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Abstract

O pen and closed-loop flatness-based track ing  control of flexible beam s is considered. A 

ro ta tin g  beam  system  is m odeled using an  Euler-Bernoulli p a rtia l differential equation. 

F latness is used to  derive an  open-loop control by in troducing a  so-called flat o u tp u t which 

param eterizes th e  system  s ta te  and  inpu t in term s of an infinite series depending on the 

flat o u tp u t and  its tim e derivatives. T he  series are tru n ca ted  to  derive finite-dim ensional 

sta te -space form system  approxim ations for which linear estim ated  s ta te  feedback tracking 

laws are applied. A finite-elem ent analysis m odel, required to  sim ulate  the  perform ance 

of th e  proposed closed-loop design, is derived and im plem ented. B oth open and  closed- 

loop controls are  successfully validated  experim entally  on a  te s t s tand . G eneralization of 

the  open-loop control for ro ta tin g  beam  system s w ith tip  payload are presented, and a 

superposition-based open-loop control for a  lev ita ted  beam  is described.
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Chapter 1

Introduction

1.1 Control o f F lexib le Structures
T he control of flexible s truc tu res  is an established area of research w ith  num erous im portan t 
practical applications. An exam ple of a  controlled flexible s tru c tu re  is th e  S hu ttle  R em ote 
M anipulator System , also known as the  C anadarm  [25] shown in F igure 1.1. Closer to  
home, applications include flexible robotic arm s [1], construction  cranes [54], heavy cables 
[56], piezoelectric m icrosystem  positioning devices [22, 65], ofTshore oil and  gas exploration 
equipm ent [12], and  hard  disk rea d /w rite  head ac tu a to rs  [48].

F igure 1.1: E xam ple of a flexible m anipulator —  th e  C anadarm

Flexible m anipulators are in tentionally  slender to  provide low m echanical inertia. T his 
allows for fast m otion control in weight critical applications. Such slender designs have 
low geom etric stiffness and  hence the  control of lightly-dam ped oscillations becomes a key 
issue when try ing  to  achieve m otion p lanning objectives. As the  speed of desired m otion 
increases, especially in the  presence of a tip  payload mass, the  system  experiences larger 
inertial forces which can worsen v ibrational problem s. O ne way to  reduce the  level of 
oscillations is to  control the  m an ipu la to r in open-loop and move sufficiently slowly. T his 
non-m odel-based sim plistic approach  to  control is used to  keep swaying a t  safe levels in the 
C anadarm , which transla tes a t  6  cm /second fully loaded. However, th is solution may not 
be acceptable in applications w here accurate high-speed m otions are critical. For exam ple,

1
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m anufacturing robots m ust move fast to  ensure the  assem bled p roduct is profitable. Hence, 
it is n a tu ra l to  make use of a  physical model of the  system  which accounts for flexibility 
in o rder to  ob ta in  b e tte r  perform ance. For exam ple, a closed-loop scheme m ight sense 
deform ations of a m an ipu la to r and  apply corrective a c tu a to r  action  using a m odel-based 
control strategy. Typical sensors include s tra in  gages for m easuring deflection, and encoders 
a t the  articu la ted  jo in ts  to  m easure angular position and velocity. T h e  ac tua to r, typically a 
servo m otor, applies torque to  control the  structu re . T he  control of flexible m anipulators has 
been stud ied  extensively over th e  last two decades, especially in th e  context of robotics. A 
recent survey paper [5] classifies existing work in the  area according to m anipulator design 
(single versus m ulti-link), dynam ic model (spring-m ass discrete, continuous, Lagrangian 
form ulation, finite-elem ent decom position, m odal decom position), control objective (end- 
effector position regulation, track ing  of desired angular tra jec to ry  in ro ta tin g  jo in ts, tracking 
of end-efTector tra jecto ry ) and control technique used (in p u t-o u tp u t linearization, P ID , pole- 
placem ent, adaptive , neural netw ork, sliding-m ode, robust, op tim al, and  o thers). T his thesis 
makes a  contribu tion  to  the  problem  of controlling flexible s tru c tu re s  by proposing flatness- 
based open and  closed-loop control laws for flexible system s.

1.2 D istributed  Param eter System s
A d istribu ted  param eter system  (D PS) is one whose behaviour can be natu ra lly  m odeled by 
partia l differential equations (PD E s). Such system s are a  special case of infinite-dim ensional 
system s whose s ta te  space has infinite dim ension (e.g. a  linear delay system s). In con trast 
to  infinite-dim ensional system s, lum ped-param eter system s are described by ord inary  differ
ential equation  (O D E) models. T he  behaviour of a  D PS is described by dependent variables 
which are functions of a t least two independent variables, usually tim e and space. On the 
o ther hand, lum ped-param eter system s’ variables depend on tim e alone. For exam ple, the 
m acroscopic description of th e  position and  orien tation  of an airp lane, or the  voltage and 
cu rren t term inal characteristics of an analog circuit can be well-m odeled using a lum ped 
param eter O D E model. D istribu ted  phenom ena often results from a  microscopic analysis 
and  leads to  a  P D E  model. For exam ple, the  v ibration  of an a irp lane wing, or electric 
charge d is tribu tion  inside a tran s is to r are system s which have an infinite num ber of system  
variables or degrees of freedom and  are best m odeled using PD Es.

T he study  of controlled D PS is an  interesting  and challenging cu rren t area of research. 
M uch of the  challenge arises from the  additional com plexity of working w ith PD Es relative 
to  ODEs. T his increased com plexity can be seen when investigating  even fundam ental issues 
indirectly  related  to  control such as existence or uniqueness of solutions to  PD Es. Existing 
control m ethods can be roughly divided into two categories.

1. Indirect methods  which first spatia lly  discretize th e  P D E  m odel to ob ta in  a system  
of ODEs. Spatial d iscretization  can be perform ed in a num ber of ways including the 
use of m odal decom position and Finite-E lem ent Analysis (FE A ). Lum ped param eter 
control design m ethods can then  be readily applied to  th e  resulting  finite-dim ensional 
model. Exam ples of th is approach are in [28, 72, 10] which tre a t the  m otion control 
problem  for ro ta tin g  flexible beam s. R obust //oo-optim al control m ethods are applied 
to  spatia lly  discretized m odels [3, 69]. Such spatia l d iscretization  m odel-based m ethods 
are com m only used in p ractice bu t can lack theoretical justifica tion  for the ir underlying 
approxim ations.

2. Direct methods  use the P D E  model for design w ithout explicitly  perform ing a  spatial 
d iscretization  s tep  and are a m ore m odern approach [9, 2, 17, 75, 8 ]. Theoretical 
m ethods in [8 ] rely on a  sem igroup functional analysis fram ework in order to  develop 
a  theory  for DPS sim ilar to  the  established linear finite-dim ensional s ta te  space sys
tem  theory  [6 ]. T his thesis adop ts a  d irect approach which generalizes the  notion of 
differential flatness [13] to  infinite-dim ensional system s. Recent work in [45, 46] in tro
duces practical m ethods for superim posing a closed-loop flatness-based control on top

2
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of feedforward. A nother body  of work which adop ts a  d irec t approacli to  controlling 
D PS makes use of Lyapunov’s m ethod. Exam ples of such work include [50] and are 
typically focused on sim ple control s truc tu res  which ensure closed-loop stability.

1.3 F latness-based  Control
Differential flatness-based control was originally developed for finite-dim ensional nonlinear 
system s by Fliess e t al. [13, 14]. An overview of recent results on flatness is in [43]. A lthough 
the  concept of flatness originally arose in a differential algebraic fram ework, it is more 
easily explained as the  ability to  express system  variables in term s of a  so-called flat o u tp u t 
function. T he trajectories of a  flat system s are com pletely param eterized  differentially by 
the  tra jecto ries of a flat o u tp u t which can be freely assigned (a t least from a m athem atical 
po in t of view). We consider a  system  in explicit s ta te  space form

x  = f { x , u )  ( 1 .1 )

where l e i "  denotes the s ta te  and u  G R m the inpu t vector. If system  (1.1) is flat, there 
exists a  f lat  output  vector y  G R m with

y  =  h { x , u , u , . . .  , u (r))

for some sm ooth function h,  and  locally there exist sm ooth  functions a ,  ip such th a t

x  =  i p ( y , y , . . . , y <-q))
/  • (s)\  '  'u  =  a { y , y , . . . , y ' - 3>)

w here r, q, s  are  finite integers. We rem ark the  num ber of flat o u tp u t com ponents is equal 
to  m , th e  num ber of system  inpu ts. As well, the  flat o u tp u t y  is differentially independent,  
which m eans there does not exist an O DE such th a t v (y ,  y , . . . ,  y ^ )  =  0.

A sim ple exam ple of a  flat system  is the  k inem atic car [14] shown in F igure 1.2 and 
described by the O D E

X \  =  v cos 9

± 2  =  u sin  9 2 ^
ta n  <{)

X 3 =  V —

where th e  linear velocity of the  rear axle is denoted v,  th e  position coord inate  of th e  centre 
of the  rear axle is (1 1 , 3 :2 ), the  angle the rear axle makes w ith the  horizontal is 9, th e  angle 
the front axle makes w ith the  fram e of the car is <j), and the  d istance between th e  front and 
rear axle centers is denoted I. If we take the  system  inpu t as (v,</>)r  and choose the  flat 
o u tp u t as position of the rear axle y =  (x i , x 2)t , we have the  following expressions for s ta te  
4> and inpu t (v , </>)T in term s a  finite num ber of tim e derivatives of y:

f  l { X 2 X l  -  X i X 2 ) \

± a r c t a n V (±? +  ± ! ) 3 / 2  J

Hence, th e  k inem atic car is flat and  we rem ark the local dom ain of definition of the  functions 
a,  <p in troduced in ( 1 .2 ).

T he particu la r relationship  between flat o u tp u t and  system  variables (i.e., in p u t and 
s ta te ), which involves only derivatives and no in tegration , allows us to  readily incorporate

3

9 =  a rc tan  ( ^  ]
\ x \ J

v  =  ± \ J x  j +  ± 2

<j) =  a rc tan  (  — ] =
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an

F igure 1.2: T he  kinem atic car

m otion p lanning  objectives into th e  tra jec to ry  t »-> y(t) ,  and having fixed th is tra jecto ry  
an expression for th e  steering  control follows by differentiation and  algebraic com putation . 
F la tness implies dynam ic feedback linearizability and hence generalizes th e  im portan t notion 
of s ta tic  s ta te  feedback linearization [23, 27]. For exam ple, the  k inem atic car (1.3) is flat bu t 
not s ta tic  s ta te  feedback linearizable. A flatness-based control law also natu ra lly  leads to  a 
closed-loop feedback w ith a  linear tracking error dynam ics system . Consequently, flatness- 
based feedback control provides robust tracking perform ance. A final im portan t property  of 
flatness is th a t, unlike feedback linearization, it can be generalized to  th e  infinite-dim ensional 
system  case. In th is thesis we will make extensive use of th is fact which is discussed further 
in the following section.

1.4 F latness-based  Control of Infinite-dim ensional Sys
tem s

A n overview of flatness applied to  infinite-dim ensional system s is in [60, 63] w ith the  presen
ta tio n  in [63] giving a  particu la rly  com plete account. T he original work in th is area is [16] 
which considers a  position track ing  problem  for a flexible rod w ith  torsional flexibility. In 
th is case a linear hyperbolic wave equation  is reduced to  a  delay system  and the  open-loop 
in p u t is param eterized by constan t am plitude delays and predictions on the flat o u tp u t t r a 
jecto ry  and  its tim e derivatives [49, 16]. A lthough a com plete theoretical basis for flatness 
in the  infinite-dim ensional system  case does not yet exist, the type of P D E  (e.g. parabolic, 
hyperbolic, e t c . . . )  determ ines how th e  s ta te  and inpu t is param eterized  by the  flat ou tp u t. 
For exam ple, for th e  hyperbolic undam ped wave equation the  p aram etrization  is in term s 
o f delays and advances of the  flat o u tp u t and its derivatives. O ther hyperbolic equations 
m odeling hea t exchangers, te legraph  lines, or heavy chains lead to  finite d istribu ted  delay 
and  prediction  opera to rs which require an integration of the  flat o u tp u t over a  finite tim e 
interval [15, 62, 55, 56, 57], Parabolic  or biharm onic equations lead to  infinite series pa- 
ram eterizations, e.g. [17]. Term s of these series depend on tim e derivatives of a flat o u tp u t

4

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



chosen to  be of Gevrey class a t  m ost 2 to  ensure series convergence. Early  work on the 
parabolic case considered a constan t coefficient linear diffusion equation  m odeling a tubu la r 
reactor [18, 19] and  linear hea t equations [43]. G eneralizations to  th e  linear diffusion equa
tion  w ith spatia lly  dependent coefficients is considered in [32, 33, 31, 30], and special cases 
of th is work concern cylindrical coord inate models [59, 31]. W ork on the  b iharm onic case 
includes the  Euler-Bernoulli equation  m odeling a  ro ta ting  flexible beam  in a horizontal plane 
[17, 2], a  vertical plane [35, 36], o r a clam ped-free piezoelectric positioning device [22, 65]. 
T he  case of a  non-ro ta ting  Euler-Bernoulli beam  w ith spatially  varying beam  param eters is 
in [6 6 ].

M ost of the  flatness-based work on infinite-dim ensional system s to  da te  and  alm ost all 
work cited above has focused on the  linear system  case. N onlinear extensions to  the  parabolic 
case are in [39, 38, 40, 41], O ther flatness-based work on the  nonlinear infinite-dim ensional 
case tak ing  different approaches can be found in [11, 43, 61, 53, 57].

W hile flatness-based open-loop steering of infinite-dim ensional system s has been ex ten
sively studied , closed-loop control has received much less a tten tio n . O f course in practice 
closed-loop control is required to  reduce the  effect of d istu rbances and  m odel error. For ex
perim ental validation a com m on approach has been to  augm ent th e  open-loop design w ith 
a  sim ple P1D control [2, 22]. In these last two references no rigorous way of determ in ing  
su itab le  param eters of th is P ID  controller were given. M ore recently published work [45, 46] 
gives a  m ore system atic  basis for designing the  closed-loop com ponent of th e  flatness-based 
control law. In th is  work the  sam e series expressions used in open-loop m otion p lanning are 
used to  derive the  closed-loop control. T he technique has successfully been dem onstra ted  in 
sim ulation for certa in  linear an d  nonlinear parabolic system s including a  hea t equation  [46]. 
T he  work presented in th is thesis makes use of the  approach in [46] for a  ro ta tin g  flexible 
beam  system .

1.5 Scope of the R esearch
T he m ain objective of the  research described in th is  thesis is to  extend the  closed-loop 
flatness-based track ing  control design m ethod [46] to  a ro ta tin g  flexible beam  system . We 
derive the  open-loop series expressions using hub torque as an  inpu t. W e design a closed- 
loop estim ated  s ta te  feedback controller using series expressions derived for the  open-loop 
control. To test the  tracking feedback law, we derive a  F in ite-E lem ent Analysis (FEA ) model 
for the  beam  system . T he controller is then im plem ented in sim ulation  and  experim ent, 
dem onstra ting  robust perform ance. O pen-loop controls for a  m u lti-inpu t lev ita ted  flexible 
beam  and ro ta tin g  beam  w ith payload are also considered as generalizations.

1.6 O verview  o f th e  Thesis
T he thesis is organized as follows. C hap ter 2 introduces the  experim ental flexible-beam 
plan t and  models the  various subsystem s from first principles. C h ap te r 3 derives th e  flatness- 
based open-loop design. C h ap te r 4 derives an estim ated  s ta te  feedback law based on the 
feedforward result in C hap ter 3. C hap ter 5 im plem ents different techniques for sim ulat
ing the  beam  system  and tests  the  closed-loop design in sim ulation  using the  FEA  model 
developed. C hap ter 6  presents experim ental validation results. C h ap te r 7 generalizes the 
ro ta tin g  flexible beam  model by including a  payload and beam  ro ta ry  inertia. C hap te r 8  

considers the  open-loop control of a  lev ita ted  flexible rotor, and  m akes use of a  superposition  
technique which reduces th e  com plexity of the  m ulti-inpu t system  design.

5
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Chapter 2

System Description and 
Modeling

In th is chap ter, we describe th e  m odel of the  system  to  be controlled. T h is system  is shown 
in F igure 2.1. N um erical values of the  system ’s param eters are identified for the  physical 
ap p ara tu s .

2.1 D escrip tion  o f th e  P lant

Figure 2.1: Flexible beam  system

As shown in F igure 2.1, the  system  consists of a flexible steel ruler which is clam ped to  a 
hub. A DC m otor drives the  beam  th rough a  gear train . T he m otor is powered by a linear 
power am plifier, whose voltage is controlled from a  com puter via a  M ulti-I/O  card. T he 
hardw are provides th ree  o u tp u t sensors. A stra in  gage is bonded to  the base of the  ruler, 
and  is ca lib rated  to  m easure th e  linear deflection of the tip  during  bending. An encoder 
a ttached  to  th e  ro ta tin g  hub m easures th e  angle 0(t).  Finally, a  tachom eter m easures the  
angu lar velocity of th e  hub, 0(t).  F u rthe r details on the  experim ental se tup  are contained 
in [58].

6
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T he control objective for th is p lan t is rest-to -rest m otion, i.e., ro ta tin g  the  flexible ruler 
between undeform ed equilibrium  configurations. T he open-loop tra jec to ry  will be derived 
in C hap te r 3 using flatness techniques applied to  the  infinite-dim ensional model developed 
here.

2.2 D erivation  o f th e  B eam  M odel
We model the  ru ler as a  flexible beam  described by an Euler-Bernoull i  P D E  [26, Section 
6.5]. In th is section, we derive th e  beam  equation , and work ou t th e  boundary  conditions 
used to  model the  beam  system ,

2.2.1 Background
T he following are some facts from  mechanics which are relevant to  th e  m odeling [4, 44].

•  T he  beam  is elastic [7]. W hen it deforms, restoring  internal loads appear which are 
proportional to  the  m agn itude of the deflection. T hese restoring  loads ensure the  beam  
retu rns to  its undeform ed configuration if the deflecting inpu t is removed.

•  Internal  loads (forces and  m om ents) always appear in oppositely-directed  pairs, creat
ing a s ta te  of stress w ith in  th e  body, bu t not movem ent. By con trast, external  loads, 
such as payload reaction  forces and m otor torque, appear alone and cause the  body 
to  accelerate, by N ew ton’s second law.

•  T he  d isplacem ent field w( x ,  t) m easures th e  transverse m otion of the  beam  along its 
length a t  a  given in stan t of tim e. I t is m easured from an inertial (non-accelerating) 
coord inate frame. T h is is schem atically illustra ted  in F igure 2.2.

•  T he  beam  possesses two m om ents of inertia: / ,  the  area m om ent of inertia, and J,  
th e  mass  m om ent of inertia . Inertia  /  is a  function of geom etry only, and  m easures 
the  bending stiffness of th e  body. J  is a function of b o th  m ass and geom etry, and is 
used in th e  m om ent balance [44],

F igure 2.2: Com bined deform ation and  rigid-body tran sla tio n  of a  flexible beam  

We also m ake th e  following sim plifying assum ptions ab o u t the  beam  being modeled.

•  As the  beam  is deform ing, its cross-sections rem ain plane to  each o ther, i.e., do not 
ro ta te . T his is also illu stra ted  in F igure 2.2, where th e  b eam ’s ends rem ain parallel, 
and  th e  horizontal length  L  rem ains constant.

•  T he  m ass m om ent of in e rtia  J  ab o u t the beam ’s bending axis is negligibly small, and 
can be taken  as zero. T h is assum ption  is used when perform ing a m om ent balance in 
Section 2.2.2.

7
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•  T he beam  is uniform  along its length — the physical param eters (volum etric density  p , 
Young’s M odulus E )  an d  geom etric param eters (cross-sectional area  A,  a rea  m om ent 
of ine rtia  I )  are  taken  as constants.

T he  first two points are necessary assum ptions used to  ob ta in  th e  Euler-Bernoulli model. 
T hey  are valid for long, slender beam s w ith small deflections. As a  general rule of thum b, 
a  beam  can be m odeled using th e  Euler-Bernoulli PD E if its length is a t  least ten  tim es 
g rea ter th an  its w idth. Since th is  is th e  case for the  p la n t’s flexible ruler, we will use the 
Euler-Bernoulli equation  as th e  beam  model.

T here  exist m ore sophisticated  P D E  models of flexible beam s, including the  Rayleigh and 
T im oshenko models [73]. T he Rayleigh model does not neglect ro ta tional inertia, a lthough 
it still assum es p lanar cross-sections. T he Tim oshenko model drops bo th  assum ptions by 
including a  cross-section ro ta tion  field in addition  to  a displacem ent field, leading to  a  system  
of two coupled PD Es. Using e ith e r of these models increases the com plexity of the  control 
design [74, 63].

2.2.2 Euler-Bernoulli Beam PDE
Consider th e  free-body diagram  of a deform ed infinitesim al beam  clem ent, as shown in 
F igure 2.3. N ote the end-sections rem ain plane, and restoring in ternal loads are present due 
to  th e  beam  deform ation.

W here the  h igher-order term s (H O T ), containing the term s (dx)2, (dx )3, . . .  are  neglected

F ( x  +  dx,  I)

M ( x ,  t) )M  (x  -t- dx,  t )

w F ( x , t )

F igure 2.3: Free-body diagram  of infinitesim al beam  segm ent

Perform ing a  force balance using N ew ton’s second law we have

t\

F ( x  +  dx ,  t) -  F (x ,  t) — p A d x  ® (2 . 1 )

E xpanding  F ( x  +  dx,  t) ab o u t x  using a  first-order Taylor series expansion,

F ( x  +  dx,  t) =  F(x ,  t) +  d F [X ' ^ - {x +  dx  -  x)  +  H O T
O X

(2.2)

8
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since th e  length  of th e  segm ent dx  is infinitesim ally small. S u b stitu tin g  (2.2) into (2.1) gives

Fix,t) + dJ M ldx -  F(I,,) =

(2-3)o x  a t *

N ext, perform ing a  m om ent balance ab o u t the  center of m ass (CM ) and using J  «  0 
according to  th e  second E uler-B ernoulli assum ption, we have

A/cm =  0

d r  d r
M { x  +  dx,  t) +  y  F ( x  +  dx,  t) + —  F(x ,  t) -  M ( x ,  t) =  0 (2.4)

Perform ing a Taylor series expansion of M ( x + d x ,  t) ab o u t x  and  neglecting the  higher-order 
term s:

M { x  +  dx,  t) = M ( x ,  t) +  ? M j £ £ d x  +  I4 0 T  (2.5)
=o

Using (2.2) and (2.5) in (2.4) gives

M{x, 1) + d- ^ d x  + |  ( f {x , () + + f  F 1.x, 1) -  M(z, 1) = 0

“ t M *  + *•(„,04. + ^  = 0
CrtX CfX

=»0

0 M (s ,  f)
d x

+  F (x ,  0  =  0 (2.6)

w here (da; ) 2  is neglected as in th e  Taylor series expansion (2.2).
N ext, we need to  use a fundam ental relationship  from m echanics which relates internal 

restoring  m om ent to  beam  cu rva tu re  [4, pp. 187-192]:

Em ploying (2.7) in (2.6) gives

E l ^ ^ ' ^ dx  +  F ( x ,  t )dx  =  0

FM  = ~EÎ ^  (2-8)

Finally, su b stitu tin g  (2.8) in to  th e  force balance resu lt (2.3) leads to  th e  Euler-Bernoulli 
P D E

d 3w ( x , t ) \  d 2w ( x , t )
dt*

EI^ l +pA^ l  = 0 ( 2.9)

N eglecting th e  h igher-order term s (dx-)2, (dx)3, . . .  is s tan d ard  p ractice in deriving the  Euler- 
Bernoulli m odel, see for exam ple [24, p. 157], T h is approach is justified  for a  continuum  
which satisfies th e  infinitesim al deform ation assum ption  of l inear elasticity [7, pp. 34-37]. 
W hen higher order term s are  not neglected, nonlinear f ini te elasticity P D E  models result.

9
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2.2.3 Force and Moment Boundary Conditions
In th is  section, we discuss how forces and  m om ents acting  on th e  beam  edges can be ex
pressed as boundary  conditions for the  Euler-Bernoulli P D E  (2.9). T his will be required in 
Section 2.3, and th e  equations a re  readily ob ta ined  from the  previous discussion.

T he left-hand side, w ith  ex ternal force F e x t  and  ex ternal m om ent M e x t  applied is shown 
in F igure 2.4.

F ( d x , t)
M (0 , t )

M ( d x ,  t)

F(0,f)
F e x t  M e x t

Figure 2.4: E x terna l force and  m om ent ac ting  on left beam  edge 

A force balance on the  left-hand side of the  beam , tak ing  upw ards as positive, gives

Fe x t - F ( 0 , t )  =  0 (2.10)

from (2 .8 ), th e  internal force a t  x  =  0  is

d 3w(0, t)
F(Q, t)  =  - E I -

d x 3
(2 .11)

Using (2.10) in (2.11) gives

Fe x t  —  F /

d 3w(0,  t) - F ext

d 3w(0,  t)
d x 3

(2 . 12)
d x 3 E l

Now perform ing a m om ent balance on th e  left side, tak ing  counter-clockwise as positive,

M e x t  -  M  (0 , t) =  0  

from (2.7), the  in ternal m om ent a t  a: =  0 is

(2.13)

(2.14)

Using (2.13) in (2.14) gives

M e x t  ~  E l
d 2w(  0 , t)

d 2w(0,  t) M e x t

d x 2  “  ~ W

d x 2

(2.15)

T he  beam ’s righ t-hand  side is shown in F igure 2.5, again w ith an  ex ternal force and m om ent 
applied.
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F (L ' t '> M ( L , t )
A

M ( L  -  dx,  t)

w(L ,  I)

y /

F ( L  -  dx,  t )

F igure 2.5: E x te rna l force and m om ent ac ting  on righ t beam  edge

A force balance w ith  upw ards as positive, using (2.8) w ith x  =  L  leads to

f'ezt +  F (L ,  I) =  0  

d 3w(L ,  t )
FCxt — E l d x 3

d 3w(L ,  t) Fexl 
d x 3 ~  E l

(2.16)

containing the  opposite  sign to  (2.12). N ext, we perform  a  m om ent balance a t x  =  L  w ith 
counter-clockwise as positive and  use (2.7):

Mext  +  M ( L ,  t) =  0

d 2w ( L , t )  - M e x t

d x 2 E l
(2.17)

W hich, once again, has th e  opposite  sign from (2.15).
W hen using the  edge load to  d isplacem ent conversions (2.12), (2.15), (2.16) and (2.17), 

the  sign of Fext is positive if facing upwards, while M ext is positive if counter-clockwise.

2.3 D erivation  o f th e  R otating  Beam  M odel
We now derive th e  system  equations for the  ruler-hub assembly, m odeled as an Euler- 
Bernoulli beam  clam ped to  a  ro ta tin g  rigid body (2], A schem atic d iagram  of the system  is 
shown in F igure 2.6
T he  governing Euler-B ernoulli P D E , which was derived by using a force and m om ent balance 
in a  sta tio n a ry  frame, m ust be form ulated using a  displacem ent field m easured in an inertial 
(non-accelerating) fram e of reference. However, the  V { x , l )  field in F igure 2.6 is m easured 
in the  fram e of the  beam , which is non-inertial  due to  rotation.

To deal w ith th is, the  governing P D E  (2.9) will use w ( x , t )  =  V ( x , t ) +  xO(t.) as the  
d isplacem ent field, m ade up of two com ponents: x6 ( t ) ,  which m easures the  curvilinear 
transla tion  of a point on the  beam  due to  rigid-body ro tation ; and V ( x , t ) ,  which m easures 
the  linear transla tion  of the  po in t due to elastic deform ation.

T he  governing equation  for th e  ro ta tin g  beam  in F igure 2.6 will be w ritten  in term s 
of the  com bined displacem ent field w( x , t ) .  Once an expression for the  field is found, it is 
possible to  separa te  w ( x , t )  in to  its rigid and elastic com ponents, by differentiating w ith
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V ( x , t )
x  =  L

Figure 2.6: R o ta ting  flexible beam  model

respect to  x  and  evaluating  a t  x  =  0 , using th e  fact the  beam  is clam ped to  th e  hub:

d w ( x ,  t) _  d V ( x ,  I) 
d x  d x

dw {0 , t )  _  dV[Q,t )  
d x

dw(0,  t)

E quation  (2.18) gives th e  rig id-body  com ponent of th e  solution. T h e  elastic com ponent can 
be then  ob ta ined  by

V { x , t )  =  w{x,  t ) - x dw[°'  ^  (2.19)
a x

To model the  ro ta tin g  flexible beam  from Figure 2.6, we s ta r t  by looking a t th e  rigid hub 
to  which the  inpu t to rque r ( t )  is applied, and  perform  a m om ent balance. T he free-body 
diagram  is shown in F igure 2.7. T he  term  Mbcam represents th e  reaction m om ent by the 
beam  on th e  hub.

Jhub

earn

F igure 2.7: Free-body diagram  of hub

£
M b e a m  "t* ^ ( 0  —  Jh u b

M - 1  d29{t)M - J hub dt2

d?9{L)
d t 2

M beam = J h u J - ^ r  ~  r ( t )  (2.20)

T he  Mbcam m om ent reaction  (2.20) ac ts on the  b eam ’s left edge by N ew ton’s th ird  law, as 
shown in F igure 2.8. N ote th e  d irection  of Mbcam has changed direction  from Figure 2.7, 
since it now represents th e  reaction  by th e  hub on  on the  beam .
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iV/fog

V ( x , t )

x  =  0

Figure 2.8: Free-body diagram  of flexible beam

T he reaction m om ent is used as a  boundary  condition for the  beam  P D E  by converting 
6(t) to  w(Q,t)  using (2.18), and  m aking use of the  boundary  m om ent equivalence (2.15).

d 2w(0, t) 1 /  d 3w(0,  t)
d x 2

1 /  d 3w{0 , t )  \
-  E I  yJhub m 2 g x  r ( 0 J

T he th ree  rem aining BCs are deduced visually from Figures 2.6 and  2.8. T h e  beam  is pinned 
to  th e  hub on the  left edge, thus

u>(0,0  =  0 (2-22)

T he beam  is free from ex ternal m om ents on the  right edge, so M ext =  0  in (2.17)

T - o
T he beam  is also free from ex ternal forces on the  right, so Fexl =  0 in (2.16)

d 3iu(L, t)
d x 3

=  0 (2.24)

Using the  governing Euler-Bernoulli P D E  (2.9) w ith boundary  conditions (2.21), (2.22),
(2.23) and  (2.24) gives the  B V P form ulation of a  ro ta tin g  elastic beam  w ith to rque boundary
input:

( 2 . 2 5 )

I»(0,1) =  0 2 ^ - 0
d x  (2.26)

, d 3w(0,  t) d 2w{0 , 0  d 3w(L ,  t)
Jhub~ W d ^ ~ E I ~ d ^ ~  =  T{t) ~ d ^  =  0

T he torque ac ting  on the  hub r ( t )  is the  inpu t to  the  system  model. In the  experim ental 
p lan t, a  DC m otor drives the  hub  th rough  a  gear tra in , w ith u(t )  as the  controlled voltage 
input. To convert between voltage and  torque, the  following equation , derived in A ppendix 
A, is used:

T(<) +  ( K?jKR na Kb + b)  = { ^ R e~ )  U{t) (2 '27)

W here K g is the gear ratio , K m is m otor to rque constan t, Kb is th e  back EM F constant, 
R a is the  a rm a tu re  resistance, and  b is the  viscous friction coefficient. T he num erical values 
of these param eters are given in Section 2.4.
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T he hub angu lar velocity 9(t)  can be d irectly  m easured using a  p lan t sensor, so (2.27) 
gives an  algebraic relation  between r ( t )  and u(t).

Using r(£) instead of u(t)  for the  P D E  system  input reduces expression com plexity of 
th e  BV P boundary  conditions (2.26). T he im portance of keeping the  system  equations as 
sim ple as possible will becom e apparen t in Section 3.4.

