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Abstract

Industrial chemical plants are complex, highly integrated systems composed of
geographically distributed processing units, linked together by material and energy
streams. To ensure efficient operation in such integrated plants, multivariable optimal
control methods like MPC are required.

Although centralized MPC may provide the best achievable control performance,
issues such as lack of flexibility and maintainability make this approach impractical.
The general industrial practice to plant-wide MPC is to recognize the distributed
structure of the processing units to design a network of decentralized MPCs.
Decentralized controllers avoid the disadvantages associated with centralized control
at the expense of poorer plant-wide control performance. To improve the performance
of decentralized controllers, Distributed MPC (DMPC) methods have become centre
of attention in the plant-wide optimal control research community. DMPC methods
are divided into two general classes of non-coordinated and coordinated approaches.
Coordinated Distributed MPC (CDMPC) networks, which consist of distributed
controllers and a coordinator, are able to yield optimal centralized solution under
a wide range of conditions.

This work addresses systematic development of CDMPC networks for plant-wide
MPC of interconnected dynamical processes, by modifying the existing decentralized
MPC network and designing coordinator. Goal Coordination, Interaction Prediction
Coordination and Modified-Pseudo Model Coordination are the three coordination
methods studied in this thesis to alter the network of decentralized linear constrained
MPCs into CDMPC network. Convergence accuracy studies are provided for the
proposed coordination algorithms. CDMPC networks are also developed to study the

impacts of uncertainty on the CDMPC and coordinator design using an individual



chance-constrained approach. By modifying the CDMPC and coordinator in the
Goal Coordination method, it is shown that choosing efficient numerical strategies
can improve convergence performance of the coordination algorithm. A novel linear
CDMPC network, which has performance of centralized nonlinear MPC, is presented
to address the plant-wide nonlinear MPC problem. Numerical simulations are

provided to test performance of the proposed CDMPC networks.
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Chapter 1

Introduction

Chemical plants typically consist of multiple geographically distributed interacting
process units. Today’s increased competitiveness in the chemical processing industry
and the effort to achieve safe, environmentally responsible and profitable plant
operation have led to plants that are more complex and highly integrated. The added
complexities and intensified interactions are the result of using new equipment and
applying novel approaches for improving economics, safety, energy recovery, reusing
unused materials and reducing environmental impacts of the involved processes.

Efficient operation of such complex integrated plants, can be achieved by using
optimal control strategies. Centralized, decentralized and distributed control schemes,
which will be further discussed in detail, are three structures that can be adopted
for plant-wide optimal control. Distributed control arose to exploit the advantages of
both centralized and decentralized control structures, while avoiding their drawbacks.
Various distributed control schemes are available, among which coordinated distributed
control is a powerful approach that is capable of yielding maximum achievable control
performance. Significant advantages that coordinated distributed control can bring
into the realm of plant-wide optimal control, and the lack of comprehensive studies

in this context, have inspired this research work.



Centralized Control Structure

In the centralized scheme, as shown in Figure 1.1, a monolithic controller is designed
to control the overall plant. In the synthesis of centralized controllers, the complete

plant model is used.

[ Controller ]
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Figure 1.1: Centralized control structure

By using the complete plant model, the effects of interactions between the process
units, are taken into account in the optimization problem. Therefore, centralized
MPC produces optimal plant-wide control performance; however, despite the control
performance benefit, industrial practitioners generally consider centralized control
an unrealistic approach. In the past, one of the issues that made centralized MPC
be impractical, was the limited power of computers in solving large optimization
problems. With the advances in computer technologies and efficient optimization
algorithms, the computational issues resulting from the large size of centralized convex
optimization problems have been resolved to some extend; however, the availability of
powerful computational tools does not imply that there is no computational limitation
on the size and complexity of optimization problems. Another major drawback of
centralized structure is related to maintainability and flexibility issues. That is, if
a maintenance or a repair is required for one of the process units, then the entire
control system should be shut down. Also, tuning, managing and improving the
control performance of local processes, become difficult tasks under the centralized

control structure.



Controller | | Controller | | Controller Controller
| 2 3 N

E [PI“OCGSS | }—*[ Process 2 H Process 3 ) - - —( Process N) ‘

Figure 1.2: Decentralized control structure

Decentralized Control Structure

Decentralized control structure is the industrially practiced control architecture.
As is illustrated in Figure 1.2, in this scheme, the distributed structure of
the process units has been exploited to design independent controllers for each
unit. In the decentralized scheme, the interactions between the processes are not
considered in designing the independent (local) controllers. Since instead of one
monolithic controller, N smaller controllers are used, the aforementioned issues
of the centralized scheme, are avoided in the decentralized architecture; however,
not explicitly incorporating interaction models in the controller synthesis, degrades
control performance with respect to the centralized control. In other words, the
solution produced by decentralized controllers are sub-optimal solutions. Only when
the process units are truly decoupled will the decentralized controllers produce
optimal plant-wide performance. In addition to the inherent performance loss,
if strong interactions exist between local processes, stabilizing the system with
decentralized controllers may become quite challenging (Venkat (2006), Sun and El-
Farra (2008), Stewart (2010),Christofides et al. (2013)).

Distributed Control Structure

The issues with centralized and decentralized control structures have motivated the
use of an alternative control structure, known as distributed control. In distributed

control, the goal is to improve control performance of the decentralized control
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Figure 1.3: Non-coordinated distributed control structure

network and bring it closer to the performance of centralized control, while still
benefitting from the characteristics of decentralized control structure. Appropriate
information exchange within the control network, is one of the key factors in
distributed control that leads to performance improvement. Distributed control,
is divided into two main categories of non-coordinated and coordinated distributed
control. Since the focus of this thesis is on coordinated distributed MPC, the following
discussions on the two classes of distributed control are directed towards distributed

model predictive control (DMPC).

Non-coordinated Distributed Control Structure

In the context of non-coordinated DMPC, the main idea is to improve control
performance of decentralized MPC network and bring it closer to that of centralized
MPC, by exchanging some information among local controllers and explicitly using
interaction models in the controller’s formulation. Also, depending on the distributed
method, objective function of the distributed controllers may be modified. A general
schematic representation of this control architecture is shown in Figure 1.3. The
topology of the communication network and the cost function considered in the
local MPC optimization problems have significant impact on the achieved amount of
performance enhancement. Scattolini (2009) and Christofides et al. (2013) classified
and reviewed various DMPC design algorithms. According to these two review papers,

four general classifications can be made for DMPC algorithms: 1) Fully or Partially



connected algorithms, depending on whether any local MPC communicates with all
other local controllers or just with a given subset of other local controllers; 2) Non-
cooperative (Independent) or Cooperative, if each local MPC optimizes a local or
global cost function; 3) Non-iterative or Iterative, according to whether within each
sampling time, local controllers exchange information once or many times; and finally
4) Sequential or Parallel, depending on whether local MPC optimizations are executed
in sequence or at the same time.

DMPC algorithms are designed based on Game Theory concepts. From game
theory point of view, the iterative non-cooperative DMPC networks reach a Nash

Equilibrium !

. When iterative cooperative algorithms are used in a fully connected
convex DMPC network and a sufficient number of iterations have been concluded, the
control network can reach the centralized performance (Venkat (2006) and Rawlings
and Stewart (2008)). Performance of other flavours of DMPC without using a
coordinator, is always sub-optimal.

In the past decade, extensive research has been done on DMPC approaches.
Scattolini (2009) and Christofides et al. (2013) provided a comprehensive list of
references for various DMPC design methods. Pertaining to iterative cooperative
DMPC, the first contribution was made by Venkat (2006), and further developed
by Stewart (2010). As required by cooperative control, the interaction models were
explicitly used in the local prediction models and a centralized objective function
was used for each local controller. Venkat and Stewart proposed cooperative linear
DMPC algorithms that were able to converge to the centralized solution, after
sufficient number of iterations. In their proposed methods, the control based on any
intermediate termination of the algorithm was guaranteed to be feasible and provide
nominal closed-loop stable system.

Stewart (2010; 2011) extended the developed distributed convex DMPC strategies
in Venkat (2006) and Stewart (2010), to non-convex DMPC problems, without

'The Nash Equilibrium is a solution concept of a non-cooperative game involving multiple players,
in which each player is assumed to know the equilibrium strategies of the other players, and no
player has anything to gain by changing only his own strategy unilaterally. If each player has chosen
a strategy and no player can benefit by changing strategies while the other players keep theirs
unchanged, then the current set of strategy choices and the corresponding payoffs constitute a Nash
Equilibrium (WIKIPEDIA (2013)).



guaranteeing convergence of the distributed algorithm to the centralized performance.
It was assumed that nonlinear dynamics lead to non-convex MPC problems. Another
featured research in cooperation-based nonlinear DMPC was done by Liu et al.
(20100). They proposed two cooperative distributed strategies, where local controllers
were designed by Lyapunov MPC techniques (Mhaskar et al. (2006)) to ensure
closed-loop stability through explicit characterization of stability regions. In the
first strategy, the distributed Lyapunov-based MPC (LMPC) communicated in one
direction and were evaluated sequentially and non-iteratively. In the second approach,
each distributed LMPC employed a two-way communication strategy, the LMPCs
were evaluated in parallel and iteratively. Because of the non-convexity of the
optimization problems, the aforementioned cooperative iterative nonlinear DMPC
approaches cannot guarantee achieving the centralized nonlinear MPC solution;
however, the intermediate solutions produced, were feasible and resulted in closed-
loop stable plant.

Two other lines of work are also available for DMPC algorithms. The first one is
based on negotiation between agents for systems that are coupled only through the
inputs (Maestre et al. (2011)). The agents were DMPCs with local cost functions
that did not know about the dynamics of their neighbours, but could communicate
unrestrictedly with them in order to reach an agreement. Each agent communicated
with its neighbours by exchanging their calculated inputs, based on a given protocol.
At each sampling time, agents made proposals to improve an initial feasible solution
on behalf of their local cost function, state and model. The proposals were accepted
if the global cost function improved using the current solution. Closed-loop stability
was guaranteed by including terminal region obtained from the centralized problem.
The second line of work is based on using optimization concepts such as sensitivity
information and duality, to modify local MPC formulations. The DMPCs iteratively
communicate with their neighbours until overall (centralized) optimality is achieved.
Scheu and Marquardt (2011) proposed a sensitivity-based algorithm for DMPC of
linear time-invariant systems. Overall optimality was achieved by means of linear
approximation of the objective functions of neighbouring controllers within the

objective function of each local controller. Scheu and Marquardt showed convergence



of the proposed algorithm to the centralized solution and claimed that the method
could be extended to cover nonlinear systems; however, feasibility and closed-loop
stability properties of the distributed method were not studied. Doan et al. (2011)
presented a decomposition method for DMPC of dynamically coupled linear systems,
based on Fenchel’s duality. Using the proposed algorithm, the network of distributed
controllers were able to arrive at the centralized MPC solution. The application of the
method proposed by Doan et al. was limited to quadratic programming problems only.
Also, properties such as feasibility and guaranteed closed-loop stability of intermediate

iterations were remained as open.

Coordinated Distributed Control Structure

In coordinated distributed control, the goal is to reproduce the centralized control
performance, by proper coordination of local controllers. Mathematical theory of
hierarchical multilevel systems provides the design foundation for this type of control
structure.

Three basic classes of hierarchical systems are Multistrata, Multilayer and
Multiechelon (Mesarovic et al. (1970)). The Multistrata structure considers modelling
of various aspects and phenomena involved in complex systems, that each are viewed
from a different level of abstraction. Levels of this structure are referred to as Strata.
In the Multilayer structure, the solution to complex decision-making systems is sought
in a hierarchical approach. A family of decision problems whose solution is attempted
in a sequential manner, is defined. The solution of any problem in the sequence
determines and fixes some parameters in the subsequent problem, so that the latter
is completely specified and its solution can be found. The solution of the overall
problem is obtained when each layer has successfully solved its own problem. Levels
of this hierarchy, which each describes a family of decision problems, are known as
Layers.

A system with Multiechelon or organizational hierarchy, has three characteristics:
1) the system involves a group of interacting subsystems; 2) the subsystems are
decision making units and 3) some of the decision units are influenced by other

decision units in a hierarchical manner. Each layer of this type of hierarchy is known
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Figure 1.4: Coordinated distributed control structure

as echelon. Higher echelons are responsible for relaxing the interactions among the
lower echelons, by properly accounting for the couplings and constraints, handling
uncertainties and resolving conflicting goals (Mahmoud et al. (1977)). An important
feature of this hierarchy is that, the higher echelons condition the lower level units,
but they do not completely control the decision making processes of the lower levels.
Therefore, lower level units have the freedom of selecting and calculating their own
decision variables (Mesarovic et al. (1970)).

These three hierarchical structures may be imbedded within one another.
Comprehensive discussions on various aspects of hierarchical multilevel systems can
be found in the fundamental book by Mesarovic et al. (1970).

Optimal control of interconnected dynamical processes by synchronous single rate
controllers, falls in the class of hierarchical multiechelon structure, where generally two
echelons are involved. Local controllers are in the first level and the supremal control
system (Mesarovic et al. (1970)) or the coordinator, is located at the second level.
Figure 1.4 shows the elements and communication links of these two-level structures.
In coordinated distributed control, local controllers do not use the centralized
objective function and/or centralized model. Also, instead of communicating with
each other, the local controllers in coordinated distributed systems only communicate

with the coordinator. Therefore, the communication strategy in this type of structure



is standard, and can be regarded as one of the priorities of this structure over the
distributed control structures that do not use a coordinator.

The role of the coordinator is to manage the behaviour of local controllers by
manipulating their interactions, resolving the conflicts and adjusting the goal and
model interventions, so that the centralized control performance is achieved. The
coordinator influences local controllers through intervention parameters (Mahmoud
et al. (1977)). Another advantage of coordinated structure over those without a
coordinator, is that the former is designed to reconstruct the centralized performance,
while the latter is designed to improve the performance of decentralized control
network and guarantee feasibility and closed-loop stability properties of any solution
produced by the distributed algorithm; however, only under certain communication
topologies and conditions, the non-coordinated distributed schemes can yield the
centralized performance.

In DMPC, despite the advantages of coordinated distributed structure and the
rich literature on mathematical theory of hierarchical multilevel systems, the vast
majority of research is focused on non-coordinated DMPC methods. The first study
on coordinated DMPC was conducted by Cheng (2007), where the price-driven
coordination method was applied to solve plant-wide MPC target calculation problem.
Newton’s method was used for the price-adjustment algorithm. Marcos (2012)
extended the application of the price-driven coordination method in Cheng (2007),
to plant-wide linear MPC of interconnected dynamical processes. Marcos (2012) also
extended the prediction-driven coordination method originally employed by (Cohen
(1977)) for Linear Quadratic (LQ) control of linear continuous-time systems based
on the Interaction Prediction Coordination Principle (Mesarovic et al. (1970)), to the
plant-wide unconstrained linear MPC of interconnected discrete-time linear dynamic
systems. Marcos (2012) also addressed the problem of dual-rate DMPC, coordinated

by price-driven coordination method.



Sec. 1.1 Research Scope and Outline 10
1.1 Research Scope and Outline

Despite the ability of Coordinated DMPC (CDMPC) to enhance performance
of decentralized control system to the highest level, its capabilities have been
overshadowed by misconceptions about issues such as difficulties of coordinator
synthesis, the need to re-design the control system, feasibility and stability
considerations. This thesis intends to establish CDMPC as a promising approach
to optimal plant-wide control of interconnected dynamical processes. This work
contributes to the systematic development of coordinated distributed control
structures, to elevate the performance of decentralized MPC network to the
performance of centralized MPC. In particular, three coordination methods are used
in conjunction with decentralized linear constrained MPC, to transform the existing
decentralized control system into a CDMPC network. This thesis uses multilevel
optimization-based coordination methods to develop the two essential elements in
coordinated distributed networks, namely, the CDMPC and coordinator, for various
MPC applications.

Converting any system of decentralized MPC into CDMPC network, involves
two major tasks. First, the required modifications in the objective functions and
constraints for the optimization problem of the decentralized MPC, should be
determined. The modifications are performed by appropriate relaxation of the so-
called interaction equations. The alterations done in the decentralized MPC, establish
the connection between the CDMPC and the coordinator. The coordinator is then
synthesized to properly compensate for the relaxed interactions in the overall control
system. Mathematically, the compensation for the interaction effects is achieved by
incorporating a proper numerical strategy to solve a system of algebraic equations.

The coordination methods investigated in this thesis, are based on duality. Local
(decentralized/distributed) MPC problems addressed in this work, have convex
structures, are synchronous and single-rate, and use state-space prediction models.
It is assumed that all the states are measured. Also, the centralized MPC as
the performance benchmark, and plant’s existing decentralized constrained MPC

network are assumed to yield stable plant operation by properly tuning the prediction
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horizon, and without explicit characterization of stability regions. As required by
any distributed algorithm, whether with or without a coordinator, it is assumed that
interactions models are available.

Chapter 2 is a review of the prevailing coordination methods with the aim of
carrying them over into developing CDMPC networks. The first coordination method
studied in chapter 2, is the Goal Coordination method. Based on this method, the
existing network of linear constrained decentralized MPC are altered into CDMPC
network. The coordinator is designed by the algorithm involved in the numerical
method chosen to solve an appropriate dual optimization problem. It is shown that
the price-driven coordination method discussed in Cheng (2007) and Marcos (2012),
is a special version of the Goal Coordination approach. Interaction Prediction and
Modified Pseudo-Model Coordination methods are the other coordination approaches
studied in Chapter 2. The coordinators are designed by the numerical algorithms
used to solve portions of optimality conditions resulting from the overall control
system. Two numerical strategies, a fixed-point iteration approach and a gradient-
based algorithm, are employed to synthesize two different coordinators. The proposed
CDMPC network developed by using the Interaction Prediction method, is the
exhaustive version of the coordinated distributed scheme proposed by Marcos (2012),
that has resolved several design issues. Another highlight of chapter 2 is the first
introduction of the Modified Pseudo-Model Coordination approach in the context
of CDMPC. The three proposed CDMPC networks guarantee arriving at optimal
centralized MPC solution, upon convergence of the coordinator. Convergence
accuracy studies are provided for the proposed coordination algorithms.

To illustrate the capabilities of coordination methods in various MPC applications,
chapter 3, deals with the problem of uncertainties and their impacts on developing
CDMPC networks. To this end, the three coordination approaches are successfully
applied to a network of decentralized single chance-constrained MPC, to explicitly
account for the effects of uncertain disturbances throughout the plant. In the Goal
Coordination method, by using the method of Separated Augmented Lagrangian
Algorithms (SALA) to numerically solve the dual optimization problem, a new

coordinator with improved convergence behaviour, is proposed to address convergence
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issues of the coordination algorithm, specially in the presence of active local inequality
constraints. The use of SALA also leads to slight modifications in the objective
functions of distributed controllers.

To address the plant-wide nonlinear MPC problem, a novel linear CDMPC network
that reproduces the performance of centralized nonlinear MPC, is presented in chapter
4. In this new scheme, the Modified Pseudo-Model Coordination method and a special
linearization technique are used to convert the system of linear decentralized MPC
into linear CDMPC network. Portions of the optimality conditions for the overall
control system, which result in a system of algebraic (nonlinear) equations, are solved
numerically in the coordination layer. Thus, the coordinator is designed based on the
algorithm involved in the numerical method adopted to solve the system of equations.

Chapter 5, summarizes and concludes the thesis, and provides suggestions for
addressing the remaining challenges, further theoretical developments and new

applications.

1.2 Terms and Definitions

To avoid misunderstandings, the meanings that are assigned to some of the key terms
used throughout this thesis, are explained below.

In this work, the term control network is used to refer to a group of controllers,
responsible for controlling the plant. Depending on the context, the term plant-
wide control refers to controlling the plant by a network of controllers or a
centralized controller. Optimal plant-wide solution and optimal centralized
solution are used interchangeably and correspond to the optimal solution obtained
from a centralized controller. Similarly, optimal plant-wide performance and
centralized performance, both refer to optimal performance of a centralized
controller.

Depending on the context, the term local controller refers to individual MPC in
either decentralized or (coordinated) distributed control networks. Also, subsystem
is used interchangeably with local controller.

Local process model may interchangeably be used with Local prediction
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model, and both refer to the process model used for state prediction in the MPC
problem.

MPC stands for Model Predictive Control/Controller.  The term DMPC
is the short form for Distributed MPC, and CDMPC stands for Coordinated
Distributed MPC. CDMPC network /system corresponds to a distributed network
in which DMPCs are connected to/coordinated by a coordinator. GC-DMPC,
IPC-DMPC and MPMC-DMPC refer to CDMPC network, obtained by using
Goal Coordination, Interaction Prediction Coordination and Modified Pseudo-Model
Coordination methods, respectively.

In the context of CDMPC, communication cycle denotes a two-way information
transmission between the coordinator and CDMPCs. Iteration also describes the
process of transmitting information between the coordinator and CDMPCs. In the
context of non-coordinated DMPC, communication cycle and iteration refer to the
information exchange between the distributed controllers. Thus, communication
cycles and iterations convey the same sense; the former is more of a network

terminology and the latter is indicative of a successive computational procedure.



Chapter 2

Coordination Methods for Linear
Distributed MPC

In this chapter, three CDMPC schemes are proposed for optimal control of
interconnected dynamical systems.  This is the first comprehensive study of
coordination methods in the context of plant-wide MPC problem. The goal
of using CDMPC is to achieve plant-wide optimal performance by appropriately
coordinating the CDMPCs. In each of the three proposed CDMPC networks, the
plant’s already available network of decentralized MPCs is converted into a network
of coordinated distributed MPCs by performing appropriate modifications and
introducing a coordinator. The required modifications to the distributed controllers
and formulations for the coordinators are presented in detail. Performance of the

proposed CDMPC approaches is studied via case studies.

The inherent capability of model predictive control in dealing with multivariable and
constrained systems along with its many other attributes have turned this advanced
control method into an industry standard. Within a processing plant, rather than
designing a plant-wide predictive controller, MPC is most commonly applied to
individual process units or a single unit operations apparatus which, results in a
network of decentralized controllers. As discussed in Chapter 1, the flexibility and

maintainability issues, as well as the significant mismatch in complexities, time scales

14
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and nonlinearities of local process units in a plant, make solving plant-wide MPC
as a monolithic optimization problem, impractical. Thus, it would be valuable to
have methods that improve performance of existing decentralized MPC networks and
bring MPC technology to its full potential. To this end, the current chapter focuses
on the formulation and analysis of three coordination methods for distributed linear
constrained model predictive control of interconnected dynamical systems.

Since MPC has an optimization problem at its core, the toolset for solving
the plant-wide MPC problem in the context of CDMPC would be the theories
and algorithms developed for mathematical programming and control of multilevel
systems. The literature on multi-level systems abounds and several coordination
algorithms have been proposed for solving optimization problems arising in these
systems (Mesarovic et al. (1970), Lasdon (1970), Pearson (1971), Mahmoud (1977),
Haimes (1977), Singh and Titli (1978), Singh (1980), Jamshidi (1983)); however, as is
discussed in Sorenson and Koble (1984), the complicated notation, specialized jargon
and the ad hoc nature of many of the developed algorithms, make them difficult to
understand and to apply. Sorenson and Koble (1984) employed a general taxonomic
scheme originally proposed by Geoffrion (1970) and created a useful framework, in
which a representative portion of the literature on algorithms for solving optimization
problems in multilevel systems was unified into four general coordination methods
with applications in optimal control of interconnected dynamical systems.

The four general coordination methods are the Goal Coordination (GC),
Interaction Prediction Coordination (IPC), Co-State Coordination (CSC) and
Pseudo-Model Coordination (PMC). The fundamental idea underlying these
approaches is to have independent subproblems that each, in addition to local
decision variables, contain certain parameters (original problem variables, pseudo-
variables, Lagrange multipliers, co-state variables, or a combination of the above)
called coordinating variables. Subproblem solutions are achieved by temporarily fixing
the values of the coordinating variables. Based on the local solutions, a second level
of control (a coordinator) is used to update the values of coordinating variables in an
iterative manner, until a solution to the composite system is achieved (Sorenson and

Koble (1984)). Coordinating variables are defined through the process of relaxing the
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interactions between the subproblems. In all the subproblems, the set of local equality
constraints with interaction variables is re-stated in terms of one set of local and one
set of interaction constraints!. The main differences between various coordination
methods lie in how the interaction constraints are treated and how the coordinating
variables are calculated.

In the Goal Coordination method, duality theory is used to construct an
equivalent two-level problem to the primal (centralized) optimization problem of the
interconnected system. For each subsystem, the interaction constraints (complicating
constraints) are adjoined to the cost function using Lagrange multipliers. In other
words, a dual problem with respect to the complicating constraints is formed and local
constraints remain as explicit constraints in the local units. The values of estimated
Lagrange multipliers (dual variables) are iteratively improved by numerically solving
the unconstrained dual optimization problem. A characteristic feature of the dual
optimization problem is that its gradient is readily available and thus, gradient
search procedures can be used. In the context of multi-level systems optimization,
the GC approach is the most widely investigated method in the literature (e.g.,
Bauman (1966), Lasdon (1970), Pearson (1971), Singh and Titli (1978), Haimes
(1977), Bazaraa and Shetty (1979), Singh (1980), Jamshidi (1983), Leunberger (1984),
Sorenson and Koble (1984)). In most of these references, numerical unconstrained
optimization methods, such as steepest ascent, in which only the gradient information
of the dual optimization problem is needed, are used to update estimations of
Lagrange multipliers?. The use of Newton’s method, where the Hessian information
is also employed, can be traced to the work of Bauman (1966).

Similar to the GC method, in the Interaction Prediction method, the duality
principle? is applied to augment the cost function with the interaction constraints;

however, for updating the dual variables, rather than solving the unconstrained dual

IThe interaction constraints are also referred to as complicating constraints, as they contain
variables from other subsystems.

2Throughout this work Lagrange multipliers estimates are referred to as prices.

3In the IPC, CSC and MPMC methods, the Duality Principle refers to Relazation of the problem
by penalizing certain constraints; however, the term Duality emphasizes that the desired constraints
are linearly penalized by associating penalty parameters that are dual variables, with them. In other
words, if the values of these dual variables equal the corresponding Lagrange multipliers values in
the original problem, the relazed problem is equivalent to the original problem.
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optimization problem, an explicit satisfaction of portions of first-order optimality
conditions of the composite system is used. Through the use of predictive type
equations obtained from numerically solving optimality conditions, coordinating
variables, including the price vector, are iteratively corrected with much less
computational burden (Sorenson and Koble (1984)). The IPC method was originally
proposed by Takahara (1965) for continuous linear interconnected local systems
having quadratic performance measures. Convergence properties of the method were
investigated by Cohen et al. (1974).

The duality principle is also applied in the Co-State coordination method, but
here the dual problem is formed with respect to the local constraints and therefore
the interaction constraints remain as explicit constraints in the primal optimization
problem. This method was first proposed by Mahmoud et al. (1977). Later Cohen
(1978) criticized the work stating that unlike what had been claimed in the original
paper, the method would not produce separable local problems. Following that,
Mahmoud corrected the CSC algorithm in Mahmoud (1978). In the CSC method
three levels are used. In the first level, the subproblems are solved. The coordination
task is done based on a gradient type routine and a prediction type update in the
second and third levels, respectively. The major disadvantage of this method is that
the separability of the local problems is lost as they contain the coupling equations.
Therefore, the CSC approach cannot be regarded as a hierarchical method (Sorenson
and Koble (1984)).

In the Pseudo-Model Coordination method, pseudo-variables are substituted
for the interaction variables. The transformed interaction equations® are then
included in the local objective functions using quadratic penalty functions and a
penalty parameter. Numerically solving the appropriate optimality conditions of the
integrated system, provides predictive update equations for the coordinating variables
including pseudo-variables. The PM Coordination approach was first proposed by
Pearson (1971). Based on his work, Singh (1975) developed a two-level algorithm
for continuous time optimal control of interconnected systems with general local

nonlinear models and linear interconnection dynamics. He also specialized the

4The equations used to define pseudo-variables are called the transformed interaction equations.
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algorithm for linear quadratic (LQ) control problems. Simmons (1976) modified
Singh’s proposed update algorithm as some terms from the optimality conditions
were missing. Also, Simmons (1976) showed that in Singh (1975), analysis of the
problem and the statement about the independence of coordination from the choice
of penalty parameter were not correct. As was discussed in Simmons (1976), only
when the penalty parameter is large enough, will the aggregate of the local problems
produce the original optimal solution; otherwise, the two-level system will produce an
approximation of the plant-wide optimization problem. Sorenson and Koble (1984)
overcame this major drawback by using convezification; wherein, the transformed
interaction equations are quadratically penalized in the local objective functions
and at the same time kept as explicit constraints. They then employed the duality
principle to form the dual problem by relaxing the linear transformed equations. In
other words, the transformed equations were appended to the the local cost functions
by associating multipliers with them. In this thesis, the method proposed by Sorenson
and Koble (1984) is referred to as the Modified Pseudo-Model Coordination (MPMC)
method.

The literature has focused on developing computational algorithms for solving
general multilevel optimization problems. As an important and common application,
many of the developed algorithms have been tailored to solve optimal control problems
for interconnected dynamical systems; however, the research on solving plant-wide
MPC problems through coordination methods has not been given enough attention.
The first attempt to do so was made by Cheng et al. (2007). They extended
the price-driven coordination method for solving resource distribution or auction
problems, proposed by Jose and Ungar (1998) and Jose and Ungar (2000), to large-
scale quadratic programming problems and in particular, to the steady-state target
calculation MPC problem. To efficiently adjust the prices, based on Newton’s method,
they proposed a price update scheme for the coordinator, in which sensitivity analysis
and active-set change identification techniques were employed. Following their work,
Marcos et al. (2008; 2009) extended the price-driven coordination method to solve
the plant-wide MPC problem for interconnected dynamical systems. As was briefly

mentioned above, in Cheng (2007) and Cheng et al. (2007), rather than incorporating
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the multilevel optimization theories and concepts, an auction-based viewpoint was
used to formulate the coordinated distributed problem. Consequently, understanding
the elements of the price-driven coordination method and its extensions to other
CDMPC applications have become very difficult. The main reason for such difficulty
is that the formulations, as well as the interpretations on the impact of the variables
and the mechanism of coordination were expressed in a different jargon than what is
common in multilevel optimization and optimal control context. From the multilevel
(hierarchical) systems viewpoint, the price-driven coordination method used in Cheng
(2007) and Marcos (2012), is a special case of the Goal Coordination approach, where
the coordinator uses Newton’s method to update the prices.

Another application of coordination-based optimization methods in solving the
plant-wide MPC problem was studied in Marcos (2012), where the IPC method in
Cohen (1977) was adopted to design a coordinated distributed unconstrained linear
MPC network. Convergence properties of the coordination algorithm and stability of
the closed-loop system were investigated. The coordinator was designed such that the
optimality conditions of the centralized problem were solved for the calculated local
control variables and predicted states. Therefore, in the coordinator, at each iteration,
by using the calculated manipulated variable changes from the local controllers, the
system of linear equations resulting from the centralized plant model was solved to
give the predicted states. The local control variable changes and the predicted states
were then used in the first-order optimality conditions of the centralized problem to
obtain the full price vector by solving the resulting system of linear equations. Then,
the obtained price vector was localized by substituting the components of the full
price vector corresponding to the #;, subsystem by zeros. Although the proposed
formulation for the coordinator was correct, it contained redundant steps. Also,
since the coordinated distributed scheme was formulated for unconstrained MPC, the
effects of the limits on the local process outputs and control inputs were not taken
into account in the coordinator’s update equations.

In this chapter, according to the classification used in Sorenson and Koble (1984),
the GC, IPC and MPMC methods are employed to construct coordinated distributed
linearly constrained MPC networks. As the CDMPC will be formed by modifying
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the already available decentralized MPC configuration in the plant, and because the
Co-State Coordination method uses non-separable subproblems, this coordination
method is not considered in this thesis.

