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The partial element equivalent circuit (PEEC) method effectively solves Maxwell’s equations in integral form by converting
electromagnetic field components into the electrical circuit domain. This article proposes a novel transmission line modeling (TLM)
based parallel PEEC time-domain solver to solve nonlinear electromagnetic problems. The method substitutes both linear and
nonlinear components in the standard PEEC equivalent circuit with corresponding TLM models, leading to an electrical current-
based linear network and a magnetic current-based nonlinear network. The proposed TLM-PEEC method effectively decouples the
nonlinear elements from the linear network, enabling individual solutions for the nonlinearities and making it highly suitable for
parallel processing. Each nonlinear element is solved using parallel Newton-Raphson (N-R) iterations, and the analytical calculation
of the Jacobian is presented along with the algorithm. The parallelization of the TLM-PEEC method is explored and implemented
on a many-core graphics processing unit (GPU) and a multi-core central processing unit (CPU) to provide detailed field-oriented
information on electromagnetic transients in a single-phase 2D shell-type transformer. The proposed architecture was easily coupled
with an external network, and the accuracy and computational efficiency of the TLM-PEEC method was verified through similar
simulation results obtained from Comsol Multiphysics.

Index Terms—Circuit modeling, computational electromagnetics, electromagnetic transients, graphics processing units (GPUs),
integral equations, nonlinear systems, parallel processing, partial element equivalent circuit (PEEC) method, time-domain solver,
transformer modeling, transmission line modeling (TLM) method.

I. INTRODUCTION

THE electromagnetic numerical modeling of power sys-
tems apparatus has been widely adopted in various

industries due to its effectiveness and accuracy. Over the
years several methods have been employed to model power
system apparatus. The finite-element method (FEM) has been
extensively utilized in combination with hybrid methods such
as finite element/boundary integral method [1], [2] and finite-
element/transmission line modeling (TLM) method [3], [4] for
modeling power systems. The broad usage of FEM in power
system modeling is mainly due to its capability to handle
complex geometries while ensuring higher precision.

More recently, integral equation methods have emerged as
a viable approach for electromagnetic simulation in power
systems [5], [6]. Integral-based numerical methods are advan-
tageous over differential methods as they eliminate the need
for meshing the air region, while the conductors, dielectrics,
and magnetic materials are required to be meshed. Therefore,
integral-based numerical methods require a fewer number of
elements and unknowns compared to differential methods,
contributing to their computational efficiency.

The partial element equivalent circuit (PEEC) method [7]–
[9] performs a crucial role among integral-based numerical
methods due to their ability to transform the electromagnetic
field problem into an equivalent circuit problem that can be
efficiently solved using circuit solvers. The PEEC method was
initially introduced for multi-conductor systems and later it has
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been extended to model dielectric materials [10]. Interconnect
analysis of fast-switching electronic devices have widely been
performed using this method due to its capability to handle
a broader frequency range while expressing parasitic induc-
tances and capacitances using electrical circuits [11].

Authors have recently introduced the PEEC method for
linear magnetic materials [12] allowing it to be applied in
solving magnetization currents. Comprehensive mathematical
models for linear magnetic materials are published in [13]
and later it has been further developed to model non-linear
magnetic materials [14]. The PEEC magnetic models can be
represented using an equivalent circuit model similar to that
used for conductors. These models consist of an additional
voltage source that corresponds to the effect of magnetization
currents within the magnetic material.

In the PEEC framework, systems can be solved either in
time-domain or frequency-domain although time-domain so-
lution is of great benefit for transient simulations, particularly
for non-linear systems. A PEEC non-linear time-domain solver
is presented in [14], and the solution of the non-linear system
is based on the vector Newton-Raphson (N-R) algorithm,
which is supported by the explicit computation of the Jacobian
matrix. Additionally, the time-domain solver is further im-
proved by incorporating an algorithm that dynamically adjusts
the time step during transient analysis. This adaptive time-
step algorithm enables the solution to be expedited without
compromising accuracy.

