LS is shown in Figure 3-13(a). Its node-branch diagram is shown in 

Figure 3-13(b). The associated level selector matrix is written as follow: 



75 

 

1

1

n

n

s
s

s

−

 
 
 =
 
 
 

S  
 
 
 
 

 
 
 
 

.                                                           (3-18) 

Note that each branch can represent an active bi-directional switch. Practically, to achieve the 

same function, whether the polarity of the internal switch of the selector is unidirectional or bidi-

rectional can be determined by considering the designer's requirements based on the principle of 

simplification (details will be presented in section 3.2.3). The simplest example is the 3-level 

(3L) T-type NPC converter shown as in Figure 3-14 [179]. 

Note that only single-phase topologies are considered here. The derivation of multi-phase con-

verters can be treated as a permutation and combination of the data of the derived phase-leg “to-

pology database”. For the multi-phase converter design, the derivation is still a step-by-step pro-

cess. One can decide to use: (a) identical phase-leg topology, (b) different phase-leg topology. 

While the topology of each leg is still needed to be derived before the combination of them to form 

a converter, which means the proposed method should be carried out first to form the database 

of possible topologies of single-phase leg.  

For example, if a four-leg converter for four-wire application is to be designed, either identical 

phase legs or different phase legs can be utilized. Such a hybrid combination of legs will result in 

various multi-phase topologies. There can be 16 possible solutions, e.g. 4 same legs, 3 same legs 

with 1 different leg, 2 same legs with 2 different leg, …. Assume four identical phase legs are uti-

lized to form a converter towards four wire application. Next step is to choose a topology for each 

phase leg, e.g. 2-level phase leg. In this case, this derived converter is the conventional four-leg 2-

level converter.  

To summarize, derivation of phase-leg topology is needed to be completed before the multi-

phase converter derivation process. This paper is intended to be focused on the phase-leg deriva-

tion since such work will lay the fundamentals of multi-phase scenarios. 

A

C

B

A

C

B A

C

B

C

BA

C

A

(a)

(b)

B

Bi-directional Bi-directional
 

Figure 3-14 (a) Simplification of one type LS into T-type LS circuits. (b) The equivalent function between 
two switching circuits. 
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C. Commonly used level generators, level selectors of current-source MLCs 

The basic LGs and LSs of current-source MLC are introduced in both circuit form and node-

branch form in the following context.  

Firstly, the circuit form of 1-input-n-output (1-to-n) current LG is shown in Figure 3-15(a). 

This type of LG is normally expected as the general element of current-source MLCs, which can 

be found in [180]. Its node-branch diagram is shown in Figure 3-15(b). 

The associated level generator vector is expressed as follow: 

 1 1
T

n nL L L−=L
.                                                      (3-19) 

The output current level, however, could be 2n+1 for such LG, which is different from its voltage 

counterpart. Therefore, the level generator vector is normally expanded into the following the 

form: 

TT T  = − L L L
.                                                              (3-20) 

Each current loop is generated by the linked dc source which is named as Idi for ith dc source. 

In general, the dc sources can either be the outputs of dc-dc converters, or simply ideal current 

sources, or inductors buffered voltage from the front end. Similarly, in an LG, the sources are 

neglected while only loops remain. The loop must be labeled using the term LOOPi or Li to indi-

cate the current loop information. 

CURRENT

LOOP 1

Id1 Id2 Id3

CURRENT

LOOP 1

CURRENT

LOOP n LOOP 1 LOOP 1 LOOP n

(a) (b)  

Figure 3-15 1-to-n level generator for current-source MLC. (a) Circuit form. (b) Node-branch diagram. 

 

Secondly, the circuit form of a type of n-input-1-output (n-to-1) current LS is shown in Figure 

3-16(a). This type of LS is composed of parallel connected full bridges [81], [169]. Node-branch 

diagram of n-to-(n-1) LS is shown in Figure 3-16(b). Each full bridge has a two-terminal input 

port and a two-terminal output port, which are expected to be linked with either LG or LS with 

compatible terminals. The associated level selector matrix is written as follow: 

( )

( )

1 111 1

2 121 2

n n

n n

s s s

s s s
−

−

 
=  
  

S
.                                                   (3-21) 
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An alternative circuit form of n-input-1-output (n-to-1) current LS is shown in Figure 3-17(a), 

with the node-branch diagram shown in Figure 3-17(b). This type of LS is basically the combi-

nation of n half bridges and a full bridge [169]. 
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Figure 3-16 n-to-1 level selector for current-source MLC. (a) Circuit form. (b) Node-branch diagram. 
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Figure 3-17 n-to-1 level selector for current-source MLC. (a) Circuit form. (b) Node-branch diagram. 
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Figure 3-18 1-to-n level selector for current-source MLC. (a) Circuit form. (b) Node-branch diagram. 

 

Thirdly, the circuit form of 1-input-n-output (1-to-n) current LS is shown in Figure 3-18(a), 

with the node-branch diagram shown in Figure 3-18(b). The associated level selector matrix is 

written as follow: 

1 1( 1) 11

1 1( 1) 11

T
n n

n n

s s s
s s s

−

−

 
=     

S
.                                                    (3-22) 

When n=3, this type of LS is a three-phase bridge of current-source converter, which is very 

common in practical application. 
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3.2. Synthesis of voltage-source and current-source multi-

level converters 

Based on the concept of the stage, the unified method of synthesis and deduction for various 

multilevel topologies is proposed and summarized as in Figure 3-19. 

Step 3: Simplification 
of circuits

Step 2 (ii): Deduction 
of multiple stages

Step 2 (i): Synthesis 
of single stage

Step 1:  
Determination of 

structure

VSC 

CSC

Topological 
coupling

VSC and CSC

 Direct matrix 
converterLogic mapping  Indirect matrix 

converter

Voltage-source MLC &  
Current-source MLC

Matrix-type MLC

 
Figure 3-19 The unified method of synthesis and derivation of MLCs. 

 

The first step is to determine the structure of MLC topology, i.e. voltage-source type, current-

source type. As for voltage-source MLC, one needs to choose the structure and the number of 

output levels which is NV for the required topology to be generated. The following two situations 

are considered: (i) single-stage structure, (ii) multiple-stage structure. For the desired single-

stage voltage-source MLC, the number of output levels of the desired stage is NV, which means a 

1-to-NV LG and an NV-to-1 LS are needed. 

Once the structure is determined, each stage can be considered based on the concept of LG and 

LS. If the multiple-stage topology is desired, one can determine how a variety of single-stage struc-

tures reasonably form a complete voltage-source MLC in accordance with the proposed principles 

(details will be presented in the next sections). At last, through the proposed circuit simplification 

principles, one can get various modified topologies. The details will be presented in from section 

3.2.1 to 3.2.3. 

The proposed methodology is also valid for current-source MLC. The structure determination 

is slightly different from voltage-source MLC due to the indirect relationship between desired cur-

rent levels and current loops: 

( )C CN f N =
,                                                               (3-23) 
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in which, NC is the desired count of current levels, NC’ is the corresponding count of current loops. 

Normally, the function is expected as follow: 

2 1C CN N =  + .                                                             (3-24) 

Both single-stage structure and multiple-stage structure of current-source MLCs are considered. 

For the desired single-stage current-source MLC, the number of output levels of the layer is NC, 

which means a 1-to-N'C LG and an N'C-to-1 LS are needed. For arbitrary current-source MLC 

structures with more than one stage, it is more straightforward to determine the levels of each 

stage than voltage-source MLC. When increasing the stage number, the parallel structure can be 

used [181]. The superposition principle of the paralleled current outputs of each stage ensures 

that the output current levels meet the requirements. For the simplest case, one can connect iden-

tical N'C stages in parallel (only a single loop is generated in each one) to form a current-source 

MLC with NC output current levels as shown in Figure 3-7 (N'C=3). More details will be presented 

in following sections. 

As for matrix type MLC, the derived current-source stage and voltage-source stage will be 

merged into indirect matrix converters (IMC) through the concept of virtual DC link. And then 

the logic mapping will be carried out to convert IMC into associated direct matrix converters 

(DMC). The details will be presented in section 3.3. 

In general, the unified method can facilitate the design process. For example, if we want to find 

out an optimal topology for application requirement set {R}, the conventional method will easily 

result in repetitive derivation loops. The existing topologies forms a “topology database” set 

{T}={T1⋃ T2} where subset {T1} satisfies {R}, while subset {T2} does not. If the new topology set 

{N} can be derived and added into the set {T} to form a new database set {NT}={N⋃T}, then, we 

can verify if optimal topology o∈{N}⊂{NT}. In a conventional way, we can only add a set {NT} 

with a small number of topologies due to the lack of systematic derivation approach. Once o∈

{N}⊂{NT} is not satisfied, the whole process will have to go through again. Alternatively, if the 

derivation approach covers as many topologies as possible, we will have a set {NT} as large as 

possible. Such that, the possibility of finding o∈{N}⊂{NT} is increased and the unnecessary iter-

ative process is avoided. 

 

3.2.1   Single-stage synthesis 

A. Basic principles of general synthesis process 

Principle 1.1: Nodes can be inserted into the same voltage level/current loop.  
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The inserted nodes do not change the structure and operation of the stage as shown in Figure 

3-20(a) and Figure 3-21(a). The corresponding synthesis processes are shown in Figure 3-

20(b) and Figure 3-21(b) respectively. The branches with the inserted node are equivalent to 

wires in series if it is the lumped parameter circuit. 

Principle 1.2: Branches of the same voltage level/current loop can be split into multiple ones.  

The split branches can change both the structure and operation of the stage, but the output is 

equivalent as shown in Figure 3-22 and Figure 3-24. Based on principle 2, there are seven pos-

sible synthesis results in total which are associated with seven possible topologies (see Figure 3-

23). While Figure 3-22(a) shows one possible synthesis process from 3L T-type to NPC topology. 

Figure 3-22(b) is the corresponding node-branch form of Figure 3-22(a). 
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Figure 3-20 The process of node insertion for the voltage-source circuit. (a) Node-branch form. (b) Circuit 
form. 
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Figure 3-21 The process of node insertion for the current-source circuit. (a) Node-branch form. (b) Circuit 
form. 
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Figure 3-22 The process of branch split for the voltage-source circuit. (a) Node-branch form. (b) Circuit 
form. 
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Figure 3-23 Other possible synthesis results. 
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Figure 3-24 The process of branch split for the current-source circuit. (a) Node-branch form. (b) Circuit 
form. 

 

Principle 1.3: Circuit composed of insert nodes and split branches based on Principle 1 and 2 

can be expanded into level generators and/or level selectors with consistent terminals and com-

patible polarity.  

After the process of node insertion and branch split, the expanded circuit changes both the struc-

ture and operation of the original stage and forms a new one as shown in Figure 3-25 and Figure 

23-26. Theoretically, circuits with any count of terminals can be synthesized based on Principle 

1.1 and 1.2, which will lead to the synthesis of any single stage topologies. 
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Figure 3-25 The process of circuit expansion for the voltage-source converter. 
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Figure 3-26 The process of circuit expansion for the current-source converter. 

 

B. Synthesis flow chart 

The synthesis procedure of a single-stage circuit is summarized in Figure 27. One can arbitrarily 

select the desired level number and input/output terminal number, and utilize the commonly used 

level generators, level selectors of MLCs to develop a large number of stage topologies. 
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Database of 
Level Selector 
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Figure 3-27 The synthesis procedure of a single-stage circuit. 

 

C. Demonstration examples 

To provide a clear understanding of the proposed principles of synthesis of single stage, a few ex-

amples using existing multilevel topologies are presented here.  

Stage synthesis Example 1: The circuit form of 3L T-NPC stage is shown in Figure 3-28(a). 

Firstly, to synthesize it, two nodes are inserted into a branch with terminals named A1, A2. Then, 

the branch joining two inserted nodes is split into three. Thirdly, four nodes (highlight in pink color) 

are inserted to form a circuit with four terminals as shown in Figure 3-28(b). Last, the circuit is 

expanded into a combination of 3-to-3 LG and 3-to-1 LS, which is the node-branch form of 3L T-

type stage. The matrix representation is: 
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  2 1 3 2 2 1 3 2 1
T

A AV s s s s L L L=
.                                         (3-25) 

Stage synthesis Example 2: The circuit form of 4-level (4L) ANPC stage with six switches is 

shown in Figure 3-29(a) [182]. The synthesis process is shown in Figure 3-29(b).  

Once two nodes are inserted into each branch of the 2-to-1 LS, the following process of each 

branch is just the repeat of Figure 3-25. The matrix representation is: 

   12 11
2 1 2 1 4 3 2 1

22 21

T
A A

s s
V s s L L L L

s s
 

=  
                           (3-26) 
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Figure 3-28 3L T-type stage. (a) Circuit form. (b) Synthesis process in node-branch form. 
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Figure 3-29 4L ANPC stage with six switches. (a) Circuit form. (b) Synthesis process in node-branch form. 
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Stage synthesis Example 3: The circuit form of 5L single-rating inductor current-source 

MLC stage with eight switches is shown in Figure 3-30(a) [169]. The synthesis process is shown 

in Figure 3-30(b). The inserted four nodes are firstly split into four branches, then, 2-to-1 LS for 

current-source MLC is used to form the final topology. The same process can also be carried out 

for 5L multi-rating inductor current-source MLC stage in Figure 3-31 as they share the same 

node-branch figures and matrix representation. The matrix representation is: 

   1 2
11 12 21 22

1 2
o

L L
I s s s s

L L
   

= +   
− −    .                                               (3-27) 
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Figure 3-30 5L single-rating inductor current-source MLC stage. (a) Circuit form. (b) Synthesis process in 
node-branch form. 
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Figure 3-31 5L multi-rating inductor current-source MLC stage. 

 

3.2.2   Multiple-stage synthesis 

A. Concepts of base stage and extended stage 
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Two concepts are introduced here for the general derivation process: (a) Base stage is chosen as 

the stage that is directly linked with power sources in a topology. (b) The extended stage is the 

stage that is used to extend the number of voltage/current levels in a topology. 

For example, a shared dc-link MLC has normally only one isolated source (or potentially several 

non-isolated sources) and can have several extended stages but only one base stage. 

 

B. Basic principles of the general derivation process 

Principle 2.1: Stages for voltage-source MLC with a consistent number of terminals can be 

docked with each other. 

Figure 3-32 shows three stages with different terminals waiting to be derived into a voltage-

source MLC. The matrix representations are: 
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Figure 3-32 Stand-alone stages. (a) 2-to-3 stage. (b) 3-to-2 stage. (c) 2-to-1 stage. 

 

It is obvious that (a)~(c) can be easily docked with each other to form a 3L bridge as shown in 

Figure 3-33. One can choose a 2-to-3 stage in Figure 3-32(a) as the base stage. Therefore, the 

voltage of the dc power supply can be doubled, which means that it has voltage step-up capability. 

The matrix representation of output voltage is shown as follow: 
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   14 12
2 32 31 13 12 11

13 11
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A o o o
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V s s V V V

s s
 

=  
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while  13 12 11
T

o o oV V V can be solved by the following equation: 
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where  14 12
1 2 3

13 11

, Ts s
y y y

s s
 

= = 
 

A Y  Y is arbitrarily selected, (1)A is the {1}-inverse of A

[63]. 
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Figure 3-33 3L bridge. (a) Circuit form. (b) Node-branch form. 

 

Principle 2.2: Stages for current-source MLC with a consistent number of terminals can be 

connected in parallel.  

Figure 3-34 shows two stand-alone stages with 3L current outputs. One can easily connect 

these two stages to form a 5L current-source MLC as shown in Figure 3-35, which can be con-

sidered as the counterpart of voltage-source MLC with cascaded H-bridge building blocks (HBBBs) 

[64-65]. The matrix representation is the same as single-rating inductor current-source MLC 

shown in Figure 3-31. 
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Figure 3-35 5L current-source MLC. 
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Figure 3-36 The derivation procedure of a multiple stage circuit. 

 

C. Derivation flow chart 

The derivation process of the circuit with multiple stages is summarized in Figure 3-36. One can 

arbitrarily select the desired number of total generated levels and choose a base stage and ex-

tended stage from the database of a single stage generated as presented in section 3.2.1 to form 

the multi-stage circuits. The deduction principles can be considered as the extension of topology 

conformation principles proposed in [29], while the similar modularization is also addressed in 

the derivation process. 
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D. Demonstration examples 

To provide a clear understanding of the principles of multiple stage deduction, an example is pre-

sented here.  

Multiple Stage Derivation Example: The topology of the hybrid clamped 3L converter is 

shown in Figure 3-37 (a) with its derivation shown in Figure 3-37 (b). To form a 3L circuit 

with multiple stages, one can choose different combinations of single stages. For instance, if three 

stages shown in Figure3-32 are the only available stages, then one can select a 3-to-2 3L stage 

(Figure 3-32(b)) and a 2L stage (Figure 3-32(c)). Note that two terminals of the 3L stage are 

omitted and the 2L stage is chosen as the base stage (parallel capacitor is omitted). The equivalent 

voltage of the formed circuit is doubled, so this topology can overcome the inherent step-down 

feature of voltage converters, which could be suitable for the low-voltage application. The switch-

ing states, various PWM strategies, operation principles, and output waveforms for hybrid 

clamped 3L converter can be found in [183] thus will not be repeated in this paper.  
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Figure 3-37 (a) Single phase leg topology of hybrid clamped 3-level converter, (b) derivation of the hybrid 
clamped 3-level converter. 

 

3.2.3   Simplifications 

After the initial topology obtained by previous steps, its internal redundant parts need to be iden-

tified before the process of simplification. The redundant circuit is normally symmetrical and 

functionally repetitive and can be identified from two perspectives: (1) structure, (2) function. 

One of the most straightforward approaches is to focus on whether the operation of a symmetric 

circuit with certain modulation schemes has redundant states in its switching table. This task can 
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easily become cumbersome and unorderly when the level increases. However, with the proposed 

method, the matrix representations are established to facilitate the simplification process in this 

section. The equivalence between the original and simplified topologies can also be demonstrated 

through mathematical operations. 

Principle 3.1: Redundant circuits located between several interconnected stages can be sim-

plified without changing the output level range. 

Figure 3-38 shows the simplification process of a 9-level (9L) converter proposed in [184]. 

Two circuits are identified as redundant circuits by red dotted lines and then simplified into the 

bottom topology of Figure 3-38(b). 

Assume intermediate variables VoX1, VoX2, VoY1, VoY2 in original topology (see labels in Figure 

3-38), then, the following two equations can be written: 

2 3 2A XYV = S V
                                                                   (3-31) 

where 
   3 36 35 2 2 2, T

XY oX oYs s V V= =S V
, 

and 

2 2 1XY XY=V S V
                                                                (3-32) 

where VXY2, S2, and VXY1 can be expressed as: 

 

 

21
2 21 28 34 28 33 27 34 27 33

22

22 26 32 26 31 25 32 25 31

, ,

,

s s s s s s s s

s s s s s s s s

 
= = 
 

=

S O
S S

O S

S
 

 

 32 32 31 31

1 1 1 1 1 1 1 1 1

0 0 0 0 .

T
XY oX oX oX oX oY oY oY

d

oY

d d
T

d

V V V V V V

V

V V

V V V

=

+ −−

V
 

(3-31) shows that the terminal output voltage of the 9L converter before simplification is deter-

mined by both the output voltage of redundant circuits and the associated LS. While the (3-32) 

means the voltage of redundant circuits are determined by their input voltages and the associated 

LS. 

Assume the switching states of each pair of (S28, S26), (S27, S25), (S34, S32), (S33, S31) are identical, 

and Vd32=0, (3-31) and (3-32) can be simplified into: 
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                                                               (3-33) 

where  
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Figure 3-38 Simplification process of a 9L converter. (a) Node-branch form. (b) Circuit form. 

 

As (3-33) indicates, the position of the level selector (S36, S35) and redundant circuits can be 

exchanged when the above assumption is satisfied. The resulting structure of matrix representa-

tion will not affect the terminal output voltages VA2. Since the intermediate variable 1XYV
 can be 

expressed based on the virtual input voltage VXY, (30) can be further simplified using 3 1XXY YV = S V
, 

then, the simplified structure can be expressed as: 
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2 22A XYV = S V
                                                               (3-34) 

where 

 
   31 310 0 .XY XY XY XY XY d

T T
dV V V V V V = +


−


V

 

As such, according to the simplified matrix representation, only one H-bridge is necessary for 

this topology and the whole circuit can be simplified into bottom topology form as shown in Fig-

ure 38. Since the matrix representation demonstrates the fundamental operating principles of 

the circuit, one can utilize the (3-33) to control the simplified topology and develop associated 

modulation schemes. 

Figure 3-39 shows the simplification process of a 5L converter analyzed in [80]. Three circuits 

are identified as redundant circuits by red dotted lines and then simplified into the bottom topol-

ogy of Figure 3-39(b). 

The matrix representation of the 1st stage is: 

1 1=V S L
                                                                     (3-35) 

where  
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The matrix representation of the 2nd stage is: 

2 2 1=V S V
                                                                  (3-36) 
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 2 22 21
T

o oV V=V
, 

 

 

26 21
2 21 14 24 14 23 13 24 13 23

25 22

22 12 22 12 21 11 22 11 21

, ,

.

s
s s s s s s s s

s

s s s s s s s s

   
= =   

  

=

S O
S S

O S

S
 

 1 1 1 1 22 22 21 210 0 0 0
T TT T

d d d dV V V V   = + − −   
V P V V

, P1 is an 8*8 reversible ma-

trix. 
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Figure 3-39 Simplification process of a 5L converter. (a) Node-branch form. (b) Circuit form. 

 

If Vd21=Vd22=Vd31=0.5Vd11=0.5Vd12, then, the simplified structure can be expressed as: 

2 2 1=V S V
                                                                 (3-37) 

where  
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While the 3rd stage is maintained the same: 
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2 3 2AV = S V
                                                                 (3-38) 

where  3 26 32 26 31 25 32 25 31s s s s s s s s=S ,  2 2 2 2 31 310 0
T TT T

d dV V   = + −   
V P V V , P2 is a 

4*4 reversible matrix. 
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Figure 3-40 Simplification process of a 5L converter. (a) Node-branch form. (b) Circuit form. 

 

Principle 3.2: Redundant circuits within one stage can be simplified without changing the 

inter-stage properties. 

Figure 3-40 shows the simplification process of a 5L converter proposed in [185]. Redundant 

circuits are identified by red dotted lines and then simplified into right-hand topology. 

Inference 1: A pair of neighboring LG and LS (or we call it a stage in a general way) that does 

not increase the output voltage/current levels can be simplified into neighboring stages. 

Inference 2: Circuits with the same function can be exchanged with each other without chang-

ing the input-output relationship of the substituted area. 

Figure 3-41 shows that two circuits have the same three-pole switching function [186]. While 

Figure 3-42 shows that existing eight-switch 5L ANPC converter is functionally equivalent to 

seven-switch 5L ANPC converter if the three-pole switch is substituted [187]. The matrix repre-

sentations remain the same. 
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Figure 3-42 (a) Eight-switch 5L ANPC converter. (b) Seven-switch 5L ANPC converter. 

 

3.3. Generalization 

3.3.1   Matrix-type multilevel converters 

In addition to voltage-source and current-source converters, both direct matrix converter (DMC) 

and indirect matrix converter (IMC) (shown in Figure 3-43) have been studied for decades due 

to the attractive features such as: minimization of dc energy storage components, improved com-

pactness, direct ac-to-ac conversion with controllable input power factor and output frequency 

[188]. To improve the output waveform quality, the multilevel converter concept has been applied 

to DMCs and IMCs [189]. However, one can hardly derive multilevel matrix converters based on 

the conventional methods due to the topological difference from voltage-source and current-

source MLCs. 

 

A. Topological relationship between matrix converter and voltage/current-source 

converter 

The logic mapping relationship between DMCs and IMCs is briefly reviewed based on Matrix Con-

verter Theory [190], [191]. For a 2L DMC and IMC, the switching logic is straightforward as shown 

in (3-39) and (3-40), where S is the switching function matrix of DMC (see Figure 3-43(a)), 

while the Sinv and Srect are switching function matrix of inverter part (S1-S3, S1'-S3') and rectifier 

part (S4-S6, S4'-S6') in IMC (see Figure 3-43(b)) respectively.  
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inv rect=V SV
, 

T
rect inv=I S I

,                                                    (3-39) 

inv rect=S S S
,                                                                (3-40) 

where  

11 12 13 4 4
1 2 3

21 22 23 5 5
1 2 3

31 32 33 6 6

, ,inv rect

s s s s s
s s s

s s s s s
s s s

s s s s s
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S S S

, 

The gating signal of every single switch in DMC can be generated by combining signals of asso-

ciated switches in IMC. For example, to drive s11, one can use signals of the first leg switches of 

inverter part and rectifier part in IMC which are denoted as vectors A1, a1 as shown in (3-41), 

respectively. The same generation process can also be carried out for s12 as shown in (3-42). In 

such a way, a DMC can be considered as a virtual IMC with the same PWM logic. 
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11 1 1 4 4
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s
s s s
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A a

                                                        (3-41) 
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s
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A a

                                                       (3-42) 
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Figure 3-43 Topologies of (a) direct matrix converter, (b) indirect matrix converter. 

 

In a given operating state, the rectifier and inverter parts of the IMC can be treated as a current-

source converter and voltage-source converter as shown in Figure 3-44. The virtually linked fil-

ters can be considered as the virtual DC link with time-varying values. As for rectifier part, its dc 

side is always linked with the inverter-side filters (i.e. inductors) through the devices (S4-S6, S4'-
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S6') under certain switching pattern (same principle for inverter part operation). Through the 

virtual DC link concept (the virtual level generator can also be implemented), derivation princi-

ples of voltage-source and current-source MLCs can be utilized for multilevel indirect matrix con-

verters. Afterward, the associated direct matrix can also be derived based on the logic mapping 

relationship. 

b
a

S1'

S1

S2'

S2

c

S3

S3'

B
A

S4'

S4

S5'

S5

C

S6

S6'

b
a

S1'

S1

S2'

S2

c

S3

S3'

B
A

S4'

S4

S5'

S5

C

S6

S6'

N1

N2
Load 

or 
source

N2 N1

N1

N2
Load 

or 
source

Virtual current dc link Virtual voltage dc link

 
Figure 3-44 Indirect matrix converter decomposed by voltage/current-source converter. 
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Figure 3-45 The derivation procedure of a matrix type MLC through the proposed method. 

 

B. Derivation based on virtual DC link concept 

The derivation process of matrix type MLC based virtual DC link concept is summarized in Fig-

ure 3-45. Either DMC or IMC can be derived through the proposed method. For IMC topologies, 

both VSC part and CSC part can be derived respectively through the process introduced in Sec-

tion 3.2.1 and 3.2.2. Then, the chosen VSC and CSC parts can be combined through the virtual 
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DC link to form the IMC topology. At the same time, the associated DMC topology can be obtained 

through logic mapping. 

