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Abstract

Fracture toughness and deformation behaviour of ductile polymers were investigated 

under various conditions and fracture modes. New methodologies to encourage the 

fracture modes that are hard to be generated in the past have been developed.

The thesis proposes test methodology to evaluate the fracture toughness of highly 

ductile polymers such as high-density polyethylene (HDPE). The first method is based on 

essential work of fracture (EWF) concept to measure toughness in plane-strain condition, 

which is about one order of magnitude smaller than the plane-stress counterpart. A new 

work-partitioning principle was developed to generate thickness-independent EWF values.

The thesis also discusses deformation and fracture of polymers involving stable 

necking. The study shows that crack growth of double-edge-notched tensile (DENT) test 

on HDPE can be divided into 2 stages. The EWF values for each stage were determined. 

The study concludes that the EWF value for stable necking varies with the deformation 

behaviour.

Another new method developed is to evaluate the toughness of polymers in shear 

fracture. The method was firstly applied to poly(acrylonitrile-butadiene-styrene) (ABS). 

The measured shear fracture toughness was then compared with that in the tensile mode. 

The results suggest that the ratio of shear to tensile fracture toughness is about 2.5. 

Validity o f the new shear test was further evaluated using HDPE. For HDPE, shear 

fracture toughness could be determined by double extrapolation of specific work of 

fracture to zero ligament length and zero ligament thickness.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The last part of the thesis explores the yielding behaviour of HDPE using FEM. 

The study shows that the traditional way to determine the yield stress is not appropriate 

for the stable necking. Instead, an iterative process is proposed to determine the effective 

yield stress, based on which the loading level and the deformation behaviour can be 

simulated accurately. The simulation also considered anisotropic yielding in the stable 

necking process, which was verified by the simulation of DENT test. The study showed 

that anisotropic work-hardening occurred in the necking process. An empirical parameter, 

shear stress ratio, was implemented in anisotropic yield function, which successfully 

reproduced the load-displacement curves of DENT test in the FEM simulation.
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/?2 shape factor for the plastic deformation zone in mode I

/?3 shape factor for the plastic deformation zone in mode II

(3t shape factor in the neck inception stage

Pp shape factor in the neck propagation stage

A displacement at the point of interest

A, crack tip opening displacement

A f  displacement at fracture

An displacement at which transition starts

A'„ displacement at which transition ends

A  ̂ displacement at the maximum load

r 07 specific EWF in mode I

r07/ specific EWF in mode II

r„ specific necking energy within the FPZ

s  true strain

s 0 transition strain

eE engineering strain

£n true stress at the onset of necking in the FPZ

e nE engineering strain at the onset of necking in the FPZ

s  equivalent strain

£n max maximum equivalent strain for the neck inception in the FPZ

£ f  equivalent strain at the final fracture

£ strain rate

0O angle of crack propagation with respect to the original crack orientation

y  angle between relative velocity and velocity discontinuity

X shape factor for the active plastic zone

ex true stress
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maximum principal stress

<t 2 minimum principal stress

tensile strength

engineering stress

^"max maximum tensile stress

tensile yield stress

<7 equivalent stress

T C shear strength

T max maximum shear stress
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Chapter 1 

Introduction

1.1 Background

Although polymers are, nowadays, widely used in many structural products because of 

their low costs and ease of processing, the end use in engineering applications is often 

restricted by their macroscopic mechanical properties. Among the various mechanical 

properties of polymers, the deformation behaviour in elastic or small plastic realm has 

been relatively well investigated. Accordingly, the fracture behaviour which occurs after 

some deformation has been studied extensively. However, for the fracture preceded by 

extremely small or large deformations, the theoretical or experimental scheme has been 

established depending on the deformation characteristic of the polymers. For example, if 

a polymer fails in a brittle manner, the fracture behaviour of this polymer after little 

deformation has been studied abundantly in the past. On the other hand, for ductile 

polymers, brittle fracture is hard to be generated, resulting in the scarcity of study in this 

area.

Since extent of plastic deformation involved in the fracture process depends on the
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stress state, such as deformation being highly suppressed in the plane-strain condition but 

not in the plane-stress condition, fracture after little plastic deformation is often called 

“plane-strain fracture”, while that preceded by noticeable amount of plastic deformation 

“plane-stress fracture”. Note that plane-stress fracture needs to be classified in a more 

detailed manner for polymers. Fracture can also be classified by the mode of stress that 

causes the fracture. For example, when tensile stress is applied to generate crack growth 

in the direction perpendicular to the stress, it can be classified as tensile (mode I) fracture. 

Likewise, in-plane shear (mode II) and out-of-plane shear (mode III) fracture can be 

classified in a similar manner. It has been known that most polymers have high tendency 

to be fractured in the tensile mode [1], Therefore, methodologies and theories for the 

fracture behaviour of polymers in tensile mode have been well developed while those on 

shear mode rarely.

1.2 Objective

Table 1-1 shows how previous studies on the fracture behaviour has been biased towards 

the fracture involving limited deformation because that fracture behaviour is easy to be 

generated in laboratory testing. However, as the application of polymeric materials 

increases to load-bearing applications, unexpected fracture that has been rarely studied in 

the past can sometimes occur. For example, high-density polyethylene (HDPE) is a 

highly ductile polymer of which the fracture was always believed to involve extensive 

necking. Because of its ductility, HDPE has been widely used for critical applications 

such as natural gas pipe-line in the municipal area. However, it has been reported that 

pressurized polyethylene pipe may fail in a very brittle manner without any sign of the
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ductile deformation, commonly known as rapid crack propagation (RCP) [2]. RCP can 

cause catastrophic failure, thus it is highly necessary to study plane-strain fracture 

behaviour. On the other hand, fracture behaviour of poly(acrylonitrile-butadiene-styrene) 

(ABS) is known to be dominated by tensile mode even under pure shear loading. Since 

many products with complex shape have the tendency of shear fracture in the service 

loading environment, it is essential to obtain the correct information on the deciding 

factors for this fracture mode.

This current study has been focused on areas that have not been explored well in 

the past. Main objective of this study is to develop new methodologies to encourage 

plane-strain fracture in polymers that are known to be highly ductile, and shear fracture in 

ductile and highly ductile polymers, and evaluate the corresponding fracture toughness. 

Fracture behaviour of highly ductile polymers that involves stable necking was also 

investigated, which in the past has been treated in the same manner as that in unstable 

necking. The study investigated yielding behaviour and yield criterion under stable 

necking that are essential for the correct numerical simulation. The areas that have been 

dealt with in this study are summarized in Table 1-1.

1.3 Essential Work of Fracture

The fracture behaviour can be best represented by “fracture toughness”. Toughness is a 

measure of material’s resistance to failure. Used with “fracture”, it refers to the energy 

per unit area needed to generate a new crack surface. The measures of fracture toughness 

derived prior to 1960 have been based on linear elastic fracture mechanics (LEFM); 

therefore, they can be applied only to brittle materials that obey Hooke’s Law. Although
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modifications were later made to accommodate small-scale plasticity [3], these analyses 

are still restricted to structures of which global behavior is linear elastic. For example, 

energy release rate and stress intensity factor are two measures of the fracture toughness 

in the global deformation behavior that can be well described using LEFM. Since LEFM 

is valid only if nonlinear material deformation is confined to a small region surrounding 

the crack tip, fracture behaviors of many materials are virtually impossible to characterize 

using LEFM due to their elastic-plastic deformation, and nonlinearity between stress and 

strain. For these types of materials, J-integral has been used to characterize the crack 

growth resistance. However, when plastic deformation is not confined at the crack tip 

region, but occurs globally, J-integral presents coupled contribution from plastic 

deformation and crack formation [4], As a result, a different approach that was firstly 

proposed by Broberg [5], known as essential work of fracture (EWF), was developed to 

extract the specific energy needed for the crack formation, by separating it from the non- 

essential work for the plastic deformation. Many researchers have since studied this 

concept [6-13], and obtained strong evidence to support validity of the EWF concept for 

the toughness characterization.

The essential work of fracture (EWF) concept is the scheme to determine the 

essential work which is the energy consumed within the region around the crack tip where 

necking and final fracture occurs, called fracture process zone (FPZ). If a double-edge- 

notched (DEN) sheet specimen (Fig. 1-1) yields completely before fracture, the height of 

the plastic deformation zone formed between the notches, h , is proportional to the 

ligament length ( L0). However, size of the plastic deformation zone does not increase 

after the initial yielding. Therefore, the work consumed for the whole fracture process,
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Wf , can be separated into two components:

(i) The essential work consumed within the FPZ (We)

(ii) The non-essential work consumed in the plastic deformation zone ( Wp). 

The essential work, We, is proportional to the ligament cross-sectional area, L0t0, that is 

to be fractured during the test where t0 is the original specimen thickness, provided that 

the specific essential work remains constant. The non-essential work for the plastic 

deformation, Wp , is proportional to plastic deformation volume, /3L20t0, where j3 is the

shape factor of plastic deformation zone. If wp represents the plastic energy density, then 

the total work of fracture can be written as

W f=We +Wp = L0t0we +j3wpLlt0 (1.1)

where we is the specific essential work of fracture. By measuring the total work of 

fracture for specimens of different ligament lengths, and dividing Wf  by the ligament 

cross sectional area (L0t0), the specific work of fracture, wf , can be expressed as: 

Wf = w e + P WPL0 (1.2)

Thus, if the specific work of fracture, w f , is plotted against the ligament length L0, there 

should be a straight line with a positive intercept that is the specific essential work, we,

representing the fracture toughness [11]. The basic assumption of this scheme is the 

energy consumed within the FPZ, we , is constant and can be regarded as material 

property which has been investigated in this study and will be discussed in Chapter 4.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6

When the shape of the plastic deformation zone is circular, Wp in Eq. (1.1) can be 

written as:

where a  is the effective stress, e  effective strain, and e y the effective strain at yielding.

thus, in Eq. (1.2) is equal to n lA  for circular plastic zone. When the plastic 

deformation zone is elliptical shape with the height being h , it can be derived that 

7Z h
fi = — (— ). P  value for other shapes of plastic zone can be determined from the plastic 

4 L0

zone area if it can be measured with sufficient accuracy. However, the report from ESIS 

committee stated that the attempts to determine P  were abandoned because the shape of 

the plastic deformation zone could not be measured with sufficient precision [13].

For metals with reasonably high strain hardening exponents, the plastic 

deformation zone is almost circular [11], while for small strain hardening exponent it is 

narrower and elliptically shaped. For polymers plastic deformation zone can be wedge 

shaped and very narrow [6], However, in all cases the area of the plastic deformation 

zone and the work for the plastic deformation, Wp , are still proportional to L\ [6]; 

therefore, it is not necessary to separate P  and wp in evaluating we. Since the EWF

Wp = I o de ( tv/A)L20t0 (1.3)

By substituting r  a d s  with wp , Eq. (1.2) can be re-written as:

(1.4)
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concept has been used in this study to evaluate we as the representative of fracture 

toughness, the attempt to separate /? and wp has not been made in this thesis.

Pardoen et al. [7] proposed that we can be further divided into the local fracture

energy that accounts for material damage and separation to form new surfaces and the 

necking energy that comes from the development of a localized neck in front of the crack, 

both of which are within the FPZ. Therefore, we in Eq. (1.2), can be expressed as:

we = <  + r„ (1.5)

where w£ is the specific energy for generating the new surface, excluding the energy for 

necking, and is suggested to be the EWF for plane-strain fracture, and is the specific 

necking energy within the FPZ. Ideally, Yn is negligible in the plane-strain fracture, 

while it is significant in plane-stress fracture.

1.4 Materials

Poly(acrylonitrile-butadiene-styrene) (ABS) and high density polyethylene (HDPE) are 

two polymers used for tests in this thesis. ABS is a rubber-toughened glassy polymer 

consisting of a matrix of random styrene-acrylonitrile (SAN) colopymer and a population 

of approximately spherical rubber particles. HDPE is a semi-crystalline polymer which is 

composed of both crystalline and amorphous regions as shown in Fig. 1-2. Crystalline 

region consists of entities known as shperulites in which multiple lamellae are stacked 

together. Lamella is the layered structure of folded entangled polymer chains. Difference 

of their micro structures resulted in very contrasting deformation behaviour. Excellent 

ductility and significant work-hardening of HDPE has enabled the development of stable
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necking during the plastic deformation [15,16]. On the other hand, ABS that does not 

show any work hardening behaviour, with its neck formation quickly leading to the final 

fracture. Also, HDPE shows shear-like fracture under pure shear loading while the 

fracture in ABS is always dominated by the tensile mode under any loading conditions. 

Therefore, they are the examples showing extremely different fracture behaviors.

The mechanical properties of ABS and HDPE used in this study are summarized 

in Table 1-2.

1.5 Thesis Overview

Structure of the thesis is like the following. Plane-strain fracture of highly ductile 

polymers will be discussed in Chapter 2 and 3. Because of its excellent ductility, the 

fracture of HDPE is known to involve extensive necking. Brittle fracture without necking 

is very difficult to be generated. As a result, the essential work usually contains a 

significant portion of necking energy, which makes it difficult to evaluate fracture 

toughness of HDPE under plane-strain condition. The method to evaluate plane-strain 

fracture toughness based on the EWF concept is proposed in Chapter 2. The results for 

the HDPE of two different thicknesses are presented, that are compared with the results 

of the new method for toughness evaluation based on the work partitioning principle 

presented in Chapter 3.

Compared to the fracture toughness in plane-strain condition, that in plane-stress 

has been explored well by using the EWF concept [9,10,17-19]. The original idea of 

EWF concept [6,9,10,11] assumes the state within the FPZ to be constant during the 

crack growth. However, for stable necking materials, the degree of necking within the
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FPZ varies and its size increases with the neck propagation into the neighbouring region. 

Therefore, validity of the EWF concept when the stable necking occurs needs to be 

examined, which is discussed in Chapter 4.

The study of shear fracture toughness has been rarely conducted for polymers 

because their fracture in most mechanical tests mainly occurs in mode I. As a result, even 

though the crack is initiated in a shear-like mode, the fracture mode is often changed to 

mode I soon after the initiation [20,21]. To our knowledge, no experimental data are 

available to evaluate the shear fracture toughness for ductile polymers. A method has 

been developed for evaluating the shear fracture toughness and applied to ABS, a non- 

work-hardening material, in Chapter 5, and HDPE a work-hardening material with stable 

necking, in Chapter 6.

Chapter 7 presents two case studies that use finite element method (FEM) to 

simulate deformation behaviour when subjected to tensile loading. The first one is to 

deform HDPE in uni-axial tensile (UT) test beyond the initial yielding, i.e. to generate 

stable necking in the gauge section. Validity of conventional experimental yield stress is 

investigated using FEM simulation, and a simple correction process was developed to 

determine the effective yield stress for the FEM input from the experimental results. 

Variation of yield function with the necking development is also examined through the 

case study of double-edge-notched tensile (DENT) specimen. Appropriateness of the 

conventional von Mises yield function with the assumption of isotropic work hardening 

was examined, and an anisotropic yield function employing an empirical parameter is 

proposed.
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The main conclusions are summarized in Chapter 8, together with the 

recommendations for future work, to substantiate the conclusions and explain some 

unresolved questions.

This thesis adopts the paper format based on six papers, submitted or published in 

technical journals. Reference of the papers and corresponding chapters are listed below.

Chap. 2: H. J. Kwon and P.-Y. Jar. “Toughness of High-Density Polyethylene in Plane- 

Strain Fracture,” Polymer Engineering & Science. Vol. 66 (10), pp. 1428-1432 

(Oct. 2006).

Chap. 3: H. J. Kwon and P.-Y. Jar. “New Work Partitioning Approach to the 

Measurement of Plane-Strain Fracture Toughness of High-Density 

Polyethylene based on the Concept of Essential Work of Fracture,” 

Engineering Fracture Mechanics. In Press.

Chap. 4: H. J. Kwon and P.-Y. Jar. “On the Application of Essential Work of Fracture 

Concept to Toughness Characterization of High-Density Polyethylene,” 

Polymer Engineering & Science. Accepted.

Chap. 5: H. J. Kwon and P.-Y. Jar. “Fracture toughness of polymers in shear mode,” 

Polymer, Vol. 46 (26), pp. 12480-12492 (Dec. 2005).

Chap. 6: H. J. Kwon and P.-Y. Jar. “Fracture Toughness of High-Density Polyethylene 

in Shear Mode,” International Journal of Fracture. Accepted.

Chap. 7: H. J. Kwon and P.-Y. Jar. “On the Application of Numerical Simulation to the 

Deformation of High-Density Polyethylene,” International Journal of Solids 

and Structures. Submitted.
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Figures
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Fig. 1-1 Double-edge-notched (DEN) specimen.

amorphous
region

molecules

lamellar fibrils
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Fig. 1-2 Schematic illustration of HDPE.
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Tables

Table 1-1. The map showing the degree of exploration on the deformation behaviour of 

the materials having different ductility: HflM. explored extensively;

explored moderately; I I, explored rarely; • ,  explored in this study.

Materials
Mode I Mode II 

(polymer) Yielding
Plane-strain Plane-stress

Brittle

Ductile

Highly ductile

Table 1-2. Material properties of ABS and HDPE (*: provided by the supplier.)

ABS HDPE

Supplier Denki Kagaku Kogyo, 
Japan

McMaster, Canada

Material Type Extruded Plate Extruded Plate

Young’s modulus 2.5 GPa 1 GPa

Tensile Strength 48 MPa 25 MPa

Elongation at Failure 20% > 500 %

Density 1.04* 0.96

Glass Transition Temp. 100 °C * -30 °C *

Water Absorption 0.3 % * 0.076 % *

Degree of crystallinity - 80% *
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Chapter 2 

Toughness of High-Density Polyethylene 

in Plane-Strain Fracture

2.1 Introduction

When studying the fracture resistance of very ductile materials, where a large plastic zone 

develops and the energy dissipation is no longer confined to a small region around the 

crack tip, the J-integral has been the traditional method to quantify the toughness. 

However, its value for ductile materials presents coupled contribution from plastic 

deformation and crack formation [1, 2], As a result, a different approach that was firstly 

proposed by Broberg [3], known as essential work of fracture (EWF), was developed to 

extract the specific energy needed for the crack formation, by separating it from the non- 

essential work for the plastic deformation. Many researchers have since studied this 

concept [4-11], and obtained strong evidence to support validity of the EWF concept for 

the toughness characterization. The EWF concept is now increasingly popular for 

determining fracture toughness of ductile materials.

** A version of this chapter has been published. Polymer Engineering & Science.
Vol. 66 (10), pp. 1428-1432 (Oct. 2006).
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Using double-edge-notched tensile (DENT) specimens, the basic requirement for 

applying the EWF concept to the toughness measurement is twofold. Firstly, the ligament 

between two edge cracks, L0 in Fig. 2-1, should yield completely before the fracture 

commences, and secondly, the plastic deformation should occur only in the region around 

the ligament. When these requirements are met, the energy absorbed during the test, after 

normalized by the original ligament area, is known to be a linear function of the ligament 

length. The energy for the crack formation, known as specific EWF, can be determined by 

extrapolating the normalized energy absorption to zero ligament length, because the 

specimen with zero ligament length should no longer require any additional energy for 

plastic deformation. The specific EWF consists of two parts, that is, the energy for 

necking inside the fracture process zone (FPZ in Fig. 2-1) and the energy for generating 

new fracture surface [12]. In order to determine the latter, the necking energy within the 

FPZ should be excluded from the specific EWF.

The need for extracting the energy that is only for the formation of new fracture 

surface is justified here, using polyethylene as an example. Polyethylene is one of the 

most ductile materials, of which the fracture at room temperature usually occurs with a 

strain greater than 100%. Fracture of polyethylene specimens is known to involve 

extensive necking; however, as a pressurized pipe polyethylene can fail in a very brittle 

manner without any sign of neck formation, commonly known as rapid crack propagation 

(RCP). Several factors, such as high crack growth speed (sometimes exceeding the sound 

speed), low ambient temperature, deformation constraint, etc. [13-16], are known to 

prohibit the neck formation, resulting in the brittle fracture behaviour. This type of 

fracture is often referred to as the plane-strain fracture, in contrast to the plane-stress
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fracture that involves extensive necking. Toughness of polyethylene in the two fracture 

modes is expected to be significantly different, with the toughness in the plane-strain 

mode being much lower than that in the plane-stress mode.

In the plane-stress fracture, toughness of polyethylene was reported to be above 

30 k J /m 2 . Some types of high-density polyethylene were reported to show the 

toughness around 35 k J / m2 [17]. But for ultra-high-molecular-weight polyethylene and 

high-molecular-weight polyethylene, the toughness can be as high as 78 and 138 k J / m2, 

respectively [7, 8]. Using arc-shaped specimens, the toughness for polyethylene pipe was 

reported to be around 80 kJ / m2 [18]. It should be noted that all of the above values were 

measured in the plane-stress condition, with the involvement of necking in the fracture 

process. These values are much higher than the steady-state dynamic fracture toughness 

( Gd) of polyethylene pipe, estimated to be around 6 k J /m 2 [16], which is known to

occur without necking.

Several studies have used the EWF concept to determine the toughness of 

polyethylene in the plane-strain fracture. For example, Mai and co-workers observed a 

transition from plane-stress to plane-strain fracture by decreasing the ligament length at a 

given thickness [7, 8], evident by a distinct deviation of the trend line from linearity in 

the plot of specific work of fracture versus ligament length. Fig. 2-2 illustrates the general 

phenomenon observed in these studies. Attempts have been made to use the non-linear 

trend line to determine the specific EWF value for the plane-strain fracture, such as using 

power-law fitting of the data in the transition region of Fig. 2-2 to zero ligament length 

[20, 22-24], However, the specific EWF values for polyethylene from these approaches
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( w£e in Fig. 2-2) show a wide range of values, from as low as 7 kJ I m2 to above 20 

k J /m 2 [7,23].

We recently observed that in the EWF test of HDPE specimens with very short 

ligament length, i.e. less than the specimen thickness, the fracture occurred in a very 

brittle manner without necking. When the ligament length is short enough, the trend line 

of specific work of fracture vs. the ligament length was found to resume the linear 

relationship, of which the slope is similar to that in the plane-stress region. This 

observation is consistent with the speculation proposed by Luna et al. [6] that when the 

specimen thickness is larger than the ligament length, plane-strain fracture is expected to 

occur. It is believed that the true plane-strain specific EWF can be determined by 

extrapolating values of specific work of fracture in this region to zero ligament length.

This paper presents the experimental observation of the fracture behaviour in the 

plane-stress and plane-strain conditions and the corresponding specific EWF values. The 

specific EWF values in both extrusion and transverse directions of the HDPE plate are 

reported here.

2.2 EWF Concept

The EWF concept is to extract the energy for the formation of crack surface from the 

total energy absorbed in the fracture process. The basic requirement of the EWF concept 

is that the ligament between two edge cracks, L0 in Fig. 2-1, should yield completely 

before the crack growth commences, but the plastic deformation should be confined to 

regions around the ligament [9]. Therefore, the energy absorbed for the formation of 

crack surface can be determined by extrapolating the value of energy absorption per unit
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fracture area (known as specific work of fracture) to the case with zero ligament length, 

as the corresponding energy for plastic deformation is zero.

Using the above concept, work provided to fracture the specimen can be classified 

into two parts. The first part is the work for plastically deforming the region around the 

ligament, which is expected to be proportional to the volume of plastic deformation zone. 

Provided that the plastic deformation has been fully developed before the crack growth 

commences, the height of the plastic deformation zone, h in Fig. 2-1, is then proportional 

to the initial ligament length, Z0, and the total work for plastic deformation, W , is

proportional to L20 x to . The second part is the essential work required for the formation 

of fracture surface, We , which is proportional to the cross sectional area of the ligament

(Lo Xto)-

The total work of fracture, Wf  , is the sum of the two parts of energy consumption.

That is,

Wf =We +Wp = weL0t0 + p  wpL\t0 (2.6)

where t0 is the initial specimen thickness, we the specific essential work of fracture, w 

the average plastic work density, and /? the shape factor for the plastic deformation zone. 

By measuring the total work of fracture for specimens of different ligament lengths, and 

dividing Wf  by the ligament cross sectional area (L0x tg), the specific work of fracture,

wf , can be expressed as:

wf  = we + P w p L0 (2.7)
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The specific essential work of fracture, we, can then be determined by extrapolating wf

to zero ligament length [9],

Pardoen et al. [5] proposed that in thin plates, we can be further divided into the

fracture energy that accounts for damage and material separation to form new surfaces 

and the necking energy that comes from the development of a localized neck in front of 

the crack, both of which are within the FPZ. In the plane-stress fracture, the 

corresponding specific EWF, we in Eq. (2.2), can be expressed as:

we = w £e + rn (2.3)

where w£e is the specific energy for generating the new surface, excluding the energy for 

necking, and is suggested to be the EWF for plane-strain fracture, and Tn is the specific 

necking energy within the FPZ. Value of we for metals was suggested to be proportional 

to the specimen thickness because the value of Tn was found to be thickness-dependent. 

However, for many polymers, we turned out to be independent of thickness [26-28]. 

Therefore, Tn for these polymers must be independent of the thickness.

Since the basic requirement of the EWF concept is the complete yielding of the 

ligament region prior to the commencement of crack growth, the we value obtained from

the above approach should represent the toughness for the plane-stress fracture. 

According to the ESIS protocol for the EWF test [19], the plane-stress fracture is 

expected to occur when the ligament length L0 satisfies the following condition:

(3 -  5)t0 <L0 < m in (y  or 2rp) (2.4)
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where t0 is specimen thickness, W specimen width, and 2rp size of the plastic zone 

which can be estimated using the following equation:

r' = w ^  ( 2 - 5 )LTC (7 y

with E  and a y being the elastic modulus and tensile yield stress of the material, 

respectively, and wae the plane-stress specific EWF.

Even though the EWF concept was developed for the fracture in the plane-stress 

condition, there have been several studies that apply this concept to evaluate plane-strain 

fracture. As described earlier, this is done by extrapolating wf  values to zero ligament

length in the plot that has the ligament length in a range less than that specified in Eq.

(2.4). Sometimes power-law curve-fitting was used in the extrapolation because the trend 

line between wf  and Lo was not linear in this range; however, this approach does not

have any support from theoretical analysis, as indicated by Saleemi and Naim [23].

