Instance-dependent analysis of learning algorithms

by

Ruitong Huang

A thesis submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

in

Statistical Machine Learning

Department of Computing Science

University of Alberta

© Ruitong Huang, 2017



Abstract

On the one hand, theoretical analyses of machine learning algorithms are typically performed
based on various probabilistic assumptions about the data. While these probabilistic as-
sumptions are important in the analyses, it is debatable whether such assumptions actually
hold in practice. Another question is whether these probabilistic assumptions really catch
the essence of ”learning” as is implicitly assumed since the introduction of PAC models in
learning theory. On the other hand, when avoiding making assumptions about the data,
typical analyses tend to follow a worst-case minimax approach, e.g. in the adversarial on-
line learning framework. Oftentimes the results obtained will fail to catch and exploit the
‘niceness’ of the data that may help speeding up the learning. It is also debatable whether
the data encountered in typical learning scenarios would ever be truly adversarial.
Motivated by the above issues, this thesis suggests to perform instance-dependent anal-
ysis of learning algorithms to improve our understanding of learning. Special emphasis is
put on characterizing the ‘niceness’ of data from the perspective of learning. In this thesis,

we demonstrate this approach in three settings:

e In the unsupervised learning setting, we redefine the problem of independent compo-
nent analysis (ICA) to avoid any kind of stochastic assumptions and develop (for the
first time) a provably polynomial-time learning algorithm based on our deterministic

analysis.

e In the supervised learning setting, we start with a statistical framework: We analyze
the finite-sample performances of the empirical risk minimization algorithm for a gen-
eralized partially linear model under the random design setting. We detect a potential
deficiency of the ERM algorithm. Further investigation leads to a high probability

instance-dependent generalization bound.

e Finally, in the online learning setting, we take a thorough analysis of the follow the

leader (FTL) algorithm in the online linear prediction problem, and discover a broad

ii



range of previously unknown favourable conditions of the data under which FTL

achieves a fast learning rate.

Our approach leads to various instance-dependent results that are more general, expressive,
and meaningful, in the sense that these results are able to catch the important factors of

the data on which the performances of the learning algorithms heavily rely.
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Chapter 1

Introduction

Learning theory is studied to better understand the relative strengths and weaknesses of
a learning algorithm under various assumptions. As such, it helps to improve existing
algorithms and to design new ones.

However, most existing theoretical results in the literature tend to flip between two po-
larities: On the one hand, learning theory traditionally has been studied in a statistical
framework, discussed at length, for example, by Kearns and Vazirani [1994], Vapnik [1998],
Shalev-Shwartz and Ben-David [2014]. The data generating mechanism in the statistical
framework is assumed to obey probabilistic assumptions. These strong assumptions make
the analysis of the learning algorithm easier by only considering 'nice’ data for the algo-
rithm. Examples of assumptions imposing niceness include that the individual observations
in the data are independent and follow the same distribution (the so called independent
and identically distributed (i.i.d.) assumption), various other restrictions in terms of what
dependencies exist between the observed data points, and low noise or variance of the in-
stances, etc. One issue with this approach is that the analysis of the algorithm seems
to critically depend on whether the data generating mechanism indeed satisfies the stated
probabilistic assumptions, which is difficult to argue in practice. In particular, in practice,
it is difficult to argue that the data indeed satisfies these probabilistic assumptions. Does it
mean that one should avoid using the algorithms whose performance is analyzed in the sta-
tistical framework? Perhaps not: Experimentally, it appears that many algorithms achieve
good performance when the stated strong probabilistic assumptions are apparently violated.
Theory that uses the strong assumptions is not suitable to explain these successes. This
observation raises the question of what should be used as the ‘niceness’ of the data for a
particular learning algorithm, going beyond the statistical framework. On the other hand,
existing results in the literature that make the least assumptions on the data generating
mechanism, are usually centered around a worst-case analysis. In the statistical learning
framework, the majority of the results are concerned about the worst-case data under the

assumed probabilistic assumptions. The online learning framework tends to make minimal



assumptions on the data, but performs the analysis in an ‘adversarial’ environment [Cesa-
Bianchi and Lugosi, 2006] and thus it is also associated with a strong worst-case flavour.
One classical example of what this worst-case approach entails in the online learning frame-
work is as follows: A deterministic strategy can always be exploited by its adversary in the
worst-case, hence achieves only trivial performance guarantee. Such observation inspires
the design of randomized strategies, like the follow the perturbed leader (FTPL) algorithm
[Rakhlin and Sridharan, 2014, van Erven et al., 2014]. But does this result really mean
that one should stay away from deterministic strategies? In fact, under appropriate circum-
stances, the follow the leader algorithm (FTL), which is deterministic, has been proven to
achieve fast learning rates (see, e.g., Merhav and Feder 1992, Gaivoronski and Stella 2000,
Hazan et al. 2007, Kakade and Shalev-Shwartz 2009).

In this thesis, we propose to analyze learning problems and learning algorithms in a
framework that aims to build a bridge between two polarities: the overly conservative worst-
case framework and the overly restrictive statistical framework. More specifically, we start
with minimal statistical assumptions on the observed data, and perform a deterministic
analysis of the learning algorithm. A successful analysis in this way usually leads to a
result that depends on some particular quantities of the data. We call such results instance-
dependent. These particular quantities of the data can usually serve as measures of the
‘niceness’ of the data, which catch the essential features of data on which the performance
of the algorithm heavily relies. Results of this type lead to better understanding of the
successes and failures of various learning algorithms, and also hint at design principles
for new algorithms. Our ‘niceness’ notions apply to a wider range of data including the
classical stochastic data and the worst-case data, showing the strength and universality of
the approach. The idea of the two-step analysis, first developing an instance-dependent
result and then applying this to specific settings, has actually appeared in both batch
learning setting and online learning setting [Vito et al., 2005, Cesa-Bianchi and Lugosi,
2006, Pires and Szepesvéri, 2012, Rakhlin and Sridharan, 2014]. Demonstrations can also
be found in the recent NIPS workshops ‘learning faster from easy data’." Another interesting
question that we won’t study is how these quantities can be computed in practice. While
in some cases, the niceness measures are computable from the empirical data, there exist
other cases when the ‘niceness’ measure is not available. We also discuss how we could deal
with the latter cases like introducing some form of regularization, or developing an adaptive
algorithm that can achieve fast rates for the ‘nice’ data while still maintains the optimal
minimax learning rate. In this thesis, we present 3 demonstrations in different learning
settings: unsupervised learning, (batch) supervised learning, and online learning. While

in all these settings we emphasized the importance of improving our understanding of the

Ihttp://wouterkoolen.info/easydata2013/ and http://event.cwi.nl/easydata2015/
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behaviour of the learning algorithms, our new analyses also challenge these algorithms, and

lead to the development of new algorithms with improved theoretical guarantees.

1.1 Learning Settings

The purpose of this section is to introduce the 3 types of learning settings used in this
thesis: unsupervised learning, supervised learning, and online learning. Under the setting
of supervised learning, the data space Z = X x ) is a pair of the feature space X and
the response space ), and the data (X,Y) is in a input-output pair where X € X and
Y € ). Assuming there exists an underlying relation between X and Y, the goal is to learn
a mapping f : X — Y such that f is close to this underlying relation. For example, each
pair (X,Y) can be generated from some distribution over X and Y = || X||2, and ideally
the algorithm will seek the length function to be f. Under the setting of unsupervised
learning, no variable is treated as the response (thus Z = X), and the goal of learning is
to models general properties of data from the presented data. Lastly under the setting of
online learning, data are presented sequentially and the learning goal is to make prediction
for the current sample based on the history. Supervised learning and unsupervised learning
are instances of batch (off-line) learning: a batch of data forms the basis of learning. We
present a brief introduction in this chapter, and leave the details in the latter corresponding
chapters.

This thesis is organized as follows: In the rest of this chapter we introduce briefly our
results in the above learning settings. In Chapter 2 we present our first demonstration in
the unsupervised learning setting where we consider a deterministic framework for the in-
dependent component analysis model. Chapter 3 is devoted to our results in the supervised
learning setting, where we consider the performance of the empirical risk minimization algo-
rithm (ERM) for the generalized partially linear regression model. The last demonstration
in the online learning setting is presented in Chapter 4. Chapter 5 concludes the thesis and

discusses some potential future works.

1.1.1 Unsupervised learning

In the setting of unsupervised learning, one usually assumes the samples are generated from
a presumed probabilistic model with unknown parameters. Different from the supervised
setting, the goal of unsupervised learning is to estimate these parameters and possibly
perform some inference with the model. Examples of unsupervised learning include latent
variable models and clustering.

Among various latent variable models, independent component analysis (ICA) is ana-
lyzed in this thesis as a typical example. The task of ICA is given in a statistical language:

Given T i.i.d.observed d-dimensional signals = € R%*7 as a data array that is assumed to



be a linear mixture of d independent hidden source signals, ICA attempts to estimate the
unknown mixing matrix A and the hidden signals s such that © = As [Hyvérinen et al.,
2001]. For simplicity, we assume that A is a non-singular matrix. The key assumption for
the ICA problem to be well defined is that all d source signals are mutually independent,
and observations are i.i.d. samples from the source distributions. However, very commonly
ICA algorithms are applied to data where strong temporal correlations are apparent or even
when the input is deterministic. The success of ICA on such data suggests that the usual
statistical notions may not capture the very essence of the task. This motivates us to re-
define and analyze ICA in a deterministic framework without probabilistic assumptions on
the data.

One approach in unsupervised learning, besides the maximum likelihood estimator, is the
method of moments which estimates the model’s parameters via the estimates of moments
of some specifically designed variables. Recently, the method of moments becomes popular
in the machine learning literature, mainly because it leads algorithms with appealing theo-
retical and computational properties [Arora et al., 2012, Anandkumar et al., 2012¢,a, Hsu
and Kakade, 2013]. The essence of the method of moments is that the exact value of the
first or higher moments can be formulated as a tensor whose decomposition can be used to
extract a model’s parameters. While, in general, tensor decomposition is NP-hard [Hillar
and Lim, 2013], it is shown that in a wide range of latent variable models, the resulting
tensor is symmetric and orthogonally decomposable [Zhang and Golub, 2001, Anandkumar
et al., 2012a].

In Chapter 2 we show that the problem of ICA can indeed be interpreted and analyzed
in a non-stochastic manner by assuming the source signals s to be deterministic. Previous
ICA results are extended to more general settings. Such analysis leads to a new provable
polynomial-time ICA algorithm free of unspecified parameters.? We argue that similar ideas
may also work for other latent variable models in the work of Anandkumar et al. [2012a].
The results in Chapter 2 have been published in our ICML and NIPS workshop papers
[Huang et al., 2015a,b].

1.1.2 Supervised learning

Supervised learning is also referred as predictive learning. Given a training set of n samples
Zim = {(X1,Y1),...,(Xn,Yn)} generated from some underlying distribution P over Z, a
learning algorithm learns a mapping f : X — Y from a set of functions F such that f(X)
is close to Y for a data pair (X,Y) generated from P. F is called the hypothesis set. Given
a loss function £(y,y’), the ‘suitability’ of a mapping f € F is defined by its expected

2An algorithm that is free of unspecified parameters is important in the unsupervised learning setting,
especially in the deterministic framework. Because we make no assumptions about the data generating
mechanism, parameter tuning is almost impossible.



loss L(f) = E[L(Y, f(X))] with respect to P. As the underlying distribution P of the data
(X,Y) is unknown, it is natural to learn the mapping f by minimizing the empirical loss
Lo(f) = L3, 0(f(X;),Y;) given the samples. Denote the minimizer of L,, by f,,. We also
denote {X1,...,Xp} by X1.n, and {Y7,...,Y,} by Yi.,.

Note that the loss L(f,,) depends on both the learning algorithm and the nature of the
problem, i.e. the underlying distribution P in Z. To better describe the performance of the
learning algorithm, we compare the loss L(f,,) to the best loss possible over the considered
set of functions F, i.e., to L* = infycr L(f). A bound on the excess risk L(f,) — L* is
called a generalization (error) bound. Several approaches have been proposed to analyze the
excess risk, including the theory of uniform convergence of empirical processes, and stability
analysis etc. [Vapnik, 1995, Bousquet and Elisseeff, 2002].

In the statistical literature, instead of bounding the expected excess risk E [L(f,) — L*]
as in machine learning, most of the existing results are concerned with the expected ex-
cess risk conditioned on the samples X;.,, [van de Geer, 1990, 2000]. With our notations,
this amounts to bounding E [L, (f,)|X1:n] — inf ez E[L, ()| X1.]. We call the condition-
ally expected excess risk E [L,,(f5,)|X1:] — inf e 7 E [L,, ()| X1.n] as “in-sample” error, and
E[L(f,) — L*] as “out-of-sample” error. An intuitive connection between these two different
settings is that a result in the random design setting can be developed from a result in the
fixed design setting that holds uniformly for arbitrary Xi.,. In Chapter 3 we surprisingly
detect a potential deficiency of the ERM algorithm on a linear regression problem which
an asymptotic analysis fails to catch. For the first time in the literature, we analyze the
finite-sample performances of the ERM algorithm on a generalized partially linear model.
Our instance-dependent finite-sample bound catches a 'niceness’ measure of the data which
helps partially explain the success of ERM on this model. The results of Chapter 3 have
appeared in our AISTATS and ISAIM papers [Huang and Szepesvéri, 2014a,b].

1.1.3 Online Learning

In the last two decades, a fair amount of interest in statistical learning theory has been
devoted to studying online learning. The idea of not making statistical assumptions on
sequential data is not new and goes back to at least Cover [1966]. In fact, the adversarial
setting is one of the two classic settings in online learning, where the input sequence is
assumed to be intentionally generated to maximize the algorithm’s regret and thus it is
non-stochastic.”

A generic online learning framework is as follows: In round ¢t = 1,...,n, the algorithm
picks a weight w; € W C R? for some W (e.g W = {w : |w|]2 < 1}). Then a convex

loss function ¢; : RY — [0,1] is generated from some unknown system and the algorithm

3The other setting is called stochastic setting where the input sequence are i.i.d. samples generated from
some fixed distribution.



suffers the loss ¢;(w;) and learn the loss function ¢;. The goal of the learning algorithm is

to minimize the regret in n rounds:

R, = ;Zt(wt) — uﬂ%;&(w)'

In this thesis we only consider the “online linear prediction” when the loss is linear,
i.e. 4y is linear in w. In fact, the linear case is not only simple, but is also fundamental
since the case of nonlinear loss functions can be reduced to it using a standard linearization
trick: Indeed, even if the losses are nonlinear, defining f; € 9;(w;) to be a subgradient®
of £, at w; and letting ;(u) = (f;,u), by the definition of subgradients, £;(w;) — (u) <
Co(we) — (Ce(we) + (fr,u — wy)) = Le(wy) — ly(u), hence for any u € W,

n

th(wt) - Z&(u) < Z@(wt) - Z[t(u) .

t=1
In particular, if an algorithm keeps the regret small no matter how the linear losses are
selected (even when allowing the environment to pick losses based on the choices of the
learner), the algorithm can also be used to keep the regret small in the nonlinear case.

One of the basic online learning algorithm is the ‘Following The Leader’ algorithm (FTL)
[Cesa-Bianchi and Lugosi, 2006]. In each round ¢, FTL picks w; such that w; minimizes
the total loss Zf: ¢;(w) accumulated beforehand. It has been proved that FTL achieves
optimal constant regret under the stochastic setting. However, it is also shown that FTL may
suffer a linear regret in the adversarial setting [Shalev-Shwartz, 2012, De Rooij et al., 2014].°
This extreme behavior can be avoided by introducing a regularization to the objective
function of FTL. The resulting algorithm, named ‘Follow The Regularized Leader’ (FTRL),
achieves the optimal minimax rate (1/n in a sequential data of length n) e.g. on the online
linear prediction problem [Abernethy et al., 2008, Shalev-Shwartz, 2012].

In Chapter 4, we take a closer look at the performance of the FTL algorithm on the
online linear prediction problem. Our result essentially suggests that although FTL may
perform extremely bad for the worst-case data, it actually achieves a fast learning rate for
some data. Our analysis also motivates us to develop various new adaptive algorithms for
the online linear prediction problem. The results in Chapter 4 have been published in our

NIPS paper [Huang et al., 2016].

4 We let dg(z) denote the subdifferential of a convex function g : dom(g) — R at z, i.e., dg(x) =
{0 e RY| g(z') > g(zx) + (0,2’ — x) V&' € dom(g)}, where dom(g) C R? is the domain of g.

5A linear regret in online learning indicates that the learning algorithm is not doing better than a random
guessing.



Chapter 2

Independent Component
Analysis

In Chapter 1 we suggest to develop instance-dependent theoretical guarantees to achieve
more expressive results and have a better understanding of the learning algorithm. In this
chapter, we present our first demonstration on the task of Independent Component Analysis
(ICA) in the unsupervised learning setting. We will not make probabilistic assumptions
about the data generating mechanism, and characterize the important features of the data
on which the ICA algorithm is guaranteed to have a good performance. We start with
analyzing an ICA algorithm due to Hsu and Kakade [2013], named as HKICA. A new ICA
algorithm is then proposed to fix a potential deficiency of HKICA. A key feature of our
approach is that no probabilistic assumptions are made on the data', and the algorithm is
free of hyperparameters.

This chapter is organized as follows: We introduce the classic ICA model in Section
2.1. Previous works are discussed in Section 2.1.1. We then redefine the ICA model in a
deterministic framework and present our main results in Section 2.2. The polynomial-time
algorithms underlying these results are developed through Section 2.3 and 2.4: Section 2.3
is devoted to the analysis of the HKICA algorithm. Our new algorithms are presented and
analyzed from Section 2.4.1 to Section 2.4.3. Then Section 2.4.4 proposes a recursive version
of our algorithm. Lastly, we present some simulation results in Section 2.5 and conclusions
in Section 2.6.

The results in this chapter have appeared in Huang et al. [2015a,b].

2.1 Independent Component Analysis (ICA)

Independent Component Analysis (ICA) attempts to explain an observed z € R¥T array
by decomposing it into the product As where A € R%¥*? is a non-singular matrix and

s € R¥*T is viewed as T d-dimensional vectors such that the components of these T vectors

1In Chapter 3 we still keep the probabilistic assumptions on the noise €.
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Figure 2.1: Example of ICA: On the left-hand side, the bottom three plots depict the d = 3
components of the observed signal x. This observed data x is generated by mixing the
sources shown by the top three graphs on the left-hand side. The x axis represents time:

The numbers shown are scaled by a factor of 50; thus 7" = 2500. Reconstruction results by
three algorithms (FastICA, HKICA, and DICA, see Section 2.1.1 and 2.4.1 for details)

are “statistically independent” [Hyvérinen et al., 2001]. The ICA literature is vast in both
practical algorithms and theoretical analyses; we only discuss those closely related to our
work in Section 2.1.1, but refer to the book of Comon and Jutten [2010] for a comprehensive
survey. Oftentimes, ICA is illustrated by data as shown in Figure 2.1. Three hidden source
signals are shown in black, and their linear mixtures as the observations for three different
ICA algorithms are in red. The reconstruction of the source signals by the ICA algorithms
is shown on the right-hand side. As can be seen, up to scaling and the ordering of the
reconstructed components, the reconstruction is quite successful no matter the algorithms.
But are these hidden signals “statistically independent”? Note that the all components
of the source data are periodic functions of time. This is quite obvious for the first two
components, while the third, being generated using a pseudo-random number generator has
a long period and thus “looks random”. Also, as the reader may recall, any two constant
numbers a, b € R are independent of each other when viewed as degenerate random variables.
Thus, for any single ¢, the three components of the source signals s1(t), s2(t), and s3(t) are
independent! Does the success of the algorithms on this example imply that they will also
work for other mixtures of arbitrary deterministic sources? Of course not. For example, if
one source is a linear function of other sources, then no algorithm will be able to recover
the sources from their mixture. Another question is whether the temporal dependency of
the sources may hamper performance. If s(1) = s(2) = --- = s(T) then the algorithms
effectively need to work with a single vector observation and no algorithm will be able to
perform a successful reconstruction.

We attempted to provide some answers to the question in this chapter: to what extent can
ICA algorithms separate the mixture of some sources? In particular, can we extend/redefine
the problem of ICA in a meaningful way so that we can explain the success of the particular
ICA algorithms on the above example? In this chapter, we give a positive answer to this

question. The essence of our approach is to define an empirical measure of the “niceness” of



data and then postulating the requirement that good algorithms are those that get better
results on ‘nice’ data. The niceness measure will be so that in the classical ICA setting,
the usual statistical results can be recovered from our results. We also propose a provably
polynomial-time algorithm that has no free (unspecified) parameters for the noisy ICA model
and analyze its performance based on the "niceness” of the observed data. The key feature
of our approach is that no probabilistic assumptions are made on the data (the algorithm
may randomize though), and thus this work can be thought as the natural extension of
online learning where learning algorithms are analyzed without making any probabilistic

assumptions [Cesa-Bianchi and Lugosi, 2006].

2.1.1 Related Works

We explain the difference between our ICA algorithm and the previous methods in this
section. However, as mentioned above, the key feature of our results is the removal of the
probabilistic assumptions on the observed data.

A popular approach to the ICA problem is to find a linear transformation W for X by
optimizing a contrast function that measures dependence or non-gaussianity of the resulting
coordinates of WX. The optimal W then can serve as an estimate of A~!, thereby recov-
ering the mixing matrix A. One of the most popular ICA algorithms, FastICA [Hyvarinen,
1999], follows this approach for a specific contrast function. FastICA has been analyzed
theoretically from many aspects [Tichavsky et al., 2006, Oja and Yuan, 2006, Ollila, 2010,
Dermoune and Wei, 2013, Wei, 2014, Miettinen et al., 2014]. In particular, recently Mi-
ettinen et al. [2014] showed that in the noise-free case (i.e., when X = As), the error of
FastICA (when using a particular fourth-moments-based contrast function) vanishes at a
rate of 1/v/T where T is the sample size. In addition, several other methods have been
shown to achieve similar error rates in the noise-free setting [e.g., Eriksson and Koivunen,
2003, Samarov and Tsybakov, 2004, Chen and Bickel, 2005, 2006]. However, to our knowl-
edge, no similar finite sample results are available in the noisy case. Algorithms developed
based on the noise-free assumptions are also observed to be sensitive to the noise in practice
[Mollah et al., 2007].

On the other hand, promising algorithms are available in the noisy case that make
significant advances towards provably efficient and effective ICA algorithms, albeit fall short
of providing a complete solution. Using a quasi-whitening procedure, Arora et al. [2012]
reduces the problem to finding all the local optima of a specific function defined using
the fourth order cumulant, and propose a polynomial-time algorithm to find them with
appealing theoretical guarantees. However, the results depend on an unspecified parameter
(8 in the original paper) whose proper tuning is essential; note that even an exhaustive

search over 8 could be problematic, since it is unclear how one can use data to infer the



range for 5.

The exploitation of the special algebraic structure of the fourth moments induced by
independence leads to several other works related to ICA [Hsu and Kakade, 2013, Anand-
kumar et al., 2012a,b]. A similar idea is also discussed earlier as an intuitive argument to
construct a contrast function [Cardoso, 1999]. The first rigorous proofs for this idea are
developed using matrix perturbation tools in a general tensor perspective [Anandkumar
et al., 2012a,b, Goyal et al., 2014]. A common problem faced by these methods is a mini-
mal gap of the eigenvalues, which may result in an exponential dependence of the sample
complexity on the number of source signals d. More precisely, these methods all require
an eigen-decomposition of some flattened tensor where the minimal gap between the eigen-
values plays an essential role. Although the exact size of this gap is not yet understood, a
naive analysis introduces an exponential dependence on the dimension d. Such dependence
is also observed in the literature [Cardoso, 1999, Goyal et al., 2014]. One way to circum-
vent such dependence is to directly decompose a high-order tensor using the power method,
which requires no flattening procedure [Anandkumar et al., 2014]. However, when applied
to the ICA problem, this introduces a bias term and so the error does not approach 0 as the
sample size approaches infinity. Another issue is the well-known fact that the power method
is unstable in practice for high-order tensors. Goyal et al. [2014] proposed another method
by exploring the characteristic function rather than the fourth moments. However, their
guarantees hold only if a parameter of their algorithm (o in the original paper) happens
to be smaller than some instance-dependent quantity which in general is unknown, making
their guarantee weak. Recently, Vempala and Xiao [2014] proposed an ICA algorithm based
on an elegant, recursive version of the method of Goyal et al. [2014] that avoids dealing with
the aforementioned minimal gap; however, they still need an oracle to set the unspecified
parameter of the algorithm of Goyal et al. [2014].

Our ICA algorithm is a refined version of the ICA method proposed by Hsu and Kakade
[2013] (HKICA). However, we propose two simpler ways, one inspired by the works of Frieze
et al. [1996] and Arora et al. [2012], and another based on Vempala and Xiao [2014], to
deal with the spacing problem of the eigenvalues under similar conditions to those of Goyal
et al. [2014]. Unlike the method proposed by Goyal et al. [2014], our first method can
force the eigenvalues to be well-separated with a gap that is independent of the mixing
matrix A, while our second method, based on the recursive decomposition idea of Vempala
and Xiao [2014], avoids dealing with the minimum gap (at the price of introducing other
complications). We prove that our methods achieve an O(1/v/T) error in estimating A
in the classic setting, with high probability, such that both the convergence rate and the
computational complexity scale polynomially with the natural parameters of the problem.

Our method needs no parameter tuning, making it the first method to provably handle noisy
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ICA without relying on a “lucky” parameter choice.
The problem of separating mixture of deterministic signals is also considered in [Kirimoto
et al., 2011] and [Forootan and Kusche, 2013]. However their analysis is restricted to certain

particular signals, while our result is applicable to general ones.

2.1.2 Notation

All vectors, matrices and tensors are real or complex valued, unless otherwise stated. Symbol
K denotes either the set of real or complex numbers. We denote the set of real and natural
numbers by R and N, respectively. A vector v € K¢ is assumed to be a column vector.
Let [|v||2 denote its Lo-norm, and for any matrix Z let || Z]|2 = max,|j,|,—1 [|[Zv]|2 denote
the corresponding induced matrix-norm. Denote the maximal and minimal singular value
of Z by omax(Z) and opmin(Z), respectively. Also, let Z; and Z;. denote the ith column
and, resp., row of Z, and let Zy miny = min; | Zill2, Z(2,max) = max; || Z;|l2 and Zyax =
max; j |Z; ;|. Clearly, omax(Z) = | Z|l2 > Z(2,max) > Zmax> and omin(Z) < Z(2.min). For a
tensor (including vectors and matrices) T, its Frobenious norm (or Ly norm) ||7'||r is defined
as the square root of the sum of the square of all its entries. For a vector v = (v1,...,v4) €
K?, |v] is defined coordinatewise: |v| = (|v1],...,|v4|). Similarly for a matrix M € K*4,
|M]| is also defined coordinatewise. The transpose of a vector/matrix Z is denoted by Z T,
while the inverse of the transpose is denoted by Z~T. The outer product of two vectors
v,u € K%is denoted by u®v = uv . The symbol v®* denotes the k-fold outer product of v
with itself, that is, v @ v ® v ... ® v, which is a k-dimensional tensor. Given a 4-dimensional
tensor T, T(n,n,-,-) denotes a matrix Z that is generated by marginalizing and scaling
the first two coordinates of T' on the direction n: Z; ; = Zzl,bzl Miey Moo Thor oo i,j- (Similar
definitions apply to marginalizing different coordinates of the tensor.) For a real vector v
and some real number C, v < C means that all the entries of v are at most C. The bold
symbol 1 denotes a vector with all its entries equal to one (the dimension of this vector will
always be clear from the context). Finally, Poly (,--- ,-) denotes a polynomial function of

its arguments.

2.2 Deterministic ICA

We consider the following non-stochastic version of the ICA model. Assume that we are
given a d x T matrix x. For t € [T], let x(t) € R? be the tth column of #. We consider the

problem of reconstructing a d x d non-singular mixing matrix A from z such that
x(t) = As(t) +e(t), 1<t<T, (2.1)

and (A, s, €) is “nice” in a way to be defined shortly. Intuitively, s is the source whose com-

ponents are “independent” while € is “noise”. We measure how well a matrix A constructed
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by an algorithm working on data = recovers A by the reconstruction error defined as

d(A, A) = wepi?i([d]) max ek Aime) — Akll2
c€R?

where A.; stands for the ¢th column of A and Perm([d]) is the set of all the permutations
on the set [d]. This measure compensates for the inherent indeterminacy in reconstructing
the scale and ordering of sources. In this chapter, without loss of generality (WLOG), we
assume s(t) € [~C,C]% t € [T] for some constant C' (by scaling A if necessary). Since
Omin(A4) and oy (A) will appear frequently, when A is clear from the context, we use the
shorthands omin = omin(A4) and omax = Omax(A4).

Let us now develop the “niceness” measure of the tuple (z, A, s,e). We start with
defining a family of “distances” between distributions (strictly speaking, these are only
pseudo-distances): given two distributions v; and v over R? and an integer k > 1, let

Dy, 2) = sup ‘ [ st [ stspatas)

fer

i

where F = {f :R¢ 5 R: f(s) = [

g1 Sige L <, < d} is the set of all monomials up
to degree k. When p is a product measure, Dy (u, V) measures how close the components of
X ~ v are to being independent. When v is a measure of p+¢q variables (i.e., X € RP*9), we
also need a measure that quantifies the degree of independence of the vectors (Xq,...,X,)

and (Xpy1,...,Xptq). We will denote this measure by D,(Cp’q)(u) and is defined as
D (v) = Di(pn ® pi2, ),

where p; (respectively, us) is the marginal measure of v on the first p (respectively, last )
variables, i.e. for a Borel set B C RP (respectively, R?), u1(B) = v(B x R?) (respectively,
u2(B) = v(RP x B)). We will use D,(Cp ’q)(u) to measure the degree of independence between
the source (s) and the noise (¢).

For a distribution u over R we let % (i) be the (absolute) 4*"-order cumulant of u:

/I4u(dx) - 3(/ w?pu(dx))?

which, for brevity, we also call “kurtosis” (by slightly abusing terminology). For a product

)

K(p) =

distribution 4 = p; ® ... ® pg over R we let mpin(1) = minj<;<qr(p;) to denote the
minimum kurtosis of the components of u. We also denote x(u;) by k;. When p is a

distribution over R%, we define the d-dimensional absolute 4""-order cumulant of ; by

Q1) = max || (Bywy Y] = (By sV 52)%2) (1.1.-1) = 2By wulV )20,

We will also use N(v) = || [zv(dz)||r to denote the magnitude of the mean of the
distribution v. Now, for any ¢,k > 1 and signal u : [t] — R*, we introduce the empirical

distribution of wu, Vt(u), which assigns the value

vi(B) = H|{r € [t] : u(r) € B
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to a Borel set B C R*. We omit the index t when the time range is T, e.g. denote ug,f) by

(). Similarly, for signals u,v : [t] — R¥ and a Borel set B C R?**, we define
i “N(B) = H{r € [t] : (u(r),v(r)) € BY|.

Starting from the classical setting, we will define the tuple (z, A, s, €) “nice” (or compli-
ant) if the respective empirical distributions approximately satisfy the usual assumptions:
(a) the source (s) components are independent, captured by Dy(v(%), u);

(b) the noise and source are independent, captured by Dfld’d)(u(As’E));

(c) the source (s) have high absolute 4*"-order cumulants (kurtosis), captured by combining

Dy(v®), 1) and the minimal kurtosis of jt, 1/kmin(11);
(d) the noise (¢) has low absolute 4""-order cross cumulants, captured by Q(v(9));
(e) the source (s) have zero mean, captured by N (v(*));
(f) the noise (€) has zero mean, captured by N(v(9);
Finally, we let

L = max (|| [ly=*] O (dy)llr, | [ly=*]v' ()] F) ,

which captures the magnitude of second and third moments of the noise, and
My = {1 @ p2... ® pg | p; is zero mean over R with nonzero kurtosis, 1 <i < d}

to be the set of zero mean product distributions with components of nonzero kurtosis over
R

Given all the above notations, the goal of learning is to find an algorithm that, for
any tuple (x, A4, s, ¢€), produces A so that d(A,fl) scales with degree of ICA-compliance

(“niceness”) of (z, A, s,€).

2.2.1 Main result

Now we are ready to state our main result. The algorithm that achieves this bound will be

described later in the next section.

Theorem 2.2.1. There exists a randomized algorithm such that, for any A € R¥™?, and
z,8,¢: [T] = R? satisfying Equation (2.1), the algorithm returns A such that with probability
at least 1 — 0,

d(A, A) < inf C(u)min <D4(u(s), 1) + QW) + DD (L A5)y L N9 4 N(p), e(u)),
pelly

where C(p) and O(u) are problem dependent constants, polynomial in (omax(A), 1/0min(A),
1/Kmin(p),1/8,d, L). Further, the computational complezity of the algorithm is O(d3T) when

used on any data x of dimensions T X d.
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Remark 2.2.1. Our algorithms are randomized algorithms. The high probability event
in the first part of Theorem 2.2.1 comes from the random sampling of the algorithm. The

observations z are deterministic and thus have no randomness.

Remark 2.2.2. The dependence on § in our result is Poly (%), which is weaker than the

usual log(}).

2.2.2 Applicability of Theorem 2.2.1

Theorem 2.2.1 can be applied to a variety of different ICA settings, including the classical

stochastic setting and other various ones.

Proposition 2.2.3. Let (s(t))icr) be an zero-mean i.i.d. sequence bounded by C in lo
norm, independent of the i.i.d. Gaussian noise N'(0,X) sequence (€(t))ier). Then for any
0 € (0,1), with probability at least 1 —§, L = Poly (HE”Q, d, %) Moreover, if u is the product
measure of the sources (i.e., s(t) ~ ), then Dy(v'®), ), Q'9), Dfld’d)(u(Asvﬁ)), N(v9),
N(©¥®)) are all of orders O(1/v/T).

