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Abstract

This thesis addresses two important topics of deflators and log-utility-related
optimal portfolios for markets stopped at a random time 7. This random time can
model the death time of an agent in life insurance or the default time of a firm in
credit risk. For the topic of deflators, the thesis elaborates extensively an explicit
parametrization of the set of all deflators, which constitutes the dual set of all “ad-
missible” wealth processes. We describe explicitly both cases of local martingale
deflators and supermartingale delators as well. These results are essentially based
on the martingales classification and representation introduced and developed re-
cently by Choulli et al. [33] for progressive enlarged filtration.

Concerning the second topic of optimal portfolios, we focus on quantifying the im-
pact of random time on these portfolios. In fact, we consider log-utility maximiza-
tion problem, whose solution relies and is intimately related to the optimal deflators.
Thus, we start by describing the optimal deflator for stopped models at random time
7, and then elaborate the duality which lead to the log-optimal portfolio. In mean-
time, as an important intermediate result, we characterize the log-optimal deflator
and log-optimal portfolio for general semimartingale market models without the
no-free-lunch-with-vanishing-risk assumption. Finally, the numéraire portfolio for
model stopped at 7 is also detailed and fully described in different manners.

For both topics, the thesis elaborates results for general semimartingales models
and illustrates those results on several practical models. Among theses, we cite
the exponential Lévy models (such as Jump-diffusion model and Black-Scholes mar-
ket model), the volatility models (such as Corrected Stein and Stein Model and
Barndorff-Nielsen Shephard Model), complete market model, and discrete time mar-

ket models.
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Preface

Chapter 3 of this thesis has been submitted as Choulli, T. and Yansori, S.,“Deflators
and log-optimal portfolios under random horizon: Explicit description and optimiza-

tion”, submitted to Finance and Stochastics, 2018.

Chapter 4 of this thesis has been submitted as Choulli, T. and Yansori, S.,“Notes on

the log-optimal portfolio: Necessary and sufficient conditions for its existence and

duality”, submitted to Applied Probability Trust, 2018.
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It is not knowledge, but the act of learning, not possession but the act of getting

there, which grants the greatest enjoyment.

— Carl Friedrich Gauss, 1808.
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Chapter 1

Introduction

About 2600 years ago, philosopher Thales came with an idea of a contract for press-
ing of olives in the forthcoming season which is known nowadays by ”call option”.
He also had some ”additional information” at the beginning, thanks to his expertise
in astrology, which allowed him to anticipate a great harvest season (see [20]). We
can find several examples of such interplay between finance and mathematics since
then. However, modern finance and mathematical finance were born in 1900 only.
In fact, on March 29th, 1900, Louis Bachelier defended his PhD thesis “Theory of
speculation” at Sorbonne University in Paris. On that date, via Bachelier’s thesis,
modern finance, mathematical finance, and stochastic calculus as we know them
today, were born. Since then, financial mathematics has been growing enormously

in academia and industry.

1.1 Random horizon in finance and economy

The economic problem of how a random horizon will impact an investment is old and
can be traced back to Fisher [70]. Fisher considered a time-horizon that is related to
the death of a life. He argued that even at the time loan seems to be "risk-free” and

the financial risks related to the loan doesn’t exist, it is still affected by “uncertainty



of human life” and as a consequence has an impact “on every business transaction

into which time enters”. In [70], he wrote

“Even when there is no risk (humanly speaking) in the loan itself, the rate real-
1zed on it is affected by risk in other connections. The uncertainty of life itself casts
a shadow on every business transaction into which time enters. The uncertainty of
human life increases the rate of preference for present over future income for many
people, although for those with loved dependents it may decrease impatience. Con-
sequently, the rate of interest, even on the safest loans, will, in general, be raised by
the existence of such life risks. The sailor or soldier who looks forward to a short
or precarious existence will be less likely to make permanent investments, or, if he

should make them, is less likely to pay a high price for them”.

Since Fisher’s work, there were many debates and discussions in the economics lit-
erature about the impact of a random horizon on the market. In 1965, for instance,
Yaari [124] investigated the optimal consumption by considering the uncertain life-
time in a deterministic market. Optimal investment and optimal consumption stud-
ied by [115] for a first time with respect to death time with known distribution.
Later on in [78], the authors considered the optimal portfolio selection with two
independent exit times, exogenous and endogenous exit time. Exogenous exit time
is independent of the portfolio performance and can be considered as death time
and can be modelled as the jump of a Poisson process. The waiting time for first

Poisson jump is again the exponential distribution same as [29].

At the mathematical aspect, this problem is very difficult and only recently there
were some advances (see [40, 74] for details). This problem of random horizon in
finance can be viewed as a general setting for many other financial and economic

frameworks. Among these, we cite the example of credit risk theory where the ran-



dom horizon is the default time of a firm, and life insurance with its challenging
mortality and/or longevity risks where the random time is the death time of an

insured.

Since random time contains additional information, it is clear that the random hori-
zon issue can be seen as a component of the important area of informational markets.
In these markets, there are groups of financial agents with a different flow of infor-
mation. A different and important component of this area is in the “insider trading
problem”. Herein, the insider group possesses extra valuable information from the
very beginning of the investment period. Both the financial and mathematical fi-
nance literature on this component is very extensive and rich. We refer the reader
to [75, 13, 52, 22, 23, 103] and the references therein. The key mathematical tool,
in the analysis of insider problem, is the initial enlargement of filtration (see the
works of Jeulin [86], Meyer and Dellacherie [60] and Jacod [82]. for more details).
A random time cannot be seen before it occurs. For instance, no one knows ahead
of time the death time or the time of financial crisis, and there is no single financial
literature that models the information in the default of a firm as fully seen from
the beginning. Hence the initial enlargement of the filtration is not adequate for
the random horizon problem at all. The appropriate mathematical techniques, for
modelling the discrepancy in the flow of information in the case of a random hori-
zon, resides in the progressive enlargement of filtration, see Bielecki and Rutkowski
[28], Jeulin [86], and Jeanblanc and Rutkowski [85] and the references therein. This
information modelling allows us to apply our obtained results to credit risk theory
and life insurance (mortality and/or longevity risk), where the progressive enlarge-

ment of filtration sounds tailor-fit, see [67, 15, 24].



1.2 Deflator and optimal portfolio

The theory of utility maximization and optimal portfolio are among the important
and fundamental topics in Finance, Economics, and Mathematical Finance. The
most fundamental and essential works on optimal portfolios started in on the paper
of Markowitz [108] and the two seminal papers of Merton [110, 111]. On the one
hand, in [108], Markowitz tends to work on single-period mean-variance portfolio
selection (which is called efficient frontier) where he provided a platform for optimal
portfolio theory. On the other hand, Merton’s seminal papers developed the optimal
portfolio problem by using the utility (i.e. a function that models the agent’s pref-
erence) to address the risk and portfolio selection issues. He addressed the capital
asset pricing model (CAPM). Afterwards, the theory of utility maximization and
optimal portfolio has been developed successfully in many directions and in differ-
ent frameworks since these seminal works, see [97, 102, 118, 37] and the reference
therein. In this rich literature, the authors studied different utility functions for sev-
eral popular market models as well as general semimartingale models with a fixed
investment horizon. They practically neglected the impact of a random horizon on
the optimal selection portfolio and/or investor’s behaviour. For further details on
this topic, we refer to the works of Karatzas et al. [97], Kramkov and Schachermayer
[102], Cvitanic, Schachermayer, and Wang [53], Karatzas and Zitkovic [98], and the

references therein to cite few.

The logarithm utility case attracts tremendous attention, even in the general semi-
martingale models, due to the nice feature of the log-utility. From the rich literature
on the subject, it can be concluded that there are two types of optimum portfolio
linked to the logarithm utility due to the discrepancy between the assumption of
“admissibility” and the criterion of optimization. The first type is known as growth

optimal portfolio (GOP hereafter), whose origins can be traced back to the Kelly’s



paper [100]. The growth optimal portfolio is the strategy which maximizes the
growth rate of wealth up to some time horizon 7T'. Many papers have examined the
GOP since then, we refer to [71, 49] and the references therein. Mathematically, the

growth optimal portfolio is defined as the portfolio #* solution to

max E[In(W%)],

over all § with W? > 0 and E[ln(W2)~] < +o0. In the thesis, we call it the log-
optimal portfolio. For the GOP, the growth is a measure relative to a zero growth

rate, and hence the GOP depends on the numéraire chosen.

The second type of log-utility related portfolio is known nowadays as numéraire
portfolio. It is definitely a kind of GOP that does not depend on the numéraire
chosen, it is a numéraire-independent-GOP. It can be defined as the portfolio 8*
having a positive wealth process W9 such that
Wi

9 *
WT

Eln(

) <0,

for any other portfolio # with W? > 0, where T is a fixed finite investment hori-
zon. For details and related discussions, see [49], it is clear that this numéraire-
independent-GOP coincides with the numéraire portfolio in the sense of [27], (i.e.
the process W / W is a positive supermartingale). The portfolio numéraire was
introduced in a paper of Long [106], where he examines the relationship between
GOP and the numéraire portfolio. Since then, many authors extended and ex-
tensively investigated it differently (especially its relationship to market’s viability
and arbitrage), see [36, 49, 79, 91, 94] and the references therein. Today, it is
known that GOP coincides with the numéraire portfolio whenever it exists. How-
ever, in general, the numéraire portfolio can exist while the GOP may fail to exit,

see [36] for an example and related discussions. Since the time of Arrow and De-



breu, there has been a growing interest in understanding the relationship between
non-arbitrage, the viability of the market and the problem of utility maximization.
They showed in [21] that the optimal portfolio, no-arbitrage and equivalent mar-
tingale measure coincide. Recently, Karatzas and Kardaras [94] showed that the
No-Unbounded-Profit-with-Bounded-Risk (NUPBR) condition and the existence of
the NUPBR portfolio are equivalent. Under the No-Free-Lunch-with-Vanish-Risk
(called NFLVR hereafter) assumption, the most advanced literature on the log-
optimal portfolio, [71, 104, 13], characterizes explicitly this portfolio for the general
semimartingale market models. However, see [36, 105, 117], there are many financial
models that violates NFLVR, while they might admit the log-optimal portfolio. For
market models under progressive enlargement of filtration, which incorporate the
two important settings of credit risk and life insurance, NFLVR remains an open is-
sue, and hence [71] is not applicable to these cases. However, for these latter models,
see [6, 7], the no-unbounded-profit-with-bounded-risk (NUPBR) is fully analyzed,
as it is the minimal no-arbitrage condition for a model to be financial “worthy”.
Furthermore, see [31] for instance, recently there has been an interest in extending
the existing results on utility maximization to models satisfying NUPBR, while they
might violate NFLVR. One of the main contributions of this thesis is to establish
the duality for the log-utility maximization and describe its solution without the

No-Free-Lunch-with-Vanishing-Risk assumption on the market model.

In [30], the authers studied the optimal investment strategy problem with ran-
dom horizon time which is not a stopping time with respect to the flow generated
by the stock, but instead of knowing the conditional distribution function of the
time horizon. In [1], Aase studied the optimal investment/consumption problem
by considering the remaining lifetime as random time 7, and defined the survival
probability function as an exponential density function. Many literature considers

stopping times as death time so far, or the distribution function of the death time is



known, contrary to our study. Here, in this thesis, the random horizon (death time)
is as general as it can be, and it might not be a stopping time with with respect to

the public flow of information.

The majority of the financial and the mathematical literature on the interplay of
information and optimal portfolio are devoted to the optimal investment/portfolio
problem and arbitrage for an insider who has a private information at the beginning
of the investment period. This requires the study of an initial enlargement of filtra-
tion (see e.g. [13, 72, 96]). They have recently studied an insider’s optimal portfolio
problem for the Hara utility function and suppose that the insider has access to more
information. You can find their achievements in the works of [62, 63, 75, 76, 77].
In a more general enlargement of filtration setting, the investment problem was
discussed in [101]. The case of a progressive enlargement of filtration as in credit
risk modelling or life insurance (mortality or longevity risk) is less investigated. Re-
cently, in [88], they study the optimal investment problem for logarithmic utility
under default risk where the information of default time is considered as an ex-
ogenous risk and consider the mixture of both enlargement methods. Recently, in
[84, 125, 126], the optimal strategy under random horizon 7 which is external to

market was considered. Their method is based on the BSDE approach.

1.3 Summary of the Thesis

The thesis contains six chapters including the current one and one chapter for prelim-
inaries. This thesis is based on several research papers co-authored by the candidate
during his PhD studies under the supervision of Prof. Tahir Choulli, see[45, 46, 47].
The thesis includes four innovative chapters and a preliminary chapter. We keep
each chapter of this thesis as independent and self-contained as possible. The orga-

nization of these six chapters is further detailed, below.



Chapter 2 recalls different financial concepts and some stochastic tools and theorems
that will be very useful throughout the thesis. In particular, this chapter includes a
review of deflators and no-arbitrage concepts, local martingale representations and
the predictable characteristics of semimartingales. In the last two sections, we ex-
plain a mathematical model for capturing the additional information borne by the
random time. Furthermore, we recall stochastic structures of the additional infor-
mation and slightly extend a martingale representation result of Choulli et al. [33],

which plays a vital role in our analysis and it is used frequently in this thesis.

Chapter 3 deals with the explicit parametrization of deflators for the models stopped
at the random time in terms of deflators of their original counterpart models and
the survival processes associated with the random time. We begin with local mar-
tingale deflators, and then deal with supermartingale deflators, as the largest class
of deflators. The explicit parametrization of deflators is achieved without any as-
sumption for the most general semimartingale model, whereas few sections of this
chapter illustrate our results on various popular and practical market models. In
addition, we will show how our parametrization is collective and certainly includes

all restricted models.

Chapter 4 addresses the log-optimal portfolio for a general semimartingale model.
We characterize a complete log-optimal portfolio and its associated optimal deflator,
we provide necessary and sufficient conditions for their existence, and we elaborate
their duality as well without NFLVR. There are many financial models that violate
NFLVR, while they might admit the log-optimal portfolio. We also elaborate on the
main result and discuss its relationship to the already existed literature. Chapter 4
closes the existing gaps in this research direction. Herein, it also contains some new

intermediate useful results.



Chapter 5 addresses the dual problem of the log-utility maximization problem for the
models stopped at the random time, and completely characterizes the log-optimal
deflators for a quasi-left-continuous semimartingale model. Our main innovative
contribution in this chapter is the description of an optimum deflator for a log-
utility maximization in different manners and as explicit as possible. Thanks to
the deep result of martingale classification and explicit deflator parametrization in
Chapter 3, we assess the dual problem of the utility maximization problem. In the
last two sections, we illustrate our results on the many important market models
such as the case of the exponential Lévy market models, volatility models, and com-

plete market model.

Chapter 6 focuses on the log-utility maximization problem itself, this chapter gives
a complete characterization of the log-optimal portfolio under the random horizon,
its relationship to the corresponding log-optimal deflator of Chapter 5, and beyond
that. In particular, we discuss the impact of the random horizon on the numéraire
portfolio in different manners, and how the random horizon induces randomness in
an agent’s utility. It is worth mentioning that random utilities appeared first in
economics within the random wutility model theory due to the psychometric litera-
ture that provided empirical evidence about stochastic choice behaviour. For details
about this theme, we refer the reader to [121, 109, 51, 50] and the references therein
to cite few. A random field utility represents the preference of an agent (or the
agent’s impatience as called in Fisher [70]), which is updated at each instant using
the available aggregate flow of public information about the market. While, several

popular and particular models are treated and discussed in this chapter.



Chapter 2

Notations and Preliminaries

In this chapter, we review some concepts (mathematical, statistical or financial/eco-
nomic), and properties on stochastic processes, and their preliminary analysis. For
all mathematical terminologies and techniques that are not included in this chapter,

we refer to [57, 61, 81, 83, 59, 73].

This chapter contains six sections. Section 2.1 defines stochastic elements and pro-
cesses that we used in this thesis. Section 2.2 introduces deflators and no-arbitrage
concepts and some of their preliminary properties. Section 2.3 recalls Merton’s
optimal portfolio problem. In the fourth section, we present the predictable char-
acteristics of a semimartingale. Section 2.5 presents the mathematical models for
additional information. Section 2.6 introduces the G-local martingale representation

theorem and other related properties.

Throughout the rest of the thesis, our mathematical and economic model start with
a filtered probability space (2, H,H := (H¢)e>0, P), where filtration H := (H)i>0
satisfies the usual conditions of completeness and right-continuity. The filtered

probability space is also called a stochastic basis in the literature.

10



2.1 Universal notations and properties

This section recalls the stochastic elements, and related definitions that will be used
through out the thesis. Most of the definitions and results of this section can be

founded in Jacod and Shiryaev [83].

Definition 2.1: A process X is called cadlag, or RCLL, if all its paths are right-

continuous and admit left-hand limits.

Definition 2.2: (i) The predictable o-field is the o-field P(H) on (2 x Ry ) that
is generated by all cag (left continuous) H-adapted processes. Furthermore, a
process X that is P(H)-measurable is called predictable and it will be denoted
by X € P(H).

(ii) The optional o-field is the o-field O(H) on (€ x R.) that is generated by
all H-adapted and RCLL processes. Furthermore, a process X that is O(H)-

measurable is called optional and it will be denoted by X € O(H).

Definition 2.3: If Y is a stochastic process and 6 is a random time (i.e. a nonneg-

ative random variable), then Y is called stopped process and satisfies

Y/ =Yg, t2>0.

Here, we define the following stochastic intervals as

[o,0] :={(w,t) :t e Ry,o0(w) <t <O(w)},
[0,0] :={(w,t) : t e Ry ,0(w) <t <O(w)},
Jo,0] :={(w,t) : t e Ry, 0(w) <t <Ow)}

Jo, 0] :={(w,t) : t e Ry,0(w) <t <b(w)},

where o and 0 are random times.

11



Definition 2.4: [83] 6 is called an H-stopping time, if # is a random time such that

for all t > 0, the set (0 <t):={w € Q:0(w) <t} belongs to H.

Lemma 2.1: [112] Let 0 be a random time. 0 is an H-stopping time if and only if

[0, 6], or equivalently [6 + oo[, is an H-optional set.

If Y is an H,-measurable random variable, then the following processes are optional:
Yoot Yoot Y o) Yol

Definition 2.5: An H-predictable stopping time is an H-stopping time such that

the stochastic interval [0, 0] is H-predictable.

Proposition 2.1: /59, 112] Let T be an H-stopping time, which is the debut T'(w) =
inf{t : (w,t) € A} of an H-predictable set A. If [T] C A, then T is an H-

predictable time.
The following concept could be a kind of partner for predictable stopping times.

Definition 2.6: Let T be an H-stopping time.
(i) T is called H-totally inaccessible if P(T' =6 < +o0) = 0 for all H-predictable
times 6.
(ii) T is called H-accessible if there exists a sequence of H-predictable stopping

o0

times oy, such that [77] C U lon]-
n>1

Any stopping time can be presented by a totally inaccessible part and accessible
part. This idea is presented by the following theorem and we refer to [83, Theorem

2.22] for its proof.

Theorem 2.1: Let T be an H-stopping time. There exist a sequence of H-predictable
stopping times (Sp)n>1 and a unique (up to P-null set) Hp-measurable subset A
on {T < +oo}, such that the stopping time T4 is totally inaccessible, and the
stopping time Tae satisfies [Tac] C \J[Sn]. Ta is called the H-totally inaccessible

part of T', and T ac its H-accessible part. They are unique, up to a P-null set.

12



Definition 2.7: A cadlag H-adapted process X is called quasi-left-continuous if

AXp =0 a.s. on the set {T' < +oo} for every H-predictable stopping time 7.

Here, we define martingale, sub-martingale, and super-martingale. We refer the

reader to [64, 83] for more details and related properties.

Definition 2.8: Let X be an H-adapted cadlag process on the stochastic basis
(Q,H,H, P).
(i) X is called an H-martingale (resp. sub-martingale, resp. super-martingale) if

E|X:| < 400 and for all s <t,
E[Xt|Hs] = XSa (resp. E[Xt|Hs] > XSa resp. E[Xt|Hs] < Xs)- (2'1)

(ii) X is called an H-local martingale if there is an increasing sequence of H-
stopping times (6),>1 T 400 , such that each stopped process X On is an H

martingale.

The set of all H-martingales is denoted by M (H), and also the set of nondecreasing,

right-continuous, H-adapted and integrable processes will be denoted by AT (H).

Definition 2.9: [99] Let M be a uniformly integrable martingale with My = 0, and

for 1 < p < +00 we set
[|M||Brmo, = sup |E[| Moo — My_|P|Ho] || co,
where the supremum is taken over all stopping time #. Then we call
BMO, = {M : || M]|ssro0, < o},

is denoted by BMO,. M is called an BMO:-martingale , if M € BMO (i.e.
p=1).

Definition 2.10: Co(H) denotes a class of processes for the filtration H, with Xy = 0.

13



Co,ioc(H) denotes a class for the family of processes X, if there exists a sequence

of H-stopping times (6,,),>1, such that the family of processes X% € C(H)

Definition 2.11: (i) Two H-local martingales M and N are called orthogonal if
their product M N is an H-local martingale.
(ii) An H-local martingale X is called a purely discontinuous H-local martingale
(or a pure jump H-local martingale ) if Xy = 0 and if it is orthogonal to all

continuous H-local martingales.

Below, the following corollary characterizing purely discontinuous H-local mar-

tingales.

Corollary 2.1.1: [83, Corollary 1.4.55] Let M € M jo.(H). M is a pure jump H-

local martingale if for any continuous process N € Mg j,.(H), we have [M, N] = 0.
Here we state the decomposition theorem for local martingales.

Theorem 2.2: Any H-local martingale M admits a unique (up to indistinguisha-
bility) decomposition

M = My + M¢+ M?,

where M€ is a continuous H-local martingale, and M% is a pure jump H-local

martingale.
For its proof, we refer to [83, Theorem 1.4.18].

Definition 2.12: An H-semimartingale is a cadlag H-adapted process X of the
form X = Xy + M + A, where Xg is a finite-valued and Hop-measurable random
variable, M is an H-local martingale and A is a finite variation process.

If A is predictable, we call X a special semimartingale and the decomposition
X = Xo+ M+ Ais called the canonical decomposition of X. Furthermore, L(X, H)
denotes the set of H-predictable processes ¢, integrable with respect to X in the

sense of semimartingale.
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Below, the following theorem explaining the optional and predictable projection
of a measurable process equipped with some integrability properties. For its proof,

we refer to [59)].

Theorem 2.3: Let X be a positive or bounded B(R;)®@H-measurable process. There

exist an H-optional process (X)) and an H-predictable process PP (X) such that

E [XTI{T<+OO}"HT] = O’H(X)TI{T<+OO} a.s. for any H-stopping time T,

E [XTI{T<+OO}|HT_] = p’H(X)TI{T<+OO} a.s. for any H-predictable time T.

The two processes (X)) and PH(X) are unique up to evanescent set; and they

are called the H-optional projection and H-predictable projection of X respectively.

Here, we state dual predictable projection theorem for an increasing, right-

continuous and H-adapted process.

Theorem 2.4: Let A be a process in A} (H). There exists a process AP®, which
18 unique up to an evanescent set, and is an H-predictable process in Afgc(H)
satisfying one of the following three equivalent properties:

(a) A — APH s an H-local martingale.
(b) E(AI%’H) = E(Ar) for all H-stopping times T.
(c) E[H . ABM) = E[H . Ay] for all nonnegative H-predictable process H.

The process AP is called the dual H-predictable projection or compensator of A.

Proposition 2.2: For any H-semimartinagle L, we denote by E(L) the Doleans-
Dade (stochastic) exponential, which is the unique solution to the stochastic dif-

ferential equation

dX = X_dL, Xo=1,

and is given by,

£,(L) = exp(L; — %<L0>t) [ (1+AL)e 2 >0,

0<s<t
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Here is another simple but useful result for the nondecreasing and predictable

processes.

Lemma 2.2: Suppose V be a cadlag (i.e. RCLL), nondecreasing and H-predictable
process such that AV < 1. Then 1/(1 — AV') is H-locally bounded.

For its proof, we refer the reader to [8, Lemma A.2].

2.2 No-arbitrage and Deflators

In this section, we recall the definitions of no-arbitrage and deflators and we re-
fer to [57, 61] for this topic. We start with no-arbitrage concepts and recall the
definitions of No-Free-Lunch-with-Vanish-Risk (hereafter we called it NFLVR) and
No-Unbounded-Profit-with-Bounded-Risk (NUPBR hereafter).

2.2.1 No-arbitrage concepts

Definition 2.13: Let a be a positive real number and X be an H-semimartingale.
An X-integrable H-predictable process H is called a-admissible if Hy = 0 and
H.X; > —aforallt > 0. H is called admissible if it is admissible for some

CLGR+.

Definition 2.14: Let X be an H-semimartingale, and consider Cy, as the cone of

functions dominated by components of the set Ko, where
Ko := {H X ‘ H is X — admissible and  lim H. X, exists} ,
t—4o00

K:=KygNnL>®, and C:=CynL>®.

We say that the H-semimartingale X satisfies the condition of
(a) No Arbitrage (NA) if CN LS = {0}.
(b) No Free Lunch with Vanishing Risk (NFLVR) if Cn LS = {0}.
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Remark 2.1: (1) It is clear that (b) implies (a). The no-arbitrage property (NA)
is equivalent to Ko N LY = {0} and has an obvious interpretation: there should
be no possibility of obtaining a positive profit by trading alone according to an

admissible strategy.

(2) The condition of NFLVR has the following economic interpretation: there
should be no sequence of final payoffs of admissible integrands, f,, := H".X7 such
that the negative parts f,,; tends to 0 uniformly and such that f,, tends almost
surely to a [0, oo]-valued function fj satisfying P[fo > 0] > 0. If (NFLVR) is not
satisfied then there is a fp in L°, not identically 0, as well as a sequence (fp)n>1
of elements in C, tending almost surely to fy, such that for all n, we have that

fa > fo— L. For more details we refer to [57].

Definition 2.15: The H-semimartingale X is said to satisfy the No-Unbounded-

Profit-with-Bounded-Risk (called NUPBR(P,H)) condition if the set

Ky = {H.XOO ‘ H.X>-1 and lim H.X; exists}, (2.2)

t——+o0

is bounded in L°(P) (i.e. bounded in probability under P).

Remark 2.2: The terminology of NUPBR is also articulated as The First Kind of
No Arbitrage in Kardaras [93] or (BK) in Kabanov [90].

In the following lemma, we state relationships between (NA), (NUPBR) and (NFLVR).

For its proof, we refer to [90].

Lemma 2.3: The semimartingale X satisfies (NFLVR) if and only if (NA) and
(NUPBR) are satisfied, i.e., NFLVR = NA + NUPBR.

In the following theorem, we state one of the most important and fundamental

concepts of asset pricing. We refer the reader to [55, 56].

Theorem 2.5: Let X be an (H, P)-semimartingale. Then X satisfies NFLVR if and

only if there exists a probability measure Q ~ P such that X is a o-martingale
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with respect to Q (i.e. there exists H-predictable process ¢ such that 0 < ¢ < 1

and ¢+ X is a Q-martingale).

2.2.2 Deflators

In this subsection, we recall the different class of deflators, which we use it frequently
in this thesis. Namely, we define local martingale deflators, are also called in the

literature by local o-martingale density, and supermartingale deflators.

Definition 2.16: Let X be an H-semimartingale and Z be a process.

(a) We call Z is an H-local martingale deflator for X ( or a local martingale
deflator for (X,H)) if Z > 0 and there exists a real-valued and H-predictable
process ¢ such that 0 < ¢ < 1 and both processes Z > 0 and Z(p+X) are H-local
martingales. Throughout the thesis, the set of all local martingale deflators for
(X,H) will be denoted by Zj,.(X, H).

(b) We call Z is a H-deflator for X (or a deflator for (X, H)) if Z > 0 and ZE(p+X)
is an H-supermartingale, for any ¢ € L(X,H) such that pAX > —1. Throughout
the thesis, the set of all deflators for (X, H) will be denoted by D(X, H).

Definition 2.17: Consider an H-semimartingale X and an H-positive local martin-
gale L > 0. We call L is the local martingale density for X if the product LX is

an H-local martingale.
We end this subsection by the simple but important lemma.

Lemma 2.4: Let o be an H-stopping time. Z is a deflator for (X7, H) if and only if
there ezists unique pair of processes (K1, K2) such that K1 = (K1)?, £(K1) is also
a deflator for (X°,H), Ky is any H-local supermartingale satisfying (K2)? = 0,
AKy > -1, and Z = E(K1 + Ko) = E(K71)E(K?).

Proof. Suppose Z is a deflator for (X7, H). Hence Z is a positive H-supermartingale.

Then there exists an H-local supermartingale K, such that Z = £(K). Put K1 := K¢
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and Ky := K — K?. Let ¢ be an H-predictable process and X-integrable such that
@AX > —1. Then ZE(p+X) = E(K + ¢+ X7 +¢-[K, X)) is an H-supermartingale
ifand only if Y := K 4+ ¢+ X7 + ¢« [K, X]|? is an H-local supermartingale. This is
equivalent to Y — Y7 and £(Y?) = E(K1)E(¢« X7) are H-local supermartingales.

This ends the proof of the lemma. ]

This lemma shows, in a way or another, that when dealing with the stopped
model (X7?,H), there is no loss of generality in focusing on the part up-to-o of

deflators, and assume that the deflator is flat after o.

2.3 Log-optimal portfolio and numéraire portfolio

In this subsection, we provide the mathematical definitions of the utility and the

corresponding Merton’s optimal portfolio problem afterwards, we refer to [110, 111].

Definition 2.18: A utility function is a function U satisfying the following;:
(a) U is continuously differentiable, strictly increasing, and strictly concave on its
effective domain dom(U).
(b) There exists ug € [—00,0] such that dom(U) C (ug, +00).

The effective domain dom(U) is the set of r € R satisfying U(r) > —oo.

Given a utility function U, an H-semimartingale X, and a probability P, we

define the set of admissible portfolios as follows

A(Xo)i={w | € LX), $.X > X0 & EP[U~(Xo+ (. X)r)| < +o0}.
(2.3)
When X = S, and U is fixed, we simply denote A(Xj, S).

Utility function captures the agent’s preferences.
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Definition 2.19: The Merton’s optimal portfolio problem is given by
u(z) = maxye A(x,) E[U(X}p)], subject to  X¥X0) > 0, (2.4)

Here 1 which is X-integrable (i.e. 1 .S exists) and belongs to A(Xy), which is

the set of all admissible strategies. Then, the dual problem is given by

mingepsmy E[V(Z7)], (2.5)

where V(y) = max,~o[U(z) — zy| is the conjugate function of U, and D(S,H) is
the set of all deflators for the model (S, H).

The solution to the Merton problem for a given initial wealth X is the optimal
strategy to determine our investment plan up to the horizon time 7. The optimal

portfolio v, maximizes the expected utility function of the terminal wealth Xp.

Below, we provide the mathematical definition of numéraire portfolio concept.

Definition 2.20: Let (X, H, P) be a model and @ be a probability measure such
that @ < P. We call the numéraire portfolio, for the model (X, H, Q) when it
exists, the unique H-predictable process 5 € L(X,H) such that £ (5 «X) >0, and
E(pe X)/E(gz; X) is a supermartingale under @, for any ¢ € L(X,H) satisfying
E(p+X) > 0. When QQ = P, we simply say numéraire portfolio for (X, H).

By comparing Definitions 2.16 and 2.20, it is clear that if the numéraire portfolio

¢ for (X, H) exists, then Z := 1/£(¢+ X) belongs to D(X, H).

It is known that this numéraire portfolio, that was initially introduced in [106],
is intimately related to the notion of deflator (or local martingale deflator) in a way
or another. The connection of the existence of numéraire portfolio to deflators was

first established by [94], see also [27, 36, 91] and the references therein for different
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proofs and/or related topics.

By taking into account a possible change of probability and or even a density, a

natural extension of the above definition will be as follows.

Definition 2.21: Consider (X,H, P), and let Z be a positive H-local martin-
gale. We call numéraire portfolio for (X,H, Z), when it exists, is the unique
¢ € L(X,H) such that (¢ + X) > 0, and the process ZE(¢+ X)/E( + X) is a

supermartingale, for any ¢ € L(X,H) satisfying £(¢+ X) > 0.

Remark 2.3: In the definition above, it is enough to consider the test processes
¢ € L(X,H) such that £(¢+ X) > 0. In fact, we consider ¢y € L(X,H) such
that E(¢o+ X) > 0. Then for any ¢ € L(X,H) satisfying £(¢« X) > 0 and any
e € (0,1] we have ¢, := e + (1 — €)¢ belongs to L(X, H) satisfying E(pe+ X) > 0

and &(¢e + X) converges to £(¢+ X ) when e goes to zero.

2.4 Predictable characteristics of a semimartingale

In this section, we will recall the theory of semimartingale. The use of semimartin-
gale characteristics in mathematical finance can be traced back to Yuri Kabanov in
[90]. Most of the results presented in this section can be founded in [81], Jacod and
Shiryaev [83], He et al [73], and Choulli and Schweizer [38]. For detailed proofs, we
refer the reader to the aforementioned works of literature.

An auxiliary measurable space (E, &) is Blackwell space if it is a separable space
and for any (F,&) measurable random variable ¢ admits a regular condition dis-
tribution. Throughout this thesis, we consider (F, &) is Blackwell space and it is

presented by (R%, B(R?)).

Definition 2.22: A random measure on Ry x E is a family p = p(w, dt, dz),w € Q

of nonnegative measure on (R4 x E, B(Ry) ® &) satisfying p(w,{0} x E) =0
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identically.

Throughout the thesis, on the space (Q = QxR x BE,H:=HRBR,)® B(E)),

we will consider two o-fields

O(H) = O(H)® B(E) and  P(H) = P(H) @ B(E). (2.6)

For an H-adapted cadlag process X, we denote the jump random measure asso-

ciate with X by u (4% if confusion may arise), which is given by

p(w, dt, d) ==Y " T{ax, ()20} 0(s,a X, (w)) (dF, dz), (2.7)
s>0

where J, is the Dirac measure at the point a.

For an H-measurable function, we define the integral process W % u by

- f[O,t]xE W(w, s, z)u(w,ds, dz), iff[O,t]xE W (w, s, z)|pu(w,ds,dz) < +oo
W py(w) =
+00, otherwise.

Another important and useful measure on (ﬁ, 7—7) is given by
Mi(é) =: [/R EIE(w,t, x) u(w,dt,dw)] , for all B € H. (2.8)
+ X

Thus, by M 5 [9|P(H)], we denote the unique P (H)-measurable function, providing

it exists, such that for any bounded P(H)-measurable function W,

MP(Wg) = E </R+/EW(S,J:)Q(S,:E) p(ds,da:)) = M (Wl [o|Pan))

Remark 2.4: In this thesis, the notation “x” presents integrals with respect to

random measures.
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Definition 2.23: A random measure u is called (5(H)—0pti0nal (resp. H-predictable)
if the process Wk is H-optional (resp. H-predictable) for every O(H)-measurable

(resp. P(H)-measurable) function W.