Recently, Luna et al. [6] speculated that the plane-strain fracture occurs when the 

following conditions for specimen thickness t0 and ligament length L0 are met [6, 20- 

21]:

w£
t0> 25—̂  and L0 < t0 (2.6)

where w£e is the specific EWF in the plane-strain fracture, based on ASTM standard for 

J IC testing [29]. Using the above condition for specimen design, in this study we 

searched for the feasibility of applying the EWF concept to determine fracture toughness
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in the plane-strain condition. This paper summarizes the test results and provides 

plausible explanation for their validity.

2.3 Experiments

A commercial-grade, extruded high-density polyethylene of 6.25 mm thick was used for 

the study, which was much thicker than the polyethylene specimens used in the past [7, 

23], With a reasonable ligament length, plane-strain fracture is expected to occur in the 

specimens of such thickness.

As shown in Fig. 2-1, DENT specimens with the dimensions of 90 mm wide (W), 

260 mm long (H) and ligament length L0 ranging from 5.310 (33 mm) to 0.3210 (2 mm) 

were prepared for the testing. Due to the extrusion process, polymer molecules may have 

been slightly oriented in the extrusion direction, causing anisotropy of the fracture 

toughness. To examine the possible toughness anisotropy, two batches of specimens were 

prepared, one with specimen length along the rolling direction (i.e. the notches 

perpendicular to the rolling direction) and the other with specimen length along the 

transverse direction (i.e. the notches parallel to the rolling direction). Tests were 

conducted by applying tensile load in the specimen length direction using an Instron 

universal testing machine at a crosshead speed of 5 mm/min. Test details are described in 

Appendix A.

2.4 Results and Discussion

The specific work of fracture wf  was calculated using the area under the load- 

displacement curve, which is presented in Fig. 2-3 as a function of ligament length L0.
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Fig. 2-3 clearly shows a linear relationship between wf  and L0 at L0 >15 mm (about 

2.5t0). This is consistent with the prediction by Eq. (2.4) that specimens with L0 larger

than 3 to 5 times of t0 should have fracture dominated by the plane-stress condition. Post­

fractured DENT specimens, as presented in Fig. 2-4(a), show that fracture occurred after 

extensive elongation. The corresponding specific EWF value ( wae , with the superscript a  

representing the plane-stress condition) is 49.7 kJ/m2 for specimens in the transverse

t 7 . .direction (“A” in Fig. 2-3) and 75.5 kJ/m for specimens in the rolling directions (“o” in 

Fig. 2-3). The correlation coefficients (R) for the curve fitting are 0.9996 and 0.9997, 

respectively.

For specimens with ligament length shorter than 15 mm (2.5 t0), the trend of wf

with L0 in Fig. 2-3 clearly shows deviation from the above linearity. The corresponding 

post-fracture behaviour is presented in Fig. 2-4(b) which shows the evident suppression 

of neck formation, suggesting that the fracture is no longer dominated by the plane-stress 

condition. As discussed earlier, this is probably the result of mixed plane-stress and 

plane-strain fracture [6, 23-25]. Orientation introduced by the extrusion process still 

shows a visible effect on the wf  value, but difference of the wf  values due to specimen 

orientation is reduced with the decrease of L0. For specimens in the rolling direction, 

extrapolating the wf  values in the transition region of Fig. 2-3 to zero ligament length

yields 8.03 kJ/m2 which is very close to that reported by Mai et al. [7] using linear 

extrapolation, also obtained from a similar region.

Further decrease of the ligament length below the transition region, i.e. with L0 

below 5 mm for specimens in the rolling direction and 8 mm for specimens in the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



25

transverse direction, the wf  values seem to resume a linear relationship with L0. Although 

the polymer orientation still affects the wf  values, its effect is much less than that shown 

in the other two regions. As shown in Fig. 2-3, by extrapolating the wf  values in this

region to zero ligament length 5.0 and 6.0 kJ/m were obtained for specimens in the 

transverse and rolling directions, respectively. The corresponding correlation coefficients 

(R) are 0.991 and 0.999. These specific EWF values are much smaller than those for the 

plane-stress fracture ( w° ). Typical post-fracture behaviour of these specimens is 

presented in Fig. 2-4(c) which shows that most of the necking is suppressed. Therefore, 

r„ in Eq. (2.3) that represents the energy for necking within the FPZ should be negligibly 

small, and the specific EWF, we, should be close to the pure plane-strain specific EWF 

( w£, with the superscript e representing the plane-strain condition). In other words, wf in 

the plane-strain condition can be expressed in a way similar to Eq. (2.2), except = 0, 

thus we is equivalent to w£ .

Results in Fig. 2-3 and the above discussion suggest that the plots of wf  vs. L0 for

the plane-strain and the plane-stress fracture should show similar slopes, but the trend line 

for the plane-strain fracture is shifted downward in the plot due to negligible Tn value. It

is interesting to note that the w£ values in Fig. 2-3 are very close to the dynamic fracture

toughness o f polyethylene pipe, reported to be 6 kJ / m 2 by Zhuang et al. [16], though no 

material information was provided in their paper for comparison.

It should also be noted that the range of ligament length for the transition region in 

Fig. 2-3 (for the mixed plane-stress and plane-strain fracture) depends on the crack growth
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directions. For specimens in the rolling direction (“o” in Fig. 2-3) lower bound value of L0 

for the transition region extends to below 5 mm, but that for specimens in the transverse 

direction (“A” in Fig. 2-3) is about 8 mm (marked by a dash line below the data points). 

Fig. 2-3 also shows that data in the transition region are much more scattered from 

linearity than those in the plane-stress or in the plane-strain regions, possibly due to the 

variation in the involvement of necking before the final fracture.

Karger-Kocsis and co-workers [26-27], using energy partitioning methods, 

expressed the total work of fracture in terms of the deformation processes involved. Since 

each process consumes essential and non-essential energies for fracture, they proposed 

that each of the terms, we and /3wpL0 in Eq. (2.2), should include both types of energy.

That is, the value of we which is conventionally regarded as constant, irrespective of the 

crack length or deformation behaviour, should have contributions from each of the 

deformation processes, such as yielding, necking and tearing. Therefore, values of we

may vary during the crack growth, depending on the deformation processes involved. In 

the brittle, plane-strain fracture where necking is negligible, the deformation process may 

not vary much during the crack growth. However, for the plane-stress fracture of very 

ductile materials, the deformation process may vary significantly during the fracture 

evolvement. In this case, we may need further classification to reflect the essential work

of fracture for each of the deformation processes involved. This type of study will be 

conducted in the near future using ductile polymers such as HDPE.
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2.5 Conclusions

The concept of essential work of fracture has been applied to high-density polyethylene 

plate of 6.25 mm thick to determine its fracture toughness. By varying ligament length of 

the DENT specimens, three distinct regions were found in the plot of specific work of 

fracture ( wf ) versus ligament length (L0). These three regions correspond to plane-stress,

mixed plane-stress and plane-strain, and plane-strain fractures, respectively. The plot 

bears similar features as those predicted by Luna et al., and proves that a plane-strain- 

dominant region exists when L0 is smaller than the specimen thickness. Excellent linear 

relationship was found between wf  and L0 in the plane-strain region, which allows the

adoption of linear regression for the curve fitting. By extrapolating L0 to zero in this 

region, the specific EWF for the plane-strain fracture was determined, which is about 10 

times smaller than the plane-stress counterpart.

Further study is being conducted for the plane-stress fracture, in view of the 

possible variation of deformation processes during the crack growth. This follow-up study 

is expected to establish expressions of specific work of fracture accompanied with 

necking or plastic deformation in the surrounding ligament region. The study is also 

expected to elucidate the fracture mechanisms involved in the DENT specimen, and the 

cause for the huge difference between the fracture toughness in the plane-strain and plane- 

stress conditions.
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Figures

Fig. 2-1

Fig. 2-2
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Schematic plot of the specific work of fracture (wf ) versus ligament length 

( L0), adopted from ref. [6, 7]. The plot suggests the existence of transition 

from plane-stress to mixed plane-stress and plane-strain conditions, which has 

been used in the past to determine EWF value in the plane-strain condition.
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Fig. 2-3
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(a) (c)

Fig. 2-4 Photographs of fracture behaviours in: (a) plane-stress region, (b) transition

region, and (c) plane-strain region of Fig. 2-3. Photos were taken from the side 

of the specimens to show the variation of specimen thickness. Length of the 

white bar in each photograph corresponds to 1mm.
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Chapter 3

New Work Partitioning Approach to the Measurement 

of Plane-Strain Fracture Toughness of High-Density 

Polyethylene based on the Concept of Essential Work of 

Fracture

3.1 Introduction

When a ductile material deforms in tension, the initial flow stress increases with the

increase of plastic deformation, until one cross section reaches the condition that further

increase in the flow stress does not compensate for the decrease of the cross-sectional

area. From this stage onward, plastic deformation evolves around that particular section,

which is known as the necking process. High-density polyethylene (HDPE) that fractures

in plane-stress condition usually involves extensive necking; however, it is known that

pressurized polyethylene pipe can fail in a very brittle manner without any sign of the

neck formation, commonly known as rapid crack propagation (RCP) [1]. Factors such as

high crack growth speed (sometimes exceeding the sound speed), low ambient

temperature, deformation constraint, etc. [2-5], are known to suppress the necking in

** A version of this chapter has been accepted. Engineering Fracture Mechanics (Dec. 
2006).
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polyethylene, resulting in a brittle, plane-strain fracture. This is in contrast with the 

ductile, plane-stress fracture that involves extensive necking. The different fracture 

behaviour is expected to result in significantly different toughness, with that for the 

plane-strain fracture being much lower than that for the plane-stress fracture.

Zhuang and Ivankovic [2,5], through finite element simulation of dynamic 

fracture in a small-scale steady-state (S4) test, estimated that toughness of high-density 

polyethylene pipe in the plane-strain fracture should be around 5 to 6 kJ/m . In plane- 

stress fracture, on the other hand, the toughness has been reported to be several times 

higher, ranging from 35 to 138 kJ/m2 [6-8]. Since fracture behaviour of polyethylene 

strongly depends on the type of applications, it is important to ensure that toughness used 

in design is consistent with the expected fracture behaviour for the specific applications 

in concern.

The basic concept of essential work of fracture (EWF), since proposed by 

Broberg [9], has been studied by many researchers [7,10-14], and is now widely accepted 

for measuring toughness of ductile materials in plane-stress fracture. In plane-strain 

fracture, on the other hand, J-integral is the standard method for the toughness evaluation, 

but the results in the literature for HDPE show a wide range of variation, from as low as 2

7 7kJ/m to above 100 kJ/m [15-19]. Such variation is very unlikely to represent the true 

range of plane-strain toughness for HDPE, even after taking into account the difference 

of materials used in these studies. It is believed that some of the methods used in these 

studies may have introduced the fracture in a mixed mode of plane-stress and plane-strain 

conditions. A method that can reliably measure toughness for HDPE in the pure plane- 

strain fracture is thus highly desired, but yet to be available.
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Several attempts have been made to use the EWF concept to evaluate the plane- 

strain fracture toughness. In applying the EWF concept to the plane-stress fracture, 

specimens should have ligament length more than 3 times of the specimen thickness. 

Otherwise, the fracture is generated in a mixed mode of plane-stress and plane-strain 

conditions, which is also known as a transition or mixed condition [7,20]. For estimating 

the plane-strain fracture toughness, some EWF studies have used linear extrapolation in 

the transition region to zero ligament length [7,21], However, the data have shown a non­

linear trend that made it difficult to justify the use of a linear regression method [22]. 

Attempts have also been made to use non-linear curve-fitting techniques, such as power- 

law functions, [22-23], but no theoretical basis can support these approaches [22]. For 

HDPE, values determined in those approaches show significant variation, from as low as 

7 kJ/m2 to above 20 kJ/m2 [8,22].

Karger-Kocsis et al. [24-25] proposed an approach that was based on the principle 

of energy partitioning to divide the total work of fracture into the work for yielding and 

the work for necking and fracture. They suggested that the corresponding work is 

equivalent to the areas under the load-displacement curve before and after the point at the 

maximum load, respectively. They observed that the value obtained by extrapolating the 

specific work for yielding to zero ligament length in the plane-stress region agrees well 

with the specific EWF value determined using the total work of fracture in the transition 

region. Based on this observation, they suggested that the plane-strain EWF value can be 

obtained by applying the EWF concept to work for yielding [24-25].

In the previous work on HDPE toughness using double-edge-notched tensile 

(DENT) test, we discovered that when the ligament length was shorter than the specimen
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thickness, fracture occurred in the plane-strain condition, i.e. brittle fracture with little 

necking [27]. The corresponding trend line for the total specific work of fracture versus 

the ligament length was found to be linear, with the slope similar to that in the plane- 

stress condition. By applying linear extrapolation to data in the plane-strain region, the 

specific EWF values at zero ligament length were estimated to be 5.02 and 6.02 kJ/m for

6.25-mm-thick HDPE specimens, with the specimen length along the rolling and the 

transverse directions, respectively.

This paper presents results from a follow-up study, using HDPE specimens of 

12.5 mm thick, as it is expected that the plane-strain fracture toughness should be 

independent of the specimens thickness used for the testing [22], Following the notation 

used in the previous paper [27], the specimens with length along the rolling direction is 

also referred to as “rolling direction” here, and likewise the specimens with length in the 

transverse direction as “transverse direction”.

It is worth mentioning that in the current study, the plane-strain EWF values are 

determined in two ways, one based on total work of fracture and the other on the concept 

of energy partitioning but in a different way from that proposed by Karger-Kocsis et al. 

[24-25]. The new energy partitioning approach is also applied to the analysis of data 

reported previously [27], and the results are included in the discussion.

3.2 Brief Review of EWF Method

EWF method is a methodology to measure toughness of ductile materials, and becomes 

increasingly popular for toughness measurement in the plane-stress fracture [20]. The 

traditional EWF method uses DENT specimens and is based on the concept that plastic
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deformation should be fully developed around the ligament region prior to the crack 

growth. Work required for the fracture of the DENT specimen consists of two parts: (i) 

the essential work for the formation of new fracture surface, and (ii) the work for 

plastically deforming the ligament region. Since the height of the plastic deformation 

zone, h in Fig. 3-1, is proportional to the ligament length, L0, the work for plastic

deformation is proportional to L \. The total work of fracture, Wf , is expressed below as 

the sum of the part that is essential for fracture, We, and the part that is not essential, i.e. 

the work for the plastic deformation, W . That is,

Wf = w e +wp = weL0t0 + fiwpL20t0 (3.1)

where t0 is the initial thickness, we the specific essential work of fracture, wp the 

average plastic work density, and p  the shape factor for the plastic deformation zone. By 

measuring the total work of fracture from specimens of different ligament lengths, and 

dividing the total work of fracture by the ligament cross sectional area (L0t0), the specific

work of fracture, wf , can be expressed as [10]:

wf  = +PpwpL0 (3.2)

According to Eq. (3.2), we can be obtained by linear extrapolation of wf  values to zero 

ligament length, i.e. L0 = 0, as long as the deformation mechanisms involved are the same. 

Traditionally, the EWF method is applied to the plane-stress condition, and we so 

determined is known as the plane-stress EWF ( wae ). To ensure the occurrence of the 

plane-stress fracture, specimen dimensions should satisfy the following condition [7,20]:
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(3 -  5)t0 <L0 < m in (y  or 2rp) (3.3)

where W is the specimen width and 2rp the size of the plastic zone which can be 

estimated using the following equation:

(3,4)LK &, ,y

with E  being the elastic modulus and a  tensile yield stress. For HDPE, value of wae

consists of the energy for necking inside the FPZ and the fracture energy for forming the 

new surface.

Pardoen et al. [28] proposed that the specific essential work of fracture, we, can 

be divided into the energy for deformation and necking and the energy for the formation 

of new surfaces, both of which are for deformation within the FPZ. In this approach, we 

can be expressed as:

we=wse+rn (3.5)

where wse is the specific energy for the formation of new surfaces and Fn the specific 

energy for necking within the FPZ. The former is suggested to be the EWF for the plane- 

strain fracture, and the latter to be proportional to the specimen thickness, resulting in we

being thickness-dependent. However, we values for many polymers were found to be

thickness-independent [13,29].

Alternatively, under the concept that the plane-strain EWF is the energy for the 

formation of fracture surface, several attempts were made to distinguish the deformation 

mechanisms involved in the fracture process of DENT specimen. Mai et al. [7-8]
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proposed the partitioning of the total work of fracture Wf  into the work for fracture 

initiation (W l ) and the work for fracture growth ( Wg), as shown in Fig. 3-2(a). The 

corresponding specific work for fracture initiation, >v; = Wt / LQtQ, was suggested to be 

independent of the ligament length L(), and is believed to be less than w° but greater than 

the plane-strain specific EWF, wee .

In a similar approach, Karger-Kocsis et al. [11,25,30] divided the total work of 

fracture into work for yielding (Wy) and that for subsequent necking and tearing ( Wn), as

shown in Fig. 3-2(b), each of which was suggested to be a function of ligament length. 

Therefore, the specific work of fracture is split into the following two terms:

Wf = wy +wn =(wey +(3y wpy L0)+ {wen +Pn wpn L0) (3.6)

where, respectively, w and wen are specific EWF for yielding and necking, and w 

and wp n are specific work of plastic deformation for yielding and necking. They 

proposed that w is the critical plane-strain EWF value that represents the generic 

toughness of the material [24,29]. This was based on the experimental observation that 

values of wey are consistent with those determined by extrapolating wf  values to zero

ligament length, from specimens with ligament length shorter than the lower threshold 

value for the plane-stress fracture, i.e. (3-5)t0. However, this approach has little support 

from the theoretical analysis.

Based on energy partitioning, this paper proposes a new approach to determine 

plane-strain EWF value for extremely ductile polymers like HDPE.
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3.3 Experiments

Commercially extruded HDPE plates of 12.5 mm thick were used in the experimental 

study. DENT specimens, as shown in Fig. 3-1, with dimensions of 90 mm wide (W), 260 

mm long (L), and ligament length L0 in the range from 2 to 32 mm (equivalent to 0.16f0

and 2.5610, respectively) were prepared for the testing. Difference of fracture toughness

due to preferential molecular orientation, possibly introduced by the extrusion process, 

was examined by preparing two batches of specimens, with specimen length along the 

rolling and the transverse directions, respectively. Tensile load was applied in the 

specimen length direction using an Instron universal testing machine, at a crosshead 

speed of 5 mm/min. Test details are described in Appendix A.

3.4 Results and Discussion

Fig. 3-3(a) shows representative load-displacement curves, from 12.5-mm-thick 

specimens in the transverse direction, and Fig. 3-3(b) the wf  - L 0 plots for all specimens

in both directions, based on the total work of fracture. A vertical dash line in Fig. 3-3(b) 

marks the ligament length that is equivalent to the specimen thickness, corresponding to 

the upper bound of ligament length for the plane-strain fracture. In contrast to 6.25-mm- 

thick specimens that show significantly different trend lines between the transition and 

the plane-strain regions [27], Fig. 3-3(b) shows little change of the trend lines between 

the two regions, especially for specimens in the rolling direction.

By extrapolating the wf  values in the transition region (right half of Fig. 3-3(b))

to zero ligament length, values of 8.3 and 12.9 k J / m2 were obtained for specimens in
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the rolling and the transverse directions, respectively. The corresponding values in the 

plane-strain region (left half of Fig. 3-3(b)) are 7.2 and 7.9 kJ/m2. These values are higher 

than those reported previously using 6.25-mm-thick specimens, 6.0 and 5.0 kJ/m2, 

respectively. In addition, Fig. 3-3(b) suggests that slope of the trend line in the transition 

region is slightly lower than that in the plane-strain region, which is opposite to the 

phenomenon for the 6.25-m/n-thick specimens. Therefore, appropriateness is questioned 

about the use of the total work of fracture to determine the EWF value for the plane-strain 

fracture.

It should be noted that due to the thickness of 12.5 mm, the plane-stress fracture 

cannot be produced in these specimens, as the ligament length could not meet the 

requirement of at least 3 to 5 times of the thickness.

Front and side views of selected post-fracture 12.5-mm-thick specimens are 

presented in Fig. 3-4, including fracture in the transition region, Fig. 3-4(a), and in the 

plane-strain region, Figs. 3-4(b) and 3-4(c). It should be noted that none of these 

photographs shows extensive necking, except in the surface layers that are clearly visible 

in the side-view photographs, as marked by the two horizontal white lines in the figures. 

These photographs suggest that all of the 12.5-mm-thick specimens have similar fracture 

behaviour, with fracture in the mid-thickness region involving little plastic deformation.

A typical load-displacement curve in the plane-strain condition is presented in Fig. 

3-5 (a), which was generated from a specimen with ligament length of 6 mm. The image 

insert in Fig. 3-5(a) is a side view of the specimen at displacement A„ at which a 

significant, sudden drop of the load occurred. The load drop was caused by the formation 

of fracture surface in the mid-thickness region. However, two halves of the specimen
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were still connected by the surface layers, as pointed by two white arrows in the image 

insert. Further increase of the displacement from A„ caused elongation, necking and 

gradual fracture of the surface layers. Therefore, the corresponding area under the load- 

displacement curve should be irrelevant to the fracture that occurred earlier. By selecting 

the area WD, i.e. the area covered by the oblique lines in Fig. 3-5(a), the energy for 

stretching and fracture of the surface layers is excluded from the calculation of the 

specific work of fracture, and the data become a highly linear function of ligament length, 

as shown in Fig. 3-5(b). The extrapolation to zero ligament length yields values of 5.9 

and 5.7 kJ/m for the rolling and the transverse directions, respectively, with the 

corresponding correlation coefficients (R) of 0.999 and 0.998.

The above work-partitioning approach was also applied to data obtained from

6.25-iwn-thick specimens of which the typical load-displacement curve in the plane- 

strain condition is presented in Fig. 3-6(a). The load drop in the figure is not as steep as 

that in Fig. 3-5(a), but the point on the curve where the main fracture commences could 

still be identified and the work up to that point was used to calculate wD . By 

extrapolating the wD values to zero ligament length, as shown in Fig. 3-6(b), values of 

6.0 and 5.7 kJ/m were determined for specimens in the rolling and the transverse 

directions, respectively. The plots are also highly linear, with the corresponding R values 

of 0.9992 and 0.9991, respectively. These values are consistent with those obtained from 

12.5-raffz-thick specimens. As a result, we believe that the above work partitioning 

approach has successfully produced specific EWF value that is independent of the 

specimen thickness, and can represent EWF values of HDPE in the plane-strain fracture

« ) •
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Although the use of total work of fracture for 6.25-mm-thick specimens yielded 

values very close to those based on the new energy partitioning approach, the two 

approaches do not generate consistent values for 12.5-mm-thick specimens. This suggests 

that the use of the total work of fracture is not always reliable for determining the plane- 

strain EWF value.

As mentioned before, Karger-Kocsis et al. [24-25] proposed that the plane-strain 

EWF value can be obtained by extrapolating the work for yielding ( W in Fig. 3-2(b)) to 

zero ligament length in the plane-stress region. To further examine this idea, the work for 

yielding (W  in Fig. 3-2(b)) was calculated from our results, by excluding the work after

the maximum load. The resulting wy - L 0 plots for 6.25-mm-thick and 12.5-mm-thick 

specimens are presented in Figs. 3-7(a) and 3-7(b), respectively. For 6.25-mm-thick 

specimens, Fig. 3-7(a), the extrapolated wy values in the plane-stress region are 14.6

2 2 kJ/m along the rolling direction, and 11.5 kJ/m along the transverse direction, that are

significantly different from the plane-strain EWF values obtained in Fig. 3-5, i.e. 5.9 and

5.7 kJ/m2.

To examine the thickness dependency, the extrapolated works for yielding (wy)

to the zero ligament length in the transition region were compared between specimens of 

different thickness. For 6.25-mm-thick specimens, Fig. 3-7(a), the extrapolated wy values

in the transition region are 7.8 kJ/m2 along the rolling direction, and 6.4 kJ/m2 along the 

transverse direction. For 12.5-mm-thick specimens, Fig. 3-7(b), the data show large 

scattering and the linearly extrapolated values in the transition region are about 31.3 and 

26.9 kJ/m , along the rolling and transverse directions, respectively. Therefore, it is
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concluded that the approach proposed by Karger-Kocsis et al. is not appropriate for 

estimating the plane-strain fracture toughness of HDPE.

3.5 Conclusions

The concept of essential work of fracture is applied to HDPE plate of 12.5 mm thick to 

determine its plane-strain fracture toughness. The use of total fracture energy showed 

variation in the EWF values, different from those reported previously using 6.25-mm- 

thick specimens. An alternative approach is proposed, which uses energy partitioning to 

exclude the work for plastic deformation and for fracture of the surface layers from the 

calculation of specific work of fracture. By extrapolating the extracted specific work of 

fracture to zero ligament length in the plane-strain region, the specific EWF for the plane- 

strain fracture was determined, of which the values show little dependence on the 

specimen thickness. The study also concludes that the work-partitioning approach 

proposed by Karger-Kocsis et al. is not suitable for extremely ductile materials like 

HDPE.
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Fig. 3-1 Double-edge-notched tensile (DENT) specimen.
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Fig. 3-2 Partitioning of the total work of fracture into work for (a) fracture initiation

(Wi) and fracture growth (Wg) [7, 8], and (b) yielding (Wy) and necking and 

tearing (W„) [11, 26, 30].
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DENT test results from 12.5mm-thick specimens: (a) Representative load- 

displacement curves with different ligament lengths, taken from specimens in 

the transverse direction, and (b) specific work of fracture based on the total 

work of fracture, plotted as a function of ligament length in the rolling (O) 

and the transverse (A ) directions.
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(a)

(b)

(c)

Fig. 3-4 Front and side views of 12.5mm-thick specimens after fracture, with (a) Lq 

32 mm, (b) Lq = 10 mm, and (c) Lo = 3 mm.
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Fig. 3-5
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Energy partitioning of the DENT test results for 12.5mm-thick specimens: (a) 

Typical load-displacement curve in the plane-strain region, from a specimen 

in the transverse direction with Lo -  6mm, and (b) specific work of fracture,

w D , based on Wd in (a), plotted as a function of ligament length, L q.
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Fig. 3-6

Fig. 3-7
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DENT test results for 6.25mm-thick specimens: (a) Typical load-displacement 

curve in the plane-strain region, from a specimen in the transverse direction 

with Lo = 3.5 mm, (b) specific work of fracture ( wD), as a function of

ligament length (Lo) based on W d  calculated up to An in (a), and (c) wD as a

function of Lo based on Wd calculated up to A'n in (a).
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Chapter 4

On the Application of Essential Work of Fracture 

Concept to Toughness Characterization of High- 

Density Polyethylene Introduction

4.1 Introduction

The essential work of fracture (EWF) [1-5] is a concept for material toughness 

evaluation. Its value represents the energy consumed within the fracture process zone 

(FPZ) where new surface is generated. For crack growth subjected to tensile loading, the 

EWF value is often determined using double-edge-notched tensile (DENT) test [6] for 

which the specimen is shown in Fig. 4-1. Under the plane-stress condition, total work 

consumed in a DENT test consists of two parts: (i) the essential energy for the formation 

of new fracture surface, and (ii) the energy for plastic deformation around the ligament 

section. The EWF concept is a scheme to extract the energy for part (i) from the total 

fracture energy in the DENT test, and is increasingly popular for evaluation of the 

toughness for ductile fracture [6].

