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A bstract

Three-dimensional finite element method is utilized to analyse the plasticity-induced 

crack closure (PICC) phenomenon in a cracked plate under constant amplitude load­

ing conditions, and variable amplitude loading conditions. The latter including a 

single spike tensile overload and a single compressive overload (underload). To accu­

rately capture the PICC process the choice of material model is of vital importance, 

therefore this thesis considers a relatively new model, the Ellyin-Xia model, and 

the more widely employed kinematic hardening model. The study shows significant 

different in the results obtained while employing the two models.

The thesis extends the three-dimensional finite element model employed for the 

PICC analyses to the application of bonded patch repair technology. The study 

indicates tha t the application of a patch repair results in significant reduction in 

PICC (crack opening stress) and the stress intensity factor K , which is the driving 

force for crack propagation.
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C hapter 1 

Introduction

Cracks are flaws th a t exist in all kinds of structures, and are a cause of extreme con­

cern to engineers in the design and during the service life of engineering structures. 

Their existence may be caused by inherent defects in material, the manufacturing 

process, in service fatigue damage, exposure to harsh environmental conditions and 

various other factors. The study of this phenomenon of cracks has led to the de­

velopment of a branch of solid mechanics known as fracture mechanics, which deals 

with the characterization and behaviour of cracks in a stressed body. It provides 

a methodology for the evaluation under various loading conditions of bodies with 

these defects.

Linear elastic fracture mechanics (LEFM) is used to evaluate the crack boundary 

value problem (BVP) when the region at the crack tip responds based on the classical 

elasticity theory, where the crack tip is defined as the crack’s cutting edge along the 

thickness of the the structure. In the majority of metallic materials, the presence of a 

high stress at the crack tip leads to the development of a plastic domain in the region 

around the crack tip resulting in the inaccuracy of LEFM. Therefore the material 

representation can no longer be elastic, leading to the requirement of a different 

material model formulation to evaluate the crack BVP. The case of particular interest 

in this study is when plastic deformation prevails in the inelastic domain requiring an 

elastic-plastic formulation to evaluate the cracked BVP. This necessitates a material

1
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Chapter 1. Introduction

constitutive relation which describes the elastic-plastic behaviour to be employed.

If the loading condition of the structure is cyclic, after a critical number of cycles 

the already existent crack or a newly formed crack would tend to grow till it reaches 

a critical length where fracture of the structure occurs. The region between the 

start or detection of crack growth and the final fracture of the structure is depicted 

in Figure 1.1 where fatigue crack growth occurs, and it consists of three regions. 

Region I is the threshold regime where there is slow or no crack growth. Region 

II also called the Paris regime is where stable growth occurs and is the region of 

interest. And Region III, the fracture regime is where rapid unstable growth growth 

occurs and eventually, fracture takes place.

Let us now consider the cyclic loading process in the region of interest, Region II. 

During the loading section of a cycle, plastic deformation is induced around the crack 

tip and local plastic strains develop at the crack tip due to stress singularity. As the 

structure is unloaded, these strains are not fully reversed resulting in the formation of 

a plastic wake zone behind the crack tip as the front advances. Also upon unloading, 

the plastic deformation region leads to a zone of compressive residual stress at the 

crack tip and ahead of the front. These zones, mainly the plastic wake zone and 

partly the residual compressive stress zone combine to result in the plasticity-induced 

crack closure (PICC) phenomenon [5]. This phenomenon as the name implies results 

in a closure effect on the crack surfaces, requiring tha t the remote load applied 

overcomes these residual zones of compression before the crack can open.

In order to numerically model PICC with the finite element technique, the 

choice of a material constitutive relation for the elastic-plastic formulation will be 

of major importance in obtaining realistic solutions to the BVP. Although various 

material models exist to examine elastic-plastic behaviour, the classical models: 

elastic-perfectly plastic, isotropic hardening and kinematic hardening, widely used 

in finite element modelling of the PICC phenomenon in 3-D, have limitations. These 

material models either do not account for cyclic hardening (and) or the Bauschinger

2
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Chapter 1. Introduction

Region I Region II Region III

m

C

Figure 1.1: Fatigue crack growth behaviour
The regime o f in terest is Region I I  which describes the crack growth rate as directly 
proportional to the stress in ten sity  fa c tor range.

effect which are characteristics of engineering metals undergoing cyclic plasticity 

that affect the PICC process and consequently fatigue crack growth. As a result, 

this thesis investigates the use of a material model tha t accounts for these effects 

under constant amplitude loading, the effect of a tensile overload and the effect of 

a compressive overload (also referred to a an underload).

The growth of cracks may be arrested or retarded by using patch repair technol­

ogy, where adhesively bonded composites or metals are used to bridge the crack pro­

viding reinforcement to the crack zone. The reinforcement provided by the bonded 

patch repair serves to transfer load away from the crack and strengthen the crack 

region. This causes a reduction in the stress singularity at the crack tip and the 

crack tip opening displacement, resulting in a reduction in the driving force for fa­

tigue crack growth. Composites are the materials of choice for this technology as 

they can be designed to meet specific strength and service requirements and can 

easily be applied in situ. This thesis also investigates the use of composite patch 

repair technology considering the effect of varying patch thickness and the effect of

3
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1.1: Plasticity-induced crack closure

Forward plastic zone

Plastic wake zone

Figure 1.2: Plasticity zones inducing crack closure
The zones of interest are the plastic wake zone behind the crack front; the reversed, plastic 
zone which represents the yielded region in compression at minimum load ahead of the 
front. The forward, plastic zone which represents the yielded region at maximum load - 
monotonic yield zone.

PICC on crack growth arrest or retardation.

1.1 P lastic ity -in d u ced  crack closure

The phenomenon of PICC as stated in the introduction to this chapter results from 

the combined effects of the plastic wake zone and the residual compressive zone (i.e 

the reversed plastic zone) as shown in Figure 1.2. During the unloading process 

of a cycle these zones cause the crack surfaces to close before minimum load is 

reached and upon reloading the crack surfaces do not open until the applied load 

overcomes the residual compressive stress in the plastic wake and reversed plastic 

zones. Therefore, the crack does not grow during the part of the cyclic loading when 

the crack surfaces are closed and it can only grow after the crack surfaces are fully 

open.

In order to predict fatigue crack propagation, Paris and Erdogan [9] defined the 

crack growth rate in Region II (see Figure 1.1) as

da/dN  = C { A K ) m , (1.1)

where a is the crack length, N  is the number of loading cycles, C  and m  are assumed 

to be material constants and A K,  the opening mode (Kj )  stress intensity factor

4
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1.1: Plasticity-induced crack closure

Mode I

1 MQ

Figure 1.3: Crack opening mode I 
Show n here is crack opening profile in  term s o f K j  fo r  a m iddle-crack tension  geometry.

(SIF) range denoting the difference between the maximum and minimum values of 

Kj  (i.e Kmax—Kmin). Equation (1.1) is not valid for a material undergoing plasticity- 

induced fatigue crack closure because as stated in the preceding paragraph, fatigue 

crack growth can only occur while the crack is completely open during a loading 

cycle. To predict fatigue crack propagation when PICC occurs at the crack surfaces, 

a crack tip param eter was introduced by Elber [5], the effective stress intensity factor 

range A K eff ,  defined as the difference between K max and K op, the opening mode SIF 

at the point when the crack surfaces become completely open during the loading 

portion of a cycle. Figure 1.3 shows a schematic of AK  and A K eff .  The Paris 

equation (1.1) for fatigue crack propagation is then modified for the case of PICC 

by replacing A K  with A K ef f ,  and the equation becomes

d a / d N  =  C  ( A K ef f )m . (1.2)

The stress intensity factor, K  solutions, can not be obtained directly for the 

elastic-plastic formulation due to plasticity occurring at the crack front, rather the K

5
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1.2: Bonded Patch Repair Technology

solutions are obtained from the path independent J-integral solutions which captures 

the stress and strain field intensity ahead of the crack tip by describing an arbitrary 

path independent contour away from, and enclosing the plasticity zone.

For PICC, the point at which the crack becomes fully open is defined by the size 

and extent of the plastic wake and reversed plastic zones, cyclic hardening and the 

Bauschinger effect. Therefore the K op solutions or the opening stress, <7op, solutions 

depend on the material constitutive relation employed to describe these effects. An 

elastic-plastic material model introduced by Ellyin and Xia [6-8] which has been 

shown to  capture and describe these effects is employed for this study using the 

finite element method.

1.2 B onded  P atch  R epair Technology

To avoid catastrophic failures in engineering structures due to fatigue crack propa­

gation, patch repair technology using adhesively bonded composite materials is em­

ployed to bridge the crack region as the patch has the following advantages [2, 10]: 

it can be manufactured to  meet specific strength requirements and also as thin as 

possible so th a t it does not significantly affect the geometry of the cracked structure; 

reduces corrosion; additional stress concentrations are at reduced levels; allows for 

application to complex structural contours. The patch works based on two main 

mechanisms:

Due to the load-transfer characteristic of the bonded patch repair and its strength­

ening effect, there is a reduction in A a in the cracked structure such tha t under 

opening mode loading conditions, the SIF Kj ,  for the patch repaired structure K pr, 

does not go beyond a limiting value K 00 as shown in Figure 1.4 [1, 3] for the case of 

a thick patch repair of a thin plate. While for a thin patch repair of a thick plate, 

the crack opening stress governs the crack growth driving force K . Therefore the 

resulting reduction in the A K  causing a reduction in the crack growth driving force.

It can be seen that the SIF range employed in the Paris equation (1.1) for the patch

6
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1.2: Bonded Patch Repair Technology

K

"Pr

Figure 1.4: Reduction in K  with the application of a patch

The stress in ten sity  fa c to r  fo r  the crack plate, K up-(unpatched), is reduced to K pr- 
(patched) fo r  the patch repaired plate and, the S IF  does no t exceed a lim iting  stress 
in tensity  fac tor, K a0.

repair case is such tha t A K pr < A K up, which implies A Npr > A N up (assuming 

dN  A N , da «  A a, and tha t A a is the same for both cases) meaning that there 

would be an increase in the service life of the structure. Also due to the bridging 

effect of the patch repair, the crack tip opening displacement (CTOD) which is also 

a driving force in crack propagation is reduced by the constraining effect provided 

by the repair. The displacement is given by:

= ̂  ( 1-3)
T j ( 7 q

Therefore as K ef f  \ ,  St \ .  This implies as K ef f  —> K ty, §t —» 0, resulting in an 

increase in fatigue life.

A number of researchers [4, 11] have shown that in practice, the patch and 

adhesive properties influence the performance of the bonded composite repair.

7
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1.3: Layout of the Thesis

1.3 Layout o f the T hesis

This chapter gives a brief introduction to the phenomenon of PICC and the tech­

nology of adhesively bonded patch repair. It outlines the major areas of fatigue and 

fracture mechanics used to investigate the PICC process, and the need of a material 

constitutive relation tha t captures and describes the effects of cyclic plasticity for 

this study. The chapter also briefly discusses the use of composite patch repairs as 

a way of restoring structural strength and increasing the service life of a cracked 

engineering structure.

Chapter 2, considers the 3-D plasticity-induced crack closure boundary value 

problem subject to constant-amplitude loading. A review of literature on the cur­

rent state of 3-D finite element modelling of the plasticity-induced crack closure 

phenomenon is presented, with a more in-depth look at 3-D modelling. It outlines 

the limitations of current classical material models employed for 3-D analysis and 

considers the use of the proposed material constitutive relation which is implanted 

into the finite element computation code to account for the current limitations. 

The results obtained when employing this material model to solve the non-linear 

boundary value problem are compared to those obtained for the classical kinematic 

hardening material model.

Chapter 3 deals with the 3-D plasticity-induced crack closure boundary value 

problem subject to the application of a single spike tensile overload, and a single 

spike compressive overload (underload). A state  of the art review on the effects 

of the application of an overload and an underload is presented. The effects of an 

overload and an underload in cyclic plasticity on the plasticity-induced crack closure 

process as captured by the Ellyin-Xia material model is presented and compared to 

the results obtained for the classical kinematic hardening model.

And in Chapter 4, an extension to the 3-D crack problem is presented using the 

Ellyin-Xia material constitutive relation introduced in chapter 2, that is the use of

8
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1.3: Layout of the Thesis

bonded patch repair technology to repair a cracked plate using with a composite 

material. The effect of varying patch thickness on a thick plates is investigated. 

Also the effect of the plasticity-induced crack closure process on the repaired plate 

is presented.

Finally chapter 5 provides conclusions to the studies made in the thesis, and 

suggests future areas of research tha t might be of interest.

9
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C hapter 2

3D M odelling of P lastic ity  
Induced Fatigue Crack Closure: 
constant am plitude cyclic loading

2.1 In troduction

Many researchers have investigated the crack problem in engineering structures, and 

various mechanisms have been identified contributing to the crack closure in these 

structures: mainly the roughness of fracture surfaces, the presence of oxides, and the 

development of wake plasticity. Of interest in this study is wake plasticity, which is 

the primary mechanism of crack closure at medium and high A K  values [2],

Since the phenomenon of plasticity induced crack closure PICC, was first iden­

tified by Elber [11], the finite element method has been used to successfully model 

the non-linear crack problem. Majority of these finite element studies consider 2-D 

models under plane strain and plane stress conditions, while 3-D simulations are 

relatively few. These 3-D crack closure studies are characterized by models that 

mostly employ either an elastic-perfectly plastic, an isotropic strain hardening or a 

kinematic hardening material model for the solution of the elastic-plastic formula­

tion. Of these, only the kinematic hardening model captures the Bauschinger effect 

in cyclic plasticity which has been shown to have an im portant effect on the crack 

closure process [22, 25]. Therefore the solutions to the non-linear crack tip  fields 

employing these models vary. It is therefore necessary to employ a material model 

that captures the PICC process accurately.

11
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2.2: State of the Art Review

In this investigation, an elastic-plastic constitutive relation proposed by Ellyin 

and Xia [12, 14, 15] is employed as the material model for the solution of the non­

linear problem subject to constant amplitude cyclic loading and the results obtained 

using this model are compared to those obtained with the classical kinematic hard­

ening model.