For any p, a jump random measure of a process X, we associate a 73(}1-]1)—
measurable random measure v satisfying W« u — W x v is an H-local martingale.
Moreover, there exists a predictable process A € A1 (H) and a kernel F(w,t,dr)

from (© x Ry, P(H)) into (E,E) such that

v(w,dt,dx) = dA(w) F(w,t,dz). (2.9)

For any H-measurable function W, we define the following processes

/me w, {t} x dz),

Wi(w) := W (w, t, AXy () I ax 0y (W, 1) — Wi(w).

Here, we evaluate two types of integrals corresponding to the pair of random mea-
sures (u,v). Their integrals are denoted by W * (1 — v) and g * p, if W belongs
to the set of integrands G\ (1, H) and g belongs to the set of integrands H},.(u, H)

respectively. The two sets of integrands are defined by

Gloe(, H) =S W € P(H) :  [> W2e Al (H)p and
s<.

Hioo (B 1) := {9 g € O(ED), ME[g|P(H)] = 0,v/g % i € AF (H)} . (2.10)

Here, we state an important theorem of this subsection, which is the canonical
predictable representation for a semimartingale. We refer reader to [83, Theorem

2.34] for more details.
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Theorem 2.6: Let X be an H-semimartingale. Then X has the canonical repre-

sentation:

X=Xo+X°+hx(p—v)+(z—h(z))~p+ B, (2.11)

where X€ is the continuous martingale part of X, B is a predictable finite varia-

tion process and h is a truncation function with the form of h(z) = xlfjz<1y-

For the matrix C' with entries C¥ := [X%% X %], the triple (B, C,v) is called
predictable characteristics of X. Furthermore, we can find a version of the charac-

teristics triplet satisfying

B=0b.A, C=c.A, and v(w,dt,dzr) = dAi(w)F(w,dx). (2.12)

Here, A is an increasing and predictable process, b and ¢ are predictable processes

and Fy(w,dz) is a predictable kernel such that
o Fi(w,{0})=0, [ (Jz* A1) Fy(w,dz) <1,
o AB, = [h(z)v({t},dz), ¢=0on {AA#0},
o a;:=v({t},RY) = AAF,(RY) < 1.
Below, the following corollary characterizing H-special semimartingales.

Corollary 2.6.1: Let X be an H-special semimartingale. Then X has the following

decomposition:

X=Xo+X+a*(p—v)+ B, (2.13)

where B is a predictable process with finite variation.

In the next theorem, we present the important Jacod’s representation of local mar-
tingale with respect to a semimartingale X. We refer the reader to [81, Theorem

3.75] for more details.
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Theorem 2.7: [Jacod’s representation] Suppose that X is quasi-left-continuous,
and let N € Mo oc(H). Then, there exist § € L(X¢ H), N € Mg oc(H) with
[N’, X] = 0 and functionals f € P(H) and g € O(F) such that the following hold.

/ : /
(a) (Z(f(s,ASS) - 1)2I{ASS;&O})1 ’ and (Z g(S,ASs)ZI{ASS;éO})l ’ belong to
s=0

s=0
A—I—

loc®

(b) le(g | P(H)) =0, P® pi-.a.e., and the process N is given by
N=3-X+(f-D*(p—v)+gxu+N. (2.14)
Moreover,
AN = (f(AX) 4+ g(AX)) Itax o0y + AN (2.15)

Remark 2.5: The Jacod representation is used frequently in this thesis. From now

on, we call (8, f, g, N') the Jacod’s parameters of N with respect to X.
The following lemma can be found in [38, Proposition 2.2].

Lemma 2.5: Let £(N) be a positive local martingale and (83, f,g, N') be the Jacod’s

parameters of N. Then, E(N) > 0 (or equivalently 1 + AN > 0) implies that
P
/>0, M, —ae.

Here we recall simple but an important definition for the relationship between a

local martingale M and a semimartingale X with characteristics (B, C,v).

Definition 2.24: [83] Let M be an H-local martingale, then it has following repre-

sentation property related to semimartingale X if it has the form
M=My+H - X°+Wx*(u—v),

where H = (H%);<q € L}, .(X¢) and W € G| _(u, H).
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For more details about predictable characteristics and related issues, we refer to
[83, Section II1.2]. For the sake of simplicity, we consider o-special models, defined

as follows.

Definition 2.25: The model (X, H) is called o-special if

Z@|AX|I{‘AX‘>1} € A} for some real-valued and predictable ¢ s.t. 0 < ¢ < 1. (2.16)

It is clear that (2.16) is equivalent to f(lft\>1) |z| F(dz) < +00 P®A-a.e.. Through-

out Thesis we consider the following set
L(X,H) := {¢ d-dimensional and predictable | "' AX > —1}. (2.17)

It is clear that ¢ belongs to £(X,H) if and only if ¢ € P(H) and ¢! (w)z > —1
P(dw) ® dAy(w)Fi(w, dz)-a.e. .

Lemma 2.6: Let Z = E(N) be a nonnegative local martingale such that
N=3.5+(f-1)x(p—v)+g*xu+N".

Then the following assertions hold.
(1) ZS is a local martingale if and only if (x — h(x) + z(f(x) — 1+ g(x))) * p is

a process with locally integrable variation and
beA+cBA+z—h(z)+z(f(x)—1)*v=0.

(2) Consider Ny := B+S°+ (f —1)x (u—v). If ZS is a local martingale, then

E(N1)S also is a local martingale.

For its proof, we refer reader to [43, lemma 2.4].
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2.5 Enlargement of the flow of information

In this thesis, the additional information comes from a random time 7 (a positive
random variable) that would represent different concepts in finance, namely, a de-
fault or bankruptcy time in credit risk, retirement or death time in insurance, etc.
To capture the additional information from 7, two main methods have been investi-
gated. Precisely, these two methods are called initial enlargement of filtration, and
progressive enlargement of filtration. In this thesis, in order to study the additional
element and concept to the usual setup, in our case random horizon, we need to
find a suitable framework. The most adequate method is progressive enlargement of
filtration, as the random time cannot be seen before it occurs. By using this method
we can capture the additional information carried by the random horizon. Below,
we recall preliminary properties of progressive enlargement of filtration and we refer

the reader to Jeulin [86] for their proofs and other related topics.

For the rest of the thesis, we consider a filtered probability space (2, F,F := (F;)i>0, P)
satisfying the usual conditions. Here I is the public flow of information. To this
initial model, we consider a random time 7 : 2 — R, that represents the random
horizon, which might not be an F-stopping time. Throughout the thesis, we will be

using the following associated process D and the filtration G := (G;)s>0,
D=1 o, Gt:= Gy where G :=F,Vo(Ds, s<t). (2.18)

Thus, the agent who has access to F, can only get information about 7 through the

following survival probabilities, called in the literature by Azéma supermartingales
Gy:=P(r>t|F) and Gy:=P(r > t|F).

Both G and G are supermartingales, where G is RCLL, but G has right and left

27



limits only. The process

m = G + DF, (2.19)

is an F-martingale. One has to note that the above process m is not the Doob-Meyer
decomposition of G in general. Since the second term above is H-dual optional
projection of process D and in the Doob-Meyer decomposition of G, its H-dual
predictable projection appears. The following important theorem from Jeulin [86],
provides a classic relationship between F-local martingales and G-local martingales

on [0, 7], which has been developed recently in [10, 33] and references therein.

Proposition 2.3: Let 7 be a random time. Then the following hold:
(a) If X is an F-semimartingale, X7 (i.e. X stopped at 7) is a G-semimartingale.

(b) If X is an F-local martingale, then

tAT 1

X = Xinr —
t tAT 0 G87

d(X,m)~, t>0. (2.20)

is a G-local martingale.

The following is an useful result, from [6, Lemma B.1], for relationships between

functional measurability in F and G.

Lemma 2.7: Suppose that 7 is a random time. Let H® be an @(G)—measumble
functional and 0 < H® < 1. Then, there exists a ]@(F)—measumble functional HY

and 0 < HF < 1, such that

HG((JJ, t, .CC)I[OJ—]] = HF(wa t, x)IHO,T]] .

2.6 G-stochastic structures versus those of F

Next, we shall study about G-local martingale representations theorems.
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Theorem 2.8: For any F-local martingale, M, the process
T _ -1 pF
T(M) 1= M7 = G g+ [Mym] + I+ (S AMIg ) (2:21)

is a G-local martingale.

For this claim we refer the reader to [10]. Thus, our first class of G-martingales

is given by

MW(G) := {T(M) defined in (2.21) | T(M)e € L'(P), M € Mo 0c(F)} .
(2.22)
We recall from Choulli et al. [33] that the following process is a G-martingale. In
the following, they propose a new G-martingale, and show that it has nice features
such as a larger set of integrands than the usual G-predictable integrands. This new

martingale is the core generator of a second class of G-(local)martingales.

Theorem 2.9: Consider the following process
N®:.= D~ G . D°F. (2.23)

Then, the following assertions hold.
(i) N© is a G-martingale with integrable variation.
(ii) Let K be an F-optional process, which is Lebesgue-Stieltjes integrable with

respect to N©. Then,
K.N®c AG) iff [K.N®ecAN(G) iff KeI°(N®G), (2.24)
where

° (NC,G):= {K cOF) | E [!K|GC~}’1I@>O-DOO} < +oo}. (2.25)

loc
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Furthermore, in the case where K belongs to Z°(N®,G) (resp. to I

loc(NGv G));
the process K « N© is a G-martingale with integrable variation (resp. is a G-local

martingale with local integrable variation).

(i1i) The elements of

MO (G) = {K.N‘G | K € I3, (N, G) ie. K € O(F) and |K|- Var(N®) € Aj, (G)},

loc loc

are G-martingales orthogonal to locally bounded elements of Ml(;Z(G) defined in

(2.22).
(iv) For K € I?

loc

(NG,G) and F-stopping time o, the process (K . NG)U_ s also

a G-local martingale.

Theorem 2.10: [33] The following assertions hold.
(i) For any k € L' (Prog(F), P ® D), there exists a unique (up to a p = P ® D-

negligible set) F-optional process, h, satisfying
E[k; | Fr] =hs P-as. on {r < +oo}. (2.26)
(ii) The elements of the set

MO (G) = {k .D ‘ k€ L' (Pyog(F),P® D) and Elk:|F] =0 P-a.s}
(2.27)
are G-martingales that are orthogonal to locally bounded elements ofM(l)(G) and

loc
M (G).

loc

Now for parametrizing the class of G-deflators for the model (S7,G), we need to
see the decomposition of any G-local martingales stopping at random time 7. For
the sake of this goal, we slightly extend the representation theorem [33, Theorem

2.8] to the case of G-local martingales when the process G never vanishes.

Theorem 2.11: Suppose that G > 0. Then for any G-local martingale MC, there
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exists a unique triplet (MF, () @)Y that belongs to
Mo 1oe(F) % Ty (N€,G) x Liy, (€, Prog(F), P % D)

and satisfies

E [@PT) | fT} Tfreioe) =0, P-as, (2.28)
and
(MG>T = M + G201 T(MF) + 9@ « N€ 4 ) . D, (2.29)

Proof. Let M® € Mg 0.(G), then there exists a sequence of G-stopping times,
Ty in>0}, that increases to infinity such that (M GYTn is a G-martingale. On the one
hand, thanks to [6, Proposition B.2-(b)], we deduce the existence of a sequence of

F-stopping times (o, ), that increases to infinity and
ToNT=0, AT, n > 1.

On the other hand, due to the assumption G > 0 and by applying [33, Theorem
2.20] to each (M©)Tn — (M®)Tn—1 we obtain the existence of sequence of triplet

(MF plem) ,Prn)) that belongs to
Mo 10c(F) X I, <NG,G> x LL_ (Q,Prog(ﬂ?), P® D)

and satisfies

E [0 | Fr| Ifpcsoy =0, P-as.,
and
(MG)T/\Tn N (M(G)T/\Tn,1 _ G:ZI]]O,T]] . T(MIF,n) + ()O(o,n) . NG + ()O(pr,n) .D.
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Notice that (M®)"” — M§ = anl(MG)”\Tn — (M) Tn=1) "and put

oo =0, 90(0) = Z I]]an_l,onﬂ(p(oyn)v gp(pr) = Zlﬂdn_l,o’n]]@(pnn)a

n>1 n>1

MF = E Lo v .omp * ME™.

n>1

This ends the proof of the theorem. O

Here, we recall important results about computing the compensator of u® -which
is the jump measure X7- and the canonical representation of X7 in G. For detailed

proofs of the next two theorems, we refer to [6, 8, 10].

Proposition 2.4: Let pu be the jump measure of X and v be its F-compensator.

Then, on [0, 7], the G-compensator of Ijo,rp « 1 is given by

MF|G|P(H)]
I/G = (I[[O,Tﬂ . /.L)pﬂ; = uTI[[OvT]] ' (230)

Theorem 2.12: Let X be an F-semimartingale with the canonical representation
X=Xo+X°+(x—h)xpu+hx(p—v)+ B.
Then the canonical representation of X7 is given by
X" = Xo+ X+ hx(u€ —v®) + (. — h) « € + B, (2.31)

where X¢ is defined via (2.20) and,

= el e, MY Am[P(H)
B:=B +?.<X,m> +h = a_ IIIOJ}]* V.

The following lemma recalls the G-compensator of any F-optional process stopped

at a random time 7.
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Lemma 2.8: [6] For any F-adapted process V' with locally integrable variation, we

have (VT)P® = G2 g 1+ (G- V)PF.
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Chapter 3

Explicit description of all
deflators for models stopped at

random time

Throughout this chapter, we consider an initial market model, specified by its un-
derlying assets S and its flow of information F, and an arbitrary random time 7
which might not be an F-stopping time. In this setting, our principal goal resides in
describing as explicit as possible the set of all deflators, which constitutes the dual
set of all “admissible” wealth processes, for the stopped model S7. Since the death
time and the default time (that 7 might represent) can be seen when they occur only,
the progressive enlargement of F with 7 sounds tailor-fit for modelling the new flow
of information that incorporates both F and 7. Thanks to the deep results of Choulli
et al. [33], on martingales classification and representation for progressive enlarged
filtration, our aim is fully achieved for both cases of local martingale deflators and
supermartingale delators. The results are illustrated on several particular models
for (7,5,F) such as the discrete-time and the jump-diffusion settings for (S,F), and

the case when 7 avoids F-stopping times.
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This chapter contains six sections. The first section presents some useful inter-
mediate results that are interesting in themselves beyond their role in proving the
main theorems of this chapter. The second section states the explicit parametriza-
tion of local martingale deflators for (S™,G). We illustrate the main theorems on
particular models and their related discussions in the third and fourth sections. Sec-
tion 5 addresses the case of supermartingale deflators. In the last section, we present

particular models for the supermartingale deflators.

3.1 Preliminary results

This section contains some useful technical (new and existing) results with detailed

proofs. The results might have applications beyond this chapter.

3.1.1 Some G-properties versus those in F

In the following proposition, we explain briefly some G-properties versus those in
F. These results appear naturally in the proofs of our important theorems of this

chapter. Besides this, they sound important in themselves.

Proposition 3.1: The following assertions hold.
(a) For any G-predictable process OO, there exists an F-predictable process ¢F
such that

" =" on ]0,7].

If, furthermore, ©® is bounded, then ¢F can be chosen to be bounded with the
same constants.

(b) Suppose G > 0. Then for a bounded 8 € L(ST,G) (i.e. 0 is G-predictable
such that 0" AS™ > —1), there exists a bounded ¢ € L(S,F) that coincides with 0
on [0, ].

(¢) Suppose G > 0. Let VE be a G-predictable, RCLL and nondecreasing process
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with finite values such that (VE)™ = V&, Then there exists a unique nondecreasing
with finite values, RCLL, and F-predictable process, V , such that VE = V7.

If furthermore AVC < 1, then AV < 1 holds also.

Proof. Remark that the boundedness condition for ¢® can be reduced to the condi-
tion 0 < ¢® < 1. Thus, assertion (a) is a particular case of the general case treated
in [6, Lemma B.1] (see also [86, Lemma 4.4 (b)]). Hence, its proof will be omitted,
and we refer the reader to [6] and [86]. Thus, the remaining part of this proof focuses
on proving assertions (b) and (c) in two parts.

Part 1. Here we prove assertion (b). Consider a bounded 6 € £(S7,G). Then 6
is a bounded and G-predictable process satisfying 8" AS™ > —1. Thus, in virtue of

assertion (a), there exists a bounded and F-predictable process ¢ such that
010,71 = ¢1[o,r]-
Then by inserting this equality in " AST > —1, we deduce that
cptTASI]]O,TH > —1,

which is equivalent to Ijg ;] < I{,tras>-1). By taking the F-optional projection on
both sides of this inequality, we get 0 < G' < 1 irag5—1} on ]0, +-00[, or equivalently
" AS > —1. Hence ¢ belongs to £(S,F), and the proof of assertion (b) is complete.
Part 2. This part proves assertion (c). Consider a G-predictable, RCLL, and
nondecreasing process with finite values V& such that (V)™ = V€. It is clear that
there is no loss of generality in assuming that V® is bounded. Then due to [86,
Lemma 4.4 (b)] (see also [6, Lemma B.1]), there exists an F-predictable process V

such that

VEIp = VIpa (3.1)
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By writing VE], o7 = Ve —VECI [r,+00] ~Which is obviously a RCLL bounded G-
semimartingale— and by taking the F-optional projection on both sides of (3.1), we
get V =F (V] [0,-[)/G- Hence V is a RCLL F-semimartingale that is predictable.
As a result, the Doob-Meyer decomposition guarantees the existence of a continuous
F-martingale L with Ly = 0 and an F-predictable process with finite variation B

such that V = L + B. Since V© is predictable with finite variation and
Ve VT =L+ B = (LT — Gy <L,m>F) + G g (L,m)F + BT,

then we conclude that the G-local martingale L™ — GZIIHOJ]] « (L, m)F is null. This
implies that [L, L]" is also a null process since L is continuous, or equivalently L =0
due to the assumption G > 0. This proves that V' = B has a finite variation. To
prove that V is nondecreasing, it is enough to remark that (VV¢)P¥ is nondecreasing
and V = G~'+ (VE)PF. This proves the first statement of assertion (c), while the
proof of the last statement of assertion (c) follows the same foot steps of part 1).
Indeed AVE = AV ;1 < 1 holds if and only if Ijg ;1 < Ifav<1y holds, and this
implies —after taking the F-predictable projection on both sides of this inequality—
that 0 < G_ < I{ay <1y on [0, +oo[. This is equivalent to AV < 1, due to G- > 0.
This property, (i.e.G_ > 0), follows from the assumption G > 0 and the fact that
both sets {G_ > 0} and {G > 0} have the same début. For this last fact, we refer

the reader to [86, Lemme (4.3)]. This ends the proof of the proposition. O

The following lemma recalls the G-compensator of F-optional processes stopped

at a random time 7.

Lemma 3.1: Let V € Aj(F), then we have
(VT)p’G = I]]OJHG:I . (é . V)p’F.
For the proof of this lemma and other related results, we refer to [6, 7, 8].
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3.1.2 Useful integration properties

Lemma 3.2: Let ¢ be a real-valued and F-predictable process, N¥ € M ioc(IF),

H0) ¢ 70

loc

(NC,G), and p®") € L} (Prog(F), P ® D) such that

loc

E[pP) | Frll{r<too} =0 P-a.s., and

ANF
(1 + 5;) Ijop + ¢ 9ANCE + oP"AD >0, 0<p<L. (3.2)

Then the process

W .= Z QOASI{|AS‘>1}

F
(1 + 2]\7@) Tjop + e ANC + oPIAD

has a G-locally integrable variation if and only if both processes

" ANF
1% = Z@ASI{\ASbl}(l + a é)I]]O,T]] and

W@ =" 0ASTas1y [P ANT + P AD]
belong to Ajoe(G).

Proof. Due to the first condition in (3.2), it is clear that W € Aj,.(G) iff

ANF
W= [eASHassy (L + =)o + ¢! AN + ¢ AD] € A (G).

By stopping, there is no loss of generality in assuming that E[WJ ] < +oco. Thus,
since both processes ]¢A5|I{kZ|AS|>1}¢(O)ANG = ]@AS|I{;€Z|AS|>1}¢(O) -NC and
> ](pAS]I{kZMSbl}(p(W)AD = \@AS\I{Q\AS|>1}S@(W) « D are G-local martingale,
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we derive

ANF
> eAS| Ipcasi<ry 1+ o é)f]]o,f]]

E | lpAS|I [(1+A—NF)I = lim E
® {|AS|>1} ez Jo,7] I ety

= lim E[(I{\AS|§k} 'WJr)oo] < E[W:g] < 400.

k——+o0

This proves that W) € A(G), and hence W® = W — W) € A(G). Thus, the

proof of the lemma is complete. ]

Lemma 3.3: Suppose G > 0. Let M be an F-local martingale with bounded jumps.
Then the following assertions hold.
(a) Let A be an F-predictable process with finite variation. Then [T (M), AT] is a
G-local martingale.
(b) Let A©® € I? (N®,G). Then AL .[N€, M7| is a G-local martingale process.
(c) Let A% € L1 (Prog(F), P ® D) such that E [A&p” | FT} Ifreioey =0 P-as.

Then A®7) [ [D, M7 is a G-local martingale process.

Proof. (a) Let A be an F-predictable process with finite variation. Then by applying
[83, lemma 4.49], we get [T (M), A"] = AA™ . T (M) which is a G-local martingale,
since 7 (M) is a G-local martingale and AA is locally bounded.

(b) By stopping, there is no loss of generality in assuming A(®) € I° (N G, G). Then,
A©) [ NC is a G-martingale. Since N€ is a G-local martingale with finite variation

and M7 is a G-semimartingale, we derive
A [ [N® M7 = [A©) . N® M) = BAMAO L}, JAN® = AMA® . N®. (3.3)

Then A := AMA©) is an F-optional process as it is a product of AM and A©
that are both F-optional processes. Therefore, since | AM | is bounded and A(®) ¢
I° (NG,(G), we obtain

E [|A<0>|Gé—11

o ~—1
(Go0) + Do =E [[AMAC|GG 5, D] < 400 (3.4)
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This proves that A©) e ° (N®,G). Hence, in virtue of Theorem 2.9 and (3.3), we
deduce that A ,[N® M7] is a G-martingale process.

(¢) Again, by stopping, we assume that A®") ¢ L' (Prog(F), P ® D). Then, it is
clear that A®"), D is a G-martingale. Since both D and M7 are G-semimartingales,

we obtain
AP D, M7 = [AP) . D, M) = SAM AP [jy JAD = AMA®) . D. (3.5)

Here, A®") := AMA®") is an F-progressive process, since A®") is an F-progressive
process and AM is a bounded F-optional process. Furthermore, these imply that

APr) € LY (Poy(F), P ® D), and
E {Agpﬂ | FT} Ifreioo) = AM, -E [A(TW) | FT] Tfreyoey = 0.

Hence, by combining (3.5) and Theorem 2.10, one can conclude that A, [D, MT]

is a G-martingale. This completes the proof of the lemma. ]

Lemma 3.4: Suppose that X is an F-local martingale, Z := € (X) >0 and Y is an
F-semimartingale. Then € (X)Y is an F-local martingale if and only if Y +[X, Y]

18 an F-local martingale.

Proof. First of all, since Z > 0, we conclude that both processes Z_ and 1/Z_ are
F-predictable and locally bounded. As a result, Z_ . M is a [F-local martingale for
any F-local martingale M. By combining Ito’s formulaand Z =€ (X) =1+27_.X,

we get the following
2y =EX)Y=Y_.Z+Z_ .Y+ Z_ . X\)Y|=Y_.Z+Z_.(Y + ]Y, X]).

Thus, since Y_ . Z is an F-local martingale and 1/Z_ is locally bounded, we de-
duce that £ (X)Y is an F-local martingale if and only if (Y + [V, X]) is an F-local

martingale. O
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The next section addresses the set of all local martingale deflators (also called

in the literature by the set of all local martingale densities) for (S7,G).

3.2 Local martingale deflators: The general setting

This section focuses on describing completely the set of all local martingale deflators,
defined in Definition 2.16-(a), for the model (S7,G) in terms of those of (S5, F).
Throughout the rest of this section, we adopt the convention 1/0" = +oo.

Below, we state the main result of this section. Recall that the set of all local

martingale deflators of (X, H) is donated by Zj,.(X, H)

Theorem 3.1: Suppose G > 0, and let K€ be a G-local martingale. Then the fol-
lowing assertions are equivalent.
(a) Z© := & (K©) is a local martingale deflator for (S7,G).
(b) There exists (K¥, 0, 0P such that (KF,0(?) € Mg joc(F) x I?

loc

(NC,G),
o) e Ll (Prog(F),P ® D) and E[cpg-pr) | Frllir<4ooy = 0 P-a.s., and the fol-

loc

lowing three conditions hold:
(b.1) € (KY) is a local martingale deflator for (S,F) (ie. ZF¥ = £ (KF) €
Z10c(S,F) ).

(b.2) The following inequalities hold
o) > [G_(1+AK") + 9G] /G, P®D - ae., (3.6)
G_

—?(1+AKF) < PeDFae and ©9ADF < (1+AKFYG_. (3.7)

(b.3) The following decomposition holds.
K® =T(K") = GZ' - T(m) + ¢\? - N® + o). D, (3.8)

Proof. The proof will be achieved in two steps. The first step proves that (K©)
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is a local martingale for which there exists a G-predictable process ¢€ satisfying
0 < ¢® <1 and E(K®)(¢%+87) is a G-local martingale if and only if there exists a

quadruplet (KF, gp(o),go(pr),gow) element of
Mojoc(F) X Ifp(N®, G) x Lioe(2, Prog(F), P ® D) x L(S,F)

such that (3.8) holds and &(KF)(¢" + 9) is an F-local martingale. The second step
proves that £(K®) > 0 if and only if the triplet (K©, ¢, o®)) found in the first
step satisfying (3.8), should fulfills (3.6)-(3.7) and 1 + AK" > 0.

Step 1) Suppose that Z® = £(K®) is a local martingale deflator for (S7,G).
On the one hand, thanks to [33, Theorem 2.20], there exists a triplet (NF, (9, go(pr))
such that N is an F-local martingale, ¢(®) € 72 (N®,G), o) € L} _(Prog(F), P ® D),

and K© has the following unique decomposition in G ;
K® = K§ + G2 )1 T(NF) + (@) « N€ 4 ) . D, (3.9)

On the other hand, thanks to a combination of Definition 2.16 and Lemma 3.1-(a),
we deduce the existence of an F-predictable process ¢ such that 0 < ¢ < 1 and

goGIHOJ]] = ¢ljo,-]- Then Z%(p+S7) is a G-local martingale, or equivalently
0+ ST+ [p+ST,K® isa G-local martingale. (3.10)

Thus, using the decomposition S = Sy + M + A + ZASI{|A|>1} where M is an

F-local martingale with bounded jumps and A is an F-predictable process with finite
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variation, we derive

0+ ST+ @ [KC ST =0 M+ ¢ AT+ @ASIjasis11 D0, + ¢+ [K, S7],

= G-local martingale + %I]]O,T]] . [M, m] + - AT

F

AN b F
+ S LAST 14+ 22 Vb + -2 hyq - [NF, M
Y 9ASIasisy( o /et o5l ]

+ QOASI{\AS|>1}¢(O) NG 4+ QPAS[“AS‘M}(P(W) .D
14 © .

:G-LM‘FTI 7—°M7m+ 'AT+ ~I T’NaM

gt Mml v e o gl [N M

ANF
+ Y 9ASIass1y | (1+ = o + e ANC 4+ oPIAD]

Then ¢+ S™ + ¢+ [K®, 5] is a G-local martingale if and only if

ANF
W=D @ASIasyll+ E 6)1]077]] + o ANC + P AD), (3.11)

has a G-locally integrable variation (i.e. W € Aj,.(G)) and (due to Lemma 3.1)
=7 r P
0 = EI}]U,T]] * <M7 m>F + QO M A + GfZ_I]]O’T]] . <]\]]F7 M>F _|_ WP,G. (312)

In virtue of Lemma 3.2, we conclude that W € Aj,.(G) iff both processes

) ANF
W = " 0ASTag13[(1 + o é)]f]]o,ﬂ}

and W® := 3" 0ASTag>13 [P ANC + 0PI AD] belong to Ay (G).
It is clear that W) belongs to Aj..(G) if and only if it is a G-local martingale, and

hence in this case we get

~ JF
G_ G+ ANF\
e

WrE — (WDPE = G:II]]OJ]] . (Z PAST{as>1}
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As a result, by inserting these remarks in (3.12), we obtain

0;¢-<M,m>F+<pG_-A+Gﬁ.<NF,M)F+

Am  ANF NPT
+G_ - (Z PASTas>13[1+ el + Gg]) ;

or equivalently

F
1 1 pp Am  ANF NP
0:@'<Maa'm+@'N> +@‘A+<Z<PASI{|AS|>1}[1+G+GQ_] .

Thanks to Ité’s formula, this is equivalent to £(K¥)(¢ -« S) is an F-local martingale
with K := GZ'em + GZ2+ NF, and the first step is completed.

Step 2). Herein, we assume that (3.8) holds, and prove that £(K®) > 0 if and only
if (3.6)-(3.7) and 1 + AK" > 0 hold. To this end, due to

F - ~
AT(KF) = %IOT , AN® = AD — G Iju nAD?F, Am =G - G_
& ol Jo,7]

and ADF = G — G, we drive,

AK® = AT(K") = GT'AT(m) + o ANC + P AD
- G,AKIF — Am ( )ADO’F

_ Lo — @O ==— L1+ (pr) 4 p(0) I
G [0 Rl () (¢ ")
G_AKF — Am ADOF G
— _ Lo — O ==—To1+ (0P + o) o
e 107~ =5 for (¢ @ G) [7]
_[G- ADOF

G_(1+ AKF)
e ( ) P | ot

G
— 14+ (pr) + (0): IT .
Therefore, £(K®) > 0 if and only if 1 + AK® > 0 which is equivalent to

G_ ADOF
o { S asan®) - 0225 5ol

md (e {0+ ar) o0 L o). (3.13)
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Thus, by putting 31 := {%(1 + AKF) — go(o)%j’m > O} N]J0, +oo[, the first inclu-
sion in (3.13) is equivalent to o ;| < Ix,. Hence, by taking the F-optional projection
on both sides of this inequality, we get 0 < G < Iy, on ]0,+oo[. This proves the
right inequality in (3.7) since it means that 3; > 0 holds. Notice that the second

inclusion in (3.13) is equivalent to

G—:(l +AKT) 4+ go(o)g +oP) >0, P®D—ae.,

G G

and (3.6) is proved. Now, we focus on proving the left inequality of (3.7). Thanks
to Epeple®)|O(F)] = 0, P ® D — a.e., by taking conditional expectation under

P ® D with respect to O(F) on the both sides of the above inequality, we get
Y =G _(1+AK") 499G >0, PoD-ae, (3.14)

or equivalently I[;] < Irss0y. Remark that the above inequality is equivalent to
the left inequality in (3.7), and hence (3.7) is completely proved. By taking the F-
optional projection in both sides of I};j < Its~0y, we get ADOF < Its~0y- Therefore,
we derive

{AD’F > 0} C {G_(1+ AKF) > -G} (3.15)

On the one hand, due to (3.7), we deduce that on set {AD>F = 0}, we have

1+ AKF > 0. On the other hand, using (3.15) and (3.7) afterwards, we get
{14+ AK" <0} n{AD*F >0} C {o > 0,1+ AKF <0,AD*F > 0} = 0,

or equivalently {AD®F > 0} C {1+AKF > 0}. Thus, 1+ AK" > 0, or equivalently,
& (K F) > 0. Thus, the second step will be completed as soon as we prove the reverse
sense (i.e. it means (3.6)-(3.7) implies that £(K®) > 0), we assume that (3.6)-(3.7)
hold. Then (3.13) follows immediately, and hence £(K®) > 0. This ends the proof

of the theorem. O
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In the following, we derive a multiplicative version of Theorem 3.1.

Theorem 3.2: Suppose G > 0, and let Z® be a G-local martingale. Then the
following are equivalent.
(a) ZC is a local martingale deflator for (S7,G).
(b) There exists a unique triplet (ZF, 9, gp(p”)) such that Z¥ is a local martingale

deflator for (S,F), ¢ € I

loc

(N®,G), @) belongs to LlOC(Q,Prog(F),P ® D),

and satisfying E cp(p ") ‘ Frllir<4oy =0 P-a.s.,

G
@) > 1, PoD—ae, —— <o < — ., P®D""-q.e. (3.16
4 G=° G-G (3.16)
and
ANl
76 — (75 ). N&Ye (o) o D). 3.17
s T P NOE D) (317)

Proof. Thanks to Theorem 3.1, we conclude that Z€ is a local martingale deflator
for (57, G) if and only if there exists a triplet (Z" o) cp(p’”)) such that ZF := £(KF)

belongs to Zzoc(S F), @ ) belongs to Z°

loc

(NC,G), ¢<m> € Li, (Prog(F), P® D) such
that E[p ‘ Frll{7 <100y =0 P-as., and (3.6), (3.7) and (3.8) hold. Thus, we put

Y :=T(K" -G ' T(m), X:=Y+3®.NC

5P
- L (3.18)
G_(14 AKF) + 5@

Since the pair (39, %) satisfies (3.6)-(3.7), we conclude immediately that the

pair (o), ")) satisfies (3.16). Furthermore, put

I:=G_G'1+AK")—1, Q:=Qx][0,+00),
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and calculate

)

1+AX = F+1—AD°’F%

e
Io- + [F +1+73 )é] Tirg + Igngo.0g > O-

G_
]. + AY == F(l "‘ AKF)I]]OJ—]] + I]]*OO,O}]U]]T,%*OO[[ > 0

Thanks to Yor’s formula (i.e. £(X1)E(X2) = E(X1 + Xa + [X1, X2])) we derive

1

E(X1+ Xa) = E(X1)E(X2 — m

- [X1, X)),

for any semimartingales X1, Xo with 1 + AX; > 0. By applying this formula re-
peatedly, and using ¢(® = 3 /(1 + AY) and o) = 3P /(1 4+ AX) P ® D-a.e.
which follow directly from (3.18), we obtain

@(im") .
1+ AX

@(0)

1+ AY

= £ - NP)E@PP) - D) = E(V)EP - NH)E(™) - D).