For materials in ductile fracture, FPZ is known to undergo a necking process that

** A version of this chapter has been accepted. Polymer Engineering and Science 
(Mar. 2007).
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eventually breaks down to form fracture surface. It has been suggested that in order for 

necking to be fully developed in the FPZ, specimen dimensions have to meet the 

following constraints [3,7]. The EWF value so determined is known as the plane-stress 

specific EWF ( we).

(3- 5)t0< £0<m inf-^-or 2rpl  (4.1)
V 3  J

where t0 , Lo and W are specimen thickness, ligament length and specimen width, 

respectively, and 2rp is the size of the plastic zone that can be estimated using the 

following equation:

1 Ew
2 rp =  (4.2)

n  a ;
where E is the elastic modulus and cr the tensile yield stress. Value of we represents

energy consumed for the formation of neck and new fracture surface inside the FPZ. 

Some work [3,8-10] has attempted to express the EWF value in terms of the energy 

consumed before and after the neck formation in FPZ, in order to take into account the 

energy for the necking explicitly.

There are two types of necking behaviour, based on the stability of the necking 

process [11]. For many ductile materials, the neck development is an unstable process that 

leads to final fracture soon after the neck is initiated. This is because increase of strength 

by the work-hardening from the neck formation cannot keep up with the stress increase 

caused by the cross section reduction. However, for some very ductile materials like 

HDPE, the work-hardening rate in the neck is fast enough to compensate for the decrease 

of the cross-sectional area, so that the neck development process is stabilized, and its size

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



58

grows at a constant rate [12].

In a plane-stress DENT test of HDPE, neck is initially initiated along the ligament 

section. As to be shown in this paper, after the neck is formed through the whole ligament, 

it propagates into the neighbouring region that has been plastically deformed at the early 

stage of the test. In the past, studies that evaluated we of HDPE [3,8,13] have largely 

ignored the neck development process for the energy consumption analysis.

Objective of this study is to examine the deformation behaviour of DENT 

specimens of HDPE in the plane-stress condition, in order to identify the deformation 

mechanisms involved and to quantify the associated energy consumption. Uni-axial 

tensile (UT) tests were also conducted to extract the stress-strain relationship of HDPE 

during the necking process. The information is used to facilitate the understanding of the 

neck development process.

This paper will firstly present results from the UT tests, for analysis of the stress- 

strain relationship during the necking process. With the assumption that the stress-strain 

relationship from the UT test is applicable to the DENT test, deformation process 

involved in the latter is examined, the associated energy consumption at each stage of the 

crack growth quantified, and their specific EWF values determined. The specific EWF 

values are then compared with those determined from the conventional method that uses 

total energy consumption for the analysis.

4.2 Experimental Details

Specimens used in the study were machined from a commercial-grade, extruded HDPE 

plate of 6.25 mm thick and density of 0.96 g/cm3, provided by McMaster-Carr, USA. The
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In the DENT tests, the transition from the plane-stress fracture to the mixed plane- 

stress/plane-strain fracture could easily be detected by the deviation of the linear trend line, 

in the plot of specific work of fracture versus ligament length. It has been suggested that 

the lower bound of the initial ligament length for the plane-stress fracture should be three 

times of the initial ligament thickness ( L0 = 310) [3,8,13]; however, our previous study

[14] has shown that for HDPE, the plane-stress fracture could occur with Lo down to 2.4f0. 

Therefore, the DENT specimens used in this study, Fig. 4-1, were designed to have width 

(W) 90 mm and the initial ligament length (L0) ranging from 15 to 32 mm (corresponding

to 2.4 and 5.12 times of t0). Overall length of the specimens was 260 mm. Because the

plane-stress specific EWF value ( we) of the HDPE depends on the specimen orientation

[14], DENT tests were conducted on both types of specimens that have length along either 

the rolling or the transverse direction. The tests were conducted using an Instron testing 

frame that has a load capacity of 250 kN, at a crosshead speed of 5 mm/min.

The strain in the ligament section of the DENT specimens was also determined 

using the change of the cross sectional dimensions. Following the assumption that the 

strain of the DENT specimens in the ligament length direction is negligible [16], the true 

strain in the loading direction in the ligament section was determined using the following 

equation:

s=  In f t Alo
V t  J

(4.5)

where t0 is the original specimen thickness and t the thickness during the test.
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4.3 Stress-Strain Relationship from the UT Test

A typical time function of the loading curve from the UT tests is presented in Fig. 4-2(a). 

The corresponding a - e  curve is shown in Fig. 4-2(b), and a E - eE curve in Fig. 4-2(c).

Necking started at the maximum load where e was around 0.12 (the equivalent s E was

about 0.127). As expected, increase of the strain after the onset of necking was mainly 

caused by the reduction of the cross section. The term “neck inception stage” will be used 

here to refer to the deformation process in which reduction of the cross sectional area was 

localized for the neck formation. After the load passed through the minimum point, the 

neck started growing into the neighbouring region, and the total length of the neck 

increased significantly. This part of the necking process will be referred to as the “neck 

propagation stage” in which the load never decreased again until the specimen fractured. 

Although the load increased, decreased, and then increased again in the UT tests, the true 

stress-strain curve, Fig. 4-2(b), shows monotonic increase of the true stress without any 

drop, at both the neck inception and the neck propagation stages.

Fig. 4-2(b) also contains a curve that was generated numerically to fit the 

experimental data in the plastic deformation regime. The curve in the low-strain section, 

i.e. below s 0 in Fig. 4-2(b), was generated based on a constitutive equation that was 

originally proposed by Hollomon [17]:

a(e) = K s N (4.6)

where K  is the strength coefficient and N  the work-hardening coefficient. The section 

above s 0 in the curve was generated using an expression proposed by G’Sell and Jonas 

[12]:
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<j(s, e) = k  exp (Me* ) - s m (4.7)

where k, M, n, and m are material constants and s  the strain rate. With the assumption

that the true stress-strain curve is insensitive to the strain rate, the above expression can

be rewritten as:

a(e)  = k' exp(Mf") (4.8)

where k' can also be regarded as a material constant.

Hill [16] proposed that the necking occurs when the following condition is 

satisfied:

L ^ L <
Y de

{  r t f '  \  /  n  T I  Y  1 1 1

(4.9)d f  + d f  ] / a / ( r , o)
d<7l da.2 dY

where Y is uni-axial yield strength of the material, /  a yield function, and a l and a 2 the 

principal stresses. By choosing von Mises function as /fo r plane stress, that is,

f  = a f  -  a la 2+ a2 = Y 2 (4.10)

it can be shown that based on Eq. (4.9), necking occurs under uni-axial loading when

~  -  1 (4-11)
Y de

A strain range for the necking in the UT test can be determined by combining Eq. (4.11) 

with Eqs. (4.6) and (4.8), which is

1 ( — )
N< e <(— ) "-1 (4.12)

Mn

However, the above strain range is not directly applicable to the necking process in the 

DENT test. Following the assumption by Hill [16] that the plastic strain along the 

ligament length direction remains constant during the DENT test, with the use of von 

Mises function as /  in Eq. (4.9) the necking in the test is expected to occur when the
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following condition is met:

]_dY_ < S _  
Y de ~ 2

(4.13)

The corresponding strain range for the necking in the DENT test is:

V3/2 Mn
(4.14)

In this study, data from the UT tests were used to determine the constants in Eqs.

(4.6) and (4.8), with the value of N  (equivalent to the strain for the onset of necking in the 

UT tests) being 0.12. Value of if  in Eq. (4.6) was determined to be 37.5 MPa for the best 

curve fit in the plastic strain range, which is for strain in Fig. 4-2(b) to be up to s0 (0.32).

Values of M  and k' were determined by imposing continuity of the stress and the 

tangent modulus ( d o !d e }  between Eqs. (4.6) and (4.8) at the strain 0.32, which yielded 

the following expressions for M and k ’ in terms of J3:

Through trial and error, the best curve that fits data in Fig. 4-2(b) in the strain range 

above e0 was generated by Eq. (4.8) based on n value of 1.6. The corresponding k' and

M  values are 30.4 and 0.47, respectively. Note that the n value is close to 2 that was 

suggested by G’Sell and Jonas [12] for HDPE.

Using the above N, M  and n values, Eq. (4.12) estimates that the true strain range 

for HDPE to develop necking in the UT test is between 0.12 and 1.61, equivalent to the 

nominal strain range from 0.13 to 3.99, as illustrated by the shaded area in Fig. 4-2(c).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



64

The corresponding loading range is presented in Fig. 4-2(a) in the section that is also 

high-lighted by the shaded area.

As predicted by Eq. (4.12), the maximum strain for necking in the UT test is

equivalent to 55% reduction of the specimen width, defined as \  W '  
v % ,

. The width

reduction in the fractured UT specimens was examined and found to vary from 58% at 

the centre of the neck to 50% at the end of the neck. Since these specimens are already 

fractured, the measured values should have excluded the width reduction due to the 

elastic deformation, of about 5%. Therefore, the upper limit predicted by Eq. (4.12), 55%, 

can serve as a conservative estimate of the maximum strain that can possibly be 

generated by the necking process in the UT tests. Note that the nominal strain in Fig. 4- 

2(c) was measured from the position where the neck was initiated. After the neck 

propagation commenced, cross section in the already necked region was reduced 

continuously but at a much slower rate, as shown by the dense data points at the very end 

of Fig. 4-2(c).

At the molecular level, the neck development is attributed to the uncoiling and 

alignment of polymer chain segments [18]. When tensile stress on the specimen increases 

to a critical level, the entangled molecular chains starts to uncoil at a particular section, 

which corresponds to the “neck inception stage”. The uncoiling and alignment continues 

at the “neck propagation stage”. It has been reported that at an elevated temperature 

HDPE can be drawn to a draw ratio A (defined as the ratio of the final length to the initial 

length) between 8 and 10 [19]. However, at room temperature the maximum A of HDPE 

is about 6 that is equivalent to an engineering strain ( e E) of 500% [20]. When the
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elongation approaches this level, the specimen becomes noticeably more rigid. These 

phenomena are consistent with those shown in Figs. 4-2(b) and 4-2(c) in which a sharp 

rise of the stress occurs in the right-most region of s E , of around 550% which 

corresponds to A of about 6.5. When a sufficient strain is generated in the neck, fracture 

occurs.

4.4 Deformation Behaviour in the DENT Test

Fig. 4-3(a) demonstrates the typical shape of load-displacement curves from DENT tests 

in the plane-stress condition. The curves always contain a transition of the load drop rate 

which is indicated by point B on the top curve. Fig. 4-3(b) presents all values of specific 

work of fracture ( wf , defined as the total work divided by the area in the ligament

section) in the plane-stress condition, plotted as a function of the ligament length L0. 

Through linear regression to zero ligament length, Fig. 4-3(b) suggests that specific EWF 

values ( we) in the plane-stress fracture for specimens in the transverse and the rolling

directions are 49.7 and 75.5 K J / m 2, respectively. These values are comparable to values 

published in the literature, in the range from 35 k J / m2 [13] to 78 k J / m2 [3,8], though 

no specific specimen orientation was provided in the literature.

The above data deduction process has been widely adopted for the DENT test, 

which is based on the following assumptions for determining we: (i) the plastic zone is

fully developed around the ligament section prior to the crack growth, (ii) the necking is 

confined within the FPZ, and (iii) the height of FPZ and fracture strain within the FPZ 

remain constant during the crack growth [3,5,21]. The latter two assumptions imply that
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work hardening in the material should not be significant enough to generate stable 

necking. However, the UT tests suggest that the work hardening in the HDPE is strong 

enough to stabilize the neck development process, to allow the neck propagation before 

the specimen fractures. This raises concerns on whether the above data deduction process 

is applicable to the HDPE.

It is worth mentioning that in Broberg’s original paper that introduced the EWF 

concept [1], fracture is categorized in three main classes based on the characteristics of the 

end region (FPZ): (i) with an autonomous unstable end-region in brittle materials, (ii) with 

an unstable end-region in ductile materials, of which dimensions are proportional to the 

crack length, and (iii) with a stable end-region in very ductile materials. Since the EWF 

concept is based on the assumption of unstable necking in FPZ, it is applicable to 

materials in the 1st class. The concept may also be applicable to materials in the 2nd class, 

provided that fracture in FPZ is autonomous and fracture criteria for the 1st class are 

applicable to their crack growth process. However, the assumption of constant height of 

FPZ during the crack growth is not applicable to materials in the 3rd class such as HDPE 

that generates stable FPZ. As a result, validity of the above data analysis that is based on 

the EWF concept, but without the consideration of its limitation, needs to be examined.

The curves from the DENT tests, Fig. 4-3(a), clearly indicate that the HDPE 

specimens used in this study fractured in two stages, between which transition caused the 

change of the load drop rate. Deformation in the two stages is demonstrated in Fig. 4-4. 

The top photograph in the figure was taken above the fracture surface (top view); the 

bottom left from the specimen surface (front view); and the bottom right along the 

ligament length direction (side view). The front view clearly shows two stages of
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deformation during the crack growth. The first stage, marked L J 2  for the left half in the

front view, was initiated soon after the maximum load was reached, i.e. point A in Fig. 4- 

3(a). As to be explained later, neck development at this stage is equivalent to the “neck 

inception stage” in the UT test. The second stage, marked Lp in the front view of Fig. 4-4,

was initiated after the change of the load drop rate, as indicated by point B in Fig. 4-3(a). 

Neck development at this stage is equivalent to the “neck propagation stage” in the UT 

test.

Thickness decrease in the ligament section of the DENT specimens was examined 

after the test. Typical thickness change is shown in Fig. 4-4 which was taken from a 

specimen with L0 =27 mm . Top view of Fig. 4-4 suggests that at the neck inception stage 

the ligament thickness decreases continuously with the crack growth. The strain range that 

corresponds to the thickness decrease at this stage was found to be within that specified by 

Eq. (4.14). At the neck propagation stage, i.e. after the necking has been initiated through 

the entire ligament section, strain in the ligament section only increased slightly with the 

crack growth. The ligament thickness maintained almost constant of around 1.6 mm (from 

the initial thickness of 6.25 mm). With the assumption of zero strain in the ligament 

length direction, as suggested in ref. [16], the strain in the loading direction, based on the 

specimen thickness reduction, was found to be around 320%. This value is far below the 

strain in the very right region of the stress-strain curve from the UT test, as shown in Fig. 

4-2(c) where the stress increases sharply.

The deformation and fracture process in the DENT test is schematically presented 

in Fig. 4-5. The top two drawings depict the development of the plastic zone, the FPZ and 

the onset of crack growth when the maximum load is reached, i.e. point A in Fig. 4-3(a).
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Note that the drawings suggest that the plastic zone in these specimens has a rather flat 

elliptical shape, in contrast to the nearly circular shape for metallic specimens. Fig. 4-5 

also suggests that the crack growth is accompanied with the increase of the FPZ size, with 

the size increase in the ligament length direction being faster than that in the specimen 

length direction. Since the length of FPZ increased faster than the crack growth, the two 

FPZs met at the centre of the specimen, as illustrated by the 3rd drawing in Fig. 4-5, with 

the crack tips still at a distance Lp away from each other. The corresponding point on the 

load-displacement curve is point B in Fig. 4-3(a), known as the transition point. Further 

specimen elongation caused stable neck propagation in the loading direction, while the 

two crack tips proceeded steadily towards the centre. The fracture process after the 

transition point resulted in a necked zone of a triangular shape, as shown by the bottom 

drawing in Fig. 4-5.

Fig. 4-6 shows an example of the DENT specimens at the transition point, at 

which the neck has developed across the whole ligament section. This necking process 

bears some similarity with that in the UT test. The main difference is that in the DENT 

tests, the crack growth was involved in both the neck inception and the neck propagation 

stages, while in the UT tests, the crack growth occurred only at the end of the neck 

propagation stage.

Interestingly, crack growth speed in the DENT tests remained nearly constant 

during both stages of the neck development. This is evident in Fig. 4-7 which presents the 

reduction of the ligament length as a function of time for two specimens of the same L0,

with time zero being the point when the maximum load is reached. The constant crack 

growth speed allowed us to use the load-displacement curve to determine the remaining
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ligament length at any point during the DENT test. That is, based on values of L0 and 

displacement at the point of interest, A, we can determine the ligament length L between 

the two crack tips using the following expression:

A -A
i = T  7-i» (4.17)

A / - A ,

where Ay is the displacement at the maximum load, and A/ the displacement at fracture. 

Eq. (4.17) suggests that lengths of the ligament sections for the two stages of crack 

growth, Lt andL , can be determined using the following expressions:

A -A  A , - A
Lt = — -----y- L 0- L = — ---- - L 0 (4.18)

A , - A  p A , - A/  y  f  y

where A„ is the displacement at the transition point.

Experimental results suggest that values of Ay / A f  and An/ A f  are nearly 

constant in the whole range of ligament lengths used in the study, as shown in Fig. 4-8. 

Mean value of Ay / A f  is 0.20 for both rolling and transverse directions, and that of

An / Af  is 0.39 and 0.42, respectively. Since these values are independent of L0, the ratios

of Lt to Lo and Lp to L0 should also be independent of L0. The latter ratio for the HDPE

used in this study is 0.75 and 0.72, respectively, in the rolling and the transverse 

directions.

Neck Propagation in DENT Test

For polymers with limited ductility, the plastic deformation does not generate 

sufficient work hardening to stabilize the neck development process. Their DENT
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specimens are expected to fracture at the neck inception stage. For polymers with high 

ductility such as HDPE in the plane-stress condition, significant work hardening slows 

down the crack formation and allows the occurrence of neck propagation before the final 

fracture.

In addition to the above mechanism that is based on the different stability in the 

necking process, the plastic zone shape is also believed to contribute to the occurrence of 

neck propagation in the DENT test of highly ductile polymers. The explanation is as 

follows. Strain increment (de) in the active plastic zone can be expressed in terms of 

displacement increment (du), the remaining ligament length (L), and the active plastic 

zone shape (represented by the shape factor X) [5]: 

du
A  = —  (4.19)

Since the cross-head speed ( — ) is constant during the test, the strain rate ( — ) in the
dt dt

FPZ of a given L depends only on the X value. For metallic materials, shape of the plastic 

zone is nearly circular, thus X being close to 1. But for polymeric materials like HDPE, 

due to the flat shape of the plastic zone, X is much smaller than 1. Therefore, the strain 

rate in the ligament section of the polymeric specimens should be much higher than that 

in the metallic specimens when subjected to the same testing conditions, allowing the 

former to reach the strain for neck propagation before the crack tips reach the centre of 

the ligament. As a result, the central section of the ligament for polymeric specimens 

could go through the neck propagation stage before the specimen fractured completely.

Transition of the Load Drop Rate in the DENT Test
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Another interesting phenomenon in the DENT test is the transition of the load 

drop rate, i.e. point B in Fig. 4-3(a). This phenomenon can be explained based on the 

variation of the average nominal stress ( <j e )between the neck inception stage and the 

neck propagation stage. Let F  be the load carried by the remaining ligament section 

during the DENT test. F  can be expressed as:

F  =  <JE t o L  (4  20)

dF
The load drop rate (— ) during the crack growth is: 

dt

dF d<jF T dL-—  = —^ t 0L + a Et0 —  (4.21)
dt dt dt

With a constant crack growth speed through the test, i.e. a fixed, negative value of — ,
dt

dF
difference of —  between the two stages of neck development is dominated by the 

dt

difference of the 1st term on the right-hand side of Eq. (4.21). Results from the UT tests,

Fig. 4-2(c), suggest that should be negative in the neck inception stage, but zero or
dt

slightly positive in the neck propagation stage. Therefore, the load drop rate (the absolute 

dF
value of — ) in the neck inception stage should be higher than that in the neck 

dt

propagation stage.

Fracture Criterion

The deformation behaviour observed in the DENT tests clearly suggests that 

critical elongation, though being a common fracture criterion for ductile materials, is not
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suitable for the FPZ fracture in HDPE. Chen et al. [22] proposed an alternative criterion 

for the crack growth in HDPE that is based on the crack-tip opening angle (CTOA). Since 

the load-displacement curves of their HDPE specimens did not show any existence of a 

neck propagation stage, suitability of CTOA as a criterion for the HDPE used in this study 

needs to be re-evaluated.

Here, the crack tip angle was measured in-situ in both the neck inception and the 

neck propagation stages, as presented in Figs. 4-9(a) and 4-9(b), respectively. CTOA for 

ten DENT specimens were monitored, and were found to maintain around 130° through 

the entire necking process, supporting that the CTOA is a valid criterion for the crack 

growth in the HDPE used in this study, even in the neck propagation stage.

Maintaining a constant crack tip angle in the DENT test can also be rationalized in 

the following way. As shown in Fig. 4-9(c), angle at the crack tip (a), specimen 

elongation (A) and ligament length (L) have the following relationship: 

dA , ,cc.—  = -tan(—) (4.22)
dL 2

Since the DENT tests were conducted at a constant cross-head speed ( — ) and the crack
dt

growth rate ( — ) maintained constant during the test, —  should be constant, resulting 
dt dL

in a constant a  value.

4.5 Energy Consumption in the DENT Test and the EWF Values

In view of the significant difference in the deformation behaviour between the neck 

inception and the neck propagation stages in the DENT test, toughness of HDPE
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determined from the test may need more than single we to characterize. Instead of using 

the total energy consumption, a work-partitioning scheme is proposed here to isolate the 

energy consumption for each stage of the crack growth to determine the corresponding 

we values.

Several work partitioning schemes have been proposed in the past for various 

purposes. The first scheme proposed for polyethylene was by Mai et al. [3,8] who divided 

the total work of fracture into the work for fracture initiation ( Wt ) and the work for 

fracture (Wf ), as shown in Fig. 4-10(a). The corresponding specific work for fracture

W.
initiation ( wt) is determined by linear regression of — — to zero ligament length, which

-^o

is suggested to represent some kind of material toughness that is less than we, but greater 

than the plane-strain specific EWF. Later, Karger-Kocsis et al. [4,23,24] proposed a work 

partitioning scheme to determine the work for yielding ( W ) and the work for the 

subsequent necking and tearing ( Wn), as shown in Fig. 4-10(b). Through normalization by 

the area of the original ligament section (L0t0), based on the linear regression to zero 

ligament length, the specific work of fracture ( wf ) is expressed as:

W f  = W f , y  + W /,« = ( W e,y  + P y  W P,y L o ) + {W e,„ + P P w P ,n L o )  (4 -23)

where w , we n , wp y , and wp n are specific EWF for yielding, specific EWF for 

necking, specific work for plastic deformation in yielding, and specific work for plastic 

deformation in necking, respectively. They proposed that w is the critical EWF for

plane-strain fracture that represents generic toughness of the material [25,26]. However, 

little evidence was provided to support the claim.
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Based on our experimental observation of the HDPE deformation in the plane- 

stress DENT test, the total work of fracture should be divided into two parts, to determine 

the EWF values for the two stages of the crack growth. The division is depicted in Fig. 4- 

10(c), by a vertical line at point B where the transition of the necking process occurs. 

With the assumption that the work for elastic deformation is negligible in comparison 

with the total work consumed for fracture, the work for each stage of crack growth is 

represented by the area under the corresponding load-displacement curve, that is, Wni for

the neck inception stage and W for the neck propagation stage. Crack growth length in

each stage is Z, and Lp, which can be determined using Eq. (4.18).

The work of fracture is normalized by the original ligament area for the 

corresponding stage of crack growth. The expressions for the specific work of fracture for 

two stages of crack growth are:

W f , i = W n i I L i t  0 a n d  W f , p = W n p / L p t 0 (4.24)

Similar to the approach proposed by Karger-Kocsis et al., each specific work of fracture 

is believed to contain an essential term that is independent of the ligament length and a 

non-essential term that is proportional to the ligament length. That is,

(4.25)

Wf,p=We,p+PpWp,pLp 

The above equations can also be expressed in terms of r) (defined asLp / L0) as:

W f , i = W e , i +  P i  W p , i ( l - V ) L o

(4.26)
w —w + B w riLn

J . P  e , p  r  p  p , p  I 0
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Using linear regression to zero ligament length, we; and we for the HDPE in the rolling

direction are 201.5 and 44.3KJ/m2, respectively, as shown in Fig. 4-11(a). The 

corresponding values in the transverse direction are 144.0 and 21.7 KJ/m , Fig. 4-11(b). 

These values suggest that we for the HDPE is not constant during the crack growth in the 

DENT test, but varies with the deformation mechanisms involved in the crack growth. 

Value of we measured by the conventional method can be regarded as an average value 

for the fracture toughness that may actually vary during the crack growth.

It should be noted that Eq. (4.26) can be used to determine we>i and w only 

because the ij values are insensitive to the change of the ligament length, as shown in Fig. 

4-12. Otherwise, values of weJ and w have to be determined using Eq. (4.25).

The above we i and w values did not take into account the thickness change

during the crack growth, thus the values may have underestimated the fracture toughness 

of the HDPE. If the thickness change had been considered in the above calculation, 

values of wei and w would have been bigger, with the latter being more than 3 times 

of the above values due to the thickness decrease from 6.25 mm to about 1.6 mm. That is, 

values of we p would have been 168 and 83 kJ/m2 for specimens in the rolling and

transverse directions, respectively. Nevertheless, the above analysis suggests that the 

specific EWF values for HDPE are not constant. Further study will be conducted to 

elucidate the variation of we during the DENT test, especially with the consideration of 

the change of the specimen thickness.

