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Abstract 
High-velocity and long-lifetime operating conditions of modern high-speed energy storage 

flywheel rotors may create the necessary conditions for failure modes not included in current quasi-

static failure analyses. The central hypothesis for this thesis research is that (i) viscoelastic effects 

and shear stress effects can cause creep rupture, matrix cracking, or hub-rim interfacial failure in 

composite flywheel rotors, and that (ii) these failure modes can be prevented employing an 

appropriate modeling approach in the flywheel energy storage system (FESS) design process. In 

this thesis, a computational algorithm based on an accepted analytical model was developed. This 

model progresses in two phases. First, the viscoelastic behavior of fiber reinforced polymer 

composite (FRPC) flywheel rotors was investigated by simulating a 10-year operational lifetime. 

The simulations indicate that viscoelastic effects are likely to reduce peak stresses in the FRPC 

material and the hub-rim interface while also increasing stress in the metallic hub. Second, 

flywheel rotors also experience a large number of acceleration/deceleration cycles, which raises 

concerns regarding the effects of shear stresses on flywheel rotor reliability.  The computational 

models were used to describe the transient behavior of radial, circumferential, and shear stresses 

in FRPC flywheel rotors during constant power demands. This thesis discusses failure predictions 

using the maximum stress and Tsai-Wu failure criteria. The Tsai-Wu criterion predicted failure to 

occur at higher loadings compared to a maximum stress threshold. A strength ratio determined 

from the Tsai-Wu criterion indicates a changing peak stress location from the inner radius at the 

start of rotor acceleration to approximately the center of the rotor thickness at top speed. The results 

from this study indicate strong variability in the loading conditions, which may promote damage, 

crack initiation and crack propagation, and fatigue effects, posing possible risks to the long-term 

structural health of composite flywheel rotors. 
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Predicting the behavior of the flywheel rotor over the lifetime of the system requires a 

thorough understanding of the evolution of the composite material properties. To assess the 

viscoelastic behavior of the FRPC, an effective experimental test platform and methodology was 

developed to conduct elevated temperature tensile creep testing of FRPC tube specimens. Using 

this methodology, the creep compliance of a glass fiber reinforced polymer composite (GFRP) 

was measured at various elevated temperatures. Then a time-temperature superposition approach 

was applied to shift the compliance curves along the time axis to create a master curve. The 

resulting transverse master curve can accurately predict the material compliance over an 

approximate 67-year period. Additionally, the compliance values compare well with published 

values of other similar materials. 

The findings from this thesis research provide evidence to conclude that viscoelasticity can 

significantly affect the reliability of flywheel rotors over an average 10-year operational lifetime. 

Shear stress, however, was found to be minimally impactful on the evolution of internal stresses, 

and, in isolation, is unlikely to lead to rotor failure. Finally, viscoelastic creep testing of a common 

GFRP composite proved successful and a compliance master curve was developed.  
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Certain sections of this thesis document have been published previously by the author or will be 

published in peer reviewed journal papers. Following is a list describing the publication status of this 

research work.  

• Chapter 2 has been published in Energy Storage Flywheel Rotors – Mechanical Design 

published in Encyclopedia volume 2 issue 1 pages 301-324. 
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Applied Sciences volume 11 number 20 page 9544  

• Chapter 4 has been prepared for submission to Applied Composite Materials (journal - 

Springer)  

Chapter 5 has been partially published in Canadian International Conference on Composites 

(CANCOM 2022). This publication focused on the testing and data processing methodology, as 
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1 Introduction 
Flywheel energy storage systems (FESS) are a mechanical battery. Electrical energy is 

transformed into kinetic energy using an electrical machine, i.e., a motor, which physically 

accelerates a mass in the shape of a disk or cylinder, called the flywheel rotor, to high angular 

velocity. Energy is retrieved by reversing this process. Kinetic energy is converted to electrical 

energy again by decelerating the flywheel rotor using the same electrical machine, this time 

operating as a generator. The primary advantage of FESS over other energy storage devices is their 

high energy transfer rates and long expected lifetimes. FESS have been implemented in electric 

grids to reduce power spikes, assist with frequency regulation, improve power quality, and provide 

uninterrupted power supply. State-of-the-art FESS have several advantageous characteristics 

including a high charge and discharge rate, lifetimes ranging from 105 to 107 charge-discharge 

cycles, often equated with a service life of 10 to 20 years, and high specific energy, i.e., up to 

100 Wh kg-1. Further, they do not experience depth of discharge or cycling effects and have a 

relatively high cycle efficiency – up to 95% depending on the electrical components. While the 

high efficiency and long expected lifetime make FESS an attractive alternative to other short- and 

medium-term energy storage options, these same attributes pose significant design and operational 

challenges [1]. 

Modern composite flywheel rotors are able to achieve high rotational velocities, greater 

than 50,000 rpm, to maximize energy storage capacity. However, high angular velocities induce 

large radial and circumferential stresses on the rotor leading to potential damage and failure. The 

failure of rotating disks has extensively been studied in both isotropic and anisotropic materials 

through works such as by Miller [2], Gabrys and Bakis [3], and Hartl et al. [4].  However, the 

majority of work has focused on developing a greater understanding of the instantaneous, or time-

independent, behavior of composite rotors and hubs to maximize potential performance or 

minimize cost. In these cases, rotor failure is typically seen as a quasi-static process caused by 

excessive centrifugal loading exceeding transverse material strength. Given the 10+ year expected 

lifetime of composite flywheel rotors and typical high stress operating conditions, a greater 

understanding of the viscoelastic, i.e., time-dependent, behavior of composite flywheel rotors is 

vital for ensuring reliability of rotor designs throughout the system lifetime. The viscoelastic nature 

of composite materials used in FESS is well documented by the works of Raghavan and Meshii 

[5, 6] and Arnold et al. [7, 8]. These works and their application [9, 10] have been used to inform 

the methods and objectives of this thesis.  

In addition to long lifetimes creating the potential for viscoelastic failure, modern flywheel 

rotors experience high cyclic loading which creates the potential for fatigue failure. Their ability 

to accommodate high energy transfer rates (i.e., power) means the flywheel rotor must accelerate 

and decelerate rapidly, and, depending on the application, FESS may undergo thousands of 

charge-discharge cycles every day (e.g., in regenerative braking in rail applications). Energy is 

added to a FESS using an electrical machine driving and transferring torque to a metallic or 

composite hub, which thus transfers torque to the rest of the flywheel rotor. Rapid energy transfer 
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requires high torques, and therefore shear stress, acting on the flywheel rotor, potentially damaging 

the composite material. Shear stress in rotating disks has been studied in the past [11, 12], 

especially with respect to turbines and functionally graded materials [13, 14], however, little effort 

has been focused on the particular conditions experienced by a flywheel rotor.  

Recognizing the need to better understand the viscoelastic and shear stress effects affecting 

the design, development, and operation of flywheel rotors, a physics based computational model 

was developed capable of predicting the viscoelastic behavior of a rotor over an expected 10-year 

operation lifetime and the evolution of shear stress in the rotor resulting from an energy transfer 

demand. The computational model requires a thorough understanding of the flywheel rotor’s 

material properties throughout the simulation to accurately predict its behavior. Significant shear 

loading only occurs under charge and discharge cycling with relatively high power, meaning the 

acceleration and deceleration phases are a short-term event, i.e., the FESS can be fully charged or 

discharged within a period of a few seconds to a few minutes. The behavior of the composite 

material is not expected to change significantly during this time, so the consideration of only 

instantaneous material properties is deemed acceptable. 

To ensure the validity of a viscoelastic simulation of flywheel rotors, a thorough 

understanding of the flywheel rotor operation and associated viscoelastic effects is required. The 

FESS may be expected to remain fully charged for extended periods of time, creating the 

conditions for significant viscoelastic stress relaxation. To determine the viscoelastic behavior of 

the composite material, instead of long-term testing at ambient temperature, a series of accelerated 

viscoelastic tensile testing can be conducted on the composite to measure the material creep 

subjecting it to constant load and various elevated temperatures. Then, time-temperature 

superposition can be applied to shift the resulting compliance curves to create a compliance master 

curve for the material transverse direction, i.e., transverse to the fibers, which is polymer matrix 

dominated and, contrary to the fiber direction, susceptible to viscoelasticity. The master curve can 

then be applied in the computational algorithm to predict the viscoelastic behavior of a flywheel 

rotor constructed from that material [15]. 

1.1 Knowledge Gap 

While attempts have been made to more comprehensively predict rotor failure by amending 

the stiffness matrix for the rotor material(s) with progressive damage models [16], they fail to 

incorporate viscoelastic behavior and shear stress effects into the stress and failure analysis. The 

limited work that has been conducted on viscoelastic stress simulations has focused on time frames 

between 105 and 1010 years which is well outside the presently accepted 10-20 year expected 

lifetime of FESS systems[1, 17]. Similarly, the impact of shear stress on internal rotor stresses is 

typically studied by assuming instantaneous loading [12]. Again, this falls outside typical FESS 

operating conditions where applied shear stress changes continuously as a function of the power 

demands placed upon it. In both cases this leaves a discontinuity between the operation of FESS 

and established modeling methods to design and analyze the composite flywheel rotors. This is 
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exacerbated by the limited availability of viscoelastic material properties necessary to conduct 

accurate simulations of flywheel rotors. This thesis seeks to address these knowledge gaps in the 

coming chapters.  

1.2 Hypothesis and Thesis Objectives 

The central hypothesis for this thesis research is that (i) viscoelastic effects and shear stress 

effects can cause creep rupture, matrix cracking, or hub-rim interfacial failure in composite 

flywheel rotors, and that (ii) these failure modes can be predicted employing an appropriate 

modeling approach in the FESS design process.  

Analysis of composite flywheel rotors requires a thorough understanding of both the 

material system and the mechanics of the rotating disk or cylinder. This thesis describes three 

compounding study objectives, as shown below, which will provide the required information to 

accept or reject the above hypothesis. 

1) Develop an analytical algorithm, based on existing flywheel rotor models, to simulate the 

evolution of the stress-strain field in a flywheel rotor during its expected operational 

lifetime.  

2) Conduct simulations to predict the evolution of the stress-strain field in the flywheel rotor 

subjected to shear stress and viscoelastic stress relaxation. 

3) Determine the transverse viscoelastic material compliance of filament-wound fiber 

reinforced polymer composite used to construct flywheel rotor rims. 

Each chapter of this paper-based thesis is either intended to be or has been published by the 

time of submission. Individually each chapter addresses one or more of the abovementioned 

objectives, and, when taken in aggregate, the chapters provide necessary basis to accept the central 

hypothesis of this work. Chapter 2 will contextualize the present work and provide background 

information on FESS construction and analytical modeling of the material and flywheel rotor. This 

chapter was published in the form of a review article as a book chapter [18]. Chapter 3 discusses 

the viscoelastic modeling of the flywheel rotor, time-dependent evolution of internal stress, and 

failure predictions based on the Tsai-Wu failure criteria. This work was published as a journal 

paper [15]. Chapter 4 discusses the effects of shear stress and acceleration on the flywheel rotor. 

Internal stress and failure predictions are also discussed. A manuscript based on this chapter is in 

preparation for publication in the journal Applied Composite Materials. Combining the results 

from Chapters 3 and 4 addresses the first two objectives of this thesis. The final objective is 

addressed in Chapter 5, which deals entirely with viscoelastic material testing. The experimental 

test platform and methodology has been published in the conference proceedings of the Canadian-

International Conference on Composites, CANCOM 2022 [19]. 

1.3 References 

[1] I. Hadjipaschalis, A. Poullikkas, and V. Efthimiou, “Overview of current and future energy storage 

technologies for electric power applications,” Renew. Sustain. Energy Rev., vol. 13, no. 6–7, pp. 1513–1522, 

2009, doi: 10.1016/j.rser.2008.09.028. 
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[3] C. W. Gabrys and C. E. Bakis, “Design and Testing of Composite Flywheel Rotors,” Compos. Mater. Test. 
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2 Literature Review 
The following chapter provides a literature review and background on flywheel energy 

storage systems, rotor analytical modeling and failure predictions, and pertinent material testing 

methods. The chapter was published in the form of a review article as a book chapter: 

Energy Storage Flywheel Rotors – Mechanical Design published in Encyclopedia volume 

2 issue 1 pages 301-324.  

2.1 Introduction 

Between 2019 and 2020, the generation of solar energy grew by 26.0 TWh (24.1%) and 

37.1 TWh (16.6%) for the two largest global consumers of energy, the United States of America 

and the People’s Republic of China, respectively. Over the same timeframe, the growth in energy 

generation from wind for these two countries was correspondingly 42.0 TWh (14.1%) and 61.2 

TWh (15.1%) [1]. For perspective, the total electricity generation of Canada was 643.9 TWh in 

2020. Renewable energy generation capacity is expected to continue to increase rapidly as energy 

demands and pressure to reduce environmental impacts grow [2]. Additionally, the cost of 

renewable energy production has been falling dramatically over the last half decade [3], which 

further increases demand. However, as renewable energy production increases the intermittency 

from these sources necessitates significant energy storage capacity to meet demand at any 

particular moment [4]. 

Compounding the intermittency issue is the separation between peak power demands from 

residences and businesses and peak power production from renewable sources [5]. What is now 

recognized as the “Duck Curve” shows the difference between hourly demand and renewable 

energy production [6]. Energy consumption has been shown to peak in the mornings and evening 

while energy production typically peaks around midday, especially for solar photovoltaic systems.  

Energy storage is among the largest obstacles facing modern energy grids as they transition 

to new renewable sources of energy while attempting to maintain both power supply and power 

quality. As the demand for renewable energy sources increases and the costs of that energy 

decrease, the economic and environmental benefits of maintaining large scale energy storage 

systems increase [7]. The plethora of energy storage options [8] includes flywheel energy storage 

systems (FESS). FESS are among the oldest forms of energy storage having been used to regulate 

power output in stone drills as early as 1,000 BCE [9]. While the principal concept of flywheel 

energy storage, i.e. a large mass spinning on an axis, has changed little in the intervening millennia, 

the materials, control systems, and applications have continually evolved. 

Modern high-speed flywheel energy storage systems have a wide range of applications in 

renewable energy storage, uninterrupted power supplies, transportation, electric vehicle charging, 

energy grid regulation, and peak shaving. They are recognized for a number of advantageous 

characteristics including high charge/discharge rates, expected lifetimes of greater than 20 years, 

and specific energies in excess of 100 Wh/kg [5]. They are also unaffected by cyclic degradation 
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or depth of discharge effects common to traditional electrochemical batteries, and their cycle 

efficiency can be up to 95% [10,11]. As can be inferred from the above applications, the advantage 

of FESS over more common energy storage technologies, such as electrochemical batteries and 

pumped hydro storage, is that FESS facilitate applications requiring high power and high specific 

energy [12,13]. FESS have faster response times than both electrochemical batteries or pumped 

hydro. Compared to batteries, FESS do not require the same level of delicate control over power 

and temperature, and, due to their high cycle lifetime and deep depth of discharge, FESS require 

less installed capacity than batteries while still meeting demand [7]. 

This is not to say FESS are an ideal solution to address all energy storage challenges. FESS 

experience high passive discharge losses [10], comparatively high initial investment costs [14], 

and ongoing efforts to understand long-term behavior of rotor materials and failure [15,16]. In an 

effort to understand and improve flywheel rotor performance and safe operating limits, analytical 

models have been developed that consider materials selection, rotor construction, and operating 

conditions.  

This entry focuses on the design and analysis of the flywheel rotor itself. It will begin by 

highlighting some FESS applications and performance, followed by the design and manufacturing 

approach commonly used for flywheel rotors. Analytical modeling approaches for typical flywheel 

rotors will be discussed including the effects of variable angular velocity, viscoelastic stress 

relaxation, and acceleration. Finally, rotor failure criteria will be discussed. 

2.2 Applications and Performance 

FESS have a wide range of applications for uninterruptible power supplies, energy grid 

regulation for frequency and power quality, and electric vehicle and rail transportation. A general 

range of FESS performance characteristics is given in Table 2.1. 

Table 2.1: General range of FESS performance characteristics. 

Parameter Value 

Lifetime [years] >20 [5] 

Charge/discharge cycles <107 [5] 

Energy density [Wh/kg] <130 [17] 

Price [(USD)/kWh] 400 – 6,960 [5, 17] 

Power density [W/kg] ~1000 [5] 

 

Implementations of FESS are plentiful, so only a few examples are given here. An early 

application of FESS was the Gyrobus, which began operation in Switzerland and Belgium in 1952 

with the goal of servicing low traffic public transport routes where installing overhead electrical 

catenary wire was deemed too costly [18]. In the late 1990s, Rosen Motors designed a hybrid 

power train for a vehicle with a gas turbine engine and a high-speed FESS supplementing 

acceleration in short bursts [19]. Later, Volvo developed a recumbent braking system for their S60 
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sedan, which recovered and stored energy during braking and subsequent use powering the vehicle 

[20]. Most recently, Porsche integrated a flywheel into their 911 GT3R race car to extend its range 

and achieve performance enhancements for long-distance racing [21]. FESS can also be installed 

on light rail transit systems, either in the cars or along the rail line, as a recumbent braking system 

to reduce operating costs [22]. Trials for these systems have been conducted in London, New York, 

Lyon, and Tokyo, among others [23]. Further, utility-scale FESS installations have been 

implemented as temporary backup power for energy grids in Minto, Ontario [24], Stephentown, 

New York [25], and De La Salle, Philippines [26]. 

2.3 Manufacturing 

The primary components of FESS are the electrical machine (motor/generator unit), 

housing, flywheel rotor, and bearing assembly. As an illustration, Figure 2.1 depicts a cut-away 

schematic of a scaled-down FESS that was designed for short-term energy storage from 

regenerative braking in light-rail transit applications. The shown unit features a rotor with a full-

size 400 mm outer diameter, but axial height scaled to 24% of the full-scale design with 1.0 kWh 

nominal capacity. 

 

Figure 2.1: Cut-away schematic of flywheel energy storage system for experimental research. 

Inset shows actual device [16]. 

In FESS, the electrical machine is responsible for controlling the energy flow into and from 

of the system. Notably, the electrical machine can be selected independently from the desired 

energy capacity to meet the demands of a specific application. The housing, bearings, and rotor 

work in unison, however, while they have clear interactions with each other, changes to one do not 

necessarily impact the others. For example, any bearing assembly capable of supporting the rotor 

is acceptable, and different assemblies can be substituted provided they adequately support the 
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rotor. In this way FESS are highly modular allowing the system to be finely tuned for optimized 

performance in a given application. Being the focus of the present entry, the construction of 

flywheel rotors can be broken down into the two main rotor components - the hub and the rotor 

rims - and their assembly. 

2.3.1 Hub Construction 

The hub of a flywheel rotor is responsible for supporting the rims and transferring torque 

from the electrical machine to the rest of the rotor. Rotor hubs are commonly constructed from 

either high-strength steel, aluminum, or fiber-reinforced polymer (FRP) composites. A metallic 

hub can be forged or machined into a variety of complex shapes. These shapes have been 

characterized in detail in a number of different works [13,27]. The advantages of various metallic 

hub geometries are discussed in greater detail below. Limited studies have been conducted on 

composite hubs that have been shown to be more compliant than metallic hubs, thus providing 

advantages supporting the rotor rims [28]. 

2.3.2 Rim Construction 

Flywheel rotor rims can also be constructed from metals or FRP composites. Metallic 

flywheels are a well understood and comparatively low-cost option that can be forged or machined 

into rather complicated shapes to maximize performance. Additionally, the hub can be integrated 

with the rim into a single component, simplifying the manufacturing process. Kale et al. [29] 

developed an optimization method to maximize kinetic energy of metal flywheels by varying the 

cross-section, speed, and size of the flywheel. 

FRP rims are fabricated by either filament winding, as shown in Figure 2.2, or weaving 

[30,31]. Rectilinear fabric layup techniques have also been studied for constructing rotating disks 

[32], however, fabric-based methods are uncommon as they have not proven to be advantageous 

compared other techniques such as filament winding. Filament winding is a highly efficient 

method for fabricating FRP rotor rims due to the accurate control over fiber placement and 

orientation, axisymmetry of the finished product, and high fiber volume fraction [33] regardless 

of the fiber material, such as carbon, glass, and aramid. Attempts have been made to limit 

viscoelastic behavior and maximize material strength by changing the winding angle or creating 

complex winding layup patterns, however the additional complexity of these methods has not 

proven advantageous. These are discussed in more detail below. Rim geometries are usually a 

simple thick-walled cylinder with rectangular cross section. The process involves passing long 

filaments through a resin bath to impregnate the dry fibers with a prepolymer. The fibers are then 

wound onto a mandrel by passing through the deposition head of the filament winding machine, 

which allows for precise control of fiber positioning and orientation, i.e. winding angle, of the 

fibers [34]. Filament winding is an additive manufacturing technique which is often automated to 

produce parts rapidly and efficiently while minimizing cost. After winding and curing, FRP rotors 

often require machining to their final dimensions, particularly on the outer surface where excess 

resin tends to accumulate during the winding process. 
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Figure 2.2: Composite flywheel rotor rim at the end of filament winding manufacturing process; 

(a) fiber payout eye and deposition head on winding machine carriage arm, (b) winding 

mandrel, and (c) completed aramid fiber/epoxy composite rim. 

The majority of FRP composite rims are constructed with winding angles approaching 90 

degrees, typically larger than 88 degrees, relative to the axis of rotation, as this maximizes 

circumferential strength in the rotor. However, investigations into the effects of variable winding 

angles have shown to improve rotor performance. Wild et al. [35] showed that periodically 

increasing the winding angle from the inner to outer radius increased compliance of the FRP at 

inner radii relative to outer radii allowing the inner portion of the rim to move disproportionately 

outward, preventing the buildup of large tensile radial stress, which is the driver for a primary 

failure mode. Recognizing the significance of radial tensile stress, Uddin et al. [36] conducted 

finite element analysis on FRP composite rotors filament-wound with a mosaic pattern. These 

complicated patterns were created by significantly changing the fiber angle between layers during 

the winding process. Results showed that radial stress could be significantly reduced, possibly 

leading to greater rotor energy storage capacities; however, effects on manufacturing cost have not 

been determined, and further research is therefore needed. 

Wang et al. [30] discussed the possibility of creating woven FRP rims with fibers 

perpendicular to each other radially and circumferentially. They successfully created thin 

composite disks and conducted finite element analysis on the structures. Their results indicate the 

radially oriented fibers provide greater support when compared to unidirectional filament-wound 
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rotors. Similar to the mosaic patter it is not clear if this technique improves specific energy, nor 

has the effect on manufacturing cost been clearly assessed. 

2.3.3 Assembly 

Assembly of a flywheel rotor is only necessary when it is constructed from multiple 

components, typically a hub and one or more FRP composite rims. For metallic flywheels, 

assembly is typically not required as they can be manufactured as a single part. For flywheel rotors 

constructed from a metallic hub and a single FRP rim, the composite can be wound directly onto 

the hub as discussed by Tzeng et al. [37] or joined with a press-fit [18]. An example of a thermal 

press-fit is shown in Figure 2.3. 

 

Figure 2.3: Thermal press-fit accomplished by cooling the aluminum hub with liquid nitrogen 

before pressing into the composite rims. 

While there is no consensus on the optimal method for assembling flywheel rotors, press-

fitting is often considered for the construction of flywheel rotors with more than a single rim. 

When press-fitting FRP rims onto a hub or other FRP rims, they can be manufactured with a 

slight taper to reduce the required pressing force and minimize the risk of damaging the fibers 

[28]. When dissimilar materials are adjacent to each other it is often expedient to create a thermal 

press-fit by taking advantage of the different thermal expansion coefficients. This is especially 

true when assembling an FRP rim and a metallic hub [28]. The final step in flywheel rotor 

assembly is typically balancing to minimize vibrations and oscillations by ensuring mass is 

evenly distributed around the axis of rotation. 
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2.4 Analytical Modeling 

2.4.1 Energy Storage and Power Capacity 

Flywheel energy storage systems have often been described as ‘mechanical batteries’ 

where energy is converted from electrical to kinetic and vice versa. The rate of energy conversion 

is the power capacity of the system, which is chiefly determined by the electrical machine 

connected to the rotor [13,39]. The capacity of the FESS is determined by the size, shape, 

materials, and construction of the flywheel rotor [15]. As indicated above, modern high-speed 

flywheel rotors are typically constructed from a hub, responsible for torque transfer and structural 

support, and one or more rims [39]. Here, for the sake of explanation, a monolithic rotor geometry 

is considered to consist only of a hub without any added rims around its perimeter. Hub and rims 

can be constructed from either metals, ceramics, or composites [40,41] to maximize rotor 

performance. The kinetic energy of a rotor, as a rotating body, is defined as 

 𝐸K = 𝐸hub + ∑ 𝐸rim
𝑛

𝑁

𝑛=1

=
1

2
𝐼r𝜔

2, 2.1 

where 𝐸K is the total kinetic energy of the rotor, 𝐼r is the total moment of inertia for the rotor, ω is 

the angular velocity in units rad⁄sec, and N is the number of rims such that n = 1,2…N. The moment 

of inertia for the entire rotor is a superposition of the moment of inertia for the hub and all rims, 

 𝐼r = 𝐼hub + ∑ 𝐼rim
𝑛

𝑁

𝑛=1

, 2.2 

where 𝐼hub and 𝐼rim
𝑛  is the moment of inertia for the hub and the n-th rim, respectively. 

Considering the flywheel hub, defining the moment of inertia for simple geometries is 

straightforward, i.e. for rectangular cross sections of a solid or hollow disk the moment of inertia 

can be defined as 

 𝐼hub =
1

2
𝑚(𝑟𝑜

2 + 𝑟𝑖
2) =

1

2
𝜌𝜋ℎ(𝑟0

4 − 𝑟𝑖
4), 2.3 

where ρ is the density of the hub material, h is the height of the hub (with respect to the axis of 

rotation), and r is the radius with the inner and outer dimension defined by subscripts ‘i’ and ‘o’. 

