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Abstract

A design and tuning procedure for Model-based Predictive Controllers (MPC) was developed
based on a ARMarkov model structure in which the user specifies the number of Markov
(impulse response) parameters required to define the process time-delay and the initial,
fast dynamics of the time domain response. A low order, parametric ARX model is then
specified to model the slower dynamics of the remaining process dynamics. The advantages
of this dual model structure are that it does not require accurate, a priori specification of
the process time-delay or model order and includes provision for disturbance modelling.
Furthermore, the statistical properties of the identified Markov parameters are better than
the same properties of parameters generated using other linear regression ID methods. The
design of the controller follows traditional MPC techniques but the use of the ARMarkov
“dual model” and a separate disturbance model results in a flexible formulation that includes
DMC and GPC as special cases and permits independent tuning of the closed-loop servo
and regulatory responses.

An on-line tuning methodology is developed that linearly combines the outputs of
any two individual controllers using a continuous parameter a. As a is varied from 0
to 1 the state feedback gain is a convex combination of the gains of the two individual,
limiting controllers and the system properties vary continuously between the limits defined
by each controller used individually, e.g. from conservative, robust control to aggressive,
high-performance control. If the conditions stated in Lemmas 11.1 and 11.2 are met, the
closed-loop system is stable using the combined output for all 0 < a < 1.

When the two MPC's differ only in the specification of the control horizon (M = m
and M = m + n) or the steady-state output weighting, the second controller output can
be obtained by a simple extension of the first controller calculation and hence there is no
significant increase in computational requirements.

The performance monitoring approach simultaneously provides closed-loop time domain
performance indices (e.g. rise/settling time) plus the interactor matrix and sensitivity

/complementary-sensitivity functions. State space based performance benchmarks such
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as linear quadratic gaussian (LQG) are also formulated.
Simulated and experimental applications are included to illustrate the theoretical devel-

opments in this thesis.
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Chapter 1

Introduction

Model-based Predictive Controller (MPC) has been widely accepted by academia and
used in industrial applications because of its ability to handle constraints and large
scale multivariable processes. Research on MPC design and analysis started in the
1970’s and is continuing because of the ongoing demand for improved performance
and robustness. The first step in model-based predictive controller design is to obtain
a process model that is well suited for the controller to be designed. The controller
can then be designed to optimize a user-specified performance index. However, when
the designed controller is implemented on the actual process, there is always some
performance loss due to model plant mismatch (MPM), known/unknown disturbances
on the process, measurement errors, non-linearity and so on. Therefore, after imple-
menting the controller there is always a need for controller tuning and sometimes even
redesign. The need for controller tuning or re-design is usually established by a per-
formance/robustness analysis of the controlled system. Therefore, process modeling,
controller design and analysis/tuning are the major concerns in MPC applications.
Each of these areas is addressed in this thesis.

An overview of MPC including past, present and future research directions is given
in Section 1.1. The motivation for and the objectives of this thesis are described in
Section 1.2 followed by an outline of the thesis organization and contributions in

Section 1.3.
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1.1 Overview of Model-based Predictive Control
(MPO)

1.1.1 Basic Principles and Advantages

MPC has been defined by different researchers in different ways. Garcia et al.
(1989)defined MPC as “that family of controllers in which there is a direct use of
an explicit and separately identifiable model”. Eaton and Rawlings (1992)said this
definition was too general and identified the defining feature of MPC as “a repeated
optimization of an open-loop performance objective over a finite horizon extending
from the current time into the future”. Several other formulations and different names
for MPC can be found in the literature. Among them Dynamic Matrix Control (DMC)
by Cutler and Ramaker (1980), Identification and Command (IDCOM) by Richalet et
al. (1978), Model Algorithm Control (MAC) by Rouhani and Mehra (1982), Internal
Model Control (IMC) by Garcia and Morari (1982), multivariable optimal constrained
control algorithm (MOCCA) by Sripada and Fisher (1985), Generalized Predictive
Control (GPC) by Clarke et al.(1987a, 1987 c)are the most commonly mentioned ones.
Although these variations of MPC use different process/noise model structures, per-
formance criteria and optimization methodologies, all of them share some common

features that can be summarized as follows.

e There is an explicit process model in step/impulse response, transfer function,
state space or other form. In many formulations there is also an explicit or

implicit noise model.

e Based on the process/noise model used, future outputs are predicted over a
finite horizon called the prediction horizon.

e The predicted output has two distinct parts usually referred to as the ‘free
response’ that depends on the information available at the current time and the

‘forced response’ that depends on the current and future control movements.

e An optimization problem is formulated that includes a user-specified perfor-
mance criterion, with variable weighting (tuning) parameters, input-output con-

straints etc.
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e The optimization problem is solved at each sampling instant to determine the

present and future control moves.

o In accordance with the ‘receding horizon principle’, only the first control move is

implemented and the entire calculation is repeated at the next control interval.

Therefore, in general, MPC is defined as a class of controllers that, using a process
model, determines a set of manipulated variables by minimizing/maximizing some
open-loop performance objectives over a finite time horizon from current to some
extended future time. The most commonly used performance objective function is

defined as
N2
Jupc = Y (r(k+i) —§(k+1)7 Qi(r (k+1) —§(k+1i))

=1

M
+Y u(k+i-1)TRu(k+i—1)

x;l
+> Au(k+i-1)TAAu(k+i-1)
i=1
where j (k +1),7=1,.-- N, are the predicted future outputs over a finite prediction
horizon N,, r (k + i) are the future reference signals that are assumed to be known
and u(k+17—1), Au(k + ¢ — 1) are the present/future control and incremental con-
trol moves respectively that are determined by solving the quadratic optimization
problem. In the MPC literature, M is called the control horizon, Q; is the output
weighting matrix, R, is the input weighting matrix and A; is known as the move
suppression factor matrix. Other modifications and forms of the objective functions
can be found in literature (Garcia and Morari 1982, Garcia et al. 1989, Cutler and
Ramaker 1980, Eaton and Rawlings 1992, Morari and Lee 1999, Patwardhan 1999).
The characterizing features of some commonly used MPC'’s such as DMC, MAC, GPC
are discussed by Saudagar (1995). Garcia et al. (1989)specifically discuss the algo-
rithm formulations of DMC and MAC. A detailed review of MPC basic principles
and formulations can be found in (Garcia et al. 1989, De Keyser 1991, Eaton and
Rawlings 1992, Patwardhan 1999).
Some of the advantages of MPC and reasons why MPC is so widely used in
industrial applications are as follows (Camacho and Bordons 1999, Saudagar 1995,

3
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Patwardhan 1999):

e MPC concepts such as those inherent in DMC are very intuitive and easy to
understand even with little knowledge of advanced control theory. Therefore,

it is easy to explain to industrial operators/technicians.

e MPC can handle large scale multivariable systems which are often difficult to
handle by individual feedback controllers. It can be implemented on simple as

well as complex systems.

e MPC can deal with hard constraints on inputs/outputs which are difficult to

include in other control scheme implementations.

e Because the objective function is typically finite horizon and the optimization
problem is linear or quadratic in nature, with the present day computational
capabilities and powerful solution algorithms, it is not difficult to solve the

optimization problem at every sampling instant.

e When the inequality constraints on the process inputs/outputs are inactive, the

final control law is linear in nature and therefore easy to implement.

e With its flexible and open methodology, MPC can be extended and improved in
many different ways. Recent developments include: optimization improvements
using different algorithms, robust design and analysis, performance diagnosis,

nonlinear modeling and control.

1.1.2 Historical Background and Present/Future Research
Directions

The origin of predictive control or finite horizon control could be traced back to the
1960’s by some researchers (e.g. (Garcia et al. 1989, Banerjee 1996)). The term
predictive control has been found in the literature in as early as 1962 (e.g. (Horing
1962)) and the idea of long range predictive control (LRPC) can be traced back to 1964
(e.g. (Banerjee 1996, Kishi 1964)). However, extensive research and applications of
model predictive control did not start until the late 1970’s with the formulations and
industrial applications of DMC (Cutler and Ramaker 1980), MAC/IDCOM (Richalet

4
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et al. 1978, Rouhani and Mehra 1982), and the development of GPC by Clarke et
al.(1987a, 1987¢). It has been said that MPC was rediscovered in the 1980’s and
since then several books e.g. (Bitmead et al. 1990, Soeterboek 1992, Clarke 1994,
Camacho and Bordons 1999) and hundreds of papers have been written on model-
based predictive control.

In the 1990’s several review papers (Garcia et al. 1989, Ricker 1991, Eaton and
Rawlings 1992, Muske and Rawlings 1993, Lee 1996, Morari and Lee 1999) were
published that discussed the theoretical developments of MPC and the likely future
research directions. Step or impulse response model based DMC has become the most
popular of the developed MPC'’s in industrial applications, particularly in the petro-
chemical industries. On the other hand, the well known transfer function model based
GPC has not been as popular as DMC to the industrial practitioners. Morari and Lee
(1999), Saudagar (1995)have discussed some of the reasons behind this. Froisy (1994),
Qin and Badgwell (1996 )have reviewed the existing industrial MPC technologies along
with their limitations and discussed likely future MPC variations from an industrial
perspective. Lists of MPC applications in chemical and petroleum industries (e.g.
distillation column, FCC, pulp and paper making, polymerization etc.) can be found
in Ogunnaike and Ray (1994), Saudagar (1995)and Qin and Badgwell (1996). There
are several commercial MPC packages (e.g. DMC, QDMC, IDCOMPC, HPC, HMPC
etc.) developed by different companies. A list of them is available in publications by
Froisy (1994)and Saudagar (1995).

Linear state space mode] based predictive controller design and analysis (e.g. (Li
et al. 1989, Lee et al. 1994, Ricker 1990, Ricker 1991)) became very common in the
late 1980’s and early 1990’s. Issues like feasibility of the solution to the constrained
MPC problem, closed-loop stability, performance analysis and robustness of MPC
were the main focus of MPC research in the 1990’s and the beginning of the twenty-
first century. Selection of a proper model, subspace model identification, nonlinear
modeling and nonlinear MPC design also received a lot of attention during this period
of time.

Researchers such as Qin and Badgwell (1996), Lee (1996), Morari and Lee (1999)
pointed out that future research on MPC should include: identification improvement

or model development in the context of MPC design, nonlinear modeling and con-

5
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troller design, better use of uncertainty estimates, multiple performance objectives,
performance monitoring and diagnosis, improved optimization and so on. Therefore,
with the current interest of industrial practitioners in MPC, it can be said that MPC
research is still open and will continue for several years to come. Closed-loop perfor-
mance monitoring and/or diagnosis, robust stability design and analysis in the MPC
context, non-linear MPC are key areas in which research and theoretical development
scope are still open. MPC relevant modeling, integrated modeling, design & tuning

also need improvement.

1.2 Research Objectives

1.2.1 Motivation

A classical MPC system is shown in Figure 1.1. The key components are:
1. Model
2. Controller
3. Feedback (estimates/predicts disturbances and MPM /uncertainty)

In more sophisticated MPC formulations, especially those based on MIMO state
space models, the model and feedback components are combined into one larger

module that performs
e state estimation
e output and disturbance estimation
e noise/disturbance filtering
e parameter estimation etc.

These (state space based) techniques are very powerful but the MPC structure is
not as transparent to the user, e.g. the model/prediction and (disturbance) feedback
paths are not separated as in Figure 1.1. This “separation” is practically helpful to
application-oriented personnel in the process control area who want to separate the

“servo” and “regulatory” control functions.

6
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P = Physical process or system to be controlled
FB = Feedback

Figure 1.1: Classical MPC Structure

For practical applications the basic/classical MPC system shown in Figure 1.1 is
augmented as indicated by Figure 1.2 to include

1. model identification and parameter estimation

2. performance assessment to compare the achieved control with the “best

possible” control and/or more practical LQG or MPC benchmarks.

3. system monitoring and on-line tuning (where “system” includes all components
of the complete MPC system) is required to adapt to changes in the physical
process or in the performance of individual modules. For example, if the iden-
tified model is ‘poor’ or if the feedback prediction X (k) is unreliable then the
controller should be redesigned/retuned so that it is less aggressive and more

robust.
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4. data-filtering/preprocessing that can range from simple noise filters to so-

phisticated MIMO analysis/correlation etc. techniques.

5. higher-level functions such as process optimizers are used in many indus-
trial applications to generate set-point or target trajectories and can produce

significant economic benefits.
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PA = Performance Assessment
1D = identification

FB = Feedback

Figure 1.2: MPC System Supervisor

There are multiple methodologies and design approaches for each component in
Figure 1.2. Therefore it is not difficult to propose a “new” MPC system using dif-
ferent design and implementation strategies for each component. The challenge is to
select and design each MPC component so that they integrate well with the other MPC

components and facilitate specification and on-line tuning of overall MPC-system per-
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formance. With this “challenge” in mind the objectives of this thesis were developed

as outlined in the next subsection.

1.2.2 General Objectives

The overall objective of this thesis was to develop a “complete” MPC system that

incorporated the following characteristics.

1. A “dual-model” that combined the flexibility and ease of interpretation of step
(or FIR) models used in DMC with the “parametric-efficiency” and computa-
tional advantages of parametric models such as those used in GPC and state

space methods.

2. An integrated approach to the selection and formulation of each component so
that they work well together and can be designed a prior: and tuned on-line to

accommodate changes in the process and /or performance objectives.

3. A common basis for all the MPC components that facilitates design and analysis
using modern control theory and computational packages such as MATLAB.

4. A complete MPC system that would meet the practical requirements of indus-

trial applications operated by plant personnel.

1.3 Contents and Contributions of the Thesis

Not surprisingly the key distinguishing features of any Model-based Predictive Con-
trol system is the selected model structure. The MPC system developed in this
thesis uses a “dual-model” that combines a user-specified number of impulse (or FIR
or Markov) parameters to define the time-delay and initial portion of the process
response together with a parametric (ARIMA) model to define the balance (slow
dynamics) of the process response. This is illustrated in Figure 1.3.

The u-point step (impulse, FIR or Markov) model of the initial process response
means that it is NOT necessary to specify, a priori, the time delay, model structure

etc. as required for parametric models. The slow or residual response from k +
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Figure 1.3: Dual-model Representation of a Process Step Response

u to k + Ny (N =MPC prediction horizon) is adequately represented by a low-
order, parametric model as is common in the process industries. Three points are

particularly important about the “dual-model” used in this thesis:

1. The MPC system developed using the dual-ARMarkov model is shown to be
mathematically equivalent to DMC as 4 — N, and to GPC as 4 — 1. Thus by
specifying 1 < u < N, the user can obtain any desired combination of DMC

(non-parametric) and GPC (parametric) characteristics.

2. The dual-ARMarkov model provides a sound theoretical basis for design, anal-
ysis and simulation and is shown to have advantages for use in other MPC
components, including identification, control, performance assessment and tun-
ing.

3. A separate “disturbance term” incorporated into the dual-ARMarkov model

provides a basis for more accurate prediction of the process output and leads

to a mechanism for independent tuning for ‘servo’ and ‘regulatory’ control.

The main areas studied in this thesis are identified in Figure 1.2 (solid boxes)

and in column 1 of Table 1.1. The details of the work done in this thesis project are

10
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contained in the Chapters listed in column 2 of Table 1.1 and summaries of the key
contributions are in the sections listed in column 3.

However, very briefly the contributions of this thesis are:

1. Model: a dual-ARMarkov model as discussed above

2. Identification: a multivariable, ARMarkov identification procedure that uses
conventional least-squares to directly determine the p Markov parameters plus

the order and parameters of the “residual response model”.

3. Controller: provides any desired combination of DMC (conservative) and GPC
(aggressive) characteristics together with a clear separation of ‘servo’ and ‘reg-

ulatory’ control.

4. Feedback: the dual ARMarkov model permits separation of the model-based
feedback predictions from the “disturbance” prediction analogous to Y (k) and
X (k) in Figure 1.1.

5. Performance: overall control performance is evaluated using familiar time-
domain metrics such as rise time (dominant time constant), theoretical metrics
such as sensitivity functions and/or relative to calculated (e.g. LQG) perfor-

mance objectives.

6. Tuning: a single parameter, 0 < « < 1, provides stable, robust control over the
full range of performance and robustness specified a priori by the user during

the design phase.

Table 1.1: Overview of Thesis Work on MPC

MPC Component Chapter(s) with details Section with Summary
(1) Model 2, 3, 4, (9) 12.1, point #1
(2) Identification 2,3,5 12.1, point #2
(3) Controller 6,89 12.1, point #3
(4) Feedback 7 12.1, point #4
(5) Performance/robustness 10 12.1, point #5
(6) On-line tuning 11 12.1, point #6

11
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Part I
ARMarkov Identification

This part of the thesis focuses on the ARMarkov models that are used later in the
thesis for development of Model-based Predictive Controllers (MPC). As shown in
Chapter 2 the ARMarkov model is a combination of non-parametric and parametric
input-output models and does not require accurate values of the process time delay
or actual model order. At one extreme the ARMarkov model consists only of non-
parametric terms and is equivalent to the model used for DMC (Cutler and Ramaker
1980). At the other extreme it reduces to a parametric model identical to the model
used for GPC (Clarke et al. 1987b).

In Chapters 2 and 3 the existing identification method for ARMarkov models
of SISO systems is extended to the multivariable case. The result is a straightfor-
ward linear regression algorithm that performs well in practical applications. The
statistical analysis in Chapter 4 shows advantages such as better consistency, vari-
ance/covariance and confidence bounds of the estimated parameters compared to the
same properties of the parameters estimated by other linear regression methods such
as FIR or ARX. Chapter 5 shows how the interactor (time-delay) matrix can be
obtained directly from the estimated Markov parameters.

MPC design and on-line tuning are presented in Parts II and III respectively.

12
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Chapter 2

Estimation of Markov Parameters
using ARMarkov Identification!

2.1 Introduction

System identification is a well known research area in the control community. It
is important in both academia and industry. System identification is the process of
developing or updating a mathematical representation of a process using experimental
data. There are several reasons for developing a mathematical model such as to
understand the process dynamics, to design a controller, to implement control-loop
performance monitoring/assessment, train the plant operator and so on. When any
input is introduced to a process, outputs from the process are obtained that depend
on the dynamic behavior of the process. A model is a mathematical function that
maps the process input(s) to the process output(s). The dynamic behavior of the
process can be estimated in the form of mathematical models by analyzing the process
input(s) and output(s).

There are different methods of identification and different models have been used
for different processes. Since the mid-sixties, several techniques have been developed
for system identification and many textbooks have been written focusing on different
techniques and different types of models. Most of the practical chemical processes are
nonlinear in nature. However, linear models are used in most applications because
linear models are easier to identify and analyze. The most commonly used linear

models are: time domain, state space and frequency domain models. All the linear

This chapter is a part of the paper published in the Chemical Engineering Science, May 2000.
It was also presented at the 1998 CSCHE Conference, London, Ontario, Canada.
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models are equivalent and can be converted from one form to the other. However,
each form has some advantages over the other depending on the application. The
time domain models are easy to explain to industrial operators whereas, state space
models can be easily used for multivariable systems and theoretical analysis is also
more convenient for multivariable systems.

There are mainly two types of time domain or transfer function models, non-
parametric and parametric models. Non-parametric models are higher order, but
require less specific a-priori information on the process. On the other hand, low order
parametric models require a-priori information such as time delay specification, model
order etc. of the process.

The least-squares identification method along with a linear regression model is
one of the easiest and most commonly used approaches. The use of the least-squares
method can be traced back to Gauss (1809). Among the commonly used least-squares
methods are the FIR (Finite Impulse Response), ARX (Auto Regressive exogenous)
etc. The main advantage of the least-squares method is that the global minirum can
be found efficiently (no local minimum exists) (Ljung 1987). The main disadvantage
is that if the noise term in the linear regression model is not white noise, the estimated
parameters will not converge asymptotically to the actual parameters. The FIR and
ARX methods will be discussed further in Section 2.2.

Most Model Predictive Controllers (MPC) need step response or impulse response
coefficients of the process (directly or indirectly). In most of the MPC'’s, the ‘dynamic
matrix’ is constructed using the first few step/impulse response coefficients. It is
important to accurately estimate the step/impulse response (or Markov parameter)
which represent the fast or initial portion of the process response. If these Markov
parameters can be determined accurately, performance can be improved. Plants are
often high order, but they are approximated by low-order models for the purpose of
control design. In such cases, the lower order approximation must be reliable, at least
for the fast dynamics part of the step/impulse response.

Time delay estimation plays a very important role in control system design and
in multivariable performance assessment. In multivariate cases, the time delays are
defined by a polynomial matrix called the interactor matrix. Huang (1997) proposed

a method of determining the interactor matrix that does not require a priori infor-
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mation on the process transfer functions and uses a linear combination of the process
Markov parameters. He also noted that better interactor estimation is obtained when
the Markov parameters are estimated directly rather than transforming process trans-
fer functions into Markov parameters. The first step in his method of estimating the
interactor matrix is to determine the Markov parameters of the multivariable system.
Huang (1997) used correlation analysis to estimate the Markov parameters of MIMO
systems. However, in the presence of non-white disturbances, the Markov parame-
ters estimated by correlation analysis are significantly affected by the disturbances
(Soderstrom and Stoica 1989).

Process dynamics such as non-linearities, abnormal step/impulse behavior in the
fast dynamics cannot be captured well by a linear model. Therefore, direct estimation
rather than converting input-output or state space models to Markov parameters is
important for both interactor matrix estimation (Huang and Shah 1999) as well as for
MPC design since they use the Markov parameters directly. Non-parametric methods
such as the FIR method estimate the Markov parameters directly. However, non-
parametric methods need very high model order to capture the full dynamics of the
process. On the other hand, parametric models are highly affected by disturbances
and if inaccurate disturbance models or no disturbance models are considered, then
the Model Plant Mismatch (MPM) becomes very high.

A better method for the determination of the impulse response or the Markov
parameters is proposed in this chapter. It is called the ARMarkov/LS method as
introduced by Hyland (1991) and used by Akers and Bernstein(1997, 1999). This
procedure uses a least-squares algorithm with the ARMarkov representation of a pro-
cess model which relates the present outpui(s) with past outputs and past inputs.
The ARMarkov model has the same form as an ARX model except that it explicitly
contains more than one Markov parameter. Therefore, the ARMarkov model can
be viewed as an overparameterized and structurally constrained ARX representation
(Akers and Bernstein 1997). In other words, the ARMarkov model is a combination
of a non-parametric model and a parametric residual model. The ARMarkov/LS
identification method uses a regressor vector consisting of past input-output data
with a least-squares criterion to estimate a weighting matrix consisting of a user

specified number of Markov parameters. The proposed method assures the reliabil-
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ity of the step/impulse response coefficients for the fast dynamics part. Analysis
of the statistical properties of the estimated ARMarkov model parameters, shown
later in Chapter 4, proves that the Markov parameters obtained by using the AR-
Markov method are consistent even in the presence of colored disturbances. Hyland
(1991) has shown that the ARMarkov model representation is less sensitive to noisy
measurements than the ARX or ARMA model representations. Venugopal and Bern-
stein (1997a) noted that perturbations to ARMarkov parameters have less impact
on model behavior as compared to ARMA representations. An ARMarkov adaptive
control (AAC) algorithm developed by Venugopal and Bernstein (19975) was used by
Venugopal and Bernstein(1997a, 19975, 2000)for disturbance suppression purposes.
Sane et al. (1999a) analyzed properties such as robustness of the AAC. Sane et al.
(1999b) studied the behavior of the AAC under simultaneous identification and noted
that the algorithm neither requires nor utilizes a model of the feedback transfer func-
tion. Moreover, a recursive algorithm can be used to update the parameter estimates
that saves computational cost due to the overparameterized model representation.
An introduction to linear regression models and least-squares methods is included
in Section 2.2. Section 2.3 describes the ARMarkov model representation for SISO sys-
tems and the LS identification of the model parameters. Extension of the ARMarkov
method to MIMO systems and a recursive algorithm for the ARMarkov least-squares
method are discussed in Section 2.4 and Section 2.5 respectively. Applications of the

ARMarkov method are given in Section 2.6.

2.2 Linear Regression Models and Least-squares
Methods

‘Regression analysis is the statistical methodology for predicting values of one or more
response (dependent) variables from a collection of predictor (independent) variable
values’(Johnson and Wichern 1988). As mentioned earlier, a linear regression model
is the simplest model structure and a simple method such as least-squares can be
used for the determination of the model parameters. In linear regression, the output
predictor is a scalar product between a data vector, ¢ and the parameter vector, 6.

The known data vector, ¢ is called the regressor vector. The classical linear regression
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model is defined as

y = ¢70+¢

E(e) = 0, and Covariance (¢) = oI

where # and o2 are unknown parameters. In discrete time systems, the predictor is

defined as,
g(k)=¢" (k)8 (2.1)
and the prediction error becomes

e(k) = y(k)-T(k)
= y(k)- o7 (k)8

The least-squares criterion is defined as
1 2
N T
= = - 0
mmJ(Z k2= 5 [y (k) — ¢" (k) 6]

and the least-squares estimate (LSE) of the parameters is

9,[;,5 = argminJ(ZN,G)

-1 N
= [ ZW k)} SIS
k=1

2.2.1 ARX Model

The ARX model structure is, arguably the easiest linear regression parametric model
to use for system identification. It uses the following input-output difference equation

to formulate the model.

y(k)+aiyk—1)+ -+ anay(k—n) = bou(k) +byu(k—1)+---
+basu(k — n) + € (k) (2.2)
or A(g7)y(k) = B(q7")u(k)+e(k) (2.3)

where A (gq~!)y(k) is referred to as autoregressive (AR) part and B (¢~!)u(k) as

exogenous (X) input part. To see the ARX model as a linear regression model,
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compare equation (2.1) with equation (2.2) or (2.3). The regressor vector consists of

input-output sequence as
¢(k) = [~y(k = 1),--- , —y(k — na), u(k),--- ,u(k — nb)]"

and the parameter vector is defined as

0=[a17”' 1aM’b11"' bnb]T

The parameter vector is estimated using the least-squares method.

2.2.2 Finite Impulse Response (FIR) Model

A Finite Impulse Response (FIR) Model is a linear, time-invariant (LTI), non-parametric
model structure. A LTI model can be defined by the full impulse responses of the
process. Non-parametric models, e.g. models used in correlation analysis and/or
step/impulse response analysis, do not explicitly employ a finite dimensional param-
eter vector. The FIR model, also known as a ‘truncated weighting function’ model is

a simplified form of the LTI model

y(k) = i hiu(k — i) + ¢ (k)
i=0
used in correlation analysis where f; are the impulse response coefficients or Markov
parameters of the process. Assuming
hi=0 fori> M
the FIR or ‘truncated weighting function’ model is written as

y(k) = hou(k) + hyu(k — 1)+ -- -+ hy_yulk — M + 1) + e(k) (2.4)

The number of Markov parameters f; i.e. M should be large enough, compared
to the time constant of the process, to avoid truncation error and to get a good
approximation of the infinite dimensional model structure. The FIR model can also
be obtained when na = 0 in (2.2). The linear regression form of the model is obtained

using a regressor vector consisting of present/past inputs only i.e.
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¢(k) = [u(k)7 U *u(k - nb)]T
and

8 = [by, - bnb]T
[ho, -+ har—1]T

The Markov parameters or impulse response coefficients for this model can be esti-

mated by using LS identification or by using correlation analysis.

2.3 The ARMarkov Method

C: Dz

Let G(z) £ i Az | B denote the transfer function of a discrete, linear, time-
system having the state space form

invariant SIS

z(k+1) = A,z(k)+ Bu(k), (2.5)
y(k) = C:z(k) + Dsu(k) (2.6)

where A; € R**, B, € R™*1,C; € R'*", and D, € R.
The Markov parameters h; are defined by (Akers and Bernstein (1997)) as

hj £ D, for j =0 (2.7)
£ C.A'B; for j >1

The transfer function of equations (2.5) and (2.6) is
G(z) £ C.(z] - A;)"'B. + D, (2.8)

The Markov parameter representation of G(z) is
G(z) = h;z7 (2.9)
=0

The ARX transfer function representation of G(z) is

boz" + b1z 1+ - + by

2.10
2"+ a2zl 4+ +a, (210)

Garx(z) =
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where
det(zI — A;) = 2"+az" ' +---+a,
and b, € R ™™ i=0,---,n

Equating the transfer functions in equations (2.9) and (2.10) and then multiplying
both sides by 2" + a;z"! + - - - + a, results in the relationship

bo hg O o 0 1

b . .. : a

.1 _ hy . .o . 1 (2.11)

: : .00 :

bn h, --- hy ho an

hnt; = —Za,h,,ﬂ-_i, for >0 (2.12)
i=1

The ARX transfer function representation in (2.10) contains the first Markov
parameter of the process i.e. hg = by.

The goal here is to blend the two transfer functions i.e. the non-parametric rep-
resentation in (2.9) and the parametric representation in (2.10), to incorporate more
than one Markov parameter and maintain the rationality of the transfer function.

The time-domain representation of the ARX model is

y(k) = —ay(k —1) = -+ — any(k — n) + bou(k) +--- + byu(k —n), fork >0
(2.13)

Now substituting k¥ by & — 1 in (2.13) yields
) = —ayk—2)—---—apylk —n—1)+bou(k — 1) + -+ + bpu(k — n — 1),
fork > 0 (2.14)
and using (2.14) to replace the value of y(k — 1) in (2.13) results in
y(k) = (a}-a2)y(k —2)+ (@182 — as)y(k = 3) + - + (a1an-1 — an) y(k — n)
+aya,y(k —n — 1) + bou(k) + (by — ajbp) u (k — 1) + (b2 — a1b;)u (k — 2)
4ot (bp — arbp_y) u (k= n) — aybuu(k —n — 1) (2.15)

Using (2.11), the first two Markov parameters are: hg = by and h; = by — a;bp. Then

(2.15) can be written as
y(k) = oy -2)+azy(k —3)+ - +any(k —n—1)
+hou(k) + hyu(k=1)+ Biu(k—2)+---+ Bu(k —n—-1) (2.16)
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where a;,--- ,a, € R and 3,,--- , 8, € R are defined as

a, = a18;—Giy; 1=1,--- ,n—1
a, = a10q
B; = biypp—ah i=1,---,n—1
Bn = aibs

Equation (2.16) explicitly contains first two Markov parameters, ho and h; cor-
responding to transfer function G(z). Note that the input-output model in (2.16) is
a combination cf the ARX model in (2.2) and the FIR model in (2.4). Since this
transfer function is a blend of the ARX transfer function and the transfer function
representing the Markov parameters or impulse response coefficients i.e. the FIR
transfer function, the blended transfer function is referred to as the ARMarkov trans-
fer function.

Repeating the above sequence (i — 1) times, produces the following ARMarkov

representation corresponding to G(z) with u Markov parameters

hoztt ™l by 12"+ 0,,2" -+ B

2.17
zptn=l p g 2n 4t aun 217)

G aRMark(2) =
The ARMarkov time-domain representation is given by
n B n
y(k) ==Y ok —p—j+ 1)+ houk—j+ 1)+ Buk—p—j+1)
j=1 =1 j=1
(2.18)
and involves only the first 4 Markov parameters hy,..., h,—1. The parameters ay,-- - ,an
€ R'™" are functions of the ARX coefficients and the Markov parameters (Akers and
Bernstein 1997). Here n is the order of the parametric residual model and is called

the order of the ARMarkov model. The ARX time-domain representation is a special

form of the ARMarkov time-domain representation with g = 1.

2.3.1 ARMarkov/LS Identification Algorithm
The ARMarkov regressor vector, ¢, for equation (2.18) is written as

S.k) 2 [ylk—p) - yk—p-n+1) uk) - uwk-p-n+1)]"
(2.19)
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The process output can be expressed as
y(k) = W0, (k), (2.20)

where the weighting matrix is given by,

W, = [-A, h - ko By (2.21)
A, = [o1,aq) € R (2.22)
B, = [B, - B,] € RV (2.23)

Let W, be the estimate of the weighting matrix and §(k) be the estimated output.
Then

§(k) = W9, (k) (2.24)
Define the output prediction error, (k) as

e(k) = y(k) — (k) (2.25)
and the cost function, J, in terms of the output error as

J = ek (2.26)

l
2

iM=

1
N

1

© ( (k) - wmp(k)f (2.27)

|
M z

?f'

=1

where N is the number of total data points. Then W, is a strict minimization of J

iff
. 1 & -
W, = [N;yw)ﬁ } [ Nqu T(k] (2.28)

Matrix % }:LV:l ¢“(k)¢f(k) contains the covariance estimates of u(k) and y(k) and
must be non-singular for the inverse to exist. When u = 1, equation (2.28) is identical
to the ARX/LS identification algorithm.
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2.4 Extension of the ARMarkov Method to MIMO
Systems

Akers and Bernstein (1997) suggested that for MIMO systems, each individual input-
output pair be considered separately to generate the corresponding Markov param-
eters. The estimated parameters could then be stacked in matrix form. However,
as shown below, the ARMarkov/LS method can be reformulated for MIMO systems
to estimate the Markov parameter blocks directly. The input-output relationship is

expressed as,

n I n
Yk)=-> a;Y(k—p—j+1)+ Y HUk-j+1)+>_ BUKk-p-j+1)
=1 7=1 1=1

(2.29)

where Y (k) = [y1(k), y2(k) - - - u(k)]T, U(k) = [wi(k), ua(k) - - - um(k)]” and @, H; &
3 are of appropriate sizes. The number of outputs and inputs are [ and m respectively.

