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Abstract

A series of three studies investigates theoretically and numerically the evolution, stability,
and pseudomomentum transport of fully localized three-dimensional internal gravity wave
packets, as they self-interact nonlinearly with their induced mean flow.

The first study considers a rotating, uniformly stratified Boussinesq fluid that is stationary
in the absence of waves. We derive through perturbation theory an integral expression for
the mean “Bretherton flow” induced by fully localized wave packets influenced by the Coriolis
force. We perform numerical simulations of fully localized wave packets with the predicted
Bretherton flow superimposed, for a range of initial amplitudes, wave packet aspect ratios, and
relative vertical wavenumbers spanning the hydrostatic and nonhydrostatic regimes. Results
are compared with predictions based on linear theory of wave breaking due to overturning,
convection, self-acceleration, and shear instability. We find that nonhydrostatic wavepackets
tend to destabilize due to self-acceleration, eventually overturning although the initial ampli-
tude is well below the overturning amplitude predicted by linear theory. Strongly hydrostatic
waves are found not to attain amplitudes sufficient to become shear unstable, overturning
instead due to localized steepening of isopycnals. Results are discussed in the broader con-
text of previous studies of one- and two-dimensional wave packet overturning, and recent
observations of oceanic internal waves.

The second study considers the transmission and reflection of finite amplitude internal
gravity wave packets across a reflection level in a nonrotating Boussinesq fluid with a nonuni-
form retrograde shear flow. We derive the critical amplitude for wave packets to transmit
partially above the reflection level predicted by linear theory. We find that transmitted and
reflected wave packets corresponding to strongly nonhydrostatic primary waves can interact

resonantly to generate quadratically nonlinear secondary wave packets. We propose a novel

ii



weakly nonlinear mechanism to explain the generation of secondary wave packets by non-
breaking moderately nonhydrostatic primary waves, and predict the critical amplitude for
its onset. Simulations are performed for a range of nonhydrostatic wave packets with small
to moderately large initial amplitudes with their predicted Bretherton flow superimposed.
Transmission is quantified using the pseudomomentum corresponding to upward-propagating
waves above the reflection level. In most cases transmission transiently grows and decays
as wave packets first cross and then reflect from the reflection level. For all but the most
strongly nonhydrostatic wave packets, larger-amplitude waves exhibit smaller peak transmis-
sion, relative to the total pseudomomentum. Strongly nonhydrostatic wave packets exhibit
continuous transmission well above the reflection level. When we consider the time interval for
transmission to decrease to half its peak value, we find this becomes longer with larger initial
amplitude. These behaviours result from the combined effects of modulational instability, and
the generation and evolution of secondary wave packets. Results are discussed in the context
of previous studies of one- and two-dimensional wave packet transmission and reflection.
The third study considers the transmission and reflection of three-dimensional internal
gravity wave packets in an anelastic gas in which the background flow models the Quasi-
Biennial Oscillation (QBO). We derive an integral expression for the anelastic Bretherton
flow, and the conditions for wave packets to tunnel partially through the QBO winds. Simu-
lations are performed for a range of moderately nonhydrostatic wave packets with their pre-
dicted Bretherton flow superimposed, incident upon two model QBO profiles. Transmission
is quantified using the pseudomomentum of waves above the QBO. Transmission decreases
as wave packets are initialized to be progressively more nonhydrostatic. Varying initial wave
amplitude is found to have no quantitative effect on transmission (relative to the initial pseu-
domomentum) for physically relevant initial amplitudes because nonlinear interactions with
the Bretherton flow occur on a significantly slower time scale than that of transmission.
Transmitted wave packets tend to grow exponentially in amplitude due to the exponentially
decreasing atmospheric background mass density, ultimately inducing a local mean flow that
acts to drive the waves to overturn and break turbulently. Results are discussed in the context
of previous studies of one- and two-dimensional wave packet transmission and reflection, and

of the theorized role of internal gravity waves in driving QBO dynamics.
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CHAPTER 1

Introduction

1.1 Background and motivation

A stratified fluid is one in which the effective density changes with height (e.g., Sutherland,
2010). Examples of stratified fluids are plentiful, existing in multiple physical contexts and
across a broad range of spatial scales as small as a layered beverage and at least as large
as stellar interiors (Lecoanet, 2020), representing horizontal scales spanning many orders of
magnitude. In this thesis, we are interested in particular in stratified geophysical fluids on

Earth, namely, the ocean and atmosphere.

1.1.1 Geophysical fluids and waves

In the ocean, the mean profile of mass density of water increases with depth, due primarily to
a decrease in temperature and an increase in salinity. The dominant between these factors is
the temperature, whose profile is a result of the finite depth to which sunlight can penetrate
(and hence warm) the water column (e.g., Sutherland, 2010). Because relatively warm, fresh
water tends to overlie colder, more saline water, the fluid in this equilibrium state is said
to be stably stratified. In this thesis, we consider continuously stratified fluids in which the
effective density changes continuously as a function of height, as opposed to fluids in which

the effective density changes abruptly, for example, at the interface where the ocean surface



meets the atmosphere.

In the atmosphere, the mass density of air likewise decreases with altitude, but the back-
ground temperature does not decrease monotonically through the depth of the atmosphere.
The profile of background temperature effectively defines the layers of the atmosphere, in
which temperature alternately decreases and increases within successive layers (e.g., Ahrens
et al., 2012). The troposphere is the lowest layer of the atmosphere, extending from Earth’s
surface to the tropopause, located at about 10-15 km altitude. Above this layer are the
stratosphere, mesosphere, thermosphere, and exosphere, transitioning from one to the next at
the stratopause, mesopause, and thermopause, respectively, where the background tempera-
ture trend reverses.* Mean tropospheric temperature tends to decrease with altitude. Unlike
in the ocean, relatively cold air aloft does not necessarily descend to displace the relatively
warm air below. This is a consequence of compressibility: higher pressure compresses the
air, and the mechanical energy of compression is converted to thermal energy (assuming the
descending air has constant entropy). Such a process, in which thermodynamic properties
are not exchanged between the descending air and the environment, is called adiabatic. If
air is forced to rise adiabatically, the corresponding cooling is caused by expansion. An ap-
propriate quantity to describe atmospheric stratification must account for these compressible
dynamics. In particular, we adopt the potential temperature, that is, the temperature dry air
would have if brought adiabatically to some reference height (Holton and Hakim, 2013). By
this definition, the atmosphere is stably stratified where the potential temperature increases
with altitude: potentially warmer air overlies potentially cooler (effectively denser) air.

One important difference between the ocean and the atmosphere is the rate at which mass
density changes vertically. Due to the effective incompressibility of sea water, the magnitude of
variations in mass density in the ocean represents a small fraction of the average mass density
(e.g., Vallis, 2006). For this reason, when one considers such a fluid it is common to apply the
so-called Boussinesq approximation, which treats the fluid as incompressible and mass density

as constant except where it multiplies the buoyancy term in the vertical momentum equation

*Bulk temperature, in the thermodynamic sense using the kinetic theory of gases, is poorly defined in the
uppermost layers of the atmosphere due to the extremely sparse concentration of molecules there (Ahrens
et al., 2012). Interactions between these molecules and ionized particles introduce additional complications
(i-e., those described by plasma physics), and so wave dynamics in the upper atmosphere is outside the scope
of this thesis.



(in which mass density is taken to depend on height alone). Conversely, in the atmosphere
the mass density decreases with height approximately exponentially to effectively zero where
the atmosphere transitions to the vacuum of outer space. It is therefore inappropriate to
apply the Boussinesq approximation in the atmosphere, except where the vertical scale of
motions is small compared to the e-folding depth of mass density, about 7-10 km (e.g.,
Dutton and Fichtl, 1969). The “anelastic” approximation’ (Ogura and Phillips, 1962) and
related models [e.g., the “pseudo-incompressible” model of Durran (1989); see also Klein
(2009)] were developed to overcome this severe restriction. Crucially, these models account
for the idealized thermodynamics of expansion and compression in the atmosphere. The
essential dynamical difference between the Boussinesq and anelastic approximations is that
under the latter, perturbations to the background state of the fluid grow exponentially with
height (this so-called “anelastic growth” will be quantified more specifically later). All of the
approximations mentioned above have the effect of filtering sound waves from the equations of
fluid motion. This feature is perhaps best appreciated when solving the governing equations
numerically: without needing to resolve the fast dynamics of sound waves, models can take
longer time steps while remaining numerically stable (Durran, 2010). In this thesis, we invoke
the Boussinesq and anelastic approximations when considering the ocean and atmosphere,
respectively.

Idealized profiles of mass density in the ocean and atmosphere are shown in Figs. 1.1(a)
and 1.1(b), respectively. The stratification in the ocean may be described using the mass
density, whereas in the atmosphere the stratification may be described more appropriately by
the potential temperature, an idealized profile of which is shown in Fig. 1.1(c).

A conceptual approach that describes the fundamental behaviour of oscillations in stratified
fluids generally is known as parcel theory [e.g., as discussed in the textbook by Holton and
Hakim (2013)]. A parcel is a hypothetical deformable volume of fluid whose mass is fixed, and
which does not exchange thermodynamic properties with its surroundings. If one considers a
parcel of water displaced upward from its equilibrium position along the water surface, the

vertically displaced fluid is surrounded by a less dense ambient (e.g., air), and so gravity forces

"The term anelastic was suggested by J. Charney to Ogura and Phillips (1962, footnote 3) because the
approximate equations lack “elastic” energy (proportional to pressure perturbation squared) corresponding to
the compressions/rarefactions of acoustic waves.
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Figure 1.1: Idealized profiles of: mass density in the (a) ocean; and, (b) atmosphere; and, an idealized
profile of potential temperature in the atmosphere (c). The quantities described on the horizontal axes
are relative to a typical value of that quantity at the bottom of the domains shown on the vertical axes,
corresponding to (a) the bottom of a relatively deep ocean; and, (b,c) the surface of the Earth.

the parcel to descend. The parcel, having mass, hence also having momentum corresponding
to its downward velocity, overshoots its equilibrium position. The resulting depression in the
fluid surface (occupied ostensibly by a parcel of air), is less dense than the surrounding water,
and so buoyancy forces the water parcel to rise again. Gravity and buoyancy act upon the
parcel to return it to its initial position at the water surface.

Motivated by parcel theory, gravity waves in general are defined as perturbations to the
surfaces of constant effective density of a fluid otherwise in a stably stratified equilibrium
state, in which gravity and buoyancy act to restore a disturbed fluid parcel to its initial
unperturbed state. For example, an oscillatory disturbance propagating along the interface
between water and air—such as a water wave propagating toward a beach—is called a surface
gravity wave, and is restricted to propagate along the water surface. An internal gravity
wave propagates not only horizontally but also vertically within a stably stratified fluid. This
property allows internal gravity waves to transport energy and momentum horizontally and
vertically within stably stratified fluids. Internal gravity waves, or simply internal waves, are
the type of gravity wave considered in this thesis.

Many mechanisms exist across a broad range of spatial and temporal scales to excite



internal gravity waves in geophysical fluids. For example, in the ocean internal gravity waves
are generated by surface wind stress (e.g., Alford et al., 2016), and in the lee of seamount
chains by quasisteady flows such as the Antarctic Circumpolar Current through the Drake
Passage (Cusack et al., 2017). Upward-propagating atmospheric internal gravity waves are
generated by several mechanisms including flow over orography (e.g., Smith, 2018, Sec. 6),
and at the tropopause by convective processes such as overshooting convection from supercell
thunderstorms (Homeyer et al., 2017; O’Neill et al., 2021) and tropical cyclones (Wright,
2019). In both the atmosphere and ocean, environmental factors such as the structures of the
background flow and stratification play a role in determining whether the variously generated
waves dissipate locally, or continue propagating ultimately to transport their energy and
momentum far from their source (e.g., Alford et al., 2016; Kaifler et al., 2015; Bramberger

et al., 2017).

1.1.2 Internal gravity waves in general circulation models

So-called general circulation models are a type of highly sophisticated numerical model de-
signed to simulate the large-scale flow of the atmosphere, ocean, or both. Essentially, these
models integrate systems of partial differential equations representing the spatial and tempo-
ral evolution of, e.g., wind velocity, temperature, humidity, etc., while assimilating data from
sources such as satellites and weather balloons (e.g., Holton and Hakim, 2013, Chap. 13).
General circulation models are used for a variety of purposes including weather forecasting
and climate prediction. Because of their complexity, these models are run on high performance
computing platforms (known colloquially as supercomputers).

Because of the special property of internal gravity waves to propagate both horizontally
and vertically from a variety of sources, these waves represent an important mechanism for
the redistribution of energy and momentum across a broad range of spatial scales within the
ocean and atmosphere (Hines, 1960; Fritts and Alexander, 2003; Sutherland et al., 2019).
Orographically-generated internal gravity waves (or at least their effects on the larger-scale
flow) in general circulation models have long been recognized for their role in driving the
dynamics of the lower and middle atmosphere (Palmer et al., 1986; McFarlane, 1987; McLan-

dress, 1998; Scinocca and McFarlane, 2000). One example of particular relevance to this thesis



is the Quasi-Biennial Oscillation (QBO; elaborated upon later), an equatorial stratospheric
wind flowing alternately eastward and westward with an average period of about 28 months,
driven by upward-propagating waves generated in the troposphere (Lindzen and Holton, 1968;
Baldwin et al., 2001). On a more local scale, large amplitude waves lower in the atmosphere
can pose a hazard to aircraft (e.g., Bramberger et al., 2018). The broad range of scales on
which internal gravity waves exist presents one of several persistent challenges to resolving
adequately these waves in numerical models of the ocean, atmosphere, and climate. A theoret-
ical lower bound for the wavelengths resolvable by such models is proportional to the interval
between points on the discrete grid on which the model equations are solved. For example,
in version 8.0.0 of the Global and Regional Deterministic Prediction Systems [Canada’s op-
erational numerical weather prediction models as of December 1st, 2021; see Environment
and Climate Change Canada (2021a,b)], horizontal grid points are quasiuniformly spaced by
about 15 km and 10 km, respectively. Hence, the shortest resolvable horizontal wavelength of
a sinusoidal wave is approximately 120 km and 80 km, respectively (resolving rather coarsely a
crest, trough, two zeros, and the curvature between these, requiring an additional four points).
The effects of physical phenomena on smaller scales—in particular, energy and momentum
transport by internal gravity waves—must be represented indirectly.

As internal gravity waves propagate vertically, their amplitude can grow so large that their
evolution is dominated by nonlinear effects. Where wave amplitude is so large as to displace
effectively denser fluid over less dense fluid, the waves are said to be overturning, and may
eventually break (like water waves crashing against a beach), irreversibly depositing their
momentum at the breaking location. Wave breaking acts locally to mix the ambient fluid,
and crucially to exert a drag on the background flow (Lindzen, 1981). The turbulent wave
breaking process is inherently three-dimensional and nonlinear (Andreassen et al., 1994; Fritts
et al., 1994), and occurs on spatial and temporal scales too small to be resolved explicitly
by general circulation models. These nonnegligible effects must therefore be parameterized in
such models, that is, predicted using only the explicitly resolved variables (Holton and Hakim,
2013). An influential proposal early in the history of atmospheric wave drag parameteriza-
tion schemes was the so-called “wave saturation” hypothesis of Lindzen (1981). Essentially,

this hypothesis postulates that upward-propagating internal gravity waves grow in amplitude



eventually to break down turbulently, thus limiting further vertical wave propagation and
amplitude growth. A drag scheme derived by McFarlane (1987) under the assumption of
wave saturation was found to drive more realistic tropospheric and stratospheric winds in the
Canadian Climate Centre global circulation model. Over 30 years after its implementation,
this drag scheme remains in use to parameterize the effects of orographic gravity waves in
Canada’s Global and Regional Deterministic Prediction Systems.

Perhaps surprisingly, in light of their apparent success, operational gravity wave drag
parameterization schemes involve numerous tunable parameters, and are typically derived
under a rather restrictive set of assumptions. In particular, the scheme of McFarlane (1987)
assumes that waves originate in the troposphere, are of small amplitude (hence propagate
according to linear theory), are purely sinusoidal, and propagate instantaneously (i.e., do not
evolve in time) through a vertical column without propagating laterally. Accounting for any of
these effects is among the aforementioned challenges to improving wave drag parameterization
schemes (Plougonven et al., 2019). For example, previous work (Dosser and Sutherland, 2011;
Gervais et al., 2018) modelling weakly nonlinear internal gravity waves has established that
the small-amplitude assumption can lead to questionable estimates of wave breaking heights

of geophysically relevant, moderately large amplitude waves.

1.1.3 Wave packets and the wave-induced mean flow

In real stratified fluids such as the ocean and atmosphere, internal gravity waves are not gen-
erated as perfectly sinusoidal (so-called “plane”) waves. Rather, internal gravity waves often
exist as wave packets, defined generally as spatially localized groups of internal waves that
travel together. We specify this localization in terms of a rectangular Cartesian coordinate
system, in which we refer to the z, y, and z coordinate directions as streamwise (left-right, or
East-West geographically), spanwise (into and out of the page, or North-South), and vertical
(up-down), respectively. In this convention, we reserve horizontal to refer to the stream-
wise and spanwise directions together. With this language, a wave packet can be categorized
geometrically, as: (1) streamwise periodic, spanwise infinite, and vertically localized; (2)
streamwise- and vertically localized, and spanwise infinite; or, (3) localized in all three spatial

directions. These descriptions are of one-, two-, and fully three-dimensional (so-called “fully
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Figure 1.2: Example of (a) the vertical displacement field corresponding to a one-dimensional wave packet;
and, (b) the unidirectional mean flow induced by the wave packet shown in (a).

localized”) wave packets, respectively. This categorization is somewhat arbitrary, as shown
by van den Bremer and Sutherland (2018), who considered wave packets as they transitioned
gradually from effectively two- to fully three-dimensional. In this thesis we only consider
wave packets that fit the above categorization unambiguously. Examples of one-, two-, and
three-dimensional wave packets are shown in Figs. 1.2(a), 1.3(a), and 1.4(a,c), respectively.
Whether a moderately large amplitude wave packet is one-, two-, or three-dimensional has
a significant effect on its evolution qualitatively and quantitatively, in particular, through
nonlinear self-interactions with its wave-induced mean flow.

Wave-induced mean flows in general are nonlinear corrections to the wave velocity field
resulting in a relatively slow additional contribution to advection. A historically important
example is the Stokes drift induced by surface waves on deep water (Stokes, 1847; Kundu
et al., 2016). This flow, existing at order amplitude-squared, acts to advect water parcels
further forward during the passage of a crest than the passage of a trough, resulting in a
net forward transport of water parcels in the direction of wave propagation. Plane internal
gravity waves do not induce a mean flow because plane waves represent an exact solution to
the fully nonlinear equations governing fluid motion? (e.g., Sutherland, 2010).

Unlike plane waves, internal gravity wave packets induce qualitatively distinct mean flows

fMathematically, such solutions are valid in an inviscid fluid (i.e., one with zero viscosity) in an unbounded
domain, where the effective density profile is of a certain class (to be elaborated upon later). Physically, these
conditions are effectively satisfied in the ocean and atmosphere sufficiently far from boundaries.
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Figure 1.3: Example of (a) the vertical displacement field corresponding to a two-dimensional wave packet
analogous to the one shown in Fig. 1.2(a); and, (b) the bow-wakelike mean flow induced by the wave packet
shown in (a). Note that the horizontal scale in (b) is 20x longer than that in (a). The heavy and thin
white ellipses in each panel indicate one and two standard deviations, respectively, about the centre of the
wave packet.

depending on their geometry. One-dimensional wave packets induce a streamwise-uniform,
unidirectional, mean flow that is concentrated in the vertical region occupied by the vertically
propagating wave packet (Acheson, 1976), resulting from the vertical divergence of momen-
tum flux (Sutherland, 2010). The mean flow induced by a one-dimensional wave packet is
shown, for example, in Fig. 1.2(b). Two-dimensional wave packets in a nonrotating ambi-
ent similarly induce a mean flow resulting from a divergent momentum flux. Unlike in the
one-dimensional case, the mean flow is itself divergent and so, for the fluid to remain incom-
pressible, an order amplitude-squared pressure gradient is established. The induced mean flow
manifests as hydrostatic long waves that extend far streamwise and vertically below the prop-
agating wave packet (van den Bremer and Sutherland, 2014; Gervais et al., 2018). The mean
flow induced by such a two-dimensional wave packet is shown, for example, in Fig. 1.3(b).
Conversely, two-dimensional wave packets in a rotating ambient induce an evanescent (i.e.,
exponentially decaying) long wave response (Sutherland et al., 2020), provided the rotation
rate is sufficiently fast (not shown). The horizontal component of the mean flow induced by
three-dimensional wave packets resembles a dipole, the streamwise flow being positive through
the centre of the wave packet, and negative on its spanwise flanks; a vertical cross section
reveals a unidirectional structure analogous to the mean flow induced by one-dimensional
wave packets. Since van den Bremer and Sutherland (2018), this flow has been referred to

as the “Bretherton flow” after F. P. Bretherton, upon whose foundational work (Bretherton,
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Figure 1.4: Cross sections through the vertical plane (top row) and horizontal plane (bottom row) of (a,c)
the vertical displacement field corresponding to a fully three-dimensional wave packet analogous to those
shown in Figs. 1.2(a) and 1.3(a); and, (b,d) the Bretherton flow induced by the wave packet shown in the
corresponding panels in the left column. The heavy and thin white ellipses in each panel indicate one and
two standard deviations, respectively, about the centre of wave packet.

1969) much understanding of wave-induced mean flows is based. Vertical and horizontal cross
sections of the Bretherton flow through the centre of a three-dimensional wave packet are

shown, for example, in Figs. 1.4(b) and 1.4(d), respectively.

1.1.4 Goal of this thesis

Three-dimensional, fully localized wave packets, and the mean flow they induce, are the main
objects of study in this thesis. In general, we are interested in studying the nonlinear evolution
of these wave packets as they self-interact with their induced mean flow. In real stratified
fluids, the nonlinear evolution of wave packets is complicated by multiple factors, including
the linear influences of rotation, nonuniformities in the background state, and potentially
rapid changes of mass density with height. In order eventually to improve the representation

of internal gravity waves in general circulation models, there is a need to better understand
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the combined linear and nonlinear dynamics governing wave evolution, whether toward wave
breaking and the ensuing irreversible deposition of energy and momentum, or toward the
redistribution of these quantities more generally by internal gravity waves.

The goal of the research presented in this thesis is to make progress toward understanding
these combined dynamics by studying the nonlinear evolution of three-dimensional internal
gravity wave packets in three idealized geophysical contexts: (1) an ocean interior influenced
by Earth’s rotation; (2) a nonrotating ocean interior in which the background flow changes
with height; and, (3) a nonrotating atmosphere in which the background flow models one
observed in the equatorial stratosphere. This goal will be pursued using a combination of
theory, modelling, analysis, and numerical simulations. With our goal in mind, in the next
section we review some fundamental aspects of the theory of internal gravity waves and

introduce some of the notation used throughout this thesis.

1.2 Essential concepts of internal gravity wave theory

Here we review some essential mathematical aspects of stratified fluids and internal gravity
wave theory. The purpose is to set up a common starting point to ground the theoretical
developments presented later in this thesis.

We denote by p = p(z) the profile of background mass density, and consider a fluid in
which this quantity describes the stratification. That the background state of this fluid is
continuously and stably stratified corresponds to the properties p € C! and dp/dz < 0,

respectively. Within this context one can obtain the corresponding buoyancy frequency or

| gdp
N(Z) = _%£7

where ¢ is the gravitational acceleration and py is a constant reference density (e.g., Suther-

Brunt-Vaisdla frequency,

land, 2010). The frequency N represents the natural frequency at which a vertically displaced
fluid parcel will oscillate about its equilibrium level. Where N(z) = Ny is constant, the fluid
is said to be uniformly stratified. This situation corresponds to a fluid in which background
density increases (decreases) linearly with depth (height), as is effectively the case in the ocean

interior (atmosphere over vertical distances less than the e-folding depth of mass density).
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Alternatively, we now consider a fluid in which the stratification is described by the poten-
tial temperature, whose background profile is denoted by § = (z). Supposing again that the
background state of this fluid is continuously and stably stratified, the corresponding prop-
erties # € C' and df/dz > 0 follow. One can similarly obtain the corresponding buoyancy

frequency,

The fluid is uniformly stratified where N(z) = Np is constant, equivalent to a fluid in which
() increases exponentially with height. For convenience, in this thesis we only consider
uniformly stratified fluids.

Plane (or monochromatic) internal gravity waves propagating in a uniformly stratified
fluid are conveniently expressed in their most general form mathematically as a complex
exponential

n(x, ) = %Ane“k'x—wt) tec., (1.1)

where 7 is any wave field of interest, the constant A, € C encodes the phase and amplitude
of the wave, and c.c. denotes the complex conjugate, thus ensuring the wave field itself is
real. It is sometimes convenient to omit the factor of 1/2 and the c.c. in Eq. (1.1) with the
understanding that 7 is the real part of the resulting expression. The vector x = (x,y, 2)
implies the three-dimensionality of the waves considered in this thesis. The corresponding
wavenumber vector is k = (k, ¢, m) = 27r()\;1,)\;1,)\;1), where the constants A;, Ay, and
A, are the wavelengths in the respective directions. The wavenumber is so called because it
represents literally the number of sinusoidal oscillations on an interval of length 27 in a given
direction. Wave frequency is w = w(k) > 0, with the sign taken to ensure the waves propagate
forward in time, t. The expression for w is set by the dispersion relation, which relates the
frequency to the wavenumber. Mathematically, internal gravity waves are said to be dispersive
because the dispersion relation has the property that at least one of 0%w/0k?, 0%w/0¢?, or
0?w/0m? are not everywhere zero (e.g., Zauderer, 2006), the physical interpretation of which
will be given shortly. Explicit expressions for w are specific to the wave propagation scenario
under consideration, hence, in this thesis, the expression for w is given in each part as it arises.

Two quantities of fundamental importance in the theory of internal gravity waves are
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derived from the dispersion relation, namely, the phase velocity,

w
Cp = (Cpxa pr, sz) = Wk, (12)

and the group velocity,

w 0w &u)' (1.3)

Cg = (Cgas Cgy, Cgz) = <8k’ 50 om
The phase velocity describes the speed and direction of propagation of individual crests and
troughs, whereas the group velocity describes the speed and direction at which internal gravity
waves transport energy (Sutherland, 2010). A fundamental, and entirely unintuitive, property
of internal gravity waves (in a Boussinesq fluid) corresponds to the identity c,-c, = 0: energy is
transported by internal gravity waves in a direction perpendicular to their phase propagation.
Given the definition of ¢4 in Eq. (1.3), nonzero second-order derivatives of w correspond to
waves that transport energy at different rates as a function of wavenumber, hence acting
analogously to diffusion to disperse the waves. Explicit expressions for the phase and group
velocities are given, as needed, in the respective Parts of this thesis.
Quasimonochromatic internal gravity wave packets propagating in a uniformly stratified
fluid are modelled by a plane wave modulated by a time-evolving amplitude envelope that

bounds the waves spatially. In general,
1 i(k-x—wt)
n(x,t) = iAn(x,t)e +c.c.,

where A, : R3 x R™ — C describes the amplitude envelope of the waves. Like plane waves,
individual crests and troughs within the packet propagate with the phase velocity given by
Eq. (1.2). The group velocity, given by Eq. (1.3), describes the speed and direction of the
packet itself and of the energy it transports.

In Sec. 1.1.3 we described qualitatively internal gravity wave packets and the mean flows
they induce. The aforementioned (weakly) nonlinear interactions between a wave packet
and its wave-induced mean flow are described by a nonlinear Schrédinger equation (e.g.,

Sutherland, 2010). Explicitly,

0A 0A  10%w 0%A

oa_ 04 0w oA LA 14
ot = %, Thamzan MY (1.4)
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where A = A(z,t) is set to be one-dimensional here for illustrative purposes, and U(z,t) o |A|?
is the corresponding wave-induced mean flow, where | - | denotes the complex modulus. For
the one-dimensional waves considered in this example, U > 0 [cf. Fig. 1.2(b)]. The first two
terms on the right-hand side of Eq. (1.4) model, respectively, the linear translation of the wave
packet at the vertical group speed, and linear dispersion. Essentially, the wave-induced mean
flow acts to Doppler-shift the wave frequency, resulting in a local change to the group veloc-
ity. Local increase (decrease) of the group velocity leads to wave spreading (accumulation),
a characteristic manifestation of modulational stability (instability) (Whitham, 1965, 1974).
As a result, the onset of overturning of one-dimensional waves is delayed (hastened), so that
waves overturn above (below) the height predicted by linear theory (Akylas and Tabaei, 2005;
Sutherland, 2006b; Dosser and Sutherland, 2011). For wave packets described by Eq. (1.4),
the transition between the modulationally stable and unstable regimes occurs at a relative
vertical wavenumber of |m/k| = 1/v/2 ~ 0.7, corresponding to wave packets propagating
with the fastest vertical group speed. Modulational stability (instability) manifests where
Ud?w/0m? > 0 (< 0). For wave packets described by Eq. (1.4), U > 0, and so the modula-
tional stability properties are determined entirely by the sign of 9?w/0m?2. The relationships
between the wave frequency, vertical group speed, and 9?w/0m?, are shown in Fig. 1.5(a).
The weakly nonlinear evolution of two-dimensional wave packets is likewise described by a
nonlinear Schrodinger equation (Tabaei and Akylas, 2007; Gervais et al., 2018), which is not
reproduced here. The finite streamwise and vertical structure of two-dimensional wave packets
means these packets are linearly dispersive in both directions independently, and “obliquely,”

as described at leading-order by the term ¢ 822";” gjg‘z # 0 in the nonlinear Schrodinger equation

derived by Gervais et al. (2018), in which A = A(z, z,t). Two-dimensional wave packets,
unlike their one-dimensional counterparts, are always modulationally unstable, as the induced
mean flow [long waves; cf. Fig. 1.3(b)] is positive above and negative below the centre of the
wave packet. Although modulational instability of two-dimensional wave packets manifests
to an extent in the streamwise direction (where U,,0%w/0k? < 0), vertical modulations are
dominant (Shrira, 1981; Gervais et al., 2018). The relationships between wave frequency,
streamwise group speed, and §%w/0k? and 0%w/0kOm, are shown in Fig. 1.5(b).

A nonlinear Schrodinger equation describing the weakly nonlinear evolution of three-
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(a) Dispersion relation and two m-derivatives . (b) Dispersion relation and two k-derivatives

T T T T T [ B
!
|- | -
I
I
I
0.5 : — 0.5
[}
= |
g r I ]
= I
=1 |
2 |
Z | 0
3 I
El !
3 L I
g |
Z, : | UJ/NO
—0.5— : w/Noy 1 05 : Cga/(No/k) ]
| cgz/(No/k) : wer/(No/k?)
i : wmm/(N()/k2) I : wkm/(NO/k2)
1 Lo . I . I . I . 1 . Lo I . I . I .
0 1 2 3 4 5 0 1 2 3 4 5

[m/k| |m/k|

Figure 1.5: Nondimensionalized dispersion relation, w/Ny, for small amplitude Boussinesq waves in a
nonrotating uniformly stratified fluid, and its relationships to: (a) vertical group speed ¢,, = Ow/0m, and
Wmm = 0°w/Om?; and, (b) streamwise group speed Czx = Ow/0k, and wx = O*w/0k* and wim =
0?w/0kOm. The specific analytic expressions for the plotted quantities are unimportant here. All curves
correspond to upward-propagating waves, for which m/k < 0, but are plotted against |m/k| by convention.
The dashed vertical lines in (a) and (b) indicate, respectively, the value of |m/k| corresponding to waves
propagating with the fastest vertical and streamwise group speeds.

dimensional wave packets [i.e., A = A(z,y,z,t)] was derived by Shrira (1981). Although
the wave packet envelope had spanwise structure, waves were assumed not to propagate in
the spanwise direction (equivalent to setting £ = 0). As a result, the linear operator in Shrira’s
Schrédinger equation was identical to that in the two-dimensional one derived by Gervais et al.
(2018), acting only on the streamwise and vertical structure of the wave packets. On these
grounds we anticipate fully three-dimensional wave packets to likewise be prone to multidi-
rectional dispersion. Because the mean flows induced by two- and three-dimensional wave
packets are not of uniform sign, we also anticipate that the three-dimensional wave packets
considered in this thesis are always modulationally unstable, this instability manifesting as
nonlinear spreading and amplification of the wave packet envelopes nonuniformly in space.
Although the details of modulational stability and instability of three-dimensional wave
packets are not the focus of this thesis, this mechanism is anticipated to be useful to un-
derstand the basic weakly nonlinear behaviour of the wave packets to be encountered in the

upcoming chapters.
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1.3 Outline of this thesis

The content of this thesis is organized in three major parts, corresponding to the three projects
constituting my doctoral research program. As stated in the Preface, Parts I and II correspond
to published papers, although these parts generally are more substantial in content than the
published versions. A manuscript based on the work presented in Part III is underway, to
be submitted to the Journal of the Atmospheric Sciences. Each part begins with a topical
introduction, and is then subdivided conveniently into chapters, generally separating theory,
numerics, and results and discussion. The three parts, spanning related but distinct research
projects, are largely self-contained, at the expense of some repetition.

Part I considers the evolution of three-dimensional internal gravity wave packets as they
interact nonlinearly with their wave-induced mean flow in a rotating fluid. In Chapter 2
we derive an integral expression for the Bretherton flow including the effect of rotation, and
predict critical amplitudes corresponding to the onset of various internal wave instability
mechanisms. In Chapter 3 we provide details of the numerical code used to simulate the wave
packet evolution. In Chapter 4 we describe the results of the simulations for a range of wave
packet parameters, and discuss the results in the context of observations of an internal gravity
wave in the ocean.

Part II considers the combined linear and nonlinear influences of a height-dependent back-
ground flow and the wave-induced mean flow on the evolution of three-dimensional internal
gravity wave packets without rotation. In Chapter 5 we review the theory of linear (i.e., small
amplitude) wave packet propagation in nonuniform background flow, derive the critical initial
amplitude for wave packet penetration above the “reflection level,” describe two mechanisms
for the generation of so-called secondary gravity waves, and define a transmission coefficient.
In Chapter 6 we provide details of the numerical code used to simulate the wave packet evo-
lution. In Chapter 7 we describe the results of the simulations for a range of wave packet and
background flow parameters, compare the results with predictions, and discuss the results in
the context of previous studies of one- and two-dimensional wave packet transmission and
reflection.

Part I1I considers the nonlinear evolution of three-dimensional internal gravity wave packets
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as they propagate through an anelastic atmosphere in which the background wind models a
certain phase of the Quasi-Biennial Oscillation (QBO). In Chapter 8 we describe an anelastic
gas, derive an integral expression for the anelastic Bretherton flow, adapt and extend the linear
theory reviewed in Chapter 5 to wave tunnelling in an anelastic gas, define a transmission
coefficient, and describe the procedure to model the QBO. In Chapter 9 we provide details
of the numerical code used to simulate the wave packet evolution. In Chapter 10 we describe
the results of the simulations for a range of wave packet and QBO parameters, and discuss
the results in the context of the theorized role of internal gravity waves in QBO dynamics.

In Chapter 11 we summarize the research program and its main results, suggest possible
directions for further research, and offer concluding remarks.

As a final note on style and formatting, I shall mention that all the figures I produced
for this thesis were created using the vector graphics language Asymptote (Bowman and
Hammerlindl, 2008), and that a subset of figures that represent values using colour gradients
used the “cmocean” colourmap designed by Thyng et al. (2016). Lastly, readers of a digital
version of this thesis may navigate the document via hyperlinks, indicated by blue text;
alternatively, I hope readers of a print copy of this thesis will enjoy turning its pages the

old-fashioned way.
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PART |

Boussinesq wave packets with rotation

Geophysical fluids, in general, are characterized not only by stratification, but also by the fact
they exist on a rotating planet (e.g., Sutherland et al., 2019). Earth rotates counterclockwise
when viewed from above the North Pole. Rotation acts on fluid parcels through the Coriolis
force, an apparent force that tends to deflect fluid parcels to the right (left) in the Northern
(Southern) Hemisphere. This so-called Coriolis effect is straightforwardly visualized if one
considers an air parcel advecting directly southward from the North Pole: the parcel appears
to deflect rightward relative to a fixed point on Earth’s surface that rotates eastward, away
from the parcel. Leftward deflection is visualized similarly if one considers the analogous
scenario of an air parcel advecting northward from the South Pole. The magnitude of the
Coriolis effect increases with latitude (to be shown quantitatively in Chapter 2).

A complete mathematical model of fluid dynamics as it is influenced by Earth’s rotation is
perhaps most conveniently described in spherical coordinates. Except for singularities at the
North and South Poles in the governing equations, the resulting model would theoretically
be valid globally. However, the wave packets we are interested in studying will be assumed
to exist on such small spatial scales that the sphericity of the Earth may be neglected, and
so globally valid equations are unnecessary. In practice, it is common to model the effects of
rotation using the so-called f-plane approximation, which assumes the motions of interest are

restricted latitudinally so that the Coriolis effect can be treated as having effectively constant
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magnitude locally (e.g., Vallis, 2006). The f-plane is tangent to Earth’s surface and so the
locally valid approximate equations of fluid motion may be written conveniently in Cartesian
coordinates. We invoke the f-plane approximation in this study, and state the corresponding
governing equations explicitly in Chapter 2.

A study of three-dimensional wave packets subject to the Coriolis effect was conducted
by Tabaei and Akylas (2007), who examined wave packets that were either: (1) ‘round’ (for
which the wave packet extents were comparable in all three dimensions) and strongly nonhy-
drostatic;* (2) two-dimensional (having infinite spanwise extent, but comparable streamwise
and vertical extents); or, (3) ‘flat’ (for which the horizontal wave packet extents were both
much larger than the vertical extent). Rotation was anticipated to play a negligibly weak role
in the evolution of fully three-dimensional wave packets in the nonhydrostatic regime they
considered. For this reason, their analysis focused primarily on effectively two-dimensional, as
opposed to fully three-dimensional, wave packets. A similar study was conducted by van den
Bremer and Sutherland (2018), though neglecting the Coriolis effect. Their study focused,
in part, on understanding the transition between qualitatively different induced mean flows
as a wave packet’s spanwise extent broadened, transitioning from three- to effectively two-
dimensional. The wave packets we will study will be assumed to be fully three-dimensional,
and so the long waves induced by effectively two-dimensional wave packets [cf. Fig. 1.3(b)]
will not be considered.

The purpose of this study is to build on the work of Sutherland (2001) and of van den
Bremer and Sutherland (2018) to compare with linear theory the overturning times of fully
three-dimensional wave packets. Our study differs in scope from both Tabaei and Akylas
(2007) and van den Bremer and Sutherland (2018) in that we derive an explicit integral
formula for the Bretherton flow subject to rotation, and examine through fully nonlinear
numerical simulations a broader range of nonhydrostatic and more strongly hydrostatic waves.

One aspect of our investigation is to characterize the overturning time in terms of various

*In this thesis the terms nonhydrostatic and hydrostatic describe waves that propagate, respectively, with a
significant vertical component, and primarily in the horizontal. Somewhat arbitrarily, these waves are distin-
guished quantitatively as those with relative vertical wavenumbers |m/k| < 0.7 and > 0.7, respectively. This
cutoff corresponds to wave packets propagating upward with the fastest vertical group speed. Equivalently, one
can quantify strongly nonhydrostatic (hydrostatic) waves as those propagating with frequency of comparable
magnitude to the buoyancy (Coriolis) frequency.
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hydrodynamic instability mechanisms affecting internal gravity wave evolution.

In Chapter 2 we first extend the work of van den Bremer and Sutherland (2018) to de-
rive through perturbation theory an integral expression for the Bretherton flow subject to
the Coriolis force. We then extend to the three-dimensional rotating context the work of
Sutherland (2001) to predict the critical initial amplitude above which a wave is anticipated
to become unstable to overturning, convection, self-acceleration, and shear. Using the code
described in Chapter 3, we perform numerical simulations of fully localized wave packets with
the predicted Bretherton flow superimposed, for a range of initial amplitudes, wave packet
aspect ratios, and relative vertical wavenumbers spanning the hydrostatic and nonhydrostatic
regimes. Results are described in Chapter 4 and compared with the instability amplitudes
predicted using linear theory. Results are discussed in the broader context of previous stud-
ies of one- and two-dimensional wave packet overturning, and recent observations of oceanic

internal waves.
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CHAPTER 2

Theory

In this chapter we derive an explicit integral expression for the mean flow induced by three-
dimensional wave packets in a uniformly stratified Boussinesq fluid, subject to the Coriolis
force but otherwise at rest, and ignoring diffusive and viscous effects. We follow the approach
of van den Bremer and Sutherland (2018, vdBS18), who derived an explicit integral expression
for the Bretherton flow without rotation. This practice has the benefit of serving as a check
on our algebra, as the results of vdBS18 at any step in the derivation ought to be recovered
in the limit as the rotation term vanishes. This step-by-step comparison, however, revealed
an error in the derivation by vdBS18 in which a small number of terms were omitted. Our
derivation reconciles this error, which will be shown ultimately to be inconsequential for the
nonrotating results. We then derive, using linear theory, predictions of critical amplitudes for

the onset of instabilities due to overturning, self-acceleration, and shear.

2.1 Governing equations

The fully nonlinear Euler momentum equations under the Boussinesq approximation, includ-

ing buoyancy and rotation terms, are given in vector form by

Du 1 g
e o = —2vp— L e 2.1
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where D/Dt = 0/t + u - V is the material derivative, in which u = (u, v, w) is the velocity
vector in Cartesian coordinates x = (z,y, z) with corresponding standard unit basis vectors
€, €, and €, fo is the Coriolis parameter, described below, pg is a constant reference mass
density, p is dynamic pressure, g is the acceleration of gravity, and p is perturbation mass
density.

Also included in the full set of governing equations is that for internal energy, expressed

as an evolution equation for perturbation mass density,

Dp __ dp

= — 2.2
Dt Yz (2:2)

where p = p(z) is the background mass density profile.
The set of governing equations is closed by the inclusion of a statement of mass conservation

for an incompressible Boussinesq fluid,
V-u=0. (2.3)

This condition effectively filters acoustic waves from the governing equations. In addition to
being dynamically insignificant on the length and time scales of internal waves, acoustic waves
in numerically-integrated solutions (detailed in Chapter 3) present unnecessary numerical
challenges associated with their relatively fast propagation speed (e.g., Durran, 2010).

The effect of rotation is modelled by the inclusion of the aforementioned Coriolis parameter,
fo = 2Q.sin(¢), where Q. = 27 rad day ! is Earth’s rotation rate, and ¢ is latitude, with
» >0 (¢ < 0) in the Northern (Southern) hemisphere. For the midlatitudes of interest, a
typical value of the nondimensionalized Coriolis parameter is fo/Ny = 0.01, although a small
number of simulations will use |fy/No| = 0.05. The value of the Coriolis parameter for a
given simulation, reported on in Chapter 4, will always be specified, although without loss of

generality the value is arbitrary in the derivation of the wave-induced mean flow below.
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2.2 Wave-induced mean flow

It is convenient to express the governing equations in terms of vertical displacement as opposed

to perturbation mass density. These quantities are related by
dp
- _ 7 2.4
p=—Er (2.4)

which is obtained from a Taylor series expansion of p about a vertical displacement £. Sub-
stituting Eq. (2.4) into Egs. (2.1) and (2.2), we obtain the governing equations in a directly

useful form,

% — fov = _plogi’ (2.5)
%:Jrfgu: plogz’ (2.6)
% - plo gﬁ NZ¢, (2.7)
%f =w, (2.8)

and closed by Eq. (2.3), which does not change as a result of Eq. (2.4). The buoyancy term

in Eq. (2.7) is now expressed in terms of the squared buoyancy frequency,

g dp
N2 = _22F 2.9
0 0 da (2.9)

which is constant in our assumed uniformly stratified fluid.
The pressure terms may be eliminated from Egs. (2.5)—(2.7) by taking the curl of these

equations, resulting in a single vector equation for the evolution of vorticity,

D¢

0 0
Dy = (€Tt g = N3 (e, - FEa, ), (210)

oy 8:1:

where ¢ = V X u is the vorticity vector. The linear dependence of Eq. (2.10) on vertical
displacement is eliminated by first taking the derivative of Eq. (2.10) with respect to ¢, so that
mixed space- and time-derivatives of £ remain on the right-hand side of the resulting equation.
These are eliminated, in turn, by substituting the expressions one obtains by taking derivatives
with respect to x and y of Eq. (2.8). It is convenient to express the resulting equation with the

linear terms—consisting only of velocity components—on the left-hand side and quadratically
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nonlinear terms on the right-hand side. Explicitly,

_f()atz —8ttz (att + Ng)ay
attz _antz —(8,5,5 + Ng)am u(2)
_atty 8ttm —foﬁtz
=L
=V -{-0(¢®u) - N3[(é, ® 0,(Su)) — (&, ® 0y(€n))| } + 0:[(¢ - VIu] . (2.11)

=F

This equation models the linear response, Lu(®, induced by the mean self-interaction F of
waves within the wave packet on the scale of the wave packet. The superscipt on u(? denotes
that this quantity arises from quadratic wave-wave interactions, and the overbar in Eq. (2.11)
denotes averaging over the fast wave scales.

Solutions of Eq. (2.11) correspond to a range of qualitatively and quantitatively distinct
wave-induced mean flows, depending on the aspect ratios of the wave packets (vdBS18) and
magnitude of the Coriolis parameter (Sutherland et al., 2020). If a wave packet is significantly
broader in its streamwise and spanwise extents than in its vertical extent, it is effectively one-
dimensional and induces primarily unidirectional mean flows (Sutherland, 2001, 2006b; Dosser
and Sutherland, 2011); if a wave packet is significantly wider in spanwise extent than in its
streamwise and vertical extents, the wave packet is effectively two-dimensional and induces
primarily long waves (van den Bremer and Sutherland, 2014; Gervais et al., 2018), provided
rotation is negligibly weak (Sutherland et al., 2020). Of particular interest is the Bretherton
flow, induced by fully localized wave packets, i.e., those with aspect ratios of order unity in
each direction.

To that end, following vdBS18, the induced mean flow is decomposed conceptually into a
long-wave and Bretherton-flow response: u® = Uy + ugp. This distinction is made more
explicit by writing F = (F, Fy, F. .)". The Bretherton flow, existing as a primarily horizontal

flow (Bretherton, 1969), is forced by the vertical component of Eq. (2.11),

0
F;

to be solved subject to V - ugr = 0, using perturbation theory as described below.
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2.2.1 Perturbation theory

We seek solutions of Eq. (2.12) in terms of quasimonochromatic wave packets. Without loss
of generality, we orient our coordinate system such that waves propagate in the xz-plane,
with wavenumber vector k = (k,0,m). For convenience we assume wave packets propagate
forward in = and ¢, and upward in z, so that £ > 0 and m < 0. The corresponding frequency,

w > 0, is given by the dispersion relation,

N2K2 + f2m? 1/2
w = 0 Hkl(\) ) , (2.13)

where ||k|| = (k% + m?)'/2, derived in Appendix A.1.1.
We define a slow time scale T' and slow spatial variables, X = (X,Y,Z), in a frame

translating at group velocity of the wave packet, ¢; = (¢ge,0, ¢g2), Where

_ Em* (NG — f5)

Cgp = ———0 S0/ (2.14a)
! w|k|*

k*m(N§ — f3)
Cgp = ——— 0 JOJ (2.14D)
! w|k|*

Explicitly, X = ex(x—cgst), Y = €y, and Z = €,(x —cy,t), where €, = 1/(koy), €, = 1/(koy),
and €, = 1/(ko,) are small parameters that are inversely proportional to the wave packet
extent, 0., 0y, and o, in their respective directions. The slow variable T' = €%t describes the
time scale for dispersion of the wave packet, where it is assumed that e = max{e,, €, €.} < 1
for quasimonochromatic wave packets, i.e., the wave packet is most strongly dispersive in the
direction with the smallest wave packet extent. As e < 1, the wave packets are of sufficiently
broad extent that dispersive effects are effectively ignored on the time scales relevant to the
present derivation.

With this notation, the representation of a given wave field 7 is given at leading order by

1 .
77(()1) = 5A,I(X7 T)e' + c.c., (2.15)
(1

where the subscript and superscript on 7 ) denote, respectively, the field’s order in e and

amplitude, ¢ = k - x — wt is the phase, and c.c. denotes the complex conjugate. As a result
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Field O(ale?) O(ate)
1) 1)

Vertical displacement 5(() =A § = zﬂx{A X — %A Z}
Streamwise velocity u(()l) =iwpA ugl) = %{(ch — ¢ —wB)Ax + i%Ay
+(cgz + 2 — w%b’x)AZ}
Spanwise velocity vél) = fo A v%l) = i%{foBAX —jwAy — foﬁBAZ}
Vertical velocity wél) = —jwA wgl) { —why)Ax + (cg2 + wﬁz)Az}

Streamwise vorticity Cg(c[lj) = —ifomT2A Cill) = %;{fOBAX —iwKAy — foE(l + B)AZ}
D= i (K (g — wBa) - 1A +if Ay
K (cge + EwB) + 22+ )45}

Vertical vorticity ¢V =ifoma W =— fo{mﬁxAX - BAZ}

»—w—t

Spanwise vorticity C@S(l)) = —wWA Gy (

Table 2.1: Expressions for the amplitude envelopes of various fields as they relate to the amplitude
envelope, A, of the vertical displacement field. The centre column contains the leading-order (wave-scale)
relationships and the right column contains their respective first-order (envelope-scale) corrections (with
respect to €). Subscripts on A denote partial derivatives, S35 is a constant given by Eq. (2.25a), and we
have defined B .= 1+ kS, and K =1+ /(2/m2 for convenience. By convention, the actual fields are taken
to be the real parts of e/k*~“t) times the tabulated expressions.

of the adoption of slow variables, derivatives of wave fields defined as in Eq. (2.15) become

Oy — €,0x + ik, (2.16a)
Oy — €0y, (2.16D)
0, — €,07 + im, (2.16¢)
O — €0 — €2Cgu0X — €,C4.07 — iw. (2.16d)

At leading-order, the various wave fields are related by the polarization relations for plane
(sinusoidal) waves—algebraic relationships derived by substituting a plane wave solution into
the linearized governing equations and using Eqs. (2.16a)—(2.16d). The leading-order polar-
ization relations are summarized in the centre column of Table 2.1, and the details of their
derivation are included in Appendix A.1.1.

Throughout this section, the nondimensional amplitude is defined by «a = kAg, where
Ay = max |A| is the maximum vertical displacement of waves in the packet, and we have

defined A := A¢ for convenience. An alternative choice of amplitude parameter is ag = |mAy|,
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which is a more direct measure of amplitude relative to that of overturning waves, for which
|mAg| = 1. (This diagnostic is elaborated on in Sec. 2.3.) The particular choice of definition
is unimportant for the derivation presented here, and so we choose « for consistency with our
convention of using the streamwise wavenumber k for spatial nondimensionalization.

The polarization relations at the next order in e account for the finite spatial extent of
the wave packet. To obtain these, it is necessary to impose the initial structure of one field.
Without loss of generality, we impose the structure of the vertical displacement field at both
leading- and first-order in €, ie., £ = f(()l) + 551), as this is a physically intuitive quantity.

