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Abstract

The asymptotic behavior of the elementary particle scattering amplitudes at high-
energy is a fundamental problem of quantum field theory. In the leading order of
the expansion in inverse powers of the characteristic energy scale, the problem has
been solved decades ago in the classical works of Sudakov and others [1-9]. Beyond
this approximation, however, the problem becomes far more challenging and requires
the development of principally new theoretical techniques. Only recently the solution
has been found for the leading mass-suppressed amplitudes revealing a number of
amazing new effects in quantum field theory [10-14]. In this thesis, we make further
advances in the analysis and consider for the first time a high-energy process at the
next-to-next-to-leading power.

The main focus of the thesis is the analysis of the QCD effects in the light quark
mediated Higgs boson production via gluon fusion. We study the dominant “double-
logarithmic” radiative corrections enhanced by the second power of the logarithm of
the light quark to Higgs boson mass ratio per each power of strong coupling constant
as. The analytic result is obtained for the three-loop o2 contribution through the
third power in the quark mass. The all-order double-logarithmic asymptotic result is
then obtained in two complementary approximations: (i) the large number of colors
limit which is supposed to catch the qualitative behavior of real QCD, and (ii) in the
Abelian limit which fully reveals the structure of the double-logarithmic result at the
next-to-next-to-leading power.

The second problem considered in the thesis is the asymptotic behavior of the massive
quark scattering amplitudes by an external color singlet field. The all-order result at

next-to-leading power in quark mass for which was first obtained in [13,14]. We com-
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plete this previous analysis and obtain for the first time the fully analytic asymptotic

result for the leading mass-suppressed term in the double-logarithmic approximation.




Preface

This thesis serves as a detailed extension of the work the author and his collaborators
published in reference [15]. This work in many ways builds upon and is an extension of
the previously published work of my collaborators; the most relevant past publications
are the references [12-14]. Other previous publications that are partially related or
contain certain relevant calculations and/or techniques can be found in references
[10,11].

It is also important to note that the algorithm QGRAF [16-19] was used for di-
agram generation. The output of the symbolic diagrams generated by QGRAF was
converted into the graphs used in this thesis manually. After writing the amplitudes
of the relevant diagrams, the algorithm FORM [20] was used to compute the traces
and simplify the numerators; with some of the earlier results verified by direct eval-
uation for cross-checking. The integration in the double-logarithmic region within
the Sudakov method [1,21] is straightforward to compute and was done explicitly
for all the cases with the help of Mathematica; along with all other integrals and
sums that appear during the calculations presented here. Lastly, all the Feynman
diagrams featured in this thesis were drawn with the help of online Feynman diagram

maker [22].
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Chapter 1
Introduction

The start of the Large Hadron Collider (LHC) era opened up the previously inac-
cessible energy domain resulting in the experimental verification of the spontaneous
electroweak symmetry breaking and mass generation mechanism through the discov-
ery of the Higgs boson in 2012 [23]. Over the last few years, however, the LHC
has transformed from a raw discovery into a high-precision machine. Despite many
expectations, no direct signal of new phenomena such as extra space dimensions, su-
persymmetry, low-scale gravity, etc. has been detected so far. Thus the “new physics”
is likely to show up only as a tiny deviation of the experimental data from the theo-
retical predictions based on the Standard Model (SM) of particle interactions. At the
same time, the increasing accuracy of the high-energy experiments allows for a very
accurate determination of the fundamental parameters of particle physics and be-
comes competitive in probing physics beyond the SM. Hence, the theoretical analysis
which is able to provide the required precision becomes ultimately important. Such
an analysis is essentially based on the perturbative quantum field theory and during
the last two decades the related computational methods reached an unprecedented
level. However, many of the pending problems are still beyond the reach of available
techniques and require development of new computational tools as well as a deeper
understanding of the dynamics of quantum fields. One such problem is of particle

scattering in the high-energy region, to which we turn our attention now.

1.1 Amplitudes in the high-energy limit

For the high-energy processes the fixed order results of perturbative expansion
are often insufficient for an accurate description of the strong interaction effects due
to the presence of the large logarithms of the ratio of a characteristic infrared scale
to the process energy. Such logarithms in the perturbative coefficients result in slow

convergence of the series in strong coupling constant and have to be resummed to
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all-orders. This program has been completed for the amplitudes which are not sup-
pressed at high-energy by the scale ratio. The asymptotic behavior of such amplitudes
is governed by the “Sudakov” radiative corrections enhanced by the second power of
the large logarithm of the scale ratio per each power of the coupling constant i.e.,
o o In®" (A%/¢?) with A and ¢ denoting the infrared and the high-energy scale of
the problem, respectively. Sudakov logarithms exponentiate and result in a strong
universal suppression of the scattering amplitudes in the limit when all the kinematic
invariants of the process are large [1-9]. The structure of the power-suppressed log-
arithmically enhanced contributions is by far more complex and the corresponding
renormalization group analysis poses a serious challenge to the modern effective field
theory. One of the important problems in this category is the analysis of the scattering
amplitudes involving massive particle(s) in the limit of small mass or high-energy. The
mass effects on the leading power (LP) contributions have been extensively studied
in the context of the high-order electroweak and QED radiative corrections [24-34].
The next-to-leading power (NLP) contributions for several key processes in QED and
QCD have been analyzed in the leading (double) logarithmic (LL) [10-14,35-39] and
the next-to-leading logarithmic (NLL, oc a™In**"' (A2/¢?)) approximation [40-42].
Many highly nontrivial results for the power corrections in threshold and event shape
variables, jettiness, rapidity, scattering angle, etc. have been obtained in various
contexts [43-56].

In the processes with massive fermions already at the NLP the origin of the
logarithmic corrections and the asymptotic behavior of the amplitudes drastically
differ from the LP Sudakov case. The double-logarithmic terms, in this case, are
related to the effect of the eikonal (color) charge non-conservation in the process
with soft fermion exchange and result in asymptotic exponential enhancement for a
wide class of amplitudes and in a breakdown of a formal power counting [10, 13, 14].
Thus, it is of primary theoretical interest to get insight into the asymptotic behavior
of the next-to-next-to-leading power (NNLP) contributions and determine whether
any qualitatively new phenomenon appears in this order. The renormalization group
analysis has not been extended beyond the NLP for any kind of power corrections to
the high-energy processes. In this thesis, we present the first NNLP analysis of the
simplest but fundamental and phenomenologically important amplitude of the light
quark-mediated Higgs boson production in gluon fusion.

The Higgs boson sector remains to be one of the least known and most intriguing
parts of the SM, and the study of the Higgs boson properties is currently one of the
most important and pursued parts of the physics program at LHC [57]. Matching the
increasing precision of the experimental measurements requires the analysis of the
high-order effects of the strong interaction, and is one of the biggest challenges for

perturbative QCD. For the gluon fusion channel, the amplitude is dominated by the
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1.2. OUTLINE 3

loop with virtual top quark, as it is directly proportional to the Higgs mass (o< m%);
while one of the main sources of theoretical uncertainty is due to the contribution
mediated by the bottom quark loop. Though this contribution is suppressed by the
bottom quark to Higgs boson mass ratio (m7/m%), it includes the corrections en-
hanced by the second power of the large logarithm of the mass ratio my/my. The
effective expansion parameter in this case is ~ 40a; rather than the strong coupling
constant a, and the logarithmically enhanced terms clearly have to be resummed to
all-orders.

In this thesis, we obtain the analytic result for the three-loop o contribution to
the bottom quark mediated amplitude of the Higgs boson production in gluon fusion
through the third power in the quark mass. The all-order double-logarithmic asymp-
totic result for the amplitude is then obtained in two complementary approximations:
the limit of large number of colors and the Abelian limit. The results of the analysis
are used to get a quantitative estimate of the accuracy of the fixed order calcula-
tions [58,59] and the calculations based on the small mass expansion [60,61] of the
light quark contribution to the Higgs boson production and decays.

In this thesis, we also complete the previous analysis of another fundamental
quantity in QCD, the massive quark scattering amplitudes by an external color singlet
field. As it has been shown in [13,14], the double-logarithmic asymptotic behavior
of the leading mass-suppressed contribution to the corresponding FF is described by
a universal function independent of the Lorentz properties of the external field. We
derive the closed form fully analytic result for the high-energy asymptotic behavior

of this function.

1.2 Outline

The thesis is organized as follows:

The focus of chapter 2 is the review of background theory and computational
techniques. We start with a review of QCD as it pertains to our calculation. This is
followed by an overview of the two types of double-logarithms; the so-called “Sudakov”
and “non-Sudakov” logarithms. We go over how they are generated and outline
their key differences. Then we outline the technique developed in refs [13, 14] for
the factorization of power-suppressed QCD amplitudes utilizing an artificial quark
scattering amplitude.

In chapter 3, we consider the quark scattering by an external color singlet field.
There we summarize the results obtained in [13,14] for the scalar FF by the direct eval-
uation of the relevant two and three-loop diagrams for the non-Sudakov logarithms,

as well as the all-order result. This is followed by the calculation of the asymptotic
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form for the function that encapsulates the resummation result. We generalize the
result to the off-shell FF which is a crucial ingredient for the analysis of the Higgs

boson production in the following chapter.

The Higgs production FF is discussed in chapter 4. Contribution to the NNLP co-
efficient is generated via three sources: the factorizable contribution with a single soft
quark exchange, the triple soft quark exchange contribution, and the non-factorizable
contribution of the single soft quark with an emission of an eikonal gluon. After
providing the exact three-loop result in the double-logarithmic approximation we
consider two limits for the all-order result: the large number of colors limit of QCD,
and the Abelian approximation. We end this chapter with a comparison of our results
with other known results and apply them to the phenomenology of the Higgs boson

production.

Chapter 5 is our Conclusion. We summarize the major results and discuss their

implications.
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Chapter 2

Theoretical background

2.1 Quantum Chromodynamics

QCD is the non-Abelian gauge theory describing the interactions of quarks and
gluons, which transform in the fundamental and adjoint representation of the gauge

group SU(3) respectively. The QCD Lagrangian is
1 — . G
Locp = —Z(GZV)Q + U5 (166 + g AT, — mdji.) Ui, (2.1)
with the gluon field strength tensor G, defined as
G, = 0,4, — 0,A + gfabcAZAﬁ. (2.2)

We have excluded the gauge-fixing, and Faddeev-Popov ghost and anti-ghost terms
from the Lagrangian as they do not contribute to the double-logarithmic approxima-

tion. The resulting Feynman rules are listed below. The gluon propagator is

uw,m v, n Gy — 1_5 Pubv o V(;mn
90990099 = Dm™(p) = i~ ( : Vi i, =9 . (2.3)
p K p? +ie e=1  p*+ie

we always work in the Feynman gauge for which £ = 1. The propagator of colored

fermions with mass my is

_ i(/ +my) 5.

j P
=50) 2 —m}+ie
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The fermion gluon interaction vertex is

p,m
= ig, VT (2.5)
J L
The three gluon self-interaction vertex is
=g /™ [g"(k —p)* + ¢ (p — Q)" + ¢"(¢ — k)"]. (2.6)

The four gluon self-interaction vertex is omitted as it cannot generate contribution in
the double-logarithmic approximation. External fermion lines get the factor of spinor

u,

—>—0 =u(p), (2.7)

O—>— =a(p). (2.8)

Similarly, external gluon lines give polarization vector,

Hyyyyy©C = eulp), (2.9)

Oxrrrwh =€) (2.10)

For our analysis, we also need the Higgs boson and fermions interaction, L;,; =

Juwm
2May

rp, which generates the vertex

1Ggwmy
_____ — = 2.11

where yy is the fermion Yukawa coupling. The external scalar particle lines only get

a factor of 1. Finally, the equations of motion for on-shell external fermions are

u(p)(p —my) = (p — mg)u(p) = 0. (2.12)

Other important rules are that each closed fermion loop in a Feynman diagram gets
a factor of (—1), and the momentum is conserved at each vertex. Note from the

Lagrangian of eq. (2.1) that in the massless fermion limit, the left-handed and right-
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handed representations of the Dirac fermions completely decouple. More generally,
terms with an even number of gamma matrices couple the opposite handedness, while
the terms with an odd number of gamma matrices couple the same handedness. Since
scalar FF is defined without gamma matrices (eq. (3.1)), it must vanish in the massless
fermion limit, similar to the Pauli FF which is defined with two gamma matrices.
While the Dirac FF is defined with a single gamma matrix and does not vanish in the
massless limit.

The SU(3) generators denoted by 7% which are 8 traceless Hermitian matri-
ces, also play a vital role in the evaluation of QCD amplitudes. Frequently utilized

identities are

tr (T°T") = T4 Ty, = Tpé™, (2.13)
(T°T*);; = T3 Ty = Créij, (2.14)
tr [T°T"T*] = % (do +if*), (2.15)
and
fabe gdbe _ o, 5ad. (2.16)

The final equation follows from the fact that the elements of the generating matrices
in the adjoint representation are defined in terms of the structure constants. T is
called the index of the fundamental representation, while Cr(C}4) is the quadratic
Casimir of the fundamental (adjoint) representation. Another handy relation known

as Fierz identity is
a1 1

which reduces to eq. (2.14) for j = k. For the fundamental representation of SU(3),

N2 -1 4
= —= == 2.1

Cr=TN. T3 (2:18)

1
Tr = ; (2.19)

2

and for the adjoint representation

Cy=T4=N,.=3. (2.20)

The Dirac or gamma matrix identities used throughout the calculations are listed in

appendix A.
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2.2 Origin of the double-logarithms

The double-logarithmic radiative corrections are a distinct feature of the gauge
field theories and can be universally associated with the soft and collinear virtual or
real particle emission. We focus on two types of double-logarithms: “Sudakov” and
“non-Sudakov” logarithms. The Sudakov logarithms are characteristic of the LP of
high-energy or small mass expansion; while the non-Sudakov logarithms are power-

suppressed. The difference in their origin is the most crucial aspect for our analysis.

The Sudakov logarithms are generated by the exchange of soft virtual gauge bo-
son(s) by highly energetic on-shell charged particles. The momenta of the soft gauge
bosons can be ignored in the numerator of the propagators as the integrals involving
additional powers of the soft momentum do not develop the necessary singularity
needed to get the double-logarithms. In the soft gauge boson limit, the fermion prop-

agator becomes eikonal,

p, £ 1 +my Nipﬁmf.

)~
S~ e = opid

(2.21)

where my is the fermion mass, p; are the external particle momenta, and [ is loop

momentum. The soft gauge boson propagator reads

D, (1) ~ %. (2.22)
Thus, the soft gauge bosons provide the LP double-logarithmic contribution. In
general, the massless soft gauge bosons do not generate double-logarithmic corrections
at O(m7) as it has been shown in [11] by using the expansion by regions method [62].
The double-logarithmic contributions from the strongly ordered momenta regions at
LP can be obtained by the method outlined in [1,11,63]. These Sudakov logarithms
exponentiate to provide universal suppression of the amplitude at the LP of the high-
energy expansion.
Contrary to the Sudakov logarithms, the non-Sudakov logarithms are generated
by an exchange of soft virtual fermions. To account for this crucial change, the
momentum configuration from eqs. (2.21) and (2.22) can be modified such that the

soft fermion propagators become scalar while the gauge boson propagators become

eikonal,
l/ + my my
S(ps 1) = S(') ~ 75— > ~ - (2.23)
Dyu(l) = Dy (F(ps = 1) ~ — 2 g — I (2.24)

(pi — 1")? m?c — 2l

Therefore, the roles of the fermions and gauge bosons are reversed. From eq. (2.23), it

CHAPTER 2. THEORETICAL BACKGROUND



2.3. FACTORIZATION OF POWER-SUPPRESSED LOGARITHMS IN QCD 9

(@) (b)

Figure 2.1: Examples of diagrams generating the (a) Sudakov, and (b) the power-
suppressed non-Sudakov logarithms. The dark vertex connects to the rest of the
diagrams via current or an external source.

is clear that each soft fermion propagator, which is now scalar, explicitly contributes
a factor of the fermion mass, leading only to power-suppressed contribution. The
double-logarithms can be obtained by following the standard Sudakov parametriza-
tion of the soft momenta. The original method of Sudakov [1,21] can still be utilized
to obtain the double-logarithms as the power suppression is explicit [11]. The com-
plex structure of the non-Sudakov logarithms requires systematic treatment of the
factorization in both Abelian and non-Abelian theories; making their all-order resum-
mation a much more challenging problem, in turn resulting in limited knowledge of
the all-order structure. Further details on the origin of these double-logarithms can be
found in ref. [11]. A detailed sample calculation of producing the double-logarithms
with Sudakov parametrization and the original method of Sudakov is given in ap-
pendix C.1.3.

2.3 Factorization of power-suppressed logarithms
in QCD

To study the factorization process in QCD, we focus on a somewhat artificial
process that retains the main features of the general problem despite being minimally
complex. A massive quark (m,) is being scattered by a local gauge field operator
(GZV)Q. The incoming and outgoing momentum of the quark is p; and p, respectively.
The origin of this interaction is not relevant to our discussion but it provides an ideal
toy model to derive the factorization in QCD. In fact, this model is the perfect example
and precursor for the gauge boson scattering by a scalar field via a massive quark loop
i.e., the Higgs production process. Let us first derive the LO and NLO amplitudes

for this artificial process by direct evaluation of all the contributing diagrams.
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(@) (b)

Figure 2.2: (a) The LO 1-loop diagram contributing to the quark scattering by the

gauge field operator, (wa)g, denoted by the dark vertex; and (b) the effective 2-loop
diagram with soft gluon exchange between the eikonal lines; the hollow vertices denote
eikonal color charge non-conservation explained in the text.

2.3.1 Direct evaluation of the LO amplitude

The LO contribution comes from the one-loop diagram fig. 2.2(a). In the high-
energy limit, we have on-shell quarks p? = p3 = mg, and large momentum transfer for
scattering ¢ = —(pa — p1)? & 2pop1; this makes the high-energy approximation pa-
rameter, p = mg /q*, small and positive. A required chirality flip on the virtual quark
line in the high-energy limit results in the propagator becoming soft and provides

mass suppression for the amplitude. Thus, the one-loop integral reduces to

2iq> d*l
=/ @ = m2) (o = (s — 1) (2.25)

where the prefactor is kept for convenience. For the m, < | < ¢ soft quark limit,
the gluon propagators become eikonal, and the quark propagator becomes scalar as
explained in section 2.2. By introducing the standard Sudakov parameterization for

the loop momentum, [ = up; + vps + [, the propagators can be approximated as

follows:
(12 =m2) =~ [=2imd(qPuv + 15 — m})] - (2.26)
(pr = 1)* = =2p1l = —¢°v, (2.27)
(pa — 1)? = —2pol =~ —q*u. (2.28)

The eikonal approximation for the propagators is only valid and thus requires that
|ul, |v| < 1 along with an additional condition uv > p that allows the quark propagator
to go on-shell. The integration over the transverse component of the momentum, [,

can now be performed by taking the residue of the soft quark propagator, reducing

eq. (2.25) to
ld 1 d 1 1-n
2/ —U/ —u:21n2p/ dn/ d¢ = In? p, (2.29)
p U Jpw U 0 0
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(@) (b)
(© (d)

Figure 2.3: The 2-loop diagrams contributing to the NLO of quark scattering by
(GZV)2. Symmetric diagrams are not included.

where 7 = lnv/Inp, and £ = Inwu/In p are the normalized logarithmic variables. The

LO amplitude now reads
G° = 2Cpramqq(p2)a(p1), (2.30)

withz = 2= In? p incorporating the double-logarithmic factors, and a, being the strong
coupling constant. This is a typical example of a massive soft quark exchange gener-
ating the power-suppressed non-Sudakov logarithms. The peculiar thing is that the
emission of the soft quark also results in the change of the color group representation
for the particle propagating along the eikonal lines, known as the eikonal color charge

non-conservation. This crucial feature plays an important role in further analysis.