In analytical modeling the mass of the hub is calculated using the volume and density. A common 

approach for handling complex geometries and functionally graded materials is to discretize the 

shape into a series of uniform disks of arbitrary width and varying height [42], in which case 

equation 2.3 can be generalized by manipulating ro, ri, ρ, and h. As the hub cross section increases 

in complexity it is common to define the energy density (ratio of energy to mass) [13,27,43] of the 

hub as 

 
𝐸hub

𝑚
=

𝑘𝜎

𝜌
, 2.4 
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where k is the shape factor of the hub and σ is the stress in the hub. When σ is equal to the ultimate 

tensile strength in the hub, energy density is maximized and can be used to find the maximum 

energy capacity of the flywheel rotor. Shape factors for common hub geometries are presented in 

Table 2.2; additional cross sections k-values are given in [13,43]. It has been noted [27] that the 

choice of material for the hub will strongly influence cross sectional geometries. Hub shape factors 

above 0.5 induce bidirectional stress states, which negatively impact composite materials, 

especially unidirectional composites, because transverse strength is typically significantly lower 

than strength in the fiber direction. For this reason, isotropic materials are more appropriate for 

cross sections with large shape factors. Discontinuous hub geometries, such as the split type hub 

[44], are either treated as continuous and analyzed as described above, or determined through 

numerical methods [45]. 

Table 2.2: Shape factor values (k) for various flywheel rotor cross sections. 

Shape Cross section k-value 

Laval disk 
 

1.00 

Laval disk real 
 

0.70-0.90 

Conical disk 
 

0.70-0.85 

Solid disk 
 

0.606 

Thin ring 
 

0.50 

Thick rim 
 

0.303 

 

Focusing attention now on rotor rims, calculating the energy capacity is analogous to 

equations (1) to (4). The vast majority of industrial and academic work focusing on flywheel rotors 

uses rims with rectangular cross sections [46–49]. While it has been shown that variable thickness 

flywheel rotors can produce a more favorable stress state [50], the energy capacity typically 

stuffers due to the reduction of mass at the largest radial coordinates and limited maximum angular 

velocity to minimize transverse loading. Variable thickness flywheel rotors with mass 

concentrated on the outer edges have been presented [45], however, these have not proven to 

produce higher energy density or a more favorable stress state than traditional rotor designs such 

as the Laval disk with rims discussed in [43]. 

2.4.2 Material Characterization 

Flywheel rotor material selection depends on a large variety of constraints, including 

system requirements, cost, operating conditions, and expected lifetime. Equation (1) indicates that 

energy capacity is quadratically related to angular velocity and radius. Therefore, increasing either 

one or both values is the most effective method to increase energy capacity. Moreover, equation 

2.4 shows that the energy density of a rotating rotor is proportional to the ratio of its material’s 

strength and density. This suggest that high strength, low density materials like carbon FRP 
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composites are an ideal material for flywheel rotor construction. However, the stress state is also 

quadratically related to angular velocity and radius. Compounding this issue is the typically limited 

transverse strength of highly anisotropic materials [27], such as carbon FRP, suggesting that 

additional design features are required for achieving full energy capacity potential (e.g., press-fit 

assembly of multiple rotor rims). These considerations lead to the conclusion that the most suitable 

choice of material and geometry depends heavily on the application requirements and design 

constraints such as system geometry and cost. 

The most common choices for modern flywheel rotors are either metals, such as aluminum 

and steel, or FRP composites [51]. With respect to single and multi-rim flywheel rotors, it has been 

shown that the optimal choice depends on the design criteria. When optimizing for specific energy, 

i.e., energy per unit mass, then FRP composites are usually the ideal choice, whereas metal 

flywheels are often superior when optimizing for energy per cost [40]. Another consideration is 

that isotropic materials are also better understood than advanced composite materials, which 

increases confidence in modeling and failure prediction, especially in design cases aiming for long 

lifetimes and operation near maximum energy capacity. 

Regardless of material selection, it is necessary to describe the stress strain relationship 

for all materials in the rotor. Assuming time-independent linear elastic behavior [52], Hooke’s 

law in cylindrical coordinates is, 

 

[
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, 2.5 

where σ is stress, C is an elastic modulus of elasticity, ε is linear strain, and γ the shear strain. The 

subscripts 1, 2, and 3 in the stress and strain terms indicate the rotor’s radial, circumferential, and 

axial directions, respectively. The stiffness matrix, [C], given above, assumes a fully anisotropic 

material and has 36 independent moduli. However, materials used in flywheel rotor display 

varying levels of symmetry so this matrix can be simplified based on the materials selection. 

Orthotropic carbon FRP flywheel rotors have been constructed by stacking woven carbon fiber 

laminates [30] or developing unique fabric layup patterns [36], discussed in section 4.2, in which 

case the stiffness matrix becomes, 

 [𝐶] =  

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 0 0 0
𝐶12 𝐶22 𝐶23 0 0 0
𝐶13 𝐶23 𝐶33 0 0 0
0 0 0 𝐶44 0 0
0 0 0 0 𝐶55 0
0 0 0 0 0 𝐶66]

 
 
 
 
 

. 2.6 
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Further simplifying assumptions can be made for unidirectional FRP composites where the rotor 

is made by continuously winding long polymer resin impregnated filaments onto a mandrel before 

polymer solidification [28,38]. In this case the fibers are all oriented circumferentially with the 

radial and axial directions both being transverse to the fibers. In this case the material is considered 

transversely isotropic [43], 

 𝐶22 = 𝐶33;      𝐶12 = 𝐶13;      𝐶44 = 𝐶55. 2.7 

For fully isotropic materials, such as steel, the stiffness matrix simplifies significantly [54], 

 𝐶11 = 𝐶22 = 𝐶33;      𝐶12 = 𝐶13 = 𝐶23;      𝐶44 = 𝐶55 = 𝐶66 2.8 

Transversely isotropic and fully isotropic materials are most common in modern flywheel rotor 

construction due to their comparatively low cost, high strength, and ease of manufacturing. 

A description of elasticity is sufficient to determine the instantaneous or time-independent 

rotor response to loading, however, this approach does not necessarily reflect the realistic material 

response to loading. Therefore, it is necessary to develop a description of the materials that depends 

on time, t. All engineering materials exhibit some viscoelastic response, meaning they have 

characteristics of elastic solids and viscous fluids [55]. However, at typical FESS operating 

temperatures, below 50°C [56], metals display negligible viscoelastic behavior [57], therefore this 

discussion will focus on FRP composites. 

The time-dependent compliance of a material is defined as the inverse of the stiffness 

matrix such that [S(t)] = [C(t)]-1. Then, the time-dependent compliance matrix for an orthotropic 

linearly elastic material is 

 [𝑆(𝑡)] =

[
 
 
 
 
 
𝑆11(𝑡) 𝑆12(𝑡) 𝑆13(𝑡) 0 0 0
𝑆12(𝑡) 𝑆22(𝑡) 𝑆23(𝑡) 0 0 0
𝑆13(𝑡) 𝑆23(𝑡) 𝑆33(𝑡) 0 0 0

0 0 0 𝑆44(𝑡) 0 0
0 0 0 0 𝑆55(𝑡) 0

0 0 0 0 0 𝑆66(𝑡)]
 
 
 
 
 

. 2.9 

At this juncture it is worth taking a moment to define the Sij terms with respect to moduli 

of elasticity, E, and Poison’s ratios, ν, 
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 2.10 

As shown earlier, the time-independent compliance matrix for transversely and fully 

isotropic materials can be found using equations 2.7 and 2.8. For viscoelastic materials, the 

sustained imposition of a stress causes increasing strain, called creep. Conversely, subjecting a 

viscoelastic material to constant strain leads to decreasing stress, called relaxation. Creep occurs 

in three phases characterized by the linearity of the strain response as a function of time. Primary, 

or phase I, creep is characterized by logarithmic growth. In secondary, phase II, creep, deformation 

increases linearly with time. Finally, tertiary, phase III, creep is characterized by exponential 

growth until failure [55]. Methods for calculating the compliance from stress-strain data is well 

documented [58–61]. These methods typically involve applying a known stress to material samples 

while measuring strain and time data. From these data, stress-strain curves are constructed and 

functions are fit to the curves to define the time-dependent change in elastic modulus. It is worth 

noting that a number of phenomena affect the viscoelastic response of materials, including stress 

magnitude and direction, temperature, moisture, and age [62]. 

2.4.2.1 Hygroscopic Effects 

The effects of moisture, also known as hygroscopic effects, on material properties have 

been documented for both elastic and viscoelastic FRP composite materials [63]. However, 

hygroscopic effects are not expected to significantly affect the operation of flywheel rotors. FESS 

commonly comprise a vacuum enclosure designed to contain the flywheel and limit the 

aerodynamic drag acting on the rotor and bearing surfaces [39]. Hence, hygroscopic instability is 

not expected to affect the rotor material during operation, provided the vacuum environment under 

which it operates is maintained. Consequently, viscoelastic material characterization should be 

performed on suitably dry specimens to most accurately describes the material in-situ. If necessary, 

this can be accomplished by conditioning specimens, e.g., by gently heating specimens to 

approximately 90°C for up to 24 hours [62]. 

2.4.2.2 Temperature Effects 

Similar to hygroscopic effects, the vacuum condition in the FESS enclosure minimizes the 

influence of environmental temperature changes on the flywheel rotor during operation. On the 

other hand, a vacuum environment prevents convective heat transfer and thus impedes the removal 

of parasitic heat that is generated by energy losses such as friction in bearings and eddy currents 

in the electrical machine. Hence, a flywheel rotor may still experience considerable temperature 
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fluctuations depending on the FESS design configuration and operation, and hence, the study of 

temperature on flywheel rotor creep and relaxation should be considered in FESS design. 

Challenges with assessing the creep behavior of FRP composite rotors arise from the 

projected long lifetimes of FESS. As a solution, time-temperature superposition principle (TTSP) 

can be used to predict long-term behavior using short-term viscoelastic test data. FRP composites 

are highly sensitive to temperature fluctuations with linear viscoelastic behavior being observed 

below the polymer matrix glass transition temperature, Tg, and non-linear viscoelasticity above. 

Elevated temperatures facilitate polymer chain mobility causing a decrease in both moduli and 

strength [60]. For the TTSP, a trade-off is seen where increasing temperature increases the rate of 

viscoelastic response, and decreasing temperature decreases this response. By conducting short-

term experiments at elevated temperatures, it is possible to predict the long-term behavior of the 

material at low temperatures. The basic procedure for the TTSP is discussed in [64]. First, the 

material specimens are subjected to constant load at various temperatures during conventional 

creep testing. These data generate a series of compliance curves when plotted over time in 

logarithmic scale (log(time)). Second, an arbitrary reference temperature is selected. Third, all 

compliance curves are shifted along the time axis onto the reference temperature compliance curve 

to construct a master curve. As a demonstration, consider the data series of tensile experiments in 

Figure 2.4. Short-term tensile experiments were conducted on an FRP composite material at 

various temperatures to collect the viscoelastic data [65]. Data for all temperatures but the 

reference temperature were shifted along the time axis to construct the master curve at a reference 

temperature, Tr, of 40°C.  

An underlying assumption for the TTSP is that creep is controlled by the same mechanisms 

under the different temperatures. Therefore, the master curve is expected to be smooth throughout. 

Since it is constructed on a log(time) axis the predicted compliance is sensitive to the shift factor 

where a small discontinuity could result in errors of years or decades. If a smooth master curve 

exists by using only horizontal shift factors then the material is considered thermorheologically 

simple. The need for vertical shift factors has been identified under some conditions [64], in which 

case materials are referred to as thermorheologically complex. The majority of materials, including 

FRP composites under normal conditions, are considered thermorheologically simple [64]. 

Notably, even though TTSP has been employed to characterize the linear viscoelastic behavior of 

epoxy polymers since at least the 1960s [66], there is still no established convention defining the 

optimal method to determine shift factors for each curve. 
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Figure 2.4: Time-temperature superposition experimental data, adopted from [65]. Data was 

collected from tensile tests for an FRP composite at various temperatures and shifted along the 

time axis to create a master curve for a reference temperature of 40°C. 

The distance each curve is shifted along the time axis is called the shift factor, aT. There 

are several ways to determine the shift factor for each curve, all of which are designed to create a 

smooth master curve. Brinson [67] studied the time temperature response of Hysol 4290, a 

common contemporary two-part epoxy. Brinson conducted tensile tests on samples of the material 

at temperatures between 90°C and 130°C and thus constructed a master curve covering creep at 

90°C over approximately 6 months. The shift factor was determined using the 

William-Landel-Ferry (WLF) equation [68], which requires a knowledge of Tg and a set of 

experimentally determined material constants. While WLF can create a smooth master curve it is 

limited to temperatures above Tg, so it may not be suitable for all applications. Another common 

method is using an Arrhenius’ equation [69,70], which requires knowledge of the activation energy 

and gas constant. The activation energy is typically determined using dynamic mechanical analysis 

[71].  

Both of the above mechanistic methods attempt to define a relationship between certain 

material properties and the creep response. However, Gergesova et al. [72] recognized that a 

smooth master curve can be constructed without this mechanistic relationship by mathematically 

minimizing the horizontal distance between two adjacent curves. His algorithm considers 

overlapping region of data between adjacent curves. Before shifting these regions, one defines an 

area that is delineated on either side by the experimental data and on top and bottom by the height 
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of the overlap. This area can be minimized by applying a shift factor to one or both curves 

depending on the chosen reference temperature. Using this method, the shift factor and master 

curve can be found without the need for additional experiments or prior knowledge of the 

activation energy. It is worth noting that Sihn and Tsai [65] used an Arrhenius equation while the 

master curve in Figure 2.4 was created using the algorithm from Gergesova et al. [72]. 

Applying a best fit curve to the compliance master curve defines a function used to 

determine the material stiffness at any time throughout its lifetime, 

 𝑆𝑖𝑗(𝑡, 𝑇r) = 𝑆𝑖𝑗(𝑎𝑇 , 𝑡, 𝑇) 2.11 

where Sij is the compliance and T is the experimental temperature. Tensile experiments must be 

conducted to determine [S] for each independent modulus in equation (10), i.e., E1, E2, E3, etc., 

and will vary depending on whether the material is isotropic, transversely isotropic, orthotropic, 

or fully anisotropic. 

2.4.2.3 Aging Effects 

Aging is a continuous process which occurs at all temperatures and is caused by polymer 

chains evolving toward equilibrium. This is ultimately a densification process which results in a 

decreased chain mobility and compliance. The effect of aging is similar to temperature in that it is 

continuous, however, aging always results in a decrease in compliance whereas temperature can 

result in either an increase or decrease. Aging effects can be included in directional compliance 

similarly to temperature effects. Compliance is measured from material specimens at various ages 

and resulting curves are shifted to define the age shift factor, ate. Then, Sij becomes, 

 𝑆𝑖𝑗(𝑡𝑒 , 𝑇r) = 𝑆𝑖𝑗(𝑎𝑇 , 𝑎te, 𝑡, 𝑇). 2.12 

where te is the age for which the master curve is created. Under isothermal conditions the aging 

shift factor can be calculated as a ratio between a reference aging time and an experimental aging 

time raised to an experimentally determined thermal shift rate [73]. While it is possible to 

experimentally determine and account for material aging when modeling flywheel rotors it is more 

practical to thoroughly stabilize the flywheel rotor by aging at an elevated temperature under no 

load conditions until the rotor reaches equilibrium before operation. This stiffens the material, 

minimizes creep, and provides a more repeatable starting point for designing flywheel rotors. 

Sullivan [74] showed that equilibrium can be achieved by aging epoxy polymers at 115°C for 

1,000 hours. It is recommended that flywheel rotors be aged to minimize material evolution during 

operation, which will improve rotor response to applied loads and increase confidence in any 

simulation or modeling conducted during the design of the rotor. 

2.4.2.4 Stress Magnitude 

Akin to temperature, the viscoelastic material response is closely linked to the stress 

magnitude. At low magnitudes, FRP composite materials typically display linear viscoelastic 
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behavior. As stress magnitude increases the material begins displaying non-linear viscoelastic 

behavior. Experimental findings on different material systems indicate significant variation in the 

stress magnitude and temperature levels necessary to predict linear viscoelastic response [62]. 

Currently, there is no conclusive method for determining at what temperature and stress the 

material will transition from a linear to non-linear response. However, it has been shown that linear 

response, necessary for TTSP, and fatigue resistance, necessary for flywheel operation, can be 

ensured by limiting the temperature to below Tg [75] and stress to below 50% of the failure strength 

[76]. 

2.4.3 Quasi-static Analysis 

In 1957, Lekhnitskiy [77] defined the stress equilibrium equations for an arbitrary 

homogeneous anisotropic plate in cylindrical coordinates subjected to rotation. These equations 

define the radial, circumferential, axial, and tangential (shear) equilibrium for an anisotropic body 

with applied forces, such as rotation, and the resulting internal stresses. Leknitskiy worked with 

thin plates assuming a plane stress state for the body. If a thin uniform circular disk is in 

equilibrium, axisymmetric, neither accelerating nor decelerating, and not experiencing out of plane 

forces means the only the radial equilibrium equation is non-trivial.  

Leknitskiy’s original analysis have been expanded upon with focus specifically on multi-

rim FRP composite flywheel rotors. Chamis and Kiraly [78] applied analytical modeling to 

determine the stress and vibration induced in thin FRP flywheel rotors. They found that high aspect 

ratio flywheel rotors were the most weight efficient elements of a rotor, and that a flywheel can 

efficiently provide power in excess of 10 kW for several days when needed. 

By the 1990s, analytical modeling of flywheel rotors had been generalized to predict the 

stress and displacement of multi rim flywheel rotors through work such as Gabrys and Bakis [79], 

Ha et al. [80], and Wild and Vickers [35]. Gabrys and Bakis developed a complete method for 

designing composite flywheel rotors from one or more FRP rims press-fitted together. Their 

method relied on defining an optimization routine that maximizes angular velocity while ensuring 

radial and circumferential failures occur simultaneously. Through their method the thickness of 

each rim in a press-fit rotor can be found, thus defining an optimal rotor design. They also state 

that rim materials should decrease in density and increase in stiffness as rims are positioned further 

from the axis of rotation. In other words, the densest and least stiff material should be used for the 

innermost rim while the least dense and most stiff material should form the outer most rim. This 

recommendation is reasonable considering the largest radial positions will experience the greatest 

loading from centripetal forces due to rotation and reaction forces from other rims deforming 

outward. At the same time, this design approach alleviates the buildup of radial tensile stress that 

acts transverse to the fibers, i.e., the direction with greatest susceptibility to failure.  

Ha et al. [80] recognized that solving the analytical equations for multi-rim rotors results 

in a series of non-linear equations, which led them to develop a unique method for solving all the 

equation simultaneously, thus minimizing the time and computational effort needed to analyzed 
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flywheel rotors. They then went on to apply a similar optimization routine as Gabrys and Bakis 

[79] to optimize the radial thickness of each rim for multi-rim rotors constructed of various 

materials. Ha et al. considered rotors with an embedded permanent magnet at the inner surface and 

up to four different rims: glass/epoxy, aramid/epoxy, and two different carbon/epoxy variants, i.e., 

AS/H3501, T300/5208, and IM6/epoxy. They showed that no multi-rim solution exists when 

density and stiffness decrease with radius, contrary to typical construction. The optimization 

algorithm always trended toward eliminating (i.e., zero radial rim thickness) all but the innermost 

rim. 

Methods for solving equation 2.13 to find radial displacement, radial stress, and 

circumferential stress have been described extensively in literature [16,80,81] so only a brief 

description is provided here. The radial equilibrium equation is 

 
𝜕𝜎𝑟

𝜕𝑟
+

𝜎𝑟 − 𝜎𝜃

𝑟
+ 𝜌𝑟𝜔2 = 0, 2.13 

where σ is the internal stress in either the radial, subscript r, or circumferential, subscript θ, 

direction; ρ is the density of the material; and ω is the angular velocity. The stresses are defined 

by Hooke’s law, equation 2.5, and the stiffness matrix is defined with any of the equations 2.6, 

2.7, or 2.8 depending on the material response. Fundamentally, a two-dimensional assumption can 

be made which is suitable for high aspect ratio flywheel rotors, i.e., thin rotors with radial 

dimensions significantly larger than axial dimensions. The directional strains are defined as, 

 𝜀𝜃 =
𝑢𝑟

𝑟
;     𝜀𝑟 =

𝜕𝑢𝑟

𝜕𝑟
;     𝜀𝑧 = 𝜀𝜃𝑧 = 0 2.14 

where ur is the radial displacement and the subscript z signifies the rotor axial direction. Then, 

equation 2.14 can be substituted into Hooke’s law which is further substituted into equation 2.13. 

This yields a second order inhomogeneous ordinary differential equation, which can be solved for 

the radial displacement and radial stress, yielding 

 
𝑢𝑟 = −𝜌𝜔2𝜑0𝑟

3 + 𝐶1𝜑1𝑟
𝜅 + 𝐶2𝜑2𝑟

−𝜅 

𝜎𝑟 = −𝜌𝜔2𝜑3𝑟
2 + 𝐶1𝑟

𝜅−1 + 𝐶2𝑟
−𝜅−1 

2.15 

where φ and κ are constants based on the material properties of the rim, and C1 and C2 are 

integration constants, detailed in [80], which must be determined by the boundary conditions, see 

[81].  

All research mentioned up to this point, and in fact the majority of flywheel research, has 

been conducted on relatively thin disks. Such rotor geometries tend to minimize material and 

fabrication costs and simplify analytical modeling by allowing for a two-dimensional or plane 

stress assumption. Also, axial stress arises merely due to Poisson’s effects from the combination 

of radial and circumferential stress. Moreover, for typical rotor configurations it is challenging to 

measure radial deformation experimentally. For these reasons a thin composite disk is beneficial 

especially for research purposes. 
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While Ha et al. [82] has extensively explored modeling under plane stress, work by this 

group of researchers also involved two alternate assumptions: plane strain (PS) and modified 

generalized plane strain (MGPS). The PS assumption is true for a thick rotor where the axial 

dimension is significantly larger than the radial dimension, and defines axial strain as zero while 

axial stress is allowed to vary [81]. Generalized PS and MGPS allow axial strain to vary according 

to a constant and a linear relation, respectively. Ha et al. compared the axial stress results for single, 

two and three-rim rotor simulations conducted with PS, MGPS, and finite element modeling 

(FEM). They found axial stress results to have the best correlation between MGPS and FEM. For 

the two-dimensional case, such as solved using the model by Lekhnitskiy, plane stress and PS are 

identical because there is no third dimension for stress or strain. As the flywheel rotor increases in 

thickness, PS was shown to be more appropriate than plane stress approximately when the rotor 

radial dimension equals the axial dimension. While MGPS is relatively uncommon in modern 

flywheel research due to its complexity, PS and generalized PS are still part of contemporary 

research. 

A number of studies have been published discussing analysis that specifically target 

flywheel rotor design for energy storage applications [14,46,47]. Much of recent research into FRP 

composite flywheels has focused on optimizing the design to minimize cost, in an effort to make 

the technology a more attractive alternative to other conventional storage technologies, primarily 

electrochemical batteries. Hearn et al. [83] and Rupp et al. [22] focused on minimizing FESS cost 

for public transportation. Both studies found rotors with rectangular cross sections and no more 

than three rims to be ideal for maximizing storage capacity while minimizing cost; storage capacity 

of approximately 3 to 5 kWh were targeted as appropriate for public transportation. Recalling 

equations 2.2 and 2.15, rectangular cross sections maximize the volume of material at a given 

radius while providing in plane support for material at smaller radial locations. Rectangular cross 

section rotors are also comparatively easy to manufacture. Recent efforts [84] have employed 

advanced multi-factor optimization algorithms to develop methods for designing FESS appropriate 

for a wide range of application, including grid storage, grid regulation [85], and energy storage in 

addition to public transport. 

In the most recent decade, research has shown a trend to move away from either the PS or 

plane stress assumptions to include full three-dimensional analyses. Pérez-Aparicio and Ripoll 

[86] describe exact solutions for the analytical equations in the radial, circumferential, axial, and 

tangential (shear) directions. They also compare two failure criteria, discussed later. Zheng et al. 

and Eraslan and Akis [41,87] discuss the instantaneous stresses induced in variable thickness 

functionally graded rotating disks. A functionally graded rotor is one where the material properties 

smoothly vary as a function of radius, in contrast to a multi-rim rotor where material properties 

change discretely. These results show carefully controlling rotor thickness and material properties 

can significantly reduce induced stress and minimizing the risk of failure due to crack initiation 

and propagation. The methods discussed in these studies are valuable tools in understanding rotor 
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mechanics, however they fail to consider aspects such as energy storage capacity and 

manufacturing costs.  

While there has been significant development in the understanding and optimization of 

quasi-static composite rotor stress responses, there has been comparatively little development in 

the understanding of viscoelastic and dynamic behavior of composite rotors, which is the subject 

matter of the following two sections. This is especially surprising given one of the primary 

advantages of FESS over other storage systems is the expected long lifetimes of these systems. 

2.4.4 Viscoelastic Analysis 

Viscoelastic creep and stress relaxation continuously evolve over the operation of a FRP 

composite flywheel rotor. Viscoelasticity has been suggested to significantly affect the interface 

pressure at either the hub-rim or rim-rim interfaces, depending on rotor construction, which is 

critical for the integrity of rotors assembled via press-fitting. Creep rupture in the composite 

materials is an additional concern [88]. Trufanov and Smetannikov [89] investigated a flywheel 

rotor constructed from a variable thickness filament-wound composite wrapped in an organic 

plastic shell. They tracked the change in radial and circumferential stress at several key points over 

a simulated period of 10,000 hours. Depending on location in the shell, their results showed that 

circumferential tensile stresses can increase between 4% and 15% and radial compressive stresses 

could increase by up to 40%. In the composite rim, the maximum circumferential stress increased 

by 7.5%. At the same time the maximum radial stress decreased by 33%. The construction of this 

flywheel is unusual for modern high-speed flywheel rotors, however, these results demonstrate 

that radial and circumferential stresses are highly variable and the potential for creep rupture or 

loss of interfacial pressure between rotor components exists. 

