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ABSTRACT

In wavelet analysis, high vanishing moments and symmetry
are two highly desirable properties of a wavelet frame. In this
thesis, we study wavelet frames with high vanishing moments

and symmetry derived from refinable function vectors.

In chapter 1, we give a construction of a pair of dual wavelet
frames with rd generators with vanishing moments n and m re-
spectively. These generators are derived from any given pair of
d-refinable function vectors in (L9(R))" with sum rule orders m
and n respectively. To investigate the relation between vanishing
moments and sum rule orders, a very useful new canonical form

for the matrix mask of a refinable function vector is given.

In chapter 2, we prove that there always exists a tight wavelet
frame with vanishing moments m which is derived from a given

stable d-refinable function vector with sum rules of order m.

In chapter 3, for any B-spline of order m, we derive a tight
wavelet frame with three symmetric generators with vanishing

moments m.

In chapter 4, we give a necessary and sufficient condition on
constructing a tight wavelet frame with two symmetric generators
derived from a symmetric 2-refinable function. To construct such

a tight wavelet frame, we need to split a 2 x 2 matrix of Laurent
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polynomials symmetrically. A necessary and sufficient condition
for the split is also given. In this chapter, a clear algorithm is

given to guide the construction.

Finally, in chapter 5, we present a step by step algorithm
to construct pairs of symmetric dual 2-wavelet frames from any
pair of symmetric 2-refinable functions. Our algorithm can be
easily implemented and yields all possible pairs of symmetric dual

wavelet frames.

Several examples are provided to demonstrate the main re-
sults in chapters 1, 2, 4 and 5.
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Chapter 1

Multiwavelet frames from

refinable function vectors

1.1 Introduction

Basically, a wavelet system consists of a set of functions, {9« };xez, which is
an orthogonal basis, or a Riesz basis, or a frame (in a slightly different form)

for Ly(R). Each element of the family {,;x}; ez is defined as
ik o= 2/4p(20 - k) Vi, k € Z,
where ¢ is a suitable compactly supported function called a mother wavelet.

The simplest example is given by ¥ := Xx(0,1/2) — X[1/2,1)- Thus,

— 93/2

— 93/2 ) , , . ) . )
Yjk =2 / X[2-7k,2-7k+2-3-1) X[2-7k4+2-7-1,2-3k42-9)-

It is easy to check that {9;x};kez is an orthogonal basis of Ly(R). (Note: This
system is very close to Rademacher functions, which play an important role

in probability theory.) Therefore, for each f € Ly(R), we have the following

expansion,

— § : /2 . . : . . . .
f= Cj,k2]/ (X[z—fk,2—1k+2—7—1) - X[2—Jk+2-1-1,2-7k+2-1));
JkEZ
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where
‘ 2727771 27T k4277
(1.1.1) eip = 2P / f(@)dz / f@)dz| .
2-7k 2—ik42-3-1

Every wavelet system {4, x}; kez has the following advantages.

1. Simplicity: Every element of a wavelet system is derived from a single

function ¥ or several functions by dilations and integer shifts.

2. Multiscale structure: By the definition of v, x, we know that for differ-
ent j, ¢, corresponds to a different scale. This correspondence is clear in the
previous example. It is easy to see that for different j, c; represents f in a
different scale with the weight 27/2. The weight 27/2 is a good balance for the
length of the interval [277k, 27%(k+1)]: When j is very large, the length of the
interval is very small. Thus, c; represents f in detail. Moreover, the weight
27/2 shows that ¢, amplifies information about f corresponding to the scale j;
i.e., for different j, ¢;x adjusts information about f by a different scale. Thus,
every wavelet system can describe the time-frequency locality very well. This

property is highly desirable in many situations.

3. Efficient representation: Every wavelet system can efficiently describe
each function f € Ly(R) such that [ |f(€)]2(1 + £2)*d¢ < oo for some a > 0,
i.e., only a few coefficients c;; are large, and the other coeflicients are very
small. The following example will demonstrate this fact. Consider the previous
wavelet system. Let f = x(o,1/3]. Let us check the coefficients c; x. By definition
(1.1.1), we know that when k£ < —1 or k > 27/3, we can easily see that c;; = 0;
when k € [0,27/3 — 1], we have

. 279 (k+1/2) 279 (k+1)
cix = 20/ / 1dz — / ldz| =0
2-9k 279 (k+1/2)

when k € (27/3 — 1,27/3), i.e., when k = | (27 — 1)/3], we have
lcjx] < 27/2min(279,1/3) < min(279/2,29/2) = 271/,

Therefore, only a few c;; are large, and the other coefficients c;j are very

small.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Wavelet analysis originates from many areas such as atomic decomposi-
tion in harmonic analysis, sub-band coding and windowed Fourier transform
in engineering. The mother wavelet ¢ plays an important role in a wavelet
system. In 1986, Y. Meyer and S. Mallat introduced multiresolution analysis
(MRA) to generally construct 9. Let Vj be a linear subspace of Ls(R) and
define V; := {f(27-) : f € Vo}. If we have

(a) ---CcVyyC---CcVyCcVoCcViC---CVpCve.
(¢) UjezV; is dense in Ly(R).

(d) There exists a compactly supported function ¢ € La(R) such that

Vo = span{@(- — k) }rez.
(e) There exists W C Lo(R) and a compactly supported function v €
Ly(R) such that
el)Vi=VooW,

(e.2) W = span{¢(: — k) }rez.

Then the compactly supported function 1 mentioned in (e) is a mother
wavelet. For constructing an MRA, first we need to construct the kind of
compactly supported function ¢ mentioned in (d). Notice that from Vj =
span{ (- — k) }rez, we have ¢ € Vy. Then by the definition of Vi, we have
Vi = span{¢(2 - —k)}rez. By ¢ € Vo C Vi, we have the following refinement

equation:
(1.1.2) =2 app(2-—k),

keZ
where a is a sequence on Z, called the mask for ¢. Any scalar mask a in
this thesis is assumed to be finitely supported and to satisfy >, ., ax = 1.
Any function ¢ € Ly(R) satisfying a refinement equation is called a refinable

function.
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Once we get a refinable function ¢, under mild assumptions on the mask
a, we can have an MRA. Thus we can construct a wavelet system. In this
context, we can understand how important a refinement equation is in wavelet

theory.

As we mentioned before, as a wavelet system, a wavelet basis has many
useful properties. However, in some situations, it is not good enough. For
example, Daubechies proved that there does not exist any wavelet basis that
is smooth, compactly supported, orthogonal and (anti)symmetric at the same
time. Nevertheless, in some situations, we wish we could have all the properties
above. Therefore, we have to make some tradeoffs to have all the properties.
There are two natural methods for doing so. One method is to study wavelet
frames instead of wavelet bases. We will discuss this method later. Another
method, instead of deriving from one mother wavelet, is to a basis consisting

of {95} kez,0=1,,..,. derived from several suitable functions ', ¢?, ..., L.

Geronimo et al. [17] constructed a wavelet basis {4} ,,%2,};rez derived
from two functions ¢! and 2. This wavelet basis is smooth, compactly sup-
ported, orthogonal and (anti)symmetric. Their work motivates the study of

multiwavelet theory.

Multiwavelet theory is a natural extension of the classical wavelet theory.
From now on, by d we denote a dilation factor which is an integer such that

|d| > 1. For a function ¢ € Lo(R), we denote
e = |dPPp(d - k), jEZkeL

A multiwavelet system is a system {'l/}f’k}j,kez,ez]_’z...’ 1, of Lo-functions which is

an orthogonal basis, or a Riesz basis, or a frame of Ls(R).

As we have seen, multiwavelets offer more freedom than classical wavelets.
Moreover, in the case of multiwavelets, if we want to let the mother wavelet
functions !, ¥?, ..., 1" to achieve reasonable smoothness, the support of the
mother wavelet functions is much shorter than that of classical wavelets. This

property, i.e., reasonable smoothness and short support, is very critical when

4
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wavelets are applied to solve some PDEs numerically.

As we can do in classical wavelet theory, we can construct an MRA
by a refinable function vector. We say that an r x 1 function vector
¢ = (¢1,...,¢.)7 is a d-refinable function vector, where r is called the
multiplicity, if ¢ satisfies the following refinement equation,

(1.1.3) ¢=1d] Y ard(d-—k),

keZ

where d is the dilation factor, and a is a finitely supported sequence of r x r
complex-valued matrices on Z, called the (matrix) mask for ¢. Under an
appropriate mild condition (see [2, 9, 27, 34, 35, 42, 43]) on a matrix mask
a, there exists a unique normalized distributional solution of the refinement
equation (1.1.3). The refinement equation as well as the various properties
of its refinable function vector has been well studied in the literature; see
[2, 9, 15, 16, 20, 27, 34, 35, 42, 43, 45| and references therein. When r = 1,
the refinable function vector in (1.1.3) is a scalar function, so the refinement
equation (1.1.2) in classical wavelet theory is a special case r = 1 and d = 2

of the general refinement equation (1.1.3).

As we mentioned previously, we have two methods to tradeoff a wavelet
basis to be smooth, compactly supported, (anti)symmetric and orthogonal at
the same time. One method is to study a multiwavelet basis instead of a
wavelet basis. The other method is to study a wavelet frame. Now we will

discuss wavelet frames.

A frame is a generalization of a basis. Figure 1.1 shows the difference
between a basis and a frame. Figures 1.1.(a), 1.1.(b), 1.1.(c) and 1.1.(d) show
a basis of R? a frame of R?, an orthogonal basis of R? and a tight frame of
R?, respectively. A basis of R? can represent each element of R? uniquely,
but a frame of R? can have different representations for the same element of
R?. Thus, a frame provides redundancy, which is useful in some situations. In
wavelet applications, wavelet frames have already proved to be very useful for

signal denoising and currently are being explored for image compression.

5
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Figure 1.1: Bases and frames.

Let {u!,...,%"} be a finite set of functions in Ly(R). We say that
{41, ..., 4L} generates a d-wavelet frame in L,(R) if there exist positive

constants C; and (5 such that
L

(1.1.4) CUIFAIP <Y D D KA S GllfIP ¥ f € La(R),
¢=1 jEZ kel

where (f, g) := [ f(£)g(t) dt for f,g € Ly(R) and || f||? := (f, f). In particular,
when C; = Cyin ( 1.1.4), we say that {1, ..., 9"} generates a tight d-wavelet
frame in Ly(R).

If both {4, ..., 4%} and {¢", ..., %"} generate d-wavelet frames in Ly(R)
and satisfy

ZZZ FUWieng) Vg€ Ly(R),

£=1 jEZ kel

then we say that {¢!,... 9%} and {¢!,..., 9%} generate a pair of dual d-
wavelet frames in Ly(R). A pair of dual wavelet frames is also called a

“bi-frame” in the literature [40]. An important property of a wavelet system

6
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is its order of vanishing moments. A function f with enough decay is said to

have vanishing moments of order m if

/t’“f(t)dtzo Vk=0,...,m—1.
R

We say that {1!,...,%"} has vanishing moments of order m if ¥!,..., %"
all have vanishing moments of order m. The order of vanishing moments of a
wavelet system generated by {1, ...,%} has a great impact on how efficient

the wavelet system is in representing a function.

Wavelet frames can be characterized theoretically (see [19] and [39]), but
those characterizations are not easy to verify in practice. People tried for
years to find a good way to generally construct wavelet frames with useful
properties. Recently, Daubechies, Han, Ron and Shen [13], and Chui, He
and Stockler [4] independently discovered a way to construct wavelet frames

derived from refinable functions.

Inspired by their work, we are particularly interested, in this chapter, in
obtaining pairs of dual wavelet frames derived from pairs of refinable function
vectors. Define the Fourier transform to be f(£) := Jg f@)e ® dt for f €
Ly (R). Taking the Fourier transform on both sides of the refinement equation

(1.1.3), we get
$(de) = e *p(€) = a(€)$(8).

keZ

Here the symbol of a matrix sequence a is defined to be
(1.1.5) a€) =) are™, LR
keZ
We can also use a matrix of Laurent polynomials as follows:
a(z) ;= Zakzk, z € C\ {0}
keZ

Therefore other than a matrix sequence, we can use a symbol a(£) or its

Laurent polynomial matrix a(2) to represent the corresponding mask.
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A multiwavelet system is usually generated by several wavelet function
vectors 9%, ¢ = 1,..., L, which are derived from a d-refinable function vector

¢ in the following way:

Pide) = (©)BE),  £=1,...,L,

where b*(€), £ =1, ..., L are some appropriate matrices of 2r-periodic trigono-

metric polynomials.

When such {¢y* : £ =1,..., L} generates a wavelet frame or a wavelet
basis in Le(RR), in the literature they are also called an “MRA wavelet frame”
or an “MRA wavelet” basis, respectively (see [4, 11, 12, 13, 39]). Note that
all the wavelet function vectors !, ..., ¥’ are derived from the space Vi(®)
generated by the refinable function vector ¢ = (¢, ...,é,)T, where the space
Vi(¢) denotes the La-closed linear span of ¢o(d’ - —k),k € Z,£ = 1,...,r.
Even in the scalar case r = 1, it is natural to study a wavelet system which
is generated from wavelet functions derived from a general space V;(¢) for
j =2 1 generated by the scalar refinable function ¢. Deriving wavelet functions
from the space V;(¢) for some j > 1 is equivalent to deriving them from
the space V1(®), where @ is a d-refinable function vector whose entries are
¢(d?t - —k),k =0,...,|d]?! — 1. This fact naturally leads us to investigate

MRA wavelet frames derived from a refinable function vector.

Tight wavelet frames and dual wavelet frames derived from a scalar refin-
able function (that is, multiplicity 7 = 1) have been recently studied in Chui,
He and Stockler [4], Daubechies, Han, Ron and Shen [13] for the case d = 2,
and Daubechies and Han [12] for the general dilation factor. The construction
of wavelet frames in [4, 12, 13] essentially uses the important fact that a uni-
variate finitely supported mask a satisfies the sum rules of order m if and only
if
(1.1.6) (L4+e ™ 4. 47 =™ | (),

which means a(§) = (1 +e7% + - 4 =D p(£) for some 2m-periodic

trigonometric polynomial p(¢). In the multiwavelet case, the definition of sum

8
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rules becomes much more complicated. In the univariate setting, Plonka (see
[42]) proposed a very nice factorization technique of the symbol of a mask
which generalizes the factorization in the scalar case as (1.1.6). However, in
order to construct wavelet frames from a refinable function vector, Plonka’s
factorization cannot be direcﬂy used to generalize the construction in [4, 12, 13]
to the multiwavelet setting. In this chapter, by employing the ideas from
[4, 12, 13, 42] and the idea of Jordan canonical form of a matrix, we are
going to overcome this problem to generalize the construction of dual wavelet
frames and wavelet frames in [4, 12, 13] from the scalar case to the multiwavelet
case. Such a generalization to the multiwavelet case is not trivial due to the
complicated form of the sum rules and approximation order. In particular,
this chapter closely follows the lines developed in Daubechies and Han [12]
where pairs of dual d-wavelet frames derived from any two d-refinable scalar
functions were obtained. In this chapter, we shall be able to generalize almost
all the results in [12] on pairs of dual wavelet frames for the scalar case to the

general multiwavelet case.

The outline of this chapter is as follows. In Section 1.2, we shall present a
new canonical form of a matrix mask which is quite useful in the construction
of dual wavelet frames from refinable function vectors. The new canonical
form proposed in Section 1.2 can be easily generalized to multiple dimensions.
Also, the new canonical form in Section 1.2 can preserve the symmetry of a
matrix mask. In Section 1.3, by employing the new canonical form we gained
in Section 1.2 and generalizing several results in [12], we shall discuss how to
derive d-wavelet frames with the highest possible order of vanishing moments
from refinable function vectors. First we shall discuss how to derive pairs of
dual d-wavelet frames from any two refinable function vectors. Second, we
shall discuss how to derive real-valued and symmetric dual d-wavelet frames
from two real-valued and symmetric d-refinable function vectors. In fact, we
shall show that if the symmetry centers of all the components in the two real-

valued d-refinable function vectors differ only by half integers, then we can
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obtain a pair of dual d-wavelet frames whose generators are real-valued and
are either symmetric or antisymmetric with the same symmetry center. Note
that the condition on the symmetry centers of the two d-refinable function
vectors is automatically satisfied when d = 2 and is almost a necessary con-
dition in order to derive pairs of symmetric dual d-wavelet frames from two
symmetric d-refinable function vectors. In the rest of Section 1.3, we shall
investigate how to derive d-wavelet frames from a single d-refinable function
vector. Finally, in Section 1.4, using the method in Section 1.3, we shall
present a few examples of pairs of dual wavelet frames to illustrate the general
procedure for constructing (real-valued and symmetric) pairs of dual wavelet
frames in this chapter. All the results in this chapter were obtained through
joint work with my supervisor, Bin Han, and have been published in Advances

in Computational Mathematics ([23]).

1.2 A new canonical form of a matrix mask

and the order of sum rules

In this section, we shall discuss a new canonical form of a matrix mask with a
certain order of sum rules. The order of sum rules of a mask is closely related
to the approximation order of its refinable function vector and the order of
vanishing moments of a wavelet system derived from such a refinable function
vector. See the work [2, 20, 27, 34, 35, 42, 43] and references therein for a
detailed discussion on approximation order and sum rules. We say that a
mask a with multiplicity r satisfies the sum rules of order m with respect to
the lattice dZ if there exists a 1 xr row vector y(€) of 2m-periodic trigonometric
polynomials such that y(0) # 0 and for k£ =0,...,|d| — 1,

(1.2.7) [y(d-)a()]9 (2rk/d) = 6,y (0), j=0,...,m—1,

where ¢ is the Dirac sequence such that dy = 1 and 5, = 0 for all k € Z\{0},
and ¥ (¢) denotes the jth derivative of y(¢) for all j € Z. By the Leibniz

10
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differentiation formula, for k = 0,...,|d| — 1, it is easy to rewrite (1.2.7) into
the following form
J

(128) > (2) d~ty=90)a® 2rk/d) = 6,y (0), §=0,...,m—1,

£=0

where (;) = mjl—l)—'

Consider condition (1.2.8) for the special case r = 1. For k =0, ..., |d| -1,
when j = 0, condition (1.2.8) becomes y(0)a(27k/d) = éxy(0). Notice that
y(0) # 0, we have a(27k/d) = 0 for k = 1,...,|d| — 1. Similarly, check
condition (1.2.8) for 5 = 1,...,m — 1, we have aW)(27k/d) = 0 for k =
1,...,]d|—1. On another hand, if we have a¥)(27k/d) = 0for j = 0,...,m—1,
k=1,...,|d| — 1, then (1.2.8) is satisfied. Therefore, we get the conclusion
that when r =1, i.e., in the scalar case, the mask a(¢) has sum rules of order

m if and only if

(1.2.9) (1+e ™+ 4 70T g(g),

Unfortunately, the factorization (1.2.9) is no longer true for general multi-
plicity . For instance, consider a function vector ¢ := (¢1, ¢2)” where ¢, and
¢ are two piecewise polynomials and ¢y := x[-1,0)(t +1)*(—2¢t + 1) + x[o,1) (t —
1)2(2t +1), ¢y == t(t + 1)®x(-1,0) + t(t — 1)*xp0,1)- The function vector ¢ is the

well known Hermite cubics and it satisfies the following refinement equation

[ 12 34 | 1 0 ‘ 1/2 —3/4 N
¢—[——1/8 —1/8]¢(2 +1)+{0 1/2}¢(2)+[1/8 —1/8}(1)(2 )

Hence the mask a(£) is defined as

a(§) =

(e¥+2+e%)/4  3(e —e7%)/8
(—ei + e %)/16 (—eié +4— e %)/16 |

Although the mask a(€) satisfies the sum rules of order 4 with a row vector
y(&) = [1,€%/3+1/2—e"%+e7% /6], we have (1+e~%) t a(€). The factorization

(1.2.9) is no longer true for the case r > 1.

11
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However, we still can get a factorization similar to (1.2.9) by employing
the idea of Jordan canonical form. For an r x r matrix U(§) of 27-periodic
trigonometric polynomials, we say that U () is invertible if the inverse of U (&)
is also a matrix of 27-periodic trigonometric polynomials. In Section 1.1, we
introduced the MRA generated by ¢. As before, let V5 be the Ly-closed linear
span of ¢1(-—k), ..., ¢.(-—k), k € Z. Notice thit Vo isAalso thiLg—closed linear
span of ¢ (- — k), ..., ¢ (- — k), k € Z where ¢ := (¢1,...,¢,)T := U(£)d(€)
for an invertible U(£). So when we are talking about an MRA generated by ¢,
there is no big difference between ¢ and ¢. Define @(£) := U(d¢)a (&)U (€)™Y,
then E(df) = 5(5)2(5). So a(€) is the matrix mask of the refinable function
vector ¢. Since G(¢) = U (d€)a(€)U(€)~! for some invertible U(€), we have
some choices for @ and we hope we can get some special form for @ when U(¢)

is suitable.

Before going further, let us go through the following Lemma.

Lemma 1.1. Let U(€) be an invertible v X r matriz of 2m-periodic trigono-
metric polynomials. If a finitely supported mask a with multiplicity r satisfies
the sum rules of order m in (1.2.7) with a 1 X r row vector y(§) of 2mw-periodic

trigonometric polynomials, then the finitely supported new mask a, defined by
a(§) := U(d€)a(&)U(€)™Y, also satisfies the sum rules of order m in (1.2.7)

with the new row vector y(§) of 2mw-periodic trigonometric polynomials given

by y(§) = y(§UE) ™
Proof: We need to check that [§(d-)a(-)]¥)(27k/d) = 8 g¥(0) for all j =
0,...,m—1and k=0,...,|d| — 1. Since

y(de)a(§) = y(d§)U(d€) U (d€)a(§)U (€)™ = y(d€)a(&)U (&)™,
we only need to verify that for all j =0,...,m —1and k=0,...,|d| — 1,
(1.2.10) [y(d-)a(-)U ()79 (2mk/d) = Skly(YU(-)~19(0).
By assumption, [y(d-)a(-)]9(27k/d) = 6,y (0) for all j = 0,...,m — 1 and

k=0,...,|d| =1, plus the Leibniz differentiation formula, (1.2.10) holds for
all j=0,....m—1land k=0,...,|d| - 1L |

12
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Now we are in the position to give the following result about factorization

of a matrix mask which generalizes the scalar case in (1.2.9).

Theorem 1.1. Let a be a finitely supported mask on Z with multiplicity r.
Then a satisfies the sum rules of order m with respect to the lattice dZ if and
only if there exists an invertible r x r matriz U(€) of 2m-periodic trigonometric

polynomials such that U(d€)a(€)U (€)™ takes the canonical form

(L+e ™+ e M P L (€) (11— e 6)™ P y(€)
Py(8) Pyao(€)

where Py1,P1a, Pa1 and Pag are some 1 x 1,1 x (r —1),(r — 1) x 1 and

(1.2.11)

(r—1) x (r — 1) matrices of 2m-periodic trigonometric polynomials respectively

and P1,1 (0) =d™.

Proof: Since a satisfies the sum rules of order m, by definition, there exists
a 1 x r row vector y(&) of 2m-periodic trigonometric polynomials such that
y(0) # 0 and (1.2.7) holds. Let U; be an r x r invertible matrix of numbers
such that y(0)U; = [1,0,...,0]. Define the trigonometric polynomials p,, £ =
L,...,m, by [p1(€),...,p-(€)] = y(€)Us. Since p;(0) = 1, there exist 2w-periodic
trigonometric polynomials f,(§),£ = 2,...,r, such that fe(j 1(0) = [pe/p1)?(0)
forall j =0,...,m—1land £ =2,...,7, ie., [p{-) = fo(-)p1(:)]9(0) = 0 for
all j=0,....m—1land £=2,...,r.

L £ - (8
0 Ir—l

(@), pey |2 RO o —1E
0 I’r—l

ible, 77(0) = 1, and @ﬁj)(O) = [pe— fep1]9(0) =0forall £=2,...,7r and j =
0,...,m—1, where [51(£),...,4-(&)] =y(£). Let a(¢) = U(d§)a(§)U(£)~". By

Lemma 1.1, a satisfies the sum rules of order m; that is, forall j = 0,...,m—1

and k=0,...,|d| -1,

Take U(¢) = Ur'. Define §(¢) := y(O)U(E)™ =

. It is evident that U(&) is invert-

(1.2.12) [G(d)a())9 (2rk/d) = 6:59(0).

13
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Since @}”(0) =0forall {=2,...,7rand j = 0,...,m — 1, we observe that
[e(d)]9 (2nk/d) = Oforall£=2,...,7,j=0,...,m—land k =0,...,|d|—1.
So by matrix multiplication, for all j =0,...,m —1and k =0,...,|d| — 1,

(1.2.12) is equivalent to

(1.2.13) 1(d")ana ()9 (2rk/d) = 637 (0)
and
(1.2.14) [1(d")a1,e()]9 2k /d) = 0,

where @; ¢(£) denotes the (1, £)-entry of the matrix @(£). Since ;(0) = 1, by the
Leibniz differentiation formula, (1.2.13) implies @; 1(0) = 1 and 55{2(27%/ d) =
Oforal j =0,....m—1and k = 1,...,|d] — 1; that is, @;1(0) = 1 and
(1+e %+ - +e74-DE)™ | G, 1 (€). Similarly, (1.2.14) implies a7)(2mk/d) = 0
forall j =0,...,m—1,£=2,...,rand k = 0,...,|d| — 1; that is, (1 —
e~ HdEY™ |Gy 4(€) for all £ = 2,...,7. So @(€) can be written in the form of

(1.2.11).

Suppose that a mask a(€) = U(d€)a(€)U(£)~! takes the form of (1.2.11)
where U(&) is invertible. Since @1(0) =1, by [12, Lemma 2.3] or Lemma 1.4
in this chapter, there exists a 27-periodic trigonometric polynomial 7; such
that 91(0) = 1 and

() — gl(d')51,1(‘)](j)(0) =0 Vi=0,...,m—1.

Take y(¢) = [11(€),0,...,0]. Since @ takes the form of (1.2.11), equations
(1.2.13) and (1.2.14) are satisfied forall j =0,...,m—land k =0,...,|d|-1.

Hence we have equation (1.2.12), i.e.,
[G(d)a()| 9 (2rk/d) = 6,5P(0) Vji=0,....m—1; k=0,...,|d — 1.

Therefore, @ must satisfy the sum rules of order m. Consequently, since
a(§) = U(dE)~1a(&)U(€) , the mask a must satisfy the sum rules of order

m by Lemma 1.1. ]

14
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The above theorem generalizes the factorization (1.2.9) in the scalar case
r = 1 to the general multiwavelet case. Moreover, to describe a wavelet system
derived from a refinable function vector ¢, we need the following theorem. To
give a simpler and easier understanding, in the following theorem, we put the
condition “ 1 is a simple eigenvalue of a(0), and d* is not an eigenvalue of a(0)
for all £k € N” on the matrix mask a of the refinable function vector ¢. As we

will see it later, such a condition can be replaced by a much weaker condition.

Theorem 1.2. Let a be a finitely supported matrix mask on Z with multiplicity
r. Suppose that a satisfies the sum rules of order m with respect to the lattice
dZ, 1 is a simple eigenvalue of a(0), and d* is not an eigenvalue of a(0) for all
k € N. Then for any nonnegative integer n, there exists an invertible r X r ma-
triz U(€) of 2m-periodic trigonometric polynomials such that U(d€)a(£)U(€) 7}

takes the following canonical form

(L +e ™+ 4 e IR (€) (1 —e )Py (€)
(1— e #)"Py1(€) Py (€)

i

(1.2.15)

where Py1,Pyo, Py1 and Pas are some 1 x 1,1 x (r — 1),(r — 1) x 1 and
(r—1) x (r—1) matrices of 2m-periodic trigonometric polynomials respectively
and P,1(0) = d™™. Moreover, if ¢ = (¢1,...,0,)T satisfies the refinement
equation with the dilation factor d and a mask taking the form of (1.2.15),
then Aéj)(O) =0 forall ¢ =2,...,7r and j = 0,...,n — 1; that is, all the

functions ¢q, ..., ¢, have vanishing moments of order n.

