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ABSTRACT ,,
: | ’ .
o ‘In this’ work, ‘the’ nucleon—nucleon 1nteractlon at .. ).yj'
low‘energles (below 300 MeV) is. examlned in a non-pertur—
batlon—theoretlc manner. Two mode13'are con31deied the-'
"flrst belng that where the 1nteract10n 1s medlatedsby scalag
Amesons (the scalar model), and the second by pSeudbscalar

mesons (the pseudoscalar model)l

The scalar model-ls treated first’ Equatlons for

PR

: the scattering and bound states are der1ved in conflguration

" gpace. ExpllCltly non local and energy-dependent potentlall
-,are<obta1ned In. momentum Space,:;n equatlon for the half-f
| off-shell T—matrlx 1s derlved The Born approx1mation for
ithls model 1s then obtalned Half-off-shell T-matrlx )

'h 'element;, and the phase shlfts up- to 230 MeV are calculated._
For the bound state, a varlatlonal approach 1s taken to '
"fobtaln a value of the coupllng constant that glves the

' 1de51red deuteron blndlng energy.. | | '

: The pseudoscalar model lS accorded a 31milar treatment o
.3.Th revare four scatterlng channels 1n thls case, and par-“ |

..tlcular attentlon 1s pa1d to’ the S-— 0, T = l channel°'1t 1s

treated analogously to the scatterlng state 1n scalar theory.

-1gThe T~matrix 18 once agaln obtaxned Flnally, for the bound

ff,state, v1z.;the deuteron, conflguratlon space potentlals ‘ilpi%_f
'_are obtalned ~and the equatlons for the 8- and d—waves

_vare derlved _:7°7h¢»:” & ,,,’h; qup”, 'f"lfff
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‘I INTRODUCTION j I

o
It had become agparent 1n the late 1920 s, that

quclel could not contaln electrons~/B?cause of thelr size,
, ~

spfh}ystatlstlcs, etc: Follow1ng the dlscovery of the o

-, . N <

neutron\in'1932..1t was establlshed that all nuclel were

« .

composed of neutrons and protons - known 301ntly as. nucleons. .
The next step, obv1ously, was to try to understand

the nature of the forces that keep a nucleus 1ntact ' As the

51mplest, and in many respects, the most fundamental of all

nuclel, is that con31st1ng of two nucleons, such systems

'have undergone a. great deal of survelllance and study, both

_yonce agaln.' The nucleons are non-relat1v1stlc, and hence

nythe/models w111 not be valld much hlgher than the 31ng1e

,5many approaches taken.- As thls work involves a certain

,.experlmentally and theoretlcally A great deal of data on _:

"the two—nucleon system has been amassed at varlous energles,*

/

and large quantltles of theoretacal work have accumulated in

/,

.the llterature. One reason for thls is that 1t is hoped
,that perhaps underStandlng N—N forces would lead to furﬂher
‘clarlflcation of and more tractable methods of handllng, ;‘

. mult1~nucleon systems, and also nuclear structure problems.‘f:t'V

In thls work, khe 2—nucleon problem is taken up

fplon threshold (or about 300 MeV lab energy) 2 In Sectlon

".fII, a’ very brlef hlstorlcal resumé ;s glven of some of the

.. .‘:"

oY

g/ﬂftechnlque of quantlsatlon, Sectxon III 1s devoted to out-.v

Vﬂllnlng 1t the 51gn1f1cance of some of the terms that y_fff



»

| appear_will'also be pointed out.- Section Iv 1s concerned
. -i’

w1th the applrcatlon of thlS technlque to the flrst of

C o, s
two models, viz. ‘the - model w1th scalar mesoh’EXchange .
- A AN

Both. momentum and conflguratlon space - representatl ns are_

7

dlscussed and equatlons for ‘the scatterlng amplltude and

the T-matrlx arelderlved Certaln phy81cal quantltles are'f

then extracted (w1th1n an approxlmatlon) A 31m11ar treat-

ment is accorded the theory w1th pseué‘scalar mesons, .in
_ﬁectlon v, and phase Shlfts are extracted agaln W}thln_the’
limits of.fhe technique of evaantionl Flnally, the con—

clusrons and a dlscu551on of results are contalned fn

[ 4
/

Sectlon VI '
The purpose of Appendlces A - J . is to remove the
'somewhat lengthy calculatlons (at 1east in some cases)
from the main body of’the teXt, thereby retalnlng somel
;degree of contlnulty 1n 1t ’_~f't“i-“; 'l ’d J:ﬁnf L

ERRe A “ oo



;A\'HISTQRICAL BACKGROUND

."ﬁ/ﬁf A confllct that ex1sts"'"

N been falrly productive. o .A' 5'..f_’»_;;‘m :

- .
- S . -

—

~

V' ' The problem‘of the interaction between two nucleons

is oneggf the most . fundamental ln ‘all of phy51cs. Over’

the past four- decades, it has ‘been- dealt w1th by a large

—

number of phy51c1sts in a multltude of ways. Whereas, .

L\

' 1960 the 31tuat10n was sychaas to promp€ the follow1ng

?uote of M.L. Goldberger( Vs e éf

-

‘ "There.are few problems in. modern theoretlcal
“phys1cs whlch have attracted more attentlon L,
,than that of tryprg to determlne the funda-.

’J

mental lnteractlon between two nucleons.' ItL

’ K -

+

.1s afso true that scarcely ever has the world-_' ’_b 3

‘,of phy31cs owed so llttle to SO many.' In ,:i:' "\,."“

A/ - general in surveylng the f1e1d one is L ™
o oppressed by the unbéilevable confus1on and‘ : w(x/—fhl

Lo~

M ‘ ) 4

the- last flfteen years have to be. con31dered as havxng

q - - [ son ¥

There are- a number of reasons why the N-N Ainter-

L]

.actlon warrants study, among tgbm 1s the fact that for'hg

K

flow energles, the N-N 1nteract10n 18 currently the most

\(-'

'well understood strong interactlon process._ Hence it has

<] - >

7to ‘be. looked upon as a provrng ground for 1deas in ele-fd:

v:;mentary partlcle phy51cs(2), Also, an understandlng of ;;1:;;;

- -

f_N-N 1nteractlon would facilltate the treatment of nuclear s

. structure calculatlons‘to a great degree.' 'jéc;‘fzt,f:f'“},fffﬁp
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e

The purpose of this section is to outline, in
briefi, the history of such worh; It has, 'of necessrty;,
to be frief, because of the very large number’oﬁ articles
1n the llterature relevant to the problem.— A fud er ‘
review would be very volumlnous, and(apart from the fact
that such reviews are publlshed from tlme to’ tlme,vls not
of prime 1mportance here. The purpose of ‘this sectlon is
to try and view the N-Niinteraction in its proper pers—
pectlve, and to descrlbe, albeit brlefly, the major con-

L

relatlve

tributions toward solution of the problem,

taken,-viz. (a) phenomenoIOglcal potentlal’models, andv |

1A

(b) fleld theoretlcaf\models._ v - I l/’_f\‘ RPN

;I;l‘~Phen0mehologica1'Models : , SN r
' ~ . - o s : L

The prlm’pmotlvatlon behlnd the . use of potentlals

to descrlbe what 1s, in fact, a%strong 1nteractlon orlgyx:Iﬁ\\

| I
. was the relatlve success of: Such -an agproach in electromag—u {

[

netlc and grav1tatlonal problems. It’ is’ phenomenolog1¢al
N

“in that the potentlals are constructed so as to reproduce

M

' exlstlng data from experlments. -ﬁ . ._,” j_‘.'j:yk_»:
One of the earllest attempts was by ‘Gamme

1 Chrlstlan

and Thaler(3), and 1t was to flt all known data by

C)

dpotentlal of the form

»V(r)-={Vé(f)ftdYTKr)slé 'i._rh_f.';‘iI,I):r:-""

!
t



The subscrlpts C and T stand, of course, for the central

1

land tensor components of the potenthal, respectlvely, and

812 is the usual tensor operator
%

§ . . ‘ % -

S

N AL s
12 = 30y 1) (Gyer) =0y:0

172

<
T
LR S

'th. (II,i) fn;fact representsvthe most generél momentum .
»1ndependent potentlal Wthh is local, consprves total
angular momentum, parlty and charge, is tlme—reversal in-.
-varlant and ch;rge 1ndependen BN However, a good flt was
not possible, and in order tﬂtlmprove pre 31tuatlon, the
.restrlctlon of momentum 1ndependence s removed. a term
11near1y dependent on the relatlve momentum was: added _

(4)

_"(whlch leads to the W1gner type of potentlal) to glve"

Vkr) = Ve (r) *‘VT‘r)Si, + Vg (013 :'1J‘(;1L2):'
e

'Although'with (Ii.2f,ffits were'improved? they’were,still

not satlsfactory. fif\fact 1f one assumes . that the momentum

: dependence is purely llnear, then only one potentlal V(r)

can act in - 31nglet ~0dd states, and another 1n all 51nglet-

even states(4). However, 1t can be shown thap it 1s in" -

'fact 1mp0551b1e to descrlbe all 51nglet—even states by a,f'
51ngle central . potentlafzs) -ff’vurvdpsz{"'rJ |

Subsequent to attempts of thls nature, have come ]

R three of the most’ w1dely used potentlals. In 1962 the;”f“’

JHamada Johnston(s) and the Yale(7) potentlals Were con-ftf

\

CoU

AP iy g o e



structed; neither was of the Wigner'type - Both of these
were vastly improved in terms of data fits, over prev1ous
attempts, the price that was pa1d was, of course, sim-

plicity of fomm.- Theppotentlals are:

| 5; .\7.‘}“‘: p
VHJ(E) =.vnc(r); +'V'-1'(r)51_2"+v (r)L§+v L (E)L,
with |
P1g = Doy 4 (01'02)]L (@-3) e :
Yale(r) = Ve VT{riSi4 v (r)f §

BRI §‘>v2 * f;é | 5_' S
— ¥*: S . ;:\-l A
’vThe Hamada Johnston‘pptentlal ‘for~ example,.reproduced 3
low energy {(<315- MeV) 2N data better than any other potentlalih'
iito date, data éhch as effectlve nfnge expan51on parameters,,
deuteron parameters etc._? .J(r) 1s a hard-core potentlal,'
;W1th its functlonal form out51de the core belng a comblna--‘l
ﬁtlon of Yukawa potentlals. | ‘4 ‘ ) | iV
; The thlrd potent1a1 whlch has met w1th reasonable jﬂft*

NS

;S“CCGSS lS the potentlal of Rexd(s) Thls, too, 1s non-.jffflb'

vlocal in the sense of momentum dependence, and 1s of ‘

By dlfferent type 1n each angular‘momentum state.~ InraddptiOn,ffﬁ_ﬂt




both hard and soft cores can be made to flt the data,
’. agaln, the radlal dependence s of the Yukawa type,~. .

: However, as w1th drﬂ and Vv v the Reld potentlal re-

Yale
quires a farrly large number of parameters, this, -of course,

is an obv1ous consequence of attempts to f1t dlfferent
potentlals in dlfferent angular momentum channels.v -
‘An even more recent development is that of de—Tourrell

(8)'

_and sprung : Thelr potentlal is. a "super-soft core

'potential, and is of.thepfollowrng form:

4B

lee the Hamada Johnston and Reld potentlals, thlS one-’ also

C approaches the OPEP (one-plon exchange potentlal) tall at N

‘large r. The three dlffer frdm each other near the orlgln_-_f f
~ hence the names "hard—core" "soft-core",-and "super-soft .

. core"‘. However, the flt' to data up to. 300 MeV 1s/fa1r1y ‘?: o
cllT S

1good for thlS potentlal as well S S -j;“fi-tA-jfvgn:
| Brleflv,'the Current statuéfdffphéhcménérdéiéai.paff5"' .
'ﬂtentlals 1s the follow1ng-j they all glve (more or less) H
2’the same on-shell parameters such as phase shlfts.- And
.fthls 1s not sufflc;ent to determlne the valldlty of any
| partlcular potent1a1 Thls rs related to the fact, that .";f;,
| hapart from problems of parameter f1tt1ng etc., there 1s a |
fmore basrc dlfflculty w1th regards to the phenomenologlcalfghhhmf

. S
E approach ElaSth processes are,_ln fact, 1nsufflclent tov=r=

O



[ ) - ’ .

determlne, or test fully, an N-N poZentlal(g)ﬂ« Even if

one has a theoretlcal two—nucleon p tentlal which fltS

&

~.all phase shlfts (Wthh ‘in practlce, one Wlll never be
~. able to obtaln experlmentally), one has to con31der, in
_addltlon, of £~ shell phenomena such as’ nuclear bremsstrahlung

Th1s 1s because, glven a potentlal whlch %1ves a set of

N 4

‘ {
-phase ShlftS for all angular momenta and energles, lt is
- possible to construct a hlgh order of 1nf1n1ty of_potentlals‘.
\" }
4wh1ch w1ll reproduce thls data i, e. the class. of phase

¢ . \

: equlvalent potentlals. Phenomenolog}cally constructed
potentlals w1ll therefore have llttle to say about off—
.shell phenomena. However the current experlmental work
Jhas not yet been able to conclu51vely test off—shell phe—3~f'

’ nomena .



- intofthree ranges-i the cla381ca1 region (r z 2f), the dy-

: ",namical region (2f > r 2 1f), and the core (r <. lf)

II1.2  The Fieid-ThegretiCalprproach -

: The ba51c phllosophy behlnd thls approach (1n fact
behind __y fleld theory% is that the interaction of the
system may be descrlhed by the exchange of particles.~;Due'
to the relationship between the mass of exchanged quanta,A
aqd the range of the force medlated by thlS exchange, it 1s;
.;~poss1ble, 1n practlce, to descrlbe the(IHteraction at ’;_;-'
‘varying distances from the centre of the system, by the |
exchange of partlcles w1th the appropriate mass. ‘A usefdl-.

guldellne 1n thlS respect has been the approach of Taketanlﬂ."

.Nakamura and Sasaki(lo). The - reglon of 1nteraction 1s lelded

e

"the class1cal region, 1t is expected that one pion exchangeff

,(OPE), by v1rtue of the pion mass Wlll dominate “When- oneglpgi‘

£y

: gets 1nto the lntermediate (or dynamical) region, exchangeS";

-‘yof other types of particle begln to enter- finally, in. the ;~-'f”
b v

[fcore region, the 51tuation is complicated enough to garrant‘;;é S
rithe use of a phenomenological core._ 'f‘L h:"»“fgg‘.f.*

. . The onerion exchange potential (OPEP) ta11 is the A;ff[;”'

"’fonly well-established meson-theoretic potential- 1n fact, hl‘._,~, s
B . BTN Rt

“7~1ts correctness has been established experimentally 51nce as?ff”jf?

:”far back as the 1ate fifties.; Most, lf not all, of recent

o work has’ gone 1nto explalning the behaViour in the dynamical.7ig""'

*5lghregion, where,one no longer has OPE dominance.l Historically,ffff“

<




“the success of OPEP motlvated many attempts to derlve a

TPEP(ll)

(two-plon exchange potentlal) H0wever, the
successes of these initial attempts were llmlted, and thelr
derivations were not entlrely amb1gu1ty—free.

In pr1nc1p1e, to calculate the 2m e change contrl—’

butlon, one needs all 1rreduc1ble dlagrams whlch have two -

..plon llnes j01n1ng the nucleons Because of the 1nf1n'te

;number of these, such a calculatlon 1s 1mp0591b1e. T ere--.¢ .

- Cwed
fore, 1n practlce, one is forced to neglect certaln

'1agrams.‘
VIn fact, 1f one neglects radlatlve correctlons,~one 1s in 3'
| fact neglectlng whgt could p0851ny be srzeable contrlbutlons;l

Some of" the many papers publlshed on TPEPﬁare those

(12) (13)

of Sugawara and Okubo r Gammel et al. ”and Partov1

(14 18) -

';;and Lomon . When used w1th OPE models, these TPEP

'_]trons unrellable to a certarn extent

"represent some 1mprovement over OPEP however, there are

’conceptual dlfflcultles 1nvolved whlch make such calcula—jﬁ}ﬂ-ﬁ -

‘2) The bas:.c dlffl- o

B

.hfculty, that of not belng able to take 1nto account all

'~possrb1e dlagrams (or, equlvalently, the problem w1th any

‘perturbatlon theoretlc approach) sets a. 11m1t on. the‘accurapy

e of the models. In any case, TPEP generally suffers from

o problems 1n treatlng NN palrs and in treatlng the meson— $¥.}Af7'
m) | g s

fmeson 1nteract10n .7ﬁf*t,;ﬁ ”]l‘ﬁ.}j*f”"[;~9;g}p,57¢g';37f};~f

Chronoloqrcally, after the early TPEP attempts
: v e
'came the 1ntroductron of OBE(lG) (one-boson exchange)

| J’;ffmodels.v These models asipme that the NN force is meson-

'7f-med1ated, and that the exchanged systems may be adequately



11
represented by the"meson reSonances observed'experimentally

ThlS 1s based on the fact that in strong 1nteractlons, two _’

or more partlcles as a group, tend to behave most of the

@ul_ B

£

il systems (e g.p resonance) whlch decay rapldly, as sxngle.t?

X -

-~

“time as a 51ngle partlcle with deflnlte mass, w1dth and -

.

1ntr1n31c; quantum»numbers' The hope here, then, is that
uncorrelated multlplon contrlbutlons may be neglected or~::'

at least represented by equlvalent resonances,_ One advan-. P

tage of OBEP models over TPEP models 1s that 1n the latter- ,

=case, such c0ntr1butions as 3ﬂ exchanges can never be Q__"

1ncluded- another 1s that calculatlng single partlcle
exchanges is a. lot ea51er than calculatlng two-partlcle oo "

exchanges.; .i

,jfd:' he type of heavy boson exchanged is r93t51°ted by

the symmetrles of the 1nteractlon e¢g _;hey must have zero
strangeness.- One dlfference between the varlous OBE models'f}: )
1s 1n the oaﬁtlcular meson exchanged. Needless to say,j‘,.fhﬁ‘
the full llSt of heavy bosons known has not been exhausted

by the varlous theorles-'by the/same token, it should be Qrwﬁ )

| mentloned that not all the partlcles that have»been used,

_;,: partlcles

2

have in, fact been experlmentally observed In addltion,_;_f o

."rh calculatlons are done assumlng the bosons to be stable

partlcles, however, thls 1s not true. In short, OBEP
suffers from uncertalntles as to which Bosons are really

there"w and Wlth regards to treatlng maszlve composlte 1[,'

(17) nh\-gf *,“ﬂkl?; rr*ﬁg_*f"ff;;ﬁ,*"'

.'hm{'




There are, of course,pcertain'nice results from

thlS approaoh, e.q. the predlctlon of a large spln-orblt

‘force,'and of a repu151ve core (see ref. 2 for further f“‘

‘referenCes) However, these are only qualltatlve‘results.

: Among the OBEP ¢an ‘'be mentioned those of Bryan,Tet al (1‘)

| Green and collaborators

(12), and. the Japanese group(zo)

An extens1ve llst 1s tabulated 1n ref. 2 and a revrew

of OBEP has also been done by Ogawa

" ;‘- Thls, then, is a cursory glance at the sltuation,

12

though brlef, it shows that despite the great deal of work

‘that has gone xnto the 2N problem, and desplte the great

| strldes that have been made the problem 1s far from being

“ solved j In thls work, ‘a fresh attempt is made to construct :

a f1eld theoretlcal‘model to descrlbe the N-N system, free o

]

'of dlvergences, and.lndependent of perturbatlon theory.f;,y7¢;y 8

It w111 be seen that 1ntr1n31cally non-local, and expllc1t1y

4

’ ﬂé)_,_;

N St - . : PRI & 7 R N e

fenergy-dependent potentrals are 1n fact neceasary for a ;_u“'
_v\.ep ' r descr;ptlon of N-N phenomena.- Although the equatrons
. \\ o - .

involved are. exceedlngly compllcated, approximatlons can yr;

" be made to enable one to extract 1nformatlon from them.<

A i



“‘?}hllatlon (creatlon) operator.x It is Prtesely th

R B," BRI

3

1T MATHEMATICAL FORMALiSM 2

In this»work: the lnteraction between”the two'
d'nucleons is assumed to be carrled vla the exchange of
mesons (scalar and” pseudoscalar, in the. two cases to be.
dealt w1th), thls amounts to prescrlblng’a fleld theoretlcal :;'-b
fmodel ‘The model is then quantlsed a 1a Caprl( 2) g In | B
‘ thlS sectlon, the method of quantlsatlon will be outllned
-In essence, thls w1ll be a resume of ref 22. :h;; \'.

. " In general,-a relat1v1stic quantlsed fleld w w1ll
.hcon51st of both creatlon and annlhllatlon operators, due
fto the presence of both mass hyperb0101ds (or p091t1ve 'Lv}
- and negatlve energles) assoc1ated wrth the fleld CIt 1sﬁ |
not Just the relat1v1stlc nature of the f1e1d thgt 1s
treSpon51ble for this - 1f one has a non-relat1v1st1c manx
ubody problem, the same sltuatlon arlses, because of ex-{_a
- c1tatlons above the Ferm1 1evel, which leave holes behand,_;?ﬁff*f

25On the other hand, 1n a non—relatLV1st1c few-body problem,zi_:'h'ﬁ

. thlS ls not so, and one can take w(w ) to be a pure annl-*ff‘” i

sqfeaturej}f“ S

L‘:of the non-relativ1st1c problem that facxlitates th*i"' o

quantisatlon procedure._ﬁl both the models to b&qdealt A
. gL Ce A b .

th_ technique becomes dlrectly appllcable.-f

Consider the general class of equations of the type
7‘«‘15%'*gﬁ’?w‘#f*iifff.d?x’dt'vx;=t*:i:§t»w(tiiiwf(t:<§€rthﬁ;§fz{:f~‘*



- This is, of course, a Schrodlnger-type eqgn. for the fleld

¢, whlch\\s~both a non local, and a non- llnear equatlon.“»

—

. One first assumes that there exlsts a complete set of

"phy51cal states (1n the{gomaln of ¢, w ), viz. the vacuum

V0>. One-partlcle states w1th deflnlte momentum |k> two~ f:

»partlcle scatterlng states of deflnlte momenta |k k2>
‘ e
' two partlcle bound states labelled by the blndlng energy

E_and centre of mass momentum p, |E p> and 80 on.t
. “

Furthermore, one assumes equal tlme commutatlon (or antl- o

"commutatlon) relatlons, deflned between palrs of phy51cal

, states, for the vacumm and one- partlcle states, thls ylelds

3
> .+

<ol et e, o

. P

R

et €D, 1R

anhe general formallsm can be exé;nded 1n a- straightforward>i

: ' /
‘manner to n—partlcle states. But as one 1s prlmarlly

) lnterested 1n thlS case at least 1n 2-nucleon systems, }s'*““:”

/o

}vlt 1s suff1c1ent to go only as far as n =%2; The objects *dh‘;“”f’

’-i‘

svidfof lnterest ane not the fleld w or the states Ik .‘k >,

v,

but rather the matrlx elements of products of the fleld

oPerators between these phy31ca1 states, these matrix

.

elements are then 1nterpreted as the phy81ca1 wavefunctrons._ff{i?;;?