Portnov and Bakis [90] presented complete solutions to the analytical equilibrium 

equations including creep. They studied a thick unidirectional FRP composite rim with rectangular 

cross section filament-wound around a small metallic hub. Their results showed that after complete 

relaxation, radial strain was maximized at the outer radius of the rotor, with strains being predicted 

to be approximately three times larger than the circumferential strain at the same position. This 

further supports the conclusion that creep rupture may be of significant concern.  

Subsequent studies by Tzeng et al. [91,92] simulated arbitrarily long composite flywheel 

rotors press-fit or wound onto metallic hubs similar to those seen in industry [93,94]. They 

employed the generalized PS assumption due to the assumed length of the rotor and predicted 

stress and displacement in the radial and circumferential direction after 1 year, 10 years, and 

infinite time (1010 years). Similar to previous work, Tzeng showed that radial stress could decrease 

by as much as 35% while circumferential stress could increase by up to 9%. Tzeng also studied 

flywheels with variable winding angles and found similar though slightly improved results. 

While this body of work is compelling, the majority of it has been conducted analytically 

with relatively little available experimental data. Emerson [62] attempted to resolve this issue by, 
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first, measuring the transverse strength and modulus of a glass fiber composite used in flywheel 

rotor construction, to improve simulation reliability, and second, by taking in-situ strain 

measurements using optoelectronic strain measurements. The material testing was conducted 

according to the methods described in section 2.4.2. The flywheel measurements were to be 

conducted using a custom-built test apparatus. Unfortunately, this testing was inconclusive due to 

a series of mechanical failures and was not able to eliminate the possibility of creep significantly 

impacting rotor structural integrity. 

While some studies suggest that over extremely long times of operation, e.g. 1010 years or 

the time required to reach full relaxation, viscoelastic behavior of the composite can significantly 

impact rotor structural health by facilitating either creep rupture, the loss of rotor integrity by the 

loss of interfacial pressures between hub and rims, or both. However, the expected lifetime for 

flywheel rotors, as discussed, is between 10 and 20 years [5]. Further, many of these studies 

occurred on either thick composite disks or arbitrarily long flywheel rotors. Skinner and Mertiny 

addressed this issue in [16] where a carbon FRP composite flywheel rotor was simulated for up to 

10 years. The analytical process they followed to simulate the rotor behavior is similar to that 

pursued by previous researchers, so it is worth taking a brief aside to discuss this work here. 

The analytical methodology used for viscoelastic simulations is fundamentally a quasi-

static analysis, therefore, the viscoelastic solution procedure requires approximating time-varying 

behavior through a number of discrete time and load steps. The response at each step is used to 

calculate stress for the flywheel rotor throughout the simulation. First, the rotor dimensions, 

material properties, and simulation parameters—time and velocity vectors of interest—are defined 

as inputs to the algorithm. Then, beginning at the first time and velocity of interest, the material 

stiffness matrix is calculated for each rim of the flywheel rotor. Next, the boundary conditions at 

each interface and at the inner and outer surface of the rotor are calculated. Through these steps 

the rotor response is calculated for the current time and velocity iteration. Finally, the algorithm 

proceeds to the next time and velocity of interest. Iteration continue for all discrete times and 

velocities of interest, which yields the induced stress for all points in the flywheel rotor at all times 

and velocities of interest. 

The results from Skinner and Mertiny showed that during operation, radial and 

circumferential stresses in the carbon FRP composite rotor were predicted to decrease by 1% and 

5%, respectively, [Figure 2.5]. Additionally, as was seen by other researchers, interfacial pressure 

was predicted to have the most significant variation with an overall decrease of up to 36%. Despite 

these changes, viscoelastic stress relaxation is not expected to cause complete loss of interfacial 

pressure between hub and rim during the expected lifetime, nor is it expected to be a primary cause 

of failure. It was postulated that viscoelastic behavior of the material may play a role in other 

failure modes, such as fatigue damage and matrix cracking, but is ultimately unlikely to be the 

dominant cause for rotor failure. 
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(a) (b) 

Figure 2.5: Evolution of (a) radial and (b) circumferential stresses at different times of operation 

(0 to 10 years) of a flywheel rotor with an aluminum hub and carbon FRP composite rim due to 

viscoelastic stress relaxation [16]. 

2.4.5 Shear Stress 

The presence of shear stresses in FRP composite flywheel rotors has not been studied 

extensively. Nevertheless, the analytical equilibrium equations have been defined for rotating 

anisotropic disks, and extensive work has been completed in this field for isotropic and 

functionally graded rotating disks of constant and variable thickness. An exact solution for the 

tangential (shear) equilibrium equation of a rotating disk was presented by Pérez Aparicio and 

Ripoll [86]. The equilibrium equation, given by equation 2.16, has a similar form to the radial 

equilibrium equation, equation 2.13, 

 
𝑑𝜏𝑟𝜃

𝑑𝑟
+

2

𝑟
𝜏𝑟𝜃 + 𝜌𝛼𝑟 = 0 2.16 

where τrθ is the in-plane shear stress and α is angular acceleration. Shear strain is defined as, 

 𝛾𝑟𝜃 =
𝑑𝜈

𝑑𝑟
−

𝜈

𝑟
 2.17 

Solving the resulting second order inhomogeneous ordinary differential equation, in the same 

manner as previously discussed, yields the tangential stress and displacement equations, 

 𝜈 = 𝐶1𝑟
−1 + 𝐶2𝑟 +

𝜌𝛼

8𝐺𝑟𝜃
𝑟3;      𝜏𝑟𝜃 = 𝐺𝑟𝜃 [−

2𝐶1

𝑟2
+

𝜌𝛼

4𝐺𝑟𝜃
𝑟2] 2.18 

where ν is the tangential displacement, and C1 and C2 are integration constants. Notice that 

tangential stress depends on a single integration constant because when strain, equation 2.17, is 

substituted into tangential displacement the second integration constant, C2, is eliminated. The 

integration constants can be found through the boundary conditions as functions of the rotor 
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geometry, density, shear modulus, and angular acceleration. Pérez Aparicio and Ripoll considered 

a worst-case scenario where peak shear stress is caused by a severe acceleration of 3.6x105 

rad/sec2. For this considered worst-case scenario, resulting stress states were described as possibly 

critical for the hub rather than the rotor. 

Tang [95] conducted an early study on shear stress in accelerating disks mounted to a 

ridged shaft. They showed that shear stress was dependent on the acceleration and the ratio 

between the inner and outer rotor radius. When this ratio is greater than 0.15 the shear stress will 

increase drastically and may need to be considered when designing structural components. 

Much of the studies on shear stress in rotating disks focuses on variable thickness and 

functionally graded materials for applications in turbines and engines. Reddy and Srinath [96] 

presented a method to study acceleration in high-temperature rotating disks with variable 

thickness. They showed that the cross section of the disk may have a significant impact on shear 

stress and should therefore not be discounted. Continuing with rotating disks for turbine 

applications, Eraslan and Akais [87] and Zheng et al. [41] presented a method to analyze 

instantaneous shear stress in rotating disks. They showed that carefully controlling the rotor cross 

section and properties produces an optimum stress profile. Zheng et al. also showed that the 

presence of shear stress can shift the maximum stress location from the inner radius to near the 

mid-radius, depending on shear stress magnitude and direction. Note, shear stress directionality is 

relative to the rotating direction where accelerating the rotor causes positive shear stress and 

decelerating the rotor causes negative shear stress. Shear direction is important, for example, for 

predicting failure such as using the Tsai-Wu criteria discussed below. 

Salehian et al. [97] investigated instantaneous shear stress in functionally graded constant 

and variable thickness rotating disks. They conducted both analytical and numerical analyses. The 

functionally graded flywheels they studied featured increasing material density as a function of 

radius. They also showed that both methods are equally accurate and that shear stress can be 

significant for functionally graded materials. 

Previous studies were conducted assuming an essentially instantaneous event subjecting a 

rotating disk to angular acceleration. However, in the context of FESS, shear stress created by 

accelerating or decelerating the flywheel rotor should be considered for typical FESS energy 

transfer, i.e., the supply or demand of power. The relationship between power and acceleration is 

found through the applied torque, such that, 

 𝑃 = 𝛵ω;      𝛵 = 𝐼r𝛼 2.19 

where P is power and Τ is torque. From equation (19) it is clear that power is related linearly to 

angular acceleration and velocity at a given instant. Further, from equation (18), shear stress is 

linearly related to angular acceleration. Therefore, even for constant acceleration, power varies 

over time, and so do radial and circumferential stresses as velocity changes due to angular 
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acceleration. Considering the opposite case of constant power, acceleration necessarily needs to 

vary. For example, at an initially low angular velocity and constant power supply, the flywheel 

rotor acceleration and shear stresses would be much larger than at a later time when velocity has 

increased due to the imposed acceleration. 

Combining equations 2.18 and 2.19 it is possible to determine the stress state as a result of 

a given power supply or demand, and vice versa. Recalling the work by Pérez Aparicio and Ripoll 

[86] mentioned above, a flywheel rotor was simulated with inner radius, outer radius, height, and 

density of 0.08 m, 0.2 m, 0.06 m, and 1800 kg⁄m3, respectively. For an angular velocity of 17,425 

rpm (1,827.6 sec-1) a supplied power of 1.67 GW is associated with an angular acceleration of 

3.6x105 sec-2 for 0.005 seconds. Pérez Aparicio and Ripoll explained that power supplied at this 

magnitude would occur in specific applications, such as military artillery, however, it is atypical 

for energy storage systems. 

The shear stress investigations discussed above presented solutions to analytical 

equilibrium equations and described instantaneous behavior of variable thickness FRP and 

functionally graded rotating disks. Moreover, shear stress resulting from a given peak acceleration 

of a flywheel rotor was discussed. However, the technical literature is ambiguous regarding time-

dependent behavior, evolution of the rotor stress states, and possible damage events resulting from 

typical operating conditions, i.e., repeated energy transfer cycles over the flywheel lifetime. 

2.5 Failure Analysis 

2.5.1 Failure Criteria 

Several criteria have been applied to predicting failure of FRP composite flywheel rotors. 

A large body of the available research considers rotor failure a quasi-static process caused by 

excessive loading from centripetal forces due to rotation exceeding material ultimate strengths 

[45]. The most common failure models are the maximum stress or strain [98], von Mises [41], and 

Tsai-Wu failure criteria [16,99]. Also, attempts have been made to predict rotor failure with 

progressive damage models [100]. Other less common methods, such as the Christensen model 

[86], have been used to a limited extent for predicting the failure of composite flywheel rotors. 

2.5.2 Maximum Stress Criterion 

The maximum stress and maximum strain failure criteria are the most widely used due to 

their simple application and analysis. The maximum stress failure criterion defines the failure ratio 

in each material direction to be the ratio of the applied stress to the failure strength. Consider the 

failure stress in the fiber direction of the material in the tensile or compressive direction to be σ1t 

or σ1c, respectively. In the transverse directions the material is assumed to be transversely isotropic 

such that the 2 and 3 directions are congruent, thus σ2t = σ3t and σ2c = σ3c. Shear stress is dominated 

by matrix deformation τ12 and τ23. With the applied stress tensor as [σθ, σz, σr, τrθ], the maximum 

stress failure criterion is defined as, 
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𝜎𝜃

𝜎1𝑡
≤ 1 if 𝜎𝜃 ≥ 0 or

|𝜎𝜃|

𝜎1𝑐
≤ 1 if σθ ≤ 0, 

 
𝜎𝑧

𝜎2𝑡
≤ 1 if 𝜎𝑧 ≥ 0 or

|𝜎𝑧|

𝜎2𝑐
≤ 1 if σ𝑧 ≤ 0, 

 
𝜎3

𝜎3𝑡
≤ 1 if 𝜎𝑟 ≥ 0 or

|𝜎𝑟|

𝜎3𝑐
≤ 1 if σ𝑟 ≤ 0, 

 
|𝜏𝑟𝜃|

𝜏12
≤ 0 and 

|𝜏𝑟𝑧|

𝜏23
≤ 0 
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Failure occurs when any of the above ratios is larger than unity. Similar inequalities can be written 

for the maximum strain criteria to find the ratio between applied strain and failure strain. While 

these criteria are well suited to predict failure when the primary failure mode is uniaxial loading, 

they neglect load interactions in a rotor. 

2.5.3 Tsai-Wu Criterion 

To address multiaxial loading conditions present in flywheel rotors, the Tsai-Wu failure 

criterion is frequently employed. The Tsai-Wu failure criterion involves independent interaction 

terms, considers strength parameters both for tension and compression, and enables treating 

different classes of materials, multi-axial stress, and multi-dimensional space [101]. As presented 

by Tsai and Wu, this method considers 27 independent terms which normalize the applied stress 

in a particular direction with the strength parameter in that direction. If the sum of these terms, 

called the failure index F, is equal to unity, failure is predicted. When applied to FRP flywheel 

rotors, the analysis problem is often simplified using material symmetry and certain modeling 

assumptions. For example, consider a thin, transversely isotropic FRP rotor operating at constant 

velocity, axial stress terms can be neglected, and all out-of-plane and shear terms vanish. 

Therefore, the Tsai-Wu criterion can be reduced to six terms. Depending on the material and 

modeling assumptions the exact number of terms that must be considered will vary. It is worth 

noting, when applied to an isotropic material with equal tensile and compressive strengths, the 

Tsai-Wu criteria will simplify to the von Mises failure criterion [102]. Therefore, the Tsai-Wu 

criterion can expediently be applied to multi-material flywheel rotors where the hub and rims may 

be constructed from materials that are either isotropic, e.g. metals, or anisotropic, e.g. FRP 

composites. The Tsai-Wu failure criterion, which has widely been applied for the failure prediction 

of FRP flywheel rotors for decades [16,32,99,103], is given for a three-dimensional transversely 

isotropic material as 

 
𝐹 = 𝐹11𝜎1

2 + 𝐹22(𝜎2
2 + 𝜎3

2) + (2𝐹22 − 𝐹44)𝜎2𝜎3 + 2𝐹12𝜎1(𝜎3 + 𝜎2) + 𝐹1(𝜎1 + 𝜎2)
+ 𝐹2𝜎3 + 𝐹44𝜏23

2 + 2𝐹66(𝜏12
2 ) 
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where Fij are material coefficients dependent on the tensile and compressive strengths in each 

direction. A complete list of coefficients is available in [102]. The Tsai-Wu failure criterion can 

be modified to find the strength ratio (SR), which is the ratio between the applied stress and the 

failure stress [16,80,100]. Failure is predicted when SR is greater than or equal to unity. This 
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approach provides an intuitive and easily represented term which facilitates the comparison of 

combined stresses across the entire flywheel rotor. 

2.5.4 Progressive Failure Analysis 

Progressive failure analysis (PFA) has been applied to composite rotors and other 

structures in a number of studies in the proceeding decade [30,100,104,105]. The premise 

underlying this approach is that composite materials may initially experience benign failure modes, 

e.g., matrix micro-cracking and interlaminar fracture, without complete loss of structural integrity. 

In this case the structure can continue to support applied loads until the accumulation of damage 

causes ultimate (catastrophic) failure. As applied to flywheel rotors, matrix damage such as 

cracking, delamination, and interlaminar fracture can be classified as benign failure modes while 

fiber rupture is considered catastrophic. This type of failure analysis is iterative. First, rotor 

simulations are conducted as discussed above to determine the maximum rotor velocity, and failure 

mode and location. In case of a benign failure mode, a knockdown factor that depends on the 

failure mode and the material characteristics is applied to the material properties at that location. 

This process is repeated until catastrophic failure is predicted [99]. 

PFA has been shown to accurately predict failure dynamics in woven composite disks [30], 

however, only limited studies have been conducted on filament-wound fly-wheel rotors [100]. In 

contrast to radially oriented fibers, in the woven disk designs the fibers provide the majority of 

radial support for the rotor to resist the centripetal forces. However, this is not the case for filament-

wound flywheel rotors where radial stresses are borne chiefly by the matrix. Notably, 

circumferential matrix fracture in a filament-wound rotor would result in practically complete loss 

of radial integrity. Further, analytical methods described above assume the rotor to be continuous, 

however, progressive damage events may introduce discontinuities which may or may not violate 

this assumption. For example, if a damage location, such as a circumferential matrix fracture, is 

under compressive stress then crack closure may ensue, and hence, a continuity assumption could 

be upheld. In such as case, the fractured structure could be considered as two separate rims of the 

same material that are press-fitted together. However, under tensile stress the crack is forced open, 

violating the continuity assumption. Situation like these have not been addressed in the technical 

literature so further studies into PFA are needed to better understand its applicability to predicting 

FRP flywheel rotor failure. 

2.6 Conclusions and Prospects 

The present entry has presented an overview of the mechanical design of flywheel energy 

storage systems with discussions of manufacturing techniques for flywheel rotors, analytical 

modeling of flywheel rotors including multi-rim configurations, and contemporary failure criteria. 

Flywheel construction employing metallic hubs and rotors was also considered, as was the 

assembly of components by either filament-winding or press-fitting. Analytical techniques for 

modeling multi-rim flywheel rotors constructed from either metallic or FRP composite materials 

were described for quasi-static, viscoelastic, and variable angular velocity operating conditions. 
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Finally, contemporary failure criteria were discussed along with their advantages and limitations. 

Clearly, the understanding of flywheel rotor construction, analysis, and failure prediction has 

advanced significantly in the last several decades. Nevertheless, despite flywheel energy storage 

being a maturing field, some gaps in understanding still exist. For example, further investigations 

into the cost of manufacturing and the efficacy of variable winding angle flywheel rotors seems 

warranted. Further studies on the effects of shear stress and time-dependent effects, including 

cyclic loading and fatigue, in FRP composite rotors may be warranted to better understand 

behavior and improve failure predictions for flywheel rotors for long-term operation. Additionally, 

experimental data characterizing long-term behavior of FRP composite materials, especially in the 

transverse direction, would be valuable for improving the accuracy of long-term modeling of stress 

and failure predictions. Finally, progressive damage failure analysis, while compelling, would 

benefit substantially from experimental validation of modeling results to clearly discern its merit 

compared to other failure predictions. 
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3 Viscoelastic Modeling 
The following chapter is reproduced verbatim from Effects of Viscoelasticity on the Stress 

Evolution of the Lifetime of Filament-Wound Composite Flywheel Rotors for Energy Storage 

published in Applied Sciences, 2021 volume 11 number 20 page 9544. An analytical model 

capable of predicting the viscoelastic behavior of the flywheel rotor is developed. Then this model 

is used to simulate an expected 10-year operation lifetime time and the Tsai-Wu failure criteria is 

applied to predict rotor failure. Analytical modeling will progress in two directions. The first, 

discussed here, investigates the longer term behavior of the rotor by holding energy transfer into 

or out of the FESS at zero, i.e. acceleration is zero, while simulating the rotor spinning at a high 

angular velocity for extended periods of time. The second, discussed in chapter 4, assumes energy 

transfer is a constant non-zero value, i.e. acceleration is greater than zero. Chapter 3 addresses the 

viscoelastic concerns in the first two primary objectives of this thesis. 

3.1 Introduction 

State-of-the-art high-speed flywheel energy storage systems (FESS) are recognized for 

several advantageous characteristics including a high charge and discharge rate, lifetimes ranging 

from 10 to 20 years and high specific energy up to 100 Whkg−1 [1]. Further, they are unaffected 

by depth of discharge or cycling effects common to electrochemical batteries and have a relatively 

high cycle efficiency—up to 95% depending on the electrical components [2]. While the high 

efficiency and long expected lifetime make FESS an attractive alternative over other short- and 

medium-term energy storage options, these same attributes pose design and operational challenges. 

The majority of studies on fiber reinforced polymer (FRP) composite flywheel rotors have 

focused on instantaneous, or time-independent, behavior of composite rotors and hubs to optimize 

performance or minimize cost [3–5]. If rotor failure is considered, it is typically seen as a quasi-

static process caused by excessive centrifugal loading exceeding material ultimate strengths [6]. 

While attempts have been made to predict rotor failure with progressive damage models [7], they 

largely neglect to incorporate viscoelasticity into the stress and failure analyses. It has been 

theorized that changes in the interfacial compressive forces could lead to rim separation or creep 

rupture [8], yet the number of studies on viscoelastic behavior in composite rotors supporting this 

notion are limited. 

Some works presented solutions for the boundary-value problem presented by flywheel 

rotors constructed of viscoelastic materials and discussed creep effects [9, 10]. Trufanov and 

Smetannikov [9] focused on flywheel rotors with an outer shell supporting an inner composite rim. 

Additionally, the rim is of non-uniform cross sections and features a variable winding angle, 

neither of which are commonly used in modern FESS [11, 12]. Portnov [10] discussed a solution 

to the equilibrium equations to determine creep strain in rotating disks. Tzeng [13] expanded on 

previous works by simulating filament-wound composite flywheel rotors with uniform rotor cross 

section and discussing viscoelastic behavior at 10 years and infinite time (1010 h). Tzeng showed 

that viscoelastic stress relaxation of approximately 35% in the radial direction and a corresponding 
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increase of approximately 9% in the circumferential direction can occur over the lifetime of the 

rotor. Emerson [14] conducted experimental investigations on flywheel rotors subjected to three 

temperatures and speed profiles over the course of 2 months using optoelectronic strain 

measurements. While rotor creep tests were inconclusive due to a mechanical failure, this work 

did not rule out any significant impact of creep on strains imposed for the press-fit assembly of the 

rotor. A similar conclusion was found elsewhere [15]. 

While there have been developments in the understanding of viscoelastic behavior of 

flywheel rotors, related insights do not necessarily translate well to typical use cases. For example, 

FESS in public transit [16] are installed with a vacuum enclosure that minimizes temperature 

fluctuations, and expected lifetimes are 10 to 20 years. In addition, load cycling occurs every few 

minutes, with viscoelastic effects effectively being negligible in between cycles. For other 

promising FESS applications, such as electric vehicle (EV) charging and renewable energy grid 

support, cycle times are likely much longer than for FESS in public transit, yet temperature 

conditions and timeframes would be similar. 

The present study seeks to describe the viscoelastic behavior of composite flywheel rotors 

during their expected lifetimes using a computational algorithm to predict the stress evolution in 

the rotor. Additionally, the Tsai-Wu criterion is used to describe the total stress state, combining 

radial, circumferential, and axial stress to predict rotor failure. The simulated rotor material is a 

filament-wound carbon fiber reinforced polymer (CFRP) composite [17–19], similar to those 

typically used in flywheel rotor construction, making its application here appropriate. The rotor 

also includes an aluminum hub that facilitates the connection between the motor/generator unit 

and the bearing system. The effects of creep and viscoelastic stress relaxation on a flywheel rotor 

are examined with respect to the stress evolution over the lifetime of the system. 

3.2 Composite Flywheel Rotor Modeling 

3.2.1 Analytical Model Description 

The analytical model has been discussed in several publications, therefore only a brief 

description will be provided here. While the present study focuses on the solution of a single-rim 

rotor, the analysis can be generalized to multi-rim rotors as described in [20], variable thickness 

rotors [21], and functionally graded materials [22]. The stress development in the thick composite 

rotor is assumed to be axisymmetric, meaning the resultant stresses and strains are independent of 

the circumferential coordinate. The material used for these rotors is a unidirectional filament-

wound FRP composite where the winding angle is taken to be circumferential, i.e., 90°. Hence, 

the composite is assumed to be transversely isotropic. Additionally, it was assumed the aluminum 

hub and composite rim are permanently bonded, that is, the model is unable to simulate separation 

between hub and rim. However, the latter condition is indicated by interfacial radial stress being 

greater than or equal to zero. Due to axisymmetry, the rotor response must only satisfy the 

governing equation in the radial direction [23]. The stress equilibrium equation in cylindrical 

coordinates is given as [24] 
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𝜕𝜎𝑟

𝜕𝑟
+

𝜎𝑟 − 𝜎𝜃

𝑟
+ 𝜌𝑟𝜔2 = 0, 3.1 

where σr and σθ are the radial and circumferential hoop stresses, which are the only non-trivial 

terms in the stress matrix; ρ is the material density; and ω is the rotor angular velocity. The 

stress-strain relationship is defined as 

 {

𝜎𝜃

𝜎𝑧

𝜎𝑟

𝜎𝜃𝑧

} = [

𝑄11 𝑄12 𝑄13 0
𝑄21 𝑄22 𝑄23 0
𝑄31 𝑄32 𝑄33 0
0 0 0 𝑄66

]{

𝜀𝜃

𝜀𝑧

𝜀𝑟

𝜀𝜃𝑧

}, 3.2 

where [𝑄] is the stiffness matrix and {𝜀} is the strain vector. Note that the z-coordinate is associated 

with the rotor axial direction. The [𝑄] matrix is the inverse of the compliance matrix [𝑆] [25], such 

that 

 [𝑄] = [𝑆]−1 = [

𝑆11 𝑆12 𝑆13 0
𝑆21 𝑆22 𝑆23 0
𝑆31 𝑆32 𝑆33 0
0 0 0 𝑆66

]

−1

. 3.3 

Considering equation 3.2, the compliance matrix must define the behavior in the 

circumferential (parallel to fibers), radial (transverse to fibers), axial (transverse to fibers), and 

shear directions. Since the rotor material is assumed to be transversely isotropic with no applied 

shear forces, the symmetric matrix simplifies from 10 unique terms to seven. The strain in the 

circumferential and radial directions can be written as, respectively, 

 𝜀𝜃 =
𝑢𝑟

𝑟
 and 𝜀𝑟 =

𝜕𝑢𝑟

𝜕𝑟
, 3.4 

where ur is the displacement in the radial direction and r is an arbitrary location along the rotor 

radial direction. Invoking a plane strain assumption, strain in the axial and shear directions is 

defined correspondingly by Equation 3.5. The appropriateness of this assumption will be discussed 

later in this text. 

