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Abstract 

This thesis is concerned with the experiments and modelling for the time-dependent be-

havior of semicrystalline polymers. Relaxation test had long been used to evaluate the performance 

of materials. In this study, a novel multi-relaxation-recovery test was proposed based on cyclic 

stages of stress relaxation and stress recovery. Three nonlinear viscoelastic models, that is, the 

standard model and two models with two dashpots connected either in parallel or in series, were 

examined for the analysis of the test results. Each model contains a time-dependent, viscous branch 

and a time-independent, quasi-static branch. The examination suggests that the standard model can 

determine the long-term, load-carrying performance of polyethylene and identify a transition point 

for the onset of plastic deformation in the crystalline phase, but the models with two dashpots 

connected either in parallel or in series are needed to provide a close simulation of the experimen-

tally measured stress response in both relaxation and recovery stages of the multi-relaxation-re-

covery test. In this work, the mechanical performance of two types of polyethylene was compared 

based on multi-relaxation-recovery test results at room temperature. The multi-relaxation-recovery 

tests were also conducted at elevated temperatures to explore the possibility of quantifying the 

activation energies for deformation of the dashpots at the relaxation stage. It was found the multi-

relaxation-recovery test has the advantage of separating the time-dependent and time-independent 
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components of stiffness of the materials. The study concludes that the multi-relaxation-recovery 

test can provide data for determining parameters in Eyring’s model in order to characterize the 

contribution of time-dependent and time-independent components of the stress response to poly-

ethylene’s deformation. 

This study also presents an analysis of the stress evolution of high-density polyethylene at 

loading, relaxation, and recovery stages in a multi-relaxation-recovery test. The analysis is based 

on a three-branch spring-dashpot model that uses the Eyring’s law to govern the viscous behavior. 

The spring-dashpot model comprises two viscous branches to represent the short- and long-term 

time-dependent stress responses to deformation, and a quasi-static branch to represent the time-

independent stress response. A fast numerical analysis framework based on genetic algorithms was 

developed to determine values for the model parameters so that the difference between the simu-

lation and the experimental data could be less than 0.08 MPa. Using this approach, values of the 

model parameters were determined as functions of deformation and time so that the model can 

simulate the stress response at loading, relaxation, and recovery stages of the multi-relaxation-

recovery test. The simulation also generated ten sets of model parameter values to examine their 

consistency. The study concludes that the three-branch model can serve as a suitable tool for ana-
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lyzing the mechanical properties of high-density polyethylene, and values for the model parame-

ters can potentially be used to characterize the difference among different types of polyethylene 

for their mechanical performance. 

It is important to explore the possibility of identifying a unique set of the parameter values 

so that the parameters can be used to establish the relationship between deformation and micro-

structural changes. The study developed an approach for this purpose based on stress variation 

during loading, relaxation, and recovery of polyethylene. One thousand sets of parameter values 

were determined for fitting data at the relaxation stages with discrepancy within 0.08 MPa. The 

study found that even with such a small discrepancy, the 1000 sets of parameter values showed a 

wide range of variation, but one of the model parameters, 𝜎𝑣,𝐿(0), followed two distinct paths 

rather than showing a random distribution. The study further found that five selected sets of pa-

rameter values which showed discrepancy below 0.04 MPa yielded highly consistent values for 

the model parameters, except for the characteristic relaxation time. Therefore, the study concludes 

that a unique set of model parameter values can be identified to characterize mechanical behavior 

of polyethylene. This approach was then applied to four types of polyethylene pipes, to determine 

their quasi-static stress. The results showed that these polyethylene pipes have very close quasi-

static stress despite the clear difference in the measured stress. This indicates that a unique set of 
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model parameter values could be identified for the spring-dashpot model, enabling a further study 

of using spring-dashpot models to characterize microstructural changes of polyethylene during 

deformation. 
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Chapter 1 Introduction 

Chapter 1 is an overview of this thesis, which presents the research background, motivations, and 

literature review, objectives, and methodologies. The thesis organization is also outlined at the 

end of this chapter. 
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1.1 Background and motivation 

It is widely accepted that the ages of human civilization are defined by the utilization of 

materials. For instance, people in the Stone Age learned how to use stones and boosted the devel-

opment of society. We are currently living in the Polymer Age [1,2]. Nowadays, more than two-

thirds of global polymer production are semi-crystalline polymers (SCPs) [3]. SCPs such as poly-

ethylene (PE) are materials made of large molecules, which are a class of thermoplastics that pos-

sess a complicated microstructure [4,5]. The study of SCPs has attracted enormous attention 

throughout the world, and the number of publications about SCPs steadily increases recently, 

which is shown in Figure 1.1 [6]. Utilization of SCPs has increased considerably in industrial 

sectors such as fluid transportation, packaging, electronics, civil engineering, aerospace, medical 

and automotive industries due to SCPs’ potential for fulfilling the performance requirements, with 

the advantages of chemical inertness and attractive mechanical properties [7–10]. As the most 

popular SCP, PE has a global demand of 100 million metric tons in 2018, equivalent to approxi-

mately US$164 billion, with an annual growth of 4.0% [11,12]. Figure 1.2. shows that U.S. miles 

of plastic main by materials in 2021, and it was noticed that more than 98% of plastic pipes are 

made of PE, which suggests that PE is very popular for gas pipe applications in the U.S. [13]. SCPs 

possess complex microstructures composed of crystalline and amorphous phases, hence they ex-

hibit nonlinear time-dependent behaviors [8], including relaxation and creep [4,14–19], which sig-

nificantly impact their performance in various applications. The winner of Nobel Prize in Physics, 

Richard Feynman, clearly showed how time-dependent behavior of polymers is significant in prac-

tical engineering after explosion of the space shuttle Challenger caused by the failure of the O-ring 

in 1986 [20]. This suggests the time-dependent behavior of SCPs is not well understood [21].  
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Figure 1.1. The number of publications in the field of SCPs in recent years. 

 

Figure 1.2. U.S. miles of plastic main by materials in 2021. 
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Polymer crystallization-related study can date back to 1805 when the concept of macro-

molecules was known. The British philosopher Gough reported the sensation of warmth in his lips 

while fast stretching natural rubber [6,22]. In 1920, Staudinger [23,24] first proposed that natural 

and man-made polymers are covalently linked macromolecules, rather than colloidal systems or 

aggregates of smaller organic molecules, marking the beginning of modern polymer science and 

engineering. In 1925, Katz [25] first observed strain-induced crystallization of natural rubber under 

large deformation using wide angle X-ray diffraction (WAXD). In 1946, Eyring and Halsey [26] 

showed the connection between the mechanical properties of textiles and molecular structure. In 

1947, Flory [27] first predicted that the orientation of the polymer chain molecules under stretched 

state causes conformational entropy loss, which shifts up the melting point of the crystalline phase 

and hence favors polymer crystallization. Recently, Lambri et al. [28] in 2019 performed dynamic 

mechanical analysis (DMA) on crosslinked low-density polyethylene (XLPE) and determined the 

activation energy at the relaxation peak. Wilhelm et al. [29] in 2019 developed the nano-creep test 

for HDPE using a rheometer and measured the activation energy and volume in the amorphous 

phase according to Eyring’s equation. Eichelter et al. [30] in 2020 proposed that mechanical re-

laxations in polyolefins are related to the mobility of polymer chains and performed dynamic me-

chanical thermal analysis (DMTA) using isotactic polypropylene (iPP) to measure the activation 

energy in α relaxation. Izraylit et al. [31] in 2020 performed relaxation experiments to investigate 

the performance of polymer blends and obtained values for the three parameters in Eyring’s equa-

tion based on the Hong-Strobl model. Although SCP’s properties have been improved in recent 

years, sometimes this cannot guarantee the designed service life of SCP structures as unexpected 

failure can happen, which leads to tremendous economic losses and sometimes fatalities [32–34]. 