2.3.2 Direct evaluation of the NLO amplitude

At the NLO, the contributing diagrams are shown in fig. 2.3. Only the analysis of
fig. 2.3(a) poses an additional challenge due to the IR divergence that is present in the
final result as it is not regulated by the quark mass. Soft and eikonal approximations
of egs. (2.26) to (2.28) for the soft quark momentum [ are still valid. Starting with
fig. 2.3(a), the color factor is

Coa = TRTLTLTIS "™ = TRTLTLTY = TRTY Crbye = Chby: (231)

resulting in the reduced color ¢, = Cp after the one-loop color CF is factored out.

The integral over the soft gluon momentum, [, gets the double-logarithmic scaling if
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lypi < lp;, making [, negligible in the eikonal quark propagators with the soft quark
momentum [, leading to the condition v, < uw and v, < v for the corresponding
Sudakov parameters. Thus, retaining [, only in the propagators without the soft
quark momentum [, integral over soft gluon momentum reduces to

d*l

2iq? .
U / 2{(p1 — 1g)> — m?}H{(p2 — ly)?> — m?}’ (2.32)

With Sudakov parameterization of [, = ugpi + vgp2 + l;1, the propagators can be

approximated as

: -1

2~ [—imd(qPugvy + 12))] (2.33)
(p1 — lg)z —m? ~ =2pl, ~ _qz(vg + 2puy), (2.34)
(p2 — 1,)* —m® = —2pal, =~ —¢*(u, + 2p0,). (2.35)

After integral over the Dirac delta function and p; = —I2,, eq. (2.33) in the double-

v d “d
2 / i’ / ﬁ. (2.36)
Pug Yg PUg Ug

This integral has the aforementioned soft IR divergence when both u, and v, become

logarithmic region reduces to

small simultaneously. This divergence can be removed by subtracting “the factorized

2/1%/1% (2.37)
pug Vg Sy Ug .

This subtraction term is independent of soft quark momentum and is equivalent to

expression”

the factorized one-loop Sudakov FF given by

Crog 2ig? d4lg Crags ( Inp 9
2 2 2 2 2 21 2 +n"p).
At 12 {(pr —1y)? —m2} {(p2 — lg)> — m2} A 5
(2.38)

This integral is evaluated in dimensional regularization with d = 4 — 2¢, where € #

0 regulates the (soft) IR divergence. This result coincides with the one-loop on-
shell Sudakov FF, which includes all the universal Sudakov double-logarithm for the

amplitudes with quark-antiquark external lines. The full term is of course given by

/ d*l 1 y
(2m)* (12 —m?)(p1 = 1)*(p2 — 1)?

d*l, 1 |
/ 2m) i2{(p1 — 1y)2 — m2}{(p2 — 1,)? — m2}’ (2.39)
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)
Q
g

Figure 2.4: The two configurations for fig. 2.3(b) in which quark propagator (a)
above and (b) below the soft gluon emission vertex is soft, and goes on-shell.

Q)

with the integral over [, resulting in the Sudakov factor, while the integral over soft
quark momentum [ is equivalent to the one-loop factor of eq. (2.25). Subtracting the

factorized expression eq. (2.37) from eq. (2.36) gives
Q/d_/di_g/d_/di
pPUg Yg Plg Ug pPug Yg Pug Ug
(/ dvg/ dug / dvg /””9 dug /1 dvg/ dug>
_ 9 (/ dvg/ dug / dvg/ dug)
L (/ dvg/ duy / dug/ dvy | / dvg/ dug>
9 n 1+ng 3 1+& n 3
~—am p</ any [ deyv [y [ g [, [ dfg)
0 3 0 n 0 0

~In?p[(n—€)?2+2(n+9)], (2.40)

where we have introduced the standard normalized logarithmic variables n, = Inv,/In p
and &, = Inu,/Inp. In eq. (2.40), the expression obtained after the integral over the
soft gluon momentum is called the weight and denoted by wy(n, &) = w.

Next, fig. 2.3(b) too has soft IR divergence which cancels when both configurations
of this diagram shown in fig. 2.4 are included. They correspond to the soft quark
propagator above and below the soft gluon emission vertex going on-shell. Integral

over [, in these cases is

4i(psl) d'l, |
i /lé{(pz — 1) —m2 (£ )2 —m?} (2:41)

with [, = ugl 4+ vgps + ;1. Momentum p, is replaced by [ as it acts as the external

momentum for the soft gluon emitted by the soft quark line. The propagators are
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approximated as
12~ [—imd(2palugoy + I2)))] - (2.42)
(p2 — 1,)* —m? = —2pyl, &~ —2poluy, — m*v, = —q*(ugu + 2pv,), (2.43)
(1£1,)* —m® ~ 21,1 ~ +2pslv, + mPu, =~ £¢°(vyu + 2puy). (2.44)
When the propagator above and below the soft gluon emission vertex is on-shell,
integral of eq. (2.41) reduces to

1 1
d d
2 / e i (2.45)
pug/u Ug pug/u Ug
and )
vod d
5 / dvg duy (2.46)
pug/u Vg pug/u Ug

respectively. Adding the two, we obtain

5 /1 %_/U dvy /1 %:2/1%/1 dug
pug/u Vg pug/u Vg | Jpvg/u Ug v Vg Jpvg/u Uy
n 1-&+ny
= 2ln2p/ dng/ déy ~1n® p (0> — 20 + 2n) . (2.47)
0 0

The color of this diagram is

Ca.3p — @TZTlngmTa

dc*ci

1 1 1
Co.3p = Z (5jc5kd - ﬁc5jk5dc> <5ki50d - ﬁcédkéic>
S

1 1 CA
C2.3p = ZJ (—1 + FE) ~ 0;;CF (CF - 7) (2.48)
with reduced color of ¢, = (C4/2) — CF.

Moving on to fig. 2.3(c), the color of which is
_ Tme Ta amb
C23¢c = Ljplig i

1
C2.3¢ = §T}Z [Tb, Ta} ki famb

1

Cage = STRTLS "
C C

Co3c = 7“:@%5% ~ TACF% (2.49)

resulting in the reduced factor of ¢. = —C4/2. Eikonal approximation for the new
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A Cx wy

a Cr (n—&)?*+2(§+n)
b | —Cp+Ca/2 n* —2&n +2n

c —Ca/2 n? —2&n +2n

d —Cy 28n

Table 2.1: The reduced color factors ¢, and the weights w, for the 2-loop diagrams
in fig. 2.3. Contributions of the symmetric diagrams can be obtained by n «+— £ in
the rows b and c.

propagators are
(pr —1—1,)* =~ =2p;(I +1,) = —2p1pa(v + v,) (2.50)

(b — 1= 1,)" ~ ~2po(l + 1) ~ —2pop (u + u,) (2.51)

with egs. (2.26), (2.27), (2.33) and (2.35) still valid. These results in double-logarithm
over l, when pil < pily and pal, < pol corresponding to v < v, and u, < u; integral

gives

2iq / d*,
w2 ) I (pr — 1= 1g)*{(p2 — Ig)? —m?}
d d H‘”g
22/ Ug/ %—2111 p/ dng/ ~Inp(n* —2nE+2n) . (2.52)
For the final diagram, ﬁg. 2.3(d), color factor of
Coga = TH T [ [ = TjTiCa ~ CpCadyy, (2.53)

results in ¢ = —C4. With soft and eikonal approximations of egs. (2.26) to (2.28),
(2.33), (2.50) and (2.51), double-logarithmic condition over [, requires that psl < pal,

and pil < pily or u < ug and v < v,. The integral over [,

2ig? / d'l,
7 B 1= L~ 1= 1,)

d d ul 3
= 2/ ] / My _ o2 p/ dng/ dé, ~1n® p (20€) ; (2.54)
0 0

results in wyg = 2né€.

Final IR finite results for all the two-loop diagrams are collected in table 2.1. The
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\l,q

(251 P,

= — > &3> - —>e >
p1+q p, P, p,—4q

Figure 2.5: Diagrammatic representation of eq. (2.57). The diagram on the left
represents iq, M*".

total contribution at NLO can be written as the sum,

1 1-n
d d 0 :
2x [z)\:c,\/o 77/0 fw,\] G’ (2.55)

with the reduced color factor ¢y, and the weight w, of table 2.1. This sum must include
the contribution from the symmetric diagrams that are not included in fig. 2.3; which
can be obtained by interchanging n and ¢ in the rows b and ¢ of table 2.1 for their

symmetric counterparts. We observe that the sum of eq. (2.55) reduces to

B 1 1-n 0 _ _z 0
9 [ /0 dn /0 dg(zng)}g o (2.56)

with z = (C4 —Cp)x. An important thing to note in table 2.1 is that the non-Abelian

part between rows b and c¢ cancels exactly.

2.3.3 Factorization at the NLO amplitude

Let us see how the same result is obtained by the method of factorization at the
NLO. The key to this method is in moving the soft gluon vertex from the virtual
quark line in fig. 2.3(b) to the upper eikonal gluon line, obtaining a diagram of the
form of fig. 2.3(c). This is done by applying a sequence of identities, graphically
represented by fig. 2.6. The lower eikonal quark line in the fig. 2.6(a) can only emit
the A~ light-cone component of the gluon field in covariant gauges, with the emission
of the other components being suppressed. The interaction of the A~ component is
completely determined by the gauge invariance as it does not correspond to a physical
polarization of the gluon field. Now we utilize the Ward-Takahashi identity at the
interaction vertex on the soft quark line. Standard Ward-Takahashi identity is given
by

iqu M"(q, p1,p2) = Mo(p1 + ¢, p2) — Mo(p1,p2 — @), (2.57)
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diagrammatic representation of which is given in fig. 2.5 [64]. This can be written in

terms of the associated vertex with ¢* = (p; — po)* as

@S (p1)T"(q)S(p2) = iS(p1) — iS(p2); (2.58)

where I'* can be replaced with v* to the leading order with no loops present in fig. 2.5.
Thus from the Ward-Takahashi identity, with p; = [ and p, = [+, in eq. (2.58) we
can write
1
SOHYSU+1,) = Sy S+ l;“) = — [S(Z) - S+ l;)] : (2.59)

lg

at the interaction vertex on the soft quark line in fig. 2.3(b). The standard form of the
Ward identity can be obtained by multiplying eq. (2.59) with [,, ~ I, = [J". Starting
with the amplitude of fig. 2.6(a),

M oSS+ 1)y S (p2 + 1g)7" Dy (lg) D(p1 — 1) D(p2 = 1); (2.60)

applying the Ward identity of eq. (2.59) gives

~ v‘% [S(1) = S+ 1] ¥*S(p2 + 1)V Dyu(lg)D(pr — )D(ps —1).  (2.61)

This is equivalent to fig. 2.6(b) with the crossed circle representing the S(I) — S(I) —
S(I + 1) replacement, while the upper eikonal quark line absorbs the 1/I7 factor in
the eikonal approximation since S(p; +1,) &~ 1/(2;). It is important to note that the
integral over [, gives logarithmic scaling when [;, = [ component is ignored in the
S(l +1,), making the propagator proportional to 1/, .

To go from fig. 2.6(b) to (c), i.e., move the crossed circle from the soft quark line
to the upper eikonal gluon line, a momentum shift [ — [ — l; must be applied to
the second term of the expression in eq. (2.59). For the amplitude in eq. (2.61) this

results in

1
~ PSS (B2 + 1y Dyuly) Dy — DD (o2 1)
g

1 (e v
75Z—+S(l)7 S(p2 +1)7" Dy (lg)D(pr — L+ 1) D(p2 — 1+ 1)), (2.62)
g

Since p, ~ 0, the opposite eikonal line with momentum p- is insensitive to this

shift and remains unaffected; and as long as [, < [, we can make the substitution
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-l

(b)
c)

(@) l

Figure 2.6: Diagrammatic representation of the sequence of identities that move the
soft gluon vertex from the soft quark to the upper eikonal gluon line. The crossed
circle in (b) and (c) are defined in the text. The hollow vertex on the upper eikonal
line in (d) represents effective coupling as explained in the text.

D(pa — 1) = D(pa — I + 1), reducing eq. (2.62) to

~ Vﬂlésaws@+zngW<zg> [D(p1 = 1) = D(pr = 1+ 17)] Dlpa=1+17). (2:63)

This is now equivalent to fig. 2.6(c).
Applying the “inverted Ward identity” on the upper gluon eikonal line results in

1 1 1 1 1 1 1

ol o r | T S i RAl I+ 12
g L=4P p1(—1+ 1) —2Zp1 pr(—l+15)  (p1—1) (p1 — +(g) )
2.64

In terms of the amplitude of eq. (2.63), this reads
~ 7 S()Y*S (P2 + 19)7" Dy lg) D(pr — D)(2P1) D(pr — L+ 1) D(p2 — L+ 17); (2.65)

which corresponds to the final diagram fig. 2.6(d). For pf” ~ 0, the 2p, (=l +I}) —
(p1 — 1 +1,)? replacement works only if [, < ¢. The effective coupling for this diagram
is C'rag, making it equivalent to the sum of the lines b and ¢ from table 2.1.

Eikonal factorization is then achieved by summing over all the diagrams to get
the “ladder” structure. Diagrams required for this summation are fig. 2.6(d), its
symmetric counterpart, fig. 2.3(a) and (d). But the reduced color for fig. 2.3(d) is

Cy, while the same for the rest in the sum is Cr, thus we must manually add the
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contribution of the fig. 2.3(d) with the color factor Cr. The denominators of these

diagrams are
Dage = {(p2— 1,2 =2} = m?){(pr —1,)* = m?}(pr — 1= 1) (pa — 11,12, (2.66)
Dyga = {(p2 = 1g)* = m*}(I® =m*)(p1 = 1)*(p1 — 1 = 1y)*(p2 = L = 1y)°l;,  (2.67)
Ds6as = {(p1 — lg)Q - mQ}(ZQ - mz)(p2 - l>2(pl —l- lg)2(p2 —l- 59)253, (2.68)

Dysq = (poa — D*(I> = m?)(p1 — 1)*(p1 — [ — lg)Q(pQ -1 - lg)zlg; (2.69)

where eq. (2.68) is for the symmetric diagram to fig. 2.6(d), obtained by a similar

sequence of Ward identities and momentum shifts from the symmetric counterpart of

fig. 2.3(b).
5 230 s N/d4ld4lg< t v .1 1 )
o (2m)8 \ D2sa Daea Dosas D2sa

didl, 1
G (= w3 — L= )2 — 1~ 1)

o
=
I
}—‘\

[@2 —1,)2 —m? {<p1 —zgl>2 —n? " (o - Z>2} i <p2iZ>2 {<p1 —z;)? —m2 <p11—Z>2H

d*ldl, 1
Lot ~ / (27‘()8 (l2 — m2)l§{—2p1(l + lg)}{_2p2<l + lg)}

{ —2p1(l+1,) H( —2po(l + 1) ]

(=2p1lg) (=2p10) | [ (=2p2ly)(=2p2l)

d*l 1
ot 7 / (2m)* (12 = m?)(p1 — 1)*(p2 — 1)? g

d4lg 1 |
/ (2m)4 lg{(pl — [g)2 —m2H{(ps — lg)Q — m2}7 (2.70)

where we have rewritten the full propagators in the last line to emphasize the fac-
torization of the soft gluon contribution. This sum is diagrammatically represented
by fig. 2.7. The integral is identical to the full factorized expression of eq. (2.39).
Integral over [, in eq. (2.70) is exactly the same as eq. (2.38) and factors out into the
universal Sudakov exponent Zg; while the integral over [ is identical to the one-loop
contribution of eq. (2.25) and factors out into the non-Sudakov exponent i.e., g(z).

The function g(z) is discussed in the next section.

The remaining contribution is given by the “effective diagram” fig. 2.2(b) with

effective coupling proportional to (Cy — Cr)as. Apart from the effective coupling
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Figure 2.7: Diagrammatic representation of the eikonal factorization. From top
left to bottom right they represent fig. 2.3(a), fig. 2.6(d), symmetric counterpart of
fig. 2.6(d), fig. 2.3(d), fig. 2.2(a), and the 1-loop vertex correction for quark scattering.

with modified color along the eikonal line, it is obvious that fig. 2.2(b) and fig. 2.3(d)
are identical; this change in the color due to the emission of the soft quark is exactly
the previously mentioned eikonal color charge non-conservation. The corresponding

integral is proportional to

2ig*\ 4l dl
(%_Z> <OA_OF)// 2 2 2 272 29 2"
m (2 = mg)(pr — 1)?(p2 = 12 [3(pr — L = 1g)?(p2 — 1 = 1)
(2.71)
The integrals over both [ and [, produce double-logarithms when Ip; < [l,p;, and

thus the soft quark momentum [/ can be ignored in the eikonal propagators with the
gluon momentum [,. For the Sudakov parameter ordering along the eikonal lines, this
reduces to u < u, and v < v, identically to fig. 2.3(d) as expected. Soft and eikonal
approximations of egs. (2.26) to (2.28), (2.33), (2.50) and (2.51) are also still valid.
By introducing the normalized logarithmic variables after performing the integrals

over the transverse components of the momenta, eq. (2.71) reduces to

g A 1 1-n n 13
—(Ca—Cp)In p/ dn/ d&/ dng/ dé,
™ 0 0 0 0

-2 { /0 1 dn /0 o df(an)} G0 = %go (2.72)

This agrees with the exact result, eq. (2.56), obtained by the direct evaluation of the
NLO diagrams. Thus, we have shown the factorization of the amplitude at the NLO
in QCD.
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2.3.4 All-order resummation

The resummation of the double-logarithms at all-orders in the perturbation theory
can now be performed. The procedure can be applied to an arbitrary number of
gluons being emitted from the soft quark line as the soft gluons from the eikonal line
factorize and exponentiate. These exponentiated one-loop Sudakov logarithms result

in a universal suppression factor

72 = exp {—OF <§? + x)} : (2.73)

where ¢ is the dimensional regulator for the IR divergences. The same statement
applies to the soft gluon exchange of the effective diagram fig. 2.2(b). Thus, the
all-order non-Sudakov contribution can be obtained similarly by exponentiating the
one-loop result, —2zn¢, from eq. (2.56), within the integrals over the normalized

double-logarithmic variables and reads
G = Z3g9(—2)G". (2.74)

The non-Sudakov contribution of an arbitrary number of soft exchanges between the
eikonal lines is completely encapsulated within the function g(z). This function is

normalized to z = 0 as g(0) = 1, and can be written explicitly as two-fold integral

=2 / dn / o (e**™) (2.75)

The exact solution for this function is found in terms of generalized hypergeometric

function and can be Taylor expanded as

n!(2z)"
9(2) = 2F2(1,1;3/2,2;2/2) = Z T (2.76)

For a comprehensive review of this technique, including further verification by di-
rect evaluation of the NNLO diagrams for the artificial amplitude considered in this

section, readers are encouraged to check ref. [14].