Explicitly,

5[()1) = %Aei‘p + c.c.,

1 .
f%l) - ii(Gzﬁan + €yBy0y + €:8.07)Ae’ + c.c.,

where 3., By, and 3, are constants to be determined. The resulting polarization relations at
O(alel) are summarized in the right column of Table 2.1, and the details of their derivation
are included in Appendix A.1.2. In derivations of wave-induced mean flows in one (Suther-
land, 2001, 2006b; Dosser and Sutherland, 2011) and two dimensions (van den Bremer and
Sutherland, 2014; Gervais et al., 2018), higher-order corrections to the vertical displacement
field were not considered, because the set of polarization relations would then be under-
determined. Conversely, it is necessary to introduce §§1) in three dimensions to obtain an
analytically tractable integral expression for ugp in terms of |A|? only. This will be shown

when we identify and reconcile the terms mistakenly omitted by vdBS18.

2.2.2 Divergent-flux induced flow and response flow

Using Egs. (2.16a)—(2.16d), the first two rows of Eq. (2.12) at leading order are dywgr = 0
and Oxwgr = 0, respectively. Hence, at leading order wgp is independent of the horizontal
structure of the wave packet envelope, and so the only physically meaningful solution is

wgr = 0. As a result, the Bretherton flow is governed by the third row of Eq. (2.12),

8tt(8vaF - ayUBF) = &s{C -Vw -V - (Czu)}v (2'17)
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subject to Oyupr + Oyvgr = 0. We omitted the term — fyOp.wpr on the left-hand side of
Eq. (2.17) because |wgp| < |ugg|, |vgg| for three-dimensional wave packets (Bretherton, 1969;
Biihler and Mclntyre, 1998, 2003; Tabaei and Akylas, 2007; Wagner and Young, 2015; Xie
and Vanneste, 2015; van den Bremer and Sutherland, 2018).

Now, the Bretherton flow is decomposed into physically distinct contributions,
uBF - uDF + uRF, (218)

where upy is the divergent-flux induced flow and ugy is the response flow. The divergent-flux
induced flow arises as the mean effect of nonlinear advection in Egs. (2.5)—(2.7), and is given

by the solution of

Oupp

ot

= V- (u®gub). (2.19)

An explicit expression for Eq. (2.19) is found by substituting into the right-hand side the

leading-order polarization relations, and computing the mean of each term. Writing Eq. (2.15)

to include explicitly its complex conjugate, 17(()1) = %Anei“’ + %A;e*w, the averaging operation
gives
) = JABE L A Ao T = |4, (2.20)
where | - | denotes the modulus. Hence, we find that
Oupp 1 m?

5 = 5% (wQ(ez(?X - %fzaz)‘AFv feey0v| AP, —w2%(€zaX - £6Z82)|A’2>’ (2:21)

the details of which are provided in Appendix B.1.1. In the equivalent expression without
rotation [vdBS18, Eq. (3.8)], it is possible to equate the spatial derivatives on the right-hand
side to the O(e') part of Eq. (2.16d). The resulting expression can be integrated in time,
thereby obtaining an explicit solution upr. This is not possible here because fy # 0, and so
it is convenient to defer the solution of Eq. (2.21) until we solve for the components of ugg

itself.
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2.2.3 Bretherton flow

Ignoring dispersion, which acts at O(€?), and expanding the nonlinear forcing F., given by

the right-hand side of Eq. (2.17), up to fourth-order in €, we have

F. = 8. {(¢§) + )ik + exdx) (w” + w0y + () + ¢D)ey 0y (w4 wlV)

+ () + D) im + €02) (wi + i) — e0x (<) + <) + ulM)]

— e,y (¢l + D + 0! >>1+ezaz[<<£é)+<§?>< O rw). (2.22)

Substituting the polarization relations into the right-hand side of F, and computing the mean
we find, in sequence, that (Fz)§2) = 0 and (Fz)g) = 0. The leading nonzero expression is

found at O(a?€®), and is given explicitly by

10 m? k m?
(Fz)i(f) = zat{w2k2 |:€x€anY - mGyﬁzaYZ] ’A‘Q - fngE.rfanYAP}
10 ([m? k|2 k|2
_ Qat{ |:2(w2 + fg) +W2H]<:|| x:| 6x€yA8XyA+w2HkHBye§AayyA
m k|2
. |:k(w2 +f02) _w2H k” Bz:| EyﬁzAaYZA}' (223)

The detailed derivations of the expressions for F, at the various orders are provided in Ap-
pendix B.1.2, in which the amplitude envelope is assumed to be complex. The expressions
simplify significantly [i.e., Eq. (2.23)] if one insists the amplitude envelope is real initially.

Using Eq. (2.21), it is straightforward to show that the first braced expression on the right-
hand side of Eq. (2.23) is equal to 0;(V x Osupr) - €,. The remaining terms in Eq. (2.23) were
erroneously omitted in the corresponding expression without rotation [vdBS18, Eq. (A 3)]. It
will be shown that certain values of 3,, 3y, and /3, lead this omission to be of no consequence
for their results.

Substituting Eq. (2.23) into the right-hand side of Eq. (2.17) and using Eq. (2.18), then

cancelling 9;(V X dyupr) - €, on both sides of the resulting expression, we find that

10 2
att(v X uRF) ‘e, = 2 at{ |: ( + f(]) w? H H Bx:| 6aceyAaX A
2
+ wZHIJﬁyeZAGYYA - [Z‘(w? +f2) - wQHk”BZ] eyezAayzA}. (2.24)
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We now invoke the horizontal irrotationality of ugr (Bretherton, 1969), which imposes the

values of 3, By, and f3, so that the right-hand side of Eq. (2.24) is identically zero. Explicitly,

we find
__m 1o
B = RAAE (1 + wQ> (2.25a)
By =0, (2.25b)
Bz = _%/Bx (225C)

In the nonrotating limit (as fo — 0), Bz — —cgo/w and . — —cgz/w. The horizontal
irrotationality of ugr implies that the aforementioned omitted terms in the derivation of
vdBS18 vanish identically so there is no change to their results.

Using Eqgs. (2.25a)—(2.25¢) in Eq. (2.17) and integrating once with respect to time yields

—Cg - V(el‘aXUBF - 6yaYUBF) = EmaX(atUDF) - €yaY(atuDF)

L2 E (2.26)
= —QW{ngxeanY - T &Cq- vaY}|A|2a
Cox

where we have used 0; & —c¢g -V = —€,;¢4,0x —€:¢4.07 [cf. Eq. (2.16d)] on the left-hand side,
and we have used Eq. (2.19) and the identity —k/m = ¢4./cg, on the right-hand side. Note
that the ‘constant’ (with respect to time) of integration that would usually be included on
the right-hand side of Eq. (2.26) is identically zero, because the time integration effectively
inversed the time derivative applied previously to the vorticity equation [cf. Eq. (2.10), which
contains no steady terms], in the course of obtaining Eq. (2.11) governing the evolution of
general wave-induced mean flows.

A partial differential equation for ugy alone is found by taking the Y-derivative of Eq. (2.26)
and eliminating the resulting mixed Jxyvgr term on the left-hand side using the X-derivative

of the Bretherton incompressibility condition,
EanUBF + fyavaF - 0 (227)

Similarly, a partial differential equation for vgr alone is obtained using the X-derivative of
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Eq. (2.19) and the Y-derivative of Eq. (2.27) to eliminate the mixed Oxy ugr term. Explicitly,

(¢, V)V2u __Lm Flene2d _ 9 e oy A2 (2.28)
g 1 YBF — 2 k2 0€z&yUXYY ngeycg Y ) .
1m? w?
—(cg - V)Viver = —ka{fgﬁiﬁyaxxy — ey Vf)XY}!A\Q, (2.29)
qT

where Vi = 63268_)( x + e%@yy is the slow horizontal Laplacian operator.

Equations (2.28)—(2.29) are solved using Fourier transforms with respect to unscaled trans-
lating coordinates x = (Z, 9, 2) = (X/es, Y /€y, Z/€.), which we adopt for convenience following
vdBS18. To that end, we denote by 7 the Fourier transform of a field n, and define the Fourier

transform pair

1 o
(k) = / n(x)e " *dz dy dz, (2.30a)
(27)3 Jgs
n(x) ::/ (k) > dk d\ du, (2.30b)
R3
where Kk = (k, A\, u) is the vector of transform variables. Under the change to unscaled

variables, €;0x — 0z, €0y — 03, and €.0z — 0;. Then, under the Fourier transform,
0z — ik, Oy — i\, and 0; — ip. Using these with the Fourier transform of Egs. (2.28)—(2.29)
converts these partial differential equations into algebraic equations that are readily solved

for Upy and vgp. Inverse transforming, we find

Upp _}ij A ui_fz K A
UBF N 2 k2 R3 I‘LQ + )\2 Cyx 0 cg K —K

This represents the solution to the special case of a Poisson equation [Biihler and McIntyre

[A[2e™™ %k dX dy, (2.31)

(1998), Eq. (9.29)] for the streamfunction associated with the Bretherton flow, in the limit of
no background flow and no variation of the Coriolis parameter with latitude. Unlike Eq. (2.31),
derived using classical perturbation methods, Eq. (9.29) of Biihler and McIntyre (1998) was
derived in a potential vorticity framework and applying generalized Lagrangian-mean theory
[a versatile formalism developed in the seminal papers by Andrews and McIntyre (1978a,b)
for analyzing wave-mean flow interactions, but which is overly sophisticated for our purposes].
Equation (2.31) likewise represents a solution to Eq. (22) in Tabaei and Akylas (2007). In the
nonrotating limit, Eq. (2.31) indeed recovers Eq. (3.15) of vdBS18, as anticipated. Rotation

is responsible for certain additional dynamics not captured by the nonrotating analogue of
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Eq. (2.31), namely, that the rotating Bretherton flow is not restricted to the isopycnals that
intersect the wave packet. This relatively high-order response is represented by the term
— foOr,wer which was omitted from the left-hand side of Eq. (2.17). More explicitly, in
Eq. (9.29) of Biihler and McIntyre (1998) the response to the nonlinear forcing contains a
term proportional to f& times the vertical gradient of buoyancy acceleration.

In principle, Eq. (2.31) predicts the evolution at early times of the Bretherton flow induced
by wave packets with any sufficiently localized amplitude envelope A. However, in practice
we prescribe the initial amplitude using the Gaussian envelope

2\oy oy o3

1/22 2 22
A(x,y,z,t:O):Aoexp[—(02—1—2—!—2 . (232)
This envelope is convenient qualitatively because it is easily visualized, and mathematically
because it posesses desirable analytical properties. In particular, the Fourier transform of A,

(and more importantly, that of |A|?) can be computed explicitly. Using Eq. (2.30a),

|AJ? 05040, Af exp[—L(o2k® + O'§>\2 + o2u?)]. (2.33)

= 873/2

The horizontal components of the initial Bretherton flow are found by substituting Eq. (2.33)
into Eq. (2.31) and integrating numerically (the details of which are discussed in Sec. 3.3.1).

Horizontal cross sections of nondimensionalized g (x,y,0,t = 0) = ugp(x,y,0,0)/(No/k)
are shown in Fig. 2.1 for round, long, and wide wave packets and two Coriolis parameters. In
each case, the wave packet amplitude was set by the Gaussian envelope given in Eq. (2.32).
Waves were initialized with a peak vertical displacement of Ay = 0.08k~! and a relative
vertical wavenumber of m/k = —11.4, corresponding to hydrostatic internal waves propa-
gating at a nearly horizontal angle of © = tan—! |m/k| = 85° to the vertical. The Coriolis
parameter was set to be fo = 0.01Ng and 0.05Np in the top and bottom rows, respectively,
with corresponding wave frequencies w/ fo = 8.80 and 2.01. These choices represent relatively
weak and strong rotation, respectively. In each panel, the heavy and light white ellipses [de-
fined by the curve (z/0;)? + (y/o,)? = a?] indicate a = 1 and a = 2 standard deviations

about the wave packet centre, respectively. Black contours are 20 evenly-spaced streamlines,

32



(a) o, = 10k, 0, = 10k~! (b) 0, = 40k~1, 0, = 10k! (¢) o, = 10k™, 0, = 40k
0 T T

——— 100 ——7— — 200 ——T——T1—
URF —:1:— | | ipp —:1:— i | | ipp —:1:— ]
—0.02 0 02 —0.02 —0.01 0.01
50 100 -
\\ m A=y O 15
kk((fﬁ)))) Il
2 0 oF $ % 41 of 12
( \ /((((k B =
—50 —100 [ -
—50 —100 ——"~1— L —200
- 50 —100 —50 0 50 100 —200 —100 0 100 200
d e
50 ( ) T T T 100 ( )' T e | —T—] T 200
URF —:1:— PETHS —:1:— | | @
—0.02 0.02 —0. 02 0. 02
(/ \3 50 [~ < — 100
) A >
L(( 3)) Il
2 o = % -~ o I! o
sl &
(U) I v 1 v =
=50 - -1 —100
—50 —100 w —200 L 1 L L |
—50 50 —100 —50 0 50 100 —200 —100 0 100 200

kx kx kx

Figure 2.1: Horizontal slices of the initial nondimensionalized Bretherton flow, fgr = uge(x,y,z=0,t =
0)/(No/k), given by Eq. (2.31), for (a,d) round; (b,e) long; and, (c,f) wide Gaussian wave packets with
rotation set by f; = 0.01Ny (a—c) and by fo = 0.05Np (d—f). The wave packets shown were initialized with
a peak vertical displacement amplitude of Ay = 0.08k~1, a relative vertical wavenumber of m/k = —11.4,
and a vertical extent of o, = 10k—1. Black contours are isolines of nondimensionalized streamfunction,
Ve = Vee/(No/k?), defined implicitly by Eqs. (2.34a)—(2.34b). Heavy and light white ellipses show one
and two standard deviations, respectively, about the centre of the Gaussian wave packet.

Yyp = Yer/(No/k?), defined implicitly by

ugp = —0ytgp, (2.34a)

Upr = a:c¢BF- (2.34b)

The dipolelike recirculating structure of the Bretherton flow manifests clearly in the coloura-
tion and streamlines about each wave packet, as was found with no rotation (Bretherton,
1969; van den Bremer and Sutherland, 2018): the dominant factor responsible for the struc-
ture of the Bretherton flow is the wave packet geometry as described by A. For both values
of fo, the weakest Bretherton flow is associated with wide wave packets [Fig. 2.1(c,f)]. This
is consistent with the nonrotating results of vdBS18, who showed that the magnitude of the
Bretherton flow decreases as 1/R,, in which R, = 0, /0, is the spanwise aspect ratio (see also

Biihler, 2009). The effect of rotation is to broaden the area over which the Bretherton flow
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is nonnegligible, represented by the broadened extent of the streamlines in Fig. 2.1(d—f) com-
pared to those in Fig. 2.1(a—c). Rotation also acts to break streamline symmetry across the
x-axis, although this is only subtly distinguished in Fig. 2.1(f) by the increased concentration
of closed streamlines near ky = 50 compared to ky = —50. Quantitatively, increasing the
Coriolis parameter from fy = 0.01Ny to 0.05Ny increases the magnitude of the Bretherton
flow. The largest contribution of rotation was to increase ugp(0) by 16% for round wave

packets and by 19% for long and wide wave packets.

2.2.4 Relative effect of rotation on the Bretherton flow

Because rotation acts to influence the Bretherton flow at a relatively high order as described
above, the dominant contribution to the Bretherton flow is modelled by the first term in
parentheses in the integrand of Eq. (2.31). It follows that, for a fixed streamwise wavenumber,

Coriolis parameter, and amplitude,

2,2 2 2132
use O o 2 ? k) 2 e e
A k% cgn Ny — [ k K

increases with |m/k|, i.e., as waves become more hydrostatic. Therefore, the peak magni-
tude of the Bretherton flow (relative to A3) induced by a hydrostatic wave packet is greater
than that induced by a nonhydrostatic wave packet of the same amplitude. This analysis
suggests that interactions between waves and their induced Bretherton flow contribute to the
overturning of moderately large amplitude nonhydrostatic wave packets and relatively small
amplitude hydrostatic wave packets alike. This result is somewhat unintuitive because the
nonlinear influence of the order amplitude-squared Bretherton flow is anticipated to decrease
quadratically as amplitude decreases.

Without the preceding analysis, one might erroneously ignore the effects of the rotating
Bretherton flow on the evolution of hydrostatic wave packets (which typically exist at small
amplitude), as it is common practice to ignore nonlinearity in the study of small amplitude

waves more generally.
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2.3 Wave instability and critical amplitudes

In this section we consider several instability mechanisms that can lead to internal wave break-
ing. We follow Sutherland (2001) to predict the critical amplitudes for static, convection, and
self-acceleration instabilities influenced by rotation. We then consider the effect of rotation on
instability due to the shear between adjacent wave velocity crests and troughs, which was not
examined by Sutherland (2001). It is convenient to normalize all critical amplitudes [except
those in Fig. 2.2(b)] using the streamwise wavelength, A, = 27 /k, so that A = A/\, is an

intuitive nondimensional measure of vertical displacement amplitude.

2.3.1 Static instability

An internal gravity wave is overturning it is of sufficiently large amplitude that relatively
dense fluid is lifted above relatively less dense fluid. As a result the vertical gradient of the
total mass density field is positive somewhere in the flow field: dp(z)/dz + 0p(x,t)/0z > 0.
This inequality can be recast in terms of vertical displacement using Eq. (2.4), then multiplied

by —g/po and using Eq. (2.9) to obtain the equivalent overturning condition

NZ(x,t) == NZ + AN? = N? (1 - gi) <0, (2.35)

where we have defined N%, the so-called total squared buoyancy frequency, and AN? =
—N20¢/0z is the local change in the squared buoyancy frequency due to waves. The ex-
ponent on N:,% makes explicit the physical units of this quantity (frequency squared), even
though Eq. (2.35) effectively models the leading-order change in squared buoyancy due to
vertical variations of the linear vertical displacement field. The corresponding critical am-
plitude at which a wave is predicted to overturn is found by substituting a plane wave into
1 — 0¢/0z < 0 [having used the fact that NZ is constant and so can be divided out of the

right-hand side of Eq. (2.35)] and rearranging the resulting expression to find

~ 1

k 1
Aot = =

—| = —cot O, (2.36)

m 2T

where © = tan~! |m/k| is the angle between lines of constant phase and the vertical.

Rotation has no direct effect on Ao because Eq. (2.36) was derived using the leading-
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(a) Stability margins

(b) Stability margins in the strongly hydrostatic regime
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Figure 2.2: Curves of marginal stability emphasizing waves in the (a) nonhydrostatic, and (b) strongly
hydrostatic wavenumber regimes. The ©-axis corresponds to waves spanning the frequency range (a)
No > w > fo; and, (b) 8.77 = w/fy > 1, with fy = 0.01Np. The black dotted and solid curves indicate
the amplitude above which a plane wave is predicted to be staticaly and convectively unstable, respectively,
according to Egs. (2.36) and (2.37). The blue solid, dotted, and dashed curves indicate the amplitude
above which a three-dimensional wave packet with spanwise aspect ratio R, =1, 1/4, and 4, respectively,
is predicted to be unstable to self-acceleration according to Eq. (2.41). The solid and dashed red curves in
(b) indicate the amplitude above which a wave packet is predicted to be shear unstable using respectively
our definition of the gradient Richardson number, Eq. (2.43), and that of Fritts and Rastogi (1985) and
Achatz (2007) given by Eq. (2.48).

order vertical displacement field which itself depends only indirectly on rotation though the
wave frequency, w = w(k; fo), according to Eq. (2.13). The overturning condition given by
Eq. (2.36) may be stated equivalently in terms of the steepness of a monochromatic internal
wave in one dimension, s = u/c, (with overturning corresponding to s = 1), where ¢, =
w/k is the phase speed of a one-dimensional plane wave. The curve of marginal stability

corresponding to Eq. (2.36) is shown as the black dotted curve in Fig. 2.2.

2.3.2 Convection instability

A statically unstable wave is prone to develop convective instabilities. Whether such insta-
bilities materialize, ultimately to drive the wave to breaking, depends on the relative time
scale for the growth of convective instability compared to the period of the waves. Sutherland
(2001) found that the relatively rapid oscillation of high frequency nonhydrostatic waves was
able to restore static stability to locally unstable fluid parcels, thus delaying the onset of
convective instability.

The condition for convective instability to outpace the restorative oscillatory motion of
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plane waves was found by Sutherland (2001) to be No\/|m\A——1 > w, where the left-hand
side expression represents the maximum instability growth rate. Using the definition of w
[cf. Eq. (2.13)] in this inequality and rearranging the resulting expression yields the critical
amplitude at which a plane was predicted to become convectively unstable:

Acy = S cot © (1 + cos’ O + f—i sin? ®> . (2.37)

27 Ng

In the nonrotating limit, this expression recovers that derived by Sutherland (2001). The
curve of marginal stability corresponding to Eq. (2.37) with fo = 0.01Ny is shown as the
solid black curve in Fig. 2.2. Note that ACV > AOT even as © — 90° (achieved as w — fo,

corresponding to purely inertial oscillations confined to the horizontal plane).

2.3.3 Self-acceleration instability

The earliest reference to “self-acceleration” appears to be in the work of Fritts and Dunkerton
(1984, p. 3273), in the context of internal gravity wave packets that alter significantly their
phase structure when propagating in the vicinity of a critical level (the height where the
streamwise phase speed is equal to that of the background flow).

Internal gravity waves are prone to self-acceleration even in the absence of a preexisting
background flow. Somewhat heuristically, Sutherland (2001) proposed that a one-dimensional
wave packet in an otherwise stationary fluid was prone to instability due to self-acceleration
if the wave-induced mean flow exceeded the streamwise group speed of the wave packet. This
heuristic condition was found to be in good agreement with results of simulations of one-,
but not two-dimensional wave packets (Sutherland, 2001). [The poor agreement for two-
dimensional wave packets may have been due to the assumed model of the mean flow induced
by two-dimensional wave packets, which did not account for the long waves generated by these
wave packets as found by Bretherton (1969) and van den Bremer and Sutherland (2014).] For

a one-dimensional wave packet without rotation, the wave-induced mean flow is given by
1 2
Up = 5 Nol|k[[A]". (2.38)

This expression has been alternatively derived using the principle of wave action (Acheson,

1976), Hamiltonian fluid mechanics (Scinocca and Shepherd, 1992), and momentum conser-
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vation (e.g., Sutherland, 2010). Comparing Eq. (2.38) to the streamwise group speed of wave
packets in a nonrotating fluid [cf. Eq. (2.14a), in the limit as fy — 0], the critical amplitude
for self-acceleration is Aga = sin(20)/(wv/8) (Sutherland, 2001).

In three dimensions, the mean flow induced by fully localized wave packets is the Bretherton
flow with maximum initially at x = 0, so it is necessary to compare cg, to upr(0). Hence we
find generally

- Aok Cyz

Agy = 22 .
SA T 91\ une(0)

(2.39)

For Gaussian wave packets in particular, using the envelope given by Eq. (2.33) in the first

row of Eq. (2.31) we find

1 m?w? A2 2.2 2y2, 2 2
0)=_- > AQ N —(ozk +o N tozu )/4d
upp(0) 167972 12 ¢y Op0y0 0/1R3 poavL K 0
1 m? A2 K 2,2, 2y2, 2 2 )
g2 - v 2 NN —(oikftop N toZpt) /4
J0 6372 2 0= v 0/Rg R ' .

The first line of Eq. (2.40) can be integrated explicitly [the details of which are provided in

Appendix C; see also Biihler (2009)], and is equal to

1m? w? A%
2 k2 cgp Ry + 1’

equivalent to setting z = 0 in Eq. (C.3).

The integral in second line of Eq. (2.40) cannot be integrated explicitly on account of
the singularities along ¢, - & = 0. Hence, this integral must be evaluated numerically using
the procedure described in Sec. 3.3.1. To proceed analytically, for convenience we recast the
singular integrand in terms of nondimensional variables kK = ok, A= oyA, and i = o1, SO
that the corresponding integral is written Cq% ng Idrk, where

N2~ (R24+X2+2) /4

(RZR2 + N2)[1 — Rz (k/m)(fu/R)]

I =1(R;Ry,R., k/m) =

in which R, = 0,/0, is the wave packet vertical aspect ratio. Together with Eq. (2.40), the

critical amplitude for self-acceleration instability is

~ E2 w2 £2 -1/2
Agp = " - =0 IdF : 2.41
oA V21 |m| “ |:Ry +1  8m3/2 /R3 R] (2:41)

Curves of marginal stability corresponding to Eq. (2.41) for spanwise aspect ratios R, = 1,
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1/4, and 4 (with o, = 0, = 10k™! fixed) are shown in Fig. 2.2 as the solid, dashed, and
dotted blue curves, respectively. In practice, these curves were plotted by first computing
Agp using Eq. (2.39) with ugr(0) taken from a selection of simulation outputs at ¢t = 0, and
interpolating between them using cubic splines. The interpolation is more obvious in the kinks
in the solid and dotted blue curves in Fig. 2.2(b) at © = 89°. Note that it was not feasible
computationally to obtain Ags at © = 89° for R, = 1/4, and so the dashed blue curve in

Fig. 2.2(b) is likely an underestimate.

2.3.4 Stratified shear instability

Strongly hydrostatic internal gravity waves have phase lines that are oriented nearly horizon-
tally. Consequently, the motion of adjacent velocity crests and troughs resembles locally an
(approximately) parallel shear flow. It is natural to ask whether shear (Kelvin—Helmholtz)
instability can develop at the inflection point where velocity crests and troughs meet. The
shear stability of a truly parallel shear flow U = U(z), with stratification described by the
buoyancy frequency N (not necessarily constant), restricted to the xz-plane is characterized
by the gradient Richardson number (e.g., Drazin and Reid, 1981),

N2

Riy = W

(2.42)

Internal gravity waves that are influenced by rotation are not restricted to propagate in the
xz-plane, and so it is necessary to incorporate into the definition of the gradient Richardson
number the shear associated with v and v. However, a definition of such a gradient Richardson
number remains elusive: the definition in Eq. (2.42) emerges from an analysis of the Taylor—
Goldstein equation (Taylor, 1931; Goldstein, 1931), which describes the linear dynamics of
Kelvin—Helmholtz instability for stratified shear flows in two dimensions. Crucially, a search
of existing literature suggests that an analogous equation describing the dynamics in three
dimensions under the same assumptions has not been derived, from which an analogous
gradient Richardson number might emerge naturally. As this nontrivial task appears not to
have been attempted, there is to date no unambiguous definition of the corresponding gradient
Richardson number.

In the absence of a rigorously derived definition of Ri, for three-dimensional rotating
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flows, various authors have somewhat heuristically adopted physically reasonable definitions.
For example, Fritts and Rastogi (1985) and Achatz (2007) defined Riy using the squared
magnitude of the vertical shear vector, ||(0,u,d.v)||? = (Ou/dz)? + (0v/0z)%. Their results
suggested strongly hydrostatic waves favour the development of shear instability as opposed
to convective instability.

We model the local velocity shear by the vertical gradient of the magnitude of the horizontal
velocity vector, ||(u,v)| = vuZ + v2, rather than the magnitude of the shear vector, so that

the gradient Richardson number is defined by

NZ + AN? Nok 121 (1—agsing)[(w? — f2)sin® o + f2]
)

i, = = = ) C (243)
’ (%H(u,v)\l)z [m(wQ -] o sin? o cos? @

=2(p)
where we have modelled the effect of stratification by considering the total squared buoyancy,
given by Eq. (2.35), we used the leading-order polarization relations (cf. Table 2.1) on the
right-hand side, and we defined ag := |mA]|.
Because we wish to investigate shear instability between adjacent crests and troughs, we

proceed to determine min Rig, corresponding to critical values ¢, satisfying

©
dRi Nok  1?d®
g _ 0 | = =0, (2.44)
de — |m(w?— f5)] de
where
d®(p) —2apw? sin® ¢ + 2w? sin? ¢ — apw? sin® ¢ cos? ¢ + ag f2 sin p cos* p — 212 cos*
de sin® ¢ cos3 ¢

= —sec? pcsc? cp{ozo(w2 — f2)sin® o — 2(w? — £2)sin? @ 4+ ag(w? + 2fF) sin®
—4f§sin2cp — aofgsingo—i—Qfg}.

This equation relates . and ag for a fixed k/m and fy. A second relation is found by setting
Rig = 1/4 in Eq. (2.43) as a threshold for instability (Miles, 1961; Howard, 1961), which
together with Eq. (2.44) forms a closed system of equations that has no analytically tractable
solution. Therefore, solutions were found numerically for a broad range of m/k and with
fo = 0.01Vy fixed, and from these the critical amplitude Aspr was found. The results are

plotted as the solid red curve in Fig. 2.2(b).
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2.3.4.1 Comparison and analysis of gradient Richardson numbers

For comparison, the minimization procedure described above may be performed analytically
if one considers the definition of Ri, used by Fritts and Rastogi (1985) and (Achatz, 2007),
for which

Nok\? 1 1 — agsi
Rig:< 0 ) = ek (2.45)

2.2 2 2 in2 50
m ) agw?cos? g+ fisin® e

dRi; <N0k>2100590[a0(w2 — f3)sin® ¢ — 2(w? — f2) sinp + w?ay]

2

2.46
al (w2 cos? p + f2sin? p)? (246)

m

Setting dRiy/dp = 0 in Eq. (2.46) yields four distinct candidates for ¢., which can be recast
in terms of sin .. From cos ¢, = 0 we have sin ¢, = £1, and from the term in square brackets

in Eq. (2.46) we have

14+ 1— 2,,2 2 _ 2
sin g, = V1 - age?/(w fo). (2.47)
&)

Setting Riy = 1/4 in Eq. (2.45), using cos ¢, = 0 and sin¢. = £1 on the right-hand side,

and rearranging the resulting expression for aq as a function of m/k gives

s (RO Oy

where we have added (as opposed to subtracted) the radical term arising from the use of

the quadratic formula, thus ensuring ag £ 0. The choice of F corresponds to sinp, = +1.
In particular, taking sin@. = 1 restricts the wave amplitudes to 0 < o < 1 for all |m/k|,
corresponding to waves that are of smaller amplitude than that predicted for overturning by
Eq. (2.36). The corresponding curve of marginal stability is shown in Fig. 2.2(b) as the dashed
red curve.

The alternative choice of ., given implicitly by Eq. (2.47), leads to unphysical results.
This is shown by first setting Ri; = 1/4 in Eq. (2.45) and using Eq. (2.47) to find % =
$(Nok/m)?/[(w? — f2)(1 £ V/d)], where d is the discriminant in Eq. (2.47). Solving for ay

gives

Nok Nok\? 1
a0:2—0 1_<0>

wm m ) w?— f&
Because o € R, shear instability cannot develop if 1 — (Nok/m)?/(w? — f2) < 0, or equiva-

lently, if NZk? + fdm? > 0, which is always true.
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Because the solid red curve lies above the curves corresponding to static and convective
instability, our definition of Ri, given by Eq. (2.43) predicts that strongly hydrostatic waves
are always overturning before attaining sufficiently large amplitudes to become shear-unstable.
This counterintuitive prediction may be established analytically by evaluating Eq. (2.43) for
a wave on the cusp of overturning, for which ap = 1 according to Eq. (2.36). Defining for

convenience the nonnegative constants f2 = f2/(w? — f2) and k? == k?/m?, Eq. (2.43) is

Ri NZ(1+ k%) 1 (1 — agsing)(sin® ¢ + f2)
ig = —

)

Ng — f2 o sin? ¢ cos? ¢
having used w? — f3 = k2(Ng — f2)/(1 + k?) in the leading coefficient. It follows that

NZ (14 k?)(1 —sing)(sin® ¢ + f2) - 1+ k2

1
Ri = , =
g Ng — f2 sin? (1 — sin? p) 1+sing — 2

(14 k2) > % (2.49)

ap=1
where we used sin? ¢/ sin? ¢ = 1, which remains finite even as the denominator sin¢ — 0,
corresponding to the fact that shear tends locally to zero at the point in the phase where the
wave approaches overturning.
The analytical bound obtained in Eq. (2.49) has been established previously by Gossard
et al. (1971), who used an alternative definition of Rig. These independent analyses suggest a
strongly hydrostatic internal gravity wave will remain shear stable until attaining its critical
amplitude for overturning. Further amplitude growth to ag > 1 drives Ri, to jump below zero
discontinuously. This disparity between our predictions and those of Fritts and Rastogi (1985)
and Achatz (2007) suggests that the shear between adjacent crests and troughs of a strongly
hydrostatic internal gravity wave cannot alone induce a shear instability of sufficient strength
to drive a wave to overturn (Gossard et al., 1971; Klostermeyer, 1991). This prediction is
investigated in Chapter 4 using the results of fully nonlinear numerical simulations, described

in Chapter 3.
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CHAPTER 3

Numerical methods

A rudimentary fully nonlinear code (i.e., one solving the fully nonlinear governing equations)
for three-dimensional Bousinesq internal gravity wave packets without rotation was provided
by Dr. Bruce Sutherland. The core of the code used the numerical algorithms of Press et al.
(2007). T enabled the functionality within this code to simulate wave packets in a rotating fluid;
wrote a faster and more memory-efficient subroutine to superimpose the initial Bretherton flow
onto the wave packet; and, performed a loop-level parallelization using OpenMP. A further
increase in speed was achieved by preallocating en masse the memory for data arrays needed
by the most heavily used subroutines (as suggested by postdoctoral researcher Dr. David
Deepwell), as opposed to allocating and deallocating memory dynamically once each per
function call as was done in the rudimentary code. I upgraded the time-stepping routine
from a second-order leapfrog to a third-order Runge-Kutta scheme, and I wrote the code to
diagnose whether waves are shear unstable.

This rotation-enabled and parallelized code became the first of, and basis for, a suite of
three successively generalized codes used for the projects reported on in this thesis. All three
fully nonlinear codes were written in C.

All simulations were run in parallel on either the Béluga, Cedar, Graham, or Narval high-
performance computing (HPC) clusters operated by the Digital Research Alliance of Canada

(formerly Compute Canada). A typical simulation used between 8 and 64 cores, the latter
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being the effective maximum number of cores available on a single shared memory node on
the aforementioned clusters.

A typical simulation required a total execution time of O(100— 1000) core-hours; to reduce
the amount of time a simulation might wait in the submission queue, Dr. Deepwell suggested
to submit recursively each simulation, with each submission requesting a relatively short
execution time (usually 3, 6, 12, or 24 hours). To that end, to accelerate the periodic check-
pointing step, I implemented parallel reading and writing of the input and output data [often
of O(10 —100) gigabytes] needed to restart a simulation. This was accomplished by subdivid-
ing the single file (used previously in the rudimentary code) containing the checkpoint data
into multiple files each representing part of a field in a subset of the total physical domain.
A key danger in this approach was the risk that the requested execution time might expire
during the crucial step of writing the checkpoint data, which would result catastrophically in
the inability to restart a simulation. To guard against this, I introduced in the code a runtime
self-diagnostic that timed each iteration of the main loop (which advanced the fields by one
nondimensional time unit per iteration). The program exited if the remaining execution time

was less than the duration of the longest loop plus a heuristically chosen factor of 10%.

3.1 Governing equations

The fully nonlinear code solved the incompressible Navier—Stokes equations with rotation
under the Boussinesq approximation. Without explicitly separating the wave fields into their
perturbation and induced-mean flow components, the prognostic equations for the horizontal
components of velocity and internal energy conservation (in which vertical displacement is

used as a proxy for perturbation mass density) in flux form are given dimensionally by

Ou __10p _v.

G- py oz + fov — V- (uu) + vQu, (3.1)
v 10p

E = %aiy fOU V- (Uu) + V@’U, (32)
o€

vV (§u) + K, (3.3)
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where u = (u,v,w) is the velocity vector, £ is vertical displacement, related to perturbation
mass density by £ = —p/p, and fj is the Coriolis parameter. The constants v and « are the
kinematic viscosity and thermal diffusivity, respectively, and Z is a scale-specific Laplacianlike
diffusion operator that acted on all spanwise and vertical wavenumbers, but only on horizontal
wavenumbers greater than a specified ‘viscous diffusion cutoff wavenumber,” k4. Although
these terms were excluded when we considered inviscid wave theory in Chapter 2, they are
included here to assist with numerical stability by damping small-scale (high-wavenumber)
numerical noise while not acting to attenuate the waves.

The system of equations Egs. (3.1)—(3.3) is closed by the inclusion of the following diag-

nostic equations® for dynamic pressure and vertical velocity:

20,2 20,2 20,12 2 2 2
ivzp:_a(u)_i_a(v)_i_a(w) _28(uv) 0% (uw)  0°(vw)
00 0x2 Oy? 022 Oxdy 0x0z OyOz (3.4)
(o) a0 |
Noy  ox 09z
ow ou Ov

The Poisson equation for dynamic pressure p is found by taking the divergence of the mo-
mentum equations and invoking the incompressibility condition V - u = 0 to eliminate the
time derivative terms. The diagnostic equation for vertical velocity is equivalent to the incom-
pressibility condition. Therefore, incompressibility is enforced numerically both implicitly by

Eq. (3.4) and explicitly by Eq. (3.5).

3.2 Discretization, grid generation, and resolution

The relative scales for space and time variables were set by fixing Ng = 1 and k = 1 (with
arbitrary units of inverse time and inverse length, respectively). The physical domain was
of size L, x Ly x L, and was triply periodic. The domain was set to be large enough that
self-interaction of the waves across the periodic boundaries would be negligible over the dura-
tion of a simulation (either the default maximum simulation duration, tmax = 100/Np, or the

first instance of diagnosed wave overturning, tor, after which the code became numerically

*In this context, diagnostic refers to the lack of explicit time derivative term, unlike the prognostic equations,
Egs. (3.1)—(3.3), which must be advanced in time.
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unstable and results were of no interest). In particular, the streamwise and vertical dimen-
sions were set by specifying the number of wavelengths n, , and ny . that span L, and L,

respectively. Hence

27
La: = ?nw,x’

2
L, = —ﬂ-nwz.
Im|

A typical streamwise domain size was set by specifying ny , = 64. The vertical domain size
varied from one simulation to another, but the bounds on this range were set by specifying
Nw.e = 8 for nonhydrostatic wave packets, up to ny, ., = 128 for the most strongly hydrostatic
simulated wave packets.

The minimum number of (evenly spaced) grid points needed to resolve one wavelength
of a sinusoidal oscillation—containing one crest, one trough, two roots, and the curvature
between them—is eight. Higher resolution is desirable, with multiples of eight grid points
per wavelength ideally. Typically, the streamwise and vertical dimensions were discretized so
that 16 and 32 grid points spanned one wavelength in the respective directions. The spanwise
domain size and resolution were specified directly, because our coordinate system was oriented

such that there was no wave propagation in the spanwise direction. Typically,

and this was discretized by n, = 256 evenly spaced grid points. Therefore, the physical
computational mesh consisted of the set of colocated nodes {x;};”, x {yj}?io x {2k} o

where

T

T = 5 + iAx,
L .

yj =5 +ily,
L

2 = —72 + kAz,

separated by the constant increments of length Ax = L, /n,, Ay = Ly/ny, and Az =L, /n..
The number of points in the streamwise and vertical directions, n, and n,, varied from one

simulation to another (the values for specific simulations are provided in Chapter 4). In all
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cases, however, n, and n, were defined as the product of the number of wavelengths times
the number of grid points per wavelength in the respective directions, and were always equal
to a (positive) integer power of two. This last requirement was crucial in order to represent
efficiently the wave fields by their Fourier spectra, as described below.

Because wave packets exist generally as a superposition of a spectrum of waves, and because
the physical domain was periodic in each direction, the Fourier spectral method is a natural
choice to represent the simulated wave packets. Given a periodic function defined on a (one-
dimensional) mesh, say n : {z;} — R"" i = 0,...,n, n(zo) = n(z,) (with n assumed
even and not necessarily equal to ng), the discrete Fourier transform (e.g. Press et al., 2007)
returns the complex amplitude spectrum 7, for a corresponding set of Fourier modes {ky,}.
Because 7; = n(x;) was real, the spectrum has Hermitian symmetry property 7_, = 7,
where the asterisk denotes the complex conjugate. Hence, the spectrum 7 needs only to
contain 1+ n/2 nonnegative wavenumber components. Hermitian symmetry is not exploited
in this code when performing the discrete Fourier transform in multiple dimensions: the three-
dimensional Fourier transform consists essentially of three iterated Fourier transforms, with
those in the y- and z-directions acting on the full set of complex data resulting from the
previous transform.

Setting n;, ny, and n, to be powers of two enables the use of the fast Fourier transform
(Cooley and Tukey, 1965; Press et al., 2007), which efficiently performs the one-dimensional
discrete Fourier transform in O(nlogyn) operations—a substantial improvement compared
to O(n?) operations for arbitrary n € N when n is relatively large. With the fast Fourier
transform method in mind, the Fourier spectral domain was discretized in the streamwise
direction by 1+ n,/2 Fourier modes, k,, = nAk, separated by an increment of Ax = 27 /L,.
In the spanwise and vertical directions, the Fourier spectral domain was discretized by 1+ n,
and 1 + n, Fourier modes, Ay = (¢ — ny/2)AX and p,, = (m — n;/2)Ap, separated by the
increments A\ = 2m /L, and Ap = 27w /L, respectively.

Under the discrete Fourier transform, partial differentiation with respect to a spatial vari-

able is equivalent to multiplication by Fourier modes according to

d .
9z 7 #ns (3.6)
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0 .
87:1/ — Z)\g, (37)

0 .
5, " hm, (3.8)

so that differentiation is a relatively computationally inexpensive operation. (Note that i
is the imaginary unit here, and not an integer index.) Integration in spectral space, being
equivalent to division by Fourier modes, is equally straightforward.

One disadvantage of the fast Fourier transform method is that the smallest increase in
resolution in a given direction necessarily doubles the memory requirement for a large number
of three-dimensional arrays used by the code. A typical simulation running on an HPC cluster
used a moderate proportion of the memory available on a single general-purpose compute
node; doubling resolution was found in most cases to exceed the available memory. The
compute clusters operated by the Digital Research Alliance of Canada (formerly Compute
Canada, at the time these simulations were performed) had a small number of large-memory
nodes but these were found to be in such high demand that queuing for their use was not a
productive use of time. Another alternative was to fundamentally rewrite the code to abandon
the use of the shared-memory paradigm (i.e., OpenMP, which restricts the code to run on a
single compute node) in favour of a distributed-memory paradigm (i.e., MPI). However, this
gargantuan undertaking was deemed not to be feasible.

For these reasons, only a very restrictive set of domain size and resolution tests could be
performed with relatively small simulations of nonhydrostatic wave packets. A series of such
tests was performed using a domain of size 2L, x 2L, x 2L, but with no change in resolution,
and with a domain of size L, x L, x L. but with the resolution doubled in each direction.
Domain size was found to have no significant qualitative or quantitative effects on the results;
resolution doubling resulted in wave overturning diagnosed at most one buoyancy period,
Tp = 27w /Ny, earlier than in the reference simulation. It was assumed that similar results
would emerge if the same tests could be performed with simulations of hydrostatic waves.
All this is to say that the values of n;, ny, and n, for specific simulations reported on in

Chapter 4 represent highest practical resolution available.
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3.3 Initialization

All simulations were initialized in physical space with a trivariate Gaussian wave packet whose

vertical displacement field was prescribed at leading- and first-order to be

&(x,y,2,0) = A(z,y, 2,0) [cos(ka: +mz) + B <3:2 - k22> sin(kx + mz)] .
O’w UZ

The constant 3, is given by Eq. (2.25a), and the initial amplitude envelope was given by

Eq. (2.32), reproduced here for convenience:

1/a2 2 22
A(xvyazao):AoeXp[_2<0_2+O_2+O_2>:|7 (3.9)
T y z

in which Ay is the peak vertical displacement, and o, 0y, and o, are the wave packet extents
in the streamwise, spanwise, and vertical directions, respectively. Vertical displacement was
chosen as this is a physically intuitive quantity, and its Gaussian amplitude envelope was
chosen for convenience.

Using the envelope given by Eq. (3.9), the horizontal components of velocity u(zx,y, z,0)

((]1) and v(()l) from linear

(1)

theory, given in the centre column of Table 2.1. The respective O(alel) corrections, uj’ and

o,

and v(z,y, z,0) were initialized using the polarization relations for

given in the right column of Table 2.1, were superimposed onto the leading-order fields.

Explicitly,

m foy\ .
u(z,y,2,0) = —A(x,y, z, O)k:{ (w + k0§> sin(kz + mz)
x w z w k
- [U% <ng T wﬂx> + aé <ng + o wmﬁmﬂ cos(kx + mz)},
m Wy
v($’ Y, =, 0) = A(az,y7 Z, O)k{ <f0 B k‘ﬁ) COS(kx * mZ)

+ %(1 + kB:) (:2 - lez) sin(kz + mz)}

It was necessary to include the respective first-order corrections when initializing the per-
turbation fields, as the O(alel) fields account for the finite extent of the wave packet on
scales that are intermediate between the linear wave fields and the quadratically nonlinear

wave-induced mean flow field.
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3.3.1 Wave-induced mean flow

The predicted initial Bretherton flow was initialized in spectral space and inverse fast Fourier
transformed before being superimposed onto the initial horizontal velocity field. The initial

Bretherton flow in physical space was predicted by Eq. (2.31), reproduced here:

=572 | .o\l T Al2e™**dk d\d 1
LBF] 2 k% Jgs k24 N2 <ch To ¢y k) |-k |[Al?e k Hbs (3.10)
where
|j—4|\2 = maxayazflge_(‘7326”2"‘”5)‘24'03#2)/4
T

is the three-dimensional Fourier transform of the square of the initial Gaussian envelope given
by Eq. (3.9).

It was physically necessary to include the Bretherton flow when initializing the horizontal
velocity fields of wave packets whose initial amplitude was large enough that the waves were
subject to weakly nonlinear interactions with their wave-induced mean flow initially. Previous
studies of wave packet evolution have examined the role of the initial wave-induced mean
flow: neglecting to superimpose the predicted initial induced mean flow was found to result
in an unphysical “error flow” (van den Bremer and Sutherland, 2018), “deficit” (Dosser and
Sutherland, 2011), or generally a residual steady flow that remained at the initial wave packet
location, and was of equal magnitude but opposite sign of the predicted induced mean flow
(van den Bremer and Sutherland, 2014; Sutherland et al., 2020). Although it is not necessary
to superimpose the Bretherton flow on initially small-amplitude wave packets (in which case
the Bretherton flow, being quadratic in amplitude, is of negligible magnitude), in order to
ensure consistency across the simulations reported on in Chapter 4, all wave packets were
initialized to include their Bretherton flow.

One nontrivial aspect of the numerical implementation of the initial Bretherton flow is
the presence of singularities in spectral space in the integrand of Eq. (3.10). The singularity
K24+ X2 =0 k = X\ = 0 arises from the Fourier transform of the horizontal Laplacian
operator. In order to integrate over this singularity, we appeal to physical insight: the Fourier
mode k = 0 (A = 0) corresponds to a ‘wave’ in the limit of an infinitely long streamwise

(spanwise) wavelength, i.e., a constant value for all z (y). Because the Bretherton flow is
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a localized response to a forcing by the waves within the wave packet, and hence is of zero
magnitude far from the wave packet, this constant value must also be zero. Therefore, when
initializing the Bretherton flow numerically, the array entries corresponding to the discrete
Fourier mode k,, = Ay = 0 (for all p,,) were set to zero.

The singularity ¢, - K = cgzk + gzt = 0 & Kk = % w arises from the Fourier transform of
the operator ¢, - V. To integrate over this singularity, we appeal to Hermitian symmetry in
the streamwise spectrum, i.e., £ > 0 (as this was the first direction in which the fast Fourier
transform was applied in practice). Because we assumed the wave packet propagates upward
and rightward initially, & > 0 and m < 0, and so %u >0 = p < 0. Hence, for a fixed
A, it follows that k = %,u is a curve of singularities in the xpu-quarter-plane with pu < 0.
Using symmetry about the x-axis at time ¢t = 0 (for a fixed )\), the array entries containing
the spectral amplitudes of the Bretherton flow along the (discretized) curve of singularities
were overwritten with their respective complex conjugates. In practice, the array entries
corresponding to singularities were identified by (cgpkn + Cg2ptm)/No < €, for fixed A,. We
somewhat arbitrarily set ¢ = 10710,

Before the above procedure was discovered (when the suite of simulations for this project
was well underway), array entries were instead set to zero along the discretized curve of
singularities corresponding to ¢, - K = 0. This missing spectral information manifested as an
unphysical small amplitude beam of negative induced mean flow oriented diagonally across
the xz-plane and passing through the wave packet. Comparisons of simulations initializing
the Bretherton flow with and without the above procedure revealed that the beam had no

quantitative effect on the solutions.

3.4 Advection and temporal advancement

At a given time step, the code first diagnosed the vertical velocity by integrating Eq. (3.5) in
spectral space. Explicitly,

1 . N
- (/{nun + )\KUn)a Hm 7‘& 0
U =4 Hm
n

0, pm =0,

o1



in which we used Egs. (3.6)—(3.8) and the caret denotes that the underlying quantity has been
fast Fourier transformed. The vector index n = (n, ¢, m) denotes the field’s functional depen-
dence on the Fourier modes k,,, Ay, and . The p,, = 0 component of wy,, corresponding to
the mean perturbation vertical velocity, was set to zero on physical grounds.

The code then proceeded to build the forcing, Fp, on the right-hand side of the Pois-

son equation for dynamic pressure. Explicitly, Fourier transforming the right-hand side of

Eq. (3.4) yields

A

By = K2(02)n + N (02)n + 122, (02)n + 2| Ao () + Fo o () + At (70 |

— ifo(Mplim — Knin) — iNZfimén.

The linear contribution to this forcing was computed directly in spectral space. The nonlinear
contribution was computed by convolving the linear velocity fields and differentiating the
results. The convolution was performed by inverse fast Fourier transforming the input fields,
multiplying entry-wise the arrays containing the physical fields, and fast Fourier transforming
the result. The dynamic pressure field (divided by pg) was then given by

1 .
L) e e Aeim) 20,00,

—Pn = (3.11)
0, (’{na)‘b#m) = (07070)’

Po
where the (kn, A¢, i) = (0,0,0) component of py, corresponding to the mean pressure per-
turbation averaged over the entire domain, was set to zero on physical grounds.
With the diagnostic fields in place, the code proceeded to compute the time derivatives
of the prognostic fields, denoted by lin, On, and fn, according to the Fourier-transformed

right-hand sides of Eqs. (3.1)-(3.3). Explicitly,

i = —ikn 2 4 ot — [ (@)a + (@ T L 24 12

Un 1Kn p” + foUn z[ﬁn(u Jn + Ae(uv)n + um(uw)n] + Re@un, (3.12)

in = —inDE o — [ @)+ M)+ i ()| + 2= P (3.13)
Po Re ’

i . ) — — — 1 ~

bn = i — 1[50 () + M) + pin ()] + 1= T, (314

where the quadratic products of perturbation fields were retained from the pressure calculation

step, and the coefficients on the diffusion terms are given explicitly in terms of the Reynolds
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and Prandtl numbers, Re := Ny/(k?v) = 1000 and Pr := v/k = 1, respectively, following
the scaling of Egs. (3.1)—(3.3) by the relative time and space scales Ny and k. The scale-
specific diffusion operator & acted on the perturbation fields, denoted generically here by 7y,
according to

D = _(H% + )‘% + U?Qn)ﬁna Kn 2 Kd,

where the viscous diffusion cutoff wavenumber was set to kg = Kao57.

The perturbation fields were advanced in time using the third-order accurate, low-storage
Williamson-Runge-Kutta (WRK3) scheme (Williamson, 1980; Durran, 2010). Denote by
W = (@%, ol Afl) the state of the perturbation fields at time step t; = to + jAt. Denote by
1;1172 = F(ﬁjlﬁ,tﬁ’z) = (&i}ﬂ,f}ﬁfﬁ, ?’11,2) two vectors of dummy fields defined by the right-hand
sides of Egs. (3.12)—(3.14) at times corresponding to successive Runge-Kutta substeps j; and
j2- To advance the perturbation fields by one At, the WRK3 scheme proceeds by executing

the following six-step procedure:

. A . N X At .

