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State-space modefls’ dffirty flffittfle 
secrets: even sffimpfle flffinear Gaussffian 
modefls can have estffimatffion 
probflems
Marffie Auger-Méthé1, Chrffis Fffiefld1, Chrffistoffer M. Aflbertsen2, Andrew E. Derocher3, 
Mark A. Lewffis3,4, Ian D. Jonsen5 & Joanna Mffiflfls Fflemmffing1

State-space modefls (SSMs) are ffincreasffingfly used ffin ecoflogy to modefl tffime-serffies such as anffimafl 
movement paths and popuflatffion dynamffics. Thffis type off hffierarchfficafl modefl ffis offten structured to 
account ffor two flevefls off varffiabffiflffity: bffioflogfficafl stochastfficffity and measurement error. SSMs are 
flexffibfle. They can modefl flffinear and nonflffinear processes usffing a varffiety off statffistfficafl dffistrffibutffions. 
Recent ecoflogfficafl SSMs are offten compflex, wffith a flarge number off parameters to estffimate. Through a 
sffimuflatffion study, we show that even sffimpfle flffinear Gaussffian SSMs can suffer ffrom parameter- and state-
estffimatffion probflems. We demonstrate that these probflems occur prffimarffifly when measurement error 
ffis flarger than bffioflogfficafl stochastfficffity, the condffitffion that offten drffives ecoflogffists to use SSMs. Usffing an 
anffimafl movement exampfle, we show how these estffimatffion probflems can affect ecoflogfficafl ffinfference. 
Bffiased parameter estffimates off a SSM descrffibffing the movement off poflar bears (Ursus marffitffimus) resuflt 
ffin overestffimatffing theffir energy expendffiture. We suggest potentffiafl soflutffions, but show that ffit offten 
remaffins dffifficuflt to estffimate parameters. Whffifle SSMs are powerffufl toofls, they can gffive mffisfleadffing 
resuflts and we urge ecoflogffists to assess whether the parameters can be estffimated accuratefly beffore 
drawffing ecoflogfficafl concflusffions ffrom theffir resuflts.

State-space modefls (SSMs) are ffincreasffingfly used ffin ecoflogy and are becomffing the ffavoured statffistfficafl fframework 
ffor modeflflffing anffimafl movement and popuflatffion dynamffics1–4. SSMs are desffirabfle because they are structured 
so as to dffifferentffiate between two dffistffinct sources off varffiabffiflffity: the bffioflogfficafl or process varffiatffion (e.g., demo-
graphffic stochastfficffity) and the measurement error assocffiated wffith the sampflffing method2,4. Because marffine obser-
vatffions are offen assocffiated wffith flarge measurement errors that can mask bffioflogfficafl sffignafls, much off the earfly 
deveflopment off SSMs ffin ecoflogy was by marffine ecoflogffists and ffsherffies scffientffists (e.g.5–7). Te SSM fframework 
has sffince become a generafl approach to account ffor mufltffipfle flevefls off stochastfficffity when modeflflffing tffime-serffies, 
makffing them ffincreasffingfly popuflar ffin the terrestrffiafl flffiterature (e.g.8–10). Here, we demonstrate that even sffimpfle 
SSMs can be probflematffic. Te modefl we chose ffis offen used to expflaffin how SSMs can account ffor two flevefls off 
stochastfficffity (e.g.4), yet, we show that ffit suffers ffrom parameter- and state-estffimatffion probflems.
SSMs are a type off hffierarchfficafl modefl, ffin whffich one flevefl treats the underflyffing unobserved states as an auto-

correflated process, whffifle another flevefl accounts ffor measurement error11. Te SSM fframework ffis ffexffibfle, espe-
cffiaflfly when fftted wffith Monte Carflo methods such as partfficfle ffflters or Markov Chaffin Monte Carflo (MCMC). 
SSMs can be used to modefl a varffiety off flffinear and nonflffinear processes, and can represent stochastfficffity wffith 
dffiverse statffistfficafl dffistrffibutffions (e.g.3,12,13). Te ffexffibffiflffity off the SSM approach aflflows ecoflogffists to buffifld com-
pflex modefls that descrffibe the bffioflogfficafl and measurement processes wffith flevefls off detaffifl that were prevffiousfly 
unattaffinabfle.
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Whffifle the SSM fframework ffis ffexffibfle, much off ffits theoretfficafl ffoundatffion ffis based on sffimpfle flffinear Gaussffian 
SSMs (sometffimes refferred as normafl dynamffic flffinear modefls, see Newman et afl.4). An exampfle off a sffimpfle unffivar-
ffiate flffinear Gaussffian SSM ffis the one we wffiflfl use to demonstrate parameter-estffimabffiflffity probflems:

ε ε σ σ= + ≥ >ε ε~y x N tMeasurementeq , (0, ),where 1, 0 (1)t t t t
2

ρ η η σ σ ρ= + ≥ > − < <η η− ~x x N tProcesseq , (0, ),where 1, 0, 1 1, (2)t t t t1
2

where = … …y y y yy (, , , , , )
t n1 2

 are observed at reguflar tffime ffintervafls = … nt (1, ,) ffor a tffime-serffies off flength 
n and = … …x x x xx (, , , , , )t n0 1  are the true unobserved states, wffith x0 representffing the ffinffitffiafl state. An ecoflog-
fficafl exampfle off such a tffime-serffies woufld be a serffies off yearfly popuflatffion sffize estffimates. For ffinstance, Newman  
et afl.4 use thffis modefl to ffintroduce SSM ffor popuflatffion dynamffics wffith xt representffing the true but unknown abun-
dance off an anffimafl popuflatffion at tffime t, yt an unbffiased observatffion off the popuflatffion sffize at tffime t, and ρ the 
popuflatffion growth rate.
Te orffigffin off SSMs ffis ffintffimatefly flffinked wffith the Kaflman ffflter, a recursffive procedure to estffimate the unob-