Proof: Since a satisfies the sum rules of order m, by Theorem 1.1, there exists
an invertible r x r matrix U; () of 2m-periodic trigonometric polynomials such
that @(§) = Ur(d€)a(§)Uy(€)! takes the form of (1.2.11). By the assumption
and a(0) = U1(0)a(0)U;(0)7?, we deduce that 1 is a simple eigenvalue of @(0)

and d* is not an eigenvalue of @(0) for all ¥ € N.

1 0
Take Uy(&) = , Where = [g9(€),...,g-(&)]T with go(&),
3, L(ﬁ) [r_j 9(&) = [92(8), ..., 9-(§)]" with g2(§)

.., 9r(€) being some 27-periodic trigonometric polynomials to be determined.

15
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We now compute the matrix b(¢) := Uy(d€)a(€)Us(€)~? as follows:

b(E) = [ 1 0 } [?1,1(5) §1,2(€)} [ 1 0 } _
g(d€) 1| |a21(8) a22(8)| [—9(§) L1
{ a1,1(§) —a1,2(§)g(é) a1,2(6) } .
9(d¢) (a1,1(€) — a1,2(§)g(§)) — a2,2(§)9(8) +a2,1(§) @2(8) + g(d€)ar2(£)
Since (1 + e7% 4 ... + e7{d-DEm | G () and (1 — 7)™ | Gy 5(€), b(E)
takes the form of (1.2.15) if and only if for all j =0,...,n — 1,
(1.216)  [g(d-)Yar1(-) — Goa()g() + G () — g(d-)ara(-)g(-)]?(0) = 0.

That is, by the Leibniz differentiation formula, for every j =0,...,n — 1,

5 (1) #8000 - 7 090 o)

k=0
(1.2.17) L (j Ly AN
-3 (k) d*g™(0) ( , )a&f,g’“ (006(0)
k=0 £=0
= —a)(0)

Note that @, »(0) = 0. The term g“)(0) does not essentially appear in the sum
ZJ: ( '>dk (k) S (j - k)fd(j—k—l)(o) ®0)
=0 o\t v ’
since when k = j, then J°% k (J k)~(J Sk e)(O)g(e)(O) = 11,2(0)g(0) = 0, and
when k = 0, then the term ¢ (0) in the sum 5% x 5 k)~(] k- e)(O)g(‘z)(O) has
the coefficient @; 2(0) = 0. Consequently, since 1 is a simple eigenvalue of @(0)

and d* is not an eigenvalue of a(0) for all k € N, we define the (r—1)x 1 column

vectors ¢j,7 = 0,...,n — 1, of numbers by the following recursive formula:

co = —[@1,1(0)Lr—1 — 2,2(0)] 'G1(0) = —[L,—1 — G2.2(0)]*@31(0)

since @11(0) =1, and for j =1,...,n — 1, define

7j—1

o = Wl =07 | -0 - X (1) (3O -85 0
QT (e

16
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Since 1 is a simple eigenvalue of @(0) and d* is not an eigenvalue of a(0) for
all k € N, we deduce that d’I,_; — @y2(0) is invertible for all j = 0,1,2,....
So ¢j,j =0,...,n — 1, are well defined. Consequently, there exists an (r —
1) x 1 column vector g(¢) = [ga(€), ..., g-(&)]F of 2m-periodic trigonometric
polynomials such that g¢)(0) = ¢; for all j = 0,...,n — 1. By the choice of
¢j,3 =0,...,n — 1, using the Leibniz differentiation formula, one can easily
verify that (1.2.16) holds. Therefore, setting U(§) = Uy (§)U;(€), we see that
U(d€)a(&)U(€)~! takes the form of (1.2.15).

Suppose $(d€) = a(£)@(€) with a(€) taking the form of (1.2.15). Due

. . 10
to the special form of a(§) in (1.2.15), we deduce that a(0) = [ ] and

0 =
) * %
a9 (0) = [O ] for all 7 = 0,...,n — 1, where * denotes some unknown
*k
matrix or number. We use induction to prove that 5(3)(0) = [#,0,...,0F
for all j = 0,...,n — 1. When j = 0, we have ;5(0) = a(O)&S\(O). Since 1

10
0 =*
[*,0,...,0]T, where * denotes a number. Suppose that $(k) (0) = [*,0,...,0]T
forallk=0,...,7—1 with 0 < 5 < n—1. Then by the Leibniz differentiation
formula, &6 (0) = 3°7_, (£)a¥~"(0)™®)(0). So

is the simple eigenvalue of a(0) and a(0) = [ J, we must have $(O) =

-1

1~ 090 = X (1) a3 0)

0

.

=
il

) * %
Since aU=)(0) = L } and by the induction hypothesis, forallk =0,...,j—

*
1, 5(’“)(0) = [%,0,...,0]T, we have a(j"k)(O)g/b\(k)(O) = [%,0,...,0]T for k =
0,...,7— 1. Since d’I, — a(0) is invertible for j > 0, we have

5900 = (0T — a(o-1 || — (@ —1)"1 0] |* _ |
¢7(0) = [ I, — a(0)] H [ 0 J H [0}’

where * denotes some number or matrix. By induction, we conclude that

17
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@j)(o) = forall j =0,...,n—1and ¢ = 2,...,r which is equivalent to

saying that ¢o,..., ¢, have vanishing moments of order n. ]

Theorem 1.2 gives us a clear canonical form of a matrix mask a having
sum rules of order m. Moreover, we can use this canonical form to characterize
the vanishing moments of a function derived from the refinable function vector

¢ associated with its matrix mask a.

Corollary 1.2. Let ¢ € (L2(R))" be arefinable function vector with its matrix
mask a and the matrix mask a takes the canonical form (1.2.15). Suppose ¢ €
Ly(R) is defined by 9 (d€) = b(¢)¢(€) where b is a 1 X r vector of trigonometric
polynomials. Then for an integer £ < n, ¥ has vanishing moments of order ¢
if and only if 5’ (0) = 0 for all j = 0,...,£— 1 where b, is the first component
of b.

Although Theorems 1.1 and 1.2 are stated in the univariate case, from the
proofs of these two theorems, we know that they can be generalized to the

multivariate case as follows.

Theorem 1.3. Let a be a finitely supported matrix mask on Z° with multi-
plicity r. Then a satisfies the sum rules of order m with respect to the lattice
MZ? if and only if there exists an invertible r X r matriz U(§) of 2m-periodic
trigonometric polynomials such that the mask a(€) = U(MT€)a(§)U(€)™! sat-

1sfies
a11(0) =1, 0y, (27k) =0 Vk € (MT)1Z\Z*, |u| < m,
O"a1e(27k) =0 Vke (MD)'Z, lul<m, £=2,...,T.

Theorem 1.4. Let ¢ = (¢1,...,¢.)T € (Lo (Rs))T satisfy the refinement equa-

tion a(MTf) = a(f)a(ﬁ) with the dilation matriz M and its matriz mask a.

Suppose that a satisfies the sum rules of order m with respect to the lattice
MZ?, i.e., there exists a 1 X r row vector v(§) of 2m-periodic trigonometric

polynomials such that v(0) # 0 and
*w(MT Ya(-))(2mk) = 6,0*0(0)  Vk € (MT)'Z°)/Z°, |u| < m.

18
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~

If v(0)¢(0) # 0, then for any nonnegative integer n, there exists an invertible

r X r matriz U(E) of 2m-periodic trigonometric polynomials such that the mask

a(€) = UMTE)a(E)U €)™ satisfies

61,1(0) = 1, 8“61,1(271']{?) =0 Vk € (MT)-IZS\ZS, |,u| < 1m,
OMare(27k) =0 Vke (MDZ*, |uf<m, £=2,...,1,
0Mag1(2rk) =0 VkeZ’, |u|<n, £=2,...,r

Moreover, if the matrix mask a satisfies the above conditions, then 8"@(0) =0
for all ¢ = 2,...,r and |u| < n, that is, all the functions ¢o,..., ¢, have

vanishing moments of order n.

As mentioned in Section 1.1, symmetry is very important in many ap-
plications of wavelet systems. In order to construct symmetric pairs of dual
d-wavelet frames from symmetric d-refinable function vectors, in the rest of
this section, let us discuss how symmetry can be preserved in our canonical

form of a matrix mask in Theorems 1.1 and 1.2.

For a function ¢ on R, if ¢(c—z) = +¢(z), then we say that ¢ is symmet-
ric about the point ¢/2 and the symmetry center of ¢ is ¢/2. Especially, if

¢(c — ) = —¢(z), then we say that ¢ is antisymmetric about the point ¢/2

and the symmetry center of ¢ is ¢/2. It is easy to see that ¢(c—z) = £¢(z)
for all z € R if and only if $(¢) = Le () for all £ € R. Similarly, ¢ is a real-
valued function, that is, ¢(x) = ¢(z) for all x € R, if and only if $(§) = a(—f)

for all £ € R.

We say that a matrix mask a with multiplicity r is symmetric if there

exist ¢1,...,¢, € Rand €,...,¢, € {—1,1} such that

(12.18)  a(€) = S(d€)a(€)S(€)™" with S(€) = diag(ere™*,. .., e.e"*).

It is evident that a is a real-valued matrix mask if and only if a(—§) = a(§).

By a simple computation, we have the following result.

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Lemma 1.3. Let ¢ = (¢y,...,¢,)7 be a d-refinable function vector with a
finitely supported mask a on Z. If

pi(c;, —x) =¢€;0(x VzeR, j=1,...,r
(1.2.19) 16 ) 9(2)
for some ¢; € R and ¢; € {-1,1},

then $(&) = S(6)$(£) and $(d€) = S(d&)'a(€)S(€)B(€), where

S(¢) == diag(e1e™€, ... g,.e%).

Conversely, if a is symmetric and (1.2.18) is satisfied, then :5({) = S({)a(g)
and (1.2.19) holds.

Now by the following result, we can see how the symmetry of a matrix

mask can be preserved in our canonical form of a matrix mask.

Theorem 1.5. Let a be a matriz mask with multiplicity v satisfying all the
conditions in Theorem 1.2. If a is symmetric and satisfies (1.2.18), then there
exists an invertible r x r matriz U(§) of 2n-periodic trigonometric polynomials
such that b(§) := U(d€)a(&)U(E)! takes the form of (1.2.15) and the mask b
1s symmetric. Moreover, if a is a real-valued mask, that is m = a(£), then
both U and b are real-valued sequences; that is, U(—€) = U(€) and b(—¢) =

b(£).

Proof: Since a satisfies the sum rules of order m, by definition, there exists
a 1 X r row vector v(€) of 27-periodic trigonometric polynomials such that
v(0) # 0 and

v Sal- (J) T — ’U(j)
(1.2.20) [v(d-)a()]Y(2mk/d) = 810 (0)
Vi=0,...,m=1k=0,...]d -1

By (1.2.18), we have v(d€)S(d€)a(§) = v(d€)a(£)S(€). Therefore, it follows
from (1.2.20) that

[w(d")S(d)a()]P(2rk/d) = [v(d-)a(-)S()]D (2mk/d) = 6, [v(-)S(-)]?(0)

20
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forallj =0,...,m—land k =0,...,|d|—1. Since (1.2.20) implies v(0)a(0) =
v(0), it follows from (1.2.18) that v(0)S(0)a(0) = v(0)S(0). Since 1 is a simple

eigenvalue of a(0) and S(0) = diag(ey, . .., &), we must have ev(0)S(0) = v(0)

for some |e] = 1.

Take y(¢) = v(§) + ev(£)S(€). Then y(0) = 2v(0) # 0 and it is easy
to see that (1.2.7) holds. Denote [yi(€),...,4-(§)] = y(§). Then y,(§) =
66[6165555(—5) for all £ = 1,...,r. Without loss of generality, we may assume
that y;(0) = 1. Otherwise, since y(0) # 0, there is a permutation matrix Uy
such that [y(0)Us]; # 0, where [y(0)Up); denotes the first component of y(0)Us.
Then we can replace y(£) by y(§)Us/[y(0)Uo): and replace a(€) by Uy a(€)Us.
Clearly, Uy 'a(€)Up is still symmetric and by Lemma, 1.1 satisfies the sum rules

of order m.

As in the proof of Theorem 1.1, since y;(0) = 1, there exist 27-periodic

trigonometric polynomials fa, ..., f, such that
(1.221)  [we()) = £ (O ()P0 =0 Ve=2,...,r5j=0,...,m—1.
Note that
Ye(£) — ereee’ "V F (€)1 (€) = eere™yu(€) — eree™ VS fy(E)ee1e ty (€)
= eere““[ye(€) — fo(E)11(6)].

Let fo(&) = fu(€)/2 + 1@ F,(€)/2, for £ = 2,...,r. Then (1.2.21)
still holds with f, being replaced by f; for £ = 2,....r. Define U; (&) =
[1 f(¢)

0 with f(f) = [fg(f),,ﬁ(f)] As in the proof of Theorem 1.1,
r—1

a(€) = Ui(d€)a(€)Uy (€)™ must take the form of (1.2.11). Since ﬁ(f) =
816561'(%"01)5}7[(5), it is easy to verify that U;(€) = S(€)U1(€)S(€)~!. Conse-
quently,

a(§) = Ur(d€) a(§) Ur(§)~
= S(d§)Un(d€)S(d8) ™ S(dg)a()S(&) ' S(&)Uh(§)7'S(6) ™
= S(d§)Ur(d€)a(§)U1(€) " S(€) ™" = S(d&)a(€)S(€)~".
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So @ is symmetric.

Let g(&) = [g2(€),...,4,(£)]F be given in the proof of Theorem 1.2 such
that (1.2.16) is satisfied. Define S;(¢) := diag(coe*, .. ., c,e%). Since a(€) =
S(d€)a(¢)S (€)™, we have

a1,1(§) = e asG, 1 (8), G12(8) = €165, 5(£) S1(6) ™

and

ag,1(8) = £16714 8 (d€)ag, 1 (8), a9,2(€) = S1(d€)ag2(€)S1(€) ™"

Let §(§) = £16"1¢51(€) ' g(€). Then

g(d€)ar1(&) +az1(&) — a2,2(£)g(&) — 9(d€)ar2(£)g(§)

_ E]@id61581(d§)_1g(d€) —i(d— l)clial 1(5) +Elewl€5'1(d§) m_
S1(d€) " a2,2(€) 51 (£)e1€™¢ 51 (€) Tg(€) -
£1€%188, (d€) 1 g(d€)ere"1q (€)1 (&)e1€¢ 81 (€)1 g(€)

= £1"¢51(d€) " g(d€) @11 (E) + 1€ S1(d€) a1 (6)—
€161 Sy (d€) "\ a,2(€) 9(€) — 1151 (d€) " g(dE) a12(€) 9(€)
= £1€"1° 51 (d€) " [g(d€)ar1(€) + 21 (€) — a22(€)g(€) — 9(d€)ar2(€)g(€)]-

Therefore, (1.2.16) still holds with g being replaced by (g + g)/2. Let

1 0
9(6)/2+3(©)/2 L1

As in the proof of Theorem 1.2, b(§) = U,(d€)a(£)Uz(€)™ must take the
form of (1.2.15). Since g(€) + (&) = £1€*1€8,(€)"g(€) + ()], it is easy
to check that Uy(€) = S(€)Ua(£)S(€)! and therefore, one can verify that
b(€) = S(d€)b(£)S(£)7L. So the mask b is symmetric. Take U(€) = Up(£)Uy(£).
Then b(€) = U(d€)a(€)U(€)! takes the form of (1.2.15) and is symmetric.

Ua(§) =

When a is a real-valued mask, one can replace every matrix V(§) of 27-

periodic trigonometric polynomials in the above proof by the corresponding
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matrix [V(€) + V(=€)]/2. That is, for every sequence in the above proof, we
can ignore the imaginary part of the sequence. So, both U and b are real-valued

sequences. |

Finally, I would like to point out that in Theorems 1.2 and 1.5, the con-
dition “1 is a simple eigenvalue of a(0) and d* is not an eigenvalue of a(0)
for all kK € N” can be changed into a much weaker condition “y(O)a(O) # 07,
where y satisfies (1.2.7). The reason is as follows. Use all the same nota-
tions as in the proof of Theorem 1.2 and define z(g) = Uy (6)B(€), b(€) =
Ua(d€)Ur(d€)a(§) U1 (€)' Va(€) ™ and 7€) = Va(§)U1(€)(€). In the proof of
Theorem 1.2, the main idea is to construct some suitable g(£). In order to
construct such g(£), one needs to solve some linear equations in (1.2.17) for
g9 (0),7=0,...,n—1. The condition “1 is a simple eigenvalue of a(0) and d*
is not an eigenvalue of a(0) for all £ € N” is to guarantee that one has a unique
solution g)(0), 5 = 0,...,n—1, to the linear system in (1.2.17). The new con-
dition that (0)¢(0) # 0 can guarantee that (1.2.17) has a solution but may not
be unique. The reason is as follows. By Lemma 1.1, y(O)a(O) = y(0)¢ (0 ) # 0.
By the proof of Theorem 1.1, we know that 3(0) = [$1(0),0,...,0]. Hence
;1 (0) # 0. Notice that

~ o~

A(E) = Ua(E)9(6) = [81(6), 9u(6) + &1 (O)aalE), .. 6,(6) + 61(E)gn(O)].

Then by the Leibniz differentiation formula and 51 (0) # 0, one can prove that
there exists an (r — 1) x 1 column vector g(&) of 2m-periodic trigonometric

polynomials such that for every j =0,...,n—1,

B) + 6 00(IPO) =0 VE=2. 5 =0, 01
So for every 7 =0,...,n—1,
(1.2.22) 7900y = [5%(0),0,...,0).

By (1.2.22), it follows from the refinable equation 7(d€) = b(£)7(£) and the

Leibniz differentiation formula that for every j =0,...,n — 1,
D (0)[1,0,...,01 = 59)(0),0,...,0].
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So b(¢) must take the form in (1.2.15). However, it is much easier to solve the
linear system in (1.2.17) to obtain g(¢) than using the above procedure which

involves computing the derivatives of q? at the origin.

1.3 Construction of multiwavelet frames

Since Section 1.2 gave an elegant canonical form of the matrix mask with
certain order of sum rules, in this section, by applying the results in Section 1.2,
we can investigate how to construct multiwavelet frames with certain vanishing

moments from a given refinable function vector.

1.3.1 Algorithm for constructing pairs of dual wavelet

frames from refinable function vectors

In this subsection, I shall generalize the construction of pairs of dual wavelet
frames in [4, 12, 13] for the case r = 1 to the multiwavelet case with a general

dilation factor.

By (LQ(R))T we denote the set of all 7 x 1 column vectors of functions
in Ly(R). Given a matrix A, we denote AT the transpose of A and A* the

transpose of the complex conjugate of A.

By generalizing the results in [4, 12, 13], we have the following theorem.

Theorem 1.6. Let ¢ and $ be two r x 1 d-refinable function vectors in
(Lo(R))" with dilation factor d and finitely supported masks a and b, respec-
tively. Suppose that there are r X r matrices ©,al,...,al,b',...,b" of 27-

periodic trigonometric polynomials such that

(1323)  FOOOO) =1  a(0)'B0)3(0) = O30,
(1.3.24) d(0)(0) = b*(0)p(0) =0  Ve=1,...,L
24
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and

a©r - a1 [0
(1.3.25) R S B LAC v
(§+ 2;<|d| 1)) (§+ 2;<|d| 1)) _ _bL:(g)_
where
O(¢) — a(§)"0(d)b(¢)
(1326) M) —a(é+ %}*@(dﬁ)b(f)
| o+ 22 ed)n(e)
Define r x 1 wavelet function vectors ¥, ... W= @, ... WL as follows

(1327)  9Y(de) = *(©)(E) and PHdE) = (©)BE),  ¢=1,...,L

Then {4, ..., %"} and {Jl, e ,JL} generate a pair of dual d-wavelet frames

Proof: Note that (1.3.24) implies that $!(0) = - - = £(0) = ¢1(0) = - - =
TZ;L(O) = 0. Since both ¢ and & are compactly supported d-refinable functions
in (L, (R))T with finitely supported matrix masks, by [21, Theorem 2.3|, there

exists a positive constant C such that

>y [, 8E0s i) B+ 1 PP CIFIR Y f € La(R)

{=1 m=1 jeZ keZ

where o7, := |dY/*)£ (& - —k) and ¢f, denotes the m-th entry in the column

vector ¥’

By slightly modifying the original proof in [12] (the first version) for the

scalar case, we generalize the proof in [12] to the multiwavelet case.

Note that for £ =1,..., L, we have
PLL(E) = d| 9/ Pem T EGH g,
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By the Plancherel theorem and the Parseval identity, we have

Y ¥ (P 9)

keZ

_Z ldP /Zf (@ (& + 2ma)) (€ + 2ma)*e*ede x

kGZ o€l

| S a@e=2m8)) e + 2m)e e

BeL

|dl /Zf (& §+27ra))@[)5(§+27ra)

a€cZ

(1.3.28) > 9@ (€ +21p)) (€ + 2mB)de

BeZ

|d| /Zf dJ §+2ﬂa))z/)e(§+2ﬂ'a) g(d’ )ZZ\IZ(O d¢
aEZ
ld|—1

M’/ZZf &’ §+27rm+d27rk))¢(£+37rm+2 k) X

m=0 kcZ

af(“im) 7@ ¥ (3)3(5)

B LSy T ()3

where
(1.3.29) h(E) = F(d(E + 2nk)) (€ + 2mk)*.
keZ

Note that (1.3.25) can be rewritten as follows:

L

> al(€)"H(€) = O(8) — a(§)"O(dE)b(¢)
and
>a(e+ 27‘"7"””)7%(5) (s 3—?—) OdEIb(E), m=1,---,|d —1.
26
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Therefore, we have

f NZ
’ Jk Jk’
=1 keZ

s Y zh<§+2”m>;f;af<“3m>*bf<§>a<§>ds
2 580 () [o(5)(5) oien(3)] 5 -

o [a@e Z r(E)a () e (5)9(5) a
_ld 'J/R s@an(5)7 (§>d§—

| IJ jdl—1

A 5 S o

m=0

|d|]+1

o | TEGheyie) de-

|d[-1

|d |J/ (@9 Zh(§+37rm) (€+3ﬂm>*lﬁ(£)d§

o~

where ﬁ(«f) = 0(£)p(€).

Using a similar argument as in (1.3.28), we deduce that

Z(f ¢Jk> (k> 9)

keZ

|| / @E) S F(d(& +2mk)) B(& -+ 2mk) (€) de
keZ

=|§7|?/§(d15 I3 Flae +2mk)a (S +d27rk)*a(§ +d27rk)*ﬁ(£) d¢

k€Z

d|—1

|7|:/ ) sz(dj+1<§+3wm+2 k))

m=0 keZ

¢(§+37rm+2 k) (£+§ﬁm)*zﬁ(§)d§

L [ (e ) T
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and

Z(f, ¢j+1,k)T<77j+1,k7 9)

keZ
j+1 - -~ ~ =
- /Rﬁ(dﬁl&) > F@*HE +2mk)) §(€ + 2mk) 7€) dE

27
keZ

|dlj+1

o | T@TEm e de

where the function A(¢) is defined in (1.3.29). Hence

L r
Z Z Z(fa wfn;j,k> <’(Zﬁ1;j,k7 g>

£=1 m=1 keZ
T T
= Z Z(f, Grmsjt 1) (Mmsjt 1,65 9) — Z Z(f, D) Mrmsjer 9)
m=1 keZ m=1 k€Z

for all f,g € La(R).

Note that for all f € Ly(R),
Jim 30 {1 i)+ s ] = 0.
m=1 keZ

By (1.3.23), it is well known (see [14]) that 37 1 >, 7 (f, Pmsj k) Mmsje gOeS tO

f in the Ly norm as j goes to co. Therefore,
L r N
Z Z Z <fa wfn;j,k><wf;z;j,ka g> = (f) g>
=1 m=1j,keZ

which completes the proof. [ ]

~ ~

From the above proof, we see that the condition a(0)*©(0)¢(0) = ©(0)¢(0)
in Theorem 1.6 can be replaced by b(0)*6(0)*$(0) = ©(0)*¢(0). Moreover, as
been pointed out by Chui and Stockler ([7]) later, the condition

in (1.3.23) is a direct conclusion of (1.3.24) and (1.3.25).
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Theorem 1.6 can be easily generalized to the multidimensional spaces
by the same argument as in the proof of Theorem 1.6. The only little dif-
ference can be fixed by the following argument. Let M be an s X s inte-
ger matrix such that all its eigenvalues are greater than one in modulus.
Suppose that ¢ = (¢1,...,¢,)7 € (LQ(RS))T is compactly supported and
$(MT§) = a({)gg(f) for some r X r matrix a(§) of 27-periodic trigonometric
polynomials. Then it was proved in Han [21] that there exists o > 0 such that
Joo (L + €128 (€) |2 d€ < 00 and (1 + [|€]))%Gm € Lo for all m = 1,...,7.
Moreover, by Han [21], we know that for any ¢ = (i1, ..., %, )T which is defined
by ?:/)\(M Te) = b(g)cz(f) for some r x r matrix b(€) of 27-periodic trigonomet-
ric polynomials, if [, ¥m(t)dt = 0 for all m = 1,...,r, then there exists a
positive constant C such that 37 _; 3=z keze [(f, Ymiin) [* < O £1? for all
f € Ly(R®), where ;1. == |det M |7/%,, (M7 - —k).

1.3.2 Existence and construction of pairs of dual wavelet

frames with high vanishing moments

As mentioned in Section 1.1, the order of vanishing moments is a very impor-
tant property for wavelet frames. In this subsection, I shall demonstrate that
from any two d-refinable function vectors in (Ly(R))", by Theorem 1.6, one
can obtain a pair of dual d-wavelet frames with the highest possible orders
of vanishing moments. Also, I shall apply Theorem 1.6 with the particular
choice L = d. Given any two matrix masks a and b, in order to derive dual
d-wavelet frames by Theorem 1.6 with L = d, we need construct matrices
©,al,...,a% b, ..., b% of 27-periodic trigonometric polynomials such that all
the conditions in Theorem 1.6 are satisfied and all the corresponding wavelet
functions ¥, ..., ¥4 ¢!, ..., 1? defined in (1.3.27) have the highest possible

orders of vanishing moments.

The following lemma generalizes a result in [12] which plays an important

role in constructing pairs of dual d-wavelet frames from any two d-refinable
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function vectors.

Lemma 1.4. Let d be a dilation factor. Let A(§) and B(§) be two 2m-periodic
trigonometric polynomials such that A(0) = B(0) = 1. Then for any positive

integer n, there exists a 2mw-periodic trigonometric polynomial 8(§) such that
(1.3.30) 0(0) =1, (1—e™)" [ [0(E)A() — 0(dE)B(E)].

Moreover, when A and B have real coefficients, then so does 6.

Proof: We define coefficients ¢; by ¢ :== 1 and

1 N . .
%= B ) (k) [AU78(0) — d*BU(0)]ck, jEN.
k=0

Obviously, there is a 2w-periodic trigonometric polynomial 8(§) such that
09 (0) = ¢; for all j = 0,...,n — 1. By the Leibniz differentiation formula, it
is easy to verify that (1.3.30) holds for such a 6. |

We now demonstrate that one can construct a pair of dual d-wavelet frames
having certain vanishing moments derived from any two d-refinable function
vectors. For simplicity of presentation, in the rest of this chapter, we assume
that the dilation factor d > 1 and for any mask a, we assume that 1 is a simple

eigenvalue of a(0) and d*(k € N) are not eigenvalues of a(0).