2.2 S ta te  o f th e A rt R eview

The modelling of the PICC process in 3-D [3-5, 7, 23-25, 27, 29, 33, 34] allows for 

better understanding and prediction of the crack growth behaviour which can not be 

obtained with a 2-D model. These works have shown tha t due to the changing state 

of stress through the thickness of the plate, there is a variation in crack opening 

values along the crack tip resulting in tunnelling shape effect as the crack grows 

under cyclic loading conditions. Due to the complexity of modelling the shape 

evolution, the shape effect is usually neglected and the crack tip growth is modelled 

by advancing the crack tip a constant elemental length through the thickness of the 

geometry. Finite element procedure for modelling the PICC process in 3-D used 

by the noted works are basically the same and entail employing an elastic-plastic 

material formulation to permit the capture of plastic deformation occurring around 

the crack tip and the formation of wake plasticity which induces closure as the crack 

propagates. The model is cycled between maximum and minimum values based on 

the stress ratio, R. While the model is thus loaded, the stresses and displacements 

along the crack plane are monitored to determine when the crack opens or closes and 

also to detect crack surface contact so that the boundary conditions may be changed 

appropriately. And finally the crack is advance by node release once every cycle by 

an elemental length A ae to model crack growth. In order to perform accurate finite 

element analyses using these procedures, there are a number of specific modelling 

issues that must be considered [17, 18, 21]. Following are the modelling issues with 

respect to 3-D analysis of the PICC process.

12
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2 .2.1 M esh  generation  and m esh  refinem ent

The finite element studies on 3-D models of the PICC process have considered the 

middle-crack tension (MT), Compact tension and part-through surface flaw geome­

tries employing either eight-noded brick elements or six-noded elements. There is 

a tendency for these elements to exhibit plane strain locking at the vicinity around 

the crack tip exhibiting a state of stress similar to plane strain behaviour, and this 

locking can be avoided by using a reduced integration scheme or the B  element for­

mulation for the elements [29]. Also when 2-D or 3-D elements are used, the element 

aspect ratios must be taken into consideration around the crack tip because of the 

existence of high strain gradients with aspects ratio =  1 so that the results are not 

affected [26].

The mesh refinement issues for 3-D models are more complex than  th a t of 2-D 

ones due to the state of stress variation through the thickness of the geometry. In 

the 3-D analysis, the state of stress changes from a near plane-stress condition at 

the exterior to a near plane-strain condition at the interior. These conditions give 

rise to a forward plastic zone at the exterior that is about three time the size of 

the interior forward plastic zone, therefore the interior plastic zone would be the 

governing factor for refinement. In order to perform mesh refinement studies for 

3-D models, Skinner and Daniewicz [27] used the mesh refinement requirement for

2-D models [10, 19, 20] as a guideline which requires tha t to obtain convergence of 

crack opening value for PICC analyses under plane-strain conditions with a stress 

ratio R  = 0, A ae/ry < 0.1, where A ae is an element size in the forward plastic 

zone Tf. More recently Solanki [30] has proposed the additional requirement for 2-D 

models [28] tha t there should be approximately 3-4 (A ae) elements in the reversed 

plastic zone ry.

These investigations concluded th a t to obtain convergence of crack opening 

values there should be at least 5 A ae element in the interior forward plastic zone 

(i.e A ae/ r f  <  0.2) although the requirement tha t there should be about 3 to 4 

A ae elements in the interior reversed plastic zone (i.e A ae)/ry < 0.25) could not be

13
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satified by Solanki [30].

2 .2.2 Crack advance and crack surface con tact schem es

Modelling of the PICC process requires tha t the crack is propagated so tha t there is 

a formation of wake plasticity behind the crack tip and residual compressive stresses 

ahead of the crack tip which induce closure. In 3-D FE analyses the crack tip is 

advanced by an elemental length Aae by crack tip node release through the thickness 

ignoring the shape evolution, thus simplifying the modelling process. It should be 

noted that such automatic propagation is independent of the strain and stress levels 

around the crack tip, thus making the analysis suitable for crack tip opening values 

prediction and not fatigue life propagation [29]. Now the question arises: after how 

many cycles and at what point during a load cycle should the crack be advanced?

Since the crack is generally advanced automatically with no criteria, it is ad­

vanced once every load cycle. And the point at which it should be propagated has 

lead researchers to investigate various options: mainly advancing at maximum or 

minimum load. The former which is considered more realistic but due to associ­

ated convergence difficulties the latter is used as an alternative. 3-D studies that 

have considered advance at maximum load with the MT geometry [5, 23, 27] have 

not encountered convergence difficulties. For the surface flaw geometry Solanki [30] 

conducted PICC analyses with node release at maximum and minimum load and 

found little difference in crack opening stress values. Zhang and Bowen. [33] also 

conducted node release for three schemes: advancing the crack at 10%, 50% and 

100% of the maximum load showed no difference in crack opening displacement but 

minor variations in crack opening stress values.

As the crack is unloaded during these load cycles, the crack surfaces close result­

ing in surface contact and a variable boundary value problem. Various techniques 

have been employed to model the contact process and to avoid surface penetration 

and convergence difficulties. Chermahini et al. [5] employed a very stiff spring to 

constrain boundary displacements along the crack surface nodes when there is neg­

ative displacement and the spring is then removed by setting its stiffness to zero

14
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if and when the displacement becomes positive to allow for opening during cyclic 

loading. Zhang and Bowen [34] used an interface element to monitor contact be­

tween the mesh geometry and the plane of symmetry by introducing a rigid surface 

along this plane. Recently the works reported in Refs. [27, 30] employed a more 

direct approach by monitoring the displacement of each crack surface node during 

unloading, when the displacement becomes zero or negative a nodal fixity is applied 

to simulate contact and prevent penetration. Upon reloading each node is monitored 

for a positive reaction force whereby the nodal fixity is removed.

2 .2.3  D eterm in a tio n  o f crack opening values

In order to capture the trends of the PICC process through the thickness of the 

geometry with the finite element analysis another modelling question must be ad­

dressed: when is the crack fully opening or closed during a load cycle?

As with the other modelling issues different methods have been employed to 

determine crack opening values. Most 3-D analyses like 2-D studies determine crack 

opening levels by monitoring the displacement or the reaction force of each node 

on the crack surface, or the stress of each element adjacent to  the crack surface 

behind the crack tip. Therefore the crack opening level is taken when the last crack 

surface node has a positive displacement or positive reaction force or the stress of 

last element becomes tensile through the thickness of the geometry. Likewise the 

closure levels are taken when these conditions are reversed.

Of interest here is the 2-D work of Wu and Ellyin [31] which suggests tha t these 

methods of determining the crack opening values are not accurate enough. For the 

crack to be considered opened it should have a potential to propagate and to be 

considered closed the potential should be removed. Therefore it was proposed that 

the nodal reaction force of the crack tip be monitored and when it becomes tensile 

the crack now has a potential to propagate, thus the crack is opened. Likewise when 

the reaction force becomes compressive at the crack tip the crack no longer has a 

potential to propagate, thus the crack is closed.

15
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2 .2.4  C o n stitu tive  relationsh ip

3-D studies of PICC have mainly employed an elastic-perfectly plastic[3-7, 23, 

27, 29], with a few of these studies considering material hardening with either an 

isotropic strain hardening [33, 34] or a kinematic hardening model [24, 25]. These 

hardening models have employed a bi-linear material relationship. Skinner and 

Daniewicz [27] have shown that as the hardening slope H  is increased the crack 

opening values decrease. This implies as H  is increased A K ef f  = K max — K op is 

also increased resulting in a larger driving force for crack propagation. Also Roy- 

chowdhury and Dodds Jr. [25] compared the effects of using an isotropic hardening 

vs. a kinematic hardening model, and found tha t the results obtained showed con­

siderably higher crack opening values for the isotropic hardening model than the 

kinematic hardening model which means that the resulting driving force A K ef f  is 

lower for the former. These works show that the crack opening values are strongly 

influenced by the choice of the constitutive relationship employed. Therefore, the 

choice of an appropriate elastoplastic model becomes an im portant issue to correctly 

capture the behaviour of industrial materials.

2 .2.5  S ta tem en t o f the P roblem

Although the development of wake plasticity behind the crack tip and a zone of 

residual compressive stress at and ahead of the crack tip at minimum load are 

primary to the PICC process as discussed in chapter one, other effects of cyclic 

plasticity on the process also need to be considered. A cracked structure undergoing 

cyclic plasticity at the crack tip will be strongly influenced by cyclic hardening 

and/or softening and by the Bauschinger effect [22] which affect the PICC process. 

Therefore a material model that better describes the cyclic plastic behaviour and the 

resulting effects on the material, while subject to constant-amplitude loading; will 

be of paramount value in the analysis of this closure mechanism. Thus the solution 

to the non-linear PICC problem is dependent on the choice of the elastic-plastic 

constitutive relation employed for the analysis.

As stated earlier, the majority of the reported 3-D studies employ an elastic-
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perfectly plastic, while a few have used an isotropic strain hardening material model, 

both of which ignore the Bauschinger effect in cyclic plasticity, thus giving solutions 

tha t over predict the crack opening level. This is because the Bauschinger effect 

tends to increase the level of damage accumulation at the crack tip resulting in a 

reduction in the crack opening level [22, 25]. Although the kinematic hardening 

model considers the Bauschinger effect, there is a need to consider alternate ma­

terial models tha t can more adequately capture the hardening or softening process 

associated with cyclic plasticity.

This study considers the use of a material constitutive relationship proposed 

by Ellyin and co-workers [12, 14, 15] which can be used to simulate quasi-static 

proportional and non-proportional loadings conditions while accurately capturing 

the effects of cyclic plasticity and it is employed as the material model for the 

elastic-plastic formulation. So why employ this model? The model is chosen for the 

following reasons [31]:

• the motion of the yield surface is described by the current yield surface, the 

memory surface and the limit memory surface which characterize certain ma­

terial properties and these can be obtained experimentally. Thus, the model 

gives a description of the evolution of the yield surface which is closer to that 

obtained experimentally as compared to the more widely used classical models.

• the size of the yield surface is given as a function of the m aterial’s cyclic 

behaviour (e.g. non-Masing and Masing behaviour). Therefore the Ramberg- 

Osgood relation which has three parameters for a better fit to experimental 

curves is used to fit the uniaxial experimental curves of the material.

This material model is used to solve the non-linear crack problem subject to 

constant amplitude loading conditions. The kinematic hardening model provided in 

the ANSYS® material model library [1] is also employed for comparative purpose.

17
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2.3: Finite Element Model

Figure 2.1: Middle-tension geometry 
W ith its three planes o f sym m etry , x y , y z  and z x .

2.3 F in ite  E lem ent M odel

The following sections describe the geometrical model and mesh generation, crack 

advance and crack surface contact schemes, determination of crack opening values, 

elastic-plastic material constitutive models employed, boundary and loading condi­

tions, and the computational code used.

2.3.1 G eom etric  m odel and m esh  generation

In this study a middle-crack tension geometry is considered similar to the 2-D model 

used by Wu and Elly in [16, 31]. The current study considers a 3-D geometrical 

configuration as shown in Figure 2.1, having the following dimensions: height, H  = 

80mm; width, W  =  80mm; thickness, t — 8mm and an initial crack length, 2a =  

8mm. The material was assumed to be ASTM 516 Gr. 70 steel employing: a) a 

bi-linear kinematic hardening model similar to that used in Ref. [31], and b) The 

Ellyin-Xia material constitutive relationship. Due to symmetry only one-eighths of 

the plate is modelled.

18
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(in)

1 11

(b)

Figure 2.2: Mesh refinement

a) shows how the m esh is refined with special consideration fo r  the region a,round the 
crack tip, and b) which shows the num ber o f elem ents in  the forw ard plastic zones fo r  the 
i) E lly in-X ia  m odel a,nd, ii) kinem atic  hardening model.
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Modelling of the cracked plate employing the kinematic hardening model is 

accomplished using a 3-D 8-nodes structural solid, SOLID45, while the modelling 

of the cracked plate incorporating the Ellyin-Xia constitutive relation is achieved 

using a 3-D 8-nodes structural solid in the 18x family elements, SOLID185, which 

permits the use of the ANSYS User Programmable Features routine USERMAT.

Figure 2.2(a) shows a typical mesh of the model. The region away from the 

crack tip consists of single layered brick elements as shown in Figure 2.2(a-i) with 

a transition to five layers through the half-thickness of the plate in the vicinity of 

the crack tip  (see Figures 2.2(a-ii) and 2.2(a-iii)). These five layer thicknesses are 

chosen to match the works of Roychowdhury and Dodds Jr. [24, 25] which have 

layer thicknesses of 0.25f, 0.15f, 0.05£, 0.03f and 0.02£ where the smallest layer was 

located on the exterior surface of the model (z = 0.51). These thicknesses allow for 

adequate capture of the state of stress through the half-thickness of the plate which 

rapidly changes from near plane strain conditions at the interior of the geometry to 

near plane stress conditions at the exterior surface [4, 5, 7].

The mesh has its finest refinement at the crack tip  region with the smallest 

element length A ae by which the crack is propagated once every cycle. As discussed 

in the state of the art review, the plastic zone must contain a minimum number 

of smallest elements to properly capture the PICC process. Therefore, a mesh 

refinement study was performed using A ae =  0.08mm, 0.04mm, and 0.02mm. Each 

mesh was checked against the following: a) the requirement for 2-D models that 

A ae/ r f  < 0 . 1  and A ae)/ry <  0.25, where ry is the forward plastic zone and ry is 

the reversed plastic zone. These are assumed to be the area defined by the ratio 

of von-Mises stress to yield stress ae/a 0 > 0.95 at maximum and minimum load 

respectively, b) the works of Solanki [30] and Skinner and Daneiwicz [27] which 

stated that five elements in the forward plastic zone of the interior surface (near 

plane strain region) of a 3-D model is sufficient to obtain convergence of crack 

opening levels. Figures 2.2(b-i) and 2.2(b-ii) show the number of A ae = 0.02mm 

elements in the forward plastic zone for the interior surface at maximum load during 

the 2nd load cycle for the Ellyin-Xia model and the kinematic hardening model

20
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respectively (by the 5th load cycle both models have a minimum of 5Aae elements 

in the forward plastic zone). The number of A a e elements in the plastics zones 

are given in Table 2.1 for the three meshes for the case of the kinematic hardening 

model.

Table 2.1: Elements in plastic zones

M esh P lastic  zone

A ae
Forward R eversed

exterior interior exterior interior
0.08mm 2 1 0 0
0.04mm 6 3 1 0
0.02mm 11 5 3 2

Figure 2.3 shows mesh convergence plots for stabilized opening levels for the 

MT geometry employing two material models. These show that the mesh with 

A ae = 0.02mm satisfies the requirements for convergence and the plots for the 

geometry employing the two material models show tha t there is convergence for this 

mesh refinement, therefore this mesh is used for all analyses and consists of 4129 

elements and 5798 nodes with 17394 degrees of freedom.

2.3 .2  Crack advance and crack surface contact schem es

For this study the crack is advanced at the top of the load cycle similar to previous 

3-D works. And the crack closure scheme was modelled similar to tha t used by 

Skinner et al. [26, 27].

