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Chapter 1

Introduction

The present thesis results form a series of papers [18], [19], [20], [21], [22], [23]
appeared or submitted to scientific publications. The thesis consists of two parts,
namely Chapters 2 and 3 form the first part, and Chapters 4 and 5 the second part.

In the first part, we focus on classification and prediction for nonlinear dynamical
systems. Particularly, we are interested in applications to nonlinear aeroelasticity,
which has been receiving considerable attention in the aerospace community in re-
cenb years. The second part of the thesis deals with state-space models involving
Markov switching. A nested Monte Carlo Expectation Maximization algorithm for
learning the parameters of the model is developed. The effectiveness of the proposed
method is demonstrated by testing the algorithm for simulated and experimental

data.

1.1 Nonlinear aeroelastic models

An understanding of the nonlinear aeroelastic response is a crucial problem for the
aerospace cominunity, since complex aeroelastic phenomena play an important role
in the safe design of an aircraft. Currently, a major effort is being focussed on
the prediction of limit cycle oscillation (LCO) and the flutter boundary. Classical
linear theory is not appropriate for studying LCO, and it may give inaccurate results

for predicting the flutter boundaries. For example, for flutter testing with several
1
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external store configurations of an F-16A aircraft, Denegri [3] reports the appearance
of LCO as well as the flutter and some sudden high-amplitude oscillations. However,
he shows that linear flutter analysis fails to determine the oscillation amplitude or

the oscillation onset velocity.

In a nonlinear formulation, the aeroelastic problem has been studied by many re-
searchers via mathematical analysis and numerical simulations. In the recent survey
paper [16], Lee, Price and Wong report different types of nonlinearities encountered
in aeroelastic behavior of aircraft structures. Numerical simulations are used to
study bifurcation and chaos for aeroelastic systems with structural nonlinearities.
These nonlinearities are illustrated for a two-dimensional airfoil oscillating in pitch
and plunge. The governing integro-differential equations of the airfoil motion are
reformulated as a nonlinear system of ordinary differential equations (ODE). Numer-
ical and analytical methods for solving the aeroelastic system are reported, including
Humbolt’s finite difference method, Runge-Kutta time-integrating scheme, and the
describing function technique. The same problem is studied by Liu [17] using center

manifold theory and the point transformation technique.

Several mathematical models are employed to study the LCO and flutter for var-
ious types of airfoils and nonlinearities. Tang and Dowell [26] apply an ONERA stall
aerodynamic model for a non-rotating helicopter blade with a parabolic or cubic and
freeplay torsional stiffness nonlinearity. A reduced-order model based upon Peters’
finite state model for a two-dimensional aerodynamic flow is applied by Tang, Dowell
and Virgin [27] to study a three-degree of freedom aeroelastic model with freeplay.
For a low-aspect-ratio delta wing structure at low sub-sonic flows, Tang, Henry and
Dowell [28] propose the vortex lattice aerodynamic model and the reduced-order
aerodynamic technique. In the previously cited papers, the mathematical models
are based on nonlinear ordinary differential equations which can be expressed in a
state-space form. The systems of nonlinear differential equations are studied using
numerical approaches or the describing function technique. The results are found
to be in a good agreement with the experimental investigations carried out in the

wind tunnel at Duke University.
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For the nonlinear control of a prototypical wing section with torsional nonlin-
earity, Ko, Kurdila and Strganac [13] also consider a model based on a state-space
form. The bifurcation structure and parametric stability of the resulting closed-loop
dynamical systems are studied using the center manifold method [14]. The results
are validated by experiments at Texas A&M University {15].

In order to solve the corresponding nonlinear ODE system analytically or numeri-
cally, the system parameters must be known. However, in practice, such as in ground
vibration tests and actual flight tests, only the dynamical response corresponding
to a given excitation is available. Hence, it is desirable to develop a technique such
that one could predict the LCO and other complex aeroelastic phenomena from the
given dynamical response.

Given a time series, X = [z1,%,...,Z,), which contains a limited number of
transient observations, we wish to predict the subsequent values [Zy41, Zni2,-..]. In
a classical approach, linear time series models or the Kalman filter are commonly
used to perform one step ahead predictions or short term predictions. The first
part of this thesis proposes two new approaches for the long-term prediction of the
aeroelastic response, namely nonlinear time series models and the unscented filter
(UF) [11]. The main feature of the two nonlinear approaches proposed in this thesis
is the capability of making not only short term predictions, but also accurate long
term predictions. Moreover, chapter 3 also presents a new and efficient method
based on the UF and the expectation maximization (EM) algorithm for estimating

the parameters of an aercelastic model.

Input Data i

1
! Preprocessing ‘
Processing
R e —
Nonlinear Time Series Predictions |
Maodels
R ——
The Unscented Predictions ‘ Classification
Filter

Figure 1.1: Expert data mining system
3
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The nonlinear time series approach and the UF method can be employed to
develop an expert data mining system (EDMS) [19]. The basic structure of the
EDMS is illustrated in Fig. 1.1. A typical expert system consists of two core
components, namely the knowledge base and the reasoning engine. The EDMS, can
be especially designed to deal with aeroelastic data with structural nonlinearities.
The knowledge base involves data analysis reported in the first part of the thesis,
in which the nonlinear time series models and the UF are used to process the input
data. Before a long term prediction is presented as output, the information obtained
from the knowledge base must be reasoned and certain rules have to be satisfied.
In our system, a simple rule is applied, namely the long-term predictions and their
classification as LCO, stable or unstable oscillations are given if the two predictions

from two different approaches in the processing step agree.

1.2 Models with hidden Markov switching

The second part of this thesis studies models with the nonlinearities given by the
hidden Markov switching. In Chapter 4, we start with a result concerning the
simplest type of such model, namely the hidden Markov models (HMM). The HMMs
are especially known for their applications in automatic speech recognition [24].
Nevertheless, they have been successfully applied to many fields, such as handwriting

recognition [2], pattern recognition in molecular biology [1] and fault detection [25].

Figure 1.2: Hidden Markov Model

A HMM can be represented graphically by the Bayesian network [4] shown in
Fig. 1.2. The figure displays a directed acyclic graph (DAG), in which each node

corresponds to a random variable. The shaded nodes and the unshaded nodes
4
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represent the observed variables and the hidden variables respectively. The condi-
tional independence is specified by the edges: each node is conditionally independent
from its non-descendants given its parents. Hence, a HMM is formed by the ob-
served sequence {Y,,n > 1} and the hidden Markov chain {S,,n > 1} such that
P(Y|Sn, Yn-1) = P(Y4|S,) and P(S,|Ys, Sp-1) = P(S,[Sn-1). Here, we suppose
that {S,,n > 1} is a finite homogeneous Markov chain with the transition matrix
® and the initial probability distribution p. An important feature in the inference
algorithms for HMMs is the prediction filter p, = P(S;|¥;-1,...,Y1), n > 2, and
p1 = p. Under appropriate hypotheses, we present a new approach based on the
Tonescu Tulcea - Marinescu ergodic Theorem [8] for proving the geometric ergodicity

of the Markov chain {p,,n > 1}.

e )

Figure 1.3: Model with hidden Markov switching

We then study the ergodic properties of the model represented by the Bayesian
network displayed in Fig. 1.3. The model is more complex and it is formed with the
observed sequences {Y,,n > 1} and {X,,,n > 1}, and the hidden, finite, homoge-
neous Markov chain {S,,n > 1}. We suppose that both {Y,,,n > 1} and {X,,n > 1}
have continuous distributions, and {X,,n > 1} is a Markov chain. Now, the corre-
sponding prediction filter is given by w, = P(S,|Yn-1, X5o1...,Y1, X31), n > 2 and
wy = p. We associate a random system with complete connections (RSCC) [9] with
this model. Based on the properties of the RSCC, we show that the Markov chain
{(wn1, Xn),n > 1} is geometrically ergodic. Then we study the ergodic properties
of the model with misspecified parameters, and we prove the exponential forgetting
of the initial conditions.

In Chapter 5, we present a nested Monte Carlo EM (NMCEM) algorithm [22] for
5
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Figure 1.4: Switching State-Space Model

learning the parameters of the switching state-space model (SSM) introduced in [5].
Fig. 1.4. displays the Bayesian network corresponding to the SSM. Since it combine
the state-space models and the HMMs, the SSM is regarded as a hybrid model.
It can be viewed as an extension of the mixture of experts [10] or the switching
regression models [6]. It is also closely related to models arising from economics
([7], [12]). Here, {Y,,n > 1} are the observations, {X",n > 1}, m=1,..., M, are
the M sequences of the hidden state variables, and {S,,n > 1} is the hidden, finite,
homogeneous Markov chain. The NMCEM algorithm is based on the multi-move
Gibbs sampler, but the convergence rate is improved by introducing nesting and the
Rao-Blackwellised forms [29]. The performance of the algorithm is illustrated for

experimental medical data.
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Chapter 2

Nonlinear Time Series Models

2.1 Introduction

In recent years, there has been an increasing interest in the studies of nonlinear
dynamics across broad ranges of disciplines. The main reason is that nonlinear dy-
namical systems could be used to model many complex phenomena, such as the
jump discontinuity, amplitude dependent frequency profile, limit cycle oscillation,
sub-harmonic motion, and even chaos. In particular, the ability to predict the re-
sponse of a dynamical system is essential in controlling a physical system. However,
if observation data are the only available information in a given application, then it
is important to construct a time-series model which is capable of characterizing the
nonlinear dynamics.

In this chapter, we are concerned with the dynamics of a nonlinear aeroelastic
system. The corresponding data are obtained either from numerical simulations or
actual wind-tunnel experiments. One of the most important aspects in the study
of nonlinear aeroelasticity is the appearance of limit cycle oscillations, which are
characterized as sustained periodic oscillations with neither increasing nor decreasing

amplitude over time for a given flight condition. It should be noted that limit cycle

The material presented in this chapter was previously published in [18], [19], [27].
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oscillations are an undesirable feature, since they can cause structural fatigue, and
the vibrations can alsc induce pilot fatigue. Hence, an accurate prediction of limit
cycle oscillations is of great interest to the aerospace industry. Another related topic
is the prediction of oscillations in nonlinear flight dynamics. When information
on possible unstable oscillations is provided to the pilot, certain controls may be

activated in order to ensure a safe cruising performance.

The general form of an linear autoregressive (AR) model of order p is given by

P
X, = Z 0; Xp—i+ €y, n>p.
=1
Here, p is a positive integer, a;, ¢ = 1,...,p are the model coefficients, and e,,
n > p+ 1 are independent, identically distributed Gaussian variables with zero

mean. A linear moving average (MA) model of order ¢ is given in the following

equation
q
Xn = Z b’ien—i +én, N>gq,
3=1
where ¢ is a positive integer and b;, 7 = 1,...,p are the model coefficients. Com-

bining these two models we get an autoregressive moving average (ARMA) model

of order (p,q):

p q
Xo=) a:Xn it ) bieniten, n>q, n>p.

i=1 t=1

Linear time series models [21], such as ARMA models, are often used for system
identification of the aeroelastic system and flutter prediction. Torii and Matsuzaki
([24], [25]) regard the response of the wing excited by the turbulence of an airstream
as a random vibration, and use an ARMA model for the system identification. The
flutter prediction parameter is calculated using the estimated AR coefficients. The
results are validated by numerical simulations under non-stationary conditions and

by experiments performed during the wind-tunnel flutter testing.

The ARMA models can be generalized to auto-regressive moving average with
12
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exogenous variable (ARMAX) models:

P g
X, = Au, + Zaan,i + Zbien_z- +e,, n>¢qg, n>p,
=1 G=x1
where u, is a vector of inputs (the exogenous variable). Andrighettoni and Man-
tegazza [1] consider an ARMAX model for the identification of the model to be used
in designing an adaptive flutter suppression system for a built-in wing model fitted

with a leading- and trailing-edge control surface and two accelerometers.

However, the ARMA or ARMAX are linear models. Since the nonlinearities due
to the aerodynamics or the structure of an aircraft can critically affect the aeroelas-
tic behavior, it is therefore desirable to develop models which are capable of incor-
porating information about the nonlinearities of the aeroelastic phenomena. Two
nonlinear time series models are being considered, namely the amplitude-dependent
exponential auto-regressive models (EXPAR) [10], and the self-exciting autoregres-
sive models (SETAR) [22]. The EXPAR models are suitable for polynomial struc-
tural nonlinearities, and the SETAR models include the threshold structure specific

to freeplay or hysteresis.

The main difficulty associated with nonlinear time series models is the estimation
of the model parameters, in which a complex nonlinear solver is usually needed. In
the present EXPAR and SETAR models, we do not require any direct application
of a nonlinear procedure because the problem is reformulated to the parameter
estimation for AR models. Consequently, it can be solved by the well-known singular
value decomposition method. Moreover, the selection of the best model can be
done in a similar way to the selection of the best ARMA model using the Akaike
information criterion (AIC) ([10]).

Another important aspect of the proposed approach is the capability to handle
input data corrupted with noise. In [8], Dimitriadis and Cooper notice that the per-
formances of ARMA and ARMAX models are very sensitive to the measurements
errors. Tests were carried out at the noise levels of 5, 10, 15 and 20%, and the

mean flutter prediction using ARMA-based methods was found to be acceptable
13
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only for the case with 5% noise level. To overcome this difficulty, we have imple-
mented wavelet de-noising methods as preprocessing. Consequently, the parameter
estimating procedures are applied to the denoised data instead of the original noisy

input data.

2.2 EXPAR models

The EXPAR models incorporate both the amplitude-dependent frequency and the
limit cycle behavior. The basic form of an EXPAR model of order p is given by

Xp= (@, +me 1) X, 4.+ (D + mpe " K0-) Xy + €, (2.1)

where ®;,7;, i = 1,...p and -y are constants and e,, n > p + 1 are independent,
identically distributed Gaussian variables with zero mean. Such a model implies

that X, is a symmetric process, although X, is not constrained to being Gaussian.

Let V= (X, - s Xnpt1)’ Bn = (€n,0,-..,0), F(Yao1) = AY, 1 + F(Yy 1),

@1 (I)g e @p_l @p 7Tan._1 +--+ ’H'an_p
1 0 ... 0 0 0

A= , F(Y;rrl) — e_'Yszz—l
0 0 1 0 0

Here * denotes the transpose of a matrix or a vector. Notice that we have
Y, = f(Ya-1) + E,. (2.2)

From (2.2), we can easily see that Y, is a homogeneous Markov chain, and without

the noise term E,,,

Yo = f(Ya-1) (2.3)

is an autonomous deterministic difference equation. The equilibrium states (i.e. the
14
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solutions of f(Y) =Y) are ¥, = (0,...,0)%, and

i
- 1 1-37 & 1 1-57% &;
Yo=|+4/—=In ————il————z—),.,.,i ——-—1n<-————£”u) ,
? (\/fy ( f:lﬂ.’i Y Z?:lﬂ-i

ifo<(1-37,®;)/ (3% m)<1. Now we recall the following classical definition

=1

(see, e.g. [9], pp. 166)

Definition 2.1 The equilibrium state ¥ is

1. Stable, if for any given € > 0, there exists § > 0 such that for any ||Y; ~Y|| < 4,
we have ||¥;, — Y| < € for the solution Yy;

2. Attractive, if there exists § > 0 such that, for any |[Y; — Y]] < 6, we have

mY,=Y;

n-—+oQ

3. Asymptotically stable, if it is stable and attractive;

4. Exponentially stable, if there exists § > 0, K > 0, and 0 < ¢ < 1, such that if
Y1 - Y|l <4, then
IV, - Y| < K|lY1 - Y[l

The stability condition for the equilibrium states of (2.3) is given as follows.

Theorem 2.1 1. The zero solution Y; is exponentially asymptotically stable, if all

the solutions of the equation
Ap—(¢1+7T1)Ap_1—"'—@p—‘ﬂ'p=0 (24)

are inside the unit disc.
2. The non-null solution Y, is exponentially asymptotically stable, if all the solutions
of the equation
AP — AP — o~ R, =0 (2.5)
15
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are inside the unit disc,where
P p P B
hl = (77’1 -+ @1 Z?Tj — M Z@J) /Z’R’j + 2 (1 - Z‘bj) h’l[(l — Z(I)j)/
i=1 =1 =1 i=1 i=1
Z”ﬁ]
j=1

D P P
hi:(ﬂi‘}_@izwj_miz@j)/zﬂj (Z=2)37ﬂp)
Jj=1 Jj=1 i=1

ProoF. Elementary calculations give the Jacobian matrix 9f/0Y (Y,_1) = A+
H(Y,-1), where:

It is easy to verify that the equation (2.4) gives the eigenvalues of 8f/9Y (Y1), and
equation (2.5) gives the eigenvalues of 3f/3Y (Y2). Hence, the conclusion of the

theorem is a consequence of Corollary 4.7.2 in [12]. O

Remark 2.1 The same result is reported as Condition A in {16} using a slightly

different terminology.

A limit cycle of (2.3) is a periodic solution with period ¢ > 1. Analogously with

Definition 2.1 we have

Definition 2.2 A limit cycle Y,,, n > ny > p is asymptotically stable if the orbit
T = {YVugt1s- - Yngsq}, is asymptotically stable; that is

1. for any neighborhood N of T, there exists a neighborhood U of I" such that, if
Y1 € U then the solution Y, € N, for n large enough;

2. there exists a neighborhood N of " such that, if Y; € N, then for the solution
16
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Y, we have

lim d(Y,,T) = 0.

n—30o0

We have the following theorem concerning the stability of a limit cycle of (2.3)

(see Proposition 2.2 in [17]).

Theorem 2.2 A limit cycle of period q, {Yp11,- - -7}7;10+q}; ng > p, of the model

(2.8) is asymptotically stable when all the eigenvalues of the matriz,
M = 8f[0Y (Ynguq) - OF/OY (Yngig—1) === OF /OY (Yngt1)
are inside the unil disk.

PROOF. To study what happens to the solutions in a neighborhood of I' =
{Ypot1s- s Yngrq}, We introduce the variable Z, = Y, ~ ¥, n > ny + 1. Then, we

have
Zn = f(Yn—l) - f(Yn-l) = af/3Y(Yn_1)Zn_1 + O(”Zn—lnz)-

Hence, we can associate the following difference equation with periodic coefficients
Zn = Bf/BY(Yn_l)Zn_l, n > ng -+ 1. (26)

The zero solution of the equation (2.6) is asymptotically stable if the eigenvalues
of the matrix M are inside the unit disk (Theorem 4.4.1, in [12]). This proves the
theorem, since the limit cycle is asymptotically stable'if Z, — 0 as n — o00. O

The conditions in Theorems 2.1 and 2.2 can replace the usual stability conditions
for the ARMA models, and they can be used to generalize the approach in [25] for
finding the flutter margin.

For complex dynamic predictions, the EXPAR model (2.1) can be extended [16]

to the following form

Xp = (@14 fi(Xno)e ) Xy o (@ + (Kot )e S 0) Xy e (27)
17
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where fi(X,-1), i=1,...,p, are the polynomials:
FilXn) = 470X, g+ r X (2.8)

The model given in (2.7) admits more sophisticated nonlinear dynamics. For exam-
ple, if the order r; of the polynomials f;(X,_) are odd, then X,, is not constrained

to being a symmetric process.

We now briefly present an efficient, procedure for estimating the coefficients of the
EXPAR model (2.7). In general, the estimation of the order p, and the coefficients
{7, (@i, w](-i); j=0,...,7,%=1,...,p)} requires a nonlinear optimization procedure.
However, this optimization problem can be reduced to fitting a linear regression [10].

Forn=m+1,...,N, we rewrite (2.7) as
XM = AB +e, (2.9)
where

X<n) = (-Xn7 Xn—h cee ,Xn——(N—‘m—l))ty €= [eNa EN=15-+-3 €m+1]t,
Y;(n) = (Xne—’YX?v—lXJiV—-h Xn—le"YX?V'JXJiV-m LR Xn—(N—m—l)eM’YX,%Lan)t-
B = (@1,7T((]1), .. .,7(7(.}), .. .,@p,wép), .. ,w,(ng))t,

A= [x®-0 yV-Y LY , XN y(N=p) _,YT(pN—P)]'

First, the parameter v is selected from a grid in a range such that e Xn
is different from both 0 and 1 for most values of X,,_;. For each value of , 7 is
estimated using a singular value decomposition in (2.9). The choice of the maximum
order m is subjective and it depends on the sample size. The order p of the fitted

model is determined using the AIC criterion [10}, i.e.,

AIC(p) = (N —m)Iné} +2(2p + im + 1), (2.10)

i=1

where 612, is the least square estimate of the residual variance of the model. The last
18
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term in (2.10) represents the double of the number of the estimated parameters in
the model, including the fitted mean. For each 7, the fitted models are compared
using the AIC criterion, and the model with the smallest AIC is chosen.

The complexity of the singular value decomposition method is proportional to
P P
(N—-m)(2p+ Zri)z +(2p+ Z r;)?.
t=1 i=1

Thus, the estimation method is computationally efficient for models of reasonably
large order.

A further improvement in terms of parameters estimation can be achieved by
replacing W(()i) by W(()i) exp(—7up), where py = E[X?2_|] is estimated by the sample
second moment ([22], page 328).

To conclude this section, we mention the following modified EXPAR models:
Xp = (B + fi(Xno1)e 02 Xy + o+ (B + fp(Xnop)e 7 0) Xy + €,

where f;, i =1,...,p are given in (2.8). Proceeding as in Example 4.3, page 129 in
[22], we can easily prove that the Markov chain formed with Y, = (X, ... ,Xn-pH)t

is ergodic, provided that all the solutions of the equation
Ap_cplAP~l._.....q)p=()

are inside the unit disc.

2.3 SETAR models

The essential idea underlying the SETAR models is a piece-wise linearisation of the
nonlinear models over the state space with the introduction of thresholds.