The main contributions of this chapter can be summarized as follows:

e The formulations of local MPC and coordinator for constrained linear CDMPC
network, are derived using the Goal Coordination Method. The required
modifications for converting the decentralized MPC into CDMPC are performed
by forming an appropriate dual optimization problem. The coordinator
is formulated by the numerical algorithm used to solve the resulting dual
unconstrained optimization problem. A general structure is proposed for the
coordinator, in which Newton’s method distinguishes one special version of this

general form.

e Constrained linear CDMPC and the corresponding coordinator, are formulated
using the Interaction Prediction Coordination method. The modifications in the
local controllers are the same as those in the GC method. The coordinator’s
equations are derived based on the numerical algorithm employed to solve the
appropriate portions of optimality conditions of the composite CDMPC. A
fixed-point iteration technique and gradient-based method are the two numerical
approaches used in the coordinator design. The coordinator involves very simple
update equations. Based on the proposed coordinator formulation, unlike the
method discussed by Marcos (2012), there is no need to solve the system of
equations resulting from the centralized model. Also, the distributed controllers
use the same price vector and thus, the coordinator does not need to localize
the price vector. The effects of the local inequalities on the update process have

been accounted for in the coordinator design phase.

e For the first time, the Modified Pseudo-Model Coordination method is applied
to plant-wide linear constrained MPC problem. The decentralized controllers
are converted into distributed controllers by replacing the interaction variables
with the defined pseudo-variables and forming a relaxed problem. The

coordinator is designed using the algorithm involved in the numerical method
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chosen to solve the appropriate portions of the optimality conditions for the
aggregate of CDMPC. The two numerical methods used in constructing the
coordinator are the fixed-point iteration and gradient-based methods. The
obtained coordinator equations are very simple. Also, the effects of local
inequalities on the coordinating variables have explicitly been taken into account

in the coordinator’s update equations.

It is hoped that the comprehensive study and analysis of the application of
coordination methods to linearly constrained decentralized MPC, presented in this
chapter, will be helpful in the development of new coordinated distributed schemes
for various plant-wide MPC problems including robust, stochastic, nonlinear and

asynchronous cases.

2.1 Background

Before proceeding with the main topic of this chapter, some mathematical background
and notation are presented, which will be used later in the development and analysis

of CDMPC.

2.1.1 Plant Model

In this chapter the following linearized discrete-time state-space representation of the

entire plant is used:

x(k+1) = Ax(k) + Bu(k) (2.1a)
y(k) = Cx(k) (2.1b)

where x(k) € R"™ is the state vector, u(k) € R™ is the control input vector and
y(k) € R™ is the output vector, all in deviation variable form and at sampling
instant k. It is assumed that full state information is available.

Considering that the plant contains N interconnected process units, the A and B

matrices in the plant model (2.1a) can be written in the following block-wise form:
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A Ay Ay Bi . By Bin
A= AlAAN and B = ”Eéﬁ.”.’:’fﬁé;fiﬁfffﬁ;&x (2.2)
| Ani Ayl Ay | Byil.. Byj ... Byy

where the pair (A, By;) along the diagonal of A and B, respectively, represents the
dynamics of the local process unit i. The off-diagonal pairs (A;;, B;;) models the
interaction between the local process unit ¢+ and j.

Using this block-wise decomposition of the state space matrices, the plant model

(2.1) can be re-written as:

=2

x;(k+1) = Ayxi(k) + Byui(k) + ) [Aijx;(k) 4+ Byu,(k)] (2.3a)

1
%

..
Al

yi(k) = Cixi(k) (2.3b)

where ¢ = 1,...,N. The vectors x;(k) € R™i u;(k) € R™ and y,;(k) € R"™

contain the states, inputs and outputs of the local unit ¢ at time k in deviation form,

N N N
respectively. Also, Z Ngi = Ny, Z Nyi = Ny, and Z ny; = n, that is the sum of the
i=1 i=1 i=1

local variables equals the total number of plant variables, which implies that states
and control inputs are not shared between the process units.

It is assumed that the plant is controlled by a decentralized MPC network. It should
be emphasized that in this work, it is not of concern how the plant is partitioned into
local processes. The three important implications of this assumption are: 1) the
local pair (A, By;) corresponds to the dynamics of local unit é; 2) the local pairs
(A, By;), are controllable; 3) the existing decentralized controllers will be converted
into distributed controllers by modifying their formulations.

Also, without loss of generality and throughout this thesis, the state-space model
is used for MPC; however, the coordination methods discussed here are not limited
to MPC with state-space prediction models. Since MPC with any type of prediction

model and objective function is an optimization problem, it is expected that the same
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concepts and principles of coordination methods discussed in this work, can be used
for formulating CDMPC with other available forms of process models, such as Finite
Impulse Response (FIR), step response and transfer function models. The successful
extension of the price-driven method to coordinated distributed MPC, in which finite
step-response models were used in Marcos et al. (2008), is a good example to show
the applicability of the coordination methods to MPC with prediction models other

than state-space.

2.1.2 Plant-Wide Model Predictive Control Problem

In order to assess the accuracy of various coordination approaches in distributed
MPC, a performance benchmark is required. Although it may not be physically
realizable for the reasons previously discussed, the best achievable performance would
be obtained by solving the MPC problem for the entire plant, by using an accurate and
complete model for the entire plant. In this thesis, the solution to such a plant-wide
(centralized) MPC problem represents the maximum achievable plant performance
and is one of the performance benchmarks that is used throughout this work.

Model predictive control poses the control problem as an optimization problem,
and refers to a class of advanced model-based multivariable control algorithms that
calculate manipulated variables profiles by using a process model to optimize a
performance objective subject to constraints over a future time horizon. The first
move of the calculated optimal manipulated variables profiles are implemented in
the process and the rest are discarded. At the next control interval, based on the
receding horizon principle, the calculations are repeated using the same time horizon
and updated process measurements.

MPC is commonly formulated as a constrained quadratic programming problem.
In this work, the MPC formulation in Maciejowski (2000), in which the quadratic
objective function penalizes deviations of the predicted controlled outputs from a

reference trajectory and the control input changes®, has been used. The constraints

®Deviations of the input vector from some ideal resting values, i.e, ||U; — Uf||Z can also be
used in the objective function (Maciejowski (2000)). In this work, this term has not been included
in the MPC formulation. If this term is also present in the CDMPC schemes the coordinator’s
formulation and the modified terms in the local decentralized controllers will change to include its
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include the plant model (2.3) and linear inequality constraints, which account for
process limitations on the outputs, control inputs and control input changes. Such a

plant-wide linear constrained MPC can mathematically be described as:

N
)1((11&1{1} Z; [(C“XZ r;) Qi (CyX; —r;) + AU; R“AUZ} (2.4a)
subject to
l
xXi(k + 1+ 1|k) = Aux;(k + 1|k) + By | Y Au(k + alk) +wi(k — 1) | +
a=0
N N l
> oAk + k) + Byu(k — D] + > | BAGx;(k + k) +Bi; > Au,(k + alk)
=1 =1 a=0
2 i
(2.4D)
Yk + 1+ 1) < Cixi(k + 1+ 1[k) <y (k+1+1)
win (k4 b) < wi(k + blk) < al*(k + b) (2.4c)

AU (k +b) < Auy(k + bk) < Au(k +b)

where

where, H, and H, are prediction and control horizons, respectively. The terms

C;X; in the objective function (2.4a) and C;x;(k + [ + 1]|k) in the inequality
constraints (2.4c) represent the predicted output Y; where the vector Y; =
lyi(k +1k)T, .. yi(k + Hp\k)T]T contains the predicted outputs of local unit i over
the entire prediction horizon. Similarly, X; £ [x;(k+1k)7, ... x;(k + Hp\k‘)T}T

is the local predicted state vector over the prediction horizon H,. The
H, times

. . #ﬁ . . .
matrix C; = blkdiag(Cy,...,Cy;) is a block diagonal matrix.  The vector
AU; 2 [Aw(klk)T, ..., Au(k+ H, — 1]/{)T}T includes the manipulated variable

effects; however, the required changes will automatically be obtained if the same procedures discussed
in this work for the coordination algorithms, are followed.
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changes for the subsystem i over the entire control horizon. The vector r; =
[ri(k + 1K), ... ri(k + Hp|k)T]T involves the pre-specified set-point trajectory. Qy;
and R;; are block-wise matrices containing the weighting matrices Q;; and R;; along
their diagonal. In the equality constraint (2.4b), the control input u(k + l|k) has
been expressed in terms of the control input change Au(k + 1|k) using the following

relation between the control input and its change (Maciejowski (2000)):

l

u(k +1|k) = > Au(k +alk) + u(k — 1) (2.5)
a=0
where for | = H,,...,H, — 1, the control input vector remains constant (i.e,

Au(k + alk) =0).

Remark 2.1.1 The local process model (2.4b) is written based on three terms. These
terms distinguish the centralized, decentralized and distributed MPC. They also, play
an important role in developing different coordinated distributed methods.

The terms containing states at time k and past control inputs are referred to
as known terms, as the current states and past control inputs are available. The
terms involving the predicted states and predicted control input changes are designated
as unknown terms because the predicted states and predicted manipulated variable
changes are decision variables in the optimization problem.

Based on this classification and from the vilew—poz'nt of local wunit 1,
the first term in (2.4b), Auxi(k + I|k) + By | Y Aw(k+alk) + u(k — 1)

a=0

includes both known and unknown local information; The second term,
N

Z [aA;;x;(k+ k) + Bjjuj(k — 1)] contains known interaction information and

j=1

i
N l

the third portion, Z BA;;x;(k+ k) + By Z Au,(k + alk)|, contains unknown
j=1 a=0
JF#i

interaction information.
Based on the availability of interaction information, the local process model (2.4b)

can equivalently be described by the following two systems of equations:
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l

Xi(k + 1+ 1|k) = Aux;(k +1k) + By | Y Auw(k + alk) +wi(k — 1) | +
a=0
N (2.6a)
> " laAyx;(k + Uk) + Byu;(k — 1] + vi(k + 1[k)
=1
i#i
N l
j=1 a=0

J#
where the vector v; is referred to as interaction variable, since it contains the
unknown interaction information; The set of equations (2.6a) is regarded as local
dynamic equations, since all terms have either index © or is a known interaction
term. The system of equations (2.6b) describes the (local) interaction equations.
In the context of distributed optimal control, interaction equations are referred to
as the complicating constraints because they contain variables from more than one
process unit (Pearson (1971), Sorenson and Koble (1984)). The manner in which the
interaction equations are treated provides the basis of different coordinated distributed

formulations.

2.1.3 Decentralized Model Predictive Control

By performing some modifications, the available decentralized MPC can be converted

into CDMPC. This implies that the decentralized controllers also provide a

performance benchmark for assessing the performance of the distributed controllers.

In the synthesis of decentralized MPC, interaction effects are not taken into account.

That is, instead of solving the monolithic optimization problem (2.4), N smaller, fully

decoupled optimization problems are solved. Decentralized MPC is formulated as:
min (Ciin’ - I‘i)T Qis ((Can - I‘i) + AUiTRiiAUi

X, AU; (2.7a)
subject to

l
Xi(k+ 1+ 1k) = Aix;(k + k) + By | > Au(k + alk) + u;(k — 1) (2.7b)

a=0
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y7(k+1+1) < Cuxi(k+ 1+ 1k) <y (k+1+1)
u""(k +b) < w(k +blk) <u*(k +b) (2.7¢)
Au™(k+b) < Aui(k + blk) < Aul"*(k +b)

Unless the process units in the plant are truly decoupled, when (2.7) is solved for
all the decentralized controllers, the aggregate of the solutions will not produce the
optimal solution of the plant-wide problem (2.4). Thus, neglecting the interactions
between the local units in the decentralized scheme yields sub-optimal plant-wide
performance. Nevertheless, the decentralized MPC approach is commonly used in
industry and it is important to investigate possible solutions for its performance

improvement.

2.2 CDMPC Problem Statement

In this thesis, the coordinated distributed model predictive controllers have the

following general form:

subject to

l
xXi(k + 1+ 1k) = Aix;(k + k) + By | > Au(k + alk) + w;(k — 1) | +

a=0
. (2.8b)
> loAyx;(k + Uk) + Byug(k — 1)] + vi(k + I|k)
=1
i
i (k+1+1) < Cixi(k + 1+ 1[k) <y (k+141)
Wt (k4 b) < wi(k + blk) < ul*(k + b) (2.8¢)

Au?"(k +b) < Au(k +b|k) < Au*(k + b)
where {CoT'} stands for Coordinating Term(s) and the index ¢ indicates that each
local controller has its own coordinating term(s). {C'0oT'}; links the local controller to
the coordinator and therefore, it will contain some form of coordinating variables that
are to be updated by the coordinator. The interaction variables vector v;, depending
on the coordination method, is calculated either by the distributed controllers or the

coordinator.
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If {CoT}; in the objective function (2.8a) is set to zero, the aggregate of the
distributed controllers (2.8) along with the interaction equations (2.6b) will form the
plant-wide MPC problem (2.4). This relation between the distributed and plant-wide
controllers has two implications: 1) it implies that the local interaction equations in
the CDMPCs are compensated for by {CoT};; 2) and if the correct values of {CoT'},
are found, the plant-wide performance will be achieved by the distributed controllers.

Comparing the decentralized formulation (2.7) and the distributed formulation
(2.8) shows that two modifications have been made in the decentralized controllers:
1) the coordinating terms are added to their objective functions; 2) and the known
interaction information and interaction variables v;, have been added to the local
process models®.

The above comparisons between distributed, decentralized and plant-wide MPC
indicate that these three schemes can be converted into each other by full or partial
inclusion and /or exclusion of the interaction equations. Thus, knowing the interaction
models is the major requirement in converting the decentralized controllers into
their distributed counterparts. If the interaction models are available, the CDMPC
will provide the advantage of having independent controllers and reaching optimal
plant-wide performance. In all the coordination methods discussed in this thesis,
it is assumed that the coordinator knows the interaction models (A,;;, B;;), where
{Vi,jli,j=1,...,N & j #i}.

Treatment of interaction equations plays an important role in determining the
coordinating terms. The numerical strategy chosen to calculate the coordinating
variables involved in the {CoT};, dictates the coordinator equations.  The
coordination process is inherently an iterative scheme because of the computational
techniques used in calculation of the coordinating variables (Mahmoud (1977)).

In designing every CDMPC network, the following two questions should be

answered:

1. How are the coordinating terms {CoT'};, defined?

2. How are the coordinating variables in the {CoT'};, calculated?

6In other words, the local prediction models (2.7b) have been replaced by the dynamic equations
(2.6a).
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The answer to the first question dictates the modifications required in the existing
decentralized MPC, in order to convert them into CDMPC. The answer to the second

question provides the structure of the coordinator.

2.3 Goal Coordinated Distributed MPC

In this section, the GC method is applied to define the coordinating terms in linear
CDMPC and construct the coordinator. The use of the GC approach for coordinating
the DMPC, where the linking (complicating) constraints are of equality type will
result in an unconstrained dual optimization problem, which can be numerically
solved using any numerical optimization approaches. The update equations resulting

from the adopted numerical method forms the coordinator.

2.3.1 Distributed Controllers in the GC Method

To determine the {CoT'}; in the distributed controllers and construct the coordinator,
first the interaction equations (2.6b) are used to form the local interaction error vector

€i7

N l

ik +1|k) & vi(k +1|k) = > | BAyx;(k+1) + By > Auy(k +a) (2.9)
j=1 a=0
J#1

and then €; is written over the entire prediction horizon H,, for all of the local systems

to form the overall interaction error vector & as follows:



¢ (k|k)

€= :
€ (k|k)
| Cn(k+ Hy—1[k)

vi(k + 1|k) —

¢ (k+ H, — 1|k)

v (k + H, — 1]k) —

Hy—1
[Auxj(k + H, — 1k) + By; Z Au;(k + alk)
a=0
777777777777777777777777777777777777777777777777777777777777 N—1
(k[k) = > [Bn;Au,(k|k)]
j=1

1 Hy—1
[ANij(k‘ + H, — 1|k) + By; Z Au,(k + alk)
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N
vi(klk) =) [BijAuy(k[k)]
=2

1
[Aljx](k: +1[k) + By Y Auy(k + alk)

a=0

[Aij](k +1|k) + By, ZAuJ (k + alk)

a=0

a=0

(2.10)

Next, (2.10) is re-arranged such that it is converted into the following additive

separable form:
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vi(k|k)
vi(k + 1|k)

vi(k + H, — 1]k)

- [Alel(k +1k)+By1 Y Aul(k:|k)]

a=0

H,—-1
— [Alel(k?+Hp— 1|k) +BN1 Z Aul(k:+a|k)

a=0

ot (2.11a)
— [BinAuy (k|k)]

1
_ [AleN(k: + 1k) + By Z Auy (k + alk)

a=0

H,—1
- [Alel(k + H,—1|k) +Bin Z Auy (k + alk)

XN
OnN AUN
Vi
N X,
= ¢=) O, |AT; (2.11D)
i=1 V;

In (2.11b), the overall interaction error vector € is expressed as summation of local
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matrices and variables. For each subsystem, the matrix ©; contains the interaction

models Aj; and B]Z and the Identity matrix I corresponding to v;. The dimension of

©, would be ( an (2n4; + ny;). More details on the elements and structure of

=1
this matrix for a simple example, can be found in Appendix B.

Remark 2.3.1 [t should be noted that, since the overall interaction error vector &
1s defined as the difference between the left- and right-hand sides of the interaction

equations (2.6b) of all local units over the entire prediction horizon, the system of

equations
¢€=>"0, |AU;| =0 (2.12)
=1 Vl

is the additive separable form of the interaction dynamic constraints (2.60).

Now the plant-wide MPC problem (2.4)7 is re-written by replacing the equality
constraints (2.4b) with (2.6a) and the additive separable form of (2.6b) as :

N

i X — )V O (Co X — 1 TR.. ,
x}g%l,v ; [(szXz rz) @zz ((Cqu rz) + AUZ RzzAUz} (213&)
subject to
l
x;(k+ 1+ 1|k) = Ayx;(k+1|k) + By Z Au;(k + alk) +u;(k — 1)] +
a=0
(2.13b)

N
Z [aAijx;(k + 1K) + Byju;(k — 1)] + vi(k + U[k)
J;i

"Since it is assumed that the interactions models are known, the plant-wide MPC problem (2.4)
can be formed by performing the following simple modifications on the aggregate of the decentralized
controllers (2.7):

1. The local process models (2.7b) are replaced by (2.6a).

2. The interaction equations (2.6b) are included in the constraints of the decentralized
controllers.

Thus, the use of plant-wide MPC problem in defining C'oT; for the distributed controllers does not
mean that in order to create the distributed controllers, a physical centralized MPC should exist.
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> O |AU;| =0 (2.13¢)
1=1 Vz

yi'"(k+1+1) < Cixxi(k + 1+ 1K) <y (k +1+1)

w4 b) < wy(k + blk) < w7 (k +b) (2.13d)
Au""(k+b) < Auy(k + blk) < Aum(k +b)

i=1,...,N

In order to maintain the separable structure of the decentralized controllers, the

additively separable equality constraints (2.13c) are relaxed by associating the vector
N

of Lagrange multipliers p having the dimension (Z Ng; X 1), with them. This
i=1
relaxation results in the following problem:

i X — ) Q. (Co X — 1 TR , T . ,
Jins ;[(@“XZ )" Qi (CiX; — 1) + AUTRGAU +p 20| AU,

(2.14a)
subject to
l
Xi(k+ 1+ 1k) = Aux;(k + 1[k) + By | > Auw(k + alk) + w;(k — 1)] +
a=0

N (2.14b)

> aAyx;(k + 1k) + By, (k — 1) + vi(k + 1|k)

=1

i
yi (k14 1) < Caxi(k + L+ k) <y (k+ 1+ 1)
™" (ks + b) < ik + bk) < uf"” (k + b) (2.14c)
A" (k+b) < Auy(k + blk) < Au™(k + b)
i=1,...,N

The optimization problem (2.14) is separable, which means that its solution can

be found by solving N smaller optimization problems. This implies that in the
X

GC method, the {CoT}; = p'©; | AU; | and thus, the distributed controllers (2.8)
Vi
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become:

X
X;,AU;,V; V.
subject to

l
Xi(k + 1+ 1|k) = Aux;(k +1|k) + By | > Au(k + alk) + wi(k — 1)

a=0
N (2.15b)
+ 3 [aAyx;(k + k) + Biju;(k — 1)) + vi(k + 1] k)
=1
T
YUk 4 1+ 1) < Coxg(k+ 1+ 1k) <y (k + 1+ 1)
' (k + b) < wy(k + blk) < u* (k + b) (2.15¢)

Au/""(k +b) < Aug(k + blk) < Au™*(k + b)

where the coordinating variable vector p, is the so-called price vector (Cheng (2007),
Marcos (2012)) which is determined by the coordinator and transmitted to the local
controllers. The local vector V; £ [v;(k|k)T,v;(k+ 1k)",... ,vi(k + H, — 1\k)T]T
contains the estimated interaction effects and is determined by the local controllers,
as part of their decision variables. The constant matrix ®; involves the interaction
models. The coordinator calculates these constant matrices according to (2.11a) and
provides them to the local controllers®.

The way {CoT'}; is defined dictates that same price vector should be provided to
each distributed controllers. In each controller, the price vector acts as the penalty
for violating the local part of all the interaction dynamic constraints. In other words,
the price vector penalizes the local part of the overall interaction error vector.

Now, the important question is how the correct price vector can be calculated such
that the aggregate of distributed controllers (2.14) provides the plant-wide MPC
solution (2.13). The answer to this question ultimately leads to the appropriate

coordinator structure.

8Since the process models used in this work are assumed to be time-invariant, ®; is constant.
Thus, the coordinator needs to just calculate ®;, once.
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2.3.2 Coordinator Design in the GC method

In the GC method, the solution strategy to solve (2.14) is developed by numerically

solving the dual optimization problem®.

Before introducing the dual optimization
problem, in order to work with simpler notation, let the objective function of the

aggregate problem (2.14) be represented by J:

N
j(X7 AU,V,P) = Z\Z(XH AUlavzap) =

=1

N X, (2.16)
i=1 i=1 V;

Based on (2.14) and (2.16), the Lagrangian dual function (Pearson (1971),
Bazaraa and Shetty (1979), Leunberger (1984), Boyd and Vandenberghe (2004)) or
perturbation function (Geoffrion (1971)) ¢(p) is defined as:

p(p) 2 inf  {J(X.AUV.p)(214) & (2140) .i=1...N} (217)

In (2.13), let the optimal value be denoted by P*. For every value of the vector p,
the dual function ¢(p) yields a lower bound on P*19:

9Details on Duality can be found in many optimization textbooks (e.g., Bertsekas (1999), Boyd
and Vandenberghe (2004)). In this section, the tutorial by Vert (2006) has been used to adapt the
concepts to the problem at hand.

X
0Let Z; £ | AU, | and (2.13) be described by the following compact form:
Vi
min  J,(Z1,...,ZN)
subject to
N
fi(Z;)=0and » ©,Z; =0 and g;(Z;) < 0 where i=1,... N.
i=1
N
Let Z; be any feasible point, i.e, f;(Z Z ©,Z; =0, g;(Z;) <0 and p; > 0. Thus, for all Z

the following inequality holds:

N N
(Z Ap, i) —I—Z)\Tf +pTZ@iZi+ZNigi(Zi) < Jp(z)
1=1 i =

where L is the Lagrangian. Also, ¢(p) = iIZ1f L(Z, X\ p,p) < L(Z, X\, p, ).
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o(p) <P* (2.18)

The definition of the dual function (2.17), implies that the lower bound depends
on the vector p. In order to find the value of p that yields the greatest lower bound

the following optimization problem should be solved:

max ¢(p) (2.19)

1

where because the nature of the vector p is of Lagrange multiplier associated with
equality constraints, there is no sign restriction for vector p and thus, (2.19) is an
unconstrained optimization.

Problem (2.19) is called the dual optimization problem. Since the dual function
can be any real value i.e., {¢(p) € R : —oo < ¢(p) < oo}, the infimum is found by

performing minimization. Thus, (2.19) can be written as:

max _min  J(X,AU,V,p)

p XAUV

subject to (2.20)
(2.14b) & (2.14¢)
i=1,....N

Let the optimal value of the dual problem (2.20) be denoted by D*. From (2.18)

it is immediately concluded that:
D <P (2.21)

Inequality (2.21) is known as Weak Duality and the Duality Gap, which is defined as

the difference between the optimal objective function value of the dual and primal

— ¢(p) < J,(Z)

Thus, for the optimal solution Z* that corresponds to the optimal value J,(Z*) = P*, the above
inequality becomes p(p) < P*.
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optimization problems, is positive, i.e., D* — P* > 0. The equality D* = P* in
which the optimal value of the dual optimization problem equals the optimal value
of the original problem (before relaxation) is recognized as Strong Duality and in
this case the duality gap is zero. Unlike weak duality that always holds for any
optimization problem, strong duality can only be guaranteed to be held for convex
optimization problems that satisfy Slater’s constraint qualification condition. This
condition requires the original optimization problem be strictly feasible or in other
words, has at least one feasible point.

The above discussion indicates that in order to reach the optimal plant-wide
solution through solving the dual optimization problem, strong duality should hold.
The distributed controllers have quadratic objective functions and linear constraints
and thus, the aggregate problem (2.14) is a convex optimization problem. Also, as the
plant-wide problem (2.13) is the performance benchmark, it is assumed that it has
at least one feasible point. Therefore, strong duality holds and the optimal solution
of the plant-wide MPC problem (2.13) can equivalently be obtained by solving the
CDMPC problem (2.20).

So far, it has been shown that the dual problem (2.20) produces the optimal plant-
wide solution. The next issue is determining how solving (2.20) is related to the
coordinator design?

Solving the dual problem (2.20) may seem awkward, since its cost function is a
constrained minimization problem. A valuable characteristic of (2.20) is that its

gradient can be easily evaluated as:

N X
dL(X, AU,V i

g - X AT, ’p):e:Z@i AU, (2.22)
dp i=1 V;

where L is the Lagrangian of the aggregate of distributed controllers. Equation (2.22)
indicates that J depends on the local controllers solutions. Thus, if X;, AU, and V;

are available, the gradient J is easily calculated.
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Similarly, the Hessian of the dual problem can be calculated as:

X
d |AU;
dJ  de < V;
H= ——=""-= @)i— 2.23
dp dp 2 dp (2:25)

According to (2.23), the Hessian depends on the sensitivity information of the local
solutions. Therefore, if the variations of the local solutions with respect to the price
vector are known, the Hessian can be calculated using (2.23). Details for calculating
local sensitivity matrices can be found in Cheng (2007) and Marcos (2012).
Considering that the gradient information is readily available, the dual optimization
problem (2.20) can be solved using gradient methods'! (e.g., steepest ascent and
Newton’s method). Thus, the solution strategy for solving the dual problem (2.20)

involves the following general iterative scheme:
p/t! = p? + 87 (2.24)

where ¢ is the iteration counter, € is the optimal step length and S is the search
direction that includes the gradient information J and the Hessian H. The set
of equations (2.24) provides updates for the price vector p. On the other hand,
the coordinator is responsible for updating the coordinating variable vector p.
Consequently, (2.24) is the coordinator in the GC method.

The general coordinator structure (2.24) includes the two main groups of gradient
methods. One category is the first-order gradient approaches such as steepest ascent
and conjugate gradient methods. These approaches, at each iteration, use gradient
information J¢, in the search direction vector S?. In solving the dual optimization
problem, first-order gradient methods show very slow convergence rates, particularly
when active local inequality constraints are present. Therefore, in most cases, a
significant number of communication cycles is required, which makes these approaches
impractical for on-line implementation. The problem worsens when, rather than using
a fixed step-size, the optimal €7 is required to be calculated at each iteration to improve

the convergence behaviour. In the next chapter, a first-order gradient approach with

" Gradient or indirect search methods are referred to the methods that require derivatives of the
objective function to numerically solve unconstrained optimization problems (Rao (1996)).
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improved convergence performance is proposed, which converges in a finite number
iterations and does not use optimal step-size calculations.

The second category of gradient methods includes techniques that use first and
second order information in (2.24). If a Negative Definite (ND) Hessian is available,
Newton’s method will be the most efficient method for updating the price vector. In

Newton’s method, the update equation (2.24) becomes:
p'tt =p?— e [H '] J (2.25)

The Hessian matrix can be obtained from the local sensitivity information. For
CDMPC without local inequalities, the Hessian is usually ND and thus, the first
choice for solving the dual optimization problem would be Newton’s method. In
the presence of local inequality constraints, due to the change of local active sets,
the resulting Hessian may not be ND and a Newton-based coordinator (2.25) can
encounter convergence problems. Quasi-Newton methods (i.e., Davidon-Flethcher-
Powell (DFP) and Broyden-Fletcher-Goldfarb-Shanno (BFGS)), in which the Hessian
is estimated (Rao (1996)), are other alternatives for numerically solving the dual
optimization problem. The issues with using these methods are that the procedure
for the Hessian estimation may complicate coordinator’s calculations and similar to
the Newton’s method, the estimated Hessian may cause convergence problems for the
coordination algorithm.

The iterative nature of the coordinator establishes a hierarchical two-level scheme in
which, during each sampling instant k, the coordinator and CDMPC can communicate
and exchange information until the coordinator converges. Convergence is achieved
when the optimal prices have been obtained (i.e., p = p*) and has the following

implications:

e The value of the price vector'? becomes equal to value of the Lagrange
multipliers associated with the interaction equations in the plant-wide MPC

problem.

12The prices are estimates of the Lagrange multiplier vector associated with the equality
constraints resulting from the plant model or equivalently the Lagrange multipliers associated with
interaction equations.
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e The interaction equations are satisfied.

e The overall interaction error vector € becomes zero.

e The vector v;, provides exact estimates of local interactions.

Once the coordinator converges, the first sets of calculated optimal control moves (i.e,

u,(k|k)) are implemented at the local process unit level.

In the GC method, communication and information exchange between CDMPC

and the coordinator is performed in a systematic manner shown in Algorithm 1.

Also, the information flow in the GC method expressed by block diagrams, can be

found in Appendix A.

Algorithm 1 : Implementation of GC-DMPC network

1.

2.

10.
11.
12.

Coordinator: Iteration counter g is set to 1.

Coordinator: Price vector p is arbitrarily initialized.
Coordinator: Step-size € is chosen/calculated.

Coordinator: Price vector p is sent to the local controllers.

Local Controllers: Local optimization problems (2.15) are solved.

Local Controllers: Local optimal solutions X;, AU; and V; are sent to the
coordinator 3.

Coordinator: If ||€|| < e, algorithm stops. Otherwise, next step is taken.

. Coordinator: The gradient matrix J (and the Hessian H) is calculated using

(2.22) (and (2.23)).

Coordinator and Local Controllers: If required, optimal step-size € is calculated.
Coordinator: Price vector p is updated using (2.24).

Coordinator: Iteration counter ¢ is increased by 1.

Steps 3-7 are repeated.

13f Newton’s method (2.25) is used, local sensitivity information should also be sent.
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2.3.2.1 Coordinator Convergence Accuracy

Convergence of the coordination algorithm in the GC method can be proved by

defining the following Lyapunov function®*:

L(p) £ D" — ¢(p) (2.26)

where D* is the optimal value of the dual optimization problem (2.19) and its objective
function ¢(p) is the dual function defined in (2.17). The optimization problem (2.19)
implies that when p = p*, the function £ in (2.26) is zero and when p # p*, L is
positive definite, i.e., £ > 0. Thus, (2.26) can be a candidate Lyapunov function.

Changes of £ during the iterations (communication cycles) is expressed by:

From (2.26), taking the derivative of the Lyapunov function with respect to the price

vector yields:

% _ _d‘g_g’) _ 3 (2.28)
where J is the gradient vector (2.22).

Also, as previously discussed, because gradient-based numerical optimization
methods are used to solve the maximization problem (2.19), in general, the
coordinator is described by the set of iterative equations (2.24). The system of
equation (2.24) implies that the rate of change of the price vector over the iterations

is in the direction of the gradient vector or is proportional to the gradient vector, that

is:
— xJ=(J (2.29)

where ( is a positive constant.

Replacing (2.28) and (2.29) in (2.26) yield:

L=-J1] (2.30)

14 Convergence proof of the coordination algorithm provided in this section, is inspired by the
convergence analysis of unfeasible coordination methods in Singh and Titli (1978).
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According to (2.30), it is clear that £ < 0. Therefore, the price-update scheme
expressed by the ordinary differential equations (2.29) is stable, which implies that

the coordination algorithm is convergent.