C. Demonstration examples 

To better understand the derivation process of matrix MLCs, matrix MLCs examples are demon-

strated below. 

Matrix Converter Example: In Figure 3-46, the derivation process of another 3-voltage-

level matrix MLC based on the 3L voltage-source T-type NPC converter is demonstrated. The vir-

tual 3L DC link is derived through the neutral point of rectifier-side filters. While the correspond-

ing 3L DMC version can be derived based on the same logic mapping process of Figure 3-44 

which can be found in [192]. 

3inv L rect=V S V
                                                                 (3-43) 

where 
   1,T T

inv A B C rect a b c Nv v v v v v v= =V V
. 

To derive S3L, assume the voltage vector of virtual DC link is L=[L3 L2 L2 L1]T, L'=[L3 L2 L1]T, 

then, 

,rect rect inv inv = =L S V V S L
                                                       (3-44) 

3L inv rect=S S S
                                                             (3-45) 

where 

11 12 13 14 4 4 4 1 2 3

3 21 22 23 24 5 5 5

31 32 33 34 6 6 6 1 2 3

0
, , 0 0 0 1

0
L inv rect

s s s s s s s s s s
s s s s s s s
s s s s s s s s s s

      
      = = =
     

              
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Figure 3-46 3-level T-type NPC indirect matrix converter and its direct matrix counterpart. 

 

3.3.2   Cycling transformations for derivatives 
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The cycling phenomenon of the power converter indicates an arbitrary converter has the associ-

ated converters within the topology transformation loop. Therefore, utilizing the cycling phenom-

enon can facilitate the derivation of undiscovered topologies. 

For a given drawing of the existing Topology X1, according to the cycling phenomenon, there 

should be two possible cycling loops (see Figure 3-47): one is the two-step, another is the four-

step. For a two-step loop, there is one topology Y associated with X1, which will complete the to-

pology loop: X1→Y→X1. For a four-step loop, three related topologies associated with X1, which 

will complete the topological transformation loop: X1→X2→X3→X4→X1. To derive the intermedi-

ate topologies (Y) or (X2, X3, X4), the dual/isomorphic principles can be utilized, as demonstrated 

previously.  

？

？

Topology X2 

Topology X4 

？
Topology X3

(a) Two-step

Existing well-
known

Topology X1

(b) Four-step

？
Topology Y

 
Figure 3-47 The topological transformation loop for a known Topology X1 with unknown topologies to be 
discovered. (a) Two-step loop, (b) four-step loop. 
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Figure 3-48 Topology derivation examples with planar circuits (the labels of topologies are named after the 
ones in chapter 2). 
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In Figure 3-48, a single-phase active-neutral-point-clamped VSC in [193] is taken to derive 

new topologies. The input/output ports are not identical; thus, this topology should be related to 

the other three topologies to complete the cycling loop. To derive the other three converters, both 

dual and isomorphic transformations are carried out. Since it is a planar circuit, strict dual trans-

formation can be utilized to derive a dual-input 12-switch single-phase CSC (Topology 18).  

Through isomorphic transformation, this CSC can be transformed into another VSC (Topology 19) 

with dual outputs, 12 switches. The original converter (Topology 17) can be transformed into its 

isomorphic CSC (Topology 20). To complete the cycling loop, Topology 19 and Topology 20 can 

be transformed through the dual method. Due to their planar circuit properties, all electrical fea-

tures among these topologies are linked with each other strictly, e.g. switching states, operations, 

models, etc. 
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Figure 3-49 Topology derivation examples with nonplanar circuits. 

 

In Figure 3-49, a three-phase T-type three-level VSC (Topology 21) is taken to demonstrate 

the derivation of converters with nonplanar circuits using the discovered cycling rule. To complete 

the cycle, firstly, the input-output dual method can be implemented to derive the CSC version 

based on [194]. Topology 21 is redrawn based on the input-output relationships. The derived to-

pology consists of two CSCs with common AC buses (Topology 22). The input-output properties 
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of these two systems (two-mode operations: i.e. normal mode, unfolder mode) satisfy the dual 

relationship, as verified in  [194]. Then, the isomorphic topology is derived as two T-type three-

level VSC with common DC buses (Topology 23). As discussed in [195], the added DC capacitor 

(in addition to the series-connected capacitors) in Topology 23 is to guarantee the KVL law for 

the nonplanar circuit and facilitate the process of topological transformation. Thirdly, the input-

output dual method is implemented again to transform Topology 23. The derived topology con-

sists of two single-phase multilevel CSC with common DC buses (Topology 24). Reorganizing the 

topology will result in the isomorphic circuit of Topology 21. A similar topology can be found in 

[196], where the five-level AC current output can be produced. As indicated in the transformation 

among all four topologies, the input-output relationships are preserved through the cycling in 

such non-planar scenarios. For instance, the series connection of the AC outputs of Topology 24 

can be predicted by the Topology 21 where the DC inputs are series-connected. 

 

3.4. Implementations and verifications 

3.4.1   Implementations of unified models 

A. The generalized MLC topology synthesis and derivation flow chart 

The general derivation process of MLC is summarized in Figure 3-50. For VSC or CSC, the der-

ivation process is the same, while the utilized LSs and LGs are different. The simplification process 

is normally desired for the derived topology to achieve a more cost efficiency result, but it is not 

mandatory here. The derived VSC and CSC can be directly utilized for matrix type MLC. The pro-

cess is relatively independent and has been shown in Figure 3-45. 

 

B. The generated level number estimation through matrix model of MLC 

One of the challenges during derivation is the estimation of generated level numbers of derived 

topologies. As discussed previously, MLCs can be represented as an ordered combination of ma-

trix models through the concepts of the level generator and level selector. With the help of matrix 

representation, one can potentially investigate the mathematic properties of both existing and 

future topologies.  

As presented in section 3.1, a level generator can be considered as a vector, called level vector, 

noted as L. While a level selector can be considered as a matrix, noted as S. Thus, the outputs of 

stages in a voltage-source MLC are: 

1 1 1, , , ,o oi i i on n n= = =V S L V S L V S L
                                     (3-46) 
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The ith level vector (i>1) is a function of neighboring stages: 

( ) ( )( )1 1, , ,i i f io i i− −
=L F V S S V

                                                 (3-47) 

Determination of 
Stage Structure

Insert Nodes and Split Branches 
(Principle 1.1&1.2)

Insert Level Generator and 
Level Selector (Principle 1.3)

Database of 
Level Selector 

and Level 
Generator

START

VSC or CSC?

CSCVSC

Step 2 (i):  Synthesis of Single Stage

Step 1:  Determination of Topology Type

Step 2 (ii):  Deduction of Multi-Stage Circuit

Determination of 
Multiple Stage Structure

Choose Base Stage and 
Extended Stage

Connect Compatible 
Stages (Principle 2.1&2.2) 

The Desired 
Total 

Generated 
Level No.

Database of 
Single Stage

Based on 
Proposed 
Method

Desired Level No.?

YES

NO

Step 3:  Simplification of Circuits (Principle 3.1&3.2)

END

Desired Generated 
Level No.

Input/Output 
Terminal No.

 

Figure 3-50 The generalized MLC topology synthesis and derivation flow chart. 

 

where Vfi is the voltages of flying capacitors in stages. 

To represent the MLC topology, the full-stage matrix model can be established in accordance 

with the natural stage division of a given MLC. 

Here the famous 5L-ANPC topology is taken as an example. The main circuit is shown in Fig-

ure 3-40, while its node-branch diagram is shown in Figure 3-51. 
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Figure 3-51 Node-branch diagram of 5L-ANPC topology. 

 

The outputs of the 1st stage can be expressed as: 

1 1 1o =V S L
                                                                 (3-48) 

where 

 1 2 1
T

o o oV V=V
,  

 1 12 11
T

=S S S
, 

 12 14 13 0 0 TS S=S
, 

 11 12 110 0 TS S=S
, 

 1 13 12 12 11
TL L L L=L

. 

The outputs of the 2nd stage can be expressed as: 

2 2 2o =V S L
                                                                   (3-49) 

where 

2o oV=V
, 

 2 22 21
T

=S S S
, 

 2 22 21
TL L=L

. 

Based on (3-47), the level vector L2 is a function of S1, S2, Vo1, Vf, which results in an augmented 

2nd stage with a virtual level vector L1'=[L14' L13' L12' L11']T as shown in Figure 3-52. 
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Figure 3-52 The augmented level generator of the 2nd stage of 5L-ANPC topology. 

 

The outputs of the augmented 2nd stage can be expressed as: 

2 1 1 =L S L
                                                                    (3-50) 

where 
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 1 12 11
T  =S S S

, 

 12 14 13 0 0 TS S  =S
, 

 11 12 110 0 TS S  =S
, 

( )14 14 13 22S S orS S =
, 

( )13 12 11 22S S orS S =
, 

( )12 14 13 21S S orS S =
, 

( )11 12 11 21S S orS S =
, 

 1 14 13 12 11
TL L L L    =L

, 

14 2oL V =
, 13 1o fL V V = +

, 12 2o fL V V = −
, 11 1oL V =

. 

Therefore, the output of the 5L-ANPC converter is: 

( ) ( ) ( )

( ) ( ) ( ) ( )
14 13 14 13 14 13 13 12 11 12 12

12 11 11 11 12 11 22 14 13 21

o

f f

V S orS S L S orS S S orS S L

S orS S L S orS S V S orS S V

= + +      

+ + + −                                    (3-51) 

And (3-50) can be equivalently transformed into: 

oV = SL
                                                                     (3-52) 

where 

 5 4 3 2 1S S S S S=S
, 

( )

( ) ( )

( )

( )

( )

5 14 13 14

4 14 13 13 12 11 12

3 12 11 11

2 12 11 22

1 14 13 21

,

,

,

,

,

S S orS S

S S orS S S orS S

S S orS S

S S orS S

S S orS S

=

= +

=

=

=
 

13 12 11

T

f fL L L V V = − L
. 

The equation (3-52) can be called as the single stage matrix model. And the single stage node-

branch diagram can be developed for 5L-ANPC converter as shown in Figure 3-53. It indicates 

all potential output levels this topology can generate: L13, L13−Vf, L12−Vf, L12, L12+Vf, L11+Vf, L11. 

Assume the input terminal potentials are: L13=2E, L12=0, L11=−2E, and the flying capacitor volt-

ages are Vf=E, then, the five-level outputs can be obtained: ±2E, ±E, 0. If Vf=2E, then, only three-

level outputs can be generated: ±2E, 0. Such systematic estimation process can be utilized for any 

derived MLCs through the proposed method. Some other examples (e.g. 5-level/7-level hybrid-

clamped converters) can be found in Appendix-A. 
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Figure 3-53 The single stage node-branch diagram of 5L-ANPC topology. 

 

C. A systematic way for voltage balance analysis 

Another great challenge of MLC derivation is the voltage/current balance of capacitors/inductors. 

Here the flying capacitor voltage balance analysis of 5L-ANPC topology is discussed as an example 

through the matrix model. While such analysis can also be done for any MLC derived through the 

proposed method. 

The model (3-53) can be transferred into the following form through elementary row transfor-

mation of L: 

=EL PL                                                                    (3-53) 

where  

E is the five-dimension unit matrix, 

13

13

12

11

11

1 0 0 0 0
1 0 0 0 1

,0 1 0 0 0
0 0 1 1 0
0 0 1 0 0

f

f

L
L V

L
L V

L

  
   −
  

   = =
  

+  
     

P L

. 

Let  =S SP , then, 

oV  = = =-1SL SPP L S L
                                                    (3-54) 

where 
( ) ( )5 4 3 2 1 2 4S S S S S S S = + +  S

. 

The general transformation can be expressed as: 

( ) ( ) ( ) ( )o i i i iV  = = =
 

-1
SL SP P L S L

                                             (3-55) 

where i is an integer, rank(P(i))=5. Note that, the calculation of the matrix P(i) is off-line. 

The following equivalent single stage matrix models can be developed based on (3-54): 
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( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

13 13 12 11 111 1 1 1

13 12 12 11 112 2 2 2

13 13 12 12 113 3 3 3

13 12 12 12 114 4 4 4

,

,

,

,

T

f f

T

f f

T

f f

T

f f

L L V L L V L

L L V L L V L

L L V L L V L

L L V L L V L

 = = − + 

 = = + + 

 = = − − 

 = = + − 

M

M

S L L

S L L

S L L

M

M S L L
                        (3-56) 

To balance the flying capacitors of the 5L-ANPC converter, these models can be utilized as dif-

ferent operation/modulation modes of the converter and be rotated based on the desired switch-

ing frequency. Such that, the output levels can maintain the same, while the voltage of the flying 

capacitor can be controlled.  

 

3.4.2   Inspirations of new topologies 

Based on the proposed synthesis methodology, derivation of a new topology can be considered in 

the following directions: (i) new simplification of stages in generalized topology, (ii) new inter-

stage combinations, (iii) new different stage combinations. Besides, multilevel matrix converter 

can be derived through the logical mapping relationship between indirect-type and direct-type 

converter.  

 

A. (i) New simplification of stages in existing topology 

Derived Topology Example 1: Figure 3-54 shows the simplification process of a 4L converter 

proposed in [197]. The second stage of the NNPC topology is replaced by T-type NPC to replace 

the diodes. The gating signal of PWM introduced in [197] can be implemented without modifica-

tion, therefore, will not be covered in this section. Note that the voltage of flying capacitors can be 

controlled as 1/3Vd or 1/2Vd, resulting in 4L or 5L output in theory [198]. 
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Figure 3-54 Derivation process of a 4L T-type NNPC. 

 

B. (ii) New internal stage combinations 
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Derived Topology Example 2:  Internal paralleled configuration is recently proposed in [59] 

based on the 5L ANPC introduced in [185]. Figure 3-55 shows the derivation process of the in-

ternal paralleled 3L ANPC topology. First, the 2-stage 3L ANPC is decomposed into two parts: 

high switching frequency part and low switching frequency part which is essentially the same with 

[59]. In steady state, the Vo1 is maintained constant, and the basic half bridges (2nd stages) can be 

modularly connected in parallel without oscillation of input voltage. Based on the simplification 

principle, one can eliminate the capacitors of the 2nd stage and finally obtain the simplified topol-

ogy in Figure 3-55. 
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Figure 3-55 Derivation process of the internal parallel 3L ANPC. 
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Figure 3-56 The modular structure of the internal parallel 3L ANPC. 

During the derivation process, the number of paralleled stages can be greater than two and 

results in a modular structure shown in Figure 3-56. Each module can share the same power 

rating and operate at a high switching frequency which is preferred for wide-bandgap semicon-

ductor. 

 

C. (iii) New different stage combinations 

Derived Topology Example 3: In Figure 3-57(a), two stages are shown: one is a 4L stage 

with two output terminals, the other one is a 2-to-1 stage. The combination of these two stages 

forms the hybrid-clamped 7-level (7L) topology 1# through the derivation principle. Same rules 

can be implemented to derive hybrid-clamped 7L topology 2# and 3#. The operation principles 

are based on the carrier-based PWM of 4L ANPC designed in [199] with modification for FC bal-

ance to generate 7L output.  
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For all hybrid-clamped 7L topologies, the conventional PS-PWM (see Figure 3-58) can be uti-

lized for the FC legs without modification. The FC voltage self-balancing can also be achieved 

[200]. A carrier-based PWM scheme of hybrid-clamped 7L topology 1# is given as demonstration 

to show the basic operation principle. 
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Figure 3-57 Derivation process of hybrid-clamped 7L topology (a) 7L 1# topology, (b) 7L 2# topology, (c) 
7L 3# topology. 
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Figure 3-58 (a) PS-PWM for 3L flying capacitor converter, (b) PWM for hybrid-clamped 7L topology 1#. 

 

Derived Topology Example 4: In Figure 3-59, two hybrid-clamped 9L topologies can be 

derived through the substitution of the 2nd stage of hybrid-clamped 5-level topology: the original 

2-to-1 stage can be replaced by a T-type 3-level stage or an NPC-based 3-level stage. Since the 3-

level stages are not self-balancing, auxiliary circuits are mandatory for their FCs. Both 2-level and 

3-level balancing circuits can be implemented as shown in Figure 3-60. Note that the auxiliary 

circuits only need to deal with differential power of FCs, the working principles are basically the 

same as a DPP [39], [201], [202]. Thus, lower power rating devices can be implemented. Com-

pared with 9-level topology proposed in [202], the total power rating of active switches can be 

similar, while the conduction losses of the main topologies can be less due to the reduction of 

conducting switches. One can also extend the second stage circuit into a generalized version to 

obtain higher output levels as shown in Figure 3-61. While the auxiliary circuit can be utilized 

to help balance the flying capacitor voltages. It provides another potential way to increase the 

output levels of MLCs by utilizing stages combined with auxiliary circuit instead of stages with 

self-balancing capability as presented in [80]. In fact, a similar way can be found in [203], where 

the extended commutation cell is used to realize 8-level output. Since each stage of the level gen-

eration is not limited to capacitors in proposed method, we can even use DC supplies to provide 

stable DC voltages in any stages. Typical examples can be found in [204] and [205]. 
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Figure 3-59 Derivation process of two hybrid-clamped 9L topologies. 
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(a) (b)  
Figure 3-60 Voltage balance of flying capacitors of hybrid-clamped 9L topology through (a) 2L balancing 
circuit for 9L 1# topology, (b) 3L balancing circuit for 9L 2# topology. 
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(a) (b)  
Figure 3-61 Extended the second stage circuit into a generalized version to obtain higher output levels 
through (a) FCs with auxiliary circuit, (b) DC supplies. 

 

3.4.3   Practical considerations and verifications 

A. Practical considerations of derived multilevel topologies 

The proposed method is demonstrated through four derived examples. While it is also expected 

that the derivation results have certain practical values. To address such objective, in this section, 

the practical considerations of these topology examples are discussed. 

The main reasons of utilizing MLCs in practical applications are to acquire: (1) reduced AC-side 

filter size due to a high number of output levels and reduced dv/dt or di/dt, (2) higher power 

ratings through the sharing blocking voltages or currents of devices. 

This general derivation approach can cover a large number of various MLCs, from low-level 

ones to high-level ones. With a high number of output levels (voltage or current), the output power 

quality can be improved. While the complexity of the derivation process can significantly increase 

since the applicable level generators and selectors increases as well.  

For single DC-link topology, a higher-level MLC is possible as shown in Figure 3-54. While 

the naturally unbalanced flying capacitors make the control and modulation schemes more chal-

lenging than conventional topologies [204]. 
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With two DC links, a higher-level MLC is also possible as shown in Figure 3-55 and 3-59. 

While the auxiliary balancing circuit is preferable for 9-level examples in Figure 3-60 due to 

unbalanced flying capacitor voltages [205]. In practice, different applications require different 

applicable converters. Compared to MV or HV high-power scenarios, implementation of auxiliary 

circuits can be more reasonable in low-voltage low-power cases as in some single-phase PV system 

[206]. While a naturally balanced DC-link/flying/floating capacitor voltages are more attractive 

in MV/HV applications. 

Three DC links can bring us the derived 7-level example as shown in Figure 3-57. While the 

limited stable operation regions for such topology will make such topology less attractive for wide-

range heavy-load high-power applications [207]. Recently, another 7-level topology is proposed 

with the capability of balancing both DC-link and flying capacitors, which can be implemented for 

MV drive system [208]. Such topology can also be synthesized through this method. 

To summarize, the features of derived topologies are listed in Table 3-I. While in practice, 

more compromises should be made to cope with various requirements [209], [210], e.g. total costs, 

reliability, efficiency, power density, etc. 

 

Table 3-I   Summaries of Derived MLC Topologies (Per Phase) 

 

Example 1 

Figure 3-54 

(T-NPC) 

Example 2 

Figure 3-55 

 

Example 3 

Figure 3-57 

Example 4 

Figure 3-60(a) 

(T-NPC) 

Level 4/5 3/5 7 9 

No. of DC links 1 2 3 2 

Total ratings of 

active devices  

2Vdc/ 

2.5Vdc 

3Vdc/ 

4Vdc 
4Vdc 3.5Vdc 

Total ratings of 

passive devices 

2Vdc diode  

+2/3Vdc cap./ 

2.5Vdc diode  

+1/2Vdc cap. 

3Vdc diode/ 

4Vdc diode 

4Vdc diode + 

1/3Vdc cap. 

4Vdc diode + 

1/4Vdc cap. 

Naturally bal-

anced dc cap. 

voltages? 

N/A Yes 
Limited balance 

range 
Yes 

Naturally bal-

anced flying cap. 

voltages? 

Limited balance range N/A Yes No 

Auxiliary circuits 

preferred? 
N/A N/A 

Yes (for low 

voltage) 
Yes 

Preferred voltage 

rating 
Low/medium voltage 

Low/medium 

voltage 

Low/ 

medium voltage 
Low voltage 

Preferred power 

rating 
Low/medium power 

Medium/high 

power 

Low/ 

medium power 
Low power 
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B. Verifications of derived topology 

In the previous section, four examples (1~4) are presented as the demonstration of how the pro-

posed method can help inspire new topologies. All examples exhibit certain practical values for 

practical applications. Some of them are proposed in literature within one year of publication of 

this work. 

The detailed discussions and verifications of  Example 1 topology in Figure 3-54 can be found 

in [192]. While [205] shows Example 4 topology can operate as a 5-/7-/9-level converter with 

thorough analysis and experiments. Example 3 topology in Figure 3-57(c) is similar to the 5th 

figure in [184] without H-bridge cells. Example 2 topology in Figure 3-55 can be considered as 

the extension of [211] since it can be operated with more than two modules, a different allocation 

of high switching frequency part and low switching frequency part and utilizes the shared DC links 

rather than multiple isolated dc supplies for multi-phase applications. 

Table 3-II   Experimental Parameters 

DC voltage 200V Device frequency 5kHz 

AC current 4A/8A Line frequency 60Hz 

LR load 3mH/10Ω DC capacitor 1.5mF 
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Figure 3-62 Experimental setup. 

 

To verify Example 2 topology, the experiments are carried out with the three-phase platform in 

the lab based on the circuit in Figure 3-55. Each phase leg is composed of four IGBT devices 

(Infineon IKQ50N120CT2) for S11~S14, four GaN devices (GaN Systems GS66516) for S15~S18, as 

shown in experimental setup Figure 3-62. The digital controller is the dSPACE MicroLabBox 

DS1202. The conventional current-closed-loop control is implemented to track the reference cur-

rent, while the carrier-based PWM with two 180º shifted carriers is used for the interleaved 
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operation of this topology. The generalized operation principles are referred to [60]. The experi-

mental results are shown in Figure 3-63 with parameters listed in Table. 3-II. In [211], four 

switches (per phase) have to block the whole DC voltage. Compared to [211], one merit of the 

example 2 topology is the reduced device ratings for 5-level output with all devices withstand half 

DC-link voltage.  

Io1

Io_total

Vo_PWM

Io1_rms=2A Io1_rms=4A

Io_total_rms=4A Io_total_rms=8A

Three-level Vo_PWM Five-level Vo_PWM

 
Figure 3-63 Experimental results of 2# topology example. The waveforms from top to bottom: output cur-
rent of the A2 terminal, the output current of the total current, output PWM voltage pulses. The RMS value 
of the current reference is changed from 4A to 8A during the operation. 

 

3.5. Summary 

In this chapter, to systematically synthesize and derive multilevel voltage-source, current-source, 

and matrix converters, a general methodology is proposed in this work. Instead of implementing 

the conventional circuit-level derivations, this work investigates and utilizes the structure-level 

fundamental relationships of power converters: (i) the dual structures in voltage-source MLCs 

and current-source MLCs, (ii) the equivalent structures in matrix-type MLCs. Furthermore, the 

MLCs can be abstractly represented in unified matrix models using the concept of stage. 

With the stage-based common structure, the systematic design of MLCs can be realized for all 

kinds of MLCs in a universal way. In details, the node-branch forms are obtained for most com-

monly studied topologies, which not only demonstrate the duality between voltage-source and 

current-source multilevel topologies, but also the logical equivalence of multilevel indirect and 
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direct matrix converters. The matrix presentations of MLCs are derived from their node-branch 

forms, which provides an opportunity for systematic analysis of different MLCs. It can help the 

simplification process of derived various MLC topologies, and can also facilitate the modulation 

implementation for different MLCs, especially matrix converters, through the logic mapping.  

Moreover, compared to the current approach of manual design and analysis, the design rules 

of the proposed method are more general and straightforward to follow even for researchers with-

out a strong power electronics background. With the proposed method, a unified design platform 

could be established, which opens the potential for both manual synthesis and derivation and 

computer-aided design and analysis. Several multilevel topologies are derived as examples, e.g. 

internal paralleled MLCs, 7L hybrid MLCs and 9L MLCs with auxiliary circuits. The discussions 

with practical considerations and experiments are given to further demonstrate the feasibility of 

the proposed method. 

As briefly mentioned in Section 3.4, the matrix models introduced in this chapter can also be 

utilized for topology simplification and modulation of MLCs. In the following Chapter 5, this 

concept will be further generalized and implemented for those MLCs with non-modular structures, 

e.g. ANPC-type converters. Those topologies have been facing some great challenges of modula-

tion implementation when dealing with topology simplification and fault-tolerant operation. With 

the help of some specialized matrix modeling approaches, both can be solved in systematic ways. 
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Chapter 4  
Systematic PWM design of multilevel 

converters1 

 

As reviewed in Chapter 1, the maturity of power electronic techniques drives the converter per-

formance approaching its limitations. To fully explore the potentials of various MLCs and estab-

lish the common database, not only the topology synthesis method is highly needed (as investi-

gated in Chapter 3), but also the modulation design needs to be systematically addressed. Un-

fortunately, the systematic PWM design methods are still hardly discussed in literature. Consid-

erable efforts have been dedicated for modulation design of some three-level MLCs, such as loss 

distribution improvement, thermal management, commutation and fault-tolerant modulations 

[97], [212]-[216]. For MLCs with modular structures (e.g. CHB, MMC, FC converters), these 

methods could be systematically generalized for higher output level scenarios. However, due to 

the complex circuit structures, it is more difficult to design modulations for the non-modular 

MLCs, e.g. NPC, ANPC, hybrid-clamped converters. In fact, most of the non-modular MLCs can 

be simplified or extended by ANPC-type converters, which will be considered in this chapter. 

In practice, the ANPC converter is one of the most typical non-modular MLCs and has been 

drawing considerable attention in recent MLC research as mentioned in Chapter 1. By providing 

more redundancies, the ANPC converter has a higher flexibility than NPC converter and can po-

tentially achieve better performance. It can also be generalized into various other MLCs by adding 

flying capacitors by substituting the certain switching cells or simplifying the circuit (e.g. hybrid-

clamped converters). With some clear derivation rules (such as those in Chapter 3), the modu-

lation design of its resulting derivatives can benefit from the established approaches for ANPC 

converter. Therefore, in this chapter, the ANPC converter is chosen for the major research subject 

to demonstrate the proposed methodology without losing the generality. 

