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« ... " ABSTRACT

N Ve, o . .
5

. : . N Y
‘ ~A'new method for solving systems of limear equatjons with anivariate polyno-
- mial compounents over an integral domain is developed and analyzed. The method
first cbnstructs a truncated  power . series’ repgesentation of the solation and, if
- required. the solution is then converted into rational form.

~

- The conversion is siccomplished by constructing a sequence of Padé approxi- .
mants for the components of the solution vector of power series. The algorithm
developed for this purpose is two orders of magnitude faster than competitive .
methods, - o : ' ,

It is shown nmt the prdposed algorithim is asymptotically xuperior to competi-
tive methods whenever cither the solution is required i power series form. ‘or in
reduced rational form. On’ ythe other hand. if the solution is required in rational
form, but not necessarily in- rectuced rational form. ‘it is shown that fraction-free
methods are asymptotically superior. ‘ Lo . o B
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‘ Chnpterl
' Introduction - o o -

-

Let D be an mtegral domaln and let D[z] denote the dommn of polynommlq in,
the mdetermmate ¥ wnh cocﬁicnents l'rom D Furthermore let D[z]] denote the :

domain of formal power series in the mdetermlnate z wnh coeﬂicnents from D. Then
. 4 “ !

: D[z] and. D[[z]] are mtegral domalns and DC D[z] C D[[z]]

L

In the development of thls thesns we make reference to the ﬁeld of quotlents FD

) -

l’or D ( EFD iff a, be¢D and bayf) We then rel‘er to the correspondlng polynomml |

| .domain FD[z] and power series domam FD[[z]] Fmally, t,he field of rzmonnl func-

* tions over D in ‘the mdetermmak z(i.e., the field of quouents l'or D[q]) is denoted by ’

.

i e ¢

lt ,
In thxs thesns we consrder the problem of solvmg

l{r F(z) €. D,,(z) the system ol-“ :

llnear equauons

-

- M(z) F(z) G(:r) 3 R q ~ e - R ll,l)

| ‘where M(z) is a matnx of order n and G(z) i 7/a vector ol' length n, bot.h wnh oom-

' ponents in D[x] Notatlonally, M(z) € D,;' z] and G(z) € D,,[z] To descnbe the" '

P ’eﬂ’ectrveness of varlous algorrthms dlscus ed for solwng (l L), we. assume that the_ff”

- degieesof the P°*y"°m'a's in M(z) and'G(z) ate all bounded by 3 in additios, we

o7

. j' assume that the sizes (m D) of the €Ot

lﬁcneuts of the polynomlals ln M(z) and G(z)

are bounded by a The snze of an ement. dED is (loosely speakmg) the amount ol’ :

R storage requlred to T present. d oy/a computer, m terms ol' blts or words‘ LR b s

:,.v.*‘,a‘ ,/-

The problem ol solvnng | l) when D |s 2 ﬁeld has been mvestugated extenslvely
For such a domam t.he '. 1 assumptlon nn the develoﬁifent and analysls of algo-

. EE [P S s EEET




L

rllhms is that all operatlons inD reqmre a constant amount of trme Thus it is ade-' ‘
. 3 .

,quate to assume that 8-1 Ina computlng envnronmen’t t,l:us assumptlon is jusplﬁed
l’or*some ﬁelds (e g the field of |ntegers modulo p, or the field of real numbers xf

ﬂo.mng pomt numbers provnde an adequate approxnmatlon), but not fogt){hers (e g“,

. - < o
‘tho ﬁcld of ranonal numbers for \Vlll(‘ll the cost of : an operauon depends on the snze of

3

the rational numhers involv ed) When D isa ﬁeld the algornhms commonly used l'or

«@mg (l M clawlﬁed mto three gcneral categones A

. \' ' ‘.,‘ . " ‘ . _",.‘ o ) \
Thc first is the category of fractlon-free methods developed durmg the 1960 s by

A}

.Bnrmw [1] 'md llp%on [11], »;hnch are pased on Gaussran/ellmmatlon When perform-

v

, l‘ng a row opcratlon dunn{t he trrangular decomposmon'of the matrlx M(x) by Gaus- ‘
-:‘smn ollmlnatlon the pn ot row and each target row are multlplled by approPrnate ele-
e

)

.meuts from D[;] to, ensure thnt thc resulung row is contalned in’ D[z] rather il nin

. <
D(r) (hcnce the “hame l'racuon fre'e) However the eﬂ'ectlteness ol' the -various

l'r')('tlon free methodq is reallzed only when: l'actors known to exist (an(l requmng no

. '

(n(D compm'monﬂ) are ewtcmancallv remowed from '(he resultmg rows, »\s a ronsr- .
qucnce the (levrecs of the components grow lmearh rather Lhan expononlnll) fdurmg‘ .

the ellmmatlon ngglnson [9] shows thabthe l'ractlon I'ree algorlthms requnre‘

I

(8 ns)operauons lnD ; , L . P

ln the ﬂecond categor} are"- the modular (or congruentlal) and e‘aluatlon-

'

!

_A mterpolat |on methode developed and studned by McClellan [14] Llpson [12] and oth- E :

"

‘ y:rq in t,hc 1940 s Modular technlques are app,llcable when the domaln (D[x] in our B

case) isa Prlncxpal !deal Domam Flrst the lmear syseem (l 1) is solveq modulo a set" RICERE

s!then obtamed by applylng the Chll}ﬁsﬁ Remamder Theorem to these results : |

Wheg the ldeals all correspond to relatlvely'f prlme polynomlals of degree--one (1 e ,

,.modulo opSrat.xon i

: when the’generator" of the ldeals are polynomlals of degree one),

ol' ldealw |e 5 |n our caﬂe, a set ol' relatxvely rlme ol nomlals) The solutlon |n
, ‘P P ¥




B |

corre%ponds to evaluatlon .and the Chmese Remamder Theorem is - equnalen‘ to
' t«‘
mterpolanon (cf Ltpson [13] Note however that evnluatnon mterpolallon ‘

7 N
» met.h'odse e applied to problems outsnde Prmcnpal ldeal Dommns (see McCIt-ll'm

0 ¢

[H] w ho applles Upis method to. multlvarlate polynom‘hls over a ﬁeld) For our prob-

O(Sn.‘) operatlom in D, The mterpolat{on step to struct the so_lution in D,,[.ri L

N
-

‘reqmresnan‘addltlonal 0(8 n’f operatlons in D - Hence,, the compk‘\ny of

v:xluat:on mferpolatnon methods (and therefore. also, ‘the complenty of mo(lul.xr ‘

"

| methods) is O(8-n"+ Sn‘) (see McC lellan [H] for a det'uled anal\sm) , S /

. L e ' . . Lo . — ‘ . . R
- Y S o> .
. .

, The thrrd and final category contains the. power series methods deveTopcdf“,@:'

L

- 14
o

- mamlv in the 1980 They were. ﬁrst proposed'by‘Moenck and C'll'(el‘ [lo] :md

m\ol\e thc constructlon of sudcesq:ve tarms ina p0wer senes repreqentatlon I~(.r) of. ‘
‘o B
\ F‘(.t} in (l l) l\fter 28n+l such terms have Beeu conrputcd Pade theory allows the-‘

-

| constructlon of the emo’t squtnon.F(.:) E D (I) from F(:) (we poqtpone .my detmlt‘d\

s (llecuqston of P'tde theor\ unnl Ch'xpter 2) C ah’t) and Domzy (3] i |mpr0\e the power, e

ﬂerle% method and show that Its complexnty.ts_OJS n ) ‘

R . L Sl . o . R | . N -

. ) BRI . . : L

v v, . i B oo e e -'t
N /‘

0

ln %ddmon to the eomputatlonal superlonty of power senes methods over‘ .»..'".

[N .
\
|

fracnon-free and modular (evaluatlon-mterpohtlon) methods they provnde a trun-‘

.- N ”.-.n
_ﬁ, S _‘ Lo . : ®

cated power series solutlon to (l l),as an mtermedmte resultpr-' Such a qolunon ja- uses"

ful 1o Marl‘“ ch'nns ﬂo“graphs codmg theory. and clrcult theory (c f Llpuon [&}

[1‘2] for further‘dlscussmn) Another ad\ antage o__:‘[‘)ower Senes methods is. that the.';;

3

ﬁnal ratlonal solutlon obtamed IS m reduced form whlch IS not the ca«e wnth ﬂther“"

. t‘ . L Lo e e
* “

the fractlon-free,or modular (e’valuatxon-mterpolat|on) methods 11 L

i8]
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When the linear system (1.1) has sparse polynomrial components none of the

nbove three categories of methods is particularly suitable and several other tech-

-

niques provide significantly better complexity results, This is the central issue of
Horowitz and Sahai [10], who review and .compare several methods under three gen-
cral models of sgarsity. Gentleman and Johnson (6], Griss [8], and Smit (16} also

preseat variations of these algorithms and analyze their complexities under sparse

s, . .
conditions, . \

The problom of solving (1.1) when D is not a field has also received attention,

i

but mainly for integral doifiains of a special nature, such as when D is the domain of
integers or when'D ix itself the domain o.f polynomials. McClellan [14] and Lipson.
[l.)] (‘xplo‘r(‘ modular mo(%!s to reduce the problem (with cocfficients over the
intogr:|| domain D) to a suitable number of similar problems with cocflicients over a
field, rather than over D. The reduced problem over a field ¢an be ;olved by any of

the methods already described, and the solution over D can then.be reconstructed

with the Chinese Remainder Theorem.

In our research. we make no underlying assumptions about the structure of D’

-

As a consequence, the methods available for solving (1.1) are the fraction-free
~methqds of Bareiss (1] and Lipson [’l l] Ger;;mlizing the cost analysis performed by
liigginsou [9] from the imégcrs to an arbitrary integral domain, it is easy to detcr‘-
mine that the.cost of fraction-free methodﬁ for solving (1.1) over an arbitrary integral
dommn Di Is O(4°8"n") unit operations in D B\ unit opef':mon we mean the time
roqmred to perform ao operation in D relame to how the operands are stored. if
‘w;or'\ge is mcmured in terms of blts. then a ught operation is-the cost of a bit opera-

tion. If storage is measured in terms of word\, then a unit operation is the cost of a

‘word operation.
‘:b .

.
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A é . '

In Chapter 3 we generalize the power series method for solving (1.1) from a field

to'an arbitrary integral domain D, This method has three stages, First, a truncated
‘ . 1¢a

power scries solution F(:) in D,[z] is computed, where r=4d: is a substitution

defined in Chapter 3. We note that this is not, directly, a solution to (1.1), but with
1

a simple substitution we can obtain the truncated power series solution F(:) in
F”"[I,]', l"ﬁing F(:). a rational s«>lu}ion F(:)in D"(:)\ is calculated by making use of

N .
Padé theory. Finally, thednverse substitution yields the exact solution F(r)in D,.(1)

-
-

to (1.1)) ' : . ‘

The cost of computing 26n+1 terms of the power scries solution is

a . Se R . L . . .
O(9°8*'n"+3-8"n%), This, we shall show, l:\;t{ﬁiﬂ(\ﬂt. to completely characterize the

corresponding rational functions. As noted earlier, such a solution i of use in
flowgraphs and other problem arcas, In applications where fewer than 28n+ 1 terms

of the power series solution are required, our method it therefore a clear winner over

fraction-free methods. except, perhaps, forlarge 8 and small n.

.
When the solution to (1.1) is required in rational form, the conversion of the
tTncnto(l power series solution to rational form is required. Conversifn algorithms

are the subject of Chapter 2, and the new results on Padé theory obtained therein are

A
i

contributions in their own right.

~

Padé fractions over a ficld have a long established history in mathematics with

-
- '

applications.in a variety of ficlds (C -agg [7] provides an excellent survey). Cabay

)
-

and Choi (2] develop a fast algorithm for their compytation and provide a compara-

tive study with other algorithms.

v
- i

For the computation o

-

f. Padé frac.tion's oxer an arbitrary integral domain. the -

algorithins available are those of Geddes [5] and Cabay and Kossowski [4]. For the '



' -~
convoraion of the soluhon vector of power series to rational form, the algorlthm

IPADE of Cabay and Nossowski (which they show to be superior to Geddes'). rcqulrcq

O(3-8%n* unnl operations in D when the power series are normal, and may require
I Yy req

.

up to O(a S‘n'”) unit operations in the abnormal case.
. ’ : .

,

+ The cost of conversion using JPADE is therefore not satisfactory, and in

/]

(Thnpkcr 2 we take advantage of the special propenyl o!' the power series in .the sélu‘j
tion .vcctibr (namely, that they are Mpansibns of'i'atioitxal functions) to reduce the cost
ol JPADE. The rowultmg nlgorlthm usmg Jpadc has a complvxny of O(a 8‘ 7)
when '\Il of (he\power series are normal, and can reach a complexny of O(3°8°n?) in
the abnormal case. ‘It sbould be noted that sevcrely abnormal prob‘lems are highly

L} \
exceptional, and for practical purposes the complexity of the conversion. using Jpade,

.

e (e . '
ix realistically O(8°84n7). ‘ : ¢

\ ,

It is shown in Chapter 2 th\:\n, when the integral domain is a GCD d'omain‘(c.f.

l,ipson.[l3], pp. 132), the rational functions obtained by .Tpadc are in reduced form,

except, perhaps, for some elements from D. On the other hand, the solution obtaincg__,_

P

by fr.;xclion-free methods is not in -reduced form. Because of the duality of JPADE

with Euclid's extended algonthm (c.f., Caba) and l’\OSSOW‘%kI [4]). the best av ailable

algorithm for roducmg the ratloual solution obtamed from the fractlon free methods

i~ JPADE. The cost of this rcductlou is exactly the cost of converting t,he power

serics solutions to rational form using .‘l_padc'. that is, O(3%8*n) ubit operations in D

inthe normal case, and O(3°8%n®) otherwise. Since it is less costly to compute
26n+1 terms in the power series"representhtion of the solution than to compute an
unreduced ‘rational reprewentahon by the fraction- free met hods, the power series

- met hod is asymptotically wupenor



»

For problems where the solution is only required in ratfdnal form, but not neces-
~sarily in reduced form! the O(3°8%n7) cost of the fraction-free methods is asymptoti-
cally smaller than the total cost of the power scries method us.ing jpad(, which ix

o(ais*n7+a-‘8‘n5+ 3°8°n®) in the normal cm\c:, and O(3°85nf+ 331y°+ 3°5"n%) other-

wise.  For practical purposes, an implementation is required to provide a true test of ‘

Lo . A
superiority between the two methods.