Note that the above result implies that in the standard stochastic setting with indepen-
dent sources and Gaussian noise, independently generated from the sources, with probability
at least 1 — ¢,

d(A, A) < Cmin (ﬁ,@),

for some problem-dependent constants C and ©.
Our setting can also cover some other examples excluded by the traditional setting, such

as the example of Figure 2.1 in Section 2.1.

Example 2.2.4. Assume that the unknown sources s; (1 < i < d) are deterministic and
periodic. Our observation x = As+¢ is a linear mixture of s contaminated by i.i.d. Gaussian
noise for each time step, where A is a non-singular matrix and € ~ A (0, X) is Gaussian. Even
though e is i.i.d. for every time step, the observations do not satisfy the i.i.d. assumption,
since the source s is deterministic. However, it can be proved that if the ratio of the periods
of each pair of (s;,s;) is irrational, then the reconstruction error would approach 0 for T

large enough.

Remark 2.2.5. To have a concrete (noise-free) example, let sq(t) = 0.5(—1)t, s5(t) = cos(t).
It is easy to see that the limit distribution of source 1 is a Bernoulli distribution p; with
11({0.5}) =1/2 and p1({—0.5}) = 1/2, and the limit distribution of source 2 is a distribution
1o with density function p(x) = ﬁ for -1 <x <1 Pick u=p1 @ puo. Let T=2u+5b
as the division with remainder, where u is integer and 0 < b < 2. Moreover, assume b < 1

(similar analysis will go through for the case of b > 1). The induced distribution »*! of

source 1 is v*1({0.5}) = “Eb and v*1 ({—0.5}) = %. Thus the total variation distance of 1
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and v®! is at most 1/(27). Similarly, it can be verified that the total variation distance of
v*2 and o and that of v and u also decay as 1/T. Thus, Dy is O(1/T), since the monomials
f(s) in the definition of D4 are bounded from above by 1, and N(v(*)) is also O(1/T).

Therefore, by Theorem 2.2.1 d(A, A) = O(%)

Our setting also extends the traditional one to a practically important case, Markovian

sources.

Example 2.2.6. Assume that s; is a stationary and ergodic Markovian source, and the
sources are independent of each other for 1 < i < d. Our observations are similar to the
setting in Example 2.2.4. Because of the Markov property, the observations do not satisfy

the i.i.d. assumptions.

In Section 2.4, we will present two algorithms that satisfy Theorem 2.2.1. Our algorithm

builds on the works of Frieze et al. [1996], Hsu and Kakade [2013], Arora et al. [2012].

2.3 Estimating Moments: the HKICA Algorithm

In this section we will introduce the ICA algorithm of Hsu and Kakade [2013] and analyze
its performance. Hsu and Kakade [2013] claimed that HKICA is easy to analyze using
matrix perturbation techniques. While one can indeed use matrix perturbation results, our
computations reveal some unexpected and unpleasant complications. This will motivate us

to refine the algorithm, leading to our algorithm, deterministic ICA (DICA).

2.3.1 The HKICA algorithm

The ICA algorithm of Hsu and Kakade [2013] is based on the well-known excess-kurtosis-like
quantity defined as follows: For any p > 1, n € R%, and distribution v over R, let

¥ (1) = Exeas (47 X)) 2.2
and let
o) = 55 (m§7 ) = 3 (0)?) (23)

For p1 € Iy, let Ay stand for v(4%) where s has the product distribution p. The Hessian of

the function fa,(n) plays an important role in this chapter because of its following property.

Proposition 2.3.1. Given pu € Iy and any vector p € R, V2 f4,(¢) = AKDy, AT, where
K = diag(k1,...,kq) and Dy = diag((p " A1)2, ..., (¥ T Ag)?).

Proof. Note that

V2B, (0 As)Y] = 12y, [Ass TAT (T As)?] = 124, [s(¢ T As)?sT]AT.
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Let h = AT, consider the position (i,7) of the matrix M; := 12E4.,[s(h"s)?sT],

M i = Esw[sf(hTs)Q] = 12h?]Es~u[s?] + 12]E5~ﬂ[522] Z h?]ESN“[S?]'
i#i
Similarly, for i # j,

My (i) = 20hih, B[] B [52).

Next consider the second derivative of (Es,[(1) " As)?])?,

V(Esnul( 7 As)%)

= AB,u[(h T 8) | Esup[AssTAT] + 8By ,u[(h T 8)As|Egu (R s)sT AT]

B

= A (4B [(h" 8)2|Esuplss '] + 8Esnupu[(h 8)s|Esp[(hs)sT]) AT

s~

= AM,A".
Thus,
My (i) = 1207 (Bsnp[s7])? + 4By [57] Z hiEsupls3ls  Magig) = 8hihyjEsnu[s|Esnys3].
i
Hence, we have
M, — 3M, = 12K diag(h3, ..., h3),

and thus
V2 fau() = AKDyAT.

O

Hsu and Kakade [2013]’s algorithm is built around the above algebraic observation con-
cerning V2 f, (1), the second derivative of the function f,). This observation is the

subject of the next result:

Theorem 2.3.1 (Hsu and Kakade [2013], Theorem 4). Assume A is nonsingular. Let
fap: R? — R be defined by Equation (2.3), and ¢,v € R? be vectors from the unit sphere
of R%. Then, the matriz

M = (V2 fa,(¢))(V? fau(e) ™ (2.4)
can be written in the diagonal form
A1
M=A A7Y (2.5)
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oT A,

Consequently, the eigenvectors? of the matrix M are the rescaled columns of A if A

are distinct for all 7. Thus, to obtain an algorithm, one only needs to estimate V2f, 1. at
two appropriate vectors ¢, ¥. Since x = As+ € is available, the idea is to use v(*) in place of
v(49) The next result quantifies the error induced on V2f, . as a function of the “noise”
€

Note that € could indeed have limited effect in the estimation procedure, as shown in
Proposition 2.3.2. Similar result is also discussed by Arora et al. [2012] and Belkin et al.
[2013].

Proposition 2.3.2. For any tuple (z, A, s,€) such that x = As + € and any vector 7,
IV2F () = V2 foan ()|
< Poly(L,d, omax, C) (Q(l/(e))
+ N@) + N@) +Q (Nw)N@) + DI 49 Y ml3, (%)
where Q(x) = x + z2.

In particular, the difference in the estimation of the Hessian matrix caused by the
“noise” is at most Poly (L, d, omax, C) (Q©) + N@®) + N@) + Nw)N@©) +
Dfld’d)(l/(AS’E))) 7]l2. Note that in the probabilistic setting, this decays at a rate of 1/v/T.

Denote the quantity on the above RHS of Eq. (*) by P(||n]l2). As to the computation
of V2f, ), note that for any v, V2f,(n) can be written as

V21, (n) = Gu(n) = G (n) — G (1) — 2G5 (), (2.6)
where

G () = Exl(n' X)?XXT],
Y (n) = Ex[(n X)
Gy () = Ex[(n' X)XEx[(n' X)X T].

IExn [XXT],

These quantities can be computed directly when v = v(*) using the observed samples. In
what follows, we will use the estimate VQJ?;: V2f, @, V2f := V?fa, and, in general, we
will add a “hat” to quantities which are derived from the empirical distribution v(*).

Putting everything together, we obtain the algorithm HKICA, named after Hsu and
Kakade [2013], which is shown in Algorithm 1,

2Throughout the thesis eigenvectors always mean right eigenvectors, unless specified otherwise.
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Algorithm 1 The HKICA algorithm.

Input: z(¢) for 1 <t <T.

Output: An estimate of the mixing matrix A.

Sample ¢ and v independently, uniformly from the unit sphere R¢;
Evaluate V2f(¢) and V2f(¢));

Compute 11 = (V2£(8))(V2 F(1)) A

Compute {p1, ..., 14}, all the eigenvectors of M;

Return A = (u1, ..., pa).

Remark 2.3.3. Although in theory, HKICA generates a valid, real output almost surely,
in practice this may not happen always as, due to numerical errors, V2 f (¢) may become
singular or the ratio (¢ " A;)/(¢ " A;) may become the same for multiple indices i. A simple

way to fix this problem is re-sampling ¢ and ¢ until a real eigen-decomposition exists.

2.3.2 Analysis of HKICA

In this section we provide a rigorous analysis of the algorithm.

Definition 2.3.4. Given a vector 1, a matrix A, and constants 0 < ¢ < 1, Lpjen > V2d,
let Ligw = %E. We use 5{2 to denote the event when min; 1) T A;| > A(2,min) Liow and

l¥]l2 < Lnign hold simultaneously.

Let
(2.7)

YA = min
1,j:1F£]

6T AN (6745
(dJTAz‘) _<¢TAJ‘> '

The performance of the HKICA algorithm will essentially depend on this parameter, as

shown in the following theorem.

Theorem 2.3.2. For any ¢,v and a nonsingular A such that x = As + ¢, on the event
5;;‘ N 5(‘;‘ , when HKICA is run on x to get A, it holds that
. 1
A(A, A4) < C () min (—(Da(v®), 1) + QW)

- (2.8)
+D§d,d)(y(As,e)) +N(u(f)) +N(u(5))),@(ﬂ))v

where C(p) and ©(u) are problem dependent constants, polynomial in (omax(4), %(Aﬁ’

—L 1/65 da L7 Lhigh7 g)

Kmin (1)’

Remark 2.3.5. (i) O(p) in the result gives a trivial bound for the problem: The result
becomes interesting only when Dy(v(), 1) + Q(v(9) + Dfld’d) (VA99)) £ N(v()) + N(v)
is small enough. (i) Note that the bound in (2.8) approaches zero at an O(1/v/T) rate
in the stochastic setting. (iii) Since 4 is the minimum spacing of the eigenvalues of
M = V2% f4,(¢6)(V?fa,(1)) ™1, the eigenvalue perturbations imposed by the noise cannot
be too large compared to y4 without potentially ruining the eigenvectors of M. Thus, the

dependence on 4 seems necessary.
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Despite the important role that v4 plays in the efficiency of the HKICA algorithm, it is
not clear whether it is well controllable. To the best of our knowledge, even a polynomial
(in the dimension d) lower bound of 4 is not yet available in the literature. The problem of
minimal spacings of random variables has been discussed by Hiisler [1987] and Goyal et al.

[2014], but results there are unfortunately not applicable to our case.

2.3.3 Proof of Theorem 2.3.2

We go over the key steps of proving Theorem 2.3.2 in this section. The omitted details can
be found in Appendix A.3.

Note by Theorem 2.3.1, \; = (w:fx )2. WLOG assume that ¢' A; and ' A; are all
positive for i € [d], then A, = A\, & ¢ (A,A] — A;A]) ¥ = 0. So given ¢, ¢ are sampled

independently from the uniform distribution on the unit sphere of R%, Ay # \; holds almost
surely if A is not parallel to A; (i.e. A is nonsingular). Thus the eigenvalues of M are all
distinct and the corresponding eigenvectors determine the columns of A up to permutation
and scaling.
Let
€ = 6C° Dy, v*)) + Dy(p, ). (2.9)

We can further prove that ||[M — M|, is also bounded.

. "'immA(g mm)UnuuLluw 1 2 2 2
Lemma 2.3.6. Given that §{ < ;77— = and P(Lpign) < Z“minA(27min)Un1inLlow:

high (2,max) “*max

A A
on the event £ NEY,
1M = 8[|z < @0) (Dap, ) + QW) + N () + N(9) 4 DI (449) ),

where ®(p) is a problem-dependent constant that is polynomial in Lpigh, d, Omax, 1/0min,

Rmax; 1/"’imin7f, L and C.

The following perturbation lemma for diagonalizable matrices shows that a small pertur-
bation of M will only result in a small variation of its eigenvectors, at least under some mild

regularity conditions. Thus, given a good estimate of M, we can reconstruct A accurately.

Lemma 2.3.7. Denote M = M + E where M = PDP~' and where D is a diago-

nal matriz diag(oy,...,04). Assume M has distinct eigenvalues. If yp = min;; lo; —
ol > 4‘;:?;‘(5)) |E|l2, and min; j.;2; || P; — Pjll2 > = %”EHQ, then there exist constants
{c1,...,ca} and a permutation 7, such that
Tmax(P)
max ckP — Pl <4—22 2 _||E||a,
max llocPrgy = Pl < 42220 )

and therefore

d 2
P
> llenPrgy — Pill2 < 4d%()

1E]|2,
=1 YD mln( )

where P is the matriz of eigenvectors of M.
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Proof of Theorem 2.3.2. Let

Q= () (Dal, ) + QW) + N(w) + N() + DY (42
be the RHS in Lemma 2.3.6. Assume that the following conditions hold:

Cl: YA > 40111'xe

Omin

C2: min jiiz; | Ai — Ajll2 > *MQv

YA Omin
. NmmA(z mm)‘fminLlow .
C3 §§ 4L2 a5 A2 A2

)
high (2,max) “max

C4: P(Lhigh) S ZfiminAQ : 2. L2

(2,min) O minlow-

Note that if the above conditions are not satisfied, simply picking ¢; = 0 for all the ¢;, then

1211?2; H01A7r(k) Akll2 < Omax-

Otherwise recall that M = Adiag(\1, ..., \g)A™" where \; = (¢ A;)%/(v " A;)? ( Theo-
rem 2.3.1). Assuming £ = 5(;4 N 8;;‘ holds. Given conditions C3 and C4 and applying
Lemma 2.3.6, we have || M — M|y < Q. Now given conditions C1 and C2, if M has distinct
eigen-values with probability 1 and by Lemma 2.3.7,

o2 o2
max |le — Apllo <422 Timax M — M|, <4 maXQ
1<k<d H ! W(k || YAOmin || || YAOmin

Combining both upper bounds leads to the final conclusion. O

2.4 A “Deterministic” ICA Algorithm

In this section, we present our ICA algorithm, named as DICA, together with its analysis.

A recursive version of the algorithm is also proposed.

2.4.1 A Refined HKICA Algorithm

The problems with 4 motivate us to refine the HKICA algorithm. The idea is inspired by
the works of Arora et al. [2012] and Frieze et al. [1996]. The idea is to use a ‘quasi-whitening’
procedure:

For a zero mean product distribution g, denote the kurtosis of its i-th component
by k;. To derive our procedure, first recall that V?f4,(¢) = AKDyAT, where K =
diag(k1,...,kq) and

Dy, = diag (" A1)%, -+, (v 4g)?).
Hence, the square root of V2 f4,(¢) is B = AK1/2D11/2RT for some orthonormal matrix R.
Now for i = 1,2, defining T; = V?fa,(B~"¢;), then T; = AKDp-r,4, A". Consider the jth

element on the diagonal of Dg-74,,

(6] B4 = (6] RD;VPK™12A71 A4))% = (9] RDYPKY%e))? = (o] Ry)*k; ' DY,
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where e; is the one-hot vector in R? with 1 for its jth position and 0 for other positions and

R; denotes the jth column of R. Thus, T; = AKK‘lDizlAiAT = AD;lAiAT, where

(6 R1)?
A =
(6] Ra)?
Letting M = Ty Ty ', we see that M = AAA~! with
&)
$3 Ry
A=MA =
()
¢3 Ra

Thus, A; are again the eigenvectors of this newly defined matrix M, but now the eigenvalues
of M are defined in terms of the orthogonal matrix R instead of A, and so the resulting

minimum spacing

Tp\ 2 Tp .\ 2
YR = min ( lTRl) — (d)lTR]) (2.10)
i.5:i5 |\ g Ri by R;
depends on A only through R. Since R is orthonormal, v will be shown to be “well-

behaved”.
The resulting algorithm, called Deterministic ICA (DICA), is shown as Algorithm 2.

Algorithm 2 Deterministic ICA (DICA)

Input: z(t) for 1 <t < T.

Output: An estimate of the mixing matrix A.

Sample ¥ from a d-dimensional standard Gaussian distribution;

Evaluate V2f(1/)),

Compute the SVD of V2f(1)) = ULV, and let B = USY/2.

Sample ¢, and ¢, independently from the standard Gaussian distribution;
Compute Ty = V2f(B’T¢1) and Ty = VQf(B’T@);

. -1
6: Compute all the eigenvectors {p1,...,puqt of M =T} (Tg) ;

7: Return A = (p1, ..., pq).

Remark 2.4.1. Similarly to HKICA, in theory DICA fails with probability 0 (giving,
e.g., complex outputs), but this may be experienced due to numerical errors. The same

resampling trick can be applied again, as in Remark 2.3.3.

Similarly to Theorem 2.3.2, one can show that under some technical assumptions, which
hold with probability 1,
1
TR
+ N@) + N)),0(n),

A(A, 4) < C() min (= (Da(v'), )+ Q) + DY (01449

where A is the output of the DICA algorithm, which is the result stated as Theorem 2.2.1.
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The proof is very similar to the result of Theorem 2.3.2, with g in place of 4, as
required. Note that the C(u) here is different from that in Theorem 2.3.2. We will prove
that VLR is polynomial in d and % in next section, thus prove Theorem 2.2.1. The detailed

proof is postponed to Appendix A.4.

2.4.2 Analysis of v

We first empirically compare the behavior of 1/y4 and 1/vg. In particular, we construct four
kinds of matrices with increasing coherences: A; = P; Ay = v,17 +0.3P; A3 = 11" 4+0.05P;
and As = vp1 " + 0.005P. Here, the elements of the vector v, and the matrix P are both
generated from the standard Gaussian distribution (with appropriate dimensions). We also
generate an orthonormal mixing matrix R. This matrix is obtained by computing the left-
column space of a non-singular random matrix whose components are also drawn from
standard normal distribution. For each of the matrices, we generate ¢ and 1 from standard
normal distribution 3 times, pick the minimal values of 1/7, and plot the average value
over 200 repetitions. Figure 2.2 below shows the behaviour of 1/y4 and 1/vg for mixing
matrices, and for some random orthonormal matrix R. As expected, the value of 1/v4
increases with the coherence of the matrix. However, it is similar to that of an orthonormal
matrix 1/vg unless the coherence is really large. Uncovering the dependence of 1/y4 on the
properties of A remains an interesting (and challenging) open problem.

Recall that ¢; and ¢- are independently sampled from the standard Gaussian distribu-

tion. Thus, {¢] Ry, ,é] Ra, ¢g R1, -+, ¢g Ryq} are 2d independent standard Gaussian
T .

random variables. Let Z; = Z#gf. It follows that Z;, 1 < i < d are d independent
2 i

Cauchy(0, 1) random variables. Using this observation, we show in the following lemma

that ~g is large with probability at least 1 — 4.

Proposition 2.4.2. With probability at least 1 — 6,

w252
YR = B

The proof is postponed to Section A.G. For further reference we will denote the event

mentioned in the previous proposition by £z.

2.4.3 A Modified Version of DICA

In this section, we provide a heuristic modification of DICA (MDICA) that performs better
in the experiments. However, proving performance guarantees for this new algorithm has
so far defied our efforts. As the cases of the previous analyses, the performance of MDICA
depends on the minimal eigenvalue spacings of a specially constructed matrix M. Similar

to v4, we are not able to bound it polynomially in d.
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Figure 2.2: The values of 1/~ for matrices with different coherences

The observation underlying this new algorithm is that errors of the Hessian matrix
estimates computed introduce a large estimation error. Thus we want to reduce the number

of Hessians used in the procedures, while keeping the minimum spacing under control.

Algorithm 3 DICA Modified (MDICA)

Input: z(t) for 1 <t < T.

Output: An estimation of the mixing matrix A.

Sample 1 from a d-dimensional standard Gaussian distribution;

Evaluate V2f(¢),

Compute the SVD of sz(ilz) =UXVT, and let B = UXY/2,

Sample ¢ from the standard Gaussian distribution;

Compute 7' = VQf(E_T@;

Compute all the eigenvectors {p1, ..., uq} of M =B"TB"T. Set R = (s ey pbd);
Return A = BR.

Remark 2.4.3. Algorithm 3 follows the derivation: Recall that B = AK1/2D71/2RT. Let
T =V2fau(B~"¢), then T = AD'AAT, where

(¢TR1)2
A: )
(¢TRd)2

and R; denotes the jth column of R. Thus, M = B71TB~T = I{K*lD;QART7 and
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its eigen-decomposition recovers the orthonormal matrix R. Finally, BR = AKY 2D11/ 2

recovers A.

Remark 2.4.4. Note that the eigenvalues of M are (éﬁTTR)iZ for 1 < i <d. When A is
highly coherent, we would expect that 1" A;’s are close to each other. Given that ¢ R;’s are
well separated from each other, we intuitively expect the eigenvalues to be well-separated
from each other. However, we do not have a rigorous proof of this. Experimental results

show that MDICA consistently outperforms DICA.

The following proposition shows that the minimal spacing of M in MDICA is large when
A is highly coherent. Instead of assuming the source signals s are bounded, we assume

|Ai]|2 = 1 for any i € [d] in this section.

Proposition 2.4.5. Fiz0 < <1 andletc= dz(T‘/f‘f). Under the event of 5{2‘ ﬂé’f, assume
that

o All k;’s are equal for 1 <1i < d, denoted by k;

A8, L8 2
o (Aj,Aj) > 1—¢€ forany 1 <i,j <d, such that e < —Zmmglwe .
o |4;ll2 =1 holds for all i € [d]

Then with probability at least 1 — §, the minimal spacing of M in the MDICA algorithm is

2y Liow

NL;fzghd(dfl) :

at least

Remark 2.4.6. Theoretical guarantee for Algorithm 3 can be developed in a similar way
based on Proposition 2.4.5. However, Proposition 2.4.5 is relatively week, as its first two

assumptions are not natural.

Proof of Proposition 2.4.5. Note that for any i, ||4;||2 = 1. Thus, given (4;, 4;) > 1 —¢,
14 — AjlI3 < 2 - 2(4;, 4;) < 2e.

Also,

(T A)? = (T A)% = (0T A) = (T A |- |07 A) + (0T A7) < 2V2[[9l5ve = 2V2L5 Ve

Now WLOG assume ¢' R; and ¢" R; are both nonnegative. Then the minimal eigenvalue

spacing
(0'R)* (@ R)*|_2 | "R | | 'R ¢' R,
WTAY R (0T A | = ko [T AN | | T A2 (0T 4,2
2Llow (bTRi (bTRj

WA T T A))?

= P) Nn1x
KLy #

It remains to bound - .
o' Ry o R;

(YTA)?2 (¥ 4)?

min
i#]
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Note that given ¢ uniformly sampled from the standard Gaussian distribution, ¢ " R; —ngRj
is a random variable from a Gaussian distribution with mean 0 and variance 2 for 1 < i #
4 <d. Thus, with probability at least 1 — 9,
2/md
min o7 Ry — ¢ "Ry| > d(df_l)
Thus, for any 1 <i# j <d,
o' R ¢'R;

(WTA)? (¥ 4;)?

(W14, (PTA)?

(VTA;)2  (¥T4))?

:’( ¢"R; o' R; >_< ¢"R; ¢"R; >’

¢'R; ¢'R;

< ‘ o'Ri 'R, | ‘
T(WTA? (YT A )2 (PTA;)?2 (pTA)?
< 9T Ri — ¢ R;| I (W7 A2 — (W7 Aj)?
- I, e T T A2 (T Ap)2

c 2V/2L3 /e S

> — .
- Liigh A4 L4 B 2Lﬁigh

(2,min) ~low

2.4.4 Recursive Versions

Vempala and Xiao [2014] proposed a recursion idea to improve the sample complexity of
the Fourier PCA algorithm of Goyal et al. [2014]: Instead of recovering all the columns of
A in a single step, their recursive algorithm decomposes the whole space into two subspaces
according to the maximal spacing of the eigenvalues, then continues recursively to decom-
pose each of the subspaces obtained until they are all 1-dimensional. The idea underlying
this recursive procedure is so that the maximal spacing of the eigenvalues are much larger
than the minimal one, so the algorithm may win over a single decomposition even if errors
compound through the recursion. As this algorithm assumes that the mixing matrix is or-
thonormal (so that the projection to its subspaces can always eliminate some component of
the source signal), we will need to adapt it to our setting. We will only show this adapta-
tion for HKICA as an example. Our other algorithms can also be modified into a recursive
version in a similar way.

To force an orthonormal mixing matrix, we will first compute the square root matrix B
from V2f(¢)) = AD,KAT in the same way as done in DICA. Thus, B = ADll/QKl/zRT for
some orthonormal matrix R. Transforming our observations by B~!, we then have the new
observation y(t) = B~ 1z(t) + B le(t) = RD}/2K1/23(t) + B7l¢(t). Note that D}/2K1/2
is diagonal, thus RD}/ *KY 25(t) is an orthonormal mixture of the ‘independent’ sources
D;/ *K'/25(t) for t € [T]. We then apply the recursive algorithm of Vempala and Xiao
[2014] to recover the mixing matrix R. Finally, BR gives an estimation of A up to scaling
its columns.

The details of recovering are as follows: We follow the idea of HKICA (and DICA) to
compute two Hessian matrices 17 = RD; AR and Ty, = RD; 'A5RT. Then, instead of
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computing the full eigen-decomposition of Ty = 1175 ! (as in HKICA), we only decompose
its eigenspace into two subspaces, according to the maximal spacing of the eigenvalues of Tj.
The Decompose helper function takes a projection matrix P of a subspace spanned by some
columns of R (WLOG we assume these are the first & columns of R). Then we compute
the projection of Ty as M = PTTyP. Thus the eigenspace of PMPT is in the span of P.
Lastly, by separating the eigenvectors of M according to its eigenvalues into PP, and PP,

the Decompose function recursively decomposes the subspaces into two smaller subspaces.

Algorithm 4 Recursive version of HKICA (HKICA.R)
Input: z(¢) for 1 <t <T.
Output: An estimation of the mixing matrix A.

1: Sample ¥ from a d-dimensional standard Gaussian distribution;
2: Evaluate V2f(¢) = G;

3: Compute B such that BBT = G;

4: Compute §(t) = B~'z(t) for 1 <t < T;

5. Let P = 1Ig;

6: Compute R= Decompose(§, P);

7: Return BR,

Algorithm 5 The Decompose function

Input: z(t) for 1 <t < T, a projection matrix P € R¥™* (d > k).

Output: An estimation of the mixing matrix A € RI**,

if k=1, return P;

Sample ¢; and ¢o independently from a standard Gaussian distribution of dimension d;
Evaluate V2f(¢;) and V2 f(¢s),

Compute M = (V2£(¢1))(V2f(¢2)) "

Compute Mp = PTTP;

Compute the eigen-decomposition of Mp, its eigenvalues {o1,...,04} where 09 > ... >
oy and their corresponding eigenvectors {1, .. ., ik };

Find the index m = arg max; 0; — 0j41;

8 Let Py = (p1,. -y o), and Py = (fmt1y .-y fk);

9: Compute W7 = Decompose(z, PP;), and Wy = Decompose(z, PP,);

10: Return [Wq, Wa);

=

Theorem 2.4.1. With probability at least 1 — 6, the recursive version of HKICA returns

the mizing matriz with an error bound

d(A,A) < inf C(u)min (K*(u) + K (1), O(),

nellp
where K (i) = Dy, ) + Q) + DD (1(A%9) 4 N@()) + N(v9).
Remark 2.4.7. Note that when K (p) is small enough, the term K?(u) will be dominated
by the error carried over from the quasi-whitening procedure, K (u). Compared to the result

in Section 2.4.1, the recursive algorithm improves the dependence of C(1) on the dimension

d via its eigen-decomposition according to the maximal spacing of the eigen-values.
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2.5 Experimental Results

In this section we compare the performance of different ICA algorithms on some synthetic
examples, with mixing matrices of different coherences. We test 9 algorithms: HKICA
(HKICA), and its recursive version (HKICA.R); DICA (DICA), and its recursive version
(DICA.R); the modified version of DICA (MDICA), and its recursive version (MDICA.R);
the default FastICA algorithm from the 'ITE’ toolbox [Szabd, 2014] (FICA); the recursive
Fourier PCA algorithm of Xiao [2014] (FPCA); and random guessing (Random). FPCA is
modified so that it can be applied to the case of non-orthogonal mixing matrix. Random
guessing is included to provide a scale.

In the simulation, a common mixing matrix A of dimension 6 is generated in the
same way as in Section 2.4.2, where A; has the lowest coherence and A4 has the high-
est coherence. Next, we generate a 6-dimensional “BPSK” signal s as follows. Let p =
(vV2,V5,V7,4/11,1/13,4/19). We generate a {+1,—1} valued sequence ¢(t) uniformly at
random for 1 < ¢ < T, and set s;(t) = ¢(t) sin(p;t). Note that in order to have the compo-
nents of s close to independent, we need the ratios p;/p; for all i # j to be irrational.

Lastly, the observed signal is generated as x = As + ce where € is the noise generated
from a d-dimensional normal distribution with randomly generated covariance. We take
T = 20000 instances of the observed signal on time steps ¢ = 1,...,20000. We test the
noise ratio ¢ from 0 (noise-free) to 1 (heavily noisy). All the algorithms are evaluated on
150 repetitions. Since the algorithms are randomized, for each repetition we try 3 times and

report the best results. A randomly selected example is shown in Figure 2.3.

G e s oo e e oo o

Figure 2.3: An example of the behaviour of the DICA algorithm. Left: the original BPSK
signals; Right: the reconstructed signals by DICA with noise ratio ¢ = 0 (noise-free case).

We measure the performances of the algorithms by their ability to reconstruct A. In
particular, we use d(/Al, A) with the “true” mixing matrix A. The calculation of this measure

requires an exhaustive search over all possible permutation.

2.5.1 Results

We investigate the following 4 questions:

(i) How is the performance of moment methods compared to FastICA?
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(ii) How does noise affect the performance of the various ICA algorithms?

(iii) How does the coherence of the mixing matrix affect the performance of the various

ICA algorithms?

(iv) Do the recursive versions improve performance?

As shown in Figure 2.4, for the low coherence matrices FastICA achieves the best per-
formance. Its performance is specially outstanding in the noise-free case, where it achieves
close to 0 reconstruction error. However, its performance degrades quickly as the magni-
tude of noise, or the coherence of the mixing matrix A increases. On the other hand, the
ICA algorithms based on moment methods appear to be more robust to the noise and the
coherence of the mixing matrix. One interesting observation is that for the mixing matrix

Ay (high coherent), MDICA seems to be more robust.

Reconstruction errors: mixing matrix: Al. Reconstruction errors: Noise level: 0.25.
1.4 B FastiCA MDICA 1.44 I FastICA MDICA
mm HKICA EEN FPCA . HKICA N FPCA
w12 EE DICA w 1.2 EEE DICA
S s
5 1.04 5 1.04
s s
208 | 2 0.8 |
) [}
2 i 2
% 0.6 l % 0.61 |
c c
=} o
3 0.4 3 0.4
o 7 o
0.2 0.2
0- 0.0+
Noise: 0 0.25 0.5 0.75 1 Matrix: R~ Al A2 A3 A4

Figure 2.4: Reconstruction errors. Error bars are based on 150 repetitions. Left: Recon-
struction errors for different levels of noise; Right: Noisy observations. For comparison, the
reconstruction error of “random guessing” for A4; is 0.9 + 0.033.)

Reconstruction errors: Noise level: 0.5.

w HKICA mmm MDICA
EEE DICA

1.0

0.8

0.6

0.44

Reconstruction errors

0.21

0.0-
Al Al Recursive A4 A4 Recursive

Figure 2.5: Reconstruction errors. Error bars are based on 150 repetitions.

Figure 2.5 shows that the recursive versions of the algorithms tested are not always

better than their respective non-recursive versions. In particular, when A has relatively
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low coherence, the minimum eigenvalue gap is not too small. For a highly coherent A, the
recursive versions outperform their non-recursive counterparts. Note that in this case, A is
close to singular (small minimal singular value), and thus it requires more samples.

We expected that DICA will achieve smaller error for an extremely coherent A, since
1/~v4 will be much larger than 1/vr. However, the experimental results indicate the opposite.
Note that high coherence implies small minimal singular value. In this case, the estimation
error of M in DICA could be much larger than that in HKICA, because of the fourth degree
of A=!. This error overwhelms the improvement brought by larger eigenvalue spacings, if
the sample size is not large enough. On the other hand, MDICA tries to achieve a small
estimation error, meanwhile we expect it to keep the eigenvalue spacing large (intuitively,
this eigenvalue spacing is approximately the spacing of the square of d Gaussian random
variables), leading to good performance. This is confirmed by the experimental results, in
both the non-recursive and recursive versions.

In summary, the results suggest that the moment methods are comparable to each other
in practice, while FastICA is better for mixing matrices with low coherence or mild coherence
with low noise. If the observations have a large amount of noise and the mixing matrix is
not extremely coherent, then HKICA may be the best choice. In the case of an extremely

coherent mixing matrix, MDICA performs the best.

2.6 Conclusions

Motivated by the observation that ICA algorithms achieve good performance on separating
the mixture of periodic sources, in this chapter we extend and analyze the problem of ICA
in a deterministic framework without any probabilistic assumptions. Our analysis leads
to provably polynomial-time ICA algorithms that have no unspecified parameters. Our
results are instance-dependent, and catches the important features of the data on which the
performance of our ICA algorithms relay. These results recover the usual statistical results

in the classic ICA setting, and also extend to other sources, e.g. periodic sources.
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Appendix A

Omitted Proofs for Chapter 2

This Chapter is devoted to the omitted proofs for Chapter 2.

A.1 Proof of Proposition 2.2.3

Proposition 2.2.3. Let (s(t))icr) be an zero-mean i.i.d. sequence bounded by C in lo
norm, independent of the i.i.d. Gaussian noise N'(0,%) sequence (e(t))icir). Then for any
§ € (0,1), with probability at least 1 — 6, L = Poly (HZHQ, d, %) Moreover, if u is the product
measure of the sources (i.e., s(t) ~ ), then Dy(v®) 1), Q(v(9)), Dfld’d)(u(As’e)), N(v9),
N(©®)) are all of orders O(1/v/T).

Proof. Denote the population expectation by E and the empirical expectation by E, i.e.