Discussion
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The difference between weJ and w could have been caused by the difference of

the deformation mechanisms involved in the crack growth. Before the transition of the 

load drop rate (prior to point B in Fig. 4-3(a)), the deformation mechanisms included the 

neck inception across the whole ligament section and the neck propagation within the 

distance of Lt / 2 from the notch tips. After point B, the deformation was dominated by

the neck propagation in the active plastic zone.

Mai et al. [3,8-10] suggested that the energy consumed within the FPZ can be 

expressed as the sum of two terms, one for the plastic deformation before the onset of 

necking and the other for the neck formation and fracture. Based on this concept, Mai et al. 

expressed we as [3,8-10]:

where h is the height of the FPZ and is assumed to be constant during the test, cr and e 

are the true stress and true strain in the FPZ, e" and s nE are the true strain and 

engineering strain, respectively, at the onset of necking, a E is the engineering stress 

during the necking process which is a function of the crack tip opening displacement 

( A, ), and AF is the displacement A, at fracture. However, Eq. (4.27) can be applied 

only if unstable necking occurs within the FPZ. In the case that the deformation transition 

occurs during the crack growth, contribution from the two terms in Eq. (4.27) to the we 

value may vary, due to the change of the deformation mechanisms.

To investigate the possible variation of the two terms in Eq. (4.27) for contributing 

to the we , value for the crack growth with stable necking is divided into two terms, we,

(4.27)
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that represents the specific EWF for the neck inception within the FPZ and we>2 for the

specific EWF for the neck propagation in FPZ to the final fracture. With the assumption 

that strain within FPZ is constant, we l and we 2 can be expressed as:

where en >max is the maximum equivalent strain for the neck inception in the FPZ, s f  the 

equivalent strain at the final fracture.

The total essential work of fracture consumed in the neck inception stage ( W t) of 

the DENT test should be the summation of the work for the neck inception through the 

entire ligament section and the work for the neck propagation within the distance I, /2 

from each notch tip. That is,

On the other hand, the total essential work of fracture consumed at the neck propagation 

stage ( W ) of the DENT test is only due to neck propagation within the central ligament 

section of Lp in length (Lp =Lq -  L,). That is,

The specific essential work of fracture for each stage of crack growth can be determined 

by dividing Eqs. (4.30) and (4.31) by the corresponding ligament area for the crack 

growth:

(4.28)

(4.29)

r L 0 / 2  FL , 1 2

W e , l = 2t0 J0 W e,Xd L + \ 0 W e , 2 d L (4.30)

(4.31)
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H  =  W e J  l (k  to)= (1 + ~H,X + We 7 
7

*..P= K , P/(LPto)=-

(4.32)

The above expressions indicate that wei may be much larger than w due to the

inclusion of the 1st term, ' i + i '
v V j

wel, provided that difference between hi and h2 is not

significant.

For HDPE that shows stable necking in the DENT test, further modification is 

needed for the above expressions to take into account the increase of hy and h2 with the

crack growth. Once cr can be expressed explicitly as a function of s  , and hi and Ay as a 

function of L, analytical expressions for we i and w can then be established to show

their dependence on the fundamental material behaviour such as the stress variation as a 

function of strain. We believe that the analysis will also lead to the development of the 

resistance curve for the crack growth in the DENT test. This will be studied in the near 

future.

4.6 Conclusions

Plastic deformation and necking of HDPE under tensile loading were investigated using 

UT and DENT tests. Results from the UT tests suggest that the neck development in the 

HDPE can be divided into two stages, for neck inception and neck propagation, 

respectively, with fracture occurring only at the end of the neck propagation stage. The 

neck development in the DENT tests was similar, except that the crack growth was
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involved in both stages of the neck development. By quantifying the energy consumed 

for each stage of the neck development in the DENT tests, the specific EWF values for 

each stage of the crack growth were determined using linear regression to zero ligament 

length. The results suggest that EWF values for the two stages are different, and the EWF 

values may actually vary continuously as a function of the crack growth length in the 

DENT test.

The study also observed two interesting phenomena in the DENT tests. One is a 

constant crack growth speed throughout the whole fracture process, despite two 

distinctively different stages of the neck development. The other is a fixed fraction of the 

total ligament length for each stage of the neck development, which is independent of the 

original ligament length used in the study.
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Figures
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Fig. 4-1 Double-edge-notched tensile (DENT) specimen.
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Fig. 4-2 Typical UT test results for HDPE: (a) load versus time, (b) true stress-strain 

curve, and (c) nominal stress-strain curve.
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DENT test results: (a) Typical load-displacement curves for specimens in 

transverse direction (ligament length is indicated on each curve), and (b) 

specific work of fracture as a function of the ligament length (O for 

specimens in the rolling direction and A  for specimens in the transverse 

direction).
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Fig. 4-4 Top, front and side views of a fractured DENT specimen, L0 = 27 mm. Length 

of the white bar corresponds to 1mm.
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Fig. 4-5 Development of FPZ in the DENT test from point A of Fig. 3(a) to the final 

fracture.
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Fig. 4-6 Deformation of a DENT specimen at point B of Fig. 3(a): (a) front view and 

(b) side view. Length of the white bar in each photograph corresponds to 

1mm.
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Fig. 4-7 Plots of ligament length reduction versus time from two DENT tests with Lo -  

30 mm.
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Fig. 4-8 Variation of An / A/  (A ) and A  ̂/ Af  ( ♦ )  of DENT specimens in (a) the 

rolling direction and (b) the transverse direction.
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Fig. 4-9 Angle at the tip (a) of a growing crack in the DENT test: (a) a  in the neck 

inception stage, and (b) a  in the neck propagation stage, and (c) a schematic 

illustration of the relationship of a  with displacement A and ligament length L. 

Length of the white bar in each photograph corresponds to 1 mm.
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Fig. 4-10 Partitioning of the total work of fracture: (a) for fracture initiation (Wt ) and 

fracture (Wf ) [3,8], (b) for yielding (W ) and necking and tearing (Wn ) 

[4,23,24], and (c) for the neck inception stage ( Wni) and the neck propagation 

stage ( Wnp).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



89

%isj
1000

s 8002
e
1
|
o

S
o

600

400

g  200 
CLm

15

wtp

20

y = 24.89x +201,46
R 7 = 0.9833

y = S.55x + 44.26 
R2 = 0.9970

25 30

Ligament length (mm)

2
c
3om
4a
0
1
2

o<o
j Q .w

1000

800

600

400

200

15

y = 23.85X + 144.03 
R2 = 0.9959

W f , i

wIp

20

y = 5.026k + 21.70 
R- = 0.8907

25 30

Ligament length (mm)

(a)

(b)

Fig. 4-11 Partitioned specific work of fracture as a function of the ligament length: (a) 

for specimens in the rolling direction, and (b) for specimens in the transverse 

direction.
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Chapter 5 

Shear Fracture Toughness of Polymers in 

Shear Mode

5.1 Introduction

Toughness, a measure of resistance to fracture, has long been evaluated for polymeric 

materials using concepts such as critical stress intensity factor (Kc), energy release rate 

(Gc), J-integral (Jc), etc. Test methods developed using the first two concepts are based 

on linear elastic fracture mechanics (LEFM), originally developed for brittle materials, 

that is, they are normally used when linear elasticity dominates the deformation 

behaviour. J-integral only allows small plastic deformation limited to the vicinity around 

the crack tip. Validity of this principle, however, has been questioned when considered 

for toughness measurement of ductile materials in which the fracture is accompanied with 

significant plastic deformation. Furthermore, current methods have difficulties in 

measuring toughness of polymers in shear mode (mode II). The reason, as Williams [1] 

stated, is that most polymers have much lower toughness in tension mode (mode I) than

** A version of this chapter has been published. Polymer, Vol. 46 (26), pp. 12480- 
12492 (Dec. 2005).
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that in shear mode (mode II). Therefore, global failure behaviour of polymers in most 

load-bearing structures is believed to be in mode I even though in the initiation stage the 

behaviour can be in a shear-like mode [2,3]. Since current testing methods are not 

suitable for the measurement of mode II fracture toughness, especially for ductile 

polymers, no quantitive experimental data are available to support the above statement. 

The lack of testing method to measure mode II fracture toughness also hinders the 

capability of failure analysis in loading scenarios that involve mainly shear forces.

A relatively new test method based on the concept of essential work of fracture 

(EWF) [4] was proposed to characterize fracture toughness of ductile materials. The 

EWF concept was firstly proposed by Broberg [5,6], and has been accepted widely as a 

means to quantify fracture toughness of ductile materials in the sheet form where the 

deformation occurs in the plane-stress conditions. Up to now, most studies using the 

EWF concept have been limited to mode I fracture [7,8] and some special cases of mode 

III fracture [9]. The EWF concept has not yet been shown the applicability to the 

measurement of mode II fracture toughness.

The purpose of this study is to establish a testing method, based on the EWF 

concept, to evaluate mode II fracture toughness of polymeric materials. The testing 

method uses Iosipescu loading to apply a shear force [10,11] in the middle section of the 

specimen where edge notches are machined on both sides of the specimen. In addition to 

the notches, grooves were introduced along the specimen surfaces between the notch tips 

to encourage fracture in a direction parallel to the shear force, thus the mode II fracture. 

This paper firstly provides the background knowledge for the development of the new 

test method for mode II fracture, and then presents some experimental evidence on the
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mode II fracture toughness for a rubber-modified polymer and the associated deformation 

behaviour.

5.2 Theoretical Analysis

5.2.1 Review of fracture analysis using classical LEFM

Most criteria for material fracture are based on LEFM, under the assumption that crack 

extension is governed by a specific fracture parameter, such as stress, strain, or energy. 

Three common criteria used in the past are maximum circumferential stress [12], 

maximum strain energy release rate [13], and minimum strain energy density [14], For 2- 

dimensional cases, stress intensity factors (Kj and K2) are used to estimate the stress 

amplification at certain point away from the crack tip, which are defined as

K x(0) = lim(^VTtzt) for mode I, and K 2(0) = lim (^0V2^r) for mode II, where a e and
r -»  0 /--»0

zr6 are circumferential normal and shear stresses, respectively, in polar coordinates in the 

singularity dominated zone [15]. For example, under pure tensile loading, using the 

criterion of maximum circumferential stress, it has been shown that K UmiiX) = a-[m  along

0O = 0° and -^2(max) = 0-38cx4m along #0 = 70.5° where 0O is the angle of crack 

propagation with respect to the original crack orientation, and cr the remote tensile stress. 

Similarly, under pure shear loading K 2{mix) = 0.866z4na along 6>0 = 0° while

^Hmax) = along (90 = -70.5° where z is the remote shear stress. Fig. 5-1 depicts the 

variations of the normalized K x (6) and K 2 ( 0) , by dividing K { and K 2 by a and 

t Ĵk a , respectively, where a  and x are the applied normal and shear stresses. The curves
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in Fig. 5-1 show that K1(maX) is always greater than K2(max)- Other conditions such as mixed 

tension-shear or compression-shear loadings give similar results, i.e. K2(max) < Ki(maX). 

Therefore, in terms of stress intensity factor generated by the applied load, mode I is the 

preferred mode of fracture. Similar conclusions can be drawn from other fracture criteria, 

such as strain energy release rate, and have been verified using finite element (FE) 

modeling [16]. For polymers, the critical stress intensity factor in mode II ( K %) is

expected to be much larger than that in mode I ( K rc ) [1]. Therefore, in terms of material 

properties (critical stress intensity factor) mode I also dominates fracture in most 

polymers.

It should be noted that local yielding mode can be very different from global 

fracture mode. Since shear strength for some polymers are lower than their tensile 

strength [3,17], shear type cracking can occur at the yielding and crack initiation stage [2] 

in cases that the ratio of the applied shear stress to tensile stress is high. However, the 

subsequent fracture mode may switch to mode I as the crack and the accompanied plastic 

deformation zone evolve. This is because most polymers have higher fracture toughness 

in mode II than in mode I. As a result, it is believed that the global crack development 

process is dominated by mode I fracture; while the crack initiation can occur in shear 

mode.

The LEFM approach is known to have limited validity when extensive plastic 

deformation is accompanied with fracture or when fracture toughness needs to be 

evaluated beyond the crack initiation stage. One way to overcome the problem is to use 

the concept of essential work of fracture (EWF) to quantify the toughness, as to be 

discussed in the following section.
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5.2.2 Review of essential work of fracture (EWF)

The EWF concept is to extract the energy for the formation of crack surface from the 

total energy absorbed in the fracture process. The basic requirement of the EWF concept 

is that the ligament between two edge cracks, L0 in Fig. 5-2, should yield completely 

before fracture occurs, but the plastic deformation should be confined to regions around 

the ligament. Therefore, the energy absorbed for the formation of crack surface is 

determined by extrapolating the value of energy absorption per unit crack area to the case 

with zero ligament length, as the corresponding energy for plastic deformation is zero.

Using the EWF concept, work provided to fracture the specimen can be divided 

into two parts: (i) the work for plastically deforming the region around the ligament, 

which is expected to be proportional to the volume of plastic deformation zone provided 

that full plastic deformation is developed before crack growth commences, and (ii) the 

essential work required for the formation of fracture surface, which is proportional to the 

cross sectional area of the ligament. Value of EWF has been found to increase with the 

increase of specimen thickness due to localized necking [18]. The height of the plastic 

deformation zone, h in Fig. 5-2, on the other hand, is known to be proportional to initial 

ligament length, L0. Therefore, the total work of plastic deformation, W‘p , is proportional

to L20. As a result, the total work of fracture, W j , can be expressed as the sum of the

essential work of fracture ( W le ), the work for the necking ( W ' ), and the work for plastic

deformation (Wp ):

w ; = w l  + w i  + w !p = r0' v 0 +/? , w % tl  +J32 Wpt,L \ (5.1)

where t0 is the initial thickness, r o7 the specific essential work of fracture in mode I, w'n
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the average work density for the neck forming, w'p the average plastic work density, and

J3{ and J32 the shape factors for the neck and the plastic deformation zone, respectively.

By measuring the total work of fracture for specimens of different thickness and ligament 

lengths, and dividing the total work of fracture by the ligament cross sectional area

( Lo x  ta ) using specimens with geometry depicted in Fig. 5-2, the specific work of

fracture, w'f , can be expressed in terms of ro7, w7 and w'p as:

W f  = r o  + P \  Wi f0 + P l  Lo = w l  + 0 2  w p L 0 (5-2)

The first term in the very right expression, w7, is a combinations of ro7 and /?,w7 tQ, i.e. 

w7 = T 7 + J3X w'n t0, which is known as the specific essential work of fracture for a given 

thickness.

The EWF concept has made a great success in measuring toughness of metal 

plates. As a result, interests have increased tremendously in last few years in applying the 

EWF concept to evaluate toughness of polymer plates. However, as mentioned earlier, its 

current applications are limited to mode I fracture and special cases of out-of-plane 

tearing (mode III fracture). Very few studies have been reported on the use of the EWF 

concept to characterize the toughness in mode II fracture, except one study on metallic 

plates [19] for which mode II is known to be the preferred mode of fracture.

5.2.3 Velocity discontinuity in plastic deformation zone

During the plastic deformation, velocity field in a plate specimen may show an abrupt 

change in a very narrow region, known as velocity discontinuity [20] that leads to 

thickening or thinning of the region. Hill [21] considered the velocity discontinuity for
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the neck forming process in a plate that is subjected to plane-stress deformation, and 

correlated the velocity discontinuity with the strain rate in the necking process. For an 

idealized neck that is subjected to a uniform strain rate, as shown in Fig. 5-3, with the 

region on the right-hand side of the neck moving at a velocity v relative to the left-hand 

side, the strain-rate components that are tangential and normal to the neck, i.e. e u, s nt 

and s  nn, can be expressed as:

’ v v . * * v. v£ nn — ~ = —siny, £t l=0 ,  and — cosy (5.3)
b b b b

where b is the width of the neck, y  the angle between velocity v and the neck, and vn

and vt normal and tangential components of v , respectively. When pure mode II fracture

occurs, the neck should have negligible width (b « 0) and the two halves in Fig. 5-3 are 

expected to move relative to each other in a sliding mode, i.e. y = 0.

5.2.4 The proposed EWF analysis for mode II fracture

In addition to the limited deformation, the classical fracture mechanics does not clearly 

distinguish the loading mode from the deformation or fracture mode. For the three 

fundamental modes of fracture, i.e. tension, in-plane shear and out-of-plane tearing (i.e. 

mode I, II and III, respectively), the underlying assumption in the classical fracture 

mechanics is that the crack growth direction (at the macroscopic level) is associated with 

the loading mode. This, however, is well known to fail in many polymers when 

subjected to mode II loading, as mode I fracture usually occurs at the crack tip due to 

their low mode I fracture toughness value. To resolve the inconsistency between the 

loading mode and the fracture mode, it is proposed here that the mode of fracture should
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be considered independently from the mode of loading. In other words, the loading mode 

should not be used as a criterion to identify the fracture mode, and it is possible that a 

fracture mode may occur in any loading mode. Therefore, the mode II fracture toughness 

should be measured when mode II fracture occurs, not when mode II loading is applied.

Without the loading mode to serve as a criterion, other criteria are needed to 

identify the mode II fracture. At the microscopic level, the crack growth in mode II 

fracture is expected to be in a direction parallel to the fracture surface and perpendicular 

to the crack front, which is known to seldom occur in amorphous polymers. An example 

is given by O’Brien [22] who observed the formation of “hackles” in a resin-rich layer of 

fibre-reinforced polymers (FRP) that had been subjected to mode II loading. He suggested 

that the hackles were a result of formation and coalescence of micro-cracks that were not 

parallel to the global fracture surface, and concluded that the maximum shear stress does 

not generate the mode II fracture locally at the crack tip. Numerous other studies also 

showed that polymers do not deform and fracture in mode II at the microscopic level. 

Therefore, new criteria are proposed below for the mode II fracture, based on the 

fundamental concept of the expected deformation behaviour.

i) Crack orientation: In the aforementioned classical fracture mechanics [12-14], the 

macroscopic crack orientation in mode II fracture, when subjected to pure shear loading, 

should be parallel to the maximum shear stress.

ii) Development of fracture process zone (FPZ): The conventional definition of mode II 

fracture in a double-edge-notched specimen is that the fracture process should occur 

across the entire section between the two notches, i.e. the fracture process zone (FPZ) 

should be formed in the entire section prior to the crack evolvement, as shown in Fig. 5-4.
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This is different from the crack development in mode I fracture, as shown in Fig. 5-2 in 

which the FPZs are limited at the notch tips [7,23] and progress towards each other as the 

crack grows.

iii) Work of fracture: Since the FPZ is formed across the entire ligament section uniformly, 

size of the plastic deformation zone should also be uniform in the ligament section, as 

shown in Fig. 5-4, and the total work for the plastic deformation, Wj7 , should be

proportional to the cross sectional area of the ligament, L 0t0, instead of L20 tQ for the 

mode I fracture (Fig. 5-1). Under this condition, the total work of fracture, W f , for the 

mode II fracture can be expressed as:

w f  = W f  + W f  = wf  L010 +J33 w f L0t0 (5.4)

where W f is the essential work of fracture, w f the specific essential work of fracture 

for a given thickness, jB3 a shape factor, w f the average plastic work density, and 

superscript “II” represents mode II fracture. The corresponding specific work of fracture,

w f , is:

<  = < + & <  (5.5)

It should be noted that there is a possibility for w f  to be dependent on the specimen

dimensions, similar to that shown by Fig. 5-2. Experiments have been conducted to 

elucidate such dependence, and the results will be shown later in this paper.

Eqs. (5.2) and (5.5) indicate that a significant difference exists between the 

expressions of the specific work of fracture wf  in mode I and mode II, especially as a 

function of the ligament length Lq. For the mode I fracture, the specific work of fracture
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w'f  is proportional to the ligament length Lo\ but for the mode II fracture, w" should be

independent of L q. Experimental study, as to be shown later in this paper, has been carried 

out to verify this difference.

5.3 Experimental Study

5.3.1 Material

Poly(acrylonitrile-butadiene-styrene) (ABS) that is known to have higher fracture 

toughness in mode II than in mode I was selected for the study. The ABS used was an 

extrusion grade in the plate form with nominal thickness of 6 mm produced by Chi-Mei 

in Taiwan as the commercial name ABS PA-747F which is synthesized through emulsion 

polymerization. The content of Styrene-acrylonitrile(SAN) is 83% and the rubber 

particles have sizes in a range from 0.05 to 5 pm with the content of 17%. Preliminary 

tensile tests showed that the plates are isotropic in mechanical properties, with tensile 

strength close to 48 MPa and Young’s Modulus 2.5 GPa.

5.3.2 Mode I fracture toughness

The EWF test method used in references [4,24,25] was adopted to measure the Wf  value.

Dimensions of double-edge-notched (DEN) specimens were 90 mm (width, W) x 270 

mm (total length, L) with varying thickness and ligament length. Tests were conducted 

using an Instron universal testing machine at a crosshead speed of 2.5 mm/min. Test 

details are described in Appendix A.
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5.3.3 Mode II fracture toughness

Several test devices were considered to apply the shear force to ABS, including 

off-axis tensile test [26], Arcan test [27] and Iosipescu shear test [28]. Among them, the 

Iosipescu test has relatively good precision in applying uniform pure shear force across 

the central cross section between the notches [29], thus being chosen for this study. Both 

sides of the specimens were bonded with aluminium tabs to minimize flexural 

deformation during the test.

The commonly used notch angles for Iosipescu specimens are either 90° or 110° 

[30,31] both of which were found to be improper for our test because these specimens 

could not avoid the generation of a secondary crack on the notch faces (details to be 

shown in Section 5.4). Instead, a reduced notch angle of 60° was selected for our study, 

and introduced to DEN specimens of 17 mm (W) x 90 mm (L) with varying ligament 

length and specimen thickness. One study that used Iosipescu loading to measure mode II 

fracture toughness [32] chose single-edge-notched (SEN) specimen and J-integral method. 

However, due to asymmetric fracture behaviour in the SEN specimen the EWF concept 

cannot be applied to determine the fracture toughness.

In our study, V-shaped grooves were introduced to some of the specimens along 

the ligament section between the notch tips to enhance the alignment of the relative 

velocity with the direction of the ligament length. The Iosipescu device and the DEN 

specimen without the grooves are shown in Fig. 5-5(a) and the specimen with grooves in 

Fig. 5-5(b). Again, Instron universal testing machine at a cross-head speed of 2.5 mm/min 

was used for the test. Fracture behaviour was recorded using a digital video camera with a 

micro-zoom lens.
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5.3.4 Fractography

A scanning electron microscope (SEM, JEOL JSM-6301F), a digital video camera, and a 

profile projector (Mitutoyo PH-3500) were used to record the fracture behaviour. Each 

specimen of interest for SEM was mounted on a sample holder and coated with a thin 

layer of gold just before the examination.

5.4 Results and Discussion

5.4.1 Mode I fracture toughness

Preliminary results from mode I EWF test are summarized in Fig. 5-6, using specimens 

with ligament length in the range from 3 to 30 mm and thickness 6 mm. The data show a 

transition from pure plane-stress condition to mixed plane-stress and plane-strain 

condition at the ligament length around 8 mm, as suggested in ref. [33]. For ligament 

length in the range from 8 to 25 mm, the data show a linear variation between the specific 

work of fracture ( w'f ) and ligament length. Above 25 mm, the change of w'f  and

ligament length no longer followed a linear relationship. Therefore, the ligament lengths 

in the range from 8 to 25 mm were selected to measure the specific essential work of 

fracture ( w!e) in the plane-stress condition. Fig. 5-6 suggests that the w'e for ABS is 12.7 

kJ/m2.

It has been recommended [4] that the range of ligament length L0 for metals when 

subjected to the plane-stress condition should be:

(3 -  5)t <L0 < m in (y  ,2rp) (5.6)
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where t is specimen thickness, W specimen width, and 2rp the plastic zone size that can 

be determined by:

4  (5.7)
n ay

where E  is the Young’s modulus and a y the uni-axial tensile yield strength. By 

substituting values of E , a y and w[ for ABS into Eq. (5.7), 2r was found to be around

W4.0 mm that is much shorter than — (around 30 mm for our specimens). Therefore, the

condition of min ' E  2 r '

3 p
to ensure the plane-stress condition seems to be too restrictive

for ABS. Our speculation is consistent with that reported for polyethylene terephthalate 

glycol (PETG) [34],

The data in Fig. 5-6 also suggest that to ensure the plane-stress condition, the upper 

limit of ligament length for ABS specimens should be around 25 mm that is slightly less 

than the other option of the upper limit, W/3  (30 mm for our specimens). Based on 

results shown in Fig. 5-6, we decided to use ligament lengths in the range from 8 to 24 

mm for the follow-up EWF tests to determine toughness in mode I fracture. For the 

follow-up tests, at least 5 specimens were used for each ligament length at an increment 

of 2 mm, to ensure repeatability of the test results.

Fig. 5-7 presents results of the follow-up tests, in which specific work of fracture for 

mode I ( Wy) is plotted as a function of the ligament length, from ABS specimens of

various thickness. The w‘f  values show very good linear relationship with the change of 

ligament length, with little dependence on the thickness change from 2 to 6 mm. As
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shown in Fig. 5-7, the estimated w'e value is 13.1 kJ/rn2. The results suggest that in the 

thickness range from 2 to 6 mm, specimen thickness has little effect on the w'f  values. 

Therefore, w'n in Eq. (5.2) must be very small, implying that the necking effect in mode I 

fracture of these specimens is negligible.

5.4.2 Iosipescu test on specimens without grooves

When loaded in the Iosipescu device, specimens without the grooves developed the first 

pair of cracks from the notch tips, which grew in a direction that was about 25° from the 

centre line connecting the notch tips, as shown in the circle of Fig. 5-8(a). The cracks 

opened up and grew only for a very short distance. Then, a second pair of cracks were 

generated nearby the tip of the first pair cracks, as shown in Fig. 5-8(b), in a direction of 

about 70° from the centre line. Further loading resulted in the growth of the second pair 

of cracks. It should be noted that the crack development in Fig. 5-8 occurred around both 

notch tips but in the opposite direction. The asymmetric growth of the two cracks resulted 

in a rolling movement that eventually formed a cylinder with diameter proportional to the 

original ligament length, as shown in Fig. 5-8(c). Fig. 5-8(d) is the SEM micrograph of 

the fractured surface formed by the growth of the second crack as pointed by the arrow in 

Fig. 5-8(c).