"

The following no(ﬁtion is adopt'ed throughout this.-thesis.: Complex objects s‘nu‘h
as mntrlcés and vectors are given capitalized names. Their componcnts are similarly
namecd and delineated b\ subscripts, Thm if (:(1) € D,,[:] (h(‘n the ith compomnt
<of the G(.r) is denoted (:(z) ~Simple elemon}s such as scalars, polynomials and

power series are given lower-case names. Their components are similarly named and
‘*. .
~delineaged by parenthesized superscripts. For example, if A(r) € D, [[£]}. then
. A i

,

N v

Az) =3 Al
1=0

v

where AUV € D, for all i=20. In/C'haptor 2:it is necessary to make use of soquvcm“m.‘

We find it convenicnt to use subscripts to delineate the elements of the scquence.

” s

Due to the order of presentation, it is not possible to confusc'elcmenls of a sequence

with compononls of 2 vector or a matrix as only snmple (lower-caseé) objects are used

‘in sequences.. Morcover, the use of sequences is conﬁned to Chapter 2, whereas the

use of vectors and matrices is confined to Chapter 3.

3
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‘ Chapter 2

" Padé Fractionu Over an Integral D.omain“ .

[

In this chapter we.examine the problem of constructing Padé fractions for a

* ' LY N X .
. nnivnri:\to power series’ with coeflicients over an integml domain D when the power

1 v

serics 13 known to samf) ccrnm constraints. The algonthm developed for thls con-

.
-

struction is uscd in Chapter 3-to-solve Imear systems of polynomials over thls same
vy .

\) .
integral domain D. T a

!
’

~ As noted in Chapter 1, substantial work has been done in Padé theory for power

s(‘riox over a field. Until recently, however, oluuons to problems in an mtegral
h

domain D{[:]] were conxtructed by ﬁrst embeddmg them'in Fp|[:]] and then applymg
con\ontlonal 'llgorlthms*ﬁ'o obtain results in FD( ) These could thexr'be converted" -

into results in D(z)'in a systematic manner (c.f., Cabay and Kossowski [5]).

Unfortunately, operations in F, experience large growth in.the intermediate !

3

cocfficients used in the computation of the sélution. GCD algorithms may be used to

remove common factors at earh step, but this doés not provide a réason:ible time.

.complc}(in C-eddes [6] presents a method for computing Pade fra(‘tlons where all =
o l

. opor'mons are performed in D Hls method lmolves speafymg a hnear system (a
H'\nl\cl system) whose solutlon is the desnred Padé fraction and then solvmg tlm 5) s-

tem uslug fraction-free methods as descnbed by Barelss [l]

Caba) ‘and l\ossowsh [5] unite the algomhm of Cabay and‘ Chon [3] for the com-

put:mon of scaled Pade fractions with algomhms for computmg greatest common
divisors of polynomlals (t f., Brown [2]) to obtain their algornt,hm JPADE. JPADE

‘also performs all its operatlons in D, but is com%&tmnally superior to G'eddes‘ alg’o- -



Ao W . . ]
. . .
\

“In &hls chapter we present a new algonthm Jpadc whlch for a pair of power "
series (a( z),b(z2 )] satislying certain constraints, is able to solve thq probi’em substan-"

llally faster than JPADE. L , . . o . ! . )
. o . N e -
In, Sections 2.1 and 2.2 we present some of the ceatral notions of power scries

. rcmnindér sequences of Cabay and Kossowski' required to undérqtdnd JPADF In

»

Hectnonﬁ 2.3 and 2. 4 we presengthe special constraints o a( ) and b(:) that we havo '

hmtcd 'n, and relate Cabay and l\os:wWSkl s results to our own. ln bcctlons 2.5 and
¥

2.6 we give the algorithm Jpadc and a cost analysis. Finzilly. iﬂ;Section 2.7 we

explain how .‘I-pade may be o{ use in solying linear systems given by’(\l.ll ).

We introduce the two formal power series

di)= BakreDl]

1=0 . A " At

and "

b(z) = z_:ob()~' € D[] . | o " ,' . (:} 'I

———— . . . . B ‘

- s

. ‘ ‘ Voo ;
where 6(°) # 0. These definitions will be used throughout this chapter.

?2 1. ;Power Series Remainder Sequences = . A -—;‘
A.‘ . ‘ . .‘ / . ‘ " . ‘ ) ‘, . o "
~ In attempting to deal wrth the problem of compuung the GC‘D of two polynoml-

als. the concept of a poly nomml remamder chumce is |q§duced (;f .Brown [2])

Thls de‘pends on the nouon of Polynomml \eu(lo-dmsnon (c.I., }\ﬂ“lh [12] pp 364~ - 3
377'). ) thn secuon we detall Cabay and l\ossowskl 8 ex(teasnon °f th's concept to ’

power. series remalnder sequences and~pewer sencs pseucﬁ—dwlslon» o v; |




n '*“""“.4’ \ "i\ ) .
' Deﬁmtlon 2. 1 G:ven the power s series a(z ) and b( z) deﬁned by (2 l) and (2. 2)
- \ .
- and a non- negatlve mteger 3, let >,
'—1(3)"= a(z) -, : ' ; ' - oo (23)
Care(z) = b(2) , : o o , (2.4)
and N p . ’ o
Celm1Lt R h ‘ Co(es)
‘ “ ' ' . ) ‘ ' 'P Al - ' 3
The schence :

'{”nrrl(:)}--—l,op (26)
is said to. be a power series remainder sequence (PSRS) for (a(z),b(z)) with

¢

. respect to s, provided that

‘ ' ‘ Vi
" . . ‘
Qg F—(2) + 0,00 (2) - ri(z) = 27 1‘“ Biat reer(2), 1=0,... v | (2-7).
N " ) ,"\. ‘. | ‘
where for all /20, .  , ., L S T Coee \
’ . ‘ y ‘ . | ' " ‘ | . o . l\\'\
(1) Xye Bi«n €D, - S L . o - . \\
(2) e .+.( )f' Eom WD)
R 1=0 " . LRy '

‘(3)y }i#l(:) E D[[z]], and. ~
(1) a,-”' is either a positive integer VOI“J',.H = +. By convention, arl‘yé +oif .
and only if.r,Ht(é) = 0. ‘O'thel"“"'ise.‘a',ﬂ is maximal such that rie1(0) # 0.

. .ln (2 7) w,“( ) and r,,,( 7) are called the power aenes pseudo-quotxent and '

power senes pueudo-rema.mder, respectlvely,.on pseudo-dmsuon of r,_l(*c) by
r(z )relatlsetoa o o R S
' e . ; S , . o . . Y ».L



O ‘ )
L ‘ BT
B | . o : | - * ‘ |
Correspondmg to the PSRS (2 6), Cabay and }\ossowskl (5] also glve
Deﬁmtlon 2 2. Gnen the PbR‘S (2. G)Lthe seq%nce )
o r ’ ' i “v'. N I _’. . . ' . . ) ‘, . N .
K {“n( IRAE )}.-—10 R - R \, (2.8)
, ' ~- L \ o Y ‘
|sthecofactorsequencefor ( a(z ),b( = )) lfu( ). v( )ED[] ) R )":. B
u_{z)=0.. . vlh,(.a) = :"0"’.”' \“
. . . LY I !
~ip . ' b ‘ (2.9) t
W) =1 )= 0 "
and for s=0.1.... , u,,,(:) and v‘,,l('z'))are dcterminc‘d 'by_ .
Bess U4(2) = :"“'—! .+1". (2) + “’-M( ) "( ) "', ., U . (2.1:0) o
|+l ".H(@ = M- a4V 1( )* “’un( ) v( ) . , T (2.0) ¢
. —= ' i ' a <
The power series pseud6~quqtient @)4,() is'calculated in D[] by solving
SN I PR e #
R A S e B N TR TR

r.'(a")l‘.“' rQ(O) 'w"f\'t("‘,’ : C f.-l"(") S “' | /\\

A PQRS can be determmed by selectmg Ry = ¢, " (whcre c, - r,(O) for all“ |

: “2‘1) Md B.+, = 1 in (2. 7) Uﬂfortullately, thns chonce of a,“ and B,,, allows'i_'
e\ponemnl growth in the coefﬁclents of u,( ) v,( ), and r( ), whlch is- lllustratod by
ExamPle2 3 Lct | X STy | 5

()- ‘ | r-,(é) 2 + 3 2= 538 :~ + 8”16 3 - ”16,6 o) + 656130 25 - 887"897 20 .
- | + ll7°383-55 LU 1"18910918 2+ 10946871990 2= 15811409073" 10

+ 1865933164067 z" < "069455"958140 z"" + 233361966173612 z" N

- °7153475"1336995 LRk 313248016477 895 Po (2 13;

=<1,

where Dis _:t?h'e déni:z'}ip";if lntegers ”\\_vv'i_t_'h./{oi 0, (27) yiélds' | h



: ) ‘ \ .
! . . X i

.
’

TR

r(z ) =73 ~538 ; + 8216 * = 71676 z3 + 656130 . +
ri(z) &~ 264796 + 4205180 2 — 36593298 22 + 326379249 20 + .-
"ry(z) = 990981997092 ~ 14982621326820 : + 114490402001640 2* + ;
rs) = —"89775381595551581118031340179’7 + 93"39!4136385003084078116"4430”4 :

-

. ‘ P ;
) ?’b( 1- 5004’!l674770589'."3797700"1600508356”51“8"l014l979381341876671“07"769541080160 + . .
L=

.- )p’. .

C}ab'.'\xy‘qnd l\'oss'owski provide. a definition of B,+, thatikeeps the growth of the

coefﬁcuems in u,(z) v(z 2 and r,(z) linear with respect to’the. vd;vzgryee‘ of ufz).
'3pec1ﬁcally, o s « ’ oo
. d:,n = "l,'”‘ 120 ‘ B (2-14;)
and ' C
_‘(_‘l)no-bl’ '.=0" . o '
Ba={ s
" e A+ 1 Ty " NS . IR / . a
. (_l)' “.C.'-ll‘"..—.l v 1 >0 . . . . f
.+ where ' . I . e . ‘
0000‘" - ..,=%' g » . . ‘
b, = e (2.18)
‘ c"l hi—l‘l-"’ ll>0- N

-

Repeatmg the calculatlops in Example 2.3 thh 3.4»1 glven now by (2 15) the ‘

decreaqe ln growth lsdemonstrated by C G e

@ o

Exa.mple24. _ . (

. vr-.( )=2+ 3:- 5382 + 8"16 22 716r6-" + 656130 2%~ 887"897 o ‘
o + 117"38355 &t - l"1891"918 2+ 12046871992 2% — 158114090732 0
| +1865032164067 21! = 20604552058140 212 + 23336196617361" EL)

| - -"’715347501336995 z" + 313”480164772"896 LRI SRS
Cmlammr D L
onle ) =3 —-538 z + 8‘216 2% - 71676 z3 +, 656130 z‘ - 8872897 z5 + S e
R -

%

3"6379"49 33 + 4421903501 4 + '- S

s ) = "64796 - 4"05180 + 36593”98 2 -



"3( ) = l10109110888 - 166443570"980 + 1-07"1155777980 2 - 85645!07500!"4 13 + .

- . ) oz ) = 5l0°15180"9"756"5‘7 - 1641687l764l"l 76644 2 + 8”[3689063647"4953"8 x* 3

‘r5( ) = 14'7180504"71“l"66085(05°585 = 30"060394595010888l°9"-l785!} + el
: ' : — ‘ o T
' The removed factors B,,, are . ‘ ‘ S - o
‘ NG - -

I L
Bg‘?r‘-‘l" - . " -
Bmo L
B, '0116921616 RN . R .

B

!
121240163005: 158@148544 <

-

B

f . C e v
- Let m, and n; be deﬁned as’ followa;\ :
e : ') ‘ . , ' . s . B
a ’ .‘ "l_l.=l _l,‘ ‘ .‘. n_|'= ;80— l,' . ‘ . - K [ ' C ' (2.]7)
and ' ) ! " oL o K { ‘ ‘\l | |
“y'nlﬂl-"—' m,+s;, R Ry = 0, +a ., s= 1,0,‘.,‘.‘.'; . T, ~(2.18)
‘Then we bave tbe followmg thcorem due to Cabay and l\oss.owskl S ‘

Theorem 2.5. For 321 Lhe PSRS (2 6) and the correspondlng cofactor sequence

. ‘(2 8) satlsfy ' o ! ( * ‘ .‘ “ - :‘ . “‘ C ) ‘ : ) . 1 ’ * '. ‘ . ' v. , I vv». .' Y . ‘A'.
(1) v(O) #0, L A ‘ B

2) v.( )+ b(z) - u.( )=‘z"' v .( SR L a9y

B (3) mm {m deg(u (. )) n;— dcg(v(z))} = 0 and _ { |
(4) GC'D {u,( ) v,(z)} = h for some hGD . ¥

Thu.s. u( )/ v(z) is a Pade fracuon of type (m,,n,) for the panr (a(z) b(z))

. oy
wbere




A
-— \ y ‘ ' . '
\ ' | —ne
\

'

Deﬁm‘tnon na The expressnon u( )/u( )e D(z) is a Pade fracuon or type(m n)
forthepalr (at: )b )) o | _17 T
M(l)‘_.v(ﬂ)#o - S T R S
@) el ols) 4,8 U()=0(”"”‘“)T. .

(,%;') 'deg(u( ‘)Sm deg(v( ))Sn and o ‘ . o

- ‘ P PRI

‘1 ' (4)..(’CD{“( ) vz )}‘3 h, forsomehED co | . L A l-

2.2. Resultants Fo.rPov'vler,SerieaW o S .

One fundamental result on Pade fracuons is thelr relauonshlp to resultants ‘
“ae, ‘

" (dntcrmlnants) (c f Gragg [8]) ln .this sectlon we hlghllght the work of Cabay and oo
l\OSSOWSl\I (5] whlch relates resultants to power series remamder ‘zequences Thus “
tTle lternt ions (2 7). (2 10) and (2 ll) for constructlng a PSRS and the correspondlng" '

; cofactor scquence provndes an algonthm for computlng resultants as well as Pade ‘

»

‘ fracnon_s.l C S ,: 4 " G ‘ , S C

i ’ ] A o AR ' "'f:"'- R //— g o

Deﬁnltlon 2 7 leen formal power series a(») and b( ) deﬁned by (2 l) and ,
(2 2) a.nd non-negauve mtegers ] and k, deﬁne the follownng resultants t *
R R ‘ L . L
..... é " J‘;/

v + Tht i gebrarc) O-symbol lndlcates that the. nght snde is.a power senes besmnmg wnth t.he o . L ‘

- power:sM¥ntesl , 0SS ®, k= '+® means' Qhat a( EXTE ) + b(z) u(z) =0 . . Sl T
S IM] is zhe determmant ol bhe matan B L R, STy




: /l‘ Y . a(o?'
, /‘ o o N . S

alb, T gt

Y |

s o

I R BT Y A BT

—_— al®.

| SRR L Y
N 0(0?