) F(W, 1)) by W+ (3.15a,b)
. R 5 5 5 15At ;

g < F(oy,tjy1/3) — g P2) < by + g (3.15¢,d)
o 153 . A . 8At.

W < F(P9):tjis/12) — 128 22 Ujq1 < Q) + -5 W (3.15e,f)

where (Aﬁ(l) and (Aﬁ(z) are vectors of intermediate temporary fields. In practice, these fields were
written to the 1st and 2nd three-dimensional subarrays of the four-dimensional arrays allo-
cated for each of 4, 0, and f , thus realizing an additional memory savings. For all simulations,
the time step was taken to be the small increment At = 0.05N, 1. Results of test simula-
tions (not shown) using a time step of At = 0.025N; ! revealed no significant qualitative or
quantitative differences.

The WRK3 scheme offers an O(At?) improvement over the rudimentary code’s second-
order leapfrog scheme: this latter scheme suffers from a spurious numerical mode, leading to
so-called ‘splitting’ errors, for which there are two commonly used remedies (Williams, 2009).
(1) The effects of splitting errors may be reduced by performing periodically an Euler backstep,
which consists of integrating the equations backward in time by one At and averaging the

forward- and backward-integrated results. Although computationally straightforward, this
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approach reduces the accuracy of the leapfrog scheme effectively to that of the Euler scheme,
namely, O(At). (2) An alternative approach is to apply the so-called Robert—Asselin time
filter (Robert, 1966; Asselin, 1972), which displaces the second of three consecutive (in time)
function values, so as to reduce the curvature between the three values. This filter was found
by Williams (2009) to damp the nonphysical mode while reducing the accuracy of the leapfrog
scheme. A modified filter proposed by Williams (2009) and applied to the time integration
of Egs. (3.12)—(3.14) was found to act on scales comparable to the Bretherton flow, resulting
in significant qualitative differences to the induced flow. For these reasons, backstepping and

filtering approaches were abandoned in favour of the WRK3 scheme.

o4



CHAPTER 4

Results and discussion

In this chapter we examine for which initial vertical displacement amplitudes fully localized
wave packets eventually overturn, and characterize the physical mechanisms responsible. A
series of numerical simulations were performed to diagnose the time of wave overturning for
a range of initial amplitudes, relative vertical wavenumbers, and wave packet aspect ratios.
In particular, simulations evolved wave packets with initial vertical displacement amplitudes
between Ay = 0.03k~! ~ 0.005)\, and Ag = 1.2k~ ~ 0.19)\,, and relative vertical wavenum-
bers between m = —0.2k and m = —11.4k (with the spanwise wavenumber ¢ = 0 fixed for all
simulations). Thus our simulations spanned a range of small and moderately large amplitude,
strongly nonhydrostatic and hydrostatic upward-propagating wave packets. The range of rel-
ative vertical wavenumbers corresponds to waves whose lines of constant phase made angles
O = tan~! |m/k| = 11° and © = 85° to the vertical, respectively. The Coriolis parameter was
set to fo = 0.01Ny for all simulations (unless otherwise noted), as this is a typical value in
the midlatitudes of interest. The vertical extent of the wave packet was set to o, = 10k~!
for all simulations. With this value of o,, we configure the geometry of round wave packets
(which are of primary interest in this chapter), by setting o, = 0, = 0,. For comparison,
selected combinations of initial amplitude and relative vertical wavenumber were simulated
for long wave packets, for which we set o, = 40, = 40, and wide wave packets, for which

we set o, = iay = o,. A subset of the full suite of simulations is discussed in detail in this
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D Aok AiOT AAOOT ™| © R, LykxLk ny,xn, RT Nylor
NHI 05 010 124 02 11° 1 200.0x251.3 256x256 196 49
NH2 035 007 08 02 11° 1 200.0x251.3 256x256 332 111
NH3 02 004 049 0.2 11° 1 200.0x251.3 256x256 631  —
NH4 04 028 052 07 35° 1/4 400.0x143.6 512x512 778 32
NH5 05 035 0.65 0.7 35 1/4 400.0x143.6 512x512 58 25
NH6 04 028 026 0.7 35° 400.0 x 143.6  512x 512 734 29
NH7 04 028 040 0.7 35° 200.0 x 143.6 256 x 512 264 32
NHS 0.6 042 060 0.7 35° 200.0 x 143.6 256 x 512 224 21

4
1
1
NH9~ 0.2 040 024 20 63° 1 200.0x100.5 256 x 1024 909 39
1
1
1

H1 0.08 091 043 114 85° 200.0 x 70.5 256 x 4096 4896 45
H1t 0.08 091 043 114 8bh° 200.0 x 70.5 256 x 4096 4108 40
H2 0.15 0.81 039 54 80° 200.0 x 74.5 256 x 2048 1562 32
H3 0.15 0.81 048 54 80° 1/4 400.0x 74.5 512 x 2048 3200 32
H4 0.15 0.81 025 54 80° 4 400.0 x 74.5 512 x 2048 3144 32

Table 4.1: Initial conditions, domain size and resolution, and output diagnostics from the subset of the
fully nonlinear numerical simulations discussed or explicitly mentioned in-text. Columns are: simulation 1D,
vertical displacement amplitude nondimensionalized by k and as a fraction of the predicted amplitudes for
static and self-acceleration instability [given by Egs. (2.36) and (2.41), respectively, where Ay = Ay/\,],
absolute relative vertical wavenumber |m/k| and corresponding © = tan~!|m/k| [deg], spanwise aspect
ratio R, = 0, /0y, spanwise x vertical domain size L,k x L,k and resolution n, x n,, approximate simu-
lation runtime (RT) in core-hours, and diagnosed overturning time Notot. IDs with a superscript — or +
sign respectively denote simulations performed with fy = —0.05N and 4+0.05Ny. All simulations used a
streamwise domain of length L,k = 402.1 resolved by n, = 1024 grid points.

chapter. The initial conditions, domain size and resolution, and select output diagnostics of

each simulation explicitly discussed or mentioned in-text are summarized in Table 4.1.

4.1 Evolution of a nonhydrostatic wave packet

Snapshots of the evolution of a round moderately large amplitude nonhydrostatic wave packet
initialized with Ag = 0.5k~! and m = —0.2k (NH1 in Table 4.1) are shown in Fig. 4.1. The top
row shows cross sections of the streamwise velocity field @ = u/(Np/k) through the horizontal
plane z = cy4.t, and the bottom row shows cross sections of the vertical displacement field

€ = k¢ through the vertical plane y = 0. The white cross in each panel indicates the centre
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Figure 4.1: Snapshots of the streamwise velocity field & = u/(No/k) through the horizontal plane z = ¢, t
(a—c) and of the vertical displacement field € = k¢ through the vertical plane y = 0 (d—f) of a round,
moderately large amplitude, nonhydrostatic wave packet initialized with Ay = 0.5k~! and m = —0.2k
(NH1). Images have been cropped to focus on the region of the domain containing the wave packet,
and resolution was enhanced in postprocessing. The white crosses indicate the centre of the wave packet
predicted by linear theory, and the black curves in the bottom row represent isopycnal surfaces.

of the wave packet predicted using linear theory, and the black curves in the bottom row
represent isopycnal surfaces. The times shown in each column are representative of the wave
packet at early, midlife, and near-overturning stages of its evolution.

The wave packet was initially of such large amplitude as to be unstable to self-acceleration,
predicted using Eq. (2.41). This instability is evident in Fig. 4.1(b,c), as crests near the
centre of the wave packet begin to merge with—and eventually overtake—troughs, owing
to the magnitude of the induced mean flow there: max{ugr|i—25/n,} ~ 0.09No/k > cgo =
0.04Ny/k. The dipolelike horizontal structure of the Bretherton flow causes the symmetric
deformation of the wave crests about the kx-axis [e.g., Fig. 4.1(b)]. The assumed Gaussian
vertical structure of the Bretherton flow is similarly responsible for the asymmetric phase
shift seen in the corresponding vertical cross section of & [Fig. 4.1(e)]: as an individual crest

propagates downward toward the vertical centre of the wave packet, hence toward the region
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of strongest positive induced mean flow, the part of the phase nearest max{ugr} is advected
differentially, resulting in an apparent steepening of phase lines just above the centre of the
wave packet, and a flattening of the phase lines below. Qualitatively similar behaviour was
observed by Sutherland (2001) in his study of one- and two-dimensional wave packets, who
identified this behaviour as resulting from self-acceleration.

Shortly before overturning [Fig. 4.1(f)], the wave evolution is dominated by nonlinear
effects: the peak vertical displacement has nearly doubled to max{é lt=45/N, } = 0.99 from its
initial value of 0.5, while streamwise and vertical asymmetry of isopycnal surfaces develops
owing to interactions between the waves and the induced mean flow. Isopycnals near the
centre of the wave packet show the steepening of wave fronts as a result of nonlinear amplitude
growth. The wave packet continued to evolve nonlinearly until overturning at ¢t = 49/Ny and
ultimately breaking at ¢ = 56/Ny. Turbulent wave breaking evolves on a range of spatial
scales, a significant subrange of which lies below the smallest spatial scale resolved by the
numerical code. The convective instabilities associated with breaking wave lead to the rapid
growth of gridscale features that drove the code to numerical instability, at which time the
simulation ended automatically.

The phase steepening and flattening behaviour characterized above as resulting from self-
acceleration was likewise observed for nonhydrostatic wave packets (not shown) with initial
amplitudes well below those predicted for the onset of self-acceleration. The phase defor-
mations result from a local Doppler shift in wave frequency, increasing (decreasing) above
(below) the centre of the wave packet. Hence nonhydrostatic waves generally evolved under
the effects of modulational instability (stability), and so we find that the critical amplitude
for self-acceleration poorly predicted the initial amplitude for which most nonhydrostatic
waves eventually overturned. Sutherland (2001) similarly found that horizontal modulations
of two-dimensional wave packets resulted generally in poorer agreement between the pre-
dicted amplitude for self-acceleration and simulation results (compared to the relatively good

agreement found for one-dimensional wave packets).
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4.2 Evolution of a strongly hydrostatic wave packet

Snapshots of the evolution of a round strongly hydrostatic wave packet initialized with
m = —11.4k and Ay = 0.08k~! (H1) are shown in Fig. 4.2. The top and bottom rows
are as in Fig. 4.1. The times shown in each column are representative of the wave packet
at early, pre-, and postoverturning times. From initialization through the majority of their
evolution, the waves exhibit behaviour qualitatively similar to the evolution at early times of
nonhydrostatic waves. In particular, the induced mean flow advects differentially the waves
near the centre of the wave packet [Fig. 4.2(b)]. The associated phase changes observed in the
nonhydrostatic case are less pronounced in the vertical cross section for the hydrostatic wave
packet [Fig. 4.2(e)]. Isopycnal surfaces (represented by black curves) are found to steepen
sharply at the inflection point of the streamwise velocity where the vertical shear of the waves
is largest. However, the streamwise-localized nature of the steepening is more characteris-
tic of nonlinear steepening than shear instability. Unlike nonhydrostatic wave packets (e.g.,
NH1), the vertical displacement amplitude decreased in time due to linear dispersion. The
waves overturned nonetheless at ¢ = 45/Ny. The waves continued to evolve nonlinearly until
t = 62/Ny, at which time the growth of subgrid scale convective instabilities was too strong
to be reliably resolved by our code.

For comparison, a simulation identical to H1 but with fo = 0.05Ny was performed (H1T).
The initial Bretherton flow induced by this wave packet was shown in Fig. 2.1(d). The
evolution of this wave packet was similar qualitatively to that of H1 from initialization through
wave overturning. Despite the peak vertical displacement amplitude decreasing in time due
to linear dispersion, the waves overturned at t = 40/Ny (nearly one buoyancy period, Tp =
27 /Ny, earlier than those in H1) due to the increased magnitude of the Bretherton flow
with fo = 0.05Ny compared to that with 0.01Ny. Isopycnal surfaces (not shown) exhibited
nonlinear steepening similar to that found with H1, suggesting shear instability likewise did

not drive the waves with fo = 0.05Ny to overturning.
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Figure 4.2: As in Fig. 4.1 but for a strongly hydrostatic wave packet initialized with Ay = 0.08k~! and
m = —11.4k (H1).

4.3 Overturning of round wave packets

The overturning of wave packets is diagnosed by the criterion N% < 0 (cf. the discussion in
Sec. 2.3.1). For convenience we define the nondimensional squared total buoyancy frequency

by
~:,2~ = x—?, (4.1)
where N2 was defined in Eq. (2.35). Time series of min{ N2} (with the minimum taken
over the entire spatial domain) are shown in Fig. 4.3(a) for simulations with m = —0.2k
and initial amplitudes Ay = 0.5k~! (NHI; solid curve), Ag = 0.35k~! (NH2; dashed curve),
and Ag = 0.2k—! (NH3; heavy dotted curve). The approach to overturning is diagnosed
by decreasing values of min{N%} in time. The decrease occurs more rapidly if the initial
amplitude is larger but still well below the overturning amplitude predicted by linear theory.
Figure 4.3(b) shows time series of min{ N2} (solid black curve) and min{Ri,} — 1/4 (solid

and dashed red curves) for a strongly hydrostatic round wave packet with m = —11.4k and

Ap = 0.08k~! (H1). The evolution of min{N2} shows little change until Npt ~ 30 when
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Figure 4.3: Time series of min{ N2} (black curves), and min{Riz} — 1/4 (red curves), in which Nz
and Rig are given respectively by Eqs. (4.1) and (2.43), for (a) strongly nonhydrostatic wave packets with
m = —0.2k (© = 11°) with initial amplitudes Ay = 0.5k~! (NH1), Ag = 0.35k~! (NH2), and Ay = 0.2k !
(NH3); and, (b) strongly hydrostatic wave packets with Ag = 0.08k~! and m = —11.4k (© = 85°) with
fo = 0.01Ny (H1; solid curves) and fo = 0.05Ny (H1T; heavy dotted curves). The dashed red curve is a
time series of min{Riz} — 1/4 from H1 but using Riz = N%/||(d,u, 8,v)||? as in Fritts and Rastogi (1985)
and Achatz (2007).

nonlinear effects rapidly drive the wave packet to overturning. In comparison, the evolution
of min{Riy} — 1/4 (solid red curve) shows little change until just before overturning. The
dashed red curve, showing a time series of min{Ri,} — 1/4 using the definition of Ri, in
Fritts and Rastogi (1985) and Achatz (2007), evolves in a nearly identical manner. By either
measure, the shear instability condition Ri; < 1/4 was attained for the first time simultane-
ously as min{]v:,%} < 0. Likewise, these instability conditions were satisfied simultaneously in
time series of min{ N2} and min{Ri,} — 1/4 from H1* (heavy dotted black and red curves,
respectively). This suggests that shear instability alone cannot grow sufficiently quickly to
overturn strongly hydrostatic waves, in agreement with previous predictions (Gossard et al.,
1971; Klostermeyer, 1991) and those in Sec. 2.3.4.

From a total of 79 simulations of round wave packets, the time to overturn was diagnosed
and compared with stability criteria as shown by crosses in Fig. 4.4. Each cross corresponds to
the initial amplitude and relative vertical wavenumber of a single simulation, with greyscale

values interpolating overturning times between the discrete data points.* In all but the

*Greyscale values were obtained by first interpolating overturning times between amplitudes for fixed ©,
and using the results to interpolate between © values for each amplitude. The interpolant was the monotonic
cubic spline of Steffen (1990). The monotonic property of this interpolant was designed to avoid spurious
oscillations between interpolation points, to which classical (nonmonotonic) cubic splines are prone.
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Figure 4.4: Comparison of stability regimes with the results of simulations of round wave packets using
initial vertical displacement amplitudes Ag/\, and © = tan—!|m/k| with rotation set by f5 = 0.01/\.
The critical amplitudes predicted by linear theory for overturning (AOT), convective instability (Acv)v and
self-acceleration (Asa) are given by Egs. (2.36), (2.37), and (2.41). Each cross corresponds to the initial
amplitude and wavenumber of a single simulation. Greyscale values represent overturning times, toT,
interpolated using cubic polynomials (Steffen, 1990). White curves are isolines of constant overturning
time corresponding to Nptot = 20, 40, 60, and 80.

smallest amplitude cases, overturning occurred even though the initial wave amplitude was
well below that predicted for overturning according to linear theory.

Waves with relative vertical wavenumber m = —0.2k propagate at a shallow angle of
O = 11° to the vertical. For this reason the waves spanning the range of small to moderately
large initial amplitudes (Ag/\, = 0.096 = 1.48Ag) were able to evolve without overturning
until beyond 32/Ny [a somewhat heuristically chosen stability threshold used by Sutherland
(2001)]. In simulations with larger ©, the maximum initial amplitude of waves that do not
overturn until after 32/Ny becomes smaller (relative to A;), but increases relative to Agr.
For example, a hydrostatic wave packet (H2) with m = —5.4k (© ~ 80°) and Ag/A\, =
0.024 = 0.81ApT overturned at ¢t = 32/Ny, whereas one with m = —11.4k (© = 85°) and
Ag/Az = 0.013 = 0.91 Aot (H1) overturned at ¢t = 45/Np.
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4.4 Effect of changing wave packet aspect ratio

Simulations of long and wide wave packets required significantly larger computational re-
sources. For this reason only a limited series of simulations were performed with m = —0.7k,
initialized with Ag = 0.4k~! and Ay = 0.5k~!, and with m = —5.4k and initial amplitude
Ag = 0.15k~!. These combinations were chosen as representative cases of nonhydrostatic
waves in the transitional regime between overturning before and after 32/Ny (the cases with
m = —0.7k), and of hydrostatic waves near the marginal stability value of Aor.

Time series of min{ N2} (black curves) and min{Ri,} —1/4 (red curves) for long and wide
wave packets are shown in Fig. 4.5. The nonhydrostatic simulations of long wave packets
[NH4-5; Fig. 4.5(a)], for which we set o, = 40k~! and o, = 10k~! (R, = 1/4), overturned
within one Nyt unit of the corresponding simulations of round wave packets. Wide wave
packets in general are anticipated to interact with the Bretherton flow and induced long
waves (van den Bremer and Sutherland, 2018). However, the wide wave packets reported
on here were of such small spanwise extent that induced long waves were predicted to be of
negligible magnitude relative to the Bretherton flow. Wide wave packets, for which we set
o, = 10k~ ! and oy = 40k1 (R, = 4), were generally less stable than corresponding round
and long wave packets. For example, the case with Ag = 0.4k~! [NH6; Fig. 4.5(b)] overturned
at t = 29/Np, compared with the round (NH7) and long (NH4) wave packets,” which both
overturned at ¢ = 32/Ny. This result contradicts the predicted increased stability of wide,
compared to round, wave packets, shown in Fig. 4.4.

The wave packet aspect ratio appears to have had no effect on the results of the hydrostatic
long and wide simulations. Wave packets initialized with A9 = 0.15k~! (Ag/\, = 0.024 =
0.81AoT) were no more or less stable than their round counterparts. In particular, min{N%}
increased slightly due to linear dispersion until ¢t ~ 13/Ny [round (H2) and long wave packets
(H3); Fig. 4.5(a)] and ¢t ~ 17/Ny [wide wave packets (H4); Fig. 4.5(b)], before decreasing ap-
proximately monotonically until overturning at ¢ = 32/Ny. These results, although spanning

only a small region within the stability regimes shown in Fig. 2.2, are somewhat inconsistent

fIn Gervais et al. (2021), the simulation IDs NH4 and NH7 were erroneously switched in-text. These IDs,
as they appear in Table 4.1 and the corresponding table in Gervais et al. (2021), are correct.
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Figure 4.5: As in Fig. 4.3 but for (a) long wave packets with m = —0.7k and Ay = 0.4k~! (NH4)
and Ay = 0.5k71 (NH5), and Ay = 0.15k~! and m = —5.4k (H3); and, (b) wide wave packets with
Ao = 0.4kt and m = —0.7k (NH6), and Ao = 0.15k~! and m = —5.4k (H4).

with the prediction that long and wide wave packets are respectively less and more stable
than their round counterparts. The open question regarding the stability and overturning of

long and wide wave packets merits further study.

4.5 Discussion and application to oceanographic observations

Our results for round wave packets revealed that fully localized wave packets were unsta-
ble at lower amplitudes than their one- and two-dimensional analogues without rotation
(Sutherland, 2001). For example, a nonhydrostatic wave packet (NH8) with m = —0.7k
and Ay = 0.6k~! overturned between 32/Ny and 100/Ny in the one-dimensional case, af-
ter 100/Ny in the two-dimensional case, but at ¢ = 21/Ny in the three-dimensional case.
The most strongly hydrostatic waves examined by Sutherland (2001) (for which ® = 80°)
overturned after 100/Ny even with initial amplitudes as large as AOT in both the one-
and two-dimensional cases. Conversely, the equivalent three-dimensional wave packet with
Ag = 0.15k71 (Ag/Xy = 0.024 = 0.81[10T) overturned at t = 32/Ny. We have shown
that standard linear theory predictions for wave packet stability significantly overpredict the
initial amplitude for which overturning eventually occurs. This demonstrates that it is nec-
essary to include the weakly nonlinear influence of the induced mean flow acting upon waves
themselves. That said, at this time a theoretical prediction for the empirical results of fully

nonlinear numerical simulations of fully three-dimensional wave packets remains elusive. Our
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results suggest the need for further theoretical and numerical investigations of wave packet
evolution.

As an application of our results, we contextualize our findings in terms of recent obser-
vations of internal gravity wave packets in the ocean. Therein, the internal wave frequency
spectrum is dominated by strongly hydrostatic waves near the inertial frequency, fo, forced
by tidal flow over bathymetry and surface wind stress (e.g., Alford et al., 2016). However,
turbulent breaking of nonhydrostatic waves has recently become of increasing interest for its
potential role in larger scale oceanic processes, such as the global overturning circulation (Tal-
ley, 2013; Melet et al., 2014; Waterhouse et al., 2014; Cusack et al., 2017). For our purposes,
we focus on a region about the thermocline where N? is nearly constant.

The Drake Passage has been identified as a source of lee waves, generated as the Antarctic
Circumpolar Current flows over seamount chains. Using two EM-APEX floats, Cusack et al.
(2017) measured a lee wave in the northernmost region of the Shackleton Fracture Zone (near
60° S, with corresponding fo ~ —1.26 x 10~ s71) with Ay = 100-140 m and |m/k| ~ 0.6-2.5
(O ~ 32°-68°, hence 15.0 2 w/|fo| 2 6.5). Assuming the wave to be monochromatic and
evolving linearly, Cusack et al. (2017) estimated A\, = 4000 m. No measurements were taken of
the wave’s spanwise structure. However, the strongest velocity perturbations were measured
within 20 km of a prominent ridge feature of finite spanwise extent, suggesting the observed
wave existed as a localized wave packet. On this basis, the observed wave corresponded to
a wave packet with Ag/\, =~ 0.10-0.14Aor (for |m/k| ~ 0.6) and Ag/A\; =~ 0.39-0.55A0T
(for |m/k| =~ 2.5) propagating in a fluid with fy/Ny ~ —0.06 (using the reported local-mean
buoyancy frequency, Ng ~ 2.2 x 1073 rad s~!). For comparison, we consider a corresponding
simulation (NH9™) with |m/k| = 2 and Ay = 0.2k~! (© ~ 63° and Ag/\, = 0.03 = 0.4407)
and fop/No = —0.05 (with corresponding w/|fo| = 9.0). Setting zp = 0 and o = 0 as the ridge
top and time of observation, respectively, overturning was diagnosed at (z, z) = (13.0,2.1)k~!
and t = 39/Ny ~ 4.9 h. Simulations with fo/Ny = 0.01 and 0.05 that were otherwise identical
to NH9™ resolved the same overturning time and location. The observed wave propagated
against the Antarctic Circumpolar Current (with mean zonal velocity 33 cm s~!), hence the
corresponding overturning site would be x ~ 2.4 km upstream of and z ~ 1.3 km above the

ridge (or approximately 200 m below the ocean surface). Although the observed wave was not
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measured through its evolution, static and shear instability were proposed as playing a role
in driving the wave eventually to overturning (Cusack et al., 2017), despite remarking (as we
have) that the initial amplitude was below both instability thresholds. Our results suggest
the waves overturned due to nonlinear interactions with their induced mean flow. Time series
of min{ N2} and min{Ri,} — 1/4 (not shown) indicate the simulated wave packet did not
become shear unstable before overturning. This result was consistent across our simulated
wave packets for all initial amplitudes and relative vertical wavenumbers. Similarly, although
beyond the scope of our numerical simulations, near-inertial wave packets with w 2 fo induced
by tidal flow over ridges (Alford, 2010) and by hurricanes alike (Sanford et al., 2011) have been
found to remain shear-stable through their observed evolution, in agreement with predictions.

Although our simulations diagnosed overturning for a range of wave packet parameters,
the turbulent dynamics leading to wave breaking were not resolved as this process evolves on
small spatial and temporal scales that were prohibitively fine to be resolved by our numerical
code. Furthermore, our results are highly idealized, having assumed an infinite, rotating but
otherwise stationary medium under the Boussinesq approximation. In Part II of this thesis,
we take one step toward a more realistic description of gravity wave evolution by accounting

for a nonzero background flow that is nonuniform with height.

66



PART Il

Boussinesq wave packets in nonuniform background shear

In Part I we assumed, for convenience, that wave packets were influenced by Earth’s rotation
through the Coriolis force, but that the fluid was otherwise stationary in the absence of
waves. This assumption was useful to understand wave packet evolution and stability in a
simplified setting. However, geophysical fluids are not stationary in general, but flow with
velocities varying greatly in space and time. To complicate matters, the background flow at
different locations can simultaneously generate internal gravity waves [e.g., where it encounters
topography; see Long (1953) and Aguilar et al. (2006)] and itself be driven by internal gravity
waves (e.g., as in the middle and upper atmosphere; cf. Sec. 1.1.2).

To make slightly more tractable the problem of wave—mean-flow interactions, we will as-
sume the background flow, denoted u = u(z), is a function of height alone. The independence
of the background flow on the horizontal coordinates corresponds to the assumption that
the waves are oriented to propagate in the streamwise direction, parallel to the background
flow [as the streamwise wavenumber is typically aligned with the flow; e.g., Sutherland (2010,
Secs. 5.4 and 6.5.1)]. The steady (time-invariant) property of the background flow corresponds
to the assumption that the background flow evolves on a much slower time scale than that
of the waves. This latter assumption effectively decouples the evolution of the background
flow from the waves, which in turn simplifies the theory (to be considered in Chapter 5).

Under these assumptions, in this study we are interested in the combined linear influence of
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nonuniform background flow and the nonlinear interaction between moderately large ampli-
tude quasimonochromatic wave packets and their wave-induced mean flow. We are interested
in particular in nonhydrostatic waves, which are essentially unaffected by the Coriolis force,
and so we do not consider the effect of rotation in this study.

A steady nonuniform background shear flow* that depends on height alone acts to Doppler-
shift the wave frequency (to be quantified in Chapter 5). If the wave phase propagates in
the same direction as the background flow, i.e., ¢p,@ > 0, linear theory (e.g., Sutherland,
2010) predicts that the wave frequency will be Doppler-shifted toward zero, corresponding to
waves with progressively more ‘flattened’ phase lines. The Doppler-shifted frequency equals
zero where ¢y, = 1, and the corresponding height is called a critical level. Provided the
Richardson number is larger than unity, linear theory predicts that waves are “absorbed”
at the critical level, transferring their momentum to the background flow at that height
(Booker and Bretherton, 1967). Conversely, consider now the alternative scenario in which
the wave phase propagates opposite the direction of the background flow, i.e., ¢yt < 0:
the background flow Doppler-shifts the upward-propagating waves (¢, > 0) toward higher
frequencies, corresponding to waves with progressively vertically oriented phase lines. The
waves ultimately reach a reflection level at the height where their Doppler-shifted frequency
is equal to the local background bouyancy frequency. Consequently, at the reflection level the
local vertical group velocity is zero. Further Doppler-shifting of the waves causes ¢,. < 0,
and as a result waves reflect and begin propagating downward. This latter scenario is the one
which will be considered in this study. Using the quantitative language of group velocity, we
define a retrograde shear flow as one in which a wave packet propagates against the background
flow initially, i.e., cgptt < 0. Without loss of generality, we consider only wave packets for
which ¢g, > 0 initially and @(z) < 0.

Although we have assumed throughout this thesis that the fluids have a uniformly stratified
background state, linear theory predicts that internal gravity waves can reflect in a fluid in
which the stratification weakens with height. We will invoke the concept of wave reflection in

nonuniform stratification to motivate what I have called “self-reflection.” Through this weakly

*Given a general background flow @ = 4(z), nonuniform shear refers to the property that du/dz # so,
where sg is a constant.
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nonlinear mechanism, moderately large amplitude nonbreaking wave packets supposedly self-
induce partial reflection by decreasing locally the total stratification, and as a result generate
so-called secondary wave packets (observed unexpectedly in some of our numerical results).

Studies investigating the relationship between internal gravity waves and mean flows have
typically considered the isolated case of either the interactions between waves and an existing
background flow (e.g., Bretherton, 1966; Bretherton and Garrett, 1969; Dunkerton and Fritts,
1984; Fritts and Dunkerton, 1984; Blumen, 1985; Eckermann, 1997; Huang et al., 2008, 2010;
Heale and Snively, 2015), or between waves and their induced mean flow in an otherwise
stationary fluid (e.g., Grimshaw, 1977; Sutherland, 2001; Akylas and Tabaei, 2005; Tabaei and
Akylas, 2007; Dosser and Sutherland, 2011; Gervais et al., 2018, 2021). Relatively few studies
(e.g., Robinson, 1997; Sutherland, 2000; Eberly and Sutherland, 2014) have examined the
nonlinear evolution of a moderately large amplitude wave packet as it interacts with both its
induced mean flow and an existing nonuniform background flow. Using ray theory, Robinson
(1997) predicted the trajectory of a one-dimensional wave packet with its induced mean flow
superimposed, propagating in an existing linear shear flow. In particular, the Doppler-shifted
frequency predicted by linear theory was modified to itself be Doppler-shifted by the induced
mean flow. The idealized analysis suggested that the competing effects of the oppositely-
signed background and induced mean flows allowed the waves to propagate higher before
reflecting than without the influence of the induced mean flow. The reflection time was delayed
correspondingly. These results were more pronounced as amplitude increased, owing to the
magnitude of the induced mean flow increasing quadratically with amplitude. Sutherland
(2000) performed fully nonlinear simulations of small and moderately large amplitude one-
and two-dimensional nonhydrostatic wave packets in uniform retrograde shear flow. Wave
packets with sufficiently large initial amplitude were able to propagate well above the reflection
level predicted by linear theory provided the magnitude of the vertical shear associated with
the wave-induced mean flow was somewhere greater than that of the background shear. The
superimposed background and wave-induced shears, being locally equal and opposite, allowed
a wave packet to propagate as if the background flow was effectively uniform in the vicinity
of the advancing wave packet.

The purpose of this study is to extend to three dimensions the reflection level penetration
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predictions of Sutherland (2000), and to quantify the transmission of waves above the reflection
level as it depends on initial wave amplitude and relative vertical wavenumber. Our study
differs from those of Robinson (1997) and Sutherland (2000) in that we combine ray theory
and numerical simulations to examine the evolution of fully localized three-dimensional wave
packets with amplitude envelopes that are Gaussian in all three spatial dimensions, in a
nonuniform background flow that transitions smoothly with height from stationary to linearly
decreasing.

In Chapter 5 we first review the theory of linear (i.e., small amplitude) wave packet propa-
gation in nonuniform background flow, and extend the work of Sutherland (2000) to derive the
critical amplitude for three-dimensional wave packet penetration above the reflection level. We
describe secondary wave packet generation by triadic resonant instability and self-reflection,
and we define a transmission coefficient. Using the code described in Chapter 6, we perform
numerical simulations of round wave packets with the predicted Bretherton flow superim-
posed, spanning a range of initial amplitudes, relative vertical wavenumbers, and background
shear magnitudes. Results are described in Chapter 7 and compared with theoretical predic-
tions. Results are discussed in the context of previous studies of one- and two-dimensional

wave packet transmission and reflection.
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CHAPTER b

Theory

In this chapter we first review the ray theory equations which predict the path traced by the
centroid of a small amplitude wave packet as it propagates in an inviscid Boussinesq fluid
without rotation but with a nonuniform background shear flow. The solutions of the ray
theory equations thus provide predictions for the height and time at which a small amplitude
wave packet is anticipated to reflect. We then describe how the Bretherton flow is antici-
pated to modify the linear dynamics of moderately large amplitude wave packets. This will
motivate our derivation of the critical amplitude at which a wave packet is anticipated to
penetrate significantly above the reflection level. We then present two nonlinear theories for
the generation of secondary wave packets. The chapter concludes with the definition of an

appropriate transmission diagnostic.

5.1 Linear theory

We begin by considering a nonrotating, uniformly stratified, inviscid Boussinesq fluid that
is stationary in the absence of waves. Without loss of generality the coordinate system is
assumed to be oriented such that there is no wave propagation in the spanwise direction.
With these considerations, monochromatic internal gravity waves propagate in the xz-plane

with intrinsic frequency

Noko

Wy = ———,
VK3 +m3

71

(5.1)



where kg > 0 and mg are the streamwise and vertical wavenumbers, respectively, and Ny is
the background buoyancy frequency, given by Eq. (2.9), a constant in our assumed uniformly
stratified fluid. Equation (5.1) is equivalent to Eq. (2.13) in the nonrotating limit (i.e., as the
Coriolis parameter fy — 0).

We emphasize a subtle change of notation compared to that used in Part I, namely, the
adornment of quantities kg, mg, wp, and others henceforth, as needed, with a subscript 0. This
is to distinguish these quantities as having fixed values, inherent to the waves, that remain
fixed even as waves propagate through the nonuniform background flow. With this notation,

a given wave field 7 is represented as a wave packet by
1 i
n(x,t) = §An(x,t)e 0 +c.c.,

where o9 = ko - (x — x0) — wot is the phase, in which kg = (ko,0,mg) is the wavenumber
vector (with the second component, ¢y = 0, corresponding to no wave propagation in the
y-direction). Note that the wave packet envelope A, can vary in y. Taking a somewhat more
general approach than in Chapter 2, the wave packet may be offset from the origin initially
by xo = (20, Y0, 20)-

A nonuniform background flow, u(z), acts to Doppler-shift the intrinsic frequency, with

the resulting Doppler-shifted (extrinsic) frequency given by
Q= wy — kou. (5.2)

The path traced by the centroid of a small amplitude wave packet from an initial position
(20,0, 20) through a nonuniform background flow is predicted using ray theory (e.g., Suther-
land, 2010, Sec. 6.5), provided @ does not change significantly over a vertical wavelength. This
latter condition is imposed to ensure conformity with the Wentzel-Kramers—Brillouin—Jeffreys
(WKBJ) approximation that is central to ray theory. Under this condition the path traced

by the centroid of the wave packet is given by the solution to the differential equations

% — o (m(2)) + (=), (5.32)
% = cg.(m(2)). (5.3b)
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These differential equations state that a small amplitude wave packet is advected in the
streamwise direction by the background flow as it translates at its group velocity c, =

(cgz,0,cqz), with components given explicitly by

N0m2
Cogz = s (5.4a)
SR
N()k‘om
Cogz = ———=, (5.4b)
! 31k
where ||k|| = (kZ+m?)"/? is the Euclidean norm of the local wavenumber vector k = (ko, 0, m),

in which k¢ is constant but m varies with height in response to Doppler-shifting by the
background flow. A diagnostic equation for the local vertical wavenumber m = m(z) is found
by equating the Doppler-shifted and local intrinsic frequency, Egs. (5.2) and (5.1), respectively

(e.g., Huang et al., 2008), to obtain the auxiliary equation

2
m = m(z(t)) = sign(m)kg QQZO(t)) -1, (5.5)

in which sign(m) = —1 if the wave packet is propagating upward (cq, > 0) and sign(m) = 1
if the wave packet is propagating downward (cg, < 0).

An initially upward-propagating wave packet [i.e., one with ky > 0 constant and m(z(tg)) =
m(zp) = mo < 0] is anticipated to propagate until it reaches the reflection level, denoted z.
This is the height at which Q = Ny, corresponding to the height at which m(z,) = 0. The
reflection time ¢, is the time at which z(t) = z,. In practice, for a steady but otherwise
general background flow profile that varies only with height, Eqgs. (5.3a)—(5.5) cannot be
solved analytically. Therefore, the reflection level and time must be determined numerically
from the solution of Eq. (5.3b). Details of the nontrivial numerical solution procedure are
provided in Appendix D.

If a wave packet is initially of moderately large amplitude, the reflection behaviour de-
scribed above may be altered significantly by nonlinear interactions with the wave-induced

mean flow, described below.
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5.2 Wave-induced mean flow and reflection level penetration

It has been known since Bretherton (1969) that as a moderately large amplitude fully localized
internal gravity wave packet propagates, an order amplitude-squared Eulerian induced mean
flow—the Bretherton flow—is generated which acts to locally accelerate the fluid in the vicinity
of the wave packet (Biihler and McIntyre, 1998; Tabaei and Akylas, 2007; van den Bremer and
Sutherland, 2018). In the absence of an existing background flow, the horizontal components
of the Bretherton flow induced by a wave packet with vertical displacement envelope A := A

are given initially by the Fourier integral

Upp 1 A
= —Np|lk —_
LBF] 3 Nollkol /Rs K2+ 2

first derived explicitly by van den Bremer and Sutherland (2018). Equation (5.6) is equivalent

A

—K

[A[2e™ (<=%0) dy; X dp, (5.6)

to Eq. (2.31) in the limit as fo — 0, and in which we set x — x—X( in the complex exponential
to account for wave packets offset from the origin initially.

In an idealized study of one-dimensional wave packet transmission and reflection, Robinson
(1997) used ray theory to trace the path of wave packets with their predicted wave-induced
mean flow superimposed as they propagated in a uniform retrograde shear flow. It was
found that the oppositely-signed background and wave-induced mean flows locally cancelled
transiently at the heights where they were equal and opposite, thus allowing the wave packet to
propagate higher than the reflection level predicted by linear theory. However, this study did
not account for the nonlinear evolution of the wave packets as they propagated. Conversely, in
a fully nonlinear numerical study of one- and two-dimensional wave packet transmission and
reflection in uniformly stratified and sheared flow, Sutherland (2000) found that rather than
displacing the reflection level as predicted by Robinson (1997), a wave packet could transmit
partially above the predicted reflection level. This was achieved for wave packets of sufficiently
large amplitude that the magnitude of the vertical shear associated with the wave-induced
mean flow was locally greater than that of the background shear, |s|. In three dimensions, the
wave-induced mean flow is the Bretherton flow, and the corresponding penetration condition

is given explicitly by

> |s|. (5.7)

’ Ougp

0z
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For example, we consider solutions of this inequality for a triply Gaussian wave packet
with vertical displacement amplitude envelope A(x,t) given initially by Eq. (2.32), in which

we set z — z — zg. Explicitly,

1/ 22 2 RY:
A(x,0) = AgA(x, 0) = Agexp {— 5 <§2 + % + (Z"(jj@)] (5.8)
T Y z

in which we have defined for later reference the nondimensional amplitude A, of order unity
initially, to be the Gaussian factor. The initial peak amplitude is Ap, and o, oy, and o,
are the wave packet extents in the streamwise, spanwise, and vertical directions. Squaring
and Fourier transforming Eq. (5.8) using Eq. (2.30a), in which we set X — x — xq, gives
|A/|\2, the expression for which is identical to that in Eq. (2.33). Using this expression in
Eq. (5.6), it follows that the largest value of |ugg|, hence also that of |Qugp/0z| in Eq. (5.7),
at any given height is aligned with the horizontal centre of the wave packet. Accordingly, we
obtain an analytically tractable integral expression for the vertical profile of largest |ugp| by
setting x = (0,0, 29) in the streamwise component of Eq. (5.6). The resulting integral may
be evaluated using the method described in Appendix C to find

A3
R, +1

1 —(Z—% a
ma [uge| = upr (0,0, 2,1 = 0) = 5 No|ko| =m0/t (5.9)

where R, = 0,/0, is the spanwise aspect ratio of the wave packet. The expression on the
right-hand side of Eq. (5.9) is equivalent to that in Eq. (C.3) but with z — z — 2.
Differentiating Eq. (5.9) with respect to z, one obtains the initial profile of largest wave-

induced mean shear,

A2 P
Ry+1 o2

d
Spr = — max |[uge| = —No||ko| z=20)%/0%
dz zy

Differentiating sgr with respect to z and setting the result equal to zero, it is straightforward
to show that the maximum wave-induced mean shear occurs below the centre of the wave

packet at z — zp = —0,/ V2, with corresponding maximum

1 Nolkoll

L A2,
Ry +1 \/%O-Z

Substituting this expression into the penetration condition, Eq. (5.7), yields the critical am-

plitude, Arp, above which a triply Gaussian wave packet is predicted to penetrate partially
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Critical wave amplitudes
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Figure 5.1: Critical amplitudes for a wave packet with R, = 1 and o, = 10k; ' to penetrate above a
reflection level predicted by linear theory for a range of shear strength parameters (black curves), given by
Eq. (5.10); for self-acceleration instability (solid blue curve), given by Eq. (5.11); and, for secondary wave
packet generation via self-reflection (dashed blue curve), given by Eq. (5.15). Crosses indicate the largest
initial amplitude of waves propagating initially with corresponding ©y = tan=! |mg/ko|.

above a reflection level:

ARP — \/W |S| (510)

kol No’
This critical amplitude is plotted as the black curves in Fig. 5.1, corresponding to wave packets

with Ry =1 and 0, = 10]{561 for a range of relative shear strength parameters, |s|/Ny.

5.3 Wave packet stability and critical amplitudes

In Sec. 2.3.1, overturning was described as the lifting of more dense fluid over less dense
fluid by a wave of sufficiently large amplitude. This dynamical situation characterizes static
instability. The approach to overturning is diagnosed by decreasing values of min{N%} in time
(Sutherland, 2001; Gervais et al., 2021). Here, N2 = NZ +AN? is the total squared buoyancy
frequency, given by Eq. (2.35), in which AN? = —N20¢/0z is the local change in (squared)
buoyancy due to waves. Overturning is diagnosed by the condition min{N%} < 0, which
corresponds to the (dimensional) critical amplitude Ao = 1/|my|, given nondimensionally
by Eq. (2.36) and plotted as heavy black curve in Fig. 2.2.

Another important parameter to consider is the critical amplitude at which waves are

76



prone to become unstable to self-acceleration. In Sec. 2.3.3 we proposed, following Suther-
land (2001), that a wave packet was prone to self-acceleration instability if the streamwise
component of its Bretherton flow was locally greater than its streamwise group speed. A

similar analysis comparing Eqgs. (5.6) and (5.4a) yields the dimensional critical amplitude

. ST
ASA = ka]O SIH(QG)O) Ry + 1, (511)

which is equivalent to Eq. (2.41) in the limit as fy — 0, but without the normalization factor
Az = 27 /kg. The curve of marginal stability corresponding to Eq. (5.11) is plotted in Fig. 5.1
as the solid blue curve for a wave packet with R, = 1 and o, = 10k, L

For nonhydrostatic fully localized wave packets with R, = 1, Aot > Aga. We are inter-
ested in simulating such nonhydrostatic wave packets with a range of small to moderately
large initial amplitudes, but not so large that the waves overturn during the simulation. Con-
sequently, Aga suggests an upper bound for the initial amplitudes considered for numerical

simulation in Chapter 7.

5.4 Secondary wave packet generation

In general, secondary gravity waves refer to internal gravity waves that may be generated as a
response to a variety of gravity wave forcings, and the language around secondary waves arises
accordingly in several contexts (e.g., Fritts and Alexander, 2003). Observational studies of
secondary gravity wave generation have focused on their excitation as a response to primary
gravity wave breaking in the middle and upper atmosphere (Fritts et al., 2002; Smith et al.,
2013; Bossert et al., 2017). Numerical simulations have similarly examined their excitation as
a response to breaking of convectively and orographically generated three-dimensional primary
waves (Holton and Alexander, 1999; Lane and Sharman, 2006; Becker and Vadas, 2018; Fritts
et al., 2020; Lund et al., 2020; Fritts et al., 2021). Theoretical studies have modelled secondary
gravity waves as a linear response to momentum deposition by breaking primary waves (Vadas
and Fritts, 2001, 2002; Vadas et al., 2003; Vadas and Fritts, 2006). Primary wave breaking
is the common factor among these three broad investigative approaches. I am unaware of

any investigations of secondary wave packet generation by nonbreaking primary waves. The
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motivation to examine their generation in this thesis is grounded in a subset of numerical
results, discussed in Chapter 7, in which secondary wave packets were generated unexpectedly,
apparently by nonbreaking primary waves.

Secondary wave packets are identified in the simulation results as wave packets existing
at O(a?), where a = koA is the nondimensional measure of vertical displacement amplitude
introduced in Chapter 2. Wave packets at this order are distinguished from those at O(«)
using two simulations with initial amplitude Ay, but with the phase of the waves in the
second simulation shifted by 180° (Baldock et al., 1996; McAllister et al., 2018), an approach
we borrow from analyses of surface gravity waves in laboratory experiments. In practice, the
phase shift was achieved by equivalently setting Ay — —Ag in the second simulation. Pairs

of results are combined in postprocessing using

ut = %(u+ —u_), (5.12a)
u? = %(u+ +u_), (5.12b)

in which the superscript denotes the order of the postprocessed field with respect to «, and
the subscript + or — signs denote whether the associated wave field corresponds to the result
from a positive or negative amplitude (phase-shifted) simulation.

Upward- and downward-propagating secondary wave packets are identified in our simula-

tion results, and appear to be generated by distinct mechanisms, described below.

5.4.1 Triadic resonant instability

Triadic resonant instability (TRI) occurs when waves with wavenumber vectors k; and ko
and corresponding frequencies w; = w(ky) and we = w(ks) interact through the nonlinear
advection terms in the governing eqations to produce a third wave with wavenumber vector
k3 and frequency ws = w(ks) (Phillips, 1960; Miiller et al., 1986; Sutherland, 2010). Plane
wave solutions to the fully nonlinear inviscid governing equations are prone to this instability
even with infinitesimally small amplitudes (Davis and Acrivos, 1967; Mied, 1976).

Typically, TRI is studied in the context of plane waves or internal gravity wave beams (e.g.,

as discussed in the review paper by Dauxois et al., 2018). However, it will be shown in Chap-
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ter 7 that upward-propagating secondary wave packets, generated in simulations of the most
strongly nonhydrostatic primary waves (with initial absolute relative vertical wavenumber
|mo/ko| < 0.7), result from TRI between transmitted and reflected wave packets. Similarly, it
will be shown that downward-propagating secondary wave packets, generated in simulations
of moderately nonhydrostatic primary waves (|mg/ko| 2 0.7) do not result from TRI between
transmitted and reflected waves.

In the simulation results, the wavenumber vectors corresponding to transmitted (or inci-
dent) waves and reflected waves will be identified respectively as k{t,i} = k; and k, = ks, with
corresponding frequencies wy; ;1 and w,. Candidates for the wavenumber vector and frequency

of secondary wave packets, ks and ws, are predicted using the triad interaction equations,

+ky, g £k, = ks,

Fwiy £ wr = ws,

where the + signs span all possible combinations of coefficients +1 and —1. Predicted values
of ks and w, will be compared to the actual wavenumber vector and frequency of the secondary
wave packets, ng) and wg), diagnosed from the results of the numerical simulations.

To diagnose whether TRI is active, the wavenumber vectors corresponding to the trans-
mitted (or incident) and reflected wave packets will be identified as the Fourier modes corre-

sponding to peaks in the power spectrum of the linear wave field, ]ﬁ(l)\, obtained using the

Fourier transform of Eq. (5.12a), such that
ki) = argmax{|d(1)| Py < 0},
k, = argmax{|a(1)| :my >0},
in which the Fourier mode my, m; or m, is associated with the corresponding literal vertical
wavenumber. Similarly, the wavenumber vector corresponding to the secondary wave packet

will be identified as the Fourier modes corresponding to peaks in the power spectrum of the

quadratically nonlinear wave field:

k? = argmax {|€L(2)|},

S
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in which |4(?)] is obtained from the Fourier transform of Eq. (5.12b). Although the wave num-
ber vectors have three components corresponding to the streamwise, spanwise, and vertical
Fourier modes, in practice the argmax operation was performed considering streamwise and
vertical values only. This restriction to £ = 0 in the spanwise spectrum was not anticipated to
impact negatively the results of the analysis because there is no wave propagation in the y-
direction and so peaks in the spanwise spectrum tend accordingly to be centred about ¢ = 0.
This restriction was necessary on pragmatic grounds as the fully three-dimensional output
files are typically of such a large size as to be unwieldy in postprocessing.

The incident, transmitted, reflected, and secondary waves exist as packets with broad
spectra, as opposed to a plane wave whose spectrum consists of power at a single Fourier

) and ws = wf) exactly, if indeed TRI is

mode. Hence, one does not anticipate that k; = k?
active. For this reason, TRI will only be declared as the generation mechanism of secondary
wave packets provided the predicted kg lies within a (somewhat heuristically chosen) 50%

contour of the secondary spectral peak value |(?) (kg2))\, and if the value of w; is within 50%

of that of wgz).

5.4.2 'Wave packet self-reflection

Unlike upward-propagating secondary wave packets resulting from nonlinear interactions be-
tween transmitted and reflected strongly nonhydrostatic waves, downward-propagating sec-
ondary wave packets appear to be generated prior to reflection by moderately nonhydrostatic
waves. As a preliminary attempt to explain the unexpected emergence of these secondary
wave packets, we appeal somewhat heuristically to weakly nonlinear theory to propose a gen-

eration mechanism based on a process I called wave “self-reflection.”

I am unaware of any
literature prior to Gervais et al. (2022, Sec. I1.C.2), on which this section is based, describing
self-induced reflection of internal gravity waves.

The motivation to explore the concept of self-induced wave reflection is grounded in the ap-
parent cusping trajectory traced by the centroid of a typical downward-propagating secondary
wave packet and the phase orientation of its constituent waves. Both of these features re-

semble qualitatively those anticipated from the linear theory of wave reflection in nonuniform

stratification [see, e.g., Sutherland (2010), Fig. 6.8(a)]. In particular, linear theory predicts
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that small amplitude internal gravity waves propagating in a stationary fluid with weakening
stratification with height will reflect at the height z, at which their frequency equals the local
buoyancy frequency, wg = N(z,). Moderately large amplitude wave packets propagating in
an otherwise uniformly stratified ambient change locally the stratification within the volume
occupied by the wave packet (cf. Sec. 2.3.1). The resulting squared total buoyancy frequency,
N2(x,t), is given by Eq. (2.35). Here we derive the critical amplitude for a wave to reflect
partially due to an assumed self-induced local buoyancy decrease. For convenience, the deriva-
tion assumes the background flow is zero, as this situation occurs in practice in the part of
the domain where downward-propagating secondary wave packets appear.

To account for finite-amplitude effects, we suppose a moderately large amplitude wave
packet will induce self-reflection at the height at which the wave frequency is equal to Np. To

that end, we assume the wave frequency is set by the weakly nonlinear dispersion relation,
w = wy + wa| A% (5.13)

where wy is given by Eq. (5.1), and ws is a constant to be determined. The term wo|A|?
accounts for local Doppler-shifting of the wave frequency by the wave-induced mean flow.
Setting N? = w? and retaining terms of up to O(a?) yields the leading-order weakly nonlinear

condition for self-reflection,

2 0¢

NG - 05,

= wi + 2wows| A (5.14)

Waves are anticipated to reflect at the height where the left-hand side of Eq. (5.14) is smallest,
hence where 9¢/0z is largest. Although the amplitude envelope A also depends spatially on
x, A varies relatively slowly compared with £, and so is treated as effectively constant for the
time being.

