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KQ?,STRACT' | o

This thesis is concerned with the time  * R
evolution of a. large’system consistlng of several '

+ kinds of partlcles that ‘can be. transformed 1nto S V‘fi{ndg
each other by an external fleld ; Several klnds of

.,‘.:‘

syétems are Studledﬂ and in each case an exact

equatlon descrlblng the tlme evolutlon ofrthe systemT’

@

. is obtalned ) .

L o Chapter One is an 1ntroduct10n to the problem.'

R AN
W&

It is a recapltulatlonsof some work" done by H. J

- Kreuzer and K. Nakamura [ﬁ];f They con31dered two
(klnds of Bose Elnsteln partlcles a and b thQh can

he transformed 1nto each other V1a a constant external

.,
P

'fleld We extend thlS to 1nclude Ferml-Dlrac partlcles. dfpi
ﬁfrj : Chapter Two generallzes the work of Chapter L
One for bosons to a threé-channel model (1 e. w1th

‘f:three klnds of partlcles a, b and ?) The resultlng Lﬁhhaf

';tlme evolutlon equatlon 1s then s dled and 1llustrated

kfby varlous examples., The extensxon to an n channel

/l,“(['- ¢ ‘ e

_system of . arbltrary topology 1s ea51ly made A tlme’*'4

J

.'evolutlon equatlon is derlved but not studled.
e The zero temperature llmlt for fermlons 1s»’;:“d

Jfobtalnedyln Chapter Three. KeIV1n s statlonary phaseh;frf;ﬁ;

tdargument is used to study the asymptotlc tlme evolu— g

U

T,tlon.‘



: . . . ¢ R e o ) . ,‘-:. _H.‘.\‘“ . .
In Chapter Four we,study‘a~two—bhénnel system /. :
initialiy in equilibrium»but'with”the'a particles at
-4 ‘.‘ . .‘ . ,,. .‘ -.A‘ &‘ A
? temperature_Ta and the b'particles aft - temperature Tb‘~”

. Finally in Chap#er Five a high température:
expanéioh is made ﬁor weakly degéner&te EWquhannei
. boson and fermion systems:

« . M Lo "¢. . Y ) .
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'behejhaﬁiLtoniéh

s L ;_,. l5;_____

g

LG

vboth Ferm1 fleld operators and ijn_.,

bd

 CHAPTER 1

. THE 'TWO CHANNEL SYSTEM
. '\' . "‘ ‘ -~ p

We con51der two klnds of partches a and b

K3

(e;ther both bosons or both fermlons) whlch can be‘
X ;

/ N\
tsansformed 1nto each other v1a an external fleld

The hamlltonlan for thls sytem ln coordlnate

/‘
’

representatlon 1s ' 'f'}l a _{ 'I -
. - . o . . o ’. " :

2. o

R-

'

M.

wFu I—* f§w1 ledx + 5—— JVWZ szdx - :??hltth 3~§U;.u“*' |

':~-¥ﬂe‘f*fa§7?(§?Iw1¢¥41¢§witff%:ff.5777'7_?* ”x1§i>f7ﬁ“5‘

M o

htwheréﬁw w (x t), 1— l 2 ere elther both Bose or fjfof”f

e P e - /

t.g.Qaan.:tg¢iof : fiﬂtf'w‘ﬁ;f'*”713}?;z o

o s o,;;r,_,,;;,

:"_f‘Fouﬁier'decomp051ng the fLeld 0perators, we get .




NOTE: Henceforth the quenumber k- will 51mply be o

l.

‘wrltten K, the dot product KX, etc. Also

. z = {“.,.

n

wheFe » R ",' Sy
- 2my S
ki'-=';f7’.r oRTEeE ng =0l ey

Substltutlng (1. 2) 1nto {1l. l), we get the hamlltonlan‘_

“ln creatlon~ and annlhllatlon—operator representatlonv'

oy (Lf (2) R Ty IRE
;§_,£ £ akak+3£ K bkbk+-8(t) ?k ka,(akbk,+b k,)_

b

_where | o
ke Tﬂzmi-

.

o™ ¥ Jax

dx V(x)e .'_g- 3 L H_ i;ii3;?{i f

VI

..”’"V(lb'.3.)' -

;?Note that if V(x) = V(& constant interaction). then . .-

VA

e&Ykﬁ}‘—_voékk‘“

e n '-C--:ff;",f:AAEf'N-“*QVQ‘
-Diagonalization and exact 'solution ‘

~HInema£rik_petatien;fthe[hamiLtéhianfegdatidh ;fnfff“":

SR PR S



. ey by - e o
5 where»E(l)»and V'aréisubmatrlces w1th elements

N Eéiz = eél)ékk' and ka; reSpectlvely, and (aflb

represents the 1nf1n1te vector (.. a;...l ;... )

‘ w1th all Wavenumbers k ﬁFClUded The hamlltonlan

b

) equatlon (l 4) can be" dlagonallzed w1th a unitary

"matrlx

That is. ..

' and A( i) are dlagonal submatr1¢es w1th elements

é;z"Aé%)Gkk'ﬁ' We 1ntroduceequasl-partlc;esnby a?;{-n-ﬁ

l;nea;.transformatidn of the annihilation’operatonegff;f]tff~"~

ffwith]inversejtransformptiOhs P

2

"'{;(I;V)]fj.e,e?.f'



: R x
o ' o (1.8) .
s - "*_ ) . ) ;

. _ ’ * " . * -~

by -‘E.(Bk'kak' fka'kka)»fA T

end s1mllar equatlons for the creatlon operators | »i/
If the partlcle operators satisfy the Bose (Fermi) |
" commutatlon relatlons, then the qua51-partlcle opera;,
"tors-agaln satlsfyvthe}Bose-(Ferml)_commutat;on_,

‘relations. ‘This is.gdaranteed by the unitarity of‘Ur

~

NOTE: In the follow1ng theorems the upper

51gn applles to Fermlons, the lower .eL

| 151gn to Bosons",g g t

L]
N

. Theorem l':"h'h.f,h,.7

S If I. dakfa§;1£~ Kk

. l .
Lo

II. [bk,bk.]

|

[ak,ak.] f;O

PR =T

[bk'bk']
: all hold then all of the follow1ng are true,;;,l_
[“k'“k'] =55kk?trmhf,;r;f:'"

[Bk,Bk.] e;§gg;;p S

=20 Taey

A [ak.Bk.] =o§'.2 e (1.10)°



V. [«

We shall prové

rest are similar.

Proof:

v, '?‘['8

-~

kl]+

7=Z{(c
o 'qq

R ANT:

z ivk;qfaq i q

k’ak;]i - a - : : SR |
k‘Bk'];i -

only (1.10) I and V. Proofs for the r

b s
qu kq )(Ck'q q k'q q)

d

D ,b .)(c a 4D, b)} ~EF-D.

.[b b ]

C, .[a,a.]+D Dk q.,

'v

kq q kq q ;BfE::_”“

q(";:fq’[bq q ]+Ckcf)k' ,[a ‘b '] }



_

\

‘We shall alsoyneed the fo}lowing'results:

Theorem 2

o 1)+ (2) ,F
, .If 34— Z Aoy +£ A By B
thén °
’ | (1)
:E" k'# kH k! + Akl
B

(2)

1. By K= BBy, + A B

L}

Proof: 'Webwillfpréve I,dnly}

LI is -the same.