2.4 System  Param eters
T he param eters used in the  system  model m ust be identified from the  experim ental hard 
ware. T he num erical values are required to  produce num erical sim ulations in C hap te r 5, 
and  for experim ental validation in C hap ter 6 .

T h e  following param eters were straightforw ard to  ob ta in , e ither from d irect m easure
m ents or from reference tables. For easy reference, Table 2.1, provided a t  the  end of th is 
chap ter, sum m aries the  param ete r values.

•  Beam  length L  =  0.440 m. T he distance from the  ru ler’s ro ta tion  axis to  the  tip. 
M easured directly.

•  Beam  density  p — 780 x 101 k g /m 3. T he volum etric mass density  of th e  steel m aterial. 
O b tained  from reference tables.

•  Beam  cross-sectional a rea  A  =  1.66 x 10- 5  in2. T he ru ler’s cross-section is shown in 
F igure 2.9. From direct m easurem ents, b =  20.7mm, h  =  0.8mm.

•  Y oung’s m odulus of elasticity  E  =  200 x 10° Pa. M easures th e  resistance of a  m aterial 
to  deform ation. O b tained  from reference tables for steel.

•  A rea m om ent of inertia  I  — 8.83 x 10- 1 3  m'1. T he geom etric stiffness of a  solid to  
bending. For a  rec tangu lar cross-section bending ab o u t the axis shown in F igure 2.9, 
th e  calculation form ula is /  =  ^  bli3.

•  G ear ra tio  K g =  70. T he m ultiplication factor of to rque and reduction  factor of speed, 
going from the  DC m otor to  the hub.

•  M otor to rque constan t K m =  0.00767 N m /A . T he relationship  between a rm a tu re  
cu rren t and  to rque produced by DC motor.

•  M otor back E M F constan t I<b =  0.00767 V s /ra d . T he  relationship  between m otor 
speed and  voltage loss across the term inals.

•  A rm atu re  resistance R„ =  2.60 D. T he to ta l electrical resistance across th e  m otor 
term inals.

T
h

i bending axis

Figure 2.9: Beam cross-section diagram

T h e rem aining two param ete rs are  identified using a  closed-loop s tep  response te s t as 
described in A ppendix  B:

14
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•  H ub’s m ass m om ent of in e rtia  ./hub =  3.64 x 10 3  k gm 2. T he  ro ta tional inertia  of the 
rigid hub, w ith the  flexible ru ler detached.

•  Viscous friction coefficient b — 2.09 x 10~ 2  N m s. T his p aram ete r m easures the  friction 
in th e  gear tra in  and  m otor.

A lthough  m ore sophisticated  m ethods for system  identification could have used as described 
in [34], we observed little  sensitiv ity  of experim ental controller perform ance to  any error in 
th e  p aram ete r values for Jhub and  b. T he  com plete list of system  param eters, including their 
sym bols and num erical values, is sum m arized in Table 2.1.

P aram eter Value
M odulus o f elasticity  -  E 200 x  10^ P a

A rea m om ent of inertia  -  / 8.83 x 10- ' 3  m4

C ross-sectional a rea  -  A 1 . 6 6  x  1 0 ~ 5  m 2

D ensity -  p 780 x 10* k g /m 3

L ength  -  L 0.440 m
H ub m ass m om ent of inertia  -  J|,ub 3.64 x  10" 3  k g m 2

G ear ra tio  -  K g 70
M otor to rque constan t -  K m 0.00767 N m /A

M otor back-EM F constan t -  Kb 0.00767 V s /ra d
A rm atu re  resistance -  R„ 2.60 fi

Viscous friction coefficient -  b 2.09 x 10" 2  N m s

Table 2.1: Physical param eters for the  flexible beam  plant
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Chapter 3

Flatness-based Open-loop 
Control

In th is chapter, we present the  flatness-based open-loop control for th e  ro ta tin g  beam  system  
discussed in C hap ter 2. T he m ethod  used is based on work in [63, 17, 43].

3.1 Transform ation o f System  Equations
T he m ethod used relies on applying a  Laplace transform  to  a P D E  in the  dependent variable 
w ( x , t ) ,  trea tin g  x  as constan t. As a  result, the  P D E , containing derivatives w ith respect to  
x  and t, gets transform ed into an  O D E contain ing derivatives w ith  respect to  x  only. T he 
system  can then  be p u t into transfer function form, th e  steering  law is designed, and the  
inverse Laplace transform  bring us back to  the  tim e dom ain.

We denote the  Laplace transform  of w(x,  t) as

W ( x , s )  =  C[w(x , t ) \

We require th e  tim e-diflerentiation  p roperty  of th e  Laplace transform :

d w ( x ,  t) 
dt

d 2w( x ,  I) 
5 P

=  sW (a :,s ) — w (x ,0 )

=  s 2 W (x ,s )  -  sw(x ,  0 ) -  d ' ^ X- —-

P artia l derivatives w ith respect to  x  rem ain unaffected by the  transform :

d w ( x , t )
d x  

d 2w(x ,  t)
d x d t

d W ( x , s )  
d x  

d W {  x,  s) dw{ x,  0 )
d x  d x

A BV P w ith  zero initial conditions and one boundary  inpu t transform s into a  transfer 
function form

W { x ,  s) =  G{x,  s) U(s)

where U(s)  denotes the  Laplace transform ed system  inpu t, and G(x ,  s) the  system ’s transfer 
function.

A m ore rigorous fram ework for th e  above process is M ikusihski operational calculus [47], 
where s  is in te rp re ted  as an op era to r ac ting  on th e  PD E. T ransform ing a  P D E  into the 
s  dom ain is called tak ing  th e  M ikusihski transform  by some au th o rs  [63, 17, 30], and the 
Laplace transform  by o thers [43, 46, 10]. Prom a p ractica l po in t of view, there  is little 
difference between the two in te rm s of the  controls derived. Hence, to  ease readability  th is 
thesis will use Laplace transfo rm  notation .

16

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.2 Transfer Function o f the System
T he B V P describing th e  system  is given below. For com pactness, we use J  instead  of 
to  denote the  m ass m om ent of ine rtia  of the  hub.

, d 2iu(x,t) n , o l X

E I — w ~ + p A — w r ~ - °  (3-1}

w(0,t)  =  0 d2Wg L2' l) = 0
(3.2)

m(l,0) = 0 ^ ^ - 0  (3-3)

A pplying the  Laplace transform  to  the  P D E  (3.1) and BCs (3.2) using zero ICs (3.3) yields

W ( x  
dx4

E [ d ‘XW ( x , s )  +  pA a 2 W ^  =  o (3.4)

H/ (0, s) =  0 d 2W ( L , s )

(3.5)
d x  d x 2 .......................................Qx .3 ......  -  0

where T (s )  denotes th e  transform ation  of th e  torque inpu t r(t).  E quation  (3.4) is an  O D E 
for W ( x ,  s)  w ith respect to  independent variable x.  T he general so lu tion  for th is  O D E is

W ( x ,  s) =  C i ( s je - ^ 1 ^ ) 1' 4 + C 2{s)e'/Ux( ‘£ Y /4 + C 3 (s)e - i ' A I * ( ^ ) ‘ / 4  + C 4{s)ei '/ n x ( ‘£ Y ' ’' 

(  \ \ 1/4Or using v  =  ( J for com pactness,

W  (x,  s) =  C i ( s ) e - v '/rax + C2(s)euVUx +  C 3 ( s ) c - i,/' /J7x +  C 4 (s)eil' ' /n x  (3.6)

We would like to  change th e  basis functions of the  solution (3.6) in to  a  set of trigonom etric 
functions. T his is done by in troducing  th e  new term s

c 2( s ) = ^ > + m

r  M  C(s )  D (s )  C( s )  D(s )
c ^ - ~ 2 — 2r  c * ( * ) - ~ 2 -  +  ^ r

which gives

W (x ,s )  =  e - uy/rsx +  ( ^ -  +  eu^ x

+  / C (s) _  D [ s ) {  e_ iuVFsx +  / £ ( £ )  +  D (s ) \
V 2 2z )  V 2 21 J

_ -^(5) g— ^ i s ) ^ gUy / i s x  _  g—i/\Z?sx^

. ( ' i u y / i s x  i „  — i v > / i s x \  , & i s ) (  i i / \ /Tsx _  i w S i s x \
+  2 \  + e  J +  2i V  J

T hus

W (x ,s )  =  j4(s) cosh(uVTsx)  +  B (s )  sinh(i/\/i"sa:) 4- C (s) cos(uVisx )  +  D(s)  sin (u V is x )
(3.7)
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T he transform ed BCs in (3.5) lead to  a  linear system  of four linear equations in four un
knowns

A(s) + C(a)  =  0

—A ( s ) i E I s u 2 +  B { s ) J \ / i s s 2v  4- C ( s ) i E l s u 2 +  D ( s ) J \ / i s s 2u  =  T(s )  

i4(s) cosh (L^ / i su )  +  B(s )  s in h (L \/is i/)  — C (s) cos (LVisu )  — D (s )  sii\ {L \ / i su )  =  0 

j4(s) s in h (L \/is i/)  +  B ( s ) cosh{L \ / i su )  +  C(s)  sin ( L \ / i su )  — D(s)  cos (L \ / i su )  =  0
(3.8)

We solve (3.8) for A (s ) , B (s ) ,C (s ) ,  D(s )  and su b stitu te  into (3.7). T h is results in th e  transfer 
function represen tation

where

P (x ,  s)  =  -4= {  -  cos( \ / i s x u )  sin [(l +  i )L\ / isu] +  cosh ( \ / i s x u )  s in [(1 +  i ) L \ f i s u ]
V s  I

— i  cos (L \ /2 su )  s in (\/isx£ /) +  co sh (L '/2 s j')  sin (y /iaxu)

-I- (1 — i) s in (\/isa :i/) +  cos ( \ / i sxu)  sinh[(l +  i )L \ / i su]  (3.10)

— cosh(\/isa:j/) s inh [(l +  i )L\ / isu}  + cos (L \ /2su)  sinh(\/isa;i/)

— i cosl\ {L \ /2su )  s in l^ v /isx t')  +  ( 1  — i

Q(x ,  s) =  2 uy/s< ( 1  — i ) J \ / i s s  cos(L\ / i su)  cosh (L,Visu)  +  ( 1  — i ) j V i s s

1 s (3.11)
— i E I u s \ n [ ( \  -I- i )Ly/ isu]  +  iE W sin h [(l +  i ) L V i s u \  >

3.3 Introducing th e  F lat O utput
T h e BV P in transfer function form  is given in (3.9), where th e  inpu t is the  to rque applied 
a t  th e  beam  boundary, T (s ), and  the o u tp u t is the  beam  displacem ent field, W ( x , s ) .  T h is 
form is Q-free controllable [63, p .96], leading to  the param etrization  of the  system  in p u t as

T(a)  =  Q { x t a)Y{a)  (3.12)

where Y ( s )  is th e  transform ed system  fiat o u tp u t y(t).  T h is choice im m ediately gives the  
system  s ta te  param etrization

W ( x , a )  =  (<?(*. ^ ( s ) )  =  P ( x , a ) Y ( a )  (3.13)

N ote th a t  th is choice is no t unique, since P { x , s )  and Q ( x , s )  form a  ra tio  in (3.9). It 
is therefore possible to  m ultiply b o th  term s by a  com mon factor, giving a different system  
param etrization . For exam ple, having 5  instead of m ultiplying P { x , s )  in (3.10), and  us  
in place of 2u^ f s  in front o f Q ( x , s )  in (3.11) gives an a lte rn a te  param etrization .

3.4 Series M anipulations
T he param eteriza tions (3.12) and  (3.13) are given in the  s-dom ain. In order to  ob ta in  a 
tim e-dom ain expression for th e  control, we need to  re tu rn  to  the tim e dom ain by perform ing 
an  inverse Laplace transform ,
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T he cu rren t expressions, P ( x , s )  in (3.10) and Q { x , s )  in (3.11), have th e  s  opera to r 
em bedded in the argum ents o f trigonom etric and hyperbolic functions, m aking a  closed- 
form inversion impossible. To ge t around  th is, we will express bo th  in term s of the ir infinite 
series expansions, which will m ake it possible to  factor ou t the  s  opera to r and allow the 
inversion to  be perform ed.

T he series m anipulation  steps a re  conceptually straightforw ard:

1. B reak up th e  s-dom ain expression into sum s of individual functions, using trigonom et
ric and hyperbolic identities

2. Convert each te rm  into its infinite series representation

3. Com bine all series into one

4. Factor ou t the  s opera to r

U nfortunately, th e  process is tedious, due to  the  necessity of m an ipu la ting  th e  series by 
hand. C om puter algebra system s such as M athem atica cannot handle the  complexity.

3.4.1 Background
T he power series represen tations of trigonom etric functions, expanded ab o u t x  =  0, are 
given by

oo •X",.2fc

fcr 2 fc+l

T h e  hyperbolic addition  theorem s [67] use complex argum ents:

cosh(X  ± i Y )  =  cosh X  cos Y  ±  i sinh X  sin Y  

s inh (X  ±  i Y )  =  sinh X  cos Y  ± i  cosh X  sin Y

A dding and  su b trac tin g  the above leads to  the  identities

cosh X  cos Y  =

cosh X  sin Y  =

sinh X  cos Y  =

sinh X  sin Y  =

cosh (A- +  i Y )  +  cosh(X  -  i Y )  
2

sinh (X  +  i Y )  +  s inh (X  — i Y )  
2

cosh(X  +  i Y )  — cosh(X  — i Y )  
2 i

sinh (X  -I- i Y )  — s inh(X  — i Y )  
2i

We need two m ore identities

sinh X  cosh Y

sin X  cos Y

s in h p f  +  Y )  4- s in h (X  -  Y )  
2

sin (X  +  T ) +  sin (X  -  Y )
2
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In order to  sim plify the  use of th e  above identities, we will tem porarily  ad o p t th e  following 
conventions in the  P ( x , s )  and Q(x ,  s)  expressions (3.10) and  (3.11):

A  =  y/s 

B  =  V i s x u  

C  =  (1 +  i ) Ly / i s u  

D  =  Lsplisv 

V  = s ' / i s  

W  =  L s / i s u

3.4.2 Series Representation of P(x,  s )
Using the  conventions from Section 3.4.1, expression (3.10) for P ( x , s )  is rew ritten  as

P (x ,  s) =  — cos B  sin C  4- cosh B  sin C  — i cos D  sin B  +  cosh D  sin B  +  (1 — i) sin B

4- cos B  sinh C  -  cosh B  sinh C  +  cos D  sinh B  — i cosh D  sinh B  + (1 -  2') s in h B  j

Using the  trigonom etric identities,

P ( x , s )  =

sin (C  4- B )  +  s in (C  — B) + sinh(B  4- iC )  — s in h (B  — iC)
2  i

— i
s in (B  + D)  +  s in (B  — D)

4-
sinh(D  4- iB )  — s inh(D  — iB )

2  i

+  ( 1  — i ) s in B  +
sin h (C  4- i B )  4- s inh (C  — iB ) sin h (C  +  B )  +  s in h fC  -  B)

+
sinh (B  4- i D )  4- s inh (B  — iD) sinh (B  4- D)  4- s in h (B  — D)

4- (1 — i) sinh B  j

= J { ~ \ S'n^  + B')~\ sin Ĉ ~ S‘n B̂ + ~ \ Sin̂  ~ D^

4- sinh (B  +  iC)  — 777 s in h (B  — iC)  4- -77 sinh(L> 4- i B )  — -77 sinh(£> — i B )  
2 1 2 1 2 1 2 1

+  ^  sinh(C  +  i B )  +  i  s in h (C  — i B )  — ̂  s inh (C  +  B )  — i  sin h (C  — B)

4- i  s inh (B  4- iD)  +  ^  sin h (B  -  iD )  -  -  sinh (B  4- D)  -  ^  sin h (B  -  D)
J, jL £• It

+  (1 — i) sin B  +  (1 — i) sinh b |

=  -^= { — r  sin[y/isi^(L +  i L  +  x)] — s in [ \ / i sv (L  +  i L  — x)]
y S   ̂ 2  2

— ^  s in [ \ / s t '( '/ ix  +  L \J 2)) — ^  sin [\Z s^ (\/ix  — L \ / 2)]

4- -77 s in h [ \/is t '(x  + i L  — L)\ — - s in h [\/is^ (x  — i L  +  L)]
2i 2 1

+  -77 s in h [ \/s t '(L \ / 2  4 - iV ix ) ]  — — sinh[\/st'(Z / \ / 2  — iV ix )]
2 1 2 1
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+  ^  s in h [\/is i/(L  +  iL  +  i x )] 4- ^  s in h [\/is t '(L  + i L -  iz)] 

— ^  sinh[\/isfc'(Z/ 4- i L  +  x)] — i  sinh[\/isfc'(L + i L  — a;)] 

+  ^  s in h [\/s t '( \/ ja ; +  i L ' J 2 )] +  i  sinh [\/s i/ ( '/* x  — iL y / 2 )]
2  lv v /J 2  

— -  sinh[x/st'(V /ia: +  Ly/2)\  — ^  s in h [\/s i '( \/ia ; — Ly/2)]

+  ( 1  — i) sin [\/isx i/] +  ( 1  — i) sinh[\/isa;t/] |

Converting to  infinite series representation ,

P ( x , s )  -

1 f  1 (—1 ) k ( \ / I su )2k+1(L +  iL  +  x ) 2k+l 1 ^  (—1 ) k ( \ / i su ) 2k+I(L +  i L  — x ) 2k+1
^ ' 2 ^  (2 fc+ T )i 2 ^  (2 F + T ) !

i y >  (—l ) fc(v/s i ' ) 2 f c+ 1  ( \ / i x  4- Ly /2 )2k+l i y >  (—l ) k ( \ / s u )2k+1( \ / i x  — L \ / 2 ) 2k+l
~  2 1"  (2 fcTT)! 2 ^  (2 fc+ T )!

1 ( \ / i s i / ) 2 f c+ 1  (a; +  iL  — L) 2k+l 1 ^  ( \ / i s i /)2 fc+1 (a: — iL  4- L ) 2 f c + 1

+  2 i ^  (2 L + 1 )!  2 ( 2TTTj !

1 y ,  ( v/ i I/) 2 fc+ 1 (L v / 2  +  i\/*a ; ) 2 f c + 1  1 ( v/s i / ) 2 f c + 1  (L \ / 2  — i \ / ia ; ) 2 f c+ 1

+ T i h ‘o ^ F T T )1 T i ^ o (2 fcT T j1

1 ( \ / is t / ) 2 f c + 1  (L  4  iL  4- i x ) 2k+l 1 ^
+  9 2 s  (91- 4 - 1 V   ̂ 9 .2-'

1 ( ' / i s u ) 2k+l (L  4  iL  4- i x ) 2k+l 1 ( \ / is r ') 2fc+1(L + iL  — ix ) 2k+l
2 j”  (2fc +  l)! + 2 ^  (2ft+  1)!

1 y '  ( \ / is i /)2fc+I (L +  iL  4  x ) 2 f c + 1  1 v 2'  (v /is / ' ) 2 f c + 1  (L + i L  — x ) 2k+l
2 ^ q (2k +  V)\ 2 ^ q ( 2 f c + I j i

1 y »  ( y f sv )2k+l( ' / l x  +  i L \ / 2 ) 2 f c + 1  1 y ^  ( ' / s i ' )2k+l{ ' / i x  — i L \ / 2)2fc+I
+  2 ^ q {2k + l)\  + 2 ^ q (2fc 4-1)!

i ^  (v/ s i ') 2 fc+1 (V*a; +  Ly /2 )2k+l i y '  ( \ /s i/) 2 fc+1 (\/ia ; — L \/2 ) 2 f c + 1

~ * h o  2 (2/T+T)!

i n  n  V  ( - 1 )fc( \ / i s ^ ) 2fc+l . , ,  y >  (v/isa;j/ ) 2 f c + 1  "j

( ’ §  <2 t + » ! £  (2 t + i >! j

Factoring into a  single sum m ation,

P ( x , s )  -

i f s  E  T ^ T i y r  [ ”  ( - 1 ) k ( ^ ) 2 f c+ 1  (L +  H  + x ) 2k+l -  ( - l ) k ( \ f i ) 2k+l (L +  i L  — x ) 2k+l

-  i ( - l ) k { V i x  4  Lv/2 ) 2 f c + 1  -  i { - l ) k (y/ ix  -  L \ / 2 ) 2 f c + 1

-  i ( \ / i ) 2 f c + 1  ( x  + iL  — L ) 2k+l +  i (y / i )2k+l(x - i L  +  L)2k+l

-  i{Ly/2  4  i V i x ) 2k+l 4  i ( L \ / 2 — i y / i x )2k+1

+  (y/ i )2k+1 (L  4  iL  4  i x ) 2k+1 4  ( \ f i ) 2k+1(L +  i L  -  i x ) 2k+1

-  (Vi)2k+l (L  4  iL  +  x ) 2k+1 -  {\Ti)2k+\ L  + i L -  x ) 2k+1 

4  (Vix  4  iL y / 2 ) 2 f c + 1  +  {y/ ix  -  iL y / 2 ) 2 fc+ 1
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-  i { f x  +  L>/2 ) 2 f c + 1  -  i { f x  -  Ls /2 )2k+1 

+  ( 2  -  2 i ) { - l ) k ( f x ) 2k+1 +  ( 2  -  2 i ) { f i x ) 2k+l

N ote th a t  the  s  opera to r has been factored o u t in th e  preceding step . T h is will enable the 
inverse transform ation  to  be carried  out.

P (x ,  s) --

OO

IE s k u2k

2 f a ( 2 k + l ) l
~  ( - l ) fc(v /i)2fc+1(L +  iL  +  x ) 2k+l -  ( - 1  )k { f ) 2k+' ( L  +  i L -  x ) 2 k + 1

-  i ( —l ) k ( f x  +  Ls/2)2k+l -  i { - \ ) k { f x  -  L s / 2 ) 2 f c+ 1

-  f ( \ / i ) 2 f c + 1  {x + iL  — L ) 2k+l +  i ( \ / i ) 2 fc+1 (a: -  i L  +  L)2k+l

-  i ( L \ / 2 +  i f x ) 2k+x +  i{Ls/ 2 — i f x ) 2k+i

+  ( \ / i ) 2 f c + 1  (L  +  i L  +  i x ) 2k+x +  ( f ) 2k+1 (L  +  i L  -  i x ) 2k+1

-  ( f ) 2k+i (L + i L  +  x ) 2k+l — ( f ) 2k+l{L +  i L -  x ) 2k+t 

+ { f i x  +  i L s /2 ) 2k+x +  { f i x  -  i L s / 2 ) 2 f c + 1

-  i { f x  +  L s / 2 ) 2k+1 -  i { f x  -  L s / 2 ) 2 f c + 1

+  ( 2  -  2 i ) { - l ) k{ f x ) 2k+1 +  ( 2  -  2 i ) { f x ) 2k+1

k, t2kSnU
= - Y

2 ^ ( 2  k  +  l)l
f ( x , k)

T he contents of the  square bracket are a  function of x  and  k  only. I t can be verified th a t

f { x , k)  =  0  

f ( x ,  k)  £  0  e

k  — 1 , 3 , 5 , . . .  

fc =  0 ,2 ,4 , . . .

T he  fact th a t  f { x ,  k)  is always real-valued is as expected, since th is  te rm  rem ains unchanged 
during  th e  inverse transfo rm ation  of into w (x , t ) .

R eturn ing  to  the  series expression for P (x ,  s),  we let k  =  2m, m  =  0 ,1 ,2 , . . .  to  guaran tee 
th a t  k  is even:

P{x ,  s) -

OO o * .

2 +  1)!
-  ( - l ) 2 m(v/ ? ) 4 m + 1  {L +  i L  +  a: ) 4 m + 1

-  ( - 1  )2m{ f ) 4m+1{L +  i L  -  a; ) 4 m + 1

-  i { - l ) 2m{ f x  +  Ls /2 )4m+1 -  i { - \ ) 2m{ f i x  -  L s / 2 ) 4 m + 1

-  i { f ) 4m+x{x +  i L  -  Z, ) 4 m + 1  +  i { f ) 4m+1{x -  i L  + L ) 4,n+1

-  i{Ls/ 2 +  i f x ) 4m+l +  i {L \ /2  — i f x ) 4m+x

+ { f ) 4m+l (L  +  i L  +  i x ) 4m+i +  ( f ) 4m+l (L  +  iL  -  i x ) 4m+l

-  { f ) 4m+l{L +  iL  +  a: ) 4 m + 1  -  { f ) 4m+1{L + i L -  x ) 4 m + 1  

+  { f i x  +  iL s /2 )4m+x + { f i x  -  iLs /2 )4m+x

-  i ( f x  +  L s / 2 ) 4 m + 1  -  i ( f x  -  L f ) 4m+1
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- I E
—  s2mu4m

2 ^ , ( 4 7 7 1 +  1)!

+  ( 2  -  2 i ) ( - l ) 2 m( \ / i x ) 4 m + 1  +  ( 2  -  2 i ) ( s / i x )4m+l

-  2 ( s/ l )4m+l (L +  i L  +  x ) 4 m + 1  -  2 ( \ / i ) 4 m + 1  (L +  i L  — x ) 4 m + 1

-  2 i ( s f t x  +  L s / 2 ) 4 m + 1  -  2i (y/ i x -  L \ /2 ) 4 m + 1  

+  2 (\/7 ) 4 m + 1  (L +  i L  — ix ) 4 m + 1  +  2 ( V i ) 4m+1 (L +  i L  +  ix ) 4 m + 1  

+  2 ( s / i x  -  i L s / 2)4m+I +  2( s f i x  +  i L s / 2 ) 4 m + 1

+  2 ( 2  — 2 i ) ( \ / i x ) 4 m + 1

I t can be verified th a t

-  2(s f t )4m+l(L +  i L  +  x ) 4 m + 1  -  2(sTi)4m+' ( L  +  i L -  x ) 4 m + 1

-  2i ( s f i x  +  Ls /2 )4m+i -  2i ( s f i x  -  Ls /2 )4m+l

+ 2( sf i )4m+l(L +  i L  — ix ) 4 m + 1  +  2 ( s/ i )4m+1(L  +  i L  +  i x ) 4 m + 1  

+  2(s / l x  -  i L s / 2 ) 4 m + 1  +  2 ( s f ix  +  i L s / 2 ) 4 m + 1  

=  ( -  l ) m \As/2 Re { ( x - L  + i L ) 4m+l} -  4 \/2 Im  { (x  -  L -  i L ) 4m+1}]

And
2(2 -  2i ) ( \ f i x ) 4m+l =  ( - l ) m4V^®4m+I 

Using these in th e  infinite series,

P ( x , s )  =  V-  Y—  s2mu4m
2 (4m  +  1)!m = 0  '  '

( - l ) m \As/2 Re { (x -  L  + i L )4m +l}

-  4 \/2  Im  { (x -  L  -  i L )4m +l} ] +  ( - l ^ v ^ x 1,4m +l

Cleaning up 

P ( x , s )
°° / _ i I "

=  2s/2u Y  A -  ^ ‘l m + 1  + R e { ( x - L  +  i L ) 4m+l} -  Im  { ( x - L -  iL ) ‘lm+1}
m = 0  '  /• L

(3.14)

3.4.3 Series Representation of Q ( x ,  s )

We s ta r t  w ith the  expression for Q(x ,  s)  from (3.11) and  use th e  definitions for A , B , C , D, V,  
and W  from Section 3.4.1:

Q(x ,  s)  =  2 u A { ( \  -  i ) J V  cos W  cosh W  +  (1 -  i ) J V  -  i E I u  sin C  +  i E I u sinh C }

cosh (IK +  i W )  +  cosh(W  -  iVK) 1
{(1 - 0=  2uA< (1 — i ) J V

— i E I u s m C  + i E I u  sinh  C }

+  ( i - i ) J V

=  2 i7 / l {  J V  cosh(W  +  i W )  +  J V  cosh(W  -  i W )  +  (1 -  i ) J V

— i E I u  sin C  +  i E I u  s inh  C
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=  2 t / \ / s |  (J  ^ cosh[£ /\/isi/(l +  i)] -f ^  ^ ^  J s s / i s  co sh [L \/is t '( l  -  i)] 

+  (1 — i ) J s V i s  — iE / i / s in [ ( l  +  i )L^/ isu]  +  i£ / / / s in h [ ( l  +

= 2„{ ( I z f )  £  ( L ^ ) “ 0 + i ) »

, / 1  — i \  , 2  A V ’  ( L \ / i s v ) 2k (1 — i)2fc f ,U 2  / :  +  ( _ j  J M J 2  m  +  (1 -  t ) J s  sTi

. r r , r ^  ( - l ) fc(L \/1 siv)2fc+1( l +  i ) 2 f c+ 1

-  " * * " >  £  pTTiji-----------

. r p r  v-> ( L ' / i s u ) 2k+1(l  +  i ) 2 f c + 1  \  
+ « * * * £  (2 fc +  1 ), }

-  2 „ { (1  -  ,V M +  ( 1 ^ 1 )

-  i y ^ E / . g  (^ ) a t ' a j  - 11}

(L u ) 2k( is)k [(1 +  i)2*- +  (1 — *)2fc]
, (2 fcjl

■ / -r . ,  , r n~  w, . ^ ( ^ ) afc(w)fc( l + i ) 2fc[ ( - l ) fc- l ] l  
-  + 1) 2 ^ ----------------- (9 1 . 4 - m -------------------f

=  2 i / | ( l  — i ) Js2V l +  J s 2 ^ £ 0 ' (2 f t ) !

(2fc +  1)!

I t  can be verified th a t:

( 1  — i ) \ f i  =  \ / 2  

— i \ / I ( l  +  i) =  ( 1  — i ) \ / i  =  \ / 2

So the expression becomes

Q < * ,.)  =  2 V 2 ,{  V  +  \ j *  +

I t  can be verified th a t:

(i)fc [ ( 1  +  i )2k +  ( 1  -  i)2k] = 0  k  =  1 , 3 ,5 , . . .

=  2k+l fc =  0 ,2 ,4 , . . .

T hus, le t k  =  2 m , m  =  0 ,1 ,2 , . . .  in the  first sum m ation  term  o f Q (x , s ) .  I t  can also be
verified th a t:

(i)k ( l  +  i )2 k [ ( - l ) k - \ } = Q  fc =  0 ,2 ,4 , . . .

=  2 f c+1  ft = 1 , 3 , 5 , . . .
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Let ft =  2m  -+- 1, m  =  0 ,1 ,2 , . . .  in the  second sum m ation  term . R etu rn ing  to  Q(x,  s ):

1 2 f  ( L u Y ms2m22 m + 1r i
Q ( x , s )  — 2\/2i/<  J s 2  +  - U s 2

'  m = 0
(4m)l

mr 2 r  V2'  (L //)‘lm+2S2m+I22m+2'l

m = 0

r
=  2 \/2 j/ i  J s 2 + J ^ 2 '

'  m =0

(4m  +  3)! J

—  (Li/)‘lms 2 m+2 4m 4 £ / i / 4 £ 3  (Lt/)'lms 2 m+2 4m "j
(4m)! m = 0 (4m  +  3)!

C om bining in to  a  single sum m ation  gives

( L u Y m4ms 2m+2
Q(x ,  s) = 2 \p 2 v {  J s 2 +  ^  ^~7I\

m= 0  ' Im  +  3)!
J (4 m  +  3)(4m  +  2 )(4m  +  1)4- 4 E I u iL i  j

(3.15)

3.4.4 Final Series Expressions
A final set of ad justm en ts is m ade to  the  infinite-series expressions for P ( x , s )  (3.14) and 
Q ( x , s )  (3.15):

•  B oth series have a  2 \ / 2 u  te rm  in front. Since we are tak ing  the ir ra tio  via (3.13), we 
can cancel th is te rm  out.

•  T h e  te rm  u‘l appears th roughou t th e  series. We define th e  new constan t k  =  uA =  

($)•
•  T he  sum m ation  index m  is changed back to  k.