2.3.5 Large 2z asymptotic for g(z)

In the previous section, we showed that the function g(z) encapsulates the all-order
contribution to the artificial process we investigated to obtain the factorization. We
will encounter this function again in the Higgs production FF. Thus, it is important

to find out how this function may behave in different theories and at large values of
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z. To calculate the analytical asymptotic form for g(z) as z — oo, let us rewrite

the function with an explicit sign in front of the variable z,

1 1-m
g(£2) =2 /0 dm /0 déy (e¥2me) (2.77)

To proceed, we must first apply a change of variables & = yv/A and 7, = v/\/y with

the Jacobian |J| = y~!. The integration limits for the new variables are

1 —+v1—4\ 1++1—4\

0<\<1/4, T(EyL)<y<T<EyH)§

(2.78)

obtained by solving the quadratic equation resulting from plugging the original inte-
gration limit &, = 1 —ny, in 7€ = X and &/ = y?. The limits for the y integration

enforce the A integration limits as all the original variables are positive. This gives

1/4 YH 62;;)\
g(£z) = 2/ d)\/ dy ,
0 YL y

1/ 1+v1—4
g(£z) = 2/ d\ e In <+—)\> (2.79)
0 1 —+v1—4\

Further evaluation depends on the sign in front of the variable z. For positive z, the

integral is enhanced due to the exponential factor and is saturated in the proximity of
the maximal value of A = 1/4. Expansion of the logarithm around z = /1 —4XA =0

is In (1££) ~ (2z), and eq. (2.79) reduces to

1/4
g(z) = 2/ d\ e** <2\/1 - 4)\> ,
0

9(z) = 23—\//526Z/2 [\/7? —2r (; g)} . (2.80)

As z — 00, the gamma function vanishes and eq. (2.80) reduces to

g9(z) = (%ez) " : (2.81)

23

For the opposite limit, we must instead expand the logarithm in eq. (2.79) near A = 0;

14+v/1-4) ~ 1+1 ~
1—v/1—4X 1-142X

1 gives,

1/4
g(—z) = 2/ d\ e (—In\),
0

et Ey (2) —e‘z/21n4+ln(22).

g(—2) . : (2.82)
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where Fj(z/2) is the exponential integral function. As z — oo limit is applied,

eq. (2.82) reduces to
e +1n(22)
—

9(—2)

The positive z limit is applicable in QCD, and the negative z limit in QED as C'y =

(2.83)

0 = 2z = —Cpz. In general, we can conclude that if a generic QCD amplitude gets
exponentially enhanced at high energies, then an amplitude with inverted color charge
flow from the eikonal lines defined by the scattering particles, or the same amplitude

in QED have logarithmic scaling, and vice versa.
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Chapter 3
The quark scattering

Quark scattering by a color singlet external field is one of the simplest fundamental
processes in QCD. In the high-energy limit the corresponding FF for the massive
quarks have been studied at NLP in [13,14] where the all-order double-logarithmic
result has been derived in the form of the four-fold integral representation. This
representation, however, is not suitable for an analytic evaluation of the asymptotic
result. Moreover, the analysis of [13,14] applies to the on-shell FF only, while in
many applications the result for slightly off-shell FF' is mandatory. In particular, such
an off-shell result is necessary for the analysis of the Higgs boson production at the
NNLP presented in the next chapter. In this section, we derive an alternative integral
representation of the double-logarithmic result and use it to get the fully analytic
asymptotic result as well as the all-order result for the off-shell FF. We focus on the
case of the scalar external field which is relevant for the application to the Higgs boson

production.

Let us start with reproducing the result of [13,14] for the scalar FF. The amplitude

F for a quark scattering by an external scalar field can be parameterized as

F = q(p2)T'q(p1) = yqq(p2) Fs q(p1), (3.1)

where I' is the vertex function, Fyg is known as the scalar FF, and y, is the Yukawa
coupling of the scalar particle with a massive quark of mass m,. We have used the

projection method for our calculations. After projection, the scalar FF is given by

1
© 2N.y,(s + 4mg

Fg ) tr [(p2 +mg)U(p, + mq)], (3.2)

with s = —(py — p1)?, N, being the total number of colors in QCD, and the vertex
function I' obtained for the diagram of interest by writing the amplitude in the form

of eq. (3.1). We have taken this projector from ref. [65], where it was used to calculate

24
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Figure 3.1: Quark scattering by Higgs boson at 1-loop. The convention shown here
are used for all the diagrams and calculations of the scalar FF.

the full heavy quark FF at two-loops in QCD.

Starting at one-loop, fig. 3.1 highlights the conventions used for all the diagrams
and throughout the calculations of the massive quark scattering problem. For all
fermionic lines, the momentum flows in the same direction as the particle flow; while
for the external Higgs, the momentum ¢ = (py — p;) is incoming. External fermions
are also taken on-shell i.e., pi = p5 = m?, with m, being the mass of the quark.
And in the high-energy or small mass limit with m, < [; < ¢, for large Euclidean
momentum transfer ¢> = —(py —p1)? = m?%, the ratio p = mg /q? is small and positive.
For the remainder of this problem, m, = m. Thus, the scalar FF can be expanded as
an asymptotic series in p, .

Fs=22Y " p"F{" (3.3)

n=0

with F, é") given by power series in a,. The only remaining p dependence for these
coefficients can come through the logarithmic enhancement. While the pre-factor Zq2
in eq. (3.3) is the LP universal Sudakov correction incorporating all the IR divergence;
which is of course same as eq. (2.73) and can be obtained to the LO by evaluating
fig. 3.1. With the Sudakov corrections completely factored out, the coefficients F: én)
can only depend on the non-Sudakov logarithms; implying that the scalar FF is

normalized such that the leading coefficient of the series Féo) =1

3.1 The 1-loop diagram

The amplitude for the only non-trivial one-loop diagram contributing to the scalar

FF can be written as

d'l q(p2) N1z q(p1)
2m)* 2{(p1 — 1)* = m2H{(p2 — 1)* —m?}’

ZMZ] = —igqu(]pdij/ (34)
with Ny, = 7“(3&2 — 1+ m)(p1 — ] + m)v,. This reduces to 4pop; in the double-
logarithmic limit; proving that this diagram can only contribute to the leading co-

efficient F S(O) as power suppression factors are absent. Then the remaining integral
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[

) (b) (
(d) (e)

Figure 3.2: Diagrams for quark scattering by Higgs Boson at 2-loops. Symmetric
diagrams and diagrams with opposite particle flow for closed quark loop are not shown.
The dark vertex represents the Higgs boson with momentum ¢ = py — p; coming into
the vertex.

(a b

3]

over the gluon momentum [ is identical to the integral in eq. (2.38), resulting in the
Sudakov logarithms that have been factored out into Zg, and F éo) = 1. The details
of this evaluation are given in appendix B.1. For the next coefficient in the series,
let us turn our attention to the two-loop diagrams, fig. 3.2, which does generate the

power-suppressed contribution.

3.2 The 2-loop diagrams

All two-loop diagrams generated by QGRAF are shown in fig. 3.2. QGRAF was
restricted to output only the diagrams that were one particle irreducible, had no self-
energy insertions, and had no scalar particle(s) as intermediate states. In fig. 3.2(d)
and (e), one of the soft particles is emitted and absorbed by the same eikonal line, i.e.,
there is no exchange. This configuration cannot produce large double-logarithms and
does not contribute to the approximation in consideration. The topology of fig. 3.2(c)
is the same as of the one-loop diagram fig. 3.1 with an additional gluon exchange,
which does have a double-logarithmic region but can only generate the Sudakov log-
arithms at the LP of high-energy or small mass expansion as explained in section 2.2.
Thus, the contribution of this diagram is already accounted for in terms of the factored
out universal Sudakov exponent, Zg; resulting in no contribution to the coefficient
Fél). It was found in [13,14] that while fig. 3.2(b) and the diagram with opposite
particle flow for the closed quark loop, cancel each other for vector scattering due to
Furry’s theorem; they contribute to the scalar FF due to the additional chirality flip at
the vertex. The remaining diagram, fig. 3.2(a), while having the correct topology with

soft quark exchanges, cannot generate the power-suppressed large double-logarithmic
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Figure 3.3: Diagrams contributing to the double-logarithmic approximation for the
quark scalar FF at 3-loops; symmetric diagrams to (d)-(h), and diagrams with oppo-
site particle flow for the closed quark loop are not included. The dark vertex represents
the Higgs boson with momentum ¢ = ps — p; coming into the vertex. All diagrams
are obtained by dressing fig. 3.2(b) with leading soft gluon exchange.

contribution to the scalar FF at O(p) due to the chirality flip at the scalar vertex. This
is again opposite to the vector FF case where only fig. 3.2(a) generated non-Sudakov
double-logarithmic contribution to the Dirac FF at O(p) [13,14]. In both cases, the
chirality flip associated with the soft quark propagator becoming scalar provides the
mass suppression factors. The details of the evaluation for the two-loop diagrams are
included in appendix B.2. The result obtained at two-loops for the scalar FF at O(p)

1S
2

1,21 o' CrTr
F20 — 153 CrTr In? (p) = —xQT. (3.5)

This agrees with the expansion of the exact two-loop result obtained in ref. [65] along

with the result obtained in the high-energy region for the scalar FF at two-loop
in [13,14]. A necessary first step to obtain the all-order result for the FF is to dress
the only contributing two-loop diagram with soft gluon exchange to obtain three-loop

diagrams; to which we turn our attention.

3.3 The 3-loop diagrams

At three-loops, QGRAF generates a total of 108 diagrams for the same conditions
that were used to generate two-loop diagrams; of which only 13 contribute to the
double-logarithmic approximation. The rest of the diagrams do not contribute as

they either have incorrect topology or simply did not have valid double-logarithmic
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A CA w dy
a Cr M +2) + &(& — 2 +2) | 2L
b Cr —2&m —&
c —Cy 2(& = &)(m —m) I
d| —iC4 m(m — 2§ +2) 3
e| —3Cu (2 —m)2 =25 +m+mn) | 2
f 1Ca 2m (& — &2) —1
g 5Ca 2m (& — &2) —15
h|3C4—Cr n2(n2 — 265 + 2) =

Table 3.1: The reduced color factors ¢y, weights wy and the integrals d, for 3-loop
diagrams in fig. 3.3. Contribution of the symmetric diagrams can be obtained via
m — & and & <— 1y for rows d-h.

regions. The diagrams of fig. 3.3 can be obtained by adding a leading soft gluon
exchange on the topology of fig. 3.2(b). Their numerators for the amplitudes of the
FF are simplified with the help of FORM [20]. After performing the integrals in the
double-logarithmic region over the soft gluon momentum, the result can be written

as

CpT
FE — g8 1;) 23 " eada. (3.6)
A

The sum in eq. (3.6) must include the contribution from the diagrams symmetric to
fig. 3.3(d)-(h). The four-fold integral over the Sudakov parameters for the soft quark

momenta is given by,

1 1-m 1-& 1-n2
0 0 yil &1

The reduced color factor cy, the weight factor wy, and the result of the integral d)
are collected in table 3.1. The weight is obtained after performing the integrals in
the double-logarithmic region over the soft gluon momentum [3. Symmetric diagrams
have the same color, while w) can be obtained by n; <+— &; and 17, +— &. By adding
all the contributions to the scalar FF at three-loops, eq. (3.6) can be reduced to

1
FA = 1—5x3(0A — Cp)TrChp. (3.8)
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(@) ®) ©

Figure 3.4: (a) The leading 2-loop Feynman diagram for the NLP double-logarithmic
correction to the quark scalar FF. (b), (¢) The diagrams with effective soft gluon
exchange incorporating the all-order non-Sudakov corrections to the scalar FF at
NLP. The dark circle represents mass insertion.

Adding this with the two-loop contribution at O(p) gives

TrC Cy—C
Fé}) _ —332 F3 F 1—2 A - F + O<x2)} _ Fél,QL) |:1 . % + 0(22) 7 (39)
with higher order terms corresponding to the diagrams with additional soft gluon

exchanges.

3.4 All-order resummation

The results for the scalar FF at two and three-loop at O(p) have been derived
for quark scattering via Higgs boson by direct evaluation so far. This allows us to
perform the all-order resummation by way of exponentiation as we now show. To do
this explicitly, the three-loop result egs. (3.6) and (3.7) must be slightly modified and

written in terms of the two-loop result eq. (3.5) as

(13L) 1 I-m 1-& 1—n2 (1.2L)
Fgt :24332% /0 dm /0 dé, / dny /5 d@m] F*Y0 0 (3.10)
A m 1

Unlike eq. (3.8), taking the sum in eq. (3.10) before performing the integrals gives

1 1-m 1-& 1-m2
R = 0o [an [ [ an [ de ome - 2.
0 0 m &1
(3.11)

Applying the technique of factorization in the non-Abelian amplitudes described in

section 2.3 helps write the contribution to the scalar FF as

2 TF CVF
I [ ——

F(l) _
o 3

f(=2), (3.12)

with the function f(—z) incorporating the non-Sudakov double-logarithmic contri-
bution of an arbitrary number of additional soft gluon exchanges on the two-loop

topology of fig. 3.2(b). This implies that the function f(—z) is normalized to the
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two-loop result with f(0) = 1, and is obtained by exponentiating within the integral
of eq. (3.11) to give,

1 1-m 1-& 1-m2
f(Z) = 4'/ dnl / dfl / dn2/ d§2 (6—227715162262772) ] (313)
0 0 m &1

We have obtained the result of the scalar FF that was derived in [13,14]. By comparing
the sum in eq. (3.11) with table 3.1, it is clear that the sum of all contributing diagrams
reduces to effective diagrams which are identical to fig. 3.4(b) and (c). The only
subtlety is related to the fact that for the effective diagram fig. 3.4(b), the integral
over the soft gluon momentum factors out of the inner quark loop. We must simply
modify the reduced color factor from Cy to Cy — Cr and Cp to Cr — Cy4 in fig. 3.4(b)
and (c) respectively, to account for the color charge non-conservation along the eikonal
lines. These effective diagrams can be derived using the sequence of Ward-Takahashi
identities and momentum shifts for the soft quarks similar to the process described
in section 2.3.3. The result of these transformations for fig. 3.3(g) and (h) are shown
in fig. 3.5. The shift in fig. 3.3(h) is identical to that of fig. 2.3(b) with the gluon
operator wa of the artificial amplitude being replaced by the rest of the scattering
diagram, the closed quark loop attached to the scalar particle. The transformation
of fig. 3.3(g) is almost identical to that of fig. 3.3(h). The main difference is that the
roles of the quark and gluon lines on the edge of the diagram are reversed, resulting
in the reversal of color flow direction. The set of resulting ladder diagrams fig. 3.5(b)
and (d) along with fig. 3.3(a), (b), (c¢) and (d) complete the eikonal factorization.
Adding these diagrams leads to the factorization of the soft gluon contribution to
one-loop Sudakov factor of eq. (2.38); and the remaining contribution to F! él) is given
by fig. 3.4(b) and (c).
Getting back to eq. (3.13), Taylor expansion of f(z),

z 1122 23

ST 14
5 420+378+ ’ (3:.14)

gives loop-by-loop approximation for the scalar FF; as clearly visible from the three-
loop term in eq. (3.9). In general, the n'* term in the expansion of the exponential
corresponds to (n+2)-loop diagrams with two soft quark exchanges with the topology
of fig. 3.2(b) and n additional soft gluon exchanges. It is challenging to solve the four-
fold integral entirely and does not provide any real insights into the result but a closed
analytic form for the asymptotic behavior can be obtained. In the next section, we

provide the full derivation for the form of f(+z) as z — oo.
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Figure 3.5: The diagrammatic representation of the Ward-Takahashi identities and
momentum shift for fig. 3.3(g) and (h). The shift from (c) to (d) is identical to that
of fig. 2.3(b), diagrammatically shown in fig. 2.6. The shift from (a) to (b) is almost
identical, with the difference explained in the text.

3.5 Large z asymptotic of f(z)

In the previous section, we encapsulated the all-order result for the coefficient F: él),
which corresponds to the O(p) in the series expansion of the scalar FF in the high-
energy limit, in terms of the function f(z). To calculate the analytical asymptotic
form of f(z) for large z, we introduce an explicit sign in front of the variable z as we
did in section 2.3.5 for evaluation of the large-z asymptotic of g(z). Note that the
representation of the function f(z) is not unique. An alternative representation was
obtained in the analysis of the vector FF and reads [13, 14]

1 1 1—172 1—1’]1
f(z) = 12 / dn, / dns / s, / dé, [em@-ezem—]  (315)
0 1 0 &2

However, both representations eqs. (3.13) and (3.15) are not suitable for the ana-
lytic evaluation of the large z asymptotic behavior of the function f(z) since the
integrations over the logarithmic variables are entangled. At the same time, we can
rearrange the integration limits in eq. (3.13) preserving the actual integration domain

and transforming it into

1 1—m m &1
f(xz) = 4!/ dm / d&, (eizzmgl) / dng/ dés (emz’”&) ) (3.16)
0 0 0 0

The equivalence of all three representations can be directly verified by Taylor expan-
sion in z with the explicit integration of the resulting polynomial coefficients. How-

ever, in contrast to eq. (3.13) the integration over & and 7, in eq. (3.16) decouples

CHAPTER 3. THE QUARK SCATTERING



3.5. LARGE Z ASYMPTOTIC OF F(Z) 32

and can be done explicitly with the result

m &1 m 1 — eF22m28&1
2/ d772/ dé, (63F2z772§2) — j:/ dns ( )
0 0 0 2z

1 .
=+ [rp +In(2zm&) - Bi(F22m&)] (3.17)
where the Euler gamma constant v = 0.57721..., and Fi(z) is the exponential

integral function of x. For the remaining integrals, we must apply the change of
variables from section 2.3.5, & = yv/A and 1, = v/A/y with the Jacobian |J| =y~
Then eq. (3.16) simplifies to

1/4 YH e2z)\
f(£2) ::|:12/0 d/\/ dy {zy {7E +In(22)) —Ez’(:FZz)\)}}

+22

f£2) = £12 /1/4 dA [
0

{vE+In(22)) — Bi(¥22\) } In <ﬂ)1 .

1—+/1—4X
(3.18)

The further evaluation depends on the sign in front of the argument of f(z). Let

z

us first look at the case of = — oo. The exponential factor e?*"é = ¢2*} provides
enhancement making the integral over A saturated around the region of maximal value
A = 1/4. Thus expanding around A = 1/4 reduces eq. (3.18) to

2z

s~z (G)-mi(-3)] [ o[ (v

2 2 z

fz)=6 (2;;)1/2 {\/E 2T (g %)] [VE B (—g) +1n (g)} . (3.19)

As z — 00, eq. (3.19) reduces to

= () erm (3)] (3:20)

25

Thus, there is an exponential enhancement when z — co. Let us turn our attention to
the evaluation of f(—z). By applying another change of variable A = 2z, eq. (3.18)

is reduced to

z/2
flezy =2 /0 A

»2

4 3 1+ 4/1—=2)\/z
{Bi(A\) — v —InA}e ™ In (1 - m)] . (3.21)

To further evaluate this integral, the asymptotic behavior of the exponential integral
function and the logarithm are required. For very large z, /1 — 2\/z &= 1— \/z, thus

. . 1+y/1-2)/z \ 141 N 2\
the logarithm can be approximated as In (H/T—A/z> ~ In (1711)\/z> ~ In (7) Sim-
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ilarly, Fi(\) ~ EAT_l with 1/\ dominating around 0 and the exponential dominating

at very large A. With these, we get

6 [ [er—1 er—1
f(—z):;/o d)\[ 3 + Ei(\) — 3 —'yE—ln)\}x
1+ 4/1—2A
e |In (2Z> [ 2) <2—2) . (3.22)
A 1—+/1-2)\/z A
Expanding the terms into a sum of six integrals gives,
#/2 er—1 2z
I = d\ e M
el e G))
,)/2 2 3
— L~ 7E+E+7Eln(22)——ln 2+1n21nz+—1n z, (3.23)
22 A1 1+4/1-2) 2
]22/ dA\ ¢ e <In a /z —In (—Z)
0 A 1—+/1-2)\/z A
2
— L~ 21n*2, (3.24)
z/2 A 1 9
I :/0 dA HE?L(A) - }e-* In (;)}
2
= 3= 3 (3.25)
& A 1++/1-2)
14:/ A {EZ()\)—G 1}6A In [ — /2 —ln(Q—Z)
0 A 1—+/1—-2\/z A
= I, =0, (3.26)
z/2 2
[5:/0 d)\{{ In\ — ’yE}e)‘ln<>\Z>]
2
= Iy = i (3.27)
and
& 1++/1—2)
Is = / d\ { —InX— ’yE}e_)‘ In + /2 —1In (2—2)
0 1—+/1-2)\/z A
= I~ 0. (3.28)
Adding these contributions gives the f(—z) asymptotic,
3 9 w2
f(=2) ~ = {ve+In(22)} — 5| (3.29)
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This implies that the amplitude is logarithmically suppressed when z — —oc.