The above crack development process is also reflected in the load-displacement 

curve from the Iosipescu test. Fig. 5-9 shows a typical load-displacement curve from ABS 

specimens without the grooves, in which point A indicates the position where the first pair 

of cracks occurred (Fig. 5-8(a)) and point B the position for the second pair of cracks (Fig. 

5-8(b)). Generation of the cracks has caused the load drop, with the rate of load drop
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induced by the first pair of cracks being much faster than that by the second pair of 

cracks.

The generation of the first pair of cracks caused a sharp drop of the load, from 

point A to point B in Fig. 5-9. The first pair of cracks are “shear-like cracks” that were 

also observed by Husaini et al. [2]. Formation of the first pair of cracks can be explained 

by the competition of maximum principal stress and maximum shear stress [17]. The 

corresponding critical stresses are derived from the yielding theories (von-Mises or Tresca 

for ductile materials), with the concept that material yields and crack initiation occurs 

when either stress components reaches the critical value. It should be noted that after the 

crack is initiated, we believe that the mode of the following fracture process is 

independent of that for the crack initiation. This is based on the concept that in the crack 

initiation stage the fracture toughness is yet to be involved in the fracture process, and that 

the crack initiation is governed by the critical yielding stresses. In the following crack 

propagation stage, after the full development of FPZ, the fracture toughness plays a major 

role in the mode for the crack development. At this stage, difference of fracture toughness 

in the two modes of fracture is a critical factor to determine the mode of crack 

development [35]. It should be pointed out that crack development in the initiation stage 

could be very different from that in the following crack growth stage. Since the crack 

development can be divided into two stages, the energy consumed in the crack initiation 

stage should not be included in the energy consumption for the crack growth that is used 

to determine the fracture toughness. At present, however, mode transition in the crack 

development has not been thoroughly investigated, with very few parameters, such as 

stress triaxiality, being considered to be the cause of the mode transition [35],
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Since the second pair of cracks are clearly visible in the fracture process presented 

in Fig. 5-8, their bifurcation angle can be used to determine the fracture mode. In our 

Iosipescu tests using specimens without grooves, the growth direction for the second pair 

of cracks is at 70° with respect to the centre line, which suggests that the second pair of 

cracks were generated in mode I fracture, surrounded by plastic deformation and possibly 

necking. The fractured surface by the second crack in Fig. 5-8(d) also shows slanted tom 

structures that are typical in mode I fracture of ABS. Therefore, specific essential work of 

fracture for mode I, w'e , can be determined from the Iosipescu test using the EWF

concept, provided that the fracture energy for the second pair of cracks can be plotted as a 

function of the length of the second pair of cracks. However, in our attempt to determine 

w[ value from the Iosipescu test shown in Fig. 5-8, existence of the first pair of cracks

was ignored. This was deemed acceptable as the length of the first pair of cracks is very 

short and the corresponding fracture energy (the triangular area OAB in Fig. 5-9) is only a 

very small portion of the total fracture energy (the total area under the curve). As a result, 

the existence of the first pair of cracks should have little influence on the determination of 

the w[ value.

Based on the above concept, the specific work of fracture in mode I ( w 'f ) for these

Iosipescu tests was plotted against the arc length of the second pair of cracks, and the 

results are presented in Fig. 5-10. It should be noted that the crack length used in Fig. 5-10 

is the tme crack length for the second pair of cracks, which is about 2.5 times of the 

ligament length. The corresponding w[ value is 13.4 kJ/m2 that is very close to the w'e 

value measured from DEN specimens under tension, 13.1 kJ/m2. Slope of the curve
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(/? wp) in Fig. 5-10 is 8.6 kJ/m3 that is much larger than that in Fig. 5-7, 1.3 kJ/m3, which

suggests that the plastic work density generated in the DEN specimen in Iosipescu test is 

much higher than that generated in the tensile test. The steep slope in Fig. 5-10, however, 

yields high sensitivity of the wJe value to possible experimental errors. Therefore, the 

Iosipescu test is not recommended for the measurement of wJe .

5.4.3 Iosipescu test on specimens with grooves

V-shaped grooves, as shown in Fig. 5-5(b), were introduced to the specimen to generate 

velocity discontinuity along the ligament length direction so that the crack development 

is forced to be along the direction of the maximum shear stress. As stated in Section 2.4, 

deformation in the mode II fracture is expected to occur in the whole ligament section 

before crack growth commences. However, the initial cracking in the grooved specimens 

is similar to that shown in Fig. 5-8(a), i.e. at an angle about 25° with respect to the 

direction of the ligament length, but resulting in much shorter crack length. This was 

probably due to the increase of growth resistance caused by the increase of specimen 

thickness in the crack growth direction. As discussed earlier, the initial cracking cannot 

be categorized as pure mode II fracture, and the consumed energy at this stage should not 

be included in the calculation of mode II fracture toughness. However, the second pair of 

cracks that were observed in the specimens without grooves, as shown in Fig. 5-8(b), did 

not occur in the grooved specimens. Instead, an array of multiple, short cracks were 

generated along the whole ligament section, as shown in Fig. 5-11(a). With further 

deformation, as shown in Fig. 5-11(b), the short cracks were connected to form the 

fracture surfaces along the ligament length. It should be noted that at the stage shown in
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Fig. 5-11(b), the two halves of the specimen were still connected through some fibrils 

that were eventually broken after extensive elongation.

A typical load-displacement curve from the grooved DEN specimens is presented 

in Fig. 5-12 in which point A indicates the loading level for the initiation of the first pair 

of cracks. Advancement of the first pair of cracks stopped at point B. In the plateau region 

from points B to C, an array of short cracks started. Coalescence of these short cracks was 

reflected by a steady drop of the load in the section from C to D in Fig. 5-12. The section 

after point D was generated during the extensive elongation of the remaining fibrils, 

which was a deformation process after the main crack was formed, and involved mainly 

fibril fracture in mode I. Therefore, the deformation in the section after point D of Fig. 5- 

12 should be classified as local mode I fracture.

Based on the experimental observation, as presented in Fig. 5-11, the fracture 

development from points B to D in Fig. 5-12 was in the direction of the maximum shear 

stress with the crack evolving simultaneously in the whole ligament section, which 

satisfies the first and second criteria for mode II fracture (crack orientation and 

development of FPZ, respectively). The remaining criterion that needs to be satisfied is 

the work of fracture, as expressed by Eq. (5.4), that is, the specific work of fracture should 

not be a function of ligament length. This, however, requires the extraction of energy 

consumption from crack growth in this part of curve.

As a first attempt to extract energy consumption for mode II fracture from the 

Iosipescu test using the grooved DEN specimens, the energy consumption before point B 

in Fig. 5-12 was included in the calculation for the specific work of fracture, wf . This 

was deemed acceptable because the curve in Fig. 5-12 suggests that the energy consumed
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before point B (O-A-B-O’ of which point O’ is slightly to the right of point O to take into 

account the plastic deformation) is a very small fraction of the energy consumed in the 

test. On the other hand, the energy consumed after point D in Fig. 5-12, which is for fibril 

fracture in mode I, is significant and should be excluded from the calculation for wf  . Fig.

5-13 compares wf  values calculated using the grooved specimens. Specimens with three

different groove depths, labelled in terms of the remaining specimen thickness (to be 

named groove thickness in the rest of the paper) were used for the comparison. Fig. 5- 

13(a), based on the total area under the curve, shows much more scattering than Fig. 5- 

13(b) that has excluded the area after point D in Fig. 5-12. The average wf  values for the

groove thickness of 3 mm, 3.5 mm and 4 mm are in Fig. 5-13(a) are 57.0, 60.1 and 67.9 

kJ/m , with the standard deviation of 2.93, 4.10 and 1.55 kJ/m , while those in Fig. 5- 

13(b) are 49.9, 54.2 and 68.6, with the standard deviation 0.98, 1.55 and 1.80 kJ/m2, 

respectively. Fig. 5-13(b) also indicates that with the exclusion of the area after point D in 

Fig. 5-12, the wf  values become relatively independent of the ligament length, which is

consistent with the prediction by Eq. (5.5). The results in Fig. 5-13 suggest that the above 

approach for extraction of energy consumption for mode II fracture meets the third 

criterion given in Section 2.4.

Supporting evidence for mode II fracture was obtained by examining plastic 

deformation in the grooved specimens. All of the specimens for Fig. 5-13 show 

constrained plastic deformation that is limited to regions around the ligament section, with 

no indication of any size change (d in Fig. 5-4) with the variation of the ligament length. 

However, wf  value varies with the change of groove thickness, as shown in Fig. 5-13(b),
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possibly due to the deformation energy induced by the generation of the first pair of 

cracks. Process to minimise this part of energy will be discussed later in this section.

Further investigation of the generation of the first pair of cracks was conducted 

through microscopy. A typical SEM micrograph of fracture surface from specimens for 

Fig. 5-13 is shown in Fig. 5-14(a). The half-elliptical shape on the right side of the 

micrograph that shows crack growing into the fracture surface represents the first pair of 

cracks generated in the Iosipescu test. The remaining part of the fracture surface is 

relatively flat, containing fibrils that fractured in the last stage of the test, i.e. after point D 

in Fig. 5-12. The half-elliptical shape in Fig. 5-14(a) was possibly caused by the 

toughness variation due to the change of the deformation conditions, that is, from plane- 

stress-biased deformation in regions close to the edge towards the plane-strain-biased in 

the centre. As known in the classical mechanics [36], material deformation in a plane- 

stress condition yields higher toughness than that in a plane-strain condition [37]. 

Therefore, the growth of the first crack is deepest in the centre (along A-A in Fig. 5-14(a)) 

due to the apparent low toughness in the region, and the depth is gradually reduced 

towards the edges due to the increase in toughness, which leads to the formation of an 

elliptical contour of the fracture surface.

To examine the fracture surface topography, some of the specimens were cut along 

the centre line (A-A in Fig. 5-14(a)) and viewed using a Mitutoyo profile projector, as 

shown in Figs. 5-14(b) and 5-14(c) for groove thickness of 4 and 2 mm, respectively. The 

two photographs clearly suggest that the decrease of groove thickness from 4 to 2 mm has 

significantly reduced the growth depth of the first crack, labelled dh in Fig. 5-14(b). This 

can also be understood from the viewpoint of transition from plane-strain to plane-stress
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conditions, that is, by decreasing the groove thickness, deformation in the central region is 

increasingly dominated by the plane-stress condition, hence raising the toughness and 

reducing the depth of penetration by the crack growth.

Further support to the above concept is shown in Fig. 5-15 in which variation of 

the penetration depth (dh in Fig. 5-14(b)) is plotted as a function of ligament length (Fig. 

5-15(a)) and groove thickness (Fig. 5-15(b)). The penetration depth in Fig. 5-15(a) is 

almost constant with the average at 0.76 mm and the standard deviation of 0.03 mm, while 

it increases with groove thickness in Fig. 5-15(b). The figures clearly show that the 

penetration depth is independent of the ligament length, but dependent on the groove 

thickness in an almost linear fashion. Therefore, by extrapolating the groove thickness to 

zero, plane-stress condition should prevail and penetration depth by the growth of the first 

pair of cracks should be minimised. Through this minimization process, it can be 

postulated that the energy consumption caused by the first pair of cracks becomes 

negligible for the calculation of wf .

It may be wondered why the increase of wf  with the increase of the groove

thickness (Fig. 5-13(b)) is much larger than the corresponding increase of the fracture 

energy for the generation of the first pair of cracks (area O-A-B-O’ in Fig. 5-12). This can 

be understood through the components that contribute to the fracture displacement, Af ,

defined as the displacement at point D of Fig. 5-12. Fig. 5-16 shows Af  as a linear

function of the groove thickness. We believe that Af  comes from 3 components:

Af = A PPZ+Apf +Aef  (5.8)

where AFPZ is the displacement responsible for the formation of the FPZ, Apf for the
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plastic deformation zone and Af for the corresponding elastic deformation. Values of 

A fpz is expected to be constant, independent of the grove thickness. Value of Aef  is 

expected to be very small, of which variation with the change of groove thickness should 

be negligible. Therefore, the only component that dominates the change of Af  with

groove thickness is Apf . With the assumption of uniform distribution of the strain inside

the plastic deformation zone, the critical fracture strain in the zone ( y f ) can be expressed

as the ratio of Apf  to the width of the plastic deformation zone ( d p):

yf  =Apf / d P (5.9)

Since yf  is expected to be constant in the range of thickness studied here, value of dp is

expected to increase with the increase of A f. As a result, the linear increase of A f  (thus

Apf ) with the increase of the groove thickness, as shown in Fig. 5-16, suggests that the

width of the plastic deformation zone, d p , is proportional to the groove thickness. In

other words, the role of groove thickness in the specific work of fracture in mode II ( w f )

is similar to the role of the ligament length in mode I (Eq. (5.2)).

By excluding the energy consumed after point D in Fig. 5-12 as well as by 

extrapolating the corresponding specific work of fracture wf  to a value for zero groove

thickness, in order to minimize the energy consumption contributed from the generation 

of the first pair of cracks and that from the plastic deformation zone, the specific essential 

work of fracture we should be for the generation of shear crack, thus representing w f , i.e. 

the essential work of fracture in mode II.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



116

Fig. 5-17 presents the plot using the above approach, from specimens of the same 

ligament length (5 mm), machined by a cutter with cutting angle of 60° and thickness of 

25 mm. Linear extrapolation of the data to zero groove thickness yields wf value of 32.3 

kJ/m2. It should be noted that deformation of these specimens met all 3 criteria defined in 

Section 2.4 for mode II fracture. Compared to the w'e value of 13.1 kJ/m2 (Fig. 5-7), 

fracture toughness of ABS in mode II is about 2.5 times of that in mode I.

Following the report by the TC4 Committee of the European Structural Integrity 

Society (ESIS) [25] that the w'e value might be affected by the notch shape, additional 

specimens were prepared for the Iosipescu tests using a cutter of 45° in angle and 20 mm 

in thickness. Ligament length for these specimens was the same as that for Fig. 5-17, i.e. 5 

mm. Results from the new set of specimens are presented in Fig. 5-18, with wf value of

31.2 kJ/m2 that is very close to that given in Fig. 5-17. Although further investigation may 

be needed before drawing a firm conclusion on the methodology for the wf 

measurement, the two sets of data indicate that the change of groove angle and notch 

angle, both from 60° to 45°, did not have any noticeable effect on the deduced wf value.

It should be noted that although the same groove thickness and ligament length were used, 

the two sets of specimens for Figs. 5-17 and 5-18 showed different deflection stiffness. As 

a result, the data should not be grouped together to determine the value of wf .

Some additional DEN specimens were prepared using a cutter of 90° in angle and 

25 mm in thickness. But these specimens showed additional tensile cracks that were 

generated on the face of the notch, causing the increase of the energy consumption for the 

mode I fracture, thus could not be used to determine w f .
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5.4.4 Discussion

Shear fracture process

As shown in Figs. 5-14(d) and 5-8(d), the fracture surface of Iosipescu specimen with 

grooves shows similar features as those without grooves, but the former are slanted more 

closely in parallel to the fracture surface. Based on the observation of fracture 

development (Fig. 5-11) and surface topography (Fig. 5-14), the fracture process for the 

grooved DEN specimens in shear loading is proposed as follows. Firstly, an array of 

voids are formed along the grooves, each growing in a direction perpendicular to the 

maximum principal stresses, as shown in Fig. 5-19(a). As the deformation increases, the 

voids rotate and become almost parallel to the direction of cross-head movement 

(horizontal in Fig. 5-19). The cracks then emanate from the tips of the voids as shown in 

Fig. 5-19(b). Because of the geometric constraint by the grooves, the deformation occurs 

in a narrow region with the final fracture aligned with the grooves, as depicted in Fig. 5- 

19(c) that shows half of a fractured specimen. The similarity of Figs. 5-19(c) and 5-14(a) 

demonstrates the plausibility of using the proposed fracture process to explain the 

orientation of the slanted feature that is nearly parallel to the fracture surface.

EWF in Mode II

Based on the above results, we propose a modification of Eq. (5.5) using the same concept 

for Eq. (5.2), to account for the dependence of ny on the groove thickness:

w1;  = w f +/?4< ; 0 (5.10)

where J34 is a shape factor, t0 the groove thickness and wup the average plastic work 

density in mode II fracture. The above expression satisfies the requirement of the 3rd
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criterion for mode II fracture, i.e. the specific work of fracture being independent of the 

ligament length. Both Eqs. (5.2) and (5.10) show the thickness effect, but on different 

mechanisms. The change of specimen thickness in Eq. (5.2) affects the energy 

consumption for necking; while that in Eq. (5.10) affects the energy consumption for 

plastic deformation. Eq. (5.10) suggests that groove thickness is the main factor that 

affects the measured wf value in the Iosipescu test, similar to the effect of ligament

length L0 in the DEN tensile test.

Value of wf for mode II fracture of ABS was found to be around 32.3 kJ/rn that

is about 2.5 times of the wle value for mode I fracture. Such significant difference of

toughness between the two fracture modes is believed to be the driving force for mode I 

dominating the fracture in products made of ABS.

5.5 Conclusions

A series of double-edge-notched Iosipescu tests were conducted to search for a 

means to determine the essential work of fracture in mode II, w f . Three criteria based on

physical shear deformation of polymers are proposed to identify the mode II fracture, and 

a test methodology based on Iosipescu device using DEN specimens with side grooves is 

proposed to quantify w f .

The new test methodology yields wf value of 32.3 kJ/m2 for ABS, which is about

2.5 times of the corresponding value for mode I fracture, \v[ , of 13.1 kJ/m2. The

significant difference of toughness is believed to be the driving force for the mode I 

fracture to dominate the deformation in ABS products.
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In contrast to the specific work of fracture in mode I, w'f , the mode II counterpart, 

w f , was found to be independent of the ligament length, but showed a linear relationship 

with the change of the groove thickness. Based on the results, we propose an expression to 

correlate the essential work of fracture ( w f ) with the specific work of fracture ( w f ), the

average plastic work density ( w f ), and groove thickness (defined as the specimen

thickness in the grooved cross section).

Further studies will be conducted to validate the new test methodology on the 

measurement of mode II fracture toughness using polymers of very different deformation 

characteristics. We believe that the proposed test methodology can also be applied to 

metallic or ceramic-based materials for the measurement of their fracture toughness in 

mode II. In addition to the toughness measurement, these studies will elucidate the micro- 

deformation mechanisms involved in the fracture process that yield significantly different 

toughness in the two modes of fracture.
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Fig. 5-2 Double-edge-notched (DEN) tensile specimen for mode I fracture.
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Fig. 5-4 Double-edge-notched (DEN) shear specimen for mode II fracture.
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Fig. 5-5 Test set-up and specimens used in this study: (a) Iosipescu device and the 

specimen without grooves, and (b) the specimen with grooves.
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Fig. 5-6 Plot of specific work of fracture in mode I ( w‘f ) as a function of ligament 

length.
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Fig. 5-7 Plot of specific work of fracture in mode I ( wf ) as a function of ligament
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(d)

Fig. 5-8 Crack propagation during the Iosipescu test on specimens without the 

grooves: (a) first crack generation, (b) second crack generation, (c) formation 

of a cylinder during the crack growth, and (d) SEM micrograph taken from the 

fracture surface indicated by an arrow in (c).
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Fig. 5-9 Typical load-displacement curve from the Iosipescu test of ABS specimens 

without grooves.
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Fig. 5-10 Plot of specific work of fracture from Iosipescu test specimens without 

grooves.
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Fig. 5-11 Iosipescu test on the grooved specimens, showing (a) an array of cracks 

generated in the whole ligament section, and (b) the velocity discontinuity 

along the groove.
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Fig. 5-12 A typical load-displacement curve from the Iosipescu test of the grooved 

specimens.
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Fig. 5-13 Plots of the specific work of fracture (wf ) against ligament length: (a) from

the total area under the curve, (b) by excluding the area covered by the curve 

after point D in Fig. 5-12. Groove thickness is 4 mm (■), 3 mm (♦ ), and 2 

mm (♦).
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(d)

Fig. 5-14 (a) SEM micrograph of fractured surface from a specimen with groove

thickness of 4 mm, (b) cross-sectional view along A-A in (a) for a specimen 

with groove thickness of 4 mm, (c) cross-sectional view for a specimen with 

groove thickness of 2 mm, and (d) magnified image from the circle B in (a).
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Fig. 5-15 Penetration depth of each of the first pair of cracks against (a) ligament length, 

and (b) groove thickness.
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Fig. 5-16 Plot of the fracture displacement ( )  as a function of groove thickness, using

specimens of the same ligament length (5 mm), with the grooves and notches 

machined by a cutter of 60° in angle and 25 mm in thickness.
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Fig. 5-17 Plot of the specific work of fracture ( wf ) as a function of groove thickness,

using specimens of the same ligament length (5 mm), with the grooves and 

notches machined by a cutter of 60° in angle and 25 mm in thickness.
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Fig. 5-18 Plot of the specific work of fracture ( wf ) as a function of the groove

thickness, using specimens of the same ligament length (5 mm) with the 

grooves and notches machined by a cutter of 45° in angle and 20 mm in 

thickness
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Fig. 5-19 Schematic representation of shear fracture process of ABS: (a) voids

formation, (b) void rotation and crack emanation, and (c) side view of the 

surface topology.
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Chapter 6 

Toughness of High-Density Polyethylene 

in Shear Fracture

6.1 Introduction

A new test methodology was reported in our previous paper (Kwon et al. 2005) for 

measuring essential work of fracture (EWF) of polymers in shear mode (mode II). The 

study concludes that side grooves along the ligament of double-edge-notched (DEN) 

specimens facilitate the alignment of the shear band in the loading direction, thus 

encouraging specimen fracture in mode II. Through linear regression of the specific work 

of fracture to zero ligament thickness, shear fracture toughness for poly(acrylonitrile- 

butadiene-styrene) (ABS) was determined. It showed that mode II fracture toughness of 

ABS is about 2.5 times larger than its mode I counterpart.

Following the above study, this paper examines applicability of the new test 

method to measuring mode II EWF value of high-density polyethylene (HDPE) that is 

known for its excellent ductility in the plane-stress condition. HDPE was chosen because

** A version of this chapter has been accepted. International Journal of Fracture (Aug. 
2007).
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of its contrasting deformation behaviour from ABS. Excellent ductility and significant 

work-hardening of HDPE has enabled the development of stable necking during the 

plastic deformation (G'sell et al. 1979; Hutchinson et al. 1983). This is different from 

ABS that does not show any work hardening behaviour, with its neck formation quickly 

leading to the final fracture. Due to the large deformation involved in the HDPE fracture, 

its toughness is often impossible to measure using the conventional approaches such as J- 

integral method (Atkins et al. 1985). Hence, a study has been conducted to investigate 

possibility of using the EWF concept to quantify the HDPE toughness.

This paper presents an approach for measuring mode II fracture toughness of 

HDPE. The paper provides a brief review of relevant literature, and compares mode II 

fracture toughness of HDPE with its mode I counterpart.

6.2 Literature Review

Literature relevant to fracture mode prediction and toughness evaluation is reviewed in 

this section. The review is not meant to be comprehensive, but focusing on the work that 

has been considered during the course of the study.

Traditional Approaches for Fracture Mode Prediction

The traditional approach to predict the fracture mode is limited to the fracture 

initiation stage. In the framework of linear elastic fracture mechanics (LEFM), mode for 

crack development is often predicted based on the values of tensile strength ( crc ) and

shear strength ( r c ) (Theocaris 1989). Ritchie et al. (1973) proposed the use of crc / r c to

predict the crack growth mode, which is known as RKR criterion. The criterion suggests
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that if the ratio of the maximum tensile stress (crmax) to the maximum shear stress ( r max),

i.e. crraax / r max, for a given loading condition is higher than a c / r c the crack growth

should be in mode I, and conversely in mode II. In other words, the criterion suggests that 

the following condition should be satisfied for mode I fracture to occur:

(6 .1)
^"max

but for mode II fracture:

^ m a x .  <  ( 6  2 )

7 max

Note that a c / rc for extremely brittle materials is very close to 1; for very ductile 

materials close to 2; and in between for other materials.

Sih et al. (Sih et al. 1961) showed that under mode I loading <7maxlTmax is 2.6 that 

is higher than <j c / xc for all materials. Thus, the RKR criterion suggests that mode I

loading always generates mode I fracture, which has been widely supported from 

experimental studies.

Under mode II loading, on the other hand, c w / r mflX is 1.15. Although this value is 

greater than <xc / r c for brittle materials, it is small enough to allow mode II fracture to 

occur in materials with some ductility. Therefore, in the current study Iosipescu loading 

(Iosipescu 1967) was selected to apply the shear force, in hope to generate mode II 

fracture in HDPE that often occurs in a very ductile manner.

The RKR criterion, however, is only applicable to the crack development at an 

early stage. The subsequent crack growth in ductile fracture can occur in a different mode. 

This is supported by experimental studies (Li et al. 2004), showing that mode II crack
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growth in ductile polymers can be initiated by mode II loading, but the subsequent crack 

growth may be switched to mode I. To our knowledge, no test method is currently 

available to generate mode II crack growth in the whole fracture process. Therefore, some 

indirect data deduction method is needed to quantify the mode II fracture toughness.

Essential Work of Fracture 1EWF1

The essential work of fracture is a relatively new concept for determining the 

energy consumption that is directly relevant to the fracture surface formation in the crack 

growth process (Cotterell et al. 1977; Mai et al. 1986; Karger-Kocsis et al. 1998). Several 

test methods have been designed based on the concept, to separate the energy consumed 

in the fracture process zone (FPZ) from the other forms of energy consumption during the 

crack growth, including that for the global plastic deformation in ductile fracture (Kwon 

et al. 2006a). Currently, double-edge-notched tensile test (DENT test) is the most popular 

method based on the EWF concept, and has been successfully used to quantify toughness 

for ductile fracture in mode I, commonly known as specific essential work of fracture 

( We ). Value of w'e represents the energy consumed in the FPZ for unit area of crack 

growth, provided that necking in the FPZ is unstable (Broberg 1968). However, the test 

method has also been applied to crack growth that involves stable necking, such as that 

occurring in HDPE, (Mai et al. 1991; Saleemi et al. 1990; Mai et al. 1987). Some groups 

suggest that the traditional EWF method should be modified to be applicable to HDPE 

(Kwon et al. 2006a; Karger-Kocsis et al. 2003); but at this stage, none of the proposed 

modifications has been fully validated.