Therefore, it is necessary to fully characterize the time-dependent behavior of SCPs. 
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There have been numerous experimental studies addressing different characteristics of the 

time-dependent behavior of SCPs [35,36]. The time-dependent behavior can be characterized by 

relaxation and creep tests [37,38]. According to Khan and Lopez-Pamies, detailed knowledge of 

the relaxation and creep processes on polymers is essential for developing a good understanding 

of their mechanical behavior [39]. Relaxation (i.e., at constant deformation) and creep (i.e., at 

constant load) behavior of SCPs can be observed at room temperature [40,41]. Over 50 years ago, 

stress relaxation tests were introduced to assess the material properties of plastic pipes under con-

stant strain [42,43]. Moser et al. [43] demonstrated the usefulness of stress relaxation tests for 

predicting the performance of plastic pipes because buried pipes are subjected to fixed deformation 

in the presence of the equilibrium condition between the pipe and soil systems [44]. Modern PE 

pipes have a lifespan exceeding 50 years [13,45–49], and 98% of plastic pipes in the United States 

are made of PE [13,50–53]. However, stress relaxation can lead to the failure at the fitting and 

joints of PE pipe, which can result in the leakage of the pipe transportation system [54]. Therefore, 

it is necessary to conduct corresponding experiments and modelling for the study of the relaxation 

behavior of PE. 

It is well known that the stress in relaxation decreases dramatically at the beginning of the 

relaxation, and after a short period the stress reaches an asymptotic-like limit [8,55]. Zhang and 

Jar found the curve profile for stress-time in relaxation can be affected by the crosshead speed in 

the loading path before the relaxation [50]. Recovery behavior could be observed after unloading 

down to a constant deformation level. According to Castagnet [56], the stress responses in relaxa-

tion and recovery are different for SCPs, and a larger stress change is measured in relaxation after 

loading, in comparison to that observed in recovery behavior after unloading. It is also well known 



  

6 

 

that the creep behavior contains 3 distinctive states, including primary, the secondary and the ter-

tiary creep stages [57,58]. It was observed that the creep strain rate drops rapidly from an initially 

high value during primary creep, then almost reaches a constant in the secondary creep, and the 

strain rate increases in the tertiary creep [15,59]. According to Khan, test methods containing com-

plex loading histories can reveal some singular deformation characteristics [41]. It was reported 

that although a particular attention has been paid often on creep and relaxation after the tensile 

loading on SCPs [15,57,60–63], only a few studies investigated creep and recovery behavior after 

unloading [36,64–66]. It was observed that recovery and creep behavior after strain reversal could 

show unusual stress and deformation responses respectively [36,64,65,67]. 

For many years, considerable models about the time-dependent behavior of polymers have 

been developed. According to Khan and Zhang, most of these models have been aimed at different 

aspects of these observations for the time-dependent behavior of polymers, and frequently one 

model describes only one of time-dependent behaviors (creep, relaxation, or tensile test with con-

stant strain rate) and the other time-dependent behaviors of the same polymer are not considered 

[35]. Ayoub et al. [68] presented that most of the modelling work in the literature has been devoted 

to description of amorphous polymers which are monophasic, in contrast to SCPs that show coex-

istence of amorphous and crystalline phases [69,70]. The interaction between the amorphous and 

crystalline phases in responding to applied deformation is an important issue for determination of 

the overall mechanical behavior [63,71]. Jar proposed that the level of involvement of amorphous 

and crystalline phases changes in the deformation process for SCPs [72]. Spring-dashpot models 

are common for the description of the time-dependent behavior of polymers [73,74]. It was re-

ported that the spring-dashpot model has the advantage of being able to visualize the deformation 

easily and directly [75]. According to Haward and Thackray, suitable models should be as simple 
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as possible [76]. The simplest models are Maxwell model and Voigt model, which can be applied 

to represent the relaxation and creep behavior, respectively [55,77]. However, these linear models 

are insufficient to describe the complex time-dependent behavior of SCPs [78]. It was reported 

that some models could qualitatively describe the recovery and creep behavior after strain reversal, 

but with poor accuracy [36,79]. Some models are good at the description of the time-dependent 

behavior of SCPs, but they incorporate a large number of material parameters [69,80,81]. Khan 

and Zhang reported that it is very complicated and time consuming to determine material param-

eters of complex models [35]. 

It is also worth mentioning that many models used for the analysis of the mechanical test 

results require assumptions that are practically unrealistic. For example, characteristic relaxation 

time for the viscous deformation has often been assumed to be constant, independent of the defor-

mation levels or the materials [60,63]. The modulus of the spring in the viscous branch was as-

sumed to be constant during tensile deformation [15,63,76]. It was also assumed that viscous stress 

for the Eyring’s equation is a function of the total strain rate, rather than the strain rate across the 

Eyring’s dashpot [15,82].  

1.2 Literature review 

1.2.1 Mechanical characterization of time-dependent behavior 

SCPs have long been use for industrial applications such as fluid transportation, packaging, 

electronics, civil infrastructures, aerospace, medicines and automotive [7–10]. One of the chal-

lenges for these applications lies on the proper characterization and prediction of SCP’s time-de-

pendent properties which are often demonstrated through the relaxation and creep behavior. So 
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far, numerous experimental studies have been carried out using changes in the relaxation or creep 

behavior to characterize SCP’s time-dependent properties.  

Time-dependent behavior of SCP is often characterized using relaxation and creep tests 

[37,38]. From literature, knowledge of the relaxation and creep processes is essential for develop-

ing a good understanding of SCP’s mechanical behavior [39]. Relaxation and creep can be ob-

served in many polymers at room temperature [40,41], which for some SCP is known to show a 

drastic stress decrease at the beginning of the relaxation, but the stress decrease reaches an asymp-

totic-like limit after a short period [8,55]. Strobl and coworkers [61,63] determined the viscous 

stress and quasi-static stress in the relaxation behavior. Zhang and Jar constructed the master 

curves for relaxation modulus versus time based on the horizontal and vertical shift of a series of 

relaxation tests, found two transitions for the drop of relaxation modulus with time [50]. Stress 

recovery could be observed after unloading to a predetermined deformation level. According to 

Castagnet [56], the stress responses in relaxation and recovery are different for SCP, and the stress 

change in relaxation after loading is larger than that in recovery after unloading when the strain 

change is the same for the loading and unloading before relaxation and recovery respectively. It is 

also known that creep behavior contains three distinctive stages, which are primary, secondary, 

and tertiary creep stages [15,16]. The creep strain rate drops rapidly at the primary stage, followed 

by a nearly constant creep strain rate at the secondary stage, and then increase of the strain rate at 

the tertiary stage [17]. Khan performed numerous experimental investigations on time-dependent 

behavior considering diverse loading histories, proposed that test methods containing complex 

loading histories can reveal some singular deformation characteristics, which could present chal-

lenges for the simulation of SCP’s deformation behavior [41]. Recently, Tan and Jar [60] proposed 

the use of a multiple-relaxation (MR) test to characterize SCP’s relaxation behavior. One cycle of 
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a MR test contained loading and relaxation stages and a MR test contained multiple stages, which 

demonstrated the change of relaxation behavior with the increase of the deformation.  