W ith  th is, th e  final forms of th e  series expressions in the  s-dom ain are

P ( x ,  s)  =  J 2  ( i f c T I ) !  [xAk+l +  Re {(* “  L  + i L Yik+l} - Im  { (*  -  L -  i L )*k+ l}
„2 fc

Q (x ,s )  = J s 2 + -r.
L*k (‘lK)k

k=0 (4ft +  3)1
J ( 4 k  +  3) (4 k + 2) (4k  +  1) +  4 E I k L 3 c2fc+2

(3.16)

(3.17)

3.5 O pen-loop C ontrol
Using the  series expressions (3.16) and (3.17) in th e  system  inpu t and s ta te  param eteriza- 
tions (3.12) and (3.13) gives

00 ( r
W ( x , s )  =  J 2  a: ‘l f c + 1  + R e { ( x - L  +  zL)‘lfc+1} -  Im { ( x  -  L  -  iL ) Ak+l}

k= 0  ^  '" *•
s 2 fcT (s )

(3.18)

J ( 4 k  +  3) (4 k  +  2) (4ft +  1) +  4 E I k L 3 s2k+2Y ( s )

(3.19)
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For which th e  inverse Laplace transform  is im m ediately available:

“ t o  = £  (4 k + \ ) \  k f e + 1 + R ° {{x ~ L + a ) 4 k + 1 } _  im  { {x ~ L  ~ iL)4k+1}k= 0  '  '■ -

J ( 4 k  +  3)(4ft +  2)(4fc +  1) +  4 E I k L 3

y W ( t )  

(3.20)

y {2k+2)(t) (3.21)

In o ther words, the  flat o u tp u t y( t)  and its (infinitely m any) tim e derivatives param eterize 
bo th  the  system  s ta te  and input.

In our control application , we wish to  steer the  flexible beam  from rest to  rest: 0(0) =  
0 ,V (x ,0 )  =  0,Vx e  [0, L] and  0( t j )  =  0 ,  F ( x , i / )  =  0,Vx e  [0, L], w here V ( x , t )  represents 
the  beam ’s elastic deform ation. In  term s of w(x ,  t), th e  desired system  endpoin ts are w ritten  
as

w(x,O)  =  V ( x , O ) + x 0 ( O )  =  O 

i u ( x , t f )  =  V ( x , t f )  + x 9 ( t f )  =  x  0

We now develop some requirem ents for the steering function y( t) .  T he  s ta te  expression
(3.20) can be equivalently w ritten  as

w ( x , t )  = ^ 2 g ( x , k ) y {2k)(t) 

Taking tim e derivatives of (3.23),

(3.23)
fc=0

k= 0

2 ^  « f > , *)»<“ « > « )

(3.24)

k= 0

A t the  tra jec to ry  endpoin ts (3.22), w( x , t* ) , t*  £ {0, l j }  is a function o f x  only. From  (3.24), 
th is m eans

^ ± l h l  =  0 = ' £ g ( x , k ) y ^ ( t t )

kZ °  (3 -25)

d ^ r ] =  °  = E ^ ^ ) y (2k+2)( Q
k=0

T he g(x,  k)  te rm  in (3.25) cannot be 0, otherw ise the  w(x ,  t) solution (3.23) is triv ial. Thus,

v ' ( Q  =  y " ( t , )  =  --- =  0 t .  € { 0 , t / }  

E xpanding  the  k  =  0 term  from th e  series (3.23),

OO
w(x ,  t) =  g(x,  0 ) y( t)  +  ^  g(x,  k) y (2k) (t ) 

k=l

T he g(x,  0) te rm  in (3.27) can be evaluated by re tu rn ing  to  (3.20): 

( -« )°

(3.26)

(3.27)

g(x,  0 ) = x  +  Re {(x — L + iL )}  — Im {(x — L  — iL)}
( 1)!

=  [x +  x  — L  — (—L)] 

=  2 x

(3.28)
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E valuating  (3.27) a t  th e  s ta rtin g  endpo in t t =  0, m aking use of (3.22), (3.26) and (3.28), we 
o b ta in OO

w{x,  0 ) =  g{x,  0 ) j/(0 ) +  ^ 2  g{x,  k)  y i2k){0)

=0 =2x
2/ (0 ) =  0

T h e f =  1/  endpo in t gives

fc=i =o (3.29)

w(x,t/) = g(x>o)y(L/) + g(x' y {2k)(Lf\
'  " '  '  fc=i '

~ x  0 =2x = 0 (3.30)

» « / )  -  f

We need to  find a steering  function y{t)  which m eets conditions (3.26), (3.29) and  (3.30). 
N ote th is  is no t a triv ial task , since th e  only analytical function which m eets the  requirem ent 
2/(0 ) =  2/ ( 0 ) =  j/"(0) =  • • ■ =  0 is the  trivial one y(t)  =  0, which canno t reach y{ t j )  >  0. For 
exam ple, polynom ial flat o u tp u ts , often used for finite dim ensional system  m otion planning, 
canno t be used in th is infinite-dim ensional problem .

T he  steering  function y(t)  m ust also m eet the requirem ents of being:

•  Sm ooth, of class C°°

•  Bounded for t >  0, for all derivative orders y ^ ( t ) , k  > 0

A steering  function which m eets all th e  above requirem ents is given by [63, p .91]

2 f a - 1) ) (3.31)

belonging to  th e  class of Gevrey funct ions  [20]. Function (3.31) is p lo tted  in F igure 3.1 for 
t /  — 1 and 7  €  {1.4 ,10,50}. N ote the  am plitude of r?7 (0  is always 1, and the  7  param eter 
determ ines th e  “steepness” of th e  transition .

08

04

0 2

- 0 2

- 0.4

4 ,10;
-08 1*60

0.1 0 2 03 0.7 08 0905t

F igure 3.1: Sam ple i/7 (t) plots for t /  =  1 and 7  S {1.4,10,50}
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T he G evrey function (3.31) can be shown to  have Gevrey order a  =  1 +  Gevrey 
functions are C°° on [0, tj)  and satisfy

«€(0,f/J V
sup <  nn~ - n >  0i 1 Tln

where m ,n  and p  are some real constants. Gevrey functions are  non-analy tic for a  >  1. It 
can be shown th a t  the  series (3.20), (3.21) have an infinite rad ius of convergence provided 
y  is of Gevrey order a  < 2 [35, 63]. Hence, we require l < c r < 2 o r l < 7 < o o .

Function (3.31) will be used to  steer the flat o u tp u t, using th e  endpo in t relationship  
(3.30)

y{t)  =  | % ( 0  (3-32)

T he  successive tim e derivatives of y( t)  in (3.32) can be calculated  by recursion, as shown in 
the  next section.

T he  open-loop design presented here provides rest-to -rest m otion between specified beam  
angles. A generalization which allows for transitions between non-stat ionary  configurations 
could be derived using the  Fourier series-based results in [30], In  con trast to  the finite- 
dim ensional system  case [29, 71, 42, 70], a  flatness-based open-loop design for infinite
dim ensional system s does seem to  be readily extended to  include a  full range of m otion 
planning constra in ts , e.g. bounds on the inpu t or s ta te  am plitude during  transition . A 
partia l solution for infinite-dim ensional system s is to  sp lit the  desired m otion in to  a  num ber 
of sm aller rest to  rest m otions, as in [2 ].

3.6 C alculation o f T im e D erivatives o f rjy(t)
We now derive a m ethod for calculating  the  successive tim e derivatives of th e  steering  
function (3.31). Leaving ou t the  constants, we work w ith the  rela ted  function

T he derivation presented is found in [64, A ppendix A.2], although  it has been generalized 
to  allow th e  case of f /  ^  1 .

F irst, it can be verified th a t  equation  (3.33) is equivalent to

(3.33)

We need to  calculate j/c"^(0 derivatives of any order. T he  ac tua l driv ing  function will then 
be given by

n  >  1

yc =  ta n h  a (3.34)

where

a  = (3.35)
2 ( 7 - 1 )

Taking the  tim e derivative of (3.34),

yc — (sech2 d)a

(3.36)

=  az
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where we have in troduced the  new quantity

2 =  1 -2 /*  (3-37)

Taking the  tim e derivative of (3.36) a  few m ore tim es, we recognize a  binom ial p a tte rn  in 
th e  coefficients:

ijc =  za  +  za  

y W  = za  4 - 2z a ^  +  za ^  

y ^  =  z ^ a  +  3 z a ^  +  3 z a ^  +  z a ^
(3.38)

" x(fc+2)2(n-i-fc) n  > l

s“ " l s ( n ‘ 1) a<W
where

n!
KkJ (n-k)\k\

From  (3.38), no te  y in  ̂ requires knowing the  values z(n -1 \ . . . ,  z.  We tim e differentiate 
equation  (3.37) several tim es in o rder to  find ano ther p a tte rn :

2 =  1 -  2/c
2  =  - 2 y cyc

— VcVc ~~ VcVc 

2  =  - 2 y cyc -  2 ycyc 

=  VcVc 2ycyc — j/c2/c 

2 (3) =  —Qyjjc -  2ycyi3) (3>39)

=  ~ 2 / c 2 /c 3 >  “  3 2 /c 2 /c  -  3 j / c 2 / c  -  2/ c 3 ) 2 /c

*w  =  " s 2

Also from equation  (3.38), y in  ̂ requires a^n + 1l , . . . ,  a, so we need a  form ula for a("K Re
tu rn in g  to  equation  (3.35), it can  be verified th a t

( 2 f - l ) ( 7 - l )
a =  ^ 1 . ' ----------. ---a (3.40)

thus

t ( 1 — — d  =  \ 2 ——  1 )  (7  — l ) a
V t f j  \  I f  J U  (3.41)

F l (t)d =  F2( t ) ( y - l ) a

w here we in troduced th e  te rm s F\  (t ) and  Fs(t)  for com pactness. We again  tim e differentiate
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equation  (3.41) a  few tim es to  find a  pattern :

^ F 1( t ) a = F 2(t)( 7 - l ) a )

|  ^ F ( ( t ) a  +  F , ( 0 o  = ( 7  -  l ) { ^ ( 0 a  +  W * } )  

j t ^F( ' ( t )a  +  2F[( t)a  +  F ,(t)a< 3> = ( 7  -  l ) { ^ ( i ) a  +  2F^(t)d  + .F 2( t ) a } )

F i3)( t)a  +  3 F " ( f)a  +  3 F , '(0 a (3) +  F i ( t ) a (4) = ( 7  -  1)

{F 2(3)( t)a  4- 3F 2'( t ) a  +  3F^(<)a +  F2( t)a (3)}

E (" i  =(7 - i)E ("; ’<0
~ (3.42)

We now isolate in (3.42):

( n  j  ‘ )  «<->*•, m + £  ( n  -  ‘ y - ^ m  =  <7 -  D E  ( "  “

(7-i)i;(" i1)0<"'‘")̂ 1(,)

=1
n— 1

a (n) =  1
Fi( t)

1
r n— 1

W ) E {n ~k
(3.43)

From th e  definitions of F i(f )  and  F 2 (t):

W >  =  « ( l - £ )  * « >  =  2 ± - l

F (( t)  =  i - 2 j j  F^ t) =  rf

- 2  
t

j ^ 3)(t) =  F ^ V )  =  ••• =  0

^ ' ( 0  =  7 ^  F ^ ( t)  =  F 2(3 ) (t) =  - .-  =  0
h
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Using the  expressions for F\ ( t)  and  Fi( t )  in (3.43) we get

a (") —

M )
=  1 = n — 1

h ) n  >  2

= n — 1 

1

(> -* )
(7 -  ( 2 - j -  -  l )  +  (7 -  l)(n -  l )« (n"2) ( £ )

-  (n  -  l ) a < " -»  ( l  -  2 ^ )  -  ( r c - l K r c - 2 ) a(n- 2 ) ^ n  >  2

1

a< ">  =

* ( > - « ■ )
1

7 — 1 +

t M)

( 7  -  2  +  n ) ^ 2 j -  -  l )  a^n -1 > +  (n  -  l )a < " -2> ^

(7 -  2 +  n ) ^  -  1 j  a<n- ‘> +  ^ “^ (2 7  -  4 +  n ) a < '- 2>

( n - 2 )
2

n  >  2  

(3.44)

a  =

T he recursion form ulas from (3.44) and (3.39) can be used in (3.38) to  find all orders of y in  ̂
for n  >  1 .

Observe th a t because the  recursion form ulas cannot handle n  =  0 (nor n  =  1 for the 
a expression), the  values of yc, z , a and  a m ust be found using the  original definitions in 
equations (3.33), (3.37), (3.35) and  (3.34), respectively.

Finally, we sum m arize the  recursion calculations. F irs t we ob ta in  the  values

2(7 - 1)

. 2K - Q  
~ K  ( • - * ) ) ’

yc =  tan h (a )

2  =  1 - V c

A nd th en  loop th rough  the  following th ree  equations for successive n  =  1 ,2 , . . .  , n max to  
ob ta in  y'c, . . . , y (cnmal):

a ( n + l )  _ —p—  -----r- [ ( 7  -  1 +  n)  ( 2 ^ -  -  A  a (n) +  7 - ( 2 7  — 3 +  n)ft(n l)

, ( fc+2)z ( n - l - f c )
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T he equations are recursive because

a<"+1> =  /  (a<">......... a )

V(cn) =  f ( a {n).......a,

= f  ( y l n\ . . . , y c)

3.7 A dditional Series Expressions
Series (3.20) allows th e  calculation  of th e  to ta l d isplacem ent field w(x ,  t) of th e  beam . It 
is possible to  use expressions (2.18) and (2.19) to  ob ta in  series to  calculate 6(t),  th e  rigid- 
body angle, and  V ( L , t ) ,  the  elastic deflection of the  tip . P lo ttin g  these alongside w ( x , t )  
will provide a  clearer pictures of th e  beam ’s behaviour. T he  series will also be useful during  
the  closed-loop design in C hap te r 4 w here they  are th e  physically m easured variables forcing 
the observer.

3.7.1 Series Expression for 6( t )

D ifferentiating the  w(x,  t) series (3.20) w ith respect to  x  gives

dw( x ,  t) 
d x

(-«)*
^  (4*4 -1 )!

(4 k  +  l ) x 4fc +  Re {(41b +  l ) (x  — L  +  iL ) ‘i k }

— Im {(4* +  l ) (x  — L  — iL ) ‘ik} y {2k)(t)

+E(iiiTTv R={(« + D(-i + i«4‘>
k=0 ' ' L

- I m { ( 4 *  +  l ) ( - L - i L ) ‘lfc}

(-«)r :lj{t)+E (ib+rj! \(4k+1)L‘u'Re {(_1+i)4k}

- { 4 k + l ) ( - L ) 4kl m { ( l + i y ' k } y W ( t )

= + E (ifcTIj! [(4fc + 1)L‘lfc (Re {(-1 + 04fc} - Im {(1 + i)-lfc}) y(2fc,(0
It can be verified th a t

R e { (—1 +  z)4fc} — Im {(1 +  i ) ‘lfc} =  (—4)fc * =  0 ,1 ,2 , . . .

Giving

fc=0

(3.45)
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3.7.2 Series Expression for V ( L , t )
T he elastic deflection of th e  tip  of the  beam  V ( L , t )  is directly  m easurable from a s tra in  
gage sensor in the  experim ental p lant. E valuating  the  w(x ,  t) series in (3.20) a t x  =  L,

=  E  ( ifc T T ji  K ' + 1 + R e  W * 1} - Im { ( ~ i L )4k+1}
A k  r

fc=0

I t can be verified th a t 

We then  have

y (2fc)(f)

4fc+l _ —i

” <L■') =  £  ( S T I j i  I 1" 4 ' +  { ^ “ +1 > -  Im }
oo

y {2k){t)

f c S ^  + D1
I/(2fc)W

fc=o (4& +  1)!

T aking (2.19) a t  a; =  L, then  su b stitu tin g  in (3.45) and  (3.46), 

V { L , t )  =  w ( L , t ) ~  L0(t)

= £  -  m o  -  £
fc=0 fc=0

which leads to

00 ^fcr-lfc+l 
K (L , t) =  —Ly( t )  +  ^ 2  (4fc +  !)j (—l ) fc2 — 4fc(4/c +  1) y ™ ( t )

(3.46)

(3.47)
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Chapter 4

Flatness-based Closed-loop 
Tracking Control

In th is chapter, we augm ent th e  open-loop tra jec to ry  p lanning w ith  an  estim ated  s ta te  
feedback tracking controller. T h is  control, which is based on the  infinite series developed 
in C hap ter 3, is in tended to  com pensate for initial tracking error, m odel uncertainty, and 
system  disturbances.

4.1 A pproxim ate State-space System  R epresentation
T he key step  in designing the  closed-loop controller is to  convert the  system  series expressions 
into an  approxim ate LTI sta te -space represen tation . T he m ethod uses results in [46] which 
considers the  control of a  diffusion PDE.

In the  Laplace dom ain, th e  system  s ta te  and inpu t expressions (3.18) and (3.19) were 
found to  be

°° ( - « ) *
W ( x ,  a) =  f + TTT x‘ik+1 + R e {(*  -  L  +  i L )4k+l} - l m { ( x - L -  iL ) Ak+i} s2kY ( s )

J ( 4 k  +  3)(4fc +  2)(4k +  1) +  4 E I k L 3 „2fc+2 Y ( s )

Based on (4.1), we define the  coefficient

/_x { - K ) ks2kY{s )  
/Uk+l i s )  = — ( 4 k T W ~  ~

(4.1)

(4.2)

(4.3)

Using definition (4.3), (4.1) becom es

OO r

W ( x , s )  =  £ > , * + , ( * )  a,-‘u+1 +  R e { (x  -  L  +  iL )‘,k+1} — l m { ( x  — L  -  iL )‘lfc+1} 
k=o

or in tim e dom ain:
OO r

w(x ,  t) =  ^  a,ifc+i(t) x ‘u+1 +  Re {(a: — L + i L ) ‘i k+l} — Im  {(x  — L  — iL )'lfc+1} 
fc=o

with 0 4 fc+i(t) being the  inverse Laplace transform  of /hj,.+ i(s ) ,

/n  (- K ) kV{2k)(t) ^  A
aA k + i ( t ) -  (4fc +  1), -
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Using (4.5), we can find a  recursion form ula between successive coefficients. Observe th a t 
for k  =  0 in (4.5) we have a \ ( t )  =  y{t): the  flat o u tp u t.

k  =  0 a \( t )  =  y{t)

( - W i t )  ~ K »ft =  l  o5(t) =  gj =  -g j-a i( f)

i . _o  /,\ (-* )V 4)(0 ^  r »/.x. . ^A. -  2 ao(0 -  n, -  g, dt2 [v (£)] g, d l 2

k  =  3 ai3(t)  =

k  =  4 aj7(<) =

9!

( - k)V 6)(<) - k3 rf2
13! ~  13! dt2

( - k)V 8)(«) _  k 4 d2

a 5(f)5!

a 9(t)9!

— K 

— K

— K

17! 17! dt2

1( - k )2 
a l3(t) 13!

( -« )3

13 - 12 -11 • 10

— K
1 7 - 1 6 - 1 5 ' 14

9 • 8 • 7 • 6 

a 9(t)

d i3 (0

d5(t)

k  — 71 "i* 1 —
(_K)n + ly(2n+2)(t) rf2

(471 +  5)! (4ti +  5)! d t2

U sing definition (4.5) in the  last line above gives

K a,|„+ i (1)

a‘ln+l (0( 7̂1 + 1)!

fl4n+5(0 — (471 4- 5) (4n +  4)(4ri +  3) (4 n  +  2)

( ~ l ) n /Cn

71 >  0 (4.6)

T he  recursion form ula (4.6) will be used shortly. F irs t, we in troduce A |fc+i(s) into th e  series
(4.2) for T(s ) .  Using the  change of variables k'  =  k  +  1, expression (4.2) becomes

=  J s 2Y { s ) +  ] T

J{A{W -  1) +  3)(4(fc' -  1) +  2)(4(fc/ -  1) +  1) +  4E I k L 3 

L 4k 4(4#s) i  i a2*. Y ( s )  \ j ^ kl _  _  2^ 4fc/ _  ^  +  A E I k L 2

k '= 1 {AW -  1)!

R earranging th is last expression we can introduce A |fc+i(s):

+
( - l ) fc(4fc +  l) (4 fc )\ L ‘ik~‘l (4 k )“ 1 Ak n ks 2kY ( s )

Ik  +  l)(4fc) /  (4/s — 1)!

J{Ak -  1)(4k  -  2)(4fc -  3) +  4E I k L 3 

A , , ^  ( { A k  +  \ ) {Ak)L4k~4Ak
=  ( — J  + ! > * + , < « >  ( — —

J{Ak -  l)(4fc -  2)(4fc -  3) +  4E I k L 3 

- 1 2 0 J  . . .  ^  . / (4fc 4- l)fcL‘lfc-4(—4)fc\
■ —  ̂  (■ )+ g  w  { ' —  « J

J{4k  -  1)(4k  -  2) (4k  -  3) 4- 4E I k L 3
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Inverse transform ation  of the  hist expression gives

, , , - 1 2 0  J  ^  . A:(4fc-l-l)L‘u - ‘1( - 4 ) fc
T(f) =  a5(t ) — -  h 2 j a 4fc+ i ( t ) -------------------------------

K fc= i K
J ( 4 k - 1 )  (4ft ■- 2) (4 ft ■- 3) +  4 E I k L 2

(4.7)
A t th is po in t, (4.4) and (4.7) give th e  s ta te  w ( x , t )  and  the  inpu t r ( t )  as functions of the 
coefficient a,nt+i(f) from (4.5), which in tu rn  possesses a  recursion form ula (4.6).

We now perform  th e  key s te p  of truncating  the  series (4.4) and  (4.7), using N  term s 
for the  inpu t r ( f )  b u t only N  — I term s for the  s ta te  w ( x , t ) .  T h is  gives the  approxim ate 
relations

N - i

k=o
w(x ,  t) *  J 2  °4fc+i(0 3--‘lfc+1 +  Re {(*  -  1  +  iZ')‘U + l} — Im { ( x ~ L ~  iA ) lfc+1} (4.8)

Nz . , . —120 J  v—s , x
r ( t )  w a 5( t) ---------- +  y 'a . i f c + i( 0

K fc=i

k (4k  +  1)L (—4)fc
J ( 4 k  — 1) (4ft — 2) (4fc -  3 )+ 4  E I k L 2

(4.9)
Observe th a t the  coefficient w ith  the  largest index which appears in (4.8) and  (4.9) is 
a,i/v+ i (t), and th is coefficient only appears in the  expression for r( t ) .  We consider a  finite 
num ber of relations from the recursion form ula (4.6):

«<ln+l(£) =
-(4n  +  5)(4n  +  4)(4n  +  3)(4n +  2)

n.in+s(f) 0 <  n  < N  -  1 (4.10)

w here n  =  N  — 1 is the  h ighest index value due to  a.|yv+i(<) being the  coefficient w ith the 
largest index.

E quation  (4.10) represents a  system  of N  second order O D E ’s, w ith { a i , • • • ,a.4 N - 3 } 
term s on th e  left-hand side. W e would like ( a i , - - -  ,a ,j/v -3 } to  ap p ear on th e  right-hand 
side, so th a t the  coefficients can  be redefined using a  set of sta tes , and  (4.10) can be pu t 
into sta te-space form. C urrently , the  ex tra  te rm  a,iw+i is p resen t on the  righ t-hand  side 
of (4.10). To remove it, we use th e  tru n ca ted  r ( i )  expression (4.9), and  isolate a,uv+i as a 
function of { a j,-  • • , a, 1^ - 3 } and  th e  inpu t r(t):

. 120JN
r ( t )  =  a 5 ( t )  (  — —  J

+  2_j  “ ‘ifc+iW ( --------------- —
k =  1 '

(-4 )* J ( 4 k  -  1)(4k  -  2 ) (4k -  3) +  4 E I k L 3

N ( 4 N  +  1)Z, ~‘1 (—4)\ N
J ( 4 N  -  1)(4N  -  2 ) (4 N  -  3) +  4E I k L 3

a<i/v+i(f) =
K

N ( 4 N  +  l ) L AN~‘l (—4)N [J (4N -  1)(4W -  2) (4 N  -  3) +  4 E I k L 3]
N - l  . , i „ |( 1 2 0 J  , jX t i J k

—  a s ( t )  -  a4fc+l(0
k (4k  +  l )L ‘lfc-'l (—4)fc'

+  r ( t )J ( 4 k  -  l)(4fc -  2) (4k -  3) +  4 E I k L 3 

By using (4.11), the  system  (4.10) takes the form

(01, ■ • • , 04/v—3) =  /  (a 1, • • • . a<iw—3) +  9 («ii • • • , a-ir/-3 ) t ( L )

(4.11)

(4.12)
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a  set of N  second order linear O D E ’s. (4.12) is p u t in to  sta te-space form by in troducing  2N  
s ta tes  {Cii--- .C2 « }  as

a.ifc+ i (0  =  C2fc+i 0 <  k  < N  -  1

d-ifc+i(0 =  C2fc+2 0 <  k  < N  — 1

T he s ta te  definitions (4.13) a re  used in conjunction  w ith  th e  recursion form ula (4.10) to  
derive a  sta te -space rep resen tation  of (4.12):

C2fc+i =  d'ifc+i =  C2fc+2 0 <  k  < N  -  1

+  +  +  0 < k < N  — 2
K

Equations (4.14) give {Ci, • • * , C2 Af—l }■ T he  last term , & n > requires a  different approach. 
From (4.13) and (4.10) we have

;  •• — (4(iV — 1) +  5){4(/V — 1) +  4)(4(1V — 1) +  3 ) (4 (N  — 1) +  2) _
C2  n  =  a.4 N - 3 ( t )   - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - a . i ( A r - i ) + 5 l t ;Ki

a-iAr+i (t)

C 2  N  —  Q i N s i t )

_  - ( 4 N  4- l)(4AQ(4iV -  l ) ( 4 N  -  2)
K

Using (4.11) gives

• - ( 4 W + l) ( 4 J V ) ( 4 J V - l ) ( 4 J V - 2 )
C2/v = ------------------------------- ----------------------------------

(
r i 2 0 j ,  f k ( 4 k  +  i ) L A| _ _ C3 _ g C2fc+1 ^ ------------ -

+ t (o |

Leading to

—4(41V -  1)(4AT -  2)

A
N ( ‘I N  +  l J L ^ - ^ - d ) ^  [J{4N  -  1)(4N  -  2 )(4N  -  3) + 4 E I k L 3} )

f  k (4k  +  1)L‘U '‘ (-4)'*   ̂ _  2^ 4fe _  ^  +  A E I k [ 3

C2 N  = L 4 iv -4 (_ 4)W [ j ( 4 jv -  1)(4JV -  2 ) (4 N  -  3) +  4 £ /k L 3]

l!L z}  / U t A U  _ l  1 \  .

J ( 4 k  -  l)(4Jfc -  2) (4k  -  3) +  4E I k L 3
\ K /

fc= 1

f 120J //c(4fc +  l ) L ,lfc- 4( - 4 ) fc\

i  ~ C3“ S < 2 t+ ,v ---------------; --------------- )

+  r ( t ) \

(4.15)
E quations (4.14) and (4.15) define a  s ta te -space system  represen tation  of th e  form

C =  AC +  B t
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where C =  [Cl C2

C =

C2 C2 iv]T 6 59 to * and  A  €  R 2" * 2" , f l e R2/Vxl

'0 1 0 0 0 0‘
0 0 1 2 0

ft 0 0 0
0 0 0 1 0 0
0 0 0 0 3024 0

c  +

0 0 0 0 0 1
0 0 “ aW 0 a „ ( -80480JL* .. 0

+ 80  E I L 3) -1 1 5 2  E I L 7) .

0
0
0
0

0
a N

B

(4.16)

CUN —
-4 (4 A T -  1)(4JV — 2)

L4W- 4( - 4 ) 'v [J(4JV -  1)(4JV -  2)(4iV -  3) +  A E I k L?}

T h e system  (4.16) is an approxim ation  of the  infinite-dim ensional system  (3.9).

4.2 Observer D esign
T he s ta te  £ is not a  d irectly  m easurable quantity . Hence, an  observer is required in order to  
im plem ent a s ta te  feedback law. For our experim ental te s t s tan d  th e  two m easured o u tp u ts  
are the  hub angle 6(t),  and th e  tip  deflection V ( L , t ) .  To ob ta in  a  C  m atrix  of the  o u tp u t 
equation  ip =  we use the  previously worked-out series expressions (3.45) and  (3.46) for 
9(t)  and V ( L , t ) ,  respectively1:

k=0

V ( L , t )  = - L y ( t )  +  Y^

) k L ' l k  

(4 ft)!

^  KkL ‘ik+i 
(4 ft+  1)1fc=o

(—l ) fc2 — 4fc(4ft +  1) 2/(2fc)(t)

(4.17)

We will need to  express the  y ^ { t )  flat o u tp u ts  in term s of C- Using (4.13) and  (4.5),

r m  ( - ^ V 2*0 ^ )C2fc+1 = O 4fe+l ( 0 =  {llk j-)-,""
, 0 < k  < N  — 1

C2fc+2 =  O-lfc+l (0  =

(4.18)

(4 ft+ 1 )!

T he  series expressions (4.17) a re  rearranged to  introduce (4.18):

(—4)fc(4ft +  l ) ( —K)kL ‘'k it2k)

k —O
0 0  / ,.\fcr4fc+ir

2 — (—4)*(4fc +  1)
00 { _ K\ k r A k + l

k = 0

y M ( l )

Using IV — 1 as the  highest sum m ation  index leads to  the o u tp u t in term s of s ta te :

y v - i

m  =  Cl +  E ( - ‘»)fc(4ft +  l ) L ‘tkC2k+i (4.19)
fc=o

N - 1

V ( L ,  t) =  -L C i +  E  [2 “  (~ 4 )* (M  +  1)] ^ ‘lfc+1C2fc+i
k=0

(4.20)

'T h e  non-conventional n o ta tio n  ip{t) is used for th e  m easured  o u tp u t to  avoid confusion w ith  th e  flat 
o u tp u t  y( t ) .
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In m atrix  form we have

m =  y $ t)  = C C  C  e  k 2x2JV (4.21)

W e can shows the  system  is observable for all N  by d irectly  com puting th e  rank  of the 
observability m atrix

and  the  dynam ics of th is error system  can be arb itra rily  assigned by placing the  eigenvalues 
of A  -  LC.

4.3 S tate  Feedback Tracking Controller D esign
T h e  feedforward open-loop control law derived in C hap ter 3 steers the system  and the 
closed-loop derived in th is section provides (hopefully sm all) corrective action  to  account 
for model error, initial track ing  error, and disturbances.

T he  sta te-space system  (4.16) is controllable for any N ,  which can be verified by checking 
the  rank  of the  controllability  m atrix

We design a  closed-loop s ta te  feedback control to  track a rb itra rily  sm ooth  reference flat 
o u tp u ts  y*{t).  In o rder to  achieve rest to  rest m otion, the  o u tp u t to  be tracked can be taken 
as th e  flat o u tp u t y( t)  =  <(i. We tim e differentiate th is o u tp u t until th e  inpu t appears. By 
inspection o f (4.16), the  inpu t does no t ap p ear a t  any derivative order below 2N.  Using 
(4.18) in th e  (2 N  — l ) th tim e derivative of y(t) ,

C
C A
C A 2 g 5£-inx2JV

C A 2N~ \

Since th e  system  is observable, we can use a Luenberger observer of the  form

C =  i4C +  B t  +  L(ip -  C O  L €  R2yVx2 (4.22)

w here L  is th e  observer gain m atrix . T he  observer error c =  £ — C is governed by

e =  (A  -  LC)e (4.23)

i2 N x 2 AT

(2 y V - l ) / , \  _  C2(jV —1)+2 (4 ( fV  ~  1) +  1)!
~  . >iV-l

C2Af(4iV-3)!
( - « ) " - »

(4.24)

T im e differentiating (4.24) and using (4.15),

{AN -  3)!
~  ( - k) n ~ 1 L*N - ‘l { - A ) N

-4 (4 iV  -  l)(4iV  -  2)
L 4N -4(_4)tv  [ j ( 4j\r -  1)(4JV -  2)(4JV -  3) +  4E I k L 3}
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J ( 4 k  -  l)(4 ft -  2 )(4fc -  3) +  4E I k L 3 

[4N  — 1)!