. .,l“.:‘ -1‘:“_"

N\

- 14 B

'S(xfy)d_ { _iy'df(Iii;z)f-"‘

sl Rpep amay

A._.(\ ;
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' III.1 One ‘Particle States

o~

In ofder to obtain an equation for the two-particle = .
- wavefunctlon, 1t is necessary flrst to obtaln the one-
;partlcle equatlon The=one—particle wavefunct;on ls:Q.:'

defined. as follows: - _ o '. l'j f.b ;ﬁ -
q uk(t,i) =3<p|¢(ﬁy§)|§>_"_\'s ) (ITI1.4)

' Quantlsatlon amounts to taklng the expectatlon value of
eqn. (III 1) between an n- l partlcle state, and an n-, |
-partlcle state, thereby y1EId1ng an. equatlon for the n-ﬁ;

‘;partlcle wavefunctlon.' In this case, n—l, and the one—?; '
4part1cle equatlon 18 obtalned by taklng the expectatlon'r:

6'value of eqn._(III 1) between |0> and |p> One then
1nserts complete sets of states between the fleld operators,a

‘on" the rlghthand side of (III L)v{ However, because w(w ) -

ifls purely annlhllatlon (creatlon), the only 1ntermediate "' fg ;1," 

states that contrlbute w111 be one-p%rtlcle states (betweend'f?‘5f""
'”w(t x) and w (t',x » and the vacuum (between w (t‘,x ) and :,st_7ffv°

(t'dx"))* COnsequently, the equavion for uk(t x) becomes ]f"'.
2 (1 r’“ (t x) f(dz qdx'dt'V(t-t'ix=x') u (t,x) x

I

T u:,a; RN (€,%") 0 U(IILS)

- [ S - I :~u¢:.H.J b

ilhfIt 1s obv1ous from (II; 5) that although the orlglnal

'»'fleld equatldn (III l) was non—llnear, because the fleld e

N o
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is elthér z creatlon or’ only annlhllatlon, the one-»
partlcle wayefunctlon does not couple to any other wave-
functlon ®
Upon maklng the Ansatz R 1:‘( 4; . -
- o . N . .G._
. ‘ R s : ‘ N
. A b d . .
: + (Ektfi_'x) - o
k (t,x) = Re Ly N - (III.6)
- eq (III 5 is: converted 1 to an 1ntegral equatlon fo&iEk, -
whlch can be wrltten symb011 ally as R N
NE
B R \ 2 L . »g . . | N

, o _ , Y S
it 1s, of course, not at all obv10us from (III 7) that . )
1thls ls an 1ntegra1 equatlon 1n fact the energy Just

| 'seems to Have been shlfted by an amount proportlonal to f

in.‘ However,‘Vk 1s actually g1ven by

Dol

L S f‘dfq' V!f_ﬁ'xki-.E‘q:l_gv-q]- S .» _-‘(_1;.1_._8):

_<:,"
| -

oo v((w,.'i')’='————-(21) ﬁit de(t,x)e l(“’t k x)
& - X

Therefore, as Vk 1tse1f 1s an 1ntegral lnvolving Ek’ eqn. ;,@,Q;fi‘

Q(III 7) 1s obv1ously a. non~11near 1ntegra1 equation for Ek

(III g)-l & S




.

t
- ’ P . . ® '. ‘. . -
(Note 'also that the ﬁéctor 2ﬂ in (III.J) arises from the

use of the ETCR (or ETACR), which - glves A2 = (2ﬂ)'3{)~ 'W{

\\k; i N . i od
le) Instead of actually solv1ng for E, from (III 7),

A

which is a formidable task, what one»‘oes is to ingert

\
. . . b ” ) : : ' .
2 . . ° R - . E ’ . .
. . . N e -, 5 -

the "free" value of the energy i.e.

34

into the expre581on for Vk Then Vk,(g/:;;;;;d to purely .

‘an 1ntegral term, as 1t 1s the dlfference between the

I'been dlscussed by Capr1

£
~\ - )
-

'"total" and "free" energles for a one—partlcle system,

é’ . \,."'
1t is 1dent1f1ed as the gelf-energy It should be mentloned \\]

at this. juncture, that thlS deflnltlon of self-energy ;%
con51stent Wlth the‘correspondlng 51tuat1qp for the static \\ \\
case where V(t ' x-x ") 6(t~t )V (x—x'), Whlch has also L.

(22)

To. conclude, the one-partlcle wavefunctlons are,

"“Vln fact plane wave solutlons, w1th the energy belng deflned
:,.by eqn.’ (III 7). Slnce the uk(t,x) form a complete set,lui ;gi‘

7one need not look for other solutlons to the one-partlcle

. o ‘ e - A R '\ 3 SR q‘
equat;on.' T CEE ’,_vx/f-ﬂ_]; f"qfi“ﬁ;l'a§‘~g',2

Vot

. |
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'III.2 Two Particle States

Because of the two possible’types of states that .

could occur in this case, viz. scatterlng states bpl Py>

% pnd bound states IE p>, one naturally has tWO types of

. [ : -
I
I
¥ .

. wavefunctlons, and consequently two equatlons governlng

their behaviour Scatterlng and bound state wavefunctlons_

%g are deflned as follows- o EEE \ ;
>, o -+ N R ' !
Fplpz(t.x,z) =-QQIWKt,z)w(t,x)lplpg>- | (;IIf;O)
Fpn(tr;,;) = <oiw(t,§)¢(t,§)|En§>'~‘; .. (III.11)

N

One can derlve, as in ref. 22, equatlens for the

ijects Fp ; (t x z) and F (t,x,z) However, the equatlons
12 -
oneseventually wants are fdt functlons of 31mp1er structure.

-

These functlons are obtalned as follows-_ as)one 1s 1nter-3l

v

ested in statlonary states, pne wrltes

| _ 1E(p Bt S e o
Foo(t,%,2) =e Y02 ¢l (%2 (III.12)
L R 1 2 S
S [P : o |
e e “Ea R
e _Fpn(t,x,z) T o=e e ?"fpngn,z)ﬁ‘ 3aﬁ‘,__(III,l;);bt;_;
‘ From‘this point on,_the one-partlcle energy E is assumed

=4

to be just the free part, 1 e. self—energy 1s neglected

Then the energles E(pl’pz) and E (p) are wrltten aS'“7"w
v E .+ | > ) ._ E I_“_; E - .9pl J'+p2 L , C . o (II ‘14) . v- : -
A(PlfPZ - Py P; —f 2 1,‘1"3 hﬁ”hvff";.-ai 
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-2

CBp) =EL - E -/
En(p)hv i~ En (- (111.15)
- b

E  being the binding ‘energy of the nth bound state. 'Further,,
‘the centre of mass motion,may be separated out as follows -
| ' b+ > ;++
T ) | i(py+p )-(~7§) , . -
£ o =e Y2 e 5 (%2) (III.16)
P;Py : Pj pz e
"with a similar relation for the bound state. 1The edquations
one éventﬁallyWSBtains are £ér~the functions fq(;y'Whéré q
and r are related to the relatlve mgeentum and relatlve co— |
' ordlnate varlables respectlvely Substltutlng eqns. (III. 12)
to (III 16) 1nto the equatlons for. F . and F__, .one 1s 1ed
PPy pn
.after falrly 51mple but tedlous”algebra, to ‘the follow1ng

pair . of Schrodlnger equatlons, in the centre of momentum'

frame_ ,. \

(v pZYfp(i) 21M J d3r' v (r-r )f (& )
3+'M d x lfd % Vpq (§-r )f (r)f (r )]f (@ )
‘ . : o , .3

"

By . S
i m [ [z v, (r-r’)f @, (r')]f (r )

P ey = 2mm. A v EinE 3 . o
.r L 2 _2 ‘ﬁ*fj» iv-'_;'f o 'fo‘ &.: E a

f a3 [[d a v, (r-r )f (r)f (r )]f (r y

R "7t‘” : RS TR
S iam f a’r [2 v, (?-r )f (r)f (r )IE, (r )
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. ‘

RS

.

v, (K) = (2i)
-quF§’ ;;ké")4
Von B0 = am?
vzqki)»=f£%>4.
v 3 - (2)

&n

(The above

‘-The,V‘s.are*giVen_by:

re (22), because the latter contalns errors )

(or ETACR) reduces to the follow1ng condltlon- o

I

. 1f one- works out eqn.

f a3q f (r)f (r ) + zf (r)f

*
n

N _~’.

equatlons dlffer from the correspondlng ones 1n

In addltlon,“

(III 3), 1t can be seen that the ETCR

. l- N

(Zﬂ)

What has been done here lS the follow1ng

been derlved for the pOSSlble two-partlcle states.,

20

2 2 . : :

9;%%_ : 4-KI (III1.19)"
o 2

1L+ 5 ikl (111.20)
2.2 T .

K Pﬁ ~ = En;K]"‘(11132l)

2.2 U o

i +_§ﬁ + B, ;K] (III.22)

@ )--'44-3Ia(r-r )+6(r+r )}1;5~-a£

(III 24)i; s

startlng |

(III 17) and (III 18) form a palr of coupled, non-llnear

Schrodlnger equatlons whlch descrlbes the wavefunctIOns for

the statlonary states of two partlcles lnteractlng v1a

V(t—t' k—x )

‘ However, the couplrng lS only between the

-

from the orlglnal equatlon for the fleld w, equatlons have ff:_f..

Equatlonsi,itrf



two—oarticle states,themseres, and between‘the*tWo-particle a
and one-particle states throughnthe tern,oontaining_V6I;-;')i
i;e.gthere_isvno conpling;toihigher—particle»wavefnnctione. |
‘A ceftain amount of deoOupiing“has thefefbre‘taken place ‘_ S
.In addltlon, the terms in the square brackets in eqns (III 17) }
" and (ITI. 18) are 1nterpreted as "potentlals" w1th1n the
Schrodlnger equatlon, and are> 1n general, exp11c1tly non;'-
1oca1 and energy-dependent.- ThlS 1s purely a consequence of
the orlglnal equatlon of motlon, and lf one has a model for 5
Ithe N-N. 1nteractlon governed by such an equatlon, one w11l betfvt
led qulte naturally to- non- local, energy-dependent potentlals.‘;
The solutlons fp(r) and £, (%) are constralned further»ufi.g
-by requlrement (III 24),‘1t 1s a completeness condltlon on
-the two—part1cle~solutlons, Wh1Chﬂ;s’ in th;s form,*a norffﬁ'-'f
mallsatlon condltlon.;iIfi ;ff;fI‘h‘.v _ c F:A B
| ~] One pomnt that has to be mentloned at thls stage has'

SRR
»

to do w1th the self-energy term.. Qnevhas ;dent;f;ed5the;termktanf'

2 f v EENEEy

1n eqns"(III 17) and (III 18) w1th se1f~energy Thls 1den-.'i7fu

'Z,t1f1catlon becomes obv1ous when one sees that V (x) and Vk L

are related\pg  &;”_fg'fnu;‘- ;
v, (%) =:‘*l“ifd3" v, etkX

.....
o



e
C o

Before calculationSucan'be'done, the Self-enlrgy'has to
vbe ekplfcitlv.subtracted out. This:villbberdiscussed{
- vfur’the‘r in the ne}{t se‘ction'.' R L |

| What thls technlque does, therefore, is the fol—
lowing- startlng from a non- relat1v13t1c fleld equatlon h
of the' type (III 1), one der;ves a set of coupled, non-.‘
llnear n-partlcle Schrodlnger equatlons.. Because of the
- non-relat1v1st1c nature of the model these equatlons can -f
hbe partlally decoupled though they remaln non—llnear., |
.When, therefore, one approaches the N-N problem, one WIIl -

.be 1ed to equatlons descrlblng the wavefunctlons of two-vf
b } f<..

'nucleon states, ‘in: both scatterlng and bound state channels;p"'

22

 From' these equatlons, phy31ca1 propertles of the N-N system,fdl”"

Vsuch as phase shlfts, blndlng energles, effectlve ranges,fff7f'“

A

.'. etc. can, 1n pr1nc1p1e be extracted As they stand, however,

(III 17) and (III 18) are obv1ously 1ntractab1e,and they w111

‘.Pflrst have to be 51mp11f1ed

The two models to be conSIdered are the scalar and

_ the’ pseudoscalar models In both th@se models, the equatlon[fpff

' for the nucleon fleld can be reduced to the form as QIVen

',by (III 1), and 80 the technrque descrlbed above goes ,f'“

hY

“hlthrough in a- stralghtforward manner..a-'
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P

IV THE SCALAR MODEL-

<

Field theory describes the interactlon between -

) 'nucleons as~being transmitted viavparticle exChange-,

_ Symmetry and 1nvar1ance requlrements dlctate the partlcle

exchanges p0381b1e. In the two models ‘to be con51dered, '

-1t 1s assumed that meson flelds act -as the 1ntermed1ary

v

-

between the nucleons.' The dlfference between the two models
/ : N

is in the type of meson exchanged In the scalar model(23)

there is no. sp1n or charge obvx%usly, such a model does not

v

glve a true descrlptlon of the physlcs.‘ In fact,f"truly“

o

scalar mesons, whlch are descrlbed by equatlons derlvable

from a Lagranglan,‘ glve a repulsrve potentlal Tn?refore,m;ﬂf“l

in Order to obtaln an: attractlve potentlal, and hence 81mu_ il

o in the scalar theory are

\'-

1ate pseudoscalar mesons, one uses, 1n fact, fleld equatlons

not derlvable from a Lagranglan The pseudoscalar model,.'

e

o on the other hand 1s more "physical“}.and does 1nclude spln fa«

PR ; .
and lsospln.; However, because of the far more compllcated

structure of " the pseudoscalar theory, the scalar model 1s j_fﬂ;ﬂi
conslderqﬁ flrst In thlS way, one 18 able to develop .

more ea51ly, the technlques requlred and also to galn

; 1n51ght 1nto the computatlonal problems that exmst, and the

compllcatlons that may arlse.uf"'”

The eguatlons for the cdupled nucleon and meson fields

a




24

l(i§%'ft§ﬁlw(t,;)lf'gw(t';?¢Kt';? a 4,27vV¥ kIv;lftA
8

@+ ndree,% = - v, ave)

Here, w, [} are/€m* nucleon and meson flelds respectlvely,

';‘and g is the coupllng constant Eqn. (IV 2) can be solved

.at least formally, and the solutlon written in 1ntegra1 SR
l 1form .as’ follows.v” "tj";g‘~hél" ':_V;o‘,:ﬁ h;f.541:;nﬁj~f 7A-f;t
}¢(t;§) é:%,g f A(t t"x-x )w (t',x )w(t',x )dt'd3x'
7lThere 1s no 1nhomogeneous term 1n (IV 3) one reason for
.vthis is that one assumes that there are no free plonsm-;‘rfioﬁ;*fdp

.;all the plons created are absorbed Furthermore, our Z.ffﬁiyﬁﬂi"
’!:flnterest is restrlcted malnly to elastlc N-N 1nteract10ns.,;ffl{*f

'_In fact thxs 1s also the reason for the cholce of A as

A'ﬁffthe approprlate Green s functlon.i Eqn. (IV 3),’when Sub-'

’»hstltuted 1nto (IV 1) glves an equatlon 1n w alone-7v1z.

L

o wt ey e @ Loy

AT TR
.




‘*ananq.tﬁie"ieadsftofqheﬁintegralheqﬁatioanor;Ek:iff

.!

: This»has been“achieved‘becadsetthe "source". term for the,
plon field is dependent only upon the nucleon fleld

Although (IV 4) lS non- llnear, 1t 1s 1ndependent (at least

exp11c1tly) of the meson fleld, and is of the type glven-' -
(24)

s

' by.egn. (III l) ‘ The potentlal, 1n this case, 1s

i'l(wt-iii)*

. 3 . . .
. V(t x) = =9 A(t x)-—-. ——E—I de da’k S
B L2 ) _wz-kzv R N

‘Therefore,
".'l .

VAW, _(Zﬁ)Q'szkzémza;" e B I R

oo

In thls model, phy31ca1 states are deflned, as outllned 1n
Sectlon III Therefore, one partlcle states are deflned as
S e Ii(Ektfi’§)la‘t(hf,ff'f o

oo

s e e-t}eyi;fxff .-;,-w o
V?7Ekﬂf,2ﬁ*7yV*fvaVIff*fLi":;';323;t..f7f?3f»”'[ L
g g g .r;7..I(E - )(t*t') i(q-i)*(x-x ) e
S -g?al? Idax‘dt'd qA(t-t'~x—x')e Bk e T _,_,_(;
2 g

k4 g.” f R . e
7 b (IV.B) b
M (211) (E._.E )2_ (k—q)f R R o




: erespondlng wavefunctlons.: They w111 be 1dentlcally the

26
L ‘ .
bThe ETCR have been’ used to obtain- |A|2 = (2ﬂ)f3 - The

second term in (IV 8) lS what one refers to as. the self— E

energy.

IV.1 The N-N Eguations

In the-z—nucieon»system, therefis‘only.one bouhd;‘
}state, namely, the deuteron.f So, the label n used 1n , ,‘h, “5
Sectlon\III (for the number of bound states) w111 be |
'dropped -as n =-1.. The scatterlng states, therefore,,:'t

.rare of the type Ik k2> and the bound state 1s IE k>

As 1n Sectlon III,.one can obtaln equatlons for the cor—--h

same as. eqns- (III 17) and (III 18), Vlth the structure»d:fdt*:
At thlS p01nt,-one makes an addltlonal aSSUmptlon _t;isjgt
.h:one assumes that the contrlbutlon to the non—looal potentlals 3if

‘gffrom the 1ntermed1ate scatterlng states lS domlnant, and

L3

fd'that the bound state cohtributlons may be neglected One ﬂ'g” o

'Lffnreason for thlS 1s the follow1ng : 1n the pseudoscalar

- Awavefunctlon, the only 1ntermed1ate states that appear are

'rimarnl;las a gulde to handllng the more physxcal, pseudo-

v

'fmodel, lt w111 be seen that 1n the equation for the deuteron

v~scatter1ng states, 1 e. the bound state does not couple to

gffltself.~ Therefore, as one 1s 1nterested ln the scalar model

”‘Tscalar model one 1s QUlte Justzfled in. dropping the boundnfﬁ%’

Ty




oy

state contribution in'the former ‘There‘iS'also’another l
.reason~ if one solves the Schrodlnger equatlon w1th a
6= functlon (or zero-w1dth) potentlal for both scatterlng :

__states and bound states,‘one can then evaluate 1ntegrals

._of the type

‘_ | >
f d3q v B(r r')f (%;f/;?r) | E S
Y where 'the.fq S - are these solutlons. (Va84standsff0r*the‘7i
o p0551b1e V's as tabulated in (II@_19) to- (III 23) )
 can then be seen that contrlbutlons from 1ntermed1ate

'sbound states are small compared to those from the scatterlng

‘states.' e
Upon dropplng these terms, one gets the follow1ng

.\v"

(v zME)f (r) 2 f,&?r'xvg(?+§i)£gxéiy-jfafj;»

1@ f a’q e Vbq(r-r e (r)f (r )fh(r ) 'Lf};Y{;?i?::figéi

t‘ o
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with

o
o el |
: T P R R

oo a3 TIETE slagfo ekt o]

Vog®) = (2m | e’k e v[ S AL
o P! 3 S

Ve = em? [adke 2 ,V["q e k. avan

for the energy range one is’ 1nterested 1n, where P
is small these potentlals are almost identical’ 1 e.:for
'low energles, both types of states -see the same potentlal
'In addltlon, (IV. lO) and (IV ll) are related through the

vsubst;tutlon

: There are two p01nts to be taken 1nto con81deratlon

.j»here : f1rst1y, eqns. (IV 10) and (IV ll) are.non llnear ln
‘the wavefunctlon and therefore dlfflcult to solve.~ The way

r:thls is achxeved here 1s, 1n a sense, 1terative, we only

3carry out thls 1teratlon to flrst order, and so the lnter- ft'.j;kg

s

3;1.med1ate states are assumed to be free states. Therefore,f-f

”1f¥prOper1y normalised and symmetrxsed plane wave solutipna

’(,n,are 1nserted 1nto the 1ntegrals 1n (IV 10) and (IV 11)

/

'Hence, th; equatlons have been 11nearlsed - The second point
.‘has(to do w1th the self-energy term, which 1s st111 present [ﬁ*?'ff

‘?fln the equatlons.f Once agaln, one uses the static model,
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which has been solved by Capri,_as thevguideline. “Twice . -
the one«partic1e self energy term, i.e. a tefm

p - ]
4mM f.dBf' v, (r -T )f(r ) is subtracted from the, rlght hand

(o

HSide‘of the equatlonsr It w1ll become apparent later, that

.- such a subtraction is necessary~for_the equations tp be =

consistent
When these points are taken 1nto con51deratlon, the *

»

'equatlons become

. . - ) . : . o \ . ' - ' '
el 20 +f _ w33y T Ty § oy
| (Vr+p\)f;p(r_)_ : ‘.211}‘4 I_d r' Vo(r T )fptr ) .

-+ M l[ d3r‘ d3q V (r-r )i(o)(r)f(o) (r )f (r )

9

, bq(_. )fq ﬂff)f (r )f (r )

(IV.lS) ’ .

stands for free solutiéns. These “;q“f ‘
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Iv.2" Confiquration Space Potentials

The groundfetate'of~the'deutereh is.a spin triplét, o
isospin'einélet'state ’ Therefore,,for the wavefunctlon to -
stay odd under partlcle lnterchange, the spatlal part has o
::to ‘be even under parlty Therefore the Lntermedlate wave-

o functlons have to be symmetrlc in the Spatlal coord1nate._‘~

t

O

* - 50; we wrlte
. X

. ( 5. ) ,+.-}~ _,_._;).._* ] ‘ = S
fpo')'(”)"=j cle*PT +eTBT T (1v.16)

s

where C'is determlned from the ETCR (eqn. III 24), and

“uturns out to. be S .r?T\\

IR

’t'Non local potentlalgjéN (r r') and VNL(;—;') are deflned

as follows~ 17»~V' ’ o

4-)

AR ‘a%2#¥5V6k§??i);¥‘va a’ q v, (r—r )f‘°’(r)fé°’ﬂ( ).,jigﬁ

o

)"-

L i e e Wy_jvgﬁ;;j'<1v 18)
= mv G e M f d3q v, (?-r )f‘°’(r)f‘°’*(r‘)

o

B =N

o
_qf
I

ce



“The superscrlpt NL - stands for "non -local"; w1th these.

deflnltlons, (IV 14) and (IV.15) become 8.