To obtain ws in general, one typically analyzes a particular nonlinear Schrédinger equation
modelling the weakly nonlinear evolution of a wave packet envelope as it interacts with its
wave-induced mean flow (Shrira, 1981; Akylas and Tabaei, 2005; Sutherland, 2006b; Tabaei
and Akylas, 2007; Dosser and Sutherland, 2011; Gervais et al., 2018). In this approach, ws
is associated with the coefficient on the leading-order (cubically) nonlinear term (Sutherland,

2000, 2001; Tabaei and Akylas, 2007; Gervais et al., 2018). By analogy with one-, two-, and
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three-dimensional wave packets, we use Eq. (5.9) and set wa|A|? = kougr(0,0, 2, = 0) in the

weakly nonlinear dispersion relation, Eq. (5.13), to find that

_ 1 Nokollkol|
T2 Ry+1

We remark that this expression for we differs from that for one-dimensional wave packets only
by the multiplicative factor 1/(R, + 1) due to the analogous vertical structure of the mean
flows induced by these two types of wave packets.

Now, the vertical displacement field is set by £ = Ag.A cos[kox + mo(z — 20)], in which A is
the nondimensional amplitude envelope [for example, given for a triply Gaussian wave packet
by Eq. (5.8)], and its vertical gradient 0¢/0z is maximized numerically. For convenience, we

define the maximum M, obtained using this procedure by

M, = M, (x4, z¢) = max {iAcos[k:gw + mo(z — zo)]},

T,z

where (., 2,) is the maximizer. With this notation we define a corresponding envelope value,
A, = A(zy, 0, z,,t = 0). Finally, using M, and ws in Eq. (5.14) yields the dimensional critical
amplitude for secondary wave packet generation by self-refection:

A2 k%m%)”]
Ry +1 ko

1R, +1
213 AL

Agw = [— M, + (ME +4 (5.15)

The critical amplitude Agw with R, = 1 is plotted as the dashed blue curve in Fig. 5.1.
Although in theory Eq. (5.15) is valid for the full range of values of ©g = tan~! |mq/ko|,
downward-propagating secondary wave packets are found only in simulations of primary waves

with © > 35°,

5.5 Transmission coefficient

In order ultimately to quantify the transmission and reflection of internal gravity waves, we
must first identify a quantity that is conserved in some sense even as it is redistributed within
the domain by waves and the background shear flow. In general, a conserved quantity 4 is

one whose density B(x,t) satisfies the conservation law

~— = _V.Fp, (5.16)



where Fp is the flux of B. In this context, the demsity of a quantity refers to its spatial
and temporal distribution per unit volume, and conserved describes the property that the
volume-integrated density, subject to appropriate boundary conditions, is constant.

As a motivating example, consider a uniformly stratified, inviscid, incompressible Boussi-
nesq fluid that is stationary in the absence of waves. In such a fluid the energy &, with density
E = Ex + Ep, is conserved, where Fy = %poHuH2 and Ep = %poN(?ﬁQ are the densities of
kinetic and available potential energy, respectively. The expression for Ex may be obtained
by taking the dot product of u and the momentum equations and using the incompressibil-
ity condition V -u = 0 (e.g., Sutherland, 2010, Sec. 3.4). The expression for Ep may be
obtained by multiplying the internal energy equation (written in terms of &) by pgNgf and
using V - u = 0. The resulting equation for E can be written in the form of Eq. (5.16)
with Fp = (E + p)u. Integrating over the volume of the domain V' gives the total energy,
&= fV E(x,t)dV, which may be shown to be conserved by applying the Divergence theorem

with appropriate boundary conditions:

d@@:/aE(x,t)dV:—/V-FEdV:—/ Fp-0dS =0,
dt v ot 1% ov

where n denotes the outward unit vector normal to the boundary 9V of the domain. Periodic
and no-flux are examples of boundary conditions that satisfy d& /dt = 0.
If one attempts to follow the above procedure but for a fluid with a background flow

@ = u(z) that is nonuniform with height, one obtains the energy density equation

OFE du

where Fp = (FE + p)u + uFEé,. The rightmost term in Eq. (5.17) is the so-called energy
production term, which describes how waves can extract energy from and deposit energy to
the background shear flow. The existence of this term means Eq. (5.17) cannot be written
in the form of Eq. (5.16). Consequently, energy is not conserved when internal gravity waves
propagate in a fluid with a nonuniform background flow, and so it is not appropriate to
quantify wave transmission and reflection by examining the redistribution of wave energy in
the domain by waves and the background flow.

Unlike energy, pseudomomentum is one among a family of so-called “wave activity” quan-
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tities that is conserved in a vertically nonuniform background flow (Eliassen and Palm, 1961;
Bretherton and Garrett, 1969; Acheson, 1976; Andrews and Mclntyre, 1976, 1978b). The
expression for the pseudomomentum density P(x,t) corresponding to moderately large am-
plitude waves restricted to propagate in the xz-plane was derived by Scinocca and Shepherd
(1992) using Hamiltonian fluid mechanics. Extending the Hamiltonian approach to small
amplitude three-dimensional disturbances in a Boussinesq fluid, the corresponding expression
for the pseudomomentum density [Shaw and Shepherd (2008), integrand of Eq. (3.24)] was

found to be
1d%a

P(X’ t) = —po |:2d,22§2 + Cy£:| ) (518)

where ¢, = (Vxu)-é, = 0u/0z—0w/0z is the spanwise component of vorticity. In the limit as
u — 0, and equivalently in a uniform background shear flow, for which da/dz = s is constant,
Eq. (5.18) reduces to the expression for the pseudomomentum density of small amplitude plane
internal waves confined to propagate in the xz-plane [derived using conservation of momentum
by Sutherland (2010)], from which the corresponding pseudomomentum is found by averaging
over a horizontal wavelength.

Transmission is characterized by the horizontally integrated pseudomomentum density
associated with upward-propagating waves, vertically integrated above the reflection level
predicted by linear theory, as a fraction of the total pseudomomentum. To distinguish the
upward-propagating components of a given wave field, we apply the Hilbert filter (Garnier
et al., 2003; Mercier et al., 2008; Gregory and Sutherland, 2010). We denote by H" and H the
Hilbert-filtering operator that extracts the upward- and downward-propagating part of a wave
field, respectively, with the property that H' + H% = I, where I is the identity operator. In
practice, H'n is obtained by Fourier transforming 7, and setting the Fourier coefficients to zero
in the open half-space g > 0, which contains the spectrum of downward-propagating waves
(provided ko > 0, which we always set). The Fourier coefficients with p = 0, corresponding
to the vertical mean of 7, are multiplied by 1/2. In this way the downward-propagating part
of a wave field is equivalent to n — H'n. With this notation and Eq. (5.18) we define the

pseudomomentum density field associated with upward-propagating waves by

1 d*u
Pl t) = —po |53

2@([{?5)2 + (HT¢)(HTE)|. (5.19)
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The transmission coefficient is then defined explicitly by

To(t) = 91,0 / Pt (x, 1), (5.20)

where &y is the (constant) total pseudomomentum, defined as the integral of Eq. (5.18)
over the entire spatial domain, and the angle brackets denote integration over the horizontal
domain. The normalization factor &y can in principle be defined at any time t because
pseudomomentum is a conserved quantity. For numerical convenience, the reasons for which

are discussed in Sec. 6.6, we set the value of &y at ¢ = 0 as the total pseudomomentum.
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CHAPTER 6

Numerical methods

The fully nonlinear code described in this chapter was adapted from the one described in
Chapter 3. The key modifications were (1) to include the effects of Doppler-shifting of the
waves by the background flow; (2) to introduce additional diagnostics to quantify wave trans-
mission; and, (3) to implement an improved method of damping small-scale numerical noise.
The focus of this chapter is to provide details on the differences that distinguish this code

from the rotation-enabled code described in Chapter 3.

6.1 Governing equations

The fully nonlinear code solved the incompressible Euler equations under the Boussinesq ap-
proximation, without rotation but with an explicit, height-dependent background flow u(z).
The prognostic equations for the horizontal components of velocity and internal energy con-
servation (in which vertical displacement is used as a proxy for perturbation mass density) in

flux form are given dimensionally by

Ou 1 0p _Ou du

ot _—%%—V-(uu)—u%—w%, (6.1)
v 10p _Ov

ot pody V- (o) - Yoz’ (6.2)
o8 _0¢

a =w-—-V- (SU) U%, (6'3)
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where u = (u, v, w) is the velocity vector, and ¢ is vertical displacement, related to perturba-
tion mass density by £ = —p/p’.
The system of equations (6.1)—(6.3) is closed by inclusion of the diagnostic equations for

dynamic pressure and vertical velocity:

ivzp _ 0% (u?) n 0%(v?) n 82(w2)} B 2[82(1“)) n 0% (uw) n 0% (vw)

00 0x2 Oy? 022 Oxdy 0x0z OyOz
(6.4)
du Ow 5 0&
_ oYW
dz Ox 09z
ow ou Ov

The only difference between the dynamic pressure equation here and the one with rotation
[Eq. (3.4)] is the presence of a linear forcing by the product of background shear and the
streamwise gradient of vertical velocity. The diagnostic equation for vertical velocity is equiv-
alent to the incompressibility condition, V - u = 0, so that Egs. (6.4) and (6.5) serve to

numerically enforce incompressibility.

6.2 Discretization, grid generation, and resolution

The relative scales for space and time variables were set by fixing Ny = 1 and ky = 1 (with
arbitrary units of inverse time and inverse length, respectively). The physical domain was

triply periodic and of size

2 200 2

== e X T, 6.6
ko ko |mo| (6.6)

where ny, and ny . are the number of wavelengths initially spanning the streamwise and
vertical domains, respectively. These values varied from one simulation to another; typically,
Nwe = 32 and 64 for small- and moderately large-amplitude simulations, and ny, ., = 16, 32,
and 64 as the initial relative vertical wavenumber mg/ko increased from strongly to moderately
nonhydrostatic. The spanwise domain was specified directly because our coordinate system
was oriented such that there was no wave propagation in the spanwise direction. The domain
was set to be large enough that self-interaction of the waves across the periodic boundaries
would be negligible over the time scales for wave packet reflection and partial transmission;

typically, tmax = 450/Np.
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The physical domain was discretized by specifying 16 and 32 evenly spaced grid points per
streamwise and vertical wavelength, respectively, and by n, = 256 evenly spaced grid points
in the spanwise direction. Hence, the physical computational mesh consisted of the set of
colocated nodes {x;}7*, x {y; }?io x {zi}pz,- Values of ng, ny, and n. for specific simulations
are provided in Chapter 7.

Setting ng, ny, and n, to be powers of two enabled the use of the fast Fourier trans-
form algorithm of Press et al. (2007) (cf. Sec. 3.2). Hence, the Fourier spectral domain was
{/in}::éw/ % x {2 X {m 7. Under the discrete Fourier transform, the spatial partial
differentiation operators are 8% — iRk, 8% — @Ay, and % — i, [cf. Egs. (3.6)—(3.8)].

Our use of the fast Fourier transform assumes spatial periodicity of the physical fields. It is
natural to question the applicability of the fast Fourier transform to this code given that the
background flow is vertically aperiodic. However, because the amplitude of the perturbation
fields and their z-derivatives remain small near the vertical boundaries, products involving
these terms and @ and du/dz also remain small near the vertical boundaries. There is therefore
no immediate consequence for the applicability of the fast Fourier transform method, although
some modifications to the code were needed to account for effects of the background flow,
which are described in Sec. 6.4

Rigorous resolution testing was not performed, following the results of the resolution tests
performed with the rotation-enabled code (cf. Sec. 6.4). However, enlarged streamwise and
vertical domains were needed for larger-amplitude wave packets, which were prone to generate
secondary wave packets, and those prone to stronger horizontal dispersion. For all simulations,
we attempted to use the highest practical resolution available for an appropriately sized

domain.

6.3 Initialization

In a stationary, uniformly stratified fluid, it is convenient to initialize small amplitude internal
gravity wave fields using the polarization relations, which relate these fields algebraically to a
single known wave field (e.g., vertical displacement). The procedure to determine the polar-

ization relations analytically (cf. Appendix A) relies on the fact that the linearized governing
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equations have constant coefficients, and so admit wavelike solutions. This is not the case
in a fluid with a general height-dependent background flow, in which case approximate or
numerical approaches are required in order to determine the vertical structure of a given wave
field. Moreover, that approach is valid only for small amplitude waves, and so is particularly
poorly suited to initialize the range of small and moderately large amplitude waves we would
like to simulate.

A straightforward solution that offers a compromise between the generality of the back-
ground flow and ease of derivation and implementation, is to restrict ourselves to a class of
idealized background flow profiles, described below, that are effectively zero over some finite
depth of the domain. The polarization relations, valid in the region of stationary flow, are

then used to initialize the wave fields.

6.3.1 Background flow

The background flow profile @(z) was chosen to be zero from zyi, up to just below a specified
“shear onset” height, z;. Centred at z; was a region over which the flow velocity transitioned
smoothly over a distance Ls to a retrograde shear flow increasing linearly in magnitude. Such
a profile is described by an integral of a scaled hyperbolic tangent function offset from the z-
axis, with the constant of integration chosen so that the integrated profile tends asymptotically

to zero below zs. Explicitly, after some manipulation

L _
’U,(Z) — Slig In (1 + 672(Z*Zs)/LS) + 225 Zs (67)

2 Ly
In all simulations, we somewhat arbitrarily fixed Ly = 10k, Vand 2z, = —20k, ! Shear

strength and direction were set by s < 0. Values of |s| for specific simulations are provided
in Chapter 7. Sample profiles of background flow and corresponding shear for a range of |s|

values are plotted in Fig. 6.1.

6.3.2 Perturbation fields

Given the background flow profile Eq. (6.7), all simulations were initialized well below zs in

physical space with a trivariate Gaussian wave packet whose vertical displacement field was

89



(a) Background flow (b) Background shear
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Figure 6.1: Sample profiles of background flow and corresponding shear for a range of shear strength
parameters |s| using the default values of Ly = 10k, * and z, = —20k; *.

prescribed at leading- and first-order to be

{(x,0) = A(x, 0){ cos[koa + mo(z — z0)] — 322 (33 ko z—20

wo my o2

> sin[koz + mo(z — Zo)]},

where

A(x,0) = Ay exp {—1<§+yz+(z_§°)2)} (6.)

2\oz oy o
was the initial amplitude envelope, in which A is the peak vertical displacement, o, oy,
and o, are the wave packet extents in the streamwise, spanwise, and vertical directions,
respectively, and we somewhat arbitrarily set zg = —35ky ! This value was found to be
sufficiently far below z; that the wave packet was unaffected by the background flow initially.
Using the envelope given by Eq. (6.8), the horizontal components of velocity u(x,0) and
v(x,0) were initialized using the polarization relations for u(()l) and vél) from linear Boussinesq
theory. The respective expressions are equivalent to those given in the centre column of
Table 2.1 with fo — 0. The respective O(a'e') corrections, ugl) and vg), given in the right
column of Table 2.1 with fo — 0, were superimposed onto the leading-order fields (cf. Sec. 3.3).

Explicitly,

u(x,0) = —A(x,O)TZs{wO sin(po) + Lf% (2%0 _ k%o ) N ;;o :2] coS(goo)},

m
v(x,0) = —A(X,O)k—(?wo% cos(po).
Y
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6.3.3 Wave-induced mean flow

The predicted initial Bretherton flow was initialized in spectral space, corresponding to
Eq. (2.31) with fo — 0 [cf. Eq. (3.15) of van den Bremer and Sutherland (2018)], and in-
verse fast Fourier transformed before being superimposed onto the initial horizontal velocity
field (Dosser and Sutherland, 2011; van den Bremer and Sutherland, 2014, 2018; Sutherland

et al., 2020). The initial Bretherton flow in physical space was predicted to be

Upp 1 )\ )\ o e
= *N k JE A2 7 (x Xo)d d)\d 69
[] sNolkall [ 2 | | AP cdrd 69)
where
|A/’\2 = UxayazAge*(U§N2+a§)\2+ggu2)/4

8r3/2
is the three-dimensional Fourier transform of the square of the initial Gaussian envelope given
by Eq. (6.8). The array entries corresponding to the singularity x? + A\? = 0 were overwritten

with zeros according to the procedure described in Sec. 3.3.

6.4 Advection and temporal advancement

The code advanced the perturbation fields following essentially the same procedure as that
described in Sec. 3.4 with modifications, described below, to account for forcings by the
nonuniform background flow and its vertical shear.

At a given time step, the code first integrated Eq. (6.5) in spectral space to obtain an
intermediate field, ﬁ)n, equivalent to the vertical velocity plus a height-independent term.
Explicitly,

—L(Hn’&n + AeOn)y  pm 0

Q?Jn = é(n,z,o) + m

0, pm = 0,

where C'(nl,o) arose in the intermediate solution due to the nonzero background flow. In phys-
ical space, C'(x, y) manifested as unphysical small amplitude ‘columns’ of constant vertical ve-
locity spanning the height of the domain. These were efficiently removed by inverse fast Fourier

transforming the intermediate field 17),1, subtracting the bottom boundary value column-wise

from the physical solution, and fast Fourier transforming the result: w, = @n — O(n’g,o). This
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procedure incurred little additional computational cost compared to the calculation of Wy
described in Sec. 3.4, as the physical field [after subtraction of C(z,y)] was retained for the
calculation of the nonlinear terms in the dynamic pressure calculation.

The Fourier-transformed right-hand side of the Poisson equation for dynamic pressure,

Eq. (6.4), is given by

A~

Fp = HZ(UQ)H + )\%(1)2)11 + M?n(w2)n +2 ’fn)‘é(m)n + ’fnﬂm(@)n + /\éﬂm(@)n}

+ 2k (W) + INE fimén.

The quadratically nonlinear terms were computed by convolution using the procedure de-
scribed in Sec. 3.4. Similarly, the shear term (i?z\y)n was computed by inverse fast Fourier
transforming by in the vertical only, multiplying @' (2 )W) (2x) entry-wise, and fast Fourier
transforming the result with respect to z. The expression for the dynamic pressure field
(divided by pg) was identical to Eq. (3.11), and so is not reproduced here.

Using the diagnostic fields, the code computed the time derivatives of the prognostic fields,

ﬁn, ﬁn, and én, according to the Fourier-transformed right-hand sides of Egs. (6.1)—(6.3).

Explicitly,
fin = —mni‘; i [mn(ﬁ)n + () + um(@)n} — ity (T — (@), (6.10)
o = —wi’o‘ — i@+ M (2)i + i ()] — i (7). (6.11)
n = b — i K0 (UE)n + A (0E)n + fn (WE)n ] = ik (@), (6.12)

where the products of perturbation fields and % and @’ were computed using the convolution
procedure described above, and quadratically nonlinear products of perturbation fields were
retained from the pressure calculation step.

The perturbation fields were advanced in time using the third-order Williamson—Runge—
Kutta scheme described in Sec. 3.4. For all simulations, the time step was set to At =
0.05Ny 1 A small number of test simulations performed with a time step of 0.025N, ! resulted

in no significant qualitative or quantitative changes to the reference solutions.
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6.5 Dealiasing

When computing the quadratic products of perturbation fields on a discrete mesh, features
below a certain resolvable lengthscale (i.e., above a certain wavenumber) are aliased onto
longer-wavelength parts (i.e., lower-wavenumber modes) of the resulting field. This manifests
as an unphysical accumulation of power at high wavenumbers in the Fourier spectra of the
transformed products. In order to maintain numerical stability, the spectral amplitudes of
such high-wavenumber components must be damped. The code described in Chapter 3 at-
tempted to achieve this through viscous damping and thermal diffusivity, following the success
of that approach in previous studies of wave packet evolution (e.g., Dosser and Sutherland,
2011; Gervais et al., 2018). During development of the code described here, viscous damping
and thermal diffusivity were determined to be less effective in three dimensions than in one
and two dimensions. This was revealed in test simulations of moderately large amplitude
waves which tended to overturn unphysically prior to reflection and partial transmission.

A significant improvement was to implement a certain dealiasing filter, following the sug-
gestion of postdoctoral researcher Dr. David Deepwell. In particular, after computing the
right-hand sides of Eqgs. (6.10)—(6.12) the code applied a filter that damped exponentially the
amplitudes of Fourier modes with wavenumbers greater than a specified cutoff wavenumber
(Godon and Shaviv, 1993; Subich et al., 2013; Boyd, 2001). Explicitly, the filter is defined (in

the streamwise direction without loss of generality) by

17 |Hn‘ < Kcut,

K =
X( n) _ ’ﬁn’ — KRcut A
exXp « 5 |Kvn| > Keut,

Rnyq — Rcut

(6.13)

where o and 3 are the filter strength and filter order, respectively, and knyq = 7/Ax and
Kewt are the Nyquist and cutoff wavenumbers, respectively. For all simulations, the filter
parameters were fixed at the default values of a = 20, 8 = 2, and K¢yt = 0.6K4yq described by
Subich et al. (2013). In practice the filter Eq. (6.13) was applied in the &, A, and u directions,
e, xn = xX(kn)X(A)X (), With Acyt = 0.6Anyq = 0.67/Ay and ficyt = 0.6ftnyq = 0.67/Axz.
A small number of test simulations were performed with o = 40 and 8 = 4. Results were

qualitatively and quantitatively indistinguishable from those of reference simulations.

93



6.6 Transmission diagnostics

Transmission is quantified by the horizontally integrated pseudomomentum corresponding
to upward-propagating waves, vertically integrated above the reflection level. The upward-
(downward-) propagating components of a given wave field correspond to the half of the
Fourier spectrum with p < 0 (> 0), and are straightforwardly extracted using the Hilbert
filter (Garnier et al., 2003; Mercier et al., 2008; Gregory and Sutherland, 2010), denoted here
by H' (H%; cf. Sec. 5.5). However, the upward- and downward-propagating components each
also contain one half of the vertical mean component (corresponding to p = 0), necessary in
order to completely reconstruct a given wave field from the respective subsets of its spectrum.
Explicitly, the Hilbert filter that extracts the upward-propagating part of a given field 7 is
defined by

H'n(zi,y5,21) = F [0y + Anem)]s  Hm <0,

where F~1 denotes the inverse fast Fourier transform. The downward-propagating part of a
wave field may be found directly by H¥n =n — H'n.

Using the Hilbert-filtered fields H'¢ and H Tg‘y, the upward-propagating pseudomomentum
density field PT(x,t) was computed using Eq. (5.19). The horizontal integral of this quantity,

denoted by angle brackets, is found according to
(P") = Ly LyRe{Foy [P 00) ) (6.14)

where F, denotes the fast Fourier transform with respect to x and y only. It is particularly
convenient to formulate the horizontal integral using Eq. (6.14) because the real part of the
(n,¢) = (0,0) Fourier mode encodes the horizontal mean value of the field at a given height
2k

The vertical integral of Eq. (6.14) above the reflection level was computed in physical space
using a composite Simpson’s rule (e.g., Allen and Isaacson, 1998). In practice, for convenience

each partial sum S was taken over three successive vertical grid points, i.e.,

2tz 2A
[Pz S = 2P+ 4P + (Pl
2k
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with k iterating by two from the nearest even-indexed grid point above z. up to n, — 2. A
linear interpolation was used to estimate the partial sum over the subinterval of height 2Az
containing z,.. Iterating k by two effectively reduced the order of accuracy from O(Az%) to
O((2Az)®). The absolute error on each subinterval [z, zx42] was bounded theoretically by
32 A25|d*(PT)/dz"|, which was anticipated to remain small despite the reduction of accuracy.
Finally, the transmission coefficient T was found by normalizing the result of the vertical

integration described above by the total pseudomomentum &y according to Eq. (5.20).

6.6.1 Pseudomomentum conservation

In theory, & is conserved for small amplitude wave packets propagating in a height-dependent
background flow. In practice, however, small numerical errors accumulate and cause the total
pseudomomentum to deviate from its initial value as a simulation advances. In order to
quantify this discrepancy, we define the relative pseudomomentum error as a function of time
by

Prot(t)

err(t) = |1 — ———= 1 .
P (1) ‘ 7, ’x 00%

Here,
Prot(t) = / P(x,t)dx dydz
|4

is the pseudomomentum density at a given time ¢ integrated over the volume V of the physical
domain using the methods described above, and &) = P0:(0). We somewhat heuristically
set a confidence threshold of P, < 1% and assume simulation results are reliable provided
the relative pseudomomentum error is within this tolerance. In practice, this tolerance was
typically met over times Nyt < 400, during which reflection and quasisteady final transmission

were established.
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CHAPTER [/

Results and discussion

In this chapter we present the results of fully nonlinear numerical simulations with the intent
ultimately to quantify the transmission of localized wave packets above the reflection level
predicted by linear theory for the background flow profile prescribed by Eq. (6.7), and to
explain the mechanisms driving their linear and nonlinear evolution. Numerical simulations
evolved wave packets with initial amplitudes between Ay = 0.01k; L'~ 0.0016A,0 and Ay =
0.55k 1~ 0.0875)\40, and initial relative vertical wavenumbers between my = —0.4ky and
—1.4kp, thus spanning a range of small to moderately large amplitude nonhydrostatic wave
packets propagating upward and rightward at angles between ©g = 22° and 54° initially. The
choice of shear strength parameter s was set somewhat heuristically by the initial relative
vertical wavenumber such that waves were predicted by linear theory to reflect in the range
50 < (zr—2z0)ko < 70. This range was deemed to be far enough above zj for the waves to begin
evolving nonlinearly prior to reflection, and far enough below the top boundary for reflected
and transmitted waves to remain within the domain for the duration of the simulation. Our
investigation focused on initially round wave packets, for which we fixed o, = 0y = 0, =
10Ky 1 A total of 38 simulations were performed. The domain and initialization parameters

of the subset of simulations explicitly discussed in-text are summarized in Table 7.1.
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ID Aoko Ao o Bl M| Oy Lykox L:kg  naxn.  (z—z)ko t:No
S1 0.0l 003 — 0.002 04 22° 201.1x253.1 512 x 512 50.76 248

S2 028 095 — 0.002 0.4 22° 402.1 x502.7 1024 x 1024 50.76 248
S3 040 1.02 1.07 0.004 0.7 35° 402.1 x287.2 1024 x 1024 60.19 214
5S4 0.45 1.01 1.08 0.006 1.0 45° 402.1 x201.1 1024 x 1024 63.82 208
S5 0.50 1.07 1.21 0.008 1.4 54° 402.1 x 287.2 1024 x 2048 67.35 227

Table 7.1: Initial conditions, domain size and resolution, and predicted reflection height and time for the
simulations discussed in-text. Columns are: simulation ID, initial peak vertical displacement amplitude
nondimensionalized by the streamwise wavenumber ky and as a fraction of the predicted amplitudes for
reflection level penetration and secondary wave generation [Agrp and Asw, given by Egs. (5.10) and (5.15),
respectively], shear strength parameter |s|/Np, initial absolute relative vertical wavenumber |mg/kg| and
corresponding ©p = tan~! |mg/ko|, streamwise x vertical domain size L, ko X L ko and resolution n, x n,
height of the reflection level predicted by linear theory above the wave packet initial position, (z, —zg)ko, and
reflection time t, N predicted by linear theory. All simulations used a spanwise domain of width L, ko = 200
resolved by n, = 256 grid points.

7.1 Evolution of strongly nonhydrostatic wave packets

We examine first the evolution of a small amplitude Gaussian wave packet with mqg = —0.4kg,
and describe its partial transmission above and reflection below the reflection level predicted
by linear theory. We then examine moderately large amplitude wave packets, with an emphasis

on their nonlinear evolution, and the effects of amplitude on transmission.

7.1.1 Small amplitude wave packet: Linear evolution

Snapshots of streamwise velocity @ = u/max{u(x,0)} through the y = 0 plane of a small
amplitude wave packet with Ag = 0.01ky Land mo = —0.4k (simulation S1 in Table 7.1)
are shown in Fig. 7.1. The times shown in each panel are representative of the wave packet
at early, prereflection, postreflection, and late times. Profiles of the background flow and its
shear used in this simulation are plotted as the solid curves in Fig. 6.1.

Initially [Fig. 7.1(a)] the lines of constant phase were oriented at ©¢ &~ 22° from the vertical,
and the wave packet propagated upward and rightward at this angle in agreement with linear
theory. Upward propagation was confirmed by the overlap between the profiles of <75T> and

(P). At t = 150/Ny [Fig. 7.1(b)], the leading flank of the wave packet had propagated into the

97



(b) @(z,0, 2, t = 150/N,)
T T T T T — T T T T

~100 1 | 1 | 1 | 1 L 1 1 | 1 | 1 | 1 L 1

—100 -50 0 50 100 0 0.05 —100 =50 0 50 100 0 0.05
(¢) u(z,0, 2zt =300/Ny) (d) @(z,0, z,t = 450/Ny)
— 77— — — 7 —
50 - ] = N u 1 I n
. of Wl 4T 1t N .
2 i i \ ] ]
_50 - L - L - L -
~100 L | L | L | L L 1 L | L | L | L L 1
—100 -50 0 50 100 0 0.05 —100 —50 0 50 100 0 0.05
ko (P). (P). (P bz (). (P, (P

Figure 7.1: Cross sections of streamwise velocity i = u/ max{u(x,0)} through the vertical plane y = 0
of a small amplitude wave packet with Ay = O.Olk(;1 and mg = —0.4ky (simulation S1 in Table 7.1).
The corresponding right panels show vertical profiles of horizontally integrated pseudomomentum density
normalized by kg&;. The red and blue curves are of the upward- and downward-propagating parts, <75T>
and (PY) = (P) — (P), respectively, in which (P) is the total distribution (dashed black curves). Image
resolution was doubled in postprocessing, and images were cropped to focus on the region containing
the wave packet. The horizontal dashed line in each panel indicates the height of the reflection level,
z, = 15.76k§1, predicted by linear theory.

background shear flow, and the lines of constant phase were more strongly oriented toward
the vertical in response to the increased Doppler-shifted frequency. A relatively small amount
of downward-propagating pseudomomentum <75¢> accumulated below z,., indicating reflection
began well before the time ¢, = 248/Ny predicted by linear theory. The vertical extent of
<75> broadened due to linear dispersion, and its peak value decreased as a consequence of
pseudomomentum conservation. At ¢ = 300/Ny [Fig. 7.1(c)], much of the wave packet had
reflected and began propagating downward, indicated by the overlap between the profiles of
(PY) and (P). At t = 450/Ny [Fig. 7.1(d)] the bulk of the wave packet propagated downward.
The wave packet vertical group speed increased slightly as the leading flank of the wave

packet propagated into the region with effectively constant |u| (hence as €2 decreased toward

wo). This acceleration is evident in the overlapping profiles of (P*) and (P), manifesting as
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Upward pseudomomentum above z, for mg = —0.4kg
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Figure 7.2: Time series of upward-propagating pseudomomentum above z,, where Tp(t) is given by
Eq. (5.20), for the subset of simulations performed with my = —0.4ky. The vertical dotted line indicates
the time Nyt, = 248 at which reflection was predicted by linear theory. Data are plotted either to the end
time of their respective simulations, or until the first time a relative pseudomomentum error of &, > 1%
was diagnosed, whichever occurred earlier.

the relatively steep vertical gradient along the leading (lowermost) flank of the wave packet
compared to that along the trailing flank.

A time series of upward-propagating pseudomomentum above z, for this simulation is
shown as the solid black curve in Fig. 7.2. This time series reveals there was a transient
penetration of pseudomomentum above z, beginning shortly after ¢ = 100/Np, peaking at
t* = 218 /Ny before the predicted reflection time of ¢, = 248/Ny. At late times, t = 350/Ny,

negligible pseduomomentum remained above the reflection level.

7.1.2 Moderately large amplitude wave packet: Transmission, reflection,

and secondary wave generation

Moderately large amplitude wave packets are nonnegligibly influenced by nonlinear interac-
tions with their induced mean (Bretherton) flow. Snapshots of the evolution of one such wave
packet with Ay = 0.28k0_1 and mo = —0.4ky (S2) are shown in Fig. 7.3. The streamwise
velocity field shown is decomposed into O(|A|) contributions, %", and O(]A|?) contributions,
@, using Egs. (5.12a) and (5.12b), respectively.

Initially, the velocity fields % and (") are nearly identical [Fig. 7.3(a,b)], and @(?) = ugy,
whose Gaussian structure is shown clearly in Fig. 7.3(c). Nonlinearity was evident at ¢ =

150/Ny, indicated by the anticipated steepening (flattening) of phase lines above (below) the
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Figure 7.3: As in Fig. 7.1 but for a moderately large amplitude wave packet with Ay = 0.28k; * (S2).
The three leftmost columns are of, respecively: total streamwise velocity &, and its constituent O(|A|) and
O(|A?) parts, denoted by ") and i(®), respectively, given by Eqgs. (5.12a) and (5.12b), respectively. The
dashed line in each panel indicates the height of the reflection level, z, = 15.76k§1, predicted by linear

theory.

centre of the wave packet, located near z = 0 [Fig. 7.3(e,f); cf. the discussion in Sec. 4.1].

The vertical extent of the Bretherton flow narrowed and its amplitude grew [Fig. 7.3(g)]

as a consequence of modulational instability. This behaviour is similar to that observed in

simulations of one-dimensional Gaussian wave packets (Sutherland, 2001, 2006b; Dosser and
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Transmitted (or incident) Reflected Secondary

ID Nyt TRI
ki /ko myeay/ko wii/No krfko mo/ko we/No |E|/ko m$ /ko ) /No

S2 300 1.34 —1.20 0.75 0.95 0.20 0.98 0.36 —1.34 0.26 yes

S3 150 1.05 —0.57 0.88 1.00 0.13 0.99 0.16 0.682 0.22 no

S4 150 1.00 —0.72 0.81 1.03 0.16 0.99 0.27 0.84% 0.30 no

S5 200 1.00 —0.77 0.79 1.03 0.39 0.93 0.25 0.832 0.29 no

& Secondary waves identified are those propagating downward and rightward, assuming TRI between incident

and reflected waves (transmitted waves not yet present).

Table 7.2: Data used to diagnose triadic resonant instability (TRI) for a given simulation and time.
Centre columns: streamwise and vertical Fourier modes corresponding to the spectral peak of transmitted
(or incident) and reflected wave packets [(k:iy, Myeiy) = kieip and (k,, m;) = k,, respectively], and
their corresponding frequencies, wy; iy = w(kyei}) and w, = w(k,), diagnosed from the power spectrum
of the linear wave field u(®). Centre-right column: Fourier modes corresponding to the spectral peak of

secondary wave packets diagnosed from the power spectrum of the quadratically nonlinear wave field u(?

[(k5(2), mgz)) = kgz)], and corresponding frequency, wgz) = w(kgz)). The rightmost column indicates whether

TRI is suspected as the cause of the secondary waves according to the criteria in Sec. 5.4.1.

Sutherland, 2011), as one might anticipate on account of the vertically analogous structures
of one- and three-dimensional wave-induced mean flows. Although at ¢ = 150/Ny the bulk
of the wave packet had not yet propagated to the reflection level, reflection had nonetheless
begun, as indicated by the region of nonzero (P¥) [blue curve in Fig. 7.3(h)] below z.

At t = 300/Ny, the wave packet exhibited three distinct features [Fig. 7.3(i)]: a transmitted
wave packet propagated upward and to the right above z,; a reflected wave packet propagated
downward; and an asymmetric upward-propagating secondary wave packet radiated toward
the left, with phase lines approximately perpendicular to those of the reflected wave packet.
The reflected wave packet in Fig. 7.3(j) broadened in vertical extent, in a similar manner as
in the small amplitude simulation, S1, indicating that linear dynamics continued to play an
important role at this stage of wave packet evolution. The secondary waves are shown in
Fig. 7.3(k), superimposed with the mean flow induced by the reflecting wave packet. The
profile of <75¢> corresponding to the latter accounted for most of the total pseudomomentum
below z,. At t = 450/Ny, the three wave packets had separated [Fig. 7.3(m)]. In particular,
the transmitted wave packet penetrated well above z,., being associated with <75T> within the

region 25 < koz S 75 [Fig. 7.3(p)].
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Figure 7.4: Vertical time series of (a) (P1) and (b) (P*) for simulation S2. Image resolution was doubled
in postprocessing. The horizontal dashed line indicates the height of the reflection level z, = 15.76/(51
predicted by linear theory, the vertical line indicates the first time, t = 411/Np, at which P, > 1%, and
crosshatching indicates the time t > 444 /Ny for which P, > 5%.

That the secondary waves in Fig. 7.3 existed at O(|A|?) indicates they were generated
nonlinearly. In particular, we find these to have been generated by triadic resonant instability
between the transmitted and reflected wave packets. The wavenumber vectors and frequencies
corresponding to the respective wave packets are included in Table 7.2. The predicted and
diagnosed spectral peaks ks and ng), and corresponding frequencies ws and w§2), agreed to
within 95%. Crucially, the secondary waves were generated by nonbreaking primary waves,
as we confirmed by evaluating the overturning condition, Eq. (2.35), through the duration of
the simulation: min{N2} > 0.8N¢, in which N2 = NZ(1 — 9¢/0z).

A time series of upward-propagating pseudomomentum above z, for S2 is plotted as the
dashed red curve in Fig. 7.2. The time series shows a peak at t* ~ 230/Ny. Unlike the
small amplitude simulation (S1), transmission in S2 decreased until ¢ = 313/Ny, after which
transmission increased once more. Transmission started tending toward a fixed value as the
bulk of the transmitted wave packet penetrated above z,.

Vertical time series of (PT) and (P*) for S2 are shown in Figs. 7.4(a) and 7.4(b), respec-
tively. Modulational instability is evident by the increased peak value of (75T) and the slightly
narrowed vertical extent of the wave packet. From ¢ =~ 200/Ny onward, transmitted waves

propagate upward with approximately fixed vertical group speed.

7.1.3 Amplitude dependence of transmission

Time series of upward-propagating pseudomomentum above z, for strongly nonhydrostatic

wave packets with mg = —0.4ky and initial amplitudes ranging from small (Ag = 0.01k b
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0.03Arp ~ 0.04Asw) to moderately large (Ag = 0.35]4:51 ~ 1.19Arp ~ 1.34Agw) are shown
in Fig. 7.2. As initial amplitude increased, three trends emerged: (1) the onset of upward
pseudomomentum penetration above z, and the time of peak transmission were delayed; (2)
for Ag < 0.28k, ! the wave packets exhibited an increasing, then decreasing, transmission
above z., but for Ag > 0.28k; 1 transmission increased again; and, (3) at late times, the
transmission remained nonzero for Ag > 0.25k; L

The delayed onset and peak times of pseudomomentum penetration above z, were due to
modulational instability acting to retard the vertical advance of the incident wave packets.
The observed post-first peak decreases of transmission corresponded to downward transport
of pseudomomentum by the reflected wave packets, and the subsequent increases resulted
from the upward propagation of transmitted primary, and eventually radiated secondary,
wave packets. Decreasing peak transmission with initial amplitude up to Ay = 0.28k, ! was
due to the radiation of progressively larger-amplitude secondary waves below z,., which re-
tained at least some of their pseudomomentum below z, until after primary wave transmission
had peaked. The trend reversed for wave packets with initial amplitudes Ag > 0.29ky U

0'99ARP ~ 1.11Asw.

7.2 Evolution of moderately nonhydrostatic wave packets

Here we examine the evolution of moderately large amplitude wave packets initialized with
mo = —0.Tky (S3), —ko (S4), and —1.4kg (S5). The simulations were chosen such that
their initial amplitudes were greater than both the predicted amplitudes for reflection level
penetration, Agrp, and secondary wave generation, Agw, given by Egs. (5.10) and (5.15),
respectively.

A snapshot of the streamwise velocity through the y = 0 plane from S3 (Ag = 0.4k; D)
at t = 200/Ny is shown in Fig. 7.5(a). Like S2, upward-propagating secondary waves were
radiated leftward, possibly as a result of triadic resonant instability (TRI) between the trans-
mitted and reflected wave packets, although this was not diagnosed. Unlike S2, downward-
and rightward-propagating secondary waves were also radiated by the incident wave packet,

existing at ¢ = 200/Ny as a distinct secondary wave packet with broad streamwise extent,
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Figure 7.5: Snapshots of i at t = 200/Np from (a,b) S3, in which Ay = 0.4k; ' and mg = —0.7ko; (c,d)
S4, in which Ay = 0.45k0_1 and mg = —ko; and, (e,f) S5, in which Ay = 0.5k0_1 and mg = —1.4kg, through
the y = 0 plane (left column) and through the horizontal plane z = zy — ¢,,t predicted by linear theory
(right column), indicated by the dotted line in the corresponding panel in the left column. The horizontal
dashed lines indicate the respective heights of the reflection level predicted by linear theory, z, = 25.19k0’1
(a), 28.82k; " (c), and 32.35k; * (e). Image resolution was enhanced in postprocessing.

spatially disjoint from the other wave packets. Simulation S4 [Ag = 0.45k 1. Fig. 7.5(c)] and
S5 [Ag = 0.5k, *; Fig. 7.5(e)] similarly evolved to exhibit reflection and partial transmission,
but with secondary waves radiated preferentially by the (nonbreaking) incident wave packet.
TRI could not be identified within the 50% threshold from the power spectra of the linear
and quadratically nonlinear wave fields from S3-5 (cf. Table 7.2). The diminishing prevalance
of upward-propagating secondary waves in S2-5 may be due in part to the increasing shear
strength in these simulations. Increasing shear strength was found to suppress TRI in simu-
lations of one-dimensional wave packets incident upon a retrograde jet (Voelker et al., 2021)
by shortening the time interval during which the incident and reflected wave spectra evolved

within the resonant regime.
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Snapshots of the streamwise velocity through the plane z = 2y — ¢4t at t = 200/Ny for S3,
S4, and S5 are shown in Figs. 7.5(b), 7.5(d), and 7.5(f), respectively. In each one, the effect
of the dipolelike horizontal Bretherton flow was to broaden the extent of the wave packet on
its leading flank. The Bretherton flow acted to deform the phase lines, introducing a clear
spanwise component to the wave propagation. Waves that were progressively more strongly
hydrostatic initially were correspondingly more modulationally stable (hence more dispersive)
horizontally [comparing Figs. 7.5(b), 7.5(d), and 7.5(f) in turn].

Horizontal cross sections of @ at heights intersecting the downward-propagating secondary
waves were not available for postprocessing. However, comparing visually the streamwise
and vertical wavelengths of the downward-propagating secondary waves in Fig. 7.5(a,c,e) in-
dicates these wave packets were moderately hydrostatic, hence horizontally dispersive. On
these grounds we assume the secondary wave fronts propagated horizontally in a manner
similar qualitatively to the primary wave fronts. This behaviour is reminiscent of the radial
propagation of waves generated by an oscillating sphere (Voisin, 1991, 1994). However, this
linear generation mechanism neither accounts for the amplitude-squared nature of the sec-
ondary waves, nor their preferential direction of radiation, suggesting a similar mechanism
was not active in S3-5. Ruling out these mechanisms, we suggest downward- and rightward
propagating secondary wave packets may have been generated by self-reflection.

Although S3 and S4-5 were, respectively, marginally stable and modulationally stable
initially, Doppler-shifting of the frequency by u eventually drove the wave packets to become
modulationally unstable after ¢ ~ 75/Ny [for S3-4; Fig. 7.6(a,c)]. The modulational stability
of S5 was sufficiently strong initially that the destabilizing effect of @ was less pronounced, and
resulted in a succession of narrowing and peaking events below z, during 125 < Nyt < 200 in
Fig. 7.6(e).

Vertical time series of (P¥) in Fig. 7.6(b,d,f) are similar qualitatively among S3-5 and S2.
In particular, there existed downward-propagating pseudomomentum well below z, prior to t,,
due in part to the concurrent radiation of downward-propagating secondary waves generated

by the respective incident wave packets.
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Figure 7.6: As in Fig. 7.4 but for simulations S3 (a,b), S4 (c,d), and S5 (e,f). The vertical lines in (c,d)
and (e,f) indicate the first times, t = 381/Ny and 416/ Ny, respectively, that Pe,, > 1%, and crosshatching
in (c,d) indicates the time t > 404/Ny for which P, > 5%.

7.3 Transmission analysis

The first peak transmission coefficient 7% = Tp(t*), in which ¢* is the time of first peak
transmission and Tp is defined in Eq. (5.20), is shown as the black data in Fig. 7.7(a) for a
range of initial amplitudes and relative vertical wavenumbers. As amplitude increased, peak
transmission decreased generally, except for the wave packets with my = —0.4ky (diamonds).
Black and blue diamonds, respectively, show T and Tp(t = 400/Ny), reproduced from the
time series in Fig. 7.2. Peak transmission of wave packets with mg = —kg and —1.4kq tended
to decrease with amplitude. The smallest first peak transmission coefficient for these wave
packets was T, = 0.24 and 0.16, respectively, in each case corresponding to wave packets

with the largest initial amplitude Ay = 0.55k L This resulted from the envelope-broadening
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Figure 7.7: Transmission diagnostics: (a) T (black), and Tp(t = 400/No) (blue), in which the bold
symbols on the horizontal axis indicate Arp; (b) t*, the time at which first peak transmission was diagnosed,
in which the bold symbols on the vertical axis indicate Not,; and, (c) At, the time required for transmission
to return to half its maximum value shown in (a). Data at t = 400/ Ny for mg = —ko were excluded from
(a) because P, > 1% before t = 400/Ny in the moderately large amplitude cases. Select black data

points in (a) and (b) had their corresponding data point in (c) excluded because either P, > 1% before
At could be attained, or transmission did not decay to half its peak value during the simulation.

and attenuating effects of modulational stability, and the downward transport of otherwise
available pseudomomentum by secondary wave packets. For wave packets with mg = —0.7ky,
the smallest T; = 0.32 was diagnosed for Ag = 0.3ky L'~ 0.77Arp =~ 0.80Agw. Finite
transmission above z, at late times, Tp(t = 400/Np), is indicated by the respective blue
symbols. This is less pronounced for wave packets with mg = —0.7ky and —1.4ky than for
those with —0.4kg, although in all cases finite transmission occurred with initial amplitudes
less than Agp.

The time t* at which first peak transmission occurred is shown in Fig. 7.7(b). All but
the largest-amplitude wave packet with mo = —0.4ko (which lacked a clear first transmission
peak) exhibited increasing values of t* due to modulational instability acting to retard the
vertical advance of the wave packets. Increasing initial amplitude shortened the time scales
for growth of this instability, and promoted the generation of upward-propagating secondary
waves. Modulational instability was similarly responsible for increasing values of t* in simula-
tions with mg = —0.7kg. The trend of increasing values of t* for wave packets with mg = —kq

and —1.4ky was less pronounced, tending toward fixed values of t* = 227/Ny and 245/Ny,
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respectively.

Because Tp was a transient quantity, we diagnosed the time interval At required for
transmission above z, to decay to half the value of T [Fig. 7.7(c)]. For wave packets with
mg = —0.4kg and 0.01 < Agkg < 0.27, At increased with increasing initial amplitude. Trans-
mission above z, did not decay to half the corresponding values of T7; for Ag > 0.28ky L due
to pronounced penetration of primary waves. As initial amplitude increased in the simula-
tions with mg = —ko and —1.4ky (O = 45° and 54°, respectively), At became longer. This
resulted from of a sequence of events driven by modulational stability of these wave packets:
(1) differential advection by the Bretherton flow enhanced the flattening of phase lines below
and behind the centre of the incident wave packet (hence © > 45° locally); (2) this effect
compounded with dispersion in the streamwise direction, causing a ‘fanned-out’ phase pat-
tern to emerge (not shown); then, (3) within the ‘fanned-out’ packet, waves with relatively
small © were Doppler-shifted by u and reflected more readily than more hydrostatic waves
with larger ©, leading ultimately to longer At. This sequence of effects was more pronounced
with increasing Ag and ©y. Wave packets with mg = —0.7kq evolved to exhibit these effects in

addition to modulational instability, so that At became longer as initial amplitude increased.

7.4 Discussion

In this chapter we investigated predictions of the critical amplitude for “reflection level pen-
etration” (above which there is finite transmission of pseudomomentum above the reflection
level at late times), and for “self-reflection” (a mechanism that predicts for which ampli-
tudes significant generation of secondary wave packets by nonbreaking primary waves oc-
curs). These predictions were investigated by performing fully nonlinear simulations of non-
hydrostatic three-dimensional wave packets incident upon a retrograde shear flow. To my
knowledge, these simulations were the first to study the self-interaction of such wave pack-
ets with their induced Bretherton flow in a retrograde shear flow. Nonlinear interactions
between moderately large amplitude strongly (moderately) nonhydrostatic wave packets and
their Bretherton flow led to modulational instability (stability). The corresponding nonlin-

early generated upward- (downward-) propagating secondary wave packets acted ultimately
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to enhance (hinder) transmission above the predicted reflection level.

The reflection level penetration condition, Eq. (5.10), was generally effective to predict
whether a wave packet would exhibit finite transmission above the reflection level z,. at late
times. For example, strongly nonhydrostatic wave packets with mg = —0.4kg and initial
amplitudes as small as Ag = 0.25k; 1~ 0.85ARp transmitted partially above z, with Tp(t =
400/Np) ~ 0.01. Similarly, wave packets with mo = —0.7kg and —1.4ky exhibited finite
transmission Tp(t = 400/Ny) > 0.01 with Ay > 0.35k," > 0.94rp and Ay > 0.45k," >
0.97 Arp, respectively.

The existence of transmitted pseudomomentum above z, at late times is analogous to
the “steady-state” transmission identified by Sutherland (2000). Because that study did
not employ explicitly a transmission coefficient, we forego a direct comparison using the
quantitative language of pseudomomentum in favour of a qualitative comparison. It was
found that one-dimensional wave packets with initial amplitudes sufficient for self-acceleration
could break convectively at the reflection level and deposit momentum to the background flow.
This effect was not quantified because the simulations of Sutherland (2000) could not resolve
the inherently three-dimensional turbulent dynamics of wave breaking. Conversely, strongly
nonhydrostatic two-dimensional wave packets were able to penetrate above the reflection
level without breaking. The role of the wave-induced mean flow in those results may be
questionable because the expression for the long waves induced by two-dimensional wave
packets (Bretherton, 1969) was not used when superimposing the induced mean flow onto
the wave packets. In agreement with the fully nonlinear simulation results of Sutherland
(2000), but in contrast with the ray-theory results of Robinson (1997), three-dimensional
wave packets that exhibited finite transmission above z, at late times did not encounter a
vertically displaced reflection level higher up.

Triadic resonant instability between transmitted and reflected wave packets was identified
as generating upward-propagating secondary waves in the most strongly nonhydrostatic simu-
lations, but not the downward-propagating secondary waves characteristic of moderately non-
hydrostatic simulations. The proposed “self-reflection” condition for secondary wave packet
generation by nonbreaking moderately nonhydrostatic primary waves tended to overpredict

the critical initial amplitude, Agw, for the onset of this mechanism. To assess qualitatively
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the degree to which u(z) may have contributed to this result, a subset of our simulations
was repeated, but with « = 0. Compared to simulations with nonuniform background flow,
the prediction for secondary wave generation was generally well borne-out for nonhydrostatic
wave packets with mg = —0.7kp and u = 0 (not shown). Secondary wave packets typically
became evident on approximately the same time scale as in the simulations with nonuniform
background flow. The critical amplitude was underpredicted for wave packets with mg = —kq
and —1.4ky and 4 = 0 (not shown). To better assess the robustness of the prediction for
secondary wave packet generation, future work will need to adopt quantitative diagnostics to
analyze secondary wave packets.