The modified nodal analysis (MNA) [15] is widely used
in solving the PEEC equivalent circuit network, formulating
a matrix system that provides solutions for branch currents
and nodal voltages [16]. An MNA-based hybrid PEEC time-
domain nonlinear solver is presented in [17], addressing
nonlinear electromagnetic problems through an iterative N-
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R approach for the entire system while employing Taylor’s
expansion to linearize nonlinear components. As the PEEC
method offers a comprehensive electric circuit formulation, the
MNA can be effectively employed to achieve a stable solution.

The TLM method was originally developed by Johns et
al. [18] to simulate wave propagation, and later it was intro-
duced for the analysis of non-linear networks by decoupling
non-linear elements from the linear network [19]–[21]. The
decoupling is achieved by connecting non-linear elements
to the network through lossless transmission lines. As a
result, individual solutions for the non-linear elements can
be obtained using the N-R method, instead of employing the
vector N-R method for the entire system. This concept has
been successfully applied to FEM simulations, demonstrating
improvements in both accuracy and computational efficiency.

This paper aims to introduce a novel non-linear PEEC time-
domain solver utilizing the TLM method. Although the TLM
method is a standalone electromagnetic solver, in our work,
we utilize TLM as a decomposition technique to decompose
linear and nonlinear systems. The proposed approach aims to
isolate the non-linear elements in the PEEC equivalent circuit
from the linear network using the TLM method and solve them
using N-R iterations. Additionally, inductive and capacitive
elements within the PEEC equivalent circuit will be substituted
with lossless transmission lines to obtain a discrete time-
domain model. The proposed hybrid TLM-PEEC approach
differs from the general MNA solver as the method separates
the nonlinear circuit components from the equivalent circuit
network and provides parallel individual nonlinear iterations.
The parallelism of the TLM-PEEC solution has been fully ex-
plored to achieve offline PEEC simulation of electromagnetic
transients in a 2D single-phase shell-type transformer coupled
to an external network. The offline simulation is performed on
the Nvidia Tesla V100 GPU and Intel Xeon E5-2698 CPU,
and the results are compared with those obtained from the
commercial FEM software Comsol Multiphysics® in terms of
accuracy and computational efficiency.

This paper is organized as follows. Section II presents
the fundamental PEEC formulation for conductors, including
non-linear magnetic materials. Section III describes the time-
domain solver based on the TLM approach specifically de-
signed for non-linear systems. This section elaborates on the
process of decoupling non-linear elements and the integration
of the N-R method for these elements. In Section IV, the design
of the TLM-PEEC transformer model, along with its detailed
implementation on both the GPU and CPU, is provided,
including the obtained results. Finally, Section V concludes
the paper by summarizing the key insights and contributions.

II. PEEC FORMULATION

The standard PEEC formulation relies on the total electric
field of the material, defined by the electric field integral
equation (EFIE) at an observation point r due to the source
point r′, and is expressed as follows:

Es(r, t) =
J(r, t)

σ
+

∂A(r, t)
∂ t

+∇Φ(r, t), (1)

where Es(r, t) represent the incident external electric field
at point r at time t, and σ denotes the electrical conductivity
of the material. The electric scalar potential Φ(r, t) can be
expressed in terms of the surface charge density q and surface
area s′ of the material as,

Φ(r, t) =
1

4πε0

∫
S′

q(r, t)
|r− r′|

ds′. (2)

In (1), J(r, t) and A(r, t) represent the electrical current
density and magnetic vector potential, respectively. In the
presence of conductors and magnetic materials, A(r, t) can
be expressed as the vector summation of magnetic vector
potential due to conductors and magnetic materials [12] in
terms of J(r′, t) and magnetization currents M(r′, t):

A(r, t) = Ac(r, t)+Am(r, t), (3a)

Ac(r, t) =
µ0

4π

∫
V ′

c

J(r′, t)
|r− r′|

dv′c, (3b)

Am(r, t) =
µ0

4π

∫
V ′

m

M(r′, t)×∇
′ 1
|r− r′|

dv′m, (3c)

where V′
c and V′

m denote the volumes associated with
electrical and magnetization currents. The standard PEEC
method expands electric current, magnetic current, and charge
densities into a series of basis functions. Rectangular basis
functions are employed to treat current densities, charge
densities, and magnetization currents as constants within the
elementary volume or surface cells, ensuring simplicity and
efficiency in the calculations:

J(r, t) =
Nl

∑
i=1

Ji(t)f i(ri), (4a)

M(r, t) =
3Nm

∑
j=1

M j(t)b j(r j), (4b)

q(r, t) =
Nn

∑
l=1

Ql(t)pl(rl). (4c)

Nl and Nm represent the number of elementary volumes
utilized for discretizing the conductor and magnetic materials,
respectively. Nn denotes the number of surface cells employed
for discretizing the conductor cells containing charges. f , b,
and p represent the unit vectors corresponding to current densi-
ties, magnetization currents, and charge densities, respectively.
Equations (1) - (4) lead to the representation of discretized
EFIE. Galerkin’s weighting process is used to formulate a
system of equations for solving the unknowns Ji, M j and Qk
using an orthogonal set of weighting functions aligned with
the basis functions. This formulation transforms the discretized
EFIE into a system of equations that can be represented
as an equivalent circuit comprising partial resistance, partial
inductance, and coefficient of potential terms. Pulse basis
functions are used in this formulation, allowing the electrical
quantities to be treated as constant across the elementary
volume or surface cells. Galerkin’s formulation transforms the
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discretized EFIE into the circuit domain, and for the conductor
volume cell k, it becomes [13]:

vs,k(t) = RkIk(t)+
Nl

∑
i=1

Lp,ki
∂ Ii(t)

∂ t
+

3Nm

∑
j=1

Lm,k j
∂M j(t)

∂ t
(5a)

+
Nn

∑
l=1

Ql(t)(p+k,l − p−k,l),

Rk =
lck

σack
, (5b)

Lp,ki =
µ0

4π

1
ack

1
aci

∫
Vck

∫
V ′

ci

f k(rk) · f i(r′i)
|rk − r′i|

dv′cidvck, (5c)

Lm,k j =
µ0

4π

1
ack

∫
Vck

∫
V ′

m j

[
b j(r′j) ·

(rk − r′j)
|rk − r′j|3

]
dv′m jdvck, (5d)

pkl =
1

4πε0SkS′l

∫
Sk

∫
S′l

1
|rk − r′l |

ds′ldsk. (5e)

Rk denotes the partial resistance of the conductor element k,
while Lp,ki and Lm,k j represent the partial inductances between
the conductor element k and the conductor element i and the
magnetic material element j, respectively. Pkl describes the
partial coefficient of potential between the conductor elements
k and n. In matrix form (5) can be interpreted as follows:

−AΦ(t) = Vs(t)+RI(t)+Lp
dI(t)

dt
+Lm

dM(t)
dt

. (6)

The Kirchhoff’s voltage law (KVL) interpretation of the
equivalent circuit model is represented in (6), where A rep-
resents the connectivity matrix and Vs(t) denotes the voltage
sources due to incident fields. Φ(t), I(t) and M(t) represent the
nodal potential vector, branch current vector, and magnetiza-
tion vector, respectively. By enforcing Kirchhoff’s current law
(KCL) at each node of the PEEC equivalent circuit and using
the lumped current sources at each node Is(t), the following
matrix equation can be obtained:

P−1 dΦ(t)
dt

−AT I(t) = Is(t). (7)

The non-linear constitutive relationship of a magnetic ma-
terial can be expressed as follows:

B(r, t) = µ0µr(|H(r, t)|)H(r, t) (8a)
B(r, t) = µ0(H(r, t)+M(r, t)) (8b)

where µr(|H(r, t)|) represents the nonlinear magnetic per-
meability of the magnetic material. The combination of these
two equations yields a relationship between the magnetic
vector potential and magnetization currents, which can be
expressed as:

∇×A(r, t) =
µ0µr(|H(r, t)|)

µr(|H(r, t)|)−1
M(r, t). (9)

A(r, t) can be substituted using equation (3), and it can
be expanded on conductor and magnetic material elements to

vL

vC

Short 

Circuit

Open 

Circuit

vL
vi

L

ZL

v
r
L

ZC

(a) (b) (c)