.

-A.\‘ )

2.2 +
(V_+P )fp(r)

(v2-ME) £, (¥)

_Eqns. (IV.20) and (IV.21) e just Schrédinger equatiens

w1th non~1oca1,'energy-depe dent potentlals Wthh descrlbe

N

the scatterlng ahd bound s ates of the 2—nucleon system.
{;It would, of course, be very ﬁe31rable to have the VNL's
exp11c1t1y as functlons of r and r 3 however, the actual
tasklls formldable,, CQnSlder flrst the object Q (r,r )

which is" . o j.‘ ;vv?J‘j.'q}

|

R
Hy :
i

e

c? J d3q Vp (rrr )[e 9

2¢2?I~d3q.vp (r r )[ lq (r r ) lq (r+t )]
’Theh,-oheecathriﬁé;hsi T;';;,:f@fiﬁ.ff
VNL( r,r MQ (r,.rvl— 2“meo(r‘r )
X P‘n’. .

( NL S e 3. L
ng(§,£')fp(?')d3r- L (v.20)

[ M@ ing @oa’e T vy

DA i m @ ean
| o dtnedeS B
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P

and

Vpo(E,EY) = Moy (F,E) -

.32

5+ > :
21M Vo(r;r')p

Qb<?;§') being analogous to Qp(?,}').-

’

Using the resultS’of.Appendix X, where these'integrals are

evaiuated,xone gets that

4

_ 16c? (21) 3ug?

. T
Q (r,r') ——
NPy

.Re Jka

-t - pPenAPe) R
e _ : _ :

~ k sin(g|T-Fr])
‘Yk.+!'n~'
PR ARG

e I ;5+
L p2+M +m2]\j.|r-'-§'l_

X -

0

2 S e X o
‘- [,}—{z— - pz"fM/‘{:"f'm‘z‘] |T+27|
e. 3 . v ) - o

e

e
N

l~;:2. f‘et" Qt %»,_.-h ';
-_[1‘3_.:'- p}2+_Mv§ _"’m: bolzert ||
o &0 BRI IE

C L (1v.23)

Because of the hlghly compllcated structure of thefgrguments ij_j{'

' w1th1n the exponentlals 1n eqn. (IV 23), the k-lnteéral ]

cannot;be evaluated 1n closed form analytlcally - one can o

1ook at- the problem equally well in momentum space, where L

',equatlons for the T-matrlx may

quantltles are easlly obtalned

‘;guratlon space potentlals w111 be left as ﬁn eqno (IV 23)

be derlved As phy51cal

from the T—matrlx, the con-l;

O.
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.3 Momentum Space Considerations

Egn. (IV. 14), the equatlon for the scatterlng wave-
functlongﬁl(r) reads‘
.3

20 2 o | 3., '+. ->-| . >,
(V. +p 1fpxr) = -_2ﬂM»f d7r! Vv (r-r )fp(;t)

R o

+ M f‘dBr'_d3q v (r e )f(o)(r)f (r )f (r )

In momentum space, the correspondlng wavefunctlons are .

ﬂadeﬁlned by ‘ '.~'

£ (T) =-fad?k R o (1v.24) .

i

fbd?) - ! wbu?) S (1v.2s)

\__The equatlons for w (k) and wb(&) are. obtalned 1n a stralght-‘

o torward manner from ‘the conflguratlon space equatlons R

&

: .(Appendlx B) : For w (k),ﬁln fact, the equatlon ig »
| B A
X m[20,2

B
gIﬁT"’_?f&]Wp(#('y}n;t"

P @) = 2m f adq

g

ol

- C o S Gg > 2 o E
| +‘8M<2ﬁ)11d3k1‘d;kzx§3kjF§~“ - ?';M'l' f‘2(§3-i2)}'*,'iﬁ‘

C(1v.26)
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. To obtalnvthe ftee 1ntermed;ate wavefunctlonSf
wéo)(k), one uses eqns. (IV 24), (IV 16) and (IV 17),
these glve ' -

G .

¢(°)(k) ———5——3 [6(p+k) + 6(p—k)] av.aen .
P /P(Zﬂ) _ S

' Substituting <1vﬁ27);into‘(Iv.ze)"yieids'
P SUPU S S
(p“=K“)¥ (k) = = 2nM ( g V[giﬁ”f q+k]w (k)

o

L 22 L DRI
'+'anuJad?q,vlﬂei§§=%2-;, q+k1(w (k)+w (q)) <1v 28)

z

the derlvatlon of which 1s in App. }_ One can now comblne

the coefflcients of w (k) accordlngly, and w1th a. functlon

F(p,k) deflned as

v ¥

F(p,k) #iiﬂM“f_d3gf(§;“?

'] (IV 29)

eqn. (IV.28) becomes: -, ...
1o -k--F(p,k)Jw <k) “2mm ( a%q F[EHn2e i

1jef ;f(ivrjoffff‘

o
' Thls 1s,:therefere the xntegrai equatlon for the Wavefunction‘i:;
w (k) 1n momentum space (analogous to the 1ntegrod1fferential 1:tyf'
eqn.,(IV 20) in conflguratlon space) F(p k) contains the (Tifqéfj;
.i self energy, and one sees that when k=p, from eqn. (IV 29),'-;(;Ytﬁ}

. . ',/
PR ;



-fgterms of the wavefunctlon wp(k), the full K L
'deflned’by(zs) - f' -." o ift '.vi<::e__;h’tt

R <i€>’ '

- B

ZIJequatlon for the T—matrlx.,-

;iT(k,P)V" R Joal

B o :
F(p,k) vanishes ‘ The relevance of this becomes obv10us

- in Sectlon Iv.5, where the self enerqy subtractlon is-

.examlned in closer detall.

One ob)ect of transformlng to momentum space is to‘-

- enable one to obtaln an expre551on for thT T-matrlx_l.Ih L

—matrlx 1s

. N
b

M T(kLp )+T( k.gfp )

—_— [5(P+k)+5(p-k)] *
P /‘(2w)3 " /f(zn) o pPekRein,

. {0
hY EE
) St

2

'-1abe1 P 1nd1cat1ng that p is- on—shell From now on, the

~

o

’“Pz'w1ll be suPpressed and we shall wrlte the T-matrlx as ‘ﬁh

Experlmental quantltles, like phase Shlfts, etc.,

v

'ftf are: related to the on—shell part of the T-matrlx, V12.“A7»

( )(26) Substltutlng (IV 31) 1nto (IV 30) glves the |

R
L

"hgy‘kz'F(p,k)
LR g,x\~2;.2,;-
VM B 5

- “j*gi;kz-F(p,k)
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.-The T s in ep (IV 31) are half—off shell quantltles, the




with’;

T 360

_ The equatlon for any glven partlal wave may be R

'obtalned from eqn. (IV 32), however, 1t 1s easler, ‘in- fact,

o to do thls u51ng the equatlon for w (k) (eqn (IV 30)) (see Ltd(

APPendlx C).i)Eqnf (C16) for the s—wave T—matrlxl;$6‘isgio¥y_
2ol (k-p)2 4m2M2 B

S oMip,k) ol
T (k p) g M L= . 4n
2(2ﬂ) _j'pk'

e .
o ,' 5"‘ :

= '1‘ (q,p)f,_.

7_Thls 1s, of course, an ;ntegral equatlon for T althbugh one'vr'“

: ;can obtaln & great deal of 1nformatlon from the on-shell

ifpart of T ; lt 1s obv1ous from (IV 33) toft one Will never f{;_,-qw

| e'(have the on—shell part untll one has solved (IV 33) 1 e. one

B

"f.needs the fﬁll T before phy51cal quantltles can be extracted.ﬁ_'.»?

”F*:fHowever, by 901ng 1nto momentpm space, one has reduced the gﬁjfjfﬂ;E

| "]_1ntegrodifferent1al eqn. (IV 10) 1nto a purely integral one,.y;e :

i 2(v1z.'(IV 33)

RV



1v.4 ;Born hpproximation"f” ‘:if'"J;';,i L

The most frequently encountered approxlmatlon for
'solv1ng the Schrodlnger equatlon 1s that of Born(27) fif'_T.f
. O

'amounts to a serles expanszon 1n "powers" gf\the interact;On
__potentlal.; The flrst term ;n such an expansion 18 referred

hto .as.. the Born approxlmatlon.3 If one con51ders a: Yukawa

“ pOtentla]_ of the type -

3it_canube.shown‘tha1 the flrst Born approx1mat10n glves :+-5ﬂ€jff

S v f~f5h*if‘f"ﬁ$j Cele er.'.,"fffy{f

RRRERET € 1 URER o iy RETECRY SRR T . A

I (IV 34): Zk and Ak are the total momentum and momentum

“~,transfer respectively, and the numerlcal factor comes from H,;r¥:1
,-fnormallsatlon.

R In our case, the Born term can’ be derlved 1n analogous

L
ey ;.

' ffashion (1 e from the 1nhomogeneous term in the equation for

Ad,rthe full (non—partlal wave decompOSed) T-matrlx.(eqn.j“

: ol b
Then, one goes on to the mass shell by making |k| r*» e

,fThls glves.iigl_l‘“;'

S R k+pp



P

Dropping the self -'.?né,r‘gy,' this,-'-bié.f—".ﬁn\eéi ERE

(l) . 2£’ ?.*t'lo-'i ;:.; ig"tiff‘:?f G
(p) Py L f TS 5 (IV 36)

Comparmng (IV 34) and (IV 36), we see that the Botn approxl—‘

: matlon for the Yukawa potentlal 1s reproduced w1th the

o coupllng constant glven by the relatlon

”‘}=For the Yukawa potent1a1 of the type we have considered, 1t7'1i'

o 1

: “_15 p0551b1e to obtaln the deuteron propertles (e g blndlng :

- ijenergy)( 8) 1f one makes

.

.féx'ff
it

m= 1 413 f -1

38
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In our bound state calculatlon (to be dlscussed 1n
Sectlon Iv. 6), a varlatlonal approach was used to obtarn

;/(__\g\hax1mum value for the blndlhg energy Eb Therefore the' A:f_nﬁ

o ,'correspondlng coupllng constant obtalned w1ll 1n fact be o ,l'
an upper 11m1t to 1ts true value, and hence corresponds ,f'ff'

20

to stronger b1nd1ng.~ The value we obtalned was g 4 6"17 ;f"f}

| | i | l» » : =0. 01é5° : E .‘ . “
CAemYTe e e T

Thls value lS ln fact larger than that obtalnedlfron the

Yukawa potentlal, v1z._0 0164 but at the same tlme 1s close

enough to 1t to 1nd1cate good agreement between thxs model .

and the Yukawa model, at least within the Born approximation.a.\
o At the same tlme, these two values seem to 1nd1cate 1nterna1

T con51stency of the model.;wfffg,ﬁ“5*f'

Ly e i

Ives .-sgglf‘-’sﬁes;gyj,s_ubfragedn e

In Sectlon IV 1 the self-energy termhwas taken care

i'-of 1n a very artlcularf a o In fact, exactl ,twice th"o“e
P 7 Y Yﬁ

partzcle self energy tern that appearedﬁin;the orlginal

equatlon, v1z. (IV 10), was subtracte‘ out.- In this Secti

.....

‘fif 1t lS shown that thls is exactly whatghas to be dQne in
fact, for the equatlon for the T—matrlx to be free of i“,,
81stenc1es._ In order to show this, one con81dera egnfjw

for the s-wave part of T, whrch lB



0

'[;pzt-_k-zf-r(p,-k')f]’Tb(k_,p) =

X ”l,ZkafZ '2
g”‘f“p zn
2(2n) kp -

(kz ) -4M (k p) 4M2m2
"'2

(k p ) -4M (k+p) -4M m

v 2 (21_r)} SRR

T (qlp)

';wa one assumes that a quantlty whlch ls a x the self-energy

 ~jf“1s to be subtracted i, e, 1f, after subtraction, eqn. (IV.lO)

‘ be°°meS '}~i7f]l"iéri*1{§5T“
“"‘Y:fpfiﬁp‘??”~"%?M”q)fIiﬁfrifYo‘:igf}feff'?-f&;afbf%a}?;x-;r“‘~~'

v"J£f _f §3q d3r ,Véq( ')f (r)ﬁ (r )f (r )

. e P . e LR L e ce e SR L e R .
U L ; )
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ThlS becomes obv1ous when one looks at (IV 28) ' So'the

f.fquantlty F(p,k) as deflned by (IV 29) 1s modlfled to read

C Flp.k) = 2m4-f

- a fa?q v[fi—;g- ‘E+‘K].{ S av.al).

[If now, one con51ders the on-shell 11m1t of eqn»‘(IV,39)i:'
CROGRIT Gk =0
".ﬁwhlch 1mp11es that, sxnce the on-shell Tamatrlx can nevér  '”””

1be zero for all momenta,':_fte

e ch-jiilfuhil S f-f.f3”:fjff"hh’;5ef,.ffgfwff
Pk =0 T e (IV.42)
’95(4”Mf“)éf,d q”V[gjf—-w q+k] YR

:hSo one 1s led to the conc1u31on that 1f V (r-r ) ls to be

itllnterpreted as self-eﬁergy, then a = 4nM, and 1n fact thce

i,f:*the one—partlcle self energy has to be subtracted s

'P‘fmentloned prev1ously, thls ls con81stent with the subtraction f@

'hdf’~1n the statlc case, where it ls obV1ous. It amounts to

< SR



[

' subtractlng tw1ce the SLngle-partlcle self energy,‘as 1t )

is a two—partlcle system.

.'IV,G The Bound State

- In Sectlon IV 1, 1t was. p01nted out that the bound
_'state potentlal is obtalned from the scatterlng state po-

| tentlal by ‘the. replacement -

" The s-wave. bOUhd state equatlon can therefore be wrltten

,'down qu1te ea511y, by u31ng eqn.;(C9) One f1rst deflnes -

-

”ahdhi

42

AT ,. .
N ’

Co(Iv.43) .
N P

‘?1n analogy w1th (Cl) and (C6) respectlvely.,hThen;théﬂgéeuﬂzﬁi

‘tqulred equatlon becomes

.oﬁediffg;_,_T

‘77{ qdq zn
Jo 2+k§;2ME) 4M (q+k)

(q

(q +k2 +2ME)( 4M2(qfk) -4M2m 0)(q)

t}hfi[héfhsffbkifIWKQ)(kf‘#*ﬁjéf?fefiifefhj?fififff(iv;XSf-jf”'



: C;r,'

(0) ©) .
\Pb ’(k) - F, (k)wb (k) -

2 .2 > 272
M+kHM>4me)4memHm

%q +k2+2ME) —an? (q+k) 4M2m2

(av.4e)

"1n01p1e, one would use a varlatlonal technlque S

'1t0 detera ifthe blndlng energy E, glven the coupllng con- 'e L

*estant 92-? é.ever, what 19 done here is to determlne thef,f,?r"

| 'value of{J " wh1ch E 1s both a max1mum, and also close -

to the th51 al blnding energy So one. needs to maxxmlse;fng]_e.ev
“'wa°)(k)| dk +I K*F (k)lwb°’(k)| dk + jtff

(q % +2ME) 2_gu2 (q-k). M2m2 ;gi;j
(q2+k2+2ME) —4M (q+k)' ﬁz‘f

i . fkdk[ qdq Q,n

" . ;,4-',*‘;-3;:' L

ok °)(k)w‘°’<q) ] e

[ 'w © <k>| B

5
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_One form of the deuteron wavefunction which has
- simple analYtic properties, and which-ClOsely apprOximates’.‘

the squére well solutlon is the so called Hulthén wave-

functlon(zg),IV1z. PP S ' _"'.‘

i

\J‘.
o

R \ f(r) - C(e _r/(l -r/B) - ‘. (IVL.48)

where the parameters are experlmentally determlned (IV 48)
. 1s a dlfference of expoq:;tlals, and ltS fourler transform

‘would be a sensrble ch01 e for w(o)(k), the trlal wave'j:

;functlon 1n (IV 47). There lS ‘a 31mpler solutlon. v1z. the ?f‘Vh

‘ "

solutlon to ‘a. square well potentlal Wthh lS a 51ngle ex-“a':_"‘gz5

[

;ponentla
of computatlon of (IV 47) when one goes from a srngle ex—;V‘;

T ponentlal to a functlon 11ke (IV 48) 1s far too great to

ﬁ .

,[justlfy use- of the Hulthén solutlon./ff,eh

, For an exponentlal of range l 1n conflguratlon sPace,f;l'
(0)(k) is: glven by f"’f_j. 3r3 " :i_,ﬁf’"Tfﬁ;*u;~"-*'u«**

=
_Ngvv,v
|

S EEAN LB
' g R &

- g \

1]

1(28)., The anrease 1n the degree of dlfflculty ;V (f:4;;5ﬁ
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BRI I G S| S S

!

- f-%.fodgafo(.mn

(q +k2+2ME) -4M (q+k) —4M

Q.

With thie, (IV{47) may,be written as

us'

o ) ;fm G -fw K%r, () a
MECE - A S ST
X o aBaht o wBd 2

e .
. - F

(g +k2+2ME) -4M (qﬁk) —4M2m2 M

T éq 2 é |
y o (ku+aV) (q +o )

3

“

2 2

m

"(iv,spy'”

O

The three terms can be’ ldentlfled respectlvely as corres-_ ; -"

. 5

pondlng to kln8tlc energy (k), self-energy (s) and potent1a1

~~'energy (p), and therefOre (IV 50) 1s rewrltten as

L0 (KTt

e L K2 P (k)dk
Y ,f._
0 (k§+a§)!

(IV.51) - -



- performed.-

16

’ d

' 2.2 o o 2 2.2 ,
1 - . Mg°A 5 f; ak f dq in £g§+k2+2ME) —4M (qfk) —4M2m2 g
P 20 ; 0 (q°+k +2ME) Z_4p? (q+k)--4M m
O
x -\

I S - S | T (1v.s53)
O o’ i © | -

&

-

I, can be evaluated exactly; in fact

IS and Ip,'on the‘other hand can be done analytlcally up

-to a stage; beyond that, the computatron has to be numerlcally _

The calculatlon performed is. the fOllOWlng. 'for-a'_

:‘”glven value of gz, the express1on (IV 50) is computed over

f‘ sen51t1ve to changes in the coupllng’constant,_ln the sense,-"

"palr of values ef a and g that glves an acceptable value\ﬁg

iof E is obtalned ((1 was restrlcted-to values below the -

Fii
—

a range»of v\iues\of a; the max1mum value of»E,-and lts

Tv— ' . - Lt

locatlon in g are then ob\atne\\ ThlS 1s repeated for

fdlfferent values of the : coupling const\\t\\until the best

*\\\V DR

5 )
R

,one plon mass) LIt turns out that the computatlon is very

",that the maxlmum changes value and locatlon qulte sharply

‘,j2 206 Mev. When g 1s 1ncreased the maxlmum 1ncreases

1 was at g2 :4'6, a = 122 MeV, for whlch the maxlmum 1s

Ww1th changes 1n g. The set of values that has been selected i

- ~ .".
. e el . P
. S oo . . i 1 ST e Lo



. -
and moves to a 1arger Value .of o, Whereas, for the ‘square
well " the range of the exponential is - (VME = 45, 69 MeV),-
/HE : S
the ~range one gets here is more of the order of one plon
mass. Tables I - III contaln ‘the results of the calcula—‘

tion for three values of 92 Appendix E-outlrnes the pro—

:cedure of 1ntegrat1ng I - and Ip'

- IV.T _EValuationﬁof Phase Shifts

The phase shlfts for the fth partlal wave are - glven
" by the correspondlng on- shell T-matrlx via the relation
2 452‘(9)',. LT
Ix(p)_é - oM e» ; 131n§2(p) _ - (IY.54)
Iere, asrin subsequent'sections,-the-On—shell'T-matrix'will
e labelled by the on- shell momentum i. e. T(p,p) E T(p)
To obtaln the phase shlfts, therefore, one has to solve the
1ntegral equatlon (IV 33), and then g0 on to the mass shell

- It is quite obv1ous that an analytlc solutlon to (IV 33), e

fthough de51rable, 1s certalnly not ea51ly obtalned Therefore,

"' the solutlon is obtalned numerlcally us1ng a technlque of

’.“matrlx aner31on.:fo‘
o For 5'W3V38, we flrst rewrlte (IV 33) as fOllOWS¢"" S
»Tb(k;p)‘='A(k,p) + B(k,p)[

e . 0 p -q +1n

Vp(h.q)T (q.p)

-

~ -'<_Iv}--'55>f .



Binding energy caiéulation.(fot;g

Table I

2= 4,25)

1, ev)

L
g2

L
S.

E

(Mev) . |

70

80

90
100

110

‘120

|©0.1550 >

0.2024

0.2546

'0.3112
0.3717 x,

| 0.4359

20,1628

~0.1960

£0.1139 x

| -0.1361

20.2383 x|
“;—052932,  

x 10"

x.lo‘

.-3 v

b,%o;6 
! 0-."70»9.4
A‘o.s724,
" l0.9699 "
0.9767 |

"0.8650

P

:Table.II

Binding energy calculation' (for g° = 4.60)

L

a..

‘ "(Mev).j

L1
Mgi;

- Mg

-
—5

——

I
s

o (Mev) . )

T118
o 11e

120

T
122

| 0.4227
}6.4253;
0.4359 x
;0,;425”
0.4557.

| -0.2879
"] -0.2932
| ~0.2983

| -0.2804 »

x 107
‘;:50:305841}
-0.3123 x

-3

x 10737

2.1961
2,103 |
|2.2000
Cl2i20ss |
2,2669~f

21090
e

L

48
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Table IJI

>Binding energyvcalculatioh:(for:g

2

5.00);

a .

(Mev)

A

Mg™

I
P

M

71"i B
=g I
g .

"=

70

90,

\\>, 

120 ¢ |

80 -

100

110

- 0.1550
:o;2b24
| - 0¢2546
-Arp.3112 
:id.;zlﬁ

© 0.4359

x.;df

x 10"

| -0.1960 x

20,2383 X

'.:§0,11393x,

-0.1628 x

| -0.2932 x.