The contact scheme employed is as follows: during unloading the displacement 

values of the crack surface nodes were monitored, once a surface node has negative 

displacement the node is constrained in the crack surface plane. After the unload­

ing path at minimum load the constrains on the surface nodes are removed before 

reloading.
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Figure 2.3: Convergence plots 
a) E lly in -X ia  model, and b) K inem atic  hardening model

2.3.3 Crack opening d e term in a tion

The work of Wu and Ellyin [31] was extended to this study whereby the crack should 

have a potential to propagate to be considered opened. During the propagation the
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2.3: Finite Element Model

crack must tear through its present front to grow. The works of Ref. [5, 9, 24] show 

tha t the crack opening profile follows the trend in Figure 2.4, therefore the front 

will be the last region to have tensile stresses before the crack can grow. For this 

study the crack tip nodes were monitored and when the reaction force of a node 

becomes tensile th a t point along the front is taken as open. In order to obtain a 

more accurate crack opening value at the crack tip nodes each nodal reaction force 

was monitored for each load step and once it became tensile (positive), the zero value 

was obtained by linear interpolation between this tensile value and the compressive 

(negative) value from the previous load step.

Initial crack 
front

Current crack 
front

Free surface Free surface

mid-plane

Figure 2.4: Crack opening profile
Evolution  o f the crack surface on the crack plane during the loading path adopted from

Ref. [24]

2.3 .4  E lastic-p lastic  constitu tive models 
K inem atic hardening m odel

The classical elastic-plastic material constitutive model considered in this study is a 

rate-independent kinematic hardening model provided in the ANSYS finite element 

code as its described the effects of cyclic plasticity more accurately than the other 

widely used classical models; elastic-perfectly plastic and isotropic hardening, used 

in 3-D modelling of PICC. When a material described by this model attains a stress 

state defined by the yield surface then a permanent deformation occurs and the
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V3t

B

initial yield

Figure 2.5: Yield surface for the kinematic hardening model.
The yield surface translates in stress space, but remains constant in shape and size.

material undergoes plastic flow. The yield function is given by:

This condition defines the yield surface with the back stress tensor, ay,-, which spec­

ifies its centre, and qo which specifies the constant radius of the surface. As shown 

in Figure 2.5, the yield surface translates in stress space while remaining constant in 

shape and size. Because the plastic strain is path-dependent, the flow law defines the 

plastic strain in incremental form in terms of a plastic potential, <f)(<7ij ) ,  introduced 

by von Mises and is given by:

where T is a scalar function of stress, and dX is also a non-negative scalar. As the 

surface translates, the increment in ay,- can be expressed as

in which c is a constant. The ANSYS theory manual [1] provides a full description 

of the application of this material model.

When employing the kinematic hardening model, the following material prop­

erties were used, see Table 2.2.

$ y ~  f y W i j  a i j )  %  ~ ~  0- (2.1)

(2 .2 )

dai:j =  cde^, (2.3)
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Table 2.2: Kinematic Hardening model: material properties

P roperty Value
Young’s modulus, E  (GPa) 204GPa
Poisson’s ratio, u 0.30
Tangent modulus, E t (MPa) E /20
Yield stress, aQ (MPa) 230MPa

E lly in -X ia  m aterial m odel

This model is a rate-independent constitutive relation which defines two stress hy­

persurfaces th a t describe the evolution of the yield locus in stress space. The primary 

hypersurface, the yield surface, depends on the loading history defined by the locus 

of the elastic domain and defines the boundary between elastic and plastic loading

while always remaining inside the secondary hypersurface, the stress memory sur­

face, which describes the locus of the maximum equivalent stress experienced in the 

pervious loading history of the material. Figure 2.6 shows the evolution of the yield 

locus. The yield and memory surfaces are given by:

Vy =  -  Odj) -  q2 =  0, (2.4)

4>m  f m i & i j  P i j )  ^ m e m  eq.max)  =  0 .  ( 2 - 5 )

respectively, where ay,- and /3y specify the location of the centre of the yield and 

memory surfaces respectively. And q and R mem denote the size (radius) of the yield 

and memory surfaces respectively. For the case of a von Mises material:

3

f y  =  2 (2-6)

fm = \s ijS ih  (2-7)

where

Sij cfij A//' uyi; /  • 1 and cr-ij Oij (\:/j.

S-ij <7jj dtj(7yk/3  and — uy /ip •

The total stress increment is defined in terms of its elastic and plastic parts:

dtij =  dê j +  dê j (2-8)

25

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2.3: Finite Element Model

a/3t

memory
..surface

a..

initial yield & 
.memory surfaces

Figure 2.6: Stress hypersurfaces of Ellyin-Xia model

The evolution of yield locus is described by the two hypersurfaces; yield and memory 
surfaces in stress space.

The elastic part is obtained by using the generalized Hooke’s law, and the plastic 

part of the total strain increment is given by:

dtij = c g ^ - ^ - d a kh (2.9)
UCTij d(Jkl

where c is defined by the state of stress and is taken as:

d f
c = 1 for — dcrki > o and f y(ai:j -  a tj) -  q2 = 0

Qf
c = 0 for — ^-daki < 0 or f y(atJ -  ay,) -  q2 < 0

Oo'ki
and g is the hardening modulus, and is given by:

(2 .10)

<21»
E  is the modulus of elasticity and Et is the tangent modulus which is dependent 

on the mode of plastic loading. The Ellyin-Xia model defines two modes of plastic 

loading that describe the movement of the yield surface, stress memory surface and 

the tangent modulus.

The first is monotonic loading, ML, in which the stress memory surface expands 

while remaining tangent to the yield surface as the yield surface moves within the
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memory surface as shown in the path AB in Figure 2.6 [12]. In order to determine 

the movement of the yield surface in this case, a Ziegler type rule is used where 

the motion of the surface is defined as function of stress, the present location of the 

centre of the surface and a scalar function dfi.

dctij = dn(crlj -  aij) (2.12)

As stated earlier the stress memory surface remains tangent to the yield surface, 

therefore to  ensure tha t this condition is satisfied for any particular stress state 

during ML, the movement of the centre of the memory surface /3y is obtained from 

the following equations:

d f y j a j j  -  a l 3 ) =  -  /%)
dctij d&ij (2.13)

/ ; k - a , ) - jr2 =  o

The second mode of plastic loading is reloading, RL, in which plastic deforma­

tion occurs after an elastic unloading. In this case the yield surface moves within

the stress memory surface but does not remain tangent to it, as shown in path CD

of Figure 2.6 [12]. Therefore the memory surface remains constant in size implying 

that the maximum equivalent stress value experienced remains the same during RL. 

Once the yield surface contacts the memory surface so that they are once again tan ­

gent, the plastic loading mode switches to ML. The movement of the yield surface 

centre along the direction of the line DE is obtained using a Mroz type rule:

dOLij =  g^(ct”1 -  crL), (2.14)

And the evolution of the memory stress surface is given by:

f r  =  < > ”  -  ft)) (2.15)

where the mean stress a™ean is the geometric centre of the cyclic stress path and l p 

is the accumulated plastic strain given by:

ip = I  ' (2’16)
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Figure 2.7: Uniaxial stress-strain curve

Used for the determination of the tangent modulus, Et from the evolution of the yield 
surface.

As stated earlier the tangent modulus is also dependent on the mode of plastic

loading, and for the ML mode of plastic loading the tangent modulus E t is defined as

a function of the equivalent stress and can be obtained using the following equation:

E t = f M  (2.17)

While the tangent modulus for this case of RL plastic loading E t is given as a 

function of the form:

Et = Et (aef f ,r) (2.18)

where r is given as the ratio:

is the distance DE and 62, the distance CD, see Figure 2.6 [12], And r  defines 

a corresponding point D' on the reversed uniaxial stress-strain curve B 'C’E" such 

that d\ and <i2 are the paths DE* and C D* respectively as shown in Figure 2.7 [12]. 

Transient hardening is captured by changes in the tangent modulus and the radius
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of the yield surface which are measured by the accumulated plastic strain ip and 

these are given by:

q = qs t -  (qst -  q0)e~mp (2.20)

E t = E t,st -  (Et,st -  E t,0) e ~ ^  (2.21)

where qst is the yield surface and E t,st, the tangent modulus at the saturated state 

and g0 and E t_0 are the corresponding monotonic (virgin) state values. For this 

study it was assumed that the material was already at stable state at the start of 

the analysis, i.e 0  = 0, therefore the monotonic curve is equal to the saturated curve. 

The above equations (2.20 and 2.21) become:

q =  Qst (2.22)

Et =  Et.st (2.23)

The materials properties are given in Table 2.3 and the virgin and cyclic stable 

stress-strain curves assumed to coincide and be represented by Ramberg-Osgood 

relation:

^ + a T i y A‘ (M 4)
£0 <?0 c \< T 0 c J

where ae is the von Mises effective stress and ee is the corresponding effective strain, 

and a  is taken as 0.02 and 1 /n  as 6.0 similar to the work of Wu [16]. Figure 2.8 

shows the uniaxial stress-strain curve.

Table 2.3: Ellyin-Xia model: material properties

P roperty V alue
Monotonic yield stress, aQ (MPa) 230
Cyclic yield stress, aoc (MPa) 230
P 0

The model is implemented into the ANSYS finite element code using the User 

Programmable Features routine USERMAT (see Appendix A for the verification of 

the routine).
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Figure 2.8: Stress-strain curves 
The virgin (in itia l) and stable (saturated) curves are the sam e fo r  this study

2 .3 .5  B oundary  conditions and loading

Taking advantage of symmetry about the xy, yz  abd zx  planes, the following bound­

ary conditions are applied to the model (see Fig. 2.1):

ux( 0 , y , z ) = 0  —> 0 < y < H / 2 ; 0 <  z <  t /2 

uy(x , 0, z) = 0 —► a < x  < W / 2; 0 < z < t /2 

uz(x, y, 0) =  0 -► 0 < x  < W/2] 0 < y <  H/ 2

The MT geometrical model was subjected to 20 constant-amplitude loading cycles 

with a stress ratio R  =  0 and maximum stress amax =  0.3cro. Figure 2.9 shows 

a typical load cycle which comprises of approximately 83 load steps. During the 

loading path of a cycle a load of 1% of anmx is incrementally applied until the crack 

is fully open in order to provide good resolution for the detection of crack opening 

values and then by 10% of amax thereafter. And during the unloading path of a 

cycle, the load is incrementally decreased by 5% of amax before closure begins, 2% 

during closure until the crack is fully closed and then by 10% of crmax thereafter.
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before closing
0 . 8 -

after opening
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opening^^^ /

after closing0 . 2 -

0 . 0 -

1000 40 8020 60
Load steps

Figure 2.9: A typical loading cycle
Shown are the different loading sections em ployed fo r  reduced solution tim e while hawing 
convergence.

2.3 .6  C om puta tional code

The PICC analyses were performed using the ANSYS finite element code ANSYS 

6.0. In order to perform multiple batch runs and repeated analyses a batch script 

was written in the ANSYS Parametric Design Language, APDL. The summary of 

the script is as follows:

• mesh generation and definition of the material model

• application of initial boundary conditions

the script is then looped 20 times to represent 20 cycles as follows:

• loading path and determination of crack opening values

• crack advance by one element at maximum load

• unloading path, determination of closing values and crack surface contact
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The analyses were conducted using the pre-conditioned conjugate gradient (PCG) 

iterative solver to within a tolerance of le  — 8 to reduce disk usage and computation 

time. Due to the nonlinear nature of the PICC, SOLCONTROL, ON command was 

used to activate ANSYS optimized defaults for nonlinear solutions employing the 

full equilibrium iterations to ensure convergence for each load increment within a 

load step.

The opening stress results obtained for the Aae 0.2mm mesh and the kinematic 

hardening model using the APDL script were checked against the results of Wu [16, 

31] employing the stress-strain curve shown in Figure 2.8. Figure 2.10 shows tha t the 

crack opening values at the free surface (near plane stress region) of this 3-D study 

agrees well with the 2-D plane stress results of the above references. Note tha t these 

analyses are conducted to characterize the through thickness closure trends and not 

to predict exact crack opening values. At this stage it maybe worthwhile to point out

<3 / o
op m ax

0 . 8 -  

0 .7- 

0 . 6 -  

0 .5 - 

0.4 

0.3-1 

0.2 

0.1 H 

0.0

1 0 -H
A a

o current study; z/t =  0.50
n Wu & Ellyin; plane stress

)g Q Q 0 S 0 0 QDDOD0 0 0 0 0 o

0.0 0.1 0.2 
Aa (mm)

0.3 0.4

Figure 2.10: Verification plot
Crack opening values o f this work at free surface compare with the 2-D  work o f Wu and  
Ellyin. [31]

that the concept of crack growth at each cycle in finite element implementation is a 

numerical artifice. In reality a crack does not grow cycle by cycle and each cycle in a
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Figure 2.11: Crack opening level profiles through the thickness 
a) K in em a tic  hardening model, and h) E lly in -X ia  m odel (E X ).

finite element loading process may represent hundreds or thousands of cycles. Thus, 

discuss of the crack growth rate and its variation is purely interpretative. Crack 

opening profiles and crack opening stress levels are the main predictive parameters.

It should be noted that as shown in Figure 2.10, Plane stress stress analyses 

give results with similar trends to tha t obtained at the free surface and plane strain 

results to tha t at the mid-plane.

2.4 K inem atic hardening vs. E lly in -X ia  m aterial 
m odel

2.4.1 Crack opening stresses

Normalized crack opening values <Jop /o 'm a x  are shown in Figure 2.11 for both material 

models employed. Both models show the expected tunnelling trend of crack growth 

as discussed earlier with opening occurring first at the interior surface z / t  =  0.00 

then outwards to the exterior surface z / t  =  0.50. Although both models capture
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2.4: Kinematic hardening vs. Ellyin-Xia material model

the Bauschinger effect which has been shown to result in lower opening values, 

the plot shows a marked difference in the through thickness stress opening values 

between the two models. The Ellyin-Xia material model shows a trend of lower 

opening values with aop/a max ratios of 0.14 at the interior (z/ t  =  0.00) to 0.23 at 

the free surface (z / t  = 0.50), and is in good agreement with the experimental results 

obtained by Craig et al. [8] which varies from 0.10 to 0.30 as compared to 0.31 to 

0.38 respectively for the kinematic hardening model. Thus the question may arise, 

why the difference?

Reasons for this are link to the following: Ellyin and Wu [13] have shown that 

classical models like the kinematic hardening do not accurately capture the unload­

ing path of a cycle when compared to experimental results especially in the case of 

variable amplitude loading histories which shall be considered in the next chapter. 

Also the work of Meijer [32] on the uniaxial cyclic loading of aluminium showed that 

the numerical predictions of the kinematic hardening model in ANSYS do not agree 

well with experimental results, the results showed a marked difference in the hys­

teresis loops. Whereas the prediction of the Ellyin-Xia model was in good agreement 

with the experiment data.