Let {tg,1,...,t} denote the thresholds, i.e. a linearly ordered subset of real
numbers, such that ¢y < §; < ... <, where {3 = —oco and ¢; = +co. A self-exciting

threshold autoregressive model of order (I;p,...,p) or SETAR (I;p,...,p) where p
19
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is repeated [ times, is a univariate time series {X,} of the form

P
X, = ag’) + Z agj)Xn_,- + €n, t]'..l < Xn-d < tj, (211)

i=1

for j = 1,2,...1, where d is a fixed integer belonging to { 1,2,...,p}, and {e,}
is a Gaussian, independent, identically distributed white noise sequence. If for
§=1,2,...,1, we have agj) =0fori=p;+1,p; +2,...,p, then {X,} is known as
a SETAR(I; p1,ps,...,p) model. Hence, a SETAR (1,p) model is equivalent to a
linear autoregressive (AR) model of order p. To specify the terminology for the rest

of this thesis, we give the following definition:

Definition 2.3 A Markov chain (Y,) defined on the probability space (2, %, P)
with values in (£, £) is

1. ergodic, if there exists a probability p on (E, €) such that, for all y € E,
lim |P*(y,-) = p()l| = 0.

2. geometric ergodic, if there exists a probability p on (E, €), a constant 0 < r < 1

and a function M defined on E with positive real values, such that

fE M(@)lp(dz) < 00, |P*(y,") — ()| < M(y)r™,

for any positive integer n, and all y € E.

Here, P"*l(y, A) = P(Y, € AlY1 =y), A € &, and for any signed measure 4 on
(E, &), ||ul| denotes the total variation:

lull = p(ET) — u(E™),

where F = E* U E~ is a Hahn decomposition of E with respect to p.

The ergodicity implies the existence of a unique stationary measure. It has also

many applications in statistical inference. For example, we can get asymptotic
20
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results, such as versions of the central limit theorem or the law of large numbers.
Let Y, = (Xp,...,Xn_ps1)". Then, we have Y, = f(Yy-1) + E,, where E, =

(€, 0,...,0)% f(¥ar) = (h(¥Yn-1)s Xnets - -» Xn—pt1)', and h(Yy_1) is given in the

right side of the equation (2.11). Obviously (¥;,) is a homogeneous Markov chain.

Moreover, we have

Theorem 2.3 The Markov chain (Y,) is geometrically ergodic if

P
()
ax a; < 1.
s (S21)

PROOF. See Lemma 3.1in [2].

We now briefly describe the parameter estimation [23] for a SETAR(2; py, p2)
model. First, let d and m be predefined, where m is the maximum regression order
of the two linear AR models, and let ny be the maximum of d and m. The choice of
m is subjective and usually depends on the sample size. To find the threshold ¢;, we
try some of the sample quantiles - e.g. {Qo.30, Qo.40, Qo.50, Qo.60, Qo706 } -, Where by
definition, for any 0 < ¢ < 1, exactly 100¢% of the data are less than @,. For each
choice of ¢, the data set is re-arranged into two subsets and two sub-systems of linear
autoregressive equations are set up. The first subset contains the observations less
than or equal to t1, and the second subset contains the observations greater than
t;. The coefficients are then estimated using a singular value decomposition for
each of the corresponding matrices. For each value of ¢; and d, we apply Akaike’s
Information Criterion to determine p; and po, the orders of the two linear AR’s.
Specifically, if Ny is the number of observations less than or equal to ¢; and 61(p;)
is their residual sum of squares, then the estimated p; corresponds to the minimum
AIC(py), where

AIC(p1) = N In(61(p1)/N1) +2(p1 + 1),

The most difficult task for these models is to find the thresholds and the delay
parameter d. Apart from trying some of the sample quantiles for finding the thresh-
olds, we have also used some exploratory data analysis. The method presented in

[22], Chapter 7.2.3, suggests to study the non-parametric lag regression estimates.
21
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Let m;(z) = E{X,| Xnt;)- A non-parametric kernel estimate i;(z) for m;(z) is

given by
N N
mi) = Y Xibn(z— Xug)/ DY, dnle = Xiy), (2.12)
=g+l =gl
for j = —p,...,—1, where p is a positive integer much smaller than the size NV of the

data set (see page 218 in [22] and Chapter 4.1.5 in [26]). Here, dx(-) is a function
defined by

(1~ lel/hw) /by i 2| < by

v(z) =

0 otherwise,
where hy is chosen such that Ay — 0 as N — o0o. A similar formula can be written
for the non-parametric estimates 9;(z) of the variance v;(z) = VAR(X,|Xn4;).
Analysing the plots of 7;(z) and 9;(z) for several values of j, we can determine the
thresholds and the delay parameter. In addition to the simple kernels dy(-), there
are also other possible choices for the kernels (see [26], page 139), e.g the Gaussian or
the Epanechnikov kernels. The bandwidth hy can be chosen using the leave-on-out
cross-validation ([26], page 141). Asymptotic properties of 7;(z) are given in [20].

To predict the aeroelastic response of a system with freeplay, we use a combi-

nation of a SETAR and an EXPAR model. To construct this model, we replace
the linear autoregressive models in {2.11) with the EXPAR models given by (2.7).
The parameters are estimated combining the algorithms for EXPAR and SETAR

models.

2.4 Applications

In this section we present the results obtained using EXPAR models and combined
EXPAR and SETAR models. We consider three classes of data

1. simulated data from mathematical functions;

2. numerically generated aeroelastic data corresponding te polynomial and
freeplay structural nonlinearities;

3. experimental aeroelastic data recorded during wind tunnel tests.
22
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To measure the accuracy of a long-term prediction, the available input data are
divided into two subsets: the training set and the test set. The training set is used
to estimate the parameters of the models to be used for predictions. The test set
is used for checking the accuracy of the predictions. The performance assessment
is based on the study of the residuals on both the training and the test sets. An
advantage of this method is that it emphasizes the predictive aspect of the model

selection.

2.4.1 Preprocessing

Generally speaking, all real data are contaminated by noise. However, the noise ef-
fect may vary. For instance, the noise content from a typical ground vibration test in
aerospace industry is usually small and the majority is caused by the measurement
noise. On the other hand, in a flight flutter test, the amount of noise corruption due
to turbulence is often significant. Since the nonlinear time series models are very
sensitivity to noise, it is important to reduce the noise effects. In this study, we
apply a wavelet filtering!. ([14], Chapter 10), which uses a transform-based thresh-
olding working in the following steps:

1. Transform the noisy data into an orthogonal domain.

2. Apply soft or hard thresholding to the resulting coefficients, thereby suppress-
ing those coefficients smaller than a certain amplitude.

3. Transform back into the original domain.

The wavelet transform is based on a multiresolution analysis [7]. By multireso-
lution, a wavelet transform can be organized as a ladder of component stages, such
that each involves simply the application of digital filtering to certain discrete time
“signals”. Consequently, this leads to a fast and efficient orthogonal transform of
order O(N).

De-noising using hard and soft thresholding and orthogonal maximally decimated

wavelets transforms can cause certain visual artifacts, some of them due to the lack

1Gur C++ implementation of the wavelets filters is based on the Matlab programs of WAVE-
LAB, available online at http://www-stat.stanford.edu/ wavelab/.
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of translation invariance of the wavelet basis. To overcome these difficulties, we
apply translation invariant transformations [3]: the noisy signal is shifted, then de-
noised with wavelet thresholding and finally unshifted. The implementation of this
method over the range of all circulant shifts is of order O(N log, N).

Wavelet bases are not well-suited to representing signals containing sinusoidal
oscillations of moderate duration. Coifman and Meyer [4] have proposed local cosine
bases and Coifman, Meyer, and Wickerhauser [5] have introduced wavelet packets.
There are many orthogonal bases, a method of selecting the best basis that minimizes
a certain measure of the entropy is reported in [6] and [14], Chapter 8.

In addition to the de-noising step, the input data is transformed to the interval
[-1,1], and we work with the mean deleted time series. Moreover, we apply the
standard linearity, stationarity and gaussianity tests to the input data ([22], Chapter
5).

2.4.2 Simulated data

Data from a typical flight test usually include respounses from more than one mode
of vibrations, and they can be expressed as a combination of exponential and sine
functions. In Fig. 2.1 we display three discrete signals simulated according to the

formula
X, = e % gin (27t + 0.1sin (67t)) + €* sin (107t + 0.1 sin (47t)) , (2.13)

where the parameter o = —1,0,1 and the step 6t = 27 /128.

SIBULATED DATA

=) R
IDISCRRIE T E MNCOMN —IDINME NS ICOMNAL. T INES

Figure 2.1: Simulated data:-'(a = —1), - -'(a = 0),--"(a = +1)

It is clear that the differences between these data sets are small during the
24
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SINULATED DATA

Booo

HRISS TEEO Teos T He0,
[DISSCRIEETE MNCOOMN —IDINEENSICONAL. T EREES

Figure 2.2: Last 200 simulated data:’>’(a = ~1), - -’(a = 0),~.-’(a = +1)

initial states (i.e. the first 130 data points). However, their asymptotic behaviors
are quite different as shown in Fig. 2.2, and they correspond to a damped oscillation
(o = ~1), a limit cycle oscillation (@ = 0) and a divergent oscillation (o = +1).
The EXPAR models have been successfully applied to study nonlinear random
vibrations ([15]). Hence, it is natural to fit EXPAR models for this class of simulated
data. Indeed, using only the first 130 points in Fig. 2.1 to estimate the parameters
for the EXPAR model (2.7), we obtain a very accurate prediction of the nonlinear
response. In Figs. 2.3-2.5, we compare the simulated and the predicted signals for
the last 500 simulated data, from 1500 to 2000, for o = —1,0 and 1, respectively.
Despite the fact that it is difficult to guess the asymptotic state looking only at
the first 130 data points in Fig. 2.1, not only we are able to correctly classify
the oscillations as damped, limit cycle and divergent, but we also actually achieve
excellent long term predictions. The structural parameters used in equation (2.7)

are reported in Table 2.1.

o -1 0 1

P 28 18 28

vy 18.02 3.11 9.08
maxi<i<p i 0 1 0

Table 2.1: EXPAR model parameters for simulated data

To test the proposed nounlinear time series models with more realistic data, we
introduce an additive random Gaussian white noise in equation (2.13), such that

the signal to noise ratio is 5, and we generate data according to the formula:

X; = e % gin (27t + 0.1sin (67t)) + e* sin (107t + 0.1 sin (47t)) +e;,  (2.14)
25
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Figure 2.3: EXPAR prediction - -” and simulated damped oscillation -’(a = —1)
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Figure 2.4: EXPAR prediction - -> and simulated limit cycle oscillation -’(a = 0)
= = A i 3 4
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Figure 2.5: EXPAR prediction - -’ and simulated divergent oscillation *-’(a = 1)

STAULATED HOISY DATH

Figure 2.6:

SIRULATED ROISY DAT
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Figure 2.7: Last 200 simulated noisy data:’-'(a = —1), - 2(a = 0),--(a = +1)
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where again the parameter o = —1,0,1 and the step dt = 27/128. The differences
between these noisy data sets are small during the first 250 data points, but the
asymptotic states are very different (see Figs. 2.6 and 2.7).

The EXPAR model (2.7) fails to estimate the parameters when taking the noisy
data directly as training set. However, to overcome this difficulty, a de-noising based
on a local cosine base wavelet package is first applied to the noisy data. For the
limit cycle oscillation (o = 0), this leads to smooth initial data as illustrated in Fig.

2.8.

SIHULATED DATA

Z250

B0 1GO TS0 =TeYe3
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Figure 2.8: Clean (*-’) and filtered (’- -’) signals(a = 0, additive noise)
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Figure 2.9: Noisy (- -’) and predicted (’-’) signals (« = 0, additive noise)

Using the filtered data, the EXPAR model can accurately predict the long-term
nonlinear behavior. In Fig. 2.9, we compare the noisy and the predicted signal
for the limit cycle oscillation. Similar results are obtained for the noisy signals
corresponding to @ = —1,1. In all three cases the training set contains the filtered
observations from 126 to 250. The structural parameters are reported in Table 2.2.
Compared to the clean signals, we need more complicated models for the neisy
signals.

The same approach works well even if the noise is added within the sine function.

For example, Fig. 2.10 displays simulated data according to the formula

7, = e " sin (21t 4 0.1 sin (67t)) + €’ sin (107t + ¢;) (2.15)
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o -1 0 1

P 16 16 14
¥ 24.18 21.5 7.35
maxi<i<p Ti 4 3 0

Table 2.2: EXPAR model parameter for noisy simulated data

where e; is Gaussian white noise such that the signal to noise ratio is again 5.
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Figure 2.10: Simulated data with non-additive noise (o = 0)
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Figure 2.11: Clean (-’) and filtered (- -’) signals(o = 0, non-additive noise)
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Figure 2.12: Noisy (- -’) and predicted (*-’) signals(e = 0, non-additive noise)

In Fig. 2.11, we compare the clean signal and the filtered signal. In formula
(2.15) the Gaussian noise is not additive and comparing Fig. 2.8 with Fig. 2.11,
we notice a slightly better performance for removing the additive noise in formula
(2.14). The performances of the implemented de-noising algorithms determine the
goodness of the fit. The predictions are compared to the noisy signal, in Fig. 2.12.
The training set contains again the observations from 126 to 250, v = 6.1, p = 15

and we use a model (2.7) with polynomials of degree 3.
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2.4.3 Simulated aeroelastic data

Now, we apply the non-linear time series models to an aeroelastic system with
structural concentrated nonlinearities. The mathematical model associated with
a two-degree-of-freedom airfoil oscillating in pitch and plunge is expressed by a

nonlinear system [13]:

~ ~ 2
" ” [V ] w 1
§ +Ta0 + el + (—) G(€) = ——Ci(t)
CU 1L7 , (2.16)
Ty " a ! _
‘7%'6 + o +2U*a +U*2M(a)_7rﬂ,7‘gCM(t)

The plunging deflection is denoted by &, and « is the pitch angle about the elastic
axis. G(£) and M (a) are the nonlinear plunge and pitch stiffness terms, respectively.
Cr(t), Cu(t) are the lift and pitching moment coefficients, and they are expressed
by integral terms for the subsonic flows. By introducing four new variables, the

integro-differential system (2.16) can be reformulated [13] as
X, = AX; + F(X,), (2.17)

where A is the matrix containing the system coefficients, and F' is a nonlinear
. 7 !
function, X = [o,a,&, &, w,ws, ws,ws]’, where wy, wa, ws, wy are the four new

variables being introduced to eliminate the integral terms due to Cr(t) and Cp(t).

The nonlinearities in the function F' are resulting form the nonlinear plunge and
pitch stiffness term. For a cubic spring model M(a) = B,a + Basa®, where 3, and

B3 are the spring constants. For a freeplay model, M («) is given by

Mo+ o — oy o< oy,
M(a) = My + My(o — o) ap <a<ap+d, (2.18)
My+oa—~ar+06(M;—1)  a>ap+§,

where My, 0, ay, and M; are the freeplay constants. Similar expressions can be

obtained for G(£) by replacing o by £ in the above formulas.
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In order to demonstrate the effectiveness of the nonlinear fime series models,
we present results for two case studies. In each fest case, the data set is generated
by solving the eight dimensional nonlinear ODE system (2.17) using a fourth-order
Runge-Kutta time integration scheme. The system parameters are chosen so that
the aeroelastic responses correspond to LCO. A typical input data consists of the
150-400 transient observations. The majority of these input data is used as training
set, and the remaining data constitutes the test set. In the following figures, the -
axis displays the non-dimensional time and the y- axis the pitch angle measured in

radians, or the non-dimensional plunging deflection.

Cubic spring model

In Figs. 2.13-2.14, we display the pitch and the plunge motions for the aeroelastic
system with cubic springs applied to both G(£) and M(«). In order to investigate a
more realistic test case, we add an extra white noise with variance 0.053 and 0.082,
respectively. Figs. 2.13-2.14 show also the noisy data with the signal-to-noise ratio

5 (the dot-dashed signals).

Tooo

o0 Ao === =T=T=1
DISCRETE MNON-—DIME NS ICOMNAL. T NS

-’ clean, ’-.-’ noisy

i

Figure 2.13: Cubic spring model, pitch motion:
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Figure 2.14: Cubic spring model, plunge motion: -’ clean, ’-.-’ noisy

The EXPAR-models can be applied directly to the clean signals shown in Figs.
2.13 - 2.14. In order to obtain accurate predictions for the noisy signals, we first

perform a de-noising procedure in the preprocessing step. In Fig 2.15, we compare
30
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Figure 2.15: Cubic spring model: -’ clean and ’- -’filtered signals

the clean signals (solid line) with the de-noised signals (dashed line) using the cosine
bases filters. Without giving any information about the structure or the parameters

of the associated aeroelastic system, excellent results are obtained applying these

filters.

Tooo
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Figure 2.16: Cubic spring model, pitch motion: ’-’ clean, *- -’ predicted
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Figure 2.17: Cubic spring model, plunge motion: ’-’ clean, ’- -’ predicted
b )

Using the filtered signals, we obtain the predictions displayed in Figs. 2.16-2.17.
For the pitch angle ¢, the training set is taken from n = 75 to n = 274 and the
prediction starts at n = 275 (see Fig. 2.16). For the plunging motion, the training
set is taken from n = 75 to n = 229 and the prediction starts at n = 230 (see Fig.
2.17). For both case studies, we fit the EXPAR models (2.7) with polynomials of
degree 4 and vy = 16.9, p = 16, for the pitch, and vy = 32.62, p = 5, for the plunge,
respectively. We notice that even for these noisy signals, the amplitude and the
frequency of the LCO are correctly predicted. Excellent predictions are observed

when the EXPAR models are applied using the clean data given in Figs. 2.13 - 2.14.
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Freeplay model

In Figs. 2.18 - 2.19 (solid line), we display the initial time history for the pitch
and plunge motions corresponding to an aeroelastic system with a freeplay in M (o)
and a linear spring in G(£). The asymptotic state is again a LCO. The aeroelastic
response is more complex compared to the first example. The first 375 observations
represent the transient of the plunge and pitch motion. In Figs. 2.18 - 2.19 (dot-
dashed line), we also display the data corrupted with white noise with variances

0.078 and 0.25, respectively (the signal-to-noise ratio is 5).

200 Ao SO CieTs]
IDISSCRRIETE MNOMN—IDINMEDNNSSICONAL. TIRIES

LI

Figure 2.18: Freep

—z= 4

lay model, pitch motion: -’ clean, ’-.-’ noisy
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Figure 2.19: Freeplay model, plunge motion:
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Figure 2.20: Freeplay model, pitch motion: ’-’ clean, ’- -’ predicted

Firstly, we fit the EXPAR models for the clean signals shown in Figs. 2.18 - 2.19.
The EXPAR models are selected with polynomials of degree 3, v = 16.3, p = 16
and the training set from n = 40 to n = 219 for the pitch, and v =111, p = 8 and
the training set from n = 70 to n = 219 for the plunge. In Fig. 2.20, we display the

results for the simulated pitch motion (solid line) and the predicted motion (dashed
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line). The predictions are excellent and they begin at n = 220. The results for the

simulated plunge motion are similar.
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Figure 2.22: Freeplay model,noisy pitch motion: -’ clean, '~ -’ predicted
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Figure 2.23: Freeplay model, noisy plunge motion: ’-’' clean, - -’ predicted

Since the predictions for the clean signals are very accurate, we now consider the
noisy data given in Figs. 2.18 - 2.19. For the pitch data, we first apply a de-noising
procedure using a translation invariant hard thresholding with the Daubechies or-
thogonal wavelets. For the noisy plunge data, we apply a local cosine-bases de-
noising. In Fig. 2.21, we compare the clean signals (solid line) with the filtered
signals (dashed line). Using the de-noised signal for the pitch data, we fit an EX-
PAR model with polynomials of degree 3, v = 11.89, p = 20 and training sets from
n = 40 to n = 294. For the corresponding de-noised plunge data, we fit an EXPAR
model with polynomials of degree 3, v = 42.1, p = 20 and training sets taken from
n = 105 to n = 294. The predictions, starting at n = 295, are displayed in Figs.
2.22 - 2.23. Compared to the results obtained for a clean signal (Fig. 2.20), the

predictions are less accurate. Thus, the goodness of the fit is sensitive to the signal-
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to-noise ratio. However, the predicted frequencies and amplitudes of LCOs are in

good agreement with the simulated data.
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Figure 2.24: Freeplay model,4'® order difference
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Figure 2.25: Thresholds for the freeplay model

The EXPAR models do not require any information about the threshold struc-
ture of the freeplay nonlinearity. However, from the study of the fourth order dif-
ferences of the data for the pitch motion, we notice periodically changes in the
dynamics of the model (see Fig. 2.24). This is caused by the non-differentiability
of the function M () near the switching points. The values corresponding to the
peaks shown in Fig. 2.24 are plotted in Fig. 2.25. Indeed, these values correspond
to the exact locations of the switching points in the freeplay model, where o = .25
and o = .75 in the present case study. Thus, for a clean signal, from studying the
differences, we can determine whether we have a freeplay nonlinearity and we can
also estimate the thresholds.

Since the Gaussian noise is non-differentiable, the study of the differences is not
very helpful for a noisy signal. To find the thresholds, we perform an exploratory
data analysis as presented in Section 2.3. Hence, we estimate the conditional means
m;(z) = E(X,|Xny;) and the conditional variances v;(z) = VAR(X,|Xo1j), § =
—80,—-30,—-20,—18,~8... — 1, using an non-parametric approach (see equation
2.12).

Fig. 2.26 shows the results for the non-parametric lag-regressions estimates
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Figure 2.26: The non-parametric lag-regression estimates of the conditional mean
mj(z) = E(2n|2Zn44) as a function of 2. The values of 'j' are shown in parentheses.
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Figure 2.27: The non-parametric lag-regression estimates of the conditional variance
9;(z) = VAR(2y|2n4;) as a function of z. The values of 'j are shown in parentheses.
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hj(z). The values of = and 7n;(z) are represented on the z and the y axes, respec-
tively. We notice a gradual shift from an almost linear function to a curve with
two main inflexion points back to an almost linear function. The inflexion points
are approximately at (.25 and 0.75. Thus, they corresponds to the values of the
thresholds. They are visible first for the values of j arcund —5, —4. Hence, the
delay parameter for the SETAR model can be d = 4 or d = 5 (we have tried both
values and obtained similar results).