) a“) - a(O)

00

) el

aU*H) T gl) U

S P ) N (1

 l z"“
YU
b0 N b(0)

Yoo

o

I R 3

“
b
‘ bl

el b(z) ‘.

b0 |

oler |

‘.',“

- .‘Cle‘all"ly. ,(./;'g("a,‘b‘,_z‘), : V,,,(a,b,z) € D[:} a}nd" (‘vi’_,-'_g(v.dj,“l)‘,-z:)‘; GD[[z]] :()Ahe‘lr'cl::’;,ti‘dh-“‘- o }

c 'sh‘ivp (‘c’.:f. dragg [8])."pn ré_.sdltéﬁts' ls -

"‘I’

‘and o=

3 .

Yo

6.2‘.-\,
. . L

i



{ n . 16
3 ‘ oy
S . b(0)
T - PO Coplo) ]
O Rpab) = gt S N X 2]
a8 Gl il ()
o el e g geenn|

.

Cabay and }\ossowskn [5] show that for T IcZO the resultauts U k(a b.z),

——
ra

k(a b,.) and R ,,(a b,z) are elther all ldenucally zero, or with a,ﬂ and B‘”"

| deﬁned by (2 14) and (2 15) they correspoud respecuvely, to u,( ), v,( )Jand r( )for a
sone :20 Formally,they gne . o | S = u\‘ ‘
Theorem 2 8. | The P;>R’> (2 6) and the cofactor sequence (2 8) wnh a,“ and S,“ -,

deﬁned by (2 14) and (2.19) reSpectlvely, are related to the resultants deﬁned by.

(2 20) (2 21) and (2 22) for l>0 accordmg to

Rl al,b',;)“:‘a';,"f,+n,wf-n..r,'(’z")‘ o
. ‘ 'Jv’élml.f‘)‘n‘-f'(v(‘avl\" 3) =‘O" : L ‘ “' 0<’l<6 ".1‘ ¢
"1 RL nl ln.q"l(a br‘) = z. "“" . l h r(z)‘ E "y
i* " U, ,(,, b, z)= u.( ) e
| Um+ln+l(“b,~)"0 | o<i<a =1, e
7‘".’ Lm,,.i—l n,”-x(“ b 2) = 3' ' '_'.‘,'“.:(“3) R \
B ,.(a b.2)m v.( ) | et
' V,,,,.l,,,‘(a b z) = 0' "‘ 0<l<a -1 f L
‘r--cf;~‘i’f sy, »..m(a b,~) - h v.(z) . o
Proof See Cabay and_Kossowskl [5] -




, _ v \, . . /
4 . ¥ -; “ '
‘ L BT - 17
l.‘ ' " "wr ,
. As a céﬁuence of Theorem 2.8, the coeﬂicnents of u,( ), v‘(z), and r (2 L&FOW. o
' lmé.xrh vnth roqpect to m, and n,. . ‘ o ) P ‘
' ' T : o h Lo “‘ o . o v

L . I . ' " ' L . N W ,‘
o Makmg use of these results (abay ‘and l\ogsowskl present’ thcnr algorlthm Ly

_ JPADE In the next ’3(‘(‘“0[] we present a constramt on the power senes whlch prm t

'
-

- udes for addmonal f'xctors in the mtermednate Pade fractlons to become l\nown
) : . : ‘ ; ‘I.ai C " [T ' ' . V o
2.3..Resultants for Rational Functions =~ o e

u
3

'\\t‘ wnsh to conmh n the ranonal expression p(I) / q(z) € D(:) where - KN - .
EP(”I’ /> o | PRI R ‘- 224)

and = S g o C : g

l|~

p(_t‘)

1

n " ‘ . “ “‘ v‘, te
Xl gUro L 225),

T ‘ ° ‘ A e ‘ ‘ Lt

- qlz)

For ndtmional comvenicnce, lets

| A= G ey
’and dcﬁne\ ' ) L ,‘ ' R e s .‘ I C S N
‘ \ e o " : ; . . ' o ‘“‘“.

K a( )= Ea('Jz' e D[[a]] I R | o | ‘,‘.‘“"2‘:2',"")'

|-0°

" where ‘ 7 , L T'; AT R

1 + Eq(l)dl"l-l o RN
J*"Tﬁ""s"w‘;"l:?‘l S “ ‘ ..: \‘vi . SRS . ORI Ses S AR

(2 29)

0

‘L,jand a( ) may be regarded ag the power senes representatxon of d p(z)/ q(z) thh“;{:v- ;

o
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In Ch'\ptor 3, we show that the soluuon to a Imear system over D[ ] cag. be

characterized by a vector of power Serics sattsfymg (2. 28) For tbe purposes of the
¢
remaining scctions of this chapter, we r(-qmre only that a(: ) in (2.27) and d in (2.26)

beknown, and it ix .mnnmod that p(r) nnd g{z) are not explicitly known.

/

lh(orcm 20 bclo\\ refates the l‘(“‘llll(’ln(’i of a(: ) to those of p(z) and q(r).
('«lng thexe rclutnomlnp« for thc power series a(z) given by (2.28) (again, it is. -

assumed tha’;’:\'.q(:)‘ and not p(z) and q(:), is explicitly known), we will show in Sec-
. "‘ A .

tion 2.4 that we are able to determine a PSRS for which additional factors arc’

’

removed, ' ‘ . !

! )

- o7 (2.30)

N

al2) R, 4labs) = (= 1)+ gilt-n) Rylpg.r) . (2.31)
("I.‘(a.b.:) = (_l); d}-(f—l) (':},‘(R'q"[, , -

. ¢
g, :

Ve bis) = (18 071 Y (g )

roof: From (‘2.‘29)‘,‘|t follows that
o d . ...' l, "(6) L h(o) e ‘
q-“) d .'d - | | a- o ' P. . o
o B = . . (2.32)
q(l**) drtk ‘ d a(-}ﬂ) . _ p(;+k) ditk -t




Let
d B
== S . i 2,33).
(I(I*“ d)‘Q-A . . . d ' ( ’;’
0 N rt * ‘ l

| Clearly, |[E] = d/*¥*1 Thus, from (2.20), (2.30), (2.32), and (2.33), it follows that

. I1Z] o , - :
Uy plab )= mee (;‘A(“/-b-:) | oy ‘ "
- l pl) d « o —d
allyryery ~ - R
X . ) . ’ .
o p(l”"d_/”” O FIAY T CALIFIEY _q(k)dk ‘
0 R T I
p(ﬂ) 1
- -.‘3}(»’
’ﬁf;& g \ !
S = i

p{’“d/”\\ o p(’.’d’ ) q(,u)d;u—l o q(.t)(}k—l

0. ... 0 : | R
‘_ p(o’ . d '
‘ thge T g :
p'tid p''d NN .
(_1)/ . . qmd:' 4!

(d! T dt)(d' - - - d'"“)

[N

pUTHEITE gtk guedgiee g

0. ... o0 d ... 9



pl) | d
. pl#) L :
(=1)(d' - d1t4)d . . ‘l(" - d ‘
(dl-;-d‘)(t‘{l--'d’*l) - | A
: PUE L p) e e
0 ... 0 1 ... du]|
= (—ipgrt-n) (‘/)“(p,q,d:) , o

= (=P piga)

* Similarly, from (2.21). (2.30), (2.32), and (2.33)

Lo S 1 _
",_k(.a-b.:)'—-‘ dl*""l ' l’}l,‘(u,b,:_)
po d
(£) - () _ '
(<1 ary | E ,p- ¢ d
(d'-oodhydh b T S
| I p(;}k) o p(;) q(",'«k) L. q(q
l"‘-..'.'d‘z". 0 .... 0

‘=. (—])J#l'd}(k—‘l)‘l lf',;,(p‘q.d:) -

SRR (pgu) (2.34)

H

Finally, to prove (2.31), from (2.22) and (2.29). ﬁfst observe that




' S o N , 21

pl0) .

d'R,(pgds)=d | g A A

P (I FON

p(dz) . .. d‘:‘p(‘d:) cgldzy L, d’:’q(d:) '

po d
pl#) ’ o o S ) o
= gld:) o el o (2.35)

-

4,,.(1'**) oo pin PADE

------

a(z) ... db:ta(z) d .. .. 4t

Thus, from (2.30), (2.32), (2:33), and (2.35), it'follows that

gld:) |E| - .

ad:) Ryyab.s) = CRyalab:) LT

d;4t+l

‘ ' pl0) o d

. &y 0 L :

. p v : . ,
_ ;(_l);+lldl .’..d}#k) ' d , . q(’? . d
- (d - - - d)(d' - - - 1N alds) ) )

puth o pln qurh o gle

ale) o dttale)  d |

= (_l);§ld)(k—1) R;,t(PJl-d:) . . w
= (1Pt =N g (p.g.a) .




Do

| Therefore, as with (2.23), ' C \ ‘
) ’ i o ' ‘ . (;. Y
q(d:) R, 4(a.b,z) R o
. | ’ (©) d
. . ““ vt . ‘\
R A |
=‘(‘_l),¥|d;(k~l)lfttz‘zl ) ‘ ' :
Y . .
o plth B(_”_  CAL B U
‘ plutien p()¢1) q(,«iu)'.-_ . qlest

- . 4 ™ '

¥

v

. Corollary 2.10.- ".Fos the power series a( ) and b(z) deﬁnz?by‘ (2.28) .and'.‘
l |

(‘2 30) re«pectl\\ely, the PSRS (2 6) and tbe cof?\.ctor sequence (2 w‘i‘th‘a,-+l and

B.n defined by (Z.H)_and (2.15), respectively, satisfy, for a>(3,

A= T R (B = N ) e)

(=) 'd_ " ol a(pog7) B w e, L L o (2.36)
and ' \
(=™t gminm '177;,,'.,.'(P,q.;!)_"-tf,‘(\:.:) o BN O )
.o L , i . . ‘ ‘ v x-“
where z = d:. o C . s

- .

~

‘Proof: The Corollary is the‘immediatecohseqdehcé of Theorems 2.8 and 2.9, . .
. . . L . ! . .

‘It can be'o'bser'veri from (2.34)‘that '.f ,,(p q, z) is dlvmble by d since the

P et e -

N expannlon about the constant term is dnmble by é Thus. from (2 36) and (2 3:) :t' '

: follom that both u( ) and v,( ) i the cofactor sequence (2. 8) wnh a,“ and B,H |

deﬁnod by (2 H) :\ud (‘2 15) respectweiv are dmslble by d’ mi(m,= ln addmon, from-“ T

-

(2 l9) the factor d , also dmdes r.( ). In the next sectlon, by the: approprlate\ﬁ"‘;',-~

~
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. selection of @,,, and B,,,. we determine a -PSRS and a corresponding cofactor
, . ) . "t . .

ml(‘n'—l)

sequence where the factor d is systematically removed.

2.4. A Reducea .Po“;er Se:ries Rémainder Séquence
N . ¢,- 'l . . B
For thc power series a( ) and b( ) given by (2.28) and (2 30) in this section the
Tactors 1dem|ﬁed in Corollar) 2.10 are swstemaucally rcmoved from the PSRS ("2 6) -
. 4

and [rom the cofactor sequence (2.8). This is accompllshed ﬂlmply by rcdcﬁumg a,

'm(l B,H in (2.14) and (2. 15)

. v " . . ) " v ' t. i ‘
" We denote a reduced PSRS for -(q(:),b(:)) with respect to s, by
o ' R . Y
{a 72 b0, : S 238
ax;d the corresponding reduced cofactor sequence by -
HAw)wlohasio B L sy
defined as fo'llov;'s. lnitial'y,'set_
,\: S - | o ‘ : ;
wals) =0, - u-l( )=l Fi(e) = ale)
whe) =1, ‘30(3)".‘0' S Tl =ib(e) = =1,
.9_;"= | I
Then l'ors-—O 1.... determme u,“( ). v,ﬁ( ) m,,,( ) and’ r,ﬁ( )from
;';' fi- l( )"‘ ‘°:+l( ) f( )" : 'ﬁBﬁl f-n( ) - - ‘2'40)
B () = g, u.-l(z)+ Bil?), W .o (241
, and' X . . :. .. ‘.»v : ,‘;, . o ‘..- . ‘!‘u‘ ., ( Sy
Fw.x ;.-A...i(z')"' - ey v x( )"‘ w-ﬂ( ) v,(z) o 'l‘ " (244‘2)'." .