In order to  get some insight as to the reason for the difference in crack opening 

values, the stress and strain distributions along the crack plane will be examined 

below.

2.4.2 Stress d istribution

Figures 2.12(a) and 2.12(b) show the normalize stress dy/o^ distribution along the 

crack plane for a typical load cycle after crack opening values have stabilized for 

the Ellyin-Xia model and the kinematic hardening model, respectively. The profiles 

show the stress distribution when the crack tip is at A for the point when the crack 

opens, point 1, and at maximum load, point 2. The crack is then advanced by an 

element length Aa to B and unloaded to point 3, the minimum load.

Since these are typical stress distribution profiles, let us consider the stress 

profile for the minimum load point just before point 1 which would be similar to-point
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3. The profile shows that the kinematic hardening model (Fig. 2.12(b)) predicts a 

larger residual compressive zone around the crack tip with a maximum value of —ao 

through the thickness as compared to the Ellyin-Xia model with maximum value of 

—0.25(To in the interior and — 0.5<ro at the exterior surface. Therefore for the crack 

to open, the stress required to overcome the residual compressive zone will be higher 

for the kinematic model then for the Ellyin-Xia model.

This can be seen in the profiles for point 1 when the crack opens. The profiles 

show higher opening values of 0.7ao a t the interior to 0.3<70 for the Ellyin-Xia model 

as compared to 0.6<7o and O.loo respectively for the kinematic model. At first obser­

vation it would seem that the former should have higher opening values, however, it 

should be noted that the total stress change from compression (point 3), to tension 

(point 1) is greater in the kinematic hardening case: with values of 1.6Acto at the 

interior to 1.1 Ado at the exterior for the kinematic hardening model as compared 

to 0.95A<7o to 0.55A<Jo for the Ellyin-Xia model.

At the maximum applied load, point 2, the stress profiles prior to the crack 

advance are indicated by (2). Although the maximum stress values for the Ellyin- 

Xia model are higher than those of the kinematic model at B the next crack tip, the 

stress values drop faster and sharper in the former resulting in lower stress values 

away from the crack tip. Therefore this results in a smaller compressive zone at 

minimum load as seen in the stress distribution profile for point 3 in the Ellyin-Xia 

model as compared to the kinematic one. This trend is repeated for all the stabilized 

load cycles.

2.4 .3  Stra in  d istribu tion

Similar profiles for the strain component ey distribution along the crack plane are 

shown in Figure 2.13(a) and 2.13(b) for the Ellyin-Xia and kinematic models, re­

spectively. The profiles for the Ellyin-Xia model shows a smaller total change in 

strain Aey as compared to the kinematic model. This implies more hardening in the 

former which would result in lower opening stresses.

As mentioned above the classical models like the kinematic hardening model
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Figure 2.12: Stress distribution profiles 
a) Ellyin-Xia, model, and b) K inem atic  hardening model.
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2.4: Kinematic hardening vs. Ellyin-Xia material model_______________________

do not accurately capture the unloading path and this is where and when the 

Bauschinger effect is defined. Thus a model tha t more accurately capture this path 

will capture this hardening effect better resulting in lower crack opening values.
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C hapter 3

3D M odelling of P lastic ity  
Induced Fatigue Crack Closure: 
variable am plitude loading

3.1 In troduction

In practice many engineering structures are subject to variable amplitude loading 

histories rather than just a case of constant amplitude loading, with increasing K, 

decreasing K  or random loading. These types of loading histories influence the 

manner in which cracks would propagate if and when present in such structures. 

This chapter deals with the simplest of these histories which is an extension of the 

constant amplitude loading case already considered in the preceding chapter i.e.: 

the application of a single tensile or compressive overload during a load cycle.

Skorupa [25] in his review of the empirical trends indicated tha t experimental 

trends for the application of a single tensile overload are such tha t a crack growth 

retardation phenomena with some cases showing an initial acceleration in growth 

before the retardation. While the application of a compressive overload (underload) 

shows trends tha t vary from post underload crack growth acceleration to cases where 

the underload induces crack growth retardation. Various mechanisms have been 

identified to govern these growth effects: wake plasticity behind the crack tip, strain 

hardening response of the material, compressive residual stresses ahead of the crack
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tip, fracture surface asperity contact, crack tip blunting and crack branching.

Of interest in this study are the mechanisms which can be captured by modelling 

the plasticity-induced crack closure process. As with chapter two, only a few of the 

3-D works have considered these variable amplitude load histories, and those that 

do employ either the elastic-perfectly plastic or isotropic hardening models which 

as discussed in the foregoing chapter have limitations in describing the deformation 

behaviour of metals, particularly under cyclic loading. The objective of this work 

is to employ a material model tha t would accurately capture the effects of these 

influences on the plasticity-induced crack closure PICC process.

3.2 S ta te  o f the A rt R eview

The rate of fatigue crack growth in structures subject to variable amplitude load­

ing histories is strongly influenced by load interaction effects resulting in transient 

behaviour of the rate of fatigue crack growth. The transient behaviour may be an 

acceleration and/or retardation of the crack growth rate leading to an increase or 

decrease in the service life of the structure respectively. Various researchers have 

attributed the transient phenomena to mechanisms which contribute to the load 

interaction effects [1-7, 10, 11, 16-22, 25-29, 32, 33]:

•  crack tip blunting,

• residual compressive stresses (RCS) ahead of the crack tip,

•  plasticity-induced crack closure,

•  strain hardening ahead of the crack tip,

• crack branching,

• fracture surface asperity contact, and

• reversed yielding.
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Although there is agreement amongst researchers that a particular mechanism may 

not be solely responsible for the observed transient behaviour, there is no consensus 

as to which of these mechanisms is primarily responsible for the observed phenom­

ena because the micromechanisms are not completely understood [2, 26, 33]. For 

this work, we shall focus on three mechanisms which can be captured by the present 

3-D FE model: the residual compressive stresses ahead of the crack tip, the PICC 

process, and strain hardening ahead of the crack tip. The first two of these have 

been highly debated to be the dominant mechanism responsible for variable ampli­

tude transients, but in this work the plasticity-induced crack closure phenomenon 

is seen as “the resulting effect” of the residual compressive stresses ahead of the 

crack tip and may be seen as “the cause” . While the strain hardening mechanism 

although not the primary mechanism couples with either of these mechanisms. Also 

this work considers simple variable load histories: the effect of a single overload 

(OL)/underload (UL). The following gives a description of the mechanisms:

R esidual stresses: The application of a single overload causes large residual 

plastic deformation which induces large residual compressive stresses (RCS) 

at and ahead of the crack tip upon unloading. Therefore when the loading 

returns to pre-overload values, the RCS generated as the crack propagates 

though smaller than the overload-RCS is enclosed within the overload-RCS 

zone. Therefore the load required to open the crack is higher than tha t needed 

for pre-overload loading conditions due to higher compressive stresses. This 

results in a retardation effect i.e A K ef f . postOL  < A K ef f , bef o r e 0 L-  Figure 3.1(a) 

shows a schematic of the growth retardation process. This mechanism implies 

that the post-overload retardation effect would be immediate with no transient 

acceleration [2, 19, 26], except for an instantaneous crack growth acceleration 

upon overload application.

For the case of the effect of a single underload, residual tensile stresses (RTS)
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Figure 3.1: Schematic of the mechanism of residual stresses
a) The overload generates a zone of residual compressive stresses (RCS), and b) The 
underload generates a zone of residual tensile stresses (RTS).

are induced at and ahead of the crack tip by the residual plastic deforma­

tion due to compressive yielding as crack surface contact during the underload 

cycle. The RTS would reduce the magnitude of the effective compressive 

zone, therefore the load required to open the crack will be reduced as com­

pared to pre-underload values resulting in an acceleration of the crack growth 

rate [26] i.e A K ef f ;UL > A R e//. be/ore r/L- Figure 3.1(b) shows a schematic of 

how growth acceleration occurs.

P lastic ity  Induced Crack C losure (PICC): The PICC process first iden­

tified by Elber [8] has also been used to describe the transients associated 

with variable amplitude load histories. Unlike the mechanism of compres­

sive residual stresses, the PICC mechanism accounts for an initial acceleration 

due to large tensile plastic deformation resulting from the applied overload
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which reduces or eliminates the crack closure effect along the crack surfaces. 

Therefore AATe//. o l  >  AAle//. f>e/oreOLi tf>e driving force for crack growth is 

increased; thus, an acceleration in growth rate occurs. However, it should also 

be noted tha t the acceleration may be cancelled or reduced by ductile crack 

growth increment (DCGI) induced closure resulting from the applied overload. 

The DCGI induced closure then counters the reduction in closure caused by 

the overload tensile plastic deformation [11], As the crack grows, it enters 

the overload plastic zone which causes the magnitude of the effective closure 

stresses to become higher than pre-overload values, thus the crack growth rate 

undergoes retardation.

As in the case of the residual compressive stress mechanism, compressive yield­

ing due to the underload induces a residual tensile stress which reduces the 

magnitude of the closure effect of the plastic wake zone as the crack enters 

the residual tensile stress. Therefore the load required to open the crack is 

reduced leading to transient acceleration.

Strain hardening: As a plastic zone is formed diiring the loading path of a 

cycle, an associated plastic strain gradient develops ahead of the crack tip. In 

the event of an overload, the plastic strain gradient is larger then pre-overload 

values and this introduces humps of stretched material ahead of the crack tip. 

Upon unloading this region of stretched material within the plastic zone resists 

the elastic recovery of the material enclosing the plastic zone, thus creating 

a hardened wedge ahead of the crack tip. Figure 3.2 shows a schematic of 

the process. This hardened region ahead of the crack tip leads to retardation 

of the fatigue growth rate [2, 26]. A similar process occurs for an underload, 

the plastic strain gradient is largely reduced by the underload as compared 

to pre-underload values. This leads to a ’softened’ zone, the crack tip  is then 

resharpen which results in transient acceleration.
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Figure 3.2: Strain hardening effect

It is well documented that the application of a single overload or block(s) of overloads 

results in a retardation effect. However, a number of researchers have observed 

transient acceleration before the retardation effect [1, 19, 20, 33], while other have 

only observed the retardation effect [25, 28]. It is the opinion of the author that 

there must occur an initial instantaneous acceleration during the overload cycle, see 

Fig. 3.3: the driving force for crack growth, A K eff ,  is such tha t for the overload 

cycle A K ef f  QL > ARe//, be/ore o r which implies that the overload crack growth 

driving force is greater than the pre-overload value, thus the initial acceleration. 

And after the overload cycle, A K ef f bef 0reOL > A K eff_postoL, implying a retardation

A K eff, OL >  A K e ff  before OL
(acceleration)

>  A K e ff post OL
(deceleration)

max.
or

(A K)
o opening 
•  closing

A K e ff OL

A K eff before OL

Figure 3.3: Schematic of the effect of driving force A K eff . ,  on the acceleration and 
retardation of the fatigue crack growth rate for a tensile overload
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3.2: State of the Art Review

effect. Note tha t the for the FE analyses which measures opening stresses, the initial 

acceleration would not be captured.

Also although compressive overloads have been documented to result in fa­

tigue crack growth acceleration of the crack growth rate, the work of Buscher- 

mohler et al. [3] showed tha t compressive overload effects resulted in a retardation 

of the fatigue crack growth rate rather than acceleration while Carlson and Kar- 

domateas [4] showed a transient retardation after an initial acceleration. These

A K eff, UL
(acceleration)

>  A K eff, before UL ^  A K ejf, post UL
(deceleration OR steady-state value)max.

or
( AK) o opening

A ^ e ff,  before UL A K ~eff. post UL

5

Figure 3.4: Schematic of the effect of driving force AA"e// . ,  on the acceleration and 
retardation of the fatigue crack growth rate for a compressive overload (underload)

works demonstrated tha t the mechanisms discussed above are not responsible for 

this phenomenon but rather this transient retardation is due to other mechanisms. 

Similar to the case of the tensile overload, it is the opinion of the author that there 

must occur an initial instantaneous acceleration during the underload cycle, pro­

vided the compressive underload is large enough. Figure 3.4 shows schematically 

the driving force for crack growth, A K eff ,  is such tha t for the underload cycle 

& K ef f  j jL > tAKef f  bef ore UL which implies tha t the underload crack growth driving 

force is greater than the pre underload value, thus an acceleration. And after the
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3.2: State of the Art Review

overload cycle, A K eff,beforeUL >  A K ef f . postuLi which implies return to pre under­

load value or a retardation effect.

McEvily and Ishihara [19] demonstrated that the crack retardation effect is 

strongly related to the plane-stress surface layers. The work showed tha t if the sur­

faces were machined away after the application of an overload before loading of the 

specimen continues at pre-overload values, the retardation effect is largely reduced 

as compared to if the surfaces were intact. This implies tha t the crack still retains 

it tunnelling shape during the retardation effect. Figure 3.5 shows schematically 

a typical post-single tensile overload behaviour observed experimentally, with the 

following notable stages for a thin specimen:

- surface
- centre

overload
point thick

specimen

th in . 
specimen

Aa

Figure 3.5: Schematic of the thickness effect on crack growth after the application 
of a tensile overload
Typical crack growth ra,te showing delayed retardation following a tensile overload for: i) 
a thin specimen [1, 25], and ii) a thick specimen [25]

1. region of stabilized crack growth before application of tensile overload - A

2. region of crack growth during the overload cycle - B - crack growth acceleration
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3.2: S tate of the Art Review

3. region of crack growth deceleration - CD, but with a higher growth rate than 

the base load rate

4. region of crack growth retardation - DE

5. region of steady return to initial stabilized crack growth values - EF 

and for a thick specimen, the last two regions are the dominant zones [25].

3.2.1 S ta tem en t o f  the Problem

The problem to be considered in this chapter is an extension of that studied in 

chapter two i.e. a constant amplitude loading onto which a single spike overload or 

an underload is superimposed during the cyclic loading of the structure, see Fig. 3.5. 

Of the works conducted on the 3-D modelling of the PICC process only a very few 

consider the PICC process under variable amplitude loading conditions. In these 

investigations they either consider the use of an elastic-perfectly plastic material 

model [5, 27] or an isotropic hardening material model [33] which do not consider 

the Bauschinger effect in cyclic plasticity. There are no known 3-D studies of the 

application of an underload.

As discussed in the pervious chapter, the choice of constitutive model employed 

for the analyses of the PICC is of major importance in obtaining good solution to the 

problem. This is especially the case when considering variable amplitude loading 

histories. Ellyin and Wu [10] have shown tha t the predicted response of a vari­

able strain history when employing the classical isotropic and kinematic hardening 

models do not adequately capture the experimental response especially during the 

unloading process. This is not the case with the Ellyin-Xia constitutive model given 

in chapter one which showed a very good fit to the experimental data  [9, 12, 13, 31].