Loss-less line

Loss-less line
v

r
C

v
i
C

C

L

vC

ZC

2v
i
C

2v
i
L

ZL

Fig. 1. (a) Linear parasitic element. (b) TLM model. (c) Thevenin equivalent
circuit.
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Fig. 2. (a) Non-Linear element. (b) TLM model. (c) Thevenin equivalent
circuit.

derive a vectorial equation, expressed as follows [14]:
Nl

∑
i=1

DkiIi(t)+
3Nm

∑
j=1

Tk j(|H j(t)|)M j(t) =
Nso

∑
n=1

GknIs,n(t), (10a)

Tk j(|H j(t)|) = Wk j +Ωk j(|H j(t)|), (10b)

Wk j =
µ0

4π

∫
V ′

m j

∇×

(
∇×

b j(r′j)
|rk − r′j|

)
dv′m j, (10c)

Ωk j(|H j(t)|) =−
µ0µr(|H j(t)|)

µr(|H j(t)|)−1
ûk j, (10d)

Dki =
µ0

4π

1
a′ci

∫
V ′

ci

∇× f i(r′i)
|rk − r′i|

dv′ci, (10e)

Gkn =
µ0

4π

1
a′sn

∫
V ′

sn

∇× f sn(r′n)
|rk − r′n|

dv′sn. (10f)

Nso represent the number of elementary sources, f s accounts
for the vector basis functions for the source, and asn refers to
the cross-sectional area of the nth source. ûk j refers to a unit
vector which is 1 for all k = j and 0 for all k ̸= j. In matrix
form, equation (10) can be interpreted as:

DI(t)+T(|H(t)|)M(t) =−GIs(t). (11)

Equations (6), (7) and (11) represent the matrix equation
system to solve the PEEC equivalent circuit network.

III. PROPOSED TLM-PEEC SOLUTION

The PEEC equivalent circuit consists of both linear and
non-linear reactive elements. The TLM technique can be em-
ployed to model linear reactive elements using their equivalent
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discrete-time model while decoupling the non-linear elements
from the linear network.

A. TLM Models for Linear Reactive Elements

The surge or characteristic impedance of a loss-less trans-
mission line, represented by Z0 =

√
L/C, determines whether

the line is predominantly inductive or capacitive based on the
values of L and C.

A linear inductor can be modeled as a loss-less transmission
line that is short-circuited at the far end, with the surge
impedance of ZL = 2L/∆t where ∆t is the round trip time of the
traveling waves on the line. Similarly, a linear capacitor can be
modeled as a loss-less transmission line that is open-circuited
at the far end, with the surge impedance of ZC = ∆t/2C.
Linear parasitic elements, TLM model, and their respective
Thevenin’s equivalent circuits are depicted in Fig. 1. nvL, nvi

L,
and nvr

L denote the inductor voltage, incident voltage pulse, and
reflective voltage pulse, respectively. Meanwhile, nvC, nvi

C, and
nvr

C represent the similar voltages associated with the capacitor.
According to the transmission line theory, the voltage across

the inductor or capacitor can be expressed as the sum of
the incident voltage and the reflected voltage. The incident
voltage pulse for the next time step can be derived from the
reflected voltage pulse and the reflection coefficient at the far
end. For a transmission line that is short-circuited at the far
end, the reflection coefficient is -1. Hence, in the case of an
inductor, the incident voltage pulse for the next time step is
-nvr

L. However, when a transmission line is open-circuited at
the far end, the reflection coefficient is +1. Consequently, for
a capacitor, the incident voltage for the next time step is +nvr

C.

B. TLM Model for Nonlinear Elements

A non-linear element can be separated from the linear
network by utilizing a lossless transmission line with an
arbitrary surge impedance Zu, as illustrated in Fig. 2. The
voltage across the non-linear resistor at the nth time step can
be derived as:

nvu = Zu ·n iu +2 ·n vi
u, (12)

where nvi
u and niu represent the incident voltage and line

current at the nth time step. According to the transmission
line theory, the voltage across the non-linear resistor can
be expressed as the sum of the incident and the reflected
voltage pulses. Alternatively, if the non-linear relationship of
the resistor is expressed as nvu = f (niu), the voltage across the
non-linear element can be derived as:

n+1vi
u +n vr

u = f
(

n+1vi
u −n vr

u

Zu

)
. (13)

This is a single non-linear equation that can be solved inde-
pendently using N-R iterations for the incident pulse of the
next time step n+1vi

u.