Using weakly (fully) nonlinear WKBJ (wave-resolving and large-eddy simulation) methods,
Muraschko et al. (2015) examined the propagation of one-dimensional wave packets in a
range of background flow and stratification profiles. Although wave packet evolution was
captured by their weakly and fully nonlinear codes, no secondary waves were identified. This
suggests that the qualitative behaviours of the secondary waves reported on in this chapter
(in particular those propagating downward) may represent dynamics unique to fully localized
three-dimensional wave packets.

Our simulations provided insight into the mechanisms governing wave packet evolution in
a nonuniform background flow. However, our results are highly idealized, having assumed
a uniformly stratified, infinite Boussinesq fluid with a steady, horizontally homogeneous but
vertically nonuniform background flow. In Part III of this thesis, we extend nontrivially the
study of three-dimensional wave packet transmission and reflection to waves in an anelastic

gas.
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PART Il

Anelastic wave packets in nonuniform background flow

In Parts I and II, we considered wave packets that evolved in stratified fluids under the
Boussinesq approximation. The theoretical predictions and numerical results were valid in
the context of an idealized ocean or atmosphere interior, provided the scale of vertical motions
was small compared to the e-folding depth of mass density. However, in the atmosphere more
generally, internal gravity waves generated at relatively low altitudes can propagate upward
significantly, attaining large amplitudes in the middle and upper atmosphere (Hines, 1960;
Eckermann et al., 2016). Because mass density in the atmosphere decreases approximately
exponentially with altitude (e.g., Eliassen and Palm, 1961), internal gravity wave amplitudes
grow exponentially with altitude to conserve momentum (an effect referred to as anelastic
growth; to be shown quantitatively in Chapter 8).

In Part II, the background flow was assumed, for convenience, to transition smoothly from
zero (where the waves were initialized) to a linearly decreasing retrograde shear flow. This
assumption was useful to understand wave packet transmission in an idealized setting, with
the added benefit of being readily comparable to previous results of one- and two-dimensional
wave packet transmission. In this study, we will adopt a set of somewhat more realistic
background flow profiles and examine the evolution of three-dimensional wave packets as they
encounter the background flow. The actual background flow profiles will be modelled from a

dataset derived from observations of the Quasi-Biennial Oscillation (QBO).
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The QBO, as its name suggests, is a quasiperiodic flow feature, located in the equatorial
stratosphere, consisting of slowly descending (at about 1 km month~!) easterly and westerly*
winds that reverse with an average period of approximately 28 months (Baldwin et al., 2001).
The QBO was discovered independently by Ebdon (1960) and Reed et al. (1961) from analyses
of weather balloon data, and named by Angell and Korshover (1964).

The first satisfactory theoretical explanation for the QBO was proposed by Lindzen and
Holton (1968): a spectrum of internal gravity waves with positive and negative zonal phase
speeds propagates upward from the tropopause towards an existing stratospheric zonal wind
exhibiting a strong semiannual oscillation; waves with ¢y, > 0 (say) incident upon a critical
level deposit their momentum to the existing (westerly) flow (Booker and Bretherton, 1967),
thus lowering the critical level altitude; when the critical level descends to a certain height
lassumed by Lindzen and Holton (1968) to be 19 km], internal waves with ¢, < 0 were
assumed to propagate upward to the critical level associated with the stratospheric zonal flow
(now in its easterly phase), thus lowering the critical level altitude; when this critical level
reaches 19 km, the stratospheric zonal flow has returned to its westerly phase and the process
begins anew.

The role of reflecting and transmitting/tunnelling of internal gravity waves was not ac-
counted for in the theory of Lindzen and Holton (1968), based on critical level absorption.
However, transmission of relatively small scale internal gravity waves through the stratospheric
background wind offered a theoretical explanation for the so-called mesospheric QBO first re-
ported in radar and satellite observations (Burrage et al., 1996) and reproduced in numerical
simulations (Mayr et al., 1997a,b). Unlike the stratospheric QBO, longer-term observations
suggest the mesospheric QBO is more intermittent, and not restricted to tropical latitudes
(Kumar, 2020), although the mechanisms responsible for its intermittency and extratropical
extent are not known conclusively.

Beyond purely academic interest in the dynamics of the QBO, this flow is important for its

teleconnections to atmospheric phenomena outside the tropical atmosphere, first recognized

*To describe geographically the flow direction of the QBO, we adopt the perhaps counterintuitive language
common in the atmospheric sciences that easterly and westerly denote the direction from which the wind comes.
The east-west (longitudinal) direction more generally is referred to as the zonal direction. By convention, zonal
wind is positive when it is westerly.
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by Holton and Tan (1980): the Northern Hemisphere stratospheric polar vortex in early- to
mid-winter was found to strengthen (weaken) when the QBO at 50 hPa was in its westerly
(easterly) phase (Anstey et al., 2021b). A weakened stratospheric polar vortex can in turn
affect surface weather, resulting in colder winter temperatures, and increased snow, wind,
and number of Atlantic storms (e.g., Baldwin and Dunkerton, 2001; Anstey and Shepherd,
2014). The extratropical atmosphere is thought to exert an influence on the QBO: for exam-
ple, a topic of ongoing investigation is to understand the causes and consequences of a sudden
and unprecedented disruption to the QBO in 2015-2016 (Osprey et al., 2016; Newman et al.,
2016), in which the descending westerly phase began rising again unexpectedly. A similar, but
less dramatic, disruption occurred in 2019-2020 (Anstey et al., 2021a). Small scale (parame-
terized) convective internal gravity waves were found to have contributed “significant[ly]” to
preconditioning the 2015-2016 QBO jet core for deceleration by Rossby waves of extratropical
origin (Kang et al., 2020); internal gravity waves contributed to the 2019-2020 QBO disrup-
tion through a similar mechanism but to a lesser extent (Kang and Chun, 2021). The prospect
of improved understanding of QBO dynamics (e.g., through improved gravity wave parame-
terizations) motivates detailed studies of wave packet reflection and transmission/tunnelling
in nonuniform background flow.

A study of internal wave tunnelling in a Boussinesq fluid with a piecewise-linear shear flow
was performed by Brown and Sutherland (2007). Small amplitude one-dimensional waves were
able to tunnel through a finite depth unstratified region provided the streamwise wavelength
was of comparable magnitude. In a uniformly stratified fluid, waves would be anticipated to
tunnel analogously through a layer of shear-stable wind of finite thickness, such as the jetlike
QBO winds. A similar study of one- and two-dimensional wave packets in an anelastic gas
was performed by Nault and Sutherland (2008). Waves were likewise found to tunnel through
unstratified, sheared, regions provided the depth of the nonuniformities was comparable to
the streamwise wavelength and mass density e-folding depth.

The purpose of this study is to extend the work of Nault and Sutherland (2008) and
Brown and Sutherland (2007) to investigate the reflection and transmission/tunnelling of
three-dimensional anelastic internal gravity wave packets by and through the QBO winds,

and the role of the wave-induced mean flow in this process. The present study differs from
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these latter two in that we assume a uniformly stratified anelastic atmosphere and we simulate
the wave evolution through background flow profiles modelling distinct phases of the QBO.
Initial amplitudes and wavenumbers are chosen to be representative of waves generated by
deep convection at the equatorial tropopause (e.g., as obtained in the simulations of Holton
and Alexander, 1999).

In Chapter 8 we review briefly the thermodynamics of anelastic gases so that we may
derive an integral expression for the Bretherton flow induced by three-dimensional internal
gravity wave packets. We then revisit the theory of linear (i.e., small amplitude) wave packets
propagating in a nonuniform background flow first presented in Chapter 5 to extend our pre-
dictions of reflection level penetration to an anelastic gas and predict the conditions for wave
packets to tunnel through the QBO winds. Using the code described in Chapter 9, we perform
numerical simulations of round anelastic wave packets with a range of initial amplitudes and
wavenumbers in two idealized QBO regimes. Results are described in Chapter 10, compared
with theoretical predictions, and discussed in the context of the role of internal gravity waves

in driving QBO dynamics.
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CHAPTER 8

Theory

In this chapter we first review briefly some essential thermodynamics that lead from the
Boussinesq (mass-density based) to anelastic (potential-temperature based) descriptions of
fluid stratification. We then derive an explicit integral expression for the mean flow induced
by three-dimensional wave packets in a uniformly stratified anelastic gas that is stationary
in the absence of waves, ignoring diffusive and viscous effects. We follow a somewhat more
general version of the approach taken in Chapter 2. Although ultimately the resulting expres-
sion will be applied in an idealized atmosphere with a vertically nonuniform background flow,
the expression for the wave-induced mean flow is derived to be valid in a region where the
background flow speed will be assumed to be zero. We then derive, following the approach
in Sec. 5.2, the critical amplitude at which an anelastic wave packet is predicted to pene-
trate significantly above the reflection level predicted by linear theory. We then describe the
modelling of the QBO winds, and the chapter concludes with the definition of an appropriate

transmission coefficient.

8.1 From Boussinesq theory to an anelastic gas

In a Boussinesq fluid, the key thermodynamic variable is mass density. Implicit in the use of
the Boussinesq approximation in Parts I-II was the assumption that vertical wave motions

were smaller than the e-folding depth of background mass density, p (e.g., Dutton and Fichtl,
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1969). This requirement was satisfied by setting the background density profile to slowly
decrease linearly with height. This is a suitable approximation of the background mass density
profile in the ocean and over relatively small vertical distances in the atmosphere (e.g., Vallis,
2006).

The Boussinesq approximation cannot be applied throughout the atmosphere because the
mass density varies significantly over the total depth of the atmosphere. It is necessary to
model the thermodynamics associated with the expansion and contraction of fluid parcels
as they are displaced vertically within the atmosphere. To that end, the stratification of a

vertical column within an idealized dry atmosphere is described by the background potential

6(z) = T( p )_Ra/cp, (8.1)

po

temperature 6, defined by

where T = T(z) and p = p(z) are background profiles of temperature and pressure, respec-
tively, and pg is a constant reference pressure. In the exponent, R,/c, ~ 2/7 is the ratio of
the ideal gas constant for dry air to the specific heat for dry air at constant pressure (e.g.,
Holton and Hakim, 2013; Sutherland, 2010).

For simplicity the model atmosphere is assumed isothermal so that T = T = 6y is constant,
and the background atmospheric pressure is assumed to be in hydrostatic balance. This
latter assumption describes the situation that the upward pressure gradient force is equal
and opposite to the downward force (per unit volume) of gravity acting on a mass of fluid.

Hydrostatic balance is described by the differential equation

dp
-_ 0 . 8-2
dz rg ( )

Using the ideal gas law p = pR,T on the right-hand side of Eq. (8.2) to eliminate p, and

solving the resulting separable equation, yields the background pressure profile

p(z) = exp ( - / Rgsz) =poe” "/, (8.3)

where the e-folding depth H, = R,T0/g, called the pressure scale height, is a constant that

emerges naturally upon invoking the isothermal assumption.

From Eq. (8.3) are obtained two background profiles of crucial importance for the study
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of internal gravity waves in an anelastic gas: using the ideal gas law in Eq. (8.3) gives the
background density profile

p(z) = poe™*/ o, (8.4)

1dp\*
-
pdz

is called the density scale height, and is intimately related to the exponential growth of wave

The constant

amplitudes with altitude. In a uniformly stratified atmosphere, H, = H),. Using Eq. (8.3) in

Eq. (8.1) gives the background potential temperature profile

0(z) = fpe>/ o, (8.5)

where Hy .= H,/(R,/cp) is the potential temperature scale height which defines the constant
e-folding depth of potential temperature with altitude.
With Egs. (8.4) and (8.5) capturing the essential thermodynamics and stratification of the

idealized atmosphere, we proceed to describe atmospheric internal gravity waves below.

8.2 Governing equations

The fully nonlinear Euler momentum equations for an anelastic gas (Ogura and Phillips,
1962; Lipps and Hemler, 1982) including the buoyancy term and advection by a horizontally

homogeneous, vertically nonuniform background flow, are given in vector form by

Du Ou du , D 9 pa
=y a € — — = =fe., .
Dt+u8x+wdze V(p)—l—ee (8.6)

where D/Dt = 0/t + u - V is the material derivative, in which u = (u, v, w) is the velocity
vector in Cartesian coordinates x = (x,y, z) with corresponding standard unit basis vectors
€., €y, and €, u is the background flow, p is dynamic pressure, g is the acceleration of gravity,
and 6 is perturbation potential temperature.

Also included in the full set of governing equations is that for internal energy (including

advection of internal energy by the background flow), expressed as an evolution equation for
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perturbation potential temperature,

Dy 09 df

The set of governing equations is closed by the inclusion of a statement of mass conservation
for an anelastic gas,

V- (pu) = 0. (8.8)

This condition states mathematically the anelastic approximation, which effectively filters
acoustic waves from the governing equations while allowing gravity wave amplitudes to grow
exponentially with height as these waves propagate through the atmosphere’s exponentially
decreasing background mass density.

It was stated earlier that wave amplitude grows exponentially with height as a consequence
of momentum conservation. Having stated the governing equations, we now demonstrate
quantitatively this property of anelastic waves. This extends, rather trivially, the result
demonstrated by Sutherland (2010, Sec. 3.7.2) to waves in three dimensions in the presence
of a height-dependent background flow.

We use the anelastic nondivergence condition, Eq. (8.8), in the streamwise component of
Eq. (8.6) to write the streamwise momentum equation in flux form:

i(pu) + ui(pu) + %(ﬁw) + V- (pun) = —pi (i) (8.9)
For convenience, we substitute a plane wave solution® into this equation, and average the
resulting expression over a streamwise wavelength (denoting the average by angle brackets).

As a result, we obtain the mass transport equation,

o . du, . &, o,
§<’Ou> + %<pw> + 8*y<puv> +$<puw> = 0. (8.10)
7

Because we assumed a plane wave solution to Eq. (8.9) and averaged over a wavelength,
(pu) = p(u) = 0 and (pw) = p(w) = 0. As a result of the averaging operation, (puv) and

(puw) are functions of z alone. Hence, Eq. (8.10) is equivalent to %(ﬁuw) = 0. Integrating

*Or at worst, a solution with a plane wave structure in z, y, and ¢, multiplied by a z-dependent wertical
structure function, whose exact form is related to @. This more general solution would be needed if da/dz # 0,
but this technical detail does not change the overall argument for exponential amplitude growth with height.
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once gives

(puw) = constant.

In order for this equality to hold as mass density decreases exponentially with height, v and

w must increase exponentially in response.

8.3 Wave-induced mean flow

Following the approach in Sec. 2.2, it is convenient to recast the governing equations in terms
of vertical displacement £ as opposed to perturbation potential temperature. These quantities
are related by
do
0=—-€6—, 8.11
= (s.11)

which, by analogy with its Boussinesq counterpart [cf. Eq. (2.4)], is obtained from a Taylor
series expansion of § about a vertical displacement &. Substituting Eq. (8.11) into Egs. (8.6)
and (8.7) and setting 4 ~ 0 in the region where the forthcoming derivation is to be valid, we

obtain the governing equations in a directly useful form,

gjﬂ-w:—i(g), (8.12)
g;’ntu-w:—az(g), (8.13)
o v = —gz(p) N2, (8.14)
g§+u-vg+1;wg=w, (8.15)

where the coefficient 1/Hy = (d?/dz?)/(df/dz) results from using Eq. (8.11) in Eq. (8.7).
The above system is closed by inclusion of Eq. (8.8), which does not change as a result of
Eq. (8.11). The buoyancy term in Eq. (8.14) is now expressed in terms of the squared buoyancy

frequency,

2_9d§_ g

N=9%_ 9 1
07 9d:  Hyp (8.16)

which is constant in our assumed uniformly stratified anelastic gas. The Boussinesq governing
equations, Egs. (2.3) and (2.5)—(2.8) (with Coriolis parameter fy = 0) are recovered by taking

the so-called “Boussinesq limit” of Egs. (8.8) and (8.12)—(8.15), respectively. In this limit,
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H, — oo, hence Hy — oo and p — pg, and the Boussinesq equations are recovered.

8.3.1 Perturbation theory

We now proceed somewhat more explicitly than in Sec. 2.2 by performing a perturbation
expansion of the momentum equations with respect to the amplitude parameter o := Agky,
where A is the maximum vertical displacement of the waves initially [this step was only
implied in Sec. 2.2 and by van den Bremer and Sutherland (2018)]. The choice of expansion
parameter is not unique (cf. Sec. 2.2.1), but for consistency we maintain the definition of «

already in use.

8.3.1.1 Expansion with respect to amplitude

With these considerations, a wave field 7 is expanded with the notation n = ") + 73 + ..
where the superscript denotes the field’s order with respect to «.. Substituting expressions of

this form into Eqs. (8.12)(8.15) and (8.8) we obtain, up to second order,

9 o /p) 2)
é(u(l) +u®)+u® . v = ~ <pp + pp), (8.17)

1) L@
gt(v(l) +0@) +u® . v = —;y (pp - pp) , (8.18)

P o /pD @
57w+ w®) +u® vt = - (Z)p + p) - N3 (W + D), (8.19)
2 (60 +6%) 4 u® . VW 4 u®e® = w0 1w, (8.20)
0

V- [p(uV) + u?®)) = 0. (8.21)

Because the wave-induced mean flow is an order amplitude-squared response to mean wave-
wave interactions on the scale of the wave packet, a partial differential equation for the wave-
induced mean flow is obtained by considering the mean of the O(a?) part of the expanded
governing equations. Furthermore, we recall that the Bretherton flow in particular is forced
by the vertical component of vorticity. To that end, taking the vertical component of the curl
of the O(a?) part of Egs. (8.17)(8.19) to eliminate the pressure terms, and averaging the

resulting equation over the fast wave scales, we obtain the equation for the Bretherton flow

gt(v X Upp) - €, = ¢ V@ —u® . v, (8.22)
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to be solved subject to the anelastic Bretherton nondivergence condition, V - (pugg) = 0.

8.3.1.2 Expansion with respect to inverse wave packet extent

Following the approach in Sec. 2.2, we seek solutions of Eq. (8.22) in terms of quasimonochro-
matic wave packets. We orient our coordinate system such that waves propagate in the
xz-plane with wavenumber vector kg = (ko, 0, mg), with kg > 0 and my < 0 so that the waves
propagate forward in x and ¢ and upward in z. The corresponding frequency, wg > 0, is given

by the dispersion relation,
Nokg
wo = )
0 e

where Ko = (kg + mé + 1/4H3)1/2, derived in Appendix A.2.1.

(8.23)

We introduce a slow timescale T' and slow spatial variables, X = (X,Y, Z), in a frame of

reference translating at the group velocity of the wave packet, cgo = (¢420,0, ¢420), Where

No(K§ — k)

Cgu0 = (8.24a)
9 K
Nokom(]
Cga0 = ——5— (8.24D)
7 K3

Explicitly, X = ex(r — cguot), Y = €y, and Z = e,(x — cq4z0t), where €, = 1/(kooz), €y =
1/(kooy), and €, = 1/(koo) are small parameters that are inversely proportional to the wave
packet extent, 0., oy, and o, in their respective directions. The slow timescale T = €t
describes dispersion of the wave packet, where € = max{e,, €, €.} < 1 is assumed, hence the
effects of dispersion are effectively ignored.

With this notation, the leading-order representation of an anelastic wave field n as a quasi-

monochromatic wave packet is

1 .
1761) = iAn(X,T)ewoez/QH” + c.c., (8.25)

where the subscript on 7]((]1) denotes the field’s order with respect to €, g = kg - x — wpt is the

phase, and c.c. denotes the complex conjugate. Note that we employ variables kg, mg, wo,
c40, 0, and others as necessary, adorned with a subscript 0, following the rationale discussed
in Sec. 5.1, in anticipation of applying ultimately the expressions derived in this chapter

in a nonuniform background flow. The key difference between Eq. (8.25) and Eq. (2.15)
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representing quasimonochromatic wave packets in a Boussinesq fluid is the anelastic growth
factor e*/2Hs which accounts for the exponential growth of anelastic waves with altitude by
a factor of 1/ m. This term does not translate with the wave packet at the vertical group
speed, thus allowing the wave packet to remain stationary with respect to the moving frame
of reference X while continuing to grow anelastically as it propagates upward with respect to
the fixed z variable.

As aresult of the change to slow variables, derivatives of wave fields as defined by Eq. (8.25)

become

Op — €:0x + ik, (8.26&)

9, — €,0y, (8.26D)
. 1

0, — €,07 +1mo + THP’ (8.26¢)

O — 20p — €2Cgz00X — €.Cg2007 — iWp. (8.26d)

At leading-order, the various wave fields are related algebraically by the polarization rela-
tions, derived by substituting a plane wave into the O(a!) part of the governing equations,
Egs. (8.17)-(8.21). The resulting polarization relations are summarized in the centre column
of Table 8.1, and details of their derivation are included in Appendix A.2.1.

In order to derive the polarization relations at the next order in €, accounting for the finite
extent of the wave packet, it is necessary to impose the structure of one field. Following
Sec. 2.2.1, without loss of generality we impose the structure of the vertical displacement field
at leading- and first-order in e. Explicitly, & = 5(()1) + {gl), where f(()l) is analogous to the
expression in Eq. (8.25), and fil) = %iZgAewoez/ 2Hy where we have defined the slow partial
differential operator

Eﬁ = € f:0x + 6yﬁyaY +€.6.07

for convenience, where 3, 8, and 3, are constants to be determined. The other polarization
relations at O(a'e!) are found by substituting a wave packet solution of the form defined by
Eq. (8.25) into the O(a?!) part of Egs. (8.17)—(8.21) and using the leading-order polarization
relations and Egs. (8.26a)—(8.26d) up to O(e!). The results are summarized in the right

column of Table 8.1, and details of their derivation are included in Appendix A.2.2.
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Field O(atel) O(ate)

Vertical displacement él) =A gl) = _UJL-O(CQO -V)A
2 2
Streamwise velocity uél) = —%NOT;JOA uﬁl) = iwolMo [i‘;N cg0 -V

—(Ng - wg) (6358)( — %ezaz>} A

Spanwise velocity v(()l) =0 v%l) = %’03\2000 €yO0y A
Vertical velocity w(()l) = —iwpA wgl) = —2cgo -VA
Streamwise vorticity Qﬁ)) = Cg(ﬁll) =M o ey(?yA
. - 1 Nk 1 . N2

Spanwise vorticity ngo) = —2—00/1 Cél) =i 2 0x A
Vertical vorticity (W =0 ¢ =0

2__ 2_,,2
Pressure % (()1) = N(}V["JOA % gl) — ﬁo NOTOWOEZQZ

+wi0(N§ —3wd)ey- V| A

Table 8.1: Expressions for the amplitude envelopes of various fields as they relate to the amplitude envelope,
A, of the vertical displacement field. The centre column contains the leading-order (wave-scale) relationships
and the right column contains their respective first-order (envelope-scale) corrections (with respect to ¢).
We have defined My == img + 1/2H, for convenience. The expressions in the right column are equivalent
to the corresponding polarization relations derived in Appendix A.2.2 but with the constants 3, 8,, and
Bz, given by Egs. (8.33a)—(8.33c), substituted into the partial differential operator X3. By convention, the
actual fields are taken to be the real parts of e/(kox—wot)ez/2Hy times the tabulated expressions.

8.3.2 Divergent-flux induced flow and response flow

We use Cé(l)) = Cg) = 0 from Table 8.1 in Eq. (8.22) which simplifies to
(VX ugp) - &, = (¢V - V)wl) = F, (8.27)

solved subject to the horizontal nondivergence condtion €,0xupr + €,0yvsr = 0, which has
been simplified from the full anelastic Bretherton nondivergence condition V - (pugr) = 0
using the fact that wgr = 0 at leading order (Bretherton, 1969; Biihler and Mclntyre, 1998,
2003; Tabaei and Akylas, 2007; Wagner and Young, 2015; Xie and Vanneste, 2015; van den
Bremer and Sutherland, 2018).

The Bretherton flow is now decomposed into the sum of the divergent-flux induced flow

and response flow, ugr = upp + ugr [cf. Eq. (2.18)]. The divergent-flux induced flow, forced
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by the nonlinear advection terms in the momentum equations, is given in flux form by

d(pupr)

5 =-V- (ﬁu(l) X u(l))’ (8.28)

analogous to its Boussinesq counterpart, Eq. (2.19). An explicit expression for Eq. (8.28) is
found by substituting into the right-hand side of the leading-order polarization relations and

computing the mean. Hence, we find

d(p 1
7(puDF) =——py Ngko (exch08X+ezcgzoaz)|A]2, 0, —wg—mo (exax—k—oezaz)|A]2 , (8.29)
ot 2 “o ko mo
where | - | denotes the modulus. The details leading to Eq. (8.29) are included in Ap-

pendix B.2.1. In the equivalent Boussinesq expression (without rotation) derived by vdBS18,
it was possible to integrate Eq. (8.29) with respect to time to obtain an explicit expression for
upp itself. The crux of the integration in the nonrotating Boussinesq derivation was the equiv-
alence —ko/mo = ¢420/¢ge0 in the third component of the Boussinesq equivalent of Eq. (8.29),
after which 0; = —cg40 - V was used to convert spatial partial derivatives to temporal ones.
Conversely, the above ratio of group speeds does not hold when c¢y0 and ¢, are defined for
an anelastic gas with finite H, by Eqs. (8.24a)—(8.24b), and so we cannot obtain directly an
explicit algebraic solution for upy as it depends on |A|?. However, this issue poses no problem
because the Bretherton flow is driven by the vertical component of vorticity, hence by the
vertical component of the curl of Eq. (8.29), which is independent of d;(pwpr). Consequently,
we will eventually use 0; & —c4o-V to perform the time integration, but we defer the solution
of Eq. (8.29) until we solve for the components of ugy itself.

Expanding the nonlinear forcing F., given by the right-hand side of Eq. (8.27), up to

second-order in €, yields

F, = (¢ + ¢W)(iko + e,0x) (@l + 0V + (¢

O+ D)eydy (ws? +wiV). (8.30)

This expression is analogous to that in Eq. (2.22), except there is no explicit derivative with

respect to time on the right-hand side of Eq. (8.30) here." Substituting the polarization

TThe time derivative was applied in Sec 2.2 in the derivation of the vorticity equation governing the evolution
of general wave-induced mean flows [cf. Eq. (2.11)]. The terms eliminated by that procedure did not appear
ultimately in the vertical component of vorticity which governs the Bretherton flow. The derivative with
respect to time was therefore not required to obtain Eq. (8.22).
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relations into this expression and computing the mean we find, in sequence, (F. Z)(()2) =0 and

(F.);” = 0. The leading-order nonzero expression is found at O(a?e?), and is given explicitly
by
1 k
(FZ)gQ) = 4p0N§w(;ey{26xcg$oaxy\A]2 + QGzcgzoayzlA\Q

- ExchO(AAE(Y + A*AXY) - GZng()(AA)}k/Z + A*AYZ) (8 31)

- Woexﬂx(AAg(Y + A*AXY) - wOGZBZ(AA?;/Z + A*AYZ)

— woeyBy(AAYy + A*AYY)},

where A* is the complex conjugate of A. The detailed derivations of the expressions for F,
at the various orders are provided in Appendix B.2.2. The right-hand side of Eq. (8.31) is
analogous to that in Eq. (2.23) without the time derivative, and we have used explicitly the
fact that A is complex.

Using Eq. (8.29) it is straightforward to show that the first two terms on the right-hand side
of Eq. (8.31) are equal to [V x d¢(pupy)] - €,. Substituting Eq. (8.31) into the right-hand side
of Eq. (8.27) and using the Bretherton flow decomposition ugr = upp + Ugy, then cancelling
the [V x 0i(pupr)] - €, term on both sides of the resulting expression, we find that

N 1 k * * * *
8t[V X (ﬁuRF)] - e, = _4PON020£61/{6960910(AAXY + A Axy) + ezcgzO(AAYZ + A Ayz)

+ WOExﬁx(AA}Y + A*AXY) + WOEZBZ(AAEK/Z + A*AYZ)
+ wOEyﬂy (AA*YY + A*Ayy)}
(8.32)

We now use the fact that the response flow is horizontally irrotational (Bretherton, 1969),
which imposes values of 3, 5y, and 8, so that the right-hand side of Eq. (8.32) is identically

zero. Explicitly,

Bz = —ngo/wo, (833&)
By =0, (8.33b)
B = _CgZO/WO‘ (833C)

Using Egs. (8.33a)—(8.33c) in Eq. (8.27) and using explicitly the vertical component of the
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curl of Eq. (8.29), we obtain

0 0 1
a[ﬁ(exﬁvaF — €Oy upr)] = Ot{ — 2,00N0K06y8y|A|2}, (8.34)

where we used 9, ~ —cg - V on the right-hand side to convert spatial derivatives of |A|? to a

time derivative.

8.3.3 Bretherton flow

Integrating Eq. (8.34) with respect to time and dividing the result by p we obtain

1 _
€20x Upr — €,0y Upp = —§€Z/H9N0K06y8y|A|2 + (. (%), (8.35)

where (. represents the (steady) vertical component of the background vorticity present in
the domain. In the assumed stationary atmosphere, it follows that (. (x) = 0.

A partial differential equation for the horizontal components of ugy is found in a manner
similar to that employed in Sec. 2.2.3. In particular, we take derivatives with respect to X
and Y of Eq. (8.35) and of the anelastic Bretherton nondivergence condition, using this to
eliminate mixed partial derivatives of ugr and vgr. As a result, we obtain the following two

Poisson equations:

1
—(e20xx + €;0vy )upr = —§N0K062/Hﬂe§8yy\A|2, (8.36)

1
(€20xx + €0y )vsr = —§N0Ko€z/Hp€z€y8XY\A|2- (8.37)

These equations are solved using Fourier transforms with respect to the first two components
of the unscaled translating coordinates (z,9, 2) = (X/e,, Y /ey, Z/€;), following the approach
in Sec. 2.2.3 and of vdBS18. Denoting by # the horizontal Fourier transform of a field n, we

define the Fourier transform pair

A 3) - 1 o\ o~ (KEHAG) 7~ 7~

Nk, A, 2) == W/}W n(x)e ) 4z d, (8.38a)

n(Z,7,2) ::/ Rk, A, 2)e T dig d X, (8.38b)
R2

analogous to Egs. (2.30a)—-(2.30b), where x and A are the streamwise and spanwise transform

variables, respectively.
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Under the change to unscaled variables and then under the Fourier transform, e,0x —
0z — ik and €,0y — Oy — i\. Using these with Egs. (8.36)(8.37) and inverse transforming

the result finally yields the integral expression for the anelastic Bretherton flow,

UpF 1 A
= - NoK Z/HP/
[Q}BF] 2 0-30€ R2 I"v'2 + )\2

In the Boussinesq limit, this equation recovers Eq. (3.15) of vdBS18. Equation (8.39) repre-

[A|2e (55420 g ), (8.39)

—K

sents a nontrivial extension to a uniformly stratified anelastic gas of the solution to Eq. (22)
in Tabaei and Akylas (2007), and to Eq. (9.29) of Biihler and McIntyre (1998) in the limit of
no background flow or rotation effects.

Although in principle Eq. (8.39) predicts the evolution at early times of the anelastic
Bretherton flow induced by sufficiently localized wave packets, in practice we prescribe an

initial Gaussian amplitude envelope

1 $2 2 22
T y z

We square the amplitude envelope, and Fourier transform the result using Eq. (8.38a) to find
conveniently that
— 1

272
|A]2 = ngayA?)e #/ exp[—1 (02K + 05/\2)]. (8.41)

The horizontal components of the corresponding Bretherton flow are found numerically upon
substituting this expression into Eq. (8.39).

Vertical cross sections of initial nondimensionalized Bretherton flow, tgg(x,0,2,t = 0) =
ugr (7,0, 2,0)/(No/ko), are shown in Fig. 8.1 for wave packets with o, = 0, = 0, = 10k, ' in
a uniformly stratified anelastic gas with density scale height H, = 10k ! The wave packet
was initialized using Eq. (8.40) with Ay = 0.05k; " and mg/ky = —0.7, corresponding to
waves propagating initially with approximately the fastest vertical group speed at an angle of
Og = tan~! |mg/ko| ~ 35° to the vertical. The solid and dashed black curves in each panel,
defined by (z/0.)? + (2/0.)? = a?, indicate a = 1 and a = 2 standard deviations about
the wave packet centre, respectively. Fig. 8.1(a) shows the Bretherton flow with the effect
of anelastic growth scaled out, and is similar to the vertical structure of the Bretherton flow

induced by a Boussinesq wave packet. For comparison, Fig. 8.1(b) shows the Bretherton flow
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Figure 8.1: Vertical slices of the initial nondimensionalized Bretherton flow, fgr = wge(x,0,z,t =

0)/(No/ko), given by Eq. (8.39), in an anelastic gas with H, = 10k, !, where the anelastic growth factor
is (a) scaled out; and, (b) retained. The wave packet shown was initialized with a peak vertical displace-
ment amplitude of Ay = 0.05k0_1, a relative vertical wavenumber of mg/ky = —0.7, and a spatial extent
0x = 0y, = 0, = 10ky *. Solid and dashed black curves show the first and second standard deviations,
respectively, of the Gaussian wave packet.

#/Hp  Qualitatively, this factor tends to skew the

including anelastic growth by the factor e
region of strongest Bretherton flow toward the leading flank of the wave packet. Anelastic
growth acts to increase the magnitude of the Bretherton flow above zy, visible in the more

intense colouring compared to Fig. 8.1(a). In particular, the peak magnitude of the Bretherton

flow in Fig. 8.1(b) is 28% greater than that in Fig. 8.1(a).

8.4 Propagation of wave packets through a nonuniform back-

ground shear flow

The linear theory of internal gravity wave packet propagation in a uniformly stratified Boussi-
nesq fluid with a horizontally homogeneous but vertically nonuniform background shear flow
was presented in Sec. 5.1. Here, we review briefly the linear theory in the context of an anelas-
tic gas, then derive critical amplitudes for partial transmission and tunnelling of moderately

large amplitude waves following the approach in Sec. 5.2.
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8.4.1 Linear theory

Crucially, the background flow acts to Doppler-shift the intrinsic frequency wp, given by

Eq. (8.23), with the resulting Doppler-shifted frequency given by
Q = wy — kou,

analogous to Eq. (5.2). Qualitatively, the background flow advects the waves in the streamwise
direction, altering the path of the wave packet as it propagates through the nonuniform
background flow.

Starting from an initial position (xg,0, 29), the path traced by the centroid of a small
amplitude wave packet through a uniformly stratified anelastic gas is predicted, using ray

theory, by the solution of the differential equations

Z—f = cge(m(2)) + u(2), (8.42a)
dz
i cgz(m(2)), (8.42b)

provided @ does not change significantly over a vertical wavelength (e.g. Sutherland, 2010,
Sec. 6.5). According to Eqgs. (8.42a)—(8.42b), the position of the wave packet is determined

by the background flow and the local group velocity ¢y = (¢gz, 0, ¢gz), where

No(K? — k2
Cor = 0([(30) (8.43a)
Nok
Cgr = _ngm’ (8.43b)

where K = (k3 + m? + 1/4Hp2)1/2. The lack of subscript on m in Egs. (8.42a)—-(8.43b)
indicates that the vertical wavenumber is not fixed, but varies with height in response to

Doppler-shifting by the background flow [cf. Eq. (5.5)]. Explicitly,

| N7
m = m(z(t)) = sign(m)ko EEOIE 1, (8.44)
where sign(m) = —1 and +1 correspond, respectively, to upward- (¢, > 0) and downward-

propagating waves (cg, < 0), according to Eq. (8.43b).
The height z. and time ¢, at which an initially upward-propagating wave packet is antic-

ipated to reflect are diagnosed from the numerical solution of Eqs. (8.42a)—(8.42b), subject

129



to the initial condition (z(to),0,z(to)) = (x0,0,20), with kg > 0 and m(zp) = mo < 0. It
is necessary to solve Egs. (8.42a)—(8.42b) numerically because these differential equations
lack analytically tractable solutions for general background flow profiles u(z). Details of the
numerical solution procedure are provided in Appendix D.

The reflection behaviour described above is anticipated to be modified significantly by

nonlinear interactions with the Bretherton flow, as described below.

8.4.2 Reflection level penetration

In the study of transmission and reflection of one- and two-dimensional wave packets in a
uniformly stratified Boussinesq fluid with uniform shear flow, Sutherland (2000) found that
wave packets could transmit partially above the reflection level predicted by linear theory,
provided the vertical shear in the wave-induced mean flow was somewhere greater than the
background shear. A similar result was found in Part II for three-dimensional wave packets
propagating in a nonuniform background shear flow. Mathematically, the penetration condi-
tion for three-dimensional wave packets, whose induced mean flow is the Bretherton flow, is

given by

P
‘ UBE | Isol, (8.45)

0z

analogous to Eq. (5.7). To derive the critical amplitude for partial penetration above the
reflection level predicted by linear theory, we follow the approach of Sec. 5.2. We consider
solutions of Eq. (8.45) for initially trivariate Gaussian wave packet envelopes, given in terms
of vertical displacement by Eq. (8.40).

At a given height, the peak magnitude of |ugg|, hence also that of |Qugr/0z|, is located
at the horizontal centre of the wave packet. With this consideration, using Eq. (8.41) in the
streamwise component of Eq. (8.39), then setting (z,y) = (0,0), we obtain the vertical profile

of the largest Bretherton flow. Explicitly,

1 A2
II%??;X |upr| = §N0K0 R, _(’)_ 16722/0362/1{”, (8.46)

where R, = 0,/0, is the spanwise aspect ratio of the wave packet.

Differentiating Eq. (8.46) with respect to z yields a vertical profile of largest wave-induced
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Critical wave amplitudes
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Figure 8.2: Critical amplitudes for wave packets with amplitude envelope given initially by Eq. (8.40) for:
(black curves) reflection level penetration Agp, given by Eq. (8.47) for a range of shear strength parameters
|so|/No; and, (blue curve) instability due to self-acceleration Asa, given by Eq. (8.53), as a function of
initial wave packet propagation angle ©y = tan~!|mg/ko| to the vertical. All curves are plotted with
0x =0, =0, = 10k; ' and H, = 10k, * fixed.

mean shear,

2
i ! Nolgp 20 [2 S ]e_ZQ/”zez/H”.
oz H,

S = — max |u = ——
BF dz ‘ BF|

270 OR, +1
Differentiating sgr with respect to z and setting the result equal to zero, it is straightforward

but somewhat tedious to show that the induced mean shear profile is maximized at z =

302(1/H, — \/2/0.), with corresponding maximum

1 NoKo .o 2 /am
A200%/(4HZ)
Ry +1+/2e0, 0

Substituting this into Eq. (8.45) yields the critical amplitude, Arp, above which fully local-
ized Gaussian wave packets are anticipated to penetrate partially above the reflection level

predicted by linear theory:

e \/WH )

Koeo2/(4H3) Ny
This critical amplitude is plotted for a range of shear strength parameters |so|/Np as the black
curves in Fig. 8.2, with H, = 10k, ', R, = 1 and 0, = 10k, ' fixed.

In the Boussinesq limit, Eq. (8.47) recovers the expression for the reflection level pene-
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tration amplitude of waves in a uniformly stratified Boussinesq fluid, given by Eq. (5.10).
For finite values of H,, Eq. (8.47) quantifies the role of anelastic growth that one anticipates
intuitively, namely, that Arp is smaller relative to its Boussinesq counterpart, the difference
accounted for by exponential amplitude growth with height in an anelastic atmosphere. In
particular, the ratio of Eq. (8.47) and Eq. (5.10) is

1/4
{’M] Y
k3 +mé + ﬁ

~1

8HZ) indicates that anelastic

Using typical values of o, ~ H, = O(lOk:al), the factor e 72/
growth accounts for a reduction in predicted penetration amplitude to about 88% of the

corresponding Boussinesq value.

8.4.3 Internal wave tunnelling

In general, a reflection level is predicted at the height where the wave frequency (or the
Doppler-shifted frequency, if one considers a fluid with nonzero background flow) equals the
local buoyancy frequency. Although we have focused so far on partial transmission of waves
above a reflection level that exists due to a retrograde shear flow in a uniformly stratified
fluid (in which N = Nj is constant), recall that a reflection level is similarly predicted in a
nonuniformly stratified fluid in which N = N(z) decreases with height. In either context,
in order to apply ray theory to predict the height of the reflection level, it is assumed that
the background state (e.g., the background flow, as in Secs. 5.2 and 8.4.2) varies slowly with
height relative to the wavelength of the waves.

Conversely, in the context of nonuniform stratification in particular, if N(z) decreases
rapidly, linear theory predicts a phenomenon called internal wave tunnelling, provided the
region of weakened stratification is not too broad (Sutherland, 2010). Whereas ray theory
predicts incorrectly (on account of the rapid change in V) that waves incident upon the region
of weak stratification should reflect, instead the vertical wavenumber can become complex so

that the wave amplitude decays exponentially in the region of weak stratification. The waves

Internal wave tunnelling is so named because this phenomenon is directly analogous to quantum tunnelling
but for classical waves, as described theoretically and demonstrated in laboratory experiments by Sutherland
and Yewchuk (2004).
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are said to be evanescent in such regions. Provided N decays sufficiently that N?(z) < w%,
exponential amplitude decay is predicted directly from Eq. (8.44), which sets the local value

of the vertical wavenumber according to

For clarity, we have set {2 = wyp, and thus we have considered tunnelling in the relatively
simple context of a stationary fluid.

By analogy with a fluid in which N(z) decreases over a finite depth, we now consider inter-
nal wave tunnelling in a uniformly stratified fluid in which the magnitude of the background
flow increases relatively rapidly over a finite vertical distance below which it decreases again.
The motivating geophysical situation is the upward propagation of internal waves as they
encounter a jetlike retrograde flow representing the Quasi-Biennial Oscillation (QBO). In this
case waves become evanescent if the retrograde background flow is of sufficient magnitude

that Q%(z) > N according to Eq. (8.44):

N2
m o \/[wo—k;)u(z)]Q_l’ (8.48)

where we have explcitly retained the effect of the background flow. The critical minimum
magnitude of the background flow that ensures waves become evanescent, ., is found by

setting the discriminant of Eq. (8.48) equal to zero, from which we find

No — wo

= 8.49
- (5.49)

Transmission and reflection of internal waves propagating in a retrograde shear flow satis-
fying Eq. (8.49) was studied in a Boussinesq fluid by Brown and Sutherland (2007) and in an
anelastic gas by Nault and Sutherland (2008). In particular, the transmission coefficient was
defined as the ratio of transmitted to incident pseudoenergy flux, equivalent to

AP

Te =1— —>=
° A+

(8.50)

where A~ and A" were the amplitudes of the reflected and incident waves found numerically

at the bottom of the domain [Nault and Sutherland (2008), Eq. (15)]. Assuming the waves
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were purely two-dimensional and monochromatic, the amplitudes were diagnosed from the

numerical solution to the anelastic Taylor—-Goldstein equation (Gossard and Hooke, 1975),

s 1, (N W a
L2 SR A 8.51
g TR 0 e Ter, )Y Y (8:51)

k‘omfwot)
9y

where ¥ = 1(z) is the vertical structure of the mass-streamfunction W(z, z, t) = v (z)e'

defined implicitly by

10V
u:—gg,
10V
w—E%.

The reason to adopt the simplified approach of Nault and Sutherland (2008) is to predict
transmission and reflection of wave packets to inform the choice of parameters for fully non-
linear numerical simulations using model profiles of the QBO, elaborated upon in Secs. 8.6

and R.7.

8.5 Wave packet self-acceleration

In Sec. 2.3.3 we adapted the approach of Sutherland (2001) to predict the amplitude at which
a fully localized wave packet in a rotating uniformly stratified Boussinesq fluid was prone
to self-acceleration instability [cf. Eq. (2.41)]. In Sec. 5.2 we evaluated Eq. (2.41) in the
nonrotating limit to predict a lower bound for the initial amplitudes of wave packets that
were prone to eventually overturn due to self-acceleration instability [cf. Eq. (5.11)]. The
practical reason to establish that bound was to guide the choice of initial amplitudes used in
numerical simulations to avoid simulating waves that overturned (hence leading to numerical
instability and rapid blowup) prior to attaining significant quasisteady transmission above the
reflection level. Conversely, the anelastic code is equipped to model the relatively small-scale
turbulent wave breaking that follows shortly after overturning (elaborated upon in detail in
Sec. 9.5), thus eliminating the restriction to waves that evolve to remain below overturning
amplitude. The removal of this restriction is important in particular for waves in an anelastic
gas whose amplitude grows exponentially with height.

To derive an expression for the critical amplitude for self-acceleration, we again take the
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approach of Sutherland (2001), who proposed somewhat heuristically that one-dimensional
wave packets were prone to self-acceleration if their wave-induced mean flow was somewhere
greater than their streamwise group speed. For three-dimensional wave packets in a uniformly
stratified anelastic gas, whose wave-induced mean flow is the Bretherton flow, it is necessary
to compare cgyo with max{ugr(x,0)}. The critical amplitude for self-acceleration, Aga, is

then given generally by

Cgz0
Agp = Ag, | —LE— 8.52
SA 0\ 2o (7, 0) (8.52)

where x* is the point at which ugp is maximized initially. For a Gaussian wave packet, with
amplitude envelope given by Eq. (8.40), using Eq. (8.46) it is straightforward to show that the
maximum Bretherton flow is located initially at x* = (0,0,02/2H,). Using this maximizer in
the first row of Eq. (8.39) and substituting the result into Eq. (8.52), we find that the critical

amplitude for self-acceleration is

_2AKE k) (Ry + 1)
Agp = \/ KA (8.53)

This critical amplitude is plotted as the blue curve in Fig. 8.2, with H, = 10ky L R, =1 and
o, = 10k ! fixed.

In the Boussinesq limit, the expression in Eq. (8.53) recovers that in Eq. (5.11). Comparing
Eq. (8.53) with its Boussinesq counterpart we find that, except for waves with frequency near
Ny, the role of anelastic growth is to reduce the critical amplitude by a factor of approximately
e =02/ (BHY), Conversely, for waves with frequency approaching Ny, corresponding to waves
propagating initially at an angle approaching ©g = 0°, the critical amplitude tends toward a
nonzero value. This behaviour is unlike waves in a Boussinesq fluid, for which Agp — 0 as
Oy — 0, and are therefore unstable to self-acceleration at any amplitude.

Like internal gravity waves in a Boussinesq fluid, self-acceleration can drive anelastic inter-
nal waves to overturning amplitudes. By analogy with waves in a Boussinesq fluid, anelastic
waves are said to be overturning if they are of such large amplitude that potentially cooler
fluid is lifted over potentially warmer fluid. As a result the gradient of the total potential
temperature is negative somewhere in the fluid: df(z)/dz + 00(x,t)/0z < 0. Recasting this

inequality in terms of vertical displacement using Eq. (8.11), multiplying the result by g¢/é,
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and using Eq. (8.16), we obtain the anelastic overturning condition,
2 2 2 2 2 0¢ 2

where we have defined M? := (¢/0)0" for convenience. In a uniformly stratified anelastic gas,
0 is given by Eq. (8.5), and so M? = Mg = N§/Hjy, hence AN? = —Ng(5: + #-¢). If one
then substitutes a plane wave solution into Eq. (8.54) to predict the critical amplitude at

which a wave will overturn, one finds that

1 . -t
Aot(2) = FCOS(SDO)_mOSln(SDO) e~ #/2He

*

where we have defined 1/H, := 1/2H, + 1/Hjy for convenience. The dependence of Aot on
height predicts anelastic waves to overturn at lower amplitudes as they propagate upward in
the fluid. Although overturning of anelastic waves is not the focus of this study, Eq. (8.54)
provides a useful diagnostic which will be applied in the numerical code, described in Chap-

ter 9.

8.6 Idealized modelling of the Quasi-Biennial Oscillation

The physical context in which we study wave packets in an anelastic atmosphere is the prop-
agation of waves incident upon the QBO wind. By convention our coordinate system is
oriented such that the direction of forward wave propagation in space corresponds to propa-
gation along the positive x axis, which can be taken geographically to point east. With this
orientation a retrograde background flow refers to one which flows in the direction opposite
to the streamwise phase speed, ¢,,. The easterly (westerly) phase of the QBO characterizes
such a background flow when ¢,; > 0 (cpz < 0). In practice, both QBO phases can be set
up with @ < 0; results corresponding to the westerly phase of the QBO can then be reflected
about the z-axis in postprocessing. To that end, here we describe our use of observational

QBO wind data to obtain idealized model QBO wind profiles.
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8.6.1 Data selection

The data are derived from vertical profiles of zonal wind measured twice daily by radiosondes
launched at the Meteorological Service Singapore Upper Air Observatory, located at 1.34041N,
103.888E (Newman, 2023). The processed wind data available online, denoted here by ugps,
consisted of the monthly-mean of the raw data interpolated spatially to missing pressure levels,
and interpolated temporally to missing pressure levels above the top of the radiosonde profile.
The data online were reported at fourteen pressure levels from 300 hPa to 10 hPa. A vertical
time series of the processed data is shown in Fig. 8.3. Typical profiles of the QBO easterly
phase (QBO-E) were identified somewhat heuristically from a visual inspection of Fig. 8.3 as
those profiles within the easterly flow regime such that the flow speed was as close to 0 m s~!
as practical at 300 hPa and 10 hPa. Typical profiles of the QBO westerly phase (QBO-W)

were identified in a similar manner. For the time being we will refer only to QBO-E profiles

to describe the QBO modelling process, and comment on QBO-W afterwards.

8.6.2 Data postprocessing

The selected QBO-E profiles were first converted to use height as the vertical coordinate as
opposed to pressure. This was done by assuming the atmosphere was isothermal and that
its background state was in hydrostatic balance. Under these assumptions the background
pressure profile is given by p(z) = poe */He [cf. Eq. (8.3)]. The density scale height H,
was determined by assuming the atmosphere was uniformly stratified so that the buoyancy
frequency was constant. In particular, we set Ng = 0.02 s~! as this is a typical value in
the stratosphere (e.g., Pedlosky, 1987). Then, using the definition of the squared buoyancy
frequency for an anelastic gas, given by Eq. (8.16), and the relationship between the scale

heights for density and potential temperature, we find

2 2 g
Hy=-Hy=-2 ~70%k
P T TN m’

2 is an appropriate magnitude of the acceleration of gravity in

where we assumed g = 9.81 m s~
the stratosphere. Using a reference pressure of pg = 1000 hPa (corresponding approximately to

the pressure at ground level), this procedure yields a pressure-to-height conversion effectively
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Figure 8.3: Vertical time series of monthly-mean zonal QBO winds measured by radiosondes launched from
the Meteorological Service Singapore Upper Air Observatory (Newman, 2023). The westerly and easterly
phases of the QBO are denoted by W and E, respectively. The heavy dashed line indicates the estimated
tropopause height calculated from the measured thermal lapse rate.

identical to that obtained independently in Fig. 8.3. Having recast the profiles as a function
of height, we compute a simple average of QBO-E and QBO-W profiles, denoting the result
by tUeps. The selected QBO-E profiles are shown with the mean profile superimposed in
Fig. 8.4(a).

8.6.3 Model QBO profile

The mean QBO-E profile shows two easterly jetlike features. The lowermost peak, centred at
z = 13.3 km, corresponds to a prevailing tropospheric easterly wind, and will be ignored. The
uppermost peak, centred at zz := z = 27.4 km, corresponds to the QBO-E profile we wish to

model. The model is a Gaussian curve of the form

u(2) = ag exp[—(2*2 /202 + 2* /va)), (8.55)
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(a) Observed QBO profiles (easterly phase) (b) Mean and model QBO profiles
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Figure 8.4: Profiles of the QBO-E monthly-mean zonal wind velocity (a) obtained from measurements by
radiosondes launched from the Meteorological Service Singapore Upper Air Observatory (Newman, 2023);
and, (b) modelled using a least-squares fit to a Gaussian curve of the form given by Eq. (8.55).

where we defined z* := z — zg, and the parameters ag, 0, and 5 are, respectively, the velocity
at z = zz, vertical extent, and offset correction, to be determined using a least-squares fit.
The offset correction is necessary to account for distinct peak altitudes in the mean and model
profiles. Although Eq. (8.55) is equivalent to a shifted Gaussian (in which the vertical shift
zg is unknown and 5 = 00), to estimate zz one would need to solve a system of nonlinear
optimization equations involving products of zz and oz. The use of the offset correction avoids
this entirely.