2.4 Interaction Prediction Coordinated
Distributed MPC

In this section, details on determining the coordinating terms for the linear CDMPC
and the coordinator design in the IPC method are provided. The coordinator is

constructed by numerically solving portions of first-order optimality conditions of the

aggregate of the CODMPC.

2.4.1 Distributed Controllers in the IPC Approach

In the IPC method, {CoT'}; is determined as in the GC method. The only difference
is that in the IPC method, v; is among the coordinating variables and consequently is
determined by the coordinator. Following the procedures of section 2.3, the linearly
constrained CDMPC becomes:

X

% ola

i, AU;
subject to
!

xi(k + 1+ 1|k) = Ayx;(k +1|k) + By | Y Auy(k + alk) + wi(k — 1)

a=0
N (2.31b)
+ 3 oAz, (k + 1k) + Bijuy (k — 1)) + vi(k + 1] k)
=1
i#i
yIk+ 14 1) < Cuxi(k + 1+ 1|k) <y (k+1+1)
u""(k +b) < w;(k + blk) < ul"*(k +b) (2.31¢)

Au/"(k+b) < Aug(k + blk) < Au™(k + b)
i=1,...,N

where the price vector p comes from the coordinator and is shared by all the local
controllers; the vector v; contains predictions of the interactions and is updated and

provided for the local controllers by the coordinator; the constant matrix ®; contains
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the information of the interaction models Aj; and Bj; and has the dimension of
N

(Z Ngi) X (Ngi + ny;). In Appendix B, the ®; matrix is built for a simple example.
i=1

Tt can be seen that the distributed controllers (2.31) are very similar to the
distributed controller formulation in the GC method (2.15). The two main differences

are:

1. In (2.15), the vector v; is estimated by the distributed controllers, while in
(2.31) v; is predicted by the coordinator.

2. For implementation purposes, instead of ©;, the lower dimensional matrix ®;
is used in the {C'oT'};. This is because, at each communication cycle, the vector
V; is calculated by the coordinator and thus, is temporarily fixed in value when
the CDMPCs are solving their optimization problems. This implies that, in
performing local quadratic optimizations (2.31), multiplication of the relevant
parts of p?®; by V; produces a constant term in the local objective functions

that does not have an impact on determining the decision variables. In other
Xi
words, in the objective function (2.31a), the priced term p?®; | AU;| has
V;
T X, . . .
the same effect as p* ®; AU however, in the coordinator design phase,
X,

the aggregate of the distributed controllers with the priced term p’®,; | AU;
V;
(i.e., problem (2.14)) is used so that the optimality conditions written for

the aggregate of CDMPCs be the same as the optimality conditions for the
centralized problem (2.13).

2.4.2 Coordinator Design in the IPC Method

After determining {C'0oT'}; in the distributed controllers, the coordinator is designed
to calculate the coordinating variables p and V;, based on the numerical solution
strategy chosen for solving portions of first-order optimality conditions resulting from
the optimization problem of aggregate of the CDMPC.

Before proceeding with synthesizing the coordinator, to work with simpler notation,
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the aggregate of the CDMPC (2.14) is written over the entire control and prediction

horizons, so that it can be re-stated in the following compact form:

N N X,
i X N 0. (C. X — 1. T , TZ ‘ A
X{I’l&%L ZZI: [(szX'L rz) Qm ((CZZXZ I"L) + AUl RzzAU@:| +p - @z AVUZ
(2.32a)
subject to
Z;

Y < CuX; <Y

ymin < Uy AU, < gmee
i=1,...,N

where the matrices Au,ﬁ%ii, A, By, Aij and Bij, are obtained by writing the local
process models over the entire prediction horizon; on the right-hand side of the
equality constraints (2.32b), the vector Z; contains known (available) information;
the inequality constraints imposed on the manipulated variable w;(k + b|k) and its
change Au(k + b|k); have been written for the whole control horizon and the vectors
UM and UM and the matrix U; have been obtained by combining these inequalities.
Details of constructing (2.32) have been provided in the Appendix B.

It should be emphasized that re-stating the aggregate problem (2.14) as the
compact form (2.32) is done to facilitate derivation of the coordinator formulation;
however, for implementation purposes, it suffices to solve the optimization
problem of the distributed controllers (2.31) along with the coordinator’s update
equations, which will be provided shortly.

To design the coordinator in the IPC method, rather than estimating the
interaction effects by the local controller and finding the best price vector by
numerically solving the dual optimization problem, portions of optimality conditions
of the aggregate problem, are used to calculate the correct price vector p and

interaction effects v;. To do so, first the Lagrangian of the aggregate problem (2.32)
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is formed as:

N
L(X,AU,V,A, QY p) =Y Li(X;,AU;, Vi, A;, Q;, ;. p) =
=1
Z |:(C22Xz - I‘i)T Qi (CyX; — 1) + AUZ-TRHAUZ} +p” Z ©, |AU;| +
=1 i=1 V;
N A A~
> AT (AiX + ByAU - V- Z) +
=1
N
o[l (Y — CiXo) + QL (CiXo — Y] + (2.33)

1

.
I

M-

[szjmm (u;’mn - U“AUZ) + ngmax

(UzAU; — L]

=1

where A;, ; and Y, are Lagrange multipliers associated with the local dynamic
equations and inequality constraints. The vectors A, € and Y contain the
relevant multipliers for all the local subsystems. Optimal solution of the aggregate

optimization problem (2.32) must satisfy the following optimality conditions!®:

L(X,AU,V,A, Q7T =0
{vn ( ) ) ) ) ) 7p) (234)

for n = {X, AU, V, A, p}

The conditions VxL = 0, VaulL = 0, VAL = 0 along with the feasibility,

complementary slackness and non-negativity conditions arising from the local

15The precise statement of the necessary KKT conditions for the aggregate problem (2.32) is:

Optimality: VxL =0, VayL = 0 and

Y™in - CX
Feasibilty: CX — Ymaz

, <0
ymn —UJAU || —

UAU — gmaz
- Ymin - CX
Q CX —yma=x
Complementary slackness: [T} gmin _ UAU | = 0
UAU — ymaer

Non-negativity: f} >0

Throughout this thesis, in order to use simpler language, wherever the term optimality conditions is
used for the coordinator design in the IPC method, it refers to the above Optimality and Feasibility
conditions included in boxes.
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inequalities are handled by the distributed controllers (2.31). The system of equations
resulting from VL = 0 and Vv L = 0 are used to design the coordinator. The former
yields prediction equations for the coordinating variables V; and the latter provides
a relationship between the multipliers A, €2 and p.

A key idea in the IPC method is applying numerical techniques to portions of
the optimality conditions, to obtain update equations for the coordinating variables
(Sorenson and Koble (1984), Cohen and Miara (1990)). Fixed-point iteration
technique is one of the common numerical strategies used in the coordinator design
that converts the optimality conditions (2.34) into the following prediction type

update form:
V,L (X%, AU, VI A Q1 Y9 p?™h) =0 (2.35)

According to (2.35), at each iteration, the coordinating variables are updated
using the current local information. In other words, the price vector and interaction
predictions (n = p, V) are simultaneously updated using the current local controllers
optimal solutions. When 1 = p, taking derivative of the Lagrangian (2.33) with

respect to the price vector and using the predictive form (2.35), gives:

Xq
v,.=%"©, |Au!| =0 2.36
; vorl (2.36)

Considering (2.12), which describes the relation between the overall interaction

error vector & (2.11b) and the interaction equations (2.6b), it is clear that (2.36)

implies:
N l
vtk +1)k) = Z BAxI(k+ k) + By Y Aul(k + alk) (2.37)
7j=1 a=0
j#i
fori=1,....N

Taking derivative of the Lagrangian (2.33) with respect to V and using the iteration
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index ¢ based on (2.35), leads to the following set of equations:

N
VvL=> VyL=0 =

i=1
L - 0 Af (CimgH) " in (Cim) ™ e
ptl o =] = : + : =0
o -- IN A?V ((C leéx )TQ(JZ\/ min ((C Zéx )TQ?\/ max
(2.38)
where I; is the identity matrix with appropriate dimension.
The derivative term g(,? is calculated using the equalities in (2.32b):
dX; -
= A} 2.39
dVv; (2:39)
Substituting (2.39) in (2.38) and re-arranging the terms give:
A} (CuAy! )Tﬂ(f min (CuAy! )T91 maz

prtt=1| i | + : —~ : (2.40)
A;IV (CNNANN)TQN min (CNNANN)TQ(]ZV mazx
The two sets of update equations in (2.37) and (2.40) construct the coordinator in

the IPC method.

Remark 2.4.1 One approach to numerically solve a system of algebraic equations
1s to use a fived-point iteration technique. Another approach is to use gradient-based
methods. Note that there is a close relationship between numerically solving a set
of equations and unconstrained optimization. Thus, gradient-based approaches can
also be used to design the coordinator in the IPC method. In doing so, for solving

VoL = 0 and VyL = 0 the steepest ascent and steepest descent'S methods can be

16From duality point of view, elements of the price vector p are the so-called dual variables, as they
are Lagrange multipliers. Dual variables are decision variables of the dual optimization problem.
In the context of CDMPC discussed in this work, the primal optimization (plant-wide MPC) is a
minimization problem and thus, the corresponding dual optimization is a maximization problem.
This implies that if the price vector is calculated by numerically solving the dual optimization
problem using a gradient-based method, the search direction will be in the direction of the gradient
vector. Consequently, in solving the set of algebraic equations VL = 0 by a gradient-based method,
the same search direction is used.
In the context of duality, elements of the coordinating variable vector V; are the so-called primal
variables, as they are the decision variables of the primal optimization problem. In this work, the
primal problem is a minimization problem. In numerically solving minimization problems by a
gradient-based method, the search direction is in the negative direction of the gradient. Likewise,
for solving Vv L = 0 using a gradient-based method, the same search direction ( i.e. negative
direction of the gradient vector) is used.
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used, respectively, to obtain the following coordinator:

(VpL)4
N X1
i 2.41
b = pi (> [AU) 24
i=1 \'%A
(Vy L)1
Af (CuAH)TQ (CuA)TQ 0
VI =VI—ep'— | ¢ | - : + : )
A} (CanANN) T in (CavANN)T e
(2.42)

where i =1,...,N; and €, and €5 are tuning parameters (Singh and Titli (1978) and
Cohen and Miara (1990)).

Similar to the GC approach, the iterative scheme in the coordinator results in
a hierarchical structure. At every sampling interval, the coordinator (2.37 and
2.40) and distributed controllers (2.31) exchange information until the coordinator
converges. The convergence criterion used to stop the coordination algorithm is
[|[Vatt — V9|| < ') in which e is the pre-specified error tolerance. Coordinator

convergence corresponds to the case where:

e The value of the price vector becomes equal to the value of Lagrange multipliers

associated with the interaction equations in the plant-wide MPC problem.
e The interaction equations are satisfied.
e The vector v;, yields exact values of the local interactions.

Communication between the two levels in the Interaction Prediction Coordination
method is systematically done according to Algorithm 2. Also, for more clarification
on the information flow between the coordinator and distributed controllers, a

flowchart has been provided in Appendix A.

1"The criterion ||p?*! — p?|| can also be used along with or instead of |[VI*t! — V|| < ¢; however,
since both these criteria correspond to the same solution, using one of them suffices.
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Algorithm 2 : Implementation of IPC-DMPC network

1. Coordinator: Iteration counter q is set to 1.

2. Coordinator: Coordinating variables p and V; are arbitrarily initialized.
3. Coordinator: Coordinating variables are sent to the local controllers.

4. Local Controllers: Local optimization problems (2.31) are solved.

5. Local Controllers: Local optimal solutions X; and AU; and Lagrange
multipliers A; and/or €; are sent to the coordinator.

6. Coordinator: Coordinating variables are updated using (2.37) and (2.40).
7. Coordinator: If |[VI — V|| < ¢, algorithm stops. Else, next step is taken.
8. Coordinator: Iteration counter is increased by 1.

9. Steps 3-7 are repeated.

2.4.2.1 Coordinator Convergence Accuracy

Convergence of Coordinator Designed by Fixed-Point Iterations

In applying the IPC method in which the coordinator is obtained by fixed-point
iteration technique, to linear quadratic (LQ) control problem, Cohen (1977) showed
that the coordinator will converge, if the value of the objective function of the
aggregate problem decreases monotonously over iterations. The proof is valid only for
quadratic objective functions which fits with the MPC formulations used in this thesis.
Marcos (2012) extended the proof to unconstrained linear CDMPC and showed that
under certain conditions, the monotone decrease of the objective function is achieved.
These conditions depend on the dynamic models and weighting matrices that are
chosen off-line.

In this work, the same approach is adopted for constrained linear CDMPC, to
see if the presence of local inequalities will affect the convergence behaviour of the
coordinator. The proof is carried out by investigating if the overall objective function
decreases over any two consecutive iterations.

In the plant-wide MPC (2.4), if the predicted states in the objective function
and inequality constraints are replaced by X = S(AU) obtained from the equality
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constraint (2.4b), then problem (2.4) can be described in the following reduced space:
Tg%n JPlantwide (S(AU)a AU)
subject to (2.43)
EAU <0

where K is a constant matrix and contains the coefficients resulting from concatenating

inequality constraints.

For the aggregate of the distributed controllers (2.32), let the predicted states be

replaced by Xpyrpe = S(AU, V). Also, assume that K is the mapping from AU into
V that is, V. = K(AU). Thus, problem (2.32) can be written in the reduced space

form:
T'A”L%n JCDMPC<S(AU7’C(AU))7AU)
subject to (2.44)
EAU <0

Also, the aggregate of distributed controllers (2.32) will act as the plant-
wide/centralized MPC controller (2.4), if the following condition is held:

S(AU) = §(AU,K(AU)), VAU (2.45)

The two implications from (2.45) are that for all AU:
1. The objective functions of both plant-wide and distributed problems are equal:
Tptantwide(S(AU), AU) = Jepupe(S(AU, K(AU)), AU) (2.46)
2. The coeflicient matrices in the inequality constraints (2.43) and (2.44) are equal:
E=E (2.47)

The Lagrangians and objective functions of (2.43) and (2.44) along with Taylor
series expansion provide the tool to quantitatively express the objective function

values over two consecutive iterations. Before proceeding further, let the second
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derivative of the plant-wide and distributed objective functions be G = %—6@““5

and F = %, respectively. The matrix F contains the diagonal matrices F;
obtained from second differentiation of the local objective functions.

The Lagrangian for problems (2.43) and (2.44) are:

LPlantwide = JPlantwide + XTEAU (248)
Lopype = Jepupe + X EAU (2.49)

In studying the behaviour of objective function over the iterations, some simple
yet lengthy manipulations and calculations are needed. In what follows, for more

clarification, the required procedures are described in four steps.

Step 1: Finding a relationship between AU*, AU? and AU%"!:
The Taylor series of the derivative of Lagrangian (2.48) with respect to AU around
the optimal solution AU™* is:

dQLPlantwide
dAU?

dLPlcmtwide _ dLPlantwide
dAU dAU

(AU — AU") (2.50)

U*

R = 0 because AU* is the solution of the the first-
U*

order optimality condition ¢Elanuwide — 0. Also, from (2.48) it is concluded that

@ Lpiantwide — 4> JPlantwide — ; ;
Pleptpide — Coblantwide — (3. Note that the higher terms in (2.50) are zero because

dLPlantwide
where the term “=Ejanbwide

the objective function is quadratic and the constraints are linear; consequently the

higher than second order derivatives are zero. Therefore, (2.50) becomes:

dLPlcmtwide
———— = G(AU - AU~ 2.51
Linile — G(AU - AUY) (2.51)

Similarly, the Taylor series of the derivative of Lagrangian (2.49) with respect to
AU around the optimal solution of the aggregate problem at iteration ¢ + 1, AU
is:

d?Lepavpe
dAU?2

dLcpyvpe _ dLcprvpe
dAU dAU

(AU — AU (2.52)

AUg+1

AUag+1

o= 0 because AU?t! is the solution of the the first-
AUY

order optimality condition dL‘;Z—%PC = 0 at iteration ¢ + 1. Also, from (2.49) it is

dLcpyvmpc
where the term LRy
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concluded that d2deA%\§p €= dQ‘{j%Dgép ¢ = F. Note that the higher terms in (2.52) are

zero for the same reason mentioned above. Therefore, (2.52) becomes:

dLCDMPC
ECDUPC _ (AU — AU 2.
o (AU — AUH) (2.53)

Taking the derivatives of Lagrangians (2.48) and (2.49) with respect to AU gives:

dLPlantwide o dJPlantwide

= E” 2.54
JAU iau X (2:54)
dLcpympe  dJepmpe T
= E 2.55
dAU dAU (2.55)
and from (2.46) it is concluded that %22 janbuide — dLgZ%P <. Therefore, for all AU,

(2.51) and (2.53) are equal. Consequently, if AU = AUY, the following relationship
will be obtained:

AU — AU = FIG(AU? - AUY) (2.56)
Step 2: Finding an explicit expression for %"{}”de :
AUY
From (2.46) the following holds:
dJPlcmtwide dJDMPC
—_— = —— 2.57
dAU dAU (2.57)
AUY
The Taylor series of ZBMEC around AU is:
dJpmpc _ dJpupc d*Jpypc
= _— AU — AU 2.
dAU dAU dAU? ( ) (2.58)
AUt AUt

where the remaining higher order terms are zero as the objective function is quadratic.
In order to calculate the first term in (2.58), from (2.53) and (2.55) the following

relationship is obtained:

F(AU — AU = —djgzﬂépc T+ ETy

dJepmpe
LUV F(AU - AU — ET 2.
AU (AU — AUT™) X (2.59)

Thus, for AU = AUY, equation (2.59) yields:
dJepmpc _ q a+1 T4
GICDMPC | _ p(AUT — AU — ETy (2.60)

dAU
AU4
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Finally, from (2.57) and (2.60), the desired expression is obtained as:

dJPlantwide
_— = F(AU? — AU — ETy4 2.61
v I )~ E"x (261)

Step 3: Writing the Taylor series of Jp niwiqze around AU?:
Now, the Taylor series expansion of the plant-wide objective function around AU?,

is formed as:

T
dJ antwide
JPlantwide(AU> = JPlantwide(AUq) + M (AU — AUQ)
dAU
v (2.62)
+(AU — AUq)lM (AU — AUY)
2  dAU? AU

where the remaining higher order terms are zero.

and d? JPlantwide

Dlanty by (2.62) and G, respectively, the

By replacing 4Jpiantwide Lanlwide

AU4
following expression for Jpjaniwide is achieved:

AU4

JPlantwide (AU) = JPlantwide (AU(])

+ (AU? — AUTTHTF(AU - AUY) — (x)"ET (AU — AUY)  (2,63)
G

+ (AU - AU (AU - AUY)

Step 4: Calculating Jpiniwide(AU?) — Jpiantwide(AUIT):

Equality (2.46) implies that studying the trends of the objective function in the
aggregate problem (2.44) over the iterations, is equivalent to studying changes of
the objective function in the plant-wide problem (2.43). Therefore, using (2.63),
the difference between the values of plant-wide objective function evaluated for the
solution obtained at iterations ¢ and ¢ + 1'**¥, becomes:

I Prantwide(AU?) = Jpiantwize (AU =
(AUY — AUT™HTF(AU? — AU — () ™HTET (AU — AU (2.64)

— (AU - AU‘?“)T%(AUQ — AU

18Note that the coordinator updates the coordinating variables. Then using these updated values,
the solution of the aggregate problem at iteration ¢, i.e. AUY, is calculated.
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Using (2.56), (2.64) becomes:
JPlantwide(AUq) - JPlantwide(AUq+l) =
(AU? — AUHNY(B'G)'F(B'G)(AU? — AU*) — (x™)TE"(B'G)(AU? — AU¥)
— (AUY — AU*)T(BlG)T%(BlG)(AUq — AU

—
JPlantwide(AUq) - JPlantwide(AUqul) =

— (x""HTET(B"'G)(AU? — AUY)

For the overall objective function of the distributed controllers, or equivalently
the objective function of the plant-wide problem, to have a decreasing trend over
the iterations, the right-hand side of (2.65) should be positive. For both plant-wide
and distributed MPC, as they are both QP, if G and F; are positive definite, a
unique solution exists'?, which means that the optimality conditions are met. Thus,
if inequality constraints exist, the non-negativity condition x?*t!' > 0, is satisfied.

Based on the value of x9*! three conclusions can be made:

1. If no inequality constraints are used in the MPC controllers, x?™ = 0
and the second term in the right-hand side of (2.65) is zero. Therefore, if
F — £ > 0, the first term in the right-hand side of (2.65) will be positive
and thus, the overall objective function will decrease over the iterations (i.e.,
Ipiantwide(AUY) — Jpiantwiae(AUIT) > 0) and the coordination algorithm

converges. This is the same result obtained by Marcos (2012).

2. If inequality constraints are used in the MPC controllers and if they are inactive
(i.e., x9™ = 0), similar to the case of no inequalities, the coordinator will

converge, if F — % > 0.

3. If inequality constraints are used in the MPC controllers and if they are active
(i.e., x7™ > 0), then no conclusions can be made on the sign of the right-hand

side of (2.65) and consequently on the convergence of the coordinator.

19Before designing an MPC, this assumption is implicitly taken into account by properly choosing
the weighting matrices.
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Therefore, if local inequalities exist in the CDMPC, proving convergence of the
coordination algorithm when fixed-point iteration technique is used, cannot be done
by the above method, as it is not possible to guarantee having inactive inequalities

over the iterations at each sampling instant &.

2.4.2.2 Convergence of Coordinator Designed by Gradient-based
Algorithm

If a gradient algorithm is used to obtain the coordinator, convergence of the

coordination algorithm can be studied by defining an appropriate Lyapunov function.

Before proceeding with the prove, the following simpler notation is introduced:

1. The variables involved in the optimality conditions of the distributed controllers
(2.31) are represented by vector Z; £ [X!', AU/, AT, Q7 TiT]T. Consequently,

T

Z = [Z{,...Zm .
v T

2. The coordinating variables are shown by the vector W £ |p7, V;‘_F, e ,V]:f,

3. The Lagrangian for the aggregate of the CDMPC is shown by L(Z, W).

4. The gradients of the Lagrangian with respect to the coordinating variables are

shown by the vector VL £ [V, L7, —VVLT]T.

As suggested by Singh and Titli (1978), the following Lyapunov function is defined

for the convergence proof of the gradient-based coordination algorithm:
1
L2 5(VWL)T(VWL) (2.66)

The function £ is zero when W = W*, where W* is the optimal centralized solution,

and positive definite (i.e., £ > 0) when W # W*. The derivative of L is:

. dL
= = = N
L a7 (Vwl)

AV
dq

7 dVwL dW

(2.67)

The use of gradient-based methods to find W = [pT, VT]T that solves VL = 0

and Vy L = 0, implies that the changes in W over the iterations is proportional to



Sec. 2.4 Interaction Prediction Coordinated Distributed MPC 56

VwL. Thus, it can be assumed that:

dW
— " 2.
a Vw (2.68)

: : : s : dVwL
If (2.68) is used in (2.67), then the sign of £ will depend on the sign of “3&=.

dVwL

In order to calculate W

in (2.67), optimality conditions of the aggregate of the
distributed controllers are used. The optimality conditions that the coordinator is
responsible to satisfy during the iterations, is VwL = S(Z,W) = 0, where the
function S denotes that optimality conditions depend on both local and coordinating

variables. Therefore, differentiating Vw L = S(Z, W) results in:

dVwL = (VawL)dW + (Vi L)dZ

dVwL 9 9 dZ
= L L)—— 2.
Because the interaction equations are linear, at each iteration, Vigwl = O.
Therefore, (2.69) becomes:
dVwL dZ,
w ~ Vel Ry (2:70)

Also, at each iteration, optimality conditions of the local controllers are satisfied,

that is:
VzL=8(Z,W)=0 (2.71)

where the function S indicates that optimality conditions of the local controllers

depend on both local and coordinating variables. Thus, differentiating (2.71) yields:

(VozL)dZ + (Vg L)dW = 0

dZ _

— = ~(V3al) (Vi D) (272

If the chosen weighting matrices in the objective functions of distributed controllers,

are positive definite and a feasible region exists, the local QP problems will have a
solution and thus, (V%,L) will be non-singular and thus, invertible.

Combining (2.67), (2.68), (2.70) and (2.72) obtains:

L= —(VwL)" (ViyzL)(VzzL) " (VawL)(VwL) (2.73)
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From (2.73), it can be concluded that £ will be negative definite only if the matrix

S £ (V% ,L)(V%,L) " (VZwL) which is the Schur Complement of the matrix
< _ [ViL ViiL]w
ViwL 0
coordinator (2.41 and 2.42) will converge to the plant-wide solution.

, is positive definite. Thus, if this condition is met, the

2.5 Modified Pseudo-Model Coordinated
Distributed MPC

In this section, for the first time, the MPMC method is extended to the distributed
linear constrained MPC problem. The coordinating terms {CoT'};, are derived
and the coordinator is designed by numerically solving portions of the optimality
conditions. A different type of coordinating terms and coordinating variables appear
in the distributed controllers (2.8) because of the strategy used in dealing with the
interaction equations. Accordingly, the coordinator is designed such that it gives

updates for the resulting coordinating variables.

2.5.1 Pseudo-variables and Distributed Controllers

As was briefly mentioned in section 2.1, the main idea in the Pseudo-Model
Coordination method is definition of desirable interconnection variables and then,
penalization of deviations of these defined variables from their corresponding local
variables. This is done by defining pseudo-variables that are temporarily fized in
value, for the unknown interaction variables x;(k + [|k) and Au;(k + blk). The

pseudo-variables x; and Au;
%; (k) = x;(k) (2.74a)
At (k) £ Au(k) (2.74b)
are introduced. These pseudo-variables are used to represent the interaction variables

in the interaction equations (2.6b). Also, it is desired that the value of each pseudo-

variable X;(k 4+ [ 4+ 1|k) and A@,(k + b|k) be equal to the value of x;(k + 1+ 1]k) and

20Using the Lagrangian (2.33) to calculate the elements of the matrix S, it is seen that these
elements include the weighting matrices, the local and interaction models A;; and B;;, for
i,j=1,...,N.

R
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Au;(k + blk), respectively. Therefore, the plant-wide optimization problem (2.4)2!

can be written as:

N
i X N 0. (C. X, — . Tm )
Xrlr}i%l Zl <(CZ’LX’L I'Z) @zz (C“Xz I'l) + AUz R”AUZ> (275&)
subject to

l

xi(k + 1+ 1k) = Ayx;(k + 1|k) + By | > Au(k + alk) + wi(k — 1)

a=0
N (2.75b)
+ ) [eAix;(k + k) + Byug(k — 1)] + vi(k + 1|k)
=1
g
N l
vilk +11k) = > | BA;%;(k + 1|k) + Bi; Y Adt(k + alk) (2.75¢)
=1 a=0
=
%i(k +1)k) = x;(k + 1|k) (2.75d)
Ati;(k + b|k) = Au;(k + b|k) (2.75¢)
y7Mk+1+1) < Cuyxi(k + 1+ 1|k) <y (k+1+1)
u"(k +b) < w(k +blk) < u*(k +b) (2.75f)

Au""(k +b) < Aug(k + blk) < Au™*(k + b)

Next, the performance index (2.75a) is augmented with the transformed interaction
equations (Sorenson and Koble (1984)) (2.75d) and (2.75e), by using quadratic
penalty terms with penalty parameter ¢ and block-wise weighting matrices Q; and
R,;. That is, in the Pseudo-Model Coordination method, the coordinating terms
are defined by relaxing these two sets of equations using quadratic penalty functions
(Pearson (1971), Singh (1975)); however, as was discussed in section 2.1, the resulting
aggregate problem is an approximation of the plant-wide problem (2.75) unless a very
large penalty parameter value is used (i.e, € — 00). In other words, for small values
of the penalty parameter, the equivalence between the aggregate distributed local

optimization problems and the centralized problem is not retained.

2In order to design any coordinated distributed network, interaction models are required. Thus,
with the presumption of availability of the interaction models, the three centralized, distributed
and decentralized schemes can easily be converted into one another. This implies that by including
the interaction models, the already existing decentralized MPC network can be converted into the
plant-wide MPC (2.4) and there is no need to have a physical centralized MPC available.
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Sorenson and Koble (1984) overcame this drawback by keeping the transformed
equations as explicit constraints in addition to quadratically penalizing them. Then,
they formed a relaxed problem by appending the transformed interaction equations
to the objective functions of the local controllers. In the current work, the same

approach is applied to (2.75), so that the following relaxed problem is formed:

N
' X — N O (C. X — 1. Tmp .

XEI}&II]L Z; <(CMX1 r;) Qi (CiX; — 1) + AU; R”AUZ> +
N c R 3
S (1% - X3, + AU - AT ) + (2.76a)
=1
N -~ o~
> (TF(X - Xi) + T (AU, - AT
=1

subject to

l

xi(k + 1+ 1k) = Ayx;(k + 1|k) + By | > Au(k + alk) + wi(k — 1)

a=0
N (2.76b)
+ 3 aAyx;(k + k) + Biyu,(k — )] + vi(k + 1|k)
=1
i#i
N l
vilk +11k) = > | BA;R;(k + 1|k) + Bi; > Adt(k + alk) (2.76¢)
i=1 a=0
i#i
vk + 14 1) < Ciuxi(k + 1+ 1)k) <y (k+1+1)
w(k + ) < wi(k + blk) < u(k + b) (2.76d)

Au""(k +b) < Aug(k + blk) < Au™*(k + b)

where X = [XT,..., X%]T and X; = [&;(k+ 1|K)T, ..., %:i(k + H, — 1|/k)T])T; similarly,
AU = [AT,,...,AU,|” and AT; = [A&(E|K)T, ..., Aly(k + H, — 1|k)7]7; the
vectors I'; and II; are the Lagrange multiplier vectors associated with the pseudo-
variable equations. As was stated before, the pseudo-variables X;(k + [ + 1]k) and
AU, (k+0b|k) are temporarily fixed in value, which indicates that they are among the
coordinating variables and their values are determined by the coordinator. This also
implies that the set of equations (2.76¢) will entirely be handled by the coordinator

as it only depends on the pseudo-variables. Optimization problem (2.76) represents
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aggregate of the following CDMPC:

X,;,AU;

€ - -

= (I - X, +11AU; - AT, ) + (2.77a)
subject to

l
> Aui(k+alk) + w(k — 1)

a=0

N (2.77D)
+ ) [aAix;(k + k) + Byug(k — 1)] + vi(k + 1|k)
=1
i
yi""(k+1+1) < Cuxi(k+1+1|k) <y (k+1+1)
" (k4 b) < wy(k + blk) < u"®(k + b) (2.77¢)

AU (k+b) < Awy(k + blk) < Aul™ (k + b)

where §|1X; = Xi|[2, 5||AU; — AU, TT(X; — X;) and I (AU; — AU;) are the
four coordinating terms that establish the connection between the controllers and
the coordinator; the coordinating variables I'; and II; have a similar role as the price
vector p has in the GC and IPC Methods and thus, they shall be called prices as well;
these prices along with the pseudo-variable vectors X; and AU; and the interaction

variables V; form the coordinating variables in the MPMC-DMPC.

2.5.2 Coordinator Design in the MPMC Method

Similar to the previous two coordination methods, after {C'oT'}; and the coordinating
variables are defined, the next step is to use an appropriate solution strategy to solve
the aggregate distributed problem (2.76). The adopted solution strategy ultimately
designs the coordinator by providing update equations for the coordinating variables.
In the MPMC method, the solution strategy is similar to the one used in the IPC
method, which means that relevant portions of optimality conditions of the aggregate
problem are solved by choosing a suitable numerical technique.