Eie] = E X () [X]. We actually prove a stronger result: there exists a function g : N — R

satisfying ¢g(¢) — 0 at a rate of % as t — oo, such that

Claim (i): Da(p,v®) < g(T); |[Ex[s]||lF < g(T);
Claim (ii): |Er[d||lr < g(T); [[Ex[e®?)||r = Poly (||Z]2,d, $);
|E7[e®3]||p = Poly (|Z]|2,d, §) /VT;

Claim (111) ” (ET[€®4] — (ET[€®2])®2) (777777 ) ) - Q(ET[€®2D®2(777 51, )”F
< g(T)|In||3, for any n € R%;

Claim (iv): for iy,is, 51,72 > 0 such that i1 + is + j1 + jo < 4, denote (AS)® ® ¥t ®
(AS)®i2 @ e®92 by T, then

[ Esmv [Eenvo [T = E(g eynnteo [T] |7 < g(T).

Note that claim (i) bounds Dy(u, v®)) and N (v(*)), claim (ii) bounds L and N (¢(9), claim
(iii) bounds Q(»(9), and claim (iv) bounds Dfld’d)(y(Asvf)).

Proof of Claim (i): Recall that the signal s is zero-mean and bounded by C, thus by
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Hoeffding’s inequality, with probability at least 1 — 4,

dlog(d/d)

[Exfslle < 0y T8

(A1)

Moreover, any monomial with degree < 4 will be bounded by C*. Similarly, with probability

at least 1 — ¢,
log(d/9)

‘D4(ILL’ V(S)) S C4 2T

(A.2)

Proof of Claim (ii): Claim (ii) is about the moments of the Gaussian noise. For i.i.d.

standard Gaussian random variables, X7, ..., X;, note that
o E[Y, X;/t] = 0, Var(¥2, X;/t) = 1/t; thus P (| >, X/t < 1/(t5)) >1-4;
o E[Y, X2/t = 1, Var(¥, X2/t) = 2/t; thus P (| >, X2/t 1] < 2/(t6)) >1-6;
o E[Y, X3/t] = 0, Var(¥, X3/t) = 15/¢; thus P (\ >, X3/t < 15/(t6)) >1-4;
o E[Y, X2/t] = 3, Var(¥, X2/t) = 96/t. thus P (| >, XAt -3 < 96/(t6)> >1-4;

Here the probability inequalities are due to Chebyshev’s inequality.
Given € ~ N(0,X) for some fixed unknown ¥, firstly consider the case when ¥ = I. For

the 1-dimensional tensor (vector) e, it is straightforward that with probability at least 1 — 4,

[Ee[e]llr < dv/1/(20). (A.3)

Moreover, consider the position (u,v) of the 2-dimensional tensor (matrix) €®2. If u = v
S eald)/t = 1’ V/2/(t6). If u # v, by Chebysev’s

> €uld)en(d /t‘ \/1/(t6). Therefore, with
probability at least 1 — §, all entries are less than 1+ /2d?/td. Thus

then with probability at least 1 — 6,

inequality with probability at least 1 — ¢,

[E[e®?]llF < d(1+dy/2/(t5)). (A4)

Lastly for the 3-dimenstional tensor ¢®3, consider the (u,v,w) position where u,v, and w
are distinct. The expectation of €,¢,€,, is 0 and its variance is at most 15. Therefore, with
probability at least 1 — 4, |3, eu(j)ev(j)ew(j)/t‘ < /15/(t5). Thus, with probability at
least 1 — 6,

|E:[e23]||F < d®\/15/(t0). (A.5)

Similar result can be obtained following the same calculations for the cases when u,v and

w are not distinct.
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Proof of Claim (iii): Consider the (u,v) position of the matrix,

‘(]Et [E®4](n7 - ) - (Et[€®2])®2(77» - ) - Q(Et[€®2])®2(77» 51, '))u,v

> 0k ks (Bt [€u€utry hy] — B [euever, ex,])| + B [eues] — E[ewen]| | > me, Mk, Ee [er, n,]
kl,kz k17k2

+[Elewen]l| D mmhs (B [en,en,] — E [en n,])
k1,k2

+2 Z Miey Mk (Et [Euekl] E; [61}6]02] —E [euekl] E [evekz]) : (AG)
k1,k2
Note that the kurtosis of a Gaussian variable is 0, thus
Z My ﬁsz [euevekl 6k2] = Z My Mkeo (E [Euev] E [6191 6k2} +2E [Guekl] E [Evekz]) .

k],k)g k17k2

Note that the RHS of Eq. (A.6) including 5d* deviation terms of moments of Gaussian
variables, i.e. differences between the empirical means and their true means. Also, each of

the following inequalities holds with probability at least 1 — 4,

D)/t =3 <V96/(t8); D> ed(h)en(h)/t] < V/15/(t6);

Zﬁi(j)ﬁ(j)/tflé 4/(t9); Z (7)/t] < V2/(t9);

Y culendewi)e(5)/t) < V/1/(t9);

J

Thus, with probability at least 1 — 5d*4,

\(Et[ (-, ) = (Bale®)22m,m, -, ) — 2(Ee[e®2)*2(n, -y, ), ,

Ddy\/ 5 i,

where we used that Y, . n;1; < d||n|3. Thus,

I (Eele®?] = (Bele®*)®?) (0, +,-) — 2(Be[e**]) 2 (0, -, m, )| P

1
/5 Il (A7)
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Proof of Claim (iv): For the last claim, by the triangle inequality

I Esmv Eenvo [T = Eg,eyanteo [T] |IF
<N Esmr B [T = Egnior [Eeno,n) [T]] IIF
+ | Esmro [Een0,0) [T]] = Esmp [Eenpo [T1] 7

+ [[Es~p [Eeano,ry [T]] — E[Tlr +I E[T] = Ex [T] ||F,

where the cancellation happens because s and € are independent. Note that every term
in the RHS is an i1 + j1 + 72 + jo-dimensional tensors. We can bound these differences

elementwise as before to get that with probability at least 1 — 9,

1
IEsmw) [Ecnpe [T =Ez [T] ||r < O(1)Ajan Oty 3 (A.8)

Combining Egs. (A.1) to (A.5), (A.7) and (A.8), picking

g(t) = O(1) max <o\/dlog§d/‘5), 04\/1°g(f4/5), d3\/g7 Afnaxc4d4\/g> ’

leads to the claims.

Lastly, for the general case when ¢ ~ A(0,3), the above conclusions will apply when

used with ¥ ~1/2¢, Thus multiplying g(¢) by ||X||3, all results will still hold. O

A.2 Proof of Proposition 2.3.2
Proposition 2.3.2. For any tuple (z, A, s,€) such that x = As+ € and any vector 1),

V2 for () = V2 frae ()1
< Poly(L,d, Gax, C) Q)

+ NO) + N9 +Q (NN + DD w9} Y3, (%)
where Q(x) = x + z2.

Remark A.2.1. Note that in Proposition 2.3.2 n can be a function of z, A, and s, in which
case ||n||2 on the right-hand side will be replaced by its upper bound.

Proof. Note that V2f, ) (n) and V2 f, 4. (n) are the matrices generated by marginalizing 2

dimensions of the tensors on the direction #:

V2 fyor () = (Brl(As + %) = (Erl(As + 9%*) ) (n.n.-.-)
~ 2 (Er[(As + %)™ (0., ).

Similarly,

V2 fyan () = (Brl(49)°] = (B2 ((45)%2) %) () = 2 (Br[(45)%2) ** (1,1, ).

33



Hence,
V2fy(m) (77) - V2fu(AS) (77) = (Al - AQ)(U7 5 ) - 2A2(77a ST ')7

where A; = Ep[(As + €)®4] — Ep[(As)®4] and Ay = (Ep[(As + €)®2]) % — (Ep[(4s)®2)) %%,
Part 1: We start with bounding A;. Recall that

Al = ]ET[(AS + €)®4] — ET [(AS)®4] = Kl + K2 + Kg + ET |:€®4] y
where

K, =Ep _(As)®3 Qe+ (A5)? @ e® (As) + (As) @ e ® (As)®? +e® (A5)®3};
K, = Ep -(As)®2 ®®? 4 (As) ® e @ (As) ® € + (As) @ €¥? @ (As)

+ 2 ® (A5)%? + e® (As) @ e @ (As) + e ® (A5)®? ® 6};

K3 = Er 23 @ (As) + €¥? ® (As) @ e+ e ® (As) @ €¥? + (As) ® 6®3:|.

To bound || K1]| , we show a bound for the term ||Er[(As)®3®e]|| F first, noting that the other
terms consisting K can be bounded similarly. Note that Er[(As)®3®@e]—Er[(As)®3QET []]
is a 4-th order tensor, each element of which is bounded by Did’d) (149 (by the definition
of Did’d)(z/(As’E))). Thus, by the triangle inequality,

IE[(A5)%° @ €|l ¢ < |Ex [(A8)®* @ Er [d] [|7 + d2D{™ ((459)

< d?c3

3 xCPN (WD) + @D (1 A459),
The bounds for the other terms behave identically, hence,

| K| < 4d?03

3 CPN () + 42D (v459),
Similarly, one can show that
K35 < ALomax N()) + 4d2 DD (1/(As:)).

Therefore,

Er[(As + €)®*] — Er[(As)®?]

— By [Y&Y + Ky + Poly(L, d, 0max, C) (N(:M) + N(©) + D (W‘S»ﬁ))) . (A.9)

Part 2: Let us turn to bounding
Az = (Er[(As + ) %)) — (Er[(As)#2]) 7.
Note that

(As +€)®? = (A5)®? + €2 + (As) @ € + € ® (As),
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and

IE7[(As) @ € + €@ (A8)] | < 20maxN (/)N () + 2dD{H (1145,

Thus,

Ay = (Er[e®2)® + Ky + Poly(L, d, omax, C)Q (N(y(s))N(y(f) ) + D& (W‘S@)) :

where Q(z) = x + 22 and K; = E7[(A5)®?] @ E7[e®?] + Ep[e®?] @ Er[(As)®?].

Part 3: Finally, note that by the definition of Q(1(9)),

I (Ex[e®] = Br[e®*)®?) (n,m,-, ) = 2B [e®* ) (1,0, )l < QW )IInll3.

Combining Egs. (A.9) to (A.11), we have

||V2fy<z) (n) — V2 f a0 mlr
< (K2 = Ky)(n,m,-,-) — 2K4(n, -, m, )|l ¢
+ Poly(L, d, s, ©)( Q) + N(w)

+ NE) + QNN () + DI (vA5)) ) 3.

Part 4: Tt remains to bound |[(Ks — K4)(n,7,-,-) — 2K4(n,,n,-)||r. Note that
ET[(AS> Qe® (AS) ® 6](7% 5 ) = E‘T[(AS)®2 ® €®2](77a 51, )
Then,

(K2 — Ka)(n,m,-,-) — 2K4(n,,m, )| ¢

< || (Br[(As)®* © €] — Er[(As)®%) @ Er[e®?]) (n,n, -, )||r
+ | (Br[e®? ® (45)%2) — Br[e*] @ Br[(45)°2])) (.1, )| »
+2|| (Br[(As)®? ® 2] — Er((45)®%) @ Br[e®?]) (1, -, )|l
+2|| (Br[e®? ® (A5)®?] — Er[e®?] @ Br[(As)®?]) (, -, )|l

< 6d* DL (A=) )13,

Combining Eq. (A.12) with the above inequality leads to the conclusion.

A.3 Proofs for Section 2.3.3

Recall that
g = 602D2(:U" V(S)) + D4(‘LL, V(S))'

(A.10)

(A.11)

(A.12)

We start with presenting the proofs for Lemmas 2.3.6 and 2.3.7. The technical lemmas used

in the proofs are presented in the latter part of this section.
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Fmin A2 min) Tmin Libw
Lemma 2.3.6. Given that £ < (2min) 7 = and P(Lpign) < iﬁminA%

AL3, A5 AT, o Aax 2 m1n)0m1nLlow7
on the event Sj}‘ N 54‘:‘,

|0 = A1ll> < ©() (Dap, 1) + QW) + N(w) 4+ N(w) + DI (o429 )

where ®(u) is a problem-dependent constant that is polynomial in Ligh, d, omax, 1/0min,

Rmax» 1/Hmin7£,L and C.

Proof. Recall that f = f,w. Let By = V2fau(¢) — V2f(¢) and Ey = V2fa,(¢) —
V2f(1/;). Then by Lemma A.3.2, ||E1]l2, [|[E2ll2 < Lﬁlghd5A2 A2, &+ P(Lnign). Note

(2,max)

e < mmA min tznmLzow
that by Proposition 2.3.1, V2f4,(¢) = AKDgAT. Given that £ < :Lz S o e

high (2,max)* "max

and P(Lnign) < i/{minAé min)afanﬁ)w, the condition in Lemma A.3.4 holds on the event

Ef N 8:;1. Thus we have

IM — M|l
= (V2 £ (8)) (V2 fau (@)™ = (V2 F (@) (V2 F () V|2

2[V2 ()2 2
<————————E TR R—)

IR CET D) L o oy Ll
L3, A? Kmax0 2., 1

< igh*%(2,max) max 2 5 .
=2 < “?xlinA?z min) ¥’ min Do * FéminA%z,min) o2l <thghd A7 @ m"”‘)A“‘a"§ + P(Lh‘gh))

<P(p) (D4(u (s )) + Q( )+N( (s)) +N(V(e)) _’_D‘(ld,d)(y(As,e))) 7

where the first inequality is due to Lemma A.3.4, and the second inequality is due to

Lemma A.3.5. O

Lemma 2.3.7. Denote M = M + E where M = PDP~' and where D is a diago-

nal matriz diag(oy,...,04). Assume M has distinct eigenvalues. If yp = min;; lo; —
ol > 4%”@@, and min; j.;4; | P; — Pjll2 > %ﬁ;”EHQ, then there exist constants
{c1,...,ca} and a permutation 7, such that
2
P
max [|cxPrr) — Pilla < 4%”\@“2,
1<k<d DOmin(P)

and therefore
d

> lewage ~ Pell < a2 g
=1 Umln( )

where P is the matriz of eigenvectors of M.

Proof. For 1 < k < d, assume

-1 _ Fip Fyy
P(k)EP<k)<F3k Fu )

where Py is the matrix (P, P1,---, Pr—1, Pry1,--- , Pa). Let v = [|Farll2, ne = [[Forl|2,

¢ Py ? ¢ P; 2
(wTPk) (wTPj)
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— | Fikll2 = | Farll2 -




Note that by definition, 7, = [|[Falla < [[Poy EPll2 < Zj“nj;j(P) IEl2, me = || Farll2 <

I(P~)EPwlls < 22Dl and [|Fixlla, [|Faxlla < [[Pg) EPwylls < 22| E]la.
Thus,

2 6P, 2
(57)
P;

)
(55) - (53)

Z’YD—QU
g

— | F1kll2 = [ Faxll2

%\ﬁ

Omax (P)

-2
Umin(P)

> min ||EH2

J:i#k

UmaX(P)
Umin<P>
and 5,% > 4yin. Therefore, by Theorem 2.8, Chapter V of [Stewart and Sun, 1990], there

> 2 ||E||2 > 0,

exist a unique vector v satisfying [|v|[2 < 23" such that there exists one of a eigenvector P,
of M satisfying

5 V& 4Ur2n'1x( )
By — Py < |P <20 (P) % < 2maxE)
18— Pull < [Pl < 2om(P) 22 < 2e()

where P, is the d x (d — 1) matrix (P,..., Px—1, Pit1,-..,Pi). By condition, for i # j,
8$||E||2 < ||P; = Pjlla < |P; — Pilj2 + ||P; — Pi2, thus P; # P;. Summing up the

YAOTmin(P)

1E]l2,

upper bound gets the result. O

A.3.1 Technical lemmas

Given two matrices A and B, a distribution u of s, and any vector 7, define
Gi(A Bun) = BI(B9)™ & (49w ) = [0 Bs)* Ass™ AT d(s);
Ga2(A, B,n) = (E[(Bs)®?| @ E[(A9)®?]) (n,m,,-) = /(nTBS)2 dyu(s) /ASSTAT dp(s);

Ga(A, Bun) = B[(Bs) @ (4], wn.) = ([ (07 B)sduto)) ([0 Bo)Asauts))

and their empirical estimations

N (A,B,n) %2”: n' Bs(k)) As(k)s(k)TAT = /(nTBs)2AssTAT dv® (s);
Ga(A Bun) = 5 3 (07 Bs(h)’ iAsws(k)TAT

k=1 k=1

= / (n" Bs)?dv® (s) / AssT AT dv®®)(s);
G4 B.n) = (3 (07 Bs(k) As(h)) (3 (07 Bs(k) As())

k=1 k=1

_ ( / (n" Bs)Ast(S)(s)> ( / (nTBs)Asdv(‘g)(S))T
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We now present the technical lemmas used in the proof of Lemma 2.3.6. The first lemma is
to bound the empirical estimation of G;(A, B,7n) as defined above, which then can be used
to bound [[V? fa,(n) — V2 f,ca0 (0)]]2.

Lemma A.3.1. For any matrices A, B, and any vector 7,

o IGL(A, B,n) — G1(A, Bn)|l2 < d° By s A2 Da (11, /) 1][3

o ||Go(A, B,n) — Ga(A, Byn)|» < 2d°B?

(2,max)

A12nax02D2(/L’V(S))”nH%;
o |G3(A, B,n) — Gs(A, B,n)|l2 < 2d°B%, . A%, C2Ds (11, ) ]3.

Proof. We use G;(n) to denote G;(A, B,n) in the proof. Without loss of generality assume
7]l = 1. Note that all the integral functions of G;(n) or é\l(n) are matrices of polynomials
in s. Thus, we only need to bound its coefficients.

Part 1: Bounding ||G1(n) — é\l(n)”2 Note that
= /(Z nTBtSt)QZAi,tStZAj)tStd[L(s)
t t t

where the coefficient of the term s, ¢, 5¢,5¢, 1S nTBtlr]TBtQAi,tSALM, which is bounded by

max; [n' B;|?A2,, < B? A2 . So,

max — (2 qu) max*

|(G1)is = Gy

(n, ),

IIlaX

and thus

1G1(1) = G102 < 0 By ) A Da (11, /).
Part 2: Bounding ||G2(n) — é\z( )||2. Similarly,
/A ssTA—r du(s /A SSTAT dv'® ()| < d?A2%, Do(p, ')

max

and

< dQB(QZ,max) Dy (M, V(S))'

JomBspauts) - [ B
C?, and | [ Ai:ssTAjT: dl/(s)(s)| < d?A2 . C2

max

Also note that | [(n" Bs)*du(s)| < d*B?

(2,max)

Now consider the difference between G5 and Gg.
(G)ij — (Ga)i
— | [T BsP duts) [ AussT AT duts) [ (7B (s) [ AussT AT dv (o)
[0 B2 duts) [ AussTALduts) ~ [ o7 Bs)? ducs) / AgssT AT dv)(s)

+ ‘ / (n" Bs)? du(s) / ApssT Al dv®)(s) — / (n" Bs)?dv® (s) / AissT Al dv®)(s)
[ ancs)

/(nTBS)2 du(S)—/(nTBS) v (s
< 2d4B(22,max max02D2 (/1’ V(S))

IN

IN

Auss AT du(s) ~ [ AussTATd (s

+

/A ss—'—A—r dv'® (s)
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Therefore,

1G2(n) — Ga(n)ll2 < 2d° B 00y A2 0x C? D (1, ).

max

Part 3: Bounding ||G3(n) — é\g(n)Hg By a calculation similar to Part 2,

max

1G3(n) = Ga(n)ll2 < 2d° B, 1) A2ax C2 Do (11, V).

O
Lemma A.3.2. For any tuple (x, A, s,€) such that x = As + ¢ and any vector 7,
IV2 fau() = V2 fyan 2 < V2 fan() = V2 a0 )| 7 < [[1]|5d° Ay o) Almaxt-
Thus,
||V2fAM(77) - VQJ?(W)”2 < ”nH%dE’)Aé,max)AIQnaxg + P(”TIHQ)
Proof. Without loss of generality assume ||n|l2 = 1. Recall that
VQfA,u(n) = Gl (Aa A, 77) - G2 (A, Aa 77) - 2G3(A7 A» 77)
Similarly,
V2 fycan () = G1(A, A,n) — Ga(A, Am) — 2G3(A, A,).
Applying Lemma A.3.1,
V2 Fan(n) = V2 fyian )2 < IV? fan(n) = V2 fan ()| 7
< d5A?2,max)Ar2nax (602D2 (,ua V(S)) + D4(/-L7 V(S))> :
Lastly, combining with Proposition 2.3.2,
IV2 fan(m) = V2 f(n)ll2
<IV2 fan(n) = V2 fyean ()ll2 + V2 fcan () = V2 £ ()2
< |nll3d° Ay masy A€ + PUII0]]2)-
O

The next lemma shows that X ! is close to X ~! with respect to matrix induced 2-norm.

Lemma A.3.3. Let X be a non-singular matriz satisfying that X=X+E and Omin(X) >
2Bl Then X2 < 52y, and [ X~ = X~ < 22| Bl

Proof. Note that || X 1|5 is the inverse of the minimal singular value of X. Also,

min_[[Xvlp = min [(X+E)vfz > min NXvllz = [Evll2 2 0min(X) = || E]l2-

vi||v]|2=1 vi||v]l2=1 v:l|v]|2=
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So | X2 < gmin(xl),”EHZ < crmj(X)' Moreover,
N . N 2
XX < I Xl X2l X = X2 € —<<1E]|2-
| ll2 < [[ X7 l2 1 X2l l[2 < 72 (X) 1E]l2
[
Now we can estimate the variance between XY ! and (X + E;)(Y + E»)~ L.
Lemma A.3.4. Assume that omin(Y) > 2||Es||2, then
_ - 2[| X |2
XY ' (X+E)Y +E) < 5—=||E ———||E1]f2
| (X+E)Y +E2) 2 < 2 ) [E2]l2 + Umin(Y)H 1l2
Proof. Applying Lemma A.3.3,
XY™ — (X + E)(Y + E2) M2
<[XY ™ = X (Y + Eo) Mg + | X(Y + E2) ™' — (X + E)(Y + E2) 7'z
<XV = (Y + E2) "2 + [ Eaf2ll(Y + E2) 72
2[| X |2 2
< || —— || E1|]2.
= mm(Y)H 2H2+ Umm(y)” 1”2
O

Lemma A.3.5. On the event 5121,

UmaX(VZfAu(w)) < L%ighﬁmaxAé,max)U?nax? Umin(VQfAu(w)) > Llow"'@mlnA(2 min) 7’ r2nm'
Proof. Let Dy = diag ((¥ " A1)2,- -+, (¥ " Ag)?). Note that by Proposition 2.3.1, V2 f4,,(¢)) =
AKDyAT. Since V2f4,(1) is symmetric, it is sufficient to bound v V2 f4,(1))v for any

unit vector v, as follows.

T T 2 T 2 2
AD¢KA v 2 LlownmmA 2 mln)”v A||2 2 Llow"{mmA 2 mm) min*

Thus, omin(V2fa, (1)) > L%owlimmA(Q mm)amm A similar calculation shows the bound on

the maximum singular value. O

A.4 Analysis of DICA — Proof of Theorem 2.2.1

Instead of Theorem 2.2.1, we prove a stronger result, Theorem A.4.1, which is presented
below. As we will see, Theorem 2.2.1 will be an immediate corollary of Theorem A.4.1.

Let
L%ighdSA%Z,max) maxg + P(thgh)

= ;
L%owﬂmmA%Q mln)0r2mn
é _ \[thghamax *+ 16Lh1ghd5A12nax f + 4Lhigh
A%Zmin)L%OW gK/mmA(lmin)LlQOW 3I{Iln/iiA(2,min) OminLiow
Q 4L}611gh012rlaXA(2 max) é
T L ohn A '
w9 min (2,min)
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Theorem A.4.1. Assume that the following conditions hold:

C1: T has distinct etgenvalues;

2 ~
C2: g > 4222,

Omin

2 L
C8: min; j.ixj |A; — Aj||2 > i"maxQ;

YR Omin

leouf-i inAZ, o2,

. w VMIN L2 (2 min) ¥ min

Ch: < G0z _qpaz, A2 L7
hig

high (2,max) “ max
C5: P(Lnigh) < §Ljpukmin A7 \o

2,min) "~ min~’

2 min Lo
C: & < g

(2, max)

A R R
Then on the event 51/) N 54)1 N E¢2,

. 402
d(A, 4) < 222
YROmin

where A is the output of the DICA algorithm.

The proof of Theorem A.4.1 is similar to the proof of Theorem 2.3.2. We will still first
bound the difference between M and M , and then apply Lemma 2.3.7 to get the conclusion.

Again we postpone the technical lemmas in the latter part of this section.
Proof of Theorem A.4.1. We prove in Lemma A.4.6 that
M — Mll2 < Q.

Then by Lemma 2.3.7,

~ 40’2 ~
d(A,A) < —B& || M — M||o.
YRO min

O

To finish the proof of Theorem 2.2.1, it remains to pick Liow and Lpign, such that
Prob(é’ﬁ né& fl né (‘Z ) > 1 —4. Next lemma provides such result, whose proof is deferred to
Section A.G:

Lemma A.4.1. For any A and orthonormal matriz R, with probability at least 1 — §, the

following inequalities holds simultaneously:

s T A VTA@ min) 5,
min; [¢p ' A;] > SVATD 0;

min{|67 Ril} > 5306
lo1lz: 2ll2 < V2 (\/1og(}) +va):

w252
YR > 25d3 °

Remark A.4.2. Note that all the constants in Lemma A.4.1 are polynomial in d (or d~! for
the lower bound), thus the result of Theorem A.4.1 is polynomial in d and % with probability
at least 1 — 0.
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A.4.1 Technical lemmas

This section is to prove that

1M — M|z < Q.

Given a vector 1, for any distribution v, let B(v) = (VQf,,(i/))), T(v,¢) = V£, (B (v)9),
and M(v) = T(v,¢1)T(v,¢2)". Then M = M(Ap) and M = M(v®). Thus, to bound
|[M — M|y we study v — M(v) in this section with v = Ay for some p € IIp. By
Proposition 2.3.1, V24, (¥) = AKDyA". Thus B = AKl/QDj/zR—r for some orthonormal
matrix R. We need to first introduce some lemmas. The next two lemmas show that B is

a good estimate of B, in the sense that B~1B is close to some orthonormal matrix. This

result depends on the stability of the map X — X1/2.

Lemma A.4.3. Given two symmetric positive semi-definite matrices X and X=X+E,
where X = HHT and X = HHT, such that | X !||2]|Ell2 < 1, then every singular value
of H-YH is bounded between \/1 — [ X~1[o|[Ells and /1 + [[X2||E]l2. Taking inverses,

it also follows that every singular value of H='H is bounded between ———— and

. VIHIX 2B
VI-IX Bl
Proof. For any unit vector =z,
7 (H*lﬁﬁTH*T - I) v=o H! (ﬁﬁT - HHT) H T2

<|H " z3IEl2 < X2l E]2-

Thus every singular value of H—'H is lower bounded by /1 — [[X~1[]o|[E]]s and upper

bounded by /1 + [[X~1[|5]|E]l2, and every singular value of H~'H is bounded between

11 and 11 . O
VIHIX 1) Ell2 V1I-IX 2] Ell2

Applying Lemma A.4.3, we can get the stability of B, as follows.

Lemma A.4.4. Assuming Condition (4) and (5) , under the event 5;2 there exists an

orthonormal matriz R* such that

\V1—=E<| BBy <\/1+4€, and |[B~'B - R*||; <&

Proof. Note that by Lemma A.3.5, under the event 5;;‘,
||v2fAM(1z[})||2 Z llzliminA%Q,min)UIQnin'
Moreover, by Lemma A.3.2, on event 8{;‘,

||V2fAu(¢) - VZf(’l/J)”g < Liighd5A%2,max)A12nax€ + P(Lhigh)'

Thus,
L3 gnd® A7 )A2 £+ P(Lnign)

(2,max)*  max _F
g =&

2. A2
ll K’mmA(Q,min) O min

(V2 fap () " I21V2 fap (@) = V2 ()| <

42



Note that by Condition (5), £ < 1/3. Thus we can apply Lemma A.4.3 to get that every

singular value of B~1B belongs to the interval

1 7 1 c
VI 172 4,0 Bl /1 (V2 £ (0) " [l Bl

Therefore, there exist an orthonormal matrix R* such that

1 1
1

1 _
= 7*1 Sfa
VIitepjvi=¢ |}

where the last inequality is by 0 < € < 1/3. 0O

1—

)

|B~'B — R*||, < max {

By renaming ¢; to (R*)"¢; where R* is the orthonormal matrix from Lemma A.4.4,

recall that T; = V2fa, (B~ TR*"¢;) = AD,;lAiAT for ¢ € {1,2}, where

A; = diag ((¢; R*R1)%, -+, (6] R*Ra)?).

Then,
M = AMA; AT = ANATY (A.13)
where A = diag (( Zlg:gi )2, (iig:gj )2) It still remains to bound the perturbation of
2 2

M. We let R = R*R to be the orthonormal matrix that appears in the event Sf.
Lemma A.4.5. Assuming that Condition (4) and (5) hold. Then on the event 5{;‘ N 55,
IV fau (BT R T9) = V2 F(B™ )2 < &.
Proof. By triangular inequality,
IV fan(B™ TR ¢) = V2 (B~ T9)l2
<V fau(B™ TR ¢) = V2 fyia0 (BT 9)l2 + V2 foia0 (BT ¢) = VEF(B™ )|
<V Fau(B™TR6) = V2 fau(B™TO)2 + V2 fan(B~76) = V2S00 (BT )|z
V2 fya0 (B™T9) = V2 F(B™ T 9)]l2
Part 1: To bound ||V fa, (B~ T R*T¢) — V2 fa, (B~ $)|2, note that on the event Sﬁ ﬂé’f,
IV2f4u(B™ TR 1) = V2 fau (B~ 4)12
= [ AD; A AT — AD P AGAT (|2 < AIBIDS 2] As — Asll2,

where A; = diag ((¢IE_IBR1)2, e ,(q/);'—B_lBRd)Q). Note that A; — A; is diagonal, and
the absolute value of its diagonal element |(¢; B~'BR;)? — (¢;R*R;)?| for 1 < j < d can be
bounded as follows.

|(¢:B~'BR;))* — ($iR"R;)’| < |(¢:B~'BR;) + ($:R"R;)[|($: B~ BR;) — (:;R"R;))|

<2)gilla (IB'Bllz + 1) lloillo| BB - R*|l3
< 2L%1ighg/ \/ 1- _a
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where the last inequality is due to Lemma A.4.4. Hence,

1211 x L1211 hg
IAIBIDE 2l As — Asll2 < 2750 =

IOW (2 min) V 1-

Thus,

A \/6L2i Urznax =
IV2fan(B™TRT6) = V2 fan(B™T9)ll2 <~ 5 € (A14)

(2,min) ~low

Part 2: To bound ||V2fAH(B_T¢) — V2f, a0 (B~ T¢)|2, note that
V3 au(B~T¢) = Gi(A, B~ A,¢) — Ga(A, B~ A, ¢) — 2G5(A, B~ 4, 9),

and
VQfV(AS) (B*qu) == é\l(A7 BilAa ¢) - 6\2("4’ B71A7 (rb) - 26\3(‘4’ é71A7 ¢)
Also,
1B~ All2 < |B'B2|| B~ Al = | B~ B2 RTK~Y/2 D',
1+¢& 4
B ’{Iln/iiA(Q,min)Llow B S’illyl/iiA(Q,min)Llow.

Thus, by Lemma A.3.1,

16L%,,, d° A2
high max f (A15)

ll2 <
9KmmA%2 min)L120w

V2 fau(B~T¢) — V2 f,a0 (B~ )

Part 3: It remains to bound the last term. Again note that on the event 8$ N Sf,

1B~ @llz < et . Thus by Proposition 2.3.2,

min A(2,min) Omin Liow

|V2fV<As>(3T¢)VQf(BTaﬁ)IIzSP( s ) (A.16)

mmA(2 min) UmlnLlow

Therefore, combining Egs. (A.14) to (A.16),

IV2f (B~ TR*T¢) = V2 (B~ ¢)|2

\[thgho—max = 16Lh1ghd5Ar2nax E P 4Lhigh _ é
B A%2,m1n)L120w glimmAé mln)leow Kf:n/iiA(Z,min)UminLlow
O
Lemma A.4.6. Assuming that Condition (4), (5), and (6) hold, on the event EAHER 05(?2,
4 H1/2
~ high"vmax (2 max) 2 ~
M — M2 < §=0Q.
Llsow mmA?Q min)

Proof. Recall T; = ADlzlAiA—r for ¢ € {1,2}. On the event S{;‘ N 551 N sz,

m1nL20w L1211 ho-?nax L%n hUIQndx
Umin(Tz) > [/21427]; Umax(Tz) > 52%7’ Umax(Tl) > 62%7
u*7(2,max) (2 min) (2 min)
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Let E; = V2fa, (B~ TR* ;) — V2f(B~T¢;) for i € {1,2}. By Condition 6, opmin(T2) >
2||Ez]|2. Then by Lemma A.4.5 and Lemma A.3.4,
2|| Ty |2 2

M— M|, < E —|E
I l2 < O—r2nin(T2)H 2l2 + Umin(Tz)H 12
4
4L?1igh0-12naxA(2,max)é: Q
L?owafninAé,min)
O
A.5 Proof of Theorem 2.4.1
Let
V4Lyign
4P £
5 _ (\/gfi,ln/iiA(zmin)UminLlow) L}Qlighds 5
e 3HminA%2,min)g12nin€l2 Rl?nin ?Q,min)gil
2 5 2
+ 35 Lhighd §+ Lhigh .
2 4 4 4 4 ’
HminA(Z,min)él A(2,min)Llow
10 8
Q _ LhighA(Q,max)£
A?2,min) Llsow
In Section A.5.1, we will prove that
HM - MH2 S Qrecur- (*)

We now follow the idea of Vempala and Xiao [2014] to analyze the error accumulation of the
recursion. Recall that M = RART, where R = R*R is an orthonormal matrix. Assume we
have computed a m-dimensional subspace in a recursion of depth £ — 1 whose orthonormal
projection matrix is V(=1 € R4*™ gsuch that there exists m columns of R (WLOG assume

these are 1,...,m.) satisfying
sin (C"‘) (V(k_l)a Rl:m)) S Ek—la

where Ry.,, is the first m columns of R and Ej_; is a error upper bound for depth k — 1
recursion. Then,
T _ T4 T4 R, V=D
v Myt = (V(k ! R, vy Rm—H:d) A < R;:—l-dV(k_l)

T = — T = —
= V(k_l) Rl:mAl:mRImV(k_l) + V(k_l) Rm—i—l:dAm—i-l:dR;yrH-l;dV(k_l)7

where Aq., and Ay, 1.4 are the first m x m and last (d — m) x (d — m) submatrices of the
diagonal matrix A.