+  r ( t )

L ‘W - 4(4k)N - i  -  1)(4N  -  2 ) (4N  -  3) +  4E I k L 3}

f  120J ,  ^  .  ( k { 4 k  +  l ) L ‘ik~‘i ( - 4 ) k \
{ — c  -  E  ; ---------------)

J{ 4k  -  l)(4fc -  2) (4k  -  3) +  4E I k L 3 +  r ( t ) j  (4.25)

Hence, we have shown the  relative degree of the  system s is 2 N  and  th e  system  has no internal 
dynam ics. T h is implies we can achieve asym pto tic  track ing  of any sm ooth  reference y ’ (t) 
[68].

Defining

«<o -  (“ - 1)!L ‘iN-4( 4n )N ~ l [J{4N  -  l ) ( 4 N  -  2 )(4N  -  3) +  4E I k L 3}

-  g  < » «  ( S i i ± 1 2 ^ h S ! )  (4 .J8 ,

-  1)(4* -  2)(<lfc -  3) +  -I E I k L '  j  

(4iV -  1)!
b s  =  l- iw -4 (4 k )W -i _  !)(4 jv  -  2)(4JV -  3) +  4 E I k L 3} ^ ' 27^

we rew rite (4.25) as
y {2N)(t) =  a N { 0  + bN r( t )  (4.28)

Based on (4.28), the  s ta te  feedback

r (() =  ~aN(0 +v(t)  g
on

pu ts  the  system  into a  chain of in tegrators form

y {2N)(t) =  v( t )  (4.30)

Defining the tracking error between the  actual and desired flat o u tp u t as

e (0  = y { t ) - y * { t )  (4.31)

we assign the  auxiliary inpu t v( t)  in (4.30) to be

v{t)  =  y*(2/v)(f) - p o  [  e( t )dt  -  p ie (t )  -  p2e ( t )  P2N ^ 2N 1}(0
Jo

(4.32)

giving the  tracking error dynam ics

e(2A/)(<) + P 2 ;ve(2N 1)(t) H h p2e(t) + P i e ( t )  + po [  e( t )dt  — 0 (4.33)
Jo

T he track ing  error system  (4.33) is a  linear integro-differential equation  and  the  asym pto tic  
erro r convergence is ensured by choosing the roots of

s2N+l + p 2N$2N H h p is  +  po

in the  open left-half plane.
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O nce th e  pk coefficients of th e  characteristic  polynom ial are determ ined, they  are sub
s titu te d  in to  th e  auxiliary  in p u t v(t)  given in (4.32), which in tu rn  depends on e(t) =  
2/(0 _  2/*(0- T he reference y*(t)  is pre-com puted using th e  Gevrey steering  function (3.32), 
while th e  observed C s ta te s  are  transform ed to  y( t)  using (4.18). T h e  ac tua l control law r(2) 
is then  ob ta ined  from (4.29). T he  expression for th e  closed-loop to rque is

. . —120./ >
t ( 0  =  C3  +  2 J  &fc+

N - 1 fc(4fc +  l)L ‘lfc-‘‘(—4)fc

fc=i
J (Ak  -  l)(4fc -  2)(4Jk -  3) +  4E I k L 3

L4N~4{4 k ) 'v~ 1 [J(4JV -  1)(4/V — 2)(4iV — 3) +  ‘[ E I k L 3]
(47V -  1)!

( v m w -  PO f  <c. -  »•(()) -  Vm m\  J o  fc=o L ( - K )  J
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Chapter 5

Numerical Simulation

In th is chap ter we num erically sim ulate the  ro ta ting  beam  system  in bo th  open and  closed-

in C hap ters 3 and  4.

5.1 Series C om putations
T he first approach of calcu lating  th e  P D E  system  response is to  use th e  infinite series 
expressions developed in C h ap te r 3. T he series for s ta te  w ( x , t )  (3.20), inpu t to rque r ( f )
(3.21), rigid-body angle 6(t)  (3.45) and elastic tip  deflection V ( L , t )  (3.47) will be evaluated. 

T he  infinite series a re  param eterized by the  flat o u tp u t function (3.32):

w ith  t j  th e  transition  tim e, 0  th e  beam ’s end equilibrium  ro ta tion  angle, and r/7 (t) the  
G evrey function from (3.31):

To ob ta in  th e  system  response, th e  infinite series are expanded to  a  finite num ber of term s. 
T he  tru n ca ted  expressions are then  evaluated a t a  set of d iscrete grid of tim e and space 
points. E valuating  th e  series requires the calculations of successive tim e derivatives of the 
flat o u tp u t (5.1). T his is done efficiently using the  recursion form ulas derived in Section 3.6.

S im ulation is carried o u t using th e  param eters given in Table 5.1. T he  physical system  
param eters are  taken  from Table 2.1 on Page 15.

T h e  results are p lo tted  in F igure 5.1. T he sim ulated  beam  behaviour is consistent w ith 
physical in tu ition . A positive to rque accelerates the  beam , then  a  negative to rque decelerates

loop m odes. An FEA  model of th e  p lan t is developed in order to  te s t the  control described

2/W  = (5.1)

(5.2)

C alculation  param eter Value
Series trunca tion  order 25

G evrey function param eter 7  =  1.4
T ransition  tim e t j  =  Is
E nd beam  angle © =  90°
#  of tim e points 1 0 0 0

#  of space points 1 0 0 0

Table 5.1: C alculation  param eters for series sim ulation
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w(
x,t

)

it to  rest a t 6{ t j )  =  90°. I t first bends downwards due to  th e  counter-clockwise positive 
m om ent, then  upw ards due to  th e  clockwise negative one. T he beam  is undeform ed a t its 
equilibrium  positions.

w(x,t) total deflection V(x,t) elastic deflection

t 0 0 x t 0 0

B eam  rigid—body a n g le  Boundary torque Input
0.15

0.1

0.05

V
-0.05

- 0.1

-0.15

- 0.2
0.4 0.60.2 0.8

1 0 0

CD

0.2 0.4 0.6 0.8

Figure 5.1: R esults of series-based sim ulation
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5.2 Observer T esting
T he observer designed in Section 4.2 will be used to  check the  accuracy of the  approxim ate 
system  (4.16).

From  Fite

o pen to o p .V

From Fiiel

rK V

sim _ o b se rv e r_ sla ie so p e n lo o p jn p u t

Integrator To W orkspace

A

Figure 5.2: O bserver te sting  Sim ulink d iagram

T he Sim ulink d iagram  used for testing  the  observer is shown in F igure 5.2. T he  th ree 
inputs a re  the  boundary  to rque r( t ) ,  th e  rigid-body angle 9(1) and  the  tip  elastic deflection 
V ( L , t ) ,  which have been calculated  for in open-loop using the  series given in the  previous 
section. T he observer o u tp u t is the  estim ated  s ta te  vector C, which is com pared to  the 
actual s ta te  £ ob ta ined  by using y ( t ) defined in (5.1) in (4.18).

For the first te s t run, th e  value N  — 2 is used, generating  a  fourth-order sta te-space 
system . T he  s ta te  estim ate  erro r system  eigenvalues are chosen to  be

A obs =  { - 3 0 , - 3 5 , - 4 0 , - 4 5 }

. T he  ac tua l and  observed s ta te s  are  then  p lo tted  in F igure 5.3. T h e  plo ts show good 
agreem ent between the  es tim ated  and  ac tua l (  s ta tes , even a t  th e  low sta te-space order of 
JV =  2. In a  second run, we take N  =  3 and

A obs =  { -7 0 ,  - 7 5 ,  - 8 0 ,  - 8 5 ,  -9 0 ,  -9 5 }

. T he  results are shown in F igure 5.4. Here again, we see good agreem ent between the  series 
and observer s ta tes. For a final run, we have N  — 4 and

A obs =  {-GO, - 6 5 ,  - 7 0 ,  - 7 5 ,  - 8 0 ,  - 8 5 ,  - 9 0 ,  -9 5 }

, p lo tted  in F igure 5.5. T h e  lower s ta te s  are well estim ated , b u t the  h igher-order ones exhibit 
noise.
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Figure 5.3: O bserver (— ) versus actual (— ) sta tes, N  — 2.
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0.2 0.4 0.6 0.8 10

0.2

0.1

-0.1

-0.2
0.2 0.4 0.6 0.8

Figure 5.4: O bserver (— ) versus actual (— ) s ta te s , N  =  3.
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F igure 5.5: O bserver (— ) versus ac tua l (— ) sta tes, N  =  4.
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5.3 FE A  M odel
T he series expressions in the  previous section can be used to  calcu late  th e  system  s ta te  
w ( x , t )  and inpu t r(<) for a  given flat o u tp u t trajectory . T h is approach does no t provide 
a “real" sim ulation, in the  sense th a t the  system ’s response is n o t determ ined from the  
boundary  inpu t, bu t ra th e r  indirectly  from y(t) .  We require a  m ethod  of ob ta in ing  w ( x , t )  
from r ( t )  in order to  validate b o th  the  open and  closed-loop controls previously derived. In 
th is  section we develop a  FEA  sim ulation model following th e  work in [26, Section 8.3].

5.3.1 FEA Formulation of a Single Beam Element

It) U2{1)
U3(t)

E ,  / ,  p , A

Figure 5.6: Single beam  segm ent

We begin by looking a t a  single beam  elem ent, as illu strated  in F igure 5.6, which will be used 
to  assem ble th e  com plete beam  m odel in Section 5.3.2. T he segm ent has two nodes , each of 
which has two nodal coordinates, denoted by U k ( t ) .  T he beam  elem ent has a  length I and 
physical param eters E , I , p  an d  A.  T he  beam  elem ent is governed by th e  Euler-Bernoulli 
PDE:

=  0 (5.3)

W e assum e th a t a t  any in s tan t of tim e, the  beam  displacem ent w(x ,  t )  m ust satisfy a s ta tic  
beam  deflection profile,

E ! a ^ M  =  0  ( 5  4)
OX*

T he beam  displacem ent is a  function of tim e, so the solution to  (5.4) is w ritten  as

w ( x ,  t )  =  c \ ( t ) x 3 +  C2 ( t ) x 2 +  C3 ( l ) x  +  C, \ ( t )  (5.5)

In order to  find the  functions c*.(t), we use th e  four nodal coordinates as boundary  conditions 
for w ( x ,  I ) :

w ( 0 , t )  =  v i ( t )  w ( l , t )  — U 3 ( t )

d i v  d w  (^*^)
| ^ ( 0  , t )  =  U2 ( t )  ^ ( / , 0  =  « 4 (0

U sing (5.5) in (5.6) resu lts in a  system  of four equations:

c-i(f) =  U i { t )  

c s i t )  =  u 2 ( t )  

l 3 C i ( t )  +  l 2 c 2 ( t )  +  l c 3 ( t )  +  c,](<) =  U 3 ( t )  

3 l 2 c \ { L )  +  2 l c 2 { t )  +  C3 ( t )  =  Ut \ { t )

System  (5.7) is solved and  the  results su b stitu ted  into (5.5):

(5.7)

(  3a:2  2a-3 \  (  2x2 x 3 \  . .
(x, t) =  ^ 1  +  ~ i T J  ^    +  7 T j  u

( 3 x 2 2x 3 \  . .  ( x 3 x 2 \
+ \~p Wj  Us{ ) TJ  Mt)

(5.8)
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Solution (5.8) is used to  derive th e  modal equation for the beam  segm ent,

M il  +  K u  =  F(t ) (5.9)

w here u  is the  vector of nodal coordinates, F( t )  is th e  m odal forcing vector, and  M  and K  
are  the segm ent’s m ass and stiffness m atrices.

T he m odal m atrices are found from the  expressions for po ten tia l and  kinetic energy of 
the  beam  segm ent. T he  s tra in  energy of the  segm ent is given by [26, p .537]:

2
I" d 2 w{x , t )  
[_ d x 2

dx  =  ^ ut K u (5.10)

E xpanding th e  integral using (5.8),

+  3lu\U2 +  l2U2 — 6 U1U3  — 31U2U3 

+  3u 2 +  3 lu\U4 +  f2 u 2 w,| -  3 IU3 U4 +  /2 u2 |  =  u T K u  

T he  stiffness m atrix  is therefore

I< =
EI_ 
13

1 2 61 - 1 2 61
6 / 412 - 6 / 212

- 1 2 - 6 1 1 2 -61
6 / 2 Z2 - 6 1 412

(5.11)

T he  segm ent’s kinetic energy is [26, p.538[:

rl \ d w ( x ,  t)
dt

d x  =  - u t M  u  
2

E xpanding (5.12) using (5.8),

^ ^ | 7 8 u 2 +  22lu\i i2  +  2 /2 u 2  +  54uiU3 +  13fu2W3

+  78u2 -  13fuiu.i -  3 l2 U2 U4 -  2 2 IU3 U4 +  2f2 ii21  =  uT M u  

T he m ass m atrix  is therefore

(5.12)

M  =
pAl
420

156 2 2 / 54 - 1 3 /
2 2 1 4 / 2 13/ —3 / 2

54 13/ 156 —2 2 /
-1 3 / —3 / 2 - 2 2 / 4 / 2

(5.13)

T he m odal forcing vector F( t )  in  (5.9) contains the forces and  m om ents ac ting  on each 
nodal coordinate. In th e  m ost general case,

F(t )  =

m y
Mi{ t )
F2 (t)
M 2 {t)

where F\{t)  is the  force ac ting  on the  left node, M\{1)  is th e  m om ent acting  on the left 
node, and ^ ( t ) ,  M 2 (t) are  th e  force and  m om ent ac ting  on the  righ t node, respectively. If 
the beam  is unforced, then

0

F( t )  =
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5.3.2 Superposition of Beam Elements
T he full beam  model is construc ted  by superposition  of the  individual beam  segm ent equa
tions. Each m odal equation  (5.9) represents a  system  of 4 second-order linear OD Es w ith 
constan t coefficients.

Consider a  two-segm ent d iscretization  of a  beam  shown in F igure 5.7.

Ui{t)
u 2 (t)

115 ( 0

u 6{t)

E , I , p , A E , I , p , A

Figure 5.7: Tw o-segm ent beam  exam ple for superposition

In th is  particu lar case, th e  segm ents are identical in length and  physical param eters. Using 
(5.11) and (5.13) gives:

K x =  K 2 =  E l

T h e m odal equations for each segm ent are:

PA
420

PA
420

156 22 54
22 4 13
54 13 156

- 1 3  - 3  - 2 2

156 22 54
22 4 13
54 13 156

- 1 3  - 3  - 2 2

- 1 3
- 3

- 2 2

4

-1 3 '
- 3

- 2 2

4

+

+

1 2 6 - 1 2 6

6 4 - 6 2

- 1 2 - 6 1 2 - 6

6 2 - 6 4 _

156 2 2 54 - 1 3 '
2 2 4 13 - 3
54 13 156 - 2 2

- 1 3 - 3 - 2 2 4

' 1 2 6 - 1 2 6

6 4 - 6 2

- 1 2 - 6 1 2 - 6

6 2 - 6 4

' 1 2 6 - 1 2 6

6 4 - 6 2

- 1 2 - 6 1 2 - 6

6 2 - 6 4

(5.14)

(5.15)

T he  system  above represents 8  LTI ODEs. A dding together the  equations in u 2 and then  
in u.i gives a system  of 6  equations, expressed in m odal form as:

pA
420

156
2 2

54
- 1 3

0

0

2 2

4
13
- 3

0

0

+ E I

1 2 6

6 4
- 1 2 - 6

6 2

0 0

0 0

54
13

156 +  156 
-2 2  + 22 

54 
- 1 3

- 1 2  
- 6  

12 + 12 
- 6  +  6  

- 1 2  
6

- 1 3  
- 3  

-2 2  +  22 
4 +  4 

13 
- 3

6

2

- 6  +  6  

4 +  4 
- 6  

2

0

0

54
13

156
- 2 2

0

0

- 1 3
- 3

- 2 2

4

0

0

- 1 2

- 6

1 2

- 6

0

0

6

2

- 6

4

'ui ' 'O'
u 2 0

0

U. | 0

U5 0

.UG. 0

(5.16)
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which can be num erically in teg rated  to  ob ta in  the  nodal coordinates. T he superposition  
approach is easily coded for an  a rb itra ry  num ber of beam  segm ents.

In our application , a ro ta tin g  beam  is modeled as an  N  elem ent system  w ith torque 
inpu t a t  the  first node, as illustra ted  in F igure 5.8. Since th e  beam  is uniform  and all 
segm ents have equal length, the  local m ass and stiffness term s are  calculated only once, 
then  superim posed to  form th e  global M  and K  m atrices, sim ilarly to  the  last example.

MO M  M oM ' ’-

Figure 5.8: FEA  model of ro ta ting  beam  w ith N elem ents

Superposition  is used to  m odel the  rigid hub a ttached  to  the  beam . T he global beam  mass 
and stiffness m atrices are assem bled w ithou t a  forcing vector. T he  h u b ’s equation  of m otion,

t  ( 0

is added to  the  global m ass m a trix  and creates a m odal forcing te rm  F(L).

5.3.3 Boundary Conditions in FEA
Boundary  conditions on the  original P D E  are used to  sim plify the global mass and  stiffness 
m atrices by rem oving the  corresponding Ufc(t) nodal coordinates. For exam ple, if the beam  
from Figure 5.7 is clam ped a t  the  left and free a t  th e  right, then u i( t )  =  rM O  =  0, although 
MO and  u$(0 rem ain unaltered.

T he  O D E corresponding to  a M O  =  0 term  is trivial and is dropped  from the  system  
of equations. T he nodal coord ina te  is also removed from the  rem aining equations. For the 
two-segm ent problem  above, th e  system  of 8  OD Es in 8  unknow ns is simplified to  6  OD Es 
in 6  unknowns.

Rem oving equations and nodal coordinates is equivalent to  deleting  corresponding rows 
and  colum ns in the m odal M  and  K  m atrices. In our exam ple, MO =  11 2(f) =  0 , which 
elim inates the  to p  two rows, and  th e  two left-m ost colum ns in th e  sy stem ’s global m atrices, 
and (5.16) becomes

E li
420

1 5 6 + 1 5 6  
-2 2  + 22 

54 
- 1 3

-2 2  +  22 54 -1 3 ' ’M 0’
4 +  4 13 - 3 M 0

13 156 -2 2 M 0

1 G
O 1 to to

1 M 0.

+ E I

For the  ro ta tin g  beam  in F igure 5.8, u i(f)  
sim plifications are  available.

(5.17)

0, since the hub does not transla te . No o ther

'1 2 + 1 2  - 6  +  6 - 1 2  6 ' MO' 'o'
- 6  +  6 4 +  4 - 6  2 M 0 0

- 1 2  - 6  12 - 6 M 0 0
6 2 - 6  4 M0. 0

5.3.4 State-space Representation of FEA model
Once the  global M  and  K  m atrices are assembled and  simplified using the  BCs, a  m odal 
form (5.9) can be transform ed in to  sta te-space form. For the  ro ta tin g  beam , we have

Mii ( t )  +  K u ( t )  =  F ( t)  =  B r ( t )

50

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



W here B  =  [0 1 0 
X 1 =  u(t) ,  X2 =  «(£))

0] due to  the  torque ac ting  on the hub. Defining the  variables

± 1  =  u(t)  — X2

x 2 =  ii(£) =  —M ~ xK u { t )  +  M ~ l B r ( t )  =  —M ~ xK x \  4- M ~ xB r ( t )

0  /  
- M ~ XK  0

+
0

M ~ ' B
t {1)

y=[r 0]

we ob ta in  the  sta te-space represen tation  of th e  system ’s m odal equation , w ith  the  boundary  
to rque r ( t )  as the  inpu t and nodal displacem ents as the  o u tp u t y.

5.4 V alidating th e  FEA  M odel
To validate the  FEA  model, an  open-loop test is perform ed, using th e  series-com puted r(£) 
as the  input. T he sim ulated result will then be checked against the  series-com puted results 
in Section 5.1. T he  se tup  for th is  is shown in F igure 5.9.

Isolate
thota(t)

To W orkspace

u1(t)

To W orkspacolIsolate
V(L.t)From File FEA

sim_w

s im jh e ta

o p en loop jnpu l

Isolate To W orkspaco2
w(x,t)

Figure 5.9: FEA  open-loop testing, Sim ulink im plem entation

T he physical beam  param eters used to  calculate the  M  and K  m atrices are taken  from 
Table 2.1. We use N  =  20 elem ents in the  spatia l d iscretization.

Since uj (£) is gets dropped as a  zero boundary  condition, u j (£) =  0 is m anually  added into 
th e  FEA  model o u tp u t. T he sim ulated  nodal coordinates are arranged  into the  displacem ent 
field w ( x i , t )  =  (« i(t)  it3 (£) . . .  U2 Ar+i(t)], the  hub angle 6(t) =  U2 {t) and the  tip  elastic
deflection V ( L , t )  =  U2 at+i(£) ~  Lxi2 (£)• T he results are p lo tted  in F igure 5.10.

C om paring th e  FEA  m odel results in F igure 5.10 w ith th e  series-calculated in F igure 
5.1, we see good agreem ent between the two, indicating the  FEA  model is a  valid sim ulation 
tool. Based on inform al testing , A ^ ea =  20 elem ents gives results which are “sufficiently 
accurate” for sim ulating  the  closed-loop operation  of the  system . A large num ber of elem ents 
(iVpEA =  150) was used and no significant im provem ents in accuracy were observe.

5.5 C losed-loop C ontrol Sim ulations
T he closed-loop control Sim ulink d iagram  is shown in F igure 5.11. T h e  F E A  model is used 
as a sta te -space model of the  p lan t and is connected to  the track ing  controller and observer 
system s derived in C hap ter 4. T h e  controller im plem entation is show n in F igure 5.12.
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D isplacem ent w(x,l), FEA com putation Tip deflection, FEA com putation

t o o  x 

R igk l-body  ang le , FEA com putation
100

0.80.2 0.4 0.6

0.02

0.01

3
>

- 0.01

- 0.02

0.6 0.8 10.2 0.40

Figure 5.10: R esults of FEA  sim ulation

cor>trollM.r*(«f»nc*_clal4 mat

Figure 5.11: Closed-loop system  Simulink diagram

To te s t control perform ance, we use a 90° ro ta tion  in one second as the  control task , and 
give th e  beam  an  initial track ing  erro r of 0(0) =  —10°. T he  open-loop operation  is shown in 
F igure 5.13. T he  beam  ro ta tio n  is executed sm oothly, b u t the beam  undershoots the  ta rge t 
and  stops a t  0 ( 1 ) =  80° due to  lack of feedback.

T he  sam e control task  is now perform ed w ith a  closed-loop control law. In the  first run, 
N  =  2 is used when deriving th e  controller and observer expressions. T he observer eigenval
ues are the  sam e as for the  N  =  2 observer te s t in F igure 5.3, A0 f,s =  {—30, —35, —40, —45}. 
T he controller uses Acont =  { - 5 .  - 1 0 ,  -1 5 ,  -2 0 ,  -2 5 } . T he results are  shown in F igure 5.14. 
Due to  the  closed-loop control, th e  system  is able to  com pensate for the initial downward 
deflection and move th e  system  to  the  desired 0(1) =  90° ending configuration. T he torque 
plot shows ex tra  control effort a t  the beginning of the  movement. T he  to rque approaches 
the  open-loop inpu t profile in F igure 5.13 for the  end of the  m otion, i.e., th e  open-loop 
control is doing m ost of the  “w ork” a t the end of the  m otion.
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Figure 5.12: C ontroller subsystem  Simulink im plem entation
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0.4 0.6 0 .80 .2

t

Figure 5.13: O pen-loop steering  of beam  w ith 0(0) =  —10°

In a  second run, we use N  =  3 term s in the  series tru n ca tio n , p roducing a  6 th or
der sta te-space model. T he  closed-loop observer and  controller eigenvalues are set to  
Kbs  =  { - 7 0 , - 7 5 , - 8 0 , - 8 5 , - 9 0 , - 9 5 }  and \ conl =  { - 4 0 , - 4 5 , - 5 0 , - 5 5 , - 6 0 , - 6 5 , - 7 0 } ,  
respectively. T he  results are p lo tted  in F igure 5.15. T he N  = 3 p lo ts show the  controller 
does its job  of moving the system  to  the  desired final configuration, b u t the  operation  ex
h ibits a high level of cha tte r, seen in the  plot of 8(t).  A more serious problem  is w ith 
the  system  inpu t t (L) which exhib its increasingly large oscillations which would eventually 
destabilize the  system .

For th e  last run, N  =  4 is used, along w ith =  { -6 0 , - 6 5 ,  —70, - 7 5 ,  -8 0 ,  - 8 5 ,  - 9 0 ,  —95}
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F igure 5.14: C losed-loop control of beam  w ith  0(0) =  —10°, N  =  2.
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Boundary  to rq u e  input

Figure 5.15: Closed-loop control of beam  w ith 0(0) =  —10°, N  =  3.

and  XCont =  { -1 0 , - 1 5 ,  - 2 0 ,  —25, - 3 0 ,  - 3 5 ,  - 4 0 ,  - 4 5 ,  - 5 0 ) .  T he system  goes unstable, as 
shown in F igure 5.16.
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Figure 5.16: Closed-loop control of beam  w ith  0(0) =  —10°, N  =  4. U nstab le operation .
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Chapter 6

Experimental Validation

In th is  chapter, the  control law designs from C hap ters 3 and  4 are tested  on the  flexible 
beam  experim ental hardw are.

6.1 O verview  o f E xperim ental Setup
T he ro ta tin g  beam  plant, shown in F igure 2.1 on Page 6 , was connected to  a  P C  running 
M atlab /W in C o n /R T X . T he se tu p  readily allows controller developm ent in Simulink and 
generates real-tim e code tak ing  care of im plem entation  details such as d iscretization  and 
d a ta  I /O .

6.2 C onstant G ain Control
Before testing  the  flatness-based controllers we consider the  perform ance of a  sim ple pro
portiona l controller as shown in F igure 6.1.

pfcfD—
K

[V/deg]
reference Convert 

to d egrees
Invert

Analog Output

Q uanser Consulting 
M ultiQPCI DAC

Q uanser Consulting 
M ulbO PC I ENC

Figure 6.1: P roportional controller for ro ta ting  beam

We use 6 =  90° as the  reference input. T he  gain value is tuned to  K  =  0.2, giving a  first 
response w ithou t sa tu ra tin g  th e  inpu t. T he experim ental d a ta  is p lo tted  in F igure 6.2.

T he constan t gain controller moves the beam  to  the end configuration w ithou t steady- 
s ta te  error. However, th is so lution  exhibits poor transien t perform ance, giving a  large 
overshoot and  long se ttling  tim e.

6.3 F latness-based  O pen-loop Control Experim ent
T he next te s t is the open-loop control using the  inpu t r ( t )  com puted from the  C hap ter 3 
series. T he  Sim ulink se tup  is shown in F igure 6.3. T he experim ental results are  p lo tted  in 
F igure 6.4.
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F igure 6.2: 90° tran s itio n  using constan t gain controller

input torque

op en loop jnpu t lau{t) u(t) Q uanser Consulting 
MuttiQ-PCI DAC

Convert Analog Output
torque to voltage

Figure 6.3: O pen-loop experim ental te sting  se tup

For th e  open-loop operation , th e  ta rg e t ro ta tion  of 90° is not m et, w ith the  final angle 
being ab o u t 75°. T h is is caused by th e  unm odeled friction presen t in th e  experim ent. T he 
system  exhibits a d iscontinuous ‘s tic tio n ’ effect, w here inpu t to rque below a  certain  level 
does not produce m otion, since it is insufficient to  overcome the  s ta tic  friction present. This 
effect is seen by looking a t  th e  r ( t )  and  9(t)  p lo ts near the  s ta r t  tim e. T he  g raph  for r( t )  
s ta rts  to  increase sm oothly a t  a b o u t t =  0.05 and  yet the  value for 6{l) only begins to  move 
a t  t =  0.15.

W e rem ark however, th a t th e  tran sien t characteristics of the  sy stem ’s perform ance are 
b e tte r  th an  th e  constan t gain controller, w ith lower tip  deflection am plitude and sm aller 
overshoot. T he  se ttling  tim e is th e  sam e or better.
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Figure 6.4: Experim ental open-loop steering  to  90°
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6.4 F latness-B ased  C losed-loop Control E xperim ent
T h e experim ental se tu p  for th is section is shown in F igure 6.5. T h e  control task  is still a  
90° transition  in 1 second.

Figure 6.5: Closed-loop experim ent Simulink model

O uansef Consulting 
M ultiO PCI ADC

In v n tf l  UwUjfet 
I gam

M ettuted  ihofj.dol

Figure 6 .6 : Closed-loop experim ent, r ( t )  to  u(t)  conversion subsystem

6.4.1 Disturbance-Free Test, N  = 2 Design
Using N  = 2 gives a  fourth order sta te-space system  representation . T he  system  eigenvalues 
are chosen as A cori( =  {—5 ,—1 0 ,—1 5 ,—2 0 ,—25} and A obs =  {—3 0 , - 3 5 , - 4 0 , - 4 5 } .  Based 
on the  sim ulation  results, we expect th is  system  to  function well. T he  experim ental d a ta  is 
p lo tted  in F igure 6.7.

In co n trast to  the  open-loop experim ent, the closed-loop control law m eets the  ta rg e t of 
6 =  90°. T he  transien t characteristics of m axim um  overshoot and  se ttling  tim e are b e tte r  
th a n  bo th  the  proportional controller and the  open-loop control.

T he  beam  tip  exhibits som e residual oscillations a t  the  end of th e  transition . T he 
controller a tte m p ts  to  com pensate, as seen from the  r(<) and u(t.) in p u t plots. However, the 
p lan t hardw are contains a “dead  zone” , where ac tu a to r  efforts below a certain  threshold  do 
not produce m ovem ent, caused by s ta tic  friction.

6.4.2 External Disturbances Test, N  = 2 Design
T he controller from Section 6.4.1 is now run while m anually interfering  w ith its operation . 
T he  goal is to  te s t the  robustness of the controller. T he d istu rbances applied  are described 
as follows:

1. D uring transition , the ruler is stopped  by hand, held briefly and released.

2. Once the  system  reaches its final endpoint, the  beam  is deflected in th e  counter
clockwise direction and released.
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Figure 6.7: E xperim ental 1 second 90° transition , N  = 2 controller

3. T he  deflection from the  previous step  is repeated  in the opposite  clockwise sense

T he results a re  p lo tted  in F igure 6 .8 . T he controller rem ains s tab le  and  rejects disturbances, 
b o th  during  tracking and  in stabilizing  m ode a t  the  end of th e  transition .

B eam  rotation ang le  B eam  tip deflection
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F igure 6 .8 : A ttem p ted  1 second 90° transition , sub jected  to  m anual interference.
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6.4.3 Disturbance-Free Run, N  =  3 Design
T he final experim ent is to  te s t th e  perform ance of a controller designed using N  = 3, as 
done in sim ulation  in F igure 5.15, which exhibited a  large level o f cha tte r. T he param 
eters used are th e  sam e as before, A0(,s =  {—7 0 ,—7 5 ,—8 0 ,—8 5 ,—9 0 ,—95} and ACOnt =  
{ -4 0 , - 4 5 ,  - 5 0 ,  - 5 5 ,  - 6 0 ,  - 6 5 ,  -7 0 } . T he  results are shown in F igure 6.9.

B eam  rotation angle B eam  tip deflection
200

150

-50 .
0.5

t | s )

Boundary torque input

-0.15

DC m otor vo ltage input

F igure 6.9: A ttem p ted  90° transition , N  =  3 controller. U nstab le operation.

T he  N  =  3 version of th e  contro ller is unstable. N ote th a t  the  beam  rem ains sta tionary  
for ab o u t one second while th e  gears cha tte r, then  goes unstable.
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Chapter 7

Generalization of the Rotating 
Beam Model

In th is chapter, we generalize the  previously used ro ta tin g  beam  model to  include a tip  
payload, as stud ied  in [2], for instance. Also to  increase the  level of generality, the system  is 
"litia lly  m odeled as a Rayleigh beam , which includes the  Euler-Bernoulli beam  as a  specialin 
case.

7.1 D erivation  o f the R ayleigh Beam  M odel

7.1.1 Rayleigh Beam PDE
Consider the  free-body diagram  of an  infinitesim al beam  elem ent, shown in F igure 7.1. T he 
righ t-hand  side force and  m om ents have been converted to  one-term  Taylor series expansions, 
as in Section 2.2.2.