 𝜀𝑧 = 0 and 𝜀𝜃𝑧 = 0. 3.5 

Combining Equations 3.1, 3.2, and 3.4 yields a second order inhomogeneous ordinary 

differential equation. Solving this equation gives the local displacement and local stress at an 

arbitrary radius defined as 

 𝑢𝑟 = −𝜌𝜔2𝜑0𝑟
3 + 𝐶1𝜑1𝑟

𝜅 + 𝐶2𝜑2𝑟
−𝜅, 3.6 

 𝜎𝑟 = −𝜌𝜔2𝜑3𝑟
2 + 𝐶1𝑟

𝜅−1 + 𝐶2𝑟
−𝜅−1. 3.7 

The C parameters are integration constants dependent on the boundary conditions and 

material properties. The κ and φ coefficients are intermediate terms dependent on the stiffness 

matrix, defined as follows: 
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𝜅 =  √
𝑄11

𝑄33
, 

𝜑0 =
1

(9−𝜅2)𝑄33
, 𝜑1 =

1

𝑄13+𝜅𝑄33
, 

             𝜑2 =
1

𝑄13−𝜅𝑄33
, 𝜑3 =

3𝑄33+𝑄13

(9−𝜅2)𝑄33
. 

3.8 

Then, upon determining the integration constants, the radial displacement (Equation 3.6) 

and radial stress (Equation 3.7) can be found using Equation 3.8. Circumferential stress can be 

found by combining Equations 3.4, 3.6, and 3.8 in conjunction with the stress-strain relationship 

(Equation 3.2). 

Generalizing to a multi-rim flywheel rotor with an arbitrary number of rims, i.e., the rotor 

is constructed from N rims labeled j and can vary between j = 1, 2, 3…N, then the continuity 

condition at the interface states, 

 𝜎𝑟,𝑟𝑜

𝑗
= 𝜎𝑟,𝑟𝑖

𝑗+1
;   𝑢𝑟,𝑟𝑜

𝑗
= 𝑢𝑟,𝑟𝑖

𝑗+1
. 3.9 

where 𝜎𝑟,𝑟𝑜

𝑗
 is the radial stress at the outer radius, ro, in the jth rim, and 𝜎𝑟,𝑟𝑖

𝑗+1
 is the radial stress at 

the inner radius, ri, of the next, j+1, rim. The same notation is used to describe the radial 

displacements, ur, at the interface. 

3.2.2 Tsai-Wu Failure Criterion 

The general Tsai-Wu failure criterion, described in [6, 7, 26, 27], can be reduced to nine 

terms for a transversely isotropic material and considering the absence of shear stresses. This 

criterion finds a relationship, F, between the applied stress tensor and the material tensile strengths 

and predicts failure when 𝐹 ≥ 1. At failure, the stress tensor represents the maximum allowable 

stress and F equals unity. Hence, the Tsai-Wu failure criterion can be written as 

 
𝐹 = 𝐹11(𝜎1

all)
2
+ 𝐹22(𝜎2

all)
2
+ 𝐹33(𝜎3

all)
2
+ 2𝐹12𝜎1

all𝜎2
all + 2𝐹13𝜎1

all𝜎3
all

+ 2𝐹23𝜎2
all𝜎3

all + 𝐹1𝜎1
all + 𝐹2𝜎2

all + 𝐹3𝜎3
all = 1, 

3.10 

where [𝜎𝑖
all] is the allowable, or failure, stress tensor where i = 1, 2, or 3. Note as applied herein, 

the 1 and 3 directions refer to the circumferential and radial stress, respectively, while the 2 

direction refers to the axial direction. While the plane strain condition eliminates axial strain, it 

allows for axial stress; therefore, it is included in the failure criterion. Then,  

 
𝐹11 =

1

𝜎1𝑡𝜎1𝑐
, 𝐹22 = 𝐹33 =

1

𝜎3𝑡𝜎3𝑐
, 𝐹1 =

1

𝜎1𝑡
−

1

𝜎1𝑐
, 

𝐹2 = 𝐹3 =
1

𝜎3𝑡
−

1

𝜎3𝑐
, 𝐹12 = 𝐹13 =

−1

2√𝜎1𝑡𝜎1𝑐𝜎3𝑡𝜎3𝑐
, 𝐹23 = 𝐹22 −

1

2𝜏13
2 , 

3.11 

where the subscripts t and c refer to the tensile and compressive strengths, respectively. The 

strength coefficients in the 2 and 3 directions are equal due to the transversely isotropic 

assumption, discussed further in Section 3.1. 

It is common, and more valuable, to define the relationship between maximum allowable 

stress and the applied stress as the failure ratio (R) [7]. This relationship is found by combining the 
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maximum allowable stress tensor, (𝜎𝑖
all), with the applied stress tensor, (𝜎𝑖

app
), multiplied with R 

such that 

 𝜎1
all = 𝑅𝜎1

app
, 𝜎2

all = 𝑅𝜎2
app

, 𝜎3
all = 𝑅𝜎3

app
. 3.12 

Then, substituting Equation (12) into Equation (10) yields a quadratic equation, i.e. 

 
0 = [𝐹11(𝜎1

app
)
2
+ 𝐹22(𝜎2

app
)
2
+ 𝐹33(𝜎3

app
)
2
+ 2𝐹12𝜎1

app
𝜎2

app
+ 2𝐹13𝜎1

app
𝜎3

app

+ 2𝐹23𝜎2
app

𝜎3
app

] 𝑅2 + [𝐹1𝜎1
app

+ 𝐹2𝜎2
app

+ 𝐹3𝜎3
app

]𝑅 − 1. 
3.13 

Solving this quadratic equation for R defines the failure ratio. When (𝜎𝑖
app

) equals (𝜎𝑖
all), 

then R equals unity, indicating failure, whereas R > 1 indicates (𝜎𝑖
app

) is less than (𝜎𝑖
all) and no 

failure is predicted. It is convenient to define a strength ratio (SR) to be 1/R, as this is more intuitive 

conceptually and graphically [7]. Failure under this criterion is predicted when SR ≥ 1. 

3.2.3 Computational Methodology 

The computational methodology has been discussed elsewhere [13, 14], so only a brief 

description is provided here. The analytical model, described in Section 3.2.1, assumes constant 

loads, therefore the viscoelastic solution procedure requires approximating time-varying behavior 

through a number of discrete time and load steps. The response at each step is used to calculate 

stresses and SR for the flywheel throughout the simulation. First, the rotor dimensions, material 

properties, and simulation parameters—including time and velocity vectors of interest—are 

defined as inputs to the algorithm. Then, beginning at the first time and velocity of interest, the 

material stiffness matrix is calculated for each rim of the flywheel rotor (here, a single-rim rotor is 

considered). Next, the boundary conditions at each interface and at the inner and outer surface of 

the rotor are calculated. Using this information, the rotor response and SR are calculated for the 

given time and velocity. Finally, the algorithm iterates to the next time and velocity. This continues 

for all discrete times and velocities of interest, which yields the induced stresses and SR for all 

points in the flywheel rotor at all times and velocities of interest. 

3.3 Modeling Parameters 

The flywheel rotor simulated in this study is constructed from a single CFRP rim press-

fitted to an aluminum hub. The hub and rim are simulated as cylinders with rectangular cross 

sections. 

3.3.1 Materials 

The aluminum and CFRP are both assumed to be uniform throughout the rotor and free of 

defects. Referring to [28], the aluminum exhibits negligible viscoelastic response at temperatures 

below 50 °C, therefore viscoelastic behavior in the aluminum is not considered. The material 

properties of the chosen 7075-T6 aluminum are found in [29]. 

The composite considered in this study is IM7 carbon fiber (Hexcel Corp., Stamford, CT, 

USA) with an 8552 epoxy resin system (Hexcel Corp., Stamford, CT, USA), as described by Tzeng 
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et al. [30]. The filament winding process employed for fabricating CFRP flywheel rotors utilizes 

continuous unidirectional fiber reinforcement, which creates a transversely isotropic behavior [31].  

In the CFRP rim, the fibers run circumferentially and display only subtle viscoelastic 

characteristics. The long-term behavior of a CFRP in the transverse direction is often described 

using a time-temperature superposition (TTSP) master curve. This curve is created by measuring 

short-term creep data at various elevated temperatures. Then, a shift factor is applied to the 

elevated temperature experimental data to shift them temporally, increasing the time axis while 

decreasing the temperature. Shifting all elevated temperature experimental data creates a smooth 

master curve representing the lifetime strain and compliance behavior, provided the applied stress 

from experimentation is known. Finally, curve fitting is performed on the master curve to generate 

empirical equations for the creep compliance. TTSP is applicable for modeling linear 

viscoelasticity, which is acceptable for this application as permanent damage, material aging, and 

other higher order effects are excluded from this simulation. The transverse compliance equations 

published by Tzeng et al. [30] are given in Table 3.1 and Equation 3.14, as are the aluminum 

properties, where variable t indicates time. The tensile strengths of the CFRP and yield strength of 

the aluminum necessary for the Tsai-Wu criteria are given in Table 3.2. 

Table 3.1: Material properties for aluminum 7075-T6 [29] and viscoelastic equations for CFRP 

[30] used in the present study. 

Material S11 [Pa−1] S22 [Pa−1] S33 [Pa−1] S66 [Pa−1] ν 

Aluminum 1.39 × 10−11 1.39 × 10−11 1.39 × 10−11 3.72 × 10−11 0.33 

CFRP 𝑆11
0 (𝑡)0.01 𝑆22

0 (𝑡)0.03 𝑆33
0 (𝑡)0.03 𝑆66

0 (𝑡)0.03 0.31 

 

 
𝑆11

0 = 9.0 × 10−12  Pa−1 ;   𝑆22
0 = 𝑆33

0 =  1.1 × 10−10 Pa−1 ;  
  𝑆66

0 = 2.0 × 10−10 Pa−1. 
3.14 

 

Table 3.2: Directionally dependent strengths of CFRP and failure strength of aluminum used to 

find SR from the Tsai-Wu failure criterion. 

Material 𝝈𝟏𝐭 [𝐌𝐏𝐚] 𝝈𝟏𝐜 [𝐌𝐏𝐚] 𝝈𝟑𝐭 [𝐌𝐏𝐚] 𝝈𝟑𝐜 [𝐌𝐏𝐚] 𝝉 [𝐌𝐏𝐚] 

CFRP 2,720 1,689  64.1 307 137 

Aluminum 572 572 572 572 331 
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3.3.2 Flywheel Rotor Simulation Parameters 

The vast majority of operational flywheel rotors are constructed from a metallic hub and 

composite rim, so it was decided the present study would maintain this trend to increase its 

applicability. Further, the objective of this study is to investigate the effects of viscoelastic 

behavior on a filament wound composite flywheel rotors suitable for energy storage, so the overall 

dimensions were chosen to highlight this behavior. Consider, energy storage capacity increase with 

radius and angular, however these same parameters also increase centrifugal stresses. A parametric 

investigation was conducted to better understand the effect of increasing the inner and outer radii 

of the rim and hub. The present dimensions were chosen because they are an advantageous balance 

between maximizing energy capacity, minimizing induced stresses, and highlighting the 

viscoelastic behavior. These parameters should not be viewed as an optimal solution to this 

problem, merely one possible solution chosen specifically for the objectives of this study. 

Two cases were considered to investigate the effects of viscoelastic behavior on the 

flywheel rotor. The first case simulates a worst-case scenario for creep and viscoelastic stress 

relaxation in the flywheel rotor. The second case more closely simulates a realistic scenario of an 

FESS experiencing daily charge/discharge cycles. The FESS capacity and flywheel rotor 

dimensions are identical between the two cases. Recent studies on appropriate sizing of FESS have 

identified various values ranging between 3 kWh and 20 kWh for residential applications, light 

rail transit, electric vehicle charging, and frequency regulation for microgrid applications 

[16,31,32]. For the present study, a capacity of 10 kWh was chosen as it is situated in the middle 

of the range for the applications mentioned above. Note that energy storage capacity scales linearly 

with rotor height (axial dimension), and scaling is not expected to affect creep behavior 

appreciably, so the chosen rotor configuration can easily be scaled up or down to adjust for a given 

application. This scaling could be done, as suggested in [33], by stacking individual composite 

disks on top of one another to form the rotor, in which case, the analysis for each individual disk 

is performed as described herein while capacity may be increased or decreased as needed. To 

illustrate the chosen capacity, a recent study [34] on residential photovoltaic (PV) potential in 

Lethbridge, Alberta, Canada, identified that the majority of residential homes had roof space for 

up to 10 kW of solar PV, meaning the FESS in this study could reasonably be expected to reach 

full capacity throughout the day even under less-than-ideal irradiation conditions, in order to 

provide power during high demand times such as in the evening. The simulated flywheel rotor 

dimensions and energy capacity used in this study are given in Figure 3.1 and Table 3.3. Note that 

changing power demand would necessarily require accelerating or decelerating the flywheel rotor, 

imposing shear stresses, which is not included in the current model, hence justifying the 

aforementioned biaxial stress condition. 
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Figure 3.1: Simulated flywheel rotor showing dimensions of metallic hub and carbon fiber rim. 

The axis of rotation (AoR) is shown in blue. 

 

Table 3.3: Flywheel rotor rim dimensions, press-fit interference, and energy capacity. 

Parameter Aluminum Hub CFRP Rim Complete Rotor 

Inner radius 160 mm 200 mm - 

Outer radius 200 mm 330 mm - 

Press-fit interference - - 0.8 mm 

Rotor height - - 430 mm 

Energy capacity - - 11.19 kWh 
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Case 1: The worst-case scenario for viscoelastic effects is simulated by assuming the 

flywheel rotor is operated at its limit load at all times. The model was used to simulate 10 years of 

operation. Based on the Tsai-Wu failure criterion, a critical or limit velocity, ωlimit, was determined 

as 24,250 rpm. Note that failure is initially indicated at this velocity, for an SR lightly above unity 

(1.01); however, viscoelastic stress relaxation will improve the stress state, allowing for safe 

operation at this velocity over the long term. 

Case 2: This scenario is intended to more realistically simulate the application of a FESS 

in solar PV electric grids or EV charging support. For these applications, the FESS is assumed to 

experience a single charge/discharge cycle every day as the system charges during off-peak hours 

and discharges during peak hours. Peak electricity demands are typically observed in the mornings 

and evenings [35], which are also when PV systems have low productivity; therefore, a household 

would rely on the FESS during these times to operate appliances or support the charging of a 

vehicle. It should be mentioned here that the considered FESS capacity is not sufficient to fully 

charge typical EVs on the market. Rather, energy storage is seen as a means to support EV fast 

charging and associated peak loads. Minimum demands are observed in the middle of the day 

when a PV system is most productive, thereby recharging the system. For this study, each day is 

divided into three 8-h phases and assigned a different average velocity for each period. These are 

referred to as the maximum phase, intermediate phase, and minimum phase. It is recognized that 

charging or discharging the FESS may occur over a period of hours; therefore, the intermediate 

phase represents the average velocity during the charge-discharge periods. Attempting to simulate 

a real-world scenario, the rotor is assumed to operate below ωlimit; therefore, the velocity during 

the maximum phase, ωPmax, is set at 0.9 ωlimit. For the minimum phase, the angular velocity, ωPmin, 

is chosen to be 0.25 ωlimit, as discussed in [36]. Finally, the intermediate phase angular velocity, 

ωPint, is halfway between ωPmax and ωPmin, i.e., 0.575 ωlimit. The rotor is simulated to rotate at each 

velocity, i.e., ωPmax, ωPint and ωPmin, for 8 h each day, for 365 days per year. 

3.4 Results and Discussion 

Filament-wound composite flywheel rotors may be subject to a variety of failure modes. 

Considering viscoelasticity and typical composite flywheel rotor construction, two failure modes 

are of primary concern. First, the rotor structural integrity is dependent on maintaining 

compressive loading at the interface between the hub and the composite rim, created by the press-

fit during assembly. Therefore, in view of possible stress relaxation, a significant reduction or loss 

of this compressive loading may lead to rotor failure. Second, it has been shown that the prevalent 

polymer matrix materials for composite rotor fabrication, epoxy resins, experience creep 

embrittlement as they undergo viscoelastic stress relaxation, leading to an increased size and 

density of micro-cracks under subcritical loading conditions [37], i.e., applied loads which 

approach but do not exceed the matrix strength. Therefore, substantial viscoelastic stress increases 

the potential for micro-crack networks to substantially damage the matrix, which ultimately may 

lead to failure. 
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Notice, a factor of safety is not included in the design of this study as any such artificial 

limitations on the load baring capacity of the flywheel rotor are highly dependent on the intended 

application of the system. Selecting a particular decision here would decrease the applicability of 

this study. Additionally, including a factory of safety in this study would be counteractive to the 

objectives by limiting the maximum allowable stresses and depressing the viscoelastic behavior of 

the system. Based on these factors, a factor of safety is not included in the simulations.  

3.4.1 Algorithm Validation 

The computational algorithm was validated by comparing simulation results with stress 

distributions for viscoelastic stress effects published by Tzeng et al. [13]. In their work, the rotor 

is constructed from two CFRP rims press-fitted together. The CFRP is an IM7/8552 transversely 

isotropic composite with no viscoelastic behavior in the fiber direction. Material properties are 

given in [13]. The simulation results are plotted alongside the published data in Figure 3.2. The 

close congruence that is observed between the published results and the current model provides 

validation that the present modeling approach is capable of accurately predicting the stress 

response in the flywheel rotor. Hence, model stress responses will herein be used in conjunction 

with the Tsai-Wu criterion to predict failure location and behavior. 

Recalling the plane strain assumption made for the present analysis, modeling results 

validated the chosen approach, which simplified solving the radial inhomogeneous equilibrium 

equation. Contrasting present work with published literature, see e.g. [14,29,37,38,39], 

comparable results were achieved. It should be noted that some of these studies assume generalized 

plane strain. In addition, analyses that quantified axial stress [40] showed it to be an order of 

magnitude less than radial stress, and two orders less than the circumferential stress. Given the 

body of published works that impose and validate the plane strain assumption, and the 

comparatively small magnitude of axial stress, applying a plane strain assumption for the present 

analysis was seen as appropriate. 

3.4.2 Viscoelastic Behavior 

3.4.2.1 4.2.1. Case 1 

Simulation results in terms of radial and circumferential stress are shown in Figure 3.3 for 

the flywheel rotor constructed from an aluminum hub with a thick CFRP rim. While the hub, 

located between r = 160 mm and r = 200 mm, was not inherently subject to viscoelastic behavior, 

its stress state changed as compressive loading from the composite rim decreased. 
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(a) (b) 

Figure 3.2: Radial (a) and circumferential (b) stress distribution comparison between the 

current model and Tzeng et al. [13] for a two-rim press-fit CFRP flywheel rotor. 

 

  

(a) (b) 

Figure 3.3: Radial (a) and circumferential (b) stress predictions for a flywheel rotor constructed 

of an aluminum hub and CFRP rim, after assembly (zero velocity), at startup, and at various 

times up to 10 years of continuous operation at the limit velocity of 24,250 rpm. 

Considering the radial stress data depicted in Figure 3.3, the composite rim, in a pristine 

state post-manufacturing (t = 0 and ω = 0), experiences high compressive loading, approximately 

−46.7 MPa, due to the press-fit assembly. After startup to ωlimit, the peak compressive load 

decreases to −27 MPa. This change is induced by the radial position of the hub and rim leading 

differences in centrifugal loads, as well as differences in elastic modulus between the two 

materials. For comparison, the aluminum elastic modulus is 71 GPa while the CFRP longitudinal 

and transverse modulus is 111 GPa and 9.1 GPa, respectively. As a consequence, the outer rim 
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deforms more than the aluminum hub, reducing the interfacial pressure. Note that this ability to 

compensate for differential deformation while maintaining rotor integrity is one advantage of a 

press-fit assembly. 

It can further be seen in Figure 3.3 that circumferential stress in the aluminum hub increases 

over time. At the inner hub surface, circumferential stress increases from 542 MPa to 596 MPa 

after 10 years; an increase of 9.2%. Note, even though this circumferential stress exceeds yield 

strength, the hub does not undergo failure because the stress coordinate for the given stress state 

still resides within the failure envelope, invoking, e.g., maximum distortion energy theory. 

Additionally, the increased circumferential stress is coupled with a decrease in radial compressive 

stress, i.e., radial stress becomes less compressive in the aluminum hub. These changes in radial 

and circumferential stress are attributed to the increased compliance of the CFRP rim during this 

time period, allowing the hub to deform radially. 

Regarding the composite rim, radial and circumferential peak stresses are predicted to 

decrease moderately between 1% and 5.5%, respectively, over the 10 year simulation period, 

which is to be expected based on previous research [14]. For greater clarity, peak stress values in 

the rotor over the simulated 10-year period were determined for (i) the interfacial pressure 

measured in the radial direction, (ii) the radial stress, and (iii) the circumferential stress. 

Corresponding values are given in Table 3.4. To illustrate their change over the simulated 

operation, they were normalized by their initial value at t = 0 and plotted in Figure 3,4. Within the 

first year of (continuous) operation, the rotor undergoes viscoelastic stress changes as the 

interfacial compressive stress decreases from -27 MPa to -19 MPa, or approximately 70.4% of the 

initial value. After 1 year, interfacial compressive stress decreases at a reduced rate, decreasing to 

63.3% after 10 years. These results indicate that the composite material experiences rapid non-

linear relaxation over the first year of operation, which to a large extent is ascribed to primary or 

transient creep (phase I). In the subsequent years of the rotor’s service life, stress relaxation is 

significantly reduced, indicating the material has fully transitioned into secondary or steady-state 

creep (phase II). Conceivably, the initial rapid relaxation could be avoided by subjecting the 

composite rim to a suitable conditioning process prior to rotor assembly. In this case, only a relative 

minor decrease in interfacial pressure of about 7% would be expected.  

Based on present findings, while viscoelastic stress relaxation leading to hub-rim 

separation is a conceivable scenario, it is controllable provided adequate interfacial pressure is 

achieved during assembly, or substantial initial creep effects can effectively be mitigated otherwise 

(e.g., by CFRP rim conditioning). It is interesting to note that for a reduced press-fit interference 

of 0.45 mm between the hub and rim (instead of 0.8 mm), creep effects are sufficient to cause zero 

interfacial pressure over the considered operating time, that is, separation between hub and rim 

would occur. Clearly, these results demonstrate that a viscoelastic analysis is warranted for the 

engineering design of FESS rotors. 
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Table 3.4: Rotor peak stress values for interfacial stress, radial peak stress, and circumferential 

peak stress at 0, 0.5, 1, 5, and 10 years of continuous flywheel operation at limit velocity. 

Time [Year] 0 0.5 1 5 10 

Interface pressure [MPa] −26.98 −19.60 −19.01 −17.66 −17.08 

Radial peak stress [MPa] 50.96 50.86 50.83 50.75 50.71 

Circumferential peak stress [MPa] 975.51 936.54 933.20 925.40 922.01 

The Tsai-Wu failure criteria were used to determine the SR data and predict the location 

and angular velocity associated with rotor failure. SR data facilitate predicting failure since these 

data are based on the combined stresses exceeding the strength threshold. In other words, the SR 

analysis provides an understanding of the total stress state of the rotor. SR data for the current rotor 

are provided in Figure 3.5. 

The CFRP rim initially has the highest SR of 1.01 and is located at the midplane of the rim; 

however, viscoelastic stress relaxation improves the stress state of this rim, so SR decreases to 

0.975 within 6 months, then continues to slowly decrease to about 0.96 after 10 years. The same 

cannot be said for the aluminum hub, which exhibits an evolution of stresses approaching failure. 

The SR for the hub, while initially substantially less than the composite rim, increases from 0.836 

to 0.9 within 6 months, then continues to increase to 0.92 over the following 10 years. With an 

increase by 6.8%, changes in SR for the hub are rapid in the first year of operation, while the SR is 

predicted to increase by only another 2% over the next 9 years. Referring to Figure 3.3, this SR 

growth is caused by a rising circumferential stress in conjunction with a lessening of compression 

in the radial direction. This behavior can be understood recalling Equation 3.13, which is 

composed of radial, circumferential, axial, and coupled terms. The linear term for radial direction 

is 𝑆𝑅radial = 𝐹3𝜎3
app

𝑅. Since the peak radial stress is compressive, a large negative value is 

introduced into Equation 3.13, thus reducing SR accordingly. As the CFRP rim undergoes 

viscoelastic deformation, the radial compressive load diminishes, so SRradial diminishes as well, 

thus removing the negative term from the equation, causing the observed SR increase for the hub. 
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Figure 3.4: Normalized rotor peak stress for interfacial pressure, radial stress, and 

circumferential stress over time, in years, for continuous flywheel operation at limit velocity. 

Values are normalized by the corresponding stress at time t = 0. 

In summary, viscoelastic stress relaxation of the CFRP rim can improve its stress state to 

the detriment of the aluminum hub. It is reasonable to conclude that for a given rotor geometry, 

changing stresses may lead to damage of the aluminum hub and/or separation between hub and 

rim components. Viscoelastic effects should therefore be considered in flywheel rotor design. 

Nevertheless, based on the present observations, limited viscoelastic stress relaxation in the rotor 

may also be beneficial to the overall rotor performance. While substantial phase I creep may be a 

concern from a risk assessment point-of-view, mechanical conditioning and/or thermal aging could 

be a means to mitigate large initial viscoelastic effects after rotor assembly and operational startup 

while allowing for phase II creep to gradually evolve over the rotor’s operational lifetime. 
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(a) (b) 

Figure 3.5: Strength ratio (SR) data for the flywheel rotor (a), and peak SR in the aluminum hub 

and CFRP rim at various times throughout the simulated lifetime (b). 

3.4.2.2 Case 2 

As mentioned earlier, the load profile for case 2 is intended to more closely simulate the 

operation of an FESS in actual applications, such as for solar PV electric grids or EV charging. 

Graphs with the radial and circumferential stresses on day 1 of operation are given in Figure 3.6. 

These graphs serve as representative examples of the stress distribution for the simulated 

operation. While the magnitude of the radial and circumferential stresses was found to decrease in 

the rim and increase in the hub over time, the overall shape of the stress response at each velocity 

(minimum phase, ωPmin, intermediate phase, ωPint, maximum phase, ωPmax) was found to be similar 

for any day of the simulated operation, so only data for the first day are provided. Comparing case 

1 (Figure 3.3) and case 2 (Figure 3.6), the stress responses at ωPmin and ωPmax closely resemble 

those from case 1 at t = 0, ω = 0 and at t = 0, ω = ωlimit, respectively, as is expected given the 

similarity between angular velocities and the non-linear relationship between stress and velocity. 