The non-parametric estimates of the variances ©;(z) give the same informations
about the threshold structure. In Fig. 2.27, the values of z and V;(z) are represented
on the r and the y axes, respectively. The thresholds are most transparent for
j = —1, when we have a two-hump curve with the turning points at 0.25 and
0.75. The rest of the pictures shows two-hump curves or one-hump curves with the
inflexion points around 0.25 and 0.75.

To improve our nonlinear prediction, we implement the threshold structure into
the nonlinear time series model by combining the SETAR, and the EXPAR models.
We use an EXPAR model (2.1) for the first region, and extended EXPAR models
(2.7) with polynomials of degrees 3 and 2, respectively, for the other two regions.
The results are very similar to those displayed in Figs. 2.22 - 2.23, but the model

becomes more complicated.

2.4.4 Experimental aeroelastic data

With the success obtained for the simulated aeroelastic data, we investigate the
performances of the EXPAR models for experimental wind tunnel data? recorded at
the Texas A&M University. We consider two case studies, one cotresponds to a LCO
(data from the file DN04J.dat) and the other corresponds to a steady state (data
from the file DN0O4A.dat). The mathematical model associated with the experimen-
tal data contains a nonlinear spring stiffness term, approximated by a fourth order
polynomial [11]. Since the noise effect is not too severe, no de-noising procedure is

necessary when fitting EXPAR models.

2The data are available online at http://aerounix.tamu.edu/aeroel.
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The results for the LCO case are displayed in Figs. 2.28 and 2.29 for the pitch
and the plunge motions, respectively. For the pitch motion, we fit an EXPAR model
(2.7) with polynomials of degree 3, p = 18 and v = 46.1. The training set contains
the observations from n = 100 to n = 349, and the prediction starts at n = 350. For
the plunge motion, the prediction starts at n = 350, but the iraining set contains
only the observations between n = 200 and n = 349. In the EXPAR model (2.7)
polynomials of degree 3 are employed with p =12 and v = 43.1.
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Figure 2.28: Experimental LCO: -’ pitch motion, - -’ EXPAR prediction
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Figure 2.29: Experimental LCO: -’ plunge motion, - -> EXPAR prediction

From the first 350 transient observations, the prediction leading to an LCO is
not obvious. However, the results presented in Figs. 2.28 and 2.29 demonstrate that
the fitted EXPAR models are capable to provide excellent long term predictions for
the pitch angle and the plunge displacement.
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Figure 2.30: Experimental damped oscillation: ’-’ pitch motion, ’- -> EXPAR pre-
diction

Now, we present the results obtained for the pitch motion when the aeroelastic
38
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system exhibits a steady damped oscillation. For the plunge motion, the quality of
the prediction is similar and they are not reported here. The predictions (dashed
line) starting at n = 410 and the measured signal (solid lines) are compared in Fig.
2.30. In this model, polynomials of degree 1 are used with v = 0.1 and p = 2.
The training set contains the observations correspending to n = 260 to n = 409.

The EXPAR model is capable of providing accurate predictions of the damped

oscillations.
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Chapter 3

Nonlinear State-Space Models

3.1 Introduction

In this chapter, we propose an alternative approach to the nonlinear time series
models. Many mathematical models corresponding to aeroelastic systems are based
on nonlinear ordinary differential equations (ODE) that can be expressed in a state-
space form. Here, our approach is based on the state-space form of the associated
aeroelastic models. For aeroelastic systems with polynomial or freeplay nonlinear-
ities, we compare the performances of the unscented filter (UF) [10] against the
extended Kalman filter (EKF) ([7], Chapter 9). Not only are these filters used for
noise removal, but they also can be employed for estimation and prediction.
Generally speaking, the implementation of nonlinear time series models is an
illustration of Takens’ [24] remarkable theorem which proves that for almost any
deterministic nonlinear system with a d dimensional space, the state can be effec-
tively reconstructed by observing 2d + 1 time lags of its outputs. Hence, instead
of building a state-space model, we can construct an autoregressive model directly
on the observations that nonlinearly relates the previous outputs and the current

output. The main advantage is the possibility to work with only one dimensional

The material presented in this chapter was previously published in [18], [19], [20]
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signals. However, unlike the noise-free case of the Takens’ theorem, when the dy-
namics are noisy, the optimal prediction of the observation would depend on the
entire history of past observations. Any truncation of this time history could throw
away potentially valuable information about the unobserved state. The state-space
formulation of nonlinear dynamical systems allows us to overcome the limitations of
the nonlinear autoregressive models. The price needed to be paid is that it requires
more informations regarding the nature of the nonlinearities.

Kalman estimators have a long history in the study of aeroelastic phenomena
[14]. The EKF was often applied as a real-time parameter identifier. For example,
Roy and Walker [22] use the EKF to improve the estimation of the damping for
identification of the flutter stability; Block and Strganac [5] use Kalman estimators
with a linear quadratic regulator to control the plunge and pitch motions of a wing.

The UF was introduced by Julier and Uhlmann [10]. This filter does not require
the calculation of the Jacobians, and it is computationally at most as expensive as
the EKF. Thus, the UF can be applied for continuous non-differentiable nonlinear-

ities such as the freeplay model.

3.2 The Filters

Consider a general nonlinear discrete system

Trps1 = fTh, U] + Vi1,
(3.1)

Ykt = h{Tri1, Upy1] + Weyr.

Here f[-, -] is the process model, z;, is the state of the system at the k-time step, u;, is
the input vector, yy is the observation vector, hl[-, -] is the observation model, vy, is the
noise process and wy, is the additive measurement noise. We assume that the noise
vectors, vy and wy, are Gaussian and from uncorrelated white sequences: E[v;] =
Elwy] = 0, for all k, and Efvvf] = 6;5Q;, Elww}] = 6;;R;, Elvswt] = 0, for all 4, j,
where 0;; is the Kronecker symbol. We use the notations Z; = E{z;|yy,..., 3] and

Ziv1 = EZiy1|¥1, Yo, - - -, yi] for the filtered and the predicted values, respectively.
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The corresponding conditional covariances are P, = E [(z; — %) (z: — Z:) v, - . ., 4]
and Pyy1 = E[(%ig1 — £i01)(@ip1 — $i01)* 4, - .-, %] The classical Kalman update

equations ([3], Chapter 4) at time k£ + 1 are

Tpr = Dpg1 + Gra1¥it1,

S 4 . .
Poii = Poy1 — G Py Gt

Here, Vgs1 = Yps1 — Dis1 is the innovation, P, +ivq 18 its conditional covariance
and Gpy = pmk " HPI;L%H is the Kalman gain. With this updating scheme,
the remaining problem is to determine the optimal predictions £, and Pk+1. In
the linear case, the Kalman filter calculates these quantities exactly. For nonlinear

models, both the EKF and the UF require approximations of these quantities.

3.2.1 The Extended Kalman Filter (EKF)

For the EKF, we suppose that the estimated mean Z; is approximately equal to the

true state zp, and then

Err1 = f(Fr, Urs1)- (3.2)

Similarly, the predicted observation is given by
Jrsr = M(Eps1, Ups1)- (3.3)

The covariances are then determined by linearizing the equations (3.1) using Taylor

series expansions and neglecting the second and higher order terms:

5 of ,_ .5 0f° _

Py = é(ﬂﬁk)f’ké (Zk) + Qe (3.4)
5 oh,, . Okt
Vb1Vl T B;(mkﬂ)PkHa; (Zt+1) + Rppr- (3.5)

The cross-covariance is given by

A ~  Oh', .
P$k+1?1k+1 = Pk-i—lb‘; (£r11)- (3.6)
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Since the estimates in (3.2)-(3.6) are based on a first order approximation of the
nonlinear terms, the EKF is generally sub-optimal for nonlinear systems. However,
second order versions of the EKF can be developed, but they are usually computa-
tionally expensive.

Based on the available observations ¥ ...yy, smoothed values z)¥ = E[z;|y
...yn] and PN = B[(z; — z) (z; - a:;"’)t ly;...yn] can be calculated. Using the

linearized system

Tor = F (B wper) + O (F) (@ — B) + i,
o (3.7)

9)
_ oh, _
Yk = h(Zk, up) + ég(xk)(xk — T) + wy,

we have the following backward recursions

Th 1 = Tyt + Jp—t(zf — Bi), (3.8)
PY, =Py + Hao(BY - By, (3.9)
where
_ Of t _ A1
Je1= Pe15- (Te-1) Py (3.10)

3.2.2 The Unscented Filter (UF)

Both the EKF and the UF approximate the state distribution with a Gaussian
one. However, instead of using the EKF linearization approach, the UF employs
a deterministic sampling. The sample points completely capture the true mean
and the true covariance. In contrast to the first-order accuracy of the EKF, the
UF is capable to accurately capture the true posterior mean and the covariance
up to the third order for a nonlinear system. Moreover, the UF is computationally
attractive, it does not require the calculations of the Jacobians, and it can be applied
to aeroelastic systems with structural nonlinearities given by freeplay and hysteresis
models.

In order to state the UF equations, let us define the 2n-dimensional augmented

state vector X¢ = (zf,vf.,)", where n is the dimension of the state space, and
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denote F[(z}, vf, 1)t uer1] = Fle, tpsr] + Vs and H{(zf, wi)’, we] = hlzg, ue] + wy.

For the UF filtering algorithm, the following steps must be carried out [8]:
1. Compute the set of the translated sigma points from the augmented covariance

matrix ]3,;‘

0%(k{k) ¢ 2(n + n) rows or columns from = 4/(2n + v)Pg,
Xﬁ(klk) = X;:J
xi(k|k) = o} (k|k) + X5

2. Evaluate x;(k + 1]k) = F[x;(klk), ug41), for i =0,...,4n.

3. Compute the predicted mean as

4in
1 1
Tp1 = {7X0(k+1|k)+—2Xi(k+1lk)}-
+7 2

2n

4. Compute the predicted covariance as

_ 1
T 24y

4
i=

Pt {vIxo(k + 1|k) — Zp41][x0(k + 1|k) — Zp4a]’

5 D bulh 1) Bl + 19~ )

5. Predict the expected observation §z,1 and the innovation covariance P, ., .,

using similar formulas and Y;(k + 1{k) = H{x;(k + 1|k), ue41)-

6. Predict the cross-correlation matrix By, , ., using Y;(k+1]k) and x;(k+1[k).

Using the multi-dimensional Taylor series expansions, it can be shown that the new
filter estimate the mean and the covariance exactly up to the third order terms (see
Theorem 2 in [8]). Choosing v = 3 — 2n we minimizes the difference between the
moments of the standard Gaussian and the sigma points up to the fourth order
([8])- Thus, without calculating the Jacobians or the Hessians, we can get the same

order of accuracy as the Gaussian second order filter [2]. Furthermore, Julier and
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Ublmann have extended the algorithm to manipulate even higher order properties
of the distribution [9].
Now we present a method to obtain the smoothed values z¥ and P, k =

1,...,N. Notice that, for the linearized system (3.7), we have

_ ) _oft
Priops = El(zx — Zx)(Zr41 — Eper)lTe, . ] = Pk'gii (Z)-

Thus, using (3.10), we get
Jr = ka%+1plc_4-117' (3.11)
Hence, the unscented smoothing algorithm can be described as follows

1. Similarly to the UF, compute the set of the translated sigma points from the

augmented covariance matrix Pg

0%(k|k) < 4n rows or columns from =+ 4/(2n + v)Pg,

XO(k|k) = XI?7
xi(k|k) = of (k[k) + X5

2. Evaluate x;(k + 1jk) = Fx;(k|k), ug41), for ¢ =0, ..., 4n.
3. Compute Zp11, Pey1, Trs1, and Pk+1 using the UF.

4. Compute

P,

TpThi1 o +
4n

2 TxlklB) — Bl 1K) ~ o)

i=1

{7Ixo(kik) — Zx)xo(k + 1]k) — Zpia]*

5. Compute xy, PN, Ji starting with & = N and using the backwards recursions

given in (3.8), (3.9) and (3.11).

The recursions (3.8) and (3.9) are based on the linearization. Thus, unlike the UF,

this smoothing method is dependent on the accuracy of the approximation with the
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linearized system (3.7). However, compared to the EKF smoothing, it still has the

advantage of not requiring the calculation of the Jacobians.

3.2.3 Comparisons

To examine the effectiveness of the EKF and the UF, we apply both methods to data
generated from numerical simulations. We consider a two degree of freedom airfoil
oscillating in pitch and plunge, according to the model expressed by the system of
ODEs given in equation 2.16. We simulate a chaotic aeroelastic response [12] of an

oscillating airfoil with cubic restoring forces in the pitch and plunge:

M(a) = Bye + Busc?,
G(€) = Bek + Bes,

with the spring constants f, = f¢ = 1, 8,3 = 50 and B¢ = 0.01.

A fourth order Runge-Kutta scheme was employed to solve the equivalent ODEs
system given in equation 2.17. The two filters were implemented in discrete time
starting from the same initial guess. We suppose that the coeflicients of the system
are known, but only a few transient values of o and & are observed. Hence, the
observations space contains only the noisy observations for the plunging deflection
¢ and the pitch angle a. The discrete form corresponding to the system (2.17) is
given by

Tre1 = f(ao, Tk) + Vet
10 ...0
Yry1 = Tr1 + What,
1 ... 0
where ag is a constant vector containing the values of the parameters. Here, z;, is an
eight dimensional vector corresponding to X in (2.17), and y is a two dimensional
vector corresponding to the noisy observations for the plunging deflection and the
pitch angle. The noises vp11, w41 are as in the general description (3.1), and f is

a polynomial function. The dimension of the state space is 8 and the dimension of
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the observation space is 2.
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Figure 3.1: Pitch motion: the noisy (..), clean (-), smoothed and predicted signals

using the EKF (.-.) and

the UF (- -)
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Figure 3.2: Plunge motion: the noisy (..), clean (-), smoothed and predicted signals

using the EKF (.-.) and the UF (- -)

The results presented in what follows are obtained by averaging one hundred

Monte Carlo trials. The performances of the two filters are compared on the basis

of the mean square error, and the UF and EKF estimated covariance matrices.

Figs. 3.1 - 3.2 show the pitch and plunge smoothed and predicted values gener-

ated by the EKF and the UF, respectively. The original noisy time series has signal

to noise ration SNR=3. The predictions start at n = 500. Both graphs indicate

that the UF produces more accurate smoothed values than the EKF. However, the

accuracy of the predictions for these chaotic signals is comparable for both filters.

In Figs. 3.3 - 3.4, we compare the mean square estimation errors (MSEs) es-
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Figure 3.3: Pitch motion: the EVARSs for the UF (- -) and the EKF (..) compared
with the MSEs for the UF (-) and the EKF (.-.)
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Figure 3.4: Plunge motion: the EVARs for the UF (- -) and the EKF (..) compared
with the MSEs for the UF (-) and the EKF (.-.)

timated using the UF and the EKF (i.e. the diagonal elements of P;) with the
variances (EVARs) estimated using the Monte Carlo simulations. We notice that
the EVARs corresponding to the UF is considerable smaller than the one corre-
sponding to the EKF for both the pitch angle and the plunge deflection. Moreover,
the values of the MSE and the EVARs corresponding to the UF are similar, but
the EVARs are larger than the MSEs for the EKF. The UF smoothing mean square

errors and the variances are compared in Figs. 3.5 - 3.6, and we observe again that

the values are very close,

In conclusion, the UF estimates its mean square errors accurately and thus we

can be confident in the filter estimates. The results for the EKF are less accurate,
51
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Figure 3.5: Pitch motion: the EVARs (-) and the MSEs (.-.) for the UF smoothing
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Figure 3.6: Plunge motion: the EVARs (-) and the MSEs (.-.) for the UF smoothing

and they tend to underestimate the mean square errors.

3.3 The UF and the EKF as parameter estimators

In this section, we consider aeroelastic models that can be expressed in the discrete
state-space form (3.1), with A a linear function and f a polynomial or a continuous
piece-wise linear function. Supposing that the parameters of the system are un-
known, and only a few transient observations yi, ..., yn are recorded during a wind
tunnel test, we are interested in estimating the parameters of the system. Then,
using the estimated values, we determine long term predictions for the state vari-
able z,. Here, we present two methods using the UF or the EKF as parameter

estimators.
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First, the state space is augmented to include the system parameters:

Tr+1| flze, ax] Uk+1
B @ |’
Qg+ O Y1

Ye+1 = h[$k+1> ak+1] + Wey1

Here, gy is the vector formed with the parameters of the system at time k, and vg41,
U,(le, and wy; are uncorrelated Gaussian white noises. The EKF or the UF can be
directly applied to the new system, and together with the filtered values Z;, we can

estimate the parameters ay.

After applying the filter to the given noisy observations, we use the predictor
to study the asymptotic behavior. We fix the parameters to be the last values
estimated using the filter ag = a@y. For the predictor, we have the following state-

space formulation:

T :f(:ck,a)+vk 1
k1 0 + (3.12)

Yer1 = h[Ze41, ag] + Wry1.

Under the detectability and the stabilizability hypotheses for the linear Kalman
filter, the effects of the initial guesses are forgotten for a sufficiently large number of
data, and the computations are stable ([1]). Unfortunately, it is difficult to extend
these results to the nonlinear case. Even as a linear dynamics parameter estimator,
the EKF can have convergence problems [13]. When estimating nonlinear dynamics,
the convergence of the EKF or the UF depends on the initial guess. A general result
for the convergence of the EKF is given in Theorem 4.1 in [21]. Provided that the
initial estimation error is small enough, this theorem establishes sufficient conditions
for the estimation error to be bounded. Thus, although it can produce very accurate
predictions, the estimation method based on EKF or UF requires an extensive filter

tuning.

Next, we consider a dual method by running simultaneously two filters, one

for the state variable z; and the other for the parameters a,. The state-space
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representation for the state variable is (3.12), and for the parameters is

— 2
Gp+1 = O + Vg1

(3.13)
Yr+1 = h(ak-;-l, $k+1) + Wey1.

At each time step k, the current estimate I is used in the EKF or UF which
corresponds to the system (3.13). Then, the EKF or UF current estimation a
replaces the vector aq in (3.12).

The dual EKF has been used for estimating linear dynamics [17]. For the non-
linear case, various dual combinations of the EKF and the UF have been compared
and better performances of the UF are reported [26]. However, no theoretical proof
of the unconditional convergence is known. From our experience, the results are also
strongly dependent on the initial guess. In what follows, we present results obtained
using the previous two methods applied to numerically simulated and experimental

data.

3.3.1 Simulated aeroelastic data

We consider the same simulated data as described in Section 2.4.3. Comparing the
performance with the results obtained using nonlinear time series models, we obtain
a better assessment of the parameter estimation methods based on the EKF or the
UF.

Cubic spring model

Now, we apply the UF directly for the noisy data shown in Figs. 2.13, 2.14. The
training set contains data from k& = 1 to k = 250. In order to check the performance
of the UF, we run a Monte Carlo simulation. After tuning the filter, we apply the
filter to 50 different sets of data simulated using the clean data given in Figs. 2.13
and 2.14, and additive white noise with variance 0.053 and 0.082, respectively (i.e.
similarly to the noisy data displayed in Figs. 2.13, 2.14 ). For the pitch and plunge

motions, the clean signal and the average of the filtered signal are plotted in Fig.
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3.7. The results of the filtering are comparable with the performance of the wavelet

de-noising reported in Fig. 2.15.

RSO - 2SO

S O
D ISCRFIETT BR MNCOMN—EPENAEEMN S IO NNAL. TINES

Figure 3.7: Cubic spring model: clean (-) and filtered (- -) signal with the UF
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Figure 3.8: Cubic spring model: EVARs (-) and the UF MSEs (- -)

In Fig. 3.8, we present the estimations of the mean square errors (MSEs) cal-
culated using the UF, together with an estimations of the same variances (EVARs)
using the Monte Carlo simulations. We have plotted only the results for the pitch
motion since the results for the plunge motion are similar. We notice that the per-
formances of the filter are excellent, the UF estimations of the variances are very
accurate. Thus, the filter can be regarded to perform good predictions.

The results of the predictor are reported in Figs. 3.9-3.12. We observe that the
long term predictions are accurate, not only for the plunging and pitching motions,
but also for their derivatives (hidden variables). For the pitch and the plunge mo-
tion, the predictions are similar to the results obtained using EXPAR models and
displayed in Figs. 2.16-2.17.

The UF can be used also to predict the divergent signals. To illustrate this, we
generate noisy divergent signals corresponding to the pitch and plunge motions. The

signal corresponding to the pitch motion is displayed in Fig. 3.13 (dots). Since the
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Figure 3.9: Cubic spring model pitch motion: clean

using UF
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3.13: Unstable oscillations of the pitch angle (..) and the UF prediction -’
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results for the plunge are similar, we present only the predictions obtained for the
pitch angle. The training set contains the first 294 observations (dots). Looking only
at this transient data, it seems that the asymptotic state of the system might be a
LCO. However, the UF accurately predicts the long term behavior of this divergent
system. The filtered signal (solid line, ¥ = 1 to k = 294) and the predictions (solid
line, £ = 295 to k = 1500) for the pitch motion are displayed in Fig. 3.13.

Freeplay model

As in the cubic spring case, we apply the UF directly to the noisy data displayed in
Figs. 2.18 and 2.19, and we perform again a Monte Carlo simulation. The training
set contains data from k& = 1 to k = 295. For the pitch angle and the plunge
displacement, the clean signal and the average of the filtered signal are plotted in
Fig. 3.14. Fig. 3.15 displays the average of the variance calculated using the UF
(MSEs) together with the estimations of the same variance using the Monte Carlo

simulations (EVARs).

< TES R Eos < oo =SS Eoes
DOISCCRET B PECON—EIMNMEINSS ICOMNAL. T INE

Figure 3.14: Freeplay model: clean (-) and filtered (- -) signal with the UF

Here, the UF is dealing with a continuous piece-wise linear function. Despite
the fact that this function is not differentiable, the performances of the filter are
excellent. Moreover, if we compare the results displayed in Figs. 2.21 and 3.14, we
notice that the UF is better than the wavelet filters.