For QCD the parameter z = (Cy — Cp)xz > 0, and since the FF is proportional
to f(—2), in the asymptotic range it scales with the double-logarithmic variable In® z
as the factor of 2% cancels with 2% in eq. (3.12). Similarly, in QED C4 = 0 makes
z = —CFpx < 0, and the leading asymptotic behavior of the FF is proportional to

6:p/2

3.6 Off-shell scalar FF

In the previous sections, we have computed the result for the on-shell scalar FF
i.e., the external quark lines were on-shell and satisfied the relation p? = m?. Before we
move on to the Higgs production process, we would like to briefly discuss the off-shell
scalar FF; the reason behind will become apparent in the next chapter. The off-shell
“external” momenta are A; = (p;—I1)*—m?. In the double-logarithmic approximation,
we can set [7 = m? for the soft quark momentum, leading to A; = —2p;l; = —v1¢? and
Ay = —2psly = —u1¢?, and consider the case |A;] > m?. The FF can be expanded in
pand A;/q¢* as

Fs = 22> |0+ 0(Ai/)| . (3.30)
n=0
Since the terms vanishing for A; = 0 cannot generate double-logarithms, we can

ignore them. The coefficient

2 _ _—2Cfpx
72 = e 20rmh (3.31)

represents the usual Sudakov factor, analog of eq. (2.73), computed for the off-shell
external lines. Thus, eq. (3.30) is also normalized such that the leading coefficient
F éo) = 1, and the next coefficient F él) gets power-suppressed double-logarithmic con-
tribution from fig. 3.4(a) i.e., the diagrams with soft quark pair exchange. The analysis
can be extended to the off-shell FF by simply replacing the IR cutoff from m? to A,.
Thus, the lower limit on integration over the parameters u; and v; are changed from
p to A;/q*. The off-shell FF differs from the egs. (3.12) and (3.13) in the on-shell
scalar FF' case only by these integration limits. Unlike the on-shell FF, the n; and ¢&;
variables are not correlated, and the integration limits are obtained here by simply
ordering these variables along the eikonal lines as & > & > &3 and 1y > 19 > n3. This

leads to a modification of the upper integration limits in eq. (3.16) with the result

1 m &1 n2 &2
Fé« ) = 81'2CFTF/ d?’/g/ dgg/ d?’]g/ d€3 (6—22'772526275773{3) s (332)
0 0 0 0

with the exponential factors corresponding to the effective diagrams fig. 3.4(b) and

(c).
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Chapter 4

Higgs production via light quark

mediated gluon fusion

We turn our attention to the Higgs production via quark-mediated gluon fusion
in this chapter. Since the amplitude for this process can only be loop generated, it

can be parameterized as

Qs y m v v m m
ZgH = TF? 737/12; (Pipy — g""p1p2) Au (p1)A7 (pz)HM;’gH, (4.1)

where y, is the quark Yukawa coupling to the Higgs field, mpy is the Higgs mass,
Al is the gluon field, H is the Higgs field, Tp = 1/2 is known as the index of the
fundamental representation of SU(3), and Mgg p is the Higgs production FF. Note that
the amplitude is denoted by M{ ;; while the FF is denoted by MJ ;. The quark mass
factor comes from the chirality flip on the soft quark line. The Higgs coupling to the
quark field also provides another chirality flip, and the associated mass factor is part of
the Yukawa coupling (see eq. (2.11)). The on-shell condition for the external particles
means that p? = p2 = 0 for the gluons, and ¢* = (p;+p2)? = 2pap1 = m? for the Higgs
boson with p = m/q*> = m_/m3;. For the remainder of this problem, m, = m. Recall
that the amplitude is dominated by the contribution from the top (heavy) quark loop
as in the heavy quark limit, the scalar amplitude approaches the value M 59 n=-2/3p
i.e., it is directly proportional to the Higgs boson mass. At the same time for the same
process with the bottom (light) quark loop, the amplitude is suppressed by a factor of
m?/m3,. But as mentioned in chapter 1, in the asymptotic region, with the help of the
large double-logarithms the effective coupling goes from a, to a, In® (m?/m?) ~ 40as,
necessitating computation of the bottom loop contribution to improve the theoretical

accuracy. In this limit, the FF can be expanded in asymptotic series
9 _ 72 nyr(n)
MggH o Zg Zﬂ MggH’ (42)
n=0
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(b) (©)

Figure 4.1: (a) O(m,) and (b), (c) O(m3) double-logarithmic contribution to the
ggH amplitude. The dark (empty) circle represents mass (loop momentum) insertion.
The blob corresponds to the off-shell scalar FF at O(mj) and O(m?).

where the finite coefficients M, g(gf)tl

non-Sudakov logarithms, and Zg incorporates the entire IR divergence from the on-

depend on p only through the power-suppressed

shell external gluon lines. This universal Sudakov factor is given by

Cus o
2 s
Z; = exp (— —) .

g2 2r

(4.3)

The leading coefficient M 52}17 that was calculated in refs. [13,14] will be reproduced

during the evaluation of the next coefficient in the series, M (1) Three distinct sources

gg9H "
need consideration:

(i) Factorizable contribution with single soft quark exchange,
(ii) Contribution from triple soft quark exchange,

(iii) Non-factorizable contribution with single soft quark exchange.

The general topology of the diagrams generating contributions to the FF is outlined
in fig. 4.1. Each of the contributions is discussed in sections 4.1 to 4.3 respectively.
Let us now turn our attention to the first group of diagrams and compute their full

contribution.

4.1 Factorizable contribution with single soft quark

exchange

The one-loop single soft quark exchange Higgs production diagram is shown in
fig. 4.2(a). Furry’s theorem does not apply to this case as there is no purely QED
interaction vertex; the diagram with opposite particle flow in the closed quark loop
has exactly equal contribution as fig. 4.2(a). The presence of this quark loop simplifies

the problem significantly as the numerator reduces to a trace. The projector for this
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Figure 4.2: Higgs production via quark mediated gluon fusion at (a) 1-loop, and (b)
2-loop diagram with effective soft gluon exchange. Diagrams with opposite particle
flow for the closed quark loop are not shown.

process is given by

4 1
P,w = mg [guu(pﬂ)l) —PrubP2y — Py p2,u]; (4~4)

simple derivation for which is in appendix C. The amplitude for fig. 4.2(a) is

v,mn . d4l1 Nuugnn
Mgg}{,lL = _Zgng/ (271_)4%.2(1 (45)
with
NG =t [(py + I+ m)Y T} (L +m)y Th(1 — p, +m)], (4.6)
and
Dy oy = (l% - mQ){(pl + l1)2 - m2}{(p2 - l1)2 - m2}. (4-7)

The trace over the SU(3) generator matrices, and the color indices in eq. (4.6) reads
tr (T37T5;) = Tpé™™ as per eq. (2.13). Appendix C.1 provides full technical details
of the calculation of this diagram starting from diagram generation with QGRAF to
trace evaluation by FORM and integration in the double-logarithmic region with the
Sudakov method. Multiplying the projector, eq. (4.4), after taking the trace over
vector indices reduces to

Nyoq ~ 4m(1 — 4p). (4.8)

Only the integral over loop momentum remains; the factors in the numerator corre-
spond to no and double insertion of the soft loop momentum [; respectively for the
terms proportional to 1 and p. These are responsible for the contribution to the O(m)
and O(m?) coefficients, M Q(S)H and M g(;)H respectively. It is important to note we have
encountered the first instance of additional mass factors coming from the on-shell
condition 12 = m?, for the soft quark loop momentum rather than the chirality flip
at the propagator for the O(m?) contribution. With no factors of loop momentum

remaining in the numerator, we introduce the Sudakov parameterization to obtain
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the following soft and eikonal approximations:

I —m? = [-2ir6 (wvig® + 5, —m?)] - (4.9)
1 1 1 1 1?2 —m?
=+ ~ + 1F -4 . 4.10
(pi £1)% —m? 2pily |1+ li;—rl"z 2pily [ 2pily - ( )
i1

Only the leading term can contribute as all the subleading terms in the above equa-
tion cancel the soft quark propagator, and cannot generate double-logarithms. Using

2p1ly = v1(2pep1) and 2poly = uq(2pap1), the integral is reduced to,

1 d 1 d 1-m
Lo o / duy / a2, / dn, / de, —
p U1 Jpj U1

Combining all the components for the amplitude, from eq. (4.1), the Higgs production
FF for fig. 4.2(a) is

(4.11)

(M7 ], = (1 —4p)In® p. (4.12)

The coefficients, M™ forn = 0and 1 can simply be read off from the above equation,

99H )
and at one-loop we have

[MQ(SH o = In® p, (4.13)

and

[M(” ]4_2 4n?p=—4 [M( ) (4.14)

g9H QQH} 12q
To get the all-order result for the diagrams with single soft quark exchange, we must
dress fig. 4.2(a) with additional leading soft gluon exchanges similar to the artificial
amplitude and the scalar FF. The diagrams at two-loops and higher would be, while
not identical but very similar to that of the artificial amplitude from section 2.3.3.
External line Sudakov corrections factor out into Zg, the universal Sudakov factor for
external gluons. The remaining non-Sudakov contribution is given by the effective
gluon exchange Higgs vertex correction diagram fig. 4.2(b) at two-loops. This is
identical to the LP term in eq. (3.31) in the expansion of the off-shell scalar FF,
diagrammatically represented by fig. 4.1(a). To account for the non-conservation of
the color charge along the eikonal lines due to the soft quark exchange the color factor
must be changed from Cr to Cr — C4 [13-15]. The all-order result is then obtained

by exponentiating the two-loop result to give
0
M)y =1 pg(z), (4.15)

with ¢g(z) defined by egs. (2.75) and (2.76). The asymptotic behavior for this function

as 2 — oo also has been calculated in section 2.3.5. The main difference between
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Figure 4.3: Higgs production via triple soft quark exchange. Diagrams with opposite
particle flow for the closed quark loops are not included. Only (a) contributes to
double-logarithmic approximation at NNLP. The dark circle represents mass insertion;
additional mass factors can come via the on-shell soft quark momentum.

the all-order result in this problem and the artificial amplitude of section 2.3 is the
sign in front of the parameter z within the function g, which is to say that the color
flows in the opposite direction with respect to each other. Bringing our attention back
to the Higgs problem, since the same diagram(s) generate part of the contribution to
the next order coefficient (see fig. 4.1(b)), the same factorization applies; and we can
write

(4.16)

g9H "

M| | = A pglz) = —AMy)

This is only partial contribution to the coefficient M g(;}{.

at NNLP, we must investigate the diagrams for the other two sources as well.

To get the complete result

4.2 Contribution from triple soft quark exchange

Out of 54 QGRAF generated diagrams at three-loops, only the diagrams shown
in fig. 4.3 require consideration. Of these, only fig. 4.3(a) contributes to the O(m?)
of the approximation with the contribution starting at higher powers for the rest.
It is clear that fig. 4.3(a) has two-loop off-shell scalar FF substructure of fig. 3.4(a)
present within i.e., it has the structure of fig. 4.1(c). Corresponding correction to the
FF is obtained by including the NLP term Zq2 Fél) from eq. (3.30) into the integral
eq. (4.11). This way the result for the triple quark exchange at three-loops can be
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Figure 4.4: Effective diagrams with triple soft quark exchange for the Higgs produc-
tion with vertex correction by effective gluon exchange on the topology of fig. 4.3(a).
Each diagram corresponds to an exponential in eq. (4.20). The dark circle represents
mass insertion.

expressed as

_a? 2 C m &1 n2 &2
(M8, & LrCr s / an, / b [ [ae [Can [
4.3a 0 0 0 0

[M(l) } _ $2TFCF
4.3

g9H

2*TpCr [M(l) } '
4.2

g9H

In?p=—
5 P 180

The integrals over the Sudakov parameters corresponding to the loop momenta [y 23

(4.17)

in the fig. 4.3(a) are double-logarithmic when u; < us < ug and v; < vy < v3 with
u1vy > p for the “outer” loop. The expression above accounts for the diagrams with
opposite particle flow for the closed quark loops. Appendix C.2.1 shows the complete
evaluation of all the triple soft quark exchange diagrams. For resummation, we dress
fig. 4.3(a) with additional leading soft gluon exchange to obtain the next order of
diagrams. All diagrams reduce to three effective diagrams shown in fig. 4.4 with
eikonal color non-conservation due to the soft quark exchanges. The full contribution

of the effective diagrams to the Higgs production FF can be written as

)

. 1 1—m 71 &1
[M( H} = 642°TrCp IHQQ/ dm/ d&l/ d772/ dgs
99 [ 4.4 0 0 0 0

2 &2
/ dﬁa/ d&s (2zmé&1 — 22ma62 + 22m383) . (4.18)
0 0

Exponentiating the integrand in the above equation results in the all-order contribu-

tion from this source, normalized to the three-loop result eq. (4.17) as

2
(1) 1.2 T QFCF
[MQQH} . In pTh(z) (4.19)
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n 1 2 3 4 5 6
29m, | 3 | 8 | 90 | 59302 | 5360 | 7559936
n*2"nlhy, | 5 | g 77 | 45045 | 3861 | 5360355
) iab 17 | 83 | 241 | 47984 | 3645 | 97228
“In 28 | 175 | 550 | 105105 | 7007 | 153153

Table 4.1: The normalized coefficients in the Taylor expansion of the function h(z)
and j°(z) from n =1 to 6.

with the six-fold integral representation of the function h(z) given by

1 1—-m 71 &1
h(z) = 6! / dn, / e, / dns / dcs
0 0 0 0

n2 &2
/ dﬁ3/ dfg (622711516*2277252 62277353) ) (4.20)
0 0

The Taylor expansion h(z) = 1+ Y, h,z" can be obtained by expanding the ex-
ponents with the n'* term corresponding to (n + 3)-loop contribution. The first six
coefficients for the series are listed in table 4.1. We can now turn our attention to the

final group of diagrams, and investigate the non-factorizable contribution.

4.3 Non-factorizable contribution with single soft

quark exchange

This group of diagrams corresponds to a new source where an eikonal gluon line
connects the soft and eikonal quark lines on the single soft quark exchange topology.
We refer to them as non-factorizable because their contribution does not factor out
into effective Higgs boson vertex correction. We must first consider the two-loop
diagram to understand the origin of the contribution. The double-logarithmic scaling
can appear for fig. 4.5(a) when the gluon emitted by the soft quark line is eikonal
i.e., the propagator is proportional to 1/(l;l3). Since the momenta p, and [; act as
the external momentum for /5, the standard double-logarithmic scaling for Iy appears
with the eikonal factor 1/(paly). For the integral over [; to get the double-logarithms,
this eikonal factor must be cancelled by the numerator. However, the appropriate
tensor structure does not appear in the Dirac chain of the numerator due to the
transverse polarization of the external gluons. In other words, upon projecting the
numerator of fig. 4.5(a) to the FF, appropriate factors do not appear to generate the

double-logarithms at two-loops.

We can turn our attention to three-loops where the appropriate structure does ap-

pear in the numerator. The diagrams of fig. 4.6 are divided into Abelian (fig. 4.6(a,b))
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Figure 4.5: The non-factorizable Higgs production diagrams with an additional
eikonal gluon (represented by the wavy line) being emitted by the soft quark (a)
at 2-loops, and (b) effective diagram at 3-loops that gives the total 3-loop QCD
contribution from this source; it does not represent the all-order contribution in this
case. Symmetric diagrams and diagrams with opposite particle flow for the closed
quark loop are not included. The dark circle represents mass insertion.

and non-Abelian (fig. 4.6(c,d)) subgroup. Let us begin with nonplanar topology
fig. 4.6(a), we define the Sudakov parameterization as ly = ugly + vops + lo; and
k| = rip1 + wips + k|, and assume that in the light-cone coordinates p; = p; and
p2 = py. The double-logarithmic integral over I, results in the factor 1/(pyly) =

1/(p317) which has the same structure as the lower eikonal quark propagator

Sy =k = pa) == 4o (4.21)
1

where we used the relation k~ < I in the double-logarithmic region. This factor
of 1/I7 must be cancelled to obtain double-logarithms. We find that only the upper

eikonal quark line has the relevant tensor structure in the numerator

S( I, — K o 1 M 4.99
p1+ b 1)N2/€/+ + = +ee, (4.22)
1 1

as indicated in fig. 4.6(a) as real (virtual) gluons have transversal (light-cone) po-
larization. The integrals obtain double-logarithmic scaling for v; < w] < 1 and

ujug < 1y < wuy, with on-shell conditions for the soft quark propagators requiring

1
99

(1) 01 o 1 1-m 1-& 1-&1—m2 M §1+&2
M) = s [an [ e [ [ e [Can [ s
4.6a 0 0 0 0 0 &1

(1) 01 o 1-m 1-& 1-&1—m2
|:MggH:| = —8z"In P/ dﬁl/ dfl/ d772/ dés(méa),
4.6a 0 0 0 0

1
[M(”} __(zheY (4.23)
991 | 4 64 3 ’

uyvy > p and ugvy > p/uy. Then the contribution of fig. 4.6(a) to M )H reduces to

CHAPTER 4. HIGGS PRODUCTION VIA LIGHT QUARK MEDIATED GLUON FUSION



4.3. NON-FACTORIZABLE CONTRIBUTION WITH SINGLE SOFT QUARK
EXCHANGE 43

for z = —Crx. Note that the integral over Sudakov parameters r] and w) results in
the standard one-loop Sudakov correction factor 2zm,&,. Turning our attention to the
planar diagram fig. 4.6(b), integration over soft gluon momentum k; = ryu; + wyvy +
k1, generates the factor 2zm&; for v < w; < 1 and u; < r; < 1 corresponding to
[7 < ki in the logarithmic region. In contrast to the nonplanar case, the required [
term is generated in two ways. The lower eikonal quark propagator can be expanded

as ~ -
S(ll—k:l—pQ)z—L <1—|—]i%)+~~, (4.24)

1

while the upper quark propagator has an expansion similar to eq. (4.22),

+ Iy — ki
S(pl—]fl—f—ll)% v (1+1 1>+ (425)

2k N

The relevant structure is generated by product of I /k] term from eq. (4.24) and
ki /py term from eq. (4.25), which cancels with the product of the leading term
from eq. (4.24) and [ /p; term from eq. (4.25). Thus the contribution of the planar
diagram to the FF vanishes in the double-logarithmic region. This cancellation is
specific to three-loops and does not hold for higher-order diagrams with multiple soft
gluon exchanges in the planar topology. Moreover, for the non-Abelian diagrams,
the contribution of the soft gluon momentum coming from the three gluon vertex is
not included. Though such a term produces a double-logarithmic contribution for
the given diagram, it is proportional to the momentum of the on-shell soft gluon and
after we cut the corresponding gluon line it vanishes in the sum of the diagrams by
the Ward identity. Complete evaluation for these diagrams is given in appendix C.3.
After factoring out the IR divergence, the remaining IR finite result reduces to the
effective diagram fig. 4.5(b), which is the same as the Abelian diagram fig. 4.6(a) with

effective soft gluon exchange. Contribution to M 5;}{ at three-loops reduces to

(1) _ (Ca—=Cp)(Ca —2CF)z*
|:MggH:|4.5b =— 5 In“ p, (4.26)

with the (C4 — CF) factor accounting for the eikonal color charge variation due to the
soft quark. While emission of the eikonal gluon provides the (Cy — 2CF) factor, and
accounts for the eikonal quark and antiquark changing into color octet.
Resummation requires dressing fig. 4.5(a) with multiple additional soft gluon ex-
changes to get higher-order diagrams. Obtaining the full result would in turn require
systematic treatment of factorization in QCD. This is a rather challenging problem
due to the gluon self-interactions; specifically, further soft emissions by the eikonal
gluon itself start contributing from four-loops. Thus full QCD analysis to obtain the

all-order contribution is beyond the scope of our current work.
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Figure 4.6: The 3-loop non-factorizable Higgs production diagrams with an addi-
tional eikonal gluon (represented by the wavy line) being emitted by the soft quark
where (a) and (b) are Abelian, while (¢) and (d) are non-Abelian. Symmetric di-
agrams and diagrams with opposite particle flow for the closed quark loop are not
included. The dark (empty) circle represents mass (loop momentum) insertion.