Although work in the past have paid particular attentions to creep and relaxation behavior 

after tensile loading [15,57,60–63], studies on the creep and recovery behaviors after unloading 

are limited in the literature [36,64–66]. Studies reported so far showed that recovery and creep 

behavior after strain reversal could show unusual stress and deformation responses, respectively 

[36,64,65,67]. For the creep behavior after the strain reversal, Dusunceli [64] found that strain 

could change non-monotonically with the increase of time. For the recovery behavior after unload-

ing, the stress can increase first and then drop, which shows a non-monotonic stress change. Kita-

gawa et al. [67] first observed this stress drop and regarded the drop as an “anomalous” phenom-

enon. Drozdov et al. [83] reported this stress drop as an “unusual” stress response and the accurate 

modelling of it was unresolved. 

1.2.2 Modelling of time-dependent behavior 

The microstructure of SCP consists of crystalline and amorphous phases, and their stress 

response to deformation could be nonlinear and time-dependent [8]. Therefore, characterization of 

SCP’s mechanical properties has long been known to be complex [84], and often required models 

that are based on either deformation kinetics or global deformation behavior. The former are often 

known to be the physics-based models [81,85–98], which were investigated by some researchers 

for the modeling of the deformation behavior of solid polymers, such as Dupaix and Krishnan [85], 

Hao et al. [86], Ayoub et al. [87], Sweeney et al. [99], Garcia-Gonzalez et al. [89], Adams et al. 

[90], Govaert and coworkers [91], Ahzi et al. [92], Ames et al. [81], Anand and Gurtin [93], Arruda 

et al. [94], Uchida and Tada [95], Boyce et al. [96], Buckley and Jones [97], and Zaïri et al. [98]. 

These models are usually complex due to dealing with complex interactions among molecules, 
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and yet to be able to provide close simulation of the experimentally observed deformation behav-

ior. The physics based models are usually complex and not accurate for numerical simulation 

[100,101]. As a result, validity of these physics-based models has often been questioned for their 

capability to quantify SCP’s long-term deformation behavior [101–107].  

Alternatively, many researchers relied on the global-deformation-based models, also 

known as phenomenological models [61,107–109], such as Strobl and coworkers [61,63], Drozdov 

[110], Qi et al. [107], Colak [109], Khan and Zhang [35], Balieu et al. [102], Nguyen et al. [111], 

Zhang and Moore [112], Dusunceli and Colak [113], and Popelar et al. [114]. Most of these models 

consist of springs and dashpots that may not reflect SCP’s microstructure [73,74,115–118], but 

have the advantage of being able to mimic closely the deformation behavior observed from the 

experimental testing [119,120]. Therefore, there has been some confidence in the use of these 

phenomenological models to predict SCP’s deformation behavior in the long-term service 

[107,111].  

Spring-dashpot models have long been used to describe the time-dependent behavior of 

polymers due to the advantage of being able to visualize the deformation easily and directly. Two-

element models for viscoelasticity, such as the Maxwell and the Voigt models, are the basic spring-

dashpot models for describing the viscous behavior of materials, but are incapable of capturing 

SCP’s intricate and time-dependent characteristics [78]. The three-element model, also known as 

the standard model [121], is to combine a spring and the Voigt model in series to simulate PE's 

long-term stress response in relaxation at different deformation levels [60,62], but it fails to simu-

late the short-term stress response. In slightly different approaches, Drozdov [122] used a two-

phase constitutive model to examine the transition from relaxation to recovery behavior of isotactic 

polypropylene, and Dusunceli [64] employed the viscoplasticity theory based on overstress 
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(VBOP) to predict the recovery behavior of polyethylene (PE). However, these models consist of 

over twenty parameters for which the values are difficult to determine using limited experimental 

data. The three-branch spring-dashpot model has been commonly used to mimic the stress re-

sponse to deformation of a variety of materials, such as isotactic polypropylene [123], finger pad 

[124], cortical bone [125,126], and shape-memory polymers [127]. Sweeney and colleagues [66] 

proposed a model that consists of three parallel Maxwell branches to simulate data that include 

single relaxation and recovery stages in one test. This model has successfully described the load-

ing, relaxation, and recovery behavior, but the approach used to determine the model parameter 

values was not given in detail. Furthermore, as a nonlinear model the work provided only one set 

of model parameter values. The possibility of having multiple sets of the parameter values to mimic 

the experimental data was not considered. Therefore, it is not clear whether these multiple sets of 

the model parameter values follow the same trend of change with deformation as the set of values 

presented in the work, let alone the trend of change reveals the relationship between deformation 

behavior and the SCP’s microstructures. The uniqueness of the estimated model parameter values 

remains an open question, as this model has multiple solutions for simulating time-dependent be-

havior. Therefore, developing an analysis approach for parameter identification is necessary. 

Zaïri et al. [128] suggested that the primary challenge in dealing with constitutive models 

is the identification of parameters. To estimate the model parameters, many researchers have de-

veloped optimization methods that minimize the error between experiments and models, including 

global optimization [129–134], local optimization [135–139], or a combination of them [140–143]. 

Pyrz and Zaïri [144] formulated parameter identification as an optimization problem and used 

evolutionary algorithms (EA) to stochastically search for the material parameters of polycarbonate 

(PC), simplifying parameter identification to a similar curve-fitting problem. Dusunceli et al. [130] 
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presented a parameter identification procedure based on a genetic algorithm (GA) in MATLAB to 

determine the material parameters of a viscoplastic model for high-density polyethylene (HDPE). 

However, they did not apply their parameter identification approaches to the spring-dashpot mod-

els. Recently, Xu et al. [145] developed a generalized reduced gradient optimization algorithm to 

determine parameter values of the three-branch model, and they developed three sets of model 

parameter values. However, the coefficient of variation for model parameter values is more than 

50%. Therefore, it is necessary to develop an analysis approach to determine more unique model 

parameter values for the characterization of polymers. 