The regressor vector is expressed as

(k)2 [Yk-u)T -~ Yk-p-n+1)T UKT - Uk—p-n+1)T]"
(2.30)

Following the same least-squares procedure used for the SISO systems, the cost func-

tion becomes

1 N
=5 Z‘T‘ (2.31)
k=1

where € is the output error vector and the estimate of the weighting matrix, W,, is

-1

W, = [N\:;Y (k)T ( k)] [ Z«p @T(k} (2.32)

where
W, = [-A4, A, - H.o B,|, (2.33)
A, = [@.., - @&,n) € R*Y H;eR™™,
B, = [3#‘1 3”] ¢ Rixnm (2.34)
23
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2.5 Recursive ARMarkov/LS Identification

In order to support on-line decisions such as performance monitoring/assessment and
on-line control, in most applications, the process model must be updated on-line. This
updating procedure is known as recursive identification. The ARMarkov identification

technique can be formulated in recursive form as described in the following sections.

2.5.1 SISO Systems

The least-squares estimate of the weighting matrix which contains the process pa-
rameters is defined in equation (2.28). This expression can be written in a recursive

way as described by Ljung and Soderstrom (1983) as

t t ~1
W, (t) = [% > y(k)<I>T(k)J [% > <b(k)¢>T(k)] (2.35)

where ¢t represents the current time instant. Following the derivation of the recursive
least squares (RLS) algorithm in Ljung and Soderstrom (1983) and applying it to
the ARMarkov identification, the recursive estimate of the weighting matrix can be

written as

W,(6) = W, (t - 1) + L(t) [y(t) - WI(e — 1)2()]

- P(t - 1)®()
L(t) = L1+ T(t)P(t — 1)0(t) (2.36)
P(t)=P(t-1) - P(t - 1)®(t)dT(t)P(t — 1)

L +OT(t)P(t — 1)®(t)
where a; = % is the coefficient in the cost function of the output error as described
in equation (2.26).

The initial values for equations (2.10) through (2.15) can be obtained as in Ljung
and Soderstrom (1983). If the starting time is tg,

to -1
P(to) = [Za@(k)@f(k)} : (2.37)
=1 .
W,(to) = P(to) [Zaky(k)‘l’T(k)}
k=1
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and if the recursion starts at time ¢t = 0, the initial values can be started with some

invertible matrix P(0) and a vector W, (0).

2.5.2 MIMO Systems

For MIMO systems, the recursive estimation is the same as for the case of SISO
systems described in the previous section except that the regressor vector, ®(t) is
defined as in equation (2.30) instead of in equation (2.19) and the estimate of the
weighting matrix, W“(t) is matrix as in equation (2.32) rather than a vector as in

equation (10.3).

2.6 Simulation Examples

This section describes simulations carried out to estimate the Markov parameters

from process input-output data.

2.6.1 Open-Loop SISO Systems

Example 2.1

Consider the third order SISO system with the transfer function,

_0.0077z7! + 0.0212z72 4 0.00362 3
" 1-1.90312"! + 1.1514272 — 0.2158z 3

G(z2) (2.38)

subjected to colored noise generated by passing white noise through the disturbance

transfer function

1

H(z) = T—og5:7

(2.39)

Since the ARMarkov method involves simple linear regression, the estimated
Markov parameters are compared with the Markov parameters determined by corre-
lation analysis (or FIR) and the ARX method which also use linear regression. The
ARMarkov method gives the best estimate of the process impulse response (Markov
parameters) as shown in Figure 2.1. The Markov parameters determined by the other

methods have much larger errors because these methods try to fit the process over the
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Figure 2.1: Impulse Response of a Third Order System

whole range. The ARMarkov method gives better estimates of the first few Markov
parameters which are needed to determine the process delay/interactor matrix or to

design Model-based Predictive Controllers.

2.6.2 Open-Loop MIMO Systems

Example 2.2

This example estimates the Markov parameters of a process which has different
delays and different orders in the input-output pairs of the transfer function ma-
trix. The elements of the diagonal disturbance transfer function matrix approximate
random step-type disturbances which are common in chemical processes.

Consider a 2 x 2 multivariable system with the transfer function matrix

.10912-140.072=2 0.0406:""-—0.011‘32‘2;@.00092‘3
— | 151.0844z-13-0.2636z~ 1—0.6495z—1+0.0482z~
G,,(z) = | 0.0406z—!-0.0299z=2-0.0047z—3 o.oo’nz—; 0.0212z93 0.0036z 4 (2'40)
1-0.7849z—-140.7902z 2 1—-1.9031z-1+1.15142-2-0.2158z—

and the disturbance transfer function matrix

1
0 1-0.99z-1

oee= 0
H = [ 1-095z1 } (2.41)
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Figure 2.2: Impulse Response of a 2x2 MIMO System.

From the impulse response plots in Figure 2.2, it is obvious that the Markov
parameters determined by the ARMarkov method are very close to the Markov pa-
rameters of the actual plant and better than the Markov parameters determined by
the ARX and the Correlation methods (FIR). The first and second Markov parameter
blocks determined by different methods are given in Table 2.1.

2.7 Model Identification of a Pilot Scale CSTH Us-
ing Experimental Data

The proposed ARMarkov identification method was evaluated on the pilot scale Con-
tinuous Stirred Tank Heater (CSTH) in the Computer Process Control (CPC) lab-
oratory in the Chemical & Materials Engineering Department at the University of
Alberta. A schematic diagram of the process is shown in 2.3. The CSTH consists of a
cylindrical tank with an exit pipe and a steam coil running through the tank. There

are two valves to manipulate the inlet cold water and steam flow rates. Another valve
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Table 2.1: Markov Parameter blocks of a 2x2 MIMO system

Method go gl
Actual 0.1091 0.0406 0.1883 0.0151
ctu 0.0406 0 0.0426 0.0077
0.1063 0.0429 0.1844 0.0143
ARMARKOV [0.0410 0.0060] [0.0376 0.0035]
FIR 0.1098 0.0476 0.1866 0.0194
0.0246 —0.0100 0.0201 —0.0099 |
ARX 0.1451 0.0437 0.1557 0.0166
0.0447 0.0032 0.0385 —0.0036 |

at the exit pipe can be adjusted manually. A number of thermocouples are placed
along the exit pipe to produce different time delays in the temperature measurement.
A DP cell at the bottom of the tank measures the level and an electromagnetic flow
meter on the inlet cold water pipe measures the flow rate. All the valves are pneu-
matic. The pressure signals for the level and the flow rate are converted to appropriate
current signals (4-20 mA). Temperature signals obtained through the thermocouples
are also connected to current signals (4-20 mA). The process was configured as a 2x 2
MIMO system. Water level in the tank and the water temperature were selected as
the two controlled variables and the valve openings (manipulating cold water flow and
steam flow) were selected as the two manipulated variables. The first thermocouple
at the exit of the tank was selected for the measurement of the water temperature.
The water level in the tank varies only with the inlet water flow and is invariant to
changes in the steam flow rate. Thus the water level and inlet water flow rate act as
a SISO system. On the other hand, the water temperature varies with both steam
flow rate and the inlet water flow rate i.e. a MISO system is developed with these
three variables.

An ARMarkov model was developed for the above process using real time, ex-
perimental open-loop input-output data and the ARMarkov identification method.
The ARMarkov model order was n = 2 and the number of Markov parameters in the

model was assumed to be u = 26. The inputs and outputs were sampled every four
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Figure 2.3: Schematic diagram of a pilot scale CSTH.

seconds. The input output data (after removing any ‘trend’) are plotted in Figure
2.4. The first 1500 data points (only part of them are shown for clarity) were used
for the model identification and the remaining 1500 data points (part of them shown)
were used for model validation. Estimated outputs are compared with actual outputs
in Figure 2.5. Estimated outputs are very close to the actual outputs. This model is
used for MPC design later in Chapters 6 and 9.

2.8 Conclusions
e The ARMarkov/LS identification method is extended to MIMO systems.

e The estimated u Markov parameters are closer to the actual process impulse
response than the first x coefficients of the impulse response obtained by the
other linear regression methods such as ARX, FIR.

e The effect of disturbances on the ARMarkov/LS parameter estimates appears
(by simulation) to be smaller than on the parameters estimated by the other
linear regression methods such as ARX, FIR.
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Figure 2.4: Experimental input-output data from a pilot scale CSTH.

e The low order (parametric) model included in the ARMarkov model for the
slow dynamics gives satisfactory performance in terms of parameter estimates

and/or process response validation compared to other parametric models such
as ARX.
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Figure 2.5: ARMarkov model validation for a pilot scale CSTH.
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Chapter 3

Estimation of Parametric Residual
Model Using AUDI

3.1 Introduction

Linear regression along with Least-squares (LS) method is one of the simplest methods
of system identification. Using LS technique, the model parameters are estimated
using plant input-output data. The model order is selected by the user and in practical
cases, the user has to run several LS trials to select the model order when the actual
plant order is unknown. Therefore the computational cost and time increase as the
number of trials increases.

To avoid having to complete several LS trials to select the model order, Niu
et al.(1990, 1992)proposed an Augmented Upper Diagonal Identification (AUDI)
method to estimate the model order from 1 to n where n is the maximum order.
Advantages of using the AUDI method include: the model order, loss function cor-
responding to each model order and model parameters corresponding to each model
order are simultaneously available at the cost of one trial LS method. Therefore,
it is a matter of only selecting the model order corresponding to the acceptable
loss function. In the AUDI method, the regressor vector is re-ordered followed by
the decomposition of the covariance matrix using LU and UD factorization methods
(Bierman 1977, Dahlquist and Bjorck 1974). Niu et al. (1992) showed that the AUDI-
ARMAX method has numerical stability provided by the LU, DU factorization. The
AUDI method, as summarized by Niu et al. (1992),

(a) simultaneously estimates the parameters and loss functions for all model orders
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from 1 to a user-specified upper limit n with approximately the same computational
effort as nth order Recursive least-squares (RLS)

(b) is inherently a least-squares algorithm

(¢) has good numerical properties and stability

(d) provides a basis for adding features such as on/off mechanism in the identifi-
cation algorithm

(e) is much easier to interpret and understand than the original UD algorithm.

Banerjee and Shah (1996) formulated the AUDI method for orthonormal func-
tions to simultaneously estimate multiple model orders and the corresponding loss
functions. They applied the AUDI method to Laguerre, Kautz, FIR and Markov-
Laguerre models. They also pointed out the effect of noisy data and how it can be
handled by using LU decomposition instead of UDUT decomposition.

As discussed in Chapter 2, the ARMarkov model has two parts: non-parametric
and parametric. The order of the non-parametric part is user specified depending
on the application such as time delay/interactor matrix estimation and/or predictive
controller design and so on. The order of the parametric residual part of the AR-
Markov model can be approximated by a low order model. However, proper selection
of the parametric model order would lead to more accurate parameter estimation and
more reliable MPC design where the ARMarkov model is used to design ARM-MPC
in Chapter 8. It is recommended in this chapter that the AUDI method be used to
estimate the parametric residual model order in the ARMarkov model selection.

In Section 3.2, the AUDI method proposed by Niu et al.and (1990, 1992)is briefly
reviewed. In Section 3.3, the regressor vector corresponding to the ARMarkov model
is re-arranged. The AUDI formulation which includes the estimation of the model
parameters and the loss functions of the ARMarkov method are described in Section

3.4. Examples of the ARMarkov-AUDI algorithm are given in Section 3.5.

3.2 Introduction to the AUDI Method

A linear, time invariant, discrete time model is written as

y (k) = ¢" (k)6 + & (k) (3.1)
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where y (k) is the process output, 6 is the model parameter vector, € is white noise
and ¢ is called the regressor vector or data vector consisting of present/past available

input-output data such that

0 = [ay,az,-- ,an,b1,by,---by]T (3.2)
¢(k) = [-yk-1),-y(k-2)---—y(k—n),u(k-1),u(k-2)
-eu(k— n)]T (33)

where n is the model order.

3.2.1 Regressor Vector and Information Matrix for the AUDI
Method

The basis for the AUDI formulation is the re-ordered data/regressor vector and the
UD factorization of the information accumulation matrix (IAM). The regressor vector

in (3.3) is rearranged as
ba(k) =~y (k—n) u(k—n)- - —y(k=1),u(k~ 1)
and then an augmented regressor vector is defined by Niu et al. (1990) as

bra(k) = [~y(k—n),u(k—n)-- —y(k—1),ulk—1),—y k)"
= [of (k),—y(B)]" (3.4)

The arrangement of the elements in the augmented regressor vector is different (input-
output at each sampling time is paired) from the arrangement in the traditional LS
regressor vector in (3.3) and the current output is included. The parameter vector, 8

is rearranged as
O = [an,bn - - a1,b1,—1]" (3.5)

A covariance matrix, called the data product moment matrix (DPMM), is defined by
Niu et al. (1990) and Niu (1994) as

k
Sn (k) = | Y na (is1) 65, (i) (3.6)
=1

(2n+1)x(2n+1)
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The information accumulation matrix (IAM) defined by Niu et al. (1990) or aug-
mented information matrix (AIM) by Niu (1994), Niu et al. (1990) is the inverse of
the DPMM and expressed as

k -1

Cn (k) = [2 na (i,7) G7g (i,n)}

=1

(3.7)

(2n+1)x(2n+1)
The IAM is decomposed using UDUT factorization (Bierman 1977, Ljung and Soderstrom
1983) to get the model parameters and loss functions corresponding to the model or-

ders 1 to n.

3.2.2 Decomposition of IAM or DPMM and Parameter Es-
timation in the AUDI Algorithm

The UDUT decomposition of IAM and the LDL? decomposition of DPMM are given
by Niu et al.(1990, 1992)as

Cn(k) = Un(k)Dn(k)Us (k) (3.8)
Su(k) = L(k)Z(k)LK)T (3.9)
Ca(k) = Sa(k)™
Z(k) = Du(k)™
Ua(k) = L, (k)

where Uy, is a (2n + 1) x (2n + 1) upper triangular matrix with 1’s in the principal

diagonal and is expressed as

(1 ap(k—n)
1
1

U, (k) =

51 (k=mn)

Ony (k=1) Gn_1(k—1) 8, (k)
1
1
1

(3.10)
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D, is a (2n + 1) x (2n + 1) diagonal matrix of the form

D, (k) = diag{J;* (k —n),Lg" (k —n),--- , J.2, (k = 1), L}, (k- 1), J;" (k)}
(3.11)

and =, (k), also a (2n + 1) x (2n + 1) matrix, includes the loss functions in the form
En (k) = dmg{Jo (k - 71) 7L0 (k - n') "t 1Jn—l (k - 1) 1Ln—1 (k - 1) ) Jn (k)}

where 0,,_; (k —1) and J,—; (k — i) are the parameter vectors and loss functions re-
spectively for the (n — i) th order model, i € [0,n — 1]. Gn—; (k — i) and L,_; (k — i)
are intermediate variables in U, (k) and D, (k). For example, B, (k) in the last col-
umn of the U, (k) matrix gives the parameter vector in (3.5) for the nth order model
in (3.1) and the last scalar term in the D, (k) matrix provides the inverse of the loss

function corresponding to the nth order model such that

On (k) = [anbn---a1,b1]7
k

(k) =) (ulk) - (k)

i=1

The advantage of the AUDI algorithm over LS method is that the U, (k) and
D,, (k) matrices contain the parameter estimates and the loss functions corresponding
to the model orders from 1 to n during the same step of identification. Moreover,
the UD factorization is numerically more stable than LS methods. The properties
of U, (k) and D, (k) matrices are discussed in detail in (Niu et al. 1990, Niu et
al. 1992, Niu 1994).

Detailed derivations of the LDL” and UDUT factorization for the DPMM and
IAM are given in Appendix A.1. The algorithm for LU and/or UDU” decomposition
and the inverse of lower/upper triangular matrix can be found in (Bierman 1977,
Dahlquist and Bjorck 1974, Niu 1994). The following remarks apply to the decom-
position of the DPMM and IAM to obtain the model parameters and loss functions
using the AUDI formulation (Niu 1994).

Remark 3.1 It is sufficient to form the IAM or the DPMM to obtain the model
parameters and the loss functions corresponding to the models of order 1 to n since

the IAM or the DPMM contains all the necessary information.
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Remark 3.2 From the UDUT factorization of the IAM, the U(k) matriz gives the
parameter estimates and the D(k)™! matriz gives the loss functions. From the LDLT
factorization of the DPMM, the L(k)™! matriz gives the parameter estimates and the

=(k) matriz gives the loss functions.

Remark 3.3 For off-line batch processing, the recommended procedure is to decom-
pose the DPMM since it is easier to construct, involves the inversion of a lower
triangular matriz with unity diagonal elements and the inverse is always available. It

does not involve the inversion of a full matriz.

Remark 3.4 For on-line process identification or for control, the decomposition of
the IAM is recommended because it takes the advantage of Bierman’s UD factor-
ization algorithm (Bierman 1977) in the recursive AUDI algorithms and the UDUT
decomposition directly gives the parameter matriz, U(k) and requires the inversion of

scalars to obtain the loss function.

3.2.3 Simulation Example
Example 3.1

Consider the second order process

z+0.5
22-1.5z+0.7

G(z) = (3.12)

AUDI was formulated for this process following the procedure described in Section 3.2
using the highest model order 4. The loss functions for the model orders 1 through
4 are plotted in Figure 3.1. It is clear that model order 2 can be used reasonably for
this process because for model order > 2, the loss function i.e. the performance cost
does not decrease significantly.

Parameters corresponding to model order 2 is given by the (2*2+1) = 5th
column of the U matrix and shown in Table 3.1 (the highliglited column). The
estimated parameters are very close to the actual parameters (compared in Table
3.2) that shows the reliability of the AUDI method.
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Figure 3.1: Loss functions for different model orders in the AUDI formulation.

Table 3.1: Parametres corresponding to different models in the AUDI formulation

model order 0 1 2 3
0.1985 1.7049 0.4993 —0.5001
—0.8881 —0.8881 0.7001 —-0.7001
1.0000 —0.4256 1.0000 —0.5001
0.0000 1.0000 —1.5002 2.2002
Parameter vector 0.0000 0.0000 —0.0006 1.0000
0.0000 0.0000 1.0000 -2.5001
0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 —0.0000 1.0000
0.0000 0.0000 —0.0000 —0.0000

3.3 Re-arrangement of the Regressor Vector for
the ARMarkov Model

The key step in the AUDI formulation is the formation of the DPMM or the IAM

that is constructed using the regressor vector.

The input-output ARMarkov model in equation (2.18) is rewritten as

n 2] n
yk) = - aylk—p—j+1)+Y_ houk—j+1)+Y Bulk—p—j+1)
j=1 =1 j=1
+€ (k) (3.13)
fork > 0
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Table 3.2: Parametres corresponding to different models in the AUDI formulation

Actual Parameter vector i 0.5000 0.7000 1.0000 -1.5000 --0.0000 1.00004
Estimated Parameter vector 0.4993 0.7001 1.0000 -1.5002 -0.0006 1.0000

In the AUDI formulation of the ARMarkov model, the number of non-parametric
coefficients (i.e. the Markov parameters) is kept fixed and an upper limit, n (e.g. 4
or 5) for the parametric model order is specified.

The input-output data are arranged to form the regressor vector corresponding to

the nth order residual parametric model as

Gnara (k) = [~y (K),u(k), - juk—p+1),u(k—p),~y(k—-p),
cuk—p—n+1),—yk-pg—n+1)" (3.14)
= [~y(k),¢L. (0)]" (3.15)

Note that the current output data is placed at the beginning of the regressor vector
instead of at the last position in the original AUDI formulation by Niu (1994). The
arrangement of the first 4 elements in (3.14) is similar to the AUDI formulation by
Banerjee and Shah (1996)for orthonormal functions e.g. impulse response functions
and the last 2n elements are arranged in the similar manner as was done in the
original AUDI formulation by Niu (1994)except that the elements are placed here in
a descending order instead of an ascending order. Therefore, the AUDI-ARMarkov
model structure is a combination of the AUDI-ARMAX formulated by Niu (1994)and
the AUDI-impulse response formulated by Banerjee and Shah (1996).

The parameter vector corresponding to the nth order parametric model and the

regressor vector ¢,,,, (k) in (3.14) is
T
0=[ho hi --- huy By ar -+ B Ona | (3.16)

However, the parameter vector corresponding to the regressor vector @,,,,, (k) in (3.14)
is

0. = [Cl Cz C;L+2n Cp+2n+l ]T (3-17)
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3.4 AUDI Formulation of the ARMarkov Model

The data product moment matrix (DPMM) and the information accumulation matrix

(IAM) corresponding to the regressor vector in (3.14) can be written as

k
Snarm) (K) = [Z Brara (,7) Sara (z',n)] (3.18)
i=] (p+2n+1) % (u+2n+1)
-1
C’1'1(tz.r~m) (k) = k)— I:Z Prara (1’ n nara (‘l n)} (319)
(p+2n+1)x(p+2n+1)

The LDLT factorization of the DPMM and/or the UDUT factorization of the IAM

lead to the solution in terms of the parameter vector and loss functions of the AUDI-

ARMarkov problem.

3.4.1 Solution of the Parameter Vector in the AUDI-ARMarkov
method

The last column of the U,, matrix (obtained from the UDUT decomposition of
Chn(arm) (k)) includes the solution of the parameter vector 6, in (3.17) as

[ 1 @y (k—n)

1 81 (k—n)
1
Uan (k) = o Bane1 (k= 1) Ganoi (k= 1) Ban (k)
0 1

1

L

(3.20)
This parameter vector cannot be directly used as the identified ARMarkov model. The

solution of the ARMarkov parameter vector 6, (k) is obtained by the modification of
Ban (k) as

== 0071
¢

3.4.2 Loss Functions with Multiple Model Order

ghr =L [AT (k)]T (3.21)

The diagonal matrix D,, is obtained from the UDUT decomposition of Chr(arm) (k) as

D, (k) = diag{J;' (k,0),---,J 2 (k,p—=1),J;" (k—1),Lg" (k),---,
#+n——1 (k 1) 1L;—1 (k)} (322)
40

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



and =, (k) includes the loss functions in the form

En(k) = diag{JO(kvo)v"' rJ#—l (kvl"— 1)1‘];4 (k— 1)7L0(k)1"' =J#+n—1 (k— 1)»
Ln—l (k)}

where Z,, (k) is obtained from the U DUT decomposition of Sp(arm) (k) . J; (k, ) is the
loss function for the ith order model, i € [0,u + n — 1} and L; (k, i) are intermediate

variables in D, (k).

3.5 Simulation Example
Example 3.2

Consider the third order SISO system in (2.38) of Chapter 2 with the transfer

function,

0.0077z"! +0.0212z72 4 0.00362~3

= 3.23
1 —1.90312"! + 1.15142~2 — 0.2158z—3 (3.23)

G(z)

The AUDI was formulated for this process following the procedure described in Sec-
tion 3.3. The number of Markov parameters was kept constant at 4 = 10 and the
highest model order for the parametric residual model was na = 4. The loss functions
for the model orders u + 1 through u + 4 are plotted in Figure 3.2. It is clear that
parametric model order 2 or 3 could be used without significant additional perfor-
mance cost, but the actual process order is 3. Therefore, a lower order (i.e. 2) can be
used without much loss in performance.

The first p actual and estimated Markov parameters are plotted in Figure 3.3.

The estimated parameters are very close to the actual parameters.

3.6 Conclusions
e The AUDI method is reformulated for use in estimating an ARMarkov model.

e Estimation of model order is done on the basis of loss functions for different
model orders and compared to the actual model order for known processes.

From simulation, the estimated model orders appear to be reliable.
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Loss Functions

0.4

4

0.0 2 3
Parametric Model Order

Figure 3.2: Loss functions for different parametric model orders in the AUDI formu-
lation of the ARMarkov model.

e Simulation results show that for a specified number of Markov parameters, the
Markov parameters can be identified accurately using a parametric model order

smaller than the actual parametric model order.
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Figure 3.3: Actual and estimated Markov parameters using the AUDI formualtion of
the ARMarkov model.
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Chapter 4

Statistical Analysis of the
ARMarkov Parameter Estimates!

4.1 Introduction

When a model is identified using process input-output observations, a very common
question is “How good is the model 7”. When answering this question, a second
question comes to any mind: “How to define a ‘good’ model ?”. One common prac-
tice in modeling or system identification is to assume a model structure and esti-
mate a parameter vector, 6 for that model by minimizing some errors in predicting
present /future output(s) based on information available from the process. Then the
‘goodness’ of the model is characterized by the ‘goodness’ of the parameter estimates.
If the actual process parameters are known, the estimated parameters can be com-
pared to the actual parameters and closeness of these two sets of parameters certifies
the model as ‘good’. But in most practical cases, the actual process parameters are
unknown to the user and the model is a ‘black box’ type i.e. no structure and/or
parameters of the process are known. In these cases, statistical properties of the
estimated parameters are analyzed to assess the ‘good-ness’ of the parameters.

In the following discussion of statistical analysis, only the relevant properties in
the present context of parameter estimation are discussed rather than bringing the
whole statistical literature into discussion. The statistical properties of the model
parameters commonly analyzed in system identification are: bias, consistency, vari-

ance/covariance and confidence intervals. Bias of the model parameters is defined as:

1Contents of this chapter was presented at the 49th CSCHE conference, Saskatoon, Canada, Oct.
1999 and is a part of the paper published in the Chemical Engineering Science in May 2000.
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when the model set does not contain the actual process, the estimated parameters
are called biased estimates and vice versa. Since the ARMarkov model described in
Chapter-2 is overparameterized (Akers and Bernstein 1997), the bias of the parame-
ters is not discussed here. The other properties (e.g. consistency, variance/covariance
and confidence intervals) of the ARMarkov parameters are discussed in this chapter.

ARX and FIR are the simplest of the most widely used identification methods
which use linear regression methods. The ARMarkov method also uses linear regres-
sion. Since the ARX and FIR methods are parametric and nonparametric respectively
and the ARMarkov method is a blend of these two methods, it is intuitively expected
that the ARMarkov method will have the properties which are in between the prop-
erties of the parametric and non-parametric formulations.

The consistency of the ARMarkov parameters is analyzed and compared with
the consistency of the parameters estimated by ARX and FIR methods in Section
4.2. The variance/covariance properties are discussed in Section 4.3 and the confi-
dence intervals on the estimated parameters are analyzed in Section 4.4. Illustrative

examples on covariance analysis and confidence intervals are shown in Section 4.5.

4.2 Consistency of the Least-squares Estimates

The consistency of the estimated parameters is defined as: ‘the estimated parameters,
8 are consistent if § converges to the actual parameters 6, as the number of data points
N — oo’ (Ljung 1987).

The general structure of the actual process is assumed to be

y = Gu+ He (4.1)
and the model is written as
7=Gu+ He (4.3)

where H is noise structure, A, B are polynomials in z, G and H are different for
different model structures and e is white noise with zero mean and covariance A%f

where A represents the variance of e.
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In input-output form, the process can be expressed as
y(k) = ¢" (k)8o + vo(k) (4.4)

where ¢ is the regressor vector, 6, represents the actual process parameter vector and
Vg is the process noise with vy = AHe.

The structures of the linear regression models are as follows:

ARX : y(k)=-ay(k—-1)—---—apy(k — n) + bou(k) + byu(k — 1) +---
+ bau(k — n) (4.5)
FIR : y(k) = fou(k) + fiu(k = 1)+ -+ + fuu(k — M +1) (4.6)
ARMarkov : k)= —oqylk —p) — - —any(k —p—n+1)
+ houlk) + hyu(k — 1) + - - + hy_yu(k — p+1)
+ Bk —p)+---+Bulk—p—n+1) (4.7)

where n is the order of the ARX model, M represents the number of FIR coefficients
and p is the number of Markov parameters in ARMarkov model. The above three

models can also be written in terms of regressor vectors and model parameters as

ARX : (k) = ¢4px(k)0arx + varx(k) (a)
FIR : (k) = ¢F1p(k)0rir + vrrr(k) (b)
ARMarkov : (k) = ¢4 par(k)0arsr + varm(k) (c)

Now assume that the input signal is persistently ezxciting and the model contains
the actual process (no bias). Then according to Ljung (1987), the Least-Squares
Estimate (LSE) is consistent i.e. 8 converges to 6y as the number of data points, N

— oo if
1. vy is white noise (not the case in most practical applications) or

2. the input sequence is independent of the noise sequence and there is no output

term in the regression vector.

In the FIR model, there is no output term in the regressor vector, so the estimated
parameters converge to the actual ones as N — oo, but in the ARX method, the
parameter estimate is not consistent in the presence of non-white noise (Ljung 1987,

Soderstrom and Stoica 1989) because of the output terms in the regressor.
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Lemma 4.1 The estimated Markov parameters in the ARMarkov model are con-
sistent, although the residual parameters equivalent to the ARX parameters in the

ARMarkov model are not.

Proof. For the ARMarkov method, the least-squares estimate can be written as

N R
87 = 6o+ {Ai > qs(k)daT(k)} 5 IBLCRL (48)
= b0+ (E(9(K)7 (k)" E(@(k)vo(k)) as N — oo (4.9)
Let
o = (o] em |8 (1
st = | S| (1

where @ pqi corTESPONds to the present and past input terms. Hence E(¢ 00 (k)vo(K)) =

0, but E(@ap(k)vo(k)) # 0 since ¢, involves some output terms. Therefore, as

N — o0
" - [zr:k]+[(()E(qb(k)qu(k)))—lE(¢(k)yo(k)) ] (4.12)
e N [gf:i (E(o(k)oT (k) E(o(k)vo(k)) } (4.13)
Mark = OMark (4.14)

a

Example 4.1

Lemma 4.1 can be illustrated by considering the following first order process

(Soderstrom and Stoica 1989) with non-white disturbances
y(k) = —ayy(k — 1) + bou(k — 1) + coe(k) + cre(k — 1) (4.15)
Assume an ARMarkov model with two Markov parameters h¢ and h; so that
y(k) = —aqy(k — 2) + hou(k) + hyu(k — 1) + Bou(k — 2) (4.16)

Here u is an independent input sequence with variance o2 and e is white noise with

variance \?.
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As N — oo, the least-squares parameter estimates are

hp = 0 (4.17)

hy Ey(k)u(k —1)
a | = [R]"| Ey(k)y(k-2) (4.18)

Bo Ey(k)u(k - 2)

Eu(k —1)? ~Fy(k —2u(k-1) FEu(k - 1)u(k —2)
R*=| —Eyk-2u(k-1) Ey(k —2)? —Ey(k —2)u(k —2) | (4.19)
Eu(k — D)u(k —2) —Ey(k - 2)u(k - 2) Eu(k - 2)?
a? 0 0
R=|0 Eyk-272 0 (4.20)
0 0 o?
2 BRo%+ (143 — a12¢)N° 9
Ey(k -2)* = ) , Eylk)u(k —1) = byo (4.21)
1
Ey(kyu(k —2) = —ajbo?, (4.22)
2
By -2) = of BTEAEO BB oy
—a
Therefore,
h b

[ ﬁ; ] = [ _a‘:bo ] (4.24)

Remark 4.1 The Markov parameters, hg and h,, are consistent (transformed into
actual parameters (Akers and Bernstein 1997), also see Chapter-2); whereas, a;,
which is a function of the notse/disturbance parameters never converges to the ac-
tual parameter. Since the ARMarkov model is a blend of the FIR and ARX models
(equations (4.5)-(4.7)), it is consistent in the parameters corresponding to the FIR
models but inconsistent in the residual parameters corresponding to the ARX model.
Note that in the estimation of the interactor matriz (described in Chapter 5} used in
performance assessment and in the dynamic matriz construction in MPC applications

only the consistent Markov parameters are needed.
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4.2.1 Consistency Under Closed-loop Condition

When closed-loop data are used for the ARMarkov identification or for on-line updat-
ing of the ARMarkov model parameters e.g. during on-line recursive identification as
discussed in Chapter 2, the input sequence is no longer independent of the noise se-
quence. In that case, the consistency of the estimated Markov parameters is discussed
in this subsection.

Rewrite the ARMarkov model as

ARMarkov : y(k) = hou(k) + hyu(k —1)+---+ hy_yu(k—p+ 1)
+Byulk ~ p) + -+ Baulk —p —n+1)
—ony(k — p) =+ = anylk —p—n+1) +zq(k)

where z4 (k) is the disturbance sequence.

Assume that the noise sequence is white and the time delay of the process is d.
The current and (d — 1) future values of the output, y depend only on past values of
the process input which are NOT a function of the current and (d — 1) future noise
values. Therefore, the estimates of the first d Markov parameters under closed-loop
condition are consistent.

If the time delay of the process is d, then the first d Markov parameters should
be statistically insignificant. Hence the estimate of the time delay of the process is

consistent using closed-loop data and ARMarkov identification.

4.3 Covariance of the Estimated Parameters

4.3.1 Covariance Estimates for Systems with White Noise

The output prediction error, (k) in (2.25) and the estimated parameter vector in

(2.28) can be rewritten as

e(k) = y(k) — §(k) (4.25)
; 1 & 1 o -
W, = [N > y(k)¢£(k)] [ﬁ > ¢‘,(k)¢f(k)] (4.26)
k=1 k=1
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Assume that, for SISO systems, the error terms, £ in (4.25) are statistically inde-
pendent having ‘zero’ mean and variance A\? and the estimates 5Lsdenoted by W“ in
(4.26) are the unbiased estimates of the actual parameters W, i.e. E(W,) = W,. See
(Johnson and Wichern 1988) for the proof. The covariance matriz of the estimates

is
N -1
cou(W,) = A2 [% ; ¢(k)¢T(k)J (4.27)

The diagonal elements of the covariance matriz represent the estimated variances of

the estimators. The estimated squared standard error (SSE) of W, can be written

as
N
SSE = ) &' (ke (k) (4.28)
k;I 2 xrT 1 al T
- ;y(") - W, (N;y(k)rb (k)) (4.29)

and the estimate of the error variance is written as
2_ SSE _ Temy(k) - W] (4 T, vk)e™ (k)
N-p N-p

where p is the total number of parameters to be estimated and N is the number of

(4.30)

data points.