4.4 Higgs production FF at NNLP

So far we have obtained the all-order result for the factorizable contributions to
Higgs production from diagrams with single and triple soft quark exchanges. We
also obtained the non-factorizable contribution from diagrams with single soft quark
exchange at three-loops. Previous resummation results were written in terms of the
functions g(z), f(z), and h(z) corresponding to single, double, and triple soft quark
exchanges respectively. These functions were also normalized to the base one, two, and
three-loop diagrams. Similarly, the non-factorizable contribution can be normalized
to the three-loop result of eq. (4.26); we denote this resummation via the function
j(z). We can finally write down the NNLP coefficient in the asymptotic expansion of
the Higgs production FF in the high-energy limit as

ngFh(Z) _ (CA — CF)éCA — 2CF>j(Z)} x21 . (4'27)

M;;L =1In’p {—4g(z) + {

As mentioned, deriving the all-order full QCD result for the function j(z) is beyond
the scope of our current work. Instead, we consider two complementary limits: (i)
the large-N, limit of QCD, and (ii) the Abelian limit. Though this gives only an
approximate result, such an analysis is quite instructive. Indeed, the large-/N. limit

catches the qualitative behavior of real QCD and very often gives reasonable quan-
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titative estimates of the perturbative coefficients. At the same time, the Abelian
gauge group includes all-order non-factorizable corrections and therefore represents

the general case for the mass-suppressed amplitudes at the NNLP.

4.4.1 The large-N, limit

The large number of colors limit is defined as N, — oo with simultaneously g — 0
such that the product A = ¢ N, ~ a,N, remains constant [66]. The coefficient of the

function j in this approximation vanishes since

N2 -1 1
73Oy — 2CF) ~ o? (Nc — CNC > = agﬁc — 0. (4.28)
While the same for the function h reads
N? -1
7*Cp ~ o’ ( ;NC ) ~ a’N, — 0. (4.29)

Thus, in this limit the dependence of the coefficient M ;;}{ reduces to the function ¢
with z = (Cy — Cp)x = N.x/2;

N,
MY~ —4ln?pg ( :'3) . (4.30)

99 2

Next, we consider the Abelian limit.

4.4.2 The Abelian limit

In this limit, the self-interactions between the gluons are absent, but the analysis
of the function j(z) is still highly non-trivial. We consider the case of n soft gluon
exchanges. Contribution from which is generated by a diagram with m’ leading soft
gluon exchanges with the topology of fig. 4.6(a), and m = n — m/ exchanges with the
topology of fig. 4.6(b); all possible permutations of the n vertices are along the upper
eikonal quark line. We denote the momenta of these gluons by k. and k; respectively.
All n gluon exchanges result in a factor of [; from the upper eikonal quark propagator
similar to eqgs. (4.22) and (4.25). After the sum over all the permutations of the n
vertices on the upper eikonal line, the integral over k" and k" factorizes. Similarly, the
sum over m/!'m! permutations of vertices on the lower eikonal line, the integrals over

k™ and ky also factorize within each group. This results in n-loop soft contribution
of

n (2277152)7”/ (2zm&)™

o~ Y (4.31)
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29949

Figure 4.7: An example of a higher order Abelian diagram with multiple soft gluon
exchanges on the fig. 4.5(a) topology. In this scenario m’ = 5, and m = 4. As
outlined in the text, the momenta k; for ¢ = 1,2,...,m are labelled from the eikonal
gluon vertex (eikonal gluon represented by the wavy line) to the Higgs vertex and
are labelled at the vertices of the second group on the lower eikonal line. Here,
fi=4,f>=3,f3 =06, and f; = 1. The numbers from 1 to 9 enumerate the vertices
on the upper eikonal quark line, resulting in j* = 4 for the vertices 1,2,3,4, and j = 3
due to the vertices 1, 3, 4.

where z = —Cpx since C4y = 0 in the Abelian approximation. When all n exchanges

are of type fig. 4.6(a) i.e., m = 0 and n = m/, eq. (4.31) reduces to

(2zm &)™

YR (4.32)

Analysis of the [; terms originating from the denominator of the lower eikonal quark
propagators similar to eq. (4.24) is more involved. Only soft gluons from the sec-
ond group, fig. 4.6(b), can generate this factor from the expansion of the following

expression
Siky -+ k.
(ky +107) . (b +- -+ 1)

the gluon momenta are labelled from eikonal gluon to the Higgs boson vertex as shown

(4.33)

in fig. 4.7. f; is the number of the eikonal propagators carrying the momentum k; on

the upper quark line for a given diagram. Rewriting the numerator of eq. (4.33) as

flky +--+k,, +17)+
(fr = f)(ky + 1) = fily,

results in the cancellation of one of the terms in the denominator of eq. (4.33) by each
term except for the last one. The cancellation removes the necessary scaling to obtain
the double-logarithms; thus we only need to consider the f;/; term which corresponds
to the soft gluon next to the eikonal gluon vertex. To obtain the total result, the
coefficients f; must be summed over the diagrams with all possible permutations of

the remaining vertices. Let us perform the convenient double-logarithmic integrals
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over k; and k; first. Recall that in the logarithmic region, the Sudakov parameters are
ordered along the eikonal lines, thus the n-fold integral for each diagram over w; and
w; gives 0 /n!; while m and m’-fold integral over r; and 7} gives &7 /m! and &5" /m/!

respectively. The combined n-loop factor is

(2zm&)™ (2zm &)™
nlm/!m!

(4.35)

Summation over the permutations of the m’ and (m — 1) remaining vertices within
each group on the lower quark line can be performed as f; only depends on the routing

of ky, and is independent of all other soft gluon momenta; this results in
m/l(m —1)! (4.36)

for m > 0. Now let j" and j be the number of vertex with momentum k; in a sequence
of all n and m vertices on the upper quark line respectively, counted from the Higgs

boson vertex. Then f; = j' for a given diagram, and the sum over all gives

m j+m’

] - 1 (n—Jj')! o
227 =D (m = ) 5=

Jj=1j'=

(=1)™*'m(m + 1)(n + 1)Pochhammer [—n,m’ — 1]
2m/’! ’

(4.37)

where the combinatorial factors in eq. (4.37) corresponds to the number of ways m’
ordered vertices from the first group, and m — 1 vertices from the second group for

given j' and j can be arranged. The Pochhammer function is defined as
Pochhammer [n,m] =n(n+1)(n+2)---(n+m —1) (4.38)
Plugging this definition in eq. (4.37) gives
Pochhammer [—-n,m’ — 1] = (-n)(-n+1)--- (—n+m' — 2)

= (=)™ tan—1)---(n—m +2)

’ 'n,‘

, n! 1
=(=1) (m+1)I

= (=" 71m (4.39)

We have used n = m/+m and the fact that all m, m’, and n are non-negative integers.
Substituting eq. (4.39) back into eq. (4.37) gives

m  j+m'

ZZ (j' =1 ‘(n—j’)!‘ = n! m(n—l—l)‘ (4.40)

_ _ | / _ 4l 191 /1
= =D =D = ! = mimt 2
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Bringing the factors together from eqs. (4.34) to (4.36) and (4.40) results in

(22m1&)™ (22m €)™ nl mn+1)  n+ 1 - -
(4.41)
Adding egs. (4.31) and (4.41) gives
m+m' —1 ! .
2m’lm)! (22m&)™ (22m&)™, (4.42)

the total for m > 0. The dependence on m and m' factorizes, allowing the direct

summation over the number of soft gluons in each group;

2. (2 m | & -1 '+1
3 LG [ (=) 2

m=0

(4.43)

where the last term is added to obtain correct m = 0 contribution, eq. (4.32). It is

simpler to sum over each term in the above equation individually; these sums are

o0 (22775 m’ [e'e} m . i 1 00 22’]76
Z { 7711"2) Z [2_7)1'(2277151) ] e § Z - 2277151)
m’=0 ) m=0 '
e22méz p22mé
= f(%m&), (4.44)
- (2277152)m/ / (227]151) B €2Z771§2€2'Z771§1
Z—:o[ m'! — 2m) - 5 (22m&2), (4.45)
— [22m&)™ ] (2em&)™ ] e2eméz p22mé 4.4
Z ! B | - ) ( . 6)
'—0 m: m—0 2m! 2
00 22:7] g m’ m' 62277152
> [%7} = —5(2am&), (4.47)
and /
> (22’77152)”1 1 62277152
5 = : 4.4
mz,:o{ m'! 2 9 (4.48)

Putting factors from eqs. (4.44) to (4.48) together, we obtain,

e22m (§1+&2) ) ,
eq. (443) = ————[(¢7"% = 1+ 2zm&) + (2em&) (1+€79)]
—2zmér _ e—22mén _ | + 2277 5
= (2 2zn1(€1+E2) 1 € 161 ‘ 4.49
(2eme)e T T oG (4.49)

It is important to note that the contribution of soft gluon exchanges from both groups

factorizes and exponentiates in the final result. After factoring out the leading soft
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gluon contribution 2z1,&,, we obtain following form for the integral representation of

j(z) in the absence of gluon self-coupling

1-m 1-& 1-n2—&1
=72 / dny / e, / dn» / 46y [esem €+

e~2zmé _ | e—2smé _ 1 + 2z
[1 + i mé&1 ’
2 dzmé&s

(4.50)

with 2 = —Cpz. First six coefficients of the Taylor expansion j%(z) = 14> > jo%2

are given in table 4.1.

4.4.3 Discussion

In this section, we compare our analysis to the available results obtained by dif-
ferent methods and discuss the phenomenological applications to the Higgs boson
physics at the LHC. Loop by loop perturbative expansion of the full coefficient in
eq. (4.27) is

2
M;QH In? p {—4—§(CA—C'F)$ +

2 (4.51)

In? p [x_

5 (TrCr — 14C3 + 23CpCa — 9C3) + c3a° + -+ -

with the exact result up to three-loops given by terms O(2?) in the double-logarithmic

region of the high-energy or small mass approximation. The four-loop coefficient

c3 = —N32/840 in the large-N, approximation, and in the Abelian approximation
c3 = T;%F + l‘ngF The expansion of the exact analytic result at two-loops from ref. [67]

agrees with the two-loop term in eq. (4.51). Numerical result for gg H amplitude in the
high-energy approximation was obtained in ref. [58]. 0.0005738811728 is the numeric
coefficient of the double-logarithmic term L%/2% in eq. (C.1) of [58]; where the authors

CC 2

of [58] define the scale ratio as “z”, which is equivalent to 1/(4p) as per the notations
used in our calculation. Extracting the coefficient from eqs. (4.1) and (4.51) for L5/2?
term results in

@(—TFOF 4+ 140% — 23CC 4 + 9C3%); (4.52)
this agrees with the numerical value from [58]. The gluon fusion to Higgs boson result
can be transformed into the Higgs boson to two photon decay by changing the color
factor of the external lines from C4 to zero. Thus C'y — Cr — —CF replacement

is required in eq. (4.26), and in the definition of the variable z in eq. (4.27). Using
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similar notations, for the Higgs decay FF we get

1,2

45

M(l)

2
oy =% p [ =44 gcpx + - (TpCp — 14C3 + 5CpCys) + -+ - | . (4.53)
Numerical result for Hyy amplitude obtained in ref. [59] has 0.001099537037 as the
coefficient of the L8/2% term in eq. (C.1); where z is the same scale ratio as that

in [58]. Extracting the coefficient from eqs. (4.1) and (4.53) for L8/2? term results in

1
M(—TFCF + 140% — 5CpCy), (4.54)

and agrees with the numerical value from [59].
Finally, let us consider the asymptotic behavior of the all-order result for the
Higgs production FF in the high-energy or small mass approximation. As mentioned

earlier, in QCD with large- N, approximation, eq. (4.27) reduces to

N.x
1 2 c
Még}{ =—4In“pyg <T) : (4.55)
Since the argument of the function g is positive, the asymptotic behavior is determined
by eq. (2.81) i.e., the amplitude is exponentially enhanced. Note that we take the
N, — oo limit first, and in general, this limit may not commute with the kinematical
limit of z — oo. Similarly, in the Abelian approximation the asymptotic behavior of

the functions in eq. (4.27) as z — —oo are

In2z +~ a 9
~ TE7 h(=2) = O(1/2%), j*(~2) ~ 2.2 (4.56)

9(—2)

With Cr = 1 and C4 = 0 in the Abelian approximation, the coefficient, eq. (4.27),
asympotically approaches the value Mg(;iq = —In?p. Thus, the double-logarithmic
corrections effectively reduce the LO coefficient, eq. (4.14), by factor four.

To estimate the effect of the high order term we have computed, for physical

values of the parameter; let us rewrite the coefficient M ;;}I with respect to M Q(S)H’

1+p {—4 + {Tith(z) _ (= CF)éCA — 2Cr) j(z)} %] . (4.57)

In the large- N, approximation the above equation reduces to 1—4p with p ~ 1.6 x 1073
for bottom quark, which amounts to approximately 0.64% negative correction to the
O(m) contribution. In this limit, the dependence of eq. (4.57) on x disappears and
it becomes valid for both gluon and photon external lines. Thus, we get a universal

all-order estimate of the NNLP contribution to the production and decay processes.
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Chapter 5
Summary

In this thesis, we have addressed one of the challenging problems of the modern
quantum field theory: the high-energy asymptotic behavior of the power-suppressed
scattering amplitudes. We focused on the massive quark scattering, and the light
quark loop mediated Higgs boson production and decays in the double-logarithmic

approximation.

5.1 Massive quark FF

The quark scattering has been studied through the second order of the small
quark mass expansion. The asymptotic behavior of the corresponding FF at the NLP
is determined by the non-Sudakov double-logarithmic corrections resulting from the
eikonal color charge non-conservation in the process with the exchange of the soft vir-
tual quark pair. They are described by a universal function that shows exponential
growth for the large values of the double-logarithmic variable in QED and a loga-
rithmic scaling in QCD. We have presented for the first time the complete analytic
asymptotic results for this function (egs. (3.20) and (3.29)). At O(a?) the result has
been recently confirmed through the direct evaluation of the three-loop vector, axial,

scalar, and pseudoscalar FF [68].

5.2 Higgs production via gluon fusion

The Higgs boson amplitude has been studied through the third order of the small
quark mass expansion. To our knowledge, this is the first example of the renor-
malization group analysis at the NNLP. The double-logarithmic corrections to the
O(m?) Higgs boson production and decay amplitudes are induced by single and triple

soft quark exchanges. This is the first example where the mass suppression of the

ol
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double-logarithmic contribution is not entirely associated with the chirality flip on a
fermion line. Starting with three-loops a new source of the double-logarithmic cor-
rections opens up with the emission of an additional virtual eikonal gluon by the
soft quark. Our analytic result agrees with the previous numerical evaluation of the
three-loop QCD corrections to the Higgs boson production [58] and two photon de-
cay [59]. Beyond three-loops the all-order double-logarithmic asymptotic behavior
of the amplitudes has been derived in two complementary approximations. In the
large- N, limit, which is supposed to catch the qualitative behavior of real QCD, the
structure of the double-logarithmic corrections significantly simplifies and becomes
identical to the one of the leading O(m) contribution, which is exponentially en-
hanced for the large values of the double-logarithmic variable. The Abelian limit
with C'y = 0, though less phenomenologically relevant, reveals a more complex struc-
ture of the double-logarithmic contributions and represents the general case for the
mass-suppressed amplitudes at the NNLP.

We have also presented a quantitative estimate of the accuracy of the high-order
calculations based on the small mass expansion for the Higgs boson production and
decays mediated by the bottom quark loop, which may become relevant with the
permanently increasing accuracy of the QCD predictions [69]. Based on the double-
logarithmic analysis we conclude that neglecting the terms suppressed by the mass
ratio m? /m? in such a calculation introduces a relative error at the scale of one percent
in every order of the perturbative expansion. Our result can also be generalized to
estimate the high-order subleading top quark mass effects on the double Higgs boson
production in the high-energy limit [70,71], where the role of the NNLP terms could

be significant.
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Appendix A

Gamma matrix identities

Here we list the most useful gamma matrix identities from Dirac algebra, which

are used throughout the calculations presented in this thesis.
{27} = 29"

¢ =a, " =a"vgu = v, = a9
b + b = 2(a - b)
9" g = d
Yy =d
= (2= d)y”
Vi = (2 — d)

P = 4g™7 + (d — 4)7”
Vb, = 4a - ) + (d — 4)db
VANV Ay = =297y = (d = 4y vy
Vdbdv, = —2¢bd — (d — 4)db¢
VANV Y = 2907+ 29T+ (d = vy

V' bdr,, = 24deb + 2b¢dd + (d — 4)dbd
tr [Odd Number of Gamma Matrices] = 0
tr (v"9") = 4¢"”
tr (db) = 4(a - b)

tr (Y'9"7"9%) = 4 (9" 9™ — g"g"" + g"°g")
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Appendix B

Evaluation of quark scalar FF

In this appendix, we provide the technical details of the evaluation of the scalar FF
for the one and two-loop diagrams. While we already know that the one-loop diagram
can only contribute to the LP Sudakov logarithms, it is included as it provides a simple

and interesting insight into these calculations.