In order to apply the least-squares fit, we only use data corresponding to |ps| at altitudes
z > 20.97 km, thus effectively ignoring the lowermost jet. It is necessary to use the magnitude
of ps so that In |@|, which is a quadratic polynomial in z*, may be fit using linear least squares

(e.g., Burden and Faires, 2010). The corresponding least-squares error is defined by

n

1 ~ ~ 2
By o= o 3 [fomn(z]) — ()]
j=1
in which we have defined @ := In ||, Uops = In|tUons|, and az = In|ag| for convenience.

The error Eo is minimized with respect to the fitting parameters by setting 0FEs/0agz = 0,
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Figure 8.5: As in Fig. 8.4 but for the westerly phase of the QBO.
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from which the parameter values are found. In particular, we find azg = —e% = —35 m s~ !,
og = 2.93 km, and v = 8.00 km. Using these values and completing the square in the

exponential term in Eq. (8.55), the QBO-E model is equivalent to

1 02\ ?
u(z) = g exp |:—%‘2<Z*+71j> },
a w

where we have defined the peak velocity g = agexp(o2/2y2) = —37.5 m s~!. The model

(8.56)

parameters are summarized in Table 8.2. Expressing the model as in Eq. (8.56) makes explicit
that the model peak is offset below (above) the peak in the mean profile by a distance equal
to 02/vz > 0 (< 0). Using the fitted parameters, o2 /v; = 1.1 km.

The QBO-E model given by Eq. (8.56) is compared with the mean QBO-E profile in
Fig. 8.4(Db).

The model agrees well qualitatively with the upper easterly jet in the mean

profile, except for its peak velocity, which exceeds the peak of the mean profile by 22%, but
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Fitted parameters Derived parameters

Model

ag ms™!] oy [km] g [km] @ [msT!]  02/yz [km] Peak altitude [km]
QBO-E -35.0 2.9 8.0 —-37.5 1.1 26.3
QBO-W 13.1 3.8 8.0 14.7 1.8 25.6

Table 8.2: QBO model parameters obtained by least-squares fitting the mean upper QBO-E/W jet above
z = 20.97 km to the model given by Eq. (8.55). The peak speed &y of the model was found from the fitted
parameters according to g = azexp(02/2v2), and the corresponding altitude was found by subtracting
02 /75 from z; = 27.4 km. Note that the peak altitudes are above the 1000 hPa pressure level.

is nonetheless within the range of observed QBO-E values.

A procedure similar to the one described above was used to obtain a model QBO-W profile.
Profiles of QBO-W derived from radiosonde measurements, identified visually from Fig. 8.3,
are shown in Fig. 8.5(a) with the corresponding mean profile superimposed. Selected profiles,
chosen such that the flow at the top was near zero whenever practical, correspond to the
times when the QBO begins transitioning from the westerly to easterly phase. Like the mean
QBO-E profile, the mean QBO-W profile shows two jetlike features, but with opposite signs.
The lowermost peak, centred at z = 13.3 km (the same altitude as the corresponding peak
in the mean QBO-E profile), corresponds to a prevailing tropospheric easterly wind (to be
ignored in the model), with magnitude 13.5 m s~! (compared to 10.7 m s~! for the QBO-E
mean profile). The QBO-W mean profile has a broad peak with magnitude 12.9-13.1 m s~!
between z = 24.5-27.4 km.

Data from the mean QBO-W profile at altitudes zz > 20.97 km were used to obtain a least-
squares fit model of the form given by Eq. (8.55). The fitted parameters were az = 13.1 m s},
oz = 3.8 km, and vz = 8.00 km. The resulting profile is written equivalently in the form of
Eq. (8.56) with peak magnitude %o = 14.7 m s~! located 1.8 km below the peak in the mean
profile. The model parameters are summarized in Table 8.2. The model profile is compared
with the computed mean profile in Fig. 8.5(b). The model agrees well qualitatively with the
westerly jet in the mean profile, except for its peak velocity, which is 12% greater than the

peak of the mean profile, but well within the range of observed QBO-W values.
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8.7 Transmission coefficient

In Sec. 5.5 we defined conserved quantities generally [cf. Eq. (5.16)] and motivated the use of
a pseudomomentum-based transmission coefficient, as opposed to one based on wave energy.
The latter is perhaps a more familiar quantity, but one which is crucially not conserved in
a fluid with a nonuniform background flow. In particular, the transmission coefficient as a
function of time was defined by Eq. (5.20) as the horizontally integrated pseudomomentum
density associated with upward-propagating waves, integrated above the reflection level, and
normalized by the (constant) total pseudomomentum, Z.

We derive here an analogous transmission coefficient, to be defined using the expression
for pseudomomentum density P(x,t) appropriate for three-dimensional disturbances in an

anelastic gas. The corresponding conservation law [Shaw and Shepherd (2008), Eq. (1.1)] is

oP
5 =V Fp. (8.57)

Our intention is to obtain an explicit expression for pseudomomentum by integrating directly
this conservation law. Integrating Eq. (8.57) with respect to z, y, and t, using the Divergence

theorem and the horizontal periodicity of the domain, we obtain

<73>—/t O it = [ Lipvar + [ =2 ipuw)ar
— ). ot ~ )t 0z e

where angle brackets denote the horizontal integral, #y is the time at which a simulation is
initialized, and puw = Fp - &, is the vertical component of the anelastic pseudomomentum
density flux, given explicitly by the right-hand side of Eq. (3.25) of Shaw and Shepherd (2008).
The integral ffooo %(Pﬁit’ represents the horizontally integrated distribution of pseudomo-
mentum density at initial time ¢ = .

The transient transmission of waves through the QBO winds is then quantified by

1 Zmax
Tp(t) = 7 /+ 7<77(x, t))dz, (8.58)

where &) = fzi::" (P)dz. The numerical method to evaluate Eq. (8.58) is described in Chap-

ter 9.

Partial transmission of wave packets through the QBO winds will be quantified using
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Figure 8.6: Transmission coefficient predicted from the numerical solution of the anelastic Taylor—Goldstein
equation, Eq. (8.51), for a range of streamwise wavenumbers and frequencies, and QBO wind profiles
described in Table 8.2. The white contours are isolines indicating constant predicted transmission separated
by a constant interval of 0.2. Diamonds indicate the wavenumber-frequency combinations used to initialize
numerical simulations of wave packets incident upon the QBO winds.

Eq. (8.58), and compared with the transmission coefficient T¢, defined by Eq. (8.50), as
obtained from solutions of the anelastic Taylor—Goldstein equation, Eq. (8.51). Although these
respective metrics are distinct quantitatively, their comparison will enable us to assess the
extent to which the relatively straightforward coefficient T¢ is suitable to quantify transmission
of fully three-dimensional, quasimonochromatic wave packets.

To that end, Eq. (8.51) was solved numerically using the QBO wind profiles with param-
eters described in Table 8.2, for a range of streamwise wavenumbers and wave frequencies.
The resulting predicted transmission coeflicients, using the QBO-W and QBO-E profiles, are
shown in Figs. 8.6(a) and 8.6(b), respectively. The largest transmission coefficients are pre-
dicted for wave packets with |koorp )| = O(1), corresponding to streamwise wavelengths
that are long relative to the vertical extent of the QBO jet. Transmission through the QBO-
W jet is predicted for a broader range of streamwise wavenumbers than for the QBO-E jet
because the peak magnitude of the QBO-W is relatively weak compared to that of the QBO-E

(14.7 compared to 37.5 m s~!, respectively).
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CHAPTER 9

Numerical methods

The fully nonlinear code described in this chapter was adapted from the one described in
Chapter 6. The key modification was to implement finite-difference methods in the vertical
instead of the Fourier spectral method. The main reason for this major change is the loss
of vertical periodicity of the wave fields, whose amplitudes grow anelastically (exponentially)
with height. The finite difference approach, and the additional code changes this entrained,

are described in the following sections.

9.1 Governing equations

The code solved the anelastic Euler equations (Lipps and Hemler, 1982; Ogura and Phillips,
1962) including explicitly a forcing by the height-dependent background flow @(z). Using
the notation of Sutherland (2010), the prognostic equations for velocity and internal energy
conservation (in which vertical displacement is used as a proxy for perturbation potential

temperature) in flux form are given dimensionally by

8u_ o (p 1 _ _Ou —/

En m(p) 5V (puw) — s — i, 6-1)
ov 9 (p 1 B _Ov

—at = —8—:[/ (ﬁ) — BV . (,O’Ull) - u%> (9'2)
ow_ 0P\ _lg. Guu) - a2% _ N2
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o) 1 0" 0
8—§ =w — BV - (p€u) — ?wf — ﬂa—j (9.4)
V- [p(u+ué;)] =0=V-(pu). (9.5)

where u = (u,v,w) is the velocity vector, and ¢ is vertical displacement, related to pertur-
bation potential temperature by ¢ = —0/', and a prime denotes an ordinary derivative of
a background field with respect to z. The background flow profiles u were set by the QBO
model, Eq. (8.56). The specific parameters for the QBO-E/W profiles are given in Table 8.2.

The system of equations (9.1)—(9.5) is closed by the inclusion of a diagnostic equation
for perturbation pressure. Such an equation is found by multiplying the velocity evolution
equations (9.1)—(9.3) by p to obtain the momentum equations, and taking the divergence of
the result, using the anelastic condition V - (pu) = 0 to eliminate the time derivative terms.

As a result,

o2 <p> _ [82(/)73) Lo 82(pw2)} B 2[82(puv) | Blpuw) | 8 (pvw)

p Ox? Oy? 022 Oxdy 0x0z OyOz
ow o€
o 2 =17 N2 l¢e N2 -
e (V)¢ 0z

9.1.1 Anelastic scaling

Following the approach taken with the fully nonlinear two-dimensional anelastic code of Ger-
vais et al. (2018), we scale the anelastic growth with height from the perturbation fields to
reduce the risk of model blowup. This scaling is performed by first defining 7 := p/pg. We

then define the scaled fields implicitly by

(uv f,p/ﬁ) = (ug, 587ps/p0)77_1/2~ (9.6)

As a result the scaled governing equations (9.1)—(9.5) are given by

Ous _i% _Oug du

ot podx Y (uuy) — ox  tdz’ 57)
%5; = ws — 7 V2|V - (Eug) + ee—lws& - ugis (9.10)
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1 =/
Vou, = —5%103. (9.11)

Early attempts to obtain vertical velocity from Eq. (9.11), equivalent to the approach used
in the Boussinesq codes described in Chapters 3 and 6, were unsuccessful: as the domain was
vertically aperiodic, vertical integration in real space resulted in small numerical errors that
accumulated only above the wave packet (unlike the ‘columns’ spanning the vertical domain
as described in Sec. 6.4). Any residual error remaining after attempting to subtract the error
from above the wave packet only compounded as the test simulation advanced in time, so that
the numerical solution was rapidly dominated by contamination from growth of this error.
For this reason, the anelastic code did not solve Eq. (9.11), but rather evolved the vertical
momentum field explicitly using Eq. (9.9).

Incompressibility was enforced indirectly through the scaled pressure equation, given by

vr(2) 2 [L(E) 1] B P )

P0 po 4\ T 2 F Ox? dy? 0z?
g2 [ Plusvs) | Pluswy) | Pwsws)] g )
0x0y 020z Yoz
Ow 17 0
ol S _ 2\/ _ 2 - S
2u 6$ (N)gs N<2,F+az>'

The scaled governing equations (9.7)—(9.12) are general enough to allow for arbitrary back-
ground stratification [in which one of p or § are specified, and the other follows from the ideal
gas law and the definition of background potential temperature, given by Eq. (8.1)]. However,
due to time constraints, in practice the code was set up to simulate waves in an atmosphere
with constant buoyancy frequency N(z) = Ny. This choice imposed the background density

and potential temperature profiles

= poe*/ Mo (9.13)

eyl

0 = Gpe/Ho, (9.14)

where H, and Hy are the (constant) density and potential temperature scale heights, respec-

tively.
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9.2 Discretization, grid generation, and resolution

Because # is nonuniform with height and the wave amplitudes grow exponentially with height
according to linear anelastic theory, it is not possible to solve Egs. (9.7)-(9.10) and (9.12)
in fully three-dimensional spectral space using fast Fourier transforms as was done with
the Boussinesq codes described in Chapters 3 and 6. The anelastic code takes a hybrid
pseudospectral-finite-difference approach in which Eqgs. (9.7)-(9.10) and (9.12) are fast Fourier
transformed with respect to the horizontal coordinates only, while retaining physical fields
vertically, as described below.

The relative scales for space and time variables were set by fixing Ny and kg (with arbitrary
units of inverse time and inverse length, respectively; exact values specified later). The
physical domain was periodic in the streamwise and spanwise directions. The vertical domain
represented part of the vertical extent of the atmosphere, from a base altitude zyi, (which
could be taken as ground level, although not necessarily) up to some a truncation altitude

Zmax- Therefore the physical domain was of size L, x L, x L., where

27 200
L, = Fonw,xv Ly = ?07 L, = zmax — Zmin,

in which ny, , was the number of wavelengths that spanned the streamwise domain initially.
As in the Boussinesq codes, the spanwise domain was specified directly because our coordinate
system was oriented such that there was no wave propagation in this direction. The vertical
domain was specified directly, enabling us relative flexibility in setting exact size compared
to multiples of the number of vertical wavelengths, as was done in the Boussinesq codes.
Applying experience with the Boussinesq codes, the domain was assumed large enough that
self-interaction across the periodic horizontal boundaries would be negligible over the time
scales for reflection and partial transmission. The vertical domain height was a compromise
between being large enough to contain any partially transmitted waves, while not being so
large that small-scale numerical noise could be amplified exponentially by the anelastic growth
terms (although in practice this occurred often).

The physical domain was set by specifying 32 evenly spaced grid points per streamwise

wavelength, by n, = 256 evenly spaced grid points in the spanwise direction, and by n. evenly
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spaced grid points in the vertical. Hence, the physical computational mesh consisted of the
set of colocated nodes {w;};", x {yj}?io x {zx}pzy- Values of ng, ny, and n. for specific
simulations are provided in Chapter 10. Applying experience with the Boussinesq codes,
domain size and resolution tests were not performed, because the domain size and resolution
for most simulations was comparable to complementary Boussinesq simulations, and because
of the computational cost involved.

For all simulations, n, and n, were set to be powers of two in order to use the fast Fourier
transform in the horizontal directions. Hence, the (horizontal) Fourier spectral domain was
{f@n}::gz/ % x {A\e};2,- Unlike the Boussinesq codes described in Chapters 3 and 6, it was
not necessary to set n, to be a power of two because the fast Fourier transform was not
applied vertically. Under the Fourier transform, partial derivative operators in the horizontal

directions were 0/0x — ik, and 0/0y — iAy. Vertical partial derivatives were approximated

with various finite-difference schemes, described below.

9.2.1 Approximation of vertical derivatives

We denote by a caret the Fourier transform of a field n with respect to  and y, and denote
by the subscript k£ the discretized height z; among n, + 1 evenly spaced vertical nodes. For
the time being, n, is arbitrary. The nodes are labelled by their index 0,1,...,n,, the lower
and upper boundaries having index k = 0 and k = n,, respectively. Vertical derivatives of

linear wave fields were approximated by O(Az*) accurate centred finite differences using

d 111 2 2 1
e ) e A A T S S 9.15
2510, A 2i) = g [12% 2 = 31+ Fik+1 12nk+2], (9.15)
d? 1 1 4 5 4 1
Ak \ A I A — Zh o — —7 9.16
122 QU(H> s 2k) = A2 [ 1277k 2+ 377k 1 277k + 377k+1 1277k+2], ( )

where we omitted the subscripts (n, £) for convenience. The main reason to use relatively high-
order finite difference approximations is to compensate for relatively poor vertical resolution
(compared to the spectrally well-resolved numerical solutions obtained with the Boussinesq
simulations). In principle, it is possible to use familiar O(Az?) finite-difference approximations
(e.g., as in Gervais et al., 2018) but the corresponding high-resolution vertical mesh would

be anticipated to require memory in excess of that available on the HPC compute nodes on
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which this code is designed to run (cf. the discussion in Sec. 6.4).

High-order approximations of vertical flux divergence were obtained by first interpolat-
ing the vertical fluxes halfway between vertical grid points, i.e., Fk+1 /2, where Fy, is the
fast Fourier-transformed product of any two perturbation fields. A certain “optimal” linear
combination of three O(Az3) “essentially non-oscillatory” approximations to Fkﬂ /2 yields a
O(Az®) approximation for this flux [Ghosh and Constantinescu, 2016, Eqgs. (19)—(22); Durran,
2010, Sec. 5.7]. Explicitly,

N 1 . 13 . 47 27 1 .
Fiq12 = %Fk—Q - @qu + %Fk + gtk — %sz

The vertical flux divergence at height z; was then approximated by
d - 1 - .
%F(/{, )\, Zk) =~ E(Fk+1/2 — Fk—1/2)' (917)

In practice, for fixed (K, A) only the FkH /2 fluxes were computed, as the right-hand side of
Eq. (9.17) is simply the difference of two successive approximations of F k+1/2- Computing ver-
tical flux divergence using Eq. (9.17) was anticipated to yield improved numerical conservation
compared to Eq. (9.15) at comparable computational cost.

If one instead constructs a convex combination of the aforementioned essentially non-
oscillatory approximations using weights that depend nonlinearly on the fluxes at the grid
points, one obtains a “weighted essentially non-oscillatory” scheme that is O(Az°) accurate
away from shocks (the so-called WENOS5 scheme). Provided no shocks are present (as is
anticipated of our numerical solutions), the nonlinear weights converge to the optimal linear
weights that were used to construct Eq. (9.17) (Jiang and Shu, 1996; Ghosh and Constanti-
nescu, 2016). In this way our code benefits from the accuracy of the WENOS5 scheme without
the significant computational burden of determining nonlinear weights.

Assuming the wave fields are sufficiently smooth, the approximations given by Egs. (9.15)—
(9.17) are valid for all but the next-to-boundary interior nodes, i.e., those indexed 2 < k <
n, —2. One option for approximating derivatives at the vertical boundaries is to use one-sided
finite differences. However, this is numerically unstable when combined with a time-stepping

scheme and leads eventually to numerical blowup. To maintain stability at the boundaries,
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second-order centred finite differences given by

. . 1 .
@n(ﬁ’ A 21) =i = E(’h — o), (9.18)
d? . X 1 o
@77(/‘67 A z) =1 ~ g(ﬁo — 211 + 172) (9.19)

were used at the first interior node above the bottom boundary (z; = z1), while a domain-
extension technique and centred fourth-order finite differences were used at the top boundary.
Because wave packets had negligible amplitude near the bottom boundary, the reduced accu-
racy of second-order approximations there was negligible. The boundary values and domain

extrapolation procedure are elaborated on below.

9.2.2 Boundary conditions

The domain was horizontally periodic, and so no horizontal boundary conditions needed to be
applied explicitly. Dirichlet boundary conditions were applied to all perturbation fields along
the bottom of the domain. In particular, the no slip condition was applied to the velocity
fields, and vertical displacement and dynamic pressure were set to zero. These conditions are
physically meaningful (i.e., the bulk of the wave packet exists far above the bottom boundary),
and are straightforward to implement. Conditions at the top boundary are discussed in detail

below.

9.2.2.1 Radiation boundary condition

The choice of boundary conditions at the top of the domain is nontrivial. The main reason
for this is that the atmosphere has no definitive ‘top,” and so numerical models of the at-
mosphere that use height as the vertical coordinate directly must impose an artificial upper
boundary. This is a challenging issue for numerical models of the atmosphere. An upper
boundary imposed at any height is necessarily located somewhat arbitrarily. Placing an up-
per boundary well above the region containing the dynamics of interest incurs possibly an
unacceptable computational burden by needing to solve equations at a large number of ad-
ditional nodes; placing one too close risks the introduction of numerical errors arising from

interactions between simulated phenomena within the domain and unresolved dynamics out-
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side. One approach is to apply a radiation boundary condition, which allows the phenomena
within the domain to evolve essentially without interacting with the artificial upper boundary:
fluids and their properties simply pass through it.

Boundary conditions on the velocity fields were most straightforwardly imposed. The hor-
izontal components us and vg, being parallel to the upper boundary, evolved freely at the
domain top according to the momentum equations Eqgs. (9.7)—(9.8). Evolving the vertical
velocity ws and vertical displacement & fields using Eqs. (9.9)—(9.10) was equally straightfor-
ward. In all these cases, however, in order to maintain numerical stability when approximating
vertical derivatives at the upper boundary, centred finite differences were necessary, for which
no data existed outside of the domain. One solution is to synthesize the required data at a few
so-called ‘ghost nodes’ above the upper boundary by extrapolating data within the domain.
Following Durran (2010) (see also Kreiss, 1968; Klemp and Durran, 1983), the value of a given
perturbation field 7, at a ghost node k™ was approximated using a Lagrange polynomial such

that

q q' .
Zm(_l) ﬁs(,{’7>\72k+_k) :0’
k=0

where k™ = n, + 1 and n, + 2. The Lagrange polynomial is of degree ¢ — 1 and of accuracy
O(Az?). For consistency with the fourth-order finite difference scheme, ¢ = 4 was chosen.

It was somewhat less trivial to impose the upper boundary condition for dynamic pressure
ps. Using linear theory and assuming a stationary background flow under the Boussinesq
approximation, Klemp and Durran (1983) derived a radiation upper boundary condition for

dynamic pressure,

1 Ny
—p = —Ww . 9.20
pops Z=Zmax ,{'2 + >\2 ’ Z=Zmax ( )

Klemp and Durran found that Eq. (9.20) performed well in a series of numerical tests that
violated systematically the assumptions underlying the derivation. On this basis it is antici-
pated that this radiation boundary condition for dynamic pressure was suitable for anelastic
simulations. This was confirmed by comparison with numerical tests (not shown) using other
upper boundary conditions, all of which led to numerical blowup at the domain top.

With these boundary conditions, the equations for the perturbation fields constitute a fully

determined system, simulated numerically as described below.
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9.3 Initialization

The initialization procedure was similar to that described in Sec. 6.3. In particular, the
background flow was set using Eq. (8.56).

The perturbation fields were set to be centred initially at z = zg < zg, at an altitude such
that @(zp) ~ 0. Under this condition, the polarization relations for waves in a stationary,
uniformly stratified, anelastic gas were valid, and so were used to initialize the leading-order
wave fields in Fourier space as they related to the fast Fourier-transformed initial vertical
displacement, Esél), scaled using Eq. (9.6). The first-order correction to scaled vertical dis-
placement, given in the right column of Table 8.1 was defined in physical space, fast Fourier
transformed, and superimposed onto the leading-order field. Together, the initial vertical
displacement field corresponded explicitly in physical space to

x ko =z
&s(x,0) = A(x,0) COS(‘PO){I — B [Ug - moag} }7
where g = koz + moz was the initial phase, 8, = —cgz0/wo according to Eq. (8.33a), and
A(x,0) was a triply Gaussian envelope identical to the one used to initialize the Boussinesq
simulations [cf. Eq. (6.8)].

The scaled leading-order velocity field ug(l)) (x,0) was initialized in Fourier space using the

polarization relations for u((]l), v(()l), and w(()l), given in the centre column of Table 8.1, and

scaled using Eq. (9.6). These fields corresponded explicitly to the physical fields

2 2

1
uly) (x,0) = —A(x, O)wfom

1
{masintin) + gz coston) .

Ug(l)) (Xv 0) =0,

w(d)(x,0) = A(x, 0)wo sin(ep),

where K2 = k3 +m3 + 1/(2H,)?. The respective first-order corrections to the velocity fields,
(1 m 51)

uy’, vy, and w, ', given in the right column of Table 8.1 and scaled using Eq. (9.6), were

defined in physical space, fast Fourier transformed, and superimposed onto the leading-order
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fields. Explicitly,

P ,0) = - O f o

(N 4 wd)Pocoz0B(z, =
WO(Kg_kg) WO( 0 0) 0€gz0 ( )

— (N§ —wj) [‘5002 — 35— kOBZB(a:,z)} }7

N —wd

1
ol (x,0) = ~A(x, O)ME

q)Ov
wg) (x,0) = 2A(x,0)cgu0 cos(po) B(z, ),

where we defined

1 .
D = mg cos(po) — = sin(yo),

2H,
1 mo
Do = (m% - ) cos(20) — 2 sin (o),
4Hp2 H,
T ko z
B(z,z) = -
oz Mmooz

for convenience.

9.3.1 Wave-induced mean flow

The (scaled) Bretherton flow was initialized with its horizontal components in Fourier space
and its vertical structure in physical space, then horizontally inverse fast Fourier transformed
before being superimposed onto the scaled initial horizontal velocity field (van den Bremer
and Sutherland, 2014, 2018; Dosser and Sutherland, 2011; Sutherland et al., 2020). The scaled

initial Bretherton flow in physical space was predicted using Eq. (8.39) to be

Usrs | _ 1N0Kez/2H”/ A A \j4|\26i(m+)‘y)dn d\ (9.21)
UBFs 2 R2 K2 + A2 K ’
where
|A/\\2 = iO’xo'yA(]@_(U§H2+05A2)/46_Z2/02

a7
is the Fourier transform of the Gaussian envelope given by Eq. (6.8) with respect to z and
y only. Following the precedure described in Sec. 3.3, array entries corresponding to the
singularity x? + A\*> = 0 were overwritten with zeros. Remark that as a result of the anelas-

tic scaling, a factor of Ve#/Ho remains on the right-hand side of Eq. (9.21), consistent with
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unscaled quadratically nonlinear wave fields which contain a factor of e?/He:

upon superim-
posing linear and quadratically nonlinear unscaled fields, at most one factor of e*/?Hp can be

eliminated from all terms in the resulting equation.

9.4 Pressure, advection, and temporal advancement

A typical iteration of the main loop that advanced the anelastic code followed a similar control
flow as the Boussinesq codes. This section describes, in particular, the finite-difference solution
method to determine the dynamic pressure field, which is significantly more involved than in

the Boussinesq codes.

9.4.1 Dynamic pressure diagnostic

At a given time step, the code diagnosed the dynamic pressure field using the Fourier transform

of Eq. (9.12), given explicitly by

£aPon = 22 @+ N~
0 k n\Ws s dz2\ s
,71/2 — . d — . d —
+ 27, KnAe(UsUs)n — mna(usws)n - ZA[@(USws)n (9.22)
- o 17, ~ d ~
- 27J’fnu;§wsn - (NQ);ggsn — N? |:2 i&sn + dzgsn:|
where £, = —k2 — A2 +d?/d2? + L (7, /7i)? — 37 /7K is the Fourier-transformed and discretized

linear operator on the left-hand side of the pressure equation, Eq. (9.12), and n = (n, ¢, k)
is the vector index specifying the horizontal Fourier mode (k,, A¢) and physical altitude z.
All instances of the operator d/dz acting on nonlinear terms in in Eq. (9.22) correspond to
vertical flux divergence, and so were approximated by one or two applications of Eq. (9.17), as
needed. Conversely, dé;n /dz is not a flux and so was instead approximated using Eq. (9.15).

Although Eq. (9.22) is given in a general form to account for possibly nonuniform back-
ground stratification, in practice the nondimensional background mass density and potential
temperature profiles were set by Eqs. (9.13) and (9.14) so that 7} /7, = —1/H, and (N?)" =
(N2) = 0. Consequently, in the linear operator Ly, we have $(7)/7R)E — ST = —1/4H3.

The second-order vertical derivative part of Ln was approximated using Eq. (9.16) [except
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at the bottom boundary, which used Eq. (9.18), as discussed in Sec. 9.2.1]. Therefore, for
a fixed (kn, A¢), Eq. (9.22) is an implicit problem in which the left-hand side operator is an
(ny — 1) X (n, — 1) real matrix. The solution, including vertical boundary values, is a vertical
pressure profile ps € C"= for each horizontal Fourier mode pair. It follows that Eq. (9.22)
must be solved 2 - (1 +n,;/2) x (14 ny) times to obtain the full three-dimensional dynamic
pressure field in Fourier space (the factor of two accounting for the real and imaginary parts).
For typical values of n, and n,, this amounts to O(2.5 x 10°) matrix inversions for every
Runge—Kutta substep (described below), and so represents potentially a severe bottleneck in
the code. A highly efficient matrix inversion algorithm is crucial.

To this end, the structure of £, is a source of much optimism: for each (k,,Ag), this
is a pentadiagonal banded matrix, and so efficient methods for sparse systems are available
(e.g., Allen and Isaacson, 1998); furthermore, Ly contains no time dependence, and so in
principle needs to be inverted only once for each (k,, A¢). Depending on the value of x2 + A?,
L, was not necessarily diagonally dominant, a condition that would guarantee the numerical
stability of many common matrix inversion algorithms (e.g., Allen and Isaacson, 1998). In
practice, however, inversion of L, was found to be numerically stable to LU factorization. It
was straightforward, if somewhat tedious, to derive an efficient LU factorization that made
use of nonzero matrix entries only. Details of the optimized LU factorization are provided
in Appendix E. The diagonals of the resulting factored matrices L, ) and U, were then
stored compactly. Using the factored matrices, determination of the full three-dimensional
dynamic pressure field in Fourier space consisted simply of a sequence of 2-(14+n,/2) x (1+n,)

forward- and back-substitutions.

9.4.2 Advancing the prognostic fields

Using the existing perturbation fields and dynamic pressure field determined using the proce-
dure described above, the code computed the time derivatives of the scaled prognostic fields,
U, and &g, according to the Fourier-transformed right-hand sides of Eqs. (9.7)-(9.10). Ex-

plicitly,

d,_— L o~ . Ds
d—(usws)n — iRl Ty — U Wsp — mnpsn, (9.23)
Z Po

X ——1/2|. 5 ; TR}
fian = 7 2 [ () + M) +
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X —_— . — . 5 d — . _ o~ . D
Osn = — T, 1/2 ihn (UsVs)n + iAe(V2)n + dz(vsws)n} — KnUgUsy — an;?’ (9.24)
. — :. — . — -3 . o d ) ’[7/ D.
Wen = —T, 1/2 in (UsWs)n + iAe(VswWs ) + d(w%)n] — iR U Wy — 4 Psn + Tk]ﬁ
i z dz po Tk Po (9'25)
- Nzé;na
ST R p
sn = — T Z/‘?n(usgs)n +1 Z(Usgs)n + dZ( sgs)n + é (wsgs)n Zﬁnukgsn + Wsp, (9 6)
L k

where the nonlinear fields were retained from the pressure calculation, and vertical derivatives
of these fields were approximated using the flux divergence Eq. (9.17). The derivative in
piodpAsn/dz in Eq. (9.25) was approximated using Eq. (9.15). Although Egs. (9.23)—(9.26) are
written to account for nonuniform stratification, in practice p and § were given by Egs. (9.13)
and (9.14), respectively, and so 7}, /fx = p}./pr = —1/H, in Eq. (9.25) and 6 /0, = 1/Hy in
Eq. (9.26).

9.4.3 Aliasing prevention

To guard against the unphysical growth of grid-scale oscillations arising from the quadratic
products of wave fields, the code applied the filter given by Eq. (6.13) to the horizontal
components of the Fourier spectrum of all quadratically nonlinear products immediately after
convolving the linear input fields. In the vertical, the code applied a five-point trapezoidal
filter (Taylor, 2008), given explicitly by

= 1~ 1 . A A 1.
B = P+ Z(Fk—l + Fip + Fr1) + gLz (9.27)

where F' is the horizontally fast Fourier transformed quadratically nonlinear product of any
two perturbation fields. At the first interior node above the bottom boundary, the code applies
a three-point filter, 15’1 = %ﬁb + %Fl + %Fg.

The prognostic fields were advanced in time using the Williamson—Runge-Kutta scheme
described in Sec. 3.4, using a time step of size At = 0.05N; 1. Simulations with a time step

of half this size were not performed, based on experience with the Boussinesq codes.
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9.5 Turbulence model

In previous studies of wave packet evolution and breaking in one dimension (Sutherland,
2001, 2006a,b; Dosser and Sutherland, 2011), two dimensions (Gervais et al., 2018) and three
dimensions (Gervais et al., 2021), the codes were designed to simulate the wave evolution
until just after overturning. After this time, the statically unstable fluid in the overturning
region quickly gave way to convective instabilities that ultimately led to simulation blowup,
as these inherently three-dimensional turbulent dynamics exist on small unresolved physical
and temporal scales. The lack of turbulence model was of no concern in the one- and two-
dimensional studies, as those studies focused on the hydrodynamic mechanisms driving the
waves to overturn. The study of three-dimensional wave packets in a rotating Boussinesq
fluid similarly lacked a turbulence model as the aim of the study was to quantify overturning
heights and times, and so the postoverturning behaviour of the waves was of no importance.
The three-dimensional study of wave packet transmission and reflection (Gervais et al., 2022)
focused on wave packets that did not evolve to overturning amplitudes, and so no turbulence
model was necessary. This is not the case in the current study: after initialization at small
amplitude the waves experience amplitude growth not only due to nonlinear interactions
with their wave-induced mean flow, but also undergo anelastic growth with height. This
exponential increase in amplitude, concentrated above the centre of the wave packet where
the amplitude is already largest and wave-induced mean flow is strongest [cf. Fig. 8.1(b)],
can lead to localized overturning. Simultaneously, the waves on the leading flank of the wave
packet continue to propagate independently of the breaking waves below. In order to simulate
this, a turbulence scheme is needed to model the localized wave breaking (the details of which
are of no interest in this study), which would otherwise contaminate the numerical solution
and lead to blowup.

One approach is that of direct numerical simulation of turbulence, in which the equations
of motion are solved to resolve the full range of scales from the largest motions down to the vis-
cous dissipation scale (e.g., Ferziger and Peri¢, 2002). Although conceptually straightforward,
this approach is impractical in three dimensions due to the high resolution and corresponding

computer memory required, which can quickly exceed available computational resources.
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An alternative approach that is better suited to the needs of the anelastic code is that of
large eddy simulation (LES), in which a range of motions (‘eddies’) are resolved only down to
a certain scale (e.g., Ferziger and Peri¢, 2002). Motions on a smaller scale must be modelled.
The scale of motions resolved by the code is set by filtering out motions smaller than a specified
length scale. For simplicity, the filter in the horizontal directions is the spectral antialiasing
filter given by Eq. (6.13), and in the vertical is the trapezoidal filter given by Eq. (9.27).

Denoting filtered quantities by an overbar and adopting summation notation for the time

being, the unscaled, inviscid equations for filtered momentum are given by

R

— u3—0; —N2_57; 9.28
T +R oz, oz, us 1 §0i3, (9.28)

du; ~19Ruu; 9 <p> o dU
ox1 dxs

where ¢ = 1,2,3 correspond to the z-, y-, and z-directions, R and U are the profiles of

background density and background flow, respectively (where we have adopted this notation

for the time being to avoid confusion with the standard interpretation of the overbar in the

context of LES), and d;; is the kronecker delta. Similarly, the unscaled equation for filtered

perturbation potential temperature is

00 10FuD _ o . 00
82& R 6.%1 N U3dI3 6951’

(9.29)

where again, for the time being, 6 is the filtered perturbation potential temperature and © is
the background potential temperature profile. The filtered anelastic nondivergence condition
is

O(Ru;)

B, =0.

A central challenge in LES is the modelling of the nonlinear advection terms, as these
involve products of the unknown subfilter-scale fields. For simplicity, we take the approach
of the classic constant Smagorinsky scheme (Smagorinsky, 1963). Borrowing the notation of

Taylor (2008), we define the subfilter stress tensor 7;; and subfilter potential temperature flux

>\i7 by

158



Substituting these into Egs. (9.28) and (9.29) and rearranging yields the evolution equations

for resolved velocity and potential temperature,

ou; 1 6(Rﬁzﬂj) o (p ou; _dU 95 1 8(an)

- —_— Y = — — | = — —0i1 — N i3 S, .

ot + R 81'3‘ 835@ <R anl s d.’L‘35 ! 56 5 R 81‘j (9 30)
00 1 8(Rﬂzé) o de 00 1 O(R)\z)
81& + R 6:@ - dl‘3 B Ual‘l B R 81‘1 ’ (9'31)

in which the rightmost terms represent the forcing by (modelled) subfilter-scale motions.

Following Taylor (2008), the subfilter stress tensor is modelled by
Tij = _2VTSz'j, (9.32)

where vp = C2A2||S|| is the ‘eddy viscosity.” Here, ||S|| = (25;;S;;)"/? is the modulus of the
resolved strain rate tensor S’ij = %(8%% + 0z;1;), and A = (AwAyAZ)I/3 is the filter length
scale. The constituent filter length scales in the horizontal directions are set by the choice of
cutoff wavenumber in the antialiasing/LES filter, i.e., Ay = 27 /kcy and Ay = 27/ Acye. The
vertical filter length scale is the set by the width of the trapezoidal filter, i.e., A, = 5Az. The
filter length scales in each direction are nondimensionalized by the streamwise wavenumber k.
The value of the Smagorinsky constant has been estimated to be Cs = 0.2 (e.g., Ferziger and
Perié, 2002). This value leads to excessive dissipation, and so in practice values of Cs = 0.1 are
used (e.g., Lesieur et al., 2005, Sec. 3.3.1), and this is the value of the Smagorinsky constant
used in simulations reported on later.

The subfilter potential temperature flux is modelled by

B VT80__VT6 ~dO

e _ﬁaxl N Pr8x1< dCL'3>’

(9.33)

where Pr = 1 is the Prandtl number, assumed constant, and we used the relationship 6 =
—£(d© /dx3) between (resolved) perturbation potential temperature and vertical displacement.
Finally, using Egs. (9.32) and (9.33) and applying the anelastic scaling relationships given

by Eq. (9.6), the evolution equations for resolved velocity and vertical displacement advanced
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by the code, including the explicit subfilter-scale forcings, are

8ﬂsi —1/2 a(usiﬂsj) 1 8155 1 T ps 87151' _ / 2& -1/2 aTsij
- — - 45— 13 T - S il — N s0i3 — a_
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in which we used the background density and potential temperature profiles 1 = R/py =

ags 1 - lvrs
<H H9> Oxs * H*Hafs] Pr }

(9.35)

e~@3/Hp and © = e/, and we defined 1/H, = 1/Hy+1/2H, for convenience. Primes on
background quantities denote derivatives with respect to x3. It is tedious but straightforward
to derive the rightmost terms in Eqgs. (9.34)—(9.35) from the subfilter-scale forcing terms in
Egs. (9.30)—(9.31), the details of which are included in Appendix F. Finally, we note briefly
that the subfilter-scale forcing terms are subtracted from the right-hand side of Eq. (9.31) but
added to the right-hand side of Eq. (9.35) as a result of using § = —£©/.

Taking the divergence of the unscaled momentum equations with subfilter-scale forcing
terms, then scaling the result, one obtains the corresponding Poisson equation for scaled

dynamic pressure,

10%, [1/7\% 1+"]ps 11902 (Usills; Ol _
08 (2 1] -t e
/00 '1"1 r r ,00 g :L‘] T
¢ _1/9 O°T
_ N2 — & s 1/2 st
[ f a$3:| 83018:13]

in which the rightmost term models the effects of subfilter-scale motions on the dynamic
pressure field.

Having derived the explicit form of the governing equations advanced by the code when
running in LES mode, we now relinquish our use of summation notation and return to our
original notation henceforth.

Numerical tests revealed that the calculation of the subfilter-scale forcings approximately
doubled the computational burden to advance the code by one time step compared to tests

run without LES. To improve performance relative to running in LES mode for the duration
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of a given simulation, by default the code advanced the evolution equations assuming laminar
flow [i.e., Egs. (9.22) and (9.23)—(9.26), which do not contain subfilter-scale forcing terms].
At each time step, the code diagnosed wave overturning according to the condition min{[1 —
(% + HLQ)}/NS} < 0 [cf. Eq. (8.54)]. If overturning was diagnosed, the code ran in LES mode

instead.

9.6 Pseudomomentum diagnostics

The pseudomomentum density P(x,t) of three-dimensional disturbances was derived by Shaw
and Shepherd (2008), and the total pseudomomentum & is defined as the volume integral
of P(x,t). In our previous study we diagnosed wave transmission and reflection by consider-
ing vertical integrals of the vertical distribution of horizontally integrated pseudomomentum
density. The equivalent approach here is to evaluate the horizontal part of the integral in
Eq. (3.23) in Shaw and Shepherd (2008), although extensive testing of this approach consis-
tently yielded an apparent pseudomomentum ‘leak’ which could not be corrected.

An alternative approach is to integrate directly the pseudomomentum conservation law,

oP
5 =V Fp. (9.36)

reproducing Eq. (8.57). Here, —V - Fp is the pseudomomentum flux convergence, given
explicitly by the right-hand side of Eq. (3.25) in Shaw and Shepherd (2008), although this
expression is algebraically cumbersome and is not reproduced here. In Sec. 8.7 we integrated

Eq. (8.57) [Eq. (9.36)] with respect to z, y, and ¢ to obtain

t 0 t
(P) = / 82,<7>>dt': / ;t,<7>>dt’+ /0 —i(puwmt’. (9.37)

I II

Integral I represents the initial vertical distribution of horizontally integrated pseudomomen-
tum density, assumed to be finite. Typically, one would obtain from this the total pseudomo-
mentum by integrating the corresponding density distribution [i.e., Eq. (3.23) in Shaw and
Shepherd (2008)] at t = ty over the volume of the domain, as was done in Part II. However,
the aforementioned pseudomomentum ‘leak’ was determined to result from an unidentified

error in the diagnosis of this quantity, and so the actual total pseudomomentum was obtained
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using an approach involving integral II, described below.

Integral II is the time-integrated vertical convergence of the vertical pseudomomentum
flux, and is in general a nonzero function. In practice, upon dividing Eq. (9.37) by mass,
puw is equivalent to Fuw = usws, according to Eq. (9.6). The field uswy is carried explicitly
by the code. Using the most up-to-date value of this field upon completion of each set of

Runge-Kutta substeps, a profile of

o 0
_&<u8w8> = —%LwLyRe{ny[ust](0,0)}

was retained (cf. the discussion of horizontal integration in Sec. 6.6). A sequence of such
profiles at At resolution corresponding to one nondimensional time step was then integrated

in time using a composite Simpson’s rule to produce a vertical profile of

Not a ,
——(usws)dt'.
[Vot—l 8Z< >

A time series of vertical distributions of horizontally integrated pseudomomentum density is
therefore obtained by computing the cumulative sum of integrals of this form.
Integrating Eq. (9.37) with respect to z yields the total pseudomomentum per mass,

1@0 1 Zmax 0 a Zmax t 8

—_—=— —(P)dt'd ———{usws)dt'dz .

£o PO Jzin /—oo ot’ <P> o /Z /0 0z <u v > ©
=7 =0

min

Because &7y cannot be obtained from the first integral directly, we use cleverly the second
integral. This approach relies on the integrand in the second term being a function of height
with a net area of zero between its curve and the z-axis all ¢ > 0: as a wave packet propagates
sufficiently far from its initial position (carrying with it the entirety of its pseudomomentum),
there remains an artificial pseudomomentum ‘deficit’ centred at the initial position of the
wave packet. The area under this part of the curve represents the initial pseudomomentum.
Therefore, & is obtained for a given set of wave and atmospheric parameters by running
two complementary simulations, one with and one without background flow. The latter is
allowed to evolve until the curve representing the pseudomomentum deficit has converged to
a steady state. The area under this curve is the initial pseudomomentum. This procedure

will be demonstrated using data from a simulation of wave packet evolution in Chapter 10.
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CHAPTER 10

Results and discussion

In this chapter we present the results of fully nonlinear numerical simulations of three-
dimensional internal gravity wave packets with their predicted anelastic Bretherton flow su-
perimposed. Our intent is ultimately to quantify the transmission of localized anelastic wave
packets through idealized QBO wind profiles, and to compare the transmission coefficient
with that predicted by linear theory for monochromatic waves. The model atmosphere was
a uniformly stratified anelastic gas with density scale height H, = 7 km, corresponding to a
buoyancy frequency of Ny = 0.02 s~!, as these are typical values in the stratosphere. Nu-
merical simulations evolved moderately nonhydrostatic wave packets with a range of initial
wavenumbers and amplitudes. Streamwise wavenumbers ko (specified later) were found by
fixing the value of kooyg wy, and vertical wavenumbers were found using Eq. (8.44) with
Q/Ny = wo/No = 0.25, 0.5, 0.75, thus spanning effectively the entire range of predicted trans-
mission coefficients Te € [0,1], given by Eq. (8.50). Although the transmission coefficient
Te is distinct from the one based on pseudomomentum [Tp; cf. Eq. (8.58)], by comparing
predicted and measured transmission using these respective quantities, we will assess the ex-
tent to which a relatively simple prediction (i.e., T¢) is suitable to predict transmission of
three-dimensional wave packets. Our investigation focused on initially round wave packets,
for which we fixed 0, = 0y = 0, = 7 km. The domain and initialization parameters of the

subset of simulations explicitly discussed in-text are summarized in Table 10.1.
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1D Ag ko mg 6y QBO Ly xLyxL, Ng X Ny X Ny Te
AN1 0.01 0.75 —0.68 42° —  268.1 x 200.0 x 240.0 1024 x 256 x 1400 —
AN2 0.1 034 -068 63° E  591.4 x200.0 x 240.0 1024 x 256 x 1400 0.74
AN3 0.01 034 —0.68 63° E  591.4 x200.0 x 240.0 1024 x 256 x 1400 0.74
AN4 0.2 034 -0.68 63° E 591.4 x 200.0 x 240.0 1024 x 256 x 1400 0.74
AN5 001 034 —1.32 76° E  591.4 x200.0 x 240.0 1024 x 256 x 1400 0.98
AN6 0.01 0.34 —0.45 53° E 591.4 x 200.0 x 240.0 1024 x 256 x 1400 0.27
AN7 0.01 034 —-0.31 42° E 591.4 x 200.0 x 240.0 1024 x 256 x 1400 0.06
AN8 0.01 0.52 —2.02 76° E 386.7 x 200.0 x 240.0 1024 x 256 x 1400 0.28
AN9 0.01 052 —-0.90 60° E  386.7 x 200.0 x 240.0 1024 x 256 x 1400 0.02
AN10 0.01 0.52 —0.46 41° E  386.7 x 200.0 x 240.0 1024 x 256 x 1400 0.00
AN11 0.01 0.69 —2.67 76° E 291.4 x 200.0 x 240.0 1024 x 256 x 1400 0.01
AN12 0.01 069 —-1.20 60° E  291.4 x 200.0 x 240.0 1024 x 256 x 1400 0.00
AN13 0.01 0.69 —0.61 41° E 291.4 x 200.0 x 240.0 1024 x 256 x 1400 0.00
AN14 0.2 —-0.53 —0.47 42° W  379.4 x 200.0 x 240.0 1024 x 256 x 1400 0.09
AN15 0.01 —-0.53 —0.92 60° W  379.4 x 200.0 x 240.0 1024 x 256 x 1400 0.98
AN16 0.1 —-0.79 —1.37 60° W  254.5 x200.0 x 240.0 1024 x 256 x 1400 0.19
AN17 0.2 -0.79 —-1.37 60° W  254.5 x 200.0 x 240.0 1024 x 256 x 1400 0.19

Table 10.1: Initial conditions, domain size and resolution, and transmission coefficient predicted by linear
theory for the simulations discussed in-text. Columns are: simulation ID, initial peak vertical displacement
amplitude Ag [km], streamwise and vertical wavenumbers [k and mg, respectively; km~1] and corresponding
©p = tan"! |mg/ko|, QBO-E/W wind profile identifier (cf. Table 8.2), domain size L, x L, xL, [km?] and
resolution n, x n, x nz, and transmission coefficient predicted by the numerical solution of the anelastic
Taylor-Goldstein equation [Eq. (8.51); unitless].

Initial amplitudes were set to either Ay = 10, 100, or 200 m. The upper bound for this
range corresponds to the temperature perturbation of A6 = 2 K used by Holton and Alexander
(1999) in their simulations of storm-generated internal waves. To convert this to the vertical

displacement perturbation amplitude, we use Eq. (8.11), evaluated at z = 2z, which gives

Ad
A():Aé.:?

: N
0

TH,A0
=2 P (10.1)
to

zZ=2z0 Z2=Zz0
where 0 = §/H9 and Hy = %Hp in our assumed uniformly stratified atmosphere. The

reference potential temperature 6y follows from the same assumption, and the definition of
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the density scale height, H, = R,Ty/g = R.bo/g. Here, Ty = 6y in our assumed isothermal
atmosphere, and R, ~ 287 J kg~! K~! is the dry gas constant. Substituting these values into

the right-hand side of Eq. (10.1) with gravitational acceleration g = 9.81 m s~2, gives

Ay = Z&Ae ~ 200 m.
2.9

This physical value represents the practical upper bound for initial amplitudes of simulations
that remained numerically stable long enough to quantify steady-state transmission (for some,

but not all, relative vertical wavenumbers mg/ko).

10.1 Evolution of a small amplitude wave packet in a station-

ary atmosphere

We examine first the evolution of an initially small amplitude Gaussian wave packet with Ag =
10 m, and kg = (0.75,0, —0.68) km™!, so Ag/A; = Ao/(27/ko) = 0.0012 (simulation AN1 in
Table 10.1), and we describe its evolution in an otherwise stationary anelastic atmosphere.
The purpose is twofold: (1) to demonstrate the basic behaviour of anelastic internal gravity
wave packets without the complicating factor of nonuniform background flow, as the packet
evolves from small to moderately large amplitude via anelastic growth; and, (2) to illustrate
the method to obtain the initial pseudomomentum distribution (described in Sec. 9.6), to be
applied later to quantify transmission of wave packets across a model QBO wind.

Snapshots of the vertical displacement field £ through the planes y = 0 and 2z = 2y — ¢4.0t
are shown in Fig. 10.1. The times shown in each row are representative of the wave packet at
early, middle, and late times.

Initially [Fig. 10.1(a)] the lines of constant phase were oriented at ©¢p = 42° from the
vertical, and the wave packet propagated upward and rightward at this angle. Although the
wave packet was centred at zp = 0 (corresponding to the 300 hPa height in the atmosphere, at
approximately 8.5 km altitude), the peak initial amplitude was located at 02/2H, = 3.5 km

2/2Hp - This factor likewise increased the

higher altitude due to the anelastic growth factor e
initial amplitude by e?2/3#; ~ 13%. The initial profile of (P)/py [Fig. 10.1(c)], representative

of the vertical extent of the wave packet without the influence of the anelastic growth factor,
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Figure 10.1: Snapshots of vertical displacement ¢ [km] from simulation AN1 through the vertical plane
y = 0 (left column) and through the horizontal plane z; = zy — cz,0t; predicted by linear theory (centre
column) at time t = to = 0 (top row), tso = 5000 s (middle row), and tgs = 9600 s (bottom row). The
right column shows corresponding vertical profiles of the horizontally integrated pseudomomentum density
per mass. The horizontal dashed lines in the left column denote the heights of the horizontal cross sections
shown in the centre column. Image resolution in (b,e,h) was enhanced in postprocessing. Note that, for
numerical stability, exponential damping was applied at altitudes z > 150 km, and so the wave packet in
(g) cannot be represented truthfully if centred in the viewing window.

confirms the wave packet was indeed centred at zg = 0 initially.
At t = t5g = 5000 s, significant dispersion occurred asymmetrically in the streamwise
direction [Fig. 10.1(d); analogous to the “oblique” dispersion identified for two-dimensional

wave packets by Gervais et al. (2018)] and spanwise direction along the leading flank of

the wave packet [Fig. 10.1(e)]. The wave packet was anticipated to be modulationally stable
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vertically because |mg/ko| ~ 0.91 2 0.7 [cf. Fig. 1.5(a)]. Indeed, vertical dispersion manifested
in the broadened vertical extent of (P)/pg, whose magnitude decayed correspondingly to
approximately 73% of its initial value as a consequence of pseudomomentum conservation.
This decay was offset by anelastic growth, together accounting effectively for the net amplitude
growth of the wave packet by a factor of approximately 19 compared to the initial amplitude.
This indicates that after 5000 s, linear dynamics continued to dominate the evolution of the
wave packet. Despite the linear evolution, the dipolelike horizontal Bretherton flow at this
time acted to deform the lines of constant phase on the leading flank of the wave packet
[Fig. 10.1(e); analogous to the deformation of the phase lines of moderately nonhydrostatic
Boussinesq wave packets in Fig. 7.5].