In order to make designing the coordinator simpler by using fewer variables, the

aggregate of the CDMPC (2.76) combined with interaction equations, is written over
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the entire prediction and control horizons and then re-stated in the following compact

form:

N
; X N 0. (C. X, — . .. .
XIZI,lAIIlJZ Zl <((CZZXZ rz) Qu (szXz rz) + AUZ RZZAU1> -+
N e ~ -
S (1% - Xill3, + AU - AT ) + (2.78a)
i=1
N ~ ~
> (P (X - X)) + T (AU, - AT))
i=1
subject to
~ A N ~ o~ ~ ~
=1
i#i
2 (2.78D)
i N ] A
A (k) + ]Buuz + Z A’UX] —f‘ ]Bijllj(k — 1)}
=1
i
Y < CiXy < Y
(2.78c)

UM < Uy AU; < UM
i=1,....N

where details on obtaining the matrices containing the local and interaction models,
have been provided in Appendix B (section B.4). It should be once again emphasized
that, the compact form (2.78) is used to make deriving the coordinator’s formulation
simpler to follow. For implementation purposes, only the CDMPCs (2.77) and the
to-be-obtained coordinator are needed.

Since portions of first-order optimality conditions will be used to design the
coordinator in the MPMC approach, the first step would be to form the Lagrangian
of the aggregate problem (2.78):

N
L(X,AUX, AU A QY. T10) =) Li(X;, AU, X;, AU;, A;, Q;, X, Ty, T0)

i=1

= 3 (€%, — 1) Qu (CaX, — 1) + AUTR,AU)

=1
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(I = Xill3, +1|AU; — AT, )

MI(‘G

N
2>
v

Z ( T(X; —X,) + O] (AU, — Aﬁi))
+ Z AT | AyX, + BLAU, + Z AuX; + ByAT| - 2,

J#z

+ Z Q! (Y™ — CiXy) + Q1

1, max

(CuiXi — Y"*)

(U;AU; — L)

1, max

+ Z Y. (UM — U AU + YT

Using (2.79), the optimality conditions®?

V,L(X,AU,X,AU,A,Q, YT, T,II) =0
n={X,AU X AU, A T, II}

Of the equation set (2.80), VxL = 0, VauL = 0, VL =

are obtained as below:

(2.79)

(2.80)

0, along with the

feasibility, complementary slackness and non-negativity conditions resulting from the

local inequality constraints are taken into account in the optimization problem of

CDMPC (2.77). The remaining optimality conditions in (2.80) ie., VgL = 0,

22The precise statement of the necessary KKT conditions for the aggregate problem (2.78) is:

Optimality: VxL =0, VayL =0, \ V<L =0 \ and \ VagL=0 \
VaL=0,|VrL=0]|and|VnL=0]

Y™min — CX
F ibi . _ max
easibilty (CX Y <0
ymn —UAU | —
UAU — ymaee
. Ymin - CX
O CX — Ymaz
Complementary slackness: {T gmin _ UAU | = 0
UAU — ymae

Non-negativity: [.(Iq >0

Throughout this thesis, in order to use simpler language, wherever the term optimality conditions
is used for the coordinator design in the MPMC method, it refers to the above Optimality and

Feasibility conditions included in boxes.



Sec. 2.5 Modified Pseudo-Model Coordinated Distributed MPC 63

Vagl = 0, VrL = 0 and VgL = 0 are used to design the coordinator. The
use of fixed-point iteration method in solving the algebraic equations resulting from

the optimality conditions, produces the following iterative form of (2.80):
V,L(X%, AU?, X7 AU A7 Q7 Y7, ToF [194) = 0 (2.81)

Taking the derivative of Lagrangian (2.79) with respect to the prices € and II,
setting the results to zero and solving the resulting equations yield the following

update formulae for the pseudo-variables X and AU:

N
Vel =) Vr,L=0

i=1 (2.82a)
Vnl=>» Vu,L=0

=1

_—
for i=1,... N :
X! X =0 (2.82b)
{Aug ~ AU =0
_—
for i=1,... ,N:
{5{3“ = X! (2.82¢)
AU = AU

Similarly, taking the derivative of Lagrangian (2.79) with respect to the pseudo-
variables and iteratively solving the resulting equations yield the update formulae for

the prices as:

N
VL =) Vi L=0

= (2.83a)
Vaol =) VagL=0

=1
—

for i=1,... ,N:
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(X7 - XITHQ, - T 4 ZAJTlAj + Z A AT
J#Z J#l
N
= > _(Cyih5 85i) QY = 0
j=1
it (2.83b)
(AU - ATTR, - T Z BEAL+) (CyA; B i
=1
1751 i
N
=D (CyAL B Q.. =0
j=1
\ i
—
for i=1,... N
FQ+1
N

~

j=1
J#% J#Z JFi

N

=1 j=1
| T i i

(2.83c)

The sets of update equations in (2.82c) and (2.83c) along with the following iterative

form of the interaction equations (2.76) ,

for i=1,...,N:
N l

VI kUl = 7 | BAGEST (k4 1R) + By Y ARk alk)| (284)
j=1 a=0
i

compose the coordinator for the CDMPC in the MPMC approach.

Remark 2.5.1 If gradient-based method is used to solve VgL = 0, VgL = 0,

—c(AU? — AUTHR, +ZB§A3+Z CiA7 B Q. — > (CiA; B0

(Xq XQ‘H QZ + Z AﬁA;] + Z Jj ]_j TQ? min Z(C]JAJ_leji)TQ;] mazx

j,mazx
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VrL =0 and VgL = 0, the coordinator will become:

T =T 4 ¢ [X? - XY (2.85)
7T = II¢ + 6, [AU? — AU (2.86)
Fatl _ < T
XTI = X — 5[ (XY — ~TY+ Z ATA?
Jséz
N N (2.87)
+ ) (ChuAG AT = (CuAy Ay Qe L
=1 =1
= =
~ g+1 ~ ~ al
AU] = AU, - e-c(AU! - AU)R, — I/ + > BIA!
j=1
J#1
N N (2.88)
Z(CJJA ) Q?,mzn - Z(ijA]'_jIBji>Tﬂg,maa}]
j=1 j=1
J# J#
and (2.84)
where i =1,...,N; and €, €3, €3 and €4 are tuning parameters.

Similar to the previous two coordination methods, the MPMC approach has a
hierarchical structure, in which at every sampling instant the proposed CDMPC

(2.77) exchange information with the coordinator, until convergence. The convergence

criterion used for the coordinator is < ¢, where ¢ is the chosen error

[AU ) }A(U}

tolerance. When the coordinator converges, the following conditions are met:

e The values of the price vectors I'; and IT;?® equal the value of corresponding
Lagrange multiplier associated with the transformed interaction equality

constraints.
e The transformed interaction equations are satisfied.
e The interaction equations are satisfied

e The vector v; gives exact values of local interaction effects.

23These prices give estimations for the relevant Lagrange multipliers associated with the local
transformed interaction equality constraints (2.75d) and (2.75e).
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Once the coordinator converges, the first sets of the calculated optimal control
variables u;(k|k) are implemented on the local processes.

Implementation of the MPMC-DMPC network, is systematically performed
according to Algorithm 3, and the corresponding information flow pattern can be

found in Appendix A.

Algorithm 3 : Implementation of MPMC-DMPC network

1. Coordinator: Iteration counter ¢ is set to 1.

2. Coordinator: Coordinating variables T';, II;, Xi and Afji are arbitrarily
initialized.

3. Coordinator: Coordinating variables v; are calculated using (2.84).
4. Coordinator: Coordination variables are sent to the local controllers.
5. Local Controllers: Local optimization problems (2.77) are solved.

6. Local Controllers: Local optimal solutions X; and AU; and Lagrange
multipliers A; and/or €2; are sent to the coordinator.

X -X

7. Coordinator: If H [AU AT

} H < ¢, algorithm stops. Otherwise, next step is

taken.
8. Coordinator: Pseudo-variables and prices are updated using (2.82¢) and (2.83c).
9. Coordinator: Iteration counter is increased by 1.

10. Steps 3-7 are repeated.

2.5.2.1 Coordinator Convergence Study

Considering the analogies between the solution strategies used in designing the
coordinator by either fixed-point iteration or gradient-based methods in both the
IPC and MPMC approaches, the same concepts and procedures employed in section
2.4.2.2; can be used to study convergence of the coordinator in the MPMC method.

As the general results are similar, they have not been repeated in this section.



Sec. 2.6 Case Study 67

2.6 Case Study

In this section performance of the three discussed CDMPC schemes is tested on
a process consisting of two interconnected CSTRs (Sun and El-Farra (2008)). The
process flow diagram and details on the first principle model, can be found in Chapter
4, Section 4.3.

The plant includes four states, which are the concentration and temperature
of each reactor and four manipulated variables that are the heat input rates
and inlet concentrations. This process has three steady-states among which
two are locally asymptotically stable and one is unstable at (77,C%;, Ty, C%) =
(457.9K, 1.77%, 415.5K, 1.75%). The control goal is to stabilize the plant around
the unstable steady-state point. It is assumed that all states are measured and
no disturbance affects the process. The following discrete-time linear state-space
description of the process has been obtained by linearizing the nonlinear model (4.42)

of Section 4.3, and discretizing the result using a sampling time of 0.005 hr:

1.1357 6.1467: 0.1852 0.6696
—0.0014 0.7954: —0.0002 0.1466
0.0704 0.2556; 0.9917 1.5870
—0.0001 0.0557: —0.0005 0.8875

0.0000 0.0778} 0.0000 0.0113
=0.0000_0.0223; -0.0000_0.0039 | |, 1y

0.0000 0.0022} 0.0000 0.0404
—0.0000 0.0007: —0.0000 0.0471

(2.89)

where x(k) = [x1(h)", XQ(k)T]T & [[Tuk) Curh), [To(k) C’Ag(k;)]]T. Similarly,
u(k) = [w (k)" u2(k:)T}T & [1Qi(k), Caolh)], [@alh), C*Aog(k)]]T. Both x and u

are in deviation variable form. The plant is assumed to consist of two local units,
each containing one of the CSTRs. Also, it is assumed that two decentralized MPC
are controlling the plant. The parameters used in the simulations are listed in Table

2.1.



Sec. 2.6 Case Study 68

MPC 1 MPC 2
Initial Conditions x1(0) = [5 —1.5}T x2(0) = [-5 1.7}T
Weighting Matrices Q1 =51 Qo =51

Rll =151 RQQ =151
Prediction Horizon 10 10
Control Horizon 5 )

Table 2.1: Parameters used in the CDMPC

2.6.1 Simulation Results

Simulations are performed using the proposed CDMPC schemes, centralized and
decentralized MPC and the results are compared?*. In Figures 2.1 and 2.2, simulation
results for output and manipulated variable trajectories obtained by the three
coordinated methods are plotted along with the centralized MPC solution as the
performance benchmark. The results indicate that the CDMPC, in all the three
coordination methods, produce the centralized MPC solution.

For this example, the GC method encountered convergence problems when limits
on the process outputs and manipulated variables were used. Therefore, the results
are obtained for unconstrained MPC, as the main purpose of this case study, is
showing that numerical simulations agree with what is suggested by theory; however,
the consequence of not using inequality constraints in the controllers can be seen in
Figure 2.3(d), where the controllers calculated negative values for inlet concentration.
In the next chapter, a modified coordinator for the GC method will be proposed, which
does not have convergence issues in the presence of local inequalities. In Appendix

D, simulation results are provided for the constrained version of the current example.

24Throughout this thesis, simulations for the IPC and MPMC methods are carried out using
coordinators obtained by fixed-point iteration technique.



Sec. 2.6 Case Study 69

g 1un jo uorperyusouo)) (p)

(1q)ewry,

1 JIUN JO UOIpRIJULIUO)) (D)

(1y)ouury,

S0'0 0 sz'0 20 SL'0 Lo S0°0
| : T

4] 4 SL0 1’0
T

DINIIN .
©/0/00/006/0000/0/0/9/0/66,690/0/0/6/06 0000 g eI g O F odl e 80
DO = L
= a POZIRITIO) -
B E
e r L —
N sF
BE s
i sT - i v
= 9°L
‘ DINAI .
odI ¢
opm | 2
POZI[RIIUR)) S
j - E £44
¢ 1un jo amjeroduwo], (q) 1 yun jo aanjeroduwoy, (B)
(aq)ouwry, (ayq)oury,
sco c0 S0 Lo S0°0 0 S0 co SL'0 Lo S0°0 0,
T T T T h—.w T T T T 1144
= LY = —0SY
r (4534 r B4:14
DINIIN DINIIN
OdI ¢ DdI ¢
- el | E484 = (eI | Ble14
pozI[eIjuUL U° pozifeIjus
! =
r viv = 9GSt —
= =z
= Sy 851
= 19y = 091
= RrA%4 = r4si4
1184 ﬂmﬂ

DAIN pozI[e1jued

pue DJIND WO SUurnsol

sortooe(ery mding :1°g 2InSryg



Sec. 2.6 Case Study 70

Ge0

g JIUN IO UOTJRIJUSIUO0D JueIdesl jo[u] (p)

4

(1q)owry,
4] S0 10 900 om:
L
L -
DN
| Odl & 1
DD m "
pozie1Ue) @ N
s
£
¢ yun 10j oger yndut sy (q)
(1q)omy,
(4 510 1o 500 0._
T T T T T T T T T T T T T T T T T T -
@

OINdIN
OdI ¢
oD |

POZI[RIIUO)

oeoeeeoeeeeeeoeaeoaeoeaoe@@w

(

1]

OdIN

LOFX

PozIeIIuDd puR ) JIN(D) WO SUInsol

1 IUN I0J UOIJRIJUSIUOD Jue)oral 191Ul (9)

(ay)oury,
ST0 ¢0 S0 K0 500 0
T — T 4
¥
19 M
I8 %
DINdIN
- OdI 4 i
oDm
PazI[RI)ID)
L L L L 1 L L L L L L L L L L L L L L L NF
1 91un 10y o3el jndut jeol (e)
(a)ory,
S0 4 SO K0 S0°0
L L

DINdIV
Ddl ¢

Do m
PazIeNUa) @y

sor10%09(e1y ndur [01IU0)) :Z°7 9INSI



Sec. 2.6 Case Study 71

465 ‘ 418
416
__ 460 _ —_— ]
X X
= = 414
- -
455!
412
: 410
4500 0.1 0.2 0.3 0 0.1 0.2 0.3
Time(hr) Time(hr)
3 3.5
E 2 E°
© ©
£ £ 25
= =
<1 P
(&) o 2
0 1.5
0 0.1 0.2 0.3 0 0.1 0.2 0.3
Time(hr) Time(hr)

Figure 2.3: Process output trajectories resulting from decentralized MPC

In Figure 2.3, process output trajectories resulting from the decentralized
controllers have been plotted. The simulation results show that though the two
controllers have stabilized the process around the unstable operating point, they have
produced oscillatory behaviour in the process outputs. Also, comparing with Figure
2.1, the decentralized controllers need more time to settle down the outputs. All of
these performance degradations are due to ignoring the interactions in designing the
decentralized MPC.

The number of communication cycles required for the coordinator to converge
during sampling intervals is plotted versus the simulation time in Figure 2.4.

It should be mentioned that in all the coordinated distributed simulations, the
stopping criteria of ||€|| < 107% is used and no local inequalities are present. Also,
in the GC approach, Newton’s method with constant step-size of € = 1 is used.
Clearly changing each of these factors will affect the coordinator’s convergence rate
and consequently the number of required communication cycles. But, the general
results to be concluded from Figure 2.4 are that under the same simulation conditions,

the coordinators in the IPC and the MPMC methods show very similar convergence
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Figure 2.4: Number of iterations at every sampling instant vs. time

behaviour. Also, if the Hessian matrix obtained from the local sensitivity information
is negative definite, the Newton-based coordinator in the GC method, converges

significantly faster than the coordinators in the other two approaches.

2.7 Summary

In this chapter, three coordination methods, namely the GC, IPC and MPMC, have
been applied to decentralized linear constrained MPC. Accordingly, three CDMPC
schemes have successfully been developed for plant-wide MPC problem.

The common concept used in the coordination methods studied in this chapter, is
to convert the existing network of decentralized MPC into a network of CDMPC by
doing minor modifications in their optimization problems. Some form of interaction
equation relaxation is the basis for performing the required modifications. The
relaxation results in the addition of the so-called coordinating terms to the local
objective functions. The coordinating terms contain coordinating variables that
connect local controllers to the coordinator. Depending on how interaction equations

are manipulated and what form of relaxation is used, different CDMPC formulations



Sec. 2.7 Summary 73

are obtained.

After modifying the decentralized MPCs, the coordinator is designed by the
numerical algorithm used to solve the optimization problem resulting from the
aggregate of CDMPC. In the GC method, the coordinator update equations are
determined by the numerical method used to solve a relevant dual optimization
problem. In the IPC and MPMC methods, the numerical technique chosen to
solve portions of the optimality conditions of the aggregate CDMPC dictates the
coordinator’s formulation. Convergence of coordination algorithms for the proposed
CDMPC networks are studied. It is shown that at each sampling time, over the
communication cycles, the proposed coordinators converge and optimal plant-wide
solution is achieved.

The presented CDMPC schemes of this chapter, can be compared in terms the
following characteristics:

Ease of implementation: The three proposed CDMPC schemes are equally
easy to implement due to the simple communication strategy used in coordinated
distributed control structures.

Required tuning: The coordinator in the GC method contains a step-size as
its tuning parameter. In the IPC and MPMC methods, the coordinator designed
using the fixed-point iteration technique does not contain tuning parameters, and
the coordinator designed based on using a gradient-based method contains constant
tuning parameters.

Required computation and communication: In the GC-DMPC scheme, if
the coordinator needs to calculate optimal step-size, then within each communication
cycle, a univariate optimization should be performed. In this case, computations and
the number of iterations of the CDMPC network may considerably increase. The
required computations and communication cycles for the IPC-DMPC and MPMC-
DMPC approaches are very similar and usually less than what is needed by the
GC-DMPC network.

Handling inequality constraints: The proposed coordinator in this chapter for
the GC-DMPC cannot effectively handle active local inequality constraints. Thus,

performance of the coordination algorithm has to be improved. In Chapter 3,
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the proposed GC-DMPC scheme of Chapter 2 is modified to enhance convergence
performance of the coordinator and simulation results are provided in Appendix D.
Simulation studies indicate that the coordinator in both IPC-DMPC and MPMC-
DMPC schemes are able to effectively handle local inequality constraints

Simplicity of the coordinator: If the coordinator in the GC method can
converge using a simple first-order gradient method without the need to calculate
the optimal step-size, then the coordinator’s equations will be very simple; otherwise,
if optimal step-size has to be determined and/or other gradient methods are used,
the resulting coordinator can become relatively complex. The coordinator in the IPC
and MPMC methods, involves very simple computations and equations.

Explicit use of interaction models in the local controllers: In the
GC-DMPC and IPC-DMPC schemes, interaction models partially appear in the
objective functions of the CDMPCs due to relaxation of the interaction equations.
In the MPMC method because of using the pseudo-variables and relaxation of the
transformed interaction equations, interaction models do not appear in the CDMPC
formulations. This characteristic plays an important role in applying the MPMC
method to the plant-wide nonlinear MPC problem of dynamically interconnected
nonlinear processes, discussed in Chapter 4.

It can be concluded that only if an arbitrary constant step-size can be used
and local inequality constraints are not present, the GC-DMPC scheme that uses
a Newton-based coordinator, will have the best coordination performance; otherwise,
the IPC and MPMC methods are preferred as they involve simpler computations,
need reasonable number of communication cycles and can efficiently handle active
local inequality constraints. Also, between IPC and MPMC methods, the latter has
priority over the former because distributed controllers in the MPMC method do not

contain the interaction models.



Chapter 3

Chance-Constrained Coordinated
Distributed MPC

In this chapter, the Goal Coordination, Interaction Prediction Coordination and
Modified Pseudo-Model Coordination methods are applied to the plant-wide
chance-constrained MPC problem. The presence of uncertain disturbances in
the local process models results in uncertain predicted outputs. Therefore, the
predicted outputs are required to be held within a specified range with a given
probability.  To improve the convergence behaviour of the coordinator in the
presence of local inequalities resulting from the chance-constraints, in the GC
method, the CDMPC formulation is modified and a new coordinator is designed
by using a Separated Augmented Lagrangian method. Detailed formulations for
the three probabilistic CDMPC networks are presented. The effectiveness of the

proposed coordinated distributed schemes are tested through a simulation example.

Uncertainty is an intrinsic characteristic of any process; however, traditional process
design, optimization and control problems are deterministic, as uncertainty effects
are not explicitly included in mathematical description of the processes. Therefore,
commonly, in conventional MPC design, despite the uncertainties in the real process,
a deterministic process model is used. It is clear that when discrepancies between

the real uncertain process and its model are large, the nominal MPC could result in

5
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unacceptable performance. Synthesizing an MPC such that the effects of uncertainties
are explicitly taken into account, may efficiently deal with this type of performance
degradation while assuring feasibility at a high level of control accuracy. Therefore,
for practical purposes, robust MPC strategies should be considered. On the other
hand, in the context of plant-wide MPC, performance of decentralized MPC network
can greatly be enhanced by using coordinated distributed schemes. A promising
approach to practical plant-wide MPC problem would emerge if the two concepts of
robust MPC and CDMPC are integrated to develop robust CDMPC networks.

Research on robust MPC can be categorized in two general groups. The first
category is known as Robust MPC where robust optimization techniques are used
to synthesize a robust model predictive controller. Depending on the modelling and
identification procedures, polytopic (multi-model) or structured feedback uncertainty
paradigms can be used to model the uncertain system (Kothare et al. (1996)). In such
MPC problems, the bounds on uncertainties in the process model are known. Thus, a
worst-case optimization is performed to find an optimal solution, which is feasible for
all the uncertainties within the specified range. One characteristic of Robust MPC is
that it is a conservative control strategy because of its worst-case oriented approach.
Also, most Robust MPC methods are computationally expensive and consequently
not suitable for online implementation (Kothare et al. (1996)). Examples of research
on Robust MPC can be found in Kothare et al. (1996), Bemporad and Morari (1999),
Cuzzola et al. (2002), Wan and Kothare (2003), Langson et al. (2004) and Wang and
Rawlings (2004).

In the second group of robust MPC methods, stochastic optimization techniques
are employed to solve the resulting optimization problem under uncertainty. In
stochastic optimization, the probability distributions governing the uncertain data
and parameters are known or can be estimated. The goal is to find some policy
that is feasible for all (or almost all) the possible uncertain data and optimize the
expectations of the objective function (COSP (2012)). A stochastic optimization
problem in its initial form, involves a performance index and constraints, which are
functions of uncertain parameters. This form of the problem is not solvable because

a decision should be made before knowing the realizations of the uncertain data.
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Therefore, to make the problem solvable, it is revised so that a so-called deterministic
equivalent (Kall and Wallace (1994)) is formed. The simplest way to cast an stochastic
optimization problem as a deterministic problem is to replace stochastic variables
by their expected values. Another way to generate such a deterministic equivalent
problem is known as the two-stage stochastic program with recourse!, in which first
stage decisions are made, knowing only the probability distribution for the stochastic
elements. To ensure constraint feasibility, a recourse (at a cost) to second stage
variables, which vary for different realizations of the stochastic elements, is used.
First stage decision variables are obtained by minimizing the total expected cost,
which is the sum of the known costs for the first stage decisions plus the expected cost
for the second stage decisions (Beasley (2013)).

The third approach to generate a deterministic equivalent is employing probabilistic
constraints. This methodology is known as Chance-Constrained or Probabilistic
Optimization. In this technique, the stochastic optimization problem is relaxed into
an equivalent nonlinear optimization problem. The resulting deterministic problem
can then be solved by nonlinear programming (NLP) methods (Li et al. (2008)).
Probabilistic constraints can either be defined as single/individual or joint. Single
chance constraints are satisfied independently, while joint probabilistic constraints
are required to be fulfilled simultaneously within the given probability. Single chance
constraints are simple to handle because they usually can be written in terms of the
quantile function, that is the inverse of the Cumulative Distribution Function (CDF).
This implies that if the stochastic variables have strictly increasing and continuous
CDF, the corresponding single constraints can be converted into linear inequality
constraints. Joint chance constraints correspond to multivariate CDF where no
quantile function is available. Therefore, to solve the optimization problem by an
NLP method, the multivariate (joint) CDF and its gradient should be calculated.
If the dimension of the uncertain parameters is larger than three, this would be
a computationally expensive task as it involves numerical computation of multiple

integrals (Li et al. (2008)).

I Two-stage stochastic program with recourse can be extended to Multi-stage stochastic program
with recourse (Kall and Wallace (1994)).
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Although a relatively rich literature is available for stochastic optimization
methods, there is a small literature for stochastic MPC. Probabilistic optimization
can be a powerful method for synthesizing robust MPC. One advantage of chance-
constrained MPC is that the probabilistic constraints provide a practical way to
account for the effects of uncertainties on process outputs. Optimal control inputs
are calculated such that optimal control performance is achieved, while process
outputs are held within the desired limits with a given probability. Consequently,
in comparison with the two-stage stochastic MPC, chance-constrained MPC appears
to be a more practical approach.

One of the first research studies in the context of probabilistic MPC, was done by
Schwarm and Nikolaou (1999) where uncertainties were included in the parameters
of a step-response model. They used single probabilistic constraints on the predicted
outputs. The structure of each of the output constraints was such that the product of
a random vector containing the uncertain model parameter times a vector involving
linear functions of manipulated variable changes (decision variables) was less than or
equal to a deterministic scalar. Also they assumed that the uncertain parameters were
normally distributed. They transformed the normally distributed parameters on the
left hand-side of the output constraints into standard normally distributed variables
and then converted the probabilistic constraints into equivalent linear inequality
constraints by using quantile functions. Through a high-purity distillation column
simulation study, they showed their proposed chance-constrained MPC could enhance
robustness properties of standard MPC.

Li et al. (2000) employed both model and disturbance uncertainties with
multivariate normal distributions in a Multi-Input Multi-Output (MIMO) step-
response model. In the objective function of the MPC problem, they only considered
minimization of the control moves in the future horizon. They re-wrote the process
model such that the predicted outputs were represented by a deterministic vector
plus the product of a deterministic matrix times a random vector. The random
vector contained the uncertain step-response coefficients and disturbances. Based on
the new form of the model, they wrote the inequality constraints on the predicted

outputs such that a standard normal random vector was less than or equal to a
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vector whose elements were functions of the manipulated variables. They used
joint chance constraints on these inequalities and applied a sampling method to
approximate the values of the multivariate CDF's and their gradients to be used in the
Sequential Quadratic Programming (SQP) method as the NLP solver. They applied
the proposed controller to operate a distillation column and showed that satisfactory
control performance was achieved.

Li et al. (2002) also presented their proposed chance-constrained MPC in Li et
al. (2000), for a Single-Input Single-Output (SISO) linear model with an uncertain
disturbance. They demonstrated the effectiveness of the control strategy with an
example of a tank process.

Blackmore and Ono (2009) proposed a new approach for joint chance-constrained
finite horizon MPC that did not require the evaluation of multivariate probability
densities. The objective function used for the MPC formulation was assumed to
be a function of the manipulated variables and expected values of the predicted
states. They used state-space representation of the process with uncertain normally
distributed disturbances and employed joint probabilistic constraints on the predicted
states. Rather than using a sampling approach, they employed convez risk allocation
in which they approximated the joint chance-constraints by a set of individual
constraints. They showed that a feasible solution to such an approximation was
a feasible solution to the original problem. Though this indicated that the solution to
the approximate problem with the single probabilistic constraints was conservative,
they empirically showed the introduced conservatism was small.

Chance-constrained CDMPC is an untouched topic and no solid study has yet
been reported in the literature. This work intends to initiate the study of how
uncertainties can affect developing CDMPC networks, and particularly coordinator
synthesis. As this is the very first attempt in this context, a new yet tractable,
chance-constrained MPC formulation that uses state-space models with uncertain
disturbance inputs, and single probabilistic constraints on the uncertain predicted
outputs, has been employed. In addition to a simpler MPC formulation, using
single chance-constraints provides the benefit of converting the nonlinear probabilistic

constraints into equivalent linear inequality constraints and thus, assuring convex



Sec. 3.1 Background 80

CDMPC. It is assumed that a network of probabilistic decentralized MPC currently
controls the plant. The GC, IPC and MPMC methods are applied to the existing
decentralized MPC to develop chance-constrained CDMPC network. Contributions

of this chapter are:

e Using the GC method, the chance-constrained decentralized MPCs are
converted into chance-constrained CDMPCs, and the coordinator is designed
accordingly. To deal with the coordinator’s convergence issues in the presence of
local inequality constraints, an improved first-order gradient-based optimization
approach, based on augmented Lagrangian method, is suggested to solve the
resulting dual optimization problem. The chosen method for solving the
dual optimization problem results in a slight modification in the CDMPC
formulations and a new coordinator. The improved coordinator can be used

for both deterministic and probabilistic CDMPC problems.

e The Interaction Prediction Coordination approach is employed to obtain
chance-constrained CDMPC by performing modifications on the decentralized
MPC formulations. Detailed formulation for the corresponding coordinator is

presented.

e The Modified Pseudo-Model Coordination method is used to alter formulations
of the probabilistic decentralized MPC to probabilistic CDMPC and construct

the coordinator.

This chapter also aims to show how coordination methods can be adapted to various

plant-wide MPC problems other than the standard plant-wide linear constrained

MPC.

3.1 Background

In this section, the mathematical background required for constructing probabilistic

CDMPC networks and the notation used throughout this chapter, is presented.
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3.1.1 Model of the Uncertain Plant

The following linear time-invariant state-space model is used to mathematically

represent the local process models:

i [A;;x;(k) + Bju;(k) + Dy;d;(k)] (3.1a)
g
yi(k) = Ciux;(k) (3.1b)

where i = 1,...,N. The vectors x;(k) € R™ u;(k) € R™ d;(k) € R" and
yi(k) € R™i contain the states, inputs, disturbances and outputs of the local unit
1 at time k in deviation form, respectively. It is assumed that the disturbances are

uncertain variables that follow multivariate normal distributions.

3.1.2 Plant-Wide Probabilistic MPC

As was discussed in the previous chapter, in order to construct a coordinated
distributed network, a performance benchmark is needed. Inspired by the limited
number of references available for probabilistic MPC, in this chapter, a probabilistic

MPC formulation is introduced using the following specifications:

e A state-space prediction model with an uncertain disturbance input vector?, is

available.

e Manipulated variable changes and deviations of the expectation of the predicted
output values from set-points are quadratically penalized in the objective

function.

e Single chance-constraints are used for process limits on the uncertain predicted

outputs.

2In order to be consistent with the CDMPC schemes presented in chapter 2, the state-space
model is used in the probabilistic MPC. On the other hand, almost all the available references for
probabilistic MPC use Input-Output models with uncertain model parameters and/or disturbances.
Only Blackmore and Ono (2009) used a state-space model in which random disturbances and model
uncertainties were assumed to be modelled by a random input vector.
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Based on the above assumptions, the following centralized chance-constrained MPC

formulation is used to represent the maximum achievable plant performance:

N

' X N . (C. X — 7, TR.. ,
)_??i% Zz:; |:((CuX7, rz) @zz (szXz rz) + AUZ RzzAUz] (32&)
subject to

> Auy(k + alk) +wi(k — 1)

a=0

%i(k+ 1+ 1|k) = Auxi(k + 1|k) + By + Dydi(k + 1|k)

N
+ ) [aAi®(k + k) + Byu;(k — 1) + Dyd;(k + 1[k)] + vi(k + 1|k)

j=1
;ﬁz
(3.2b)
N l
j=1 a=0
=
Pr{Cuiyxi(h + 1+ 11k) > " (k+ 1+ 1)} > Gy (3.24)
Pr{Cuigxi(h +1+ 1/k) < g (k + 14+ 1)} = ¢y, |
u""(k +b) < wi(k + blk) < u"*(k +b)
A (3.2¢)
Au"(k+0b) < Auy(k +blk) < Au**(k + b)
i=1,...,N
where g = 1,...,n,;.. The vector d;(k + [|k) contains expected values of the future

uncertain disturbances. The vector X;(k + [ + 1|k) includes the predicted states
obtained using d;(k + [|k). Note that, for the constraints on the predicted outputs,
local dynamic equations (3.2b) with the uncertain disturbance vector d;(k + I|k)
rather than d;(k + [|k), should be considered to account for the effects of uncertain
disturbances propagated to the predicted states and predicted outputs. Since the
model is linear, the predicted states and outputs will have the same distribution as
the uncertain disturbances. The constraints on the uncertain predicted outputs are
written in the single probabilistic form (3.2d), where ngg and QU , are the pre-specified
probability levels for each element of the predicted output vector. C;; , corresponds
to the gy, row of the C;; matrix.