The results of the predictor are presented in Figs. 3.16-3.19. We see that the
long term predictions are very accurate, not only for the plunging deflection and
the pitch angle, but also for their derivatives (hidden variables). The results are
better than those obtained using the EXPAR models and the noisy signals. They

are comparable to the results for the clean pitch motion, shown in Fig. 2.20. Thus,
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Figure 3.15: Freeplay model: EVARs (-) and the UF MSEs (- -)
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Figure 3.16: Freeplay model, o: clean ’-’ and predicted - -’ signal using UF

=3 ZRE SO0 T oo
DISCRET B FNCOMN — (I EENSICOMNAL. TTEINME

Figure 3.17: Freeplay model, «': clean ’-’ and predicted ’- -’ signal using UF
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Figure 3.18: Freeplay model, &: clean ’-’ and predicted ’- -’ signal using UF
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Figure 3.19: Freeplay model, £: clean -’ and predicted - -’ signal using UF
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the UF is less sensitive to the signal-to-noise ratio, but we need extra information

concerning the structure of the nonlinearities in order to implement this method.

3.3.2 Experimental data

Now, we compare the results obtained using the UF or EKF, with those obtained
using EXPAR models and reported in Section 2.4.4. In order to apply the UF or the
EKF as parameter estimators and predictors, we consider the state-space form [11]

of the following mathematical model which corresponds to the experimental data:

I

k 0 ~L
) , ¢ ‘| = (3.14)
mzgb I, o 0 cof | 0 ko) | M

m  mTab " e 0
€+£ 3

The term k,(cr) denotes the nonlinear spring stiffness associated with the pitching

motion, and it can be approximated by a polynomial [11].
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Figure 3.20: Experimental damped oscillation: ’-’ pitch motion, ’- -’ the UF predic-

tion

First, we present the results obtained for the pitch motion when the aeroelastic
system exhibits a steady damped oscillation {data from the file DNO4A.dat). For
the plunge motion, the quality of the prediction is similar and it is not reported
here. In the UF approach, the training set contains the observations from & = 160
to k = 409. The measured signal (solid lines), the filtered signal (dashed lines,
k = 160 to k = 409) and the predicted signal (dashed lines, £ = 410 to k = 900) are
displayed in Fig. 3.20. The results obtained using an EXPAR model are slightly
more accurate (see Fig. 2.30), but the UF also gives a correct prediction for the
asymptotic state of the aeroelastic system.

We also compare the results obtained with the EKF against those obtained
59
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Figure 3.21: Pitch motion: experimental data -, filtered data using the UF "x-’ and
the EKF ’5;’
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Figure 3.22: Plunge motion: experimental data ’-’, filtered data using the UF ’x-’
and the EKF - -

with the UF for the LCOs displayed in Figs 2.28 and 2.29. First, the state space
is augmented with the parameters, and the EKF or the UF are used as learning
algorithms on the training set (see Figs. 3.21, 3.22). Then, the parameters are

fixed, and the filters are used for predictions (see Figs. 3.23, 3.24).

The training set contains only the transient observations corresponding to { =
100 - 350. Both EKF and UF accurately predict the amplitude and the frequency of
the LCO, but the long term predictions produced by the EKF are slightly shifted (see
Figs. 3.23, 3.24). However, for the training set, the results obtained with the EKF
are slightly better than those corresponding to the UF. Since the goodness of the
fit depends on the initial guess, and thus on the tunning of the filters, it is difficult
to conclude which filter has the best performance. Nevertheless, for the aeroelastic

data considered here, both EKF and UF give reliable long-term predictions.

For the plunge motion, the long term predictions obtained using the dual EKF
and the dual UF are presented in Fig. 3.25. The results obtained for the pitch

motion are very similar. The training set contains the observations from ¢ = 100
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Figure 3.23: Pitch motion: experimental data -’, predicted data using the UF 'x-’
and the EKF ’- -7
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Figure 3.24: Plunge motion: experimental data ’-’, predicted data using the UF 'x-’
and the EKF '~ -

to t = 350. We run two filters in parallel, one for the parameters and the other for
the state variable. We notice that excellent results are obtained with both methods.
Looking at Figs. 3.25 and 3.24, we conclude that, in general, the accuracy of the
predictions for the dual method is comparable to the one obtained with the previous
method. However, the phase shift error in the predictions using the dual EKF is
reduced. This dual approach requires less tuning that the first method presented in

this chapter.
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Figure 3.25: Plunge motion: experimental data ’-’, predicted data using the dual
UF 'x-’ and EKF ’- -
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3.4 The EM algorithm

In this section, we consider a two degree of freedom airfoil oscillating in pitch and
plunge with either polynomial restoring forces or freeplay structural nonlinearities.
We consider mathematical models that can be expressed by the system of ordi-
nary differential equations 2.16 or 3.14. Now, we propose a method for parameter

estimation based on the expectation maximization (EM) algorithm [16].

The EM algorithm is especially useful when it is easier to calculate the likelihood
of the model using not only the observed data Y, but also the hidden data ¥j,;4. In
our case, only the pitch angle and the plunging deflection can be measured, but the
aeroelastic model involves also their derivatives. Hence the EM is based upon a data
augmentation scheme, such that the observed data are a mapping of the augmented
data Yops = m(Ygeg), where Yoy g = {Yobs, Yaia}- The algorithm starts with an initial
guess B for the unknown parameters and iteratively compute the estimation #*.
Each iteration consists of two steps: the expectation (E) and the maximization (M)

step.

Using the current estimation #, of the parameters, the E-step computes the con-
ditional expectation of the augmented data log-likelihood Q(816,) = Elog p(0|Yau,)|
Yons, On]. Sometimes an approximation is needed during the E-step. Then, to justify
the convergence of the algorithm, it is important to notice that, the negative of the

free-energy is maximized [16] with respect to the distribution component:
Qn1 = argmaxF(Q, 0r),
where
$(Q.0) = / Q(Yhia) log p(6|Youg)dYhia — / Q(Yhia) log Q(Yria)dYhia-
The M-step performs a maximization with respect to the parameters 8:

Opyr = arg max Q(016,).
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In term of ¥, the M-step can be expressed as:
Op+1 = arg max F(Qns1,0).

Hence, an approximation can be used in either the E-step or the M-step as long as
¥ is increasing.

The main advantage of using the EM-algorithm is the guaranteed convergence
([28]), [16]). However, depending on the initial guess, the algorithm can only con-
verge to a local maximum, and it is slower than the methods discussed in Section
3.3. Various strategies for choosing the initial guess are proposed in [4], and methods

for accelerating the convergence are presented in [15].

The EM algorithm is a classical method for estimating the parameters of linear
systems [23]. For a general nonlinear dynamics, the EM algorithm has been applied
using the EKF smoothing [6], and it has been used in conjunction with neural
networks [27]. The smoothing was done using the UF and an approximation based
on a neural network for the backwards dynamics. In the next two subsections, we
present the implementation of the EM algorithm for an aeroelastic system with

freeplay and polynomial restoring forces.

3.4.1 The freeplay model

Let us consider a two degree of freedom airfoil oscillating in pitch and plunge with
freeplay nonlinearities. The mathematical model is expressed by the system 2.16

and the nonlinearities are given by the formula 2.18.

Introducing four new variables, and taking into account the freeplay nonlinearity,

the integro-differential system (2.16) can be reformulated [12] as follows:

X, = AX;+ F if X,(1) < oy,
X,=BX;+ Fyif o < X4(1) < ap +3,
X, = AX; + F if X;(1) > a; + 6,
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where o and § are constants, and X(1) = a is the first component of the eight
dimensional vector X = [0, €, , &, w1, wa, w3, wa]'. Here, wi, wo, ws, wy are the four
new variables introduced to eliminate the integral terms Cy(¢) and Cy(t), A, B are
8 x 8 matrices, F;, 1 = 1,...,3 are eight dimensional vectors. Hence, we have three
linear systems that can be solved analytically. With a sufficiently small sampling

step 7, the solution can be expressed as

Xipr = A1) Xy + bu(7) if Xo(1) < oy,
Xpor = Ag(7) Xy + bo(r) if o < X,(1) < 05 + 6, (3.15)
Kiwr = A1(1) X + bs(7) if Xe(1) > .

Since in practice only o and £ can be measured, we associate with the system 3.15

the following linear discrete switching state-space system:

Tpt+1 = ASk+11;k + bSk..H + Uk+15 (3‘16)

yr, = Czp + wp, (3.17)
where S}, is a discrete random variable given by

1 if xk(l) < ay,
Sk+1 =92 if oy <zp(1) < a5 + 4,

3 if .'L’k(l) > 0.

Here, A;, 1 = 1,2, 3 are 8 x 8 matrices, Ag = Ay, b;, 1 = 1,2, 3 are eight-dimensional
vectors, ¥ = |a, &)t is the two-dimensional observation vector, zy is the eight-
dimensional state vector, vy ~ N(0,Qs,) and wg ~ N(0, R) are independent Gaus-
sian white noise vectors, (J;, 1 = 1,2, 3 are 8 x 8 matrices, K is a 2 X 2 matrix, and

C is the 2 x 8 matrix
100 ... 0

010 ...0

Suppose that we know ¢y and 6 (e.g. we determine the thresholds ay and g+ using
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the non-parametric method presented in Section 2.3 and illustrated in Figs. 2.26,
2.27), thus the values of the switching variable Sy are known. We also assume that,
conditional on S; = i, we have z; ~ N(y;,X;), for ¢ = 1,2,3. Hence, the unknown
parameters of the previous model are © = {A4;,b;, @;, R, s, £i,1 = 1,2, 3}. Once the
parameters are estimated, we can predict the future values of z;, ¢ = N+1, N42,. ..,

and we can then determine the asymptotic state of the aeroelastic system.

We estimate the parameters © using the EM algorithm. First, we augment
the data with the hidden variables z;, i = 1,..., N and we calculate the complete
log-likelihood:

log(L) = log P(x1,...,ZN, Y1, -+ YN, S15-- -, On) = log Pywlyn—1,- -, 41, 2w,
'7'T175N5"'7SI)+---+10gP(y1’$N7"'71.13‘31\/7"'751)+10gP(mN|$N——1J
.,ZBl,SN,...,Sl)+...+10gP(SE1|SN,,..,Sl)+lOgP(SN,SN_1,...,Sl).

Using the equations (3.16) and (3.17), we obtain:

log(L) = —5N In(2r) — %le(lRl) - %Z(yi — Cz)' Ry — Cz)

N
1
B 5 Zln(]QS,, ) - Z Asixi_1 - bsi)tQEil (:L'Z - Asiwi—l — bSi)
=2

1—2

1 1
- Eln(‘zsll) - 5(331 - /j‘sl)tzgll(xl - I‘le) + lOgP(SN: .- '751)'

The EM algorithm iteratively maximizes E = Eflog(L)|y1, ..., yn,S1 = 41,...,5 =
in). Using the previous formulas and tr(AB) = tr(BA), where ¢r is the notation for
the trace of a matrix, we get

N
E = ~5NIn(2r) ~ - log(|&]) ~ 5 Ztr (B (ynthh, = YnZpnC* — Cnvyy,

n=1

+0Pn6¢)1—5210g(|@,,|) Ztr {(Pa— A, Py — Pani A,

n=2 n—2
+ Ain Pa1 4], — Zanbi, = biyTh)y + AsyTnoywbi, + b3, Ty v AL + b3, 0)]
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1 1 -
~3 log(|1Zs ) — 5757’[2111(131 — i TSy — Ty, e )]

Here, P, = Elz,2tly1,. .., yn], Pan—1 = Elzpal iy, ..., yn], and zn = Elzy|
Y1,---,yn] are the smoothed values. They can be calculated using the Kalman
filtering and smoothing [23]. For the M-step, analytical update equations for the
parameters © can be found taking derivatives with respect to the parameters © in

the previous formula for £ [23].
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Figure 3.26: Pitch: clean data ’-’, filtered or predicted data using the UF '~ -’
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Figure 3.27: Plunge: clean data ’-’, filtered or predicted data using the UF ’- -

We apply the EM algorithm for the simulated noisy data displayed in Figs.
2.18, 2.19. The training set contains the first 300 observations, and is used for
parameter estimation. In Figs 3.26 and 3.27, we compare the clean signal with
the filtered signal (the first 300 observations) and the predicted signal (the last 700
observations). The amplitude and the frequency of the limit cycle oscillations are
accurately predicted. The results reported in Figs. 3.16 and 3.18 are slightly better
than those presented here, but the tuning required for the methods presented in
Section 3.3 is very extensive. Moreover, the results obtained using the EM algorithm

are more accurate than those obtained with the EXPAR or SETAR models displayed
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in Figs. 2.22, 2.23.

3.4.2 The polynomial model

Now, we consider the model 3.14 corresponding to a wing section with two degrees
of freedom and a control surface. The system of ordinary differential equations 3.14
can be rewritten in a state-space form [11]. Using the Euler integration scheme, the

associated discrete system can be expressed as:

D24 . O2x1
Tper = Axy + BX [xz(l),x,?;(l),xﬁ(l),xZ(l)]t+ bx + Vga1,

1000
Y1 = T41 + Wrt-
0100

Here z, = [0, €, a, €] is the state of the system at time step &, and yg1 = [o, €]
is the observation vector. We assume that the white noise vectors, v; and wy,
are Gaussian and from uncorrelated white sequences. The 4 x 4 matrix A, the
2 x 4 matrix B, the two dimensional vector b , and the two covariance matrices
corresponding to the noise vectors v, and w,, represent the unknown parameters of
the aeroelastic system.

The previous system has a nonlinear state equation. The EKF or the UF can be
used for filtering, smoothing and prediction. Moreover, for the E-step, the likelihood
and the conditional expectation of the likelihood can be approximated based on the
linearization of the previous system as presented in (3.7). The formulas are similar to
those reported in the previous section, but we have to use the EKF or UF smoothing
(see Section 3.2.2) to compute the conditional expectations z,y, variances P,, and
covariances P 1.

We illustrate the parameter estimation based on the EM algorithm for the ex-
perimental data recorded at the Texas A&M University. First, we consider the data
displayed in Figs. 2.28 and 2.29. In order to compare the learning algorithm with
the neural network approach in [25], the training sets are formed with the observa-

tions corresponding to &£ = 200 — 300. Looking only at the training sets, one may
67

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



PITCH ANGLE

~0. 15

800

Figure 3.28: Pitch: experimental data ’-’, predicted data using the EM algorithm
and the UF ’x-’ or the EKF ’- -’

g
0.0z HM

UNGE DISPLACEMENT

O OZ

Pl

800 1000

B50 DOO D50
DISCRETE NON—_DIMENSIONAL TIiME

Figure 3.29: Plunge: experimental data ’-’, predicted data using the EM algorithm
and the UF ’x-’ or the EKF - -’

guess that the signals may eventually decay to zero. However, both implementa-
tions of the EM algorithm accurately predict the LCO with the correct amplitude
and frequency. The results obtained using the EM algorithm with the UF or the
EKF smoothing are displayed in Figs. 3.28, 3.29. Practically no tuning was needed
to obtain these results. Thus, this method is an attractive alternative to a neural
network approach. Similar results are obtained using the transient observations cor-
responding to k& = 100 — 350 for training, as in Figs. 3.21 - 3.24. From the graphs
displayed in Figs. 3.28, 3.29, we notice the similarity of the results obtained using
the UF and EKF.

Finally, we present the results obtained using the EM algorithm and the UF for
the experimental data displayed in Fig. 3.30. These data have been also recorded
at the Texas A&M University (the file DN04F.dat). The training set corresponds
to k = 250 to k = 519 as indicated by the two vertical lines shown in Fig. 3.30. The
predictions (dashed lines) start at & = 520 and they are in good agreement with

the experimental data (solid lines). The results obtained for the pitch motion are
68
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Figure 3.30: Plunge: experimental data ’-’, filtered or predicted data using the EM
algorithm and the UF - -

similar and are not reported here.

In Fig. 3.31, we present the estimations of the likelihood corresponding to each
iteration of the EM algorithm. One attractive feature of the EM algorithm is the
monotonic increasing of the estimations of the likelihood, even for this nonlinear
case. In addition, this method is guaranteed to converge at least to a local maximum.
On the other hand, the results are still dependent on the initial guess and the
algorithm converges rapidly at the beginning, and then deteriorates with a slow

convergence.
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Figure 3.31: Estimation of the likelihood using the UF -’
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Chapter 4

Ergodicity in models with hidden

Markov switching

4.1 Introduction

In the previous chapters, we have discussed methods for parameter estimation and
prediction for nonlinear aeroelastic models. In this chapter, instead of a threshold
switching, we consider models with Markovian switching. We present two different
models with hidden discrete Markov switchings: one with mutually independent
observations, and the other with Markovian observations given the sequence of the
states of the hidden Markov switching. For both models, we study the ergodic
properties of the prediction filters corresponding to the hidden Markov models.

A HMM is formed by a hidden Markov chain {S,,n > 1} and a stochastic process
{Y,,n > 1}, with distributions depending on {S,,n > 1}. Usually, the hidden
sequence {S,,n > 1} is a finite homogeneous Markov chain, and the observations

{Y,,,n > 1} are mutually independent given the sequence {S,,n > 1}.

Example 4.1 An example of a HMM is a model ([12]) with observations {Y,,n >

The material presented in this chapter was submitted for publication in [14]
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1} of the form
Y, = h(Sn) =+ Vn:

where {V,,n > 1} is a Gaussian white noise sequence independent of {S,,n > 1},
with symmetric and positive definite covariance matrix D, (i.e. V, ~ N(0, D)), and

h is a mapping from the finite set S to RY.

Two classical inference methods for HMMs are the forward-backward and the
Baum-Welch algorithms ([13], pp. 329-333). During the forward part of the forward-
backward algorithm, the prediction filter, {Po(S,|Yy—1, ..., Y1)} is computed, where
(9, F, P,) is the probability space. The backwards part uses the filtered values for
smoothing. The Baum-Welch algorithm is a special case of the expectation max-
imization (EM) algorithm, and is used for parameter estimations. To infer the
posterior probabilities of the hidden states in the E step, the forward-backward al-
gorithm is applied. Hence, for estimation problems in HMMs, the ergodic properties
of the prediction filter are of a special interest.

Different assumptions can be made about the state space and the distributions of
{8,,n > 1} and {Y,,n > 1}. Under compactness or local compactness hypotheses,
the existence of an invariant probability distribution for the prediction filters is
proved in [10] and [16]. Kaijser [9] studied the ergodicity of the filter under the
assumption of subrectangularity, and his approach is based on the dependence with
complete connections.

The first model considered here is a HMM similar to the one presented in [12].
With this model, we associate a random system with complete connections (RSCC),
and as a consequence of the properties of the RSCC, we obtain the ergodicity of
the Markov chain formed by the prediction filter. Our methods are related to the
approach in [9], but we work under different hypotheses, and we illustrate how the
Tonescu Tulcea - Marinescu ergodic Theorem [6] can be applied for HMMs.

The focus of this chapter is in the switching state-space models (SSM), which
are a generalization of the HMMs and the state-space models. Since the hybrid rep-
resentation combines discrete and continuous dynamics, they are capable to model

many complex phenomena ([5], [15]). A SSM is formed with the observation process
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{V,,n > 1} and two hidden Markov chains: the finite Markov chain {S,,n > 1}
and the state process {X,,n > 1}.

Example 4.2 As a generalization of example 4.1, we consider the following hybrid
model with observations {Y,,,n > 1} and two sequences of hidden states {S,,n > 1}

and {Xn,n > 0} with Xp ~ N(y, Z):

X, = AXn1 + W, W, ~N(O,H),n>1. (4.1)
Y, = C(S,) Xy + V. (4.2)

Here {S,,n > 1} is a homogeneous Markov chain with values on a finite set 5,
A is the m X m transition matrix, C(7), i € S, are the d X m output matrices
for the state-space model, and H is the symmetric and positive definite covariance
matrix of the normal distribution corresponding to the independent random vectors
Wa, n > 1. The noise sequences {W,, n > 1} and {V,,, n > 1} are independent.
Moreover, the sequences {S,,n > 1} and {X,,,n > 0} are independent. Conditional
on {Sy,n > 1}, V,, n > 1, are Gaussian and mutually independent such that, if
Sp =1, 1 € S, then V,, ~ N(0, R(7)), where R(%) is the d x d symmetric and positive

definite covariance matrix.

Since the SSM are mixture models with an exponentially increasing number
of components, deterministic inference algorithms become intractable rapidly. For
example, if we attempt to implement the EM algorithm for the model (4.1) - (4.2) in
the E step, we need to use approximations for the smoothing. A possible solution is
to use a stochastic algorithm, namely the Gibbs sampler [3]. This approach is based
on an iterative algorithm. At each step [, we draw a sample {X, (1)} for the state
variable. Then, using the prediction filter {P¢(S,|Yn—1, Xn-1(1) ..., Y1, X1(1)}, we
draw a sample for the hidden sequence {S,,n > 1}.

The second model considered in this chapter is a SSM. For this case, we study
the ergodic properties of the prediction filter used in every step of the Gibbs sampler.

Our approach extends the methods applied for HMMs in [12].
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4.2 Random Systems with Complete Connections

In this section we summarize some results concerning the random systems with

complete connections [8].

Definition 4.1 A random system with complete connection (RSCC) is a quadruple
{(W,'W), (X,X),u, P}, formed with

1. the measurable spaces (W, W) and (X, X);

2. the (W x X,'W) measurable map u: W x X — W;

3. the transition probability function P from (W, W) to (X, X).

Let define recursively the maps v : W x X* — W:

ul{w, 31), ifn=40,
u™ D (g, £ = (w, 1) (4.3)

uw(u®(w, ™), 2,41), ifn >0,
where (™ = (zq,...,3,) € X", for any positive integer n. We also define

P(w, A), ifr=1,
P(w,A) = (4.4)
[x P(w,dz) ... [y Plwz™V dz,)14(z), ifr>1,

P(w, A) = Ppyr_1(w, X" ! x A) (4.5)

for any positive integers r,n and any w € W, A € X". Here, and whenever nc

confusion is possible, we denote by wz™ the element u(™ (w, ™) ¢ W.