Therefore, the equality (3.17) follows immediately from combining this equality
with £(Y) = £(KT)7/E(G~ +m)7. This latter equality is a direct consequence of
1/€(GZhm)™ = E(-GZT(m)) and E(K)"E(—GZ1T (m)) = E(T(K)-GZ'+T (m)),

which both follow directly from Yor’s formula (easy to check), as follows.

E(-GLeT(m)EWGLem)” = E(—gm™+ o [m]")EGZ!em)T =1,

47



and

E(K)TE(-GTT(m)) = E(K)” — G+ T(m) = [(K)",G=' - T(m)))

_ E(T(K) + éfﬂoﬂ] K, m] — G T (m) — [(K), G - T(m)])

1 _ 1
= 8(T(K) + EI]]O,T]] ° [K? m] - Gfl ° T(m) - EI]]O,T}] ° [Kv m])

= E(T(K) - G=1-T(m)).

This ends the proof of the theorem. O

As a direct consequence of Theorem 3.1, or equivalently Theorem 3.2, we describe
below a family of local martingale deflators for (S7,G), that will play important role

in Chapter 5, where we address the optimal deflator problem.
Corollary 3.2.1: For any F-local martingale (respectively an element of Zj,.(S,F))
ZF .= £(KT), the process Z€ given by

28 = &(T(K") = = T(m)) = - (3.19)

is a G-local martingale (respectively an element of Zj,.(S7,G)).

Proof. On the one hand, by choosing (ZF, cp(o), go(pr)) = (ZF, 0,0) in Theorem 3.2,
the decomposition (3.17) reduces to (3.19). On the other hand, 7(K¥)—GZ'+T(m)
is the sum of two G-local martingales, therefore the stochastic exponential of it,

Z® is also a G-local martingale. Furthermore, if ZF = £(KT) is a local martingale

deflator for (S,F), then Z© is a local martingale deflator for (S, G). O

3.3 Particular cases for 7

This section illustrates the results of Section 3.2 on several frequently studied models

for the random time 7. We will consider the case of pseudo-stopping times, the case
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when either 7 avoids all F-stopping times, and the case when all F-martingales are

continuous.

3.3.1 Pseudo-stopping times

The family of pseudo-stopping times was introduced and studied in [113]. Below,

we recall its definition.

Definition 3.1: 7 is said a pseudo-stopping time if, for every bounded F-martingale

M, we have

E[M’T] = E[MO]

The following lemma recalls some characterizations of pseudo-stopping times.

Lemma 3.5: The following three properties are equivalent.
(a) 7 is a pseudo-stopping time.
(b) m = mg (this implies that £ (G:l em) =1 and Am=0.)

(c) For any bounded F-local martingale M, we have T (M) = MT".

Proof. Thanks to [113, Theorem 1], 7 is an F-pseudo stopping time, if and only if
m = myg. This leads to 7(m) = mo and G = G_. Hence, we get & (G:1 em) =1
and Am = 0. This proves (a) = (b). Furthermore, when 7 is an F-pseudo stopping
time, {G =0 < G_} = (), and [M,m] = 0 for any F-local martingale M. Then, we

derive

~ p,F
T(M) = M™ = G Iy - [M,m] + I 11 - (Z AMI{§:0<G7}>

=M™~ G gy [M,m] +0=M".

Hence, the proof of (a) = (c) is complete, while (¢) = (a) is obvious. This is due
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to T(M) is G-martingale for any bounded F-martingale M, and hence
E[M:] = E[T-(M)] = E[To(M)] = E[Mo].

This ends the proof of the lemma. O

Theorem 3.3: Suppose that T is a pseudo-stopping time, and G > 0. Let K© be a
G-local martingale. Then the following are equivalent.
(a) Z¢ =& (KG) is a local martingale deflator for (ST,G) if and only if there
erists a unique triplet (KF,QO(O),(p(pT)) such that E(KT) € Z,.(S,F), 0@ pe-
longs to I, (N©,G), P belongs to L}OC((NZ,Prog(F),P ® D), and satisfying
E[go(Tpr) | Frll{7<400) =0 P-a.s.,

(0)
1+AKF><,0(°)(1—G£), and — (1+AK") < ('OG ¢ P®DF_qg.e.
e#) > 14+ AKF + (p(o)GE], P®D —a.e. (3.20)
and KC = (KF)T + @ NG 4 o), D, (3.21)

(b) Zz6 .= ¢ (KG) is a local martingale deflator for (S™,G) if and only if there

exists a unique triplet (ZF, cp(o), go(pr)) that belongs to
Z10e(S,F) x I (N®,G) x L} (9, Prog(F), P ® D),
and satisfying E[cpg-pr) ‘ Frll{r<iooy =0 P-a.s.,

G_ _
(pr) < _ _ _ = (o)
%) >—-1, P®D-—a.e., < e < : ~

Z® = (ZF)E(p « N®)E(P) . D). (3.23)

P® D% -q.e. (3.22)

Proof. (a) Thanks to Theorem 3.1, we have the following decomposition

K® =T(KF) =Gt T(m) + ¢\« N® 4+, . D, (3.24)
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By Lemma 3.5, we deduce that 7 (K¥) reduces to (K¥)" and GZ'+ T (m) vanishes.
As aresult, the processes in (3.24) and in (3.21) coincide. Both inequalities in (3.20)
also follow from Theorem 3.1. This ends the proof of assertion (a).

(b) By combining Theorem 3.2, assertion (a), and the fact that £ (GZ'-m)

Il
[j =

the proof of assertion (b) follows immediately.

3.3.2 7 avoids all F-stopping times

If a random time 7 avoids all F-stopping times, then for any F-stopping time o, we

have P(oc = 7 < +00) = 0. Throughout this section, put
N®:=D -G I+ DPT. (3.25)

It is clear that N© is the G-local martingale parts in the Doob-Meyer decomposition
under G of D respectively (see [86, Remark 4.5] for details). The following lemma

discusses the relationship between N° and N . which is defined in (2.23).

Lemma 3.6: Suppose that T avoids all F-stopping times. Then the following hold:
(a) It holds that N = N°©.

(b) For any ¢ € I?

loc

(N®,G), there exists an F-predictable process ¢ that is
NC-integrable such that (o) — @)« N¢ = 0.

() [NG, X] =0 for any F-semimartingale X .

Proof. (a) If 7 avoids all F-stopping times, then G= G, or equivalently ADF = (.

This means that D®F is continuous and hence D®F = DPF_This implies that
G_ljﬂoﬂ_ﬂ . DoF — G—ljﬂoﬁﬂ . pPF _ G_lfﬂo,ﬂ] . ppF.

Thus, the G-local martingale N® given by (2.23) coincides with N°.

(b) Since {p(®) #£ o} = U [on] (see [59]), where (0,,)n>0 is a sequence of F-stopping
n>0
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times. Therefore, on one hand,

I{SO(O)7£W} D= Z I{UnZT}‘[lIO'n,+OO|I =0,
n>0

since 7 avoids all F-stopping times. On the other hand, I (o0} * D°F is null as it
is the F-optional dual projection of I{@(o)?é@} «D = 0. Thus, by definition of N€, we
get,

(") — )« NO =0.

(c) Since N® has a finite variation, we get [NG,X] = ZAWGAX - AX - N
Furthermore, {AX # 0} = U lon], where (oy,)n>0 is a sequence of F-stopping
n>0

times. Thus,

+oo
ANGAX = Z AXUnI{Jn:T<+oo}I[[Unﬂ =0,

n>1

due to the fact that 7 avoids all F-stopping times. This completes the proof. ]

Theorem 3.4: Suppose that G > 0, and T avoids all F-stopping times. Let K© be
a G-local martingale. Then the following are equivalent.
(a) Z¢ := € (KG) is a local martingale deflator for (ST,G) if and only if there
exists a unique triplet (KF, P, <p(p7")) such that E(KT) € Z1,0(S,F), ¢ belongs
to LL (N°,G), ¢®) e L. (Prog(F), P@D) and E[p\"") | F.]I{;< 00y = 0 P-as.,

satisfying

~1<o®  PoDPF _qge. —o® 1< PRD-—ae.

and  K® = T(KF) —G=' - T(m) + @ NE o). D. (3.26)

(b) ZC is a local martingale deflator for (ST, G) if and only if there exists a unique
triplet (Z, P, o) belongs to Z(S,F) x LZIOC(NG, G) x L}Oc(ﬁ, Prog(F), P® D),
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and E[cp(fr) ‘ Frll{r<40} =0 P-a.s., such that o) > -1, P®D-—ae.,

—1<g0(p)7 P DPF —qe. and Z® = #5@0(1))'1\7 )5(@(pr)'D)- (3.27)
E(GZ em)T

Proof. (a). The proof of assertion (a) follows from combining Theorem 3.1 with the
three assertions of Lemma 3.6. In fact, on the one hand, thanks to Theorem 3.1, we
have

K€ = T(KF) = G=' - T(m) + ¢ - N€ 4 o® . D. (328)

On the other hand, since 7 avoids all F-stopping times, Lemma 3.6 implies that
NC = 'N. Thus by plugging these in (3.26),(3.28) follows and the proof of assertion
(a) is completed.

(b). The proof of this part follows immediately from combining assertion (a),

Yor’s formula, and Lemma 3.6-(c). This ends the proof of the theorem. O

3.3.3 The case when all F-martingales are continuous

Throughout this section, we consider the following notations

M :

NC.

M™ = GZ gy + (M,m)", for any M € Mioe(F),

D —GZ'Ijp -+ DPF. (3.29)

Here, we compare the processes M and N to T (M) and NC respectively, in the

following Lemma.

Lemma 3.7: Suppose that all F-martingales are continuous. Then NC = NG, and

for any F-local martingale M, we have T (M) = M.

Proof. If we assume that all F-martingales are continuous then we have Am = 0,
or equivalently, G = G_, D°F — DPF = 0, and [M,m] = (M, m) for any F-local

martingale M. As a result, we deduce that N© given by (2.23) coincides with N¢
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immediately. Furthermore, due to AM = 0 for any M € M,.(F), we get

~ p’]F
T(M) =M™ = G g+ [Mym) + Do+ (DD AMI g )

=M™ — G jo -+ (M,m)" =M.

This ends the proof of the lemma. O

Theorem 3.5: Suppose that G > 0, and all F-martingales are continuous. Let K€
be a G-local martingale. Then the following are equivalent.
(a) Z¢ := & (KG) is a local martingale deflator for (ST,G) if and only if there
exists (K¥, (), go(p”) such that E(KT) € Z1,0(S,F), ¢ belongs to L}OC(NG, G),
©?) e LI (Prog(F), P ® D) and E[gogpr) ‘ Frll{r<to0y =0 P-a.s., satisfying

loc

—% <) < % PRDF—qge., o) > —4,0(0)%—17 P®D—a.e.,
and KS=KF - G- e+ @ .N® 4 o). D, (3.30)

(b) ZC is a local martingale deflator for (S™,G) if and only if there exists a
unique triplet (ZF,QO(O),QD(W)) such that Z¥ is a local martingale deflator for
(S,IF), p°) ¢ I&C(WG,G), o) belongs to L}OC(Q,Prog(F),P ® D), satisfying
E[o%") | Follfr<ioy =0 P-a.s.,

—% < ¢l < %, PoDF —ae. o) >_-1, P@D-ae.,
ZIF T o) =G .
Z¢ = 5((;(*—1 ?m)TS(go( ) NT)E(PP) - D). (3.31)

Proof. (a) The proof of assertion (a) follows from combining Theorem 3.1 with the

three assertions of Lemma 3.7. Thanks to Theorem 3.1, we obtain

K® =T(K")Y =G~ T(m) + ¢\« N® 4+ o) . D, (3.32)
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By Lemma 3.7, we deduce that N¢ = N, and T (M) = M, respectively. As a result,
the processes in (3.32) and (3.30) coincide. This ends the proof of assertion (a).

(b) The proof is fairly similar to Theorem 3.4-(b), and hence we omit it. O

3.4 Particular cases for (5,F)

This section illustrates Theorems 3.1-3.2 on several regularly used models, such as
the case of Lévy market model, jump-diffusion for S, two important volatility market

frameworks and few other cases.

3.4.1 The exponential Lévy market models

In this subsection, we focus on the case of Lévy market model. Precisely, we assume

that S is given by the following stochastic differential equation

—/ade +// N (dt, dz) // N(dt, dz) + /usds
|x\<1 |w\>1

Sy = So€(X N¥(dt,dx) = N(dt,dx) — FX(dzx)dt, (3.33)

where o > 0 and p are bounded adapted processes, W is a one-dimensional Brow-
nian motion, N(dt,dx) and is a Poisson random measure on [0,7] x R\ {0} and
NF is a compensated Poisson measure with Lévy measure (intensity) FX (dz)dt.
Stock price process defined on the filtered probability space (2, F,F, P), where F is
the completed and right continuous filtration generated by W and NF. For more
details about the application of Lévy market model in finance, we refer the reader
o [25], [65], [66] and the references therein. Lévy model is a quasi-left-continuous
process and has some extra nice features comparing to general semimartingale. We
parametrize local martingale deflators for general Lévy market models in this sec-
tion, then in Chapters 5 and 6, we continue to study their characterization for

optimal deflator and Log-optimal portfolio. Once the general Lévy model is treated
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in the next paragraph, the remaining part of this section is divided into two subsec-
tions where we discuss two popular cases of Lévy market model.
For the parametrization of local martingale deflator for (S7, G), we need to know

its parametrization for model (S,F). This is the aim of the following Lemma.

Lemma 3.8: Suppose S is given by (3.833). Then & (KF) is a local martingale
deflator for (S,F) if and only if there exists a unique quadruple (8, f, g, K') that
belongs to (L (W,F) x Gb (11, F) x H} (1, F) x Mooc(F), MF(g | P(F)) = 0,
P ® p-.a.e., AKF > —1, and [K', S] = 0, satisfying

(i) /\l‘(f(x) — I|x|§1)FX(dx) <+oo P@dt—a.e.,

(i) u+oB + /x(f(x) - I|x‘§1)FX(dx) =0, Pdt—ae. , (3.34)
and then the process K¥ has following decomposition
Kf=B-WH+(f-Dx(u—v)+g* u+K' (3.35)

Proof. For any K¥ € Mioc(F), the Jacod’s representation with respect to .S, is given
by (3.35). For more details about the decomposition of K¥, we refer the reader to the
Theorem 2.7. Therefore, by applying Lemma 3.4, S + [S, K¥] is F-local martingale

if and only if the process
t
X +[X, K] = F — local martingale +/ [u +0sfs + /:c(f(az) - I\x|§1)FX(d95) ds
0
is an F-local martingale. This is equivalent to (3.34), and the proof of the lemma is
complete. 0

The main result in this section is given in the following.

Theorem 3.6: Suppose S given by (3.33) and G > 0. Let Z® := & (KG) be a

positive G-local martingale. Then the following assertions are equivalent.
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(a) Z© is a local martingale deflator for (S, G),

(b) There exists a unique (53, f,g, K', @) cp(pT)) that belongs to
Llloc(W7 F) Xglloc(lu’v F) XHZIOC(/‘I’7 F) XMUJOC( ) loc(NG G) XLlloc(ﬁ’ PTOg(F), P®D)’
satisfying le(g | P(F)) =0 P® p-.a.e., Elp ‘ Frlliz<4o0y =0 P-a.s.,

K€ = T(K") = G='-T(m) + ¢'? - N® + ot . D,
=BWH+(f-Dx(p—v)+g*p+ K, (3.36)
) > —[G_ (f(AX) + g(AX ) axzoy + (1 + AK’)I{AX:0}> +¢9G]/G, P® D-a.e.,

((ax) +g(ax))G- (£ax) +g(ax))G-
B G ADoF

<P < P® D% -a.e. on {AX # 0},

(1+AK’)G_ o o (LT AK)G.
ADO,IF

/|ac — <) F X(dz) < oo P®@dt—ae. ,

P® D°F-g.e. on {AX =0},

and p+ofB+ /x(f(a:) — Ijy<1))F¥(dz) =0, P@dt —ae., AK" > -1, [K',S] =0.
(¢) There exists a unique (B, f,g, K', o\, oP")) belongs to
Lioe (W F) X Gl (18, F) X Hie (11, F) X Mo t0e (F) X T, (N, G) X L (2, Prog(F), P&.D),

satisfying M/f(g | 75(19')) =0 P®u-.ae., E Lp(pr) ‘ Frllir<to0y =0 P-a.s.,

G_ G_
(pr) o _ i (o) o,F
© > -1, P® D-a.e., < AToF P ® D> -a.e. (3.37)
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/|x(f(a?) - I|a:\§1)FX(dw) <400 P®dt—a.e.,
and p+of+ /m(f(:r) - I|x‘S1)FX(d:r) =0, PRdt—ae., AKF > —1, [K',S]=0.

Proof. The proof follows from combining Theorems 3.1 and 3.2 with Theorem 2.7.
O

3.4.1.1 Jump-diffusion market model

This subsection focuses on the important case of jump-diffusion framework for the
market model (S,F, P) defined as follows. Herein, we suppose that a standard
Brownian motion W and a Poisson process N with intensity A > 0 are defined
on the probability space (€2, F, P), and the filtration F is the complete and right
continuous filtration generated by W and N. Then the stock price process is given

by the following dynamics.
t t t
St = SOE(X)t, Xt :/ USdWS+/ CstE‘i‘/ ,Lbst, NtIF = Nt—)\t (338)
0 0 0
We suppose that there exists a constant 6 € (0, +00) such that
1, o, and ¢ are bounded F-adapted processes, (3.39)

and o>0, (>-1, o+|¢|>d, P®dtae.

Lemma 3.9: Suppose S is given by (3.38). Then & (KF) is an F-local martingale
deflator for (S,F) if and only if there exists a unique pair (11, 12) that belongs to
Ll (W,F) x L, (N¥,F) and satisfies

K" =4py« W+ (2 — 1)+ N, (3.40)
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t
/ ((1,)? + [¥a,]) ds < +oo  P-a.s. for allt >0
0

and p+ 1o+ (P2 —1)CA=0, P >0 PRdt—a.e. . (3.41)

Proof. Define (8, f, g, K') = (11,12,0,0), where f(x) = f(1), in Lemma 3.8, then
(3.41)-(3.40) coincide with (3.34)-(3.35) respectively. This ends the proof. O

Lemma 3.10: There exists two F-predictable processes o™ and ™) such that

t
/ ((gogm))Q + wgm)o ds < +o0  P-a.s. forallt >0
0

Glem =™ W 4 (™ — 1) NF,

Below, we state our main result of this subsection.

Theorem 3.7: Suppose S given by (3.38) and G > 0. Let Z® := & (KG) be a
positive G-local martingale. Then the following assertions are equivalent.
(a) Z© is a local martingale deflator for (ST, G),

(b) There exist (y1,1v2) € L: (W,F) x L}

loc loc

(NEF) , o € 13

loc

(N®,G) and
) € L}, (Prog(F),P ® D) satisfying E[gpipr) | Frll{r<too} =0 P-a.s.,

K = (i~ ™)« TO) + (g — ™) - T(N) 6« N 4 07 .

g G G
) o [ V2 ¥ G (o) _ Y2G- oF
e > [w(m) + ¢(m)G_]’ and G < < ADoF P ® D" -a.e. on {AN # 0},
e G
wr) > |14 2 G L - oF _
P > — 114 o | and G <\ < e P ® D" -a.e. on {AN =0},

/t (WI(S))Q + [¥2(s)]) ds < 400 P-a.s. for allt >0,
0

and  p+ 1o+ (P —1)CA=0, 13 >0 PRdt —a.e. .

(¢) There exists unique quadruplet (11,2, (), P")) that belongs to the following

set Lt

loc

(W,F) x L} (NF¥,F) x ¢ (N®,G) x L}

loc

(Prog(F),P ® D), and satisfies
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Elp%") | Fll{re o} =0 P-a.s.,

E(hr« W 4 (g — 1)« NF)7

E(p  N®YE(LP) . D),
EG T m) (¢ )E(p )

Z¢ =

G_ _
w(pr) >-1, P®D-ae, ——< 30(0) < P® D" -q.e.,

G ADoF
t
/ (1(8))? + [12(s)]) ds < +oo  P-a.s. for all't >0,
0

and  p+vio+ (P2 —1)A=0, Yy >0 Pxdt —ae. .

Proof. The proof follows immediately from Theorems 3.1-3.2 and the fact that for

any M € My.(F), there exists a unique (¢1,%2) € Li (W,F) x L]

loc

(NF,F) such
that M = Mo + 1« W 4 (o — 1)« N¥| for more details about the representation of

M, we refer the reader to the Definition 2.24 and Theorem 2.7. [

3.4.1.2 Black-Scholes market model

In this subsection, we focus on the case of Black-Scholes market model, where S is

given by the following stochastic differential equation

¢ ¢
Sy = S0E(X), Xi:= / osdWy —{—/ fsds. (3.42)
0 0

Here W is a one-dimensional Brownian motion, ¢ > 0 and (u,0) are bounded
adapted processes. The filtration F is the right continuous and complete filtration
that is generated by Brownian motion W. Then, by Theorem 2.7, any F-local

martingale M, can be represented as
M=My+hW,

where h is progressively measurable process satisfying fOT h?dt < oo P —a.s. .

Lemma 3.11: Suppose that S is given by (3.42). Then E(KF) 1s local martingale
deflator for the model (S,F) if and only if K¥ = —£.W
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Proof. Thanks to Theorem 2.7, KT is a continuous local martingale and hence
(11,12) of Lemma 3.9 takes the form of (/3,0) and the proof of the lemma follows

immediately. O

By combining the parametrization of local martingale deflator for Jump-diffusion
model given by Theorem 3.7, with the case that all F-local martingales are contin-

uous, we derive the following result.

Theorem 3.8: Suppose S given by (3.42) and G > 0. Let Z® := €(KG) be a
positive G-local martingale. Then the following assertions are equivalent.
(a) ZC is a local martingale deflator for (ST, G),
(b) There exists a pair (), pPr)) € (L}OC(NG,G) x L} .(Prog(F), P ® D)) such
that B[ | Foll{r< o0y = 0 P-a.s.,

KC= (B4 o). Wi N1t .D and (3.43)
g
G_ G_ G
7= (0 o Y= oF _ (pr) 5 _ 00 T _ _
G < <G_—G’P®D a.e., " > —p o 1, PR D —a.e. .

(¢) There exists a unique pair (%), pP")) € (L}OC(WG, G) x L,.(Prog(F), P® D))
such that E[@S-pr) ’ Frllfrciooy =0 P-a.s.,

m o T
76 = g(—(g + oMY TE(P@ NH)E(LP) . D). (3.44)
G- B
G- _ Lo oF _ ) > _ a
G < <G_—G’ P®D a.e. and "’ > -1 P® D —a.e. .

Proof. In Lemma 3.10 and Theorem 3.7, put (™) = 1, (™) = 4, = 1 respectively.

Then the Poisson process vanishes, and we have the following decomposition
K€ = — (2 £ o) T (W) + @ . NC 4 o). D, (3.45)
o

Since all F-local martingale are continuous, thanks to Theorem 3.5, the decomposi-
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tion (3.45) coincides with
KC = _(g M) T 4 0@ N 4 o). D,
To prove the multiplicative representation in assertion (c), the same calculation

using Yor’s formula as in the previous sections applies, and we will omit it here. [J

When the Black-Scholes market model is stopped at random time 7, it is not com-
plete market anymore, and the random time 7 causes this incompleteness. Therefore

the class of deflators for this model is characterized by (¢(@), o),

3.4.2 Jump-diffusion for (S,F) and a particular random time

In the subsection 3.4.2, we discuss a particular model for 7 that was introduced in
[6, Example 2.12] and [9, Subsection 5.2.2, page 108]. Consider the same model
for (S,F) as in Theorem 3.7, and let 7 := (aT2) A Ty, where a € (0,1) and 7} and
T, are the first and the second jump times of the Poisson process N (i.e. N :=
Z;Li‘i Ii7, 4oop)- Since F is generated by (W, N) and W is independent of 7, the
same calculations for the three processes (G,G_, é) as in [6, 9] remain valid. Thus,

we get,

Gy=e (Bt + WIpr((t) +e P Iipg(t), Go=e (Bt + 1) I 7, [(t)

G- =Gy = e (Bt + 1) o 1y (1)

However the arguments for the calculations of m and D°F differ slightly from that
of [6, 9]. Let m® be the continuous local martingale part of m, and hence m —m*¢ is

a pure jump local martingale with jumps equal to

Am=G-G_ = SANF where ¢, := —Ste P, 8 := Ma=t—1).
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Hence m = m®+ ¢+ N¥ on the one hand. On the other hand, by writing
Gr=e Bt +1)(1 - H"), HY = Iypy ooy, MY = HO X\t ATy) = (NF)TL,

and by applying Itd’s formula to the process G and using G' = m+ DF (see (2.19)),

we deduce that m© = 0. Hence, we get

t tATq
m=mo+¢+N' and DI = / e MdHM + (B 4+ \)A / se~7%ds.(3.46)
0 0

Since in the current case we have {é =0< G-} =0, we derive

Bt 1 Bt

T(W) = W7, TON) = (V) o (V)7 = Tim) = = - 7OV,
tAT
NE = I{aT2<T1}I[[aT2,+OO[[ - ()‘ + B)/O 1 fsﬁsds, (3'47)

Furthermore, we have ]0, 7] C {G_ > 0} =]0,T1], and hence the condition G > 0 is
redundant in the current case, as one can work with S7* instead. This confirms our
claim that the condition G > 0 is technical and can be relaxed at the expenses of
technicalities (in both the statements of the results and the proofs) that we tried to

avoid here. A combination of this analysis with Theorem 3.7 leads to the following.

Corollary 3.8.1: Z® ¢ Z(S7,G) is equivalent to each of the following:
(a) There exist (11,12) € L} (W,F) x L} (NF,F) , () = cp(o)IﬂO’Tlﬂ belongs to

loc

IO

loc

(NC,G) and o) ¢ L} (Prog(F), P ® D) satisfying the following

1
1+t
©+ @ZJlJ + (1/)2 - 1)C)\ =0, 1/)2 > 0, —1!12 < QO(O)I]]O’TI[[, P®dt—a.e.

K® =4y W+ (42 — ) T(NF) + @)« NC 4 o) . ),

63



and the following inequalities hold P-a.s.

e (T1) < o(T1)(1 + BTY),

) (aTy ATY) > —[iP2(aTh) + ¢ (Do) Iary<ryy — Y2(T1)[1 + BT ar, 511

ere exists a unique quadruplet (1, ¥, 0\, @ elonging to the 1ollowing
b) Th i i druplet (1, ¥, 0, o)) belongi he followi

set L1

loc

(W,F) x L}

loc

(NF,F) x I? (N®,G) x L}

loc

(Prog(FF), P ® D), satisfying

78 = (L) E(p) - NO)E(pP) - D),

L=+ W+ ((1+4 Bt)hg — 1)« NF + /0. 1)—\1—5275[(1 + Bt)a(t) — 1]dt,

PN aTy AT1) > =1, P—a.s., @O(T1) < o(T1)(1+ BT1) P-as.,

and p+v1o+ (P2 —1)CA=0, ¥2 >0, -1 < Lo P@dt— ae.

Proof. By Theorem 3.7, we have the following decomposition for any local martin-

gale deflators Z® € Z,.(S7,G), where S is given by 3.38,
KC = py « TOW) + (02 — 1)« T(NF) — G=1 - T(m) + 0@ « N€ 1 o) . D,

Since in the current particular case of stopping time 7, we have {é =0<G_}=10

and by inserting (3.46) and (3.47) in K€, we get

1
1+ Bt

KO =y - W7 + (¢ — )« T(NF) + ¢ N¢ 4+ o). D.

The proof for the multiplicative representation, stated in assertion (b), follows im-

mediately from assertion (a), and will be omitted here. O

3.4.3 Volatility market models

In this section, we discuss two popular volatility models. Precisely, we address the

corrected Stein and Stein Model and the Barndorff-Nielsen Shephard Model. For
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more details about these models and their role in the financial markets we refer to
[26] and [114]. We evaluate local martingale deflators parametrization for these two

models in the next two subsections.

3.4.3.1 Corrected Stein and Stein Model

The corrected Stein and Stein financial market is given by the following stochastic

differential equations and it has no jumps,

t t
Sy =SE(X) . X,=Xo+ / VoosdW D + / pV2dt,
0 0

t t
where, V=1V + / (m — aVs)dt +/ a dW?, and t€[0,7]. (3.48)
0 0

W® i =1,2, are two one-dimensional Brownian motions with the correlation co-
efficient p € (—1,+1) and the filtration F is generated by the W@ i = 1,2, where
F = (ffVl’WQ)tE[O,T}. All the coefficients o, o, m,a and p are positive constants.
Thanks to Theorem 2.7, we deduce that any F-local martingale M can be repre-
sented as follows

M = My+nt-w® 4 p2. W@, (3.49)
Here h(" i =1,2, are progressively measurable processes satisfying the following
fact that [ (h})? + (h})2dt < 00 P —a.s. .

Lemma 3.12: Suppose S is given by (3.48). Then & (KF) is an F-local martin-
gale deflator for (S,F) if and only if there exists a unique pair (311, 33) of

F-progressively measurable process such that fOT[(ﬁtl)g +(B?)?)dt < 0. P—a.s.

KF = 0. w4 @ @ (3.50)

and Vaﬁ(l) + Vaﬁ(2)p +uVi=0, P®dt-ae. . (3.51)

Proof. The representation (3.50) for the process K follows from the equation (3.49).

Therefore, by applying Lemma 3.4, we conclude that S+4[S, K] is F-local martingale
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if and only if X + [X, K¥] is F-local martingale on one hand. On the other hand,

we have

t
X +[X, K¥] = F — local martingale + / Vsasﬁgl) + Vsasﬁg)p + pVids.
0

Thus, the condition (3.51) follows immediately. This ends the proof. O]

For the corrected Stein and Stein financial market model, we have the following

parametrization for local martingale deflators.

Theorem 3.9: Suppose S given by (3.48) and G > 0. Let Z® := & (KG) be a
positive G-local martingale. Then the following assertions are equivalent.
(a) ZC is a local martingale deflator for (ST, G).

ere exists a unique triplet , , elongs to
b) Th let (B QP(O) Sp(pr) bel
Lioe (W), F) x Liy,(N",G) x Li,,(Prog(F), P @ D),

satisfying IE[go(TpT) ! Frll{r<4) =0 P-a.s.,

2)

K€ — — (" 1 @) 70 4 5@ P gl g o0 NS 4 o),
ag

G_ G
, PoDOF —qe., o) > o0 _1 PoD-ae. .

G_
_ 7= () o =
and a < e\ < a _aC o

(¢) There exists a unique triple (2, (@), o®")) belongs to
Ll (W®,F) x Ly, (N*,G) x Lj,.(Prog(F), P ® D),

satisfying E[gogpr) | Frllfrciooy =0 P-a.s.,

E(—(uVol + pB@). WO 4 @) . @)

70 = & go(o)-N & gp(pr) +D),(3.52
_76— (0) G- o,F (pr)
G < e\ < G ek P®D a.e. @ >—-1, P® D —ae.. (3.53)
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Proof. From the dynamics of S in (3.48), we deduce that all F-local martingale
are continuous. On one hand, thanks to Theorem 3.5, there exists a unique triplet

(K F o), go(p’")) such that the process K gets the following decomposition
KC=KF — G em+ @ . N 4 o). p. (3.54)
On the other hand, by Lemma 3.12, we get

_ 1% _ _
KF = —(5 4 pp®) . W 4 g0 7,
By inserting it in (3.54), this ends the proof of assertion (b).

The proof of assertion (c) follows immediately from combining assertion (b), equa-

tion (3.77) and Lemma 3.12, and we will omit it here. O

Remark When p = 0, it’s clear that the decomposition (3.52) becomes

KG _ _/J“V 'W(l) + ﬁ@) .W(z) o G:l T+ S0(0) .NG
g

This fact follows from the equation (3.51) in Lemma 3.12.

3.4.3.2 Barndorff-Nielsen Shephard Model

The Barndorff-Nielsen Shephard financial market is presented by the filtration gen-
erated by a one dimensional Lévy process Y, where Y :=Y ¢ + vd. The process Y¢
is the continuous part of Levy process and Y? is driven by random measure of Y,
donated by fi(dt x dx) with componsator measure 7(dt x dz) = F(dx)dA;, for more
details about the model see [26] and [114].

By considering As = s, we have < Y¢ >;= s. Then Barndorff-Nielsen Shephard
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process, S, follows stochastic differential equations below

Sy = SoeXt,  dX, = (u+ 02)ds + 0,dYE + d(px * [iy)s,

and dog = —\oZdt + d(x * iy )s, (3.55)

where all the coefficients £, p, A and p are real constants with p < 0 and A > 0.

Therefore by Ito’s formula, we calculate the dynamics of S,

g,—st = oudt + 0¢dYS + d(ef” — 1) % (L — V)q, (3.56)
t

where o := p+0?(E+3)+ [(eP* — 1)F(dzx). The predictable characteristic of Section

2.4 for Barndorff-Nielsen Shephard process is

S¢=8,_ o,-YE, AS, =S, (P2 —1), b =5, a,

o =582 o2, VI(dt x dx) = FP(dz)dt, f(z)FS(dz) = f(Si_(e”* —1))Fy(dx).

Here, we don’t compute the truncation function h(x), since we don’t have big jumps.
In the following lemma, we parametrize deflators for the model (S,F), given by

(3.55).

Lemma 3.13: Suppose S is given by (3.55). Then & (K]F) is an F-local martingale
deflator for S if and only if there exists a unique quadruple (53, f,g, K') that be-

longs to (L}

loc

(Y, F)xGL (1, F) x H}, (71, F) x Mo 1oc(F), satisfying MY (g | P(F)) =
0, P® p-.a.e., AK¥ > —1 and [K',Y] = 0, satisfiying

(i) / (€7 — 1) £(S_(e”™ — 1))|F(d) < +00 P @ dt —ace.

() -+ oot + 7+ 8) + / (7" — 1) f(S,_(e#" — 1))F(dz) = 0, P dt-a.e.(3.57)
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then the process K* has following decomposition
Fe By (f-D)x(u—0)+g*p+ K (3.58)

Proof. For any KF € M,,.(F), by applying the Jacod’s representation with respect
to S, we get (3.58). For more details about the decomposition of K¥, we refer the
reader to the Theorem 2.7. Therefore by applying Lemma 3.4, S+ [S, K] is F-local

martingale if and only if

t
Y + Y, KF] = F — local martingale + / p+ os(os€ _|_ 1 B,)ds
0

/ / (e — 1) fs(e?® — 1) F(dz)ds

is an F-local martingale if and only if the right side of above equation vanishes.

Thus, the condition (3.57) follows immediately. This ends the proof. O
Our main result in this subsection is presented by the following Theorem.