Theorem 1.7. Let ¢ and ¢~5 be two r X 1 d-refinable function wvectors in
(LQ(R))T with dilation factor d and finitely supported masks a and b, respec-
tively. Suppose that a and b satisfy the sum rules of orders m and n with
respect to the lattice dZ for some positive integers m and n, respectively. Then
there are v X T matrices ©,al,...,a%,bl,...,b% of 2m-periodic trigonometric
polynomials such that all the conditions in Theorem 1.6 are satisfied. Conse-
quently, {1, ..., v%} and {4, ..., %"}, which are defined in (1.3.27) for the
special case L = d, generate a pair of dual d-wavelet frames in Lo(R). More-
over, {¢},..., %%} has vanishing moments of order n and {1;1, . ,17;‘1} has

vanishing moments of order m.
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Proof: Since a and b satisfy the sum rules of orders m and n respectively, by

Lemma 1.1 and Theorem 1.2, without loss of generality, we can assume that

a1,1(8) al,g(ﬂ and b(E) = [bm(s) bl,g(f)}
a2,1(§)  a2,2(¢) b2,1(§) b22(6)

where ag2(§) and bg () are (r — 1) X (r — 1) matrices of 2m-periodic trigono-

a(§) =

metric polynomials such that a1, @19, @21, as2, b1,1, b12, b2 and by o satisty
a1,1(0) = b,1(0) =1 and

(1.3.31)

1+ e ) fa(€), - ™) ap(€), (1—e*)"|az(6),

(T e @) ba(€), (L= e )" [bia(€), (L= 7)™ | baa(§).

Since a1,1(0) = b1,1(0) = 1, by Lemma 1.4, there exists a 2r-periodic trigono-
metric polynomial §(§) such that

(1332)  6(0)=1 and (1— ™™™ | [0() — ars(@B(E)bra(E)]
Now we choose ©(¢) = diag(6(£),0,...,0). (In fact, in the following proof,

one can choose © := diag(f, x) where * denotes some (r — 1) x (r — 1) matrix
of 2m-periodic trigonometric polynomials.) Let M(£) be defined in (1.3.26).
Define

(1.3.33) M(¢) := [diag(D(g)*, ., D(E+2n(d - 1)/d)*)] —"M(g)D(g)*’",
where D(£) := diag((1 — e7%),1,...,1). We now demonstrate that M(E) is

an rd x r matrix of 27-periodic trigonometric polynomials. From (1.3.33), by

calculation, we have

4,(¢)]
M (E) = Mz:(f)
Ma(8)]

[D(E)"] " [©(€) — a(€)*O(de)b(e)| D(E) ™™
-[DE+5)T™" (f+2") O(d&)b(€)D(E)™™

—[D(g+ =™ (s+2“<d D) ©(de)b(€) D(E) ™™
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Since ©(¢) = diag(6(¢),0,...,0), by calculation, we have

(1.3.34)
2] a1 (€+ 2—;’1)b1,1(€) a1 (€ + 2—21)171,2(5)]
— d&Yb(€) = 8(d _ . .
a(e+22) e(de)b(e) = ode) { (€425 br(e) anale 4 20)'ha(e)

Note that D(§) = diag((l — e“’f),lr_l). For any j = 1,...,d — 1, it follows
from (1.3.31) and (1.3.34) that
(133&
2
i@ = - [D(e+ 22)] "a(e+ 222) e(aeypie) D) ™
)

3 [(1 — e+ ] [ (£+ 229) (dg)b(g)] (1—e %)™ IT_J

-1

Ir—l

[(1 ) (1 ei<£+2m'/d>)]m+"* (l—ei(§+2ﬂj/d))m+n

(1 ezd{) (1_e—id£)n
(1 e—i&)m+n * * A

(1 eid{)m(l_e—-idg)n (l_eidﬁ)m(l_e—idf)n -1
= 6(d¢) !

where * denotes some matrix of 27-periodic trigonometric polynomials. Ob-

serve that
(1 _ eidﬁ)m(l — e—idf)n . 1)meidné eig(l - eid{) e
[(1 _ e—ig)(l _ ei(5+27rj/d))]m+n - (_ ) € (1 _ ei&)(]_ _ ei(5+21rj/d))

is a 27-periodic trigonometric polynomial since (1 — e*)(1 — !¢+2m3/d)) | (1 —
e) for all j = 1,...,d—1. We conclude that ]\’Zj(f),j = 2,...,d are matrices

of 2m-periodic trigonometric polynomials.

Similarly, by (1.3.31) and (1.3.34), we have
(1.3.36)
Mi(€) = [D(€)"] " [0(¢) — a(¢)*O(de)b(&)] D() ™

[ _— 615 -n —_ e—l£ -m
|0 M@(&)—a(é)*@(dﬁ)b(@] {(1 ) , }
r—1

L Ir~l

i 6(§)—a 9(d&)b _eld€ym (1 _e—idéyn
[ tommuena  ametmaoe g g,
- _eidEym (] _o—idéyn

_(1 (1—)e—z(él)m+n ) 6(d)« 6(d&)x*

By (13.32), (1 — €€)"(1 — ¢€)™ | [6(6) — a11(€)0(d€)by,(€)]. Therefore,

M, (€) is a matrix of 2m-periodic trigonometric polynomials. In conclusion,
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M (€) is an rd x r matrix of 2m-periodic trigonometric polynomials. Define
FY&) = -0 ¢ =1,...,d and

(1.3.37) )
F(&)* F2(¢) e Fi(g)
b | FETE PerEr o sy
P e ) (e ) e 4 2y
Denote
1 i€ . ei(d-1)¢
1 gilE+2m/d) e i(d=1)(¢+2m/d)
(1.3.38) Eo(£) =
| & (e+om(@-1)/d) Gid—1) (g+2m(d-1)/d)

It is well known that Eo(€)Eo(€)* = dI;. Observe that E(€) = Fo(€)®I,, where
® denotes the right Kronecker product. Consequently, we have E(§)E(€)* =
dl,q and E(€) is invertible. Define the r x r matrices F1(¢),..., F4(¢) of

2m-periodic trigonometric polynomials by

F'(¢) N B
(1.3.39) | =B TIM(E) = dTE(€)"M(¢),
F(¢)
since E(§)E(¢)* =dI,4. Now for £ =1,...,d, define

a’(€) = FX(¢)diag((1 — e ™)™, 1...,1),

(1.3.40) N ,
b(€) = FY(¢)diag((1 — e™)™ 1...,1).

Due to (1.3.31), we must have $(0) = $(0) = [1,0,...,0]T. It can be eas-
ily verified that all the conditions in Theorem 1.6 are satisfied. In fact, by
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calculation, we have

G (Y ae ] [oe)]

al(€+ &))" A€+ - aE+ ) b*(€)

ol (6+2E0)" a2(e+ 2EA)T L gd(e 4 )T bh(e)|
_ e

=_diag(D(g)*,...,D(§+27r(d—1)/d)*)_ E@© | : | DEm
Fe(€)

= |diag(D()", .., D(¢ + 2r(d — 1/)") | B&) B M(©)D(e)"
_ idiag (D), D(e +2n(d - 1)/d)")] "M(£)D(e)™
= M(&).

So (1.3.25) holds. Define the wavelet function vectors v, ... ,v,/)d,v:lzvl, e ,Jd
as in (1.3.27). Then by Theorem 1.6, {#*,..., %"} and {¢", ..., 9"} generate
a pair of dual d-wavelet frames in Ly(R). By Corollary 1.2, it follows from
(1.3.31) and (1.3.40) that {¢!,..., 1} has vanishing moments of order n and

{4, ..., 9%} has vanishing moments of order m. n

A stronger version of Theorem 1.7 will be presented in Theorem 1.9 in
Section 1.3.4, where we shall give a more general construction of pairs of dual

d-wavelet frames derived from any two d-refinable function vectors.

1.3.3 Construction of pairs of symmetric dual wavelet
frames from two symmetric refinable function vec-

tors

Symmetry is a very important property of wavelet frames. Given two symmet-
ric d-refinable function vectors, it is of interest to construct pairs of symmetric
dual d-wavelet frames. In this subsection, we discuss how to obtain pairs of

real-valued and symmetric dual d-wavelet frames when ¢ and 5 are real-valued
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and symmetric d-refinable functions.

Suppose that both ¢ and 5 are real-valued d-refinable function vectors in
Ly(R). Then their associating mask a and b must be real-valued as well.
Let ©,a',...,a", b',...,b" be matrices of 2n-periodic trigonometric poly-
nomials such that all the conditions in Theorem 1.6 are satisfied. When
all the coefficients in ©,al,...,a" are real-valued, define sequences Bt by
Bt := Re(bl),k € Z, where Re(b%) denotes the real part of the complex ma-
trix b%. Then it is easy to check that all the conditions in Theorem 1.6 still
hold with b° being replaced by . Consequently, define 9%(d¢) = a*(€)p(¢) and
7E(de) = b4E)d(€) for £ =1,...,L. Then o, ..., ¥, n', ..., 0" are real-valued
wavelet function vectors. By Theorem 1.6, {#!,...,%"} and {n},...,n%} gen-

erate a pair of dual d-wavelet frames in Lo(R).

In the following, we show that when ¢ and 5 are real-valued and sym-
metric d-refinable function vectors such that the symmetry centers of all the
components in ¢ and 5 differ by half integers, then we can derive pairs of

real-valued and symmetric dual d-wavelet frames.

The following lemma plays a very important role in constructing real-
valued and symmetric dual d-wavelet frames from real-valued and symmetric

d-refinable function vectors.

Lemma 1.5. Let d be a positive dilation factor and k be any integer. When
k is odd, define

. . o d+1

f[d y(€) = = i [62(3—%)£ + e—l(y-%)&]’ Sapi =1, j=1,..., L—; |,
+L_+“J i i(j—4 —ifi=1 . d

f[zi,k] 2 (6) =€ 2 [6 (J 2)6_6 ('7 2)6], Sd,’ﬁ]""l_%] = —1, J = 1,...,I_§J.

When k is even, define

Pl = V[ 0 51, G L§J 1

i+ 241 ke iy d+1
f{dk] (&) :=e""7 [e i€ _ JE], Sd,k;j+LgJ+1 =-1, j= L—J -1,
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where |-] is the floor function. Define a d x d matriz fiqx(€) as follows

(1341) )
fan(© fan© e f['fi,k] 3
Fan(€) = f[fi,k](f + %) f[?z,k](f +3 fffi,k](f + )
| fl €+ 21(?1‘:“1')‘) fow €+ 2”“2’1’) e f[flz,k] €+ ?#)J

Then det[fiqx(0)] # 0 and f[{i’k] (€),7=1,...,d are 2w-periodic trigonometric

polynomials such that

(1.3.42) Flg(€) = Sapye™ fl4(©),  i=1,....d.

Proof: By definition, it is easy to see that f[’(‘j " (€),7=1,...,d are 2m-periodic
trigonometric polynomials and (1.3.42) holds.

Consider four cases: k is even or odd and d is even or odd. After perform-
ing several elementary matrix transforms on fiq(0), by a direct computation,
it is not difficult to verify that the matrix fj4x(0) becomes the matrix Fy(0),
where the matrix Eo(§) is defined in (1.3.38). Since it is well known that
Ey(0)Ep(0)* = dI4, we conclude that det[fjqx(0)] # 0. =

As in [12], for any nonnegative integer N, we can even construct 27-
periodic trigonometric polynomials f[]d kpJ =1,...,d such that det [fia,k(0)] #
0, (1.3.42) holds and [f}, 4()]¥(0) =0 forall j =2,...,d and £=0,...,2N.

A similar result to Lemma 1.5 has been used in the construction of sym-

metric/antisymmetric semi-orthogonal d-band wavelets in Sun [47].

Now we can derive pairs of real-valued and symmetric dual d-wavelet

frames from real-valued and symmetric d-refinable function vectors as follow.

Theorem 1.8. Let ¢ = (¢1,...,¢,)T and QNS = (51, . .,$T)T be two r x 1 d-
refinable function vectors in (LQ(R))T with finitely supported masks a and b,
respectively. Suppose that a and b satisfy the sum rules of orders m and n

with respect to the lattice dZ for some positive integers m and n, respectively.
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Assume that the masks a and b are real-valued and symmetric; that is, a(€) =

a(—=£€),b(&) = b(—=¢), and

(1.343) (@) = S(d€)a(&)S(E) and B(E) = §(de)b(£)T(6)™!
with
(1.3.44)

S(€) = diag(e1S, ... 6,¢?) and S(€) = diag(E1€™S, . .. 5 et),

where €1,...,6r,€1,...,6r € {—1,1} and the numbers cy,... ¢, ¢1,...,C Sat-

18fy
(1.3.45) dcj —cp € Z, dc; — ¢ € Z, jk=1,....,r and ¢ —c €Z.

(In other words, the conditions in (1.3.43) and (1.3.45) are equivalent to say-
ing that all the symmetry centers of ¢1,..., ¢y, 51, e ,qu differ by half inte-
gers.) Then we can derive real-valued and symmetric wavelet function vectors
W Lt as in (1.3.27) such that {4, ..., ¢4} and {¥',..., 9%}
generate a pair of dual d-wavelet frames in Lo(R). Moreover, {4*,...,v?} has
vanishing moments of order n and {{ﬁvl, e ,Jd} has vanishing moments of or-
der m. In fact, each component in all the wavelet function vectors ¥, ... 1%

7:[;1, oo ,{/;d 18 either symmetric or antisymmetric about the same point.

Proof: By Theorem 1.5, without loss of generality, we can assume that
(1.3.31) holds. Since d¢; —¢; € Z for all j = 1,...,r, we can define r x r

matrices

Fj (g) = dla’g (f[{i,dcl—cl—-n] (5)’ f[ii,dcl—-czl (5)7 ) f[{i,dcl—cr] (6))7 -7 = 1? v 7d7

where f[{i,k](f)(lc € Z) are defined in Lemma 1.5. By Lemma 1.5, F?(£),j =

1,...,d are r x r matrices of 2n-periodic trigonometric polynomials with real
coeflicients. By (1.3.42), it can be easily verified that for j = 1,...,d,
(1.3.46)

Fi(€) = FI(—€), FI(£) = e 1S, Fi(8)S(€)diag((—1) €™, 1,. .., 1)
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where
(1.3.47) S; = diag(e1(—1)"Sadei—c; —nyj» E25dder—casjs - - - » ErSdyder—crij)

with the numbers S;r; € {—1,1} being defined in Lemma 1.5. Let E(§) be
defined in (1.3.37). By Lemma 1.5, we observe that

|det E(0)] = |det[f1u,der—er—n] (0)]] X |det[fla,der o) (O)]] - - - [d€t fiader e, (0)]] # O,

where the matrices fizx)(€)(k € Z) are defined in (1.3.41).

Since det B (¢ + %)= (—1)@-Vrdet B(€), it follows that e~#@-V/2det E(§)

is a 2m-periodic trigonometric polynomial by

e—i(€+2ﬂ)(d—1)r/2detE( &+ 2”) = g~#(d=1)r/ 2cletE(§>.
d d
Let

f(€) = lem(det B(€), e " D"/2det E(¢/d)) and  g(€) = |f(§)I7,

where lem stands for least common multiple. (We can also choose g(§) :=

lem(f(€), f(€)) such that g(&) = g(¢).) Then g(€) is a 27-periodic trigonomet-
ric polynomial such that
(1.3.48)

detE(E) | 9(€), detE(£) | g(df) and detE(S) | g(£), detE(£) | g(ds).

Since detE(0) # 0, we have g(0) # 0. Without loss of generality, we can
assume g(0) = 1. Since a11(0) = b;1(0) = g(0) = 1, by Lemma 1.4, there

exists a 2m-periodic trigonometric polynomial 8, such that

(1.349) 6:1(0) =1, (1—e™)™™ | [61(€)g(€) — 01(d€)ar1(€)b1,1(€)g(de)].

Define
0(¢) = [g(£)61(€) + e 7%g()6:(8)] /2.
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Clearly, 0(0) = 1 and (1 — e=%)™ | [0(€) — 0(d€)ay 1(€)b11(€)] since

6(¢) — 6(d€)ar1(€)br1(€)

= [01(£)g(&) — 01(§)a1,1(§)b1,1(§)g(dE)]/2

+ 5 o0 41(€)g(€) — 0a(dE) TV e a1 (€)br1 (€)9 06|
)
(

2
= [61(£)g() - 91(5)(11 1(€)b11(£)g(d€)]/2

— 01(d€)ars (€)b11 () 9(de)|

1 .~
+ e @ [le

v

where we used the fact that

a11(§) = ei(d_l)clgal,l(g) and b11(€) = e 1A%, 1 (9).

By (1.3.48), det E(€) | 6(€) and detE(€) | (de).

Let ©(¢) = diag(#(¢),0,...,0). Since S(£)~! = S(&£) and 6(¢) is a 2n-
periodic trigonometric polynomial with real coefficients satisfying that 6(¢) =

e!G1=eég(¢) it is easy to verify that

(1.3.50) 6(6)=6(-¢) and O = S5(&)'B()S(E).

Let M(£) be defined in (1.3.26) and M(f) be defined in (1.3.33). Denote

M (€) meE|
P | =M(@E)  and | = M(9).
My(€) My(€)
Then
Mi(§) = O(§) — a(£)"O(d£)b(E)
and

M;(€) = —a <§ + 25(—2‘—”) Odew(E), j=2,....d.

Clearly, M;(&),j = 1,...,d are matrices of 2m-periodic trigonometric poly-

nomials with real coefficients. Since (1.3.45) implies ¢; — ¢y € Z for all
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j=1,...,r, we deduce that S(d¢ + 2rk) = 2™ S(d¢) for all k € Z. By
(1.3.43) and (1.3.50), for j = 2,...,d, we have

M;(§) = —a(§ +2m(j — 1)/d)*O(d€)b(€)
—S(&+2n(j — 1)/d) " a(€ + 2n(j — 1)/d)" S(d€ + 2n(j — 1)) S(d€)
©(d€)S(dé)b(8)
—S(& +2n(j — 1)/d) " a(€ + 2n(j — 1)/d)" "0~V S(de) S (dE)
6(d8) b(§)S(¢)
= —e 0D G(E + 2m(j — 1)/d) *a(€ + 27 (j — 1)/d)*O(d€)b()S(€)
= e 0N G(¢ + 2 (j — 1)/d) " M;(€)S(€)

and

= 5(£)7'0(8)S(8) — S(&)7"a(€)"S(d&)S (dg) "B (d€) S (dE)b(€)
= 5(&)7'0(8)S(¢) - S(&)™'a(¢)"6(d?) b(O)S(¢)
— 5(¢)™ [0(&) — ale) 0N | 5(¢)
= S(&)™"Mi(8)S(¢)
Therefore, for every j =1,...,d, we have
(1.3.51)

M;(€) = M;(=€) and  M;(€) = 0I5 (€ + 2n(j — 1)/d) " M;(€) S(6)-

Since ©(¢) = diag(6(£),0,...,0), as in the proof of Theorem 1.7, for j =
1,...,d — 1, it follows from (1.3.35) that J\Z(&),j = 2,...,d are matrices
of 2m-periodic trigonometric polynomials and 6(d¢) | ]\A/.fg(ﬁ) Consequently,
detE(§) | A’Z(ﬁ) for all j =2,...,d since detE(§) | 8(d€). Similarly, it follows
from (1.3.36) that ]\Z(ﬁ ) is a matrix of 27-periodic trigonometric polynomial.
By (1.3.48) and (1.3.49), it follows from detE(0Q) # 0 that

(1—e)"(1 - e™*)"detE(8) | [6(€) — a1,1(€)0(dE)b1,1(€)].
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Hence, by detE(€) | (d€) and (1.3.36), we have detE(€) | Mi(€). In conclu-

sion, M (€) is a matrix of 27-periodic trigonometric polynomials and
det E() | M(¢).

Define

Fi(¢) N N
(1.3.52) | = EE)7TM(E) = [adjE(§)][det E(€)] T M (€)
F4(g)
where adjE(£) is the adjacent matrix of E(£) such that E(§)adjE(§) = I X
[det E(€)]. Since detE(€) | M(€), we have that F1(€),..., F%(¢) are matri-
d

ces of 2m-periodic trigonometric polynomials. Define the matrices a!,...,a%,

bl,...,b% as in (1.3.40). It follows from (1.3.40) and (1.3.46) that

(1.3.53) af(§) = a’(—€) and ab(€) = e7185,at(€)S(€), j=1,...,d,

where S; is defined in (1.3.47). Now as in the proof of Theorem 1.7, it is easy to
check that ©,a!,...,a,b',. .., b¢satisfy all the conditions in Theorem 1.6. By
the remark before Lemma 1.5, we can assume that b%, £ = 1,...,d are matrices

of 27-periodic trigonometric polynomials with real coefficients (otherwise, we
can replace b*(€) by [b4(€) + bt(=£)]/2).

Define b*(€) := [b(€) + e~ =€ 5,62(€)5(€)]/2. By the definition of &, it is
easy to verify that

=

(1.3.54) b4E) =b'(—€) and bBY(E) = e Sht(6)S(€), £=1,...,d.

We now demonstrate that ©, al, ..., a?, b', ..., b? also satisfy (1.3.25).
Since (1.3.25) holds for ©, a?, ..., a4, b, ..., b?%, we have

d
> af (€ +2mi/d) b (E) = Mja(6),  j=0,...,d— 1.

=1

By (1.3.51), (1.3.53), (1.3.54) and the above identity, for 7 =0,...,d — 1, we
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have

d

Y af (e +2mj/d)BH(E) = Mya(€)/2+ Y a'(€ +2mj/d) e " E S (E)S(€) /2
= M;1(€)/2+

d

Z eidc1(£+2—si)s(§ + a%j)—lal(é' -+ @)TSge_idCIESebf(g)g(g)/2
=1

d
. d -
Myia(€)/2+5(6 + Z0) S at(e + Zywt(6)3(6) 2
=1

Mj1(8)/2 + € S (€ + 2mj/d) " M1 (€)S(€) /2
M;1()

It

~

where we used the fact that SyS; = I,. Therefore, (1.3.25) holds for ©,al, ...,
ad .. bl

Define §(d€) := a'(€)3(€) and $#(dg) = P()9(€) for £ = 1,....,d. By
Lemma 1.3, it follows from (1.3.53) and (1.3.54) that for ¢ =1,...,d,

U(E) = §(=€), PHE) = S (€), BH(E) = PH(—€), YH(E) = S (€).
So all the wavelet functions in 9!, ..., 9% ¢!, ... 4 are real-valued functions
and are either symmetric or antisymmetric about the point ¢;/2. By The-
orem 1.6, {¥!,...,¢%} and {¢!,...,9%} generate a pair of dual d-wavelet
frames in Ly(R). Moreover, {1!,...,%%} has vanishing moments of order n

and {Jl, . ,Jd} has vanishing moments of order m. [ |

In order to assure that S(d¢)a(€)S(€)~* and S(d€)b(€)S(€)! in (1.3.43)
are matrices of 27-periodic trigonometric polynomials, it is natural and almost
necessary to require that dc; —cx € Z and dc; — ¢, € Zfor all j,k=1,...,r.
The extra condition ¢; —¢; € Zin (1.3.45) is automatically satisfied when d = 2
(since ¢;,¢; € Z) and is needed to guarantee the existence of a symmetric 6
in (1.3.49). In other words, the condition in (1.3.45) seems necessary in order
to obtain pairs of symmetric dual d-wavelet frames derived from symmetric

d-refinable function vectors. By the remark after Lemma 1.5, as in Daubechies
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and Han [12], we see that in both Theorems 1.7 and 1.8, for any nonnegative
integer N, we can even require that %!, {¢?,...,¢%}, ¥ and {¢?,..., 9%}

have vanishing moments of orders n,n + 2N, m + 2N and m, respectively.

1.3.4 Wavelet frames from any refinable function vector

In this subsection, let us discuss how to derive wavelet frames from a single

refinable function vector.

The following generalizes [12, Corollary 3.2] on d-wavelet frames to the

multiwavelet case.

Theorem 1.9. Let ¢ be anr x 1 d-refinable function vector in (Ly(R))" with
a finitely supported mask a. Suppose that a satisfies the sum rules of order
m with respect to the lattice dZ. For any positive integer n, let Uy(&) be an
rxr invertible matrix of 2w-periodic trigonometric polynomials in Theorem 1.2
such that U, (d€)a(&)U,(€)™! takes the form of (1.2.15). For any nonnegative
integer mg such that 0 < mgy < m, define matrices of 2m-periodic trigonometric

polynomials a*(¢), £=1,...,d by
a(€) = F(¢)diag((1—e™*)™(1—e7)"™,1,..., 1)Un(€),  €=1, - ,d,

where F,...,F% are some v X v matrices of 2m-periodic trigonometric poly-
nomials such that detE(0) # 0, where the matriz E(§) is defined in (1.3.37).
Then {¥*, ... 1%}, which are defined in (1.3.27), generates a d-wavelet frame
in Ly(R) and has vanishing moments of order n. Moreover, for any d-refinable
function vector ¢ in (Ly(R))" whose mask satisfies the sum rules of order
n, there are matrices b'(€),...,b%(€) of 2m-periodic trigonometric polynomi-
als such that {', ... ¢4}, which are defined in (1.3.27), and {¢!,..., 4"}

generate a pair of dual d-wavelet frames in Lo(R).

Proof: By observation, it suffices to prove the claim for the case U, (§) = I,..

Let ¢ be any d-refinable function vector in (L2(R))" with a finitely supported
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mask b such that b satisfies the sum rules of order n and by Theorem 1.2 we
assume that (1.3.31) holds. For example, take ¢ = (51,0, ...,0)T and b1 is
a scalar d-refinable function in Ly(R) whose mask satisfies the sum rules of
order n. So such a d-refinable function vector 5 exists and in fact we can take

qgl to be the B-spline function of order n.

Since detE(¢ + 27/d) = (—1)@Vrdet E(€), it follows that e #(d-1r/2 x
detFE (g) is a 27-periodic trigonometric polynomial. Let f(£) := lem(detE(€),
e~®-Dr/2det B(€/d)) and g(£) = f()(1 + e7® + - + €7@ 1DE)™  Then
g(€) is a 2m-periodic trigonometric polynomial such that detE(§) | g(€) and
detE(¢) | g(dg).

By assumption det E(0) # 0, so f(0) # 0 and therefore, g(0) # 0. Without
loss of generality, we can assume g(0) = 1. Since a;:(0) = b1 1(0) = ¢g(0) =1,
by Lemma 1.4, there exists a 2m-periodic trigonometric polynomial 6; such
that (1.3.49) holds. Take 6(§) = g(£)0:(¢) and O(¢) = diag(f(£),0,...,0).
Let M be defined in (1.3.26). Denote D(£) := diag(l — e %,1,...,1) and
G(€) = diag((1 — e)mo="(1 — &%)=m0 1,...,1). Define M(€) by

M(€) := diag(G(€), G(E + 2n/d), ..., G(E + 2m(d — 1)/d)) M(£) D(£) ™™,

By (1.3.34) and detE(0) # 0, as in the proof of Theorem 1.7, one can verify
that M (&) is an rd X r matrix of 27-periodic trigonometric polynomials and
detE(€) | M(€) since det E(€) | 6(€) and detE(€) | 6(d€). Define F*, ..., F¥ as
in (1.3.52). Then F'(¢),..., F4(€) are matrices of 2r-periodic trigonometric
polynomials. Let b := F*(€)D(¢)™ ™ for £ = 1,...,d. Then all the condi-
tions in Theorem 1.6 are satisfied and therefore, {1',...,%} and {¢!,..., ¥},

which are defined in (1.3.27), generate a pair of dual d-wavelet frames. ]

Finally, using the same technique as in the proof of Theorem 1.9, we have

the following result which generalizes [12, Corollary 3.3].