1.3 Research objectives and methodology 

The overall objective of this research three folded, to develop new testing methods for 

SCPs, to develop phenomenological models to describe the time-dependent behavior, and to de-

termine the model parameter values for the characterization of SCPs. In this study, the time-de-

pendent behavior of SCPs in different loading and temperature conditions is investigated. PE is 

selected as the SCP for the analysis. It is planned to determine time-dependent behavior experi-

mentally, including stress-time and deformation-time relations. The effect of deformation rate and 

temperature is also investigated. Novel experimental methods are developed to generate rich data 

for the deformation behavior. Spring-dashpot models based on the Eyring’s law are considered for 

the analysis. A new spring-dashpot model is developed to accurately describe the unusual response 

in the recovery and relaxation tests. The model parameters are then calibrated and verified using 

experimental results. So that, the model will be applicable to the prediction of stress and defor-

mation response of SCPs. 

Here are the detailed objectives for this research: 
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(1). To develop a new test to characterize the time-dependent behavior of PEs. 

(2). To construct the spring-dashpot model to reproduce experimental data from objective 

#1. 

(3). To develop a novel analysis method to determine the model parameter values as func-

tions of deformation for the characterization for the mechanical behavior of SCPs during defor-

mation.             

(4). To determine the criteria for estimation of the performance of PE and its pipes at dif-

ferent deformation levels.    

Details of the objectives are given below. 

(1). The new test is to obtain additional data points and remove the assumptions during the 

data analysis. In this study, a systematic experimental investigation based on stress relaxation and 

recovery has been carried out to characterize the time-dependent behavior as a function of defor-

mation. It is necessary to characterize relaxation and recovery behavior and investigate the rela-

tionship between their stress variations. As shown in Figure 1.3, a new test method named multiple 

relaxation and recovery (RR) test has been developed in which one cycle contains 6 modes, in-

cluding 2 loadings, 1 relaxation, 1 stabilization, 1 recovery, and 1 unloading. Because the relaxa-

tion and recovery are introduced at the same stroke they share the same quasi-static stress, which 

can be used to cancel one parameter (quasi-static stress) that needs to be determined through the 

curve fitting. The stabilization stage is designed to reduce the effect of the relaxation stage on the 

following recovery stage. The time durations for relaxation, stabilization, and recovery, of 10000 

s each, are long enough to minimize the residual viscous stress left from each stage. In addition, 1 

mm/min was used for the crosshead speed for the loading and the unloading stages.  
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Figure 1.3. Schematic of RR test, and stroke profile as a function of time. 

(2). The spring-dashpot models are used for simulating time-dependent behavior. Basic 

models, such as Maxwell and Voigt models, were found to be insufficient for simulating the highly 

nonlinear behavior of polymers. In addition, Eyring’s equation was used to govern the deformation 

of the dashpot element in the spring-dashpot model. The Eyring’s law is a simple equation and is 

widely accepted for the description of the time-dependent behavior of SCPs. The Eyring’s law is 

expressed in Equation (1.1) below: 

δ̇v  =  δ̇0E sinh(σv  σ0 ⁄ ) (1.1) 

where δ̇v represents the stroke rate of the dashpot, δ̇0E the reference stroke rate, σv the viscous 

stress and  σ0 the reference stress. Hooke's law was adopted to govern the deformation of springs. 

In this study, the spring-dashpot models with single Eyring’s dashpot and multiple dashpots were 

examined to regenerate the experimental data from the RR tests. Matlab ode solvers were used to 

solve the ordinary differential equations derived from the spring-dashpot models.  
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(3). A fast numerical analysis framework, based on genetic algorithms, was developed to 

determine values for the model parameters so that difference between the simulation and the ex-

perimental data could be minimized. Using this approach, values of the model parameters were 

determined as functions of deformation and time so that the model can simulate the stress response 

at loading, relaxation, and recovery stages of the RR test. The simulation also generated multiple 

sets of model parameter values to determine the variation range of model parameter values and 

examine consistency among the values. The spring stiffness as functions of stroke, determined 

using stress variation at the loading stages, could also be used to detect the material performance 

changes during deformation of the RR test.  

(4). In view that the spring-dashpot models can produce multiple sets of parameter values 

that can reproduce the test results, this study explores the possibility of identifying a unique set of 

model parameter values for fitting the experimental data. A hybrid method by combining the ge-

netic algorithm and trust-region-reflective algorithm is used to minimize the maximum difference 

of the stress response between the experiments and the model. This maximum difference is com-

pared with the determined experimental resolution so that the maximum difference can be lowered 

to an acceptable level. The parameter values with the minimum of the maximum difference will 

be selected to narrow down the variation of them. The uniqueness of these model parameter values 

should be evaluated and discussed. Finally, these model parameter values are used to characterize 

the mechanical performance of PE and its pipes. 

1.3 Thesis organization  
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The thesis provides a detailed description of the proposed RR test, simulation using spring-

dashpot models, and usefulness of the spring-dashpot model for characterization of PE and its 

pipes. The remainder of this thesis is composed of four chapters as follows: 

In Chapter 2, RR tests are used to differentiate the quasi-static stress response from the 

viscous stress counterpart during deformation. As the name implies, an RR test involves multiple 

cycles of stress relaxation, recovery, loading, and unloading. These stages are repeated with in-

creasing deformation to characterize the quasi-static and the viscous stress responses as functions 

deformation, which is applied to evaluate the spring-dashpot models for the identification of the 

appropriate model parameters that can be used to reproduce the experimentally observed stress 

response as functions of deformation and time. Specifically, this study examines three models, the 

standard model, the model with two dashpots connected either in parallel (referred to as the Parallel 

model), or in series (referred to as the Series model). All three models are based on the Eyring’s 

law for the stress response as functions of deformation rate in the dashpot. Each model comprises 

two branches: a viscous branch to capture the time-dependent stress response to deformation, and 

a quasi-static branch to capture the time-independent stress response. This study outlines the RR 

test procedure and the corresponding analysis approach used to determine values for all model 

parameters. The analysis also explores the potential of using RR test results to identify the critical 

strokes representing the onset of plastic deformation in the crystalline phase of PE. Additionally, 

two case studies for the further application of the RR tests are presented. The first compares the 

mechanical performance of two types of high-density polyethylene (HDPE), while the second uses 

the relaxation behavior from RR test results at different temperatures to calculate the activation 

energies. 
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Chapter 3 presents a study in which the RR test was applied to a pipe-grade HDPE to 

demonstrate a data analysis process utilizing a three-branch spring-dashpot model to simulate the 

viscous stress response as functions of deformation and time. Following the previous work in the 

literature, deformation applied to the specimens used in the current study is represented by the 

stroke of the test machine. By adopting some assumptions, a computer program based on the GA 

in Matlab was developed to determine values for the model parameters so that the model could 

closely mimic the experimental data at all loading, relaxation, and recovery stages. Through this 

computer program, ten sets of parameter values were determined, all of which met the criteria for 

mimicking the stress response to deformation in the RR test. Based on the ten sets of the parameter 

values as functions of deformation, feasibility of using the three-branch model to characterize the 

mechanical behavior of HDPE is discussed. 