The data analysis widely adopted for the DENT test is to use the following
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relationship for the energy consumption to quantify the material toughness, represented by 

the specific essential work of fracture ( w 'c ):

(6.3)

where the superscript /  represents mode I deformation, w'f the specific work of fracture, 

w'p the average plastic work density, /3‘p the shape factor for the plastic deformation zone, 

and L0 the original ligament length. The expression suggests that w‘f  value is a 

combination of w‘e that is directly related to the fracture surface formation and wp for the 

plastic deformation in the ligament region. The above expression also suggests that the 

w!e value can be determined by linear regression of w'f  values to zero ligament length.

Pardoen et al. (Pardoen et al. 2004) proposed that w[ is a combination of the real specific

/

work of fracture that is independent of specimen thickness and the specific necking 

energy that is proportional to the specimen thickness. Therefore, a generalized expression 

of Eq. (6.3) is

Wf(L0,t0) = r 07 +/3InwInt0 + f i IpwIpL0 (6.4)

where T07 is the mode I EWF that is independent of the thickness and w'n the average

work density for the neck formation.

For double-edge-notched specimens subjected to mode II loading, such as that in 

Iosipescu test, expression for the specific work of fracture, w f , has been suggested to be 

(Kwon et al. 2005):

<  = w f + /3 fw f t0 (6.5)

where the superscript II  represents the mode II deformation, w f  the specific essential
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work of fracture, w" the average plastic work density, P"  the shape factor, and t0 the 

ligament thickness in regions where the crack growth occurs. The above expression 

suggests that w" is dependent on t0 only, not L0 for non-work-hardening materials (Hill

1952). However, it is not clear whether the expression is also applicable to polymers with 

stable necking like HDPE. This is because unlike ABS, significant work hardening can 

be involved in HDPE during the plastic deformation, thus showing ligament-length 

dependence of the fracture energy.

Therefore, in general, for crack development in mode II loading, the deformation 

occurs in both mode I and mode II mode, for which wf  can be expressed by combining 

Eqs. (6.11) and (6.12). That is,

wf (L0,t0) = r ' +r" +(piy n +/?XA> (6-6)

Note that F0;y represents the energy consumption term for mode II that is independent of 

t0, like T07 in Eq. (6.4). If Eq. (6.6) is indeed the expression for wf  in the mixed mode of 

deformation, the non-essential terms, i.e. the terms on the right-hand side that vary with 

L0 and t0, can be removed by double extrapolation of wf  values to zero ligament length 

and zero ligament thickness.

6.3 Experimental Details

Similar to our previous study, the Iosipescu test was used to apply shear loading to the 

DEN specimens. As depicted in Fig. 6-1, aluminium tabs of 4 mm length (Li in Fig. 6-1) 

were glued to both sides of the specimen to enhance their bending stiffness. The 

specimens were machined from commercial-grade, extruded high-density polyethylene
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(HDPE) plates of 6.25 mm thick, provided by McMaster-Carr in USA, to have dimensions 

17 mm wide (W in Fig. 6-1) and 90 mm long (L in Fig. 6-1). Density of the HDPE was 

0.96 g/cm . Variation in ligament length was from 2 to 7 mm. The specimen/aluminium 

tab assembly was placed in the Iosipescu rig, and loaded using an Instron universal testing 

machine at a cross-head speed of 2.5 mm/min. Fracture behaviour was recorded using a 

digital video camera with a micro-zoom lens. Most specimens have side grooves 

introduced along the ligament length, to encourage the crack growth along that direction. 

Specimens without the side grooves were also used in the study, for comparison of the 

deformation behaviour.

The side grooves were V-shaped and lay between the notch tips, as shown in Fig. 

6-1. The notches and the side grooves for most specimens were machined using a mill 

cutter of 60°. To examine the effect of the groove tip angle, a mill cutter of 90° was also 

used to machine the notches and side grooves for some specimens. Both cutters generated 

the notch tip radius of 30 pm. Based on results from the previous study (Kwon et al. 

2005), the side grooves were expected to enhance the velocity discontinuity along the 

ligament length direction, thus encouraging the mode II fracture (Hill 1952). In this paper, 

specimen thickness between the tips of the side grooves is referred to as the ligament 

thickness (t0).

6.4 Results

Typical results from the Iosipescu tests of HDPE are presented here, and compared with 

the results from ABS that were reported previously (Kwon et al. 2005).
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Deformation and Fracture Behaviour

Deformation behaviour of the DEN specimens without the side grooves is 

presented in Fig. 6-2. Fig. 6-2(a) was taken at an early stage of the Iosipescu test, while 

Fig. 6-2(b) at a later stage in which a stretched segment was formed in the ligament 

section. Note that apart from the stretched segment, the specimen has been separated into 

two halves at this stage. The formation of a stretched segment shown in Fig. 6-2(b) 

indicates that tensile deformation was involved in the fracture process. The behaviour is 

very different from that observed in ABS with similar specimen geometry, also without 

the side grooves (Kwon et al. 2005). The ABS specimens showed a course of crack 

development that after the crack initiation from the notch tip, deviated significantly from 

the loading direction; while the crack growth in the FIDPE specimens maintained very 

close to the loading direction throughout the test. We believe that even without the side 

grooves, the HDPE specimens have mode II deformation dominate the fracture process.

Introducing side grooves in the HDPE specimens did not seem to alter the fracture 

behaviour significantly. As shown in Fig. 6-3, taken from a specimen with side grooves, 

the crack growth direction that maintained very close to the loading direction throughout 

the test also had a stretched segment visible at a later stage of the test (Fig. 6-3). This is 

contradictory to that observed in ABS wherein the side grooves changed the crack growth 

direction dramatically. We believe that the formation of the stretched segment was partly 

due to the significant work hardening of HDPE during the plastic deformation. The 

presence of the stretched segment also suggests that the HDPE specimens in the Iosipescu 

tests may have mode I deformation involved even with the presence of the side grooves.

Load-Displacement Curve
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Typical load-displacement curves obtained from the testing, after the load is 

normalized by the original ligament area, are presented in Fig. 6-4 as a function of 

displacement. Fig. 6-4(a) was from a specimen without the side grooves and Fig. 6-4(b) 

from a specimen with the side grooves, both having the initial ligament length of 4 mm. 

The two curves suggest that the use of side grooves raised the initial loading rate slightly, 

but its effect on the load dropping rate was very significant, especially immediately after 

point A in Fig. 6-4 was passed. For specimens without the side grooves, Fig. 6-4(a), the 

load dropping rate after point A maintained relatively constant till around point B, where 

the load dropping rate increased and then maintained relatively constant to around point C. 

It should be noted that the photograph in Fig. 6-2(b) was taken at a stage around point C 

where except the stretched segment the specimen has separated into two halves. The 

stretched segment fractured at the last stage of the test, that is, after point D in Fig. 6-4(a).

For specimens with side grooves, Fig. 6-4(b), the load did not drop immediately 

after point A. Instead, it maintained relatively constant to form a plateau section. This 

phenomenon is similar to that observed in ABS (Kwon et al. 2005), indicating that the 

side grooves did enhance mode II deformation in the HDPE specimens. Fig. 6-4(b) shows 

that at the end of the plateau section, the load dropping rate resumed and was nearly 

constant till around point B, where the load dropping rate increased but again maintained 

relatively constant to around point C, similar to that shown in Fig. 6-4(a). However, the 

specimens with the side grooves did not generate a consistent trend of the load- 

displacement relationship for further loading from point C. Some specimens showed a 

gradual decrease of the load dropping rate, as indicated in Fig. 6-4(b); but the others had 

the load dropping rate maintain constant till the end of the test. We believe that variation
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of the load dropping rate at this stage was caused by the inconsistent size of the stretched 

segment, for which the causes are not clear and require further investigation.

Although both HDPE and ABS specimens with side grooves showed a plateau 

section on the load-displacement curve, the deformation mechanisms involved in the 

fracture process were different. By introducing side grooves to the ABS specimens, an 

array of micro-cracks was developed in the plateau section, which later coalesced to form 

the fracture surface (Kwon et al. 2005). On the other hand, crack growth in the HDPE 

specimens with side grooves was found to advance progressively from the notch tips, 

which bears strong similarity to that shown by the specimens without the side grooves.

Therefore, we believe that the plateau section shown in Fig. 6-4(b) was due to the 

balance of the stress rise from the work-hardening and the reduction of the ligament 

length from the crack growth. The presence of the side grooves prolonged the balance of 

the two mechanisms (work hardening vs. crack growth) by enhancing the localisation of 

the plastic deformation around the groove tips. Eventually, the crack growth prevailed and 

resulted in the load drop shown at a later stage of the test.

Plot of Specific Work of Fracture

Typical wf  - L 0 plots from Iosipescu test of HDPE specimens are shown in Fig. 

6-5. Specimens used for Fig. 6-5(a) had the original thickness of 6.25 mm, and those for 

Fig. 6-5(b) had the ligament thickness 3 mm. Both plots in Fig. 6-5 show that w f is

linearly proportional to the ligament length, down to the ligament length of 3 mm, 

conforming to the expression of Eq. (6.3). The curve fitting in Fig. 6-5 did not include 

data for ligament length of 2 mm. This is because a transition of the trend line occurred
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when the ligament length became shorter than the ligament thickness, as to be discussed at 

the end of the next section under the heading “Discussion”.

The main difference between the two plots in Fig. 6-5 is the dependence of wf  on

the change of the ligament length. With the side grooves, Fig. 6-5(b), wf  becomes less

sensitive to the change of the ligament length. This is consistent with that observed in 

ABS (Kwon et al. 2005), though for ABS the presence of the side grooves completely 

eliminated the dependence of wf  on the ligament length. We believe that the reduced

dependence on the ligament length for HDPE is an indication of the presence of the side 

grooves increasing the involvement of mode II deformation in the fracture process.

6.5 Deduction of Mode II Fracture Toughness

In the study of ABS (Kwon et al. 2005), the specific essential work for mode II fracture 

( w f ) was determined solely by linear regression of wf  values to zero ligament thickness,

as the wf  values were independent from the ligament length. This approach, however, 

cannot be directly applied to the HDPE specimens, because their wf values still show the 

dependence on the ligament length. Therefore, the data deduction scheme needs to be 

modified to include a linear regression process of wf  variation on the ligament length.

The modification will be justified by elucidating the mechanisms involved in the fracture 

process, as to be discussed in the following sections.

Dependence on the Ligament Length

Hill (Hill 1952) suggested that orientation of sliding discontinuity can be used to
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define the fracture mode. This, however, is only applicable to non-work-hardening 

materials. For HDPE, the possible severe work-hardening during the plastic deformation 

raises the question on whether the sliding discontinuity can be used to define the mode of 

the fracture process. We speculate that the severe work hardening may also be responsible 

for the dependence of the plastic zone size on the ligament length, resulting in the 

variation of wf  with the change of the ligament length in the mode II fracture.

Nevertheless, pure mode II fracture in the Iosipescu test should have the crack 

growth along the ligament length, with no rotation of the two halves of the specimen 

during the test. In order to reinforce the two halves of the DEN specimen of HDPE, 

aluminium tabs were bonded to the two halves, as shown in Fig. 6-1, in hope that the right 

half of the specimen could move strictly upwards during the test while the left half 

remained stationary. This, however, could not be fully achieved because of a central gap 

between the two sets of the aluminium tabs. The central gap was necessary to avoid 

adhesive covering the surface in the ligament region, but resulted in the exposed central 

section being much softer than the rest of the specimen, which created a bending motion 

during the test, as depicted in Fig. 6-6(b) with some exaggeration on the deformation level. 

We believe that this bending motion led to the formation of the stretched segment 

between the two halves, as shown in Figs. 6-2(b) and 6-3(c). Since the amount of the 

bending motion is expected to be proportional to the applied force, the extent of its 

occurrence depends on the ligament length, which can be eliminated by reducing the 

ligament area to zero, that is, by extrapolating the wf  values to zero ligament length.

Dependence on the Ligament Thickness
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Similar to that suggested in our previous work on ABS (Kwon 2005), we believe 

that the plastic deformation size generated in the Iosipescu tests is proportional to the 

ligament thickness. Therefore, extrapolating the wf values at the zero ligament length to 

zero ligament thickness can eliminate the involvement of the plastic deformation in the 

energy consumption, yielding the wf value that is independent of the ligament length and 

the ligament thickness.

Discussion

The above data deduction process is designed to remove the energy consumption 

due to the ligament rotation and the plastic deformation, by applying the linear regression 

process to the measured wf  values twice, first to zero ligament length and then to zero

ligament thickness. The extrapolation to zero ligament length is to reduce the maximum 

force for fracture to zero, thus eliminating the specific energy consumption due to the 

ligament rotation. The following extrapolation to zero ligament thickness is to exclude the 

specific energy for plastic deformation. Therefore, the process is expected to yield the 

specific EWF value for the mode II fracture, i.e. wf .

Justification

Validity of the above data deduction process was investigated by examining values 

of the “further displacement” in the test, defined as the remaining displacement to fracture 

after the displacement reached the value of the original ligament length, which in Fig. 6- 

4(b) is the difference between the displacement of 4 mm (equivalent to the original
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ligament length) and that at point F. It is believed that for an ideal mode II fracture in the 

Iosipescu test, the total displacement at fracture should be equivalent to the original 

ligament length. That is, the “further displacement” should be zero when pure mode II 

fracture occurs. If the above double linear regression process can be used to determine the 

true wf value, the process should yield zero for the value of the “further displacement”.

Linear regression of the “further displacement” to zero ligament length was 

conducted for specimens with the original ligament length longer than 2 mm, and the 

results are shown in Fig. 6-7(a). The values at zero ligament length are then plotted as a 

function of the ligament thickness in Fig. 6-7(b). Fig. 6-7(b) yields a value around 0.02 

mm at zero ligament thickness, which is less than 1% of the total displacement generated 

in the tests. Therefore, it is believed that the double linear regression process can indeed 

be used to determine the wf value.

Essential Work of Fracture for Mode II

Fig. 6-8 presents the double linear regression process, in which Fig. 6-8(a) is the 

plot of Wy versus L0 for specimens of different ligament thickness. The values at zero 

ligament length are then plotted as a function of the ligament thickness in Fig. 6-8(b). 

This process yields a value of 12.4 kJ/m2, which represents wf for the HDPE.

Note that only wf  values for L0 longer that 3.5 mm were used in the linear 

regression process, as all wf  values for specimens with ligament lengths shorter than 3.5

mm collapsed together. As to be discussed in a later section, this phenomenon turns out to 

be related to the ligament thickness. That is, when the ligament length was equal to or
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shorter than the ligament thickness the data trend changed, as shown in Fig. 6-5(b). 

However, data for specimens with short ligament lengths could be used to provide a rough 

estimate of the wf value, which will be demonstrated in the section “Simplified Iosipescu 

test for specific mode II EWF”.

Groove Tip Angle

The effect of the groove tip angle on wf value was examined by changing the 

angle of the mill cutter teeth from 60° to 90°. The results are shown in Fig. 6-9. The 

corresponding wf value is 12.75 K J / m2 that is very close to the value given in Fig. 6-8, 

determined from specimens with the groove tip angle of 60°. In addition, Fig. 6-8(b) and 

Fig. 6-9(b) have very similar slope, suggesting that the wf value is relatively insensitive

to the groove tip angle. This is consistent with the conclusion from the previous study on 

ABS (Kwon et al. 2005).

Modified Expression for Specific Work of Fracture

The above results suggest that wf for HDPE can be determined through a double 

linear regression approach, i.e. to zero ligament length and zero ligament thickness. The 

results also suggest that Eq. (6.6) should be modified for HDPE, to include a term of 

specific energy that is proportional to Lq\

= <  + K l< l A) + (6-7)

where p IlpL is the shape factor for the dependence of wf  on the ligament length, and 

w”L the associated average plastic work density. However, both /?f, and are
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unknown at this stage. Therefore, it is not clear whether values of wf;i and wf, are 

independent from each other.

Simplified Iosipescu Test for Specific Mode II EWF

As mentioned earlier, Fig. 6-8(a) suggests that the trend line for wf  versus Lq

changes when the ligament length is shorter than the ligament thickness. For example, 

data for specimens with ligament thickness 4 mm show the transition of the trend line 

occurring at the ligament length around 4 mm. As a result of the transition of the trend 

lines, all wf  values from specimens with ligament length shorter than 3.5 mm collapse

together, suggesting that a critical ligament length exists, below which the wf  values are 

no longer dependent on the ligament thickness.

By using all wf  values from specimens with ligament lengths shorter than 3.5 mm

for the linear regression process, the value at zero ligament length is estimated to be 

between 10 and 16 kJ/m2, as shown in Fig. 6-8(a), which is consistent with the value 

determined from the above double linear regression approach (12.4 kJ/m2). Therefore, we 

believe that the use of specimens with ligament lengths shorter than the ligament 

thickness could be a simpler alternative to obtain a rough estimate of the wf value. This

approach, however, has limited accuracy due to the small number of data that can be 

obtained for different ligament lengths from 6.25-ram-thick specimens. Nevertheless, 

additional study is needed to verify the validity of this approach.

A question to which the study cannot provide an answer is whether energy 

consumption for mode I deformation is still involved in the wf value. As mentioned
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earlier, Hill (Hill 1952) suggested that pure mode II fracture can never be achieved in 

work-hardening materials, and the mode I deformation should always be involved in the 

fracture process. Based on this suggestion, and if work-hardening has occurred in HDPE 

in the Iosipescu test, the w f  value determined in this study may still contain energy 

consumption for the mode I deformation, and perhaps the linear regression process in Fig. 

6-8 yields a value that is a combination of ro7 and T077, as suggested by Eq. (6.6).

Nevertheless, by comparing w" value reported here with the w7 values reported 

previously for the same HDPE (Kwon et al. 2006b), it seems that the mode II EWF value 

is about twice of its mode I plane-strain counterpart, but much smaller than its plane-stress 

w‘e value. This is because in the latter case significant plastic deformation is involved in 

the fracture process.

6.6 Conclusions

Mode II fracture toughness of HDPE was determined using a double linear regression 

process based on the EWF concept. This methodology was verified by examining the 

“further displacement” (defined as the difference between the displacement at fracture in 

the Iosipescu test and the original ligament length), which turned out to be nearly zero 

through the double linear regression process. The study shows that mode II fracture 

toughness of HDPE is about twice of its mode I counterpart, provided that only limited 

plastic deformation is involved in the fracture process. The study also shows that by using 

specimens with ligament length shorter than the ligament thickness, single extrapolation 

of wf  to zero ligament length could provide a rough estimate of the w '  value.
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Figures

HDPE
specimen

Grooves 
on both sides Aluminum tab

Fig. 6-1 Description of the DEN specimens used in the study.

(a) (b)

Fig. 6-2 Crack propagation during the Iosipescu test, for a HDPE specimen without 

side grooves. Length of the white bar corresponds to 1mm.
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(a) (b) (c)

Fig. 6-3 Crack propagation during the Iosipescu test, for a HDPE specimen with side 

grooves. Length of the white bar corresponds to 1mm.
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Fig. 6-4 Typical plots of normalized load versus displacement from the Iosipescu tests 

of HDPE specimens: (a) without the side grooves (having the original 

thickness of 6.25 mm), and (b) with the side grooves and ligament thickness of 

4 mm.
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Fig. 6-5 Specific work of fracture as a function of ligament length: (a) from specimens 

without the side grooves (having the original thickness of 6.25 mm), and (b) 

from specimens with the side grooves and ligament thickness of 3 mm.
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Fig. 6-6 Depiction of the bending motion of the right half of the DEN specimen during 

the Iosipescu test.
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Fig. 6-7 Plots of the “further displacement”: (a) experimentally measured values 

versus the ligament length for specimens of different ligament thickness 

(ligament thicknesses: 4 mm (#), 3.5 mm (A), 3 mm (■), and 2.5 mm (♦)), 

and (b) the extrapolated values from (a) at zero ligament length versus 

ligament thickness.
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Fig. 6-8 Plots of the specific work of fracture ( wf ) from specimens machined using a
mill cutter of 60°: (a) experimentally measured values versus ligament length 
based on the total energy consumption (ligament thicknesses: 4 mm (#), 3.5 
mm (A), 3 mm (■), and 2.5 mm (♦)), and (b) the extrapolated values from (a) 
at zero ligament length versus ligament thickness.
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Chapter 7 

On the Application of FEM to the 

Deformation of High-Density 

Polyethylene

7.1 Introduction

It is well known that yield criterion for the plastic deformation can be expressed as: 

f (V y )  = Y (7.1)

where/ represents the yield surface that is a function of stresses and Y  the yield stress. The 

yield function /  is mainly affected by the second principal stress invariant J2 . The 

following yield function has been applied to isotropic materials:

f { J 2) = ^ J ~ 2 (7-2)

Once the correct yield stress Y is known, the above equation can be used to determine the 

stress states for yielding. Value of Y is usually determined using uni-axial tensile test, with

** A version of this chapter has been submitted. International Journal of Solids and 
Structures (Aug. 2007).
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the assumption that the stress state in the gauge section is uni-axial, thus the true axial 

stress is equivalent to the effective stress. This paper will show that this assumption is not 

applicable to large deformation that involves work hardening, because its Y may not show 

isotropic increase with different stress components.

Deformation studied in this paper is for high-density polyethylene (HDPE) that 

often involves stable necking when subjected to tensile stress. Stable necking in HDPE 

has been commonly observed in uni-axial tensile (UT) test (G’Sell and Jonas, 1979; 

Kwon and Jar, In Press; Neale and Tugcu, 1985), which is an indication of sufficient 

compensation for cross section reduction by the work-hardening-induced strength 

increase. The behaviour has been extensively studied at both microscopic and 

macroscopic levels (Buckley and Costas, 2004; Coates and Ward, 1978; Coates and Ward, 

1980; G’Sell and Jonas, 1979; G’Sell et al., 1983; G’Sell et al., 1992; Gaucher-Miri et al., 

1996; Ginzburg, 2005; Haward and Thackray, 1968; Haward, 1987; Haward, 1993; Hiss 

et al., 1999; Hutchinson and Neale, 1983; Marquez-Lucero et al., 1989; Mimaroglu, 1995; 

Neale and Tugcu, 1985; Peterlin, 1971; Peterlin, 1987; Seguela and Darras, 1994; Tugcu 

and Neale, 1987a; Tugcu and Neale, 1987b; Tugcu and Neale, 1988; Van Dommelen et 

al., 2003; Van Dommelen et al., 2004). The true axial stress-strain curve for the stable 

necking is usually determined using curve-fitting techniques, such as Gaussian (Haward 

and Thackray, 1968; Haward, 1987; Haward, 1993) or exponential functions (G’Sell and 

Jonas, 1979; G’Sell et al., 1983; G’Sell et al., 1992), and has been used as the input for 

finite element method (FEM) to simulate the ductile deformation process (G’Sell et al., 

1992; Marquez-Lucero et al., 1989; Neale and Tugcu, 1985; Tugcu and Neale, 1987a; 

Tugcu and Neale, 1987b; Tugcu and Neale, 1988). However, necking often generates a
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tri-axial stress state (G’Sell et al., 1983; Neale and Tugcu, 1985), with the possibility that 

stress along the loading direction being very different from the effective stress. As a 

result, FEM simulation based on the conventional approach in which the axial stress is 

treated as an approximation of the effective stress, cannot reproduce the observed 

deformation behaviour. This paper will show that the axial yield stress determined from 

the UT test should not be used as an approximation for Y in the FEM simulation.

In addition to the above problem, this paper will point out that in order to simulate 

large deformation behaviour of FIDPE, the isotropic yield function given in Eq. (7.2) 

should be modified. The modification is to distinguish the roles of normal and shear 

stresses on the work-hardening behaviour, and is based on the concept that the expansion 

of yield surface by work hardening in the shear stress direction is less significant than that 

in the normal stress direction.

First part of this paper is to describe the approach we proposed to determine Y, in 

order to reconcile the difference between simulation and experimental results. Review of 

literature on relevant studies will be provided, followed by a case study that compares 

FEM simulation of HDPE deformation with the experimental observation from the UT 

test, to point out the source of inconsistency generated by the conventional approach. That 

is, axial yield stress is used as the approximation for the effective yield stress in the FEM 

simulation. A simple iterative process will be described to accurately determine the 

effective yield stress for the FEM simulation of the UT test.

The second part of the paper will propose an approach to determine the anisotropic 

expansion of the yield surface in the necking process. The approach will be verified by 

simulating deformation behaviour of HDPE in double-edge-notched tensile (DENT) test,
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in which necking is accompanied by crack propagation. The verification will be based on 

previous experimental results, and show that the proposed modification of using 

anisotropic yield function can successfully simulate the load-displacement curve and the 

deformation behaviour observed in the experiment.

It should be noted that simulation of the DENT test has been attempted before, but 

using a 2-dimensional model (Chen et al., 1999). Since nature of the necking process
j

involves inhomogeneous variation in the 3 dimension, the 2-D model could never mimic 

the necking process.

7.2 Literature Review

7.2.1 Large deformation of materials and its constitutive equations

Mechanisms for large deformation of semi-crystalline polymers like HDPE have been 

studied extensively in the past. Peterlin (1971) proposed a three-stage deformation 

process that involves plastic deformation of the original spherulitic structure, 

transformation of the spherulites to fibril structures by micro-necking, and plastic 

deformation of the fibril structure; but all three stages may contribute to the global 

necking phenomenon. Hiss et al. (1999) studied the true stress-strain behaviour of various 

polyethylenes and related copolymers, and found that deformation at small strain mainly 

occurred in the amorphous inter-crystalline layers through inter-lamellar shear slips. 

Deformation at large strains, on the other hand, is attributed to crystallite fragmentation 

and chain disentanglement. Increase of work-hardening was observed with the increase of 

the strain rates, crystallinity and network density.
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With an appropriate combination of temperature and strain rate the neck 

development can become a stable process, that is, it propagates to the neighboring region 

in a steady fashion. This process is also known as “cold drawing” (Carothers and Hill, 

1932) as the intrinsic deformation behaviour is the basis of film and fibre processing 

industries. Howard and Thackray (1968) proposed a micro-mechanical model to represent 

the large deformation of glassy thermoplastic polymers. Based on this model, Argon 

(1973) proposed a relationship between true stress and extension ratio in the large 

deformation:

deformed length to the original length, and Gp the strain hardening modulus. The same

equation was also derived by Cross and Haward (1978), and showed good agreement with 

the experimental results for several thermoplastic polymers (Haward, 1987; Haward, 

1993; Haward, 1995).