Corollary 1.6. Let ¢ be an r x 1 d-refinable function vector in (Ly(R))"
with a finitely supported mask a which satisfies the sum rules of order m with

respect to the lattice dZ. Let U(£) be an r x r invertible matrix of 27-periodic
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trigonometric polynomials in Theorem 1.2 such that U(d¢)a(€)U(£)~! takes
the form of (1.2.15) with n = 1. Let p(€) be an r x r matrix of 2m-periodic

trigonometric polynomials such that
1) detP(¢) £ 0 and P(0)¢(0) = 0;
2) limeoel (1 — e ®)"U(0)P(&) ™ =0forall j=2,...,7;

3) limg_ork/a el U(0)a(§)P(E) ' =0forall k=1,...,d—1

where e; denotes the jth unit coordinate vector in R". Define a function

vector ¥ by J({) = P(f)a(é). Then {v} generates a d-wavelet frame in

Ly(R). Moreover, there exist compactly supported function vectors 1;1, . ,Jd
with arbitrary smoothness such that {¢(d-),¥(d- —1),...,¢(d- —d+1)} and
{1,942, ... ¢} generate a pair of dual d-wavelet frames.

Proof: It suffices to prove the claim for the case U(€) = I,. Let f1(§) =
detP(€) and write f1(€) = f2(¢) z;é(l — e UE+2mk/d))™ guch that ny, k =
0,...,d — 1 are nonnegative integers and f5(£) is a 2n-periodic trigonometric
polynomial satisfying fo(27k/d) #0forallk =0,...,d—1. Let n =n;+-- -+
ng and define f(£) = fo(€) (1 +e % + .. 4+ e i@ DE)" [T fo(¥278). Clearly,
f(0) # 0 and therefore,v we can define g(&) = f(£)/f(0).

Let ¢ = (51, 0,...,0)T with mask b(¢) = diag((1+e“i5+~ C e @18 g,
cee 0), where 51 is the B-spline function of order n. Let 6 be a 27-periodic
trigonometric polynomial such that (1.3.49) holds and ©(¢) = diag(6(£)g(£), 0,
...,0). Define a®(§) = e~ " V¢P(¢) for £ = 1,...,d. Define M in (1.3.26) and
let

—

M(€) = diag((P()")™!, (P(E+2n/d)") ™", (P(€ +2n(d — 1)/d)*) ) M(€).

As in the proof of Theorem 1.7, by our assumption on P(§), M must be a
matrix of 27-periodic trigonometric polynomials with the first column of M (0)
being zeros. Let b',. .. 5% be the solution of (1.3.25). Then b%(¢),£=1,...,d
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must be matrices of 27-periodic trigonometric polynomials such that the first
column of b¥(0) is zero for all £ = 1,...,d. The rest of the claim can be proved

similarly as in the proof of Theorem 1.7 and [12, Corollary 3.3]. |

1.4 Examples of pairs of symmetric dual wave-

let frames

I shall present a few examples of dual wavelet frames to illustrate the general
procedure for constructing pairs of real-valued symmetric dual wavelet frames
from real-valued symmetric refinable function vectors. The general procedure
described in the proofs in Section 1.3 can be easily applied in practice. For
simplicity, throughout this section, the dilation factor d = 2, the multiplicity

r = 2 and we always denote z := e~ %, £ € R.

Example 1.1. Let us recall the mask of the well known piecewise Hermite

cubics ¢ (it was discussed in Section 1.2) is given by

(1.4.55) ae) = | EETETEOMA B8
(—e® +e7%)/16 (—e +4—e7%)/16
The refinable function vector ¢ is known as a Hermite interpolant with a Her-
mite interpolatory mask a. For a general construction of Hermite interpolatory
masks with multiplicity r and a general dilation factor d, see Han [20]. In Sec-
tion 1.2, we already mentioned that a satisfies the sum rules of order 4 with a
row vector y(€) = [1,6%/3+1/2 — e % + e~%£ /6]. Let ¢ = ¢ and b = a. Take
m = n = 2. By computation as in Theorem 1.2, let
U(E) (22 +2724+58) f(z—z7")
LSz —271) 1

Then U(2€)a(€)U(£)~?! takes the form of (1.2.15) with m = n = 2. Define

1 —(z—=1/2)/2 .
(z—1/2)/2 0
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Define a!, a2, b*, b% by

b |0 1/z=2 L) 1/2—2/4—-1/(4z) 0
)= lo 2—z—1/z ] -+ 6): [ 2/10—-1/(102) -3 ] ’
and
. 1 | p(§) p2(§) 2 1 | ps(§) pe(§)
b = — , b = — ,
(§) 256 {p:i(f) p4(§) } ) 128 [P7(f) Ps(f) }
where
p1(€) = =89(23 + 273) — 64(2% 4 27%) +209(z + 1/2) — 112,
p2(&) = 105(2° — 27%) — 228(2% — 272) + 141(2 — 1/2),
p3(€) = —94(2 — 27%) — 68(2% — 272) + 418(2 — 1/2),
pa(€) = 111(2° + 27°) — 240(2% + 27%) — 111(2z + 1/2) + 480,
ps(€) = 4(2° +27%) — 36(2 + 1/2) + 64,
pe(€) = —4(2° — 27%) +16(2* — 272) — 20(z — 1/2),
pr(€) = =30(2% — 273) — 20(2% — 272) 4+ 130(z — 1/2),
pe(€) = 35(2% + 273) — 80(2* + 272) — 35(2 + 1/z) + 160.

By a direct computation, one can verify that O, a!, a2, b, b? satisfy all
the conditions in Theorem 1.6 with both the masks a and b in Theorem 1.6
being the mask in (1.4.55). Define function vectors %!, ¢2%, ¢!, ¥? as in
(1.3.27). Then {¢!,v?} and {7:[;1, @p} generate a pair of dual 2-wavelet frames.
P!, 92, ¢, 4% are real-valued and symmetric, and all of them have vanishing

moments of order 2. For their graphs, see Figure 1.2.

Example 1.2. Let us use the same mask a and refinable function vector ¢
as in the previous example. Take 5 =¢and b = a. Let m = n = 4. By

computation as in Theorem 1.2, let

u1,1(€) w1 2(§) ]

U :=
= | 21 2
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Figure 1.2: Generators for the pair of dual 2-wavelet frames in Example 1.1:
(a) ¥ (b) 12 (c) ¥ (d) 2. All the components in the wavelet function vectors
P, 2, {bvl, {/)VQ are either symmetric or antisymmetric about the origin and have

vanishing moments of order 2.

where
ug1(€) = 5130 [5(2* +27%) — 92(2° + 27°) + 416(2* + z72)] +
Ti% [92(z + 271) + 14278],
usa(8) = — 5 [(2% = #7%) = 8z — 7],
021 (6) = ~ e [5(27 = %) — 52( ~ 271)].

Then a(¢) := U(28)a(€)U(€)~! takes the form of (1.2.15) with m = n = 4.
Define ©(&) to be the following matrix

— L (35(2 + 271) — 232) (z—27h
—m = ) (120 4+ 27 4+ 1345(2 4 27) 4 9536)
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Define a!, b', a?, V? as

pi(€) = — 50736 [83(2° +27°) — 560(2* + 27%) + 2333(z + 27') — 3712],

pa(§) == — 69% [19(2% — 27%) 4+ 484(2* — 272) — 3125(2 — 271)],
1

Ps(§) =g5rmos [96(2° — 27°) +2005(2° — 27%) — 11536(2° — 27%)] +

e |
535700 [+23437(2 — 271)],

pa(§) == — 75%@ [32(2° + 27°) — 128(2* + 27%) — 229(2% + 27%)] -

1
——[-10492(2% + 27%) + 42057(z + 2~ ') + 6120],

75264
ps(€) = — 5 517 5 [96(2° + 27°) + 3541(2° + 27%) — 11536(2% + 27%)] -
22517 % [17867(2 + 27 1) — 19936],
pe(&) = [32(2° — 27%) — 128(2* — 27%) + 283(2% — 27)]+
=56l [—12540(2% — 27%) + 39563(z — 27 1)],
pr(€) = — 5801608 [108(z° — 27°) — 2815(2° — 27%)] -
5 016 o [11032(2% — 272) — 45029(z — z71)],
pe(€) = 93530 [36(2° + 27°) — 144(2* + 27%) + 53(2° + 27%) ]+

[10964(2* + 272) — 80939(z + z~!) — 168640].

193536

By a direct computation, one can verify that ©, a!, a2, b', b? satisfy all
the conditions in Theorem 1.6 with both the masks a¢ and b in Theorem 1.6

being the mask in (1.4.55). Define function vectors ¥!, ¥, ¢!, ¥? as in
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Figure 1.3: Generators for the pair of dual 2-wavelet frames in Example 1.2:
(a) ¥ (b) 92 (c) %' (d) Y. All the components in the wavelet function vectors

YL, 92, 1, ? are (anti)symmetric and have vanishing moments of order 4.

(1.3.27). Then {¢*, 4?2} and {¢', 92} generate a pair of dual 2-wavelet frames.
W1, %2, t, ? are real-valued and symmetric, and all of them have vanishing

moments of order 4. For their graphs, see Figure 1.3.
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Chapter 2

Tight multiwavelet frames from

refinable function vectors

2.1 Introduction

In Chapter 1, we discussed how to construct pairs of dual multiwavelet frames
from refinable function vectors and the motivation of the construction. As
a special kind of multiwavelet frames, tight multiwavelet frames are a gen-
eralization of orthogonal multiwavelet bases. It can carry an “orthogonal”
property which is very interesting in some cases. In this chapter, I shall ap-
ply the results in Chapter 1 to the tight multiwavelet frame case and prove
the existence of tight multiwavelet frames with the highest possible vanishing
moments. It is proved in [4] and [6] the existence of tight multiwavelet frames
for the scalar case, i.e., the case r = 1, where r is the multiplicity. The work
of this chapter is to extend their result to the general multiwavelet case. Due

to the complexity of matrix operation, the extension is not trivial.

Before proceeding further, let us review some definitions. Define A2¥ to
be the adjoint matrix of a matrix A. Define T = R/27R. Denote P(T)™*" the

space of r X r matrices of 2m-periodic trigonometric polynomials, C°(T)"*"

o1
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the space of r X r matrices of 2n-periodic C*°-functions and C(T)"*" the space
of r X r matrices of 2r-periodic continuous functions. For any A € C(T)™",
we say A > 0 (or A > 0) if for all £ € T, A(§) > 0 which means A(§) is
positive definite (or A(£) > 0 which means A(€) is positive semi-definite). Let
¢ = (¢1,...,0,)7 € (L2(R))" be a refinable function vector and let a be the
matrix mask of ¢. The transition operator T, is very important in wavelet

theory. It is defined by

(2.1.1)
[d|—1
(T,F)(d¢) := Z a(€ + 275 /) F(€ + 2mj /d)a(€ + 2nj/d)* VF € C(T)™".

By the definition, we know that T, is well defined and T, maps C(T)™" and
P(T) ™" into C(T)™" and P(T)"*", respectively. A special eigenfunction of T,
is ®, the bracket product of ¢ and ¢. For f, g € (Lo(R))", define the bracket
product (see [33]) as

[£,9)(6) =Y _ f(€+2mj)g(€ +2mj)"  VEET.

JEZL
Since f,g € (La(R))", [f, 9] is an 7 x r matrix of functions in L;(T). Define
@:=3,9]

Then we can verify that ® is an eigenfunction of T; as follows.

[di—1
T.®(d€) = ) | a(§ +2mj/d)D( + 25 /d)a(é + 2mj /d)*

—0

Ll

-1

=3 Yo(e+ ?)5(5 + —2—21 +amk) (e + ? + 27rk)*a(§ + 2%)
=0 keZ
[d]~1

=" " (de + 2mj + 2ndk)p(de + 2mj + 2mdk)*
j=0 keZ

—®(df).

Thus we have T,® = ®.

92
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The remaining part of this chapter is as follows. In Section 2.2, I shall
build some auxiliary lemmas for matrix inequalities. Based on these lemmas,
combined with an interesting property of the transition operator T,, we can
prove the existence of tight multiwavelet frames with highest possible vanishing
moments. Although Section 2.2 just proved the existence of tight multiwavelet
frames, in Section 2.3, I shall show an example of tight multiwavelet frames

for the case r =2 and d = 2.

2.2 Existence of tight multiwavelet frames

First let us continue our discussion on ®.

Lemma 2.1. Let ¢ = (¢y,...,¢,)T € (LQ(R))T be a refinable function vector

with its matriz mask a. Define ® := [(Z, QS] It is evident that ®* = ®. Assume

the matriz mask a takes the canonical form (1.2.15) with n = m, then we have

(L= e )™ @)1y =8(€);  F=2...,7

and
(1 _ e—iﬁ)m | (I)adj(g)l,j — (I)adj(é'),

Moreover, if ® > 0, then we have
(1 - e—if)m | q)—l(g)l,j = q)—l(g)j,l, ] = 27 s T
and

(1=e)" | [271(6) — a(§)* @7 (dE)a(9)] -

Proof: By assumption, we have

(1—e ™)™ /(1 — e %)mx (1 — e )™

(2.2.2) a(€) = o ey, )

where * denotes some 1 x 1,1 X (r—1), (r—1)x1and (r—1) x (r — 1)

matrices of trigonometric polynomials. Since ¢ is refinable,
O(d) = a(€)(¢).
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Taking Oth, ..., (m —1)th derivatives at £ = 0 from both sides of the equation

above, since a(£) has the canonical form (2.2.2), we have

$0)=0, j=2,...,75£(=01,...,m—1

Notice that ¢, is a superfunction, we have for £ =0,1,...,m — 1,
> _Ki(z + k) = pela)
keZ
where pg, £=0,1,...,m — 1, is a polynomial with degree at most ¢. Notice
GIEDY [/451 (z + k)‘ﬁ_j(x)dx] e =) byye
keZ keZ

and for £ =0,...,. m-1,7=2,...,r,
> Wb = [ 3 o+ Bl (@)de

keZ keZ

- [ @ty (a)is

Thus for j =2,...,r,

(2.23) (1—e™)™ [ 2(E1, = B(E);,-
By the definition of adjoint matrices, (—l)j“flffi-j, j=2,...,r,is the determi-

nant of a sub-matrix of ®. Since the first row of this sub-matrix has a common

factor (1 — e™%)™, we have
(2.2.4) (1—e)™ [ 2*(€)y,; = @(¢), ;.

Moreover, if & > 0, then det®(£) > 0 for all £ € T. Therefore, det®(0) # 0.
By the matrix identity A=! = A*¥/detA and (2.2.4), for j = 2,...,r, we have

(2.2.5) (1 =)™ [ @71 (€)1 = 271(8);,

As we proved in Section 2.1, 7,9 = 9, i.e.,

|d|—1

O(de) = > a(¢ +2mj/d)B(€ + 2mj/d)a(§ + 2mj/d)".

§=0
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By (2.2.2), we have
(1—e %)™ | [a(€ + 275 /d)@(& + 275 /d)a(€ + 2rj/d) ], T=2.T
Therefore,
(€)1 = [a(§)@(€)a(8)*], ,+ O(IEP™) as € — 0.
Combining the equality above with (2.2.2) and (2.2.3), we have
@(d€)11 = |a(€)11*®(€)11 + O(IE[™™) as € — 0.

Hence
(2.26) (@(6)1.1) "= |a(€)1.1*(@(d€)11) "+ O(IE™™) as £ — 0.
By (2.2.3), (2.2.5) and ®(&)®~1(¢) = I,, we have

1= B()11271 (€)1, + O(€[*™) as € — 0.

Therefore,

(2.2.7) (©(€)11) " = D 1(€)11 + O(IE™) as £ — 0.
By (2.2.2), (2.2.6) and (2.2.7), we have
O (&)11 = (®(E), 1)_1+ o(l€)*™)
= |a(€)1,1]*(2(d€)11)~ 1+0(|§|2m)
)

= la(©)11* @7 (d)11 + O(€[™)
= [a(&) @7 (dE)a(€)], ,+ OlEP™) as € — 0.

Therefore
(1 =)™ | [71(¢) — a(§) @' (d€)a(9)], ,

Now let us consider the eigenvectors of T,. As we showed in Section 2.1,

1,9 = ®. Moreover, if the integer shifts of ¢ are stable, then the cascade
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algorithm associated with the mask a converges in Ly. Hence, we have that
T, has a simple eigenvalue 1 and all other eigenvalues of T, are less than 1 in
modulus (see [45]). Thus under the condition the integer shifts of ¢ are stable,
we have that @ is the unique 1-eigenfunction of 7, and for all £ € T, ®(§) > 0.

Define a as
. Ja-ei#mm o _1a (1—e €™ 0
R e R

Notice we assume that a takes the form (2.2.2), so @ is an 7 X r matrix of

trigonometric polynomials. Define a new operator T3 mapping C(T)"™" into

O('I[‘)rxr by
|d]—1
(2.2.8) Ty F(d€) := Z Q€ + 2jm [d)F (€ + 257 /d)a(€ + 25 /d)*.

Since @ is an r X r matrix of trigonometric polynomials, we denote Pz(T)™*"
a subspace containing all r X r matrices of trigonometric polynomials up to
a finite degree determined by a such that it is an invariant subspace of Tj
and p(T5) = p(Ts|p,(myr=r) (see [22]). Similarly, since a is an r X r matrix of
trigonometric polynomials, denote P,(T)"*" a subspace containing all r x r
matrices of trigonometric polynomials up to a finite degree determined by a
such that it is an invariant subspace of T, and p(T,) = p(Taolp,(myrxr). It is
obvious that
T:F = \F = T,F = \F

where F is derived from F by

(l—e®m 0|~ [1-e™®m™ 0
2.2.9) F(&) = F V. T.
(2.2.9) F(&) [ 0 Ly 3, 0 IT_J ¢e
Therefore, we have
(2.2.10) p(T5) < p(To).

Now we are in the position to prove the following Theorem.

o6
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Theorem 2.1. Let ¢ and a be defined as in Lemma 2.1. If ¢ has stable integer
shifts, then there exist a positive number p < 1 and some F € P(T)™" such
that F > 0 and T,F < pF where F is derived from F by (2.2.9).

Proof: Since T; is a linear operator acting on Pz(T)"™" which is a finite
dimensional space, by the definition of spectrum, we know that there exists

0 # G(€) € Pa(T)™" such that TsG = MG and || = p(Ts|pymy=-). Define

*

(1—ei)m &© [(pw‘é)m 0},

0 Ir—l

G(¢) = [ 0 I,

then it is evident to see that we have T,G = \¢G.

Since ®(0)1.1 3 |¢1(0)|2 # 0, ®(0);,; # 0 and G(0)1; = 0 by the definition
of G. Thus for all A € C, we have & # AG. Notice that ® is the unique
1-eigenfunction of T;, we have |X¢] = p(T5) # 1. Since ¢ has stable integer
shifts, T}, has a simple eigenvalue 1 and all other eigenvalues of T, are less than
1 in modulus (see [45]). By (2.2.10), we have p(T;) < 1. Combining the fact
that p(Ts) # 1, we have |Xo] = p(T3) < 1.

Choose p1 := [1 + p(T3)]/2. Then we have p(T5) < p1 < 1. Borrowing the
idea from the proof of [38, Theorem 3], since p(T5/p1) < 1, (Id — Ts/p1) ! is

a well defined operator acting on P3(T)™*" and
(Id—=Ts/p)™" = Id+Ta/pr + T3/t + -,

where Id denotes the identity operator. Define F = (Id — T5/p1) 1, then
F=1.+Tsl./p1+---. Thus F € P5(T)™" and F > 0. By the definition of
ﬁ, we have (Id — Ta/pl)ﬁ > 0. Therefore, T:F < plﬁ. Let F be derived from
F by (2.2.9), then we have T,F < p, F. n

Remark: Theorem 2.1 is inspired by [4, Lemma 5|. When I was trying to
generalize [4, Lemma 5|, I met some difficulty to apply Perron-Frobenius the-
ory. Later I realized that the conclusion of [4, Lemma 5] is somehow stronger
than its role in [4], i.e., we can use “T, < pF” instead of “T,F = pF”. That

is how Theorem 2.1 comes out.
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After Theorem 2.1, our next goal is to prove that there exist a positive

number € and some © € P(T)"*" such that for all £ € T,

1

(2(6) + eF(€) ' < O(8) < (2(€) +epF(€)) .

Let us prove the following lemmas first.

Lemma 2.2. If A, B € C(T)"™*" such that A* = A, B* = B and A < B. Then
there exists some P € P(T)™" such that A < P < B.

Proof: For every £ € T, suppose A\1(§), ..., A-(§) are all the eigenvalues of
(B — A)(¢) and we have A\ (&) = -+ = N (£). Thus B(§) — A(E) =2 A (&)1,
Since B(§) — A(€) > 0, we have

M) 2= M(E) > 0.

Hence we have, for all £ € T,

_ det(B) —A(€))  det(B(§) — A))
M) = A(€) -+ Ar-1(€) g [trace(B(£) — A(€))]

—1 > C1Ir-

where c; is a suitable positive constant number we choose to satisfy the above
inequality. Therefore, for all u € C", u*(B — A)u > cju*u. Then we can get a
trigonometric polynomial P, € P(T)"*" such that for 1 < 4,5 < r and for all
(e,

[Py = (A+ B)/2]3;(6)] < e1/(4r?).
Define P := (P, + P})/2, then we have P* = P and for all u € C7,

u*(P— Au=u*[(A+ B)/2 - Alu+u*[P, — (A+ B)/2]u/2

+u* [P} — (A+ B)*/2]u/2

> cqu'u/2 — equtu/4/2 — cyutu/4/2

= cu'u/4.

Thus P— A > a1, > 0. Similarly, we have B — P > <1, > 0. Thus
B < P < A. [ ]
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Lemma 2.3. If A,B € C®(T)™" such that A*=A, B*=B and B~ A =
P FPy, where P, € P(T)™™", detP; £ 0 and F € C(T)"™*", F > 0, then there
exists some P € P(T)™™" such that A< P < B.

Proof: For all £ € T, define py(§) := detP,(€). Since P, € P(T)™", and
detP; # 0, py is a non-zero 27-periodic trigonometric polynomial. Therefore,

|p1|? has finitely many roots in T. Suppose all the roots of |p;|? in T are
—T<LE <. <EnLT

with multiplicities oy, ..., ay, respectively. Then we have |p;|? = paps, where
po and p3 are two 27-periodic trigonometric polynomials such that pe(§) # 0
for all £ € T and

pa(€) = Ty (e7* — 7"k,
By the Lagrange Interpolation Theorem, for 1 < 4,7 < r, there exist unique

pi; € P(T)**! such that degp; ; < degps and
p(&) = A0E&), €=0,...,ak=1 k=1,...,N.

Define Ai; = [p1|2(Ai; = pis), Po i= [pighaijer and A = [Aijhcijor - Tt
is obvious that Py € P(T)™*" and A = Py + pAp?. Also, by the definition of
pi,; and the fact that A;; is a C*-function, it is evident to see that zzlvi,j =

1A —piy . : . o
Ds 1—"5—;”—'1 is a continuous function on T. Since A* = A and P, is uniquely

determined by A, we have P = Py and A* = A. By F >0, A € C(T)"™" and
Lemma 2.2, there exists some P, € P(T)"*" such that

Pladjg(Pladj)* <P < Pfde(Pladj)* +F

Let P:= Py + P1P2P1*. We have
P — A= P[P, — P}YA(PY) P > 0.
Similarly B— P > 0. Thus A < P < B. [

Recall & =

L |

gTs, g/g}, now we can prove the following proposition.
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Proposition 2.4. Suppose 0 < p < 1, & > 0, Fe c(T), F> 0, Fis
derived from F by (2.2.9), then there exist € > 0 and © € P(T)™" such that

(®+eF)™' <O (D +epF) .

Proof: For a constant r x r matrix A > 0, we have
T+A ' =T-A+A(T+A ' =1-A+AI+A)'A
Hence we have that for all A > 0,
(I+A)1>1- A
Also for a given positive number A, if A < Al,, we have
T+A)(I-A+XA) =T - A2+ XA+ M2 T+ AL — A) > 1.
Hence
(2.2.11) (I+A)TKT-A+ M when A < A,

Since ® > 0, we have ®; := ®/2 > 0. Thus we have
(@ +epF)™ = @I + ep@ PO 107
> @7 — ep@ FOTY 07! = 37! — ep® FO,
ie.,
(2.2.12) (@ +epF) ™t =071 — pd 1 FOL,

Choose € > 0 small enough such that eF' < (1 — p)®/2 since ® > cI, for some
positive number ¢. By inequality (2.2.11), choosing A = (1 — p)/2, similarly
to the proof of inequality (2.2.12), we have

(2.2.13) (@+eF) ' <O —¢(l +p)0 'FO /2.
Define
(2.2.14) Ap(€) := diag[(1 — %), 1,...,1]
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and
® = A7 AT

By ® > 0 we know that the determinant of d is positive. By Lemma 2.1 we
know that @ € C°°(T)™". By the definition of ®, we have

[ —epd PO - [@7 — (1 4+ p)d ' FD71/2]

=¢(1—p)@'FO/2

= (1 - p) AT (@A F (A ™) 87| (A5)" /2

= e(1 - p) AT[DFD)(AT)"/2.

(2.2.15)

It is obvious that ®F®* > 0. By Lemma 2.3, there exists some P € P(T)™*"
such that

(2.2.16) O —e(1+p) 0 ' FO 2K PL D! —¢pdtFOL,
Plus inequalities (2.2.12) and (2.2.13), we have

(®+eF) ' <P (®+epF)

Now we can prove the following proposition.

Proposition 2.5. Let ¢ and a be defined as in Theorem 2.1. If ¢ has stable
integer shifts, then there exists © € P(T)"™*" such that ©(0);; =1, © > 0 and

(2.2.17) o l-T, (0 >0
Proof: By Theorem 2.1, there exists some positive number p < 1 and F>0
such that T, F' < pF where F is defined as in (2.2.9). As we discussed before,

& satisties T,& = ® > 0. Hence by Proposition 2.4, there exist ¢ > 0 and some
P € P(T)™" such that

0<(®+eF) 'S PL(®+epF)™,
le.,
(2.2.18) O+ peF < P < ®+¢F.
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Let © := P > 0, then by inequality (2.2.18) we have ©(0);; = 1 and

O~ = T,(07Y) > (® + peF) — Ta(07) > (B + peF) — To(d + €F) > 0.

Now let us go through the following well-known lemmas.

Lemma 2.6. Suppose A is an m x n matriz and B is an n X m matriz. Then

we have
A'det(M\,,, — AB) = A"det(Al, — BA).
Proof: We have the following identities.

M, 0| [M,—AB A

I, A
B A,

and

In Al [M. -4l [AL. 0 |
B M, |0 I| |AB AM,-BA|

Taking the determinants of the matrices in the above two equations, we have
A'det(Al,, — AB) = \"det(\],, — BA).

Lemma 2.7. Let A be an m X n matriz and B be an n X m matriz. If

(AB)* = AB and (BA)* = BA, then we have

I, ~-AB>0<=1,-BA>0

Proof: Suppose I, — AB > 0. Then all the eigenvalues of (I, — AB) are

nonnegative. Hence

det[AL, — (I, — AB)] = [J(» -

J=1
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where for j = 1,...,m, A, is nonnegative. By Lemma 2.6, we have

(A — 1)™"det[A], — (I, — BA)] = (A — 1)™ "det[(\ — 1)I,, + BA)]
= det[(A — 1)I,, + AB] = ﬁ()\ —\).

j=1
Thus all the eigenvalues of (I, — BA) are nonnegative. Combining that
(BA)* = BA, we know that I, — BA > 0. Therefore, I,, — AB > 0 im-
plies I, — BA > 0. Similarly, I, — BA > 0 implies I,, — AB > 0. [

Finally, we are in the position to state our main theorem in this chapter:

Theorem 2.2. Let ¢ € (Ly(R))" be a refinable function vector. If the integer
shifts of ¢ are stable and the matriz mask a of ¢ satisfies sum rules of order m,
then there exists a tight multiwavelet frame derived from ¢ and it has vanishing

moments of order m.