Recall that the diagonal elements of A are squares of Cauchy random variables. The
following proposition lower bounds the maximal spacing of i.i.d. Cauchy random variables,

whose proof is deferred to Section A.6:
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Proposition A.5.1. Assuming that Zy,...,Z4 are i.i.d. Cauchy random variables, then

with probability at least 1 — 20,

5§ /6 1/(d-1)
maxmin |27 = 77| > 5 (d) '

Also, with probability at least 1 — ¢,

3(d+1)
7o

max | Z;| <
1

Denote the event of Proposition A.5.1 as £z. Therefore, by Proposition A.5.1, with

probability at least 1 — 36, the error of V(kfl)TRLmAlszImV(k’l) is

”V(kq)TMV(kq) _ V(kq)TRl:mALmRImv(kq) s
< ”V(kq)TMV(kq) _ =0Ty te=1) l2
FvED T Ay Dy k-0 TR A RT YD,

= [[VED TRy Dy G0 Ty Dy [V EDT R A g R 1.V 2
9(d + 1)*
2
S Qrecur + Ekflw
Now, by Proposition A.5.1 with probability at least 1 — 26 the maximal spacing of the
diagonal elements of Aj1.,, satisfy
576 1/(d—1) 52
<2 2
monin 222123 (3) 23
Now consider the error after the eigen-decomposition of V(kfl)T]\;[ V(*=1 " Assume the
maximal gap in Ay, divides Ay, into Aj; and Apyq.,. Let E = V(k_l)TMV(k_l) —
T = _
VED Ry A R, VED and

— _ _ _ T = T = F F
(RthV(k 1)7RtT+1:mV(k 1))TE(V(k 2 Rl:t’V(k D Rt+1:m): ( F; Fi )

It is easy to see that if g—z > 4]|E||2, then the conditions of Theorem 2.8 in Chapter V,
[Stewart and Sun, 1990] are satisfied. Thus,

4
5T (Qrecur + E/%q
2d

E, <

9(d + 1)2)  8dQrecur | 72d(d+1)?

2
7252 52 254 Ejo-1-

Vempala and Xiao [2014] gave the following proposition.

Proposition A.5.2 ( [Vempala and Xiao, 2014], V.1). Fiz a,b > 0 where 4a/b*> < 1, and
define the recurrence y;11 = a + (y;/b)? and y; = 0. Then y; < 2a for all i.

Using this proposition on {Ey}, given that Qrecur < %, for 0 < k < d, we have

16d
Ek<6

= ? Qrecur .
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Thus Line 6 in Algorithm 4 returns a matrix R s.t.

; : [ 25642
|R— R*R|j2 =2 —2cos(©) =2 —24/1 —sin?(0) <2 -2 1- == 2

Therefore,
IBR — ADJ* K2y = |BR — AD}*K'?RTR*T R*R||
< ||BR~ BR*R||2 + |BR*R — AD}/*K'/*RT R* T R*R||>
< |[Bll2| B Blla|| R — R*Rll2 + |B — AD}/* K> RTR* |5
< ||Bllz2| B~ Bllz|| & = R*Rl|z + | Bll2|B~"B = R*"|J2.
By Lemma A.6.1, | B2 < O'maXLhighA(ZmaX)HIln/a?x, and by Lemma A.4.4, |[B~1B|, <

(14 &)Y/2. Also, given that £ < 1/2, by Lemma A.3.3, |[B~'B — R* ||, < 2. Adding all
the terms together,

IBR — AD? K|
- 256d2 ~
S O-mathighA(Q,maX)Hrln/gx ((1 + 6)1/2 (2 - 2\/1 - 54 I%ECur) + 2£> .

Note that for a small enough ¢, V1 —€e > 1 — % Thus, if Qrecur is small enough,

max 364 recur

<C(p) (K (p) + K(p))

Y 1 ja 51242 ik
|BR — ADY? KV2|ly <opmas Lnigh A masyi2 ( (1461722 2 our + 26
¢ (2,max)

where K (1) = Da(v®), 1) + Q) + DI (1459) 4 N(p()) + N(v()).
It remains to bound the probability that the above result holds. We need event 5;;‘ to be
satisfied once, and Sf and &z for at most d times (we ignore the logd factor here). Thus,

given the conditions of Theorem 2.2.1, with probability 1 —7dd, the above error bound holds.

A.5.1 Technical lemmas

This section is to prove that in Algorithm 4,

||MP - MPH2 S Qrecuu

by proving that |[M — M||2 < Qrecur, and thus |[Mp — Mplls < |[M — M|2 < Qrecur-

Let A= B~'A. Thus, j = B~'z = As + B~'e. We start with bounding ||V2f, ) (¢) —
V2fp-14,(¢)|l2. Then applying Lemma A.3.4 will lead to a bound on |[M — M|)5. Note
that

IV f, @ (9) = V2 frep-14u(D) |2 < IV foe) (9) = V2 f, a0 (8)]]2
+ IV a0 () — V2fl,<R*B*1As> (®)[l2 + ||V2fl,<R*B*1As> (¢) — v2fR*B*1Au(¢)”2
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Part 1: Bounding [[V2f,)(6) — V21, i) (6) |2-

Note that for any unit vector v, by some calculation, we have
vV e (@) = (T BTV (BT T9)B Ty,
and
vV a0 (@)v = (0T BTV a0 (B~ T9)B o,

Thus

V2 £, (8) — V2 £, a0 (D)2 < IBTHBIVE i (B~ 0) — V2 £ 0a0 (B~ T 9) 2

3~ 3~ 4 VA 9|l2
< I8P (”B T¢H2> = S A2 : a2l <\/§ 724 Liow )’
min l Rmin (2,min)0min low

(2,min)0min
(A.17)

where the second inequality is by Proposition 2.3.2, and the last inequality is due to
that on the event €2, B~ < [|B~B2| B2 < V4/ (\/gfg;/;A@,mm)amleow), and
1B=Toll2 < 1B~ [l2]l¢]l2-

Part 2: to bound ||v2fU(R*B—1AS) (¢) — VQfR*B—lAH((b)HQ.
Note that R*B~'A = R*RTK~Y/2D"/?, thus omax(R*B~14) < 1/ (niﬁA(z!mm)Llow) on

the event 5{;‘. Hence, by Lemma A.3.2,

¢ 2d5
- ”ALb & (A.18)

min“~(2,min) "1

IV, -1a0) () = V2 frep-14,(9)ll2 <

Part 3: to bound [|[V2f, 4, (¢) — V2, (ren-140(9)]2-
Again for any unit vector v, v' V2f 1. (¢)v and v"V2f 5-14, (¢)v are both achieved by
marginalizing 4th order tensors. Further, note that |B~1B|; < /1 + £. Thus

HVQfV(As)(Qb) - VQme*lAs)(d))HZ = ||V2fu(éleB*1As> (¢) — V2fu<R*B*1As> (D)2
< (M+8? =) IV, n-140) (D)2
< BENVA S, (e 5140 (D)2
Lastly, note that
V2 frep-14.(6) = R°"R' D ?AyRR* T,
where Ay = diag ((¢" R*R{)?,---, (¢ R*R])?). Thus on the event S{Z‘ N Ef

L%,
IV2 e -1a0()ll2 = |[R*RTD,2AGRR* || < —p— 80—

(2,min) ~low

and

V2,140 (D)2 = V2 crr 5140 (8) = V2 fre p-1au(@) 2 + V2 fre g4 (0)]]2

L3,,d° c Liign
< +
IirzninAA(IQ,min) f? A4(12,min) Lilow
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Therefore,

IV2f, 20 (9) = V25140 (9) 12

< BEIVE S, mr (D) < 36 [ i, Dhige (A.19)
>~ V(R*B—1As) 2 > KQ A4 )6;1 L4 . .

A4
min*~(2,min (2,min) ~low

Combining Egs. (A.17) to (A.19), we have that on the event 5,;‘ N Ef,

V2 f0 (6) = V2 frep-1.4,(0)]|2
4 \/ZILhigh n L%ighd5 ¢
; gl \/gfiin/iiA(Q,min) OminLiow FiminA( 4

2 o 2
(2,min) "~ min min“*(2,min) "1

VA S L N
igh high _
o ) <6

min“~(2,min) (2,min) ~low

<
o 3f€minA

Finally, on the event 5{;‘ n c‘,’fl N 552, for i € {1, 2},

Liign L?
Omax (V2 frep-144(00) < 17— Omin (V:frep-14,(0:)) > low .
g Al(lQ,min)Lilow g A?2,max)Lﬁig}1

Thus, by Lemma A.3.4,

g,
M—-M < M recur — Yrecur:
H H2 B A?Z min) ngow g Q

A.6 Proofs of Proposition 2.4.2, Lemma A.4.1, and Propo-
sition A.5.1

Proposition 2.4.2. With probability at least 1 — ¢,

w252

'YRZ?~

Proof of Proposition 2.4.2. Recall that Z;’s are independent Cauchy random variables. With

no loss of generality assume both Z; and Z; are positive. Then,
=min|Z% — 72
TR it | i J|
=min |Zz — Zz‘ |Zl + Zz‘
i#]
>2min |Z;|min |Z; — Z;].
i i#]
We will first bound min; |Z;|. Recall that for ¢ € [0, o],

| 2t
P(\Z|2t):1—2/ ———dz >1— —.
o (14 2?) ™

Thus,
2dt
P (min|Zi| > t) >1— —.
7 s
Picking t = g—g,

IP’(miin|Zi| > t) >1-4.
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To bound min;»; |Z; — Zj|, note that for k # j, Z, — Z; ~ Cauchy(0,2). Thus

/2 1 E
P(|Zy — Z;)| <O) =P(|Z — Z;]/2 < 1)2) =2 ——dr < —.
(Z-2) <0 =P(Z-Z)2< ) =2 [ e <
Therefore,
dld—1)¢
P(minZiZﬂ ze> s dd=DE (A.20)
i) T
Picking ¢ = Qdi;s, we have
]P’(min|Zi—Zj| 2() >1-4.
i#]
Therefore, with probability at least 1 — 24,
w252
YR = B
O

Lemma A.6.1. With probability at least (1 — g) exp(—f) — exp(—z), E{;‘ holds, where

Lhigh =2z +V2d.

Proof of Lemma A.6.1. For afixed constant Liow < A(2, max), note that {1 : min {| " A} >
A(2,min) Liow } is equivalent to N; G, where G} is the set defined as {x : xT Ay > A2,min) Llow }-
Let V; = A;/||Aill2, then G; D G} = {x: 2"V; > Ligw} holds for any i.

Now we consider P (N;G%). This probability is minimized when V;s are orthogonal to

each other. Thus, for any orthonormal matrix R, define G = {z : 2" R; > Ljoy}. Then
P(miG;) > P(ﬂiGg/) =P (|¢TR| > LIOW) = P(|¢| > L10W> :

Note that P (| X| > Liow) > 1 — % for X ~ N(0,1). Thus, picking Ljow = %K for any
0<r<1,

P (6] 2 Liow) = (1 - *@}WW) —- = (1 - 2) (1 - j) > (1 - f;) exp(—0).
(A.21)

On the other hand, note that P (||¢]|2 < Lnigh) = P (X < Lﬁigh) where X ~ 4. Thus, by
Lemma 1 of Laurent and Massart [2000], picking

T = (?Lhigh - ﬂ) ;

then L3, > d+ 2V dr 4 2z, and

mebgl%@)zl—PQYZLﬁ@)21—P(X—d22VMHﬁm)zl—wM—m.
(A.22)

Therefore,

P (£5) > (1 —exp(—2)) + (1 - 2) exp(—f) —1= (1 — fz) exp(—f) —exp(—z). (A.23)

O
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Lemma A.4.1. For any A and orthonormal matriz R, with probability at least 1 — §, the
following inequalities holds simultaneously:
s T AL VTA(2,min) 5.
e min; [¢' A;| > VLD d;

o mini{|¢] Ril} > o200
1]l [02ll> < V2 (yflos(3) + V)
x20?

® YR Z 25d3 *

Proof of Lemma A.J.1. Denote the event defined by the inequalities by £. Note that for

(1 — 2) exp(—¢)>1— d%dlﬁ.

Combining Proposition 2.4.2 and Lemma A.6.1, given that 0 < £ < 1, we get

P@)ZPQ%)+P@éN+P@fy—2z1—%-2i§ie—2mme@

0<e<1,

Now choose £ = ﬁ% and z = log(g). Then, with probability 1 — 6,

s T AL VTA (@2 min) s.
min; [¢p ' A;] > SVAETD 0;

ming{|6] Bil} > 52006

61112, 92ll2 < V2 (1/10g(3) + Vd);

252
o p > I5.
O
Proposition A.5.1. Assuming that Zy,...,Z4 are i.i.d. Cauchy random variables, then

with probability at least 1 — 20,

) ) 5 /6 1/(d-1)
in|z2 272> 2 (2 .
mpeinl 22 = 2712 5 (5)
Also, with probability at least 1 — ¢,

3(d+ 1)
e

Proof of Proposition A.5.1. Let Z) < ... < Z(gy denote the order statistics of Z;. WLOG,

max |Z;| <
3

we fold the negative part of the Cauchy distribution to its positive part, leading to a density
function pz(z) = ﬁ for 0 < z. Note that

mexmin |27 — Z3| 2 |20y = Zigy)| 2 2Za-1) (Za) = Z(a-1)

We will bound both terms on the RHS.
To bound, Z(4_1), recall that for a folded Cauchy random variable Z,

2L
P(Z<L)<=.
™

o1



Therefore,

_ 2L
P(Zg1y>L)>1—dP(Z<L)*" 21d<>
™

Picking L = 3 (%)1/((1_1), we have P (Z(d_l) > L) > 1— 0. Thus, with probability at least

1-9,
1/(d—1)
T (6
Zig_1n > —=1| = .

On the other hand, let Uy, ..., Uy denote the order statistics of d i.i.d random vari-
ables from the Uniform(0,1) distribution, and E(y,. .., E4) denote the order statistics from
the exponential distribution with density function pg(z) = me~™. We will bound the
probability of Z4) — Z4—1) = L by Eg) — Eg—1) > L.

First, by the Quantile Transformation Theorem [DasGupta, 2011], the joint distribution
of (Fe(Zn), ..., Fc(Zay)) has the distribution of (Uyy,...,Ug)). So is the distribution of
(Fe(Eqy), ..., Fe(Eq))). Here Fo(-) and Fg(-) are the c.d.f. of the folded Cauchy distri-
bution and the exponential distribution with parameter 7. Recall that Fc(t) = 2 arctan(t)

and Fg(t) =1 — e~ ™. Therefore,

P (Z(d) —Za-1) = t) =P (tan (gU(d)) — tan (gU(dq)) > t) ,

and

1 1 1
P (B — B >t 1 1 >t].
(E(a) = Ba-—1) 2 t) = ( <og1—U() Ogl_U(dl))_)

To bound P (Z(d) — Z(a-1) = t) by P (E(d) —Eg-1) > t), it suffices to prove

T T 1 1
tan (~U, )—t (fU _ )>1 - g
an(2 (@)~ gD =8 T T R T Ty,

Let f(z) = tan(3z) — tan (3U_1)), and g(z) = log 1= — log .— U for 1 > x >
U-1) > 0. Clearly, f(Uw—1)) = 9(U@g—1)). Taking the derivative of both functions, by

simple algebra, f'(z) > ¢'(x). Therefore,
P (Z(d) - Z(dfl) > t) > P (E(d) - E(dfl) > t) = E_Wt >1—t.
Thus, with probability at least 1 -9, Z(q) — Z(4—1) > %. Therefore, with probability at least
1—26,
5 /6 /(d—1)
max min |Z2 — 22 | > == .
i g 2 \d
| <

Lastly, for a Cauchy random variable Z, P (|Z| < 3£) = 2 arctan(3L). Note that for

L>m,

3

—_
—
—_
)
~
—
w
=

Thus,



Therefore, for L > d,

<1—i>d:(l—d{f/>d2(l—d/dL>exp(—d/L)21—d_§1Z:1—dzl.

Picking L = %, the probability that max;|Z;| < 3Z is at least 1 — .
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Chapter 3

Generalized Partially Linear
Model

In Chapter 2, we presented an instance-dependent analysis of the task of independent com-
ponent analysis in the unsupervised learning setting. In this chapter we will present our
first demonstration in the setting of supervised learning. In particular, we consider the
performance of arguably the most popular supervised learning algorithm, empirical risk
minimization (ERM), on the generalized partially linear model. We first investigate the
behaviour of ERM in the purely parametric case. Unexpectedly, we detect a potential
deficiency of ERM that in the worst case it suffers infinite expected error even on a sim-
ple least-square linear regression problem. We then further investigate the performance
of ERM on this model, and develop an instance-dependent high probability finite-sample
bound, which helps partially explain the success of ERM in practice. More importantly,
our results reveal a potential gap between two different evaluation criteria: an ‘in-sample’
generalization bound in the fixed design that is extensively studied in the statistics literature
may not imply an ‘out-of-sample’ bound in the random design.

One of the technical challenges in this chapter is that we allow the dependent variable Y
to be unbounded, and thus standard concentration inequalities can not be simply applied.
Our main tool will thus be a ratio-type concentration inequality due to van de Geer [2000].

This chapter is organized as follows: We introduce the problem setup and notations in
Section 3.2. In Section 3.3 we first investigate the behaviour of ERM on a least-square
linear regression problem. Section 3.4 is devoted to various assumptions required to develop
a high probability finite-sample bound. We also discuss the generality of these assumptions.
Before proving our main result, we first prove the boundedness of the predictor in Section
3.5. Our main result is a high probability bound for the generalization error in the random
design setting, which is presented in Section 3.6. We discuss our observations in Section 3.7.
Lastly, Section 3.8 concludes the chapter.

The results in this chapter have appeared in our AISTATS paper [Huang and Szepesvéri,
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2014a,b).

3.1 Introduction

We consider finite-time risk bounds for empirical risk-minimization algorithms (ERM) for

partially linear models of the form
Y, =o(X;) 04+ h(X;) +e, 1<i<n, (3.1)

where X; € R? is an input, Y; € R is an observed, potentially unbounded response, ¢; is
random noise, ¢ is the known basis function, # is an unknown, finite dimensional parameter
vector, and h is a nonparametric function component. Given (X1,Y1),...,(X,,Y,), the
learning problem is concerned with the case when the (X;,Y;) are sampled independently
from some underlying distribution and the goal is to find model “6” and “h” to use Eq. (3.1)
to predict Y at X for arbitrary (X,Y’) sampled from the same distribution.

The most well-known example of this type of model in machine learning is the case of
Support Vector Machines (SVMs) with offset (in this case ¢(z) = 1). The general partially
linear stochastic model, which perhaps originates from the econometrics literature [e.g.,
Engle et al., 1986, Robinson, 1988, Stock, 1989, 1991], is a classic example of semiparametric
models that combine parametric (in this case ¢(-)T#) and nonparametric components (here
h) into a single model. The appeal of semiparametric models has been widely discussed
in statistics, machine learning, control theory and other branches of applied sciences [e.g.,
Bickel et al., 1998, Smola et al., 1998, Hardle et al., 2004, Gao, 2007, Kosorok, 2008, Greblicki
and Pawlak, 2008, Horowitz, 2009]. In a nutshell, whereas a purely parametric model gives
rise to the best accuracy if correct, it runs the risk of being misspecified. On the other hand,
a purely nonparametric model avoids the risk of model misspecification, therefore achieving
greater applicability and robustness, though at the price of the estimates perhaps converging
at a slower rate. Semiparametric models, by combining parametric and nonparametric
components into a single model, aim at achieving the best of both worlds. Another way of
looking at them is that they allow to add prior “structural” knowledge to a nonparametric
model, thus potentially significantly boosting the convergence rate when the prior is correct.
For a convincing demonstration of the potential advantages of semiparametric models, see,
e.g., the paper by Smola et al. [1998].

Despite all the interest in semiparametric modeling, to our surprise we were unable to
find any work that would have been concerned with the finite-time predictive performance
(i.e., risk) of semiparametric methods. Rather, existing theoretical works in semiparamet-
rics are concerned with discovering conditions and algorithms for constructing statistically
efficient estimators of the unknown parameters of the parametric part. This problem has

been more or less settled in the book of Bickel et al. [1998], where sufficient and necessary
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conditions are described along with recipes for constructing statistically efficient procedures.
Although statistical efficiency (which roughly means achieving the Cramer-Rao lower bound
as the sample size increases indefinitely) is of major interest, statistical efficiency does not
give rise to finite-time bounds on the excess risk, the primary quantity of interest in machine
learning. Here, we make the first initial steps to provide these missing bounds. Surprisingly
a perfectly innocent-looking problem exists in the purely parametric case which makes ordi-
nary least squares fail. This observation then suggests a question, as to what extent ERM
would perform well as observed in practice. Our next result is an instance-dependent high
probability finite-sample bound for ERM on the generalized partially linear model.

The closest to our work are the papers of Chen et al. [2004] and Steinwart [2005], who
both considered the risk of SVMs with offset (a special case of our model). Here, as noted by
these authors, the main difficulty is bounding the offset. While Chen et al. [2004] bounded
the offset based on a property of the optimal solution for the hinge loss and derived finite-
sample risk bounds, Steinwart [2005] considered consistency for a larger class of “convex
regular losses”. Specific properties of the loss functions were used to show high probability
bounds on the offset. For our more general model, similarly to these works the bulk of the
work will be to prove that with high probability the parametric model will stay bounded (we
assume sup,, ||¢(z)|l, < +00). The difficulty is that the model is underdetermined and in
the training procedures only the nonparametric component is penalized. This suggests that
perhaps one could modify the training procedure to penalize the parametric component, as
well. However, it appears that the semiparametric literature largely rejects this approach.
The main argument is that a penalty would complicate the tuning of the method (because the
strength of the penalty needs to be tuned, too), and that the parametric part is added based
on a strong prior belief that the features added will have a significant role and thus rather
than penalizing them, the goal is to encourage their inclusion in the model. Furthermore,
the number of features in the parametric part are typically small, thus penalizing them is
largely unnecessary. We will return to discussing this issue at the end of the chapter.

Finally, let us make some comments on the computational complexity of training par-
tially linear models. When the nonparametric component belongs to an RKHS, an appropri-
ate version of the representer theorem can be used to derive a finite-dimensional optimization
problem [Smola et al., 1998], leading to quadratic optimization problem subject to linear
constrains. Recent work by Kienzle and Schélkopf [2005] and Lee and Wright [2009] concern
specialized solvers to find an approximate optimizer of the arising problem. In particular,
in their recent work, Lee and Wright [2009] proposed a decomposition algorithm that is

capable to deal with large-scale semiparametric SVMs.
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3.2 Problem setting

In this chapter, we will assume that the input space X is a separable, complete metric
space, and ), the label space, will be a subset of the reals R. The random response Y € Y
is allowed to be unbounded. We equip X and ) with their respective Borel o-algebra.

We start with the problem setup in the random design setting. Given the independent,
identically distributed sample Zy.,, = (Z1,...,2Zn), Z;i = (X;,Y:), X; € X, Y; € ), the
partially constrained empirical risk minimization problem with the partially linear stochastic

model (3.1) is to find a minimizer of

n

o 1 . . T .
pomin ;15 (Vi, 0(X:) ' 0+ h(X5)) |

where £: ) x R — [0,00) is a loss function, ¢ : X — R? is a basis function and h € H is a
set of real-valued functions over X, holding the “nonparametric” component h. Our main
interest is when the loss function is quadratic, i.e., £(y,y') = %(y —')2, but for the sake of
exploring how much we exploit the structure of this loss, we will present the results in an
abstract form.

Introducing G = {¢>(~)T9 RS Rd}, the above problem can be written in the form

in Ln(g+h), 3.2
e (g+h) (3.2)

where L, (f) = 23" ((Y;, f(X;)). Typically, H arises as the set

(h:X SR : J(h) <K}

with some K > 0 and some functional J that takes larger values for “rougher” functions.!

The goal of learning is to find a predictor with a small expected loss. Given a measurable
function f : X — R, the expected loss, or risk, of f is defined to be L(f) = E [£(Y, f(X))],
where Z = (X,Y) is an independent copy of Z; = (X;,Y;) (i =1,...,n). Let (gn, hy) be a
minimizer? of (3.2) and let f, = g, + hn.

When analyzing a learning procedure returning a function f,,, we compare the risk L(f,)
to the best risk possible over the considered set of functions, i.e., to L* = infyeg nen L(g+h).
A bound on the excess risk L(f,)— L* is called a generalization (error) bound. In this work,
we seek bounds on the tail behaviour of the excess risk in terms of the entropy-integral of #.
Our main result, Theorem 3.6.1, provides such a bound, essentially generalizing the analogue
result of Bartlett and Mendelson [2002]. In particular, our result shows that, in line with

existing empirical evidence, the price of including the parametric component in terms of the

! The penalized empirical risk-minimization problem, mingeg p, Ln (h+g)+J(h) is closely related to (3.2)
as suggested by the identity mingeg, 5 Ln(g+h)+AJ(h) = ming >0 AK+mingecg p. jn)<x Ln(g-+h) explored
in a specific context by Blanchard et al. [2008].

2For simplicity, we assume that this minimizer and in fact all the others that we will need later exist.
This is done for the sake of simplifying the presentation: The analysis is simple to extend to the general
case. Further, if there are multiple minimizers, we choose one.
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increase of the generalization bound is modest, which, in favourable situations, can be far
outweighed by the decrease of L* that can be attributed to including the parametric part.
However, due to the unbounded response, the high probability bound that we derive fails
to imply a bound on the expected excess risk. Thus, in the case of unbounded response, it
may be unwise to use an unregularized parametric component.

To explain this issue, consider the following standard decomposition of the excess risk:

L(fn) = L(f7) = (L(fn) = Ln(fn)) + (Ln(fn) = Ln (7)) +(Ln(f7) = L(f7)) ,

<0

(3.3)

where f* = argmingcgiy L(f). Here, the third term can be upper bounded as long as f*
is “reasonable” (e.g., bounded). On the other hand, the first term is more problematic, at
least for unbounded loss functions and when Y is unbounded. Indeed, in this case f,, can
take on large values and correspondingly L(f,) could also be rather large. Note that this is
due to the fact that the parametric component is unconstrained.

The classical approach to deal with this problem is to introduce clipping or truncation
of the predictions (cf. Theorem 11.5 of Gyorfi et al. [2002]). However, clipping requires
additional knowledge perhaps that Y is bounded with a known bound. Furthermore, the
clipping level appears in the bounds, making the bounds weak when the level is conserva-
tively estimated. In fact, one suspects that clipping is unnecessary in our setting where we
will make strong enough assumptions on the tails of Y (though much weaker than assuming
that Y is bounded). In fact, in practice, it is quite rare to see clipping implemented. Hence,
in this chapter we will keep our original goal and analyze the procedure with no clipping.

To analyze the excess risk we will proceed by showing that with large probability, ||gs ||,
is controlled. This is, in fact, where the bulk of the work will lie. A high probability upper
bound for the generalization error is then developed based on this boundedness. We then
discuss a potential problem caused by including the unconstrained parametric part, and

explain why standard asymptotic analysis cannot detect this problem.

3.2.1 More notations

Before stating our assumptions and results, we introduce some more notation. We will
denote the Minkowski-sum G+ H of G and H by F: F=G+H ={g+h : g€ G,heH}.
The L?-norm of a function is defined as || f||3 = E [f?(X)], while given the sample X.,, =
{X1,...,X,}, the n-norm of a function is defined as the £>-norm of the restriction of the
function to Xi.p: ||f||i = L3 f(X;)%. The vector (f(X1),...,f(X,))" is denoted by
f(X1.,). The matrix (¢(X1),...,0(X,))T € R™? is denoted by ® (or ®(X;.,) if we
need to indicate its dependence on Xi.,). We let G = %@T@ € R4 be the empirical
Grammian matrix and G = E [¢(X)¢(X) "] be the population Grammian matrix underlying

¢. Denote the minimal positive eigenvalue of G by Apin, while let ;\lein be the same for G.
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The rank of G (G, respectively) is denoted by p = rank(G) (p = rank(G), respectively).
Lastly, let Ly n(g) = Lu(h + 9), Ln(f) = E[Lo(f)| X1nl, Lnn(g9) = E[Ln(h+ g)| Xinl,
and ZZ = infgeg nen L,(g + h). Tt will be convenient to introduce the alternate notation
(x,y), f) for L(y, f(x)) (e, £((z,y), f) =Ly, f(z)) foralz e X,y € Y, f : X = R. Given
h € H, let gnn = argmingeg L, (h+g) = argmingeg Lp,n(g) and Gh,n = argmingeg Zh,n(g)

We summarized the notations of this section in Table 3.1.

Table 3.1: Notation for Chapter 3

Input space: separable complete metric space

Unbounded label space in R

Hypothesis set {(j)(-)TG 10 e Rd} for the parametric part

X
Yy
¢ Loss function £(y,y’)
g
H

Hypothesis set for the nonparametric part

hy, (gn, hpn) is the empirical minimizer of Equation (3.2)
In (gn, hr) is the empirical minimizer of Equation (3.2)
I The empirical minimizer f, = h, + gn
f* Minimizer of the expected loss over H + G
g* (g*, h*) is the minimizer of the expected loss, f* = h* + g*
h (g*, h*) is the minimizer of the expected loss, f* = h* + g*
L, Empirical loss
L, Expected loss conditioned on Xj.,
L Expected loss in the random design setting
L* L(f*), minimum loss over H + G
Il 12 Ly norm
Il Empirical Lo norm
h.n Empirical minimizer over G of (3.2) for a fixed h

G | G=E[¢(X)p(X)]
G | G=1%ieX)e(X)"

P The rank of G
Amin The minimal positive eigenvalue of G
S\min The minimal positive eigenvalue of G

3.3 An infinite expected excess risk

We start with a simple regression example, based on Problem 10.3 of the book by Gyorfi
et al. [2002], with least square loss in the purely parametric setting. This example shows

that already in the purely parametric case, there exist perfectly innocent looking problems

59



that make ordinary least squares fail.

Example 3.3.1 (Failure of Ordinary Least Squares). Let X = [0,1], ¥ = R, {(y,p) =
(y—p)% 61 X > R, 61(2) = 10,1/2)(x), ba(x) = 1[0, 1/2](=), do(x) = I(1/2,1)(x),
where 1(A) denotes the indicator of set A C X. Let fo(z) = ¢(x)70, 0 € R® as shown in
Fig. 3.1. As to the data, let (X,Y) € X x{—1,+1} be such that X andY are independent of
each other, X is uniform on X andP (Y = 4+1) =P(Y = —1) = 1/2. Note thatE[Y|X] =0,
hence the model is well-specified (the true regression function lies in the span of the basis
functions). Further, L and L, have the same optimal regression function f*(z) = 0 and
L(f*) = L,(f*) = 1. Now, let (X1,Y1),...,(X,,Y,) be n independent copies of (X,Y)
and let 6, = arg mingeps L, (¢ ' 0). Denote the empirical Grammian on the data by G, =
L5 0(X)o(Xk) T, Amin() = Amin(Gn), Amin = Amin(E [6(X)6(X)T]). The following
hold:

(a) E [Ln(f(;n )} = oo (infinite risk!);
(b) fn(fén) — Lo(f*) = 0 as n — oo (well-behaved in-sample generalization);
(¢) For some event B, with P(B,) ~ e ",
o(Vi—2t) <P (Xmm(n) < tAmm|Bn) < d(Vi—2t)
for some 0 < c<{;
(@) E [ ()] = +oc.

To understand what happens in this example, consider the

event A, that exactly two of the n X;’s belong to the inter- '
val [0,1/2] . On this event, which has a probability propor- i
tional to e, éml = (Y1 +Y2)/2 and éng = }(/1:?2, so that i fo()
?—.
fa, (X;) =Y;, i = 1,2. Then, the out-of-sample risk can be ' _
' 2 O 1 1 o
lower bounded using E [(fén (X) - Y) } =E [fén (X)Q} +1> o
2 :
(B [115, 01 4n] P(40)) "+ 1. Now, —
X .
E [\f(; (X)-Y]| ‘Anj| =2E [ An] Figure 3.1: The regres-
" |X1 — X2| . .
. sion function fp(x) for
- F A, | = +o0. Example 3.3.1 .
LXl — Xa| }

A similar calculation shows the rest of the claims. This

example leads to multiple conclusions:

(i) Ordinary least squares is guaranteed to have finite expected risk if and only if we have
E [)\min(Gn)_l} < +00, a condition that is independent to previous conditions such as

“good statistical leverage” [Hsu et al., 2012].
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(i) Neither good in-sample generalization, or in-probability parameter convergence, or
that the estimated parameter satisfies the central limit theorem (which all hold in the
above example) lead to good expected risk for ordinary least-squares; demonstrating
a practical example where out-of-sample generalization error is not implied by any of
these “classical” results that are extensively studied in statistics (e.g., [Bickel et al.,

1998)).

(i1i) Although the “Eigenvalue Chernoff Bound” (Theorem 4.1) of Gittens and Tropp [2011]
captures the probability of the smallest positive eigenvalue being significantly under-
estimated correctly as a function of the sample size, it fails to capture the actual
behaviour of the left-tail, and this behaviour can be significantly different for different

distributions.