T = T(0) ,'.'=f..'i,'o,.~..'..‘ e T RR o (243)
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Then, in (2.40), (2.41), and (2.42), set’ B L o
BCRE EE R (1)
md - | - . L
3 R T
.p ' : S L (248) L
Lmarma, st 20 | o
where )
— 2 di?lo-ftl—l ‘=0
B = R (2.46)
-C-‘.l h ll .I d’l‘.‘., 1 p'>0
Gy - oy ,

In addition, in (2.40),

.+1( )= 2 “’-H“?" .“'
iTo

"is the power series pseudo-quotlent on- power serles pseudo-dlvmon of ri-1(2) by

(2) with respect to’ s;; and, elther a“'= 3 (ln whlch case by conventlon »

el ) 0), or 4,H is the smnllest mteger such that r,+,(0)¢0

3

" A i'ns(‘z..;z)z‘;ha'(‘z',né), define .- T oo
gy =t oy = ke, i==10,., T T (247)

’

X -fwhei'e m_m=1 and n-,'— 3o~ 1.. Using. (2.47), we (der‘iv'e,“the‘.“I'o"'o‘wi‘ﬁ‘g id‘eﬂtity o

- which is '_u'sed extensively beIow:‘,- 8

i

- ml(n l)+(m +n +8 l) 8, .5 ]2 l

a

L N 'VI N
ey

Theorem 2 11.. Tbe PSRS (2 6) and the col'actor sequence (2 8) wnt,h a,,,,l and

B,.,,, gnen by (2 14) and (2 15) is related to the reduced PSRS (2 38) and the reduced

cofactor sequence (2 39) wn.h a,.,, and ﬁ,“ glven by (2 44) and (2 45) accordmg to

| '"u-n(".n l)-(m+a)(n+a 1) : " (248)- B
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Ftorall iz0.
n{ -‘ ' '

o) % i) 4l ’ R A um
" oqu(z) = wl: )d mnh o e @ ,0)
and ' B ‘ S ‘ ‘ :

Cef) = v (2) PRSI o { ' | ' | (Z“) |

EJ

"

“Proof- \\e pro\e b) lnducllon oni thal (7 50) (2. 51) and (2 I‘)) hold and, in

1(l(lmon forlZI ‘ _ 4 -
b= h d”“" 1)=fm 404 0-1)
ALkl S =1

and ‘l’ | |
o
‘ Bn;l = F“f‘l alm'("'—l)-(mn;’"i*‘.‘\l”s"fm.-l(f"-l"l) , \

” T \
. "

©(253)

" Basis (i=1):. From the initialization ‘of ‘the sequeres. involved,. and ‘since

N

. "."_‘:(:')‘k__; ?—l(:)- : ‘ v"l‘(‘:)i.: T-';(f). : —l( )a‘r l( ) .
R | | o XTI
ol )— ol )d“°‘f° . u(z) Lyl ;d"‘o‘"" ! ro( )= Flz) ,,mom TR

A

. » ‘.J

. C‘omequently, co = Co: and together wnth (2. H) and (2 14)

From(2 15) (245),and(247) . e

ao+l

- (- ) (258)

31 , .
- Bd m.nmf-_”

“Thus, 'frp'm‘ (;é.’vx);-(z'.jb)‘, (2L54); (‘2.5’5-), ;md ('-é.;sé ) ‘v,v';- have that -

'°'”'a. r,( )= -y -,( )+ w,( )ro( ) . | o _‘,4;(?'.-‘5,7.,’_‘\

B TR l( )+ wl( )ro( )



v
‘ . i#rl— —_—

‘.-‘_-‘:0‘ _l By rilz)
=, a(:) i

In (2 .n) usmg the umqueue%s of the pseudo quoueut in the power serles pseudo- v

"ndnmon (2. 12) of r- l( ) by ro( 1), we have mferred that
. ‘ B 3 o
w'(:)=,;l(:)- " (2.58)

r(:)= 71(:,)‘1”"(".'—“’ < T R T l. (2.59)

. From (2.’10),"(2.41),‘ (2.54), (2.55), (2.53)‘. and (2.56).we have

By u,( )= w_jlt) + (s )uo( )

K *'“-*?. w .( )+ ail: )uo( )

®

Bx “1( )
= B, Wi: ) d i)

.Thf‘fofqro,
'"i(:) = Tx‘l(\z)»d"""""’.’ - (260) -

&

Vg o

,ﬂmlhrh w:th(2 ll) (2 12), (2: 54) (2 55) (2 58) and(2 56) we bave
; vl( )--v( )d 1"'*“’ N . (‘2‘.6'1)_?.\

“‘F:'B‘ (z 16) (2 54) (2 46) and(2 47)

(262) ¢

' ".,"Aio""o ‘
: ‘_=.""° d"'o("o ”’o
. =-h d (-'0*‘1 l)

- I‘ d |(ﬂl-l) (m +nl+0|-l)

LT

(' j“Fffmuy. from (2%5) (2 54) (2 62)' -““d (2 45)

ﬁo' B d[m.(n'l l] (mlf.nl'tc! l)] l+m0(no l)



‘.' | .“ o "’.. . ‘l.‘ ‘ ' 2?

. -‘,”"ch ‘ ‘
Therefore from (2 00) (2. GQ) (2 61), (2 62) and (2.63), bfollowq (hm (ZN) o

(2 30) (2,51) (2. 52) '\nd(z a";)aremhdror.=-1 S

Inductlve Step (021) \“ume for some :\rbltr'\ry mtogcr 2] th at (2 19)
(2 50), (2 51). (Z 02) 'md (2 53) are \1l|d l'or '\ll ) whore lS)St We now «how th'n

' thos are 'xlﬁo mlld at s+l

From (‘2.-13) and (2.49). 'r, =7 <, dm( and:tb.e\roll'or(}, ﬁsing (2.14) '\nd(ZH)

e 1){s +1 : T S ‘
SR T oa -+1dm'(n ! +)- Yo : | - N C(2.64)

~

:  Now, from (2.7, (2.49').”(2_.64), (2.40), (2.53). aitid (2.48)

o

IR '"'B.ﬂr.n( TR N IS yrga " (2:63)

= u,+| f, |( )dm(" ”(""\”’mx l("l 1 l)+ w.q.]( )f,( ) l'".("|-'lj o ,

Ay P

El"‘l Ty~ l( )+ ma+l( ) T( )] dMIn l’('_v'fl“’.'_’?l—l("n‘-l ”

if‘l‘l.. m(" l)(-ﬂ*l,#m)-l“nr—llnl)

.2=‘- ' B.n T|+|( ) d

.‘/' I=. ’+‘“lBl+l ".+l( )d

to ' ‘+n~ . [ l
= :sl\"llBH‘l ’|+l( )d ! l(" 1 )

min —l)+(m +n +n—l)n .

R

.' In (2 60) uclng lhe unlqucneﬂs of lhe pseudo quoneut in the power scnos pqcudo- o

(lnmon (2 IZ)Qf - ,( )bv T ) we have ml'erred that |

H-l( ) ”l( ) dm.('ﬂ 1)s, f-m. l(". |‘ l) . o v “ (‘2.68) .
| ‘f‘".’d” y : o ' | o e
o j_‘r,f“"(:") _‘=‘_7,>,»,(‘;’) g'f'n:;__xjf'.f-rl_?j‘,,'tv b :
. ‘From(? 10) (z 04) (z 50) (2 66) (2 41) (2 53) and(2 48)

.’.
-+1 “u+1( )’ 35' " 1“.1-) "rag )+ “’n+1(3) ";(3)
‘f'ﬁ-‘*[?""",."?.:‘ Tiei(2) + o) T """"""’”' i "_
= 3.4-1 “H-l(z) d '(" l’(” )",'l,l(” " ‘), R R O




roo ' T - N
"!

= B',l u’l( )d I(n—\l)*(man-l—l}n

‘ . = “?-;.ll “m"ll ~)‘d 1‘(".4 ” s I

Thcrefore, . j L
o ‘ n 1
Ctals) = ...( )d - " ',’

\lmll.:rly wnh(? 12) (2 51) (2 66) (Z 53) and(2 48) -
AN R

‘ vp"*l‘(:) =‘(.‘.+l(:) d’f’"'g""\"_'lj) ‘
‘.Fr'\o'm {2.16). (-z.s-z)..v(‘lz..::s)‘.\'(2‘.4'9'),f'(2.38)', (2.46), and (2.47) -

S ‘. 1~s . ‘ I ‘ o R N W)
AR P I N X
, ,d ,(n 1)- (m +n+o—l)(l 0) ‘ o ‘ - '

Ry

e
= ¢ ‘hl“'
Tl = .l‘({ [ l"'[*l l) ('n’.ﬂ‘.—l)

' ‘—."| e
= el by

T i+
o a I,.mdf"-~l("x‘l 1) ‘('."-n f'.ﬂ 41" 1) .
-

Finally, from (\-2;‘.15"), (\243),‘(2.49), (2.67), nnd.(?z'.asy wé'h‘z;v:e that
B (et e

) - (-v--lrj'lfnl ?' h—'g,'.l d[m,“l(n,,lf-i)f'(m ‘,l+n|,_ +,”l—l)]":‘lf"”"'("'v‘”:‘ :l;.‘

» ‘-

N

,:.;‘

But we have now elrown Lhat (2 49) (2 50) (‘2 al) (2 52) and (2. 03) are mlld for
Therefore b‘ luductlon on R the) are \@hd for all 321 Hence mth (2 )4) the ‘

Hnoorom l'ollo“‘ e
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Corollary 2.12. Fo‘.r all # >0, usinlg‘ z= d:, we‘ have .

N DM R lpa) = g B e
N o Rmunu(pqr)"‘O 0<l<a—l S _,
(=T dh Tl g Rm.;, ln.w(pqzh e )h. r.( ) (2e9) T
(1™ Upalpgz) = W) 0 a0
F o Unaiaadpgz) =0 o<lgs -1
=Tt G, ) =T R
v”. , " M ! . “ ‘
(=)™ v (e, 2) = d [z ) S X E D
. . lm+ln+llpqll=0 . | O<lI<s,~ 1 ‘
LT, M_,(,, q.z)-':-,‘ b, wle)
P.‘ro‘of; The results follow dlrectl) from Thcorem 2 8 Tbeorem 2 9, (orollary
1210, nn(l Tbeorem 2,11, S
’ r .
COPOI ary ‘2 13 “( ) "-( lE Dl l ".‘(::l GDIMI ‘h-,G ‘for ‘all l'Z"O;" nnd
v‘ B, € D for all :>l “here .r-—d~ »,
Proof me l2 54) and (2 Ol 'l is Cl(‘fﬂ' that u( l € D[ l for all rZO ‘\0\1

-obeer\e that .,,, ,,(p q I) n (2 ‘H) m-dm«lhle b\ d in the |ntegral domnm D xmce ‘
. S : : P W R S e
i Glt s zero term coeﬂicxent h'w a factor ol' d :md nll hlgher tcrm coclﬁcnents do loo

Hence from (2 54) and (2 :l), v( ) E D[ ] for all :20 ln addmon l'rom (2 19) 'm(l

L Theorem 2 ll lt, now follows that r,( ) E D[[ ]] l'or all 320

I P

Furthermore from (2 4’3) and (2 69) we note that h 19 tbe leadlng uon-zero

--,(p q z) Consequently, I; € D for all .aov

q‘l ".ﬂ

.'-‘;I‘?i‘coetﬁclent of(—l) "‘ d"“ R




SR . 80

Flnallys by (2. 45), usmg the knowledge t,hat h E D for all nZO and that

N

,»- r(O) € D it follows that, g,ﬂ € D for c>0 ln addmon if oo=0 ﬂxen B, E D;

otherwlse B, is not in the mtegral domaln D

o 2.5. -Algoi‘itvhm‘_ Jpade N

. o v
. ' v

The nlgorlthm Jpade prcsented below is a speclallzatlon of the alvorlthm‘
JPADE givéen by Cabny and l\ossowslu {5] The specnahzatlon consists of makmg use. ' '

B of an addmonal‘fact,or in B.‘n whlch has been shqwn to exlst in Theorem-2 I1. The

; factor anses from the specnal nature of the power series palr [a( )b( )] used for

computatlon leen lntegers mZn20, the exlstence of p( z) and q(z) glven by (2 24)-" o

N v
P .
R

S . ‘ : v o ' v.‘zp(l)dlzl S . : . o

and ‘v(2.25)'. d = ¢ from (2.28), a(7) = — 2 as specified by (2.28), and

e o C 1+Zq()41,1- S - :
e

K '

'b( )= -l from (2 30) the algorlthm computes all the Pade fracuons u( )/ wlz)of

"f“‘t\pe (m A, ) for the palr -[a( ) —l] alon" the oﬂ'—dmgonal path m, = n = '","'"-._‘
" ‘i. éwht‘...i W here m Sm a.nd n, Sn for all 32—1 ? o .

»"A \

8 “V . .

ln the general sltuatlon only the relatlonshlp (2. 28) a(z) and d a:g known
‘(‘onﬂequemly we are not aware of the 'mtu'\l values of m and n for p(:z) and q(z)

o Later. in bectlon 2 7 we show t,hat addmonal results may be mferred when m and n

. "‘are lnown _ e ] o _




L Algor‘ithmﬁjpadc '(a( ) o n - ) | | |
‘ll‘l‘pllt; 'a(:),im, i, d, ‘.wh_erc

W

r . '
(.he‘(run‘cz‘xtcd power sefies '

(2)

i m#4n e | L o
a(:) = 2 n(l)»l
. v )-0 i . f

~with ‘coeﬁicicms-_a“)‘ € D, an integral domain; . o .

[ N

-
!

u,(: )/ oz )E D(:) is the I.mreﬁt Padé fractlon of Lype (m,,n) for the palr |

‘[ﬂ()-l] h&, . “‘ ‘",.

]

S&cp l:"‘$’ lnitlialri‘za‘t,i'ODv‘. c.f.‘(2‘.54) $

'$7 c-, s ueededm bgepS (1—0) note f*l - r_, $

$ lx_ln nceded in Ht,epc (:—l) to sq!lsfv(z IG)S 5
oy = 1.. ‘ .
: 5-,‘? o‘-’_il |
N N | ' . v . L . S Lo 6. -

uo(-—) u_n( o) he

R ER vv'_,(‘:‘)..J' o pmemet S

ety omz

ny ey

il .

m and n are non-negative integers such that m=n, and -
. S , " a ' . ) .

i O‘“P“( cwhere, ¥ O
*’A( ) o e . o

: AT
. ——
i
Lo
i
\
.
.
‘u
o '
\
v 4
.
" N
m
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.
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. o .
e
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'
v
.
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i
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VORE L e UNC g
L ( \\b W

)/ v(z) c.f.(2.40)'$

. Step2: $ Compute the residual for 3

Find's, and 7.(:) deg(Ti(2))= 0,

~

sybh that
W

+n 425 4| m*nﬁ-: _

(n(:‘) )+ (=1) W(2) vrlf)d:m‘ ' T a T r(z)

where a,<n ~ n, and 7 (0)# 0, otherwise set s, = n—n+1,

~

Set o, - 110). !

[N P

\t(‘p 3 s ( Alcul'mon of degrees of next Padé fraction $

. (9
. "\ e
’FJ‘“ o .
miel S mr,
. 1 o .

Stgp 1. $ Termination $

7 *
#r | I n,H>n thcn
" i u (:) mu
Rcmrn ,
s v (-‘) 1
n“

\(cp v § Compute residual for “-—1( )/n._l( ) cf. (2. 40) $
&

(ompule ro-1(2), deg( r_y(: ))Sa,,sm:h that

\

. - ' . — m .n + +5 +1 .m +n "
A3l Tal2) # (2 1) Ty ()) mod 27 B AT S e R e g

3‘: where 7,_,(0)#0.
*~ $ Note, for =0, (a(z):""™ 1) mod :0= zn-m-1 7 -1(2),
al:)=T_(z)8 =
- Step'8: § Pseudo-division of ¥_ (:) by 7[:) relative to s, cf. (2..12) S

) Compute the pso»l'x‘dq-quotient& @,41(). deg(@,4,(2)]s 5, such that

YN

therefore

32
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.