Notably, for both cases, the circumferential stress in the hub is seen to change from initially having 

a positive slope (ω = 0, ω = ωPmin) to having a negative slope at high-velocity operation (ωlimit, 

ωPmax). Between both extremes, stresses switch from tensile to compressive with the magnitude 

occurring at the hub inner surface. This loading scenario resembles fatigue loading with a negative 

stress ratio, positive mean stress, and a comparatively high stress range. The hub design should 

therefore include a fatigue analysis, especially for FESS that experiences high cycle rates, i.e., 

numerous cycles per day. 
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(a) (b) 

Figure 3.6: Radial (a) and circumferential (b) stress results at each velocity on day 1. 

Figure 3.7 depicts SR data for all points along the rotor radial direction at each velocity for 

day 1 and day 365. Again, while magnitudes at each point are seen to vary for the different 

velocities, the overall shape of the SR curves at each velocity bear distinct similarities. Broadly, 

SR graphs exhibit similar trends as in case 1. After year 1, SR values at ωPmax increase in the hub 

but decrease in the composite rim. As one would expect, SR values in Figure 3.7 are lower 

compared to data in Figure 3.5, due to the overall lower stress levels and the reduced time that the 

rotor operates at high velocity. 

During each phase, five key indicators are tracked throughout the simulation: (i) interface 

stress, (ii) peak radial tensile stress (i.e., neglecting compressive stresses, as these are found at the 

interface), (iii) peak circumferential stress in the CFRP rim, (iv) peak SR in the hub, and (v) peak 

SR in the CFRP rim. Values for each indicator recorded on day 1, 90, 180, 270, and 365 are given 

in  

Table 3.5. To facilitate comparisons with case 1, data from  

Table 3.5 were normalized using the day 1 value at each velocity and each location or 

component of interest, as depicted in Figure 3.8. Noting that since the peak radial tensile stress at 

ωPmin is negligible throughout the simulation (see  

Table 3.5), this dataset was omitted in Figure 3.8. 
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Figure 3.7: SR graphs for all points along the flywheel rotor radius at each velocity on day 1. 

Table 3.5: Peak stress values at the hub-rim interface and radially and circumferentially in the 

CFRP rim, and peak SR values for the aluminum hub and the CFRP rim, at various times 

throughout the simulated one-year period. 

 Phase Day 1 Day 90 Day 180 Day 270 Day 365 

Peak interface pressure 

[MPa] 

ωPmin −41.04 −39.26 −39.03 −38.90 −38.80 

ωPint −38.76 −36.49 −36.17 −35.98 −35.84 

ωPmax −34.78 −31.54 −31.05 −30.77 −30.55 

Peak radial tensile stress in CFRP 

rim 

[MPa] 

ωPmin 0.0 0.001 0.010 0.012 0.014 

ωPint 10.19 10.35 10.37 10.38 10.39 

ωPmax 35.33 35.26 35.24 35.23 35.22 

Peak circumferential stress in CFRP 

rim [MPa] 

ωPmin 207.9 207.3 207.2 207.1 207.1 

ωPint 426.8 420.2 419.3 418.7 418.3 

ωPmax 816.7 800.9 798.4 797.0 795.9 

SR for aluminum hub 

[/] 

ωPmin 0.271 0.256 0.255 0.253 0.253 

ωPint 0.044 0.056 0.057 0.058 0.059 

ωPmax 0.524 0.550 0.554 0.556 0.557 

SR for CFRP rim 

[/] 

ωPmin 0.160 0.155 0.154 0.153 0.153 

ωPint 0.242 0.236 0.235 0.235 0.234 

ωPmax 0.760 0.740 0.737 0.735 0.734 
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Akin to case 1, values for the interfacial pressure exhibit the most significant change during 

the case 2 simulation, as shown in Figure 3.8a. This observation again substantiates conclusions 

in previous work [30] which suggested that stress relaxation at the interface could pose a risk to a 

flywheel rotor’s structural integrity. After 1 year of operation, the interfacial pressure is predicted 

to decrease by approximately 7%, 7.5%, and 12% at the minimum, intermediate, and maximum 

velocities, respectively. However, these reductions are significantly less compared to case 1, for 

which a decrease of 29% is predicted after year 1. Again, lower predicted interface pressures in 

case 2 are due to the rotor being subjected to lower average angular velocities than in case 1, and 

the rotor spending less time subjected to high velocity loading conditions. Since for each charge-

discharge cycle the rotor transitions from low to high velocity and vice versa, high cycle rates will 

typically subject the rotor to reduced viscoelastic effects, as it will spend less time at or near 

maximum velocities. 

Considering Figure 3.8b,c, changes in peak stresses are rather benign. The peak radial 

tensile stress increases by a maximum of about 2%, which is comparable to the corresponding 

decrease seen in case 1. The peak circumferential stress shows a reduction of 0.5% at ωPmin and 

3% at ωPmax. Reductions in both peak stress components are less than those for case 1 for the same 

reasons as discussed earlier. 

In Figure 3.8d, peak SR values for the aluminum hub are indicated to decrease for ωPmin 

but to rise for the other two velocities. SR changes at ωPmin and ωPint, being seemingly high at the 

latter velocity, are largely irrelevant given the comparatively low absolute SR values for the hub 

at these operating conditions (see Figure 3.7). The rise in SR at ωPmax is considerable but is still 

confined to below 10% and remains uncritical. Referring to Figure 3.8e, the SR evolution for the 

CFRP rim is favorable, as observed for case 1, as values decrease over the considered operating 

period. 

Considering relative SR changes between case 1 and case 2 at high velocity and at critical 

locations with respect to the rotor radial direction, i.e., the hub inner surface and the rim’s 

cylindrical midsection, it is apparent that magnitudes in case 2 remain below those in case 1, which 

is to be expected given that the rotor is subjected to an overall reduced average velocity while also 

operating for less time under high velocity loading conditions. For example, in case 1, after the 

first year, the SR for the hub increases by 6.8%, while in case 2 (at ωPmax) over the same period, 

the increase is 3.3%. 
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(e)  

Figure 3.8: Stress results normalized by their initial value on day 1 for (a) interfacial pressure, 

(b) peak radial tensile stress, and (c) peak circumferential stress in the CFRP rim, (d) peak SR in 

the aluminum hub, and (e) peak SR in the CFRP rim. 

3.5 Conclusions 

The high-stress and long-lifetime operating conditions of modern composite flywheel 

rotors create the necessary conditions for viscoelastic failure modes not included in contemporary 

quasi-static failure analyses. In this study, a computational algorithm, based on an accepted 

analytical modeling approach, was developed to investigate the viscoelastic behavior of fiber 

reinforced polymer composite rotors during their lifetimes. Additionally, the Tsai-Wu failure 

criterion was used to compute strength ratios along the rotor radial direction. The values were used 

to assess the conditions for rotor failure. A composite flywheel rotor design was considered that 

meets capacity requirements to support an electrical vehicle charging system or solar PV 

residential electric grid. The rotor consists of a press-fit assembly of an aluminum hub with a 

carbon fiber polymer composite rim. The viscoelastic behavior of the flywheel rotor was studied 

for two cases: (i) a worst-case scenario of the rotor operating with an angular velocity at the failure 

threshold for a simulated lifetime of 10 years, and (ii) a charging/discharging cycle in which the 

rotor experiences a minimum, intermediate, and maximum velocity for 8 h each per day over a 

one-year period.  

The case 1 simulation indicated that due to viscoelastic stress relaxation, the radial and 

circumferential stresses in the composite rotor reduce over time. After 10 years, peak stress in the 

radial and circumferential directions were found to decrease by approximately 1% and 5%, 

respectively. Given that rim stresses continually decrease over time, the risk of rim failure is 

diminishing during operation, provided no external factors, such as matrix cracking, affect the 

rotor’s structural integrity. In contrast, circumferential stresses in the aluminum hub increase while 

radial stresses decrease. This behavior was attributed to an increasing compliance of the composite 

rim, allowing it to deform radially outward. Thus, radial compressive stresses in the rotor are 

reduced, and in turn, circumferential stresses in the hub are increased. The peak strength ratio for 
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the composite rim decreases by approximately 4% compared to an 8% increase in the hub after 10 

years. The latter is of concern, as the peak strength ratio in the aluminum hub converges toward 

unity, suggesting an increased risk of hub failure. The interfacial press-fit pressure is subject to the 

largest decrease, approximately 36%. Still, taken on its own, this behavior represents a low risk to 

the flywheel rotor’s structural integrity as long as the rotor design prescribes a sufficient initial 

press-fit interference that upholds compressive interfacial pressure over the rotor’s lifetime. Based 

on the observation in case 1, failure may occur in the rim at startup if the rotor reaches a critical 

velocity but would decrease over time even if the critical velocity is maintained as viscoelastic 

stress relaxation improves the overall stress state in the composite rim. However, this behavior 

does not preclude possible failure due to other effects such as fatigue and matrix cracking, which 

warrants including such effects in flywheel rotor design and analysis. 

The daily charge-discharge cycle considered in case 2 imposes cyclic loading conditions 

upon the rotor. In this scenario, strength ratios never reached unity, so failure is not predicted for 

any part of the rotor. Consistent with case 1, viscoelastic stress relaxation allows the radial and 

circumferential stress in the composite rim to decrease over time, creating a more favorable stress 

state regardless of angular velocity or time. However, the viscoelastic effects that improve the 

stress state for the rim are detrimental to the metallic hub. Moreover, charge-discharge cycles were 

found to impose fatigue loading with a negative stress ratio, positive mean stress, and a 

comparatively high stress range at the inner surface of the hub. 

As was discussed earlier, this study did no included a factor of safety as an artificial 

limitation on the load bearing capacity of the flywheel rotor. One could incorporate these 

limitations by modifying the strength factors, F, in the Tsai-Wu criterion. These factors are 

dependent on the material strength tensor, so applying a scaler to this tensor would decrease the 

allowable combined stress before failure. This effectively shrinks the failure envelope of the 

Tsai-Wu criterion.  

In summary, the present study satisfies the first two primary objectives of this thesis by 

conducting simulations on flywheel rotors of appropriate size and over appropriate time frames 

for applications such as in residential PV energy systems or EV charging stations. While previous 

studies began to explore this topic, the present study investigated the evolution of stresses in each 

principal direction between 6 months and 10 years of operation. Findings from these data are vital 

to consider when designing flywheel rotors for similar and other applications. The simulations 

conducted in the present study support the notion that viscoelastic effects reduce peak stresses in 

a composite rim over time. However, this study also showed that viscoelasticity may affect stresses 

in other parts of the rotor, i.e., the hub and the hub-rim interface, in ways that may lead to rotor 

failure. Moreover, it was noted that charge-discharge cycles of the flywheel energy storage device 

may create significant fatigue loading conditions. Therefore, it is concluded that flywheel rotor 

design should include viscoelastic and fatigue analyses to ensure safe operation, especially for 

devices experiencing high cycle rates and long-time operation near critical velocities. 
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4 Study of Acceleration-induced Shear Stresses  
The following chapter is intended for publication, in its present form, in Applied Composite 

Materials. As mentioned above this chapter is closely related to the previous one. In many ways 

this chapter is the antithesis of previous viscoelastic modeling efforts. Where the previous chapter 

was concerned with the rotor behavior over many years while angular velocity was constant, this 

chapter focuses on variable angular velocity over a period of seconds. Despite this the 

computational algorithm is broadly similar. Additionally, the same Tsai-Wu failure criteria is 

employed to predict the potential failure modes. This chapter addresses the shear stress concerns 

from the first two primary objectives of this thesis. 

4.1 Introduction 

High performance flywheel energy storage systems (FESS) employ a rotating disk—the 

flywheel rotor—frequently constructed from filament-wound fiber reinforced polymer composites 

(FRPC)  [1]. The high ultimate tensile strength of these materials in fiber direction allows the rotor 

to reach large angular speeds before failure, which substantially increases its energy storage 

capacity. FESS can facilitate high energy transfer rates for both charging and discharging, and are 

claimed to have substantially longer lifetimes than other traditional energy storage systems [2]. 

These are desirable attributes for applications requiring recurrent energy storage cycles with high 

energy transfer rates. Examples are electric vehicle charging infrastructure or electric rail transit 

systems employing recuperation of regenerative braking energy. High cycle lifetimes and high 

energy transfer rates are synonymous with frequent acceleration and deceleration of the flywheel 

rotor over short periods of time. 

The flywheel rotors simulated in this study are a filament-wound carbon fiber reinforced 

polymer (CFRP) of constant rectangular cross section. The quasi-static method for analyzing 

rotating disks of this type is well understood, having first been explored by Lekhnitskiy [3] and 

expanded on by Reddy and Srinath [4] and Roy and Tsai [5]. More recent studies discussed 

analytical methods for analyzing the stress field created in a composite flywheel rotor subjected to 

angular acceleration [6, 7]. Pérez-Aparicio and Ripoll [6] presented analytical solutions to 

equilibrium equations in every direction including shear. Their analysis included the effects of 

acceleration, hub stiffness, composite curing, moisture absorption, and thermomechanical effects. 

Salehian et al. [7] compared analytical and numerical rotor analysis techniques in functionally 

graded rotating disks with variable thickness. Their study showed that analytical and numerical 

analysis methods are equally capable of predicting shear stress and radial displacement in rotating 

disks.  

Shear stresses are imposed by angular acceleration which necessarily also changes the 

angular velocity thus causing variation in the radial and circumferential stresses. As the flywheel 

rotor accelerates from minimum to maximum speed, internal stresses will increase. The transient 

behavior of composite flywheel rotors has received little attention in the technical literature 
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regarding stress analysis and failure prediction, even though transient behavior may affect damage 

initiation and growth, cause cyclic fatigue, and thus lead to rotor failure. 

FRPC rotor design and optimization has typically been based on strength in the principal 

material directions as the failure criterion [8]. For this method, the ultimate strength in a principal 

material direction is compared to the applied load in that direction, and failure is expected if the 

applied load exceeds this threshold. This is the maximum stress failure criteria. However, this 

approach neglects the interaction of stresses in different directions at a given point. For example, 

at the inner surface of the rotor, maxima of both shear stress and circumferential stress are to be 

expected. Further, during acceleration, directional stress components vary continuously with time, 

yet stress components at a given point do not necessarily change proportionally, meaning that the 

peak stress location and stress gradients also vary continuously, both of which may affect damage 

behavior. 

For the above reasons, other failure criteria were explored for the present study. From the 

technical literature, the considered criteria were progressive damage [9], Tsai-Wu [10], and the 

four parameter Christensen models [11]. A progressive damage failure criterion was not adopted 

in the present study as this approach creates discontinuities within the rotor model which violates 

the material continuity assumption of the employed analytical approach. The Christensen model 

would be an applicable failure criterion for composite flywheel rotors however it considers out of 

plane stresses which are unnecessary given the current analytical model assumes plane strain 

conditions. The Tsai-Wu criterion readily incorporates shear stress, and some recent studies 

applied the Tsai-Wu criterion to composite FRP rotor analysis, thus its application therefore 

considered appropriate [12,13]. 

The objective of present study is to describe the transient behavior of stresses in a 

composite FRP flywheel rotor during acceleration and deceleration. Beginning from quasi-static 

analysis, the baseline stress response at minimum and maximum velocities will be established. 

Then maximum and minimum acceleration and deceleration will be defined using maximum stress 

and Tsai Wu failure criteria. Finally, simulations will be conducted to discuss the stress response 

of an FRPC flywheel rotor subjected to parameters appropriate to EV charging. 

4.2 Flywheel Stress Analysis 

4.2.1 Radial and Shear Stress 

For the flywheel stress analysis, analytical equations are derived for the radial, 

circumferential, and shear stresses in the flywheel rotor. This analysis is based on the following 

assumptions: 

• The rotor is modeled as a plane strain problem. 

• The model is axisymmetric with respect to the axis of rotation. 

• Angular rotor acceleration is smooth and continuous. 

• The rotor material is transversely isotropic and continuous throughout the simulation.  



59 

 

The goal of this analysis is to define the radial and tangential stress as a function of the 

rotor geometry, material properties, velocity, and angular acceleration. As will be seen, the radial 

displacement leads directly to stress and strain in both the radial, circumferential, and tangential 

(shear) directions. Deriving these relationships begins with the radial and tangential stress 

equilibrium equations which are found directly from the free body diagram of the flywheel as 

discussed in [7]. The equilibrium equations are, 

 
𝑑𝜎𝑟

𝑑𝑟
+

𝜎𝑟 − 𝜎𝜃

𝑟
+ 𝜌𝑟𝜔2 = 0;       

𝑑𝜏𝑟𝜃

𝑑𝑟
+

2

𝑟
𝜏𝑟𝜃 + 𝜌𝑟𝛼 = 0, 4.1 

where σ and τ are the principle stress and shear stress acting in the directions indicated by subscripts 

r and θ for the radial and circumferential directions, respectively; ω in rad/sec and α in rad/sec2 

are correspondingly the angular velocity and angular acceleration. Note that the z coordinate 

denotes the axial direction, and shear stress acts in the θ-z cylindrical face. The rotor is constructed 

from unidirectional filament wound FRPC and is considered transversely isotropic, stress is 

defined with Hooke’s law such that, 

 [

𝜎𝜃

𝜎𝑧

𝜎𝑟

𝜏𝑟𝜃

] = [

𝑄𝜃𝜃 𝑄𝜃𝑧 𝑄𝜃𝑟 0
𝑄𝜃𝑧 𝑄𝑧𝑧 𝑄𝑧𝑟 0
𝑄𝜃𝑟 𝑄𝑧𝑟 𝑄𝑟𝑟 0
0 0 0 𝑄𝑟𝜃

] [

𝜀𝜃

𝜀𝑧

𝜀𝑟

𝛾𝑟𝜃

], 4.2 

where Q and G are the material stiffnesses in the principal material directions, and ε and γ are the 

directional strain and shear strain. The strain terms are defined as, 

 𝜀𝜃 =
𝑢𝑟

𝑟
;    𝜀𝑟 =

𝑑𝑢𝑟

𝑑𝑟
;    𝜀𝑧 = 0;     𝛾𝑟𝜃 =

𝑑𝜈

𝑑𝑟
−

𝜈

𝑟
, 4.3 

where ur and ν are the radial and tangential displacements respectively. Invoking the plane strain 

assumption eq 4.3 can be substituted into 4.2 which is then substituted into eq 4.1 yielding a second 

order inhomogeneous ordinary differential equations. After simplification these equations are 

 

𝑄𝑟𝑟

𝑑2𝑢𝑟

𝑑𝑟2
+

𝑄𝑟𝑟

𝑟

𝑑𝑢𝑟

𝑑𝑟
+ (𝑄𝜃𝑟 − 𝑄𝜃𝜃)

𝑢𝑟

𝑟2
= −𝜌𝑟𝜔2 ; 

 

𝑑2𝜈

𝑑𝑟2
+

1

𝑟

𝑑𝜈

𝑑𝑟
−

2𝜈

𝑟2
= −

𝜌𝑟𝛼

𝐺𝑟𝜃
. 

4.4 

Clearly, the radial and tangential equilibrium equations are in a similar form indicating the 

solution to both equations is found using the same process. It is also worth noting, due to the 

assumption of transverse isotropy, the existence of tangential stress has no effect on the radial 

equilibrium set of equations, and vice versa. This may not be intuitive, however, considering the 

stiffness matrix in eq 4.2, it is clear the principal stress and shear stress behavior should be 
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independent of each other given the coupling terms, Q61 to Q63, are zero. Notice this condition is 

only true if the material is transversely isotropic. Since the rotors considered herein are filament 

wound with a 90° winding angle transverse isotropy is appropriate, therefore radial and 

circumferential strains have no effect on in-plane shear stress, τrθ [6]. 

For brevity the remainder of the derivation is limited to solving the radial displacement 

equation while recognizing the shear equation is solved identically. The second order 

inhomogeneous ordinary differential equation is simplified by changing its base from r to t using 

the following relationships, 

 𝑟 = 𝑒𝑡;    ln(𝑟) = 𝑡;    
𝑑𝑡

𝑑𝑟
=

1

𝑟
. 4.5 

Then invoking the chain rule, eq 4.5 is substituted into eq 4.4 to yield 

 𝑄𝑟𝑟

𝑑2𝑢𝑟

𝑑𝑡2
+ (𝑄𝜃𝑟 − 𝑄𝑟𝑟)𝑢𝑟 = −𝜌𝜔2𝑟3, 4.6 

which is also a second order inhomogeneous ordinary differential equation but now with constant 

coefficients, thus having the general form 

 𝐴
𝑑2𝑢𝑟

𝑑𝑡2
+ 𝐸𝑢𝑟 = −𝜌𝜔2𝑟3. 4.7 

The characteristic homogeneous solution to eq 4.7 is 

 𝑢𝑟(𝑡) = 𝐶1𝑒
𝜆1𝑡 + 𝐶2𝑒

𝜆2𝑡  , 4.8 

where constants C1 and C2 are discussed later, and λ1 and λ2 are determined from the homogeneous 

solution of eq 4.7 with the substitution 𝑢𝑟 = 𝑒𝜆𝑥 and using the chain rule once again yielding 

 (𝐴𝑒𝜆𝑥)𝜆2 + 𝐸𝑒𝜆𝑥 = 0. 4.9 

Solving the quadratic equation gives λ1 and λ2. The particular solution can be found with the 

homogeneous solution to isolate the appropriate radial displacement function from all possible 

solutions. Then, changing the base back to the r basis yields the radial displacement equation 

 𝑢𝑟(𝑟) = 𝐶1𝜑1𝑟
𝜅 + 𝐶2𝜑2𝑟

−𝜅 − 𝜌𝜔2𝜑3𝑟
3, 4.10 

Using equations 4.2, 4.3, and 4.10 the radial stress is 

 𝜎𝑟 = 𝐶1𝑟
𝜅−1 + 𝐶2𝑟

−𝜅−1 − 𝜌𝜔2𝜑4𝑟
2 4.11 
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where C1 and C2 are found from the boundary conditions, and κ and φi with i = 1, 2, 3 are functions 

of the stiffness matrix, i.e., 

 

𝜅 = √
𝑄𝜃𝜃

𝑄𝑟𝑟
;      𝜑1 =

1

𝑄𝜃𝑟 + 𝜅𝑄𝑟𝑟
; 

 

𝜑2 =
1

𝑄𝜃𝑟 − 𝜅𝑄𝑟𝑟
;      𝜑3 =

1

(9 − 𝜅2)𝑄𝑟𝑟
;      𝜑4 =

3𝑄𝑟𝑟 + 𝑄𝜃𝑟

(9 − 𝜅2)𝑄𝑟𝑟
. 

4.12 

The same solution path can be used to determine the tangential displacement equation is found as 

 𝜈(𝑟) = 𝐷1𝑟 + 𝐷2𝑟
−1 −

𝜌𝛼𝑟3

8𝐺𝑟𝜃
. 4.13 

Similarly, referring to eq 4.10, D1 and D2 are constants found using the boundary conditions. Shear 

stress is found by combining equation 4.14 with the shear strain condition in equation 4.3. 

 𝜏𝑟𝜃 = 𝐺𝑟𝜃 (−
2𝐷2

𝑟2
+

𝜌𝛼𝑟2

4𝐺𝑟𝜃
) 4.14 

Applying this to multi-rim flywheel rotors with an arbitrary number of rims, i.e. the rotor is 

constructed from j = 1, 2, 3…N rims, requires radial and tangential continuity and boundary 

conditions to be satisfied. Radially, 

 𝜎𝑟,𝑟𝑜

𝑗
= 𝜎𝑟,𝑟𝑖

𝑗+1
;      𝑢𝑟,𝑟𝑜

𝑗
= 𝑢𝑟,𝑟𝑖

𝑗+1
 4.15 

where 𝜎𝑟,𝑟𝑜

𝑗
is the radial stress at the outer radius, ro, in the jth rim, and  𝜎𝑟,𝑟𝑖

𝑗+1
 is the radial stress at 

the inner radius, ri, of the next, j+1, rim. The same notation is used to describe the radial 

displacements, ur, at the interface as well. The boundary conditions are 

 𝜎𝑟,0 = −𝜎0;      𝜎𝑟,𝑟max
= 0, 4.16 

Where 𝜎0 is the applied stress at the inner surface, such as from a press fit, and 𝜎𝑟(𝑟max) is the 

stress on the outer surface of the flywheel rotor. Using equations 4.16 and 4.17, C1 and C2 can be 

found. Tangentially the continuity conditions are, 

 𝜏𝑟𝜃,𝑟𝑜

𝑗
= 𝜏𝑟𝜃,𝑟𝑖

𝑗+1
;      𝜈𝑟𝑜

𝑗
= 𝜈𝑟𝑖

𝑗+1
, 4.17 

and the boundary conditions are 

 𝜏𝑟𝜃,0 = 𝜏0;      𝜏𝑟𝜃,𝑟max
= 0. 4.18 
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Here shear stress at the inner most and outer most surfaces are τ0 and 0. Notice, shear stress is 

dependent on a single integration constant which can be found using the boundary and continuity 

conditions in equations 4.17 and 4.18. For each rim, 

 𝐷𝑗−1 = (
𝜌𝑗−1𝛼

𝐺𝑟𝜃
𝑗−1

−
𝜌𝑗𝛼

𝐺𝑟𝜃
𝑗−1

)
𝑟𝑗,𝑜

4

8
+

𝐺𝑟𝜃
𝑗

𝐺𝑟𝜃
𝑗−1

𝐷𝑗;      𝐷𝑁 =
𝜌𝑁𝛼𝑟max

8𝐺𝑟𝜃
 4.19 

Consider equation 4.19 left, when 𝑗 − 1 = 𝑁 then 𝐺𝑟𝜃
𝑗−1

 is the shear modulus of the Nth rim; 

therefore, 𝐺𝑟𝜃
𝑗

, 𝜌𝑗  and 𝐷𝑗 must refer to the shear modulus, density, and integration constant for a 

rim which does not exist so these values must be zero. In this case equation 4.19 left simplifies to 

4.19 right. 

4.2.2 Tsai-Wu Criteria 

The general Tsai-Wu failure criterion, described in [10,14–16], can be reduced to 10 terms 

by employing the same transversely isotropic assumption used above. This criterion finds a 

relationship, F, between the applied stress tensor and the material tensile strengths and it predicts 

failure when F≤1. At failure, the stress tensor represents the maximum allowable stress and F = 1. 