(D) TS
a, K= ) {A (0 40y )a A
k £k

o

..— Z{A(l)(d T ala v)ak i Aézz

kk' ¥ TxOk!
o Q! = A(l) kl + xﬂdku
.  / .
orollarx(

If Ji is .as above, tAen~

*

v 0pae

-i#t'f/h = .e?iﬂ‘t/ﬁ. o

"k

Opr

ko * M By {Bk}

+ ».
Bk B_kak:l }

.11},$kle—ij+t/ﬁ ?'eii?*#(ﬁ Bk;'éifw

(1.11)

]
|}

o]
1
1

]
u”

-

"B-E

The proof for



[

Proof: We shall prove I only. The proof for

II is the same.

k;

Coimes S migm
o et ~/, - =g '('Lnff—)-”k-ﬁn» B
But ak.}$ "(Jiak.-kké%)ak.Lf#n‘} f\;xf..} ? (1¢+-A(l)) a
; | I 1) |
s uE s t/1 T
s ak,é lltt/ﬁ:ze lf*t/ﬁ ak;'ev . 0.E.D.

- (ITO get the time ‘evolution of the system, first calculate ~

e;g.: ; S » : : ‘ ',’*; .~
SRR L misem
.. _; - : . . . . . = - | ’
| IR 7 ax g ;lit/ﬁ -
'= e. - EC%Z/kak' 'kBk')e e |
N Nt S
: e ) —lA(]")t/ﬁ : "l)\(?)t/ﬂ
= ] (Af,e k! +Cy k B )
k! k'k A k' k' k : - kl .
= g [P kk»' (t)ak' + Qkk, (t)bk,] S ‘ : (1.13) - ‘
l‘ {
where

| 1>\(l)t/ﬁ L "" /ﬁ
'; ’Pkk;A(.t) =‘}§ (Ak"}\ k"k'e .: ‘“,, + Ck"k k"k'e o
o L -!_r,lx(l)t/ﬁ ”V';‘{“J; -lx(Z)t/ﬂ

k" c*
2 (A k"k k"k'e ‘

.(t) L, * k"kvk"k'e ) ;\_.':).-j:

j Qkk

- Ty
' ' - f L3 '+A
and 51m11ar expre551ons for bk' ak, and bk

vqnables us toﬂcalculate the't;me depgndencefbf f‘j 

[This.



- the number deénsity e.g. of particles a in‘state k:

né?)(t) = Tr(azakpt)/T:(pt)

/

o MM/, —iB/N o pat
v% r{e = apay e o po)/Tr(DQ{;,ﬂ

b = Trd Z [p* (t)a -+Qk (t)b ]
r qqr

x (pkqﬂ(t)aq|+erq|(;)§§.]po}/Tr(pQ)” %\\
o : X ey, -

R :,r : T;(b'a e - '
. o+ Q* ‘o

o Tr(e -

-s&o

A'_where p =e . ‘isg the equlllbrlum statlstlcal :

' operator for t g 0 The traces can be ea51ly evaluated

 eto Theorem 2 (replaC1ng¢i bng,, a B by a b A(l) by

‘7_,\._

(}),,and\;t[ﬁ'by B) « The result 1s/‘e,7 '

[iom.

'g'

‘us1ng the commutat;on relatlons (1 9) pnd the cOrollary 'e:_



; | . - o »
Tr(a,a,,e . ) : - -
k“k =5 . n(O)(gél)) oo (1.16)

Tr(b

)/.. - ' ) ) ' . . ! . L.
K k€ PO (o) . (2) - Crqy
——pm " The M Sk (1.17)
Tr(e . ) L ‘ '

 BH. ' —éJ«L‘
. + . o)
».Tr(akbkfe‘ )

n
=N
a1
U’

‘where

3 (o) (1) e_ ! o “E=D .
n o) sy . BE
eFBHe_ k 1

is either the Bose—Elnsteln or the Ferml-Dlrac dlstrl—'

butlon functlon, depeﬁdlng on the StatlstlcS the oper-n'»"'

ators obey _ :
051ng (1 16)—(1 18), eqn (1 15) for the tlme
B evolutlon of the number den51ty of the a part&cles

'becomes‘

)

, (1) (€)=
AT

' 'The general structure of the COefflclents IP k,(t :

; ‘and }Qkk.(til 1s as. follows | G

S R (IR P
A2y E
)

q' ~°°S“‘(l)_ . ,q-_;-x

. I r (t) I ) -l + P
| kk . kk qu kk q
ey
arq’

-, wos (A(l) x‘”)%
+ EIP;;'l. | q q

e \\ ~afq’

:; cos()\(2) ‘27)?§53; f@iféa)pf

N

) [‘Pkk"t)i ‘°)£€‘1*)+ lQLk:(t)lz n( e

kk qq - g » ~'.ﬂ_§::“;'f}”;7"

;s



 Here Pl meesuresvthe amount of a particles still

' cles a and b together,'and of partlcles a’ among

b .

1f we assuTe a constant of fleld ka, ;' 6 ;3

With-? -

present

three terms glve the momentum—state m1x1ng of partl— B

themselves, and of b among themselves, respect1Vely |

becapse

In partlcular, wevget B

£ .

Dy

The 51ng

L N

. ';,
P

v,
-
‘g e

wﬁere‘eo

thleS b

in the new steady state es t > The last y

!

LY

All these expre351ons 81mp11fy con51derably B

kk‘

then no m1x1ng of momentum states ‘can’ occur

'y
¥ N
\

-V +-Ek

‘Lﬁff..

- o

.-1..

le partlcle energles are’ glven bye

o N

‘lyg"

(2) e ﬁZ 2‘

2. ' 1;‘5; .

10

( )(t)==n(o)( (1))+ _7_2_7 [1- cos(A(l?. é?)’ﬂ%lliv;

e e

1s the threshold energy of formatlon of par-;'.f*
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We now. spe01allze to a syst%m con51st1ng :
1n1t1ally at t <0 of only partlcles a in- equlllbrlum :
~at a’ temperature T a constant external fleld V belng
sw1tched on. spontaneously at t fwb; We then get for

the denslty of partlcles a 1n the thermodynamlc llmlt

e, e

Py (t) *\17 Z-_n-}il_)' _._(t)'
L (zﬂ)..-‘;j ."_f‘ffw_af}, .f“.‘l T el

A ek L @ g
.x’[l oos(A Kff)fﬁl»'*“' oeﬂ(;fg3)

i N ' .E_V° A Eg ey

:s.Matlng the suostltutloos §nt mI'ET i T g A

T « R 1 2 " Z}Lfﬁ.-_‘Zn_‘ I SO
R “ ‘—nr an@ X Snwo ke o 2
v‘,and assumlng T lS hlgh enough #6 use Maxwell Boltzmann'ﬁrﬁ