Based on this example, we see that another option to get an expected risk bound without
clipping the predictions or imposing an additional restriction on the basis functions and the
data generating distribution, is to clip the eigenvalues of the data Grammian before inversion
at a level of O(1/n) or to add this amount to all the eigenvalues. One way of implementing
the increase of eigenvalues is to employ ridge regression by introducing a penalty of the
form ||9||§ in the empirical loss minimization criterion. Yet the success of ERM of the
partially linear model without regularization in practice still remains vague. In the rest of
this chapter, we further investigate the performance of ERM for the general setting. We
show that given n is large enough, with high probability, ERM indeed has controllable
generalization bound. Unsurprisingly, our analysis also indicates its essential dependence

on E P\min(n)_l}.
3.4 Assumptions

Before presenting our main results, we need some mild assumptions on the setting. In what
follows we will assume that the functions in H are bounded by r > 0. If £ is an RKHS
space with a continuous reproducing kernel x and X is compact (a common assumption
in the literature, e.g., Cucker and Zhou [2007], Steinwart and Christmann [2008]), this
assumption will be satisfied if J(h) = [|h||, and H = {h € K : J(h) < r}, where, without
loss of generality (WLOG), we assume that the maximum of & is below one.

We will also assume that R = sup,cy ||¢(x)]|, is finite. If ¢ is continuous and X is
compact, this assumption will be satisfied, too. In fact, by rescaling the basis functions if

needed, we will assume WLOG that R = 1.

Definition 3.4.1. Let 5,I" be positive numbers. A (noncentered) random variable X is

subgaussian with parameters (8,T") if

E [exp (|8X[*)] <T < oc.
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Let us start with our assumptions that are partly concerned the loss function, ¢, and are

partly concerned with the joint distribution of (X,Y).

Assumption 1 (Loss function).
(i) Convexity: The loss function £ is convex with respect to its second argument, i.e.,

L(y,-) is a convex function for ally € Y.

(ii) There exists a bounded measurable function h and a constant Q < oo such that

E [Z (Y, ﬁ(X)) |X} <@ almost surely.

(11i) Subgaussian Lipschitzness: There exists a function Ky :Y x (0,00) — R such that for

any constant ¢ > 0 and ¢1,c2 € [—¢, ],

|€(y701) - é(yv 02)‘ < Kg(y, C) |Cl - 62‘ )

and such that E [exp(|BK(Y,c)|?)| X| < T'¢ < oo for some constant I'c depending only
on ¢ almost surely. WLOG, we assume that Ky(y,-) is a monotonically increasing

function for any y € Y.

(iv) Level-Set: For any X1., C X, and any ¢ 2 0, Rc = sup;cr 7, (py<. |, is finite and

independent of n.

Remark 3.4.2. Assumption 1(ii) requires that Y, even if it is unbounded, still can be
approximated by a bounded function in H at every X with constant expected loss. For

quadratic losses, this is satisfied if and only if E [Y2 | X ] < oo almost surely.

Remark 3.4.3. The subgaussian Lipschitzness assumption 1(iii) is a general form of Lip-
schitzness property that allows the Lipschitzness coefficient to depend on y. If the loss
function is the quadratic loss, the subgaussian Lipschitzness assumption is an immediate
corollary of the subgaussian property of ¥ conditioned on X. In particular, |(Y — ¢;)? —
(Y —c1)?| = |2Y — ¢1 — ca||er — ca]. Thus we can pick Ky(Y,c) = 2|Y|+ 2¢c and 8 = ﬁ,
then E [eXp(|6Kg(Y, c)|2)] =E [exp(%(|Y| + 0)2)] <E [exp(\Y|2)] + exp(c?).

Remark 3.4.4. Unlike the first three assumptions, Assumption 1(iv), which requires that
the sublevel sets of Ly, (-) are bounded in |-, is nonstandard. This assumption will be
crucial for showing the boundedness of the parametric component of the model. We argue
that in some sense this assumption, given the method considered, is necessary. The idea
is that since f,, minimizes the empirical loss, it should also have a small value of L, (-) (in
fact, this is not that simple to show given that it is not known whether f,, is bounded). As
such, it will be in some sublevel set of L,,(-). Otherwise, nothing prevents the algorithm from

choosing a minimizer (even when minimizing L, () instead of L, (-)) with an unbounded ||-||,,
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norm. One way of weakening Assumption 1(iv) is to assume that there exist a minimizer of
L, (+) over F that has a bounded norm and then modify the procedure to pick the minimizer

with the smallest ||-[|,, norm.

Example 3.4.5 (Quadratic Loss). In the case of quadratic loss, i.e., when {(y,y') = %(y —
y)2, R2 < 4c+8Q + 452 where s = ||h||oe. Indeed, this follows from

2
1717 < = DB [(F(X0) = Y [Xuin] +E [¥7 | X100]
— 2
<4L, =Y EV?IX].
<ALL()+ Z [ 1X:]
Then E [Y?|X;] < 2E {(YZ — h(X;))? \Xi} + 2h%(X;) < 4Q + 2s2. Here, the last inequality
is by Assumption 1(ii) and the boundedness of h.

Example 3.4.6 (Exponential Loss). In the case of exponential loss, i.e., when (y,y") =
exp(—yy') and if Y = {+1,—1}, the situation is slightly more complex. R. will be finite
as long as the posterior probability of seeing either of the labels is uniformly bounded away
from one, as assumed e.g., by Blanchard et al. [2008]. Specifically, if n(x) =P(Y =1|X =

x) € [e,1 — €] for some € > 0 then a simple calculation shows that R? < c/e.
The next assumption states that the loss function is locally “non-flat”:

Assumption 2 (Non-flat Loss). Assume that there exists € > 0 such that for any h € H

Xl:n]
Xl:n‘|

Note that it is key that the “perturbation” a is in the image space of ®, and that it is

and vector a € [—¢, €] N Im(P),

€ 2 1 —
£ <E|=NUZ,h+7,, +a;
= a3 < [n%j( + G + )

—E

1
- E 7. 7
n - K( 1’h+gh,n)

holds a.s., where recall that Z; = (X;,Y;).

applied at h + g, , and not at an arbitrary function h, as shown by the next example:

Example 3.4.7 (Quadratic loss). In the case of the quadratic loss, note that g(X1.,) =
®(X1.,)0. Let Oy, be a minimizer of Ly (-) satisfying Op , = (@T@)+‘I>T(IE Y1.0| X1:n] —
h(X1.n)). Therefore,

1
E [ Zg((Xla Y7)7 h +§h,n + ai) |X1:n‘|

-k [i S X Y b 9,) X]

= % ZE [ai {2(Gp . (Xs) + h(X;) = V) +ai} | X1 s
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which is equal to L[al} + 2aT {@(@T@) T — I} {E[Yim|X1n] = h(X1)} = Lllal3,

where the last equality follows since a € Im(®).

We will need an assumption that the entropy of H satisfies an integrability condition.

For this, recall the definition of entropy numbers:

Definition 3.4.8. For € > 0, the e-covering number N (e, H,d) of a set H equipped with a
pseudo-metric d, is the number of balls with radius € measured with respect to d, necessary

to cover H. The e-entropy of H is H(e, H,d) = log N(e, H,d).

The definition is extended in the natural way to the case when H is equipped with a
pseudo-norm. Note that if d’ < d then the e-balls w.r.t. d’ are bigger than the e-balls w.r.t. d.
Hence, any e-cover w.r.t. d also gives an e-cover w.r.t. d’. Therefore, N (e, H,d") < N(e,H,d)
and also H(e,H,d") < H(e, H,d).

Let |||, be the infinity empirical norm: For f: X — R, || f[|,,, = maxi<p<n [f(Xi)|-
Note that trivially || f][,, < [|f]| <[ flloo- We use ||-]]

con = 1 our next assumption:

00,n

Assumption 3 (Integrable Entropy Numbers of ). There exists a (non-random) constant

Cy such that, fol HY?(v,H, [llo.n) dv < C holds a.s.

Remark 3.4.9. Assumption 3 is well-known in the literature of empirical processes to
guarantee the uniform laws of large numbers [Dudley, 1984, Giné and Zinn, 1984, Tewari
and Bartlett, 2013]. The assumption essentially requires that the entropy numbers of H
grow slowly as the scale of € approaches to zero. For example, this assumption holds if for
any 0 <u <1, H(u,H, || .,) < cu~ =9 for some ¢ > 0, ¢ > 0. Based on our previous
discussion, H(u,H, ||,..,) < H(u,H,[|-|,). The latter entropy numbers are well-studied
for a wide range of function spaces (and enjoy the condition required here). For examples

see, e.g., Dudley [1984], Giné and Zinn [1984], Tewari and Bartlett [2013].

For the next assumption let G _. be the event when Xmin > Amin/2-

min

Assumption 4 (Lipschitzness of the Parametric Solution Path). Let Px denote the dis-
tribution of X. There exists a constant Ky, such that on Gy, for [Px] almost all x € X,

h—= Gy, (x) is Kp-Lipschitz w.r.t. ||| over H.

00,n

Remark 3.4.10. When g, ,, is uniquely defined, Assumption 4 will be satisfied whenever
{ is sufficiently smooth w.r.t. its first argument, as follows, e.g., from the Implicit Function

Theorem.
Example 3.4.11 (Quadratic loss). In the case of the quadratic loss, by Example 3.4.7,

Tnn (@) = (B(2), (278) 2T (E [Vin| Xrin] — h(X1:n)))
= L3 06(0), GO (B Vi Xaa] — H(X0)
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Thus, for h,h' € H, on G

min 7

[T (%) = Gpr ()]
_ ‘<gb(:c), (®T®) DT (W (X1on) — h(X1n))

< 2ol 1 2 KD HO) (X,

mlIl

IN

1A = llog

)\min

where we used ||¢(x)||y < 1 multiple times which holds [Px] a.e. on X.

3.5 The boundedness of the predictor

Our first main result implies that g,, is bounded with high probability in the random design
setting.

Theorem 3.5.1. Let Assumptions 1 to 4 hold. Then, there exist positive constants ¢y, ca,

2p
K such that for any 0 < § < 1 and n such that n > ¢1 + ¢ loi(mi ) , it holds that

P(wpwmmsz)ga. (3.4)
heH

The result essentially states that for some specific value of K, the probability that the
event supycy ||gn,nlloc > K happens is exponentially small as a function of the sample size
n. The constant K is inversely proportional to Ay, and depends on both R. from the
level-set assumption and r. Here ¢ depends on Q, [|A]ls from Assumption 1(ii) and the
subgaussian parameters. The actual value of K can be read out from the proof.

The main challenges in the proof of this result are that the bound has to hold uniformly
over ‘H (this allows us to bound ||g, ||, ), and also that the response Y is unbounded, as are
the functions in G. The main tool is a ratio type tail inequality for empirical processes, al-
lowing us to deal both with the unbounded responses and functions, which is then combined

with our assumptions on the loss function, in particular, with the level-set assumption.

Proof of Theorem 5.5.1. Recall that our goal is to derive a bound on

sup ||gh,n||oo
heH

that holds with high probability. Fix h € H. Then, gnn(z) = (0, 0(z)) < [|Onnlly |6(2)],,
where 0y, , is the parameter vector of gy . Since ||¢(x)|, < 1, it suffices to bound |0 ||,

On G, which is defined as the event {Xmin > Amin/2}, we have

min ?

0T Go, 2| gnnl
2 h,n RO Ihnlly,
G (@) < 1Ohnll; < —2% = : (3.5)

min >\min

Hence, the problem is reduced to proving a uniform (h-independent) upper bound on the

empirical norm of g5, , and showing that Gy, happens with “large probability”.

min
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For the latter, we use a result of Gittens and Tropp [2011]. This is summarized in the

lemma which also includes some observations that will prove to be useful later:

Lemma 3.5.1. The following hold:
; . oy A el
(i) With probability one, for any 0 € R, TGO < S W
(i1) Assuming that n € N and 6 € (0,1) are such that

2 p
n Z m log (5) s (36)

where p and Apin are respectively the rank and the smallest positive eigenvalue of G,

with probability at least 1 — &, it holds that Xmin > )‘r;i“ > 0.

(iii) For any n,§ satisfying (3.6), then with probability 1 — § it holds that for any 6 € RY

and [Px] almost every x € X, (0, ¢(z))| < \/Z‘Z\Tiég.

The (easy) proof of the lemma is deferred to Appendix B.2.

To get an upper bound on the empirical norm of gy, ,,, we will use
lgnnll,, < llgnn = Gnnll, + [Gn.nll, (87)

and develop uniform bound on the two terms on the r.h.s..

Lemma 3.5.2. It holds almost surely that
sup |(|g <R,
71,

where R = Rey + 1, Cr = %\/Pf‘ —1+Q, # = max(r, ||h]|ec) and h is the function from
Assumption 1(ii).

The constant R¢, that appears in the statement is defined in our “level-set assumption”

(cf. Assumption 1(iv)).

Proof. Fix some h € H. We have ||§hn||n =||h+ G + (—h)Hn <|h +§h,n||n +||=hll,, <
|h +§h,an + 7 thanks to ||h||, < r. Hence, it remains to bound ||h —|—§h7an.

By Assumption 1(iv), for this it suffices if we show a bound on Ly (h + g, ,) since by
this assumption if L, (h + Gn.n) < c then Hh + ﬁh,an < R.. By the optimizing property of
Gy we have Ly (h + Gy, ) = Lnn(Gnn) < Ln,n(0) = Ly (h). Now, by definition

)

hence, it suffices to bound E [¢(Y;, h(X;))|X;]. For this, we have

E[£(Y;, h(X:))|Xi] < E |60V, h(X0)) = 05, h(X))|1XG] + B [0V, h(X0) 1X:]
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where we used that by assumption the loss is nonnegative. By Assumption 1(ii),
E [0y X)) 1% < @
Therefore it is sufficient to bound
E [|0(¥:, h(X0) — Yi h(X0))] 1]

Note that by Assumption 1(iii), almost surely E [exp (|8K(Y,r)*)|X] < T'». So, by
Lemma B.1.1 (i), E[K,(Y,r)| X] < B\/I‘ —1 a.s.. Thus, with # = max(r, || A]s),

E [Je(¥i, h(X0)) — €0V, (X)) 1Xi] < E[27K (Y, 7)] Xi] < 2/Tr = 1.

Putting together the inequalities, we obtain that L,,(h +Gnn) < %\/F; —14Q =:Cr and
thus ||h +gy,.,|, < Rer- O

Let us now consider bounding ||gh7n - gh’an. In fact, we will only bound this on the

when A\yiy > Amin/2. Since we use this event to upper bound I/S\min by 2/Amin,

min -

event Gy
there is no loss in bounding || Jhn — ghyan on this event only. Note that by Lemma 3.5.1

(ii), Ga,,;, holds with probability at least 1 — 4.
Lemma 3.5.3. There exist problem-dependent positive constants Cy and Lg > 1 such that
for any n > 16L3, it holds that

C
B s0p lonn =l 1.6 ) <o (-2 33
heH

Remark 3.5.4. Although g, ,, may be bounded, the concentration inequality for g, and
Gn,n 1s still not trivial since gy, », is potentially unbounded. Relaxing the boundedness condi-
tion to weaker ones in the concentration inequality has been explored in the literature, e.g.
making use of the bounded-difference property [Kutin, 2002], or a Lipschitzness assumption
of the loss function w.r.t. the sample space and finite subgaussian diameter [Kontorovich,

2013]. Our result, Lemma 3.5.3, continues to contribute to this line of research.

The proof of this lemma follows the proofs in the paper of van de Geer [1990], who
studied the deviations th,n — ﬁ,an for h = 0 (see also van de Geer 2000). It turns out
the techniques of the mentioned paper are just strong enough to also bound the uniform
deviation supcy th’n — y,an. As the proof is lengthy and technical, it is deferred to
Appendix B.3.

Now, combining (3.5), (3.7) and Lemma 3.5.2 we get that on G

min ?

2 _
Go = 510 g1 sup [l <(R+sup1|ghn gh,nun). (3.9)
he heH min

Since for any A > 0,



and by (3.9),

P(Gpoo > A,Gy,,.) < IP’( 2 <R+ Sup ||gn.n — G| > > A,GAmm> ,
)\min heH e

choosing A = )\2, (E + 1), we see that

p(cmm> (R+n)gp«xm)+p(wpwmfﬂmJM2Lakm).
heH

)\min
By Eq. (3.6) and Lemma 3.5.3, provided that n > ﬁ log (%”), n > 16L3 and n >
min 108( 5
og(2
% we get that

PG%M>A?(R+U)S&

which is the desired statement. In particular, we can choose K = 2 (E + 1). O

Amin

3.6 A high probability bound of the excess risk

Given Theorem 3.5.1, various high-probability risk bounds can be derived using more or
less standard techniques. Despite this, when the response is unbounded and clipping is not
available, we were not able to identify any result in the literature that would achieve this.
In our proof, we use the technique of van de Geer [1990], which allows us to work with
unbounded responses without clipping the predictions. Since this technique was developed
for the fixed design case, we combine it with a method, which uses Rademacher complexities
upper bounded in terms of the entropy integral, so as to get an out-of-sample generalization
bound.® The bound in our result is of the order 1/y/n, which is expected given our con-
straints on the nonparametric class H. However, we note in passing, that under stronger
conditions, such as L(f*) = 0 [Pollard, 1995, Haussler, 1992], or that F is convex (which
does not hold in our case unless we take the convex hull of F = G + H) and the loss is
the quadratic loss (or some other loss which is strongly convex), a faster rate of O(1/n)
can also be proved [Lee et al., 1998, Gyorfi et al., 2002, Bartlett et al., 2005, Koltchinskii,
2006, 2011], though the existing works seem to make various assumptions about Y which

we would like to avoid. Let (x); = max(x,0) denote the positive part of z € R.

Theorem 3.6.1 (Generalization). Let Assumptions 1 to J hold and let f* = g* + h* be
a minimizer of L over G + H (i.e., g* € G, h* € H). There exist positive constants
¢, c1, 2,03, ¢4, and U > max{1, K, ||g*|| .} such that for any 0 < & < 1 satisfying log } > ¢
and n > c1 + ¢z log (%”) /Amin, with probability at least 1 — 36,

1/2 2 1

where f, = hy, + gn is a minimizer of L, (-) over H +G.

3Recall that “In-sample” generalization bounds concern the deviation L. (fn) — Ly (f*), while “out-of-
sample” bounds concern L(fn) — L(f*).
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Remark 3.6.1. The constants p and Ay, appear both in U and in the lower bound
constraint of n. Defining ¢(z,p) = E[¢(Y,p)|X = z], constant c3 depends on the (essential)
Lipschitz coefficient of ¢(X,p) when p € [-r — U,r + U] and constant ¢4 depends on the
(essential) range of £(X, p). Both of them can be shown to be finite based on Assumption 1.
The bound has a standard form: The first and the last of the three terms comes from
bounding the out-of-sample generalization error, while the term in the middle (containing «)
bounds the in-sample generalization error. We use a novel measure-disintegration technique
to transfer the results of van de Geer [1990] which are developed for the fixed design setting
(i.e., when the covariates Xj., are deterministic) to the random design setting that we

consider in this theorem.

Proof of Theorem 3.6.1. Let U be as in Theorem 3.5.1 and let E denote the event when

sup ||gh,n||oo S K.
heH

For any z > 0,
P(L(fn) = L(f*) > 2) = P(L(fn) = L(f") > 2, E°) + P(L(fn) — L(f") > 2, E)
S P(E)+P(L(fa) = L(f") > 2, E).

(3.11)

Thus, to study the tail probabilities of L(f,) — L(f*), it suffices to study L(f,) — L(f*) on
the event E.

Define G(U) ={g€G : ||glleo <U} and C = H + G(U). On E, we claim that f,, € C.
We have f, = h, + g, and since h,, € H by definition, it remains to show that g, €
G(U). By appropriately selecting gy, n, we can arrange for g, = gn, . Hence, ||gn| <
suppey |9nnll, < K < U, showing that f, € C indeed holds.

Note that f* = h* + g* € C. By Eq. (3.3), on E it holds almost surely that

L(fn) = L(f*) < Lo(f*) = L(f*) = (La(fa) — L(fa))
= (An(fn) = Du(f*) + Bn(f*) = D))

<sup A (f) — An(f*) +sup [Au(f) = Du(f7)], (3.12)
fec fec

*

A5 (©) An©)

where we introduced A, (f) = Ly (f) — Ln(f) and A, (f) = L(f) — Ln(f) with L, (f) =
LS E[(Yy, f(Xk))|X]. Note that the first term does not depend on the (unbounded)
responses Y7, ..., Y,. Furthermore, by our assumptions, ﬁn( f) is bounded for f bounded.
Hence, we can analyze these terms using tools developed for bounded random variables and
empirical processes. Now, while the last term involves Yi,...,Y,, A, compares average
losses over the sample X1, ..., X,, this last term concerns in-sample generalization. Hence,
as we will show it below, it can be analyzed using tools developed for the “fixed design”

setting. In fact, the following result gives tail bounds for this term:
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Lemma 3.6.2. Let Assumptions 1 to 4 hold and WLOG assume that U > max(1, K, ||g*||.)-
Then, there exist constants ¢, > 0 such that for any 0 < § < 1 satisfying log% > ¢ with

probability at least 1 — 9,

. log 2
AL(C) <2(r + U)y| 222

—5 (3.13)

The proof, which we defer to Section B.4, is based on Theorem 3.3 of van de Geer [1990].
It remains to bound A% (C) = SUpfec An(f) — An(f*). For this, define

Lx,p) =E[((Y,p)| X =z)].
With a slight abuse of notation, we also introduce #(z, f) = l(z, f(z)). Let

B(EU) = [[supyervo) AX0)|

where [|-|| ;. denotes the essential supremum of its argument. We also let L be the Lipschitz

constant of £ when p € [-r — U,r + U]:

o X, p)—0(X,p'
Lip(¢,U) = "Supp,p/e[_r_U,rw],p#p' %Hm '

The next lemma shows that both quantities are finite:

Lemma 3.6.3. Let ' = max(r + U, ||h||s). Then, B({,U) < Q + %’\/P,./ —1< 400 and
Lip(,U) < Y=l o 4o,

B

Proof. For the second statement, for any t,s € [—b, b] we have
Z(X7t) —Z(X,S) <E U((th) - K(YMS)' ’X] <E [KE(K b)lt - S‘ |X} < %‘t - S| ’

where we used Assumption 1(iii) and Lemma B.1.1(i). Thus, Lip(¢,U) < 7%[]71 < +o00.
For the first statement take some |p| < r + U and write

U(X,p) < UX, (X)) + [6(X,p) — UX, h(X))| < Q + Lip(€,")[p — h(X)|

< Q+ Lip(l,r') (| + Ul + [Ihfloc]) < Q + =57 (2r),

where in the second inequality we used Assumption 1(ii), while in the last one we used the

bound on the Lipschitz coefficient. O]

As it is well known, the Rademacher complexity of C, defined next, captures exactly the

behavior of E {Z:‘L(C)} (e.g., Tewari and Bartlett [2013]).

Definition 3.6.4 (Rademacher Complexity of Subsets of R™). Let A C R", (01,...,0,) €
{=1,+1}" be independent Rademacher random variables (i.e., P (o =1) = 1/2). The
Rademacher complexity of A, R(A) is

R(A) = %]E

n
sup Z O'ﬂl;| .

acA i—1
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Definition 3.6.5 (Rademacher Complexity of Function Sets). Let F C {f : f: X — R}
and P be a measure on X. Then, the nth Rademacher number of F induced by P is

mn(]:) =E [m(]:(Xln))] ’

where F(X1.,) = {(f(X1),..., f(Xy)) : f € F} is the projection of F to an i.i.d. sample
X1 = (X1,...,X,) from P. When n and P are uniquely identified from the context, we
also call R, (F) the Rademacher-complexity of F.

The Rademacher complexity enjoys a number of useful properties, amongst which we

need the following contraction property:

Theorem 3.6.2. Let ¢ = (¢1,...,¢y,) : R™ = R, denote {(¢1(a1),...,dn(an)) : a € A}
by po A for A C R™. Assume that all the component functions ¢; are L-Lipschitz over A.
Then, R(¢po A) < LR(A).

Note that this theorem is usually stated for the case when ¢; = ... = ¢,,. The sim-
pler form is sufficient for “margin based losses” (used in classification) that have the form
L(y,p) = g(yp) with some g. As we will see, here we need this more general form as our
losses are less constrained. However, the proof of this more general result still follows the
standard reasoning. We defer the proof to Appendix B.5.

Let £ = {s;: X >R : sp(x) ={(a, f) — Uz, f*),f €C,x € X}. Note that An(f) —
Balf) = (L) =Tul ) = (L) = Tulf*) = E[UX. ) = UX, )] = 2 S5, (0 X, ) -
U Xk, f*) =E[sp(X)]— 237, s7(Xy). Following the standard argument, since the range
of functions in £ is bounded by B(f,U), by McDiamid’s inequality, for any 0 < § < 1, with
probability at least 1 — 9,

Ar(C) = Sup E[s(X)] = & k=1 s(Xk)

[ 1 —n ) - 2log%
<E |sup E[s(X)] — = > 1 s(Xx)| + B((,U) —
LseL J

Following the calculation before Theorem 7 in Section 3.2 of Tewari and Bartlett [2013],

E 2161;2 E[s(X)]—13, s(Xk)_ < 2R, (L).

Let us now bound R,,(£) = E[R(L(X1.,))]. We can write
E(Xl:n) = {Sf(Xlzn) : f S C} = ¢OC(X1:7L)7

where ¢ = (¢1,...,¢,) : R* — R" is defined by ¢ (t) = 0(Xp,t) — 0(Xy, f*(Xx)) (note
that ¢ is random). By definition, each component of ¢ is almost surely Lipschitz over any

bounded interval [—b, b] with the same Lipschitz constant (depending on b). Indeed, for any
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t,s € [—b,b],

Nk (t) = dr(s)lzee = 16Xk, t) = U(Xp, 5)]]| o

=inf{a €R : P([0(Xy,t) — ((Xy,s)| >a)}
UX, 1) —UX,5)| > a)}
— E(X, £) = UX, 5)] | e

:inf{aeR:]P’(

< Lip(zv b)‘t - 5| )

where the second and fourth equalities used the definition of ||-||; . and the third used that
X and X are identically distributed. Now, since C contains functions bounded by r 4+ U,
by Theorem 3.6.2,

R(¢ o C(X1m)) < Lip(f, U) R(C(X1)) as.

and hence
R (L) = ER(L(X1:n)) = ER(p 0 C(X1:n)) < Lip(6, U)ER(C(X1:n)) = Lip(¢, U) R, (C).

Our next goal is to bound R,,(C). By Dudley’s entropy integral bound [Dudley, 1967]
(e.g., Theorem 10 of Tewari and Bartlett [2013], for a statement with a proof see Theo-

rem 11.4 of Rakhlin and Sridharan [2014]),
7(20 + 2C (l J ))
\/ﬁ H G )

where the second inequality holds thanks to Lemma B.1.2 and we also used that Dudley’s

12 !
R, (C SE[/ HY2(u,C,|-||,,) du| <
) Vol (w,C Ill,,)

bound holds regardless the scale of the range of functions in C (this is not hard to check
by inspecting the proof of the bound). Combining all the inequalities we get that with
probability at least 1 — 4,

< 48(C + Co(U)) Lip(L,U) | 7 o [log s
< .
Ai(c) < = + BV = (3.14)
Combining Equations (3.11) and (3.12), we have for any z > 0,
P (L(fn) — L(f*) > z) <P(E) + P (A;;(C) +4,(0C) > z) : (3.15)

Now, by Lemma 3.6.2 and (3.14), for any 0 < § < 1 such that log(1/§) > ¢, with probability
at least 1 — 26,

AX(C)+ A, (C) < 48(Cn + Cci%)) Lip(t,U) +2(r+U)y/ % +B((,U)y/ % =: 7(4).

Together with (3.15) and Theorem 3.5.1, we thus get that with probability 1 — 34, provided
o 22
that log(1/6) > cand n > ¢; +021 5(*¥)

min

)

L(fn) = L(f*) < =(9),

thus finishing the proof. O
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3.7 Discussions

Notice that the above high probability result holds only if n is large compared to log(1/4),
or, equivalently when ¢ is not too small compared to n, a condition that is inherited from
Theorem 3.5.1. Was without this constraint, the tail of L(f,) — L(f*) would be of a sub-
gaussian type, which we could integrate to get an expected risk bound. However, because
of the constraint, this does not work. With no better idea, one can introduce clipping, to
limit the magnitude of the prediction errors on an event of probability (say) 1/n. This
still results in an expected risk bound of the order (i.e., O(1/4y/n)), as expected, although
with an extra logarithmic factor. However, if one needs to introduce clipping, this could
be done earlier, reducing the problem to studying the metric entropy of the clipped version
of F (which is almost what is done in Lemma B.1.2 given in the supplementary material).
For this, assuming Y is bounded, one can use Theorem 11.5 of Gyorfi et al. [2002]. Note,
however, that in this result, for example, the clipping level, which one would probably se-
lect conservatively in practice, appears raised to the 4th power. In comparison, with our
technique, the clipping level could actually be made appear only through its logarithm in
our bound if we choose § = 1/(Ln).

On the other hand, our bound scales with )\;ﬁln through U. This is alarming unless the
eigenvalues of the Grammian are well-controlled, in which case A{ = O(,/p). Our example
in Section 3.3 also shows that the constraint connecting n, Apin and § in Theorem 3.6.1
is not removable without imposing additional conditions. More importantly, not all high
probability bounds are equal. In particular, the type of in Theorem 3.6.1 constraining n to
be larger than log(1/d) does not guarantee small expected risk.

Finally based on this example, we see that an expected risk bound can be derived from
Theorem 3.6.1, e.g., for the squared loss, by introducing a penalty of the form H9||§ in the
empirical loss minimization criterion to add an amount of O(1/n) to all the eigenvalues of the
data Grammian and setting 6 = O(1/n?). Since then outside of an event with probability
O(1/n?), the risk is controlled by the high probability bound of Theorem 3.6.1, while on the
remaining “bad event”, the prediction error will stay bounded by n?. Although numerical
algebra packages implement pseudo-inverses by cutting the minimum eigenvalue, this may
be insufficient since they usually cut at the machine precision level, which translates into

sample sizes which may not be available in practice.

3.8 Conclusions and future work

In this chapter we set out to investigate the question whether current practice in semipara-
metric regression of not penalizing the parametric component is a wise choice from the point

of view of finite-time performance. We found that for any error probability level, for sample
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sizes n = Q(log(1/0)), the risk of such a procedure can indeed be bounded with high prob-
ability, proving the first finite-sample generalization bound for partially linear stochastic
models. The main difficulty of the proof is to guarantee that the parametric component is
bounded in the supremum norm. However, we have also found that an additional restriction
connecting the data generating distribution and the parametric part is necessary to prove
an expected risk bound. This second observation is based on an example where the model
is purely parametric. Based on the attained results, unless other additional knowledge is
available, we think that it is too risky to follow current practice and recommend introducing
some form of regularization for the parametric part and/or clipping the predictions when
suitable bounds are available on the range of the Bayes predictor. Our results also help
identify that existing bounds in the literature do not capture the behavior of the distribu-
tion of the minimum positive eigenvalue of empirical Grammian matrices S\mim which would
be critical for improving our understanding of the basic question of how the expected risk

of ordinary least-squares behaves.

74



Appendix B

Omitted Proofs for Chapter 3

This Chapter is devoted to the omitted proofs for Chapter 3.

B.1 Technical lemmas

We first present some results that we will need later multiple times.

Lemma B.1.1 (Elementary Properties of Subgaussian Random Variables). Let U be a

subgaussian random variable with parameters (8,1). Then,

-1,

)

(i) EU]) < }
(ii) for any constant ¢ >0, U + ¢ is subgaussian.
Proof. (i) follows from
P2 E [exp (J0)] 2 exp (E[|8UP]) 2 exp (EI5UI)) 2 1+ E[50])” .

(ii) follows from

E [exp (382U +¢)2)] < E [exp (3°U2 + 8¢)] < e [exp (|8U[?)] < €T

We will also need the following result:

Lemma B.1.2. Let U >0, C=H+G(U). Then, a.s.

1
/ JH@.CL L) du < 2Cy + 2C6(U),
0

where Ca(U) = p*/? [} log!/? (U2 gy (= O(y/p(log(U)) ).

Proof of Lemma B.1.2. Since C = H + G(U), a standard argument shows that

H(u;o) < H(u/2H; ||-|,,) + H(u/2,G(U), [|[],,) - (B.1)
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Now, note that [|-||,, < |/, ,,- Thus,
1
|z, du
0
1/2 1
—2 [ H ) du<2 [ HY ) d
0 0
1
< 2/ HY2 (4,4, | o..0) du < 2C,
0

where the last inequality is by Assumption 3. Moreover, since [|g|,, < |9, G(U) is a
subset of the ball Bg . (0,U). Thus,

1
| 2. 0w). 11, du
0
1 1
<2 [ BV, ) du <2 [0 By, 0.0), 1], du
0 0

1
< 2p1/2/ log'/? (4U+”) du =2Cg(U),
0 u

where the second inequality is by Corollary 2.6 of [van de Geer, 2000], which states that
H(e, Bg,.y. (0,0)) < plog(4=+€). Using (B.1) and Va+b < v/a + vb which holds for

€

a,b > 0, we conclude that

1
/ VH(u;0)du < 2Cy +2Cq(U),
0

finishing the proof of the claim. O

B.2 Proof of eigenvalue bound (Lemma 3.5.1)

Lemma 3.5.1. The following hold:

(i) With probability one, for any 6 € R%, 6T GO < 9.Go,

min

(i) Assuming that n € N and § € (0,1) are such that

2 P
> — 1 = .
= Amin log (£) o8 (5) ’ (3.6)

where p and Apin are respectively the rank and the smallest positive eigenvalue of G,

with probability at least 1 — &, it holds that Xmin > Ar;—‘“ > 0.