B.1 The 1-loop diagram
For the one-loop diagram shown in fig. 3.1, we can write down the amplitude as

i(pz_l—’—m)

(pz - l)2 - m2?/q

iM = / %Q(Pz) (ig:7°T5)

z}g?l__l)é J: ZLL)Q (i9:7°T%;) %(Z(pﬁ
. d*l q(p2) NiL q(p1)
= —iltma)Crsin | G et ey (B

where we have used eq. (2.14) for the generator matrices, and omitted the trivial
Kronecker deltas related to the quark propagators in the numerator. With the help

of gamma matrix identities of appendix A, the numerator can be simplified in the
following manner:

Nip =~*(p, — I +m) (pl —l+m) Vs

Nip =~ (zzﬁ2 +m) <p1 + m) Vors (B.2)
Nip = 4popr + (d - 4)}])2% +(2- d)m(% +}/§1> - de’

Nip =4pop1 +m*(d—4+2—d+2—d+d),

62



B.2. THE 2-LOOP DIAGRAMS 63

Figure B.1: The 1-loop diagram. The momentum conventions are shown in fig. 3.1.
The Greek letters represent the vector indices, while color indices are denoted by the
Latin letters.

Nip = 4papn, (B.3)

where we have ignored the loop momentum as terms with higher powers of loop
momentum in the numerator cannot generate double-logarithms, and utilized the
equation of motion, eq. (2.12), once there are no gamma matrices in between the
spinor and corresponding external momentum. It is from the Dirac algebra that the
terms proportional to the quark mass vanish but one must be careful and work in d-
dimensions. As previously mentioned, the remaining integral is the standard Sudakov

integral of eq. (2.38) which factors out into the function Z? of eq. (3.3).

B.2 The 2-loop diagrams

All the non-trivial two-loop diagrams for the quark scattering by Higgs boson are
shown in fig. 3.2. To show that fig. 3.2(a), redrawn here with the momentum con-
figuration in fig. B.2(a), does not generate the power-suppressed double-logarithmic
contribution to O(p) coefficient of the scalar FF in the high-energy asymptotic series,

we focus on the Dirac chain in the numerator
Ngoa = (1 + m([i+ Lo — p, +m) (1 + Lo — P, + m)va(lo +m)y,.  (B4)
In the double-logarithmic region with negligible loop momenta, this reduces to
N3oq & m*y*yP(m — P (m = P)VaVps
Nyza = m*y9"(m? = mp, = mph, + B9, VeV

Nioa = m*y*[(2 = d)m*ya — d4mpy . — (d — )mp,ye — 4mpaq
- (d - 4)m¢2’7a - 27(1?2?1 - (d - 4)%}%%4] )
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pl_l‘l
p1 pl_ll_IZ

< =~
<

Ps pz_ll_iz

Figure B.2: The momentum configurations for fig. 3.2(a) and (c). The dark vertex
represents the Higgs boson with momentum ¢ = p, — p; coming into the vertex.
N3gq =m?[d(2 — d)m® — dmp, — (d — 4)(2 — dymp, — 4mp,
— (d = 4)(2 = dymp, — 2dp p, — 4(d — 4)pap1 — (d = 4)°p p, ],
Ni2q = m*[d*(2m® — 2pap1) + d(12pop1 — 20m?) + 24m* — 16pap, |. (B.5)

We can now plug in d = 4 — 2¢ with ¢ — 0 to get

N3oq = —24m*, (B.6)

(1)

Thus, fig. 3.2(a) cannot generate contribution to F; Sl in the double-logarithmic region.

We leave the calculation of fig. 3.2(b) for last and tackle the remaining diagrams first,
starting with fig. 3.2(c), shown with momentum configuration in fig. B.2(b). For this
diagram also, it is sufficient to focus on the Dirac chain in the numerator and simplify

it for the small loop momenta in the double-logarithmic region:
N3oe =7"(p, — I+ m)’Yp(% — L=+ m)(ZZ)l — L=+ m)%(}”l — 1+ m)7a,

N3.26 = Va(m + %2)7p<m + %2)(m + ﬁl)PYp(m + pl)%v- (B7)
Further evaluation is simpler if we focus on parts of the numerator rather than the
entire Dirac chain. Let us look at nf = (m + p,)v"(m + p,):

ny = mQ’Yp + mryppz + meVp + pQprZ’

nf = m*y? +mps o (V' + ) + P, Do
ny =m*y’ +mpay (29°°) + P, (29°" —777") Pa.os
ny = m*y? + 2mph + 2,05 — PP,

ny = 2ph(m +p,), (B.8)
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P1

Pz_lz P2_11—12
(b)

Figure B.3: The momentum configurations for fig. 3.2(d) and (e). The dark vertex
represents the Higgs boson with momentum ¢ = py — p; coming into the vertex.

where we have used the on-shell condition p2 = p; = m? for the external particle.
Identically, ny, = (m + p,)7,(m + p,) reduces to 2p; ,(m + p,). Plugging this and
eq. (B.8) back into eq. (B.7) leads to

N3ac = (4dpap)Y*(m + p,)(m + P, )Va- (B.9)

The remaining part of the Dirac chain is identical to eq. (B.2), the one-loop Dirac
chain in the double-logarithmic region, resulting in Nso. = (4pap1)?. As expected,
this cannot generate the power-suppressed logarithms but rather contributes to the
next order, O(a?), at the LP in the mass expansion i.e., to the second term in the
expansion of the universal Sudakov function Z7. For fig. 3.2(d) and (e), we need to
inspect the denominators of the propagators to see why double-logarithms are not
generated when a soft particle is emitted and absorbed by the same external line
and there is no exchange. For convenience, fig. B.3 shows these diagrams with their

momentum configuration.

D394 o {(pl - 51)2 - m2}{(p2 - 11)2 - m2}
{(p2 =l = o) = m*H{(p2 — 12)> = m*}317, (B.10)

and

Dsse o< {(p1 — h)* = m*H(p2 — 1h)? — m?}
(p2 — Iy — )% (py — 12)2(12 —m?) 2 (B.11)

2

are the denominators. The propagators (%, I3, and I3 — m? are soft and go on-shell,

and can be replaced by the the residue at the pole. With the standard Sudakov

parameterization, the remaining propagators in the eikonal approximation reduce to,

(p1 — 11)2 —m? —v1(2pap1), (B.12)
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Figure B.4: The momentum configurations for fig. 3.2(b) and its symmetric coun-
terpart. The dark vertex represents the Higgs boson with momentum ¢ = py — py
coming into the vertex.

(p2 —h)? —m® ~ —u1(2pap1), (B.13)
(po — Iy — I5)* — xm? = —(u1 + uz)(2pap1), (B.14)
(p2 — l2)2 — Xm2 ~ —uz(2pap1); (B.15)

where xy = 1 and 0 for fig. B.3(a) and (b) respectively. It is clear that the Sudakov
parameter v, does not appear in both cases, while us appears twice for Iy < lp; thus
the loop momentum [ cannot generate double-logarithm as expected. Only fig. 3.2(b)
remains, fig. B.4 shows this diagram along with the diagram with opposite particle
flow for the closed loop, with their momentum configuration. The color for these
diagrams is

czop = Ty T tr [T°T"] = Tpd T Ty, = TrCroy;. (B.16)

The rest of the numerators are

Np.aa =v5(l2 + m)7o tr [’Ya(ll + 1 Pt m)
(I1+ 1o — Pyt m)y? ([ + m)], (B.17)

and

Ny =v5(Io +m)y, tr [70(11 +m)y”
(p, + Ji— 1, +m)(p, + Ji =1z +m)]. (B.18)

Since the main difference between these two diagrams is only in the particle flow
inside the closed loop, we can focus on the trace over the loop. For fig. B.4(a) with
the negligible loop momenta in the double-logarithmic approximation, the trace in
eq. (B.17) reduces to,

e = (m) tr [v797 (m — p)(m — p,)].
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Ny se = (4m) [m?g% — 0 — 0+ g% (pap1) — pi'p§ + papT]. (B.19)

Similarly, for fig. B.4(b) it is

Ny = (m)tr (4" (m + p,)(m +?1>70}7

N = (4m) [m?¢" + 0+ 0+ pop] — pipg + g7 (pap1)]. (B.20)

The traces are equal in both cases as seen from eqs. (B.19) and (B.20). Thus, for the
remainder, we can focus only on one of the diagrams. The full numerator can now be
simplified as

Np.1a = 1815 + m)Yenf s,
Npaa = (4m?) [m?d + d(pspr) — p.p, + P,p,]
Np aa = (4m?) [m*d + d(papr) — (2pap1) + P, +m’]
Np.1o = (4m?)[(d + 2)m*d + (d — 2)(pap1)]
Npaa & (4m*)(2pap1) (B.21)

where we have only kept the leading term in the last step after letting ¢ — 0 for d =
4 —2¢e. Only the integrals over loop momenta remain. We now introduce the standard
Sudakov parameterization l; = u;p; + v;ps + [, . While not necessary, applying l; —
—I; variable change in fig. B.4(b) makes the denominator for both diagrams identical.

In the soft loop momenta region, the denominators reduce to

17 —m? &~ [—2mid (2uvipopr — m® + 17))] - (B.22)

(p1 — 52)2 ~ —2pily & —qPvg, (B.23)

(p2 — 12)2 ~ —2poly & —qPus, (B.24)
(Li+l—p)?—m’ = =2pi (L + ) & —¢*(v1 + va), (B.25)
(ll + lQ — p2)2 — m2 ~ —2p2(l1 + l2) =~ —q2(u1 + UQ). (B26)

This is double-logarithmic for pily < pil; and poly < psly, corresponding to Sudakov
parameters ordering of vy < vy and us < wuy; along with the additional constraint

u;v; > p. The integral can be evaluated now:

d*l
I .4a —/ 2 2 2 - 2 2 2
(G =m?){(li +lo —p1)? —m?H{(lL + I — p2)* — m?}
d*l,
(13 = m2)(p1 — l2)2(p2 — 12)?

X
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7 b dy ! duq “odue M dus
Ipaa ™ —— o o
T Jp V1H V2 Sy Wt T U2 Sy V2 S, U2

7T4 4 1 1—-m 1-&1 1—772
Ipso~——In P/ d771/ dfl/ d772/ d&s
q 0 0 m &1

74 In?
Ipsa = _ETK (B.27)
Putting all the factors together, for amplitude we get
. 4a? _
M = WquFCFNCQ(p2)NB.4QIB.4QQ(p1)7 (B-28)
from which we can easily read off the FF.
402
Fspaa = (QW;GTFCFNBA(LIBAM
as\2 TrCr 7 In* p
b= () B (-5150).
554 47 md (4m"q’) gt 24
e
Fspaq = (—ﬁ%) Ps (B.29)

with z = %ln2 p. Multiplying eq. (B.29) by 2 for fig. B.4(b) results in the two-
loop scalar FF which is equivalent to eq. (3.5) for the n = 1 coefficient in the series
expansion of the scalar FF.

The three-loop diagrams of fig. 3.3 are obtained by an additional leading gluon
exchange on fig. 3.2(b). Thus, in the double-logarithmic approximation, it can be
easily shown that the numerators of the three-loop diagrams reduce to that of the
two-loop substructure. Since the required factors of m? for F él) come directly from
the chirality flip on the soft quark lines, the additional parts of the numerator can

only contribute a factor of (pep;). Let us consider fig. 3.3(d) first, the numerator of
this diagram in the double-logarithmic region reduces to,

N334 = %(?2 — I3+ m)vs(ly + m)vs tr [”Yo(ll + 1 —p, Tt m)
V(T s —p +m) I+ T+ 15—, +m)y’ ([ +m)],

Ns.sa = % (p, + m)vs(m)ve tr [17(m —p )7 (m —p,)(m = p,)y"(m)].  (B.30)

It helps to focus on the part of the numerator around the soft gluon emission vertices.

For the vertex near the external line carrying the momentum py we get,

n, = Vu(pg + m) = ’Yu(fyupg + m)a
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ny = [(29111/ - quﬁ)/V)pg + m%/:|>
ny = [2]72,1/ - p27u + m'%/]u
n, = (2p2.), (B.31)

where in the last line we have used eq. (2.12). The factor around soft gluon vertex
along the upper eikonal line (m — p, )7"(m — p,) reduces to 2p}(m — p,) similarly to
egs. (B.7) and (B.8). Plugging these back into eq. (B.30) gives

Ny.3a &~ m®(4pap1 )y tr [ (m — p,) (m — p,)7°], (B.32)

which has indeed reduced to the two-loop numerator eq. (B.17) with negligible loop
momenta and a factor of (4psp;). Next, we consider fig. 3.3(g), the numerator for

which reduces to

N3zg =7*(l2+ m)y, tr [70(11 + /5 —p, Tt m)(l1+ 1o — Py T m)
VoI = s +m)y (1, + m)] [gaB(ZQ —p2—p2+la+13),+
9ou(p2 — b — Is — I3)a + gua(ls — lo + p2)5]

Nyisg = 5" (m)o tr [y7(m = p)(m = p, )" (L + m)y" (11 +m)]
[905(—2p2,.) + 95 (P2.0) + Gua(p2,5)]. (B.33)

Again, focusing on the propagators near the soft gluon vertices, (/1 + m)y*(/; +m)
reduces to 2% ([, +m) ~ m(2l}) identically to egs. (B.7) and (B.8) for the soft on-shell
loop momentum /2 = m?. While near the three gluon vertex, we have three terms as
seen in eq. (B.33). The py, in the gg,ps term contracts with 4 to give Py which
would result in an additional factor of mass from the equation of motion, and can
be ignored. Next, the g,.p2 5 term contracts with v*I4 to give /;. This part of the
numerator in eq. (B.33), along with the trace from eq. (B.19) gives

ng = (8m*) 1 (p2,6)70 [M29* + pTps — pSpy + g7 (pap1)],

ng = (8m*) [ [m?p, + pps — P, (p2p1) + P, (P2p1)],
ns = (8m?)/[, [m2p2 + m2pl}, (B.34)

which is proportional to m* and cannot contribute to n = 1 coefficient. Only

Gap(—2pa,,) remains; this has the correct structure as it contracts with y*(2l}") to
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give v5(—4poly). The numerator now reads

N334 ~ m2(—4p2l1)75% tr [VU(m - Pl)(m - ZZ’Q)VBL (B.35)

which is identical to eq. (B.17) up to the factor of (psly) which replaces the standard
(pap1) factor as in this case, soft gluon is emitted by the soft quark line with mo-
mentum [; which acts as “external” momentum instead of p;. We omit rest of the
details for the direct evaluation of the three-loop diagrams as the remaining numera-
tors reduce to the two-loop numerator in one of the ways shown above. The additional
integral over the soft gluon momentum and corresponding Sudakov parameters can be
performed straightforwardly, and do not provide any new insight. Only the diagrams
in which the soft gluon is emitted by one of the soft quark lines or both emitted and
absorbed by the on-shell external quark lines pose an additional challenge, similar to
that of fig. 2.3(a) and (b); and can be evaluated similarly, see section 2.3.2 or [12] for

reference.
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Appendix C

Evaluation of Higgs production FF

Complete technical details of the calculations of the Higgs production FF from
chapter 4 are provided in this appendix. Here we also go over how the symbolic
diagrams are generated with the help of the algorithm QGRAF [16-19], followed by
the evaluation of the trace with the help of FORM [20] for the example of the one-
loop single soft quark exchange diagram fig. 4.2(a). Before we do so, let us derive the
projector for this process.

A generic diagram for di-gluon to Higgs production is shown in fig. C.1; the
details of the loop are not relevant at the moment. As shown in the figure, gluons
have incoming momenta p; and p,, and the Higgs boson is outgoing with momentum

q¢ = (p1 + p2). The most general form amplitude for such a process can have is
FH o T = Foon(q°) [Ag" (pap1) + Bppy + Cpiph], (C.1)

where F,  denotes the FF, '™ is the vertex function obtained from the relevant
Feynman diagram. The constants A, B and C' can be obtained with help of the Ward
identity, pi I = po , I" = 0.

pr It = Fyr(¢?) [Ap'f(pﬂ?l) +0+ Cp’f(pﬂ?l)} =0=A=-C, (C.2)

where we have used on-shell condition p? = 0. Similarly, the second Ward identity
with py, gives A = —B. We can now choose A =1 = —B = —C, and write down the

form projector must have

P,LLI/ X [g;w(pﬂh) - pl,,up2,l/ - pl,upQ,,u} . (C?’)
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p]%

pz—)

Figure C.1: Generic diagram for Higgs production via massive particle loop medi-
ated gluon fusion. This diagram can also describe the Higgs boson to two photon
decay.

Multiplying the above equation on both sides of eq. (C.1),

[gMV(pQPI) — PruP2y — p1,up2,u} FZgVH =
Fuorr(0%) [ (p2p1) — Prupow — Prupo] [9" (op1) — PP — pYph]

(G (D2p1) = PP,y — PLP2u| Doy = Fogr () [(d — 2)(pap1)?]
4 v
FggH(QQ) = m [Quu(pzm) —PiuP2y — D1y p2,u} FZgH’ (C4)
where we have used ¢? = (p; + p2)? = 2pop; in the final step. With that, we can now
write down the final form of the projector as

4 1
P,uu = mg [guu(p2p1> —PruP2y — Py pz,u]- (C-5)

C.1 Factorizable contribution with single soft quark

exchange

C.1.1 Diagram generation with QGRAF

The algorithm QGRAF is a tool that generates symbolic Feynman diagrams [17,
18]. The input that is written in the qgraf.dat file can be run on the Ubuntu terminal
which has QGRAF binaries installed. For a detailed look at all the available options
and ways to generate the diagrams within any field theory, please refer to the QGRAF
documentation [16]. The two important aspects required in the input are the model
file and the style file. The style file determines how the output is shown and the model
file contains the details of the theory; i.e., the particles, and their interactions. For
brevity, the style file is excluded from our discussion as it can be very easily customized
to convenience, and the specific details are not relevant to our calculations and can

be easily found in the documentation [16].

The model file shown in fig. C.3 is used in our calculation for the di-gluon to Higgs
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GGH

File Edit View

*====propagators

*Light Quarks
[fq:fQ:']

*Gluon
[g,g,+]

*Higgs
[H,H,+,external]

*====vyertices

[fQ,fq,g]
[g,g,8]

[fQ,fq,H]

Figure C.2: The QGRAF model file that was used to generate all the Higgs produc-
tion diagrams. It defines a simplified QCD theory involving quark, antiquark, gluon,
Higgs boson, and their possible interaction vertices.

production process. The lines starting with the *x sign are comments and ignored by
the compilers. The section labelled “propagators” is used to let the compiler know
about all the particles in the theory. For this case, it includes a quark (fq) with
antiquark (fQ) as its anti-particle; and gluon and Higgs boson, both of which are their
own antiparticles. The signs declare the commutation rules followed by these particles
with the negative (positive) sign for the fermions (bosons). The word “external”
lets the compiler know that only the diagrams with the Higgs boson appearing as
an external particle are of interest, and diagrams with internal Higgs lines are not
generated. The next section labelled “vertices” is used to define all the possible or
relevant vertices for the theory and the calculation. As expected for simplified QCD,
there are the quark-antiquark-gluon and quark-antiquark-Higgs vertices. Other than
that, there is the purely non-Abelian three gluon self-interaction vertex.

The partial output generated by QGRAF at one-loop is shown in fig. C.3. The
first half of the picture with the lines starting with the # sign, is the input from
the qgraf.dat file and is commented. The output is stored in a file named “GGH

1L”, which can be read via any standard text editor; with the style described in
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E GGHIL

File Edit View

file generated by ggraf-3.4.2

output = "GGH 1L' ;
style = 'g2e.sty’ ;
model = 'GGH.lag';

in = g[pll, glp2] ;

out = H[g3]

loops = 1 ;
loop_momentum = 1 ;
options = onepi, nosigma;

HoHHEHHHEHHE RS

1
diagram 1
pre_factor (-1)*1

number_propagators 3
number_loops 1
number_legs_in 2
number_legs_out 1
external_leg_in pl|1]|g|-1
external_leg_in p2|2|g|-3

external_leg out q3|3|H|-2

momentum kl|2,1]fQ,fq|1
momentum k2|1,3|fQ,fq|3
momentum k3|3,2|fQ,fq|5

}

Figure C.3: Partial QGRAF output showing the symbolic version of fig. 4.2(a), and
the initial code to generate all potential 1-loop diagrams for the theory defined by the
model shown in fig. C.2.