_lOﬁ

10”

10

10°

1073

10”

1.5152 |

2.0383

l3o0218 |
. 3.4247 |

(MeV) |

49
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with. o B S

]

Alk,p) ~—5L7§ 2 Mip, KV, (k.p) i~; Cov.se)
- S (2m) =~ . SN

b
N
=
]
~
=

B (k, p) (1v.57)

| R | o
v, (krq) =.2i n (q +k° —2p ) -4M2(q k)‘—4M2mf © v.se)
R S —Zp )--4M (q+k) —4M L T

 Equation (IV.55) therefore becomes "~ " ..,

"To(q p) A(k,p)

. /

_’=f,»KiV£595fj;-*f3"

'fhen wrltten 1n the form of .a matrlx equatlon._rfb

f:p 18 ke‘t as-‘a parameter 1n the calculatlon, and for a:
'.;glven value of k T (k,p) 1s obtalned for varlous valuee

'of k In other words, half-off-shell matrlx elements are
’-eobtalned by thlS technrque The detalls of the computatlon
't'are contafked ln Appendlx D '1"Tﬂfhirh"fif”7;f'ﬁf'ffﬁx o
- The real and 1mag1nary parts of T (k,p) are prlnted

fout, and the correspondlng phase Shlft 6 (p) (both real and

'jlmaglnary parts) as well utlllslng eqn..(IV 54) In all

}fefthe computatlons done, the 1mag1nary part of the phase Shlft ff.V

13

t;lS at most of the order of 10 radlans.- Thls 1s to be

Ty B



o expected,kof course; as one is deallngAW1th effects

:below the oene-pion threshold i. e.~no absorptlve or dls-
51pat1ve effects enter Also, for the same reason, unre -
1tar1ty can. also be shown to’ hold almost exact£; 'the
potentlal is real and no approxlmatlons made should affect
unitarity. In fact the half-off—shell unltarlty condltlon

Im T (k,p) —§T (k,p)T (p)

' and the data show that for any value of p and k thls is ;z;uvfif7ﬂ

'_almost exactly valld The dlfference between the twp s1des

6

.of the relatlon 1s of the order Qf 10 thlS arlses from

the numerlcal (as Opposed to the exact and analytlcal)

latlons.- The computatlons can be done for varlous values

cut-off, if

gration~*"feally, one would 11ke to see no varlatlon of

. = o
the results w1th a varlation 1n the cut-off.- The larger
the Cut-off, one would expect more structure 1ntroduced

1nto the lntegral 1n eqn.:(IV 59), hence 1f the structure

adversely affects the numerics, lowering the cut-off should

approach and 1s, for practlcal purposes,_equal to zero._*f""

Three factors have to be cons1dered ln/these calcu-ff*,'

of the coupllng constant 1n addltlon, sen81t1V1ty to the r,_&-p
cut—off and to the self—energy can also be tested hé!j{j;p)ju3:v~

present restrlcts the range of the q- 1nte- j?f,f[[fT}ii

reduce the structure, thereby 1mprovrng the numerlcal work ﬁtfai



| "i".

e 1n¢ludlng;se¥ffenergyf rem°V1“g C“t‘°ff

value of 180° therefore lndlcatlng the ex1stence of ‘a. ! [fwﬂ;

As for the self-energy, the matrix inversion can be per=

.formed _'both ‘in the pr_esence _and"the'.absenc,e of thé“sélf_- o

energy term.A

The most 1nterest1ng results are shown 1n Graph I.

1 Thisvcontains 3 curves,-all w1th the coupllng constant EREEIE

__9__§= 0.0185
g (21‘:.)‘ S 5

The three curves cover three 90581ble 31tuatlons w1th a}rlfff5f
flxed coupllng constant, v12.,7‘7.' ;?9 fllQ5 }1

iji:;,*

) Excludlng self—energy,_cut off l nucleon mass,t' '

b Excludlng self—energy, removrng cut—off. ’;if{tff

't It 1s obV1ous that dn’ g01ng from a) to c), more o

| effects are belng 1ncorporated lnto the theory.‘ As the f{_,ﬁii.{;f

curves 1nd1cate, the agreement‘betweengthese three cases:::}f

1s reasonably good The phase Shlft seems to drop from a

bound statés_

Further dlSCUSSlon of the results appears 1n Chapter
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“-M-tlvely, T and d are the uaual 1sosp1n and spln matrlces, f"

v. THE-PSEUDoscAnAR MODEL"; :
In reallty, the proton and the neutron"%ave dlf— _'-"

tferent charges = they form an 1sosp1n doublet,_ln addltlon,

| they are spln—k particles.;.qs Opposed to the scalar theory,
these features are . 1ncorporated 1nto the pseudoscalar S f:sﬂ
'fmodel. Consequently the states can no longer be szmply
fdeflned by momenta and blndlng energies, splns and 1so-'f:"
v5p1ns have to be 1ncluded, too. Wlth all: the ingaces supe"£'~

f-pressed for the moment, the equat;ons of motlon are._‘*;.

gty ) w(x = =gt ek o vy

o ‘“()W’ <V>

= if.<fD. .;%izi>,¥'<¥;r¥'>ﬁ'}j

. v :
'and f 1s the pseudoscalar coupllng constant. (The/tlmef;'

‘f;gvarlable 1s xo, -as’ opposed to t,.whlch has been used untll

:7f51ndependent, 1t can be solved for $(xo,x) and 1nserted

,bnow,.and Wthh w1ll now be reserved for 1sodpln ) TEqns._-.L“ftr
(v 1) and (v z) are analog0us to (IV 1y and (IV 2), and, - '

v:,ffas befOre. because the lnteractlon term in- (v 2) is’ 3- .fp;jpj};;;fs

” fplnto (V. l) to glve the follow1ng equation, ln all lts glory, {-lfa37

C

“gp,for the nucleon fleld "i F'/‘.ffebff.fffhf; e

SR

s
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@ E N

o Ve S 2 Sk [a3iia
(1'8";;' +"'2"‘ﬁ')waa| (_xolx) fanB ol B.wBB' (X ,X)a 3 [ d x'dxaz
% 4.-x|,.'£_‘.§!.);¢+,- ’.(x' ;":)—"Fb o'klp . ..(.x"'-_'.*i).:l o (V 3)

o BeegEG iR My (g X Ty g Oy g¥gn (RgrX') R

l(As before, we have no free plon fleld,‘and hence only the .
pr1nc1pal value Green s fun%tlon ) In (V 3), prlmed g'.'“n,: i?f
:(unprlmed) sufflxes refer to isospln (Spln) 1nd1ces, there ‘
-~ is summatlon over repeated 1nd1ces. Apart from the compll-
CathnS of spln and 1sosp1n, (V 3) dlffers from (IV 4) 1“,[2
vthat 1t contalns the double derivatlve alak The fleld
“.foperator w 1s,‘of course, a matrlx ln spln 1sosp1n space,. 1:,f,l,3;
as’ ev1denced by the suff1xes.ff5dd"_ ‘ 'i" y' .‘A'“.

,' A already mentloned the PhYSlcal states of thls %Eﬁii~;'r a
f}theory are no longer deflned as before.f he vacuum |O> “i“5
’5stays unchanged one partlcle states are deflned by momentum,;;aiai
;spln and 1sosp1n and thelr third components. Therefore, |

."7g1n full, one should wrlte such states as |pSTs3 3 , S(T)

'g~ftbe1ng the spln (1505p1n), and s3 and t3 the correspondlng

H'lithlrd components However, as S % 1n thls case, they

:-7w111 therefore bé suppressed, 1nstead, the thlrd components

~ . . L

‘Z;fonly w1ll be specxfled, and w1ll be relabelled 8, t.{jso;g}u?f7'_ff;f

”’t”fthe one- partlcle states ‘are |pst> - Two partlcle scatterlng

“fHVﬂS(T) labels total Spln (1sosp1n),,and 33 and t3 are thelr

”ffstates are, 1n analogous fashlon, |p1p2ST53t >,; here now j:

'gfrespectlve thlrd components Assumlng that there 1s only

B
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A\
S ’ - N\
One bound state (the deuteron), it is glven by IpE STs3t3>

jFor dlscu551on of the NN problem, thls is as far as we e
: &

;'need to go.v‘

Analogous to (III 2) and (III 3), the commutators

<n

.read. o

PR

<0| [‘p ,(X rx) wBB'(x IX')]__,__IO> = 6a66a|8|6(x—x')(v-4) ‘

._<pstl[¢ .(X :X) WBB.(X ,x "], |p's't'>~=g",' e

aB o B' ss'Gtt' (__ ')5(p p) L o (VS)

' .

it ] (70 AN S (9155 o oS s ey

dquations. el

Vgl}‘Qne-NucieonﬂEquatiohfhr;

For the one—partlcle Wavefunctlon, one trles the

'

ffollow1ng Ansatz'i'h

. ,'.\‘ o

as x t

<°lw o % ,x>|pst> —a Sprlp o wee)

'*);tu (x ,x) should “in fact be labelled by the total san and

'._f"lsospln, whlch 1n thls case, as mentloned before, can only "fjf“ B

.Va{be %, and are therefore suppressed (The spatlal part of

.'xefthe wavefunctlon 1s labelled only by total spln and 1$o—'1“r A

'hqgspln,) Once agaln, .one. assumes free solutlons (whlch form o

o v~rj-wf*“'ufl,w I



a complete set) i.,e. : t‘

a2 [
) @

Sl i L e Y L T . -

'_As was the case 1n the scalar model thls non llnear equation

W
b

IR o> L -
L%, 1PTX W)

:;Appllcatlon of (V 4) to (V 6). gives the value of A, i. e.~i

-_one gets that

1

f.i'!??“'S%O'*)'psfi,_f(zn)3hz as’a’t T ff'wvff‘i: B

“'The equatlon for. the one partlcle wavefunctlon 1s derlved
‘ias before (App F) aqd glves the follow1ng equatlon for

g (% ,x) N

S (-vz"f; L )
(lxo+—2ﬁ) ’.Up (EXQ-"_.X'); SR

s '*i“ffﬁii ; -?'A,'ﬁl.f";f ‘ssj;.u-fx

x' d3p uP;(x ,x)V A(x —x"-x—x )up,(x',x )u (x ,x )"

e DR

o

.

QIfor:up leads to an’, 1ntegral equatlon for the energy, i. e._zinrx.

2 . [155'],*I-5ff‘_593"':‘;,m_T“t_

°

‘"ﬂiwhlch lS eqn.;(FS) IIn obtalnlng (V 10), quantltles wp

.;and W [analogous to Vp (III 8) and V (III 9)] are deflnedcra” ;fff:




18

W, k) =+ ——k f-dyo-d"’yff&(y'o,;)e Qe

"obtalned

<y

. .
-iwy, ik-

In addltlon to these, one deflnes, for future use, a

quant;ty-Wb(x).[cﬁg Vo(g) (III 19)] as’ follows'..

°© _p X - L wa2)

58

S o ey p - A
1 [ Sp e PRy o wIsy

W (x) ——-—5
o (Zn) o o P ST

D

So, as before, the true energy is the solutlon to

'4(V.10) However, 1n practlce, a’ closed.solutlon cannot be

energy w1ll be<hnpped wherever Ep appears in the kernel

'for the two-partlcle equatlon.‘
"’7y;2; TherTﬁoéNﬁEleOnfSystem{'F;jﬁffV.\L
- A typical 2-particle vavefunction looks like

X S S BN Lo e o
: : ) X R} N ‘4", . \t.‘

:r,_,,>15.{,w1{4vlfv‘. Csla s B
Ol g2 g (X X) [P3RpSTegty> L (V.14)

o e

As for the prevxous model therefore, the self—":v



o it is not apparent whether or: not S' and T' (the 1ndlces

The eguation gbvernihg the behaviour of objects'such as_
(v.14) is derived exactly as outlined in Section III,
once the spin-isospin dependence is properly accounted

for. This is done as follows:-

‘ <0|wca'(xofz)xss'(fo'x)lplp28T53§3>‘:

| "3 T N > T .-r'_-r'-y S
= gt I d q<01¢aat(xdfg)lqst><qstlwgsuﬂxoyg)|p192STs3t3>

S a

59

I=-J.dfq.Uq(Xo,Z)<gaa'[¢Bg,(xofx)lplpstSBtis
N <a8lss3><a'B'ITt3>FST (X ';I-z*); . . L . ! ?;“,"" (V-lS) '

PyPy 0"

Lot
1

‘ whlch serves to deflne the wavefunctlon oé the “two- partlcle .

ST

Plpz

for the bound state One cagythen derlve equatlons for
ST

system, v1z.»

P1Py-
V(G8) is the scatterlng state wavefunctlon when S(T) is the 5

'_total spin (lSOSpln) Because of the dlfferent products of

,spln and 1SOSPln wavefunctlons (e g._<s v[Ss ><t3 '|Tt >)’ ,*~“*‘T'”"

o

(x ,x z) A smmllar relatlonshlp EXlSts ~‘

F (x ,x z) and F (x ,x,z) as before (see App. G) ) Eﬁn.

""for the 1ntermed1ate states) can take all values.. Rewrxtihg?;}ﬂ: i

R

| (GB) ln full glves - " .‘f . -v‘ .- ,: . B - . ,0! .».\



,. 2.2/
- Ve ¥ W ‘
. " - , ., 0 X =z |, 8T o >
<S§VJ5§3><t'v'jTt3> gt 53 ]Fp p‘(xo,z,x)
. , . o 1%2
o et vytlme s [ a3ur w (Z_ZeygST > >,
= 3(2n)<s3v|853><t3v ]Tt3>_f d x wo(x X )Fplpz(xo,z,x )
- 2 i~ k > ’ ' o ul 1 Van tal| ot .
+ £ OvBTVYBonGTY'G' [ <s38|S's3><t38 |T t4><s s3|s§'y>.x
o _ - . | . ,
l
X <T' "lt'"y ><s'"aiss ><t§"6']Tt3> X E'(x ,§,§) X

172

‘o

[~

x 92 8 A(x =x'; z-x )F T'ﬁx' §";) x
ki o’ klk o!'" ¢ -

3 3 3 3

ST : ,
X Fplpz(xb,x ,z ) d x"', uu d»k1 d kz‘d t
.‘+ f2 O’i "; ) .tck -{ 8| <S BIS' ><t 8 'T tll><s| "{.s“"Y>-.x:
7o TvBIvIBI TS Ty '8! ) } 3770 83T

. S : ¥

. tm '
‘x <T! t"lt'"Y ><s'"6|Ss ><t'“6'|Tt3>F§ g (x,2,%) x.

1 o
rmy % g >
X aka A(x -xé;;—x')Fi g (%! ,*',;') x
e, ' l . !
X g p (xé,z',z') d x dx d3k d3z' .
‘ 1 2

It is obv1ous from (V 16) that each state labelled 'f‘i

v

by (S 'T) couples to a, number of possible states (S' T')

. o .

60

It w1ll be only by looking. at each palr (S T) that one can’w"'

0

.determlne Whlch yalues (S',T ) actually do appear.. Because

the ‘two partlcle states have both spln and 1sosp1n equal
}.

to k, S and T canwonly take the values 0 and l Tbe:e Ls»' e%.lf"ﬂ

SNy .

N
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fairly lengthy algebra 1nvolved in actually obtalnlng
the separate equations for each (S T) palr, and this

lremoval of the_Clebsch-Gordan cdeff;c1ents is done in
Appendices H and I fespectively -

Slnce the deuteron bound state 1s ‘an S 1, T_='0
¢ t
state, and in fact, the only bound state of the system,

'certaln 1ntermed1ate state contrlbutlons to (V 16) w1ll'

'drop out, i.e. the only bound state wavefunctlon is Fig,
. \\.) : .
and this will 51mp11fy some of the equatlons.u .»f b‘_d

Taklng account of thlS, and us1ng expre331ons (H9),
'(H10), (16) and (I7), the follow1ng equatlons are obtained

for the four scatterlng channels and the 51ngle bound state

F]

; .

: E { z} .00 AR e 4 - (‘ 3 . _ 00
ax, M '?Plpz(Xszf*?-3§2“)f x¥ e )Fp

lpz(ko,E.i*)g

+ 382 | Fll. (310 x)V B (x,-x! ;z % )Fll (x5 % ,z yox
o) k k k ‘
k20 TRy e
3

z' d3

f.°° (xL X! ,z 3 ax! d3x a Ky d k ”;3(v;17)'-
plp2 » '

gw»"

. 2 'v2 . T ,,. o
29 Txo+ 01 3., z . T Ty
‘( + A ] Plpz(x ,z,x) 3(zn)fd X W’(x x ,Fplpz‘*ofz,x )

+‘f§;[ iok (x ,z x)V A(x —xé,z X )F Qk (x ,x',z ) X
LS 12 T 1 2 %

X Ax',x',z')y d7x". dx'! d7z' d7k,. d7k, .-
| Plpz(x'=' (BT A g At 12
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+.2_f_2 Fll (x ,; X)V A(x -x! ,z-x )Fll (x 'xn’z ) X
o) k,k % .k
l 2 , . o 1 2 _ =
01 ' -+ > 3 ' . 3 , 3 ,{,\“_ 3 .
x.Fplpz(xozxf,z-) d X dxo.d z2' d kiﬂé“kz |
. e  _'+ PR
+‘_~fg‘J‘ F}]ég( ,Z X)V Z(x f-x('),z X! )F}]Eg (x. ;n'z|) x e |
< FpT, (xT,EY) d X' ax} alzr & k. Gas
Plpz 3 SR A S
<f 5
+ Vi +'V2 10 '( z x) 3(éﬂ)fd3x W (; ;')F _ (x.?é ';?' e
M X S

e ’glk i R ”’5 (@):9,) ‘32224’_‘13‘-"'af*';‘,?z-x' )%,

.g Tkiky
pOLE 20 3,23, 3,
X Fy. (x';x,z ) (x VX! ,z )dx'd x d z'd k,d k
T Kyky 0! 9192 ,
+ 3t f Filk (%520 %) 175+ @, V )(o V )1Z(x *x' z—x') x
o : : :
% Filk (x %! z‘)Fp NCOR I )dx'd3x'd3z'd3kld3k2
152 S PiPpo o e - _
- ’.;'(Vﬁlgyﬁ.-;
2 92y = SR T TR T
+0z] 11 3. 15, e
+ z] Fp.p (x ,z x) 3(21:) [ a*'w (x_—x )Fp b, (Bor2,X")
SR A L CRAT2 T
ff f Oik?_(x 2, x)[vi V)(c 'v’m(x -x';zx) x
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”*%fg'f lkz(g ,Z, x)LV +(0, V )(o 3 )]A(x -X

o

. x

.}‘X FkE (x ,x ,z )F

' ”63_

x FOO (x.,x ,z )F '(xF,§',;{)dsx'dx'd3z‘d3k a3k
klk2 plp2 o"” : (o} - l.

T

X FlO (x ,x';z )F l' (x ,x',z )d x'dx'd3z'd3k d3k
klk2 oft e plp2 o'” | 1= 72
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'-thg..(v 17) to (v. 21) form the set of coupled non-'
llnear, and. non-local equatlons Wthh descrlbes the 2_,j3
"nucleon system in. the framework of thls theory. There 1s~
really no. hope of belng able to decouple these equatrons, |
i therefore, they Wlll be lrnearlsed as- was done in the scalar
h:model It 1s also apparent that the non—local "potentlals“i
: whlch appear 1n these equatrons dlffer in all the equatlons‘—:,_;w
- hence each state has an rnherently dlfferent potentlal, : [
;‘feachbpf whlch 1s both non-local and energy-dependent..rltt_.
;can also be seen that the presence of (o 6)(0 V) xerms
VFleads to tensor terms 1n some of the channels, 1n particular, S
'“1n the bound state equatlon, where 1n fact, such a term 1s
l'fexpected to be present.: Also in the bound state equatlon, ,
‘_ﬁv (V 21) the 1ntermed1ate states do not 1nclude the bound

'l "..