served states based on ffinaccurate observatffions (e.g., estffimatffing the true ffsh abundance based on catch data). Te 
Kaflman ffflter was devefloped to estffimate states based on a modefl wffithout unknown parameter vaflues14. However, 
ffin ecoflogfficafl appflfficatffions, most parameters need to be estffimated (e.g.3). Fffittffing methods ffor SSMs, such as the 
Kaflman ffflter, are now used to ffacffiflffitate both state and parameter estffimatffion15. In many cases, SSMs are used to 
estffimate varffiance parameters because they are desffigned to dffifferentffiate measurement error ffrom process stochas-
tfficffity16,17. Whffifle estffimatffing parameters ffis offen a means to estffimate the unobserved states (e.g.13,15), parameters 
themseflves can be off ffinterest because they descrffibe the underflyffing dynamffics off the system, or behavffiour off the 
anffimafl (e.g.3,18).
Estffimabffiflffity probflems assocffiated wffith SSMs and other hffierarchfficafl modefls have been dffiscussed ffin the popu-

flatffion dynamffics flffiterature (e.g.16,19). In partfficuflar, prevffious studffies have emphasffized how dffiffcuflt ffit ffis to use SSMs 
to estffimate densffity dependence parameters19,20 and to dffifferentffiate process stochastfficffity ffrom measurement error 
(e.g.16). However, the exffistence off parameter estffimatffion probflems have been flargefly overflooked ffin the movement 
flffiterature, and by those that use compflex Bayesffian SSMs. As SMMs are becomffing the ffavoured fframework ffor 
many ecoflogfficafl anaflyses1–4, and are gaffinffing popuflarffity ffin other ffeflds (e.g.21), ffit ffis tffimefly to warn researchers off 
theffir weaknesses.
Here, we use sffimuflatffions to show that sffimpfle SSMs can have severe parameter-estffimabffiflffity probflems that ffin 

turn affect state estffimates. Tese probflems are more ffrequent when the measurement error ffis flarge, the very con-
dffitffion under whffich SSMs are needed, and can persffist even when we ffincorporate measurement error ffinfformatffion. 
Whffifle our maffin estffimatffion approach consffists off maxffimffizffing the flffikeflffihood numerfficaflfly through Tempflate Modefl 
Buffiflder (TMB)22, we show that these probflems persffist across a wffide range off pflatfforms and statffistfficafl fframeworks, 
ffincfludffing when the parameters and states are estffimated vffia Bayesffian methods. We use the poflar bear (Ursus mar-
ffitffimus) movement data that fled us to notffice these probflems to demonstrate the effect off estffimatffion probflems on 
the bffioflogfficafl ffinterpretatffion off resuflts. Fffinaflfly, we dffiscuss technffiques to dffiagnose and, when possffibfle, aflflevffiate 
estffimabffiflffity probflems.

Methods
Demonstratffion off the probflem. When we fft modefls to data, we want the parameters to be ffidentffiffabfle, 
whffich means that, gffiven perffect data (e.g., an ffinffnffitefly flong tffime-serffies), ffit ffis possffibfle to flearn the true vaflues off 
parameters. Assessffing parameter ffidentffiffabffiflffity ffis offen dffiffcuflt and a more attaffinabfle goafl ffis to assess estffimabffiflffity. 
Estffimabffiflffity means that, gffiven the data at hand, the method used to approxffimate the parameter yffieflds a unffique 
estffimate. When the maxffimum vaflue off the flffikeflffihood ffunctffion occurs at more than one parameter vaflue, the 
parameter ffis nonestffimabfle. Te quaflffity off parameter estffimates can be assessed ffin terms off: ffits varffiance, meas-
ured over mufltffipfle repeated estffimatffions; bffias, the expected dffifference between the estffimate and true vaflue off 
the parameter; or mean square error, a composffite off bffias and varffiance. To demonstrate that the estffimates off the 
parameters and states off SSMs can be ffinaccurate, we sffimuflated a set off tffime-serffies usffing the modefl presented ffin 
equatffions 1–2. In aflfl sffimuflatffions, the vaflues ffor the ffinffitffiafl state, x0, the measurement error, σε, and the correfla-
tffion, ρ, were set to 0, 0.1, and 0.7, respectffivefly. In Appendffix A (Suppflementary ffinfformatffion), we expflored other ρ 
vaflues, ffincfludffing a sffimpfler modefl where ρ ffis ffxed to 1. Note that whffifle thffis sffimpfler modefl has ffewer parameters 
to estffimate, ffit ffis no flonger statffionary23. To ffinvestffigate whether the ratffio off measurement to process stochastfficffity 
affected estffimatffion, we sffimuflated a range off ση vaflues: (0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1). For each parameter set, we 
sffimuflated 200 tffime-serffies each wffith 100 observatffions (n =  100). Anaflyses usffing flonger tffime-serffies (n =  500) are 
presented ffin Appendffix B (Suppflementary ffinfformatffion).
For each sffimuflatffion, we estffimated the parameters, θ =  (σε, ρ, ση), and states, x, usffing the R

24 package TMB. 
Tffis R package ffis sffimffiflar to AD Modefl Buffiflder25 ffin that ffit uses automatffic dffifferentffiatffion and the Lapflace approxffi-
matffion. Fffindffing the Maxffimum Lffikeflffihood Estffimate (MLE) off the parameters off a SSM requffires the maxffimffizatffion 
off the margffinafl dffistrffibutffion off the observatffions4. For the modefl presented ffin equatffions 1–2, thffis ffinvoflves maxffi-
mffizffing the ffoflflowffing flffikeflffihood:

∫∏σ ρσ =θ ε η
=

−L pyxpxx dy x(,, ) ( )( ) ,
(3)t

n

t t t t
1

1
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To get the margffinafl dffistrffibutffion, we ffintegrate over the states, = … ′x xx (, , )n1 . In TMB, thffis ffintegratffion ffis 
achffieved usffing the Lapflace approxffimatffion, whffich ffin turn aflso returns state estffimates13. Whffifle we reffer to state 
“estffimatffion”, thffis process ffis sometffimes caflfled “predffictffion” because states can be ffinterpreted as random varffiabfles4. 
In thffis exampfle, we assumed that the ffinffitffiafl state ffis known (ffi.e., x0 =  0), whffich shoufld heflp the estffimatffion process. 
In ffinstances where the ffinffitffiafl state vaflue ffis unavaffiflabfle, the ffinffitffiafl state can be modeflfled as x0 ~ N(µ, σ0)

23. TMB 
caflcuflates standard errors ffor the estffimated parameters by usffing the ffinverse off the observed Fffisher ffinfformatffion, 
ffi.e. the Hessffian off the flog flffikeflffihood (sffimffiflar to ADMB, see Fournffier et afl.25). To caflcuflate the 95% conffdence 
ffintervafls (CI), we mufltffipflffied the afforementffioned standard errors by the 2.5 and 97.5th percentffifles off the normafl 
dffistrffibutffion (ffi.e., the quadratffic approxffimatffion ffin Boflker26).
To demonstrate that the probflem ffis wffidespread across dffifferent statffistfficafl pflatfforms, we aflso fftted the sffimu-

flated data usffing two popuflar R packages: dflm27 and rjags28. dflm uses the Kaflman ffflter ffor the state estffimates and 
caflcuflates the MLE wffith numerfficafl optffimffizatffion methods. rjags ffis an R ffinterfface to JAGS29, a program that can 
be used to fft Bayesffian hffierarchfficafl modefls usffing MCMC methods (Suppflementary ffinfformatffion: Appendffix C).
We evafluated the parameter-estffimatffion perfformance off SSMs by comparffing the estffimated and sffimuflated 

vaflues. Sffimffiflar to Pedersen et afl.12, we evafluated the state-estffimatffion perfformance wffith the root mean square 
error (RMSE):

∑= −
=

ˆ
n

x xRMSE
1

( ),
(5)t

n

t t
1

2

where ̂xt ffis the estffimated state at tffime t and xt ffis the sffimuflated (ffi.e., true) state at tffime t. To assess whether the 
state-estffimatffion perfformance was affected by the parameter-estffimatffion probflems, we compare θ̂RMSE, ffor whffich 
the parameters, θ =  (σε, ρ, ση), were aflso estffimated, to RMSEθ, ffor whffich the parameter vaflues were ffxed at the 
vaflues used to sffimuflate the data.
To ffinvestffigate the potentffiafl causes off the parameter-estffimatffion probflem, we expflored the flffikeflffihood profffle ffor 

a subset off the probflematffic sffimuflatffions. We used the same sffimuflatffions and parameter vaflues as above, wffith the 
exceptffion that we onfly examffined the most probflematffic vaflues: ση =  (0.01, 0.02, 0.05) (see Resuflts). Because they 
are assocffiated wffith hffigh measurement error to process stochastfficffity ratffios, these vaflues aflso represent the condffi-
tffions when SSMs are most needed. For each scenarffio (ffi.e., dffifferent vaflues off ση), we randomfly chose one sffimufla-
tffion ffor whffich the θ̂RMSE was 50% flarger than RMSEθ. Agaffin, we used TMB to estffimate parameter vaflues, θ, and 
the states, x. To examffine whether the estffimatffion probflems were assocffiated wffith the sffimufltaneous estffimatffion off 
states and parameters, we estffimated parameters when the state vaflues were ffffixed to theffir sffimuflated vaflues 
(Suppflementary ffinfformatffion: Appendffix D). As a ffnafl ffinvestffigatffion off the causes off the estffimatffion probflems, we 
show how these probflems are assocffiated wffith known flffimffitatffions off the autoregressffive-movffing-average (ARMA) 
modefls (Suppflementary ffinfformatffion: Appendffix E).

Incorporatffing measurement error ffinfformatffion. Many ecoflogffists ffincorporate ffinfformatffion on measure-
ment error ffin theffir modefl by effither ffxffing parameter vaflues or, ffin a Bayesffian fframework, usffing ffinfformatffive prffiors 
(e.g.6,15,30). We ffinvestffigated whether ffxffing the measurement error resoflved the parameter estffimatffion probflem. To 
do so, we fftted our sffimpfle flffikeflffihood (equatffion 4) to the same sffimuflatffions, but we ffxed the standard devffiatffion off 
the measurement equatffion to the vaflue used to sffimuflate the data, σε =  0.1. We onfly estffimated the remaffinffing 
parameters, θ ρσ= η(, )m . As above, we ffinvestffigated the parameter estffimates, RMSE off the states, and flffikeflffihood 
profffles.

Ecoflogfficafl exampfle. Te movement off many anffimafls, such as bffirds, ffsh and marffine mammafls, ffis a com-
bffinatffion off the vofluntary movement off the anffimafl (actffive movement) and drffiff (passffive dffispflacement resufltffing 
ffrom ocean or wffind currents). Currents do not aflways dffirect anffimafls towards theffir goafls, and movffing agaffinst 
currents may requffire a substantffiafl amount off energy (e.g.31). To understand how currents affect the behavffiourafl 
strategffies off an anffimafl, ffit ffis necessary to dffistffinguffish between the vofluntary movement off the anffimafl and drffiff32. 
Te vofluntary movement can then be used as a proxy off energy expendffiture, or can be ffintegrated ffinto an energy 
budget modefl to assess the effects off movement on survffivafl and reproductffion32,33. Whffifle deveflopments ffin sateflflffite 
teflemetry are provffidffing ffincreasffingfly precffise measurements off anffimafl movement paths, ffit ffis dffiffcuflt to dffifferen-
tffiate between drffiff and vofluntary movement because wffind, ocean, and sea ffice drffiff data are offen assocffiated wffith 
flarge errors (e.g.34,35).
We notfficed the estffimatffion probflems off flffinear Gaussffian SSMs when deveflopffing a modefl that woufld dffifferentffi-

ate between the vofluntary movement off poflar bears and sea ffice drffiff. Poflar bears offen move ffin the reverse dffirec-
tffion off the sea ffice drffiff36,37 and sea ffice drffiff can be assocffiated wffith flarge errors34. As a proxy off energy expended 
by bears, we wanted to estffimate the vofluntary movement. As a ffrst test, we devefloped a 2 dffimensffionafl SSM that 
accounts ffor error ffin ffice drffiff data:

µ~Nx PInffitffiaflstate (, ) (6)0 0

ε ε= + + ~s Ny x HMeasurementeq , (0, ) (7)t t t t t
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 ffis the daffifly sea ffice drffiff experffienced by the bear. Here, 

the measurement error, εt, ffis assocffiated wffith the ffice data, not the poflar bear flocatffion data. Te flocatffion data were 
determffined by GPS, ffor whffich the error ffis negflffigffibfle (< 30 m)38. For sffimpflfficffity, we assumed that the two geo-
graphffic coordffinates are ffindependent, thus:

σ

σ

σ

σ

σ

σ

ρ

ρ
=















=















=
















=













.

ε

ε

η

η

P H Q T
0

0
,

0

0
,

0

0
,

0

0
(9)

u

v

u

v

u

v
0

0
2

0
2

,
2

,
2

,
2

,
2

Because equatffions 6–8 modefl dffispflacements, the eflements off H represent the measurement error ffin the sea ffice 
drffiff data and those off Q are assocffiated wffith the speed off the bear. Sffimffiflar to γ ffin Jonsen et afl.30, ρu and ρv repre-

sent the degree off autocorreflatffion ffin the random waflk. To ffinffitffiaflffize the modefl we used µ=








0
0
 and σ=150

2 . We 

chose 15 km as ffit ffis the standard devffiatffion off the observed daffifly dffispflacements off the poflar bears ffin the u- and 
v-dffirectffion.
We used the daffifly movement off 15 poflar bears coflflared ffin the Beauffort Sea ffin the sprffing off 2007–2011. Te 

bears were ffimmobffiflffized wffith standard methods39 and equffipped wffith Teflonffics Inc. (Mesa, AZ) coflflars. Aflfl capture 
and handflffing procedures were carrffied out ffin accordance wffith the protocofls approved by the Unffiversffity off Aflberta 
Anffimafl Care and Use Commffittee ffor Bffioscffiences. We used the Poflar Pathffnder Daffifly 25 km Ease-Grffid Sea Ice 
Motffion Vectors40, whffich are daffifly estffimates off sea ffice dffispflacements ffin the u- and v-dffirectffions off the Northern 
Hemffisphere azffimuthafl equafl-area EASE-Grffid projectffion devefloped ffor poflar sea ffice data41. We used the same 
movement data and data handflffing procedures as ffin Auger-Méthé et afl.37, ffincfludffing ffinterpoflatffing the ffice drffiff data 
at each bear flocatffion, assffignffing a drffiff vaflue off zero ffor flandffast ffice, and excfludffing the three days affer coflflarffing to 
remove movements affected by handflffing. Te onfly dffifferences ffin the data used here, are that we excfluded aflfl bears 
that spent tffime on fland and consffidered days wffith mffissffing sea ffice data as mffissffing observatffions (ffi.e., we consffidered 
both yt and st as mffissffing that day).
Our goafl was to use the SSM to estffimate the energy expendffiture off each bear. Our proxy was the totafl voflun-

tary bear dffispflacement:

∑= +
=

ˆ ˆd x x ,
(10)t

n

tu tv
1

,
2

,
2

where ̂xtu, and ̂xtv, are the estffimates off the daffifly vofluntary bear dffispflacements ffin the u- and v-dffirectffions. Te 
number off days, n, ffincfluded ffin the tffime-serffies wffiflfl affect our estffimate off d. For consffistency, we set n to be 342, the 
flength off the shortest tffime-serffies across the 15 bears. To assess the effects off estffimatffion probflems on our ecoflogffi-
cafl ffinterpretatffion, we sffimuflated movement paths sffimffiflar to those descrffibed by the poflar bear data (Suppflementary 
ffinfformatffion: Appendffix F).
Te code ffis avaffiflabfle at https://gffitflab.oceantrack.org/otn-statffistfficafl-modeflflffing-group/SSMestProbflems and as 

Suppflementary data.

Resuflts
Sffimuflatffions resuflts. Accordffing to the sffimuflatffion resuflts, parameter estffimatffion was offen ffinaccurate, and 
these probflems affected the state estffimates (Fffig. 1). Te parameter estffimates were offen ffar ffrom theffir true vaflues, 
and theffir dffistrffibutffions offen bffimodafl (Fffig. 1, Suppflementary Fffig. A1). In many cases, the estffimates ffor σε and ρ 
had peaks cflose to 0. Te θ̂RMSE off the state estffimates had effither a bffimodafl dffistrffibutffion, or a flong taffifl compared 
to that off the RMSEθ (Suppflementary Fffig. A1). In other words, when the parameters were estffimated, many repflffi-
cates had much hffigher state estffimate error than when the true parameter vaflues were used (Fffig. 1). In ffact, 29.6% 
off the sffimuflatffions had a θ̂RMSE vaflue that was 50% flarger than theffir RMSEθ. When the sffimuflatffions had hffigh 
measurement error to process stochastfficffity ratffios, the estffimatffion probflems ffor the states and two bffioflogfficaflfly 
reflevant parameters, (ρ, ση) were much hffigher (Fffig. 1). Te θ̂RMSE ffin some off these cases was cflose to 10 tffimes 
greater than the sffimuflated process stochastfficffity.
Our suppflementary anaflyses demonstrated that sffimffiflar estffimatffion probflems occurred when dflm and rjags 