In Chapter 4, an analysis method was developed based on global and local optimization to 

simulate the relaxation, recovery, and loading behaviors of PE and its pipes using the three-branch 

spring dashpot model based on the Eyring’s law. This analysis method removed all the assump-

tions in Chapter 3. Data from RR test on cylindrical specimens and notched pipe ring (NPR) spec-

imens cut from pipes were used in the simulation, to generate 1000 sets of parameter values to 

mimic closely stress drop at the relaxation stages. The range of variation for these parameter values 

was examined and discussed. The experimental resolution was evaluated and was compared with 

the maximum difference of stress response between the model and experiments. The best five sets 

with the minimum of the maximum difference of stress response between experiments and model 

were selected from the 1000 sets and they were evaluated for the characterization of the materials. 

Then, the analysis method was applied to four types of PE pipes, and their quasi-static stress as a 

function of specimen displacement was determined and discussed. 
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Chapter 5 summarizes the key contributions of this study and offers recommendations for 

the future work. 
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Chapter 2 Characterization of Polyethylene Using a New Test 

Method Based on Stress Response to Relaxation and Recovery 

This chapter proposed a novel multi-relaxation-recovery (RR) test based on cyclic stages of stress 

relaxation and stress recovery. Three nonlinear visco-elastic models, that is, the standard model 

and two models with two dashpots connected either in parallel or in series, were examined for the 

analysis of the test results. Each model contains a time-dependent, viscous branch and a time-

independent, quasi-static branch. The examination suggests that the standard model can deter-

mine the long-term, load-carrying performance of polyethylene (PE) and identify a transition point 

for the onset of plastic deformation in the crystalline phase, but the models with two dashpots 

connected either in parallel or in series are needed to provide a close simulation of the experi-

mentally measured stress response in both relaxation and recovery stages of the RR test. In this 

work, the mechanical performance of two PEs was compared based on RR test results at room 

temperature. The RR tests were also conducted at elevated temperatures to explore the possibility 

of quantifying the activation energies for deformation of the dashpots at the relaxation stage. It 

was found the RR test has the advantage of separating the time-dependent and time-independent 

components of stiffness of the materials. The study concludes that the RR test can provide data for 

determining parameters in Eyring’s model in order to characterize the contribution of time-de-

pendent and time-independent components of the stress response to PE’s deformation. 
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2.1. Introduction 

Semi-crystalline polymers (SCPs) have been increasingly used in industrial applications 

due to their potential for fulfilling the performance requirements, with the advantages of chemical 

resistance and installation flexibility [1–3]. As the most studied SCP, polyethylene (PE) has a 

global demand of nearly a hundred million metric tons in 2018, equivalent to approximately 

US$164 billion, with an annual growth of 4.0% [4,5]. With the significant improvement in PE’s 

performance, its applications to engineering structures have steadily increased in recent years [6,7]. 

A total of 95% of the plastic pipes in the United States are PE pipes [8]. PE pipes are increasingly 

applied to water and gas transportation [9]. However, PE’s failure can also cause tremendous eco-

nomic losses and sometimes fatalities [10–12]. Therefore, urgent attention is needed for the proper 

evaluation of PE’s performance. As a result, literature has shown tremendous work in experimental 

testing and performance modeling for the characterization of PE’s mechanical behavior [13–15]. 

Currently, some bottlenecks still exist, especially in linking its mechanical performance with the 

dominant deformation mechanisms. These bottlenecks are known to be caused by several issues. 

Firstly, many models used for the analysis of the mechanical test results require assumptions that 

are practically unrealistic. For example, characteristic relaxation time for the viscous deformation 

has often been assumed to be constant, independent of the deformation level or of the material 

[16–18]. Secondly, modeling based on spring and dashpot elements often assumed that the viscous 

stress component is a function of total strain rate, rather than the strain rate across the dashpot 

element [16]. Maxwell and Voigt-Kelvin models are the basic models that use spring and dashpot 

to simulate the viscous deformation [19,20], with the assumption of a linear relationship between 

viscous stress and strain rate across the dashpot. However, these linear models are insufficient to 

describe the complex, nonlinear stress response of PE to deformation [19,21], Drozdov et al. have 
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proposed a model with 15 parameters to simulate the nonlinear deformation behavior, but the 

model was only used for the analysis prior to the yield point [22]. Alternatively, Anand and 

coworkers developed a thermo-mechanical-coupled theory with more than thirty parameters to 

mimic the large deformation, but this theory was only applicable to amorphous polymers [23]. 

Some other models that consider nonlinear constitutive equations are only applicable to a specific 

loading mode. For example, Boyce et al. proposed a constitutive model to simulate the loading 

behavior of poly(ethylene terephthalate), but failed to predict correctly the unloading behavior 

[24]. Mirkhalaf et al. modeled the post-yield response of amorphous polymers, also without the 

validation of the unloading behavior [25]. Models in the literature that considered the unloading 

showed that relaxation and recovery behaviors could not be simulated using the same model pa-

rameters. For example, Detrez et al. characterized SCPs for loading, relaxation, and unloading 

behaviors, but failed to simulate the recovery behavior after the unloading [26]. 

In this chapter, a new mechanical test, named the multi-relaxation-recovery (RR) test, is 

proposed to separate the quasi-static stress response to deformation from the viscous counterpart. 

As suggested by the name, the RR test consists of multiple stages of stress relaxation and recovery 

and the associated loading and unloading. These stages are repeated during the RR test to charac-

terize the quasi-static and the viscous stress responses to deformation, based on which spring-

dashpot models are examined to identify the proper model parameters that can simulate the exper-

imentally-determined stress-deformation curve. Specifically, this chapter considers three models 

which are the standard model [27], the model with two dashpots connected either in parallel (to be 

named the Parallel model hereafter), or in series (to be named the Series model), all of which are 

based on the Eyring’s law for the stress response of the dashpot [28–30]. Each of these models 
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consists of two branches, one being a viscous branch to simulate the time-dependent stress re-

sponse to deformation, and the other a quasi-static branch to simulate the time-independent stress 

response. This chapter provides details of the RR test and the analysis for determining parameter 

values for all spring and dashpot elements in the models. The analysis also examines the possibility 

of using the RR test results to identify the critical strokes for the onset of deformation transition 

that has been reported in the previous work [17,31]. Furthermore, two case studies are presented 

using the RR test. One is to compare two types of high-density polyethylene (HDPE) for their 

mechanical performance, and the other to use RR test results at different temperatures to determine 

the activation energies for deformation during the stress relaxation. 

2.2. RR Test 

Tests that consist of multiple deformation stages have been developed to characterize the 

time- and strain rate-dependent deformation behaviors of polymers [16,17,31]. In the work that is 

concerned about the mechanical performance, analysis of the test data is often based on a constant 

characteristic relaxation time, i.e., independent of deformation level or material [17,31,32]. 

The idea for the RR test described in this chapter is to address the above deficiency, that 

is, to collect stress response at both stress relaxation and stress recovery modes and without the 

assumption of constant characteristic relaxation time. As shown in Figure 2.1(a), each stage of the 

RR test contains four test modes, including loading, relaxation, unloading, and recovery. Note that 

stress relaxation is introduced twice, one being labeled as relaxation in Figure 2.1(a) and the other 

‘stabilization.’ The latter is to stabilize the deformation process before the specimen is unloaded 
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for stress recovery. Loading between relaxation and stabilization is through a much smaller dis-

placement increment than the loading between recovery and the following relaxation. In this study, 

displacement increment for the former is about one-fifth of that for the latter. 