‘;,state 1tself (Thls has already been mentloned 1n Sectlon 1sﬁlf*m“

R



\x As descrlbed in Sectlon III. (viz. eqns. (IIIilg)
.to (III 16)), these functlons FST'can be replaced hy the'
| -centre of-mass wavefunctlons fST, and equatlons (W)l?)
_to (V.21), wh1ch are actually two-partlcle Schrodlnger
|

e uatlons, can. be redu ed to 51ngle partlcle e uatlons 1n
q ql

the relatlve coordlnate The actual derlvatlon w1ll not

vtbe done here, as the 1dentlcal computatlon is to be found :

" in ref. 22 In brlef, however, 1t 1nvolves the followrng-

' flrst, con31der the derlvatlves that appear w1th1n the

-

“kernel. ' f.,‘~ : - I fdf’m»; {~’§'
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with W(w,k) defined by (v.12) and

e, £ 6,8 Gy k)
Wk = g st (v.24)
‘ c(2m) W —k -m o

' The equations thai-willibe‘examined in closer detail
are the.scatterlng equatlon for the (0 1) channel,,(V 17),--
and the deuteron equatlon, (V,21).; U81ng eqns. (V 22) and f

'u(V,23),~theseumay be.rgwr;;ten'éé fqllows.' |

oy 25 L : : , o

{5 v +- v o1 : 3. R
| f>-.- '?Plpz(*_fz'X) 3§ZN)fd ¥'w (x-x )Fplpz(xo.2.$») | ‘
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pE

(x ,z x) = 3(2w)fd x'W (x x )F 1x ,z X ')

-

BT

- * .
Olk (x ,z x)F lk (x ,x ,z )+Fllk (x ,z,x)Fklk (x ,x',z )]x
l 2 o 1 2 : l 2 T+ o T1T2 o

o~ .iw(x;—i') eiﬁ-(;-x ) ' ' R, .
x W, ke ©: % l°(x X! ,Z')dwd3kdx'd3x‘d3z'd3k1d3k2 -

pE(xo,x',z )dwd3kdx'd3x d3z'd3kld3k L

o 1w(x —x ) —lk (zex )
X W(w E)e e e lO

vThe correspondlng equatlons for the other channels
‘tf;ican’also be brought to thlS form.u Eventually, after de-“ELY:”
ﬁﬁflnlng the centre-of-mass wavefunctrons (ln analogy Wlth |
:iieqns (III 12) to (III 16)), and after a certaln amount of
' :{-algebra (ldentlcal td that done.ln ref.,22), one lS led to

:the followxng set of equatlon55i{j{e;§(e, e

(v +p )fdl(r) 3(2nM) [é3f'.w01§e§!ifglx§'ul’(‘”Ai[',u"f,f’

gosalldedoian
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(v ¥ p )f 02 ='3(2nM) f'd3r'w (E-2" )f°°(§ ) | .
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and w(é) are obtalned from these merely by sub—“ittIff5f}7

lhglptlng the w's on the i h S'ﬂ( e.,replac1ng them by h*v"'“*"v

(V427) to (V 31), one has the non—local

,ngchrodlnger equations governlng the bound state and the ffnffw‘

‘ﬂhanalogues of (III 17) and (III 18) Slmllarly, the poten-*'"wu'“" :

) uvarlous scatterlng channels.,

These are the pseudoscalar il

' *ﬁftlals deflned 1n (V 32) to (V 34) are analogous to KIII 20), o;iffff

Iigjand (III 22)

e
Once agaln, therefore, one has obtained

e
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e drfferentlal equatlons for the varlous stateé svgrtlng.
: from a pair of coupled field" equatlons, (V 1) an (v. 2)
Most of our 1nterest will focus on/the,scatterlng
equa#lon (V. 27) It w1ll be’transformed lnto momentum
space, and, as wlth the scalar model ahhalf—off shell
T;matrik will be.constructed: |

- ) » B ) A

V.3 The .= 0, T =1 Channel-- R S

Apart from the fact that thls channel is 31mpler to.
*.'handle, due to the absence of a tensor force, a great deal
" of 1nformatlon about neutron—proton scatterlng is. contalned '

1n-1t Therefore we shall go through the calculatlons 1n

AN

some detall j,,k ‘;Q L ““;'-7{<v~

When the self—energy 1s subtracted out (as 1n the
| . .
;‘scalar model), the equatlon for scatterlng 1n thls channel

'fv;z.v(V 27), becomes

\

- (v + e )f (r) =;- 3(2m) f a3r' LA (r 4 )fgl( oo
o+ Mffrff dégwg;("fr;'")glf (r)f " )+2e) (r)f angl(?) :
e ';(f\’r;fas,),, i |

"Twhere, 1n addltlon, the bound state contrlbutlon has been

'V'ﬂldropped for the reasons already dlscussed 1n the scalar | :lgtj;fjﬁﬂ"

[y

-4g;m°del The steps 1nvolved 1n going from thls, the Conflg-f:'“' S
1‘_~fﬁﬁ. ' o S ‘ I



">'3taken to be free one has (see App. J)

uration space eéuation,,tO'the corresponding momentum
4Space~equatioh, are exactly identicalﬁto those involved

" in g01ng from (IV 14) to (IV 26) in the scalar model

'Thrs glves '
(-2;k2)¢01(§)‘;‘-3(2hh)fd3 W 935&3‘, *+K‘w°1(§f
o+ osm(2m)? d %, d3k a’k, 1 °(°)(k+E £, )wl°‘°) @&y
Lo 2 ko 1 o
N o o P o
@R PkEg? o
4 2w11‘°’(k+ﬁ )wll‘°’ * 2)]w[ -2,_3.M_ L. ;2(§3f§2)]w3;(§
"2 | \—m |
i . . E ) -./;v \
"‘(v.3€)"

In thls case, however, there are two 1ntérmed1ate

states to be consxdered, v1z. the (1 0) and (1 l) states. e

As the former 1s a spln trlplet, 1sosp1n 51ng1et state,vjf

_whereas the latter is - both a spln and 1sosp1n trlplet the

f~Spat1al parts of the wavefunctlons dlffer._ In the (l 0)
| case, 1t w1ll be " even, whlle 1n the (1 l) state lt w1ll be
. & " . &

';odd_ And since’ these 1ntermed1ate state wavefunctlons are

W

q- - /"(Zw)

'“EijQV"*

o wll(o) +) ;';;;l___ [5(§_§) - 5(q+k)] 1tff(?;3§)eif?h’:‘

f,v:qs , /?(2n)

. D o

co »

wl°(°)(k) R ———3 IG(q-k) + 6(q+k)] ”;f-fvi37)b¥'°“”f"h§

slamald e
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This will lead to'the following equation:

-

khedt ) = - 3em f a’q

=
t
Qi+
+
LY

-

o

b
=

-

+ 3(2wM)'f-d3qj

=a
A .
N :
3[:
K 4
N
e}
+
LAY
<
T o
‘—J
=

S 2 ) o
- 2mM ‘f_ d3q“W[9—15—:32— -“E+§]w°l(§) N

]
©

~ Egn. (V 39) is 1dent1cal in form to (IV 28)':analoéou5,€b}
the F(p,k) of scalar theory, one can deflne ‘
G(p,k) = 6mM f d’q

I

W

whiCh'reduces“(V;39)ﬂtb o

7Ip2-k?¥Gip,k)1¢g?1§)i=¢;2nufa3qiﬁ[

?fff P k, G(p,k) vanlshes. Thls has to be so, 1f the equatlonl;{.

tT—matrlx can be constructed as before (eqn.,IV 31), as the

(v.39)

aﬂ_JL.%Lﬂiﬁ%ﬁﬁly;

(v.40)

It is obv1ous from (V 40) that on the mass shell,;,faﬁt

' symmetry 1s the same as 1t was 1n the scalar model (S 4d,b{;"

73"

iV-4l) is to be valld (see Sectlon IV S) Furthermore, av;“=75

cg e
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= 1 implies the‘spatial part of the wavefunction is even).

;,Thereforé,;
, r

, Oi R % va v Tpl(iygip2)+F01bE,E,p2) v.

W21E) = =2 [6(p+k)+5(p-k)]+ —3 —5— :

P V2 (2m) - YZ(2m) P -k+in
o v.a2)

\A'SubStitUtihg (V .42) into (V 41) glves the follow1ng equatlon

for the T-matrlx

| 2 Ta(u2 2 L2 .2
TOl(ﬁ;E)_= -7 Rk w(ﬁiﬁﬂé;i-ﬁ}+w(5§iﬁ+;§+51 ] - v
p -k"-G(p,k) | N SR
2 .2 3 w222 :
- M B =k ][ d’q w[q+§M 29,-;25&? 01 (&, B)
p--k"-G(p,k) - p-g"+#in -t . TT . o

»“Once agaln the thlrd 1abel p ’ has been suppressed in, T

", the complete analogy between (V 43) and the correspondlng |

g 7the SUbscrlpt o now stands for l '0 The rést of the S;;“fﬂfbf "

o,

| sqalar model equatlon, (IV 32), 1s very. obv1ous.. . ;

P

’\ , The equatlon for the s-wa%g part of the T-matrlx
) : R %) .
.may be obtalned by partlal-wave decompoalng W (Hj 1 -1

La

(V 42) Thls glves'a”

- _f“’ o) = '<2 B a0 W |
4., o n) Tk 3 (2n) -k +1n R :

T

;The notatlon has been modlfled sllghtly 1n (V 44), 1n that f}/__:gf;

Q

r7fpart1al wave decomposxtlon goes through as before (App¢ C)f w’j:,jﬁ
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2 2 . ‘ o
2f 2f r 2,.2 2y2
_ o b O 1 [(q+k -2p ]- _ m2] x

2m?  (m7-fka LU M
2 2
% (q,+k 29 ) -4M_#q—k) -4M“m \
g +k2 2p )2—4M (q+k) -4M2m2‘

Eventually, the ‘equation for T (k,p) becomes :
1p%-k%-6(p, k) 1704 (k,p) = -2 (p k) W (p,k)
) 2. .

a,an(p?~k2) f? 49,

: (q.k)T (q,p)
0 p g +1n po

IS
. I
R

whiéh; upon;defining-N(p,k)Aanalogously;tdﬂM(p,k)'i;ey~'

N -
N(p,k) = -2 92 k e (V.46)
becémé§¥ ' x

(k,p) - - 2nN(P,k)W (p.k)‘- 2nMN(p,k> x

X
N -.7
m: A

po

(V.45) . °

74

(q k)T fq;po ';"~‘f‘(V?‘7§;;':"”



For thls partlcular channel therefore,”eqn (V.47)
1s the s-wave equation, and can be §ompared to eqn. (Iv. 33)
Although the 1ntegrals 1nvolved are more compllcated due
to thestructure of wp gq,k), the pr1nc1ple of solutlon is
'1dentlcal to that in the scalar model., There is no advan-
tage to be had in dlscu551ng thlS in detall, except to v
mentlon that the approach is 1dent1cal to that mentloned ln?
App. D.’ e o : R o ‘ ;;'
| ., For completeness, the equatibn.for the T—matriX'in’

the other three channels can also'be derived;pand are

’ lncluded_here: “J v& e L
2,2 N 2 .y w22
00. 7 = - p -k ol kT=p~ # | P
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- -k —q?‘.(p k) -q‘+in S o ) . o
BRI S w.e8)
i, 2 2 (2 022y ]
0&,3) = -3r p?-k’ W 5——E—ui Pl + W 5——£—;ﬁ+§ _
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The correspondlng partlal-wave decomposed equatibns

~read

~—~
-~ .
o]
N
|

- 6TN(p,k) o3 (pk) - 6mMN(p,k) x T

'u

cand o L T :

T;O(k;px‘ - £%N(p k) w (p,k) o GﬂMN(p,k) x
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<qu>'r <q,p) o awesy

X f — 49 (l)(on)T (9;9¥   ;f‘ i-;~i(V?52)-”°fs;5f“ﬁ

0 p ~q +1n pg

“g'w1th an’ 1dent1ca1 equatlon for TE (klp)
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V.4 Born Approximation

As 1n the scé&ar case, one can_ obtaln the Born term
-1n the § = 0 T = l.channel. Once. again, the self energy

is dropped 1 e. N(p k) 1s made equal to 1. Then, as

ibefore'(ean (IV 35)), the Born term is ’
(1)' B PO SRR K2p? E
(p) = - 7 kim~ W(——'-P.L«;k—p] \W( i-&-p]
: 2M TR A\ 2M
k+p " R ‘
= - 7 [Wo,k-p) +Wlo,kB)] .
-?nfz >+ 2 A 2h5 1 e
2o 9 | _{k-p) o _Gep) T %
oot c@BTa? cwe el |y
= — +-10= -7——~__~7 |
S em l I - +Ik+pl B
vi2ﬂf§_f‘ 1rf2m2 'fif_fsivf”; :ﬁl ..'gfiﬂ;KAAZe R
=7 BTy Ry BT T i B A

' Eqn. (V 53)'indfoatéé that~thefBorh’termfcontaihS} in.

R ) -
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'addltlon to an . attractlve Yukawa-type term, a constant term.fg;;4‘l

fIn conflguratlon space, thls constant arlses from a delta—

' jfunctlon at the orlgln whlch, for local potentlals, hagﬁno

N

Vﬁeffect on the wavefunctlon.: However, 1n our non—local case,3'--ff~i

3l

fithe 6 functlon appears to get Spread Out and 51nce the

v451gn of the term is p051t1ve, a repulslve core seems to be

B

;preeent; SO the Born term appears to arlse from a repulsiveg}f{&e':

v\?
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core and an attractlve Yukawa pgtentlala'"This“feature is

'qulte ‘different from. the earller model, whlch was purely

the phase shlfts accordlnglyf

V.5 The Deuteron - .. Nt

e

attractlve. One would expect the . repu191on to "pull down“'é

»

<

»> . B . .

Thefdeuteron is predominantly in an's-state; howeVer;-~fﬁ"

the - ex1stence of a non- zero quadrupole moment, and the valuefi,

w

}of the magnetlc moment 1nd1cate the presence of a d-wave

yadmlxture., Thls actually requlres the presence of a tensor

term 1n any potentlal whlch 1s supposed to descrlbe the

deuteron.". *'w.. ;.;“ :w;,uﬁ*TV ;Jg,ﬁsu_‘

el

Assumlng that the deuteron wavefunctlon ls a mlxture: R

;Qf s- and d—waves, ‘one can derlve coupled equatlons for _:fFD:L}*;f

.the two components. Thls leads to the Rarlta-Schw1nger

- Tpotentlals are usually 1nputs 1n the conventlonal treatment

5p;upbn subtractlng out the self—energy, becomes

”<~v: - ME)fb @)= 7.'___'6mf d3r W, (r-r )f (r ) B

-

_equatlons(Bo) flrst‘obtalned 1n 1941 A'81m11ar approach-'
'::can be taken51n our. case. The maln dlfference w111, of ,pﬁffiﬂl;:

‘;Tcourse, be>that-the potentlals (central and tensor) w1Il

ifbe non local, and ln pr1n¢1ple determlned, whgreas the'

(31)
The deuteton wavefunctlon satisfles eqn. (V 31) which,

' vtt‘\"
7

.»«'
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1nto the potentlal (V 54) is flrst rewrltteh as

'";'“.(v ME)f i )}e:;"éﬁmf{:d3f"Wéf?‘?‘ffﬁoﬂéf)f-7'?i'°'
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rd3r;d3dIW§ék?{?'y,ngQé)ffeit)Jf (r)f ( ')f1°(§ Ny
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%r )f ( 5

(x) (l)(x) - f2 f e T

'V‘vﬁhihfzﬁf (V 55)

o B S .
L L s ,’ . T
.

.r’ffrom the deflnltlons of W and w(i) In lV 56),_thé tensor

( ..

}fj perator lS lntroduced vxa the relatlonshlp 5 tfffﬁithh;f;.‘”7

Q\'J.H;f ﬁw
R

k2

[4

The term 1nvolv1ng W( ) w11L 1ntroduce a tensor term -

> 2 B 3(0 .k)(g’.k)‘- kz(olgcz) .w:;i;;z;;fh{

R

(¢;s4qi.:
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-~ So the (Er-i)(c k) term is replaced by a tensor term,laod
theo(c c ) term adds to the central part of (V. 56)

Eventually,.therefore, (V 55) becomes-

\

r(Vz';'ME)fio(;)v=’¥ GﬁM f d7r! W, (r—r )flo(+ )_;1' -

f d3r . d3q (r_r ){[l L *(0];.02) ]f (;)fgl*(;v) N

2
SN:LQ-' H

‘o
PR

'5+~Ti;+'§<31;32’1f (r)f (r )}f (?‘)r‘f;;ff

'fol(§5fol* -+

—Mf dxl.a Qq‘ ” 2309

.
Wi

B %' ll(r)f (r )} SlZfb (ri)

' “vhich may be written s‘y"ni‘iibnié:ail.ysés. &

)quh.;(V 57) lS a Schrodinger equatlon wlth non-loca1

Vfﬂfcentral and tensor forces V (r,r ). and v (r r ) respectlvely, M,uiﬁ;
V}:whlch are deflned as fOllOWS" ﬁ”i‘:;fsrf:i‘gf};offf’?i;?nfyffi 3H?ﬁ

S 5“ffff¥f ‘éﬂ;-ﬂ" :’+;4J ;f IR e S e
‘_»'_VC(F(?:)_T“;,ﬁﬁmwwqgf T s :en;_w,3;£,__ﬁl_ﬁw

B e

f;{g;4e§u f d3q wE (r-r ){[1 -~§(31-3221fgl( )f°1 (f_)’-;yeg;?==f*
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A3

~ ‘l +"; 11* >, ' _.--- t : N
+ [1 + §(ol a, )]f (“)fq_‘(? )J~' REEEE (Yﬂsa)\,<

N ‘ ‘.

and

,V @, ?) ;‘ehégff d3q o (-3 )[f (r)fol (r )= f (r)f (r )1

R - (v59)

ggqﬁ,:(v 59) is’ now decomposed into partlal waves.f Since'the‘*

Hdeuteron 1s 1n a spln trlplet state, (°1'°2) = l Followxng

;the method and notation of DeBenedett1(32) (where the "i‘tﬁfd”

';analy31s for purely local potentlals is’ done), We ‘can wrlte
,..a-

'~_{the deuteron wavefunctlon as a, comblnatlon of s-_and d-wave ff‘
":components, i e. o i'i ;_T_‘ . TR ST ey T

L

o f (r) f (r) - :
1 £ r
“*'whéfequergéhaifﬁlr>,S!E the"é-7éna?d?ﬁa?é éértéilehd7:
o6 = p@x f G

. u}121‘?};"»316'¥2?fr)xi'\77f

175". 21(r)x + '. 1‘6’ 20‘”"

(v 62)

The‘xas's are the spln wavefunctlons, and the !2

usual spherlcal harmonlcs.a If we assume that th
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is in fact descrlbed by (V. 61), we can decompose eqn.

(V.@?) ‘In: order to do thlS, we need the follow1ng--“

12 %01 /8 ym S 9121 = '/_.7/ 1017 2? 121
1 2’y1n1 ylnl - ‘_.n;=.”_9'.- ,',2,_" | |
" Then we are led to .t_h’e_:foll@Wing_-,e_dixbied_. equations;

“ d fg (r) ¢11~3 b'”,?riz“.frfftfﬂ RSP T

* /§ f r'zdr V (r T )f (r ) ":;iﬁ(QféﬁiVajjf}§if*f
"’d S I N

,ff%f/tof‘ r 2iir'V (r r )f (r ) . (V 64)

e A *fif'»"f.w ’f*fﬁ i-&,hj“?ﬂiﬁﬁffe~fﬁlff;*
| Eqns. (V 63) and (V ﬁﬁ) are 1dent1ca1 to the Rarita-g,
‘Ae;5chw1nger equatlons, except that the potentlals are non~,tfﬁf’;;ya
.' fflocal (and 1nherently so). 1n this caSe. Both~V¢(r,r ) - o
:jand V (r ). may be written down, bY‘just part1a1 wave de-h::ffnff
;;hkcomp031ng the orlginal V (r r"9 and v (r r ), 1 .. eqns. 5?{33*‘7

-hTKV 58) and (V 59), So 1f, as 1n the scatterlng channels,

ﬁ one uses free solutlons for the xntermedlate states, one hasrﬁrf
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Rt

dln prxnolple, a non- local potent1a1 descrlbing the deuteron.}
GOnce agaln, however, the lntegrals cannot be evaluated 1n
closed form. The pOlnt to note is that 1nstead of stlpu-' |
latlng that VC and V (1n the local case) are, for example,' l;,
»_square wells,.or other 91mﬂhe potentlals, we have,'ln fact,wl'.
-a potentlal derlved from the theory. Examlnatlon of (V 58), :
for example, Wlll show that, even 1n the local llmit, there.:
‘;ls a great deal of structure 1n the potentlals. Although |
3square well potentlals are used for sxmpllcity, 1t would‘ x
ually needs potentlals of a far more com—:h;tgﬁi“r
'f.fpllcated nature to descrlbe the deuteron.:. S

”seem that one act
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o meson-meson 1nteractlons.‘ ThlS enables the flelas to de- iQJT

'ff;ﬁstates need to be con31dered

VI. DISCUSSION OF RESULTS AND CONCLUSIONS

2 The technlque that has been employed here ‘had its.

’Oo

roots in the squtlon 'of the anharmonlc 0501llator pro-
34) '

<o

blem . .Further 1nvestlgatlons, partlcularly 1nto the
non- relat1v1st1c few-body problem(zz) 1ndlcated that thls

bwas perhaps appllcable to the rnteractlon between tWo‘.'
:nucleons Fleld theory has,gprdcourse,Wbeen used to tac%}e l

_ thlS problem before, and the vast quantlty of llterature
attests to thls fact.' Most of the prev1ons work however,,
has been perturbatlon-theoretlcally 1nc11ned '> ;-’

- The appllcablllty of thls partlcular scheme to the o
'current problem depends upon two facts. Flrstly, the. ﬂ,5:“}i:33}7
:equatlons of motlon (or the Lagranglan, for that matter)‘
}are of a very partlcular type“ the source" term for one:q
A‘of the f1elds (the meson fleld in thlS case) 1s entlrely

fh 1ndependent of the field 1tse1f, 1.e.;there are no dlredtﬂfﬁj7

couple (at 1east formally) '-Secondly, the models are non-ffbeE-"
'_7relat1vlst1c, and our 1nterest 1s conflned to (at mogt)
e wo—partlcles.b ThlS few—body aspect enables the dlfferent"'

'.-partlcle—number states to partlally decouple, 1 e. for a e

71;g olutlon of the two-body system, only one- and-two-particle

N LI
Coke
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" with potentlals 'whlch are both non local and energy-b

7scalar model, viz. scatterlng states and bound states. ,nl:

88
' 1 . ’ \ .
- . . e
v ‘ -~
mesons. This model, the scalar model, is far. more
\

! \ : o
" tractable than a more physical,one, not only because

of *heAabsence of spin and isospin,-but also due to

the simpler structnrexofdthe kegnels that appear in -

the final Lippmann-Schwinger equations.

By conside;ing}single particles in this theory, -
we saw that "free" wavefunctions, which form a complete

set, do dqscribe them. Mhis implies, however, that the
_ . R o

usual non-relativistic energyppomentum'relationship

~
-

. 2

o .. = E-—
- : Ep 2M
N S S, S

©

can ‘no longer,fe true.. There is an additéonal term,” an
explicit form of whicH can only be.obtained; in principle,
_ " ) , N . ] .

on solving a'non-linear integral equatioﬁ*lor'the energy

. [N
I

This extra term is 1nterpreted as a self—energy, such an

1nterpretatlon seems qute natural at least for 81ngIe

¢

~ particles, ‘as there can be no other 1nteract10ns present. '

Due to the complex1ty of the 1ntegral equat\oﬁ for: Ep we '
have not solved 1t expllcﬂtly,.lnstead we have 1dent1f1ed

the: 1ntegral term i.e. the dlfference between Ep and the,ﬁ; .
5 . ‘ | B
"free" energy gﬁ as the self-energy

e,

In the two partlcle case, equatlons are obtalned

dependent;» The{e are - only two channels p0351b1e in the

4

The scatterlng,states,were examlned 1n~both,conflgurat1onl e

. - . . i.
- . Y

. ' T . I
SR . S S



space and momentum space. In configuration space, an
sy . '
integrial representation of(the non€lpcal potential was

-

obtained; it is not possible to write down a closed,

/¢

exact form of the potential in configuration spacélf From
the momentum space gduation, ah eqaation for the halfioff—
shell T;matrix, T(Kcé,pz), was defived. This is, again,

an iqtegfal~equation(_and from the inhomcgéneous‘term,.thes
BPtnapproximation was obtained; This term isgidentical

to within factors involving the coupllng chstanﬁk to that

obtalned from a local Yukawa potentlal, in this approx1—

matlon, at least, the potentlal is attractlve, due to our

| "strong- armlng" the coupllng constant. On shell it 1s

in fact a Yu wa potentlal N /
| The s-wave T-matrix equation was.examined*further.

Half-off- shell matrix elements were obtalned-ﬂa lengthy

.'algebralc and numerlcal procedure was requlred to do thls.

-

From the COrrespondlng on-shell values, phase ShlftS were.
f - .
calculated These phase ShlftS are plotted on Flgure I,

[

for three dlfferent comblnatlons of parameters.' ‘The phase

shift starts at 180°, and-so.indicates'theepresence_Of a ;‘
bound state (the deuteron). After an initial rapid drop,
- k

- the phase shift seems to level offvat,rather.a high value .