Another factor of interest tha t influences the PICC process is the Bauschinger 

effect. Pommier and Bompard [21] have shown in a 2-D FE study that the crack 

opening levels after the application of an overload or an underload is highly depen-
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dent on the material behaviour employed and th a t the Bauschinger effect plays a 

major role in the evolution of the crack opening levels. Figure 3.6 shows that after 

unloading the compressive residual stresses adjacent to the crack tip are Bauschinger 

effect dependent: the stresses are high if the effect is low or small if the effect is 

strong. Roychowdhury and Dodds, Jr. [23, 24] have also shown in 3-D FE constant-

Figure 3.6: Schematic of the dependence of residual stresses on the Bauschinger 
effect

Strong Bauschinger effect - small stresses, while weak Bauschinger effect - high stresses, 
adopted from Ref. [21]

amplitude loading studies tha t analyses conducted using models tha t exhibit the 

Bauschinger effect show reduced crack opening levels in cyclic plasticity.

Therefore it is important to employ a model tha t captures the effects of cyclic 

plasticity more accurately especially during the unloading path of load cycles as 

this is where the Bauschinger effect is exhibited and the classical models fail to
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3.3: Finite Element Model

properly fit experimental data. In this chapter, we consider the use of the Ellyin- 

Xia constitutive relation introduced in chapter two which can be used to  model 

both proportional and non-proportional loadings conditions [9, 31], while taking into 

consideration the effects of cyclic plasticity. The material model was implemented 

into the ANSYS finite element code using the User Programmable Features routine 

USERMAT (see Appendix A for the verification of the routine). This material 

model is used to solve the variable crack problem subject to the following loading 

conditions: the effect of an single overload, and the effect of an single underload. 

The kinematic hardening model provided in the ANSYS material model library was 

also employed to solve the same crack problem, and the results for both models are 

compared.

3.3 F in ite  E lem ent M odel

The 3-D model employed for this study is similar to tha t used in the preceding 

chapter, therefore these analyses were also performed using a modified form of the 

APDL batch script used in chapter two. A summary of the computation hypotheses 

is as follows:

• M esh generation  and defin ition  o f the m aterial model: The model was 

assumed to have ASTM 516 Gr. 70 steel material properties given in Table 3.1 

with the following geometrical configuration: height, H  — 80mm; width, W  

= 80mm; thickness, t =  8mm and an initial crack length, 2a = 8mm. One-

Table 3.1: Material properties

P roperty Value
Young’s modulus, E  (GPa) 204GPa
Poisson’s ratio, // 0.30
Yield stress, a0 (MPa) 230MPa

eighth of the geometry was modelled due to symmetry about the xy, yz  and
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3.3: Finite Element Model

zx  planes using a 3-D 8- nodes structural solid, SOLID45 for the kinematic 

hardening model, and a 3-D 18x family element, SOLID185 for the Ellyin-Xia 

model. The mesh with smallest element length A a =  0.02mm, 4129 elements 

and 5798 nodes which has been shown to satisfy convergence in chapter two 

was employed for these analyses with five layers through the half thickness of 

the geometry, i.e 0.251, 0.151, 0.051, 0.031 and 0.021 (with the smallest layer 

located on the free surface) to allow the capture of the rapid changing state of 

stress across the thickness of the geometry.

•  A pplication  o f  in itia l boundary conditions: The PICC crack problem 

is a variable boundary value problem because as the crack is propagated the 

boundary condition change. Therefore taking advantage of the three planes 

of symmetry; the following initial boundary conditions were applied to the 

model:

ux (0,y,z)  = 0 —> 0 <  y < H/2;  0 <  z <  1/2

uy(x, 0, z) =  0 —» a < x  < IT/2; 0 < z <  1/2

uz(x,y,  0) =  0 —> 0 < .?; < IT/2; 0 < y < H / 2

The model was then loaded through 20 cycles with a maximum stress, amax = 0.3cto 

and an overload (a0id = 0.6<Jo)/underload(cruW =  —0.3<to) was applied on the 5th 

cycle.

•  Loading path  and determ ination  o f crack open ing values: The model 

was loaded incrementally using small load steps to allow the accurate capture 

of the crack opening values along the thickness of the model which are obtained 

by monitoring the reaction forces at the crack tip nodes. When the reaction 

force is in tension the crack is deemed to be fully open [30].

• Crack advance: The crack is advanced at a top of the load cycle i.e at the 

maximum load.
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3.4: Effect of a single overload

• U nload ing path  and crack surface contact: During the unloading path, 

the model was unloaded using small load steps to permit the proper simulation 

and capture of the crack surface contact process. The displacement values 

of the crack surface nodes were monitored, and once a surface node had a 

negative displacement the node was constrained in the crack surface plane. At 

the minimum load before the reloading, the constrains on the surface nodes 

are removed before reloading on the next cycle.

3.4 Effect o f a single overload

The crack opening displacement profile at maximum load for the 5th cycle (over­

load cycle) and the 14th cycle (9 cycles after the application of the overload) are 

shown in Figures 3.7(a) and (b) for the Ellyin-Xia and kinematic hardening mod­

els respectively. The plots show tha t significant crack tip blunting occurs for both 

models during the overload cycle (5th cycle) as compared to constant amplitude 

(CA) cyclic loading displacements. It can be seen that after the overload the crack 

behaves as a notch (see the profiles for the 14th cycle - overload case) which re­

sults in an acceleration of the fatigue crack growth rate. This may be attributed to 

the fact tha t during the overload cycle, there is sufficient removal of pre-overload 

plasticity-induced crack closure resulting in blunting of the crack tip, therefore less 

load is required to separate the fracture surfaces, thus an increase of crack growth 

rate during the overload cycle [14, 15, 29].

Figures 3.8(a) and (b) show the normalized crack opening stress oop/a max for 

the Ellyin-Xia and kinematic hardening models respectively. The opening profile 

of the analysis employing the Ellyin-Xia model follows the expected trend for thick 

specimen [26] shown in Fig. 3.5 in which the crack opening stress increases with a 

retardation effect and then declines gradually to pre-overload opening values (Note: 

these analyses measure the crack opening stresses, therefore the initial crack growth 

acceleration during the overload cycle is not captured, see Fig. 3.3). The model also
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3.4: Effect of a single overload

captures the relation between crack retardation effect and the plane-stress surface 

layers [19], showing tha t the effect is stronger at the near surface layers: the profile 

shows the retardation effect increases with z / t  from 0.00 —> 0.50.

Although the analysis employing the kinematic hardening model also shows a 

retardation effect, its profile shows a different trend. After the retardation effect 

peaks, the values across the thickness remains near constant instead of declining to 

pre-overload values as expected. Also the associated relationship between retarda­

tion and plane-stress surface layers is not captured, as the opening profile shows 

tha t the retardation is smallest at the surface.

In order to get a better understanding of the observed trends, let us examine 

the stress and strain distributions.

3.4 .1  Stress and stra in  d istribu tions

The distribution of non-dimensional stress component normal to  crack plane, ay/ao,  

is shown in Figures 3.9 for the Ellyin-Xia and kinematic hardening models, respec­

tively. The stress distribution is shown for the interior surface as the general trend 

is similar through the thickness of the plate. The abscissa indicates the distance 

from the initial crack tip along its plane. In Fig. 3.9(a-i) and 3.9(b-i) the crack is at 

point A (after 4 cycles of growth) and point B (2 cycles after the overload), while 

for Fig. 3.9(a-ii) and 3.9(b-ii) the crack tip is at C (9 cycles after the overload). 

The plots show the distribution profiles at the point when the crack becomes open 

and at minimum load.

As expected during the application of the overload the crack opens at the same 

level as the base constant amplitude (CA) cyclic load, however, after the overload 

application, the residual stress patterns are different. For the Ellyin-Xia model, the 

profiles in Figure 3.9(a-i) show tha t after the application of the overload a large 

residual compressive stress zone is formed at the overload crack tip A and its wake 

which rapidly declines away from the front as compared to constant amplitude (CA)
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Figure 3.7: Displacement profiles for the 5th cycle (the overload cycle for OL), and 
the 14th cycle at maximum load.

a) Ellyin-Xia model, a,nd, b) Kinematic hardening model.
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Figure 3.8: Crack opening stress profiles 
a) Ellyin-Xia model, and b) Kinematic hardening model.
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values. Also due to the application of the overload a large strain gradient develops 

at the crack tip, A, as seen in the strain profile shown in Figure 3.10(a-i). The high 

strain stretches the material adjacent to the overload crack tip and its wake which 

upon unloading creates a harden zone ahead of the crack tip (See Fig. 3.2). This 

coupled effect results in the retardation effect following the overload as seen in the 

crack opening stress profile, Figure 3.8(a)

At the minimum load 2 cycles after the overload at crack tip, B, the value of 

residual stresses have started to decline but the stress profile a t crack opening are 

higher than the CA loading values, see Figure 3.9(a-i). And a t 9 cycles after the 

overload shown in Figure 3.9(a-ii) the stress profiles indicate th a t the influence of the 

residual stresses at the overload point are no longer observable at the current crack 

tip, C, because the residual stresses at this point have returned to  CA values, but 

the profile at crack opening remain higher than CA values. This trend implies that 

a higher global load must be attained to overcome the residual stresses therefore 

the driving force for crack propagation is reduced resulting in the  retardation effect 

but with declining magnitude as seen in Figure 3.8(a). Although at the crack tips, 

B, 2 cycles and, C, 9 cycles after the application of the overload, the strain profile 

have returned to CA values as, see in Figure 3.10(a-i) and (a-ii). This trend implies 

that the strain hardening contributes at the start of the retardation effect but not 

significantly as the crack grows.

The profiles for the kinematic hardening model in Figure 3.9(b-i) show large 

compressive residual stresses at minimum load after the applied overload but with 

a very gradual decrease away from the overload crack tip and the absence of a large 

strain gradient at the crack tip, A, at the opening load as seen in the strain profile 

shown in Figure 3.10(b-i). This trend might explain why the kinematic model pre­

dicts near constant retardation opening values seen in Figure 3.9(b). Furthermore, 

the profile for the crack opening point at the crack tip, B, 2 cycles after the overload, 

show that the stresses ahead of the crack tip are still compressive. This trend can
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3.5: Effect of a single underload

be seen clearly for the profiles 9 cycles after the overload. At minimum load before 

loading on this cycle, the residual stresses at the current crack tip, C, are smaller 

than the CA values and the profile at the point of crack opening are compressive at 

the crack tip and of lower magnitude than CA values. Also the strain distribution 

profiles for the crack tip at B and C in Figure 3.10(b-i) and (b-ii) show a differ­

ent trend with negative (compressive) strains. This should imply an acceleration 

effect because the effective global load required to  open the crack should be smaller. 

Although the kinematic model captures the expected retardation effect, the stress 

profile obtained with this model cannot be used to explain the mechanisms involved.

3.5 Effect o f a single underload

The effect of an underload on the normalized crack opening stress <rop/<7max for the 

two models employed for this study are shown in Figure 3.11. The profile obtained 

employing the Ellyin-Xia model shows an initial acceleration followed by a brief 

retardation period before rapidly returning to near pre-underload values, see Fig­

ure 3.11(a). Although the general trend of transients after an underload have been 

observed to  be an acceleration effect with retardation, the work of Buschermohler et 

al. [3] demonstrated experimentally that for the alloy 40CrMoV 4 7, no significant 

acceleration was noticed but a retardation was observed. And also Carlson and 

Kardomateas [4] showed in their work that transient retardation occurred after the 

acceleration upon return to pre-underload loading conditions. Although these works 

could not identify which mechanisms are responsible for this retardation effect, nu­

merical analysis performed by Buschermohler et al. employing a PICC model showed 

that the PICC process was not responsible because only the acceleration could be 

captured.

Also the profile obtained while employing the kinematic hardening as seen in 

Figure 3.11(b) shows a similar trend with an initial acceleration followed by the
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Figure 3.9: Distribution profiles of the stress component normal to the crack plane 
a,) E lly in -X ia  model, and b) K inem atic  hardening model.
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Figure 3.10: Distribution profiles of the strain component normal to the crack plane 
a) Ellyin-Xia model, and, b) Kinematic hardening model.
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retardation effect which occurs over a longer region of crack growth. The region 

over which the retardation effect occurs is similar to the near constant retardation 

trend observed in the case of an overload as shown in Figure 3.8(b). The stress and 

strain distribution profiles are considered next to get a better understanding of the 

trends observed.

3 .5 .1  Stress and stra in  distributions

Similar to the case of an overload, the ay/(To and ey distributions for an underload 

are shown in Figures 3.12 and 3.13 for the two models employed in this study for 

the interior surface as the general trend is similar through the thickness of the plate. 

The plots show the distribution profiles at the point when the crack becomes open 

and at minimum load. Figures indicated by (a-i) and (b-i) show distribution profiles 

when the crack tip is at point A (after 4 cycles of growth) and point B (2 cycles after 

the underload) respectively. While those identified with (a-ii) and (b-ii) show the 

distribution profiles when the crack tip is at point C (9 cycles after the underload).

Figure 3.12(a-i) shows tha t for the Ellyin-Xia model, the underload introduces 

large compressive residual stresses at the crack tip A and in its wake and the com­

pressive plastic deformation, see Figure 3.13(a-i. Both of these contribute to reduce 

the crack opening stress (Fig. 3.12(a-i)) resulting in the acceleration effect seen in 

Figure 3.11(a). The profiles in Figures 3.12(a-i) and (a-ii) 2 and 9 cycles after 

the underload, when the crack tip is at points, B and C respectively, show that 

the magnitude of the residual stresses generated by the underload is reduced as 

the crack propagates and the profiles then tends to those of the CA profiles as 

seen in Figure 3.11(a). The residual stresses and the strain hardening which oc­

curs at the underload crack tip after the return to pre-underload loading as seen 

in Figures 3.12(a-i) and (a-ii) combine to result in the retardation effect as seen in 

Figure 3.11(a).

For the case of the kinematic hardening model, large residual stresses are intro-
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Figure 3.11: Crack opening stress profiles 
a) Ellyin-Xia, model, and b) Kinematic hardening model.
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dnced at the underload crack tip, A, which couple with compressive plastic deforma­

tion indicated in Figure 3.13(b-i combine to reduce the crack opening stress resulting 

in the acceleration effect seen in Figure 3.11(b). The profiles for 2 and 9 cycles after 

the underload in Figures 3.12(b-i) and (b-ii) respectively show tha t after the under­

load higher compressive residual stresses begin to develop along the crack surface 

(crack wake) as compared to the CA loading case. Although the strain profiles for 

these points show no difference from the CA profiles, see Figures 3.12(b-i) and (b-ii), 

the lower opening stress resulting due the underload leads to the acceleration effect 

seen in Figure 3.11(b).