The Tsai-Wu failure criterion is written as, 

 
𝐹 = 𝐹11(𝜎1

all)
2
 + 𝐹22(𝜎2

all)
2
+ 𝐹33(𝜎3

all)
2
+ 𝐹66(𝜏12

all)
2
+ 2𝐹13𝜎1

all𝜎3
all

+ 2𝐹12𝜎1
all𝜎2

all + 2𝐹23𝜎2
all𝜎3

all + 𝐹1𝜎1
all + 𝐹2𝜎2

all + 𝐹3𝜎3
all = 1, 

4.20 

where [σi
all] is the allowable, or maximum, stress tensor in the i = 1, 2, or 3 directions at an arbitrary 

point in the rotor. Where the i directions correspond to the θ, z, and r directions respectively. 

Additionally, while the plane strain condition was used to simplify the rotor analysis, this does not 

preclude the possibility of axial stress; therefore, it is included in the failure criteria for 

completeness [13]. The F coefficients are, 

 

𝐹11 =
1

𝜎1𝑡𝜎1𝑐
;      𝐹1 =

1

𝜎1𝑡
−

1

𝜎1𝑐
;      𝐹22 = 𝐹33 =

1

𝜎3𝑡𝜎3𝑐
; 

 

𝐹2 = 𝐹3 =
1

𝜎3𝑡
−

1

𝜎3𝑐
;     𝐹12 = 𝐹13 =

−1

2√𝜎1𝑡𝜎1𝑐𝜎3𝑡𝜎3𝑐

;     𝐹23 = 𝐹22 −
1

2𝜏13
2 ; 

𝐹66 =
1

𝜏13
2 , 

4.21 

where the subscripts t and c refer to the tensile and compressive failure strengths, respectively. 

Its common, and more valuable, to define the relationship between maximum allowable 

stress and the currently applied stress as the failure ratio (R) [15]. This relationship is found by 

combining the maximum allowable stress tensor, [𝜎𝑖
all], with the applied stress tensor, [𝜎𝑖

app
], 

multiplied with R such that, 
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 𝜎1
all = 𝑅𝜎1

app
;      𝜎2

all = 𝑅𝜎2
app

;      𝜎3
all = 𝑅𝜎3

app
;      𝜏13

all = 𝑅𝜏13
app

. 4.22 

 

Then, eq 4.23 is substituted into eq 4.21 which yields a quadratic equation, i.e. 
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app

)
2
+ 𝐹22(𝜎2

app
)
2
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app
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2
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2
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app
𝜎3

app
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app

𝜎3
app
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app

𝜎3
app

] 𝑅2

+ [𝐹1𝜎1
app

+ 𝐹2𝜎2
app

+ 𝐹3𝜎3
app

]𝑅 − 1. 

4.23 

Solving this quadratic equation for R defines the strength ratio. When [𝜎𝑖
app

] equals [𝜎𝑖
all] then R 

equals unity indicating failure, whereas R > 1 indicates [𝜎𝑖
app

] is less than  [𝜎𝑖
all] showing no 

failure is predicted. It is common to define a strength ratio (SR) to be 1/R as this is more intuitive 

conceptually and graphically [15]. Failure under this criterion is predicted when SR ≥ 1. 

4.2.3 Computational Methodology 

The computational methodology applied here is similar to that discussed in [13,17,18]. The 

analytical methodology discussed above is fundamentally a quasi-static analysis valid for constant 

loads and time. To adapt this for time dependent behavior the rotor response is approximated 

through a number of discrete time and load steps. However, the present work differs from previous 

studies by iterating through both angular velocity and time instead of only time as has been done 

previously. The rotor dimensions, material properties, and simulation parameters—including the 

time vector, minimum and maximum angular velocities, and the function according to equation 

(26) discussed below—are defined inputs to the model. Then beginning at the initial time step, 

angular velocity is calculated and used to determine the boundary conditions, rotor response, and 

SR. Then the algorithm iterates to the next time step and begins again. This yields the induced 

stress and SR for all points in the flywheel rotor at all times and velocities of interest. The 

simulation ends when either the maximum time is reached or when the rotor no longer has enough 

energy to satisfy the power requirement without exceeding the maximum angular velocity or 

passing below the minimum angular velocity. 

4.2.4 Simulation Parameters 

During operation, a flywheel rotor will experience many charge-discharge cycles which 

can be divided into an acceleration phase and a deceleration phase. For example, the rotor of an 

EV charging station may accelerate slowly over a long period of time while no vehicle is charging, 

i.e. charge phase. Then, when a vehicle is connected to the charging station, the rotor will 

decelerate rapidly, i.e. discharge phase. Clearly, the discharge phase will have more significant 

shear stresses due to the high power required to charge the EV battery. For this study, a flywheel 

rotor appropriate for EV charging or LTR recumbent braking is designed and subjected to various 

loading conditions. The simulated flywheel rotor is constructed from filament wound carbon fiber 

reinforced polymer composite with constant rectangular cross section intended for short to medium 

term energy storage applications. The winding angle is taken to be 90° with respect to the rotor 
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axis of rotation to maximize circumferential strength. The material properties are given in Table 

4.1 based on an IM7/8552 carbon fiber filament and epoxy resin (Hexcel Corp., Stamford CT, 

Hexion Inc., Columbus OH) [19–21]. The composite rim is press fit around a 7075-t6 aluminum 

rim used to simulate a metallic hub. The material properties given in Table 4.1 and Table 4.2. 

Table 4.1: Material properties for the aluminum 7075-T6 [22] and viscoelastic equations for 

CFRP [23] used in the present study. 

Material Qθθ [Pa] Qzz [Pa] Qrr [Pa] Qrθ  [Pa] ν ρ [
𝑘𝑔

𝑚3] 

Aluminum 7.19 × 1010 7.19 × 1010 7.19 × 1010 2.69 × 1010 0.33 2795 

CFRP 1.11 × 1011 9.09 × 109 9.09 × 109 5.0 × 109 0.31  1560 

 

 

Table 4.2: Directionally dependent tensile strength of CFRP and failure strength of aluminum 

used to find SR from the Tsai Wu failure criterion. 

Material 𝜎1t [MPa] 𝜎1c [MPa] 𝜎3t [MPa] 𝜎3c [MPa] 𝜏 [MPa] 

CFRP 2,720 1,689  64.1 307 137 

Aluminum 572 572 572 572 331 

 

The angular velocity of the rotor is defined as 

 𝜔(𝑡) = 𝜔𝑡−1 + 𝛼(𝑡)Δ𝑡, 4.24 

where ωt-1 is the initial angular velocity in rad/s and α(t) is the acceleration in rad/sec2, and Δt is 

an arbitrary time step. The acceleration, α(t), is determined by the power requirements for each 

case according to, 

 𝛼(𝑡) =
𝑃

𝐼𝜔(𝑡)
 4.25 

where P is the power, and I is the rotor moment of inertia which can be calculated as described in 

[24]. Notice the maximum acceleration, and in turn shear stress, will occur at the lowest angular 

velocities. This is also when principle stresses—radial, circumferential, and axial—are minimized. 

The initial rotor parameters are based on the requirements for an FESS used in recumbent 

breaking in light rail transit (LRT) [25]. The power requirements for EV charging were found to 
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be similar [26]. This case simulates a flywheel rotor providing power to a light rail transit vehicle 

to assist the vehicle’s acceleration out of a station. The flywheel rotor simulated here has a filament 

wound CFRP composite rim with uniform rectangular cross section. The fiber angle is taken to be 

90° from the axis of rotation. This is press fit around an aluminum 7050-t6 metallic hub also with 

rectangular cross section. Given the plane strain assumption the rotor thickness is taken to be 43 cm 

with a corresponding to an energy capacity of 11.19 kWh at ωmax = 24,150 rpm. The minimum 

state of charge is taken to be 25% of the maximum angular velocity [27], ωmin =6,037.5 rpm. These 

parameters are given in Table 4.3 and Figure 4.1. 

Table 4.3: Flywheel rotor rim dimensions, press fit width, and energy capacity. 

Parameter Aluminum hub CFRP rim Complete rotor 

Inner radius 160 mm 200 mm - 

Outer radius 200 mm 330 mm - 

Press fit 

interference 

- - 0.8 mm 

Rotor length - - 430 mm 

 

 

Figure 4.1: Diagram of simulated flywheel rotor showing dimensions of aluminum hub, CFRP 

rim, and the axis of rotation (AoR). 
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Demand from LRT systems may be as high as 725 kW [25] while peak demands from EV 

charging stations can reach 120 kW [28]. Applied to the LRT the flywheel could maintain the 

required power supply for a maximum of approximately 52 seconds before reaching the minimum 

state of charge. As applied to EV charging this flywheel rotor could maintain 120 kW for 

approximately 5 minutes 35 seconds. For the purposes of this study the larger power demand and 

simulation time will be used as this creates greater shear stresses within the rotor. 

4.3 Results and Discussion 

To validate the analytical model discussed above predictions from the current model are 

compared to those in published literature, Figure 4.2. The circumferential, radial, and axial results 

are compared to those reported by Ha et al. [29], results are from their analytical model, and the 

shear stress predictions are compared to Salehian et al. [7], results from their FEA model. It can 

be seen the current model produces identical results in all directions as those in literature. Note, 

the Ha et al. [29] results include a simulated internal pressure resulting in the compressive load at 

the inner surface. As was discussed previously this analysis is fundamentally a quasi-static analysis 

where only velocity changes with time. These results show the current analysis is capable of 

accurately predicting the rotor stress at an arbitrary velocity and angular acceleration, and, given 

this is fundamentally a quasi-static analysis, it is reasonable to believe that the model works as 

expected. 

 

(a) (b) 

Figure 4.2: Comparison of shear stress calculated by the current model and those published by 

(a) Ha et al. [29] for radial, circumferential, axial stress, and (b) Salehian et al. [7] for shear 

stress. 

Recalling the plane strain assumption made for the present analysis, modeling results validate 

the taken approach, which simplifies solving the radial inhomogeneous equilibrium equation. 

Contrasting present work with published literature, see e.g. [6,7,29,30], comparable results are 

achieved. It should be noted that some of these studies assume generalized plane strain. Given the 



67 

 

body of published works that impose and validate the plane strain assumption, its application in 

the present analysis is seen as appropriate. 

4.3.1 Constant Power Demand and Supply 

The flywheel rotor simulation will predict the stress caused by constant power supply or 

demand of 725 kW as discussed previously. For the purposes of this discussion, supply will be 

used to indicate energy entering the FESS and accelerating the flywheel rotor while demand will 

indicate energy leaving the system thus decelerating the rotor. The simulation will always begin 

from either ωmax, in which case power and acceleration will be negative, or ωmin, in which case 

power and acceleration will be positive. The resulting radial, circumferential, and shear stress for 

both the supply and demand cases is given in Figure 4.3. 

 

(a) (b) 

 

(c) (d) 

  



68 

 

 

(e)  

Figure 4.3: (a, b) radial stress when accelerating and decelerating (c, d) circumferential stress 

when accelerating and decelerating, and (e) shear stress induced by a constant power supply or 

demand of 725 kW. 

From this figure several key points stand out and will be considered further. These points 

are the inner and outer rotor surface at r=160 mm and r=330 mm, the CFRP radial peak tensile 

stress location at r=262.8 mm, and the interface at r=200 mm. Interfacial stress is unique because 

it acts on both the hub and CFRP rim. While the radial stress is equal at this radius, the 

circumferential stress and SR varies significantly. For these radii of interest, the stress in each 

direction is given at all velocities in Figure 4.4. These figures, Figure 4.3 and Figure 4.4, provide 

complimentary information. Consider Figure 4.4a, radial stress at the inner and outer surface is 

zero and is identical at all velocities for the hub/rim interface, as is expected. The same data is 

shown in Figure 4.4a for all times during the simulation. This example identifies the relationship 

between the predicted radial stress, angular velocity, and simulation time for these four points. 

Similar deductions can be made for any of the radii of interest at any time and velocity during the 

simulation. 

The radial and circumferential stress are observed to grow nonlinearly with angular 

velocity in Figure 4.4. At the interface, magnitude of pressure between the rim and hub decreases 

with velocity from 45.3 MPa to 27.0 MPa. The maximum tensile stress for the radial direction at 

ωmax is 50.4 MPa near the rim mid-surface at r=262.8 mm and is in the same position whether 

accelerating or decelerating. Below ωmax the location of peak tensile stresses, shown in Figure 4.3a 

and b, is seen to move outward when decelerating. 

Peak stress in the circumferential direction always occurs at the inner surface of the 

composite rim and is approximately 968 MPa. In the hub maximum stress was predicted at the 

inner surface of approximately 532 MPa and the minimum stress is -209.5 MPa. 
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Under the plane strain assumption axial stresses cannot be entirely discounted. The 

isotropic aluminum has a Poison’s ratio of 0.33 leading to peak axial stresses between -73 MPa 

and 243 MPa at the inner surface of the hub at maximum velocity. The composite rim is a slightly 

more complicated case due to anisotropy. In this case peak axial stress varied between 0 and 

36.3 MPa. Circumferential stress in the CFRP has little impact on the axial stress because the 

material’s high stiffness prevents significant strain. Therefore, axial stress in the CFRP is caused 

almost entirely by radial strain. 

 

(a) (b) 

 

(c)  

Figure 4.4: The (a) radial stress, (b) circumferential stress, (c) shear stress. Stresses at the 

interface are reported for the hub outer surface and the CFRP inner surface. The results for 

accelerating and decelerating are sufficiently similar so only the acceleration results are 

provided. 

Figure 4.3e includes the shear stress while the rotor is both accelerating and decelerating, 

and Figure 4.4c includes the shear stress at all velocities for the five radii of interest. When the 
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rotor has an initial velocity of ωmin it is subjected to a shear stress at the inner of 16.6 kPa at t=0 s 

decreasing to 4.15 kPa at t=52 s. The exponential decay is clearly seen in both figures. The inverse 

behavior is seen when decelerating the rotor from ωmax. The initial high velocity allows for 

minimal deceleration, and therefore a minimal shear stress of -4.14 kPa. After decelerating from 

ωmax for 52 sec the rotor the shear stress is large due to the high acceleration required to maintain 

the power demand, the shear stress is 15.6 kPa. As was seen in section 3.1, minimum velocities 

result in maximum acceleration and shear stress. 

The acceleration and deceleration do not produce exactly symmetric shear stress because 

the velocity at each simulated time iteration is not identical. Compare the acceleration and 

deceleration cases. In the first, the rotor begins at ωmin when t=0 s. In the second, the rotor begins 

at ωmax and decelerates for t=52 s before the simulation ends. In the first case, the angular velocity 

is exactly 6,037.5 rpm because the simulation begins at the minimum angular velocity. However, 

in the second case the simulation begins at the maximum and decelerates for 52 seconds ending at 

6,411 rpm. At this point the rotor cannot meet the power requirement without passing below the 

minimum velocity so the simulation ends. For this reason, accelerating from the minimum velocity 

resulted in the simulation ending 0.5 seconds earlier than when decelerating from the maximum 

velocity. 

The interfacial stress combined with the coefficient of friction between aluminum and 

CFRP can be used to determine the maximum allowable shear stress before the rim slips on the 

hub. The coefficient of friction between aluminum and CFRP is 0.68 [31] and the minimum 

interfacial stress, i.e. normal force acting on the cylindrical surface of the hub, is ±27 MPa meaning 

the maximum shear stress must be less than ±18.36 MPa to prevent sliding at the interface. 

Comparing Figure 4.3e and Figure 4.4c it is clear that interfacial friction is not a limiting factor 

for this flywheel rotor.  

As the rotor undergoes a full charge discharge cycle circumferential and axial stress in the 

hub alternates between tensile and compressive stress. The difference between the maximum and 

minimum stress for each direction is 741.5 MPa for the circumferential and 316 MPa for the axial. 

Similarly, radial stress in the composite rim alternates tensile and compressive, however the 

difference between the maximum and minimum stress at r=262.8 mm is 55.7 MPa, an order of 

magnitude less. Circumferential stress in the CFRP rim is the only region of the rotor which 

continuously experiences tensile stress. The largest difference in magnitude between the maximum 

and minimum stress occurs at the inner surface and has a range of 754 MPa. Taken in aggregate, 

these results suggest fatigue is a significant concern. Cracks can be initiated and propagate due to 

the large magnitude cyclic loading. Of particular concern is the inner surface of the hub, and the 

mid plane of the CFRP rotor. Circumferential stress in the hub can initiate a crack which would 

propagate radially outward [32]. Additionally, radial stress in the rim could initiate a crack which 

propagates circumferentially through the matrix [33]. 



71 

 

4.3.2 Flywheel Rotor Failure 

The Tsai-Wu criteria combines all four stress dimensions into the SR where a value greater 

than or equal to unity indicates failure. While accelerating from ωmin, the SR for all points along 

the flywheel rotor is given in Figure 4.5a and for all velocities at key points in Figure 4.5b. The 

SR while decelerating is not provided as the overall stress state between the two cases is 

sufficiently similar as to produce no significant difference between these two cases. Initially, the 

highest combined loading is seen in the aluminum hub, however this quickly changes as the rotor 

accelerates. The CFRP rim has lower radial stiffness than the aluminum and experiences greater 

centrifugal loading due to its radial position meaning radial stress quickly grows to dominate SR 

in this region of the rotor. In the hub, SR initially decreases as the circumferential and radial 

stresses, both caused by the press fit, decrease toward zero. As the rotor continues to accelerate 

stress continues to grow within the hub. This initial drop in SR is caused by the stresses 

transitioning from tensile to compressive. The phenomenon is most apparent in the hub because 

the radial, circumferential, and axial stress all transition from compressive to tensile unlike the 

CFRP rim where only the radial stress undergoes this transition. 

 

(a) (b) 

Figure 4.5: SR predicted using the Tsai Wu criteria for (a) all points in the flywheel rotor at 

various time throughout the simulation and (b) for all velocities in the simulation at five key radii 

of interest. Note the peak radial stress location changes with angular velocity, discussed below. 

Based on quasi-static loading, SR predicts failure will occur in the composite rim at 

r=262.8 mm. Considering the results in Figure 4.5b and Figure 4.3a failure is likely to occur in the 

radial direction as tensile stress exceeds the radial tensile strength. Quasi static failure is not 

predicted for any other points in the flywheel rotor.  

Figure 4.5b shows the largest SR variations are seen in the hub which corresponds to the 

conclusions from Figure 4.3. At the hub inner and outer surfaces, the SR is seen to decrease to 

zero and 0.024 respectively before increasing to 0.82 and 0.61, among the largest values predicted 

anywhere in the rotor. The unusual shape of SR curves in the hub is caused by the change from 
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compressive to tensile stress. In the hub radial stress is typically dominated by the circumferential 

stress because aluminum is isotropic, and the magnitude of radial stress is significantly less than 

the circumferential stress. Below ω=13,810 rpm the circumferential stress is compressive loading, 

above that velocity it is tensile, and at that velocity circumferential stress is negligible. Consider 

the effect of radial stress on equation (21). This applied stress is always less than 10% of the yield 

strength, meaning the radial quadratic term, F33(σ3
app

)
2
, will always have a value less than 0.01. 

Further, aluminum is isotropic, so all linear terms in equation 4.22 are zero. In aggregate this 

suggests radial stress in the hub has a negligible effect on SR when compared to the combined 

effect of circumferential and axial stress.  

The slope of the SR curves in the hub is also larger than for any other region indicating that 

changing angular velocity disproportionally impact the hub when compared to the rim. The large 

magnitude SR variation and rapid growth and decay further support the conclusion that fatigue in 

the metallic hub is of significant concern to rotor failure.  

Continuing, it can be seen SR is dependent on angular acceleration entirely though the 

quadratic term F66(τ13
app

)
2
. It has been shown the largest shear stress is 16.6 kPa at the inner 

surface of the hub while the circumferential stress at the same location and velocity is 

approximately -200 MPa and radials stress is zero. F66 is on the order of 10-12 and (τ13
app

)
2
 is 10-6. 

Despite radial stress being zero clearly the circumferential stress is the only significant factor in 

SR. Conducting the same order of magnitude analysis for all velocities and times shows shear 

stress is never a significant factor in SR during the simulation. Figure 4.5 shows the SR curve for 

this flywheel regardless of acceleration and can be used for fatigue and lifetime assessment 

throughout the rotor’s operation.  

This is not to say shear stress is insignificant. Shear stress can have a significant impact on 

the induction and propagation of cracks, especially within the metallic hub where the magnitude 

and direction of stress varies wildly. While it has been shown the flywheel rotor is capable of 

withstanding these applies shear stresses that does not necessarily mean an FESS has the same 

capabilities. Rather this discussion shows shear stress, independently, may not be significant, 

however other factors dependent on shear, such as fatigue, are likely more significant than quasi 

static loading. Finally, shear stress can be used to define an upper bound on power supplies and 

demands acceptable to a flywheel rotor. While this upper bound may not be practical from an 

energy storage perspective it can become extremely relevant for other applications as discussed in 

[6]. 

Considering all velocities, the maximum SR and its corresponding location is shown in 

Figure 4.6. Maximum SR, shown in red, and peak stress location is blue. The time index of various 

key points is provided as well. The SR predicts the peak stress location change as the rotor 

accelerates. Initially, the circumferential stress dominates the stress response, and the peak stress 

location is at the inner surface of the rim, r=160 mm. However, the peak stress location briefly 
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moves to the hub-rim interface before the CFRP rim radial stress grows to dominate the response, 

at approximately 13,620 rpm and t=14 s, and the peak stress location moves to its largest radial 

distance at r=280 mm. From here the peak stress location moves inward. At t=31 s and t=47 s peak 

stress is found at r=267.2 and 262.8 mm respectively. This is just inside the rim mid plane due to 

the compressive loading at the interface. While the peak stress location is typically between the 

inner radius and the mid plane [6,29,34] of the CFRP rim the presence of the hub applying pressure 

to the inner surface of the rim forces the peak stress location further out than if the hub were not 

present. 

 

Figure 4.6: Maximum SR and corresponding peak SR location given for all angular velocities. 

The time index of various key points is provided as well. 

To better understand the effect of the hub, a brief exploratory investigation was conducted 

by, first, allowing the rotor to accelerate continuously regardless of predicted failure until the peak 

stress location is constant, and, second, determining the peak stress location when the hub was not 

present. Note that shear stress decreases as velocity increases so shear stress will become a 

diminishing factor as velocity grows. After reaching 48,800 rpm, the peak stress location reached 

r=253.8 mm but did not continue inward. When the hub was not present the peak stress location 

was always r=253.8 mm. This confirmed the hub forces the peak stress location further outward 

which compounds with the greater circumferential stress at this larger radial position. Recognizing 

cyclic stress is most significant in the hub it may be beneficial to limit the minimum angular 

velocity of the rotor to 13,620 rpm. This would ensure the circumferential stress in the hub is 

always positive, thus minimizing cyclic fatigue. However, the increased minimum velocity 

reduces the available energy capacity to 68.2% of the total kinetic energy of the rotor. 
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4.4 Conclusion 

High performance composite FRP flywheel rotors experience large cycle lifetimes and 

high-power capacities. This necessarily requires rotor acceleration and deceleration raising 

concerns regarding the effect shear stress has on the flywheel rotor. An analytical model capable 

of predicting radial, circumferential, and shear stress was developed to simulate filament wound 

FRP composite flywheel rotors. Additionally, the Tsai-Wu failure criterion was applied to predict 

failure velocity, location, and mode.  

A constant power supply and demand 725 kWh was provided to the flywheel rotor to predict 

the stress evolution during a charge-discharge cycle. Five key points along the rotor were identified 

and used to track the predicted stress and SR at all velocities during the simulation. It was seen that 

in radial tensile stress in the rim was the most likely quasi-static failure mode. However, based on 

the wide range of predicted stress and SR there exists significant variability in the loading 

conditions suggesting crack initiation, crack propagation, and cyclic fatigue pose serious risk to 

the long-term health of the flywheel rotor, especially in the metallic hub. Recognizing shear stress 

has a minimal impact on stress magnitude, it is theorized that SR can be used to determine cyclic 

fatigue and failure. 

Finally, it was seen that the peak stress location was not fixed, but rather moved from the 

inner surface to the interface, then to the CFRP rim. In the rim peak stress is first found at a large 

radial coordinate but moved slowly inward as angular velocity increases. 

When discussing flywheel rotor failure, it is important to consider the wide variety of 

potential failure modes which exist simultaneously during operation. While the maximum radial 

stress criterion predicts failure before the Tsai-Wu criterion, it does not consider the complex 

interactions of each stress, nor does it provide insight on other potential failure modes such as 

cyclic fatigue and cracking. For this reason, when designing and analyzing composite FRP 

flywheel rotors, multiple failure modes should be considered in combination to determine the 

optimal design for a given application. 
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5 Experimental Measurement of Viscoelastic Compliance 
The parts of the following chapter have been published in the proceedings of the Canadian 

International Conference on Composites (CANCOM 2022). Table 5.1 identifies which sections 

are part of this publication and which are new to this thesis. Partially published sections are a 

combination of published and unpublished paragraphs or subsections. Appendices were not part 

of the original publication. This chapter addresses the third and final objective of this thesis. 

Table 5.1: List of sections in Chapter 5 detailing the inclusion in conference proceedings. 

Section Name Published 

5.1 Introduction Partial 

5.2 Experimental Setup and Methodology Included 

5.2.6 Experimental Procedures Partial 

5.2.7.1 Load Cell Characterization Omitted 

5.2.7.2 TTSP and Master Curve Included 

5.3Validation of Experimental Procedures Included 

5.4 Results Omitted 

5.5 Conclusion Partial 

 

5.1 Introduction 

The application of filament-wound fiber-reinforced polymer composites (FRPC) to the 

construction of flywheel rotors for energy storage has been a common practice for over 40 years 

and the study of composite material properties independent of application goes back even further 

[1]. Measurement methods for quasi-static elasticity are well-documented [2-3], and well reported 

in literature [4-5], however documentation for viscoelastic material properties is less 

comprehensive. Moreover, due to the existence of edge effects, measurement of transverse 

viscoelastic compliance of unidirectional FRPCs, such as those used in flywheel rotors, presents 

unique challenges for traditional coupon testing. Further, accurately measuring the anisotropic 

viscoelastic compliance of composite materials is critical to design and modeling of flywheel 

rotors [6-7]. Recognizing that FRPC that are filament-wound in the hoop direction are transversely 

isotropic [8-9], axial testing of tubular specimen is postulated to accurately represent the axial and 

radial transverse elasticity of thick-walled cylinders, such as those used in the construction of 

multi-rim flywheel rotors [10]. 