The deformation stage shown in Figure 2.1(a) is repeated cyclically to cover a wide range 

of deformation levels, which could continue till the specimen fractures. However, for the work 

reported here, the RR tests were terminated at the point where necking became noticeable to the 

naked eyes, in order to reduce the amount of data for the analysis in view that the test is in the 

development stage. A sample curve of engineering stress versus displacement, collected from an 

RR test, is shown in Figure 2.1(b). 

 

Figure 2.1. Multi-relaxation-recovery test: (a) stroke versus time in one stage of the RR 

test; (b) a sample curve showing the engineering stress versus displacement (taken from data for 

HDPE-a). 

Three spring-dashpot models, including the standard model [17], the Parallel model, also 

considered in Ref. [33–36], and the Series model, were applied to simulate the relaxation and re-
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covery behavior in the RR test, to extract the model parameters by fitting the experimentally de-

termined engineering stress-displacement curves. Each of these models consists of two branches, 

one being a viscous branch to simulate the time-dependent stress response to deformation, and the 

other a quasi-static branch to simulate the time-independent stress response. Quasi-static stress 

(σqs) was obtained as a function of stroke by an approach, named combined relaxation-recovery 

(CRR) approach here, which is based on a widely accepted concept that a common σqs exists for 

relaxation and recovery phases at the same specimen displacement. Compared to the analysis of 

multi-relaxation tests in the literature, the CRR approach allows the variation of characteristic re-

laxation time (τv) with deformation, and thus removes the assumption of a constant τv that has 

been used in the past [17,31,32]. RR test provided a data set for the determination of model pa-

rameters, which was then applied to the characterization of the time-dependent and time-independ-

ent performance of polymers. In this study, using the results, mechanical performance for two 

types of high-density polyethylene (HDPE) was compared. In addition, the RR test results at ele-

vated temperatures were used to obtain the activation energies. The methodological procedure of 

this study is shown in the flow chart, as shown in Figure 2.2. 
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Figure 2.2. Flow chart of the methodological procedure in this study. 

2.3. Analysis of RR Test Results Based on Spring-Dashpot Models 

Tan and Jar [17] used the standard model for the simulation of relaxation behavior of PE, 

and they determined the quasi-static stress by removing the viscous stress. Sweeney et al. [34] 

proposed that one Eyring’s dashpot is not sufficient to fully describe the relaxation behavior. It is 

necessary to investigate the spring-dashpot models with different combinations of two Eyring’s 
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dashpots. The three spring-dashpot models considered for the data analysis are depicted in Figure 

2.3, namely, the standard model [17], the Parallel model [33–36], and the Series model [37]. For 

each model, the lower branch in Figure 2.3 represents the σqs response to deformation and the 

upper branch the viscous counterpart. Since the two branches are connected in parallel, total spec-

imen displacement is equivalent between the two branches, so is the total stroke rate. Note that 

displacement and the stroke change measured by the test machine follow a one-to-one relationship. 

Therefore, displacement is defined as the stroke change of the test machine. For the Parallel model, 

the equivalence is also applicable to the stroke and the stroke rate for the two dashpots. For the 

Series model, on the other hand, stress applied to the two dashpots is equivalent, so is the stress 

rate, but the stroke and the stroke rate for the two dashpots could be different. 

 

Figure 2.3. Schematic diagrams of three models used for the data analysis: (a) the standard 

model; (b) the Parallel model; (c) the Series model. 

2.3.1. Standard Model 
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For the standard model in Figure 2.3(a), the applied stress is represented by σA, the applied 

stroke δA, the viscous stress component σv, the spring constant in the viscous branch Ev, the 

spring constant in the quasi-static branch Eqs, and the quasi-static stress σqs. Halsey et al. origi-

nally proposed Eyring’s process for deformation of a polymer [38], and this theory is widely ac-

cepted [39,40]. Eyring’s equation, as shown below, is adopted to govern the stroke rate (δ̇v) of the 

dashpot: 

δ̇v  =  δ̇0E sinh(σv  σ0 ⁄ ) (2.2) 

where δ̇0E and σ0 are the reference stroke rate and the reference stress, respectively, of 

the dashpot. The relationship between the stroke rate of the spring in the viscous branch (δ̇Ev
) 

and the corresponding stress rate (σ̇v) is given below. 

δ̇Ev
 =  σ̇v  Ev⁄        (2.3) 

Based on Equations (2.1) and (2.2), the applied stroke rate for the upper branch, which is 

equivalent to δ̇A, can be expressed as 

δ̇A  =  σ̇v  Ev ⁄  + δ̇0E sinh(σv  σ0 ⁄ )       (2.4) 

In the mode of stress relaxation or stress recovery at constant δA, Equation (2.3) becomes 

σv  =  2σ0tanh− 1{tanh[σv(0) / (2σ0)] exp(− t  τv⁄ )}      (2.5) 

where t is the time measured from the beginning of stress relaxation or stress recovery, 

σv(0) is σv at t = 0, and τv the characteristic time for stress relaxation or stress recovery, which 

is a combined parameter of σ0, Ev and δ̇0E: 
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τv  =  σ0 / (Ev δ̇0E)      (2.6) 

Since σA is the sum of stresses applied to the viscous and quasi-static branches, σv and 

σqs, σA for the standard model can be expressed as 

σA  =  σqs + 2σ0tanh− 1{tanh[σv(0) / (2σ0)] exp(− t  τv⁄ )}      (2.7) 

In this study, Equation (2.6) is used to examine the suitability of the standard model for 

reproducing the RR test results. 

2.3.2. Parallel Model 

For the Parallel model in Figure 2.3(b), δ̇v,1, δ̇0E,1, σ0,1 represent stroke rate, reference 

stroke rate, and reference stress, respectively, of dashpot 1, and the corresponding terms with sub-

script 2, i.e., δ̇v,2, δ̇0E,2, and σ0,2 for dashpot 2. Again, Equation (2.1) is adopted to govern the 

stroke rate for each dashpot. Here, process 1 is used to represent the process with a larger τv value 

and process 2 the process with a smaller τv value. As mentioned earlier, since the two dashpots 

are connected in parallel, the two dashpots have the same stroke and stroke rate, and the expression 

for the stroke rate applied to the dashpots is given below. 

  δ̇v,1  =  δ̇v,2  =  δ̇A  −  σ̇v / Ev (2.8) 

Since stresses of the two dashpots are additive, based on Equation (2.1), total stress of the 

viscous branch is 

                σv  = σA − σqs (2.9) 
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    = σ0,1 asinh[(δ̇A  −  σ̇v / Ev)  δ̇0E,1⁄ ]  

+  σ0,2 asinh[(δ̇A  −  σ̇v / Ev)  δ̇0E,2⁄ ]  

2.3.3. Series Model 

For the Series model, in Figure 2.3(c), the total deformation of the viscous branch (equiv-

alent to δA)is equal to the summation of deformations of the spring in the branch and the two 

dashpots. Same as the other two models, Equation (2.1) is adopted to govern the stroke rate for the 

two dashpots, as a function of the stress applied to the viscous branch (σv). Therefore, the stress 

rate applied to the viscous branch (σ̇v) can be expressed using the following expression. 