3.6 K inem atic hardening vs. E lly in -X ia  m aterial 
m odel

From the foregoing it was observed tha t the two models predict different trend as 

regards the effect of an overload or an underload. On close observation for the 

case of an overload, it is noticed tha t the marked different is in the unloading path 

of each load cycle. As mentioned in ‘the statement o f the problem ’, Ellyin and 

Wu [10] have demonstrated that classical models such as the kinematic hardening 

model do not adequately capture the experimental response especially during the 

unloading process. This would explain why the Ellyin-Xia model predicted trends 

of the transient of an overload as seen in Figure 3.8(a) is in good agreement with the 

experiment observation of Skorupa [25] see Figure 3.5, while the kinematic model 

does not adequately predict this trend as shown in Figure 3.8(b).

The two models for the case of an underload both predict initial acceleration 

followed by a retardation effect. The retardation effect which is longer lasting in the 

kinematic model may be attributed to the inability of the model to appropriately 

capture the unloading process of a cycle. Also the strain profiles for the kinematic 

model after the underload shown in Figure 3.13(b) show no strain hardening at the 

underload crack tip, A, upon return to pre-underload loading values which would

64

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.6: Kinematic hardening vs. Ellyin-Xia material model

opening load

0.4
0.0

-0.4
- 0.8

o
minimum load

- 2 .0 -

-2.4-
- 2 . 8 -

-3.2-"
-3.6 —  

0.00 0.05 0.10 0.15

1.2

0.8

0.4

0.0

-0.4

- 0.8

c CA loading
------- with underload

a_ opening load

r
A "O -O —

/ minimum load

° ^

B

r (mmj
0.05 0.10 , 0.15

r (mm)
0.20

0.4 - opening load

>. 0.0 -
minimum load

-0.4

-0.

0.10.0 0.2 0.3 0.4 0.5 0.6
r (mm)

(a)

opening load0.4 opening load
0.0 0.4

o
0.0>.

-0.4

- 1.6
minimum load

- 2.0
- 1.2

0.05 0.10 0,15 0.05 0.10 0.15 0.20
r (mm) r (mm)

opening load 9
0.4

b° 0.0

b  -0.4
minimum  load

- 0.8  -

0.0 0.1 0.2 , 0.3
r (mm)

0.4 0.5 0.6

(b)

Figure 3.12: Distribution profiles of the stress component normal to the crack plane 
a) Ellyin-Xia model, and b) Kinematic hardening model.
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explain the retardation effect. However, the Ellyin-Xia model predict a trend of 

strain hardening of the underload crack tip at the onset of the retardation effect 

as seen in Figure 3.13(a). This is attributed to the model’s ability to capture the 

effects of cyclic plasticity accurately, and has been dem onstrated by Ellyin and 

Meijer [9, 31].

67

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Bibliography

[1] C. Bichler and R. Pippan. Direct observation of the residnal plastic deforma­
tion caused by a single tensile overload. In Advances in Fatigue crack Clo­
sure Measurement and Analysis, volume 2 of A STM  ST P  1343, pages 191-206, 
Philadelphia, 1999.

[2] L. P. Borrego, J. M. Ferreira, J. M. Pinho da Cruz, and J. M. Costa. Evaluation 
of overload effects on fatigue crack growth and closure. Engineering Fracture 
Mechanics, 70(11): 1379-1397, 2003.

[3] H. Buschermohler, Memhard D., and Vormwald M. Fatigue crack growth ac­
celeration or retardation due to compressive overload excursions. In Fatigue 
’96: Proceedings of the sixth international fatigue congress, volume 1, pages 
583-588, Berlin, Germany, 6-10 May 1996.

[4] R. L. Carlson and G. A. Kardomateas. Effects of compressive load excursions 
on fatigue crack growth. International Journal o f Fatigue, 16(2):141-146, 1994.

[5] R. G. Chermahini, K. N. Shivakumar, and J. C. Newman Jr. Three-dimensional 
finite-element simulation of fatigue crack growth and closure. In Mechanics of 
Fatigue Crack Closure, ASTM STP 982, pages 398-413, Philadelphia, 1988.

[6] A. A. Dabayeh, C. MacDougall, and T. H. Topper. Crack opening stress reduc­
tions due to underloads and overloads in 2024-T351 Aluminum and SAE 1045 
steel. In Fatigue ’96: Proceedings of the sixth international fatigue congress, 
volume 1, pages 583-588, Berlin, Germany, 6-10 May 1996.

[7] J. D. Dougherty, T. S. Srivatsan, and J. Padovan. Fatigue crack propagation 
and closure behavior of modified 1070 steel: Experimental results. Engineering 
Fracture Mechanics, 56(2): 167-187, 1997.

[8] W. Elber. The significance of fatigue crack closure. In Damage Tolerance in 
Aircraft structure, volume 486 of A ST M  STP, pages 230-242, Philadelphia, 
1971.

[91 F. Ellyin. Fatigue Damaqe, Crack Growth and Life Prediction. Chapman & 
Hall, London, 1997.

[10] F. Ellyin and J. Wu. Elastic-plastic analysis of a stationary crack under cyclic 
loading and effect of overload. International Journal of Fracture, 56:189-208, 
1992.

[11] F. Ellyin and J. Wu. A numerical investigation on the effect of an overload on 
fatigue crack opening and closure behaviour. Fatigue & Fracture of Engineering 
Materials and Structures, 22(10):835-835, 1999.

68

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Bibliography

[12] F. Ellyin and Z. Xia. A rate-independent constitutive model for transient non­
proportional loading. J. Mech. Phys. Solids, 37(1):71 91, 1989.

[13] F. Ellyin, Z. Xia, and J. Wu. A new elastic-plastic constitutive model inserted 
into the user-supplied material model of ADINA. Computers and Structures, 
56:189-208, 1992.

[14] Hammouda, Ahmad, Sherbini, and Sallam. Fatigue crack growth due to two 
successive single overloads. Fatigue & Fracture of Engineering Materials and 
Structures, 21(12):1537-1547, 1998.

[15] Hammouda, Ahmad, Sherbini, and Sallam. Deformation behaviour at the tip 
of a physically short fatigue crack due to a single overload. Fatigue & Fracture 
of Engineering Materials and Structures, 22(2):145-151, 1999.

[16] M. Jono. Fatigue life prediction - Acceleration of fatigue crack growth under 
variable amplitude loadings. In Fatigue ’96: Proceedings of the sixth interna­
tional fatigue congress, volume 1, pages 543-552, Berlin, Germany, 6-10 May 
1996.

[17] M. S. Jono, Sugeta A., and Uematsu Y. Fatigue crack growth and crack closure 
behaviour of Ti-6A1-4V alloy under variable-amplitude loadings. In Advances 
in Fatigue crack Closure Measurement and Analysis, volume 2 of A ST M  ST P  
1343, pages 265-284, Philadelphia, 1999.

[18] M. Lang. Description of load interaction effects by 6Kef f  concept. In Advances 
in Fatigue crack Closure Measurement and Analysis, volume 2 of A ST M  ST P  
13f  3, pages 207-223, Philadelphia, 1999.

[19] A. J. McEvily and S. Ishihara. On the development of crack closure at high 
R levels after an overload. Fatigue & Fracture of Engineering Materials and 
Structures, 25(11) :993-993, 2002.

[20] S.-J. Park and J.-H Song. Simulation of fatigue crack closure behaviour under 
variable-amplitude loading by a 2D finite element analysis based on the most 
appropriate mesh size concept. In Advances in Fatigue crack Closure Measure­
ment and Analysis, volume 2 of A ST M  ST P  1343, pages 337-348, Philadelphia, 
1999.

[21] S. Pommier and Ph. Bompard. Bauschinger effect of alloys and plasticity- 
induced crack closure: a finite element analysis. Fatigue & Fracture of Engi­
neering Materials and Structures, 23:129-139, 2000.

[22] M. S. Ramos, M. V. Pereira, Darwish F. A., M otta S. H., and Carneiro M. 
A. Effects of single and multiple overloading on the residual fatigue life of a 
structural steel. Fatigue & Fracture of Engineering Materials and Structures, 
26:115-121, 2003.

[23] S. Roychowdhury and R. H. Dodds. Three-dimensional effects on fatigue crack 
closure in the small-scale yielding regime - a finite element study. Fatigue & 
Fracture of Engineering Materials and Structures, 26:663-673, 2003.

[24] S. Roychowdhury and R. H. Dodds Jr. A numerical investigation of 3-d small- 
scale yielding fatigue crack growth. Engineering Fracture Mechanics, 70(17): 
2363-2383, 2003.

69

with permission of the copyright owner. Further reproduction prohibited without permission.



Bibliography

[25] M. Skorupa. Load interaction effects during fatigue crack growth under variable 
am plitude loading - a literature review. Part I: Empirical trends. Fatigue & 
Fracture of Engineering Materials and Structures, 21 (8):987-1006, 1998.

[26] M. Skorupa. Load interaction effects during fatigue crack growth under vari­
able amplitude loading - a literature review. Part II: Qualitative interpretation. 
Fatigue & Fracture of Engineering Materials and Structures, 22(10):905-926, 
1999.

[27] K. N. Solanki. Two- and three-dimensional finite element analysis of plasticity- 
induced crack closure - a comprehensive parametric study. M aster’s thesis, 
Mississippi State University, Mississippi, 2002.

[28] R. R. Stephens, R. I. Stephens, D. E. Lemm, S. G. Berge, H. O. Liknes, and 
C. J. Cousins. Role of crack closure mechanisms on fatigue crack growth of 
Ti-62222 under constant-amplitude and transient loading at -54, 25, and 175°c. 
In Advances in Fatigue crack Closure Measurement and Analysis, volume 2 of 
A S T M  STP  1343, pages 224-245, Philadelphia, 1999.

[29] G. Wheatley, X. Z. Hu, and Estrin Y. Effects of a single tensile overload on 
fatigue crack growth in 3161 steel. Fatigue & Fracture of Engineering Materials 
and Structures, 22(12):1041-1051, 1999.

[30] J. Wu and F. Ellyin. A study of fatigue crack closure by elastic-plastic fi­
nite element analysis for constant-amplitude loading. International Journal of 
Fracture, 82(1) :43 -  65, 1996.

[31] Ellyin F. Xia Z. and Meijer G. Mechanical behavior of Al20 3 -particle-reinforced 
6061 aluminum alloy under uniaxial and multiaxial cyclic loading. Composites 
Science and Technology, 57(2):237-248, 1997.

[32] R. Yang. Prediction of crack growth under complex loading cycles. International 
Journal of Fatigue, 16(6):397-402, 1994.

[33] J. Z. Zhang, M. D. Halliday, P. Bowen, and P. Poole. Three dimensional elastic- 
plastic finite element modelling of small fatigue crack growth under a single 
tensile overload. Engineering Fracture Mechanics, 63(3):229-251, 1999.

70

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C hapter 4

3D m odelling o f cyclically loaded  
C om posite Patch  Repair o f a 
Cracked P late

4.1 In trodu ction

This chapter deals with an extension to the crack problem considered in the pre­

ceding chapters: the bonded patch repair of a cracked structure. A considerable 

amount of research has been conducted on extending the service life of crack engi­

neering structures with the emphasis on the life extension of aging aircraft structures 

using various repair techniques. The underlining theory of the any repair technique 

is the efficient transfer of load to the reinforcement from the cracked structure such 

that the driving force for crack propagation is reduced. The aim is to restore the 

damage tolerance and residual strength of the structure such tha t there is an overall 

reduction in the crack growth rate resulting in an extension in the service life of the 

structure.

In order to accomplish the requirement of efficient load transfer in the repaired 

structure, two techniques have been and are more widely employed for repairs in 

the aerospace industry. And these techniques have led researchers to investigate 

the effectiveness of crack repairs: (i) Mechanically fastened repairs which employ 

either bolts or rivets as fasteners to secure a metallic reinforcement to the cracked
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structure. The fasteners introduce additional stress concentration due to the need to 

drill holes, and also the applied metallic reinforcement causes a discontinuity in the 

local geometry causing change in the stress distribution of the repair area resulting 

in additional stress concentration around the boundary of the of the repair area. 

Therefore, although the mechanically fastened repair may help to increase the service 

life of the structure, the additional stress concentrations generate further damage 

in the structure which provide the ideal environment for new cracks [2 , 21, 26].

(ii) The development in the area of advanced composites with their high specific 

strength, high specific stiffness and excellent thermal characteristics and adhesives 

has made it possible to bond reinforcing patches to cracked metallic plates. The 

process, referred to as “crack patching” does not generate high stress concentrations 

by avoiding drilling of holes and providing better stress distribution in the repair 

area. The latter of these, crack patching technology has been proven to be an 

effective method for restoring the residual strength and damage tolerance of cracked 

structures [2, 5, 9, 20].

For the case of adhesively bonded patch repair, researchers have investigated the 

effectiveness of composite patch repairs for both thin and thick structures. Although 

majority of studies conducted on patch repair technology have considered the case 

of thin structure repair, a few of the mentioned studies have also investigated thick 

structure repair. These studies on thick structure repair generally consider the 

case where linear elastic fracture mechanics is sufficient to capture the behaviour 

of the base-plate. The present investigation extends the plasticity-induced crack 

closure model to the thin patch repair of a thick plate under constant amplitude 

loading conditions in order to obtain a good understanding of “thin patch” repair 

effectiveness while the base-plate is subject to  the effects of cyclic plasticity. The 

words “thin patch” and “thick patch base-plate” are used in the sense tha t tp/ t ^  < <  

1, where tp is the patch thickness and tha t of the base-plate.
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4.2 S ta te  o f the A rt review

Adhesively bonded patch repair technology developed mainly due to the require­

ment to restore residual strength and also extend the fatigue service life of cracked 

aircraft structures. This led researchers to investigate the effectiveness of adhesively 

bonded patch repairs using both experimental and numerical techniques. These 

techniques allow investigators obtain an excellent understanding of how adhesively 

bonded patch repairs improve the durability and damage tolerance of the repaired 

structure [1, 3-26]. The review of literature for this study focuses on a numerical 

technique: the finite element method as a procedure to  evaluate the effectiveness of 

adhesively bonded composite patch repair technology.

Ideally, the finite element (FE) analysis of a cracked structure repaired with 

an adhesively bonded composite patch is a 3-D problem. But this can become 

computationally intensive due to large number of nodal degrees of (DOF) required 

in a 3-D finite element model. Therefore to reduce cost and computation time, 

different FE models have been employed by researchers.