C. TLM Model for the PEEC Circuit

The linear TLM models, along with their corresponding
Thevenin equivalent circuit models, can be seamlessly in-
tegrated into the PEEC framework, as depicted in Fig. 3.
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Fig. 3. TLM model of the PEEC equivalent circuit.

The linear inductors and capacitors in the conventional PEEC
model have been replaced with lossless transmission lines,
which are either short-circuited or open-circuited at their far
ends. Fig. 3c depicts the Thevenin equivalent model of this
configuration. The solution for this system is achieved in the
time domain, utilizing the TLM iterations. According to the
TLM model, the equivalent representation of equation (6) can
be rewritten as:

−AΦ(t) = Vs(t)+RI(t)+ZpI(t)+2Vi
p[1]Nl

+ZmM(t)+2Vi
m[1]3Nm ,

(14)

where Zp and Zm represent the equivalent surge impedances
for the inductors Lp and Lm, respectively. Vi

p and Vi
m describe

the incident volatges for each inductor element and [1]Nl and
[1]3Nm represent vectors with elements equal to 1, having
sizes Nl and 3Nm respectively. The nodal potentials can be
represented using capacitive branches, and by applying KVL,
the modified form of equation (7) can be expressed as:

Φ(t) = ZcAT I(t)+ZcIs(t)+2Vi
c[1]Nn . (15)

Zc represents the equivalent surge impedance for the ca-
pacitors in the conventional PEEC circuit, which is the re-
ciprocal of P. Vi

c is the incident voltage for each capacitor
in the TLM model. In the conventional PEEC model, the
constitutive relation is expressed as in equation (8), and the
system will be solved using the matrix system formulated
in equation (10). The non-linear constitutive relation and its
corresponding equivalent circuit model, along with the TLM
model, are depicted in Fig. 3. In this work, the existing
constitutive equation is modeled as an equivalent circuit, as
shown in Fig. 3(d), and the non-linearity is represented by
the diagonal matrix Ω(|H(t)|) with size 3Nm, which can be
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identified as a non-linear resistor in the network. The non-
linear resistor is decoupled from the linear network by using
loss-less transmission lines with an arbitrary surge impedance
Zu. Fig. 3(f) illustrates the Thevenin equivalent circuit of the
non-linear constitutive relation. Consequently, the equivalent
representation of equation (11) can be expressed as:

DI(t)+(W+Zu)M(t) =−GIs(t)−2Vi
u[1], (16)

where Vi
u is the incident voltage for 3Nm nonlinear magnetic

elements. Equations (14), (15), and (16) represent the funda-
mental equations of the proposed TLM-PEEC method, which
are used to formulate a matrix system. In the conventional
PEEC solver, the final matrix system has the solution vector
denoted as I(t), Φ(t), and M(t), as described in [14]. This
requires solving for a total of Nl + Nn + 3Nm unknowns.
However, in the TLM-PEEC solver, the Φ(t) vector can be
excluded from the KVL equations. Consequently, the solution
vector consists solely of I(t) and M(t), which corresponds to a
total of Nl +3Nm unknowns. If the solution for Φ(t) is needed,
it can be post-processed using (15) at the desired time step.
The final matrix system can be expressed as:[

R+Zp +AZcAT Zm

D W+Zu

][
I(t)

M(t)

]
=[

−Vs −2Vi
p[1]Nl −2Vi

m[1]3Nm −2AVi
c[1]Nn −2AZcIs

−GIs(t)−2Vi
u[1]Nn

]
.

(17)
This equation can be solved separately if Vi

u, the incident
voltage for magnetic elements, is known for each time step.
The unknown incident voltage matrices Vi

p, Vi
m, and Vi

c can
be updated iteratively using linear TLM iterations as described
in Section III.A. The linear TLM iteration equation can be
written as below.

nVp = 2nVi
p +ZpIsq(t),

nVr
p =n Vp −n Vi

p,

n+1Vi
p =−nVr

p.