Theorem 3.10: Suppose S is given by (3.55) and G > 0. Let Z® := & (KG) be a
positive G-local martingale. Then the following assertions are equivalent.
(a) Z© is a local martingale deflator for (S7,G).

(b) There exists a unique (3, f,g, K', o\, o®")) that belongs to
Llloc(YC> IF) Xglloc(ﬁv ]F) XHlloc(ﬁv F) XMOJOC( ) loc(NG G) ><Llloc(ﬁa P?”Og(F), P®D)7
satisfyinng(g[ﬁ(F))—O P® p-.a.e., Elp }]—" Itreioy =0 P-a.s.,

K¢ =T(K") = G=' - T(m) + ¢« N® + ") . D,
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@) > —[G_ (f(AX) + g(AX)) axsop + (1+ AK’)I{AX:0}> + 9G] /G, P® D-a.e.,

) (f(AX) + (AX))G_ (f(AX) + g(AX))G_

G <@ < ADF
14+ AK")G_ 1+ AK"G_
_(+G')<(70(0)<(+AZ)OF> P@DO’F-G.B. OH{AXZO},

/|(epx — 1) f(S;_(e”* —1))|F(dz) < 400 P @ dt — a.e.

and p+o(c€ + % + ) + /(e‘”C —1)f(S_(e” —1))F(dz) =0, P®dt—a.e.,

where K'=pB.Y+ (f-D)*x(—-v)+g*xp+ K, AK'> -1, [KY]=0.

(¢) There exists a unique (3, f, g, K', 0, oP")) that belongs to

Llloc(Yc7 F) Xglloc(ﬁa ]F) X%lloc(ﬁv F) XMOJOC(F) X l(Z)c(NGv G) XLlloc(ﬁ? PTOQ(F)ﬂ P®D)7

satisfying Mi(g | P(F)) =0, P® p-.a.e., E[gagpr) } Frllir<tooy =0 P-a.s.,

_ E(K]F)‘r
(G em)T

G ;
G W P®DO’ -a.e.,

/|(eﬂw — 1) (S (e”* —1))|F(dz) < +00 P®@dt—ae.

G_
and o) > —1, P® D-a.e., ——— < ¢ <

p+o(oé+ % —1—5)4—/(6” — 1) f(S_(e” —1))F(dz) =0, P®dt—a.e.,

where K' =Y+ (f—Dx(i—0)+g*xp+ K, AK" > -1, [K',Y]=0.

Proof. The proof follows immediately from Theorems 3.1-3.2. By Theorem 3.1, we

have the following decomposition
K® =T(K") = G=' T(m) 4+ ¢« NC 4 o) . D, (3.61)

Thanks to Lemma 3.13, define KT as follows K := B:Y 4 (f — 1) (i—v)+g*pu+K’,
then decomposition (3.61) coincides with (3.59). Similarly, one can see the prove of

the multiplicative form. This ends the proof of theorem. O
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3.4.4 The case of the complete market model (S5, F)

In this subsection, we illustrate our results of Section 3.2 in the case where the initial

market model, (S,F, P), is complete.

Theorem 3.11: Suppose G > 0 and S be a F-semimartingale such that the model
(S,F) is complete and Z() := E(KW) is its unique local martingale deflator (i.e.
Z¥ € Z15e(S,F)). Let K be a G-local martingale, then the following assertions
are equivalent.

(a) Z2€:=¢ (KG) is a local martingale deflator for (S7,G) (i.e. Z® € Z(S™,G)).

(b) There exists a unique pair (), ")), such that ¢ € I? (N®,G), @)

loc

belongs to LE (9, Prog(F), P @ D), satisfying E[cp(fr) | Frllfretooy =0 P-a.s.,

loc

o) > —[G_(1+AKV) +9G]/G,  P&D-ae., (3.62)
- %(1 +AKWY <@ PoDF-ge and o DADF < (14+AKWG_,
(3.63)
and
K€ =T(KW) =Gt T(m) + ¢+« N® 4 o). D. (3.64)

(¢) There exists a unique pair (go(o), <p(p7')), such that ¢(© e I° (N®,G), o) pe-

loc

longs to L}OC((Z,Prog(F), P® D), and satisfying IE[cpS-pr) ‘ Frllfrciooy =0 P-a.s.,

G G
) > 1, PeD—ae., ——<o@<_———  PoDFqe , (3.65
© o <¥ 5 (3.65)

and Z® = E(p « N®)E(P) . D). (3.66)

Proof. Since the model (S, F) is complete, there exists a unique local martingale de-
flator for this model that we denote by Z(1) = £(K(1)). Thus, by combining this fact

with Theorem 3.1, we deduce the existence of (cp(o), go(pr)) and the decomposition
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K¢ = T(KF) = G= T (m) 4+ ¢ « NG + o) . D, By substituting (K¥ = K1), the
proofs of assertions (a) and (b) follow.
The proof for the multiplicative representation, stated in assertion (c), follows im-

mediately from assertion (b) and Yor’s formula, and it will be omitted here. O

3.5 Super-martingale deflator: The general setting

Throughout this section, for any H-semimartingale X, we denote by XPH and de-
fined in Section 2.1, when it exists (i.e. when X is a special semimartingale), the
H-predictable with finite variation part in its Doob-Meyer decomposition. Recall
that all the set of deflators for the model (X, H), defined in Section 2.2.2, will be
denoted by D(X,H) throughout the rest of the thesis. Furthermore, stochastic

processes will be compared to each other in the following sense.

Definition 3.2: Let X and Y be two processes with Xg = Y. Then

X »Y if X —Y is an increasing process.

We start this section by parametrizing deflators as follows.

Lemma 3.14: Let X be an H-semimartingale, and Z be a positive H-supermartingale.
Then the following assertions are equivalent.
(a) Z is a deflator for (X, H).
(b) There ezists a unique pair (N,V) of N € My oc(H), and a nondecreasing,
RCLL and H-predictable process V', such

Z = Z0E(N)E(-V), No=Vo=0, AN>-1, AV <1 (3.67)

sup |AY¥)| e AF (H) and SV = (Y@)PH (3.68)

loc

0<s<- 1-AV
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Here (Y(“’))p’IHI is the predictable with finite variation process such that
Y@ — (YOYWPE ¢ Mppe(H) and Y := @ X + [p-X,N],
for any bounded ¢ that belongs to L(X,H) given by
L(X,H) := {cp is H-predictable | pAX > —1}. (3.69)

Proof. The proof of this lemma will be achieved in two steps. The first step proves
that there exists a unique pair (N, V') satisfying (3.67) as soon as Z is a deflator for
(X,H). The second step shows that for a process Z, for which there exists a pair
(N, V) satisfying (3.67), there is equivalence between Z& (¢« X)) is supermartingale
and (3.68), for any bounded ¢ € L(X,H).

Step 1. Suppose that Z is a deflator. This implies that Z is a positive supermartin-
gale (since ¢ = 0 € £(X,H)), and hence X := Z~! . Z is a local supermartingale
having the unique Doom-Meyer decomposition X := K — V, where K € M j,.(H)
and V' is nondecreasing and predictable with AV < 1 (since Z > 0). It is clear that

the predictable process (1 — AV)~! is well defined and is locally bounded. Hence

=1 Ay K€ Mojoc(H), AN > -1 and Z=ZeEN)E(-V).

This ends the first step.

Step 2. Suppose that there exists a pair (N,V) such that Z = ZyE(N)E(-V)
and (3.67) holds. Let ¢ be a bounded element of £(X,H). Then by applying Yor’s
formula to ZE(p+ X) = ZpE(N)E(—V)E(p+ X), one get

ZE(p+X) = ZoE(N)E(p- X)E(-V) = ZOS<N+ oo X e [X, N])g(_v)
= ZoE(YO)E(~V) = Zo€ (y(so) V- [y, VD

= Z,€ ((1 CAV)Y©®) v) ,
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where Y(#) := N + ¢+ X 4 ¢+ [X, N]. Since Z is positive and ¢ € £(X,H), then the
process ZE(p+ X) is an H-supermartingale if and only if (1 — AV)-Y®) —V is a
local H-supermartingale, or equivalently Y(®) is a special semimartingale (which is
equivalent to the first condition of (3.68)) and its predictable with finite variation
part, (Y @)PH satisfies (V(®))PH < (1 — AV)~1. V. This finishes the second step,

and the proof of the lemma as well. ]
Below, we state our last main theorem of this chapter.

Theorem 3.12: Suppose G > 0, and let Z® be a G-semimartingale. Then the
following assertions are equivalent.
(a) Z© is a deflator for (S™,G) (i.e. Z® € D(S™,G)).
(b) There exists a unique (K]F,VF,cp(o),go(m)) such that K¥ € Mo 1oc(F), VF
is an F-predictable and nondecreasing process, cp(o) SVA (NG,G), cp(pr) belongs
to L} (Prog(F), P ® D) such that E cp(p ™) | Fr] Mir<4oc} = 0 P-a.s., the process
E(K"E(—VT) belongs to D(S,TF),

) > —[G_(1+ AKF) + 9G] /G,  P®D—ae, (3.70)
G F) < 40 (1+AKG- oF
- ?( +AK ) < W, P®D T -a.e.. (371)

7€ = Z8e(K®)e(-VFY, K® =T(K") = G=' - T(m) + ¢« N® 4 @) . D,
(3.72)

(c) There exists unique (ZF,np(O),go(pr)) such that Z¥ € D(S,F), (o, p@)) be-

longs to T9, (N, G) x L}, (Prog(F), P @ D), E[p¥") | Fll(rc o0y =0 P-a.s.,

G G
) > 1, PeD—ae., ——<o<_——"— PoD%qe, (3.73
@ el 5 G (3.73)

and

E( « N®YE(P) . D). (3.74)
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Proof. The proof will be achieved in three steps, where we prove the implications
(a)==(b), (b)==(c), and (c)==(a) respectively.

Step 1. Herein, we prove (a)=(b). To this end, we suppose that Z€ is a deflator
for (S7,G). Thus, due to Lemma 3.14, we deduce the existence of K€ M,10c(G)

and VC a G-predictable and nondecreasing process such that

7% = ZoE(K®)E(-VE),  sup |psAST|(1+ AKE) € A (G)
0<s<-

AK® > -1, AVE <1, A-AVE)LVE = (peS™ +[p. 5, KO])PC,

for any bounded ¢ € £(S7,G). Then a direct application of Theorem 2.11 to K€
and Lemma 3.1 to V©, leads to the existence of the triplet (NF,go(O), (p(p’”)) that

belongs to M,.(F) x Z?

loc

(N®,G) x L}

loc

(Prog(F), P® D) and an F-predictable and

nondecreasing process V' with finite values such that

1

G G

Lo * T(NF) + 0@ NC 4 oo D VE =77,

Consider a bounded ¢ € £(S,F), and remark that ¢+ S7 + [p+S7, K€ € Ajoe(G) is
equivalent to W := 3 (pAST + pA[ST, KE)) I(jas>1) € Aoe(G). As a result,

. p7G
WPC = lim (I{nz|AS\>1}'W> '

n——+00
By combining
foqp

G2
+pASP@ « NC 4 pASpP) . D,

ST+ [p+ ST, KE] =-S5 + [T(NF), - 57]

the fact that cpASgo(O)IﬂAS‘Sn} -N® and goASgo(p”)I{|AS|§n} + D are G-local martin-
gales for any n > 1, and [T(NF),p-87] = G,é_ll]]oﬂ] - [NF, 0+ 87], we deduce
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that

1
(p+ 87 +[p- 57 KNS = (0487 + oy [TAVD), 0+ 8"

p,G

1
= (‘P'ST"F a éI]]O,T]]'[NFv(P'S])

By inserting in this equation the following decomposition of S,
S=80+M+A+> ASIjag 1y,

where M is a locally bounded F-local martingale and A is an F-predictable process

with finite variation, we obtain

Lo -
(¢-ST+[¢-ST,KG])"’G :¢-AT+%-<%¢-M>F+

IOT
G (N o M)

G
ANF p?
+ (Z PAS(1+ o é)l]]O,T]]I{AS|>1}>

fos]
G2
+GZ o7 <Z PAS(G + o )I{|AS|>1}> .

I,
=g AT+ L o M)+

a (NF, o+ M)F +

As a result, for any bounded ¢ € L(S,F), V(p) :=¢-S+[p+S, &~ -m+ G% - N¥)

has an F-compensator, and

1 1 1 p.F
m'VFt 90-A+<a-m+G—2-N]F,s0'M)F+ (ZAV(go)I“ASN})
1 1 =\
= (¢S+le-Sgmt m - N)

On the one hand, this is equivalent to £(K¥)E(—V)E(p-S) is an F-supermartingale
for any bounded ¢ € L(S,F), where K¥ := G='«m + G~?« NF. On the other
hand, as in the proof of Theorem 3.1 (see step 2 of that proof), it is clear that
E(K®) > 0 if and only if 1 + AK® > 0 if and only if the triplet (KT, (@), @)
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satisfies 1+ AKF > 0 and (3.70)-(3.71). This proves assertion (b), and the first step
is completed.

Step 2. This step proves (b)==(c). Hence, we suppose that assertion (b) holds.
Then there exists a unique (KF,VF, @) w(p’”)) such that E[go(TpT) | Frllfz<tocy =0

P-a.s., and
76 = g(T(KF) —GT T (m) + 9@ - NE 4 pr) -D)S(—V]F)T.

Then by mimicking the analysis (calculations) that starts from (3.18), we derive

e _ E(ED)ECVE) o) NGy otor)
- E(Gil'm)T 5((/) N )8(()0 D)

F\T
= S(G(_Zl?m)TE(SO(O) - N®E@P) . D).

Here @ := G /G_(1+ AKF) and 2@ := Go@)[G_(1 + AKF) + Gpl0)]~!
are the F-optional and F-progressive processes respectively that satisfy (3.73) as a
direct consequence of the conditions (3.70)-(3.71) fulfilled by the pair (¢(©), o).
This ends the proof of (b)=(c).

Step 3. Herein, we deal with (c)=(a). Thus, we suppose that assertion (c) holds,
and deduce the existence of a triplet (ZF,ap(o),go(pT)) that belongs to D(S,F) x
To0

loc

(NC,G) x L}

loc

(Prog(F), P ® D) satisfying (3.73) and

(Z°)"
(Gt em)

zZC = E(p « N®)E(P) . D). (3.75)

Then for any bounded ¢ € L(S,F), Z¥&(p+S) is an F-supermartingale, and hence
there exist N € Mg oc(F) and V' is an F-predictable and non decreasing process
such that

ZFE(p+ ) = E(N)E(-V).

Therefore, by combining the above product with (3.75), we deduce that, for any

77



bounded ¢ € L(S,F),

E(N)”

S = Ty

E(p") - N®YE(PPD - D)E(-V).
Thus, thanks to Corollary 3.2.1 which allows us to conclude that the process
(EN)T/EGZT-m)N)E(P? - NE)E(PP) - D)

is in fact a G-local martingale, we deduce that Z€E(¢-S)7 is a G-supermartingale, for
any bounded ¢ € L(S,F). Then assertion (a) follows immediately from combining
this with the fact that, for any bounded ¢® that belongs to £(S7,G), there exists a
bounded ¢F € £(S,F) such that ¢® = ©F on ]0,7] (see Lemma 3.1-(a)). This ends

the proof of the theorem. O

3.6 Particular cases for supermartingale deflators

This section illustrates the results of Theorem 3.12 on several frequently studied
cases. We will discuss the general Lévy market model, two popular cases of Lévy
market model such as the case of jump-diffusion and Black-Scholes model, different
cases for random times 7, two important volatility market frameworks and few more

cases.

3.6.1 The case when all F-martingales are continuous

In this subsection, we consider the following notations, defines in (3.29), that we

recall here for the reader’s convenience.

M=M"— G:lI]]O,T]] : <M7 m>1F7 for any M e Mloc(F)v

N® =D -G Iy DPF.
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It is clear that both 3 and N© are the G-local martingale parts in the Doob-
Meyer decomposition, of M7 and D respectively, under G. In Lemma 3.7, we discuss

the relations between N and N G M and T(M), and their properties.

Theorem 3.13: Suppose that G > 0, all F-martingales are continuous. Let K©
be a G-local martingale and VC be a nondecreasing and G-predictable. Then the
following assertions are equivalent.

(a) Z€ := € (K®) E(=V®) is a deflator for (S7,G) if and only if there exists a

unique (KF,VF,go(O), w(pr)) such that (KF,p(9) e Mo oc(F) x I, (WG,G), o)

loc

belongs to L} (Prog(F),P ® D) and IE[go(TpT) | Frllir<ioo} = 0 P-as., V¥ is

loc

nondecreasing with finite values and F-predictable, E(K¥)E(-VF) € D(S,F),

G_ G_ G
_7= 0 _T=  poDF —qe. ) > —_p,0 " 1 PoD-—a.e.
G<g0 <G_—G’ ® a.e., @ > —p a , P® a.e.,
Ve = (VE), and K€ := KF — GL e+ ¢ N 4 o). D. (3.76)

(b) Z® is a deflator for (S™,G) if and only if there exists a unique unique
triplet (Z]F,go(o),cp(pr)) such that Z% is a supermartingale deflator for (S,TF),
(NG,G), ©P") belongs to L} (Q,Prog(F),P ® D), and satisfying the

loc

) e 10

loc

following E[gp&pr) ‘ Frll{r<tooy =0 P-a.s.,

G_ G_
_ 7= 0 _T=  peoDF_a4ec ®P)s 1. PoD—ae.
a < e\ < G - a ® a.e %) > , & a.e.,
—G
E(p)«N7)
d 7% = (757 " e . Dy, 3.77
an ( )E(Gzl_my (¢ ) (3.77)

Proof. (a) The proof of assertion (a) follows from combining Theorem 3.12-(a) with
the following three facts. Under the assumption that either 7 avoids F-stopping
times or all F-martingales are continuous, then, by Lemma 3.7, we can get these
two equalities: N® = N, and T (M) = M for any F-local martingale M. This proves
assertion (a).

(b) The proof of assertion (b) follows immediately from combining assertion (a) and
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the fact that, under the assumption that when all F-martingales are continuous,
we have [WG,i] = [WG, M] = 0 for any F-local martingale M. This fact, indeed,

implies that

for M € Mg 0c(F) with 1+ AM > 0. This ends the proof of the theorem. O

Theorem 3.13 states results that work for both cases of 7 avoids F-stopping times
and when all F-martingales are continuous. The main difference between the two
cases lies in the condition on the parameter <p(p). Indeed, for the case when 7 avoids
F-stopping times, the condition (3.76) (or equivalently the inequalities in (3.77))
becomes —1 < ¢®) P @ DPF_ge. instead. This is due to G = G which follows
from the avoidance property of 7. However, when all F-martingales are continuous,
(3.76) takes the form of —G/G < ¢ < G/(G —G) P® DPF-a.e., since in this case
G=G_ and PF(G) = G.

Corollary 3.13.1: Suppose 7 is a pseudo-stopping time, and G > 0. Let K€ be a
G-local martingale and V® be a nondecreasing and G-predictable. Then Z€ :=
& (K®) £(=V®) is a deflator for (ST, G) if and only if there exists a unique triple
(NC,G) x L},

loc

and satisfying go(p”) >—-1, P®D—a.e., —% < 4,0(0) < G?_G, P ® D°F-ae.

(ZIF, (), <p(p’")) that belongs to D(S,F) x Z? (ﬁ, Prog(F), P ® D)

loc

and  Z€ = (ZF)7E(p) - N®)E(P) . D). (3.78)

3.6.2 The exponential Lévy market model

In this section, we focus on the case of Lévy market model. Consider the Lévy
market models given in Section 3.4.1. The stock price process, S, presented by Sy =
So€(X)¢, is a locally bounded Lévy process and set up by the stochastic differential
equation (3.33). All elements are all the same way as in Section 3.4.1, where o > 0

and p are bounded adapted processes, W is a one-dimensional Brownian Motion,
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N (dt, dz) and is a Poisson random measure on [0, 7] x R/{0}, NF is a compensated
Poisson measure with Lévy measure (intensity) FX (dz)dt and AX is an increasing
and predictable process. Filtration F is generated by W and NF. For more details
about the application of Lévy market model in finance, we refer the reader to [25],
[65], [66] and the references therein. Lévy model is a quasi-left-continuous process, so
it has some extra nice features comparing to general semimartingale. For instance,
For locally bounded Lévy model, the truncation function h(x) in characteristics of
semimartingales, vanishes.

For the parametrization of general deflators for (S7,G), we need to know its

parametrization for model (S, F) in advance. We present it in the following lemma.

Lemma 3.15: Suppose S is given by (3.833) and Z is a positive F-supermartingale.
Then Z is a deflator for (S,TF) if and only if there exists a unique (B, f,g, K', V)
such that (B, f, g, K') belongs to (L} (W, F) x G (1, F) x H} (11, F) x Mo joc(F),
Mf(g | P(F)) = 0, P® p-.a.e., [K',S] = 0, and a nondecreasing, RCLL and

F-predictable process V', such that

7 :=Z0E(N)E(-V), AV <1, AN>-1, Ny=Vy=0, (3.79)

where N =W+ (f—1)*x(u—v)+gxu+ K,
and the triple (8, f,v) satisfying the following inequality

(i) /x(f(x) - IMSI)FX(dx) <400 P®dt—a.e.,

(@) (-t o8+ [ a(f(@) ~ L) PX(do) - 4% = Ve (380

Proof. In the same spirit as Theorem 2.7, we have the following decomposition for

any local martingale N with respect to a quasi-left-continuous process, X,

N=No+B-WH+(f-1)x(pu—v)+grpu+ K.
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Assume that Z is a positive F-supermartingale. Therefore, by applying Lemma
3.14, Z is a deflator if and only if (1 — AV)-Y ) —V is an F-supermartingale,
or equivalently, ﬁ V= (YO)PF where Y(®) := N+ ¢+« X + ¢+ [X,N], and

¢ € L(X,F). Thus, by computing the dual predictable projection of Y ) we get

(Y@Vf:¢4X+¢&Nnmkif¢4%+ﬁ¢y+/xﬁ@w“u@ym§

Therefore, we obtain the following inequality

1 t
@ywF _ __ * vy — < X
1
P ° _<
—ay V20
if and only if the condition (3.80) holds. This ends the proof. ]

Since the Lévy model is a quasi-left-continuous and the process A; is continuous,
there is no loss of generality in defining A; = t. The main result in this section is

given in the following theorem.

Theorem 3.14: Suppose S is given by (3.33), G > 0, and let Z€ be a G-semimartingale.
Then the following are equivalent.
(a) Z© is a deflator for (S™,G) (i.e. Z® € D(S™,G)).
(b) There exists a unique (ﬁ, f.9, K"\ VE o) <p(p’")) such that(B, f, g, K') belongs

to (Lj, (W, F) x GL (10, F) x H} (1, F) x Mogoc(F), ¢ € I2 (NC,G), P be-

loc

longs to L}OC(Q,Prog(F), P ® D), and a nondecreasing, RCLL and F-predictable

process VE, satisfying

MFP(g| P(F) =0, P@p, -ac., Ep | Fllicioy =0, P-as.
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@) > —[G_ (f(AX) + g(AX)) axsop + (1+ AK’)I{AX:0}> + 9G] /G, P® D-a.e.,

_(f(AX)+g(AX)>G_ " (f(AX)+g(AX)>G_

e <9< ADoF P® D% -a.e. on {AX # 0},
1+ AK)G_ 1+AK)G_
—HG) < 90(0) < (—i_Al)oF) P® DO’F-a.e. on {AX = 0},

/|$(f(33) - Imgl)FX(da:) <+o0 P®dt—a.e.,

1
and (p+ 0B+ /x(f(:r) — Ijyj<1)F¥ (da)) - AX < m-vlﬂ AVFE <1, f4g>0,

7¢ = Z§E(K®)e(-vhT, (3.81)

EC=T@B-W+(f=Dx(p—v)+gxp+K)=G" - T(m)+ ¢« N®+ ¢ . D.

(¢) There exists a unique (6, f.9, K"\ VE o) cp(p’”)) such that(B, f, g, K') belongs
to (L} (W,F) x GL (1, F) x H} (11, F) x Mo oe(F), o9 € 12 (NC,G), P

loc

belongs to L: (Q,Prog(F),P ® D), VF is an F-predictable and nondecreasing

loc
process, satisfying le(g | P(F)) = 0, P® p-.a.e., E[gp&pr) ‘ Frll{r<qoo} = 0
P-a.s.,

EBWH+(f—Dx(u—v)+grp+K)E-VHT
E(GZHem)T

Z¢ = E(p - N®)EP) . D).

T G- o G- o,F
and " > -1, P@D-ne, - <¢” < oop PeDae,
/|x(f(a?) - I|a:\§1)FX(dw) <400 PRdt—a.e.,

(n+ 0B+ /:E(f(x) — Ijy<1)FX(dx)) - AX = ﬁ-vF,AVF <1, f4+g>0.

Proof. The proof is immediately follows from combing Theorem 3.12, Theorem 3.6
and lemma 3.15 with the similar discussion of next subsection (i.e. the Jump-
diffusion model) and it is omitted here. O

3.6.2.1 Jump-diffusion framework

This subsection focuses on the important case of jump-diffusion framework for the

market model (S,F, P) defined in Section 3.4.1.1. Herein, we suppose that a one-
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dimentional Brownian motion W and a Poisson process N with intensity A > 0 are
defined on the probability space (2, F, P), and the filtration F is the completed and
right continuous filtration generated by W and N¥. Then the stock price process is

given by the following dynamics
t t t
S = SoE(X),  Xp = / oudW,+ / CdNF+ / peds,  NF = No— At (3.82)
0 0 0

All elements are all the same way as in Section 3.4.1.1, where a constant § € (0, +00)
such that pu, o, and ¢ are bounded F-adapted processes and we also assume that
>0, (>-1, 0 +|¢| >0, P®dt-ae.. F-martingale, m, defines in Lemma 3.10

and it has following decomposition G~ «m = @™ « W 4 ()™ — 1)« NF,

Theorem 3.15: Suppose S given by (3.82) and G > 0. Let Z® be a G-semimartingale.

Then the following are equivalent.
(a) Z© is a deflator for (S™,G) (i.e. Z® € D(S™,G)).
(b) There ezists a unique (wl, o, VE, (o) cp(’”")) such that (11,19) € Li (W, F)x

loc

Ll

loc

(NC,G), o) ¢ L}Oc(ﬁ,Prog(F),P ® D) such that E[(p(TpT) ‘ Frllfreiooy =0

(NF.IF), V¥ is a nondecreasing, RCLL and F-predictable process, go(o) €
IO

loc

P-a.s., satisfying the following

E(thr+ W + (2 — 1)« N')exp (V") € D(S,F),

(O)G G_ w G_
(pr) < _ (2 ¥ _ o (0) 2 oF
L [¢(m) sz(m)G_L and << AporF P ® D" -a.e. on {AN # 0},
e G G
) > 147 _ 0 - oF . _
P > = To— |, and - <@ < e P®D"-ae on {AN =0},(3.84)

/t ((¥1(s))* + |[tha(s)]) ds < 400  P-a.s. for allt >0
0

‘ 1

-1 < -

and/o (1410 + (2 — 1)CA)ds = [ AVF
such that Z® = Z§€(K®) exp (-VF)",

KC =1 « T(W) + (02 — 1) - T(NF) = G=1+ T(m) + 0@« N€ 1 o) . D,

84
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(¢) There exists (1,9, o), P that belongs to

L (W,F) x LL.(NF.F) x I (N®,G) x L} .(Q, Prog(F), P ® D),

loc

and E[@S-pr) | Frllir< o0y = 0 P-a.s., and a nondecreasing, RCLL and H-predictable
process V¥, satisfying the following

G _ E(Pr+ W + (g — 1)« NF — V)T

Z -1
E(GZ em)T

E(p1) - NO)E(p#) . D) (3.87)

G_
——_ Pe D qg.e. .
G ADoF ® a.e. , (3.88)

t
/ ((¢1(8))2 + WQ(S)D ds < +00 P-a.s. forallt >0
0

©P) > 1 P D-ae. , _G- o) <

VECAVE <1, ¢y >0, PRdt—ae.

and [ (et e+ (2 = DOV % 5

Proof. In Lemma 3.15, define (5, f) = (¢1,%2), where f(z) = f(1). Therefore,
E(N)EWVE) € D(S,TF) if and only if N := 41« W + (o — 1)« NF, and VF =V,

’ 1
/ (,LL + Q,Z)]_O' + (/I,ZJQ - 1)C>\)d8 j ﬁ . V, AV < 1, ¢2 > 0, P® dt-a.e. .
0 _

Then by Theorem 3.12 and above explanation, there exists a unique (1/)1, o, (0, w(pr))

such that K© has the following form
K = b1 « T(W) + (9 — 1)« T(NF) = G=1« T(m) + @ - N€ 1 o) . D,

Moreover, the inequalities (3.85)-(3.88) are fulfilled. It ends the proof of assertion
(b). For the remaining parts of the proof, in Theorem 3.12 assertion (c), define
Z¥ = E(py « W + (2 — 1) « NF) exp(—VF). Then, by using the Yor’s formula, we

get (3.87). This complete the proof of Theorem. O
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3.6.2.2 Black-Scholes market model

In this subsection we focus on the case of Black-Scholes market model, as it defines
in subsection 3.4.1.2. The financial market is presented by following stochastic

differential equation

t

t
Sy = Sog( )t, X 3:/ USdWS+/ ,LLSdS, (389)
0 0

where W is a one-dimensional Brownian motion. For this model, we have the

following parametrization of supermartingale deflators.

Theorem 3.16: Suppose S is given by (3.89) and G > 0. Let K® be a G-local
martingale. Then the following assertions are equivalent.
(a) Z© is a deflator for (S™,G) if and only if there exists a unique (B, ¢, o)) €
(LL (W, F)xLL (N°,G)x L}, (Prog(F), PeD)) such that E[p\"") | FIrcyooy =

0 P-a.s., and a nondecreasing, RCLL and F-predictable process VF,

E(BW)exp(—=VF) € D(S,F), and /u +oBdt < (1—AVH L VE AVE <1 (3.90)

G_ G_ G
- () « Po D% —qe., o) > _,00 2 _1 poD-—aqe.
G < G_— ek ® a.e., > — o , P® a.e.,

7% = ZE8(K%) exp(—=VF)", and K€ = —(£ 4+ oM)W 4 o . N® + o). D,
o
(b) Z© is a deflator for (S7,G) if and only if there exists a unique triplet
(ZF, o), gp(pr)) that belongs to D(S,F) x L}OC(NG, G) x Li,.(Prog(F), P ® D)

such that E[p (pr ‘ Fr] I{T<+oo} =0 P-a.s.,

—% < o) < %, P® D*F —q.e. go(pT) >—-1, P®D—a.e.,
ZF T JRp— .
76 _ 2 (_1 ?m)Tg(@( )N E(RP) « D). (3.91)
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Proof. In Lemma 3.15, define (8, f) = (3,0). Therefore, £(N)E(VF) € D(S,F) if
and only if N := g«W, VF :=V, and S+ opdt < (1—-AV)"L.V, AV < 1.
The decompositions (3.90)-(3.91) for Z® and inequalities (3.90)-(3.91) follow from

Theorem 3.13 due to the fact that all F-local martingale are continuous. O

Remark. It clear that F-deflator in the multiplicative representation can be

replace by ZF = £(3+ W — VF), where the condition (3.90) holds.

3.6.3 Volatility market models

In this subsection we focus on the case of Volatility Models model, which has huge
application in financial industry. Corrected Stein and Stein Model and Barndorfi-
Nielsen Shephard Model are well know and most interested in Finance. We evaluate

parametrization of these two models in this subsection.

3.6.3.1 Corrected Stein and Stein Model

In this subsection we focus on the case of corrected Stein and Stein financial market.
Consider the corrected Stein and Stein market model given in Section 3.4.3.1. The
stock price process, S, presented by S; = SpE(X)¢, is represented by the following

stochastic differential equations

t t
Xt:X0+/ 1@0de§1>+/ pV2dt
0 0

t
Vi=Vo+ / (m — aVy)dt + asdW® (3.92)
0

W® i =1,2, is a one-dimensional Brownian motion with the filtration is generated
by the processes W® i = 1,2, and all coefficients are all the same way as in Section
3.4.3.1. Any F-local martingale M represents same as equation (3.49) (i.e. M =
Mo + h'« Wt 4+ b2« W?2). For this model, we have the following decomposition of

F-deflator.
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Lemma 3.16: Suppose S is given by (3.92) and Z be a positive F-supermartingale.
Then Z is a deflator for (S,F) if and only if there exists a unique triple (6(1),ﬂ(2), v)

such that (,8(1), B(Q)) are F-progressively measurable processes such that
T
[ 16+ @< oo, P-as.
0
and a nondecreasing, RCLL and H-predictable process V¥, such that
Z = ZoE(N)E(-VT), N := g .wW) 4 g2 ) (3.93)
and the following inequality holds
t
/ Vs (Jsﬁgl) +0.8Pp + qu)dt <(1-AVHLVE L AVE <1, (3.94)
0

Proof. The representation (3.93) for process N, follows from the equation (3.49).
Therefore by applying Lemma 3.14, ZE(p+X) is an F-supermartingale, if and only if,
ﬁ-Vﬂr = (Y®)PF is an F-supermartingale, where Y(#) := N 40+ X +p+[X, N],
and ¢ € L(X,F). Therefore,

1 t
(IR i V- (1) (2) 2 (11— -1, 1F &
(YPF -V /0g05<05ﬁs +oufPp+ pV2)dt — (1 - AVF)LVF <0,
which is equivalent to the condition (3.94). This is the end of the proof. O

For the corrected Stein and Stein financial market model, we have the following

parametrization for deflators in (S7,G).

