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Abstract 

Wind energy is a popular electricity resource across the world in the last few decades 

and is becoming increasingly important. In wind farm constructions, wake effect is an 

inevitable problem to be addressed. The wake generated by the upstream wind turbines 

may decrease the wind speed and reduce the power output of the downstream wind 

turbines, which will influence the power generation capacity of the wind farm. Therefore, 

mitigating the wake effect is important in wind energy studies. 

Wind farm layout optimization is one of the most effective ways to mitigate the wake 

effect, aiming to minimize the energy loss due to wake effect by optimizing the positions 

of wind turbines. Wake effect is sensitive to wind directions, which are typically divided 

into equally spaced segments in wind resource modeling. Use of an inappropriate wind 

direction segment size in wind farm layout optimization may lead to unreliable 

optimization results or high computing time during the optimization process. However, 

few studies investigated the selection of wind direction segment sizes in wind farm layout 

optimization. In reported studies, the selection of wind direction segment sizes is mainly 

based on the consistency of the optimization results without considering the computing 

time. The accuracy of the estimated wind farm power output was not verified properly, 

and wind farms with different sizes were not investigated when making recommendations.  

This thesis proposes a comprehensive approach for selecting proper wind direction 

segment sizes in wind farm layout optimization studies. Wind farm power output and its 

estimation accuracy, together with computing time, are considered in the optimization 

process. The proposed approach involves five steps: modeling the wind farm power 
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output and defining the objective function, pre-processing the data of the target wind 

farm, selecting an appropriate wind resource sample size for wind farm layout 

optimization, evaluating the estimated power output of the target wind farm, and 

optimizing the wind farm layout using genetic algorithm (GA). The proposed approach is 

demonstrated by case studies.  

The results show that the wind direction segment size has a clear impact on wind farm 

layout optimization. Smaller wind direction segment sizes generally result in better 

layouts with higher wind farm power output. The computing time for the optimization 

process increases with the decrease of wind direction segment size. For wind farms of 

different sizes and number of wind turbines, we are able to recommend suitable wind 

direction segment sizes. By applying the proposed approach to the target wind farm, the 

power output and cost performance are improved compared with randomly designed 

layouts. The results also show that 1° is the most reliable, 1° to 15° are acceptable, and 3° 

is the optimal wind direction segment size. 

With the proposed approach, different wind farm power output models can be 

incorporated to select proper wind direction segment sizes in wind farm layout 

optimization. The results will benefit wind farm operators, wind farm developers and 

researchers in selecting recommended wind direction segment sizes in wind farm power 

output calculation and layout optimization.  
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Preface 

The material presented in this thesis is based on the original work by Siyun Ge under 

the supervision of Dr. Ming J. Zuo and Dr. Zhigang Tian. The focus of this thesis is to 

investigate selecting proper wind direction segment sizes in wind farm layout 

optimization. A comprehensive approach to select proper wind direction segment sizes in 

wind farm layout optimization is proposed. The proposed approach is demonstrated by 

case studies and proper wind direction segment sizes are presented based on the 

optimization results. 

The data in Chapter 4 is observed in a wind farm. The target wind farm in Chapter 4 is 

hypothetical to protect the confidentiality of the real wind farm. Besides, for the concerns 

of data transparency, the number of wind turbines and power output values shown in text, 

figures and tables in Chapter 4 are scaled by fixed ratios. 

The Matlab code for calculating the average power output of the wind farm and 

optimizing the layout of the wind farm in Chapter 4 and Chapter 5 is wrote by myself.  
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Chapter 1  

Introduction 

1.1 Background 
Energy is of vital importance to modern society. The energy demand is evolving with 

the development of technology and society. On one hand, the growth of the population 

and newly built factories increases the energy demand. On the other hand, traditional 

energies have the drawbacks of being non-renewable and not clean. The latter drawback 

will lead to environmental pollution. To cope with these drawbacks, renewable and clean 

energies have been developed, such as solar energy, hydro energy, and wind energy. 

Wind energy is a popular electricity resource across the world in the last few decades. 

Compared with traditional fossil fuels, wind energy is clean and sustainable. Using wind 

energy helps to reduce the emission of greenhouse gas and puts a brake on global 

warming, a great challenge we meet today. The development of wind energy is a global 

trend given its lower adverse impact on the environment. In 2015, 19% of renewable 

energy was captured from wind [1], which was about 7% of the sum of global power 

generation [2]. Global Wind Energy Council [3] reported that global wind energy is 651 

GW in 2019, which increased by 10% compared with 2018. Wind energy is producing an 

increasing amount of power year by year.  

In many countries, wind energy plays an important role in producing electricity. In 

China, wind energy has become the second-largest renewable energy [4]. In 2018, the 

total wind power output in the U.S. accounted for 6.5% of the electricity to the consumers 

[5]. Germany has a further onshore wind farm construction expectation and it is estimated 

that the onshore wind farm will contribute 40% of electricity demand [6]. 

Canada has developed wind energy projects decades ago. The Canada Wind Energy 

Association (CanWEA) reported that wind power generation was about 13,413 MW in 

2019, which accounts for 6% of the total electricity in Canada [7]. CanWEA also outlines 
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the wind energy projects will supply 20% of the country’s energy demand by 2025. It 

will cut down the proportion of energy generated from fossil fuels and carbon compounds, 

which lowers the impact on the environment. Besides, the development of wind energy 

will also create more corresponding jobs and promote the economy. Therefore, research 

on wind power generation is essential. 

1.2 Wind turbines 

A wind turbine is mainly composed of four parts: the tower, hub, blades, and nacelle.  

Figure 1.1 shows the configurations of the wind turbine. The tower supports the weight of 

the hub, nacelle, and blades. The hub connects the blades with the shaft of the wind 

turbine. Normally a wind turbine has two or three blades. The blades rotate at the 

horizontal axis. The design of turbine blades will directly affect the wind energy 

production capacity of the wind turbine. The nacelle is a vital part of a wind turbine. It 

has components like the main shaft, gearbox, generator, voltage transformer, hydraulic 

unit, cooler system, and rotor lock system. Besides, the wind sensor or called 

anemometer is usually installed on the nacelle. The anemometer monitors the wind speed 

and direction. The sensor will send the signal to the control system if the wind speed is 

too high and shut down the turbine for self-protection. 

 

Figure 1.1 Configuration of a wind turbine 

Nacelle 

Tower 

Hub 

Blade 
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1.3 Onshore Wind Farms 

Wind farms can be classified to onshore and offshore, which are built on the land and 

in the ocean, respectively. This thesis will focus on onshore wind farms. The history of 

the construction of onshore wind farms can be traced back to the 1980s [8]. The onshore 

wind farm projects started to develop in the U.S. and Europe. Years ago, the wind farm 

project design strategy is still a hot topic in wind energy study. In the past decade, 

onshore wind farms took a dominant position in wind farm construction projects [9]. In 

2015, the world’s onshore wind farm contributed 420 GW power output, whereas 

offshore wind farms generated 12 GW power output [2]. Figure 1.2 is an onshore wind 

farm in Canada.  

 

  

Figure 1.2 An onshore wind farm 

Although the potential of constructing offshore wind farms seems higher than onshore 

wind farms due to the available land resource is reducing quickly and operating risks on 

the land [10], onshore wind farms still have lots of advantages that offshore wind farms 

cannot match. Compared with the offshore wind farm, onshore wind farms cost less on 

construction and maintenance. The construction cost of the offshore wind farm involves 

fundamental structures (e.g., the submarine cables) and special transportation and 

installation methods [11]. Installing wind turbines in the ocean is more difficult than on 

the land. Meanwhile, the maintenance cost of offshore wind farms is also much higher 

than that of onshore wind farms. The complexity of the ocean environment increases the 

difficulty of maintenance work. In general, the cost of offshore wind farms is about 2 or 3 



4 
 

times higher than onshore wind farms [12]. Besides, onshore wind farms have a lower 

adverse impact on the environment. The offshore wind farm may pollute the ocean during 

construction and maintenance. The offshore wind farm will also affect the marine 

ecosystem. We still do not have a clear version of the influence of offshore wind farms 

on wildlife in the ocean.  

The onshore wind farm is usually built in regions with rich wind energy resources. It 

can be built in either a flat area or complex terrain like mountains. A constructed wind 

farm involves not only wind turbines but also transformer and substation. Figure 1.3 is a 

simplified process on how wind farm produces electricity by devices. First, the wind 

blows through the blades of wind turbines will result in the pressure difference between 

up and down blades to drive blades rotating. The rotating generator will convert the 

kinetic energy to electrical energy. Second, the transformer (denoted by (2) in Figure 1.3) 

will increase the low voltage from the wind turbine generator to high voltage. In Figure 

1.3 (3), the electricity is collected by the transmission lines for long-distance transmission 

and the electricity will be delivered to consumers by local electricity distribution 

companies. 

 

Figure 1.3 How the wind farm works 
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1.4 Wake effect 

Wind turbines installed on a wind farm are connected with cables that transport the 

electricity to the main power grid. The sum of the power output of individual wind 

turbines is the total power output of the wind farm. However, not all the wind turbines 

can produce energy at its full capacity. Wind turbines at upstream will generate wake that 

affects turbines downstream. The wake will reduce wind speed and increase turbulence 

[13]. The deficit wind speed will decrease the power output of wind turbines downstream. 

The increased turbulence will aggravate the mechanical loading of wind turbines at 

downstream, which will raise wind turbine failure probability. The wake effect is an 

inevitable problem in wind farms. Therefore, mitigating the wake effect is important in 

wind energy studies.  

A simple representation of the wake effect is shown in Figure 1.4. The area that the 

wind crosses the blades of a wind turbine is called the near wake region. The wind will 

mix in the far wake region where turbulence becomes the dominating factor [14]. There 

is no obvious boundary between the near wake and far wake region. Usually, 2 to 3 rotor 

diameter behind the wind turbine is seen as near wake region [14][15].  

 

Figure 1.4 Wind turbine wake effect [16] 
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Several ways can reduce the wake effect, such as wind turbine yaw control, wind farm 

site selection, wind turbine type selection and wind farm layout optimization [17][18]. 

Among these methods, wind farm layout optimization is one of the most effective ways 

to decrease the wake effect. The energy lost by wake effect can be minimized by proper 

arrangement of positions of wind turbines, which is wind farm layout optimization. Wind 

farm layout optimization is a comprehensive research topic. A good layout of the wind 

farm will improve the power output of the wind farm and reduce the load on wind 

turbines.  

1.5 Motivations 

Modeling the wind of the wind farm is the starting point to solve wind farm layout 

optimization problem. Normally, the wind resource involves wind speed and direction. 

Wind turbine wake effect is sensitive to wind direction. A study shows 10° change in 

wind direction may decrease 43% of power output [19]. Therefore, using an appropriate 

wind resource model in wind farm layout optimization will improve the estimation 

accuracy of wind farm power output and the optimized wind farm layout will be more 

convincing. Wind farm layout optimization studies use the sector-wise Weibull 

distribution [20] and joint distribution [21] to characterize the wind resource. Wind speed 

and direction are separated to sectors and analyzed by statistical distributions. Normally, 

wind farm layout optimization studies use 30° [22], 15° [23], 10° [20], 5° [24] and 1° [25] 

as the wind direction segment size to characterize the wind resource. The most commonly 

used wind direction segment sizes are 30° [22] and 15° [23]. The selection of segment 

size for wind directions will affect the estimated result of wind farm power output [19]. 

However, few studies investigated the selection of wind direction segment sizes in wind 

farm layout optimization. An inappropriate wind direction segment size used in wind 

farm layout optimization may lead to unreliable optimization results or high computing 

time during the optimization process. 

Feng and Shen [21] evaluated the optimized wind farm layout by using 30°, 10°, 5°, 

3°, and 1° as wind direction segment sizes. Wind speed and direction are characterized by 

joint distributions in their study. They recommended using 1° as the wind direction 

segment size in layout optimization to obtain a consistent result. Due to the wind speed 
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and direction are generated randomly, the estimated wind farm power output exists 

uncertainty. The accuracy of the estimated wind farm power output was not verified 

properly in their study. The computing time of wind farm layout optimization with 

different wind direction segment sizes was not considered in their work. In addition, wind 

farms with different sizes were not investigated when making recommendations. 

The selection of wind direction segment sizes will affect the result in wind farm layout 

optimization. A universal and comprehensive guideline for selecting proper wind 

direction segment sizes in wind farm layout optimization studies is required. Therefore, 

in this thesis, an approach for wind direction segment size selection in wind farm layout 

optimization will be proposed. Wind farm power output and its estimation accuracy, 

together with computing time, will be considered in the optimization process. In addition, 

case studies are important in wind farm layout optimization. The proposed approach will 

be demonstrated by case studies and the result will be beneficial to wind farm operators, 

researchers and developers. For wind farm operators, strategies on power output 

calculation with high estimation accuracy will be provided. For researchers, the presented 

wind direction segment sizes can be selected based on their requirements on estimation 

accuracy, computing time and improvement on wind farm power output. For wind farm 

developers, this thesis will provide a complete process for optimizing the wind farm, 

which can guide wind farm developers to design wind farms in the future. 

 

1.6 Research objectives 

This thesis has two main objectives: 1) proposing a comprehensive approach for 

selecting proper wind direction segment sizes in wind farm layout optimization studies. 2) 

demonstrating the proposed approach by case studies and presenting different wind 

direction segment size selection strategies based on the optimization results. 

The proposed approach involves five steps: modeling the wind farm power output and 

defining the objective function, pre-processing the data of the target wind farm, selecting 

an appropriate wind resource sample size for wind farm layout optimization, evaluating 

the estimated power output of the target wind farm, and optimizing the wind farm layout 
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using genetic algorithm (GA). The proposed approach will be illustrated by case studies. 

The case studies involve a real onshore wind farm with one-year observed data. Based on 

the results, future wind farm layout optimization studies that use the same wind farm 

power output model with this thesis can directly apply the suggested wind direction 

segment size to optimize the wind farm layout. With the proposed approach, different 

wind farm power output models can be incorporated to select proper wind direction 

segment sizes in wind farm layout optimization. 

In order to obtain a convincing optimized wind farm layout, the accuracy of the 

estimated wind farm power output is crucial to this problem. Before the optimization 

process, the estimated wind farm power output will be evaluated by comparing with the 

observed wind farm power output. An appropriate wind resource sample size with high 

power output estimation accuracy will be selected for wind farm layout optimization, 

which is not studied in other wind farm layout optimization problems. Ten different wind 

direction segment sizes will be tested in wind farm power output calculation and 

evaluated by the mean relative change, range of relative change and CPU time. By 

comparing the evaluated results, the most accurate way to estimate the wind farm power 

output will be presented. 

In case studies, wind farm layouts will be optimized, which will mitigate the wake 

effect to a great extent and promote the power generation capacity of the wind farm. This 

thesis mainly solves two problems: one aiming to improve the average power output of 

the wind farm, and the other aiming to minimize the cost of the unit power output of the 

wind farm.  

For the first problem, this thesis aims to maximize the average power output (APO) of 

the wind farm by optimizing the wind farm layout with a fixed number of wind turbines. 

The maximum wind farm power output generation is achieved by selecting the best 

positions of wind turbines. Three case studies will be investigated. Wind farm layouts 

will be optimized with 10 different wind direction segment sizes. Wind farm power 

output and its estimation accuracy, together with computing time, are considered in the 

optimization process. Based on the evaluated results, different wind direction segment 

size selection strategies will be presented. 
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For the second problem, this thesis aims to minimize the cost of the unit power output 

of the wind farm by optimizing the wind farm layout with various number of wind 

turbines. The cost of unit power output is denoted by CoP in this thesis. The difference 

between the first and second optimization cases is that the turbine number is already fixed 

or not. In most of the real cases, both the numbers and positions of wind turbines should 

be considered when designing a wind farm [18]. Installing more wind turbines will 

generate higher power output, but the corresponding cost will also increase. Although a 

specific number of wind turbines may generate high wind farm power output, the profit 

from the wind farm with such a number of turbines might be low. Therefore, CoP is used 

as the objective function of the wind farm layout optimization problem when the number 

of wind turbines is undecided. Due to the time limitation of the master’s program, only 

one wind direction segment size will be used as an example to minimize the CoP.  

This thesis is organized as follows. Chapter 2 presents a literature review of wind farm 

layout optimization. The review provides the fundamental knowledge and published 

studies in each step of solving this problem. Chapter 3 introduces models used to 

calculate the wind farm power output, objective functions, algorithms and the proposed 

approach for selecting proper wind direction segment sizes in wind farm layout 

optimization. Chapter 4 describes the target wind farm data and assesses the wind farm 

power output. Chapter 5 presents the optimization results and evaluations of the 

optimized wind farms. Finally, Chapter 6 concludes this thesis and gives meaningful 

future works.   
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Chapter 2  

Literature Review and Fundamentals 

As mentioned in Section 1.3, wind farm layout optimization is one of the most 

effective ways to mitigate the wake effect. Wind farm layout optimization was first 

studied by Mosetti et al. [26] in 1994. They optimized a wind farm layout with 10×10 

grids by using the Genetic Algorithm (GA) to minimize the cost of energy (CoE) which 

they first proposed. Mosetti’s study gave us a general framework on how to solve this 

layout optimization problem. The framework involves characterizing the wind speed and 

direction, modeling the wake effect of the wind farm, defining the average power output 

function of the wind farm and optimizing the wind farm layout to improve the average 

wind farm power output. However, Mosetti’s study simplified the wind speed levels to 

three velocities (i.e., 8 m/s, 12 m/s, and 17 m/s) which is not realistic. Their study also 

used the GA without enough iterations and applied single wake effect. Grady et al. [27] 

improved the configurations of GA used in Mosetti’s study. They increased gene 

numbers and the number of iterations to ensure that the obtained optimal result is global. 

Years ago, wind farm layout optimization became a comprehensive research topic. 

Studies on this problem is not limited on improving the work by Mosetti et al. Complex 

factors and multiple objects are gradually considered in the optimization problem, such as 

noise level [28], the participation of landowners [29], and a trade-off between the average 

and variance power output [30]. In this chapter, we will first explain the fundamentals of 

wind farm layout optimization in Section 2.1. Afterwards, critical reviews will be 

conducted in Section 2.2-2.6. Section 2.2 reviews wind characteristic. Section 2.3 

reviews the wake effect model used in this problem. Section 2.4 introduces the wind 

turbine power curve. Section 2.5 explains two commonly used objective functions in this 

problem. Section 2.6 presents optimization process.  
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2.1 General framework of wind farm layout optimization 

Although wind farm layout optimization is a comprehensive research topic, most of 

studies follow a general framework to solve this problem [31][25]. The problem is 

formulated by following modules. 