F ( x , t )  +  ^ ^ d x

XV

CM

F ( x t t)

d x
2

d x
2

Figure 7.1: Free-body diagram  of infinitesim al Rayleigh beam  segm ent

Perform ing a  force balance, tak ing  upw ards as positive

d 2w(x ,  t)
771-

F (x ,  t) +  ^  dx  — F ( x , t) =  p A d x
CfX

d t 2

d 2w(x ,  t)
d t 2
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N ext, perform ing a  m om ent balance ab o u t the  centre of mass, tak ing  counter-clockwise as 
positive

' », M t )  
Y , M C‘"  = J ^ r

d M { x , t )  (  d F ( x , t )  \ d x  dx  d 3w{x , t )
M ( x ,  t) +  ^  d x  -  M ( x ,  t) +  \ F ( x ,  t) +  Qx d x j  2  +  F ( x ,  t) g -  J

d M { x , t )  , , n , iS t_ t d F ( x , t ) { d x ) 2 , d 3w { x , t ) 
- t e - d x  + F[x ,  t )dx  + — ^ --------—  =  J - g ^ -

 --------- v--------- '

(7.2)

T he  in ternal restoring  m om ent is related  to  the cu rva tu re of the  beam  by

* / ( * ,( )  =  «  (7.3)

which is exactly  th e  sam e as for th e  Euler-Bernoulli model, see (2.7). W ith  (7.3), (7.2)
becomes

, 7 , ,

A nother fact th a t  we use is th e  relationship  between J ,  the  mass  m om ent of inertia, and / ,  
the  area of m om ent of inertia. Assum ing the segm ent has a  rec tangu lar cross-section w ith 
base b and  height h,

3 = h . m ^h 2 + =  T 2 m h 2
rjO

' = i i w‘3
J  - ^ p A d x  — p l d x  (7.5)

In fact, (7.5) can be shown to  apply  to  any  cross-section form, providing p and  A  are
constants. A pplying (7.5) to  (7.4) gives

d 3w ( x , t )  . . d 3w ( x , t )
E I - w - ( l x + F { x ' t )dx  =  p I d x ~ w ^ r

j\ _rd 3w ( x , t )  d 3w { x , t )
F { x ’ l) =  p I ~ d P d T  ~  E I ~ d ^ ~  (7 '6)

Finally, su b stitu tin g  (7.6) in to  th e  force balance result (7.1) gives

d  (  d 3w ( x ,  t )  r d 3w ( x , t ) \  A d 2 w { x , t )

s i  y ' - w s r  ~  E f _ 5 p _ J = p A — m
T Q 3 w { x y t)  _ r d ‘l w { x , t )  , A d 2 w { x , l )  n

E I ~ ^ r ~  -  p I ~ w w + p A ~ w ~  =  0  (7,7)

T h e  Rayleigh P D E  (7.7) is found in [73] and  [21], for example.

7.1.2 Force and M oment Boundary Conditions
In th is section, we discuss how forces and m om ents acting  on the  beam  edges can be tran s
lated into boundary  conditions for the  Rayleigh PD E.

63

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



For m om ent BCs, we use equation  (7.3), so th a t

d 2w(x ,  t ) M ( x ,  t)
d x 2 E l

(7.8)

R esult (7.8) is identical to  the  earlier Euler-Bernoulli case. I t is im p o rtan t to  use the  sign 
convention of Section 2.2.3:

•  Left side: clockwise ex ternal m om ent=positive M  (and vice-versa)

•  R ight side: counter-clockwise ex ternal m om ent= positive M  (and  vice-versa)

If there  is no m om ent applied (free or pinned end), M  =  0, th e  sign gets canceled ou t and 

=  0  applies.
For force BCs, we use E quation  (7.6)

d 3w ( x , t )  p d 3w ( x , l )  _  —F { x , t )
d x 3 E  d t2d x E l

(7.9)

R esult (7.9) is not  th e  sam e as for Euler-Bernoulli. We again  need to  observe th e  direction 
convention from Section 2.2.3:

•  Left side: downward ex ternal force=positive F  (and vice-versa)

•  R ight side: upw ard ex ternal force=positive F  (and vice-verse)

If there is no force applied (free or sliding end), F  =  0, the  sign gets canceled and - - g ^ ' 1̂  =

E l W 5x  f ° r e *fhe r  s 'd e -

7.2 R otatin g  B eam  M odel
We now derive a model for a  ro ta tin g  beam  system  w ith tip  payload using the  Rayleigh beam  
equation  for generality. T he equations derived can be easily simplified to  the  Euler-Bernoulli 
case, as done in the  next section.

T h e  schem atic d iagram  of the  system  is shown in F igure 7.2.

nij). Jp

V ( x , t )

E ,  F , p , A

r( t )

F igure 7.2: R o tating  beam  diagram

First, focus on th e  payload, as shown in F igure 7.3. N ote Fbc;,™.payload and  A'/bCam, pay load 
are the  reaction forces by the beam  on th e  payload.

64

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



• F b c a m .p a y lo a d

Figure 7.3: Free-body diagram  of payload

Force balance

M om ent balance

E F=m^ ( L0(t)+K{L-t))
d 2 (  \

~ ^bcam,payload =  ™'P~Qf2 ( ^ ( ^ * 0  )

^bcani,payload =  ~‘^ lp~q^2 0  "t" ^ ^ ( 0 ^

- M boam,paylond =  Jp^  ( 0(0 +

_  a 2  / o v ( l , o  A
Jwbcarn,payload — d f i  V d x  J

(7.10)

(7.11)

N ext, we look a t  th e  hub, shown in F igure 7.4, and perform  a  m om ent balance. T he term  
Mbcam.hub represents the  reaction  by th e  beam  on th e  hub.

*̂ hub

Mbenm.hub

F igure 7.4: Free-body diagram  of hub 

n \  i d26{l)
■Mbcnm.hub +  T(t)  — <7|iub ^ 5

d29
Mbcanj,hub =  d [mb ~^2 ^ " ( 0  ( f 'l^ )

Finally, we consider th e  forces acting  on the  beam  in F igure 7.5. N ote the  payload 
and  hub reaction  forces and m om ents are  reversed in direction from Figures 7.3 and  7.4 by 
N ew ton’s th ird  law.
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w(x ,  t) =  V  (x, t) +  x9( t)

6{t)

Figure 7.5: Forces and  m om ents ac ting  on Rayleigh beam

We now w rite down the Rayleigh beam  equation , defining w ( x , t )  =  V ( x , i )  +  x6(t )  as the 
deflection field form ulated in an  inertial fram e of reference; V (x ,  t) is form ulated in a  ro ta ting  
(non-inertial) frame, so it cannot be used by itself in the  equations of m otion. Recalling 
equation  (7.7),

3^w[Xi t) _ r d * w ( x , t )  , Ad h v ( x , t )  n 
E I — ^~, --------p I - r r ^ r + p A — =  0d x x d x 2d t 2

We have the  beam  boundary  conditions
at2

  n d 2w(L ,  t ) _ Mbcam.paylond
W( ' ‘ ~  d x 2 E I

d 2w(0, t)   Mbcam,hub d 3w{tL y t) d 3lu(iLt, t)   / ‘beam, pay load

(7.13)

(7.14)

d x 2 E l d x 3 E  d t 2d x E l

N ote (7.14) respect the  directional convention for forces and  m om ents discussed in Section 
7.1.2.

For the  hub side, using (7.12),

3 2 u>(0, ()
dx2 -  E I  (./hub

d20(t) 
dt2 — T ( 0

By the  definition of w(x ,  t),

d w ( x ,  t) _  d V ( x ,  t) 
d x  d x

dw(0,  t) a v ( o ,  t)

dw{0 , t )

Using (7.16) in (7.15), we ob ta in

d 3w(0 , t )  _
hub d t 2d x

d 2w(  0 , t) 
d x 2 

d 2w{  0 , t) 
d x 2

-  E I  ( jhub
d 3w(  0 , t) 

d t 2d x

=  T{t)

(7.15)

(7.16)

(7.17)
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We now look a t  the righ t-hand side BCs. Using (7.11) and  the  definition of w ( x , t ) ,  we get

d 2w ( L , t )  _  —Jp d 2 f d w ( L , t ) \
d x 2 E I  d t 2  \  d x  )

d 2w( L ,  t) _  - J p d 3w(L ,  t) . .
d x 2 E I  d t2d x  K 1

Using (7.10) in the  fourth  BC,

d 3w{L , l .) p di3w{ L , t )  _  m p d 2w ( L , t )
~ ~ f a 3 E  d t 2d x  ~  17 d t 2

(7.19)

P u ttin g  (7.14), (7.17), (7.18) and  (7.19) together w ith (7.13) gives us the  P D E  problem  
form ulation for a  Rayleigh beam  w ith boundary  torque inpu t and tip  payload:

=  ° <720)

(7.21)

BCs:

d 2w{L,  t) _  - J p d 3w(L,  t.) 
d x 2 E I  d l2d x

r d 3w(0 , t )  r?rd 2w(0 , t )  _ . d 3w(L ,  t) p d 3w ( L , t )  m p d 2w [ L , l )
hub 8 t 2d x  ~  d x 2 ~ n  ’ d x 3 E  d t 2d x  ~  E I  d t 2

T he last s tep  is to  define the  new term

s - i

Using S,  (7.20) becomes

°<*<L ^
and  (7.21) becomes

/n n d 2w ( L , t )  —Jp d 3w(L ,  t)
w ((U ) =  0  — d j -  =  - E T ~ w d r

1 d 3ui(0,t )  d 2w(0, t )  d 3w(L ,  t) d 3w { L , t )  d 2w ( L , t )
Jh'ih - w ^ r ~ E I ~ d ^ ~  =  T{t) E l  d x 3" " ~ p A S  d i 2d x  ~ m " d ~ ~

(7.23)
T he  reason for in troducing S  is th a t  it represents the  ro tary  ine rtia  effect; by se tting  5  =  0, 
th e  P D E  and  BC term s sim plify to  th e  Euler-Bernoulli case [73]. For the  flexible beam  
experim ent, using Table 2.1, we calculate

5  =  5.3333 x 10" 8

m eaning th a t the  ro tary  inertia  of the  flexible beam  is negligibly sm all for th e  experim ental 
p lan t we are working with.

7.3 A lternative Series Solution
In th is section we give the  full details of the  open-loop control using special basis functions. 
T h is calculation approach first appeared  in [2], and is reprin ted  in [63, Section 5.4], although 
bo th  references skip the  calculation  steps and  only give the  final solution.
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7.4 N orm alizing th e  Boundary-V alue Problem
T he exam ple we will be working w ith  is a  ro ta tin g  Euler-Bernoulli beam  w ith  a  tip  payload. 
T he system  m odel is im m ediately ob ta ined  by se ttin g  S  =  0 in (7.22) and  (7.23):

- rd Aw ( x , t )  , d 2w ( x , t )
E l - ^ + p A — ^ - L - O  0  < « < !

„  n d 2w(L ,  t) —Jp d 3w{L,  t)
»(o.o = o - § p - = B r - a r a r

, d 3u>(0,t) r, rd2w{0, l )  d 3w ( L , t )  d 2w{ L , t )
•/hub~ ^ “  -  E I ~ , —  = E I ~ w -  =  m ”— d i r -

(7.24)
A m ethod  to  reduce th e  com plexity of th e  series expressions is to  replace the  to rque input 
boundary  condition, by assum ing 0{t) is th e  inpu t and  w riting  th e  to rque relationship  as a 
separa te  O DE. T h is gives the B V P

0 < * < l

■ M - .  ^  = <7'25>
d w ( 0 , t )  a / l  ̂ d 3w(L ,  t) __ d 2w{L,L)
S T -  = m  E ’ — a ^ ~  =  m >— w -

w ith inpu t equation

T he BVP (7.25) is now norm alized by in troducing  the  change of variables

x  ~  t s / E l  
L L 2y /pA

x  =  *  t — ^ ' f EJ=  w { x , t )  =  w ( x , t )  (7.27)

transform ing (7.25) into

E I ^ M + p A o ^ H  = o 0 < i < 1

_ .  ~ d 2w ( l , t )  —Jp d 3w ( l , t )
w (° ’ t ) =  °  g x 2 ~  E I  d l2d x  (7-28)

dw{0 , t )  n ( t L 2y / p A \  ryrd 3w{l ,T)  __ d 2w ( l j )
w r )  E I — w ~ - m p ~ w ~

N ote th a t
d w  dui dx  _  1 d w  
d x  d x  d x  L  d x

d 2w d  f  d w \  _  d  ( \  d w \  _  1 d  / d w \  d x  _
d x  d x  \  d x  J  d x  \ L  d x  )  L  d x  \ d x  )  d x

1 d 2ui 
t f d Z 2

Also,

d 3w  1 d 3w
d x 3 L 3 d x 3
d Aw _  _  1 d Aw
d x A L A d x A

d w  d w  dt \ J E I  d w
~dt =  I f i d i  =  L 2sfpA~Sl

d 2w  d  f d w \  d  f  y / E I  S uA  d  (  \ / E l  d w \  d l  E I  f  d 2u i \
~ d F ~ d i  \~dt  )  ~ d t  \ L 2 / p A  d t  J  ~  d t  \ L 2 s / p A  d l  J  dt ~  L Ap A  \  d t2 )
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Expression (7.28) becomes

E I
1 d  ui (x, t )

+  p A
E I  92 55(55,?)

L 4 d x 4 L 4pA

55(0, t) =  0

d t 2

1 d w ( 0, t) _  f  l L 2 \ / p7 i \  
L d x  \ ~ 7 W T )

=  0 0 < x < 1

1 d 2w ( l , t )  _  —Jp E I  d 3w( l ,7 )
Z 2  d x 2 ~  E I  l A p A  d t 2d x  

E I  d 2iu ( \ , t )

whicii simplifies to

d 4w ( x , t )  ^  d 2w ( x , t )
d x 4

0

w here

A = L 3p A
rnp

L p A

1 d 3 55(l,t)  
l 3 d x 3 m p L 4p A  d t 2

d l 2 

55(0,t) =  0

0  <  x  < 1

d 2w ( l , t )  
d x 2  

<93 55(l,f) 
d x 3

x d 3w ( l , t )  

d t 2d x  
d 2w (  1 , t)

(7.29)

d t 2

u (t) = L8
U2\fpA 

s / E i  ,

B V P (7.29) is th e  norm alized version of the  original expression (7.25). T he  norm alization  
elim inates th e  leading constan ts from the PD E and sets the  space interval to un it length, 
which makes th e  equations easier to  work w ith. A fter an expression for the  55(55, t ) field is 
found, the  norm alization will be undone to  produce w ( x y t) in th e  original coordinates, and 
equation  (7.26) will be used to  ob ta in  r ( t ) ,  th e  boundary  to rque in p u t expression.

7.5 A ssum ed Solution o f N orm alized B V P
For the  purposes of th is section, we will tem porarily  drop the  ~ superscrip ts  from all vari
ables. T his is done because the  opera to r s does not have any superscrip ts , and  to  avoid 
confusion w ith the  superscrip t no ta tion  introduced soon. However, it m ust be rem em bered 
th a t  we are still working w ith norm alized variables, and the  norm alization  will need to  be 
undone after the  series m anipulations are carried out.

T he Laplace transform  is applied  to  BVP (7.29), leading to

<94 lV (a;,s) 2

d x 4
+  s 2 lV (a;,s) =  0 (7.30)

n d 2 W ( M  , . 2 ^ ( 1 ,*)IV (0 ,S) =  0 d x 2 —  =  - A s  Qx

dw{o,s)=[/(s) M M  =fis2w(hs) (7.31)

d x  d x 3
We previously expressed th e  solution to  (7.30) as a linear com bination  of trigonom etric 

functions, (3.7). Following [2], the solution takes the a lte rna tive  form

W (a;,s) =  a ( s ) C + (x)  +  b(s)C~{  x)  +  c (s )S + (a:) +  d ( s ) S ~ ( x )  (7.32)
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W ith  basis functions _
0 + w  _  c w  +  c w  

c - w  =  £ W ^ W

+ _  S(:c) + , S ( i )  (7 '33)
5  [ ’ ~  2 h i f s

- S ( x ) + i S ( x )
s  w  =

W here denotes th e  com plex conjugate, and

C ( x ) =  c o sh [/i\/s ( l ~  2 ;)] C( x)  =  co sh [/t\/s (l — x)]

S ( x )  =  s in h [h \ / i ( l  -  x - ) ]  S ( x )  =  s in h [h \/ i ( l  — x)] (7.34)

h =  y/i h =  \ f —i

It can be verified th a t  (7.32) satisfies the  governing equation (7.30). F u rther, th e  basis
functions (7.33) have properties which make the  series m anipulations easier, as will be seen 
shortly.

I t can be verified th a t

a S + W  = C - ( x )
d x  

d C + { x ) 
d x  

d C ~ {x )
d x

Using th e  above when differentiating  (7.32) gives

=  — s S +(x)  

-- s S ~ ( x )

d W (x ' s \  =  —a ( s ) s S + (x) +  b ( s) sS~  (x) +  c (s )C~  (x) +  d ( s ) C +(x)
O X

® =  - a ( s ) s C ~  (x) + b(s ) sC+(x)  +  c ( s ) sS~  (x) — d ( s ) s S +(x)
d x i

=  - a ( s ) s 2S ~ ( x )  -  b{s)s2S +{x) +  c ( s ) sC +(x) -  d ( s ) s C ~ ( x )
d x •*

A t x  =  1, th e  expressions sim plify considerably

C ( l)  =  cosh(O) =  1 5 (1 ) =  sinh(0) =  0

C(l) = l 3(1) = 0

C+(l )  =  i ± ±  =  l C - ( l )  =  i ^  =  0

S + ( l)  =  £ ± l £  =  0  5 ~ (1 )  =  =  0
2 h \ / s  2 hy/ s

A t x  =  0, th e  term s do not simplify, so we leave them  unevaluated. For com pactness, we 
will denote

C + (0) =  C0+ 5 + (0) =  S +

C - ( 0 )  =  Co-  5 - ( 0 )  =  5 o-
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M aking use of th e  BCs (7.31), we ob ta in  a  system  of four equations in four unknowns 
{a (s ) ,b ( s ) , c ( s ) ,d ( s ) } .  T he (s) will be dropped  a t th is point, again  for com pactness.

gC q' +  bCQ +  cSj- +  dSfj =  0

—cisS q 4- bsSg +  cCq +  d C £  =  U (s )

b — —Xsd 

c — /rsa

T he  system  of linear equations is particu larly  easy to  solve for th is choice of basis. Subbing 
th e  expressions for b and c in to  th e  first two equations gives

aCg — XsdCo + f.isciS q +  dSg =  0 

—osSq- — Xs2dSQ 4- [isaCo 4  dC q =  U ( s )

G athering  term s,

a[Co" +  /rsSo-] =  d[XsCo -  S q } 

a\nsCo -  sS £ ] +  d[Ctf -  Xs2S q } =  U (s)

T he  first equation  above gives

_  , [AsC0  — S 0  ]
V 0+ 4 ^ S + ]

Subbing into th e  second expression gives

d lXsC°  i~ s 5 o + 1 + r f [ c °+ ■  As25°_1= u { s )
[AsC0-  -  5 0- ][ /iSC0-  -  sS+]  4  [C0+ -  As2 5 0-][C 0+ +  fisS+]  x

[ C f + /« S o + ] d ~ U[S)

r f = ___________________ [C0+ + /x s 5 0+]f/(s)___________________
[AsC0  — S Q ][/isC 0  — s5o"] +  [C q — Xs2S 0 ][Cq" 4- /tsSq"]

[AsC0-  -  S q ]U(s )
a =

c =

[AsC0  — S 0 ][psC 0  — s5q"] 4- [Cq" — As2S 0 ][Co" 4- /rsSo"]

__________________1*s{XsCq -  Sp]U(s )__________________
[AsC0~ -  S q )[v s C q -  sS+] +  [Cq -  As'250-][C 0+ +  , isS+]

6 = _________________ ~Xs[C+  4- nsS+]U(s )
[AsC0-  -  S q \{,i s Cq -  sS 0+ ] +  [C+ -  As2 S0-][C 0+ +  , isS+]

R eturn ing  to  (7.32), dropping (a;) for com pactness, leads to  

W ( x , a )

=  [AsC0~ -  5 0- ]C +  -  As[Cq~ +  /isS 0+ ]C~ +  h s [Xs C q -  Sq-]5+ +  [C+ +  f x sS+]S-  
[AsCq — S 0 ][/rsC 0  — s5q"] +  [Cq* — Xs2S 0 ][Cq" 4- u s S q ]

=  [AsC0-  -  Sp][C+  +  nsS+)  +  [C+ +  n s S £ ] \ S -  -  XsC~]  
[AsC0-  -  S q }[(xsC q -  sS+]  +  [Cq -  As250- j[C 0+ +  fisS+]

= & >
W here (7.35) is equivalent to  th e  form (3.9), ob ta ined  during  th e  earlier series m anipulations 
using trigonom etric basis functions. T he  system  is param eterized as before,

iy ( x ,s )  =  P ( x , s ) Y ( s )
U(s)  =  Q ( x , s ) Y ( s )  '  ' ]

where y ( s )  is the  transform ed fiat ou tpu t.
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7.6 Series M anipulations
We now need to  m anipulate  th e  s-dom ain expressions (7.36) to  factor o u t the  s  opera to r, 
which will allow us to  perform  an  inverse Laplace transform . We only need to  work w ith  
the P ( x ,  s)  term , because once w(x ,  t) is found and re tu rned  to  th e  original coordinates, the 
system  inpu t r(<) will be given by (7.26), so inverting the  Q ( x , s ) Y ( s )  te rm  in unnecessary.

S ta rtin g  from (7.35), we expand  P ( x , s )  and express it in term s of C  and  S  com ponents 
according to  (7.33):

P ( x , s )  =  Xs Cq C + +  Af is2C o S + -  S q C + -  h s S q S + +  C £ S ~  -  As C £ C ~  +  / r s S ^ S "

-  X^i s2S q C~

, ( C q - C q\ ( C  +  C \   ̂ 2 ( C 0 - C 0 \  ( S  +  i S \
~ AsK~ ^ ~ ) ( — ) + ̂  ( - 2 i - j (-2hjr)

f - S 0 +  i S 0 \  [ C +  C \  f - S o  + iS 0 \ f S  +  i S \
I, 2 / i y i  ) \  2  )  ^ 2 h s f s  )  V 2 h^ f s  J

f C 0 +  C 0 \  f - S  + i S \  , f C 0 + C 0 \  ( C - C \
( — _

/ S 0 +  i S 0 \  f - S +  i S \  . 2  f S 0 + i S 0 \  ( C - C \
■ {-2h7T) { - s q t ) ~ x,ls { - u w r )  {— )

=  ( c QC  + C qC  -  C o C  -  C 0 c )  + ( c 0S  +  iC 0S  -  C 0S  -  iC 0 s )

—  ̂ — SqC — SqC + iSoC + iSoC) —  ̂̂  — SqS — iSoS + iSoS — SoŜj
+  ̂ -  CqS + iCoS -  CoS + iC0sj -  ^  (c0C - CqC + CqC -  C0c)

+  |  (  -  S o S  +  i S o S  -  i S o S  -  SoS^j -  ( s 0C  -  S 0C  + i S 0C  -  i S 0C^j 

=  ^  ( C o C  -  C qC^J -  ^  -  i S 0S  + i S o S j

+  - r r 4 =  ( CoS  +  i C 0 S  -  C q S  -  i C QS  -  S q C  +  S 0C  -  i S 0C  +  i S 0C
A l t l y / S  \

-  (  -  S o C  -  S o C  +  i S o C  +  i S o C  +  C0S  -  i C 0S  +  C 0S  -  i C 0 S )
4h \ / s  \  J

=  ^ 7  ( CoU “  C ° c )  -  ^  "  i S o S  +  iS 0 s )

+  ^ -  CoS -  i C 0S  +  C0S +  i C 0S  +  S 0C  -  S 0C +  i S 0C  -  iSoC')

— S qC  — S qC  +  i SoC  +  iSqC  +  CqS — iC oS  +  C qS  — iC o S
4 h \ / s

P ( x ,  s) =  ^  ^ C 0C  -  C o C )  +  ) ( -  'C o S  +  C QS  -  S 0C  + i S 0C

i u

+  ^  -  C 0S  +  i C 0S  + S qC  -  i S o C ^  -  f  -  ^ o S  +  i S 0S^j

m  i v

T he P { x , s )  expression has been split into four sub-groups in th e  last line above. T hese 
will be analyzed separate ly  in th e  following subsections.
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7.6.1 Part I of P(x, s)

=  |  [ C o C - C o C ]  

As
=  —  [cosh(/i\/s) c o sh [/i\/s ( l — a;)] — cosh[/i\/s] co sh [/i\/s(l — x)]]

2  i 
As 
2i

As
Hi

As
8i

eh</a e - h \ / s \  [  p l i j s ( l - x )  _j_ p - F i i / s { \ - x )+ e~
2 J \ 2

gf‘V̂  _J_ g  — h y / s  \  /  e h y / a ( \ - x )  _j_ e-/»v/5(l-i)

\ 2 / V 2
e h s / s + h y / s ( l - x )  _|_ e h l / s - h s / s ( l - x )  _j_ e - h < / s + h s / s { l - x )  _j_ e ~ h y / s - h y / S ( l - x )

_  e T i ' / s + h \ / s ( l - x ) _  £ h \ / s - h i / a ( l - x )  _  e ~ h \ / s + h y / s ( l - x )  _  e ~ h \ / s —h i / s { l - x )  

gt'/iv/s+S\/»(l-x) e i h > / s - h \ / s ( \ - x )  _j_ e ~ i F i ^ / s + h \ / s ( l - x )  _j_ e ~ i h > / s - h \ / s ( i - x )

_  ^ —i h \ / s + h \ / s ( l —x )  _  ^  — i h \ / s  — h \ / s [ l  — x )  _ gi/iv/s+h\/s(l —x )   gi/iy/s — l t \ / a ( \ — x )

As
8 ?

As 
4 i

As
4i

-As

eftv/s(l+t-x) gfi\/s(i — 1+x) e/ix/5(-i+l-i) + g/i\/s(-i-l+x)

_ e h y / s ( l - i - x )  _ ehv'«(-‘->+ )̂ _ e h y / s ( i + \ - x )  _ g/*\/s(«-l+x) 

•gfiv/s(l+i-x) g-/"iv/s(i+l-x) g/iv/s(1-i-x) e - h y / s ( l - i - x )

2 2 
g/iN/ii(l-i-x) _j_ g -h ^ l-i-x ) \  /  e h y / s { l + i - x )  _j_ e ~ h \ / a (  1+i-x)'

co sh [/i\/s ( l +  i — a:)] +  co sh [/i\/s (l — i - x ) ]

-  co sh [/i\/s ( l — i — x)] -  co sh [/i\/s (l +  i -  x)] 

c o sh [/i\/s ( l + 1 — x)] — cosh[/iy® (l +  i — x)]

+

2  i

cosh[/iv /s(l — i — x)] — c o s h f / iy ^ l  — i — x)]
2  i

—As
~ Cx  (1 +  i  — x) +  C ~  (1 — z — x)

conjugates
=  —As Re { C “ ( 1 + i — x)}

W here we have in troduced a new term  for com pactness,

C*-(x)
c o sh [/i\/ix ]  — cosh[/i\/sx ]

2 i
(7.37)

which is very sim ilar, bid not identical to, the  C  (x) te rm  in (7.33); th e  x  subscrip t is used 
to  differentiate between th e  two. T he fact th a t

C x (z) = Cx (z) z e C

can be directly  verified.
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7.6.2 Part II of P(x, s)

Xfxs2 -  1 

Ah\/ s  
Xlis2 -  1

4 h \ / s

Xfis2 -  1

— iCoS  +  C o S  — S o C  + iSoC

— i cosh[/i\/s] s in h [ /i\ /s ( l — x)] +  cosh[/i\/s] sinh [7 i\/s(l — x)] 

— sinh[/i\/s] co sh [/i\/s (l — x)] +  i s inh[/i\/s] c o sh [/i\/s ( l — x)]

Ahy/s
— t

(  -f e -hy/s \  /g /iv /a (l- i)  _  e -h\ /s{ \- x)

+

2 / 1  2 

eft\/s e - h ^ / s \  /g/iv/sO -x) _  e —/iv/s( 1 — x)

+  i

2 M  2

g/t y/s _  g Fl y/s \  /  eFly/s(l-x) g-A v/s( 1 -x)

5 J {  2
e hy /i  _  e - h \ /a  \  /  £I‘VS( l - l )  e - h y / s ( l - x )

16hy/s

2  1 \ 2  

~  ^ _  ^ g f l \ / s  +  / l \ / 3 ( l - x )  _  g/» y/s — ll t / s  (1 — x)  g - / l \ / s  +  ̂ \ / s ( l - x )  _  e ~ h y / s - h y / s ( l - x )

_l_ e l i \ / s + h y / s ( i - x )  _  e h y / a - h y / s ( , i - x )  g - f i y / s + l iv/a( 1 - x )  _  e ~ h i / s - h \ / s ( l - x )

_  ^ g / i v / s + f i \ / S ( l - x )  _j_ e h \ / a - h y / s ( l - x )  _  e ~ h y / s + h y / s { l - x )  _  c ~ h \ / s - h y / a ( l - x ) ^

+  i  ^ e,,'/»+ 'iv 'a(l“ x) g h> /a -hv^(l-x ) _  g - /i\ /» + ^ \/» ( l-x ) _  g - / . ^ - / . v ^ ( l - x ) j  

2gft\Zsx +  2e- h' /*x +  2 ie 'l' / *x -  2 i e ~ h ^ x

J l y / sX  _  — \  /  g f l y / s x  _  g  — h y / a x

Xfis2 -  1 

1 6 /i\/s

A u s 2 -  1

4/iv/S 

A/is2  — 1
4/iv/s 

A/is2 — 1 

2

V s 2  -  1 c -

2  /  1 \  2  

— sin h (/i\ /s  x) +  i s in h ( /i\ /s  x) 

s in h ( / i \ / ix )  +  i s in h ( /i\ /sx )
2  h \ / s

S x M

W here

S ; ( x )
— sin h (/ii /s  x ) +  * s inh (/i^ /s  x) 

2  h i / s

is a  new definition, sim ilar b u t no t identical to  S ~ (x )  in (7.33). 