Definition 4.2 The homogeneous RSCC {(W,W), (X, X),u, P} is uniformly er-

godic if for any positive integer r there exist a probability P>® on X" such that

lim PP (w, A) = P°(4),

NnN—>00
uniformly with respect tow € W, A € X7, and 7.

Definition 4.3 The RSCC {(W,W), (X,X), u, P} is a RSCC with contraction if

(W,d) is a separable metric space, 7y < 0o, Ry < oo, and there exists a positive
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integer k such that r; < 1. Here, for any positive integer j we have

L d(w' ), w20
r; = Su Pi(w, dei) 2 —— 12 2
3 1Y Lj _7( ) d(w W )

wl ¢wll

le(’LU,, A) - -Pj(wnv A)l
R; = sup sup " .
! A o' 2w d(w W )

The following result reveals the probabilistic meaning of the quantities defined

in 4.3 -4.5.

Theorem 4.1 Let {(W,'W),(X,X),u, P} be a RSCC. For any wo € W there exist
o probability space (Q,%, Pyo) and two sequences of random variables {&,,n > 1}
and {1,,n > 0} defined on Q and with values on X and W respectively, such that
To = Wy, and for any positive integers m, n, r and any set A € X" we have 1, =

wOE(n) ;

Pwo([€m ceey 5n+‘r—1] € A) = P,,:”(UJ(),A)
Pwo([ nm f’ﬂ+m‘|'T—1] € A]f(n)) = Pwo([ ntmy -« - €n+m+r—1] € Alg(n)a T(n))

= P(1s,4), Pyo a.s..

Moreover, the sequence {T,,n > 0} is a homogeneous Markov chain whose initial

distribution is concentrated in wy and whose transition operator is given by

Usw) = [ Plw,ds)f(us),
x
for any bounded, measurable, real valued function f defined on W.

PRrROOF. See Theorem 1.1.2in [8]. O

Remark 4.1 The Markov chain {7,,n > 0} is called the Markov chain associated

with the RSCC. For any bounded, measurable, real valued function f defined on W
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and any positive integer n, the iterates of the operator U/ are given by

Wﬂm=/‘&mﬁwwﬂm@m weW.

Xn

Remark 4.2 If {{W, W), (X,X),u, P} is an RSCC with contraction and (W, d) isa
compact space, then the associated Markov chain is compact (see Proposition 3.2.3

in [8]).

Let ¥ = U, X". For any A € X we denote by Y, (A4) the set of the elements
of Y which contain among their components at least » which belong to A. Let
By, 4(W, W) be the collection of bounded, measurable, real valued function f defined
on W for which there exist a sequence {l,,n > 0} of positive numbers such that,

for any positive integer n, any 2 € Y,(4), w', w" € W we have
£ (w'z®) = f(w'e®)| < L.

Proposition 4.1 Let {{W, W), (X,X), u, P} be a RSCC for which there exist Ag €

X and a positive integer v such that
1. There ezists v > 0 such that for all w € W we have P/ (w, Ag) <7;

2. If, for any positive integer n, we define

0, = sup |P(w'z, A) — P(w" 2™, 4)),
w' " eW,z(r) €Y, (Ao), A€X

then we have Y, .o an < 00.

n>0

For any positive integer h and allw',w" € W, ) € Y,(Aq) and f € Bp 4, (W, W)
we have

Uk f(w'z) — U f(w" 2| < %z(oscf) Zaj + 1,

jzn

where osc [ = sup, ,ew |f(v) — f(w)].

PROOF. See Proposition 2.4.1 in [8]. O
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4.3 Hidden Markov Models

We begin with some definitions and notations. For any set A we denote the indicator
function by 14. Let § = {1,..., M} be a finite set, and let B(R") be the collection

of the Borel sets on R*, for any integer n > 0. We define the following L' norms

n

n
ol = >k 1211 = e 3120

i=1

where 4 = (u;) € R*, and Z = (Z; ;) is a n X n matrix. Let || - || be the Euclidian

(L?) norm on R" and || - || be the corresponding L? matrix norm:
121 = ma 1] = o272,

where p(-) denotes the spectral radius of the matrix (which is equal to the maximum
eigenvalue of the matrix, for any symmetric and non-negative definite matrix). By
definition, the matrix Z is primitive with index of primitivity r, if Z" has only
positive entries and r is the smallest integer with this property.
We define
M
W={weR":w;>04i€8Y w=1}, (4.6)

g=1
and consider on W the topology induced by the Euclidian space R¥. Let W denote
the collection of the Borel sets on W. If L(W) denotes the set of real-valued,
bounded and Lipschitz continuous functions defined on W, then L(W) is a Banach

space for the norm || - ||, defined by ||¢]|sr = ||gl| + s(g), where

_ _ la(p) — 9(p)]
llgll = sup ()|, s(g) = P

For any bounded linear operator V from L(W) to L(W), let

Visr = sup ||[Vg|ae.

{lgllar=1

For the first model, we consider the same HMM as in [12], which is formed
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by the unobserved random sequence {S,,n > 1}, and the observations sequence
{Y,,n > 1}, defined on the probability space (€, F,P,) with values in § and in
R, respectively. We suppose that the sequence {S,,n > 1} is a homogeneous
Markov chain with the initial probability distribution p, = (p,’), and the transition
probability matrix Q = (¢*7), 4,7 € S. Hence, for any i, j € S and any integern > 1,
we have P,(S; = 1) = p,}, and Po(Sp+1 = /S, = i) = ¢*I. We also suppose that the
observations {¥,,n > 1} are mutually independent given the sequence {S,,n > 1},

that is, for any 41,...4, € S and any sets An,... A; € B (R?), we have

Puo(Y € An,-.., Y1 € At|Sn =tn, ..., St = 1) = [ | Pa(¥i € AkISk = k).
k=1
Moreover, the conditional probability distribution of the observation Y,, given that
{S, =1} is absolutely continuous with respect to a non-negative and o-finite mea-
sure ), and it has a positive density b, = (b%,...,5™)¢. Thus, for any 4 € B (R?)

and any integers n > 1, ¢ € S, we have
P.(th € 4]5, =i) = [ F@A)
A

Remark 4.3 The HMM presented in example 4.1 satisfies all the previous assump-
tions. In addition, this model corresponds to the Bayesian network displayed in Fig.

1.2

4.3.1 The forward - backward and the Baum - Welch algo-
rithms
Let suppose the matrix ) and the vector p, are unknown. To estimate the pa-

rameters § = {Q,p.}, we use a special case of the EM algorithm, which is the

Baum-Welch algorithm [4]. Augmenting with the hidden variables, we have

N
logP.(Y1,51,..., YN, Sn) = Z 145(S1) log Po(S1) + Z Z 1433 (Sn)

i8S n=1 i€8
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X 10gPy(YalSn = 1) + Y > > 1iy(Sn) L3 (Sn-1) 10g Po(Sp = i|Sp1 = J).

n=2 €S jeS

Since the values of {S,,n =1,... N} are unknown, we condition the previous equa-

tion with respect to the observations {¥Y,,n =1,...N}.

B [logP.m,sl,...,YN, Sw)

Yi,.. ] ZEsl"(l/‘lea Ingo+Z

€S

> B[Sy =il%,..., YN logb’Y)—i—Zlogq’ZE =1, 81 = j|Yi,...,Yn]

i€S i,jES
Taking the derivatives with respect to the parameters §, we obtain the following

M-step:

2: «—QI;LSH = 7,51 —-%!YE, 3/N]
S B[Sy =iYh,..., Y]

¢ = , p.=E[S =ivi,...,Yy]

The necessary expectations are then computed in the E-step using the forward-
backward algorithm [4].

The forward part recursively compute o, = (of,i € S), where

o =Py(S,=1,Y1,...,Yn)
=P.(Yn]5n=i)2a£_1 Sp = i|Suo1=J) =6 (Y, Za 1%,

JjeSs ies
for n = 2,...N. The initial values are of = plb*(V1), i € S. In the backward step,
we start with 8% =1, i € S, and we compute 8, = (8.,i€S),n=N —1,...1:

B = Pu(Yast, ., YulSn = 1)
=Y B Pa(Yars|Suis = )Pu(Sns = 3150 = 1) = 3 Bt (Vs )™,

jes Jj€s
Using {0y, Bn,n = 1,..., N}, we compute the expectations needed in the M-step:

B

ES,=iN,...,Yn] = m,
]ES T
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o _ g (V) B

ElS,1=55S.=i",....Ya] = Y ies Zzes aﬁ_lqk"bl(%)ﬁé'

For numerical stability, especially for large N, it is better to work with some
normalized versions of {ay,B.,n = 1,...,N}. For example, corresponding to

{a},i € S}, we have the filter {P,(S, =4|¥1,...,Y;),i € Shn=1,...,N:

b (Y,)p},

P.(S, =i|Y1,....Yn) = m
jES n)Pn

Here, p, = (pi), i € S is the prediction filter, p} = Po(S, = i[Yp_q,...,Y:). We
have py = p, and forn > 1
P — Q'B. (Yn)pn
B AT
where B,(y) = diag(b'(y)), for any y € R? [12]. To emphasize the dependency with

respect to the initial condition and the observations, we use the same notation as in

[12], and we have

M, 1P1
Prr1 = f[Yn, ..., Y1,p1] = m = My, -1, (4.7)
where e = (1,...,1)" is a M-dimensional vector, - denotes the projective product

[11] and for any integers n > I, M, ; = Q'B.(Y,) - - Q' B.(Y)).

4.3.2 Geometric ergodicity of the prediction filter

Notice that {p,,n > 1} is a Markov chain with the transition probability

poss € Elpa =) = 37 | ¥@)1a (/1o E)NA)
JES
foranyn>1, FcWandpeW.

For any real-valued, bounded and (W, B(R)) measurable function g defined on
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W, and any p € W, we have

Ug(p) = Bugtonsn)lon =7l = 507 [ P@aCrdA@).  (48)

j€S
Ug(p) = Bolg(pner)lpr =2l = > prg2 .- gnin
1 40eesbn €S (49)
* / R ARSI IR y1, 2)) A (dy™),
Rﬂ

where (R", B (R™) , A(™) is the product measurable space, AM =A@ ...® )\ and
y™ = (y,...,yt), for any n > 1.

It is easy to verify that the quadruple {(W, Wy, (Rd, B (Rd)) , U, P} is a RSCC,
where u: W x R? — W,

u(p,y) = fly,p| = Q%—(;Q—p,
PO.E)= Y0 [ YA, (4.10)

Jj€s

forallp = (p',...,pM) € W,y € R?, and E € B (R?). Forany n > 1, F € B (R*)
and p € W, we define recursively the maps u(™ : W x (R?)” — W and the transition
probability functions P,:

U(n)(p, (yl,...,yn)) =py(n) =f[yn7-":yl7p]7 Ys ERd,pE W7 (4‘11)
Pn(p, E) - Z pilqil,iz L qin-—lﬂ'n /Ebil (yl) B A1 (yn))\(n)(dy(n))_ (4.12)
815 iin €S

Comparing (4.10) with (4.8) and (4.12) with (4.9), we notice that

Ug(p) = /R Iy p) P (p, dy),
096) = [ 97l 10, )Pl 24
Furthermore, using (4.10)-(4.12), it is easy to show that for any probability distribu-

tion p, € W, the random sequences {p,,1,n > 0} with p; = p, and {¥,,,n > 1} are

associated with the previously defined RSCC on the probability space (Q, F, Po(-|p1
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= p,) (see Theorem 4.1).

Throughout this subsection, we suppose the matrix ¢} is primitive with index
of primitivity r. As a consequence, the Markov chain {S,,n > 1} is geometrically
ergodic with a unique invariant probability distribution m, = (%) on S. Thus, from
Theorem 4.3 in [7] there exists positive constants a;, 41 and ¢; < 1, & < 1 such

that Q" = (g.7), the n-th power of the matrix @, satisfies

g7 — 79| < ayc?, (4.13)
max Z |qivd — J”'l < o, (4.14)
JES

for any » > 1 and any 4,5 € S. As in [12], let min™ denote the minimum over
positive elements, and let
max;es b (y) . / _ ;
6(y) = —22 2L A= 5 Hy)bi(y)\(d
(y) mines b’(y)’ 1 I?ggl - (y) (y) ( y)7

e=min"¢", A=max / S(y)b'(y)A(dy), R=€ AT
S Rd

1,j€S

Now we establish two important properties of the previously defined RSCC.

Proposition 4.2 The RSCC {(W, W), (R%, B (R?)) ,u, P} is uniformly ergodic.

PROOF. For any integers n,k > 1, every p € W and E € B (R*), from (4.12), we
get

Pl?(p’ E) = Z p q;lfz i, | ikaik«}-l/ B2 (yl) R s (yk))\(’“)(dy(’“)).
E

#150enslp 41 ES

Let

Z 7{.11 d1sda | zk 146k / B ('!!1) R A (yk)/\(k) (dy(k))_

815t €S
Using (4.13), it is easy to prove that lim, .o PP(p, E) = P°(F), uniformly with
respect to p, £ and k. Thus the RSCC is uniformly ergodic. 0

Proposition 4.3 If A < oo, then {(W, W), (R?, B (R?)),u, P} is an RSCC with
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contraction.

PROOF. Replacing in (4.10) and using the definition of the || - ||;, we obtain

P(p,E)—- Py ,E
Bie sy sp [P@E)ZPE.E)
Ee‘B(Rd) p#p pp €W “p —-p ”1

<1< 00, (4.15)

From Lemma 2.2 in [11], we get

I flypl = fly. el <6@llp—plh pp € W,y e R

Hence,

r=  sup £y Pl = 2]l

; (p,dy) < A <oo. (4.16)
p#p pp €W JRE ”p - P “1

For n > 2r, from the first inequality in Theorem 2.1 and the inequality 5 in [12], we
get

p=  SUp Py (p, dyt™)

pitp oo €W

< E‘TAT(I - R)n/r-—Q‘

/ ”f{ynﬂ"'aylap]_f[yna"‘aylup’]lll
Ren lp—2'lh

Thus, for n sufficiently large, r, < 1, and together with (4.15) and (4.16), this

implies that we have an RSCC with contraction. [

Remark 4.4 If the observation conditional densities b* are Gaussian for any i € S

(as in example 4.1), then A < oo (Example 4.2 in [12]).

Now, we return to the Markov chain {p,} associated with the RSCC. Using the
previous proposition, and the fact that (W, || -||1) is a compact space, we obtain that

{p.} is a compact Markov chain (see also Remark 4.2). Furthermore, let define
1 n
Ug==> Ukn>1
i

Theorem 4.2 The Markov chain {p,,n > 1} is geometrically ergodic. If A < oo

and Q% is the unique invariant probability distribution for the chain {p,,n > 1},
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



then we also have lim, oo |U, — U®||ar = 0. In addition, there ewists positive

constants C and 6 < 1, such that for any function g € L(W)
U"g — U>gllz < CO"igll5z-

Here, for any bounded and measurable real-valued function g, U®g is defined by

Ueg = /W 9(0)Q™(dp).

Lemma 4.1 Let ¢ = max{cy, ¢}, with ¢y = (1 — R)" and ¢, as defined in (4.13).
There exists a positive constant K such that for any positive integer n > r + 1,

gELW) andpy, pp €W

U*g(p1) — U"g(pa)| < nK | igll5e-

PROOF OF LEMMA 4.1. We follow the same ideas as in the proof of Theorem 3.5
n [12]. Using the second inequality in Theorem 2.1 and the inequality (5) in {12],

we obtain a result similar to Proposition 3.7 in [12]:

ity ,anS/Rd - lg(f s -+ 1, 1]) — 9(f[Yns - - - w1, 2]

X bt () .. 0 (wa) A (dy) - . A(dy,) < 2s(g)ey i,

(4.17)

for any positive integers n, ! such that n > !+ r — 1, and any function g € L(W).

Now we express

U"g(pl) _ U"g(pz Z p“ 81,82 zn—1,zn ‘[R , Hit (?/1) 18 (’!/n)

i1, €S

X (g(fns - ¥5,P1)) = 9(F s - - > ¥, 22)) A (dy™) + > (o -

£1esin €S

X g .. ginetin /}R ()0 ()9 (flms - w1, 22N (dy™)

Let 77 and T3 denote the first and the second term, respectively. Using (4.17), we
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get:
1] < 2s(g)e™" (4.18)

For any positive integer I < n — 1 and any sequence zi,...,% € R? decomposing

9(flyns - s 11, P2]), we obtain:

i
,TQ‘ S Z Z Z (pill — pgl)qi11i2 e qi’ﬁ~1!ik qikﬁik+l e qin—l,'l'n

k=2 ifyenyin €S 81,00yl ~1ES

/d. . ',/d ]g(f[yn: .. )yk7zk~17"'9z17p2]) - g(f[ym s Yk, 2y - - '7Z17p2])|
R R

B (ye) - b= (wa) M) .. M)+ D [Pl — pitlgh® - - g

11 yennsin €S
4 bil (yl) e bin (yn) lg(f[yna (AR y17p2D - g(f[ ny e Y2, Zl:p?])l )‘(n) (dy(n))
Rn
+ Z Z (pz11 _ p'él)qil,iZ . qit,iz+1 qi1+1,iz+2 . qin—l,in
Ege1yeeesin €S {81,008 ES

/Rd o /Rd g(f s - Yests 2y - - 20, D)) | B9 (i) - - 8 () M (A1) - - - A(dgn)-

The inequality (4.17) and p;, po € W yields

ST - o) (gl — 7|+ 25(9)3 " Ipy — pally

i1€8

Ty < 25(g) > 3™
k=2 ir€S
+gll >

i141€8

>k =) — )

ES

Using (4.13) and [l =n — r, we get

2! < |lp —p2lla (QS(Q)MCH("—T— 1)0"—r_1+28(9)03_1”+IlgllMalc'f_’") - (4.19)
Since ||p; — pall1 < 2, adding (4.18) and (4.19), we get the conclusion. O
PROOF OF THEOREM 4.2. Using Lemma 4.1 and proceedings as in the proof of

Corollary 3.6 in [12], it can be shown that there exists a unique invariant probability

distribution @* for the Markov chain {p,,n > 1}. Moreover, for any positive integer
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n>1,all ge L(W), and any z € W, we have
U™g(2) — U®g] < K|\gllprnc™ /(1 ~¢) 72

If A < co, the properties of the associated RSCC allow us to state stronger results
concerning the convergence of U". As we have already mentioned, the Markov chain
{pn,n > 1} is compact and by Theorem 3.2.2, in [8], the Ionescu Tulcea-Marinescu
ergodic Theorem applies ([6]).

Furthermore, Lemma 4.1 implies that any eigenfunction g € L(W) of U, corre-
sponding to an eigenvalue 7y with |y| = 1, is a constant function. Hence, v = 1 is the
only eigenvalue of modulus 1 of U/ and the subspace E(1) = {g € L(W): Ug=g}is
one dimensional. Thus, we obtain the stated conclusions from the Ionescu Tulcea-

Marinescu ergodic Theorem and Theorem 3.2.4, in [8]. O

4.4 The hybrid models

Now consider a model formed by the unobserved random sequence {S,,n > 1}, and
the observed sequences {Y,,n > 1} and {X,,n > 0}, defined on the probability
space (Q,F,P.) with values in R? and R™, respectively. Let \; and A, be two non-
negative and o- finite measures on (R?, B(R?)) and (R™, B(R™)), respectively. We
suppose that the conditional probability distribution of the observation Y,, given
that {S, = i, X, = 7z} is absolutely continuous with respect to X\; and it has a

positive and continuous density
P, (Y, € A))Sq = i, Xy = 2) = / By, 2)a(dy),
Ay

for any integern > 1,i € S, A, € B (R?), and z € R™. Moreover, the observations

{Y,,n > 1} are mutually independent given the sequences {S,,n > 1} and {X,,,n >

0}:

P'(Y;I,EATH'":)/I EAI!Sn:in7Xn=$n"'7sl=i17X1:$17
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n
Xo = x0) = | [ Pe(¥k € AklSk = i, Xp = 1),
k=1
for any integer n > 1, any éy,...4, € S, all g, ...z, € R™, and any sets A,,... A; €
B (R?). We also suppose that {X,,n > 0} is a Markov chain, and there exists a

positive, and continuous function a(-,-) such that for all z € R™, and A, € B (R™)

P (X1 € Au|X, = 7) = / oy, ) Amldy), 120,

T

P, (Xn+1 € Az[Xn =&, Sn+1, Yn, Sny - - -5 Y1, Sl) =P, (Xn+l € Aa:an = $) >
for any n > 0. Let PE(z, A;) = Po(X, € A1 X0 = ).

Remark 4.5 The Bayesian network corresponding to this model is displayed in

Fig. 1.3.

We define the prediction filter w, = (wl), n > 1, where w; = p., and for any

n

n > 2, wi = Py(S, = i|Yp_1,Xp-1,...,Y1,X1). For any y € R? and z € R™, let
be(y,x) = (b*(y,z)) and B,(y, z) = diag(t’(y, z)). It is easy to prove that

QtB.(YYH Xn)wn

= MR >1. 4.2
Yt bt (Yn, Xp)wn "= (420)
We now write an equation similar to (4.7):
K, 1W3
o1 = F[Vo, X .. V1, X1, 0] = —2— = cwy, 4.21
Wn+1 [ n; <4n 1,441 w1] etKn,lwl n,1 - Wi ( )

where for any integers i > j, K;; = Q*B.(Y;, X;) - -- Q' B, (Y}, X).

In practice, the matrix @, the initial probability p., and the vector b, might be
unknown, and only some estimations Q, Bo, be might be available. Thus, corre-
sponding to (4.20) we have

_ Q'B.(Yn, X )i,
Wy = ————

s o2 1, (4.22)
bE(Y;L:Xn)wn

and @ = P,. Similarly to (4.21) we can write W11 = F[¥p, X, ..., Y1, X1, @],
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Remark 4.6 The model (4.1) - (4.2) in example 4.2 is a mixture model, and the
number of components increases exponentially with n. The Gibbs sampler can be
used for inference. Hence, we draw samples {X,,(I),n > 0}, 1 =1,...,L and then,
for each sample, we calculate the prediction filter w,(I) = (wi(l)), n > 1. At any
step [, the model formed with {S,,Y,, X, (1)} satisfies all the previous assumptions.