1) Characterizing wind resources. Normally, the wind resource involves wind speed 

and direction. Wind speed and direction of the wind farm will be determined and 

used in the wake effect model later. 

2) Modeling the wind turbine wake effect. As mentioned in Section 1.4, the wake 

effect generated by upstream wind turbines will reduce downstream wind speed. 

The area of the wake effect is changing with wind direction. The wake effect 

model will mathematically describe the wind speed reduction phenomenon, and 

thus enable the calculation of wind speeds at each wind turbine in the wind farm 

based on the wind speed and direction given by the wind resource model. 

3) Estimating the power output of the wind farm. The wind turbine power output is 

highly correlated with wind speed at the wind turbine. People use the wind turbine 

power curve to estimate the wind turbine power output at various wind speeds 

[32]. The estimated wind farm power output is the sum of individual wind turbine 

power outputs. 

4) Defining the objective function of wind farm layout optimization. The objective 

functions might be different based on the specific research interests in wind farm 

layout optimization. Normally, wind farm layout optimization aims to maximize 

the wind farm power output. Other typical objective functions include minimizing 

the CoE of the wind farm [29], minimizing noise level [28] and power variance 

[30]. 

5) Optimizing the wind farm layout. In this last module, the wind farm layout 

optimization problem is solved using algorithms such as gradient-based methods 

or evolutionary methods, and thus we obtain the optimal wind farm layout that 

maximize the wind farm power output or minimize the CoE of the wind farm.   

Critical review for each module will be presented in Section 2.2 to 2.6. 
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2.2 Wind characteristics 

Wind data analysis is the starting point for wind farm layout optimization. An 

appropriate wind resource model is crucial for the predication of the wind farm power 

output accurately. The wind resource is characterized with wind speed and direction in a 

time period.  

Wind speed analysis methods can be classified to non-statistical and statistical 

methods. The non-statistical method involves direct use of data [33] and method of bins 

[25]. Feng and Shen [21] investigated the numerical calculation of wind modeling with 

different wind speed bin sizes. They showed that choosing a small enough bin size is 

critical to obtain reliable and consistent optimization results. The statistical method 

considers the wind speed as a random variable [34]. The probability distribution of wind 

speed describes the likelihood of the occurrence of a random wind speed. Weibull 

distribution provides a good representation on wind speed. Justus et al. [35] used Weibull 

distribution to fit wind speed data at approximately 135 sites across the United States. 

Corotis et al. [36] compared the fitting performance of Weibull distribution and Chi-

squared distribution on observed wind speed and power histogram using goodness-of-fit 

test. The result showed that Weibull distribution has a slight improvement on fitting 

performance compared with Chi-squared distribution. Weibull distribution was also 

compared with square-root-normal distribution on fitting 30 months observed wind speed 

at Concord by Justus et al. [37]. They found that Weibull distribution has a smaller root 

mean square error. Garcia et al. [38] compared the suitability of Weibull distribution and 

Lognormal distribution on describing the wind speed frequency curve by R2 coefficient. 

It was found that both distributions fit well, whereas Weibull distribution gives a higher 

R2 coefficient. In summary, Weibull distribution presents many advantages such as high 

flexibility and simplicity of parameters estimation, which is widely used in wind speed 

analysis studies [39].  

Many studies solve the wind farm layout optimization problem considering simplified 

wind resources: wind with constant speed and fixed direction, or wind with constant 

speed and variable directions [27][40][41]. The optimized wind farm layouts are not 

convincing. A more realistic case is to consider wind with variable speeds and directions. 
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A common way to show the relationship of wind speed and direction is to draw a wind 

rose. Table 2.1 is an example of the frequency distribution of wind speeds occurring at 

different wind directions. The wind resource data is obtained from a real wind farm. 

Figure 2.1 shows the wind rose of the wind farm. Compared with Table 2.1, the wind 

rose give a succinct view on the distribution of wind speed and direction. In Figure 2.1, 

the wind direction from 0° to 360° is divided into 12 equal sectors and wind speed is 

divided into 6 ranges marked with different colors. Circles in Figure 2.1 accounts for 

4.2%, 8.5%, 12.7% and 16.9% respectively. The portion marked by a single color in a 

wind direction sector means the wind speed occurring in that wind direction bin. The sum 

of colored portions in the wind rose is 100%. 

Table 2.1 Frequency distribution of wind resource of a wind farm 

Directions 0-4 m/s 4-6 m/s 6-8 m/s 8-10 m/s 10-12 m/s 12-25 m/s Total 

North 0.67 % 1.34 % 0.67 % 0.94 % 0.27 % 0.4 % 4.29 % 

NNE 1.88 % 1.75 % 0.13 % 0 0.13 % 0 3.89 % 

NE 2.15 % 1.21 % 0.13 % 0 0 0.13 % 3.62 % 

ENE 2.02 % 0.94 % 0 0 0 0 2.96 % 

East 2.96 % 1.48 % 0.54 % 0.27 % 0.13 % 0 5.38 % 

ESE 1.34 % 2.15 % 1.21 % 0.54 % 0 0.13 % 5.37 % 

SE 2.02 % 2.02 % 0.54 % 1.61 % 0.27 % 0 6.46 % 

SSE 2.82 % 1.61 % 1.21 % 2.28 % 1.61 % 0.81 % 10.34 % 

South 3.23 % 0.94 % 0.27 % 0.4 % 0 0 4.84 % 

SSW 1.61 % 0.4 % 0.27 % 0 0 0 2.28 % 

SW 1.21 % 1.08 % 1.08 % 0.27 % 0.13 % 0 3.77 % 

WSW 1.75 % 0.54 % 0.81 % 0.27 % 0 0 3.37 % 

West 1.34 % 0.81 % 0.94 % 1.61 % 0.54 % 0.27 % 5.51 % 

WNW 3.9 % 0.81 % 2.15 % 2.02 % 0.67 % 0.27 % 9.82 % 

NW 4.84 % 4.44 % 2.28 % 2.15 % 1.88 % 1.34 % 16.93 % 

NNW 2.96 % 3.63 % 2.42 % 0.67 % 0.94 % 0.54 % 11.16 % 

Total 36.7 % 25.15 % 14.65 % 13.03 % 6.57 % 3.89 % 100 % 

 



14 
 

 

Figure 2.1 Wind rose of a wind farm 

In order to show the uncertainty of wind resource, most wind farm layout optimization 

studies characterize wind speed and direction by sector-wise Weibull distribution 

[25][23].  The wind direction is separated to bins or called sectors with equal size [25]. 

The wind speed in each bin of wind direction is characterized by Weibull distribution 

[23].  

Some studies considers the variation of wind speed and direction comprehensively in a 

single model [42][21]. Carta et al. [42] used a joint probability density function of wind 

speed and direction to analyze the wind energy. Feng and Shen [21] applied joint 

distribution in wind farm layout optimization. They first obtained the parameters by the 

fitted Weibull distribution. Then using the parameters to construct three joint 
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distributions: piecewise, linear and spline joint distribution of the wind speed and 

direction. The result showed spline joint distribution best fits the data obtained from a 

wind farm they investigated. 

Porté-Agel et al. [19] found wind turbine wake effect is very sensitive to wind 

direction. The worst case in their study shows 10° change in wind direction can decrease 

43% of power output. The selection of segment size for wind direction will affect the 

estimated result of wind farm power output and optimized result of wind farm layout [21]. 

The wind direction is divided into segments by sector-wise Weibull distribution [24] and 

joint distribution [21] in wind farm layout optimization studies. Wind farm layout 

optimization studies use 30° [22], 15° [23], 10° [20], 5° [24] and 1° [25] as wind 

direction segment sizes to characterize the wind resource. Among these wind direction 

segment sizes, 30° [22] and 15° [23] are the most widely used wind direction segment 

sizes. However, few studies investigated the selection of wind direction segment sizes in 

wind farm layout optimization.  

Feng and Shen [21] investigated the choice of segment sizes for wind speed and wind 

direction in wind farm power output calculation and layout optimization. They found the 

segment size for wind speed has a slight effect on the optimized result, while the 

selection of wind direction segment is crucial to wind farm layout optimization. The wind 

resource is characterized by joint distributions and 30°, 10°, 5°, 3° and 1° are the 

investigated wind direction segment sizes in their study. They concluded that 10° is a 

better choice for wind farm power output calculation, which has high estimation accuracy 

and without increase CPU time dramatically. Besides, they re-evaluated the power output 

of the optimized layouts by using different wind resource samples and found 1° gives a 

more consistent power output improvement. However, the uncertainty of wind farm 

power output estimation was not considered in their study. Due to the wind resource is 

randomly generated, the estimated power output is different in each simulation. They 

only calculated the power output of the original wind farm one time and the analyze is 

not convincing enough. The stability analysis for the estimated wind farm power output 

should be considered. The computing time of wind farm layout optimization with 

different wind direction segment sizes was not considered in their work. In addition, wind 

https://scholar.google.com/citations?user=XOg_DwcAAAAJ&hl=en&oi=sra
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farms with different sizes were not investigated when making recommendations. The 

wind direction segment size should be selected by evaluating different aspects in the 

optimization process.  

2.3 Wake effect model 

Modeling the wind turbine wake effect is essential to calculate the wind speeds at 

wind turbines. As mentioned in Section 1.4, the wind turbine wake is separated to near 

wake region and far wake region. Researches on the near wake region often focus on the 

performance and physical process of power extraction, whereas researches on the far 

wake region aim to the mutual influence when wind turbines are placed in clusters, like 

wind farms [43]. In wind farm layout optimization problem, normally the safe distance 

between two wind turbines is farther than the near wake distance. Therefore, only far 

wake region is considered in wind farm layout optimization. 

The wind speed deficit by wake effect can be expressed by analytic models and 

computational models [44]. The analytical models follow the law of conservation of 

momentum. They ignored the initial wake effect expanding region and the change of 

turbulence intensity behind the wind turbine [14]. Jensen’s model [45], Larsen’s model 

[46], and Frandsen’ model [47] are famous analytical models. These three models are 

shown in Figure 2.2, Figure 2.3, Figure 2.4, respectively [48], which will be explained 

later. The computational models based on computational fluid dynamic (CFD) aims at 

solving fluid flow equations to obtain wake velocity field [14], which has a high 

computational complexity.  
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Figure 2.2 Jensen’s model [48] 

 

Figure 2.3 Larsen’s model [48] 
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Figure 2.4 Frandsen’s model [48] 

Jensen’s model is the most widely used wake effect model in wind farm layout 

optimization [27][25][40]. It is one of the most classical wake effect models, which is 

proposed by N. O. Jensen in 1983 [45] and modified later by Katic et al. [49]. Figure 2.2 

shows Jensen’s model. The wake behind the wind turbine spreads like a cone. Jensen’s 

model is concerned with a single wind turbine. The multiple wake effect models applied 

to wind farm layout optimization can be derived from Jensen’s model [30][25]. The wind 

speed deficit at the downstream wind turbine is the root sum square of single wind speed 

deficit by Jensen’s model.  

Larsen’s model is based on the Prandtl turbulent boundary layer equations [14].  The 

axis-symmetric form of Reynolds-averaged Navier-Stokes equations is considered in 

Larsen’s model using the first and second order approximations [13]. As shown in Figure 

2.3, the flow behind the wind turbine is assumed symmetric on axis but does not spread 

linearly. The wake expands and diminishes gradually with the increase of distance behind 

the wind turbine.  

𝑣0 𝑣0 𝑣0 

𝑣 𝑣𝑖 
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Frandsen’s model considers the initial flow around and through the wind turbine [27]. 

It follows the conservation of momentum law, similar to Jensen’s model. Figure 2.4 

shows the wake expansion of Frandsen’s model. The wake area equals to the cylinder 

cross-section area and the wind speed is the same on the horizontal axis [48].  

Gaussian-based model is another widely used wake effect model in recent years 

[44][41]. Figure 2.5 shows the Gaussian-based model. Bastankhah and Porté-Agel [44] 

investigated wind turbine wake effect by proposing a new model with the wind speed 

deficit in the wake region followed a Gaussian distribution. Their study showed the wind 

speed deficit by Gaussian distribution is acceptable with the computational fluid dynamic 

simulations. Later, the Gaussian-based model was applied in wind farm layout 

optimization by Parada et al. [41]. They implemented the Gaussian-based model to a 

wind farm with three conditions: constant wind speed and direction, constant wind speed 

and variable wind direction, and variable wind speed and direction as shown in Grady’s 

work [27] and compared the results. They found that the Gaussian-based model showed 

robust performance in optimization result. However, for complex wind farm conditions, 

the Gaussian-based model cannot lead to greater efficiency on optimization. 

 

Figure 2.5 Gaussian based model 
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Except for the wake effect models mentioned above, another type of wake effect 

model considers the complex terrain. Sun and Yang [50] proposed a three-dimensional 

wake effect model based on the flow flux conservation law. The three-dimensional wake 

model can describe the spatial distribution of wind speed effectively and provide 

theoretical contribution to the single wake effect study. The three-dimensional wake 

effect model was extended by Sun et al. [51] from single wind turbine wake to multiple 

wind turbines wake. By comparing the analytical results with the observed wind speed, 

their model showed good accuracy at far wake positions on horizontal axis. For the 

vertical direction, the proposed wake model had better predictions on high positions than 

near-ground positions. Brogna et al. [52] proposed a wake model applied to complex 

terrain by developing the Gaussian-based model from two dimensions to three 

dimensions. The centerline of the Gaussian shaped model will change based on the 

streamline behind the wind turbine. Their method of developing the Gaussian-based 

model can also be applied to other wake effect models and optimizes the wind farm with 

complex terrain.  

2.4 Wind turbine power curve 

In order to evaluate the amount of power a wind farm generates, the power output of 

each wind turbine in the wind farm needs to be estimated.  According to the kinetic 

energy formula, the power output of a wind turbine is dependent on the wind speed at the 

wind turbine [33]. Wind turbine power curve is used to illustrate the relationship of the 

wind speed and power output. Normally, the power curve is divided into two categories: 

deterministic and probabilistic. The deterministic power curve builds a fixed relationship 

between the wind speed and the corresponding power output [32]. The probabilistic 

power curve shows the status of power generation under given wind speeds in a time 

period.  

Deterministic power curves can be further classified into parametric and non-

parametric [53]. The parametric power curves are continuous and fitted by the raw wind 

speed and power output data, such as polynomial power curve, cubic power curve, 

approximate cubic power curve and exponential power curve [54]. Usually, these curves 

are fitted by least squares method by minimizing the sum squares of the residuals 
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between estimated power output and the observed power output. Typical non-parametric 

models include bins methods [55] and artificial neural network models [56].  

The probabilistic power curve estimates wind speeds considering the uncertainty of 

power output. Jin and Tian [57] proposed a dynamic power curve. They assumed that 

wind turbine will generate random power output at the given wind speed. The power 

output at the given wind speed is characterized by mean and a constant standard deviation 

of the power output at this wind speed. Yan et al. [32] used Gaussian density function 

with a stochastic standard deviation to represent the difference between the observed and 

fitted power output at different wind speeds. The random power output is generated by 

Monte Carlo simulation. Compared with the deterministic model, the probabilistic model 

is more difficult to fit and requires a higher CPU time. 

In wind farm layout optimization, the power curve was applied on wind energy 

estimation [58] and wind turbine selection [18]. The deterministic power curve is clear 

and concise to show the dependency of wind speed and power output. The probabilistic 

power curve is more complex than the deterministic one, which will increase the 

computational complexity significantly. Wind farm layout optimization usually requires a 

large number of evaluations of layouts to get the final optimal layout. Using probabilistic 

power curve will likely make the wind farm layout optimization computationally 

impossible. Therefore, the deterministic power curve is more frequently used in wind 

farm layout optimization than its counterpart. 

2.5 Objective functions 

Two objective functions are widely used in wind farm layout optimization: 

maximizing the average power output (APO) of the wind farm [25] and minimizing the 

cost of energy (CoE) [40].  

The first objective aims to maximize the APO of the wind farm by optimizing the 

wind farm layout. Wind farm projects use the annual energy production (AEP) to 

estimate the overall electrical energy that the wind farm can produce in a year [18]. AEP 

is the product of hours of a year and the average power output of the wind farm. The 

result is measured in kilowatt-hour or megawatt-hour. Maximizing AEP is identical to 
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maximizing the APO of the wind farm. However, maximizing the APO of a wind farm is 

not an appropriate objective function when the number of wind turbines is undecided. 

Installing more wind turbines on the wind farm can generate higher power output in total. 

But, the cost will also increase. Therefore, the second objective is more suitable in wind 

farm layout optimization when the number of wind turbines is variable. 

The second objective is to minimize the CoE of the wind farm. The CoE was first 

proposed by Mosetti et al. [26], in which the cost only depends on the quantity of 

turbines in the wind farm. Later, researchers [59][29]  proposed to consider more factors 

concerned with wind farm cost in the CoE. Chen [59] considered Jobs and Economic 

Development Impact (JEDI) and used the wind farm cost data in Texas, USA. The CoE 

became more practical as JEDI involves the cost on wind farmland lease, labor and job 

market. Chen and MacDonald [29] considered maintenance, replacement overhaul and 

landowner remittance cost in the CoE. The levelized cost of energy (LCoE) is also used 

in wind farm financial evaluation [60]. The LCoE estimates the mean cost of energy 

throughout the lifetime of a wind farm [61]. The LCoE considers cost incurred in the 

initial cost, operation and maintenance cost and variable cost such as fuel cost and tax 

cost in each year. The discount rate is an important coefficient in the LCoE function, 

which is the interest rate of how much the future cash flow is at present. Izquierdo-Pérez 

et al. [60] applied LCoE function in wind farm layout optimization problem. The LCoE is 

more useful for the financial evaluation of a real wind farm. The difficulty for 

implementing the LCoE model is the need of the real cost data and other corresponding 

coefficients such as the discount rate, which may be hard to collect. 

Some studies consider more factors in addition to wind resources in the objective 

function of wind farm layout optimization. Chen et al. [28] considered the noise level and 

the lease soft cost of the wind farm in the CoE function. Their work used the real house 

locations and aimed to minimize the CoE of the wind farm with the participation of 

landowners. They also incorporated the relationship of the noise level and corresponded 

probabilistic compensation of the landowners. Chen and MacDonald [29] minimized the 

LCoE of the wind farm together with the landowner participation rate. Chowdhury et al. 