were used (Suppflementary ffinfformatffion: Appendffix C). However, whffifle the parameters estffimated wffith rjags were 
offen bffiased, theffir dffistrffibutffions dffid not contaffin a peak at 0. Increasffing the flength off the tffime-serffies ffimproved 
parameter and state estffimatffion (Suppflementary ffinfformatffion: Appendffix B). However, 500 tffime steps were ffinsuff-
cffient to compfletefly eflffimffinate probflems. Our suppflementary anaflyses aflso show that the probflems are fless appar-
ent when ρ ffis cflose to 1, or when we used the sffimpfler non-statffionary flocafl-flevefl modefl, whffich ffxes the vaflue off 
ρ =  1 (Suppflementary ffinfformatffion: Appendffix A).
Te flffikeflffihood profffles off a subset off the probflematffic sffimuflatffions reveafled that the flffikeflffihood was ffat ffin some 

areas and sometffimes bffimodafl or jagged (Fffig. 2). Te CI off many parameters excfluded the true sffimuflated vaflue. 
Because the estffimated measurement error off these sffimuflatffions were cflose to 0, the estffimated states were very 
cflose to the observatffions and ffar ffrom theffir true sffimuflated vaflues (Fffig. 2D,H,L). When the states were ffxed to 
theffir sffimuflated rather than estffimated vaflues, the flffikeflffihood profffles were unffimodafl and most CI ffincfluded the 

https://gitlab.oceantrack.org/otn-statistical-modelling-group/SSMestProblems
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true parameter vaflues, ffindfficatffing that the probflem flffies ffin sffimufltaneousfly estffimatffing the states and the parameters 
(Suppflementary ffinfformatffion: Appendffix D).

Fffixffing the measurement error. Fffixffing the standard devffiatffion off the measurement error to the sffimuflated 
vaflue, σ=.ε 01, heflped reduce the estffimatffion probflems (Suppflementary ffinfformatffion: Appendffix G). θ̂RMSE vafl-
ues were much cfloser to RMSEθ when the measurement error was ffxed rather than estffimated. In thffis case, onfly 
5.0% off the sffimuflatffions had a θ̂RMSE vaflue that was 50% flarger than theffir RMSEθ. However, ffxffing the measure-
ment error dffid not compfletefly resoflve the estffimatffion probflems. Some parameter estffimates contffinued to be on the 
boundary off parameter space and ffar ffrom theffir sffimuflated vaflues. In addffitffion, some flffikeflffihood profffles remaffined 
ffat and some CIs spanned the entffire parameter space (see Suppflementary ffinfformatffion: Appendffix G ffor more 
detaffifl).

Ecoflogfficafl exampfle. Te 15 poflar bears studffied used overflappffing areas ffin the Beauffort Sea (Fffig. 3A), but 
theffir parameters estffimates varffied wffidefly (Fffig. 3C–H). In partfficuflar, three ffindffivffiduafls had much flower estffimated 
sea ffice measurement error, wffith effither σ <.ε̂ 001u,  and σ <.ε̂ 001v, . Tese three ffindffivffiduafls had totafl vofluntary 
dffispflacement estffimates that were on the hffigher end off the range (Fffig. 3B). Tese resuflts are sffimffiflar to those ffound 
when we sffimuflated movement data sffimffiflar to the reafl poflar bear data (Suppflementary ffinfformatffion: Appendffix F). 
Te sffimuflatffions aflso showed that a ffew ffindffivffiduafls woufld have σ <.ε̂ 001u,  and σ <.ε̂ 001v,  and that these ffindffi-
vffiduafls woufld be assocffiated wffith hffigher vaflues off totafl vofluntary dffispflacement.

Dffiscussffion
Lffinear Gaussffian SSMs, and approxffimatffions off them, are commonfly used ffin the ecoflogfficafl flffiterature to modefl 
anffimafl movement2,6,15 and popuflatffion abundance (e.g.10,42). Tese SSMs are offen used to dffifferentffiate meas-
urement error ffrom process stochastfficffity and estffimate the assocffiated varffiance parameters (e.g.10,13,42,43). Our 
resuflts demonstrated that sffimpfle flffinear Gaussffian SSMs can have severe parameter- and state-estffimatffion prob-
flems, and that these probflems can affect bffioflogfficafl ffinfferences. Accordffing to our sffimuflatffions, estffimatffion probflems 
were more ffrequent when the measurement error was much flarger than the process stochastfficffity. In such cases, 
the three estffimated parameters were offen ffar ffrom theffir sffimuflated vaflues, whffich ffin turn resuflted ffin ffinaccurate 
state estffimates. Te ARMA notatffion shows that when the measurement error ffis much greater than the process 
stochastfficffity there ffis parameter redundancy, expflaffinffing why ffit ffis dffiffcuflt to accuratefly estffimate the parameters 
(Suppflementary ffinfformatffion: Appendffix E). Our sffimuflatffions showed that ffxffing the measurement error to ffits 
true vaflue heflped, but dffid not compfletefly soflve the estffimatffion probflems, especffiaflfly when the ffxed measurement 
error was reflatffivefly flarge. Tffis ffis partfficuflarfly worrffisome because SSMs are most needed when the measurement 
error ffis flarge compared to the process stochastfficffity, and thffis ffis the condffitffion under whffich the flargest estffimatffion 
probflems occur.

Fffigure 1. Changes ffin parameter estffimates and state RMSEs assocffiated wffith varyffing the measurement error 
to process stochastfficffity ratffios (σε/ση) ffin the sffimuflatffions. (A–C) Te boxpflots represent the dffistrffibutffion off the 
parameter estffimates (σε̂, ρ̂, ση̂) and the pffink cffircfles represent the true (sffimuflated) vaflues. (D) Te grey boxpflots 
represent the dffistrffibutffion off the RMSE off the modefl fftted usffing the estffimated parameter vaflues, whffifle the pffink 
boxpflots represent the RMSE when the modefl ffis fftted usffing the true parameter vaflues.
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Te estffimatffion probflems are fless crffitfficafl when the measurement error ffis much smaflfler than the process sto-
chastfficffity. Whffifle the measurement error estffimates were offen cflose to 0, the estffimates ffor the other parame-
ters, and those ffor the states, were generaflfly accurate. As shown by the ARMA notatffion, when the measurement 
error ffis much smaflfler than the process stochastfficffity the modefl behaves as an AR(1) process, expflaffinffing why the 
measurement error estffimates were offen cflose to zero (Suppflementary ffinfformatffion: Appendffix E). In effect, the 
measurement error ffis ffignored. However, when the measurement error ffis negflffigffibfle compared to the process sto-
chastfficffity, ffignorffing the effect off the measurement error ffis fless flffikefly to affect our ffinterpretatffion off the bffioflogfficafl 
process.
Others have dffiscussed estffimatffion probflems assocffiated wffith ffttffing sffimpfle flffinear Gaussffian SSMs. A ffew recent 