Theorem 3.17: Suppose S given by (3.92) and G > 0. Let K® be a G-local mar-
tingale. Then the following assertions are equivalent.
(a) ZC is a deflator for (ST, G) if and only if there exists a unique there exists a
unique (ﬂ(l),B@),VF,cp("),go(p’”)) and a nondecreasing, RCLL and F-predictable

process VT, such that (81,53 o)) belongs to L} (W', F) x L}

loc loc

(W2 F) x
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L}OC(NG, G) and o) belongs to L}, (Prog(F), P®D), satisfying E[p ‘ Frllfrctioc) =

0 P-a.s.,
EBM w4 @ . whe(—vF) e D(S,F), (3.95)
G_ G_ G
BN O oF _ ) - _ 00 & _
e < G — P ® D% a.e., b’ >—p o 1, P®D —a.e.,
7 = Z§E(K®) exp (=VF)T, (3.96)

t
/ s (085§1> + o8+ m/f)dt < (1—AVHLVE AVF <1,
0

and K€ = g0 (W) 1 8@ (W) —glem 4+ @ N £ o0 D, (3.97)

(b) ZC is a deflator for (S™,G) if and only if there exists a unique (81, B2, (), o)
belongs to Li, (W', F) x L}

loc

(W, F) x L}

loc

(N, G) x L} (Prog(IF) P®D) and a
nondecreasing, RCLL and F-predictable process V¥, satisfying Elp ) ‘ Fr] I{T<+OO} =
0 P-a.s.,

G_ G_
_- 0 _ 7=  poDF _qae. () < _q — a.e.
a < e < a o ® a.e %) > , P®D—a.e.,

¢
/ s (Jsﬁgl) +0s8Pp + qu)dt <1 —AVHLVE D AVE <1,
0

and Z® = (W . w® 4 52 — VT
Proof. On one hand, by Lemma 3.16, we have
N =N, +/ g aw / BRaw®, vE = v

On the other hand, since all F-martingales are continuous, thanks to Theorem
3.13, there exists a unique parametrization for general deflator Z€ such that Z€ =
ZSE(KE)E(—(V)T),and K€ = KF — G~L i+ (@ « N© + o) « D. Therefore, by

putting the pair (K¥, VF) in (N, V) respectively, and also considering the following

(BO WO + 5@ . W) =gl (W(l)) + 8O, (W(Q)),
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the proof of assertion (a) follows immediately. The remaining parts of proof is easy

to see with same explanation. ]

3.6.3.2 Barndorff-Nielsen Shephard Model

Here, we turn to the Barndorff-Nielsen Shephard financial market which is presented
in Section 3.4.3.2. The filtration is generated by a one dimensional Lévy process Y,
where we have Y = Y° + Y. The stock price process is an exponential of a Lévy

process such that S; = Spe®)t and follows these stochastic differential equations

dXs = (,U + fO’?)dS + Usd}/sc —+ d(pgj * ﬁY)s

do? = —\o2dt + d(z * Jiy)s (3.99)

ds, S

Tt = qudt + 0y dYE + d(e”” — 1) x (i — D)y, (3.100)
t_

where all the coefficients B, p, A and p are real constants with p < 0 and A > 0, and
1 ~
a=ptat(t )+ [(@ = DF(o), Sf=S_ oYy, AS =S (e 1),

by =S a, ¢ =5202 v3(dtxdr)=F7(dx)dt.

By the above-mentioned decomposition for Barndorff-Nielsen Shephard process, we
parametrize supermartingale deflators for model (S, F) in the following lemma. The
model is a quasi-left-continuous and the process A; is continuous. Thus, there is no

loss of generality on defining A; = t.

Lemma 3.17: Suppose S is given by (3.99) and Z be a positive F-supermartingale.
Then Z is a deflator for (S,F) if and only if there exists a unique (B3, f,g, K', V)
such that (B, f,g,K’) belongs to (L}, (Y, F) x GL (11, F) x H}. (11, F) x Mo 10c(F),

[K',Y] = 0, and a nondecreasing, RCLL and F-predictable process V', such that
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P D _
Mu (g ’ ,P(IF» - 07 P®,u—.a.e.,

7= ZoE(N)E(-V), AV <1 AN > —1,

N =N+B-Y+(f-D)x(—-0)+g*n+ K, (3.101)
and the following inequalities hold

(i) /](e’)m — 1) f(S—(e” — 1))|ﬁ(dx) <400 PRdt—a.e., (3.102)
@) [ u(iet oo s G4 ))ds + [ (e = DFS- (e - D)F(do) % (1= AV) V.
0
Proof. Thanks to Lemma 3.13, we have the representation (3.101) for process N.

Therefore by applying Lemma 3.14, Z is a positive F-supermartingale and Z&(p+X)

is an F-supermartingale, if and only if

1 ’ o
(@)yp.F _ Vo= s
(Y ) 1— AV 14 /0 Ps (Ns + Us(o'sgs + B + ﬁs))ds
+ [ e [ = ne - nFn) - - av) ey <o
0
which is equivalent to the condition (3.102). This is the end of proof. O

The main result in this subsection is given in the following theorem.

Theorem 3.18: Suppose S given by (3.99) and G > 0. Let K© be a G-local mar-
tingale. Then the following assertions are equivalent.
(a) Z© is a deflator for (ST, G) if and only if there exists a unique (6, 1,9, K" 0,00, <p(pT))
and a nondecreasing, RCLL and F-predictable process V¥, such that, (B, f, g, K', @9, go(pr))

belongs to
Llloc(Yc7 IF) Xglloc(lu’a F) ><,Hlloc(:u’v F) XMOJOCGF) X looc(NGv G) XLlloc(§7 PTOg(F), P®D)7
satisfying the following Mf(g | 75(F)) =0, P®u-.a.e., E[go.(rpr) ‘ Frllfrcioy =0
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P-a.s., AVF <1, f+¢>0,

™) > —[G_ <f(AX) + g(AX) I ax oy + (1+ AK’)I{M:O}> +¢G]/G, P® D-a.e.,
(F(ax) +g(ax)) e (F(ax) + g(ax)) G

- ADoF

P® D% -a.e. on {AX =0},

P® D°F-g.e. on {AX # 0},

<ol <

G
(L+AKNG- )  (1+AK)G-
— < < —ADOvF

G
/\(ew C (S (P —1))|F(de) < 400 P@dt—ac. | (3.103)

/. Ps (Ms + 0s5(0s&s + % + ﬁs)>ds + /(eptC —1)f(e’* — 1)ﬁ(dm) <(1- AVF)_l VE
0
7¢ = Z8E(K®) exp(VF)T, (3.104)

KC=TB Y+ (f-1)*(@—D)+gxfi+K)—Gt+T(m)+ ¢« NC 4 o). D,

(b) Z© is a deflator for (ST, G) if and only if there exists a unique (5, fo9, K VE o) cp(pr))
such that V¥ is an F-predictable and nondecreasing process, (B, f, g, K, @) go(p’")) €

(NG, G)x LL (€, Prog(F), P®

loc

Ll (Y F)XGL (u, F)xHL (1, F) X Mo 10c(F) X I,

D), such that M/f(g | P(F)) =0, P® p-.a.c., IE[QOS-W) } Frllircqooy =0 P-as.,
AVF <1, f4+g>0,

ZG — g(ﬁ'yc+ (f B 1)*(ﬁ_}7) +g*ﬁ+K/ B V]F)Tg(@(o) 'NG)S(QO(pT) 'D)

E(GZHem)T
©P) > 1, P D-a.e. _G- . o0 < G- po Dt (3.105)
b M G ADO7IF )
/|(e’”x — 1) f(S_(e”* = 1))|F(dz) < +00 P@dt—a.e. , (3.106)

and/. Ps (,Us + GS(Ust + % + ﬁs))ds + /(ePI _ 1)f(epz _ 1)?((138) < (1 o AVIF)—I . VIE"
0

Proof. On the one hand, in Lemma 3.17, we calculate the corresponding F-supermartingale
deflator Z = ZpE(N)E(—V) for Barndorff-Nielsen Shephard financial market model,
where N := NJ +3-Y°+(f —1)*x(i—7)+g* i+ K, satisfying condition (3.102). On

the other hand, thanks to Theorem 3.12, there exists a unique (B, f,VE o) <p(p’"))
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such that K has the following decomposition

78 = ZEE(KO)E(-(VF)), K®=T(K*) = G='-T(m)+ ¢ - N+ ¥ D.

Therefore, by substituting pair (K¥,VF) with N and V respectively, and the fact
that
E(=VF) = exp (=VF),

the proof follows immediately. O

3.6.4 The discrete-time market models

This subsection considers the setting where the time is n = 0,1,2,...,7. Our intial
market model takes the form (S = (S,),F := (Fn)n>0). To this initial model, we
consider random variable 7 that takes values in {0,1,2,...,T}. In this setting, our
principal goals reside in describing as explicit as possible the set of all deflators (i.e.
the dual set of all wealth processes) for the stopped model ST and the discrete-time

version of the representation of G-martingales.

Here, we consider a filtered probability space (2, F,F := (Fy,)n>0, P). The trad-
ing time is finite and countable. Thus, the agent who has access to IF, can only get

information about 7 through the following survival probabilities,

T T
Gni= Y. Plr=klF,), Gni=> Plr=klF)], n=0,..,T.
k=n+1 k=n

To capture the additional information of random time 7, we adopt the progressive

enlargement of filtration in discrete time. Thus, we consider G := (G, )n>0 given by

Gn=F,Vo (T AL T A n) , 8= (Sn)nzo,l,..,,Ta
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Besides the processes G and é, the process m given by

My = Gpn+ > _ Pt = j|Fj, (3.107)
§=0
is an F-martingale and plays crucial role in our analysis. In the following lemma,

we prove that indeed m is F-martingale.
Lemma 3.18: The process m is an F-martingale.

Proof. For n=0,1,2,...,(T — 1), we drive

E[Am(nJrl)‘Fn] [AG(nJrl) + E[I{T:nJrl}’]:n-l—l] |fn]

=F
= E[ - E[I{T=n+l}|’rn+1] + E[I{T:nJrl}’fn—i—l”Fn]

0.

O]

Here, we recall an important and critical Lemma. It demonstrates the relation-

ship between F-predictable projection and G-predictable projection of X.

Lemma 3.19: Let X be an integrable and F-measurable random variable. Then,

1
(8) EX|Go) oy = EX o [Fal 5 Irony,  on {7 >n}.P—a.s. (3.108)

(b) If X is an Fy-measurable on {n = 0,1,2,...,T}, then

~ 1
EX|Gn-1]l{r5n) = E[XGn|Fn,1]G71[{T2n}, on {r>n}, P—a.s.(3.109)
e
Proof. We refer readers to Jeulin [86, Theorem 2.3] for its proof. O

For the reader’s convenience, we recall the discrete version of the Doleans-Dade

(stochastic) exponential. For any Y, we denote by £(Y) the Doleans-Dade (stochas-
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tic) exponential, it is the unique solution to the stochastic differential equation
n
AX, = Xn 1AY,, Xo=1, andisgivenby &, (Y)=[](1+AY).
s=0
In the following lemma, we state the discrete-time version of the operator 77(.)

defined in Theorem 2.21.

Lemma 3.20: For any F-martingale, M, and the random time 7, the process

nAT nAT
P(T > k‘}—k—l)
?n(M) = 2 mAMk + kEZI E(AMkI{P(TZk\]'—k):O}‘fk71)7 (3110)

is a G martingale, where AMy, := M, — M,,_1, for alln=1,...;T.

Proof. Let M be an F martingale and n =1, ..., (T'— 1). We start our proof with a

simple but useful remark: for any processes Y = (Y;,)=1,... 7, we have

1/(n+1)/\7— = Yonr = (Yv(n—o—l) - Yn)I{72n+1}’

Since one can write 7, (M) = Y,r-, where

"\ P(1 > k|Fp_1)

P(r > k| Fp) AMy + ) E(AMI(p(r> ki 7)=0y | Fr-1);

k=1

Y, =
k=1

we deduce that
Tn+1(M) = To(M) = (Y41 — Yo) I(7on11)

_( P(r >n+1|F,)
B P(Tzn+1|fn+1>

AMyy1 + E(AMH+1I{P(TZH+1‘fn+1):0}|fn))l{72n+1}'

Hence by taking the expectation with respect to G,, in both sides of the above
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equation, we deduce that

P(r>n+1|F,)
P(T Z n 4+ 1|Fn+1)

FE[E(AM 11 p(ront1)Fp i) =0 Fr) Lirzns131Gnl Lironi1)

E[Tns1(M)|Gn] = To(M) + E[

AMn+1‘gn]I{72n+1}

Thus, as a direct application of Lemma 3.19-(b), we obtain that

E[Tnt1(M)|Gn] = Tn(M).

O

Here, we state a G-martingale representation in discrete time. Basically, it is a
discrete-version of Theorem 2.11 ( see here [33, Theorem 2.8] for more details). To
this end, we start by providing the discrete-time version of the process N€ defined

in (2.23)

Theorem 3.19: Consider the following process,

nAT
P(1 = k|Fy)
G ._ o
Ny = I{psny El P s hEy (3.111)

Then the following assertions hold:
(a) NC is a G-martingale.

(b) For any integrable F-adapted process k, the process ©nANC is a G-martingale.

Proof. Forn=1,...,(T — 1), we drive

p(T =N+ an—i-l)

G G _
Nyyr = Ny = Lrengay — Plr>n+ 1|]__n+1)1{72n+1}-

n

Therefore, by taking the expectation with respect to G,, in both sides of the above
equation and applying Lemma 3.19-(b) afterwards, the proof follows immediately.

O
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7 is a G-stopping time and G, is defined as usual, while F is given by
Fri= a(XT, X F-adapted and bounded).

Below, we discuss the relationship between G, and F, as this role is very important

in our analysis.

Lemma 3.21: Consider the discrete-time setting of (3.107). Then the o-fields F;
and G, coincide, and hence for any G,-measurable random variable X, there exists

an F-adapted process & such that X = &, P-a.s.

Proof. Since T is a G-stopping time and due to [58, Theorem 64, Chapter IV], we
conclude that for any G,-measurable random variable X, there exists a G-adapted
process, £ = (€%),,_0.1__ 7 such that X = ¢©. Thus, the lemma follows immediately
if we prove that for any n € {0, ...,T'}, and any G,-measurable random variable XS’ ,

there exists an JF,,-measurable random variable X such that
XC=XxF on (r=n). (3.112)

Thus, on the one hand, it is clear that (3.112) holds for random variables having
the form of X% = ¢Ff(r A 1,...,7 An), where &F is a bounded and F,-measurable
random variable and f is a bounded and Borel-measurable real-valued function on
R™. On the other hand, these random variables generate the vector space of bounded
and G,-measurable random variables. Hence, the fulfillment of (3.112) for general
random variables, follows from this remark and the class monotone theorem (see

[58, Theorem 21, Chapter I]). This proves the lemma. O

The impact of Lemma 3.21 can be noticed immediately. Here, we state our last result
of this section. Since we study the decomposition for any G-martingale stopped at

random time 7.
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Theorem 3.20: Let assume that HS := pya AH,(E’ is any G-martingale, then
there exists a unique pair (MF, cp) such that M* € Mo ioc(F), ¢ is F-adopted and

E|o-| < +00, and

- A;k(qu) - G
Hyone = H E E ANy 3.113
rr ot = P(r > k|F)? ’ = i

Proof. The proof follows the same process as in [33, Theorem 2.8] and it is omitted

here. O
In the following theorem, we describe the class of all deflators for the model (57, G).

Theorem 3.21: Let Z© be a G-adapted process and @ be a probability given by

- _ n G
Q:=Zr P and Z, =[] (Gkkll{le>0} +I{Gk1:0}> . (3.114)
k=1 -

Then the following assertions are equivalent.
(a) ZC is a deflator for (S™,G) (i.e. Z® € D(S™,G)).
(b) There exists a unique pair <Z(@’F),go) such that Z(@F) ¢ D(S,Q.F), ¢ is an

F-adapted process satisfying for alln=0,...,,T P-a.s.

P(r > n|Fy) P(r = n|Fn) G _ (7@F)T 4
AT =) o, T =) d z®= 2@z (3.11
Blr = 7 <p < P —nFy ™ ( ) (3.115)

Here Z(¥) is given by

t
@) ._ P(r > n|Fn) _ Plr=nlF)

n=1

Proof. We start this proof by making the following three remarks:

1) It is easy to check that (see also [34] for details and related results) the process Z
is a martingale and hence @ is a well defined probability. Furthermore, the process
7 is the discrete-time version of the process £(GZ'T (G_>0y+m) (which is well defined

even in the case where G might vanish) see [92, Subsection 2.3].
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2) Tt is clear that X is a supermartingale under @ if and only if Y := ZX is a
supermartingale .

3) Thanks to (3.111), the discrete-time version of £(¢ « N®) coincides with Z(%)
given in (3.116), for any F-optional process .

Then by combining these remarks and Theorem 3.12, the proof of the theorem

follows immediately. O

As a direct consequence of Theorem 3.21, we describe below a family of G-local

martingales.

Corollary 3.21.1: For any [F-local martingale Z@F) ¢ D(S, @,IF), the process Z©

is given by
78 = (7@, (3.117)

is a G-local martingale (respectively belongs to Z,.(S7,G)).
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Chapter 4

log-optimal portfolio without

NFLVR

This chapter addresses the log-optimal portfolio for a general semimartingale model.
The most advanced literature on the topic elaborates existence and characterization
of this portfolio under no-free-lunch-with-vanishing-risk assumption (NFLVR). In
[71], the authors addressed the log-optimal portfolio problem, but their necessary
condition for the existence of optimal portfolio is elaborated under NFLVR. Re-
cently, see [31], there has been an interest in extending the existing results on utility
maximization to models satisfying NUPBR and having finite primal and dual value
functions, while they might violate NFLVR. There are many financial models vio-
lating NFLVR, see [36, 105, 117], while admitting the log-optimal portfolio on the
one hand. On the other hand, for financial markets under progressive enlargement
of filtration, NFLVR remains completely an open issue, and hence the literature on
the log-optimal portfolio cannot be applied to these models. Herein, we provide a
complete characterization of log-optimal portfolio and its associated optimal defla-
tor, necessary and sufficient conditions for their existence, and we elaborate their
duality as well without NFLVR.

This chapter contains three sections. The first section presents some useful in-
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termediate results that are interesting in themselves beyond their role in the proof of
the main result of this chapter. This result and its related discussions are presented
in the second section. The third (and last) section deals with the proof of the main

result.

4.1 Intermediate results

This section prepares the ground for the main result and its proof (Section 2 and
Section 3), and it has three subsections. The first subsection discusses some general
integrability properties that we will use later on. In the second subsection, we
recall (see Section 2.4) the important martingale representation using the predictable
characteristics and extends slightly a result on the characterization of deflators using
the predictable characteristics. The last subsection proves a measurability selection
result that we will encounter in the proof of the main result.

We start by recalling the following definition, that was introduced in [43].

Definition 4.1: Let N be an H-local martingale such that 1 + AN > 0. We
call a Hellinger process of order zero for N, denoted by h(o)(N ,H), the process
RO(N,H) := (H(O) (N, ]H[))p’H when this projection exists, where

HO(N,H) = %<N0>H + 3 (AN —In(1 + AN)). (4.1)

4.1.1 Some useful integrability properties

The results of this section are new and are general, not technical at all, and very

useful, especially the first lemma and the proposition.

Lemma 4.1: Consider K € Mg joc(H) with 1 + AK > 0. If

E[(Kr+ Y (AK,—In(1+AK,))] < +oc, (4.2)
0<s<T
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then E[\/[K, K|r] < 400 or equivalently E| sup |K;|] < +o0.
0<t<T

Proof. Let K € Mg joc(H) such that 1+ AK > 0 and (4.2) holds. Then it is enough
to remark that for 6 € (0,1), we have

S|AK] (AK)?
I + 1
max(2(1 — 4),1 + §2) {|AK|[>6} 11 ‘HaK|<s)

AK —In(1+ AK) >

By using this inequality and (4.2), on the one hand, we deduce that
E[(K)r+ Y MK jak s+ ) (AK)*Ijax|<s)
0<t<T 0<t<T

<GE|(K9r+ Y (AK,—In(1+AK,) | <+,
0<s<T

where Cs := 1+ § + max(2(1 — §),1 4 §2)/6. On the other hand, it is clear that

K, K)y* < VKe) + > IAKjak s + | Y. (AK)?Ijak|<s)-
0<t<T 0<t<T

This ends the proof of the lemma. O
The following lemma uses the set £(X,H), defined in (2.17), that we recall here
for the reader’s convenience.

L(X,H) := {¢ d-dimensional and H-predictable ‘ PTAX > —1}. (4.3)

Lemma 4.2: Let A € L(X,H), and 6 € (0,1) such that

ATz

‘)\th tr 2
Hmﬂwﬂcl>6}*“+<1+m) Ijraj<sy * 11 € Ay (H).  (4.4)

Then /(1 + Arz)~1 —1)2xp € AL (H).

loc

102



Proof. By using />, 22 < >, |z;], we derive

MAX 2
tr _
V(14 Mrz)-1 2= \/E 1—1—)\“’AX>

(NrAX)? INTAX|
Z (1+ ArAX)2 I{|>\”'AX|S5} + Z 1+ )\trAXI{\)\”AX|>5}

Thus, the lemma follows immediately from the latter inequality. O

Proposition 4.1: Let Z be a positive supermartingale such that Zy = 1. Then the
following assertions hold.
(a) —In(Z) is a uniformly integrable submartingale if and only if there exists

a local martingale N and a nondecreasing and predictable process V' such that

AN > -1, Z=E(N)exp(—V) and
E VT+HZ(“O)(N7 H)] < +00, (45)

where HO) (N, H) is defined in (4.1).

(b) Suppose that there exists a finite sequence of positive supermartingale (Z(i))izlw
such that the product Z = ﬁZ(i). Then —In(Z) is uniformly integrable sub-
martingale if and only if all Z—len(Z(i)), 1 =1,...,n, are uniformly integrable sub-

martingales.

Proof. The proof of this proposition is achieved in three parts. The first and second
parts prove assertion (a), while part three proves assertion (b).
Part 1. This parts proves that Z is a positive super martingale if and only if there
exist unique local martingale N and a nondecreasing and predictable process V such
that Ng =V =0,

AN > —1, Z =&(N)exp(=V).

Since Z is a positive supermartingale (Z > 0), then 1/Z_ is locally bounded and
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hence (Z_)~'+Z is a local supermartingale. Thanks to Doob-Meyer decomposition,
there exists unique M € M jo.(H) and a nondecreasing and predictable process A,
such that

1

7 Z =M — A orequivalently, Z =§&(M — A).

Furthermore, the condition Z > 0 is equivalent to 1 + AM — AA > 0, and this
implies that

AM

— :P)F — -
1-AA (1+AM — AA) >0, and 1+1_AA>

0.

Therefore, thanks to Lemma 2.2, 1/(1 — AA) is predictable and locally bounded,

and using Yor’s formula, we get

1

Z=E({—xq

M)E(— A).
Then, by putting
N:i=(1-AA)"" M and V:i=A+> [~AA—-In(1-AA),

the first part of assertion (a) is proved.

Part 2. Here we prove that —In(Z) is a uniformly integrable submartingale if
and only if (4.5) holds. Let Z = E(IN) exp(—V), where N is a local martingale, and
V' is a nondecreasing and predictable process such that AN > —1. To this end, we

derive
—In(Z) =—(EN)+V =-N+HNH) +V, (4.6)

where both processes V and H() (N, H) are nondecreasing.
Suppose that —In(Z) is a uniformly integrable submartingale, and let (7,,), be a

sequence of stopping times that increases to infinity and N7 is a martingale. Then,
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on the one hand, by stopping (4.6) with 7,,, and taking expectation afterwards we
get
0
B[~ 0(Zg )] = B [Venr + Hiopr (N H)]

On the other hand, since {—In(Z,; A7), n > 0} is uniformly integrable and the
RHS term of the above equality is increasing, by letting n goes to infinity in this
equality, (4.5) follows immediately. Now suppose that (4.5) holds. As a consequence
E[H:(FO)(N, H)] < 400, and by combining this with Lemma 4.1 and (4.6), we deduce
that —In(Z) is a uniformly integrable submartingale.

Part 3. Here we prove assertion (b). From the proof of assertion (a), it is clear that
there exists a sequence of local martingale N and a sequence of nondecreasing and

predictable processes V(#) such that for all i = 1, ..., n,
AN > 1. Z0 = g(ND)exp(—V ).
Furthermore, we derive

—In(Z) =— i N® 4 Zn: HO(NO H) + i v,
] =1 =1

=1

If —1In(Z) is a uniformly integrable submartingale, then thanks to assertion (a), we

deduce that

Zn: HO(NG H) + zn: v (4.7)
i=1 i=1
is integrable. Hence, thanks again to assertion (a), we deduce that (— In(Z (")))Z-:me
are uniformly integrable submartingales. Now suppose that (—In(Z®));—; _, are
uniformly integrable submartingales, then in virtue of assertion (a) and Lemma 4.1,
(N (i))izl,l_.m are uniformly integrable martingales, and hence — In(Z) is a uniformly

integrable submartingale. This ends the proof of the proposition. O
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4.1.2 Deflators via predictable characteristics

The following theorem describes how general deflators can be characterized using
the predictable characteristics. A version of this theorem can be found in [107]. The

following theorem uses the set Djo4 (X, H), that is defined as follows
Diog(X,H) :={Z € D(X,H) | E[-In(Zr)] < +oo}. (4.8)

Theorem 4.1: Suppose X is quasi-left-continuous. If Z € Dyoq(X,H), then there
exists a triplet (8, f,V) such that f € L(X° H), f is ﬁ(H)—measumble, positive
and \/(f —1)2 % u belongs to A (H), V is an H-predictable and nondecreasing

loc

process, and the following hold for any bounded process 6 € L(X,H).

B e+ (578 + [(H0) - 1= W(@)F(@)) - s < Bz, (49)
</ | f(2)0" 2 — 9”11(:L‘)|F(da:)> -Ar < 400 P-a.s. (4.10)
<0th + 6 + /[f(x)ﬁtrx - Gtrh(x)]F(da:)) AV (4.11)
Proof. Let Z € Djoq(X, H), then Z~1.Z alocal supermartingale (which follows from

Z € D(X,H) only). Hence, there exists a local martingale N and a nondecreasing

and predictable process V such that Z = E(N)exp(—V'). Then we derive
1
~In(Z) = =N +V + 5(N°) + > (AN —In(1 + AN)).

Thus Z € Dyoe(X,H) if and only if V + $(N¢) + S (AN — In(1 + AN)) is inte-
grable. Thanks to Theorem 2.7, we deduce the existence of a positive and 73(11-]1)—
measurable functional f such that \/m is locally integrable, 5 € L(X¢ H),
g€ H.(uF), and N' € Mg o.(H) such that le(g | P(H)) =0, [N/, X] =0, and

N=B-X+(f-1)*x(u—v)+g*xu+N" (4.12)
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Then Z € Dyoq(X, H) if and only if the three processes V/, %(NC> = %Bt’"cﬁ - A and
>(AN —In(1 4+ AN)) are integrable. Since,

Y (AN —In(1+AN))=[f+g—1-In(f+9))*xu+ Y (AN —In(1+AN)'),

which is due to [N’, X] = 0. There is equivalence between Y (AN — In(1 + AN))
belongs to A™(H) and both nondecreasing processes [f +g — 1 — In(f + g)] * u and
S (AN’ —In(1 + AN)’) belong to AT (H). Furthermore, by writing

F+g=1=I(f +)lau=17 1= In(Pleptoll—1)wn+ [ji (1t ji)] "

we conclude that [f +¢g—1—1In(f + g)] * u € AT(H) if and only if both nonde-
creasing processes [f — 1 — In(f)] » p and % —In(1+ %)] * 11 belongs to AT (H) and
g(1— %) * 1 belongs to Mo(H). Therefore, by combining all the above remarks, we

get

E[-In(Zr)] = E [VT + %/3%5 A+ / (f —1—1n(f))F(dx) - AT]

+E[(? —In(1+ ?)) *u} +E[Z(AN’ —In(1+ AN)’)},

which implies (4.9) immediately.
Since Z € Dyoq(X, H), then for any bounded 6 € L(X,H), the process ZE(0+ X)

is a supermartingale. This implies that
8(—V+5-XC+(f— 1)*(u—y))8(0-X),
is also a supermartingale (the processes § and f are defined above), or equivalently

Yi= -V 40-X+8ch- A+ 6"z(f —1) % p,
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is a local supermartingale. By simplifying, we get
Y = local martingale —V + 6"b- A+ 3¢ - A+ (0" xf(z) — 0" h(z)) * p.

Then, Y is a local supermartingale if and only if (6" x f(x) — 6" h(z)) * p belongs to

Ajoc(H) which is equivalent to (4.10), and
V40" A+ B"ch- A+ (0" f(x) — 0" h(x)) % v < 0.

This latter inequality is obviously (4.11), and the proof of the theorem is complete.
O

4.1.3 A measurability result

Lemma 4.3: Consider the triplet (Q x [0, 4+00), P(H), P ® A), and the functional
L(w,t, A) == L4 (A) given by

Lipn(A) = ~MNTh(w, t) + %)\"c(w, DA+ / (A"h(z) —In((1+ A"z)T)) Fp(dz),(4.13)

for any X € R? and any (w,t) € Q x [0, +00). Then the functional L, as a map
on Q x [0,4+00) x RY (i.e. (w,t,\) — L(w,t,\)), is P(H) x B(R?)-measurable.

Proof. The proof of the lemma will be achieved in two steps. The first step defines
a family of functionals {Ls(w,t,-), 6 € (0,1)} for (w,t) € Q x [0,4+00), and proves
that these functionals are indeed P(H) x B(R?)-measurable (i.e. jointly measurable
in (w,t) and ). Then the second step proves that Ls(w,t, A) converges to L(w,t, \)
when d goes to one for any (w,t,\) € Q x [0, +00) x RY.

Step 1: Let (w,t) € Q x [0, +00) and & € (0,1). Then for all A € R?, put

1
L(S(wa 2 )‘) = _)‘trb(w¢ t) + iAtrc(wv t))‘ + / fé()H x)F(w,t) (dl’),
Rd

fs(\, ) := A" h(x) —In(1 — 6 + 6(1 + A"z) ™).
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It is clear that for any A € R¢, Ls(w,t,\) is predictable. Thus, in order to prove that
Ls is jointly measurable (i.e. P(H) x B(RY)-measurable), it is enough to prove that
this functional is continuous in A (in this case our functional Ls falls into the class of
Carathéodory functions), and hence one can conclude immediately that it is jointly
measurable due to [11, Lemma 4.51]. Thus, the rest of this step focuses on proving
that Lg is continuous in A. To this end, we first remark that —A"b(w, t)+3A"c(w, t)A
is continuous, and we derive

1
—0IAP|z|? < fs(\z) < max(m, —6 —In(1 = 8)|A|z|> on {|z| < 1}

—0|A]z| < fs(A\z) < —In(1 —6) on {|z| > 1}.

Therefore, thanks to the dominated convergence theorem and these inequalities, we
deduce that in fact L is continuous in A, and the first step is complete.
Step 2: Herein, we prove that for any (w,t) € Q x [0,+0c0) and any A € RY,

Ls(w,t, \) converges to L(w,t, ) when § goes to one. To this end, we first write

1
Ls(w,t, \) + A"b(w, t) — QAtTc(w,t))\ =

— NTh(2) F(dz) — 6 / NIy F(d)
(Mra<—1} (Mra<—1}

—In(1-§)F ({N\"z < -1}) + /I{)\trx>1} (A" 2 —In(1 + 6A"z)) F(dz).

Remark that f{)\t’“ngl} ANTh(z)F(dz) and f{)\”ngl} Al 1513 F (dzx) are well de-
fined and take finite values, while I{yerps 1y (5)\“":1: —In(1+ 5)\”33)) is nonnegative
and increasing in §. By distinguishing the cases whether F ({\"z < —1}) is null
or not, thanks to the convergence monotone theorem, we conclude that Ls(w,t, \)

converges to L(w,t,\). This ends the second step and the proof of the lemma. [J
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4.2 Log-optimal portfolio: Duality and description

This section addresses the main contribution of this chapter that lies in characteriz-
ing, in different manners and as explicit as possible, the log-optimal portfolio, as well
as the associated optimal deflator, for the general case of semimartingale without
varying the flow of information. This section focuses on the following maximiza-
tion problem for the economic model (U, X, H, @), where H is a filtration satisfying
the usual conditions, X is an H-semimartingale, U is a utility function, and @ is a

probability measure on (2, Hr).

maxgeo(xm) EQU (1+0+-X)r)l, (4.14)

OU, X, H) := {6 € L(X,Q,H)| Eg [max(0,-U(1+6-X)7)] < 400} .
To this end, we recall the set of admissible portfolios ©(X, H) given by
O(X, H) := {9 € L(X,H)| E[max(0,—In(1+ (0 - X)7)] < +oo}. (4.15)

Since this section focuses on the logarithm utility maximization problem, for the
sake of simplifying notation, we simply write (X, H) := O(In, X, H). Our result in
this section extends deeply the existing literature on the log-optimal portfolio and
establish the duality for the log utility without the No-Free-Lunch-with-Vanishing-
Risk assumption for general model (In, X, H).

Theses results require the powerful techniques of semimartingale characteristics
that we recalled in Section 2.4. For the reader’s convenience, we recall the canonical
decomposition of X (for more related details, we refer the reader to Section 2.4 or

[83, Theorem 2.34, Section II.2])

X =Xo4 X+ h*(ux —vx)+b-AX + (x — h) * px,
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where h, defined as h(z) := x1{j;<1}, is the truncation function, and h* (ux — vx)
is the unique pure jump H-local martingale with jumps given by h(AX)Ifa x40y

The quadruplet
(b,c, F, A) are the predictable characteristics of X.

For more details about these predictable characteristics and other related issues (such
as the martingale representation of local martingales using Jacod’s parameters, we
refer the reader to [83, Section II.2]. For the sake of simplicity, we will consider
models, that we call o-special, defines in (2.25), that we recall here for the reader’s

convenience.

Definition 4.2: A model (X, H) is called o-special if there exists a real-valued and

H-predictable process ¢ such that

0<p<1 and Y @AX|Iaxps1y € A (H). (4.16)

This assumption is equivalent to the fact that ¢« X is a special semimartingale
(i.e. it can be written as the sum of a local martingale and a predictable process with
finite variation), or equivalently f(‘x|>1) |z| F(dr) < +00 P® A-a.e.. This assumption
is for the sake of simplifying the proofs only, and it can be dropped at the expenses
of technical intermediate results. Now, we are in the stage of stating our main result

of this section.

Theorem 4.2: Suppose (X, H) is o-special and quasi-left-continuous with predictable
characteristics (b, c, F, A). Then the following assertions are equivalent.

(a) The set Dypq(X, H), given by

Diog(X,H) = {Z € D(X,H) | E[-In(Z7)] < +o0}, (4.17)
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is not empty (i.e. Dyog(X,H) #0).
(b) There exists an H-predictable process ¢ € L(X,H) such that, for any ¢ be-
longing to L(X,H), the following hold

E |:‘7T + 1(95”695 A)r + (/(1:0(% +In(1 + @' 2))F(dx) - A)T] < +0oq4.18)

2
Vo= W(b—@ﬂ/ [%—ﬁrh(@} F(dx)) A, (4.19)
(p— ) (b—cf (‘P_SB)”:U_ o\t
e-pro-+ [ (Yo - e- @) Fan <0, a0)

(¢) There exists a unique Z € D(X,H) such that

e 21)1(1;[‘( . E[-n(Zr)] = E[-In(Zy)] < +00. (4.21)

(d) There exists a unique 0 € O(X,H) such that

sup  E[ln(1+ (- X)7)] = E[In(1 + (6 - X)71)] < +o0. (4.22)
0O (X, H)

Furthermore, when these assertions hold, the following hold.

e L(XSH) NL(X,H), V((1+@rz)~t —1)2xpe Af (H), (4.23)
[pppe 7. % e i _

z =E(@-X), Z=EK V), Ki=-5-X"+ 1 e *(n—v). (4.24)
=01+0-X)_)"' and 0=03_(3-X) P®A-ae. (4.25)

It is important to notice that, for any Z € D(X,H), we have Eln™(Zr) < In(2).