The nonlinear chance-constraints (3.2d) can be converted into equivalent linear

inequality constraints using the quantile functions. Therefore, the nonlinear chance-
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constrained problem (3.2) is transformed into an equivalent Quadratic Programming
(QP) problem with linear constraints. To do so, first the centralized prediction model
is written over the entire prediction and control horizons in the following compact

form:
AX +BAU + DD = Ax(k) + Bu(k — 1) (3.3)

where the derivation details have been provided in Appendix C, section C.4. Also,

the constraints on the predicted outputs of local units can be written as:

(3.4)
CX < Y maz

Assuming A is non-singular, combining (3.3) and (3.4) results in the following

inequality constraints:

CA™'D® < —Y™" — CAT'BAU + CA'Ax(k) + CA™'Bu(k — 1)

CA™'D® > - Y™ — CA'BAU 4 CA'Ax(k) + CA™'Bu(k — 1) 39
In the left-hand side of the inequalities (3.5), constant matrices CA~'D are multiplied
by the normally distributed random vector ® with the expected value vector p and
the covariance matrix Z, i.c ® ~ N (u,Z). Thus, £ £ CA~'DD has also a normal
multivariate distribution with the expected value vector (CA_lDu and the covariance
matrix (CA~'D)Z(CA'D)”. Using the following coordinate transformation (Li et
al. (2002)), € can be standardized:

=

¢ = [(@A-lﬁ)E(CA-lﬁ)T]_ [s - cA-lm] (3.6)

where & ~ N(0,1).
Combining (3.5) and (3.6) leads to the following inequalities:

¢ < [(CAD)E(CAD)"| *
[—Ymi" — CA™'BAU + CA'Ax(k) + CA™'Bu(k — 1) — CA‘IW}
(3.7)

1
2

¢ > [(CA'D)E(CAD)"| *

[—Ym‘”“ — CA™'BAU + CA™'Ax(k) + CA™'Bu(k — 1) — CA‘IHM
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So far the predicted output constraints (3.4) have been written in the equivalent
form (3.7). Since the purpose of presenting the plant-wide formulation is to
provide the benchmark for the distributed control network, the inequality constraints
(3.7) should be written in terms of the local process units. When coordinate
transformation is used to convert the normally distributed random disturbances to
standard normally distributed counterparts, the term (CA~'D)=(CA~'D)” requires
attention because its distributed equivalent is not (C”A;D”)E“(C“A;l]f)m)T +

N

Z(Ciin’leH)EU(Ciinllﬁ)ij)T. Thus, in (3.3), the overall model (C.4) rather than
=

(C.6), is used to avoid this mistake, which introduces mismatch in the formulations
of the distributed controllers by ignoring the effects of off-diagonal blocks in the
multiplication of the matrices. More explanation is provided in Appendix C, section
C.2, using a simple example. One way to correctly presenlt this term in the distributed
form, is to first calculate G = [(CA"'D)E(CA'D)T| *; then define G, by picking
the relevant ;, rows and all their corresponding columns of G. The dimension of G;

would be (n,;H,) x (n,H,). Considering (C.6), inequalities in (3.7) for each subsystem

become:
& <
(3.8)
& =5
where 7 = 1,..., N. The vectors /" and {7** which are functions of the predicted
manipulated vector AU;, are defined as below:
fmin & G, [ Y™ — CuAL ' By AU, + CuAZV,
+ CiiAi_ilAiiXi(k) + CiiAi_ilEiiui(k —1) - CiiAi_ilDii“i
N N N
- Z (C“A;ZlDw[l/] + Z CZZAglAUX](l{?) + Z CiiA;ilBijUj (l{? — 1)]
J=1 j=1 i=1
J# J# JF (3.9)

frer & Gy[— Y — Cuh;'Bu AU, + CuA;'V;

)

N N N
i=1 i=1 =
2 z 2
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The relationship between the single chance-constraints (3.2d) and inequalities (3.8)
is that the probability of each element in (3.8) is equivalent to the left hand-side of the
constraints in (3.2d). That is, the probabilistic constraints (3.2d) can be described

by the following equivalent constraints:

Pr{ (k+1+1Jk) < e 4 1+ 1)k)} > (g

Z7g

Pr{¢& ,(k+1+1]k) > f(k+1+1]k)} > c;{g,l

7’79

(3.10)

Now by using the quantile function F~1(.), the probability constraints (3.10) can

be converted into the following linear inequality constraints:

Sk + 1+ 1k) > F1(¢E,0)

4,9 395l

. 5 (3.11)
g (k14 1]k) <F (1 —=Gp))
where in the vector form these inequality constraints becomes:
> Sy
v (3.12)
fi" <

where

S% = [F_1<C1L,1,0)7 F_I(CZL,Q,O)ﬂ e 7F_1< i,nyi,0)> ce ’F_1< zL,l,Hp71>7 te 7F_1(Cz!jnyi,prl)]

and

_ _ _ _ T
FEF (1 =Cho) - F =0 F A= Grmt)s e F = mm1)]

T

3.1.3 Decentralized Chance-Constrained MPC

In addition to the plant-wide probabilistic MPC, the decentralized scheme provides
another measure for performance comparison of chance-constrained CDMPC,
since coordinated distributed controllers are obtained by modifying the individual
controllers in the decentralized scheme and adding a coordinator. In the decentralized
case, the effects of interactions are not accounted for in the local process models.
Therefore, instead of solving one large optimization problem, N smaller decoupled

optimization problems are solved. The decentralized chance-constrained MPC are
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formulated as below:
_min (Ciixi - I'i)T Qi (Ciixi - I'z') + AU?RiiAUi
X,,AU; (3.13a)
subject to
!
Ri(k + 1+ 1|k) = AuRi(k + 1[k) + By | > Au(k + alk) + wi(k — 1) | + Dydy(k + 1|k)

a=0

(3.13b)
Pr{glg(k +14+1lk) < mm(k +1+1k)} > gl
(3.13c)
Pr{¢ ,(k+1+1]k) > [l (k+ 1+ 1]k)} > ¢y,
W (k +b) < wi(k + blk) <l (k +b)
(3.13d)

A (k+b) < Aui(k + blk) < Aul"(k +b)
where " and §"** are defined as:

frin & [(CZZA 111)”)5,‘,‘((C,A,A;i1115%-)T}é %

(]

fmaz & [((C”A 1]1])“)522(@%&;1@%)71% X

1

__Y;na:l: — C“A;lB“AUl + (C“Az_zlAlZXl<k) + C”A;lB“ul(k — 1) — (CnAz_zl]ﬁ)uuz}
) (3.14)

3.2 Chance-Constrained CDMPC Problem
Statement

The following general structure is proposed for the chance-constrained CDMPC:

X, AU; (3.15a)
subject to

!
X;(k+1+1k) = Ayx(k+ k) + By Z Au;(k + alk) + wi(k — 1) | + Dyd,(k + U|k)

a=0

[@A;%;(k + k) + Byyuj(k — 1) + Dyd;(k + Uk)] + vi(k + U[k)

Mz

7j=1
j#i
(3.15b)
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Pr{& ,(k+1+1k) < [l (k+14+1]k)} > ¢,y

Pr{& ,(k+1+1]k) > [l (k+14+1]k)} > ¢,
w™ (k + b) < w;(k + bJk) < u™(k + b)

(3.15¢)

| (3.15d)
AU (k + ) < Ak + blk) < Au (k + b)

where the scalars f""(k + 1+ 1|k) and f7**(k + [ + 1|k) are elements of the vectors
frin and §** defined in (3.9). Similar to the previous chapter, the coordinating
terms {CoT'};, connect the local controllers to the coordinator. These terms involve
coordinating variables that are calculated and updated by the coordinator.

Comparing (3.15) with (3.13) shows that the probabilistic CDMPC is formed by
modifying the already available decentralized MPC. Once the modifications are made,
a coordinator is included. The modifications are made at two locations: 1) inclusion of
known interaction terms® and predicted interaction vector v; in local prediction model
(3.15b); 2) inclusion of coordinating terms {CoT'}; in the local objective function
(3.15a).

In each coordination method, relaxation of the interaction equations determines the
coordinating terms used in the CDMPC. The numerical strategy chosen to solve the

optimization problem resulting from the aggregate of CDMPC, leads to coordinator

synthesis.

3.3 Goal Coordinated Probabilistic DMPC

As discussed in Chapter 2, the core idea in the GC method is to first relax the
interaction equations so that a separable optimization problem is produced and
then, find the optimal solutions of the resulting separable optimization problem
by numerically solving a relevant dual optimization problem. For the chance-
constrained MPC problem, the interaction equations (3.2c) are similar to those in

the deterministic case. Therefore, the procedure in Section 2.3, is followed to form
X

the CDMPC and construct the coordinator. This means that, the term p’ ®; | AU;
\Z

3Since the coordinator has access to the complete plant model and variables, for implementation
purposes, the known interaction terms can be calculated in the coordinator and sent to the CDMPC
as a constant vector.
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defines the {C'oT}; in (3.15a), where the constant matrix @; contains the interaction
models and is built according to (2.11b). Also, the gradient vector J and the Hessian
H, calculated by (2.22) and (2.23), are used in the coordinator’s update equations
(2.24). Therefore, applying the GC method to develop the chance-constrained
CDMPC is straightforward.

In the GC method, a key issue to be taken care of, specially considering that
probabilistic constraints are an important part of the local controllers, is coordinator’s
convergence problems in the presence of active local inequalities. As discussed in
Chapter 2, in the Newton-based coordinator, active local inequalities can destroy the
negative definiteness of the Hessian matrix, leading to poor convergence. On the
other hand, using first-order gradient-based methods can be impractically slow and
even oscillatory, specially near the optimum point*. Furthermore, both second and
first-order gradient-based approaches use step-size in their update equations. Using
an optimal step-size, which is calculated by performing a uni-variate optimization,
can improve convergence; however, at each communication cycle, inner iterations
are needed. Therefore, in what follows, rather than repeating the CDMPC and
coordinator formulations of Chapter 2, a new first-order gradient-based coordinator
with improved convergence, in the sense that it converges in finite number of
iterations, is synthesized.

To this end a numerical optimization method is required that: 1) can efficiently
solve the dual optimization problem; 2) only uses first-order gradient information;
and 3) avoids optimal step-size calculations. These are the characteristics of the
method of multipliers or the augmented Lagrangian method (Leunberger (1984),
Nocedal and Wright (2006)), which is essentially a combination of the primal-dual
and penalty methods. The main idea of this approach is to solve the constrained
optimization problem by replacing it with a sequence of simpler problems. In doing
so, the constraints to be relaxed are added to the Lagrangian by using Lagrange
multipliers and also by quadratically penalizing them. The resulting augmented
Lagrangian, which is a combination of the Lagrangian and quadratic penalty function,

is an exact penalty function. Several algorithm have been designed that iteratively

“The optimum point corresponds to p = p* and is achieved when Vpp(p) = € = 0.
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improve the value of the approximated Lagrange multipliers using the gradient of the
augmented Lagrangian with respect to the Lagrange multipliers, which equals the
relaxed constraints. At each iteration, the penalty parameter and the estimate of
Lagrange multipliers are fixed and simpler optimizations are performed with respect
to the decision variables. Upon convergence of the algorithm, the optimal solution to
the original optimization problem is found. More details on augmented Lagrangian
methods can be found in Nocedal and Wright (2006), Hamdi and Mishra (2011) and
references therein.

If the method of multipliers is applied to the plant-wide MPC problem, the

interaction equations will be the constraints to be relaxed and quadratically penalized;
N

however, their squared Euclidean norm is not separable, i.e., || Z O.Z|* #
i=1

1©1Z1|]> + --- + ||©nZn||*>. The non-separability issue is addressed by employing
the Separable Augmented Lagrangian Algorithms (SALA) proposed by Hamdi et al.
(1997). First, the additive separable form of the interaction equations (3.2c), are
replaced by the following equivalent equations:
X
O, |[AU;| +p,=0 i=1,...,N (3.16a)
Vi

N

> p=0 (3.16h)

i=1

where p; is the allocation vector with the dimension H, x ng. It is clear that the
squared Euclidean norm of (3.16a) is separable. Now, the same steps discussed
in Section 2.3 can be followed. The only difference is that, the complicating
constraints (3.16a) are relaxed by associating Lagrange multipliers p with them,
and quadratically penalized using penalty parameter p. Ultimately, the following
chance-constrained CDMPC is obtained:
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X;,AU;V;
V, H v,

subject to
l
Ri(k + 1+ 1|k) = AuRi(k + 1[k) + By | > Auw(k + alk) + wi(k — 1) | + Dydy(k + 1|k)

a=0

Mz

[0y, (k + 11k) + Byyuy(k — 1)+ Dyyd, (k + 118)] + vilk + 1[F)

j=1
;éz
(3.17b)
Pr{€], (k+ 1+ 1/k) < fm(k+ L+ 11k)} > ¢,
(3.17¢)
Pri€io(k +1+11k) > fI™ (k + 1+ 1k)} > Gy
w4 b) < gl + blk) < w7 (k + b)
(3.17d)

AW (k +b) < Auy(k + bk) < Au(k +b)

where the last two terms in the objective function are the coordinating term {CoT};.
The price vector p and the allocation vector p, are the coordinating variables.

At this stage the coordinator is designed. The objective function of the aggregate
of distributed controllers (3.17) is

N
J(X,AU,V,p,p) = 3 [ (€% — 1)) Qi (CiXi — vi) + AU/ R AU
=1
T ®, |AU; |+ — ®, |AU; ;
+p )| v +m]+2uizl Wi e

The Lagrangian dual function is defined as:

p(p,p) = _inf  {J(X,AU,V,p,p)[(317b), (3.17c) & (3.17d), i=1,...,N}
(3.19)

and the resulting dual optimization problem becomes:

max  ¢(p, p) (3.20)
p,p
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Using the proposed algorithm in SALA® to solve the dual optimization problem

(3.20), the following update equations for the coordinator are obtained:

) N X?
+1 . q
p?tl = p?+ < Z O, |AU; (3.21)
i=1 \'% '
| Hp Z Tz '
i=1
X! ) N X
== |AUY| o) O |AU] =1 N
A4 i=1 \'% (3.22)
I DD 1
i=1
I = oyl (3.23)

where 0 < x < 1. It should be noted that finding the most effective value for
the penalty parameter p improves the efficiency of SALA (Dussault et al. (2005));
however, in the current work, the simple update equation (3.23), as was suggested in
the original SALA, is used.

As expected, since SALA numerically solves the dual optimization problem, a
hierarchical structure is obtained for the coordinated distributed network. During
each sampling time, the probabilistic CDMPC (3.17) and the coordinator (3.21,3.22

and 3.23) exchange information until convergence, where:

1. The value of price vector p equals the Lagrange multipliers p*, associated with
the equality constraints in the plant-wide MPC problem.

N
2. The sum of allocation vectors p, becomes zero (Z p;, =0).

=1

3. The interaction equality constraints are satisfied.

One of the advantages of using SALA in synthesizing the coordinator, is that
the need to calculate the optimal step-size is removed. Also, for faster convergence,
the penalty parameter can be changed; however, this value affects the coordinator’s
convergence rate, not the accuracy of coordinator’s convergence to the plant-wide
optimal solution. That is, regardless of what value p has, the coordinator will converge

and achieve the centralized solution.

®Details on the steps involved in SALA, can be found in Hamdi et al. (1997), Dussault et al.
(2005) and Hamdi and Mishra (2011).
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It should be emphasized that the coordinator’s performance improvement presented
in this section can be employed in the deterministic CDMPC discussed in section 2.3,
as well.

Implementation of the coordinated distributed chance-constrained MPC network,

developed using SALA, can be systematically done according to Algorithm 4.

Algorithm 4 : Implementation of Probabilistic GC(SALA)-CDMPC Network

1. Coordinator: Iteration counter ¢ is set to 1.

2. Coordinator: Price vector p is arbitrarily initialized.

N

3. Coordinator: Allocation vectors p;, are initialized such that Z p) =0.
i=1

4. Coordinator: Penalty parameter p is arbitrarily chosen.

5. Coordinator: Coordinating variables and penalty parameter are sent to the local
controllers.

6. Local Controllers: Local optimization problems (3.17) are solved.

7. Local Controllers: Local optimal solutions X;, AU; and V; are sent to the

coordinator.
N X
8. Coordinator: If & = Z 0, |AU!| < e stops. Otherwise, continue.
i=1 \'%A

9. Coordinator: Coordinating variables and the penalty parameter are updated
using (3.21), (3.22) and (3.23).

10. Coordinator: Iteration counter is increased by 1.

11. Steps 5-8 are repeated.

3.4 Interaction Prediction Coordinated
Probabilistic DMPC

Considering that in the plant-wide probabilistic MPC problem (3.2), the interaction
equations are similar to the deterministic case, in applying the IPC method to

convert the probabilistic decentralized MPC into chance-constrained CDMPC, the
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coordinating term is defined the same way as in section 2.4. Accordingly, the chance-

constrained CDMPC (3.15) becomes:

X, AU; AU}
subject to

!
Xi(k+ 1+ 1|k) = Ayx;(k +1|k) + By; Z Au;(k +alk) +u(k—1)

a=0

+ Dydi(k + 1|k)

Mz

[0, (k + 11k) + Boyuy(k — 1) + Dy, (k + 118)] + vilk + 1[F)

j=1
;éz
(3.24b)
Pr{€], (k+ 1+ 1K) < fi5"(h +1+ 1K)} > ¢y,
(3.24c)
Pri€iy(k +1+11k) > fI™ (k + 1+ 1k)} > Gy
w4 b) < gl + blk) < w7 (k +b)
(3.24d)

Aul""(k +b) < Aug(k + blk) < Au™(k + b)
where the vectors p and v; are the coordinating variables.

The coordinator in the IPC method is designed by numerically solving portions
of first-order optimality conditions for the optimization problem obtained by the
aggregate of CDMPCs. In doing so, the following compact form for the composite
CDMPC (3.24) will be used:

X
X;,AU; Vl

subject to

N
AiX + BiAU; - Vi = Auxi(k) + Buw (k) — DaDi + Y Ay + Byuy(k — 1) - DD,

j=1
JFi
(3.25b)
fmzn 'SL
R (3.25¢)
Umin < Uy AU; < gmer (3.25d)

where (3.25b) is the compact form (C.6), in which the expected values are used for

the predicted states and future disturbances. The single probabilistic constraints are
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written in terms of their equivalent inequality constraints according to (3.12). Details
on obtaining the compact form for the constraints on the manipulated variables and
their changes can be found in Appendix B, Section B.3.2. The vector Z; contains all
the known terms in the local model.

The Lagrangian of problem (3.25) is then formed as:

N
L(X,AU,V,A,Q,Y,p) = > Li(X;, AU;, V;, A;, 2, Y, p) =
i=1
N N Xi
Z (Ciixi - I'z')T Qi (Ciixi - I‘i) + AUZTRu‘AUi + PT Z 0; |AU;| +
i=1 i=1 V;
N A A
Z AT (Aiixi +B;AU; —V; — Z@) +
i=1
N
Z Q'Lj;mln ('STL_‘ - ﬁnm) + ﬂg:ma:v (fzmax - SIZI) + (326>
i=1

(U;AU; — LU

i,min 7 i,max

N
> o] (W - Uz AU + X7
i=1

where A, @ and Y are the Lagrange multipliers associated with the relevant
constraints.

Choosing the fixed-point iteration technique to numerically solve the optimality
conditions VoL = 0 and VyL = 0, provides the update equations for
the coordinating variables p and V;, and consequently design the coordinator.
Satisfaction of the remaining optimality conditions is taken care of by the distributed
controllers (3.24). Similar to Section 2.4, taking the derivative of the Lagrangian with

respect to the price vector yields:

N X
Vel =Y 0O, |AU!| =0 —
’ ; Vit
N l
VI k4 1k) = | BAGXIE + 1K) + By; > Aul(k + alk)
‘7;1 a=0 (327)
Ve

fori=1,...,N

Taking the derivative of Lagrangian with respect to the predicted interaction effects
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v;, and equaling to zero lead to the following equations:

N
VvL=Y VyL=0 =

i=1
dfmin dymaw
Il T 0 A({ (ngl)TQ({,mzn (CfllTl)TQ(f,maa: (328)
qu AU (R I : + : =0
min dfmaz
0 - Iv] (AN R ] L)
The derivatives j{fi appear in (3.28) are calculated by using (3.9) as:
df: .
= GCuAY 3.29
o ; (3.29)

Replacing (3.29) in (3.28) and re-arranging the terms result in the following update

equations for the price vector p:

Af (G:CuATHTQ ., (GiCHAT)TR e
pt= |+ : - : (3.30)
AL (GNCNARN) QY i (GNCNARN) T o

During each sampling time, the probabilistic CDMPC (3.24) and the coordinator
(3.27 and 3.30) exchange information until ||[V?t! — V|| < e. Upon convergence,
the value of the price vector p becomes equal to the Lagrange multiplier value p*

associated with equality constraints of the plant-wide probabilistic MPC problem.

Remark 3.4.1 If rather than fized-point iterations, a gradient-based method is used

to numerically solve VoL = 0 and VyvL = 0, the following coordinator will be
obtained:
(VB\L)‘I
p™ =p'+e(d O |AUY) (3.31)
i=1 \'%A
(V\LL)Q

Af (GiCnA )T, (GiCuA)T Qe
Vi =VIi—gpi—| : | - : + : )

Ay (GNCNARN) T i (GNCANARN) QY oo

(3.32)

where i =1,...,N; and €; and €5 are tuning parameters.
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3.5 Modified Pseudo-Model Chance-Constrained
CDMPC

Similar to the other two coordination methods, applying the MPMC approach to the
chance-constrained MPC problem, is a straightforward process. The pseudo-variables

x;(k) and Auw;(k) are defined using the following transformed interaction equations:

(k) = %, (k) (3.33a)
AR, (k) = Aw(k) (3.33b)

Following the procedures discussed in Section 2.5, the chance-constrained CDMPC

will have the following structure:

CiX; — Fz’)T Qi (Ciin’ - Fz’) + AUZTRM'AUH’

_min (

X;,AU;
e = ~ ~
3 (HXi - Xil[3, +1lAU; - AUiH%i) + (3.34a)
I7(X; — X,) + IIY(AU; — AU,)

subject to

l

Ri(k + 1+ 1|k) = AuRi(k + 1[k) + By | > Au(k + alk) + wi(k — 1) | + Dydy(k + 1|k)

a=0
N
+ 3 [aAy% (k + k) + By (k — 1) + Dijd; (k + k)] + vi(k + [|k)
=1
=
(3.34b)
Pr{¢ (k+1+1[k) < fmm(k+1+1/k)} > ¢y
(3.34¢)
Pr{& (k+1+1[k) > f=(k+1+1]k)} > ¢,y
u(k + b) < wi(k + blk) < ul*(k + b)
(3.34d)

Aul"(k +b) < Au(k +blk) < Au™(k +b)

where Xi, AfL-, I';, II; and V; are coordinating variables.
The numerical method used in solving portions of the optimality conditions of
the aggregate of distributed controllers (3.34), dictates the coordinator formulation.

To work with a simpler problem, the aggregate problem is written in the following
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compact form:

X;,AU;
€ S ~
> (HX X3, +11AU, - AT ) + (3.350)
I7(X; - X;) + I/ (AU, — AT,)
subject to
N

— ~ ~

AuXi+B,AU+ Y [Aijxj + I@%ijm]‘j} -

7=1
J#
Z; (3.35b)
N
Bixi(k) + Bywi(k) - DD + 3 [Aig + Byuy(k — 1) — DyD,
i
fr > 3y
(3.35¢)
fmam 'SU
4 < Uy AU; < e (3.35d)

where (3.35b) is the compact form (C.11), in which the expected values are used for
the predicted states and future disturbances. The single probabilistic constraints are
written in terms of their equivalent inequality constraints according to (3.12). Details
for obtaining the compact form of the constraints for the manipulated variables and
their changes can be found in Appendix B, Section B.3.2. The vector Z; contains
known information in the local prediction models.

The Lagrangian of problem (3.35) is written as:

N
L(X7 AU’ Xv Aﬁa A7 Q? Tu F7 ]-_-[) - Z Lz(Xm AU”M Xh Aﬁm A—i7 Qi; T”h Fia Hz)

i=1

I
Y

+ 305 (1K = Xillg, + 11U - AT 2 )

+ i (F;f(x X,) + 07 (AU, — Aﬁi)>

=1
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N ‘ 3.36
+ Z sz:mm (8:5 - f:mn) + Qz?:maac (f;nax - SE) + ( )
i=1

(U;AU; — L)

2,min i,max

N
+ ) AT (W = U AU + X
=1

In designing the coordinator, the optimality conditions VgL = 0, VgL = 0,
VrL = 0 and VL = 0 are used to obtain the prediction equations for the
coordinating variables. The rest of the optimality conditions are handled by the
probabilistic CDMPC (3.34).

If a fixed-point iteration method is used, the update equations for the pseudo-

variables X and AU will be obtained as:

N
Vel =) VrL=0

= (3.37a)
Vnl =Y Vu,L=0

=1

—

for i=1,... N :
Xott = X4 (3.37b)
AT = AU

Thus, at each communication cycle, the updated values of pseudo-variables X and
AU equal the current values of local optimal decision variables.

Similarly, at each iteration, the value of the price vectors I'; and II; are corrected
by a combination of current local Lagrange multipliers and interaction matrices along

with the applicable updated pseudo-variables, as follows:

N
Vil =) Vg L=0

= (3.38a)
Vaol=> VagL=0

i=1
Consequently the following update equations are obtained for i=1,... N :
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(ot —
’ B N N N
—e(XI = XITQ + Y ATAI+ ) (G;CA A Q! — ) (GCA A Q1.
=1 =1 =1
=R 7
et =
i1 N N N
—e(AU! = AU R, + Y BIAT + 3 (GCyA; By) Qi — D (G,Ci5A 5 B) T
=1 =1 =1
| 7 7

(3.38b)
. . df di* . . s
where in order to obtain o= and d—ALﬁ, the interaction term V; in (3.9), has been

N
replaced by the equivalent expression Z [Ai]‘X]’ + I@%Zj Af)'j .
j=1
J#i
The values of the predicted interaction vectors v;, are corrected using updated

values of the pseudo-variables in the interaction equations:
fori=1,... ,N:

N l
VI (k4 1k) =) [BAZ-jfcg“(k: +1lk) +Bi; Y Ak + alk) (3.39)

a=0

j=1
J#i

During each sampling time k, the chance-constrained CDMPCs (3.34) communicate

with the coordinator (3.37b, 3.38b and 3.39) until the error, which is defined as

, is equal to or less than the pre-specified tolerance e. Satisfying this

X-X
AU - AU
stopping criteria means that, the price vectors I'; and II; equal Lagrange multipliers

associated with the corresponding transformed interaction equality constraints. Thus,
the values of pseudo-variables become equal to the correct values of interaction

variables and consequently, the interaction equations are satisfied.

Remark 3.5.1 If rather than fized-point iteration method, a gradient-based method
is used to numerically solve the optimality conditions VrL =0, VL =0, VgL =0
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and V pogL = 0, the coordinator’s update equations become:
M =19 4 ¢ [X? — XY (3.40)
7 = II? + 6,[AU? — AU (3.41)
X = X! — e5[—e(X! - ~T¢+ Z AT A
j#i
N N (3.42)
Z(G CJJA IAJZ>TQ§mm - Z(G C]JA 1A31>Tﬂgma1’]
j=1 j=1
jF#i JFi
AU = AT! — ¢[-c(AU? — AUYR, — II? + ZIBSJTZA;]
j=1
J#i
N N (3.43)
+Z(GjCJJA]_]1BJI>T ;Imm Z(G CJJA ) Qj,max]
=1
%#i j;éi
and (3.39)

where i =1,...,N; and €, €5, €3 and €4 are tuning parameters.

3.6 Case Study

In order to test the performance of the proposed chance-constrained CDMPC schemes,

uncertain disturbances are used in the simulation example Section 2.6. Linearizing

the nonlinear model used in Chapter 4, Section 4.3, and discretizing the obtained

linear model with a sampling time of 0.005Ar, result in the following discrete-time

state-space process model:

—0.0014 0.7954: —0.0002 0.1466

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

k+1) = ‘
x( ) 0.0704 0.2556: 0.9917 1.5870

—0.0000 0.0223: —0.0000 0.0039

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

0.0000 0.0022} 0.0000 0.0404

1.1357 6.1467; 0.1852 0.6696 |

| —0.0001 0.0557 —0.0005 0.8875 |
[ 0.0000 0.0778 0.0000 0.0113

| —0.000 0.0007{—0.0000 0.0471

x(k)+  (3.44)

u(k)+ (3.45)
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MPC 1 MPC 2
Initial Conditions x1(0) = [5 —1.5}T x2(0) = [-5 1.7]T
Weighting Matrices Q1 =51 Qa2 =51

Ry, = 151 Ry, = 151

T T

Upper Bounds yier = [5 1.2} vyt = [5 1.E;J

uper =[5 4] uye =[5 2]
Lower Bounds yprin=[-15 -1 T ymin [-5 —1]T

upin =[5 —4]  upin=[-5 2"
Prediction Horizon 10 10
Control Horizon 5 5

Table 3.1: Parameters used in the probabilistic CDMPC

—0.8070 —0.2263 0.0266 | 0.0064 —0.0174 0.0045
~0.0105__0.0001 _ —0.0000; ~0.0000 0.0000_ —0.0000 | 41y (3.46)
—0.0263 —0.0073 0.0009 | 0.0703 —0.1912 0.0497
0.0003  0.0000 —0.0000: 0.0000 0.0004 —0.0000

It is assumed that the six disturbances affecting the system have normal multivariate
distributions.

In each of the two local chance-constrained MPCs, the predicted temperatures and
concentrations have to be held within the desired range with the given probability
of ¢f,, =08 and ¢j7,;, = 0.85 where i = 1,2, g =1,...,2x 10 and [ = 0,...,2 x 9.
Other parameters used in the simulations are given in Table 3.1.

Simulations are performed for the centralized probabilistic MPC and the three
proposed chance-constrained CDMPC. In order to compare simulation results of the
different schemes, the same stochastic sequence for the uncertain disturbances has
been used in all the simulation runs. MATLAB’s quadprog function with the active-
set algorithm, has been used to solve the MPC optimization problems. Also, for
the coordination methods ¢ = 1075 is chosen for the coordinator’s stopping criteria.
In the simulations using the GC (SALA) method, the penalty parameter was kept

constant during the coordinator’s iterations (k = 1).
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3.6.1 Simulation Results

Figures 3.1 and 3.2 show that process outputs and control inputs trajectories
of the local subsystems, resulting from the three chance-constrained CDMPC
networks, match the centralized profiles®. Therefore, all three CDMPC schemes have
successfully achieved the plant-wide MPC performance.

To compare performance of the probabilistic CDMPC networks, in Figure 3.3,
number of communication cycles to convergence of coordination algorithm have
been plotted. The conspicuous observation that emerged from Figure 3.3 is that
in the GC method, the number of communication cycles was considerably larger in
comparison with the IPC and MPMC approaches. This is not surprising, as instead of
Newton’s method, which has quite a fast convergence rate, a first-order gradient-based
optimization method (SALA) solves the dual optimization problem”. At the expense
of increased communication cycles, the coordinator in the GC method converged in
the presence of active local inequality constraints. It should be mentioned that for
this example, Newton’s method failed to converge due to an ill-conditioned Hessian
matrix. Also, Figure 3.3 shows that number of required communication cycles in the
IPC and MPMC methods, are very close and both are significantly lower than what
is needed by the GC (SALA) approach.

6The penalty parameter of 1 = 0.001 has been used in the simulation using SALA approach.

“In Appendix D, simulations results for the deterministic example of chapter 2, are presented
where the first-order gradient-based coordinator obtained using SALA, is used in the GC method.
Simulations were performed for both unconstrained and constrained CDMPC.
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Figure 3.3: Number of communication cycles

As previously discussed, the efficiency of SALA can be improved by finding the
most effective penalty parameter p (Dussault et al. (2005)). In order to study the
effect of this parameter on the speed of the coordination algorithm, simulations with
different values of 1 have been performed. Simulation results are shown in Figure
3.4. To avoid repetition, the plots for the process outputs and manipulated variables
trajectories have not been shown, but as expected, they are the same as those in
Figures 3.1 and 3.2. Figure 3.4 shows that lower values of the penalty parameters
result in faster convergence. Therefore, knowing the lowest possible value for this

parameter can help improve the coordinator’s convergence rate.