[18] provided an optimal decision-making strategies on both wind turbine position 
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selection and type selection. Their optimal solutions aimed to minimize the CoE of the 

wind farm. 

There are some other studies focus on the trade-off between multiple objectives in 

wind farm layout optimization. Wang et al. [30] proposed a strategy to optimize the wind 

farm layout by trading off the average and variance of the wind farm power output. They 

used the weighted optimization and confidence interval optimization on the objective 

function respectively. The two optimizations are compared in terms of the performance 

on trading off the wind farm power output and the power variance. Mittal et al. [62] 

proposed a strategy on another multi-object problem: maximizing AEP and minimizing 

noise. Their work provided alternative solutions of a trade-off between energy and noise 

to the decision maker.  

The solutions of wind farm layout optimization will change based on different factors 

and objectives. Considering more factors and objectives will be closer to the real 

situations, but it also requires more corresponding data and sometimes it might be 

difficult. The comprehensive studies are useful guidelines for wind farm design. 

2.6 Optimization process 

In the optimization process, we first select a design method for the wind farm layout, 

and then optimize the layout by an optimization algorithm.  

The  design methods can be mainly classified to the grid method [27][41][63] and the 

unrestricted coordinate method [18][31][64]. The grid method separates the wind farm to 

many square grids with equal sizes. The wind turbine can only be placed at the center of 

the grid. The unrestricted coordinate method, or coordinate method, places the wind farm 

into the Cartesian coordinate system. Wind turbines can be freely placed at any position 

in the wind farm. The positions where wind turbines can be placed are restricted by the 

grid method. Therefore, the coordinate method is superior to the grid method on the 

optimization accuracy and best fitness result. However, the optimization efficiency 

should also be studied to evaluate these two methods comprehensively. Wang et al. [40] 

compared the grid method with three grid densities (i.e., 10×10, 20×20 and 50×50) and 

unrestricted coordinate method on a square wind farm. They found that the optimized 
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result by the grid method with high grid density was closer to the optimized result by the 

coordinate method. However, the CPU time also increased significantly. The grid method 

and coordinate method on wind farm with irregular shape was compared later in [23]. 

The result showed the wind farm power output of the optimized layout by the high-

density grid method was close to the result by the coordinate method.  

The optimization algorithms can be divided into gradient-based and gradient-free 

algorithms [52]. The gradient-based algorithm needs the derivative information. The 

drawback of the gradient-based algorithm is that the optimization tends to fail if the 

objective function is too complicated. In addition, it needs a good initial guess; otherwise, 

it will be hard to converge or be trapped in a local minimizer. Wind farm layout 

optimization has high complexity on variable numbers and iterative evaluations of wind 

speeds. Therefore, applying gradient-based algorithms to this problem is not preferred. 

Various gradient-free algorithms have been applied to the wind farm layout optimization 

problem, such as Genetic Algorithm [26][27], Random Search Algorithm [25], Simulated 

Annealing [65] and Particle Swarm Algorithm [66][67]. Brogna et al. [52] compared 

eight commonly used optimization algorithms in their study on a wind farm with a 

complex terrain. Among them, six are gradient-free and two are gradient-based. Although 

all algorithms in their study improved the wind farm layout, the gradient-free algorithms 

performed better than gradient-based algorithms in general. The result showed gradient-

based algorithms required higher computation time on one computing iteration compared 

with gradient-free algorithms. The optimization results by gradient-based algorithms 

were also worse than gradient-free algorithms. In addition, they found the Random 

Search Algorithm got the best optimization result for their target wind farm.  

In summary, wind farm layout optimization is a complex problem. The problem is 

formulated by sections in this chapter. Models and methods used to solve wind farm 

layout optimization are reviewed in each section. In the next chapter, detailed models and 

methodologies used in this thesis will be introduced, including the proposed approach for 

wind direction segment size selection in wind farm layout optimization. 

 

 



25 
 

Chapter 3  

Models and Methodologies 

In this chapter, the detailed models to calculate the wind farm power output will be 

introduced. The objective functions and optimization algorithm will be explained. 

Besides, the approach for wind direction segment size selection in wind farm layout 

optimization will be proposed. Section 3.1 introduces the wind resource model. Section 

3.2 presents the position model, which is not explained clearly in most of wind farm 

layout optimization studies. Section 3.3 explains the wake effect model used in this study. 

Section 3.4 presents the power output model. Section 3.5 defines two objective functions 

of wind farm layout optimization. Section 3.6 explains the algorithm used in optimization 

process. Section 3.7 proposes the approach for selecting proper wind direction segment 

sizes in wind farm layout optimization. The last section is the summary. 

3.1 Wind resource model 

An appropriate wind resource model has high accuracy on wind farm power output 

estimation [25]. The wind resource involves wind speed and wind direction. Many 

studies simplify the wind resource to wind with constant speed and fixed direction, or 

wind with constant speed and variable directions [26][27]. The wind resource is modeled 

idealized in the simplified cases, which will lead to a great error on the estimated result of 

wind farm power output. In a real wind farm, wind speed and direction are changing 

continuously. Therefore, an appropriate wind resource model should be capable to show 

the variation of wind speed and direction in the wind farm. 

In this thesis, the sector-wise Weibull distribution [24] will be used to characterize the 

wind resource. Wind direction from 0° to 360 ° is separated to 𝑘 segments with equal 

segment size. The wind direction distribution is represented by the proportion of wind 

direction for each segment. The proportion of wind direction 𝛽𝑘  for 𝑘 -th segment is 

represented by 𝑝𝑘 . The wind speed occurring in each wind direction segment is 

approximated by the Weibull distribution. Weibull distribution is widely used in wind 
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speed analysis [39] and wind farm layout optimization [23]. The probability density 

function (PDF) of wind speed 𝑣𝑙 occurring at wind direction 𝛽𝑘 is denoted by 𝑓(𝑣𝑙 , 𝛽𝑘), 

where 𝑙 is the step size of wind speed. The expression of 𝑓(𝑣𝑙, 𝛽𝑘) is 

𝑓(𝑣𝑙, 𝛽𝑘) =
𝑏𝑘

𝑎𝑘
(
𝑣𝑙

𝑎𝑘
)
𝑏𝑘−1

𝑒
−(

𝑣𝑙
𝑎𝑘
)
𝑏𝑘

                                   (3.1) 

where 𝑎𝑘 and 𝑏𝑘 are the scale and shape parameter of Weibull distribution at 𝑘-th wind 

direction segment. The simulated wind speed will be the free wind speed of the wind 

farm, which is not affected by the wake of wind turbines. Two assumptions are made for 

wind conditions: 1) The wind direction is the same at any position of the wind farm. 2) 

Wind speed occurs in the same wind direction segment follows the same Weibull 

distribution at any position of the wind farm. Monte Carlo simulation will be used to 

randomly generate the wind speed data following the correlated Weibull distribution. 

3.2 Position model 

Many studies of wind farm layout optimization did not show a clear version on how 

they build the wind farm coordinate system at different wind directions [23][30]. In this 

section, a position model will be presented to indicate the relationship of the wind 

direction and positions of wind turbines.  

The wind direction is supposed to be parallel with the nacelles of all wind turbines in 

the wind farm. In this study, the wind turbine yaw control system will not be considered. 

The wake effect direction only depends on wind direction. In order to absorb the maximal 

energy from wind, the blades of the wind turbine should keep orthogonal with the wind 

direction, which is illustrated in Figure 3.1.   
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Figure 3.1 Wind direction and wind turbine 

The wind farm is put into a coordinate system. The positions of wind turbines are 

represented by coordinates. 𝜃𝑘  is used to represent the wind direction in the position 

model. Suppose that 𝜃𝑘 is 0 degree on negative x-axis. When 𝜃𝑘 equals to 0, the wind 

farm coordinate system is represented by [𝑿, 𝒀]𝑻, where 𝑿 and 𝒀 are two matrices store 

x-coordinates and y-coordinates of wind turbines respectively.  When 𝜃𝑘 is not 0, [𝑿, 𝒀]𝑻 

will be transferred to [𝑿𝒌, 𝒀𝒌]
𝑻 to keep the nacelle of the wind turbine always be aligned 

with 𝜃𝑘. Figure 3.2 is the illustration of the position model. 
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Figure 3.2 Illustration of the position model 

The wind farm coordinate system rotates clockwise with the increase of 𝜃𝑘 . The 

position model for the wind farm is shown below [31]: 

[
𝑿𝒌
𝒀𝒌
] = [

𝑐𝑜𝑠𝜃𝑘 −𝑠𝑖𝑛𝜃𝑘
𝑠𝑖𝑛𝜃𝑘 𝑐𝑜𝑠𝜃𝑘

] [
𝑿
𝒀
]                                          (3.2) 

The measurement of wind direction in the position model is different from that used 

for wind sensors. In the real wind farm, normally the 0-degree wind observed by the wind 

sensor is from North to South, which is denoted by negative y-axis in the coordinate 

system. However, 0-degree wind in the position model is on negative x-axis. Therefore, 

the observed wind direction should be transformed to the calculated direction in the 

position model. Equation (3.3) is the transformation of the observed wind direction 𝛽𝑘 

and the calculated wind direction 𝜃𝑘 in the position model. Both of them are measured in 

radian.  

𝒀𝒌 𝒀 

𝑿 

𝑿𝒌 

𝜃𝑘 
𝑥𝑖 

𝑻𝒊 𝑦𝑖  
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𝜃𝑘 = {
𝛽𝑘 +

3𝜋

2
, 𝛽𝑘 <

𝜋

2

𝛽𝑘 −
𝜋

2
, 𝛽𝑘 ≥

𝜋

2

                                                   (3.3)  

3.3 Wake effect model 

The wake effect model is the key model to calculate the wind farm power output. It 

estimates the wind speed at each wind turbine in the wind farm. In this section, the wake 

effect model will be explained from simple to complex and the process for wind speed 

estimation by wake effect model will be proposed. 

Section 3.3.1 introduces the aerodynamics of wind turbines, which is the foundation of 

the wind turbine wake effect. Section 3.3.2 introduces Jensen’s model, which is the single 

wake effect model in this thesis. Section 3.3.3 explains the wake conditions. Section 3.3.4 

presents the multiple wake effect model. Section 3.3.5 proposes the wind speed 

estimation process by the wake effect model. 

3.3.1 Aerodynamics of wind turbines 

The aerodynamics is important to wind turbines as it explains how wind turbines 

capture energy. The power output generated by the wind turbine depends on the 

interaction of rotor and wind [33]. The aerodynamic forces by the wind determines the 

wind turbine performance such as power output and loads. The analysis of wind turbine 

aerodynamics is not limited to any particular type of wind turbine [33].  

An idealized wind turbine is assumed based on the one-dimensional momentum theory 

[33], which is shown in Figure 3.3. The characteristics of the idealized wind turbine 

involves: steady air flow, no friction during the whole process, and uniform thrust over 

the blades [33]. In this section, the idealized model will be used to analyze the maximum 

energy that the wind turbine can extract from the kinetic energy. In addition, important 

coefficients for wind turbines will also be introduced. 
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Figure 3.3 Idealized wind turbine and air flow 

The mass of air flow passing per unit time is the mass flow rate, which is represented 

by �̇�. According to the conservation of momentum law, the mass flow rate for a constant 

flow in Figure 3.3 can be written as: 

�̇� = 𝜌𝐴1𝑢1 = 𝜌𝐴2𝑢2 = 𝜌𝐴4𝑢4                                    (3.4) 

where 𝐴1 , 𝐴2  and 𝐴4  are the vertical wind cross-section area, 𝑢1 , 𝑢2  and 𝑢4  are wind 

speeds of the idealized wind turbine at indicated locations and 𝜌 is the air density. The 

wind cross-section area at each side of actuator disk is the same, which means 𝐴2 equals 

to 𝐴3. The wind across the rotor disk remains the same speed, which means 𝑢2 equals to 

𝑢3. 

The thrust of wind is the force that the wind acts on the actuator disk. Set ∆𝑢 as the 

difference of 𝑢1 and 𝑢4. According to the momentum theory in fluid dynamics, the thrust  

𝑇 is calculated as: 

𝑇 = �̇� ∙ ∆𝑢 = 𝜌𝐴2𝑢2(𝑢1 − 𝑢4)                                       (3.5) 

The thrust multiplies the wind speed at the actuator disk is the power output of the 

wind turbine. The formula of power output 𝑃 is expressed as: 

𝑢1 

𝐴1 

𝑢2 

𝐴2 

𝑢3 

𝐴3 𝐴4 

𝑢4 

Actuator disk 
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𝑃 = 𝑇 ∙ 𝑢2 = 𝜌𝐴2𝑢2
2(𝑢1 − 𝑢4)                                        (3.6) 

The power output of the idealized wind turbine can also be represented by the energy 

absorbed in a unit time, which is written as: 

𝑃 =
1

2
𝑚𝑢1

2−
1

2
𝑚𝑢4

2

∆𝑡
=

1

2
�̇�(𝑢1

2 − 𝑢4
2) =

1

2
𝜌𝐴2𝑢2(𝑢1

2 − 𝑢4
2)                    (3.7) 

By equating Equation (3.6) and Equation (3.7), the following relationship of 𝑢1, 𝑢2 

and 𝑢4 can be obtained: 

 𝑢2 =
𝑢1+𝑢4

2
                                                         (3.8) 

The axial induction factor 𝑎 is the fractional decrease between 𝑢1 and 𝑢2 , which is 

given by [33]: 

𝑎 =
𝑢1−𝑢2

𝑢1
                                                         (3.9) 

By substituting Equation (3.8) into Equation (3.9), the expressions of 𝑢2 and 𝑢4 are 

shown in Equations (3.10) and (3.11). Equations (3.10) and (3.11) can also be obtained 

by applying Bernoulli function to the idealized wind turbine model. The detailed process 

can be found in [33]. 

𝑢2 = 𝑢1(1 − 𝑎)                                                 (3.10) 

𝑢4 = 𝑢1(1 − 2𝑎)                                                (3.11) 

By substituting Equations (3.10) and (3.11) into Equation (3.6), the expression of 𝑃 

can be obtained:   

𝑃 =
1

2
𝜌𝐴2𝑢14𝑎(1 − 𝑎)

2 =
1

2
𝜌𝐴0𝑈4𝑎(1 − 𝑎)

2                         (3.12) 

where the power output is represented by 𝜌, 𝐴0, 𝑈 and 𝑎.  𝐴0 is the wind turbine rotor 

swept area, which is the same as 𝐴2. 𝑈 is the free stream wind speed, which is the same 

as 𝑢1.  

The power in the wind 𝑃𝑤 is the kinetic energy per unit time of the free wind stream, 

which is given by: 

𝑃𝑤 =
1

2
𝜌𝐴0𝑈

3                                                   (3.13) 



32 
 

Generally, the performance of wind turbine rotor is characterized by the power 

coefficient 𝐶𝑝  [33]. The power coefficient shows the power transfer efficiency of the 

wind turbine. It represents the fraction of the power in the wind that is extracted by the 

wind turbine [33]. The power coefficient 𝐶𝑝 is expressed as: 

𝐶𝑝 =
𝑃

𝑃𝑤
=

1

2
𝜌𝐴0𝑈4𝑎(1−𝑎)

2

1

2
𝜌𝐴0𝑈3

= 4𝑎(1 − 𝑎)2                             (3.14) 

According to Betz law, the maximal mechanical energy that the wind turbine can 

transform from the kinetic energy is 59.3% of the kinetic energy. The theory can be 

proved by Figure 3.4, which shows the relationship of 𝑎 and 𝐶𝑝. When 𝑎 is 1/3, 𝐶𝑝 gets 

the maximum value 0.593. The power coefficient is unique to different types of wind 

turbines. The value of 𝐶𝑝 depends on the design of blades and tip angle [54]. No wind 

turbine can generate electrical energy more than 59.3% of the kinetic energy. We can 

only get close to the maximum 𝐶𝑝 as much as possible by proper wind turbine design. 

 

Figure 3.4 Relationship of power coefficient 𝐶𝑝 and 𝑎 

The thrust 𝑇 on the actuator disk can be obtained by substituting Equations (3.10) and 

(3.11) into Equation (3.5): 
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𝑇 =
1

2
𝜌𝐴2𝑢1

24𝑎 =
1

2
𝜌𝐴0𝑈

24𝑎(1 − 𝑎)                             (3.15) 

where 𝐴2 is replaced by 𝐴0 and 𝑢1 is replaced by 𝑈.  

The dynamic force of the wind 𝐹 equals to the dynamic pressure 𝑝 multiplies the rotor 

swept area 𝐴, which is written as: 

𝐹 = 𝑝𝐴 =
1

2
𝜌𝑈2𝐴0                                                  (3.16) 

The thrust coefficient 𝐶𝑡 is another important coefficient for a wind turbine. The thrust 

coefficient 𝐶𝑡  is the proportion of the thrust force on the wind turbine 𝑇 and dynamic 

force of the wind 𝐹. The expression of 𝐶𝑡 is shown in Equation (3.17). The maximum 𝐶𝑡 

is 1 when 𝑎 is 0.5. 

𝐶𝑡 =
𝑇

𝐹
=

1

2
𝜌𝐴0𝑈

24𝑎(1−𝑎)

1

2
𝜌𝑈2𝐴0

= 4𝑎(1 − 𝑎)                                  (3.17) 

Next section we will introduce Jensen’s model, which is derived from wind turbine 

aerodynamics.  

3.3.2 Single wake effect 

Jensen’s model is the most widely used single wake effect model. It is proposed by 

Jensen [45] in 1983. The single wake effect means a downstream wind turbine is only in 

the wake effect area generated by one upstream wind turbine. Jensen’s model assumes 

that the wake expands linearly like a cone behind the rotor. Besides, it ignores the near 

wake region. The top view of Jensen’s model is shown in Figure 3.5, in which 𝑗 is the 

upstream wind turbine and 𝑖 is the downstream wind turbine. 