(18)

nVm = 2nVi
m +ZmMsq(t),

nVr
m =n Vm −n Vi

m,

n+1Vi
m =−nVr

m.

(19)

nVc = 2nVi
c +ZcIc,sq(t),

nVr
c =n Vc −n Vi

c,

n+1Vi
c =n Vr

c.

(20)

Isq(t), Ic,sq(t) Msq(t) represent the diagonal matrices for-
mulated from the inductive branch current I(t), the capacitive
branch current Ic(t) and the magnetization M(t) respectively.
According to TLM theory, nonlinear elements in the circuit
can be modeled using (13). The same theory can be applied
to Fig. 3d to obtain the nonlinear relationship for the PEEC
nonlinear system, which can be written as follows.

f (n+1Vi
u) =n+1 Vi

u +n Vr
u −Ω(n+1Vi

u)

(
n+1Vi

u −n Vr
u

Zu

)
= 0.

(21)
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Fig. 4. PEEC node mesh of the 2-D transformer.
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Fig. 5. Schematic of the transformer PEEC model coupled with external
networks.

Vector n+1Vi
u with size 3Nm represents the incident volt-

age for the 3Nm nonlinear magnetic elements. Vr
u represents

the corresponding reflected voltages, and Zu represents the
arbitrary surge impedance vector for each nonlinear element.
Computing the Vi

u vector necessitates solving the nonlinear
equation using an iterative approach such as the N-R method.

D. N-R Implementation
The solution to the nonlinear TLM equation will be obtained

by implementing the N-R algorithm, and by employing proper
initial values, the equation can be effectively solved in fewer
iterations. Inside the N-R iterations, the value of I(t) obtained
from equation (17), Vr

u obtained from TLM iterations will be
inserted into the subsequent equation to compute the magnetic
flux density vector B(t):

B(t) = DI(t)+W
(

n+1Vi
u −n Vr

u

Zu

)
, (22)

According to the B-H relationship of the magnetic material,
the magnetic field vector H(t) can be obtained and then
plugged into equation (8) to calculate Ω(n+1Vi

u). The Jacobian
vector for the N-R implementation can be obtained as follows:

∂ f
∂n+1Vi

u
= 1− Ω(n+1Vi

u)

Zu
− ∂Ω

∂n+1Vi
u

(
n+1Vi

u −n Vr
u

Zu

)
. (23)

This equation can be further simplified using the chain rule
below;

∂Ω

∂n+1Vi
u
=

∂Ω

∂n+1µr

∂n+1µr

∂n+1Vi
u
. (24)

This article has been accepted for publication in IEEE Transactions on Magnetics. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TMAG.2024.3447621

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: UNIVERSITY OF ALBERTA. Downloaded on August 23,2024 at 16:00:30 UTC from IEEE Xplore.  Restrictions apply. 

READ O
NLY



6

Fig. 6. GPU simulation results of the proposed TLM-PEEC method and the comparison with Comsol results for the Case Study.
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After simplifying (24), it can be formulated as follows:

∂Ω

∂n+1Vi
u
=

µ0

(n+1µr −1)2

B−W ·
(

n+1Vi
u−nVr

u
Z2

u

)
B−µ0

(
n+1Vi

u−nVr
u

Z2
u

)2 . (25)

Equations (23) and (25) describe the Jacobian for the N-R
implementation. With a proper initial guess for the incident
voltage vector, it can be solved iteratively to achieve conver-
gence for the incident voltage pulse for the next time step. In
the conventional PEEC approach, a full N-R method is used
for an Nl + Nn + 3Nm-sized matrix system, which is highly
computationally intensive during N-R iterations. However,
according to our proposed architecture, N-R iterations involve
3Nm -sized vectors, and as vector operations proceed, all the
nonlinear elements are solved in parallel.