“q2e.sty” file, and the model described in “GGH.lag” file shown in fig. C.2. The next
lines define the incoming and outgoing particles, their momenta for the process of
interest, and the number of loops we’re interested in with the loop momentum. The
options “onepi” and “nosigma” restricts the number of diagrams generated to one
particle irreducible only, and diagrams with no self-energies insertions respectively.
As mentioned in section 4.1, there were a total of 2 diagrams generated at one-loop
with these restrictions. The graphical representation of the symbolic diagram shown

in fig. C.3 is given by fig. C.4 and is of course the same as fig. 4.2(a).

C.1.2 Trace evaluation in FORM

Now that fig. 4.2(a) has been produced by QGRAF, let us look at the FORM

code used to evaluate the numerator to get this diagram’s contribution to the FF. By
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(b)

Figure C.4: Graphical representation of the symbolic Feynman diagram generated
by QGRAF corresponding to fig. 4.2(a) in (a) the form of the symbolic output of
fig. C.3, and (b) the momentum configuration used for the calculation. The Greek
letters represent the vector indices, while color indices are denoted by the Latin letters
“i”7, 43”7 and “k”.

looking at the momentum flow shown in fig. C.4(b), we can write

d*ly NE
iMPmn — _/ C.4b ’ .6
(271’)4 DC.4b ( )
with
Doy = (l% - m2){(p1 + 11)2 - mz}{(ll - p2)2 - m2}> (C.7)
and

NEw™ = tr [i(p, + 11 +m)d,; (ign" T
Z(ll + m)éul (i957yﬂ7}k/)i(ll — pz + m)ékklékj/}, (CS)

where we can separate the trace over spacetime indices and generating matrices i.e.,
color indices. For the color we get,

coap = tr (0550 (Tj)6iir (Tiier) O Oyt ]

ji
coa = tr [T,
ccap = Tpo™". (C.9)

The Kronecker deltas for the colored propagators will be left implicit for the rest of the
calculations. For the spacetime indices, the calculations can be performed manually
but it can get overwhelming quickly as the number of loops increases. Alternatively,
we can utilize an algorithm like FORM; fig. C.5 shows the FORM code for fig. C.4(b),
which was run in the Ubuntu terminal with the FORM binaries installed. The output
of FORM for the numerator before and after the projection can be seen in fig. C.6,

from which we can write

NEY, o< (4m) [ = piph + 2p0 1 + pYph — 21 pl + 41T — g (pop1)] (C.10)
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GGH_S X +

File Edit View

*# ¢alculating 1-leop Gluon gluon Higps Amplitude
#-3

off statistics;

#define LOOP "1™

#define DIAMUMBER "1"

S d, e;

dimension d;

* pi are incoming external, and 1i are loop momenta
vector pl,p2,11;

# non commuting fermion functions FTn inside fermion trace
F FT1, FT2;

* commuting glue prop and functions
CF Dg Den;

# Scalars, commas between the variables are optional
S ex L mep;

* Indices
Index mu, nu, mul, mu2;

% ¥ ® ® ® ¥ ¥ ® ¥ E ¥ ¥ ¥ ¥ E B ¥ ¥ ¥ ¥ E ¥ ¥ ¥ ¥ ® B E N ¥ % E E ¥

local loopl = ( FT1(L,pl+11,L) * FT1(mu) * FT1(L,11,L) * FT1(nu} * FTL(L,l1-p2,L} };

local pro = ( d_(mu,nu}*(p2.p1) - pl(nu) * p2 (mu) - pl{mu) * p2 (nu) )} * loopl ;

#rsirisdzseseass plypgin in explicit Feynman-Rules, multiple i values for when there are multiple closed loops
#do 1 = 1,2
* pamma~mu in projector and/or vertices

id FT i"(mu?)= g (" 1",mu);

* combined slash p
id FT i"(p1?}= g_("i',p1);

* (gislash+m}/q1~2 propagator
id FT 1% (L,p12,L) = (g_("i',pl)+gi_("1")*m)*Den(pl,m);

# g {mul,mu2}/g1*2 gluon prop in Feynmman-gauge

id pg({mul?,mu2?,p12}=d_{mul,mu2}*0Denpl);

id FT i (ex)=1; # external particles
#enddo

srerrerreseeseessss pun the code up to this point #rerersrrseresssrress

.sort

EEEXXXEIXXXLXXLXXE XXX LR ERR |:IEI"‘Fﬂr“I'I1 -thE ‘tI"ECE EXXXXEXXLXXLX XXX LR XL R ER R

tracen 1; # peplace 1 with "i" and run @ loop over "1' for multiple traces
id pl.pl=8; * pn-shell external gluon lines
id p2.p2-8;
id 11.11 = m~2; #* pn-shell soft quark line

idd =4 - 2%ep;

# If (count(ll,1)

= 1 ) discard; #= Ignores any terms linear in 11, Commented
If (count(ep,1} »= 1 )}

discard; * ponly keeps the terms proportional to ep~®

* rFactors all pen functions (representing denominators of the propagators), and various powers of m
b Den m;

# Shows each term on new line in the output
print +s;

-end * end of the code

Figure C.5: Sample FORM code for fig. C.4(b) to reduce the numerator with the
help of the projector from eq. (C.5) to get the Higgs FF.
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Terminal - sneh9992@sneh9992-VirtualBox: /Win-home/Schools/UofA/Form/GGH
File Edit view Terminal Tabs Help

tform GGH S.frm
TFORM 4.2 (Feb 17 2020) 64-bits 0 workers Run: Mon Mar 6 16:58:28 2023
* calculating 1-Tloop Gluon gluon Higgs Amplitude

#-;
loopl =

+ Den(11,m)*Den(pl + 11,m)*Den( -
- 4*pl(mu)*p2(nu)
+ 8*pl(mu)*11(nu)
+ 4*pl(nu)*p2(mu)
- 8*%p2(nu)*11(mu)
+ 16*11(mu)*11(nu)

- 4*d_(mu,nu)*pl.p2
)i

Den(11,m)*Den(pl + 11,m)*Den( - p2 + 11,m)*m * (
- 8*pl.p2~2
- 32%pl.11*p2.11
)

Den(11,m)*Den(pl + 11,m)*Den( - p2 + 11,m)*m"3 * (
+ 16*pl.p2

Figure C.6: Output of the sample FORM code shown in fig. C.5. The result labelled
“loopl” is the trace over the closed quark loop in fig. C.4(b). The variable “pro” gives
the product of the projector and the 1-loop result.

and
NE B o< (8m) [2mP (pap1) — {(p2p1)? + 4(p2la) (p11h) }] - (C.11)

Before moving further, as a cross-check, we reproduce the result of egs. (C.10)
and (C.11) for the numerator starting from eq. (C.8) using the simple Dirac alge-
bra. Since eq. (C.9) already accounts for the trace over the color indices, only the

trace over the spacetime indices remains, which we now tackle.

NE = (g2) tr [(p, + 1r+ m™ (I +m)y (I = p, +m)],

NEY = i gim) [{DV1 — ¢ (pily) + oY1} + {001 + g (pudy) — pYIY} +
{=pips — 9" (pop1) +iph} + {011} — " I3 + 11} +
{1 + g™ = I} + {=1p5 — " (p2l) + ITP5 } +
{01 — g™ IF+ I} + {=1ph + g (p2ly) — I P5} + mPg™ ],
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Nty = (i gim) [2000 + piph — piph + AT — 20p5 + g™ {m® — I — papr}] |
(C.12)
is identical to the output of FORM eq. (C.10) up to the factor of (ig?), in the soft
on-shell quark momentum limit of /2 = m?. Next, we multiply the projector from

eq. (C.5) to further reduce the numerator for convenience.

NE P = eq. (C.12) x eq. (C.5),

y 16ig*m
NE P = ﬁ [2(p2p1) (p1lh) + (p2p1)® — (p2p1)” + 45 (pap1) — 2(p2la) (p2pr)
+ d(pap1){m® — I3 — pap1} — (p2p1)® — 4(p1lh) (p2la) — (papr){m?* — 1§ — pap1 }

— 2(pap1) (p1lh) + (p2p1)? — 4(p1la) (p2la) + 2(pap1) (p2la) — (papr){m* — IF — pap1 }],

y 16ig*m
NEwPar = (= 537 [45(02p0) & (d = D) (papn) (= B = papn} = 8(pah)(pah)]
iz 16Zg§m 2 2
Ne B = a1 [Qm (p2p1) — (p2p1)” — 4(17111)(]92[1)}7 (C.13)

where in the last line I3 = m? and d — 4 are applied; eqs. (C.11) and (C.13) are
equivalent up to a factor of 2 as the projector is not properly normalized in the
FORM code. Putting all these factors back together, the amplitude reduces to

By NE P
[ ggH]CAb:_/(Qﬂ-)AL Degb (C.14)

Only the integration over the Sudakov parameter remains, to which we turn our

attention.

C.1.3 Sudakov method for large double-logarithms

To perform the integral using the Sudakov’s method [1,21], we introduce the
standard Sudakov parameterization for the loop momentum l; = uyp; + vips + 1.
For transverse direction with p; = —[? , the integration measure can be decomposed
as

d'ly = dlyyd®lyL — 7 |pap1| duy dvy dpy (C.15)

[1,21]. Each term in the denominator can be further simplified in accordance with the
Sudakov parameters when the soft quark momentum goes on-shell. As per Cauchy’s

residue theorem the soft quark propagator (I — m?) can be replaced by the Dirac
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delta function [72],

1] —m? & [=2ird (17| + 2(pap1)wrvs —m?)]| " = [=2ind(q*wvr — pr — m?)]

(C.16)

Similarly, the eikonal approximation for remaining propagators is
(p1 + 1)? —m? = 2pily = 2v1(pap1) = vt (C.17)
(I — p2)? —m? = —2poly = —2uy (pap1) = —¢*us. (C.18)

The validity of these approximations require |uq], |v;| < 1 and uyv; > p. The positive
and negative Sudakov parameter contributions are symmetric, so the total integral is
written in terms of the positive parameters. From eqgs. (C.17) and (C.18) it is clear
that the (p1l1)(p2l1) term can be ignored as it cancels both the eikonal propagators
and the integral will not be singular enough to generate the logarithms. Thus, the

numerator further reduces to

" 64dimo,m
NEwPuw = T(m2q2 —q'/4),
NE P = —(16imasm) (1 — 4p), (C.19)

with p =m?/q®> = m?/(2pap1). Only the integral

d*ly
loaw = / (2 —m2){(p1 + )2 — m2H{(l, — p2)? — m2}

(C.20)

remains. Applying the soft and eikonal approximations, the integral reduces to

[—2i7r5(q2u1111 —pP1— m2>}
(?v1)(—¢*ua)

2im?|popr| (Pdvy [P duy
lTow=—""— — —
q U1 Jp/ U1

P
Z7T2 9 1 177’]1
[C.4b = q—2hl p/ dTh/ dfl (C21)
0 0

where in the last line we have introduced the normalized logarithmic variables n; =
Invy/Inp and & = Inwu;/Inp. Plugging eq. (C.21) back into eq. (C.14) to obtain the

amplitude gives

Ica = /du1d1}1d,01|p2p1|7T

—(16irasm) (1 — 4p) i 1 1—m
q ~ 2
(Mol == sgra— Towr gz [an [ des
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_TF%MMIH% (C.22)

[ ZQH]C’Ab: T q2 2

From this, we can simply read off the Higgs production FF at one-loop for single soft
quark exchange to be
AL
[Mgng} L= (=)’ (C.23)

The corresponding n = 0 and n = 1 coefficients are given by egs. (4.13) and (4.14)

respectively.

C.1.4 Single quark exchange effective diagram

The effective diagram with additional leading gluon exchange at two-loops is
shown in fig. 4.2(b). The FF for this diagram is again dependent on the trace over
the closed quark loop,

Ny =t [(p, + I+ Lo+ m)Y T (p, + 11+ mn" T
(I +m)y T (1 = g, + m) 1T ([ + 2 — p, +m)], (C.24)

with [; and [y as soft quark and gluon momentum respectively. We can separate the

trace over the generators to get,
Cogp = tr [TOT™T"T] = tr [T°T*T™T"]

cyop = Cptr [TTT"]
Caop = TrCpd™. (C.25)

The factor of Cr above must be modified to (Cr — Cy4) due to the eikonal color
charge non-conservation and the presence of the effective coupling in fig. 4.2(b). The
remaining trace over the spacetime indices after being projected to the FF reduces to
~ m(1 — 4p) when all the same approximations as the one-loop diagram are applied.

Finally, the integration over the loop momenta is,

d*l,
fan = / (17 =m2){(pr + )2 —m2H{(p2 — 1h)? — m?} -
d*l,
B{(p1 + 1+ 12)> =m?H(p2 — i — 12)? —m?}

(C.26)
The soft and eikonal approximations involving just the momentum [; are identical to
egs. (C.16) to (C.18). For the soft gluon momentum Iy,

5 = [-2imd (uzv2(2pap1) + lgL)rl7 (C.27)
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(p1 + ll + l2)2 — m2 ~ 2p2p1(1)1 + 'UQ), (028)
(pg — ll — l2)2 — m2 ~ —2p2p1(u1 + UQ). (029)

The integral over [5 is double-logarithmic when u; < ug, and v; < vg. Then eq. (C.26)

[ . / dvl/ dul/ d?)g dUQ
4.2b 2p2p1 oo o D
4 A —mM m &1
L / i / de: [ an / a6,
(2]72]71

Iyop = )’ / dm / d&1(§1m)- (C.30)
(2p2p1)?
Putting all these factors together for the Higgs production FF of the effective diagram,

reduces to,

Qs 1 1-m
[Mgth 26 ?(1 —4p)(Cr — Cy) In’ p / dm / d&1(§&1m),
0 0

1 1-m
[M;QHLL% = (1—4p)In*p {2/0 dm/0 d§1(2z§1n1)} . (C.31)
After exponentiating the integrand of eq. (C.31), we get the all-order result,
M)y =m?pg(z), (C.32)
and
[Mg(;}{] N —41n” pg(z), (C.33)

with g(z) defined in egs. (2.75) and (2.76). The asymptotic form of g(z) is given by
egs. (2.81) and (2.83) for large values of z.

C.2 Contribution from triple soft quark exchange

C.2.1 The 3-loop diagrams

Recall from section 4.2 that of the four diagrams in consideration, only fig. 4.3(a)
has contribution to O(m?) coefficient M, g(;}{ of the FF. The numerator for this diagram

is proportional to two traces,

Nis™ = tr [y + Ty o+ s+ m) Tl + m)a T+ Lo+ 1y =, + m)]
tr [V Tip(p, + 11+ m)V Tra(ly + mV " T (Iy — p, + m) Ti (=12 +m)]. (C.34)
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Let us first separate the color factor,

Caga = tr [THTE] tr [T,ng;dT;zTgk} ,

jitij
Casa = Tpd"™ tr [T}, THTHTH]
C43q = Tpitr [T}?kTI?fT}ldemh] ;
ca3a = Tptr [CrTyTil
130 = TRCOpd™, (C.35)

where we have used the cyclic property of the traces in the second line. Letting the
soft quark momenta go on-shell [? = m?, and only keeping the terms that are either
independent or quadratic in the loop momenta, the spacetime part of the eq. (C.34)

reduces to

N5, =~ 8m® [(¢* — 12m®) (2pips — 20705 + 9" ¢°)]
+ 64m® [¢* (115 + 1715 — 11)) + 121417] . (C.36)

Since we are only interested in O(m?), most of the terms above can be ignored as
they are either higher order or would cancel the eikonal factors in the denominator.

Applying the projector to eq. (C.36) gives
Ny P, =~ 16¢°m?®. (C.37)

Again we only have the integral over the loop momenta left,

Lpa = / d*ly d*l "
- (i =m){(lh —p1)* = m*H{(p2 + 1)* —m?} (15 = m?)(h + l2 — p1)?
1 d*ly
(P2 + 0+ 1L)2 (15 —m){(h +la+ 13 —p1)? —=m?H{(p2 + 1 + 12+ 13)2 —m?}
(C.38)

The soft and eikonal approximations not involving the momentum I3 are identical to
the one and two-loop cases of egs. (C.16) to (C.18), (C.28) and (C.29); similarly the

remaining approximations involving [3 are,

I —m? = [27i0(2uvipapr — m® — p;)] i (C.39)
(I 41+ 13— p1)? —m® = —=2papy (v1 + va + v3), (C.40)
(pg + ll —+ l2 -+ 13)2 — m2 ~ 2p2p1(u1 + ug + Ug). (041)

APPENDIX C. EVALUATION OF HIGGS PRODUCTION FF



C.2. CONTRIBUTION FROM TRIPLE SOFT QUARK EXCHANGE 83

The integrals produce the double-logarithms when u; < us < usz, and v; < vy < v3

with the additional constraint u;v; > p. Triple integral of eq. (C.38) then reduces to,

I _ / dvl/ dul/ d’Ug/ dUQ/ dU3 dU3
130 2p2p1 p/v1 Vg u2 ’
1-m un &1 n2 &2
G / dn, / a6, / s / & / s / dg;,  (CA2)
(2p2p1)?

n’ p. (C.43)

[4.3a -

30 = — s In
3 720 q°

Putting the factors from eqgs. (C.35), (C.37) and (C.43) together, along with a factor

of 4 for symmetric diagrams, to obtain the contribution to M, (1 }I coefficient of the

asymptotic expansion of the Higgs production FF gives,

|:M(1) i| _ ZEQTFCF
4.3

e i In? p. (C.44)

We shift our attention to the remaining diagrams of fig. 4.3. The numerators of these

diagrams are:

N‘ﬁgb:tr[(p2+ll+l2+l3+m>7p(l3+m)7a(l1+lz+l3_p1+m)}
trhp(h—f—m)’yu(h ,’}Zfl-f-m) =I5+ m)y ”(—p2—l2+m)]7

Ni%y =~ 32m” (6p/'ps + 2005 — 9" ¢°)

+8m[q* (V15 — I115) + 8m>q® (2115 + I515) — 96m I 15];  (C.45)

Nise =tr [(p, + T+ Lo+ 15+ m)y,([o + m)y*(p, — 11 +m)
(=11 +m)y (= — Py T m)V* (I3 +m)va(l1 + T2+ I —p, T m)],

NI~ 48m° (2p1p2 — 2piph + g’“’qQ) 8m (48m4l’flf) +
Sm gt (1 — 115) — 2m2q? (3I415 + U0 + 3115 + 3IV18 — 41515 + 41514) |3 (C.46)

and

Nfgd tr [(?2 +ll + lz + 13 +m)%(l1 +m)’7“(11 —pl +m)
V(=2 +m) (=1 — Py T m)y?(Is +m)va(ly + o+ 13 —p, T m)],
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N~ 16m° (g"q® — 2pip) — 6pi'ph) + 8m (48m 1)) + 8m[q* (115 — I515)
+2mPq? (1) — 20505 + 31415 + 2051 — 1515 — 2051 + 5I515 — 20415) . (C.47)

5

All the terms are already at the order of m°. Applying the projector verifies that

PN = PN, = PN, =0at O(m?); and these diagrams start contributing
at N3LP. Thus, eq. (C.44) gives the full contribution to M ;21 from triple soft quark

exchange diagrams at three-loops, as shown in eq. (4.17).