(iii) For any n, 6 satisfying (3.6), then with probability 1 — & it holds that for any 6 € R?

and [Px] almost every x € X, (0, ¢(z))| < \/Z‘Z\Tiée.

min

Proof. Part (i): We first show that Ker(G) C Ker(G) holds almost surely: In particular,
this can be seen by proving that GO = 0 for some # € R? then with probability one,
GO = 0 also holds. Indeed, if the latter did not hold with probability one, then for some
€ >0, P(0TGH > ¢) > 0 would hold. Then, §TGO = E[TGO] > P(0TGH > €) > 0,
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which means that § ¢ Ker(G). Now, if we take a set of vectors {f1,...,60,,} spanning
Ker(G), then on some event E with P(E) = 1, GO; = 0 holds for all 1 < i < m. Now,
on E, Ker(G) C Ker(@). Indeed, take an arbitrary 6 € Ker(@) and expand it using {6;}:
6 = >, Nibi. Then, GO = > AGO; and since GO; = 0 simultaneously for all 7, the
statement follows.

Now, for proving Part (i), consider the event E where Ker(G) C Ker(G). We prove the
result on E: Pick any 6 € R? and decompose it into § = 6 + 6}, such that 6, L Im(G) and
0 € Im(G). Hence, 07 G0 = 6,/ G0). Since 0, € Ker(G) and Ker(G) C Ker(G), we have
GO, = 0. Hence, TGO = Q\TGQH' Now, since ||¢(x)||, < 1 it holds that Amax < 1, where

Amax denotes the largest eigenvalue of G. Therefore, on E,
. R 0, Go 0T Go
0 GO = 0 Goy < 613 < I .

min )\min

Since P(E) = 1, the result follows.
Part (ii): By the “Eigenvalue Chernoff Bound” (Theorem 4.1) of Gittens and Tropp [2011],
with probability at least 1 — pexp ( - n)\min(e + (1 —¢€)log(l—¢) )), Mnin > (1 — €)A\min-

Choosing € = 1/2 gives the result.
Part (iii): Fix n,é as required. Let E be the event where Ker(G) C Ker(G) and let Fs be
the event where the inequality of Part (ii) holds. Take the set S of those 2 € supp(Px)
where Ker(G) C Ker(é¢(x)¢(z) ) holds. It follows from the argument presented in Part (i)
that Px (X \ S) = 0.

Since P(E N F3) > 1 — 4, it suffices to prove the statement on E N Fs. Hence, in what
follows all statements are meant to hold on this event. Pick any # € RY x € S and

decompose @ as before. Then, thanks to = € S it holds that 8, € Ker(é(z)¢(z)"). Hence,
(0, ¢(x))* = 0T ¢(x)p(x) 0 = 0)¢(x)p(x) "0 = (B, $(«))*. Now, owning to [|¢(x)[|, < 1,

07 GO 20T o T A
(01 6(x))* < ||0y]]5 < ! I 26,0 207Go

min )\min )\min

)

where the last inequality follows from Part (ii). O

B.3 Proof of Lemma 3.5.3

The proof follows the ideas from the paper of van de Geer [1990]. Lemma 3.5.3 calls for a
uniform (in h € H) bound for th-,n — yh’an. Fix h € H. We consider a self-normalized
“version” of the differences gn n —9j, ,,, which are easier to deal with. This is done as follows:
For g € G, define

_ g_gh,n

Wy, h and Qp, ={wgn : g€G},
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where K > 0 is to be chosen later. Then, for any w € Q, , [lw||,, < % and

Hg - §h1n||n

g *gh,an 1 K 9 — 3 H (1 +K||g *§h,an) = [lwg,nll,, (1 +K|lg *gh,an)
el
1=K |lwg,nll,

(B.2)
Thus, we see that is enough to control the empirical norm of

_ 9hn — gh,n
L+ K ||gnn = Fnnll,,

wh,n = Wgh’n,h
The first step is to bound this norm in terms of the increments of the empirical process

Ah,n(g) = Lh,n(g) - zh,n(g) .

Lemma B.3.1 (“Basic Inequality”). Let Assumption 2 hold. There exists a constant 7,
such that on the event Gy, , for any h € H,

N 2 _ — .
N l@nnlly SAnn(Ghn) = Ann(Gnn +@hon) -

The proof, which is stated in Section B.3.1, follows standard arguments. Based on this,
we can reduce the study of the supremum of the empirical norm of &y, to that of the
supremum of the increments Vi, n(w) = v/ (Ann(Gn.n) — Dnn(Gn, +w)) normalized by w.
In particular, it follows from Lemma B.3.1 that for L,o > 0,

P(sup [|n,nll, > Lo, G,..)
heH

~ V n X n
= P(Elh €N : ||@nnll, > Lo, W > n\/ﬁ7G>\min)

<P ( sup V(“’l’ > ma) . (B.3)

(9,h)€GxHi[lwg nll, >Lo  [[wg,n

The supremum of normalized increments similar to the one appearing above was studied
by van de Geer [1990]. In fact, we will adapt Lemma 3.4 of this paper to our purposes.
The lemma requires minimal modifications: In our case, the empirical process is indexed
with elements of {wy ), : g € G,h € H}, the product set G x H, whereas van de Geer [1990]
considers a similar result for h = 0. As a result, whereas van de Geer [1990] reduces the
study of this probability to bounding the “size” of balls in the the index space, we will
reduce it to bounding the size of “tubes”.

To state the generalization of Lemma 3.4 of van de Geer [1990], we introduce the following
abstract setting: Let (V,dyx), (A,dax) be pseudo-metric spaces (k = 1,...,n), di be
the pseudo-metric on V x A, which for v = (1,A), ¥ = (#,A) in V x A is defined by
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A2 (v,7) = di (v, 0) + d3 (N, A). Further, let d? be the pseudo-metric on V x A defined
by d? = %Zzzl d?. Consider the real-valued processes Uy, Us,...,U, on V x A and the

process
1 n
Zpn=—=>» Ug.
NG Z k
k=1
For o > 0, denote by H(e,0) = H(e,T(0),d), the metric entropy of the o-“tube”

T(o) =Upev{r} x{A €A, : da(A),\) <o} CV XA,

where for v € V, A, C A and d (defining the “tube”) is the a pseudo-metric on A defined
by d3 (A, A) = L3, d% (A, A). For L > 0, define

 Jy VH(uLo, Lo)du

an(L,0) = VnLo

With this, we are ready to state our generalization of Lemma 3.4 of van de Geer [1990]:

Lemma B.3.2. Assume that the following conditions hold:

(i) Uy, Us,---,U, are independent, centered; for oll v € V, Z,(v,\,) = 0 for some
A €A, and
[Uk(v) = Ux()| < Mydi(v,7), 7,7 €V XA,

where My, My, - -+ , My, are uniformly subgaussian, i.e., for some positive B and T,

Elexp(|8Mi*)] < T < 00,k =1,2,...,n.

(ii) Assume that o > 0 is such that \/no > 1 and suppose

lim a,(L,0)=0.

L—o0

Then, there exist constants Lo > 1 and Cy, depending only on (8,T') and the map L
an(L,0), such that for all L > Ly,
Zn (v, A
IP’( sup sup M > \/ﬁ) < exp(—CoL?*c%n).

vev  aern:  di(Au,A)
A N> Lo

Remark B.3.3. The proof is obtained by modifying the proof of van de Geer [1990]’s
Lemma 3.4 in a straightforward manner and hence it is omitted. A careful investigation
of the original proof will find that the result also holds if we find Ly and Cy depending
on an upper bound &, (L,o) for a,(L,c) provided that limy,_, o Gy, (L,0) = 0 still holds.
Moreover, if the upper bound is selected such that it does not depend on n and o but only
on L and the “size” of the spaces V, (A,),ecv, then Ly and Cj will depend only on (3,T")

and the mentioned “size”.
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To apply Lemma B.3.2 to our problem, we choose the spaces to be V. ="H, A = UpecnAp,
where Aj, = Qp,,. Further, we choose the pseudo-metrics to be di, . (h, h) = |h(Xy) —
hX3)[2+ | — hl%,, (hoh € V), and dpg(w, @) = |w(Xk) — &(Xi)| (w,& € A). We also
choose Ay, = €y, C A. Since these pseudo-metrics are random (they depend on Xj.,,), for
a proper use of Lemma B.3.2 we again need to “condition” on Xj.,, when using this lemma.
Making this argument formal will be discussed in 77.

For f € LY(X,Px), w € A, h € H set

Bu(f) = 1+ (622, )~ Euy [60Z0. 1))

Uk(hu W) = Ak(h‘ + gh,n) - Ak(h‘ + gh,n + UJ) .

(We remind the reader that, although not shown to minimize clutter, Ay and Uy, do depend
on Ti.y,.)

Now, for h € H, we set A\, = 0. Thus, Ug(h,Ay) = Ug(h,0) = 0. Furthermore,
for Z,(h,w) = ﬁzzzl Uk(h,w) we have Z,(h,w) = %Vh,n(w) and therefore (using that

Ap =0 and dj(w, @) = [Jw —@]],,)

Zn(h, V
sup sup M = sup sup h’”(wz) =: Qn(Lo), (B.4)
her  wehp:  AR(An W) her wean.: n|w|
da(Ap,w)>Lo llwll,,>Lo

showing that the conclusion of the lemma suffices to bound the quantity of interest appearing
in (B.3).

We claim that the condition of Lemma B.3.2 are satisfied for [ Px] almost every z1., € X"
such that Amin(Z1:m) = Amin(®(21:0) T ®(21.)) > Amin/2- Let N/ C X™ be the [Px] null-set
where the claim is not required to hold (we will construct N in the proof). That Uy are
centered and Z,(h, ) = 0 for any h € H holds by construction. As far as the remaining
conditions are concerned, we have:

Condition (i), the independence of (Uy): This follows from the definition of P,,  and the

independence of (Xy, Yy).
Condition (i), the Lipschitzness of Uy: Our goal is to show (for later use) that the Lipschitz
coefficients M}, can be chosen independently of n and 1., as long Amin(21.n) > Amin/2. For

this, we will assume that
K>1. (B.5)

Since Uy, is defined as a function of Ay, we consider the Lipschitzness of Ay first. Using the
definition of A, and the Lipschitzness of £ (cf. Assumption 1(iii)), for any f, f’ € L*(X, Px)

we have

|AR(f) = Ar(f)]
1 |£(Zk7f)) - E(Zk,f/ﬂ E [M(Zk’f) — U Zy, f/)l |Xk:} .
= n ( |f(Xk) = f/(Xk)| * |f(Xk) — f1(Xi)| ) |f(Xk) = f{(Xk)]-
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Denote Mﬁ("’f))) e((ZW;‘)l + [W‘Z;(’Qk;f(ﬁ’zgki‘l X ] by Ni(f, f'). Thus, for h, heM, wweA,

letting f = h+ Gy, f=h+ 700

Uk (h,w) = Us(h,®)]

% (f, f ‘ka f(Xk)’
N+, f @) {| £000) = F0)| + w(X0) - 2(X0) ||

I =

Now, by assumption |h(zg)|, |B(xk)| < r. Also from (3.5), Lemma 3.5.2, and Apin (21.5) >

Amin/2, it follows that [g,, ,,(zk)l, (77, ,, (zk)] < /\2,?;,' Also, by the same argument as in

Lemma B.3.5, again thanks to Amin(Z1.n) = Amin/2, |w(zg)|, |©(zk)] < W <

1 5
G /37 where we used (B.5). Hence,

< 2R 2R
Nk(f,f) S Kg (Yk,r+ P > +E |:Kg <Yk,7”+ )\) |Xk:|

and similarly,

o 2R 1
Nk(f+w7f+w) § KZ (Yk7r+ )\min + (>\min/2)1/2)

2R 1
E|K, Y] X
+ { e< k.7 + o + (/\min/2)1/2)| k:|

Now,

[f(ax) = Flaw)| < |h(ax) = h(@e)] + [Gh 0 (@) = Th (26)]
< |h(zx) = h(@e)| + Knllh = hlloon ,

where the second inequality follows since by Assumption 4, h + gy, ,,(zx) is Kjp-Lipschitz.

Therefore, by the choice of dy,, and da x,

U (h,w) — Up(h,@)| < % (de(h R + dag(w, w)) < M.dy ((h,w), (h, a;))

where

2R 1
M, =2K, Y,
k ¢ ( kT + S~ + (>‘min/2)1/2)

2R 1
2E | K, | Y] X -
+ [ z( kT + S~ + ()\min/2)1/2)| k:|

Note that by Lemma B.1.1(i), it holds almost surely that

2R 1
E |:Ke (Yk’ " + )\min + ()\min/2)1/2> | Xk:| ﬁ \/FT+2R/A"‘“‘+1/()‘mm/2)1/2 - 1

Then by Lemma B.1.1(ii), M}, is uniformly subgaussian, so is Mj,.

Condition (ii): We want to verify that a,(L,0) — 0 as L — oo and show that in fact an

upper bound &(L) on «,(L,o) which is independent of x;.,, n, K and o exists such that
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a(L) — 0 still holds. Since ay,(L,0) depends on the entropy numbers H(e,T'(c),d) of the
tube w.r.t. d? = %Zk dz, first we need to estimate these entropy numbers. For v = (h,w),

5 = (h,&), we have

- 1 ~ 1 -
d2(77 ’7) = ﬁ Z d%/,k(hv h) + E Z d?\,k(wvw)
k k

1= B 4+ e = Bl + o = @112 <2 (1 = Bll%  + o = S112)
Further, d3 (w,®) = |lw — @©||2 and therefore by the choice Ay, = Q, , and Ay, =0,
T(o)={(h,w) : he H,w € Qppn s.t. [Jw|, <o} .

Therefore, it suffices to estimate the metric entropy of T'(o) at different scales w.r.t. the
pseudo-norm ||-||;- defined by [|(h, wgn)|l; = |7l s, + lwg,nll,,- This is done in the following
Proposition B.3.4, which also shows that the integrability assumption is satisfied (the proof

is presented in the appendix):

Proposition B.3.4. Let Assumptions 1 to 4 hold. Taken > 1, K >0,¢ > 0,1 >0 > ¢
such that Ko < 1/2. Then on G

H(e,T(0), |- llr) <plog(o/e) + plog(241) + AH (5, H, ||| )

holds a.s. for some positive (non-random) constant A that depends only on Kj,.
Furthermore, on Gy

min ?

"

1
A
/ HY?(uo, T(0), || - ) du < A'v/p+ |
0 g

holds a.s. for some universal constant A’ > 0 and some mon-random constant A" that

depends on C'y and Ky, only.
Now, H(e,o0) = H(e,T(0),d) < CH(e,T(0),||-|l;) with some universal constant C,

hence H(uLo,Lo) < CH(uLo,T(Lo), ||-||+) and by the previous result,

L 1
/ HY*(uLo, Lo)du < 01/2/ H'?(uLo, T(Lo), |-|I) du
0 0

!
SC’<1+1><2C

o)~ o

where C’ is a constant that is independent of L, n, K, o and we assumed that ¢ < 1. Hence,

an(L,0) < iy

v/nLo? L
provided that y/no? > 1. Thus, under this condition, a,,(L,c) — 0 as L — oo, as required.
Furthermore, the upper bound on «, (L, ) is independent of z1.,, K, n and o. Therefore,
Ly and Cj can be selected independently of x1.,, K, n and o, finishing the verification of

the conditions of Lemma B.3.2.
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Therefore, using (B.4) we conclude that for any L > Ly, K,n,o such that /no? > 1
and Ko < 1/2 and K > 1, for [Px] almost all 1., such that Apin(21.0) > Amin/2,

Pam;n (Qn(LG) Z \/ﬁ) S eXp(—CoL20'2n)_

Now, by the definition of Py, ,
]P) (Qn(LU) 2 \/ﬁa G)\lnin) = /lem (Qn(LU) Z \/ﬁv kain) PX(dIln)
= / ]P)fﬂlzn (Qn(LU) > \/ﬁ) PX(dxlzn)
Amin (Z1:n) > Amin /2

< / exp(—CoL?0*n) Px (dz1.y,)
)\min(wl:n)ZAmin/Q
< exp(—CoL%0?n),

where the second equality follows since G . is X;.,-measurable.

Hence, by combining (B.2) and (B.3), using the definition of Q,(Lo) in (B.4) and choos-
ing L = Lo,

— L()O'
P (2161% llgnn = Gn.nll, = II{L(JU;GA,MU) <P (Qn(Lo) > v/n,Gy,..)

< exp(—CoLia’n).

Choosing 0 = 1/(2Lg) and K = 1, noting that n > o0~* then translates into n > 16 L{ gives
that

P <sup th,n _gh,an > 17G>\m;n> < exp(—Cyn/4),
heH

which is the desired result (we also used that Ly > 1 by assumption and hence o < 1 which

gives that \/no > y/no? > 1).

B.3.1 Proof of the “Basic Inequality” (Lemma B.3.1)

We start with a uniform bound for the infinity norm of elements in €2y ,,. Let
1
Ko=——"7"-—"—¥—7—.
K(Amin/2)1/2

Recall that G . is the event when Amin > Amin /2.

min -

Lemma B.3.5. On the event G

min ?

sup  |lwlloco < Koo-

weldp n
Proof. Introduce ||x||?w = 2" Mz for M positive definite. ~ Let 0}, be the parameter of
G- Thus,

[(6(®),0 — Onn)| 10 — On.nll2 ot
= 1172 7 (172 =
1+ KN210 =0l KX

min min

w(z)] =

14+ K\/]|6 = Onn |
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With this, we can state the proof of Lemma B.3.1:

Lemma B.3.1 (“Basic Inequality”). Let Assumption 2 hold. There exists a constant 7,
such that on the event Gy, , for any h € H,

D 1@nnll2 <Ann@nn) = Dhn (G + Dnn) -
Proof. The proof follows the ideas underlying the proof of Lemma 12.2 of the book of van
de Geer [2000].
First, we will prove that Ly (G ) — Lnn(Ghn + @hn) > 0. Note that by the definition
of gnns Lnn(Gn,n) = Lin(gnn) = 0. Thus,

| —

0< Lnn(Gnn) = Lhn(Ghn = Tnn + Gnn) < = Lnn(Ghn) = Lo (1= @)G), ., + agnn))

(%

for any 0 < a < 1, because of the convexity of Lj ,. Taking « = ———21——— the
’ 1+K||gh,,n*9h,an

previous inequality gives
1
a

(Lnn(Gnn) = Lhn(Gn o + Onn)) = 0. (B.6)

Now take € > 0 small enough so that it satisfies Assumption 2 and also K; < 1. Then

€

we have L 5 (Gn,n + @hon) = Lo (Gnn) > 7= (Lhn(Ghn +@hn) = Lin(G),,)) because gy, ,,

is a minimizer of Ly, (thus Ly 5 (Gp, . + @hin) — Lin(Gh,) > 0) and thus

J— N J— _ J— _ € R J— _
Lh,n@h,n + wh,n) - Lh,n(gh,n) > Lh,n(gh,n + Kiwh,n) - Lh,n(gh,n)

(B.7)
> ol
> o Il
Here, the first inequality holds by the convexity of Ly, ,,. The second inequality follows from
Assumption 2 used with a = @, ,, &, 2 once we verify that its conditions. That a € [—¢, €]”
1n
follows from Lemma B.3.5, while a € Im(®) follows since both gp, »|x,., and g, ,,|x,., satisfy

this, by construction. Combining (B.6) and (B.7) gives the desired result. O

B.3.2 Proof of Proposition B.3.4

The result we want to prove is as follows:

Proposition B.3.4. Let Assumptions 1 to  hold. Taken >1, K >0,¢ > 0,1 >0 > ¢
such that Ko < 1/2. Then on G

H(e,T(0), |- llr) <plog(o/e) + plog(241) + AH (5, H, ||l )

holds a.s. for some positive (non-random) constant A that depends only on Kj,.
Furthermore, on G ..,

"

1
/ Hl/z(ua, T(o), |- llr)du<A'\/p+ A— ,
0 g

holds a.s. for some universal constant A > 0 and some mon-random constant A" that

depends on Cgr and K, only.
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We start by showing that the mapping g,h — (h,wy, ) is Lipschitz w.r.t ||-||l; (9 € G,
h € H) as this will allow us to bound the entropy of T(¢) in terms of the entropy of H and
the entropy of the union of balls in UpenQp pn, in particular UpepQp n(0).

Let Assumption 4 hold Then, for any K,o > 0 satisfying Ko < 1/2 and any (g1, h1),
(92:h2) € G x H s.t. [lwg, p,l,, < 0,

gy hy = Wo.holl,, < Ky llgr = g2ll,, + Ko Kn llha = hallo ,, (B8)

holds a.s. on the event G where K, = 44/2.  The constant K}, appearing in the bound

min ?

is the Lipschitz constant defined in Assumption 4.

Proof. Take any (g1,h1),(g2,h2) € G x H with the required property. By the triangle

inequality, we have

ngl,}h - w927h2”T < ”wghhl - wgz,h1||T + ||w92,h1 - w927h2”T .

Let us consider bounding ||wg, n, — Wg,.h, || as the first step. To minimize clutter, introduce
h = hi, w; = wg, n, @ = 1,2. With this, our goal is to bound |jw; — wal| ;.

We have

(91— Gn.n) () _ (92 = Gn.n) (@)
1+K|‘gl_§h,an 1+KH92_§h,an

w1 (2) — wa(z)| =

(x) 1 _ 1
o 1+ K ||g1 _gh,an 1+ K |g2 —ﬁh,an

1
Jr —
1+ K [|g2 —ﬁh,an(gl 9))

~ Gn.n(x) 1 - :
h,n 1+KH91 _gh,an 1+K|‘92_§h,an '

By the triangle inequality,

1 1
1+KH91 _yh,an 1+KH92_§h,an

< Kllgr = g2ll,, -

Thus

)

w1 (@) — wa(2)] < Klg1(2) = Gpn(@)] lg1 = 9211, + (91 — g2) ()]

and therefore,

= _ 2
nllwr = w2l <D {K91(X0) = Fn o (X g1 — g2ll,, + (91 — g2) (X0}
i=1

< QZ {K2|91(Xi) = Tnn (X)) Nl — 92H,21 + (g1 — 92)(Xi)|2}

<2(K2||g1 = Gl + 1) llgr — g2l
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By Equation (B.2),
o o e,
||g1 gh,an B 1-— Kleun .
Since w1 € Qpp(0), ||wi],, < 0 and Ko < 1 by assumption, ||g1 *gh,an < %5 Com-

bining this with the bound on n ||wy — w2||i, after simplification we get

Ko 2
s —wall, <4/2+2 { ;=5 llor — g2l

<V2 (1 + Ko ) g1 — g2ll,, (B.9)

1- Ko
2v2

1 _Ko 191 = 92ll,, < Kq ll91 — g2ll,,

where K, = 44/2 in the last two steps we used that by assumption Ko < 1/2.

Let us now consider bounding

ngz,hl — Wgs,ho Hn .

Noticing that apart from a sign, g, ,, and g play a symmetric role in the definition of wg p,

following the derivation in the first part we get that, similarly to (B.9),

< V2

ngz,hl - Wg27h2|| thl,n - gh27”||n < Kg thhn - ghz,an .

"T1—-Ko
Since by Assumption 4, ||Gn,,n — Gha,nll,, < Kn |1 — ha|, ,, holds a.s. on G, We get
[Wgs.hy = Waa ol < KoK [[hy = hallo ,, -
Putting together the bounds obtained, we get that on the event G _,,,
gy, b — Waahall,, < Kgllg1 — g2ll,, + KoK |1 — h2Hoo,n
as required. O
With this, we can state the proof of Proposition B.3.4.
Proof of Proposition B.3.4. We can write
T (o) = Unenf{h} x Qpn(o),
where
(o) ={w e Qppn : ||, <o} .
We first show that
H(e,T(o), [Ill7) < H(5H, 1l oo.n) + H (5, 2nl0), [I-1],) (B.10)

where Q,,(0) = UpenQhn (o). In short, this follows since T'(0) C H x (o) and since, by

definition, ||-[|; is obtained by “summing” [|-[|, ,, and [|-||,,.
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In details, we have: Let C' be an integer s.t. C' > exp (H(e/2,H, |||, ,))- Then, there
exists {h1,...,hc} C H such that for any h € H, ||h — h;]| <e€/2 forsomez e{1,...,C}.

oco,n —

Similarly, let D be an integer s.t.

D = exp(H (5, (o), [|l)) 2 max exp(H (5, Qnn(0), [],))
and {wi,...,wp} C Qn(0) be an €/2-net of Qy, (o) w.r.t. ||-]|,,. Then,
{(hjyw; 1 1<i<C,1<j<D}

is an e-net of T'(0): To show this pick any (h,w) € T(c). Then, take the index i such that
A = hill o < €/2 and take the index j such that [lw —w;||, < €/2. Then,
[(7;w) = (hiswj)llp = Ih = hillo p + lw = wjll,, <6
as required. This shows that (B.10) indeed holds.
Next, we bound H(e,Q,(0),]-]|,,). We have

Q. (o) = {wgﬁ cheM,geG,|wgnll, < U}

(B.11)
= {W.q,h : - ﬁ} )

where the containment follows since by Equation (B.2), || g—730n n” = wanll, gy

1_K|“*’g,h”n
s > 0 define

Gu(s)={9€G: llg=gnnl, <5} -
Pick 7 C H and an arbitrary “discretization” map N : H — . We claim that on G Amin s
() € {won + heH g€ Gngy (55 + En IN() = hll,.,) | as. (B.12)

By (B.11) it suffices to show that for any h € H and g € G, (ﬁ),
9€ Gnon (5 + K IN(R) = hll..,.) (B.13)

also holds true. For brevity introduce h’ = N (h). Thanks to the choice g and Assumption 4,

lg = nll, < ll9=Fnnll, + 1T0n =Fuall, < =7 + Enllh =¥,

holds a.s. on G}, which shows that (B.13) indeed holds.

The following statements holds a.s. on G, — hence we will not mention this con-
dition to minimize clutter. If H is an ¢/(2K,Kp)-net of H w.r.t. [l and N(h) =
argmingrey |h —h'[| ,, then K [[N(h) —hll,, < €/(2Ky) < €/2 and therefore for any

B e,

G (5 + K INM) = hlle,,) < G (20+5)

For each h € 7:[, let Qh/ be an e/2Kg—net of Gy (20 + %) We claim that
S = {wggh/ :h € 7:[, g' € (jh/}
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is an enet of Q,(c) wr.t. |-|,. Indeed, let w = wyp € Q,(0) arbitrary. Let A’ be the
nearest neighbor of h in H w.r.t. [[lso., @nd let g" be the nearest neighbor of g in Gh wor.t.
[|I-|[,,- Note that g € Gn/(20 + €/2). Then, by Section B.3.2,

ng,h - wg’,h’Hn <K, Hg - g/Hn + K Kp, Hh - hIHoo,n .

Now, because g € Gu (20 4¢/2) and Gy,s is an €/(2K},)-net of this set, we have K, [|lg — Jl, <
€/2. Similarly, by the choice of H, ||h — &', ,, < €/2, showing that S is indeed an e-net of
0, (o). Note that the cardinality of S can be bounded by
|S] < [H] max |Gu|.
h'eH
Hence,
H(e,2(0), [I-ll,,) < Hs5c;Gno (20 +€/2), |I-ll,) + H sz Ho - lloon) »
for an arbitrary ho € H, where we used that ||-||,, is translation invariant.
Combining this with (B.10), we get
H(e,T(0), |l7) < H(5, (o), [I1],,) + H(S, H, [0 )
S H(ﬁa gh0(20 + 6/2)7 ||||n) + H(%#](h) H? ||||oo,n)
T H(GH o)

< Hgi; > Gno (20 +€/2), [1],) + AH (5, H, | o)

(B.14)

for A large enough.
By Corollary 2.6 in the book of van de Geer [2000], H (¢, Gn, (o), |‘|l,,) < plog(2Zte) aus..

€
Hence,

320K, + 8K e+ ¢
€

H(ﬁ,gho(Qa +¢€/2),]l,,) < plog < ) < plog(241) + plog(c/e), a.s..

Here the second inequality follows from bounding the € in numerator by o (since o > ¢),
and K, < 6. Combining this with (B.14) finishes the proof of the first statement.

To prove the second part, note that fol(— log(z))Y/? dx = \/m/2. Thus, with Z(o,H) =
Jo HY2(uo, H, || o) iy

1 1
/ H'?(uo, T(o), || - |7) du < p? / log? (%) du + p? log* (241) + AZ(§, H)
0 0

< pP/T/2 4 p? log? (241) + AST(S, H).
Now, note that

1 o
1
/ 1/2(UU’H’ HHOO n) du = 7/ 1/2(1]’}[’ ||||oo n)dv
0 ’ o Jo )

1 1
<o [ HE0A ) do < Cafo
0

where the first inequality follows since o < 1, while the last inequality follows by Assump-

tion 3. The desired result follows by choosing A’ = /7/2+log? (241) and A” = A%/2Cy. O
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B.4 Proof of Lemma 3.6.2

Let (A, d) be a pseudo-metric space and for u > 0 let B g(A, u) be the d-ball in A that has
radius v and is centered at \. We will allow d to be replaced with a pseudo-norm meaning
the ball where the pseudo-metric is defined by the chosen pseudo-norm. The theorem of
van de Geer bounds the tails of the suprema of centered, Lipschitz empirical processes of A

over balls of A:

Theorem B.4.1 (Theorem 3.3 of van de Geer [1990]). Let (A,d) be a pseudo-metric space
with d* = (1/n)>_p_, di where dy,...,d, pseudo-metrics on A. Let Uy,...,U, be real-
valued, independent, centered process on A such that for Z, = ﬁ > Uk, Zn(Xo) = 0 for
some A\g € A. For u > 0, denote by H(u;0) = H(u,Ba,q4(Xo,0),d), the u-entropy of the
ball Bp,a(Mo,0). Assume further that |Ug(A) — Up(N)| < Mydi (X, N') with My, > 0 random
such that Elexp(|3My|?)] < T < oo for some positive constants 3 and T'. Then, there exist

a,n,Cq,Cs > 0 depending only on B and I' such that

at?
P sup  [|Zn(N)|>t] <2exp | ——5
AEBA,a(Xo,0) g

holds for any t > 0 and o > 0 that satisfies t/o > Cy and t > Co JO v H(u;0) du where
to > inf{u: H(u;o) < nt?/a?}.

Let us now turn to the proof of Lemma 3.6.2.

Proof of Lemma 3.6.2. We denote the probability space that holds (X1,Y7),...,(X,,Y,)
by (W, W, P). Note that with no loss of generality, we can assume that (W, W) is a Borel-
space (this is because all our random variables leave in complete, separable metric spaces).
For z1,...,z, € X, let 1., = (21,...,2,). Similarly, let X7, = (X1,...,X,,). Define
(P, )2y, exn to be the disintegration of the probability measure P with respect to X7.,, also
known as the regular conditional probability measure obtained from P by conditioning on
X1.,.' The expectation operator corresponding to P, will be denoted by E,, . . Note that,
by the definition of P, , for any random variable Z on (W, W,P), Ex,. [Z] = E[Z|X1.,]
holds everywhere and in particular, for a measurable function s : ¥ — R, Ex,, [s(Yx)] =
E[s(Yy)| X1.n] = E[s(Y%)|Xk], where the last equality holds since by assumption (X¢,Y;) is
iid.
Let Uk ey, (f) = Atr, (f) — Doy, (%), where

Ak, (f) = LYk, f2k) = Boy, [0, f2r)], fEA.

I The defining properties of (P,,,,) are that for each z1., € &X™, Py, is a probability measure on
(W, W) concentrated on {Xi., = Z1:n}, €1:n — Pz, ,, is measurable and for any f : (W,W) — [0, 00)
measurable function [ f(w)P(dw) = [([ f(w)Pqy,, (dw))Px,,, (dz1:n). The existence of (Ps,,,), which is
also called a regular conditional probability distribution is ensured thanks to the assumption that (W, W) is
Borel. Moreover, (Pg,,, ) is unique up to an almost sure equivalence in the sense that if (IAP’II:") is another

disintegration of P w.r.t. X1, then Px({1:n : Puz # ]f”zl:n}) = 0. For background on disintegration and
conditioning, the reader is referred to Chang and Pollard [1997].

89



Note that Uy 4, ., ’s are independent, centered processes over Wy, . Moreover, let Z,, ., =
ﬁ >r—1 Uk.z,.,. By construction, Z, 4, . (f*) = 0. We now show that it is enough to study
the deviations of the suprema of Z,, ;.. (f) over the probability spaces Wy, ..

We have

Bo(f) = Lalf) = Talf) = = 3" A, ()
k=1

and so
\/ﬁ(zn(f) - Zn(f*)) = Z’I’L,Xlzn (f) .