Proof: By Theorem 1.2, we can assume that the matrix mask a takes the
canonical form (2.2.2). By Proposition 2.5, there exist © € P(T)"*" such that
@(0)1’1 = 1, © >0 and @_1 - Ta(@_l) > 0.

First we want to prove that M > 0, where M is defined by
M(E) = diag[0(€), (¢ + 2n/d), .., (¢ +2(|d| - 1) /d)] -
(2.2.19) [a(€),a(é +2m/d),...,a(¢ +2(|d| — 1)7/d)]" ©(d€) x
[a(€), a(¢ +2r/d),. .., a(€ +2(ld| - V)7/d)]  VEET.
By the fact © > 0 we have ©; := ©1/2 > 0. Therefore, by the definition of M
in (2.2.19), we have
M(¢) = diag[©1(€),01(€ + 2n/d), ..., 0:1(¢ + 2(|d| — D)7/d))]

(L — [01(d€)a(€)©1(£) ™", ©1(d€)a(é + 2 /d)O (€ + 2m/d) ™, . ..,
©1(d€)a(é + 2(|d| — 1)7/d)©1(€ + 2(|d] — D)7 /d)~]*x
[©1(d€)a(€)©1(€) ™", ©1(dE)a(é + 2n/d)O1 (€ + 27 /d) ", ...,
©1(d€)a(§ + 2(|d| — 1) /d)©1(€ + 2(|d| — 1)m/d)7Y])

diag[01(£), O1(€ + 27/d), . .., 01 (€ +2(|d| — V)7/d)].

63

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Hence,

M) >0
> Ligr — [01(d€)a(£)01(8) ™", ©1(d€)a(€ + 2r/d)O, (€ + 27 /d) 7,
O1(d€)a(€ +2(|d| — V) /d)©1 (€ +2(|d| — 1)m/d)~*]"x
[©1(d€)a(£)61(€) 7, ©1(d€)a(€ + 21/d)1 (€ + 27/d) !
©1(d)a(§ +2(|d| — Vr/d)©1(€ +2(|d| — )7/d) 7] > 0

By Lemma 2.7, for all £ € T, we have that

M) >0
= I, — [01(d€)a(€)©1(€) ™", ©1(d€)a(€ + 2m/d)6: (€ + 27 /d) !
©1(d€)a(§ +2(|d| — 1)m/d)O1(€ + 2(|d| — 1)mr/d) ™! x
[01(d€)a(€)©1(6) ™", ©1(d)a(¢ + 2r/d)©4 (€ + 2 /d) !
O1(d€)a(€ +2(d| — 1)r/d)B1(€ + 2(|d| — V) /d)~']"> 0.

By © = 6% = 910, we have
M(€) > 0 & I, — ©,(d6)T,(071)(d€)O1(d) > 0 & ©7(dE) > T,(071)(dE),

ie.,
M>20<0"1>T,(67).

Thus by inequality (2.2.17), we know M > 0.

Secondly, we want to prove that we can derive a tight wavelet frame from
the given ©. As a special case of Theorem 1.6, to derive a tight wavelet frame
from the given ©, we need to find 7 X r matrices a'(€),..., a’(€) of trigonometric
polynomials such that

- - - -

a'(§)" at (&) a'(¢)

(2.2.20) (€ + ) (¢ + ) U =M,

(§+ ' (- 1)) aL(€_|_2.7T(|ZI—1))*_ aL.(g)
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where
O(£) — a(§)*0(d§)a(§)

—a 21)*Q(d€)a
P N G0

o + H90) 6 (ag)a(e

Recall M is defined as

o)
M) - -

o(e +#5=2)
ofey o6y

<f) oy | 6

(§+ 27:T(Idl 1)) (§+ 27:r(ldl 1))

It is evident to see that (2.2.20) is equivalent to

=

(2.2.21) A(E)A(E) = M(8),

where

A(g) =
aL(€) aL(§+ (] 1>>
Define
1. e, s e=illd-Dé ]
I eiErm/dp L gmilld-)(Er2n/d)
E(£) =
I, eiEtamld-n/dp . g-illd-1)E+2n(d-1)/d)

To solve (2.2.21), using the polyphase decomposition, define
A(dg) = A€)E(©)

and
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By direct calculation, we can verify that
M(g) € P(T)1 41" s M(€) € P(T) 141
and
a (£),...,a"(€) € P(T)™" < A(£) € P(T)Lr>ldr,

It is evident to see that (2.2.21) is equivalent to

—

(2.2.22) A(&)TA(€) = M(9).

We are especially interested in the case L = |d|. In this case, A(¢) is a |d|r X
|d|r matrix. Since M(£) € P(T)Hrxldlr we know that M (&) € P(T)ldr=ldr,
Moreover, by M > 0, we have M > 0. Hence by the matrix-valued Fejér-Riesz
Lemma([18], [28], [41]), there exists A € P(T)4rxl4l" guch that A(€)*A(€) =
M (€). Therefore we can obtain trigonometric polynomial matrices a*(£), ...,
all(€) by the relation A(¢) = A(d¢)E(£)~. Moreover, by the choice of a!,
oy al¥ we know that a'(¢), ..., al¥(¢) are r x r matrices of trigonometric
polynomials and satisfy (2.2.20). Hence by Theorem 1.6 we can derive a tight
wavelet frame with generators {4, ..., ¥4} such that o', ..., !9 are r x 1

function vectors and
P(dg) = (€)p(€), F=1,...,1dl.

Finally we want to prove that 9!, ..., ¥!¥ all have vanishing moments of
order m. By Corollary 1.2, we only need to prove that
(1—e )™ | ()1, k=1,...,r;5=1,...,|d|,

where a’(£)1 denotes the (k, 1)-entry of a?(€). By (2.2.20), we have that

YD 1@ (Eral’ = [6(8) — a(§)"O(d)al®)]

ldl 7
7=1 k=1

= [®7(€) + AT (OGO AT(E)" — a(€) @7 (d€)a(€)
— a(€)" AR (d€)G(de) AT (d€)"a(8)] |
= [®71(¢) — a(€)* @7 (d€)a(§)], , + O(I€[*™) as € — 0.

66

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



By Lemma 2.1, we have
(1 -8 | [ — a()' @7 (dE)ale)] .

Hence
T

=

|’ (€)k1* = O(IE*™) as € — 0.

1 k=1

[
i

Therefore,

~5

Id]
DN 1 (E)ra/Em P < +oo as € — 0.

j=1 k=1

Noticing the fact that the summation of nonnegative numbers is still nonneg-

ative, we have
a7 (e /M < +ooas € =0,  k=1,...,rji=1,...,[d

Thus,
(1—e7 )™ | a? (€)1, k=1,...,mj5=1,...,[d|

Hence 1!, ..., ¥4 all have vanishing moments of order m. |

2.3 Example

Example 2.1. Let us recall the mask of the well known piecewise Hermite

cubics ¢ (it was discussed in Section 1.2) which is given by

(e +2+e%)/4  3(e —e%)/8 }

(2.3.23) a(§) := [ (—e€ 4+ %) /16 (—e +4 — 7€) /16

In Section 1.2, we already proved that a satisfies the sum rules of order 4 with

a row vector y(§) = [1,€%/3 +1/2 — e7% + e72%/6]. Take m = n = 1. Define
U(&) := Iy. Then U(28)a(€)U(E)~! takes the form of (1.2.15) with m = n = 1.

Define
1 0
0(§) = ,
€ [o 15+9\/'2']
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Figure 2.1: Generators for the tight 2-wavelet frame in Example 2.1: (a) 9!
(b) 2. All the components in the wavelet function vectors v!,? are either

symmetric or antisymmetric about the origin and have vanishing moments of

order 1.
and
) 4 (2 et — )4 3e-i — )8
| (220 4 16V3) (¢ — ¢) /784 (20 + 11~ + 116€)/112 |
2(E) = d 0 (3V6 + 4/3)(e7* — €**) /8
T (6 5VA) (et — e€)/196  3(2 — e — ei€) /28
where

dy := diag {1, \/105+63\/§‘ and d, := diag {1, \/70+42\/§i .

Define function vectors ' and 1?2 by
P1(26) = al (©)B(€), V(2€) == a*(€)(¢).

By a direct computation based on Theorem 1.6, one can verify that {1!, %}
generates a tight 2-wavelet frame. Moreover, function vectors 1!, ? are real-
valued and symmetric, and all of them have vanishing moments of order 1.

For their graphs, see Figure 2.1.
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Chapter 3

Tight wavelet frames with three
symmetric generators having

high vanishing moments

3.1 Introduction

In Chapters 1 and 2, we discussed how to construct multiwavelet frames from
refinable function vectors and the existence of a tight multiwavelet frame de-
rived from any given refinable function vector with stable shifts. These two
chapters generalize the corresponding result in the classical wavelet theory, i.e.,
the case of multiplicity » = 1. However, even in the classical wavelet theory,
some interesting questions have not been answered yet. In classical wavelet
theory, tight wavelet frames generated by symmetric functions are very inter-
esting. A question that had not been answered is: for a given positive integer
n, can we find a tight wavelet frame with some symmetric generators hav-
ing vanishing moments n and the generators belong to C"~2? By numerical
computation, it was verified in [13] (also in [4]) that the answer to the above

question is positive for n = 1,...,6. In this chapter, we are going to dis-
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cuss how to construct a family of tight wavelet frames with three symmetric
generators having arbitrary smoothness and arbitrary vanishing moments. As
discussed before, in many applications, symmetry and orthogonality are highly
desirable properties. Since Daubechies proved that there does not exist smooth
compactly supported symmetric orthogonal wavelet, we have to loosen some
conditions. One way is to construct tight wavelet frames with some smooth
symmetric generators. Then we have a choice on how many generators we are
going to pick. In practice, it is highly desirable to use few generators. By
Daubechies’ proof, we know that using one generator is not possible and it is
easy to see that using four generators is trivial. So the question will naturally
be restricted to use two or three generators to construct wavelet frames. Using
two generators is very difficult, we will discuss it in the next chapter. So it is
suitable to discuss the case of three generators constructing wavelet frames in
this chapter. After that, the next choice is how we can choose the refinable
function to derive frame generators. One natural choice is to use B-splines.
Let us recall that a B-spline of order n is defined by the following inductive
way: By := Xxpo,1) and B, := By * B,,,_; form = 2,3,.... Here “+” denotes the

standard convolution. In this chapter, we will prove the following main result.

Theorem 3.1. Let m be a positive integer and let B,, denote the B-spline
function of order m. Then there exist three finitely supported sequences b', b%, b3
on Z, which can be easily constructed by a simple procedure, such that by
defining

W' =) W (k)Bn(2-—k), £=1,2,3,

keZ
one has

(1) {1, 4?3} generates a tight wavelet frame in Ly(R) and has the vanish-

ing moments of order m;

(2) 1, 4?43 are real-valued, symmetric and compactly supported functions
such that Y1 (1—m—t) = (=1)™p1(t), v2(m—t) = ¥2(t), and Y3 (m—t) =
—p3(t) for allt € R.
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The rest of this chapter is organized by the following way. In Section 3.2, 1
shall prove an interesting inequality. Based on this inequality, in Section 3.3, I
shall present a simple step by step procedure to construct the sequences b', b?
and b® in Theorem 3.1. All the results in this chapter have been summarized
in the paper [24] which has been published in Proceedings of the American
Mathematical Society.

3.2 Auxiliary inequalities

In order to prove Theorem 3.1, let us introduce some auxiliary inequalities in

this section.

Let us recall the following inequality. Fora > 0,¢ > 0,5 > 0, d > 0, it
is very easy to prove that if 7 > 2, then we have 7 > ZTJ’; > 7. Repeat the
above inequality n times, we have the following lemma.

Lemma 3.1. Ifa; 2 0 and b; > 0 for all j = 1,...,n such that %} > %3 >

= =, then

ap _ 01+ ag a+ag+---+ap
—_ 2= =2 .
by 7 bit+by T T bytbyte by

For any positive integer m, throughout this chapter, we define ¢y = 1 and

(25 — D 1 1 ,
(32.1) T M@+ 2+l g ( 2k>’ 7eN,

where 0!! := 1, I!! :=1 and n!! := (n — 2)!t x n for n =2, 3, .... Note that

R

So we have

(3.2.3) 2&: ¢j =m/2.

The following estimate will be needed later.
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Lemma 3.2. Let ¢y := 1 and ¢;(j € N) be defined in (3.2.1). For any positive
integer m, for z € [0,1], define

fm(z) := 4m(1 + z)*™ Z Ciam(l — 22)7.

7=0

Then for m > 2, f. is an increasing function on the interval [0,1] and for

m = 3, we have

2moo m
(324)  4m(l+z) z;cﬁm —2) 2 v Ve elod]
J:

Proof: By equality (3.2.3), it is evident that f,, is a continuous function on
the interval [0, 1]. For z € (0, 1), by the definition of f,,, we have

fr(z) = 8m2(1—|—x)2m_120j+m(1—9: ) —8mz(1+1z)? Z]CJ""" (1—z?

=0

Consequently, for z € (0, 1),

fm(@) 1/96 N _
8ma(l + z)2m - — 2 Z cim(l =) — Z]cﬂm(l -y
=0

Denote y := 1 — 2%, Then

lr=1/\/1—y=(1—-y) 2=1+ i(Zj +Dejy?, z€(0,1).

Therefore, for z € (0,1), we have

f/ ((IJ) oo o0 oo
W Z 2 +3)¢ity ”Z cy—i—my Z j+1) C]+m+1y
320 Jj=0 j=0
= ng,jcj+m+1yj,
=0

where y = 1 — 22 and the numbers g,, ; are defined by

+m—k

J
(3.25)  Gm, m22k+3ck1 —(j+1), jeNu{o}.
k=0

Cj+m+1
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In the following several pages, we want to estimate g, ;, 7 € NU {0} to
prove that g,,; are all positive numbers. By ¢¢ := 1 and the definition of the

numbers ¢; (j € N) in (3.2.1), we have

(326) (2 43)cpy Trmmh M ¥ImES -1/
Cromer 2+ 2m =2k TR (- 1/(26)

Note that for any nonnegative integer k, we have

k+1 k+1 Ic+1
[I1-1/o)= ;H[1—1/ 20)] \/1——\/ 2(_1

£=1 =2
1 ’ﬁl —1 1
2,5V ¢ 2vk +1

and for 0 < k< j

jH+m+1 J+m+1 1
I o-venls T1 4 syt s

f=j+m—k+1 Z—J+m k+1

L 01 2 v om =2k +1
Vo V2]t 2m 13

It follows from (3.2.6) and the above two inequalities that

(2k + 3)cx 10j+m—]c > 2+2m+3 ! Vi mts
iime - 25 +2m—2k+1 2k +1 2j F2m— 2k + 1

1 (j+m +3/2)%?
T VELIGAmt 12—k
Hence,
d c
Im,; + (J =m Z (2k + 3)Cpqq 22N
k=0 Cjtm+1
1

+m + 3/2)%/?
m(y /2) ;zwwr 1(j +m+1/2 — k)3/2

j+1
1

mij +m+3/2) 3/222\/'( +m+3/2— k)32
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Let t,;, = \/(k+1)(j+m+ S—k)and 2, = \/k[j+m+§— (k+1)).

It is evident to see that ¢}, . >t?, = and moreover, we have

7,km
VE+1 B vk
Vitm+5/2—(k+1) j+m+5/2—k
bk — tmjik

B Vitm+3/2—k\/j+m+5/2—k
(k+1D)(G+m+5/2—k) —k[j +m+5/2—(k+1)]
VI +m 32— kG +m+5/2—k(th, 5+ th i)

_ j+m-+5/2
Vi+m+3/2—k\/j+m+5/2—k(t] +t2 ;)

j+m+5/2
S 2Vk(j +m+3/2 - k)¥2
We deduce that

9m,j =+ (.7 + 1)
i+ m+3/2)¥2 - VETI - VE |
j+m+5/2 =0\ jem+5/2—(k+1) j+tm+5/2—k

_m+m+3/2% 72 V1

[

j+tm+5/2 ' m+i2 \/j+m+3/2]
m(j +m+3/2°?
 j+m+5/2

G+2)G+m+3/2)—(m+1/2)
Vm+1/2¢/5+m+3/2[\/(G+2)(G+m+3/2) +/m+1/2]
—(+1) m(j +m+3/2) '
V(m+1/2)(G +2)(j + m+3/2) + (m +1/2)

By computation, for m > 2 and j > 0, we have

[m(j +m+3/2) —m—1/2 — (m+1/2)(j + 2)(j + m + 3/2)
=[m(m — 1) = 1/2]5% + [m(2m? — 5) — 7/4]j + m(m + 1)(m? — 4)
+5m(m —1)/4 + (3m —5)/4 > 0.

Consequently, for all m > 2 and j > 0, we have

m(j +m+3/2) > /(m+1/2)(j +2)(j + m + 3/2) + (m + 1/2).
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Hence, g i+ (j+1) > j+1forall m > 2 and j > 0. That is
9m,j >0 VYm > 2andj > 0

which implies f;,(z) > 0 for all z € (0,1) and m > 2.

So, for m > 2, f,, is an increasing function on the interval [0, 1] and

fm = fm(0). Note that 1 — 1/(2k) = (2k — 1)/(2k) > /(k—1)/k for all
k € N. We deduce that

J 11’
1I£[11—1/2k) J+1§kH=2 (k—1)/k
1 Sl 1

2027 + 1)V~ 27 25 +1

for all j € N. When m > 4, by inequality (3.2.7), we have

(3.2.7)

_4chJ 4mz 2\/_ 2\/5_.;_1):2@

>4>n/(1- 21/2—4) > /(1 -2V ™),

Note that ¢g = 1, ¢; = 1/6 and ¢; = 3/40. When m = 3, by (3.2.3), we

have

f3(0) =12y " ¢; = 12(m/2 — co — &1 — &) = 6w — 149/10 > /(1 — 2'/>7?)

j=3
which completes the proof. [ ]

Now the main result in this section, which plays a critical role in our proof

of Theorem 3.1, is as follows:

Theorem 3.2. For any positive integer m,

(3.2.8) V¢ ER,

1 27 £ 1
E"_L_ ¢ sin®? ) =

m01 3 _ 22(0082m§- Sm2m§)2
> j—o Cjsin & 2 2

where co == 1 and the numbers c;(j € N) are defined in (3.2.1).
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Proof: It is easy to see that in order to show the inequality (3.2.8), it suffices
to prove it for £ € [0,7/2] since sin? 5% = cos? § > sin® § for all € € [0,7/2].

Let z = cos(§). By Lemma 3.2, for m > 3, we have the followmg estimate
(3.2.9) 4m<2 cos —) Zc,+m sin¥ ¢ > 21/2 — V¢ el0,m/2].

Define

) = gc,. sin2j-§ and  B(E) = Sing(/;z) — A®).

By (3.2.2), B(§) = X2, ¢ sin% % It follows from (3.2.9) that for £ € [0, 7/2],

[o o] o0
28) = Z cj sin¥ ¢ = sin?™ ¢ Z Cjtm sin¥ ¢
j=m =0

1 sin®™(£/2

sin™™(§/2) €\2™ ey
T im coszm(f/Q) 4m(20082 5) ;;CﬂmSHP&
)

x . 1 sin®™(¢/2
2 2m cos2m(/)

1 — 21/2-m
1 . sin®™(£/2)
§ ) 2m  cos?™(£/2)

Z = 1 1>
sing 1- [Acos2(€/2)]™ * cos(€/2)

Z

where we use the fact that cos(¢/2) > 27%/2 for all £ € [0, 7/2]. Observe that
(1 +:c)2‘17% —1< 3= forallz > 0 and m € N. It follows that

(1+sin2m(§/2)>z~%_1<_1_.w §e0,m/2].

cos?™(£/2) = 2m cos?™(£/2)
Since A(2¢) + B(2£) = ﬁ,ﬁ € [0,7/2], from the above two inequalities, we
have
(1 N sin?’”(é/2)>51"7 1
B(2¢) B(2) o7 (€/2)

1 1
cos®™ (£/2)  [4cos?(€/2)]™  cos(€/2)

A2)+B) & T (1 b i) o

(cos2m(£/2) + sin2m(§/2)) o — cos(£/2)

((cos(¢/2) +sin>™(6/2)) ™ ~ rrmmberae

76

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The above inequality is equivalent to

COS%‘Azf(ngg | 2(1/2)m P
(3.2.10) 1( s (B()%)[ cos" @/ (cosgm(f/Z) +sin2m(§/2)> :
T ARO+B(E)

Since 2cos(€/2) > 1 for all £ € [0,7/2] and

gsm¥§ 1 1 gusin¥T i
c;cos¥ & B 23 = 5+2 T . cos2i+2 ¢’ §€[0,7/2],
J (2 CcoSs g—) (2 COS %) j+1
by Lemma 3.1, we have
2 € . 9m
BE) _ Litm¢sin? g sin’ L ¢e0,7/2).

B(2§) Y2,.¢sin¥ € S sin?me [4 0082(5/2)]"“

Hence, B(¢) < MC—(fQ((%E%)]—m for all £ € [0,7/2] and

A©) _ [A®+BE]-BE _ A€ +BO)l - goaghe
A(2€) ~ TAQRE) + B6)] -~ B(26) © [A(2€) + B(2)] - B(2¢)

A©+BE) B(g) 1
_ ARETB(E ~ ARH+TBE) | Wl (ER)"
- 1— B(2¢)
AQE+BRE)
¢ B(2€) 1
_ COS3 ™ ARE+BEE) | [Teosk (€2
= 1_ _ B9
AQ6)+B(2E)

since A(§)+B(¢) = % for £ € [—m, x]. It follows from the above inequality

and (3.2.10) that for £ € [0,7/2],

£ B(2¢) 1 1

A cos 3 — " TToos ™ ) P

(£) 5 %3 A<2£)+B(;&()2£) GRS ( cos™ (£ /2) + sin™ (¢ /2))2 .
A(2¢) 1 — 3% __
AQ2E)+B(Z)

Therefore, (3.2.8) holds when m > 3. It is evident that (3.2.8) holds for
m = 1. In the following, let us check the case m = 2. Let 2 = sin?(¢/2). Then
sin? ¢ = 4x(1 — ). When m = 2, to prove (3.2.8), it suffices to prove

142

(3.2.11) T

>[1-2z(1—2)]Y*  Vzelo1]

(s
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By computation, for € [0, 1], we have

1+ 221 — o)][1 - 20(1 - 2)/4 < [1+ %x(l _ o)L - in(l )]

3
2 1 1
=1+ (é— - 5)3:(1 —z)— -?;arz(l —)?
1 1
<1+6:c(1—x)<1+8x
which verifies inequality (3.2.11). Therefore, the proof is completed. |

3.3 Construction of tight wavelet frames with

three symmetric generators

In this section, using the auxiliary inequalities in Section 3.2, we shall prove
Theorem 3.1. In particular, we shall give a step by step procedure for con-

structing the sequences b', 4%, b3 in Theorem 3.1.

Proof of Theorem 8.1: Let B,, be the B-spline function of order m and let
a(§) := (li%——f> . Then it is known that By,,(26) = a(&)Bm(£). Let ¢o := 1
and c;(j € N) be the numbers which are defined in (3.2.1). The numbers d,y, ;

are uniquely determined by the following identity

m—1 o0
(3.3.12) < Z cjxj) = Z Ay 577
=0 =0

Clearly, dpmo = [co]™ = 1 and d,,; = 0 for all j > m(m — 1). Define two

2m-periodic trigonometric polynomials 8; and € as follows:

(3313) 0(6) =14 2 drysi¥§ and  6(9) = BOF = (O

Jj=1

. i sin?(& J-1 sin2(§ J
Since Sn2(E/2) _ 4cos21(£/2) < % for £ € [0,7/2], we have (ﬁ%) = (—-2(-2—))

sin? £ sin

for all j € N and for all £ € [0,7/2]. By Lemma 3.1, for £ € [0, 7/2], we have

06) _ T g S08) | T g s ) 50

01(26) ;':01 A jsin¥ & = Z;T‘:(S”_l) Ay 5 SIN% € Z;‘T:ol c;sin¥ ¢
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By Theorem 3.2, for ¢ € [0,7/2], we have

2> (B (e

=V/1a(é)]? + la(¢ +m)P2.

In other words, 8(£)—60(2¢)(Ja(§)|2+|a(+m)|?) = 0 for all £ € [0,7/2]. By the
definition of 6, we have §(—¢) = 6(£) and 0(¢) < 6(rw — &) for all £ € [0,7/2].

Consequently, we have

(3.3.14) 0(6) — 0(26)(Ja(©)* + la(§ +m)[*) 20 V&€ [-m,7],

which is the same conclusion in [13, Proposition 3.5] with different 6 here.
Inspired by the “wavelet mask construction” in [13] (at page 21), by the Fejer-

Riesz lemma, there exists a 2n-periodic trigonometric polynomial 6, such that

(3.3.15) 162(8)1* = 8(¢) — 6(26)(|a()[* + la(€ +m)]?).
Now define
(€)= alE T me0r(26) = (15 e (26),
) — 1+e%\m —
(3.3.16) B2(¢) := a(€)[02(2€) + 0,(26)]/2 = ( 5 ) [62(2€) + 62(26)]/2,
1+e %\m

B(€) 1= a(€)[62(26) - B,20)]/2 = ( )" 102(26) - Ba(28))/2

It is evident that b',b?,b% are real-valued finitely supported sequences on Z
such that
(3.3.17)

bL(E) = (~1)"eEBNE),  BR(E) = e™BR(E),  B3(E) = —e ™ ().

Let

(3.3.18) O(8) = 0(25)(a(§)[* + |a(€ +m)|*).
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Note that |05(€) +02(6)[2 +162(€) — 02(€)> = 4/02(€)|>. By calculation, we have

=[a(&)[*0(2€) + [a(¢ + ) *|61(26)1” + |a (&) *|62(2¢) I*

=1a(&)I*0(4€)(1a(2)* + la(2¢ +)|*) + la(€ + m)[*0(2€)
+[a()*(6(2¢) — 6(48)(a(26)|* + [a(2€ + 7))

=0(26)(la(€)|* + la(& + )I*)

=6(¢)

|a(§)[*0(2¢) + b (§)* + [b*(E)I* + [6°(€)I”
(

and

a(§)a(€ + m)O(26) + b (E)b(E +m) + b (E)B2(E + ) + b ()b (€ + )

=a(€)a(€ + m)0(2€) — a(€)a(€ +m)[01(26) | + a(€)a(€ + m)[02(2€)
=a(§)a(é + ) [O(2€) — 0(28) — (0(2€) — 0(4€)([a(2€))” + |a(2€ + m)[*))]
=0.

(€
€

+
+

Define 9/(2-) = bBp, £ = 1,2, 3. Since ©(0) = 1, by Theorem 1.6, {)'?, 1%}
generates a tight wavelet frame in Lo(R).

It follows from (3.2.2) that (&) — 6(2¢)|a(£)|? = O(J€]*™),& — 0 (also
see [13]). Thus, we deduce that ©(¢) — ©(28)[a(€)|? = O(|€]*™),& — 0. Con-
sequently, each wavelet function %%, ¢ = 1,2,3 has the vanishing moments of

order m. The symmetry of the wavelet functions !,?2,¢* follows directly
from (3.3.17). n
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Chapter 4

Tight wavelet frames with two
symmetric generators having

high vanishing moments

4.1 Introduction and motivation

Matrix theory plays an important role in wavelet analysis [11] and filter banks
[46, 48, 49]. In this chapter, we are interested in splitting a 2 x 2 matrix
of Laurent polynomials with real coefficients and symmetry into the form
U(2)U(1/2)T for some 2 x 2 matrix U whose entries are Laurent polynomials
with real coefficients and symmetry. Our investigation on this matrix splitting
problem is greatly motivated by the recent development of symmetric tight
wavelet frames and framelet filter banks which have been found to be useful

and interesting in many applications [3, 4, 10, 11, 12, 13, 19, 26, 36, 37, 39, 44].