At t =~ 8545 s (not shown), the wave packet grew to such large amplitude that waves
overturned locally, as diagnosed by the overturning condition, Eq. (8.54). The waves con-
tinued overturning, evolving toward local turbulent breaking, which had developed well lo-
cally within less than 20 minutes [tgg = 9600 s; Fig. 10.1(g)], as captured by the fully
nonlinear code’s dynamically-activated large eddy simulation (LES) module (cf. Sec. 9.5).
The maximum displacement was approximately 3.46 km, with this maximum located at
(x,z) ~ (93.7,108.4) km. Linear theory predicts that the location of this maximum would be
located at (x, z) = (85.5,93.3) km if the wave packet had propagated at its group velocity, the
discrepancy quantifying the contribution of the wave-induced mean flow to the advance of the
wave packet. The effect of vertical dispersion and the wave-induced mean flow manifest in the
profile of (P)/po, which was asymmetric about its peak [Fig. 10.1(i)]. Eventually the wave
breaking became so intense that the LES was unable to keep the code numerically stable,

crashing shortly after £10; = 10100 s.

10.1.1 Total pseudomomentum

The total (initial) pseudomomentum corresponding to the wave packet in simulation AN1 was

obtained using the method described in Sec. 9.6. The method is demonstrated here.
Vertical profiles of horizontally integrated pseudomomentum density per mass, (P)/po,

are shown from ¢ = ¢;p = 1000 s onwards at intervals of 1000 s in Fig. 10.2(a). Each

profile consisted of a positive part that propagated upward at the vertical group speed of
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Figure 10.2: Pseudomomentum quantities corresponding to an anelastic wave packet with Ag = 10 m,
ko = 0.75 km~! and mg = —0.68 km~! (simulation AN1 in Table 10.1): (a) vertical profiles of horizontally
integrated pseudomomentum density per mass every 1000 s from t = t;o = 1000 s to 10000 s; and,
(b) time series of horizontally integrated pseudomomentum density per mass integrated vertically above
z;+ og, denoted by the horizontal dashed line in (a). The dashed line in (b) indicates the time after which
the vertical integral of horizontally integrated pseudomomentum density converged to > 99% of the total
pseudomomentum.

the wave packet, and a negative part centred near the initial position of the wave packet
corresponding to the pseudomomentum ‘deficit.” Although the upper part of the distribution
broadened in vertical extent and decayed in amplitude as a consequence of pseudomomentum
conservation, the lower part converged to a steady state, as indicated by the overlapping
curves at successive times. This convergence is quantified in Fig. 10.2(b), which shows a
time series of the area between (P)/pp and the z-axis above zz + o, denoted by the dashed
line in Fig. 10.2(a). The dashed line in Fig. 10.2(b) denotes the time at which the area
converged to > 99% of its steady-state value, equal to the initial pseudomomentum, &y =~
0.187pp km* hs™ ~ 8.16 x 10® kg m s~'. This is the area between the z-axis and the
pseudomomentum ‘deficit’ curve, which is the negative of the initial distribution of horizontally
integrated pseudomomentum density. Note that in the pseudomomentum quantity, pg is the
mass density at the 300 hPa height. Using the ideal gas law and the definition of the density
scale height, po = po/(RaTo) = po/(9H,) ~ 0.436 kg m 3.

The procedure described above produces valid results provided the wave packet propagated

sufficiently far from its initial position in an otherwise stationary and uniformly stratified at-
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mosphere. The first condition ensures there was no overlap between the pseudomomentum
‘deficit’ and the true pseudomomentum density corresponding to the propagating wave packet.
The second condition is necessary so that there was no vertical redistribution of pseudomo-
mentum density (e.g., below a reflection level) by nonuniformities in the background wind or
stratification that would otherwise obscure the pseudomomentum density profile of the wave

packet.

10.2 Evolution of wave packets incident upon the QBO-E

We now discuss the partial transmission/tunnelling and reflection of a moderately nonhy-
drostatic wave packet through the model QBO-E jet. The wave packet was initialized with
ko = (0.34,0,—0.68) km~! and A9 = 100 m (Ag/\; ~ 0.0054; AN2). The amplitude was
chosen to be representative of the order of magnitude of the amplitude of simulated waves
generated by convection (e.g., Holton and Alexander, 1999). The streamwise wavenumber
corresponds to kgop = 1, and so A\, = 18.48 ~ 20 km, the shortest streamwise wavelength
reported by Holton and Alexander (1999) and the longest practical wavelength of quasi-
monochromatic wave packets in our simulations. The vertical wavenumber corresponds to
waves with a transmission coefficient predicted by linear theory of T' = 0.74, in the relatively
narrow transitional region in Fig. 8.6(b).

Snapshots of the vertical displacement fields & and &, = £e~#*/2Hr are shown in the left and
centre columns, respectively, of Fig. 10.3. The times shown are representative of the wave
packet evolution at initial, early-, mid-, and posttunneling times.

Initially, [Fig. 10.3(a,b)], the unscaled and scaled fields overlap slightly with the QBO jet,
indicated by the nonzero amplitude between the parallel horizontal lines (denoting the altitude
one standard deviation, o, above and below the QBO jet maximum). The overlapping part of
the wave packet was just above 20, from the centre of the wave packet, and so the contribution
of this part of the wave packet to the pseudomomentum above zz+ o is negligibly small. This
is shown in Fig. 10.3(c) by the relative lack of pseudomomentum above zz + o, represented
by the (absence of a) shaded area between the z-axis and (P)/po.

Tunnelling, transmission, and reflection were underway at ;o = 1000 s [Fig. 10.3(d,e)]. The
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Figure 10.3: Snapshots of vertical displacement & (left column) and scaled vertical displacement & =
Ee2/2H, (centre column) through the plane y = 0, and corresponding profiles of horizontally integrated
pseudomomentum density per mass (right column) for a wave packet with Ag = 100 m, and ko = 0.34 km™1
and mo = —0.68 km~! (AN2) at times (a—) t = to = 0's; (d—f) t10 = 1000 s; (g—i) 2o = 2000 s; and,
(j-1) tsp = 3000 s. The dashed lines denote the heights z; + og. The shaded regions in the right column
represent the pseudomomentum density integrated above z; 4 of.

tunnelling waves were evanescent (i.e., their amplitude decayed exponentially with altitude) in

the region between the dashed lines. Because of the finite vertical extent of the QBO jet over
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which the waves were evanescent, the reduced amplitude above zz + o was large enough for
the waves to resume their upward and rightward propagation. The largest amplitudes were
located below zz — o g, corresponding to the superposition of the upward-propagating incident
and downward-propagating reflected waves, manifesting in Fig. 10.3(d,e) as a checkerboard
pattern of constructive and destructive interference, and in Fig. 10.3(f) as multiple peaks in
the profile of (P)/pg. Tunnelling, transmission, and reflection continued through top = 2000 s
[Fig. 10.3(g,h)], although the peak amplitude decreased compared to that at t19 as the bulk of
the incident wave packet had encountered the QBO jet. Vertical separation of the transmitted
and reflected wave packets occurred, manifesting as the distinct peaks in the profile of (P)/pg
[Fig. 10.3()].

Transmission and reflection were effectively complete at 30 = 3000 s [Fig. 10.3(j-1)]. Sig-
nificant vertical dispersion of the transmitted wave packet occurred, resulting in amplitude
perturbations that propagated rapidly toward the top of the domain [Fig. 10.3(j)]. The ver-
tical separation of the transmitted and reflected wave packets is more clear in Fig. 10.3(k),
as quantified by the pseudomomentum density profile in Fig. 10.3(1). The wave packets con-
tinued to evolve until ¢ = 4420 s (not shown), at which time the vertically dispersed leading
flank of the transmitted wave packet grew to O(1.5 km) amplitude, so large that the code
became numerically unstable and the simulation ended. Final steady-state pseudomomentum

transmission was well established, with Tp &~ 0.367.

10.2.1 Effect of amplitude on transmission

A time series of horizontally integrated pseudomomentum density per mass vertically inte-
grated above zgz + op for AN2 is shown as the red curve in Fig. 10.4(a). This quantity is
compared with that obtained from otherwise identical simulations with amplitudes Ag = 10
and Ap = 200 m (AN3 and AN4; black and blue curves, respectively). Compared to waves
with Ay = 10 m, the absolute pseudomomentum transmitted by wave packets with Ay = 100
and 200 m increased by a factor of approximately 100 and 400, respectively, as anticipated
from the definition of the transmission coefficient involving pseudomomentum flux, which is
quadratic in wave amplitude.

Figure 10.4(b) shows the same data as in Fig. 10.4(a) but as a fraction of the total pseudo-

171



(a) Absolute pseudomomentum above zz + op 0 (b) Relative pseudomomentum above z; + op

25 T T T T T T .5 T T T T
Z 20 1, 041 .
o) F P\ F -
£ 15F - & o3t -
NERs 4 —f 02 _— A =10m | |
= NI _— 4 =100m | {
;é _E 5L _ 0.1F — Ay =200m | -
0 1 | L | L | L 0 L | L | 1 | L
0 2000 4000 6000 8000 0 2000 4000 6000 8000
Time [s] Time [s]
Figure 10.4: Time series of pseudomomentum transmission for wave packets with ko =

(0.34,0,—0.68) km~! and a range of initial amplitudes (AN2-4) given (a) dimensionally; and, (b) as
a fraction of total pseudomomentum £2,. Each curve is plotted until the respective simulation ended due
to numerical instability associated with the exponential growth of amplitude perturbations at the top of the
domain.

momentum, &y, for the respective simulations. The agreement between the curves confirms
that waves with initial amplitudes at least as large as 200 m evolved linearly. This suggests
that the time scale for the Bretherton flow to interact nonlinearly with the wave packet is
significantly longer than the time scale for reflection and transmission of these waves (despite

the Bretherton flow field being superimposed on the wave packets initially).

10.2.2 Effect of vertical wavenumber on transmission

The results shown in Fig. 10.4 suggested that the final steady-state transmission of wave
packets through the QBO-E scaled effectively quadratically with the physical range of initial
amplitudes of interest. On this basis, we proceed to investigate the partial transmission of
wave packets incident upon the QBO-E, with a range of relative vertical wavenumbers mg/ko
but fixed initial amplitude Ag = 10 m.

Time series of pseudomomentum transmission for wave packets with kgop = 1 are shown
in Fig. 10.5(a). The range of vertical wavenumbers 0.31 km~! < |mg| < 1.32 km~! spans
moderately to weakly nonhydrostatic wave packets, corresponding to 0.91 < |mg/ko| < 3.88.
Qualitatively, as wave packets were initialized to be progressively more nonhydrostatic (i.e., for
decreasing |myg|, equivalently as wy — Ny), steady-state transmission decreased as anticipated
from linear theory. Quantitatively, transmission for wave packets with mg = —1.32, —0.68,

and —0.45 km~! was less than the values predicted by linear theory by a factor of 24.5%,

172



0.75 T T 1 T T T T 0.75 LA I | x. | L 0.75 T T T T T T T T

| — mo=~132 km~—1 | | —— mo=—2.02 km~1 | | —mo = —2.67 km~! |
—mo ="—0.68 km™! ~==mo = —0.90 km™! ---mg=-120km™!
-—-mo=—0.45km~! mo = —0.46 km ™! . mo = —0.61 km™!
< 05F - mo=—031km'H  05f 4 o5k |
&
5]
% o
g+ r 8 F 1 F .
n 13
\?
o
= |@5 0.25 - - 025 0.25 —
| -
L] N L N
y /
0 1 | 1 | 1 | 1 | 1 0 0 4 —l—- 1T —1—r | |
0 2 4 6 8 10 0 4 8 12 16 20

Time [x10° ] Time [x10° s Time [x10° ]
Figure 10.5: Time series of pseudomomentum transmission for wave packets with initial amplitude Ag =
10 m and (a) ko = 0.34 km~! (AN2 and AN5-7); (b) ko = 0.52 km~! (AN8-10); and, (c) ko = 0.69 km~!
(AN11-13), for a range of vertical wavenumbers. The heavy solid curve in (a) is identical to that in
Fig. 10.4(b). The simulation with my = —1.32 km~! in (a) converged to within 99% of its steady-state
transmission value at t = 8800 s; the horizontal dotted line in (b) denotes the steady-state transmission

value of the simulation with my = —2.02 km~1, which converged to within > 99% of this value at
t ~ 13500 s (not shown).

47.6%, and 17.8%, respectively; transmission for the most strongly nonhydrostatic wave packet
(with mg = —0.31 km ™) exceeded the value predicted by linear theory by 51.4%.

Time series of pseudomomentum transmission for wave packets with kgop = 1.5 are shown
in Fig. 10.5(b). Vertical wavenumbers were chosen so that the corresponding frequency was
wo/No = 0.25, 0.5, and 0.75 (mg = —2.02, —0.9, and —0.46 km ™!, respectively). Like wave
packets with kgog = 1, steady-state transmission decreased as the wave packets were initial-
ized to be more nonhydrostatic. However, unlike wave packets with kgop = 1, transmission
exceeded the values predicted by linear theory, by 18.9%, 74.5%, and 94.6% for wave packets
with mg = —2.02, —0.9, and —0.46 km ™!, respectively.

Time series of pseudomomentum transmission for wave packets with kgop = 2 are shown
in Fig. 10.5(c), with mg = —2.67, —1.2, and —0.61 km~! corresponding to wo/Ng = 0.25,
0.5, and 0.75, respectively. Transmission was significantly less than for waves with kgop < 2,
as shown by comparing the steady-state transmission values in Fig. 10.5(c) with those in
Figs. 10.5(a) and 10.5(b). These values exceed those predicted by linear theory by 669.8%,

95.5%, and 99.1% for wave packets with mg = —2.67, —1.2, and —0.61 km™", respectively.

173



10.3 Evolution of wave packets incident upon the QBO-W

We now examine the partial transmission and reflection of wave packets through the QBO-
W jet. The transmission coeflicient predicted by linear theory is near unity for a broader
range of streamwise wavenumbers, investigated in this section, of wave packets incident upon
the QBO-W than the upon the QBO-E [comparing Figs. 8.6(a) and 8.6(b)]. In particular,
streamwise wavenumbers were set by |ko| = 2/ow = 0.53 km~! and 3/oy = 0.79 km~!. Wave
packets with |ko| = 1/ow were not investigated because these were anticipated to evolve in a
manner similar to waves with ko = 1/og = 0.34 km™! described earlier. For the streamwise
wavenumbers investigated here, vertical wavenumbers were chosen so that the waves would
have frequency wy/Ny = 0.25, 0.5, or 0.75.

Waves propagating leftward initially have kg < 0. To ensure the waves propagated forward
in time (i.e., wp > 0), we take the negative root of Eq. (A.19) so that wg = —Noko/Ko. Using
this expression for the dispersion relation, the corresponding expressions for the components
of group velocity are given simply by the right-hand sides of Eqs. (8.24a)—(8.24b) multiplied
by —1. In practice, however, simulations using the QBO-W profile were initialized with ky > 0
and mg < 0 and @ < 0 so that waves propagated upward and rightward initially, incident
upon an easterly background flow; results were reflected about the z-axis in postprocessing

to propagate ultimately toward the (intended) westerly QBO-W.

10.3.1 Reflection, transmission, and turbulent breaking of a nonhydrostatic

wave packet

We examine, in particular, the evolution of the wave packet with kg = —(0.53,0,0.47) km~!
and Ap = 200 m (Ap/Az =~ 0.0169; AN14). Snapshots of the vertical displacement fields £
and &; are shown in the left and centre columns, respectively, of Fig. 10.6. The times shown
are representative of the wave packet evolution at initial, mid-, posttunnelling, and turbulent
breaking times.

Initially [Fig. 10.6(a,b)], the waves propagated upward and leftward, with phase lines ori-
ented at an angle of ©g = 42° from the vertical, but in a sense opposite to waves propagating

rightward initially [cf. Fig. 10.3(a,b)]. Although there was some overlap between the wave
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Figure 10.6: As in Fig. 10.3 but for a wave packet incident upon the QBO-W jet with Ay = 200 m,
and ko = —0.53 km~! and my = —0.47 km~! (AN14) at times (a—) t = to = 0's; (d—f) ty = 2000 s;
(g—i) tao = 4000 s; and, (j-I) tsp = 5000 s. The dashed lines denote the heights z; = ow. The shaded
regions in the right column represent the pseudomomentum density integrated above z; 4+ oy . The panels
are zoomed in slightly compared to those in Fig. 10.3 to focus on a physical wave signal without obvious
numerical artifacts.
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packet and the QBO-W jet (denoted by the horizontal dashed lines), the corresponding pseu-
domomentum is negligibly small, as suggested by the absence of this quantity shaded in under
the curve in Fig. 10.6(c).

At t = t99 = 2000 s [Fig. 10.6(d,e)], partial reflection and tranmission were well underway,
with the transmitted wave packet displaying significant vertical dispersion. At t49 = 4000 s
[Fig. 10.6(g,h)], the leading flank of the transmitted wave packet continued to disperse verti-
cally and in the streamwise direction, with the streamwise wavelength increasing compared to
those near the trailing flank. The transmitted wave packet grew to sufficiently large amplitude
to induce a mean flow, its nonlinear interaction with the waves manifesting as a kink in the
phase lines near z ~ 70 km, coincident with the largest amplitudes [Fig. 10.6(g)]. The post-
tunnelling development of the wave-induced mean flow is similarly shown in vertical profiles
of the horizontally integrated pseudomomentum density per mass in Fig. 10.6(i), manifesting
in the asymmetric distribution of pseudomomentum density about the upper peak of this
quantity.

Linear (anelastic) and nonlinear amplitude growth continued through ¢ = 4055 s (not
shown), at which time wave overturning was diagnosed according to Eq. (8.54). The ensuing
turbulence was well developed at t50 = 5000 s [Fig. 10.6(j,k)]. The value and location of
min{ N2} provide a crude indication of where the most intense turbulence may be found
(lacking diagnostics of a more appropriate measure such as turbulence kinetic energy). Time
series of min{N?} (not shown) suggest the localized wave breaking region translated with the
wave packet, advecting approximately 26.3 km West of and 21.8 km above the location where
overturning was first diagnosed, during the intervening 1000 s separating the waves shown at
t40 = 4000 and t50 = 5000 s in Figs. 10.6(g,h) and 10.6(j,k), respectively.

Time series of pseudomomentum transmission for AN14 are shown as the heavy curve in
Fig. 10.7(a). Steady-state pseudomomentum transmission, Tp = 0.206, was well established

to within 99% of its final value at ta = 2600 s.

10.3.2 Effect of vertical wavenumber and amplitude on transmission

Like wave packets incident upon the QBO-E, pseudomomentum transmission of wave packets

incident upon the QBO-W scaled effectively quadratically with the range of physical ampli-
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Figure 10.7: As in Fig. 10.5 but for wave packets incident upon the QBO-W jet with a range of small
amplitudes and vertical wavenumbers, and (a) ko = —0.53 km~—! (AN14-15); and, (b) ko = —0.79 km~!
(AN16-17).

tudes of interest (not shown). Here, we investigate the transmission of wave packets incident
upon the QBO-W with a range of relative vertical wavenumbers. The effects of varying initial
amplitude are discussed briefly.

Time series of pseudomomentum transmission for wave packets with koo = —2 are shown
in Fig. 10.7(a). The range of vertical wavenumbers 0.47 km~! < |mg| < 0.92 km~! spans two
moderately nonhydrostatic wave packets, corresponding to frequencies 0.5 < wg/Ng < 0.75
(equivalently, 0.89 < |mg/ko| < 1.74). Qualitatively, steady-state transmission decreased as
wave packets were initialized to be more nonhydrostatic. Quantitatively, transmission for
wave packets with mg = —0.92 and —0.47 km~! exceeded (was less than) the values predicted
by linear theory by (22.6%) and 58.6%, respectively.

A time series of pseudomomentum transmission for a wave packet with Ay = 100 m and
mo = —1.37 km ™! for kgoy = —3 (AN16) is shown in Fig. 10.7(b). This vertical wavenumber
corresponded to wy/Ny = 0.5. Steady-state transmission exceeded the value predicted by
linear theory by 95.4%. A simulation identical to AN16 was performed, but with Ay = 200 m
(AN17). Unlike most other wave packets with this initial amplitude, transmission did not
attain a steady state, but peaked before decreasing in time [dotted curve in Fig. 10.7(b)].
The decrease was due to the generation and evolution of downward-propagating secondary

wave packets (not shown). Secondary wave packets radiated from the leading flank of the
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transmitted wave packet, resembling the early stages of secondary wave packet evolution
by moderately nonhydrostatic Boussinesq wave packets (cf. Sec. 7.1.2). AN17 was the only
simulation in which varying initial amplitude resulted in a quantitative change in final steady-
state transmission, exceeding the value predicted by linear theory by 120.5%, and the value

measured in AN16 by 12.9%.

10.4 Discussion

In this chapter we investigated predictions of the partial transmission of internal gravity wave
packets through two idealized QBO jet profiles. These predictions were investigated by per-
forming fully nonlinear numerical simulations of moderately nonhydrostatic three-dimensional
wave packets with their predicted Bretherton flow superimposed, initialized using a range of
wavenumbers and amplitudes motivated by the numerically simulated waves of Holton and
Alexander (1999). To my knowledge, the simulations reported on in this chapter were the
first to study, in an anelastic atmosphere, the self-interaction of such wave packets with their
induced Bretherton flow incident upon a retrograde jet. More (less) hydrostatic wave packets
tended to exhibit larger (smaller) pseudomomentum transmission above the QBO jet, relative
to the initial pseudomomentum of the wave packet. Absolute (i.e., dimensional) transmission
values increased effectively quadratically with the range of physical initial amplitudes of in-
terest. Hence, varying initial amplitude had no quantitative effect on transmission relative to
the initial pseudomomentum. This was ultimately because the time scale for self-interaction
of the waves with their Bretherton flow, anticipated to enhance transmission, was significantly
longer than that of transmission.

Wave packet transmission was considered quantitatively using two metrics, Te and T'p.
Transmission values were predicted (T¢) from the numerical solution of the anelastic Taylor—
Goldstein equation [Eq. (8.51); Nault and Sutherland (2008)], and measured in simulation
outputs using time-integrated pseudomomentum density flux integrated above 2z + o (g w7} as
a fraction of the initial pseudomomentum of the wave packet, i.e., the steady-state value of
Tp(t). These distinct quantities agreed qualitatively in that transmission tended to decrease

as wave packets were initialized to be progressively more nonhydrostatic. Quantitatively, T¢

178



performed poorly to predict the values of T». For example, Tp for wave packets with kgop =
1.5 exceeded Tg by 18.9-94.6% as wave packets were initialized to be more nonhydrostatic
(—2.02km~! < mgy < —0.46 km™1); conversely, as wave packets with kgor = 1 were initialized
to be more nonhydrostatic (—1.32 km~! < mg < —0.31 km~1!), T» was less than (more than)
Te by amounts ranging nonmonotonically from 17.8-47.6% (51.4%), despite the comparable
relative range of |mg/ko| values. The discrepancies between Tg and Tp for wave packets with
koow = —2 and —3 were similarly erratic.

The role of internal gravity waves propagating in a prograde sense relative to the QBO
wind, ultimately to break and deposit their momentum at a critical level and hence lowering
the altitude of the QBO jet, is well known (Lindzen and Holton, 1968; Baldwin et al., 2001).
The role of partial transmission of gravity wave packets through a retrograde QBO wind, and
the role of the wave-induced mean flow in this process, has been less well studied. Although
the Bretherton flow had a negligible effect on diagnosed steady-state transmission values,
transmitted wave packets tended to grow anelastically and induce a mean flow that acted
to self-accelerate the waves, leading ultimately to their turbulent breaking. This occurred at
altitudes corresponding to the real middle and upper atmosphere, where there exists in general
a background wind, which we omitted entirely in our numerical simulations. Linear theory
predicts that, depending on the wind velocity, the transmitted waves would be Doppler-
shifted possibly to encounter a reflection (critical) level; the waves, existing at moderately
large amplitude at these altitudes, may transmit partially above this height [or be absorbed
partially at the critical level, perhaps acting to drive the mesospheric QBO (Burrage et al.,
1996)].

Although reflection, tunnelling, and transmission proceeded qualitatively as anticipated
by linear theory, our simulations provided insight into the nonlinear posttunnelling dynamics
of transmitted wave packets. However, our results are highly idealized, having assumed a
uniformly stratified atmosphere that was stationary above the modelled QBO jets. A more
complete description of the role of internal gravity wave packets in driving atmospheric dy-
namics more generally should account for these effects, although due to time constraints such

an endeavour was beyond the scope of this thesis.
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CHAPTER 11

Summary and conclusions of thesis

11.1 Summary and main results

I have presented three projects examining the nonlinear evolution of fully localized three-
dimensional internal gravity wave packets in three physically distinct contexts: (1) in a ro-
tating Boussinesq fluid; (2) in a nonrotating Boussinesq fluid in which the background flow
was nonuniform with height; and, (3) in a nonrotating anelastic gas in which the background
flow modelled the Quasi-Biennial Oscillation (QBO). The nonlinearity manifested in the self-
interaction of internal gravity wave packets with their wave-induced mean (Bretherton) flow.
I derived explicit integral expressions for the Bretherton flow induced by wave packets in a
rotating Boussinesq fluid, and in a nonrotating anelastic gas. On the basis of wave—mean-
flow interactions, I obtained analytic predictions for several instability mechanisms that can
drive waves ultimately to overturn. In the context of waves incident upon a retrograde shear
flow, I obtained analytic predictions for wave packets to penetrate above the reflection level
predicted by linear theory, to generate secondary wave packets, and to tunnel through the
QBO winds. To evaluate these predictions, I wrote a series of three fully nonlinear, high per-
formance numerical codes and ran simulations for a range of wave packet and environmental
parameters. I compared results with predictions, and discussed various results in the context

of observations and simulations of one- and two-dimensional internal gravity wave packets.
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11.1.1 First project: Boussinesq wave packets with rotation

In Part I, I extended the derivation of van den Bremer and Sutherland (2018) to obtain the
integral expression for the Bretherton flow in a rotating fluid, and in so doing I identified
and reconciled an error in the original derivation without rotation. Extending the predic-
tions of Sutherland (2001), I derived expressions for the critical initial amplitude above which
internal waves were prone to overturning instability, and instabilities due to convection, self-
acceleration, and shear between adjacent velocity crests and troughs of strongly hydrostatic
waves. The critical amplitude for static instability was identical to that obtained for plane
waves without rotation, whereas the critical amplitude for convection instability depended
explicitly on the Coriolis parameter. The critical amplitude for self-acceleration accounted
explicitly for rotation and the finite spatial extent of the wave packet, although the corre-
sponding expression included an integral that needed to be evaluated numerically. Two critical
amplitudes for shear instability, using different definitions of the gradient Richardson num-
ber, accounted for rotation and the spanwise component of wave velocity, but gave conflicting
predictions for the onset of shear instability relative to the other instability amplitudes.

To examine the instability predictions numerically, I upgraded an existing fully nonlinear
code to superimpose the predicted Bretherton flow onto the initial wave fields (for which I
designed and implemented a method to evaluate the singular integral describing the initial
Bretherton flow); included Coriolis terms in the numerically integrated evolution equations;
introduced a third-order accurate time integration scheme; and, parallelized the code with
OpenMP to run simulations efficiently on high performance computing platforms operated by
the Digital Research Alliance of Canada. Further efficiency was gained by preallocating mem-
ory for large three-dimensional arrays (as opposed to dynamically allocating and deallocating
within repeated function calls), at the cost of a larger overall memory footprint.

I performed simulations of round three-dimensional wave packets with their Bretherton
flow superimposed, having wavenumbers ranging from nonhydrostatic to near-inertial and
amplitudes from small to overturning. I compared the initial amplitudes for which waves
eventually overturned with the predictions of linear theory and characterized the results in

terms of the instability mechanisms governing wave evolution. Due to interactions with the
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mean flow induced by the waves, the waves in general were found to overturn even though
their initial amplitude was well below the overturning amplitude predicted by linear theory.
Likewise, in all but the most strongly nonhydrostatic simulations, the self-acceleration con-
dition overpredicted the amplitude for which wave packets eventually overturned. Strongly
hydrostatic waves, propagating at nearly horizontal angles © = 80°, were found to overturn
due to localized isopycnal steepening. Shear instability was not evident in time series of the
minimum gradient Richardson number for strongly hydrostatic waves, in agreement with our
predictions and those of Gossard et al. (1971), but not with those of, e.g., Fritts and Rastogi
(1985) and Achatz (2007). This result was insensitive to the definition of gradient Richardson
number used.

A small number of simulations of nonhydrostatic long and wide wave packets suggested
that long (wide) wave packets overturned at approximately the same times (earlier times)
as round wave packets with the same amplitude and relative vertical wavenumber, against
the predicted increased (decreased) vulnerability to self-acceleration compared to round wave
packets. Wave packet aspect ratio was found to have little effect on the overturning times of
hydrostatic long and wide wave packets.

One simulation was performed using wave packet parameters estimated from observations
of a lee wave generated in the Shackleton Fracture Zone (Cusack et al., 2017). Overturning
of the simulated wave was diagnosed just below the height at which the sea surface would
have intersected the numerical domain, and well within the horizontal region in which the
strongest velocity perturbations were measured. Shear instability was predicted not to play
a role in driving the wave to overturn, as confirmed by time series of the minimum gradient
Richardson number.

Overall, the results of this project suggested that waves tend to become unstable and
overturn at smaller amplitudes than those predicted by linear theory. From this we infer that
upward-propagating waves overturn, break, and deposit their momentum at earlier times,
and hence at lower heights, than those predicted by linear theory. Clearly, this implication
has potential consequences for internal gravity wave drag parameterization schemes based on
linear theory of monochromatic waves (such as those currently employed in the operational

weather prediction models of Environment and Climate Change Canada). However, this
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outlook must be viewed in light of the assumptions and limitations of our model: for example,
the use of the Boussinesq approximation, uniform stratification, infinite periodic domain, no
background flow, and finite spatial and temporal resolution in the numerical code. These

issues represent potential starting points for further research, elaborated on below.

11.1.2 Second project: Boussinesq wave packets in nonuniform background

shear

In Part II, T extended the predictions of Sutherland (2000) to predict the critical initial ampli-
tude for “reflection level penetration” of three-dimensional wave packets, above which there
is finite transmission above the reflection level at late times. I described how triadic resonant
instability (TRI) between strongly nonhydrostatic incident and reflected waves could generate
upward-propagating secondary wave packets, and proposed a novel weakly nonlinear mech-
anism I called “self-reflection” as a possible mechanism to generate downward-propagating
secondary wave packets by nonbreaking primary waves. To quantify the transmission of wave
packets above the reflection level, I defined a time-dependent transmission coefficient based
on the horizontally integrated pseudomomentum density associated with upgoing waves, in-
tegrated above the reflection level.

To obtain transmission coefficients numerically, I upgraded the code used in Part I to
include the Doppler-shifting terms in the numerically integrated evolution equations; imple-
mented a more effective antialiasing filter; and, designed and implemented the algorithms to
obtain transmission diagnostics from the upward-propagating components of the wave fields.
I identified the ideal placement (within the time integration loop) of the function calls to most
efficiently diagnose transmission using existing data, thus reducing the number of potentially
unnecessary floating point operations.

I performed simulations of round nonhydrostatic three-dimensional wave packets with their
Bretherton flow superimposed, with a range of small to moderately large amplitudes, but not
so large that the waves overturned due to self-acceleration. Depending on the wavenumber and
amplitude, the characteristics of transmission varied significantly. Using upward-propagating
pseudomomentum above the predicted reflection level as a measure of transmission, it was

found generally that small amplitude wave packets yielded larger transmission values (relative
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to the conserved total pseudomomentum in their respective domains) at earlier times than
otherwise identical larger-amplitude wave packets. This trend materialized for all but the most
strongly nonhydrostatic wave packets with moderately large initial amplitudes, which instead
exhibited a dramatic increase in transmission with amplitude. This increase was attributed
to upward-propagating secondary wave packets generated by TRI between the incident and
reflected wave packets. The time of peak transmission, and the subsequent time interval
to return to half this peak, tended to increase with increasing amplitude. The existence of
transmitted upward-propagating pseudomomentum above the reflection level at late times
was analogous to “steady-state” transmission of one- and two-dimensional wave packets in
linear retrograde shear flow simulated by Sutherland (2000). As moderately large amplitude
wave packets were initialized to be progressively more hydrostatic, downward-propagating
secondary wave packets (which I attributed to self-reflection, upon ruling out TRI) were
generated preferentially to radiate below and forward of the upward-propagating primary
wave packet.

The predicted critical amplitude for reflection level penetration was generally well borne-
out in the results of this project. If future research determines this finding to be robust across
a broader range of retrograde shear flow profiles, general circulation models may ultimately
benefit from gravity wave drag parameterization schemes that account for finite penetration of
pseudomomentum above the reflection level. The condition for self-reflection tended to over-
predict the critical amplitude for secondary wave packet generation by moderately hydrostatic
primary waves. A more consequential result, however, is that all secondary wave packets were
generated by nonbreaking primary waves. To my knowledge, this finding represents the first
instance in which (simulated) secondary waves were generated by nonbreaking, as opposed to
breaking, primary waves [as is typically invoked as the generation mechanism for secondary
waves in observations, and numerical and theoretical models (e.g., Bossert et al., 2017; Fritts
et al., 2021; Vadas and Fritts, 2006)]. Beyond purely scientific interest in secondary wave
packets, accounting for their pseudomomentum transport (without invoking breaking pri-
mary waves) offers a potential direction to improve the energy budgets of general circulation

models.
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11.1.3 Third project: Anelastic wave packets in nonuniform background

flow

In Part III, I extended the derivation of the Bretherton flow in Part I to three-dimensional
wave packets in a nonrotating anelastic gas. Using the resulting integral expression, I de-
rived the corresponding critical amplitude for self-acceleration, and an analytic prediction for
reflection level penetration (applicable to anelastic waves incident upon a background shear
flow that changed relatively slowly with height, which I did not ultimately simulate). Solving
numerically a certain Taylor—Goldstein equation, I obtained predictions for small amplitude
waves to tunnel across two distinct jet profiles, corresponding to the easterly and westerly
phases of the Quasi-Biennial Oscillation (QBO). I described a procedure for selecting and
fitting observational data to obtain the two QBO profiles. The transmission coefficient for
tunnelling waves was quantified using the ratio of horizontally and temporally integrated
vertical fluxes of pseudomomentum as this quantity tended asymptotically to a quasisteady
limiting value.

To simulate the evolution of wave packets in an anelastic model atmosphere, I implemented
a regime of comprehensive modifications to the code described in Chapter 6. The overall
purpose of the sweeping changes was to account for the exponential (anelastic) growth of
the wave fields with altitude. To that end, I converted the numerical method used in the
vertical direction from fast Fourier transforms to fourth-order finite differences. This entailed
several major changes to the code’s dynamical core, including solving the vertical momentum
equation (as opposed to integrating the anelastic nondivergence condition), and deriving and
implementing an efficient method to solve a large number of Poisson equations for vertical
profiles of perturbation pressure (each the solution of a unique pentadiagonal matrix inversion
problem). I implemented a Smagorinsky turbulence scheme that was activated dynamically
to enhance numerical stability when the simulated waves were overturning.

I performed simulations of round, moderately nonhydrostatic, three-dimensional wave
packets with their predicted Bretherton flow superimposed. Simulations were initialized us-
ing a range of physically motivated wavenumbers and amplitudes corresponding to those

of existing numerically simulated waves generated by tropical convection. I compared the
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measured transmission coefficient (based on the pseudomomentum density flux integrated in
time and spatially above the QBO, relative to the initial, conserved, pseudomomentum of the
wave packet) to the one predicted by linear theory. The measured transmission reproduced
the broad qualitative prediction for transmission to decrease as waves were initialized to be
progressively more nonhydrostatic. Quantitatively, the transmission coefficient predicted by
linear theory performed poorly, inconsistently predicting higher or lower values than those
diagnosed in the fully nonlinear simulations. This confirms, as one might suspect intuitively,
that the transmission of small amplitude monochromatic waves through a QBO jet does
not necessarily provide a reliable prediction of the transmission of quasimonochromatic wave
packets. This finding has potentially significant consequences for internal gravity wave drag
parameterization schemes based on the theory of monochromatic waves.

Initial amplitude was varied across a range of physically meaningful values. Because wave
amplitudes were small initially (relative to the streamwise wavelength), nonlinear interactions
with the induced Bretherton flow had no quantitative effect on transmission and reflection,
as these linear dynamics evolved on time scales much shorter than those of nonlinear self-
interactions with the Bretherton flow. Despite this, transmitted wave packets typically evolved
to grow to moderately large amplitudes due to the exponentially decreasing background mass
density of the idealized atmosphere. This anelastic growth drove the waves to sufficiently
large amplitudes to induce a significant Bretherton flow, which acted nonlinearly through self-
acceleration to drive the waves to overturning amplitudes, and ultimately to break turbulently.

The Smagorinsky turbulence scheme was generally effective to model the relatively small-
scale motions associated with turbulent wave breaking following overturning. In several nu-
merical simulations this turbulence model enhanced the numerical stability postoverturning
for sufficiently many additional time steps to measure steady-state transmission, compared
to previous simulations of overturning waves without a turbulence model (i.e., the codes used
in Parts I and II). Although the Smagorinsky turbulence scheme was not sufficiently sophis-
ticated to model pseudomomentum deposition to the background flow by breaking waves,
this scheme nonetheless provided revealing quantitative diagnostics of the time and location
of wave breaking. For example, in one simulation spanning over 5000 s of wave evolution,

waves overturned and broke turbulently in a localized region that translated with the wave
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packet [cf. Fig. 10.6(j,k)]. Through the time interval during which overturning (and hence
turbulence) was diagnosed, the breaking region translated approximately 25 km downstream
(located finally approximately 85 km from where the wave packet was initialized). Assum-
ing wave breaking would have resulted in some pseudomomentum deposition had this process
been resolved, this demonstrates the need (as suggested by Plougonven et al., 2019) to account
for delayed pseudomomentum deposition and lateral wave propagation in parameterization
schemes, as opposed to instantaneous deposition at a predicted height directly above the wave

generation site.

11.2 Future work and final remarks

Possible directions for future work to further advance the research presented in this thesis
may be categorized generally, with some overlap, as (1) theoretical; (2) modelling; and, (3)
numerical.

Several suggestions mentioned in Sec. 11.1.1 in the context of the first project were ad-
dressed subsequently in this thesis; in particular, I relinquished the assumption that the fluid
was stationary in the absence of waves in Parts II and III, and adopted the anelastic approx-
imation in Part III. One assumption that remained in use across all three Parts was that of
uniform background stratification. Existence of theoretical results for internal gravity waves
in nonuniformly stratified fluids (e.g., Brown and Sutherland, 2007; Nault and Sutherland,
2008) suggests that a natural next step would be to extend the theory presented in Part III to
a nonuniformly stratified anelastic atmosphere. In anticipation of such a follow-up study, the
corresponding fully nonlinear governing equations (including those modelling small scale tur-
bulence) for the numerical simulation of wave packets in such a fluid were stated in Chapter 9
and Appendix F.

It may be beneficial to supplement the studies reported on in this thesis by performing cor-
responding weakly nonlinear studies. The nonlinear Schrodinger equation models the weakly
nonlinear interactions between the wave-induced mean flow and the wave packet envelope
(e.g., Akylas and Tabaei, 2005; Sutherland, 2006b). On this basis, a sequence of nonlinear

Schrédinger equations could be derived under the respective assumptions of Parts I-III, and
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solved numerically for comparison with the results of the fully nonlinear simulations pre-
sented in this thesis. Such an approach was used in studies of the weakly nonlinear evolution
of one- and two-dimensional wave packets propagating in uniformly stratified fluids (Dosser
and Sutherland, 2011; Gervais et al., 2018). In the case of two-dimensional wave packets, the
significant reduction in the computational cost of weakly nonlinear simulations, as opposed to
fully nonlinear ones, while yielding comparable results, was specifically noted. Furthermore,
valuable theoretical insights (such as “oblique dispersion”) were gleaned from an analysis of
the two-dimensional nonlinear Schrodinger equation that were not obvious from a high-level
analysis of the two-dimensional governing equations. This suggests similar benefits may follow
from studies in three dimensions.

Throughout this thesis, for convenience wave packets were initialized to be triply Gaussian.
It may be interesting, even if only intrinsically, to consider wave packets with alternative struc-
tures initially. One could similarly consider the generation and evolution of the Bretherton
flow induced by three-dimensional wave packets excited transiently. Such studies would be
anticipated to elucidate the nonlinear dynamics of internal gravity wave packets in a broader
range of physically meaningful scenarios.

Although in Parts II and III we quantified pseudomomentum transport by internal gravity
wave packets, we were neither able to predict nor quantify the deposition of pseudomomen-
tum by breaking waves (in Part III in particular). In order ultimately to improve internal
gravity wave drag parameterization schemes, it is necessary to quantify the time, location,
and amount of pseudomomentum deposited to the mean flow. A dedicated research program
could investigate the role of the Bretherton flow in this process. The corresponding simula-
tions may require fine spatial resolution beyond what the existing anelastic code can attain
[considering the hardware limitations of the high performance computing (HPC) platforms
on which the code was designed to be run, and the corresponding use of the shared-memory
parallelization paradigm|. Therefore, a significant first step in such a research program could
be to parallelize the code using, e.g., a hybrid MPI-OpenMP framework, thereby enabling
access to the memory and computational power of distributed HPC resources. Leveraging
the more flexible parallelization, the overall speed of the code will almost certainly improve

by upgrading the fast Fourier transform algorithm to, e.g., FF'TW, and by adopting the use
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of a modern high-performance output file type, e.g., HDF5. The strongly nonlinear turbu-
lent dynamics simulated by the resulting code may further benefit from more sophisticated
numerical methods in the code’s dynamical core. For example, the WENO5 finite differenc-
ing scheme (cf. Sec. 9.2.1) could be implemented in the vertical using this scheme’s actual
nonlinear weights (e.g., Ghosh and Constantinescu, 2016). The large eddy simulation (LES)
turbulence scheme itself could be upgraded to set local values of the Smagorinsky constant
adaptively, as in the LES scheme of Germano et al. (1991).

In light of the number and diversity of possible future research directions, it is fair to say
that much work remains to be done to continue improving our understanding of nonlinear
internal gravity wave evolution, with the aim ultimately to improve internal gravity wave drag
parameterization schemes. Although I would have liked to pursue these issues in this thesis,

3

these exciting tasks now stand before the next generation of graduate students, because “my

research must be ended somehow.”*

*Lyric composed by Tatiana Shmalyuk (singer) for the song I Speak Astronomy by Ukrainian metalcore
band Jinjer (2016).
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https://www.youtube.com/watch?v=KJoPIgg17U4
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APPENDIX A

Polarization relations

In this appendix we derive the polarization relations for waves in a rotating Boussinesq fluid,
and those for waves in an anelastic gas. For convenience, both sets of derivations assume the
fluid is uniformly stratified and stationary in the absence of waves. Under these assumptions
the leading-order polarization relations consist of a set of purely algebraic relations, and
their first-order (envelope-scale) corrections consist of a set of expressions involving partial

derivatives of the amplitude envelope.

A.1 Waves in a Boussinesq fluid

The polarization relations are derived from the inviscid governing equations for momentum,
internal energy (recast, without loss of generality, in terms of vertical displacement), and
incompressibility, given by Egs. (2.5)—(2.8) and (2.3), linearized with respect to amplitude.

The linearized equations are given by

ou 1 0p

T 0 Oz + fov, (A1)
= oo~ (A.2)
%;__;g—Ng : (A.3)
% —w, (A.4)
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V-u=0. (A.5)

The polarization relations at leading- and first-order are derived by making further assump-

tions about the types of solutions that satisfy these equations, as described below.

A.1.1 Dispersion relation and leading-order polarization relations

We seek solutions of Egs. (A.1)—(A.5) in terms of plane (sinusoidal) waves of the form
16 1) = Agelxan), (A.6)

where A, is constant (possibly complex), K = (kg,¥¢,m) is the wavenumber vector (the
special notation for K and k, will be made clear shortly), and w is the dispersion relation, to
be determined. It is understood that the actual wave field is the real part of Eq. (A.6). To
derive the leading-order polarization relations, we substitute Eq. (A.6) into Egs. (A.1)-(A.5)

(e.g., Sutherland, 2010), which yields the system of algebraic equations

—iw —fo O 0 ik~ [A,

T po
fo —iw O 0 z'ﬁp% A,
0 0 —iw NZ imL]||A,|E*)=0. (A.7)

ik, € im0 0 | LA4y]
This system has a nontrivial solution if and only if the left-hand side matrix has zero deter-
minant. Setting its determinant to zero yields a single equation,

02+ (N ) = (e = f3)] =

whose nontrivial solution is the (squared) dispersion relation,

e NG (k2 + %) + fng.
k2 + 02 +m?

Now we define k = y/k2 + (2, effectively orienting our coordinate system so that waves
propagate in the xz-plane. Substituting k into the (squared) dispersion relation and taking

the positive root (so that waves propagate forward in time), we find

VINEK? + fim?
w= :

K]
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where k = (k,0,m). On this basis, henceforth we assume without loss of generality that waves
propagate in the xzz-plane, and we adopt the wavenumber vector k = (k, 0, m) accordingly.
Having established the dispersion relation, any wave field can be related unambiguously
to any other. Without loss of generality, we somewhat heuristically choose to relate each
field to the vertical displacement field, as this is a physically intuitive quantity. We define its

amplitude envelope by A := A¢ for convenience. One then finds from Eq. (A.7), in sequence,

Ay = —ilwA,
m . m
Au = —?Aw = Z(A)?A,
fo

Ay = —il%4, = fo A,
w k
PO /. ..m
A, = —z?(zwAu + fody) = zpoﬁ(wQ — fHA.
The polarization relations for the three components of vorticity are obtained from the
polarization relations for velocity using
e €, e,
C = (va Cya CZ) =V xu= ik 0 wm ei(k~x—wt)‘
A, A, Ay
The corresponding amplitudes are
m?
ACw = —ZmAU = —ZfQ?A,

k|2

A¢, = imAy, —ikAy = —w ’

A,

A¢, = ikA, = ifymA.

The polarization relations derived above are summarized in the centre column of Table 2.1.

A.1.2 Envelope-scale corrections to the leading-order polarization relations

We now seek approximate solutions to Egs. (A.1)—(A.5) in terms of quasimonochromatic wave

packets, expressed as a perturbation expansion (implicitly in powers of €) of the form

nxt) =n" + 9+ (A.8)
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where the superscript and subscript denote the order of its associated term with respect
to amplitude o and the perturbation parameter €, respectively. At leading-order, 77(()1) is
equivalent to the expression in Eq. (A.6) but in which A, is a function of space and time
and not a constant. At O(a'e!), the amplitude envelope is a linear combination of first-order
derivatives of A, with respect to the slow variables X = (X,Y,Z). Recall from Sec. 2.2.1
that X = e;(x — cgat), Y = €y, Z = €,(2 — cgst), where ¢, = 1/(koy), ¢y = 1/(koy), and
€. = 1/(ko,) are small parameters inversely proportional to the wave packet extent in the
respective directions, and € = max{e,, €y, €. }. The slow variables translate with the wave
packet at its group velocity, ¢y = (¢g4z,0, ¢g2), and wave packet dispersion is captured by the
slow time variable T = €2t, and is effectively ignored.

For consistency with the approach taken in Sec. A.1.1, the first-order corrections are related

by imposing the first-order structure of the vertical displacement field,
551) — izﬁAei(k-xfwt)’

where X5 = €,;3,0x +€,0,0y +€;3.07, in which the constants 3;, 8, and . were determined
in Sec. 2.2.3, but are not known a prior: in the present derivation.
Setting n = £ in Eq. (A.8), substituting the resulting expansion into Eq. (A.4), and ex-

tracting the O(ale!) part, we find

wgl) = fiwél) E Vﬁél)

(A.9)
= —(cg-V —wip)Ae'?,
where we have used 0; & —iw — ¢, - V according to Eq. (2.16d), in which ¢4 -V = ¢gp€,0x +
¢cq-€-07, and we have defined the phase ¢ := k - x — wt for convenience.

Using Eq. (A.9) and the leading-order polarization relations in Eq. (A.5), and extracting

the O(a'e!) part, we find

1
ugl) = 7 {ewﬁxuél) + eyayv(()l) + imwg) + eZOZw(()l)]
= —% [iwrgexﬁx + fozeyay —im(cg -V —wig) — iwezaz] Ae'? (A.10)
i

[(Cga: - b];})exax + i%ey(‘)y + (cgz + ;i) €07 — wEg] Ae',

=| 3
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where we have used V = (ik + €,0x, €,0y,im + €,0z) according to Egs. (2.16a)—(2.16c).

Using Eq. (A.10) and the leading-order polarization relations in Eq. (A.2), and extracting

the O(alel) part, we find

1 1 1 1 1 1
UE ) = - [foug ) _ Cy - Vv((] ) + %eyayp[() )]

) (A.11)
= z% |:f0€zaX — iweydy — foEezaz + fokzﬁ} Ae'?.

For completeness, we obtain p(ll) by substituting Egs. (A.10) and (A.11) in Eq. (A.1),

extracting the O(alel) part to find
(1)
p Ll (1) m_ 1 <1>]
— = —|iwu; ' + ¢, - Vuy ' + fov; ) — —e€0
Po Zk[ ! I 0"+ Jous po "XPO
2

m 1 )
= 2 I:chg -V — (wQ _ f&) (kezax — EezaZ + Zﬁ)] At

Lastly, using the leading-order polarization relations and the first-order corrections to the

velocity fields, we may obtain the first-order corrections to the vorticity fields from the O(ale!)

parts of { =V x w:

Cg(gll) = Eyﬁywél) — imvgl) - ezazv(()l)
m® Ik k :
=12 [foexax —iw Hml €0y — 2f0E6232 + fokEg} Ae'?,

Cﬁ) = imugl) + ezazu(()l) — ikw%l) — emazwél)

7 .
=3 [(kaHQCgm + [k2 — mQ]w)eaﬁX + 2f0m26y8y
k|2

+ k(||k|Pcge + 2wm)e, 07 — w 25] A,

CS) = ikvp + exﬁxvél) - eyayuél)

= fo(ezaz — ng)Aew.