For any 7 € S, we have

B(y,z) = (2m)~¥[det R(i)]/* exp[—(y — C(0)z)'R(E) " (y — C(9)z) /2],
aly, z) = (2r)"™2[det H] "2 exp|—(y — Az)'H(y — Az)/2],

where \g and ), are the Lebesgue measures on R? and R™, respectively. Here,

wy = Pey,  Wh(]) = Po(Sy = i|Yno1, Xp1(D), ..., Y1, X0(1), n>2.

Let us denote V. =R™ x W, and V = § x R™ x R? x W, where W is given in
(4.6). Then (V,d) and (V,d) are metric spaces, where

d((z1, 1), (22, 22)) = {|l21 — 22| + [|P1 — P2ll1,

d((, 21,91, 91), (G, T2, Y2, p2)) = 21 = zoll + llyr — 2ll + 1§ = 4| + lIpr — polhs.

It is easy to show that the topology induced by the metric d on V is the the topology
induced by the Euclidian space R"*™ | and the topology induced by the metric d on
V is the topology induced by the Euclidian space R&#™M+1_ Let V and V be the
collection of the Borel sets on V and V, respectively. For any positive integer n, let
Mgmid) = (A ® Am) ® ... ® (Aa ® Am) be the product measure on R*™9. We use
the notation (y,z)™ for the sequence (3¢, 2%, ..., 4%, 2% )t € RM™9, We denote by
C* (V') the real-valued , bounded and continuous functions on V, and by L(V') the
set of real-valued, bounded and Lipschitz continuous functions defined on V. Then,

L(V) is a Banach space for the norm || - ||z defined by llg|lsz = |lgll + s(g), where

lg(z,p) — g(z',p)|
lgll = sup |g(z,p)|, s(g)= s : s
(zp)eV (z.p)#(= ) lp =o'l + llz — 2|}
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Similarly, let C*°(V) denote the real-valued, bounded and continuous functions on
V, and L(V) the set of real-valued, bounded and Lipschitz continuous functions

defined on V. Then L(V) is a Banach space for the norm || - ||z with

lgl =max  sup |90, 2,y,p)},
€5 (myp)ERITXW

s(g)=max  sup lgti. 2,9,p) — gl 2, 0,p)|
€S (i ) 1P =Pl +lle =2+ lly =l

4.4.1 Ergodicity of the Markov chain {w,1, X,,n > 0}

In this case, {ws,n > 1} is not a Markov chain, but {w,.1, X, n > 0} is a Markov

chain with the transition probability

(w2 € Y, Xng1 € X|Wny1 =p, Xn =2) =Zp"/ /dbj(y,a:)
X JR

j€s (4.23)
x a(z, 2 )1y (Fly, z,p]) Aa(dy) Am(da),
foranyn>0,Y €W, X € B(R™) and (z',p) € V. We have
Ug(xo,p) = Ea [9(Xn41, Wnt2) | Xn = o, Wnr1 = p
(4.24)

= v (y, z)a(z, 20)g (, Fly, %, p]) Aaim (d(y, 7)) ,

jES Ré+m
Ug(xo,p) = Bo [9(Xn, wns1) | Xo = Zo, w1 = p]

- Z pilqil,iz.”qin—l,in/ B (yy, 21)a(z1, To) - - - B (Y, T (4.25)

81 yeenyin €S Rn(d+m)
X 0(Tns Tne1)9 (Zny FlYns T - - - Y1, 21, B]) Angarmy (d(y, 2)™),
for any real-valued, bounded and (V, B(R)) measurable function g defined on V,

any (zg,p) € V, and any n > 1.

For any E € B(R™4), (z,p) € V, and (y,2’) € R™¢ we define the mapping

and the transition probability function P;

/ QtB-(yv .’L’I)p) ’ (426)

(o) (1) = (& Fline' ) = (o, S22
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M
P((z,p),E) = 39 /E ¥ (y,7)a(, 2)Amsald(a’,9). (4.27)
Jj=1

It is easy to verify that the quadruple {(V,V), (R™+¢, B(R™4)),u, P} is a RSCC.

For the maps u™ : V x R{™9) _ V we have the following formula

u(n) ((370710), (ylawla sy Yn, -’En)) = (xna F[yna Tny -5 Y1, -'Elyp]) . (428)

Throughout this section (zo, p)(y, )™ denotes u™ ((zo,p), (y,2)™). For the model

considered here, the transition probability functions P, are

Pu((z0,p), E) = > phg.. . gt / 5" (Yns Tn) U n, Tn1)
£1yeesin €S £ (4.29)
- (y1, 71)a(Z1, Bo) Angarmy (Y, 2)™),

foranyn>1,FEe¢B (R"(d+m)) and (zg,p) € V. Hence, for any integers n,k > 1,
PP (20, 0), E) = Payi1 ((z0,p), REDE™ » B) = Z phgiiagi.

X qik’i"“/ (/ bi"“(yk,$k+n—1)a(-’£k+n—1,$k+n—2) b2 (Y1, 24)a(Tn, Tnt)
R{n—1)m E

o a(xl, xﬂ))‘kd (dy(k)) )‘km (d(mk+n-—1: teey xn)) )’\(n—~1)m (dx(n—l)) ’ (430)

where (2o,p) € V, and E € B (R¥@+™)). Comparing (4.27) with (4.24) and (4.29)
with (4.25), we notice that
Ustan) = [ ot Plya,s]) P ((@o.p). d.2)),
U™ g(z0,p) = / oy 9@ Pl 233, 00,9) P (0,), dly, z)™).
]RTA ™m,
Moreover, using (4.26)-(4.30), it is easy to verify that for any (zo, p.) € V, the ran-
dom sequences {(X,,Wns1),n > 0}, with (Xo, w;) = (2o, Ps), and {Y,,n > 1} are

associated with the previously defined RSCC, on the probability space (2, F, P.(-|u
= Pe, Xo = Zo) (see Theorem 4.1).
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Now we make the following assumptions.
AssuMPTION A The Matrix () is positive.
AssuMPTION B The Markov chain {X,,,n > 0} is geometrically ergodic such that
there exists a probability distribution 7x, a positive real number p, < 1, and a real
valued, non-negative, (B(R™), B(R)) measurable, mx-integrable function G with

properties:
1. 1P (zo, ) — mx ()| < G(20)p%, for all zp € R™, and n > 1;

2. For all ' € R™:
u(@) = / G(@)a(z, 7 ) Am(d) < o0
Rm

3. The function Gy (z) = G(z)+u(z) s TI(-, |2, ') integrable, for any (z',p') € V.

Since a positive matrix is a primitive matrix with index of primitivity » = 1, the
Markov chain {S,,n > 1} is geometrically ergodic and the inequality (4.13) is true.
Using Theorem 3.5 in [11], it is easy to show that

“F[yﬂd Tpy o5 Y1y xl’p] - F{yﬂ:’ Ty o5 Y1, xlapl]Hl S 2(1 - e)n’ (431)
for any positive integer n > 1 and any sequence (z, )™ € R®d+m)

Proposition 4.4 There exists a positive constant C such that for any function

g € L(V), any positive integers n, h, end k > n

[0 (20, 9) (3, 2)) = U*g (50,23, 0)®) | < €1 = 7lglls,
for all (z0,p), (z4,0) €V and all sequences (y, z)®) ¢ Red+m)

Proor. For any positive integer n, let

an = sup |P ((20,2)(3,2), X) = P ((a},) (4, 2)®, X ) |,
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where the supremum is taken over all k > n, (2q,p), (25,p) €V, (y, ) € Rh@+m)

and X € B(R¥™). Then, replacing in (4.27) and using (4.31), we get
an < 2(1 - €&)", (4.33)

and then

1—e¢
Zan§2 < 00.
n>1 ¢

Using (4.31), we can easily show that

l9((z0.9) (1, 2)®) - (25,2 (v 2)®)| < 25()(1 - 9"

Applying Proposition 4.1 with Ay = R™*¢ and v = 1 we get

10 (20 2) (3, 2)®) = UPg (20,7, 0)® )| < 49l Y a5 +25(g)(1 - &)™

j=n

Hence, the conclusion of the proposition is just a direct consequence of the previous

inequality and (4.33). O

Proposition 4.5 If g € C®(V), then U(g) € C=(V).

ProoF. Obviously for any g € C®(V)
1Ugll < llgll < oo

Now we prove that Ug is continuous. Let us arbitrary fix (zg,p) € V and consider

any sequence {(Zn,p,),n > 1} C V, such that
lim ||p, —plli =0, lim |z, — 2| =0.
n—00 00

Replacing in (4.24), we get

Ug(%n,pn) — Ug(z0,p) = > P} /Rd+m ¥ (y, z)a(e, 20)9(, FY, 7, pu]) Aarm (d(y, 2))

jeS
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-3 f b (y, 2)a(z, 20)g(z, Fly, 5, 2] arm(d(y, 7).

jES

Hence,

Ug(@n, 2a) — Ug(zonp)] < 3 — o / b (y, 2)a(z, ) l9(e, Fly, 2, pa))|

jeS
Adm(d(y,wmzzﬂi [ ¥9)ate,20) - ale. oo, Flv,3.)
j€S8
Ad+m(d(y,m))| ] So| [ P 0ute mlale, FlnamDdaim (00:2)
j€es
= Josem b (y, z)a(z, z0)g (z, Fy, T, p]) Aasm (d(y, )

For the first term, we have

S =71 [, V0,000 5.) lo@, . 5 s (00, )

jes

< llgllllpn — pll: = O.
n—00

Let 6,(z) = a(z, zo) — a(z, z,) and 8] (z) = max{a(z, zo) — a(z,z,), 0}, for any
z € R™. Notice that lim,, ,o, 6 (z) = 0, and 6} (z) < a(z,zo), for any z € R™.

Hence, by the Lebesgue’s theorem of dominated convergence [1]
I1Px(an,) = Px(eo, ) = [ @) An(de) =2 [ G5@n(de) = 0.
R Rm™ n—00

Thus, using Lemma 2.1.1 in [8]), for the second term, we get

Zp’

jes

< lglPx(zn, ) = Px(oo, )l 2,0

b7' (y, )6, (2) (2, Fly, %, prl) Addsm (d(y, 7))

Since g € C®(V'), the Lebesgue’s theorem of dominated convergence implies that
the third term also goes to 0 when n — co. Thus limy, o0 |Ug(Zn, pn) — Ug{ze, p)| =

0, and, since (xq,p) € V was arbitrarily chosen, Ug is continuous. 0
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Proposition 4.6 For any positive integers k, n and any (%o, p1), (zg,2) €V we

have

1A (o, 1), (5, p2))| < dancl ™" + 2057 (Glao) + Glap))

where ¢, ay are defined in (4.13), px is defined in assumption B, and for any

X € B(RH™H))

AR (@0, 22), (2, ) ) (X) = B ((@0,21), X)) = Byt (i p2), X)) -

PROOF. For any positive integers k, n and any (o, 1), (%, p2) € V, AZ((z0,p1),
(2y,p2)) is & signed measure on (RE™9 B(RE™H)). Let RF™d =X+ U X~ be

a Hahn decomposition of R*¥™+9) with respect to AZ((zo,p1), (2o, P2))-

For any z € R™ and any sequence i1,...,% € S, let

gl (z) = /X+ % (Y, 26T, Tht) + - + 7 (Y1, 1) (21, 2) Ap(army (A, 2)®) .
The Fubini’s theorem [1] implies that g is a measurable function. Moreover, we have
0< gl(z) <1, z€R™ (4.34)
Replacing in (4.30), we get

1A% (o, p1), (25, )| = 288 (o, P1), (20, P2)) (X T) = 2 Z Pl g .

U150yt p1 €S

qik,ikﬂ /( . g(i“’""’ikﬂ)(an—l)a(xn-l, Tpg) -0z, xO)A(n—ljm (dl-(ﬂ—l))
R{n—1)m

i1 it i 82 yeensd
_ E : p2 g2g iniis gtk /( 5 g(l2 z’”'”)(.’1'15—1)a(517n—-1: xn—Z) Tt
R n—1iym

1 el 41 €S

a(ﬂ’;l:x;))\(n—l)m (dw(n—l)) 'S 9 Z pn Iq’llﬂz _ ﬂ.iz|qz‘2,i3 o qz'k,z‘,ﬂ.l

il,...,ik+1ES

/( ) g(iz,.‘.,ikﬂ)(xnal)a(:pn_l, Tp-9) "+ a(T1, o) Mn—1)m (dx(n—l))

R{n-1)m

+ 2 Z p’u !qzmz . |qiz,ia ) / g(iz,...,ikﬂ) (1) (T 1, Tns)
i1yl 1ES R(n—1)m
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“e- a(ml,x;))\(n_l)m (d:r:(”‘l)) + 2 Z ﬂizqiz’is - (1“"“”"‘4r1

95tk +1ES

/ o gt (3 _1)a(Zn1, Tn2) - a(21, To) An-1ym (A2 V)
Rﬂ— ua

— /( y g(i%m»ilﬁ-l) (xn_l)a[(ajn_1’ xn_z) PR a’(xl’ x;)))\(n—l)m (dx(n_l)) ‘
Ri{n—-1)m

As a consequence of the inequalities (4.13) and (4.34), the first two terms are less

than 2a,c?™!. The third term can be written as

Ty =2 § ' ﬂ-izqiz,ia L qilmikﬂ

2500yt 1E8

—mx(dTp-1) + 7x(dLp1) ~ P)'}"l(a:’o, dzn_l)) 1

/ g(iz,...,ik+1) (af'n—l) (P;—l(xo, d.%'n—l)

Hence, Lemma 2.1.1 in [8], the assumption B and (4.34) imply
Ty < 205 (Glao) +Glzy)) . O

Theorem 4.3 1. There exists positive constants K and p < 1, such that for any

function g € L(V), (z0,D), (xg,p) €V and any positive integer n > 2, we have
[Ung(z0, p) = Ung(a, )| < Ko™ (14 Gloo) + Glap)) gllsz. (4.35)

2. There ezists a positive constant K, independent of ¢ € L(V) and (z4,p) € V,

and a constant T'(g), such that for any positive integer n > 2

[U"g(z0,0) ~ T(g)| < Kzl lgllos (1+Gao) + (a0).  (4.30)

Moreover, u=3__.,(U"g ~T'(g)) is a solution of the equation u — Uu = g~ T'(g).

PROOF. 1. Let us choose any positive integers 1 < ng < n; < n and define
X =Rumtd) and Y = Rim-not)0m+d) | For any g € L(V), (20,p) € V, we have

Utgleop) = /XPm (0, p), d(y, 2)™) U™ g (20, 2) (3, 2)™) ,
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/ Py, (o, p), dy, 2)™) U™ g ({20, ) (Yrg> Trgs - - - » Yy s Tnr))
X

N / i g1 ((0,), d(y, )™~ D) U g (o, p) (v, 2) ™ 7).
Y

Using the previous two equations, we write

Ung(zo,p) — Ug(z0,0) = / Pr, ((m0, ), d(y, 2)™) U™ g (20, p) (y, 7)™
X

= [ B (6,50, 00,2) 0779 (5,002 ™) = | Pus(asm)

X X
d(y, z)™Y) [U"‘”‘g ((z0,p)(y, 2)™)) — U™ ™1g ((:vo,p) (Ynos Tngs - - - ,ymxm)ﬂ

/ PT? —no+1 ( 3:0 p (y7 m)(nl—no+l)) [ n_nlg((wﬂap)(y: x)(nl—no—i-l))_
vmig (@) x)("l“’“*”) [ R I )

Y

0 (), )= [ P2 () ) )
U""’“g( (26,2 ) (¥ x)‘"l‘""“)) /X - ((:vo,p) d(y, )(”1) [U" ’“g( To, P )
(y,z) “”) —yrm ((xb,p')(ynmxno,--',ymxm))]

From Proposition 4.4, we get

U™ g(o0,p) ~ U g0, p)| < 3C(A — /™ ™ |ig|lgr +

/ Un—-nlg(
Y

(4.37)
(ZIIIO, p,)(y’ x)(nlwnﬂ"'l )Azg—no*f-l ((3:07 p)7 (-T()i p’)s d(y, x)(ﬂl—n°+1)) l

Obviously, for any (y,z)» ™l €Y

|U™™g (2o, p)(y, z) ™" )| < |lgl-

Hence, Lemma 2.1.1 in [8] and Proposition 4.6 yield

| / A _oir ((0,), (@, ), dly, ) 707D Um= g (0, ) (3, ) 1m0
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< llgl (4arep™" + 2537 (Glao) + G(e})) )

For n > 2, taking ng = |n/2], na = n — 1, p = max{c}’?, p¥>,(1 — €)"/2} < 1, and
K =max {3C + 4a,/c%,2/p%}, the previous inequality and (4.37) imply

(U g(z0,p) — Ug(0,9)| < Kp* (1+ Glao) + Glzy)) lgllse-

2. Proceeding as in the proof of Lemma 1, page 252 in [2], we get the conclusion of

the theorem using the inequality (4.35) and the assumption B. [

Corollary 4.1 Under the probability measure P,, the Markov chain {wn+1, X} has

a unique invariant probability distribution v, and for any g € L(V), we have
1) = | ateawida).

PROOF. The proof follows the ideas in [17] and in the proof of Proposition 2, page
253 in [2]. From the previous theorem, we can see that g — I'(g) defines a positive
linear functional on L(V). Let L.(V) = {g € L(V) : g has compact support}.
Then, by the Riesz representation theorem [1], there exists v, a positive Radon

measure on V, such that for all g € L.(V), we have
r(o) = [ slaw(d). (4.38)
v

Now we extend (4.38) to L(V). For all positive integers s > 1 and all non-

negative real number £, let define

1 0<t<s/2
u(t) =4 ~2/s+2 ifs/2<t<s
0 ift>s.

Hence, for any t1, to € Ry, we have |®,(t;) — @;(t2)] < 2|t) — t3|/s. Choose any

g € L(V), g > 0, and for any positive integer s > 1 and all (z,p) € V, define
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hs(z,p) = g(z,p)fs(z, p), where f(z,p) = ®,(||z|| + |[pll1). Then A, is a bounded
continuous function with ||h,|| < |lgll. Moreover, for any (z1,p1), (%2,p2) € V, we

have

(fs(@1,p1) = folzz, p2)| < 2]l|mll = 2l + Iprlly = llpalla] /5

< 2 (sl =zl + sl = lip2llil) /s < 2 (l2y = 2] + lp2 = p2f}1) /5.

Hencev if (xlapl) # (:L'2,p2), then

[hs(xlapl) - hs(«’IJ:z,Pz)! < ifs(xlapl)Hg(wlapl) - g($2,p2)\
o1 = palls + |21 — 22|l ~ le)—ilb”l + llzy — zal|
19(z3, p2)||fs(1, 1) — fs(22, Do) _%
s — ol iz =zl < 9 5l

Thus, h, € L.(V) for any positive integer s > 1, and ||hs||sz < 3||gl|sz. From
(4.36), for any (zo,p) € V, we get

< K

0haGanp) = [ hewtdn)] < K

3””pngnBL<1 + Glzo) + plz0))-

Since h, converges non-decreasingly to g, as s — 00, passing to the limit in the

previous inequality, for any (zg,p) € V, we obtain

3”"pngnBL(1 +G(x0) + p(zo)).

SKll

Ug(0,p) - /V o(2)v(d)

Together with (4.36), this proves that for any g € L(V), g > 0, we have

[ st =) < .
Choosing g(z) = 1 for all z € V, we get v(V) = 1, and thus v is a probability.
Any function g € L(V) can be written as a difference of two positive functions
g=g" —~ g with

g7(2) = (lg()| + 9(2))/2,  97(2) = (9(2)] — 9(2))/2, z€V.
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If g € L(V), then |g| € L(V), and as a consequence g* and ¢~ € L(V). Hence, for
any g € L(V)
[ stz =1

Now we prove that v is an invariant probability for the Markov chain {wp41,
Xn, n > 0}. Let TI"(-|-) be the n— step transition probability function ( for n = 1,
I1(-}-) is given in (4.23)). For any g € L(V'), we have

i U"g() = Jim [ (st = [ a(ewtas),

n—+o00

The previous equality implies that, for any (z,p) € V the probabilities IT"(-|{(z, p))

converge weakly to v. Hence, for any g € C°(V'), we have

tim [ 9@l = | glewid) = lim U790,

n—e0 v

From Proposition 4.5, we know that for any function ¢ € C*(V'), we have Ug €

C>(V). Hence, for any function g € C°(V) and any z € V, we can write

/ 9((dz) = lim U™1g(z) = lim U"(Ug)(2) = / Ug(2)(dz).
v
Thus, the probability v is an invariant probability for the Markov chain {w,11, X5}

Suppose that there exists also other probability measure »', such that for all

g € L(V) and any positive integer n > 1

f (2)v (dz) = f Ung(2)v (dz).

Hence, by the Lebesgue’s theorem of dominated convergence, we have

[ oW = im | g/ @) = [ Ta @) =T = [ st
vV nro Jy \s v
We arbitrarily choose a compact set KX C V and for any positive integer s > 1, let

define the functions ¢,(z) = 1 — min(1, sd(z,K)), z € V. It is easy to prove that
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¢s € L(V) and non-increasingly lim, ,, ¢, = 1x. Hence
v(K) = llm ¢s(z)I/ (dz) = hm / ¢s(2)V/ (dz) = v (K).

From the uniqueness theorem [1], we get v =v. [

4.4.2 The model with misspecified parameters

For any vectors ¥y € R? and 7 € R™, we define

) maxbi(y,z) . N ‘
Sy, 0) = 25" ALi(z) =min / 51y, )b (y, 2)haldy) & = min® G
melgbﬂ(y,w) i€S Jga ijes
7

R=¢ ‘/Rm . ../Rm gA-l(xk)a(:ck,xk-l) Am(dzy) - .. Am(dze)mx (dz1).