C.2.2 Effective diagrams

From the effective diagrams of the scalar FF and the single quark exchange Higgs
production; it is straightforward to see that fig. 4.4 are the effective diagrams for
triple soft quark exchange. We can simply focus on the integral over the soft gluon
momentum [4 as the integrals over the soft quark momenta are not affected and are
still given by egs. (C.16) to (C.18), (C.28), (C.29) and (C.39) to (C.42). For fig. 4.4,
the contribution of the spacetime part of the numerator to the FF in the double-

logarithmic region at O(m?) reduces to
Ni% P, ~ £32m°¢*; (C.48)

with positive answer for fig. 4.4(b), and negative for (a) and (c¢). Focusing on

fig. 4.4(a), the color factor for which is given by
Cogg = tT [TrTa] tr [TTTdTnTdeTa}
Ch4q — TFCF tr [TaTnTmTa]
Ciaa = TpCrtr [T"T™]
Cyaa = THCF, (C.49)

with reduced color factor of C'r, which must be modified to (Cr — C4). Integral over

/ 'l (C.50)

{4 L+ p2)? = m? (L + 1 — p1)? = m?}
The residue of soft gluon propagator can be taken identically to eq. (C.27), for all

l4 is

three effective diagrams. Relevant eikonal approximations for fig. 4.4(a) with standard

Sukadov parameterization for I, are
(L + 1y + p2)? — m? = 2popy (ug + uy), (C.51)

(Il + 1y — p1)? — m? = 2popy (v1 + v4); (C.52)
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which are double-logarithmic when v; < vy < 1, and u; < uy < 1. Integral in
eq. (C.50) then reduces to,

dvy (' du &
/ — [ = =2w? p/ dm/ déy = (2m&) In® p. (C.53)

u1

Combining these factors with the modified color gives

X 1 1-m m &1
[M< ﬂ — 1622TpCpIn? p / dn, / de, / dns / dés
99 | 4 4a 0 0 0 0

72 &2
0 0

Next, for fig. 4.4(b) the color factor is,
coap = tr [TOT] tr [T°T™T™T°] f9 fo
coay = Tptr [TPTT™T?] f79 f779
Caap = TpCotr [TTVT™T]
crap = TpCpCla. (C.55)

Eikonal color charge non-conservation implies that the reduced color factor C'y must

be modified to (C4 — Cr). Soft gluon momentum integral is

d*ly
) C.56
/li(l1+l2+l4 +p2)?(lh + I+ 1y — p1)? ( )

Eikonal approximations for gluon propagators on the edges are
(ll + lQ + l4 +p2)2 ~ 2p2p1(U1 + Uy + U4), (057)

(i +lo + ls — p1)* = 2pap1 (v1 + v2 + v4); (C.58)

which are double-logarithmic when v; < vy < vy <1, and u; < us < uqy < 1. Integral
in eq. (C.56) then reduces to,

d La &2
/ e / dn, / €y = (25) In? p. (C.59)

u2
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Combining these factors with the modified color gives
. 1 1-m m &1
MY = 162°TrCr1n®p | dm déy | dns | déy
995 | 4 44 0 0 0 0
72 &2
| [ (2emga). (o0
0 0
Lastly for fig. 4.3(c),
Coae = tr [TTT"TY) tr [T"T"T"T°]
Code = CF tr [TaTr] tr [TrTnTmTa]
Ch.4e = TFCF tr [TaTnTmTa]
caae = TRC?, (C.61)
which has reduced color factor Cr changed to (Cp — C4). Integral over Iy
d*l
/ - . : (C.62)
l4{<ll + 12 + l3 + l4 +p2)2 — mQ}{(ll + l2 + l3 + l4 — p1)2 — mz}
with eikonal approximations given by
(ll + lQ + 13 + l4 +p2)2 - m2 ~ 2p2p1(u1 + U2 + us + U4), (063)
(ll + lQ —+ l3 + l4 — p1)2 — m2 ~ 2p2p1(01 -+ (%) -+ (%] + U4>, (064)

is double-logarithmic when vy < vo < v3 < vy < 1 and u; < us < ugz < ug < 1.

Integral in eq. (C.62) then reduces to,

d'U du 13 53
/ bl 4 9)p? ,0/ dT]4/ dés = (213&3) In® p.
V3

us3

The contribution of this last diagram is

) ) ) 1 1-m m &1
[MggH} — 1622TpCpIn? p / d, / de, / iy / dé,

/ " dng / " s (2emss).

(C.65)

(C.66)
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Exponentiating the answers of eqs. (C.54), (C.60) and (C.66) after summing them,

gives the all-order result for triple soft quark exchange diagrams

1 1-m
[Mgg},} — 1622TCrIn? p / i, / de,
3q 0 0
m 3 72 &2
/ d772/ d&/ d773/ d§3 (622773536—22772626%77161)’ (C.67)
0 0 0 0

which when normalized to the three-loop result of eq. (4.17) reduces to the final
form of egs. (4.19) and (4.20). While we have not analytically computed the large-
z asymptotic for the function h(z), coefficients of Taylor expansion, h(z) = 1 +
> > hpz", are given in table 4.1. From the asymptotic form of the functions g(z)
and f(z) given in egs. (2.81), (2.83), (3.20) and (3.29), we can say that

h(z — 00) oc O(1/27), (C.68)

and
h(—z — 00) oc O(1/2%). (C.69)

C.3 Non-factorizable contribution with single soft

quark exchange

Diagrams in consideration in this section at two and three-loops are given in

figs. 4.5 and 4.6. Starting with fig. 4.5(a), the two-loop diagram, the numerator is

Nyt =tr [(ll +p1—|—m)fy“(ll +m)y* (15 +m)’y”(12—p2+m)'ya(ll—pz—l—m)]. (C.70)

Standard and modified Sudakov parameterization for [; and [y are [y = uyp;+vipe+iiL

and ly = ugly + v9ps + I3 . The denominator for this diagram is

Dysa = {(pr+1)* —=m’HBE —m?) (15 —m*){(lo — p2)* = m*H{(lh —p2)* —m*} (I, — 1),
(C.71)

Propagators can be approximated as

I} —m? = [—2im6(2uyvipaps + 17, — m?)] - (C.72)

15 —m? = [-2im0(2usvopoly + 15, — m?)] = [—2im6(2usvourpopy + 15, — m?)] -

(C.73)
(ll — l2)2 ~ —2[1[2 ~ —U2(2p2l1), (C74)
(p1+ 1)? —m? = 2pily = w1 (2papr), (C.75)
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(Iy — p2)2 —m? xR —2psly & —uz(2paly) &= —ugu (2papy), (C.76)
(ll — p2)2 — m2 ~ —2])2[1 ~ —U1(2p2p1). (C??)

As mentioned in section 4.3, the numerator must be proportional to psl; to cancel
one of the eikonal factors coming from eqs. (C.74) and (C.76). After projecting the
numerator to the FF, eq. (C.70) reduces to

N{5o P = 16paly + 16p(pap1 — 2pala). (C.78)

Since the Dirac chain of the numerator clearly cannot provide the required factor, the
contribution of this diagram in the large double-logarithmic region of the high-energy

approximation vanishes. Let us quickly evaluate the color factor as well:

Casa = tr [TTT"T) = TR TS T

7

Ty 1
C450 = ]Thk (5ij5hk - ﬁ5ih5kj)

1 m mn 1 m mn
C450 = 5 (T]] Tkk - FchhTh])

1
Ci5q — _2N tr [Tan]
Ci5q — TF (CF - CA/2> 5mn’ (C79)

where we have used the tracelessness of the generators.

Let us inspect the three-loop diagrams of fig. 4.6 in which there is an additional
soft gluon exchange on the two-loop topology of fig. 4.5(a). For fig. 4.6(a), we denote
the additional soft gluon momentum by &} with Sudakov parameterization k] = r{p; +

wip2 + k7. The numerator for this diagram

NG = tr [(p, + I — KL+ m)y? (B, + L+ m)y* (I + m)y (L2 + m)y”
(12 — Py T m)%(lz - k/1 — Py T m)%z(h - %’,1 Pyt m)}, (C.80)

reduces to
Nzﬁgapuu ~ _32m3(p2l1 +p2p1)7 (081)

upon projection in the double-logarithmic approximation. The color factor for this
diagram is
Ci6o = tr [TTTTTT™TY] = T T 10T T

mrn

TR 1 1
Croa = (&daje - Facjéed) (Mfd - ﬁaifacd)
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Ch.6a — 4N2 (5j657,f Ncéijéef)
Caga = Tr (Cp — Ca/2)? 6™, (C.82)

corresponding to the reduced factor c46, = (Cr — C4/2). For the denominator

Diga = {(p1 + 1 — k))* = m*H{(pr + 1)* = m?} (1 = m?) (13 — m?)(l — 1»)?
{(l2 = p2)* = m*H{(lo — K — p2)* = m*H{(l — ky —po)* —m7}hy’, (C.83)

eikonal approximations of egs. (C.72) to (C.76) still apply; for the remainder we have
(Ih — K, —po)? —m? = =2po(ly — k) = (] — u1)(2pap1) =~ —ui(2pap1),  (C.84)

(p1+ 10— k) —m® = 2py (I — ky) = (2pipa) (01 — wy) = —wi (2papr),  (C.85)
(lo = ki — p2)* —m® = 2py(K; — lo) = (2p1pa) (r] — waug) ~ 71 (2papr).  (C.86)

The integral over [ is double-logarithmic when |u, |, |v1| < 1 with additional constraint
ujvy > p. Similarly, integral over [y is double-logarithmic when |us|, |vs| < 1 with the
constraint usvouy > p. Lastly, k] integral requires u; > r| > ujug, and 1 > w} > v;.

The integral can be reduced as

N4 6aP

4.6a

I —162m / doy / duy / dvy / du2 1dw’1 /“ dry
4.6a ~ — 1
p/v1 p/u1 /(u1v2) v1 uu2 /
—16i - 1- 51 1-61— n2 £1+€2
Iwaz#ln% / dn, / / / / an [
q 0 0 &

—8&im376 1 1-m 1-& 1-&1—m2
Iy60 = —41n6p/ dTh/ dfl/ d772/ d&>(2mé&2)
q 0 0 0 0

Iy6a = 9—(]4 In” p, (C.87)

where we have introduced similar normalized logarithmic variable over r] and w) as

Iiga = /d4l1d4lgd4k‘/

that of uz and vs; and can see that double-logarithmic integral just over k] reduces to
(2m1&,). Putting all the factors together, the contribution of fig. 4.6(a) to the Higss
production FF at NNLP can be written as

o] __ 7 _
[MQQHLGG_ 181n p(Cr— Caf2)? . (C.88)

Next, for fig. 4.6(b), we first focus only on the integral over the soft gluon
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momentum denoted by k; in fig. 4.6(b). With Sudakov parameterization k; =
r1p1 +wip2 + k11, this integral is double-logarithmic for 1 > wy > v, and 1 > r; > uy.

Then the integral over k; reduces to
dw; ['d " @
/ Qo [P0 o, / s / d& = @mé)np. (C.89)
u1

The full denominator for this diagram is

Dygy = {(p1 + 1y — k1)* = m?*H{(pr + 1)? = m*}(1F — m?) (15 — m?)
{(ly = p2)* = m?H(lh — p2)® = m*H{(lh — k1 — p2)* —m?} (I — 1)k, (C.90)

Integrals over [ in the double-logarithmic region still require a factor of pyl; in the
numerator, which for the planar diagram is generated in two different ways. Since the
double-logarithmic region over k; required k; > [, the lower eikonal quark propagator

in the light-cone coordinates can be expanded as

11_}61_}’}24‘7”
(lh — k1 — p2)? —m?

S(ll —k —p2) ~
—y Py
2p5 ki (1 —I7 /ky)

v Iy
~——(14+—]. C.91
e () (e

~

Similarly, for the upper eikonal quark propagator, we have

?1—%‘1+11+m

S =k h) = (p1 — k1 + 11)? — m?

Y=kt h)”
—2py ki

gl Iy —ky
ASRNNNE A (5 I S W C.92
2kf( - (C.92)

Due to the cyclic property of the traces, we can rearrange the propagators such that

egs. (C.91) and (C.92) are directly multiplied; resulting in

[ Iy — ki
S(l = k1 —p2)S(p1 — k1 + 1) ~ T (1 + L) — (1 + 1—_1)
ki) ki Dy
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v Lkl lf) o
ks ( ki P1 ki p k/‘fL ( )

Since the relevant term [; /p; gets cancelled in the above equation, the three-loop

planar diagram of fig. 4.6(b) does not contribute to FF. This cancellation was not
present for the case of nonplanar diagram fig. 4.6(a) as for the propagator S(l; —
k] — pa), the condition r] < u; implies that k] < l1; this propagator in the light-cone

coordinates reduces to

L-K—p,+m e L
(Ih — Ky —p2)2 —m? — 2pSl; 207

The required factor of [; for cancellation in 1/(pyly) ~ 1/(p3 ;) comes from the prop-
agator S(p;+1{; —k}) as real (virtual) gluons have transversal (lightcone) polarization;
and the double-logarithmic condition, w}] > v; implies k] > [;; the propagator reduces

to

+ ] —F+ I AT + /—
TS DU et P U Rt e <1+—l ul >
by

(pr+hL —K)2—m2 "~ opy ki 2K
(C.95)

Bringing the focus back to the planar diagram, the color factor for which is

cagp = tr [T"T™TT"TT") = TRTR T T T TS

15 T} 1 1
C4.6b = 1 (5cc(5jd - Fécjécd 5di(5fe - F(Sif(sed
TmT . Nf N; 21
Ca.60 = 4 ! < N 5]15€f T51f66]>

(2Cr — C4)Cr
2
Cq.6b — TFCF (CA/2 — CF> (5mn; (096)

Ca.6p = (T;}LTFJ —N. TmTff)

with ¢4, = CF as the reduced factor.

Let us now demonstrate how after adding the non-Abelian diagrams fig. 4.6(c)
and (d) the Sudakov double-logarithmic corrections factors out into the external gluon
lines leaving the (Cp — C4) structure of the non-Sudakov double-logarithms dictated

by the eikonal color non-conservation. The color factor for fig. 4.6(c) reads

Cuse = [t [TTTTT?) = ™ T T3, T T TS

" i m 1 S T m
Ca.6c = 9 (T”Tﬂ Tff ~ Lia Ty T5i )

Nc dj+ ji
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(2CF B CA) nrs (s T m
C4.6c = Tf [T T ]ij ng

Ci.6c = (CF — CA/2>ﬂfnTSfersT'ele

2 ij g

—1
C4.6c = (CF - CA/Q)%CA(SneTF(Sme

. C
cage = ~iTr(Cr — Ca/2) 0™ (C.97)

giving the reduced factor of cy5. = C'4/2. The denominator for this diagram is

Dyge ={(pr+ 1 — k1) = m*H{(pr + 1)? = m*}(IF — m?)(15 — m?)
{(12 — k- p2)2 - m2}{(11 -k — p2)2 - mz}(ll - 52)2(292 + kl)%%- (0-98)

To see the eikonal factorization, we relabel the soft gluon momentum to k; in fig. 4.6(a)
and add it to fig. 4.6(b), and (c¢) with common color factor C'4/2. Note that since
csop = Cr, fig. 4.6(b) must be added manually with the required color. Similarly, the
color of fig. 4.6(a) should be modified from (Cr — C4/2) to (Cp — C4). The sum

CA( 1 1 1 )
- + + : C.99
2 D4.6a D4.6b D4.6c ( )

after excluding the common factors, is proportional to

1 1

{(p2 = lo)* = m2H{(p2 + k1 — 12)? — m?} " {(p2 — 12)? — m2}{(1721— [1)? —m?}

- (p2 + k1)*H{(p2 + k1 — 15)? — m?}

1 1 1 1
~ + +
(p2 + ki = 12)* = m? {2192%1 —229252] {(p2 = )* =m?*H(p2 — 1h)* —m?}
2p2(k1 - lz) (2p2k1)(—2p2l2) (—2172[2)(—2]?2[1)
-~ 1 |i 2])2(]{31 — ll) :|
(—2p212) (2p2/€1)(—2p211) .
Plugging this back into eq. (C.99) with the remaining factors in the eikonal approxi-

mation, we obtain

Caf L 1 1Y\ _(C 1
2 \Diga Dsg Dige) \ 2 (13 —m?)(I3 — m?)k?

1 1 1 1 " 2pa(ky — )
(—211l2) (2]?111) {2p1(l1 - k'l)} {(2p2(/€1 - 11)} (—2p2l2)(2p2k:1)(—2p2l1)

(C.100)
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N Ca 1 1
- (7> (1F —m?) (15 — m?)ki (=20l
1 1 1
(213111) {2p1(l1 - /ﬁ)} (—213212)(2292/?1)(—2272[1).

(C.101)

This has resulted in factorization of the soft emission on the lower line.

Let us now tackle fig. 4.6(d). The color factor given by ¢y 69 = f™ T TT"TT*
is similar to the color factor of fig. 4.6(c), and identically reduces to eq. (C.97) with

c454 = Ca/2. Denominator is

Dyga = {(p1 + 11 — k1)* = m?} (I3 — m?)(15 — m®){(ly — p2)* — m?*}
{(lh = p2)® = m*H{(h = k1 = p2)® = m*}(ly = 12)*(pr — k)] (C.102)

Eikonal factorization happens when fig. 4.6(b) and (d) are added with the common
color factor of (—C4/2); cancelling the manual addition of fig. 4.6(b) for the factor-
ization of fig. 4.6(c). The minus sign for fig. 4.6(d) is a result of the loop momentum

insertion from the expansion of the lower eikonal line. The sum

C ( Lo, 1 ) 1 L1
——= x
2 \Duep Duisd (p1 +0)2—m?  (p1 — k1)?

1 1
X +
(2P111) (—2p1k1)

N (_%) 1 1 1 1 1
- 2 (l% — m2)(l§ — mQ)k% (—2])212) (—2}9211) {2]?2(/{51 — ll)} (—2[112)
1 % { 2p1<ll - kl) ]
{2p1(lh = k0)} L) (=2pikr)

_( Ca 1 1
- 2 ) (IF =m?) (15 — m?)ki (—2paly)
1 1 1 1 1

(=2paly) {2pa(k1 — 1)} (=20il2) (2p1ly) (—2p1ka)

. (C.103)

leads to factorization of the soft gluon on the upper line.

The factorization requires the final missing piece fig. C.7; adding this diagram with
egs. (C.101) and (C.103) in the eikonal approximation leads to complete factorization
of the soft gluon. Total contribution at three-loops reduces to the effective diagram

fig. 4.5(b), same as fig. 4.6(a) with an effective soft exchange. The final contribution
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Figure C.7: The final diagram required for the eikonal factorization of the soft gluon
for the 3-loop diagrams fig. 4.6(c) and (d). The wavy line represents the exchange of
eikonal gluon between the soft and eikonal quark lines.

to the FF by three-loop non-factorizable diagrams is

_ _ 2
[M;;};?L]NF:_(CA OF)(SA 2CF)x In? p:

(C.104)

which is the same as eq. (4.26), and accounts for the symmetric diagrams.
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