34 
 

 

Figure 3.5 Top view of Jensen’s model 

Wind turbine 𝑖 and 𝑗 are denoted by 𝑇𝑖  and 𝑇𝑗  respectively. In Figure 3.5, 𝑥𝑖𝑗  is the 

axial distance between 𝑇𝑗 and 𝑇𝑖,  𝑟0 is the rotor radius of 𝑇𝑗 and 𝑇𝑖, 𝑟𝑖𝑗 is the wake radius 

at the position of 𝑇𝑖, 𝑣0 is the free wind speed, 𝑣 is the wind speed behind the rotor of  𝑇𝑗 

and 𝑣𝑖𝑗 is the wind speed at 𝑇𝑖. The expression for the law of conservation of momentum 

for 𝑇𝑖 and 𝑇𝑗 is given below: 

𝜋𝑟0
2𝑣 + 𝜋(𝑟𝑖𝑗

2 − 𝑟0
2)𝑣0 = 𝜋𝑟𝑖𝑗

2𝑣𝑖𝑗                                    (3.18) 

The wake radius 𝑟𝑖𝑗 is written as: 

𝑟𝑖𝑗 = 𝑟0 + 𝛼𝑥𝑖𝑗                                                   (3.19) 

where 𝛼 is the dimensionless scalar or called decay constant [14]. It shows the wake 

effect spreading condition with the growth of distance. The decay constant 𝛼  is 

dependent on the wind turbine height 𝑧  and wind turbine location surface roughness 

length 𝑧0. The expression of 𝛼 is given as [68]: 

𝛼 =
0.5

𝑙𝑛(
𝑧

𝑧0
)
                                                         (3.20) 

α 

𝑖 𝑗 

𝑣0 𝑣𝑖𝑗 𝑣 

𝑟𝑖𝑗 

𝑥𝑖𝑗 

𝑟0 
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A surface is rougher if it has more protrusions. Kollwitz [69] summarized the terrain 

classification and corresponding decay constant 𝛼 , which is shown in Table 3.1. 

Normally people use 0.075 and 0.04 as the value of 𝛼 for onshore and offshore wind 

farms respectively [14]. It may have a slight difference based on the specific terrain of the 

wind farm area. In this study, the target wind farm is a flat onshore wind farm, so 0.075 

will be used as the decay constant.  

Table 3.1 Terrain classification and the corresponding decay constant [69] 

Terrain classification Decay constant value 

Offshore 0.040 

Mixed water and land 0.052 

Open farmland 0.075 

Trees and farmland 0.092 

Forests and villages 0.100 

Large towns and cities 0.108 

Large build up cities 0.117 

 

As explained in Section 3.3.1, 𝑣 can be represented by 𝑎 and 𝑣0, which is given by: 

𝑣 = (1 − 2𝑎)𝑣0                                                  (3.21) 

By substituting Equations (3.17), (3.19) and (3.21) into Equation (3.18), the 

expression of the wind speed at 𝑇𝑖  is obtained. Equation (3.22) is the estimated wind 

speed 𝑣𝑖𝑗 by Jensen’s model. 

𝑣𝑖𝑗 = 𝑣0 − 𝑣0(1 − √1 − 𝐶𝑇) (
𝑟0

𝑟0+𝛼𝑥𝑖𝑗
)
2

                             (3.22) 

In Jensen’s model, the downstream wind speed is dependent on the free wind speed, 

thrust coefficient, rotor radius, decay constant and the axial distance between the 
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upstream and downstream wind turbines. Jensen’s model is a single wake effect model. 

The downstream wind turbine is only affected by the wake of an upstream wind turbine. 

Moreover, the downstream wind turbine is fully in the wake region of the upstream wind 

turbine. However, in a real wind farm, the downstream wind turbine may not always be 

completely in a wake area. The positions of wind turbines and the change of wind 

direction will affect the wake conditions at wind turbines in the wind farm. Therefore, 

different wake conditions should be considered in Jensen’s model.  

3.3.3 Wake conditions  

The wake condition reflects the overlapped area of the wake are and wind turbine 

rotor swept area. In Jensen’s model, the rotor swept area of a downstream wind turbine is 

completely in the wake region of an upstream wind turbine, which is under an idealized 

wake condition. The wake conditions can be divided into three categories: complete wake, 

partial wake and no wake. Assuming 𝑇𝑗  and 𝑇𝑖  are upstream and downstream wind 

turbines respectively, Figure 3.6 shows the front views of three wake conditions that 𝑇𝑗 

may generates on 𝑇𝑖. 

 

Figure 3.6 Front views of wake conditions  

In Figure 3.6, the grey area is the vertical-section of wake area generated by 𝑇𝑗 at the 

position of 𝑇𝑖 and the blue area is the rotor swept area of𝑇𝑖. The explanation of three 

wake conditions are as follows: 

𝐿𝑖𝑗 

𝑙𝑖𝑗 

𝑇𝑖 ℎ 

𝑟𝑖𝑗 
𝑟0 
𝑇𝑗 

𝑟𝑖𝑗 

𝑇𝑗 

𝑟0 

𝑇𝑖 
𝑟𝑖𝑗 

𝑇𝑗 

𝑟0 
𝑇𝑖 

Complete wake Partial wake No wake 
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• Complete wake: 𝑇𝑖 is fully covered by the wake generated by 𝑇𝑗; 

• Partial wake: only partial wake generated by 𝑇𝑗 overlaps the rotor swept area of 𝑇𝑖; 

• No wake: 𝑇𝑖 is not in the wake region of 𝑇𝑗. 

Jensen’s model considers the wake conditions is written as [68]: 

𝑣𝑖𝑗 = 𝑣0 − 𝑣0(1 − √1 − 𝐶𝑇) (
𝑟0

𝑟0+𝛼𝑥𝑖𝑗
)
2

(
𝐴𝑖𝑗

𝐴0
)                         (3.23) 

where 𝐴0 is the rotor swept area and 𝐴𝑖𝑗  is the overlapped area of the wake and rotor 

swept area. The wind speed deficit ratio is represented by the proportion of 𝐴𝑖𝑗 and 𝐴0. 

The expression for three wake conditions are different. For the complete wake and no 

wake conditions, 𝐴𝑖𝑗 equals to 𝐴0 and 0 respectively. For the partial wake condition, the 

overlapped area is denoted by 𝐴𝑠ℎ𝑎𝑑𝑜𝑤. Set 𝐿𝑖𝑗 as the transversal distance between 𝑇𝑖 and 

𝑇𝑗, the expression of 𝐴𝑖𝑗 for three wake conditions is written as: 

𝐴𝑖𝑗 = {

𝜋𝑟0
2, 𝐿𝑖𝑗 ≤ 𝑟𝑖𝑗 − 𝑟0

𝐴𝑠ℎ𝑎𝑑𝑜𝑤, 𝑟𝑖𝑗 − 𝑟0 < 𝐿𝑖𝑗 < 𝑟0 + 𝑟𝑖𝑗
0, 𝐿𝑖𝑗 ≥ 𝑟0 + 𝑟𝑖𝑗

                           (3.24)                  

Figure 3.7 (a) and (b) are the top view and front view of partial wake effect. 𝑇𝑖 is in 

the partial wake of 𝑇𝑗 when the wind direction is 𝜃. The red area in Figure 3.7 (b) is the 

overlapped area 𝐴𝑠ℎ𝑎𝑑𝑜𝑤. The expression of the overlapped area 𝐴𝑠ℎ𝑎𝑑𝑜𝑤 is: 

𝐴𝑠ℎ𝑎𝑑𝑜𝑤 = 𝑟𝑖𝑗
2 𝑎𝑟𝑐𝑐𝑜𝑠

𝑙𝑖𝑗

𝑟𝑖𝑗
+ 𝑟0

2 𝑎𝑟𝑐𝑐𝑜𝑠
𝐿𝑖𝑗−𝑙𝑖𝑗

𝑟0
 −

1

2
𝐿𝑖𝑗ℎ𝑖𝑗                        (3.25) 
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              (a) Top view                                                          (b) Front view  

Figure 3.7 Two views of partial wake effect 

According to Heron’s formula for calculating the area of a triangle, the following 

equations can be obtained: 

𝑝𝑠 =
𝑟𝑖𝑗+𝑟0+𝐿𝑖𝑗

2
                                                   (3.26) 

𝑆∆𝑇𝑖𝑃𝑇𝑗 = √𝑝𝑠(𝑝𝑠 − 𝑟𝑖𝑗)(𝑝𝑠 − 𝑟0)(𝑝𝑠 − 𝐿𝑖𝑗)                                (3.27) 

ℎ𝑖𝑗 =
4𝑆∆𝑇𝑖𝑃𝑇𝑗

𝐿𝑖𝑗
                                                     (3.28) 

𝑙𝑖𝑗 = √𝑟𝑖𝑗
2 −

ℎ𝑖𝑗
2

4
                                                   (3.29) 

where 𝑝𝑠  is the semi-perimeter of ∆𝑇𝑖𝑃𝑇𝑗  and 𝑆∆𝑇𝑖𝑃𝑇𝑗  is the area of ∆𝑇𝑖𝑃𝑇𝑗 . By 

substituting Equations (3.26), (3.27), (3.28) and (3.29) to Equation (3.25), the expression 

of partial wake area 𝐴𝑠ℎ𝑎𝑑𝑜𝑤 can be obtained: 

𝜃 

𝑟𝑖𝑗 

𝐿𝑖𝑗 

𝑥𝑖𝑗 

𝑇𝑗 

𝑇𝑖 𝑙𝑖𝑗 

𝐿𝑖𝑗 

𝑟𝑖𝑗 𝑟0 

Wake area Rotor swept 
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𝐴𝑠ℎ𝑎𝑑𝑜𝑤 = 𝑟𝑖𝑗
2 𝑎𝑟𝑐𝑐𝑜𝑠

𝐿𝑖𝑗
2 + 𝑟𝑖𝑗

2 − 𝑟0
2

2𝐿𝑖𝑗𝑟𝑖𝑗
+ 𝑟0

2 𝑎𝑟𝑐𝑐𝑜𝑠
𝐿𝑖𝑗
2 + 𝑟0

2 − 𝑟𝑖𝑗
2

2𝐿𝑖𝑗𝑟0
 

−
1

2
√(𝑟𝑖j + 𝑟0 + 𝐿𝑖𝑗)(−𝑟𝑖j + 𝑟0 + 𝐿𝑖𝑗)(𝑟𝑖j − 𝑟0 + 𝐿𝑖𝑗)(𝑟𝑖j + 𝑟0 − 𝐿𝑖𝑗)        (3.30) 

In summary, the wake effect is divided into three conditions: complete wake, partial 

wake and no wake. Three wake conditions have different wake effect overlapped areas, 

which will affect the wind speed at the downstream wind turbine. The single wake effect 

model is improved by considering wake conditions, which is more suitable to show the 

wake that one wind turbine may affect on another. However, in a real wind farm, a wind 

turbine might be in the wake effect area by several other wind turbines simultaneously. In 

the next section, multiple wake effect on the wind turbine will be considered. 

3.3.4 Multiple wake effects  

Jensen’s model is used to estimate the downstream wind speed affected by only one 

wake region. However, wake effect in real farms is much more complex. One wind 

turbine might be affected by several wake of other wind turbines, which is called multiple 

wake effects. Figure 3.8 is an example of multiple wake effects in a wind farm. The 

status of eight wind turbines in the sample wind farm is shown below:  

• 𝑇1, 𝑇2, 𝑇3 and 𝑇4 are facing free wind stream 𝑣0, which are wake-free; 

• 𝑇5 is in the single wake region of 𝑇2; 

• 𝑇6 is in the wake regions of 𝑇1 and 𝑇2; 

• 𝑇7 is in the wake regions of 𝑇3 and 𝑇4; 

• 𝑇𝑖 is affected by the wake of 𝑇1, 𝑇2, 𝑇3 and 𝑇5. 
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Figure 3.8 Multiple wake effects in a wind farm 

The wind speed deficit at 𝑇𝑖  affected by the single wake of 𝑇𝑗  is denoted by 𝐷𝑒𝑓𝑖𝑗 , 

which is written as: 

𝐷𝑒𝑓𝑖𝑗 = 𝑣0 − 𝑣𝑖𝑗        𝑗 ∈ [1, 𝑛], 𝑖 ≠ 𝑗                               (3.31) 

where 𝑣0 is the free wind speed, 𝑣𝑖𝑗  is the wind speed at 𝑇𝑖  affected by 𝑇𝑗  and 𝑛 is the 

total number of wind turbines in the wind farm.  

The multiple wake effects is the combination of several single wake effects [14]. The 

wind speed deficit at 𝑇𝑖 by multiple wake effects is the root sum square of single wind 

speed deficit, which is given by 𝐷𝑒𝑓̅̅ ̅̅
�̅� in Equation (3.32). 

𝐷𝑒𝑓̅̅ ̅̅
�̅� = √∑ 𝐷𝑒𝑓𝑖𝑗

2𝑛
𝑗=1        𝑗 ∈ [1, 𝑛], 𝑖 ≠ 𝑗                             (3.32) 

The wind speed 𝑣𝑖 at 𝑇𝑖 affected by multiple wake equals to the free wind speed 𝑣0 

minus 𝐷𝑒𝑓̅̅ ̅̅
�̅�. Based on Jensen’s model with considering the wake conditions, the multiple 

wake effect model is given below [25]:     
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𝑣𝑖 = 𝑣0 − 𝐷𝑒𝑓̅̅ ̅̅
�̅� = 𝑣0 − 𝑣0(1 − √1 − 𝐶𝑇(𝑣0)) (

𝑟0
2

𝐴0
)√∑ (

𝐴𝑖𝑗

(𝑟0+𝛼|𝑥𝑖𝑗|)
2)

2

𝑛
𝑗=1       (3.33) 

where 𝐶𝑇(𝑣0)  is the trust coefficient at wind speed 𝑣0 , and 𝑣i  is the wind speed at 𝑇𝑖 

affected by multiple wake.  

The multiple wake effect model is suitable on simulating wind speeds at wind turbines 

in the wind farm. The multiple wake effect model will be applied to estimate wind speeds 

in the wind farm. In the next section, the detailed process of estimating wind speeds at 

wind turbines in a wind farm by wake effect model will be explained. 

3.3.5 Wind speed estimation process by wake effect model 

The wind speed estimation is a critical process in wind farm layout optimization. The 

free wind speed, positions of wind turbines and wind direction will affect the estimated 

wind speed at each wind turbine.  

Figure 3.9 is the flow chart of wind speed estimation process for 𝑇𝑖 by wake effect 

model. Suppose 𝑛 is the total number of wind turbines in the target wind farm, 𝑇𝑖 is the 

target wind turbine for estimating the wind speed and 𝑇𝑗 represents another wind turbine 

in the wind farm with 𝑗 = [1, 2, 3, … 𝑛]. The wind speed and direction of the wind farm 

are 𝑣𝑙  and 𝛽𝑘  respectively, which are generated by the wind resource model. The free 

wind speed 𝑣0  in wake effect model equals to 𝑣𝑙 . The layout of the wind farm is 

represented by [𝑿𝒌, 𝒀𝒌]
𝑻 . The coordinates of 𝑇𝑖  and 𝑇𝑗  are (𝑥𝑖, 𝑦𝑖)  and (𝑥𝑗 , 𝑦𝑗) 

respectively. The coordinate distance of 𝑇𝑖  and 𝑇𝑗  on x-axis is denoted by 𝑥𝑖𝑗  and the 

absolute distance of 𝑇𝑖 and 𝑇𝑗 on y-axis is denoted by 𝐿𝑖𝑗, which are given by: 

𝑥𝑖𝑗 = 𝑥𝑖 − 𝑥𝑗                                                    (3.34) 

𝐿𝑖𝑗 = |𝑦𝑖 − 𝑦𝑗|                                                   (3.35) 
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Figure 3.9 Flow chart of wind speed estimation process by wake effect model 
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Following steps are the detailed explanation for the process in Figure 3.9: 

Step 1: Set 𝑗 = 1. 

Step 2: If 𝑖 = 𝑗, go to Step 8. If not, go to the next step. 

Step 3: If 𝑥𝑖𝑗  is not negative, 𝑇𝑗  is not the upstream wind turbine to 𝑇𝑖  and will not 

generate wake effect on 𝑇𝑖. Go to Step 7. If 𝑥𝑖𝑗 is negative, go to the next step. 

Step 4: If the absolute value of  𝑥𝑖𝑗 exceeds the maximum wake effect length, 𝑇𝑖 will not 

be affected by the wake of 𝑇𝑗. Studies show that the wake has the minimal effect on wind 

speed deficit after 10 times rotor diameter (10𝐷) [15]. The air flow is mixing in the far 

wake region and it is found that the wind speed is almost recover when the distance is no 

less than 20𝐷 [70]. Therefore, in this study, the maximum wake effect spreading distance 

is assumed to be 20𝐷. Go to the next step if the absolute value of 𝑥𝑖𝑗is smaller than 20𝐷; 

otherwise, 𝑇𝑖 is not affected by the wake of 𝑇𝑗 and go to Step 7. 

Step 5: If 𝐿𝑖𝑗 < 𝑟𝑖𝑗 + 𝑟0 , 𝑇𝑖  is in the wake region of 𝑇𝑗 . It can be confirmed that 𝑇𝑗 

generates wake effect on 𝑇𝑖. Go to the next step for further judgment. If 𝐿𝑖𝑗 ≥ 𝑟𝑖𝑗 + 𝑟0, 

there is no wake that 𝑇𝑗 generates on 𝑇𝑖. Go to Step 7. 

Step 6: If 𝐿𝑖𝑗 ≤ 𝑟𝑖𝑗 − 𝑟0, 𝑇𝑖 is completely in the wake region of 𝑇𝑗; otherwise, 𝑇𝑖 is in the 

partial wake of 𝑇𝑗. Make a judgement and go to the next step. 

Step 7: Based on the wake condition that 𝑇𝑗 generates on 𝑇𝑖, using Equation (3.23) to 

calculate 𝑣𝑖𝑗 at 𝑇𝑖 affected by 𝑇𝑗. 

Step 8: Set 𝑗 = 𝑗 + 1. 

Step 9: If 𝑗 is greater than the number of wind turbines, go to the next step; otherwise go 

to step 2. 

Step 10: Calculate the wind speed 𝑣𝑖 at 𝑇𝑖 by the multiple wake effect model. 
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With a given wind speed and direction, wind speeds at all wind turbines in the wind 

farm can be calculated following the wind speed estimation flow chart. The estimated 

wind speed will be used to calculate the wind farm power output in the next section. 

3.4 Power output model 

Wind farm power output estimation is an important procedure when designing a wind 

farm. In order to forecast the wind farm power generation capacity, we need to estimate 

the individual wind turbine power output, which is modeled by wind turbine power curve. 

In this section, the wind turbine power curve will be introduced first and then wind farm 

power output model will be explained. 