By the construction of P,, . for z > 0,
PO 2 2) = [P (B0 2 2Py, (drvn). (B.15

and
Povon(Bn(€) 2 2/V) = Py, (VSup [Bo(£) = Bn(f)] 2 2) = Py (SUp Zrnan () 2 2).
(B.16)

Let A = C, dia,, (f, f") = |f(@x) = f'(zi)| and @2, (. [') = 3 X1 di ., (f.f)- By
construction, dy,., (f, f') = ||f — f’l,,- Since for any f =h +g€C,

1f = F* M = h = A, + lg = g7l < MIh =Pl + llg = 97l <2(r +U) =10,

thus, C C Bag,, (f*,0) CA=C and
Pey.n (ZZ(C) >z/vn) =Py, Sup I (f) > 2] - (B.17)
f€BA 4y, (f*0)

Thus, it remains to bound this latter probability. Fix x1., € A™ such that
E.,.. [exp((BK¢(Y,c)?)] <T., for all ¢ > 0. (B.18)

Let us now apply Theorem B.4.1 to W, = (W, W, P,,..) with A, (dk »,.,,) and (Uk ,.,,)
(k=1,...,n), as defined above. To verify the uniform subgaussian property of the Lipschitz
coefficient of Uy ,,.,, note that for f, f’ € C, by Assumption 1(iii),

Uk 1 (F) = Uk (F)] = [ Dby, (F) = Dby, (F)]
<Yk, f(2r)) = £V, f1 (@) 4 [Bay,,, [6(Ya, f (1)) — £V, f/(21)]]
< K (Ye,r + )| f (xr) = f/(@r)] + Eay, (K (Yay v+ U)]| f(@r) — f/(21)] -

By Lemma B.1.1(i), E,,  [K;(Yi,r +U)] < %\/FMU — 1 and so by part (ii) of the same
is

lemma, K;(Yy,r+U)+E,,  [K;(Yk,r+U)] is subgaussian, with parameters 8 and I” only

depending on r + U.
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Therefore, from Theorem B.4.1 we conclude that there exists C7, Co,n > 0 such that for
any t > 0 satisfying nt2 /o2 > H(1;0), t > Cyo and t > Cy [+ \/H(u; o) du, it holds that
y y g 77 b ) O b )

at?
Pz (Sup | Z 100 ()] 2 t) =Ps,., ( sup | Zn 10 (F)] 2 t) < 2exp <_ 2 > :
fec o

fE€EBA,dg,,, (f*,0)
(B.19)

It still remains to check that H(1,0) and fol V/H(u; o) du are finite (otherwise the re-
sult is vacuous). By definition, H(u;0) = H(u,Baa,, (f*,0),ds.,) = H(u,C,dy,.,) =
H(u,C,||l,,)- Hence, by Lemma B.1.2, fol HY?(u;0)du < 20y + 2Cq(U). Noting that
H(u;0) is monotonically decreasing in u, we calculate H'/2(1;0) < fol H'Y2(u;0)du <
2Cy + 2Cs(U) and so H(1;0) < (2Cy + 2C¢(U))? < oo. We conclude that (B.19) holds
for any t > tpin := max{C)0, C2(2CH + 2Cc(U)), (2CH + 2Cc(U))on~1/?}.

Since by Assumption 1(iii), (B.18) holds [Px]-almost surely, combining (B.15), (B.17)

and (B.19), we get
P (Z;(C) > t/\/ﬁ) < 2exp (-O:;) . (B.20)

Inverting this inequality, we see that for any 0 < § < 1 such that log(2/d) > t2. a/o?, with

min

probability at least 1 — 4,

finishing the proof. O

B.5 Proof of Theorem 3.6.2

Theorem 3.6.2. Let ¢ = (¢1,...,¢n) : R® = R", denote {(¢1(a1),...,dn(an)) : a € A}
by po A for A C R™. Assume that all the component functions ¢; are L-Lipschitz over A.
Then, R(p o A) < LR(A).

Proof. We follow the proof of Theorem 11.9 in [Rakhlin and Sridharan, 2014] and write

Sungi¢i(ai)]

acA =1

= ;{E lsup z_: 0i0i(a;) + dnlan)| op = 1]

acA i—1

nR(poA) =E

+E

sup idi@(bi) — On(bn)| o0 = 1] }

beA =S

N | =

{E [ sup Z_: oi(¢i(ai) + ¢i(bi)) + (énlan) — ¢n(bn))] }

a,be A i—1

{E l sup i oi(¢i(ai) + ¢i(bi)) + Llan — bn|] } .

a,be A =1

IA
N =
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Now assume that some (a*, b*) achieves the supremum (the proof when the supremum is not
achieved is easy once we know how to prove the statement for the case when the supremums
involved are all achieved). If af > b, the absolute value can be removed. Otherwise, (b*, a*)
will achieve the same supremum, and again the absolute value can be removed. Thus, the

last expression is bounded by

3

sup ZU’ (¢i(ai) + ¢i(bi)) + L(an _bn)]}

a, beA

1 n—1
=5 { lbupZUz@ a;) + Lay|op, =1

+E

a€A beA

n—1
bupZanﬁl i Lbn|an:—1]}

n—1
=E |[sup Y 0igi(ai) + Lonan
a€A

Continuing this way,

n—1 n—2
sup Z Jz¢z az) + Lopa,| <E [Sup Z Uz¢z az) + L(Un 10p—1 + O—nan)‘|
a€A a€A
n
< LE |sup oia; | ,
|fz€A ; ' z]
thus finishing the proof. O
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Chapter 4

Online Linear Prediction

We switch to the domain of online learning in this chapter. Much work has been devoted
recently to studying learning algorithms in the online learning framework [Cesa-Bianchi and
Lugosi, 2006]. This framework usually makes no probabilistic assumptions about the data
generating mechanism.However, by following a minimax approach, results proven, at least
initially, were rather conservative and the algorithm designs also failed to take advantage
of more regular, “nice” data. Recently, the design of adaptive algorithms that perform
better in the presence of “nice” data has received an increasing attention. In this chapter,
we study one of the simplest but fundamental setting, online linear prediction, together
with the simplest possible online learning method, “Follow the Leader” (FTL) algorithm.
Our algorithmcentric study reveals interesting previously unknown features of data that
can help to make FTL perform exceptionally well. A lower bound is presented to show that
our characterization is tight. One problem with FTL is that it fails to meet the worst-cse
guarantee that other algorithms can achieve. To remedy this, we present adaptive algorithms
that simultaneously enjoys the worst-case guarantees and the bound available for FTL.

This chapter is organized as follows: We introduce the background and existing results
in Section 4.1. Preliminaries and problem setup are given in Section 4.2. A non-stochastic
analysis of the FTL algorithm is presented in Section 4.3. In particular our main result is
presented in Section 4.3.1 which shows that FTL achieves fast learning rate in the online
prediction problem on a curved constraint set. Section 4.3.2 is devoted to a matching
asymptotic lower bound, showing that our previous result is tight. Section 4.3.3 is devoted
to the case when the constraint set is a polytope (thus non-curved). We then propose some
adaptive algorithms in Section 4.4. Lastly, Section 4.5 presents some experimental results.
The chapter is concluded in Section 4.6.

The results of this chapter have appeared in our NIPS paper [Huang et al., 2016].
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4.1 Introduction

The online learning framework makes minimal assumptions about the data generating mech-
anism, while still allowing one to replicate results of the statistical framework through
online-to-batch conversions [Cesa-Bianchi et al., 2004]. However, the potential downside of
such an approach is that if the data-generating mechanism is treated as an adversary, as
is done more often than not, the results will have a worst-case flavour. It also encourages
the design of algorithms that, while meeting the strong worst-case guarantee, fail to take
advantage of “nicer” data. Also, it is hard to argue that data resulting from passive data
collection, such as weather data, would ever be adversarially generated (though it is equally
hard to defend that such data satisfies the type of stochastic assumptions often used in
theoretical studies). Realizing this issue, during recent years, much work has been devoted
to understanding what regularities and how can lead to faster learning speed. For example,
much work has been devoted to showing that faster learning speed (smaller “regret”) can be
achieved in the online convex optimization setting with various additional assumptions that
can be exploited in an adaptive manner, such as: (i) the loss functions are “curved” such
as when the loss functions are strongly convex or exp-concave; (ii) the losses show small
variations; (iii) the best prediction in hindsight has a small total loss [Merhav and Feder,
1992, Freund and Schapire, 1997, Gaivoronski and Stella, 2000, Cesa-Bianchi and Lugosi,
2006, Hazan et al., 2007, Bartlett et al., 2007, Kakade and Shalev-Shwartz, 2009, Orabona
et al., 2012, Rakhlin and Sridharan, 2013, van Erven et al., 2015, Foster et al., 2015].

In this chapter we contribute to this growing literature by studying online linear pre-
diction and the follow the leader (FTL) algorithm. Online linear prediction is arguably the
simplest yet most fundamental of all the learning settings. It lies at the heart of online
convex optimization, while it also serves as an abstraction of core learning problems such as
prediction with expert advice. FTL, the online analogue of empirical risk minimization of
statistical learning, is the simplest learning strategy, one can think of. Although the linear
setting of course removes the possibility of exploiting the curvature of losses, as we will
see, there are multiple ways online learning problems can present data that allows for small
regret, even for FTL. As is it well known, in the worst case, FTL suffers a linear regret
(e.g., Example 2.2 of Shalev-Shwartz [2012]), which is why FTL is sometimes discarded.
The approach taken here is to acknowledge this, but also to take a more thorough look at
FTL to see what FTL can offer in non-worst-case scenarios.

Our motivation comes from the simple observation that, for prediction over the simplex,
when the loss vectors are selected independently of each other from a distribution with a
bounded support with a nonzero mean, FTL quickly locks onto selecting the loss-minimizing
vertex of the simplex, achieving finite expected regret. In this case, FTL is arguably an

excellent algorithm. In fact, FTL is shown to be the minimax optimizer for the binary
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losses in the stochastic expert setting in the paper of Kotlowski [2016]. Thus, we ask
the question of whether there are other regularities that allow FTL to achieve nontrivial
performance guarantees. Our main result shows that when the decision set (or constraint
set) has a sufficiently “curved” boundary (equivalently, if this set is strongly convex) and
the average linear loss is bounded away from 0, FTL is able to achieve logarithmic regret
even in the adversarial setting, thus opening up a new way to prove fast rates not based on
the curvature of losses, but on that of the boundary of the constraint set and non-singularity
of the linear loss. In a matching lower bound we show that our regret bound is essentially
unimprovable. We also show an alternate bound for polytope constraint sets, which allows
us to prove that (under certain technical conditions) for stochastic problems the expected
regret of FTL will be finite. To finish, we use the so-called (A, B)-prod algorithm of Sani
et al. [2014] to design an algorithm that adaptively interpolates between the worst-case
O(y/nlogn) regret and the smaller regret bounds, which we prove here for “easy data.”
We also show that if the constraint set is the unit ball, both the “follow the regularized
leader” (FTRL) algorithm and a combination of FTL and shrinkage, which we call “follow
the shrunken leader” (FTSL), achieve logarithmic regret for easy data. Simulation results
on artificial data complement the theoretical findings.

While we believe that we are the first to point out that the curvature of the constraint
set W can help in speeding up learning, this effect is known in convex optimization since
at least the work of Levitin and Polyak [1966], who showed that exponential rates are
attainable for strongly convex constraint sets if the norm of the gradients of the objective
function admit a uniform lower bound. More recently, Garber and Hazan [2015] proved an
O(1/n?) optimization error bound (with problem-dependent constants) for the Frank-Wolfe
algorithm for strongly convex and smooth objectives and strongly convex constraint sets.
The effect of the shape of the constraint set was also discussed by Abbasi-Yadkori [2010]
who demonstrated O(y/n) regret in the linear bandit setting. While at a high level these

results are similar to ours, our proof technique is rather different than that used there.

4.2 Preliminaries, online learning and the follow the
leader algorithm

We consider the standard framework of online convex optimization, where a learner and an
environment interact in a sequential manner in n rounds, as shown in Fig. 4.1. Here, W is
a non-empty, compact convex subset of R? and L is a set of convex functions, mapping W
to the reals. The elements of £ are called loss functions. The performance of the learner is

measured in terms of its regret,
n n
R, = ;Et(wt) - ﬁ%;gt(w) )
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The simplest possible case, which will be the 1. for t =1ton do
2:  Learner predicts wy € W;

focus of this chapter, is when the losses are linear, 3. Environment picks ¢; € L;

i.e., when £, (w) = (f;,w) for some f, € F C RY. 4:  Learner suffers /;(w;) and
. learns /.

Hence, in what follows we let £;(w) = (fi, w). We s end for

will study the regret of the so-called “Follow The

Leader” (FTL) learner, which for the first round Figure 4.1: Online Learning

picks w1 € W in an arbitrary manner, while in
round t > 2 , FTL picks
t—1

wy = argminz& (w).

wew p—

When W is compact, the optimal w of min,epy Zf;ﬂm fi) is attainable, which we will
assume henceforth. If multiple minimizers exist, we simply fix one of them as w;. We will

also assume that F, which holds the loss vectors f; € R, is non-empty, compact and convex.

4.2.1 Support functions

Let ©, = —1 Zle fi be the negative average of the first ¢ vectors of (fi)7—,, ft € F. For

convenience, we define ©g := 0. Thus, for ¢t > 2,

t—1
w; = argmin Z(w, fi) = argmin(w, —0;_1) = argmax(w, O;_1) .
wew T3 wew wew

Let ®(©) = maxy,ew(w,©) denote the so-called support function of W. The support
function, being the maximum of linear and hence convex functions, is itself convex. Further
® is positive homogenous: for a > 0 and 0 € RY, ®(af) = a®(f). Thus the epigraph
epi(®) = {(0,2) |z > ®(0), 2 € R,0 € R?} of ® is a cone, since for any (6, z) € epi(®) and
a>0,az > a®(0) = ®(ah), hence (ab, az) € epi(P) also holds.

The differentiability of the support function is closely tied to whether in the FTL algo-

rithm the choice of w; is uniquely determined:

Proposition 4.2.1. Let W # ) be convez and closed. Fix © and let Z := {w € W|{w,0) = ®(0)}.
Then, 0®(0) = Z and, in particular, ®(©) is differentiable at © if and only if max,,eyw (w, O)

has a unique optimizer. In this case, V®(0O) = argmax,, ¢y, (w, O).

The proposition follows from Danskin’s theorem when W is compact (e.g., Proposition
B.25 of Bertsekas 1999), but a simple direct argument can also be used to show that it also
remains true even when W is unbounded. By Proposition 4.2.1, when & is differentiable at

O 1, wy = VO(0;_1).
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Proof of Proposition 4.2.1. We need to show that Z = d¢(0) where recall that

9p(0) = {u e R ¢(0) + (u,- — ©) < p()}
= {ueR|p(0) < (u,0) + (") = (u, )} .

Since Z C W, if w € Z, ¢(©') > (w,0') for any ©’ by the definition of ¢. Hence,
0(0) = (w,0) < (w,0) + p(0') — (w,®") for any ©', implying that w € dp(O).

On the other hand, assume w € dp(0). Then ¢(0) < (w,O) since p(0) = (w,0) = 0.
Since W is closed, Z is also closed. Therefore, if w ¢ Z, the strict separation theorem
(applied to {w}, a convex compact set, and Z, a convex closed set) implies that there exists
p € R% such that (z,p) < (w,p) for all z € Z. Let 6 = © + p. Then,

©(©') = max(u,©) + (u, p) < p(0) + (w, 0" — ) < (w, ) < (&),

ueWwW

a contradiction. Hence, w € Z. O

4.2.2 Positive principal curvature

Before presenting our main result, we define some basic notions from differential geometry
related to the curvature (all differential geometry concept and results that we need can be
found in Section 2.5 of Schneider, 2014).

Given a C? (twice continuously differentiable) planar curve v in R2, there exists a
parametrization with respect to the curve length s, such that its derivative 7/(s) satisfies
17 ()] = || (' (s),¥'(8)) || = /2'(s)%? + 3/'(s)2 = 1. Under the curve length parametrization,
the curvature of 7 at y(s) is the length of its second derivative ||7”(s)||. Define the unit nor-
mal vector n(s) as the unit vector that is perpendicular to 4'(s).> Note that n(s)-+/(s) = 0.
Thus 0 = (n(s)-7/(s))’ = n'(s) - 7/(s) + n(s) - 7(s), and [7"(s)| = n(s) - 7"($)] =
[n'(s) - v'(s)|| = ||n’(s)||. Therefore, the curvature of v at point y(s) is the length of the
differential of its unit normal vector.

Denote the boundary of W by bd(W). We shall assume that W is C2, that is, bd(W) is a
twice continuously differentiable submanifold of R%. We denote the tangent plane of bd(W)
at point w by T, W. Now there exists a unique unit vector at w that is perpendicular
to Ty W and points outward of W. In fact, one can define a continously differentiable
normal unit vector field on bd(W), uyy : bd(W) — S?71, the so-called Gauss map, which
maps a boundary point w € bd(W) to the unique outer normal vector to W at w, where
S4=! = {z € R?|||z||2 = 1} denotes the unit sphere in d-dimensions. The differential of
the Gauss map, Vuyy(w), defines a linear endomorphism of T,,W. Moreover, Vuyy (w) is
a self-adjoint operator, with nonnegative eigenvalues. The differential of the Gauss map,

Vuw (w), describes the curvature of bd(W) via the second fundamental form. In particular,

1There exist two unit vectors that are perpendicular to ~/(s) for each point on 7. Pick the ones that are
consistently oriented.
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the principal curvatures of bd(W) at w € bd(W) is defined as the eigenvalues of Vup (w).
Perhaps a more intuitive, yet equivalent definition, is that the principal curvatures are the
eigenvalues of the Hessian of f = f,, in the parameterization ¢ — w + ¢t — f,()uy (w) of
bd(W) which is valid in a small open neighborhood of w, where f,, : T, W — [0,00) is a
suitable convex, nonnegative valued function that also satisfies f,,(0) = 0 and where T, W,
a hyperplane of R?, denotes the tangent space of W at w, obtained by taking the support
plane H of W at w and shifting it by —w. Thus, the principal curvatures at some point
w € bd(W) describe the local shape of bd(W) up to the second order. In this chapter, we
are interested in the minimum principal curvature at w € bd(WW), which can be intepreated
as the minimum curvature at w over all the planar curves v € bd(W) that go through w.
A related concept that has been used in convex optimization to show fast rates is that
of a strongly convex constraint set [Levitin and Polyak, 1966, Garber and Hazan, 2015]):
W is A-strongly conver with respect to the norm |-|| if, for any z,y € W and v € [0,1],
the |-||-ball with origin vz + (1 — )y and radius v(1 — v)A ||z — y||* /2 is included in W.
That is, for any z € R? with |2 = 1, vz + (1 — )y + (1 =) lz —y|>2 € W. Let
B, (z) = {y € R?| ||z — y[|2 < r} denote the Euclidean ball of radius r centered at . The
next proposition shows that a convex body W € C? is A\-strongly convex with respect to

[|-||, if and only if the principal curvatures of the surface bd(W) are all at least A.

Proposition 4.2.2. Let W C R? be a C? convex body with support function o, and let \

be an arbitrary positive number. Then the following statements are equivalent:
(i) The smallest principal curvature of W is at least \.

(ii) W = Ngega—1 By /5 (wg — 0/X\) where wy € dp(0) C bd(W).

(i1i) W is A-strongly conve.

Condition (ii), which is actually the definition of Polovinkin [1996] for strongly convex
sets, means that ¥/ can be obtained as the intersection of closed balls of radius 1/, such
that there is one ball for every boundary point w and tangent hyperplane P where the ball
touches P in w. Note that a ball with radius 1/\ satisfies all conditions: (i) and (ii) by
definition, while (iii) holds, e.g., by Example 13 of Journée et al. [2010].

Proof. We show that (i) implies (ii), (ii) implies (iii), and (iii) implies (i).

We start by showing that (i) implies (ii). First note that all principal curvatures of the
d-dimensional ball B = By,,(0) with radius 1/X (centered at the origin) are A. Therefore,
(i) and Theorem 3.2.9 of Schneider [2014] implies that there is a convex body M such that
W+M = B, where for two sets, Sy, Sy C R, S1+S5 is defined as {s; + 52|51 € S1,52 € Sa}.
For any 6 € S71, let my € argmax,,c ((m,0). Then clearly wy + my maximizes (b,6) for

b € W+ M. Therefore, W + my is a subset of B and touches it at wg + my, or equivalently
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Figure 4.2: The local coordinate system at p.

W C B — my and they touch each other, and a tangent hyperplane with normal vector 6,
in we. This proves that (i) implies (ii).

Next we prove that (ii) implies (iii). Assuming (ii) holds, let w € W be any point in the
interior of W, and let p € bd(W) be the closest boundary point to w, and recall that T, W
is the tangent space of W at p. By construction, Bj,_p|,(w) touches the boundary of W
at p (in the sense that they do not intersect, but they can have multiple common points),
and so w — p is orthogonal to T,W. Therefore, Bj,,_p|,(w) also touches the boundary of
the ball B = By/x(p + ﬁ), which contains W by assumption (ii). Now consider any
two points x,y € W and v € [0, 1] such that w = vz 4+ (1 — )y. Then the ball with radius
My (1 = ¥)||x — y||3/2 centered at w is contained in B, since B is A-strongly convex. But
then its radius is at most ||p — w||2, and so it is also contained in W. This shows that W is
A-strongly convex, thus (iii) holds. To finish the proof of the proposition, assume (iii). To
prove that (i) holds, we have to show, that for any point p on bd(W) and for any unit vector
v € T,W, the curvature of the boundary along v is at least A\. Let P be the hyperplane
spanned by v and the outer normal vector u of W at point p, and consider the planar curve
~ defined by bd(W) N P. Using v as the axis of a local coordinate system, a point w(s) on
the curve ~ in the neighbourhood of p can be expressed as w(s) = p + sv — f(s)u for an
appropriate function f, as illustrated in Fig. 4.2.

Note that f'(0) = 0, and by Proposition 2.1 of Pressley [2010], the curvature of v at p

can be obtained as
f"(s)
L+ f/(5)9)*?

Now since w(s), w(—s) € W for a sufficiently small s, the strong convexity of W applied

= 1"(0) .

s=0

to w(s) and w(—s) with v = 1/2 implies that ¢ = % + %Hw(s) —w(—s)||3u € W.

99



Substituting the definition of w(s) and w(—s), we get

a=p—u[HTED 22k 09 - r-97).

Therefore, ¢ € W implies f(s) + f(—s) > As?, and so
f(s)=f(0) f(O)—Sf(—S) f(S) +f(—3)

1 — 1 S — > .
70) ig% s 52 2z A
Thus (i) holds, finishing the proof of the proposition. O

4.3 Non-stochastic analysis of FTL

We start by rewriting the regret of FTL in an equivalent form, which shows that we can
expect FTL to enjoy a small regret when successive weight vectors move little. A noteworthy
feature of the next proposition is that rather than bounding the regret from above, it gives

an equivalent expression for it.

Proposition 4.3.1. The regret R,, of FTL satisfies
R, = Zt (w1 — wy, Of) .
t=1
The result is a direct corollary of Lemma 9 of McMahan [2010], which holds for any
sequence of losses, even in the lack of convexity. It is also a tightening of the well-known
inequality R, < Y7 | li(wy) — € (wis1), which again holds for arbitrary loss sequences (e.g.,
Lemma 2.1 of Shalev-Shwartz [2012]). To keep the thesis self-contained, we give an elegant,

short direct proof, based on the summation by parts formula:

Proof. The summation by parts formula states that for any wi,v1,...,Un41, Upy1 reals,

S ue (Vi1 — ) = (wg1vip1 — wrv1) — Yoy (wer1 — w) ver1. Applying this to the
definition of regret with u; := w; . and vy4q = tO;, we get

n

R, =— Z(wt,t@t —(t—=1)0¢_1) + (wpy1,n0y)

t=1

=- {?WQQ— 0= (wp — wt,t®t>} + (W70 Qun).

t=1

O

Our next proposition gives another formula that is equal to the regret. Although this
formula is not directly needed for the rest of the chapter, it provides interesting insights: as
opposed to the previous result, it is independent of wy, and directly connects the sequence
(©¢)¢ to the geometric properties of W through the support function ®. A similar expression
for a general ”"Follow the Regularized Leader” algorithm can also be founded in the work
of Abernethy et al. [2014]. For this proposition we will momentarily assume that ® is

differentiable at (©;);>1; a more general statement will follow later.
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Proposition 4.3.2. If ® is differentiable at ©1,...,0,,

Ry =Y tDg(0,0; 1), (4.1)

t=1
where Dg (0,0) = ®(0") — ®(0) — (VP(0),0' —0) is the Bregman divergence of ® and we use
the convention that V®(0) = w.

Proof. Let v = argmax,, ¢y (w, 0), v' = argmax,,cy, (w, §’). When @ is differentiable at 6,
Dq(6',0) = ©(0') — (6) — (VE(0), 0"~ 0)

(4.2)
=@ ,0)— (v,0) — (v,0/ — 0) = (V' —0,0').

Therefore, by Proposition 4.3.1,

n

R, = Zt<wt+1 — wy, O) = ZtDé(gtyetfl)-

t=1 t=1

O

When & is non-differentiable at some of the points ©1,...,0,, the equality in the
above proposition can be replaced with inequalities. Defining the upper Bregman diver-
gence Dg(0',0) = supycoa(e) P(0') — (0) — (w, 8" — 0) and the lower Bregman divergence
Dg(0',0) similarly with inf instead of sup,

ZtQ¢(®t7@t—1) <R, < Ztﬁtb(@tv@t—l) . (4.3)
=1

t=1
While Proposition 4.3.2 and Eq. (4.3) are insightful, we will only use Proposition 4.3.1 in
the rest of this chapter.

4.3.1 Constraint sets with positive curvature

The previous results show in an implicit fashion that the curvature of YW controls the regret.
Our next result explicitly connects the principal curvatures of bd(W) to the regret of FTL
and shows that FTL enjoys logarithmic regret for highly curved surfaces, as long as [|©||,

is bounded away from zero.

Theorem 4.3.1. Let W C R? be a C? convezx body® with d > 2. Let M = maxser | fll,
and assume that ® is differentiable at (O:);. Assume that the principal curvatures of the
surface bd(W) are all at least Ao for some constant Ao > 0 and L, := minj<;<y, ||©¢]|2 > 0.
Choose any w1 € bd(W). Then
2M?
R, < /\T(l + log(n)) .

0Ln
2Following Schneider [2014], a convex body of R? is any non-empty, compact, convex subset of R%,
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As we will show later in an essentially matching lower bound, this bound is tight, showing
that the forte of FTL is when L,, is bounded away from zero and )g is large. Note that
the bound is vacuous as soon as L, = O(log(n)/n) and is worse than the minimax bound
of O(y/n) when L, = o(log(n)/4/n). One possibility to reduce the bound’s sensitivity to
Ly, is to use the trivial bound (w1 —wy, ©¢) < LW = Lsup,, .y ||w — w'[|, for indices ¢
when ||©¢]| < L. Then, by optimizing the bound over L, one gets a data-dependent bound
of the form inf~q (%(1 +log(n)) + LW Y0 tI([|0] < L)), which is more complex,
but is free of L,, and thus reflects the nature of FTL better. Note that in the case of
stochastic problems, where f1,..., f, are independent and identically distributed (i.i.d.)
with g := —E [©;] # 0, the probability that [|©|, < ||¢||5 /2 is exponentially small in t.
Thus, selecting L = ||pt||5 /2 in the previous bound, the contribution of the expectation of the
second term is O(||p|l, W), giving an overall bound of the form O(A HMI log(n) + |||l W).
After the proof we will provide some simple examples that should make it more intuitive

how the curvature of W helps keeping the regret of FTL small.

Proof. Fix 61,0, € R? and let

w® = argmax(w, 6;), and w® = argmax(w, 6s).
weW weW

Note that if 61,6, # 0 then w™ w® € bd(W). Below we will show that

1 [|62 — 6413

) _ @ g,
w
< 'S 2 0l

(4.4)

Proposition 4.3.1 suggests that it suffices to bound (wy+1 — wy, ©;). By Equation (4.4), we
see that it suffices to bound how much ©; moves. A straightforward calculation shows that

©; cannot move much: for any norm ||-|| on F, we have

1 t—1 1 t t—1 1 1 1
o0 -0l =23 T A =[S (2 ) - o
t—1 t—1
1 1 1 1 1
< ;(tl_t> fi +Htft ;ﬁt—l)ﬂ +Htft
U s g < 2 (4.5)
Tt (i =g '

where M = maxycr || f|| is a constant that depends on F and the norm ||-||.

Combining Equation (4.4) with Proposition 4.3.1 and Equation (4.5), we get

R :iﬂwt—i—l*wt @t><iiw
" t=1 7 TS 20 [18eall2
oM?2 & 1 IM?2 N1 2M?

= = <—0+1o
~ ;tH@t—lllz = XLy Zt < 5oz, L+ log(m).

To finish the proof, it thus remains to show Equation (4.4).
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The following elementary lemma relates the cosine of the angle between two vectors 6
and 65 to the squared normalized distance between the two vectors, thereby reducing our
problem to bounding the cosine of this angle. For brevity, we denote by cos(61,63) the

cosine of the angle between 6, and 65.

Lemma 4.3.3. For any non-zero vectors 01,0, € R,

1161 — 62|13
1-— COS(91,92) < —— =
2 (1612116212

(4.6)
Proof. Note that |01 ||2]|62]|2 cos(01, 62) = (01, 02). Therefore, Equation (4.6) is equivalent to
2(|01|2]02]|2 — 2(61,02) < ||61 — O2||3, which, by algebraic manipulations, is itself equivalent

to 0 < (||61]]2 — [[62]]2)*. O

Figure 4.3: Illustration of the construction used in the proof of Equation (4.4).

With this result, we see that it suffices to upper bound cos(f;,62) by 1 — Ao(w(® —
w®, Hgﬁ>' To develop this bound, let 0, = Hgﬁ for ¢ = 1,2. The angle between 6, and 65
is the same as the angle between the normalized vectors #; and 5. To calculate the cosine
of the angle between 0~1 and 52, let P be a plane spanned by 9~1 and w® —w® and passing
through w® (P is uniquely determined if 6, is not parallel to w™® — w®): if there are
multiple planes, just pick any of them). Further, let 65 € S%1 be the unit vector along the
projection of 0, onto the plane P, as indicated in Fig. 4.3. Clearly, cos(él, 0~2) < cos(él, éz).

Consider a curve v(s) on bd(W) connecting w™) and w(® that is defined by the in-
tersection of bd(W) and P and is parametrized by its curve length s so that v(0) = w®
and v(I) = w®, where [ is the length of the curve v between w™) and w®. Let uyy(w)
denote the outer normal vector to W at w as before, and let u., : [0,1] — S~ be such that
- (s) = 6 where @ is the unit vector parallel to the projection of uyy(y(s)) on the plane P.
By definition, u.,(0) = 6; and u(l) = 0,. Note that in fact ~ exists in two versions since

W is a compact convex body, hence the intersection of P and bd(W) is a closed curve. Of

these two versions we choose the one that satisfies that (y/(s),6;) < 0 for s € [0,].> Given

34" and ui/ denote the derivatives of 4 and u, respectively, which exist since W is C2.
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the above, we have
~ ~ ~ ~ ~ ~ ~ l ~
COS(91,92) = <92,91> = 1+ <92 — 91,01> = ].-|- </ u;(s) d8,91>
0

!
= H_/o (ul (s),01) ds. (4.7)

Note that 7 is a planar curve on bd(W), thus its curvature A(s) satisfies A\(s) > Ao for
s € [0,1]. Also, for any w on the curve 7, 7/(s) is a unit vector parallel to P. Moreover,
I

u/,(s) is parallel to 7'(s) and A(s) = [[u,(s)[|2. Therefore,

(ul,(s),01) = [l ()12~ (5), 61) < Ao (¥ (5),60),

where the last inequality holds because (7/(s),6;) < 0. Plugging this into Equation (4.7),
we get the desired

l l
cos(91,92)§1+)\0/ <7’(s),01>d5:1+/\0</ 7’(5)d5,91>
0 0

=1- /\0<’U)(1) — w(2),é1> .
Reordering and combining with Equation (4.6) we obtain

(w® —w® 6,) < 1 (1 - COS(éhég)) < 1 (1 — cos(61,02))
Ao Ao

1161 — 6513
= 2o [|6:1]]2][02]l2

Multiplying both sides by ||61]|, gives Equation (4.4), thus, finishing the proof. O

The next proposition provides some examples to illustrate how principal curvature be-

haves.

Proposition 4.3.4. The smallest principal curvature of some common convex bodies are

as follows:

(1) The smallest principal curvature Ao of the Euclidean ball of radius v, W = {w | [|[w]]2 < r},
satisfies Ag = %

(ii) Let Q be a positive definite matriz. If W = {w|w'Qw < 1} then Ao = Amin/VAmax:
where Amin and Amax are the minimal, respectively, mazximal eigenvalues of Q.

(i4i) More generally, let ¢ : R? — R be a C? convex function. Then, for W = {w| ¢(w) < 1},
— i ; Vg (w)v
Ao = Milyebd(W) Mily ; |[y]jy=1,0L¢ (w) W .
We only prove part (iii), since it implies part (ii), which implies (i). Polovinkin [1996]

also derived part (ii) for the strong convexity definition (ii) of Proposition 4.2.2.

Proof. Fix w € bd(W). Note that ¢'(w) is a normal vector of bd(W) at w for bd(W), thus
T,W = {v:v L ¢(w)}. Then the Gauss map uyy of W satisfies uyy(w) = ”f,/((iww))”z for
w € bd(W).
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Next we compute the so-called Weingarten map, W, (v) : T,W — T,W, which, by
definition, is the differential of uyy(w) restricted to T, WW. Note that the Weingarten map
is a linear map. We have that for v € T,,W,

(v) = Ve (w)v ¢ (w) Ve(w)¢' (w)v _ V¢ (w)y
dw 16" (w)ll2 19 (w)]13 ¢/ (w)ll2

where the last equality is due to ¢'(w)v = 0.

Ww(’l}) _ duw

By Schneider [2014, page 105], the eigenvalues of the Weingarten map W,,(v) are exactly

the principal curvature of W at w. Therefore, the smallest principal curvature at w is

Min, ; |y|ls=1,vL ¢ (w) %. Taking minimum over all w € bd(W) finishes the proof. [

4.3.2 An asymptotic lower bound

The result in this section is an asymptotic lower bound for the linear game, showing that

FTL achieves the optimal rate under the condition that min; ||©|2 > L > 0.

Theorem 4.3.2. Let \,L € (0,1). Assume that {(1,—L),(—1,—L)} C F and let

2
W{(x,y)€R2zx2+i2§1},

as shown in Fig. 4.4, be an ellipsoid with principal curvature h. Then, for any learning
strategy, there exists a sequence of losses in F such that R, = 2 (log(n)/(Lh)) and ||O|2 >
L for all t.