 
1 Publications out of this Chapter: 
 

Yuzhuo Li, Yunwei Li, Hao Tian, Navid R. Zargari and Zhongyuan Cheng, "A Modular Design Approach to Provide Exhaustive Car-
rier-Based PWM Patterns for Multilevel ANPC Converters," in IEEE Transactions on Industry Applications, vol. 55, no. 5, pp. 5032-
5044, Sept.-Oct. 2019 
Yuzhuo Li, Hao Tian and Yunwei Li, "Generalized Phase-Shift PWM for Active-Neutral-Point-Clamped Multilevel Converter," 
in IEEE Transactions on Industrial Electronics, vol. 67, no. 11, pp. 9048-9058, Nov. 2020. 
Yuzhuo Li, Yunwei Li and Hao Tian, "Carrier-based PWM design of multilevel ANPC-based converter through hierarchical decom-
position," 2018 IEEE Applied Power Electronics Conference and Exposition (APEC), San Antonio, TX, 2018, pp. 2542-2549. 
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In this chapter, the identical circuits in the MLCs will be firstly investigated, and the hierarchical 

decomposition method will be introduced by iteratively utilizing the identical circuits. Then, the 

new systematic carrier-based PWM design method will be provided, which is mainly focused on 

ANPC converters. It can help provide complete list of PWM patterns for further exploration of the 

converter performance. In addition, a novel generalized phase-shift PWM will be proposed for 

ANPC converters to better utilize the device with improved loss distributions. Various 5-level ex-

perimental cases are carried out to verify the proposed methods. 

The logic structure of the Chapter 4 is shown below: 

CH4: SYSTEMATIC PWM DESIGN OF MULTILEVEL CONVERTERS

4.1 TOPOLOGY FEATURES IN NON-MODULAR MULTILEVEL CONVERTERS

Methodology

Verifications

4.3 PHASE SHIFT PWM DESIGN 
      FOR ANPC-BASED CONVERTER

Methodology

Verifications

4.2 SYSTEMATIC PWM DESIGN BY 
      HIERARCHICAL DECOMPOSITION

Identical circuits in single converter Identical circuits in multiple converters

 
Figure 4-1 Logic structure of Chapter 4. 
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4.1. Topology features of ANPC-based converters 

To fully explore the potentials of MLCs, especially for the internal device utilizations, new modu-

lation design method is highly demanding. In practice, systematic modulation design methods 

have been introduced in converter parallel/series-connected system, e.g. interleaved carrier-

based PWM [85], [158]. They essentially utilize the identical circuits of the system and simplify 

the implementation process of the algorithms. In this section, such concept is further generalized 

for various MLCs with non-modular structures (mainly the voltage-source type), and the graph-

ical representations of the internal identical circuits in MLCs will be given. 

 

4.1.1   Identical circuits in MLCs 

A. Multilevel converters with modular structures 

As briefly reviewed in Chapter 1 and investigated in Chapter 3, there are mainly four types of 

voltage-source MLCs with modular structures, i.e. MMC, couple-inductor-based converter, CHB 

converter and FCC converter as shown in Figure 4-2. They basically consist of some identical cells 

and can be easily scaled up by simply adding more cells. For these modular-structure MLCs, the 

design of modulation methods can normally be realized in a modular way including not only car-

rier-based schemes, but also some more complex approaches, like SVM, MPC, nearest vector 

method, etc. This indeed significantly reduces the modulation computation burden and facilitates 

the overall converter design process, especially when output levels and redundant states are with 

great numbers. 

5-level FCC Topology
3-level MMC 

Topology 5L CHB converter 
3-level Couple-
inductor-based 

Topology

 
Figure 4-2 Topologies of some modular converters. 

 

B. Multilevel converters with non-modular structures 

In practice, there are also some MLCs considered as non-modular structures, such as NPC, TNPC, 

ANPC and their derivatives as shown in Figure 4-3. In general, their modulation schemes are 

highly dependent on the topologies, and sometimes are not straightforward to generalized, espe-

cially regarding the internal operation issues, e.g. loss distribution, device utilization. Moreover, 
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the modulation complexity of such topologies can tend to dramatically large for high-level scenar-

ios, making them less attractive in terms of both the performance and costs. 

Simplified 3L 
ANPC converter 3L NPC converter 3L ANPC converter 3L TNPC converter 3L Hybrid-clamped 

converter 

 
Figure 4-3 Topologies of some non-modular converters. 

 

C. Multilevel converters with hybrid structures 

Recently, there are some voltage-source MLCs featuring hybrid structures combining the modular 

MLCs and basic non-modular MLCs. They normally consist of several different cells and show 

some resembles with existing MLCs. Some typical examples are shown in Figure 4-4. The mod-

ulation schemes of these topologies enjoy some scalability from their modular cells. On the other 

hand, they are also facing some modulation design difficulties when generalized to higher-level 

topologies, which is mainly limited by its non-modular features. 

5-level Hybrid-
Clamped 
Topology

5-level Hybrid-
Clamped 
Topology

Simplified 5L 
ANPC 

converter 

7-level Hybrid-
Clamped 
Topology

9-level Hybrid-
Clamped 
Topology

 

Figure 4-4 Topologies of the hybrid-clamped converters. 

 

D. Classifications of the identical circuits 

To better understand the relationships between the topological features and the associated mod-

ulations of these MLCs, systematic classification can be made based on different circuit-level sim-

ilarities and symmetries within. Mainly two types of identical circuits can be found in various 

voltage-source MLCs: identical circuits within a single converter and identical circuits between 

two converters.  

The identical circuits within a single converter shows that the identical parts within converter 

can be non-overlapping or overlapping. For instance, CHB converter has a typical internal non-

overlapping identical circuit as shown in the left of Figure 4-5. The identical parts within this 

converter are independent with each other and same modulation logic can be implemented. It can 

also be found in some non-modular MLCs, e.g. the symmetrical non-overlapping circuits in 3L 
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NPC and 3L ANPC converters in Figure 4-6 and the asymmetrical non-overlapping circuits in 

simplified 3L ANPC converters in Figure 4-7.  

Non-overlapping

Overlapping

IDENTICAL CIRCUITS IN MULTILEVEL CONVERTERS

Identical circuits within 
single converter

Identical circuits between 
two converters

 
Figure 4-5 The classification of different identical circuits for multilevel converters. 

3L NPC 
converter 

3L ANPC 
converter 

 
Figure 4-6 The identical circuits within a single converter representing as symmetrical non-overlapping 
circuits in 3L NPC and 3L ANPC converters. 

Simplified 
3L ANPC 
converter 2

Simplified 
3L ANPC 
converter 1

 
Figure 4-7 The identical circuits within a single converter representing as asymmetrical non-overlapping 
circuits in simplified 3L ANPC converters. 

 

On the other hand, overlapping identical circuits can be identified in various MLCs, e.g. ANPC 

converters. As highlighted in the bottom-left of Figure 4-5, the upper side of the topology can be 

used for generating positive cycle of AC waveforms, while the lower side of the topology for nega-

tive cycle. These two parts are symmetrical and overlapped with each other and can be modulated 

by some similar algorithms regarding waveform symmetry. 

The identical circuits between two converters can be defined as identical circuits in one con-

verter that can be found in some other converter topologies. This can be interpreted as some cir-

cuits are re-used in other topologies. For instance, as shown in the right of Figure 4-5, the 
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hybrid-clamped 7-level converter consists of a four-level circuit and an H-bridge circuit, and its 

modulation algorithm can be realized by synergistically combining the two. 

It is also worth noticing that for same topology there can be several groups of identical circuits, 

e.g. both overlapping and non-overlapping identical sub-topologies can be found in the 3L ANPC 

converter. This indeed indicates the different switch grouping and can be utilized for the modula-

tion design in a general way. 

 

4.1.2   Similarities of ANPC-based converters 

A. Simplified graphical representations of ANPC-based converters 

To simplify the representation of the ANPC converters, a switch group (SG) can be defined as a 

column of switches in an ANPC topology as labeled by the red dotted box in Figure 4-8. A switch 

cell (SC) is a pair of two series-connected switches (also known as half-bridge normally with com-

plementary states) in an SG (in Figure 4-8(a), SG1 has two SCs, while SG2 has one SC). A sim-

plified graphical representation is the figure of ANPC topology with only labels of SGs and SCs 

and colors indicating operation modes as shown in Figure 4-8(i). Based on the same idea, any 

N-level ANPC topologies can be represented as such simplified forms. 
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Figure 4-8 All possible PWM patterns of 3L ANPC (a) 3L-PWM-1, (b) 3L-PWM-2, (c) 3L-PWM-3, (d) 3L-
PWM-4, (e) 3L-PWM-5, (f) 3L-PWM-6, (g) 3L-PWM-7, (h) 3L-PWM-8. (i) Simplified representations of 
corresponding 3L PWM patterns. 

As for some ANPC-based converters with hybrid structures , similar representations can also 

be obtained. The concepts of SC and SG are generalized according to the original topologies. For 
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instance, in Figure 4-9, the 5L hybrid-clamped converter and the simplified 5L ANPC converter 

are demonstrated. The extended switching parts are highlighted by yellow color as the generalized 

SCs and are substituted for the high-frequency SCs of the original 3L ANPC converter. And the 

simplified graphical representations show some resemblances with 3L cases. In such a way, the 

representation of ANPC-based converters can be unified in the same framework with conven-

tional ANPC topologies. In the following sections, special efforts will be given for conventional 

ones first. Then, it can be generalized for their derivatives, i.e. hybrid-structure ANPC-based con-

verters. 
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Figure 4-9 The simplified graphical representations of ANPC-based converters with hybrid structures. (a) 
The 5-level hybrid clamped converter extended from 3L ANPC converter with 3L-PWM-1, (b) the simplified 
5L ANPC converter extended from 3L ANPC converter with 3L-PWM-2. 

 

B. Topology similarities in ANPC-based converters 

In this section, the identical circuits in conventional ANPC converters are investigated. As demon-

strated in Figure 4-10, both types of identical circuits can be found in ANPC converters. In Fig-

ure 4-10(a), it can be found as a 4L sub-topology within the 5L ANPC case. Meanwhile, another 

identical circuits between two converters can be found as a 3L sub-topology within in this 4L sub-

topology. Such iterative similarities commonly exist in a ANPC topology (e.g. Figure 4-10(a) 

and (b)), especially when it has a high number of output levels. 

In Figure 4-10(c)-(g), the identical circuits within a single converter are shown with different 

varieties. For a 5L ANPC converter. The non-overlapping internal identical 3L sub-topologies can 

be found in vertical (Figure 4-10(c)), inclined (Figure 4-10(d)), horizontal (Figure 4-10(e)) 



121 

 

ways. While the overlapping internal identical 4L sub-topologies is shown in Figure 4-10(f) and 

3L sub-topologies is shown in Figure 4-10(g). 

(a) (b)

(c) (d) (e)

5L 4L
3L 5L

4L 3L
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Figure 4-10 Identical circuits in a conventional 5L ANPC converter. (a) Identical circuits between two con-
verters, (b) some other identical circuits between two converters, (c)-(e) some non-overlapping identical 3L 
sub-topologies in a 5L ANPC converter, (f) overlapping identical 4L sub-topologies in a 5L ANPC converter, 
(g) overlapping identical 3L sub-topologies in a 5L ANPC converter. 

 

C. Similarities in ANPC PWM design 

To date, various PWM methods have been proposed for ANPC converters, such as basic modula-

tion schemes, fault-tolerant controls, loss distribution balancing modulation, etc. However, these 

existing PWM schemes mainly focus on 3L ANPC topologies. Compared to space vector modula-

tion (SVM) methods with difficulties for high-level ANPC topologies, carrier-based PWM (CB-

PWM) schemes are much easier to be implemented for ANPC topology due to the inherent scala-

bility, modularity, and less computational burden. However, even for a 3L ANPC topology, there 

are several CB-PWM schemes with respect to different switching operation modes [97]. It can be 

naturally deduced that a lot more CB-PWM patterns exist in an ANPC topology with a higher 

number of output levels. However, only limited patterns are derived by now. Such an incomplete 

list of converters PWM patterns might lead to non-optimal PWM design. For ANPC topology with 

more than three voltage levels (i.e. four-level (4L) or higher), the general PWM design method is 

still missing. 

One of the major challenges in PWM design for ANPC topologies is to identify numerous PWM 

patterns in a thorough and systematic way. To achieve such goal, the identical circuits between 

two converters can be utilized. As briefly shown in Figure 4-10(a) and (b), a 4L sub-topology 

can be found in 5L ANPC converter, which indicates the operation patterns of this sub-topology 

can be included in the 5L system. Therefore, the PWM design process can be significantly simpli-

fied by iteratively utilizing the existent PWM patterns of lower-level topologies. In addition, some 
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established PWM schemes can also be implemented if they are the identical circuits between two 

converters in the targeted topology. In such a way, the generalized modularity can be obtained in 

ANPC converters, similar to modular MLCs (mentioned in Section 4.1.1-A). 

Furthermore, identical circuits within a single converter can also help to simplify the PWM de-

sign process. First, by utilizing the half-cycle symmetry in ANPC topologies, only the circuits as-

sociated with positive or negative cycle are needed to be considered, while the counterpart can 

follow the same modulation logic. This feature has been well addressed by numerous papers and 

become the common sense in power converter. Second, for those asymmetrical but identical sub-

topologies, they can still share the same logic, just like the modules in CHB converter or MMC 

(this will be investigated in Section 4.3 with generalized phase-shift PWM). 

In the next sections, the systematic PWM design method will be elaborated in detail. 

 

4.1.3   Systematic PWM design procedure 

In practice, one of the functions of modulation algorithm is to generate the required output wave-

forms. Therefore, these modulations are normally focused on the external features of the convert-

ers, e.g. the output power quality on AC or DC terminals. For conventional two-level converter, 

all devices could be fully utilized to achieve such purpose since there are very limited redundant 

switching states. However, for MLCs, the number of redundant switching states could be very 

high, therefore, only few states might be utilized for output within one switching cycle. On the 

other hand, the redundancies provide various device utilization patterns, resulting in different 

performance within a converter. Up to now, the modulations focused on the external performance 

of MLCs have been thoroughly investigated. However, the modulations of internal performance 

of MLCs are highly dependent on the topologies, while the associated systematic PWM design 

methods are still not clear. 

 

A. Operation principles of ANPC converters 

To design proper carrier-based PWM for ANPC converters, the general operating principles dur-

ing whole output ranges are investigated and can be considered an extension of [96]. 

Principle 1: For an arbitrary N-level ANPC, two adjacent levels (e.g. i-level and (i-1)-level, i≤N) 

are always expected to be produced to achieve better voltage quality and low dv/dt. To systemat-

ically indicate the SCs that participate in two output adjacent levels, device utilization modes are 

identified accordingly. 
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For 4L ANPC topology, there are four levels named as L4, L3, L2, L1. To output two adjacent 

levels, the participated SCs follow three device utilization modes named as 4L-M1 (Figure 4-

11(a)), 4L-M2 (Figure 4-11(b)), 4L-M3 (Figure 4-11(c)). To output [L1, L2], at least one of the 

following cells SC13, SC22, SC31 (highlighted by yellow) must be utilized, while SC12 and SC21 (light 

grey) could be utilized as shown in Figure 4-11(a). SC11 (no color) has nothing to do with the 

associated output region. To output [L2, L3], at least one of the following cells SC12, SC21, SC22, 

SC31 must be utilized, while SC11 and SC13 could be utilized as shown in Figure 4-11(b). To output 

[L3, L4], at least one of SC11, SC21, SC31 must be utilized in the current paths. At the same time, 

SC12, SC22 could also be utilized. The SC13 cannot affect this output region. 
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Figure 4-11 Three device utilization modes of 4L ANPC: (a) 4L-M1, (b) 4L-M2, (c) 4L-M3. 
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Figure 4-12 Four device utilization modes of 5L ANPC: (a) 5L-M1, (b) 5L-M2, (c) 5L-M3, (d) 5L-M4. 

 

For 5L ANPC topology, there are five levels named as L5, L4, L3, L2, L1. To output two adjacent 

levels, the participating SCs follow four device utilization modes named as 5L-M1 (Figure 4-12(a) 

for [L1, L2]), 5L-M2 (Figure 4-12(b) for [L2, L3]), 5L-M3 (Figure 4-12(c) for [L3, L4]), 5L-M4 

(Figure 4-12(d) for [L4, L5]). Similar to the 4L case, all yellow/light grey SCs can be utilized for 

associated levels, while the SCs without any color will not be associated with these levels.   

Principle 2: To guarantee the expected PWM waveforms, the operation mode of ANPC topol-

ogy should be effective, which means there is at least one SC operating at HSF during every output 

region. Such a requirement is naturally indicated when designing a carrier-based PWM. 
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Although different modulation methods were proposed in the literature, only a small number 

of PWM schemes associated with certain operation modes are considered. In [217], a specific 

PWM scheme is introduced by applying the virtual-vector concept for a 4L ANPC. In [96], another 

operation mode is proposed for a general N-level converter leg, changing the states of N switches 

between the transition of two adjacent switching states. Many more operation modes are re-

mained to be derived. This non-exhaustive list will likely lead to unfair conclusions and non-op-

timal overall system operation. 
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Figure 4-13 (a) 5L operation mode with SG2 operating at HSF, (b) 5L PWM pattern #1, (c) 5L PWM pattern 
#2, (d) 5L PWM pattern #3. 

 

Moreover, even for the same operation mode, there could be various PWM patterns leading to 

various PWM schemes. Take a specific operation mode of 5L ANPC topology as an example. As-

suming that there are three SCs (SC21, SC22, SC23) operating at HSF (see Figure 4-13(a)), the 

different utilization of SCs during adjacent levels implies three different PWM patterns as shown 

in Figure4-13(b)~(d). The green boxes indicate three possible different 3L modules in the same 

operation mode. The 3L modules can be operated with the known 3L PWM pattern shown in 

Figure4-8(a). Since each 3L module is for different output regions, for each pattern, the dura-

tion of HSF SCs is different, which implies different schemes. 

 

B. PWM design procedure 

To systematically design a complete list of PWM schemes for ANPC converter, one method is to 

exhaustively search all the possible operation modes one by one and carry out PWM design pro-

cess for each of them. This can greatly increase the complexity of the PWM design process, par-

ticularly when the number of voltage level is high. To avoid this problem, a systematic PWM de-

sign approach with three simple steps is proposed based on hierarchical decomposition as shown 

in Figure 4-14. In step-1, the hierarchical decompositions are derived thoroughly. In step-2, ef-

fective PWM patterns can be implemented for sub-topologies in each hierarchical decomposition 
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result. In step-3, the modularized modulation can be designed for each sub-topology by utilizing 

the carrier-based PWM with a modular evolution from low-level to high-level ANPC converters. 

This three-step procedure is introduced as following. 
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Figure 4-14 The PWM design procedure based on hierarchical decomposition. 

 

HIERARCHICAL DECOMPOSITION 

The first step of PWM design is presented here to decompose the N-level ANPC topology into 

sub-topologies. The basic idea of decomposition for ANPC-based converters is to hierarchically 

decompose the original large complex circuit into several down-scale circuits (see Figure 4-15). 

In this paper, hierarchical decomposition is to split N-level ANPC topology into two non-overlap-

ping sub-topologies (which have no common SCs), one is N−i level conventional ANPC (N and i 

are integers), the other one is complementary topology. The associated results can be called as ith 

Level Decomposition (ith-D).  

Based on this principle, a 4L ANPC topology has in total three decomposition results as shown 

in Figure 4-16(a). There are two types of different decompositions, one is to separate only the 

upper and lower one (first two in (a)), another one is to separate the rightmost one (last one in 

(a)). The first one requires all sub-topologies have at least one HSF SC to guarantee the normal 

operation, while the second one only requires the rightmost one to have at least one HSF SC. Two 

examples are shown in Figure 4-16(b) covering 5L ANPC topology based on the same approach. 

The decomposition can be derived in the order: i1st-D, i2nd-D, i3rd-D, …, ikth-D (i1<i2<i3<…<ik≤N−3). 

For example, when N is equal to 5, the decomposition order could be 1st-D, 2nd-D. Here the First 



126 

 

Level Decomposition (1st-D) is to split the 5-level ANPC topology into two sub-topologies, and one 

of them is 4-level ANPC topology. While different processes of the same decomposed level may 

result in the same decomposition as shown in Figure 4-16(c). For an N-level ANPC topology, 

this iterative process can continue until the last sub-topology is a three-level ANPC converter. 
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Figure 4-15 Hierarchical decomposition for ANPC-based topology. 
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Figure 4-16 (a) Three first level decompositions of 4L ANPC topology, (b) two different topological decom-
position examples of 5L topology, (c) two decomposition process results in the same decomposition of 5L 
topology. 
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PATTERN DERIVATION 

The second step of PWM design is to derive effective PWM patterns of an ANPC topology 

through combinations of low-level PWM patterns and hierarchical decomposition results. 

To easily obtain all the effective PWM patterns, low-level PWM patterns are utilized as much 

as possible. In order to ensure the effectiveness of derived PWM patterns, the operation modes of 

sub-topologies should be effective during associated output regions. Take a 4L ANPC as an exam-

ple, there are three 1st-Ds as shown in Figure 4-16. In such a way, a 4-level ANPC topology can 

be considered as an iterative representation based on 3L ANPC cells regardless of whatever po-

tential operation modes are applied. For a 3L ANPC topology, there are five PWM patterns that 

can guarantee effective operation of whole voltage output ranges with the pulse-width modulated 

process as shown in Figure 4-8(a)~(e) [97], [218] (detailed discussion will be provided in the 

design example section). 

After utilizing all possible PWM patterns of 3L ANPC, various 4L PWM patterns can be derived. 

The detailed tables are presented in the Appendix-B. The HSF SCs are indicated as “1”, while 

the LSF SCs are noted by “0”. Note that there are patterns have their SCs in the same SG operating 

at the same mode (HSF or LSF). They can be referred to as SG-based PWM patterns as shown in 

Figure 4-17. From the design modularity point of view, each SG can be considered as a power 

electronic building block and is easy to control. Besides, the operation decoupling feature could 

facilitate the converter design, enabling proper device selection and optimized thermal manage-

ment. In the next section, PWM design for 4L SG-based PWM patterns will be demonstrated in 

detail. 

Furthermore, the derivation process of PWM patterns of an arbitrary N-level ANPC can be car-

ried out in a similar way. The ith level decomposition can be derived through one of the possible 

iterative processes. Both the N−i level conventional ANPC and the complementary topology 

should operate with effective modes to guarantee there is at least one SC operating at HSF during 

every output region. Through the proposed process, various PWM patterns can be systematically 

obtained. The completeness of this pattern derivations can be proved as shown in Appendix-C. 

IMPLEMENTATIONS 

As a third step, the PWM schemes are developed for each PWM patterns. For HSF SCs in vari-

ous PWM patterns, pulse-width modulation schemes should be designed to produce the modula-

tion reference. Two types of multicarrier-based PWM can be implemented [85], i.e. level-shift (LS) 

PWM, phase-shift (PS) PWM. In [25], PS PWM named doubled frequency PWM can be applied 

for 3L ANPC topology to achieve a better loss distribution compared with LS PWM. Based on the 

proposed PWM design method, this PWM method can be easily implemented for ANPC topology 
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more than three levels. Since 3L sub-topology can always be derived from a higher-level ANPC 

topology, the basic PWM logic will remain to be the same as 3L case, while the arrangement of 

gating signals should be modified according to the decomposition results. 

For an N-level ANPC, PWM patterns can be derived through the combination of available i-

level ANPC PWM pattern and complementary PWM for the SCs of the complementary topology 

in step 3. Assuming in step 2, one possible combination of i-level ANPC PWM pattern and com-

plementary PWM pattern is derived through NL-ith-D-m (obtained from step 1). While the PWM 

scheme of i-level sub-topology is assumed have already been designed. For HSF SCs in comple-

mentary topology, LS PWM can be easily applied. For LSF SCs in PWM patterns, modulation 

processes should assist the operation of HSF parts and maintain the appropriate device bearing 

voltages. Through this iterative design process, an exhaustive list of CB-PWM schemes from N-

level ANPC till 4L ANPC converters can be designed systematically. In such a way, new opportu-

nities can be obtained to achieve different performance objectives. The detailed discussion will be 

presented in the next section with several design examples. 
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Figure 4-17 Thirteen SG-based 4L PWM patterns. 
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4.2. Carrier-based PWM design examples 

4.2.1   Existing carrier-based PWM for 3L ANPC 

For 3L ANPC, there are four PWM patterns of which the LS PWM can be easily applied as shown 

in Figure 4-8 (a)~(d). In [97], the first two PWM schemes (Figure 4-8 (a) and (b)) are re-

ferred as modulation 2 (Figure 4-18(a)), modulation 1 (Figure 4-18(b)), and are analyzed in 

detail.  

For the pattern 3L-PWM-3 in Figure 4-18(c), a modified LS-PWM is introduced. The gating 

signal generation principles are shown in Figure 4-18(c). There are two carriers and each one 

should be compared with the voltage reference (red). The upper carrier is for SC11 and SC21, while 

the lower carrier is for SC21. In such a way, SC11 and SC21 share the same gating signals when the 

converter outputs [0, Vdc/2]. Similar scheme (see Figure 4-18(d)) can be designed for 3L-PWM-

4 in Figure 4-8(d). while SC12 and SC21 share the same gating signals when the converter outputs 

[-Vdc/2, 0]. 
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Figure 4-18 Carrier-based PWM for 3L ANPC under: (a) 3L-PWM-1, (b) 3L-PWM-2, (c) 3L-PWM-3, (d) 3L-
PWM-4, (e) 3L-PWM-5. 
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PS PWM with doubled equivalent inverter frequency can be applied for pattern 3L-PWM-5 (see 

Figure 4-8(e)), While it can also be seen as a mixture of the modulation 1 and modulation 2 in 

one carrier period [219]. The gating signals are shown in Figure 4-18(e). The gate signal for SC12’ 

is “0” when reference is positive, while SC11=SC12=NOT(SC11’). As for negative cycle, the SC11 will 

maintain as “0”, while SC11’=SC12’=NOT(SC12). 

 

Figure 4-19 Carrier-based PWM under (a) 4L-SG-1, (b) 4L-SG-3, (c) 4L-SG-9. 
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4.2.2   Carrier-based PWM design for 4-level ANPC 

Based on the proposed method, carrier-based PWM can be easily designed for 4L ANPC topology. 

In Figure 4-19, there are three patterns named 4L-SG-1, 4L-SG-3, 4L-SG-9, with associated LS 

PWM. They are all SG-based PWM patterns as summarized in Figure 4-17. In 4L-SG-1, the LS 

PWM is applied for SG1. In 4L-SG-3, the LS PWM is applied for SG3, and the LS PWM is applied 

for SG2 in 4L-SG-9. The shadowed areas in Figure 4-19 are corresponding to 3L ANPC patterns 

utilized in 4L PWM design. 