Two-dimensional finite element models require less modelling effort than three- 

dimensional models and also include fewer DOF. These include: models that utilized 

plane stress 2-D elements or Mindlin plate elements to model the cracked plate 

and the composite patch, and shear springs for the adhesive layer. Naboulsi and 

Mall [15-17] introduced a 2-D finite element three layer technique for the analysis 

of patch repairs of cracked metallic structures by employing Mindlin plate elements 

with transverse shear deformation capability for the base-plate, the adhesive and 

the composite patch. This technique was extended by Schubbe and Mall [20] for the 

modelling of cracked thick metallic structure repairs. Also various researchers [7, 

8 , 14] have employed a 2-D finite element code developed especially for fracture 

mechanics analysis by Cornell University. These 2-D models or pseudo 3-D models 

have the following limitation: The model cannot capture the crack front shape
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which has been shown to  influence the stress intensity factor variation through the 

thickness of the actual cracked structure [12, 21], Thus a full 3-D model allows for 

a better understanding of the crack front shape evolution and through the thickness 

stress and strain distributions.

Three-dimensional models have also been employed with care taken while trying 

to limit the number of elements across the thickness of the finite element model to 

reduce the overall number of DOF in the model. This is due to the presence of 

an adhesive layer in the repair which has a thickness, ta, such tha t ta «  {tbp,tp} 

results in large aspect ratios tha t might compromise results. Umamaheswar and 

Ripudaman [24] utilized what they called “an intermediate model” : single brick 

elements across the thickness of each component layer which gives a model size tha t 

matches tha t of 2-D models and a behaviour tha t agrees closely with a full 3-D 

model.

Following are design considerations taken into account when picking an adhesive 

and composite patch for the repair of a cracked structure:

Adhesive: The effectiveness of employing patch repair technology for the 

repair of a cracked structure would be highly dependent on the properties 

of the adhesive used to join the composite patch to the cracked structure. 

Therefore for efficient transfer of cyclic shear loads from the cracked structure 

to the composite patch, while resisting conditions that would weaken the bond 

resulting in the adhesive failure, the adhesive layer should have the following 

characteristics. The shear strength of the adhesive is maximized to obtain the 

strongest possible patch repair, and the peel stresses that result in de-bonding 

of the patch is minimized by optimizing the shape of the patch [7, 19].

C om posite patch: The patch is made up of high-performance fibre reinforced 

composites which can be designed to meet specific application requirements. 

These composites have attributes which are of advantage to the designer [2, 5]:
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Figure 4.1: Layers of a composite patch 
Show n above is an exam ple o f a composite patch w ith [ZfZZ'^slay — up

• composites can be designed to have high elastic modulus and stiffness 

which allows for reduced patch thickness such th a t the stiffness ratio of 

the repaired structure is given by:

E  tJ-Jri I'M

Elmtbp ' bp
(4.1)

where the stiffness ratio, S’, is maintained within the range: 1.0 <  S  < 1.5

• a high resistance to damage by cyclic loading

• can be easily formed to complex shapes

• excellent corrosion resistance

The patch is designed such tha t the fibres are oriented perpendicular to the 

crack plane for the efficient transfer of loads for the base-plate to the patch. 

Figure 4.1 shows a [0,90]5 lay-up employed for the repair of a cracked plate 

subject to model I loading conditions. The edge of the patch is tapered to
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reduce the effects of peel stresses on the structure which would otherwise 

result in de-bonding of the patch.

Once the repair is made, the resulting symmetry of the repaired structure affects 

the overall effectiveness of the repair and these are usually of two types: symmet­

ric (double-sided) repairs which provides for a more effective reinforcement to the 

cracked base-plate, and asymmetric (single-sided) repairs when only one face of the 

cracked structure is accessible for repair. Asymmetric repairs result in out-of-plane 

bending effects which occur due to: (i) A shift in the neutral axis of the repaired 

structure under mechanical loading conditions, (ii) A variation of the stress inten­

sity factor across the thickness of the structure which is influenced by the crack tip 

shape [11, 12]. (iii) The mismatch in the coefficient of therm al expansion (CTE) 

of the base-plate structure and the patch repair results in asymmetric repairs and 

also in out-of-plane bending effects. Therefore the mismatch in the CTE must be 

taken into consideration to obtain an effective repair. As the CTEP of the patch

Top V iew side v iew  side view
(a) (b)

Figure 4.2: Bending effects of a single-sided repair
O ut-of-plane bending due to (a) therm al residual stresses, and (b) mechanical loading

adopted from  Ref. [11]
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approaches that of the base-plate CTEbp, the residual stresses that would result 

due to  the CTE mismatch is reduced thus resulting in greater repair life. Figure 4.2 

shows out-of-plane bending effects tha t result due to mechanical loading and thermal 

residual stresses for an asymmetric repair.

4 .2 .1  S ta tem en t o f  the problem

This investigation extends the application of the Ellyin-Xia constitutive relationship 

to the analyses of the adhesively bonded patch repair technology. The majority of 

works on the analyses of the adhesively bonded composite patch repairs consider 

two types of nonlinearity: geometrical nonlinearity and material nonlinearity of 

the adhesive. These works generally assume the base-plate to have linear elastic 

material properties. This helps simplify the analysis due to the fact that these 

investigations consider a thin base-plate (tbp <  3mm) usually assumed to have the 

material properties of aluminium which has an elastic modulus tha t is usually smaller 

than tha t of the applied high-performance fibre reinforced patch (usually made of 

graphite/epoxy or boron/epoxy composites) employed for the repair. These meet 

the 1.0 < S  = gf** < 1.5 design requirement and also allows for linear elastic 

fracture mechanics to be employed for the analyses of the repaired structure: the 

base-plate. From the above inequality, it can be seen tha t when the elastic modulus 

of the composite patch is larger than tha t of the base-plate, the thickness of the patch 

may be reduced considerably resulting in a “thin patch repair” while providing the 

necessary stiffness and strength to allow for effective load transfer and bridging of 

the crack structure thereby restoring the damage tolerance and extending the fatigue 

life of the base-plate.

While for the case of a thick base-plate considered in this study, the material of 

base-plate has an elastic modulus which is higher than that of the composite patch. 

This implies tha t the requirement of 1.0 < S  < 1.5 cannot be maintained if the 

thickness of the composite patch, tp, is desired to be limited such that tp <
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Thus by limiting the patch repair to a “thin repair” , the overall patch stiffness and 

strength are such that they lead to the inadequacy of linear elastic fracture mechanics 

for the evaluation and analyses of the base-plate in the repaired structure. Therefore 

for this case one must employ an elastic-plastic analysis of the base-plate to capture 

the inelastic domain around the crack tip and the resulting closure phenomenon 

associated with the cyclic plasticity.

Therefore, the model employed to  study the plasticity induced crack closure phe­

nomenon in the previous chapters is extended to investigate the adhesively bonded 

patch repair of a cracked plate. Due to the limitations of the more commonly em­

ployed classical material models to adequately capture the effects of cyclic plasticity, 

the Ellyin-Xia material model is employed as the elastic-plastic formulation needed 

to describe the behaviour of the base-plate. Also in order to obtain a  better under­

standing of the opening process in the base-plate for a patch repair, a 3-D model 

is employed to  capture the crack tip  opening stress profile and the crack surface 

displacement profile across the thickness.

4.3 F in ite  E lem ent M odel

The 3-D finite element model of the adhesively bonded composite patch repair of 

a cracked plate employs the same geometrical configuration as the cracked plate 

used in the previous investigations, Chapters 2 and 3 for the base-plate. Therefore, 

the geometrical model and mesh for the previous studies was extended to include 

the adhesive and patch layers, and the initial boundary conditions were changed to 

incorporate the addition of the adhesively bonded patch. Thus, the APDL batch 

script was modified to account for these changes, with other parts of the script: the 

determination of crack opening values, loading conditions, and the computational 

code remaining the same as in previous investigations. The finite element compu­

tation script remains similar to tha t employed earlier, therefore only a summary of 

the hypotheses is presented:
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Figure 4.3: Stress-strain curves 
The virgin (in itia l) a,nd, stable (saturated) cyclic curves are the sam e fo r  this study

• M esh generation  and definition of th e  m aterial properties: The geo­

metrical model of the repaired crack is composed of: a cracked base-plate as­

sumed to have ASTM 516 Gr. 70 steel incorporating the Ellyin-Xia model (see 

Figure 4.3 for the stress-strain curve) with an initial crack length, 2a =  8mm, 

an adhesive layer and graphite/epoxy composite patch. The material proper­

ties used in this study are given in Table 4.1 and the geometrical configuration 

and mesh of the model are shown in Figure 4.4(a) and 4.4(b) respectively.

A double-sided patch repair is considered for this study in order to eliminate 

bending effects due to a shift in the neutral axis if a single-sided repair is consid­

ered. This allows only one-eighth of the geometry to be modelled due to sym­

metry about the x y, yz  and zx  planes. The mesh of the base-plate is composed 

of 3-D 8-nodes structural solids of the 18x family element, SOLID185, while 

the adhesive and patch are composed of 3-D 8-nodes SOLID45 elements of 

ANSYS computer code. The mesh has smallest element length A a — 0.02mm 

in the vicinity of the crack tip with five layers through the half thickness of the
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4.3: Finite Element Model

Table 4.1: A aterial properties of base-plate, adhesive and patch
L a y e r L eng th

L
(mm)

W id th
W

(mm)

T h ickn ess
t

(mm)

M a te r ia l
p ro p ertie s

Steel base-plate

1 
II 00 o

' 
II 00

1 
o = 8

E  = 204GPa 
v  =  0.30 
a Q =  230MPa

Adhesive L a =  40 II o t a = 0.125
E  =  2.4GPa 
v  =  0.33

Composite Patch

oII II o t p =  2 -»• 8

E y =  134GPa 
E x =  E z =  10.3GPa 
Pry — Vyz — 0.33 
F rz  =  0.53
G xy =  G yz = 5.5GPa 
G xz = 3.2GPa

base-plate around the crack tip(i.e 0 .2 5 ^ , 0 .1 5 ^ , 0.05GP, 0.03tbp and 0 .02^ )  

with the smallest layer located adjacent to the adhesive layer to allow the cap­

ture of the rapid changing state of stress across the thickness of the geometry. 

The rest of the mesh is composed of single elements across the thickness to 

limit the total number of elements, therefore allowing for fast computation 

time.

• A pplication  o f in itial boundary conditions: The boundary conditions of 

the previous investigations were extended to appropriately capture a double­

sided adhesively bonded patch repair. The crack repair problem remains a vari­

able boundary value problem, therefore taking advantage of the three planes of
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4.4: Displacement profile

symmetry the following initial boundary conditions are applied to the model:

The model was then loaded through 20 cycles with a maximum stress, omax =  0.3(Xo 

employing a script in the following form:

was loaded incrementally using small load steps to allow the accurate capture 

of the crack opening values along the thickness of the model which are obtained 

by monitoring the reaction forces at the crack tip nodes. When the reaction 

force is in tension the crack is hilly open [28]

• Crack advance: The crack is advanced by one element at the top of a load 

cycle, i.e at maximum load.

• U nloading path  and crack surface contact: During the unloading path, 

the model was unloaded using small load steps to permit the proper simulation 

and capture of the crack surface contact process. The displacement values of 

the crack surface nodes were monitored, and once a surface node has negative 

displacement the node is constrained in the crack surface plane. At minimum 

load before the reloading, the constrains on the surface nodes are removed 

before reloading.

' 0 <  y <  Hbp/2;  0 < z <  t ^ / 2

ux ( 0, y, z)  =  0 -> < 0 < y < Ha/2 ; fbj)/2  < z < t a

. 0 < y <  Hp/ 2; (tbp/2  + ta) < z < t p
a < x  < Wbp/2] 0 < z < tbp/2

a < x  < Wa/ 2; tbp/2  < z < ta

0 <  .x <  Wp/2- (tbp/2 +  ta)  < z < t p 
uz(x, y, 0) =  0 -*■ 0 <  x  <  Wbpj2 ; 0 <  y < H ^ / 2

•  Loading path  and determ ination  o f crack open ing values: The model

4.4 D isp lacem ent profile

Figures 4.5(a) and 4.5(b) show the crack displacement profile at crack tip when the 

crack just becomes fully opened for the mid-plane of the base-plate and the base-
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4.4: Displacement profile

plate surface bonded to the patch respectively for the 14th load cycle. Patch A 

represents the patch with thickness 0.5mm, B: 1mm, C: 2mm, and D: 4mm. The 

results show tha t as the thickness of the patch is increase the displacement profile 

of the base-plate decreases through the thickness.

Also Figures 4.6(a) and 4.6(b) show the base-plate displacement profile at amax 

for the mid-plane and the surface bonded to the patch respectively for the 14th 

load cycle. Likewise it can be seen tha t as the patch thickness is increased the 

displacement profile decreases. Taking a closer look at these figures show tha t the 

effects of plastic deformation are present and results in the sudden change which 

can be seen at the point corresponding to the initial crack tip (i.e r  =  0) [27]. The 

change in the displacement profiles at r  =  0 is more prominent when the crack just 

becomes fully open, Figures 4.5(a) and 4.5(b), then for the profiles at maximum load, 

Figures 4.6(a) and 4.6(b). These jumps in displacement profile can be attributed 

to the build-up of residual stresses and wake plasticity at and ahead of the initial 

crack tip (in the region r  < 0) which results in plasticity-induced closure as the 

crack propagates. Therefore, this region r < 0 experiences the effects of PICC 

resulting in lower displacement profiles as compared to if the region was subject to 

only elastic deformation. Therefore as stated in the “Statem ent of the Problem” 

when considering a repair where the stiffness, S, requirement can not be met it 

would be necessary to employ a model with an accurate elastic-plastic formulation 

that would capture the resulting contribution or effects of cyclic plasticity on the 

repaired structure.

The Influence of the patch repair on the plate can be seen in Figures 4.7 and 4.8 

for the 14th load cycle, and Table 4.2 gives the crack tip  opening displacement 

(CTOD) values for the patched and unpatched cases and the ratio CTODp^/CTODunpd 

CTOD is taken as the displacement of the nodes an element A ae behind the crack 

tip. Figure 4.7 and Table 4.2 show the CTOD profiles through the thickness of the
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4.4: Displacement profile
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Figure 4.5: (a) Crack displacement profile for the mid-plane, and (b) surface adhe­
sively bonded to the patch at crack opening
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4.4: Displacement profile
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Figure 4.6: (a) Crack displacement profile for the mid-plane, and (b) surface adhe­
sively bonded to the patch at maximum load
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4.5: Opening stress profile and K  profile
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Figure 4.7: CTOD (a Aae element behind the crack front) profile through the 
thickness of the plate for the unpatched and patched cases at crack opening load

cracked plate at the point the crack becomes open. It can be seen that the patch 

repair has a closure effect on the CTOD profiles with reductions in displacements 

as the patch thickness is increased (Patch A —> D). A similar trend can be seen 

in Fig. 4.8 and Table 4.2, the through thickness CTOD profiles at maximum load. 