‘

(2 Fd5) # Tol) Tl mod =0

$ Only the first 3, terms of<r_ (2) and Ty z) are computed or needed in Step 6§

» . | - R A
: *

L]

4

Step 7: $ Begin computing a common factor, c.f, (2.15) $

A4 > 0"then

—_— o Aoy 1~
. I'I"I - (‘A—-l| hl"‘.‘

r

Y- d"l—l*'n

Step & $ Finish computing a common factor, c.f. (2.10) §

\ . br\'lji
‘\-< —B_|+l - (_l)‘ rl—,l'."T;-l‘ b
Step 9 $:Advance the computation, o f. (2.41) and (2.42) §

Compute the Padé fraction F.H(:)/ T-.+'l(:) of type (m,,,.n,,,) by means of

wa] =) w0 .+.( ) |
- - _ . / B|+l *
tiaa(2) DIEV RN B ol ‘ : .

Set 1~i+ 1 and go to Step 2.

’ S N |

Although the ipitialization is not within the integral domain D|:], it is algo-

nthmlcalh correct, as can be seen by exammmg the w,(z), v(z)and ¥(: )computcd

b’r\egch.ao |

We consider again Example 2.3, and the reduced PSRS-which results from uéing' |
.Tpnde. We note that r_,(z) is giV'en by (2.13), from Examp_le'2.3,‘with d=7 ."snd }

= (:.satisfies
_ o pldsy » | -
() qld:)




\ ‘ L‘\ ’

where ‘ ‘ ‘ \
. , T i
p(l)=2+31-912\1‘ 1558 =5~ 7054+ 11 25+ 347
and

)= 1+ 90+ 50+ 1700 +30 4605+ 13,5+ 2, .

The savings are clearly demonstrated, by using, as in in Example 2.3, r (2) =
30=0-and d=7,

Exa‘mple 2.14 ‘ ' o

v

ri(:) =3 =538 + B216 27 - 71676 23 + 656130 :* — 8872897 :5 + 117238355 :0 + ...
rdz) = ’61496 -4 205180 = + 36503298 % — 326379249 ¥ + 4421903521 4 +
ra(z) = l’hl’hl’ = 33974198020 = + 259615424040 :* —~ 1766226683676 = +
ri(z) = 4336760025948 ~ 139541107566756 = +-273159063285472 % +

o

relz) = 1027220“4481'}"0685 - "18"314333981494 19 : = 5936"639945!39059" == U

The removed factors B,,, are

By=-1
Ba= -1 _

By= 441 7 : —_

B, = 3435720150184 a _ .

B, = 247428901002773064256 . ' « e

2.8. Cost Analysis of Jpade

ln assesf\ipg the costs of Jpade. it is assumed ;hat classical éléoi‘itﬁiﬁs {c.f.
" Knuth [12]) are used for mulnphcatlon and exact lelSlon in the mtegral domain D.

Thus, as in Brown [2] for a, bGD we assume tbat the functlon C is the cost of a mul-

20 T

"tlpll(‘atlon or dnlslon operauon

Cla - b) = S(a) S(6)

where':('he'fu'nc‘tki‘on'S measures the total storage: sbace that is required for its argu-

. o . - [ . -
- . . .



L, 15,
[, T : . ) o v ,
ment, For example. if storage is measured in bits. then cost refers to the number of

bit operations, whereas if storage is measured in single precision words, then cost i
i - . . A S
_measure of the number of single: precision operations, In ‘the following, we assume

that the number of multiplications dominates: the number of additions, and conse-

é‘luvn(l.\', we'do not count additions, Finally, we also“assume that

'
|

S(a-b)=S(a)+S(b) o (3.72)
T and . \ ‘
S{a + b) = mar {S(a), S(b)} .’ - ) ‘ ‘ | (-;;7_73)'.‘

'
¢

These assumptions are valid for some intOgr:'\l domains, such as the univariate poly-

nomials over a field. but not for oth‘crs. \wumpllon/(fz 73)is an approvum.uc bound
o h e [ : a
for the integral domain of the |ntcgor< which mlght, in the worst case, grow in size by

one additional unit (in this case we might re 1:19/(~(|u:1li(y in (2.73) with :Lpproxim:xto

-

'equalil\'). Ho“m er. to simplify. thc cost analysis, we use (; 73) as gncn \\ hon aisa

pul\ nomial. or vector (or mulrm) of poh nomials, or even a powcr series, S(a) is lho
% . ——
size of the largest coefficient from D found in a. -

’ . [

To 'glétermifie the cost of Jpade, we bogin with estimates. of the sizes of all the .
;\‘ S
“variables \in the algorithin at the sth pass. For’ our purpoqes, suppose that the

coefﬁcncnts of p(z) q(z) and d given by (2 21) (2 25) and (2. 20) are boundcd by

some mtegex K>0 where 7= d:.

\

oy - .,

_.To bound the size of a(‘:),lmtn (2.28), it follaws thpt——
o : : C :
a(') = d‘ p(-) - E dr- }i(:) a‘('-—;i Ji=0.1,.... . ‘ ‘ R C -(2.74)
v . \ =1 T _ . o .' , L

1.

A
3

Thus, S(-'q‘d)) s Q\. and ysing (2.74), (2.72), and (2.73), i't“follov;vs by inductios on i

that [ T

S(at) € (FHWK =00 s (278)-



\ .. ‘ X | . IIM‘.,I ' ) o . . .lw . . ' 36
. . ' i
To bound the size of u(:), from (2.20) and (2.70), we first obsecrve that u,(2)

\

~has the form

W)= T W ey

1= " \ e}

where S(Tf,‘”) < {(m,+n,+1)x. Thus,
L : - v o

S(u(2) = (2m,+n,+ 1)k .
Similarly, lnﬁ‘ing (2.21) and (2.71). it follows that

S(‘T'.(.i)) S (m+2ne .

To l)ound tho stze of r( ). uwng (2 68) (2. 26) 'md (2.35), we see (h at tho size of
the llh cocﬂicucnl is boundcd by - , o

S( (m“'h”)) + (m +n +l)x -K .

H . . ' N
- o . f L

To sce this we 'nolf thz\t' the Ilb cogﬂicient of r,(2) is actually the (m,+n;+as,+()-th
coefficient of ‘the rhs of (2.35) di\'ided_b_v' d. Thus the bound on t‘he size is f{oﬁl;d‘_b_’v‘
o.‘\';'nn‘liui'ug‘_tlic size of that c.oe(ﬁci'.éli‘l. il;\(:'Z.SS). But. thel size of the coefficients of é( :)
~arc boumiéd bv ‘(‘2 75) Hence the first s, + 1 coeﬁicnents' of r( ), namely. those

v roqmrod in \tep 2 oI' Jpade are bounded by oo

S(E(:))s [(m',«+ n+ 29,4+ 1)+ (m,+ n,)]x‘ o o (2.76)
< Am+n+s,+1)k . ' | -

. F‘u'rthcrmorb,'sinc'e o= 700, it fovllovy's'thap » T ‘g)
SIS [(mF ) rmanle o

' S [2( m,+‘ n,)+ sl .

l‘rom (‘2 35) (2 69) and (2 26) we know that h is the ﬁrst non-zero coeﬂiclent of\

("1) e g 't R (P q,z) Further. exactly dMat T -'can be facr,ored'

Hl-l "Hl
ut,: Hence, from an analysns,slm:lar to the 'ong used to find bound‘s,fvor,‘ '?,-(z), it

IR
Lo



follows that

US(h) S (2t g )t e ]x

Next, from (2.45). (‘2.77). :md ‘(“2.78).' the size of E.n is boundod by

S(B,v) < [(2m, -
‘ [2(m+n)+v](l+q)x .

o Finally, since ®,4 () must satisfy (2.12). it follows from I'Z.T(S)I:\'ln;d (2.'.;'.") that

Therefore.

S(wlﬂ( ))S [Z(m+n 1+s](a +1)K+2(m, e e 1)k

" Table ‘2 1 bolo“ For con\cmcnce we increase 1he bounds to prmfdc similar formu-

las for each v armble

L S@ae = s

\ |

\

|)+3. |)+(2(m +n )+a )s, ]K

r-f2)) = S(r(1)) -

\

- ’(m+n+,s+l)x a

< [2(m\+n)+ s ](1+ .y,l)x .

Bound on size of coefficients

Varjable
1wz -2x('m,+n,+a,t1)

iz ) 2k(m,+ nj+ s+ 1)

i) 2k(m,+n+s,+1)

G 2k(m,+ n+a,+ 1) ‘
_h k(M t ot e 1)
| B|+i' : K( m1+ h|‘+“’|+‘l )(8,"‘1)

0,0 2) ] 2k(my+ni+ a4 1) a4+ 1)
N a

pass through Lhe algomhm Jpade can now obtamed

°

]

‘Table 2.1 Bounds on \".a'x_-iable Sli‘ze in Jpade N

V
N .

(2.78)

-

\\e wmnnrne lho houn(h on . tho size of the cocﬂ‘ﬂcntﬂ of tho \.xrnblc-« in

[

A count of the number of unn, muluphcatlons requu'ed for.e&ste?' at the '_ith



‘- Step 2 rcquires 'Lhcla ,c."om;‘)‘umtion‘ of’*?a",r terrhsv -‘of the . pb;ver, series -
‘ a(’:).(_-,‘(:) -Fl_)(:')‘.?,(:’),i ﬂamély', t‘he ‘,coeﬁicients',ol; F1 whefe ’l’=l'rr‘x‘,-+;!,..+‘l,‘
.m;+’}: +fa 'Ihc cost 'of computing one term of a( /) v,( )15 ’ ‘. |

[dfa( o ))+l] S(ﬂ( )) S( vz ))

_ Bu( onh (hc first m; +n +2.s tormq of a(:z ) are needed for the ith |terauon Thus

'S(n( ))S(m\+n+29+l)xy‘(rrz,v+,+n,-+‘+l)x Only 2s, terms of of a(z )v( )

\

" need to bo cnlcul:\tcd bcfore ,( ) is determmed Hence

Clal:) W) = .;,,(,,,+1,(m,+n,+~z,,+,l)(m,+n,+.,‘,+i,.g': -‘

\lmll.xrl\. since b( ) e -l the. cost of compuung (— 1) w(: ) is boundod b\ (ms, +l)

" The loml cost ol' \(ep 2 is not larger than

A, (n,+ 1) (m+ 0+ 25 +1 )_( m,+ n+3,+ 1)K+ (m,+ 1)
| S Os,(m,+n,+ s, H1pPk?

A (lotalled cost 'm.nl\ sis of the other ‘xtep% in Jpade can. be conduetod ina slmll.nr '

' ‘f.nhmn aud the resulls 'u'e summanzed in Table 2. ‘2 below

Step | #of Uat ru‘ultipuc:}tiom SRl R “Bound |
2. v_lcl(n.+l)(rf»,+‘;x+ L+ 1)(m 0+ a 1) +(m ). L '9.(m +n+9+l)3n- ‘
5. .3(,;;,,' .. l'm" . '";—x":-x" ﬂxm"l 15 n)u *(m' 1 3). 3(4 +1)(m, +n +a +l)3x"“ -‘ -
"6.: ‘ .'mn-m +l)+16(c+l)v )¢, +l)(m +n, +: +l)'x"‘- K ixs(- +1)3(m 0+, +l)'x'
L. .'4(3 i )(m +n +. +|)-n- B - “‘” i '8. (m +n4+3 +l)'x'

D.. 8 .-‘-l(’s-l-l)(m +n, +c +l)-x- RS R E 8(l+l)(m +n +a +l)“n- .
' 9  "8+|0(0 +1)l(a +|)(m +n, +. +l)3n’ _ . o v“18(0,+l)‘(m,+n.-0’-a‘+1)3'\" ‘

' ?":_-Tab‘le'2.2‘” Béujnds on Number of ;L‘-fnit,’v M.u’l't‘iplilqapi‘dﬁs'in .Ed'dc'..'
The total number of umt mulupllcauons |n Steps 2 5 and 9 s bounded by g

(183~ + 48a + 3)(m +n +3, +l)3x~ :

< 18(., +‘2) (m +n +a + l)3x~‘7 ) L (279) -
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::'m(l the uu'mber‘of unit multi‘pliéations in Steps 6, 7, and 8“‘is‘_ bounded by .
(zta‘+488 +5(}s +24)(m \_n +a+l)x- C R
‘ .521(3+l)’(m+n+a+l)x- . R ..(‘2.80)

To estimate .l he tot:\l 'cmt o‘f Jpade two cases are t'ikén into c'onqidcr:nibn In thou

¢ 1\(‘ w hen (he step NIL(‘ is boundcd by ﬁOme constant. ¢ (“ hlch is"the case of normal

powcr_ series. withi c= 1=3,). the number of passes llujough tl}q ‘algor_lthm ix bounded

" by m. Then. the total cost is bounded by o ! S L T
2[2!(r+l)(m+n+r+l)x +lR(<‘+’)(m+n+c+l)“K] X
1=0 }

= ‘J-l'('c+l)“(rr:+l)(rza+}1+'.?)'x“'!j l8(c+'.‘)'_'(m+l)(m+‘n+2)3k2‘.. | (2.81).
In this caée‘.ﬁthe algori'tlllm has a time complcxity' of O(x*(m+ gx)‘)-unil operations in
. ; K ,. ' ; ) ‘ ‘.'. o ‘ . - . ‘V#

¥

. When' the step size ix noktjb‘o'un(lcj‘,(‘l. the cost of the algorithm ix estimated by
using the incquality -
’ . P

E(m.”)"a’snr’*’"- e LRy

W here p q>0 'md l is quch lhdt 2 3,= mjy; S-m. Since
y=1 o

Ve ) L . ! “

’. .‘2("';1{2‘:""-'..+"l'+>",é+»’?_.- n‘.l.“’_‘,n_;*'.i.él,.'l‘.z nvx,'+‘:n‘,‘"+",6..f*"l. o
thé* bounds (‘;2.79‘)',;&& (2.80)."'r.('$pec‘ti.w't;l_\".,‘(;:in l;e“rcwtittve‘x'].avs', o
(i‘éa,?‘f;lS.s,-i%éit“Z:n,; ) ;' (Hh +"38‘Ia -;-Zl) My | K' o - (285)
:;in:d L S S R SR PR
(9633-&-1923 +224.s°~.+‘96)mn : 2k . o 8:)
| 'Iv‘hen” b) ;zépIV|ng mequahty (2 82),“3 bound forx the to;,al césb éf Jp;zdc is éwén by: .

s-O

el 2(144a~+384a +24) m,H K2+ (963"+192a-+224a +96) m,“ x2(285)
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, - Ve : “' " ’./ ' . ] “‘ R ! , ) s '

‘< (gc, M, e +144¢ m,;,3+192a m,ﬂ2+224, m o
' KU +96m,” +384a, m,H +24mﬂ ) k2

S(ZIOm5+ 8mt + 248m"+96m*)xj S : L .