To verify these three designed PWM schemes, one phase leg of the 4L ANPC is built in the lab 

(see Figure 4-20). The associated experimental parameters are listed in Table 4-I. 

 

Figure 4-20 Single-phase 4L ANPC prototype. 

Table 4-I   Experimental Parameters 

Parameters Values 

Rated Line voltage 4L 41 V 

Rated Line voltage 5L 55 V 

Rated Power 500 VA 

DC supply for 4L 20V*3=60 V 

DC supply for 5L 20V*4=80 V 

Equivalent dc capacitor  1000μF 

Output impedance 5mH/16Ω 

Fundamental frequency 50Hz 

Equivalent switching frequency 1560Hz 

Carrier frequency for carrier-based PWM of 4L PWM pattern 
fs1: 1560Hz 

fs2: 780Hz 

Carrier frequency for carrier-based PWM of 5L PWM pattern 
fs3: 1560Hz 

fs4: 780Hz 

 

Experiments of three cases (4L-SG-1, 4L-SG-3, 4L-SG-9) are carried out respectively. For each 

case, three modulation indexes (M.I) are applied to demonstrate the PWM can guarantee the 
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proper output modulated voltages (M.I=1, 0.6, 0.2). As shown in Figure 4-21, despite the differ-

ent assignment of HSF SCs and LSF SCs, the designed PWM schemes for three PWM patterns 

have the identical output waveforms during the full operation ranges. The equivalent switching 

frequency is maintained to be 1560Hz during the whole operation range. For each HSF SCs in the 

same SGs, the same gating signals can be implemented to further simplify the PWM schemes as 

shown in Figure 4-19. The SCs which are not utilized during certain operation regions will switch 

ON/OFF without bearing load currents, thus, no extra power loss is introduced. 

Modulation index=1 Modulation index=0.6 Modulation index=0.2

SC11 (20V/div)

SC21 (20V/div)
SC31 (20V/div)

VPWM (20V/div)
(a) Case 1, 4L-SG-1, high switching frequency SC11.

Modulation index=1 Modulation index=0.6 Modulation index=0.2

SC11 (20V/div)
SC21 (20V/div)

SC31 (20V/div)

VPWM (20V/div)
(b) Case 2, 4L-SG-3, high switching frequency SC31.

Modulation index=1 Modulation index=0.6 Modulation index=0.2

SC11 (20V/div)
SC21 (20V/div)

SC31 (20V/div)

VPWM (20V/div)
(c) Case 3, 4L-SG-9, high switching frequency SC21.  

Figure 4-21 Experimental results of case 1~3. From top to bottom: gating signals of SC31, SC21, SC11, the 
PWM voltage of 4L ANPC converter. 

 

Besides of SG-based PWM patterns, schemes for other patterns can also be designed through 

the same approach. In Figure 4-22, the derivation process of pattern 4L-PWM-1-5-2 is shown 

based on the decomposition 4-1st-D-1.  

The carrier-based PWM is achieved through a combination of PS PWM for 3L ANPC and LS 

PWM for 4L ANPC. The gating signals of designed carrier-based PWM is shown in Figure 4-22. 

To output [-Vdc/6, Vdc/2], PS-PWM is designed for HSF SCs (SC11, SC12, SC21) based on 3L-PWM-

5. To output [-Vdc/2, -Vdc/6], LS PWM is designed for HSF SC31. To realize the same equivalent 

switching frequency during the whole operation ranges, the carrier frequency for PS PWM is de-

signed to be half of the LS PWM. 

To verify the designed PWM scheme for 4L-PWM-1-5-2, the experimental verification is also 

carried out based on the same platform. To maintain the same equivalent switching frequency as 
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in case 1~3, two carrier frequencies are chosen as fs1=1560Hz (SC22), fs2=780Hz (SC11, SC12, SC21). 

For the experiment results of 4L-PWM-1-5-2 (see Figure 4-23), the doubling of equivalent 

switching frequency can be observed during output region [-Vdc/6, Vdc/2], which is consistent with 

the scheme of 3L-PWM-5. The designed LS PWM and associated fundamental switching fre-

quency modulation are achieved in the rest region. Since the carrier frequency of SC11, SC12, SC21 

is only half of SC22 for 4L-PWM-1-5-2, the device utilization is different compared to PWM pat-

terns shown in Figure 4-19. While all four cases have similar power quality performance as 

shown in Figure 4-24 (THD difference is within 0.3%) if the same equivalent switching fre-

quency is implemented. 

 

Figure 4-22 Carrier-based PWM for 4L ANPC with pattern 4L-PWM-1-5-2. 

Modulation index=1 Modulation index=0.6 Modulation index=0.2

SC11 (20V/div)

SC22 (20V/div)

SC31 (20V/div)

VPWM (20V/div)  

Figure 4-23 Experimental results of case 4 (4L-PWM-1-5-2). From top to bottom: gating signals of SC31, 
SC22, SC11, the PWM voltage of 4L ANPC converter. 
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Figure 4-24 FFT results of PWM voltages of (a) case 1, (b) case 2, (3) case 3, (4) case 4 with modulation 
index equals to 1. 
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4.2.3   Carrier-based PWM design for 5-level ANPC 

As for 5L ANPC converter, three cases (5L-SG-1, 5L-SG-3, 5L-SG-9) are chosen as demonstrated 

examples as shown in Figure 4-25. The associated PWM schemes can be designed based on 4L 

cases according to our proposed design method (SG1 is at LSF, while the rest SGs are the same as 

4L examples). To verify the designed PWM schemes, one phase leg of the 5L ANPC is built in the 

lab (see Figure 4-26). The associated experimental parameters are listed in Table 4-I. 

SC22

SC32

SC23

SC31

SC41

SG1

SG2

SC21

SG3

5L-SG-1

Low switching 
frequency SC

High switching 
frequency SC

SC12

SC11

SC14

SC13 SG4

SC22

SC32

SC23

SC31

SC41

SG1

SG2

SC21

SG3

5L-SG-9

SC12

SC11

SC14

SC13 SG4

SC22

SC32

SC23

SC31

SC41

SG1

SG2

SC21

SG3

5L-SG-3

SC12

SC11

SC14

SC13 SG4

4L-SG-1 4L-SG-94L-SG-3

 
Figure 4-25 Three SG-based 5L PWM patterns. 

 
Figure 4-26 Single-phase 5L ANPC prototype. 

Besides of SG-based PWM patterns, in Figure 4-27, the derivation process of another 5L PWM 

pattern is shown. The carrier-based PWM can be designed through the combination of a PWM 

scheme for 4L-PWM-1-5-2 and LS PWM for 5L ANPC as shown in Figure 4-27. Note that this 

4L PWM pattern has been designed in Figure 4-22 and can be directly utilized for 5L PWM 

design with minor modification. Therefore, the PWM design of the 5L example is dramatically 

simplified. To output [Vdc/4, Vdc/2], LS PWM is designed for HSC SC31. To output [-Vdc/2, Vdc/4], 

carrier-based PWM is designed for HSF SCs (SC12, SC13, SC22, SC23) based on 4L-PWM-1-5-2. 

To verify these four PWM schemes, the experimental verification is also carried out based on 

the one phase platform. Three M.I (1, 0.6, 0.2) are applied to demonstrate the PWM can guarantee 

the proper outputs as shown in Figure 4-28 and 4-29. Two carrier frequencies are used to real-

ize the same equivalent switching frequency for case 8: one is 780Hz for SC31 and SC23, the other 

one is 1560Hz for SC22, SC23, SC32. Similar to 4L scenarios, all four 5L design cases have similar 

power quality performance as shown in Figure 4-30 if the same equivalent switching frequency 
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is implemented. While the dominant harmonic of PWM pattern case 8 has a slightly lower mag-

nitude compared to others. Since the equivalent switching frequency is doubled for this PWM 

scheme, the volume of output filter can be reduced if same switching frequency (e.g. 1560Hz) is 

implemented, while the switching losses are expected slightly higher since more SCs operates at 

HSF. 

 

Figure 4-27 Carrier-based PWM for 5L ANPC case 8. 

Modulation index=1 Modulation index=0.6 Modulation index=0.2

SC21 (20V/div)

SC31 (20V/div)

SC41 (20V/div)

VPWM (20V/div)
(a) Case 5, 4L-SG-1, high switching frequency SC21.

Modulation index=1 Modulation index=0.6 Modulation index=0.2

SC21 (20V/div)

SC31 (20V/div)

SC41 (20V/div)

VPWM (20V/div)
(b) Case 6, 4L-SG-3, high switching frequency SC41.

Modulation index=1 Modulation index=0.6 Modulation index=0.2

SC21 (20V/div)

SC31 (20V/div)

SC41 (20V/div)

VPWM (20V/div)
(c) Case 7, 4L-SG-9, high switching frequency SC31.

 

Figure 4-28 Experimental results of case 5~7. From top to bottom: gating signals of SC41, SC31, SC11, the 
PWM voltage of 5L ANPC converter. 
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Modulation index=1 Modulation index=0.6 Modulation index=0.2

SC22 (20V/div)

SC31 (20V/div)

SC41 (20V/div)

VPWM (20V/div)  

Figure 4-29 Experimental results of 5L ANPC case 8. From top to bottom: gating signals of SC41, SC31, 
SC22, the PWM voltage of 5L ANPC converter. 
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Figure 4-30 FFT results of PWM voltages of (a) case 5, (b) case 6, (3) case 7, (4) case 8 with modulation 
index equals to 1. 

 

4.2.4   Generalization and discussions 

For an N-level ANPC topology, there are a huge amount of PWM patterns, and each one is asso-

ciated with a unique PWM scheme. As stated before, 110 PWM patterns for 4L ANPC converter 

results in 110 CB-PWM schemes (see Appendix-B). The number will increase dramatically for 

5L ANPC converter, i.e. greater than 5000, and much bigger for higher-level ANPC topologies. 

Let us take a very simple PWM pattern of an N-level ANPC topology as an example. It has only 

one HSF SC (SCn1) as shown in Figure 4-31. After decomposition, an N-1-level ANPC PWM 

scheme can be utilized. And then, to realize N-1 level ANPC PWM, one can utilize N-2 level ANPC 

PWM. Such an iterative process can continue until the utilized PWM is for a 3-level pattern. Such 

that, the carrier-based LS PWM can be directly implemented for SCn1 as shown in Figure 4-31. 

Note that the resulting CB-PWM is similar to the work introduced for multilevel flying capacitor 

converters in [220], which is a special case in terms of the proposed method. While the signals of 

associated LSF SGs are assigned based on the N-1 bits binary number (total number is 2N-1). The 

value “1” or “0” denotes the “ON” or “OFF” state of the upper switches of all SCs in associated SGs. 

To realize fundamental switching frequency modulation, the selected states can follow continuous 

Gray Code (only one binary number is different between any two adjacent codes) as shown in 

Figure 4-31.  
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Figure 4-31 An N-level PWM pattern with only one HSF SC (SCn1) with a designed CB-PWM scheme (other 
cases are omitted here). 

 

For an N-level ANPC pattern with multiple HSF SCs, other PWM schemes can also be designed. 

Low-level ANPC patterns can be utilized to reduce the design complexity. Therefore, the N-level 

ANPC PWM schemes can be realized by combining existing PWM schemes of the associated i-

level ANPC PWM pattern (i<N, both PS PWM and LS PWM can be considered) with the comple-

mentary PWM schemes for the N-level topology. 

With the proposed method, a large number of CB-PWM schemes can be designed systematically, 

bringing new opportunities to achieve a variety of composite control objectives. On one hand, the 

output waveforms of designed CB-PWM are the same if the same modulation reference is used. 

Hence, if only the output quality is considered, all the designed patterns are applicable. On the 

other hand, the operation of each SCs under the different PWM patterns can be different, leading 

to different loss distributions. This can be observed in a qualitative way as shown in Figure 4-

32. For instance, even for the same operation mode (Figure 4-32(c) and (d)), the switching 

cells will have different switching losses, i.e., different thermal stress. Such differences will be 

significant when switching frequency is high. 

In Table 4-II, the switching actions are summarized for three 4L patterns: Figure 4-32(a), 

Figure 4-32(d), Figure 4-32(e) with a ratio of inverter switching frequency/line frequency 
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around 24. It can be obviously observed that Figure 4-32(a) potentially has a better loss distri-

bution in theory since the switching actions are distributed more balanced than the other two. 

While the switching losses are still dependent on the load currents (or power factor) through non-

linear relationships [221]. For different types of devices and different power ratings, the relation-

ship can vary largely. 

The switching actions of HSF SCs are also related to M.I. With a high M.I, the upper and lower 

SCs will suffer increased loss. While a low M.I will even result in no actions for certain SCs since 

they will never be used in such conditions. For the low switching frequency devices, the dominant 

loss will be conduction loss which is highly related to load conditions. 

 

Table 4-II   Switching Action Numbers of SCs in Three 4L Patterns in One Fundamental Period 

 
Pattern in Figure 4-

32(a) 

Pattern in Figure 4-

32(d) 

Pattern in Figure 4-

32(e) 

SC11 7 1 1 

SC12 5 1 1 

SC13 9 1 1 

SC21 1 7 1 

SC22 1 13 1 

SC31 1 1 19 
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Figure 4-32 Different allocations of HSF SCs in various PWM patterns. 

 

Another way to deal with uneven losses is to utilize complementary patterns to cooperate with 

each other. As shown in previous sections, each operation mode has a unique allocation of 

HSF/LSF SCs. For example, pattern in Figure 4-32(a) has SG1 in HSF mode, while SG2 and SG3 

in LSF mode; pattern in Figure 4-32(d) has SG2 in HSF mode, while SG1 and SG3 in LSF mode; 

pattern in Figure 4-32(e) has SG3 in HSF mode, while SG1 and SG2 in LSF mode. Combining 
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those three patterns and rotate them during a long time constant, one can equivalently operate 

the converter with all SCs in HSF mode. In such a way, all the SCs can be operated with a similar 

number of switching actions and share the loss more evenly. Moreover, such complementary pat-

terns can be easily found in the derived complete list of patterns and have many freedoms of de-

grees to implement. In Appendix-B, the patterns with logically opposite SC modes are comple-

mentary with each other, such as 4L-PWM-1-1-1 denoted as 001100 is complementary with 4L-

PWM-1-2-5 denoted as 110011. While the overall performance relies on how optimally we utilize 

the various patterns to achieve the control goals. 

In summary, to overcome the increasing PWM design complexity of multilevel converter with 

a high number of output levels and possible PWM patterns, e.g. ANPC converter, a universal car-

rier-based PWM design method based on isomorphic theory is proposed. Based on the hierar-

chical decomposition process, the complete sets of PWM patterns can be derived. Even with a 

high number of PWM patterns, the design process is dramatically simplified by utilizing low-level 

sub-topologies (i.e. isomorphisms between two converters). Several designed PWM schemes un-

der different operation modes are verified through experiments and demonstrate how the same 

approach can also be generalized for a high-level ANPC topology (e.g. 3L to 4L, 4L to 5L).  

With the help of this simplified and unified method, a complete design of an exhaustive list of 

CB-PWM schemes of ANPC-based topology can be achieved. Such a complete list of PWM 

schemes provide the opportunity for optimal selection and utilization of PWM schemes in a more 

comprehensive way.  

 

4.3. Phase shift PWM design for ANPC-based converter 

For multilevel converters, especially when output level number is higher than three, carrier-based 

PWM schemes, i.e., LS and PS PWM, are much easier to implement than SVM methods. While 

conventional LS PWM tends to cause unequal loss distribution [219]. An alternative method is to 

develop PS PWM which has been successfully applied for state-of-art topologies to achieve higher 

equivalent switching frequency (ESF), better device utilization, and evenly loss distribution. Re-

cently, a hybrid PWM scheme has been applied in hybrid-clamped converters [100], [101], [222]. 

The converter is controlled by a 3L PS PWM for FC legs and low switching frequency modulation 

for a 3L ANPC converter. However, it cannot be applied for ANPC converter since no FC legs exist 

in ANPC converters. For the conventional PS PWM schemes of cascaded H-bridge or modular 

multilevel converter, they utilize the inherent modular structures and generate the phase-shifted 

PWM signals for each submodule [99]. Unfortunately, due to the different topology operation 
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principles and the lack of submodule structures, such methods cannot be implemented for ANPC 

converter. In [218], a PWM scheme with phase-shifted carriers was proposed for the three-level 

ANPC converter. A similar method was also introduced in [45] for a Marx converter (it has the 

sub-topology of a three-level ANPC-based topology). In this section, these methods are further 

investigated and generalized for the ANPC converters through the identical circuits within a single 

converter. 

 

4.3.1   Proposed phase shift PWM 

A. Identical circuits within a single converter in ANPC converters 

As investigated in Section 4.1.2-B, identical circuits within a single converter can be found in 

ANPC converters. In detail, the symmetrical overlapping identical sub-topologies are shown in 

Figure 4-33(a)-(b). Meanwhile, asymmetrical non-overlapping identical sub-topologies can 

also be seen as examples in Figure 4-33(c)-(d). The identical circuits within a single converter 

normally consists of some different combinations of SCs and can also be utilized to facilitate the 

PWM implementation process. In addition to the definition of SG in Section 4.1.2-A, a switching 

group can also be defined as the sub-topologies for every two adjacent levels (i.e., the ith and (i+1)th 

level, i is an integer) are derived and selected for ANPC topology. As shown in Figure 4-33, two 

types of SGs can be found: downward SG and upward SG, depending on the cascaded directions 

(see Figure 4-33(a)). Inside an SG, each half-bridge is included in a Stage. The number of the 

stages within the SG can be indicated by the number of SCs, e.g. in Figure 4-33(a), the high-

lighted SGs have four stages. 

(a) (b)

(c) (d)

Downward
         SG

Upward
SG

Downward
      SG

Downward
      SG

Upward
SG

Downward
      SG

Upward
SG

Upward
SG

 

Figure 4-33 Identical circuits in ANPC converter: (a)-(b) symmetrical overlapping identical sub-topologies, 
(c)-(d) asymmetrical non-overlapping identical sub-topologies. 

 

In fact, the similar structure can be found in Marx converter. For instance, the converter struc-

ture in [45] is the simplest Marx converter enjoying doubled ESF, which can be transferred as an 
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SG of a 3L ANPC converter as shown in Figure 4-34(a). Here same concept can be further gen-

eralized for other SGs (Figure 4-34(b)). 

 

(a) (b)  
Figure 4-34 Marx converters can be transformed into switch group in ANPC converters by eliminating the 
intermediate capacitors. (a) A two-stage Marx converter can be transformed into a sub-topology associated 
with two SCs, (b) a four-stage Marx converter can be transformed into a sub-topology associated with four 
SCs. 

 

B. Phase-shifted PWM for switching groups 

Based on the isomorphic theory, an ANPC converter can be considered as combinations of differ-

ent SGs regards different output regions, which naturally decomposes the converter in terms of 

different operation points. In general, for ANPC converter with i-level outputs (i≤5), e.g., 3L, 4L, 

5L ANPC converters, there are three different types of upwards SGs (see Figure 4-35(a) and 

Figure 4-36) and three different types of downwards SGs (see Figure 4-37). Inspired by the 

double frequency PWM schemes, a novel PWM scheme can be designed for each SGs to achieve 

the phase-shifted modulation. 
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Figure 4-35 Phase-shifted PWM for (a) 2-stage upward switch group, (b) 3-level flying-capacitor bridge, (c) 
conventional H-bridge. 
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For 2-stage upward SG in Figure 4-35(a), the PWM scheme is the same with the method in 

[45], where two carriers are phase-shifted by 180° and are utilized to compare with reference to 

operate five switches in this SG. As indicated by the arrows in Figure4 (a), during different periods 

of one fundamental cycle, the switches in the corresponding SG will be turned ON and OFF while 

the states of other switches keep unchanged. In other words, SGs will take turns to make switching 

actions in one fundamental cycle and switching loss can be well distributed. The same carriers 

and same output waveforms can also be found in PS PWM schemes for 3-level FC bridge and 

conventional H-bridge [83], [99], however, device utilizations are different as shown in Figure 

4-35(b) and (c), respectively. 
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Figure 4-36 Phase-shifted PWM for (a) 3-stage upward switch group, (b) 4-stage upward switch group. 

 

For 3-stage upward SG in Figure 4-36(a), three carriers are phase-shifted by 120° to modulate 

the eight switches in this SG. There are four switching states that will be generated in PS PWM 

and result in a triple ESF of output pulses. For a 4-stage upward SG, four carriers are used with 

90° phase shift and result in four times ESF of output pulses in theory. Similar algorithms can 

also be developed for downward SGs, as shown in Figure 4-37. 

For each SG with the proposed PS PWM scheme, the PWM waveforms with increased ESF can 

be guaranteed as indicated in Figure 4-35~37. And the same phenomenon also happens in the 

FC bridge and H-bridge scenarios with the same PS PWM logic but different switching states. 
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Figure 4-37 Phase-shifted PWM for (a) 2-stage downward switch group, (b) 3-stage downward switch group, 
(c) 4-stage downward switch group. 

 

C. Design procedure 

Based on the isomorphisms within a single converter, the modulation schemes of ANPC convert-

ers can be obtained by combining the algorithms of SGs. In practice, two main objectives of the 

modulation are focused on: (1) simplify the design process through several modular steps, (2) 

achieve higher ESF through best utilization of switching devices. To realize the above goals, the 

three-step PS PWM design procedure is proposed and shown in Figure 4-38. 
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Figure 4-38 Phase-shift PWM Design Process for ANPC Converter. 
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Step-I is to derive the switch groups by implementing the identical circuits within a single con-

verter. Step-II is to design PS PWM for each SG by utilizing interleaved carriers as introduced in 

Section 4.3.1-B. Step-III is to combine the SG PWM schemes into the final PWM scheme to 

operate the ANPC converter. In the following sections, 3/4/5-level examples will be illustrated to 

describe the design details. 

 

4.3.2   Phase shift PWM design examples 

A. 3-level PS PWM for ANPC converter 

To better understand the proposed PS PWM design method, a 3-level ANPC converter is demon-

strated first. In [218], the PWM schemes with the phase-shifted process is proposed to realize 

natural doubling of the inverter frequency. Such PWM was verified to have a better balancing of 

loss distribution in a 3-level ANPC converter with LS PWM. The theoretical gating signals are 

shown in Figure 4-39. The scheme can be easily synthesized through the proposed PS PWM 

method. 
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Figure 4-39 Phase-shift PWM for 3-level ANPC Converter. 

 

Step I: Based on the concept of Switch Group, the 3-level ANPC has only two available SGs as 

shown in Figure4-34, one is downward that produces an output voltage from Vdc/2 to 0, the 

other is upward that produces output voltage potentials from 0 to −Vdc/2. 

Step II: PS PWM schemes are designed for these SGs, respectively. In positive half-cycle, as-

sociated switches (S1, S'1, S2, S3, S'3) of downward SG are utilized. Two carriers (C1 and C2) are 

phase-shifted by 180º, as shown in Figure 4-39. The carrier frequency is fs1 for downward SG, 

while the ESF is 2fs1. In negative half-cycle, associated switches (S'1, S2, S'2, S3, S'3) of upward SG 

are utilized. The same carriers can still be implemented with the same ESF. 

Step III: two developed SG PWM schemes are implemented for positive and negative half-

cycle, respectively. The unused switches during each half-cycle (S1, S'2) are controlled to be OFF 

to bearing the dc-link voltage properly, as shown in Figure 4-39. 
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B. The proposed phase-shifted PWM for the general 4-level ANPC converter 

Based on the PS PWM for SGs, the general 4-level ANPC can be modulated through the different 

combinations of SGs with designed PWM schemes in Figure 4-35-37. (The complete list of SGs 

of 4-level ANPC converter is shown in Appendix-D.) 
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Figure 4-40 Phase-shift PWM for the general 4-level ANPC converter. 

 

Step I: Proper SGs can be selected as shown in Figure 4-40 (in the Appendix, the complete 

list of SGs are provided). Eight associated switches (S1, S'1, S2, S4, S'4, S5, S6, S'6) are utilized to 

form downward SG #1, which has three stages. As the stages of derived SGs increase, the ESF 

increases as well, which guarantees power quality of phase voltage using lower switching 
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frequency compared to conventional LS PWM. To achieve the highest ESF, downward SG #1 and 

#2 can be chosen for positive half-cycles. Based on the same idea, upward SG #1 and #2 can be 

chosen for negative half-cycles. The reason for two different SGs (downward SG#2, upward SG 

#1) during [-Vdc/6, Vdc/6] is to guarantee the symmetrical device utilization for [-Vdc/6, 0] and 

[0, Vdc/6]. If downward/upward SG #3 is chosen in this area, the device utilization will be differ-

ent, while the output will be maintained the same. 

Step II: Based on Figure 4-37(b), the PS PWM for downward SG #1 utilizes three carriers 

which are phase-shifted by 1/(3fs1) (fs1 is the carrier frequency for downward SG #1, the ESF is 

3fs1.) and compared with voltage reference. The PWM logic and generated gating signals are 

shown at the bottom of Figure4-40. To output [0, Vdc/6], downward SG #2 is selected. Two 

carriers are shifted by 1/(2fs2) (fs2 is the carrier frequency for downward SG #2). The ESF is 2fs2. 

It can be seen the selected SG has the same form as a 3L case. Therefore, the 3L PS PWM schemes 

can be utilized for the 4L design case. The case of negative half-cycles is similar to that of positive 

half-cycles, which is omitted here. 

Step III: All four PS PWM schemes for selected SGs are combined. For four different output 

regions, four carrier groups are enabled separately. In addition to the PWM switching signals, 

other switches in different output ranges are maintained fixed states, as indicated in Figure 4-

40: (1) during [Vdc/6, Vdc/2], switches [S2', S3', S5'] are OFF and [S3] are ON, (2) during [0, 

Vdc/6], [S1, S2, S3, S5'] are OFF and [S1', S2', S3'] are ON, (3) during [-Vdc/6, 0], [S1', S2', S3', S4] are 

OFF and [S1, S2, S3] are ON, (4) during [-Vdc/2, -Vdc/6], [S1, S2, S4] are OFF and [S1'] are ON. 

 

C. The proposed phase-shifted PWM for the general 5-level ANPC converter 

PS PWM design for a 5L ANPC converter is taken as another example. There could be multiple 

possible choices of SGs in terms of different output regions (in the Appendix-E, the complete 

list of SGs are provided). To better utilize all the devices and achieve a high ESF, downward SG 

#1 and #2, upward SG #1 and #2 can be selected for four output regions, respectively.  