This implies tha t 5t is reduces by the patch repair, and is more effective with an 

increase in patch thickness. For small scale yielding:

J
6t oc

K 2
(4.2)

(T0 E a 0

Therefore reducing 5t results in a reduction in the K ef f  the driving force for crack 

growth. If K ef f  < K th then there will be no crack growth.

4.5 O pening stress profile and K  profile

The opening stress profiles for the mid-plane of the base-plate and the surface bonded 

to the patch are shown in Figures 4.9 and 4.10 respectively. It can be seen tha t as
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4.5: Opening stress profile and K  profile

the thickness of the patch is increased the effects of cyclic plasticity on the base­

plate is reduced. Also, since the opening stress values for all the patch thicknesses 

considered are greater then zero (i.e oopla max > 0 ) it implies th a t the effects of 

cyclic plasticity are present in the base-plate and would contribute to or affect the 

effectiveness of the patch repair. Therefore the plots show that although the patch 

provides a load transfer reinforcement to the base-plate thereby resulting in an 

increase in damage tolerance and service life of the repaired structure, the effects of 

cyclic plasticity (plasticity-induced crack closure) are also beneficial to  the repair. 

Since the plate undergoes small scale yielding in the vicinity of the crack front, the 

path independent J-Integral is used to obtain the K  (Eqn. 4.2) as a measure of the 

crack growth driving force. Figure 4.11 shows the K  profile through the thickness 

of the plate for both unpatched and patched cases. The plot shows that the patch 

repair strongly influences the driving force for crack growth at the surface of the 

cracked base-plate (z / t  = 0.50) to which the patch is bonded, the outer surface: 

patch A —> D show a large decrease in the driving force, K . Also for the nodes 

at z / t  = 0.48 - the adjacent plane to outer surface, through to z / t  =  0.00 - the 

mid-plane, there is a significant reduction in the driving force values as compared to 

the unpatched case. This trend implies that the patch repair is effective in reducing 

the driving force for crack propagation.

Although the general trend is a reduction in K  values, a careful look at Fig­

ure 4.11 shows tha t as patch thickness increases, K  values decrease at the outer 

surface, while at the adjacent plane through to the mid-plane K  values increase. 

The latter phenomenon can be attributed to the effects of PICC which also con­

tribute to reduce K . therefore as patch thickness increases the contributing effects 

of PICC in lowering K  is reduced.
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4.5: Opening stress profile and K  profile
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Figure 4.8: CTOD (a A ae element behind the crack front) profile through the 
thickness of the plate for the unpatched and patched cases at maximum load
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Figure 4.9: Stress opening profile for the mid-plane of the base-plate
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4.5: Opening stress profile and K  profile
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Figure 4.10: Stress opening profile for surface adhesively bonded to the patch
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4.5: Opening stress profile and K  profile

<D

ft
<V

zn
<V
ph

3
+■=
r̂ H

^0

Po
EH
O
cs
H

CP

i
H

Di
sp

lac
em

en
t 

at 
cra

ck 
tip

Pa
tch

ed

P

PPX0)
to
i)00
CO 0.

31
5.0

3e
-4

0.
60

PH

to1<DCS)to
G>OQO

5.8
9e

-4 coo

u

-4-2X0)
to
i>t—Hto

T-P
o

<b
tOto

COCOCD

+3
to1oT-Po

O)COo
ofiCDt--cfco

ofp-O

m

+PX0>
5.2

3e
-5 u-

o
-o1
CO7-1CO

f̂P-CD

-p p-(
toito CMofo

7.0
4e

-4 O00CD

«!

ppX
to
<br—HCOcd

r-too
Of10)OQCOcd

Oiu-CD

ph <u
oT—i

00too
■̂fio7-iU-

00ooo

U
np

atc
he

d -pX0) l.l
le

-4

t-H

8.3
4e

-4 T-P

-p
f̂i00i>-i-p

7—I
Of
<b00t-
00

1—p

P-l S'rr3 ss o033m Oho Q OQO o
0} o H HcGPhU d ucd cj TS -AH n a.u ii,CG o£-H

po OH
por'l H O HU U

90

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Bibliography

[1] R. H. Andruet. Special 2-D and 3-D Geometrically Nonlinear Finite Elements 
for Analysis of Adhesively Bonded Joints. PhD thesis, Virginia Polytechnic 
Institute and State University, Blacksburg, Virginia, 1998.

[2] J. B. Avram. Fatigue response of thin stiffened aluminum cracked panels re­
paired with bonded composite patches. AFIT/GM S/ENY/01M -01, School of 
Engineering, Air Force Institute of Technology (AU), Wright-Patterson AFB 
OH, 2001.

[3] A. A. Baker. Repair of cracked of defective metallic components with advanced 
fibre composites - an overview of Australian work. Composite Structures, 2: 
153-181, 1984.

[4] A. A. Baker. Crack patching: Experimental Studies, Practical Applications. In 
Bonded Repair of Aircraft Structure, pages 107-172, Dordrecht, 1988. Martinus 
Nijhoff Publishers.

[5] A. A. Baker. Bonded composite repair for fatigue-cracked primary aircraft 
structure. Composite Structures, 47:431-443, 1999.

[6] A. A. Baker, R. J. Callinan, M. J. Davis, R. Jones, and J. G. Williams. Repair 
of mirage III aircraft using BFRP crack patching technology. Theoretical and 
applied fracture mechanics, 2:1-16, 1984.

[7] M. Belhouari, B. B. Bouiadjra, A. Megueni, and K. Kaddouri. Comparison of 
double and single bonded repairs to symmetric composite structures: a numer­
ical analysis. Composite Structures, 65:47-53, 2004.

[8] B. B. Bouriadjra, M. Belhouari, and B. Serier. Computation of stress intensity 
factors for repaired cracks with bonded composite patch in mode I and mixed 
mode. Composite Structures, 56:401-406, 2002 .

[9] K.-H. Chung and W.-H. Yang. A study on the fatigue crack growth behaviour of 
thick aluminum panels repaired with a composite patch. Composite Structures, 
60:1-7, 2003.

[10] R. Jones, S. Barter, L. Molent, and S. P itt. Crack patching: an experimental 
evaluation of fatigue crack growth. Composite Structures, 67:229-238, 2005.

[11] J. C. Klug and C. T. Sun. Large deflection effects of cracked aluminum plates 
repaired with bonded composite patches. Composite Structures, 42:291-296, 
1998.

[12] W.-Y. Lee and J.-J. Lee. Successive 3d fe analysis technique for characteriza­
tion of fatigue crack growth behavior in composite-repaired aluminum plate. 
Composite Structures, 66:513-520, 2004.

91

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Bibliography

[13] R. Z. Marioli-Riga, G. J. Tsamasphyros, and G. N. Kanderrakis. Design of 
emergency aircraft repairs using composite patches. Mechanics of Composite 
Materials and Structures, 8:199-204, 2001.

[14] A. Megueni, B. Bachir Bouiadjra, and B. Boutabout. Computation of the stress 
intensity factor for patched crack with bonded composite repair in pure mode 
ii. Composite Structures, 59:415-418, 2002 .

[15] S. Naboulsi and S. Mall. Modeling of a cracked metallic structure with bonded 
composite patch using the three layer technique. Composite Structures, 35: 
295-308, 1996.

[16] S. Naboulsi and S. Mall. Nonlinear analysis of bonded composite patch repair 
of cracked aluminum panels. Composite Structures, 41:303-313, 1998.

[17] S. Naboulsi and S. Mall. Characterization of fatigue crack growth in aluminum 
panels with a bonded composite patch. Composite Structures, 37:321-334, 1997.

[18] M. Nishino and Aoki T. Nonlinear analysis and damage monitoring of a one­
sided patch repair with delamintion. Composite Structures, In Press, Corrected 
Proof, 2005.

[19] P. D. Roberts. Patching cracked steel pressure vessels. M aster’s thesis, Univer­
sity of Alberta, Edmonton, Alberta, 1995.

[20] J. J. Schubbe and S. Mall. Modeling of cracked thick metallic structure with 
bonded composite patch repair using three-layer technique. Composite Struc­
tures, 45:185-193, 1999.

[21] D.-C. Seo and J.-J. Lee. Fatigue crack growth behavior of cracked aluminum 
plate repaired with composite patch. Composite Structures, 57:323-330, 2002.

[22] G.-C. Tsai and Shen S. B. Fatigue analysis of cracked thick aluminum plate 
bonded with composite patches. Composite Structures, 64:79-90, 2004.

[23] T. V. R. S. Umamaheswar and R. Singh. Modelling of patch repairs to a thin 
cracked sheet. Engineering Fracture Mechanics, 62:267-289, 1999.

[24] T. V. R. S. Umamaheswar and R. Singh. Modeling strategies for a single-sided 
repair. In The Third Joint Conference on Aging Aircraft 1999, ASTM STP 
1343, 1999.

[25] C. H. Wang. Fatigue crack closure analysis of bridged cracks representing com­
posite repairs. Fatigue & Fracture of Engineering Materials and Structures, 23: 
477-488, 2000.

[26] W.-C. Wang and J.-S. Hsu. Investigation of the size effect of composite patching 
repaired on edge-cracked plates. Composite Structures, 49:415-423, 2000.

[27] J. Wu. Nonlinear Analyses of Cracked Bodies. PhD thesis, University of Al­
berta, Edmonton, Alberta, 1995.

[28] J. Wu and F. Ellyin. A study of fatigue crack closure by elastic-plastic fi­
nite element analysis for constant-amplitude loading. International Journal of 
Fracture, 82(1):43 -  65, 1996.

92

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C hapter 5 

C onclusions & Future work

5.1 C onclusions

The purpose of this thesis was to study the mechanics of the plasticity-induced crack 

closure phenomenon in a cracked plate subject to: (i) constant amplitude loading 

conditions, and (ii) variable amplitude (effect of an overload/underload) loading 

conditions while employing a material constitutive relation proposed by Ellyin and 

Xia to capture the effects of cyclic plasticity. The results obtained with this material 

model were compared to the results obtained from the classical kinematic hardening 

model.

The following conclusions were obtained from considering the crack opening 

stress profiles across the thickness, the stress and strain distribution profiles, and 

crack displacement profiles. For the case of constant amplitude loading:

1. The results obtain with the Ellyin-Xia model show a lower crack opening stress 

profile as compared to the classical kinematic hardening model. This may be 

attributed to the way in which each model captures the unloading path of a 

load cycle. As stated in the preceding chapters, the classical material models 

do not accurately capture the unloading and reloading paths during a load 

cycle, while the Ellyin-Xia model captures them accurately by employing two 

hyper-surfaces and two types of loading.

And for the case of variable amplitude loading:
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5.2: Future Work

2 The results of the analysis for a single spike overload when employing the 

Ellyin-Xia model show trends tha t are in good agreement with experimental 

observations: post overload retardation in crack growth rate  followed by a 

gradual return to pre-overload rates. While the classical kinematic hardening 

model shows retardation effect which remains constant and does not return to 

pre-overload levels.

3 In the event of a single spike underload (compressive overload), the results 

obtained when employing the Ellyin-Xia model agrees with both “types” of 

experimental observations. That is, there is a marked acceleration in the crack 

growth rate and then a slight retardation before the growth rate returns to 

pre-underload growth rates. While the results obtained with the classical kine­

matic hardening model show a marked acceleration which is more pronounced 

and a retardation effect that is also longer lasting.

These differences are also attributed to the inability of the classical models to accu­

rately capture the unloading process of a load cyclic.

Also this thesis extends the use of the Ellyin-Xia model to investigate the effects 

of cyclic plasticity on the effectiveness of an adhesively bonded composite patch 

repair of a cracked structure where an elastic-plastic formulation is necessary for the 

base-plate.

4 The results show tha t the plasticity-induced crack closure phenomenon is bene­

ficial to the repair when the base-structure still undergoes plastic deformations.

5.2 Future W ork

This research may be extended for future works in the areas plasticity-induced crack 

closure, and patch repair technology. Areas of interest for plasticity-induced crack 

closure include: the use of a criterion for crack propagation, consideration of mixed 

mode loading conditions, and a mesh that would permit the capture of crack front
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5.2: Future Work___________________________________________________________

shape evolution. And for patch repair technology: the consideration of bending 

effects (i.e single-sided repairs and CTE mismatch), and geometric and material 

nonlinearities of the adhesive.
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A ppendix  A  

Verification o f E llyin-X ia M odel

This appendix compares results of the implementation of the Ellyin-Xia elastic- 
plastic constitutive relation into ANSYS using the User Programmable Features 
subroutine USERMAT with results obtained by Ellyin et. al. from the implemen­
tation of the model into ADINA which were verified with experimental results.

Two examples simulated in ADINA by Ellyin and co-researchers are simulated 
in ANSYS. Theses examples are modelled using SOLID185, a 3-D 8-node structural 
solid, which allows the use of USER subroutine USERMAT. For these problems 
only one element is used in a uniform stress state, with the material properties for 
304 stainless steel. Material properties inputed into the computation code include; 
elastic modulus E, elastic Poisson’s ratio v, Rum, , and two uniaxial stress-strain 
curves, the virgin state and saturated state as discussed in chapter 3. Full details on 
the examples and the material properties are not included here, and can be obtained 
from Ellyin and co-researchers.
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A: Verification of Ellyin-Xia Model

T ransient nonproportional cyclic responses

The single element model is subject to three types of non-proportional strain cycling 
in axial-torsional strain space. Figures A .l and A .2 show tha t the ANSYS results 
are in good agreement with the ADINA results. Note scale difference between left 
and right Figures.

t.
-2 . 4 <•

£Z.U:'X-

Figure A .l: Non-proportional transient cyclic loading - Part I 
Left: A D IN A  result; right: A N S Y S  result

Figure A.2: Non-proportional transient cyclic loading - Part II 
Left: A D IN A  result; right: A N S Y S  result
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A: Verification of Ellyin-Xia Model

R atch etin g  under cyclic loading w ith  m ean stress

For this example, the single element model is subjected to a displacement load 
±0.002, and a hoop stress of 80MPa. The results are shown in Figures A.3, A.4 
and A.5 are in good agreement with the results from ADINA. Note scale difference 
between left and right Figures.
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Figure A.3: Ratcheting under cyclic loading with mean stress - Part I 
Left: A D IN A  result; right: A N S Y S  result
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Figure A.4: Ratcheting under cyclic loading with mean stress - Part II 
Left: A D IN A  result; right: A N S Y S  result
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A: Verification of Ellyin-Xia Model
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Figure A.5: Ratcheting under cyclic loading with mean stress - Part III 
Left: A D IN A  result; right: A N S Y S  result
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