3.7 Summary

This chapter attempts to initiate the study of uncertainty impacts on developing
CDMPC networks. Among the available MPC methods that explicitly account
for the effects of uncertainty, in this chapter, chance-constrained MPC is chosen
to address the plant-wide single chance-constrained MPC problem under uncertain

disturbances. The GC, IPC and MPMC methods are used to change the existing
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Figure 3.4: Number of communication cycles for different penalty parameter values

decentralized chance-constrained MPC network to probabilistic CDMPC network.
Detailed probabilistic CDMPC and coordinator formulations are presented. The use
of single chance-constraints in this chapter, provides the advantage of having convex
CDMPC. Therefore, the coordination methods are able to guarantee producing
optimal plant-wide probabilistic MPC solution.

One of the key features of the probabilistic MPC problem introduced in this
chapter, is that in the process models, the expected values of uncertain disturbances
are used. Therefore, both local and interaction disturbance terms are known and are
taken into account by the local dynamic equations. On the other hand, interaction
equations contain unknown interaction terms resulting from predicted states and
control input changes of other local processes. The interaction equations are similar
to those in the deterministic case. Since the starting point of developing a CDMPC
network is relaxing the interaction equations, the same procedures used in applying
the coordination methods to deterministic MPC, are employed in the probabilistic
case. In the GC method, the update equations in the coordinator remain the same

as those in the deterministic MPC, because the effects of local inequalities do not
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explicitly appear in the coordinator’s equations. On the contrary, the coordinators
in the IPC and MPMC methods, explicitly account for the impacts of active local
inequalities on the coordination process. In probabilistic CDMPC, probabilistic
constraints are parts of local inequalities. Therefore, the final update equations of
these coordinators differ from those in the deterministic MPC.

Since inequality constraints are an inherent part of probabilistic MPC, to deal
with the convergence issues of the standard gradient-based coordinator in the GC
method caused by active local inequalities, an alternative first-order gradient-based
optimization method (SALA) is used to solve the resulting dual optimization problem.
Using SALA results in a slight modification in the coordinating terms of the CDMPCs
and a new formulation for the coordinator. The proposed modified GC-DMPC can be
used for both deterministic and stochastic cases. Since a first-order gradient method
is used, convergence rate of the coordination algorithm is slower than a Newton-based
coordinator.

It should be mentioned that if uncertainties are in the model parameters, still the
important step would be to use the available stochastic information in the process
models, such that the two sets of local dynamic and interaction equations can be
formed. Once the local dynamic and interaction equations are obtained, the standard
procedures in the coordination methods can be followed to develop a probabilistic
CDMPC network.

If joint chance constraints are used in the MPC formulation, the procedures in
applying coordination methods for developing CDMPC networks will remain the
same; however, the main challenge would be if the type of multivariate probability
distribution used for the probabilistic constraints lead to a non-convex optimization
problem, as reaching optimal plant-wide performance cannot be guaranteed by

duality-based coordination methods.



Chapter 4

MPMC Method and Plant-Wide
Nonlinear MPC Problem

In this chapter, a linear CDMPC scheme! is proposed that has the performance of
plant-wide nonlinear MPC. The Pseudo-Model Coordination method together with
an exact linearization procedure, is employed to create a linear CDMPC network
which can be used as a practical alternative to the nonlinear plant-wide constrained
MPC. The linear CDMPC network is the result of modifications performed on the
existing network of linear decentralized MPCs. Nonlinearities in the local processes,
are accounted for in the interaction equations. Therefore, in the process of relaxing the
interaction equations, the nonlinearities become part of the coordinator. Performance

of the proposed linear CDMPC scheme is investigated using a simulation case study.

Although processes are usually nonlinear, in the vast majority of MPC applications
linear models are used to predict the dynamic response of nonlinear processes
because: 1) linear model identification techniques are well-studied and easy to use;
2) linear models are able to well forecast dynamics of the process maintained in
the neighbourhood of its operating point; and 3) MPC with quadratic objective

function and linear constraints is a convex optimization problem that can be solved

'In this chapter, the term linear in linear CDMPC network is used to emphasize that the
distributed controllers are linear.

108
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efficiently using convex optimization methods. Despite these advantages, there are
times that linear models are not able to adequately represent the dynamics of the
process. For instance, frequent changes in the operating points, the need for having
tighter performance specifications and more rigid environmental regulations result in
cases where having better control performance requires nonlinear models to improve
the quality of the prediction.

Synthesizing nonlinear MPC usually poses two main challenges. The first challenge
is the issue of efficiently solving non-convex optimization problems, as nonlinear
models may result in a non-convex problem. Unlike convex QP, non-convex
optimization is, in general, computationally demanding and much more difficult to
solve accurately. On the other hand, on-line implementation of MPC dictates a
time limitation, as the nonlinear and often non-convex optimization problem must be
solved within each sampling period. Therefore, computationally efficient algorithms
for solving nonlinear MPC problems play an important role in making these control
problems implementable in practice (Findeisen and Allgower (2002), Cannon (2004),
Camacho and Bordons (2007)).

The second challenge in designing nonlinear MPC is stability of the closed-loop
system?. Even if the solution of finite horizon open-loop nonlinear MPC problem
is found, the calculated optimal control inputs could result in an unstable closed-
loop system (Rawlings (1999), Findeisen and Allgower (2002), Camacho and Bordons
(2007)). In the state-space framework, several methods have been proposed to

guarantee stability of the controlled system, either by using a terminal set and/or a

2Assuring a closed-loop stable system is equally important in linear MPC design. Generally,
one way to achieve a closed-loop stable system in either linear or nonlinear MPC, is to use a long
enough prediction horizon H); however, increasing H,, increases the size of the optimization problem.
Nowadays, because of efficient convex optimization algorithms and powerful computers, H, can be
tuned for stability, in linear(convex) MPC. In non-convex MPC, using a long prediction horizon is
usually not practiced, since the resulting increase in the problem size may lead to computationally
intractable problem.

The second approach to ensure close-loop stability, would be to find a terminal region with an
invariance property, off-line, and then include it the MPC synthesis. In the MPC formulation, the
terminal region is usually expressed in the form of a weighted terminal penalty term in the objective
function and/or a set of terminal constraints.

In chapter 2, it is assumed that long enough prediction horizon is used; however, a terminal region
can also be obtained for the plant-wide benchmark problem and then be incorporated appropriately
in developing the CDMPC networks.
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terminal cost (Camacho and Bordons (2007), Mayne et al. (2000), Chen and Allgower
(1998)) or a Lyapunov-based MPC (Mhaskar et al. (2006)).

The quasi-infinite horizon nonlinear MPC proposed by Chen and Allgower (1998),
is one of the comprehensive nonlinear MPC design approaches where a terminal state
penalty term is added to the finite horizon quadratic objective functional and a
terminal region constraint to the inequality constraints of the standard nonlinear
MPC setup®. An off-line procedure was proposed to find the terminal region. Chen
and Allgower (1998) proved that the proposed method would guarantee asymptotic
stability of the closed-loop system independent of the performance tuning parameters
(i.e., Q, R, H, and H,) of the standard MPC formulation, if a feasible solution at time
t = 0 could be found. Another method for nonlinear MPC synthesis was proposed by
Mhaskar et al. (2006) that guaranteed controller feasibility and closed-loop stability.
In this method, to explicitly characterize the stability region, Lyapunov function-
based stability constraints, were used in the MPC problem formulation. The stability
constraints contained a Lyapunov function and an explicit nonlinear control law,
which was obtained off-line.

In the context of plant-wide nonlinear MPC, nonlinear cooperative-based DMPC
has been addressed in several research work, e.g., Liu et al. (2009), Liu et al. (2010a),
Stewart et al. (2011) and Chen et al. (2012); however, application of coordination
methods to the plant-wide nonlinear MPC problem is an untouched topic. One
reason is that developing linear CDMPC networks based on multilevel optimization
techniques, is a fairly new research area and thus, the more advanced variations, such
as nonlinear MPC problems, are yet to be investigated. Also, coordination methods
are based on using duality. In other words, instead of solving the primal optimization
(centralized MPC), a relaxed optimization problem (aggregate of CDMPC) that
involves estimations of Lagrange multipliers (prices), is solved. Only for convex
optimization problems, can it be guaranteed that the relaxed problem can re-produce
the solution of the primal problem. If the optimization problem is non-convex,

a duality gap may exist and the centralized solution cannot be recovered by the

3The original work was presented in the continuous time, but as stated by Findeisen and Allgower
(2002), the method is applicable to discrete-time formulations as well.
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aggregate of the CDMPC.

In order to address the duality gap issue, the non-convex MPC problem* can be
converted into an approximate or preferably equivalent convex problem. Coordination
methods can then be applied to the approximate convex problem. One way to perform
such conversion would be to successively linearize the nonlinear dynamics about trial
points. A disadvantage of this approach is that, because the nonlinear dynamics are
approximated by linear models, approximation errors exist and the resulting linear
problem may not be equivalent to the original nonlinear problem. Another way, would
be to find a method that transforms the original problem into an equivalent convex
relaxed problem such that when solved, the convex problem produces the solution
to the (non-convex) nonlinear problem. The idea of solving an equivalent convex
problem to the primal non-convex optimization, is credited to Sorenson and Koble
(1984), based on a method proposed by Hassan and Singh (1976).

Hassan and Singh (1976) presented a two-level method for solving optimal control
problem of continuous-time nonlinear dynamic systems. The main idea was to
use a steady-state point of the system to expand the nonlinear dynamic equations
x = f(x,u,t) in a Taylor series, in order to write the dynamics in a perturbed form
x = Ax + Bu + D(x,u). The x and u variables in the perturbed term D(x,u) =
f(x,u,t) — Ax — Bu, were replaced by pseudo-variables. The equations defining
the pseudo-variables, were relaxed by quadratic penalty terms. The perturbed term
was iteratively compensated for at a second level by numerically solving portions of
the optimality conditions, using a fixed-point iteration method. The convergence of
the iterative algorithm was proved. In the method proposed by Hassan and Singh
(1976), the original nonlinear optimization problem was solved by independent linear
quadratic sub-problems along with prediction equations in the second level.

Sorenson and Koble (1984) adapted the above method, to their proposed unifying
framework using the MPMC approach. By applying the MPMC method to the
discrete-time nonlinear optimal control problem of interconnected systems, Sorenson

and Koble (1984) showed that their proposed Problem Manipulation Solution

4In this chapter, the term non-conver MPC refers to nonlinear MPC, in which the nonlinear
prediction model has lead to a non-convex optimization problem.
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Strategy (PMSS) approach was not only useful in understanding the coordination
methods used in solving linear optimal control problems of interconnected dynamic
systems, but also could provide conceptual basis for developing new algorithms.
The two important contributions achieved by Sorenson and Koble (1984) were, 1)
the resulting two-level problem was equivalent to the original nonlinear optimal
control problem, since in the MPMC method, in addition to quadratic penalization,
Lagrangian relaxation was used in relaxing the pseudo-variable equations. Note that,
in the original method by Hassan and Singh (1976), the resulting two-level system
was an approzimation of the original problem; 2) the proposed method was explicitly
developed for optimal control of interconnected nonlinear dynamical systems.

The contribution of this chapter is in developing an equivalent linear CDMPC
network for plant-wide nonlinear MPC problem. In the context of multilevel
optimization-based CDMPC, this is the first time, a linear CDMPC network that
achieves optimal plant-wide nonlinear MPC performance, is developed. The MPMC
approach for optimal control of interconnected nonlinear systems proposed by
Sorenson and Koble (1984), is extended to the plant-wide nonlinear MPC problem.
It is assumed that the nonlinear functions in the process models are at least once
continuously differentiable. By applying a combination of an exact linearization
technique and the MPMC approach, the existing decentralized linear MPC is
converted into linear CDMPC. The coordinator is synthesized based on satisfaction
of relevant first-order optimality conditions of the aggregate of distributed controllers
using numerical methods. In addition to the benefits of CDMPC, the proposed
approach provides the significant advantage of solving QP problems in the local
controllers. Thus, substantial computational efficiency can be expected, compared
with the distributed and decentralized nonlinear MPC that have to solve (non-convex)
NLP. This chapters intends to address flexibility, maintainability and computational
issues of plant-wide nonlinear MPC problem. Since in the proposed coordinated
distributed scheme, linear CDMPCs are used, it is assumed that closed-loop stability

can be achieved by properly tuning the prediction horizon.
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4.1 Background

In this chapter, the development of CDMPC is presented for the following two types
of discrete-time nonlinear process model:

Model I:

The first type of model is assumed to be obtained by discretizing a continuous
model. Consider the following continuous-time state-space model, which is available

to mathematically represent the nonlinear plant that consists of N interconnected

processes:
dXi

dt = fi(Xi,ui,X]‘,u]‘> (41&)

yi = Cix; (4.1b)

where 7,7 =1,..., N and j # i. The states x;, manipulated variables u; and outputs

y; are not deviation variables. Euler’s method is used to discretize the continuous-
time model (4.1a). The resulting discrete-time nonlinear model has the following

form:

x;(k+1) = x;(k) + Atf;(x;(k), w;(k), x;(k),u;(k)) (4.2a)
yi(k) = Ciix;(k) (4.2b)

where At is the sampling time.

Model II:

In the second type of model, it is assumed that the discrete-time nonlinear model is
identified directly and no approximation such as Euler’s method, is used. This form

of nonlinear model is written as:

xi(k + 1) = fi(xi(k), w;(k), x;(k), u;(k)) (4.3a)
yi(k) = Cix;(k) (4.3b)
where 7,7 = 1,..., N and j # i. The states x;, manipulated variables u; and outputs

yi, are not deviation variables.
In both Model I and Model II, it is assumed that all nonlinearity is limited to

the dynamics and the state-output relationship is linear.
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4.1.1 Exact Linearization of Nonlinear Plant Model

The exact linearization scheme used in Hassan and Singh (1976) and Sorenson and
Koble (1984), is essentially re-statement of the discrete-time nonlinear model by two
sets of equations. Re-stating Model I by two systems of equations can be explained

in the following steps:

1. The continuous models (4.1a) are linearized by writing Taylor series expansion
around a nominal operating point of the plant to calculate the block-wise

matrices A¢ and B¢, where the superscript ¢ stands for contiunous.

2. Using the sampling time At, the obtained linear continuous model is discretized
to obtain the block-wise matrices A? and B%. The following decentralized linear

discrete-time model is obtained:

x;(k +1) = Ayx;(k) + Byui(k) (4.4)

3. Using the linear discrete-time model (4.4), the discrete-time nonlinear model
(4.1a) can be written as:
x;(k+1) = Ayx;(k) + Bju; (k)
+xi(k) + At £i(xi(k), wi(k), x;(k), u;(k)) — Aixi(k) — Biui(k)
(4.5)

4. The nonlinear model (4.5) is written in terms of the following two systems of

equations:

x;(k+1) = Ayxi(k) + Bijw (k) + vi(k) (4.6a)
vi(k) = x;(k) + At fi(x;(k), u;(k), x;(k),u;(k)) — Auxi(k) — Byu;(k) (4.6b)

The following steps convert Model II into the desired equivalent system of

equations:

1. The discrete-time nonlinear model is linearized by writing Taylor series

expansion around a nominal operating point, to obtain:

x;(k +1) = Ayx;(k) + Byui(k) (4.7)



Sec. 4.1 Background 115

where A;; and B; are the first partial derivatives V. f; and V. f;, evaluated at

?ommal and u?omznal

X , respectively.

2. Using the linear discrete-time model (4.7), the discrete-time nonlinear model

(4.3a) can be written as:

(4.8)
+ £i(xi(k), wi(k), x;(k), u; (k) — Aiixi(k) — Biui(k)
3. The system of equations (4.8) can alternatively be written as:

4.1.2 Plant-Wide Nonlinear MPC Problem

Similar to the previous chapters, a benchmark is needed to set the performance
goal, which leads to determining coordinating terms in the distributed controllers
and designing the coordinator. It is assumed that the nonlinear function f;, is at
least once continuously differentiable. The maximum performance is gained by the

following plant-wide nonlinear MPC problem:

N
; X. — N O. (C.X. — 1. (A3 A

)En&% ;[(CMXZ r;) Qi (CyX; —r;) + AU, R;AU; (4.10a)

subject to

x;(k+ 1+ 1|k) = x;(k + l|k)+

ALE (x;(k + k), Aw;(kk), ..., Awi(k + 1|k), x;(k + k), Aw; (k|k), ..., Au(k + 1|k))
(4.10b)

yi (k414 1) < Caxi(k + 1+ 1K) <y (k +1+1)

a4 b) < gl + blk) < w7 (k +b) (4.10c)
Au""(k +b) < Aw;(k + blk) < Aaf " (k + b)

where all the variables are in their original, and not deviation, form.

Remark 4.1.1 In the benchmark problem (4.10), the equality constraints (4.10b)

are based on using discrete-time nonlinear model (4.2a). If rather than Model I, a
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discrete-time nonlinear model is available in the form of Model II using (4.3a), the

equality constraints (4.10b) are replaced by:

xi(k+1+1k) =

f; (xi(k + k), Aw;(klk), ..., Au(k + k), x;(k+ [|k), Au;(k|k),. .., Au;(k+|k))
(4.11)

4.1.3 Decentralized Linear Constrained MPC

It is assumed that the nonlinear plant is currently controlled by the following set of

decentralized linear constrained MPC:

; X N 0. (C. X — 7. TR.. A
)Hl&% (szXz rz) Qu (CZZXZ rz) + AU% RMAUZ (412&)
subject to

x;(k+1+1)k) = Alx;(k + 1|k) + BY Xl: Au;(k + alk) + wy(k—1) (4.12b)
a=0

vy (k+1+1) < Cyxi(k + 1+ 1|k) <y (k+1+ 1)

u"(k + b) < w(k + blk) < u™*(k + b) (4.12¢)

Au?"(k +b) < Au(k +b|k) < Au*(k + b)

The above decentralized MPC could result in serious performance degradation
because, not only the interaction effects have not been taken into account, but also
the linear models may not be able to give satisfactory prediction of the dynamic
behaviour. The CDMPC network developed in the subsequent sections, will 1)

account for the interaction effects; and 2) exactly predict the nonlinear dynamics

while using linear models in the CDMPC.

4.2 Plant-Wide Nonlinear MPC via MPMC-
DMPC

4.2.1 Exact Linearization of Local Prediction Models

In this work, for designing CDMPC networks, it is required that nonlinear discrete-

time prediction model be available in the form of either Model I or Model II. The
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existing decentralized linear MPC (4.12), use linear discrete-time prediction model
(4.12b). The goal is to re-state the prediction model in the plant-wide problem in
terms of two systems of equations, as discussed in section 4.1.1. Using (4.12b), the

prediction model (4.10b) can be re-written as:

xi(k+1+1lk) =

Alx;(k+ k) + B ZAu, k+alk) + Bdu;(k — 1)
a=0

+ x;(k + 1|k)
+ Atf; (x;(k + 1K), Aui(k:|k) AWk 1K), x;(k + 1E), Au;(k|k), ..., Au;(k + [|k))
— Adx(k+1|k) - ZAqu—f—aUC) Blu;(k —1)

"~ (4.13)

The system of equations (4.13), can alternatively be expressed by the following two

sets of equations:

x;(k 41+ 1|k) = Alx,(k + |k) + BZ ZAuZ k+alk) + vi(k + 1|k) (4.14a)
a=0

vi(k + k) = x;(k + I|k)
+ Atf; (x;(k + k), Au;(klk), . Aui(k: +1|k), x;(k + Uk), Au;(k|k), ..., Au;(k +1|k))
— Adx(k+1|k) — ZAuz k -+ alk)

a=0

(4.14D)
where all the variables are still in their original form. It should be noted that, B¢
and w;(k — 1) are known. Thus, the term B%u;(k — 1) in (4.12b), is a known term

and it is cancelled by its negative form in (4.13).

Remark 4.2.1 In order to be consistent with the terminology used throughout this
thesis, the set of equations (4.14b) shall still be referred to as interaction equations;
however, unlike the linear case, where the system of interaction equations only
contains the interaction terms, here these equations contain local linear and the
complete local nonlinear models. The effects of interactions are taken into account by

nonlinear portion of the interaction equations.
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Remark 4.2.2 [f the discrete-time prediction model (4.11) is available, following the
same manipulations and re-arrangements, it 1s equivalently expressed by the following

sets of equations:

x;(k 41+ 1)k) = Adx;(k + 1|k) + B ZAuZ (k + alk) + vi(k + U|k) (4.15a)
a=0

vi(k + k) =
£, (xi(k + U|k), Aw,(k|k), ..., Aul-(k:+l]k) x;(k + 1k), Au;(k|k), ..., Au;(k + 1|k))
— Adx(k+1|k) — ZAuz k+ alk)

a=0

(4.15b)

4.2.2 Pseudo-Variables and Exact Linearized Prediction
Models

As was discussed in the previous chapters, the key idea in the MPMC method is the
use of pseudo-variables for the unknown interacting variables. For the MPC problem,

the pseudo-variables are defined as:

%i(k+1)k) £ x;(k + 1|k) (4.16a)
Atw;(k +blk) = Auy(k + b|k) (4.16b)

wherel =1,...,H,—1and b =0, ..., H,—1. The interaction variables are replaced by
the above pseudo-variables. It is desired that the value of X;(k+1|k) and Au;(k+b|k)
be equal to the value of x;(k + [|k) and Au;(k + b|k), respectively, which implies:

x;(k+ k) =x;(k +1|k) (4.17a)
Au;(k +blk) = Au;(k + blk) (4.17b)

where equations (4.17) are referred to as the transformed interaction equations and
are included as equality constraints in the benchmark centralized MPC problem.

In MPC with linear dynamics, as in sections 2.5 and 3.5, the variables on the right-
hand side of the interaction equations (i.e., the interaction variables) are replaced by

the pseudo-variables. Similarly, here, the variables on the right-hand side of the
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interaction equations (i.e., both local and interaction variables), are replaced by the

pseudo-variables, which yields:

vi(k + k) = x;(k + k)

+ At f(x;(k + k), Au;(k|k), . Aﬁi(k + k), x,;(k+ k), Aa;(k|k),..., Ak +|k))
—Ad%(k+1|k) - ZAuZ k + alk)

a=0

(4.18)

Now by replacing local process model (4.12b), by equations (4.14a) and (4.18), and
including the transformed interaction equations (4.17) in the equality constraints, the
first series of required modifications for converting the decentralized MPC to CDMPC,
are performed. These adjustments transform the decentralized linear MPC problem

(4.12) into the following nonlinear MPC problem:

: X — N O. (C.X. — 1. (A3 .
)?,1&% ((CZZXZ rz) sz (szXz rz) + AUZ RZZAUZ (419&)
subject to
xi(k 41+ 1|k) = Adx,(k + 1|k) + ZAu, k+alk) + vi(k + 1|k) (4.19D)

a=0

vi(k + U|k) = %;(k + U|k)
AL (R (k + k), Ay (k|k), . Aﬁi(kﬂrllk) %, (k + U|k), At (k|k), ..., AR (k + 1|k))

— Ad%(k+1|k) - ZAu, k+ alk)
"~ (4.19¢)
%:(k + 1|k) = xi(k + 1| k) (4.19d)
At (k + blk) = Au;(k + blk) (4.19¢)
yrr (e + 14+ 1) < Cuxi(k+ 1+ 1|k) <y (k4+1+1)
u"(k +b) < wy(k + blk) < ule®(k + b) (4.19f)

Au"(k +b) < Aw(k +blk) < Au (k +b)

where the aggregate of (4.19) is equivalent to the plant-wide nonlinear MPC
benchmark problem (4.10), in which the equality constraints have been replaced by
(4.14a) and (4.18).
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Remark 4.2.3 If the discrete-time prediction model (4.15) is available, the local
process model (4.12b) will be replaced by (4.15a) and the following form of (4.15b):
vi(k + k) =
f;(x;(k + k), Au;(k|k), ..., AQ(k + k), x;(k + l|k), A, (k|k), ..., Au;(k + [|k))
!
— Al%i(k+1|k) — BE Y Aly(k + alk)
a=0

(4.20)

4.2.3 Distributed Controllers

Following the same procedure and discussion as in section 2.5, it is possible to perform
the second series of modifications by applying the MPMC method to problem (4.19).
Ultimately, the following formulation is obtained for the CDMPC:

X;,AU;
g ~ ~
3 (HXi - X[, +11AU; — AUZ-H%Z_) + (4.21a)
I7(X,; — X,) + O7 (AU, — AU,)

subject to

l
xi(k + 1+ 1]k) = Alx;(k + 1|k) + BE Y~ Awy(k +alk) + vi(k +1[k)  (4.21b)
a=0
ik +1+1) < Caxi(k + 1+ 1[k) <y (k+141)
wf (k -+ b) < (k4 0[k) < wf (k4 0) (4.21c)

A (k +b) < Auy(k +blk) < Auf (k +)

where the prices I'; and II;, the pseudo-variables Xi and AINJ} and the variables
v; which contain predicted values of nonlinear and linear terms, are coordinating
variables. At each communication cycle, v; is fixed by the coordinator. Consequently,
all constraints in the local controllers are linear. This is an important feature of the
proposed CDMPC, as with linear constraints and quadratic objective function, they
become QP problems. It should be noted that, in (4.19), using interaction equations
(4.20), instead of (4.19¢), will result in the same CDMPC, because local dynamic

equations (4.19b) remain the same; however, coordinator’s equations will be different.
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4.2.4 Coordinator Design

The coordinator is designed by numerically solving portions of the first-order
optimality conditions resulting form the aggregate of CDMPC (4.21). Before
proceeding further, in order to simplify coordinator design, the aggregate of CDMPC

(4.21) and the interaction equations (4.19¢) are written in the following compact form:

N

- X ) O (Co X — 1 TR. AU,

i Z_; ((CaxXi = )" Qi (CiXi — 1) + AUTRGAU; ) +
N o ) 3
S5 (I = Kl +11AU, - AT ) + (4.224)
=1
N ~ ~
Z (F7,T<XZ - X;) + I} (AU, — AUi))
=1

subject to

ALX; + BLAU; + ALX, — BLAU, — AtF; = 2, (4.22b)

Y < CX; < Y
A (4.22¢)
Yt < UG AU, < e

i=1,...,N

where details on obtaining equality constraints (4.22b) and inequality constraints

(4.22¢) have been provided in Appendices E and B.3.2, respectively.

Remark 4.2.4 If the aggregate of CDMPC (4.21) and the interaction equations
(4.20) are used, instead of (4.22b), the following equations will be used in the compact

form (4.22):
AlLX, +BLAU; + ACX, —BLAU, - F, =0 (4.23)

where all the matrices and vectors, except for the matrix A‘i and vector Z;, are the
same as those in (4.22b). More details on obtaining (4.23), can be found in Appendiz
E, section E.2.



Sec. 4.2  Plant-Wide Nonlinear MPC via MPMC-DMPC 122

To obtain the optimality conditions the Lagrangian for the optimization problem

(4.22) is formed as:

N
L(Xv AU) X) Aﬁa Aa Q) Ta F> H) = Z Lz(Xza AU’L) Xi) Aﬁu A’i7 in Ti7 Fia Hz)
=1
( (CiX; = 1) Qi (CiX; — 1) + AUTR;,AU; )

(HX X3, + 1aU; - AT )

)

\MZ ”522 ||Mz

( I!(X; - X;) + I/ (AU, - AT,))
N (4.24)
+ Z AT (A4 + BEAU, + ALX, — BLAT, - AIF, - Z))

+ Z Qf o (Y™ — CuXy) + QF

,max

(CiiXi — Y"*)

+ Z Y7 (S — Uy AU,) + YT

1, max

(U;AU; — L)

The optimality conditions® are obtained by taking derivatives of the Lagrangian

(4.24) with respect to the decision variables and Lagrange multipliers, as below:

V,L(X,AU,X,AU,A,Q, YT, T,II) =0 (4.25)
n={X,AU X AU, A T II}

The CDMPCs (4.21), are responsible for satisfaction of the optimality conditions
resulting from when n = {X;, AU;,;A;} (for ¢ = 1,...,N) along with the
feasibility, complementary slackness and non-negativity conditions, resulting from
local inequality constraints. The coordinator can use fixed-point iteration to
numerically solve the remaining conditions i.e, VgL = 0, VgL = 0, VrL =0
and VgL = 0. The update equations for the pseudo-variables X; and Aﬁi, are the

same as those in the previous chapters, and are obtained as follows:

5More explanation can be found in the section 2.5.2.
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N
Vel =) Vr,L=0

N (4.26a)
Vnl=)Y VmL=0

=1

—
fori=1,...,N:

X! -Xi =0 (4.26D)
{Aug ~ AT =0

—

for i=1,...,N:
{Xg“ = X¢ (4.26¢)

AU = AU

Similar to the previous chapters, the update equations for the prices, are obtained
by numerically solving VgL = 0 and VgL = 0. The key difference is that in the
previous chapters, optimality conditions result in linear algebraic equations. But,
in this chapter, because of the vector F; which contains nonlinear functions, the
optimality conditions may lead to nonlinear algebraic equations. Therefore, usually
a system of nonlinear algebraic equations will be solved using numerical methods. In
the case of using a fixed-point iteration method, the update equations are obtained

as follows:

N
VL =) Vg L=0
=1 (4.27a)

N
Vaol =) VagL=0

i=1

Therefore, for i = 1,..., N, the following update equations are achieved:
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¢ T
- _ _NT N
(X! - XINQ - T+ (Ag) A ArY [ VeF| A
=1 Xt
AUat!
T
_Ad_il Ad ! Ad -1 q
+(Cu |AG| AG) QU Atz Cij [AJ‘J} Vi Fil £, min
Lo q+1
AXquH
T
_Ad-_1~d g ra ]t q
- <(C22 A” Azz) zmax + At Z ij |:Ajj] VXZF] ~ Q] maxr 0
L a+1
Axﬁﬁ;/
+1 ~ AT al
—e(AU? — AUTHR, — ¢ — (B%) A=At | VagFs| A
j=1 Xat!
AU‘Z+1
T
T N
ral ' ha q a ] q
- Cll [Azz] Bu Q'L Jmin Atz ij [Ajj:| VAfJiFj - QJ min
— q+1
AU
T
ral R ! AN q
+ (Cu‘ [Azz] Bu‘) zmax + Atz Cyj |:Ajj:| VauF; ) O pae =0
q+1
. Axﬁqﬂ
(4.27b)

The derivative terms in (4.27b) can be replaced by the following matrices:

V& F; = A5 (4.28a)
A)(f];:Ll
VaoF; = B3 (4.28D)
AXI:T;r“

where details on obtaining Af; and BY;, have been provided in Appendix E.3. After

i)

replacing the derivative terms in (4.27b) by the relevant matrices in (4.28), the

following re-arranged update equations are obtained for i =1,..., N:
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2

~ _ ~ T
T = —o(X{ - XIQ+ (Ad) A7 - A (A5 A - Atz (Ase)”

J#l
-1 . \7T 11 .
N N -1
~AtY (ij [A?j] A§%q+1) Q in
=1
i
o1—1 . 11 . T
- (Cu [A;,iz] A?) ngax + At (Cu [A;,iz] A§£q+ ) ngax
N —1
Ad c,q+1
+AEY (cjj AL] gy > Q.
=1
i

- \T
T = (AU - AT R - (BY) A7 - Ar(BG) AL - Atz Best)”
T J#Z
~ -1 . R -1

N -1
A c,q+1
—Atz ((ij A4 B ) Qi
~a1 7t Vils +1 g
+ (sz [Ai} Bg) ngaa} + At (sz [Ad} BZ‘] ) ngax

+Atz( [ ]1B§;q+1> QL

\ J#z

(4.29)

where in order to show how the effects of interactions are taken into account, the
summation terms have been broken into two pieces, one for j = i and one for j # 1.