σ̇v  =  Ev[δ̇A  −  δ̇0E,1 sinh(σv  σ0,1⁄ )  − δ̇0E,2 sinh(σv  σ0,2⁄ )] (2.10) 

Equations (2.6), (2.8) and (2.9) for the three models were solved by curve fitting, and the 

details are given in Section 5. 

2.4. Experimental Details of the RR Test Used in the Study 

2.4.1. Materials and Specimen Dimensions 

Two types of HDPE were used in the study. One is qualified as a PE100 resin (HDPE-a) 

and the other not qualified (HDPE-b). Their characteristics are listed in Table 2.1, provided by the 

material suppliers. 
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Table 2.1. Characteristics of HDPE-a and HDPE-b used in this study. 

 

Specimens used for the RR test had an axisymmetric geometry, as shown in Figure 2.4, 

with the same dimensions as the specimens used previously in our study [41]. That is, the overall 

length is 140 mm, and the length and diameter in the gauge section are 20 and 6 mm, respectively. 

Same as before, the specimens contained a small circumferential groove in the middle of the gauge 

section, with a groove depth of 0.076 mm, to ensure that necking started there. Each specimen was 

gripped using a 50-mm-long steel tab at both ends to avoid slippage during the RR test. 

 

Figure 2.4. Geometry and dimensions of specimens used for the RR tests. 

2.4.2. Test Conditions 
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A computer-controlled universal test machine (Qualitest Quasar100, Lauderdale, FL, 

USA) was used to conduct the RR tests. The test program was designed to have each stage follow 

the scheme depicted in Figure 2.1(a) as a function of time. For this study, a loading period of 12 s 

was used to reach the relaxation phase, and a period of 10,000 s for stress relaxation at a fixed 

stroke. Note that at the end of the relaxation phase, a loading period of 3 s was given before the 

stabilization phase which was also for a period of 10,000 s. At the end of the stabilization phase, 

the specimen was unloaded for 3 s before the recovery phase for a period of 10,000 s as well. 

Crosshead speed for all loading and unloading phases was set to be 1 mm/min. However, a period 

of about 1.5 s was needed for the crosshead to reach the specified speed. Therefore, the actual 

stroke increment for loading was about 0.2 mm between the recovery and the next relaxation 

phases, and the stroke change of about 0.033 mm between the relaxation and stabilization phases 

(loading) and between stabilization and recovery phases (unloading). In total, about 30 cycles of 

the loading scheme shown in Figure 2.1(a) were applied to the specimen, to introduce a total spec-

imen displacement, in terms of stroke of the test machine, of around 6 mm. 

Repeated RR tests were conducted at room temperature using at least two specimens for 

each HDPE, to ensure consistency of the reproducibility as that obtained previously [17,41]. RR 

tests were also conducted at elevated temperatures of 313, 318, 328, 343, 358, and 368 K, to de-

termine the activation energies, but only for HDPE-a of one specimen at each temperature. The 

use of one specimen at each temperature was mainly because of the good reproducibility of the 

test results and a long period of about 11 days required for each RR test. Besides, each RR test 

provides 30 sets of data for the analysis, with each set including loading, relaxation, unloading, 

and recovery. Therefore, the limited number of tests at elevated temperatures have actually pro-

vided more than 180 sets of data for the analysis. 



  

53 

 

2.5. Results and Discussion 

A typical engineering stress-stroke curve for one cycle of the RR test is shown in Figure 

2.5, as complementary to the stroke-time plot in Figure 2.1(a). Figure 2.5 indicates that a com-

monly observed hysteresis loop from loading-unloading of polymeric materials [42] is hardly vis-

ible between unloading before the recovery phase and the initial loading after the recovery phase. 

Overlap of the unloading curve to the recovery phase and the initial loading curve to the following 

relaxation phase suggests that the specimen was in a nearly fully relaxed state after the stabiliza-

tion. The slope for this part of the stress-stroke curve is presented in Figure 2.6 as a function of 

stroke for the two HDPEs [43], representing the total stiffness (Etotal) of the material in the fully 

relaxed state. The figure indicates that an early, relatively fast rate of Etotal drop occurred in 

HDPE-a. For HDPE-b, the Etotal drop has a constant rate which is close to the drop rate of Etotal 

for HDPE-a at the large stroke. 

 

Figure 2.5. A sample curve of engineering stress versus stroke, from one cycle of the RR 

test on HDPE-a at room temperature. 
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Figure 2.6. Total stiffness (Etotal) versus stroke for HDPE-a and HDPE-b at room temper-

ature. 

Three models, as described in Section 3, were used to analyze the RR test results. For each 

model, the CRR approach was used to determine values for the model parameters, based on the 

assumption that σqs is only a function of specimen displacement (in terms of stroke of the test 

machine). This assumption is consistent with the common belief that relaxation and recovery pro-

cesses at a given stroke should eventually reach the same stress level [44]. In the CRR approach, 

a σqs value was firstly selected within the stress range between the end of the relaxation phase 

and the end of the following recovery phase. Values for parameters in each of the three models in 

Figure 2.3 were then searched to provide the best fit to the experimental curve in the relaxation 

and recovery phases. A two-folded fitting criterion was applied to determine the most suitable σqs 

value. One was the number of experimental data points in a given marker size passed by the model-

generated curve, and the other the consistency of the overall trend of the model-generated curve 

with the trend shown by the experimental data. 
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In this study, σqs was determined using the standard model based on Equation (2.6), with 

σv(0) being the difference between σA and σqs at the beginning of the relaxation or the recovery 

phase. The σqs values were then applied to the other two models to determine their model param-

eters. 

Two case studies are presented below to demonstrate results from the CRR approach. The 

first case study is to compare the quality of the curve fitting generated by the three models, and to 

investigate the pros and cons of the three models for mimicking the experimentally-obtained 

curves. The second case study is to explore the possibility of using the RR tests at elevated tem-

peratures to determine the activation energies for Eyring’s model. Note that both HDPE-a and 

HDPE-b were used in the first case study, but for the second case study, only HDPE-a was used. 

Determination of the activation energies in the second case study was based on the Parallel model 

because results from the first case study have indicated that among the three models considered 

here, the Parallel model is most suitable for mimicking the stress response to deformation in the 

RR test. 

2.5.1. Case Study 1: Comparison of Three Models Depicted in Figure 2.3 

The simulation of relaxation and recovery using the standard model can be completed using 

Equation (2.6). Curve fitting was performed by firstly choosing a σqs value, and then adjusting 

the σ0 and τv values for the standard model to fit the experimentally obtained stress-time curves 

from the relaxation and recovery phases. Note that for the five unknowns at a given stroke, i.e., 

σqs and the two sets of σ0 and τv (one set for the relaxation phase and the other set for the re-

covery phase), were the values that could provide the best fit to the experimental data obtained 
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from the two phases. This fitting procedure was repeated through the whole RR tests to establish 

the variation of values for the five parameters as a function of stroke. 