For simplicity, we use a Laurent polynomial a(z) with z = e~% to represent
a mask or a finitely supported sequence a. Throughout this chapter, we assume
that all Laurent polynomials have real coefficients. In other words, all the

filters discussed in this chapter are of finite-impulse-response (FIR).
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As an important family of refinable functions, B-spline functions are useful
in applications. The B-spline function B, € C"~%(R) is a symmetric refinable
function satisfying En(%) =2""(1+ e‘iﬁ)”ﬁn(f) for £ € R.

In order to obtain an orthonormal wavelet basis from a refinable function
¢ via the multiresolution analysis, the refinable function ¢ must satisfy the

following condition ([11, 46, 49)):

(4.1.1) /¢ + k)¢(z) dz = & VEkelZ.

By asimple argument, (4.1.1) implies that its mask a must satisfy the condition
([11, 46, 49]):

(4.1.2) la(2)? +la(—=2)*?=1 VzeT:={2e€C : |z|=1}.

If (4.1.1) holds, one can define a wavelet function by $(2¢) = e~%a(—e%)B(£).
Then {1} generates an orthonormal wavelet basis in Ly(R) (see [11]). Note

that the Haar wavelet, derived from the B-spline function By, is discontinuous.

The conditions in (4.1.1) and (4.1.2) impose a very restrict constraint
on a refinable function and its low-pass filter, i.e., its mask. Many refinable
functions such as the B-spline functions B,(n > 1) do not satisfy (4.1.1). In
fact, up to an integer shift, B; is the only example of real-valued compactly

supported refinable function that can have symmetry and satisfy (4.1.1) (see
[11]).

As discussed above, an orthonormal wavelet basis has only one generator.
By increasing the number of generators in a tight wavelet frame, recently it
was found that one has a lot of freedom in the construction of tight wavelet
frames derived from refinable functions which may not satisfy the condition
n (4.1.1). For example, it was demonstrated in Ron and Shen [39] that from
any B-spline function of order n, one can construct a symmetric tight wavelet
frame with n generators. More recently, Chui and He [3] (also see Petukhov

[36]) showed that if the mask a for a symmetric refinable function satisfies
(4.1.3) la(2)> +]a(=2)*? <1  VzeT,

82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



then one can derive a symmetric tight wavelet frame with three generators.
Recently, Daubechies et al. [13] and Chui et al. [4] obtained the following in-
teresting procedure(also see Theorem 1.6 in Chapter 1) that yields all possible

MRA tight wavelet frames derived from a refinable function.

Theorem 4.1. Let ¢ be a refinable function in Ly(R) such that ¢(0) # 0 and
5(25) = a(e_ig)g(é) for a Laurent polynomial a with a(1) = 1. Suppose that

there exist Laurent polynomials ©,al,...,al such that ©(1) =1 and

al(1/2) a'(-1/z
414 I:al(z) iL(z)} (/ ) ( E /2) N
R e
where for all z € C\{0},
(4.1.5)
O(z) — O(z")a(2)a(1/2) —6(2*)a(z)a(~1/2)

Mg(z) := ,
—0(2%)a(—2)a(l/2)  O(-z) — O(z*)a(-2)a(-1/2)
Define the wavelet functions ¥, ..., L by W(Zﬁ) =al(e"%)P(¢), ¢=1,...,L.
Then {¥!, ..., ¥L} generates a tight wavelet frame in Ly(R).

According to Theorem 4.1, a framelet filter bank consists of a low-pass
filter a and L high-pass filters a',...,a”. In order to design a framelet filter
bank, one has to split the matrix Mg in (4.1.5) into the form of (4.1.4).

Using Theorem 4.1, it was demonstrated in [4] (also c.f. [13]) that for any
refinable function ¢ € Ly(R) whose integer shifts are stable, one can obtain
an MRA tight wavelet frame with two generators. Unfortunately, when ¢ is
symmetric, the construction in [4, 13] cannot guarantee the symmetry of the

two constructed generators which do not have symmetry in most cases.

Though by increasing the number of generators in a tight wavelet frame
one has a great deal of freedom to construct them from refinable functions,
in many applications, for various purposes such as computational cost and

storage concern, one prefers a symmetric tight wavelet frame with as small
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as possible number of generators (or equivalently, high-pass filters). Ideally, a
tight wavelet frame with a single symmetric generator is desirable. However, as
shown in [4, 13], it is impossible to have an MRA symmetric tight wavelet frame
with one continuous generator. All the above discussions naturally motivate
us to consider construction of symmetric MRA tight wavelet frames with two
generators (that is, symmetric framelet filter banks with two high-pass filters)

for the following possible advantages.

1. Such framelet filter banks have symmetry which is a much desired property

in applications.

2. By using two high-pass filters, one still has much freedom to construct
symmetric framelet filter banks from many low-pass filters without im-

posing strict conditions on them.

3. By limiting to two high-pass filters, the associated framelet transform for
decomposition and reconstruction is efficient in terms of computational

and storage costs.

4. Such symmetric framelet filter banks can have good vanishing moments,

short support and many other desired properties.

In order to construct a symmetric framelet filter bank with two high-pass
filters, according to Theorem 4.1, the core problem is to find two symmetric
high-pass filters a! and a? such that (4.1.4) holds with L = 2. In other words,
we have to split the 2 X 2 matrix Mg of Laurent polynomials into the desirable
form in (4.1.4). This motivates us to investigate the problem of splitting a ma-
trix of Laurent polynomials with symmetry which may be of interest in other
applications such as construction of symmetric orthonormal multiwavelets and

dual framelet filter banks [4, 12, 13].

The following is an outline of this chapter. In Section 2, we shall present a
general result on splitting a matrix of Laurent polynomials with symmetry. As

an application of this result to symmetric framelet filter banks, we shall present
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a necessary and sufficient condition for the construction of a symmetric tight
wavelet frame with two generators derived from a given symmetric refinable
function through Theorem 4.1. Once the necessary and sufficient condition
is satisfied, we shall present a step-by-step algorithm (see Algorithm 4.3 in
Section 2) to derive the two symmetric high-pass filters from a given low-pass
filter. In Section 3, we shall present some examples of symmetric framelet filter
banks with two high-pass filters which are derived from various low-pass filters
including some B-spline filters. Our work in this chapter was also motivated
by [37, 44] where symmetric tight wavelet frames with two generators were
considered but using the unitary extension principle in [39], which is a special
case of Theorem 4.1 by taking © = 1. As discussed in [4, 13], a nonconstant ©
is very important in order to have a tight wavelet frame with good vanishing
moments. Also, in order to use the unitary extension principle, the mask
must satisfy (4.1.3) which excludes some interesting low-pass filters ([3, 4, 13,
36]). We shall see that by using the general construction in Theorem 4.1 the
investigation of symmetric tight wavelet frames and symmetric framelet filter
banks becomes much more complicated. In Section 3, by using Algorithm 4.3
and Theorem 4.1 we shall give examples to show that symmetric framelet
filter banks with two high-pass filters having good vanishing moments can be
constructed. For applications of framelet filter banks, see [44]. In order to
prove the main results in this chapter, in Section 4, we shall provide some
auxiliary results. In Section 5, we shall prove our main result on splitting a
matrix of Laurent polynomials with symmetry. Though the whole proof of the
main result is somewhat technical, we shall present a step-by-step algorithm
(see Algorithm 4.7 in Section 5) to implement the main result on splitting a
matrix of Laurent polynomials with symmetry which may be of interest in

other applications.
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4.2 Main results

In this section, we shall present the main results of this chapter. We shall
obtain a general result on splitting a matrix of Laurent polynomials with sym-
metry. As an application of such a result, we shall give a necessary and suf-
ficient condition for the construction of symmetric MRA tight wavelet frames
with two compactly supported generators. A step-by-step algorithm (Algo-

rithm 4.3) will be given for construction of symmetric framelet filter banks.

In order to state the results in this section, let us introduce some notation
first. We remind the reader that all of the Laurent polynomials discussed
in this chapter have real coefficients and we say that a Laurent polynomial
p with real coefficients is symmetric(or antisymmetric) about k/2 for some
k € 7 if p(2) = 2"p(1/z)(or p(z) = —2*p(1/z)). Throughout this chapter, we
say that a Laurent polynomial p is (anti)symmetric if p is either symmetric
or antisymmetric. For a nonzero Laurent polynomial p, we define an operator
S to be

(4.2.6) 1Sp](2) = piz’l(zl), 2 € C\{0}.

When p = 0, by convention Sp is undefined and can be anything.

The following result can be easily verified.

Proposition 4.1. Let p and ¢ be two Laurent polynomials with real coeffi-

cients. Then

(1) p is (anti)symmetric about k/2 for some k € Z if and only if [Sp](2) = £2*.

(2) [S(p(1/-)](2) = [Sp(1/2) = 1/[Sp](2).
(3) [S(pg)l(2) = [SPI(2)[Sql(2) and [S((-))](z) = 2™ for k € Z.

(4) If p and q are (anti)symmetric such that Sp = Sg, then p & ¢ is (anti)-
symmetric and S(p £ q) = Sp = Sq.
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For a nonzero Laurent polynomial p(z) = Zzzg pez® such that p, # 0 and
pr # 0, we denote the degree of p by deg(p) = h — £. In other words, deg(p)
measures the length of the filter p. By convention, deg(0) = —oo. For any
two Laurent polynomials p and ¢, we say that p | ¢ if there is another Laurent
polynomial h such that ¢(2) = p(2)h(z2) for all z € C\{0}. We define gcd(p, q)
to be a nonzero Laurent polynomial i with maximum degree such that h | p
and h | g. By convention, gcd(0,0) = 0. We say that a Laurent polynomial
p is trivial if p(z) = c2* for some ¢ € R\{0} and k € Z. Up to a factor of a
trivial Laurent polynomial, ged(p, ¢) is unique.

Proposition 4.2. Let A(z) = Ay + fozl Ap(z7F + 2%) with Ay # 0 be a
Laurent polynomial with real coefficients. Then A(z) = d(2)d(1/z) for some
(anti)symmetric Laurent polynomial d with real coeflicients if and only if
A(z) = da(2)da(1/z) for the Laurent polynomial d4 which is uniquely de-

termined by one of the following four cases:
Case 1: When N = 2n and Ay > 0, define da(z) = co + Yoy ck(2F + 27F)
and sgn(Ay) = 1.

Case 2: When N = 2n and Ay < 0, define d4(2) = ZZ=1 ck(z’“ — z‘k) and
sgn(Ay) = —1.

Case 3: When N = 2n+1and Ay > 0, define da(z) = > 1, cx(2F4+2"1"%)and
sgn(Ay) = 1.

Case 4: When N =2n +1 and Ay < 0, define da(2) = > p_, cu(2* — 2717F)
and sgn(Ay) = —1.

The coefficients co, . .., c, are uniquely determined by the following recursive

formula: ¢, := /|An| and
n—1

1 .
(4_2_7) cn—j = -2—g7;- [Sgn(AN)AN—J - k_g—i—l CkC2n—j—k] 3 J = 1, 2) e ,n.

Moreover, if A(z) = d(z)d(1/z) for an (anti)symmetric Laurent polynomial d

with real coefficients, then we must have d(z) = +2*d4(z) for some k € Z.
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Proof: If a Laurent polynomial d is (anti)symmetric and satisfies A(z) =
d(2)d(1/z), then it is easy to see that d(z) = £2*d4(z) for some k € Z. By
comparing the coefficients of A(z) and da(2)da(1/z), all the claims can be

easily verified. [

For a matrix M, we denote by M;, the (j, k)-entry of the matrix M. For
a Laurent polynomial p, we denote by Z(p, zo) the multiplicity of zeros of p at

z = zy, that is,

(4.2.8) Z(p,z0) =sup{n € NU{0} : (z— 20)" |p(2)}.

Now we are ready to state the main results in this chapter.

Theorem 4.2. Let A, B and C be (anti)symmetric Laurent polynomials with

real coefficients. Denote a 2 X 2 matrix M by

A(z)  B(2)

(4.2.9) M(z) = B0 Clo

, z € C\{0}.

Then there exist (anti)symmetric Laurent polynomials uq, ug, vy, vs with real
coefficients such that
(4.2.10)

U(2)U(1/2)" = M(z) YV z e C\{0} with U(z) == [m(z) Ul(z):l

us(2) vo(2)

and
(4.2.11) [Su1](2)[Sv2)(2) = [Sun1](2)[Suz](2), z € C\{0}

iof and only if all the following conditions are satisfied:

(a) The matriz M(z) is positive semi-definite (that is, M(z) > 0) for all
zeT.

(b) detM(z) = d(2)d(1/z) for some (anti)symmetric Laurent polynomial d

with real coefficients.
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¢) Define ¢ = gcd(A, B,C). If Bd = 0, then there is no condition on g. If
g9=9

both B and d are not identically zero, then the matriz M satisfies the

following “gcd” condition, that is, one of the following conditions must

be true:

(1) If [SB](2)[Sd](z) = 2™ for some n € Z, then Z(g,z) is an even
number for every x € (—1,0) U (0,1).
(2) If [SB](2)[Sd](z) = 2***! for some n € Z, then Z(g,z) is an even

number for every z € (0,1).

(3) If[SB](2)[Sd](z) = —2*" for somen € Z, then there is no condition

on g.

(4) If [SB)(2)[Sd](2) = —2*"*1 for some n € Z, then Z(g,z) is an even

number for every x € (—1,0).

We shall prove Theorem 4.2 in Section 5 in a constructive way and a step-
by-step algorithm (see Algorithm 4.7) will be given to construct the desired
filters wy, ug, vy, vo from the matrix M. We shall also show that the “ged”
condition in Theorem 4.2 cannot be removed. Note that by Proposition 4.1
and (4.2.10), it is easy to see that when B # 0, (4.2.11) is equivalent to

[Sw](=) [Su1](2)
[Sus)(2) [Sva](2)’

(4.2.12) = [$B](z) = 2 € C\{0}.

As an application of Theorem 4.2 to symmetric framelet filter banks, we
have the following result for constructing symmetric MRA tight wavelet frames

with two generators.

Theorem 4.3. Let ¢ € Ly(R) be a refinable function satisfying 5(25) =
a(e"f)gg(f) for a symmetric Laurent polynomial a with real coefficients such
that a(l) = 1. Let © be a Laurent polynomial with real coefficients such that
O(z) = ©(1/z) and ©(1) = 1. Let Mg be defined in (4.1.5). Then there
exist two (anti)symmetric Laurent polynomials a* and a? with real coefficients

such that (4.1.4) in Theorem 4.1 holds with r = 2 if and only if the following

conditions are satisfied:
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(a) Mo(2) 2 0 for all z € T. (This condition can be replaced by ©(z) = 0 for
all z € T while conditions (b) and (c) keep unchanged.)

(b) detMo(2) = d(22)d(272%) for an (anti)symmetric Laurent polynomial d

with real coefficients.

(c) Define g(22) = ged([Mo)1,1, [Mel1 2, [Me]22). If detMy = 0, there is no
condition on g. If detMy # 0, then the matrix Mg satisfies the following

“gcd” condition, that is, one of the following conditions must be true:

(1) If [Sa](—2)[Sd](z) = 2**! for some n € Z, then Z(g,x) is an even
number for every x € (—1,0) U (0, 1).

(2) If [Sa](—2)[Sd](z) = 2*™ for some n € Z, then Z(g,z) is an even
number for every x € (0,1).

(3) If [Sa](—2)[Sd](z) = —=22"t! for some n € Z, then there is no
condition on g.

(4) If [Sa](—2)[9d](z) = —2*" for some n € Z, then Z(g,x) is an even

number for every x € (—1,0).

Proof: Let us make some connections to Theorem 4.2 first. With r = 2,
(4.1.4) becomes

(4213) W(W(1/2)T = Mo(z) where W(z)=[al(z) “2(2)].

al(—2) a*(—=2)

Since the mask a is symmetric, we have [Sa](z) = z* for some k € Z. Borrow-
ing the idea of polyphase decomposition, define

(4.2.14)

21 1 1 1-
P(z) :=£[ } if k is even; P(z) :=%{ Tz “ if ks odd.

z —z 1—2 1+2z2

01
10

Then P(2)P(1/2)T = I, and P(—2) = P(2)Jy, where J; = [ . Now

(4.2.13) can be rewritten as
(4.2.15) U(2)U(1/2)T = M(z)
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with
(4.2.16)
U(z%) = W(z) := P()W(z2), M(z*) = M(z) := P(2)Me(2)P(1/2)".

When £k is even, by computation we have

—~ V2 | a'(z) +al(-2z)  d*(z) +a*(—2)
4.2.17 W(z) = —
(4.2.17) =) 2 |za'(2) — za'(=2) za*(2) — 2a*(—2)

and

—~

[M(2)],2 = 2—2(9(2’) — O(=2) — 0(2")[a(2) + a(=2)][a(1/2) — a(=1/2)]).

—~—

It is easy to see that W(—z) = W(z) and

M(~2) = P(2)JaMo(—2)JoP(1/2)T = P(2)Me(2)P(1/2)T = M(=2).

So, U and M are well-defined. Moreover, It is easy to see that M;, # 0 and
[SMLQ](Z) = Z—l.

When £k is odd, by computation we have

(4.2.18)
~ 1 |(1+2)d'(2) + (1 -2)a'(=2) (14 2)a’(2) + (1 - 2)a*(—2)
W(z) = 92 1 1 2 2
(1 —2)a'(z) + (14 2)al(—2) (1—2)a*(z) + (1 + z)a*(—z)
and

Mia(2) = 3(z = 1/2)[0(2) ~ ©(=2)]~10()[(1 + 2)a(2) + (1 - 2)a(~2)]x
[(1—-1/2)a(l/2) + (1 4+ 1/z)a(—1/2)].

It is clear that W(—z) = W(z) and M(—z) = M(z). So, U and M are
well-defined. Moreover, It is easy to see that M; o # 0 and [SM 5](2) = —1.

By the definition of P and the definition (4.2.16), we have
detM(2?) = detMg(2)

and

9(2) = ged(Mi 1, My 2, Mo o),
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where
9(2%) = ged([Me)11, [Me]1,2, [Me)2,2)-

By the discussion above, we can clearly see the relation between conditions
(a), (b) and (c) in Theorem 4.2 and conditions (a), (b) and (c) in this theorem,
respectively. Based on the relation, we will prove the necessity and sufficiency

respectively.

Necessity. Suppose that there exist two (anti)symmetric Laurent poly-
nomials a! and a? with real coefficients such that (4.1.4) holds, by (4.2.13)
we have Mg(z) > 0 for all z € T and therefore condition (a) holds. Note
that detW(—z2) = —detW (z). Thus we can define a Laurent polynomial d by
d(2?) = zdetW (z2). Clearly,

det Mo (2) = detW (2)detW (1/2) = d(2*)d(27?).

We now show that d is (anti)symmetric. Since a! and a? are (anti)symmetric,
we have [Sal](z) = £,2" and [Sa?|(z) = 22" for some 1,62 € {—1,1} and
ki,ks € Z. By (4.2.13) and (4.1.5), we have

(4.2.19) a'(2)a'(—1/2)+a*(2)a*(—1/2) = [Me)12(2) = —O(2*)a(2)a(—1/2).
Note that
Sla'(2)a' (=1/2)] = e12Me1(~1/2)" = (1)
and similarly, S[a?(z)a%(—1/z)] = (—1)*2. Since
S[6(2%)a(2)a(-1/2)] = S16(*)|Sla(z)a(~1/2)] = (-1)F,
by a simple argument, it follows from (4.2.19) that (—1)%1 = (=1)*k2 = (=1).
(Note that there are at least two even (or odd) numbers among &y, ke and k.
Say, ky and ko are even. Then by item (4) in Proposition 4.1, we conclude that
(=1)% = (=1)*2 = (=1)*.) Note that detW(2) = a'(2)a%(—z) ~ al(—2)a%(2).
Since
Slat(2)a?(—2)] = e1ea(—1)22k1h2 = ¢ gy (— 1)k F1HH2

=e162(—1)M MR = Sla' (—2)a®(2)],
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by Proposition 4.1, we conclude that S[detW (z)] = e1e2(—1)F2*+*2. So, detW
is (anti)symmetric and therefore, by d(2%) = 2detW (z), d is (anti)symmetric.

Hence condition (b) holds.

Recall that [Sa](z) = 2*. When k is even, By Proposition 4.1 and the fact
that (—1)% = (=1)*2 = (=1)F = 1, it follows from (4.2.17) that

[SWi1](2) = 12", [SWya](2) = €227,  [SWai](2) = e12%™,
[SWasl(2) = €225 and  [SMy)(z) = 272
So, when k is even, (4.2.10) and (4.2.11) are satisfied. Since P(2)P(1/2)T =
I, we must have g = ged(My,1, M2, May). Note that [SMio](2)[Sd](2) =
271[8d](2) = 2717%[Sa](—2)[Sd](z) and k is an even integer. Therefore, by
Theorem 4.2, condition (¢) must be true.

When k is odd, by Proposition 4.1 and the fact that (—1)* = (—1)* =
(=1)F = —1, it follows from (4.2.18) that

[SWl,l](z) = 6121+k1, [SWLQ](Z) = 8221+k2, [SWQJ](Z) = —6121+k1,
[SWQ’QKZ) = —go2!™*  and [SM,Q](Z) =—1.

Thus when k is odd, (4.2.10) and (4.2.11) are satisfied. Note that

[SM1,2)(2)[8d](2) = —[Sd](2) = —(—2)*[Sal(—2)[Sd](2)
=2"*[Sa)(=2)[Sd](2)

and k is an odd integer. Therefore, by Theorem 4.2, condition (c) must be

true,

Sufficiency. Suppose that conditions (a), (b) and (c) in this theorem
are satisfied. From the discussion before the necessity part, applying The-
orem 4.2 on M(z), we know that there exist (anti)symmetric Laurent polyno-
mials uj, ug, v1, vo with real coefficients such that (4.2.10) and (4.2.12) hold.
Define

! al(z)  a?(z)

al(—2z) a*(—2)

u1(2?) v (22)} .

ug(2?)  vy(2?)

= P(1/2)"U() = P(1/2)" [
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We show that a' and a? must be (anti)symmetric. Since [Sa](z) = 2, when &

is even, we have

al(z) = g[ul(f) +up(2?)/2] and a®(z) = \/75{1)1(%) + vy(2%)/2].

By [SMi.)(z) = 271, it follows from (4.2.12) that
S(u(2%)) = S(Mi(2*))S(ua(2%)) = 2725 (ua(2)) = S(uz(2?)/2)

and S(v1(2?)) = S(ve(2?)/z). By Proposition 4.1, we have [Sa!|(z) = [Su;](2?)
and [Sa?](z) = [Svi](2?). Since u; and v; are (anti)symmetric, so are the

Laurent polynomials a' and a?.

When k is odd, we have

(14 1/2)ui(2*) + (1 — 1/2)uy(2%)]/2 and
[(1+1/2)u1(2%) + (1 — 1/2)va(2)] /2.

a'(2)
a*(2)

By [SM.)(z) = —1, it follows from (4.2.12) that

S((1+1/2)u1(2%) = 271 S(ua(2%))
=27 5(Mi,5(2%))S (ug(2%)) = S((1 — 1/2)ua(2?))

and S((1+ 1/2)v1(2?)) = S((1 — 1/2)v4(2?)). By Proposition 4.1, we deduce
that [Sal](z) = 27'[Sw1](2?) and [Sa?|(z) = 271[Svy}(2%). Since u; and v,
are (anti)symmetric, so are the Laurent polynomials a' and a®. Now it is

straightforward to verify that (4.2.13) holds. ]

In order to construct symmetric framelet filter banks with two high-pass

filters, by the proof of Theorem 4.3, we present the following algorithm.

Algorithm 4.3. Let a be a symmetric Laurent polynomial with real coefli-
cients such that a(1) = 1 (that is, a is a low-pass filter). Suppose that we
have a Laurent polynomial © such that all the conditions in Theorem 4.3 are

satisfied.
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1) Compute the symmetry center of the low-pass filter a: [Sa](z) := a‘(zl(;i) =

zF for some integer k. Define the 2 X 2 matrix P in (4.2.14) according

to the integer k.

2) Calculate the 2 x 2 matrix M(2?) := P(2)Me(2)P(1/2)T, where Mo is
defined in (4.1.5).

3) Using Algorithm 4.7 in Section 5 to split the matrix M into the desired

form:

u1(2) vl(z)] [ul(l/z) uz(l/z)} and
ug(2) va(2)| [v1(1/2) we(1/2)
[Swi](2)[Sva](2) = [Sua)(2)[Sn1](2).

M(z):{

In most cases g(2%) = ged([Mel1,1, [Mel1,2,[Me]22) = 1 and conse-
quently, by solving a system of linear equations, we have all the sym-

metric filters uy, ug, v1, v by Algorithm 4.7.

4) Obtain the symmetric high-pass filters a! and a? by

a*(2) = P1(1/2)u1(2?) + Py1(1/2)ug(2?), and
a®(2) = Pia(1/2)v1(2%) + Poa(1/2)va(2%).

Then (4.2.13) holds and we have a symmetric framelet filter bank consisting

of a low-pass filter a and two high-pass filters a! and a?.

In order to design a desired filter © such that all the conditions in The-
orem 4.3 are satisfied, quite often one constructs a © such that ©(1) = 1,

O(2) 2 0 for all z € T and

detM(2%) = ©(2)0(—2) — O(2%)[0(2)a(—2)a(—1/z) + O(—2)a(2)a(1/2)]
=d(2?)d(27%)

where d is determined in Proposition 4.2. In most cases the “ged” condition

in Theorem 4.3 is automatically satisfied.
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4.3 Some examples of symmetric framelet fil-

ter banks

First, we illustrate that the “ged” condition in Theorem 4.3 cannot be removed.
Then by Algorithm 4.3 we provide several examples of symmetric framelet
filter banks with two high-pass filters. In Theorem 4.3, the “ged” condition
seems unnatural. One may conjecture that the “ged” condition would be
automatically satisfied if Mg(z) > 0 for all z € T and detMeg(2) = d(2%)d(272)
holds for some (anti)symmetric Laurent polynomial d, i.e., in Theorem 4.3,
conditions (a) and (b) could imply condition (c). The following example shows

that this conjecture is not true.

Example 4.1. Let the low-pass filter a be given by
a(e) = 71+ 2L +ar(2— 2 - 27)/2

where ¢; =~ 0.07391 is a root of ® + 827 + 3525 + 582° — 10z* — 7223 — 22 +
14z — 1 = 0. By a simple calculation, it is easy to verify that the refinable
function ¢ with the mask a lies in Lo(R) and in fact is a continuous function.
Define b :=c? + 2¢; — 1, f(2) := 1+ b(2 — 2 — 271)/4 and O(2) := f(2?)f(2).
It is easy to verify that Mg(z) > 0 for all 2 € T and detMg(z) = d(2?)d(272)
for some antisymmetric Laurent polynomial d such that [Sd](z) = —2%. Let
o = 1+2(1—+vb+1)/b ~ —0.43729 € (—1,0) which satisfies f(zo) = 0.
By a simple computation, we have Z(g,x¢) = 1, where g(2?) = f(2?) =
ged([Mo)11, [Me]1.2, [Me]a2). Since [Sa](—2)[Sd](z) = 2%(—2%) = —z*, the
“ged” condition fails while conditions (a) and (b) in Theorem 4.3 are satisfied.

Therefore, the “gcd” condition in Theorem 4.3 cannot be removed.