IV. CASE STUDY AND RESULTS

A. Case Study Setup

A single-phase shell-type power transformer was studied in
this work with 4749 nodes in the PEEC mesh as illustrated in
Fig. 4. The schematic of the TLM-PEEC transformer model
coupled to external networks is shown in Fig. 5. External
networks are directly connected to both the primary wind-
ing PEEC circuit and the secondary winding PEEC circuit,
respectively, without involving field circuit coupling methods,
as typically seen in FEM. The primary winding is energized
by a 60 Hz AC voltage source, and several harmonics are
introduced within the simulation model to observe transient
behaviors. The relative tolerance of the TLM-PEEC non-
linear solver is set to 10−5 to ensure convergence and the
applied time step is 100µs. The detailed simulation parameters
are available in the appendix. For the Case Study, the total
simulation is set to 400 ms and the following events are
simulated in between.

1) t = 0 ms, SW1 is turned on and the transformer is
energized while the secondary winding is open-circuited.

2) t = 100 ms, SW2 is turned on and the transformer works
with a load of R2 and L2.

3) t = 200 ms, the second and the fourth harmonics are
injected into the voltage source Vac.

4) t = 300 ms, SW3 is turned on and the secondary winding
is short-circuited.

B. Results and Validation

The case study was implemented using the proposed TLM-
PEEC method and executed on the Nvidia Tesla V100 GPU,
utilizing the compute unified device architecture (CUDA) with
4749 mesh nodes. To ensure accuracy and speed compar-
ison, a similar benchmark study was conducted using the
FEM software Comsol Multiphysics®. FEM is selected for
its demonstrated efficiency and reliability as a commercially
available benchmark in the power industry, thereby enhancing
the applicability of our proposed architecture compared to
other numerical methods. FEM is widely utilized in field-
oriented electromagnetic transient simulations in power sys-
tems [22], making it highly suitable for benchmarking the

Fig. 7. Comparision of N-R iteration count between full N-R PEEC approach
and TLM-PEEC approach.

transformer case study. All partial element calculations and
matrix filling operations were performed in parallel by imple-
menting device functions on the GPU. The Nvidia cuSOLVER
application programming interface (API) facilitated solving the
linear system, while the device functions for matrix addition
and multiplication were implemented using first principles.
The offline simulation results include primary winding voltage
(Vp), secondary winding voltage (Vs), primary winding current
(Ip), secondary winding current (Is), and hysteresis loss. These
results are presented in Fig. 6 with a comparison to the
corresponding results obtained from Comsol. All errors in the
figure denote the mean absolute relative error between the
TLM-PEEC solver and the Comsol solver. The results ob-
tained from the Fast Fourier transform (FFT) for the electrical
parameters during the harmonic injection period closely match
those obtained from Comsol.

The direct outputs from the TLM-PEEC solver consist of
transformer winding currents and core magnetization. All other
field variables can be derived through PEEC post-processing.
Magnetic flux density can be easily obtained from equation
(22). The estimation of hysteresis losses in the core can be
conducted by following the approach presented in [23]. The
determination of the electric field using the PEEC method
is not straightforward, and the extraction of the electric field
within the core followed the approach detailed in [24]. Sub-
sequently, this electric field information can be utilized in the
following equation to calculate the eddy current density:

Leddy =
∫ ∫

Ωcore

σ
2E2dΩcore. (26)

The eddy current density was computed by estimating the
integral as a summation over the surface area of the core.
The detailed field distributions of magnetization M (A/m),
magnetic flux density B (T), and eddy current density J
(A/m²) at t = 4 ms were obtained from both the TLM-
PEEC solver and Comsol simulations, and their comparison is
illustrated in Fig. 6. The comparison of the occupied maximum
N-R iteration count for the full N-R PEEC approach and
the TLM-PEEC approach at each time step is illustrated in
Fig. 7 for the 200 ms - 210 ms time window within the
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TABLE I
TLM-PEEC EXECUTION TIME AND SPEEDUP ON MANY-CORE GPU AND MULTI-CORE CPU

Cases
Number ComsolTM TLM-PEEC on many-core GPU TLM-PEEC on multi-core CPU

of Nodes Execution Execution Speedup Execution Speedup
Time (s) Time (s) Time (s)

Case 1 3610 93.1 2.1 44.3 9.0 10.3

Case 2 4749 120.2 3.1 38.7 12.2 9.9

Case 3 6816 219.0 6.9 31.7 23.0 9.5

Case 4 11461 418.4 24.2 17.3 47.5 8.8

Case 5 24174 1627.2 102.7 15.8 200.8 8.1

Case 6 92579 6603.6 475.4 13.9 880.5 7.5

harmonic injection period. The results show that the TLM-
PEEC approach required fewer N-R iterations for convergence.
Furthermore, the TLM-PEEC method utilizes a decoupled N-
R approach that solves the nonlinear circuit using 2Nm-sized
vectors, resulting in performance improvements.