Since the PS PWM schemes of these SGs have already been designed, the 5-level PS PWM can 

be simply derived with PWM of equivalent SGs in lower-level ANPC topologies, as indicated in 

Figure 4-41. For example, the gating signals for S2, S'2, S3 in downward SG #2 in Figure 4-41 

are the same as S1, S'1, S2 in downward SG #1 of the 4L case in Figure 4-40. The corresponding 

PWM logic and generated outputs are also identical. Therefore, the complexity of the PS PWM 

design process is significantly reduced. 

Similar to the 4L case, during each region, only the selected SG is operated at PWM frequency, 

while the rest switches are maintained fixed states in 5L ANPC converter, as indicated in Figure 
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4-40. For example, during [Vdc/4, Vdc/2], switches [S2', S3', S4', S6', S7', S9'] are OFF and  [S3, S4, 

S7] are ON. 
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Figure 4-41 Phase-shift PWM for the general 5-level ANPC converter. 

 

4.3.3   Generalizations of the proposed method 

Based on the previous examples, several principles are summarized for an n-level ANPC topology 

as the guidelines of the proposed design method in this section. The generalization of the design 

procedure is facilitated through the utilization of multiple lower-level schemes of SGs to control 

higher-level multilevel ANPC converters. 

The first step is the derivation of various SGs. Two guidelines should be followed: 

Guideline 1 for Step I: 

Maximum stage number of the derived upward/downward SGs are selected for 

every two adjacent levels to have better utilization of all devices and achieve maximum ESF. 

Guideline 2 for Step I: 
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Derived SGs of n-level topology and an associated n-stage SG can be directly uti-

lized to simplify the derivation process of (n±1)-level ANPC topology. Two possible derivations 

of (n+1)-level topology are demonstrated in Figure 4-42. Figure 4-42(a) shows the (n+1)-level 

topology realized by combing n-level topology with n-stage downward SG. Figure 4-42(b) shows 

the (n+1)-level topology realized by using the same n-level topology with n-stage upward SG. The 

n−1 case is vice versa. 

 

Figure 4-42 The derivation of (n+1)-level ANPC topology by an n-level circuit. 

 

The second step is to design the associated PS PWM of derived SGs, which are summarized in 

Figure 4-43. Two guidelines should be followed: 

Guideline 3 for Step II: 

i carriers (C1~Ci) are needed, and the phase-shift angle is 360º/i for i-stage upward 

(or downward) SG associated with output level n−i and n−i+1 (or output level i and i+1). Each 

carrier is a triangle wave with frequency fs and amplitude Vdc·i/(n−1). 

Guideline 4 for Step II: 

The switching logic of the ith carrier for upward/downward SG can be expressed 

as: 

S𝑖 = 𝑆𝑖𝑔𝑛(𝑚𝑟𝑒𝑓 − C𝑖)                                                              (4-1) 
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𝑆𝑖𝑔𝑛(𝑥) = {
1, 𝑥 > 0
0, 𝑥 ≤ 0

                                                                (4-2) 

where Si is the switching function of the ith switch, Sign is a symbolic function, mref denotes the 

modulated waveform. 

The ESF fes of the final carrier can be expressed as: 

𝑓es = 𝑖 ∗ 𝑓s                                                                              (4-3) 

Note that the doubled frequency PWM for 3-level ANPC is the special case when i=2.  

The third step is to combine different schemes of SGs to form the final designed PS PWM for 

ANPC topology, as shown in Figure 4-43(c). Two guidelines should be followed: 

 

Figure 4-43 Phase-shift PWM designed for (a) upward switch groups, (b) downward switch groups, (c) the 
combined PWM of n-level ANPC topology with multiple carrier groups. 

Guideline 5 for Step III: 

For every two adjacent levels, associated SGs can be selected based on the con-

trol objectives, e.g., ESF, switching loss distribution, etc. During the design process of an n-

level ANPC converter, there can be redundant SGs for the same output level range, such as down-

ward SG #2 and #3 in 4-level converter example (Figure 4-40) (in Appendix, more equivalent 

SGs are provided). Therefore, various PWM schemes can be derived based on different selections 

of SGs according to different requirements. This provides a wealth of control freedom for opti-

mized PWM modulation to achieve complex control goals, such as: maximizing the ESF while 

maintaining the good switching loss balance as in 5L cases. 

Guideline 6 for Step III: 
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The reference wave is compared with carrier groups only in the corresponding 

level range to realize cooperation with multiple sets of carriers. 

 

4.3.4   Verifications and discussions 

A. Experimental Verifications and Loss Analysis 

To verify the ESF and power quality of the proposed PWM method, one 5L phase-leg is built for 

experiments with parameters listed in Table. 4-III. The experimental setups are shown in Figure 

4-44. The measured switches are highlighted in blue shadows. To compare with PS PWM, three 

different LS PWM schemes are implemented based on the method in Section 4.1.3. 

 

Table 4-III   Experiment Parameters 

Parameter Value 

Rated Phase Voltage (peak) 60 V 

Rated Phase Power 500 VA 

DC link Voltage 120 V 

Carrier Frequency fc1 (PS PWM) 390 Hz 

Carrier Frequency fc2 (PS PWM) 520 Hz 

Carrier Frequency fc3 (LS PWM) 1560 Hz 

Equivalent Switching Frequency 1560 Hz 

Modulation Index 0.9 and 0.45 

Line Frequency fo 60 Hz 

Load inductance 30 mH 

Load resistance 27.5-2.7 Ω 
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Figure 4-44 Experimental setups of 5L ANPC topology. 
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Figure 4-45 Three LS PWM schemes of the general 5L ANPC converter with different device utilizations. 

 

They have three different utilizations of devices, as indicated in Figure 4-45. In LS PWM 

scheme 1, the switches [S10, S10'] are utilized at fc3, the rest switches operate at fo. In LS PWM 

scheme 2, the switches [S8, S8', S9, S9'] are utilized at fc3, the rest switches operate at fo. In LS PWM 

scheme 3, the switches [S5, S5', S6, S6', S7, S7'] are utilized at fc3, the rest switches operate at fo. The 

experimental results verify such device utilization in Figure 4-46(a)~(d) with different modu-

lation index (0.9 and 0.45).  

 

 

(a) LS PWM 1 with Modulation Index From 0.9 to 0.45
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(b) LS PWM 2 with Modulation Index From 0.9 to 0.45
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(d) The proposed PS PWM with Modulation Index From 0.9 to 0.45  

Figure 4-46 The gating signals of switches [S5, S6, S7, S8, S9, S10], output PWM waveforms and load cur-
rent of the general 5L ANPC converter using different PWM methods: (a) LS PWM 1, (b) LS PWM 2,  (b) LS 
PWM 3, (b) the proposed PS PWM. (Modulation index from 0.9 to 0.45) 
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The FFT analysis verifies that the ESF is three/four times the device frequency through the 

proposed PS PWM. The introduced low order harmonics are mainly because of double frequency 

ripples of single-phase configurations and the sideband of switching frequency harmonics, as 

shown in Figure 4-47. 

The different load conditions are also considered, as shown in Figure 4-48, which shows the 

feasibility of the proposed method. The introduced fluctuation of DC links is mainly because of 

the increased power consumption in single-phase systems [223]. 
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Figure 4-47 FFT analysis of different PWM methods: (a) LS PWM scheme 1, (b) LS PWM scheme 2, (c) LS 
PWM scheme 3, (d) the proposed PWM scheme. 
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Figure 4-48 (a) The output PWM waveforms of load change from 30mH/27.5Ω to 30mH/2.7Ω. (b) in-
creased output power with higher DC-link voltage. 

 

B. Analysis and discussions 

To demonstrate the loss distribution performance of the proposed PS PWM, the total/switching 

losses of 5L ANPC converter with 3300V 800A IGBT (i.e., Infineon FZ800R33KF2C) under same 

ESF (1560Hz) and modulation index (0.9 and 0.45) are chosen as an example through PLECS 

tools in MATLAB/Simulink.  
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The PS PWM is the same as Figure 4-49. Three LS PWM schemes are the same with LS PWM 

methods used in experiments. The power factor, load current, and blocking voltages of devices 

are maintained the same. Both the conduction loss and switching loss of switches and diodes are 

considered based on the output characteristics curves and switching energy loss curves.  
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Figure 4-49 Total losses of four different PWM schemes with (a) modulation index is 0.9, (b) modulation 
index is 0.45. 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20S'10S10S'9S9S'8S8S'7S7S'6S6S'5S5S'1S1 S'2S2 S'3S3 S'4S4

(a) Switching Loss Distribution of Different PWM Methods with

S'10

S10

S'9

S9

S'8
S8 S'7

S5

S'4

S1

S7

S5

S'5

S'6
S6

S9

S7

S'7

S'9

S'8

S8

S9

S'10

S10

LS PWM Scheme 1 LS PWM Scheme 2

LS PWM Scheme 3 The proposed PS PWM Scheme

M=0.9

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20S'10S10S'9S9S'8S8S'7S7S'6S6S'5S5S'1S1 S'2S2 S'3S3 S'4S4

(b) Switching Loss Distribution of Different PWM Methods with

S9

S'5

S'6

S6

S'9

S'8

S8

S9

S'10 S10

LS PWM Scheme 1 LS PWM Scheme 2

LS PWM Scheme 3 The proposed PS PWM Scheme

M=0.45

S8

S'8

S'6 S6

S9

S3

S3

S2

S'2
S'9

 

Figure 4-50 Switching loss distributions of four different PWM schemes with (a) modulation index is 0.9, 
(b) modulation index is 0.45. 

 

Firstly, the total losses are investigated for these four schemes. Both the conduction losses and 

switching losses are listed in Figure 4-49, where Psw indicates switching power loses, Pcon indi-

cates conducting power loses. It turns out all these four methods have similar conduction losses. 

The slightly higher losses of LS PWM 1 and 2 with 0.9 modulation index are caused by their dif-

ferent commutation processes among the four PWM methods. 
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Secondly, the switching losses distributions are compared. All the switches in 5L ANPC con-

verter are included, and their losses are shown in Figure 4-50. In LS PWM, the switching losses 

are concentrated on a few switches, e.g., one or two switches can contribute to half of all switching 

losses. With the same ESF, the designed PS PWM can achieve better switching loss distribution 

than LS PWM schemes under both high and low modulation index. This is because the proposed 

PS PWM naturally distributes the switching actions evenly in each SGs. 

Based on experimental results and above analysis, the comparisons between the proposed PS 

PWM and three LS PWM schemes for ANPC converter are summarized in Table. 4-IV. Since the 

proposed method uses the carrier phase-shifted technique, ESF with multiple times of carrier fre-

quency can be achieved. Under the same ESF, both the power quality and total power losses (con-

duction and switching losses) are similar among these four PWM schemes. However, due to in-

herent balanced switching actions within SGs, the proposed PS PWM features a much better 

switching loss distribution.  

In summary, identical circuits within a single converter can be utilized for introducing some 

new modulations and simplifying the design process. With more evenly distributed switching ac-

tions among all devices, the designed PS PWM schemes feature better utilization of devices and 

higher ESF compared with conventional LS PWM. Moreover, high-level PWM schemes can be 

synthesized through low-level schemes. In such a way, the PS PWM design for ANPC topology can 

be realized modularly for both the general and the simplified ANPC converters. Besides, the ex-

tensibility and reduced computation burden make the proposed method very suitable for multi-

level ANPC topologies (e.g., 4- and 5-level). The five-level PS PWM scheme is designed with ex-

perimental validation and thorough discussions and comparisons, which shows a better perfor-

mance regards device utilization and loss distribution. 

 

Table 4-IV   Summary of the Proposed PS PWM and Conventional LS PWM Schemes for ANPC Convert-
ers 

 
LS PWM 

Scheme 1 

LS PWM 

Scheme 2 

LS PWM 

Scheme 3 

Proposed PS 

PWM 

Equivalent 

Switching Fre-

quency 

Same as carrier frequency 

Multiple times 

of carrier fre-

quency 

Power Quality 

PS PWM has higher power quality if device/carrier frequency is the same with 

LS PWM; all schemes have a similar output power quality using the same 

equivalent switching frequency. 

Total losses Similar total loss performance under same equivalent switching frequency 
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Switching Loss 

distribution 

Most uneven 

distributed 

Uneven 

distributed 

Uneven 

distributed 

Much better dis-

tributed 

Utilized 

Switches 

(at PWM fre-

quency) 

Two (five-level 

case) 

Four 

(five-level case) 

Six 

(five-level case) 

All 

(five-level case) 

Scalability 

Can be utilized for 
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4.4. Summary 

In this chapter, a universal carrier-based PWM design method using hierarchical method is pro-

posed for non-modular MLCs. Two important circuits are introduced: identical circuits between 

two converters and identical circuits within a single converter. 

To deal with the non-modularity of the MLCs, the sub-topologies are decomposed in a hierar-

chical way by using the identical circuits between two converters, then, an exhaustive list of 

CPWM schemes can be designed. The demonstration of the proposed method is mainly done for 

ANPC converters. It features some advantages over conventional case-by-case methods: (1) It is a 

universal and offline design method regards CB-PWM schemes and can be easily implemented 

for MLCs once the pattern is selected. (2) An exhaustive list of CB-PWM schemes can be designed 

which provides an opportunity to enhance the system by the adoption of different PWM strategies 

according to different application requirements. (3) The low-level PWM schemes can be utilized 

for high-level PWM design which can significantly reduce the design complexity and guarantee 

the control modularity. Several designed PWM schemes under different operation modes are ver-

ified through experiments and demonstrate how the same approach can also be generalized for 

high-level ANPC topologies (e.g. 3L to 4L, 4L to 5L). 

On the other hand, the identical circuits within a single converter are utilized and demonstrated 

in ANPC converter for the novel PS-PWM methods. It is based on different operation principles 

from the conventional methods for flying-capacitor-based, cascaded H-bridge, or modular multi-

level converter. With more evenly distributed switching actions among all devices, the designed 

PS PWM schemes feature better utilization of devices and higher ESF compared with conven-

tional LS PWM. Moreover, high-level PWM schemes can be synthesized through low-level 

schemes. In such a way, the PS PWM design for ANPC topology can be realized modularly for both 
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the general and the simplified ANPC converters. Besides, the extensibility and reduced computa-

tion burden make the proposed method very suitable for multi-level ANPC topologies (e.g., 4- and 

5-level). The five-level PS PWM scheme is designed with experimental validation and thorough 

discussions and comparisons, which shows a better performance regards device utilization and 

loss distribution. 

In addition to ANPC converters, the implementation of hierarchical concepts can also poten-

tially facilitate the PWM design process for other non-modular MLCs, especially those ANPC-

based derivatives. In the next chapter, the proposed PWM design method in this chapter will be 

synergically combined with the unified matrix models in chapter 3 for some specialized issues 

of ANPC converters. 
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Chapter 5  
Applications using the proposed 

unified models and PWM design 

approach1 

 

In previous chapters, based on the new theories introduced in chapter 2, the new topology der-

ivation methods and PWM design methods are proposed for various MLCs in chapter 3 and 

chapter 4, respectively. In particular, special attention is dedicated to non-modular MLCs, e.g. 

ANPC converters. 

As discussed in chapter 4, those non-modular MLCs face some challenges regarding system-

atic modulation design. As one of the promising types of MLCs, ANPC converters keep drawing 

some increasing attention in literature, however, the systematic methods for some practical ap-

plications are still missing, e.g. topological simplification and the fault-tolerant operation. Specif-

ically speaking, the mathematical tools are still missing for such non-modular MLCs to universally 

deal with these issues. 

Take ANPC converters as examples. The general form of multilevel ANPC topology inherently 

consists of a larger number of devices compared with conventional NPC topology. With the com-

plexity of the circuit increasing dramatically, the applicability and the reliability tend to be de-

creased. Therefore, both the topological simplification and the fault-tolerant operation are pre-

ferred in practice. However, there are no available methods in literature dealing with these chal-

lenges in a systematic way, especially for those with output levels greater than three. 

In chapter 5, efforts are dedicated to both the topological simplification and the fault-tolerant 

operation of the ANPC topology. The unified matrix models of MLCs (Chapter 3) and the sys-

tematic PWM design methodology (Chapter 4) are combined and implemented synergistically 

for 4-level and 5-level ANPC converters. Therefore, the topology simplification process can be 

achieved with the help of the matrix model-based approach. And the established PWM schemes 

 
1 Publication out of this Chapter: 
 

Yuzhuo Li, Hao Tian and Yunwei Li, "Systematic Derivation of Simplified Active-Neutral-Point-Clamped Multilevel Converter 
through Matrix Models," 2019 20th Workshop on Control and Modeling for Power Electronics (COMPEL), Toronto, ON, Canada, 
2019, pp. 1-8. 
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can be directly implemented for the simplified topologies. Besides, the fault-tolerant PWM pat-

terns can be systematically derived using the proposed matrix method. Meanwhile, the applicable 

PWM patterns can be systematically implemented for the converter with multiple fault switches 

and without degradation of the output performance. 

The logic structure of the chapter 5 is shown below: 

Special matrices

CH5: APPLICATIONS USING THE PROPOSED UNIFIED MODELS 
         AND PWM DESIGN APPROACH

5.1 MATRIX MODELS OF ANPC CONVERTERS

Methodology

Verifications

5.3 FAULT-TOLERANT OPERATION 
      METHOD

Methodology

Verifications

5.2 TOPOLOGY SIMPLIFICATION 
      METHOD

General matrix models

 
Figure 5-1 Logic structure of Chapter 5. 
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5.1. Matrix models of ANPC converters 

As investigated in chapter 3, the mathematical models of MLCs can help unify the representa-

tions of various topologies, facilitate the topological simplification and the operation in a general 

way. This is especially beneficial when dealing with some MLCs with non-modular structures, e.g. 

ANPC converters. 

 

5.1.1   General matrix model 

The general form of multilevel ANPC topology inherently consists of a larger number of devices 

compared with conventional NPC topology. A three-level ANPC converter has 6 active switches 

per phase leg (see Figure 5-2(a)), while this number will dramatically increase with the output 

levels, e.g. 12 for the four-level case, 20 for the five-level case, etc. 
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Figure 5-2 General topology of (a) 3-level ANPC converter, (b) 4-level ANPC converter, (c) 5-level ANPC 
converter. 

 

Based on the unified matrix-based model structure introduced in Section 3.1 (of Chapter 3), 

the output of the general ANPC topology under normal condition can be derived by the switching 

network matrix S and the DC-link level matrix L: 

  oV = SL                                                                      (5-1) 

Since the switching network of ANPC topology normally consists of multiple columns of 

switches, it can be naturally decomposed into several switching groups (e.g. SG1, SG2, …), as indi-

cated in the shadow areas of Figure 5-2. In such a way, the matrix S can be decomposed as the 

product of concatenated sub-matrix. Each sub-matrix represents one switching group. 

For instance, the matrix model of 4-level ANPC converter (shown in Figure 5-2(b)) is: 
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 
3

2

1

1 1
4 4

_ 4 6 6 2 2 4
5 5

3 3

0 0
0

0 0
0

0 0
out L

s s
s s

V s s s s
s s

s s

 
    =        SG

SG
SG

L                            (5-2) 

where si indicate the state of devices: (1) si =1, if the switch is ON state; (2) si =0, if the switch is 

OFF state. L4=[L1 L2 L3 L4]T indicates the DC-link levels (see Figure 5-2(b)), s1~s6 and s'1~s'6 in-

dicate the switching states of associated devices in the topology. 

The general matrix models can preserve the complete structure information of ANPC topologies, 

which tend to be quite complicated when the output levels are many. Therefore, it is necessary to 

establish some special matrix models for specific interests. In the next section, some specific ma-

trix models will be introduced. 

 

5.1.2   Some special matrices 

A. Structural matrix representation 

To represent the structural information, the topology can be referred to as an upper triangular 

square matrix: 

( ) ij n n
n d


 =  D ,                                                                (5-3) 

where n=N-1, N is the number of output levels of ANPC. Assignments to matrix elements are 

arranged according to simplified graphical form of ANPC topology (which can be found in 

chapter 4.1.2-A): if SCji is in the topology (note the order of subscripts), aij is 1, if SCji is 

simplified into one switch, aij is 1/2, otherwise it is zero. The upper triangular square matrix D(n) 

can be defined as the structural matrix which uniquely represents the topological structure of a 

given ANPC. It means a known ANPC has only one structural matrix, in other words, one can use 

D(n) to mathematically analyze the structure of ANPC converters. 

The matrix representation of 4L ANPC topology in Figure 5-2(b) can be expressed as follows: 

                                                                 (5-4) 

D(3) can be split into two matrices based on the addition process (three possibilities exist) as 

follows:  

( )

1 1 1
3 1 1 0

1 0 0

 
 

=
 
  

D
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                (5-5) 

where the D(3)k (k=1, 2, 3) can be represented by the matrix D(2). When n is greater than 3, D(n) 

can always be decomposed into similar additions of two matrices (three possibilities exist) of 

which can be represented by the matrix D(n-1). The equivalent iteration process can continue 

until n=2, which is essentially the matrix representation of the hierarchical decomposition process 

introduced in Chapter 4. 

 

B. Status matrix representation 

To represent the possible operation status of ANPC converter, the following square matrix  can be 

defined: 

,                                                             (5-6) 

where n=N-1, N is the number of output levels of ANPC. It can be defined as the status matrix 

which uniquely represents the operation status of a given ANPC at a given time or during a given 

period.  Assignments to matrix elements are arranged according to abstract form: if the upper 

switch of SCji is on (note the order of subscripts), sij is 1, if the lower switch of SCji is on, sij is 

-1, otherwise, it is zero. Each element of the matrix is related to modulation algorithm and can be 

treated as a discrete function of the sampling period TPWM (assuming the algorithm is regular 

sampling PWM, sample frequency is fPWM=1/TPWM) and the fundamental period T1 (f1=1/T1). The 

status matrix can be rewritten as: 

,                                              (5-7) 

where k (k∈N, 1≤ k ≤ fPWM /f1) denotes the sampling position. For the sake of simple expression, 

it can also be presented as: 

.                                                          (5-8) 

In Figure 5-3, four 5-level ANPC PWM patterns are shown: 5L-PWM-1 (see Figure 5-3(a)), 

5L-PWM-2 (see Figure 5-3(b)), 5L-PWM-3 (see Figure 5-3(c)), 5L-PWM-4 (see Figure 5-

3(d)). The status matrix of 5L ANPC can be expressed as the following form: 

( ) ( ) ( ) ( )

( ) ( ) ( )

1 2 3

2 2 1 1 2 2 1 2
1 2 3

1 2 2 2 1 1 2

0 0 1 1 1 1 1 0 0
3 3 0 1 0 3 0 0 0 3 1 0 0

1 0 0 0 0 0 1 0 0

0
3 , 3 , 3

0 0
  

  

     
     

= + = + = +
     
          

     
= = =     
     

D D D D

D 0 0 0 D
D D D

0 D 0 0

( ) ij n n
n s


 =  S

( ) ( ), PWM ij PWM n n
n kT s kT


 =  S

( ) ( ), ij n n
n k s k


 =  S
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To simplify the expression, it can be written in the column vector form: 

( ) ( ) ( ) ( ) ( )1 2 3 44, g g g gk k k k k =  S s s s s

he expression, it can be written in the column vector form:
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where 
( )gi ks ( )gi ( )k( )s

 denotes the status vector form of ith SG, i=1,2,3,4.  
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Figure 5-3 5-level ANPC PWM patterns. (a) 5L-PWM-1, (b) 5L-PWM-2, (c) 5L-PWM-3, (d) 5L-PWM-4. 
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Figure 5-4 The carrier-based PWM generation and associated switching status of the upper switch of each 
SCs (same SG) of 5L-PWM-1. (a) value of one element in each status vectors, (b) blocking voltages in simu-
lation. 

 

The carrier-based PWM generation and associated switching status of the upper switch of each 

SCs (same SG) of 5L-PWM-1 are shown in Figure 5-4. Note that, in each status vector (represents 

the status of SG), all elements (represent the status of SCs) are expected to have the same value at 

the same time based on 5L-PWM-1, which gives: 
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                                            (5-11) 

 

C. Synthesized matrix models of ANPC converter 

The synthesized matrix model A(n, k) of ANPC can be defined based on the structural matrix 

(D(n)=[dij]nxn) and status matrix (S(n, k)=[ sij=(k)]nxn), which can be written as: 

( ) ( ) ( ), ij ij ijn n n n
n k a k s k d

 
   = =    A                                         (5-12) 

SCji

lij

l(i+1)j

li(j+1)
vij

 
Figure 5-5 The potential voltages of the three terminals of a single SC. 

 

In order to obtain the instantaneous voltage information in certain operation status, the poten-

tial voltages of the three terminals of a single SC (assuming that the basic half bridge circuit can 

be considered as an SC in ANPC topology) are defined first as shown in Figure 5-5. The lji and 

lj(i+1) denote the potential voltages of two input terminals of SCji (lji ≥ lj(i+1)). The l(j+1)i denotes the 

potential voltage of one output terminal of SCji and satisfying the following equation: 

( )

( ) ( )

( ) ( )

( ) ( )( ) ( )

( 1) ( 1)

( 1)

, 0
, 0

2 , 0

ij ij

i j i j ij

ij i j ij

l k if a k
l k l k if a k

l k l k if a k
+ +

+

 


= 


+ =

                                     (5-13) 

Then, the level matrix L(N, k)=[ lij=(k)]NxN  of N-level ANPC can be derived based on the matrix 

model. Note that the first column of elements in L(N, k) should be arranged based on the potential 

voltages of input dc sources. A flexible reference voltage should not have effects on the identifica-

tion of blocking voltages.  

In Figure 5-5, the vij denotes the blocking voltage of SCji, and satisfying the following equation: 

( ) ( ) ( )( 1)ij ij i jv k l k l k+= −                                                    (5-14) 

Then, the blocking voltage matrix: 

( ) ( ), ij n n
n k v k


 =  V                                                            (5-15) 

where N-level ANPC can be derived based on eqn. (5-13) and (5-14), which denotes the blocking 

voltages at a certain time with a modulation scheme of specific topology. The total blocking 
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voltage Vtotal (k) of the N-level ANPC at time k can be calculated based on the sum of all elements 

of blocking voltage matrix as follows: 

( )
1 1

n n

jtota il
j i

V kv
= =

=                                                          (5-16) 

 

 

5.1.3   5L ANPC example 

Here using an example of 5L ANPC to demonstrate the whole process. The status matrix at a cer-

tain time kt2 is assumed to be: 

( ) ( )2 2 4 4

1 1 1 1
1 1 1 0

4,
1 1 0 0
1 0 0 0

t ij tk s k


− 
 

−
  = =   
 
− 

S                                     (5-17) 

Then, the matrix model is 

( ) ( ) ( ) ( )2 2 2 24 4 4 4
4, 4,t ij t ij t ij tk a k s k d k

 
   = =  =   A S                    (5-18) 

Based on (5-13), the level matrix can be obtained: 

( ) ( )2 2 5 5

5 5 5 5 3
4 4 3 3 0

5, 3 3 3 0 0
2 0 0 0

0 0 0 0

t ij t

E E E E E
E E E E

k l k E E E
E E

E



 
 
 

   = = 
 
 
  

L                         (5-19) 

Note that the first column of elements of L(5, kt2) are arranged according to possible potential 

voltages of input dc sources (assuming the lowest potential voltage is E). 