Furthermore, one can easily prove that the following two assertions are equivalent:

(a) Z € Dyog(X,H) (i.e. —In(Z7) is integrable or equivalently (In(Zr))~ is inte-

grable),

(b) {—=In(Z), 0 <t < T}, or equivalently {(In(Z;))~, 0 < ¢t < T}, is uniformly

integrable submartingale.
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Besides this, for a positive local martingale Z, the condition E[—In(Zr)] < +oo
does not guarantee that this Z is a martingale, while it implies that K := Z~!. Z
is a martingale satisfying Elsupg<;<r |K¢|] < +oo instead, see Lemma 4.1 for this
latter fact. As a result of this discussion, we conclude that Theorem 4.2 extends
deeply the existing literature on the log-optimal portfolio by dropping the no-free-
lunch-with-vanishing-risk condition on the model. This assumption is really a vital
assumption for the analysis of [71]. This achievement is due to our approach that
differs fundamentally from that of [71], while it is inspired from the approach of
[43] with a major difference. This difference lies in dropping all assumptions on the
model (X, H) considered in [43], which guarantee that the minimizer of a functional
belongs to the interior of its effective domain. We recall our aforementioned claim
that the “o-special assumption” for (X, H) is purely technical and is not related at
all to the minimizer of this functional. In conclusion, our theorem establishes the
duality, under basically no assumption, besides describing the optimal dual solution
when it exists as explicit as possible. This, furthermore, proves that in general, this

optimal deflator might not be a local martingale deflator.

Remark 4.1: It is clear that the process V is well defined. This is due to
~tr >tr..\2
Y p"x
[ —ermairan = [ E 2 e
14+ ptx (|:(:\§1)1+90 x

- = Fdz) + F(|lz| > 1),
/(|:c|>1) 1+ ¢z

which is a well defined integral with values in [—o00, +00).
Similarly for the LHS term of (4.20), the integral term is well defined for any
¢ € L(X,H). Indeed, due to 2 x [0,+00) = Up>0(|¢| < n), for any process

¢ € L(X,H), it is enough to prove that the integral term is well defined for
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bounded ¢ € L(X,H). To this end, on the one hand, we write

BL AL x r) = — (p"a)(@"x) ) — F(la
/<1+§5th " h( ))F(d) /(x|<1) 15 o F(dx) — F(|z| > 1)

tr 1 ~tr
+/ CE plar) - / 22 p(da).
(lzj>1) 1 + 9"z (o> 1 + 92

On the other hand, since ¢ is X-integrable (as it is bounded), both processes
Ifaxi<iy - [K, ¢ - X] and [} Ifjax|>1}, K] have locally integrable variations and
their compensators are

tr ~tr ~tr
—/ WF(CM)-A and —/ T _F(dx)- A
(joj<1) 1+ @7 (jo>1) 1 + ¢

respectively. This proves that the integral is well defined with values in (—oo, +00].

The remaining part of this section illustrates the result of Theorem 4.2 on the
case of jump-diffusion model, where the uncertainties in the initial model (.S, H) is
a one-dimensional process generated by Poisson process and a Brownian motion.
Precisely, we suppose that a standard Brownian motion W and a Poisson process
N (with intensity A > 0) that are defined on the probability space (2,7, P). The
filtration H is the completed and right continuous filtration generated by W and IV,

and the stock price process is given by the following dynamics.
t t t
Si = SoE(X)i, Xy := / oo dW, + / GANE + / pods, N = Ny — At (4.26)
0 0 0

and there exists a constant ¢ € (0, 400) such that u, o and ¢ are bounded adapted

processes satisfying the following
c>0, ¢(>-1, o+4|[¢|>4¢, P®dtae. (4.27)

Theorem 4.3: Suppose S and X are given by (4.26)-(4.27). Then the following
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H-predictable process

g._at sign(Q)vVa? + 4\

- A
50 —Z, whereazzu > <

g
+7 (4.28)

is S-integrable satisfying 1 + g( >0 P ®dt-a.e., and the following hold.

(a) The solution to

e g(l)f( . E|-1n(Zr)] = E[-In(Z7)] < +o0. (4.29)

exists and is given by Z% := E(K®) where

RE i g — —_ . NE (4.30)
1+6¢
(b) It holds that
sup  E[ln(1+ (- X)7)] = E[In(1 + (6 - X)71)] < +00, (4.31)

0€O(X,H)

Proof. For the jump-diffusion model with parameters given by (4.27), the pre-
dictable characteristics of Section 2.4 is as follows. Let d,(dx) be the Dirac mass at

the point a. Then in this case we have d = 1 and

Ar=t, c=(5-0)?, b=(@u—-Xljs >1)5-, S°=S_o-W

p(dt, dz) = d¢,s, (dz)dNy ,  v(dt,dx) = 0¢,s, (dx)Adt ,  Fi(dx) = Mg, (dx).
As a result, the set

L (S, H) = {p eR ‘ pr > —1 F,(dr) — ae}={peR ‘ ©S_¢ > -1}

= (=1/(S=¢)",400) N (—00,1/(S-¢)7)
is an open set in R (with the convention 1/0" = 400). Then the inequality condition
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(4.20) in Theorem 4.2 becomes the following equality

A¢
— g — _ 2 —
0 =n=2Lyqm1ys.y = 5-070 + Tog—r — Mlia<izs )

AQ

=p—X—-S_clp+——.
B —AC SU¢+1+S40<

(4.32)
Put ¢ :=1+4+ pS_¢ > 0, then the above equation is equivalent to

o2
0= —?wQ +oay + A,

p—AC o
T

This equation has always a unique positive solution

where oo =

J _oaC+ ¢/ (ca)? + 402X _ al + [V a2 + 4)

- 202 20

Therefore, ¢ := S%, where 6§ is given by (4.28), coincides with () — 1)/(S_(),
satisfies 1 4+ (6 > 0. Hence, we deduce that 6 is the unique solution to (4.32). 6
is also S-integrable due to the parameters that we assume in (4.27). As a result,
the optimal wealth process is £(f + X) and hence 6 is the solution to (4.31) and
the proof of assertion (b) is completed. The assertion (a) follows immediately using

the decomposition of deflator (4.24) in Theorem 4.2, ¢ = S% and above predictable

characteristics for S.

4.3 Proof of the main theorem

Proof of Theorem 4.2. It is clear that (c)==-(a) is obvious, and hence the proof of
the theorem reduces to proving (a)==-(b)=(c), (b)==(d), (d)==-(a), and as long
as assertion (b) holds the properties in (4.23)-(4.24) hold also. Thus, the rest of this

proof is divided into three steps. The first step proves that assertion (b) implies
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both assertions (c¢) and (d) and (4.23)-(4.24). The second step deals with (d)=—
(a), while the third step addresses (a)== (b).
Step 1. Here, we assume that assertion (b) holds, and focus on proving assertions

(c) and (d), and (4.23)-(4.24). Then due to (4.18) and

1—-6 o2 d
A+ y)+y) —y 2 5= Lyi<s) + mlyﬁ{\ypa}

for any § € (0,1) and any y > —1, we deduce that for 6 € (0, 1) the following

~tr ,~ A &trm ? A
Pep - A, ety oy NI+ 30z Iztra)<sy F(d) - A,
¢ ]
d ¥ s Fdz) - A
an /Rd\{o} T+ girg Upal>ay F(dT)

are integrable processes, and hence ¢ € L(X¢ H) and /((1+ @"z)~1 —1)2xp €

Al due to Lemma 4.2. Hence K, defined in (4.24), is a well defined local martingale

loc

satisfying AK +1 = (1+@"AX)~! > 0. Furthermore, thanks to Yor’s formula and

the continuity of A, on the one hand, we conclude that for any bounded ¢ € £(X, H),
S((p-X)Z:S(cp-X+[<p-X,K]+K—X~/>.
On the other hand, we drive,

P X +p- X, K|+ K=V =0 X+ ohx (n—v) +¢"b- A+ ¢"(x = h(z)) xp+ K =V
=tr tr
_treped— (BEETT)
vy 1+¢trl‘ *
= local martingale + (cpt’”b — gpt’“c@) A—-V
~tr tr

r (¢"z) (")
+ (ot — oy - G
(ptrx

= local martingale + (¢""b — ¢ cp)+ A -V + <1-f—<5”:1}

- sot’"h(ﬂf)> *
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By writing

tr tr tr tr
prx t I A e +1
T oire ¢ M) = gy fuxisy + e Tixisn
~tr$
~Luxi=n — g Tixsn

and using similar argument as in Remark 4.1, we deduce that (4.20) implies that

X +[p+ X, K]+ K —V is a special semimartingale and
(p+ X +[p-X,K]+ K -V)PH <0.

This latter inequality is due to (4.19) and (4.20). This proves that the process
o X+p- X,K]+ K — V is a local supermartingale. As a consequence, E(w-X)Z is
a positive supermatingale, and hence 7€ D(X,H) on the one hand. On the other

hand, due to It6, we derive

- - ~tr
—In(Z) = local martingale + V + =¢""cp - A + —% +1In(1 + @) | * .

N
X9
S
!

By combining this with (4.18), we deduce that Z € Dyog(X, H). This proves that

assertion (a) holds. Furthermore, since Zis a positive supermartingale, 27! is a

positive semimartingale, and
Z-Igieny - (2)7 = Blyginy - X.

Since the LHS term, of the above-mentioned equality converges (in probability at
any time ¢t € (0,77]), we deduce that ¢ € L(X,H) (i.e. it is X-integrable in the
semimartingale sense), and (Z)~! = £(& - X). Therefore, on the one hand, this
ends the proof for the properties (4.23)-(4.24). On the other hand, we notice that

In(E(3-X)7) = — In(Zr) is an integrable random variable, and for any ¢ € £(X, H)N
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L(X,H) satisfying the condition Eln~(E(p - X)7) < 400, we get
E[n(E(e - X)r/E(p - X)r)] = E[In(E(p - X)1) = EIn(E(@ - X)r)] < 0.

This is due to a combining of Jensen’s inequality and the fact E(p+X )Z is a positive
supermartingale. Thus, assertion (d), and (4.25) follow immediately. The rest of
this step focuses on proving assertion (c).

Suppose that Z € Dyjq(X, H), then by applying Theorem 4.1, we deduce the

existence of (3, f, V) such that

oo f(2) > ~[f(2) — 1 — n(f(2)] + (1 + ¢"z), for any @ € L(X,H),
v (m o+ [ (Pas@) - o hia) F(d:c)) A,

E|-In(Z7)] > E [VT + %5%5 CAr + /[f(x) —1 - In(f(2))|F(dz) - Ar| .

Then by combining these properties (take ¢ = @) with (4.18)-(4.19)-(4.20) and the

~tr
fact that under (4.20) we have @ (b — cp) + /[% — P h(x)|F(dx) > 0, we
derive
El-n(Zr)] = E iz +1(“”"c~.A) +(—ﬂ+m(1+(%%))* )
T Vit (@ er A)r T @ )
=F ‘7 + 1“WCN—i— /(—Sm +1In(1 + (¢ x))F(dz) | - A
= _ T 2<P ' 1+ ot ¥ T
- ) B
— 5|70 55" eR) dr + [ (14 570) - PR F(do) - Ad]
_ 1 ~ ‘s T
< B|@" - 35"eh) dr+ [(Fas@) - Fh)Fldn) - dr| +

< B[Vt gves dr+ [0~ 1- W7 @) () - Ad]

< E[-1n(Z7)).
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This proves assertion (c), and the first step is complete.

Step 2. This step proves (d)== (a). Thus, we suppose that assertion (d) holds.
Then there exists a portfolio § € ©(X,H) such that (4.22) holds. Thanks to [36,
Theorem 2.8] (see also [49] and [79, Theorem 2.3]), we deduce that D(X,H) # (). By
combining this with 1 + (5 X)r > 0, we conclude the positivity of both processes
1+6-X and 14 (A-X)_, and hence the existence of § € £(X, H)NL(X, H) such that
14+6-X = E(@- X) on the one hand. On the other hand, the condition D(X,H) #0
is equivalent to the existence of the numéraire portfolio, that we denote by ¢ (see
[36, 91, 94] and the references therein to cite few). This means that there exists
¢ € L(X,H) such that £(p- X) > 0and E(p- X)/E(p- X) is a supermartingale for

any ¢ € L(X,H) with 1+ ¢AX > 0. In particular, the process

is a suprermartingale. Due to In(z) < x — 1, we get

LEeX)

~In(&(F- X)) < —In(E(F- X)) =

—1

X b (4.33)

A

and deduce that In™ (Er(p-X)) is integrable. As aresult, 6 := PE(p-X)- € ©(X,H),
and the following hold

Elln(&r(@- X)) = E[ln(1+ (8- X)7)]

< Eln(1+ (0 X)r)] = Eln(Er(F- X)) (4.34)

This, in particular, implies that In(Ep(@ - X)) is an integrable random variable, or
equivalently In(Er(¢ - X)/Er(@ - X) = In(Er(¢ - X)) — In(Er(@ - X)) is integrable.

Then using Jensen’s inequality, we deduce that

Elln(Er(p- X)/r(@- X)] < In(E[ér(p- X)/Er(p- X)]) <0
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This combined with (4.34) implies that
E[ln(Er(¢- X)) = Elln(Er(s - X))]- (4.35)

A combination of this with (4.33) leads to E[€r(p - X)/Er(P- X)] = 1, and hence
the process M + 1 is in fact a martingale (a positive supermartingale with constant
expectation is a martingale). It is clear that f(z) := z — In(1 + z), = > —1,
is a nonnegative and strictly convex function that vanishes at x = 0 only. Since

E[f(Mr)] < 400, we conclude that f(M) is a nonnegative submartingale satisfying

£(F-X)

0 = E[f(Mo)] < E[f(M,)] < E[f(Mr)] = E[Mr + m%

where the last equality follows from combining (4.35) with the fact that M is
martingale. Thus, we conclude that M = 0 and hence £(p- X) = E(p- X). As a
consequence the process Z :=1/£(p - X) belongs to D(X, H). Therefore, assertion

(a) follows immediately from this and
B[=In(Zr)] = En(€r (- X)) = B[l + (0 X)1] < +o0,

and the proof of (d)== (a) is complete.

Step 3. This step proves the implication (a) = (b). Hence, we assume that
assertion (a) holds for the rest of this proof. In virtue of Theorem 4.1, which
guarantees the existence of (43, f, V) such that 8 € L(X¢, H), f is P(H)-measurable,
positive and \/m € .A;gc, V is a predictable and nondecreasing process,
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and the following hold for any bounded 6 € £(X, H).

E [VT 3878 A)r + ( @ -1~ ln(f(w)))F(dw)> - AT}

< BE[-In(Z7)] < +oo, (4.36)
(/ | f(2)0" 2 — Gtrh(m)\F(de‘)> - Ap < 400 P-a.s., and (4.37)
(Gt"b + 0 ch + /[f(x)t?"x - 9”h(m)]F(dx)) AV, (4.38)

The rest of this proof is divided into two sub-steps, and uses these properties. The
first sub-step proves that a functional L, that we will define below, attains its mini-
mal value, while the second sub-step proves that this minimum fulfills (4.18)-(4.19)-
(4.20).

Step 3.a. Throughout the rest of the proof, we denote by L, ;) —P ® A-almost all

(w,t) € Q x [0,400)- the function given by
1
Lwn(A) = “\Tb(w, t) + 5)\”0((,0, A+ / (A"h(z) —In((1 + A'"2) 1)) Fp(dz),(4.39)

for any A € R? with the convention In(0%) = —oco. This sub-step proves the existence

of a predictable process ¢ such that P ® A-almost all (w,t) € 2 x [0, 400)

Pw,t) € Lyy(X,H) and Ly (9w, t) = minyer, (x5 Liw,n) (A). (4.40)

To this end, we start by noticing that in virtue of a combination of Remark 4.1
(which implies that this functional takes values in (—oo,+00]), Lemma 4.3, and
[69, Proposition 1] (which guarantees the existence of a predictable selection for the
minimizer when it exists), this proof boils down to prove that L, ;) attains in fact
its minimum for all (w,t) € Q x [0,400). This is the aim of the rest of this sub-
step. For the sake of simplicity, we denote L, () by L throughout the rest of this

proof. In order to prove that L attains it minimum value, we start by proving that
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this function L is convex, proper and closed. Let first recall some definitions from
convex analysis. Consider a convex function f. The effective domain of f, denoted
by dom(f), is the set of all € R? such that f(z) < 4+o0c. The function f is said to
be proper if, for any = € R%, f(z) > —oo and if its effective domain dom(f ) is not
empty. For all undefined or unexplained concepts from convex analysis, we refer the
reader to Rockafellar [116].

Let 0 be a bounded element of £(X, H), and due to In(1+ (6 z)") < (6 z)" < |0]|x]

and f( ) |z| F'(dx) < +o0o (since X is o-special), we obtain P ® A-a.e.

|z|>1
/ In(1 + (6" z) ") F(dx) < / (0" z) T F(dx)
(|l[>1) (|lz[>1)

< \9|/ |z| F'(dx) < +oo0. (4.41)
(Jz[>1)
Then by combining this with

/ (A"h(z) —In(1 + A\"z)) F(dz) = f(lxlﬁl) (A2 —In(1 + A"z)) F(dx)

- f(lfr\>1) In(1 — (\"x) ™) F(dx)

— In(1+ (\"z)")F(dz)
(Jz|>1)

> — f(|x‘>1) In(1+ (A"z)")F(dz)

> —00,

and L(0) = 0 < +oo (i.e. 0 € dom(L) C L(X,H)), we deduce that L is a
convex and proper function. Now we prove that L is closed or equivalently L is
lower semi-continuous. Let 6, be a sequence in R? that converges to # such that
L(6,) converges. Then it is clear that 6b + 07c3 converges to 6"b + 6 c3 and

f(|z|>1) In(1 + (01" 2)*)F(dx) converges to f( In(1 + (6" 2)%)F(dz). This latter

|z|>1)

is due to a combination of In(1 + (6%z)) < (0" z)* < (sup,, |0n])|x], (4.41), and

dominated convergence theorem. Now consider the assumption

0 € L(X,H) and there exists ng such that for all n > ng 6, € L(X,H). (4.42)
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Under (4.42), by combining Fatou’s lemma and the above remarks, we get

Lw)——M%+;Wﬁ+/QWM@—mu+¢%»Fu@

1
= —0"b+ ~0"ch — In(1 + (6" z)")F(dx)
2 |z|>1
_ / In(1 — (0" 2) ") F(dz) + / (072 — In(1 + 6" 2)) F(da)
|z[>1 lz|<1
< lim L(6,).
n——+00

This proves that L is closed under (4.42) on the one hand. On the other hand, it
is clear that, when (4.42) is violated, there exists a subsequence (0j))n such that
Op(ny & L(X,H) for all n > 1. As a result, since L(6,) converges, we conclude that
L(0) < limy, 400 L(6y) = limy—s 1 o0 L(Qk(n)) = +4o00. This proves that L is closed,
convex and proper. Thus, we can apply [116, Theorem 27.1(b)] which states that,
for L to attain its minimal value, it is sufficient to prove that the set of recession
for L is contained in the set of directions in which L is constant. To check this last
condition, we calculate the recession function for L. For A\ € dom(L) and y € R?,
the recession function for L is by definition

L0t (y) := lim LA+ ay) = L(/\).

a—r+o0 o

Consider the following sets I'T()\) := {x € R4 ‘ ANrx > 0}, T7(\) = {z €
R? | ATz <0}, and remark that we have

LA +ay) — L(A)

1
= b+ %y”cy +y"eA +/ (y”h(m) - —In(l+

tr
ay"x
——) | F(d
1—1—)\“"33)) (dz)

ayt"z

tr Qg tr
= b+ = A — =
yrbt+ 5y cy+yc+/ 1+ Nro

It (y)
ayt"x

n /F_(y) (y“"h(x) - éln(l + m)) F(dz).

<y“"h(x) - éln(l + )> F(da)
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Then, on the one hand, we calculate the recession function L0 (y) as follows.

400 if either F(I'"(y)) > 0 or y*"cy > 0,
Loty L)

—y'"b + fﬁ(y) y"h(z)F(dx) otherwise

On the other hand, we have

ofy €R? : cy=0and F(I' (y)) =0} C L(X,H) for any o € (0, +00),

—a{yeR? : ¢y =0and F(I'(y)) =0} C L(X,H) for any a € (0,400).
Thus, by combining these with (4.38), we deduce that

—ytTh + / YT h(z)F(dz) > 0 if F(D~(y)) =0 < F(I'*(y)), ey =0,
I (y)

y'"b —/ Y h(z)F(dr) >0 if F(T'"(y)) =0< FIT (y)), cy = 0.
' (y)

Thus, thanks to these remarks, the recession cone for L and the set of directions
in which L is constant, that we denote RC and CD respectively, are defined and

calculated as follows

RC :={yeR?| LO*(y) <0} ={y e R’ | ey =¢""b=F(I" (y)) = FT"(y)) = 0}
CD :={yeR?| L0t (y) <0, LOT(—y) < 0}

={yeR | y"b=cy=F(I (y) = F(I'(y)) =0}.

This proves that both sets (RC and CD) are equal. Hence, thanks to [116, Theorem
27.1(b)], we conclude that L, attains its minimal value at ¢(w,t) which satisfies
14 2" p(w,t) > 0 F, y(dz)-a.e. since L, (p(w,t)) < L, (0) = 0 < +oo. This
ends the first part of the third step.

Step 3.b. This sub-step proves that ¢, a minimizer for L proved in the previous

sub-step, fulfills in fact the conditions of assertion (b) (i.e. the properties (4.18)-
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(4.19)-(4.20)).
Since L(p) < L(yp) for any ¢ € L(X,H). Let ¢ € L(X,H) and a € (0,1), then using

similar calculations as above, we get

MO Z Lo+ o =) _ (5 gy 2o - 9)7elo—3) (o~ @)"c +
# [ (G SEZ2E - o i) Fan)

Here we have,

v In (agot’"w+1+(1—a)s75trl‘> —In(1+¢"2)
1ma+aw f)%:
« 1+ @ire o
In (a(l +ot"r) + (1 —a)(1+ cﬁ“?n)) —In(1 + ¢"x)
- a
aln(l+¢"z) + (1 —a)In(l + ¢"z) — In(1 + §'"x)
= a
=1In(1 + ¢"z) — In(1 + &"x) (4.43)

Due to the concavity of In(z), since In(ay + (1 — a)z) > aln(y) + (1 — @) In(x). On

the other hand, by computing its derivative,

aw—@V%

-1
—In(1 —
n(l+ 14 ¢tz

1 alp — @)\

(1 i >:

(a n(1+ 1+ ¢tre ) a?

(p—9)'x 1

B %r( MWW%>
+SO T a(l—f‘m)

1 ax
~ (o )
a2< n +a$)+1+ax

1
= +20w (am — (14 ax)In(1 + ax))
a

<0. (4.44)

_\tr
It is clear that, as a function of a, a~!In(1 + M) is decreasing and hence

1+ptrx
1 alp—@)"z, _(p—9)"x
t ~t
In(1+¢"z) —In(1+¢"z) < aln(l—i— T 50 ) < T s
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As a result of this, combined with the convergence monotone theorem, we deduce

that

/ <; In(1 + W) —(p- G)t’“h(x)> F(dz)

converges to f[(f;?:;x — (o —@)"h(z)]F (dz), when « goes to zero and hence (4.20)

is proved. By using (4.20) for ¢ =0, and L(p) < L(0) = 0, we get

~tr
~tr ~tr .~ ~tr por
0<@"b—¢"cp +/ (—go h(z) + 1—|—§5tr$> F(dx) (4.45)
1
0<@"b— 5@%(5 + / (In(1 4 ¢"z) — " h(z)) F(dz). (4.46)

The second inequality is —L($) > 0. We also know that 0 < ||o(a + b)||?, hence
0< (a+b)"cla+b)=a"ca+b"chb+ 2a"cb,
and the following inequality holds.
| ~tr
5P - §ﬂ cf < @lep.
Therefore, by combining (4.45) and (4.46), with —3@" ¢ — 18" cB < $"cf3, and

f(z) =1 —1In(f(z)) >In(1 +&"z) — f(2)"z  (Young’s inequality),

we derive
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Therefore, thanks to this latter inequality and (4.38), we deduce that

0 =< (@“b — %@“c@r /[ln(l + @) — @f’“h(x)]F(dm)> A

= </[f(9«") —1—In(f(2))]F(dz) + ;5”@3) ALV
By combining this, (4.36), the fact that
/ In(1+ &) — & h(x)]F(dx)

1,
g
~tr
i oy P
<2gp (ln(1+cp x) 1+(ﬁt%>F(da})>

( c90+/ <—¢>¢rh(m) + %) F(d:c)) 7

where both terms of the RHS are nonnegative, and the second term of this RHS

R

coincides with %, we conclude that

E|Vr+ 1%T’c~—|—/ ln(l—i—%rx)—ﬂ F(dz) | - Ar| < 40
T 9 ¥ ¥ 1+ gtz T .

This proves (4.18), and assertion (b) follows. This ends the proof of the theorem.
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Chapter 5

Log-optimal deflators under

random horizon

This chapter addresses the dual problem of the log-utility maximization problem
under the random horizon. Here, we consider an initial market model specified
by the pair (S,F), where S is its discounted assets’ price process and F its flow
of information, and an arbitrary random time 7. This random time can represent
the death time and the default time, and in both cases, 7 can be seen when it
occurs only. Thus, the progressive enlargement of F with 7, that we denote by G,
sounds tailor-fit for modelling the new flow of information that incorporates both
F and 7. In this setting, our main aim resides in describing as explicit as possible
the log-optimal deflator for the stopped model (S7,G). The primal maximization
of this latter problem is fully considered in Chapter 6. For more details, about
utility optimization problem, we refer the reader to Section 2.3 where we describe
the Merton’s optimal portfolio problem briefly.

Since this chapter focuses on the logarithm utility maximization problem, for
the sake of simplifying notation, we simply write O(X,H) := O(In, X, H), where
the set is initially defined in (4.15). The main goal of this chapter is the model

(S™,G), when S is an F-semimartingale that is quasi-left-continuous and has some
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integrability condition (to avoid some technicalities).
In this chapter, we will use frequently the operator function 7(.) defined in

(2.21), that we recall below for the reader’s convenience.

T -1 p.F
T(M) i= M7 =G fjo - [Mm]+ T g+ (D AM Iy ) ¥ M € Mooe(F).
The following lemma illustrates some simple but useful properties on this operator

function 7(.).

Lemma 5.1: Let K be an F-local martingale, and o belongs to L} (K,F), then

loc

(a) The continous local martingale part of T(K) (i.e. T(K)), is equal to T (K°).
(b) T(a+K) =a-T(K), and it is an F-local martingale.

Proof. Suppose that K = K¢+ K% where K¢ is continuous F-local martingale, and

K% is a pure jumps F-local martingale (see Theorem 2.2). Then, we have
T(K)=T(K) + T(K?). (5.1)

Thus, T(K¢) = T(K)¢ if and only if T7(K?) is a pure jump G-local martingale. Let

MC be continuous and bounded G-martingale. Then we drive

[MG’ T(Kd)] = [MG> (Kd>T] - é_lj]]o,fr}] : [MG? [Kd7 m]]

+1jo,7] [MC, (Z AKdI{é:0<G_})p7F]

=Y AMEA(KY) — G- > AMEA(KY) Am +0 =0,

which is due to continuity of M. Therefore, by Corollary 2.1.1, T(K9) is a pure

jump G-local martingale. This proves assertion (a).
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For part (b), we write

~ p,F
T(a+K)= (oK) =G ' Ljgp+[(a+ K),m] + Ijg ;- <Z Ao K)I{é:ow,})
-~ p,F
= o+ (K)7 = Gl [K,m] + I+ (D 0AK g g )

=a-T(K).

This ends the proof of lemma. O

The rest of this chapter is divided into three sections. The first section states
the results in the general setting of semimartingales, and proves them. The second
and third sections illustrate the main results, elaborated in the first section, on

particular, practical, and popular models for random time 7 and (S, F) respectively.

5.1 Optimal deflator for (In, S7,G)

This section focuses on the following minimization problem
mingsep,, (s,6) El—n(Z7)], (5.2)
where Dj4(S™,G) is defined by
Diog(S7,G) :={Z € D(S",G) | E[-In(Z,)] < +oo}.

This requires the powerful techniques of predictable characteristics of semi-
martingales (see Section 2.4). For the sake of simplicity, we will consider models,
that we call o-special and are defined in Definition (2.25).

Now, in this stage, for reader’s convenience we recall the main theorem of Chap-
ter 4 here, and for the sake of avoiding some big notations, we change the form
slightly. As we explained in Chapter 4, this result establishes the duality for the log

utility without the No-Free-Lunch-with-Vanishing-Risk assumption.
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Theorem 5.1: Let X be an H-quasi-left-continuous semimartingale with predictable

characteristics (b,c, F, A). We define
Kiog(y) := _Ty +In(1+y) forany y>—1.

1+y

If (X, H) is o-special, then the following assertions are equivalent.

(a) The set Dyoq(X,H), given by
Diog(X,H) = {Z € D(X,H) | E[-In(Z7)] < +o0},

is not empty (i.e. Diog(X,H) #0).

(5.4)

(b) There exists an H-predictable process ¢ € L(X,H) such that, for any ¢ be-

longing to L(X,H), the following hold

Eﬂw¥+yﬁ%@Aﬁ+K/m@@%wmmwAﬁ}<+m,

V¥ = |pro-cp)+ [ Lf’g - ()| a4

(o= 0-cp)+ [ (“"‘@x C(p- @”h(@) F(dz) < 0.

1+ ¢tre

(¢) There exists a unique Z € D(X,H) such that
inf B[~ In(Zr)] = E[~In(Zr)] < +oc.
zﬁ&m[ n(Zr)] = E[-In(Zr)] < 400

(d) There exists a unique 0 € ©(X,H) such that

sup  E[ln(1+ (6« X)7)] = E[ln(1+ (6 X)7)] < 4oc.
cO(X,H)
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Furthermore, 0(1 + (8« X)_)" and & coincide P ® A-a.c., and

e LXH)NL(X,H), ((1+@72) 1 —1)2xpe A (H), (5.10)
1 . 5. X X X o~ oo, —P _
= = E(FX), Zim SN V), K= X e (u ). (1)

In this section, we describe, in different manners and as explicit as possible using
F-adapted processes only, the optimal deflator for the model (S7,G) solutions to
(5.2). The first result of this section allows us to simplify the optimization problem
in order to apply Theorem 5.1 (i.e. Section 4.2). To this end, we recall the following

notation and definition, that was initially introduced in [43].

Definition 5.1: Let N be an H-local martingale such that 1 + AN > 0. We call

an entropy-Hellinger process for IV, denoted by h(E)(N ,H), the process
B B pH
h(E) (N, H) := (H( )(N, H)) :
when this projection exists, where

HP) (N H) := %<NC)IHI +) (1+AN)In(1+AN) - AN).  (5.12)

For reader’s convenience, we recall the definition of Hellinger process, below.

Definition 5.2: Let N be an H-local martingale such that 1 + AN > 0. We
call a Hellinger process of order zero for N, denoted by h(o)(N ,H), the process
RO(N, H) := (H(O) (N, H))p’H when this projection exists, where

HO(NH) := (N + > (AN —In(1+ AN)). (5.13)

1
2

In the following theorem, we elaborate our first result of this subsection.
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Theorem 5.2: The following equality holds.

inf  E|-In(Z%)| = inf FE|-In(Zpa/Er -1, . (5.14
ZGGIDI%ST,(G) { n( T)] ZeD(SF) [ n(Zrr/Ernr (G- m))] (5.14)

Proof. Thanks to Theorem 3.12 -(c), we deduce that Z7/£(G~' - m)™ belongs to
D(S™,G) for any Z € D(S,TF), and the following inequality holds

. _ G < 3 _ —1. .
ZGE;%%)E[ ln(ZT)} _Zegl(ng[ n(Zrpr [Erpr(G=L e m))

To prove the reverse inequality, we consider Z€ & D(S7,G), and apply Theorem

3.12. This implies the existence of a triplet (ZF, @), cp(pr)) that belongs to

D(S,F) x I}, (N®,G) x Lj,.(Prog(F), P ® D),

loc

and satisfies

o) > 1, P®D-—ae., —g <ol < o’ P® DF-ae..

and

As a result, we get
~In(Z%) = —In ((ZF)T/S(GZI -m)T> —In(E(¢ - N®)) — In(£(pP) « DY).

Thus, in virtue of Proposition 4.1, the process —In(Z®) is uniformly integrable if

and only if —In ((Z]F)T/E(G:1 -m)7), —In(E(¢® « N€)) and —In(E(¢P) « D)) are
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uniformly integrable, and hence

E[-n(Z§)] = E [~ 0 (Z5ur/Ena(GZ1em)) | + El= In(€r(4) - N©))]
+E[~In(Er (¥ + D))]
> E {— In (ZEAT JEnr(GT1 m))}

> - “tem)l.
—ZE%%E,F)E[ I (Zrr /Eopr (G em)|

The first inequality is due to the fact that both quantifies E[—In(Er (¢ « N®))]
and E[—In(Er(¢P") « D))] are nonnegative. Then, the proof of the theorem follows

immediately. O

We end this section by describing explicitly the optimal deflator for the model
(In,S7,G). This requires the predictable characteristics of (S,F) and/or that of
(S7,G). Thus, throughout the rest of the thesis, for the sake of simplicity, the
random measure g associated with the jumps of S will be denoted for simplicity by

1, while S¢ denotes the continuous F-local martingale part of .S, and the quadruplet
(b,c, F, A) are the predictable characteristics of (5, F).

Or equivalently the canonical decomposition of S (see Section 2.4 and the reference

herein for details) is given by
S=8+8+thx(p—v)+beA+(x—h)*xp, hx):=zcl<y- (5.15)

Throughout the rest of this chapter, we consider Jacod’s decomposition for the space

L(S,F) and the F-martingale G~! - m given by

L(S,F) := {9 €P(F) [ 1+2"0,(w) >0 PRF® dAt—.a.e}, (5.16)

GTlam =B« S+ (fm — 1) % (1t — V) + g * oo+ m™, (5.17)
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where f3,, is an F-predictable and also S¢-integrable process, m* € M, 10c(F) with

[mL7 S] = 07 fm € glloc(IU’J]F) and gm € H}oc(“? F)

Theorem 5.3: Let Kjo4(.) be given by (5.3), and suppose S is quasi-left-continuous

and o-special, and G > 0. Then the following assertions are equivalent.