In a slightly different approach, G’Sell and Jonas (1979) proposed an empirical 

constitutive equation that separates the effect of strain hardening from that of viscosity 

when deformation occurs at a constant strain rate. The equation was later modified by 

Hutchinson and Neale (1983), in which the part relevant to the strain hardening can be 

expressed as:

where k, e0 and M are material constants. Value of /? is suggested to be 2 for HDPE at a 

constant strain rate, and values of N  and a  determined by imposing stress continuity at

a  = Y0 + Gp (A2 -1 /A ) (7.3)

where Y0 is the initial tensile yield stress, A the extension ratio defined as the ratio of

kexp/Ms*3)
for £ < £ Q 

£ > £ 0

(7.4a)

(7.4b)
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eQ. Based on the above equations, true stress-strain curves have been reported for several 

thermoplastic polymers, including polyethylene of different grades (Buckley and Costas, 

2004; G’Sell et al., 1983; G’Sell et al., 1992; Marquez-Lucero et al., 1989; Tugcu and 

Neale, 1987a; Tugcu and Neale, 1987b; Tugcu and Neale, 1988). It should be noted that 

all expressions in Eqs. (7.3-4) are based on strain measurement using the change of cross 

section where neck initiation occurs.

7.2.2 Numerical simulation on cold drawing of semi-crystalline polymers

Simulation of large deformation in polymers has been attempted by many researchers in 

the past. Neale and Tugcu (1985) carried out FEM analysis for neck initiation and steady- 

state neck propagation in a cylindrical tensile specimen. The stress-strain relationship 

given in Eq. (7.4) was adopted for the study, with the addition of a relationship between 

stress and strain in the elastic region. Isotropic-hardening J2 flow theory was employed, 

with the assumption that elastic-plastic deformation is independent of the strain rate. The 

study presented a relationship between the loading curve and the change of specimen 

profile, but the computed load was not compared with the experimental data.

Fager and Bassni (1986) performed a similar study for a plane-strain condition 

based on the J2 flow theory, assuming isotropic, rate-independent plastic deformation. 

They presented the load-elongation curve, deformation shape and tri-axial stress 

distribution generated by the FEM model. Again, the load was not compared with the 

experimental values, only stating that they are qualitatively in close agreement.

Since then, many FEM studies have been carried out for axi-symmetric (Tomita et 

al., 1990) and plane-strain neck propagation (Tugcu and Neale, 1987b). Strain rate
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sensitivity (Tugcu and Neale, 1987a; Tugcu and Neale, 1987b; Tugcu and Neale, 1988) 

and kinematic hardening (Tugcu and Neale, 1987b) were also investigated. In addition, 

Tugcu (1995) considered the effect of heat conduction during the cold drawing process on 

the deformation behaviour of elastic-thermo-visco-plastic materials. Unfortunately, none 

of these studies showed a clear consistency in the load-elongation curve between the 

simulation and the experiment. As to be discussed later in detail, source for the 

inconsistency is that the studies ignored the tri-axial stress state in the necked region and 

assumed isotropic yielding during the neck development.

A well known micromechanical model, originally proposed by Boyce et al. 

(1988), was often adopted in FEM analysis to predict the true stress-strain relationship in 

glassy polymers. The results were found to be in good agreement with experimental data 

(Arruda and Boyce, 1993; Wu and Giessen, E., 1993). Based on this model, Wu and 

Giessen (1995) studied neck initiation and propagation of glassy polymers in tensile 

deformation. Unfortunately, the simulated load-elongation curve was not evaluated by 

comparing with the experimental data.

Very recently, Masud (2005) used a 3-D FEM model to simulate neck propagation 

in ductile deformation of polymers. The study compared the strain variation with the 

simulation results published in refs. (Neale and Tugcu, 1985; Tomita and Hayashi, 1993), 

but again not with any experimental data.

The above review clearly shows that little work has been done to validate the FEM 

work using the experimental data, though such validation is critical for applications that 

rely on FEM for the deformation analysis. Two case studies presented in this paper will 

compare the simulation results with the experimental data, to show that material input
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parameters used in the past should be modified to reconcile the difference of results 

between the simulation and the experiment.

7.3 Uni-axial Tensile Test

Experimental method used in this study to determine the true stress-strain curve is the 

same as that used before (Kwon and Jar, In Press), i.e. through measuring the change of 

axial load and specimen width at the neck initiation section. Test details are described in 

Appendix A. A typical engineering stress-elongation curve from the UT test is presented 

in Fig. 7-1(a). The peak load at which neck is initiated corresponds to 25 MPa (point A) 

and the stable load for neck propagation to 16.3 MPa (point B). Since many papers are 

available in the literature to describe the neck development process in relation to the load- 

elongation curve (G’Sell and Jonas, 1979; G’Sell et al., 1983; Kwon and Jar, In Press; 

Marquez-Lucero et al., 1989), its details for HDPE are omitted here.

7.3.1 Determination of yield stress based on the traditional approach

Most studies in the past assume that gauge section of a UT specimen is subjected to a 

uni-axial stress state and that stress and strain distributions are uniform on the cross 

section. Therefore, the true axial stress that is determined based on the change of the 

cross section is regarded as equivalent to the von Mises stress (also known as the 

effective stress which has been widely used as a criterion for yielding of ductile materials 

(Hill, 1952)). Traditionally, functions that fit the true stress-strain curve so determined, 

such as that shown in Fig. 7-l(b), are used as the input yield stress, Y(s) , for the FEM 

analysis. This paper will show that such a yield stress does not represent the true yield
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stress for HDPE when necking occurs. In this section, we applied the traditional approach 

to our own UT test data for HDPE, to demonstrate the discrepancy it causes between 

simulation results and experimental data.

Following the traditional approach, stress and strain in Eqs. (7.2a and 7.2b) are 

used to fit the part of the curve in Fig. 7-1(b) after neck is initiated. For the section of the 

curve before the neck initiation, the Hookean equation is used for the linear region (Neale 

and Tugcu, 1985; Tugcu and Neale, 1987a; Neale and Tugcu, 1988) and a slightly 

modified version of Ogden’s equation (Ogden, 1972) for the following non-linear section 

but before the neck initiation. Those equations are combined as the strain function of the 

yield stress, Y{s), for the input to the FEM model. That is,

Y(e) =

Ee { e ^ £y )
d[a(s  + -  (a (e + b)~c] + e (sy <s  < s n)
a ksN (en < s < e t)
kexp(Msn)

(7.5)

where the constants for HDPE used here are presented in Tables 1 and 2.

Although n value in Eq. (7.5) was suggested to be 2 by G’Sell and Jonas (1979), 

it was found to be 1.8 for HDPE used here, in order to provide the best-fit to the test data, 

especially with strain larger than 1.0. Fig. 7-l(b) also suggests that when the axial strain in 

the neck, determined from the change of the cross-sectional width, reaches around 1.8, 

neck propagation to its neighboring regions starts. At this stage, the necked section 

became very rigid due to the formation of fibrils in the loading direction. The final 

fracture occurred in a brittle manner after the neck has been developed in the whole gauge 

length, but often at a section that was not where the neck was initiated.
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7.3.2 Numerical simulation based on the traditional approach

Using a 3-D FEM model (ABAQUS 6.5 Standard), neck initiation and propagation was 

simulated as a rate-independent deformation process, following the traditional approach as 

the input of material properties. The model is shown on the left of Fig. 7-2(a), consisting 

of 2660 20-node brick elements, in which Cartesian coordinates are used with 1-, 2- and 

3-axes in the directions of width, length and thickness, respectively. Incremental J2 

plasticity theory was employed, assuming that plastic deformation was isotropic. The 

yield stress Y(e) followed the expressions given by Eq. (7.5), with the constants 

determined by fitting to the axial stress-strain curve from the UT test. Details of FEM 

simulation are to be found in Appendix B.

Necking was initiated in the FEM model by reducing cross-sectional area at the 

middle of the gauge section (bottom of Fig. 7-2(a)) by 0.04%, as suggested by Neale and 

Tugcu (1985). Because of the geometrical symmetry, the model only corresponds to half 

length of a specimen with a quarter of the cross section. The overall deformed shape, as 

shown on the right of Fig. 7-2(a) that was taken at elongation of 50 mm, is very close to 

the deformation behaviour observed experimentally.

The nominal stresses determined from the tensile test and that generated by the 

FEM simulation are plotted as functions of elongation in Fig. 7-2(b). The section in the 

curve that corresponds to the neck initiation is very similar to the experimental data, 

particularly in terms of the peak load and the trend of load drop during the initial neck 

formation. However, the loading level during the neck propagation is around 18 MPa 

from the FEM model which is about 10% higher than the experimental value, 16.3 MPa. 

By setting n value in Eq. (7.5) to be 2, as suggested by G’Sell and Jonas (1979), the
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computed steady load raised to 19.25 MPa, moving further away from the experimental 

data.

To reconcile the above difference in loading level, possibility of the rate- 

dependent deformation process was considered, but later ruled out because previous 

studies had shown that this factor could not lower the steady loading level (Tugcu and 

Neale, 1987b; Tugcu and Neale, 1988). Possibility of the influence from visco-plasticity 

was also considered. However, this has already been factored into Y(s) , as the 

timeframes for the simulation and the experiment were similar. Therefore, this should not 

be a major factor for the above discrepancy, either.

It is worth noting that the above discrepancy is common in the literature. For 

convenience in the discussion, load drop ratio (DR), defined as the ratio of the steady load 

for neck propagation to the peak load, is used here to compare results in the literature. The 

DR value from our experimental data, Fig. 7-2(b), is 65%, and 72% from the FEM 

simulation. Values of DR from the literature are summarised in Tables 3 and 4, from FEM 

and experimental studies, respectively. The two tables clearly show that DR values from 

the FEM simulation, ranging from 72 to 90% (Fager and Bassani, 1986; Neale and Tugcu, 

1985; Tomita and Hayashi, 1993; Tugcu and Neale, 1987a; Tugcu and Neale, 1987b), are 

generally higher than those from the experiments, from 66 to 78% (G’Sell and Jonas, 

1979; G’Sell et al., 1983; Hiss et al., 1999; Marquez-Lucero et al., 1989). Note that the 

highest experimental DR value in Table 4 (78%) corresponds to a load-displacement 

curve determined at a constant strain rate. If the test were conducted at constant cross­

head speed, the DR value would have been lower.

It should also be noted that the FEM studies in refs. (Neale and Tugcu, 1985;
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Tugcu and Neale, 1987a; Tugcu and Neale, 1987b) referred to the same experimental data 

provided in ref. (G’Sell and Jonas, 1979). Therefore, the FEM studies would have 

generated a DR value similar to that determined from the experiment if a correct FEM 

model was used. Since the DR values between Tables 3 and 4 are clearly different, the 

comparison suggests that the above FEM simulations had some misconception.

The potential misconception in the previous simulation work was investigated by 

constructing the axial (true) stress-strain curve based on load and width changes of the 

FEM model, in a way like a virtual UT test using FEM. Since the true stress and strain in 

Fig. 7-1(b) were calculated based on the variation of specimen width, the same scheme 

was used to determine the strain values in the deformed FEM model. The true stress-strain 

curve so generated is compared with experimental data in Fig. 7-2(c). The figure suggests 

that the two curves are quite consistent in the low strain range, up to a strain value of 

about 1.8 which corresponds to the width reduction of about 60%. Note that this was the 

maximum width reduction observed in the experiments during the neck propagation. The 

maximum width reduction achieved in the FEM model, on the other hand, was around 

70%, corresponding to a strain nearly 2.4. The difference is also reflected by the highest 

axial stress generated in the neck before its propagation to the neighboring regions, which 

was 105 MPa from the experiments and 190 MPa from the FEM simulation. When stable 

neck propagation was about to occur at constant load, the axial stress in the experiment 

reached a value of 105 MPa at a strain value of 1.8. For the FEM model, the axial stress 

reached a value of about 190 MPa at a strain value of about 2.3. This significant 

difference is believed to be the cause of high steady load from the FEM model, which 

may have been originated from the assumption of a uni-axial stress state in the neck. We
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believe that if transverse normal and shear stresses were considered, the input of effective 

yield stress could be different, possibly leading to the generation of a loading curve that is 

consistent with the experimental data. This idea has been examined, as presented in the 

next section.

7.3.3 Uni-axial tensile tests

To explain the difference between the two curves in Fig. 7-2(c), and the associated width 

reduction and loading level for neck propagation, additional experimental UT tests were 

conducted with a special attention to the width change in cross sections at different 

distances from the neck-initiation section. Test details are described in Appendix A. Figs. 

7-3(a) and 7-3(b) summarize the variation of axial strains and stresses, respectively, as 

functions of time based on the width change at various cross sections of the specimen. 

Arrow in each figure indicates the direction for increase of the distance from the neck 

initiation section. Combining Figs. 7-3(a) and 7-3(b) produces axial stress-strain 

relationships at various sections, as shown in Fig. 7-3(c). The figure suggests that all axial 

stress-strain curves from locations away from the neck initiation section converge into 

one, except the initial “hump” that represents the transition period from the neck initiation 

to its propagation to the cross section where the strain was measured. Fig. 7-3(c) shows 

that all lower curves merge with the upper curve at an axial strain around 1.5.

Strain variation similar to that shown in Fig. 7-3(a) was also reported in refs. 

(G’Sell et al., 1983; Peterlin, 1971) but without further discussion, except stating that the 

axial stress-strain relationships for sections at different distances from the neck-initiation 

section are not identical (Peterlin, 1971). Our explanation for the difference is presented in
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the following section.

7.3.4 Stress distribution inside the specimen

Validity of the assumption of uni-axial stress state is examined here using the FEM 

model. Since strain distribution is no longer uniform along the gauge length once the neck 

is initiated, stress distribution needs to be examined in the necked and un-necked sections. 

Fig. 7-3(a) shows that before the neck reaches a specific cross section, axial strain (based 

on the change of its width) at that cross section remained constant, at a value as low as 

0.26. The corresponding stress distribution at this strain level in two locations (at neck 

initiation section and at a section of 3-mm away), as well as their stress distributions at 

two higher strain levels, 0.5 and 0.75, are summarized in Figs. 7.4-7.6. The following 

stress components were considered in the comparison: axial stress (S2), effective stress 

(Se), transverse normal stress (SI in the width direction and S3 in the thickness direction), 

and shear stress (S12 and S23), according to the coordinates defined in Fig. 7-2(a).

Variation of the above stresses at the strain of 0.26 at the neck initiation section 

and 3 mm away is presented in Fig. 7-4(a) and 4(b) respectively, as functions of the 

distance from the centre of the cross section in the thickness (axis 3) and width (axis 1) 

directions. Fig. 7-4(a) shows that the stress distribution at the neck initiation is close to the 

assumption of uni-axial stress state. Values of SI and S3 are very small, which result in 

Se being only slightly lower than S2. However, at 3 mm away, due to the presence of 

negative SI and S3, Se becomes much higher than S2. It is the lower value of S2 than Se 

that caused the generation of lower curves in Fig. 7-3(c) at sections away from the neck 

initiation. The corresponding effective stresses at different cross sections, however, should
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follow the same relationship with the strain increase. Fig. 7-4 clearly shows that even at a 

low strain level of 0.26, the stress distribution on a cross section may not be uniform, with 

the possibility of significant stress variation from the centre towards the edges. This is 

consistent with that reported by G’Sell et al. (1983) about the variation of stress triaxiality 

on a cross section.

At the axial strain of 0.5, Fig. 7-5(a) shows that the difference between S2 and Se 

at the neck initiation section increased slightly, compared to that at the axial strain of 0.26, 

Fig. 7-4(a). However, at 3 mm away, Fig. 7-5(b), the trend of Se > S2 no longer exists. 

The data in Fig. 7-5 also suggest that the average S2 for a given cross section is higher 

than Se. This clearly illustrates the invalidity of the assumption that uni-axial stress state 

can still be applied when the neck is developed. Therefore, in the simulation of the neck 

formation process S2 cannot represent Se as the input to the FEM model. The use of S2 as 

Se is expected to result in overestimate of the work hardening involved in the 

deformation. We believe that this is why the two curves in Fig. 7-2(c) are very different in 

the high strain range.

It is worth mentioning that the general trend of S2 decreasing from centre to the 

edges on the cross section is reversed in Fig. 7-5(b) at about 3.7 mm along the width 

direction. This is possibly because the neck growth front at this stage is very close to the 

3-mm-away section. As the drawing process involved in the neck formation could stretch 

the surface layer more than the core, the large deformation in the surface layer may have 

raised the S2 value so much to reverse the trend there.

Stress distribution by further deformation to an axial strain of 0.75 is presented in 

Fig. 7-6. At this stage the neck growth front has passed by the 3-mm-away section,
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resulting in its stress distribution getting closer to that at the neck initiation section. The 

results support the phenomenon shown in Fig. 7-3(c) that the lower curves eventually 

merge with the upper curve after the neck growth front passes through that section.

The above FEM analysis clearly suggests that when necking occurs, the stress 

state is no longer uni-axial, but in a complex tri-axial condition with the stress values 

varying significantly in the necking process. Therefore, the effective yield stress for the 

plastic deformation that involves the neck formation cannot be approximated by the axial 

stress. In the following section, a method is proposed to determine the effective yield 

stress using iterative FEM analysis.

7.3.5 Determining effective yield stress-strain curve

The proposed remedy for the inconsistency between simulation and experimental results 

in Fig. 7-2 is through an iterative correction method that determines the new yield stresses

tinas the input for the i correction {Se^) based on a correction factor that is the ratio of the 

average effective stress, Sey-1) , to the average 52, 52(,--p , in the correction. That is,

Sem =Se(,.n ^ l  (6)
52(i-i)

tt- t
where Se^.j) is the effective yield stress input for the (/-/) correction. More information 

on the proposed scheme is given in Appendix B.

It is worth mentioning that the current study only required the correction process 

once to have the S2 value from the FEM (■) coincide with that determined 

experimentally (solid line), as shown in Fig. 7-7. The plot of Se versus strain in Fig. 7-7 

(O) is the new effective yield stress that should be used as input to the FEM model. It
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should be pointed out that such an iteration procedure is needed only if the FEM model is 

to simulate large deformation in the necking process, as values of S2 and Se are nearly 

identical in the small strain range, i.e. below a strain of 0.25.

The nominal stress-elongation curve from the FEM simulation, based on the 

genuine effective yield stress, is compared with the experimental curve in Fig. 7-8(a), 

with the corresponding change of axial strain versus elongation in Fig. 7-8(b). The figures 

suggest that results from the FEM simulation agree with the experimental data very well, 

especially in the neck-forming process.

7.4 Double-Edge-Notched Tensile Test

As mentioned in Introduction, FEM simulation of DENT test was used to investigate the 

anisotropic expansion of yield surface in the necking process. In contrast to most 

simulation work in the past that used isotropic yield functions such as Eq. (7.2), a simple 

anisotropic yield function was proposed for the FEM simulation, as to be presented in 

this section. To validate this function, a deformation process that involved both normal 

and shear stresses was needed, and was chosen to be DENT test which has been shown in 

the previous study on HDPE (Kwon and Jar, 2006; Kwon and Jar, In Press) that it 

generates significant necking in the ligament section before the fracture.

The necking process in the DENT test occurs in two stages. The first stage was for 

the neck inception in which the neck grew from the two notch tips through the whole 

ligament length. At the end of this stage, height of the neck between the two crack tips 

was relatively constant. The second stage was for the growth of the neck in the loading 

direction till the two crack tips met at the mid-point of the ligament. Note that crack
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growth maintained relatively constant through the whole fracture process (Kwon and Jar, 

In Press). As a result of simultaneous growth of neck and crack at the second stage, a 

deformation zone of triangular shape was formed which should also be generated by the 

FEM model if a correct yield function was used for the simulation.

7.4.1 Numerical simulation of the DENT specimen

There are only a few papers in the literature concerning FEM simulation of DENT test. 

Knockaert et al. (1996) used a 3-D FEM model of DENT test, based on classical J2 

plasticity theory with isotropic work hardening, to investigate the deformation behaviour 

of low carbon steel. Due to the limited ductility of the steel, the simulation was conducted 

only up to the peak load without any involvement of crack initiation or growth. As 

mentioned earlier, Chen et al. (1999) also attempted to simulate deformation of HDPE in 

the DENT test, with the consideration of crack growth based on crack tip opening angle 

(CTOA) criterion. A two-dimensional, plane-stress 2-D model was used to generate load- 

displacement curves of various ligament lengths. However, as pointed out by Knockaert 

et al. (1996), the 2-D model could not take into account the significant variation of 

through-thickness stress near the crack tip. In addition, the 2-D model could not generate 

the necking behaviour. Therefore, a 3-D model should be used.

The FEM model used in this study represents quarter of a full-sized DENT 

specimen with half thickness, i.e. width (W) of 45 mm, length (B) 130 mm, and thickness 

(t) 3.125 mm. Full ligament length ( L0) considered was in the range of 16 to 24 mm.

These were shown to be the dimensions for plane-stress fracture of HDPE (Kwon and Jar, 

2006). Loading was applied in a similar manner to that in the experiment, that is, uniform
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tensile displacement along the width in the specimen length direction, at a speed of 5 

mm/min. The FEM model was developed using ABAQUS 6.5 Standard, as shown in Fig. 

7-9, consisting of 1056 20-node brick elements. In the first attempt, the genuine effective 

yield stress developed in the previous section was adopted as the input to the FEM model, 

with the use of isotropic yield function J2.

Crack growth in the FEM model was set at a constant speed starting at the 

maximum load, following the experimental observation (Kwon and Jar, In Press). Since 

the half ligament length in the model was divided into 10 sections, as shown in Fig. 7-9, 

crack growth was simulated by freeing the boundary condition of each section gradually 

from the notch tip to generate an average crack growth speed that was consistent with the 

experimental observation. Details of FEM simulation are given in Appendix B. Fig. 7-10 

shows an example of the deformed DENT specimen after the crack has grown a distance 

of 40% of the ligament length.

Fig. 7-11 compares the experimental data (solid line) with the normalized load- 

displacement curve generated by the above FEM model (0  ), based on the genuine 

effective yield stress determined in the previous section. Although the 10 divisions in the 

half ligament length might be insufficient to generate smooth crack growth and stress 

contours, the resulting load-displacement curve shows an acceptable level of smoothness. 

In the figure, Ay and Af  represent the displacements at the commencement of crack

growth from the notch tip and that at the final fracture, respectively. Note that value of 

Ay was initially determined from the experimental data, but was later assigned as the

displacement when the load drop occurred in the FEM model. This was because the two 

choices of A generated the same load-displacement curve.
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Although the FEM-generated load-displacement curve in Fig. 7-11 shows a 

transition from the first to the second stage of the neck development, the transition occurs 

earlier than that observed in the experiment. In addition, the FEM model overestimated 

the loading level in the 2nd stage of neck growth in which the neck propagation was in the 

loading direction. Note that the computed loading level was even higher if the axial yield 

stress determined from the UT test was used. The inconsistency was possibly due to the 

resistance to deformation in the FEM model being higher than that occurred in the 

experiment. This speculation prompted the idea that normal and shear stresses may have 

had different roles on the work hardening. That is, the expansion of yield surface along 

normal and shear stress coordinates should be different. As to be discussed in section 4-2, 

a parameter is proposed to differentiate the roles of normal and shear stresses on the 

expansion of yield surface due to work hardening. Value of the parameter was varied in 

the study to fit the FEM-generated load-displacement curve to the experimental data.

7.4.2 Yield Function

In the case of isotropic work hardening, the yield criterion based on the J2 plasticity 

theory (Neale and Tugcu, 1985; Tugcu and Neale, 1987a; Tugcu and Neale, 1987b; Tugcu 

and Neale, 1988) can be expressed in terms of normal and shear stresses as:

-^r[((Tii -  <J22)2 + (0 - 2 2  -  O-3 3 ) 2  + (0 - 3 3  -  <Jn Y  + 6(of2 + <4 + 0 -32!)}72 = Y (7)

where Y is the effective yield stress. However, for semi-crystalline polymers such as 

HDPE, large deformation may introduce a different level of work hardening in the 

direction of normal and shear stresses. Therefore, Eq. (7.7) should be modified to reflect 

the anisotropic work-hardening.
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A general form of anisotropic yield function is (Hill, 1950):

/  = [ f ( CT22- c r „ y  + G(<tm - c r „ ) ! + H ( < r u - c r 22) 2 + 2 ( I< 4  +  3 /o f ,  + Ncr2n )] '2 (8)

where F, G, H, L, M, and N  are parameters to characterize the state of anisotropy. These 

parameters can be expressed in terms of yield stress ratio Rtj, defined as the ratio of the

non-zero stress component at non-isotropic yielding, a y , to the equivalent stress 

component in the case of isotropic yielding. For example, for simple tensile

loading, Ru -  a n / Y  and for pure shear loading Rn = a n  / r Y = V3 —p -, where Y is the

normal stress and rY the shear stress for isotropic yielding. In principle, those yield stress 

ratios can be obtained by mechanical testing of materials at different directions, but 

extremely difficult for large deformation. In this study, a simplified version of the above 

approach was adopted, which had all normal stresses act equal roles to the yield function, 

hence F  = G -  H  in Eq. (7.8). The same assumption was applied to the shear stresses, i.e. 

L = M  = N. Furthermore, value of 1/2 was assigned to F, G, and FI, and set L, M, and N  to 

be functions of a single parameter Rs :

3L =M = N=
2R‘ (9)

The corresponding yield function is:

(cTjj a 22) + (a22 <̂"33) +(^33 ^ l l )  2 ( ° " l2 °"23 ° " 3 l)

1/2

= Y (10)

Rs is an adjustable parameter of which value was varied to fit the FEM-generated load- 

displacement curve to the experimental data. Using Y determined from the UT test and 

R < 1, Eq. (7.10) implies that work hardening in the shear stress direction should be less
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significant than that in the normal stress direction.