When the actual process is subjected to white noise, the noise estimates deter-
mined by the LS methods are independently distributed with zero mean and variance
2" In this case, the linear regression method is equivalent to the Prediction Error
Method (PEM). According to Ljung (1987), for PEM, the total variance of the pa-
rameter estimates (expressed in terms of the process model variance) is proportional

to the ratio of the number of model parameters to the number of data points. i.e.

var(Garx) %" (4.31)
var(éARM,,,.k) o ¢ k +2n (4.32)
N
A M
UaT(GF”z) & N (433)

The proportionality constant is the same for all the three models and equals the ratio

of the input spectrum to the noise spectrum.
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Lemma 4.2 For the same input-output data set
va‘l‘(ép”z) > var(@ARMa,k) > var(@,mx) (4.34)

Proof. Assume M > u+2n and pu > 1. Since N is same for the three methods,
the proof directly follows from the expressions of variances in equations (4.31) through
(4.33). =

For MIMO systems, where the error term ¢ (k) in (4.25) is a vector, the above
analysis is valid for the special case when the covariance matrix of € (k) contains
insignificant off-diagonal elements. For the general case i.e. when the covariance
matrix of ¢ (k) contains significant off-diagonal elements, the analysis can be done by

following the procedure discussed in the next subsection for non-white disturbances.

4.3.2 Covariance Estimates for Systems with Non-white Noise

Now assume that the actual process is subjected to non-white noise, vy or white
noise which contains significant off-diagonal elements in the covariance matrix. The

covariance of the noise/disturbances can be written as
Evovl =R (4.35)

where R is a positive definite matrix. Then the covariance of the parameter estimates

(Soderstrom and Stoica 1989) is

R 1~ 17! ¢"(1)
cow® = |53 sE6TE)| [6(1) - GN)R
- . $"(N)
—Jlggcﬁ(k)f(k) (436)

which is a non-minimal, positive-definite symmetric matrix. In practice, R is always

unknown and replaced by the estimate of the error covariance matrix,

R = NZe(k)c(k)T (4.37)
Y
= NZ y(k) = 5(K)] [w(k) — 5(k))" (4:38)
1 & oo 17
= NZ[ (k) - 91,5] [y(k) - ¢ (k)oLS] (4.39)
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Since the structure of the regressor vector and hence the parameter vector is different
in different LS model structures (ARX, FIR, ARMarkov), the methods can not be
compared directly. However, since we are specifically interested in the first  Markov
parameters, one approach is to compare the total sum of the variances corresponding
to the first 4 Markov parameters determined by each LS method. In the parametric
methods such as ARX, the Markov parameters are not determined directly. Therefore,
the proposed method of comparison is not directly applicable to parametric methods.
However, the model parameters can be transformed into the Markov parameters and
the variances of the model parameters can be mapped to the variances of the Markov
parameters. But this is an indirect measure of variance. Here the sum of the variances
of the available model parameters is used as a measure. Assuming that M > p+ 2n,
it has been shown through simulation (results are shown in section 4.5) that
B “ n
Z var(fF1R) > Z var(h{ARMIE)y > Z (var(a‘(ARx)) + var(bf'mx))) (4.40)
=1 1=1 =1
Another basis for comparison of the methods is the largest eigenvalue of the co-
variance matrices (the largest eigenvalue corresponds to the maxima of the covariance
matrix and hence the worst case scenario). It has also been shown through simulation

(results are shown in section 4.5) that
Omax (ﬁFlR) > Omax (EARMark) > Omax (EARX) (441)
where o, corresponds to the maximum eigenvalue.

Remark 4.2 The ARMarkov parameter estimates have larger variances than the
parametric (ARX) method estimates and smaller variances than the non-parametric
(FIR) method estimates for both white and non-white noise disturbances. This is in-
tuitively reasonable since the variances are proportional to the number of estimated

parameters.

4.4 Confidence Intervals on the Parameter Esti-
mates

The confidence intervals on the parameters estimated by the ARMarkov method can

be constructed, as in Multiple Linear Regression. Assume that the errors, € in the
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output prediction are normally and independently distributed with zero mean and

variance A\? . Let

-1
RER T
C= []—V ; ¢(k)¢ (k)} (4.42)
Then
WSA: WJ .7 = 17 27 Ry (4'43)

has a t-distribution with (N — p) degrees of freedom.

The 100(1 — a) percent confidence interval on the regression coefficients W,

j=1,2,--- ,pis given by
- -~ -~ ~2
W, — tan—p\/ A Cs; < W; < W, + tan_p\/ X Cyj (4.44)

where a is the level of significance (Johnson and Wichern 1988). The confidence
bounds and hence the confidence intervals involve the parameter variance. As dis-
cussed in the previous section, the variance of the first 4 Markov parameters deter-
mined by the ARMarkov method is smaller than the variance of the first 4 Markov
parameters determined by the FIR method. Therefore, the 4 Markov parameters
have tighter confidence bounds than the corresponding FIR parameters. The Markov
parameters are not determined directly by the ARX method and hence this analysis is
not directly applicable to the ARX method. However, the relationship between con-
fidence bounds and variance implies that the ARX method has the tightest bounds.

Remark 4.3 As discussed in the above sections, the consistency of the ARMarkov
parameter estimates is in between the consistencies of the parameters estimated by
the parametric (ARX) and non-parametric (FIR) linear regression methods. The
variances and hence the confidence bounds have a similar relationship. The
ARX method lacks an analytical measure of consistency and the FIR method has
the largest variance due to the large number of parameters. However, the Markov
parameters estimated using the ARMarkov method have reasonable estimates of both

properties.
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4.5 Simulation Examples

This section describes simulations carried out to analyze the statistical properties
of the parameters estimated using the ARMarkov method. Variance/covariance and
confidence bounds on the Markov parameters estimated by the ARMarkov method
were compared with the properties of the same parameters estimated by other least-
squares identification methods such as FIR. As mentioned earlier, due to the indirect
measure in the ARX method, the above mentioned properties were not compared by

simulation.
Example 4.2

Consider the third order SISO system with the transfer function,

_0.0077z7! +0.0212z72 4 0.00362~°
T 1-1.9031z"! +1.15142-2 — 0.21582"3

G(2) (4.45)

subjected to colored noise generated by passing white noise through the disturbance

transfer function

(4.46)

4.5.1 Variance

The sum of the variances of the Markov parameters as well as the largest eigenvalue
of the covariance matrix were determined as described in Section 4.3. Results for
white noise disturbances are shown in Table 4.1 and for non-white disturbances in

Table 4.2.

Table 4.1: Variance with white noise djsturbances
ARMarkov (. =10,n = 3) | FIR (M = 25)
total variance 2.51 3.34

0 max 3.16 4.45

As expected, the ARMarkov Markov parameters have lower variance and smaller

eigenvalue (largest) than the Markov parameters by FIR.
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Table 4.2: Variance with non-white noise disturbances

(Same colored noise described in (4.46))

ARMarkov (¢ = 10,n = 3) | FIR (M = 25)
total variance 6.67 12.77
5.31 9.01

amax

4.5.2 Confidence bounds

Consider the process in (4.45) subjected to white noise. The confidence interval of
the first 4 Markov parameters estimated by the ARMarkov method and by the FIR

method were determined by following the procedure described in section 4.4.

0.1 . il
- - o e
g al o
» 0.08 g
B2 e ——
] g
‘S ®
0.0 ;g
2 81
£
g 0.04 E 0 —;_QIR
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°
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O_ a4
* K1e .
- o - -6~ 9 94—

-0.02 4 -
0 4 6 8 10 [} 2 4 6 8 10
Sample time Sampie time

Figure 4.1: Confidence Bounds on Markov Parameters

The results (upper and lower confidence bounds) in Figure 4.1 clearly show that
the ARMarkov estimates have a tighter confidence bound than the FIR estimates.
Since the Markov parameters are not directly estimated in the ARX method, the
confidence bounds for the ARX method were not compared here.
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4.6 Conclusions

e The Markov parameters estimated by the ARMarkov/LS method are consistent
even in the presence of colored disturbances. The consistency of the estimated
Markov parameters is better than the consistency of Markov parameters by

other parametric linear regression methods such as ARX.

e The estimated u Markov parameters by the ARMarkov method have lower
variances and tighter confidence bounds than the parameters estimated by other

non-parametric methods such as FIR.
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Chapter 5

Interactor Matrix Estimation from
Markov Parameters!

5.1 Introduction

Time delay is a very common characteristic of chemical processes. Even if the process
itself does not have a delay, a single delay is introduced when the process/model is
discretized. Systems with time delay require special care in designing the controller
(Garcia and Morari 1982, Sripada and Fisher 1985, Goodwin and Sin 1984) and it
is well known that the achievable control performance is limited by the presence of
time delays. In control loop performance assessment, knowledge of time delay is
required to generate the basis for performance benchmark (Harris et al. 1996, Huang
and Shah 1999). If the process time delay can be separated from the delay-free part
of the process model, it is easier to design a controller as well as to assess closed-loop
performance. In SISO systems, it is easy to estimate and separate the time delay
from the delay-free process. In MIMO systems, if all the input-output pairs share the
same delay, it would also be easy to factor out the time delay from the process. But
in many practical MIMO systems, each input-output pair contains a different time
delay. In these cases, it is difficult to separate the time delay part from the delay-free
part of the process directly.

Time delays in MIMO systems are defined by the interactor matrix. Wolowich and
Falb (1976)proved the existence of the interactor matrix and later it was introduced

into the design procedure of feedback controllers (Wolowich and Falb 1976, Tsili-

1Contents of this chapter was presented at the 1998 CSCHE conference in London, Ontario,
Canada and was also published in the Chemical Engineering Science, May 2000.
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giannis and Svoronos 1988). Different forms of the interactor matrix and several
estimation procedures have been proposed by researchers. The estimation methods
used by Wolowich and Falb (1976), Goodwin and Sin (1984)need a priori information
on the process transfer functions. Shah et al. (1987), Huang and Shah (1999)de-
scribed a method of unitary interactor estimation that uses a linear combination of
process Markov block (impulse response block) matrices and does not require com-
plete information on the process transfer functions.

As stated in (Huang and Shah 1999), “computationally, a direct identification of
the first few Markov parameters is more desirable than an identification of the full
transfer function matriz first, followed by its transfer to Markov parameters. There-
fore, the factorization of the interactor matriz from the first few Markov parameters is
preferred to the factorization of the interactor matriz from the transfer function ma-
triz”. It, therefore, follows that better estimation of the Markov parameters leads to
better estimation of the unitary interactor matrix. The ARMarkov model described
in Chapter 4 contains the Markov parameters explicitly. Furthermore, the ARMarkov
method gives consistent estimates of the Markov parameters even in the presence of
colored disturbances as shown by Kamrunnahar et al. (2000) and in Chapters 2 and
4.

In this chapter, Markov parameters obtained using the ARMarkov identification
method are used to estimate the unitary interactor matrix. An introduction to the
interactor matrix including its classification is given in Section 5.2. An estimation
procedure for the unitary interactor matrix using the Markov parameters is discussed
in Section 5.3 and unitary interactor estimation using closed-loop data is described
in Section 5.5. Illustrative examples comparing the time-delay/interactor matrix
estimated using the Markov parameters obtained using different methods are given

in Section 5.6.

5.2 The Interactor Matrix

As mentioned earlier, time delays in multivariable systems are defined by the inter-

actor matrix. Goodwin and Sin (1984)formally defined time delay in SISO systems
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meaning there exists a scalar function D (z) = z7¢ such that
lim D(z)A(z"Y)B(z7") =k (5.1)

where k is a nonzero scalar, d is the delay and A & B are the denominator and numer-
ator respectively of the polynomial transfer function. They specified the multivariable
delay structure in a similar way in terms of a polynomial matrix. The definition of

the ‘interactor matriz’, as given by Goodwin and Sin (1984)and Huang (1997), is:

Definition 1 Given any | x I, proper, rational polynomial transfer function matriz
G (z71), there ezists a unique, non-singular | x | lower left triangular polynomial

matriz D (z), known as the ‘interactor matriz’, satisfying:

(i) det D(z) = 2" (5.2)
(31) lim D(z)G(z7!) = lim Gy (z71) =K, (5.3)

where T is an integer and represents the number of infinite zeros of G (z7!), K 1is
a non-singular matriz and Go(z7!) is the delay-free part of the transfer function
matriz G (z7!) and contains only the finite zeros. The ‘“interactor matriz’ D (z) can

be erpressed as
D (Z) = DoZd + Dlzd—l +---+ Dd_lz

where d is known as the order of the interactor matriz and the Dis (i =1,---d — 1)

are coefficient matrices.

There are different forms of the interactor matrix such as diagonal, lower/upper
triangular etc. Some of the special cases of the interactor matriz are:

(z) when D (z) = 2¢I, the interactor is known as a simple interactor matriz. In this
case, all the input-output pairs share the same number of delays and it is, therefore,
easy to factor out the delay term from the delay-free part of the transfer function
matrix,

(ii)when DT (z) D (z) = I, the interactor is called a unitary interactor matriz that
has advantages over other forms as discussed by Peng and Kinnaert (1992), Huang
and Shah (1999).

This chapter focuses on the estimation of a unitary interactor matrix using the

Markov block parameters obtained from the ARMarkov identification method.
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Example 5.1 (Huang and Shah 1999)

Let us consider the plant transfer function,

4 b4
14+3z-1 144z}

z-1 2-1
G(z"‘)=[ﬁzf—‘ T}

The unitary interactor matrix for this transfer function is

D(z) = 0.5z +0.522 0.5z — 0.52?

“77 1 0522 -0.52° 0.522+0.52°
and has the property DT (z) D (z) = I. More details on the classification and prop-
erties of the interactor matriz can be found in the literature e.g. (Goodwin and

Sin 1984, Shah et al. 1987, Peng and Kinnaert 1992, Huang and Shah 1999).

5.3 Estimation of the Unitary Interactor Matrix

Knowledge of the interactor matrix is important in designing high performance con-
trollers such as minimum variance (MV) controllers and in closed-loop performance
assessment. Earlier methods (Goodwin and Sin 1984, Wolowich and Falb 1976) of
interactor estimation required a priori information of the process transfer function.
Shah et al. (1987)suggested a method that does not require the above mentioned a
prior: information. It uses a linear combination of the first few Markov parameters
of the process. The linear combination of the Markov block matrices is expressed
as a polynomial matrix. Huang and Shah (1999)proposed the use of singular value
decomposition (SVD) for the determination of the non-singularity of the polynomial

matrix. The procedure is discussed in the following subsections (5.3.1-5.3.2).

5.3.1 Determination of the Order of the Interactor Matrix

A linear, time invariant (LTI) transfer function can be written in terms of Markov

parameters as
=]
G(zY) = Zgiz“'l (5.4)
i=1

The condition (5.3) for the existence of the interactor matrix is written as
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zlilril.o D(z)G (") = :91120 [Dgzd + Dz 4+ Dd_lz] [goz‘1 +g1272 4. ] =K

(5.5)
and can be expressed as a number of algebraic equations (Huang 1997, Huang and
Shah 1999) that leads to the following matrix form

" go 0 0 ver 07
g1 %o 0 -0
[ Disy, -+ Do ]| P ¢ . . 1| =[K,0,---,0] (5.6)
9d-2 Ga-1 - - 0
| 9d-1 Gd-2 - " go J
oo DG=K (5.7)

where G is a block-Toeplitz matrix consisting of the first d process Markov param-
eters, D is the coefficient matrix of the interactor and K is a full rank matrix with
rank(K) = min(l,m). Existence of a solution of equation (5.7) which determines D
depends on the order of the interactor matrix and the null space of G. The G matrix
needs to be expanded by adding Markov parameter blocks until certain conditions
(see (Huang and Shah 1999)) are satisfied and rank(G) > rank(K). The order of
the unitary interactor matrix is the maximum number of Markov block-parameters
required to satisfy the above mentioned conditions regarding the singular value de-
composition (SVD) of G. Details of the SVD expansion and the procedure can be
found in Huang and Shah (1999).

5.3.2 Estimation of the Interactor Matrix

Once the order, d, of the interactor is selected, a block matrix consisting of the first

d Markov parameter blocks is written as
A=[GI,GT,---GE " (5.8)

Once the block matrix, A is formed, the unitary interactor matrix, D(q) can be
factored out from A by following the procedure of Rogozinski et al. (1987)and Peng
and Kinnaert (1992). As noted by Huang and Shah (1999), the plant transfer function
matrix, G (z~!) used in their procedure would be replaced by the first d Markov

parameter matrices.
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5.4 Markov Parameters from the ARMarkov Method
for Interactor Estimation

As discussed in Section 5.3, Markov parameters are sufficient for interactor estimation
even when a priori information on the process transfer function is not used or not
available. Therefore, it is obvious that the better the estimation of the Markov
parameters, the better the estimation of the interactor matrix will be since it uses
a linear combination of those Markov parameters. Since the ARMarkov method
produces Markov parameters directly and it was proved that the Markov parameters
estimated by the ARMarkov method have better statistical qualities than the same
parameters estimated by other simple linear regression methods, it is recommended
that the interactor be estimated using the Markov parameters obtained from the
ARMarkov method.

This chapter illustrates the application of the ARMarkov identification method
and the Markov parameters estimated by this method to compute the interactor ma-
trix. The interactor estimation procedure discussed in Section 5.3 was developed by
Huang and Shah (1999)and is applied here. The interactors estimated using Markov
parameters obtained by different methods are compared in Section 5.6 to show that
the Markov parameters obtained from the ARMarkov method produce a better in-

teractor matrix.

5.5 Interactor Matrix for Closed-Loop Systems

In industrial applications, closed-loop data is much easier to obtain and/or more
readily available than open-loop data. Moreover, closed-loop data is preferred for
on-line performance monitoring/assessment. Therefore, it is preferable to estimate
the interactor matrix using closed-loop data. Huang and Shah (1999) showed that the
unitary interactor matriz is “feedback invariant” i.e. the linear combination of the
Markov parameters of the process under open-loop and closed-loop conditions yields
the same interactor matriz and the interactor matriz of the open-loop system can be

estimated directly from closed-loop data.
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Lemma 5.1 (Huang 1997, Huang et al. 1997) For a multivariable process as shown
in Figure 5.1, the interactor (D) of the closed-loop transfer function matriz, Gy
from W, toY, is the same as the interactor (D) of the open-loop transfer function

matri:z:, G P-
Proof.

lim DGy = lim DGp (I +QGp)'=K

z-1

where D is the interactor of the closed-loop transfer matrix, G, and since
llIIll DdG P = Kd
ot

D, is also the interactor of the open-loop transfer matrix, Gp. See (Huang et al. 1997b)

for more details. ®m

Figure 5.1: Closed-loop System.

The open-loop Markov parameters and the closed-loop Markov parameters of the
same process are different, but the linear combination of the open or closed-loop

Markov parameters leads to the same interactor matrix. In closed-loop systems,
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identification using persistently exciting dither signals gives good estimates of the
Markov parameters and in turn leads to a good estimate of the interactor matrix.
In on-line performance monitoring/assessment, if step changes in the set points are
made, they can be considered as the dither signal. In that case, correlation analysis
may not be appropriate for the Markov parameters estimation. It was concluded that
parametric modeling should give better Markov parameters and in turn better inter-
actor estimation (Huang 1997). The ARMarkov method uses a overparameterized
model that explicitly contains the required Markov parameters. Therefore, it is rec-
ommended that Markov parameters obtained by the ARMarkov identification method
using closed-loop input-output data be used to estimate the interactor matrix. This

is illustrated in Section 5.6.

5.6 Simulation Examples

This section describes simulations carried out to estimate the Markov parameters from
process input-output data. The time delays/interactor matrices estimated using the
Markov parameters determined by different linear regression methods are compared.
Closed-loop input-output data as well as open-loop data are used to estimate the

interactor matrix to illustrate the “feedback invariance” of the interactor matrix.

5.6.1 Open-Loop MIMO Systems

Example 5.2

This example, used by Huang (1997), illustrates the estimation of the interactor
matrix of a simple 2x2 first order system with single delay in all the input-output
pairs in the transfer function matrix.

The plant transfer function matrix is

z-l z—l

Gp(z) = | 170137 10137 (5.9)
1-0.3z-1 1-0.4z-1
and the disturbance transfer function matrix is
1 -0.6

H= [ 1=95~T 1-05z7" ] (5.10)

1-0.5z—1 1-0.5z—1
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The unitary interactor matrices estimated by using the Markov parameters deter-
mined by different methods are shown in Table 5.1. The unitary interactor matrix
estimated by using the Markov parameters determined by the ARMarkov method is
exactly the same as in the actual process and the best estimate among all the methods
used.

Table 5.1: Interactor Matrix for a 2x2 First order System
Method Unitary Interactor Matrix

[ —0.4472%q —0.8944%q |
Actual Process 08944+ ¢> —0.4472+ ¢ |
—0.4472%q —0.89%44xq |
ARMARKOV | 0.8944+¢> —04472x ¢

. . —~0.4437xq —0.8962+q |
Correlation Analysis 08962+ " —04437+¢?

-

[ —~0.4469xq —0.8974%q |
| 0.8974x¢® —0.4469 % ¢* |

ARX

The above example considered first order transfer functions with a unit delay
in all the input-output pairs. For this reason, the interactor matrices estimated by
using the Markov parameters determined by the different methods are close to the
actual interactor matrix and close to one another. Processes with higher order transfer
functions and higher order delays (also different delays in different input-output pairs)
result in greater differences in the estimated parameters. The following example is

concerned with such a process.

Example 5.3
Consider a 2 x 2 MIMO system with transfer function matrices
0.3z-6 0.0077:—141-0.0212:-?41-0.003&-3 .
- =T 1= = = =
Gle) = | TR Tl one (5.11)
1-0.7z-1  1-1.8044z-1+0.2636z~
—1 0
H = [ 6-0-952" 1 (5.12)
1-0.99z-1
The unitary interactor matrices estimated by different methods are shown in Table
5.2.
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Interactor structure:

Table 5.2: Coefficients in the Interactor Matrix
ml*g+.---+mbxq®

plxg®+---+ph+g°

pS*q' +---+pleg’
m5xq*+---+mlxg®

ml | m2 [ m3 | m4 [ m5 [ pl | p2 { p3 | p4 | pb5
Actual | .0680 .1957 .0897 .1087 .0609 .0043 .0203 .0353 .0517 .9639
ARMark | .0722 .1939 .0896 .1146 .0539 .0040 .0196 .0360 .0524 .9637
Correl | .0876 .1914 .0550 .0704 .1268 .0115 .0321 .0281 .0443 .9632
ARX .0596 .1987 .1127 .0036 .1109 .0068 .0229 .0202 .0361 .9642

The differences between each coefficient in the actual unitary interactor matrix

and the unitary matrix estimated by different methods are plotted in Fig. 5.2 so that

the accuracy of the estimated parameters can be compared more easily.

—e— Actual-ARMarkqv
-+ - Actual-Correl. |1
—— Actual-ARx

0.08
°
E’f 0.
£
w Q.
K]
3
2 003
§ . L
H o o
€ -
D-0.0
/' Parameters 1t0 5 —> m1-m5
-0.04
Parameters 6 to 10 —> p1-p§
-0.08
-0.08! L A
1 2 3 4 5 [} 7 8 9 10
parameters

Figure 5.2: Errors in the estimated coeffiecients of the interactor

It can be clearly seen that the coefficients estimated by the ARMarkov method

have the smallest error.

5.6.2 Closed-loop Systems

Since closed-loop data are more readily available and/or easier to collect in practi-

cal/industrial applications, the ARMarkov method was also applied to estimate the

Markov parameters from closed-loop input-output data. A simple closed-loop system
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is shown in Fig. 5.1. The purpose here was not to design a controller but to show
that the open-loop and closed-loop unitary interactor matrices are the same as proved
theoretically by Huang (1997). Therefore, a simple proportional controller was used.
The next example used the same first order plant and disturbance transfer functions

as in Example 5.2 for the open-loop case.

Example 5.4

The transfer function matrices used are

! z-! 1 ~0.6
Gp(z) = | 12137 12157 | H= [ 1-05:71  1-05271 (5.13)
1-0.327!  1-0.4z-1 1-0.5z2=! 1-0.5z"1
_[o04 0 f10 w

The unitary interactor matrices estimated by the different methods using closed-loop
input-output data are given in the Table 5.3. In this example also, the ARMarkov
method gives the best match with the actual process and the interactor matrix is
almost the same as in the open-loop case shown in Table 5.1. Other simulations
(shown in Chapter 2) show that the disturbance dynamics have less effect on the

ARMarkov method than on the other methods.

Table 5.3: Interactor Matrix from Closed-loop Data
Method Unitary Interactor Matrix

~0.4472%q —0.8944%q |
Actual Process 0.8944 * q2 —0.4472 x q2 ]
—0.4469%q —0.8945%q |

ARMARKOV Method 0.8945 * q2 —0.4469 * q2 |

Correlation Analysis 0.8933*¢% —0.4494x * |

—04534+q —08913%q ]

ARX 0.8913%¢2 —0.4534+¢? |

[ —0.4494+q —0.8933xq |
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5.7 Conclusions

e The time delay/interactor matrix estimated from the Markov parameters ob-
tained using the ARMarkov identification method is closer to the actual time
delay/interactor matrix than comparable results obtained using other linear

regression methods such as ARX, FIR.

e The Interactor matrix is theoretically feedback invariant. Simulation examples
using the ARMarkov identification method show that the interactor matrix
calculated from parameters estimated using closed-loop data is almost identical

to the one determined from open-loop data.
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Part 11

Model Predictive Controller Design

This part of the thesis describes the design of MPC'’s, referred to as ARM-MPC'’s
that use the ARMarkov model developed in Part I. The ARM-MPC is formulated in
Chapter 8 based on an extended input-output ARMarkov model. It is flexible enough
to include the characteristics of the two widely used MPC’s, GPC and DMC, as special
cases. The ARM-MPC does not require the solution of Diophantine equations as in
GPC and does not need as large a number of step response coefficients or prediction
horizon as in DMC. In Chapter 9 it was shown that the observer polynomial in ARM-
MPC plays the same role as in GPC. However, the observer was designed without
the solution of Diophantine equations and is independent of the process model which
leads to advantages such as the use of different disturbance horizons and independent
tuning for servo and regulatory control. State space models can be extended more
easily to MIMO systems than input-output models and also are often more convenient
for simulation and theoretical analysis. Therefore, a dual-model, state space model
is derived from the estimated input-output ARMarkov model. It is equivalent to
the input-output model but has a different structure than the classical state space
formulation discussed in Chapter 9. The state space ARM-MPC designed in Chapter
9 using a classical state space model generated from the consistent Markov parameters
identified during the input-output ARMarkov model identification in Part I has the
classical [A, B, C, D] state space structure. All the classical theories and properties
of state space MPC are, therefore, applicable to this ARM-MPC.

Closed-loop performance of different ARM-MPC'’s is discussed in Part III.
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Chapter 6

Design and Formulation of an
ARMarkov Model-based Predictive
Controller (ARM-MPC)!

6.1 Introduction

Model Predictive Controllers (MPC) typically use the step or impulse response co-
efficients of the process model to build the ‘dynamic matriz’ used in the output
prediction equation. The Generalized Predictive Controller (GPC) of Clarke et al.
(1987b) uses an input-output model with an ARIMAX structure, builds the ‘dynamic
matriz’ using the Markov parameters and requires the solution of two Diophantine
equations (Clarke et al. (1987b), Bitmead et al. (1990)). Dynamic Matrix Control
(DMC), the most widely used MPC in industry, uses a simple step-response model
for the output prediction (Cutler and Ramaker (1980)).

Unlike GPC, Dynamic Matrix Control does not require the Diophantine solutions,
but needs a large number of step-response coefficients. Li et al. (1989) showed that
MPC using step-response models can be put in state-space form. Lee et al. (1994)
presented a state-space model in terms of step-response coefficients for systems with
stable and/or integrating dynamics and extended the conventional MPC to handle
stochastic and white noise disturbances without solving a large-order Riccati equa-
tion. Morari and Lee (1991) identified some deficiencies of MPC by comparing it

with Linear Quadratic Gaussian control concepts. Camacho and Bordons (1999)

1This chapter was presented at the ADCHEM 2000 conference, June 2000 and is a part of the
paper to be published in the Journal of Process Control
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present techniques for implementing GPC in industrial processes. Banerjee (1996)
formulated a Markov-Laguerre model based predictive controller that uses a non-
parametric model for the fast dynamics of the process and a parametric Laguerre
model to approximate the slower dynamics of the process. Qi (1997) formulated an
MPC based on a dual model (step response plus autoregressive).

Parametric model based predictive controllers, e.g. GPC, tend to be aggressive,
less robust and require careful estimation of the parametric model and time delay.
They often include disturbance models which increase the flexibility of tuning. On the
other hand, non-parametric model-based controllers, e.g. DMC, are less aggressive,
use simple step response models but require large number of step responses. Both
parametric and non-parametric model-based predictive controllers have advantages
and disadvantages.

In all the predictive controller designs, the dynamic matriz plays important role
in the formulation of the controller gain matrix. The dynamic matriz is constructed
using the first N, step/impulse response coefficients (or Markov parameters) where
N, is the prediction horizon. The better the estimation of the coefficients, the better
the representation of the actual process and in turn the more accurate the controller
gain matrix. For processes with unusual step responses in the fast dynamics, a para-
metric model can not always capture the actual dynamics of the process. In these
cases, direct estimation of the Markov parameters or step response coefficients is very
important. Specification of the time delay plays an important role in the parametric
model based predictive controller formulation.

The predictive controller developed in this chapter uses an ARMarkov model rep-
resentation that is a combination of non-parametric and parametric models. The
initial or fast dynamics are defined by Markov parameters estimated explicitly using
a standard least squares algorithm and the slower dynamics are approximated by an
ARIMAX model structure. The ARMarkov model has the same form as an ARIMAX
model except that it explicitly contains more than one Markov parameter (Akers and
Bernstein (1997)). Details of the ARMarkov approach are described in Chapter 2.
The estimated Markov parameters are consistent in the presence of disturbances as
presented in Chapter 4 and shown by Kamrunnahar et al. (2000). In the residual
model structures of the dual-model (Qi 1997) and Markov-Laguerre (Banerjee 1996)
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model formulations, the continuity of the dual responses is not obvious and the pa-
rameter consistency is not as straightforward as in the ARMarkov identification.

An ARIMAX structure is introduced to model the slow dynamics and the dis-
turbances in Section 6.2 and the resulting model is called the eztended ARMarkov
model. A predictive controller is then formulated in Section 6.3 by using the extended
ARMarkov model and an approach similar to that used by other predictive controller
designs such as GPC (Clarke et al. (1987b)) and DMC (Cutler and Ramaker (1980)).
In Section 6.4, it is shown that the proposed predictive controller, referred to as ARM-
MPC, is equivalent to GPC and DMC when the number of Markov parameters, u,
used in the model is 1 and N, + 1 respectively. For 1 < g4 < N, + 1, the proposed
controller blends the characteristics of GPC and DMC. The ARM-MPC is illustrated

through simulation examples in Section 6.5.

6.2 The Extended ARMarkov Model

The extended ARMarkov model with a general disturbance model is defined as

n u—1 n
yk) = - ayk—p—j+1)+ Y huk-7)+Y_ Bulk-p—j+1)
3=0 j=1

i=1
+%—l)e(k) (6.1)
= —Zajy(k—u—j-i- 1) +Zhju(k"j) +Zﬁj“(k—#—j+1)
i=1 3=0 =2
+z(k) (62)

where C is a polynomial in z7!, z(k) is the disturbance or residual and A = 1 —
27!, For chemical process applications, it is very common to assume random step-
type disturbances, often termed Type-I disturbances. Therefore, in this chapter, the
ARMarkov model is modified to accommodate Type-I disturbances by putting C = 1
in (6.1). The extended ARMarkov model and the extended ARMarkov identification
method with a general disturbance model (C # 1) is discussed in Chapter 7.
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The extended ARMarkov model with Type-I disturbances is defined as

y(k) ==Y oyl —p—j+1)+Y hulk—5)+Y Bulk—p=-j+1)+ %e(k)
=1 =0 i=1
(6.3)

Writing the ARMarkov regressor vector, ¢, for equation (6.3) as

(k) = [y(k — 1), Ay(k — p),--- , Ay(k — p—n+ 1), Au(k), -+, Au(k — p—n + 1)]"

(6.4)

the process output can be expressed as
y(k) = Wua, (k) + €(k) (6.5)

where the weighting matrix is given by

W,=[1,—Au ho,--+ ,huo1, B, (6.6)
A# = [alv e aan] € Rlxn (6.7)
B“=[51,"' 7571] eRan (6.8)

The regressor vector in (6.4) differs from the regressor vector in (2.19) of Chapter 2 by
including y(k — 1) and using the remaining input-output deviation variables instead
of the absolute variables. The parameters vector W, in (6.6) also differs from (10.3)

by including an extra 1. The minimum variance prediction of the output is

n u—1
gk) = =Y aAyk—p—j+1)+ Y hAulk - )
j=1 =0
+Y BAu(k—p—j+1)+yk—1) (6.9)
j=1

The output error, (k) is defined as
e(k) = y(k) — g(k) (6.10)

The estimated parameter vector, W,‘ can be determined by using a standard least-
squares algorithm to minimize the cost function J = & SN | 1¢?(k) where N is the
total number of data points.

Note: Due to the use of differenced data in the regressor vector in (6.4), infor-

mation on the low frequency dynamics of the process may not be correctly estimated.
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Therefore, the above identification method with a type-I disturbance model is recom-

mended for process identification when there is a trend in the input/output data.
Note, however, that the type-I disturbance model should be used during the MPC

controller design to obtain offset-free setpoint tracking as discussed in the next section.