Skinner and Mertiny [7] showed that accounting for viscoelastic compliance is critical for 

designing and modeling composite flywheel rotors throughout their expected lifetime. The same 

is true for any application requiring long term prediction of composite material behavior. 

Specifically, it is necessary to determine the compliance master curve of the material for its entire 

lifetime. ASTM D2990 [11] states the creep strain of a composite specimen can be found by 

heating test specimens to an elevated temperature while applying a known load and measuring 

creep strain. Then, viscoelastic compliance is calculated from creep strain using the known stress. 
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Typically, the compliance master curve is constructed using employing the time temperature 

superposition (TTSP) approach which relates short term high temperature compliance with 

long-term low temperature compliance by shifting the short-term compliance measurements along 

a log(time) abscissa [12]. The shifting factors are commonly determined by applying an Arrhenius 

equation using the empirically derived creep activation energy [13-14]. However, this method 

requires an additional set of experiments, to determine the activation energy, and may not be 

feasible. Other methods for determining shifting factors have been described in literature including 

the computational algorithm discussed in [15]. 

This chapter presents a low-cost experimental platform capable of conducting viscoelastic 

testing on thin walled filament wound FRPC tubular specimens with the goal of constructing the 

transverse compliance master curve. The experimental platform and specimens are discussed in 

detail including the data acquisition system, sensors, and testing procedure. Additionally, the 

validation of data processing and test platform is presented. The objective of this chapter is to 

document the method for determining the compliance master curve of filament-wound composite 

specimens and reduce the barrier to entry for future researchers. The present study is conducted 

with glass fiber reinforced polymer composites (GFRP); however, the experimental platform and 

methodology is appropriate for any transversely isotropic material. 

5.2 Experimental Setup and Methodology 

5.2.1 Specimens 

As shown in Figure 5.1, specimens comprise a composite tube and two aluminum tabs 

machined from 6061 aluminum. Tubes were filament-wound using glass fiber filament (Advantex 

Type 30, Owens Corning, Toledo, OH, USA) [16] onto a steel mandrel with a diameter of 25.4 

mm. The matrix was a two-part epoxy (EPON 826 resin and EPIKURE 9551 hardener, Hexion, 

Columbus, OH, USA) [17] with a mixing ratio of 100:36. Table 1 gives further information on the 

composite material system and winding parameters. The winding angle was 88° to closely 

approximate a circumferential fiber orientation. 

After winding, the resulting tubular part was cured on the rotating mandrel in an oven at 

80°C for 1 hour, followed by 120°C for 2.5 hours. Tubes were then cut to length using a diamond 

saw. In preparation for adhesive bonding the tabs, the tube extremities were abraded and cleaned 

to create a uniform bonding surface. Prior to bonding, tubes and tabs were dried in an oven at 

50°C, then the adhesive (DP460, 3M, Maplewood, MN, USA) was applied to bond the tabs to the 

tubes. Tubes and tabs were kept in alignment during room temperature cure using an alignment 

jig. 

As manufactured, the composite tubes have a thin resin-rich area on the outer surface of 

the specimen. This layer contributes only marginally to the sample stiffness, so an effective wall 

thickness was used for analyses using the method described in [18]. In this method the effective 

wall thickness is found from the volume of the deposited fiber material and the fiber volume 

fraction, according to equations Eq.(5.1). The fiber volume fraction, νf, was found by performing 
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burn-out tests using five composite tube sections collected when cutting the specimens to length. 

The fiber volume fraction was found to be 0.667, yielding an effective wall thickness of 2.88 mm, 

which agrees well with the measured wall thickness of 3 mm, assuming a resin-rich surface layer 

of about 0.1 mm—data provided in Appendix 1. 

 

Figure 5.1: Cross-sectional diagram of test specimen assembly (dimension in mm). 

 

Table 5.2: Material system and winding parameters used to create composite tubes [16-17]. 

Property Value 

Fiber density, f 2560 kg⁄m3  

Matrix density, m 1160 kg⁄m3  

Linear density of fiber tow, TEX 0.735 g/m  

Number of fiber tows, TOW 2 

Winding circuits, C 1 

Winding angle,  88° 

Number of layers, N 5 

Inner diameter of composite tube, ID 25.4 mm 

 

 𝑠 = ∑ 𝑡𝑐𝑜𝑣𝑒𝑟𝑛

𝑁

𝑛=1

  5.1 

where 

 𝑡𝑐𝑜𝑣𝑒𝑟𝑛 =
(𝑇𝐸𝑋)(𝑇𝑂𝑊)𝐶

𝜈𝑓𝜌𝑓π (
𝐼𝐷
2 + ∑ 𝑡𝑐𝑜𝑣𝑒𝑟𝑖

𝑛−1
𝑖=1 ) cos(𝛼)

 5.2 
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5.2.2 Testing Equipment 

An experimental setup was designed to satisfy the requirements established by ASTM 

D2990-17 [11]. Figure 5.2 depicts a diagram of the setup, consisting of a base, a support frame, a 

load cell, a mounted specimen, and lever arm with attached weight. Technical drawings and a bill 

of materials is provided in Appendix II.  

 

Figure 5.2: Diagram of creep test setup with labeled components. Some horizontal spars in the 

support frame have been hidden to provide an unobstructed view of the specimen and load cell. 

5.2.3 Specimen Mounts 

The specimen is affixed in the load train with 4.76 mm (3/16 inch) steel pins slip fit in the 

specimen tabs and tensile machine fixtures. This allows the specimen to rotate freely in the 

machine and minimize off-axis loading. 

5.2.4 Heating Chamber 

The specimen can be placed inside a heating chamber, which gently heats the specimen 

and maintains it at the desired temperature. Figure 5.3a shows a schematic of the heating unit 

assembled with a specimen. Heat is supplied by a custom silicone strip heater (Wattco Inc., 

LaSalle, QC, Canada) wrapped around a cylindrical steel housing. The top, bottom, and outside of 

the cylinder is insulated with fiberglass insulation.  

5.2.5 Instrumentation and Data Acquisition Equipment 

Specimens are instrumented with three types of sensors: strain gauges, a load cell, and a 

thermocouple. Diagrams for the data acquisition (DAQ) system and all sensors are provided in 
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Figure 4. The load cell is an S-type load cell (type LC103B-5k, Omega Engineering, Norwalk, CT, 

USA). 

 

Figure 5.3: (a) Cross section of heating chamber and specimen, and (b) tensile machine showing 

specimen orientation (Insert: top-down view on specimen with strain gauges set to 

approximately 120° apart for viscoelastic experiments). 

The strain gauge setup was altered between initial quasi-static and later viscoelastic testing 

in response to issues encountered during the former. Due to the possibility of off-axis loading 

creating bending stress in the sample, multiple strain gauges were attached to each sample. For 

quasi-static testing two strain gauges were applied to the surface of each sample approximately 

90° apart. During quasi-static testing, off axis loading proved to be a reasonable concern so three 

strain gauges applied approximately 120° apart were used for creep testing. Hence, strain is 

collected from three independent gauges with the objective to assess whether the specimen is 

subjected to bending. If bending occurs, the magnitude and direction of bending can be determined. 

Moreover, data from the three gauges can be averaged to compensate for bending effects, similarly 

to [19]. A photograph of the specimen and strain gauge setup is shown in Figure 5.3b. 

Two different strain gauges have been used, i.e., a dual-grid gauge CEA-13-125WT-350 

and a single-grid gauge CEA-13-500UW-350 (both types by Vishay Precision Group Inc., Raleigh, 

NC, USA) [20-21]. Gauges are attached to the specimen using M-Bond 200 strain gauge adhesive, 

and aligned transverse to the fiber direction. The dual-grid and single-grid gauge are wired in a 

half-bridge and quarter bridge configuration, respectively. The gauges are connected to a Vishay 

2100 gauge conditioner [22], which is used to balance the gauges before testing and apply amplifier 

gain. 
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Table 5.3: Strain gauge sensor parameters [20-21]. 

Parameter CEA-13-125WT-350 CEA-13-500UT-350 

Resistance [Ω] 350 ± 0.5% 350 ± 0.3% 

Strain Range ±3% ±5% 

Temperature Range [°C] -75° – 65° -75° – 175° 

Gauge Length [mm] 3.13 12.7 

Overall Length [mm] 8.2 17.78 

Grid Width [mm] 4.57 4.57 

Overall Width [mm] 8.26 4.57 

Matrix Length [mm] 10.7 20.3 

Matrix Width [mm] 10.7 6.9 

 

The specimen temperature is recorded with a custom-built PID controller that continuously 

monitors the sample temperature with a thermocouple and regulates the heating power to control 

the temperature. Three K-type thermocouples (BQLRZ, Shenzhen, China) are used to measure the 

ambient, heater, and specimen temperatures throughout an experiment. The PID settings for the 

temperature controller are 0.1, 100, and 1.0 respectively. A detailed description of the controller 

and standard operating procedures is included in Appendix III. 

During testing, specimen strain and temperature, and applied load are collected continuously 

over time, t, at a sample rate of 1 Hz, using the NI DAQExpress software in conjunction with a NI 

6008-USB device (National Instruments, Austin, TX, USA). 



82 

 

 

(a) 

 

(b) (c) 
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(d) (e) 

Figure 5.4: (a) circuit diagram for sensors and data acquisition system. b,c) Circuit diagram for 

half and quarter bridge strain gauges. d) Circuit diagram for LC103B-5k load cell where the 

color of the leads correspond to those from the manufacturer. e) Pin labels for gauge conditioner 

connector. 

5.2.6 Experimental Procedures 

5.2.6.1 Quasi-Static Testing 

Quasi-static testing was performed using a universal testing machine (MTS 810, MTS, 

Eden Prairie, MN, USA) to determine the transverse tensile strength of GFRP specimens. Load 

was applied at 500 N/min until failure. Specimen strain was acquired with the sensor setup 

described above. Applied load and strain data were recorded by the control and DAQ computer of 

the testing machine. 

The testing procedure was: 

1. Connect strain gauges sensors to the DAQ and ensure the sensors are functioning 

properly, and sample rate is correct. 

2. Ensure load rate and sample frequency are correct. 

3. Load sample into the MTS 810 machine. 

4. Begin data recording and experiment and monitor data acquisition throughout. 

5.2.6.2 Viscoelastic Testing 

To determine the transverse compliance master curve of the material, a series of elevated 

temperature experiments (30°C, 45°C, 60°C) were performed at two applied loads. Testing at 

30°C, rather than room temperature, was conducted to ensure a constant temperature can be 

maintained using the heater. The 45°C and 60°C settings were selected based on ASTM D2990 

which stipulates characterizing a material over the useful temperature range in suitable increments 

that reflect creep variation with temperature and transitions of the material. The applied loads were 
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set at 40% to fosters significant creep deformation while minimizing the risk of crack initiation, 

as shown in [19] where limiting stress to below 50% TS was found improve fatigue performance. 

The technical literature diverges on the need for specimen conditioning. In [23], 

conditioning was deemed necessary for measuring nonlinear viscoelasticity, while virgin 

specimens were used in [24] to directly measure linear viscoelastic behavior. Recognizing that 

time-temperature superposition is only valid for linear viscoelastic behavior, specimen 

conditioning was not performed. 

After instrumenting and installing a specimen and starting the control and DAQ system, 

the testing procedure begins by heating the sample at the required temperature until it reaches 

equilibrium (2 hours). Note that test data is recorded continuously during all stages of the 

experiment. Once at equilibrium, the first specified load is applied by engaging the weight in a 

steady manner using the scissor jack. The ensuing creep test stage runs for 30 minutes. Afterwards, 

the load is removed and the sample is heated to 65°C for 2 hours to allow for specimen recovery. 

This step is followed by equilibrating the sample at the next required temperature. Then, the load 

is applied for the second creep test stage, again for 30 minutes. The recovery-heating-loading 

sequence is repeated in the same manner for the final temperature. Notice that strains are noted 

after each heating stage and before applying the load as this data is needed to separate thermo-

mechanical from elastic and viscoelastic effects. A concern with the above procedure is using a 

single specimen for multiple creep test stages. However, this concern is alleviated by examining 

the recovery behavior. It has been shown that post-recovery strain of less than 5 µε indicated 

minimal permanent damage, so the specimen could be used for the next treatment [19]. 

5.2.7 Data Reduction 

5.2.7.1 Load Cell Characterization 

Applied stress was found by combining the specimen cross sectional area with the applied 

load recorded during testing with the load cell. The load cell voltage data was converted to applied 

load in Newtons using an empirically determined characteristic equation. The load cell was placed 

in the MTS 810 tensile test machine to apply known loads between 0 N and 19,613.3 N (4,409 lbf) 

while recording voltage. The results of this characterization are given in Figure 5.5 and the best fit 

equation found in Matlab is equation 5.3. The adjusted r2 value for this fit is 0.999, and was thus 

deemed acceptable. This will be used to convert the applied creep load to force. 
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Figure 5.5: Sensor data and best fit approximation used to characterize the load cell. 

 𝐹 = (1.401E6)𝑉 + 5.88 5.3 

5.2.7.2 TTSP and Master Curve 

Voltage signals recorded during the experiments were reduced to pertinent physical data. 

A linear voltage-force response was ascertaining for the load cell, allowing force and thus applied 

tensile stress to be determined using the specimen cross-sectional area. Recorded strain gauge data 

were isolated from the start to the end of each test stage. Gauge data from the quarter-bridge or 

half-bridge arrangement was converted to strain, ε, using Eqs.(5.4) and (5.5). Strain were then 

combined with applied stress to determine the time-dependent transverse compliance at each 

treatment temperature and load according to Eq.(5.6). 

 

𝜀quarter(𝑡) =
−4𝑉𝑟(𝑡)

𝐺𝐹(1 + 2𝑉𝑟(𝑡))
(1 +

𝑅L

𝑅G
) , or  

𝜀half(𝑡) =
−4𝑉𝑟(𝑡)

𝐺𝐹[(1 + 𝜈) − 2𝑉𝑟(𝑡)(𝜈 − 1)]
(1 +

𝑅L

𝑅G
) 

5.4 

 𝑉𝑟(𝑡) =
𝑉strained(𝑡) − 𝑉unstrained(0)

𝑉excitation
, 5.5 

where RL and RG are correspondingly the lead wire and strain gauge resistance, GF is the gauge 

factor, V is the measured voltage, and ν is the Poisson’s ratio of the material (here, RL ≈ 0). 



86 

 

 𝑆22(𝑡) =
𝜀(𝑡)

𝜎
 5.6 

Employing TTSP the compliance master curve was constructed an employing shift factor, at. 

While there is no established convention for determining shift factors, it is common to calculate 

them using activation energy in an Arrhenius equation [26-27] or the Williams-Landel-Ferry 

equation [28-29]. However, this approach requires empirically determining the activation energy, 

which was not feasible in this study. Alternatively, the shift for each curve was determined 

analytically using the closed-form shifting algorithm described in [15], which determines the shift 

factor by minimizing the distance between the reference temperature compliance curve and the 

elevated temperature compliance data. Figure 5.6 illustrates this shifting algorithm. Consider two 

datasets, Gk and Gk+1, recorded at different temperatures, Tk and Tk+1, where each set contains N 

elements. Notably, G may denote any dataset, for example, creep strain data. The objective is to 

shift Gk+1 along the abscissa to create a smooth curve. To accomplish this, the overlapping region 

from each data set is identified and used to define the boundaries of an overlapping window. These 

overlapping regions are 

 𝑈𝑘+1 = {log𝐺𝑘+1,𝑛 , log 𝑡𝑘+1,𝑛 , 𝑛 = 1,2, . . 𝑢𝑘+1}, 5.7 

 𝐿𝑘 = {log𝐺𝑘,𝑛 , log 𝑡𝑘,𝑛 , 𝑛 = 𝑙𝑘, 𝑙𝑘+1, 𝑁𝑘}. 5.8 

The location of the last point Uk+1 is defined by an abscissa parallel passing through the last point 

in Gk, and intersecting Gk+1. Similarly, the first point in Lk is defined by an abscissa parallel 

containing the first point in Gk+1 and intersecting Gk. With the overlapping window defined, ak+1 

is found by minimizing the area of this window. Hence, 

 𝐴 = 𝐴𝑘 − 𝐴𝑘+1 = 0 5.9 

where 

 𝐴𝑘 = ∑ [
log 𝑡𝑘,𝑛+1 + log 𝑡𝑘,𝑛

2
(log 𝐺𝑘,𝑛+1 − log𝐺𝑘,𝑛)]

𝑁𝑘−1

𝑛=𝐿𝑘

. 5.10 

Using Eqs.(5.7) and (5.8), the shift factor for the segment dataset measured at Tk+1 is, 

 log 𝑎𝑘+1 =
𝐴𝑘 − ∑ [

log 𝑡𝑘+1,𝑛+1 + log 𝑡𝑘+1,𝑛

2 (log 𝐺𝑘+1,𝑛+1 − log𝐺𝑘+1,𝑛)]
𝑈𝑘+1−1
𝑛=1

log 𝐺𝑘,𝑁𝑘
− log 𝐺𝑘+1,1

 
5.11 
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Figure 5.6: Schematic of data shifting procedure for compliance master curve. 

There are several factors that affect the goodness of the shift resulting from the algorithm. 

It is important to control these factors to minimize shift errors. First, considering the size of the 

overlap window. Errors can be reduced by increasing the number of elements in the two overlap 

regions and the duration of the reference time in the window, both of which can be achieved by 

increasing the experiment duration. Second, considering the slope of the overlap regions, the error 

is minimized for moderately sloped overlapping regions and increases as the slope decreases 

toward zero and toward infinity. It has been shown in [15] that the ideal slope is approximately 

0.05. The third and fourth factor for reducing shift errors are the magnitude of the experimental 

error that is controlled by the experimental setup, and the number of discrete data points per time 

unit in the reference frame, respectively. 

The first step to applying the shift algorithm to the compliance data collected at the various 

temperatures is to select the lowest temperature as the reference temperature, Tk. The compliance 

at the next temperature Tk+1 is shifted onto the reference temperature. Then, the two datasets are 

combined into a larger combined compliance, yielding the master curve at the reference 

temperature. Accordingly, the compliance at subsequent temperatures is shifted onto the master 

curve and added to the combined dataset. The master curve is complete when all elevated 

temperature compliance datasets have been shifted to the reference temperature. The final step is 
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to determine a best fit equation that can be used to reproduce the master curve for the life of the 

material. Findley’s power law is a common empirical model used to predict time-dependent 

compliance and creep of fiber reinforced polymer composites [30-31]. In terms of compliance, 

Findley’s power law is written as 

 𝑆22 = 𝐴𝑡𝑛 + 𝑏 5.12 

where b is the initial elastic compliance, and A and n are material constants. In the current study, 

curve fitting was performed using the built-in fitting tools in the Matlab programming environment 

(MathWorks, Natick, MA, USA). 

5.3 Validation of Experimental Procedures 

5.3.1 Applied Load and Temperature 

Preliminary testing with a target load of 5,000 N was performed to validate the applied 

loading. A mass of 43.1 kg was suspended 122 cm from the fulcrum. The steel lever, inclined at 

approximately 15° from horizontal, imposes a mass of 2.52 kg at its half-length (66.5 cm). For the 

mechanical advantage of 10.5:1, the predicted force applied to the specimen is 4,577 N compared 

to the load cell measurement 4,593 N ± 7 N, yielding an error of 0.3%. Figure 5.7a confirms that 

the applied loading is constant without drift. 

The controller for the heater measures the chamber temperature and the specimen surface 

temperature. The latter is used for control purposes. The graph in Figure 5.7b depicts the surface 

and chamber temperatures for a 3-hour experiment. Notably, the chamber temperature is 55°C for 

a target specimen surface temperature 45°C. The graph confirms that the heater closely maintains 

the desired specimen temperature after about 2 hours of equilibrating. 

 

(a) (b) 

Figure 5.7: Data for test equipment validation: (a) Specimen surface and chamber temperature 

for a 3-hour experiment, and (b) load cell reading for applied load. 
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5.3.2 Strain Measurements and Bending Effects 

In some instances, during quasi-static testing, differences in strain readings were observed 

between the three gauge locations along the specimen circumference, presumably due to bending 

effects. Example strain data is shown in Figure 5.8a, where gauges 1 and 3 recorded the largest 

strain indicating these gauges are on the outside of the bend radius while gauge 2 shows the least 

strain indicating it is on the inside of the bend radius. From a top-down perspective, the specimen 

is bending as indicated by the inset in Figure 5.8a. Bending is thought to originate from 

misalignment, either from imperfect mounting the specimen in the machine and/or a lack of 

cylindrical concentricity between specimen tube and metallic end tabs. Misalignments effects can 

be corrected by changing the specimen, or as mentioned above, by employing a procedure for 

compensating for bending effects as described in e.g. [19]. 

Figure 5.8b depicts sample creep strain data for a specimen subjected to the load described 

above. The strain measurements from each strain gauge have been averaged together to 

compensate for off-axis loading as discussed. The elastic strain caused by quasi-static loading and 

the recovery data have been removed from this graph to better display the creep strain results. The 

small discontinuity seen at 6,000 s is possibly due to a material defect or failure. The data in 

Figure 5.8b confirms the capability of the developed test setup and procedure to yield the 

transverse compliance master curve for FRPC specimens. 

 

Figure 5.8: (a) Difference between strain data from strain gauges (SG) due to bending stress 

(Insert: Arrow indicating specimen bending direction from off axis loading), and (b) sample 

creep strain data. 

5.4 Results and Discussion 

5.4.1 Quasi-Static Results 

The goal of quasi-static testing conducted in the MTS810 tensile test machine was to 

determine the elastic modulus and ultimate tensile strength of the GFRP material. Testing was 
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conducted as described in section 5.2.6.1. Load was applied to the specimens at 500 N/min. Strain 

is recorded on two strain gauges configured as either a half bridge or quarter bridge. Force is 

recorded by the tensile machine. The strain for two specimens is shown in Figure 5.9 below. The 

significant variability seen in the strain results is unexpected given that all specimens are cut from 

the same GFRP tube and subjected to the same loading conditions. This variability is attributed to 

off-axis bending stress, discussed in greater detail below.  

 

Figure 5.9: Strain-time results for glass fiber (GF) samples 08 and 09 collected during quasi-

static testing. 

The strain results of two specimens is shown in Figure 5.10 below. Data is labeled in four 

parts. In order these are a material, glass fiber (GF) in this case, a two or three digit specimen 

number, a two digit test number, and the strain gauge configuration. For example, label 

GF08-01-Half is glass fiber specimen 08 test number 01 from the half bridge strain gauge 

configuration. Note that specimens GF01 through GF07 were used for preliminary testing or were 

failure caused by off-axis loading. The elastic modulus for each data set can be found as the slope 

of the line in the stress strain curve, given in Table 5.4. These results for transverse elastic modulus 

and ultimate strain are consistent with results from similar materials published in literature [32]. 
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Figure 5.10: Stress-strain results for glass fiber (GF) samples 08 and 09. Strain data was 

collected from strain gauges set up in either a quarter bridge or half bridge configuration. 

 

Table 5.4: Elastic modulus calculated from each experiment shown in Figure 5.10 and the 

average modulus for the material. 

Test number Elastic Modulus [GPa] Ultimate Strain [%] 

GF08-01-Half 8.416 0.478 

GF08-01-Quarter 8.547 0.503 

GF09-01-Half 10.452 -- 

GF09-01-Quarter 8.958 -- 

Average 9.06 0.491 

 

Significant variability is seen between these data sets due to off-axis bending forces applied 

during testing. These specimens were designed for use in the viscoelastic test platform described 

above, however this creates an issue with mounting the specimen in the MTS machine and an 

adaptor had to be used. During earlier testing the adaptor was not in line with the central axis of 

the specimen causing bending. Additionally, the tubular shape also facilitates off axis loading 

because of its large radius compared to traditional coupon or dog bone samples. These issues 

combined lead to the variability seen in the quasi-static testing. The GF09-01 test was not intended 

to reach failure so it was stopped after the specimen reached 30 MPa. The GF08-01 test did 
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continue until failure reaching an ultimate failure stress of approximately 41 MPa. The elastic 

modulus and failure stress are within the expected range of GFRP material properties reported in 

literature [14], so these results will be used to define the applied creep load used in the viscoelastic 

testing. 

5.4.2 Viscoelastic Testing 

The EPON 826/ EpiCure-W GFRP composite tube samples are tested at a creep stress of 

16.4 MPa for the 40%TS with two repetitions. Table 5.5 gives all viscoelastic test parameters. 

Viscoelastic testing was conducted according to the procedure outlined in section 5.2.6.2.  

Table 5.5: Treatment combinations table showing all the combinations of creep load and testing 

temperature. 

Applied Load 
Test Temperature 

[℃] 

Creep Duration 

[min] 

16.4 MPa 

(40% TS) 

30 ~30 

45 ~30 

60 ~30 

The effective wall thickness was found to be 2.88 mm, and the lever arm as manufactured 

provides a mechanical advantage of 10.49:1 meaning the lift platform and counter weight are 

42.58 kg. The stress results for the 40%TS creep load repetitions shown in Figure 5.11 (a) as well 

as a detailed view of the first loading period in this figure. This figure is representative of the stress 

vs time results across all viscoelastic testing. The average stress value for this test is approximately 

19.5 MPa which is 46%TS and exceeds the intended stress by 2.6 MPa. The variance in Figure 

5.11 is approximately ±0.15 MPa, however this was not constant throughout all tests. In the worst 

case, stress variations of between 0.5 MPa and 1 MPa were observed. This was attributed to a 

number of causes. First and most significantly, oscillations of the lever arm were observed just 

after applying the load and seen to continue for several minutes after the viscoelastic test began. 