ecoflogfficafl studffies have reported dffiffcufltffies when estffimatffing varffiance parameters, ffincfludffing varffiance estffimates 
cflose to 017,44. Dennffis et afl.16, who transfformed the stochastffic Gompertz popuflatffion modefl ffinto a flffinear Gaussffian 
SSM, noted that whffifle the process stochastfficffity and measurement error parameters can be estffimated, mufltffimodafl 
flffikeflffihood ffunctffions occur and can flead to erroneous estffimates. Tey showed that the flffikeflffihood ffunctffions tended 
to have mufltffipfle peaks, ffincfludffing two peaks assocffiated wffith effither no process stochastfficffity or no measurement 
error. Whffifle these two peaks can be flocafl maxffima, Dennffis et afl.16 noted that when there ffis substantffiafl measure-
ment error, one off these modes was offen the gflobafl maxffimum. Knape19 extended the study off the Gompertz SSM 
to ffocus on the estffimabffiflffity off the densffity dependence parameter, an autocorreflatffion parameter sffimffiflar to ρ. He 
ffound that the densffity dependence was generaflfly not ffidentffiffabfle ffin the presence off unknown process varffiabffiflffity 
and measurement error, especffiaflfly when the strength off the densffity dependence was cflose to 0. When the meas-
urement error was known, the strength off densffity dependence was estffimabfle but the estffimates offen remaffined 
bffiased.
By extendffing the range off measurement error to process stochastfficffity ratffios beyond those expflored by Dennffis 

et afl.16 and Knape19, we demonstrate that reflatffivefly hffigh measurement error can have dramatffic effects on process 
parameter and state estffimates, even when the measurement error ffis known. Te resuflts off Knape19 suggested that 
ρ vaflues cflose to 0 woufld resuflt ffin estffimabffiflffity probflems (see aflso Forester et afl.45), whffich ffis not surprffisffing. As 
the process becomes fless autocorreflated ffit ffis harder to dffifferentffiate ffit ffrom the temporaflfly ffindependent measure-
ment error, suggestffing that dffifferentffiatffing between measurement error and process stochastfficffity woufld requffire 
a flarge sampfle sffize when ρ ffis ffar ffrom 1. However, our resuflts demonstrated that estffimatffion probflems remaffined 
wffith reflatffivefly hffigh autocorreflatffion, ρ =  (0.7, 0.99) and ρ ffxed to 1, and reflatffivefly flong tffime-serffies, n =  (100, 500) 

Fffigure 2. Log flffikeflffihood profffles ffor probflematffic sffimuflatffions. In the ffrst three coflumns, the curve represents 
the flog flffikeflffihood when the ffocafl parameter ffis ffxed (the other parameters are optffimffise to maxffimffise the flog 
flffikeflffihood). Te dash flffines are the true parameter vaflues (ffi.e., vaflue used ffor the sffimuflatffion), the ffuflfl flffines are the 
maxffimum flffikeflffihood estffimates and the grey bands represent the 95% CI. Te flast coflumn shows the tffime-serffies. 
Te bflack flffines represent the observatffions, yt, the red flffines the sffimuflated true states, xt, and the grey dashed flffines 
the estffimated states, ̂xt.
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(see Suppflementary ffinfformatffion: Appendffices A-B). Tese resuflts emphasffize that the parameters and states are 
onfly estffimabfle ffor a narrow range off condffitffions. Both the anaflysffis off the ARMA fformuflatffion off our SSM and 
our ecoflogfficafl exampfle show that parameter estffimabffiflffity wffithffin flffinear Gaussffian SSMs ffis a generafl ffissue, not one 
restrfficted to the stochastffic Gompertz popuflatffion modefl. In ffact, these probflems extend to some nonflffinear SSMs. 
For exampfle, some off the estffimated parameters off the nonflffinear popuflatffion SSMs off de Vaflpffine and Hastffings46 
had consffiderabfle bffias when measurement error was flarge reflatffive to process varffiabffiflffity, de Vaflpffine and Hffiflborn47 
showed that theffir advance Monte Carflo kernefl flffikeflffihood method coufld not dffifferentffiate between the process 
stochastfficffity and measurement error off the nonflffinear Schaeffer popuflatffion modefl, and Poflansky et afl.20 ffound 
sffimffiflar probflems ffin the theta-Rfficker modefl.
Leff undffiagnosed, bffiased parameter estffimates wffiflfl mffisflead concflusffions based on the probflematffic modefl 

parameters and may affect our ffinterpretatffion off the other modefl parameters, the state estffimates, and other derffived 
vaflues11,48. For exampfle, stochastffic popuflatffion SSMs wffith negatffivefly bffiased estffimates off the process stochastfficffity 
wffiflfl underestffimate extffinctffion rffisk49. In our poflar bear exampfle, erroneous estffimates off measurement error and 
process stochastfficffity bffiased the state estffimates and proxy ffor energy expendffiture. Tus, even ffiff the parameter 
vaflues per se are not off ffinterest, estffimatffion probflems need to be dffiagnosed because theffir effect on state estffimates 
are flffikefly to affect resuflts off ecoflogfficafl ffimportance.
Te ffrst step to avoffid these bffiased ffinfferences ffis to detect the potentffiafl ffor parameter estffimabffiflffity probflems, 