(a) There exist K € Mg oc(F) and a nondecreasing and F-predictable process V

such that E(K)exp(—=V) € D(S,F) and the nondecreasing process

~ F
G_-v>%G_-hE«k?-nuP)—<Kﬂnﬂ¥%(G-HWMA;PDP . (5.18)

is integrable.

(b) The set Dyog(ST,G) is not empty.

(c) There exists a unique ZC& € Diog(S™,G) such that

mingep,,,(s7,c) E {— 1n(ZT)} =F [— ln(gg)}

(5.19)

(d) There exists X € L(S,F) such that, for any 6 € L(S,F), the following hold

B (G V)1 + Go( [ oK (R)Pld) + 37 3) -AT} < too,

(6 — X"

b+ c(Bm

— N+

/Rd\{o} <

L
RA\{0}

—X

1+ Mg

14+ Mry

—M@)FW@

x—m@>Fum

(5.20)
<0,

(5.21)
CA.

(5.22)

If furthermore one of the above assertions holds, then Z€ solution to (5.19) and
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the process A of assertion (d) are related via

7% .= S(f(@) exp(—‘N/T), where K€ := T(K") = GZ'-T(m), and
(5.23)
fm—1-— AT

KF .= (ﬁm—X)-Sc—i——~*(,u—u)+97m*,u+ml.
14 Ny

(5.24)

Proof. The proof of (b)<=> (c) is a direct application of Theorem 5.1 for the model
(X,H) = (S7,G). Thus, the remaining part of the proof will be achieved in three
steps. The first step proves the equivalence (a)<=-(b), the second step proves
(b)<=>(d) and the last step proves (5.23)-(5.24).

Step 1. Here we prove (a)<=(b). Let Z¢ € D(S™,G). Thus, thanks to Theorem
5.1, there exist two G-local martingales £(¢(® « N®) and £(p®") « D) and ZF :=
E(K)exp(=V) € D(S,F), where K € Mg oc(F) and V is an nondecreasing and

[F-predictable process, such that

(Z°)"
EGT em)T

zZC = E(@ O N®YE(P) .« D).

As a result, we obtain
“(2%) = —((ZF) JE(GEem)T) — In(E($® - N)) — In((pl) - D)).

Thanks to Proposition 4.1, we deduce that Z€ € Dyog(S7,G) if and only if the
three G-local martingale (ZF)7/E(G=t+m)7, £(¢® « N€) and (")« D) belong to
Diog(S™,G). Then by combining this with
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—In((ZF) /E(GTH e m)T) = —In((ZF)7) + In(E(GT" - m)T)

I
= G-local mart. — HGO’T]] (K,m)f + HO(K, P)"

110,71 F 0) (-1
VT m) - HOGZ em, P),
we conclude that the process in the RHS term is nondecreasing and G-integrable,
or equivalently its F-predictable dual projection (F-compensator) is a nondecreasing
and integrable process. This resulting predictable process coincides with the process

defined in (5.18) due to

fo1 F_ gO) (g1 AP 1 F_(G.g0g-1 P
e m)f —HO@ em Py ) = = (m) —(G-H (G~ .m,P))

:2G1_.<mc>1F+G_,(Z(g7jb)z) (ZG 7_1 1+€;_n))>p,117
— s+ (T@am + 6ma +é’”>>—Am>)p’F

=G_-hE(G em, P).

This ends the proof of the equivalence between assertions (a) and (b).
Step 2. Here we prove (b)<=(d) using Theorem 5.1. To this end, we start deriving

the predictable characteristics of (S7,G), denoted by (b€, %, F€, A®) are given by

b = bt et [ @) (fnl) ~ DF (), 1 = Doy & 1=
G .= Tjo. 71 fm * v, FC(dz) := 1o, fn () F'(dz), A® = A7, (5.25)

Thus, by directly applying Theorem 5.1 to (S7,G), we deduce Djoy(S7,G) # 0 is
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equivalent to the existence of a G-predictable process ¢ € L(S7,G) satisfying

1
E V;}G+§(<p““c%-AG)T+ (IClOQ((PtTZ')*/LG)T:| < 400, (5.26)
G G tr G o' ¢ G G
VE i | — S+ [ o h@)] o) - 4°, (5.27)

0= 070 - o+ [ (G200 - 0 b)) Foany <0, (529

for any bounded 0 € L£(S7,G). Thanks to Proposition 3.1, we deduce the existence
of X € L(S,F) such that ljg - = XI}]O’T]] P ® A-a.e.. Thus, by inserting this in
(5.26)-(5.27)-(5.28), we conclude that V& = V™ € A+

loc

(G), which is equivalent to
(5.22) due to Lemma 3.1, and

E|(G-+V)r+ %(G_X”CXMA)T + / Kiog(NT2) frn () F (da) G -AT] < +00,

(0 —Nira
14 Mry

(0 =N (b+ (B — ) + / ( Fnlz) — (6 — X)”h(w)) F(dz) <0,

P ® A-ae. on ]0,7] for any bounded 6 € L(S,F). The above first inequality
is obviously (5.20), while (5.21) follows immediately from combining the second
inequality above and Lemma 3.1 again. This proves (b)==-(d), while the converse
follows from the fact that assertion (d) implies (5.26)-(5.27)-(5.28) with ¢ = XI]]O,TH'
This latter fact is obviously equivalent to assertion (b) due to Theorem 5.1 as stated

above. This ends the second step, and the proof of the theorem is complete. O

5.2 Particular cases for 7

This section illustrates the results of this chapter on several frequently studied mod-
els for the random time 7. We will consider the case of pseudo-stopping times, and

the case when all F-martingales are continuous.

139



5.2.1 Pseudo-stopping times

In this subsection, we consider the family of pseudo-stopping times, 7, defined in
Definition 3.1. Here, we recall some of their important properties elaborated in
Lemma 3.5. 7 is a pseudo-stopping time if and only if m = mg. This implies that
E (G:l -m) = 1, Am = 0 and for any bounded F-local martingale M, we have

T(M) = M7. The Jacod’s components for the F-martingale G~ + m are simply

given by the vector of processes (0, 1,0,0) in equation (5.16), since m = my.

Theorem 5.4: Let Kjo4(.) be given by (5.3), and suppose S is quasi-left-continuous
and o-special, T is a pseudo-stopping time, and G > 0. Then the following asser-
tions are equivalent:

(a) There exist K € Mg oc(F) and a nondecreasing and F-predictable process V

such that E(K)exp(—V) € D(S,F) and the nondecreasing process
p,F
G_-V+G_- (H(O) (K, P)) is integrable.

(b) The set Dyog(ST,G) is not empty.

(c) There exists a unique Z& € Diog(S™,G) such that
minZGDlog(S",G) E |:— 111(ZT):| = E |:— 11’1(2%)} < +OO (529)
(d) There exists N L(S,TF) such that, for any 6 € L(S,F), the following hold

E [(G_ V) +G_( / Kiog A\ 2) F(dx) + X" eX) -AT] < +o0,

b—ch +/ <“”’i - h(x)) F(dz)
RA{0} \ 1+ A"y

Vi=A"{b—ch+ / <f - h(a:)) F(dz)
RAN{0} \1+ ANz

Furthermore, if one of the above assertions holds, then ZC solution to (5.29) and

0 — N <0, (5.30)

CA. (5.31)
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the process A of assertion (d) are related via

AT

14+ My

ARE E(I?F)T exp(—‘N/T), where K¥ := —X+5° — *(p—v). (5.32)

Proof. Thanks to Theorem 5.3, the optimal deflator Z€ solution to (5.29) exists and
the proof of all assertions follows immediately. For the family of pseudo-stopping

times, the inequality condition (5.21) reduces to the condition (5.30). O

Remark. By comparing both, the optimality condition (5.30) and the solution
for process V in (5.31), with the inequality condition (4.20) and process V in (4.19)
in Theorem 4.2, we deduce that the optimal deflator for the model (S,F) and the

model (S7,G) for the family of pseudo-stopping times coincides on [0, 7] i.e.
726 =27F on [0, 7].

5.2.2 The case when all F-martingales are continuous

Now, we address a random time 7 when all F-martingales are continuous. If all
F-martingales are continuous, simply we have Am = 0. For the definition and prop-
erties of 7, we refer the reader to Section 3.3.3. If all F-martingales are continuous,
then processes N% and M, defined in (3.29), coincide with N€ and 7 (M), respec-
tively.

Throughout the rest of this subsection, we consider the following Jacod’s decompo-

sition for the F-martingale G~! +m,
G™lom =B . S+ mt. (5.33)

As a result, the Jacod’s parameters of G~ «m is (8, 1,0, m"b).

Now, we parametrize optimal deflators for this model in the following theorem.

Theorem 5.5: Let Kjo4(.) be given by (5.3), and suppose S is an F-semimartingale
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that is quasi-left-continuous and all F-martingales are continuous, and G > 0.
Then the following assertions are equivalent.

(a) There exist K € Mg oc(IF) such that E(K) € Zioc(S,F) and the nondecreasing

process
1

G-
2G7_‘<W>F —(K,m)" + —

5 (K)E s integrable.
(b) The set Dipg(S™,G) is not empty if and only of there exists a unique A

belongs to Dyog(S™,G) such that
mingep, (s7.¢) E[— ln(ZT)} - E[— 1n(2§5’)} < +o0. (5.34)
(¢) There exists X € L(S,F) such that the following hold
E [G_ /X%X-AT] < 400, and b+ c(Bm—A) =0. (5.35)

If furthermore one of the above assertions holds, then ZC solution to (5.34) and

the process X are related via

7 .= &(K®), where K®:=-X.5". (5.36)

Proof. (a) The existence of the unique optimal deflator ZC€ follows from Theorem

5.3, immediately. The integrablility condition (5.18) is equal to

— «(K)¥ and it is integrable.

S ) = () 2

2G -

Since all F-martingales are continuous, we deduce that the measure jumps p of S
is F-predictable that means that © = v (equals to its F-predictable dual). Hence
F =0, and S is predictable as well as a special semimartingale. Since Z;,.(S,F) # 0,

we deduce that S is continuous. Suppose W = If; >4y and 0 < k < +oo. Then,
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since W % uu belongs to A} (,F), we have

loc
Wxp—Wxp)PP =Wxp—Wxv e My(F).
Hence, we have
Wxp=Wxv, orequivalently, I >k} *p = Ifz>k) *V,

for any k > 0. Then, let k goes to zero, therefore we have y = v. It means that
S is a predictable semimartingale, locally bounded, and F' = 0. Furthermore when
Diog(S,F) # 0 one can prove that S is continuous and £(S,F) = R. It implies that
V = 0. The rest of proof follows immediately by considering the above-mentioned

Jacod components of G=!«m. O

5.3 Particular cases for (5,F)

In this section, we address the optimal deflator problem for several frequently studied
cases of the general market model. More precisely, it contains two main subsections
by considering two models with particular examples: The general Lévy market

model and volatility market models.

5.3.1 The exponential Lévy market model

In this subsection we address the Lévy market model. Consider the Lévy market
models given by Section 3.4.1. The stock price process, S, presented by S; =
So€(X)4, is a locally bounded Lévy process and setup by the stochastic differential
equation (3.33). All elements are all the same way as it mentioned in Section 3.4.1,
where ¢ > 0 and p are bounded adapted processes. Filtration F is generated by
W and N, where W is a standard Brownian Motion, N (dt,dz) and is a Poisson

random measure on [0, T] x R/{0}, N¥ is a compensated Poisson measure with Lévy

143



measure (intensity) FX (dz)dt and AX is an increasing and predictable process. For
the model (3.33), the predictable characteristics of Section 5.1 or Section 2.4 can be

derived as follows.

p(dt,dx) = N(dt,dz), v(dt,dzx) = FX(dz)dt, S°=S_o-W ,

Ay =AY c=(5_0)% b=S_p. (5.37)

As a result, throughout the rest of this subsection, we consider the following Jacod’s

decomposition for the F-martingale G=!«m and the space L(S,TF),

L(S,F) := {)\ EPFE) | 1+S5 a"\(w) >0 PeFXe dA;?_.a.e}, (5.38)

Glom=0m WA+ (fm— D) x(p— )+ gm*p+m*.  (5.39)

Here, (Bm, fm, Gm, ") are the Jacod’s components of G~1+m, where Bm(S_O')_l =

B and (fin(S_x), gm(S_z), M) = (fm(x), gm(2), mL) in equation (5.16).

Theorem 5.6: Suppose S given by (3.33) and G > 0. Then the following assertions
are equivalent.
(a) There exist K € Mg oc(F) and a nondecreasing and F-predictable process V

such that E(K)exp(—V) € D(S,F) and the nondecreasing process

~ JF
G_ -V +G_-hB(G em, P)— (K,m)F + (G CHO(K, P))p . (5.40)
1s integrable.
(b) The set Dyog(ST,G) is not empty.
(c) There exists a unique Z® € Diog(S™,G) such that
mingep,, (s7.¢) E[— ln(ZT)} - E[— 1n(2§5’)} < +o0. (5.41)
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(d) There exists ¢ € L(S,F) such that, for any 6 € L(S,F), the following hold

fm(S_x)

_ =\tr
a2 14+ px

u+aﬁm—02<’ﬁ+/(
B (G- P)r + G- [ Fu(S-2)Kio (FT0) o) + 3 (0)25) - AF | < o

% 2~ fm(S_x) X
pt+ By — o P+ /(1_’_@3 =I5 |z)<1)S-2F" (dx)

Vi=g" <A

Furthermore, when one of the above assertions holds, the optimal deflator A

solution to (5.41) and the process ¢ of assertion (d) are related via the following

Z® = E(K®)exp(—VT), where K®=T(K")—G='-T(m) (5.44)
Fo_a o~ fm —1=¢""a Gm L1
cmd K —(/Bm_USO)'W+W*(M—V)+m*M+m .

Proof. Thanks to Theorem 5.3, the optimal deflator Z& solution to (5.41) exists.
For the Lévy model, consider the above-mentioned predictable characteristics (5.37).
Then, the inequality condition (5.21), characterizing the optimal deflator EG, be-

comes as follows.

0 > g+ S_0Bm — (S_o)?X+ /(fm(S_E)S_x - S_xI{|x‘57<1})FX(da:)
14+ S5_ Az -
= p+ 0Bm — S_a*A + /(fm(s‘f)x — (s <1y)F ¥ (dz), P®dA*-as.,
14+ Sz -

and the solution for F-predictable process V reduces to (5.43). Therefore, ¢ =
AS_, where X is given by (5.21). We deduce that 1 + zS_¢ > 0 and ¢ is the

unique solution to (5.42). As a result, the optimal deflator follows immediately

using the decomposition of deflator (5.24) in Theorem 5.3, putting X = & and

above predictable characteristics for the Lévy process S. O
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5.3.1.1 Jump-diffusion framework

This subsection focuses on the important case of jump-diffusion model defined in
Section 3.4.1.1. On this case, the uncertainties in the initial model (S,F) is a one-
dimensional process generated by a standard Brownian Motion W and a Poisson
process N with intensity A > 0, defined on the probability space (2, F, P). Then

the stock price process is given by the following dynamics
t t t
St = Sog(X)t, Xt = / Ude5+/ CSdN;F—F/ MSdS, Nt]F = Nt—)\t (545)
0 0 0

All elements are all the same way as in Section 3.4.1.1, where a constant § € (0, +00)
such that p, o, and ¢ are bounded F-adapted processes and we also assume that
o>0, ¢>—-1, c+|¢| >0, P®dt-ae.. Since m is F-martingale, we consider

Jacod’s decomposition for the F-martingale G~ +m and the space £(S,F) given by

/ ((¢™)2 4 [ ) ds < 400 Pras.
0
Glem =M™ W + (™ —1). NF, (5.46)

L(S,F) = {F—predictable process 0 | 1+ 2"0;(w) >0 P(dw)® Fy(dz) ® dAt—.a.e}.

Theorem 5.7: Suppose S given by (5.45), G > 0, and let Z® = & (KG) be a
positive G-local martingale. Then the following assertions are equivalent.
(a) There exists E(K) € Z(S,F), where K € Mg 0.(F), such that the nondecreas-

mng process

p,F

G_hP(G= em, P) — (K, m)F + (c? CHO(K, p))

1s integrable.

(b) The set Dyog(ST,G) is not empty if and only if there exists a unique ZC €
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Diog(S™,G) such that
mingep,,, (s7.6) E [— ln(ZT)} = E[— 111(2%)} < 400. (5.47)

(c) There exists a unique solution ¢ € L(S,F) for the following hold,

—gAptm™ ~ ~a \2
E G(/ Tton + "™ In(1 4+ @A) + (pS_o)“dt| < +oo,
(m)
=N+ o™ — g2p 4 L =0. dt — a.e. (5.48)

1+ ¢

Furthermore, when one of the above assertions holds, the optimal deflator A

solution to (5.47) and the process ¢ are related via the following

. _ . o 2
7%= £(K®) and KG:——U&-WJr(UgE—M——w(m) *T(NF).

Proof. For the model (5.45), the predictable characteristics of Section 5.1 can be
derived as follows. Let d,(dz) be the Dirac mass at the point a. Then in this case

we have d = 1 and

p(dt, dz) = d¢,s, (dx)dNy, v(dt,dz) = 0¢,s, (dz)Adt, Fi(dx) = No¢,s, (dx),

2 1 plm)
Ar=t, c=(S-0)" b= (n— ACI{|<|57>1})S*> (Bims Gm, m=—) = (70_3070)

As a result, the set

L (S F) = {peR ‘ x> —1 F,p(dr) — ae}={peR | pS_¢ > -1}

= (=1/(S=¢)*", 4+00) N (=00, 1/(S-¢)"7)

is an open set in R (with the convention 1/0" = +o00). Then the condition (5.21),

147



characterizing the optimal deflator, becomes an equation as follows.

(m) (m)
© 5 ¢
0 =p—=AClg¢>1/s-y + 5—02(75_(7 P+ Moo ol ACTig<1/s-3

(m) x¢
_ m) _q 25 ¥ _ _
ptop S-o"p + 15 ¢ ACT¢i<1ys-y — ACIgj¢i>1/5-}
(m) \¢
Y (m) _ g o254 LA 5.50
7 C+op SUgO—i—l_i_@S_C (5.50)

By changing the variable ¢ := ¢S_, the above equation is equivalent to (5.48).
Hence, ¢ is the unique solution to (5.47). It is also clear that ¢ is S-integrable due
to the assumption in (3.39).

For a model like Jump-Diffusion framework with nice features, one can prove
the theorem directly as follows. The proof of (a)<= (b) immediately follows from
Proposition 4.1. Then thanks to Theorem 5.2, the proof is to determine the func-
tional H()(Z7/£(G~'+m)7) and its compensator. Then, we minimize the compen-
sator functional in the sense of Definition 3.2.

By the decomposition of G—'+m, we get G = G_+Am = G_w(m)(AN)I{AN?EO}.
Therefore,

inf  (HO(Z7/£(G=tm)")PF
Zezll?c(s,w)( (ZT/E(G="+m)")

. T 1 m
_ inf | /0 G- (05 (1() — ¢™(1)

(¢17¢2)€L}OC(W) XLloc(N]FvF

HG_A[wa(t) — ™ (1)) — A" ()G (1) (In(y2(t)) + Iy ™ (1)) dt,

2

where the minimization is over the set of (11, 2) such that
pe + 1o+ (Y2 — )N =0, g >0 dt —a.e.

-1
By solving the above-mention constraint for 1, we get ¢ = —M. By
o
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putting it in above minimization, it reduce to the following problem

inf G_(t) [E(M + (p(M))Q + )\WQ _ w(m)] _ )\w(m)G (m(w?) + lnw(m))}
w2€Lloc(N]Fa]F) - 2 g - .
We define 0 := %(M—i—gp(m)). Therefore by substituting it in minimization

o
equation and computing the derivative, we obtain

¢(m)A§
1+6¢

u—)\C+Ucp(m)—029—|— =0, Pdt—a.e.,

which is equal to the equation (5.48). O

5.3.1.2 Black-Scholes market model

In this subsection we focus on the case of Black-Scholes market model. The financial

market is setup by following stochastic differential equation

t t
St = S()g<X>t, Xt = / UdeS +/ ,LLSdS, (551)
0 0

where W' is a one-dimensional Brownian motion. Let ¢(,,) = 1 in the decomposition
(5.46). Then the Poisson process vanishes and we get G=!+m := ©(m) + W. The
space L(S,F) is simply equal to R. £(S,F) is an open set in R (with the convention
1/0" = +00).

Theorem 5.8: Suppose S given by (5.51) and G > 0. Let Z® = £ (K®) be a

positive G-local martingale. There exists a unique ZC € Diog(S™,G) such that
minZeDlog(ST,G) E [— IH(ZT):| = E |:— 1D(Z¥):| < +OO, (552)

if and only if the nondecreasing process

T 1 (m) G
(m)\2 _ H¥s 2 .
/0 el (™) o + - (Us) ds s integrable.
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Furthermore, if the above assertion holds, the optimal deflator, ZG, 1S G UNIQUE

solution to (5.52) and it is given by ZC := E(— () +4)-W).

Proof. On one hand, Black-Scholes market model (S, F) is complete. Therefore, by

the Theorem 5.2, we have

nf E[-mz9)] = inf El-1m(Zea /Enn(G-Lem))].
ZGG%%SHG) [ o T)] Zegl(S,IF) [ n(Zrnr/Ernr (G m))]

It means we reduce the dual problem in an incomplete market to the second dual
problem, where the market is complete. On the other hand, all F-martingales are
with respect to a Brownian motion and continuous. Hence, 7 (W) = W. This ends

the proof. O

5.3.2 Volatility market models

In this subsection, we focus on the case of Volatility market models, which has great
applications in the financial industry. For these models, the volatility is a stochastic
process. This subsection is divided into two parts. First, we address the optimal
deflator problem for the corrected Stein and Stein Model, then we discuss it for
the Barndorff-Nielsen Shephard Model. The corrected Stein and Stein Model is

continuous and the Barndorff-Nielsen Shephard Model might have Lévy jumps.

5.3.2.1 Corrected Stein and Stein Model

In the corrected Stein and Stein financial market, the price process (S := SpE(X))

follows the dynamic

t t
Xt:Xo—i—/ 1@0de§1>+/ pV2idt
0 0

t
Vi=Vo+ / (m — aVy)dt + asdW® (5.53)
0
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where W@ § = 1,2 are one-dimensional Brownian motions with the correlation
coefficient p € (—1,+1) and all the coefficients o, a, m,a and u are the same as in

Section 3.4.3.1. Any F-local martingale M represents as follows

t t
M:Mo+/ hidW§1>+/ h2dw?, te 0,7, (5.54)
0 0

Therefore, the decomposition for the F-martingale G=! « m given by is

GZlem = @y« W 44« WO, (5.55)

The space L£(S,F) is simply equal to R. £(S,F) is an open set in R (with the
convention 1/0" = +00). For the corrected Stein and Stein financial market model,

we have the following parametrization for the optimal deflator.

Theorem 5.9: Suppose S given by (5.53), G > 0. Let Z® =& (KG) be a positive
G-local martingale. Then the following assertions are equivalent.
(a) There exist K € Mg oc(IF) such that E(K) € Zjoe(S,F) and the nondecreasing

process
1

G-
2G7_‘<m>F — (K,m)" + —

5 (K)E s integrable.

(b) The set Diog(ST,G) is not empty if and only of there exists a unique A

belongs to Dyog(S™,G) such that
mingep, (s7.¢) E[— ln(ZT)} - E[— 1n(2§3’)} < +o0. (5.56)

(c) E {(G_ / (£y2 4 Plmy + p21/1(2m)dt] < 4o00.
0o 9 _
Furthermore, when one of the above assertions holds, the optimal deflator Z©

solution to (5.56) is

7%= (= (E+ o) + ptom) - ). (5.57)
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Proof. By the model (5.53), the predictable characteristics and Jacod’s parameters

of Section 5.1 are

) | PPn) o Ly,

At — ta Cc= (Sto-t‘/t)zv b — MStV;S27 (ﬂmvfrmgmymL) = ( O'St O'St y 4y

As a result, the condition (5.21), characterizing the optimal deflator X, becomes an

equation as follows.

0 = uSV2 + (S0 V)(US +m§5 — )

= W+ 0Py + Otp(m) — AST>. (5.58)

Hence, X — B+ 0Pm) + TPY(m)
So?

that S¢ = So - W, we get

. By putting X in (5.36) and considering the fact

Y. TPy + 0pm)
g

.W(l))

The last equality occurs from the continuity of all F-martingales (i.e. T(W) =
w). O

5.3.2.2 Barndorff-Nielsen Shephard Model

Now, we turn to the Barndorff-Nielsen Shephard financial market which is presented
in Section 3.4.3.2. The filtration is generated by a one dimensional Lévy process Y,
where we have Y = Y° + Y?. The stock price process is an exponential of a Lévy

process such that S; = Spe)t and follows these stochastic differential equations

dXs = (p+ €02 ds + o,dYE + d(px * Jiy )s

do? = —\o2dt + d(x * iy ) s (5.59)

dSy c x ~

5 = aidt + opdY,S + d(eP” — 1) x (n — D)y, (5.60)
t_
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where o = p+ o2 (£ 4+ 3) + [(eP” — 1)F(dz), and all the coefficients are the same
as in Section 3.4.3.2. The model is a quasi-left-continuous and the process A; is
continuous. Thus, there is no loss of generality on defining A; = t. Throughout
the rest of this subsection, we consider the following Jacod’s decomposition for the

F-martingale G=! +m and the space £(S,F), given by

L(S,F) := {A EPE) | 1+5 \(e”-1)>0 PoF® dt—.a.e}, (5.61)

Glam =B YA (fn—1)* (G =)+ gm*fi+m>.  (5.62)

For the Barndorff-Nielsen Shephard model, the predictable characteristics of Section

5.1 can be derived as follows.

bt = Stia, Stc = Stfat . Y;C, ASt = St7 (epA”? — 1), (563)

¢ =582 o2, VI(dt x dx) = FP(dx)dt, f(x)FS(dz) = f(S, (e’ —1))Fy(dx).

As a result, the Jacod’s components of G='+m is (Bm,fm,gm,mL), where
Bin(S-0)"1:= By fn(@) = fin(Si_(eP"=1)) and g = Gin(Se_ (€#” — 1)) in equation
(5.16).

Here, we parametrize optimal deflators for model (S7,G) given by (5.59), in the

following theorem.

Theorem 5.10: Suppose S given by (5.59) and might not be locally bounded and
G > 0. Then the following assertions are equivalent.
(a) There exist K € Mioe(F) and a nondecreasing and F-predictable process V

such that
p,F

G_ -V +G_-hE(G= em, P) — (K,m)F + (é cHO(K, P))

is integrable and E(K)exp(—V') € D(S,F).
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(b) The set Dyoy(S™,G) is not empty.

(c) There exists a unique Z& € Diog(S™,G) such that
minZeDlog(Sr’G) E |:— 111(ZT):| = E |:— h’l(Zg%)} < +OO (564)
(d) There exists ¢ € L(S,TF) such that, for any 6 € L(S,F), the following hold

E%G_JﬂT+Afl{/ﬁ&$@W—lnﬁW@WJW—Mﬁwm+@W¥@ﬁ]<+w,

(fm(S,(e”x — 1))

1+ﬁW_D+UMKQRM)

<0

©—2)"

)

1 - ~
M+¥@+2%H%a—¥w+/

A~

fm (S_ (eP* — 1))
T+ 3 1)

V= /OT [+ o€+ %) + Bmo — 0?3+ /( +1) (e — 1)F(dz))dt. (5.65)

Furthermore, when one of the above assertions holds, the optimal deflator 76

solution to (5.19) and the process ¢ are related via the following

ZC = E(K®) exp(=VT), where K€ := T(K") —G='+T(m), and

(5.66)
A fmfl*&tr(epmfl) ~ gm

F._ _ 3 .Ve ~ ~ n
K" = (fm—0p)- Y+ T (e — 1) * (1L V)+1+6tr(epx_1)*ﬂ+m'

Proof. Thanks to Theorem 5.3, the optimal deflator ZC€ solution to (5.66), exists.
Consider the above-mentioned predictable characteristics (6.51) for the model (5.59).

Then, the inequality condition (5.21), characterizing the optimal deflator EG, be-

comes as follows.

0> 5(M+o—f(£+;)+/(5(6’”—1))ﬁ(dx))+(st—)202(sﬁjf_X)
fAm(S—(epgc — 1))

= S, (e — 1)F(dx
14 7S, (er7 — 1) - JE(d)

fm(sf(epx _ 1))
1+ AS;_(err —1)

= 51 ((u+ B(E+ )+ B — 510"+ [( F1)(E — 1)F(d)).
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and the solution for F-predictable process V' reduces to (5.65). Therefore, ¢ = XS_,
where \ is given by (5.21). We deduce that 1 + 2S_¢ > 0 and ¢ is the unique
solution to (5.65). As a result, the optimal deflator follows immediately using the
decomposition of deflator (5.24) in Theorem 5.3, putting A = @/S_ and above

predictable characteristics for the this model. ]

5.3.3 Complete market model (S,F)

Theorem 5.11: Suppose G > 0, S is quasi-left-continuous and o-special, such that
the model (S,F) is complete with Z = E(KW) € Z(S,F). Then the following are
equivalent.

(a) The nondecreasing process

- JF
G_-hB(G em, P) — (KD, m)F + (G-H(O)(K(l),P))p . (567
1s integrable.
(b) The set Dyog(ST,G) is not empty.
(c) There exists a unique Z® € Diog(S™,G) such that
minzep,,(s76) B[~ In(Zr)| = B|-n(Z§)]. (5.68)

Furthermore, when one of the above assertions holds, the optimal deflator A

solution to (5.68) exists and has the following representation
7% = &(K®), where K®=T(KWM)-G='-T(m). (5.69)

Proof. The proof immediately follows fromTtheorem 5.2, since we get
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. _ Gy| _ . _ -1,
ZGelDI%gT,G)E[ ln(ZT)] Zean(g,lF)E{ In(Zrnr ) Exnr(GZ m))},

=&(T(KW) =Gz T(m)),

and the set D(S, F) has only one unique member, since the market (.5, F) is complete.

O
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Chapter 6

Log-optimal portfolio and

numéraire portfolio

This chapter addresses the log-optimal portfolio and the numéraire portfolio for the
stopped model (S7,G). Thus, we consider O(X,H) := O(In, X, H), where the set
is initially defined in (4.15). Our aim of this chapter is the model (S7,G), when
S is an F-semimartingale that is quasi-left-continuous and has some integrability
condition (to avoid some technicalities).

This chapter contains 3 sections. The first section addresses the optimal portfo-
lio, solution to the primal problem, for (S7,G). While the second section illustrates
our results on various popular models. The last section discusses the impact of
the random time 7 on the numéraire portfolio. For the reader’s convenience, we
recall the operator function 7(.), the function Kjo4(y), and Jacod’s decomposition

for G=!.m defined in (2.21), (5.3) and (5.16) respectively.

T ~— p,]F
T(M)=M" -G 11]07711 < [M,m] + Ijo - * (Z AMI{(;:(KG,}) ’
Kiog(y) i= =, + (L) forany y> -1, (61

Glom = B eSS+ (fn — 1) % (1 — V) + g * .+ m™t, (6.2)
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where f3,, is an F-predictable and also S¢-integrable process, m* € M, 10c(F) with

[mL7 S] = 07 fm € glloc(IU’J]F) and gm € H}oc(“? F)

6.1 Optimal portfolio for (In, S7,G): The general setting

This section addresses the optimal investment for the economic model (In, S™, G)
when S is a general F-semimartingale. Below, we elaborate the main result of this
section that characterizes, in different manners and using the processes under F only,
the existence of the optimal portfolio for the model (In, S7,G). In particular, our
theorems naturally connects the optimal portfolio for the model (In, S™, G) with the

optimal portfolio for (In, S,F) under a specific random utility.

Theorem 6.1: Let Kjo4(.) be given by (6.1). Suppose G > 0, S is quasi-left-
continuous and o-special, and D(S,F) # 0. Then the following are equivalent.

(a) There exists 0% € O(ST,G) such that
maxpco s c) E[ln (1+(0-5)7) } - E[ln (1 +(6° - ST)T> }< Yoo, (6.3)

(b) There exist K € My oc(F) and a nondecreasing and F-predictable process V
such that E(K)exp(—=V) € D(S,F), and

E[(G_+V)p+(G-HOK, P)2" + (G-« hB(G=t em, P))p — (K, m)%| < +oc.

(c) There exists X € L(S,F) (i.e. X is F-predictable and X" AS > —1) such that,
for any 6 € L(S,F), the following hold

E [(G_-YN/)T+ (G_NTeX - A)p + (G Kiog(\rz) % v)p| < +00, (6.4)
(O =N (b+c(Bm — V) + /(9 — ) [1T§\t3x — h(z) ] ) <0, (6.5)
Vo [X”b X e(B — ) 4+ /X“” (1"::1(%)%3; ~ h(a )) F(dw)} A (6.6)
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Furthermore, on 0, 7], we have
01+ (6°-ST) )P =X and 6° = XE_(X+S).

Proof. The proof of this theorem follows immediately from combining Theorem 4.2

in Chapter 4 and Theorem 5.3 in Chapter 5. O

The following is a consequence of the above theorem, and naturally connects the
optimal portfolio for (In,S™,G) with the optimal portfolio for (S,F, U ) where U is

a random field utility that will be specified.

Theorem 6.2: Suppose S is quasi-left-continuous and o-special, 5(G:1 em) is a

martingale and G > 0. Define the measure QQ as follows

Q:=E&r(Gtem)-P.

Then the following assertions are equivalent.

(a) The optimal portfolio for (In, ST, G) exists

(b) (U, S,F) admits the optimal portfolio, where U(t,z) := & (GZ'+m) In(z) for
any x > 0.

(¢c) The model (In, S, Q,TF) admits the optimal portfolio.

Furthermore, the three portfolios coincide on [0, 7] when they exists.

Proof. 1t is clear that (b) <= (c) is obvious. Thus, the remaining part of this proof
focuses on proving (a) <= (c). This follows as a direct applications of Theorems 4.2-
6.1 as follows. To this end, we start by noticing that v?(dt,dz) = fo,(2x)v(dt, dx),

and we derive

S =Sy +(S°—(8¢,G7 em)T) 4 B A+ (hx (u—v) — (hx(u—v), Gt em)F)
+(fm—Dhxv+bsA+(x—h)xpu

—So—i-SC’Q—i-h*(u—yQ)—i-[b—i—/(fm(m)—1)h(m)F(dm)—i—cﬁm]-A—l-(x—h)*u.
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Here S°@ is the continuous local martingale part of S under measure Q. Then the
predictable characteristics of (S, F) under @, denoted by (b9, 9, F¥, A?), are given
by

b =0+ /(fm(x) — Dh(z)F(dx) + cBm, ? :=c,

FQ(dz) == fm(z)F(dz), A% := A.