"In the abnormal case, Jpadc miay have a time complexity as large as O(x? m3) unit.

“operations in'D. T o S o L
. ‘ e
.2.7. Content,Reduction

. o ' .

~ Let p(\;t) and q(i)- be polynomials of degree m and n givén by (2.‘24) and (2.25) '
‘rvspoclnol\ .m(l deﬁne d 'm(l a( ) b\ (2 26) and (2. 24) Wlth m, n, a(: ) and d as

mput 'lccordmg to leorem 2 1. (orollar\ 2 12, and Corollary 2 13, .Ipadc com-’
. | : ' |
‘ putcs ‘ ‘

| 'u( )= 2 ;;'(l)d; M) € D[ ] ' X S | o (2.8'6)
. J . ]-0 - . o, _. r"‘ ‘.< . ‘ ‘ “ '

¢

e )= .J“’+ Eﬂ‘”dr':ieb[:]‘ | e o(287)
Cog=1 o o . o . R
. -sheré 'm; and n,-are maximal such thaem, S, m_and n; <. ‘n,’andv 5

i

mEmmmo .
‘ln Q(I('llt;on l‘rom Theére&l‘ZS there éxists )\€ll)<u'ch th’xt.‘
(fCD{u( ). W ”"/';f.' Iyt i e
f#'."s"vlf“,,?."f'-‘*‘? ot L S et




'

Theorem 2.14. The constant term T-.(o"divides () and‘(_',(:).‘. 3
o Proof: Frém ('2.“28). (2.87), and since 1= d:, it follows.tha.t ,‘

' m i o 'v‘ m, . RN
,EP(”I’ o E“""(I)Ii ) ’ . e
A+ Ty dﬁ“’"%i*ﬁ‘%’zi‘w BT o

=1 : ‘ [P L. T -

. -

~ : . o
Aekno“lerlvmg(z 88) IN u( )aud 1(1) be ﬂueh that L Lot o
2wl = i)

..)'_0 N . ' .

and, -

R vood (0) + E —()) =\ {(_{)‘;
k . o ;-1 ’ g

. where )\ED .md ('(D{u(.r) t(:)} —‘l hence , \

‘,diE"‘* t;m) S S BN : (2‘&90)‘

‘ But from(z 80) tbere '\Iso exists r(.r) € D[:] such that ;
Zp“’.r’ tfiv('.r) r(r)
! ]='|) : . :
LA A XY s ) Ay L o

‘d"=r--{; O L T
Therefore from (2 90) nnd (2 91) we, eonclude that "‘ L e

Ky

(0) - (0) = x . ..

. .Henc’e;v-z":mdivi(',l‘es'.)\':i-hd the theorem follows. * " i« .0

e



'

: Note (bat ther@may s1|ll

Tbus the size of the coeﬁicnents in the output, (2 86) and (2 87) can be reduced

by. rcmovlng the factor v'(o)_ In the next chapter we comput,e ==

"

[
v,

: L ™ ;(;) L T .
o)=Y "_r(o) F2 R
R ,-0 v, . . '
and o , '

‘ ' ol "(l) L . ' :b ‘\. : l
v(.r)=d+ z : : : - Lo
‘ | j=1 u. ' ' )

"

Thus i(z)7/ v(z) szrtisﬁes

‘:f(i) : (z) | . L ‘ C I
t(!) K ‘I(I)

[
2
¥, '3
-
S 3 '
1 . A \ '
"
-~
) .
g .
! ’
’
:
’
i
. v
LR '
PR
® . .
- il
/ I -
. N . .
' ot ! . .o i
. D TR
L.
. S b
- . !
. ) . ' .
. . o
3 4
R - A
A L "
' N B T .
TA N D L
B - \— . -
N . J Vo A,
. cigt - . ¥
‘. § . y "
s . . s
‘e L L
. i~ ¢ -
L R i ‘
; R L N
: "
.4
s hal A
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\ “ Chap'tér3 Lo S
- Linear Systems with Integral Dorﬁafn‘Pblynomiql Co‘emCi‘em;,‘

il
ioN

1

In this clnpter the power wnos method of Moenck and C‘artor [lol .md Cabay

and Domzw [l] for ssol\m‘r Lhe llncar s) stem (1.1) over a ﬁeld is geng‘r'\hzed to encom-
e ¢

p'lSS problcms over an arbltrar\ lntegral doern D. :\n ntcrntlve formula l'or con- -

,

ﬁ(ructmg succe Ve terms in the power ‘i(‘l‘les solutlon IS gnen in \ectnon 3. l [u.u‘h' ‘

po“cr sefics componeut in 'the. qoluuon vector is shown' to mtnfv The mpul con-

- straints |mposed on the algornhm Jpade descrlbcd in (‘hapter 2 Thu-a in \ccuon 3 2”

‘we are szle to use the results of C hapter 2 and Section 3 l to develop the algornhm'
Solve wlnch computes the solutlon to (l l) in rauonal form The comple\ny of S‘olv

is 'm'\h ze(l in \ecnon 3 ‘3

2 ‘3.1..A1"Pdwe‘r Series Solutioh e '
U(.r)== 2 m-), eDM[z] wele Y AT R Y
Ty _ B T :

. 'm(l

(.(:;— 2 G(')z € D [z] R R A (‘3.2)1
=0 . . ' _“'“‘ . ' . o

ldf’thls ch'xpter. we con‘nder the problem of solvmg for F(.r) the system of Imenr cqua- L
(lons of order nooo o e S

v S . o EEE o) . D

T

M(‘) F(’) G(l) : o s '-‘-;f .“_‘.: ‘ (3 3) ;,:.?'“:__’: '

To ensure the c“stence of a, soluuon to. (3 3) we. assume t.hat ]M(z)l # 0 As a L

P

consequence there e\lsts a pomt zo such that Hl(z0 I # 0 Wlthout toss of general-f} PR

: ny. we assume that Iy 0 is such a pomt that IS, we' assume e ne O 'f'
I\l(ml ’ﬁ 0 ‘ LT e
Sl el




T

A . .

| Let Mmfl(z) .dcinote thc adjomt matrlx of M(z)., | As ) ;d | ;Onééddeﬁée,, |
AI"“’(:)= lM(z)l M(zr Tbus ' ‘

P( )= M""(:) G(z) " o - | "'(3.4“}

whcre P(;) € D, 1] and | | . L

| q(r)“"'lM(i)l . o N - X
‘F‘o‘rm,nlly. for so‘ménon—“l‘]‘,t;'gatiye‘intég‘ef A,
P(zJ-ZP“z ' o
. |-0 L ! . ‘ ' .' _" .

S and

Y L LT |
gty = Xgle Lo \

ST . o o R N
: Letd=q(0) Thee Vo L | L

\

d=|M(°)| . B A S o (38)

]

'md conﬂequcntly, d # 0 ‘ J R O :
Sy o <\

§ g\bq (3. '3) is. gnen b)

"" o o \ : ¥ S S . ]

Asa S e e
'l ! o B BRI L Y . o . n . - e [P oy

» . ‘. . LT : e gl _— e

"".\"'for the degrees of. P(.r) : 'Td q(.r) More precise bounds may be obtamed but they d01 poy

N I '
“gnot provnde a slgmﬁcant decrease in the bound (c f McCIelIan [16] for example)

Tblmllar to the methods of Moenck and G

t

”,-.'solvv g (3v3) when D is, a ﬁeld we wush to expre 8 the sol

: 1mal pOWer senes We wnll see that, the power sem\s components of the vector calcu- R

\Q.lon F(z) as, a vector of for—




" lated will s':‘x‘tiva llfe constr:xinl:« for ‘Jp"a‘dc (‘oh‘ic(lu‘entl\' Jpadt may be uwd lo
o ‘ ‘ » ' B

obtmn a rntnonAl ~quuQ_n that is m re(luccd f‘orm except for a f'\ctor from D m cach *

compoucnl of the *Ollltl()ﬂ vector. -
M= MO ED, L L (R)

‘ ‘:u‘l(l.;'folr“'i‘= 0.1..... (let'enpinct‘hé:soqnence of )'octérs R o
Al .;- }V' d' Gl ) - 2 1! \[(1)4(' ) e D, . ‘ o g '(3‘.97.‘, :
'where dns glven by(3 6)1‘ ‘ , o
Théérem 3.1., L‘etu ' |
A)= TAWS €D )., L (3.d0) .
v 1=0 ' ' ST o ' : o ‘
Theu. together with:A(z), G(z), and d given by (3:1), (3.2); asd (3.6), fespectively, ..~

M(s)- .,4(:):- =To(,) . ,‘ - '_(3_.‘1;1 )

Lo
~where r = dz, . s

Prqof From (3 6) and (3 8)
A M(°)= d 1,, L |

Then m.g_;ti;pjy'i‘ng .bbth “siqqsfve;r (3:9) by AP aid re-arranging the terms, we obtain®y

e

Tat

s *\ote hai A"‘I) = o.f.—, <o :
t ‘\leo. M‘” 0 1[] > 6 :md G(" = 0 lf‘l > 8




r ‘ ' ' : . ’
.

Hence, with r = d:,

.

.n tt | B‘ ‘ . oo ’ "'
"\f(’.) CA(z) = 3 MUl 3 Al -
. ) . .

- 1=-0 ' . —

é‘:.‘zl d}l\\l()).l('ﬁ” ! ld

'&‘ , =0 =0 A

.,“x‘ . ’ = z ({MI (l.(,):, . ‘ (}?
" = ' ""_ . . i
=({(l.(l)'. b ‘
A} ) .
)

¥ i * 0

/’-.'A ‘ . . . o « e . ‘ .
At this poifit'we nate that by finding the determinant and adjoint matrix of M(0) we

‘\J.ﬁ . a * . ' )
have, in afféet, found M(0)™'. As'we will see in Nection 3.3, the cost of this calcula-

_ ‘ : &
tion is insignificant when compared with the rest of the algorithm which will be

specified in Section 3.2. We have chosen to express the problem in terms of d and
M’ rather than in terdny of the L U-decomposition of M(0). say, primarily for the

sake of simplicity in the presentation.
» !
* Corollary 3.2. The vector A(:) of power series (3.10) s related to the vector

R SULALY
of rational expressions

¢

given by (3.4) and (3.5) accordinlg to

(a2 !
Lo )

N e

0 AA:\}-U

qlr) - A(:) = d P(z) . , L, (3.12) |
| Proof: From (3.7), it follows tb;\tv ‘ ‘
M) Pla) = g(2) Gla) N AR

The relationship (‘3.12) follows;Srom (3.11) and (3.13), sitce ]M(z)l #0.

Al



-3.2. Algorithm Solve

!

W . 0 i
The algorithm Solve presented. below ix designed to handle linear systems of

\

univariate polynomials over an arbitrary integral domain D. It first detertnines

Lo wy . . '
whether M(r) is singular or not. If-it is.singular we simply return Chis fact and halt,

L it is non-xingular we construct a vector of truncated power seriea and then apply:

the algorithm Jpade, which is presented in Section 2.5, to each component of the vee-
’ . t

i

.
“tor, Finally we make use of Theorem 2,14 to obtain the exact ratiomal ~olution to the

,

lincar .\_\'.~lcm.‘
Algorithm' Solve (',\l(,r) CGr) b n): ‘ ‘ - ‘ .

Input: M, (.8, and n. where
(l{ M(z) €D, ,[4]. deg(M(r}) = 8, and

(3) G(r) € D, [+]. deg(Gi(r)) < 8.
o u , , ~
Qutput; (F(I) . .‘)‘ingu!ar), where F(r) € D, (z) and either

. B : .
(1) “M{zr) is invertible in  which. case M(s) F(7) - G(r) =0, and

-

.S':'r:yular’= .FALSE. or

~('2) M(r) is not il)\"elrliblc in which case F(1) = 0, and Singular &= TRUE. -

¢

Step 1: $ Find a point z; such that j.\l(z,”'#—' 0%,

'é

. \ V . -
o . . ’

"‘l'-'“—l
d-0
While l < 8nand d = 0 do
Lel+1

Cd M)l

[
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$ We assume that the user will provide a method ‘of find the points to examine

when he select the arbitrary integral domain D to work in§ '
. e 0

N

Step 2:. 8 Test for singularity'$ ,
B : S~

If d = 0 then Return (F(:)-O,, s TRUE)_ -

»

\ ! -
Step 3: $ Obtain n(‘-w‘rcprcsent:\tio.n S
8 . o
Mir)« 3 MU (1= 1)
=0
S | : ‘ L
((r) =3 GO r=1) . . )
s=0 ;
Step 40 $ Caleulate the adjoint matrix of A0 $ . T
RV V() L | /)
Step 5:* $ Calculation of Power Series Solution A(z), c.f. (3.9) s : 4 _
L] . ﬁ 13 ' X
it ~0 ' ‘ .
“While i = 28n do )
+ S ' | ‘5 4 ) ' , . ;,
o AP e A A G = Y dr MUY 40mg)
. ‘. 1=1 .. ' i - ,
’ : s . - : Lo
" - '-:‘" l «
‘ Step 6: § 'f"iml Padé Fractions, ¢.f. Chapter 2 $/< ' ~ »
¥l “i ] . ‘
- \\'ﬁilé_i < ndo . ;
N2 ) R S
'7'. = Jpad{C(A'(Z), an,‘a"v d) .
- : LS .