whffich can be done through a varffiety off practfficafl means. Our sffimuflatffions demonstrated that estffimates at the 
boundary off parameter space can be ffindfficatffive off a probflem. For our poflar bear exampfle, we detected the estffi-
matffion probflem because we had no reason to beflffieve that the three bears wffith sea ffice measurement error cflose 
to 0 used dffifferent sea ffice than the other bears. Tese three bears were exposed to sffimffiflar flevefls off sea ffice drffiff as 
other bears and were not geographfficaflfly or temporaflfly ffisoflated ffrom them. Investffigatffing the flffikeflffihood profffle can 
aflso heflp detect estffimatffion probflems16,50,51. Indeed, the flffikeflffihood profffles off our probflematffic sffimuflatffions had ffat 
sectffions and mufltffipfle modes. However, ffin a Bayesffian fframework, the estffimatffion probflems can be obscured by the 
use off vague prffiors, as these can smooth the flffikeflffihood and affect ffinfference16,48,49,52. When we used JAGS to estffi-
mates parameters, we had no estffimates at the boundary and the posterffior dffistrffibutffions off most parameters were 
unffimodafl, and yet, the estffimates were bffiased (Suppflementary ffinfformatffion: Appendffix C). A useffufl way to evafluate 
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Fffigure 3. Poflar bear movement, parameter estffimates off the poflar bear sea ffice modefl, and estffimates off the 
totafl vofluntary bear dffispflacement. (A) Locatffions off the 15 poflar bears used ffin the anaflysffis, wffith coflours 
representffing dffifferent ffindffivffiduafls. Te map was created ffin R24 usffing the Northern Hemffisphere azffimuthafl equafl-
area EASE-Grffid projectffion devefloped ffor poflar sea ffice data41. (B) Estffimated totafl vofluntary dffispflacement over 
342 days. (C–H) Parameter estffimates off the poflar bear sea ffice modefls. Te dffifferent coflours ffin panefls (B,C) 
represent the three ffindffivffiduafls ffor whffich effither σ <.ε̂ 001u,  or σ <.ε̂ 001v, .
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the modefl’s capacffity to separate process and measurement error parameters, ffis to assess the extent off correflatffion 
between these estffimates (see Suppflementary ffinfformatffion: Appendffix H ffor detaffifls). In the maxffimum flffikeflffihood 
context, a pflot off the flffikeflffihood surfface can reveafl a correflatffion pattern symptomatffic off an ffidentffiffabffiflffity ffissue20,47. 
In a Bayesffian context, a pflot off the joffint posterffior sampfles off these two parameters can reveafl sffimffiflar correflatffion 
patterns (Suppflementary ffinfformatffion: Appendffix H). Whffifle ffew methods have been devefloped to fformaflfly assess 
parameter ffidentffiffabffiflffity probflems, data cflonffing53,54 and the symboflffic method4,55 are promffisffing avenues.
How can we avoffid these estffimabffiflffity probflems? In many cases, a flarger sampfle sffize can heflp (see 

Suppflementary ffinfformatffion: Appendffix B). In partfficuflar, Dennffis et afl.50 demonstrated that sampflffing repflfficates can 
substantffiaflfly ffimprove the capacffity off SSMs to dffifferentffiate process stochastfficffity ffrom measurement error, and that 
ffit may be advantageous to desffign monffitorffing programs wffith mufltffipfle repflfficate counts per survey rather than 
ffincreasffing the flength off the tffime serffies (ffi.e., number off tffimes the survey ffis conducted). However, ffor many obser-
vatffionafl studffies, ecoflogffists are flffimffited ffin theffir abffiflffity to gather more data and, ffor movement data, ffit ffis offen 
ffimpossffibfle to have repflfficates off flocatffion estffimates. An aflternatffive ffis to ffincorporate ffinfformatffion on the measure-
ment error. As we demonstrated ffin our sffimuflatffion study, when we ffx the measurement error to ffits true vaflue, the 
estffimates off the other parameters ffimproved. Whffifle some parameter-estffimatffion probflems persffisted, theffir effect on 
the state estffimates dffimffinffished substantffiaflfly. Sffimffiflarfly, de Vaflpffine and Hffiflborn47 demonstrated that knowffing the 
ratffio off process to measurement varffiance woufld ffimprove parameter estffimates. In a Bayesffian fframework, specffiffy-
ffing ffinfformatffive prffiors ffor the measurement error coufld heflp make the other parameters ffidentffiffabfle and ffimprove 
the state estffimates11,49 (but see Lefle and Dennffis52). Another aflternatffive ffis to estffimate the measurement error and 
process stochastfficffity outsffide off the SSM fframework usffing the prffincffipfle that the measurement error ffis uncorre-
flated over tffime whereas the process stochastfficffity ffis temporaflfly correflated56. Estffimatffing the measurement and 
process standard devffiatffions offffine reduces the number off parameters to estffimate wffithffin the SSM fframework. 
Usffing restrfficted maxffimum-flffikeflffihood, whffich treats ffxed-effects parameters (e.g., ρ) and varffiance components 
(e.g., ση

2, σε
2) dffifferentfly, can aflso be vafluabfle to remove bffias ffin SSM estffimates50. When the estffimatffion probflem 

resuflts ffin varffiance estffimate cflose to 0, one can flffimffit the estffimate to ffinterffior (non-zero) soflutffions16,19. In partfficuflar, 
Dennffis et afl.16 suggested tryffing a varffiety off startffing vaflues ffor the optffimffizer used to numerfficaflfly maxffimffize the 
flffikeflffihood and eflffimffinatffing aflfl soflutffions that ffinvoflve varffiance wffith near 0 vaflues, even ffiff one off these ffis the gflobafl 
maxffimum. Fffinaflfly, restructurffing the modefl can heflp reduce the probflem. For exampfle, ffin the poflar bear exampfle, 
we coufld create a popuflatffion modefl wffith a sffingfle measurement error parameter ffor aflfl bears. Even ffiff the process 
varffiabffiflffity contffinues to dffiffer between ffindffivffiduafls, usffing one measurement error term ffor aflfl bears sffignffiffcantfly 
decreases the number off parameters to estffimate and ffincreases the amount off data wffith whffich the measurement 
error term ffis estffimated. As a generafl rufle decreasffing the number off parameters to estffimate and ffincreasffing the 
amount off data wffiflfl heflp reduce estffimabffiflffity probflems.
Not aflfl parameters are equaflfly affected by estffimatffion probflems. Forester et afl.45, who devefloped a flffinear 