6.3 Predictive Control Design Using the Extended
ARMarkov Model

As shown below, a Model Predictive Controller can be formulated using the extended
ARMarkov model described in the previous section. The resulting controller is re-
ferred to as ARM-MPC.

In predictive control, it is necessary to compute the future output predictions,
y(k+1),fori =1,--- , N; where N is the prediction horizon. Assuming a single delay
due to discretization, the output prediction equation, using the extended ARMarkov

model in (6.3) can be written as

p—1

yk+i) = ylk+i—1) —ZaJAy(k—u—j+l+i)+zthU(k—j+i)
j=1 7=l
+38,8u(k —p—j+1+1) +e(k+1i) (6.11)

j=1
The last term, consisting of future white noise, is independent of the available response

at time k. The minimum variance prediction is independent of the white noise and

is given by
n p—1
Jk+i) = Gk+i-1)=Y oAyk—p—j+1+i)+ > hjAutk—j+7)
j=1 j=1
+Y B,Au(k—p—j+1+i) (6.12)

J=1
After separating the prediction equation into the information available at time &

and the future information needed, the output prediction can be written as
F(k +1) = Gi(z7))Aulk +i — 1) + §(k + i|k) (6.13)
where G; is a polynomial in z~! containing the first i step response coefficients s, 1.e.

Gi =512+ 827 + -+ + 52707 (6.14)
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where s; = h; + s;_;. The Au(k +i — 1) term in (6.13) is the present/future incre-
mental control action. y(k + i|k) is the output prediction which depends only on the
information available at time k£ and usually referred to as the ‘free response’. Note

that 8, = h, in (6.12). The ‘free response’ can be written as

glk+ilk) = yk) =D ajyk—p—j+1+i)+Y ajyk—p—j+1)

n

=1 j=1
p+n—1—1 ptn—1
+ E sivjAu(k — 7) + Z Sysn-1Au(k — j)
ji=1 j=pt+n—i
p+n—2
- s;Au(k —j — 1) (6.15)
J=1

and can be simplified to

Gk +ilk) = y(k+ilk—1)+simAu(k—-1) fori=1,---,u—1  (6.16)
ylk+ilk) = y(k+i-1k-1)-ay(k) +any(k —n)

n-1
=) (e —ay)ylk —p~j+1+1)

=1

+sinAu(k = 1)+ BAulk —p—j+1+i) fori=u(6.17)

7=3
The ‘free response’ vector is defined as
f =[5k + 11k), 5k + 21k), - , Gk + Nafk)]" (6.18)
and the future control vector as
= [Au(k), Au(k +1),--- , Au(k+ M —1)]T (6.19)

where M is the control horizon. The predicted output vector is defined as

Y =[Gk +1),5(k +2),--- 5k + N2)}" (6.20)
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so that

Y = Gi+f (6.21)
T st 0 - 0 0
So S 0 0
whereG = | = " © : (6.22)
SM sM—l P .« oo sl
i SN2 SN2—1 PPN “ae SNQ—M+I ]

The prediction equation in (6.21) is similar to the one used in GPC, DMC etc.
The G matrix in (6.22) consists of the step response coefficients and is known as the
‘Dynamic Matriz’ in Model-based Predictive Controller (MPC) design.

The future control moves, U can be estimated by minimizing a cost function such

as,
J=ETQFE + \i"Ru (6.23)

where @@ and AR are the output and input weightings respectively, E is the error
between the predicted output and set-point. This is now a linear control problem

and can be solved easily. The unconstrained solution of the future control vector is
i=(GTQG + AR)!GTQ(r - f) (6.24)

where the reference signal, r =[r(k+1) r(k+2) --- r(k+ N,)]7 is the set-point

or target vector.

Remark 6.1 The Markov parameters determined by the ARMarkov identification
method were shown by Kamrunnahar et al. (2000) and in Chapter 5 to be superior
in terms of consistency, variances/covariances and confidence bounds to the Markov
parameters determined indirectly using other linear regression methods. The controller

gain matriz in ARM-MPC is defined as
Kmpc = (GTQG + AR)_IGTQ

where @@ and AR are user defined and fired. ‘Dynamic Matriz’ G is derived from

consistent Markov parameters and therefore in the limit as the Markov parameters
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converyge, the ‘Dynamic Matriz’ G is error free. In other words, the ‘Dynamic Matriz’
constructed by using the Markov parameters identified using the ARMarkov method,

in the limit, leads to an error free controller gain matriz, Knpc.
Now consider the following special cases.

e u = N, i.e. the number of Markov parameters equals the prediction horizon. In
this case, the output prediction can be easily separated into the future response
and the ‘free response’. The ‘free response’, y(k + ilk) is the same as (6.15)

except that u is replaced by N.

e 4 > N, i.e. the number of Markov parameters is greater than the prediction

horizon. In this case, the free response is the same as (6.15).

e i1 < N;i.e. the number of Markov parameters is less than the prediction horizon.
The ARMarkov model cannot be used directly in this case since only ¢ Markov
parameters are available and N; > u Markov parameters are needed to build
the ‘dynamic matriz’. In this case, solutions to Diophantine type equations are

required as in GPC for the remaining (N, — u) Markov parameters.

Remark 6.2 For 4 > N, (the prediction horizon), the output prediction is easily
separated into the future and the ‘free response’ without the solution of Diophantine

equations.

6.4 Special Cases of ARM-MPC

The ARMarkov model in (6.3) can be written as
C(z™h)

Az Yy(k) = B(z Hu(k - 1) + x e(k) (6.25)
where
A = l4+az7¥+- - +apz-®m-1 (6.26)
B = hz %+ - t+h, 270D 4 g27# 4. 4 § 240D (6.27)
CcC =1 (6.28)
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The basic Generalized Predictive Control (GPC) of Clarke et al. (1987b) uses an

ARIMAX process model of the form

C(z™)
A

where A, B, C are polynomials in z~!. Therefore, the extended ARMarkov model used

in the ARM-MPC has the same form as the ARIMAX model used in GPC. However,

e(k) (6.29)

Az Yy(k) = B(z u(k — 1) +

the number of parameters is different in the two models.

The optimal prediction of y(k + i), as described by Bitmead et al. (1990), is
Pk +1) = Gi(z7H)Au(k +i - 1) + gk + i|k) (6.30)

where y(k + i|k) is the ‘free response’ prediction,

gk +ijk) = Ti(z"DYuf (k - 1) + Fi(z7)y! (k) (6.31)
u/ (k) = C71 (z71) Au (k) (6.32)
y/(k)=C 1 (z7") y (k) (6.33)

and I';, F; are the solutions to the following two Diophantine equations as shown in
Clarke et al. (1987b) and Bitmead et al. (1990).
C(z™!) = Ej(z7)AEHA+¢77F;(27)
Ej(z"HA(ZTY) = Gi(zTC(zT) +¢7T(z7Y)

The prediction equation (6.13) using the extended ARMarkov model and the GPC
prediction in (6.30) have the same form. The ‘dynamic matriz ’ G is the same for
both the prediction formulations. However, as shown above in Section 6.3, the ARM-
MPC solution, unlike the GPC solution, does not require solution of a Diophantine

equation when u > N.
The limiting cases of the ARM-MPC are derived as follows.

6.4.1 GPC structure:

Assuming type-I disturbances and u = 1, equations (6.26-6.28) can be written as
A =14 oz 4+ +ayz™
B = Bzl +--+8,27"
cC =1
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which is exactly the same as the ARIMAX model used in the GPC design with C = 1.
Hence the designed ARM-MPC with g = 1 is mathematically equal to GPC.

6.4.2 DMC structure:

With ¢ = N; + 1 and n = 0, equations (6.26-6.28) can be written as

A =1
B = hz %+ - +hyz™
C =1

which is exactly the same model used in DMC (Cutler and Ramaker 1980).

Remark 6.3 From the above analysis, it is clear that using the ARM-MPC, one
can implement GPC, DMC or a blend of the two by appropriate choice of the design
parameters, i and n. Other MPC'’s based on dual models, e.g. (Qi 1997) or Markov-
Laguerre model (Banerjee 1996), can be interpreted for the limiting case of DMC,
but the GPC structure is not clear and the combination is not as obuvious as the
ARM-MPC. Moreover, those non-ARM dual-models need larger number of Markov
parameters and the continuity of the output response at the point where the two models

join is not clear.

6.5 Simulation Examples Using an ARM-MPC

The theory developed in the previous sections is illustrated through simulation exam-
ples in this section. The ARMarkov identification procedure and predictive controller

design are used to control the following third order process

_0.0077z7! + 0.0212z% + 0.003623
T 1-1.9031z-! + 1.15142-2 — 0.215823

G(2) (6.34)

A Type-I disturbance model is used in the ARMarkov model. The model pa-
rameters are determined using the model structure in (6.3). The ARMarkov model
order is assumed to be n = 3 and the number of Markov parameters in the model
is p = 10. The estimated parameters are then used in a predictive controller design

having the structure in (6.13). The controller is designed as in section 6.3. The tuning
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Setpoints and Outputs

0 100 200

Control Actions

0 100 200
Time Steps

Figure 6.1: Step Tracking and Disturbance Rejection using GPC ARM-MPC with a
Type-I Disturbance Model. A unit step disturbance was added at time 100.

parameters for the controller design are as follows: N, =10, M =1,Q =R =1 and
A=0.0.

The closed-loop responses to set-point changes and disturbances are shown in Fig-
ure 6.1. The ARM-MPC with a Type-I disturbance model gives satisfactory responses
to both set-point changes and disturbances. The responses are compared with GPC
and DMC step-tracking and disturbance rejection in Figure 6.2. GPC is aggressive
(note large span of axis for control action) and DMC needs a large number of step
response coefficients and a large prediction horizon for practical applications. How-
ever, as expected, the ARM-MPC responses have characteristics which are a blend
of GPC and DMC responses. The performance of GPC, DMC and ARM-MPC in
terms of closed-loop settling time and input variance is compared in Table 6.1. GPC
and ARM-MPC settling times are essentially the same whereas DMC takes almost
twice as long to settle. The closed-loop time constants (rise times) are approximately

the same for the three controllers but DMC has more overshoot in the servo response
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Figure 6.2: Comparison of Responses from DMC, GPC and ARM-MPC with a Type-
1 disturbance model. In (a) ‘solid’— setpoints and ‘dash’— outputs. A unit step
disturbance was added at time 100.

and overshoot/undershoot in the disturbance rejection. A larger prediction horizon
in DMC gives overshoot-free response (not shown) which in turn makes the time con-
stant larger than those by GPC and ARM-MPC. GPC disturbance rejection is faster
than both ARM-MPC and DMC since GPC without a T—filter is very aggressive.
This is reflected in the control action i.e. GPC results in high control action which
may not be acceptable for practical applications. As a trade-off between DMC and
GPC, the proposed ARM-MPC gives adequate disturbance rejection with an accept-
able servo response. In terms of aggressiveness, it lies in between GPC and DMC. A

measure of the performance of the predictive controller is defined as
N
J =Y (Yip (&) = Your (1)) (Vi (3) = Your (8)) + M ()" w (3) (6.35)
i=1

where N, is the total simulation time. The performance costs for the above three
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controllers are compared in Table 6.1. Clearly, the ARM-MPC performance cost lies
in between the costs of GPC and DMC showing a trade-off between the GPC and

DMC.

Table 6.1: Close-loop Performance of Different Controllers with C =1

GPC DMC ARM-MPC

Settling Time 115 24 11
Time Constant 6.0 6.5 6.0
var(u) 14.47 032 0.33

Performance Cost, J { 5.01 8.43 7.32

6.5.1 Comparison of Linear Systems

The preceding comparison of DMC, GPC and ARM-MPC involves the performance
of linear systems. In general, if the process model, controller and process inputs
are identical, the closed-loop responses should be identical. However, in the above
comparison there are a number of factors that result in different system responses.

For example:

e DMC used the first ten step response coefficients. ARM-MPC used the first
ten Markov (impulse) parameters PLUS a third-order ARX model that was
sufficient to accurately model the residual process response. In other words,

DMC used a truncated model and ARM-MPC used a “complete” model.

e The dynamic matrices for all three controllers were identical. However, the
calculation of the control action depends strongly on design parameters such as
the output horizon, N, control horizon, M and on the “free response” (which

depends on the model used).

e In GPC the denominator, A, of the process input-output model automatically
appears in the denominator of the noise model which makes the control re-
sponse much more aggressive. Also there is interaction between the process
noise/disturbance responses because the noise and model parameters are mixed

in the Diophantine identities. (Saudagar 1995)
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6.6 Experimental Evaluation of ARM-MPC on a
Pilot Scale Process

An MPC using a general state space model developed from the Markov parameters
obtained using the ARMarkov method was implemented on a pilot scale Continuous
Stirred Tank Heater (CSTH) in the Computer Process Control (CPC) laboratory in
the Chemical & Materials Engineering department at the University of Alberta. The
CSTH is described in Chapter 2 and a schematic diagram of the process is shown in
Figure 2.3. Water level in the tank and the water temperature were selected as the
two controlled variables and the valve openings (manipulating cold water flow and
steam flow) were selected as the two manipulated variables. The process considered
is a 2 x 2 MIMO system. However, the water level in the tank varies only with the
inlet water flow and is invariant to the steam flow rate.

The main purpose here was to complete an experimental application of the pro-
posed ARM-MPC on a real process. An ARM-MPC was designed as described in
Section 6.3 using an ARMarkov model developed for the above process using real
time, experimental open-loop input-output data and the ARMarkov identification
method described in Chapter 2. The ARMarkov model order was n = 2 and the
number of Markov parameters in the model was assumed to be 4 = 26. The con-
troller parameters used were as follows: N; =10, M =1,Q = R=1 and A = 0.0.
The inputs and outputs were sampled every four seconds. Set-points, outputs and
manipulated variables were measured as currents signals. Servo responses from the
CSTH are shown in Figure 6.3.

It is very clear from Figure 6.3 that the designed ARM-MPC tracks the set-point
changes very satisfactorily. Note, however, that the inlet water flow rate was kept
constant while controlling the water temperature to make the process simpler and
observe the effects of each manipulated variable on the process output. The major

process noise disturbances were due to incomplete stirring/mixing of the water.

6.7 Conclusions

e The ARMarkov model is extended to include Type-I disturbance models.
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Figure 6.3: Responses from a pilot scale CSTH using ARM-MPC.

e Output predictions based on the extended model are shown to have the same
9 = Gu + f form used by predictive controllers such as GPC and DMC.

e The proposed ARM-MPC controller is equal to GPC when the number of
Markov parameters, 4 = 1 and to DMC when p = N+ 1. For 1 < 4 < N, +1,
ARM-MPC combines the characteristics of GPC (aggressive) and DMC (con-

servative).

e The Markov parameters determined by the ARMarkov method are statistically
consistent and hence the ‘dynamic matriz’ formed with the Markov parameters

from the ARMarkov identification leads to better control.

e Experimental results showing the set-point tracking performance of the pro-

posed ARM-MPC on a physical process (pilot scale CSTH) are satisfactory.
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Chapter 7

Disturbance Prediction in the
ARM-MPC!

7.1 Introduction

One of the distinguishing features of Generalized Predictive Controller (GPC) (Clarke
et al. 1987b) compared to Dynamic Matrix Control (DMC) (Cutler and Ramaker
1980) is the disturbance model. The role of the disturbance polynomial, C (z7!), also
known as the prefilter for parameter estimation or the observer polynomial, T (z7!)
has been explored by many researchers (Astrom and Wittenmark 1984, Wahlberg
and Ljung 1986, Clarke et al. 1987b, Doyle and Stein 1979) for the ‘optimality of
predictions’, ‘disturbance rejection’ and ‘robustness of model-based controllers’. Mo-
htadi (1988)discussed the robust stability issue of GPC using the C (z7!) or T (27!)
polynomial and pointed out the strong ‘need for having (1) a prefilter for parameter
estimation and (2) an observer polynomial in the control law’ in the applications of
GPC algorithm to industrial processes.

Successful identification of the C polynomial is not always possible for real pro-
cesses. Moreover, in MPC output predictions, the C' polynomial determines the
dynamics of the observer equivalent to a Kalman filter. Therefore, it is usually sug-
gested that instead of using the identified C polynomial, a design polynomial T (2~1)
be used to specify the observer dynamics (Clarke et al. 19875, Bitmead et al. 1990).
When T = C, the output predictions asymptotically reduce to the (minimum vari-
ance) ‘optimal’ predictions. The output predictions and the solutions to the GPC

!Material in this chapter forms a part of the paper published in the Journal of Process Control.
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control problem are obtained in terms of the solutions of Diophantine equations. The
Diophantine equations can be solved recursively to save computational effort.

Due to the structure of the CARIMA model considered in GPC, the output pre-
dictions or more precisely the ‘free response’ predictions cannot be separated from
the predictions based on the plant model and based on the disturbance model. As a
result, disturbances can not be predicted independent of the plant model and hence
the controller can not be tuned independently for ‘servo’ and ‘regulatory’ control
without designing a two-degree of freedom controller.

Saudagar (1995)introduced a method called the Separated Diophantine Predictor
(SDP) that separates the noise model from the plant model in the prediction equa-
tion. This separation is obtained via the solution of two Diophantine equations and
the end result is independent tuning for regulatory control. However, the resulting
observer polynomial, F; obtained through the solution of the Diophantine equations
is dependent on the plant model polynomial, A.

In this chapter, the ARMarkov model is extended to include a disturbance poly-
nomial, C equivalent to that included in the CARIMA model used in GPC. The
noise/disturbance model can be estimated using plant data as described in Section
7.2 and then can be used for the ARMarkov model based controller (ARM-MPC)
design. Alternatively, the C polynomial can be user specified as a design polyno-
mial equivalent to the T polynomial in GPC. In either case, as shown in Section 7.3,
ARM-MPC design does not require the solution of Diophantine equations and the
noise/disturbance model is completely separated from the plant model in the predic-
tion equation. The prediction equation is called a Separated Disturbance Prediction
(SDP). This SDP enables independent on-line tuning of ARM-MPC for ‘regulatory’
control through simple algebraic manipulation and without re-calculation or re-design
of the controller or solution of Diophantine equations. The ARM-MPC with SDP is
shown in Figure 7.1.
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7.2 Extended ARMarkov Model With Observer

Polynomial

The extended ARMarkov model with a general disturbance model is defined as

y(k)

n p-1 n
S ok —p—i+ D)+ hutk—i)+ ) Bulk—u-j+1)
=0

£S5 ) (71)
—ia,-y(k— p—7j+1) +ihju(k—j) +Zn_:ﬁju(k —p—j+1)

+a(h) ,=2 r2)
ym (k) + z(k) (7.3)

where C is a polynomial in 27!, z(k) is the disturbance or residual and A =1—-271.

Using a Prediction Error (PE) approach, both the plant and disturbance models can

be determined by the following steps.

step 1: determine the model parameters assuming white noise disturbances

step 2: estimate the residual z(k) and filter the residual to estimate the disturbance

model

step 3: filter the input-output data by the disturbance model and estimate the model

parameters

step 4: iterate the above steps until satisfactory convergence is obtained.

The C (z7!) polynomial in the disturbance model in (7.1) can be treated as a

design polynomial similar to the T-filter in GPC or it can be identified from process

input/output data using the ARMarkov model structure as described above.
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7.3 ARM-MPC With Observer Polynomial

The i step ahead output prediction equation using the model in (7.1) is written as

p—1
h;
yk+1i) = —Za}y(k p—-j+1+1i) +Z ZAu(k —j +1)
ij=1 =0
+§:&Au(k—u-j+l+i)
.=1A
-1
+C(Z Je(k+1) (7.4)

For the special structure of the ARMarkov model with > N;, the output terms
on the RHS are available at time k. Therefore, the process and disturbance terms
on the RHS need not be divided by a polynomial defining the process dynamics as
in GPC (Clarke et al. 1987b) and the process and noise terms can be easily sepa-
rated. The noise term is separated into past and future/present components using

the Diophantine like expansion
C(z1)

A = E',' (Z—l) +27" A (75)

where
E; (Z-l) = 1+ 612_1 +---+ 6-,'_12—{+1 (76)
Fi(z™') = fo+thzt+- -+ fiz™ (7.7)

Since the disturbance model has only a differentiator, A in the denominator, there is
no need to solve a Diophantine equation on-line. After some algebra, it can be shown

that

€ = 1+Cl+"'+C§
fo = 14+c+-+aq, f1=c.~+1, "',fx‘=02i-1

The minimum variance output prediction, obtained by putting the future noise com-

ponent E;e(k + i) equal to zero, is

yk+1) = —-Za,y(k Y- ]+1+z)+z ZAuk —j +1)
+Z;ZjAu(k—,u— j+1+i)+z‘e(k) (7.8)
J=
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Using (7.1)

B o L) - eyt —p =g+ 1)+ 3 hulk = 3)
=1 i=0
+> Bulk—p—j+1)) (7.9)
j=1

= éz(k) = z/(k) = filtered residual at time k

Therefore, equation (7.8) can be written as

n pu—1
glk+1) = —Zajy(k—u—j+l+i)+ZsjAu(k—j+i)
=1 7=0
+Z§jAu(k —p—j+1+13)+ Fxl (k) (7.10)

ij=1
Equation (7.10) is referred to as a Separated Disturbance Predictor (SDP). The SDP
has two parts. The first part consists of the first three terms which depend on the
plant model. The second part, the last term in the SDP, depends only on the residual,
z and the noise model and is completely independent of the plant model.

The prediction equation (7.10) can be written as
gk +1) = Gi(z7 Y Au(k +i — 1) + §(k + ilk) (7.11)

where G, contains the first i step response coefficients and the ‘free response’ is defined

as
N no
gk +ik) = Y sjAuk—j+i)+ Y BAulk—p—j+1+i)
j=i+l j=2
= ajylk —p—j+1+1)+ Fal (k) (7.12)
7j=1
= z7'SAu(k+i—1)+z*BAu(k +i— 1) + z7# 9 Ay (k)
+Fzf (k) (7.13)
where
S = sip1+ sz 45,2700
B = By+Bz7 ' +---+ B,z
A = aj+az” 4+ +a,z” D

89

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The ‘free response’ includes the F;z/ (k) term to accommodate disturbances. A Model-
based Predictive Controller (MPC) can therefore be designed following the same
procedure as described in Chapter 6. The ARM-MPC using SDP is shown in Figure

7.1.
x'(k) noise/
disturbances
k+i +
i ARM- | Aulk) | 2 Process .
+ 3 MpPC A + .V(k )
+
¥ (k)
y(k + i) /
-l MOdeI \ -
------ 1
C
ey Xy
_ N F,
7§ /o Fogr !
833z
+ o % 8 g’ +
R W
Free responseducto + '\-meresponseduew
+ manipulated : disturbances/
variable uncertainty
z“B :
f
.
+
G : o
Forced Response
Plant Model

Figure 7.1: ARMarkov model-based predictive controller (ARM-MPC) using the sep-
arated disturbance predictor (SDP).

The ‘free response’ vector is defined as

f =[Gk +1lk), Gk + 2|k),- - , Gk + No|k)]” (7.14)
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and the future control vector as
U= [Au(k), Au(k +1),--- , Au(k + M)|T (7.15)

The predicted output vector is defined as Y =Ga+ f. The elements of the ‘dynamic
matriz’, G are step-response coefficients. The unconstrained solution to the control
problem is @ = (GTQG + /\Ii!)—l GTQ (r — f). The advantage of this SDP formu-
lation is that the servo and regulatory responses of the resulting MPC can be tuned
independently because of the separation of the terms in (7.10).

7.3.1 Flexibility of Disturbance Predictions

It is clear from equation (7.10) and Figure 7.1 that the disturbance prediction and
feedback is completely independent of the process model. It can, of course, be tuned
by adjusting C. However, even greater flexibility can be obtained by adjusting the

disturbance prediction horizon, Ny, as illustrated by the following cases.

1. DMC type disturbance prediction is obtained by putting C = 1 in (7.1) as noted
above. This is equivalent to making Ny = 1 and holding the prediction horizon
constant for all future intervals.

2. GPC type disturbance prediction is obtained by using the same C in (7.1) as
in GPC. This would imply putting N; = p (the output prediction horizon).
However, any 1 < N; < N, can be used and the disturbance prediction for
intervals more than Ny steps in the future either held constant (compare as
DMC) or set to any other value, e.g. zero or decrease to zero over Ny — Ny

intervals.

3. Different “filtering” and “prediction” methods can be used over different sub-
intervals of 1 < Ny < Nj.

This type of flexibility in the disturbance prediction permits “intuitive” algo-
rithms, e.g. implemented by an expert system, as well as theoretical ones. Obvious
practical advantages include:

a. if a large, unexpected and unexpandable step disturbance occurs then atten-
uate the prediction. If the step disturbance is confirmed by measurements over the

following intervals then (rapidly) increase the prediction.
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b. make N, directly proportional to some measure of the reliability /certainty of
the disturbance, e.g. be conservative and put N; = 1 as in DMC or be aggressive and
use 1 < Ny < N, with an aggressive C as in GPC.

c. use historic disturbance data or disturbance patterns from files.

7.3.2 Limiting Case of ARM-MPC
ARM-MPC with Type-I Disturbances

In process control, it is very common to assume random step-type disturbances or
Type-1 disturbances, which, in the simplest case, are modelled by €(k)/A. For the
ARMarkov model, this is equivalent to put C =1 in (7.1).

With C =11in (7.1), E; =1 and F; =1 and the prediction equation is the same
as (7.10) except that the last term simplifies to z(k).

7.4 Simulation Examples

The theory developed in the previous sections is illustrated through simulation ex-
amples in this section. ARMarkov identification along with an ARM-MPC is used to
control the following third order process

0.0077z! + 0.02122"2 + 0.00362~3

7.16
1 -1.90312"! +1.15142-2 — 0.2158z73 (7.16)

G(z) =

Example 7.1

Assume the process is subjected to step disturbances. The ARMarkov model
order is assumed to be n = 3 and the number of Markov parameters in the model
is u = 10. The controller is designed as in section 7.3. The tuning parameters for
the controller design are as follows: N; =10, M =1, Q = R=1 and A = 0.0.
The disturbance model used in the ARM-MPC is N = =08~ je C =1-0827"
in (7.1). Both ARM-MPC and GPC are designed for this process with the same
C polynomial and DMC is designed with C = 1. The results are shown in Figure
7.2. Comparison of Figures 7.2 and 7.3 shows that the aggressiveness of disturbance
rejection is reduced significantly by the presence of the observer polynomial, C in
both GPC & ARM-MPC. (DMC response remains the same with C = 1). Input
variances and performance costs are compared for GPC & ARM-MPC in Table 7.1.
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Figure 7.2: Comparison of responses using DMC, GPC and ARM-MPC with a Type-
1 disturbance model in DMC and with an observer polynomial, C = 1 — 0.827! in
GPC & ARM-MPC. In (a) ‘solid’'— setpoints and ‘dash’— outputs. A unit step
disturbance was added at time 100.

Both Figure 7.2 and Table 7.1 show that GPC is more aggressive than ARM-MPC
which is expected. Although the performance cost in GPC is smaller, it requires larger
control input moves. Moreover, as discussed in Section 7.3, on-line tuning of ARM-
MPC using C does not require redesigning the controller or re-solving the Diophantine

equations. This is a direct result of using the SDP.

Example 7.2

Now consider the same process in (7.16), but assume that the process is subjected
to colored noise generated by passing white noise through the disturbance transfer
function, N = 1—1.9031:-141—1_,?'59124:2—0.215&-3' Process responses using GPC and ARM-
MPC are shown in Figure 7.4. The controller parameters are the same as in (7.1).

Input variances and performance costs are compared in Table 7.2. Results similar to
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Figure 7.3: Comparison of responses from DMC, GPC and ARM-MPC with a Type-
1 disturbance model. In (a) ‘solid’— setpoints and ‘dash’— outputs. A unit step
disturbance was added at time 100.

Example 7.1 are obtained. The outputs plotted in Figure 7.4 do not show the filtering

effect as strongly as the control variable because the noise is added directly to the
output.

In the above analysis, SISO systems are considered for simplicity. However, ARM-
MPC can also be applied to MIMO systems by using the block parameters estimated
using the ARMarkov method for MIMO systems as extended by Kamrunnahar et al.
(2000) and described in Chapter 2.

7.5 Conclusions

e The disturbance feedback and prediction (observer) are independent of the plant
model. The proposed ARM-MPC controller can be tuned independently for

servo and regulatory responses because of the Separated Disturbance Predictor
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Table 7.1: Input Variances and Performance Costs for Different Controllers with
C=1-082"1

GPC ARM-MPC
var(u) 0.840 0.295
Performance Cost, J | 5.84  9.03

Table 7.2: Input Variances and Performance Costs for Different Controllers with
C=1-0.8z"!

GPC ARM-MPC
var(u) 0.196 0.106
Performance Cost, J | 3.820 3.924

(SDP) developed as part of this thesis.

e As in GPC, the observer polynomial, C can be specified by the user to modify
the system response to disturbances e.g. to make the response slower or more
conservative, but with ARM-MPC on-line tuning is possible without solving the

Diophantine equations at every sampling instant.
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Figure 7.4: Responses from an ARMAX process using GPC and ARM-MPC with an
observer polynomial, C =1-0.8z"!. In (a) ‘solid'— setpoints and ‘dash’— outputs.
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Chapter 8

Dual-Model State-space
ARM-MPC

8.1 Introduction

Linear, time invariant (LTI) models typically used in the design of model-based predic-
tive controllers (MPC) include: transfer function, state space, Finite Step Response
(FSR) and Finite Impuilse Response (FIR). The transfer function and state space
models are equivalent in the sense that each can be transformed into the other forms.
They can also be transformed into FSR or FIR models. The type of model to be
used in MPC generally depends on the application of the controller e.g. for adaptive
control, designs based on transfer function models (e.g. GPC) are more common
whereas for complex, large scale systems with several inputs and outputs, state space
models are more convenient. Ricker (1991)discussed the design of MPC using general
state space models. Meadows et al. (1995b) discussed implementation of MPC in the
state space. The main advantages of using state space models are the availability of
well-developed and established state space theory for the analysis of the MPC sys-
tems as well as the convenience of application to large scale MIMO systems. On the
other hand, the drawback of using state space models is that the states in the model
may not have any physical meanings to the plant operators and may require state
estimation algorithms rather than simple direct measurement.

FIR and FSR models are the simplest models used in MPC design. Navratil et al.
(1988a)and Li et al. (1989)have shown that MPC’s based on step response models can

be rearranged into a state space form and then the state space MPC can be analyzed
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for stability and other properties using the well-known state space theorems. The
advantage is two-fold: use of a simple step response model and at the same time
state space theorems can be used for analysis. As pointed out by Ricker (1991), FSR
or FIR models can be viewed as a high order state space model by considering the
past inputs (or input deviations) as the states. Morari and Lee (1991)formulated
an MPC using this concept and extended it to processes with pure integrators. Lee
et al. (1994) developed a state-space model in terms of step-response coefficients for
systems with stable and/or integrating dynamics and extended the conventional MPC
to handle stochastic and white noise disturbances without solving a large-order Riccati
equation. Ruscio (1997a) presented an extended state-space MPC formulation and
showed that both general linear state-space models and impulse response models fit
into that framework.

Qi and Fisher (1993) and Qi (1997)introduced a Dual-Model Predictive Controller
(DMPC) design that uses step response coefficients for the fast dynamics and a low
order parametric model for the slow or unstable dynamics of the process. The state
space form of the dual model MPC has a special (simplified) structure that offers
several advantages. For example, Qi and Fisher (1994) showed that use of the special
structure, dual-model MPC lead to less conservative robustness bounds than con-
ventional state space models. Another advantage of the step/impulse response type
models in the state space interpretation of MPC'’s is that the states of the model have
physical meaning i.e. the states are the predicted future outputs of the plant.

The ARM-MPC described in Chapter 6 of this thesis used an input-output model
that is a combination of parametric and non-parametric models. For convenience
of analysis of the ARM-MPC system using the well-developed state space theorems
available in the literature, an equivalent state-space formulation of the ARM-MPC is
developed in this chapter. The input-output ARM-MPC and the state-space ARM-
MPC are equivalent. However, the special dual-model state space structure leads
to some useful MPC properties e.g. improved robustness bounds as discussed in
Chapter 10. The state space formulation of the ARM-MPC is similar to the Dual-
Model Predictive Controller (DMPC) of Qi (1997) except that the ARM-MPC needs
a smaller number of Markov parameters and a smaller prediction horizon because of

the full input-output model structures.
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An overview of the state space formulation of MPC using step response models is
presented in Section 8.2. In Section 8.3, a state space ARM-MPC is developed starting
from an input-output ARMarkov model. A recursive control move calculation that
avoids on-line redesign of the controller is discussed in Section 8.4. Application of the
steady state error weighting and its implications for the ARM-MPC are described in
Section 8.5. Simulation examples illustrating the implementation of ARM-MPC are
given in Section 8.6.

Note: In this chapter a state space model is derived directly from the ARMarkov
input-output model and formulated with a special “dual-model structure” that is
shown to offer significant advantages, e.g. in robustness analysis. The model is a

subset of the classical [A, B, C, D] state space model derived in the next chapter.