SRV
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Pt . . . S
! t ' s ' v‘_‘ll . ' - ¥
, ‘ \ SRR t ' : \
Step T $ 'I‘r;lx’l'x{ornl Padé fractions ip : 21148
. .‘ ') f N ‘v
! «1‘1
-t l ' '
While 1 = n do
. | =
oo e P )
l;“') -d == 3 .
, o 1,(0) i
) ;
] L]
N — ¥y
o L ‘ K
‘ , \\'- . “"(1‘) - d
“, ] ‘I(O) ®
A .o '
fomstl . )

Step & 8 Return Solution $

: {
. Return [F(:) - [

A
s 4

" We present-the following exainplg to show the operation of algorithm Solve. ‘For .

convenience we use the integral domain D of the iutegers.

rExample 3.3. We wish to ﬁdl\'é.tho l'ollowin'r lincar systei for F(z). ~

1+2r? 2. - F(r) |+2, . Lk
—t=r* 3rt+s* 0 - F(:) =10 |.
1-2:[ ,-:" 2 I- ;(l) - -l

[ n \lep 1 we dctermme that the pomt n=0i is suitable and that M(z)as mwru-

» -

ble. In \tepﬂ 3 aud 1 'we find the deternun.ml of \I(O) d - -8. .m(l the .;djoml ;

“maftrix L Lon coe



.

o In Step 5 we calculate the vectdr of power series A(z) to 13 terms: -

' ~To [-96 —-896] . = 23040 - 292864
Alz)y= | 4 |+ |48 |2+ [1344 |2 4+ | 18178 |2 + | 359424 |34
P = 16 ] — 896 | =6016 — 185088
' [ — 5088352 - 909639687 . ~ 1646329856 ] _
+ | 3529600 |25 + | 99311616 |:® + | 1622651976 |:7
[ - 2243072 ~ 47774720 - 706078720 -
‘ [-‘26’766032018 ~ 464764272640 —7748220092416] -
+ | 28082470912 f:8 + | 469105311744 |:° + | 8008572731392 |:!°
_ « L=13010890752 ~ 209380483072 =3658539319296 |
L [~ 132438002152832] °  [-2229284833853410] '
C4 | 134904982274048 |21+ | 2291220412366848 |:12 . -
| —60759395958784 ~ 10410245556 14208
‘ " ' ‘ x ":-.

In Step 6 we call Jpade to obtain the Padé fraction of type (6,8):

e

To illustrate ibcrﬂ‘ect of Jpade we print out the intermediate steps:

, ) . ) . ' C

¢ s, =1 ~ : o oo ‘
Toal) = —90‘:—'890':% 23040:3—292864:4—5988353z§-',90963908:° ‘ .
- IGIG3DBS6:T L 2676008204855 46476427 264029 TT 452200024161
<182 138‘002152832:"‘—’;‘25028483&3853440#"‘?

Wl =1
() =0

Tlz) =0 .

'

Tv.,(:)f== -
- ' _ - o
T 4= 0 iter:i(ioh_: 3
. aols’ 0 .j‘\ [ |
El“"l T - e

R =1



Bl

=1 it.er:xtiori: :
(=)= ‘06~—890~--23010~ 29280451~ 5988352 S— 90903968:6
, |
, —16463298»6:}—2670608-3048 3~ 464764272640:9~ 7748230002416:1°
¢ ~132138092152832:M-220078483385344051° .
N TS |
E: =-1, \
W) = —0216: | o . ,
Tz) = 9'6-‘896; ‘ \) . T A
= 2 iteration: o .
()= - 14090”1:3—7471lOf:‘—31"-i“'618:54—3366977‘536~°—"65|'$‘.)I')08-li8:7' |
—109413)3250'&2.8 ’06340606081'3.’-9-3’74003-10586496-"’ S L
577!6)164'386. 1%6-“-—9,31681118069"768)'4199. 439211132682240:1 |
g = i ' "
By = 580821,
Csl:) = 2113530:+8519080;? ) N
L l3) = —22016+ 1 1‘6739:“19.‘1‘304:9
AN . o PR - i
=3 iibration: C
J )= 1010021068 “+.521381'3:GO 6+009859594240~7+1506“)50»160!80 8)‘ . %

+202h69:21!6688 o4 1060006120443021 '°+6189&168;3. 1325,0 S
‘ +ll"l “3006')54022! "-’48157°34|1033‘0'040'6&'3-9'350"98"9 7708!880-;.!,0:“
5= 1, S ' SR
Ba= 127002312184884 . o
W= 23489068:— 1541537792~--66.5234816~
‘:-4( ) = —21.808+ 183,0560:— 124 )0914:-.—- 3256745984']

a

1,

wy =‘-_l"‘ite'1"at.ioh:' R

A= 5»0901, 1463968:'-24; 10:.;009244103- 10400817358015181

- 1100851347 1702656210 361901 103244481331240 L
L . '3'9888664%1864.936.{'-'- 1009.1040918’4003195648.'3 L = |
t 2595 470:}893,193158 40;&“.,. 260’14*"9344”97964584960.'{;-‘.‘1 L et

.

- . E
R



"a4=sl ‘ ‘ ' o . S
By = 65937202144331431936 . ..
Wl 5) 201747333125 + 97805139968 2+571689926656~ 212!512517632 ‘.
‘ 1.( )"”-"’1015'347"-0-94"6"8864:+35683860480. +1039"6988800.34-699335180"88. ‘
K =5 i(ei‘atioﬂ': ’
ﬁ(:)‘-?semer‘s%ss 5l"90-..°+385591031279648768.‘°+109908303814349’915” u
1455600368 180557703285 1~ 7957565822249304997 232640212 )
~ 987310839965077 20261828608 “—3’430147701”595844491”4:616-'5
“—lSSOOl,’H1196199)881689907”0‘,“’ '
95 =1 . T ‘ '
Bs = 1942374 ;506729955081’6198721536 . |
s )= 30019‘3677312:+.5954380759b4:~+ 46.5088678912: 777%70:{5892352:4
| =4166118277120:% oL .
- oz ) = = 3127017 l;2+2‘29830I6448 +387277199360:+285820846080~’
+ 5371806358272 ‘—45954349146112~5 e

" i‘=~;6iter:‘;tion: e R oy

N

A= -213030127409330320.'# 2730307274003363200512
. «' - l18449400971364744900378674.',3-l130478017644647187“5]98643"’“ | ,
46000’10927100106848’85491" lé— l92285895486368"046377066496.'o :

+1693"38:861663646‘22545538"5"80al‘7 ‘ o

‘.96 =vwl v

B = l;61490809199293504445—!3694481550456 ; |

T‘Gu( :) = 24410849280: r-162;3899520“4-260382392320.3_""29010698496054.

L blelBeTBIRE0S

2 1'-( )= -"54"79680-!-’54 96800-+3458"036480 °é8l369497600. R

N +390573588480 290705984960.5‘5' 166644731084802

Pk o &
\ 1-- ‘.lt.erat.lon:' e

."'_vr( )= —9031944.07.95716942009.60~" 66400621078491676614328320.‘.“‘»i-";‘-'.j

+1784139166599 0560903’44800-!6-34 ’50459137401073340050150214’ R
+ 140460514844 ’1403106649047040. *7—3: 14985716489"955613541 171000»8'[ K T

Salh e
s e “
O .




;
5, =1 ' ‘
Co .
ng >n = 0, so terminate, ret'u'r‘u‘in'g u-( =) andvvy(2) ‘
’ ‘ , o ' N

Thus. ol
24 1108 P9280:— 1621 '3‘3()9520"{' 260382392320 1— 4290100‘)8 l‘)()O -4

1( )=
| +10004473108180: E

and

il

- 254279680+ 2512796800 + 34582036480:2~ 81369497600
. +3905733884803%~ 7200706984960+ 16664473108480° -
\mnl:\rl\ 1.(2) and 41( ) also vicld“ Padé fractions of type (6,8) via Jpade

( ( ) = ’03!’3'“0 + 4068444880- + 1627 38995700:'
’083059138560- - 33""8946’16960-‘

L - ’6038 ’39 ’3"0.,
,.( ) 5085 9’960 —l)0855936002 - 6916407“960:“ + 16 "3899 00'
= 781147 146960: + H_581-1l3969920: - 333"8946”!6960' , S -

Cand .
;( )— 508550360 ~ .119831040- + 60093598080 o

. + 65 095)9808()-3 - 1011‘329569’80.. ‘

_ "Tz,(':) —; = 1“7139840 + l’ 1398400.. + 17”91018°40:f - 406817188()0~ |
+ 1952867942403¢ — 36453 349"180.5 + 8332.’.36554”40. RN
TEhH O wEm
——, and V(z) = d for each: A ,
Vi), g v,(0) I

ln Step 7 we calculate U(z) =

\~B‘.‘ .
. " . L
S

l (:) = 12:+z-’+2:3+1z‘ + 2'1

Y

Cand - L SR R
o 1(3) = =80z # 172+ 50+ 3 TS kRS
U(;)ﬂ4--z+5r z3+ z4+2z5,“;

L WU S

G VE) = = 8 102 + 172 4528 #3444 72 +92%, 0

s



and finally
C | . . | -
‘(”l(f‘) = - ‘f_ 7.{,‘— 81-'4- 1'3 +214

- ol

Va) = = 8 =100 + 1T+ 555+ 300 #7705 ¢ 2250 .0

ffinnll_v. in"Step R we reti;rn the'solution

e G ]t .
F = T . T - ] . S . .
! (11) V) VT Ve |- e

‘ ) -
~ 3.3. Cost Analysis - “ el : . T d

e

‘atep i ln the 1lgonthm Solve rcqunres that the user specnfy 8n+l values PR ‘

»

“the mtogr'\l dom'\m D Expandmg the mput \armbles M(z) and G(:) about any.

«uch point 1, \lel(ls the repre:cntatlon e e *

V(I) = E M/(')(I"Il)' . Ml( ) ﬁ Dn "

|-0

'(:(.t) =’ E G)L) (J: ll)' ‘ Gl(.) ED” ,'." s ( .

DL

For :\II \1lues of zl, l 0 8n Iet a be a bound on the sm: of the Coefﬁnents of Ml( ),_ R

' flnd C,(') That is,. for l- \ :"‘Bn and :-—0 5 : ‘ 'rx

Swf"’) swl"’)sa FETE

-~

AV ":{!‘T,o mlnlmlze the snze of 8 lt |s lmportant, to selét the values z‘ t.o be of small'.."",‘f"".mf"

snze lndeed xt, is recommended that 10 = 0 19 a des:rable chonce Then lf M(O) ns L

non~smgular (a llkely possnblhtv for practxcal problems) the algomhm exnts from'-.'-':"',;f‘: :

Based on .the

‘M(z) -and"“ G(z) vabout{ithe pom’t 4‘. = 0 m Step _,3 of Solvc




m
R

W ! [ R . v . \ v . . ]
Lo e ' . . K . . ' ’ . e

- nss‘umption ('3,.‘]'4)y wb,now‘ob(ui'n“bogmds for the ‘cost‘éf‘e'ach ﬁtep of Solve. -~ . | T
. - ' ' E . ! ' : - , I\. ;. '

v v

' o o . I '
. . . e Lo o ¢

In .\’(op, l. thé cbst of' mjnluntiqg .\I‘( 1,).i‘s inﬁigniﬁcant. To ﬁn(l (lm do(ormlu nnl .
X I oo o
I\I( 1,)' \\o proposo th.nt (hc fr.ucnon frcc met hods of Barmw [l] be u«(‘(l lo ol)l.un al
: trmngular (lecompgﬁulon of the matrix .'\I(:,)‘E D,,,', whlch \'leld3'|;\l( :,)l :1‘:4 a bvpro-‘
‘ M ’ f 4

dﬁfl C-encmllzmg nggmqon% [10] :m'xl)sns of ' the one- ﬁlep fmclmn l‘rco m((ho(l

. over tho dom'nn of m(egen to an .\rb itrary mtegrnl dom'\m D x\w ﬁml that

‘C(ll-‘l(fll)|) = 3‘“"'15 P ) ' [ (3.15).
. . " * ' ) . . e ] , . o . ot 1
unit muhiplic;\'tious: Tlius. if M(1y) is 'non-sin'gulm".' only one. itornlion in S((\p Pis t
requlred and (3 15) rcpresems an esnmme for the total cost ol' \tcp 1. On the o(hbf ;

hand m (he worst case, Wh(‘n \I(J) is qmguhr 8n+l neratlom in Step l are

reqmr(‘d :m(l an esnm'xte for the upper boun(l of lhe ('Ost ‘of btep l |~\ thcrol'oro
. N S e N

SV‘.‘ZG'-‘S.nG .

‘ t
'

’ Step's"z aﬁd -3 are. insigni‘ﬁcanf.‘."a‘ﬂc'cting only the low, order t.érm‘s"o'f‘(hb‘cosi. S

"m.'ll\ ﬂls so we now comlder Slep 1. To ﬁnd a bound on the cost of Step 4 wc pro- S

,po*e ﬁrst toeohe T A T

. 'using fraction-free methods to obtain . .-
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"To obiai,ﬁ M(Q?‘"",‘ it is only necessary (at insignificant cost) to compute
M= MO Sdy T S @Eany
" .whete d = ]A1")], and normalize the resuli to ens.sux;e‘théxt, M €D,
. . ' . ’: L ‘ . ‘ : / ) ! . ! . '
Thus, fro';h (3.16) and (3.17) it follows that S.‘tep‘ 4‘Yreq’u‘ires‘ . ‘ ‘
. o , ' ."* ‘ _' ! ' . ' ,. t '\ 5 -
s 29tes O
ﬁnit, ‘r‘m_nlt.iplig':'nions.‘ | L | '
SR ‘ ‘ ,
To obtain an estimate for a bound on the cost of Step 5 we ﬁrst use Hadamard s

' mcqtnln\ to. obtmn

S(d) < an" | J_(’ B Y
and - I SRR &
‘s‘(‘.w';‘s;a(n—n)‘. ‘ o _‘ o
f.'{Then usmg(z 42) (2 a'i) (‘3 14) and the fact that.' Lo T
S( H')) s («+1)an b
& (qee(z .))) lt follo“s(h'st 1‘ ‘]L | ‘ )\,‘ .

s( \1(:)4('-:J)s(.—J+1)an+a... '

AR

- Fmalh nf d‘ v bas been computed for azl then Lhe cost of computmg d' 'iﬂust‘. L

C(d)s i n-'** ;.‘_:*_ LA e

- -T_h_qs.{;_'xss‘;imi‘_qg‘d{";.! -,,‘ha',s"br‘en?'_c‘aﬁi‘piu"edz for.1 ZS',..JY"‘,SLS;Q;‘ R

«»-“ B ~ .,
; . s,




. Consequently, assuming d'~! has already been computed, fqr i>0, . R

‘C(AM) C(d‘M c()— M zdwmm--n) S D "

- sC(d)+ nS(d)S(\I(,U)-l-C(\I(. )

Pt S({M') S(3 dr- A, ww)) + C(z dl“'\l(” A -

g=r ‘ ;1_‘

< (i— l)a'-‘n': + :"8'3:13, + 8,"’11’3( n— l)‘ + afn?( n- l)( in>+‘ l')‘ .