.'statlstlcs for 51mp11c1ty, the tlme eVolutlon equatlon
tA'becomes ‘ | |

2

: x&{f {bmsﬂhﬂxqﬁ} L
o i) -z,f e e

(l 25)

he)
=
———
n-
g’
.3
N
ONY——y g

f1 Several examples of tﬂis equatlon are plotted 1n

~'F1§ l l, on the next page.; A dlscu551on of thls

\z

;fdlagram, taken from Reference [l], w111 be glven 1n

‘;VQChapter IV. -, 



L a0

.O‘~

o _ —
& ™ ©
T

e -
.
-~

bt ol
T

l ’
1

Yoreee

ay

0
|

-~ . ] = | :
O L
g —

s

e, .
N

Sl I
=

;;40(;; ? ’

Flg.‘l l Typlcal examples of den81ty osc1llatlons 1n6~¢ ;'f;
PR the two channel model. (Taken from [1]).;_7

..j“Upper -graph: §= lagr=5,".
Q;Lower graph. dotted line: §="1, ; >3
g -+ dashed liney $=101; 1 :
e SOlld line-- &- l.: r

0

!l ll ll‘

l
1
l



CHAPTER II . g
- ‘ ' . . - 4 . . B . ) 7 S
_ -~ THE THREE CHANNEL SYSTEM

t - .
. C g

§2.1 The‘Time;Evolutionquﬁation

-

We*con31der three klnds of partlcles a, b and

- c (eltheiifll bosons or all fermlons) whlch can be ’)

.,ftransformed 1nto each other v1a external flelds.; ’j-w. R

[Slnce the tWO channel system was a&ready dOne 1n
¢ Lo

_’detall,‘we shali proceed rather qu1ckly

The hamlltonlan for thls system 1n creatlon— 5

~ and annlhllatlon—operator repreéentatlon 1s

- -#;‘%_‘j.(;’}gl‘>‘ ; a + (Z)b,tbk“f €1£ )Cl k)
Cvem ] {véi?’ (ak + bﬁak,>
kk., S B

sy +“
+ kav (a):k'*.ck k')

2230 (b

kk'

K k- + ck k‘)} RS ST

.,s'f,ftf”'fi?f + Vv
TR R R

! v}ﬁi?)= .1_ dev( )(X)e

<

9 45 4 constant e

As before,'lf V(lj)( ) = V

actlon then Véing _ (13) k{'"




il
/£

Diegqnalization.and exact solution
In matrix notation '
BT -~ Hay
- . 17k
M= (e lby e e by
1k

(2.2)

o e g g
-t @ e e s
V€l3’f (23t ,‘?)7 | |

: )‘ :

am
!

endjE(l)'énﬁ‘V(lJ) are- submatrlces w1th elements RN

N COREERT ¢ S AT (13)
: Ekk' _k Gkk' and ka, .respectlvely The B
"hamlltonlan eqn (2 2) can be dlagonallzed wlth

a’ unltary matrlx SR _; 'ftﬁ'5ﬂlimblffiff;5  'ﬂ;fdﬁ;f”W

(4
i
ey

0]
if:HHL
[ ]

- That is: - - -

H
)
e
=<
-~
]
=
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g ( o
and 1M has eiements Ak;Z = akk.xél)( We introduce

quasi;pgrtlcles by a llnear transformatibﬁ of the' |

et ' . '.. ) . ' "y ’ i‘ ‘
‘annihilation operators

[

]

o = 4, Braed F BB * Geced T

It

 ;TYk ésEs&Gkkfak!vt.Hkk'bkf kk'ck')

with inverse transformations. -

Akwk?k} k'kBk' + Gk kYk‘)

wm
o Y R
ijéi;
e

jck‘— E.(Ck'k k' * Fk'kBk"+”-kkak*):f“ﬁfff*;'

5'gand 31m11ar equatlons for the creatlon operators. B
f'¢Because of the unltarlty of U, thegquaSL-partlcle

./_v

'Tjoperators agaln satlsfy the same commutatxon relatlons {¢¢ 

3,"as.thex9artlcl¢ ope:ato;sr;fThat 1s, 1f°;.

l

971 ot ]' g

AT
,pm_;-wg

f-[ak,ak.J_,é"p{_j*-’”



. 1- .
[ak'ak']i‘— 6kkl

|

|
w
1

[ak'Bkv]i

. ete. .

To get the time‘evdldtibn Qf’the‘syStem,'uge.Theo:emu25j“:"

' andlits Coro11a:y]from'Chapte:\dne_to-first.¢alculaté

eiﬂﬁyﬁak‘eiutﬁy IR

-lJﬂtﬂi

lﬁ*t/ﬁ”
z(Ak k“k"*Dk kBk' k kYk"e e

S  .-1A£%)t/ﬁ o ;; 1A(2)t/ﬁ P
: ..=,!_,}§ (A 'ke ~. e ak' ' k|ke R Bkl

L k,
e k!ke_ o Yk')

T '.‘ft’: S v
' BE

-‘la.,-L-"*,

| e "*T7  -1Aé%>t/ﬁ - o 53-1X(2)t/ﬁ
[,QQkk"(t) % (g Pkt k'k“e - vk Dk'kEk'k"'j; ;

,j

+ Gk'k k k"e )

(2.10) -

16



-
~

LS ' - -1A(l)\/h R 1A(2)t/ﬁ

) (Ak'k k'k"e o k'ka'k"e

Ry, (t)=
kk"' koo k!

\ 1A(3)t/ﬁ
kkkk"e

Sy

: and‘51mllar-expre551ons for bk' Crr. ak’"bk and ck}
. ThlS enables us to calculate the time dependence of

) the number den51ty e. g. of partlcles a 1n state k..-
S S

Lo 1ut/ﬁ + '—1Nt/ﬁ
n = . -Tr(pt) B ~. o _Tr .(pof \ g

k"

’.+,‘| k! (t)| n‘°.’(e‘3’>1 O ”'f.','}"‘lz“'."ls!’

ewhere [} =;"es/;_- 1s the equlllbrlum statlstxcal fl

‘Loperator for t O and

”dlstrlhatlon functlons, dependlng on the statlstlcs

7“the operators Obey"‘fflfvzn2f23s'f

ﬂ-Nofmomentum mixing<ﬁﬁ' A e

,o)(a(l)) ‘are the B—E or F- D x"

17

) (2.14) ]

i

[
i

N - =7 [IPkk.(t)l2 ‘°’<e‘”> +lokk.(t>l" ‘0)(5(2’

"Iff AR All these expre551ons 81mp11fy con31derably lf*

wﬁtwe cons1der a constant fleld Véi?)u—. (lj) k,gbecause

k

J

"’then no momentum m1x1ng occurs.f In particular, each ‘;y fﬂf

f‘of the sub—matrlces of U, 1 e A B,...J are dlagonal

ifThls 1s proven 1n the follow1ng three theorems.vu;ffii’;7=5“-



Theorem 3 o ""  .

18

If A, B C, D are any general block m trices

. w1th A and D square, then [2]

"thenf"-"

AP B
|1 ABC

R as shown

|a|" - |p-caTl

]

B|

Y]
e

i

>

O .
o
Y s
5

Theorem 4

'féf,' If A B,...J are square dlagonal submatrlces,

1 DEF .%‘T'IAKE.J?FH)’} B(DISFG) + C(DH-EG) |, - .

Proof Use eorem 3 with the matrix partitioned .