8.2 An Overview of the State-space Formulation
of MPC

8.2.1 Model Formulation

Assume that a SISO process can be represented by an FIR or equivalently by an FSR
model. This model can be formulated in a standard state space form by defining
the predicted output trajectory as the state variables as (Li et al. 1989, Morari and
Lee 1991, Lee et al. 1994, Qi and Fisher 1993):

X(k) = ®X(k—1)+0Au(k—1) (8.1)
y(k) = HX(k)

where

X (k) = [ym (klk),ym (K + 1K) - g (K + )], 1 (8.2)
X(k—=1) = [yn(k=1lk=1),y5 (klk —1)--- g5, (k+nl = 1|k — 1)]{1,1),{B-3)

(01 0 0 0]

00 1 --- 0 0
d=1: : . o (84)

00 0 0 1

00 m, T2 71 ] (a141)x(n141)
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0 = [s1 s2 83 -+ Sain ]T (8.5)

H=1[100-- 0] (8.6)
ys (x|k) represents the contribution of all past control actions to the future output
trajectory, k represents the current sample time, {s;, j =1,2,...,n1 + 1} are the
discrete step response coefficients. The coefficients{r;, j = 1,2,... ,n,} are defined

by different researchers in different ways. e.g. for a full step response model (used in
DMC), as defined by Li et al. (1989)for a stable process,

= 1, Ny = 1
Morari and Lee (1991)defined r; for integrating systems as
n=2rpo=-1,n=2

and Qi (1997)represented r; by the coefficients of a parametric model A;A that rep-
resents the slow or unstable dynamics of the process step response persisting after the
initial {s;,52,... ,5n141} points and generalizes the above two definitions as special
cases of

Nr

A2A= 1 —7‘12—1 —---—rn,z‘
The above formulation is valid for MIMO systems using the vector forms of the
inputs-outputs as described in Morari and Lee (1991).
8.2.2 State Estimation

Using the measurements at time k, an optimal state estimator can be designed using
classical observer theory. For example, the two stage (Kalman filter type) state
estimator form (Navratil et al. 1988b, Lee et al. 1994), can be written as

X(k) = X" (k-1)+0Au(k—1)
g(k) = HX (k) (8.7)
X'(k) = X(k)+K(yk)-7(K)

where X* (k) is the estimated state variable vector, y (k) is the actual output mea-
surement at time k and K is the generalized feedback estimator gain which can be

calculated by using the classical solution to the Riccati equation.
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8.2.3 Output Prediction

The estimated states consist of the predicted output components due to past control
action. These output components are known collectively as the ‘free response’ which

is defined as
Yk +ilk) = &N, X° (K) (8.8)

where N; is the prediction horizon and

010 0 - 0
0 01 0 - 0
=1 L (8.9)
000 -1 Nax(nl+1)
The output prediction due to both past and future control moves is written as
Y(k +ilk) = Yu(k +ilk) + Gi (8.10)
where
[ S1 0 0 v 0 T
Sg 81 0 e 0
S3 S s - 0
G= : : : : (8.11)
SM o SM-1 SM-2 $1
. SN, SNp—1 SNp—2 °t SNp—M+41 J Nox M

is the well known ‘dynamic matrix’ present in all MPC designs, M is the control

horizon and u represents the present/future control vector
= [Au(k), Au(k + 1), -, Au(k+ M - 1)]T

8.2.4 Control Move Calculation

The unconstrained MPC solution can be obtained by calculating the control trajec-

tory, U, that minimizes a performance criterion

J=ETQFE + \aTRu (8.12)
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where Q and AR are the output and input weightings respectively, E is the error
between the predicted output and future set-point or target vector, Yy, = [y,p(k +
1)1 ysp(k + 2)a Tty ysp(k + NQ)]T i.e.

E = Yy Ya(k+ilk) (8.13)
= ),sp-(pNzx.(k)

Minimization of the performance index in (8.12) leads to the following least-squares

control problem
(GTQG + AR)@i=G"E (8.14)
The solution to the control problem is
u=AFE (8.15)
where the M x N, pseudo-inverse matrix, A* is written as
A* = (GTQG + A\R)"'GTQ (8.16)

8.2.5 Closed-loop Formulation

In accordance with the widely used receding horizon principle, only the first control
element, Au (k), of the control trajectory, u (k), is implemented at time k£ and the

control law is executed at every sampling instant

Au(k) = CTu(k)

= CTA'[Y,) — p X" (K)] (8.17)
where CT = [1, 0, ---, 0]. This is a state feedback controller and, in general,

the feedback gain is time invariant but is a function of the MPC tuning parameters

i.e.

Knpe = Fi (A Noy, M) =CTA @y, (8.19)
Rm,pc = .7'-2 (A,Nz, M) = CTA'
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Using the model in (8.1) for the open-loop process, the closed-loop formulation
can be written as
X(k+1) = (®—0Knp) X (k) + ORmpYsp (k) (8.20)
y (k) HX (k)

After introducing the state error vector,
X (k) = X (k) -= X" (k) (8.21)

and combining equations (8.1), (8.7) and (8.21), the following equation is obtained

for the feedback observer

X(k)=(I-KH)®X (k—-1) (8.22)

8.2.6 Closed-loop Properties

The performance of the closed-loop system can be determined by theoretical analysis
and/or simulation based on the above equations. Later sections will make use of the

fact that:

e For an asymptotically stable closed-loop system, all eigenvalues of the closed-
loop system matrix, & — § Ky and the observer matrix, (I — K H) ® must be

within the unit circle.

8.3 State Space ARM-MPC based on the Input-
output ARMarkov Model

Rewrite the input-output extended ARMarkov model in (6.3) with a type-1 distur-

bance model as

u-1 n n
yk) = Y hulk—j)+Y Bulk—p—j+1) - oyk—n—j+1)
j=1 j=1 j=1

+%E (k) (8.23)

p—-1

= Y hulk - )+ Xm+ xe (k) (824)

j=1
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where

Xm=3 Buk-p=-j+1)=) ajyk—p-j+1)
J=1 j=1

-1

y(k) = y(k—1+zAhu(k ])+ZAﬂu(k p—j+1)

1=1 Jj=1

- z Aajylk — p~j+1) + (k) (8.25)

=1
As was done in the definition of the states in (8.2), the ‘free responses’ are defined as
the states of the ARMarkov model in (8.23) as

X (k) = [y (KlK), ym (k + 11E) -+ g7 (b + plk)] Gy (8.26)
X(k=1) = [yn(k—1lk—=1),y5 (klk—1)--- g5 (k+p— 1k - 1)]" (827)
where (u + 1) is the number of predicted outputs.
After some algebraic manipulation of equation (8.25), it can be shown that
ym (k+1tlk) = yn(k+ilk=1)+s;Au(k—1) fori=0,---(p—1)(8.28)
ym(k+plk) = yr(k+p—-1k-1)+s,Au(k~-1)+ BAu(k-1)+
+ﬁ Au(k—n+1) —ary(k)

-Z —a;)y(k—j+1)+any(k—n) (8.29)

for i = u. The state space form of the ARM-MPC prediction model is, then, written

in the same form as (8.1)

Xarm (k) = PormXarm (K — 1) + armAu (k — 1) (8.30)
Q(k) = Harmxam (k)

where
Hom = [10 0 <+ 0] 0o (8.31)
q)arm = |:¢11 ¢12 ] ) 0arm = [Sl ] (832)
P P2 ] (urmpx(uin) 52
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Su = [ Ouxt ux ]#X(#H) » $12 = Oux(n-1)
T

S1 = [s1 82 -+ sy ]Fxl
The structures of S,, ¢,; and ¢,, vary with the order of the residual parametric model
used to represent the slow dynamics of the process. After the initial (1 — 1) impulse
response points in the ARMarkov model, (n — 1) more states are added to the state
vector in (8.26) to represent the dynamics corresponding to X,, in the ARMarkov
model in (8.24). A low order is used to model the slow dynamics, X, and, in this

work is restricted to be 1 < n < 3. For example, using n = 3 leads to the following

additional states

- _ | Tarl _ Yy (k - 1)
Xor = [ Tar2 ] = [ asy (k — 2) + BsAu (k - 1) (8.33)
The resulting state vector and S;, ¢,, ¢5, matrices can be written as
) [ X (k)
Xarm (k) = | Zan (8.34)
ZTar2
[ — (a2 ~a;) —a1 Oix(u-3) 1 T
¢ = 1 0  Oixu-3 O (8.35)
i 0 ay  Oixg-3) 0 J . en)
F - (03 - 02) 1 T
G = 0 0 (8.36)
. a3 0 ] axn-1)
and S;_) = [ Su+1 — @18 0 ,53 ]T (837)

Model orders n < 3 simplify the formulation further but are not discussed here due
to their simplicity.

State estimation, output prediction and control move calculation follow the same
principles as discussed in subsections 8.2.2 through 8.2.4 with &y, a (N3 x (u + n))

matrix and other matrices of appropriate dimensions.
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8.3.1 Feedback Observer Design

Introducing process and measurement noise, the process model (8.30) can be written

as

Xarm (k) = ®ormX (k= 1) + OarmAu (k — 1) + T'yAw (k) (8.38)
§(k) = HamXarm (k) + v (k)

Following the same procedure in subsection 8.2.2, an optimal, Kalman filter type, two
stage observer for the state space ARM-MPC can be designed as

Xorm (k) = ®ormXi (k—1)+6Au(k - 1)
§(k) = HarmXarm (k) (8.39)
X;rm (k) = Xarm (k) + Karm (y (k) - Z) (k))

where X, (k) is the estimated state vector and K,rm is the feedback observer
(Kalman filter) gain. Assume that Aw (k),v (k) are white noise. Then the observer
gain, K,-n can be calculated as

Karm = ®armPHL. (Ry + Hupm PHL.) ™!

where P is the steady state solution of the Riccati equation
Pk+1) = ®umP (k)®L,, +Ri — ®armP (k) HL,
(Ro + HarmP (k) Hi) ™ HarmP (k)

and R, R, are the covariance matrices for w (k) and v (k) respectively and are usually
user-specified.

Assuming I',, defines a step-type disturbance model and Aw (k) is white noise,
the solution of the Riccati equation can be simplified as described in Morari and Lee
(1991).

Observer Design Using Pole Placement

Qi and Fisher (1993)developed a state observer design for the dual-model MPC using
pole placement and presented a simplified solution for the calculation of the dead-beat
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observer gain. Using a similar pole placement approach, a simplified observer can be
designed for the state space ARM-MPC as discussed below.
Define the state error vector as
X (k) = Xarm (k) - X;rm (k) (840)
Combining (8.30), (8.39) and (8.40), the closed-loop observer equation is written as
X (k) = (I = KarmHarm) Parm X (K — 1)
For the observer to be asymptotically stable and convergent, it must satisfy the

condition

lim X (k) =0

k—o0
and the eigenvalues of the observer must be within the unit circle. The characteristic
equation of the observer is expressed as
det [AI — (I = Koy Harm) Parm] =0 (8.41)
The poles i.e. the eigenvalues of the observer can be assigned as per desired observer
dynamics and the observer gain K, can be calculated assuming

Karm=[kl ky --- ku-{-n ]T

A dead-beat observer that gives fast state convergence is designed by placing all
the eigenvalues at the origin and is common in control literature. Due to the structure
of the state space system matrix, ®,., with zeros and ones in ¢,;, for an open-loop

stable, SISO process, the dead-beat observer gain for the ARM-MPC simplifies to
T
Karm = lalv"' 7171+a1101'°' 30
N, e’

where 1 + a is at the (1, ) th position.

8.3.2 Closed-loop Formulation

The unconstrained ARM-MPC solution can be obtained by using the same perfor-
mance criterion and following the same procedure as in subsection 8.2.4. The calcu-

lated current control move is
Au(k) = CTu(k) (8.42)
= _Karm—mch;rm(k) + Rarm—mpcxsp (843)
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The closed-loop formulation of the ARM-MPC system can be expressed as

Xarm (k+1) = (®Parm = barm Karm-mpe) Xarm (k) + Oarm Rarm-mpeYop (k)(8.44)
F(k) = HamXorm (k)
Ym“rn (k) = (I - KarmHarm) (barmfarm (k - 1)

8.4 Recursive Control Move Calculation for In-
creasing Control Horizon

The control horizon, M is a very important and effective tuning parameter in MPC.
Increasing/decreasing the control horizon usually requires that the MPC controller be
redesigned on-line which demands significant computational effort. Qi (1997)intro-
duced a recursive calculation for increasing the control horizon for SISO systems and
used it for dynamic tuning of Dual Model Predictive Control (DMPC). This recursive
calculation of control moves is applicable to any MPC design and does not require
redesign of the controller. This saves computation which includes the advantage of
on-line inversion of large matrices.

In this chapter, the recursive control move calculation is applied to the state space
ARM-MPC. It is also shown that this concept can be extended to MIMO systems by
simply using step response block coefficients and changing some matrix dimensions.

For simplicity, assume that the output and control weightings are = [ and

AR = A respectively. Then the MPC objective function in (8.12) becomes
J=ETE + xaTu

and minimization of this performance criteria leads to the least-squares control prob-

lem
(GTG+M)u=G"E

For the control horizon, M = m, denote the dynamic matrix as G, and the present
/future control move vector as U2,. Assume that an extra control term Au,,, is added

to the MPC designed with a control horizon M = m. The new dynamic matrix Gm+1
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can be expressed in terms of the previous matrix G, and a new coefficient vector

Tm41 aS:
Gm+1 = [Gm, Tms] (8.45)
where
Zmer = [0, ,0,81, * SNg—m)(nyx1) (8.46)
such that
Gan+1Gm+1 = [zczﬁl ] [ Gm Tm+ ]

= T T
[ Tms1Gm  Tmi1Tmsl J

G{,I,;Gm + Al G(,Tn.’tm+1 ] (847)

GT G +1+ A= T
mE1=m z£+1Gm xm+1zm+l + Am-(v-l

The least-squares solution to the future control problem can, then, be written as

[G’fncm-e-)\l Gl Zmi H il, ]z[ Gn ]E (8.48)

T T
Tn1Gm  Tme1Zmtl + Amgr Aumq Tm+1

Lemma 8.1 (Qi 1997, Qiet al. 2001)The control vector, Q., containing m+1 future

control moves (in terms of the m—vector solution, 0°,) is

ul, =), — Gzl (E — Gmild) (8.49)
AUpmyr = Gazl,, (E — Gnlly) (8.50)

@ = (GTGm + \I) ' GLE
Gl = G3Gz
Gy = (I,T;,+1$m+1 + Ame1 — z£+1GmG3)—l

Gs = (GLGm + M) Gl zpy

Proof. Assume a matrix

r=[ A B] (8.51)
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and

-1 _ = ¢11 7»012 8.52
r v [¢21 11’22] ( )

Using the well known matrix inversion Lemma

Yy=A"1+A"'B(D-BTA'B)” BTA™
Y1, = —A"'B(D - BTA™'B)™

Yy = —(D—-BTA™'B)' BTA™
¥n=(D-B"A"'B)”

Define

A=GLGp + M
B = Gzzm+l

T
D=z, 1Tni1 + Ams1

]

The proof follows from the substitution of the above definitions in (8.48). The
proof is easily extended to the case where the control horizon varies from M = m to
M = m + n. This is discussed in Chapter 11.

Note that the term (E — G,,0%,) occurs in both equations (8.49) and (8.49). De-
fine (E — GuY,) as the residual after implementation of m future control actions
calculated using M = m to minimize the prediction error, E. The above expression

can be interpreted as described in the following remarks:

o With an extra element in the control horizon, the new future control vector,
ul, with (M = m + 1), can be obtained by using the original (M = m) control

vector 0%, plus a modification term as in (8.49).

e The effectiveness of increasing the control horizon can be evaluated by analyzing
the residual term (E — Gn%,). From the point of view of system optimization,
a large residual suggests that the control horizon should be increased until the

residual becomes sufficiently small.
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e The recursive update of the future control vector involves only the inversion
of a lower dimensional (n by n) matriz, G instead of an (m + 1) by (m+1)
matriz. For SISO systems, if only one control horizon is retuned jrom m to

m+ 1,G, is scalar.

Recursive Calculation for MIMO Systems

The recursive control calculation discussed above is easily extendable to MIMO sys-
tems. For MIMO systems, T,,;; in (8.46) is a (I * (N2 + 1) x r) matrix instead of a

vector and can be written as

et = [0+ 0,7, Sl T
where [ and r are the number of outputs and inputs of the MIMO system. Ap4 in
(8.47) is a (r x r) matrix instead of a scalar. The dimensions of the other elements
change accordingly without any difficulty. Lemma 8.1 and its proof are valid for both
SISO and MIMO systems because only the dimensions of the matrices A, B,C,D
change for MIMO systems without changing the matrix properties. D in (8.51) is a
(r x r) matrix instead of a scalar as in SISO systems.

The remarks made in Section (8.2.3) also hold for MIMO systems with appropriate
allowance for the matrix dimensions. The residual (E — G,,4%,) is still a scalar but
the recursive update requires the inversion of a (r x r) matrix, G,.

Application of the recursive control calculations described in this section was illus-
trated by Kamrunnahar et al. (1998)for a (2 x 2) MIMO systems using a binary distil-

lation column example.

8.5 Steady-state Weighting, v

Meadows and Rawlings (1993) and K.R. et al. (1994) introduced an infinite horizon in
MPC to guarantee the stability of the feedback system. It was shown by researchers
(Kwok and Shah 1994, Kwok 1992, Saudagar 1995) that steady-state weighting gives
the effect of using an infinite prediction horizon without increasing the dimension of
the problem significantly. It was also shown (Kwok and Shah 1994, Banerjee 1996)
that it increases the robust stability of predictive controllers. Kwok and Shah (1994)
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modified the Long-Range Predictive Control (LRPC) objective function by augment-
ing a steady-state weighting and showed that the steady-state weighting, v, gives the
effect of a large prediction horizon without actually using one. Kwok (1992) showed
that the v, parameter gives better stability properties than the move suppression
factor A. Saudagar (1995) presented a simplified form of the steady-state error weight-
ing problem. Banerjee (1996) analyzed the robustness of GPC and Markov-Laguerre
Model-based Predictive Controllers using steady-state error weighting. In this chap-
ter, the effect of ., on the state-space ARM-MPC is investigated.

8.5.1 Steady-state Output Prediction
Rewrite the state-space model of the process in (8.1) as
X(k+1) = ®X(k)+0Au(k)
g(k) = HX (k) (8.53)

Using this classical form of the state-space model, the steady-state output can be

predicted as

y(k+00lk) = Seoii+ seu(k—1)+y(k)— HIX (k) (8.54)
Sooll + Soou(k — 1) + z (k) (8.55)

where s, is the steady-state gain and
Seo =[50 Seo "** Seo )iup (8.56)
The next subsection describes how to calculate the steady-state gain, s..
8.5.2 Calculation of steady-state Gain
The transfer function corresponding to the state-space model in (8.53) is
G(iz)=H(®-2I)""40 (8.57)

where (2] — ®) must be invertible i.e. the process is linear and stable. Since the
model (8.53) contains an integrator, ® must be the integrator-free system matrix and

@ consists of the impulse response coefficients rather than step response coefficients
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Rewrite the integrator-free state-space form of the ARMarkov model in (8.23) as

~

Xarm (k+1) = @1 Xarm (k) + 61u (k)
§(k) = HarmXarm (K) (8.58)
and the transfer function corresponding to the state-space model as

G (2) = Hapm (®1 — 21)71 6, (8.59)

where ®, must be the integrator-free system matrix and 6, consists of the impulse
response coefficients. Therefore, (zI — ®;) is invertible. At steady-state z = 1 and

the steady-state gain of the process can be calculated as

500 =G (1) = Harrn (®1 - )71 6, (8.60)
Using matrix properties
gy (23 T A1(u+n-—1)
—1 1 a2 Qa2 e Q2(u+n-1)
(@1 -1)" = @ =D .
Au4n-1)1 Yu+n-1)2 "' A(uin—1)(p+n-1)

where a;;’s are the elements of the adjoint of matrix (&, — I).

For a third order ARMarkov model i.e. n =3,

0 1 o0 0|
0 0 1 O 0
¢ = : : SoTe. Tl )
—Qp —Q o --- 0 1
—a3 0 0 --- --- O P

01 = [h'l’ h2a o 1h‘u—l, (ﬂl - alhl) 7,82’ﬁ3]T
Hormn = [17 0,--- ’O]lx(u+2)
For this structure of the state-space ARMarkov model, H,,r, ($; — I )_1 is the first
row of (®, — I)™'. Therefore, only the first row of the adjoint matrix is calculated.
Moreover, it is shown in the following calculations that the determinant and the

components of the adjoint matrix have a very simplified structure for the ARMarkov

model.
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For the third order ARMarkov model,

-1 1 0 - 0 ]
0 -1 1 0 0
(b 1) = : P
-3 —Q O s —l 1
—a3 0 0 -+ .- —=1]

Following matrix partitioning, the determinant of the matrix becomes
(@~ I)] = - (1+ a1+ a2+ as)

Similarly, for an n** order model,
(@& -D)=-(1+a1+-+an)

The elements of the adjoint matrix also have a simplified form. For example, for the

374 order model,

a; = |an|
T -1 1 0 -+ --- 0]
o -1 1 0 --- O
where a;; = : : Do e
—Qg 0 0 -1 1
0 0 0 -1 |
and |ay| = l1+4+a;

Similarly, aj = 1, and aj; = 1 for i = 2,--- ,(g+n —1). For an n** order model,
lann} =1+aj,and @; = 1fori =2,--- , (2 + n — 1). Therefore, the steady-state gain
is

1
(1+a;+---+ap)

Soo = Hapmn (1 — )71 0, = [1+a; 1 1 -+ 1]6, (861)

Remark 8.1 The steady-state gain calculated from the special structure state-space
model equals the steady-state gain directly calculated from the ARMarkov transfer
function model. This is intuitive from the fact that the state space ARMarkov model
is formulated in the time-domain. However, it is presented in the following calcula-
tions to demonstrate the simplicity and usefulness of the special-structure, state space
ARMarkov model.
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Transfer function of the ARMarkov time domain representation in (8.23) is

_ h.l + hzz‘l R h,‘_lz"‘“ + :312_“ + -+ ﬂnz—n—n-(»l
12 F + agz Pl 4 - @pzTHREL

Substituting z = 1, the steady-state gain can be written as

= 1
Soo () ata+---+a

[h1+h2+"'+h“_1+ﬂ1+"'+,Bn] (862)
In (8.61), substituting the elements of 6,,

[14+en 11 - 1]6 = hi(14+a)+he+---+hu+ (B, —arhy) +--- + 5,

= [hy+het - +hy 1 +06,+ - +0,]
Therefore, from (8.61) and (8.62),
5 =G(1)=G(1)

8.5.3 Control Calculations Using Steady-state Error Weight-
ing

Assume the predicted steady-state output is augmented into the predicted output

vector in (8.10). The augmented state-space model can be written as

Xo(k+1) = ®.X, (k) + 0,Au (k)
g(k) = HoX,(k) (8.63)

where

®, = [(b(‘,‘?" (1)} Xa (k) = [g,;);(lzﬂlg)lk)]

b, = { ¢ J,Haz[Harm 0]’(I)pa=[§7€ (1)

Soo ] (Na+1)x (u+n+1)

and §;, (k+ oclk) is the contribution of all past control actions to the predicted
steady-state output. The dynamic matrix, G, can be rebuilt by using the previous

matrix G and a new coefficient vector, Sy, as
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Saudagar (1995) showed that the steady-state gain, s, is not affected by the
control horizon, M and hence it does not make sense to use S, in the form of (8.56).

A simplified form of the augmented predicted output and the objective function are

given by
— YNz (k)
Yo (K) = [ i (k + oo|k) ]
J = (Yopta) = Yoo(k)) " Quo (Yepa) = Yoolk)) + TAcE  (8.64)
where

Y,
Yipa) = [ysp::o )}

o]

Qoo=[07°°

The new dynamic matrix is defined as
e =[]
Too | (Np+1)xM
where z, = [sm, Ol"(M—l)]uM

Minimizing the objective function, J in (8.64), solution of the control law is

i = [GLQxCoo + Ax)” GLQwEw (8.65)
where Ex = (Yipa) — Yoolk)) = [eE ]

€ = Ysp(oo) — g (k + OOIk)

8.5.4 Simultaneous Steady-state and Control Weighting

Variables in the control solution in (8.65) can be expanded as follows:

6LonGe = (o7 L ][% 7] £ ]

= GTQG + 1170700

GQQOOGOO + A =GTQG + zi‘ywzw + Ao

The least-squares problem can, then, be written as

[GTQG + 11 7 Too + Axs) T = [ GT 2L ] QuFEx (8.66)
- (e[ ][]
o 0 7o €00
[GTQG + 17500 + A T = GTQE + 7ozl e (8.67)
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Here

(52, 0 --- 0
0 0 --- 0
T Voo = Yoo| . . . . (8.68)
| 0 0 - 0
o
T 0
700100600 = 700 . €xo (869)
| 0
Solution to the control problem is
U= 4] (GTQE + Y7L c0)
where
A} = [CTQG + 2T 7, Ten + Ao] (8.70)

Following the receding horizon principle, only the first control move, Au (k) is imple-

mented. Therefore

Au(k) = CTa=C"4; (GTQE + 'ycoxgem)
= a' (GTQE + 700.7:;%0)
= a"GTQE + a};500 o0 (8.71)

where CT=[1 0 --- 0], , and hence a* is the first row of Aj.

The least-squares problem in (8.67) is affected by the steady-state weighting in
two terms. The first term on the left side is v, s2, which can be added to GTQG
and thereby related to the steady-state weighting or it can be combined with Ay
and considered as part of the control weighting since it can be added to the first
component of Ay, as expanded in (8.68). The second term in (8.67) on the right side
IS Y., S (as expanded in (8.69)) affects only the predicted steady-state error. If the
latter term is omitted and the former term is added, the effect is entirely due to the
control weighting. If the value v, remains the same in both the terms, the effect is

the same as the complete steady-state weighting problem.
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Now if v, is splitted into two terms and 7, is omitted in the right side of equation

(8.67), it can be rewritten as

Yo T Yool + Yoo2 (872)
[GTQG + Vo3 Too + (Vo1 T Too + M) | U = GTQE + L ype (8.73)

and the first control move Au(k) in (8.71) is
Au(k) = a°GTQE + a};500Yo02€00 (8.74)

Keeping ~_, constant and adjusting 7, will tune the controller via both steady-
state weighting and control weighting since, for the steady-state weighting v_,, con-

trol weighting can be written as

Aot = (Yoo1ToZoo + Aco) (8.75)
20 --- 0
0 0 --- 0
= Yor | . . .. . |tTh= (8.76)
00 .- 0
(Yoo = Yoo2) S5 + A1 A2 -+ Aing
A Moo oee A
Am1 AM2 o Amm

Therefore, the first element is Aoo11 = (Yoo — Yoo2) S5 + A11 and the other elements in
A remain the same as in A. Hence, increasing 7., from 0 to 1 (i.e. no weighting
and full weighting respectively, as normalized in (Saudagar 1995)) will decrease the

control weighting (on the first and implementable control element) by ~v..,s2..

Remark 8.2 If v is kept constant, the inverted matriz A} remains the same ir-
respective of any change in 7v.,. There is no need for matriz re-inversion for the
simultaneous steady-state and control tuning i.e. on-line tuning is obtained by adding
a single term, a};50Y 02600 iN the control calculation in (8.74) and hence does not re-
quire large additional computational effort. This fleribility in controller tuning using

the steady-state error weighting is discussed in more detail in Chapter 11.
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8.5.5 Feedback Gain Update Using 7.,

Equation (8.74) is rewritten as

Au(k) = CTA; [ GTQ :rg;'yooz ] [eE ]

= CTA}[ C"Q zT7u2 | [Yepia) — PNoaXa)

= CTA; [ GTQ zlv.. ] Yoa) — CTA; [ GTQ =zl ] DN, Xa
The ARM-MPC feedback gain can be written as

Ko = CTAI[GTQ 207wy | Pria

(1' [ GTQq,p 127002 ]
[ a*'GTQ®, a*zl v, ]
= [ Kmoot Kmoo2 ]

where
Kmoo2 = A; (11 1) S0V 02

As described in the previous subsection, for simultaneous steady-state and control
weighting, keeping ., constant while varying v, means K, remains constant and

the value of K, varies with the variation in v,.

Lemma 8.2 For a single input system,

”Kmoollz S “Kmoc1”2 + ”Kmoo2”2

KZOOme = [ Kmml Kmoc2 ]T[ mel Kmoc? ]
T
l: ﬁ;rnool } [ Kmool Kmoo2 ]

moo2
— szlkmool K;Tnooleoo2
KTmszool K?nszmmZ

mu
is a symmetric matriz.
Now

|| Koo ll; = max y/eig (K7 Kmoo)
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For a single input system, K, is a vector and it has only one non-zero singular
value (Johnson and Wichern 1988).
Therefore,

= \/tr (K;Tnooleool) +ir (K;rnoo2Km°°2)
= V1 Koo 13 + 1 Kmocll?

(since both Kneo1 and Koo are vectors

and each has one non-zero singular value)
— 2

Therefore || Kmooll> = (max Veig (K,'{mem))
= ”Kmool”g + ”Kmooi’llg

Since Koo > 0, Koo > 0 and Koo > 0, the following inequality between the feedback

gain norms exists:

[ Kmoollz < | Kmootlly + | Kmoo2lly where || Kmoo2ll, = A7 (1,1) So0Yoc2

Since || Kmoo1||, remains constant for a constant 7, the feedback gain || Kmnoo2ll,
can be varied by varying 7., and hence || Kmol|,- For example, for y,,, = 0, || Kmooll, =
|| Koot |, and the tuning effect can be interpreted as due to changes in control weight-
ing. For 7., = 7., the effect of changing v, can be interpreted in terms of the
steady-state weighting. Using a value of v, between 0 and 7, results in changes
in the feedback gain (and hence in performance) that can be interpreted as due to
simultaneous changes in steady-state weighting and control weighting. This gives the
flexibility of using either control weighting or steady state weighting or a combination
of the two weighting parameters using a single tuning knob, 7.,. The main advantage
of this approach is that it is not necessary to change the controller design and repeat
the entire calculation.

The role of ., as a tuning parameter and its usefulness in the predictive controller
tuning to obtain performance/robustness trade-off will be discussed in more detail in

Chapter 11.
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8.6 Examples

The theory developed in the previous sections is illustrated through simulation exam-
ples in this section. The ARMarkov identification along with the predictive control
design is used with the following third order process

1
Gl) = I B+ DB+ 1)

After discretization using a sampling interval of 1, the discretized process becomes

0.0077z"! + 0.0212z=2 + 0.00362 3
- = 8.78
G(z") 1—1.9031z"! +1.1514z-2 — 0215823 (8.78)

Example 8.1

A state space ARM-MPC was designed by using the procedure described in Section
8.53 and an ARMarkov model with order n = 3 and the number of Markov parameters
in the model x = 10. The controller tuning parameters used are as follows: N, = 10,
M =1, Q@ =R =1 and A = 0.0. The process response is shown in Figure 8.1.
As expected, the state space response is equivalent to the response obtained for the
same process in Chapter 6 using the input-output ARM-MPC with the same tuning

parameters.
Example 8.2

Consider the same process in (8.78). An ARM-MPC was designed using the same
parameters as in Example 8.1. The control horizon of the controller was increased
on-line using the recursive calculations described in Section 8.60. Set-point tracking
performance is shown in Figure 8.2. As the control horizon M, is increased the control

action and speed of the output response are increased.

Example 8.3

For the same process in (8.78), the ARM-MPC was designed using the steady
state error weighting. The controller tuning parameters used are: N, =10, M = 2,
Q@ = R =1Iand A = 0.0. Step tracking performance for different v, is shown in

Figure 8.3. As the value of 7, increases, the controller becomes more conservative
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Figure 8.1: Step Tracking and Disturbance Rejection using ARM-MPC with a Type-1
Disturbance Model. A unit step disturbance was added at time 100.

and with y,, = 1 i.e. full steady state weighting, the controller gives mean level per-
formance. A combination of steady state weighting and control weighting is obtained
via changing a single parameter, 7v,,, and does not require on-line matrix inversion

and reduces the computational effort.

8.7 Conclusions

e The state-space formulation of the ARM-MPC developed in this chapter is
equivalent to the input-output formulation developed in Chapter 6 but is better

suited to classical performance/robustness and stability analysis.

e The states of the special structure state-space model are the predicted present
/future outputs which have a physical meanings for the operators of industrial

applications. It needs smaller number of Markov parameters than the dual-
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Figure 8.2: Process response by changing control horizon on-line.

model of Qi (1997)due to the presence of the parametric part of the model.

e Recursive control move calculation avoids having to redesign the controller when

the control horizon, M is changed as a means of on-line tuning.

e Stability of the closed-loop system is increased by increasing steady-state error
weighting used in this chapter. As a limiting case, for pure steady-state error
weighting, closed-loop stability is guaranteed for an open-loop stable process.

e The steady state error weighting is interpreted as a combination of steady state
weighting and control weighting. It is shown later in Chapter 11 that the
controller can be tuned for different performance/robustness properties using a

combination of the two weightings without redesigning the controller.
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Figure 8.3: Set-point tracking for simultaneous steady state error and control weight-
ing using a single parameter, v,
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Chapter 9

MPC Design Using a Classical
State-Space Model Generated from
Markov Parameters

9.1 Introduction

Classical state space models have been identified and used in Model-based Predictive
Control (MPC) algorithms by many researchers (e.g. (Ricker 1991, Lee et al. 1992,
Gambier and Unbehauen 1993, Ruscio 19976, Ruscio 1997a)). There are numerous
methods for the identification of subspace state space models. The basic question in
all applications is whether the states of the system can be excited which is related to
system controllability and observability. The development of the model or realization
of the system involves the computation of the triplet matrices A, B, C. There are
an infinite number of realizations that can produce the same response when the
system is subjected to a given input. Typically minimal realization of the state space
model, originally developed by Ho and Kalman (1965), is used to avoid higher order
structures. Minimal realization of the system matrix starts with the construction of
the Hankel matrix that consists of the process Markov parameters. It was shown in
Chapter 2 of this thesis that the Markov parameters can be directly estimated by
the ARMarkov method using process input-output data. Therefore, it is logical to
use those Markov parameters to generate a classical state space model and design an
MPC using that model. Moreover, it was also shown in Chapter 4 of this thesis that
the Markov parameters estimated using the ARMarkov method are, consistent and

hence, in the limit as the data vector increases, the Hankel matrix should converge
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to its true value and lead to a better estimate of the state space model and in turn,
to better MPC performance than other (non-consistent) identification methods.