Thus far, the update equations have been obtained for all the coordinating variables
except for v;. Since in writing the compact form (4.22), the predicted interaction
terms v;, are replaced by (4.18), these variables are no longer explicitly present in
the Lagrangian (4.24). Consequently, they have not been listed among the variables

that are used to obtain the optimality conditions. Using updated pseudo-variables,
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the vector v;, is calculated by (4.18):

VI (K + 1k) = %Ik + 1]k)+
ALE &G+, AT EIB,. . AR G+ X R+, AQT k], . AT E+1|K)
— AN K+ 1)k) — BY i AT (K A+ alk)
"~ (4.30)
The sets of equations (4.26c), (4.29) and (4.30) form the coordinator for the
CDMPC (4.21).

Remark 4.2.5 If a gradient-based method is used to numerically solve VgL = 0,
Vagl =0, VrL =0 and VL = 0, the following coordinator will result:

DI =T + (X! - X) (4.31)
7 = IIY + 6,(AUY — AUY) (4.32)
N
X = X! — (Vg ) L) (4.33)
=1
AT = AT Ly
i = i 64(VAI~L-ZL¢) (4.34)
=1

and Equation (4.30)
where €1, €, €3 and €4 are tuning parameters.

Remark 4.2.6 If instead of (4.22b), (4.23) is used in the compact form (4.22),
sampling time At will not explicitly appear in the coordinator’s equations. In this

case, the following update equations are obtained for the coordinator:

Coordinator based on a fized-point iteration method:

1) Update equations (4.26c)
2)
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Coordinator using a gradient-based method:

DI =T + (X!~ X) (4.38)
7 = IIY + 6,(AUY — AUY) (4.39)
N
X = X! —ey(Vg ) L) (4.40)
=1
AT = AT L
i = i 64(vAﬁiZLi) (4.41)
=1

and Equation (4.37)

where i = 1,...,N; L; is the Lagrangian formed by using compact form (4.22), with
(4.23) as its equality constraints.

During each sampling interval, the coordinator and CDMPC exchange information

until the coordinator converges. Upon convergence, the following conditions are met:

1. The values of the price vectors equal the value of the corresponding Lagrange

multipliers, associated with transformed interaction equations.
2. The transformed interaction equations are satisfied.
3. The interaction equations that contain the nonlinearities, are satisfied.

4. The vector v;, predicts the correct values for the nonlinear and interaction

effects.

Implementation of the proposed CDMPC network can be carried out
systematically, according to Algorithm 5.
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Algorithm 5 : Implementation of MPMC-DMPC Network for Optimal Plant-Wide
Nonlinear Control of Interconnected Dynamical Processes

1. Coordinator: Iteration counter ¢ is set to 1.

2. Coordinator: Coordinating variables T';, II;, 5(1 and AfJZ» are arbitrarily
initialized.

3. Coordinator: v; is calculated using (4.30).
4. Coordinator: Coordinating variables are sent to local controllers.
5. Local Controllers: Local optimization problems (4.21) are solved.

6. Local Controllers: Local optimal solutions X; and AU;, and Lagrange
multipliers A; and/or €;, are sent to the coordinator.

7. Coordinator: If ‘H H < ¢, algorithm stops. Otherwise, next step is

AU — AU}
taken.

8. Coordinator: Pseudo-variables are updated using (4.26c¢).

9. Coordinator: Gradient matrices (4.28) are updated according to (E.7) and (E.8).
10. Coordinator: Local prices are updated using (4.29).
11. Coordinator: Iteration counter is increased by 1.

12. Steps 3 to 7 are repeated.

4.3 Case Study

In this section, the suggested CDMPC approach is applied to a case study borrowed
from Sun and El-Farra (2008). In this case study, the plant is composed of two
interconnected continuous stirred-tank reactors (CSTRs) with recycle. The schematic
diagram of the plant is shown in Figure 4.1. Three parallel exothermic irreversible
reactions A —5 B,A—=Uand A F5 R take place in the reactors. A and B are the
reactant and desired product, respectively. R and U are the undesired byproducts.
A stream containing fresh A at flow rate Fy, molar concentration Cyo and
temperature T, along with a stream of recycled A from the second reactor at flow rate

F,., concentration C'4o and temperature 15, are the feed stream to the first reactor.
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Fr, T2, Ca2

F3, Tos, Caos

- o

Figure 4.1: Interconnected CSTRs

The second reactor has also two feed streams, the output of the first reactor and an

additional pure stream of A, at flow rate F3, concentration C493 and temperature To3.

The output of the second reactor enters a separator, that separates the unreacted A

from the products and recycles it to the first reactor. For each of the reactors, a

jacket is used to remove/provide heat. The following continuous nonlinear model has

been derived for the plant:

aTi
dt

dC a
dt

7,
dt

dC 42
dt

FO Fr Ql
Ty =T+ (T =T + S Gi(Ty) O +
V1( 0 1) V1( 2 1) ; (T7)Cas o
F F, >
= VT(CAO —Cn)+ vl(CAz —Cx) — ZRi(Tl)CAl
i - . ° (4.42)
1 3 2
—(Ty =T —(Ths — T (T
V1( 1 2)+Vg( 03 2)+;Gz( 2)0A2+pch2
o P 5
= —(Ca1 — Caz2) + —(Cyp3 — Ca2) — ZRZ‘(TQ)CAQ
V V2 i1

i

where fOI'j = 1,2, RZ(E) = k‘ioe_RTj and Gz(n) = _AHVR,Z(CTJ> AISO, 7}, CAj; Qj

PCp

and V; are the reactor’s temperature, concentration of A, the rate of heat input to the

reactor and the reactor volume, respectively. For i = 1,2,3, AH;, ko and F; are the
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Fy=4.998™ T, =300.0K k1o = 3.0 x 106471 = 0.231 5%
Fy = 39.996™ Ty = 300K koo = 3.0 x 10°h~"

Fy =300 (% = 4.0kmel k3o = 3.0 x 10°h~"

Fr = 34998 (%, = 2.05me! By =5.0 x 10* 2L

Vi = 1.0om? —AH; = —5.0 x 10* 2L Fy = 7.53 x 10* 2L

Vo = 3.0m? —AH, = =52 x 102 By =753 x 10' 2%

R =834 —AH;=-54x10"2L  p=1000.02%

Table 4.1: Process parameters and steady-state values for the plant model (4.42)

enthalpies, rate constants and activation energies of the three reactions, respectively.
¢p 1s the heat capacity and p is the fluid density. Parameter values for the nonlinear
model (4.42), are given in Table 4.1.

For the given process parameters, the plant with Q; = Qy = 0, Cag = C%, Caos =
(%03 and a recycle ratio of » = 0.5, has two locally asymptotically stable steady-states
and an unstable one at (175, C%, Ts, C%,) = (457.9K, 1.7752%L 415 5K, 1.75%20L) . The

control objective is to stabilize the plant around its open-loop unstable steady-state,
to avoid high temperatures while achieving reasonable conversion. The manipulated
variables are Q; and C4¢ for the first reactor and Q, and C g3 for the second reactor.

The nonlinear continuous model 4.42, is discretized using Euler method and a

sampling time of 0.003Ar, to obtain the following discrete-time nonlinear model:

x(k+1) = x(k) + Atf(x(k), u(k)) (4.43)

where x(k) = [xa(k)". g(k)T]T & [[mk), Canlh). k), CAQ(/-C)]]T, u(k) =
[0, wk) ] 2 [12u(k), Caolk)] 1Qa(k). Cans(h)]| and £x(), u(k)
[ U (xR, (k). fee (x(R), uk)], Uy (), m(R)), feen (xCR), m(k)] |

It is assumed that a decentralized control network, consisting of two MPC,

controls the plant. The models used in the decentralized controllers have been
obtained by first, linearizing the nonlinear model (4.42), around the steady-sate point

(T, C5, Ts, C5y) = (457.9K, 1.775meL 415 5K, 1.75522L) . The result is the following
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A°¢ and B¢ matrices:

25.2 1284.3§ 35 0 0.0043 O 0 0
Aco |08 4590 0 85 | e | 04908 00|
13.3 0 —28 336.2 0 0 :0.0014 0O

0 133 i—-0.1 —24.9 0 0 i 0 10

Then, the continuous model (4.44) is discretized with the chosen sampling time of
0.003hr. Ultimately, the following matrices for the discrete-time local linear models

have been obtained:
Ad _ 1.0790 3.7459
71 -0.0009 0.8716

s [0.9936 09716 4 [0.0000 0.0147
Ap= [—0.0003 0.0208| B2 = 40000 0.0280

4 [0.0000 0.0283
] and By, = {—0.0000 0.0140

(4.45)

Simulations have been performed for the centralized nonlinear MPC case, in which
a centralized MPC with the nonlinear prediction model (4.43), is designed to control
the two reactors. To find the global minimum at each sampling time, MATLAB’s
fmincon function with active-set algorithm has been used in the GlobalSearch class.
The maximum function evaluations and iterations have been set to 20000 and 15000,
respectively. Also, in order to avoid any approximation in the centralized optimal
solution and thus, make it comparable to the optimal solution of the CDMPC network,
rather than estimating the gradient by finite difference, the exact gradient of the
nonlinear constraints has been provided for the fmincon function.
For the CDMPC case, the network of decentralized MPC with linear model (4.45), has
been transformed into a linear constrained CDMPC network. MATLAB’s quadprog
function with the active-set algorithm, has been used to solve the local optimization
problems in the CDMPC scheme. The update equations (4.26¢), (4.29) and (4.30),
have been used for the coordinator. At each iteration, the coordinator uses local
information sent by the controllers along with the derivatives of the nonlinear function
f(x(t), Au(t)) with respect to the pseudo-variables, to update the coordinating
variables. The stopping criteria in the coordinator is chosen to be ¢ = 107%. The rest

of parameters used in the simulations, are listed in Table 4.2.
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MPC 1 MPC 2
Initial Conditions ~ x,(0) = [462.9K 0.275m]"  x,(0) = [410.5K 3.45kme]"
Weighting Matrices Q1 =51 Qo =51

R11 - 151 R22 - 151
Upper Bounds uper = [ ghmol]® uyer =[5 ghmol]”
Lower Bounds upin = [—587 Ok;n"—g?l}T uyin = [—582 Okmlgho
Prediction Horizon 10 10
Control Horizon 5 5

Table 4.2: Parameters used in the proposed CDMPC

4.3.1 Simulation Results

Figure 4.2, in which output trajectories for both the centralized nonlinear MPC and
CDMPC have been plotted, shows that the process outputs (states) resulting from
the coordinated distributed network matched the states obtained from the centralized
problem. Similarly, in Figure 4.3, trajectories for the optimal control inputs for the
centralized nonlinear MPC and the proposed CDMPC coincided well with each other.

Simulation results show that the CDMPC network successfully produced the
optimal solution to the centralized nonlinear MPC problem because: 1) the active-
set algorithm chosen to solve the QP problems of CDMPC, terminated successfully
at every communication cycle; and 2) as Figure 4.4 shows, during all sampling
intervals, the coordinator converged within the chosen error tolerance of ¢ = 1076,
Therefore, at the end of the communication cycles, optimality conditions of the overall
nonlinear control system were met and the distributed controllers calculated the
optimal centralized nonlinear MPC solution.

At each sampling interval, the number of communications between the CDMPCs
and the coordinator, until convergence, is shown in Figure 4.5. For this case study,
the coordinator found the correct values of the coordinating variables in finite and

reasonably low number of iterations.
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Figure 4.4: Norm of the error vector e, at the end of communication cycles

On the other hand, to perform the centralized nonlinear MPC simulation, large
numbers were chosen for the maximum number of function evaluations and iterations,
so that the optimization algorithm for each of the assigned solvers in the GlobalSearch
toolbox, could terminate successfully; however, choosing large numbers for the tuning
parameters of the optimization algorithm significantly prolonged the computation
time. Under the same computing conditions, the simulation for the centralized
nonlinear MPC problem took roughly three hours while the simulation for the
proposed CDMPC network completed in about 15 minutes.

The computational burdens faced in solving the centralized nonlinear MPC problem
for this fairly small case-study is indicative of how difficult and maybe impossible
solving centralized nonlinear MPC problem could be, in practice. On the contrary,
the proposed linear CDMPC approach smoothly and successfully obtained the optimal

solution to the plant-wide nonlinear MPC problem.
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Figure 4.5: Number of communication cycles

4.4 Summary

This chapter intends to contribute to the development of CDMPC networks for plants
with nonlinear dynamics. To this end, a convex MPMC-DMPC network is proposed
for a class of plant-wide (non-convex) nonlinear MPC problems, in which nonlinear
process models are at least once continuously differentiable.

Inspired by an exact linearization technique, the process models are re-stated in
terms of two sets of equations, 1) a system of linear equations that forms the local
dynamic equations; and 2) a set of nonlinear equations that creates the interaction
equations. Once the two systems of equations are formed, the MPMC method is
applied to convert the existing linear decentralized MPC network into a CDMPC
network, that has linear CDMPCs and a (nonlinear) coordinator.

The coordinator is synthesized by the numerical method used to solve portions
of first-order optimality conditions of the aggregate of CDMPCs and interaction
equations. Since the optimality conditions usually lead to nonlinear algebraic
equations, the coordinator often needs to find the solution to a system of nonlinear

equations, using an appropriate numerical method. The main difference between the
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MPMC-DMPC network for plants with linear dynamics and plants with nonlinear
dynamics is that in the former, the coordinator always solves a system of linear
algebraic equations.

Compared with the centralized and other distributed schemes, in which (non-
convex) nonlinear optimization problems are solved, the proposed CDMPC scheme,
solves a group of QP problems and a system of nonlinear equations. Considering
the availability of efficient numerical methods, solving nonlinear equations is less
challenging than solving non-convex optimization problems. Therefore, in addition to
the benefits of CDMPC networks, significant computational benefits can be expected

from the proposed scheme.



Chapter 5

Conclusions and Future Work

The focus of this thesis is on the development of CDMPC networks by using
multilevel optimization-based coordination methods, in order to upgrade the control
performance of existing decentralized MPC network to the control performance
of plant-wide MPC. Goal Coordination, Interaction Prediction Coordination and
Modified Pseudo-Model Coordination are the coordination approaches applied in this
work. Among the wide range of MPC applications, this thesis considers systematic
development of coordinated distributed networks for linear/convex MPC, individual
chance-constrained MPC and nonlinear MPC.

Since there is a small literature on CDMPC, an important challenge is in providing
a general framework wherein, regardless of type of the coordination method used,
CDMPC and the coordinator can be systematically synthesized. This challenge
is addressed in Chapter 2, where for the first time, a thorough study is carried
out on applying the GC, IPC and MPMC methods to a network of decentralized
linear constrained MPC. It is shown that the general procedure, which alters the
decentralized MPC into a CDMPC network, involves five main steps; 1) interaction
models are included in the local process models; 2) local process models are re-
stated in terms a system of local dynamic equations and a system of interaction
equations; 3) the aggregate of decentralized MPC with the modified process models,
is formed; 4) in the aggregate problem, the system of interaction equations is relaxed,

which results in formation of CDMPC; 5) the numerical strategy chosen to solve the

139
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relaxed aggregate problem, leads to synthesis of the appropriate coordinator. The
combination of CDMPC and coordinator always possesses an inherent hierarchical
structure because of the involvement of iterative procedures in numerical methods.
Following this standard procedure, three CDMPC schemes are proposed for plant-
wide linear model predictive control of interconnected dynamical systems.

The coordinator design problem for CDMPC, is mathematically viewed as
numerically solving a system of algebraic equations. In the GC-based DMPC network,
the coordinator is designed based on the algorithm of the numerical method used for
solving a dual optimization problem. The resulting coordinator implicitly accounts for
the effects of local inequality constraints on the coordination algorithm. In the IPC-
DMPC and MPMC-DMPC networks, solving portions of the optimality conditions of
the composite CDMPC (relaxed aggregate problem), by either fixed-point iterations
or gradient-based approaches, synthesizes the coordinator. The impacts of local
inequality constraints can explicitly be accounted for in the coordinator update
equations. Since in the GC method, a dual optimization problem is solved, the
resulting coordinator has different convergence behaviour in comparison with the
coordinators in the other two coordination approaches. The coordinators in the
IPC-DMPC and MPMC-DMPC schemes, have similar convergence characteristics
because of using same design strategy. For every coordination algorithm, performing
a thorough convergence study is an important yet challenging task. In chapter 2,
convergence accuracy of the three proposed coordination algorithms are studied by
showing that the numerical algorithms converge to the solution of the system of
algebraic equations used in designing the coordinators .

The proposed CDMPC networks have several important benefits. In addition
to producing a flexible and maintainable control structure, the CDMPC networks
have the performance of centralized linear MPC. Also, the coordinated distributed
networks are designed using the existing network of decentralized MPC. Therefore,
there is no need for major changes in the control structure of the plant. One limitation
of the proposed CDMPC networks is that they can only guarantee converging to
optimal plant-wide performance, if local controllers have convex structures. According

to literature, another limitation of the coordination methods used in this work, is that
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they are in the class of non-feasible multilevel optimization methods, meaning that
interaction equality constraints are satisfied only when the coordination algorithm has
converged. Therefore, solutions generated in an intermediate iteration, should not be
used (Singh et al. (1975) and Mahmoud (1977)), as they are not feasible with respect
to the centralized optimization problem. It should be noted that, if at any stage of the
coordination algorithm, CDMPCs successfully solve their optimization problem the
intermediate solutions will be feasible with respect to the distributed scheme. Thus,
if it is guaranteed that the distributed controllers provide closed-loop stable solutions,
then intermediate solutions can also be implemented; however, with the current level
of knowledge, if for any reason, the coordination algorithm terminates prematurely,
the safest action would be to switch the CDMPC network back to the decentralized
mode.

The detailed study of coordinated distributed schemes for standard linear MPC
in chapter 2, provides a general mathematical insight into developing CDMPC
networks. Considering the inherent existence of uncertainty in processes, it is
important that the controllers perform well despite the uncertainties affecting the
plant. Chapter 3 intends to address the issue of how uncertainties affect CDMPC
and coordinator design. To this end, among various design methods that explicitly
incorporate uncertainty into MPC synthesis, individual chance-constrained MPC is
chosen. Individual chance-constrained MPC is a simple yet informative approach, to
account for the impacts of normally distributed uncertain disturbances in developing
probabilistic CDMPC networks. In addition to their simplicity, single chance-
constraints can be converted into equivalent linear inequalities. Therefore, the
resulting MPC problem is convex and the proposed chance-constrained CDMPC
can guarantee achieving the optimal plant-wide solution. By using the systematic
procedure presented in chapter 2, coordination methods are applied to convert the
existing decentralized chance-constrained MPC to CDMPC.

In producing probabilistic coordinated distributed networks, it is necessary to keep
the prediction model as equality constraints. This way, the prediction models can
be re-stated by local dynamic equations and interaction dynamic equations, and the

application of coordination methods becomes straightforward. The process models
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are uncertain, as they contain uncertain parameters and/or disturbances. Therefore,
known stochastic information (expected values) is employed to convert the uncertain
process models into deterministic models. The uncertainty effects are also taken into
account by using the uncertain process models in the probabilistic constraints.

Another achievement in chapter 3, is regarding resolving convergence issues of
coordinator in the GC method, specially in the presence of active local inequality
constraints. Since inequality constraints are an integral part of chance-constrained
MPC formulation, it is important to address the convergence issues by looking for
more efficient numerical methods for solving the resulting dual optimization problem.
Inspired by the augmented Lagrangian methods and by applying the Separable
Augmented Lagrangian Algorithms, the CDMPC in the GC method is modified and
a new coordinator formulation has been obtained. In the modified coordinator, the
need for optimal step-size calculation is avoided. As expected, simulation results
showed that the new coordinator has improved convergence performance in the sense
that it can converge in finite number of iterations; however comparing with the
other two coordinated distributed schemes, the number of required iterations are
considerably higher. The proposed modified CDMPC and coordinator are applicable
to deterministic GC-DMPC networks, as well.

The proposed probabilistic CDMPC schemes pave the way to develop more
advanced robust CDMPC networks, in which other stochastic optimization methods
such as joint chance-constraints and recourse problems, and Robust optimization
methods are used. Similar to the deterministic case, the proposed probabilistic
coordinated distributed networks can only guarantee producing the optimal plant-
wide solution, if the CDMPCs have convex structure.

The final issue addressed in this work is regarding the performance limitation of
the proposed coordination methods when the CDMPC has non-convex structure.
In chapter 4, by using MPMC method, a novel CDMPC network is proposed for
processes with nonlinear dynamics that result in non-convex MPC formulations.
A useful characteristic of the MPMC approach is that instead of the interaction
equations, the linear transformed equations are relaxed. Therefore, interaction

equations which contain the nonlinearities, do not appear in the CDMPC formulation.
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This is while, in the GC and IPC method, the interaction equations are relaxed, and
portions of them appear explicitly in the objective function of CDMPC that form the
coordinating terms. By using the idea of exact linearization technique, the nonlinear
process models are re-stated by a system of linear local dynamic equations and a
system of nonlinear interaction equations. The existing linear decentralized MPC
network is then altered into a network of linear CDMPC that has the performance of
plant-wide nonlinear MPC. The coordinator design problem is viewed as numerically
solving a system of algebraic (nonlinear) equations. The system of algebraic equations
are obtained from portions of the optimality conditions for the optimization problem
resulting from aggregate of CDMPC and interaction equations.

Other than the common advantages of coordinated distributed networks, the
proposed CDMPC scheme in chapter 4, involves solving QP problems for the CDMPC
and a system of algebraic equations for the coordinator. Therefore, if an efficient
numerical method is used in solving the system of algebraic equations, significant
computational benefits will be achieved in comparison with nonlinear DMPC where
nonlinear and often non-convex optimizations must be solved. The limitation of the
proposed scheme is that it is applicable to plant-wide optimal control of systems with
interconnected nonlinear dynamics, where the nonlinear process models are at least
once continuously differentiable.

In addition to the aforementioned contributions, the studies and results obtained
in this thesis, provide grounds for more insightful comparison between coordinated
and non-coordinated DMPC methods. In both approaches, interaction models are
needed. In the CDMPC networks, complete interaction models are needed; however,
considering the amount of performance improvement achieved by coordinated
distributed methods, the effort for identifying interaction models may be completely
paid off. One of the criticisms of the CDMPC methods, is that an additional piece,
the coordinator, has to be designed and its synthesis and operation is thought to
be complicated. This is not true; as is shown throughout this thesis, the involved
mathematical and optimization concepts, make coordinator design a straightforward
and fairly simple process. The coordinator is essentially a computer program that

contains a set of algebraic equations, not a physical addition to the plant equipment.
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5.1 Directions for Future Research

Coordination methods and CDMPC networks studied in this thesis, provide an
insightful guide for further theoretical developments, addressing open issues and
exploring new applications.

An important theoretical study for the proposed CDMPC networks, concerns
convergence properties. Convergence accuracy studies in chapter 2, indicate that the
suggested coordination algorithms are convergent; however, more in-depth studies
should be carried out, to obtain detailed properties such as convergence rates and
conditions that affect convergence behaviour of the coordinator. The well-studied
convergence proofs of the numerical methods can provide a powerful tool for detailed
convergence study of coordination algorithms; for instance, contraction mapping
theorem can be used to obtain convergence properties for the coordinators in the
IPC and MPMC methods that are obtained based on fixed-point iteration technique.

Considering that coordinator is designed by the numerical algorithm used either
for solving a dual optimization problem or portions of optimality conditions, further
research is needed for possible improvements in convergence characteristics of
coordination algorithms, by using more efficient numerical methods. Solving the
dual optimization problem by SALA, to modify the CDMPC and coordinator in the
GC method, in chapter 3, is an example of such possible enhancements.

Throughout this thesis, state-space models are used in the MPC formulations. It is
assumed that full state measurements are available; however, measurements for some
variables may not be available at every sampling time and/or some states may not
be measured. Therefore, state estimation and observer design problems are needed
be addressed in developing CDMPC networks.

The use of Input-Output process models in the MPC formulations should also be
considered. It is expected that this extended application be fairly straightforward to
accomplish, since the concepts and procedures in establishing coordinated distributed
networks will remain unchanged.

The proposed individual chance-constrained CDMPC networks under uncertain

disturbances in chapter 3, have the capability of extension to the case in which



Sec. 5.1 Directions for Future Research 145

uncertainties exist in both disturbances and model parameters. Also, joint chance-
constrained CDMPC, as a more realistic approach, should be considered. Depending
on the type of distribution function used for the probabilistic constraints, the resulting
problem may fall in the category of non-convex optimization problems. In order
to successfully apply coordination algorithms discussed in this thesis, one approach
would be to use convex approximations for the non-convex joint chance-constrained
MPC.

Another application of the studied CDMPC networks, would be in the context of
Robust CDMPC, where the known bounds on the uncertainties result in a worst-case
optimization problem for the CDMPC.

In chapters 2 and 4, an invariant terminal region can be calculated for the plant-
wide MPC problem, so that it can be included in developing the CDMPC networks. In
doing so, at each sampling time, when the coordinator converges, the obtained open-
loop solution can guarantee a closed-loop stable system. If the invariant terminal
region includes a terminal penalty term, incorporating the penalty term in the
CDMPC formulations will be challenging because this term is usually non-separable.
In addition to the approach adopted in this thesis, which is using a long enough
prediction horizon, three possible solutions to overcome the difficulty of dealing with
a non-separable terminal weighting matrix could be: 1) considering approaches for
optimization of non-separable objective function subject to independent constraints,
2) using MPC design methods that only use terminal constraints, 3) seeking for
alternative approaches for synthesizing stabilizing MPC.

Regarding the CDMPC networks proposed in this thesis, an important open issue
to be addressed concerns stability of the intermediate solutions, and studying if these
solutions can provide better performance than decentralized MPC. If these properties
are guaranteed, in the case of early termination of the coordination algorithm, the
amount of performance loss using the intermediate solutions will be less compared
with the case that the control network is switched back to the decentralized MPC
mode.

Throughout this thesis, it is assumed that all processes have similar time scales.

Consequently, one sampling period is used for sampling all the variables, and the
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CDMPCs operate simultaneously. In practice, the processes in a plant usually
have different time scales. Therefore, depending on the process dynamics, different
sampling times are used to sample different variables. Also, local controllers execute
their control calculations at different control rates and/or sampling instants. It
is important to address the issues of asynchronous CDMPC. The existence of
different time scales in a plant suggests that multilayer hierarchical structures are
embedded within the CDMPC network, which itself has a multiechelon hierarchical
structure (Mesarovic et al. (1970), Mahmoud (1977) and Scattolini (2009)). Possible
solutions to solve such problems would incorporate optimization and control theories

of multilayer systems into the coordinated distributed approaches.
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Appendix A

The following flowcharts, show the information exchange between the CDMPC and
the coordinator in the GC, IPC and MPMC methods, discussed in Chapter 2.
Before proceeding further, the known interaction portion, used in the local process
models of the CDMPC (2.15), (2.31) and (2.77) are written in a summarized vector
form, so that the obtained short form can be used in the flowcharts. To this end, the

vector v; is defined as:
N
vi(k+1) = [aAyx;(k + I|k) + Byu,(k — 1)] (A1)
=1
i
To have v;(k+1) be compatible with the notation used for other exchanged variables

in the flowcharts, it is written over the entire prediction horizon as below:

N
[=0: v(k) =Y [Ayx;(k)+Byu(k—1)]
=1
i
N
[=1: Ul(]{?—i-l):ZBwuj(l{?—l)
=1

JFi

N
l:Hp—li Uz(k?‘l‘Hp—].):ZBwll](k'—l)

7j=1
i
—
v;(k) N Aijx;(k)
v;(k+1 B,u;(k—1
v, 2 (. ) -y JJ(‘ ) (42)
. =1 .
oilk+H,— )| T2 |Byuk—1)
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A.1 Information Flow in the GC Method

Coordinator:

Figure A.1: Information flow in the GC-DMPC network

It should be noted that if Newton’s method is used, along with the local solutions,

dX; dAU;
dp ’ dp

and 2¥< has to be sent from local controllers

local sensitivity information i

to the coordinator, as well.
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A.2 Information Flow in the IPC Method

Coordinator:

Figure A.2: Information flow in the IPC-DMPC network
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A.3 Information Flow in the MPMC Method

Coordinator:

Figure A.3: Information flow in the MPMC-DMPC network



Appendix B

B.1 Coefficient Matrix in the GC Method

To show how the matrix ©; is built, a simple example with three subsystems (N = 3)
is used. Prediction and control horizons are chosen to be 5 and 2, respectively. Using

(2.11a), the matrix ©; can easily be constructed as:

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

0 0 0 0 0 0 0 I0000
0 0 0 0 0 0 0 0I000
0 0 0 0 0 0 0 00I00O
0 0 0 0 0 0 0 00010
0 0 0 0O 0 O 0 00001

00-By 0 00000

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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0 0 0 0 0-By 0 00000)]
~A, 0O 0 0 0-Bj -B;,00000
0 -A, 0 0 0-By -B;,00000
0 0 —-A, 0 0-Bj, -B;,00000
0 0 0 —-A,0-B;, -B;, 00000
"0 0 0 ©0 0 0O O 10000
O 0 O 0 0 0 0 0I000
©:=| 0 0 0 0 0 0 0 00IO0O (B.2)
O 0 O 0 0 0O 0 00010
.0 0 0 0 0 0 000001
0O 0 O O 0-By 0 00000
Ay O 0 0 —Bj, —B3,/00000
0 —-Asp O 0 |

0 0 0 0 —Bi; 0 00000
~A; O 0 0 —Bys; —B13100000
0 —Ay; O 0 |

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(B.3)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

0 0 0

0 0 0 0I000O0
0 0 0 00I1I00O0
0 0 0 000IO
0 0 0 00001

B.2 Coefficient Matrix in the IPC Method

As is discussed in section 2.4, the interaction coefficient matrix used in the distributed
controllers, are the same as ®; used by the CDMPC in the GC method; however,

for implementation purposes, lower dimensional matrix ®; can be used instead. The
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only difference in the structure of this matrix in comparison with ©;, is that ®; does
not have the columns corresponding to V;. Therefore, using the same example as in

section B.1, the ®, is written as:

0 0 0 0 0 0 0 |
O 0 O0 0 0 0 O
o 0 0 0 0 0 0
o 0 0 0 0 0 0
0. 0 0 0 0 0 0
0 0 0 0 0-By 0
~Ay 0 0 0 0 -By —By
o, _| 0 “An 0 0 03—321 —By, (B.4)
0 0 —Ay 0 0-By —By
0 0 0 —A, 0-By, —By
"0 0 0 0 0-By 0
~Ay; 0 0 0 0 -By —By
0 —Ay 0 0 0 -By —By
0 0 —-A; 0 0{—By —By
0 0 0 —Ajy;0-By —By
0 0 0 0 0-By 0 |
~A, 0 0 0 0-Bj, -Bp
0 -A, 0 0 0-Bj —Bp
0 0 —-A, 0 0-Bj —Byp
0 0 0 —A;,;0-Bjy —Byp
"0 0 0 ©0 0 0 0
o 0 0 0 0 0 0
Q= 0 0 0 0 0 0 0 (B.5)
o 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0-By O
~A;;, 0 0 0 0 -Bjy —By
0 —A;; 0 0 0 -Bsy —By
0 0 —Ayp 0 0 —By —By
0 0 0 —Aj; 0 -By —By
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0O 0 0 0 0-By 0
~A; 0 0 0 0-Bj By
0 —A3 0 0 0-Bj; —Bys
0 0 —Aj3 0 0-Bj; —Bys
0 0 0 —Aj;0-By —By

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

B.3 Compact Form of Problem (2.32)

B.3.1 Equality Constraints (2.31b)

First the local process model (2.31b) is written over the prediction and control

horizons H, and H,:

N N
D Aux;(k) + > Bk — 1)+

j=1 j=1

J#i J#i
vi(klk)

(k+2[F) (k+1[F) (k +1[k) (k%) (k—1)

N
ZBiju]'(l{? — 1)+
7=1
J#i
vi(k + 1|k)
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H,—-1

xXi(k + Hylk) = Agxi(k + H, — 1]k) + > BuAw(k + alk) + By (k — 1)+

a=0

N

j_
J#

=1
%

vi(k + H, — 1|k)

H,—1

a=0

N
Z Bz-juj(k — 1)+
7j=1

J#

%

vi(k + H, — 1|k)