Note that by Proposition 4.3.4 (ii), since that Apax = %

and Anin = 1, the principal curvature of W is % = A\ T

In fact, it is not too hard to extend Theorem 4.3.2 for any %N

set W such that there is w € bd(W) where the curvature is h, 3 = -

and the curvature is a continuous function in a neighbourhood _— % o

of w over the boundary bd(W). The constants in the bound 3

would then depend on how fast the curvature changes within

this neighbourhood. Figure 4.4: The con-
straint set W of Theo-

Proof. We define a random loss sequence, and we will show rem 4.3.2.

that no algorithm on this sequence can achieve an o(logn/(hL)
regret. Let P be a random variable with Beta(K, K) distribution for some K > 1 + 73,
and, given P, assume that X;,¢ > 1 are i.i.d. Bernoulli random variables with parameter P.
Let fr = X4(1,—L)+ (1 — Xy)(—1,—L) = (2X; — 1,—L). Thus, the second coordinate of f;
is always —L, and so [|©¢|2 = H% 22:1 fi
of the loss vector is fP =E[f;| P =p| = (2p —1,—L).

Note that 2X;—1 = f; ; for all ¢; thus the conditional expectation of P, given fi,..., fi—1,

K431 X
2K+t—1

> L. Furthermore, the conditional expectation
2

can be determined by the well-known formula P,y = E[P| f1... fi_1] = . Given
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p, denote the optimizer of f? by w?, that is, w? = argmin, ¢y, (w, f?). Then the Bayesian
optimal choice in round ¢ is

argminE [[(w, /7)| /1. fi-a] = argmin (w0, E [/] fi.... firr])

= argmin <w, fﬁ)t‘1>

wew
— whi (4.8)

where the first equality follows by linearity of the inner product, the second since fP is a
linear function of p and the third by the definition of w?.
Thus, denoting by W; the prediction of an arbitrary algorithm in round ¢, the expected

regret can be bounded from below as

E[Rn] =K UI}HE% <Wt —w,ft)] = lg}ga\,/}\s —w ft
t=1 t=1
>E |E Z(Wt Pof)
=E ZE (W, —wP,ft>|P,f1,...,ft_1]] : (4.9)
Lt=1

Further because of the independence of the f, given P, E[(w?, fi)| P f1,..., fi1] =
(WP E[fi| P, f1,. .., fioa]) = (wP B[ f] P]) = (w®, fP). Also since W, is chosen based on
Fivenoy fior (but not on P),
E[(We, fol P, fu, - fral SE[E[We, £l Py fr o fe, WHLP, frs o fea]
=E[(W,E[fe| P fr,..., femt, WD P fr, -, fea]
=E [(Wi, fO)| P, f1,..., fiea] -

Hence the RHS of Eq. (4.9) can be rewritten as

M:

E > E[(We—w”, () fr, 0 fie 1] mE [(w—w ,fP>{f1,...,ft_1]]
t=1

1Y

M:

l IE whe- 1wP,fP>‘f1,~--,ft—1H
(4.10)

t

Il
-

ol )]
t=1
where Equation (4.10) holds by Equation (4.8). We will need several lemmas to continue

our calculation. Their proofs are postponed to Section 4.7.

Lemma 4.3.5. Under the assumptions of Theorem 4.5.2, for any 0 < p1,ps < 1,
_ 2
M ()

2 i () (14 (22)°)

<w102 _ wp17fp1> 2
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Recall that Pt M and so

2K+t
R t St
P—P= 1-2P —(— - 4.11
k K11 AT it (4-11)
where S; = 2221 X;.
Lemma 4.3.6. For any u > 0,
P||P,—P 1-2P P| < 2exp(—tu?) .
['t R Te by ews }— exp(—tu)
Lemma 4.3.7. For anyt >0,
- K?(1-2P)? tP(1-P)
E[(P-P)|P| = .
( ‘) (2K + )2 (2K +1)2
Now to continue our proof, by Lemma 4.3.5 we have
n W (21%,17213)2
Saflet )] 3 :
e e
2 « 1 Py — P)?
_ hLZE E (Fi—1 A )
1-2P 1-2P;
=1 |1+ (520 _1+( hL 1)
2 & 1 P,y — P)?
—LZ _E (Fioa = P) ——|P||, (412)
=1 () [ 12 (520) v 2 ()

where in the last step we used (a + b)2 < a® + b2 Let G; be the event that [P, — P| <
Kg;ftp‘ + 5. Note that G, holds with probability at least 1 — 2¢~t("L)” by Lemma 4.3.6.
Then, lower bounding the first term by 0, the RHS of Equation (4.12) can be lower bounded

by

=0 1+ (522)° | 1+42(1528) +2(%>
>ln_11E . E[(Pt P)21(Gy) }
CRES |V ) (e ) 2 (s )
=N i , E[(B - PG| P]
TS i (52 (9+ 4 (B20)" 4 82
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Combining the above, and using (P, — P)? < 1 together with P (G¢) < 2e L) we get

E[R,]
> . E[(-P?P|-P@)
el hL =0 1+(1;%P)2 (9+4(1 ZP) +8‘1;ipl)
s o sl ] .
~— hL _ 2 1-2P 9
=\ Ly 5y (92 (58)" +88)
n—1 ]E (P*P2‘P:|
2 2 1 { t
> = | ———5 + D _E (4.13)
hL 9(1 — e—h*L?) P [1—2P]
(1-e =0 1+ (L528)2 (9+4(1 22)" 4 sl )
Now, by Lemma 4.3.7, we have
. K2%*(1-2P)? tP(1—-P)
E[(P - Q‘P} - .
(Fy (2K +1t)2 (2K +1)?
Combining this with Equation (4.13) and introducing the constant
1 P(1-P
C=E : ) [1_2P|
L+ (5522)7 (944 (5)" +815E0)
we obtain, for any K > 0,
lim inf L L]
n—oo logn
2 K?(1—2P) 2C
> 1 f — =—.
imin hLlogn l 9(1 — e=h2L?) * Z ¢ ( 2K +1)2  P(1-P)(2K + t)2> hL
(4.14)

It remains to calculate a constant lower bound for C' that is independent of h and L.
Denote % by Y. Then 0 < P(1-P) = % < 1/4. Define G to be the event when
|Y| < 1. Since P has Beta(K, K) distribution, E [P] = 1 and Var(P) = ¢k. Therefore, by
Chebyshev’s inequality,

P (@) =r(|P-3|> %) < sz

1 1—-Y2n2L2 . 1 1—Y2h2L2 1
V1+Y24(9+4Y2+38Y) V1+Y24(9+4Y2438Y) @)
~ 1 ~
71[42 —Y2R2LA)I — (E[1=-Y?R2L*] -P(G°
> B 0=V RING)| > o (E[1 -y P (GF))
1 1 1 1
>—_(1-E[1-2P)?] - =
_84\@< [( )] 2Kh2L2>>84ﬁ2’

for K > 1+ ﬁ Hence,

and thus,

C:]E[

lim ing E[R,] S 1 1

imin —_— .

n—oo logn — 844/2 hL

The result is completed by noting that the worst-case regret is at least as big as the expected

regret, thus, for every n, there exist a P and a sequence of loss vectors f1,..., f, such that

the regret R, is at least Q(log”). O
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4.3.3 Other regularities

So far we have looked at the case when FTL achieves low regret due to the curvature of
bd(W). The next result characterizes the regret of FTL when W is a polytope, which has
a flat, non-smooth boundary and thus Theorem 4.3.1 is not applicable. For this statement

recall that given some norm || - [|, its dual norm is defined by [[wl[. = supy, <1 (v, w).

Theorem 4.3.3. Assume that W is a polytope and that ® is differentiable at ©;, i =
L...,n. Let wy = argmax,,cyy(w, O;_1) and W = sup,,, ,,ew w1 — wall«. Also, we let

F =supy, pcxllfi — fall. Then the regret of FTL is

Rn S w Ztﬂ(wt-l-l 75 wt)H@t — @t—lH S FW Z]I(wt_H 7& wt) .
t=1 t=1

Note that when W is a polytope, w; is expected to “snap” to some vertex of WW. Hence,
we expect the regret bound to be non-vacuous, if, e.g., ©; “stabilizes” around some value.

Some examples after the proof will illustrate this.

Proof. Let v=argmax,,cyy(w,0), v' =argmax, ¢y (w,6’). Similarly to the proof of Theo-

rem 4.3.1,

(W =00 =@, 0)— @, 0)+ (¥, 0) — (v,0) + (v,0) — (v,0)
< (W, 0" — W, 0) + (v,0) — (v,0") = (v —v,0" —0)
<WI(W #v)||0 -9,

where the first inequality holds because (v',0) < (v,6). Therefore, by Eq. (4.5),

Rn = Zt(th — wt,@t> S W Ztﬂ(wt+1 #wt)H@t — @t—IH
t=1 t=1

S FW Z]I(th #wt) .

t=1

O

Remark 4.3.8. Theorem 4.3.3 bounds the regret of FTL by the number of switches of the

maximizers y ., I(w; # wi_1).

As noted before, since W is a polytope, w; is (generally) attained at the vertices. In this
case, the epigraph of ® is a polyhedral cone. Then, the event when w;41 # wy, i.e., when
the “leader” switches corresponds to when ©; and ©;_; belong to different linear regions
corresponding to different linear pieces of the graph of ®.

We now spell out a corollary for the stochastic setting. In particular, FTL will often

enjoy a constant regret in this case:
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Corollary 4.3.9 (Stochastic setting). Assume that W is a polytope and that (fi)i1<i<n is
an i.i.d. sequence of random variables such that E[f;] = u and ||fillco < M. Let W =
SUDy, woew W1 — w2||,. Further assume that there exists a constant r > 0 such that ® is

differentiable for any v such that ||v — pl|ec < r. Then,
E[R,] < 2MW (1 + 4dM?/r?).

To minimize the upper bound while meeting the conditons, r can be selected to be the
radius of the largest ball such that the optimal decisions for expected losses u and v (i.e.,

the maximizers defining ®(—u) and ®(—v)) belong to the same face of W.

Proof. Let V. ={v||v — pt]lcc <r}. Note that the epigraph of the function ® is a polyhedral
cone. Since ® is differentiable in the interior of V', {(8,®(0)) |6 € V'} is a subset of a linear

subspace. Therefore, for -0, —0;_1 € V, w11 = w;. Hence, by Theorem 4.3.3,

E[R,] <2MW Y P({~0p, =01} ¢ V) < AMW (1 +D P (-6 ¢ V>> :
On the other hand, note that || f;||cc < M. Hence,
1
7 Z fi—n
i=1

t=1 t=1
> T)
oo
d t
<>P (
j=1

1
7 Z fig — 1
i=1
where the last inequality is due to Hoeffding’s inequality. Now, using that for o > 0,
S exp(—at) < [ exp(—at)dt < L, we get E[R,] < 2MW (1 + 4dM?/r?). O

P(—@tgéV):IP’(

7,2
> 7") < 2de” 2z |

The condition that ® is differentiable in a neighbourhood of pu is equivalent to that ® is
differentiable at p. By Proposition 4.2.1, this condition requires that at p, max,ew (w, 0)
has a unique optimizer. Note that the volume of the set of vectors § with multiple optimizers

is zero.

4.4 Adaptive algorithms

While as shown in Theorem 4.3.1, FTL can exploit the curvature of the surface of the
constraint set to achieve O(logn) regret, it requires the curvature condition and min; ||O||2
being bounded away from zero. When these conditions are not met, FTL may even suffer
linear regret. On the other hand, many algorithms, such as the “follow the regularized
leader” (FTRL) algorithm [see, e.g., Shalev-Shwartz, 2012], are known to achieve a regret
guarantee of O(y/n) even in the worst case (assuming bounded loss vector and bounded W).
This raises the question whether one can have an algorithm that can achieve constant or

O(logn) regret in the respective settings of Corollary 4.3.9 or Theorem 4.3.1, while it still
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Algorithm 6 Follow The Shrunken Leader (FTSL)
1: Predict wy = 0;
2: fort=2,...n—1do
3:  FTL: Compute @y = argmin ¢y, (w, Fy_1)
4

| Fe—1]2 ~

Shrinkage: Predict w, = ———=2—
1 Fe—1]I34+t4+2
5: end for
6: FTL: Compute 0, = argmin, ¢y (w, Fr,_1)
7. Shrinkage: Predict w,, = _Faallz

VIF. _1l3+n "

maintains O(y/n) regret for worst-case data. One way to design an adaptive algorithm is to

use the (A, B)-prod algorithm of Sani et al. [2014], leading to the following result:

Proposition 4.4.1. Consider (A, B)-prod of Sani et al. [2014], where algorithm A is chosen
to be FTRL with an appropriate regularization term, while B is chosen to be FTL. Then the
regret of the resulting hybrid algorithm H enjoys the following guarantees:

o [f FTL achieves constant regret as in the setting of Proposition 4.5.9, then the regret

of H is also constant.

o If FTL achieves a regret of O(logn) as in the setting of Theorem /.3.1, then the regret
of H is also O(logn).

o Otherwise, the regret of H is at most O(y/nlogn).

In the next section we show that if the constraint set is the unit ball, it is possible to

design adaptive algorithms directly.

4.4.1 Adaptive Algorithms for the Unit Ball Constraint Set

In this section we provide some interesting results about adaptive algorithms for the case
when W is the unit ball in R? (naturally, the results easily generalize to any ball centered
at the origin). First, we show that a variant of FTL using shrinkage as regularization has
O(log(n)) regret when ||©;]|2 > L > 0 for all ¢, but it also has O(y/n) worst case guarantee.
Furthermore, we show that the standard FTRL algorithm is adaptive if the constraint set
is the unit ball and the loss vectors are stochastic. Throughout the section we will use the

notation Fy = —(t — 1)0; = Z:;i fi-
Follow the Shrunken Leader

In this section we are going to analyze a combination of the FTL algorithm and the idea
of shrinkage often used for regularization purposes in statistics. We assume that W =
{z € R?|||z|2 < 1} is the unit ball and, without loss of generality, we further assume that
[Ifll2 <1 forall feF.
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The Follow The Shrunken Leader (FTSL) algorithm is given in Algorithm 6. The main
idea of the algorithm is to predict a shrunken version of the FTL prediction, in this way
keeping it away from the boundary of WW. The next theorem shows that the right amount
of shrinkage leads to a robust, adaptive algorithm.

Theorem 4.4.1. Consider the FTSL algorithm, the following hold:

o If there exists L such that ||O¢l]a > L > 0 for any t, then the regret of FTSL is
O(log(n)/L).

o Otherwise, the regret of FTSL is at most O(y/n).

Proof. By the definition of F; and W, w; = —F;_1/||Fi—1]|2. Let o, = % Our

proof follows the idea of the proof of Theorem 6 by Abernethy et al. [2008]. We compute
the upper bound on the value of the game for each round backwards for t =n,n—1,...,1,

by solving the optimal strategies for f;. The worst-case regret of FTSL is by definition

2": wy, ft) — mm(w F,)
=1

11‘

n—

=, mnax Z we, ft) +maX||Fn 1+ fall2 + (faswn)

771.1

=:U,

We first prove that U, the second term above, is bounded from above by \/||F,,_1]]3 + n.
To see this, let f,, = anFn_l + b,€,,_1 where Fn_l is the unit vector parallel to F,,_; and
Q,_1 is a unit vector orthogonal to Fj,_1. Since ||f,|2 < 1, we have a2 + b2 < 1. Thus,

thanks to F,_1 + fn = (||Fn—1||2 + an)Fn—l + 0,21 and W, = — ~71—17

U, = max VIFao1 34 200 Faca 2 + a2 + 62 — g0,

< max /|| Fucsll3 + 20| Fucll2 +n — ac,

=\ IIFuall3 +n,

where the last equality follows since the maximum is attained at ¢ = 0. A similar statement

holds for the other time indices: for any ¢t > 1,

1
max \/||Ft—1 + Ll H 1+ (frowe) < A/ F-al3 +t+ 7 (4.15)
t
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Before proving this inequality, let us see how it implies the second statement of the theorem:

n—1
Vo< max > (wg, fo) +/IIFaci]3 0
fl)"w n—1 =1
n—2 )
<  max wy, +\/an 214
f1,¢..,fn72;< tr.fe) + /[ Fn2ll NG
<...

1 1
< 2 —— “ .. ——
7rr}?x<w1,f1>+\/||F1||2+2+\/?:—f— +\/ﬁ

"1
<1+V3+) — =0(/n).
t*B\/i

Moreover, if ||©]|2 > L for 1 <t < n, a stronger version of Equation (4.15) also holds:

/ 1
max\/HFt 1+ff||2+t+1+<ft,wt> HFt 1||2+t+m (416)

This implies the first statement of the theorem, since

n—1

V'n S max Z<wt7ft> + HF’”A*1”% +n
Froefn—r i
n—2 1

< ma wy, fi) + /| Fre2l24+n—14+ ———
= f1,~-~7f}:—2 ;< t ft> \/H 2”2 (Tl _ 1)L
<.

<1 oltt L).

<1+ Z 7 = Ollog(n)/L)

To finish the proof, it remains to show Eqs. (4.15) and (4.16). As before, let f; =
atﬁt,l + b;Q;_1 where Ft,l is the unit vector parallel to F;_; and £;_1 is a unit vector
orthogonal to Fy_1. Again, since || f;|]2 < 1, observe that a? + b7 = || f;|]2 < 1. Now, let

o = —Fealls Then, for any ¢t > 1,

VIF |3 +t+2°

Ay = max |3 +t+1—awor — /| Foall3 +t
t
- \/”thlH% + 20| Fooall2 + af + 67 +t +1 —aor — /| Fe-a |3 +
< max \/||Ft_1H§ + 20| Fiilla +t+2 — aroy — /| Fia |3+ ¢

= VIFol3 + ¢ 42— I Fa 3 + ¢
2

CVIEAB 2+ VEB +t
1

< —.

R
This proves Equation (4.15). Moreover, if ||Fy_1]2 = ||[(t—1)©:_1|]2 > (t—1)L, by Equation
(4.17) we obtain

(4.17)

A 2 1 1
t = = ’
\/||Ft WE+t+2+FaZ+t ~ IIFt 1||2 (t—1)L
proving Equation (4.16). O
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FTRL for the case of the unit ball constraint set

This section is to show that in the case when W is the unit ball in {5 norm, FTRL regularized
with R(w) = %||w||? is adaptive in the sense that its regret improves dramatically in the

benign stochastic setting. To fix the notation, in round ¢, FTRL predicts
wy = argmin Ny (Fi—1, w) + R(w),
weW

if ¢ > 1, while we let wy = 0. It is known that FTRL with 7, = 1/4/t — 1 is guaranteed to
achieve O(/n) regret in the adversarial setting, see, e.g., Shalev-Shwartz [2012]. It remains
to prove that FTRL indeed achieves a fast rate in the stochastic setting.

Theorem 4.4.2. Assume that the sequence of loss vectors, f1,..., fn € R? satisfies || fi]|2 <
1 almost surely and E[f;] = p for all t with some ||u|l2 > 0. Then the regret of FTRL with
ny = 1/v/t — 1 satisfies that

8
[l

logn
+ [lell3 + O(m)~

E[Rn] <

Proof. Using R(w) = %||w||? as its regularization, in round ¢ > 1 FTRL predicts

2
1 .

——F1, if |Fioq|| < VE—1;

wt:argminnt<Ft1,w>+R(w):{m t—1 |Foall < VE—1

oy (4.18)
wew

otherwise.

£l

For any 1 <t < n, denote the event ||F;|| > v/t by &. Note that if |[F;_| > vt — 1, FTRL

predicts exactly the same w; as FTL. Denote the total loss of FTL in n rounds by £F7F.

Thus, the regret of FTRL is

E[Rn] =E [Zm,wa — min Z<ft,w>1
t=1 t=1
:Elg(ft,wt)—ﬁffTL +E 55“—1%%;%@
<92y P(£S) + 0081, (4.19)

2 Tl

where, to obtain the last inequality, we applied Equation (4.18) to the first term, while the
second term is O(logn) by the discussion following Theorem 4.3.1. It remains to bound the

first term, 2 > | P(&f) in Eq. (4.19). For any t > 7H;H2’
2

d
¢ ¢
IP(F < t)<IP’ F, : <SP (|F.l < Sl
IF ]2 < VE) < <|| tll2 < 2||M2) _;:1 (l til < glu |>

d d
t _uf
< E P<Ft,i—tﬂi>2|ﬂi> <2 E e” 1
i=1 i=1
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where the last inequality follows by Hoeffding’s inequality. Thus,

r4/lul31-1 n

YPE)= > PEDN+ Y. PE)
t=1 t=1 t=[4/llplI3]
4 d n 2
Syt 2ZZ€7T%
1213 i—1 t=0

where in the last inequality we used 1/(1 — e~%) < a which holds for any a > 0. Therefore,
if |||l > 0, the regret of FTRL satisfies

8
[l

logn
+ [lull3 + O(m)~

E[Rn] <

4.5 Experimental results

We performed three simulations to illustrate the differences between FTL, FTRL with the
regularizer R(w) = %||w||§ and the adaptive algorithm (A, B)-prod (AB) using FTL and
FTRL as its candidates. We will call this latter algorithm AB(FTL,FTRL).

For the experiments the constraint set W was chosen to be a slightly elongated ellipsoid
in the 4-dimensional Euclidean space, with volume matching that of the 4-dimensional
unit ball. The actual ellipsoid is given by W = {w eRY | w Quw < 1} where @ is chosen

“randomly” to be

4.3367  3.6346 —2.2250 3.5628

. 3.6346 3.9966 —2.3613  3.2817
@= —2.2250 —2.3613 2.0589 —2.1295
3.5628 3.2817 —2.1295  3.4206

We experimented with 3 types of data to illustrate the behavior of the different algo-
rithms: stochastic, “half-adversarial”, and “worst-case” data (worst-case for FTL), as will
be explained below. The first two datasets are random, so the experiments were repeated
100 times, and we report the average regret with its standard deviation; the worst case data
is deterministic, so there no repetition was needed. For each experiment, we set n = 2500.
The regularization coefficient for FTRL, and the learning rate for AB were chosen based on

their theoretical bounds minimizing the worst-case regret.

Stochastic data. In this setting we used the following model to generate f;: Let ( ft)t

be an i.i.d. sequence drawn from the 4-dimensional standard normal distribution, and let
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fi = ft/ f ) Then, f; is defined as f; = f, + Le; where e; = (1,0,...,0)T. Therefore,
B[} i s

] — L as t — co. In the experiments we picked L € {0,0.1}.

The results 2are shown in Fig. 4.5. On the left-hand side we plotted the regret against
the logarithm of the number of rounds, while on the right-hand side we plotted the regret
against the square root of the number of rounds, together with the standard deviation of the
results over the 100 independent runs. As can be seen from the figures, when L = 0.1, the
growth-rate of the regret of FTL is indeed logarithmic, while when L = 0, the growth-rate
is ©(y/n). In particular, when L = 0.1, FTL enjoys a major advantage compared to FTRL,
while for L = 0, FTL and FTRL perform essentially the same (in this special case, the
regret of FTL will indeed be O(y/n) as w; will stay bounded but [|©:| = O(1/v/t)). As
expected, AB(FTL,FTRL), gets the better of the two regrets with little to no extra penalty.

L=0 L=0.1

—
[0}
P —
()
0}
o
5 10 15 20 25 30 35 40 45 50
sqrt(n)
L=0.1
70 -
50
-— or - 40
O oF )
— p—
c) 40 Oj 30
D, 0}
[ 0C =
20
ol 10
0 0
-1 0 1 2 3 4 5 6 7 8 -1 0 1 2 3 4 5 6 7 8
log (n) log (n)

Figure 4.5: Experimental results for stochastic data.

“Half-adversarial” data The half-adversarial data used in this experiment is the optimal
solution for the adversary in the linear game when W is the unit ball [Abernethy et al., 2008].
This data is generated as follows: The sequence ft for t =1,...,n is generated randomly
in the (d — 1)-dimensional subspace S = span{es,...,eq} (here e; is the ith unit vector in
R?) as follows: fl is drawn from the uniform distribution on the unit sphere of S (actually
Sq—2). Fort =2,...,n, ft is drawn from the uniform distribution on the unit sphere of
the intersection of S and the hyperplane perpendicular to Zf;i fl and going through the
origin. Then, f; = Le; + mft for some L > 0.

The results are reported in Fig. 4.6. When L = 0, the regret of both FTL and FTRL
grows as O(y/n). When L = 0.1, FTL achieves O(logn) regret, while the regret of FTRL
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appears to be O(y/n). AB(FTL,FTRL) closely matches the regret of FTL.

L=0 L=0.1

0 5 10 15 20 25 30 35 40 a5 50 0 5 10 15 20

2‘5 3‘0 3‘5 A‘D A‘5 50
sqrt(n) : EPI;L sqrt(n)
L=0 — AB L=01

4 5 6 7 8

Iaog (n)

-1 [) 1 2

Figure 4.6: Experimental results for “half-adversarial” data.

Worst-case data We also tested the algorithms on data where FTL is known to suffer
linear regret, mainly to see how well AB(FTL,FTRL) is able to deal with this setting. In
this case, we set fi; = 0 for all ¢t and ¢ > 2, while for the first coordinate, f;; = 0.9, and
fi1=2(t mod?2)—1fort>2.

The results are reported in Fig. 4.7. It can be seen that the regret of FTL is linear (as
one can easily verify theoretically), and AB(FTL,FTRL) succeeds to adapt to FTRL, and
they both achieve a much smaller O(y/n) regret.

— FTL
— FTRL| o
||— A8

log(Regret)

Figure 4.7: Experimental results for the worst-case data.
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The unit ball We close this section by comparing the performance of our adaptive al-
gorithms on the unit ball, namely, FTL, FTSL, FTRL, and AB(FTL, FTRL). All these
algorithms are parametrized as above. The problem setup is similar to the stochastic data
setting and the worst-case data setting. Again, we consider a 4-dimensional setting, that is,
W is the unit ball in R* centered at the origin. The worst-case data is generated exactly
as above, while the generation process of the stochastic data is slightly modified to increase
the difference between FTRL and FTL: we sample the i.i.d. vectors ft from a zero-mean
normal distribution with independent components whose variance is 1/16, and let ft = ft
it | follo <1 and f; = fi/ | £ fi
the unit ball). The reason of this modification is to encourage the occurrence of the event
|Fi_1]|l2 < v/t — 1. Recall that when ||F;_{||> > v/t — 1, the prediction of FTRL matches

that of FTL, so we are trying to create some data where their behavior is actually different.

when ‘ > 1 (i.e., we only normalize if ft falls outside of
2 2

As a result, we will be able to observe that the predictions of FTL and FTRL are different
in the early rounds. Finally, as before, we let f; = ft + Ley, and set the time horizon to
n = 20, 000.

The results of the simulation of the stochastic data setting are shown in Figure 4.8. In
the case of L = 0.1, FTRL suffers more regret at the beginning for some rounds, but then
succeeds to match the performance of FTL. The results of the simulation of the worst-case

data setting are shown in Figure 4.9, where FTSL has similar performance as FTRL.

L=0 L=0.1
80 . . 40 . - - -
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GJ 50
—
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g 30

2 0 2 0 2
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Figure 4.8: Experimental results for stochastic data when W is the unit ball.
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Figure 4.9: Experimental results for the worst-case data when W is the unit ball.

4.6 Conclusion

FTL is a simple method that is known to perform well in many settings, while existing
worst-case results fail to explain its good performance. While taking a thorough look at
why and when FTL can be expected to achieve small regret, we discovered that the curvature
of the boundary of the constraint and having average loss vectors bounded away from zero
help keep the regret of FTL small. These conditions are significantly different from previous
conditions on the curvature of the loss functions which have been considered extensively
in the literature. It would be interesting to further investigate this phenomenon for other

algorithms or in other learning settings.

4.7 Technical lemmas for Theorem 4.3.2

We present the proofs for several technical lemmas used in the proof of Theorem 4.3.2.
Lemma 4.3.5. Under the assumptions of Theorem 4.5.2, for any 0 < p1,p2 < 1,
_ 2
hL (™)
2 1-2p1\2 1-2p512)
1+ (453)" (1+ (522)°)

Proof. Tt is easy to see that for any p, wP is on the boundary of W, that is, wP =

<wp2 _ wp17fp1> >

argmin,, ¢y (w, f?) = (cos(¢?), hsin(¢?)) for some ¢P € [0,27] that changes smoothly with

p. Then (w?, fP) = (2p — 1) cos(¢P) — Lhsin(¢P), and so taking the derivative of the loss

Lh AP — Lh
-3, and sin(¢f) = T > 0. Thus,

w.r.t. P, it is easy to verify that tan(p?) =
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Lh cos(pP1)
S (pP1)

<,sz _wh fP1> _ COS (g — COS (1 %
7 h (sinpy —singy) /' I

L ((cos(a) — costion)) S P o+ sin(i) —sin(e)

1-2p; = . To simplify notation, let ¢; = " and s = 2. Then,

= Snlor) ( cos(ip2) cos(p1) — cos?(p1)

sin(¢1
+ sin(pr) sin(2) — sin(¢1))
= L (1 cos(ia) cosi1) — sin(r) sin(p2)
— Sin((pl) ©2 ©1 1 (1 ) SIN{ P2
hL
= 1— —
Sin(<,01) ( COS(SOI 4102))
hL 1 1.
= (o) (2 (cos(p1 — @a) — 1) + 3 sin? () — 302)> (4.20)
hL
> _
~ 2sin(e1) sin (1 = ¢2)
hL . ) 2
=5 sin(p1) sin® 9 (cot(p1) — cot(p2))” . (4.21)
The proof is finished by substituting cot(p;) = 1522, sin(p1) = W and sin?(py) =
I+
e m

1+(T,2>2.
Lemma 4.3.6. For any u > 0,

¢
0K 41

}P[|]3t—P|> |1 — 2P|+

P| <2 —tu?) .
oK 11 }_ exp(—tu”)

Proof. From Eq. (4.11) and the triangle inequality, |P; — P| < |1 — 2P|+ 55| 3 — P,

_K
2K+t 2K+t

and so

. K
P||P—P|>——|1—-2P
1P— P> gl = 2Pl

P <o |5 o]

oK 11" P] < 2exp(—tu?),

where the last inequality is thanks to that conditioned on P, Xi,...,X; are independent
Bernoulli random variables with expectation P, thus it holds by Hoeffding’s inequality (see,

e.g., [Cesa-Bianchi and Lugosi, 2006, Corollary A.1]). O

Lemma 4.3.7. For anyt >0,

K?(1-2P)?> tP(1-P)
(2K + )2 (2K +1t)2°

E [(P— Pt)2‘ P] -
Proof. Starting from Eq. (4.11), we have
K?%(1—-2P)? 1
(2K +1t)? (2K +t)?
_ K*(1-2P)*> tP(1-P)
(2K +1)2 (2K +1)?’
where the first equality is due to E[S; — Pt| P] = 0, and the last equality is due to that

]E[(P—Pt)Q‘P} - ]E[(St—tP)2‘P}

conditioned on P, S; has a Binomial distribution with parameters ¢ and P. O
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Chapter 5

Conclusions and Future Works

In this thesis, we explore the instance-dependent analyses of some learning algorithms in
various learning settings. Instead of starting with the stochastic assumptions or overly con-
servative worst-case examples when analyzing the learning algorithms, we propose to start
with minimal statistical assumptions and focus on catching what properties of data essen-
tially affect the performance of the learning algorithms. Such instance-dependent results
are usually more expressive and lead to a better understanding of the successes and failures
of the learning algorithms.

In the first part of thesis we present an analysis of the task of Independent Compo-
nent Analysis (ICA) with no stochastic assumptions on the data. We develop the first ICA
algorithm in the literature that can recover noisy signals with polynomial computational
complexity and provable performance guarantees on the reconstruction error. Several im-
portant features of the data are proposed to characterize the “niceness” of the data and the
instance-dependent performance guarantee of our algorithm. Originated from a determin-
istic analysis, our results can recover the usual statistical results in the classic ICA setting,
and also extend to deterministic source signals (and potentially other type of source signals)
with approximately independent empirical distributions. It remains future work to improve
the dependence of the performance on the condition number of the mixing matrix A and
the dimension d. Such improvement is necessary for the algorithm to be applied to high
dimensional data.

The second contribution of this thesis is an instance-dependent generalization bound for
the empirical risk minimization algorithm (ERM) on the partially linear model. Based on
a surprising example that ERM achieves infinite expected risk/loss on a perfectly innocent
looking least-square linear regression problem, we found that the performance of ERM is
highly related to E [5‘;11110] , the expectation of the inverse of the minimal positive eigenvalue
of the empirical Grammian matrix. We developed a high probability finite-sample bound for
this setting, which again showed a dependence on E [X;}n] Our result partially explains

the success of ERM on the partially linear model. On the other hand, understanding
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the behaviour of this quantity for different distributions remains an important problem to
study the finite-sample performance of ERM on (partially) linear model. Also, while a high-
probability generalization bound has been provided, the question what data is “nice” such
that an finite excess risk bound exists remains open.

The last main topic of this thesis is an analysis of the simple “Follow the Leader” (FTL)
algorithm in the online learning setting. Although existing worst-case results of FTL imply
that FTL may suffer linear regret, we discover several key features of the data that make
it possible for FTL to achieve fast rates. One of these is the magnitude of the average loss
vector. We prove that the performance of FTL inversely depends on this magnitude, and an
asymptotic lower bound shows that this dependence is essential. Lastly we propose various
adaptive algorithms that can achieve fast rates when this magnitude is large, while still
guaranteed to achieve the standard learning rate in the worst-case. As for future work, it
is also interesting to see how our approach can be applied to achieve improvement in other
setting, e.g. for strictly convex losses. It is also interesting to convey similar idea in the
linear bandit problem to bridge results between the stochastic and the adversarial settings.

Lastly, there are also some general open questions for the proposed “instance-dependent”
analysis framework. While the performances of the learning algorithms are shown to essen-
tially depend on some instance-dependent quantities, it remains open how one can compute
(or estimate) these quantities in practice, e.g. in the ICA task in Chapter 2 or in the on-
line linear prediction problem in Chapter 4. In the case when these quantities (or their
good estimates) are not available, it also remains open how to develop adaptive algorithms
in general, preparing for the worst case. Finally, while we succeed in developing instance-
dependent upper bound for the learning algorithms and learning problems, the development
of instance-and-algorithm-dependent lower bounds seem to be more challenging and as for

now remain for future work.
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