Based on (8) and (12), the blocking voltage matrix can be obtained: 

( ) ( )2 2 4 4

2 2
0 0

4,
2 0 0
0 0 0

t ij t

E E E E
E E

k v k
E E
E



 
 
  = =   
 
 

V                            (5-20) 

which indicates that the blocking voltages are E for SC11~SC14 and SC21~SC22, 2E for SC23, SC31 and 

SC41, zero for SC32. While the high blocking voltage is undesired in practice and should be avoided. 

This process can also be achieved by manual operation of the level matrix. The process can be 

expressed as (5-21) and (5-22). 
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( )2

5 0 0 0 0 5 5 0 0 0 5 5 5 0 0 5 5 5 5 0
4 0 0 0 0 4 4 0 0 0 4 4 3 0 0 4 4 3 3 0

5, 3 0 0 0 0 3 3 0 0 0 3 3 3 0 0 3 3 3 0 0
2 0 0 0 0 2 0 0 0 2 0 0 0 2 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

t

E E E E E E E E E E
E E E E E E E E E E

k E E E E E E E E E
E E E E E E E

E E E E

       
      
      
      =   
      
      
      
      

L

5 5 5 5 3
4 4 3 3 0
3 3 3 0 0
2 0 0 0

0 0 0 0

E E E E E
E E E E
E E E
E E

E

 
  
  
  
  
  
  
  

1

1

1

-1

1

1

1

-1

1

-1
1

1

1

1

-1

1

-1
1

1
1

1

1

1

-1

1

-1
1

1
1

-1
A(n,kt2)

(5-21) 

( ) ( )2 2

5 5 5 5 3
5 5 5 5 4 4 3 3 2 2

4 4 3 3 0
4 4 3 3 3 3 0 0

5, 4,3 3 3 0 0
3 3 2 2 0 0

2 0 0 0
2 0 0 0

0 0 0 0

t t

E E E E E
E E E E E E E E E E E E

E E E E
E E E E E E E E

k kE E E
E E E E E E

E E
E E E

E

 
      
      
      =  − = =
      
      
      

 

L V

                    (5-22) 

The total blocking voltage Vtotal (kt2) of the N-level ANPC at time kt2 can be calculated based on 

the sum of all elements of the blocking voltage matrix as follows: 

( )
4 4

2
1 1

12ij t
j i

total v k EV
= =

= =                                                     (5-23) 

 

5.2. Topology simplification method 

The existing methodology of obtaining simplified topologies is highly based on experiences, hard-

ware configuration and product requirements. Due to the lack of general frameworks with a sys-

tematic analysis of topological structure, such a process is normally a case-by-case study. Besides, 

the PWM design process has to be carried out repeatedly for each newly simplified topology. It 

leads to repetitive work and further reduces the converter design efficiency, especially when the 

targeted topology contains many redundant switches, like the general form of an ANPC topology.  

To overcome above-mentioned problems and achieve systematic derivation of simplified mul-

tilevel ANPC-based topology with properly designed PWM, a general approach will be proposed 

in this work based on the matrix models of multilevel converters. The matrix model of the multi-

level converter is essentially a mathematic representation of switching network of multilevel con-

verters. With mathematic expression, the topology simplification process can be carried out in a 

universal form and become a unique mathematical transformation. It utilizes the different ANPC 

PWM patterns in the form of matrix models and exhaustively search the different combinations 

of switching states of LSF parts of the topology. The HSF parts remain the same. By finding the 

unchanged element in the obtained matrix, the unnecessary switches can be identified easily. The 

simplified topology can thus be obtained by eliminating these unnecessary switches. With this 

approach, carrier-based modulation schemes of Chapter 4 can also be directly implemented for 

any potential simplified topologies after derivation. Therefore, design and simplification process 

is realized in a decoupled way, avoiding repeated design for each potential simplified topology. 

 



166 

 

5.2.1   Direct derivation of simplified ANPC converter 

With the help of the special matrices (i.e. structural matrix, status matrix, level matrix), the deri-

vation process of simplified N-level ANPC converters can be directly derived based on the follow-

ing steps:  

(1) Derive all effective PWM patterns based on Section 4.1.3 (in Chapter 4),  

(2) Derive all level matrices considering all possible switching states of LSF SCs for each pattern,  

(3) Find out the states of LSF SCs make sure the final produced level covers all the output ranges,  

(4) Simplify the low switching frequency parts based on these states obtained in step 3. Note 

that, in step 2, the resulting potential voltage of one output terminal of HSF SC is uncertain and 

can be marked as the set of all possibilities.  

(i) (j)

3L-PWM-3 3L-PWM-4

SC12

SC21

SC12

SC21

SC11

SC12

SC21

SC12

SC21

SC11

SC12

SC21

SC12

SC21

SC11

SC12

SC21

SC12

SC21

SC11

SC12

SC21

SC12

SC21

SC11

SC12

SC21

SC12

SC21

SC11

SC12

SC21

SC12

SC21

SC11

SC12

SC21

SC12

SC21

SC11

(a)

(e)

(b)

(f)

(c)

(g)

(d)

(h)
 

Figure 5-6 (a)~(h) 3L PWM patterns, (i)~(j) derivations of simplified 3L ANPC converter. 

 

Take 3L ANPC as an example. First, the effective PWM patterns of 3L ANPC are derived. As 

shown in Figure 5-2, a phase leg of three-level ANPC converter contains three half bridge, or we 

call them SCs. And each one of them can be selected to operate at HSF to generate PWM pulses. 

Such that, there are totally 8 possibilities, and only five of them (Figure 5-3(a)~(e)) can gener-

ate proper PWM pulses as expected. For 3L ANPC, there are four PWM patterns of which the 

level-shift PWM can be easily applied. In [97], the first two PWM schemes (Figure 5-6 (a) and 

(b)) are referred as modulation 2 (Figure 5-6(a)), modulation 1 (Figure 5-6(b)), and are ana-

lyzed in detail. PS PWM with doubled equivalent inverter frequency can be applied for pattern 

3L-PWM-5 (see Figure 5-6(e)) [218]. 

Then, the LSF SCs are to be exhaustively investigated. Since no LSF SCs exist in 3L-PWM-5, 

thus, the four patterns are considered. In Table. 5-I, all level matrices considering all possible 

switching states of LSF SCs for four patterns are derived. 

Thirdly, the switching states that make sure the final produced level covers all the output ranges 

are determined as the LSF parts of 3L-PWM-3 and 3L-PWM-4. 
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Finally, the associated LSF parts of 3L-PWM-3 and 3L-PWM-4 can be simplified as shown in 

Figure 5-6(i) and (j).  

The structural matrix representation of Figure 5-6(i) is: 

( )
1

2

1 1
2

0
 

=  
 

D                                                                (5-24) 

The structural matrix representation of Figure 5-6(j) is: 

( )
1

2 1
2

1 0
 

=  
 

D                                                                (5-25)  

Table 5-I   Level Matrices of 3L PWM Patterns 

3L-PWM-1 3L-PWM-3 

SC11SC12 A(3, k) L(4, k) SC12 A(3, k) L(4, k) 

00 [
−1 𝑆𝐶21
−1

] [
3𝐿 2𝐿 2𝐿/1𝐿

2𝐿 1𝐿
1𝐿

] 0 [
𝑆𝐶11 𝑆𝐶21

−1
] [

3𝐿 3𝐿/2𝐿 3𝐿/2𝐿/1𝐿

2𝐿 1𝐿
1𝐿

] 

01 [
−1 𝑆𝐶21
1

] [
3𝐿 2𝐿 2𝐿
2𝐿 2𝐿
1𝐿

] 1 [
𝑆𝐶11 𝑆𝐶21

1
] [

3𝐿 3𝐿/2𝐿 3𝐿/2𝐿

2𝐿 2𝐿
1𝐿

] 

10 [
1 𝑆𝐶21

−1
] [

3𝐿 3𝐿 3𝐿/1𝐿

2𝐿 1𝐿
1𝐿

] 

   

11 [
1 𝑆𝐶21
1

] [
3𝐿 3𝐿 3𝐿/2𝐿

2𝐿 2𝐿
1𝐿

] 

   

3L-PWM-2 3L-PWM-4 

SC21 A(3, k) L(4, k) SC11 A(3, k) L(4, k) 

0 [
𝑆𝐶11 −1
𝑆𝐶12

] [
3𝐿 3𝐿/2𝐿 2𝐿/1𝐿

2𝐿 2𝐿/1𝐿

1𝐿

] 0 [
−1 𝑆𝐶21

𝑆𝐶12
] [

3𝐿 2𝐿 2𝐿/1𝐿

2𝐿 2𝐿/1𝐿

1𝐿

] 

1 [
𝑆𝐶11 1
𝑆𝐶12

] [
3𝐿 3𝐿/2𝐿 3𝐿/2𝐿

2𝐿 2𝐿/1𝐿

1𝐿

] 1 [
1 𝑆𝐶21

𝑆𝐶12
] [

3𝐿 3𝐿 3𝐿/2𝐿/1𝐿

2𝐿 2𝐿/1𝐿

1𝐿

] 

 

5.2.2   Hierarchical derivation of simplified ANPC converter 

In this section, hierarchical decomposition is introduced and used to split N-level ANPC topology 

into two non-overlapping sub-topologies (which have no common SCs), one is N−i level conven-

tional ANPC (N and i are integers), the other one is complementary topology. Based on this prin-

ciple, a 4L ANPC topology can be decomposed into a 3L ANPC sub-topology and the complemen-

tary part as shown in following Figure 5-7 (following the method proposed in Section 4.1.3). 

Therefore, the simplification process step 1 and 2 can be further modified through the hierar-

chical decomposition method: 
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(1) derive all effective PWM patterns and identify the sub-topologies that have been simplified 

in lower level decomposition, 

(2) derive all level matrices considering all possible switching states of LSF SCs for each pattern 

that are not in identified sub-topologies in step 1. 

Such iterative method can greatly reduce the duplication of work since low-level simplified re-

sults can be directly utilized and are suitable for high-level topology simplification. 
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SC31SC12

SC13
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SC11SC11
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SC31SC12
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SC11SC11
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SC13

SC21

SC31SC12

SC13

SC22

SG1

SG2

SC11SC11

SC21

SC31

SG3

(a) (b) (c)  
Figure 5-7 Three possible decompositions of 4L ANPC topology. 
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SC11

SC13

SC31
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SG3

SC13

SC11

SC21

SC31SC12

SC21

SC22 SC22

SC12

 
Figure 5-8 Derivations of simplified 4L ANPC converter based on existing simplified 3L ANPC converter. 

 

Table 5-II   Level Matrices of 4L-PWM-3-3-4 

4L-PWM-3-3-4 

SC11 

SC21 
A(4, k) L(5, k) 

SC11 

SC21 
A(4, k) L(5, k) 

00 [
−1 −1 𝑆𝐶31
1 𝑆𝐶22

𝑆𝐶13
] 

4 3 3 3 / 2 /1
3 3 3 / 2 /1
2 2 /1
1

L L L L L L
L L L L L
L L L
L

 
 
 
 
 
   

10 [
1 −1 𝑆𝐶31
1 𝑆𝐶22

𝑆𝐶13
] 

4 4 3 3 / 2 /1
3 3 3 / 2 /1
2 2 /1
1

L L L L L L
L L L L L
L L L
L

 
 
 
 
 
   

01 [
−1 1 𝑆𝐶31
1 𝑆𝐶22

𝑆𝐶13
] 

4 3 3 3 / 2 /1
3 3 3 / 2 /1
2 2 /1
1

L L L L L L
L L L L L
L L L
L

 
 
 
 
 
   

11 [
1 1 𝑆𝐶31
1 𝑆𝐶22

𝑆𝐶13
] 

4 4 4 4 / 3 / 2 / 1
3 3 3 / 2 / 1
2 2 / 1
1

L L L L L L L
L L L L L
L L L
L

 
 
 
 
 
 

 

 

Take 4L-PWM-3-3-4 as an example. This pattern can be found in Appendix-B and based on 

the decomposition result of Figure 5-7(b). The derived simplified topology is shown in Figure 
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5-8, while the level matrices are obtained as shown in Table 5-II. The SC11 and SC21 can be sim-

plified into one switch branch in Figure 5-8. 

 

 

5.2.3   Demonstration Examples 

Take 4L-PWM-3-1-6 as an example (this pattern can be found in Appendix-B). The derived sim-

plified topology is shown in Figure 5-9, while the level matrices are obtained as shown in Table 

5-III. 

SC12

SC22

SC21

SG1

SG2

SG3

SC11

SC13

SC31

4L-PWM-3-1-6

 
Figure 5-9 Derivations of simplified 4L ANPC converter through matrix models. 

 

Table 5-III   Level Matrices of 4L-PWM-3-1-6 

4L-PWM-3-1-6 

SC12SC21SC22 A(4, k) L(5, k) 

000 [
𝑆𝐶11 −1 𝑆𝐶31

−1 −1
𝑆𝐶13

] 

4 4 / 3 2 2 /1
3 2 2 /1
2 2 /1
1

L L L L L L
L L L L
L L L
L

 
 
 
 
 
   

001 [
𝑆𝐶11 −1 𝑆𝐶31

−1 1
𝑆𝐶13

] 

4 4 / 3 2 2
3 2 2
2 2 /1
1

L L L L L
L L L
L L L
L

 
 
 
 
 
   

010 [
𝑆𝐶11 1 𝑆𝐶31

−1 −1
𝑆𝐶13

] 

4 4 / 3 4 / 3 4 / 3 / 2 /1
3 2 2 /1
2 2 /1
1

L L L L L L L L L
L L L L
L L L
L

 
 
 
 
 
   

011 [
𝑆𝐶11 1 𝑆𝐶31

−1 1
𝑆𝐶13

] 

4 4 / 3 4 / 3 4 / 3 / 2
3 2 2
2 2 /1
1

L L L L L L L L
L L L
L L L
L

 
 
 
 
 
   

100 [
𝑆𝐶11 −1 𝑆𝐶31

1 −1
𝑆𝐶13

] 

4 4 / 3 3 3 / 2 /1
3 3 2 /1
2 2 /1
1

L L L L L L L
L L L L
L L L
L

 
 
 
 
 
   
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101 [
𝑆𝐶11 −1 𝑆𝐶31

1 1
𝑆𝐶13

] 

4 4 / 3 3 3
3 3 3
2 2 /1
1

L L L L L
L L L
L L L
L

 
 
 
 
 
   

110 [
𝑆𝐶11 1 𝑆𝐶31

1 −1
𝑆𝐶13

] 

4 4 / 3 4 / 3 4 / 3 / 2 /1
3 3 2 /1
2 2 /1
1

L L L L L L L L L
L L L L
L L L
L

 
 
 
 
 
   

111 [
𝑆𝐶11 1 𝑆𝐶31

1 1
𝑆𝐶13

] 

4 4 / 3 4 / 3 4 / 3
3 3 3
2 2 /1
1

L L L L L L L
L L L
L L L
L

 
 
 
 
 
   

 

Based on Table 5-III, as long as the states of SC21 and SC22 are “10”, the full produced levels 

can be guaranteed no matter what state of SC12 is. Therefore, the SC12, the bottom switch of SC21, 

the upper switch of SC22 can be simplified. 

The simplified 4L ANPC can be represented as follows: 

( )

1
2

1
2

1 1
3 0 0

1 0 0

 
  =
 
  

D                                                           (5-26) 

Take 5L ANPC as another example. The derivation process of the simplified 5L topologies based 

on one of 5L PWM patterns is shown in Figure 5-10. A 4L ANPC sub-topology is derived in 5L 

ANPC topology firstly, of which the pattern is identical with 4L-PWM-3-1-6 as shown in Figure 

5-9. Therefore, the same simplification can be applied to this sub-topology.  

To further simplify the 5L ANPC under shown PWM pattern, all level matrices considering all 

possible switching states of LSF SC12 and SC13 are derived as shown in Table 5-IV. Three states, 

“00”, “01”, “11”, can guarantee the final produced level covers all the five levels, which results in 

three simplified 5L ANPC topologies as shown in Figure 5-10(a)~(c). While the Rockwell patent 

topology is Figure 5-10(b) [224]. 

Rockwell Patent

SC32

SC41

SC23

SC14

SC11

SC12

SC22

SC13

SC21

SC31

SG1

SG2

SG3

SG4

5L PWM Pattern New simplification #1 New simplification #2

(a) (b) (c)  
Figure 5-10 Derivations of simplified 5L ANPC converter through hierarchical decomposition. 



171 

 

Table 5-IV   Level Matrices of One of 5l PWM Patterns 

SC11SC21 A(4, k) L(5, k) 

00 

11 21 1 41
1 1 1
1 23
14

SC SC SC

SC
SC

 
 
− −

 
 −
 
   

5 5 / 4 5 / 4 / 3 5 / 4 / 3 5 / 4 / 3 / 2 /1
4 3 3 2 /1
3 2 2 /1
2 2 /1
1

L L L L L L L L L L L L L L
L L L L L
L L L L
L L L
L

 
 
 
 
 
 
    

01 

11 21 1 41
1 1 1

1 23
14

SC SC SC

SC
SC

 
 
− −

 
 
 
   

5 5 / 4 5 / 4 / 3 5 / 4 / 3 5 / 4 / 3 / 2 /1
4 3 3 3 / 2 /1
3 3 3 / 2 /1
2 2 /1
1

L L L L L L L L L L L L L L
L L L L L L
L L L L L
L L L
L

 
 
 
 
 
 
    

10 

11 21 1 41
1 1 1
1 23
14

SC SC SC

SC
SC

 
 

−
 
 −
 
   

5 5 / 4 5 / 4 5 / 4 5 / 4 / 2 /1
4 4 4 2 /1
3 2 2 /1
2 2 /1
1

L L L L L L L L L L L
L L L L L
L L L L
L L L
L

 
 
 
 
 
 
    

11 

11 21 1 41
1 1 1
1 23
14

SC SC SC

SC
SC

 
 

−
 
 
 
   

5 5 / 4 5 / 4 5 / 4 5 / 4 / 3 / 2 /1
4 4 4 3 / 2 /1
3 3 3 / 2 /1
2 2 /1
1

L L L L L L L L L L L L
L L L L L L
L L L L L
L L L
L

 
 
 
 
 
 
    

 

5.2.4   Verifications 

To verify the proposed method, the experiments of simplified ANPC topologies are carried out. 

The experimental parameters are chosen as shown in Table 5-V. DC sources are generated from 

Agilent E4360A. 

Table 5-V   Experimental Parameters 

Parameters 
Values 

SI p.u. 

Rated Line voltage 4L 41 V 0.75 

Rated Line voltage 5L 55 V 1.0 

Rated Power 100 VA 1.0 

DC-link Voltage 4L 60 V -- 

DC-link Voltage 5L 80 V -- 

Fundamental frequency 50Hz 1.0 

Switching frequency 1560Hz 31.2 

 

Through the proposed simplification process, a new simplified 4L ANPC can be derived using 

the same designed PWM scheme for the general 4L ANPC with pattern 4L-PWM-3-1-2. The 
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derivation of simplified 4L ANPC converter through matrix models are omitted here, while the 

simplified topology is shown in Figure 5-11. 
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Figure 5-11 A simplified 4L ANPC topology based on 4L-PWM-3-1-2. 
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Figure 5-12 Experimental results of (a) original 4L ANPC topology. (b) FFT analysis of original 4L converter 
PWM waveform. (c) simplified 4L ANPC topology. (b) FFT analysis of simplified converter PWM waveform. 

 

The PWM pulses and gate signals of the general 4L ANPC with pattern 4L-PWM-3-1-2 and the 

derived new topology are shown in Figure 5-12(a) and (c). The FFT analysis results in Figure 

5-12(b) and (d) show the same spectrums of the experimental waveforms as expected. 

A new simplified 5L ANPC can be derived using the same designed PWM scheme for the general 

5L ANPC with one of the 5L PWM patterns. The derivation of simplified 5L ANPC converter by 

utilizing the hierarchical decomposition method is omitted here, while the simplified topology is 

shown in Figure 5-13. The PWM pulses and gate signals of the general 5L ANPC with the chosen 

pattern and the derived new topology are shown in Figure 5-14(a) and (c). The FFT analysis 

results in Figure 5-14(b) and (d) show the same spectrums of the experimental waveforms as 

expected. 

Through the above verification, it is demonstrated that the operation principles can be inherited 

in the proposed method. Therefore, there is no need to go through the PWM design process again. 
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As for the DC balance management, any ANPC topologies with same output levels are considered 

equivalent since the input-output features of simplified topology is equivalent to the original one. 

While the switching actions are dependent on the PWM patterns, in theory, the simplified topol-

ogy should have a similar loss distribution as the original circuit if the same pattern is imple-

mented. In practice, various factors can affect the loss performance, e.g. modulation index, power 

factor, device type, etc. While one can always optimally utilize the proper pattern. 
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Figure 5-13 a simplified 5L ANPC topology based on 5L PWM pattern. 
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Figure 5-14 Experimental results of (a) original 4L ANPC topology. (b) FFT analysis of original 4L converter 
PWM waveform. (c) simplified 4L ANPC topology. (b) FFT analysis of simplified converter PWM waveform. 

 

In summary, a mathematical matrix-model-based derivation of simplified ANPC converter is 

proposed in this paper. For an arbitrary ANPC topology with any PWM pattern, the LSF SCs can 

be simplified based on this method. Same PWM schemes of the general topology with a certain 

PWM pattern can be directly utilized for the simplified topology. Several examples of 4L/5L ANPC 

topologies are demonstrated. To easily extend this method for higher level topologies, hierarchical 

decomposition method can also be applied to systematically simplify the ANPC topology. The 
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advantages of the proposed approach include ease of developing simplified topology and direct 

PWM design of derived topologies. Experimental results verify the derived simplified topologies. 

 

5.3. Fault-tolerant operation method 

Due to adequate redundancies, the ANPC topology can utilize only part of its switches to produce 

the expected output level. The switching cells (formed by half-bridges) can be naturally classified 

into LSF cells and HSF cells. Only the HSF cells will be modulated by PWM schemes, at the same 

time, the LSF cells are maintained unchanged or operated at line frequency. Such features have 

been exhaustively investigated in Chapter 4 through the carrier-based PWM method and were 

also validated in some simplified ANPC topologies in Section 5.2. 

For a specific switching cell, it can be HSF cell or LSF cell under different carrier-based PWM 

patterns. So, the number of applicable PWM patterns can be very large for an ANPC topology due 

to the various combinations of HSF and LSF cells (e.g. over 100 for 4-level, over 1000 for 5-level). 

However, switch open-circuit faults could dramatically reduce the applicable number of switching 

patterns as the faulty switching cells cannot be selected as HSF cells, and accordingly, the related 

patterns are not applicable. Traditionally, the evaluation of the pattern under faults is performed 

case by case. This is not a big challenge for three-level ANPC topology (circuit shown in Figure 

5-2(a)) due to the limited number of possible faulty-switch combinations [216]. However, the 

number of possible cases increases significantly for a higher-level ANPC topology (e.g. four- or 

five-level as shown in Figure 5-2(b) and (c)). Therefore, the traditional case-by-case methodol-

ogy becomes increasingly inefficient and difficult to implement. To determine if the performance 

can be maintained the same as pre-fault, all applicable switching states need to be examined [215]. 

Moreover, the post-fault algorithms are normally realized through space-vector modulation 

methods, which lacks scalability and modularity towards higher-level topologies (e.g. four-level 

and five-level ANPC topologies). Therefore, for the design of fault-tolerant PWM, it is important 

to develop a mathematical method for high-level ANPC converters to avoid random enumeration 

and non-systematic case-by-case design. 

 

5.3.1   Matrix models for fault-tolerant analysis 

Reliability has always been an important design consideration for power converters. The failure 

of power switches, including short-circuit and open-circuit failures, is an important reason for 

power converter faults, particularly when the converter has many switches, e.g. multilevel con-

verters. Figure 5-15 summarizes some causes of these two types of failures. As one kind of the 
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most available devices, IGBT modules are normally classified into two types: the wire-bonded 

type and the press-pack type. In practice, open-circuit faults are normally found in the wire-

bonded type modules, while short-circuit faults can be found in the press-pack type modules [225]. 

Since the short circuit faults could be easily handled by introducing local sensors and bypass hard-

ware. On the other hand, the solutions for open-circuit fault-tolerant operation of ANPC converter 

are still not clear and lack of systematic analysis and design method, therefore, the following dis-

cussions are mainly focused on this issue. 

High-voltage breakdown

Dynamic/static latch up

Second breakdown

SHORT-CIRCUIT FAILURES

DEVICE-LEVEL FAILURES

OPEN-CIRCUIT FAILURES

Gate driver

Bond wire lift-off

Bond wire rupture after IGBT 
short-circuit

High junction temperature

 
Figure 5-15 Failures and causes for power switching devices. 

 

A. Matrix models of ANPC converters 

As discussed in section 5.1, the output of the general ANPC topology under normal condition 

can be derived by the level selector (switching network) matrix S and the level generator (DC-link 

levels) matrix L: 

  oV = SL                                                                      (5-27) 

Take 4-level as an example, the matrix expression is: 

 
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   + + + +

L

                       (5-28) 

where L4L=[L1 L2 L3 L4]T indicates the DC-link levels (see Figure 5-2(b)), s1~s6 and s'1~s'6 indi-

cates the switching states of associated devices in the topology (see Figure 5-2(b)).  

The compact expression of the status can be represented by the following equation: 
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    (5-29) 

where S(k) represents the state matrix of ANPC topology at time k, SU(k) represents the state 

matrix of all the upper switches in ANPC topology at time k, SL(k) represents the state matrix of 

all the lower switches in ANPC topology at time k. The states of switches in SU(k) and SL(k) are 

assigned by using bi-logic: (1) if the switch is turned ON, then, the value of the state is “1”; (2) if 

the switch is turned OFF, then, the value of the state is “0”. While the elements in state matrix 

S(k) are tri-logic and have three states: “1”, “0”, “−1”, representing the operation states of associ-

ated half-bridges in the topology. 

Define the level matrix L(k) as the following equation: 

11 21 31 41

12 22 32

13 23
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L k L k L k L k
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L k

 
 
 =
 
 
 

L                                        (5-30) 

The elements in L(k) are assigned based on the DC-voltage levels and the state matrix S(k), 

which follow the same approach in section 5.1.2-C. 

To represent the equivalent input-output features of the topology, (2) can be further simplified 

into: 

 _ 4 1 2 3 4 4 ,out L e e e e LV s s s s= L                                            (5-31) 

where se1~se4 can be expressed as: se1=s6 s4 s1, se2=s6 s4 s'1+ s6 s'4 s2+ s'6 s5 s2, se3=s6 s'4 s'1+ s'6 s5 s'2+ 

s'6 s'5 s3, se4=s'6 s'5 s'3, and denote the composite switching states associated with each DC-link 

level, and the value is “1” or “0”. It denotes the associated switches with respect to various levels 

in a mathematical way.  