The Eigensystem Realization Algorithm (ERA) has been used by researchers (e.g.
(Juang 1994, Juang and Papa 1985, Juang and Papa 1986)) to develop a state space
realization from the Hankel matrix and it was shown that the ERA is, in practice,
resilient to the effects of noise corrupting the Markov parameters while developing

the minimal realization of the system.
In this chapter, the Markov parameters obtained using the ARMarkov identifica-

tion method are used to develop the block Hankel matrix and ERA is used to obtain
the minimal realization of a classical state space model.

The primary reason for developing an equivalent state space model from the iden-
tified Markov parameters is to provide a basis for utilizing the wide variety of state
space design, analysis and simulation techniques that are available in the literature.
Actual implementation of the resulting MPC can be done using state space method-
ology or an input-output model-based approach as discussed in earlier chapters. The
classical state space model (minimal realization) is developed in Section 9.2. MPC
design using the classical state space realization is discussed in Section 9.3. Simu-
lation examples and experimental evaluation of the state space MPC are given in

Sections 9.4 and 9.5 respectively.

9.2 State-Space Model From the Markov Param-
eters

The classical state space expression of a discrete-time, finite-dimensional, linear, time-
invariant SISO system is written as

z(k+1) = Azz(k)+ Bu(k), (9.1)

y(k) = Ciz(k)+ D;u(k) (9.2)

where A; € R** B, € R"*!,C,; € R'*" and D, € R.
The Markov parameters h; of this system are defined as

h; £ D, forj=0 (9.3)
£ C,A'B; forj>1

126

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The time-domain ARMarkov representation of this system, as discussed in Chap-

ter 2, is written as

n I n
yk) ==Y ok —p-j+ 1)+ hiquk—j+1)+Y Buk—p—j+1)
Jj=1 j=1 j=1
(9.4)

where hj, j = 0,1--- ,u — 1 are the first 4 Markov parameters of the system. The
Markov parameters are estimated using the ARMarkov least-squares method dis-

cussed in Chapter 2.

9.2.1 Eigensystem Realization Algorithm (ERA)

The first step in using the ERA to develop a state space realization is to build the
Markov block Hankel matrix using Markov parameters.
The (7 + 1)l x (s + 1)m block Hankel matrix with j > 0 is constructed by stacking

the Markov parameters obtained as follows.

T T
H,;= | SO (9.5)

hj+r P hj+r+s (r+1)lX(5+1)m

where [, m are the number of outputs and inputs respectively and r, s are arbitrary
integers.

For a system with Mcmillan degree n (where Mcmillan degree is defined as the
degree of the least common denominator of all minors of a transfer function that is
equal to the minimal realization of the transfer function), if r,s > n — 1 and the
system is noise free, the rank of H, , is equal to the system order or the dimension of
the state matrix (Kailath 1980, Juang 1994). This is a well-known fact resulting from
the controllability and observability matrices (Kailath 1980, Juang 1994) because the
Hankel matrix, H,,; can be decomposed as

He,;=P,AQ (9.6)
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where

[ C: N
CzAz
P, = C:A? and
c.az
Q = [B.‘t A;B; AE-Bz A:B.‘L‘]

P, and Q. are the observability and controllability matrices each with rank equal to

the system order, n.
The ERA uses the Singular Value Decomposition (SVD) of the block Hankel

matrix, H,,, as
H,,, = REST (9.7)

where the columns of R and S are orthonormal and
. 0
==% 3]
where £, = diag{0,,09,--- ,0,} and 0y > 02 > - -+ > 0, are the non-zero singular

values of the Hankel matrix. Constructing R, and S,, with the first n columns of R

and S respectively, the Hankel matrix can be written as
H..: = R.X,ST (9.8)

where RTR, = S;{S,, = I,.

The solution for the state matrix, A, can be written as (Juang 1994)
z = 2;1/2R3;Hr,s.2sn2;1/2
The triplet realization of the state space system is

A, =%;'?RTH,,25,.5;'%, B, = £Y/2STEym, C, = ET,R.EY? (9.9)
where E, ,, = [ OIj
15241
the null matrix of order ij x j. For proofs and more details of the ERA algorithm,

€ RO+D3%7 [ is the identity matrix of order j and 0;;x; is

see Juang and Papa (1985)and Juang (1994). The minimum number of Markov

parameters required to obtain a minimal system realization is 2n + 1 for r,s = n — 1.
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Therefore, in the ARMarkov model, 1 must be chosen such that 1 > 2n+1 (n =order
of the ARMarkov parametric model).

In practice, the process data is corrupted by noise and other interference and the
rank of H, , ; is greater than the system order and may be of full rank. Then diag(X)
will contain more than n non-zero singular values. Determining the system order in

such cases is discussed next.

9.2.2 Selection of Model Order When Using Noise Corrupted
Data

When the data is noise corrupted, the number of non-zero singular values of the block
Hankel matrix is greater than the system order or the dimension of the state matrix.
In such a case, the system order is determined by examining the magnitude of the
singular values and truncating the smaller singular values of H,,; while retaining
the singular values corresponding to the dominant dynamics of the system. However,
the question is which singular values are considered to be insignificant and truncated.
Juang and Papa (1986)and Juang (1994)discussed procedures for order determination
using noise-corrupted data.

In this chapter, a simple measure is proposed to determine the system order for
noise-corrupted data. Assuming (r+1)! > (s+1)m in (9.5), the Hankel matrix, H, s ;
has a maximum of (s + 1)m non-zero singular values 0, 03, - , 0(s+1)m. Now define

_ o1+02+---+0,
S

as the percentage of the total singular values explained by the first n singular values.

x 100 (9.10)

n can be specified depending on the user-chosen approximation or truncation error.
Suppose n = 95% i.e. n is selected such that the first n singular values explain
the 95% of the total singular values. The remaining singular values are considered
insignificant and due to the effect of noise corruption and are truncated. The system
realization then proceeds as discussed above.

Once the minimal realization of the system (Az, B, C:, D) is estimated, an MPC

can be designed using the classical state space model as discussed in the next section.
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9.3 State-Space MPC Design

Ricker (1991)presented a tutorial style formulation of a model predictive controller
using classical state space models. In this chapter, more or less the same formulation
is applied to develop state space MPC using the system realization obtained using
the Markov parameters identified using the ARMarkov method. More details on the
MPC formulation can be found in Ricker (1991).

9.3.1 Augmented State-Space Model

The linear time-invariant state-space model of a process can be expressed as:

gk +1) = Auz(k)+ Bou(k) + Tyv(k) + Tyw(k) (9.11)

y(k) = (k) + z(k)
= Coz(k) + 2(k)

where z (k) is the state vector, u is the manipulated variable vector, v represents
measured disturbances, w is the unmeasured disturbance, z is the measurement noise,
and A;, B;,I',,I', and C; are constant matrices. This model can be expressed in

difference variables form as:

Az(k) = Alz(k-1)+ B.Au(k —1)+TyAv(k - 1)+ TyAdw(k — 1)(9.12)
y(k) C: A Az(k — 1) +5(k — 1) + B;Au(k — 1) + C.I',Av(k — 1)
+C,I'yAw(k — 1) + z(k) (9.13)

where Az(k) = z(k) — z(k — 1). Now the states can be augmented with the plant

output (before the addition of the measurement noise) as:

Zo(k+1) = Apazq(k) + BraAu(k) + LueDv(k)

+TuwaAw(k) (9.14)
y(k) = Czaza(k)+z(k) (9-15)
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where z, = [Az(k)T 5(k)T]T and

A, 0 _[B. [, [T,
AIa:I:CzAz I]’Bxa_[Csz]’Fva_[CzFu]’Fwa_[Cz[‘w]

Cza=[0 1]
The difference form of the states is used to avoid the initialization of the process
i.e. Az(0) = 0 if the process is initially at steady-state.
9.3.2 State Estimation

The generalized approach for augmented state estimation of a feedback system used

by Ricker (1991)is:

Za(k+1/k) = Azafa(k/k — 1)+ BzoAu(k) + Lo Dv(k)
+K[y(k) = gmk/k - 1)] (9.16)
y(k/k—1) = Ciia(k/k—-1)
where Z,(k + 1/k) is an estimate of the augmented plant state, j(k/k — 1) is the

prediction of the noise-free plant output, y(k) is the measured plant output, §m(k/k—

1) is the first n,,, elements of §(k/k — 1) and K is the estimator gain.

<= [5]

where K, K are of n by nym and ny by n,, respectively.

The estimator gain is

9.3.3 Output Prediction and Control Move Calculation

Using (9.16), for a prediction horizon Nj, predicted future outputs over the specified

horizon can be written as:

Y (k) = S;A&(k/k — 1) + 1§(k/k — 1) + Gia(k) + Syv(k) + Sy[y(k) — Fm(k/k (— 1)])
9.17
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where the predicted future output vector is

y(k + 1/k)
O R
ik + No/K)
the present/future control vector is,
Au(k/k)
Au(k + 1/k)

- A
u=

Au(k+ M - 1/k)
the dynamic matrix is,

C:B; 0 - 0
C:(A:+I)B; C;B: R

G = ,
: : .0
C.(EM A-Y)B, C(E'ATYB, - C.B,
and
Av(k/k) C.A: [T
Av(k +1/k C.(A%2 + A, I
va | AUEFRUR g | GUERAN 1
Av(k + Ny —1/k) SN C AL |1
r C,T, 0 S
g _ | CelAz+DL, C.T, Ll
° ; ; 0 ’
L Cz(zfv:IAz:—l)Fv Cx(E?{;I—IAi_I)Fv erv A
K,
C.A:K, + K,
S, = |.
i Z:v:l C: A7 'Ky + Ko

Assume that the future values of the measured disturbance, v will be equal to the
present value (as done in DMC). Then Av(k + 1/k) = Av(k +2/k) = --- Dv(k +
N, — 1/k) = 0 and equation (9.17) becomes
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Y (k) = S, A3(k/k — 1) + 1§(k/k — 1) + Git(k) + SwoAv(k) + Sy[y(k) — Gm(k/k — 1)]
(9.18)

where
T T C r
Swo = [[CzI o} [Ce(A: + DT -+ [ x(AIzvz—l + A:Ir:vz_2 +---+1) ”] ]

The control objective is to determine the manipulated variable, @1(k) by minimiz-

ing the quadratic objective function,
N T N
min J(k) = [r(k) -Y@®)| @ [r(k) - Y(k)] + a(k)T Ra(k) (9.19)
where Q and R are output and input weighting matrices respectively and
r(k) = [r(k+ 1/k)T r(k+2/k)7 -+ r(k+ No/k)T)" (9.20)

is the future output set-point vector.

The solution of the above unconstrained optimization problem is the control law,

(k) = (GTQG+ R)™'GTQ[r(k) — f(k)] (9.21)
= Kmpe [r(k) — £(k)] (9.22)

where the future free response vector,
f(k) =S 0z(k/k — 1)+ 1j(k/k — 1) + Syolv(k) + Syly(k) — m(k/k — 1)] (9.23)

is obtained by setting @i(k) = O in equation (9.18) i.e. keeping the future control

moves constant over the prediction horizon. The controller gain matrix
Kumpe = (GTQG + R)'GTQ

is constant for a given set of controller tuning parameters N,, M,Q, R and can be

calculated off-line.

9.3.4 Feedback Observer or State Estimator Design

The estimator gain matrix, K can be calculated using the conventional approach

based on a state space model and the solution of a Riccati equation. If the noise
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terms Aw (k) and z (k) in (9.14) and (9.15) are white noise with known mean and
covariances, then the estimator gain, K is the steady state Kalman filter gain and

can be calculated as
K = A;P.CT, (Ry + CoaP.CT) ™' (9.24)
where P, is the steady state solution of the Riccati equation

Pz (k + 1) = AzaP; (k) Az‘a + Rl - A::aP.t (k) CZ:; (R2 + CzanCL)—l C-‘mPI (k) Afa
(9.25)

Ry R, are the covariance matrices of Aw (k) and z (k) respectively. Ricker (1991)dis-
cussed estimator design using different types of disturbance models e.g. type 1 dis-
turbances, type 2 disturbances and so on. In the simplest form, for the DMC type of
disturbances, K; = 0 and K, = I. Therefore, K = [0;/] and S, = 1.

9.3.5 Closed-loop Formulation of the State-space MPC

Using the receding horizon principle, the calculated current control move is
Au (k) = CTa (k) (9.26)

A closed-loop state-space formulation is shown in block diagram form in Figure 9.1
(Ricker 1991).
The matrices in the block diagram are derived using equations (9.14)-(9.26) and

can be written as

A: O B, T,
A1=I:CIA,,- I]vB1=[CzBI CIPU],01=[O I],D1=[0 0] (9.27)

A2=[ A K J,Bg=[K1],Cg=[S,, 1-S,],Dn =S, (9.28)

C:A; I - K, K,
_ A; — B:KmpcS: —B:Kmpcl
Az = [ Cz (Az — B:KmpcS:) 1 — B:Kmpcl ] ) (9.29)
B. K, Iy — B:KmpcS
B — z mpc v ziimpc v0 , 9.30
3 [ CIBZKmpc Cz (Fu - BIKWIPCSIJO) J ( )
Cs = [ ~KmpS: —Kmpcl |, D3 =] Kmpe —KmpcSro ] (9.31)
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noise/
disturbances

r(k) +
4, B, Au(k) - >
— [c, é D,J 0 Process |—+O—15 ]

1]

, ya (k)
B ~0

y. (k)= Predicted disturbances |:

Figure 9.1: Closed-loop MPC system with disturbance predictor.

9.4 Simulation Results

Consider the third order process discussed in Chapter 2.

0.0077z-! +0.0212z72 + 0.00362~3

Gla) = T T19031: " + 1151422 — 02158773

(9.32)

The proposed ARMarkov/ERA algorithm was applied to this process to develop a
state space model. The step response of the estimated state space model is very close
to the actual process step response (Figure 9.2). Performance of the state space MPC
is shown in Figure 9.3. As expected, the step tracking and disturbance rejection (at
sampling step ¢t = 50 and t = 150) performance of the state space MPC is very good.

9.5 Experimental Evaluation of Classical MPC on
a Pilot Scale Process

An MPC using a general state space model developed from the Markov parameters

obtained using the ARMarkov method was implemented on a pilot scale Continuous
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— Process

Step responses for the mode! and actual process

™24 ¢ § 10 12 14 16 18 20

Sample Time

Figure 9.2: Step resposes for the actual process and the state space model.

Stirred Tank Heater (CSTH) in the Computer Process Control (CPC) laboratory in
the Chemical & Materials Engineering department at the University of Alberta. The
CSTH is described in Chapter 2 and a schematic diagram of the process is shown in
Figure 2.3. Water level in the tank and the water temperature were selected as the
two controlled variables and the valve openings (manipulating cold water flow and
steam flow) were selected as the two manipulated variables. The process considered
is a 2 x 2 MIMO system. However, the water level in the tank varies only with the
inlet water flow and is invariant to the steam flow rate.

Markov parameters were determined for the above process using open-loop input-
output data and the ARMarkov identification method described in Chapter 2. These
Markov parameters were then used to develop a classical state space model following
the procedure discussed in Section 9.2 and an MPC was designed as discussed in
Section 9.3. The ARMarkov model order was n = 2 and the number of Markov

parameters in the model was assumed to be o = 26. The controller parameters
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Figure 9.3: Performance of the state space MPC developed using the ARMarkov/ERA
model.

used were as follows: N; = 10, M =1, Q = R =TI and A = 0.0. The inputs and
outputs were sampled every four seconds. The CSTH responses shown in Figure 9.4

are comparable to those obtained using other advanced control techniques and are

considered acceptable.

9.6 Conclusions

e Consistent Markov parameters identified using the ARMarkov procedure dis-
cussed in Chapter 2 were used to build a classical state space model. An
Eigensystem Realization Algorithm (ERA) was used for building the A, B,C, D
matrices because it is based on decomposition of the Hankel matrix constructed

from the estimated Markov parameters.

e Users who wish to use classical state space theory/algorithms for part of the
design, analysis or implementation of their MPC, can do so without having to do

a separate identification for the [A, B, C, D] matrices and will have a guarantee
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Figure 9.4: Step tracking performance of state space MPC implemented on a pilot
scale CSTH (2 x 2 MIMO system).

of the equivalence of the input-output and state space models.

e The set point tracking and disturbance rejection performance of the state space
MPC were illustrated by numerical simulations and experimental results from

a computer controlled pilot scale process.
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Part 111
Analysis of ARM-MPC

Analysis of the performance/robustness properties of the closed-loop system as
well as on-line tuning of the designed ARM-MPC are discussed in this part of the
thesis. Chapter 10 shows that ARMarkov identification using closed-loop (CL) input-
output data provides multiple metrics for the first level of performance assessment
i.e. a minimum variance performance benchmark, time-domain performance mea-
sures in terms of CL settling time, rise time, overshoot etc., and frequency domain
metrics such as sensitivity functions of the closed loop system. An LQG performance
benchmark is recommended for use as a user-specified benchmark for the perfor-
mance assessment of ARM-MPC and is discussed in Chapter 10. Robustness analysis
using matrix perturbation techniques, also done in Chapter 10, shows that the spe-
cial structure dual-model state space ARM-MPC leads to robustness bounds that are
less conservative than those obtained using the Small Gain Theorem (SGT). On-line
tuning of ARM-MPC using a single parameter a is discussed in Chapter 11. The
0 < a < 1 parameter combines the outputs of two different MPC controllers to ob-
tain user specified performance/robustness trade-offs. The two individual controllers
can be designed such that the second controller output is obtained by updating the
output of the first controller and thereby avoid additional computation needed for
matrix inversion and/or Diophantine equation solution at every sampling interval.
A surface of different controller outputs is constructed using the outputs from three
different controllers with specific (user defined) performance/robustness properties.
This tuning surface allows a wide range of tuning scope without much additional

computation.
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Chapter 10

Performance and Robustness
Analysis of ARM-MPC

10.1 Introduction

The ultimate goal of designing a controller is to produce good performance over
the expected range of operating conditions and uncertainties. When a controller
is implemented on a process, it is important to determine how well the controller
is working and if it is giving the performance it is designed for. There are many
methods of measuring the performance of a designed system but the most practical
are those that use closed-loop process data. The desired performance is specified by a
performance criterion or a benchmark and the actual performance is then measured

and assessed against this criterion.

10.1.1 Performance Assessment

To assess or monitor control loop performance, there must be some measure or bench-
mark against which the actual controller performance can be assessed. DeVries and
Wu (1978) used one step ahead prediction error as the performance benchmark. As-
trom (1970), Harris (1989), Desborough and Harris (1993) and Stanfelj et al. (1993)
used Minimum Variance (MV) control performance as the benchmark. Huang et al.
(1997a) and Harris et al. (1996) extended the MV performance benchmark to MIMO
systems. Huang et al. (2000) developed performance assessment techniques for MIMO
feedback plus feedforward controllers and applied them to industrial cases. Kozub

(1996) proposed user specified performance benchmarks in terms of closed-loop set-
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tling time, overshoot etc. which are very realistic and easy to understand especially
for industrial personnel/technicians. There are other measures of closed-loop perfor-
mance such as Huang and Shah (1999)’s LQG performance benchmark but it needs a
reliable process model. Tyler and Morari (1996)’s method based on a maximum like-
lihood theory is considered a complicated method (Kozub 1996, Harris et al. 1999).
Ko and Edgar (2000) developed an algorithm for the estimation of MV performance
that does not require knowledge of the interactor matrix. However, it does require
the first few Markov parameters of the process and closed-loop data from the process.

Minimum Variance (MV) control gives the best theoretically possible control per-
formance and provides information on the basic performance limitations due to time
delay in the closed-loop system. Although MV control is not recommended for prac-
tical process applications, it can be used as the first level performance assessment.

Bitmead et al. (1990) showed that in limiting cases, LQG and GPC (or MPC) are
equivalent since both controllers are designed based on similar performance objectives
i.e. the GPC control law can be expressed as a receding horizon LQG control law.
Since LQG and MPC have similar control structures, it is reasonable to use LQG
performance as the benchmark for MPC performance assessment. Huang and Shah
(1999) solved the LQG control problem using the GPC (or MPC) formulation and
MATLAB MPC toolbox. Patwardhan (1999) discussed performance assessment of
MPC using the design case as a benchmark.

In this chapter, performance assessment procedures based on a time series model
and a minimum variance performance criterion are briefly reviewed in Sections 10.2-
10.3. Section 10.4 discusses performance assessment using closed-loop ARMarkov
identification and compares the advantages/disadvantages of this method with Huang
et al. (1997a)’s FCOR algorithm and Kozub (1996)’s method using tiine series models.
In Section 10.5 performance assessment of ARM-MPC controllers using LQG as a
benchmark is discussed. Section 10.6 then extends this work to include robustness

analysis and conditions for robust stability.

10.1.2 Robustness Analysis

In reality, plant models are only an approximation of the true plant. In most appli-

cations, lower order models are used to keep the controller design simple and hence
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modelling error or Model Plant Mismatch (MPM) is always present. Therefore, when
designing a controller, it is wise to ensure that the closed-loop system is robust to
model uncertainties and disturbances. Since MPC is designed based on a plant model
and MPM is always present, it is necessary to design an MPC that is robust to MPM
and to monitor the robustness of the designed MPC under closed loop conditions.

Robustness analysis of model predictive controller started in the late seventies
(e.g. Richalet et al. (1978)). Research has continued and in the last couple of decades
several papers have been published on the robustness of MPC. Some well known books
(e.g. (Morari and Zafiriou 1989, Skogestad and Postlethwaite 1996)) also discuss
this issue. Campo and Morari (1986)used an H., formulation of MPC to attain
robustness. Genceli and Nikolaou (1993),Rawlings and Muske (1993), Hrissagis et
al. (1995), Nicolao et al. (1996)all presented significant research on the robustness
of MPC systems including some work in the non-linear area (Meadows et al. 1995a,
Scokaert et al. 1997). Kothare et al. (1996)discussed MPC robustness using linear
matrix inequalities. There are a number of review papers (e.g. (Garcia et al. 1989,
Froisy 1994, Rawlings et al. 1994, Lee 1996, Qin and Badgwell 1996)), in which
significant work in this area is discussed and compared. Morari and Lee (1999),
Qin and Badgwell (1996)discussed possible future directions for research in MPC
robustness. Banerjee (1996) discussed the robustness of long range predictive control
(LRPC). More recently Mayne et al. (2000) reviewed the developments in the robust
MPC area.

The objective of this thesis was not to develop new robustness theory for MPC, but
to apply existing tools for the robustness analysis to ARM-MPC’s and to show the
advantages of using the ARM-MPC structure. Robustness analysis of ARM-MPC
is discussed in Section 10.6. Section 10.6.1 shows how the closed-loop ARMarkov
method can be used with the classical Small Gain Theorem (SGT) for robustness
analysis and Section 10.6.2 analyzes the robustness of ARM-MPC using matrix per-

turbation methods.

10.1.3 Ultimate Objective

All MPC users would like performance that approaches the best possible and robust-

ness that would handle all possible system uncertainties and changes. Unfortunately,
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this is theoretically impossible since in all practical cases an increase in performance
is accompanied by a decrease in robustness, and vice versa. Therefore, consider-
able effort was put into developing a practical benchmark for evaluating the designed
MPC and effective tuning methods that could be used on-line to adjust the per-
formance/robustness trade-off, e.g. when system uncertainty and disturbances were
known to be small the system could be tuned for higher performance (since, by def-
inition, the need for robustness is lower). Alternatively, during periods of process
upset {or poor model identification and output prediction) the robustness could be
increased (at the cost of poorer performance). In a very real sense, this was the
overall goal of the thesis. All of the proceeding theoretical developments and system
formulations can be regarded as simply necessary prerequisites to this ultimate goal
as discussed in Chapters 10 and 11.

10.2 Performance Assessment Using a Minimum
Variance Benchmark

Minimum Variance (MV) control is, theoretically, the best possible control but it
is impractical in industrial process control applications because of its demand for
excessive control action and poor robustness. However, it is important because it
defines the best possible control and provides a global lower bound on the process
variance so that the user can evaluate whether it is worth trying to improve the cur-
rent performance of the application. The basic performance limitation of a controller
is due to the time delay of the system because the process output variance is con-
troller invariant upto d time steps where d is the process time delay. To solve the
MYV control problem, it is necessary to know the time delay or interactor matrix.
The interactor matrix for MIMO systems is a generalization of time delay in SISO
systems. The MV performance benchmark has been used in many industrial appli-
cations mainly because it requires information only on time delay/interactor matrix
and does not require the complete process model. Interactor matrix estimation is
therefore a crucial step in MV benchmarking. There are different types of interactor
matrices and different methods for estimating it. Huang and Shah (1999) showed the

advantages of the unitary interactor matrix and described a procedure to estimate it
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from process Markov parameters. They also proposed an algorithm called the Fil-
tering and CORrelation (FCOR) algorithm, to obtain an MV benchmark using the
unitary interactor matrix and correlation analysis. Kamrunnahar et al. (2000) (also
described in Chapter 4) used the approach of Huang and Shah (1999) for the factor-
ization of unitary interactor matrix obtained using the Markov parameters produced
by the ARMarkov-Least Squares identification method described in Chapter 2. In
the next subsection the FCOR algorithm is briefly reviewed and later compared with
the ARMarkov-based method.

10.2.1 Filtering and CORrelation (FCOR) Algorithm

The FCOR algorithm, proposed by Huang and Shah (1999), assumes that the unitary
interactor matrix has been estimated using open-loop, or closed-loop identification or

any other method. The basic steps are:
e filter the interactor-free output response, ¥, in Figure 10.1
e whiten 7, to get a white noise estimate, a,
e use correlation analysis to estimate correlation coefficients, Pya-
e calculate the Minimum Variance benchmark

The FCOR method uses routine operating data and is simple in nature. However,
two different output (or output error) characteristics (settling time, overshoot, amount
of cycling etc.) can result in the same correlation coefficients and hence the results
are insufficient if one is interested in closed-loop transient response rather than only
variance. The correlation is between whitened noise a, and the output y,. There is

no extra disturbances affecting the correlation analysis.
10.3 User-specified Benchmarks for Closed-loop Per-

formance Analysis

Kozub (1996) pointed out the advantages of using time series modeling for MV bench-
marks as well as performance assessment against a desired closed-loop settling time,

time constant, overshoot etc. To use this method, the closed-loop system must be
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excited using a dither signal. This method also needs a priori information on the
delay structure and/or interactor matrix estimation. The main steps in this method

are:

e time series modeling or parametric ARMA modeling of the output (or output

error)
e computing an MV benchmark

e pulse response data generated from the identified ARMA model gives useful
information regarding closed-loop settling time, overshoot, amount of cycling

and closeness to MV control.

This method uses routine operating data but the parametric ARMA modeling
requires careful model order selection and the parameters are affected by colored

disturbances.

10.4 Performance Analysis Using Closed-loop AR-
Markov Identification

Kamrunnahar et al. (2000) have shown that use of the Markov parameters obtained
using ARMarkov identification (discussed in Chapter 2) leads to more accurate inter-
actor matrix estimation. The ARMarkov model is a combination of parametric and
non-parametric models and contains the Markov parameters explicitly. Due to the
model structure, the ARMarkov method gives a consistent estimate of the Markov
parameters and in turn a better estimate of the unitary interactor matrix even in
the presence of colored disturbances (Kamrunnahar et al. 2000). In this section a
closed-loop (CL) ARMarkov method for performance assessment is developed. It is
shown that without ezact specification of the delay structure or the model order, the
proposed method gives a reliable MV benchmark (unitary interactor matriz), produces
realistic performance measures in terms of closed-loop settling time, overshoot etc.
without additional computation. It also generates a transfer function model that can
be used as a measure of closed-loop performance as well as robustness and for on-line

tuning of the controller. Since the proposed method uses simple linear regression, the
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computational cost is reasonable. The following subsection explains how the CL AR-
Markov method gives different measures of controller performance as well as how it

can be used for controller tuning.

10.4.1 The ARMarkov Identification

The ARMarkov time-domain model of a discrete, linear, time invariant process is a

combination of a non-parametric and a parametric model and is defined as

yk) = =Y otk —p—i+1)+ Y hiquk—j+1)+) B ulk—p—j+1)
+e (k) (10.1)

The ARMarkov representation, with u Markov parameters, corresponding to the

transfer function, G(z) is given by

hett e+ 2t + B0+ + By

G(z) = 10.2
(Z) Fu+n—1 + ap’lzn—l + -+ Qpun ( )

Note that it involves only the first u Markov parameters hq,.., h,_;. The parame-
ters a1, ¢, Qun € R!*™ are functions of the ARX coefficients and the Markov
parameters (Akers and Bernstein 1997). Here n is the order of the ARMarkov model.

The estimated parameter vectors using the ARMarkov method are

W, = [-K“ ho - hul ﬁu] (10.3)
,X,‘ = [og, - ,aq) € R?" (10.4)
B, = [, - B.]eR"™ (10.5)

The Markov parameters hg ..., h,—; estimated by the ARMarkov method have better
statistical properties than the Markov parameters estimated by other linear regression
methods such as FIR, ARX as discussed by Kamrunnahar et al. (2000)and also in
Chapter 4.

Closed-loop ARMarkov Method

A simple closed-loop system is shown in Figure 10.1.
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Figure 10.1: Closed-loop system
For this closed-loop system with y,” = 0,
¥y = PSw + HSa, (10.6)
and Iy = S’U)g - SCHG; (107)
and when a dither signal is inserted at the set-point i.e. 3, # 0, w, =0

z, = CSy”~ HCSa, (10.9)
ande, = Sy,” — HSa, (10.10)

When the signals y, and w, are used as the outputs and inputs respectively for

the ARMarkov identification, the estimated parameter vector W includes the Markov

parameters hq through h,_, of the transfer function model PS where P is the process

transfer function and S is the sensitivity function. When e, and y,” are used, the

Markov parameters and the model for the sensitivity function, S of the closed-loop

system are estimated directly.

Huang and Shah (1999) showed that the interactor matrix is feedback invariant,

i.e. the interactor matrix of the open-loop system is the same as the interactor matrix
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of the closed-loop system. As stated in Huang and Shah (1999), Identification of the
interactor matriz under CL conditions provides a more realistic estimate than under
open-loop conditions in the sense that it gives the interactor matriz of the process
under the current operating point. --- . Computationally, a direct identification of the
first few Markov parameters is also more desirable than an identification of the full
transfer function matriz first, followed by its transfer to Markov parameters. There-
fore, the factorization of the interactor matriz from the first few Markov parameters
is preferred to the factorization of the interactor matriz from the transfer function
matriz. The CL ARMarkov method estimates the Markov parameters directly rather
than estimating the transfer function first and then using it to generate the Markov
parameters. Kamrunnahar et al. (2000) showed that the Markov parameters ob-
tained using CL ARMarkov identification give a more accurate unitary interactor
matrix than the unitary interactor matrix calculated from Markov parameters from
other identified linear regression models. The reason behind the improved accuracy
lies in the direct estimation of the required 4 Markov parameters and the consistency
of the Markov parameters even in the presence of non-white disturbances. For more
information on the calculation of the interactor matrix using CL data, see (Huang
and Shah 1999). Unlike correlation analysis or time series modelling, the CL AR-
Markov method uses a dither signal as well as the process output response during the
identification procedure. Additional information obtained using the parameters from

the same ARMarkov identification are described below.

Remark 10.1 When enough Markov parameters are estimated, the ARMarkov ap-
proach gives direct CL performance measures in terms of settling time, overshoot etc.
The achieved CL performance can be compared with desired CL response specifica-

tions.

Remark 10.2 Typically the controller being used in the closed-loop system is known.
Therefore, the sensitivity function and/or the complementary sensitivity function can

be determined using the following procedure.

The transfer function, PS is estimated using the ARMarkov method and the
closed-loop signals w, and y,. For a known controller, C, the complementary sen-

sitivity function for a SISO system is:
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PC

= = 10.11
T=PCS=1 %5 (10.11)
and the sensitivity function is:
1
=1-T= 10.12
S=1-T=17pc (1012)

The sensitivity and the complementary sensitivity functions are obtained without
much additional computation and can be used as measures of closed-loop performance.
The identification method uses simple linear regression. However, the order of the
model is high due to the overparameterized structure of the model.

The two transfer functions, T and S can also be used for robustness analysis of

the system as discussed in section 10.6.1.

Remark 10.3 When a dither signal is inserted at the set-point, the signals e, and y,*
in Figure 10.1 are used in the ARMarkov identification and the Markov parameters
and the model for the sensitivity function, S are estimated. S is a measure of closed-
loop performance e.g. it determines how quickly the output error, e, converges to zero
i.e. the output, y, follows the set-point, 4;,*. S can also be used for robust stability, and
robust performance analysis. As mentioned above, the CL time constant, settling time
etc. can be measured directly using the estimated Markov parameters of the sensitivity

function.