_(~;60°)@ This wdnld seem to indicate';hat there is-nct'
7quite enough repulsion in this mddel . If‘our'treatmeht
of th1s model 1s to fit eXperlmental data reasonably well,

and 1f the phase shifts are to drOp qu10ker (and 1n/ﬁact,

89
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. iy : R '
take on negative values), repulsion would have to be
incorporated in the form of a core.
The results we obtain seem to indicate a good
. L v . N

. solution of the Lippmann-SchWinger'equation- there is -
is R

numerlcal consrstency, and.very llttle sensrtrvrty to

the value (or eéen the presence) of a cut- éff 'Figure

L

I also shows that theylnclusron of self-eneréy does not
alter the results by much; this supports the:contention

that self-energy can, for all practlcal purposes, be o~

-

'neglected
The numerrcal results also satlsfy unltarlty very
well. Any deV1atlons from exact unltarrty are far too
;.small to be anythlng but’ numerlcal (roundoff) in orlgln.‘
In any case, we would expebt unltarlty to hold, as, the
, potentlals are all.real Also, the energles we are. con-

_cerned with are low enough that only elastlc processes

(

are 1nvolved therefore, the phase shlftsq%hould all be -

real. Vumerlcally, the calculatron ylelds values of thef'
13 10'14

i

'~.the phase shrft thls can be compared to values of the,h

L 8 . *

order of 10 radlans for the 1mag1nary part of

order of 1 or 2 radlans for the real part.
As for the bound state 1n the scalar model the S

treatment is Sllghtly drfferent ' Usrng a trral wavefunctron 3

[4

(a srngle eXponentlal in, thlS case), we look for a mlnrmum

&

in blndlng energy Any possrble reflnement on the accuracy

of the results by the use of a more compllcated wavefunctlon v?*

e
(e g. the Hulthen wavefunctlon) was far outwelghed by the

b. . .:, , .o .&



L A s (8
7 . . - B . . A
: Ty - : . .

,,added complexrty of bhe calculatlon Qn d01ng so. The

calCulatlons exhlblt a large degree of senslt1v1ty to

_ the value of gzn the coupllng constant; By constralnlng
v" . ? '
the value of the parameter of the wavefunctlon (or
: equlvalently, the range of the exponentlal) to- be close h,;(f

’

to /ﬁﬁk'a value of g2 ‘4 é was obtarned Thls was the

value of gz'uSed in thk\phase Shlft calculatlons, and

",'also°1n thefdlscu551on of thé Born term. -

]

e

One iurther p01nt should be made regardlng the
scalar theory The self-energy term was, examlned in '>,‘A-

both the zero .and 1nf1n1te momentum llmits.‘ In ‘the former
case, 1t showedAthat a renormallzatlon of & few percent
was all that was needed to‘correct for self-energy, on the"f
other hand the 1nf1n1te renormallzataon 1s 1dent1cally
-zero. These calculatlons have not been 1ncluded 1nstead
‘;f* the correspondlng pseudoscalar calculatlons appear 1nl
Appendlx F. “ | |
The second model con51dered is the pseudoscalar one;
" where both span and 1sosp1n are 1ncluded | Apart from the'g‘
addltlonal matrlx algebra requlred the~one partlcle system |
is treated 1dent1cally to that in the scalar model ‘ “Once " |
agaln, ‘a self-energy term can be derlved | | ‘
The two-nucleon system is. qu1te a b1t more compl;-ii
.cated There are four p0551b1e channels 1n wh1ch scatterlng

takes place,uand the s1ng1e (deuéeron) bound state.__j

Equatlons here obtalned for alb flve wavefunctlons, also,_:p
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the T-matrix equatlons wgre obtalned for the ‘scattering
channels. The potentlals are more 1nvolved now, - and 1n‘-\-7
some channels (partlcularly the deuteron one), tenSOr . R

forces appear, as they shoufd , ~ R R

.o

One of the simpler scatterlng channels ls$the Jtl Exg“
S = 0,'T. l channel - There is no tensor force;;resent,‘s . f}fh
and the method employed for the scalar.model should carry
through . But 1f one compares the equatlon for the T-matrlx

’1n thls channel w1th the one in scalar theory, it can be

‘seen that the kernel dlffers frqm the scalar one by a
polynomlal factor, also there are tWo (separately) dlvergent_éit
terms in the (0,1) channel whlch tobether, w1ll cancel out.edf
. Numer1Cally, the results we obtalned 1n thls case 4
yare not'as good as 1n the earller case. Whereas, for the'
scalar case, numer1ca1 con51stency was obtalned usxng _,_tlf
'30 X 30 and 40 X 40 matrlces, we had to use 60 X 60 matr;ces; fs
;before a solutlon begans to appear (and sen91t1v1ty to the -
cutorf beglns to. vanlsh) _ Thls could arise from a number p;é },S»
of thlngs, one- belng 1ncreased structure in’ the T—matrlx.biblt B
In solv1ng the equatlon, we have used 11near 1nterpolatlon»;7”-f
of the T sy perhaps thlS 1s not enough to account for the .
‘structure. Taklng a" larger grld size c1rcumvents thlS o
3 _dlfflculty ’ A : o {/_,. s
Us1ng the phy91cal coupllng constant (f /(Zn) = 0 189)

,fwe did- obtaln a. solutlon (see Flg IL), however,-lt st111

.~seems to: contaln too much structure Also, 1t drops too

.a oL roos : PR S



_but thls does not alter the ddéree of repulslon present.

‘the lS phase Shlft goes negatlve - a fact‘that cannot be

.eXplalned otherw1se.‘ It‘lS apparent therefore,.that the -

{;._(’;
rapidly through zero. As opposed to scalar theory, therefore,

]

Athefe is obV1ously too much repulsion here The calculatlons

were repeated w1th varlous values of coupllng constant
N

These dlfflcultles seem to be tled in with a more

2

general problem ‘Theoretlcally,_lt is’ exceedlngly dlfflcult

to descrlbe the s—wave 1nteract10n well At short dlstances,

e ) ' o

L exceedlngly compllcated partlcle exchanges come 1nto play,

thlS does not occur for hlgher partlal waves. Ine fact the

problem can be seen qute clearly when oni considers that
\.\\ i

_the orlgln of the repulslve cone came from ‘the fact that |

L

' dlfflculty of handllng the lSé state adequately has been :

-around for a whlle.; In particular, the amount of repu131on

L 3

‘_needed is one aspect that has yet to be treated completely,

theoretlcally.(;s) E !J\v":f~-f}f

T

The two models therefore seem to dlffer baslcally

'1n the amount of repulslon present The Born terms on-, .?afl
shel} fpr examfle, di fer basibally by a constant.v Thls
| ;constant,,whlch is anal gOQEL/ln the local case, to a 6— .j:f-f

A._functlon potent1al at the orlgln 1n thls non- local case

Ve

.';\creates a sort of core, thereby cau51ng the repu131on..;f5

. .
Wlth thls 1n mlnd a calculatlon ‘was. perfo%?ed 1n thev'.

scalar theory; to see whether the lS data: ‘can. be reproduced

_(E;g III) ; The \(alue_.o,__fi.g'2 as 2 98 and the phase Shlft

“«'7- A'.‘ SEEN
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drops from about 600, Howéver,‘once again, Géistays non-

hegative up to}at least 280 MeV. 1In addltlon to the phase<>.

ghlfts, the off shell behav1our of T was examined. In

Flg IV, the matrix elements T (p,k) (normallsed to l) )
are plotted for two values of Ep, viz. 60 Mdv and 180 Mevx\\\

'Typlcally, these curves should go through zero‘ but

"

_because the phase Shlfts stay p051tlve, s do these ratlos}\/

J

~ In the pseudoscalar model,. thls dlfflculty seems.

-

~to be present only in the s-wave.. ThlS lS prlmarlly due
to the:constant term . 1n the Born approx1mat10n mentloned

in the prev1ous paragraph However, upon partlal wave
7decomposrng, thlS constant only contrlbutes to the s—wave.h
| Therefore, for hlgher partlal waves, there w1ll probably
.-be 1mproyement. A prellmlnary calculatlon, using only the
sorn term, seems to conflrm thls.-}. - ,h’f ;-T .

| t thlS stage, 1t 1s safe to say that we havg” |
' numerlcal technlque that enables us- to obtaln a half-off-
shell T- matrlx, ‘and. correspondlng phase shlfts, from a =
,theory such as thlS.l However <Pnly 2-0 has been con91dered
rland +though generallsatlon to 2—2 etc. 1s stralghtforward,

.\

>:1t 1s far from ter1al The structure of the K/rnels
'become far more compllcated Although the numerlcs appear

_.(,

94

.to be acceptable, the phy51cs in the model does not gtve 3'i”'"

N
V?ﬁi good agreement w1th experlménts, at least for s—anes.

-

‘ ) . d‘

e But as mentloned before,~thls probably stems from the

.Lnature of the s= wave 1nteract10n 1tself Theory appears
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to keep hav{ég a va\y difficult tlme with theory.

]

| Inherently, thlS technrque 1s of value- qualltatlve‘
,-features of the N-N Thteractlon seizsipqarlse_naturally.
S . o
a repu151vejcore, the tensor;&brce n \the deu eron;

L P

dlfferent potentials in the varlous channel§' ‘etc.
: c . e

:Quantltatlvery, it enables one, in pr1nc1ple, td'evaluate
halfeoff- shell ;—matrlces Thls in 1tself probably
. justlfles further worhﬁ as 1ately, such calculatlons have
been 1ncreasxng\con51derably in number. " |
| As for the non- local potentlals themselveet(e g. in ’
the deuteron), both non-locallty and energy-dependence .
appear naturally However, ‘the structure of ‘hese potentlals
‘lead us to belleve that no local approx1matlon is- g01ng to
'take account enough features of the orlglnal poten 1a1
‘Such apprOxlmatlins{may be useful in very weakly or very
strongly non local potentlalé, here, the potentlals are
-far too complex to be 8o categorlsed o L «-"_ |
| For scatterlng,_thls technlque should be(;pplled“to i
'e hlgher partlal waves. 1f,-as we speculate, the problems
'_lwe have encountered arlse from ‘the nature of the;iwave
1tself, a calculatlon for 2 2 would certalnlv produce hetter
results.} Also,wlt would be worthwhlle to develop a method
: for solv1ng all the four coupled equatlons. In prlnc1p1e,‘

‘a (much) larger grld would permlt thlS to be done.‘ As»fo;;

'7he bound state, the non-local potentlals v and v éhbuld: o

T

A

- 95
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.ihe ekamined more'cloSely The’ p0551b111ty of a numerical
esolutlon (in an 1terat1ve manner, perhaps) of the deuteron
~should be looked at. Whether one oa\(obﬁeln a reasonably
* good approx1matlon/f‘\;he (now) compllcated potentlals is
a question well worth pureggng. There‘seems_to hel,at this
stage, any&ay,.ﬁore work needed to'see’whether this thee:y

will stand or fall.
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APPENDIX A: EVALUATION OF THE POTENTIAL
| . v .

L fld3' v (e-idgy
q pq "' s .

. ! .

T A ‘ ISl —iz*Xx 2 2.2 - ’
(2) f éfq,d3k e 19 Y e , V[4q —4p +k k)

d g — - —
C 7 ag? 4p2+k ) 2-16M°k%-16M%m2

]

—

[2))

=

Q
. N
—

=

(1

K o o e - - (Al

L ) N - - - - _
Consider = = | R ' S :
o o Lo T T

(aq®-ap2ax?)? - 16m%k2 - 16m%n?

o

0 when q§7='92.;-§‘;i“M',e+m L m2)

The varlous p0351ble caSes have to be consxdered separately, }'-‘

-to, determlne tﬁe p0551ble 51gns of qf;.

Case (i) .k < 2p:  R f.: R
N L . o k2 ‘
In thlS case, -p' > I—



But QE‘could'change sign; . ﬁ;{

é2 = P %— Vﬁ +m2-< 0 when .

| Now, - . H
2 .
(0?2 - ¥9?% - M tend) = 0
.
when

L | - L ) e
The "energies one is interested in are below the one-pion _

threshpld,‘i.e,'p2 < mM; infthis rahge

E o e
8 (M° + % p2)'< gM> //{ + Bf + —Ef o,
. W e

- /

'vso/%he only positive solution‘for K” is

VA

- 'when . k7,

v
Ot
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since y
P

T ’ '. : w » ' /‘

- e A

But since case (i) is restricted to k-< 2p; and
~ : 2 , 2\ -

In case (i), .
. " ‘- -. ‘P

' . 2.8

D = (q%-q%) (a+0?)* .
2,

[ : . - w

Case (ii) k > 2pf or-§— >p ; " N

/]

From (A2), it is obvious that qE < 0-always

[

o -‘:2-
k 2 <
Y. o P

<0, thisvimplies that

ey

2

For k% % ﬁ”%, . (§_ﬁ_ 042 2 M2 (2emdy” .

. . 2

. kT oo :

l.&. : : . . o
. .- . . - ot i N .- ‘ - . ‘ ‘ (/

=
o
Fo.
‘V/\
o
/

2

B o V)
i
ge}
§

-
v
=

o

+N -
I
1
fof
+
|

> 2p, one is left with the case k™ < up : thé&efore,
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- L3

- ' » : . L
a .

/C? cabe (ii):

\

p = (a%+0?) (a®-a2)0 (u k) + (d+0?) (gP+e])e
v . . . ) ;

So: ' ! ._ ) ) K

—

o
L]

220, 2. 20 ’
- + k- < : -
(? a,) tg7+Q’) L

it

. 2 2. 2 2. - o
‘ (a°+Q)) (a™+QD) | fk > My

=)

Tperefore (Ai) Can be rewritten: -

U

T

- : ' L >

2 2 3, TiFTE 3. e 1A°Y

g J : J'd RN |
‘ (@"-qy) (g7+Q2)

E - - l ' . " .

R
o~1qvy

’ (q2+Qi)(q +Q_)

5— O.(u

s e(k—pbr

3 elay . 7 ge ™ sin(gy)

{ _
(k:up)

‘p‘k}._ '

-

N

o~

§ "

4qf)(q

2

SRR s P S AR o
211'2 ;OS . (.(q+y) .-e C : _ ’ TTZ cos (q+Y) -e.

2 2| y . Ciy—s Y )
R s
it f\j> ‘ '

(Y B L -

‘ : \- .
[ 3 & s ..
. e A ”

1> ey )

(A4zx(~\5

R
T



P
'R R © .
_lqoy 4 @© . s
J ’q — Sy = 7 J qdq — 5 Al
(g™+Q7) (g7+Q7) 0 (@"+Q}) (q +Q7)
: ‘ -Qy -0y ‘ -Q,y -Q.y
_ 2n2 {e, -e P - nz e + -e
QE‘_Q_ y M,{:?m? y' N
2, 2 —ii-§ -0,y -Qiy |
.{ I= M f d3k e 2- 1 Re{e —t —-g ‘19‘— ]
: Yy 7 2 :
. -+W ' »
Ccandne? [® kak sin(Sx) -0,y -0y
v - 0 \ <“+m o - A
\ A ;N N
. ‘ -

., . o _
- ok '

. o 3.2 ® k sintzx) | -Q.y -Qy|

= 8(2m) "Mg Re f dk ._____.__Z___ [e_' e } .

g » 7 i
- & 0 A2

’ . ‘ e . ' O
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APPENDIX B: ) TRANSFORMATION INTO MOMENTUM SPACE
3 . ) \ )

Rewrite eqns. (IV.14) and (IV.24):

\
4

2 .2 '*'::_ . 3, +___*| *
(Vf + P )fp%;). 2nva d r Vo(r r )fp(r,)

L

= 3, (0) 2 (o) * 2, +,
g v (EEN T £ (F )]fp(r )

Pq’
| (B1)
and i
, A7 v
| o |
£ (r) = f &k e T (%), “(B2)
Substituting (B2) into (Bl) yields
P
_tk e +
,[ e~ 1K r(-k2+p2)wp(§)d3k‘ ~
. o iR a3 3.
= =21 | Vo (et T e 7T by (k) a7k a’x
X B
+ M J d’r [ f d q Vp%;F r )wq Kki) q v(ﬁz?]-ﬁ ‘
_ ek FeRyeEekgeE 5
x .lpp(ks) e : . : d kl ¥d, kA2 dk3
T Y

P
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l.€.
2 2. " 3 > —iKew 3
- K) = - ’ Tikey _
(P k )wp(k)‘ ZWM_J d’y Vo(y) e _ wp(k) L
F M f v (kK. ):ﬁ;)(k ICOLE -
pa’ 2 q . y R
e e a o e 03 3 33
X gp(k3)5(k ky+kymky) %k a7k, aky a’q
(B3)
» ¥ o Ve
where E&»////
Y LS
oL o L mikmkg) ey
V. (k,-k.) = | V |
pq K27*3) A,J pq'¥le T T4y
. ° 2 ‘;v‘
21 (K5-K,).“+g“~p :
= s@mn’ v[ 2 ;- 2(12-E3)]
: (B4)
v". o
.Defining. .’l
v, -4 @y R Yy @) - d3 N
Vey —* -_y e o Y) = q V[E "Equ"k]
- ' T L :
2 (35)

-‘ eqnq'(Bl) beccmeén"
23 o el
_fP *k_)wp(k)lf'-‘?"M V_kwp(k);vl

I (o), ()% o |
+ f.vpkl(i2 A, Ky (k+k i )mkl (k Wy, (k )d




The free COnfiguration_space wavefunction is [egns. (IV.16)

and. (IV.17)] \ - N
F(,O) (r)’=i —————l——-3- [eig'; + e-iﬁ-;].‘ B (.Bf) .
s
From (B2) aﬁd (B7), one gets Eﬁat o :
| w(o)(f)‘; -—3;—-{s(p+k) + $(§-k)] .‘ 7(33)

' Consider the rhs of (B6); when (BS) is=ins¢rted, one is led .

to,'apért.from the self-energy: ‘

2(2n)6 f Pkl(r 3)[6(k+k1+kz k3?+€(kl-k k2+k3)] x'

X IS(K1+K2)+6(§1‘K2)]Wp(ﬁ3)‘d3k1.d3k2,d3k3

g

S T T T S o SRS
- - f d ky @%ky Vo (-kl.kB);6(k-ka)fé(2k1;k+k3)1wp(k3)‘ |

-1

o x “ - -
SR . S d3k d k Vo, (k ¥ )[6(2k +k- 4 )+6(k k3)]w (k3)-

1 pky 1 L

T

S T A T IR O
by B0 kl_vpkl('kl 3)*p‘k’:f. -

P e kpr2k <Ryv (k- 2k
4 2em© [ 1 Vpk, (TR )¢ ( 1)

R
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c,,
Gy

+ -+ ,
'q to q' given-+by .

" Then it becomes -

. > l
M C03 < > P _Z > [ =
f a7k Vox | ky-2K, k)wp(kf<2kl) ¥

. ) J .

- M J' 3 ~ e s g
+ ] da’k, v (k,=k)y_ (k)
2 (2m® 1 pky 1 TP
‘M
(Zw)

_ M- » 3 ~ +'-+ ' + |
————3'.J d”q‘qu(q k)wp(k) +
'fr S . (B9)

b

L

,-éﬁangé the variable'of-integratiOn in the rhs of (é9)'fr6m .

s [ @V g R G

- .8(2w) " PrateTAl o

3

+ — | A7q V. (k~-%kg-k)y. (q) .
2 '~8(2ﬂ)6 o v)?ﬁ5(qu’54-',f - P ;af‘

. .'M-.'f o g
= —— | d’q v (5k+%q)(w (k& + w (q))
8(2ﬂ)6 , p'%(k q) SR

B f; - ‘3' "

2

.M 3 8i2m J -‘é*{;[k(k@ +§(k_q)
B(Zn) L N o

C ) - . o

= x(wp(i‘c’)+ @

- J d3q v, ,(E-Ewp_(i;z"'&);
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’ : - - -(B10O) -

which ig precisély the term that a'p‘peair‘s"‘in- gqr-i. (IV.28).



APPENDIX C: PARTIAL WAVE DECOMPOSITION ,

*

~

Defiﬁe; for the sake of brevity, functions .

Vb(a,ﬁ) as follows
. > + .=" 2+k222'.-.++“ L N
V_(q,k) = V[‘L—-———Jﬁ q+‘k] g (£1)-

- Then o BN S

 Then eqn. (IV.28) fbr?¢p(il can be written as o

©2-k%)y,(K) = dnm [ Fav, @R - v @R 14, 0
i ?nM f _ q.Yp{qi )?pfg): .‘ .of'3).
'iThe wave functlon (or scatterlng amplltude, apart from a
factor) is decomposed as*follows o * _:;,fA; o
' | R
= v B ®etad L e
Yot Ly T B e T e

| QSlmllarly, ,wft

'-‘ v (q Tc) Z' (q)Y (ﬁ)v (q,k) (cs)

m . .

".because the pedépéﬁdEhcd;infyp(E;Kyjisfpgre;éffaaial;jj G

hY : N



Egn_; '_.".(:Cj) then redhéés to ‘

e R s = [ o

Rewriting edn: (IV.29) in te?ms of Vé(a,i) i.e.

~

“F(p,k) = 2mM f'd3
R

. it is obv1ous that F(p,k) is a functlon of Only the ‘ '.P

magnltudes-of p and k. ’So, substltutlng (C4) and (CS)

‘into egn. (C3) gives:”

-~

S S U S IR
-k, - F(p, )Y p)Y,: (k] :
[p” - k. - F(p k}].gm 'gm‘p)_lm(k)wp(k)‘

R B I - T G @ v

R A SRR TN By
- 2mM | qdq | Yo (PI¥ g RIVo (@ k) () ;Kéz)‘ -

o T g TR IR
. Y | . R : C no -, ., .
S ’

Co

where one has used the orthogonallty relatlon between the |

‘-”spherlcal harmonlcs v1z.

| f,4991¥2m(9?¥ .(q) 22.,6

-

s m.'

2

. . '_ v P B

SN T ;

*h-alThls is. the equatlon for the 2 th partlal wave scatterlng

: done by 1nvert1ng eqn._(CS)”a*;

b

*fiamplltude, one has yet to determlne V (q,k) Thls 1s

q [vp(é,ii-4 v @R . e

108
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baig= 2 [T v @Re, (cos R dleos &R . (c8
Vp(qf %%T] us b . )Py (cos q ) ‘(c?s.q k) : . (C8)

. R | T /

- where the following relation has been used: #
| '\-. | | | o | .
TR . ey o2 e
f_liP2(°°$;9)P£‘(9°$'e) d(cos ) = 57T Sgpn
' e R ~\g_§ L
.in the process of inverting (C5). Combining (Cl) and (C8)
giVeé"' ) ’

'7'5'93i5;23234*+ﬁ P, (cos q-K) d(cos §-k)

o,
Vp(q(k)
ERINRr R 7 o 2

' (9———33—27] (q+k) -mS
'-'lfl‘_'»,“ﬂ,'“ R (wan ;;;<f- R

L (] +k2—2p ) -4M (q +k2+m )= 8M2kqu

(2m?