' + 0% 2()—1)[(l~]+1)n+l] + 9 n’z(.—,ﬂ)
=1 ‘ ‘ =t

=‘i6:n: + .'a?n,* + 2a?n3 - 382112 ‘

+ 6 - E(]—l)(a—'}+l)n+l] + 37 n’Z(l—]'f-l)
' EERAS S ;-l‘ )
. ‘

o T T . oy ! ' .
Sinee the first 28n+ l'-t‘orms'only of A(z) are required,’

cum)s E(é( i“)
Y
Sogn ‘ ‘ v 28n 8 U B Py

' ‘s;E(:a n- +:6 n‘+28°n" 38 n]+8n > 2(1~l)[(x—1+l)n+l]
D wQ“ ' _1-0‘ o ‘ 0-0;-1 : .
ol " 40" u’z z(x-']+l)

l-O) l . Uy

o

g o e oy, ©

536 8‘"5-&98 8‘115 \ Lo B : o z:‘!

. . s ol

Thus the coqt ‘of Qtep 5 |s - e K v o

s ga 8‘ 5+3a s n5 . o

i In Htep 6 we obtam thc Pade fractlon of type LSn Sn) for e‘zch compom nt l ( )

of4()

From (3 12) e - S




K

i

T T (g T
'V.(Z) such that; AP ) d q(d) is bounded by . l‘ w\,l\ -j ‘

C_(—.=;(—)—) = 708(‘c+‘l’)3d?'83n§+ 2204(c + 2)°3°84n® T oy R
uml mulnpllcutlons where c |s a constant assoclated wnh the step snze withln the ‘
\ . . L ’ . - R
- Jpadc Dependmg on t,he abnormahty of the power senes the bound usmg (2 85)
could become ‘", L o
T ';,‘
(=——‘) 0203 84 6 + 2303 8 R W
-unit m.ulpphcau.on-s.‘ L .‘ N ' S ST T \\
I C ' L, ) ) ' ) - “ ' E ‘ I‘\.
Thus, the cost in Step 8 to compute all n such Padé fractions is bounded by - ‘
< 708(c+1)°3°8%n6 + 2204(c+2)?8%8%n7
" when all n oower’series'are‘ normal; and;.de'peud‘iug on the abnormality, ' )
= < 9209° BT+ 2300° ") o o :
.'\guo'n'-':nl'l " po\vér scrioys"are not u‘o"rmul.-'."‘ BRI R SRR
In \tep ;.‘wnh Theorem 2 14 “since we. know that the Pade fracuouscalculated
m \tep 6 are ewmct solutlons |t, follows that we may dlwde V(O) tbrouvh V(z) 'md/ L
l(.r)forcachlstsn R TR

From Table 2 l and (2 82) we l\now that the snze of the coe[ﬁcnents of U( ) are -

bounded b)ﬂ‘-'




. P ' ‘ ‘ ‘ ‘M‘ . BRI ‘. . | . “ ‘ ; - .“ ‘ o
. . [ ' o ' ) W W

o ! , . . . L)

\ r/ ! ' - e AL

Also Lhe Bnth degree term‘Uf V,( ) must have a factor of snze an (Hadamard s rule)

e

Ca hctor of. slze (Bn— l)an (from d"‘"‘) and Lhe faclor V(O) Consequently, it, fol- '

t

)

.123}4*ﬁﬁl e Ce
) , . R 4 ‘

 S(T,(0) = 088n° = an ~ (Bn—Man = 538n .

. . ‘ ) . . ‘ ,? o ' .4‘_ ‘ ,":“,‘_‘
Di"\'idingtbroughll—',’(;)witb T’,(O)‘cost;" B L : _‘
. :,1 \‘ r‘l ‘_(:) ' ' f
o LCl= ) < 8}3 68511' 588n' Co ' ‘ o
R T | S . S ,
‘I‘: co '308 83115 o ‘\-',‘ S nr
unit ‘multiplications. Similarly; L \
L ‘. i ‘__g : |‘; -‘ : (\" , k }
I ‘!‘ :“ (') e © , ) ‘.‘.| ' , .
‘ : C ) = Bn 688;1- a&Bn' S Lo
L (0) .
i C .‘ C = ’306 83715 ’
T i KN \ - I . o . i
_unit-multiplications. Thus. over all 2n components it costs
Lo meewe L0

‘ u‘nitu'm::lt.ipli'c‘xt'idlis. The re%ultmg pol) nomhﬂs wrll be referred to d.s (,( ) and

o

f,( ‘) \l%o bv Hadﬁmards mequallty 1nd (312) S( U,( ))S (8n+l)an and‘-‘

S( ! ( )) S (Sn)an Therefore Lhe cost of makmv the subsututlon .t=- d.. for all 2n E )

“' " N l v‘ ) "I ] o : ’ ; '\.‘.. . | -
'_. ,pol_vno_mlal,'s..ls R N N \ -
. . NRTIRE X S e ol .
N R . ' | Sl ! E

5 (2" )(8")((8n+l)au )(Snan) I T
s 46»8‘ 6 ;f{-;‘-4,¢,,,r_rw ?;-H" RS ,




/

a

60

\B . ‘
Step o | - # of Unit Multiplications Normal Case |-Abnormal Case
NS 3 Complexity Complexity
1. 28°8n°® - . 3°8n% | 8%8n® -
1. .-)ai.‘nb ' ‘a.'.‘nb aan
5, ' 93°84n+33°8%n® 3%8'n® + 378%n° | %845 4 37370
~Normal' 1'768(c +1)%?7 53n0+220qc+°) %87 | 9°8%n% + 3%84n7 | --- )
0., “"Abnormal | 9208807+ 2309° 6" s —- 3°8'n” + 3%8%n%
7. | 649%83n® 9°8%n® 3°83n®
-t ’
Table 3.1 Bounds on Number of Unit Multiplications in Solve o

From Table 3.11itis clcar that the cost of obmmmg the truncated po“er series .

met‘hod is, as. we have scen earller, 0(8-87n7).

power series

~

~

.Cl@arly, except_when 8>>n,~ the

method ‘is superior. In dddition, this is the cost of obtainigg the first
4 . ) . .

-

28n+1 terms of the power series. The cost will be even smaller if. fewer L%S are

v

required. Finally, 28n+1 terms completel)‘.‘"characte'rizes ‘the corresponding rational

functions for

each power series in the solution.

\
e
.

N\

\\’hon lbc rational squLiOn is desircd. .Tpade d.6minates the complexity of .Solve

\\ hen all n of the power series in A(z) are normal, the complexlty of Solve becom(‘s ‘

O(a S‘n + 9 6‘ 5 + & s‘n“)
which, to get a snmllarly ,x‘educed‘ solution, would cost O(3%8*n’ + 8'-'82117'). D’epend-

ing on lhc abnormalin of the power sefies, the time comple'(ny of Solvc could .

1

3

u

Tbls compares favora.bly to the fractlon-free methods

bocome O(8°8°n® + 5 6‘ 5 + 9° 6~n5) Thm also compares favorably with Bareiss' [l]

melhod w h\ch would then become O(9-8°n8 + 3°8'n 7) In wr to obtaln these

L]

roduced qolutlons gfrom the fractxon free methods it is necessary to use Cabay and

!\Oqsoxwlu

dominatmg cost in the reductlon

.

JP—\DF [5] algonthm lt as. wntb .[padc in our algGrlthm Solvc, is the

=
L

woluuon to (3 3) after btcp 5 is only O(a "5° n6 + 3%4n 5) Thc cost of fracuon free.



, 0l

Finally, when any rational solution is sufficient (which certainly makes sense

[

when the integral domain D ix not a GCD domain), the fraction-free ‘method is

v N -

. asymptotically smaller, being of complexity O(3°8°nT), i ‘ ‘ '

\

'



’ ' Chapter 4 ‘ -,

Future Considerations

In Chapter 3 we generalize and develop the power series method for solving

linear systems ol univariate polynomials over an arbitrary integral domain D. We

+

also complurc it with the fraction-free muthods of Bareiss [1]. When the power series
~ solution l'i‘ rcqulrcd tbe power series method is superior to the fraction-free method
cxccpl pcrh'\ps for hrge 8 and small n. buch a power se‘nes solution (specnﬁcall;)
the ‘ﬁrsl 281+ 1 terms) is sufficient to completely characterize both the ausociatcd ,

/

rational functions and the entire (infinite) power series solution. The cost of obtain-
tng this solution is only O(3°8%n®+3°84n%), whereas the fraction-free method is

O(3°8°n7). Furthermore, the fructiqn-frcg solution'is in unreduced rational form and
a further di.'vision-stlc‘p is‘fequired to obtajn the power series form. As mentioned in
('hup_tcr 1, the solution in power scries form is required in severul problem areas.

\i'bt-n lhd ‘solulion is dlesired in reduced ’rutional_- form there are two possible
wn;\'s to pro;‘ue(l. Either the truncated power series ‘solutiou can be converted into
rcducod r:ni(o'nal form" usiug\\jpade or the uational soluti"ou oi)t.ained By the fraction-

. : \,
free methodq can be rchCcd)usmg Cabay and l\oSS'O'Wskl s [5] JPADE algontbm
‘JP \DE is the best met hod avallable I'or reducmg the rational functions obtained by
: the l'racllbn -free method due to—t'be _duality of JPADE with Euclid's exte{)ded algo-\

rnhm Houe\or. computmg the teduced rational form using JPADD reqmres the

same time comple“t) as ’Jpadc does for convernng the truncated power series sol
tion. Since compuung the truncated pOWer serles soluuon is’ les?costly than the unre-
duced ratlonal soluuon the power series method is agam supenor to the fraction-free
| i method when the reduced rauonal form i is desnred Here, reduced means the GCD of

a ratlonnl funcuon will be an eleement of the mtegral domaln D

-

62
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—
The only time the cost of the fraction-free methods is asymptotically smaller

than the cost .of the the power scries method is when the solution is desired in

1 . . L] | L.
rational form, but not necessarily in reduced rational formt. This is a reasonable form

" when the integral domain D is not a GC'D domain, but not generally useful other-

\\‘i.‘i(‘. -~

The algorithm "Jpade by itself deserves recognition as a-contribufion to Padé ‘

A}

thcory. With the same a prioriinformation, Jpade is two orders of.magnitude better

than JPADE. In all situations where the power series A(z) in D[.r]‘is known to have

[}
(

an exact rational solution. .Jpade is clearly superior. Further stud) mto poqqnlxlc
.xppllcullons for Jpade is warranted; one po‘;s \bility woulﬂ be the use of Jpadc as a

homomorplmm between (be r:monal poly nomidl algebra D(z) and the power scrics

‘.1|¢'ebr'1 D{[:]] for certam algebraic operations such as .xddmon or mullrphmlmn of

\.
rational poly nomml functions. Lo

One issuc that is important to recognize is the validity of the basic assumptions

' madeﬁ the cost analysis (see (2.72) and (2.73)) of .7;mdc and Solve concerning the:
behavior of the mtegral domain D under addmon and mulupheanon Are these real-

istic. assumptions? lt is entlreI) posslble that there exists an integral dom’un that

i
v

cannot be repreqented in our “model, Just as thcre e“st ﬁelds tlnt do not satisfy thcv

N

'nwumpt ion th’zt field operatlons are constant. For praeucal analys:s the 'nsumptlom
made in this theSIs for the cost. analysns are cerlamly reasonable Oue possnble '1lter-

nte model would be Lhat elements of D may be represented by muluvarmtc polyno-.

mials. A comparison of the power series’ method with fracuon-_fre_e methods could

a

prove interesting under this assumption, and is left open for future research.

/

lt is mportant to note: that the conversron routme .Ipadc and also JPADE for -

GCD computauons. dommates the time complexny of both the power series and“'
/ s N
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fraction free methods, respectively. Any improvement ineither of these routines
A . ! s
would strongly aflect the time complexity of the corresponding method. If we con-
sider special integral, domains, various improvements become possible. When D'is .

the domain of integers, the Schénhage-Strassén fast integer multiplication routines

may be used. lf D is the set of mult.ivariake_ polynomials over a field, we may use

Fl T techmques to accelerate ‘polynomial multlphcauon Whenh' D is an ‘arbilrarv

.

mtegr.xl (lom'ur; we may be: able to combine Cabay and Choi's [’3] quadratic Padé.

fraction .nlgornhm mth Jpade to obmm a "divide and conquer dlgorlthm \no(her

arca to examine is the possnble improvemens of (he construction of the power series.

solution in Solve. These areas merit future research considération.
N\ ' ' :

‘ B R :

W hlle the analyses of the power series method and the fractlon free methods

N
'

pron(le accurate lheoretlcnl mformauon th(-y do not determlne the true pr‘ncucallty

of the po“er series method Since the comple‘ﬂhes of bolh the power.series method "
P

“and the fr'u'no ee method are so hlgh (as are the constants‘assonat.ed with, the

numberlof mu'ltiplic_:it ve operations for ‘the ipower series method), it is not clear

which method is more e{ﬁnent for pracmcal problems To determine their‘pra‘cti’cal"

i N

uwfulness would requlre the mplementatlon of both methods and detalled umlng

compnnsons woul(l_have to be made. This is left.‘for future research.

\ problem mherent in all the methods for solvmg llnear systems of equatlons‘

\\uh dense components is that of large time comple\utnes As mentloned in Chapter‘ B

-

1w arlous sparse models have been proposed and studled (see Horowltz and Sahni -

.

[ll] for a comprehenslve survey) There 8 some prehmmary |ndlcatlon that lt may‘

be possnb-le to take advantage of certaln types of sparsnty usmg t.he power series

s method but furt her mvestlgatlon |s needed

‘
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\‘lhcr interesting problem for fulur(* rcﬁearch is the inv oﬂng'\llon of gonor'\ln-
ing evaluation- m(erpol'mon methods’ from Imonr systems with ﬁcld poi) nomnl

. v

coeflieicnts to those’ \nth m(('g'rnl dom’uu poly nomlal cocﬁinonls "This would com-

pl(‘tc the gcncr'\llmuon of tho throo categories of sollmonvmcthods, mentioned ih -

Chnp(cr 1. . ! , ' o
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