These were cause by non-uniform application of the creep load. The counter weights are placed in 

the approximate center of the lift platform, however small deviations from the exact center can 

cause the platform to swing which acts like a pendulum varying the load throughout its period. 

Additionally, the load is applied manually by lowing a scissor lift which allows the lift platform to 

hang from the lever arm. If this is not done smoothly this can induce oscillations in the lever arm. 

A secondary influence on the creep load is other activity in the lab area which can create vibrations 

due to the operation of other equipment. 

The oscillations can be addressed in several ways. First, shortening the lever arm and 

increasing its stiffness will reduce bending. Secondly, decreasing the size of the lift platform and 

balancing the center of gravity below the center of lift will reduce its tendency to swing. Finally, 

the machine can be better isolated from its surroundings by increasing the mass of the machine 
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and changing its footing to a more stable alternative thus reducing interference from outside 

influences. 

 

(a) (b) 

Figure 5.11: Stress results from GF1 as a representative example of (a) stress vs time for the 

40%TS creep load and all three experimental temperatures, and (b) detailed view of the stress 

variation in the first temperature and stress period from the same test. 

The temperature results for this experiment is shown in Figure 5.12. Again, this was a 

representative example of the temperature profile of the sample throughout a viscoelastic 

experiment. Notice the offset between the set temperature and the sample surface temperature. The 

size of the offset varied significantly between experiments largely due to the air temperature in the 

lab during testing. It took approximately 30 to 40 minutes to reach equilibrium at all temperatures 

and small adjustments were made to the set temperature before applying the load to ensure the 

sample is at the appropriate temperature for each part of the experiment. For the example shown 

the measured temperature during each test was 30.3°C, 44°C, and 61°C which is within the limits 

specified by ASTM for creep testing [2]. The sample temperature was always within ±2°C of the 

desired temperature for all experiments.  
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Figure 5.12: Temperature results from GF1 as a representative example of the heater 

temperature and sample surface temperature throughout a viscoelastic experiment. 

The specimen strain was recorded on three strain gauges placed uniformly around the 

sample. The strain results for a representative experiment are shown in Figure 5.13. Significant 

variation is seen from each gauge and at each temperature. This variation is consistent with those 

shown in Figure 5.8, however the direction and magnitude of off axis loading is not consistent. 

Strain variation changes between samples, between temperatures, and between orientations of the 

sample in the machine. The variation between samples can be likely attributed to manufacturing 

errors in either the aluminum tabs, the composite sample, or both. Manufacturing errors can be 

created when cutting the samples to length and assembling them with the tabs. Additionally due 

to the manual application, the strain gauges may not be aligned perfectly with the central axis 

creating systematic errors. Further, in the composite sample manufacturing defects, such as void 

space and resin rich areas, are randomly created and are typically assumed to be uniformly 

dispersed throughout the sample. However, it is possible to create a network of defects negatively 

impacting homogeneity, though it is worth nothing this is likely a less significant effect than 

manufacturing errors. 
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Figure 5.13: Strain results from GF1 as a representative example of the strain vs time results for 

a viscoelastic experiment showing strain of all three strain gauges during each temperature step. 

Regarding the sample position in the machine, it was observed that a sample at constant 

temperature placed in the machine will produce different strain results than the same sample 

rotated 180°. Additionally, the magnitude of difference between the different orientations suggests 

a positive interaction between manufacturing errors of the machine and manufacturing errors in 

the sample. 

These issues can be addressed by enacting tighter tolerances on the shape and size of the 

composite tube samples and on the sample assembly. The development of a jig to assist with 

assembly and placing strain gauges which further eliminates possible sources of error. Finally, an 

investigation should be conducted into the construction and use of the tensile platform to minimize 

systematic errors. 

As discussed earlier the effects of off axis loading and random errors is minimized by 

averaging the results from all three strain gauges. The average result for the above strain is given 

in Figure 5.14a. This is the total strain including thermal, elastic, and creep strains. These are the 

data collected throughout the entire experiment including the recovery periods, therefore they are 

plotted against absolute time. By looking at the stress-time data, Figure 5.11, the load and unload 

times for each temperature can be clearly identified. This allows the creep data to be isolated from 

the recovery periods. The creep data is then plotted against experimental time which begins when 
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the creep load is fully applied at t=0, Figure 5.14b. At this point it is important to remove thermal 

effects from these data to ensure the compliance is calculated only based on the viscoelastic 

response of the material. 

 

(a) (b) 

Figure 5.14: (a) Average strain results for the viscoelastic test shown in Figure 5.13. Creep data 

is plotted against absolute time. (b) Creep data with the recovery period removed and plotted 

against experimental time. 

Thermal compensation is a superposition of the ratio of the thermal expansion coefficient 

between the composite and the strain gauges as well as the electrical resistivity of the strain gauge. 

This is to say the electrical resistivity of the strain gauge will vary depending on temperature and 

thermal strain, both of which effect the strain measurement and interfere with measuring the 

coefficient of thermal expansion for the composite [33]. The manufacturer recommends the overall 

thermal output be measured by heating the sample to each test temperature with no applied load 

while measuring strain. The resulting value, in strain units, can then be subtracted from the 

experimental strain data to compensate for temperature changes. This value can be either positive 

or negative, meaning that compensating for temperature variations can increase or decrease the 

experimental strain depending on the interaction between the gauge and the sample. Thermal 

compensation results are given in Figure 5.15. At 30°C, 45°C, and 60°C the measured output 

is -8.19 με, -29.4 με, and -43.3 με respectively. These results are consistent with manufacturer 

published estimates between materials with differing CTE. The negative values do not necessarily 

indicate the sample or strain gauge is under compression, rather that the that the output of the strain 

gauge has decreased relative to its initial starting position as a result of the increasing temperature. 

These values will be subtracted from the strain measurements, i.e. subtracting a negative value, in 

order to compensate for thermal output. 
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Figure 5.15: Strain variation due to thermal response of the strain gauge and sample. 

As discussed previously, compliance is the inverse of elastic modulus and found by 

dividing the time dependent strain by the constant creep load, eq 5.4. The compliance for each 

temperature shown in Figure 5.16. Note the time axis on these graphs is the experimental time 

which starts, t=0 min, when the creep load is applied and ends, t≈30 min, when the load is 

removed. The experimental timed varied by a few minutes between test temperatures because of 

the manual operation of the lift platform. For these compliance results there is no overlapping 

region between either the 30°C and 45°C or the 45°C and 60°C test. Recognizing the master curve 

is smooth and continuous and that TTSP is valid for linear viscoelastic behavior this can be address 

by extrapolating the compliance beyond the experimental time at each temperature. 

The shifting algorithm uses the 30°C compliance curve as the reference onto which all 

other data will be shifted. Once each elevated temperature compliance curve is shifted onto the 

reference it is then added to that reference before moving onto the next temperature. The shifting 

algorithm requires some overlap between the reference curve and the next compliance curve to be 

shifted, so that it can minimize the overlapping region, see section 5.2.7. To alleviate the issue of 

the highest temperature curve lacking an overlapping region with the reference data additional 

compliance data is extrapolated based on the existing reference compliance. Note, this method 

recognizes that the master curve is a smooth and continuous. Extrapolation is accomplished by 

applying the best fit approximation of these data which matches the power law curve, eq 5.10, 

discussed above. The best fit curve is then extended to create an overlapping region which is then 
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used by the shifting algorithm to shift the final compliance curve. Another best fit curve, in the 

same form, is found for the new reference data and the goodness of fit parameters are recorded. 

Finally, the shift factor is adjusted slightly to move the curve left and right and curve fitting is 

repeated. The goodness of fit parameters are compared for each best fit curve are compared to each 

other and the shift factor which creates the best fitting master curve is selected. In the 40%TS data, 

the best shift factor is also the one determined by the shifting algorithm. 

 

Figure 5.16: Calculated compliance at each temperature for 40%TS. 

Applying the shifting algorithm to these data yields the transverse compliance master 

curves for the GFRP composite at 30°C, shown in Figure 5.17. The master curve equation is given 

eq 5.13. This figure shows the unshifted compliance data on the left side of the graph with the 

corresponding shifted data, in black. The solid line is the best fit power law curve for these data, 

this is the master curve. 
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Figure 5.17: Transverse compliance master curve for 40%TS. The unshifted compliance data 

(colored)  is provided along the shifted curves (black). The solid line represents the best fit 

power law curve for the master curve. 

 log10 𝑆22(𝑡) = 𝐴(log10(𝑡))
𝑛 + 𝑏 5.13 

 

Parameter Value 

A 0.00218 

n 1.529 

b -10.24 

 

In this figure, significant periods of creep data can be seen lying away from the master 

curve, shown in blue triangles. These tails come from the non-linear, i.e. phase I creep, which 

occurs immediately after the creep load is applied. Phase I creep is also clearly seen in Figure 

5.14b at the beginning of each temperature test. This is indicative of a high degree of sample 

recovery between test periods. These non-linear periods are left displayed in the figure for 

completeness, however they are not used to determine the shift factor because TTSP is only valid 

for linear viscoelastic behavior. The time frame for this master curve spans 100 years which covers 

the entire expected lifetime of a flywheel rotor as discussed in section 3. Notice, the master curve 

predicts the mechanical compliance of the material independent of creep saturation or rupture. In 

the elevated temperature experiments both phase I and phase II creep could be clearly seen, 
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however there was no indication of the material entering phase III creep so no comment can be 

made on the potential creep failure of the material due to creep under these conditions.  

The compliance at log(t)=0 is the quasi-static elastic modulus and is 17.4 GPa. This is 

significantly larger than the elastic modulus measured during tensile testing, section 5.4.1. The 

primary contributor to this difference is likely the differing strain rates. Consider the creep test 

have the full load applied in approximately 80 seconds—note some variation due to the manual 

application of load—and produces a maximum strain of 0.12%ε, or 0.0014 %ε
𝑠⁄ . Contrast this 

with the tensile testing which applies the full load after 1250 second and produces a strain of 0.5 

%ε, or 0.0004 %ε
𝑠⁄ . Gurusideswar et al. [34] showed the elastic modulus of glass epoxy resins is 

proportional to the strain rate meaning the increased strain of creep tests is expected to produce 

the result seen here. Additionally, less significant effects will have also increased the elastic 

modulus. The period between the tensile and creep experiments was approximately nine months 

during which the samples were stored at room temperature and humidity, both of which varied 

greatly during fall, winter, and spring. While unintentional, this aging period is expected to 

increase the material stiffness, however this is likely a minor effect compared to the strain rate 

effects. 

The elastic modulus predicted by the master curve, eq 5.13, is compared to the modulus 

reported for other materials Table 5.6. Comparing the elastic modulus of the Epon 826/ EpiCure 

W GFRP tested here is difficult due to variations in strain rate—as already discussed— fiber 

volume fraction, curing and aging parameters, reporting temperature, and reporting duration. 

However, the transverse elastic modulus of unidirectional fiber reinforced composites is given at 

various times. Reporting temperature and fiber volume fraction, where applicable, is also provided 

to aid in comparison. The transverse compliance is primarily a matrix dominated phenomenon, 

therefore the inclusion of IM7 and AS4 is deemed appropriate. 

Table 5.6: Elastic modulus predicted by the master curve for the present composite at various 

times compared to the compliance for similar materials reported in literature. 

 Elastic modulus [GPa] 

Material (temp, fvf) 0 years 1 year 3 years 10 years 

E-glass/ Epon826 

(30°C, 66.3%) 
17.4 15.6 15.4 15.2 

IM7/ 8552 CFRP 

(75°C, -) [6] 
11.6 6.9 6.6 6.4 

E-glass/ Epon826 

(room temp, 50%) 

[32] 

14.1 ±0.9    

E-glass/ Dow 383 

(30°C, 62%) [19] 
20.6 17.4 17.0  

AS4/3501-6 (21°C, 

60%) [35] 
14.00    
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The GFRP tested here is most closely related the E-glass/ Epon 826 reported by [32] 

differing primarily by the fiber volume fraction and the hardener, EpiCure W verses DDS HY 976 

which are similar compounds produced by different companies. While [32] did not report the 

long-term behavior of the material, the present GFRP is seen to be stronger after 10 years due to 

the higher glass fiber volume fraction limiting polymer chain mobility in the matrix. Comparing 

with the E-glass/ Dow 383 composite shows significant correlation. The initial modulus of the 

present material is approximately 3 GPa less than the E-glass/Dow 383 composite, and they 

approximately maintain this different after three years. A 10 year comparison was not possible as 

the author’s data did not extend that far, however given compliance is logarithmic, see Figure 

5.14b, it is expected to follow this same trend after 10 years. 

The IM7/8552 CFRP reported in [6] does cover the same time range, however it is 

significantly softer than the GFRP discussed here due to the elevated temperature at which the 

compliance is reported. Considering the results discussed in sections 3 and 4 relied primarily on 

this material it is expected the present GFRP would produce less viscoelastic stress relaxation than 

the IM7/8552 CFRP.  

5.5 Conclusion 

Determining the transverse viscoelastic compliance master curve for FRPC presents unique 

challenges for traditional coupon testing due the existence of edge effects. Additionally, testing 

requirements, specimen preparation, and data collection and processing are significant challenges 

to overcome. This article presented an experimental test platform and process capable of 

conducting elevated temperature testing employing tubular filament-wound FRPC specimens. 

Specimens discussed herein were made from glass-fiber/epoxy composites with circumferential 

fiber orientation. The specimen fabrication parameters and experimental methods for viscoelastic 

material characterization were discussed in detail. The process for constructing the compliance 

master curve from collected creep strain data was described. Finally, the performance of the 

experimental setup was validated, confirming its ability to apply the desired loads and 

temperatures while recording pertinent data for computing stress and strain. It was observed that 

off-axis loading (bending) may be a concern, however, its effects can be accounted for during data 

processing. In closing, the experimental platform along with the methodology for conducting 

viscoelastic material testing was ascertained to successfully yield the data required for constructing 

the transverse compliance master curve for FRPC specimens. 

Quasi-static failure testing was conducted to determine the failure strength and elastic 

modulus of the GFRP samples. The failure strain and stress were measured at 0.5 %ε and 41 MPa 

respectively. Then viscoelastic creep experiments were conducted at approximately 46%TS and 

30°C, 45°C, and 60°C while recording temperature, creep load, and creep strain. It was seen that 

the compliance curves did not overlap, as intended, however this was address by creating best fit 

curves to extrapolate the material behavior and facilitate TTSP. When all curves were shifted the 

transverse compliance master curve was determined by finding a best fit power law curve.  
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Significant differences were seen between the compliance and quasi-static testing, however 

these differences were attributed, primarily, to difference in testing parameter and, to a lesser 

extent, aging and hygroscopic effects. In comparison with similar materials the E-glass/Epon 826 

GFRP discussed here displays a relatively high, but not unreasonable, elastic modulus. Based on 

these results the master curve for the E-glass/Epon 826 GFRP composite studied here was 

determined. This master curve can be used to predict the transverse compliance, i.e. S22 and S33, of 

the material throughout an approximately 100 year period, significantly longer than the expected 

lifetime of a flywheel energy storage system. When combined with fiber direction, i.e. S11, elastic 

modulus these results can be used to predict the response of a composite flywheel rotor due to 

viscoelastic stress relaxation.  
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6 Conclusions 
High-velocity and long-lifetime operating conditions of modern high-speed energy storage 

flywheel rotors may create the necessary conditions for failure modes not included in current quasi-

static failure analyses. The central hypothesis for this thesis research is that (i) viscoelastic effects 

and shear stress effects can cause creep rupture, matrix cracking, or hub-rim interfacial failure in 

composite flywheel rotors, and that (ii) these failure modes can be prevented by employing an 

appropriate modeling approach in the FESS design process. To investigate this hypothesis, three 

primary objectives were established. These objectives were first, to create an analytical algorithm, 

based on existing flywheel rotor models, to simulate the evolution of the stress-strain field in a 

flywheel rotor during its expected operational lifetime. Second, to conduct simulations to predict 

the evolution of the stress-strain field in the flywheel rotor subjected to shear stress and viscoelastic 

stress relaxation. And, finally, to determine the transverse viscoelastic material compliance of 

filament-wound fiber reinforced polymer composite used to construct flywheel rotor rims.  

Addressing the first two objectives was accomplished by developing a computational 

algorithm based on an accepted analytical model. This model was employed in two different 

scenarios. In the first scenario, the model was employed to simulate the rotor under steady-state 

conditions for constant, high angular velocity rotation. The viscoelastic behavior of a FRPC 

flywheel rotor was determined over a 10-year operational lifetime. The simulations indicate that 

viscoelastic effects are likely to reduce peak stresses in the FRPC material and the hub-rim 

interface while simultaneously increasing stress in the metallic hub. 

Then, in the second scenario, the computational model was used to describe the transient 

behavior of radial, circumferential, and shear stresses in FRPC flywheel rotors during constant 

power demands. This thesis discusses failure predictions using the maximum stress and Tsai-Wu 

failure criteria. The Tsai-Wu criterion predicted failure to occur at higher loadings compared to a 

maximum stress threshold. A strength ratio (SR) determined from the Tsai-Wu criterion indicated 

a changing peak stress location from the inner radius at the start of the rotor acceleration to 

approximately the center of the rotor thickness at top speed. The results from this study indicate 

strong variability in the loading conditions, which may promote damage, crack initiation and 

propagation, and fatigue effects, posing risks to the long-term structural health of composite 

flywheel rotors. 

Predicting the behavior of the flywheel rotor over the lifetime of the system requires a 

thorough understanding of the evolution of the composite material behavior. To understand the 

viscoelastic behavior of FRPC, an effective experimental test platform and methodology was 

developed to conduct elevated temperature tensile creep testing. Glass fiber reinforced polymer 

composite (GFRP) tube specimens were investigated. Using this methodology, the creep 

compliance of the GFRP was measured at various elevated temperatures, then, time-temperature 

superposition was applied to shift the compliance curves along the time axis to create a master 

curve. The resulting transverse master curve can accurately predict the material compliance over 
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an approximate 100-year period. Additionally, the compliance values compare well with published 

values of other similar materials. 

Based on the findings and results published in this thesis, necessary evidence is provided 

to accept the hypothesis. First, high-speed operation of FRPC flywheel rotors can have 

significantly impact on creep rupture, matrix cracking, and/or hub-rim interfacial stress over a 10-

year operational lifetime. However, shear stress induced by angular acceleration during energy 

transfer was shown to be minimally impactful on the evolution of internal stresses, and, in 

isolation, is unlikely to lead to rotor failure. Secondly, it was shown that the Tsai-Wu criterion is 

capable of predicting the strength ratio of all points throughout the flywheel rotor, indicating the 

failure mode and location. Therefore, the hypothesis that relevant failure modes can be predicted 

and accounted for by employing appropriate failure models is confirmed based on the simulation 

results in chapters 3 and 4. 

CONTRIBUTIONS 

Recalling the knowledge gaps from the beginning of this thesis, attempts have been made 

to more comprehensively predict rotor failure by amending the stiffness matrix for the rotor 

material(s) with progressive damage models, they fail to incorporate viscoelastic behavior and 

shear stress effects into the stress and failure analysis. The limited work that has been conducted 

on viscoelastic stress simulations has focused on time frames between 105 and 1010 years which is 

well outside the presently accepted 10-20 year expected lifetime of FESS systems. Similarly, the 

impact of shear stress on internal rotor stresses is typically studied by assuming instantaneous 

loading. Again, this falls outside typical FESS operating conditions where applied shear stress 

changes continuously as a function of the power demands placed upon it. In both cases this leaves 

a discontinuity between the operation of FESS and established modeling methods to design and 

analyze the composite flywheel rotors. This is exacerbated by the limited availability of 

viscoelastic material properties necessary to conduct accurate simulations of flywheel rotors.  

These gaps have been filled by creating the analytical model, conducting viscoelastic and 

shear stress simulation, and determining the transverse material master curve. Addressing the first 

two objectives required creating a detailed analytical model capable of accurately simulating the 

stress behavior of a multi-rim composite flywheel rotor subjected to a variety of operating 

conditions throughout its expected operational lifetime, the results of which have been discussed 

extensively in chapter 3 and 4. This analytical model differs from other established models by 

simulating the dynamic behavior of the flywheel rotor subjected to combined loading conditions 

including shear stress and viscoelastic behavior. As has been seen in this thesis, these effects can 

have a significant impact on the stress response of composite flywheel rotors which impacts the 

safety and reliability of FES systems. It was seen the largest stress changes caused by 

viscoelasticity occurred in the interface between the rim and hub. This novel result had not been 

seen in literature previously. Additionally, this model showed shear stress to be negligible 

compared to the other principle stresses, however it highlighted several key areas where cyclic 
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stress poses the highest potential risk. This model can be applied to any multi-rim rotor constructed 

from any combination of materials, provided the requisite assumptions are met. The model is more 

applicable than previous models, and it can be used to design, analyze, and optimize multi-rim 

flywheel rotors for future applications. This addresses the knowledge gaps relating to the 

integration of viscoelastic effects and shear stress effects into existing flywheel rotor design 

techniques. Similarly, chapter 5 addresses the final objective by developing a method to measure 

the transverse creep compliance of a GFRP composite applicable to flywheel rotor construction. 

It has been seen that transverse viscoelastic behavior of composite materials is rarely investigated 

or reported in literature for a variety of reasons. This thesis develops a simple method to investigate 

this behavior which only requires elevated temperature testing and does not require an 

understanding of the activation energy. This innovation lowers the barrier to entry for viscoelastic 

testing allowing a wider variety of materials to be tested accurately allowing those materials to be 

incorporated into the necessary design and analysis tools. The viscoelastic material testing in 

chapter 5 not only expands on the understanding of the GFRP seen here, but also facilitates the 

future study of a wide array of viscoelastic materials in the future. 

 

FUTURE WORK 

Future work directed toward the analytical model can focus on expanding the existing 2D 

analysis to include the axial direction. This would provide additional detail on the induced stresses 

during operation. Additionally, expanding the scope of the failure criteria to included fatigue 

failure would be extremely beneficial as this is likely a significant failure mode in composite 

flywheel rotors. Regarding material testing, future work can focus on characterizing systematic 

errors so they can be accounted for in future testing. It may be beneficial to modify the system to 

reduce these errors, particularly those seen in the heating chamber and strain measurements.  

Finally, it may be valuable to modify the testing parameters and temperatures in future studies to 

ensure the compliance data has a significant overlapping region necessary for shifting. 
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8 Appendices 

Appendix I: Burnout Testing Results 
Table 8.1: Fiber volume fraction results determined from the burn out tests. 

Sample 
Number 

Wt [g] Post burn 
out wt [g] 

Resin Volume 
[cm3] 

Fiber volume 
[cm3] 

νf  

1 11.644 9.486 1.860 3.705 0.666 

2 9.825 8.061 1.521 3.149 0.674 

3 10.22 8.353 1.609 3.263 0.670 

4 9.664 7.874 1.543 3.075 0.666 

5 8.952 7.262 1.457 2.837 0.661 

    Average 0.667 
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Appendix II Viscoelastic Test Platform and Sample Technical Drawings
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Appendix III 

Heater Controller Operating Procedure 

Procedure: 

1. Connect all thermocouples to the controller. All thermocouples must be connected for the 

controller to function. Push the “Power In” switch to the off position. 

2. Connect the “Power Out” cable to the heater using the appropriately colored connectors. 

Note the red and black coloring does not necessarily indicate negative and positive 

terminals. 

3. Connect the USB cable, or reset the controller as needed. 

4. Set up RealTerm as needed, see below. 

5. Set the min/max for each thermocouple and the heater set temperature as needed. 

6. Flip the “Power In” switch to the on position. 

7. Begin data collection when ready. 

Controller Ports: 

 

• Thermocouples: A, Heater, B 

o Only the “Heater” thermocouple is used for temperature input to the controller. 

Ports A and B are data collection only. 

o All thermocouples must be connected for the controller at all times. 

• Power In: Power input from a wall outlet. 

• Power Out: Power output to the heater controlled by the “Heater” thermocouple. 

• USB-C: Communication and data connection to the computer.  

• Fuse: It’s a fuse. 

A B

 

Heater 

Power Out 

Power In 

Fuse 

USB to 

comp 
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Controller Face: 

• Red box indicates the current state of the controller: Ready, Running, Setup, Zone X, or 

Error 

• Start/Stop button start and stop the heater control functions. Note, start/stop does not 

begin data collection only the heater control functions. 

• Setup allows the user to set the min/max/set temperature for each thermocouple and the 

heater set temperature. Hold set up for 3 seconds to open the setup menu. 

o Choose the appropriate Zone to change. 

o Use Up/Down/Enter buttons as necessary to set the values for each temperature 

range. The figures below show the series of windows seen when changing the 

heater set temperature. 
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Program: RealTerm, Driver: CP210x SUB to UART Bridge 

To begin collecting data check the settings in the following tabs: 

Port: 

• Baud > 1120 

• Port > 4 (Silabser0) [Note: The port can change if the computer or usb port is changed, 

the particular port can be found by checking the “connected deceives” tool in Windows. 

• Click “Change” when baud and port settings have been set. 
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Send: 

• Can communicate with the controller from this tab by entering commands into the text 

boxes at the top left.  

• Must click the “+CR” check box under end of line (EOL). 

• Click “Send ASCII” to send the commands. 

• Most useful commands: 

o help: Displays a list of all possible commands. 

o all: Display current settings. 

o out x: Determines the sample rate were x is a numeric value in seconds, i.e. 

“out 1” samples temperature at 1 Hz. When x is 0 there is no data collection. 

o Reset: Reset the controller after a fault/error. 
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Capture: 

• Output file name and location is set in the “file” box. Can select a save location with the 

“…” box right of the window.  

• (Optional) Choose to stop data collection after a certain file size or time. To collect 

continuously choose 0. 

• (Optional) Choose the type of time stamp to include in the data file.  

• Begin data collection with either “Start: Overwrite” or “Start: Append”. If the file name 

does not exist in the selected folder the appropriate file will be created. (Note: Data 

output will not be seen on screen while collecting data.) 

Text 
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Appendix IV: Position Test 

 

Figure 8.1: Stress response from the same sample at constant temperature mounted in position A 

or position B. Position B is 180° rotation of position A. 

 