R T

- e

NN N R ‘ |
€ | (e-pa qlp F-DA™C)| e
5 A et J*9A71¢1‘ R
IA(EJ-FH) B (DJ-FG) +. c (DH-—EG) |




.‘r

Theorem,5 - .
If ¢ is as given in egn. (2. 3, then- its

elgenQalues are found by solv1ng the equatlon '

]AI—gl: Os In the transformatlon ma;/}x U, each

submatriX' A,B,. .J is dlagonal if ka.) (lj)ék

Proof: -U51ng Theorem 4, .

= |ar-gl="|F) | R (2.16)

~ where F(A),is~a;diagonalfmétrix with~elementé7

kak'= &-“3 22 (e (1) }gz).,r G

(1) (2) (l) (3) (2) (3) (23)2- (12)7 ,,(13)7,"
A+ A(e €y k ;?k“ k, €y ﬂf';-v '.j'-Y; .’j)*

- (e (1) (2) (3)+2V(12) (13) (23) (l)v(23) é )V(;3X'”'

ek fx k

5 -

E'3>.<P~%\r1di,ng-'th’e‘ determinéhtv' '

= [P0l = TR0

’"tfffﬂhkaQfﬁf“%*f;_iv

:r“Thls thlrd order equatlon 1n A has the solutlons f~'fx

dfkél?, i= 1 2 3 ‘ The elgenvalues are arranged 1n

19

—eiPy ‘12) )} (2';1_7)_

Q;;the order glven 1n (2 6) and A(l) has the elemqnts Gjﬁff;fin"

S (i) (1) T
'“'A};k':'—‘ 6 k"



The columhs of U_l.are formed from the nor=

, X
malized column vectors |y| where
_ z
X = Xk -
c )

etc., which are obtained by solving the equation
x| . |o : :
[\I-g]l|y|-= |O] (2.18) "
o z 40

If'la%flﬁl); we éet the fbllowing'system '

=IO

L

(13)_ - (23) (1) : ?'3)1_ SR
S S %’“ Ol -z, m

. for7eaCh L. There are - two cases. 2 #‘kvand'2-= k.'d

r

2 # k- Then thlS set of 3 equatlons (for a’ glven g)

(i) (1_)

;has determlnant # o 51nce A . and e are.not -

algebralcally related

Je xz'élyﬂa%ﬁ?& o for all.{ # k.isf'

% k Slnce the above equatlons all had det. # 0

_and yet |x1 g] ; so the three equatlons for 2 kif ,.‘

:”mpst have det - Oq ,*"7'3"‘”,d._;di-v: iﬂA:
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S ‘gt”ieaet one of xk,yk,zk is not equal to zero.
. : ’ ’ ’ * .
Thus -

6VH :'. o

e S Ths S

Bkt = SyxrYx v

_Ckk':? Sk v

]

all formed with A = A(l).' The,otherteuhmat;iéés
slmllarlyfare found to be diaédﬁal. | |
L . . . | B,
'if-we‘furthermore assume'thattthere areloﬁiy parti—~‘
N

o cles a present at tlmgt = 0 then ‘the tlme dependence

of the numger den51ty of the a, b and c- partlcles 1s?"

wherel | : ‘

'*'P(l)(t" - 1-22%p? (l -£))-28%62 (1-84)- -20%6% (1-£5). (2;2fx .
IP(Z)(t)l = 0~ 2ABDE(1 ~£,)= 2ABGH(1 -f, ) 2DEGH(1 -f ) 2. 22) .
.f_|p<3)(t)| = O- 2ACDF(1 f ) 2ACGJ(1 f )= 2DFGJ(1 f ) (2{23y7;;:

with;._'l]ﬂ' o ;';_ 1 f.*‘_ a'5¢i;‘j/__;l.
(2) (1)) R

t

= cos(A

Fh
Itt

Fj cos(Aé3) A(l)) fTﬂ]j: :t: ffutefdalfﬁgtzé?iﬁdi;'d

- cos(A(j{ A(Z))

. }-h_"‘
111



Al

andkthe unitary matrix's -submaérices A, B, . J have‘

.subScripts k,k. i.e.:° A% kk' etc. Note that -

/

(j/ | " 1 ifi=1
: : 1Py (£= o)l . P .
o o ifi=2,3

~as was-eXpected,’and thatbefthe:hnifaritdef?U,:
- (1) 2 _
1Py T =1 o
i=1 - 7 o o v
; _ . o R L S
l.e.: Consérvatlon of |total number is guaranteed by
the unltarlty of U.

We get for the density of partlcles a, b and

c ln the thermodynamlc 11m1t

: ll

RRTIES B
Pt =g E n l?(t)

_'i*

Jd k. n(l)(t) ¥
(2w); P
g
(2u)

Jd kIP(l)(t)I (o)(sél)) (2 25)
""The Sl“gle Parthle energles are glven by ‘f,f:{fjﬂi;f'

(1) ~ h2k2

l

(2) ;h A

k ‘ 2m3. +“€3~



’
7

where Eor €,, are threshold energles for the formatlon

3
of b, c,,part;cles respectlvely. To make the final
 time evolution equation dimenSionless, wrlte € as .
S S(l) I'-I'U(l) :‘ L uxg,. N
U(l) U(Z)' S(3)~ :  V

am

-

where the submatfices havé;the'elemehts‘

o L A%k PO
;Skk_ i_‘_’kk'

: ‘ijkk'_ =8
:U(if; (13)

",0

g is dlagonallzed by the orthdgonal matrlx U, glven R

fln (2 4). i. e.

(12)

q; U

G I

(3)

giUsing the'édbét;tutiohs;j_f;:.:j;f.a7~~f”"
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i g3 (23

T2 7 o E NI 3 = m 1

ﬂ'-(and drcpplng the subscrlpts of the submatrlces of U, T

“_'_and the P s)- and u51ng Maxwell Boltzmann statlstlcfQ

for simp41c1ty, the tlme evolutlon equatlon (2 25)

Uy =';7177 '“”?2 = ;TIiT ::T t(2.2?)

24

._becomes o .'5‘,"' ‘*_~w; o ‘f~ ’Q_ﬁgiswj“'

o oo
p,l.(t)

Ha

Qmm-ﬁiﬂfﬁﬂg?f

—

-
7 ~

~

by

~
’

Y 1




Case I Alterlng the Energy Scale.