Therefore, using these characteristics and applying Theorem 4.2, we deduce that
(In, S, Q,F) admits the optimal portfolio if and only if assertion (d) of Theorem 5.3
(or assertion (c) of Theorem 6.1) holds, which is equivalent to the existence of the

optimal portfolio for (In, S™,G). This ends the proof of the theorem. O

The following theorem discusses the existence of the optimal portfolio for the

model (In, S7,G).

Theorem 6.3: Suppose G > 0, S is quasi-left-continuous and o-special, and (In, S,TF)
admits the optimal portfolio. Then the optimal portfolio for the model (In, S™,G)

exists if and only if
E[(G_+h®(GZ'+m, P))r] < +oo0. (6.7)
Here hE(N, P) is given by Definition 4.1, for any N € Mg 10c(F) such that we

have 1 + AN > 0.

Proof. Recall that the process h(F)(N,H) := (H(E)(N, H))p’H, when this projec-
tion exists, where H ) (N, H) := L(N9)® + 3" ((1 + AN)In(1 + AN) — AN). Due
to Theorem 4.2, (In, S, F) admits the optimal portfolio if and only if there exists a de-
flator, given by Z := £(K) exp(—V'), where K € M jo.(F) and V is a nondecreasing

and F-predictable process, such that

E[-n(Zr)] = E[Vr + HO(K, P)r] < +00.
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Thus, due to Lemma 4.1, we conclude that \/W is an integrable process ( or
equivalently K is a martingale such that sup |K;| € L'(P)), and hence the process
(K,m)¥ has integrable variation as m isoit%TMO martingale, defined in Definition
2.9. Therefore, by combining these facts with Theorem 6.1, we deduce that the
optimal portfolio for the model (In, S7,G) exists if and only if (6.7) holds. This

ends the proof of the theorem. O

In the following simple but important corollary, we consider the existence of the

optimal portfolio for the model (In, S7,G) in a different manner.

Corollary 6.3.1: Suppose G > 0, S is quasi-left-continuous and o-special, and
E[(G-+h"(GZ'+m, P))r] < +oo0.

Then the optimal portfolio for (In, S™,G) exists if and only if there exists £(K —
V) belongs to D(S,F), where K € Mg o.(F) and V is nondecreasing and F-
predictable, such that G_+V + (K, m)F + G+ H® (K, P) has integrable variation.

Proof. The proof follows immediately from Theorem 6.1. O

6.2 Particular cases for the triple (S,F, 1)

In this section, we illustrate our results of Section 6.1 in the various order of gener-
ality. This section has three subsections. The first subsection illustrates the result
of Theorem 6.1 on several frequently studied models for the random time 7. We will
consider the case of pseudo-stopping times and the case when all F-martingales are
continuous. In the second (and last) subsection, we address the optimal portfolio
problem for the general Lévy market model, and the volatility market models, and

the case when (S,F, P) is a complete market model.
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6.2.1 Particular cases for 7

The random time that we consider in this subsection is the family of pseudo-stopping
times, where it is defined in Definition 3.1. Recall that 7 is a pseudo-stopping time if
and only if m = mg. Hence Am = 0. The Jacod’s parameters for the F-martingale
G~' +m is simply given by the vector of processes (0,1,0,0) in equation (6.2).
Furthermore, for any bounded F-local martingale M, we have T(M) = M" ( for

more details see Lemma 3.5).

Theorem 6.4: Let Kjo4(.) be given by (6.1), and suppose S is quasi-left-continuous
and o-special, T is a pseudo-stopping time, G > 0, and D(S,F) # 0. Then the
following assertions are equivalent:

(a) There exists 0% € O(ST,G) such that
maxpcosr.c) E[ln (1+(0-8)7) } - E[ln (1 + (65 ST)T) }< Yoo, (6.8)

(b) There exist K € My oc(F) and a nondecreasing and F-predictable process V
such that E(K) exp(—=V) € D(S,F) and

F
E ((G_ V)1 + (G_ -HO(K, P))’; ] < +o0.
(¢) There exists X € L(S,F) such that, for any 6 € L(S,F), the following hold

E [(G V)r+G_( / Kiog A\ 2) F(d) + X7 eX) -AT] < +00,

b—ch+ / <ai -~ h(x)) F(dx)
RA{0} \14+ A"z

V= A" [b—ch+ / <"i - h(w)) F(dz)
RA{0} \1 4+ A"x

Therefore, the optimal portfolio solution to (6.8) and the process X are related via

0 — M) <0, (6.9)

- A. (6.10)

6C(1+ (66-57)_)"1 =X on ]0,7].
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Proof. By combing Theorem 5.4 and Theorem 6.1, the optimal portfolio g€ solution
to (5.29) exists and the proof of all assertions follows immediately. For the family
of pseudo-stopping times, (6.5) and (6.6) become the conditions (6.9) and (6.10)

respectively. O

In the following corollary, we combine the above result with another important
class of random time (the case when immersion holds). We say that ”immersion”
holds if and only if 7 is a random time such that any F-martingale is an G-local

martingale.

Corollary 6.4.1: Suppose that G > 0. Then the following conditions are all suf-
ficient for the fact that the optimal portfolios for (S7,G,In) exists if and only if
the optimal portfolio for (S, F,In) does also, and both portfolios coincide on ]0, 7]
when they exist.

(a) T is a pseudo-stopping time.

(b) 7 is such that immersion holds.

Proof. For assertion (a), the proof follows immediately from combining Theorem 6.1
with the fact that 7 is a pseudo-stopping time. By comparing both, the optimality
condition (6.9) and the process V in (6.10), with the inequality condition (4.20)
and process V in (4.19) in Theorem 4.2, we deduce that the optimal portfolio for
the model (S,F) and the model (S7,G) for the family of pseudo-stopping times
coincides, i.e. 6 = 6F on 10, 7]. For assertion (b), suppose that the immersion
holds then we get £ (G:l -m) = 1, this latter fact can be found in [112]. Therefore,

the proof follows immediately the same discussion. O

The remaining part of this subsection deals with the case when all F-martingales
are continuous. For this case, we have Am = 0, and processes NG and M, defined
in (3.29), coincide with N® and 7(M), respectively. For the definition and prop-
erties of 7, we refer the reader to Section 3.3.3. Here, we consider the following

decomposition for the F-martingale G~!+m, which we discuss it in Section 5.2.2,
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G='.m = By « S¢+ mL. As a result, the vector of processes, (Bm,1,0,m™b), is the
Jacod components of G=!«m. We parametrize optimal portfolio for this model in

the following theorem.

Theorem 6.5: Suppose S is an F-semimartingale that is quasi-left-continuous and
all F-martingales are continuous, G > 0, and D(S,F) # 0. Then the following
assertions are equivalent:

(a) There exists 6% € O(ST,G) such that
maXpee(sr.c) E[ln (1+(6-5)7) } - E[ln (1 + (65, ST)T) }< oo, (6.11)

(b) There exist K € Mg joc(F) such that E(K) € Zjoc(S,F) and the nondecreasing
process

1 G_
E [26’_  (m) — (K, m)5 + - (Kﬁ] < 4o0.
(c) There exists \€ L(S,F) such that, for any 0 € L(S,F), the following hold

E [G_ /X”cX-AT] < +oo, and b+ c(Bm —A) =0. (6.12)

Furthermore, on ]0,7], we have 6 = XE_(X+ S).

Proof. Under the assumption that all F-martingales are continuous, any semimartin-
gale is predictable. Therefore, it is locally bounded. Thus, the process S is locally
bounded F-semimartingale. Since D(S,F) # (), one can prove that even S is con-
tinuous. Hence 4 =0 = v and F =0, and £(S,F) = R% Therefore, by combining

these with Theorem 6.1, the proof of theorem follows immediately. O

6.2.2 Particular cases for (S,F)

The first model, that we discuss in this subsection, is the Lévy market model.
Consider the Lévy market models given by Section 3.4.1. The stock price process,

S, presented by S; = Sp€(X )y, is a locally bounded Lévy process and satisfies the
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stochastic differential equation (3.33). All elements are all the same as in Section

3.4.1. We recall the predictable characteristics of Section 5.1 for the Lévy here.

p(dt, dz) = N(dt,dx), v(dt,dz) = FX(dz)dt, S°=S_o-W ,

Ay =AY c=(S_0)% b=S_p. (6.13)
Therefore, we have the following setting

L(S,F) := {9 ePF) | 1+5 a7, (w)>0 PoFX® dAgf_.a.e}, (6.14)

Gham=Pm W+ (fn — 1) % (4 — V) + gm * p+m™*.  (6.15)

The Jacod’s components of G—tem is (Bm, Fons Gms m*), where Bm(S,U)_l = Bm
and (fn(S_2), gm(S—z),mL) = (fm(x), gm(x), m*) are the same as in (6.2). We

parametrize the optimal portfolio for the Lévy model in the following theorem.

Theorem 6.6: Let Kjo4(.) be given by (6.1). Suppose G > 0, S is quasi-left-
continuous and o-special, and D(S,F) # 0. Then the following are equivalent.
(a) There exists 6¢ € O(ST,G) such that

maxpeo(sr6) E[In (1+ 0+ 57)7) |= En (1+ (8% - 57)r) | < +o0. (6.16)

(b) There exist K € Mioc(F) and a nondecreasing and F-predictable process V
such that E(K)exp(—V) € D(S,F), and

E[(G_ V) + (G- HOK, P)PF + (G- -hE(& «m, P))p — (K, mﬁ] < +oo.
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(¢c) There exists ¢ € L(S,F) such that, for any 6 € L(S,F), the following hold

fm(S_x)

_ =\tr
U2 14+ px

u+aBm—02<’ﬁ+/(
B (G- P)r + G- [ Fu(S-2)Kio (FT0) o) + 3 (0)25) - AF | < o

% 2~ fm(S_x) X
pt+ By — o P+ /(H@U =I5 |z)<1)S-2F" (dx)

V=" <A

Furthermore, on 0, 7], we have
01+ (6°-S) ) ' =3 and 0° = 3E_($-S).

Proof. Thanks to Theorem 6.1, the optimal portfolio 6C solution to (6.16) exists.
By considering the above-mentioned predictable characteristics (6.13) and the same
discussion in the proof of Theorem 5.6, we deduce that conditions (6.4), (6.5), and

(6.6) reduce to (6.17)-(6.18) immediately. O

Now, we consider one of the important example of Lévy model : The case when
S follows a jump-diffusion model. The stock price process is given by the following

dynamics
t t t
St = S()g(X)t, Xt _/ UdeS+/ CSdNL]9F+/ /Lst, Nt]F = Nt—)\t, (619)
0 0 0

and all elements are same as in Subsection 3.4.1.1 and we consider the following

decomposition

G=lem =MW 4 (™ —1). NF. (6.20)

Theorem 6.7: Suppose G > 0 and S and X are given by (6.19). Then the following

F-predictable process

7o £+ sign(OVE: +axplm 1

95 Z, where & :=

B —AQ (m) , 9
— 21
bl A (6.21)
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is S-integrable satisfying 1 + 5( > 0, and the following assertions hold.

(a) The solution to
minzepsr ) E [~ In(Zr)] = B [— h@%)} < 400, (6.22)
is given by Z© := E(K®) where

“6._ 3. B w(m)gg. .
K* :=—cf-T(W) T 6c T(NY). (6.23)
(b) It holds that
maxgc(s7,c) Elln(Er(0+ X7))] = E[ln(Ep(0- X7))]. (6.24)

(c) It holds that

< 400, (6.25)

maxyee(s ) Eln(Er(d- X)) = E lln <5T (wfm) X))

where S := So€(X), Xo =0, and

dX = \/pMadW + AN +
+ [/\C(w(m) — 1)+ p+ o™ — w(m))] ds. (6.26)

(d) There exists E(K) € Z(S,F), where K € Mg joc(F), such that the nondecreas-

ing process
- N
G_ - hP(G= em, P) — (K,m)F + (G cHO(K, P))p

1s integrable.

Proof. This proof is achieved in three steps. The first step proves assertions (a) and
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(b), while step 2 proves assertion (c).
Step 1. For the model (6.19), the predictable characteristics can be derived as
follows (for more details see here 2.4). Let d,(dx) be the Dirac mass at the point a.

Then in this case we have d = 1 and

p(dt,dx) = d¢,s,_ (dx)dNy, v(dt,dx) = 0¢,s,_(dx)Adt, Fy(dx) = No¢,s,_(dx),

Ar=t, c= (5—0)27 b= (n— /\CI{|C|S_>1})S—7 (5mygmamL) = (70_7070)'
As a result, we define the set

Lwn(SF) :={peR|pz>-1F,py(dr)—ae}={peR|pS_¢>-1}

= (=1/(S-¢)*, +00) N (—00,1/(S-¢)7).

Then the condition (6.5), characterizing the optimal portfolio ¢, becomes an equa-

tion as follows.

o, ™) Pmi¢
0 =p=Mlepassoy + -0 (g = 0) + A—gpr = Alja<ys )
PMINC

==X+ o™ — 5_o%0 + (6.27)

1+05_C

By changing the variable and putting ¢ := 1 + 65_( > 0, the above equation is

equivalent to

2 2
0= —Uf¢2+[u—kc+w(m)+%1

z @ + M.

This equation has always (since w(m) > 0) a unique positive solution

2 2 )\ q/y(M) 2
G FC+|C|\/1;U;r4a A 7 F::‘LL_)\CJFUSO(m)JF%‘

Hence, we deduce that N = 5/ S_ (X from Theorem 6.1, and it’s not the Poisson
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jump intensity!), where g is given by (6.21), coincides with (¢ — 1)/(S_(), satisfies
1+ Cg > 0, and hence it is the unique solution to (6.27). It is also clear that ]
is S-integrable (or equivalently X is S-integrable). As a result, the optimal wealth
process is E(A+S7) = £(6+ X7) and hence 6 is the solution to (6.22) and assertions
(a) and (b) follow immediately using the above analysis and Theorems 6.1.

Step 2. Herein, we prove assertion (c¢) using Theorem 4.2. To this end, we cal-
culate the random measure jumps @ and its compensator 7, and the predictable

characteristics (b, ¢, F, A) for the model (S, F) as follows.

a(dt,dx) == pg(dt,dx) = 5th§m)§t_ (dz)dNy, v(dt,dx) = 5th§m)§t_ (dz)M\dt

b= g—(/ﬁ —AC+ Mﬁ(m)d{m?,w(m)g/é,} + Uw(m)(l - w(m))% A =t,
(m)

Enl — m) /o SO —

Fi(dw) = M o, (do), €= WM(S_0)2, By = —F——, m-=0.

S oo’

Then similarly as in the first step, we deduce that the set L, (S,F) is an open real
set (since L, (S, F) = (—(S_p™ ()1 +00) N (=00, (S_1h™¢~)~1)) and hence

the condition (6.5) becomes

0=b+7¢(Bm— )+ /( T h(x))F(dx).
This is equivalent to

w(m) A

0 = o — )\C—F O'QO(m) - J2w(m)§7<,0+ W

Thus, by comparing this equation to (6.27), we deduce that the optimal strategy

for the problem (6.25), that we denote by 0 satisfies

0=S p=8¢p=

p(m)

(where @ is the root of the above equation). This ends the proof of assertion (c),
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the proof of assertion (d) follows immediately by Theorem (5.7), and the proof of

the theorem as well. O

Remark. Here, we can elaborate the duality relations between the optimal de-
flator and optimal portfolio for jump-diffusion model. The optimal deflator, solution
for the dual problem, is given by the Theorem (6.7) and it is as follows

B (Mo
1+60%¢C

76 =¢ (f{G) . KS.= ot T(W) - T(NF)

or, equivalently,
_ (m)
K® = (—00") - T(W) + (Zor = £ -7 _ytmy . T(NF),

Therefore, we discuss the following duality relations: X;ZG = -V’ (ZG) - a.s. ,

where X is the optimal wealth process and V' is the conjugate function of log-utility.

~ 1 1
Thus, —V/(Z%) = —— = ——=—. Thanks to Ito’s formula, we get
(2%)  E(K®)
1 1 = 1 = 1 1 =
d= = ————dZ° + ——d < (Z°%)° > + A——+ ———NA(Z°%),
z&  (Z5)2 (26)2 o<§35<. (Z2%)s  (Z25)2
1 - ~ AK®)? 1,
=~ (-dK®+d < K®° >+ ) (AK7) )= ——(dK©®),
(Z©)_ 0o 1+ AKC (Z©)_

. N _ _ 1 3}
where dK® := —dK® + (1 + AK®)71d[K®], or equivalently, (R = £(K®). On

one hand, by characterization of K G we obtain

. 2 (m) T
KE = o - T(W) — (o = £ - Z T pmy 7 (NF) ¢ / Loy (0607)*d
Y 7 Y 0
Zox _p_ ™o (m)y2(_1 \2
+/T< (79 5 5 1][)( )) (w(m)) ).NT
0 1+(029*_H_w_¢(m)) ﬁ)
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T
= o0 [W7T— /0 I]]O’Tﬂap(m)dt}—(%9*———7—1/}(’”))-[—-]\77— i Iy, Adt] +

/TIo (00*)2dt+/T< ik )N
o 7 0 Mt (Lo 2T ylm)( L)

w(nL)
o’ . p e™Ma
=0 W7 + [ (—0* — )Y —1]. N+
Y Y
T 2 (m)
/ Lo [@9*)2 — o0t 4 (Tgr B 2T ] a. (6.28)
0 g Y Y

On the other hand, the wealth process XfG = Xo€(0.S7) with an initial endowment

Wy is given by
dxX% = Iy X_(c0%dW; + 0F pedt + 85 CAN,),
where 6 is the self-financing trading strategy at time t.
~ T ~ ~ ~,
0%, 57 = / Ijo, 0% puedt + 00 . WT +05C . N (6.29)
0

Both coefficient of Brownian motion in (6.28) and (6.29) coincide. For the coef-

ficient of the Poisson process of optimal values, we have

g g 8oy o g -
T 2¢O =[5+t +22 = ¢]) ¢
(m) 1
02(1+C0%)
For last remaining part,
G\2 3G ol p oMo
(00%)" — 0% 4 (45 — = — T = _ (M)
Y Y Y
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L My 1 (m) _
= 1% + T(6%) + ‘pg—g tot A(—% - %) — uf®,

where, T(gG) is equivalent to the equation 6.27.

Here, we discuss the impact of 7 on the optimal portfolio in this setting of the
jump-diffusion model. Here, we compute the difference of both maximization utility
function and we call it the additional gain utility. In Theorem 6.7 and Theorem 4.3,
we compute the optimal deflator and optimal portfolio for both models, (In, S, F)

and (In, S™,G). In the following problem, we formulate all these results.

Theorem 6.8: Suppose that S is given by (6.19). Then,

(a) The optimal portfolio for (In, S,F), denoted by OF, exists and is given by:

' va?z+4x 1 - A
g g

and the mazimal expected utility up to the terminal time is

E[ln(X?)] = In Xo + E [/0 <9~fm - %(@F)Qcﬂ +In(1+ @%A) dt] . (6.31)

(b) The optimal portfolio up to the default time T, gG, is given by:

56 _ £+ sign(Q)VE2 +4 M) 1

55 Z, where £ := BZAC

o
+ M 4 o (632
and the mazximal expected utility up to the default time is

~ T . . ~C 2 ~
E[in(X?°)] = In Xo+E] / G_(aet%;uet%—%(ef) )G ™ In(146,° )AdH].
0
(6.33)
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(¢) The optimal informational investment difference up-to-t is

D(p{",g{™) = 0% — 6" =

O (™2 4 (20, — Ng)@™ + AN (™ — 1)
L2 + R
O 2042

where Yg := /&2 + 4)\3¢§m) + Va2 + 4.

(6.34)

(d) The expected informational value up-to-t, which we call it the additional gain

utility, is given by

E[A(X,)] := E(X?") - n(X?)] = Em(XPE" )] 4 B[R, (67, ¢, v™)], (6.35)

t

where BT, o) = [ 0B~ oD 0 ds
0

t m . (m) oF

0 1 +C5Ds(@m’1/)(m))

) In(1 + ¢,6)]ds.

(e) Fiz terminal time T. Then additional gain utility, AT (X), is given by

E[AT(X)] := Eln(X%}7) ~In(X$)] = E[G_A(X,)] — (1-G_)E[ln(X7)]. (6.36)

T

Proof. Assertions (a) and (b) follow immediately from Theorem 4.3 and Theorem
6.7 respectively. Assertion (c) is trivial. For assertion (d), by using the equation

(6.34), we get §§ = D(cpg”,d)gm)) + 9~SF. Therefore,
Elln(X2)] = Efln(X7)] + Efln(XP" 4] 4 Bl RO, o™, ™)), (6.37)

Thus, by putting (6.37) in additional gain utility function, we drive

E[A(X,)] = E[ln(X?")] - Efn(x?)
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= En(XP¢" )] 4 BR (0, ", 4 0)].
Then both assertions (d) and (e) follow immediately. This ends the proof. O

Here, we consider another and the last example of Lévy model : The of Black-

Scholes market model. The stock price process is given by the following dynamics

t

Sy = SoE(X)t, Xy ;:/

t
O'SdWS—I—/ fsds, (6.38)
0 0

where W' is a one-dimensional Brownian motion. Let ¢(,,) = 1 in the decomposition

(6.20).

Theorem 6.9: Suppose S given by (6.38) and G > 0. Then there erists g

O(S7,G) such that
maxgeo(sc) B|In(1+ (0+57)7) |= Bl (1+ (0% 57)r) | < +o0. (6.39)

if and only if the following hold

E = (pm)N2 PSP 2 .
/0 2G_(cps ) p + 5 (Us> ds| < +o0
and E |:(G_ /((p(m) + Z)th] < 400, (6.40)
Furthermore, on 0, 7], we have
G H
0~ = P(m) T p

Proof. All F-martingales are continuous for the Black-Scholes market model. There-

fore, the proof of the theorem follows from Theorem 6.5 immediately. O

Corollary 6.9.1: Suppose that the S; = SpE(Y); is generated by a Brownian mo-

tion w" only (ex. the Black-Scholes model). Then,
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(a) The optimal informational investment difference up-to-7 is D(¢™, 1) := ™.

™1

(b) The expected informational value up-to-7 is given by E[A(X ;)] = ]E[ln(X? (e,

(i.e. for equation (6.35), we have R.(6", ™, 1) = 0).

6.2.3 Volatility market model

In this subsection we discuss are result of this chaptor on the case of Volatility market
models. Precisely, we address the optimal portfolio problem for the corrected Stein
and Stein Model, then we discuss it for the Barndorff-Nielsen Shephard Model. The
asset price processes in corrected Stein and Stein Model is continuous process and

is given by
t t
X, :X0+/ Vso—des(l)+/ pV2dt
0 0
t
Vi=Vo+ / (m — aVy)dt + asdW® (6.41)
0
where W, i = 1,2 are one-dimensional Brownian motions with the correlation

coefficient p € (—1,41) and all the coefficients o, «, m,a and p are the same as in

Section 3.4.3.1. For the F-martingale G_'+m, we have the following decomposition

Gil em = (p(m) o W(l) + w(m) . W(2)

In the next theorem, we formulate the optimal portfolio for the case of corrected

Stein and Stein financial market model.

Theorem 6.10: Suppose G > 0 and S is given by (6.41). Then the following

[F-predictable process

0= (,O(m) + pd}(m) + g’ (6.42)

is S-integrable belonging to L(S,F), and the following assertions hold.
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(a) The solution to
minzep(sre) B[~ In(Zr)] = E [— 1n(2§5’)} < +o0, (6.43)

s given by

7% .= &(K®) and K®:=&(-0,- W) (6.44)

(b) It holds that
maxpee(sr) E[n(Ep(0 - S7))] = Elln(Er(d+ S7))]. (6.45)

(c) E {G_ /(”)2 + Pl + PPULdE| < oo

g

Proof. For the model (6.41), the predictable characteristics of Section 3 can be

derived as follows
Fy(dz) =0, A=t c=0V2S}, Bum= (" +p™)(Si0)™t, b= puV?S,:

Thus, the inequality (6.5) that characterizes the optimal solution ¢ becomes an

equation as follows.

e 2,Pm) | PPm)
0 = uSV? +(SoV)* (g + =&

=p+0Pm) t O'tpl/J(m) — 0502,

0)

It is clear that 0 := 6S , given by (6.42), is the unique solution to the above equation
and 0 is S-integrable. The optimal mortality deflator, the solution for the dual
problem, is given by the Theorem (5.9). We can simply formulate it with respect to

0

—~ 7 7 + m + m) 17 A Trr
ZG:5<KG) O Rge-_H w()g TPV D) _ g (g, ),
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The last model we discuss in this subsection, is Barndorff-Nielsen Shephard
which is presented in Section 3.4.3.2. The asset price process, St, is given by the

following stochastic differential equation

Sy = Soe X dX, = (u+ £02)ds + 05dYE + d(px * [iy)s

do? = —\o2dt + d(z * iy )s, (6.46)

By Ito’s formula, we calculate the dynamics of S,

ds o
S—t = qudt + oy dYE + d(e” — 1) x (i — D)y, (6.47)
t_

where oo = p + o2 (£ 4+ 3) + [(e” — 1)F(dz), and all the coefficients are the same
as in Section 3.4.3.2. The filtration generated by a one dimensional Levy process
Y, Y =Y+ Y?. Y€ is the continuous part of LeVy process and Y is driven by
random measure of Y, donated by u(dt x dx) with compensator measure v(dt x
dz) = F(dz)dA,. Throughout the rest of this subsection, we consider the following

decomposition for the F-martingale G=' «m and the space £(S,F) given by

G lom =B Yot (fn—1) % (=) + G * i + m™. (6.48)

L(S,F) := {9 €PE) [1+5 07" ~1)>0 PFe dt-.a.e}.

The model is a quasi-left-continuous and the process A; is continuous. Thus,
there is no loss of generality on defining A; = t. Throughout the rest of this subsec-

tion, we consider the following Jacod’s decomposition for the F-martingale G='+m
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and the space L(S,F), given by

L(S,F) = {/\ EPE) | 1+8 A" -1)>0 PaF® dt—.a.e}, (6.49)

G lom=0m Yt (fm— D) *x(L—D) 4 gm* i +m*.  (6.50)

For the Barndorff-Nielsen Shephard model, the predictable characteristics of Section

5.1 can be derived as follows.

by=S; o, S=8_0,-YF, AS =8, (ePA% —1), (6.51)

o =5?% 02, VI(dt x dz) = F(dz)dt, f(z)FS(dz) = f(S;_ (e’ —1))Fy(dz).

As a result, the Jacod’s components of G=!+m is (Bm,fm,ﬁm,mL), where
ﬁAm(S’_U)*1 = Bm, fm(z) = fm(Stf(ep‘”—l)) and g, = gm/(Se_(eP*—1)) in equation
(5.16).

Theorem 6.11: Suppose that G > 0, S is given by (6.46), and D(S,F) # 0. Then
the following are equivalent.

(a) There exists 6 € O(ST,G) such that
maxgeo(s,c) £ [111 (1+(6-5)r) } =FE {ln (1 + (6% - ST)T> }< +00. (6.52)

(b) There exist K € Mg oc(F) and a nondecreasing and F-predictable process V
such that E(K)exp(—V) € D(S,F), and

E|(G_ V) + (G- HOK, P)PF +(G_ - hB (Gt em, P))p — (K, m)%| < +oc.
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(c) There exists ¢ € L(S,TF) such that, for any 6 € L(S,F), the following hold

E[(G-+V)r+(G-3"a?5 A)r + (G- Kiog (3 (e = 1)) » v)r| < +o,

( ( )) x ol
)+ Dl — F(as)
S_

~ T~tr 2 1 ~ 2~ fm (epm_l))
V.—/O Pt o€+ ) + Bmo U<P+/( 1+ 3ler — 1)

-

u+02(§+;)+3m0—0295+/(

+1)(eP® — 1)F(dx)]dt.(6.53)
Furthermore, on 0, 7], we have
1+ %5 ) ' =F and 6° = 3E_(5-5).

Proof. For the model (6.47)-(6.48), the predictable characteristics can be derived as

follows (for more details see here 2.4). Then, we get

1 ~
ampt o€yt [(@ - VP, St=SionYe, AS=S (@8 -1,

by=5S a, =570 Vdtxdr)=F(dz)dt, f(x)F’(dz)= f(S,_ (e’ —1))F,(dx).

As aresult, the Jacod’s components of G~1em is (Bm, Fons Gms m=), where Bm(S,J)_l =
B fn (@) = fin(Se_(eP* —1)) and g = Gm(Si_ (e”* —1)) in equation (6.2). Hence,
the condition (6.5), characterizing the optimal portfolio 0, satisfying an inequality

as follows.

025Gt ader )+ [ (8- - )P + (s Por( 2 )
BS0) ¢
1+ AS,L (epx — 1)

fm (S—_(er* — 1))
1+ AS,_(err —1)

= Si_(+ B(E+ 3)+ B — Si_oPr+ [( F1(E - DF(dz)).
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and for the equation (6.6) in Theorem 6.1, we have

dv ~ 1. . -
E:S‘Atr u+02(§+2)+,8m—5_02)\+/(

fm (S* (epa: o 1))

EscarzETRE

Hence, we deduce that S\ = @, and it is S-integrable. As a result, d is the solution

to (6.52) and assertions (a) and (b) follow immediately by Theorem 6.1. O

6.3 Numéraire portfolio under random horizon

This section addresses the impact of 7 on the numéraire portfolio, defined in Section
(2.3). To this end, for the reader’s convenience, we recall the mathematical definition

of this financial concept.

Definition 6.1: Consider (X,H, P), and let Z be a positive H-local martingale.
We call numéraire portfolio for (X, H, Z), when it exists, the unique 0 e L(X,H)
such that £(f+ X) > 0, and the process ZE(¢+ X)/E( - X) is a supermartingale,
for any ¢ € L(X,H) satisfying E(¢+ X) > 0.

Below, we elaborate on the principal result of this section.

Theorem 6.12: Let Z(™ := £(G='m). Then the numéraire portfolio for (ST,G, P),
denoted by 5(@, exists if and only if the numéraire portfolio for (S,F, Z(m)), de-

noted by §(IF)} does exist also. Furthermore,
g¢ = g(F)Iﬂoﬂ_]]. (6.54)

Proof. The proof is achieved in two parts, where we prove (a) = (b) and its
converse respectively.

Part 1. Suppose that the numéraire portfolio 0(©), for the model (S, G, P), exists.
Then on the one hand, there exists an F-predictable process 6% such that g(G)IﬂovT]] =

Q(F)I]]OJ]]. On the other hand, for # € L(S,F) such that £(6+S) > 0, the process
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X:=&(0- ST)/S(g- ST) is a positive supermartingale. Or equivalently

5(9.57) _ . QT n.aomry—1 _ . QT _f.qT 1 .19. QT
Sog, ~EO @S =0 )5( N TR A ])
_¢ ((9-5)-5%%-[57,5-37]) — &(L),

and L is a G-local supermartingale. Consider the decomposition for S given by
S=Sy+M+A+> ASI;as>1}, where M is a G-local martingale with bounded

jumps and A is a finite variation and predictable process. Therefore, we derive

- - 0—0 ~
L=0-0)-(M"+ A7)+ 6 —0)""ASTI - [57,0-57
0-9)-( )+ 300 =B AT Tason) — | ]
. 00 F
= G-local martingale + TIHO’TH «(M,m)" +W",
where W7 is given by
~ 1 ~
wo .= 0—8-{AT+ ASTI —N-ST,G-ST}.
(0 —0) > 1811 = T 5 Ar [ ]

Thus, the process L is a G-local supermartingale if and only if W% € A;,.(G) and

0 - 5 sz
(( G_ )I]]O,T]] - (M, m>F + W9> =0.

This is equivalent to

(e—§>-{<M,m>F+G_-A}+

=~ pv]F
- - G
+(0—-0)- GASI - [5,0-5 =< 0. 6.55
(6 —9) (E 1881 ~ T oA [ ]) (6.55)
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Now, we derive

x —e@-m)&0Y) _cemreme (0-8)-5+ 220 15,79
£0-9) 1+ 6AS
=&(Ly),
where
~ 0—0 G 0-90
Ly =Gt m+0—-0)-S4+——+m, S|+ —————+[5,0-5
1 m+ (6 —0) o tlm S G71+0AS[ ]

= G-local martingale + @"G—@) -((M,m)F +G_ . A)

=~ pv]F
(6 — 6) ~ G
+ . GASI -~ .[5,0-5] .
o > 1asI>1 = 15 [ ]

Thanks to the inequality (6.55), we deduce that L; is an F-local supermartingale,
and hence X is a nonnegative F-supermartingale. This proves assertion (b).

Part 2. Here we prove that assertion (b) implies assertion (a). Suppose that
the numéraire portfolio for (X,F, Z) exists that we denote by 9. Then for any
¢ € L(X,TF) satisfying (¢ X) >0, X := ZE(G™'+m)E(¢+5)/E(B+S) is a positive
supermartingale. On the one hand, it is known that there exists a local martingale
M and a nondecreasing and F-predictable process V' such that X = £(M) exp(—V).

On the other hand, we have

E(M)T
EGZtem)T

= E(T(M)—G='-T(m)) isa nonnegative G-local martingale.

Therefore we easily conclude that X7 /& (G:l-m)T is a nonnegative G-supermartingale,

or equivalently the process

LA N: = XT/E(G7 em)T,

is a nonnegative G-supermartingale. This ends the proof of theorem. O
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Corollary 6.12.1: The following assertions hold.
(a) Suppose that £(G='+m) is a uniformly integrable martingale, and consider
Q = £(GZ'+m) - P. Then the numéraire portfolio for (S7,G, P) exists if
and only if the numéraire portfolio for (S,F, Q) does exists, and both portfolios
coincide on [0, 7].
(b) Suppose that 7 is a pseudo-stopping time. Then the numéraire portfolio for
(S7,G, P) exists if and only if the numéraire portfolio for (S,F, P) does exists,

and both portfolios coincide on ]0, 7].

Proof. Tt is clear that assertion (a) follows immediately from combining Theorem
6.12 with the fact that when £(G~!+m) is a uniformly integrable martingale, the
numéraire portfolio for (S, F,.£ (G:1 m)) coincides with the numéraire portfolio for
(S,F) under Q. The second assertion follows also from combining Theorem 6.12
with the fact that 7 is a pseudo-stopping time if and only if m = mg, and hence

E(G='+m) = 1. This ends the proof of the corollary. O
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