Proposition 4.7 If the stochastic matriz Q is primitive with indez of primitivity
r, then for any p,p2 € W, and any integers k,1 such that k > 1 +r — 1, and any

SeqUENCE Yg, Tk, - - - , Y1, Ty, We have

I‘F[ykaxk7 < Y, Ty, pl] - [yk:xkn . 791,1'1,292]H (yhxl) (yl—H‘ 1s
[k.1}
Tiyr—1) H(l — & [0 (Yt i-1)r+1s Trti-1yr+1) * * * O (Wrir—1, Trgir—1)] ) 121 — p2ll1,

F[ykaxka e Yy "I’-lapll - I}'[yk7 Thyoooy yl:3717P2]H

<2]] (1 — E (Y141 Tra(imyr+1) - S(yz+¢rw1,$z+ir—1)]"l) ;

where [k, 1] is the mazimum number of disjoints blocks of length r in the set {l,...,

k}.
Proof. For any p € W, we have

F[ykv Tkye s Yty :Ehp] = QAtB(yka ka) e Qt‘é(yla ml) - p.
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Using this equation, the proof is a consequence of Theorem 3.5 in [11]. O

Remark 4.7 If 7 =1, i.e. Q) is positive, then we have

lﬁ{ykyxka - Yl -'El:pl] - ﬁ[yk; Ty Yls $l7p2]” S 2(1 - é)k_H-l- (439)

The results stated in Proposition 4.7 allow us to obtain an upper bound for the
a.s. exponential rate of forgetting of the initial condition for (4.22).

AssuMpPTION A’ The Matrix @ is primitive.

Theorem 4.4 Under the assumptions A" and B, if the stochastic matriz Q is prim-
itive with index of primitivity v, then for any py, po € W and any positive inleger

we have

) 1 - .
tim sup ']; 10g ”F[Yk7Xk7 LR Yia Xlupl] - FD/kHXk: ey }/la Xlap?]“l

k—roo

<r'log(1—-R) <0, P.as.

Proof. Under the stated assumptions, the Markov chain {Sy, Xj, Y;} is geometri-
cally ergodic, with a unique invariant probability distribution o, on S x R% x R™.
For any i € S, we have o*(dydz) = pib*(z, y) Aa(dy)mx (dz).

As in the proof of Theorem 2.2 in [12], using Proposition 4.7, we get

. 1 - - . 1
hmsupiﬁ— lOg ”F[Yk‘: Xh‘i (RS Yi: lepl] - F[Y;sy Xka ey YZ: lep2]”1 < hmsup—‘
k—ro0 k—00 k
[k,1]
X Zlog (1 = E[0(YViq(imtyr41s Xii—yrt1) * +* 0 (Yigir—1, Xl+ir~—1)]_1) =7
=1

L
x limsupL™* Zlog (1 = &0 (Yirnr+1, Xip(i-nr1) + 'S(Ylﬂ'r—l, Xl+ir—l)]_l)'

L—-oo i1

Moreover, the ergodic theorem yield

L M

1 - . i
nggof E 1 log(1 — & [0(Yi -1t 15 Xit(i-tyr+1) * * 0 (Yigir—1, Xppir—1)] 1) = g 1
= 3=
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Z/ / / /1081—6 [6(y2, 72) -+ (g, )] 1) g2 < gt
mo Jrm JRE SR

ir=l

b (y1, 71) B (9, 71) Ha(xz-, Zie1)Aa(dy) M (d2) -+ Ma(dye ) Am(da)mx ()

i=2

From the Jensen inequality, we obtain

-—}OOL

Z ’uzlqzl Jdz 11- 18 log/ / / / 1 — E 5(2/2,3?2) 5(y’ra x?‘)] )
m BRm JRE Re

ipz=l

b (yp, 1) - - - b7 (yr,xr)/\d(dyl)---Ad(dyT)Ha(:ci,xi_l) Am(dzy) ... A (das)m(dzy)

= Z Z Hghn .. g log(l "ér/ / H(/d 67 (s, T2 )b (s, 1)

t1=1 ir=1

M
lim = ZlOg (1 — € [5(1/2+ (=)L Xig(i=Lyr41) * - 6(Y2+ir+laXl+i'r+1)]_1) < Z

r

/\d(dyt)) H a(xi, xi_1) )\m(dxr) cee /\m(dSIIg)’iTX (d;l,’l ) Z Z ,uzl 182 |

i=2 i1=1 ip=1

gir—yt Iog(l——é"/ / HA-l(:ci)a(xi,xi_l))\m(dwr)...)\m(d:cg)ﬂx(dxl))
w3 Rm™ =9

=1log(1-R)<0. O
AssuMPTION C The Matrix ) is positive.

Now we study the ergodic properties of the stochastic process {i,,n > 1} defined
in (4.22). It is easy to show that under the true probability measure P, correspond-
ing to the true values @, p. and b,, the Markov chain {S,, X,,, ¥y, W, n > 1} has
the transition probability

11(j,X,Y, 2)i,2 4 ,p ) = Po(Sns1 = j; Xns1 € X, Yoyt € Yy thny1 € 2|8, =14, X,
=2 Yo =t 00 =5) =0 [ [ V.00l 0 )P & DAuld)An(d),
foranyn>1,7€8,ZeW, X € BR™),Y € BR?) and (i,2,y,p) € V. For

any real-valued, bounded and (\A}’, B(R)) measurable function g defined on V, any
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n > 1, and any (i, Zo, %0, p), (i,@,y,p) € V, we have

Ug(i, 2,y ,p)=E. [Q(Snﬂ,XnH, Yoi1, Bns1)|Se =i, Xn =2, Yo =y , by = P']

=Y g / ¥(y,z)alz,z)g (j, 9, Fly, w',p']) Aasm (d(y, 2)),
Rd+m

jES

U™ g(io, To, %0, ) = Ee [Q(Sn+1a X1, Yol W )51 = 40,01 = p, X1 = 2, Y1 = yo]

= 3 gt [ el a0) b s alen 7o)
Rr(d+m

@1 4e-sin ES

g(im Zns Yn, F[yn—ly Tp—15---3 Y1, %1, To, yO,p])An(d—Hn) (d(y> :c)(n)) . (4'40)

Proposition 4.8 Under the assumptions A, B and C, if g € C®(V), then U(g) €
c=(V).

PRrRoOF. The proof is similar to the proof of Proposition 4.5 .10

Theorem 4.5 Under the assumptions A, B and C, we have:

1. There exists positive constants K and p < 1, such that we have

{093, 20, Y0, 0) — U9 (i, 20,y 10 )| < K" (TH' G (z0) + G(:vi))) lglleL,

~

for any function g € L(V), any (4, %0, %0,D), (1,20, ¥, 0) € V and any positive
integer n > 2;

2. There ezists a positive constant K independent of g € L(V) and (4, 2o, Yo, p) € v,
and o constant ['(g) depending only on g, such that

6™ (s, 20, 30, 7) — T'(9)] < fcla-—f%);ngum (n+ G(zo) + p(z0))

for ony positive integer n > 2. Moreover, 4 = ano(f]"g —T'(g)) is a solution of
the Poisson equation u — Uu = g — T'(g).

Proof. 1. Notice that the following decomposition holds

Umg(i, %0, Y0, p) — Ug(3 s 2,9, 0 ) = (ﬁ"g(i,wo, Yo, 9) — U g (3, 2, yo,p))
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+ (ff"g(i, Zg, Yo, D) — ﬁ”g(i,wl),yé,p')) + (ﬁng(i,xi),yé,p') — Ungli ,rcmyo,p'))
To estimate the first term, let us take 1 < n0 = |n/2] < n. We have

(i,:vo,yo,p)~l7"g(i,m3,yo,p)lS1ﬁ"g(i,xo,yo,p)— > ghighh

i1y0enin €S

Y / b (y1, 1) a(21, o)  * - b (Un, Tn)a(Tn, Tno1)g (im Ty Yny
Rn{d+m)

§ qi,hqilﬂ'z .

1y ES

F[yn~1a Zn—1-- -5 Yno, Tno, o, Yo, P]) An(d«}-m) (d(yv z )

gt / b (y1, 71)a(Z1, o) -+ b (Y, Tn) @(Zny Tn1)g (zn Ty Yrio F Y1
Rn(d+m)

Tp—1 <+ + » Ynos Tnos Lo, Yo, p]) An(d+m) (d(y, (n) Z qz 1 11’12 ; q".ﬂ-—lvin

$1y0sin €S

/ b (yh xl)a’('xla .’I?i)) e b (ym xn)a(xm xn—l)g (im Tns Yny ﬁ’[yn~1a
Rn(d+m)

§ q‘i,ilqil,iz o qin—l,in

E1genesin €S

Tr—1 - -+ s Yn0» Tnos T0s yo,p]) Angarmy (d(y, 2)™) |+

/ bil (yh xl)a(xla 117;]) T bin (yn: mn)a(xm xn—l)g(ina Tny Yn, F[yn—-la Tn-1
Ru(d+m)

<3 Ynoy Lno, L0, Yo, p]) An(d-’{-m) (d(y’ x)(n)) - 0’77,9(7,, x'(la Yo, p)l

For any z € R™ and any sequence iy,...,%In_not1 € 5, let

- i e
gzﬂilo’yy(;fz no+t (.’E) = / " (yh xl)a'(xh .'17) s finonott (yn—nO—l—la xn~n0+1)
R(n—n0+1)(d+m)
a(x'n—-n0+17 -’En—no)g (in—n0+1, Tp—n0+15 Yn—no+1, F [yn——n()a Tn—nd .- -3 Y1, L1y Zo,

Yo p]) An—n0+1)(d+m) (d(y, :v)("—”0+1))
Using (4.39), we obtain

T, < 45(9)(1 - é)n——nﬂ Z qz ) 1n0:7m.0+1 .'.qin'—ls'én [m o gg?éo’;n(

in0sesin €S

$n0~1)a($n0—17$n0—2)"'a(ﬂ?hﬂ?o))\(n—no“)m (d($)(n—"0+l))— Z qﬁé""

inOs---:inES
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i s in~1,8 - '
gttt it /( ) G0t (Tno—1)@(Tpo-1, Tno—2) -+ - @(T1, Tg)
R(RO-1)m

Anosnym () 70)

SAs(@)L-"0+ N guptgnoiert L gt
A0y in €S

‘ / Gt (£g—1 ) PR (€0, dTno-1) — /R gl (01 ) PO (g, o)
RrR™ m

Since for any z € R™,
ooz @) < lgll

from Lemma 2.1.1 in [8] and assumption B, we have
Ty < 45(g)(1 = 9" + gl (Glzo) + Glap) -
Let Gras = max{(1 — €)%, (px)/2} and ane, = max{4, p3*}. We get
Ty < llghmramasci (1 +Clae) + G(ay)) (4.41)
Replacing in (4.40) and using (4.39), it is easy to show that for the second term
T = 07903,y v0,p) — U903, 2, w0 8)| < 25(9) (1= "% (442)
To estimate the third term, we use the same decomposition as in the proof of

Theorem 3.5 in [12]. For any positive integer n1 < n — 1, and any % € Ré+m™
1 <1< nl, we have

nl
T3 = fU”g(i, T Yoo P ) — U g(i', 2, yé,p')} <M >

I=1 41,000 €S

.. qiﬂnl’in ‘[R @rm) bil (yh xl)a'(xla 33;]) e bin (ym xn)a(mm xn—l)

(g — qz" i)

q
(g(@n, Tns Yns F[yn—l; Lp—1veesYis Tiy Zl—1y 0+ - R, .’E:), y;);pl])_g('bm Zny Yns

[yn—lv Tp—1 oo Y41y Ti41s Rl + -+ 5 21, x;)a y;)apl])) An(d+m) (d(.% $)(n)) 1

+ Z (g ___qil,’il)qil,iz..‘q’in—l,in‘/‘

Hyerdn €S Rndim)

b (31, 21)a(z1, 2g)
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e b (yn; mn)a(mn, xn-—l)g (ina Zny Yns F[yn—la Tp—1 -3 Yni+1; Tnitls 2nl,

cr 121 .'E:), y;h p']> )‘n(d-}-m) (d(yu x)(n))
Elementary calculations and the inequalities (4.39) and (4.14) yield

g
b a2

Ts<2s(9)) . D

4,81 i1, Br—1,t ~\n—[—1
gt =g g g (-6 + g
I=1 dp,..,in €S
, nl
inl+linlt+2 Tn—1,k Gyinl+1 i yinl+1 ~ Al
X E PO A 5t el A i §2s(g)a1§ &
in1+11--'1inES =1

x (1—&" " + ||glla et
Let dipae = max{é;,1 — é} and ny =n — 2. Then
Ty = |Ung(i, 59, Yo, 0 ) — Ung(i, To, U0, P )| < 2(n ~ 2és gl s (4.43)

Adding (4.41), (4.42), and (4.43), we get the inequality in the first part of the
theorem, with = max{cmnaz, dmas} and K = max{26:/dmaz, 2/(1 — &), Gmaz }-

2. Proceeding as in the proof of Lemma 1, page 252 in [2], and using the first
part of the theorem and the assumption B, we can easily prove the second part of

the theorem. [

Corollary 4.2 Under the probability measure P,, the Markov chain {S,, Xy, Yn,
Wn} has a unique invariant probability distribution T on V, and for any function

g€ L(V) we have
o) = [ s

Proof. Using Proposition 4.8, we can prove the corollary similarly to corollary 4.1.
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Chapter 5

Monte Carlo approach for

switching state-space models

5.1 Introduction

In recent years, various switching state-space models (SSMs) have been developed
with applications across board ranges of disciplines from econometrics [8] to con-
trol engineering [18]. In this chapter, we are mainly concerned with the models

introduced in [6]. They are represented mathematically by

XP=An X +uwp, wir~N(0,H,), m=1,....M (5.1)
Y = Co X5 + v, w o~ N(0,R), (5.2)

where {Ys, k = 1,...,T} is the sequence of observations, {X", k =1,...,T, m =
1,... M} are M sequences of real valued hidden state vectors, and {Sy, k =1,...,T}
is a sequence of discrete hidden state vectors. The Bayesian network associated
with these models is displayed in Fig. 1.4. Let denote Yy = {V1,..., Y3}, Xy =
{Xt,..., X7, ., X, X and Sy = {S1, ..., S¢}. The discrete switching state

The material presented in this chapter was previously published in [15]
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can take M values, S € {1,..., M}, and has a homogeneous Markovian structure
specified by the initial probabilities 7 and the transition matrix ®. The zero-mean
Gaussian noise vectors wj* and v, are uncorrelated with covariance matrices Hy,,
m=1,..., M, and R, respectively, and they are independent of the sequence S(r).
A, are the s x s transition matrices and C,, are the d X s output matrices for the

state-space model m.

If the state vectors and the noise vectors are concatenated into large state and
noise vectors X, = ((X})}, ..., (XM)%)! and Wi = ((wp)t, ..., (wi)*)?, the model

(5.1) - (5.2) is equivalent with the following model [18]:

X, =AXp 1+ W, Wy~ N(O, H), (5 3)
Yk = C;kak + v, Vg~ N(O, R),

where A = diag(Ay,), H = diag(H), m=1,...,M,and Cg, = (0,...,C%,...,0)".

Notice that for M = 1 (i.e. no discrete switching variable), we obtain a linear
Gaussian state-space model. The Expectation Maximization (EM) algorithm, with
the E step based on the Kalman filter and smoother can be applied for system
identification [17]. On the other hand, if we keep only the observation sequence
{Y;} and the discrete switching variables {S;}, we are in the classical setting of
hidden Markov chains. For learning the parameters, we can employ the Baum-

Welch algorithm (see Chapter 4, Section 4.3.1).

The E step becomes intractable [6], if we attempt to implement the EM algorithm
for the switching SSM (5.1)-(5.2). To overcome this difficulty, approximate inference
methods are used (see [13] for a justification of the convergence of the variants of the
EM algorithm). One possibility is to use a variational approach [6]: an approximate
Q(Sry, X(1)) of the posterior probability P(Sry, X(1)|Y(z)) of the hidden states is
constructed, and the Kullback-Lieber divergence between @ and P is minimized in
each cycle of the EM algorithm. Other methods based on the Generalized Pseudo
Bayesian (GPB) algorithm ([8], pp. 99-109) have also been proposed. For example,

a first order GPB algorithm merges a mixture of Gaussians into a single Gaussian
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according to the formula:

M
BXlY,..., Yl = 3 P(Sy = ilYi,..., YO BIXelSk = i, Ya, .., Tl
i=1
A better approximation can be achieved by a second order algorithm which merges

Gaussian according to their two-step history:

M
E[XHS];; =i7}/17"'7Y;€] = ZP(SIC :ilsk—-l zjalea-'-:Yk)E[XkISk =1,

g=1

Sp-1 =‘7?Yv1:7y;c]

Another closely related algorithm is the Interacting Multiple Models (IMM) algo-

rithm described in [1].

However, these models suffer the well-known problems associated with the EM
algorithm, namely the possibility to be trapped in a local minimum and the slow
rate of convergence. To some extent, deterministic annealing [21] and the acceler-
ated algorithms presented in [7], [11] and [12] have been proposed for solving these

problems.

In this chapter, we apply a Monte Carlo EM (MCEM) algorithm [23] and we
approximate the expectations in the E step using a multimove Gibbs sampler [2].
In a purely Bayesian approach, the Gibbs sampler was previously used for a slightly
different model (see [8] pp.237-241). In the present study, the advantage of using the
Gibbs sampler is that once the simulated values for the discrete variables {S, k =
1,...,T} are obtained, we can apply the Kalman filter and smoother. This allows us
to use the Rao-Blackwellised forms in the E step, and also to speed up the algorithm
by nesting [22]. Once the system parameters are estimated, we can also solve a
classification problem by assigning each observation Yy to the class ¢ € {1,..., M}
corresponding to the maximal probability P(S; = j|¥(n)) 7 = 1,..., M. In the
following section, we present the Gibbs sampler for the switching state-space models.
The proposed nested Monte Carlo EM (NMCEM) algorithm is the main contribution

of this chapter. We then discuss how the theoretical results presented in the previous
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chapter can be applied for the model (5.1) - (5.2). At each particular step ¢ of the
Gibbs sampler, we need the prediction filter {p;}, where p; = = and

Phoy = P (Sepr = 4%, Xi(0), ..., Y1, X1(3)) (5.4)

for any j = 1,... M, all k > 0 and any sample X1)(3).

5.2 The Gibbs sampler

We define
fS@ Yy = P(Sm)|Yir), (5.5)
9(X)[¥in) = P(Xm|Yiry)- (5.6)
T~1
F(Swy Xy, Yiry) = P(Sy| X (1), Yiry) = P(Sr| Xy, Yiry) [ [ P(Skl Sk,
k=1
Xy Yiw) (5.7)
M T—1
9(Xm)|Say, Yiny) == PXm)|Say, Yiry) = [ ] [P(X?!S(T), Yy [ [ P(X
m=1 k=1
X;:i-b S(k)s Yv(k)) y (58)

The probabilities in (5.7) and (5.8) are calculated as in [2] (notice that in (5.8),
we have only the Gaussian densities). The probabilities in (5.5) and (5.6) are in fact
intractable, since they involve integration with respect to X (7 and Sy, respectively.

Starting with an initial guess S(7y(0), the multimove Gibbs sampler generates a
sequence X(7(1), Siry(1), X(1y(2), Sy (2), . . - such that Sr)(4) is drawn from f(Sp]
X (1), Yry) and X(qy(i + 1) is drawn from g(X(7)|S(z)(4), ¥(z)). This produces an
homogeneous Markov chain {S(7(%), X(ry(7),¢ > 0}, and under appropriate regular-
ity conditions [19], we are eventually sampling from P(Siry, X(1)|Y(r)). We prefer
to use a multimove Gibbs sampler, because of its faster convergence ([2]).

For any vectors y € R and z = (29,5 = 1,...,M) € RM® let b(y,z) =
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(¥ (y,x),5 =1,...,M) and B(y,z) = diag(t/(y,2),j = 1,..., M), where
¥(y,z) = (2r)~* det(R)™/* exp(—(y — Cje’ 'R (y — Cj2")/2).

The probabilities in (5.7) can be expressed in terms of the transition matrix ® and

the prediction filter p, = (p,i),j =1,... M, given in (5.4):

&I (Y, Xi) D,
p;H—l Z£1 b (Ym Xk)pi:

P(Sk =|Sk+1 =5, Xy, Yi)) =

Following [2], for the prediction filter, we write

QtB(qu Xk)?k

= , k=1,...T—1
el = H Ve, Xr) s

If e denotes the projective product introduced in [10], then we have
Pryr1 = @tB(}/k,Xk).pk, k= ].,...T—— 1. (510)

The probabilities in (5.8) can be calculated using the Kalman filter as reported
in [2]. Here, instead of sampling according to these probabilities, we prefer to use
the computationally more efficient simulation smoother presented in [4].

Now we study the convergence of the Gibbs sampler. In this case, strong con-
vergence results can be easily proved if the Markov chain {S(r)(4)} is aperiodic and
irreducible [19] (for instance, if the transition matrix @ is positive and 7* > 0,

i=1,...,M). Under these conditions, we can state the following results:

Theorem 5.1 (i) {X(1)(i)} is an ergodic Markov chain with the invariant distri-
bution g(X)|Y(r)). For any initial value X O we have

/RsMT 199X |Yiy) — 9(X) Yiry)| dX(r) < O

where 0 < g < 1, C > 0, and g® (X |Y(1)) is the posterior distribution of X(7)(¢).
() For any real-valued function h(X()) with EY {ih(X(T))f !Y(T)} < oo and any
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initial density g\ (Xry|Y(z)) there exists a constant C, such thai
‘Eg(i) (WX @) Yir)] — E° [h(X(T)NY(T)H < Cad'.

(iii) The Markov chain {X(1)(i)} is geometrically ¢ mizing.

Proof. The proof is very similar to the proof of Theorem 1 presented in [3] or [16].
Here we will outline only the main points.

First, we notice that if {S(7)(é)} is aperiodic and irreducible, since it has a finite
support, it is uniformly geometrically ergodic and geometrically ¢ mixing.