: all energles are ratlonallzed in terms og V

25

§2,2 Illustration Examples

(2.30)

D

- The frequency of any osc111atlons in the three ‘

channel model is proport10nal to the. energles 1nvolve§?

fln the model. " To show thlS, SUppose all energles '

'1nvolved are multlplled by a factor q. Notlng that

(12)

' mustimgke whe follow1ng changes in. eqns. (2 26) to B

> qﬁ,,(eq. (12) (12)) 6 > qG x2+ x2,

e

f1'+ qf and U and P, i’ ;%-1 2 3 are unchanged Eqn.‘

1§pr(t)ﬁ,7.1-. v‘7"' e 2
it oA ( 6)3/2 J 2 q6x

i‘-tlons to be q tlmes as fast."f.ht

quual Maéses and Undamped Osc1llat10ns

(2 29) we get that R

V((2 30) becomes ffddhu

faY o0 L

X dx e

. x'|A|B|D|E| (1~ cos — . gT) Flase

L gr) + ] @3

1~Thus multlplylng the energles by q cauees the oscilla—f;f‘n

If m1 '2:— m3, then usxng the deflnltlons ef

Ce
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0 o ‘
». ) 3 ] _ - L. - ] ‘ 2 ) . N N . ‘. . . .
T g = 1 . r2».g2\_ + x° ;‘ [ ,.;(2.32X

where I,. = §i:.. The.matriguof:rationalized‘éiqéh€ V>-:U'f“"

‘fValués is —T%fT A= ?A&he:e,i. :X

. i e
. Y

. .‘-«u'

4oiwhere Ulr uz: N3 and U are constant 1n M- The inte“’;}f;“ 

"”Ggrals (2 30) for the partlcle densxties are then

) \
’.;terlal Note that 6 drops out i e., there is no

ﬁiiAjtemperature dependence.‘ we get

bopl‘ﬁori 0 ””Q'QQC'}'E.:;fj”ﬂ”?¥?ugiﬁ}ffﬁjj,__7Q5éfjiu,?j

N

2

IR S [
GIH| (1 = cos wyr) |

——

MEO aw»

L 7/ b




where
e S A SR R 3 _T“ o

| . Thus the'osCillatiéns'arejﬁndamped ThlS is not true
gln general because usually the frequenc1es wl are
3'functlons of x, resultlng in damplng.

-“. o L

.v"Case“II“Altering,the,V(23) 1nteractlon energy

We set ml_— m2 = m3, rzi-«r34—~0 and V(lz) V(13)

L Thusvthe a, b and c. partlcles are chemlcally %?entlcal u_:;
,fl e.. the same masses and no threshold enerqaes. .,. e

;:between them (137 1s a meaSUre of the probablllty

h;i;of an 1 1nto 3 or a’ J 1nto 1 Partlcle transformatlon“;fie o

(12) V(13)

f{Slnce V ahd 1n1t1ally all partlcles are of

ﬂ?ﬁtype a. (we shall also say they are a11 in "state l"),jx ;:f"

'T[twe expect that pz(t) = p3(t) .' s

o ' From Case I, we guess that the OSClllathn

';;;frequency w111 increaseras V(23) 1ncreases. Physlsally
- (23)

b.*hthlS is réasonable slnce the large: V 1s, the more _3‘74

;bﬁllkely tran51tlons between states 2 and 3 are, and

”'*7;can be‘Tound exactly $Tfn4‘“3{“”'

'”fﬁhence the faster the oscrllatlons.f The frequency




,:Thus A= 0 and the only frequency that enters 1s

_of the osc1llat10ns also decrease as V(

'SoivingIJUI—M] =0 we get - - i'; N

The elgenvector for “l is (0, + l//7 -—l//f)

As can be seen from Flg._2 l the amplltude

{Thls coupllng of amplltude and frequency 1s typical

-

fo: So1v1ng luI-Ml 0 we get ul---l, “2 37 —2——-

: 7.h“for osc1llat10ns 1n non llnear Systems. Lj,fh,[efh?f‘

- case 11T _»'A%t‘éririg the ’"f’-s»“_'_.thijeé'hé’ld:}f‘éhﬁérqr' SO

We agaln assume that m1 -mé:~ m3 so the tlme

'~fevolut10n of den81t1es is governed bY eqn. (2 34)

(12) (13) (23),

E‘_fFurthe;mo;e,elet:rz'—‘O and V i The

Cl

{» 3+l_'

28

1ncreases. L

L T
‘r3 B T R TR, ;'_qvgy‘ﬁeh,ﬁfi] Lo
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. . . . . ‘ 'V. - N
;o ‘ S

'The elgenvector for ulkls (l//f —l//? 0).

-3

_'Thus_C =0 and_for p. the only frequency that enters

is

_H3THy S : .
uy = 22 = /:‘ n? L ea

. ‘ L ' .," ' : .
For'r3> l. w3 increases as r3 anreases. Assumlng*

o the perlod and amplltude are coupled as before, we

"vexpect that as r3 1ncreases (r3> l), he perlod and

e

' ”Tthus the amplltude of - the OSClllatlonS for p3

h.gdecrease. Thls trend is shown 1n Flg 2 2 : Phyf_f:
sxcally, thls means that as r3 1ncreases,.lesS |
.partlcles have the threshold energy requlred to become
‘:C particles and so the p3 den51ty oscmllatlons are |
ismaller For r3 <l as r3 lncreases, w3 decreases.{
Flg. 2.3 shows that the amplltude and perlod are
coupled so that the amplltude of p3 actually 1ncreases”

fas r3 1ncreases.'i

(/}f‘f In any case, for r2 : 0 and r3:>1 or 0 <r3< lr_x;f:; l}

1rthe pl and p2 den51ty osc1llat10ns are greater than

-'hthe p3 den51ty‘0501llatlons.. Phys;cally, thlS means f:vl:;jfl

; *that the p3 oscfllatlons are 1nh1b1ted by a: pos1t1ve hi"‘

30 °
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Case IV 'Long period oscillations
In the two-channel model the density oscilla-

tions are due to the factor ":. .

N (12)""';,'
jcos[(A(Z)—ljl))%J'= cos[/ri+z(x -r) gXﬁr——-t]g (2:.40)

I

Thus the maximum perlod poss1ble is T = h/2V
(12)

(12) -

occurrlng when_..x2 =j£~ /For example if Vv ’MlO V

then’T'blO-;S.seconds; .However in an’ n~channel model,r

as n 1ncreases the perlods can become much longer
' ) .
A%

due to beatS‘or t0-closely'ly1ng elgenvalues. Thls

is only p0531ble for n 2 3.' The. reason is that in

a2 channel system) A(lZ)

‘-value to be less in- value than ‘the smaller dlagonal

Sauses the smaller elgen— l

.element and the larger elgenvalue to be greater than‘.
the larger dlagonal element.A Due to thls w1den1ng,.
‘ithe 2 channel system has a max1mum perlod ~Thls h
largument can be . applled to the n channel system.j

By rotatlng two axes at a tlme (method of Jacobl

'.rotatlon) untll the hamlltonlan 1s dlagonallzed we .

v'“see that the smallest dlagonal element must decrease,

: and the largest must 1ncrease.- But 1t is’ p0351b1e/

»,‘-‘

N

u~value to 11e close to one of the other tWO, eau51ng"

via 1ong perlod OSCl&lathD.w‘t; wf

- An example is. therase where rz-#s



o
[
{10

ey e= |t 23| wxfrem e @y
v’ ~ : o .
| 1 3 o . :

S

Solving |uI—M|'= 0 we get ul.?'O, p2.3 = 3:+/12. Thus
the three perlods are Tl "o, 62 T, T2'b8 62n and |

T3'b {58 T . It can be shown that the coeff1c1ent of

the cos mzr factor 1s relatlvely large._ Thus the

Uden51ty osc1llatlons con51st of a large amplltude—

£

 long perlod 0501llatlon w1th .a small amplltude—short

perlod osc1llatlon superlmposed on 1t,.as shown in
Flg. 2 4(b) Flgs 2 5 and 2 6 show systbms w1th

parameters sllghtly dlfferéht from those of Flg 2 4
.\

and w1th the long perlod absent

‘,systems with parﬁiclesiof‘unequal~mass‘7_,r'