L4
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L2

L1

L4

L3

L2

L1

L4

L3

L2

L1
(a) (b) (c)  

Figure 5-16 4-level ANPC converter with (a) operation range from L4 to L3, (b) operation range from L3 to 
L2, (c) operation range from L2 to L1. 

As Figure 5-16 shows, for instance, se1 of 4-level ANPC topology is determined by the product 

of s6, s4 and s1, and if se1 is “1”, then, the L4 can be generated by the converter as the output level. 
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Similarly, se2 is determined by s6, s'6, s5, s4, s'4, s2, s'1, can related with the generation of L3 for 

converter output. 

Based on the simplified matrix model, the redundancies inside the ANPC converters can be 

exhaustively investigated. For instance, in eq.(5-31), se2 is consisted of the sum of three terms. 

Since each state of switches using bi-value logic, it can be translated into binary code. Therefore, 

the equation is calculated as binary system. And the applicable states of the topology are the ones 

that result in se2=1, which indicates that the 2nd level can be generated as long as the sum of three 

terms equals to “1”. 

To thoroughly investigate all these possibilities, one can simply test all combinations of the as-

sociated switches in se2, i.e., testing all values of the binary number (s6 s5 s4 s2 s'1) from (11111) to 

(00000). Note that s'6 and s'4 are omitted if assumed their values are complementary of s6 and s4, 

respectively. The results are shown in Figure 5-17, which contains 12 states that result in se2=1. 

With the same approach, there is only one state for 1st or 4th level and 12 states for 3rd level.  

s6
s5

s4

s2

s'1

se2
 

Figure 5-17 The logic form values of se2 based on (4) by exhaustive investigation of associated states in 4-
level topology (s'6 and s'4 are omitted since their values are complementary of s6 and s4, respectively). High 
level means logic value “1”, low level means logic value “0”. 

 

B. Analysis of device faults 

To systematically analyze the post-fault operation, matrix model S(k) and L(k) can be utilized. If 

there are open-switch faults in ANPC topology, certain elements in SU(k) or SL(k) will be fixed 

as “0”. For instance, if three switches (S1', S2', S4') are open-circuit as in Figure 5-18(a), the re-

sulting state matrix S(k) should be derived with s1'(k)=s2'(k)=s4'(k)=0 as in Figure 5-18(b). 
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S3

S3'
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S5'

S6

S6'

(a) (b)  

Figure 5-18 (a) 4-level ANPC topology with three open-circuit switches (S1', S2', S4'). (b) The state matrix 
of the post-fault 4-level ANPC topology. 
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Figure 5-19 (a) Available switches for generation of 3rd and 4th voltage levels in 4-level ANPC under normal 
condition. (b) One possible modulation scheme with S1, S1' operating at PWM frequency, other switches 
are maintained fix states. (c) Implementation of the modulation scheme in (b) with three switches (S1', S2', 
S4') are open-circuit. (d) Implementation of another modulation scheme with tolerance of open-circuit 
switches (S1', S2', S4'). 

 

As a result, the converter output could be affected if the improper modulation schemes are im-

plemented. In normal condition, eight switches are available to generate PWM waveforms con-

sists of 4L and 3L, i.e. S1, S1', S2, S4, S4', S5, S6, S6' (see Figure 5-19(a)), resulting in a various 

operation patterns, e.g. Figure 5-19(b) with HSF (S1, S1') and LSF (S4, S4', S5, S6, S6'). The asso-

ciated L1(k) can be derived as follow: 

1

4 4 3 4 3
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L                                        (5-32) 

where the rightmost column element in L1(k) indicates the converter under this modulation 

scheme can generate complete PWM waveforms consisting of 4L and 3L. However, this scheme 

could fail under fault condition. With the three open-circuit switches (S1', S2', S4') (see Figure 5-

19(c)), the eq.(5-32) should be modified into: 
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L                                                (5-33) 

Eq.( 5-33) indicates only the 4th voltage level can be generated under this modulation scheme. 

To guarantee the complete output capability, the implemented schemes should have tolerance 

of these open-circuit switches. In Figure 5-19(d), another PWM pattern is implemented that S6 

and S6' are modulated to generate the PWM waveforms, while the rest switches are maintained 

fix states. The associated L3(k) under open-circuit switches (S1', S2', S4') can be derived as follow: 
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Like the L1(k), the rightmost column element in L3(k) also demonstrates a complete output 

capability. Therefore, the open-circuit fault will not degrade the output capability. With the help 

of matrix model S(k) and L(k), same analysis process can also be done for the rest operation zones 

of 4-level ANPC converter, i.e. from 1st to 3rd voltage levels as shown in Figure 5-20(a) to (b). 

Combining all the three applicable schemes (Figure 5-19(d), Figure 5-20(a) and (b)) re-

sults in the PWM pattern (see Figure 5-20(c)) with tolerance of open-circuit switches (S1', S2', 

S4') during whole operation zones. It can be observed that the half bridges without fault can be 

assigned to generate the PWM waveforms, while the half bridges with faults are assigned to be 

fixed states. 
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Figure 5-20 Post-fault 4-level ANPC with: (a) implementation of applicable scheme for generation of 2nd 
and 3rd voltage levels in, (b) implementation of applicable scheme for generation of 1st and 2nd voltage levels, 
(c) a PWM pattern that can guarantee a complete output capability. 

 

5.3.2   Systematic operation design 

The aforementioned fault-tolerant analysis shows a great chance that the fault-tolerant operation 

can be achieved by exhaustively investigating the applicable PWM pattern. To systematically re-

alize this objective, a five-step process is proposed as shown in Figure 5-21. In particular, the 

logic calculations are summarized from the matrix-model-based analysis to further facilitate the 

operation design process. 

The 1st step is to derive the general matrix model of ANPC converters, which follows the same 

way in section 5.1.1. Both the internal structure and the input-output features can be preserved 

in such models. 
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The 2nd step is to simplify the expression of (5-27) to obtain the minimum matrix form. There-

fore, a strict relationship between the switching states and each level can be established in a math-

ematical way. In specific, the polynomials in S should be expanded and then (5-27) can be rewrit-

ten as (5-35) 

 1 2  o e e ei NV s s s= =SL Lei NV s s s L                                         (5-35) 

Then sei can be used to find out which switches contribute to generating a specific output level 

in LN =[LN… Li … L2 L1]T.  

Derivation of the General Matrix ModelsStep 1

Step 2 Simplification of the General Matrix Models

Step 3

Step 4

Step 5

Selection of Applicable PWM Patterns under Faults

Coding of PWM Patterns and Device States

PWM Implementation of the Selected Patterns
 

Figure 5-21 Flow chart of the proposed fault-tolerant operation for ANPC topology based on the matrix 
method. 

 

The 3rd step is to assign binary codes for the switching devices under faults and all the PWM 

patterns of normal condition ANPC topology. Therefore, the pattern selection can be treated as a 

mathematical calculation process. 

Firstly, the switching states of all devices are defined as a binary variable State: 

( )1 2 3 1 2 3i iState s s s s s s s s   ( )1 2 3 i i1 2 3i i1 2 3State s s s s s s s s(State s s s s s s s s( 1 2 3State s s s s s s s s1 2 3 1 2 3State s s s s s s s s1 2 3i iState s s s s s s s si i1 2 3i i1 2 3State s s s s s s s s1 2 3i i1 2 3   State s s s s s s s s   State s s s s s s s s                                           (5-36) 

Then, the device fault indicator of open-circuit fault is defined as a binary variable FaultOC: 

( )1 2 3 1 2 3OC i iFault f f f f f f f f   ( )1 2 3 1 2 3i iFault f f f f f f f f(Fault f f f f f f f f( 1 2 3Fault f f f f f f f f1 2 3 1 2 3Fault f f f f f f f f1 2 3iFault f f f f f f f fi iFault f f f f f f f fi   Fault f f f f f f f f   Fault f f f f f f f f                                         (5-37) 

where the bits regarding open-circuit switches are assigned as “0”, normal ones are set as “1”. 

Then, the device states with faults can be assigned as: 

_   OCState f State FaultANDState f State Fault_   State f State Fault_   State f State FaultANDState f State Fault_   State f State Fault_   AND_   State f State Fault_                                               (5-38) 

Also, each PWM pattern is named as a pattern code, which can be defined as: 

( )1 2 3 iPattern p p p p( )1 2 3 iPattern p p p p(Pattern p p p p( 1 2 3Pattern p p p p1 2 3                                                      (5-39) 
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where pi denotes the operation mode of the ith half-bridge cell (consist of switches si and si'). If the 

cell is LSF, the value of pi is set as “0”; if the cell is HSF, the value of bit pi is set as “1”. 

The 4th step is to select the applicable PWM for fault-tolerant operation. This step is mainly 

based on logic operations; therefore, the complexity could be very low. More importantly, it can 

be processed in an offline way to form a comprehensive and systematic database of all possible 

patterns. 

In detail, to maintain the output performance, the associated half-bridge with fault switches 

can no longer be selected as HSF cell due to the inability of generating PWM waveforms. To filter 

out those PWM patterns, a selection code can be defined based on the high/low part of the fault 

indicator: 

  H LSelect Fault FaultAND                                                    (5-40) 

where FaultH=( f1 f2 f3…fi …), FaultL=( f1' f2' f3'…fi' …). 

And the following equation should be satisfied for all of the applicable PWM patterns under 

faults: 

( )

( ) 1

    (5-41 )

 _ : ( 1 ) (5-41 )ei i N

Pattern Pattern Select a

State f Pattern s b
=

=

 = 

0 XOR AND
                             (5-41) 

where 0 is zero matrix and it is used to check if the Pattern has the fault-condition HSF cell. The 

bottom equation is to check if variable State ̲ f under Pattern can guarantee sei equal to “1” for 

every i ∈{1, 2, …, N}. By evaluating if the Pattern fulfills (9), the pattern can be examined to see 

if it is applicable for the fault condition. 

The 5th step is to implement the chosen patterns for fault-tolerant operation, which can be 

modularly achieved by using the carrier-based PWM design method. Since all the fault-tolerant 

carrier-based PWM patterns are included in the complete set of the normal ANPC cases, therefore, 

the same PWM design method in [199] are still valid and can be implemented without changes. 

 

5.3.3   Demonstration Examples 

In this section, case studies will be presented and show how to utilize the proposed method to 

directly find out the applicable pattern under fault conditions and use it for fault-tolerant opera-

tion. In particular, the multi-switch open-circuit faults are considered for a 5-level ANPC con-

verter. 

A. Step-1: Deriving the general matrix model 

For 5-level ANPC converter (shown in Figure5-2 (c)), the general matrix model is: 
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 (5-42) 

where si indicate the state of devices: (1) si =1, if the switch is ON state; (2) si =0, if the switch is 

OFF state. L5=[L5 L4 L3 L2 L1]T indicates the DC-link levels (see Figure 5-2(c)), s1~s10 and s'1~s'10 

indicate the switching states of associated devices in the topology. 

 

B. Step-2: Simplification of the matrix model 

In this step, (5-35) should be simplified into: 

 _ 5 1 2 3 4 5 5 ,out L e e e e eV s s s s s= L                                                 (5-43) 
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   = + + +

           = + + + + +

           = + + +

= 10 9 7 4.s s s  

 

where se1~se5 denote the composite switching states associated with five DC-link levels L5=[L5 L4 

L3 L2 L1]T. Since each state of switches using bi-value logic, it can be translated into binary code. 

Therefore, the equation is calculated as binary system. And the applicable states of the topology 

are the ones that result in sei=1, which indicates that the (5-i)th level can be generated if the sum 

of all terms equals to “1”. 

The circuit-level operation features can be demonstrated in Figure 5-22, which shows the de-

vice utilization of 5-level ANPC converter with different operation regions. For example, se2 indi-

cates the 4th voltage level is related to switches: (s'1 s2 s5 s'5 s6 s8 s'8 s9 s10 s'10), e.g. (1) if their states 

are (1010010010), then, se2=1; (2) if their states are (0010010010), then, se2=0. 
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(a) (b) (c) (d)  
Figure 5-22 The device utilization of 5-level ANPC converter with (a) operation range from L5 to L4, (b) 
operation range from L4 to L3, (c) operation range from L3 to L2, (d) operation range from L2 to L1. 
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C. Step-3: Coding for devices and patterns 

The device states of 5-level case are coded as: 

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10( )State s s s s s s s s s s s s s s s s s s s s         =                                   (5-44) 

And the pattern is coded as: 

( )1 2 3 4 5 6 7 8 9 10Pattern p p p p p p p p p p=                                                    (5-45) 

Note that there could be over one thousand PWM patterns for 5-level topology that can be de-

rived similarly, here only two patterns are demonstrated as examples: Pattern1 (Figure 5-23(a)) 

and Pattern2 (Figure 5-23(b)). One is with seven HSF SCs, one is with two HSF SCs. 
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Figure 5-23 Two PWM patterns with different arrangements of cells. 

(a.1) Fault case 1 

(b.1) Fault case 1

(a.2) Fault case 2 

(b.2) Fault case 2

(a.3) Fault case 3 

(b.3) Fault case 3

open-circuit 
s'5 and s7

open-circuit 
s'5 and s7

open-circuit 
s'5, s7 and s'10

open-circuit 
s'5, s7 and s'10

open-circuit 
s'5, s6 and s7

open-circuit 
s'5, s6 and s7

State_ f1 
= (s1 s2 s3 s4 s5 s6 0 s8 s9 s10  
     s'1 s'2 s'3 s'4 0 s'6 s'7 s'8 s'9 s'10)

State_ f2 
=(s1 s2 s3 s4 s5 s6 0 s8 s9 s10  
    s'1 s'2 s'3 s'4 0 s'6 s'7 s'8 s'9 0)

Fault1 = (1111110111 1111011111) Fault2 = (1111110111 1111011110)

State_ f3 
=(s1 s2 s3 s4 s5 00 s8 s9 s10  
    s'1 s'2 s'3 s'4 0 s'6 s'7 s'8 s'9 s'10)

Fault3 = (1111100111 1111011111)

 

Figure 5-24 Three fault cases with multiple open-circuit switches in 5-level ANPC topology. (a) Using pat-
tern 1 under (a.1) fault case 1, (a.2) fault case 2, (a.3) fault case 3; (b) Using pattern 2 under (b.1) fault case 
1, (b.2) fault case 2, (b.3) fault case 3. 

 

Three fault cases are demonstrated here with these PWM patterns as shown in Figure 5-24 

(a.1)~(a.3) and (b.1)~(b.3). And these faults can be coded as listed with associated State ̲ f in 
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Figure 5-24. Case 1 is a two-switch fault, while case 2 and 3 are three-switch fault which could 

easily lead to very time-consuming workloads with conventional approach. 

 

D. Step-4: Selection of applicable PWM patterns 

To select the proper pattern (Pattern1, Pattern2), first, the selection codes for case 1~3 should be 

calculated: 

1

2

3

(1111010111),
(1111010110),
(1111000111).

Select
Select
Select

=

=

=

                                                                 (5-46) 

Then, the equation (5-41) is utilized to checked with all the variables (Pattern1, Pattern2, State 

̲ fy, Selecty, y=1, 2, 3) to find out the eligibility of the patterns. Based on the first part of (5-34a), 

the calculation results are shown in Table 5-VI. It can be determined the Pattern1 is not applica-

ble for fault case 3 and the Pattern2 is not applicable for fault case 2 and 3. 

Table 5-VI   The Eligibility of the Patterns through (5-41A) 

( )    x x yPattern Pattern SelectXOR AND  Select1 Select2 Select3 

Pattern1=1111010110 0000000000 0000000000 0000010000 

Pattern2=0000010001 0000000000 0000000001 0000010000 

 

 

To find out the eligibility of the Pattern1 under fault case 1 and 2, and the eligibility of the Pat-

tern2 under fault case 1, the (5-41b) can be utilized. Note that the matrix model (5-43) under fault 

condition can be further simplified by assigning “OFF” state for fault switches, i.e. “0”. For exam-

ple, under fault case 1, the model is: 

1 10 8 5 1_ 1

2 10 8 5 1 10 8 6 2 10 9 6 2_ 1

3 10 8 6 2 10 8 6 3 10 9 6 2 10 9 6 3_ 1

4 10 8 6 3 10 9 6 3 10 9 7 4_ 1

5 10 9 7 4_ 1

e State f

e State f

e State f

e State f

e State f

s s s s s

s s s s s s s s s s s s s

s s s s s s s s s s s s s s s s s

s s s s s s s s s s s s s

s s s s s

 =

  = + +

       = + + +

        = + +

   =










                     (5-47)

 

Moreover, by implementing different PWM patterns, parts of the switches will be operated at 

HSF while the rest will be maintained a fixed state during the operation region. The switches in 

HSF cells with these two PWM patterns are summarized as in Table 5-VII.  
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Table 5-VII   The Switches in HSF Cells with the Two Patterns 

 L5, L4 L4, L3 L3, L2 L2, L1 

Pattern1=1111010110 S1,S1',S8,S8' S2,S2',S6,S6',S9,S9' S3,S3',S6,S6',S8,S8' S4,S4',S9,S9' 

Pattern2=0000010001 S10,S10' S6,S6' S6,S6' S10,S10' 

 

In details, it is guaranteed that the switches in HSF cells can be assigned as “1” within a certain 

operation region. For instance, with Pattern1 under fault case 1, the switches (s1, s1', s8, s8') can be 

assigned as ON-state and results in following models: 
1

1 10 5 5_ 1

1
2 10 5 10 6 2 10 9 6 2 4_ 1

(for )

(for )

Pattern
e State f

Pattern
e State f

s s s L

s s s s s s s s s s L

 =


= + +

                              (5-48) 

Based on the definition of PWM pattern, the switching states of each LSF cells can be changed 

once at line frequency. Therefore, the upper (or lower) switching states can form a set of binary 

codes, and each code is associated with an operation zone (e.g. [L5, L4], [L4, L3], [L3, L2], [L2, L1]) 

It is easy to find out the (5-41b) can be satisfied as long as switches (s5, s10) in LSF cells are 

assigned as ON-state (i.e. code “11”) during [L5, L4]. Following the same way, it can be seen that 

the rest regions can also satisfy (5-41b). Therefore, Pattern1 is applicable under fault case 1. Based 

on the same approach, Pattern2 is not applicable. 

The results of the examination are summarized in Table 5-VIII. It is shown that both patterns 

can be used for case 1 fault but cannot be applied for case 2 and case 3 faults in theory. Note that 

more switch fault cases in 5-level or other ANPC topologies can also be exhaustively investigated 

based on the same methodology. 

Table 5-VIII   The Summary of Various PWM Patterns 

Codes Applicable or Not? 

Case 1   Fault1 = (1111110111 1111011111) open-circuit s'5 and s7 

State_ f1 = (s1 s2 s3 s4 s5 s6 0 s8 s9 s10  s'1 s'2 s'3 s'4 0 s'6 s'7 s'8 s'9 s'10) 

Pattern1 1111010110 Applicable 

Pattern2 0000010001 Applicable 

Case 2   Fault2 = (1111110111 1111011110) open-circuit s'5, s7 and s'10 

State_ f2 = (s1 s2 s3 s4 s5 s6 0 s8 s9 s10  s'1 s'2 s'3 s'4 0 s'6 s'7 s'8 s'9 0) 

Pattern1 1111010110 Not applicable, cannot make sure sei equal to “1” 

for every i ∈{1, 2, …, N}. 

Pattern2 0000010001 Not applicable, fault switches will affect the op-

eration of the HSF cells 
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Case 3   Fault3 = (1111100111 1111011111) open-circuit s'5, s6 and s7 

State_ f3 = (s1 s2 s3 s4 s5 00 s8 s9 s10  s'1 s'2 s'3 s'4 0 s'6 s'7 s'8 s'9 s'10) 

Pattern1 1111010110 Not applicable, fault switches will affect the op-

eration of the HSF cells Pattern2 0000010001 

 

E. Step-5: PWM implementation 

After the pattern selection, carrier-based PWM for the normal 5-level ANPC can be directly im-

plemented, which can be modularly designed based on Chapter 4. The LS PWM can be adopted 

as investigated in Section 4.2. Four carriers should be compared with the reference waveform, 

and then, the resulting logics are assigned to different HSF/LSF cells based on the utilized pattern. 

In detail, the modulation logic of Pattern1 can be demonstrated as in Figure 5-25 using the LS 

PWM approach. The logic generation results will not be changed before and after the faults, there-

fore, its applicability under faults could be verified. Similarly, the modulation logic of Pattern2 

can be demonstrated as in Figure 5-26. 

 

Figure 5-25 The detailed diagram of the PWM scheme designed for Pattern1. 

 

Figure 5-26 The detailed diagram of the PWM scheme designed for Pattern2. 
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5.3.4   Experimental verifications 

To further verify the proposed OCFT operation method, experiments of this 5-level case consid-

ering case 1~3 open-circuit faults with Pattern1 and Pattern2 are carried out in the single-phase 

platform shown in Figure 5-27. Since the fault diagnosis is not the focus of this work, all device 

faults are predetermined and assumed to be detected by the controller during the operation of the 

PWM. The fault conditions are realized through actively sending the turn-OFF gating signals of 

certain switches and overwrite the original modulation signals, so that these devices will act like 

in open-circuit condition. To monitor the status of the switches, six channels of the scope are used 

for (S4', S5', S6, S7, S8, S10), while one channel is for output PWM pulses, one is for the load 

current. 

 

Figure 5-27 The single-phase 5-level experimental platform with the line frequency 60Hz, while the car-
rier/switching frequency is 1560Hz. The DC links of the converter are clamped by the DC power supply, 
and the total voltage is 120V. The RL load is chosen with value: 55ohm/30mH. 

 

Based on the work in chapter 4, each pattern has a certain device utilization mode during the 

operation regions. As shown in Figure 5-28, to generation the complete 5-level waveforms, the 

converter should be operated during four regions, i.e. [L5, L4], [L4, L3], [L3, L2], [L2, L1]. For 

Pattern1,its device utilizations are demonstrated in Figure 5-28(a.1)~(a.4). The different de-

vice utilizations results in different fault-tolerant features. 

As can be seen in Figure 5-28(a.1)~(a.4) with fault case 1, the device open-circuit faults of 

(s'5, s7) can be tolerated by following the PWM pattern, since they will not block the current paths 

of the converter, thus, cannot affect the output waveforms during all operation regions. Similar 

analysis can be done for Pattern2 as shown in Figure 5-28(b.1)~(b.4). The experimental results 

in Figure 5-29 are showing the same thing: both the patterns can tolerant the fault case 1 and 

guarantee the output performance as in normal operation condition. 

With fault case 2 using Pattern1, the open-circuit faults of (s'5, s7, s'10) will block the current 

paths during the region [L4, L3] (Figure 5-30(a.2)) and [L2, L1] (Figure 5-30(a.4)), therefore, 
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cannot make sure the output capability in theory. Situation is different for Pattern2, and the open-

circuit faults of (s'5, s7, s'10) will interfere the high frequency cells during the region [L5, L4] (Fig-

ure 5-30(b.1)) and [L2, L1] (Figure 5-30(b.4)), therefore, cannot be utilized during the fault 

case 2. The experimental results in Figure 5-31 demonstrate the above analysis: neither  of the 

patterns can maintain the output performance after the fault case 2. The output voltage and load 

current waveforms have obvious distortions. Note that Pattern1 under fault 2 can still operate the 

converter with correct experimental waveforms in [L4, L3] as long as the output current is positive 

and compatible with the conducting direction of the anti-parallel diode of the fault switch (s'10). 

Due to the half-cycle symmetry in ANPC topologies, the output current could be negative in the 

[L3, L2] and/or [L2, L1], when the anti-parallel diode of the fault switch (s'10) blocks the current 

and cause distortions in output waveforms in Figure 5-31(a). 

As for fault case 3, the open-circuit faults of (s'5, s6, s7) will block the current paths during the 

region [L5, L4] for both patterns as shown in Figure 5-32(a.1) and (b.1). In addition, it is easy 

to see that the open-circuit faults of (s'5, s6, s7) will interfere the operation of the high frequency 

cells in both patterns. The disturbed operation regions are [L4, L3] (Figure 5-32(a.2) and (b.2)) 

and [L3, L2] (Figure 5-32(a.3) and (b.3)). Therefore, the intended operation cannot be realized 

in a right way. The experimental results in Figure 5-33 verify this: obvious distortions can be 

seen in the output voltage and load current waveforms in both patterns. 

In summary, systematic analysis and selection for applicable carrier-based PWM patterns are 

achieved in a mathematical way. By using such a tool, the applicable PWM patterns of fault-con-

dition ANPC converter can be systematically derived. Therefore, random enumeration and non-

systematic case-by-case design can be avoided for ANPC converters. Without losing the generality, 

the 5-level cases with multiple open-circuit fault switches are discussed as examples. The experi-

mental results show that the output levels can be appropriately produced with the selected appli-

cable PWM pattern, especially under multiple switch open-circuit faults. 
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Figure 5-28 The fault case 1 with multiple open-circuit switches (s'5, s7) in 5-level ANPC topology: (a.1)-
(a.4) using Pattern 1, (b.1)-(b.4) using Pattern 2. From left to right are the utilized switches during four 
operation regions covering all output levels, e.g. (a.1) is for [L5, L4], (a.2) is for [L4, L3], (a.3) is for [L3, L2], 
(a.4) is for [L2, L1]. 
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Figure 5-29 Experimental results of 5L ANPC topology before and after open-circuit faults with imple-
mented carrier-based PWM scheme under fault case 1 with (a) Pattern 1, (b) Pattern 2. Waveforms 
from top to bottom: switching states of S4', S5', S6, S7, S8, S10, the output PWM voltage, the load current. 
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Figure 5-30 The fault case 2 with multiple open-circuit switches (s'5, s7, s'10) in 5-level ANPC topology: 
(a.1)-(a.4) using Pattern 1, (b.1)-(b.4) using Pattern 2. From left to right are the utilized switches during 
four operation regions covering all output levels, e.g. (a.1) is for [L5, L4], (a.2) is for [L4, L3], (a.3) is for 
[L3, L2], (a.4) is for [L2, L1]. 
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Figure 5-31 Experimental results of 5L ANPC topology before and after open-circuit faults with imple-
mented carrier-based PWM scheme under fault case 2 with (a) Pattern 1, (b) Pattern 2. Waveforms 
from top to bottom: switching states of S4', S5', S6, S7, S8, S10, the output PWM voltage, the load current. 
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Figure 5-32 The fault case 3 with multiple open-circuit switches (s'5, s7, s'10) in 5-level ANPC topology: 
(a.1)-(a.4) using Pattern 1, (b.1)-(b.4) using Pattern 2. From left to right are the utilized switches during 
four operation regions covering all output levels, e.g. (a.1) is for [L5, L4], (a.2) is for [L4, L3], (a.3) is for 
[L3, L2], (a.4) is for [L2, L1]. 