3.4.1 Wind turbine power curve 

Wind turbine power curve indicates the electrical power output that a turbine can 

generate at various wind speeds. Different types of wind turbines have different power 

curves based on wind turbine properties. Figure 3.10 is a typical wind turbine power 

curve. Suppose 𝑣𝑐𝑢𝑡−𝑖𝑛 is the cut-in wind speed, 𝑣𝑟𝑎𝑡𝑒𝑑 is the rated wind speed, 𝑣𝑐𝑢𝑡−𝑜𝑢𝑡 

is the cut-out wind speed and 𝑃𝑟 is the rated power output. The power curve is divided 

into four regions. In the first region, wind speed is from 0 to 𝑣𝑐𝑢𝑡−𝑖𝑛. The wind turbine 

will not generate available power output. In the second region, wind speed is from 

𝑣𝑐𝑢𝑡−𝑖𝑛 to 𝑣𝑟𝑎𝑡𝑒𝑑. The wind turbine power output grows with the increase of wind speed 

and reaches 𝑃𝑟 at 𝑣𝑟𝑎𝑡𝑒𝑑. In the third region, wind speed is from 𝑣𝑟𝑎𝑡𝑒𝑑 to 𝑣𝑐𝑢𝑡−𝑜𝑢𝑡. The 

wind turbine generates constant power output 𝑃𝑟. In the last region, wind speed is beyond 

𝑣𝑐𝑢𝑡−𝑜𝑢𝑡. The wind speed is too high and the wind turbine will shut down in case of 

breakdown overloaded. 
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Figure 3.10 A typical wind turbine power curve  

The non-linear part of the power curve is denoted by 𝑃𝑤(𝑣𝑖), which is from the cut-in 

wind speed to rated wind speed. In this thesis, 𝑃𝑤(𝑣𝑖) is represented by the cubic power 

curve [54], which is also the most widely used deterministic power curve model. The 

function of cubic power curve is: 

𝑃𝑤(𝑣𝑖) =
1

2
𝜌𝐴0𝑣𝑖

3𝐶𝑝                                             (3.36) 

where 𝜌 is the air density, 𝐴0 is the rotor swept area, 𝑣𝑖  is the wind speed at the wind 

turbine and 𝐶𝑝  is the power coefficient. The cubic power curve follows the Betz law 

explained in Section 3.1.1. Suppose 𝑃𝑇𝑖(𝑣𝑖) is the power output of 𝑇𝑖, the power curve of 

𝑇𝑖 is given in Equation (3.37). 𝑃𝑇𝑖(𝑣𝑖) will be used to estimate the power output of wind 

turbines in the wind farm. 

𝑃𝑇𝑖(𝑣𝑖) =

{
 
 

 
 0, 0 ≤ 𝑣𝑖 < 𝑣𝑐𝑢𝑡−𝑖𝑛
1

2
𝜌𝐴0𝑣𝑖

3𝐶𝑝, 𝑣𝑐𝑢𝑡−𝑖𝑛 ≤ 𝑣𝑖 < 𝑣𝑟

𝑃𝑟 , 𝑣𝑟 ≤ 𝑣𝑖 < 𝑣𝑐𝑢𝑡−𝑜𝑢𝑡
0, 𝑣𝑖 ≥ 𝑣𝑐𝑢𝑡−𝑜𝑢𝑡

                                (3.37) 
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3.4.2 Wind farm power output model 

The wind farm power output model is used to calculate the APO of a wind farm. The 

APO of a wind farm in a given time period is the sum of the APO of individual wind 

turbines. As mentioned in Section 3.3.5, 𝑣𝑖 at 𝑇𝑖 is dependent on the free wind speed 𝑣0, 

wind direction 𝛽𝑘  and wind farm layout [𝑿𝒌, 𝒀𝒌]
𝑻 , which can be denoted by 

𝑣𝑖(𝑣𝑙, 𝛽𝑘, [𝑿𝒌, 𝒀𝒌]
𝑻). Suppose the wind resource sample size is 𝑀 and the APO of 𝑇𝑖 is 

represented by �̅�𝑇𝑖. The expression of �̅�𝑇𝑖 is given as:  

�̅�𝑇𝑖 =
1

𝑀
∑ 𝑃𝑇𝑖(𝑣𝑖(𝑣0, 𝛽𝑘, [𝑿𝒌, 𝒀𝒌]

𝑻))𝑀
𝑚=1                             (3.38) 

The APO of a wind farm with 𝑛 wind turbines is represented by 𝑃𝑡𝑜𝑡, which is written 

as: 

𝑃𝑡𝑜𝑡 = ∑ �̅�𝑇𝑖
𝑛
𝑖=1                                                    (3.39) 

The annual energy production (AEP) is a commonly used measurement for the overall 

electrical energy a wind farm can produce in one year [18]. It is the product of hours in 

one year and APO of the wind farm, which is measured in kilowatt-hour or megawatt-

hour. Maximizing AEP is identical to maximizing the APO of the wind farm. Therefore, 

this study will directly maximize the APO, which is also the first objective of wind farm 

layout optimization in this thesis. 

3.5 Objective functions 

In this section, two objective functions for wind farm layout optimization of this thesis 

will be explained. The difference of two objective functions is one is for wind farm 

layout optimization with a fixed number of wind turbines and the other is for that with 

various number of wind turbines. The wind farm in this thesis will be optimized based on 

the two objective functions respectively. 

3.5.1 Objective 1: maximizing the APO of the wind farm  

The first objective is maximizing the APO of the wind farm by optimizing the wind 

farm layout with a fixed number of wind turbines. Based on the wind farm power output 

model in Chapter 3, the first objective function is written as: 
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𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒:   𝑃𝑡𝑜𝑡 = ∑ �̅�𝑇𝑖
𝑛
𝑖=1                                         (3.40)                                  

where 𝑛 is the total number of wind turbines in the wind farm, �̅�𝑇𝑖 and 𝑃𝑡𝑜𝑡 are the APO 

of 𝑇𝑖 and APO of the wind farm in one year respectively. 

The variables of the first objective function are positions of wind turbines, which 

compose the layout of the wind farm. The wind farm in this thesis is considered to be a 

regular shape, which is supposed to be a rectangle. The first objective function is subject 

to the following constraints:   

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:                                         𝑋𝑙𝑏 ≤ 𝑥𝑖 ≤ 𝑋𝑢𝑏                                                               

𝑌𝑙𝑏 ≤ 𝑦𝑖 ≤ 𝑌𝑢𝑏 

√(𝑥𝑖 − 𝑥𝑗)2 + (𝑦𝑖 − 𝑦𝑗)2 ≥ 𝑑𝑚𝑖𝑛       𝑓𝑜𝑟  𝑖, 𝑗 = 1, 2, … , 𝑛   𝑎𝑛𝑑   𝑖 ≠ 𝑗      (3.41)                  

The three constraints guarantee that all wind turbines are placed in the wind farm area 

and keep safe distance between each other. The first and second constraints are the 

boundary constraints, where 𝑋𝑙𝑏 and 𝑋𝑢𝑏 are the lower and upper boundary of the wind 

farm on 𝑥-axis, respectively, 𝑌𝑙𝑏 and 𝑌𝑢𝑏 are the lower and upper boundary of the wind 

farm on 𝑦-axis, respectively, and (𝑥𝑖, 𝑦𝑖) is the coordinate of 𝑇𝑖. The third constraint is 

the proximity constraint, where 𝑑𝑚𝑖𝑛  is the minimum distance between any two wind 

turbines. In a real wind farm, wind turbines must keep a safe distance in case of accidents. 

Usually people use 5 times rotor diameter (5𝐷) as the safe distance between two wind 

turbines [41]. Therefore, 𝑑𝑚𝑖𝑛  equals to 5𝐷  in Equation (3.41). With the given 

constraints, this thesis aims to select the best positions of wind turbines to maximize the 

APO of the wind farm.  

3.5.2 Objective 2: minimizing the CoP of the wind farm 

The second objective is minimizing the CoP of the wind farm. Compared with the first 

objective, the number of wind turbines is varying in the second objective. As mentioned 

in Section 2.5, although installing more wind turbines can improve the wind farm power 

output, the cost of the wind farm will also increase. Therefore, maximizing the APO is 

improper to be the objective function if the number of wind turbines is undecided. 
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Minimizing the CoP of the wind farm should be the objective function if both the number 

and positions of wind turbines are variables. 

The CoP is the average cost per unit power output of a wind farm. It aims to maximize 

the APO and minimize the cost of the wind farm. Many studies use the cost of energy 

(CoE) to measure the average cost of electricity generation of the wind farm annually 

[26][27]. Minimizing the CoE is identical to minimizing the CoP. Thus, this thesis will 

directly minimize the CoP of the wind farm, which is written as:  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒:   𝐶𝑜𝑃 =
𝐶𝑜𝑠𝑡

𝑃𝑡𝑜𝑡
                                            (3.42) 

where 𝑃𝑡𝑜𝑡 is the APO of the wind farm and 𝐶𝑜𝑠𝑡 denotes the cost of the wind farm. The 

cost function in Mosetti’s model will be used to represent 𝐶𝑜𝑠𝑡, which is widely used in 

wind farm layout optimization [26][40]. The expression of 𝐶𝑜𝑠𝑡 is: 

𝐶𝑜𝑠𝑡 = 𝑛 × 𝐶𝑜𝑠𝑡𝑠 = 𝑛 (
2

3
+
1

3
𝑒−0.00174𝑛

2
)                            (3.43) 

where 𝑛 is the total number of wind turbines and 𝐶𝑜𝑠𝑡𝑠 is the non-dimensionalized cost 

per year of a single wind turbine. In Mosetti’s model, the cost is only correlated with the 

number of wind turbines. Figure 3.11 shows the relationship of 𝐶𝑜𝑠𝑡𝑠 and the number of 

wind turbines. 𝐶𝑜𝑠𝑡𝑠 decreases with the increased number of wind turbines. As shown in 

Figure 3.11, 𝐶𝑜𝑠𝑡𝑠  can be saved if the number of wind turbines is large enough, 

approximately greater than 50.  
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Figure 3.11 Cost for a single wind turbine by Mosetti’s model 

The second objective is subject to the boundary constraints and proximity constraint 

shown in Equation (3.41). The second objective aims to optimize the number and 

positions of wind turbines by minimizing the CoP of the wind farm. 

3.6 Genetic Algorithm 

Genetic Algorithm (GA) is an evolutionary algorithm using the population-based 

search technique to solve optimization problems. Compared with gradient-based 

algorithms, GA is global and robust to search optimal solutions for complex problems. 

Wind farm layout optimization is a non-linear problem, which has high complexity on 

iterative evaluations of layouts. Thus, applying GA on this problem is better than using 

gradient-based algorithms, which might be stuck at the local minimum. 

In this thesis, GA in MATLAB will be applied to solve wind farm layout optimization. 

For the first objective, GA will be used to find the optimum layout of the wind farm 

among all feasible solutions. For the second objective, GA will be used to find the best 

number and the optimum positions of wind turbines in the wind farm. Figure 3.12 is the 

process to implement GA [71]. 
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Figure 3.12 Flowchart of the GA [71] 

Assuming k is the generations of GA, the general steps of solving wind farm layout 

optimization by GA are given as follows. 

Step 1: Set k=0. GA starts with an initial population P(0) involving a group of points 

called individuals. In a binary coded genetic algorithm, individuals are strings composed 

by 1 and 0 [27]. A binary string is also called a chromosome in GA terminology. In wind 

farm layout optimization, each individual is one kind of layout of the wind farm. The 

initial points in P(0) are created randomly. 
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Step 2: Evaluate P(k). The objective function at each point will be evaluated. The result 

is the fitness value of each point.  

Step 3: If the stopping criterion is met, stop GA and generate the output. If not, go to the 

next step. In this thesis, two stopping criterions are set for the wind farm layout 

optimization: when GA reaches the maximum generation or the best fitness value in the 

last 50 generations keeps the same. GA will stop once one of the stopping criterions is 

satisfied. 

Step 4: The individuals in P(k) will be selected to the mating pool M(k) based on their 

fitness values. The individuals that have fitter values are more possible to be selected and 

one individual might be selected more than once. The roulette-wheel method or 

tournament scheme method will be used to randomly select individuals to the mating 

pool [71]. The individuals in the mating pool are called parents. 

Step 5: Evolve M(k) to form P(k+1). Parents in the mating pool will reproduce off-

springs of the current population. The population size will keep the same during the 

breeding operation. The breeding process uses cross-over and mutation to generate off-

springs to the new population P(k+1). The cross-over point in the binary string is 

choosing randomly. The cross-over probability will determine whether a pair of parents 

will exchange the bits of chromosomes. The mutation process randomly switches a bit in 

a string to the opposite value. The mutation probability will be used to determine whether 

the mutation is performed on a binary string. An example of the breeding process of the 

GA is illustrated in Figure 3.13. After cross-over and mutation process are operated on all 

chromosomes in the mating pool, the new population P(k+1) can be obtained.  

Step 6: Set k=k+1, and then go to Step 2. The GA process will stop till it meets the 

stopping criterion. 

The parameters of the GA in this study are shown in Table 3.2. 
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Figure 3.13 An example of the breeding process in the GA 

 

Table 3.2 GA parameters 

Population size Generation Cross-over rate Mutation rate 

50 5,000 0.8 0.01 

 

3.7 Proposed approach for wind direction segment size 

selection 

In this section, the proposed approach for selecting proper wind direction segment 

sizes in wind farm layout optimization will be introduced. The proposed approach can be 

applied to any wind farm power output model in wind farm layout optimization to select 

proper wind direction segment sizes. Figure 3.14 is the flow chart of the proposed 

approach, which involves five steps. Proper wind direction segment sizes will be selected 

based on the result of last two steps. 
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Figure 3.14 Flow chart of the proposed approach for wind direction segment size 

selection in wind farm layout optimization 

Detailed explanations of the proposed approach in Figure 3.14 are as follows. 

Step 1: Modeling the wind farm power output and defining the objective function. The 

wind farm power output model in this thesis is composed by commonly used wind 

resource model [24], position model [31], wake effect model [25] and wind turbine 

power curve [54], which are introduced in Section 3.1 to 3.4. The wind resource is 

characterized by sector-wise Weibull distribution, which is expressed by Equation (3.1). 

The position model indicates the relationship of the wind direction and positions of wind 

turbines, which is formulized by Equation (3.2). This thesis considers multiple wake 

effects as shown in Figure 3.8. The expression of multiple wake effects is Equation (3.33), 

Optimizing the wind farm layout by using GA 

Modeling the wind farm power output & 

Defining the objective function 

Pre-processing the data: 

• Data classification; 

• Coefficient Calibration; 

• Wind resource characterize 

Selecting an appropriate wind resource sample size: 

Evaluating the estimated power output 
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• High accuracy; 
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Selecting proper 

wind direction 

segment sizes 



54 
 

which is derived from Jensen’ model with considering different wake conditions. Wind 

speeds at wind turbines in the wind farm are estimated following the process shown in 

Figure 3.9. The expression of wind farm power output model used in this thesis is 

Equation (3.39), which is the sum of individual wind turbines power output calculated by 

Equation (3.38). The objective functions of this thesis are maximizing the APO and 

minimizing the CoP of the wind farm, which are expressed by Equation (3.40) and 

Equation (3.42) respectively. 

Step 2: Pre-processing the data of the target wind farm. The required data involves the 

wind resource data, operational data, geographic data and wind turbine properties. In 

order to improve the power output estimation accuracy, coefficients of wind turbine 

power curve will be calibrated. This thesis uses cubic power curve expressed by Equation 

(3.37) to estimate the wind turbine power output. The root mean square error (RMSE) 

will be used to evaluate the estimated and observed power output of a selected wind 

turbine. The power curve with calibrated coefficients that leads to the best RMSE will be 

used to calculate the power output of wind turbines in the target wind farm. As mentioned 

in Section 3.1, the wind resource data will be characterized by the wind resource model 

to obtain 𝑝𝑘, 𝑎𝑘 and 𝑏𝑘. Wind directions will be generated based on 𝑝𝑘. For each wind 

direction segment, the probability of wind speed occurs at this wind direction is different. 

Monte Carlo simulation will be used to randomly generate wind speed at 𝑘-th wind 

direction segment following the correlated Weibull distribution with 𝑎𝑘 and 𝑏𝑘 as scale 

and shape parameters. This step will be illustrated in Section 4.1 to 4.3. 

Step 3: Selecting an appropriate wind resource sample size for wind farm layout 

optimization. The wind resource sample is a set of wind speed and direction data 

simulated by the wind resource model. The sample size determines the amount of wind 

resource data that will be used in the optimization process. Normally the sample size of 

the observed wind resource data is too large to be applied to the optimization process. 

Reducing the wind resource sample size can save CPU time, but the estimation accuracy 

on wind farm power output calculation will also decrease. Therefore, selecting an 

appropriate wind resource sample size that has high estimation accuracy and can also 

save the CPU time for wind farm power output calculation is important. Due to the 
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simulated wind resource are randomly generated, the calculated wind farm power output 

also exists difference. Thus, generating wind resource multiple times is necessary for 

analyzing the consistency of the calculated wind farm power output. For each wind 

resource sample size, wind resource will be generated multiple times by Monte Carlo 

simulation and wind farm power output will be calculated by Equation (3.39) in each 

time. An appropriate wind resource sample size will be selected by trading off the 

estimation accuracy and the CPU time for wind farm power output calculation. In this 

thesis, the estimation accuracy will be evaluated by the relative error (RE) of the 

estimated and observed wind farm power output. The RE will tend to be stable when the 

wind resource sample size is greater than the selected one. This step will be proved in 

Section 4.4.1. 

Step 4: Evaluating the estimated power output of the target wind farm with different 

wind direction segment sizes. Wind characteristics of the target wind farm is obtained by 

the wind resource model with different wind direction segment sizes. In this thesis, 10 

different wind direction segment sizes: 1°, 3°, 5°, 6°, 10°, 12°, 15°, 18°, 24° and 30° will 

be investigated for wind farm power output calculation and layout optimization. For each 

wind direction segment size, wind characteristics obtained in Step 2 are different. Monte 

Carlo simulation will be used to randomly generate wind resource following the 

correlated wind characteristics. The sample size of the simulated wind resource is 

selected by Step 3. Equation (3.39) will be used to calculate the APO of the wind farm. 

Proper wind direction segment sizes that lead to low RE of wind farm power output will 

be selected for wind farm power output calculation. Based on the result, the most 

accurate way to estimate the wind farm power output will be recommended to wind farm 

operators. This step will be illustrated in Section 4.4.2. 

Step 5: Optimizing the wind farm layout by using GA. The wind farm layout will be 

optimized with 10 different wind direction segment sizes. The optimized wind farm will 

be evaluated by the APO, wind farm efficiency and CPU time of the optimization process. 