(B.7)
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In the next step, the terms in (B.7) containing the unknown variables, are moved to

the left hand-side and then written in the following matrix form:

T 0 0 00 0 0][x(k+1lk)]
Ar I 0 00 0 0] x(k+2lk)
0 ... 0 -A; T 0 ... ol |xksaE)| "
[0 0 ... 0 00 —Ay I| |xi(k+Hk)
R ~ .« ~
B, 0 0 .. 0 0] T vi(k|E)
-B, -B;, 0 ... 0 0 Au; (k|k) vi(k + 1]k)
: : Au;(k + 1[k) :
-Bi; -Bi; —-B; ... —B; —By : | vilk+ Hy — 1]k)
: Do | [Awi(k+ Hy —1]k) :
|-B; -Bi; -B; ... -B; -B;|" AU, T vk + H, —1[k) ]
N ~ . N ~
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A"L’L Bll Az] BZ]
0 B 0 B
0 B N | O N | Bij
(k) + | ¢ | wk—D+> | [ xk)+> u(k—1) (B.8)
j=1 j=1
0 Bll 77 O 7 BZ]
0 B 0 B
L | ] L~ | i ]
&u Bu Aij @LJ

B.3.2 Inequality Constraints (2.31c)

Writing the inequality constraints on the outputs (2.31c), over the control and

prediction horizons, results in:

min 0 . max
: <. . : < :
\yi (li"' Hy) B 0 0 ... 0 C, \Xi(k ";Hp“f) B \yi (li‘i‘ H)y) J
Ymin ~~ - Xi Y;’naz
‘ Ci;

(B.9)

For the inequality constraints on the manipulated variables, first u;(k + blk) is

written in terms of Au;(k + b|k) using (2.5):

[ (k)
w (k4 1)

lup (ke + H, — 1)

w(k — 1) + Au(k[k) + Aw(k + 1[F) < (B.10)

u"* (k)

7

up e (o + 1)

W (k + H, — 1)
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The set of inequalities (B.10) are re-arranged as below:

u" (k) —u;(k — 1) 10 ... 0 Au,(k|k)
u(k+1) —w(k —1) _ I T o ... 0 Au;(k + 1]k)
e U, AU,

u (k) —w(k — 1)
wer (k4 1) — uy(k — 1)

u"*(k+ H,—1) —u;(k—1)

(B.11)

Also, the inequality constraints on the control input changes in (2.31c), are written

over the control horizon H,:

min I 0 0
Au (k) 01 0 ... 0 Aui(k[k)
: <. ) ) : <
Au""(k+ H, —1) 00 o 1| [Aui(k+ Hy, = 1]k)
u;:i” A ~~ A‘[,Ji
okl U**

7

Au" (k)

7

: (B.12)
Au"(k+ H, — 1)

-~
max
Tk

7

Finally aggregate of (B.11) and (B.12), results in the following compact form:

un U; o0 unae
vk < 2 < 1% )
|:umm:| — |:0 Ur*} AUZ = |:umax:| (B 13)

kK x5k

u;nin U; ﬂ;naz
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B.4 Compact Form of Problem (2.78)
B.4.1 Equality Constraints (2.78b)

First the equality constraints (2.75b) and (2.75¢), are combined:

l
> Aui(k+alk) +wi(k —1)| +

a=0

M-

S

(A% (k +1|k) + Biju;(k — 1)) + (B.14)

.S
sl

l
BAR;(k+1k) + By Y Aly(k + alk)

1 a=0

1 M) =

i
Then the local process model (B.14), is expanded over the prediction and control
horizons:

x;(k+1|k) = Aiixi(k) + BiiAui(k]k) + Byu;(k— 1)+

Z Aiix;(k) + Z Biju;(k

J#z J#l

ZBijAﬁj(k\k)
j=1
J#

N
Z Bijllj(k? — 1)+
7j=1
J#i

N
> AR (k4 1k) + ) [By Al (k + k) + By A, (k|k)]
— —
J#i J#i
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H,—-1
xXi(k + Hylk) = Agxi(k + H, — 1]k) + > BuAw(k + alk) + By (k — 1)+
a=0
N
j=1
JFi
N N H,-1
> AyR(k+ H, — 1]k) + B Al (k + alk)
j=1 j=1 a=0
j#i j#i
H,—1

xi(k + Hylk) = Aix;(k + Hy — 1[k) + > BuAui(k + alk) + By (k — 1)+

a=0
ZBuua
J#z
N H,—-1
ZAUXJ (k+H, —1/k)+ > > By Atk + alk)
J=1 j=1 a=0
Ji i

(B.15)
Now the terms in (B.15), which contain the unknown wvariables, are moved to the
left hand-side. The unknown variables are the local decision variables as well as the

pseudo-variables that are determined by the coordinator. Thus:

I 0 0 00 0 0] x(k+1k)]

: - : : n
| 0 0 ce 0 00 —AZZ I_ _Xl'(k’ + Hp|k’)_
—B,; 0 0 . 0 0 ]

: : Auw;(k+1|k)
-B,; -Bi; —-B; ... —-B; —Bj :

: : Au;(k+ H, — 1]k)
-B; -B, -Bs; ... —-B; -B, 0, g

B;
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0 0 o0 0 0 %;(k + 1|k)
vy |-A; 0 0 0 0 %, (k + 2|k)
7j=1 . .. N :
it : : ~ :
| 0 0 R 0 0 _Aij_ _Xj(]{? -+ Hp - 1“1')_
—B; 0 0 0 0]
ZN: : Atk + 1]k)
=1 Bij Bz] sz Bzg Bzy B
J#i ; : Au;(k+ H, — 1]k)
g
(A B, | (A By, |
0 B, 0 B,
0 Bii N |0 N | By
DB w0 ) | xR Y| [ uk=1)  (B.16)
7=t =1
0 B, J# 0 J# Bw
Ay B;; Agj ij

B.4.2 Inequality Constraints (2.78c)

The matrices used in the inequality constraints (2.78c), are the same as those in

(2.32¢). Therefore, they are obtained according to section B.3.2.



Appendix C

C.1 Compact Form of the Centralized Prediction
Model (3.3)

In obtaining (3.3), process model (3.1) is used for the overall system, as below:

!
x(k + 1+ 1]k) = Ax(k +1|k) + B) _ Au(k + alk) + u(k — 1) + Dd(k + I|k) (C.1)
a=0
where x £ [XF{, ,XMT, Au = [AulT, ,AuJIHT and d £
df, ... ,me. The centralized matrices A, B and D, have the following block-

wise structure:

An Ay LA By ... By ... By
A=|Ay . A;l. . JAnx]| , B=|By ... By .. .| By
| Ant - Aygi Ay | Byvi Byl Ban
and (C.2)

77777777777777777777777777777777777777777777

77777777777777777777777777777777777777777777

77777777777777777777777777777777777777777777

77777777777777777777777777777777777777777777

Now the plant model (C.1), is written over the entire prediction and control

horizons, as below:
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x(k + 1|k) = Ax(k) + BAu(k|k) + Bu(k — 1) + Dd (k| k)
x(k + 2|k) = Ax(k + 1|k) + BAu(k + 1|k) + BAu(k|k) + Bu(k — 1) + Dd(k + 1|k)

H,—1

x(k+ H,|k) = Ax(k+ H, — 1|k) + > BAu(k + alk) + Bu(k — 1) + Dd(k + H, — 1|k)
a=0
H,—1

x(k + Hy|k) = Ax(k + H, — 1|k) + Y BAu(k + alk) + Bu(k — 1) + Dd(k + H, — 1|k)
a=0

(C.3)

After moving the unknown terms to the left-hand side and the known terms to the

right-hand side, (C.3) becomes:

I 0 0 ... 00 O O][x(k+1]k)]
~A I 0 ... 00 0 Of]|x(k+2]k
: " : : n
0 ... 0 —A I 0 ... 0| |x(k+H,k)
(0 0 ... 0 0 0 —A I] [x(k+H,lk).
A X
—B 0 o ... O 0 ]
-B-B 0 ... O 0 Au(k|k)
: : Au(k + 1]k)
B -B -B .. -B -B :
: : Au(k + H, — 1[k)
-B -B -B ... -B -B]" INT ’
B
-D 0 0 ... 0 O d(k|k)
0 -D 0 0 0 d(k + 1]k)
+ . . . .
0 0 0 ... 0 —D| |d(k+H,—1]k)

N AN /
-~ -

D )
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A B
0 B
0 B
xR+ || k- 1) (C.4)
0 B
0 B
A

In addition to (C.3), the centralized prediction model can also be expressed in

terms of local process units, as follows:

N

Dyidi(klk) + ) Dy;d;(k[k)
=1
T
N N
> Aux(k) + > Byu(k— 1)+

Jj=1 Jj=1
J# J#i

vi(k[k)
N

D;di(k+ 1|k) + > Dy;d;(k + 1[k)
=1
7

N
j=1
J#i
vi(k + 1|k)
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H,—1
xXi(k + Hylk) = Agxi(k + H, — 1]k) + > BuAw(k + alk) + By (k — 1)+
a=0
N
Dyd(k + H, — 1|k) + > Di;d;(k + H, — 1|k)
=1
i
N
ZBijuj(k — 1)+
j=1
J#i
vi(k + H, — 1|k)
H,—1
xi(k + Hylk) = Aix;(k + H, — 1k) + > B Aui(k + alk) + Bju;(k — 1)+
a=0

N
Dydi(k + H, — 1|k) + > Dyd;(k + H, — 1|k)
=1
I
N
j=1
i
(C.5)

After re-arranging the terms in (C.5), the following compact form is obtained:

"I 0 0 ... 00 0 O][x(k+1k)]

: - : : n
| 0 0 ce 0 0 0 —A“ I_ _Xi(k + Hp“{?)_
—B,; 0 0 0 0 7

-B; —-B; O 0 0 Au,(k|k)
: : Aui(k’—i—lfk’)
-B; -B; —-By; ... —Bi; —By :

: : Aw;(k+ H, — 1[k)

—-Bi; —-By; —-By; ... —Bi; —Bj] AU,

Bs
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D; 0 O .. 0 0 d; (k|k)
0 -D; 0 ... 0 O d;(k + 1|k)
+ . c. . .
0 0 0 ... 0 —Dy| |di(k+ H,—1]k)
D; 0 0 0 0 d;(k|k)
N 0 -Dj; O 0

0 d;(k + 1]k)

i# |0 0 O —Dy; | |d;(k + H, — 1|k)

0
By, 9,
[ vi(k[k) ]

vi(k + 1]k)

vi(k + H, — 1|k)

Lvik + H) — 1]k) ]

V;

(A B, (A By ]

0 Bi; 0 B;;

0 B N | O N | Bij

D)+ w0 Y | xR | wik—1) (C6)

j=1 J=1

0 B 0 B
- - S - S

A’L’b Bii Aij ]Bij

C.2 Distributed Equivalence of the matrix G

Through the following simple example, the elements needed to be taken into account
in localizing vectors of the form z = WV1z, is explained. Suppose that W, V and z

are defined as below:
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The product WVz becomes:

2)- [

,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(C.8a)

= e e LD C.8b
(W1 Vi + W Vis)zy + (Wy Vo + W22V22)Z2] ( )

Thus, in writing WVz in terms of block-martices, W;;V;; +W,;V;; will only produce
the diagonal matrices in (C.8b), while the effect of off-diagonal parts should also been
taken into account. Therefore, as is shown in (C.8b), for this example where two
matrices are multiplied, each local variable z; (i = 1,2) is expressed by the rows in
WYV corresponding to the i, block times the vector z. Similarly, for cases where N
subsystems exist and/or when more than two matrices are multiplied, the end result

of the multiplication should be decomposed.

C.3 Compact form of the plant model with
pseudo-variables

The following local process model, in which interaction variables are replaced by the

pseudo-variables, is used:

l
> Aui(k+alk) + wi(k — 1) | + Dyd(k + I|k)

a=0

M-

7j=1
i
N l
BAR;(k+1k) + By Y Aly(k + alk)
j=1 a=0
i

(C.9)

Now, the local model (C.9) is written over the entire prediction and control

horizons:
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N
ZAUXJ + B”uj — 1)+ Y Dyd;(klk)+
J#z J#z ;
ZBz‘jAﬁj(/f!k)

j=1

G
x;(k+2|k) =

D;;d;(k + 1]k)+
N N
Z Bju;(k—1)+ Z D;;d;(k + 1|k)+
j=1 j=1
j#i J#

N
ZAU%(H 1|k) Z B, Ait;(k + 1|k) + By Ad, (k|k)]
— =
jj#i sﬁz

H,—-1
a=0
Did;(k + H, — 1)k)+

x;(k + Hylk) = A

N
ZBijuj(k‘ —-1)+ Z D;;d;(k + H, — 1|k)+

j=1 j=1
J#i J#i
N H,—1
S AR (k+H, — k) + ) Y ByAd,(k+alk)
j;} j=1 a=0
VE=4

J#i
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H,—1
a=0

Dydi(k + H, — 1|k)+

N N
ZBijuj(/-c —1)+ ZDijaj(k + H, — 1]k)+

j=1 j=1
i J#
N N H,—-1
S AR+ H,— k) + > > BiAl(k + alk)
j=1 j=1 a=0
J#i J#i

(C.10)

Equations (C.10) are re-arranged and formed into the following compact version:

"I 0 0 00 0 0] [xi(k+1]k)]

: " : : n
—B,; 0 0 0 0 7
-B; -B; O 0 0 Au;(k|k)

: : Aui(k + 1[k)
-B; —-Biy —-Bi ... —Bi —Bj :

: | [Aw(k+ Hy —1]k)
|-Bi -Bi By ... —-By; —Bi]" s,

>

D; O 0 0O O d;(k|k)

0 -D, O 0 o0 d(k + 1|k)

0 0 0 .. 0 —Dy||d(k+H, -1k

Dy D;



<.
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[0 0 0 ... 0 0 %;(k + 1|k)
N|-A; 0 0 ... 0 O %;(k 4 2|k)
j=1 : : :
= : : i :
i 0 0 Ce 0 0 _Aij_ _Xj(]f —+ Hp - 1|/{3)_
—B; O 0O ... 0 0 7
-B; -B; 0 ... 0 0 A, (k|k)
i : : Ay (k + 1[k)
=1 sz Bzg _Bij BZj BZ]
L | Ak + Hy = 1]k)
g
-D;; O 0O ... 0 O d;(klk)
XN: 0 -D; 0 ... 0 O d;(k + 1]k)
— : : : =
# | 0 0 O0 ... 0 —Dy;| |dj(k+ H,—1]k)
Au'_ —Bii_ _Aij_ _Bij_
0 B, 0 B,
B N | O N | Bij
xik)+ | 0 | wE=D+> | x5k + ) u(k—1) (C.11)
=1 =1
B, J# 0 J# B”
B, 0 B;;
_ [P ] L Y i



Appendix D

D.1 Deterministic CDMPC Simulation Results
using GC(SALA) Method

In this appendix, simulation results using GC(SALA), IPC and MPMC methods are
presented for both deterministic constrained and unconstrained CDMPC networks.
Parameters used in the simulations are the same as those used in section 2.6. For the
constrained CDMPC simulations, the constraints on the process inputs and outputs,

shown in table 2.1, are used.

yper =[5 1.5]" yyer =[5 15"
max — 5 4 T max — 5 2 T

yit = [-15 —1] yyt =[5 —1]

wpr= s T = 2

Simulation Results for Unconstrained CDMPC: Process output and
manipulated input profiles for the unconstrained case are plotted in Figures 2.1 and
2.2, for the GC(Newton-based), IPC, MPMC and centralized schemes. As expected,
simulation results using GC(SALA) matches the results shown in these Figures.
The required number of communication cycles until convergence is plotted in D.1,
for the four variations of coordination algorithms. The coordinator in GC(SALA)
takes more iterations, in order to converge to the optimal centralized solution, because
a first-order gradient-based algorithm solves the unconstrained dual optimization
problem. This is while, the use of second order information (the Hessian) in the

Newton-based coordinator in the GC method, leads to very fast convergence rate.
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Figure D.1: Number of communication cycles at every sampling instant

On the other hand, the IPC and MPMC methods explicitly account for the effects of
local inequalities, in the coordinator formulation. Therefore, in addition to showing
similar convergence behaviour, number of iterations until convergence in these two
methods, are lower than what is required by the GC(SALA); however, the Newton-
based coordinator in the GC approach, still outperforms the coordinators in the IPC

and MPMC methods, obtained using fixed-point iteration method.

Simulation Results for Constrained CDMPC: Before proceeding with the
simulation results, it should be mentioned that neither steepest ascend, nor DFP
and BFGS methods, with constant step-size (0 < € < 1), were able to solve the
resulting dual optimization problem. In the steepest ascend method, in the first few
communication cycles, second norm of error vector € decreased. As the error vector
got closer to zero, no further progress was observed. Quasi-Newton methods could
not solve the convergence problem, either.

Process output and control input profiles in Figures D.2 and D.3, show that the

three coordination methods successfully yield the optimal plant-wide MPC solution.



Sec. D.1  Deterministic CDMPC Simulation Results using GC(SALA) Method
180

The number of communication cycles have been plotted in Figure D.4. As expected,
the coordinator in the GC(SALA) approach, requires more computational effort to

converge, compared with the coordinators of the IPC and MPMC methods.
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Results using GC(SALA) Method

101

tic CDMPC Simulat

nis

Determ

Sec. D.1

g 1un Jo uorpeIryusduo)) (p)

(a)owry,
8L'o 9Lo riLo cL'o Lo 800 900 oo 200
T T T T T T T T T

0

DINAIN

DdI ¢
(VIvs) oo =
POZIEIIIO) B

co

¢ yun jo amjerodua], (q)

(ay)owry,
8L0 910 L0 cLo Lo 80°0 90°0 ¥0°0 200
: : : : T . T T .

DINAIN
OdI &
(vIvs) Do =
?E:fﬁ:a@@

—€LY

Bldi4

S

—SLy

-9y

BrA%4

B34

co

1 J1UN JO UOTRIJUSOUO)) (D)

(aq)oury,
8L'0 91’0 vLo 2Lo Lo 800 900 00 200 o,.
T T T T T T T T T

20

L v'0

F 90
DINdIN .

[ OdT & —18'0

(vivs) oo m
pozifeIjuc Yu¢

co

1 yun jo emyerodwo], (v)

(aq)oury,
8L'0 91’0 vLo 2Lo Lo 800 900 00 200 0,
T T T T T T T T T

DINAIN
Od1 ¢
(vIvs) oo ®

o9t

[4:14

o

DOJIN pazifeijuod pue HJIN(D Woly Sumnsal sorrojoslery mnding :g- ([ 9InsL



182

tic CDMPC Simulation Results using GC(SALA) Method

1nis

Determ

Sec. D.1

2o

¢ JIUN I0] UOTJRIIUSOUO0D Juejdesl jou] (p)

(au)our,
810 910 ¥L'0  ZLO 1'0 800 900 00 200
! ! | ! ! i | i |

DINAIN
OdI ¢
(VIvs) DD |
Tax:x,C::UO

7) EVD

n

-

gt
oty

(

ST

co

¢ yun 10y oyer ndur jeoy (q)

(ayq)oury,
8L'0 910 ¥LO  2LO 10 800 900 #00 200 o._
T T T : T . T . T €
lgz-
e-
e
dg-=
==
L
L DINAIN 4=
OdI &
(VIvs) pH =
POZITEIITO0) D
L S0-
o
O X

2o

1 JIUN I0J UOTJRIJUSOUOD Jue)oral 391Ul (o)

(aq)omry,

81’0 910  ¥L'0  2LOo L0 800 900 ¥0'0 200 %
T T T T T T T T T
b
-2
—€
aQ
dp =
3§
\m/.V
-9
DINAIN
L OdI ¢
(vIvs) Do m
vmx:mb:wU@

T y1un 10j ojel jndut yeoy (®)

(ap)omty,
4 S0 10 500
— —

DINdIN
r alA
Ddl ¢
L o m 'l
PazI[eI D)
L L L L 1 L L L L L L L L L L L L L L L L [}
0kx”

DOJIN pPozife1yued pue HJIN(D Wody Sumnsalr sor1o1oslery ndut joruo)) ¢ (] 2Insig



Sec. D.1  Deterministic CDMPC Simulation Results using GC(SALA) Method
183

250
240 -

N

N

o
|

N
=
o

Bce saLa)

[ s

MPMC

Number of Communication Cycles
2 a4 a4 o oa = oo

© o N [~} o 2] =] ©

o o o 14 o o o o

~
o

=]
=}

»
a

[~
=]

-
o

I|l,!}IIMM,!AAM,AMMMMAAAAAAA}MML

0.12 0.14 0.

L

Time(hr

Figure D.4: Number of communication cycles at every sampling instant



Appendix E

E.1 Compact Form of Equality Constraints
(4.22b)

The aggregate of CDMPC (4.21), along with the equality constraints (4.18) are
equivalent to the plant-wide nonlinear MPC problem. To write the equality
constraints of such a composite optimization problem in a compact form, first (4.18)

and (4.21b) are combined as below:

xi(k+1+1k) =
Alx(k+1|k) + B¢ ZAuZ (k + alk)

a=0

+ X%;(k + l|k)
+ At (x;(k + 1|k), Aﬁi(k]k) LAWK+ alk), x;(k + 1| k), Au;(k|k), ..., Aa;(k + alk))

— Al (k+1|k) — ZAul k+ alk)
(E.1)

Now, (E.1) is expanded over the prediction horizon H, (i.e, [ =0,..., H, — 1) as

184
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follows:

x;(k+ 1k) =

Alx;(k) + BL Au;(k|k)

+ x;(k)*

+ Atfi(x:(k), Au;(k|k), x;(k), Au;(k|k))
- A%Xi(k) - B?iAﬁi(Mk)

x;(k + 2|k) =

Adxi(k + 1|k) + BLAw(k + 1|k) + B Aw,(k|k)

+%;(k + 1|k)

+ Atf; (%,(k + 11k), A (k|k), Ay (k + 1]k), %, (k + 1|k), Al (k|k), A, (k + 1]k))
— A% (k 4+ 1|k) — BLAG(k + 1]|k) — BE Aw(k|k)

1

x;(k + Hy|k) =

Adxi(k+ H, — 1|k) + BLAw(k + H, — 1]k) + - - - + BLAuy(k|k)

+ %;(k + H, — 1]k)

+ A& (k+ H,— 1]k Aufk|k),. .., At k+H,—1|k)%(k+ H,—1|k)Al; (k|k),. . .,Ad(k+ H,—1|k))
— Adxi(k+ H, —1|k) — BéAt(k + H, — 1|k) — - -- — BLAG,(k|k)

: (E.2)
x;(k + H,|k) =

Alx;(k+ H, — 1|k) + BEAw(k + H, — 1]k) + - - + BLAw (k|k)

+%;(k+ H, — 1|k)

+ A &k + H,—1|k), Adk|k),. .., A k+ H,— k)X (k+H,— 1|k)Ad; (k|k),. . ., Al (k+H,—1|k))
— AY%i(k+ Hy, — 1k) — BEAw;(k + H, — 1|k) — - - — BLAT(K|k)

2

Next, the equations in (E.2) are re-arranged and put together in the following

States at time k are known = x;(k|k) = x;(k).
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matrix form:

I 0 0 ... 00 0 0] [x(k+1]k)]
~AL T 0 ... 00 0 Of|x(k+2]k)

: '.d : : I

0 ... 0 —-AL I 0 ... Of |x(k+H,k)
L0 0 ... 0 0 0 —A% I] [xi(k+ Hylk).
—B¢ 0 0O ... © 0

-B¢ -B¢ 0 ... 0 0 A, (k|k)

: : Au(k + 1[k)
B¢ _Bd _Bd —-B¢ —B4 :

: : Au,(k+ H, —1[k)
B, Bl -B{ .. Bl Bl
[0 0 0 0 0 | [ x(k+1lk)
~I+ A4 0 0 ... 0 0 x;(k + 2|k)

0 ~-I+A¢ 0 ... 0 0 x;(k+3lk) |+
0 0 . 0 0 —I+A%| [X(k+ H,—1]k)]
B 0 0 ... 0 0]

BéS BL 0 ... 0 O At (k|k)

: : Au;(k +1k)

B¢ B¢ B¢ B¢ B¢ : a

Au,(k + H, — 1[k)

d d d d d ~~

\_Biz‘ Bm Bn c Bm Bz’z’_ Afji
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[ fi (xi(k), Aw;(k|k), x;(k), Au;(k|k))
£, (x;(k + 1|k), A, (k|k), AQ;(k + 1]k), %, (k + 1|k), At (k|k), Aw;(k + 1|k))

At
£, &k +H, — 1|k AT k|k),. .. AR k+H, — 1|k)%,(k+ H, — 1|k).A&; (k|k).. . .. A k+H,—1]k)

£, Gl ket H,— 1[T) A K|k, . ., Aifk+H, — 1) k+H,— 1|k) A (k). . ., A (k+H, —1|k) |

N

-

F;

%
°o%
S~—

E.2 Compact Form of Equality Constraints (4.23)

If (4.23) is used alongside the aggregate of CDMPC (4.21), the compact form of
equality constraints in the composite optimization problem (4.22), will be obtained

as follows:

x;(k+1|k) =

Afix;(k) + Bj Au,(k|k)

+fi(x%i(k), Awi(k[k), x;(k), A, (k[F))
- Aixz‘(k) - B?iAﬁz‘(Hk)

x;(k +2|k) =

Alx;(k + 1|k) + BEAw(k + 1)k) + BEL AW, (k|k)

+ £ (%i(k + 1|k), A (k| k), Al (k + 1]k), %;(k + 1|k), A, (k|k), At (k + 1]k))
— A%xi(k 4+ 1|k) — BLAG(k + 1]k) — BE Aw(k|k)

1
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x;(k + Hy|k) =

Adxi(k+ H, — 1|k) + BLAw(k + H, — 1]k) + - - + BLAw(k|k)

+ £, & (k+ H,— 1|k),Auyk|k). . ., Al k+H, —1|E)X(k+ H,—1|k),Au, (k|k),. . .,Auk+H,—1|k)
— Atz (k+ H, — 1|k) — BEAT(k + H, — 1]k) — - - — BLAG (k|k)

xi(k + Hy|k) =

Alx;(k+ Hy — 1|k) + BEAw(k + H, — 1]k) + - - + BLAw (k|k)
+ £, & (k+ H,— 1|k) Atfk|k),. .., A0 k+ H, —1|k)%(k+ H,—1|k), A, (k|k),. . .,An(k+ H,—1|k))
— Alx(k+ H, — 1k) — BEAw;(k+ H, — 1|k) — - - — BLAT(k|k)

After, re-arranging (E.4), the following matrix form, is obtained:

"I 0 0 00 0 0] [x(k+1]k)]
—AL I 0 00 0 O] xi(k+2|k)

: '-d : : n

O o .. 0 _AZZ I 0 .« 0. O Xz(k: + Hu|k:)
|0 0o ... 0 0 0 —A% I [xi(k+ Hylk).
—-BL 0 0 ... 0 0
-B¢ -B¢ 0 ... O 0 Au; (k|k)

: : Au;(k + 1[k)
B¢ _Bd _Bd —-B¢ —B¢ :

: : Aui(k+Hu_1|k>
-BY —B:{ —B¢ ... —B¢ _BZ|T G g

/
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[0 0 0 ... 0 O0][ =(k+1]k
AL 0 0 ... 0 O x;(k + 2|k)
0 A2 0 ... 0 O %i(k+3lk) |+
(0 0 ... 0 0 A}| |X(k+H,—1]k)]
B 0 0 ... 0 0]
BS BL 0 ... 0 O At (k|k)

: A, (k + 1|k)
B: B¢ B¢ B¢ B¢ : B
B. B! BL ... BY B ~

_Bd

I fi (%i(k), Aw(k[k), %;(k), Aw; (k|k)) ]

G K-+ Hy — 1| k) AT Kk, . ., Alifk+ Hy — 1)+ Ho— 1|k, A (k| E),. .., A (k+ H,—1|k)

£, i(k+ H, — 1|k AR k|k),. . . A k+H, — 1|])%(k+ H,— 1|k) Al (k|k). . ., Afi(k+H,—1|k) |

[\

J
i

~
F

o

E.3 Derivative Calculations

At each communication cycle g, the coordinator uses updated values of the pseudo-
variables to calculate the derivatives of nonlinear functions with respect to the pseudo-
variables. In what follows, details on constructing the matrices AS?™' and BS*™ in

(4.28) are provided.
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The F; vector, that contains the nonlinear functions over the prediction horizon,

1s written as:

[ £ (x:(k), Aw;(k[k), %;(k), Aw;(k[F)) |

£ (% (k + 1)k), AT (k|k), Adu(k + 1k), x;(k + 1), Al (k|k), Ad;(k + 1]k))

£ &{k+H,— k), Al k|k),. .. Aik+ H,— k)% (k+H, — 1|k) Al (k|k).. .., A (k+H,—1]k))

£ (ko Hyy— 1]]) AR K| K. ., A k+ Hy— 1T)% (b + Hy— 11k), A (k| .. .., A (k+ Hy— 1K)

[ G(k) ]
£,(k+1)
a E
_f'(k + Hy —~ 1)_
(E.6)
where j =1,..., N. Thus, the gradient matrix Vg F; is constructed as:
X a+1
AXquH

Xa+1
AUt
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9% (k+1) 0%, (k+2) 9% (k+Hp—1)
xa+1 *%a+1 xa+1
agatt ATt ATatHL
8fj(k+1) afj(k+1) ij(k+1)
0%, (k+1) 0%, (k+2) 0% (k+Hp—1)
xatl xa+1 xa+1
agat! ATt AQatl
of; (k+2) of; (k+2) of; (k+2)
9% (k+1) 0%;(k+2) 9% (k+Hp—1)
*xa+1 xa+1 xa+1
agatl agatl AT+l
of; (k+Hu—1) Ofj (k+Hy—1) Ofj (k+Hy—1)
0% (k+1) 0x;(k+2) Ox;(k+Hp—1)
xq+1 xa+1 xa+1
agatt AT+ AT+
(E.7)
of; (k+Hp—1) of;(k+Hp—1) of; (k+Hp—1)
Oxi(k+1) Oxi(k+2) 0% (k+Hy,—1)
xa+1 xa+1 xa+1
- AUatl AU+l AT+
[0 0 0
1
2
0 AC-T]H_ 0
Ji
k+Hu—1
0 AC +Hu 0
Jt
k+Hp—1
0 0 ACFTHY
L ji |
c,g+1
Ajl.

where the dimension of A;;qﬂ is n,;H, X ng;H, The superscript k + [ in A;;kH

indicates that the derivatives are calculated using the relevant updated pseudo-

variable values at the k + [ time point. Similarly the gradient matrix V,gF;
.
AU
is formed as:

VaoF; -
Xa+1
AU+



of; (k)
dAn; (k)
xa+1
AT+
Of; (k+1)
oA, (k)
*xa+1
AUat!

O (k- Hy—1)

oAw, (k)
xa+1
ATt
Of; (k+H.)
oA, (k)
%xa+1
AUt
of; (k+Hp—1)
AT, (k)
L xa+1
agatl
rpck

c,k
sz B‘?;k—‘rl

c,k '
Bo BS
Jt

c,k
BJ,L B;;k+1

c,k '
B BSH
J°

of; (k)
8Al~li (k+1)
xq+1
AT+
of; (k+1)
AT, (k+1)

xa+1
AU+l

Of; (k+Hy—1)
BAﬁi (k+1)
xq+1
AT+l
Ofj (k+H.,,)
AW (k+1)
*xaq+1
ATt

8fj (k-l—Hp— 1)
(9Al~li (k:+1)
xa+1
agat!

0
0

Jt
7

J°

Vv
IB%C.’.qul
J

wh 1
ere the dimension of B4t
g 18 Mg Hyp X 1y He.

ot; (k)

AT, (k+H,—1)

Of; (k+1)

A, (k+ Hy—1)

O (h-+ Hy—1)

AT, (k+H,—1)

Of; (k+H,)

OAQ; (k+Hy—1)

8fj (k:—}—Hp—l)

AT, (k+Hy,—1)

g :
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xq+1
ATIHL

xa+1
AUatl

xa+1
AUItHL

*xaq+1
ATt+1

xa+1

Aﬁq+1 -
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(E.8)