7.6.3 Part III of P(x, s)

(7.38)

A fis2 4-1 
Ah\ / s

— C qS  +  i C o S  +  S qC  — i SoC
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A^s2 +  1
4 hy / s

Xf i s2 4 - 1  

4 f ly /s

— c o s h [ / i v / s ]  s i n h [ / i \ / s ( l  —  a ; ) ]  4 -  i c o s h [ / i \ / s ] s i n h [ / i \ / s ( l  —  x ) ]  

4 -  s i n h [ / i \ / s ]  c o s h [ / i v / s ( l  —  x ) ]  —  i  s i n h [ / i \ / s ]  c o s h [ / i \ / s ( l  —  z ) ]

eh ^  +  e - h ^ \  /  ehy/a{l~x)  _  e - h t / s ( \ - x ) '

J i y /a i p - Ft y / a \  (  p h y / a ( \ - x )  _  p - h y / a ( \ - x )

+ 1

+

. / e " v * +  e '

2 I V 2

e k V *  — f  e h y / * ( l - x )  +  e ~ h y / a ( l - x ) '

— I
h y / a _ p - h y / a \  (  p h s / a ( \ - x )  .j. e ~ h y / s ( l - x )

X f l S  4~ 1 ^ f  h y / 3 + h y / s ( l - x )  _ £ l i y / a - F i y / a ( l - x )  . £ - h y / a + F i y / a { l - x )  _  £ - h y / a - h y / a ( l —x ) \

16 k y / s  V /
_ l _ i ^ e h y / s + h \ / s ( l - x )  _  e h y / a - h y / a ( l - x )  _j_ e ~ h ^ a + h y / H l - x )  _  ^ F i y / S - h y / a l l - x ) ^  

£ Fly/s +  h y / a ( l - x )  _j_ £ f l y / a - h y / a { l - x )  _  £ - Fl y / a  +  h y / a { l -l) _ £ - l l y / a - h y / a ( \ - x )

— i  ̂ e,l'/s4ft\/s(l-x) _|_ e h y / a - F i y / a ( l - x )  _  e ~ h y / a + F > y / a { l - x )  _  g - h y / a - F i y / a U - x ) ^

X f l S  + 1 _ f g i F i y / a + F i y / a { l - x )  _  £ i F i y / a ~ F i y / a ( l - x )  , £ - i F i y / a+Ft y / a ( \  —x )  _ £ - i F i y / a - F i y / a ( \ - x ) \

16 h y / s  \  /

_j_ j ̂ e - i h y / a + h y / a ( l - x )  _  e ~ i h y / a - h y / a { l - x )  _j_ e i h y / a + h y / a ( \ - x )  _  e i h y / a - h y / a ( \ - x ) ' ^  

e ~ i h y / a + h y / a ( l - x )  £ - i h y / a - h y / a ( l - x )  _  £ i h y / a + h y / a ( \ - x )  _  e i l t y / a - h y / a ( l - x )

—  i  ^ ( j h ' / a + F i y / H l - x )  e i F i y / a - F i y / a ( l - x ) _ g-tftv's+fiv/sO-x) _  e ~ i h y / a - F i y / H l - x ) ^

X f i S  + 1  ^ ^ehy/S(i+l-x) _  £Fiy/a(i-l+x) £Fiy/a(-i+l-x) _ £Fiy/a(-i-l+x)^

+ i ^ e h ' / s ( - i + l ~ x ) —  e h V a ( - i - l + x )  Jp e h y / a { i + l - x )  _  £ h y / s ( i -  1+x)̂  

e h y / a ( - i - l + x )  _  £ h y / a ( i + \ —x )  _  £ h y/a(i-l+x)

IQhy/s

—  e ^ y / s i i + l - x )  _j_ gfiv/s(i—1+x) _ gfi>/a(-i+l-x) _  gfi\/s(-i-l+x)
)]

Xf i s2 + 1
8 h y / s

g/'iv/s(i+l-x) _  g-/iv'a(i+l-x) £ F i y / a { - i + l - x )  _ g-hv',s(_*+* ~ x ) 
    +  -------------------

/  £ h y / a ( - i + l - x )  _ g-/iv/s(-i+l-x) £ h j a ( i + l - x )  _ £ - h y / a { i + i - x )

+  i { ----------------3----------------+ ---------------5-------------- ,
e h y / a ( - i + l - x )  _  g-h\/s(- *+'_x) g/i>/«(i+l-x) _ g —h y / a ( i + l —x )

2 2 
,fiv/s(*41-x) _  p-/i\/s(i+l-x) ph^f-i+l-x) _ p - F i y / a ( - i + l - x )

+  ■

Xfis2 4 - 1

8h y / s
— s i n h [ / i \ / s ( l  4 -  i — x ) ]  -  s i n h [ / i \ / s ( l  — i — x ) ]
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4- i s in h [ /i\ /s ( l — i — x)] +  i s in h [ /i\ /s ( l +  i — x)]

+  s in h [ / i \ / i( l  - i  — x ) ] -  s in h [/i\ /s ( l +  i — x)]

-  is in h [ / i \ /s ( l  + 1 — x)] +  is in h [/iv /s (l — i — a:)]

A/is2  4 - 1 — s in h [^^ /s(l 4- i — a;)] +  i sinh[/iv/ s ( l  4- i — x)]
2 h \ f s

— s in h [ /i\ /s ( l — i — x)] +  i sinh[/iN/ s ( l  — i — x)] 
2 h \ f s

■ sinh[/ty /s(l 4- i -  x)] +  i s in h [/i\ /s ( l +  i -  x)] 
2  h \ / s

' — sinh[/iv /s(l — i — x-)] 4- i s i n h ~  1 “  a;)] 
2hy/ s

+  

+  i

— i )i
A/is2  +  1 

4

A/is2  4-1 
4

A/is2  4-1

S x (1 +  i -  x) +  S x (1 -  i -  x) + i ( S x (1 +  i — x) -  S x (1 — i -  x ) )
N v-  ... . '  S Vconjugates conjugates

2 Re { S ~  (1 + 1 — x ) } +  i2i Im { 5 j ( l  +  i -  x)}

Re { 5 X (1 4 -i -  x )}  -  Im  { S x (1 + i  -  x)}

W here S x (x) was defined in (7.38). It can be verified th a t

S x (z ) =  S x (z) 2  €  C

7.6.4 Part IV of P ( x , s )

Z E
2

—fj.i
~
—fxi
~2~

— i S o S  4- i So S

— sinh[/i\/s] s in h [ /i\ /s ( l — x)] 4- sinh[/i\/s) s in h [/i\ /s ( l — x)]

,/iv/s _ f  £l‘\/s(l-x) _ e-hy/a(l-x)\

_  p-hy/a \  / 1  — x) _
+

~ f J‘l   ̂_  ^ J i i / s + h i / s ( l  — x )  _  e h - / s - h ^ / s (  1-x) _  e - h s / s + h s / s ( \ - x )  _j_ g-hy's-h* / s ( \ -x)^

.j. ghv/s+fi\/s(l-x) _ e h y / s - h \ / a (  1-x) _ e - h - / a + h y / s ( \ - x )  e ~ h y / s - h \ / s ( ,  1-x)

~Â   ̂_  ê-i/iv/s+/i\/s(l-x) _ e ~ i h y / a - h y / s ( l - x )  _  e i h \ / s + h ' ^ s ( l - x )  e i h \ / s  — h \ / s { l - x ) ^  

_|_ e i h \ / s + h \ / s ( l - x )  _  e i l i y / s - h \ / s ( l - x )  _  g-ih \ / s + F i J s ( l - x )  g-ifiyj-fi^s(l-x)j 

~ ^   ̂_  ^g/tv/s(l-i-x) _ ghv/s(-l-i+x) _ ghv/s(l+i-x) ghv/s(-1+i+x)  ̂

efi\/s(l+t-x) _ ghv/st-l+i+x) _ g/iv/s(l-i-x) e h y / s ( - \ - i + x )
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—/it
~ 8~

e h \ / s { l - i - x )  _j_ e - h y / 5 ( l - i - x )  e h i / s ( \ + i - x )  g-h>/s(l+i-:r)
2  +  2

/  e h y / 3 ( l + i - x )  _j_ e - h i / 5 ( l + i - x )  \  /g/lv/s(l-i-x) 4.  e ~ h \ / s ( l - i - x )  \  ‘

—fll 
~ 8~

- f i t
~ r

+ V 2 J \ 2
— co sh [/i\/s (l -  i -  x)] +  co sh [/i\/s(l +  z -  x)]

+  cosh [/iv /i(l +  i — x)] — co sh [/i\/s (l — z — x)]

’cosh[/i\/5 ( l  +  i -  x)] +  cosh[/z\/s(l +  z -  x)]
2

cosh[/iv/ s ( l  — i — x)] 4- cosh[/iv/ i ( l  — i — x)]
2

—pi
~ r

Cx+ ( l + z - x ) - C + ( l - z - x )

conjugates

=  —̂ - 2 i  Im {Cx (1 +  i -  x)} 

= f i l m  { C + (l +  i -  x)} 

where we introduced

C + (x ) =
_  cosh[/zi/sx] +  c o sh [/iy ix ]

by analogy to  (7.33), and 

can be verified.

C+( z )  =  C ? ( z )  z e C

(7.39)

7.7 Conversion to  Infinite Series
R eturn ing  to  the  P (x ,s )  expression on Page 72, and  m aking use of th e  expressions from 
P a rts  I, II, III and IV,

P ( x , s )  =  - A s  Re {Cx (1 + i  -  x )}  +  ^ ^ 2 — ~ )  S 'x (x)

+
A u s 2 +  1

Re {Sx (1 +  i -  x)} -  Im  {Sx (1 +  z -  x )}  +  /z Im {C x (1 +  i -  x)}

(7.40)
where C ~ , S ~  and C + were in troduced in (7.37), (7.38) and  (7.39), respectively.

T he individual term s of P ( x , s )  are now converted in to  th e ir  infinite-series representa
tions, referenced in Section 3.4.1.

Re{Cx- ( l + z - x ) }

_  f  c o s h [ / i v / s ( l  - I -  i -  x ) l  -  c o s h [ / i \ / s ( l  +  z  —  x ) ] 1

- R e i ------------------------------- a -------------------------------- /

=  R<3'  2 i

2  i

Y -' \ / i s 2fc( l  + i — x ) 2k ^  (i)2k\Zis2k (I +  i — x ) 2k 
(2fc)l ^U- = 0  K 1 k=0 (2k)!
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- - ( 5 | ' ( 'i^ r £ £ .(1- (- 11‘).}
=2,fc=l,3,5,... 
=01fc=0,2,4,... 
lot fc=2n+l

r , -  f  1 V 2'  ( is ) ( i s )2n(l  +  i — x) in+2 1=Ref*§---- v ^ W '.— 2J
„  f v 2'  ( - ! ) " ( !  + i  - x ) ‘ln+2s2n+ l 1

■ Ri s — ^ — )
y  (—1)" Re {(1 + i — x ) ‘ln+2} s 2 n + 1

~ h

s ; m

— s in h [ / i \ / i i ]  +  i s in h [/ti/sx ]
2 h \ / s

—  s i n h t / i v ^ 3 -’] - f - i s i n h f i A v ^ * ]

2 h \ f s
—2fc+l

_ y v z w  x' "1 0 0  /= I i ^ + lx 2 f c + 1  .

fc=0

1 y  ( - i s ) kX2k+1

~ * k  < 2 t + 1 ) l

1 y  ( ~ i s ) kx 2k+1 
=  2 j "  (2fc +  l)!

(2fc +  1)!

-  1 +  z2 f c + 2

-  l  +  ( - l ) fc+I

fc=0
{2k + 1 )!

= -2,fc=0,2,<l,... 
= 0,fc=l,3,5,... 

let k ~ 2 n

1 t — i<i \2 n x ‘i n + l
= l Y ,  ( - 2 )2 (4 z z + l)!

( - l ) 2 n ( - l ) ns 2 ,lx ' l n + 1

n=0
oo

—  £n=0 (4n  +  1)!

( - ! )" * •n„.4n+l „2n

n=0 (4 Tl +  1)!

T he  next two term s use th e  S x {x) infinite series result from th e  previous line 

R e { 5 " ( l  +  z - x ) }

(—l ) n (l +  Z — x )‘ln+1S2n 1

„=o <4n +  1)! J
y  (—l ) n Re {(1 +  z — a-)‘1fl+I} s 2n

~  "  S S  <i '> + T>i

= R e - £

Im  { 5 j ( l  +  z — x ) }

(—1)” Im  {(1 +  z — x )‘ln+1} s2n 
(4n + 1 )!=  - £n=0
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T he last term  is

I m { C + ( l + i - x ) }

T f cosh[/iv /s(l +  i — x)l 4- cosh[/iv/ s ( l  4- i  — x)l I
- ,m{  2 1

f 1 / ^  \ / i s 2k( 1 4 - i — x ) 2k ^  \ / - i s 2k( 1 +  i -  x ) 2k

l n £  ®  + S  w

- • " U r
1 y ^  ( is )* ( l  4- i — x ) 2k

1 +  ( - ! ) *

=2,fc=0,2,‘l,... 
=0,fc=l,3,5,... 

let fc=2n
Tni J 1 V '  ( is )2n( l  4- i — x )4n n 

"  (-!»)!

■HE—  (—1 ) ' ‘ ( 1 + i  - x ) 4 ns2n 
(4 n)!n=0

y ,  (—l ) ’1 Im {(1 4- 1 — x )4n} s2n

~  (4njln=0 v '

W ith  these expressions worked ou t, (7.40) becomes

„2nrw t x ^  ( - l ) " R e { ( l 4 - i - x ) 4n+2} s 2"+1 f X n s 2 - l \ ^ ( - l ) nx 4n+1s2
P ( x , s ) _  (4n +  2), {  2 ) L , q (4n+1)!

A/zs2 + 1  ^
+   £

A/zs2  +  1 ^  ( ~ l ) n Re {(1 4- i — x ) 4 n + 1 } s2n

„=o (4n +  l)!

^  (—l ) n Im  {(1 4- i — x )4n+1} s 2n] ^  ( - i ) » l m { ( l  + i - x ) ‘in} s 2n 
+ Z^ ran 4-Hi„= o (4n +  l)! n=o (4n>!

expanding out,

1 ~  ( _  1 )nx ‘*n+ 's2n 1 y >  ( - ! ) "  Im {(1 +  i -  x ) 4 n + 1 } s2n

~  2 ( 4 n + l ) !  + 2 ^ q (4n +  l)l

1 “  (—l ) n Re {(1 4- z — x ) 4 n + 1 } s2n ^  (—l ) n Im  {(1 4- z — x )4n} s2n
“ 2 - E  (4n 4-1)! +  (4rz>!n=0 v '  n=0 v '

Xfis2 £2 , ( - l ) " x 4 n+ 1 s2" Xfis2 y ,  (—1 )" Re {(1 +  z — x )4u+1} s 2n 

2  (4 « + 0 !  2 ^  (4n +  l)!

Xfxs2 y ,  ( - i ) " Im {(1 +  i - x ) 4 n + ‘ } s 2n % y ,  ( - 1 )" R e {(1 4- i -  x )4n+2} s 2 n + 1

+ ~ z ~ h  (4 n + 1 ) ! ”  s h  (4 n + 2 ) !
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leading to  the  final form 

P {x ,  =
n=0

z ‘l n + 1  + I m { ( l + i - a ; ) ' ln+1} - R e { ( l  + i - a ; ) ‘tn+1} 
2 ( 4 n +  1 )

( - l ) ns2n
+  / r lm { ( l  + i  —re)'1"}

(4n)!

n=0
^  ( im  {(1 +  i -  a;)‘,r,+1} -  Re {(1 +  i -  x ) 4n+1 } -  xAn+l'j

(_l)ns2n+2

(7.41)

A Re {(1 +  i  -  a;)'l,1+2} 
(4n +  2) (4 n  +  1)1

7.8 Param eterizing the System  Trajectories
From  (7.36), the  system  s ta te  was param eterized by the  flat o u tp u t as

lF (x-,s) =  P ( x , s ) Y ( s )

T he P ( x , s )  expression (7.41) has the  s  opera to r factored out, so th e  inverse Laplace tra n s
form can be ob ta ined  by inspection.

In Section 7.5, we dropped  th e  ~ no ta tion  after transform ing into the  s-dom ain, for 
com pactness. However, we are still working w ith th e  normalized  BVP, (7.29). Following the 
inverse transform , the  superscrip t no ta tion  is restored, to  indicate th e  solution is expressed 
in the  norm alized variables (7.27):

w(x ,  t) — P(x ,  t)y(l)  

where P ( x , t )  is th e  inverse transform  of (7.41) acting  on y(l) ,

(7.42)

P (x ,  t) =
n = 0

j4 n + i 4 . i m  +  j — J ) ‘l,,+ 1} — Re ((1 4- i — a:)‘lr,+ 1} 

2 (4 n +  1)

+  ^ I m { ( l  + i  - x ) ‘ln }
( - 1 )" d?n

+ En=0

(4n )! dT2n

^  ^ Im  {(1 +  i -  ®)4n+I} -  Re {(1 +  i -  5 )4n+1} -  5 ‘ln+1^

(_l)n d2n+2

(7.43)

A Re {(1 +  i -  x )“n+2} 
(4 n  +  2) (4 n + l) !d t2 n + 2

7.9 U ndoing the N orm alization
T he variable norm alizations in (7.27) were introduced to  sim plify the  P D E  and  m ake the 
series m anipulations easier. However, we w ant to  ob ta in  a  control law in te rm s of the  
original independent variables, (7.25). Hence, (7.42) m ust be changed in to  the  original, 
non-norm alized variables.

By definition in (7.27), w ( x , t )  — w ( x , t ) .  By the  sam e reasoning, y(t)  =  y(t) ,  because 
y(t)  is th e  tim e-scaled version of the  flat o u tp u t steering the  original system . All th a t  
rem ains to  be done is to  replace x  and t in (7.43) by their x  and t equivalents. Using (7.27),

_ x  
X =  L

(7.44)
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and

d dt _  L 2y /pA  dd
y / E I  ui,

d  / L 2 y f p A  d  \  d t  _  ( l ? \ f p A \  2 d 2

d t  V s /W l d i j £ ~ \  J  d t 2

dt dt  d l  y / E i  dt 

d,2 _  d  / L 2\ f p A  d  \  _  
d p  - i T V T W T d t )  ~

d2n _  ( L 2s/~f

'i*2n ~  V S E 7  J  ««--

\ a" W  , ^ A  | V ' V
)  d t2"+2 \ E l )

W \ 2n H .  -  r -/7V7 I d l2n V £ / /  dt2n dt2n
"+1 j2n+2 ,/2n+2“___  _  r‘tn+.l h.n+l “____

dt2n+2 d t2"+2

(7.45)

dt2" ~  v \/^7 /  ^ 2"
d2 " + 2  ( L 2^ A \ 2n+2 d2n+2
dt2"+2 V \ / ^ 7  /  d t2 n + 2

; the earlier series

- ( B A Y  ______
\ E l )  dt2"+2

com pactness during I 

in (7.43) gives

d t2n+2 \  y /ET

w here k  =  ( e j )  was in troduced  for com pactness di 
Section 3.4.4. Using (7.44) and (7.45) in (7.43) gives

r(i)“"+l + Im {(1 + i -  t )'•*'} -Re{(l + i - i ) J"+l}
2(‘\n  + l)

(/2n+2
d ^ + 2

m anipulations,

p &,  t) =  ^ 2
n=0) L 2(4n +  1)

( - 1 )" , d2"
(4n)! d t2"

OO

n=0

oo
■ £n=0

+

\ \  L )  J J (4n)! d t2"

! )"”+' } - { ( ' + i - f r } - ( r +' )

ARe{ ( l + i - t ) * ' K } l
(4n  +  2 ) J (4n +  1 )! d t2"+2

" + i + l m  { { L  +  i L - i ) * " * ' } - R e  { {L +  i L - x ) An+l}
2(4 n  +  l ) L ‘1 , l+ 1

z Im  { (L +  iL  — x )4w} ( - l ) n ,|„ n d2n 
L ‘in (4n)! K dt2"

00

n=0

oo
- En=0

/ \ f A

2L‘ln+
- x ) ‘

x'

+  i L  — x ) ‘ln }
I

 L -
L‘ln+2(;„„ , v-.,„ , _

:‘l n + 1  +  Im {{ L  +  i L -  a;)‘ln+1} -  F 
2 L (4 n +  1)!

( ~ l ) n r m,-„ d2n 
(4n)! dt2"

)4n+ i} -  Re {(L  +  iL  -  a;)‘ln+1} -  x 'ln+1^~ ~ i  ^ Im  {{ L  +  iL

A R e { ( L  +  i L - x y ' " + 2} ] ( - 1 )"  n + 4  d2"+2
r-\"+2f^n  +  2 ) J (4n +  1 )! dt2"+2

Re {(L  + i L  — x )4t>+1}

+
H Im { (L +  i L  — x ) A" } 

(4n)l

OO

-En=0

d?1*

;)4n+l } _ Re {(£, + i L  -  a;)4n+l } _ ^n+l
(4n +  1)!

• XA /iL3 /  Im  { (L  +  iL  - 

2  \

A L2  Re { (L  4- iL  — x) l n + 2  } 
(4n  +  2)! (■

(4n 4- ]

xn+I d2'l+2
‘ d t2"+2

' )
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Leading to  the  final form of th e  s ta te  param etrization ,

OO
w { x , t )  =

/t Im {(L  +  iL  — a:)'1"}

n=0

g A n + i  + jm |( j r  +  i L  _  x )4»+»} -  Re { (L +  iL  _  ar)4n+l j 
2 L (4 n +  1)!

(4n)!

-En=0

(-K )V2n)W
A/rL3  /  Im { (L  +  iL  -  a: ) 4 " + 1 } -  Re { (L  +  i L  -  x )4 n+ l} -  ®4" + ‘ \  

2 V (4n +  l)! )

( - k ) " + i i/<2 n+2 ) (t)

(7.46)

A L 2  Re { (L +  iL  — x )‘ln+2} 
(4n +  2)!

where, from before,

-  Jp k -  e i  A -  r,L 3pA
m p

L p/l

7.10 Boundary Input Torque
Referring back to  (7.26), th e  in p u t boundary  torque

d t2d x d x 2

is expressed in term s of the  derivatives of iu(x , t ) ,  given by (7.46). We now work ou t r ( t )  
explicitly.

d w ( x , t ) _  ^  
d x n=0

+

(4ra +  l)a:4ri +  Im {(4n +  1)(L +  iL  — x ) 4n(—1)} 
2L(4n +  1)!

R e { ( 4 n + l ) ( L  +  i L - * ) 4 n ( - l ) }

2L (4n  +  l)! 

f i l m  { (4n )(L  +  iL  — a:)4 n _ 1 (—1)}
(4n)! (-«)V2n)(0

-E71=0
+

Ap L 3 / I m  {(4n  +  1 )(L  +  iL  -  z ) 4 n ( - l ) }

2  V (4n +  l)!

—Re {(4n  +  1)(L +  iL  — x ) 4 n (—1)} — (4n +  1)+  
(4n +  1)!

A L 2  Re { (4n  +  2)(L  +  iL  -  a:)4 n+ 1 ( - l ) }
(4n +  2)!

(7.47)

(.- K) " + y 2 "+ 2 >(t)
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d 2w(x ,  t) _  
d x 2 n=0

4-

(4n +  l ) ( 4 n ) i4n 1 4- Im {(4n +  l) (4 n )(L  4- i L  — x ) 4n '}  
2L( ‘\n  +  1)!

R e { (4 n  +  1)(4n ) ( L  +  i L -  a:)'1" " 1}
2 L (4 n +  1)!

/a im  { (4 n )(4 n  — 1)(L 4- i L  — x )‘ln -2 }
(4n)!

(-/c)V2n,(0

-E
n=0

+

AfxL3 / I m  {(4n  4- l) (4 n )(L  + iL  — a;)*1" 1}

~ " 2 V  (4n +  l)!

—Re { (4n  4- l) (4 n )(L  +  i L  — a:)4" - 1 } — (4n 4- l)(4 n )a ;‘, n ' ' 1 ’

(7.48)

( 4 n + l ) !

A L 2 Re {(4n  +  2 )(4n  +  1 ) (L  +  i L -  a:)4"}  
(4n 4- 2)!

E valuating  (7.47) a t  x  =  0,

{ _ K ) n + l y ( 2 n + 2 ) { t )

dw(0,  t) 
d x

+E
n=l

0° +  Im { —1} -  Re { ( - ! ) }
2 L

+  /a lm { 0 }

A /aL3
^ I m { - 1 } -  R e { -1 }  -  0°^ -

2/(0

XL2 Re{2(L +  iL ) (—1)}

2 V"‘‘l *J ‘"~l ” J  2!
Im  {(4n  +  1 )(L  +  iL ) 4 n ( - l ) }  -  Re {(An +  1 ) (L  +  iL ) 4 " ( - l ) }  

2L (4n +  1)!

( -« )2/(2)(0

4-
/a im  {4n ( L  +  i L ) ‘in~ 1(— 1)} 

(4n)!
( - K)ny W ( t )

-E
n=l

Af iL3 / I m { ( 4 n  +  1)(L  4- iL )4 n ( - l ) }  -  R e { (4 n  +  1)(L  +  iL )4 n ( - l ) } '
2  V

A L 2 Re { (An +  2 ) (L  +  iL ) 4n+l( - 1)} 

(4n  +  2)!

(4n + 1 )!

( - /c )n+ V 2 n + 2 > ( 0

=  "£2/(0 +  XLan y W ( t )

+ E71=1
OO

-E
71=1

—Im  { ( L  +  i L ) ‘in} 4- Re { (L 4- iL )4n} /xlm  {{L  +  i L ) ‘in~ 1} 
2L(An)l  ~  (4n — 1)!

X f i L 3 /  - I m  { ( L  +  i L ) ‘in } +  Re { ( L  +  i L ) An }
2 V (4n)!

(~K)ny<2n>(t)

+
X L 2 Re {(L  4- iL)'Ut+i}

(An 4-1)!

=  j y ^ )  +  x L 3Ki /2)(t)

+E
71= 1

OO

-E
n= 1

R e { ( l  4 - 0 <ln} ~  Im { ( 1 + 0 ”ln } /aim  {(1 4 - 0 '"  *} 
2(4n)! (4n — 1)!

Xu  / R e  {(1 4- i)4n} — Im {(1 4- i ) ‘in}
2 ^  (4n)!

L4 n- ‘ ( -K )n2/ ( 2 n ) ( 0

4-
A Re {(1 4- i)4n+1} 

(An 4-1)!
L4 n+3 ( -K )n+ y 2 n+2 >(2 )
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I t can be verified th a t  for all positive n  values,

Re {(1 +  i)4"}  -  Im  {(1 + i ) 4n} =  ( - 4 ) "

Im {(1 +  i ) 4n~ l } =  — 4) n 

Re {(1 +  i) ‘ln+1} =  (—4)" 

R eturn ing  to  th e  preceding expression,

« p > = i #( ( ) + A L V 2 » « + f ;
n=i

(—4)n +  M( - 4 )» i

l > ( - 4  )n +  A (-4 ) ’*
. 2  (4n)l (4n +  1)1-E

= ^ y {t) +  X L W 2Ht) +  ± {‘lK)n-—
n —1

2(4n)l 2(4n — 1)!

L 4n+3(_K)n+ly {2n+2)(t )

L ‘in- ' { - K ) ny(2nHt)

-En=l

A(4K)n + 1 L ' l n + 3  

( - 4 )

I t  im m ediately follows th a t

2(4n)! ( 4 n + l ) !

—  (4K)nL*n~ 1

(4n)l (4n  — 1)1

y {2n+2)(t)

y W ( t )

-En=l

A(4 K)n+lL 4n+3 
( - 4 )

n=l 

11 + 1
2(4n)! ( 4 n + l ) l

(4n)l ( 4 n — 1)!

y{2n+A)(t)

yl2n+2)(t)

T urning to  expression (7.48) and  su b stitu tin g  x  =  0,
(7.49)

d 2w(0 , t )  XL2 R e{(2 )(l)}
( - « ) y ( 2 ) ( 0d x 2 2

0 0  ^Im  {(4n +  l) (4 n )(L  +  iL ) '1'1-1} — Re {(4n  +  l) (4 n )(L  +  i L )4n~ l }
2 L (4 n +  1)!+ E

n=l
/r im  {4n(4n  — l ) ( L  +  i L ) ‘in 2} 

(4n)l

n=l

X n L 3 / I m  { (4 n  +  l ) ( 4 n ) ( L  +  iL ) ‘in 1} -  Re { (4n  +  l ) ( 4 n ) ( L  +  e i ) 4" - 1 }
2 I (4n +  l)!

_  A L 2 Re { (4n +  2 )(4n  +  1)(L +  iL ) 4n}
(4n +  2)!

=  -A  L 2ny(2\ t )

' L ‘ln~2 (im  {(1 4- i )4n~ l } — Re {(1 +  i)‘ln -1 }) 
2 (4n — 1)1

f iL ‘in~2 Im  {(1 +  r ) ‘ln -2 }
(An -  2)1

( -K )n+ V 2 n + 2 ) ( 0

+ En=l

4- ■ (-/0V2n)(0

-En= 1
XfiL‘in+2 (Im  {(1 +  i ) ‘ln -1 } -  Re {(1 +  r)4 n -1 }) 

2 (4n — 1)!

A £ ‘l n + 2  Re {(1 +  f ) ‘ln }
(4n)l ( -K ) n+ 1 i/(2 n+2 ) (t)

84

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



as before, it can be verified th a t  for n  >  0 ,

Im  {(1 +  i ) 4'1-1} -  Re {(1 +  i)4" " 1} =  - ( - 4 ) "  

I m { ( l + i ) 4" - 2} =  —i ( —4)" 

Re {(1 +  i)4"}  =  (—4)"

retu rn ing  to  th e  preceding expression,

n= 1

- U  ln - 2 ( _ 4 )n f lL ‘tn- 2( - 4 ) n

2(4n — 2)!2(4n — 1)!
( - k ) V 2 n)(t)

£n=l

—A^L 4 n+2 (—4)" XLAn+2( - 4 ) n
2(4n — 1)! (4n)! ( - « ) " + V 2 n + 2 ) ( 0

giving

d 2w(  0 , /) 
d x 2

T l =  1

+  ^  A(4K)n+ 1 L 4 n + 2

n=l

+
(4n — 1)! (4n — 2)1

y (2n)(t)

( - 4 )
+

1

2(4n — 1)! (4n)!

(7.50)
(2n+2)

( 0

Using (7.49) and  (7.50) in th e  in p u t expression (7.26) gives the  final inpu t expression,

r( t )  =  ^ p y (2)(0  +  J\mbXL3m / 4){t) +
Jhub(4« ) n / > " 1 1

n=l
+(4n)! ( 4 n - l ) !

y {2n+2)(t)

■7imbA(4/c) n + 1  L ‘l n + 3

n=l
oo

+  E I \ L 2ny(2\ l )  +  YJ
n=1

E I \ ( 4 n ) n+i L An+2

n=l

4-2(4n)! (4n +  l)!

EI{ 4K )n L An~2
2

1

y ( 2 n + 4 ) ( 0

+

+  ■

(4n — 1)! (4n — 2)!

1

y {2n\ l )

2 ( 4 n — 1)! (4n)! y {2n+2)(t)

where, from before,
(7.51)

K  - -

pA
A J B

E I  "  L 2PA ^  LpA

T he expressions (7.46) and  (7.51) give the  s ta te  and  inpu t for th e  ro ta ting  beam  system  
w ith tip  payload in term s of th e  flat o u tp u t and its tim e derivatives. T hese expressions 
reduce to the  no-payload expressions (3.20) and (3.21) by se ttin g  A =  0 and  p  =  0. To 
ob ta in  the  sam e expressions it is necessary to  m ultiply b o th  P (x ,  s) and  Q ( x , s)  by 2L.  T h is 
is possible due to  the  non-uniqueness of s ta te  and  inpu t param etrization , as discussed in 
Section 3.3.

85

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 8

Levitating Flexible Beam and 
Superposition

T his chap ter investigates th e  controlled levitation  of a flexible beam  w ith m ultiple force 
inputs. VVe presen t th e  system  model and derive the  open-loop control using the principle 
o f superposition .

8.1 In troduction
T he original m otivation  for th is  investigation comes from an active m agnetic bearing system  
shown in F igure 8.1. T he  ro to r is supported  by two m agnetic bearings and  driven via a 
flexible coupling by a  DC m otor seen on the  far right of the  figure. Since th e  ro tor is 
long and slender, it experiences la teral deform ation during high-speed ro tation . Here we 
design an  open-loop control for th e  system  using th e  flatness-based approach described in 
C hap te r 3.

F igure 8.1: Active m agnetic bearing

To keep th ings sim ple, we assum e no beam  ro ta tion  and only consider the  problem  of 
levitation  in a  vertical plane. T h is  s ituation  is encountered during  system  s ta rt-u p  when the 
ro to r is lifted from its su p p o rts  to  a  centered configuration. T he two bearings are assum ed 
to  exert po in t forces on th e  ro tor. T he system  is shown schem atically  in F igure 8.2.

In order to  use the  flatness-based techniques, the  system  m ust be expressed in BV P form 
w ith inpu ts appearing  in th e  BCs. T he system  m odel consists of 3 coupled PD E s in w i (a:, L), 
W2 {x, t )  and  W3 ( x , t )  and 12 BCs (4 BCs for each P D E ). W hile m odeling such a  system  is
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(free)

W i ( x , t ) w 2{x, t) U ) 3 ( x , t )

t > / 

Fi( t) F2(t)
(free)

F igure 8.2: 3 -inpu t system  w ith 3 displacem ent fields

straightforw ard, deriving its control is difficult due to  the large com plexity  in the  expressions 
th a t result. We m anage th is com plexity by applying th e  principle o f superposition .

8.2 Input Superposition
As th e  governing Euler-Bernoulli PD E s are linear, we can apply th e  principle of superpo
sition. T his technique appears in [64, 65]. T he idea is shown graphically  in F igure 8.3: to  
ob ta in  the  response of a m u lti-inpu t model, we calculate the  response to  individual forces, 
then sum  up the  results. As will be seen shortly, th is approach requires carrying ou t the 
symbolic calculations only once, leaving the  location of w here th e  force is applied as a 
param eter.