Two-step Closed-loop Identification

Closed-loop identification of a process model has been an attractive field of research
for the last couple of decades for many reasons e.g. under CL conditions, the model
parameters are estimated under the nominal operating conditions used for a linearized
model. Van Den Hof and Schrama (1993) used a two step method called w-filtering
for CL identification where the sensitivity function is estimated in the first step and
the input signal, w, is filtered in the second step to estimate the plant model. Huang
(1997) proposed a two-step closed-loop identification procedure called y-filtering that
filters the output signal, y in the second step. In this subsection the y-filtering method
is briefly reviewed and then it is shown how the CL. ARMarkov identification can be

used for the two step identification.
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The two-step ID procedure posses the CL identification into the following two

single, open-loop ID problems

1. z, and w, are used to estimate the sensitivity function, S using the relationship
in (10.7) with ;¥ = 0.
2. output y, and input w, are filtered by the estimate of S so that using (10.6)

vl =

RS

= Pw, + —=<ag
S

where § is the estimate of S. Then using y{ and w, as the output and input,
the model of the plant P is estimated. For more details on this procedure and

the convergence of S to S, see (Huang and Shah 1999).

Remark 10.4 The Markov parameters which are directly available from the esti-
mated ARMarkov model of the plant can be used for the estimation of interactor

matriz and in turn, the MV performance benchmark.

For the closed-loop system in Figure 10.1 with 37 # 0, w, = 0, the model CS
is estimated using the relationship in (10.9) as the first step in the two-step ID. In
the second step, the Markov parameters and the model of the plant P are estimated
using signals & and y;” as described by equation (10.8). The results can be used for

performance analysis as discussed in Remark 10.4.

Remark 10.5 In summary, the ARMarkov approach provides multiple performance
metrics as well as the plant model. The advantage of the ARMarkov method over other
methods is that it does not require a priort specification of the delay structure and when
combined with disturbance model estimation (e.g. through filtering as in the prediction
error method), it provides a reliable model identification procedure. On-line model
updating can be done using recursive parameter estimation which saves significant

computational cost due to the overparameterization in the ARMarkov model.

In Table 10.1, the properties of the closed-loop ARMarkov identification are com-
pared with the properties of the FCOR method of Huang (1997) and the time series
model of Kozub (1996).
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Table 10.1: Comparison of the Advantages of Different Performance Assessment

Methods

Method FCOR Time Series CL ARMarkov

data output(error) output(error) output+dither signal

time delay a priori spec. a priori spec. gives Markov param.,
of Markov param.* | of Markov param. no a priori spec. reqd

MYV benchmark available available available

statistical properties | - - consistent,

of Markov param. low variance

CL settling time, - from pulse response directly available®*

overshoot

sensitivity function | - noise model + filtering | directly available

model ID - - Ist step in two step

CL ID
model order spec. - needs careful spec. approx. order

*param.=parameters
** if 4, the number of estimated Markov parameters is large enough.

Example 10.1

Consider the third order process

6—23

= 10.13
PO = a3 s ) Gs 3 D (10.13)
the discrete transfer function of which, with sampling time 75 = 1, is
-3 -4 -5
P(z) = 0.0077z77 + 0.0212z7* + 0.00362 (10.14)

1 -1.9031z"! +1.15142-2 — 0.215823

Let
C(z)=1

For this process, the ARMarkov identification method is used with closed-loop signals
w, and y, as the inputs and outputs respectively. The estimated impulse response
plot for the transfer function, PS is shown in Figure 10.2. The time delay for the
CL system is the same as the open-loop time delay since the time delay is feedback
invariant. Interactor matrix estimation for MIMO systems using the CL ARMarkov

method are discussed in Chapter 5. However, to simplify the interpretation of the

151

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



following results, only SISO systems are considered here. Using the controller infor-
mation, the Bode magnitude plots for the estimated sensitivity and complementary
sensitivity functions are shown in Figures 10.3(a) and (b) respectively. The intention

here was not to design the controller, but to show how the CL ARMarkov method

can be used for performance analysis.

0.1 : - -

0.08

o
:

0.04

Markov Parameters

3 6 9 12 15
Sampling Time

Figure 10.2: Markov parameters using CL. ARMarkov method.

Example 10.2

For the same process in (10.13), closed-loop signals w, and z, are used in the AR-
Markov method to estimate the sensitivity function in the first step and following the
two step identification procedure outlined in subsection 10.4.1, the Markov parame-
ters and the plant model are estimated in the second step. The estimated Markov
parameters are compared with the actual Markov parameters in Figure 10.4(a) and
the estimated sensitivity function is plotted in Figure 10.4(b). The estimated Markov

parameters are essentially the same as the actual ones.
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Figure 10.3: (a) Sensitivity and (b) complementary sensitivity functions using the CL
ARMarkov method.

10.5 Performance Analysis Using Linear Quadratic
Gaussian (LQG) Control as the Benchmark

Although minimum variance (MV) control provides the global lower bound on the
output variance, it may not be possible to achieve this lower bound in practice because
the MV controller objective does not include any penalty on the input variance and
hence, typically requires very large control effort. It is much mcre practical and de-
sirable to assess the performance of the existing controller assuming some restrictions
on the control move.

A Linear Quadratic Gaussian (LQG) controller that imposes a penalty on the
control move provides the best achievable control performance and provides a basis for
determining whether there is any potential to improve the performance of the existing
controller. The objective functions of LQG and model-based predictive controllers
(MPC) are similar as noted below.

The solution of an MPC control problem is obtained by minimizing a cost function
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Figure 10.4: (a) Markov parameters, actual and estimated, (b) estimated sensitivity
function.

such as,

N2 Nu
J=F {Z Yewrj = Teas)” Qs (Yers = Teaj) + A Z AuijjAutﬂ'} (10.15)

Jj=1 j=0

where N; and N, are the prediction horizon and control horizon respectively. The

cost function used in the solution of the LQG tracking problem can be written as
J=E {(y, — )T Qi (e — 1) + Au,TR,un,} (10.16)

As N, = N; — oo, the above two performance criteria converge to each other. For
the solution of the LQG regulator problem, the LQG tracking problem can be recast
into a regulator problem. Bitmead et al. (1990) showed that GPC (or equivalently
MPC) can be embedded into the LQG receding horizon principle and can be solved
as a special case of LQG. Therefore, it is reasonable to assess the MPC controller
performance against the best achievable LQG performance. It is beyond the scope
of this thesis to discuss all the relevant LQG theory and properties. However, the
solution of the LQG is briefly reviewed below.
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Consider a state space system

z(k+1) = A;z(k)+ Bzu(k)+ Gw(k)
y(k) = Ciz(k)+z(k)

The solution of the state feedback control law is expressed as
u(k) = —Kz (k) (10.17)
where K is the state feedback gain that is calculated as
K = A.P.CT (R, + C.P,.CT)™ (10.18)
where P; is the steady state solution of the Riccati equation

P, (k+1) = A,P; (k) AT + Ry — AP, (k)CT (Ry + C.P.CT) ™" C.P, (k) AT

(10.19)
R, R, are the covariance matrices of w (k) and z (k) respectively.
The feedback observer or state estimator can be written as
Z(klk) = T(klk-1)+ K’ (y(k) - Coz (k|k — 1)) (10.20)
T(k+1lk) = A.Z(klk)+ Bu(k) (10.21)

where K/ is the Kalman filter gain that can be calculated by solving another Riccatti
equation (Bitmead et al. 1990). Huang and Shah (1999)discussed the LQG solution
via GPC or MPC. When N,, N, — oo, the GPC solution converges to the LQG
solution. However, in practice, after a large but finite value of N, N, the solution of
LQG is obtained as the solution of MPC. Chen and Francis (1995)and Patwardhan
(1999)discussed the LQG solution, for uncorrelated state and measurement noise,
using the solution of a Lyapunov equation.

LQG has been used as a benchmark/metric for performance assessment by re-
searchers such as Huang and Shah (1999). When the LQG objective function in
(10.16) is modified to reflect the control weighting of the MPC objective function
(10.15) i.e. Ryy = AR, different control laws are obtained by solving the LQG prob-
lem for different numerical values of A. For each value of A, the output variance

can be plotted against the input variance to obtain a performance trade-off curve as
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shown in Figure 10.5. This trade-off curve represents the best achievable LQG con-
trol performance. Then the existing controller performance in terms of input/output
variances can be assessed with respect to the trade-off curve. The distance of the
existing control performance from the trade-off curve is a measure of the achieved
performance and in the design of Cy and C; used with a~tuning discussed in the
next chapter.

var(y)
Achievable region LQG
Trade-off
Curve for
different A
var(u)

Figure 10.5: LQG performance trade-off curve

Example 10.3

Consider the third order process in (10.13). An ARM-MPC was designed for this
process in Chapter 8. An LQG was designed for this process using the estimated
ARMarkov model in the state space form given in (8.30). The LQG trade-off curve
is shown in Figure 10.6. The tracking performance of the ARM-MPC is assessed
against this LQG curve. The effect of control horizon M and prediction horizon N>
are shown in Figures 10.6 and 10.7 respectively. It is difficult to say which controller is
better because the performance (aggressive/conservative) requirement is application
dependent. However, the performance of the controller can be easily assessed relative

to the LQG benchmark.
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Figure 10.6: Effect of control horizon on the performance of the ARM-MPC.

10.6 Robustness Analysis of ARM-MPC

Every controller should be designed such that it is insensitive to model plant mismatch
(MPM) and the ARM-MPC should not be any exception to that. As defined by many
textbook authors (e.g. (Morari and Zafiriou 1989, Skogestad and Postlethwaite 1996,
Doyle et al. 1992)), MPM can be placed into two main categories:

1. Structured uncertainty. This type of uncertainty is very specific because
the model structure is assumed to be the same as the process but the model
parameters are uncertain. Gain mismatch, time constant and/or time delay

mismatch are the most common examples of structured uncertainty.

2. Unstructured uncertainty. In many cases, the structure of the actual process
is unknown or is approximated by lower order models. One of the advantages
of the unstructured or disk-like uncertainty is that it includes the unmodelled
dynamics of the process. Moreover, analysis is simpler using this uncertainty.
Multiplicative, additive and feedback are the most common unstructured un-

certainties. Some of these uncertainties are illustrated in Figures 10.8-10.10.
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Figure 10.7: Effect of prediction horizon, N; on the performance of the ARM-MPC.

The best uncertainty type to be used for robustness analysis is application de-
pendent. Structured or parametric uncertainties can also be expressed in terms

of unstructured uncertainty.

. N

o/

Figure 10.8: Multiplicative uncertainty

The weighting function W is a fixed, stable transfer function and A is a variable
stable transfer function such that ||Al| < 1. The robust stability of the controller is
analyzed either in the time domain (e.g. by solving Lyapunov equations) or in the

frequency domain. Frequency domain analysis is used in this thesis. The Small Gain
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Figure 10.9: Additive uncertainty

A W,

—( - p

Figure 10.10: Feedback uncertainty

Theorem (SGT) is a very well known robustness analysis criterion that provides a
sufficient condition for robust stability of a given system. However, the price for the
sufficiency lies in the conservativeness of the approach.

Uncertainty estimation is not the topic covered here. For the purpose of robust-
ness analysis, model uncertainties can be estimated by following methods available
in the literature. Banerjee (1996)used signal processing to estimate the uncertain-
ties. Patwardhan (1999)presented an approach to deterrnine model uncertainty from

closed-loop data.

Theorem 2 Small Gain Theorem (SGT)(Skogestad and Postlethwaite 1996): Con-

sider a system with a stable loop transfer function, L = PC. The closed-loop system

1s stable if

IL]| <1 (10.22)
where ||-|| denotes any matriz norm.
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For a closed-loop system with the multiplicative uncertainty, the special form of
the SGT is

Theorem 3 The closed-loop system is robustly stable if
[WT ||, <1 (10.23)

The SGT will produce different stability conditions for different types of uncer-

tainties.

10.6.1 Closed-loop ARMarkov model and the Small Gain
Theorem (SGT)

Feedback uncertainty

The family of plant models for the feedback uncertainty shown in Figure 10.10 is

written as

P
(1 + AWLP)
where P is the nominal model and P is the perturbed plant. The following example

P (10.24)

shows how parametric uncertainty is expressed in terms of the feedback uncertainty.

Example 10.4 (Doyle et al. 1992)Consider the family of plant transfer functions

1

—_ 4 < <0. 10.25
s2+as+1’ 04 < a<08 ( )

a = 06+024, -1<A<]1 (10.26)

This family of transfer functions can be expressed as
P(s)

-1<AL 10.27
1+ AW, (s)P(s)’ lsasl ( )
where
1
PO = artesrr Mal=02

The robust stability criteria for this uncertainty can be written as
[WaPS|ly < 1

Using closed-loop input-output data, the ARMarkov method directly estimates the
transfer function, PS as illustrated by the performance analysis in Section 10.5. The
same transfer function can be used for robustness analysis using the robust stability

condition for feedback uncertainty presented above.
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Multiplicative and Additive uncertainty

Other common and simple forms of uncertainties include multiplicative and additive
uncertainties which are illustrated by Figures 10.8-10.9. Gain and/or time delay

uncertainties can be embedded into the multiplicative uncertainty as follows.

Example 10.5 Consider the nominal transfer function

= 10.28
(s) Ts+1 ( )
with the family of perturbed transfer functions
1
=e VM —= <n <0 10.29
P(s)=e Tl 0<7 <01 ( )
= (1+AW,) P, Al <1 (10.30)

The robust stability conditions for the multiplicative and additive uncertainties

are

|W2T||, < 1,for multipicative perturbation model P (s) = (1 + AW,{1B.31)
IW2CS|l,, < 1,for additive perturbation model P (s) = P + AW, (10.32)

where S and T are the sensitivity and complementary sensitivity functions respec-
tively for the closed-loop system.

As discussed in Section 10.5, for a known controller, the closed-loop transfer func-
tions, CS and T are produced directly by the CL ARMarkov identification. Hence,
robust stability can be determined for either of the two uncertainty models using the

models produced by the ARMarkov approach and closed-loop data.

Robust Performance Analysis

Closed-loop performance and robust stability analysis have been discussed separately
in Sections 10.5 and 10.6.1 respectively using the same CL ARMarkov model. Robust
performance, which combines both performance and robust stability, is much more
important from a practical point of view. The condition for robust performance, using

multiplicative uncertainty, is (e.g. (Doyle et al. 1992))
W18+ [WT [l < 1
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Therefore, the robust performance of the closed-loop system can be analyzed using the
CL models T and S estimated by the ARMarkov method and choosing appropriate
weighting functions Wiand W,.

10.6.2 Matrix Perturbation Method

The systems and control literature is rich in well established and simple methods of
stability analysis in the state space domain. Perturbations or uncertainties in the
system and/or the input matrices are considered for robust design and/or analysis of
the closed-loop system. Closed-loop pole locations, represented by the eigenvalues of
the closed-loop system matrix, indicate the robust stability margin or stability bounds
of the system. Typically parametric uncertainties in terms of matrix perturbations
are posed in the additive perturbation form and the small gain theorem (SGT) is
applied for the analysis of the robustness. Yedavalli (1985)discussed perturbation
bounds for robust stability in the time domain and used a Lyapunov approach for the
analysis. Both structured and unstructured perturbations were considered. Dickman
(1987)discussed robustness using matrix perturbation theory where perturbations in
the system matrix for a continuous time system was considered. Robust stability for
discrete time systems using the matrix perturbation method was considered in Qu
and Dorsey (1990). Qi (1997)developed robust stability conditions for his dual-model
predictive controller (DMPC).

The objective here is to apply the well established theories, such as those men-
tioned above, for the analysis of the designed ARM-MPC formulated in the (special,
dual-model) state space form presented in Chapter 8. The ARMarkov method es-
timates a time-domain parametric model but an equivalent state space form of the
model and MPC formulation were developed to facilitate design and analysis. Since
the ARMarkov model is an overparameterized model, there is less possibility of a
bias error in the estimated parameters. The system matrix in the ARMarkov state
space model includes the ARX equivalent parameters which can be considered as the
slow dynamics of the process and the input matrix includes the Markov parameters
which can be considered as fast dynamics. The time delay of the system is defined
by the first few Markov parameters of the model. The closed-loop system matrix was
developed in Chapter 8 for the observer based MPC design.
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Consider a discrete time closed-loop system
Xa(k+1)=AuX (k) (10.33)
and the perturbed system
Xa(k+1)=AuX (k) (10.34)
where, using additive uncertainty principle,
Aa = A+ AAg

Assume that the nominal system in (10.33) is stable i.e. all the eigenvalues of Ay lie
inside the unit circle. In other words, (e?**I — Ay) is invertible for all frequencies, w.
The system in (10.34) is said to be robust if all the eigenvalues of A also lie inside

the unit circle.

The family of plants having the closed-loop system matrix, Ay is robustly stable
if (Aq + AAq — €™ 1) is nonsingular for all w, i.e. (Aq + AAy — €7 [) is invertible.
The sufficient condition for invertibility is (Qu and Dorsey 1990)

” (Ag - 1) (AAd)” <1 (10.35)
Since
|(4a = em0) ™ (AAd)| < (A= =0) A4 (1036)
a conservative condition for (10.35) is

]l(Ad—ej'”‘I)—I’,il(AAd)ll <1 (10.37)
[o (Aa — )] 7 I(AA)] < 1 (10.38)

where
|(4a=e=0)7| = [ (40 = =]

The sufficient condition for the perturbed system to be robustly stable can be written

as

(10.39)
ag(Aa—eI) > 7(AA) (10.40)
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and the robustness bound, p,, of the closed-loop system in (10.33) can be expressed

as
Pry = Ming (Aa — &™) (10.41)

The larger the value of p_,, the larger the error for which the perturbed closed-loop

system will remain stable.
Theorem 4 If A, is a real matriz, then the robustness bound s
Py = (Aa—1I) (10.42)
Proof. see (Qu and Dorsey 1990) for proof. &

Robustness Measure of ARM-MPC

Rewrite the closed-loop formulation of the ARM-MPC in (8.44) as

[zam<k+1>] _ Ad[ Ko (K) ]

X arm (k + 1) Xarm (k — 1)

A — (q)arm - oarmKarm—mpc) garmKarm—mpc
< 0 (1 - KarmHarm) ‘I)arm

MPM in this closed-loop system matrix is assumed to be in the open-loop system
matrix (slow dynamics), ®,,» and input matrix (fast dynamics), 6arm. Therefore, the

perturbed closed-loop system matrix becomes

11 12
. ay Qg
i, = [ % o ] (10.43)
aill = ((parm - oarmKarm—mpc) + A(parm - A001‘171]{¢u"m—-mpc
aélz = GamKam—mpc + AearmKarm—mpc
0311 = (I - KarmHar‘m) (A(parm - AoarmKarm—mpC)

0,312 = (I - KarmHarm) (I)arm + (I - KarmHarm) Agar'm.l\,arm—rnpc
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with the additive perturbation matrix

_ [ Adl} Adl
Aai} = Aq)arm - AoarmI(arm—mpc

Aai,2 = AbsrmKarm—mpe

AdY = (I = KarmHarm) (A®arm — Afarm Karm-mpe)

AaZZ = (I_KarmHarm)AgaﬂnKarm—mpc

A‘bmrm - AOamKam_mpc 0
My = k [ 0 Abarm K arm—rmpe ] (10.45)
I I
- 10.47
ke [ (I — KarmHarm) (I = KarmHarm) ] (10.47)

where k. is not affected by the perturbations.

When the perturbation matrix, A A is factored out as AAy = k. (AA}) as shown
in (10.45)-(10.47), equation (10.35) can be rewritten for the special structure state
space ARM-MPC as

(4 - =)' k. (a4L) |<1 (10.48)

Now combining k. with (Aq — e/I)™", the sufficient condition for (10.48) can be

written as
|(4a - D) k| | (24L) | < 1 (10.49)
16 < Ty
1A < TG (10.50)
where M (w) = (Aq—e™I)” (10.51)
Therefore, the robustness bound for the ARM-MPC can be written as
) (10:52)

Remark 10.6 As shown above, the conservativeness of the typical robustness anal-
ysis can be reduced by factoring the known information k. out of the perturbation

matriz and combining it with the known nominal closed-loop matriz.
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Similarly, for other specific types of perturbations, e.g. gain mismatch, delay mis-

match, there are other known terms that can be moved from the perturbation matriz to

the nominal closed-loop matriz. This is discussed next and illustrated in Table 10.2.

Repeat equations (8.30) through (8.37) for the ARM-MPC

where

arm

én

For n = 3,

b2

@2

S,

and

DB armXarm (k — 1) + BapmAu (k — 1)

= HarmXarm (k)
T

[1 00 0 ]lx(u-{»n)

[¢u ¢12] ’aamz[sl}

S 922 | (uim)x(uen) 52

[ Opxl Ipx“ ]px(y+l)’ ¢12 = Opx(n—l)
T

[ S1 $2 Su ]pxl

[ — (a2 —a1) —ay Oixgu-3 1
1 0 Oix-3 0
0 ay  Oixp-3) 0
T

nx(u+l1)

[ —{a3—ap) 1
0 0
| (8 K] 0

[ sur1—usy 0 S5 ]T

nx(n—1)

Although the structure of ¢,,,¢,, and S, are different in ARM-MPC than in the
equivalent structure of the DMPC of Qi (1997), it is straightforward to show that
the MPM structure is the same for both methods but with different coefficients. The

details of the derivation are not repeated here, only the final results are given in

Table 10.2. As the known information (k.) in the CL system matrix is factored out,

the conservativeness of the robustness bounds is reduced and the part AA}, that is

affected by uncertainties is used to get the new, less conservative robustness bounds.

This is illustrated in Example 10.6 and in Figure 10.12.

166

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 10.2: Factorization of the uncertainty matrix for different MPMs

(a)

AA], is defined in (10.45) (It is affected by uncertainties)

General Aarm A%’""Km—m Ae.,,,,.lgm_mpc ]
rene || ap S

For A8 _M“""(I,{“m_mpc Aoa,mlgam_mpc ]

For A(gain) ék

For A(delay) “I”C“”é“""""”‘ @,CdK(.:m-mpc ]

(b)

k. (w) is defined in (10.47) (It is part of CL system
matrix that is NOT affected by uncertainties)

General
For Ad
For A#

For A(gain)

For A(delay)

I I
(I - KarmHarm) (I - KarmHarm)

I
[ I I
- (I - KarmHarm) (1 - KarmHarm) :l
[ —oarmKarm—-mpc oarmKarm—mpc
| (I - I{armHarm)earmKarm—mpc (I - KarmHarm) earmKarm—mpc
1 I

(I - KarmHarm) (I - KarmHarm)
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In the dual-model, special structure, state space form of the ARM-MPC the un-
certainty is defined by AAy in (10.44). This can be factored into AAy = k.AAY
as shown in (10.45). For specific forms of uncertainties, e.g. gain or time delay
mismatch, AA, and k. can be expressed as shown in Table 10.2. The uncertain-
ties expressed in Table 10.2 lead to less conservative designs (and higher robustness
bunds) than can be obtained from general [A, B, C, D] state space methods and ro-
bustness theory. Examples of the improvement in robustness bounds are illustrated

in Figure 10.12.
Example 10.6

Consider the third order process in (10.13). The robustness bound, p,, in (10.52)
for the ARM-MPC was determined for this process using the matrix perturbation
method and is shown in Figure 10.11. The tuning parameters used are: M =1, N, =
10,A =0.

10'

Robustness bound, Po

10° 10' 1d
Frequency

Figure 10.11: Robustness bound for the ARM-MPC

The robustness bound, p,, for the same ARM-MPC system was determined as-
suming gain mismatch i.e. Ak and slow dynamics mismatch i.e. A® as shown in

Table 10.2 (a) and (b). The robustness bounds using known information about the
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specific MPM in the ARM-MPC structure are compared in Figure 10.12 versus the
p,p calculated assuming the general case for MPM. It is clear from Figure 10.12 that
larger bounds are obtained for known information about Ak and A®. The reduction

in the conservativeness of the robustness measure is due to the “special, dual-model

structure” of the ARM-MPC.

1¢ b -s— general
—— slow dynamics, A®
— gain, Ak
®
-}
c
3
8
»
4 1
2 0}
]
3
a
<)
¢4
10° -
10° 10’ 1¢
Frequency

Figure 10.12: Robsutness bound for the ARM-MPC with specific MPM.

The effects of control horizon and prediction horizon on the robustness bound are

shown in Figure 10.13 (a) and (b) respectively. As expected,

® p,, decreases with an increase in M (i.e. the system is less robust) and

® p,, increases with an increase in N, (i.e. the system is more robust).

However, the changes are observed mainly in the high frequency zone.

10.7 Conclusions

e The proposed closed-loop ARMarkov approach gives multiple performance mea-

sures including minimum variance (MV) benchmark, closed-loop settling time,
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Robustness bound, Py
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10° 10* 1P

(b)
Frequency

Figure 10.13: Effect of tuning parameters on the robustness bound of ARM-MPC:
(a) control horizon M, (b) prediction forizon N,.

overshoot etc. The sensitivity and complementary sensitivity functions are di-
rectly available from the full ARMarkov model and also provide closed-loop

performance measures as well as an estimate of the process model.

e The user-specified LQG performance benchmark provides a direct method for
evaluating the performance of different ARM-MPC’s and is a key component
of the robustly stable tuning procedure developed in the next chapter.

e The special structure, dual-model state space equivalent of the ARM-MPC ex-
presses the system uncertainty as perturbations in the fast dynamics 64rm or
in the slow dynamics ®,,m or gain/time-delay mismatch which provides a spe-
cific and/or different perspective than classical perturbation methods such as
additive parametric uncertainty, A + AA. Furthermore, this special state space
structure leads to larger robustness bounds and less conservative robustness

criteria than the classical small gain theorem (SGT).
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Chapter 11

Stable On-line Tuning of

ARM-MPC for
Performance-Robustness Trade-offs

11.1 Introduction

The ultimate goal of designing a controller is to obtain good performance as well as
a closed loop system that is robust to model uncertainties and disturbances. Once
the controller is designed and implemented on the process, it is customary to adjust
the controller parameters rather than re-design the controller to obtain the desired
performance/robustness. It is important that the controller tuning or parameter ad-
justment can be performed on-line so that the change can be done without interfering
with the ongoing process operation.

Qi (1997)discussed the dynamic tuning of his dual-model predictive control (DMPC)
using what he called “a fractional control horizon parameter o”. The outputs from
two independent controllers designed using different control horizons were combined
using the 0 < a < 1 parameter which was shown to be equivalent to changing the
control horizon continuously from M to M +1. In this thesis, this concept is extended
in an ARM-MPC context for on-line tuning. The a—controller formulation and its
properties are posed in a general form in Sections 11.2 and 11.3. Then two specific
methods are developed for efficient design and implementation of the two different

controllers required to obtain two individual controller outputs. The methods used
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are: (1) recursive calculation of controller outputs for two different control horizons as
described in Section 11.5 and (2) normalized ‘zero’ and ‘one’ steady-state weightings
that define specific controllers (e.g. very aggressive and conservative controllers) as
discussed in Section 11.6. Both approaches eliminate the need to do two individual
controller calculations at each control interval and use simple algebraic calculations
or updates of the calculations done in the previous step. The a parameter is used to
combine the controller outputs on-line to produce the desired closed-loop performance
/robustness. The a—tuning is discussed in Section 11.4.

It is shown that, under the conditions given in Lemma 11.1, if each controller
used individually gives robustly stable performance then the closed-loop system is ro-
bustly stable for all a and that as the value of « increases, the feedback gain changes
smoothly between the limits defined by the two separate controllers. When the a pa-
rameter is used to linearly combine two controller outputs, a performance/robustness
trade-off curve is constructed similar to that of Figure 10.5. Different combina-
tions of performance/robustness can then be obtained along that curve by adjusting
0 < a < 1. A performance/robustness surface is introduced in Section 11.8 and it is
shown that using a combination of > 3 controllers, a surface with different controller
output combinations can be obtained. The performance at each combination point
is assessed relative to an LQG benchmark and the robustness is measured by using
the matrix perturbation method as discussed in Chapter 10. Simulation results are

presented for each method of controller calculation.

11.2 Continuous Control Action

Typically the aggressiveness or the conservativeness of the closed-loop system is deter-
mined by the controller output signal(s). The performance/robustness of the closed-
loop system can, therefore, be controlled by adjusting the controller output(s). In
this thesis it is proposed that the control outputs from two Model-based Predictive
Controllers (MPC) be combined linearly using a continuous parameter 0 < a < 1.
As a is varied from 0 to 1 the system properties vary continuously between the limits
defined by each controller used individually e.g. from aggressive, high-performance to

conservative, robust control. A linear interpolation can be done along the straight line
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A — B in Figure 11.1 between the two control vectors Au? (point A, for controller
1 with controller gain Kg,.) and Aul (point B, for controller 2 with gain K}..).

Defining a real parameter, a € [0,1], and the control move Aug,, leads to
Au? = Au), + o (Au}, - Au)) (11.1)

Therefore, the continuously adjustable parameter, a, can be used to vary the input,

Au? to the process and in turn, tune controller performance/robustness.

L3

Control Action

AU

Controller Gain, K "

Figure 11.1: Control Actions and Interpolations

11.3 Stability of the a—controller

As shown in Chapter 8, the control move is calculated in terms of the state feedback

gain Ky as
Au = —Kpnp X* (k) (11.2)

where X* is the estimated system state vector. Typically, the larger the controller

gain the more aggressive and less robust is the controller. The control action of the
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a—controller, expressed in terms of Au2, is bounded by the two conventional MPC
controllers with control actions Au®and Au!. Stability analysis can be applied to

this algorithm as discussed below.

11.3.1 Controller Gain Calculation

As discussed in Chapter 8, in the state space formulation, the controller gain vector
Kmpe of the state feedback MPC controller is a function of the tuning parameters
A, M, N, and the weighting terms in the control objective function. Closed-loop sta-
bility of the MPC systems depends on the locations of the closed-loop poles which can
be expressed in terms of the eigenvalues of the closed-loop system matrix ¢ — 6 K.

Suppose K3, is the gain of controller 1 with control move Au® and K., is
the gain of controller 2 with control move Au!. Then the gain of the a—controller

corresponding to the control calculation in (11.1) is
K2, = Koo + o (Khpe — K2) (11.3)

If the value of a is specified, K, can be calculated and the closed-loop stability can
be evaluated as discussed below.

11.3.2 Stability of the a—MPC

For closed-loop stability, all the eigenvalues of the CL system matrix ¢ — 8 K,,,. must
lie within the unit circle. The closed-loop stability of the a—MPC with controller gain
K7 corresponding to the controller output Au® is given by the following Lemma.

Lemma 11.1 The closed-loop MPC system with continuous parameter a is stable for

all a € [0,1], if the limiting two MPC systems are stable and there erists an induced

norm ||-|| such that

|(®-6K2,)| < 1 (11.4)
and |[(® - 6K,,.)|| < 1

Proof. Sufficiency:

For the MPC controller with gain K |<I) 6K? pc” <1

mpes |
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and for the MPC controller with gain K} ., ||® — 0K} || <1
Now following the proof given by Qi (1997),

||® — 0K, |l (@ — 0K} ) + (1 —a) (& - 0Kp,)|| (11.5)

Kopel

< af[(® - 0Km) || + (1= @) [|(® - 0Kny) |
< a+(l-a)=1
Therefore, ||® —60Kg. || < 1 (11.6)

Since max{eig (® — 0K?2, ) is less than any induced norm,

mareig (® — 0Kpy)) < [|® — 0K |

< 1

Therefore, all the eigenvalues of (<I> - OK,‘,‘W) lie inside the unit circle and hence the
MPC controller with gain K3, 1s stable. ®

Consider a stable controller with gain K. The sufficient condition for this con-

troller to be stable is

(@ -0K, )| < 1 (11.7)
or equivalently ||® + (-0K,,.)|| < 1

and a sufficient, but more restrictive condition for this can be written as
)] + || 0K mpell <1 (11.8)
This condition holds if
191] + 1611 {| Kupel| < 1 (11.9)

Therefore, under the more restrictive condition of (11.9), Lemma 11.1 can be

re-stated as:
Lemma 11.2 If [|®|| + [|8]| || K}X,c|| < 1 and there exists any controller such that
| K]l < || Kpel| for the same ® and 6, then for the continuous parameter a € [0,1},

the controller with gain K2 (i.e. controller output Auy,) is stable.
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Proof. Using the linear combination of controller gains in (11.3),
| K npell < [ Bpell < | Kl (11.10)
Then the proof directly follows from equation (11.9). &

Remark 11.1 The formulations developed in this section for the a-controller are
valid for both SISO and MIMO systems. This is obvious because Lemmas 11.1, 11.2
and their proofs are applicable to both SISO and MIMO systems which follows directly
from the state space form.

Remark 11.2 Only the unconstrained solutions to the a-controller are discussed in
this thesis. Hard constraint handling is beyond the scope of this thesis. However, Qi
(1997)proposed an algorithm to handle hard constraints using a continuous control
horizon. The general idea was “to continuously adjust the a parameter to avoid

active constraints”.

11.4 Stable On-line tuning Using the o Parameter

Once the two stabilizing MPC controllers with control moves Au® and Au’ are avail-
able, the closed-loop performance of these controllers can be assessed on-line against
an LQG performance curve as illustrated in Figure 11.2.

Suppose controller 1 with control move Au® and gain Kf},pc is the conservative
controller and controller 2 with control move Au' and gain K, is the aggressive
controller. In this case, typically ||K2L || > [|Kmp|| - Then using the a parameter
the control moves and in turn, the controller gains are combined linearly. The con-
necting line A — B in Figure 11.1 will map into a performance/robustness trade-off
curve Al — Bl in Figure 11.2 since each point on this curve represents the perfor-
mance/robustness of a particular a—controller. The location of the points Al and Bl
relative to the user-specified LQG performance curve is determined by the nominal
design of the two, individual reference controllers, e.g. by the parameters A, N, M.
The distances from the points Al and Bl to the LQG performance curve are di-
rect measures of the controller performance relative to this user-specified benchmark.
The shape of the curve is a function of the process dynamics. Typically, as the con-

troller gain increases, improved performance (lower var(y)) is obtained at the cost of
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var(y) SIETEYMPC
/ Performance
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Achievable region 2=t LQG
performance
curve for
different A

var(u)

Figure 11.2: Tuning of the a controller against the LQG performance curve.

robustness (larger var(u)) i.e. a performance increase usually means a decrease in ro-
bustness. The performance/robustness of the controller can be adjusted by choosing

the appropriate value of a.