Open-circuit fault of S5'

Open-circuit fault of S7
Open-circuit fault of S6

S5'
S4'

S6
S7
S8
S10

O
ut

pu
t

V
ol

ta
ge

Lo
ad

 
cu

rr
en

t (50V/div)

(2A/div) (20ms/div)

(50V/div)
(50V/div)
(50V/div)
(50V/div)
(50V/div)
(50V/div)

(a) PWM Pattern1 with open-circuit S5', S6 and S7

Distorted output voltage and load current waveforms

Pre-fault Post-fault

Open-circuit fault of S5'

Open-circuit fault of S7

Open-circuit fault of S6

(b) PWM Pattern2 with open-circuit S5', S6 and S7

Distorted output voltage and load current waveforms

Pre-fault Post-fault

S5'
S4'

S6
S7
S8
S10

O
ut

pu
t

V
ol

ta
ge

L
oa

d 
cu

rr
en

t (50V/div)

(2A/div) (20ms/div)

(50V/div)

(50V/div)

(50V/div)
(50V/div)

(50V/div)

(50V/div)

 

Figure 5-33 Experimental results of 5L ANPC topology before and after open-circuit faults with imple-
mented carrier-based PWM scheme under fault case 3 with (a) Pattern 1, (b) Pattern 2. Waveforms 
from top to bottom: switching states of S4', S5', S6, S7, S8, S10, the output PWM voltage, the load current. 
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5.4. Summary 

Following the works in Chapter 3 and Chapter 4, the matrix models as well as the associated 

systematic PWM design method are implemented in a synergic way to help realize two different 

tasks: (1) the topology simplification, (2) fault-tolerant operation. 

For the first task, some special matrices are used to systematically derive the simplified circuit 

of ANPC converters under certain PWM pattern. In such a way, the topology simplification can 

be decoupled with the PWM design process. The predesigned PWM schemes can directly operate 

the simplified converter without modification. In addition, the cross-topology isomorphism can 

be implemented to further facilitate the derivation process by hierarchically utilizing the low-level 

simplified circuits.  

For the second task, both the general and the simplified matrix models are implemented along 

with a step-by-step logic-based procedure. The main focus is on the open-circuit type with multi-

ple fault switches. After the systematic coding and calculation, the applicable PWM patterns of an 

arbitrary ANPC topology with fault switches can be identified. In such a way, the PWM pattern 

database can be predesigned and directly implemented after the fault-tolerant analysis. Therefore, 

random enumeration and non-systematic case-by-case design can be avoided for ANPC convert-

ers. 

In these two tasks, both 4-level and 5-level case studies have been carried out to verify the pro-

posed method for ANPC converters. Besides, this design method, particularly the matrix model 

concept, can potentially inspire similar PWM design method for other topologies, which can be 

studied in future. 
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Chapter 6  
Conclusions and Future plans 

 

6.1. Achievements of this work 

In this work, four different levels of achievements have been achieved: theory level, circuit level, 

structure level, and PWM level. 

 

A. Theory level achievements 

In theory level, the fundamental relationships of power converters are thoroughly investigated in 

Chapter 2, especially for VSCs and CSCs. Two major types of theories are highlighted: one is the 

famous dual theory, the other one is the emerging isomorphic theory. Then, instead of implement-

ing the dual methods and isomorphic methods in an independent way, we use both the duality 

and isomorphism synthetically and discover the topology cycling phenomenon. Such a new find-

ing reveals the common properties among various VSCs and CSCs in terms of their topologies, 

operation principles, modulation/control strategies, etc. To demonstrate the cycling rules, the 

theoretical proof is given to show the versatility of these new findings for VSCs and CSCs. 

 

B. Circuit level achievements 

In circuit level, the dual theory for planar circuits and non-planar circuits is reviewed. Especially 

for non-planar circuits, various methods have been proposed in the literature and are systemati-

cally summarized. To overcome the limitations, additional constraints are normally needed for 

dual transformation of those converters. 

Then, the isomorphic theory is introduced for establishing another intrinsic relationship among 

VSCs and CSCs. Not only the topology but also the operation rules (e.g. modulation) can be trans-

formed from one converter to another. In particular, the single-phase three-level VSC is isomor-

phic with the three-phase CSC, and they share the one-to-one modulation scheme as verified in 

this work. 

Based on the theory-level discovery, the systematic operation analysis and the unified model of 

selected examples are given to show the similarities among the cycling VSC and CSC topologies. 

The modulation scheme of the DC-series H-bridge CSC is designed to reduce the DC ripples based 

on the existing PWM of the existing VSC topology. In summary, by properly utilizing the 
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discovered relationships, both existing and future topologies can be linked with each other and 

sharing the existing knowledge in a more comprehensive way. 

 

C. Structure level achievements 

In structure level, the fundamental relationships of MLCs are introduced in Chapter 3: (i) the 

dual structures in voltage-source MLCs and current-source MLCs, (ii) the equivalent structures 

in matrix-type MLCs regarding voltage-source MLCs and current-source MLCs. Furthermore, the 

MLCs can be abstractly represented in unified matrix models using the concept of stage. 

With the stage-based common structure, the systematic design of MLCs can be realized for all 

kinds of MLCs universally. In details, the node-branch forms are obtained for some most com-

monly studied topologies, which not only demonstrate the duality between voltage-source and 

current-source multilevel topologies, but also the logical equivalence of multilevel indirect and 

direct matrix converters. The matrix presentations of MLCs are derived from their node-branch 

forms, which provides an opportunity for systematic analysis of different MLCs. It can help the 

simplification process of derived various MLC topologies, and can also facilitate the modulation 

implementation for different MLCs, especially matrix converters, through the logic mapping.  

Moreover, compared to the current approach of manual design and analysis, the design rules 

of the proposed method are more general and straightforward to follow even for researchers with-

out a strong power electronics background. With the proposed method, a unified design platform 

could be established, which opens the potential for both manual synthesis/derivation and com-

puter-aided design/analysis. Several multilevel topologies are derived as examples, e.g. internal 

paralleled MLCs, 7L hybrid MLCs and 9L MLCs with auxiliary circuits. The discussions with prac-

tical considerations and experiments are given to further demonstrate the feasibility of the pro-

posed method. 

 

D. PWM level achievements 

In PWM level, several achievements have been done:  

Firstly, in Chapter 4, universal carrier-based PWM design methods are proposed for non-

modular MLCs through hierarchical decomposition of the converter topologies. Two important 

concepts are introduced: identical circuits between two converters and identical circuits within a 

single converter. 

To deal with the non-modularity of the MLCs, the sub-topologies are decomposed in a hierar-

chical way by iteratively using the identical circuits between two converters. Then, an exhaustive 

list of CPWM schemes can be designed. The demonstration of the proposed method is mainly 
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done for ANPC converters. It features some advantages over conventional case-by-case methods: 

(1) It is a universal and offline design method regards CB-PWM schemes, and it can be easily 

implemented for MLCs once the pattern is selected. (2) An exhaustive list of CB-PWM schemes 

can be designed which provides an opportunity to enhance the system by the adoption of different 

PWM strategies according to different application requirements. (3) The low-level PWM schemes 

can be utilized for high-level PWM design which can significantly reduce the design complexity 

and guarantee the control modularity. Several designed PWM schemes under different operation 

modes are verified through experiments and demonstrate how the same approach can also be 

generalized for high-level ANPC topologies (e.g. 3L to 4L, 4L to 5L). 

On the other hand, the identical circuits within a single converter are utilized and demonstrated 

in ANPC converter for the novel PS-PWM methods. It is based on different operation principles 

from the conventional methods for flying-capacitor-based, cascaded H-bridge, or modular multi-

level converter. With more evenly distributed switching actions among all devices, the designed 

PS PWM schemes feature better utilization of devices and higher ESF compared with conven-

tional LS PWM. Moreover, high-level PWM schemes can be synthesized through low-level 

schemes. In such a way, the PS PWM design for ANPC topology can be realized modularly for both 

the general and the simplified ANPC converters. Besides, the extensibility and reduced computa-

tion burden make the proposed method very suitable for multi-level ANPC topologies (e.g., 4- and 

5-level). The five-level PS PWM scheme is designed with experimental validation and thorough 

discussions and comparisons, which shows a better performance regards device utilization and 

loss distribution. 

Then, in Chapter 5, following the works in Chapter 3 and Chapter 4, the matrix modeling 

as well as the associated systematic PWM design method are implemented in a synergic way to 

help realize two different tasks: (1) the topology simplification, (2) fault-tolerant operation. 

For the first task, some special matrices are used to systematically derive the simplified circuit 

of ANPC converters under certain PWM pattern. In such a way, the topology simplification can 

be decoupled with the PWM design process. The predesigned PWM schemes can directly operate 

the simplified converter without modification. In addition, the cross-topology isomorphism can 

be implemented to further facilitate the derivation process by hierarchically utilizing the low-level 

simplified circuits.  

For the second task, both the general and the simplified matrix models are implemented along 

with a step-by-step logic-based procedure. The main focus is on the open-circuit type with multi-

ple fault switches. After the systematic coding and calculation, the applicable PWM patterns of an 

arbitrary ANPC topology with fault switches can be identified. In such a way, the PWM pattern 
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database can be predesigned and directly implemented after the fault-tolerant analysis. Therefore, 

random enumeration and non-systematic case-by-case design can be avoided for ANPC convert-

ers. 

In these two tasks, both 4-level and 5-level case studies have been carried out to verify the pro-

posed method for ANPC converters. Besides, this design method, particularly the matrix model 

concept, can potentially inspire similar PWM design methods for other topologies. 

 

6.2. Interesting topics for future work 

Due to the limitation of author, only some most important emerging topics of the research regard-

ing “systematic topology derivation and PWM design of multilevel converters” have been ad-

dressed. As for the future works, there are several interesting topics summarized in Table 6-I. 

 

TABLE. 6-I   SUMMARIES OF POSSIBLE FUTURE TASKS 

 Finished work Future tasks 

Theory 

level 

➢ Fundamental relationships of 

VSCs and CSCs through the pro-

posed isomorphism principles 

(graph theory) and well-developed 

duality principles (circuit theory) 

➢ Isomorphism and dual theories for other 

types of power converters, e.g. AC-AC con-

verters, DC-DC converters, multi-converter 

systems, etc. 

➢ Other graphical methods and tools for 

power converters 

Circuit 

level 

➢ Implementation of graphical iso-

morphism and circuit-level dual-

ity for topological transformations 

of VSCs and CSCs 

➢ Investigations of topology cycling 

phenomenon of VSCs and CSCs 

➢ Cycling rules for generalization of some ex-

isting converter topologies 

➢ Simplification and unification of the power 

converter common-knowledge database 

Struc-

ture 

level 

➢ Utilize the structure-level funda-

mental relationships, e.g. duality, 

to facilitate the MLC topology der-

ivation process 

➢ Development of unified structure 

for systematic synthesis and deri-

vation of multilevel converter cov-

ering voltage-source, current-

source and matrix type topologies  

➢ Derivation of other types of converters can 

be considered, e.g. DC-DC converters and 

AC-AC converters 

➢ Some hybrid-structure MLCs enabled by 

using active cells inside the topology 

➢ Programmable topology derivations and 

evaluations 

➢ Advanced intelligent approaches for topol-

ogy synthesis and derivations 
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PWM 

level 

➢ The systematic carrier-based 

PWM design method of ANPC-

based converter through hierar-

chical method 

➢ Utilize identical circuits within a 

single converter for PS PWM de-

sign of ANPC-based converters 

➢ Utilize the proposed unified ma-

trix model and the PWM design 

approach for systematic fault tol-

erance and simplification of ANPC 

converters 

➢ Generalized modulation design approaches 

for other non-modular MLCs using some 

other PWM methods 

➢ Optimal PWM pattern selections for non-

modular MLCs 

➢ Application-oriented PWM optimizations 

for non-modular MLCs, e.g. ANPC-based 

converter 

➢ Utilize isomorphism for PWM design of 

multi-phase CSC. 

➢ Utilize sub-isomorphism for systematic 

PWM design of other generalized MLCs, 

e.g. self-balance MLC 

➢ Simplifications and fault-tolerant operation 

method applied for other non-modular 

MLCs 
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Appendix 

 

Appendix A: Matrix models of other MLCs 

The general matrix model of 5-level hybrid-clamped converter #2 can be expressed as: 
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where S1~S5' indicate the states of the switching devices in the converter; the vector [L3 L2 L1] 

indicates the input levels of the converter; Vf 1 (Vf 2) indicates the voltage cross the upper (lower) 

flying capacitor. 

The simplified matrix model of 5-level hybrid-clamped converter #2 can be expressed as: 
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Figure A-1. Topology of the #2 hybrid-clamped 5-level converter. 
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The general matrix models of 7-level hybrid-clamped converter can be expressed as: 
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where S1~S6' indicate the states of the switching devices in the converter; the vector [L4 L3 L2 L1] 

indicates the input levels of the converter; Vf 1  and Vf 2 indicate the voltage cross the flying capac-

itors. 

The simplified matrix models of 7-level hybrid-clamped converter can be expressed as: 

 

4

4 1

3

3 1
3 4 1 3 4 1 3 4 1 3 4 1 3 4 2 3 4 2 3 4 2 3 4 2

2 1

2

1 1

1

f

f
o

f

f

L
L V

L
L V

V S S S S S S S S S S S S S S S S S S S S S S S S
L V

L
L V

L

 
 

−
 
 
 

−             =
 +
 
 
 +
 
  

   (2-4.1) 

  2
5 6 5 6 5 6 5 6

2

o

o f
o

o f

o

V
V V

V S S S S S S S S
V V

V

 
  −
    =
 +

 
 

  (a-4.2) 



216 

 

S'1

S1

S'2

S2
S'4

S4

S'5

S5

Vo

S3

S'3

S6

S'6

L1

L2

L3

L4

Vf 1 Vf 2

V'o

 

Figure A-2. Topology of the hybrid-clamped 7-level converter. 

 

Appendix B: Complete PWM patterns of 4-level ANPC converter 

The operation complete PWM patterns of 4-level ANPC converter are shown in Table A. The total 

number of these patterns is 110. The highlighted ones are considered as SG-based patterns as 

discussed in Section 4.1.3-B. 

TABLE. B 

COMPLETE PWM PATTERNS OF 4L ANPC 

No 
4L PWM Pat-

terns 
SC11~ SC13, SC21~ 

SC22, SG31 
No 

4L PWM Pat-
terns 

SC11~ SC13, SC21~ 
SC22, SG31 

No 
4L PWM Pat-

terns 
SC11~ SC13, SC21~ 

SC22, SG31 

1 4L-PWM-1-1-1 001 10 0 36 4L-PWM-2-1-1 100 01 0 71 4L-PWM-3-1-1 100 00 1 

2 4L-PWM-1-1-2 000 11 0 37 4L-PWM-2-1-2 000 11 0 72 4L-PWM-3-1-2 010 00 1 

3 4L-PWM-1-1-3 000 10 1 38 4L-PWM-2-1-3 000 10 1 73 4L-PWM-3-1-3 001 00 1 

4 4L-PWM-1-1-4 001 11 0 39 4L-PWM-2-1-4 001 11 0 74 4L-PWM-3-1-4 110 00 1 

5 4L-PWM-1-1-5 000 11 1 40 4L-PWM-2-1-5 000 11 1 75 4L-PWM-3-1-5 011 00 1 

6 4L-PWM-1-1-6 001 10 1 41 4L-PWM-2-1-6 001 10 1 76 4L-PWM-3-1-6 101 00 1 

7 4L-PWM-1-1-7 001 11 1 42 4L-PWM-2-1-7 001 11 1 77 4L-PWM-3-1-7 111 00 1 

8 4L-PWM-1-2-1 111 00 0 43 4L-PWM-2-2-1 111 00 0 78 4L-PWM-3-1-8 000 00 1 

9 4L-PWM-1-2-2 110 01 0 44 4L-PWM-2-2-2 110 01 0 79 4L-PWM-3-2-1 100 11 0 

10 4L-PWM-1-2-3 110 00 1 45 4L-PWM-2-2-3 110 00 1 80 4L-PWM-3-2-2 010 11 0 

11 4L-PWM-1-2-4 111 01 0 46 4L-PWM-2-2-4 111 01 0 81 4L-PWM-3-2-3 001 11 0 

12 4L-PWM-1-2-5 110 01 1 47 4L-PWM-2-2-5 110 01 1 82 4L-PWM-3-2-4 110 11 0 

13 4L-PWM-1-2-6 111 00 1 48 4L-PWM-2-2-6 111 00 1 83 4L-PWM-3-2-5 011 11 0 

14 4L-PWM-1-2-7 111 01 1 49 4L-PWM-2-2-7 111 01 1 84 4L-PWM-3-2-6 101 11 0 

15 4L-PWM-1-3-1 101 10 0 50 4L-PWM-2-3-1 101 10 0 85 4L-PWM-3-2-7 111 11 0 

16 4L-PWM-1-3-2 100 11 0 51 4L-PWM-2-3-2 100 11 0 86 4L-PWM-3-2-8 000 11 0 

17 4L-PWM-1-3-3 100 10 1 52 4L-PWM-2-3-3 100 10 1 87 4L-PWM-3-3-1 100 10 1 

18 4L-PWM-1-3-4 101 11 0 53 4L-PWM-2-3-4 101 11 0 88 4L-PWM-3-3-2 010 10 1 

19 4L-PWM-1-3-5 100 11 1 54 4L-PWM-2-3-5 100 11 1 89 4L-PWM-3-3-3 001 10 1 

20 4L-PWM-1-3-6 101 10 1 55 4L-PWM-2-3-6 101 10 1 90 4L-PWM-3-3-4 110 10 1 

21 4L-PWM-1-3-7 101 11 1 56 4L-PWM-2-3-7 101 11 1 91 4L-PWM-3-3-5 011 10 1 

22 4L-PWM-1-4-1 011 10 0 57 4L-PWM-2-4-1 011 10 0 92 4L-PWM-3-3-6 101 10 1 

23 4L-PWM-1-4-2 010 11 0 58 4L-PWM-2-4-2 010 11 0 93 4L-PWM-3-3-7 111 10 1 

24 4L-PWM-1-4-3 010 10 1 59 4L-PWM-2-4-3 010 10 1 94 4L-PWM-3-3-8 000 10 1 

25 4L-PWM-1-4-4 011 11 0 50 4L-PWM-2-4-4 011 11 0 95 4L-PWM-3-4-1 100 01 1 

26 4L-PWM-1-4-5 010 11 1 61 4L-PWM-2-4-5 010 11 1 96 4L-PWM-3-4-2 010 01 1 

27 4L-PWM-1-4-6 011 10 1 62 4L-PWM-2-4-6 011 10 1 97 4L-PWM-3-4-3 001 01 1 

28 4L-PWM-1-4-7 011 11 1 63 4L-PWM-2-4-7 011 11 1 98 4L-PWM-3-4-4 110 01 1 

29 4L-PWM-1-5-1 111 10 0 64 4L-PWM-2-5-1 111 10 0 99 4L-PWM-3-4-5 011 01 1 

30 4L-PWM-1-5-2 110 11 0 65 4L-PWM-2-5-2 110 11 0 100 4L-PWM-3-4-6 101 01 1 

31 4L-PWM-1-5-3 110 10 1 66 4L-PWM-2-5-3 110 10 1 101 4L-PWM-3-4-7 111 01 1 

32 4L-PWM-1-5-4 111 11 0 67 4L-PWM-2-5-4 111 11 0 102 4L-PWM-3-5-8 000 01 1 

33 4L-PWM-1-5-5 110 11 1 68 4L-PWM-2-5-5 110 11 1 103 4L-PWM-3-5-1 100 11 1 

34 4L-PWM-1-5-6 111 10 1 69 4L-PWM-2-5-6 111 10 1 104 4L-PWM-3-5-2 010 11 1 

35 4L-PWM-1-5-7 111 11 1 70 4L-PWM-2-5-7 111 11 1 105 4L-PWM-3-5-3 001 11 1 

          106 4L-PWM-3-5-4 110 11 1 

          107 4L-PWM-3-5-5 011 11 1 

          108 4L-PWM-3-5-6 101 11 1 

          109 4L-PWM-3-5-7 111 11 1 

          110 4L-PWM-3-5-8 000 11 1 

 Note: ‘1’ means HSF, ‘0’ means LSF 
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Appendix C: Proof of the completeness of the PWM design method 

To prove that the proposed method can provide a complete list of CB-PWM patterns as we claimed, 

first, recall the definition of effective patterns as stated in Principle 2 of Section 4.1.3-A, to make 

sure that the converter can produce expected PWM waveforms, each operation mode has at least 

one SC operating at HSF during every output region. Such limitation is naturally indicated when 

designing a carrier-based PWM. Otherwise, the converter can only output square waveforms 

during certain output regions, or even no outputs. 

Then, what needs to be proved is all effective patterns can be formed through the proposed 

method. Three general cases are considered. 

S1S1
S1S1

S2
S2

S1

S2S2

S1

S3

S1

 

 

Sn

Sn-1

S3

S2

S1

Case 1

Case 3

Case 2

 

Figure C. Three general cases with a different allocation of HSF SCs. 

 

Case 1: the rightmost HSF SC is in SGn. 

• Such patterns can always be effective no matter where other HSF SCs are. 

• May wish to assume that rightmost HSF SC is within the first sub-topology S1 (N−1 level), 

therefore, there always can be found two sub-topologies, one is N−1 level S1 with effective 

patterns, the other one is a complementary topology with arbitrary patterns. 

Case 2: the rightmost HSF SC is in SGi (i≠1 and i≠n). 

Case 2.1: there are only two HSF SCs. 

• If these two HSF SCs are in SGn-1, this is a SG-based pattern with HSF SGn-1. There always 

can be found two sub-topologies with effective patterns, one is N-1 level S1, the other one is 

complementary topology. 
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• If these two HSF SCs are not in SGn-1, there always can be found two ANPC (labeled as S1, S2) 

with their own rightmost SC operating at HSF. May wish to assume that S1 is N-i1 level, while 

S2 is i2+1 level. It is easy to prove that min(N−i1, i2) or min(N−i2, i1) can be no bigger than N/2. 

Which means this pattern can be derived from i1
th-D or i2

th-D, and the level of decomposition 

is no bigger than N/2. 

[Proof: if a+b=c, (a, b, c are integer), then, min(a, b)≤c/2. 

Assume min(a, b)>c/2, then, a+b>c/2+ c/2=c. 

Derived contradictions: a+b≠c. 

Thus, it is proved to be true.] 

Utilizing this conclusion, we can see: 

▪ if S1 and S2 are non-overlapping, given N−i1=a, i2=b, then, a+b=c=N. 

We have min(a, b)≤c/2, which is min(N−i1, i2)≤N/2. 

▪ if S1 and S2 are overlapping, given N−i2=a', i1=b', then, a'+b'=c'<N. 

We have min(a', b')≤c/2<N/2, which is min(N-i2, i1)<N/2. 

Case 2.2: there are only three HSF SCs. 

• If these three HSF SCs are in SGn-2, this is an SG-based pattern with HSF SGn-2. There always 

can be found two sub-topologies with effective patterns, one is N−1 level S1, the other is 

complementary topology. 

• If these three HSF SCs are not in SGn-2, there always can be found three ANPC (labeled as S1, 

S2, S3) with their own rightmost SC operating at HSF.  

• May wish to assume that S1 is N−i1 level, while S2 is i2+1 level, S3 is i3+1 level. Then, there 

always can be found two sub-topologies with effective patterns, one is A level, the other is B 

level, A+B=N−1, and min(A, B)≤N/2. If S1, S2, and S3 are non-overlapping, A/B can be N−i1+i2 

or i2+i3+1. If at least two of S1, S2 and S3 are overlapping, A/B can be N-i1+i2−d1 or i2+i3+1−d2 

(d1, d2 denote the number of associated overlapping SCs). Which means this pattern can be 

derived from ith-D, i≤N/2. 

…… 

Case 2.k: there are only k+1 HSF SCs. (k<N(N-1)/2) 

• If these k+1 HSF SCs are in SGn-k, this is an SG-based pattern with HSF SGn-k. There always 

can be found two sub-topologies with effective patterns, one is N−1 level S1, the other is 

complementary topology. 

• If these k+1 HSF SCs are not in SGn-k, there always can be found k+1 ANPC (labeled as S1, …, 

Sk+1) with their own rightmost SC operating at HSF.  
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• May wish to assume that S1 is N−i1 level, while S2 is i2+1 level, …Sk is ik+1 level. Then, there 

always can be found two sub-topologies with effective patterns, one is A level, the other is B 

level, A+B=N−1, and min(A, B)≤N/2. If S1, …, Sk+1 are non-overlapping, A/B can be 

N−i1+i2+…+ik-1 or i2+…+ik+1. If at least two of S1, …, Sk+1 are overlapping, A/B can be 

N−i1+i2+…+ik-1−d1−…−dk-1 or i2+i3+1−d2−…−dk (d1, …dk denote the number of associated 

overlapping SCs). Which means this pattern can be derived from ith-D, i≤N/2. 

…… 

Case 3: the rightmost HSF SC is in SG1. 

• There is only one SG-based pattern with HSF SG1 that meets this condition. 

• May wish to assume that SC1~SCn-1 are within the first sub-topology S1 (N−1 level), therefore, 

there always can be found two sub-topologies with effective patterns, one is N−1 level S1, the 

other is complementary topology. 

In summary, according to the discussion of the three situations, all effective patterns can be 

formed through ith-D with i≤N/2, which proves that the proposed method can provide a complete 

list of CB-PWM patterns as we claimed.  

 

Appendix D: Different switch groups for the general 4-level ANPC converter 

For the 4L ANPC converter, the operation range is naturally divided into three parts based on the 

DC links. There can be as many as 14 different selections for the general 4-level ANPC converter 

based on i-stage SGs (i>1) as shown in Figure D. 

 

[Vdc/6, Vdc/2]

[-Vdc/6, Vdc/6]

[-Vdc/2, -Vdc/6]  

Figure D. Possible operation patterns in terms of different switch group selections for the general 4-level 

ANPC converter. 
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Appendix E: Different switch groups for the general 5-level ANPC converter 

The operation range 5L ANPC converter is naturally divided into four parts. The selections using 

i-stage SGs (i>1) can be as many as 46. In Figure E, for the sake of simplicity, the topology is 

indicated by abstract blocks with different colors. Yellow blocks represent the downward SGs, 

blue ones mean upward SGs, grey ones are not utilized switches during this output region. 

 

[Vdc/4, Vdc/2]

[0,Vdc/4]

[-Vdc/2, -Vdc/4]

[-Vdc/4, 0]

 

Figure E. Possible operation patterns in terms of different switching group selections for the general 5-

level ANPC converter. 