ﬁhi.h-giVeS' -

o

a3 g?ff ;L-i: igz+k2 zp )2 4M (q7+k +mF)
: (2n) q ' ”[vf.- 8M kq ‘ o X

L4 7 \3‘». ST
. LE

. so[theﬁs—wave‘eqﬁation-isf,f

T . Lo . . k v e

Tt -k fFF'»."ELki'lu@‘(-k)'?ﬁ.’a_'jt; -

KX

2 2|
4M mf w (q)




< _ S110
Next, one.waﬁts to obtain an equation for the s-
" wave’ part of the T-matrix, which is defined by (.I,\{.3l‘) .
i.e.l,__ M
M T(k,p)+T(fk,p)
/_(Z'rr) p‘z'-k2l+_in, .

,-v -*‘ .‘ R 1 .'_ .
b (k) = [6(P+k) t G(P k)] t
P /_(211)3 , :
- o  .\ S S . .(C11) L.’ : L\
. I_n._a_dditidn to (C4), tm’e_ has o . S

!Tﬁﬁ;E),;_Z\'Ylﬁ(§r¥;m(§)Tg(k.pl-‘- 1)

and. R o _ .
B ol ALK A
K (pik) = _7 5(p—k)z (+1) Yy omPIYgp k) ACL3)
: SubStiﬁuting (cay, (c;g):and'(C;j)Aiﬁt§5(Cll)-giVésf‘ -

Lo
-

Y, (P)Y, (K9 (k) = : [1+(-1)71Y, (p)¥, (k)
;ng b AR R /7(2n> k?f,,gm.u S AT A

L e Yy, N (“X“"
———p 2 — 'I' (k,p)
/'(2n) o pPok%ean '

:

'f_-wniqh_infturnigiv¢§v 1' ST f',g-,)]ﬁﬂﬂ'-ssw~,;"

/—(Zn)3   !_2 /—(ZN) p kf+1n B

lP (k)

.‘.( :

(cl@if~"°



Ral ' ., 111
hThis éduguion‘therefore serves as the definition of the" -
component TQ in terms of wg U51ng (Cl4), one can derlve
an equatlon for the partlal ‘wave T-matrix, Tl, @ﬂa thls
Lo s '
-18 =+ + . .
oo 7 2 .2 : , .
. 'Tg(kip) = 2m 2’92’k , :Vé(k,p)»-' _ -
: : p ~k“-F(p,k) o ’ T -
' 2.2 Lo 2 : Co
+ 2TTM 2 Pz-k . J ) zq (2iq‘ V (qu)T Ip)
: —k -f (p, k) 0 pT-q +i
B (cls)-
b \ ._A.{' R

"Eqn. (C15) holds for all even values of f.

. ° With M(p,k) defined as:’

_po o
Talrem

- M(p,k) =

(C15) becomes, for-b&g's7yaver SR A A

; - 'M(ﬁ,k) o (k -p%)* 4M (k- p)2 4M2 2|
™ (k,p) TR 372 2 22
2(2%) SRR (k -p ),-4M (k+p) -4M'n"

(P +k2-2p2 ) 4M (q LK) -4M2m2
(q2+k2r2p ) 4M (q+k) 4M m

. ul M(P ) [ qﬂq o o

2(2n) -k 0 pz-q2+ln

| ¢C (q P)

,5Thls is the equatlon that 1s dlscussed 1n Sectlon IV.-h:_f_f"7 C



"»,_values of k qu (D2) is: first cast 1nto matrlx form, ,:!’

APPENDIX D: ALGEBRAIC AND NUMERICAL METHODS

' N

_In'eqn; (IV.59f,'the folloWing integral appedrs:
S q?‘V"(k.,q) S LT
S J = f dq . T (q p) '

ﬁ;fo X p —q +1n r 4§

o, q V (k,q) » . ' ‘ ‘ . S o
]( dq. ——E——T ola p) --%EP-VP’(_k,p)Tb(p) (D1)
0 P -q T I

o - - o

é

where frj ndlcates azpr1nc1pal value 1ntegra1 W1th (Dl), )
and the deflnltion of A(k,p) and B(k,p) [from eqns. (IV 56)

jand QIV 57)], (Iy.59)umay be rewrltten.as.

R v
: T'O:(k*,p)" -J%rﬂ‘“pA(k p)T (p)+B(k p) f dq —g__T_ T (q,p)
I S ' : ‘0 pi-g e

= Alk,p) IR L (p2)

Although, in what follows, dlscu851on is restrlctedf"

to the scalar theory, 1t should be kept 1n mrnd that the ?nffjlﬂ‘

vtechnlque as, such carrles through for the pseudoscalar ;l
jmodel just as well S f' e
In solv1ng (D2), p 1s kept as a parameter, 1 e.;f\

K p 1s spec1f1ed and a, solutlon obtalned for a range of

T (k,p) becomes a column vector, Wlth elements labelled

Lo . . R B 1



by To(kj,p) where kj are the values of k at the grid-
points j, The 18t hand side of {(D2) is then written as,

o «

_magrix product P

) M-(nk' )T'.( )
io p,tj'qi o0'9irP

whereas thr rlgh;\hand 31de 1s a column vector A (k. '8&

The, technlque(then amounts to a matrix 1nver51on, i.e.

the matrlx M (k ) 1s 1nverued

¢ Three terms go into the elements of the matrlx Mp
N
zu.the_three terms on the lhs of (D2). The flqst,tWO‘

"are easilyhobtaineda but in order to obtain gOntrioutions

~from the thlrd the 1ntegra1 1tself ‘has to be evaluated

»

Thls is done as follows

.First, pne‘rewrltes lt,;sﬁppressing.all.but'the

* gq-dependence, i.e. .. . . .
e A T I
1= ]{ ———g——ﬂ‘,_——T (q,p) I_dq.,_w(q)'l‘r(q') _
0 pTmqt B SE o
with RPN
o gt k,g)
and ' T(q) = T (@ip)

.- .
L

I is then re%yced to an 1ntegral over a flnlte range (0 1)

-_by the transformatlon : S .54;'

S

113\

.o

.
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A
e
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- v,‘ - -
» . 3
e N :
- bt .
) 97 1% - !
Y
' P
Then, - .
: _ 12 _ . - L
1= [ RiEt (RYyoRY B, " (D3)
; l1-t 1-t : o
0 (let) x :

') Next; the range of 1ntegrat10u is divided lnto N equal
intervals; i.e. the range is broken into the p01nts L N
0=t ), ty, .;.th ..,.tN where

/ - 1

The functlon T is then approx1mated w1th1n each d1v1sxon '_ ‘
@ © v 3
(t:J l,t ) by a stralght line cons ralnea to pass through .

the end b01nts T( ) and TJg;l—o I_ then béQpneS& “

. tL _ . » - iy
o N S p?'dt Ptv. | pt.._l m C\/«
©o9=1 ‘¢t (1-t) T 731

t pti') b
T () - T(—EE=) | (Nt-341)
1-t 1-t.
- ]"'1
’ : : o L . Ca T N
If oneynow transforms back to the ‘g-variable, - T
| N9 7C‘ ’ . R
1= 3 | 7 dqwel@ |Ti,* (T'—T )(ﬁﬂ—- %11) (D4)
LT PR W b “Late -
R I e . e
. In (D4), . R
_ ﬁ,..ﬁlt S | ,i§”fq;.=ﬂgi?'_' c e
o~ T T e B
o
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i
b
. and
Vi Y | | T. = T() ’
dy ) 45’ ‘ /
a . )
gf This interpolation therefore removee T(q) from the
.. . "
! integral, and hence enables the g-integration to be per-
! formed. Obviously, the method is only good if one assumes
ﬁ? ~ that T(q) is smooth and singularity-free. Without such an
llv“ . il N . . . N

ugafu assumption, the ingﬁrpolation is aAvery.bad approximation.

* A typical term in the.sum in (D4) is

: q. . _
: 13 . - N . o
I, = 4 1) |T. ., + (T,-T. —d -5 4+1 ‘]
J J (da vlg) ( =1 * T Gt 3 D)
| di_7- - |
i 43 1 » ‘ R ' STy
‘ . = T, o R.(Q._1,qs) - B R. s (d..q,qs o D5
. 51 3 '95-1095) 8 Ry (d5p09y) (03)
where Rj(a,b)'ié given by .
b N ‘ el R o
R.(a,b) = d ' .+ j =N a . (D6) :
Jl(a ) = Ja 1g w(g)[ EEE -3 ] o ( ,)f .

The 1ntegrals R (a,b) can be . evaluated analytlcally

‘as follows w(q) contalns the poteai@’l, whlch in the
o8 . L

..scalar theo;y is’ glven by (IV.58) T

2 2,2 2.2

. ) _;_7 (qRek2-2p2) 2 an? (qﬁk) 2 aM?m
Vpled) = gig ATy T 9 e

(q +k 2p ) -4M (q+k)



In principle; the quartics that appear within the -log-

- arithm can be factored, and the logarithm can be replaced

A}

by sum of logarlthms of the types £n|q+a| " and

in(q+x) +y ]; Thls depends on bhether the zeroes of the_

quartic are real or complex. We shall.jnst,restrlct our-

selves to the complex case, as the real case is just a

'limit of this.gw

Therefore, (D6) consists of‘ierﬁs of the type
RS  .&v\\ -

!

- qtp

5}-{-[ 5 49, on| (.qfx)z.:lf_yzl (=SB 4 § - N) LU

ap-q.

(D7) can be further s1mp11f1ed by decomposxng —53——

one 1s left with terms like
1’ ° 4g- .zn.| ( };)2+ 2| (—EP- i - N)- ' \-(.Dé)‘
4k a qip ' q’ Yol q+pv ‘ J S . R
T . | i _ .
-+ . Part of (D8)4can be written in‘the form of Euler's di-’

'logarithm(33y:

,by apprOprlate trankiormatlons 's can be.real‘or éomplek.

!

dependlng on whether the zeroes/of the: quartlc are real
or not. The remalnder of the 1ntegral (D8) can be done i

in ciosed~form , By thls breakdown, therefore, 1ntegrals .



' )
may-be reduced to combinations of dilogarithms (of

3 mayn

breal and complex arguments) and integralsithat‘can be

R

done in closed form. ThlS in jurn 1mp11es that I] may
be reduced to a\51mllar form. !
This whole procedure hinges upon being'abie to.

vfactor the quartics i.e. determining x,y (or a); fhrs

is done_numericaliy; the position of the zeroes will ot
course depend upon the value'of p.‘ Our region~is:he10w
the single pion threshold.

| Egn:. (D2) ‘can therefore-be wrltten out in matrlx
form; However, the\dlscu531on S0 far has been for k # 0
For,k =‘0,\the potential is modlfled drastlcally, and the |
integrals no longer-are thevsahe. FIn fact,‘they.becoﬁevfb
vquixe a b%t simplerp;and the analogdes'to;Rj are'eXactlf

, S - g

evaluated. No dilogarithms are required in this case.

The rest of the calculation has to be done numerically.

Computer. programs were written to:

a) determlne the zeroes of the quartlc
b):'evaluate the dllogarlthm functlons (for both real and
complex arguments) N o R
.‘c),;comblne the separate;terme_a
ld) h;ncorporate the k Orlihith* 17 51 f? hf'.f,

~e) .1nvert the matrlx to determlne .

Y
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,
. Numerical éonsistenéy_was cheéked by'pefformihg
‘the matrix inversion-with matrices of diLferenﬁ-Sizes,
'Grid sizés.of 15 ahd_20 were picked.i.e.zﬁhevmétfiées
were 30vk130-andu40 x 40.‘ Th@wnuﬁbérs“thatiaré_obéainea'
are the real and imaginary parts of the half-off-shell  .
T;matrix'eléments and the real.anﬁ iméginary‘éarts'pf the

phase shift, at each value of momentum p ‘(or, in, fact,

- o2 |
lab. energy E =2p, -
L p M R
\ o
:' ‘ A
L



'APPENDIX E: BOUND STATE INTEGRALS

In Section. {IV.6), three integrals were constructed,

viz. , and Ig- The fiiSt of these ean'be'evaluated h7

Ik' Ip\
in closed form Ip and 1 4are far more complicated and
this appendlx outllnes the method of handllng them. The
1ntegrals are -

x2ax

I = - A% ' (k) - R L,
s 0 (k2 + a2)4 b | | . RS

N S S
0 .

SR 2(25)?, o.(k2+a2)? (g®+a?)?

(q +k249uE) 2 4M ( -k)2 4M2m2

Kq2+k2+2ME) -4M (atk) 2_amPn?

'_xQ,

' with the définition of F, (k), I_ mdy be written as

(2448 )2 4(q k)2

2+k2+82) 4(q+k);~

]( '—Tﬂf adq- tn

Nl
(B2) v
0 (k +al) - liq R

2 2

aﬂvh@T'_fi,vﬂﬁ”,;f ; Gt ‘j

- “kdk f 4(q,k) -4x
i““i_Z' qu ln

fo (k Ta) o (q2 k ) 4(q+k) 2

’:*_",;njarfiﬁing;atﬁ(EZ);and xzsyrft:anSfbrmation¥inté;aimenéipniess_, :

a9



: Also,,u,»ﬁ and A_areydEfined by:

'lThe k- 1ntegral in I (Sl, say) may be 1ntegrated by parts to

120

units has been made i.e. 4 L ) ng

L]

(q,k) > (Mq,Mk)

z e

-2
. >
on
=|3

For the tlme belng, we shall conflne ourselves to I1

glve

”;L:{“'_ékl‘_ (4k(q2+k +B )+8(q—k)
1 3

O(Kz*uz7“j( +k24g2 ) 4(q k) 4A2 AR

..:,‘_‘_._g 4k(q +K2 +8 ) - 8(q+k) B N IR
i?s,(q2+£2+s ) 4<q+k> 2*..,,‘iﬁﬁ.*f. vity‘}«”,f¥13

P}

o when S1 is re-lnserted 1nto Il' and on deflnlng new vaklables

“i'u v by

A,

Gww o wa

N |-
ﬁilw

C(wev) g E



F i'from —w_ to +°° only even powers w111 ;urv1ve.- Then (ES)
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Il'becomeso"

2 442

Jw_dﬁv ® ‘ulf-vlj'- (u:v)(u2+vz+62)+2/5v ,
% o c[—(u—V)2+u2]3 .(u2+v2+62)2'3V"4x7

(u-v)(u +v 2,8%) 2/_u | v

(u v +B ) 8u2 e

. ' i . Y . .
By 1nterchanglng u-and v’ ‘in. the ‘second term within

‘the'integral, 1t can be comblned w1th the flrst one, and

» eveutually I can be wrltten Ln the follow1ng form.'ff

2 oo m ‘ R .
;—3———”{ “du [f-dv} B tzyf (u—v)(u +v +B ;+2/Zy
o ~(u=v) +2u (u v +B ) -4}

';Con51der the u—lntegral in (ES), because 1ntegration goes

may be done by contour 1ntegratlon, as the denomlnator may

(S
i

ﬁbe factorlsed, 1.e. flrst wrltlng Il

82 11§ 'a;‘£w> a (u+v)[(u+v) +2u ] '"ii;ii .
Lo e \ [(u—v) +2u ][(u+V) +2u ]

.'_

- <u+ +s )2 B’ 4;\2 g

’so that the denpmlnator 1s even, only even powers of u 1n ;3'¢;g;{

"-the numerator have to be con31dered.g The zeroes of the f,ﬂgffﬁg§;

: Qdenomlnator occur at B



i analogous fashlon Both I and I were obta;ned.thls way,

122

us=+tvz* VZipy
. u =t ‘['1/8_v2+4x2' - vZ - g1k N

The structure of the 1ntegrand, and also the valuesy
of the seroes show that ‘the result is g01ng to be exceedlngly»
"messy : However, it is obtalnable in closed form, then the‘
:v—lntegral 1s evaluated numerlcally | o

o ‘can be treated 1dentlcally to Il Also,‘Ip whlch

2-
. 1s Sllghtly dlfferent in: structure, can be evaluated in. an

<

»and have been tabulated 1n Tables I to III, for certaln IX“,
: 2- S Bt e : L
“values Qf g_uﬂio, o

A
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 APPENDIX F: SELF-ENERGY

‘The one particle equation is from (V.3),

. | . .
A 2 o : '
c. D ve. A > _
U * m)("”'aa-(xo'?ﬂ-l pst> =
- 21" , -| 3 l': 3 ++| "
;ﬁQGaBTd'B'f ax /| d x" d;p'<0|w88,(go,xhlp.s't.>'x .

i } . 1] " . " T - ‘ . .

Cx p ta A(x«-x §-§')<p s't! Iw (xé,;->yo> x.

x oysjY.8.<Qlw551ﬁxé,xt)Ipst>‘ R (F1)
 where s' and t' are sUmmed_bver on the :hs;' ihSerting

.-(V.G)linto:(Fi)_gives

“‘jx 3:]:”5 .
f axg &% @t 6,00,

£k T

5 QBTa’B{ t,u .(x ,x)a a A(x —x x—xi){ gf;

P

. The summation on the.rhs'of (F2) is . .
pussessERa L O
: s U R L“qga»“-gﬁfg L

 j Cd BBZS't" QB atB' Bs B't'GYS'GY t' YGTY 6'56566 t
 ”5?ff2' oas'T -t'°§

ls t't PR
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) . ) . - . ’ N R ';L .
‘The remaining sums can be done by including the derivatives
2

Pt
s'st| a’t' t't

QQ
H
QO
3
t~-
Q
W
+
.
+
|
U).M
a+
<4
a+
<N

T g T, ,0 =
as' a't' ' s's t't

(F2) théréfo:e becomes:

. . 2 ' . _.. . . . ) . . ‘ ' . o
: "9 _ 2 PO , 3 3 o
aas a' t(l 5 )u (x ,x) f 3fo aasaa't ,(dx'odjx'-d Pfupf(XQ:xiA

250 _ AR * T RS _l. Ty
VXA(XQ XL PX=X Uy (X0, X »)vup(xo.,}x;)

which in turn gives .. =

. 0 Y e Ty = .
o (137—».-,{0 ¥ o) Uy g X) =
- el L o 33008 43 DRI SN2 Sy ;' A R T TR T PRI
-3, f,d¥g,d X'.§'p' upl(xomx?yxé(XOFXA{X.%:)up{(KOJXi)up(Xé,xf)yl :
C(F3)
* which ig Prec1sely ean! (v.9). 1f, for u,(x %), one uses .

o free QOlutlons, one is led to S

—1E x.‘lp- 533f., Sl T
o Lo g 3300 33



‘Therefore

g—>

" VZ{Z_(X -_X'
Cx{" 70 Ta

JBUtlf dxo

Therefore

X

l\ x

-3f
o

“2m) 3

. Defining

g Jd%tﬁyﬁw&§m P

x|,

9

’ .
.

2 o
= —2 f dx! a3x' a’p
27r) © ﬂ

> >
iX-x")e -

-i(E

e

-1(Ep,-E ) (x "% ') l(p p) (%-%")

e

i(tlv;z Yx_ ~idp'-D) X
1
xe P PO ].

. . -l(E
a3x' B(x_-x ,§ e
: ) 7 (o) (o ‘

i (E

(F4)'bebpﬁes

v 3
3 T 4y, d~y d’p' e

(2m)

A(y 4y) e P 7o ¢

SUVRRES
v2 (elx ptEp) %o

-

. .

“pr)yo

2
3, '{ 3 1(ES,

. -lep Yy, i@-hY

-E )x_ i(p'-p):x .
P. P :Oe . . %

X

(F45‘

)(X —x ') 1(p -p)-(§—§')
, ‘e :

‘i(E’-ﬁ):§ oo
e o

-~

TS
’pr)xo i(p-p)*x

e X

>(:

Si(p'-P) X ]j*

f 4y, d3y d p'(p--p) A(y y)e j__. e .

"—1wy ‘1i°§b

5’15;;~;*“Z k,.f dyo d yA(yo,y)e-i;:9§::_h



A

the effect of self- energy on the two- partlcle system. If.

one,looks at the equatlon for any‘channel, e.g. the (0,1)

A

Q_one gets that ..

E

b

126

2M

-fg=3emw, . (F5)

We can go a llttle further, and examlne more closely,

»channel (eqgn.

in the term

. In fact, G(p k)

~

A

'(V.43))f the self—energ§ is s€en to be presenth

. o
]

1Y | »

Pk

Tl

PO

contalns the self-energy. We w1sh to -

examtne (F6) 1n the zero momentum: and 1nf1n1te momentum N

‘1d1ng (F6) through by P —kz, we get°

SOEn




Case (a):

12M3£2
O

T

'F(p,o) ='—————7— f q4dq
“(27) ©

’

(

1
sl

~ The zeroes of.the first quartic in-eqn. (F8) are: *

a

['q4h4(M2+p?

) q°-4 (M2

g2 =t ey = 248 + p?) 2 4 Mém

T 2M2

R
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and thefefofe,%gifsing"the contour -in the fbp half'plane,'thé';

‘only zero to contrihute will be

g = iw_(p)

A

For the second guartic, the zeroés‘are

q° = £ oS = 2M° .+ 2VM° +MEm

-

o L SR, o
-and the only contripution comes.from -~ .

g =ia

Then, (F8) can b¥.integrated, and giv

R BT

wl

4

~

es
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12M3f'2 (M-
- © .

Glp,0) = - —=

which, to order 'p“, becomes

|

G(‘plo) = 2

Wtad
AR
]
N~
e
’ [t}
bl =
i
r-f\
=)
N
=8
<

.and, eVentuaLly - : o L

R(o,0) = 2 ,
5 m - o
. - -1 T z?iﬁ (fom). -.. ) o

This gives the zero-epergy renormalisation. Using the value
, | C . . A |

' of..fO ;.el o S o .

(g m? = 4mx0.08 ,

 F(9) becomes o I
RTOWQ)L, f——i;*4*;gl' .
R A S

SRR
(F10) -
\%‘:‘” - - o B : v . .
which by"virtuélbfvthg-yalue'df&%, is th.appreéiably;:3i 'fl

T

T SN S i
different from 1. .
ShasshEats e



@\

‘has been made lnnobtalnlng the Born term (Sect. V 4).

Case (b):

In a similar manner, the infinite limit renormali-
sation-may be obtained. 1In this case, however, it can be

shown that G(P,k) is zero, because the zeroes involved

~are real, and hence. do not contrlbute to the principal

Vo

value 1ntegral, i.e.