134 ‘the masses of. the a; b; aaa'é’p5£tiaies”
. are not all equal the tlme evolutlon equatlons |
are much more compllcated than those for the preced-.;f’
d:ing eramples f The unltary matrlx U and the elgen—# . |
: values P are functlons of the lntegration varlable f>'“
;x; SO we must use the general equatlon (%éBO) rather
ﬂthan eqn.‘(2 34) f ;i_z”l‘,gdi;_%ﬂ’;%ﬁa.“'“

It is- Stlll p0551b1e to make approx1mat10ns
\

'~jto (2 30) for smal& tlmes and theoretlcally at leah;
‘for large tlmes. For T'VO the arguments of the

'Jc051nes are small and the coslne factors osc1llate
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'~vslowly since . the P,'s are-of-order‘l The matrlr o
bvelements A, B,»u..J are also of order 1 so we can o
“.assume that the maxlmum contrlbutlon to the 1ntegral
hhcomes from the maxlmum of the factor xze'Gx?; whlch kS
"1s at x<# l//K Thus the den51t1es are agaln descrlbed .TQ
;by eqn. (2 34) but w1th U and the Pi's evaluated by -
veqns (2 32) and (2 33) at x _' 1//6 Flg. 2.7
Acompares thlS apprbxlmatlon (a) to the exact solutlon |
(b) for" a typlcal eXample. Note that now 6 (tehpera—";lh:
ture) does not drop out but determlnes where theﬁf'ﬂ
.~.1ntegral has 1ts maxxmum contr;butlon.:f:fafaifii:[hf;f'hﬂ;:
| ForcT large the c051nes generally.osc1llate B
E :rapldly over the range of lnteﬁratlon and the above
: G

-tlargument falls.~ In thls domaln KelV1n s Statlonary

_fPhase Argument [3] states that the maxlmum contrlbutlon'!('

'Vfto the 1ntegral comes from the regfbn where wi(xr'?w"

j_Pk/z has a. statlonary polnt g1V1ng a 1//“ dampedggf” ::

731t1me dependence.v The other reglOnS' COﬂtrlbUt1°ns

”5ft71nterfere destructlvely. If there are no statxoﬂary Aff;

:f‘;901nts, the max1mum contrlbutlon 1s from the endpoifts

'*,of the 1ntegratlon 1nterval glVlng a l/r or faster

ufdamped tlme dependence. ﬂﬂ:ﬂﬁizqf,SFf?'“'

(23) w1th unequal masses f{s,en

Case V Alterlng V

A beautlful example of thls small,and large
"vt‘tlme evolutlon ls a system very 51m11ar to that shown =

T
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’?,[the p01nt of max1mum contrlbutlon (x = l//%) thelr

-;‘ wAO;ﬁ.

ih'fig; 2;1 ThlS t1me we let ml/m2 1/m ee ;;c.{:.

f;z‘e;;B = §‘; Ul = l and we agaln vary Uzﬂ ThlS ;*v 2

,eystem 1s 81mz1ar to that 1n Flg..2 1 because,at

'chamlltonlan matrlces (2. 36) are the same.. HOWever ;"

- ethls tlme we expect damped osclllatlgns because of
'fithe unequal masses._ff}rf7 e e |

| The osc1llatlon frequency can be found }fo]f‘ﬁﬁ_-TJ”

",¥ expl1c1tly. The hamlltonLan matrlx 1s : |

. LA AT T L T T TR

7”}The solutlons of the equatlon RI‘MI 0 are

P (1-uy) E
i ..32____1/()( -(1+u2)) HE. 43)

'”fESmall tlmes the frequency 1
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+]B.?;‘

i
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[

/3

(for 8 = l) and the perlod 15 T

'";for small Uz,‘and shorter for large U ) %‘

‘_for large T a perlod of /7'n 1ndepen5éntfof U'}Jf:t{if_f.”*l

"r

'”ffl//—.‘ ThlS behav1our is 1llustrated Ain: Flg._{;fe'u'J

In 2. a(a), T» = /7 ™ ;throughOUt In 2 B(b) ’the Per“’d

'.{lglncreases from T = 3-n to T /7 n. And in 2 8(c)

ﬁﬁi??the perlod dramatlcally 1ncreases from T 4n/ /7T

"-ff}We choose the parameters U1 a 02

8 n to T /fﬂ at about tlme T 21r or 3n Liﬂ*'fﬁﬁ”

As a fxnal example we study the trend?ln the ;f*{?-fh

'””rgand ml/m2 0‘ Slnce eqn. f*fﬁh'
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with the corresponding period

‘jDue to the statlonary p01nt at m = l the asymptotlc
: fpenod for Py # T = /2' 7 regardless mf"‘-'ilfi1*=’-"=‘,l °°“di"';
;ftions.f If we agaln guess that the eer1odfanﬁtamP11t“de

;fare coupled, then we expect the perlod and amplltude o

44
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B - r—-

1
0
5 |

and m =.m l/m 'The solﬁtions_ef?the equétion‘]ﬁIéM]?rQ

Q

=BVt L @an

}The elgenVector correspondlng to “1 rs (l//7 _-l//? 0)

- Thus C ' 0 and the only frequency that enters for pj 1s

'V5;;3§§ (Tféf¥_ 4n  _.}gat;fjﬂiibﬁiiife[j;*i?(é;ég)¥ewif*v \
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'llmlt is (0 O 1) and thus G =H =0, So for Py and p2‘4

the only frequency that enters for large mis wl

(u2 ul)/z = 1. For p3 rhe llmltlng frequency 1s of

wegurse w3 = (u3 p2)/2 = (m—l)/2 These trendg‘are

i

Alllustrated in Flg 2. 9(d)
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- §2,3 -The_n—channei ngtem

(l)"(2)

We con51der n klnds of partlcles a ,a poos

(n)

48"

a (all bcsons or all fermlons) whlch can be trans—’

‘formed 1nto each other via external flelds. L

‘The hamllton;an-for this sytem is

kk'

- _— S . o
H= ) Zie(l) (1)'?(1)+ 6(t) ) E V(lj)(a(i)f (3) .
- = . 1<J -k A ‘

Kk %k Kk

. a‘J’* (l’) o | ",5(2.50).'

: If we assume that the external flelds V( 3)

(13) (13)
constant then ka,.‘ kk'

fo; 1;Jf%1,2;;:(h;
1 <j-~ Then
= 2 { Z : . }El)'f' (l)+ 6(t) z (lj)(a(l)'f' (J)

* i<j.

BRRSUACI

: '
=T 7. ’f(l)
2 <§ R ‘Ek’u -

By =

;w'Thls hamlltonian equatlon can be dlagonallzedéylth

f ;.a unltary matrlx, That 1s."'.

{Z (1>+ (l)xi}) Q~ | .jiifr.:}fﬁzmséﬁ’3f;f

where ;",‘,-v"-- NIRRT O

‘3’} @y

) s '<1>a“+<1 )vm’ Coes



(1) . ’ '*..' .
A -Z<klj( )j,Q(Uk')i‘z

and where we have 1ntroduced quaslpartlcles by a-

llnear transformatlon' ' /

.