The Comsol simulation was carried out on a PC equipped
with an Intel Xeon E5-2698 CPU with 40 cores, operating at
a clock frequency of 2.2 GHz, and equipped with 192 GB of
RAM, as it cannot be executed on a GPU [25]. The Comsol
solver is designed to utilize the maximum available cores in
the multi-core CPU [26], providing a parallel CPU benchmark
simulation for performance comparison of the TLM-PEEC on
the GPU. A pthread implementation of the proposed TLM-
PEEC method was conducted on the same multi-core CPU
platform to evaluate its performance on identical hardware.
The pthread library was chosen for its efficient creation and
management of parallel threads. To ensure consistency with
the case study environment, the tolerance of the Comsol solver
was set to 10−5. The total simulation duration was 400 ms,
with a time step of 100 us. For this specific case study, the
Comsol simulation took 120.2 seconds, while the TLM-PEEC
GPU solver completed the simulation in only 3.1 seconds,
and the TLM-PEEC CPU solver completed it in 12.2 seconds,
resulting in performance improvements in both GPU and CPU
results. Simulations were performed with varying mesh sizes,
as outlined in Table I, to further investigate the performance.
N-R iteration requires 2Nm parallel cores for the given 2D
case study to achieve maximum parallelism. The GPU consists
of 5120 cores and experiences a substantial speedup decrease
after Case 3 due to reaching the maximum core limit. However,
the GPU speedup is always greater than the CPU speedup, as
the GPU has a large number of cores designed for parallel pro-
cessing with specialized parallel programming model CUDA,
along with higher memory bandwidth.

V. CONCLUSION

In this article, a novel TLM-based parallel time domain
solver was successfully integrated into the standard PEEC
method. The TLM-based matrix solver was introduced, reduc-
ing the unknowns from Nl +Nn +3Nm to Nl +3Nm compared
to the standard PEEC matrix solver. An efficient computational
approach for nonlinear magnetic material modeling introduced
a decoupled N-R method, replacing the direct N-R solver.

This method is scalable for any application involving magnetic
materials, and for 3D nonlinear magnetic materials, it requires
3Nm independent calculations for the N-R solver. The numer-
ical results validate the correctness of the proposed approach,
demonstrating reliable accuracy with a mean absolute relative
error of less than 2% over the entire period achieving a
maximum of 44.3x speedup on GPU compared to Comsol.
Even though the Comsol solver and the proposed TLM-PEEC
solver ran on the same multi-core CPU, the proposed TLM-
PEEC solver achieved a maximum speedup of 9.9x compared
to Comsol due to the TLM-based decoupled N-R approach
being more efficient than the direct N-R approach used inside
the Comsol solver. The maximum performance is achieved by
solving the nonlinear elements separately, without interacting
with the linear elements, resulting in a simpler nonlinear
system and easier convergence. The proposed TLM-PEEC ap-
proach is applicable to any PEEC problems that can be solved
using conventional MNA solvers and is highly beneficial for
nonlinear electromagnetic problems as it solves the nonlinear
system separately while solving the whole system in parallel.
Although the presented case study focused on the 2D modeling
of transformers the proposed approach remains applicable and
extendable to 3D modeling of electromagnetic apparatus.

APPENDIX A

Transformer parameters: The yoke length is 5.1 m, the limb
length is 2.6 m, and the coil size is 0.25m × 2 m. The primary
winding consists of 600 turns, while the secondary winding
has 200 turns.

Case study parameters: VAC = 53.033sin(60πt) kV, R1 = 25
Ω, R2 = 200 Ω, and L1 = L2 = 36 mH. The magnitude of the
injected second and fourth harmonics are 21.76 kV and 10.88
kV at frequencies of 120 Hz and 240 Hz, respectively.
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