In the following, let us apply Algorithm 4.3 to obtain several examples of

symmetric framelet filter banks with two high-pass filters.

Example 4.2. Let ¢ = B; be the B-Spline function of order 3. It is known
that the low-pass filter for B is a(z) = (2 + 1)3/8. Define ©(2) := 1+ w +

96

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13/15 w+ciw*+cow* with w = (2—z—2z71) /4. In order to satisfy the condition
detMo(2) = d(2%)d(27?) for some (anti)symmetric Laurent polynomial d, we
find that ¢y must be one of the 6 real roots of a polynomial of degree 16 and
¢1 can be expressed as a rational polynomial with variable co. For simplicity,

we present them in decimal notation:

¢1 = —0.95151049593786685032042323190785445091649974062921

and
¢y ~ 3.8031271585681554877256781103577526459109075403804.

It is easy to check that ¢ = 1 and all the conditions in Theorem 4.3 are
satisfied. By Algorithms 4.3 and 4.7, solving a system of linear equations, we

have the high-pass filters a! and a? as follows:

a'(z) = 2(z — 1) {0.01231796418812551(,23 + 279+
0.07390778512875306(2% 4 272)+
0.1935907748598208(z + z~1) — 0.01145080836662162 ]

a®(2) == (z - 1)® [0.01523563127546168(z4 + 27+
0.09141378765277004(2> + 27%)+

0.2159429726473255(2% + 2~ %)+
0.2291636466016358(2 + z~*) + 0.06272019447988098 ] :

Therefore, {1!,1%?}, which is defined in Theorem 4.1, generates a symmetric
tight wavelet frame and has vanishing moments of order 3. See Figure 4.1 for

their graphs.

Example 4.3. Let ¢ = B, be the B-Spline function of order 4. The low-pass
filter for By is a(z) = (2 + 1)%/16. Define O(z) := 1 + 3/4w + 62/45w? +
aw? + cow* + czw® with w = (2 — 2 —271)/4. In order to satisfy the condition

detMo(z) = d(2%)d(27?) for some (anti)symmetric Laurent polynomial d, we
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Figure 4.1: (a) is the graph of ¢!. (b) is the graph of ¥%. {¢!,4?} in Exam-
ple 4.2 generates a symmetric tight wavelet frame with vanishing moments of

order 3.

find a solution {cy, cg, c3} in decimal notation as follows
¢ = —0.87558565547401794914427617570435556,

cy ~ —.098425653467012442946244513727311111,
c3 =~ .00096972564953008110044609198126222222.

Then g = 1 and all the conditions in Theorem 4.3 hold. By Algorithms 4.3
and 4.7, solving a system of linear equations, we have the high-pass filters a!

and a? as follows:

a'(z) i=2(z +1)(z = 1) [O.00002100045515458106(z5 + 279+
0.0001260027309274863(2* + 27*) + 0.01944570184560223(2° + 27%)+
0.1152041792127928(22 4 272) + 0.2275150394894326(z + 2~ 1)+
0.009838194257376166 ] ,

a?(z) i=2(z — 1)* [0.00006434461049978000(z5 +27%)+
0.0005147568839982400(2* + 2™*) + 0.01966520045452812(2> + 27%)+
0.1465117090722619(2% 4 272) + 0.4466955026709126(2 + 2~ )+
0.5353777065261440 ] .
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Figure 4.2: (a) is the graph of ¢!, (b) is the graph of ¥2. {¢!,¢?} in Exam-

ple 4.3 generates a symmetric tight wavelet frame with 3 vanishing moments.

Therefore, {1!,1?}, which is defined in Theorem 4.1, generates a symmetric
tight wavelet frame and has 3 vanishing moments. See Figure 4.2 for their

graphs.

Example 4.4. The low-pass filter a is given by
a(z) = (z+ 1)*(4—z2—271)/16 = —(* + 27%)/16 + 9(z + 27) /32 + 1/2.

Define O(z) := 142/5 w?+44/315 w®+c;w* + cow® + caw’® + c,w” + csw® + cow?
with w := (2—2z—271)/4. In order to satisfy detMg(2) = d(2?)d(22) for some
(anti)symmetric Laurent polynomial d, we find a solution {cy, ¢z, ¢3, ¢4, ¢5, C6 }

in decimal notation as follows

c1 ~ —0.5391476369353669, co =~ 0.03123065991448046,
c3 =~ 0.1404437899699654, cq ~ —0.008183355709257437,
cs ~ —0.02305770106687993, ce ~ 0.005166592059270131.

It is easy to check that ¢ = 1 and all the conditions in Theorem 4.3 hold.

By Algorithms 4.3 and 4.7, solving a system of linear equations, we have the
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high-pass filters a! and a? as follows:

al(z) == (z—1)* [0.000009949295438893275(zg + 279+
0.00003979718175557310(2® + 278) + 0.00005349425360331152(2" + 2" )—
0.0001441976213869118(2% + 27%) — 0.001526840787475249(2° + 27°)—
0.005764716919552544(z* + 274) — 0.01264520660352171(2* + 273)—
0.01724394516308753(22 + 2™2) + 0.01039096409945511(z + 2~ ')+
0.1033772717787854 ] ,

a?(2) = (z — 1)* [o.000004387146598246904(z9 + 2y

0.00001754858639298762(2% + 271°) — 0.000007220506808539094(2" + 2~%)—
0.0001868193047710449(2° + 2~®) — 0.001033777502667078(2° + 2~")—
0.002874902341160608(2* + 27°) — 0.002673048014126028(2° + 2~°)+
0.009978772639517269(2% + 2~*) + 0.06388250373593019(z + 2~°)+
0.2021738981781012(1 + 272) + 0.31535509698166852 " ] .

Therefore, {1!,14?}, which is defined in Theorem 4.1, generates a symmetric
tight wavelet frame and has vanishing moments of order 4. See Figure 4.3 for

their graphs.

4.4 Some auxiliary results

In order to prove Theorem 4.2, in this section we establish some auxiliary
results. The following result generalizes [4, Theorem 4] by taking into account

symmetry.

Theorem 4.4. Let A, B and C be (anti)symmetric Laurent polynomials with

real coefficients. Let M be defined in (4.2.9). Suppose that M(z) = 0 for all
z € T and detM(z) = d(2)d(1/z) for some (anti)symmetric Laurent polyno-

mial d with real coefficients. If A and B have no common zeros in C\{0}
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Figure 4.3: (a) is the graph of the interpolating refinable function ¢. (b) is
the graph of ¥!. (c) is the graph of ¥?. {y',+4?} in Example 4.4 generates a

symmetric tight wavelet frame with vanishing moments of order 4.

and A(z) = Ao + o0, Ap(2 + 27%) with Ay # 0, then there exist four
(anti)symmetric Laurent polynomials uy,us, v1,ve with real coefficients such
that (4.2.10) and (4.2.12) are satisfied with the degrees of u; and vy being at
most N. In fact, if u1, us, v1, vy are (anti)symmetric Laurent polynomials with
real coefficients such that the degrees of uy and vy are at most N, (4.2.12) holds,

and {uy, ug, v1,v2} s a solution to the following system of linear equations

ug(z) = 0,
(4.4.20)

B(1/z)v1(2) + d(2)u1(1/2) — A(2)va(2) = 0,
with the following normalization condition

(4.4.21) ur(1)2 4+ v1(1)% = AQ1),

then (4.2.10) holds.
Proof: If B(z) =0, by gcd(A, B) = 1, then A(z) must be a positive constant
and all the claims can be easily verified by taking u; = vVA,upy = 0,v; = 0

and vy = d/ V/A. So, we can assume that B is not identically zero.
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If d(z) = 0, then A(2)C(z) = B(2)B(1/z). Since gcd(A,B) =1 and B
is (anti)symmetric, it follows from A(2)C(z) = B(2)B(1/z) = B(2)*/[SB](z)
that A must be a positive constant. All the claims hold by taking u; =
VA, uy = B(1/2)/v/A,v; = 0 and vy = 0. So, we can assume that d is not

identically zero.

The following proof (about 2 pages) is borrowed from the proof of [4,
Theorem 4]. Under the assumption that (4.2.12) holds and the degrees of u;
and v; are at most N, we first show that (4.2.10) is equivalent to the system

of linear equations in (4.4.20) with the condition in (4.4.21).

Since M(z) 2= 0 for all z € T and ged(4, B) = 1, if we have A(z) = 0 for
some 2o € T, then by condition M(z) > 0, we have

0 < detM(Z()) = A(Zo)C(Zo) - B(Zo)B(l/Zo) = —B(Zo)m = —'B(Zo)|2.

Hence, B(z) = 0. Therefore, (z — z) | A(z) and (2 — 20) | B(2). So,
(z—20) | ged(A, B) which is a contradiction to the assumption gcd(A4, B) = 1.
So, A(z) # 0forall z € T. Since A(z) > 0 for all z € T, we must have A(z) > 0
for all z € T. By Proposition 4.2, without loss of generality, we can assume that
d(z) = detU(z2). By U(2)U(1/2)T = M(z), we have u;(1)? + v;(1)? = A(1)
and therefore (4.4.21) holds. Since d(z) # 0 and d(2)U(2)™! = adjU(2), it
follows from U(2)U(1/2)T = M(z) that

d(2)U(1/2)" = d(2)U(2) " M(2) = [2djU (2)] M (2)

z{vg(z) —u(2)| [ Alz) B(2)
—ug(2)  uy(2) B(1/z) C(z)

Comparing the (1,1) and (2,1)-entries of the above matrices, we see that
(4.4.20) holds.

Conversely, let uy, ug, v1, v2 be (anti)symmetric Laurent polynomials with
real coeflicients such that (4.2.12) holds and the degrees of u; and v; are at
most N. If {u,us,vy,vs} is a solution to the system of linear equations in
(4.4.20) and satisfies the normalization condition in (4.4.21), then we show

that (4.2.10) must be true.
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Multiplying u;(1/z) with the first equation and multiplying v,(1/2) with
the second equation in (4.4.20), by adding them together we have
(4.4.22)

B(1/2)u1(2)ur(1/2) + vi(2)n1(1/2)] = A(2)[u1(1/2)ua(2) + v1(1/2)v2(2)).

Since A and B have no common zeros in C\{0}, we must have that A(z)
divides [uy(2)u1(1/2) + v1(2)v1(1/2)]. That is, there is a Laurent polynomial
p such that uy(2)u1(1/2) + vi1(2)v1(1/2) = p(2)A(z). Since the degrees of u,
and vy are at most N and A(z) = Ay + Zszl Ap(2F + 27F) with Ay # 0,
we conclude that p must be a constant. By (4.4.21) and A(1) > 0, we must
further have p = 1. Therefore,

u1(2)ui(1/2) + vi(2)v1(1/2) = A(z).

It follows from (4.4.22) that B(1/z) = u1(1/2)ua(z) + v1(1/2)v2(2) and conse-
quently, B(z) = u1(2)ua(1/2) +v1(2)va(1/2). In other words, [U(z)U(L)T];x =
[M(2)];r for all 1 < j, k < 2 except for the case j =k = 2.

Multiplying vy(2) with the first equation and multiplying us(2) with the
second equation in (4.4.20), by subtracting the second one from the first one,
we have
B(i‘)[ul(z)vz(z)—W(Z)Ul(z)] = d(2)[ur(1/2)ua(2)+v1(1/2)va(2)] = d(z)B(é)-
So, by B # 0, d(z) = u1(2)va(z) — ug(2)v1(2) = detU(z). Consequently,
det[U(2)U(1/2)T] = d(2)d(1/z) = detM(z). Now it is easy to deduce that
[U(2)U(1/2)T]22 = [M(2)]2,2 from the fact that det[U(2)U(1/2)T] = detM(2)
and [U(2)U(1/2)T);x = [M(2)]; for all 1 < j, k < 2 except for j = k = 2. So
(4.2.10) holds.

Now we will add some new discussion by taking symmetry into account.

In the second part of the proof, let us show the existence of a desirable
solution {u;,us,v1,va} to the system of linear equations in (4.4.20) with the

normalization condition in (4.4.21).
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First, we demonstrate that there are desirable Laurent polynomials u; and

vy satisfying

(4.4.23) A(2) | [B(1/2)u1(2) — d(2)v1(1/2)]
and
(4.4.24) [Sw](2)[Sn](2) = [SB](2)[Sd](2).

Let ug and vy be two symmetric Laurent polynomials in the following para-

metric forms:

he he
uo(2) = by + Z b;(2 +277) and wp(2) =co + Z cr(2F + 27F)
j=1 k=1
where hy, h. are nonnegative integers and b;, ¢k, =0,..., s,k =0,..., hc are

real numbers which are to be determined later. Let us consider the following

four cases.

Case 1: [SB|(2)[Sd](z) = 2" for some n € Z. We choose u;(z) = 2"ug(z)
and vy (z) = vo(2). When N is even, set hy = h, = N/2; when N is odd,
set hy = h, = (N —1)/2.

Case 2: [SB](2)[Sd](z) = 2***! for some n € Z. We choose u;(z) = 2"(1 +
2)ug(z) and vi(z) = vo(z). When N is even, set h, = N/2 — 1 and
h. = N/2; when N is odd, set hy = h. = (N — 1)/2.

Case 3: [SB](2)[Sd](z) = —2?" for some n € Z. When N is even, we choose
u1(2) = 2"(z — 1/2)up(2), v1(2) = vo(z) and set hy = N/2—1,h. = N/2;
when N is odd, we choose u;(2) = 2"(1 — 2)ug(2), vi(z) = (1+1/2)vo(2)
and set hy = he = (N —1)/2.

Case 4: [SB](2)[Sd](z) = —z*"*! for some n € Z. We choose ui(z) =
2*(1 — 2)up(z) and v1(z) = vo(z). When N is even, set hy = N/2 —1
and h, = N/2; when N is odd, set hy = h, = (N — 1)/2.
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It is easy to see that both uy and v; are (anti)symmetric and (4.4.24) holds.
Moreover, the degrees of u, and v; are at most N and it is easy to verify that
hy+he+2 > N. Since A(z) > 0 for all z € T, by Fejér-Riesz Lemma, we have
A(z) = A(2)A(1/z) for some Laurent polynomial A with real coefficients such
that all of the roots of A are contained in {z € C : |z| < 1}. Therefore, A(2)
and A(1/z) have no common zeros in C\{0}. Since A(z) = Ao+ 31, Ax(2*+
#7%), A(z) can have at most N zeros in C\{0}, say, {z1,..., 2y} which are
all of the distinct roots of the Laurent polynomial A(z) in C\{0} such that
Z(A, %) + -+ Z(A, zw) = N. Define F(z) := B(1/2)uy(2) — d(2)v1(1/z).

Now we have the following system of homogeneous linear equations:
(4.4.25) FO()=0, k=0,...,N',j=0,...,2(4,z)—1

Since the number of free parameters in {¢;,dx : j=0,...,h,k=0,...,h:}
is hy + h. +2 > N and we have N homogeneous linear equations, there must
be a nonzero solution {c;,dx : 7 =0,...,hp,k =0,...,h.} to the system of
homogeneous linear equations in (4.4.25). So there exist u; and v; satisfying
(4.4.25) with at least one of them nonzero. In other words, we deduce from
(4.4.25) that

(4.4.26) A(2) | [B(1/2)uy(2) — d(2)v:(1/2)]:
Since z1,...,zn are complex numbers, a solution {c;,dx : 7 =0,...,hp, k =
0,...,h.} may be complex numbers too. However, since Z,B and C' are

Laurent polynomials with real coefficients, we can simply replace the numbers
¢;, di, by either their real parts or their imaginary part so that (4.4.26) is still

true and at least one of u; and v; is nonzero.

On the other hand, by (4.4.24) and Proposition 4.1, we deduce that
B(1/2)ui(z) — d(z)v1(1/2) is (anti)symmetric. So,

(4.4.27)  B(2)ui1(1/z) — d(1/2)v1(2) = p(2)[B(1/z)ur(2) — d(2)v1(1/2)]
for some nonzero trivial Laurent polynomial p. Consequently, it follows from
(4.4.26) and (4.4.27) that

A(1/2) | [B(1/2)u(2) = d(z)vi(1/2))-
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Since A(z) and Z(i—) have no common zeros in C\{0} and A(z) = A(z)A(%),

we conclude that (4.4.23) holds. Later on we shall show that u;(1)2 +v;(1)2 #
0. If uy(1)* + v1(1)® # 0, then we can properly scale u; and v; such that
u1(1)? + v1(1)2 = A(1) holds. Note that without factorizing A we can solve
the system of linear equations given by [B(1/z)ui(z) — d(2)vi(1/z)] = 0(
mod A(z)) to obtain the desired u; and v;.

Since A(z) # 0, we can define

(4.4.28)

uy(z) 1= BEu(2) — dz)u(s) and wvy(2) :=

d(x)ui(3) + B(3)u(2)
A(2) '

A(2)

By (4.4.23) we see that up is an (anti)symmetric Laurent polynomial with
real coefficients. Now we show that vy is also an (anti)symmetric Laurent
polynomial. By definition of us and the fact that d(z)d(1/z) = detM(z) =
A(2)C(z) — B(2)B(1/z), we have

A(2)d(1/2)uqs(2) = B(1/2)d(1/z)ui(2) — detM(z)v1(1/2)
= B(1/2)d(1/2)ui(z) — A(2)C(2)v1(1/2) + B(1/2) B(z)v1(1/z).

From the above identity, we have
A(2)[d(1/2)ua(2) + C(2)u1(1/2)] = B(1/2)[d(1/2)us(2) + B(2)v1(1/2)].

Since A(z) = A(1/z) and ged(A,B) = 1, we conclude that A(z) divides
[d(1/2)u1(2) + B(2)v1(1/z)] and therefore, by A(1/2) = A(z), A(z) divides
[d(2)u1(1/z) + B(1/z)v1(2)]. So vy is a Laurent polynomial with real coeffi-

cients. By (4.4.24) and Proposition 4.1, we see that v, is (anti)symmetric.

By (4.4.28) and Proposition 4.1, we see that (4.2.12) and the system of
linear equations in (4.4.20) must hold. In the following, let us show that
u1(1)? + v1(1)? # 0. Since both (4.2.12) and (4.4.20) are satisfied, as we
demonstrated in the first part of the proof, we must have uy(z)ui(1/z) +
v1(2)v1(1/2) = pA(z) for some constant p. If u(1) = v1(1) =0, by A(1) > 0,
then we must have p = 0. That is, |u1(2)* + [v1(2)]? = w(2)ui(1/2) +
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v (2)v1(1/2) =0 for all z € T. So, uy and v; must be identically zero which is
a contradiction to our choice of u; and vy since one of them must be nonzero.
So u3(1)? + v1(1)2 # 0. Now replacing u; and v; by cuy and cvy with ¢ =
VA1) /(w1(1)? + v1(1)2) in the above proof, we see that (4.4.20) and (4.2.12)
still hold. Moreover, we have u;(1)? + v1(1)®2 = A(1) which completes the

proof. ]

Let R[z, z7!] denote the set of all Laurent polynomials with real coeffi-
cients. For a Laurent polynomial p € R[z, 271], we say that p is irreducible
in R[z,2z7] if ¢ | p for some ¢ € R[z,27] implies that ¢ = pp or ¢ = pop
for some trivial Laurent polynomial po € R[z, z71] (that is, po = cz* for some
c € R\{0} and k € Z).

Inspired by [4, Lemma 4], we have a stronger version of Theorem 4.4.

Corollary 4.4. Let A, B and C be (anti)symmetric Laurent polynomials with
real coefficients. Let M be defined in (4.2.9). Suppose that M(z) > 0 for all
z € T and detM(z) = d(2)d(1/z) for some (anti)symmetric Laurent poly-
nomial d with real coefficients. If ged(A4, B,C) = 1, then there exist four
(anti)symmetric Laurent polynomials us, ug, v, v with real coeflicients such

that (4.2.10) and (4.2.12) are satisfied.

Proof: If C(z) = 0, then ged(A, B) = ged(A, B,C) = 1 and all the claims

follow from Theorem 4.4. So, we can assume that C is not identically zero.

Define h(z) = ged(A(z), B(z2)B(1/z)). By the symmetry of A and B,
we see that h must be (anti)symmetric. Now, we show that ged(h,C) = 1.
Suppose not. Then there is a nontrivial irreducible p € R[z, 27!] such that
p | ged(h,C). So, p | h and p | C. Consequently, p | A and p | B(2)B(1/z).
Note that B(1/z) = B(z)/[SB](z) and SB is trivial. So p | B2. Since p is
irreducible, we must have p | B. So, p | ged(A, B, C) which is a contradiction
since p is nontrivial but by assumption ged(4, B,C) = 1.

Next, we show that for a nontrivial irreducible p € R[z,27}], if p**~! | h

for some n € N, then we must have p? | h. Since p>*~! | h, we have p?"~1 |
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B(2)B(1/z) and therefore, p>~' | B% Since p is irreducible, we must have

p" | B and consequently p?™ | B(z)B(1/z).

On the other hand, by p?»~! | h and h = gcd(A(z), B(2)B(1/z)), we have
P [ [A(2)C(2) — B(2)B(1/2)].

Since A(2)C(z) — B(2)B(1/z) = detM(z) = d(z)d(1/z), we have p*~1 |
d(z)d(1/z). Since d(1/z) = d(z)/[Sd](z) and Sd is trivial, it follows from
p¥1 | d? that p?™ | d(2)d(1/z). Since C # 0, by d(2)d(1/2) = detM(z) =
A(2)C(z) — B(2)B(1/%), we have

d(2)d(1/z) + B(2)B(1/z)
C(2) |

A(z) =

By gcd(h,C) =1 and p | h, we must have p { C since p is not trivial. Hence,
we must have p>" | A. So, p?® | h. As a consequence of the fact that p?»~! | h

implies p®™ | h, factorize h as
i 2"1,]'
n(z) =po(2) [ [ 7, (2),
j=1

where py is a trivial Laurent polynomial and p,, ..., p,, are essentially different

nontrivial irreducible Laurent polynomials in R[z, z7!]. Now define

dp(z) := Hp?j (2).

Then h(z) = po(z)dr(2)dn(z). Note that by Proposition 4.2 we can directly
obtain dj, from h without factorizing h. Since ([Sdi](2))? = [Sh](2)/[Spo](2)
is a trivial Laurent polynomial, Sd, must be trivial and therefore dj, is (anti)-
symmetric. So, ged(A(z), B(2)B(1/z)) = dn(2)dn(1/%). Since both dj, and B
are (anti)symmetric, it follows from dy(2)ds(1/2) | B(z)B(1/z) that di | B?
and consequently d, | B. Define

A(z)

)= Az B
T dh(z)dh(l/z)’ '

~Z‘=B(z) an ~Z=
B 4 M B(1/2) C(z)

A
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Clearly, A, B and C are (anti)symmetric Laurent polynomials and ged(4, B) =
1. By Theorem 4.4, there exist four (anti)symmetric Laurent polynomials

U1, Uz, U1, Vo with real coefficients such that

(£.420) M(s) = [gﬂz) @(ﬂ Fl(l/z) z}(l/z)}
ua(z) ve(2)| |01(1/2) ©a(1/2)
and
[Sus](2) _ oa7 _ [Sui](2)
(44:30) Smle) ~ AP = (g e)
Note that
. dh(z) 0] ~ dh(l/z) 0
M(Z)——{O 1] ()[ 0 J
Define

u1(2) = (2)dn(2), vi(2) =v1(2)dn(2), ua(z) =ua(z), wve(z)=12(2).

Then it follows directly from (4.4.29) and (4.4.30) that (4.2.10) and (4.2.12)

are satisfied. n

Lemma 4.5. Let p be a nonzero (anti)symmetric Laurent polynomial with real
coefficients. Then there exist c € {—1,1} and k € Z such that cz*p(z) > 0 for
all z € T if and only if Z(p, z9) is an even integer for every zo € T.

Proof: If czFp(z) > 0 for all z € T, then by Fejér-Riesz Lemma, czFp(z) =
q(2)q(1/z) for some Laurent polynomial g with real coefficients. Hence for all

29 € T, we have

Z(p, z0) = Z(c2"p(2), 20) = Z(4(2), 20) + Z(4(1/2), 20) = 2Z(q(2), 20)

where we used the fact that Z(q(1/z2),20) = Z(q(2),20) = Z(q, 20) for all
2o € T since ¢ is a Laurent polynomial with real coeflicients. So Z(p, z9) must

be an even integer for every zo € T.

Conversely, write p(z) = g(2)h(z) such that g(z) # 0 for all z € T and all
of the zeros of h lie on T. Since p is (anti)symmetric and Z(p, z0) = Z(h, 20)
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is an even integer for all zy € T, there exist ¢; € {—1,1} and k; € Z such
that ¢z h(z) > 0 for all z € T. Since [Sp|(z) = [Sq](2)[Sh](z), ¢ must be
symmetric. Since g(z) # 0 for all z € T, we must have [Sg](z) = z%2 for some
ky € Z. So 27%2¢(2) # 0 and is real-valued for all z € T. Consequently, there
exists ¢, € {—1,1} such that cpz7*2¢(2) > 0 for all 2 € T. So, cica2**7*2p(2) =
c12"h(z)cpz*2q(2) > 0 for all z € T, n

Remark: When p is antisymmetric, it is evident that both conditions

in Lemma 4.5 cannot be satisfied.

Lemma 4.6. Let g be a nonzero Laurent polynomial with real coefficients.
Then there exist two (anti)symmetric Laurent polynomials q1 and go with real

coefficients such that

(4.4.31) 01(2)q1(1/2) + q2(2)q2(1/2) = 9(2)
and
[Sq1)(2)/[Sq2)(2) = 2%, 2%, 2T or — 221 for some integer k
if and only if g(2) > 0 for all z € T and Z(g,x) is an even integer for every

z€(-1,00U(0,1), z€0, z € (0,1), or z € (—1,0), respectively.

Proof: Necessity. If (4.4.31) holds, then it is evident that g(z) > O for all

z € T. Since ¢1(1/2) = 1(2)/[Sq1](2) and ¢2(1/2) = q2(2)/[Sgs](2), we can
rewrite (4.4.31) as follows:

¢ (2) + 3(2)[Sa](2)/[S@)(2) = 9(2)[Sa](2).

If [Sq:1](2)/[Sq2)(2) = 2%, then we have ¢?(z) + 2%*¢2(2) = g(z)[Sq:](z) for all
z € R\{0} and consequently, it is easy to see that for every z € (—1,0)U(0, 1),

we have
Z(g7x) = Z(g[SQI]7x) = min(Z(q%,x), Z(qga x)) = 2min(Z(q1,x), Z(q%x))'

So, when [Sq1](2)/[Sq)(z) = 2z?*, Z(g,z) must be an even integer for all
z € (—1,0)U(0,1).
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If [Sq1](2)/[Sg2l(2) = 2%, then we have ¢f (z)+a**'¢%(z) = ¢(z)[Sq](z)
for all z € R\{0}. Similarly, it is easy to prove that for every z € (0,1),
Z(g,z) = 2min(Z(q1,7),Z(ge,z)) must be an even integer.

If [Sqi](2)/[Sqe)(2) = ~2***", then we have ¢f(z) + (~2)**'g}(z) =
g9(z)[Sq1](x) for all z € R\{0}. Similarly, it is easy to prove that for every
€ (-1,0), Z(g,z) = 2min(Z(q1, z), Z(ge, *)) must be an even integer.