The qua51part1c1es obey the same commutat107 relatlons.f

. | ,
That 1s, w1th no momentum m1x1ng,

[

- as the partlcles
if

N NN T P
S S S P PR

;"(i)“'"(j)";g" "
[ak. ’.akf-]iﬁ‘tquy“

(i)

then. ~  [a, ', LB

(J)+ L
%k v_l: ,*éij
- [a (l) a}i))]i=0. .

~

For ‘example,

(2.54¥'

(2.55)

{Géé)] éA

(304 -

#< R

'.R

2 (U )

w?)
Zm k

12 k

+(m)
jm” A -

(z)(u

k)Jm k

(Uk)lz k

T(m)‘

(z),v

49

gziss)f;

-Af,(é;S?)fe”'

?:;.;(2;58). :>.



g%y ra (R T(m)
- gm(u )12 k)jm[ak ]

g ’,/fl'  ,';'

X(U 12 k)gz
Theorem One and 1ts oorollary from Chapter One are..

unchanged for n partlcles. ‘That 1s‘.

. ‘ ‘ o
<\\;// o ' - . ' o
. : - : oot
\ ‘ o _ . o
. ,

50

S () Aéé)@éi)_f_ ,;*, : (2 59)'f

kIJL J*dk

a}gi.)éf—'v, lﬂt/ﬁze—l\ﬂ,t/ﬁ (1) A t/ﬁ’ N
'...Thue_
- ' e “'__JL)\(J)t/ﬁ ’ S

: l\ut/ﬁ (1) '-l#t/ﬁ__ * .' (J) .
. ‘e Z (U 31 R

i
1N

0

Z.m*i)‘--* . e 3 w
) ”;.,, £

5 Z{Z (u ) (”;’Jz

(2)
jz k

]

s "
’ l*kjnf/ﬁ} ‘“’

M

Y

Thie?eﬁables7ds lo calculate the tlme dependence of
the number den51ty of partlcles a( > 1n state k

(L)f (1) e
(1)(t) S ) :fﬂi:;';.;"‘;‘_
Sk T TR 7* g,i‘lav7ea§ﬁ_.yw s
“:V‘:-f f; SR, _B“’“
S mE( ] g:?% (“’f P (m) oy

e ;;“?‘1.3-> - -e*”“f' (2 62)};"

T EH, o
Tr(e‘ﬁ_t;)_‘f_.1w.

(2 60)"-‘

Z{Pll} (E) | 3;Vj,{'j f;:ff ”'?l::e;;fj :(2;61)?1:ii.e?;
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‘where e 'Q, is the equilibrium;statisgiCalﬂOperatOr
. for time't <'0’_1Using_the fact that .

.._'-)=5 ’~ 1 \
3 _-Bﬂb T fm. =B e [ET

o
Tr(a”“? (m)

CJ_‘ HET ’

- @) B

Sam (2:63)

4

i

LéQDF,(Z;GZ):beéqmes ‘

I
~
v

a2
’-ﬁ
b
- o,, 4 .
—
o}
g
——
™
—
P
S
A
(Y

ey
me (¢

it
M
,..4
zo
.4 L
O
V
’\
A
zo
V
\-I

'&heée‘“ ' T '7‘ff

I l"l IX w) (u) (U) (U) g I

. ]m k | Ji mi k i E

'xga, e ~ 3 G (3) -v;;gfj_ajl _f ,
i ;.ﬁlsz *sz Plkznm f’°8“ ) 5 e 2.85)

QFlnally, the tlme evolutlon equatlon for the 1th

.spec1es lS
(t) -——§ d L n(lﬁ%t)

(2ﬂ) J , TR LT e
‘ f /  ,{ ;‘ Ty s _}:f ﬂf;:':e,{ﬂg, ",f5

If there are only a(J ) ‘patticles present at time t=0 .

-




o (t) =
o (2'")

An é}xtampkle of "tij;is,_ ,i:ype ofj‘-is})‘(fsterﬁ, ig

b_a(l) B

1

al2)

_vHére#FSIWould}bé;*7ﬂ7. i

“p(}}v. (12) ol
e

o

-—;-3- fd klPlJl (9_).(515_3,))'

e

<34> WL
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CHAPTER III - - . 1

~*_ZERO TEMPERATURE-TWO CHANNEL FERMION.SYSTEM

LN

§3.1° Time ‘Evo’lutio‘n- Equation

T In thlS chapter we derive the zero temperature _Li
4-llmlt for a two-channel system w1th both a: and b
fpartlcles present at tlme t O We start w1th equa-~9'

)&on ‘-(l-‘. 21) : | “ 1

g

‘ _n}:l?'.‘(;t.), . (o) (E]E]'-)) + 2’ ";7:-2' [1 COS ()\ (1) (2)) Q]x ‘jr?..ﬁ"

BT TN -Bu 2 Y—I** Do
‘}hKOI(éé;))'“,[e,”,l A + l]

jl

"1 and “2 are the Ferml energles of the a and b parti-f:f7

fcles respectlvely In the zero temperature llmlt the fﬁ

-:dlstrlbutlon functlons (3 2) become ;[:jﬂﬁfffwf

1 (o) (1) ﬁ k S 2a
.311m (g )— 1 e( _‘j )H”_

~;.l;im (o)( (2))_l e “h k




. where”
e (0t iE x<g0

A ife X 2
' Before proceedlng let us flrgt\calculate pl(O), 92(0):f?fﬂ:'

73and the ratlo p2(0)/pl(0) ‘if;;f 

'-jbikQ;:;f:‘l Id X n(o)(eél))
TR : (2'") ;

SPREE REREE
g
e
-
=]

neoc

i ,';"--'l,vf-:;,‘pi_ (0 -

f;sting the abbrev1at10n ».,”.,
F(kt)_ T—‘z Vo ‘{i— éc;s(x‘l’

'f”we get from eqn.;(3 l) for:the denSItyJoffparf‘cle

”'“ja ln the thermodynamlc llmlt :J“’
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S /2m (uz-s )/ﬁ
'Pl(#)v (0)+ , ‘;>; .~ 4nk dk F(%,t)

3

- /E‘Iizyﬁ f;‘2, s
_.’“"Cf" 4ﬂk dk F(k t)

: A'?‘f  ngfﬁ—f. e ~~?H.J:‘ﬂr: S

"1 (0) ’J 4"" dk F(k t) ;',.j.'.","-""(‘;3".;‘6’),i"

AL SR /Zm ﬁlz-ﬁ ) ;_i; i R TR

Deflnlng the parameters x r, T and u as 1n Chapter

One, l eo¢~'-

' --i--“}-2._ uvg, L V R - e .__;_:‘F“g’f_'}‘i} S :

den81ty can be wrltten as

pl(t) - plw)[l"f?m

P

x X dx [1 ’cos T/l+
1+ %(x7~r)7 PR

. or finallyas



RN TS (Y R o 33/21//3' E
01(0)+02(UT Q1(0)+02((YT n7 .-’ A ,pz /3:‘: \

ek
. 1+ I(xﬁ-r)z [ COS T 1 + (x —r) (3 8)