A series of load-displacement curves from a FEM model of DENT specimen with 

ligament length equal to 20 mm, but different Rs values, are compared with the 

experimental curve (solid line) in Fig. 7-12. The comparison suggests that the best Rs 

value to fit the experimental curve in the neck propagation stage is about 0.67. Note that 

since the FEM simulation assumed anisotropic yielding in the whole range of 

displacement, instead of a more realistic, progressive transition from isotropic to 

anisotropic yielding with the increase of the displacement, the load in the neck inception 

stage varied in an opposite trend to that in the neck propagation stage. That is, while the 

simulated load in the neck propagation stage approached the experimental values when 

Rs reduced from 1 to 0.67, difference of the load in the neck inception stage increased.

This could be fixed by decreasing the Rs value gradually from 1 with the increase of the

displacement. However, dependence of Rs on the extent of deformation is not clear at this

stage.

7.4.3 Simulation scheme for DENT test

Because of the above problem, a simple simulation scheme was developed, as described 

here, to take into account the change of Rs during the test. In this scheme, Rs was

assigned to be 1 before the maximum load was reached, after which the Rs value was 

changed to 0.67. Note that no additional experiment was carried out to determine Ay and

A f  values for the FEM simulation. This was because load drop in the FEM simulation 

was found to be caused by the neck initiation at the notch tip, less dependent on the onset
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of the crack growth. Also, Af  value for a given ligament length could be determined by

linear regression using previous experimental data, as its value showed a linear 

relationship with the initial ligament length (Kwon and Jar, In Press).

In the proposed simulation scheme, the displacement at the load drop was assigned 

to be Ay and crack was set to grow from the notch tip at this point, at a constant speed

that allowed the crack growth to reach the centre of the specimen at the displacement Af .

More information on the proposed scheme is given in Appendix B.

Load-displacement curves generated by the above simulation scheme for ligament 

lengths of 16, 20 and 24 mm are presented in Fig. 7-13. The curves are compared with the 

corresponding experimental curves obtained previously (Kwon and Jar, 2006; Kwon and 

Jar, In Press). All curves show relatively good agreement with the experimental data.

Fig. 7-14 presents a deformed FEM model with half ligament length of 10 mm, 

after Af  is reached. The deformation behavior is very similar to that observed

experimentally (Kwon and Jar, In Press), with a distinct triangular shape formed by 

simultaneous growth of neck and crack during the test.

The above approach of using different Rs values for deformation before and after

the maximum load was reached, enabled us to simulate the deformation behaviour of 

HDPE in the DENT test. Further studies will be conducted to explore possibilities of 

simulating large deformation of HDPE in complex loading conditions, which may require 

the replacement of Rs by the yield stress ratios Ri;.
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7.5 Conclusions

FEM simulation of large deformation of HDPE in UT and DENT tests has been 

conducted. The study showed that the conventional approach based on data from the UT 

test overestimated the stress and strain required for the neck propagation. The study 

proposes a simple iterative process to determine the effective yield stress for the FEM 

simulation. The study shows that by using this effective yield stress, the flow stress 

required for neck propagation can be predicted accurately.

The study also showed that the isotropic yield function based on J2 plasticity 

deformation theory cannot be used to simulate large deformation involved in HDPE 

during the DENT test. A simple anisotropic yield function is proposed that distinguishes 

difference of normal and shear stresses in the work hardening process. The new function 

contains an adjustable parameter Rs of which value can be determined through curve-

fitting to the experimental data. Based on the experimentally observed constant crack 

growth speed and the new anisotropic yield function, the study showed that large 

deformation in the DENT test can be simulated by the FEM model. The study 

successfully demonstrated the use of correct effective yield stress and yield function for 

FEM simulation of large deformation in HDPE, in both UT and DENT tests. The 

technique will be further investigated, which may lead to development of fracture 

criterion for HDPE in large deformation.
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Figures

Fig. 7-1
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Typical UT test results for HDPE: (a) Nominal stress-elongation curve, and

(b) true stress-strain curve: test data ( _____ ) and trend curve from Eq. (7.2)

with « = 1.8 ( --------).
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(c)
Fig. 7-2 Results of the FEM numerical simulation of UT test: (a) the un-deformed

model and deformed model at elongation of 50 mm, (b) load-elongation curve,

and (c) true stress-strain curve: solid line (------- ) from test data and “O ” from

the FEM simulation with n = 1.8.
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Fig. 7-3 UT test results: the plots of (a) axial strain, (b) axial stress and (c) stress-strain

curves at the distance of 2 mm (  ), 4 mm ( _____ ), 6 mm ( _____ ), 8

mm ( _____ ) and 10 mm ( _____ ) from the neck initiation section. The

arrows in the plots indicate the direction of the increase of the distance from 

the neck initiation section
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Fig. 7-4 Stress distribution at (a) axial strain of 0.26: at the neck initiation section; and 

(b) at 3mm away, in the thickness and width directions.
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Stress distribution at (a) axial strain of 0.5: at the neck initiation section; and 

(b) at 3mm away, in the thickness and width directions.
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Fig. 7-6 Stress distribution at (a) axial strain of 0.75: at the neck initiation section; and

(b) at 3mm away, in the thickness and width directions.
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Fig. 7-7 S2 stress determined experimentally ( _____ ) and by FEM simulation (■)

after one iteration. Data presented by (O) represent the effective yield stress 

function as input to the FEM model to determine S2 (■).
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Fig. 7-8 (a) Load - elongation and (b) axial strain - elongation curves, from the

experiment ( ____ ), and the FEM simulation after one iteration (♦).
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Fig. 7-9 The FEM model of DENT specimen with L0 = 20 mm .
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Fig. 7-10 The deformation behaviour of DENT specimen after 40% of the half ligament 

length was debonded.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



197

EL
5

I
Z

35

30

25

20

15

10

5

0
Ay 5 A fo 10 15

Displacement (mm)

Fig. 7-11 Load-displacement curve for the DENT specimen with L{) = 20 m m , from the 
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Fig. 7-12 Comparison of experimental curve of normalized load vs. displacement (solid 

line) with those determined from the FEM simulations with various Rs 

values.
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Fig. 7-13 Comparison of experimental curves (solid lines) with the FEM simulation for 

DENT tests with different ligament lengths ( L0)\, 24mm (0), 20mm (O), and

16 mm (□).
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Fig. 7-14 FEM model of DENT specimen after fracture (simulated using Rs = 0.67 ). 

The original half ligament length = 10 mm.
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Tables

Table 7-1. Constants in Eq. (7.3) before necking.

Constant E {MPa) e, a b c d {MPa) e {MPa)

Value 0.015 0.015 0.09 0.32 40.053 0.01 -0.156 -12.506 14.5

Table 7-2. Constants in Eq. (7.3) after necking.

Constant ak N k {MPa) M n

Value 35 0.1 29.525 0.427 1.8

Table 7-3. Load drop ratio (DR) from the simulation.

Literature DR Condition

This study 72,77% Rate independent (b=1.8, 2.0)

Neale & Tugcu, [3] 86% Rate independent

Fager & Bassani [31] 82% Rate independent, Plane strain

Tugcu & Neale [8] 90% Rate independent, Plane strain

Tugcu & Neale [9] 83-86% Plane strain visco-plasticity

Tomita,Y.; Hayashi,K. [41] 80% thermo-elastic-viscoplastic

Table 7-4. Load drop ratio (DR) from the experiment.

Literature DR Condition

Experiment in this study 65% Constant cross-head speed

G’Sell & Jonas [2] 66% Constant strain rate

G’Sell, Aly-Helal & Jonas [7] 72% Constant strain rate

Marquez-Lucero et al. [11] 68% Constant cross-head speed

Hiss et al. [22] 78% Constant strain rate
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Chapter 8 

Conclusions and Recommendations

Main Conclusions

Conventionally studies on fracture have been biased by the deformation behaviour of the 

materials. For brittle materials, the plastic deformation preceding fracture is confined to 

the vicinity of the crack tip, thus their plane-strain fracture has been studied extensively 

in the past. For highly ductile materials, large plastic deformation is likely to be involved 

in the fracture process so that plane-strain fracture was rarely studied. The large 

deformation involved in the ductile fracture is also a huge challenge for the conventional 

fracture mechanics. For polymers, since their fracture and deformation behaviour is 

mainly dominated by mode I, their shear fracture toughness has not been well 

characterized. This thesis addresses these challenges that have been rarely explored. The 

thesis proposes new test methods for evaluating the fracture toughness in tension or shear 

mode that involves large plastic deformation.
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The study identified transition from plane-stress to plane-strain fracture in the 

double-edge-notched tensile (DENT) test of high-density polyethylene (HDPE) plate. 

The corresponding EWF values were found to be vary more that 10 times. The 

conclusion was verified in Chapter 2 and 3, using 2 different approaches on specimens of 

different thickness. The two approaches yielded nearly identical EWF values that show 

little dependence on the specimen thickness.

A new work-partitioning principle was applied to the DENT test of HDPE, to 

determine the EWF value for each of the two stages of deformation in plane-stress 

condition: neck inception and neck propagation (Chapter 4.) The specific EWF values for 

each stage were found to be 201.5 and 44.3 k J lm 2 for rolling direction, and 144 and 

21.7 kJ  / m1 for transverse direction, respectively. Difference of the EWF values in the 

two stages of damage development was caused by the different speed for crack and neck 

growth. The results suggest that fracture toughness for materials that involve stable 

necking may vary during the crack growth. The value determined by the conventional 

EWF method only represents the mean value for the whole crack growth process.

The thesis also dealt with characterization of mode II fracture toughness of 

polymers (Chapter 5.) Three criteria were proposed to identify the mode II fracture, and a 

test methodology, based on Hill’s definition of mode II fracture, was developed using 

Iosipescu device and double-edge-notched specimens with side grooves. The 

methodology was applied to poly(acrylonitrile-butadiene-styrene) (ABS), that is known to 

develop unstable necking in the deformation process. The study shows that its mode II 

EWF value is 32.3 kJ / m2 , about 2.5 times of the corresponding mode I fracture 

toughness. The significant difference between toughness of different modes causes the
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mode I fracture to dominate the deformation process in ABS.

The above study on mode II fracture was then extended to HDPE (Chapter 6.) 

Because of the strain hardening phenomenon, pure mode II fracture cannot be achieved 

for HDPE. Through the double linear regression process with respect to ligament length 

and the groove thickness, quasi-mode II fracture toughness of HDPE could be determined 

to be 12.4 k J / m2.

The study also found that conventional yield stress and yield function cannot be 

applied to deformation of polymers with stable necking. A simple scheme was developed 

to determine the effective yield stress. By adopting the effective yield stress in the FEM 

model, the variations of computed load and strain with elongation are very close to the 

experimental results.

The FEM study concludes that the isotropic yield function should be modified. In 

this study, the shear stress ratio was adopted to reflect the anisotropy between normal and 

shear stresses in work-hardening. Using new anisotropic yield function, the study 

successfully generated a load-displacement curve from FEM model of DENT specimen 

that was very close to the experimental results, by setting the shear yield stress ratio to be

0.65. The procedure was examined using DENT specimens of different ligament lengths, 

all of which were in plane-stress condition. The results suggested that the anisotropic 

work-hardening occurred after the necking was developed, thus should be considered in 

the FEM simulation.

Overall, the thesis has studied a variety of subjects that have not been explored in 

the past using conventional fracture mechanics approaches. Outcomes from the study are 

expected to be a stepping stone for deeper understanding of these subjects.
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Recommendations

Most of the measures that quantify fracture toughness are based on the rate of energy 

dissipation for crack growth. Compared to linear elastic fracture mechanics (LEFM), or 

elastic plastic fracture mechanics (EPFM) which assumes that the energy dissipation 

during quasi-static crack growth occurs only in the vicinity of the crack tip, essential 

work of fracture (EWF) concept allows the occurrence of plastic energy dissipation in the 

region remote from the crack tip. The EWF concept extracts the essential work consumed 

for generating the crack growth, by excluding the plastic energy dissipated in the remote 

region from the total fracture energy. Based on the assumption that the fracture process 

within the FPZ remains the same during the crack growth, the essential work is usually 

regarded as constant which represents fracture toughness of the material.

Flowever, the study in Chapter 4 shows that for stable necking, the essential work 

is not constant, but varies with the crack growth. Reasons for the variation are: i) the neck 

growth is much faster than crack growth, ii) the degree of necking varies with the crack 

growth, and iii) the size of FPZ increases with the neck growth. Therefore, for evaluating 

fracture toughness that involves stable necking, it is necessary to separate the energy for 

necking from that for creating surfaces. This has never been considered in the past, but is 

essential for determining the variation of fracture toughness with the crack growth.

In this study, the mode II EWF value of HDPE was evaluated through the double 

extrapolation to zero ligament length and thickness in Chapter 6. Even though the energy 

for mode I plastic deformation could be removed by the extrapolation, it is important to
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ensure that the specimens are designed to suppress the involvement of mode I component 

to the minimum level. As described in the thesis, one of the causes of mode I involvement 

is the central gap between the two sets of the aluminium tabs. It is important to reduce the 

central gap to a size as small as possible, to minimize its role on the involvement of mode 

I deformation.

In addition, the testing rig that was originally designed for compressive loading 

needs to be sufficiently high to avoid its effect on the measurement accuracy. This is 

because observation during the testing suggests that when the load is large, slight slanting 

of the Iosipescu rig occurs, which also causes the mode I deformation. Note that the 

compressive loading cannot be used in this study because of the need of large 

displacement for the ductile deformation.

Another problem that should be considered in the future is the anisotropic work- 

hardening that is assumed in this work to be different only between shear and normal 

stresses. Different levels of anisotropy are expected by different normal stress components, 

due to formation and alignment of fibrillar structure in the necking process. This work 

also assumes that the shear stress ratio, Rs , is constant during necking process. However, 

Rs may vary with the neck development. At present, it is not clear how to quantify the

anisotropy in the deformation involving very large strains, including stable necking. The 

information, however, is important for simulation of the deformation behaviour under 

complex loading conditions.

A final subject that can extend from the current study is the fracture criterion for 3- 

D simulation. To my knowledge, current criterion for the simulation of large deformation,

i.e. CTOA, was not derived in view of the fracture mechanisms, rather from the
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superficial observation of the fracture behaviour. As a result, this criterion is difficult to 

be implemented in 3-D simulation on structures subject to complex loading. New fracture 

criteria that consider large deformation and rotation are needed to correctly simulate the 

fracture process that involves stable necking.
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Appendix A. Test Details 

A-l. Uniaxial Tensile (UT) Test

1. Test Standard

All of the tensile tests performed in this study followed procedures in ASTM 

standard (D638-01 Standard Test Method for Tensile Properties of Plastics), unless stated 

otherwise.

2. Testing Conditions

All of the tensile tests were done at the ambient conditions (temperature: 23 °C, 

relative humidity: 60-70 %).

3. Specimens

Dog-bone specimens shown in Fig. A-l (ASTM D638-01) were machined from 

the commercial polymer plates. The width and length in the gauge section of the dog-bone 

specimens are 10 mm and 30 mm, respectively. The neck region was made with a radius 

of 31.3mm that is the largest radius achievable using the existing the machining tools.

30

136

Fig. A-l Dog-bone type tensile test specimen
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4. Testing Equipment

In the test on ABS, a universal screw-driven testing frame from Instron with load 

capacity 250 KN was used at a ram speed of 5mm/min. In the test on HDPE, QUASAR 

100 test frame from Galdavini that has a load capacity of 100 KN was used at the ram 

speed of 20mm/min. Both speeds conformed to the range of testing speed specified in 

ASTM D638.

5. Measurement

In the case of ABS, longitudinal deformation in the gauge section was measured 

using an extensometer with the initial gauge length of 1 inch (25.4mm), and converted to 

the axial true strain. In the case of HDPE, width variation was measured using a custom- 

built extensometer mounted across the specimen width in a section where the necking 

occurred. The axial nominal strain ( eE) and the axial true strain (e )  generated in the UT

tests were determined using the following equations:

-1 (A .l)

s=  21n
y W y

(A.2)

where Wo is the original specimen width and W the specimen width during the test.

6. Width Reduction

To ensure that deformation occurred in the gauge section where the extensometer
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was mounted, width around that section was reduced by 0.2mm (2% of the width, 0.1mm 

each side). Such width reduction is within the limit recommended in the ASTM standard 

for the UT test.

A-2. Double-Edge-Notched-Tensile (DENT) Test

1. Test Standard

DENT tests followed the procedures recommended by ESIS TC4 Committee (E. 

Clutton, Fracture mechanics testing methods for polymers, adhesives and composites, 

Elsevier, Kidlington, UK, 177 (2001)).

2. Testing Conditions

All of the DENT tests were done at the ambient conditions.

3. Specimens

DENT specimens with the dimensions of 90 mm wide (W) and 260 mm long (H) 

were used for the testing, as shown in Fig. A-2. Notches were firstly machined with the 

slitting saw and the pre-crack was generated at the notch tip by sliding a razor blazer.
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Fig. A-2 Double-Edge-Notched-Tensile (DENT) Specimen

4. Testing Equipment

A universal screw-driven testing frame from Instron that has a load capacity of 

250 KN was used at the ram speed of 5mm/min.

5. Measurement

Variation of load and displacement of the ram were recorded at a sampling time of

0.03 sec. The total work of fracture (W )  was calculated from the area under the load- 

displacement curve for the ligament length.

6. Data Analysis

At least 3 tests were carried out for each ligament length. If A W (deviation of the 

total work of fracture) from all tests were within 10% of W (average total work of

AWfracture) they were regarded as valid data. If not, more tests were carried out until -===- is
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less than 0.1, where AW is the average deviation. If AW  was deviated from W by 

than 30%, it was regarded as an invalid data.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



217

Appendix B. Finite Element Modeling 

B-l. Simulation of UT Test

1. Modeling

UT test was simulated using a 3-D finite element model using ABAQUS 6.5 

Standard. The FEM model of UT specimen (Fig. A-l) is shown in Fig. B-l in which 

Cartesian coordinates are used with 1-, 2- and 3-axes in the direction of width, length and 

thickness, respectively.

Since only a quarter of the specimen was modeled using the symmetry, W0, Wx 

and t are 9.5, 5 and 3.125 respectively. To generate the necking, width was reduced 

gradually to W2 = 4.998 at the symmetric plane. H  was set to be 32, because gripped 

part was excluded from this model.

i t

w2
Fig. B-l. FEM model of UT specimen.
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2. Meshing

The model consisted of 2660 20-node brick elements. Size of the mesh in the 

gauge section was 0.5x0.5x0.875 mm in the width, height and thickness direction, 

respectively, except across the symmetric plane. In the non-gauge section, coarser mesh of 

the size 2.0 mm in the height direction was used. Across the symmetric plane, finer mesh 

(0.5x0.25x0.875 mm in the width, height and thickness direction, respectively) was used.

3. Simulation

Rate independent, incremental J2 plasticity theory was employed, with the 

assumption that plastic deformation was isotropic. Effective yield stress was given as a 

function of effective strain.

Displacement was gradually increased up to 100 mm at an initial increment of 1 

mm for each step. Minimum and maximum increments are 0.005 and 5 mm. At each 

increment, axial load on the top plane was calculated and recorded.

4. Correcting Yield Stress

In the first simulation, the experimental yield stress ( Ye(0)) in Eq. (7.3) was

employed. From the result of the first simulation, average effective stress ( Se^)) and

average axial stress (52(0)) across the symmetric plan were calculated. Then the new 

input yield stress in the 1st correction process was calculated as:

Ye(ll=¥em ^  (B.l)
5 2 (0)

The load level and strain values from the 2nd simulation were compared with the
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experimental results. Since the simulation results were very close to experimental ones 

(difference being less than 2 %), Ye(l) was regarded as genuine effective yield stress.
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B-2. Simulation of DENT Test

1. Modeling

DENT test was simulated using a 3-D finite element model using ABAQUS 6.5 

Standard. Its FEM model, as shown in Fig. B-2, represents quarter of a full-sized DENT 

specimen with half of the thickness, i.e. width (W) of 45 mm, length (B) 130 mm, and 

thickness ( t0) 3.125 mm, with the full ligament length ( L0) of 20 mm. The ligament cross

section across the symmetric (L0x t 0) was divided into 10 sections having equal sizes that 

were bonded to the fixed analytical rigid plane which is not shown here.

L« q/2

Fig. B-2. (a) FEM model of DENT specimen, and (b) ligament cross-section divided into 

10 sections.
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2. Meshing

The model consisted of 1056 20-node brick elements. Finest mesh was used in the 

ligament region across the symmetric plane. Size of the mesh in this region was 

1x0.2x0.78 mm in the width, height and thickness directions, respectively.

3. Simulation based on Isotropic Work-Hardening

In the first simulation, rate independent, incremental J2 plasticity theory was 

employed, with the assumption that plastic deformation was isotropic. Corrected effective 

yield stress determined by Eq. (B.l) was employed.

Based on experimental results for the specimen with the ligament length of 20 mm, 

A and Af  were set to be 1.96 mm and 9 mm that were the half of the experimental

displacements. Simulation was composed of 11 steps. In the first step (loading step), the 

displacement was increased by 1.96 mm without crack development. In each of the next 

10 steps (crack steps), outer-most section of the ligament was debonded from the fixed 

analytical rigid plane from the notch tip and the displacement was increased by 0.704. 

Initial and minimum increments are 0.1 and 0.0001. At each increment, axial load on the 

top plane was calculated and recorded.

4. Simulation following the Proposed Scheme

Af  was determined from the empirical equation presented in Fig. B-3. Since the

load drop was caused by the neck initiation, and not sensitive to the crack initiation, A 

could be determined by the simulation itself, i.e. the displacement at which load started to
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drop. Therefore, in the first step (loading step), the displacement was increased without 

crack development with Rs = 1 (isotropic yielding), until load drop was detected,.

£  30

~  25

®  20 o-
y = 0.7539X + 3.0181 

R2 = 0.9892

LL

1510 20 25 30 35
L igam ent length, L0 (mm)

Fig. B-3. The plot of fracture displacement vs. ligament length.

When load drop was detected, the corresponding displacement was set to be Ay, 

Rs was changed to 0.67 (anisotropic yielding), and it was changed to next step (1st crack 

step). In each following crack steps, the displacement was increased by ( Af - A^/10 with 

debonding of one section of the ligament.
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■ Province of Alberta Graduate Fellowship (May 2005), Province of Alberta.

■ Provost Doctoral Entrance Award (Sep. 2004), University of Alberta.

■ Graduate Student Scholarship (Mar. 2003), Province of Alberta.

■ Mary Louise Imrie Graduate Student Award (June 2006), University of Alberta.

■ Honour of Excellence (Feb. 1992), KAIST, Korea.
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Work Experience

Research Assistant, Sept 2001-present. University of Alberta, Alberta, Canada. 

Dept, of Mechanical Engineering. Durable Materials Lab.

Teaching Assistant, Mechanical Engineering Laboratory (Winter and Fall 2002), 

Engineering Physics (Winter 2003), Engineering Mechanics II (Winter and 

Fall 2004), Pressure Vessel Design (Winter 2005), Engineering Mechanics 

II (Fall 2005), Manufacturing Process (Winter 2006), Mechanical 

Engineering Laboratory II (Fall 2006).

Engineer, May 1994-Sep. 2000. Samsung Electronics, Korea. Production

Technology Laboratory. Projects included: Automation of the Inspection 

System for LCD Production Line, Development of Wafer-Handling System, 

Development of LCD Panel Robot-Handling System, Automation of Li-ion 

Cell Phone Battery Production Line.

Engineer, Mar. 1992-Apr. 1994. Texas Instruments, Korea. Developed DCS and 

SCADA application codes.

Publications

Published or accepted:

1. H. J. Kwon and P.-Y. Jar. “Fracture Toughness of High-Density Polyethylene in 

Shear Mode,” International Journal of Fracture. Accepted.

2. H. J. Kwon and P.-Y. Jar. “On the Application of Essential Work of Fracture 

Concept to Toughness Characterization of High-Density Polyethylene,” Polymer 

Engineering & Science. Accepted.

3. H. J. Kwon and P.-Y. Jar. “New Work Partitioning Approach to the Measurement 

of Plane-Strain Fracture Toughness of High-Density Polyethylene based on the 

Concept of Essential Work of Fracture,” Engineering Fracture Mechanics. 

Accepted.

4. H. J. Kwon and P.-Y. Jar. “Toughness of High-Density Polyethylene in Plane- 

Strain Fracture,” Polymer Engineering & Science. Vol. 66 (10), pp. 1428-1432 

(Oct. 2006).
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5. H. J. Kwon and P.-Y. Jar. “Fracture toughness of polymers in shear mode,” 

Polymer, Vol. 46 (26), pp. 12480-12492 (Dec. 2005).

6. H. J. Kwon, P.-Y. Jar, and Z. Xia. “Characterization of Bi-axial Fatigue 

Resistance of Polymer Plates,” Journal of Materials Science, Vol. 40 (4), pp. 965- 

972 (2005)

7. H. J. Kwon, P.-Y. Jar, and Z. Xia. “Residual Toughness of Poly(acrylonitrile- 

butadiene-styrene) (ABS) after Fatigue Loading -  Effect of Uni-axial Fatigue 

Loading,” Journal of Materials Science, Vol. 39 (15), pp. 4821-4828 (2004)

Submitted:

1. H. J. Kwon and P.-Y. Jar. “On the Application of FEM to Deformation of High- 

Density Polyethylene,” International Journal of Solids and Structures. Submitted.

Conference Proceedings

1. FI. J. Kwon and P.-Y. Jar. “Toughness of High-Density Polyethylene in Plane- 

Stress and Plane-Stress fracture,” Proceedings of 15th U.S. National Congress of 

Theoretical and Applied Mechanics, 25-30 June 2006 Boulder, Colorado.

2. H. J. Kwon and P.-Y. Jar. “Toughness Evaluation of Ductile Polymers in Shear 

Fracture,” Proceedings of 17th Canadian Materials Science Conference, pp. 29 

(June 2005).

3. H. J. Kwon, P.-Y. Jar, and Z. Xia, “Damage Study of Polymers under Biaxial 

Fatigue Loading,” Proceedings of 19th Canadian Congress of Applied Mechanics, 

Vol. I, pp. 128 (June 2003).

Computer Experience

Programming: Fortran, Matlab, C 

Applications: AutoCad, ANSYS, ABAQUS 6.6

Teaching Interests

Classical mechanics: Mechanics, strength of materials, and elasticity,

Applied mechanics: Continuum mechanics and plasticity,
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