11.5 Controller Design Using a Continuous Con-
trol Horizon

The control horizon, M is a very effective parameter in MPC tuning as illustrated by
Figure 10.6. However, since M in classical MPC design is an integer tuning parameter,
the controller gain K, and hence the controller performance for different M changes
in a step-wise fashion. When using the o parameter tuning of MPC, the two limiting
controllers with gains K] Slpc and K ,1,,pc can be designed for two control horizons M = m
and M = m + n. For this case, varying a from 0 to 1 is equivalent to varying the
control horizon continuously from M = m to M = m + n. The tuning effects are
therefore smooth, bounded by known (nominal) limits, easy to interpret and apply to
both SISO and MIMO systems.
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11.5.1 Recursive Calculation of Control Outputs for Two
Control Horizons

To avoid two separate control calculations at each control interval, an analytical
expression is developed so that the MPC output with a control horizon of M = m+n
can be easily calculated from the output with a horizon of M = m by the addition of
a simple “update term”. Qi (1997)developed the recursive control move calculation
with control horizons M = m and M = m + 1. It is discussed in Chapter 8 in the
ARM-MPC context and briefly revisited below.

For an MPC with a control horizon, M = m, denote the dynamic matrix as G,
and the present/future control move vector as @2,. Assume that an extra control
term Aupn,,; is added to the MPC designed with a control horizon M = m. The new
dynamic matrix Gm+; can be expressed in terms of the previous matrix G,, and a

new coefficient vector z,,,, as:
Gm+1 = [Gm, Tm+1] (11.11)
where
Tm+r = [0,---,0, 31,"'SN2-m](TN2x1) (11.12)

The least-squares solution to the future control problem can, then, be written as

GLGn+A  Glam H a, }z[ Gn ]E‘ (11.13)

T T
Tpi1Gm T 1Tma1 + Amsd At

The control vector, @}, containing m + 1 future control moves (in terms of the

Tm+1

m~vector solution, u) is

iy, =0 - GizZ ., (E - Gni) (11.14)
Atumir = Gozl ) (E — Gnitdl) (11.15)
where
9, = (GLGn.+ )" GTE (11.16)
G: = GiG: (11.17)
Gz = (20, 1Tms1 + Ams1 — 25, 1GmGs) ™ (11.18)
Gi = (GLGm+ )" Clzmy (11.19)

See Chapter 8 for proof and detailed derivation.
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11.5.2 Continuous Control Horizon from M = mto M = m+n

For predictive controllers with control horizons M = m and M = m + n as opposed
to the special case of M = m and M = m + 1 (line A — B in Figure 11.3), a linear
interpolation between the two control vectors can be obtained which corresponds to
a control horizon M = m+an (line A - C in Figure 11.3). The control move update,
in this case, includes a (n by n) matrix inversion (G;') as discussed next.

For two controllers with control horizons M = m and M = m + n, equations

(11.11-11.19) can be re-written as

Gm+n = [Gma Im+n] (1120)
where
[ 5, 0 .-« 0 0 i
So S1 o -.- 0
Tmin = Sam SM_1 . 51 (1121)
L SNz_m sNz_m—l e Tt SNg—m—n+1 J (Ngxn)

The least-squares solution to the future control problem can then be written as

T T T
GrGm + A1 Gl Zmin H , ]=[ G ]E (11.22)

T T
Im+nGm -Tm+n$m+n + ’\m+1 Inxn Aum-{»—n Im.+.n
The control vector, u}, containing m + n future control moves (in terms of the

m—vector solution, Q%) is

uy, = Uy, — Gzl (E - Gatd) (11.23)

Aty
AUpin = : = Gyzl, (E - Gntd) (11.24)

Almyn

where
6 = (GLG.+A)'GLE (11.25)
G = G356, (11.26)
G: = (2% nZmin + Amiifaxn — 25, .GmGa) ™ (11.27)
Gs = (GEGm+ M) Glzpin (11.28)
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The linear interpolation between the control moves can be written as

Au = AW +a(Auf, - Aud) (11.29)
= AW, - aKn, (E - GnAud) (11.30)

where K., = G1zT .. It is clear that the control action, Aug,, is a linear combination

of the two conventional MPC controllers, e.g. those with control horizons M = m

and M =m+n.

Control Action -

o
b
c

Auy au)

(( R
m m+1 A\ m+n
Control Horizon, M ————»

Figure 11.3: Control Actions and Interpolations for Different Control Horizons

Remark 11.3 The control horizon concept described here is valid for both SISO and
MIMO systems without any difficulty because both Aul, and Au®, are vectors of the

same size (r * M x 1) where r is the number of inputs and M is the control horizon

and the linear interpolation between a = 0 and o = 1 is valid for both the systems.

This is shown in Chapter 8.

In (11.3) Kgpc is the controller gain with control horizon M = m; and K,l,,,,c is the

controller gain with control horizon M = m+ 1 or M = m 4 n. ‘For integer changes
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in the MPC control horizon, the norm of the controller gain changes as a stair type
function. However, use of the above combination of controller outputs gives smooth
changes in the controller gain, i.e. like the interpolation line in Figure 11.1 and can
be interpreted as tuning the MPC by changing the control horizon continuously from
M=mtoM=m+n"

As discussed in Section 8.2, all the lemmas are valid for any two controllers with
gains K&pc and K,lnpc. However, the two MPC controllers with two different control

horizons can be calculated recursively with less computational effort.

11.5.3 Simulation Results

The results developed in the previous sections are illustrated by the following simu-

lation examples.
Example 11.1

Consider the third order process

(2) = 0.0077z~3 + 0.02122~* + 0.0036z~5
T 1-1.9031z"! +1.15142-2 — 0.215823

An ARM-MPC is designed as described in Chapter 8 with u = 10, prediction

horizon, N, = 10 and the parametric model order, n = 3. The control weighting and

(11.31)

the output weighting are 0 and 1 respectively. As the continuous horizon parameter,
a, described in Section 11.2, is increased from 0 to 1 the control horizon changes from
M =1 to M = 2. The closed-loop response for this process shown in Figure 11.4
shows that (as expected) the control action becomes stronger and the output response
becomes faster as a increases from 0 to 1. This is confirmed by the performance with
respect to the user-specified LQG benchmark shown in Figure 11.5.

It is also anticipated that the robustness to uncertainties will decrease. This is
confirmed by the robustness bounds calculated using the matrix perturbation method
(described in Chapter 10) and plotted in Figure 11.6.

It is clear in this example that as the value of a is increased, the controller perfor-
mance (in turn, the aggressiveness) increases whereas the robustness of the controller
decreases. This illustrates how the controller can be easily tuned on-line to obtain

performance/robustness trade-off.
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Figure 11.4: Closed-loop response of a non-minimum phase process by changing a

11.6 On-line Tuning Using Steady State Weight-
ing

As discussed in Chapter 8 steady-state(SS) weighting gives the effect of increasing
the prediction horizon without actually changing N, and can provide robust stability
for predictive controllers. Saudagar (1995) showed that the steady-state weighting
parameter v, gives better stability properties than the move suppression factor or
control weighting A. Saudagar (1995) defined a normalized v, concept where v, =0
means no SS weighting and v,, = 1 means a “heavy” SS weighting. Using appro-
priate design methods, v, = 0 and v, = 1 can also be considered as “aggressive,
high performance” and “conservative, more robust” controllers respectively. Calcula-
tion of the SS gain using the ARMarkov model, state space ARM-MPC formulation
and control calculation are discussed in Chapter 8. The steady state gain using the
ARMarkov model is given in equation (8.61) as

1
(l+a;+-+an

sm=Ham(<I)1—I)‘191= )[1+a1 11 --. 1]01
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Figure 11.5: Performance of the ARM-MPC relative to the LQG benchmark for
different values of a.
and the control solution using the SS weighting is
i = [GLQuwGoo+Aw]” GLQuEw (11.32)
E
where B = (Yo~ Yelb)) = | 2 |
€o = Ysp(oo) — g(k + OOlk')

Typically, the controller gain is calculated off-line while using the controller on-

line. Assume the gains for the two controllers using v, = 0 and 7., = 1 are calculated

off-line as
K3== = [GTQG+A]"'GTQ (11.33)
and KJz™' = [GLQwGoo +A]” GLQw (11.34)
where
G
6x = | 22 ]
Too | (Ny+1)xM
Too = [SoosO1x(M=1)] s
Q 0
Qw=[ ]
0 Yoo | Mxinty)
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Figure 11.6: Robustness bound of ARM-MPC for different values of a

The controller with v, = 1 and gain K=" can be considered as the conservative con-
troller with gain Kgpc corresponding to point Al in Figure 11.2. The controller with
Yoo = 0 and gain m‘;‘,‘fo corresponding to the aggressive controller with gain }’{,1,,1‘,c in
Section 11.2 and point B1 in Figure 11.2. Then all the theoretical developments in
Section 11.3 are applicable to these two limiting controllers and the a parameter can
be used on-line as described in Section 11.4 for the tuning of the controller to obtain
different performance/robustness combinations. The limiting controllers in this case
represent two user-specified control applications e.g. high performance with a = 0,
and conservative, more robust with @ = 1. For non-zero «, the a-controller is guar-
anteed stable if the conditions in Lemmas 11.1 or 11.2 are met. System performance
can be tuned on-line without significant additional computation at every sampling
time since there is no matrix inversion etc.

The stability of the MPC typically increases with increasing v,,, Yo, € [0,1], due
to the detuning of the controller. As shown by Saudagar (1995), the detuning effect of
Yoo is higher in the lower range of 7, i.e. the stability increase for v, = 0 to v, = 0.2
is much higher than the stability margin increase for the v, range 0.5 — 0.9.

The changes in the controller gain of the a—MPC controller are linear due to the
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Table 11.1: Robustness bounds of ARM-MPC using different v,

steady state error weighting, v, | 0.0 0.2 0.5 1.0
robust. bound, p,, 0.0134 | 0.0661 | 0.0813 | 0.0883

linear interpolation of the controller outputs and controller gains as shown in Figure
11.1. When using the SS weightings v,, = 0 and v,, = 1 in the boundary controllers,
with @ = 0 to @ = 1 the boundary performance/robustness are determined by the
boundary controllers, but the intermediate performance/robustness varies as a is

adjusted as shown in Figure 11.8.

11.6.1 Examples

Example 11.2 Performance of ARM-MPC'’s with different SS weighting, 7.

ARM-MPC'’s were designed for the process in (11.31) as described in Chapter 8
with g = 10, prediction horizon, N, = 5 and the parametric model order, n = 3. The
control weighting and the output weighting were 0 and 1 respectively. At sampling
time 50 a step disturbance was added. The closed-loop response is shown in Figure
11.7 for different steady state weightings. The change in the robustness bound, p,, of
the controller was determined following the procedure described in Chapter 10 and
is shown in Table 11.1. As expected, with increases in the value of 7, the process
output response becomes slower and more conservative. This is also reflected in the
robustness bound i.e. p,, increases with the increase of v,,. As discussed earlier, the

detuning effect is higher in the lower range of v

Example 11.3 : a—tuning using boundary controllers with different SS weighting,
Yoo-

System performance relative to the LQG benchmark was evaluated for the same
process in (11.31), using a—tuning of the ARM-MPC’s with v, = 0 and v, = 1
as the two limiting controllers. The results for step tracking are shown in Figure
11.8. Closed-loop performance with respect to the LQG benchmark is plotted in
Figure 11.9. The effect of a on the performance of the ARM-MPC is similar to
changing v, directly (Example 11.2). However, as mentioned earlier, the effect of

using intermediate a values on the closed-loop performance is different although the

185

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2. - 1n=0
— Yc=0.2

Setpoint and Output

Control Action

-105 20 20 60 80 160 120 140

Time Steps

Figure 11.7: Closed-loop response for different values of steady state error weighting,
Yoo-

two limiting performances are the same as shown in Figure 11.9. As observed in
Figure 11.9, the performance of the ARM-MPC using the a—tuning is more linear

than direct v, —tuning.

11.7 Trade-off Using a Combination of Steady-state
Error Weighting and Control Weighting

In the preceding sections it was shown that ‘a~tuning’ provides (nominal) stable, on-
line tuning of MPC over a user-specified range of performance/robustness that can
be evaluated relative to an LQG benchmark. When the two boundary MPC'’s used
in a—tuning were designed using two different control horizons or different SS error
weightings, the output of the second boundary MPC could be calculated by a simple
extension of the first controller i.e. it was not necessary to do two independent MPC
calculations at each control interval and hence a—tuning was efficient and practical

from a computational point of view.
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Figure 11.8: a—tuning of the ARM-MPC using 94, = 0 and v, = 1 for the two
limiting controllers.

One of the most widely used parameters in the design/tuning of independent
MPC’s is the control weighting, A and hence it is logical to ask whether it is possible to
develop a computationally efficient approach for a—tuning using boundary controllers
designed using different controller weightings. Unfortunately such a controller was
not found. However, the following discussion shows that it is possible to interpret
a—tuning in terms of simultaneous changes in SS weighting plus control weighting.
More specifically, the performance obtained using the boundary controllers (o = 1
and a = 1) can be interpreted as MPC with two different control weightings A, and
A2. However, for 0 < a < 1 the effect is interpreted as due to a simultaneous changes
in control weighting A plus SS error weighting v, rather that a change in control
weighting alone.

To develop on-line a—tuning using simultaneous SS weighting and control weight-
ing some of the results derived in Chapter 8 are used here. For example, the control
move using simultaneous SS weighting and control weighting is discussed in Section
8.5.4.
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Figure 11.9: Performace comparison of the ARM-MPC for a—tuning and ., tuning.
11.7.1 Feedback Controller Gain Update Using ~v_.»
As discussed in Chapter 8, equation (8.74) can be rewritten as
Au(k) =CTA} [ GTQ 21 ves | Yopa) — CTA} [ GTQ 21 7oy | PrsaXa
and the ARM-MPC feedback gain can be expressed as

Kmoo = a' [ GTQ‘I) zoo7002 ]
= [ a*GT Qd, a* zoo%oz ]
[ K

mool moo2 ]
where
Kmoo2 = A; (11 1) S00Y002 = a;lsw‘ytxﬂ

Keeping v, constant while varying 9., means Ky, remains constant and the

value of K2 varies linearly with the variation in v,,. It was shown in Chapter 8
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that
”Kmoonz < ”Kmocﬂ”z + ”Kmoo2”2 (11-35)

Since || Kmoo1|, remains constant for a constant 7, the controller gain ||Kmnooll, can
be updated by varying .., and hence || K;noo2|l5- For example, for v, = 0, || Kmoolly =
| Kmoo1ll, and the result is equivalent to a change in control weighting. For y,.; = Yoo,
the result is equivalent to steady-state weighting. For values of 7., between 0 and
Yoo, an intermediate feedback gain and hence performance is obtained which can
be interpreted as due to simultaneous changes in steady-state weighting and control
weighting. This gives the flexibility of using either control weighting or steady state
weighting or a combination of the two weighting parameters using a single tuning
parameter, v,,. The tuning of the controller using the 7., parameter is shown in
Figure 11.10 (the model and MPC parameters are the same as in Example 11.3). The

controller gain update using <., is shown in Figure 11.11.

11.7.2 Equivalence with the a—tuning

Let v, = 0.5. Then varying v,,, from 0 to 0.5 means the controller gain is changed
linearly from Know = Kmool 10 Kmoe = Kmoot + Kmoo2. Therefore, considering the
controller with Koo = Kmoo1 as controller 1 in Section 11.2 and Koo = Kmoo1 +
Komoo2 as the gain of controller 2, the tuning effect of 0 < v, < 1 is equivalent to the
a-tuning in Section 11.2 and all the stability and performance theory are applicable.
Moreover, this approach to on-line tuning updates the controller gain on-line and

saves computational effort since controller re-calculation is avoided.

11.8 On-line Tuning Surface

In the previous sections, controller tuning was accomplished by linearly combining two
controller outputs using the a parameter such that a performance/robustness trade-
off curve was obtained. In this section, > three controller outputs are combined
to construct a control vector surface such that any two points on this surface can
be used to tune the controller using the a parameter. This is illustrated in Figure

11.12 for three specific controllers. This tuning surface allows a lot more flexibility
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Figure 11.10: Step tracking performance of the ARM-MPC using the v, parameter
tuning.

of controller tuning than the performance/robustness trade-off curve generated by
linear interpolation between two controller outputs.

Any three stabilizing controllers can be used to construct the three limiting points
of the surface. For example, the three controllers can be designed with

1. control horizon M = 1, steady state weighting v, =0
2. control horizon M = 1, steady state weighting v, = 1 (most conservative)
3. control horizon M = 2, steady state weighting v,, = 0 (most aggressive)

Note that in this example, the output of the third controller can be obtained by
updating the first controller output as discussed previously.

There are several situations in which three controller could be used to meet impor-
tant operating objectives. For example, under “normal” or typical operating condi-
tions tuning could be accomplished using two boundary MPC’s and 0 < a1 < 1 that
provided a range of performance/robustness that would accommodate the process

variations under normal conditions. For unusual conditions such as a major upset

190

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



N Ko I

0 0.1 02 03 04 0.5
Ye2

Figure 11.11: Controller gain update of the ARM-MPC using different values of .

or changes in operating conditions (upstream unit failure, partial equipment failure,
plant utility upset etc.) the output from the “normal” controller calculated using
al, could be combined with the output of a third, ultra-conservative controller using

0 < a <1 to provide “fail-safe” operation under any conditions.
P y

11.8.1 Simulation Examples
Example 11.4

Consider the same process in (11.31). Three ARM-MPC controllers are designed
using (1) M =1,7,=0,2) M =1,79,=1 3 M =2, v, = 0. The other
tuning parameters which are same for each controller are: © = 10, No = 5, n = 3,
control weighting A/ = 0 and output weighting @ = I. Controller gains for these
controllers are plotted in Figure 11.13. Two different controllers (C1 and C2) are
designed off-line whereas C3 is designed by updating controller C1. The step tracking
performance of the three controllers are shown in Figure 11.14. Controller 2 (with
M =1,v, =1) is the slowest (and most robust) and controller 3 (with M =2,v, =
0) is the most aggressive controller. The al controller is tuned on-line by combining

the outputs of controllers 1 and 3 by using a; = 0.5. Then using 0 < a < 1, the control
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Figure 11.12: Control move surface for the a— tuning of ARM-MPC.

performance is tuned to obtain performance in between the performances of controller
2 and controller al. The performance of this new controller for different values of « are
shown in Figure 11.15. The performance of the a-controller is a combination of the
performance of the three designed controllers. Comparing Figures 11.14 and 11.15, it
is clear that controller performance of any degree of aggressiveness available on the

tuning surface can be obtained without a significant increase in on-line computation.

11.9 Conclusions

o ARM-MPC can be effectively and efficiently tuned on-line using a single param-
eter 0 < a < 1 that linearly combines the outputs from two separate controllers.
This is an extension of the approach used by Qi (1997)for DMPC. When both
boundary controllers (i.e. for « = 0 and a = 1) satisfy the norm conditions in
Lemmas 11.1 or 11.2, then the control obtained with 0 < a <1 is guaranteed

to be stable

e When the design of the two boundary MPC’s differs only in the choice of the
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Figure 11.13: Tuning Surface constracted with 3 different controllers with different
gains and controller tuning of controllers C1-C3 (al controller) and C2-al controllers.

control horizon, M or the steady state error weighting, 7., then the output
of the second controller can be calculated by simple, extension of the first con-
troller calculations i.e. it is not necessary to perform two independent controller

calculation at each control interval and hence a—tuning is efficient and practical.

e The effect of the a—tuning can also be interpreted in terms of the MPC control
weighting, A. When a = 0, control weighting is equal to the base case with
controller gain K&pc or equivalently to using control weighting A\g. When a =1,

the controller gain is K} __ or control weighting is A;. When the single parameter

mpe
(steady state weighting) 7., is varied the effective controller gain is obtained by
a simple update of the first controller gain K,?lpc and the effect can be interpreted
as the result of changing both the control weighting, A and the steady state error

weighting, v, simultaneously.

e The performance of the closed-loop system can be calculated for 0 < o <1
and compared versus a user-specified LQG benchmark. For example, system
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Figure 11.14: Step tracking performace of three different controllers.

performance can be varied between “aggressive” control (¢ = 1 and v, = 0)
and “conservative” control (a = 0 and 7., = large) with corresponding changes
in the robustness bounds. This effectively meets the overall thesis objective of
developing a practical, on-line MPC tuning approach that can be used to main-
tain system performance relative to a user-specified LQG benchmark and/or to

adjust the trade-off between robustness and performance.

e The concept of a—tuning is extended to use three or more controllers which
provide system tuning over a surface of controller outputs rather than along a

single curve.
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Chapter 12

Conclusions and Future Work

An ARMarkov, dual model predictive controller was developed in this thesis and is
recommended for process applications such as those that occur in the chemical indus-
try. The main areas of contribution are: (a) identification of a MIMO input-output
ARMarkov model using simple least-squares methodology, (b) design and analysis
of a Model-based Predictive Controller (MPC) based on the ARMarkov model and
(c) on-line tuning of the controller to achieve user-specified performance/robustness
trade-off(s). These contributions are summarized in the following section in the same

order outlined in Table 1.1 and Figure 1.2.

12.1 Contributions

1. An input-output ARMarkov, dual model plus equivalent state space models
were developed and used as the basis for the design, analysis, implementation
and on-line tuning of a ‘complete’ Model-based Predictive Controller (MPC).
(See Chapters 2, 3, 4, 6, 7)

e The dual, ARMarkov model is a combination of a non-parametric and a
parametric model. The non-parametric part of the model consists of a
user-specified number of Markov parameters and the parametric part is
a residual model that approximates the slower dynamics of the process.
This model combines the advantages of FIR models (used in DMC) and
ARIMAX models (used in GPC).

e The p Markov parameters (impulse response coefficients) define the time
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delay and initial (fast) response of the system. Thus it is not necessary to
specify the process time delay, a parametric model structure, or an exact

model order.

e In practice, a low order ARX model is sufficient to model the parametric
part of the residual or slow dynamics of the process response. A suitable
order for the residual model is generated during the model identification

step by using an AUDI form of least-squares.
e A disturbance model was added to the ARMarkov process model.

e The most powerful and complete set of analytical methods for MPC design
and analysis is based on state space models. Therefore, the input-output
ARMarkov model was converted into equivalent ‘state-space’ models that

can be directly used for MPC design, simulation and analysis.

2. An ARMarkov identification algorithm was developed to directly estimate
the user-specified u Markov parameters plus the coefficients of the ARX model
of the residual (slow dynamics) and the coefficients of the disturbance model.
This method can be used ‘a prior:i’ and/or ‘as required’ during plant operation

to provide a suitable model for MPC. (See Chapters 2,5)

e The ID method was extended to MIMO systems.

e The ‘order-recursive’ AUDI identification method was re-formulated and

used for selecting the order of the parametric residual model.

e The Markov parameters estimated by the least-squares ARMarkov method
were shown to be consistent and less sensitive to noise/disturbances than
the impulse response coefficients in the complete response estimated by
other LS methods such as FIR, ARX. The estimated ARMarkov param-
eters have better statistical properties such as variance/covariance, con-
fidence bounds than the same properties of the parameters estimated by
FIR, ARX.

e The dynamic matrix, present in most MPC's, was constructed using the

Markov parameters directly estimated using the ARMarkov method. The
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statistical “consistency” of the Markov parameters leads to better accuracy
and, in turn, to better control than other ID methods that convert the I/O

or state-space models to step/impulse response coefficients.

e The interactor matrix for MIMO systems can be directly determined from
the first u—Markov parameters identified using the ARMarkov method.
Consistency of the Markov parameters leads to more accurate interactor

matrix estimation.

3. A model-based predictive controller (ARM-MPC) was designed using
classical techniques but is more flexible and efficient than many of the other

MPC’s described in the literature. (See Chapters 6,8,9)

e The ARM-MPC is flexible enough to include DMC and GPC as limiting

cases.

e It needs fewer Markov parameters than conventional DMC and, unlike
DMUC, includes a disturbance model that allows independent on-line regu-
latory tuning.

e It is less aggressive than conventional GPC and does not require solution

and/or updating of Diophantine equations at every sampling instant.

e The consistency of the Markov parameters leads to a more accurate dy-

namic matrix and hence better control.

e The special structure of the state-space ARM-MPC leads to higher ro-
bustness bounds and less aggressive analysis criteria than the Small Gain
Theorem (SGT).

e The state space ARM-MPC, which is derived from and mathematically
equivalent to the input-output form, can be directly used to calculate the
LQG performance benchmarks.

e A classical state space model (A,B,C,D matrices) was derived using the
consistent Markov parameters obtained using ARMarkov identification and
an Eigensystem Realization Algorithm (ERA). This state space model can

be used for all classical design, analysis and simulation procedures.
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e The disturbance model added to the ARMarkov model enhances regulatory
control and tuning. It can be identified using the ARMarkov method or it

can be treated as a user-specified filter.

4. Significant design and regulatory tuning flexibility was added to ARM-MPC
by separating the disturbance prediction in the feedback path from the plant
input-output model. (See Chapter 7)

e The first of the two parts of the separated disturbance predictor (SDP)
equation consists of terms that depend on the plant model. The second
part depends only on the residual (error in the current output prediction)
and the noise model and is completely independent of the plant model.
Thus the SDP makes it easy to provide more flexible tuning such as inde-
pendent ‘servo’ and ‘regulatory’ tuning of the controller through the use

of a ‘disturbance horizon’.

5. The proposed ARMarkov model-based performance assessment approach
simultaneously produces multiple metrics for closed loop performance monitor-

ing/assessment. (See Chapter 10)

e Estimation of a reliable and accurate interactor matrix is a pre-requisite for
performance assessment methods such as the conventional Minimum Vari-
ance (MV) benchmark. It can be estimated from the consistent Markov pa-
rameters directly identified by the ARMarkov method from routine closed-
loop (CL) operating data.

e Sensitivity /complementary-sensitivity functions plus time-domain metrics
such as time constants are available from the closed loop ARMarkov iden-
tification. The sensitivity/complementary sensitivity function can be used

for on-line performance assessment and tuning of the controller.

e An LQG performance curve was constructed and is recommended as a
relevant and practical benchmark for MPC performance assessment over

the user-defined domain of operation.
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6. On-line controller tuning was implemented using a single parameter 0 < a <1
that permits smooth, robustly-stable tuning over a user-defined range of con-
trol and provides a practical basis for implementing higher level supervisory

optimization functions. (See Chapter 11)

e This tuning approach is applicable to any two controllers, including MPC(s)

e It linearly combines the outputs of two robustly-stabilizing, user-defined

controllers using a single parameter, a € [0, 1]
(a) @ =0 (MPC #0) e.g. conservative (e.g. M =m, y,,=1)
(b) a=1 (MPC #1) e.g. aggressive (e.g. M =m +n, v, =0)
(¢) 0 < a <1 provides smooth transition from conservative to aggressive
performance
e Changing the tuning parameter a from 0 to 1 leads to smooth changes in
the state feedback gain, K7, — K}
e Two independent controller calculations are not required at every sampling
instant if the two MPC'’s are designed with
(@ M=m —>M=m+n,or
(b) steady state error weighting 7., =0 — v,2 =1

The second controller is obtained by simple updating of the first con-

troller and thereby saves computational effort.

7. The system is robustly stable for all 0 < a < 1 if the two limiting MPC
controllers (i.e. those used when @ = 0 and @ = 1) meet the conditions of
Lemma 11.1 or 11.2, i.e. the norms of the closed-loop system matrices are less
than one. This is a significant characteristic because most MPC’s provide only
an “optimal” solution and do not guarantee stability and/or robustness even
for the specified design case. Similarly, most MPC’s do not include a stability
guarantee when design (tuning) parameters are changed. (See Chapter 11).

e Performance and robustness over the user-specified region of operation
(0 < a £1) can be directly compared to and evaluated versus benchmarks
such as LQG.
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e The single parameter a—tuning approach was extended from linear in-
terpolation (i.e. along a line) to tuning over a surface (for > 3 MPC’s).
Off-line calculation of more than one controller output may be needed
(depending on the user-specified limiting controllers) for this case. The
a—controller can be tuned to obtain the desired performance/robustness

combination at every point on the surface.

12.2 Overall Conclusion and Practical Significance

From an overall point of view, this thesis provides a complete and integrated design
and analysis procedure for a dual-model based predictive controller (ARM-MPC) that
is easy to understand, flexible to implement on industrial processes, and provides the
desired performance/robustness trade-offs through (single parameter) on-line tuning.

The proposed approach for design and tuning is particularly significant from a
practical point of view because it provides an effective, intuitive method for use by
plant operating personnel and/or higher level supervisory/optimization algorithms.
(Most MPC;s have “too many” tuning parameters in the sense that their non-linear,
interactive effects make tuning very different when attempted over a wide range of
operating conditions and/or applications)

The practical advantages of the ARM-MPC arise because: the tuning interval is
closed and normalized (0 < a < 1); the limiting performance/robustness is known
(e.g. a conservative C'1 combined with an aggressive C2); tuning is smooth (inter-
preted as changes in feedback gain) over the full tuning range; the performance and
robustness bounds can be analyzed a priori and expressed or monitored on-line in
terms of performance metrics or benchmarks such as LQG and MV, and a “fail-safe”
fallback control procedure can be included to handle major, atypical disturbances
(via multidimensional a—tuning).

In most process control applications regulatory control is more important than
setpoint tracking. Although it may seem relatively unimportant from an MPC-
structure point of view the separation of the disturbance feedback and prediction
path in ARM-MPC (Figure 7.1) is significant because it allows independent design,

implementation and tuning of the regulatory control versus setpoint tracking func-
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tions. The disturbance model/filter can be estimated or user-specified independent
of the process model; practical tuning parameters such as a disturbance prediction
horizon (analogous to the output prediction horizon) can be added, and concepts
such as “a—tuning” can be used to blend multiple disturbance estimation/prediction
strategies.

Significant work is still required in the MPC area, particularly to handle very
large systems, constraints, non-linear behavior, higher level supervisory/optimization
strategies and practical, robustly-stable, on-line tuning. However, as demonstrated
in the preceding chapters, the ARM-MPC offers several structural, theoretical and

practical advantages relative to most MPC’s in the literature.

12.3 Recommendations for Future Work

1. The statistical analysis of estimated parameters discussed in this thesis does
not include disturbance models in the ARMarkov model structure. It would
be interesting to analyze the statistical properties of the estimated parameters

under disturbance model estimation.

2. “Control relevant identification” has drawn a lot of attention in the MPC design
and application areas. It has been shown in this thesis that the ARMarkov
identification uses simple linear regression to generate “consistent” parameter
estimates which, in the limit, converge to the true values. In MPC, accurate
modeling leads to controllers that optimize the user specified performance index.
It would be interesting to compare the approach used in this thesis versus control

relevant identification from the point of view of controller performance.

3. In recent years, closed-loop performance assessment; monitoring has become an
active research area. There are several very useful and important theorems and
tools for performance assessment, but not much has been done in the robust
performance analysis/assessment area. Future extension of the ARM-MPC de-
sign and analysis approach developed in this thesis could include robust perfor-
mance criteria. This could include on-line estimation of model plant mismatch

(MPM); ARM-MPC design to achieve robust performance; on-line performance
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assessment using a robust performance criterion; and tuning of the controller to
achieve robust performance. The LQG performance criterion was used in this
thesis as a performance benchmark for ARM-MPC. In future work, a robust

LQG performance criterion could be used for MPC performance assessment.

4. Joint identification and control is another promising area of research. Either the
model is updated/re-identified or the controller is tuned/re-designed based on
the achieved closed-loop performance/robustness. It is interesting to note that
even with significant MPM, higher performance may be achieved with the result-
ing controller. Future extensions of this thesis could include joint identification

and control in the context of ARMarkov ID and ARM-MPC design/analysis.
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Appendix A

Factorization of Matrices in the
AUDI Formulation

A.1 LDLT and UDUT factorization for the DPMM
and JAM

The data product moment matrix (DPMM) S, (k), formed using the data vector
®na (k) is expressed as (Niu et al. 1990, Niu et al. 1992, Banerjee and Shah 1996)

Salk) = [Zasm(i,n)asia(i,n)} (A1)
=1 (2n+1)x(2n+1)
_ [ Sl n) T 6 i)y
[ S T an) ) Sy ) (4.2)

Writing
A = Z¢ zn (zn n—-l(k)

B = Zrbm(i,n)y(i)

i=1

k
b = Zy(i)2

0= | gr

and the LDL” decomposition of S, (k) is

[ b 07[A O Ly o017
S"(k)-[BTA‘l 12,.”0 A] [BTA-l 12,,]
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where

A = D-BTA'B=1J,
k T ¢k -1
BTA™ = [Eqsm(i,n)y(i)] {Z¢n(i,n>¢’£(z‘,n)}
=1 =1

= 8 (k)
A is decomposed sequentially to obtain

Sn (k) = {Ln (k) Zn (k) [La (R |

where
Iop_ 00 1 0 O
1211 0 ~T 2n-1 ~T
L,(k) = . - -
* [GT(k) 12,,] [%('B g (1) (1)} [9°(ko K 12,?_1}
ZEn(k) = diag{Jo(k—n),Lo(k—n), - ,Jac1(k—1),Ln_y (k—1),J, (k)}

Cu(k) = Sn(k)™

= {L.z®) L, (k 1T}"1
= (L7 (R Za (R L7 ()
Un (k) D (k )U,.T( ;

213

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