N

lim G(p,k) = 0
p*> : '
k> 8

There 1s, therefore, no renormallsatlon in the 1nf1nite

llmlt. For large momenta, 1t 1s apparent that the approx1—

- . -mation G(p;k) = 0 is reasonably good._ ThlS approx1matlon

,u' N

In pa551ng, it should be noted that an analogous

/'

calculatlon may be performed for the scalar meson thepry,_

and agaln 1t can be shown that the zero- energy reﬁormall—

"

satlon is small (for the pres“rlbed value of the coupllngvﬁ

‘pconstant), also 1t goes to zero. in the 1nf1n1te momentum '

llmlt. ' ‘ ' - ;--
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APPENDIX G: TWO-NUCLEON SCATTERING STATE, EQUATIONS
TﬁEifield eqn.  (V.3) may be relabelled as followS:

~

(15§; +v§E)wvv.(xQ,z) = -f vB NTY f-dxod X ¢BB.(x9.z) <

. - ) . i > i
X a5} A(xo—gg;é-xf)w (x5 ' >0Y5 ) 6.w66.<x X! )
(Gl)-v' |
. o

Taking the expectatlon value of (Gl) between <qs el ] and

|P1925T33t3> gives:

2 P TP
v : o _
'.._a__ Zy o vt R Deqiing . .
(laxéLf fﬁ)sqs3t§lwvvffxb’z)lPlp28T53#3> e
N | , | ' _ ' ,
; 2 :) + 3 3 3 ) ' ' “ " .
_ fO VB \)18 fdx'd X d k d k2d k <qs H’BB'(X ’z)' 2 T 3t3>x'

> = > i +> . ‘
x 3%y? A(x -x ,z-*')<k k S'T's t'lw (xé,x')[kaeé"t§“>-x ,-‘}.\j;_.

k 2
. &,
e 1y
x qYGV ,5.<k s3't |w66,(x X )|p1pZSTs3t3>
o 2 5 > 3., 3 3 . | | " Le;_‘fffff
o+ foovs Vg fdx'd x'd kld k2<qs ty IwBB.(x ,z)|k ES" T s3t3>x:;:._

y Z 27 — >- wyn : v '*;'* m ' m A
x BkakA(xo xé,z X )<k ES T's} t |¢ '(xo”xa)lk253»t3'>-xj

X: 0 6 '6'<k255 t |w65,(x ,x )|PlP28Ts3t3> *;wu"FGZ)"?. .
~i30.7?"‘ iQ )



.

+ [ d3q<qs t! ]wvv,(x ,z)]plpZSTs3 3>(1

L e + X A

'_glves

‘At this point, consider the following:

131

92 2 :
| Ve ¥ Lo
., 9 X N Beasd 3
f (1§§; toam t ){u (%, ,x)<qs vav.(xo,z)lplpst§3t3>}d q. 

- 72 S |
T T S A S T
f f d q uq(xo,x)%1§§;;+ zﬁ)<qs§§§lwvv.(xo,z){plpstS3F3>~-
_ _
ve -
3 "% v >
4 fﬁ)uq(xo,§)

"‘ﬁqg)v4.Q

But, from (V.7),
: o T %
T -
9 X 5  + -
lighe + gl = suu (1.0
[" | . {'*f. TR
= 3(2?)quq(xo,x) f;qw ‘VJIO)-.
e

Therefore ' (G3) becomes

| a3q u (x ) gy e 2M)<qs't I \,.(x ,z)|PlPZSTs3t3> S
, %o S

i

= 43(2w) f a q<qs t3[wvv.(x ,z)lplpZSTs t, >w u (x ,x)

‘l.

2

_<1,
.N e
3'“ _N':

./.

(G4)

”Now multlply (G2) by u (x ,x) and 1ntegrate over q, thlS

) J d q Uy (x ,x)<qs't lwvv.(x ;Z)|P1925T83t3> 1ffﬁ;
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R S
) o ) v2' .o . =
3. r AT LS 1PN PN P B N
'{ dq g (o) gz * a0 <a83t31 ¥,y (xgr2) [P1P,STst5>

2

<

) [ a3 e B <Bben v (x B B3, 8T8 b
q Yg e’ 83531 ¥yyr Hor® 172777373

Rt

- . . x
= (ig— + oM +

3
d W
E q q

25K 1 f ax} d3x d3kl a k d *k, @ q/P\Kx )

u (x ,x)<qs-t3|wvv,(x ,z)|p1p28Ts3t3>_'

H
w
—~
N
=
~—
S,

1]

o) vB v 'B!

'<qs IwBB.(x ,z)lE k.S" T sgtg>3§8§A(x -x',z-x ) X

%

2

o &> o> . ' n 1) . ! J :
<k k,S'T's3t IW -(x ANk 53"t5f>°vé v

.w“'_’ . R v ; . > - .-1 C ' |
‘<§385utgll¢661(*é,*})lplp25T53#3>” | ,ZV;

2k a3 B g w D) x
: f°0“3 v B fdxo d"x! 47k 7Ky Ug (g rx)

'vy_-'._

- X

sl . B T
<qs3 3|¢BB.(x ,z)lk ES'T s3t3>8k JA(x x 3 3.) X:3

X

'<klES T' s"t"lw ,(x ,x )lk s“‘tg'>oisry,6,i7ff

. S P PR S B AR S T S R
Ty ey T e

<k s'"t'"'?531?*&**71‘91P25T$3F3?-~f_?‘,a1; o BB

X

)

' NQW‘ohe né¢ds:gheff§1lbwing§'i
Cowxd) cw e @O T
- Mg Mg ¥or® T Fg :

PO
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RN

s Also,

. .Therefore,

| neg : (2 ..'lyni”n,l.-»' al
,|k s"ltn'><k sttt I :-__|k3§3_ t3 > [d

i
—
joN
N W .

=
hod
(1
O
=
|
W

(2m 3 )

SN

. 3.0y ‘4;+;" | 4.', !.5 - B
= f ?’x fWO(x-x')uq(¥9'x ) o <A ‘GG)-

;/: 

S

377 3%3 Ty R B
Qg e il g e T
s %3(*&?*) ws (e B Ksfreg ]

=-[1355#t§ﬁ§ Iﬁd

In thls manner, one can 1ntroduce the uk s 1nto

(GS) Thls leads to

Vx»+fY2)5ff 3
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sk, Rdraay]

10 gt wiEi by G2 [E8pSTogty>
T e T T R
3(2n)fd x'W ( ')Jd%guq(xbkxi}<98f#f]¢vv!(80,2)]91P§$T§3f3?L;;;,g;



134

. J 3 + " ll
v £ GVB v 8' YG v Y fd qu (xg ,x)<qs 2 sts,(x ,z)lk k S ? s3t3

b

-

kBjA(xO-xé,;-;')fd k3<k1kzs T s"t"|¢ "xé'X'?lkss§f§§?>X- L

- %

g )[R g R e g g R ety

S

™~

",+ the correspondlnq bogﬁd state contrlbutlon.'«v  - (G7)

.,   : 53

'_ Finai1y; using (V{;S) i,é;7' 
o d3 ( )< t‘lw (x ‘z)li k, S'T s“t"
q 11 X ,X q53 3 BB. ’ 3 3

: ' " ten ST' .:- ' S
= <s B|s sy ><t B |T t > Fk v (£)2 R
N SR 2 RIS RS

dﬁelgétS”théafclléﬁiﬁé'équatibnvftOmf(G?)ﬁg*‘1;§;;*f{~4A5;'5;f] gf;¢
2027

e A | _flsfiv:
1.<s vISs ><t v ]Tt >(1 +”?72M;1 ) ¥

(x ,2 x)

ax p1p2

 3(2#)?55?{3535?£§QJjT@5> [d3x w (x-x )F (; ';)§?i  uf7-‘ M

Plpz

3

g2k —" J+ o o P ‘ g" ' ”I"‘ i L
o?v Tor “g TY‘§ [ 8 BIS s3><t B IT t ><s 3|s3 Y> x51

9 ERUEE

;T?:fo : Z -
k Jga;<'

<T t"lt'" '> <s'“5|Ss ><t"'6 |Tt3>F§1 iﬁx6(§f§)3;



ar

A(x —xé,z X )Fk X (xo,x‘,; )F ~ (x ,x.,z‘)d X dx d kld kb -

A

1%2 plpz’

'
L

'+ the corresponding -bound- state COntfibution. ) ,t:(GS)f_-"

- 0On the rlght hand 51de of (G8), there is’ summatlon

over B8, 8' 6 d' S',s3,T' '3:Y YV, and’ tg' A 51m11ar

Zequatlon can be deerEd 1n exactly the same fashlon for -

'the bound state Wavefunctlon
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- APPENDIX H: - ISOSPIN DEPENDENCE

Before one can evaIuate the comblnatlons of Clebsch—'
Gordan coeff1c1ents that appear in, (V 16), one needs the _

follow1ng coefflclent
<ab}Tt3> ‘-—"_;6 8, -

" taster g0 Oy Hasfee T fasted

wﬁere the.igstend,£0r +l/2, 51nce one. 1s con31der1ng tWO
oaT T L _;r[:-' ; '-“' L
.'iSQSpih”l/Z-PartiCles. Wlth (Hl), one ‘¢can evaluate,some,;g,o=

. Qf the,soms»ih;(V;IGXQ Flrst, the sums over tg and tg. o
are: i . ogo | | R T Ty

L T g lecee ey

5 .5 ].

. =§:"‘{6T 0 tuo 7[61‘: + B' 6 B +] [6t",+ Y tg'- .Y +

4

TLELTERH A e Syt ;w’i~#§°f?F§tsf?é@4*zga;;

tlll+ -Y tlll ] + 6 'ldt.' 16t|_6

- 3. U3 . 3 €3~ t'- BI t;l_ Y _} ﬁ

-
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A

: R '. . :' . o L BT

T O A PO 5 | L

- * [6t§"+ Y'-- 9t'” ] + 6 3 68;;6t§"f§Y{‘_] }<t;'6flTF§?'_'

: iy

1"
2

T 0°"t2+ 6' , B +

[5 y 6 ][<+6']Tt >3 ,éi-< 6'|Tt Y.+]'

.f 5T lat '+ B +<+6 |Tt >6 . GT'ldté—63f7<j§'JT#3>6Yf‘

1
2 [5

RO at S Sl R

. One alsofnéedsﬁtbgffoll¢wing,37

e T T T NN IARDRY 1) ISP

S \ |

-
—
i
pmm———
= o
S
AR
i
[\
il

ll Tzl T3

tatlon and wrlte

form a;vecfofff} one gan modify the no- .

(lr 11‘0) Lt
IR rf*3~:’ (H4)
(O' 0" "'l) :

oy

oo

S

mn-.

w0t

© where the labelling for each tj'is the follakdng: o -
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- From (H4), it is trivial to. obtain the ‘following products:

¥
At
¥
¥
¥
b
5
[ ®]
O
-
o
]
O

(5av o, 25

W

Tyt f+rgg+;!.
sy

Eqns (H2) to (HS) permlt one to exp11c1tly handle the 1so-'
apln dependence of (V 16),.one has to conSLder the dases -

P = 0%nd T l separately 3L‘M\h_ﬂ: ‘“e‘..f'i}ijvﬂh‘h.'»:wiﬂytiﬁyr

a) Total Isospln T.E;brdft' | |

X One is 1nterested in: 9__X.the 1sosp1n part of eqn,&f:»Y'
.d(V 16), so everythlng else w1ll be lgnored (for the tlme ffgéf
hrbelng, at least) Symhollcally, therefore, the left handtﬁr;w'

1de of v, lGi‘may be . represented by
L : . . " .

;The rlght hand 51de has two terms'» the~first7tern715uof”fi“d%ygfrh.
d the same form as (HG), he second 1s represented by |

. \, B ¥ T | 6 [}
"I:} AT "; R T ~h_\ .

. ””*"}[;?f} }iffi :d“'
'ifvsé'T‘FS{rj.FsQ;

<t B IT t"><T tn|tln '><t§"5 |00> X .

= =03
¥

Soomn
" . which, upon using (H2) ‘becomes | - '

[
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EE {§+6'L00}6j{f -><—5'19026Yj¥1

<+ GTFlﬁtéfﬁB'& <+6'I00>6Y.+ + éTllatg;GB,‘é-6{|00>§Y{f-

. ) . .’ . M ':
(.ST‘vl[Gt‘é+(58_,f‘+6térr<)56'|.+][<-+6-_|09>§ _ +< 5 [00>6 ]}

Tt
T

Y+
L avmi t |~.k,nb‘ e
XAFS T FS i' Fso

T /- 6t +6\)'
. . ‘. ‘A . .v A/' -‘ .-. N . N .

R R ’ s ' BE

3.'7%:[6tf+6vt_ff Sgr-t ]FS 1S o 0.

"S'l g 1* _ %§ e Fs 1 s 1 so o
| . 1 SuryF S

\

3.

It is obv1ous from (HB) that the T 0 state couples

g,lhs and rhs of eqn (V 16) for T 0 have the same ClebSch_ V*TQ;E“

$ TGordan coeff1c1ent ? So the equatlon for the T 0 channel

(total spln S belng unspeC1f1ed) ls’ff“:“

L , | z .
B V + V '
8 X Z, SO
<s vISs > (1——— + e~—————) F
3 axo vz Aa2& Plp2

(x fhz, x)

3‘?n) <s3v|35 >. fd‘x‘.w (x-x ) Fplp2 or Zr

+ 3f2 i gk J dx d3x d kld k d3z' <53 |S s§><S' Iegfxﬁf" EAR

vB YG : :

(% i zf.X')gﬂ¢h75h
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3 <t V- f&0> FS l S l* SO ﬂ~f. o a ia o :..jvanTKHB)jf"':'

T”",Aonly to T l states. Also, (HG) and (H8) show that the.ftx.h
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X <83U8|SsPFy g, (Mg ZX) Ry Blgmxgh 2

50 'v(xl'vl;'.l—z") . S . ) - o 2

., .
,z ) F
_Pypy 07

V;hg bound state term. : | -  (H9)
; b) k ,spln T = l‘ .A i o - . - o | | ) .
fﬁalogous treatment to that in (a) can be done

f- the method 1s 1dentlcal, and the algebra much

. longer 3 ,1n (a), 1t w111 not be reproduced here.A Instead,..,:

L V + V L e . . B
Tl553>‘iai* Mo )ngp g B

DR

S1 (x ,E}§ss- e

.‘ ;e3t2ﬁ)<;E 1§3>_f d3x' W (xfx )Fplp2 )

dx'd x1d7 z'a3k d3k <s'$|s's 5<s" s"ls"'y> X

Y

tHe £ - LN 4 TN e Y 5 X L .
'x‘<S3,§{$§3?Fk1kQﬁxof?'¥)a'aj“é(xoa*O’?:¥\X;*uf3_v;"~g-

SOt a2t
kR 9 Plpz

.ff?f°5qutoydljf§¥°_?**ffdfziagiklfq"kzg%?;ﬁ“

: @

X <s Bls Sg><S S |S'"Y><S"'5|SS > x ;Jitf‘ti;#_
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. . : ' * :
x Fi Lo,z 000002 A(xo—xé;'; x )Fk L §',E')x
12 ° ) | 172 -
o PR L%,z
plpz. o
‘2?‘ . . »..t\\\ . . /;’» . | | ' \l)
+. the corré3pond1ng bound stéte terms (1) o
Unllke the T = 0 case, the'T = lvstateICOUples te B
both T = 0 and T : 1 1ntermed1ate states, w1th dlfferent

: welghts..' kj '
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 APPENDIX.I: 'SPIN DEPENDENCE

" The calculation here is straightforward, and is
C 3 : . : ) :

' fg)very.similar'to that in App. H. A relation identical to

egn. (H2) ie‘obtaihed for the §pihs; The full expression

o

required is. -

| 2 (G v) B(O 6) 6<S B|S s ><s S"IS'"Y> x '
8yé : | N |

; " 1
.8 s3s3

v

oo .  | b oQimte | - Co T
X <sirglssys RS TRS TR gy
U T S , - : S

'(Il) is analogous to (H7) for the more general case (1 e, e

T not’ always = 0), where the 1sosp1n Clebsch—Gordan co—_fﬂ

'eff1c1ents are replaced by spmn quantltles, and in addltloﬁ '

7.0
o wb
Tt

Therefore, as-before, . (Il) becomes, for S = 0. Lo
- o : ] . v : X E(‘\ R . s
e - .
=T e, G | 58, <+6|00>F OT
.8 - =8\ 2 st
§ 5 v=lTi=8. 2 sy PE R
C "o (ul : e . o a r R
o1 4 1' lT | |
+ 5 Gs <+6|00>F 5

< 5!00>Fﬂ lT *] e

e e T o

OT-* S

’:+fz'(3;v)§;(3*§’;é'{¥% 63. <~ 6|00>F 1
S R 3 | _;“,11.
BT T AR . .
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1
3 8, <-§|00>F

' T
0T FOT |

+
ot~

* 1
.§)V+§Df%%fd(—f 685_<+6100> F

v

o+ % . <+6|00>FlT 17 ,] FOT

+-2 (S ﬁ) (0 V) ( % &s,_<;6|00>F0T'F0T|*
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-
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. FQT

) ] R 3 )
R <—6|oo>FlT PIT 4 6, <+8]005F
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(12)

In order to evaluate (I2) one needs’thé'following:

;  ; o é; , : '~. B ;
(G-¥) = | * . . (13)
R T o

. . . //"".l K ‘ o

where 3, = 93 + iay; from (I3), the following products are
“reélly obtained: _ S . ‘; |
o | A o

Al .

Y . | . “‘>} 5o .  > .'g
G-, (@, @D P B, B

T S I N R
= §6+{az<§za_¢a+az,—az}‘+_§v_{3+3;r6+3,,3*3j3+az}‘ (14

and. B _ _—
‘_<3-$) {(o 6) %), ,(o~3> +,(o §> }

++I(G

5. fg_az,§.1§:a¥f,—.??az} Ti 5v%{-az,—aza_,fa+az,az;

(15) "

. L0 N ’ to ' . : r - ) . :
3 ) . S )
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‘Therefore, (I2) becomes

= [8,, (-0_3 )+ (a 1 s " OT' OT'* 1 i 17! LT ¥ 0T,
R 2/5 S3To 2v2  °3

' - ' *.
F 0y, (00, 6, (3,301 (= 6, PRI
V. 7 53
: : ' , o ' QT ' L
+ (6, (33 >+av_<—a§>1[ Lo, 0T FOT L | pITEMTT 0T
Sz - 2V2 °3 . 2V2 73 ‘
) V . . " .~."*. .o . - "‘ “*
s, (32148, _(3, )][- —l—-ss._FOT'FOT e TR L e o
2/‘ 37 . 2¥/2 73
. ‘ . ‘ - 1 'l*/ 1. | ' "% .‘
+ 08, (-a2) 48, (-3,3 )11~ S Ly, pOTIROT L v _p?T pLT' %] 0T
- z ©2v2 837 2F
+ [5v+(328_)+6 (a 2 )11 2 S, piT plT* 0T
L . vz 53t 7
=6, 8., (= =0 3, .~ =2 - 2 32)plT pIT 0T
B Y T
oyt 192y Lg? Ly, ]FlT .lT* or
YT S8t T2 2 2/ 2 2
' o o . W 3
_Los s s 67 gRplTtElTULOT g
B 7% [6s§+-6v- 'ésig Sy V_F F F
o . T E TR
- 1005 szlT 1T OT R

v gIhejderiVatioﬁ'Qf.the-cOﬁresPonding term;fdr's =“l‘;fvf :
is far more laborioqs,ﬁand evenfually_leads to .
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v . . A - » 7- , ' '* . .
+ozcstv|vi e @D @D s T P T TR an

2 73 _ 3 S _
‘This is the term'cdrresponding td (I6); once againj aéuiﬁz
the case of. isospin, itAis apparent from (I6) and (I7) that
 singlet 'states (S:ﬁ-o) couple ‘only to triplet states (S = 1)

while tripiet'states theméélves"couple td<both;
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 APPENDIX J: ETACR AND COMPLETENESS
v L
. Egns. (V.5) for the ETACR leads to. a completeness

‘relation for two-nucleon states in the following manher;
<Pst] Dy e X ¥, (XD 1B s e =

> >

aB P B' ss tt'

, \$777 f a’ ql d3q2<pst|w c‘.(x ,x)|q1q28T83t3> X

%

<q1qstS t3|¢BB.(X ,x')lp S t >

+.

Gotl¥hg, i1 19240 w(;a.---<x;:«*><|s-s-f~-‘t> s
o

%, aglar B' ss' tt'a(p p )G(x—x ) - ‘}*  ”-fw(J?)”

'Md¥tip1y th"-“’“‘Jh""'b'y”u'(x ,z)up(xo,z ) (defihédfin;séctiongf
vv,l);ana 1ntegrate over d3p, d3p'. then L ‘ o
U ssy

Tty

', X <qlq25Ts t3|w66.(x ,x )Ip s't'>u .(x ,z )

v\.. .

“_.+}J d3pd39 u (x ,z)Gas' t'up
S L ( T :

S8 B- BNeG-x) . @

o3 f d ql a3 q2 d p d3p u (x .z)<pstlw .(x<.x)lq1q28Ts3t3>x.

G . ‘ ’ - AR
,‘x ,x)up,(x},z )6BS B'tu (x ,x )
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R o L3 .3, | >k '4;- i T
= 6g86a'8'658'§tt'J.d pé p' ug(xo,Z)upf(xofz')é(p'p')d(x-X'}

where eqns.;(V;G) has beén'uSéd; - Now, with eqﬁ; (V;lS),ﬁ

‘this becomes’

‘z -J’d3qld3q2<sdf8535?ta'|Tt3>FST

3T AR

Tty | 7

o G |

o X FST (x ,X";') . : .
qlq2 ° ‘ o o

qqu

BS o t' B t 6(x'—z)6(x-z )

f'ﬁaséqfﬁﬁass'itt'agz z! )6(x— ) Q}' fﬁi  - ‘J3)?if

-Now multlply (J3) by <st s'lsa><s B|S"s“><T £ |ta'><t B |T"t§

'-.'and sum over o, ,B B ,s.s ,t and t'§ thls glves
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(x z)F

. <s g|qp3><T"t"|t B'><t s 1Tt q q 2 >q1q2”'°vx
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a B tt'
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% <s Bls" ><T t! |ta ><t s iT"t§>
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In der1v1ng (JS), the bound states have been

lgnored but they can be 1ncorporated tr1v1ally,_by

merely addlng on a term on. the lhs In terms}of the

“4.centre Qf momentumuwavefunctlons,_thié'then':educes\td

B -0
. &
B S

o

d3q f (r)f (r ) +. 2 f )f

ST (r 3
n :

- L [G‘r‘r ) = (- 1)S+T6(r+ ')] e)

(27r)
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