+  t * i ( 0

t W )

Figure 8.3: G raphical in te rp re ta tion  of superposition

8.3 Boundary C onditions and Input Forces
As m entioned before, the system  inpu ts appear in the  BCs. We will work o u t th e  expressions 
for these BCs using results in Section 2.2.2. We focus on a com m on boundary  between two 
segm ents of th e  beam  a t x  — I, where the  ex ternal force Fext and  m om ent M ext are being 
applied. In ternal forces and m om ents are present in bo th  segm ents. T h is is shown in Figure 
8.4.

Perform ing a  force balance a t the  inner boundary  in F igure 8.4, tak ing  upw ards as 
positive, and  using (2 .8 ) for th e  in ternal force expression,

( s i Z g P )
d 3w\ ( l , t )  d 3w2(l , t )

d x 3 +  d x 3
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p MiF\
F2

w 2(l , t )

Fext Mext

Figure 8.4: In ternal an d  ex ternal forces a t inner beam  boundary, x  =  I

If no ex ternal force is applied a t  th e  boundary, Fext =  0 and the  BC becomes

d 3w\ { l , l )  d 3w 2(l , t )
d x 3 d x 3

A m om ent balance a t  th e  inner boundary  in F igure 8.4, taking counter-clockwise as positive 
and using (2.7) for th e  in ternal m om ent expression,

M l  — M 2 = M e x t

d 2W\( l , t )  d 2w 2 ( l , t )  M e x t  

d x 2 g x  2 -  E I

If no ex ternal m om ent is present, M Cx t  =  0. so th e  BC is

d 2w\{ l , t )  d 2w 2(l , l )
d x 2 d x 2

T he above discussion provides two BCs. We have four more from the  beam  ends. We need 
a  to ta l of eight BCs, four p er P D E . T he  rem aining two BCs are due to  the  beam  being 
continuous a t the  inner boundary:

wi{ l , t )  =  w2(l , t )  

d w \ ( l , t )  _  d w 2(l , t )  
d x  d x

8.4 P roblem  Form ulation for Single-input System
We work w ith the  system  shown in F igure 8.5: a  two-segm ent, one-input flexible beam  
m odeled by th e  E uler-B ernoulli PD E . T he  results ob ta ined  will be used to  tre a t the  m ulti
inpu t case by superposition .

/

wi  (x ,t) w2{x, t )

F( t )

F igure 8.5: Tw o-segm ent beam  w ith inpu t a t  x  =  /
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T he beam  is governed by th e  system  of PD E s

o x 4 d t i
„ rd Aw2{x , t )  , _ Ad 2w2{x, t )  n 
E r  dx> +I>A a *  = °

w ith BCs
d 2w i ( 0 , t )  A
— ^ 2—  =  0  w i ( l , t )  =  u>2{l,t)

d 3w \ (0 , t )  _  d w \ { l , t )  _  d w 2(l , t )
d x 3 d x  d x

d 2w\{ l , l )  d 2w2 ( l , t )  d 2w2{L, t )

(8 .1)

(8 .2 )

d x 2 d x 2 d x 2
=  0

d 3w \ ( l , t )  d 3w2(l, t) _  F( t )  d 3w2{L , t )  ^
d x 3  d x 3  E I  d x 3

and  ICs
w  i ( x , 0 ) =  0  ta2 (a:,0 ) =  0

d w ! ( x , 0 )  d w 2(x ,0 )  (8 -3)
d t  d l

To simplify the  series m anipulations, we norm alize th e  x  and  t variables, as was done in 
Section 7.4. Let

_  x  I r  y f E i  ,
X ~  L  a ~  L  L 2^ A  (8.4)

u3i(x, t) =  w \ ( x ,  t) w2{x, t )  — w 2(x , t )

Using (8.4), (8.1) becomes:

r, r a 4 u5i(x ,r) , _ Ad 2w i ( x , t )  _  n 
E ’ — +  f lF —  =  °

r i r 5 4 w 2 (x ,t)  , d 2w 2(x,T)  _ n
E I  e*> + M  d f i

(8.5)

Note th a t

Also,

dw  _  d w  dx  _  d w  f  1 \  
d x  d x  dx  d x  \  L  )

d 2u> d  / d w \  _  d  f  d w  1 \    1 d  ( d w \  d x  _  1 d 2w
d x 2 d x  \ d x  )  d x  \ d x  L j  L  d x  \  d x  )  d x  L 2 d x 2

d 3w  _  1 d 3w  
d x 3 L 3 d x 3
d Aw  1 &xw
d x A L ‘x dx '1

d w  _  d w  dt  _  V W i  d w  
~dt ~  W d t  ~  U ^ /p A ~ d t

d 2w d  f d w \  d  ( d w \  dt  d  f  V e I  d w \  y /E J  E I  / d 2w \
d t2 ~  d t \ d t  )  ~  d T \ d t  )  d t ~  d t  \ L 2s / £ A  d l  J  L 2s f p A  ~  L ‘xp A  V d l 2 )
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S u b stitu tin g  th e  above expressions into (8.5):

(  1 d 4u i i \  . (  E I  d 2w\ \  n 
\ L 4 d x 4 ) + P  \ L 4p A  dT2 ) ~

r r  f  1 j .  a (  E I  d2{SA - n
\ L 4 d x 4 )  P \ L 4p A  d l 2 )

^ L  +  ^ | i = 0  0  <  x  <  a  t >  0
d x 4 d t2

d 4wo d 2w 2 ~  ~
5 - i "  +  =  0  a  <  x  <  1 t >  0
d x 4 d t 2

Now norm alizing BCs in (8.2):

d 2 w i ( 0 , t )  d 2w x ( 0 j )  _  1 d 2 w i ( 0 , t )  d 2i u \ ( 0 j )
d x 2 d x 2 L 2 d x 2 d x 2

0 3 ixi(O, t )  d 3iui  (0 , 1) 1 d 3iu\  (0 , T) d 3w x( 0 j )  _
d x 3 d x 3 L 3 d x 3 d x 3

d 2w 2 ( L , t ) d 2w 2 ( l , T )  _  1 d 2 w 2 ( l , t )  d 2 w 2 { l , t )  _
d x 2 d x 2 I 2 d x 2 d x 2

d 3w 2 { L ,  t )  d 3w 2 ( l , I )  1 d3 w 2 ( l , T )  d 3w 2 { l , T )  _
d x 3 d x 3 L 3 d x 3 d x 3
w i ( l , t )  =  w 2 ( l ,  t )  w \ ( a , T )  — w 2 ( a , t )

d w \ ( l , t )  _  d w 2 ( l , t )  
d x  d x

d w \ { a , T )  _  d w 2 ( a , t )  
d x  d x

1  d w \ { a j )  _  1 d w 2(a, l )  du>\( a , t )  _  d w 2(a, t )
L  d x  L  d x  d x  d x

d 2w\ { l , t )  _  d 2w 2(l , t )
d x 2 d x 2

d 2u>\(a,t) _  d 2w 2(a, t )  
d x 2 d x 2

1 d 2w\ (a,7)  1 d 2w2(a,7) d 2w \ ( a , t )  _  d 2w 2{a,I)
L 2 d x 2 L 2 d x 2 d x 2 d x 2

And for th e  in p u t term ,

d 3w j ( l , t )  d 3w2( l , t )  _  F( t )
d x 3 d x 3 E I

d 3wi (a ,T)  d 3iu2(a,T) _  F  (
+

d x 3 d x 3 E I

1 d 3w i ( a , t )  1 d 3ui2(a, t )  F  (
L 3 d x 3 L 3 d x 3 E I

d 3w \ { a j )  d 3w2(a, I) _  1,3 F  ( _  ,r.
d x 3  d x 3 E I

where u(t)  is in troduced for com pactness. Norm alizing the  ICs in (8.3),

0  =  wi  (x, 0 ) w\  (x, 0 ) =  0

d w i ( x , 0 )  _  d w i ( x , 0) _  \ f E l  d w \ ( x , 0) d w i { x , 0) _
d t  dt  L 2\ f p A  d t  d t
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0 =  ta2 (a;,0) u32 (x, 0) =  0

0 io2 ( i ,  0 ) _  du)2 ( x , 0 ) _  V e J  d w 2 { x , 0 ) 3u/2 (5:, 0 )
“  Ft “  Ft -  L2\fpA Ft Ft _

8.5 N orm alized P rob lem  Form ulation: S ingle-input
Following norm alization, the original problem  (8.1), (8.2) and  (8.3) becomes transform ed 
into th a t shown in F igure 8 .6 . D ropping the  ~ no ta tion  for com pactness, the  norm alized

: -----------------a  - — H 1
--------- ?

Wi (5, t) u52 (x ,t)

/i

u(t)

Figure 8 .6 : N orm alized 1 -in p u t 2-segm ent beam  problem  

system  of PD E s is
d ‘lwi ( x , t )  d2w x{x,t)  _  

dx 4 dt2
d lw2{x, t) d2w2{x,l)  _  Q

w ith BCs
d x ‘x d t2

d 2w\ (0 ,  t)
d x 2

=  0  w i [ a , t )  =  W2 {a,t)

d 3w\{0,  t) _  dw\ (a ,  t) _  d w 2 (a, t)
d x 3 d x  d x

d 2w i ( a , t )  d 2W2 (a, t )  0 2 uj2 ( 1 ,£)
dx2 dx2 dx 2

=  0

d 3w x (a,<) d 3i u2(a,t)  /A d 3w2(l , t)  n
 Fx3 dx 3 ~ =u{ t )  dx 3 =  °

and  ICs

d t  dt
Applying the  Laplace transfo rm  to  (8 .6 ) and (8.7),

3 2 VFi(0, s)
d x 2

=  0 \VX (a, s) =  W2 (a, s)

(8 .6)

0 3 lV i(0, s) _  c W i( a ,s )  d W 2(a,s)
d x 3 d x  d x

d 2W\  (a, s) d2W 2{a,s)  3 2 IV2 ( l , s )
d x 2 d x 2 d x 2

=  0

d 3W\{a,  s) , d 3W 2{a,s)  _  s d 3W 2( l , s )  n
d x 3 d x 3 d x 3
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(8.7)

wi  (x,  0 ) =  0  W2 (x,  0 ) =  0

dwi  {x, 0 ) _  Q d w 2 (x,  0 ) _  Q (8 -8)
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From  (3.7), the solution is known to  be

V Fi(x,s) =  j4 (s ) cosh(Vwix) +  B(s) s in h (s /isx ) 4- C(s) c o s (\/isx )  +  G (s )s in ( \ / f s x )  ^  ^  

V l^ x , s ) =  E(s)  c o sh (\/isx )  +  F(s ) s in h ( \/isx )  +  G (s) cos(\/7sx) 4- H(s)  s in ( \/isx )

Taking the  derivatives of fF i(x , s) and W ^ x , s) w ith respect to  x , d ropping th e  argum ent 
of s for com pactness,

eW i(x ,-g) _  4̂ ^ / ^ sinh (\/isa ;) +  B\/ is  co sh (\/isx )  -  C\/is  sin (Visx)  4 - £ \ / i s c o s ( v / i s x )  
ox

® =  i4 is c o sh ( \/isx )  +  £ ? iss in h (\/isx ) — G isc o s (\ /isx )  — D i s s in ( \/isx )
ox*

® =  A(is)3/2 s in h ( \/isx )  4- B(is)3^2 co sh (\/isx )  4- C(is)3^2 s in ( \/isx )
Ox*

— D(is ) 3 / 2  cos( \ /isx)

® ^ 2̂ x ' =  i? \ / i s s in h ( \ / is x )  +  F v /is c o sh ( \ /isx )  — G \/ is s in ( \ / i s x )  +  I I  \ f i s  cos (V i sx )  
o x

d  =  F z sc o sh ( \/isx )  4 - F is s in h ( \ / i s x )  — Giscos(Visx)  — H i s s in ( \/isx )
ox*

d  1F2(x, s) _  _j_ G(is)3/2 sm(y/isx)
ox*

— II(is)3/ 2 co s (\/isx )

Using th e  above expressions w ith  the  transform ed BCs gives a  linear system  of 8  equations 
in 8  unknow ns {A . . .  II}:

Ais — Cis = 0 

B(is)3/2 -  D{is)3/2 =  0 

F is c o s h ( \ / is )  +  F is s in h ( \ / i s )  — G(s)iscos(\/is) — II (s)is sm(Vis) — 0 

E(is)3!2 s in h ( \/is )  +  F(is)3 2̂ co sh (\/is )  4- G(s)(is)3̂ 2 s in ( \/is )  — II(s)(is)3^2 cos (Vis) = 0

A  cosh(aV is) +  B s in h (a v /is )  + Ccos(a\/is) + Dsm(a' / i s )  =  

Ecosh(aVis) + F s in h (a \ / i s )  + G(s) cos(a\/is) 4- II(s)s\n(a' /is)  

y l\ / is s in h (a \ / is )  +  B\/iscosh(a\/is) — O'/ is  sin (a y/is) +  D'/iscos(a' /i s)  =  

F \ / i s s in h ( a \ / i s )  +  FViscosh(a\/ is) — G(s)Vissm(aVis) +  II(s) ' /iscos(a' / is)

/lz s c o sh (a \/f s )  4- JS issinh(a\/7s) — Ciscos(a' /is) — Dissm(a\ /i s)  = 

Eis  cosh(aV is) 4- F is s in h ( a \ / i s )  — G{s)is co s (a \/is )  — II(s)iss\n(a'/ is)  

—A(is)3/ 2 s in h (a \/is )  — B(is)3̂ 2 co sh (a \/is )  — C{is)3^2 s in (a \ /is )  

+D{is)3/2 cos(a\/is) 4- E{is)3^2 s in h (a \/is )  4- F(is)3̂ 2 co sh (a \/is )  

+G(s)(is)3/ 2 s in (a \/is )  — II(s)(is)3^2 cos(aVis) =  U{s)

Simplifying,

A  -  C  =  0 

B - D  =  0

F c o s h ( \ / is )  +  F s in h ( \ / i s )  — G (s) co s (\/ is )  — I I  s in ( \/is )  =  0 

F s in h (V rs )  4 - F c o s h ( \ / is )  +  G (s) s in (\/fs )  — I I  cos (V i s )  =  0  

(A — E )  cosh(aV/is)  + {B  — F )  s in h (a \/is )
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+ ( C  — G)  cos (aVis )  +  (D — I I ) s in (a \ / is )  =  0  

{A — E ) s in h (a \/is )  + ( B  — F)  cosh(a Vis )

+ ( —C  +  G)  s in (a \ /is )  + (D — H )  c o s (a \/is )  =  0 

(A — E )  c o sh (a \/is )  + ( B  — F)  s in h (a \/is )

+ ( —C  +  G)  cos(aVis )  +  ( - D  +  H )  s in (a \ / is )  =  0  

{—A  +  E )  s in h (a \/is )  + ( - B  +  F)  co sh (a \/is )

+ ( - C  +  G)  s in (a \ /is )  + (D -  I I)  cos{aVis )  =

T he  above linear system  of equations is solved and  su b stitu ted  in to  (8.9), giving

w ' ^  =  W J ) v M  <8 1 0 )

where

P { x , s )  =  ( is ) - 3 / 2

|  co sh [\/is (a  +  x  — 1 )] s in ( \/Is )  — co sh [\/is (x  — l) ]s in [ \ / is (a  — 1 )] +  co sh (\/isa ;)  s in ( \ / i s a )

-  cosh( V i s )  s in [ \/is (a  — x  — 1 )] +  s in [ \/is (a  -  a:)] -  co sh [\/is (a  -  1 )] s in [ \/is (x  -  l)j

+  cosh ( V i s a )  s in ( \ / i s x )  — co s [\/is (a  +  x  — 1 )] s in h ( \/is )  +  cos[\/is(a; -  l) ] s in h [ \ / is (a  -  1 )]

— c o s ( V i s x )  s inh ( V i s a )  +  cos(V i s )  s in h [ \/is (a  — x  — 1 )] — s in h [ \/is (a  — a:)]

+  co s[\/is (a  — 1 )] s inh[\/is(a ; — 1 )] — c o s ( \ / is a )s in h ( \/ is a ;)  j

(8 .1 1 )

Q(x ,  s)  =  4 j  — 1 +  co s (\/is )  c o s h ( \ / i s ) | (8.12)

R (x ,  s) =  ( is)^~3^

|  co sh [\/is (a  +  x  — 1 )] s in ( \/ is )  — cosh[\/is(a: — 1 )] s in [ \/ is (a  — 1 )]

+  c o s h (\/ isx -) s in ( \ / is  a) — s in [ \/is (a  — a:)) +  co sh (\/is )  s in [ \/ is (a  - x +  1 )]

— co sh [\/is (a  — 1 )) s in [ \/is (x  — 1 )] +  cosh(V£s a) s 'm(Vis  x)

— co s[\/is (a  +  x  — 1 )] s in h (\/Is )  +  cos[\/is(a; — 1 )] s in h [ \/is (a  — 1 )]

— cos ( V i s x )  s in h ( \/is  a) +  s in h [ \/is (a  — a:)] — cos (V i s )  s in h [ \/is («  — a; +  1 )]

4- co s[\/Is(a  — 1 )] s in h [ \/is (x  — 1 )] — cos( V i s a )  s in h ( \ / i s x - ) |
(8.13)

8.6 Infinite Series R epresentation: Single-input
Expressions (8.11), (8.12) and  (8.13) need to  be converted into th e ir  infinite series represen
ta tions, in o rder to  perform  an  inverse Laplace transform .

For com pactness, we in troduce the  definitions:

A — Vis

B  - Vis(a  4- x  — 1)

C  =  Vis(x  — 1)

D  =  Vis(a — 1)
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E  =  V is x  

F  — \ / i s a  

G  =  Vis(a — x  — 1 )

H — 'Jis(a — a ; )

/  — \ / is (a  — x  +  1)

We also need the  trigonom etric function power series from Section 3.4.1,

° °  2k  oo / 2fc

E m  “ 5 I = S - ( W -

°° T 2 k + 1  °° /_  |U'r2A:+l
s i n h l  =  g ( S T T ) i

A nd the  identities

cosh(A +  iB )  +  cosh(A  — iB )
cosh A cos B  =  

sinh A  cos B  =  

sinh A  sin B  =  

cosh A sin B  —

2
sinh(A  +  iB )  +  sinh(A  — iB )  

2
cosh(A +  iB )  -  cosh(A -  iB )  

2 i
sinh(A  +  iB )  — sinh(A  — iB )

2 i

8.6.1 Series Representation of P ( x , s )
S ta rtin g  from (8.11),

P ( x , s )

— - i r  (  cosh B  sin A  — cosh C  sin D  +  cosh E  sin F  — cosh A  sin G  +  sin H  — cosh D  sin C  
A 3  I

+  cosh F  sin E  — cos B  sinh A  +  cos C  sinh D  — cos E  sinh F  +  cos A  sinh G — sinh I I  

4 - cos D  sinh C  — c o s F s in h  2 ? |

1  (• s inh (B  +  iA )  — s in h (F  — iA )  sinh (C  +  iD )  — sinh (C  — iD )
=  I 2 i 2 1

s in h (F  +  iF )  -  s in h (F  -  iF )  sinh(A  +  iG) -  sinh(A  -  iG) Ir +    _  +  s,n H

sinh(D  +  iC )  — s inh(D  — iC )  s in h (F  +  iE )  — s in h (F  — iE )
2 i  +  2i

sinh(A  +  iB )  +  sinh(A  -  iB )  sinh (D  +  iC )  +  sinh(D  -  iC)
2 +  2

s in h (F  +  iE )  +  s in h (F  — iE )  sinh(G  +  iA )  +  sinh(G  — iA )  ^

sinh(C  +  iD )  +  sinh(C  — iD )  s in h (F  +  iF )  +  s in h (F  — iF )  i + _ _ |

=  ^ 3  — — +  ^ ) ]  "*■ ^  [sinh(G +  iD )  — sinh(C — iD ) J

+  ^ s i n h ( F  — iF )  — sinh(F +  iF ) j  +  ^ s i n h ( A  +  iG) — sinh(A — iG)J +  sin I I  

+  ^ j^sinh(D 4- iC )  — sinh(Z? — iC )  j 4- ^ s i n h ( F  — iE )  — s inh(F +  iF ) j
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— i  ^sinh(/l +  iB )  +  s in h (/l — iB )  |  +  ^  [s in h (G  +  iC )  +  s inh (D  — iC )J

— i  ^ s in h (F  +  iE )  +  s in h (F  — i E )j 4 - ^  [sinh (G  +  iA )  +  sinh(G  — i/ l ) j  — sinh I I  

+  ^  ^sinh(C  +  iD )  +  sinh (C  — i D )j -  ^ s i n h ( F  +  iF )  +  s in h (F  — iF ) j  |

=  - ^ 3  {  ^  sinh (B  -  iA )  -  ^  sinh(£? +  iA )  +  s inh(C  +  iD )  +  ^ “y ~ ^  sinh (C  -  iD )

-  sinh(Z3 +  iF )  -  s in h (F  -  iF )  +  ^  sin h (/l +  iG) -  ^  sin h (/l -  iG)

+  sin H  +  s inh (G  +  iC )  +  sinh(D  -  iC )  -  s in h (F  +  iE )

-  ( —y  ) s in h (F  — iE )  -  ^  s in h ( /l +  iB )  -  ^  sin h (/l -  iB )  +  ^  sinh(G  +  iA )
\  £t J & &

+  i  sinh(G  — iA )  -  sinh / / |

In troducing  power series representations, placing the sin and sinh term s first:

P ( x , s )

1 f  ~  “  / / 2 fc+i i “  ( B - i A ) 2k+i i ^ ( B  + iA ) 2k+'

~ A3\ k  (2fc+ i ) !  t'0 2̂k+ ]̂ + 2h  (2fc+1)! 2k  (2fc +  1>!
/ ]  + j \  ~  (C  + iD ) 2k+l ( \ -  A  ^  ( C - i D ) 2k+' ( \  +  i \  ^  ( E  +  iF ) 2k+i

+ (— ) E " p f ~  + (— j S i s r r  - (— J E -grnsr
/ 1  -  A  y  {E  -  i F ) 2k+l i y  (/I +  iG )2k+l i y  (>1 -  i G ) 2 k + 1 

V 2  J f a  (2k + l) \  + 2 ^ o (2k  + 1 )! 2 ^  (2k + l)\

n  + i \  ™ (D  + iC ) 2k+1 f  1 -  i \  Y - ( D  -  iC ) 2k+l / I + A  y  ( F  +  i £ ) 2 f c+ 1

+  l  2  ) ^ 0 (2k  + 1 )! + l  2  ) £ ,  (2k + 1 )! I, 2  J  (2k + l)!

/ 1  -  i \  y  ( F  -  i 'F ) 2 f c + 1  1 y  (A + i B ) 2k+l 1 y  (/I -  i B ) 2k+l
I  2  (2 f c + l ) !  2 £ j  (2k + 1 )! 2 f a  (2k + 1 )!

1 ~  (G  +  iA ) 2k+l 1 y  (C  -  i A )2k+1 1
+  2 ^ o (2 fc +  l)! + 2 ^  (2k + 1 )! J

1 f  ~  ( _ l ) ^ 2fc+1(a  -  x ) 2k+l ^  s /U 2k+\ a  -  x ) 2k+'

^ 3 i  k  (2 f c +1 ) ! k  (2 f c +1 )!
i y  [ \/ is (a  +  a: -  1 ) -  i \ / i s \ 2k+l i y  [\/7s(a +  x  -  1 ) +  i \ / i s \ 2k+x

+ * k  (2 /c + 1 )! 2 ^  (2 fc +  1 )!

/ 1  +  A  y  [\/is(a: — 1 ) 4- i \ /Ts(a  — l) ]2fc+I / 1  — A  y  [\/ii(a : — 1 ) — iy /Is(a  — l ) ] 2 f c+ 1

+ \ ~ ^ ~ ) k  + \ ~ ^ ~ ) k  (2 fc+ 1 )!

/ I  +  A  < y  [ \ / i s a :  +  i \ / I s a ] 2fc+1 / I  — A  • y  [ \ / i s a :  — i \ /isa]2k+i

”  v ~ 2 “ ) k  v ~ 2 ~  > k  w^T'-
i y  [ \ / i s  +  i \ / i s ( a  — x  — 1 ) ] 2 * + 1  i y  [ \/is  — i \ / i s ( a  — x  — 1 ) ] 2 * + 1

+ 2 k  (2^+1)!  2 ^  (2k+Tj\
/ 1  +  i \  y  [ \/ is (a  — 1) +  i \Z is (x  — l ) ] 2 f c + 1  / 1  — A  y  [ \/ is (a  — 1 ) — i \ / i s ( x  — l ) ] 2 f c + 1

+  \ ~ ) ^  (2fc +  iji +  V“ 2“J (5fc+Tji
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/ 1 +  i \  [ \ / i s a  +  i \ / i s x ] 2fc+I ( 1 — i \  y - '  [ \ / i s a  — i \ / i s x ] 2 f c + 1

■  \ 2 / £ S  (2 T m )1 (2 f c T l j !

1 [ \ / is  +  i \ / i s ( a  + x  — l ) ] 2 f c + 1  1 y^« [ \/is  — iy / is (a  +  x  — l ) ] 2 f c + 1

W + ~ V '-  (2 fcT T j!

1 y ^  [\/?s(a  —  a ;  — 1 ) +  i \ / i s ] 2 * + 1  1 ^  [ \/is (n  — x  — 1 ) — i \ / i s \ 2k+i "1

2 j“  (2fc+T)l + 2^ q (2TMj! J
1 \ / f s

=  “ 7=3
•2fc+l

( - l ) * ( a  -  x )2*+I -  (a -  x ) 2k+I +  - ( a  +  x  — 1 -  i ) 2k+l
s r s t Qv k + l v

_  | (o +  s  _  1 +  i ) 2 fc+i +  [* -  1 +  i(a  -  l)]2fc+> +  [x 1 z(a l) ]2fc

-  ( 1 y 1 )  (« +  ia )2k+l -  ( ^ )  ( x -  ia )2k+' +  '-{1 +  i ( a  -  x -  l) ]2fc+>

-  ^ [ 1  -  i (a  - x  -  l ) ] 2 f c + 1  +  [o “  1 +  i ( x  ~  l ) ] 2 f c+ 1  +  ( y p )  [a -  1 -  i(x  -  1 )]

-  ( ^ p )  (a  +  *x) 2 f c + 1  -  ( 1 ^ )  (a -  ix ) 2 * - 1 -  l- [ l  +  i (a  + x  -  l) ]2fc+>

-  i [ l  -  i(a  +  x -  l ) ] 2 f c + 1  +  i ( a -  x  -  1 + i ) 2k+l +  ^ ( a -  x ~  1 - i)2k+1
& tL tL

-  oo r r - 2 k + \  r

=  i ■/>(“ >*-fc)

2fc+l

I t  can be verified th a t

f p ( a , x , k )  =  0  fc =  0 ,2 ,4 , . . .

fp ( a ,  x , k )  7^ 0  6  K k  =  1 , 3 , 5 , . . .

L etting  k  = 2 m  +  1 to  elim inate th e  zero term s, we ob ta in  the  following substitu tions:

2k  4~ 1 —► 4 m  4" 3
n — 2fc+l

V lS  3 =  (i s ) * - 1 -> {is)2m =  ( - l ) ms2m
VTs

[ ( - l ) fc -  1 ] (a -  x ) 2 f c + 1  -»  [ ( - l ) 2 m + 1  -  1 ] (a  -  x ) 4 m + 3  =  —2 (a -  x ) 4 m + 3  

T he expression becomes 

P ( x , s )
~  ( _ 1 )ms 2 m

" I ,  ( 4 m +  3)1
-  2 (a -  x ) 4 m + 3  +  I ( o  +  x  -  1 -  i ) 4 m + 3  -  l- { a  +  x  -  1 +  i ) 4 m + 3

+  ( ^ y 1 )  [* -  1 +  i(a  -  l ) ] 4 m + 3  +  [x -  1 -  i(a  -  1 ) ] 4 ' " + 3  -  (x +  i a f

-  ( y p )  (* -  i a ) 4 m + 3  +  | [ 1  +  *(o -  x  -  1 ) ] 4 ’" + 3  -  '-[I -  *(o -  x  -  l ) ] 4 m + 3

+ ( y p )  [a -  i +  i (x -  i)]4m+3 +  ( y p )  (« -  1 - Hx  -  i)]4m+3 -  ( y p )  (fl +  i x )A

-  ( y y )  ( « “  ^ ) 4 m + 3  -  ^ [ 1  + i (o  +  x -  l ) ] 4 m + 3  -  i [ l  -  i (a  +  x  — I ) ] ' 1
|4m*f 3

+  i ( a  -  x  -  1 +  i ) 4 , n + 3  +  i ( a  -  x  -  1 -  i ) 4 m + 3
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I t can be verified th a t

‘lm+3

l ( a  +  x  — 1 — i ) 4 m + 3  -  i ( o  +  *  -  1  +  i ) 4 m + 3  -  1 [ 1  + i ( a  +  x -  l ) ] 4 m + 3  
£ £ £

-  i [ l  -  i(a  +  x  -  l ) ] 4 m + 3  =  - 2 1 m { (a  +  x  -  1 -  i )4m+3}

[x -  1 +  i (a  -  l ) ] 4 m + 3  +  [x -  1 -  i (a  -  l)J 4 m + 3

+  ( ^ )  [a -  1 +  i ( x  -  1 ) ] 4 ’" + 3  +  ( 1 ^ 1 )  [a — 1 — i ( x  — l ) ] 4 m + 3  

=  2 R e  {[a — 1 +  i(x  — l) ]4m+3} +  21m {[a — 1 — i ( x  — l) ]4m+3}

-  ( “ Y " )  +  ia )4m+3 -  ( ~ 2 ~ )  ”  i a ) 4 m + 3  “  ( h F ' )  +  i x )

-  (a — ix ) 4 m + 3  =  —2 Re {(x +  ia )4m+3} — 2 1 m  {(x  — ia )4m+3} 

1 [ 1  +  i(a  -  x  -  l ) ] 4 r n + 3  -  1 ( 1  -  t(a  -  x  -  l ) ] 4 m + 3  +  I ( a  -  x  -  1 +  i ) 4 m + 3  

+  ^ ( a  -  x  -  1 -  i ) 4 m + 3  =  2 Re { (a  -  x  -  1 -  i)4,n+3}

Giving

P (x ,s )

=  £  f ■- 2<° -  x ) ‘, m + 3  -  21m { (a  +  X -  1 -  i ) 4"*+3}
m= 0

+  2 Re { [a -  1 +  i (x -  1 ) ] 4 m + 3  } +  2 Irn { [a -  1 -  i (x -  1 ) ] 4 m + 3  } -  2 Re { (x +  ia ) 4 m + 3  } 

— 2 I m { (x  —ia )4m+3} +  2 Re { (a  -  x  -  1 -  i)4m+3}

leading to  the  final form

00 r
P (x , a) =  2 £  -  (a -  x ) 4 f e + 3  +  Re { (a  -  x  -  1 -  i)4fc+3}

-  Im { (a  +  x  -  1 -  i)4fc+3} +  Re {[a -  1 +  i(x  -  l ) ]4fc+3}

+  Im {[a — 1 — i(x  — l)]4fc+3} — R e { (x  +  ia )4fc+3}
(8.14)

— Im  {(x — in ) 4 +3} s 2fc

8.6.2 Series Representation of Q(x,s)
S tarting  w ith equation  (8.12) and  using the  definitions in Section 8 .6 ,

Q ( x ,s )  =  4 (— 1 +  cos A  cosh A)

cosh(/l +  iA )  +  cosh(/l — iA )  \
1 + 2 )

=  - 4  +  2 cosh(^l +  iA )  +  2  cosh (/l -  iA )

h  <2*>! h  w
. , (V rs +  i \ / i s ) 2k t (^ / is  -  i \ / i s ) 2k

=  h  ~ ~ m ~ ~  h  m
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=  - 4  +  2£
=  - 4  +  2 £

•2 k 
I S

0 0  (iS) fc

( l + i ) 2fc +  ( l - z ) 2fc 

( 1  +  i )2k +  ( 1  -  i )2k

=0Vfc=l,3,5,.