The O(ale!) polarization relations derived above are summarized in the right column of

Table 2.1.
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A.2 Waves in an anelastic gas

The polarization relations for waves in an anelastic gas are derived in a manner similar to
that used in Sec. A.1. The governing equations are the linearized equations for momentum
and internal energy (recast in terms of vertical displacement), and the anelastic nondivergence

condition, given by the O(«) parts of Egs. (8.17)—(8.21), and reproduced here for convenience:

% _ _(% (i), (A.12)
881: - _aaz <§> ~ N2, (A.14)
gﬁ = w, (A.15)
V- (pu) = 0. (A.16)

The polarization relations at leading- and first-order are derived in the respective sections
below.
A.2.1 Dispersion relation and leading-order polarization relations

We seek solutions of Egs. (A.12)—(A.16) in terms of plane waves of the form
n(x,t) = Anei(ko'x_wot)ezmH”, (A.17)

which notably includes the anelastic growth factor e*/#¢, where H p is the density scale height.
We have adopted symbols adorned with the subscript 0 for consistency with the notation used
throughout Part III. We assume waves propagate in the xz-plane so that the wavenumber
vector is given by ko = (ko,0,mg). We proceed first to determine the dispersion relation

by substituting Eq. (A.17) into Egs. (A.12)—(A.16) (e.g., Sutherland, 2010), which yields the
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system of algebraic equations

_—iwo
0
0
0

ko

0
—1wp
0
0
0

0
0
—iWo
-1

imo —

1
2H,

0
0
NG
—1iWp
0

ko
0

. 1
myo + 2Hp

0
0

Ae

| Ap/P]

ei(ko-x—wot)ez/QHp =0.

(A.18)

This system has a nontrivial solution if and only if the left-hand side matrix has zero deter-
minant. Setting its determinant to zero yields a single equation,

w@}zu

1
wo [wo <m0 + 4H2> — k‘g(Ng

whose solution is the (squared) dispersion relation,

21.2
2 _ Nokg
wy = %2

0

(A.19)

where K2 = k% +m3 +1/(2H,)%.
Using the dispersion relation to relate unambiguously the wave fields to the vertical dis-
placement field (with amplitude envelope defined by A := A¢ for convenience), we find from

Eq. (A.18), in sequence,
Ay
Ay

A, = Z(imo—l)Aw: wo(im_1>A: kOMA
ko 2Hp ko 2Hp wo 1mg + 2H

A—f):ﬂAu:— NG — w? )
P kO ”nOJrﬁ

The polarization relations for the components of vorticity are found using

€ € e,
=V xu= iko 0
A, A,

. i(ko-x—wot 2H
Zm()+ﬁ e’( 0 X=wo )ez/ .

Aw

¢ = (CachzﬁCz)

with corresponding amplitudes

A, =0,
NEko
wo

ACy = <2m0 + 1>Au — tkoAy = — A,

2H,
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A =0.

The polarization relations derived above are summarized in the centre column of Table 8.1.

A.2.2 Envelope-scale corrections to the leading-order polarization relations

We now seek approximate solutions to Eqgs. (A.12)—(A.16) in terms of quasimonochromatic

wave packets, expressed as a perturbation expansion of the form 7(x,t) = 77((]1) + 7751) 4+

in which each term in the expansion contains explicitly the anelastic growth factor e/2H.

The leading-order term 77(()1) is equivalent to the corresponding polarization relation for plane
waves, but with an amplitude envelope that is not a constant, but a function of space and
time. At O(alel) the amplitude envelope is a linear combination of first-order derivatives
of A, with respect to the slow spatial variables X = (X,Y,Z), where X = €;(x — cguot),
Y = ¢eyy, and Z = €.(z — ¢g420t), as defined in Sec. 8.3.1.

For consistency with the approach taken in Sec. A.2.1, the first-order corrections are related

by imposing the first-order structure of the vertical displacement field,
551) — 7:25Aewoez/2Hp,

where X3 = €,8,0x +¢€,8,0y +¢€.8.0z, in which the constants 3, 8y, and 3, were determined
in Sec. 8.3.2, and we have defined A := A¢ and ¢g := kg - X — wyt for convenience.
Substituting £ ~ 5[()1) + 5%1) into Eq. (A.15) and extracting the O(a'e!) part, we find

wi) = —iwget) — cgo - VEN (A.20)

= —(cg0-V — wozﬁ)Aei‘pOez/Hp,
in which we have used 0y & —iwg—cg4-V according to Eq. (8.26d), where cg9-V = ¢gz0€,0x +

ngoezaz.

Using Eq. (A.20) and £ ~ f(()l) —|—§§1) in Eq. (A.14) and extracting the O(a'e!) part, we find

—

1)

1 (1)
17, =1 [Cgo . Vw(()l) + inwgl) —€,07 <p0> — Ngﬁgl)}
et g (A.21)
1 Ng — w? . '
=— [ — 2iwpego - V + —2 Wlo .07 — i(NE — w%)Eg} A0/t
1mo + H, 1mo + 2,
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Substituting this expression into Eq. (A.12) and extracting the O(a'e!) part, we find

. 1 p(l) p(l)
ug):,[—cgo Vué)—kexax(o >+k L ]
two P p

- 1 [k;o
iwo (imo + ﬁ) wo

(No )CgO \%

ik
— (N — wg)(exax -

€,07 — k025>] Ao ez/2Hp
mmo + ﬁ

(A.22)

(1)

One may obtain an equivalent expression for u;’ using Eq. (A.20) in the anelastic nondiver-

gence condition, Eq. (A.16), as was done when the O(a'e!) polarization relations were derived

in Sec. A.1.2. However, the derivation of the mean flow induced by anelastic wave packets
(1)

uses the expression for u; ’ derived from momentum conservation, given by Eq. (A.22).

Substituting Eq. (A.21) into Eq. (A.13) and extracting the O(alel) part, we find

1
SO NI '
1 iwo Y ﬁ

N - ,
= —- 0 T eyayAewOez/2Hp.
iwo (imo + m)

Lastly, using the leading-order polarization relations for the velocity fields and their first-
order corrections, we may obtain the first-order corrections to the vorticity fields from the
O(ate!) parts of ¢ =V x w:

1 1 1 1
<a(31) = eyaywé ) — (zm + 2_H> (1)

N? ,
=—i—2 eyayAewOez/QH" ,

wo
1
G = (lmo + zﬂ)u?’ +edzuf) —ikowl!) — e;dxuy)
N k
— Zi |:6maX _ 70(:90 vV — k026:| Ae“PO
wo wo

CS) = Zk‘(]’l)l - eyayu

=0.

The O(a'e!) polarization relations derived above are summarized in the right column of

Table 8.1.
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APPENDIX B

Bretherton flow: Explicit form of the nonlinear forcing

In this appendix we compute explicitly the correlations (quadratic products) of wave fields
which contribute to the mean, wave packet-scale, wave-wave interactions that force the
Bretherton flow, ugr. We also compute explicitly the correlations in the partial differential

equation governing the divergent-flux induced flow, upg.

B.1 Boussinesq wave packets with rotation

Explicitly, we write each Boussinesq wave field as
1 i * —ip
n=g Ape'? + Aje , (B.1)

where the asterisk denotes the complex conjugate. Quadratic products of fields of this form
consist of the sum of complex conjugate superharmonic terms, proportional to e**?¥, and
a mean contribution in which the product of the complex exponentials cancels. The av-
eraging operator, denoted in this appendix by an overline, acts to extract this mean term
[cf. Eq. (2.20)].

In Sec. 2.2.1 we made explicit the fact that the wave packet envelope A, evolves slowly
relative to the wavelength and frequency by introducing slow spatial variables X = (X,Y, 7).
Spatial derivatives of the wave packet envelope as it depends on X introduce factors of €,

€y, and €, [cf. Eqgs.(2.16a)—(2.16c)]. Under the averaging operator, spatial differentiation
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of products of fields operate according to 0, — €,0x, 0y — €,0y, and 0. — €.0z. The
order of an expression in the resulting perturbation expansion with respect to inverse wave
packet extent € = max{e,, €, €.} and amplitude « is denoted by a subscript and superscript,
respectively. Expressions for the Boussinesq wave fields with rotation at leading-order, and

their envelope-scale corrections, are given in Table 2.1.

B.1.1 Divergent-flux induced flow

In Sec. 2.2.2, the rotating Bretherton flow was decomposed conceptually into the sum of the
divergent-flux induced flow upr, and the response flow, ugr. The divergent-flux induced flow
arose as the result of the mean forcing by the nonlinear advection terms in the momentum
equations. The divergent-flux induced flow is governed by Eq. (2.19), reproduced here for

convenience in component form:

Opupr = —V - (u(l)u(l)), (B2a)
Oyvpe = =V - (upD), (B.2b)
Dy = —V - (D). (B.2¢)

Expanding the velocity fields on the right-hand side of Eq. (B.2a) up to first-order in €, we
find that

2

(GtuDF)g ) — —exax(u(()l)u(()l)) — eyay(v(()l)u(()l)) — Ezaz(w(()l)u(()l)).

Computing correlations, we find

1 . )
—ewax(u(()l)uél)) = —emﬁx{inAew + c.c.}{inIZAew + c.c.}

4
1 2m2 i i
= ﬁean iAe" 4 c.c. p iAe' + c.c. (B.3)

1 ,m?
= —§w2ﬁ€maX‘A|2,

—eyﬁy(vél)uém) = —}eyay fO@Aew tec $diwT A 1 c.c.
4 k k (B.4)

:07
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1 . )
—€,0z7 (w(()l)u[() )) = —46262{ — jwAe'? + c.c.}{inIZAew + c.c.}

;wQTgez@Z{iAew + c.c.}{iAew + c.c.} (B.5)

1
§w2mez8Z|A]2

where we have omitted the overbar on the right-hand sides for convenience, with the un-
derstanding that the averaging operator is applied to the right-hand side expressions. From
Egs. (B.3)-(B.5) we find that

1 2 k
(Dupe)\? = 7@02 ’ZQ {exax - mezaz}m\?. (B.6)

Expanding the velocity fields on the right-hand side of Eq. (B.2b) up to first-order in €, we
find that

(Brope) ) = —e,0x (u o) = e,y (VoY) — .07 (wD o).

By analogy with Eq. (B.4), the first correlation on the right-hand side is zero. The remaining

two correlations are

—eyay(v(()l)v(()l)) = —1ey6y{f0mAew + c.c.}{f()?:Aew + C.C.}

fo k:2 {Aew +c.c. }{Aew + c.c.}

fO k2 E11,18Y|14|2

—e.0z(wy (1), )) = —lezaz —iwAe™ + c.c. fomAei‘p + c.c.
4 & (B.7)

=0.
Hence we find that

(Drvnr)y” = mw@wmﬁ (B.8)

Expanding the velocity fields on the right-hand side of Eq. (B.2¢) up to first-order in €, we
find that

(Brwpe)?) = —€,0x (u§wi?) — e,y (v§ WD) — 207w w).

By analogy with Eq. (B.7), the second correlation on the right-hand side is zero. The remain-
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ing two correlations are

1
—exax(u(()l)w(()l)) iw ?emﬁx ]A]Q

[by analogy with Eq. (B.5)], and

—ezaz(wél)wél)) = —16282{ — jwAe" + c.c.}{ — iwAe + c.c.}

4
Ly i i

= —Zw €,07% Ae'? 4 c.c. p{ Ae' + c.c.

= —1w2€Z82‘A|2.
2

Hence we find that
1 om k
(Dywpr)\?) = 2w2k{exax - mezaz}\AP. (B.9)

Taking Egs. (B.6), (B.8), and (B.9) together, the divergent-flux induced flow in vector form

evolves at leading-order according to

= <(6356X - %ezﬁz)|A|2, 5 eyay|A|2 (emax - flezﬁz)|A|2>.

B.1.2 Quadratically nonlinear forcing

The O(a?) nonlinear forcing corresponding to the vertical component of the curl of the
Bretherton flow in a rotating Boussinesq fluid, F}, is given on the right-hand side of Eq. (2.22),

reproduced here for convenience:

= 3 { () + )k + ex0x) (Wl +wiD) + (¢ + ¢Deydy (wl +w)

+ () + ) m o+ e202) () +wlV) = eax (¢ + D)) + i)

— e, v [(C§) + S + o)) + €021l + <)@ +wi)}. (B.10)

Expanding the wave fields on the right-hand side of Eq. (B.10) up to first-order in €, we
find that

(7)) = (¢ (k) + ¢ (wi)}-

Computing these correlations we have

¢ (ikwlM) = {—zfo Aeucc}{(ik)(—iw)Aeiuc.c.}
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1 ) )
= 4f0wm2{ — 1 Ae" + c.c.}{Aew + c.c.}

=0,

m = le{ifomAew + C.C.}{(im)(—iw)Aew + c.c.}
= lefowmQ{ —iAe + c.c.}{Aei‘/’ + c.c.}
=0,

and so we find that (FZ)?) =0.
Expanding the wave fields on the right-hand side of Eq. (B.10) up to O(a?€?), we find that

(F) = 0L ikw) + ¢ (exdxws?) + ¢ ikl + ¢ (ey0rwi”)

+ ¢ imwl) + (P e.0z0) + D (imwl)

— e 0x (1 ul) + e (") + €02 i)}

Computing these correlations we have
C(l)( kwl ) = { — zfo Aew +c.c. }{ —ik(cy - V —w¥g)Ae'? + c.c.}
= 4f0m2{iAew + c.c.}{i(cg -V — wEB)Aei‘P}

1
= 4f0m2{cg -V — wzg}\AF,

m = i{ ’Lf() Aew + c.c. }{ — jweOx Ae' + c.c.}

2
= ifoTZwex{iAew + c.c.} {i@XAew + c.c.}

1 2
= *fowm?exax|z4|2,

4
((1)(7Lkw(1))—1 m—2f68 L ”2683/—2]0*68 T fokYs| A +c.c
1l 0 T4 k2 0€zUX — Y 0 zVZ o0RZp .C.
X {ik(—z’w)Aew —|—C.C.}
1 m? k 2 " .
= 4f0°~)k_{6maX - 2EGZ8Z + kzg}\fﬂz w? H k:” y(Ay A" — AT A),
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1 1\ 2 . .
Céé)(eyayw(()l)) = i{ - wHIZHAe“p + c.c.}{ — iwey Oy Ae'? + C.C.}
2
= icﬁ HIZH ey{Aew + c.c.}{iﬁyAew + c.c.}
2
= i (aap - avay),

- ' |
Ci[l)) (imwgl)) = 4{if0mAew + c.c.}{ —im(cy -V —wig)Ae'” + c.c.}

1 ; i
= —4f0m2{iAew + c.c.}{z’(cg -V —wXg)Ae” + C-C-}

1
= —4f0m2{cg -V — wzg}‘AF,

Cié)(ezazw(()l)) = le{ifomAew + c.c.}{ — iwe 07 Ae™ + c.c.}

1
= —Zfowmezaz|A|2,

CS) (imw(()l)) = i{fo(ézaz — mYg)Ae’? + c.c.}{z’m(—iw)Aew + c.c.}

1

= 4fowm{(ezﬁz — mYg)Ae’? + c.c.} {Aew + c.c.}

1
— 4f0wm{ezaz — m25}|A|2,

—€,0x ((éé)uél)) = —iewax{ifomAew + c.c.}{iwCZAew + C.C.}

1 2 . )
= —ffowm—exax {z’Aew’ + C.C.}{iAew + c.c.}

4 k
1 m2
= _§fow?5x8X‘A|2=

1 ; .
—eyay(é(l])vél)) = —46y8y{ifomAew + C.C.}{fOTIZAeW’ + c.c.}

=0,

—ezaz(c((l))wél)) = —iezaz{ifomAew + c.c.}{ — jwAe + c.c.}

z

1 ) )
= 4f0wm6282{i146w + c.c.}{iAew + c.c.}
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1
= §f0w77’L6zaz|A’2.

It follows that (F, )(2) =0.

Finally, at O(a?€?)

(F at{<x0 ezano ) + Cm (kag )+ C;ﬂ (Eanwo ) + C 40 (eyéyw )

+ ¢ (eavu) + ¢ (070 + ¢ (imwlV) + ¢ (070

— e0x (5 ul) + e0x (CFul?) + e,y (¢ ol))

— 60y (¢hvp) + e:02(¢lwy”) + €0 (C )}

z

Computing correlations, we find

m— { - zfo Ae“p +c.c. }{ — €:0x(cy - V — wig)Ae'? —i—c.c.}

= fom{iAew + c.c.}{exax(cg -V - wEﬁ)Aei‘p + c.c.}

1 m

_ ZfO ’ ew{zA(cg V —wig)A%x —iA"(cq -V — wEg)AX}

D ray - L™ L ;
Cor (thwy”) = 4{]{;2 |:f0€$aX W €y0y — 2f076zaZ + fok25] Ae'? + c.c. }

X { —ik(cy - V — wSg)Ae? + c.c.}

1m

k *
4k{2f0 [exax Eezaz + k25:| A(Cg -V — wzg)A
- Z‘fO [Gan - 2%@82 + kzﬁ:| A*(Cg -V — ng)A

2
ALY
m

€y |:Ay(cg V — w25)A* + Ay(cg V — wE@)A] },

1 2 2 )
Cg(gll)(ﬁanw(()l)) = 4{7:2 |:f06938X — 1w H H Oy — 2f0%6262 + f0k25:| Ae'’ + C.C.}

X { — iweyOx Ae'? + c.c.}

1 m2 . k *
= 4]€2w{1f0 |: — 2E6Z82 + k25:| Ae Ay

2
— ifo |: — Qﬁeﬁz + k25:| A exA +w H ” Exey(AyA} + A;Ax)},
m
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C(l)(e 5‘yw(1)) ! HkH2Aew—|—cc —€,0y(cy -V —wdp)A w4

y0 \€y 1) =g k Y g B)ae c.c.
lek”Qe A(cy -V —wXp)Ay + A% (¢, - V —wip)A
4 v g By g BIEY (5

. |
G (eydyuy) = {k [ klle|Pege + (k= m?)wlesdx — fom?e,dy + ik{|k| ez + 2wmle.dz
- iwk||k\225] Ae'? + c.c.}{ — iwe, Oy Ae'? + c.c.}
1w 2 2 2 * *
= 13 okl g + (= m’)w)(Ax A} + A% Ay)

+ e.k[|k||? 4+ 2wm|(Az A} + A% Ay)

~ GHIIIP(AY ZaA" + 450 ),

m = le{ifomAew + c.c.}{ —€,07(cy -V —wY¥g)Ae™® + c.c.}

:_éllifomﬁz{A(cg V- whg)Ay — A(eg V- ”Zﬁ)A}

z1

C(l)(imwgl)) = i{fg(ezf)z —mXg)Ae + c.c.}{ —im(cy - V —wEg) A + C.C.}
= jlifom{(ezAZ —mXYgA)(cy - VA" —wXgA”)

— (A7 —mYgA")(cy- VA — wEﬁA)},

z1

C(l)(ezf)zw[gl)) = i{fo(ezaz - mEg)Aew + c.c.}{ — iwe, 0y A + c.c.}
= jlifOWGz{(ﬁzAZ —mYgA)Ay — (A — mEﬁA*)AZ}

1
— 4if0wmeZ{AZZﬁA* - A*ZEBA},

_Exax(g(l) )= —iexﬁx{ifomflew + C'C‘}{Z {(ng - :)61‘8)( + i%eyay

+ (ng + w)ezaz — w25:| Aew + C.C.}
m

1, m? , T
Zfonlz ean{];OGyaY‘AF + 1€y (Cga: - :) (AAX —A Ax)
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+ie, <ch + ;) (AA3 — A*Ay)

—iw(AY AT — A*EBA)},

—ex(‘)X(Cz(})uél)) = —leexax{fo(ezﬁz — mEg)Aei‘p + c.c.}{iw::?Aew + C.C.}

1
= —4if0wZex6X{ez(AA*Z — A*Az) — m(AZ/BA* — A*EﬂA)},

1 .
—EyaY(Cé(l))Ugl)) = —4ey8y{ifomAew + C'C'}{kZ [zfoexax + we, Oy
— ifo%ezaz + ifngﬁ] Ae'? + C.C.}

k
= _ fo eyﬁy{fo [ex — Eezaz + k‘ZB} |A[2 + iwey (AAY — A*Ay)},

1 ‘ .
—eyﬁy(CS)vél)) = —eyﬁy{fo(ezaz — mYg)Ae'’ + C.C.}{f()?:Aew + C.C.}
f ey8y{(ezAZ —mYgA)A* + (e, A7 — mEﬁA*)A}

f €y8y{ez82 —mEg}|A|2

—ez('“)z(c(l) (1)) = —iezﬁz{ifgmAew + c.c.}{ —(cg- V —wg)Ae + c.c.}

1
= 4if0mezaz{A(cg -V —w¥g)A* — A%(cy - V — wEg)A},

1 ) )
—ezaz(g‘g)wél)) = —46Z82{f0(ezﬁz —mXg)Ae'? + c.c.}{ —jwAe'? + c.c.}
= —iifowezaz{A(ezaz —mYg)A* — A" (.07 — mEﬁ)A}.

Finally, putting these fourteen correlations back together, we find

2
(F. z)(Q) fol{em[Acg VAY — A%cy - VAx + Axcy - VA" — Ac, - VA

W(ASg A% — A"S5Ax) — € <ch - ‘Z) (AA% x — A*Axx)

w
— ezcgz(AXA*Z — A}Az) — €, (ng + 2m> (AA}Z — A*sz)
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k
—mez[w(AZBA* AZBAZ)—eZ (AAL, — A*AZZ)}

k]|

!
4 k

6y{Ang -VA*+ Ajcy- VA+ Acy - VAY + A'cy - VAy

2m2w

)(AXA? + Ax Ay)
2
e o+ i )z + Az}
fo 12 exeyaxy|A|

To simplify further, we note the following identities:

Acy - VA — A%cy - VAx + Axcy - VA* — Ac, - VA

= €pCgn(AAY x — A"Axx) + €:09:(AAY ; — A" Axyz + Ax AL — AN Ap)
and

Aycy - VA" + A ey - VA+ Acy - VAV + A%cy - VAy
= €,Cgz(AAYy + A"Axy + Ax Ay + A Ay)

e (AAY, + A" Ay 7 + Ay Ay + A Ag).

Using these identities in the expression for (F. Z):(f) we have

2
k
( ) *f(]w Z{fx(AEBAX A* EﬁAx) — €y— (AZ,BAZ A*EﬂAz)

k(AAXX A AXX) €p€y— (AAXZ —A AXZ)

k

+ eiW(AA*ZZ —A*Azy) — eiE(AAi/Y - A*Ayy)}
1 ,m?

- fgﬁemeyaxyM\Q

1 w?m?
Sy ey{exchaxy + 626928YZ} ‘A‘Q
g
1 HkHQ 2m2w
— T T T .12 AAY ATA
+ 1wy el PIE (AAxy + xv)

2mw N *
+ €, <ng ”k||2)(AA vz T A* Ayz) — w(Ang + A Z@Ay)}.
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B.2 Anelastic wave packets

Following the approach taken above for wave packets in a Boussinesq fluid, here we provide the
detailed derivations of the divergent-flux induced flow and the nonlinear forcing that drives
the Bretherton flow induced by wave packets in an anelastic gas.

Using essentially the same notation as for a generic Boussinesq wave field in Eq. (B.1), we

write explicitly each anelastic wave field as
1 z/2H, 1p0 * _—ip0
n=ge 7| Ape + Aje .

The subscript on ¢, which was excluded in the derivation of the Boussinesq Bretherton flow
with rotation in Sec. B.1, is included here to emphasize that the this derivation is valid where
we assume background wind is zero, but that Doppler-shifting effects can modify the wave
packet as it evolves. This slight change in notation has no effect on the action of the averaging
operator. Expressions for the anelastic wave fields at leading-order, and their envelope-scale

corrections, are given in Table 8.1.

B.2.1 Divergent-flux induced flow

The divergent-flux induced flow corresponding to wave packets in an anelastic gas is governed

by Eq. (8.28), reproduced here for convenience in component form:

O (pupy) = =V - (puMu®), (B.11a)
O (pvpr) = —V - (puMo) (B.11b)
Oy (pwpy) = =V - (puMw). (B.11c)

Expanding the velocity fields on the right-hand side of Eq. (B.11a) up to first-order in e,

we find that

01 (pune)]? = —e0x (pulul?) — €07 (pwlPul).

Computing correlations, we find

1 ko N2 ko N2
—Gxax(pu((]l)ug )) = _*p()ﬁan 0 07&){)146“/’0 4 c.c. _ M Yo w{) Aei¥o 4 c.c.
4 wOZmo—i—2H wozm0—|—2Hp
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1 k2 1 1
7 PO 02(N3_ ) Ean{AGwO—Fcc}{Ae“PO_{_CC}
4 mg + SH, imo + o
1 k3 o o9 { 1 1 2}
Ny — wi) ez0x< 2 A
4:00 8( 0 O) zUX imo n 21 _Zmo T 2H ‘ |
1%% wj)?
L *gilg%axlfl\

where K2 = k3 +m2 + 1/4H?

1 , k N
—eﬁz(pwél)uél)) = ——po€e, 074 — iwpAe'? + c.c. M0 w{] Ae™ +c.c.
4 wO imo + o,

1 , 1
= —Zpok‘o(Ng - wg)ezﬁz{iAewO + C.C.}{Aewo + c.c. }

1myo + 2H
1 1 1
== kNQ—wQe(‘){ - }A2
gPoko(No — wp)exdz —imo+ g imo + 33 14
=—2mo/(K§—k3)
1 komo(No wg) 2
(B.12)
Hence we find that, upon simplifying coefficients,
_ 1 NZk
[0k (o)) = —5h0 f} s {exchOaX + ezcgzoaz}!AIZ. (B.13)

Expanding the velocity fields on the right-hand side of Eq. (B.11b) up to first-order in e,
we readily find that [&g(ﬁvDF)]?) = 0. Expanding in a similar manner the velocity fields on

the right-hand side of Eq. (B.11c), we find that

(00 (pwoe)]i” = —e0x (pul ) = €07 (M wg).

Computing correlations, we find:

—m D, 1 komo(N§ — wi) 2
—e,0x (pug 'wy’) = =po €.0x|A|
00 2 K2 — k2

[by analogy with Eq. (B.12)], and

—ezﬁz(pw(gl)wé )) = —ipoezaz{ — jwoAe'Po + c.c.}{ — jwyAel?o 4+ C.C.}

1
= —§p0w86262‘A‘2.
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Hence we find that, upon simplifying coefficients,

1 m
powg{kjsewﬁx — 6Z82}|A|2. (B.14)

[Dr(punr)) = 5

Taking Egs. (B.13) and (B.14) together with [8t(ﬁvDF)]§2) = 0, the divergent-flux induced

flow evolves at leading-order according to

d(pupr) 1 N2k
ot 2"

m
=0 (€p¢gr00x + €204:007) A%, 0, — wgk—;(exﬁx — T]f%ezaz)‘AF).

B.2.2 Quadratically nonlinear forcing

The O(a?) nonlinear forcing corresponding to the vertical component of the curl of the
Bretherton flow in an anelastic gas, F., is given on the right-hand side of Eq. (8.30), and

is reproduced here:

F. = ¢ (iko + eo0x)(w§” + wl) + () + ¢ D)eydy (w? +wiV). (B.15)

Expanding the wave fields on the right-hand side of Eq. (B.15) to zeroth-order in €, we find
that (Fz)62) = 0. Expanding the wave fields on the right-hand side of Eq. (B.15) to O(a?e),

we find that

(Fz)gl) = C:E1)(Zk0w(1)) + ¢l 40 (ﬁyano )-
Computing these correlations we have
... @. 1 NZ - -
ngll) (ikowél)) = 462/HP{ — i—oeyf)yAewO + c.c.} {z’ko(—z’wo)Aewo + c.c.}
wo
1 . .
= 4N§koeyez/Hf’{ — 0y Ae'?° + C.C.}{Aewo + c.c.}

1
= 4N§koeyez/Hp{iAA§/ — z’A*Ay},

wo

Céé)(ey(?yw(()l)) = iez/Hf’{ Nik 0~ Ae™0 4 c.c. }{ — iwpey Oy Ae'?0 + C.C.}
fNO koe eZ/H”{AewO + c.c. }{i@yAei‘pO + c.c.}
= 4Ngkoeyez/H"{ —iAAY + iA*Ay}.
It follows immediately that (F: z)gz) =0.
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Finally, at O(a?e?) we have

()5 = ¢} (ihow(?) + ¢ (ea0xw!) + ¢ (eydywi)) + ¢ (e dy i),
Computing the correlations we find:

N 1 N2 . .
C;§11) (ikowgl)) = 462/Hf’{ - iw—geyAyewO + c.c.}{ —tko(cgo - V —woXg) Ae'?° + c.c.}

1 Nik : .
=1 0 Oeyez/Hf’{ —iAye'¥0 + c.c.}{ —i(cgo - V —woXg)Ae'# + C.C.}
wo

_ 1 NGko

1w eyeZ/H”{A(cgo -V —woXg)A* + A*(cyo - V — ong)A},
0

- 1 N2 _ A
(ii)(emﬁxwél)) = 4eZ/Hf’{ — iw—geyAyewO + c.c.}{ — twpep Ax e + c.c.}
1 . .
= 4N§exeyez/H”{ — 1Aye'¥° + c.c.}{ —1Axe0 + c.c.}

1NO €x€ye =/ Hp {AyAX + AYAX}

D ovw = Loz, [ Noko 4 g, $2.) A0
Cyo (eyOywy ) = 1€ T Ten e"?0 +c.c. 0§ €0y (—cgo - V 4+ wodg)Ae'? + c.c.

1 Nik ; .

= _43063,63/}19{146“”0 + c.c.}{@y(—cgo -V +woXg)Ae# + c.c.}
0
1 N3k

= ~1 (3 0 Z/HP{Aay( Cq0 -V + wozg)A* + A*ay(—cgg -V + wozg)A},
0

(1) 1y _ 1 z/H, Ng ko 100 . i
G (eyOvwy )_16 ’ zw—o aX_uToch V — koXg|Ae' +c.c. — iwpey Ay e’ 4 c.c.

1 k ) )
= —4NgeyeZ/Hﬂ{z’ [exax — —cho -V — ]{302,3:| Ae*¥0 + c.c.}{z’AyewO + c.c.}
wo

1
= —4Ngeyez/HP{e$(AXA§ + A% Ay)

k
- B Lkl ¥ +enZa) A+ Arleg- ¥+ )| |
0

Finally, putting these four correlations back together, we find

2 _ 1 Ngko

4 w Gyez/Hp{AY(cgo V= woXg) A" + Ay (cgo - V — woXip) A
0

+ %EI(AXA;; + Ay A%)
0
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+ Aay(cgo -V — WQEQ)A* + A*ay(cgo -V — onﬂ)A

_ %ex(AXA; Ay AY)
0

+ A;(Cgo -V + WQzﬁ)A + Ay(Cgo -V 4+ W()Eg)A*}

1. .k
=3 gcieyez/H”{%mcho(AxA; + Ax AY) 4 2e.ch00(Ay Ay + AY Az)

+ ExchO(AA}Y + A*AXY) + €2Cg20 (AA*YZ + A*AYZ)
— wo€rfr(AAYy + A" Axy) —woe B, (AAY , + A" Ay z)

— WOEy,By(AA;Y + A*Ayy)}
Using the identities

A_)(A#{/ + A}Ay = axy|A|2 — AA}Y — A*Axy,

Ay Ay + AV Ay = Oy z|A]? — AAY , — A* Ay g,

and combining terms yields the expression for the nonlinear forcing;:

(2) _ 1 ar2R0
() = V322

eyez/HP {2€$ngoaxy|x4|2 + 2€chxoayz|A|2

- Ex(ch() + WOB:E)(AA}Y + A*AXY)
(B.16)
— €:(Cge0 + wo ) (AAY , + A" Ay z)

- wOEy,By(AA;Y + A*Ayy)}
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APPENDIX C

Vertical profile of the maximum Bretherton flow

Here we derive analytically the vertical profile of the maximum Bretherton flow. With some
loss of generality the derivation is performed in the context of a nonrotating Boussinesq fluid,
which corresponds to integrating the analytically tractable part of Eq. (2.40). To that end, we
first inverse Fourier transform the first term on the right-hand side of Eq. (2.40) with respect
to p, then integrate the result with respect to x and A. That is, we need to compute the

double integral

1 m? w? 22 /52 A2 L (02K2 4222
uBF(0707z70) - 8??@0@0@1436 /0% /1%2 me (ozr"+ yA )/4d/€ dA. (Cl)

For notational convenience, we adopt the change of variables Kk = o,k and A= oyA used in
Sec. 2.3.3. Absorbing the factor 0,0, into the differential, and writing only the integral term
for the time being, the result of this change of variables leaves us to integrate

/R 2 Rzgipe—@mwg 0,
where R, = 0, /0, is the spanwise aspect ratio of the wave packet. This integrand is even with
respect to both % and X, and so we integrate over the two semiinfinite intervals [0, 00) x [0, 00)
and multiply the integrand by 4 in accordance. We now change to polar coordinates, letting

= = rcosf and A = rsinf. The corresponding intervals of integration are 0 < r < oo and
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0 < 0 <7/2, and the resulting integral is

™/2 sin? 6 2
T Adrde. C.2
/ / R2 cos? 0 + sin Hre " (C.2)

The integrand in Eq. (C.2) is degenerate and so the integrals with respect to r and 6 can be

integrated independently. The integral with respect to r evaluates to 2, so that Eq. (C.2) is

/2 in26 tan2 @
8/ sin - —8/ i an _ tan"6 .,
o RZcos?f+sin®0 R2 + tan? 0

Now, let u = tan@. Then du = sec? §df < df = du/(u® + 1). The corresponding interval of

equivalent to

integration is 0 < u < oo and the resulting integral is

8/Oou21d '—8/001( )d

We perform a partial fraction decomposition of the integrand,

Au+B Cu+D
R§+u2 14+u2’

I(u) =

which in turn yields a system of linear equations for the constants A, B, C, and D. It is
straightforward to find that A = C =0, B = RZ/(R% —1), and D = —1/(R§ —1). The

integral is then evaluated according to

o0 8 [™ 1 1
8 [ I(wdu=—>"— _ d
/0 (u)du Rg—l/o [1+(u/Ry)2 1—|—u2] v

8 . R
= R2 1 Sli)l’glo |:Ry tan <]%y>

Substituting this result into Eq. (C.1) finally yields

1m?w? A2 —22/0?
e z
2 k2 cng +1 ’

upr(0,0,2,0) = (C.3)

in agreement with the previous results of Biihler (2009). The expression corresponding to
Eq. (C.3) for an anleastic gas is equivalent to multiplying the right-hand side of Eq. (C.3) by

the anelastic growth factor e/
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APPENDIX D

Ray-theory prediction of wave packet path

Ray theory is applied in Sec. D.1 to obtain the differential equations predicting the path,
(z(t),0,2(t)), of a wave packet propagating in a fluid with nonuniform (height-dependent)
background flow. The equations are integrated numerically using the method described in

Sec. D.2, and a sample result is included for illustrative purposes in Sec. D.3.

D.1 Ray theory

Provided the background flow @(z) does not change significantly over a vertical wavelength
[so that the WKBJ approximation remains valid; cf. Sutherland (2010, Sec. 6.5)], the path
traced by the centroid of a small amplitude internal gravity wave packet is predicted by the

solution of the differential equations

B () 4 a(2), (d.1)
% = cg2(2). (D.2)

The components of the local group velocity vector, ¢4, and cg., are given by Egs. (5.4a)—(5.4b)
for waves in a Boussinesq fluid, and by Eqgs. (8.43a)—(8.43b) for waves in an anelastic gas. The

vertical wavenumber as a function of height is determined according to the auxiliary equation

2
m(z) = am(t)ko\/mivm 1, (D.3)



where §,, is the sign of m, equal to —1 and 1 for upward- and downward-propagating wave
packets, respectively, and the intrinsic frequency wy is given by Eq. (5.1) and (8.23) for waves
in a Boussinesq fluid and an anelastic gas, respectively. Equations (D.1)-(D.3) are integrated

subject to the initial conditions

x(0) = mo, (D.4)
z(0) = zp, (D.5)
m(0) = my. (D.6)

The initial condition for d,, is set by mg: because we set the wave packet to propagate upward
initially (cg. > 0), it follows that mg < 0, so necessarily 6,,(0) = —1.

Generally, for a given nonzero @(z), the solution of Egs. (D.1)-(D.4) is analytically in-
tractable. Consequently, the system must be solved numerically. One such approach is de-

scribed below.

D.2 Numerics

Equations (D.1)—(D.4) are solved as one of the initialization steps of a fully nonlinear simu-
lation (cf. Chapters 3 and 9). The solution is used to predict the reflection height and time,
which are used in various diagnostic and postprocessing routines. Equations (D.1)—(D.4) are
integrated numerically from ty = 0 to tyax, the value of which is taken to be the same as that
in use by the fully nonlinear simulation. The time step, At, is likewise taken as that in use
by the fully nonlinear simulation. Typically, At = 0.05V, ! The integration routine in use is
a modified version of the Williamson-Runge-Kutta scheme described in Sec 3.4.

The six steps given by Eqs. (3.15) are performed as a sequence of three pairs of steps. A
pair of steps proceeds provided m(z) is real valued, that is, if the discriminant in Eq. (D.3)
is positive. Experience suggests this condition is always true if m # 0. Physically, the
(retrograde) background flow @ Doppler-shifts the frequency of the waves until the lines of
constant phase are oriented vertically, corresponding to the wavenumber m = 0, at which

time the wave packet begins to reflect. In practice, prior to executing a pair of steps, the
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(a) (z(t), 2(t))ko, 0 < Not < 450
==

40

k() z

N TR I T N

30 —-03-02-01 0

kox u/(No/ko)
Figure D.1: (a) Path in the xz-plane, as predicted by the numerical solution of Egs. (D.1)—(D.4), traced
by the centroid of a wave packet with initial relative vertical wavenumber mg/ko = —0.7 initially centred at

(%0, 20) = (0, —35)k; !, through a nonrotating Boussinesq fluid with (b) nonuniform background flow &i(z)
defined by Eq. (6.7) in which the relative shear magnitude is |s|/Ng = 0.004. The dashed horizontal line
in (a) indicates the predicted reflection level, z, = 25.19k; *. Heavy parallel lines indicate the local phase
angle o(t) of the waves every 100 time steps from t = 0 to 400/ Np.

ODE solver verifies whether
L& —1<ey (D.7)
[wo — kou]? ’
where the tolerance 0 < ¢, < 1 is set initially to 2.5 x 1074, A given pair of steps proceeds
only if Eq. (D.7) holds. Each pair of steps is nested within the previous pair, so that all six
steps of Eqgs. (3.15) must be completed successfully in order for the solver to advance x(t)
and z(t) by one At. The value of €, is adapted dynamically: if condition Eq. (D.7) fails prior
to the execution of any pair of steps, the solver doubles the value of ¢,,, reverses the time
integration loop by one At (the solver successfully performed this previous iteration of the
time loop using a stricter tolerance €,,, and therefore is guaranteed to succeed using 2¢,,). The

first instance of such a failure corresponds to the time at which the wave packet reflects, and

so the solver permanently resets d,, = 1, and the integration loop resumes forward execution.

D.3 Illustrative result

The result of the numerical procedure described above is shown in Fig. D.1(a) using the
background flow profile shown in Fig. D.1(b). The wave packet was initialized at (xq,z9) =

(0, =35)ky ! with relative vertical wavenumber mq /ko = —0.7, corresponding to waves propa-
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gating upward at an angle of ©g = 35° to the vertical with approximately the fastest vertical
group speed. The background flow was set by the profile defined by Eq. (6.7) with shear
magnitude set by |s|/Ny = 0.004. The horizontal line in Fig. D.1(a) indicates the reflection
level, z. = 25.19k, ! diagnosed at time ¢, = 214/Ny from the numerical solution. Heavy
parallel lines in Fig. D.1(a) indicate the phase angle ¢(t) of the waves at intervals of 100/Ny
starting from ¢ = 0. These show the Doppler-shifting of the waves as the initially upward-
and rightward-propagating wave packet encountered the shear flow, reflected, and propagated
back downward. The decreasing, then increasing, arc length along the path between subse-
quent sets of parallel lines indicates the decreasing, then increasing, vertical group speed of

the wave packet, with ¢y, = 0 at z,(¢,).
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APPENDIX E

Solution of the anelastic Poisson equation for dynamic pressure

In this appendix we provide details of the numerical solution of the Poisson equation for the
dynamic pressure field diagnosed in the anelastic code. The solution procedure to obtain a
single vertical pressure profile involved essentially two steps: (1) the one-time LU factorization
of the matrix representing the Fourier transformed and discretized linear operator on the
left-hand side of the Poisson pressure equation; and, (2) a sequence of forward- and back-
substitutions using the entries of the factored matrices. Parallelization of these steps, and the
compact storage of the results, are also discussed.

For reference, the Poisson equation for dynamic pressure at all interior nodes, Eq. (9.22),

in the limit of uniform stratification, is reproduced here:

s Dan _ 12 05 ey A
ﬁnﬁ =7 [ (Ug)n + Af (vF)n — @(ws)n
_—1/2 — . d — . d —
+ 27, FnAe(UsUs)n — mni(usws)n — ZA@%(Usws)n (E.1)
Sy~ 1 ~ d ~
— 2kl Wsp — N§ [ — THP&H + dzgs,l}
where £, = —K2 =X —1 /4H3 + d?/dz? is, ostensibly, a real valued tensor of dimensions

(1+ny/2) x (1+mny) % (n, —1) x (n; — 1) representing the linear operator we wish to invert.
It is understood that the differential operators in Eq. (E.1) and in L, are replaced by suitable
finite difference approximations.

For a fixed horizontal Fourier mode pair (k,, A¢), Eq. (E.1) may be written as the matrix
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equation

ail a2 Ds1
a1 a2 a3 a24 Dso
azy as2 ass as4 ass Ds3

42 a43 44 a4s 46 Ds4

Qp!—2n/—4 Qp/'—2n/—3 Qp/—2n/—2 QAp/—2n/—1 QAp/—2n/ Psn/—2

Qp/—1n/—3 Ap/'—1n/'—2 Gp/—1n/—1 Qp/—1n/ Psnr—1

Ap! n/—1 | L Psps |
Fsl - ﬁsO/AZ2
Fyo + Pso/(12A27)
Fs3

—~

Fs4

En’—Q
Fopr 1+ Doy [(12A27)

—~

FSn’ — ]é;nz/AZZ

where ﬁk denotes the right-hand side of Eq. (E.1) at a given index (n,¢, k) in which, for
convenience, we have omitted to write n and ¢ explicitly, and we have defined n’ :==n, —1 for
convenience. The term 13:0 ‘= Pso/po, accounting for the pressure bottom boundary condition,
is included in the right-hand side vector for completeness, although in practice we set ;510 = 0.
Similarly, ﬁgnz accounts for the pressure at the upper boundary, set by the radiation condition
of Klemp and Durran (1983); cf. Eq. (9.20). Nonzero matrix entries (except those along the
main diagonal, and the top and bottom rows) correspond to the coefficients in the centred
fourth-order finite difference scheme [cf. Eq. (9.16)]. Top and bottom rows correspond to the
coefficients in the centred second-order finite difference scheme, i.e., a12 = ay/ -1 =1/ AZ2.

Blank matrix entries are zero. The entries on the main diagonal are given by

2
- k=1n,—1
1 AQ) ) Iz ’
2 2 z
SR | -
o . ‘ 4H3+ o <k<n,—2
C2A22 TS TSR

For matrix inversion problems like Eq. (E.2), it is common to multiply both sides by Az?

in order to avoid factors of 1/Az? in the left-hand side matrix, which may lead to numerical
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instability as Az — 0. Tests with the factor 1/Az? multiplied out resulted in no qualitative
or quantitative differences in the numerical solutions of the broader wave evolution problem.
For this reason, we did not multiply Eq. (E.2) by Az2 in order to avoid incurring an additional
2 (1+mny/2) x (1+ny) x (n, — 1) floating point operations to multiply by Az? the complex
valued array containing ﬁk

The pressure problem for a fixed (ky, A\¢) may be written concisely as
Aps = F,.

Depending on the value of x2 + )\f, matrix A was not necessarily diagonally dominant, which
is crucial for the numerical stability of many common matrix inversion algorithms (cf. the
discussion in Sec. 9.4.1). In practice, however, inversion of A was found to be numerically

stable to LU factorization. In particular, the factored matrices had the forms

o1 1 & e
B2 s 1 6 e
v B3 a3 1 03 e3
L= Y4 Ba g , U= ,
' 1 6_2 €n_o
-1 Brw-1 Q-1 1 6o
I Yo P o] I 1]

in which we somewhat arbitrarily set the main diagonal entries of U to be 1 (as opposed to
the equivalent choice of setting those in L to be 1). The entries along the other diagonals were

computed row-wise with respect to L and U, with the first two rows according to

a1 = ai, B2 = az1,

0 = a2/, g = ag — P261,

€1 = a3/ o, 02 = (az3 — Bee1)/az,
€2 = a24/2;

the middle rows k = 3 to k = n’ — 2 according to

Ve = A k—2, Br = ag k-1 — VkOk—2, ap = agkr — (Vk€r—2 + Brok—1),

Ok = (ak k41 — Br€r—1)/ o, €k = Qg pt2/ k)
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and the last two rows according to

Tn/'—1 = Qn/—1,k—2; Tn/ = An/ n/—2,
Brr—1 = Ap/—1, k-1 — ’Yn’—lén’—Sa Bnr = Ap/ n/—1 — 'Yn’(sn’—Qa
a’n’—l = an’—l,n’—l — (/Yn’—len’—3 —|— Bn/_15n1_2)7 an/ = an/n/ — (’ynlen/_Q —|— /Bn’(sn'—l)-

Opr—1 = (an’fl,n’ - 5n’71€n’72)/an’717

In practice, the diagonal vectors «, 3, v, , and €, corresponding to a particular horizontal
Fourier mode pair were stored compactly in the columns of an array of size (1 +n,/2) x (1 +
ny/2) x5 x (n, —1). Here, 1+ n,/2 corresponds to the number of streamwise Fourier modes
upon invoking Hermitian symmetry of the streamwise Fourier transform, and the factor of
1/2in 14 n,/2 is a consequence of the fact that 2 + A? is even with respect to .

The LU factorization was parallelized by looping over the (n, /) indices in parallel, with
each OpenMP thread performing the actual decomposition in serial. To perform the LU
factorization (including populating dynamically the vectors containing the diagonal entries of
A) with n, = 1024, n, = 256, and n, = 1400 with 64 CPU cores typically took less than
0.2 s. One factor contributing to this performance was to precompute and store x2 + )\2 in
a dedicated array for use here and elsewhere in the code. Another factor was to preallocate
temporary storage to contain the diagonals of A for a given (k,, A¢), as opposed to allocating
and deallocating these vectors dynamically. To that end, an array of dimensions np x (n, —
1) x 5 was allocated, where np was the number of OpenMP threads (equal to the number of
CPU cores), and each thread overwrote a dedicated subarray of this temporary array. The
matrices L and U were obtained once, as a step during the initialization of the larger anelastic
code, and used to compute ps at every Runge-Kutta substep of the time integration.

A similar strategy for parallelization and allocation of temporary storage was employed
to use L and U after building the right-hand side of Eq. (E.1), with each OpenMP thread
performing the forward- and back-substitutions to obtain a single vertical pressure profile. To
obtain the full three-dimensional pressure field consisted of 2-(14+n,/2) x (1+n,) iterations of
forward- and back-substitutions on complex valued data vectors of length n,—1, corresponding

to columns of F,. Typically this took O(1071) s using 64 CPU cores.
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APPENDIX F

Subfilter-scale forcing terms for the anelastic evolution equations

Here we derive the explicit form of the subfilter-scale forcing terms in the evolution equations
under the anelastic scaling (which factors the exponential amplitude growth term out of the
perturbation fields with the aim of enhancing numerical stability). The focus of this section is
on the derivation of the scaled subfilter-scale forcing term — Ra (RA;) in the internal energy

equation Eq. (9.31), reproduced here:

00  10(Rwf) _ __ dO . 99 19(RN)

E—FR o0x; __ugdacg or1 R O0Ox;

Recall that in Sec. 9.5 we adopted temporarily the usual meaning (in the context of LES) of
the overbar to mean a filtered (resolved) quantity, a meaning which we retain here, and so we
denote the background profiles of mass density, potential temperature, and shear flow by R,
O, and U, respectively. For convenience we denote vertical derivatives of these background
quantities by a prime.

The mass density-weighted subfilter-scale potential temperature flux divergence, written

in terms of resolved vertical displacement, is

ORN) 0 [ _vro€e)] o [, vrd _,
oz,  Ox; [RPr ox; Oz © Rpr 3% +© R 5513
0 vr 85 v 86 v v
=0 —_— " > _ "
=9 0x; [RPr E)xj O [2RPI Oxs +§8x3 <RPr>} +0 R f-
\,_/

I II 111 v
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Our aim is to express terms I-IV explicitly in terms of scaled vertical displacement &, = &r-1/2
and scaled eddy viscosity vrs = vprl/2, where r = R/po, so that the resulting equation can
be implemented readily in code. The scaled eddy viscosity is defined implicitly in terms of
scaled quantities, vy = C2A%r1/2||S||, where the Smagorinsky constant C, and filter length
scale A were described in Sec. 9.5, and ||S|| is the modulus of the resolved strain rate tensor
S'ij written in terms of scaled velocities:

5, — L2 [0 | Oty 117 o
Siy=5r [ 5r G gy Uit (F.1)

Under the anelastic scaling, term I is written as

0 |:RVT aé_:| _ 0 |:T1/2VTS a(gsr—l/Q)] _ 0 |:VTS ags L7 vpg

ox; |  Prox; Fo ox; Pr ox; — P ox; | Pr Ox; 27 Pr P 13}

_ ags 0 (vrs n VTs azgs . }ii Vng . 1 'rl Vng
—Po Ox; Ox; \ Pr Pr 89512 2 r Oxs s r s

Similarly, terms II, III, and IV, respectively, are written as

2R—

vr ag 1/2@8(557”_1/2) o VTs ags 17
Pr x5 = 2por Pr Ox3 2 0x3 53 ’

7i Vl o - _1/2 a VT 1/2 8 Vrsg ].7’ VUTs
Ox3 (RPr) = PossT Ox3 Pr B pofs Pr T3 2r Pr

L F Vs
Rﬁf-ﬂogsp

Taken together, the subfilter-scale potential temperature flux divergence, in terms of the

scaled variables, is

la(R)\z) _ 9’ 653 0 VUTsg + VT 8253 + @7// _ 1?” 5 VTs
R Ox; 1 | Ox;0x; \ Pr Pr 8:522 o 27 50333

0" 17" vps O& e 170" 1 VT
+[2_2r] Pr8x3+[®’_2r®’_2< )}5 - (E2)

In a uniformly stratified anelastic gas, the background potential temperature profile is © =
Boe”3/Ho and the background mass density profile is R = pge~*3/Hr and consequently ©” /0 =
1/Hyp, ©" /0" =1/H}, and r'/r = R'/R = —1/H,, are constants. As a result, the coefficients

on the perturbation fields on the right-hand side of Eq. (F.2) simplify considerably, so that
1 8(R)\z) 853 0 UTs 8258 afs 1 - |vrs
R oz,  r {[8:@ §s i dz; \ Pr + ox? + F + Fg Oxs + H*Hggs Pr [’
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where we defined 1/H, :=1/Hy+ 1/2H, for convenience.

Using the scaled eddy viscosity vrs and the resolved strain rate tensor S’ij, it is straight-
forward to define the scaled subfilter-scale stress tensor implicitly in terms of scaled variables
by

Teij = 17 = —2rvper” V28 = —2u7,8.;
sij — T'Tij = TsT ij = VTsdsij,
where S’Sij =t/ QS’U is the scaled resolved strain rate tensor given in terms of scaled variables

by Eq. (F.1).

1wq
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