Secondly, {Si)(¢)} and {X(z)(é)} are two Markov chains with kernels

H(S" 1y, S()) = /RsMT F(8' | Xy, Yo ) (X oy Sy, Yiry)d X (),

M M

KX'@, Xay) = Y - Y 9(X 0[Sy, Yy (Seny [ Xy Yi)-
Si=1 Sp=1
Hence, f(S)|Y(r)) and ¢(X(r)|Y(z)) are stationary distributions (in fact they are
the unique invariant distributions) for the Markov chains {Sir)(¢)} and {Xy(©)}.

The posterior distributions at step i, £ and g are derived from the kernels:

M M
f(w)(s'(T)!Y(T)) = Z Z H(S'(T),S(T))f(i_l)(S(T)IY(T))’
Si=1 Sp=1

90X ¥im) = /R KX, Xa)g" T (Ko Vi) d X ).
Finally, the following duality principle holds
M M
O (X Yiry) = Z Y 9(X @Sy, Yir)) (S [Yiry)-
1=1 Sp=1

The main idea of the proof is to transfer some of the properties of {S(1)(i)} to

{X1) (1)} using this duality . O

Corollary 5.1 For any function h such that Eg[lh(X(T))|2 Y] < oo, we have the
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following convergence in distribution as I — co:

75 3 (6 (X (9) - X Y]) = N0, ),

0 <o =Var! (h(X(r))) +23_ Cov? (b (Xeny(0)) , b (Xmy(9))) < oo

=1

Proof. This is a direct consequence of the geometric ¢-mixing property of the

Markov chain {X(1y(¢))}. O

Remark 5.1 A similar result can be formulated for the Markov chain {S(r(3),
X(ry(1))} with the stationary distribution P(Sir), X(1)|Y(r)) = 9(X)|Si), Y(m))
F Sy l¥er)-

Remark 5.2 A very important consequence of the theorem is the fact that the

ergodic theorem applies, and we can approximate
1 Jd
E* [W(X) Vi) = 7 Db (X (@)
=1

for I sufficiently large and EY []h(X )|

Y(T)] < 00. The central limit theorem in

the corollary allows us to monitor the convergence by estimating the variance oy,.

5.3 The learning algorithm

Let the parameters of the model (5.1) - (5.2) be 8 = {R, ®, 7, A, Cony Heny Qs Ll
m=1,...,M}. Here, u,, and Q,, are the mean and the covariance of the hidden

Gaussian state variable X" in the state-space model m.

5.3.1 The Monte-Carlo EM algorithm

The EM algorithm is particularly suitable for learning the parameters of the switch-
ing SSM (5.1)-(5.2), because it is easier to calculate the likelihood of the augmented

data {S(y, X1}, Y(7)} than the likelihood of the observed data {Y(1)} (see [6] for
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detailed calculations). The algorithm starts with an initial guess 6 of the unknown
parameters and iteratively compute the estimation 6*. Each iteration consists of

two steps : the expectation (E) and the maximization (M) step.

Giving the current estimation 8, of the parameters, the conditional expectation

of the augmented data log-likelihood is computed in the E-step:
Q(gwn) = E[log P(S(T), X(T), Y(T)l())}Y(T), gn]. (511)

For the mixture structure of the switching SSMs, any attempt to calculate the exact
expectation in (5.11) becomes impractical [6]. To solve this problem, we propose an

MCEM algorithm [23]. Instead of an exact E-step, we use an approximation

Ln,

Q(616,) 1n ZlogP {8 (0, Xy (1), Yy }16) ,
where {Sery (1), Xey(1)}, 1 =1,..., Ly, is a sample from P(S¢ry, X(1), |Y(7):6n)-
The M-step performs a maximization with respect to the parameters 6:
s = argmax Q(0]6n).

In our case, we maximize Q(0|6,) by setting

Ap(n+1) = iE [X;y xr ) Yy, Hn] (iE[X;?‘_l (xr.)'|

. k=2 k=2 (5.14)

}/(T)aen]) )
T T
Cm{n+1) = ZY [Lm) (Se) (XY () O] (ZE[l{m}(Sk)X
= (5.15)
£ [Y(r)6n] )

QU(n+1) = E [X]" (X1") [Yir), 6a] — B [XT[¥iry, 6] BIXT) | (5.16)
Yir), Onl,
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T
]' m
Hm(n -+ 1) = Tt_l (ZE [Xl'gn (Xk- )t |}/(T)7 gn] - Am(n =+ 1)
i k=2 (5.17)
« 3 B[ (7 [ 6) )
k=2
M T
R(n+1) (}: Y Yy - Zcm("‘*" 1)ZE[1{m}(SIc)X}TlY(T)a0n]
m=1 k=1 (5.18)
R, (n+1) = E [XT"Yi7), 0] , (5.19)
7™ (n+1) =P (S; =m|Y(1),6n), (5.20)
T -1
(I)(q,'m)(n + 1) = (ZP (Sk =m, Sk‘—l = qD/(T),Hn)> /(Z P(Sk = q|
k=2 k=1 (5.21)

1/(T)70n))'
5.3.2 The nested MCEM algorithm

In each cycle of the MCEM, we repeatedly apply random generators. Hence, com-
pared to any deterministic implementation of the EM algorithm, the MCEM is time
consuming. Thus, any technique which is capable to improve the rate of convergence

is very valuable. Here we propose a nested MCEM algorithm [22].

We consider two different augmented-data sets: Yyug1 = {Y(7), Sy} and Youe0 =
{Yry, S(T),X(T)}. For acceleration, the nested MCEM algorithm will fix the aug-
mented data Y, and run several EM iterations conditional on these values. Notice
that remark 5.2 allows us to use the following Rao-Blackwellised forms to estimating
the expectations in (5.14)-(5.19):

L

E [1gmy(Se) XY ~ ZE (Lo (St (0)) XISy (8), Vo] /L (5.22)

i=1

(5.23)

Yv(T)jl /Lm
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B X0 (X [Yin)] ~ ZE (X5 (X | Sy (@), Yeny ] / Lms (5.24)

B [Xp (X)" Win)| ~ f:E [Xe () 1S @) Yio | /Lo (5:25)

We also have
P (Sp = mlY(n)) = Z_‘L;l{m} (Sk(2)) / L, (5.26)
P (Sy =m,Sp-1=q¥m)) = LZ Limy (Sk(4)) 1ig} (Se—1(5)) / L. (5.27)

4=1

Hence, the E-step for this inner EM algorithm is based only on the Kalman
smoother and the previous Rao-Blackwellised forms. As a consequence, it is com-
putationally more efficient. A formal proof of the faster rate of convergence for the
nested EM is given in [22]. Now we present the algorithm in detail:

Initialize the parameters of the model.
Repeat until log likelihood has converged:

Draw L, sets of values Sir)(i), Xr)(i) for {Sir), X(1)} using the Gibbs

sampler;

Calculate the conditional probabilities using formulas (5.26)-(5.27);

For t =1 to Kpesting do

Inner E-step

Run Kalman smoothing recursions given the sample {S(i),i =
1,..., L.}

Replace in the Rao-Blackwellised forms (5.22)-(5.25);

Inner M-siep

Re-estimate the parameters of the model using the formulas
(5.14)-(5.21).

Next, we discuss some issues concerning the implementation of the algorithm.
Following the suggestion given in [23], we increase the number L, of data in the

Gibbs sampler at each new cycle of the MCEM algorithm. For the number of inner
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steps, we have tried several values (Kpesting = 3, 5, 7) with comparable results. Since
the log likelihood is intractable, we apply a harmonic average to estimate its values

[14], and we apply the bridge sampling presented in (22] to monitor the convergence.

5.4 Asymptotic properties of the prediction filter

In the NMCEM algorithm, we apply the Gibbs sampler in every cycle of the EM
algorithm. Since we do not know the real values of the parameters, we have to
work with the estimates corresponding to each cycle of the EM algorithm. In this
section, we consider a reduced set of parameters f = {®, 7}, and we apply the results
obtained in Chapter 4 to study the impact due to the inaccuracies in the estimates
of @ for a large nutmber T of observations.

For every positive integer ¢ and for every set of values for X(p)(¢), the values of
Sry(3) are drawn from f (S| X(1y(i), Y1) given in (5.7). Since we are working with
a fixed set of values X(7)(¢), we omit the index 4 in order to simplify the notations.
As we have already mentioned, the probabilities in (5.7) can be expressed in terms
of the transition matrix ® and the prediction filter p, = (pl),j = 1,... M, given in
(5.4). The exact values of the parameters 6 are in fact unknown, so that instead of
(5.10), we consider an equation corresponding to the values 6(n) at the n— step of
the EM algorithm:

Peyi(n) = ®(n) B(Yi, X¢) @ pi(n),

forany k =1,...T — 1, and pi(n) = m(n). To make explicit the dependency with

respect to the initial condition and the observations, we denote

Pr+1 (n) = fn[}/ka Xk7 ey Y27Xlapl(n)]7

for any positive integers k&, [, such that k > I.
AssuMPTION 1. The Matrix @ is primitive.

AssuMPTION II. The matrix A = diag(4,), m = 1,..., M, has only eigenvalues
o with |o| < 1.
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As a consequence of the first assumption, the Markov chain {Si} is geometrically
ergodic with a unique invariant probability distribution p = (¢%), ¢ = 1,..., M.
Under the second assumption, we study the properties of the Markov chain {X; =
(X%,...,XM), k > 0}. From the normality and independence assumptions, we can

easily prove that for any positive integer £ > 1 and any z, € R*M
P (xo,-) = P(Xy|Xo = z) = N (A zo, Hpyy), (5.29)

where Hyy = H + AHA '+ ...+ AFTH(A¥ Y = H + Fy.

Furthermore, Assumption II implies that the zero solution of the deterministic
linear system x,; = Az; is asymptotically stable (Theorem 4.9, in [5]). Since the
system is autonomous, the zero solution is also exponentially stable (Corollary 4.6,
in [5]). Moreover, by Theorem 4.3, page 128 in [20] the Markov chain {X;,k > 0}
is geometrically ergodic with a unique invariant probability distribution p. From
Theorem 4.5, in [5], there exists positive constants as and ¢; < 1, such that, for all
k> 1,

| 4¥]l> < axc5. (5.30)

Lemma 5.1 For any positive integer | and any normal distributions N(my, Z) and
N(my, Z) on (R, B(R')), with m; # ma, and the same symmetric and positive

definite covariance matriz Z, we have
N (m1, Z) = N(ma, Z)|| < p(Z7)*jmy —ma).

Consequently, for ay and cy as given in (5.80) and any xo, ©y € R*M | for the k—step

transition probabilities Pk(z,,-) defined in (5.29), we get
1P% (o, ) — Pk (20, )| < Vo(H Doz |lzo — zy. (5.31)
PRrROOF. Let v = N(my, Z) ~ N(ma, Z) and

Q1(z) = (2r) 2 det(Z) " exp (~(x —m )2 x — ml)/2) ,
122

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Qa(z) = (27) ™ det(Z) " exp (—(z — me)'Z 7z — ma)/2) .

Proceedings as in [9], page 47, from the Schwartz inequality, we get

= [ 1010 - Qe = [ [VE(E) - VB (V) + V() e
< (| (vaw-vam) as) (| (Vo vae) w)

i

- (22 [ vamaEE) (242 [ Vaw@Ew)

1/2

Since

/Rl V@1 (2)Q2(z)dz = exp (——(ml —mo)Z Y (my — mg)/S) ,

we obtain

Il < ((my — m)tZ Y (my — mz))l/Q.

Let Z7! = Z!Z, be the Cholesky decomposition of the symmetric and positive

definite matrix Z~!. Thus ||v]| < [|Z1]l2llm — mal = p(Z71)2|jm; — ma].

To prove the second part of the lemma, notice that for any positive integer
k, Hg = H + F,, with F} being symmetric and non-negative definite. Hence,
p(H 1), — H(;)l is also symmetric and non-negative definite. As a consequence,
p(H(;%) < p(H™'). The inequality (5.31) is thus a consequence of the first part of
the lemma and (5.30). O

Notice that from the previous lemma, it is obvious that assumptions I and II
can replace assumptions A’ and B in the previous chapter. Moreover, assumption
IT ensures the asymptotic exponential stability of the Kalman filters applied for

drawing the values of X(1(i) at each step 7 of the Gibbs sampler.

Let denote by Ay(-) the Lebesgue measure on R*, £ > 1. For any vectors

Z1,%9, % € RMS 4 € RY we define:

M
G/(.’Eg, 331) = (27T)—8M/2 H det(Hj)‘l/Q exXp (—- (ZL‘% e Aj:l;"{)t HJ'-—l (.’L‘; - AJ.T{) /2) 5

i=1
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max b (y,)
= J=1y — LR (pzﬂ
o) = paay (W= o evn),

j=1,..,M
A(o) = min, [ 5w 2) ()
i=1,... Ré

R(n) = €'(n) /R L /R T A @elze e s(den) . Mol dep(dey).
k=2

As a consequence of Theorem 4.4 in chapter 4, we can prove that the prediction

filter has an exponential rate of forgetting the initial conditions.

Theorem 5.2 Under the assumptions I and I, if the stochastic matriz ®(n) is

primitive with index of primitivity v, then for any positive integer | and any vectors

p1, po € RM with positive entries that sum to one, we have

1
Elog ”fn[Yka Xk) R H’Xbpl] - fn[}/kHXk) LR Yiaxhp?]“l

lim sup
k—+00

< %log(l - R(n)) <0,, Pas.
Moreover, from Corollary 4.2, we have the following result.

Theorem 5.3 Under assumptions I and II, if the matriz ®(n) is positive, then the

Markov chain {Sy, X, Yi, pe(n)} has a unique invariant probability distribution m.

5.5 Applications

In order to asses the effectiveness of the proposed NMCEM, we compare our ap-

proach with the algorithms presented in [6] and [8].

5.5.1 Simulated data
First, we suppose that the model parameters are known and we apply the Gibbs

sampler to solve a classification problem. As in [6], the SSMs and the switching
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process are defined as

X} =099X;_, +wy, wp~ N(0,1),
X2=09X2_, +w? w ~ N(0,10),

V=X +vp, v~ N(0,0.1),

where the initial probabilities are 7(!) = #(®) = 0.5, and the transition probabilities
are LY = 22 = 0.95 and ®(? = &> = 0.05. We generate 200 sequences of
length 200 from this model. A set of data and its true segmentation are displayed
in Fig. 5.1.

Figure 5.1: Data sequence of length 200 with its true segmentation below it: the
upper dots represent the switch state 2, and the lower dots the switch state 1

For each sequence, we run the Gibbs sampler described in Section 5.2. A point Y}
is considered to be from class 1 or class 2 according to the values of the probabilities
P(S; = m|Y1,...,Yr), m = 1,2. These conditional probabilities are estimated
using (5.26). The histogram of the percent correct segmentations is displayed in
Fig. 5.2(a). Compared with the results reported in [6], even with the annealed
algorithm, we notice an significant increase of the percent correct segmentations.
However, the Gibbs sampler is much slower than the variational approach and we
could not use exactly the same data as in [6).

Now, for the same simulated data sets, we apply two merging methods: the
IMM procedure, and the GPB algorithm. For the IMM approach, we use only the
forward part of the algorithm and we classify according to P(S; = m|Y3,..., %),
m = 1,2. The results are displayed in Fig. 5.2(b), and they are similar to the
histogram presented in [6]. The average performance of the method based on the

Gibbs sample is about 10% better than the IMM method. For the GPB approach,
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Figure 5.2: Histograms of percent correct segmentations: (a) inference based on the
Gibbs sample (b) Gaussian merging, IMM (c) Gaussian merging with approximate
smoothing

we approximate the conditional probabilities P(S; = m|Yy,...,Yr), m = 1,2 using
the merging method and the smoother presented in [8] pp. 106-109. The results are
shown in Fig. 5.2(c), and they are obviously better than the ones displayed in Fig.
5.2(b). However, the average of the percentage of the correct segmentations based
on the Gibbs sampler is still about 3.8% greater compared to the results shown in
Fig. 5.2(c).

We also tested other switching SSMs, and we have consistently obtained better
results with the algorithm based on the Gibbs sampler than with the algorithm
based on merging. Here we present the results obtained for the following SSM with

M=23:

Xi=099X;_, +wi, wp~ N(0,1),
X2 =095X7 , +wi, wi~ N(0,5),
X3 =09X3_, +wd, wi~ N(0,10),
Ve =X+ vk, v~ N(0,0.1).
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The initial probabilities are 7(9) = 7 = 78 = 1/3 and the transition probabilities
are 11 = 22 = B3 = 0.95 and B2 = (13 = 21 = 23 = B =
&2 = 0.025. In Fig. 5.3, we display a set of data and its true segmentation.

Figure 5.3: Data sequence of length 200 with its true segmentation below it: the
upper, middle and lower dots represent the switch states 3, 2, 1, respectively

20

oO 10 20 30 40 50 60 70 80 90 100
Percent Correct Segmentation

Figure 5.4: Histograms of percent correct segmentations: (a) inference based on the
Gibbs sample (b) IMM (c¢) GPB with approximate smoothing

We generate 200 sequences of length 200 from this model. The histograms corre-
sponding to the method based on the Gibbs sample, the IMM algorithm and the
GPB algorithm are reported in Figs. 5.4(a), 5.4(b) and 5.4(c), respectively. For this
classification problem, the results obtained with the method based on the Gibbs
sample are in average about 3.2% better than the GPB algorithm and 11.5% better

than the IMM algorithm.
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5.5.2 Experimental medical data

We now consider the experimental physiological data displayed in Fig. 5.5(a), and
we apply the NMCEM for system identification. This data correspond to a patient
tentatively diagnosticated with sleeping apnea'. The respiration pattern is char-
acterized by a succession of no breathing, gasping breathing and normal rhythmic

breathing (see also [6] and the references therein).
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Figure 5.5: Chest volume of a patient with sleep apnea. (a) Training data (b) Test
set

It is shown in [6] that a switching SSM with M = 2 components and the di-
mension of the state-space K = 2 is the most suitable model for this data set. One
component is specialized for the gasping and normal breathing, and the other com-
ponent models the data during periods of apnea. We use the same type of switching
9SM and we apply the NMCEM for estimating the parameters. The results are very
similar to those reported in [6]. The segmentation found is shown at the bottom of
Fig. 5.5(a).

In Fig. 5.6, we compare the MCEM with the NMCEM for Kpes.q = 3. By

introducing a nesting approach, we reduce the time at least by a factor of two. Since

!Data are available online at http://www.physionet.org/physiobank/database/santa-fe.
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the likelihood is intractable, we can find only an estimation of the log likelihood for
each cycle of the NMCEM. The final estimated value for the maximum likelihood
is similar to the value of the lower bound obtained in [6]. .

The results for the test set are displayed in Fig. 5.5(b). Using the MCEM or
the nested versions, we obtain estimations for the maximum log likelihood lower
than the value of the bound reported in [6]. Our best values are around -0.75 nats
per observation compared to -0.85 nats per observation reported in [6]. Also, the
segmentation seems to be more accurate (see Fig. 5.5(b)), since it is capable of

detecting possible apnea periods which were not noticed in [6].

o s5Q00 1000 1500 2000 2500
trme s)

Figure 5.6: Learning curves for a MCEM (solid line) and a NMCEM (dotted line)
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Chapter 6

Conclusions

The work presented in this thesis is common to many fields such as time series, pat-
tern recognition, machine learning, signal processing and system identification. The
main contributions are the new approaches for predicting the nonlinear aeroelastic
response, the study of the ergodic properties of the models with a Markov switching,
and the improved stochastic algorithm for switching state-space models.

The illustrative case studies reported in Chapters 2 and 3 clearly demonstrate
that the proposed approaches, based on nonlinear time series and the unscented
filter, are capable of accurately predicting the limit cycle, damped, and unstable
aeroelastic oscillations.

For the numerical simulated and the experimental aeroelastic data with polyno-
mial restoring forces, the amplitude dependent exponential autoregressive models
seems t0 be very appropriate. The nonlinear time series model provides long term
predictions of the same accuracy or sometimes even more accurate than the un-
scented filter.

For a freeplay model, the predictions obtained using the unscented filter are more
accurate than those obtained with nonlinear time series models. The unscented
filter also performs more effective de-noising than the wavelet filters. However, the
wavelet filters and the time series models do not require any information about the
structure of the dynamical system associated with the input data. To implement

the unscented filter method, even if no information about the system parameters is
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given, the specific type of the nonlinearities associated with the aeroelastic system
must be known. Thus, the extra information seems to be the reason leading to a

better performance.

A method capable of accurately determining the freeplay structure is of great
interest in nonlinear aeroelasticity. In Section 2.3, we propose a non-parametric
method for finding the threshold structure for an aeroelastic model with a freeplay.

As for the future work, we plan to test this method for experimental data.

The nonlinear time series models and the unscented filter can be used as the key
components in the expert data mining system presented in Fig. 1.1. Other methods,
such as neural networks can be easily incorporated in the processing module of
the system. The present investigation also opens up the opportunity for other

applications in flight dynamics and active vibration control systems.

In Chapters 4 and 5, we study models with Markov switching. We are mainly
interested on switching state-space models, but we present also an extension of a

classical result concerning hidden Markov models.

A nested Monte Carlo EM algorithm, based on the Gibbs sampler, for learning
the parameters of switching state-space models is developed in Chapter 5. The
proposed new algorithm is a good alternative when the execution time is not critical
and high accuracy is required. Under very reasonable conditions, we show that
convergence properties for the Gibbs sampler can be proved. The ergodic properties
established in Chapter 4 allow us to study the effects of the possible misspecifications
of some of the model parameters, and to find sufficient conditions that ensure strong
asymptotic results. The efficiency of the new nested Monte Carlo EM algorithm can

be improved by using parallel computation.

The new approach is compared with three existing alternative methods, all of
them based on the EM algorithm but not involving random number generators.
Although our method is slower than the others, the results reported here for the
simulated and the experimental data are more accurate. We have studied several sets
of data corresponding to different switching state-space models, and the proposed

stochastic approach consistently provides a better classification when the parameter
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of the system are known. For system identifications, more tests need to be done,
since the performance of the EM algorithm depends on the initial guess and better
results can be only obtained as a consequence of a more inspired initialization algo-
rithm. The approach proposed here can also be applied to economical models with

a Markov switching.
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