In addition, the most accurate way for wind farm power output calculation, which is 

obtained in Step 4, will be used to re-evaluate the optimized layouts. Based on the result, 

we will present the wind direction segment size that leads to an optimized layout with the 
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highest APO. Besides, proper wind direction segment sizes will be selected by trading off 

the re-evaluated APO and CPU time. The consistency of optimized results with different 

wind direction segment sizes will also be considered. The optimized APO will be 

compared with the re-evaluated APO of the wind farm by the relative error. Based on the 

consistency analysis, the most reliable, acceptable and optimal wind direction segment 

sizes for wind farm layout optimization will be recommended. The most reliable wind 

direction segment size used in wind farm layout optimization leads to the lowest RE. The 

RE of the optimized wind farm power output with acceptable wind direction segment 

sizes should be no greater than the maximum RE of the estimated wind farm power 

output of the original wind farm. The optimal wind direction segment size is selected by 

trading off the RE of the optimized result and the CPU time of the optimization process. 

The optimal wind direction segment size satisfies the requirement of saving the CPU time 

and obtaining a reliable wind farm layout. In addition, wind direction segment sizes that 

has high relative error on wind farm power output calculation should be avoided in wind 

farm layout optimization. Step 5 will be illustrated in Chapter 5. 

Different wind direction segment size selection strategies will be proposed based on 

the optimized results in Chapter 5. Wind farm developers and researchers can select 

recommended wind direction segment sizes based on their requirements. For example, if 

the wind farm developer needs to design a wind farm layout and also needs to estimate 

the power output of the designed wind farm accurately, the most reliable wind direction 

segment size is suitable to be used. If a wind farm layout optimization study focuses on 

investigating the optimization algorithm used in the problem, then it needs multiple times 

of optimization. They can select wind direction segment sizes that cost a lower CPU time 

with acceptable accuracy.  
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3.8 Summary 

In this chapter, models and methodologies used in this thesis are introduced. The wind 

farm power output model will be used to estimate the APO of the wind farm. Two 

objective functions for wind farm layout optimization are defined and GA used in the 

optimization process is explained. In addition, this chapter proposes the approach for 

selecting proper wind direction segment sizes in wind farm layout optimization. The 

proposed approach will be illustrated by case studies in Chapter 4 and Chapter 5.  
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Chapter 4  

Data Description and Wind Farm Power 

Output Assessment 

As mentioned in Section 3.7, the proposed approach for selecting proper wind 

direction segment sizes in wind farm layout optimization involves 5 steps. The first step 

is modeling the wind farm power output and defining the objective function, which are 

introduced in Chapter 3. Equation (3.39) is the wind farm power output model used in 

this thesis. The objective functions are maximizing the APO and minimizing the CoP of 

the wind farm, which are Equation (3.40) and Equation (3.42) respectively. The 

constraints of two objective functions are the same, which are the boundary constraints 

and proximity constraint expressed in Equation (3.41).  

In this chapter, step 2 to 4 of the proposed approach will be illustrated. An onshore 

wind farm with one-year observed data will be used to calculate the APO of the wind 

farm with different wind direction segment sizes and wind resource sample sizes. Step 2 

of the proposed approach will be illustrated in Section 4.1 to 4.3. Wind resource in the 

target wind farm is characterized by sector-wise Weibull distribution with different wind 

direction segment sizes. The observed data will be pre-processed to improve the power 

output estimation accuracy. Step 3 and Step 4 of the proposed approach will be illustrated 

in Section 4.4. An appropriate wind resource sample size for wind farm layout 

optimization will be presented. Besides, wind farm power output calculated by using 

different wind direction segment sizes will be evaluated and the most accurate way to 

estimate the power output of the target wind farm will be presented.  

Section 4.1 introduces the target wind farm and data categories. Section 4.2 calibrates 

the coefficients of wind turbines. Section 4.3 presents the wind characteristics result of 

the target wind farm. Section 4.4 assesses the estimated wind farm power output. The last 

section is the summary.  
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4.1 Data description  

The target wind farm of this study is a hypothetical onshore wind farm. The wind farm 

has 100 1.9 MW wind turbines. The data of the target wind farm is divided into four 

categories: wind resource data, operational data, geographic data and wind turbine 

properties. The first two categories are full year data observed every 10 minutes. The 

description of four categories data are as follows: 

1) Wind resource data. It involves one-year observed wind speed and wind direction 

data. The wind speed and direction of the target wind farm will be characterized 

by wind resource model in Section 4.2. 

2) Operational data. It is the observed power output of wind turbines in the wind 

farm.  

3) Geographic data. It is the longitude and latitude of each wind turbine. The terrain 

of the target wind farm is relatively flat, so the altitude of wind turbines will not 

be considered in this study. The geographic data of wind turbines is transferred to 

coordinates by the Universal Transverse Mercator (UTM) coordinate system. The 

origin of the UTM system is the intersection of equator and central meridian.  

4) Turbine properties. The target wind farm has 100 hypothetical 1.9 MW wind 

turbines. The turbine properties will be used to model the wind turbine power 

curve.  

The size of the target wind farm is assumed to be 12600 m × 12600 m. As mentioned 

in Section 3.5, the minimum safe distance between two wind turbines is 5𝐷,  where D is 

the diameter measured in meters of the rotor of each turbine. This thesis will use the grid 

method to design the wind farm and each grid size is set to be 5D × 5D to guarantee the 

wind turbines keep a safe distance between each other.    

4.2 Coefficient calibration 

The main purpose of this section is to improve the wind turbine power output 

estimation accuracy by calibrating coefficients of the power curve. The calibrated power 

curve will be used to estimate the power output of wind turbines in the target wind farm. 
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The original wind turbine power curve is modeled based on the wind turbine 

properties. Table 4.1 shows the properties of the 1.9 MW wind turbine. As mentioned in 

Section 3.4, in this thesis, the wind turbine power curve is indicated by the cubic power 

curve. The original power curve will be calibrated to improve the estimation accuracy of 

wind turbine power output. The estimated power output by the power curve will be 

compared with the observed power output of a wind turbine in the target wind farm.  

Table 4.1 Wind turbine properties 

Cut-in wind speed 3.5 m/s 

Rated wind speed 12 m/s 

Cut-out wind speed 25 m/s 

Rated power output 1900 kW 

 

The rated wind speed will be calibrated to improve the accuracy of the power curve. In 

order to determine the best rated wind speed for wind turbines in the target wind farm, 

the root mean square error (RMSE) of the estimated and observed power output will be 

used to evaluate the rated wind speed. The rated wind speed is tested from 10 m/s to 12 

m/s. The step size of the tested rated wind speed is 0.1 m/s. The RMSE of each rated 

wind speed is: 

𝑅𝑀𝑆𝐸 = √
1

𝑆
∑ (𝑓𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒(𝑟) − 𝜑(𝑟))

2𝑆
𝑟=1                                (4.1) 

where 𝑆  is the amount of the observed power output data, 𝑓𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒  is the estimated 

power output by the cubic power curve with a tested rated wind speed and 𝜑 is the 

observed power output.  

Figure 4.1 is the RMSE of the estimated and observed power output with different 

rated wind speeds. The result shows the RMSE is 204.54 kW when the rated wind speed 

is 12 m/s. The minimum RMSE is 110.24 kW with the rated wind speed equals to 10.9 

m/s, which is much better than 12 m/s. Therefore, the rated wind speed will be adjusted 
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from 12 m/s to 10.9 m/s to improve the power output estimation accuracy of wind 

turbines in the target wind farm. The original and calibrated power curves are shown in 

Figure 4.2.  

 

Figure 4.1 RMSE of the estimated and observed power output with different rated wind 

speeds 
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Figure 4.2 Original and calibrated power curves  

The calibrated power curve will be used to estimate the power output of all wind 

turbines in the target wind farm. Equation (4.2) is the calibrated power curve function. 

The power output is measured by kilowatt and the wind speed is measured by meters per 

second.  

𝑃(𝑣𝑖) =

{
 

 
0, 0 ≤ 𝑣𝑖 < 3.5

1.468𝑣𝑖
3, 3.5 ≤ 𝑣𝑖 < 10.9

1900, 10.9 ≤ 𝑣𝑖 < 25
0, 𝑣𝑖 ≥ 25

                                          (4.2) 

Another important coefficient of the wind turbine is the thrust coefficient 𝐶𝑡. Figure 

4.3 shows the thrust coefficient of the 1.9 MW wind turbine, which is form the cut-in 

wind speed to cut-out wind speed. The thrust coefficient is assumed to be 0 when the 

wind speed is lower than the cut-in wind speed. The numerical relationship of wind speed 

and the thrust coefficient will be used in the wake effect model. 

 



63 
 

 

Figure 4.3 Thrust coefficient of the wind turbine 

4.3 Wind characteristics result 

The observed wind resource data of the target wind farm is by a baseline wind turbine. 

The baseline wind turbine is not in the wake regions of other wind turbines. As 

mentioned in Section 3.3.5, 20𝐷 is the maximum wake effect spreading distance in this 

thesis. In order to select the baseline wind turbine, the positions of wind turbines are set 

as centers. For each center, a circle with 20𝐷 as the radius is drawn to represent the wake 

region of the wind turbine. The baseline wind turbine is not covered in the circle areas. 

Figure 4.4 is an example of the baseline wind turbine (𝑇1). In the example, the baseline 

wind turbine is surrounded by 𝑇2, 𝑇3, 𝑇4, 𝑇5, 𝑇6 and 𝑇7. The blue circles are the wake 

effect regions. The baseline wind turbine is not overlapped by wake effect generated by 

the surrounding wind turbines, so the wind resource data observed at  𝑇1 is clean data.  
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Figure 4.4 An example of the baseline wind turbine and surrounding wind turbines 

The wind speed and direction are measured every 10 minutes for a whole year. Some 

of the wind speed and direction data are missed because the sensor was out of order or 

the wind turbine was overhauled. The missing data are excluded and the left data are 

valid. The valid wind resource data will be the observed wind resource data used to 

model the wind characteristics of the target wind farm. Figure 4.5 is the wind rose of the 

target wind farm, which gives a succinct view of wind conditions. 
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Figure 4.5 Wind rose of the target wind farm 

The wind resource model is applied to characterize one-year wind speed and direction 

data observed in the target wind farm. The wind resource is fitted by sector-wise Weibull 

distribution. Wind direction is measured from 0° to 359° and wind speed is measured 

from 0 m/s to 22.5 m/s. The bin size of wind speed is set to be 0.5 m/s. In wind farm 

layout optimization studies, 15° [23] and 30° [22] are the most widely used wind 

direction segment sizes. Some wind farm layout optimization studies also use 1° [25], 5° 

[24] and 10° [20] as wind direction segment sizes. In order to select proper wind 

direction segment sizes used in wind farm layout optimization, in this thesis, 10 different 

wind direction segment sizes: 1°, 3°, 5°, 6°, 10°, 12°, 15°, 18°, 24° and 30° will be used 

to calculate the wind farm power output and the result will be evaluated. 
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We have used 15° as an example segment size to present the wind characteristics 

result. Other wind direction segment sizes in the wind resource model will be processed 

the same way as 15°. The wind direction is separated to 24 sectors with 15° as the wind 

direction segment size. Figure 4.6 shows the proportion of wind direction of the target 

wind farm. In each wind direction segment, Weibull distribution is used to represent the 

possibility of wind speed occurring at the correlated wind direction. Table 4.2 shows the 

wind characteristics of the target wind farm with 15° as the wind direction segment size, 

in which 𝛽𝑘 is the wind direction, 𝑝𝑘 is the proportion of wind direction, 𝑓𝑘 is the Weibull 

distribution of wind speed occurring in 𝑘-th segment, 𝑎𝑘 and 𝑏𝑘 are scale parameter and 

shape parameter of Weibull distribution with 𝑘 = [1, 2, … , 24]. In order to simplify the 

problem, wind direction is assumed to be the starting wind direction of each wind 

direction segment with 𝛽𝑘 = [0°, 15°, 30°, … 330°, 345°].  

 

Figure 4.6 Proportion of wind direction with 15° as the wind direction segment size 
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Table 4.2 Wind characteristics of the target wind farm with 15° as the wind direction 

segment size 

Wind direction (𝜷𝒌) 
Weibull distribution (𝒇𝒌)  

of wind speed 

From To 
Data 

amount 

Proportion 

(𝒑𝒌) 

Scale parameter 

(𝒂𝒌) 

Shape parameter 

(𝒃𝒌) 

0 14.9 1278 2.47% 6.23 2.25 

15 29.9 1211 2.34% 6.27 2.40 

30 44.9 919 1.77% 6.17 2.14 

45 59.9 1220 2.36% 6.53 2.35 

60 74.9 1322 2.55% 6.79 2.52 

75 89.9 1201 2.32% 6.93 2.31 

90 104.9 1271 2.46% 7.75 2.09 

105 119.9 1551 3.00% 8.41 2.35 

120 134.9 2183 4.22% 8.97 2.57 

135 149.9 2847 5.50% 8.77 2.44 

150 164.9 2676 5.17% 8.37 2.47 

165 179.9 1833 3.54% 7.70 2.16 

180 194.9 2304 4.45% 9.00 2.23 

195 209.9 2274 4.39% 8.63 2.34 

210 224.9 2236 4.32% 8.61 2.31 

225 239.9 2304 4.45% 7.37 2.35 

240 254.9 2397 4.63% 7.71 2.34 

255 269.9 3010 5.81% 8.13 2.66 

270 284.9 3424 6.61% 8.69 2.57 

285 299.9 4517 8.73% 8.98 2.62 

300 314.9 3678 7.11% 8.01 2.56 

315 329.9 2974 5.75% 9.00 2.31 

330 344.9 2036 3.93% 7.18 2.32 

345 359.9 1097 2.12% 6.25 2.21 
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The wind direction will be generated based on 𝑝𝑘 and Monte Carlo simulation will be 

used to randomly generate wind speed in each wind direction segment following 𝑓𝑘. The 

simulated wind speed and direction will be applied on wind farm power output 

calculation and wind farm layout optimization. 

4.4 Wind farm power output assessment 

The APO of the wind farm is calculated by the simulated wind resource, which is 

characterized by sector-wise Weibull distribution in Section 4.3. The simulated wind 

resource is different with the observed wind resource by time series. The relative error of 

the calculated wind farm power output by using the observed wind resource data is 0.5%. 

However, wind farm layout optimization needs a large amount of evaluations on layouts 

to select the best one, using the observed data with a large sample size will likely make 

the wind farm layout optimization computationally impossible. Therefore, a proper wind 

resource sample size and simulated wind resource should be considered in wind farm 

layout optimization.  

4.4.1 Wind resource sample size selection 

In this section, an appropriate wind resource sample size for onshore wind farm power 

output calculation and layout optimization will be analyzed. Theoretically, a large wind 

resource sample size leads to high power output estimation accuracy but also increases 

the CPU time. A small wind resource sample size can save more CPU time, but the 

estimation accuracy will also decrease. Therefore, a trade-off between the estimation 

accuracy and CPU time should be done before the optimization process.  

The wind characteristics result with 10°, 15° and 30° as wind direction segment sizes 

are used to calculate the APO of the wind farm. For each wind direction segment size, the 

wind resource sample size will be tested from 1000 to 5000 with 500 as the step size. 

Considering the uncertainty of Monte Carlo simulation, for each wind resource sample 

size, Monte Carlo simulation will be used to randomly generate the wind resource data 

multiple times based on the wind characteristic results in Section 4.3. The wind farm 

power output will be calculated and recorded for each time. In this thesis, we will 

generate wind resource data ten times for each sample size. An appropriate wind resource 
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sample size will be selected based on the evaluated result. The selected wind resource 

sample size will be applied on wind farm power output calculation and layout 

optimization.  

The estimated result will be evaluated by the mean value of the relative error (RE), 

range of the minimum and maximum RE, which is denoted by range of RE, and CPU 

time. The function of RE is shown below: 

𝑅𝐸 =
|𝑃𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒−𝑃𝑓𝑎𝑟𝑚|

𝑃𝑓𝑎𝑟𝑚
× 100%                                      (4.3) 

where 𝑃𝑓𝑎𝑟𝑚 is the observed APO and 𝑃𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 is the estimated APO of the target wind 

farm.  

The result of RE and CPU time with 10°, 15° and 30° as wind direction segment sizes 

are shown in Figure 4.7 (a), (b) and (c) respectively. The mean RE is the average value of 

RE in ten times calculation, which is shown by blue dots in Figure 4.7. The maximum 

and minimum RE in ten times calculation is denoted by error bars in Figure 4.7, which 

shows the range of RE. The dashed line is the CPU time. In general, the RE of 10° and 15° 

is better than 30° for each wind resource sample size. When the wind resource sample 

size is 1000, the mean RE for 10°, 15° and 30° are 2.22%, 2.35% and 3.98% respectively. 

The range of RE at 1000 wind resource sample size for three wind direction segment 

sizes are 3.91%, 4.48% and 5.19% respectively. The mean RE and range of RE decreases 

with the increase of wind resource sample size. Meanwhile, the CPU time increases 

gradually. By trading off between the estimation accuracy and CPU time, 3500 is 

selected as the proper wind resource sample size. Although the RE calculated by 10°, 15° 

and 30° at each wind resource sample size are different, the mean RE and range of RE 

tends to stability when the wind resource sample size is greater than 3500. In addition, 

the CPU time at 3500 wind resource samples is not increased significantly. Therefore, 

3500 will be the wind resource sample size used to estimate wind farm power output and 

optimize the wind farm layout. 
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(a) 

 

(b) 
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(c) 

Figure 4.7 Comparison of RE and CPU time with different wind resource sample sizes 

4.4.2 Evaluation of wind direction segment sizes for wind farm 

power output calculation 

In this section, 10 different wind direction segment sizes will be investigated for 

onshore wind farm power output calculation. The selected 10 wind direction segment 

sizes are: 1°, 3°, 5°, 6°, 10°, 12°, 15°, 18°, 24° and 30°, which are divisible by 360°. 

Similar as Section 4.4.1, due to the simulated wind resource exists uncertainty, 3500 

wind resource data will be randomly generated ten times and the APO of the wind farm 

will be calculated in each time. The estimated APO will be evaluated with the observed 

APO of the target wind farm by RE and CPU time.  