- where




ToAstudy the eqn. (3 8) just derlved abo&@t

lt 1s convenlent at thls tlme to dlscuss.the eva&ua~=

tlon of 1ntegrals llke the one 1n (3‘8r for asympto—i

tlcally 1arge t;mes{f

As we'have already Sald 1n Chapter Two, for

!yu an 1ntegral*of:the tYPe

R g/(X)cos[h(X)t] dx B .

where g 1s contlnuous and h 1s tw1ce contlnuously

dlfferentlable we can make approx1matlons to 1t for»f’ B

small t and large t.i-For small tames the argument

of the c091ne is approxlmately"constant over the range

;

of integration and consequentlyfthe maxlmum;contrlbu—fff'“77

txon [3]. Contributlons from other-reqions‘cancelf“y

destructlve lnterference.;;}f;f”f:-'“
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-‘Suppose\flrst that A is the only statlonary
>‘901n£: i. e. h'(k)~— 0, a< A< B | and assume that "'3] .' ‘;
Ch"(A). > 0. .ExPandl-r}g h ;gpqgt,ix_ =y oo

hix) —hOY = ¢t @gan

T.With this chtnge'6fﬁvafiableh(3;9)fbecomes
Ate ‘v I o .
.f(t) V- VJ ;g(x)cos[h(x)t]dx e
o 2 gl costemonr el v Gan.

sy
" where
B B N S

Sy = [h(m) —h(k)]
i‘We have assumed that only the reglon where u kS 0

acontrlbutes to the 1ntegra1.a For u m 0 we may let f-:;5;517

'V;Qg@x)}§~§(Xif‘ffe;:fff}e°5”3fﬁt"3y" e

.;so that 5 i
_,-f(t) v [m—,-l gm j cos[t(u +h(A))]du (35)
. 1 Ty SR




ﬁ”By the same argument as above we may let ul aha-ué”’

';go to 1nf1n1ty and we get after 1ntegratlon ;‘

F(t) ks [—Hw-(—y] 22 g(x)cos[th(x) *T] N (316)
j;ThlS 1s the tesult of-Kelvin 's Statlonaty Phase b‘?.e?ia ‘.
'JAkgument .‘ | | o § ‘. ‘”\ e
; The contributlons arlsLng from the endpolnts

fare much more dlfflcult to obtaln. We w1ll merely ““f eQ 
Qtate the result glven 1n [3].f7 Assume that T -
(L) E we have broken uP the lntegratlon 1nterva1 . 'Jifﬁf{
f‘:and made changes of varlable so that h(x) lS mono-??fxﬂi;gf{
tetonlcally 1ncrea51ng 1n each sublnterval a 5 x s 3; e
hs‘%);L” ‘g(x) 1s contlnuously dlfferentlable for a<:<< B,fwfh
' .(3}?:iA h(x) is. dlfferentlable,‘_w}ffgftiff‘f?ﬁfhj::_*7f~iif
O h &3 (x-a)p (g2 °"tny (0 Pk
eiwhere P l o l and h (x) 1s pos;tlve end contxne”'“l:fg

jtuously differentlable for o < 'S s B, and 515”*¢fifffff;:;@'

lff(S)ftfl Q}f l, 0 <"u < l where l-v and l*p ;;ff-*;
’fare the orders of poss1ble smngularltles of the ( @;

”flntegrand at d and B respectlvely

;bfhen to flrst order :{ff:fﬂ;gifkﬁ_,:fﬂgb;,_Qﬁﬁﬁnﬂlﬁ"*
’Lfs}gi'j_ ' '.,' o fv 4”,‘A." f_, _;_ﬁf e el
~frJ g(x)(x-d) (B x)u- cos[h(x)t]dxif}j?hfﬂﬂﬁﬁwflffhf:i‘l”
| [k(O) F( ) oos[h(u)t + 7 —] v.cg.‘f'ff...ﬁ?

-

cos[h(B)t 7 ~]]‘

: U L




- where

KW =g e@)ut™ &

WP = R(x) -~ hia). "
in:théffirstfterm ané;
uv) = gl(X(v))vl 2 g.";
%% =h(B) - hix)
.inrthe-segond'tepmfendl

‘;Notlce that 1f h (x) # O“anywhere 1n a“< X < B then
-ﬁby assumptlon (4) p 5&6{% 1} Furthermore if ql(x)

1s bOunded and contlnuously dlfferentlable 1n a £ x

.then Ve ;e l and the contrlbution of the endpolnts f:j"':

:to the lntegral 1s O(t 1)}f On the other hand the

.RCOntrlbutlon of any statlonary p01nts was found 1n vazitf

8 ',_.‘

'"fk3;19;

60 ¢

(x)-—g(x) (x-a) e- x)” -1 (320)
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§3.3 'EXamEle‘ SR f SRS

W1th the results of Sectlon 3 2 1n:hand we
o o SRl R
Vnow 1ook at some examples of eqn. (3 8) JWe set ) ﬂ: o

r = 4 ,so that (u51ng the above notatlon)

[ v . ey T
- . . . ' PRI | R B
-. ~ IR : R

',_,,x- . ‘i ! 1/2 Lo .,'.'_’!': “_- 'k"ol" oy
h(x» - s I('»-4) NG _.‘;;-w_,,;43,g;y

A,
l‘
."«,‘

SRR . R L PR IR R

?h(x) has a statlonary p01nt at A 2 as shown in the
rlght hand dlagrams of Flg. 3 l To 1llustrate the

’_results of Sectlon 3 2 we take three cases of eqn (3 8)

rWlth dlfﬁerent 1ntegratlon 1nter6vlsgtf:ij;

v
I3

"casé?ka);;f‘:; A=20 < oca=2is % g=5 oo o
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«fas shown in Flg. 3 l (a), (b), and (c) respectavely

i_Case (b) does and cases (a) and (c) do not lnClude ..“j,puu

.fthe statlonary p01nt 1n thelr 1ntervals.;&?ii;f??f.e:ji;‘ef%;
1c}-&mﬁe Note that 6 must be large to haye large‘tgiftkiea;??a
:”osc1llatlons. Therefore,v&n flght of the fact that

:eoe want 8 5 1n case (a), let us 1nterchan§e the :
1511m1ts and change the 51gn of the 1ntegral 1n eqn (3 8)
2fSlnce case (a) 1s smmllar to case (c), we w1ll d;scuss

vfonly cases (b) and (c) at length .i::i;‘ f;.;", S i!’ﬁ
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‘case (b): To get a=1 we let §=1 and thus <(€/
B =3 if p2(0)/pl(0)= 27. -Applying result (3.16) \

: - ,
with h(x) aijabove-and

| . , _
. x . -
g(x) = . » 0 (3.22)
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'~ we get the following results: ‘
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(3) . h"(A)=4
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(4) ‘Jjg(x)oos[h(k)r]dx'w~/7;'005(xif%)i _ _ |
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vfpl(t) i (m) : COS(T»fzﬁg'

'“'f"-' pi(‘o)fpz(O) bl(O)+02(D) 27 /}‘ (3‘.'23:.).‘:

This expression is a Very”qood épprbximetion‘to>.1 
Fig. 3.1(b) even as early'as the secdnd”cs