Sufficiency. Since g(z) > 0 for all 2 € T, by Fejér-Riesz lemma, we can
write g(z) = h(2)h(1/z) for some Laurent polynomial h with real coefficients
such that all of the roots of h are contained in {z : |z| < 1}. Set q1(2) =
2P[h(2)+h(1/2)]/2 and ga(2) = [h(2) —h(1/2)]/2. Then it is easy to verify that
(4.4.31) holds and [Sq1)(2)/[Sq:)(z) = —2%. In the following, let us consider

the other three cases. Factorize h as
h(z) = po(2)(z = )?ED (2 + 1)PBD T 5 (2),
j=1

where py is a trivial Laurent polynomial and all p;,j = 1,..., m are essentially
different nontrivial irreducible Laurent polynomials in R[z, 27]. Since there
are only two types of nontrivial irreducible Laurent polynomials in R[z, 271,
without loss of generality we can assume that either p; = z — a; for some a; €
(=1, 1)\{0} or p;(2) = 2% 4+ bjz +¢; for some b;, c; € R satisfying b2 — 4c; < 0.
Let us consider the following two cases.

If p;(2) = 2° + bjz + ¢; for some bj, c; € R satisfying 4c; > b3, since ¢; > 0
and —2,/¢; < bj < 2,/¢5, then we have

p;(2) = [z + b, /2% + 2% [,/CJ b2/4z—k]

If pj(2) = z — a; for some a; € (—1,1)\{0}, then by assumption, we have

the following cases:
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Case 1: If Z(g,x) is an even integer for all z € (—1,0)U (0, 1), then n; must

be an even integer and therefore, p;’(2) = [(z — a;)"™/?? + 22 x 0.

Case 2: If Z(g,z) is an even integer for all z € (0,1), then n; must be an
even integer when a; € (0,1). Therefore, when a; € (0,1), we have
P (2) = [(z — a;)™"?? + 22! x 0. When a; € (—1,0), we also have
pi(2) = 2 = a; = [\/=a;]* + 22 [27F]%,

Case 3: If Z(g,z) is an even integer for all z € (—1,0), then n; must be
an even integer if a; € (—1,0). When a; € (—1,0), we have p;’(z) =
[(z—a;)"/?])?— 22+ x 0. When a; € (0,1), we also have p;(z) = z—a; =

—([\/a—j]Q _ 22k+1[z—k]2)'
By a direct computation, it is easy to verify the following identify

(4.4.32) (ff +wi)(f3 +wf) = (fufs — whafa)? +w(frfs + f2fs)*.
By the above argument, using the identity in (4.4.32) we have
h(z) - afo(z)(z _ 1)Z(h,1)(z + I)Z(h,—l)(a%(z) =+ w(z)a'g(z)),

where qo is a trivial Laurent polynomial, w(z) = 2%, 22**1 or —22**! according
to the assumption, and q; and ¢, are Laurent polynomials with real coefficients.

Observing that w(1/z) = w(z)™!, we have
h(1/2) = @(1/2)(1/z=1)7"V(1/ 2+ 1)@ (1/2) +w(2)[E@(1/2) fw(2)]).

Note that go(2)go(1/2) is a positive constant since gp is trivial. By a simple

computation, we deduce that

9(2) = h(2)M(1/2) = q(2)q1(1/2) + g2(2)q2(1/2)

where
01(2) = 4/ r?o(z)c?o(%)(z — 1)ZBD (x4 1)Z("’”1)[?1’1(z)q~1(%) - az(z)zjz(%)],
2(2) =

1 SN |

W)=~ 1PV + VG @R + BERE)]

VA z
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Since w(z)™* = w(1/z), by a simple computation, we have

ql(l/z) — (_'1)Z(h,l)Z—Z(h,l)—Z(h,—l)ql(z),
qz(l/z) — (_1)Z(h,l)z—Z(h,l)—Z(h,—l)w(z)q2(z)_

Therefore, both ¢; and ¢ are (anti)symmetric and % = w(2). [

4.5 Proof of Theorem 4.2 and its associated

algorithm

In this section, we shall prove Theorem 4.2 and give a step-by-step algorithm

to implement it.

Proof of Theorem 4.2: If g = ged(4, B,C) =0, then A= B =C =0 and
all the claims are obviously true by taking u; = uy = v3 = vo = 0. So, we will
assume g # 0. Since g = ged(A4, B, C), by the symmetry of A, B and C, g is
(anti)symmetric. Since detM(z) > 0 for all z € T, we see that

0< B(2)B(1/z) < A(2)C(z) VzeT.

Since B(1/z) = B(z)/[SB](z), it yields that 2Z(B, z) > Z(A, z) + Z(C, z) for
all z € T. So, by the definition of g, we have for every z € T,

Z(g,2) =min(Z(A4,z2),Z(B,z2),Z(C,2)) =min(Z(4, z), Z(C, z)).

Since A(z) = 0 and C(2) > 0 for all z € T, by Lemma 4.5, Z(A, z) and
Z(C, z) are even integers. Consequently, Z(g, z) = min(Z (A4, 2), Z(C, z)) is an
even integer for all z € T. Since g is (anti)symmetric, by Lemma 4.5, there
exist ¢ € {—1,1} and k € Z such that cz¥g(z) > 0 for all z € T. Since
g = gcd(A4, B, C), without loss of generality, we can assume that g(z) > 0 for
all z € T by replacing g by cz¥g(z). Now define M(z) = M(2)/g(z) by
(4.5.33)

—~—

T [ A0 BE

B(1/z) O(2)
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Since g(z) = 0forall z € T, it is easy to see that all A, B,C are (anti)symmetric
Laurent polynomials and M (2) 20 forall z€T.

Sufficiency. Since d(z)d(1/z) = detM(z) = g(z)%detM(z), we have g? |
d(z)d(1/z). Since d() = d(2)/[Sd](z), ¢° | d* and therefore, g | d. So
define dy(z) = d(z)/g(z). Then d; is an (anti)symmetric Laurent polyno-
mial and detM(z) = dq(2)dy(1/2). Note that ged(4, B,C) = 1. By Corol-
lary 4.4, there exist four (anti)symmetric Laurent polynomials u,Ug, U1, Vs
with real coefficients such that (4.4.29) and (4.4.30) are satisfied. Define
d(2) = U (2)0a(z) — Ua(2)01(z). By (4.4.30), d is (anti)symmetric and by

o~

Proposition 4.1 [Sd](z) = [Su1](2)[SV2)(2).

By Proposition 4.2, it follows from d(z)d(1/z) = det M (2) = dy(2)d1(1/2)

that we must have d(2) = +2*d;(2) = £2Fd(2)/g(2) for some k € Z. So,
[Sd](2) = 22%[Sd](z). Rewrite (4.4.30) as

STE) _ 551 — rapa - 1B
A e A AT
So, we have
(S0)() _ [S0)() [SHIESHIE) _ gy 192)
STl - Rk Saler - O sme)

_ (W) 1SB)(2)[5d)(2

U
and

[SBl() _ (ST [SHISTE) _ g [S02) _ [SB](2)
SHe) - Bl saer - PP mer T mme)

By assumption in (c¢) and Lemma 4.6, there exist two (anti)symmetric Laurent

polynomials ¢; and ¢y such that

[Sa)(x) _ [S0z) _ [S%l(x) _ [ #* \'iom o
453 = 0 ~ e~ () SAeIs)

and g(2) = q1(2)1(1/2) + g2(2)¢2(1/2). Define

_ {m(z) m(z)} {ql(z) ——qg(l/z)}
02(z) @(l/?)
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Now by (4.5.34) and Proposition 4.1, it is easy to check that all uy, ug, vq,v2
are (anti)symmetric Laurent polynomials. By a direct computation, it is easy
to see that (4.2.10) and (4.2.12) are satisfied.

Necessity. Obviously, (a) and (b) must be true. As we proved in the
part of sufficiency, we can assume that g(z) > 0 for all z € T. Let M be
defined in (4.5.33). We have g(z)2detM(z) = detM(z) = d(2)d(1/z). So,
g% | d(2)d(1/2). Since d(1/z) = d(2)/[Sd](z), we deduce that g2 | d? and
therefore, g | d. Define d(z) = d(z)/g(z). Then d is (anti)symmetric and
detM(z2) = d(2)d(1/z). Since M(z) > 0 and g(z) > 0 for all z € T, it is easy
to see that ]\7[/(2) > 0 for all z € T. Since gcd(Z, B, 5’) =1, by Corollary 4.4,
(4.4.29) and (4.4.30) are satisfied. So,

Define

[ql(z) qz(z)] - [mz) —'ﬁl(z)] [m(z) W)}
=tg(z)  Ui(2) | [u2(2) v2(2)

Then Q(2)Q(1/2)T = g(2)d(z)d(1/2)I,. In particular, we have

01(2)q1(1/2) + @2(2)g2(1/2) = g(2)d(2)d(1/2).
By (4.2.12) and (4.4.30), we have

[Swl(z) _ [Sul(2) _
[Suz](2)  [Sval(2) [Stal(2)  [Sval(2)

By Proposition 4.1, g; and g, are (anti)symmetric. By Proposition 4.2, d(z) =
+2%[uy (2)va(2) — ug(2)v1(2)]. So

[Sd)(2) = 2% [Su1](2)[Sva](2) = 2% [Sua](2)[Sm1](2).
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Observing that [Sq1](2) = [SV9)(2)[Su1](2) and [S¢a](2) = [SUs)(2)[Sv1](2), we

have

[Sa](2) _ [S0](2)[Sw](2) _ |

Su](2) 2 [Sug)(2)[Suil(2) _ [SB(2)[Sd)(z)
[Sql(z)  [Sa)(2)[Suil(2)  [Sual(z)  (2*[Swi](2))? (2*[Sv1](2))?

By Lemma 4.6, Z(g(2)d(2)d(1/z),z) must be an even integer for the corre-

sponding cases. Note that d(1/2) = d(z)/[Sd](2). So, Z(d(2)d(1/z),z) is

always an even integer for all z € R. So, Z(g,z) = Z(g(2)d(2)d(1/2),z) —

Z(d(2)d(1/z),x) must be an even integer for the corresponding cases. There-

fore, (c) must be true. u

Finally, by the proof of Theorem 4.2 and all the auxiliary results in Sec-
tion 4, let us present the following algorithm on splitting a matrix of Laurent

polynomials with symmetry.

Algorithm 4.7. Let A, B and C be (anti)symmetric Laurent polynomials
with real coefficients. Let M be the 2 x 2 matrix defined in (4.2.9) such that

all the conditions in Theorem 4.2 are satisfied.

1) Compute g = ged(A, B, C). By the proof of Theorem 4.2, without loss of
generality, we can assume that g # 0 and g(z) > 0 for all z € T.

2) Compute h(z) = ged(A(z)/9(z), B(2)B(1/2)/g(2)?). By the proof of
Corollary 4.4, we can assume that h(z) > 0 for all z € T and we can

calculate dj, such that h(z) = din(2)ds(1/z) by Proposition 4.2.

3) Define a 2 x 2 matrix M of Laurent polynomials with real coefficients by

—~—

T | AG) BE)

B(1/2) C(z)

ith A(e) = A oy B g,k
VA = one PP T smme P T e
By Proposition 4.2, we can calculate d such that detM (2) = c’lv(z)cj(l /2).

(If we have an (anti)symmetric Laurent polynomial d satisfying that

detM(z) = d(2)d(1/z), then we can take d(z) = d(z)/(g(2)dn(2))).
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4) Assume A(z) = Ag + S0, Ap(z* + z7%) with Ay # 0. Parameterize the
(anti)symmetric Laurent polynomials %; and 7, with [Su;](2)[Sv1](2) =
[SB](2)[Sd](2) and the degrees of U; and ¥; are at most N (see the
paragraph after the formula (4.4.24) about how to parameterize u; and
01). Then according to Theorem 4.4 there must be a nonzero solution

{uy,v1} to the system of linear homogeneous equations derived from
B(1/2)t1(2) —d(2)51(2) =0  mod  A(z).

By the proof of Theorem 4.4, we must have u;(1)2 +0;(1)? # 0. Multi-
plying @; and v; by a constant, we can require that the solution {u,v;}

satisfy @1(1)% + 91 (1)2 = A(1).

5) Define the symmetric filters u; and v, by

() = B(Lyiy(2) — d(z)(}) and () = d(2)w (L) + B (2)
o A(2) 2 e '

6) By Lemma 4.6, write g(2) = q1(2)q1(1/2) + q2(2)g2(1/2) for some (anti)-
symmetric Laurent polynomials ¢; and go such that [Sq1](2)/[S¢](z) =
[S11](2)/[Su1](2). (In most cases, g = 1 and we can simply choose ¢; = 1

and g = 0.)

7) Obtain the (anti)symmetric Laurent polynomials (or symmetric FIR fil-

ters) ui, ug, v1,ve by

mamﬂZWaﬂPwlﬂkm—mﬂ.

us(2) va(2) 0 1 |Ta(2) %(2)] [a2(2) @(3)

N

U(z) = l:

Then U(2)U(1/2)T = M(z) and [Su1)(2)[Sva](2) = [Suy)(2)[Sv1](2).

It is not necessary to check all the conditions in Theorem 4.2 in advance.
If at some step one cannot carry out Algorithm 4.7, then the conditions in

Theorem 4.2 cannot be satisfied.
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Chapter 5

An algorithm for constructing
pairs of dual wavelet frames

with two symmetric generators

5.1 Introduction

As we mentioned before, symmetry is a highly desirable property of a wavelet
system. In Chapters 3 and 4, we discussed symmetric tight wavelet frames

derived from symmetric refinable functions.

For simplicity, as we did in Chapter 4, we still use a Laurent polynomial
a(z) with z = ™% to represent a mask or a finitely supported sequence a.
When we were constructing examples of symmetric tight wavelet frames in
Chapter 4, for a given symmetric refinable function ¢ with its mask a, we

found that it is difficult to construct a Laurent polynomial © such that
O(2)0(—2) — ©(z*)[0(2)a(—2)a(—1/z) + O(—2)a(2)a(1/2)] = d(z?)d(1/2%)

for some (anti)symmetric Laurent polynomial d. Even if we have constructed
such a ©, the coefficients of ©, in many cases, are irrational. In practice, a

function with rational coeflicients is desired.
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These two disadvantages of constructing a symmetric tight wavelet frame
motivate us to study pairs of dual wavelet frames with two symmetric gener-

ators.

By doing it, we will lose the “orthogonality” that a tight wavelet frame
carries, but other properties can be still kept. It is much easier to construct
a pair of dual symmetric wavelet frames and the coefficients of the high-pass

filters will be rational numbers in most cases.

So in this chapter, for a given pair of symmetric 2-refinable functions ¢
and (Z with its masks a and b, respectively, we are interested in constructing a

pair of dual wavelet frames with two symmetric generators.

In Section 5.2, I shall give an algorithm to construct pairs of dual wavelet
frames with two symmetric generators. As a consequence, pairs of dual wavelet
frames with two symmetric generators of balanced length can be easily con-
structed via our algorithm for constructing pairs of symmetric dual wavelet
frames. In Section 5.3, several examples are provided to demonstrate the al-

gorithm.

5.2 Algorithm

Let ¢ € Ly(R) and ¢ € Ly(R) be two refinable functions with masks a and
b respectively such that ¢(2¢) = a(e~%)p(¢) and $(2¢) = b(e~*%)¢(£). Then
we have that a(1) = b(1) = 1. By [12, Theorem 2.2], if we can find Laurent

polynomials ©, a', a2, b' and b? satisfying ©(1) = 1, al(1) = a?(1) = b'(1) =

b*(1) = 0, and
5:21) [a%z) a2(2)] {bl(l/z) bl(—l/z)} o2
al(=2) a?(—z)| [b*(1/2) b*(—1/z)
where
Mo(z) = O(2) — ©(2%)a(2)b(1/2) —0(2%)a(2)b(~1/z) ]
—~0(2)a(—2)b(1/2)  O(—2z) — O(2%)a(—2)b(—1/z)
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then {¢', ¥?} and {4, ¢2} generate a pair of dual wavelet frames where

P28 =al(e9)9(E),  PP(28) = P(e79)P(E),

o~
~

J126) = (e )B(E),  T2(26) = BP(e)(E).

Since we are interested in constructing symmetric wavelet frames, we as-

sume that a, b and © are symmetric and

s€l(z) _ [Sal(2)
(5:22) [56](2) ~ [5h(2)’

where for a nonzero Laurent polynomial p, [Sp|(z) := p(z)/p(1/z) which is

defined in Chapter 4. Moreover, we assume that

Sall(z) _ [Sef(x) _ [Sal(z)
(5:23) Sall(—2) ~ [Sal(—2) ~ [Sal(—2)

and the following facts: The symmetric masks a and b are given and they
have sum rules of orders m; and my, respectively; The symmetric Laurent
polynomial © is given, ©(1) = 1, and (1 — z)™*"2 | [Mg(2)]1,1 with some

integers nq and ng such that 1 <ny <mo and 1 < ny < My

Define a Laurent polynomial d(z) such that d(z?) := detMeg(2)/(1 —
z?)M*m2 [t is easy to see that d is a well defined Laurent polynomial and

d is symmetric.

Now let us state our algorithm.

Algorithm 5.1. If d = 0, then we can construct a pair of symmetric dual

wavelet frames with one (anti)symmetric generator by the following steps.

1. Define
N @E;)—()%(z?l)a(lz/)bgl /2) _ (?(zz))a(ﬁb(l—/l /)z)
e —2\1 (1—-1/2)"2 —2)"1 {141/ ng
M@(z) | _ 8)a(—2)b(1/z) 9(—2)-0(2%)a(~2)b(—1/2)
A+ (1-1/2)"2 ()" (141/2)72
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Compute

90(2%) = ged([Me (2)]1,1, [Mo(2)1 2, [Mo (2)]a1, [Mo(2)]22),
91(2) = ged (Mo (11, [Me(2))1.2)/ 90(=%),

02(2) = [Mo(1/2)]1.1/ (91(1/2)g0(1/2%)),
G2(2) = [Mo(1/2)]21/ (91(1/2)g0(1/2%)) -

(5.2.4)

2. It is easy to see that go, g1, g2, g2 are well defined symmetric Laurent
polynomials. We will have go(2) = £g2(—2). If go(2) = ga(—2), then define
w = 1; If go(2) = —ga(—2), then define w := e~*. Chose a symmetric Laurent

polynomial g3 such that gs divides go and define g4 := go/9gs.

3. Define ¢ and QZ by

(26) = w(l — ™) ga(e™*) g1 (e7)B(€),

o~

(2€) := w(l — e7%)"2g, (%) gy (e7 ) H(£).

<) €

Then {¢} and {1;} generate a pair of symmetric dual wavelet frames with

vanishing moments of orders n; and ns, respectively.

If d # 0, then we use the following steps to construct a pair of symmetric
dual wavelet frames with two (anti)symmetric generators having vanishing

moments of orders n; and ng, respectively.
1. Find a symmetric Laurent polynomial d; such that d; divides d.

2. Find a symmetric Laurent polynomial a? which satisfies the following

conditions:

(1=2)" [a®(z),  [Sa®|(2)/[Sa®|(=2) = [Sa)(2)/[Sal(~2),
(5.2.5)  di(2?)(1 — 22)™H | a*(—2)[Me(2)l,1 — a*(2)[Me(2)]21,
ged(a®(—2)/(1 — 2)™,a*(2)/(1 + 2)™)]| d1(2*)

and

(5.2.6) di(2*)(1 = 22)™* | (o' (—2)[Me(2)]1,1 — a'(2)[Me(2)]21)
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where a! is a symmetric Laurent polynomial satisfying the following equations.
(1=2)"|d'(2),  [Sa'](2)/[Sa’](~z) = [Sal(z)/[Sa](—2),

(5.2.7)
a?(—z)a'(2) — *(2)at(—2) = 2(1 — 2*)™d;(2?).

3. Define

B6) = 222 Da(Dlas - AWl ) ()1 = ),

e ) /({50 = ).

I R N
N

#(2) = = (- DMa(Dlhs - o)

4. Define ¢!, 92, ¥, ¢2 by

D1(26) = al(eT)Pe),  DP(26) = aP(e ) (€),

~

31(26) = B )B(E),  92(26) = (e )a8).

Then {¢!,7?} and {Jl, JQ} generate a pair of dual wavelet frames with van-

ishing moments of orders n; and ngy, respectively.

Proof of Algorithm 5.1: First let us consider the case d = 0. In this case,

it is easy to see that
ko(2)ko(2) ki(2)k2(2)
ko(Z)k3(Z) kl(Z)kg(Z)

with some nonzero Laurent polynomials kg, k1, k2 and k3. Moreover, we can
assume that ged(k2(2), k3(2))= 1. Notice [M@(z)]l,l = [Me(—z)]z,z- So we

(5.2.8) Mo (2) =

have
(5.2.9) ko(2)ka(2) = ky(—2)ks(—2).
Similarly,

(5.2.10) ko(2)ks(2) = ky(—2)ka(—2).

Divide (5.2.9) by (5.2.10), we have
k‘g(Z) N ]{33(——25)

k3(Z) ]{32(—2) )
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Therefore, by ged(ka(z), k3(2))= 1, we have ko(2) = Lks(—2). If ko(2) =
—k3(—2), then we replace ko, k1, ko and k3 by zko(2), 2zki(z), k2(2)/z and
ks(z)/z, respectively. So we can assume that ko(z) = k3(—=z). Therefore, by
condition (5.2.9), we have ko(2) = k)(—2) and ky(2) = k3(—2). So

Mo (2) = [ka(2) ka(=2)["Tks(~2) hi(2)]
= go()kal2) ka(~2) Tk (~2)/90(=%) kr(2)/0(=*)

where

g0(2*) = ged (k1 (2), b (—2))
= ged ([Mo (21,1, [Mo(2))22, [Ma(2)]h,2, [Ma (2)]2,1).

Therefore, we proved the algorithm for the case d = 0 and it covers all the

possible pairs of symmetric wavelet frames with one (anti)symmetric generator
derived from ¢ and 5

Secondly, let us consider the case d #Z 0. As discussed before, we want to

find some symmetric polynomials a', a2, b' and b? such that
(5.211) (1-2)"|a',  (1=2)"]d®  (1=-2)" b, (1-2)"]|0

1 2
and (5.2.1) are satisfied. So we have det { C: () @*(2)

is symmetric. De-
a'(—z) a*(—z

fine

o 1 al(z) a*(2)
5.2.12 di1(2z°) = —det .
5212 )= Ll(_z) ag(_zj

It is easy to see that d; is well defined and d; is symmetric by assumption
(5.2.3). Under the condition d; # 0 since d # 0, it is evident to see that
(5.2.1) is equivalent to

bi(1/2) b(=1/2) _ 1 a*(—z) —a?(2) Mo(2)
R(1/2) B(—1/2)| 2@ |—al(—2) al(z) |
Also, it is easy to see that (5.2.13) is equivalent to

bl(l/z)] _ 1 [a2(—z)[Me(z)]1,1—a2(z)[M@(z)]2,1]'
v(1/2)]  2(Z) [~a}(=2)[Me()]11 +a'(2)[Me(2)]2s

(5.2.13) [

(5.2.14) {
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So the combination of conditions (5.2.1) and (5.2.12) is equivalent to the com-
bination of conditions (5.2.12) and (5.2.14). By this reason and condition
(5.2.3), checking the symmetry pattern, it is evident to see that our algorithm
for the case d # 0 is correct and in fact it covers all the possible pairs of sym-
metric dual wavelet frames derived from ¢ and ¢7 Moreover, since it covers all
the possible pairs of symmetric dual wavelet frames, we can search some opti-
mal ones according to our algorithm. For instance, in practice, a!, a2, b! and
b? can be used as high-pass filters. In terms of efficiency, the maximal length
of {a',a?b',b?} is desired to be as short as possible. In the next section,
we shall refine our algorithm to search for the “shortest” pair of symmetric
dual wavelet frames and several examples are provided to demonstrate our

algorithm. n

5.3 Examples

Using Maple program and based on the algorithm in last section, we calculated
many examples. Especially, we would like to show the following examples:
Example 5.1. Let ¢ be a refinable function with its mask

a(2) = 272[18 — 5(z + z71)](1 + 2)°/256.

Set¢~5=¢andb=a. We have my; = my = 4. Define © =1, ny = ny = 2,

a*(2) = 152711 — 2)®[526 + 242(z + 2z71) + 55(2% + 27%)]/15808,

a?(z) = —27H (1 + 2)(1 — 2)*[106 + 36(2 + 27 1) + 15(2* + 27%)] /240,

b'(2) = 2711 — 2)3[86 + 22(2 + 271) + 5(2% + 272)] /480,

v’ (2) = =525 (1 + 2)(1 — 2)*[270 + 12(2 + 27 1) + 5(2* + 27%)]/1011712

and define ¢!, 92, P!, 2 by
P1(26) = a'(e74)P(€),  P*(26) = a*(e7*)e(¢),
(5.3.15) = a = 2
$1(26) = b'(e7)9(€), $2(26) = b2 (e7) g (¢).

124

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1
1
0.5 05
o
-05 0
-1
05
2 0 (@ 2 a 2 0o ( 2 4
0.4
0.6
o4 0.2
0.2
0 o
-0.2
—0.4 -0.2
—0.6
-0.4
2 0 (@ 2 4 2 0 @ 2 4

Figure 5.1: Generators for the pair of dual 2-wavelet frames in Example 5.1:
(a) ¥ (b) ¥? (c) ¥ (d) ¥2. Functions ¢!, %2, ¢!, Y2 are symmetric or

antisymmetric and have vanishing moments of order 2.

Then {¢*,1?} and {7;1, ;ZQ} generate a pair of dual wavelet frames with van-

ishing moments of orders 2. See Figure 5.1 for their graphs.

Example 5.2. Let ¢ be the cubic B-spline with its mask a(z) = (1 + 2)*/16.
Set <,z~5= ¢ and b = a. We have m; = my = 4. Define

O=1+(2-2-2"1/3+31(2-2z—-27)2/360,

a'(z) = =271 — 2)[38 + 18(2 + z71) + 3(2* + 272)]/32,
a?(z) = —27%(1 — 2)%(1 + 2)°/16,
b'(2) = 27°(1 — 2)*[786 — 244(z + z71) + 31(2* + 272)] /5760,
b e¥) = 2741 — 2)4[2352 + 403(z + 271) + 62(2% + 27%)] /11520
and define 9!, 9?2, zzl, @ZQ by (5.3.15). Then {y! %} and {{51,7,52} generate

a pair of dual wavelet frames with vanishing moments of orders 2 and 4,

respectively. See Figure 5.2 for their graphs. Similarly, we can construct a
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Figure 5.2: Generators for the pair of dual 2-wavelet frames in Example 5.2:
(a) %! (b) ¥ (c) ¢! (d) ¥2. Functions ¢, ¢? ', ¢? are symmetric and have

vanishing moments of order 2 or 4.

“shortest” pair of dual wavelet frames with vanishing moments of order 3

which is derived from the same mask a. A similar example has been given in
[4, Example 1.(iii)].

Example 5.3. Let ¢ be the cubic B-spline with its mask a(z) = (1 + 2)*/16.
Set 5: ¢ and b = a. We have m; = my = 4. Define

©=1+(2-2—2"1/3+31(2-2—2"4)?/360+311(2 — 2 — 27 *)?/15210,
ny = 4, Ny = 4,

a'(2) = (1 —2)*[22 + 8(z + 271) + (22 + 272)] /64,
a®(z) = z(1 — 2)*[208 + 131(z + 271) +40(2? + 27 %)+
5(2% + 273)] /320,
b'(2) = (1 — 2)*[28602 + 3424(z + 2~ 1) + 933(2? + 272)] /172800,
b2(2) = 2(1 — 2)*[61024 + 33045(z + 271) + 9952(2% 4+ 272)+
1244(2° + 273)] /241920
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Figure 5.3: Generators for the pair of dual 2-wavelet frames in Example 5.3:
(a) ¥! (b) ¥? (c) ¥' (d) 2. Functions 9!, ¢?, ', ¢? are symmetric and have

vanishing moments of order 4.

and define 9!, ¢2, P!, 92 by (5.3.15). Then {4!,%?2} and {¢', ¥} generate a
pair of dual wavelet frames with vanishing moments of order 4. See Figure 5.3

for their graphs. Similar examples have been given in [4, 13].
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