Figure 4.8 shows the result of RE and CPU time of the wind farm power output 

estimated with 10 different wind direction segment sizes. The blue dots are the mean RE 

in ten times calculation with different wind direction segment size. The error bar in 

Figure 4.8 shows the difference of the maximum and minimum RE in ten times 

calculation, which is the range of RE. The dashed line shows the average CPU time in ten 
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times calculation. In general, the mean RE increases with the growth of wind direction 

segment sizes. Except 30°, the mean RE by other wind direction segment sizes perform 

well, which are lower than 1.5%. The worst result of the mean RE is 3% by 30°. The 

range of RE at 30° is also the largest. The best RE is by 1°, which has the lowest range of 

RE and mean RE value. The CPU time is decreasing gradually with the increase of wind 

direction segment size. The change of CPU time from 1° to 30° is little when using 3500 

wind resource data to calculate the APO. 

 

Figure 4.8 Comparison of RE and CPU time for different wind direction segment sizes 

calculated by 3500 wind resource data 

The APO of the wind farm calculated by the simulated wind resource and observed 

wind resource exists difference. The RE of wind farm power output calculated by the 

observed wind resource data is 0.5%, which is better than using the simulated wind 

resource data to calculate the APO of the wind farm. Therefore, the most accurate way to 

calculate the wind farm power output is directly applying the observed wind resource 

data to the wind resource model. The CPU time of the APO calculated by the observed 

data is 210.15 seconds. Compared with the CPU time in Figure 4.8, using 3500 simulated 
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wind resource to calculate the APO of the wind farm is only 2.62 seconds in average, 

which is much lower than 210.15 seconds. The time cost will be more severe in the 

optimization process, which needs iterative evaluations on wind farm layouts. Therefore, 

for wind farm operators who aim to estimate the wind farm power output, directly using 

the wind farm power output model with the observed wind resource data can obtain the 

most accurate wind farm power output. While for wind farm developers, using the 

observed wind resource data in the optimization process is inappropriate due to the 

computation cost. 

Some conclusions for layout optimization are made based on results in this section. 

For the wind resource sample size, using 3500 randomly generated wind resource data to 

calculate the wind farm power output is appropriate since the estimated result is close to 

the observed data and the CPU time is only about 2.62 seconds. The 3500 simulated wind 

resource data will be used in the optimization process. For the selection of wind direction 

segment size, wind resource modeled by sector-wise Weibull distribution with 1° to 24° 

as wind direction segment sizes have higher estimation accuracy on wind farm power 

output calculation than 30°. Due to the estimated wind farm power output exists 

uncertainty, the difference between the maximum and minimum RE are considered in 

evaluation. The smallest range of RE is at 1°, which means 1° is the most stable selection 

for wind farm power output calculation. The accuracy analysis in this section shows 1° 

may obtain the most reliable optimized result. The optimized result by large wind 

direction segment sizes may have a great error on wind farm power output estimation, 

which is less reliable. 

4.5 Summary 

In this chapter, the target wind farm for power output calculation and layout 

optimization is introduced. Step 2 to 4 of the proposed approach for wind direction 

segment size selection in wind farm layout optimization are illustrated. The wind turbine 

power curve is calibrated by processing the observed and estimated wind turbine power 

output. The wind resource is characterized by sector-wise Weibull distribution with 

different wind direction segment sizes. The wind farm power output is assessed with 

different wind resource sample sizes and wind direction segment sizes. We have selected 
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3500 as the appropriate wind resource sample size for power output calculation and 

layout optimization for the target wind farm. The APO of the target wind farm calculated 

with smaller wind direction segment sizes are closer to the observed APO of the target 

wind farm. The most accurate wind farm power output is calculated by directly applying 

the observed wind resource data to the wind farm power output model. 

In the next chapter, the last step of the proposed approach for wind direction segment 

size selection in wind farm layout optimization will be illustrated. Thirty-five hundred 

simulated wind resources will be used to optimize the layout of the target wind farm. Ten 

different wind direction segment sizes will be used in the optimization process. The 

optimized result will be evaluated and the recommended wind direction segment sizes for 

onshore wind farm layout optimization will be presented. 
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Chapter 5 Wind Farm Layout Optimization 

Results Discussion 

In this chapter, four cases will be investigated. In order to select the proper wind 

direction segment sizes used in wind farm layout optimization, three different wind farms 

are considered. Case 1 is a 4 × 4 grids wind farm with 6 wind turbines. Case 2 is an 8 × 8 

grids wind farm with 16 wind turbines. Case 3 aims to optimize a 28 × 28 grids wind 

farm with 83 wind turbines, which is the target wind farm introduced in Chapter 4. Case 

4 also aims to optimize the target wind farm layout while the number of wind turbines is 

varying. The grid size is 5D × 5D, where D is the diameter of the rotor of a turbine 

measured in meters. The last step of the proposed approach for wind direction segment 

size selection will be illustrated by optimizing the wind farm layouts in Case 1, Case 2 

and Case 3, which are from simple to complex. Only one wind direction segment size 

will be used to optimize the wind farm layout as an example in Case 4. The objective 

function and constraints for Case 1, Case 2 and Case 3 are mentioned in Section 3.5.1. 

The objective function and constraints for Case 4 is mentioned in Section 3.5.2. 

Descriptions of four cases are shown in Table 5.1. 

Table 5.1 Description of 4 case studies 

 Case 1 Case 2 Case 3 Case 4 

Size 4 × 4 grids 8 × 8 grids 28 × 28 grids 28 × 28 grids 

Number of variables 12 32 166 0 to 400 

Number of turbines 6 16 83 0 to 200 

 

Section 5.1 introduces the evaluation framework of this chapter. Section 5.2 solves 

wind farm layout optimization problem with a fixed number of wind turbines, which 

involves Case 1, Case 2 and Case 3 and the summary. Section 5.3 is wind farm layout 

optimization with various number of wind turbines, which includes Case 4 and the 

summary. 
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5.1 Evaluation framework 

GA in MATLAB focuses on solving the minimization problem, which will be used to 

solve the wind farm layout optimization problem in this thesis. Parameters setting for GA 

is mentioned in Section 3.6. The best fitness value by GA is represented by 𝑓𝑏𝑒𝑠𝑡 and the 

optimized APO of the wind farm is represented by 𝑃𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑒. 𝑃𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑒 equals to −𝑓𝑏𝑒𝑠𝑡.  

As mentioned in Section 4.4, the most accurate APO of the wind farm is calculated by 

applying the observed wind resource data to Equation (3.39). Therefore, wind farms 

optimized by 10 wind direction segment sizes will be re-evaluated by using the most 

accurate way to calculate the wind farm power output, which is denoted by 𝑃𝑟𝑒. We have 

used 𝑃𝑟𝑖 to denote the APO improvement, which is expressed by Equation (5.1). 

𝑃𝑟𝑖 =
𝑃𝑟𝑒−𝑃𝑢𝑛

𝑃𝑢𝑛
× 100%                                            (5.1) 

where 𝑃𝑢𝑛 is the APO of an unoptimized wind farm. 

The relative error of 𝑃𝑟𝑒 and 𝑃𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑒 is denoted by 𝑅𝐸𝑟, which is used to evaluate the 

estimation accuracy of the APO of optimized wind farms with different wind direction 

segment sizes. The expression of 𝑅𝐸𝑟 is: 

𝑅𝐸𝑟 =
|𝑃𝑟𝑒−𝑃𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑒|

𝑃𝑟𝑒
× 100%                                        (5.2) 

Wind farm efficiency 𝜇 is another measurement used to evaluate the optimized wind 

farm, which is given as [25]: 

𝜇 =
𝑃𝑡𝑜𝑡

𝑃𝑖𝑑𝑒𝑎𝑙
                                                        (5.3) 

where 𝑃𝑡𝑜𝑡 is the APO of the wind farm considering the wake effect, 𝑃𝑖𝑑𝑒𝑎𝑙 is the APO of 

the wind farm without the wake effect, and 𝜇 equals to 1 if all wind turbines in the wind 

farm are wake-free. 

We have used 𝜇𝑖𝑚𝑝𝑟𝑜𝑣𝑒  to denote the wind farm efficiency improvement by the 

optimized layout, which is expressed in Equation (5.4) and 𝜇𝑢𝑛 and 𝜇𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑒 to denote 
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the wind farm efficiency of a wind farm with an unoptimized layout and optimized layout, 

respectively.  

𝜇𝑖𝑚𝑝𝑟𝑜𝑣𝑒 = 𝜇𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑒 − 𝜇𝑢𝑛                                       (5.4) 

Wind farm power output and its estimation accuracy, together with computing time 

will be considered in the optimization process. 

5.2 Wind farm layout optimization with a fixed number of 

wind turbines 

The first objective for wind farm layout optimization in this thesis is maximizing the 

APO of the wind farm. GA will be used to optimize the wind farm layout. Thirty-five 

hundred randomly generated wind resource data will be applied to the optimization 

process and the wind farm layout will be optimized with 10 different wind direction 

segment sizes. By evaluating the optimized results, the proper wind direction segment 

sizes for three cases will be proposed at the end of this section. 

5.2.1 Case 1 

In Case 1, the layout of a 4 × 4 grids wind farm with 6 wind turbines is optimized to 

obtain the maximal wind farm power output. The optimized wind farm layouts with 10 

different wind direction segment sizes are shown in Figure 5.1, where (a) is the layout 

optimized by using 30° as the wind direction segment size, (b) is the layout optimized by 

using 24° as the wind direction segment size, (c) is the layout optimized by using 18° as 

the wind direction segment sizes, (d) is the layout optimized by using 15°, 12°, 10° and 6° 

as the wind direction segment sizes, and (e) is the layout optimized by using 5°, 3° and 1° 

as the wind direction segment sizes. Figure 5.1 shows for some wind direction segment 

sizes, the optimized wind farm layouts are the same.  
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     (a) Wind direction segment size = 30°             (b) Wind direction segment size = 24° 

 

 

 

(e) Wind direction segment size = 5°, 3° and 1° 

Figure 5.1 Optimized wind farm layouts with different wind direction segment sizes for 

Case 1 

(c) Wind direction segment size = 18° 

 

(d) Wind direction segment size = 15°, 

12°, 10° and 6° 
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Figure 5.1 is 𝑃𝑟𝑒 of five optimized wind farms, which is calculated by applying the 

observed wind resource data to the wind farm power output model. The result of 𝑃𝑟𝑒 is 

shown in Figure 5.2. It shows the optimized layout in Figure 5.1 from the best to the 

worst are Layout (e), Layout (d), Layout (c), Layout (b) and Layout (a). In general, wind 

farms optimized by smaller wind direction segment sizes generate higher 𝑃𝑟𝑒 than larger 

wind direction segment sizes. In addition, for wind direction segment sizes in a certain 

range, the optimized wind farm layouts are the same, such as 6° to 15°, and 1° to 5°. 

 

Figure 5.2 𝑃𝑟𝑒 of optimized wind farms in Case 1  

GA is found converged in 90 generations for 10 different wind direction segments. In 

order to fairly compare the CPU time of the optimization process, the maximum 

generation of GA is reset to be 90 and the optimization process is reproduced. The CPU 

time of the optimization process with different wind direction segment sizes is shown in 

Figure 5.3. The result shows although 30° costs the lowest CPU time, 𝑃𝑟𝑒 of Layout (a) in 

Figure 5.2 is significantly lower than other optimized wind farms. The highest 𝑃𝑟𝑒 is by 

Layout (e) in Figure 5.1, which is optimized by using 1°,3° and 5° as the wind direction 

segment sizes. As shown in Figure 5.3, the CPU time increases with the decrease of wind 

direction segment size. Therefore, 5° is the best wind direction segment size for Case 1, 
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which optimizes the wind farm layout with the highest power output and saves more CPU 

time. 

 

Figure 5.3 CPU time of wind farm layout optimization with different wind direction 

segment sizes in Case 1 

In summary, for small wind farm with low grid density and few wind turbines, wind 

direction segment sizes in certain ranges will obtain the same optimized layouts. Besides, 

in this case, no need to select a very small wind direction segment size, such as 1° in 

layout optimization. 3° and 5° can obtain the best layout and cost lower CPU time. 

5.2.2 Case 2 

In Case 2, the layout of an 8 × 8 grids wind farm with 16 wind turbines is optimized to 

obtain the maximal wind farm power output. The optimized wind farm layouts with 10 

different wind direction segment sizes are shown in Figure 5.4. The result shows for 10 

wind direction segment sizes, the optimized wind farm layouts are different. Besides, for 

large wind direction segment size, for example 30°, the optimized layout is quite different 

with other optimized layouts. 
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      (a) Wind direction segment size = 30°             (b) Wind direction segment size = 24° 

  

 (c) Wind direction segment size = 18°             (d) Wind direction segment size = 15° 

  

(e) Wind direction segment size = 12°             (f) Wind direction segment size = 10° 
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(g) Wind direction segment size = 6°             (h) Wind direction segment size = 5° 

  

(i) Wind direction segment size = 3°             (j) Wind direction segment size = 1° 

Figure 5.4 Optimized wind farm layouts with different wind direction segment sizes for 

Case 2  

Figure 5.5 shows 𝑃𝑟𝑒 of optimized layouts. The result in Figure 5.5 shows wind farms 

optimized by using smaller wind direction segment sizes will obtain a better layout, 

which leads to higher 𝑃𝑟𝑒. The wind farm optimized by using 1° as the wind direction 

segment size has the highest 𝑃𝑟𝑒 among 10 optimized wind farms in Figure 5.4. Besides, 

wind farm optimized by using 30° as the wind direction segment size is much worse than 

other wind direction segment sizes.  



83 
 

 

Figure 5.5 𝑃𝑟𝑒 of optimized wind farms with different wind direction segment sizes in 

Case 2 

Figure 5.6 is the CPU time for the optimization process. GA is found converged in 

550 generations for 10 different wind direction segments. The maximum generation of 

GA is reset to be 550 and the optimization process is reproduced to compare the CPU 

time. The result in Figure 5.6 shows with the decrease of wind direction segment size, the 

CPU time for the optimization process increases. Although 𝑃𝑟𝑒 by 1° is the best, the CPU 

time for 1° is the highest. 𝑃𝑟𝑒 of wind farm optimized by using 1° as the wind direction 

segment size does not show a significant improvement though it takes more CPU time. 

Take an example, Figure 5.5 shows 𝑃𝑟𝑒 by 1° is just higher than 𝑃𝑟𝑒 by 12° about 7 kW, 

while Figure 5.6 shows the CPU time by 1° is much higher than 12°. 
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Figure 5.6 CPU time of wind farm layout optimization with different wind direction 

segment sizes in Case 2 

Compared with Case 1, Case 2 is more complex. The wind farm size and number of 

wind turbines in Case 2 is larger than Case 1. Meanwhile, the amount of feasible 

solutions for Case 2 is more than Case 1. The optimized results in Case 1 and Case 2 

show wind direction segment size is less sensitive to wind farm layout optimization with 

simple conditions. For wind farm with more complex conditions, smaller wind direction 

segment sizes can obtain better optimized wind farm layouts and wind farm optimized by 

using 1° as the wind direction segment size leads to the highest 𝑃𝑟𝑒. The time-consuming 

problem is more sever in Case 2 compared with Case 1. The CPU time of wind farm 

layout optimization with 1° as the wind direction segment size is much higher than using 

large wind direction segment sizes in Case 2. Except 1°, 3° and 5° are also proper 

selections for the wind direction segment size, since they save more CPU time and the 

optimized APO by 3° and 5° are very close to 1°. 

5.2.3 Case 3 

In this case, the layout of the wind farm with 83 wind turbines introduced in Chapter 4 

is optimized. The optimized wind farm layouts with 10 different wind direction segment 

sizes are shown in Figure 5.7. 10 Ten optimized layouts in Figure 5.7 are different and 
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show low similarity. The optimized result of 𝑃𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑒, 𝜇and the CPU time with different 

wind direction segment sizes are shown in Table 5.2. 

 

(a) Wind direction segment size = 30°                  (b) Wind direction segment size = 24° 

  

(c) Wind direction segment size = 18°                  (d) Wind direction segment size = 15° 

  

(e) Wind direction segment size = 12°                  (f) Wind direction segment size = 10° 
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(g) Wind direction segment size = 6°                  (h) Wind direction segment size = 5° 

  

(i) Wind direction segment size = 3°                  (j) Wind direction segment size = 1° 

Figure 5.7 Optimized wind farm layout with different wind direction segment sizes for 

Case 3 
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Table 5.2 Optimized result with different wind direction segment sizes for Case 3  

Wind direction 

segment size 

Optimized APO of the 

wind farm 𝑷𝒐𝒑𝒕𝒊𝒎𝒊𝒛𝒆 
Optimized wind 

farm efficiency 𝝁 

CPU time for one 

generation (seconds) 

30° 55349.98 kW 99.13% 42.87 

24° 55429.19 kW 98.97% 45.50 

18° 55496.36 kW 99.16% 46.01 

15° 55254.38 kW 99.03% 46.69 

12° 55186.16 kW 99.05% 49.93 

10° 55517.82 kW 99.24% 50.03 

6° 55291.35 kW 98.99% 50.27 

5° 55206.45 kW 99.08% 50.63 

3° 54600.97 kW 99.04% 52.71 

1° 54449.29 kW 99.04% 64.05 

 

The result in Table 5.2 shows 𝑃𝑜𝑝𝑡𝑖𝑚𝑖𝑧𝑒  of 10 optimized layouts are around 55 

thousands kilowatt and wind farm efficiency is around 99%. In general, the CPU time for 

one generation increases with the decrease of wind direction segment size. To protect the 

confidentiality of the target wind farm, the optimized results will not be compared with 

the real layout of the target wind farm. Layout-1, Layout-2 and Layout-3 are designed 

randomly following the constraints mentioned in Section 3.5 to compare with the 

optimized layouts. Figure 5.8 shows three designed layouts.  



88 
 

 

Layout-1                                                            Layout-2 

 

Layout-3 

Figure 5.8 Randomly designed wind farms 

We have used 𝑃𝑟𝑖  to denote the APO improvement of optimized layouts. As 

mentioned in Section 4.4, the most accurate way to calculate the APO is directly applying 

the observed wind resource data to the wind farm power output model. Therefore, 𝑃𝑟𝑖 

calculated by the observed data will be used to evaluate the power output improvement of 

optimized wind farms compared with Layout-1, Layout-2 and Layout-3. The result of 𝑃𝑟𝑖 

is shown in Table 5.3. The APO improvement shows the optimized wind farms with 10 

direction segment sizes improve the APO of the wind farm compared with Layout-1, 

Layout-2 and Layout-3 in different extent. The lowest 𝑃𝑟𝑖 is by the wind farm optimized 

with 30° as the wind direction segment size. The layout optimized by using 10° as the 

wind direction segment size leads to the highest 𝑃𝑟𝑖 compared with 3 designed layouts, 
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which means Layout (f) in Figure 5.7 is the best one among 10 optimized layout.  Figure 

5.9 shows the APO of optimized wind farms calculated by using the observed wind 

resource data, which is denoted by 𝑃𝑟𝑒. 