To re ta in  only non-zero term s, let k  =  2m, m  =  0 ,1 ,2 , . . .

(is)
Q(x,s) =  -  4 +  2 ^ 7 5

2rn

—' (4m)!
m = 0  '  '

, , 16s2 64s4 256s°=  _ 4  4-4-1-----------1-----------1------------ u , ..
4! 8 ! 12!

=  £

2 (2fc+2)s 2fc

(41b)!fc= 1
0 0  22ks2k

Giving the  final expression

“ S  W

0 0  /l^
(8.15)

8.6.3 Series Representation of R ( x , s)
For the  th ird  expression, we s ta r t  from equation  (8.13) and  use th e  definitions in Section 
8 .6 :

R (x ,  s)

=  -T7 1 cosh B  sin A  -  cosh C  sin D  +  cosh E  sin F  -  sin I I  +  cosh A  sin /  -  cosh D  sin C  
A 3 I

+  cosh F  sin E  — cos B  sinh A  +  cos C  sinh D  — cos E  sinh F  +  sinh I I  — cos A  sinh /

-t- cos D  sinh C  — c o s F s in h  f |

1 r s inh (B  +  iA )  -  sinh(j3  -  iA )  s inh (C  +  iD )  -  s inh (C  -  iD )
~  343 I 2 i 2 i

s in h (F  +  iF )  — s in h (F  — iF )  ^  ^  ^  s in h (/l -I- i l )  — sinh(>l — i l )
2  i 2  i

sinh(Z) +  iC )  — sinh(D  — iC )  s in h (F  +  iE )  — s in h (F  — iE )
2 i 2 i

sinh(i4 iB )  -F s in h (/l — iB )  s in h (F  +  iC ) +  sinh(£> — iC )

s in h (F  -I- iE )  4- s in h (F  — iE )
+  sinh I I

s in h ( / +  iA )  +  s in h ( / — iA )  t s inh (C  +  iD )  +  sinh (C  — iD )
2 +  2

s in h (F  +  iF )  +  s in h (F  — iF )  ■)
2 J

=  | ^ s i n h ( j S  -  iA )  -  s in h (F  +  zFl)J +  ~  j^sinh(C +  iD )  -  s inh (C  -  iD ) j 

+  ^ s i n h ( F  — iF )  — s in h (F  +  i F ) |  — sin I I  -(- ^  j^sinh(i4 — i l )  — sinh(j4 +  i l ) j

98

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



+  ^  j^sinh(D +  iC )  -  s inh(D  -  iC )j +  ^  |^sinh(F  -  iE )  -  s in h (F  +  i E )j

-  i  Jsinh(/1 +  iB )  +  s in h (/l -  i B )j +  i  ^sinh(D  +  iC )  +  s inh (D  -  iC )]

-  ^ s i n h ( F  +  iE )  +  s in h (F  — iF ) j  +  sinh I I  — i  ^ s in h (/ +  iA )  +  s in h ( / — i / l ) j  

+  ^ s i n h ( C  +  iD )  +  sinh (C  -  i D )j -   ̂|^sinh(F  +  iF )  +  s in h (F  -  £F)J j

=  -L j i  sinh(B  - i A ) - 1-  s in h (S  +  iA )  +  S' nh (C  +  iD )  +  ( 4 ^ )  S' nh (C  ”

-  ^ “ 2 ““^  s in h (F  -  iF )  -  ^ 1 ^  * J  s in h (F  +  iF )  -  sin H  4- ^  sinh(>l -  i l )  -  ^  s in h (/l +  i f )  

+  ( y p )  sinh(D  +  iC )  +  s in h (D ~  iC ) -  ( ^ )  s in h (F  “  i E )

-  ( —4 — ) s in h (F  +  iE )  — i  s in h (/l +  iB )  — i  s in h (/l — iB )  +  sinh I I  — i  s in h ( / +  iA )
V dt J  dt dt dt

-  i  s in h ( / -  i / l ) |

Bringing in the  power series representations, placing the  sinh and  sin term s first:

R ( x , s )
1 r *  I ^ k + l  ~  ( _ l ) f c / / 2 fc+l j ~  _  i A )2k+i t ~  (S  +  i A )2k+i

~  ^ 3 i ^ ( 2 f c + i ) ! t  (2 fc + 1 ) ! +  2 t  (2 fc + 1 >! 2 t  (2 fc+ 1)!

f \ + i \ y , { C  + iD ) 2k+l f l - i \ ^ ( C - i D ) 2k+1 / l - i \ y , ( £ - i F ) 2 t + 1

+  \  2  J l j  (2k  + 1 )! + V 2  j j ^  ( 2 k + 1)1 \  2 (2k + l)\

/ 1 +  i \  “  (E  +  i F ) 2k+i i y *  ( A -  U ) 2 k + 1 i y ,  (A + i l ) 2k+l

v 2  ) h >  (2 fc+ 1 )! +  2 t  <2 fc+ 1)! 2 t  (2 f c + 1 >!

/ 1 + A  p ,  (D  + iC ) 2k+i f l - i \ ^ ( D - i C ) 2k+l ( l - i \ ^ ( F - i E ) 2k+'

\  2  t t  (2 fc + 1 ) ! 2  t t  (2 k + i v- \  2 J f c 'o  (2 /c + 1 ) !

/ 1 + A  ( F  + i E ) 2k+l 1 y '  (A  +  i B ) 2k+l l ^ ( A - i B ) 2k+1

\  2 ) h ; (2 fc+ 1 )! 2 t  (2 fc + 1 ) ! 2 t o  (2 fc+ i)i

1 ~  ( i  +  iA ) 2k+l l y  ( I - i A ) 2k+1\

2  t o  (2/s +  1) ! 2  t o  (2fc +  1)! J

1 f  [ \ / is (a  -  x, ) ] 2 i + 1  ( - l ) fc[v ^s(a  -  x ) ] 2A;+1

<2t + 1)1 k  <“ +>>'
i [•v/ is ( a  +  x  — 1 ) — i \ / i s ] 2 f c + 1  i ^ 2 , [ \ /is (a  +  x  — 1 ) +  i \ / I s ]2 f c + 1

+ 2 t o  (2 fc +  l)! 2 ^ 0  (2k + 1 )!

/ 1  +  i \  [\/?s(a: — 1 ) +  £ \/is (a  — 1 ) ] 2,,' + 1  / 1  — i \  [\/is(a: — 1 ) — i \ / i s ( a  — l ) ] 2 f c+ 1

+  V_ 2 ~ / t  +  V“ 2 ~ / t o  W  +  V 1

/ 1  — A  ^ 2 ,  [^ /isx  — iv /£ sa ] 2 f c + 1  /  1 +  i \  ^ 2 ,  [Visa: +  i \ / i s a ] 2 f c + 1

- v ^ - ; t  x 2 * ) t  (2 f c + i ) !

i ^ 2 ,  _  i \ / i s ( a  — x  +  l ) ] 2 f c + 1  i ^ 2 , 4 - i \ / i s ( a  — x  +  l ) ] 2 f c + 1

+  2  t o  (2 f t +  1 )! 2  j "  (2k +  1 )!
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/ 1  +  A  ^  [ \ / is (a  — 1 ) +  i \ / i s ( x  — l ) ] 2 f c+ 1  / I  — A  ^  [ \/ is (a  — 1 ) — t \ / i s ( x  — l ) ] 2 f c+ 1

+  \ ~ J h  W y t y  + \ ~ ) t = ,0 (2 fc+T)i

/ 1  — A  y - '  [ \ / i s a  — i \ / i s x ] 2 f c + 1  ( \  +  A  [ \ / i sa  +  i \ / i s x ] 2k+1 
~  \  2  )  f a  (2 F f T ) !  \ ~ T ~ )  £ 5  (2 fc +  l)!

1 ^  [ \ / is  +  iy / is (a  +  x  — l ) ] 2 f c + 1  1 ^  [\/Is — i \ / i s ( a  + x  — l ) ] 2 f c+ 1

~~ 2  j“  (2 f c T l j i  2 ^  (2 fc +  l)!

1 [ \ / is (a  — x  +  1 ) +  i \ / i s ] 2 f c + 1  1 [ \ / is (a  — x  +  1 ) — z \ / is ]2 f c + 1  1

~ 2  (2 fc +  l j j  2  j "  p f c + I j i  J

oo 2&4-1_ 1 ^  vls
~ v i f h ^ k + ^

-  | ( n  +  x  -  1 +  i ) 2 *''+ 1  +  ( y y )  [x -  1 +  z(a -  l ) ] 2 f c+ 1  +  ( y y )  lx  “  1 ~  *(n “  i ) ] 2 * * 1

-  ( ^ )  (x -  ia )2k+l -  ( i ± * )  (x +  ia ) 2 f c + 1  +  | [ 1  -  i(a  -  x  +  !)]“ +«

-  | [ 1  +  i(o  -  x  +  l) ]2fc+> +  [a -  1 +  i(x  -  l ) ] 2 f c + 1  +  [a -  1 -  i ( x  -  l ) ] 2 f c+ 1

-  ( y y  )  (a  _  i x )2k+i ~  ( ^ ~ y  )  (“ +  i x )2k+l -  ^ [1 +  z(a +  x  -  l ) ] 2 f c+ 1

-  i [ l  -  i(a  +  x  -  l ) ] 2 f c + 1  -  i ( a  -  x  +  1 +  i ) 2 f c + 1  -  ^ ( a  -  x  +  1 -  i ) 2 t + 1

(a -  x ) 2 f c + 1  -  (—l ) fc(a -  x ) 2 f c + 1  +  I ( a  +  x  -  1 -  z) 2 f c+ 1

1 Vii
~  /r~ 3  2 s  ( o k

oo r r - 2fc+l
v i s

s f e 3 t 0 (2k + 1V

It can be verified th a t

f Q ( a , x , k )

f q ( a , x , k )  =  0  fc =  0 , 2 , 4 , . . .

/cj(a,x ,A :) 7^ 0 £ R k =  1 ,3 ,5 , . . .

In troducing  a  change of variables to  guaran tee k  odd, we ob ta in

k  =  2 m  +  1 

2k  -b 1 —* 4m  ~b 3
rr~2k+ 1

Xl?. , ( - l ) " ls2m

R (x ,  s)

( - l ) ms2m

v̂ 3

(a -  x )2fc+I [ 1  -  ( - l ) fc] -> 2 (a -  x ) 4 m + 3

2 (o -  x ) 4 m + 3  +  I ( o  +  *  -  1 -  i ) 4 r n + 3  -  l- { a  +  x  -  1 +  i ) 4 m + 3
(4m  +  3)!

+  ( y p )  (x -  1 +  i(a  -  l ) r l m + 3  +  (x -  1 -  i(a  -  l ) ] 4 m + 3  -  ( 1 ^ )  (x -  ia )

-  ( y y )  (* +  i«)‘lm+3 +  | [ 1  -  i ( a  ~  x  +  l)]4m+3 -  l- [ \  +  i(a  -  x  +  l)]‘lm+3 

+  ( y ^ )  [a -  1 +  z(x -  l ) ] ' l m + 3  +  [a -  1 -  z(x -  l ) ] 4 m + 3  -  (a -  ix )

4m+3

4m+3
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l‘lm+3

-  (a +  tx ) 4 m + 3  -  i [ l  + i ( a  + x -  l ) ] 4 m + 3  -  | [ 1  -  i (a  +  x  -  l ) ] 4 m + 3

-  ha -  x  +  1 +  i ) 4 m + 3  -  I  (a -  x  +  1 -  i ) 4 m + 3
Jt b

T h e  following sim plifications can be verified

U a  +  x  -  1 -  i ) ‘, m + 3  -  l- ( a  + x  -  1 +  i ) 4 m + 3  -  i [ l  +  i(a  +  x  -  l ) ] 4 m + 3
£t £t £t

-  i [ l  - i ( a + x -  l ) ] 4 m + 3  =  2 Im { (a  +  x  -  1 +  i)4m+3}
&

( h p )  [* - 1 +  f (°  -  1 )l4 m + 3  +  ( i T i )  ~  1 -  ~  1 ) ] 4 m + 3

+  ( ^ “ )  Ia  “  1 +  *(x  “  l)]4",+3 +  ( “ 2 ^ )  [a -  1 ~  1 ( 1  ~  1)1

=  2 R e { [ x -  1 + i ( a -  l ) j4m+3} +  21m {[x -  1 -  i(a  -  l) ]4m+3}

-  ( ^ )  (x  ~  i a ) 4 m + 3  -  (x +  i a ) 4 m + 3  -  ( ^ j  (a -  ix ) 4

_  (a +  ix ) 4 m + 3  =  — 2  Re {(x  +  ia )4m+3} — 21m { (x  — ia )4m+3}

U l  -  i ( a  -  x  +  l ) ] 4 m + 3  -  U l  + i ( a  — x  +  l ) ] 4 T n + 3  -  I ( a  -  x  +  1 +  i ) 4 m + 3
£ £ Jt

-  i ( a  -  x  +  1 -  i ) 4 m + 3  =  - 2  Re { (a  -  x  +  1 +  i)4m+3}

Hence, we have

00 / i \mQ2rn f
* ( * • s )  =  £  J . 3 ) ,  2 ( °  -  a;)‘,m+3 +  2 Im  { (a +  x  -  1 +  i)4m+3}

rn=0 ' '* ■
+  2 Re {[x -  1 +  t(a  -  l ) ]4m+3} +  2 Im {[x -  1 -  i(a  -  l)J4m+3} -  2 R e  {(x  +  ia )4m+3} 

-  2 1 m {(x  -  ia )4m+3} -  2 Re { (a  -  x +  1 +  i ) 4m+3}

ilm+3

Leading to  the  final form 

^  ( - l ) fc

k=0
R (x ,  s) =  2 £  (4fc +  3 )i “  x ) ‘l f c + 3  +  Im  { (a  +  x  -  1 +  i)4fc+3}

4- Re { [x -  1 +  i(a  -  l ) ]4fc+3} + I m { [ x -  1 - i ( a -  l) ]4fc+3} -  Re {(x +  m )4fc+3} 

-  Im  {(x  -  ia )4fc+3} -  Re { (a  -  x  +  1 +  i)4fc+3}

(8.16)

8.7 F lat O utput Param etrization: Single-input
VVe now re tu rn  to  the  s-dom ain solu tion  (8.10),

>*<*•*> = 5 5 $

where P ( x , s ) ,  Q ( x , s )  and  R ( x , s )  are given in infinite series form by (8.14), (8.15) and
(8.16), respectively. T his is a  one-inpu t system , so there  is one flat o u tp u t.
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As in Section 3.5, we choose

U(s) =  Q ( x , S) Y ( s )

as th e  system  in p u t param etrization  by the  transform ed flat o u tp u t. T h is gives

«<*.»> I 'M

W x{x ,s )  =  P ( x , a ) Y ( s )

T he W i (x , s)  term  becomes

VF2 (x ,s )  =  R ( x , s ) Y ( s )

W t (x ,s)  =  2 ^ 2  +  3 ,̂ -  (a -  x ) 4k+3 +  Re { (a -  x  -  1 -  i)4k+3}

— Im  { (a  +  x — 1 — i)4fc+3} +  Re {[a — 1 +  i ( x  — l) ]4fc+3}

+  Im {[a -  1 — i ( x  -  l ) ]4fc+3} -  Re {(x  +  ia )4fc+3} -  Im {(x  — ia )4fc+3}

W hich can im m ediately be inverse transform ed into the tim e dom ain:

00 ( - l ) fc

s2k y ( s )

w  i((x, t) =  2 Y ,  -  ( « -  a ; ) ' l f c + 3  +  Re { (a -  x  -  1 -  i)4k+3}
fc S (4 *  +  3)!

— Im  { (a  +  x  — 1 — i )4k+3} +  Re {[a — 1 4- i(x  — l)]4fc+3}

4 -  Im {[n — 1 -  i(x  -  l) ]4fc+3} -  Re {(x 4 -  ia )4fc+3} -  Im  {(x  -  ia )4fc+3}

Similarly, iy 2 (x ,s )  and U(s)  transfo rm  back to  the  tim e dom ain as

y(2fc)(t)

(8.17)

w2{x, o  =  2 (4 k , op (« “  a ' ) ' l f c + 3  +  Im {(a +  x  -  1 +  i )4k+3 }"  {‘Ik 4- 3)!

4- Re {[x -  1 4- i(a  -  l) ]‘u + 3 } 4- Im {[x -  1 -  i(a  -  l) ]4fc+3} -  Re { (x  +  ia )4k+3} 

— Im  {(x  — ia )4fc+3} — Re { (a  — x  4-1 4- i)4fc+3} y {2k)(t)

and
4fc

(8.18)

(8.19)
“ W “ 4 g ( 4 ^ » (afc)W

For steering  purposes, we need to  in te rp re t the  effect of y(t)  on w ( x , t ) .  We look a t  the  
ending equilibrium  a t  t  =  1/ w hen all the  y(t)  derivatives are zero, such th a t  only the  k  =  0  

te rm  rem ains:

By direct substitu tion ,

w i ( x , t f ) =  Pk=oy(tf)  

w2( x , t f ) =  R k ^ o y ( t f )

Pk- 0 — — — 4a — 4x +  8  ax  
o
g

R(k=o =  q “  4a — 4x 4- 8 ax
%J

Pk=o =  R k=o =  (8 a  -  4) X +  Q  -  4a^
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Therefore, the  end configuration is always a  stra igh t line w ith b o th  slope and  ofTset being 
functions of a. Since we are using norm alized coordinates, 0 <  a <  1. Therefore, we have 
th ree possibilities for the  equilibrium  slope:

•  0 <  a < 0.5: negative (downwards) slope

•  a =  0.5: zero (flat) slope

•  0.5 <  a <  1: positive (upw ards) slope

T his result is consistent w ith th e  physics of a  solid body sub jected  to  an  ex ternal force. This 
is illu stra ted  in F igure 8.7, w here the  center of m ass is located a t  x  =  0.5 since the  beam  is 
homogenous.

For the  special case of a — the  final slope value is zero, and  we can figure ou t the

F igure 8.7: Effect o f inpu t force location on final configuration

jecial case o 
“DC gain” of th e  system :

(8 a  — 4) x  +  ( ^  — 'la  J
a = i

(8 a  -  4) x  +  -  'la^

In  th is  situa tion , th e  flat o u tp u t choice

3/(0 =

steers th e  beam  to  w ( x , t f )  =  K , w here ?/7 (t) represents a  Gevrey steering  function on [0,1], 
given by (3.31).

For th e  m ore general case w hen a ^  5 , it is still possible to  pick a gain to  control the 
ending displacem ent of the  cen ter of mass:

(8 a  — 4) x  + (5 r= A

Therefore, choosing

y(t) Vy

as the  flat o u tp u t will guaran tee  w ( 0 .5 , l / )  =  Y .  However, the  equilibrium  slope will be a 
function of b o th  a and  Y  (=  (8a—4)Y ) .  T he  final slope of the  beam  is thus uncontrollable for 
a  single in p u t force. We will revisit th is idea in Section 8.9, when we consider the  tw o-input
case.
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8.8 Sim ulation o f S ingle-input System
T he system ’s open-loop tra jec to ry  and inpu t can be directly  calculated  from the  tim e- 
dom ain series expressions, as done in Section 5.1. Tw o different series are used to  calculate 
w ( x , t ) ,  (8.17) for th e  0 <  x  < a interval and (8.18) for a < x  <  1. We com pute u(t)  from
(8.19).

A sam ple sim ulation  is provided, using th e  param eters in Table 8.1. T he  beam  displace
m ent, beam  deform ation excluding rigid m otion, and inpu t are p lo tted  in F igure 8 .8 .

P a r a m e te r V a lu e
G evrey param eter 7 1.4
In p u t location a 0.25
E nd  height Y 1

E n d  tim e t j 2

#  of tim e points 1 0 0

#  of space points 50
Series order (k max ) 15

Table 8.1: S im ulation param eters for a  one-inpu t beam

w(x,t) b e a m  d isp lacem en t B eam  h arm onics

4 ,  0.02

t 0  0  x | 0 0

S y stem  Input a t a= 0 .2 5

'a

- 3
0 .5

t

F igure 8 .8 : S im ulation of 1 - in p u t beam

8.9 T w o-input System
We first need to  look a t the  issue of how to  assign th e  flat o u tp u t gains to  steer th e  system  
to  a  desired end s ta te . From  flatness theory, we know th a t  th e  num ber of system  inputs 
equals the  num ber of fiat o u tp u ts , so we have two independent quan tities to  work with.
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Also, unlike the  one-input case, we intuitively expect the final beam  configuration to  be 
fully controllable.

From  Section 8.7, we know th a t  for one inpu t, the  steady -sta te  relationship  is

"a,(x,  l j )  = (8 a i -  4) a: + v\ih)

w here a\ is the  location w here th e  inpu t is applied, y\  is the  flat o u tp u t connected to  the 
inpu t, and w a, is th e  resulting  beam  deform ation.

For a  second inpu t, we have

wa2{x, t f )  - (8 a 2  -  4) x  + (I - ia2) 2/2 ( t f )

therefore

w ( x , t f )  =  w a i{ x , t f )  +  w a2( x , t f )

=  (8 a i -  4 )x  +  -  4 « i^ V i( t f )  + ( 8 a 2  -  4 )  x  4 - 2/2 ( t f )
(8 .20)

due to  superposition.
w ( x , t f )  is the  tw o-input sy stem ’s equilibrium  configuration, w ith  slope M  and  center of 

m ass d isplacem ent Y .  We need to  express th is in y  = m x  +  b form:

_  V -  2/1771 =  ---------
X  — X \

M  (x — 0.5) =  w (x ,  t f )  — Y  

w ( x , t f )  =  M x  +  ( Y  — 0.5 M )

w here ( x \ , y \ )  =  (0.5, Y )  is a  known point on the  line. 
E quating  (8.20) and  (8.21),

(8 .21 )

M x  + ( Y  — 0 .5M ) =  

therefore

(8 a j -  4)a: +  Q  -  4ai j  y i { t f )  +  (8 a 2 -  4) x  +  Q  -  4a2^ 2/2 (t f )

(8 .22 )

M  =  (8 a i -  4 ) y \ { t f )  +  (8 a 2  -  4) y 2 ( t / )

Y  -  Q.5M =  Q  -  4 a j ^  y x { t f )  +  ( f  “  4 a 2 ^  2/ 2 O f )

(8 .2 2 ) is a  linear system  of two equations in two unknowns 2/2 (2/ )  whose solution is

M  +  GY -  12a2Y
2/1 ( t f )  =  

2/2 ( t f )  =

8 a i -  8 a 2 

M  +  6 y - 1 2 a i y  
8 a 2  — 8 a i

(8.23)

(8.24)

w here Y  is the  desired center of mass displacem ent, M  is the desired beam  slope, and  « i, 
a 2  are  th e  locations of u  i and u2  respectively.

N ote th a t b o th  (8.23) and (8.24) are singular when «i =  a 2. Physically, th is condition 
m eans the  two inpu ts overlap, so we effectively revert back to  th e  one-input case. We can 
still work w ith  the  beam , b u t we can control only end displacem ent or  slope, b u t not both. 
In o the r words, a i =  a 2  leads to  a  loss of controllability  of the system .

8.10 Sim ulation o f Tw o-input System
A sam ple sim ulation of a tw o-input beam  is perform ed using the  param eters in Table 8.2. 
T he  com bined results are show n in F igure 8.9.
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P a r a m e te r V a lu e
G evrey param eter 7 1.4
In p u t location # 1  ai 0.25
In p u t location # 2  0 2 0 . 8

E nd  height Y 1

E nd slope M 1

E nd  tim e t j 3
#  o f tim e points 1 0 0

#  o f space points 50
Series order (k max) 15

Table 8.2: S im ulation param eters for a tw o-input beam

w(x,t) beam  d isp lacem ent B eam  harm onics

0.011

System  input a t a=0 .25  System  input a t a=0.8

0.5

-0 .5

t

0.6

0.4

0.2

3  - 0.2

-0 .4

- 0.6

- 0.1

t

Figure 8.9: Sim ulation of 2 -input beam

8.11 D iscussion  and Future W ork
A n in teresting  extension of th e  w ork in th is chap ter would be to  design a  closed-loop con
tro ller using th e  technique in C h ap te r 4. H ardw are im plem entation  would require th e  ex
pressions to  be un-norm alized. S tabilization  is an  im p o rtan t problem  in m agnetic bearing 
system s, and the  sta te-space m odel derived could be readily used to  design a  stabilizing 
controller.

Note th a t in practice the ro to r is not restric ted  to  move in one plane. Since there  is no 
coupling between the  m otion in two orthogonal planes (assum ing no shaft ro ta tion ), vertical 
and horizontal stabilizing controllers could be designed independently.
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Chapter 9

Conclusions and Future Work

T he flatness-based open and  closed-loop tracking control of a flexible beam  has been suc
cessfully designed and  im plem ented in sim ulation and  experim ent. T he approach relies on a 
series param etriza tion  of the  system  s ta te  and inpu t by a  flat o u tp u t function and its tim e 
derivatives. T h is param etrization  is analogous to  th a t  found in flatness of finite-dim ensional 
system s and  allows th e  design of an open-loop control which achieves rest to  rest m otion. 
T he  closed-loop design is based on a sta te-space LTI system  approxim ation which follows 
from tru n ca tin g  series param eteriza lions used in the  open-loop control. S tandard  estim ated  
s ta te  feedback track ing  control can be readily applied to  these approxim ate system s. An 
FEA  model was derived in order sim ulate the closed-loop system  and  validate open-loop se
ries results. S im ulation and  experim ental results b o th  indicate th e  proposed control design 
achieves robust tracking.

F u tu re  work on closed-loop control and  experim ental testing  could investigate generalized 
beam  models which include tip  payloads, ro tary  inertia, and non-constan t beam  param eters 
(e.g. volum etric m ass density). For exam ple, the  in troduction  of ro tary  inertia  changes the 
n a tu re  of th e  param etrization  of the  system  variables in term s o f the  flat o u tp u t, and we 
expect d is tribu ted  de lays/p red ic tions to  appear as operators. T h e  m ulti-inpu t levitated  
beam  discussed in C hap te r 8  requires further study. In particu lar, non-uniform  beam s 
could be considered. To date , such configurations have not been trea ted  using flatness. T he 
lev ita ted  beam  problem s offers po ten tia lly  in teresting  and industria lly  relevant experim ental 
work as it m odels a  shaft su p p o rted  by m agnetic bearings.
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A ppendix A

Electrical Drive Subsystem

T he hub and ru ler com bination is driven by a  DC m otor th rough  a  gear tra in . We model the 
system  [51, pp. 148-149] to  ob ta in  the  relationship between the  inpu t power supply voltage 
u(t) ,  and  the  o u tp u t to rque r ( t )  ac ting  on the  hub.

R a

u{t)

m

\
Ka

r ( 0

Figure A .l: E lectric drive system  diagram

A diagram  of th e  system  is shown in F igure A .I. T he  sym bols used are:

R a A rm atu re  resistance
i a(t) A rm atu re  curren t
u{t)  In p u t voltage
eb(t) M otor back EM F
K m M otor to rque constan t 
Kb  Back E M F  constan t
K g G ear ratio
0m (t) M otor shaft angu lar velocity 
rm (t) M otor torque
b T otal system  viscous friction
9(t)  H ub angular velocity
r ( f )  Torque on hub

T he m otor-hub gear tra in  m ultiplies torque

r ( t )  =

m  =

113

bu t divides angular speed 

rm (t)

em (t) (A.2)

I<a Tm (t) (A .l)
1
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T he to rque produced by th e  m otor is proportional to  the  a rm a tu re  curren t

r ,n( t )  =  K m ia( t )  (A.3)

T he  voltage d rop  across th e  m oto r is proportional to  the  m otor shaft speed

eb(t) = K b9m(t) (A.4)

T he viscous friction opposes th e  o u tp u t to rque and is proportional to  the  hub angular speed

Tf ( t )  =  —b Q ( t ) (A.5)

W riting  down th e  equation  for th e  electrical p a rt of the  system  using K irchoff’s voltage law, 
then  using (A.4) and  (A .2),

R a ia{t) + eb{t) = u{t)

Ra ia{t) + I<b9m(t) = u(t)

Ra  ia{ t) +  K b K g  # (0  =  « ( 0  (A.6 )

For th e  m echanical p a rt, we use a  m om ent balance w ith (A.3) and (A .5), then  su b stitu te  in 
resu lt (A .6 ):

T(0 = K gTm(t) ~ b0{t)
= K gK m ia ( t ) - b 0 ( t )

' u { t ) - K b _ K g m
Ra

= KgKm ( K l „ ) -  b9(t)

T(t )  +  ( *<2° K ™Kb +  6^ m  =  ( ^ nL)  « ( 0  (A.7)
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A ppendix B

Closed-loop Step Identification 
Test

Two of the experim ental p lan t param eters, the  hub  in e rtia  Jhub an d  the  viscous friction b, 
required a  closed-loop step  response te st to  be identified [37]. For these tests, the  flexible 
ru ler was detached from the  hub.

W riting down the  equation of m otion of the  system  w ithou t beam  and  then  using inpu t 
expression (A .7), we get

■/hub 0(0 =  r ( t )

Jh.bO(D -  ( ^ )  « ( 0  -  « !')

'm +(ifSr+i ) 6 m = (IfS;)
K,

w here K \ , K 2 are  introduced for com pactness. T he  open-loop transfer function of th is system  
is ob ta ined  by applying the Laplace transform  to  th e  equation  above, giving

s 2Q(s)  + K x sQ {s )  =  K 2U(s)

0 (s) l<2
U{s) s2 +  K i s

T he closed-loop control law u(t)  =  K{0d — 0{t)) is now added to  th e  system , where K  is a 
p roportional gain and 6,i is th e  desired o u tp u t angle. T he  closed-loop system  is shown in 
F igure B .l. From classical control theory, the  transfer function of th is system  can be shown

t 0  be K K,
Q ( s )  s * + K i s

Q d 1 +  P + ^ 7  (B .l)
KI<2

s 2 + I<is + K K 2 

Following [52, Section 5.3], (B .l)  is rew ritten  as

9(g) = “ I
0 ,/(s) s2 -1- 2 ( u ns  +  ui2

(B.2)

where u n =  \ J K K 2 is the  n a tu ra l frequency of the  system , and  £ =  is the dam ping 
ratio . A second-order system  of th e  form (B.2), assum ing it is underdam ped  (0 <  C <  1),
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S 2  -J- / C I  8

0(s)

Figure B .l: C losed-loop se tup  for param ete r identification

and  sub jec t to  a  step  inpu t, can be shown [52, p.232] to  have the  peak  tim e

(B.3)

and  the  percent overshoot

P O  =  100 exp (B.4)

T h e procedure to  identify Jhub and  b is sum m arized below

1. Im plem ent the  closed-loop se tu p  shown in F igure B .l in hardw are

2. Pick a step  am plitude, th e n  tune K  to  provide an underdam ped system  response 
w ithou t sa tu ra tin g  the in p u t voltage u(t)

3. Using the  step  response d a ta , identify th e  values o f tp and P O

4. From  equations (B.3) and  (B .4), solve for and  C

5. Use th e  definitions of K \  and  K? to  solve for ./hub and b

T he d a ta  ob ta ined  to  identify ou r system  param eters is p lo tted  in F igure B.2. A step  value 
of 90° was used, w ith a gain of K  =  0.2. N ote the  inpu t voltage rem ains below the  22V  
sa tu ra tio n  lim it, and  th e  system  response is underdam ped.

Using th e  first g raph  in F igure B.2, we estim ated  tp =  0.175s, P O  =  4.2035%. T he 
p aram ete r values were calculated  to be Jhub =  3.6391 x 10 - 3  k g m 2, b =  0.020939 N m s .
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S tep  re s p o n s e  output 0(1)
100

0.70 .3 0.4 0.5 0.60.1 0.2
Tim e [s]

S te p  re s p o n s e  input voltage
20

15

10

5

0

-5
0 .70 .3 0.4 0.5 0.60.1 0.20

Tim e (s)

Figure B.2: In p u t/O u tp u t d a ta  for system  step  response
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