Gaussffian SSM ffor anffimafl movement, demonstrated that coeffcffient parameters assocffiated wffith covarffiates and 
an ffintercept ffin the measurement equatffion are easffier to separate than process autocorreflatffion (equffivaflent to ρ), 
measurement error and process stochastfficffity. Note, however, that aflfl off these parameters had cases assocffiated 
wffith estffimatffion probflems. For exampfle, the coeffcffient estffimates were bffiased when theffir true sffimuflated vaflue was 
not equafl to zero. Humbert et afl.57 suggested that ffin the case off exponentffiafl growth SSMs the popuflatffion trend 
parameter, sffimffiflar to an ffintercept ffin the process equatffion, was offen weflfl estffimated and that ffincreasffing the precffi-
sffion off the abundance estffimates and the flength off the tffime serffies, more than the compfleteness off the tffime serffies, 
coufld ffincrease the perfformance off the SSM. Tffis ffurther ffindfficates that ecoflogffists shoufld cflosefly consffider modefl 
fformuflatffion, and that the estffimabffiflffity off parameter shoufld be assessed.
Iff we cannot resoflve the parameter estffimatffion probflem, we need to account ffor ffits potentffiafl effect on our 

ffinfference. One way to account ffor the estffimatffion uncertaffinty ffis to use a parametrffic bootstrap to get CIs on the 
parameter and state estffimates16,45. Tese bootstrap CIs requffire sffimuflatffing the modefl usffing the estffimated param-
eter vaflues and re-ffttffing the modefl to each sffimuflatffion. Te 2.5th and 97.5th quantffifles off the estffimated parameters 
and states then becomes the 95% CI. Tese CIs dffiffer ffrom those we caflcuflated ffrom the standard devffiatffion 
reported by TMB. However, because TMB ffis orders off magnffitude ffaster than MCMC methods13, ffimpflementffing 
these parametrffic bootstrap CIs woufld be computatffionaflfly ffeasffibfle, even ffor compflex modefls. Note, however, that 
the varffiabffiflffity ffin the estffimates off our sffimuflatffions suggests that these CIs woufld be flarge and woufld offen approach 
the boundary off parameter space.

Concflusffion
We demonstrated that even sffimpfle flffinear Gaussffian SSMs can have parameter estffimabffiflffity probflems and that 
these probflems can affect our ecoflogfficafl ffinterpretatffion. As parameter estffimabffiflffity probflems have been observed 
ffin other hffierarchfficafl modefls and because the ratffio off ffinfformatffion content to modefl compflexffity ffis expected to 
decrease wffith ffincreasffing numbers off hffierarchffies48,52, ffit ffis flffikefly that these probflems coufld occur ffin more com-
pflex fforms off SSMs. Estffimatffing ffindffivffiduafl varffiance components ffis notorffiousfly dffiffcuflt. SSMs do not escape thffis 
dffiffcuflty. Whffifle estffimabffiflffity probflems have been dffiscussed ffin the context off a ffew specffiffc popuflatffion dynamffics 
SSMs (e.g.16,19,20), the voflumffinous flffiterature on SSMs has paffid reflatffivefly flffittfle attentffion to these probflems. Such 
flffimffited apprecffiatffion off the estffimatffion probflem ffis partfficuflarfly dangerous because SSMs are usuaflfly advertffised as 
provffidffing the means to dffifferentffiate process ffrom measurement varffiabffiflffity (e.g.2,46,58).
It ffis tffimefly to warn ecoflogffists off these dffiffcufltffies. SSMs are becomffing the ffavoured fframework ffor anffimafl 

movement and popuflatffion dynamffics. SSMs used ffin ecoflogy are becomffing ffincreasffingfly compflex (e.g.3). In addffi-
tffion, toofls to appfly SSMs to data are becomffing ffincreasffingfly avaffiflabfle. For exampfle, R now provffides a varffiety off 
packages that fft SSMs59. Untffifl recentfly, SSMs were appflffied by statffistfficffians or by ecoflogffists wffith a strong statffistfficafl 
background. Tese researchers were more flffikefly to be aware off potentffiafl estffimabffiflffity probflems than most ecofl-
ogffists. Researchers have questffioned whether ecoflogffists have suffcffient statffistfficafl traffinffing to properfly ffimpflement 
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hffierarchfficafl modefls and have suggested that unffiversffitffies shoufld start ffincfludffing advanced courses ffin statffistfficafl 
modeflflffing ffin theffir ecoflogfficafl programs (e.g.16,60). Iff the flffimffitatffion off SSMs are not emphasffized, the better accessffi-
bffiflffity off toofls to fft these ffincreasffingfly compflex modefls are flffikefly to flead to many undffiagnosed estffimatffion probflems 
and ffincorrect concflusffions.
Whffifle SSMs are powerffufl toofls, they can gffive mffisfleadffing resuflts ffiff they are mffisused. We beflffieve ffit ffis ffimpor-

tant ffor ecoflogffists to be aware off the potentffiafl estffimatffion probflems off SSMs. Investffigatffing the flffikeflffihood profffle, 
ffincorporatffing ffinfformatffion on measurement error, and accountffing ffor estffimabffiflffity uncertaffinty are aflfl good ffrst 
steps. However, we urge statffistfficffians to deveflop ffurther toofls that can be used to dffiagnosed such probflems and 
these shoufld be readffifly avaffiflabfle aflong wffith the toofls to fft SSMs.
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