Table 5.3 Comparison of APO improvement of different optimized wind farms 

Wind farm optimized 

with different wind 

direction segment sizes 

APO improvement 𝑷𝒓𝒊 compared with 

Layout-1 Layout-2 Layout-3 

30° 9.13% 0.91% 0.91% 

24° 9.15% 0.93% 0.93% 

18° 9.35% 1.11% 1.11% 

15° 9.60% 1.35% 1.34% 

12° 9.59% 1.33% 1.33% 

10° 9.89% 1.61% 1.61% 

6° 9.42% 1.18% 1.17% 

5° 9.58% 1.33% 1.32% 

3° 9.56% 1.31% 1.31% 

1° 9.33% 1.10% 1.10% 
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Figure 5.9 Comparison of APO of different optimized wind farms in Case 3 

The result in Figure 5.9 shows 𝑃𝑟𝑒  increases when the wind direction segment size 

reduces from 30° to 10°. 𝑃𝑟𝑒  fluctuates when the wind direction segment size reduces 

from 10° to 1°. In Case 1, 𝑃𝑟𝑒 shows an increase trend with the decrease of ranges of 

wind direction segment sizes. In Case 2, 𝑃𝑟𝑒 increases monotonically with the decrease of 

wind direction segment sizes. However, in this Case 3, 𝑃𝑟𝑒  is not increasing when the 

wind direction segment size is from 10° to 1°. The size of wind farm in Case 3 is 28 × 28 

grids and the number of wind turbines is 83, which is much more complex than Case 1 

and Case 2. Figure 5.10 shows the fitness curve of GA by using 1° as the wind direction 

segment size. The y-axis is the best fitness value in each generation. As mentioned in 

Section 3.6, two stopping criterions are set for GA: when it reaches 5000 generations, or 

the best fitness value in the last 50 generations keeps the same. According to Figure 5.10, 

GA stops due to it satisfies the second stopping criterion. Compared with Case 1 and 

Case 2, Case 3 has more feasible solutions and GA requires more generations to converge 

to the global optimum considering the complexity of the problem. Therefore, coefficients 

of GA should be further adjusted to optimize wind farms with high grid density and large 

amount of wind turbines. Meanwhile, the CPU time will dramatically increase and we 

may need a more powerful computer for operation. 
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Figure 5.10 Fitness curve of the optimized wind farm layout with 1° as the wind direction 

segment size 

The consistency of the optimized APO with different wind direction segment sizes is 

considered to select proper wind direction segment sizes in Case 3. The estimation 

accuracy of the optimized APO is denoted by 𝑅𝐸𝑟, which is defined in Equation (5.2). 

The result of 𝑅𝐸𝑟 is shown in Figure 5.11. The x-axis is the wind direction segment size 

used in wind farm layout optimization and the correlated optimized wind farms are 

shown in Figure 5.7. We find 𝑅𝐸𝑟 shows a general trend of decrease and fluctuates at 

some wind direction segment sizes. Based on the result, the most accurate, acceptable and 

optimal wind direction segment sizes for layout optimization of the target wind farm will 

be proposed. 
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Figure 5.11 Relative error of wind farm power output of different optimized wind farms 

calculated by the simulated and observed wind resource 

The most accurate wind direction segment size for wind farm layout optimization is 1°. 

Figure 5.11 shows the lowest 𝑅𝐸𝑟 is the wind farm optimized by using 1° as the wind 

direction segment size, which is only 0.23%. In general, the optimized wind farm using a 

smaller wind direction segment size in the optimization process is more reliable. 

The acceptable wind direction segment size for wind farm layout optimization are 

from 1° to 15°. As mentioned in Section 4.4.2, the maximum RE of the APO of the 

original wind farm by different wind direction segment sizes is about 2.5%, except 30°, 

which is 4.7%. The RE of the APO of the original wind farm calculated by the observed 

wind resource data is 0.5%. The difference between the maximum RE by the simulated 

data and the RE by the observed data is 2%. Figure 5.11 shows the 𝑅𝐸𝑟 by using wind 

direction segment sizes between 1° to 15° are lower than 2%. Therefore, wind direction 

segment sizes no greater than 15° are acceptable wind direction segment sizes for wind 
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farm layout optimization. The optimized wind farms by using 18°, 24° and 30° as the 

wind direction segment size are less reliable.  

The optimal wind direction segment size for Case 3 is 3°. Figure 5.11 shows 𝑅𝐸𝑟 by 3° 

performs well, which is 0.3%. It is only 0.07% higher than using 1° as the wind direction 

segment size. Figure 5.9 shows the power output improvement of the wind farm 

optimized by using 3° as the wind direction segment size is higher than using 1° as the 

wind direction segment size. In addition, the CPU time of wind farm layout optimization 

increases with the decrease of wind direction segment size. Table 5.2 shows with using 3° 

as the wind direction segment size to optimize the wind farm layout, the CPU time for 

GA to run one generation is 22% lower than using 1° as the wind direction segment size. 

Therefore, using 3° as the wind direction segment size is the optimal selection for layout 

optimization in Case 3, which satisfies the requirement of high estimation accuracy and 

saving the CPU time. 

5.2.4 Summary  

In this section, three case studies are investigated to select proper wind direction 

segment sizes in wind farm layout optimization. The size of the wind farm enlarges and 

the number of wind turbines increases from Case 1 to Case 3. 

The wind direction segment size selection strategies are different based on the 

complexity of the wind farm. The result shows for simple wind farms, such as Case 1, 

using wind direction segment sizes in a certain range for wind farm layout optimization 

will lead to the same optimized layout. For wind farm with more complex conditions, 

such as Case 2, applying different wind direction segment sizes in layout optimization 

will obtain different optimized layouts. The APO of the optimized wind farm layout by 

using a small wind direction segment size is higher than using a large wind direction 

segment size. Besides, the CPU time for the optimization process increases with the 

decrease of wind direction segment size. For wind farms with simple conditions, we can 

select 5° in the optimization process to obtain the best result and save the CPU time. For 

larger wind farms with more wind turbines, 1° is the best wind direction segment size 

used for wind farm layout optimization. While 3° and 5° are proper wind direction 
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segment sizes to be used, since they save more CPU time and the optimized APO by 1° 

shows little improvement compared with using 3° and 5° as wind direction segment sizes. 

For the target wind farm in Case 3, wind farm layouts optimized with all wind 

direction segment sizes used in this thesis improve the APO compared with three 

randomly designed wind farms. The result in Case 3 also shows for wind farms with 

complex conditions, GA requires more generations to search for the best optimized 

layout if applying small wind direction segment sizes in the optimization process. 

Meanwhile, the CPU time will dramatically increase. The consistency analysis in Case 3 

evaluates the estimation accuracy of the optimized APO. The result shows 1° is the most 

reliable wind direction segment size for wind farm layout optimization. Wind farms 

optimized by using wind direction segment sizes between 1° to 15° are acceptable. In 

addition, 3° is the optimal wind direction segment size for wind farm layout optimization, 

which leads to high estimation accuracy on power output calculation of the optimized 

wind farm and also saves the CPU time. Wind farm developers and researchers can select 

proper wind direction segment sizes used in wind farm layout optimization based on their 

requirement. 

5.3 Wind farm layout optimization with various number of 

wind turbines 

The second objective for wind farm layout optimization in this thesis is minimizing 

the CoP of the target wind farm. In this case, the number of wind turbines is varying. GA 

is used to optimize the wind farm layout. Thirty-five hundred randomly generated wind 

resource data will be applied in the optimization process. In this section, 15° is selected 

as the wind direction segment size to optimize the wind farm layout as an example. The 

optimized result will be evaluated based on the CoP and APO of the optimized wind farm. 

5.3.1 Case 4 

The optimized wind farm with the minimal CoP is shown in Figure 5.12, which has 60 

wind turbines. Figure 5.13 is the fitness curve.  
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Figure 5.12 Optimized wind farm with the minimal CoP 

 

Figure 5.13 Fitness curve of the optimized wind farm with the minimal CoP 

The comparison results of Layout-1, Layout-2 and Layout-3 and the optimized wind 

farm are shown in Table 5.4. The number of wind turbines of the optimized wind farm is 

60, while the three designed wind farms have 83 wind turbines. The CoP of the optimized 

wind farm with 60 wind turbines is 9.9881×10-4. The optimized wind farm decreases 
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9.16%, 2% and 2.1% of CoP compared with Layout-1, Layout-2 and Layou-3, 

respectively. Furthermore, the optimized wind farm improves the wind farm efficiency to 

99.55%, which is 9.14%, 2.11% and 2.11% higher than the wind farm efficiency by 

Layout-1, Layout-2 and Layout-3, respectively. 

Table 5.4 Comparison of Layout-1, Layout-2, Layout-3 and optimized wind farm 

 Layout-1 Layout-2 Layout-3 
Optimized 

layout 

Cost of power output 

(CoP) 
1.0987×10-3 1.0185×10-3 1.0195×10-3 9.9881×10-4 

Wind farm efficiency 90.41% 97.44% 97.44% 99.55% 

 

The wind farm layout is also optimized with specific numbers of wind turbines, which 

are from 58 to 83. The optimized result is evaluated by the CoP, APO and efficiency of 

the optimized wind farm. The CoP and APO of the optimized wind farm with various 

number of wind turbines is shown in Figure 5.14. Equation 4.3 shows both the numerator 

and denominator of CoP are nonlinear, which is difficult to directly find the trend. Based 

on the result shown in Figure 5.14,  CoP of the wind farm decreases from 58 wind 

turbines to 60 wind turbines and then increases in wave. Although the APO of the 

optimized wind farm seems increasing linearly, the APO improvement with various 

numbers of wind turbine are different. The average gradient of the APO is 656.84 kW and 

the standard deviation of the gradient is 14.33 kW. The APO of Layout-1, Layout-2 and 

Layout-3 calculated with 15° as the wind direction segment size are 50361 kW, 54329 

kW and 54277 kW, respectively. The result shows the APO of the optimized wind farm 

with 76 wind turbines reaches the energy generation capacity of Layout-1, which reduces 

7 wind turbines compared with Layout-1. The optimized wind farm with 82 wind 

turbines meets the energy generation capacity of Layout-2 and Layout-3, which reduces 1 

wind turbine. In addition, the CoP of optimized wind farms with 76 and 81 wind turbines 

is lower than the CoP of Layout-1, Layout-2 and Layout-3. 
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Figure 5.14 CoP and APO of the optimized wind farms with various number of turbines 

Figure 5.15 is the wind farm efficiency of optimized wind farms with various number 

of turbines. The maximum wind farm efficiency is 99.55%, which is by the optimized 

wind farm with 60 wind turbines. The wind farm efficiency curve shows a reverse trend 

compared with the CoP curve in Figure 5.14. The wind farm efficiency gradually 

deceases when the number of wind turbines increases from 60 to 83 wind turbines, which 

means the wake effect in the wind farm is increasingly severe. 

 

Figure 5.15 Wind farm efficiency of optimized wind farms with various number of 

turbines 
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5.3.2 Summary 

In this section, the CoP of the target wind farm is minimized by optimizing the 

number and positions of wind turbines in the wind farm. 15° is selected as the wind 

direction segment size for wind farm layout optimization. The result shows 60 wind 

turbines with an optimized wind farm layout has the minimum CoP. The optimized wind 

farm reduces the CoP and improves the wind farm efficiency compared with Layout-1, 

Layout-2 and Layout-3. Besides, the optimized wind farm layouts with fewer wind 

turbines can meet the energy generation capacity of Layout-1, Layout-2 and Layout-3. It 

reduces wind turbines and decreases the CoP of the wind farm. Other wind direction 

segment sizes for this case will be investigated in the future. 
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Chapter 6  

Summary and Future Work 

6.1 Summary 

Wind farm layout optimization is an important problem when designing a wind farm. 

A good wind farm layout can mitigate the wake effect, which leads to high APO and low 

CoP of the wind farm. The main contributions of this thesis are on two aspects: 1) 

proposing a comprehensive approach for selecting proper wind direction segment sizes in 

wind farm layout optimization studies. 2) demonstrating the proposed approach by case 

studies and presenting different wind direction segment size selection strategies based on 

the optimization results. The work on two contributions are summarized as follows. 

The proposed procedure involves five steps: modeling the wind farm power output 

and defining the objective function, pre-processing the data of the target wind farm, 

selecting an appropriate wind resource sample size for wind farm layout optimization, 

evaluating the estimated power output of the target wind farm, and optimizing the wind 

farm layout by using GA. The proposed approach can be applied on any wind farm power 

output model to select the proper wind direction segment size for this model. In this 

thesis, 10 different wind direction segment sizes used in wind farm layout optimization 

are investigated. 

The first step of the proposed approach is illustrated in Chapter 3. The wind farm 

power output model in this thesis is composed by commonly used wind resource model 

[24], position model [31], wake effect model [25] and wind turbine power curve [54]. 

Wind resource is modeled by sector-wise Weibull distribution. Multiple wake effect 

model derived from Jensen’s model considering wake conditions is used to simulate wind 

speeds at wind turbines in the wind farm. Wind turbine power output is estimated by 

cubic power curve. Two objective functions are defined: maximizing the APO and 

minimizing the CoP of the wind farm by optimizing the wind farm layout. The first and 

second objective function consider a fixed and various number of wind turbines 
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respectively. The grid method is used to design the wind farm and GA is employed as the 

optimization algorithm. 

The second to the fourth steps of the proposed approach are illustrated by calculating 

and evaluating the power output of an onshore wind farm in Chapter 4. The wind 

resource data, operational data, geographic data and wind turbine properties are pre-

processed. The coefficients of wind turbine power curve are calibrated based on the 

observed wind turbine power output. The calibrated wind turbine power curve improves 

the wind turbine power output estimation accuracy. The wind resource data is 

characterized by sector-wise Weibull distribution with different wind direction segment 

sizes. Wind resource is randomly generated by Monte Carlo simulation following the 

correlated Weibull distribution. Thirty-five hundred is selected as the appropriate wind 

resource sample size for wind farm layout optimization by trading off the power output 

estimation accuracy and CPU time. Wind farm power output calculated with different 

wind direction segment sizes are evaluated by the mean RE, range of RE and CPU time. 

The result shows 1° is the best wind direction segment size for wind farm power output 

calculation. Besides, the most accurate way to calculate the wind farm power output is 

directly applying the observed wind resource data to the wind farm power output model. 

The last step of the proposed approach is illustrated by optimizing layouts of wind 

farms in Chapter 5. Four case studies are considered: Case 1, Case 2 and Case 3 aim to 

maximize the APO of the wind farm, and Case 4 aims to minimize the CoP of the wind 

farm by optimizing the wind farm layout. The selection of wind direction segment sizes 

in wind farm layout optimization is investigated in the first three cases. Wind farm power 

output and its estimation accuracy, together with computing time, are considered in the 

optimization process. The observed wind resource is used to re-evaluate the APO of the 

optimized layout. The conclusions of four case studies are as follows. 

• Wind direction segment size has a clear impact on wind farm layout optimization. 

Smaller wind direction segment sizes generally result in better layouts with higher 

wind farm power output. The computing time for the optimization process 

increases with the decrease of wind direction segment size. 
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• For wind farms of different sizes and number of wind turbines, suitable wind 

direction segment sizes used in wind farm layout optimization are recommended. 

For wind farms with simple conditions, 5° is the best selection of wind directions 

segment size. For wind farms with complex conditions, wind farm optimized by 

using 1° as the wind direction segment size leads to the highest APO while it 

costs higher CPU time. We also select 3° and 5° as proper wind direction segment 

sizes since they cost lower CPU time and the optimized APO is close to the result 

by 1°. 

• For the target wind farm, all the optimized wind farms with 10 wind direction 

segment sizes improve the APO compared with three randomly designed wind 

farms. The consistency analysis shows 1° is the most reliable wind direction 

segment size for wind farm layout optimization. The acceptable wind direction 

segment sizes are from 1° to 15°. In addition, we select 3° as the optimal wind 

direction segment size, which has high estimation accuracy on power output 

calculation and also saves the CPU time.  

• The CoP of the target wind farm is minimized by using 15° as the wind direction 

segment size. The result shows 60 wind turbines with an optimized wind farm 

layout leads to the minimum CoP, which reduces the CoP and improves the wind 

farm efficiency compared with three randomly designed wind farms. Besides, the 

optimized wind farm layouts with fewer wind turbines meet the energy generation 

capacity of designed wind farms, which reduce wind turbines and decrease the 

CoP. 

6.2 Future work 

Wind farm layout optimization is a comprehensive research topic. In this study, we 

found two main challenges to be solved in the future. 

The first challenge is finding the global optimum of wind farm layout optimization 

problems with complex conditions. In Case 3, the wind farm size is 28 × 28 grids and the 

number of wind turbines is 83. The wind farm condition in Case 3 is much more complex 

than Case 1 and Case 2. The result in Case 3 shows when selecting small wind direction 

segment size in wind farm layout optimization, such as 1°, it is more difficult for GA to 
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find the global optimum compared with using large wind direction segment size. Besides, 

the CPU time will dramatically increase by using small wind direction segment size to 

find the global optimum. The result in Case 2 shows the APO of the wind farm optimized 

by using 1° as the wind direction segment size does not show a significant improvement 

though it takes more CPU time. The time-consuming problem will be more severe when 

the wind farm has high grid density and large amount of wind turbines. Therefore, we 

should consider whether 1° is worth to be selected as the wind direction segment size 

when optimizing a wind farm layout with complex conditions, or to use a more efficient 

algorithm to find the global optimum. 

The second challenge is the improvement of wind farm power output model. As 

mentioned in Section 3.4, wind farm power output is the sum of wind turbine power 

output. An appropriate power curve has high accuracy on wind turbine power output 

estimation. This thesis selects the most widely used power curve in wind farm layout 

optimization: the cubic power curve, which is very simple and easy to fit. In our previous 

study [72], we proposed a probabilistic power curve, which is proved has higher accuracy 

on wind turbine power output calculation than the cubic power curve. The proposed 

probabilistic power curve is more complex than the cubic power curve and needs more 

CPU time on simulation. Future work will consider the proposed probabilistic power 

curve in wind farm layout optimization and compare the optimized result with this thesis. 
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