The simulation of relaxation and recovery using the Parallel and the Series models was 

performed using Equations (2.8) and (2.9), respectively. It was assumed that σqs values used for 

the Parallel and the Series models are the same as those determined from the standard model. Since 

δ̇A is 0 in the relaxation and recovery phases, there were four unknowns in each of Equations (2.8) 

and (2.9), to be determined from the curve fitting: σ0,1, σ0,2, Evδ̇0E,1, and Evδ̇0E,2. Equations 

(2.8) and (2.9) are ordinary differential equations involving the unknown function σv(t) and its 

derivatives with respect to time t. Matlab was applied to solve these ordinary differential equa-

tions. To solve these ordinary differential equations using Matlab, function “ode15i” in Matlab 

was used to determine these four parameters in the Parallel model, based on Equation (2.8), as this 

equation is a fully implicit differential equation which can be solved using “ode15i” [45]. Matlab 

function “decic” was used to compute the consistent initial conditions for “ode15i” as “ode15i” 

requires consistent initial conditions for σv and σ̇v. For the Series model, on the other hand, the 

four parameters were determined using the function “ode45” in Matlab, as this function is designed 

to solve a nonstiff differential equation like Equation (2.9) [46]. As mentioned earlier, the model-

generated curves were checked by naked eyes to ensure that the fitting criterion of passing through 

as many experimental data points as possible and showing the same trend as the experimental 

curves were met. 

Sample curves generated from the above CRR approach for the three models in Figure 2.3 

are presented in Figure 2.7, for HDPE-a at the stroke of 2.24 mm. Figure 2.7(a) indicates that the 

curves generated by the Parallel and the Series models are close to the experimental data. For the 

standard model, although a pretty good agreement was achieved with the experimental curve, some 
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deviation is shown in the section from 1 to 1000 s. Nevertheless, these results are consistent with 

those reported in the literature [17,34,47]. 

Figure 2.7(b) indicates that all simulation curves mimicked reasonably well the experi-

mental curve in the recovery phase before the maximum stress is reached, but failed to regenerate 

a small stress drop before the end of the recovery phase. The stress drops in the recovery phase 

were also reported in the literature. Kitagawa et al. first observed this stress drop and regarded the 

drop as an “anomalous” phenomenon [48]. Drozdov et al. reported this stress drop as an “unusual” 

stress response and suggested that accurate modeling of this behavior remains unresolved [22]. 

Figure 2.7(b) shows that the three models considered here also failed to regenerate this stress drop 

phenomenon. The stress drop is the long-term relaxation behavior caused by the loading stage 

before the relaxation stage. The stress increase in the initial stage of recovery is caused by the 

unloading before the recovery, and the effect of the unloading was reduced with increasing time 

during recovery. Therefore, it shows the stress decrease of the long-term relaxation behavior at the 

end of recovery stage as the stoke change during the loading before relaxation is much larger than 

the stroke change during the unloading. The stress continues to decrease over a longer recovery 

period, as the effect of unloading diminishes progressively with time. Even though the stress drop 

during the recovery phase could not be simulated using the models considered in this study, the 

maximum difference between the experimental data and data generated by the models in the re-

laxation phase, apart from the very first relaxation phase that did not go through the stress recovery 

process, is 0.127 MPa for the Series model and 0.116 MPa for the Parallel model. Such a difference 

is slightly better than the difference reported in the literature, e.g., 0.17 MPa [44], 0.3 MPa [34], 

and about 1 MPa [49,50]. In view that the Parallel and the Series models show similar closeness 
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in simulating the experimental data, with the former being slightly better than the latter, the Parallel 

model will be used in the second case study to determine activation energies for HDPE-a. 

 

Figure 2.7. Sample curves for simulation of stress response in the relaxation and recovery 

phases using the three models in Figure 2.3, taken from RR test data at stroke of 2.24 mm of 

HDPE-a: (a) for the relaxation phase; (b) for the recovery phase. 
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Figure 2.8 compares stress responses to deformation in the RR tests for the 2 HDPEs. Fig-

ure 2.8(a) depicts the applied stress as a function of stroke at the beginning of the relaxation phase, 

σA(0), which indicates that σA(0) for HDPE-a is higher than that for HDPE-b. The corresponding 

σqs and σv(0) values are presented in Figures 2.8(b), and (c), respectively. Qualitative difference 

of the two HDPEs in these stress responses to deformation is expected, but further study is needed 

using PE of clear difference in the material characteristics, such as molecular weight and its dis-

tribution and side branch length, its distribution and density, would be needed to quantify the dif-

ference among these stress responses. 
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Figure 2.8. Comparison of stress responses at the beginning of the relaxation phases for the 

two HDPEs at 294 K: (a) σA(0); (b) σqs; (c) σv(0). 
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Values for parameters in viscous branches of the three models in Figure 2.3 are summarized 

in Figure 2.9. For the standard model, as shown in Figure 2.9(a), and (b), a critical stroke can be 

detected using the change of σ0 values. However, further study is needed to examine the influence 

of allowing the τv change on the critical stroke value and whether the critical stroke indicates the 

change of mechanisms involved in the deformation process [17]. For the Parallel model, Figure 

2.9(c), and (d) shows changes of σ0,1 and σ0,2, respectively, in the relaxation phase as functions 

of stroke. Unlike Figure 2.9(a) for the standard model, none of the curves in Figure 2.9(c), and (d) 

shows a clear transition of the trend line that occurs at a common stroke. A similar phenomenon 

is shown in, Figure 2.9(e), and (f) for the Series model. In addition, Figure 2.9(e) indicates a strong 

change in the trend line for HDPE-b, but not for HDPE-a. Therefore, the critical stroke detected 

using the standard model, and a critical stroke reported in the past using models with a single 

dashpot [17,31,51], may need further investigation. 

Figure 2.9(g)–(j) indicates that values for Evδ̇0E,1 and Evδ̇0E,2 in both Parallel and the 

Series models can maintain constant for the entire RR test. Therefore, a constant value could be 

chosen for the Ev value for each HDPE, and the difference between the corresponding Evδ̇0E,1 

and Evδ̇0E,2 comes from the difference in the δ̇0E,1 and δ̇0E,2values. However, in view that nei-

ther the Parallel nor the Series model could simulate the stress drop in the recovery phase, as shown 

in Figure 2.7(b), determination of the Ev value was not pursued here. Rather, a study is being 

conducted when this manuscript is prepared, to develop a model that could mimic the stress drop 

in the recovery phase, for which the Ev value will be determined in the future. 
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Figure 2.9. Comparison of model parameters in Figure 2.9, to simulate stress variation of 

HDPE-a and HDPE-b as functions of time in the relaxation phases at 294 K: (a)  σ0 for the stand-

ard model; (b) τv for the standard model; (c)  σ0,1 for the Parallel model; (d) σ0,2 for the Parallel 

model; (e)  σ0,1 for the Series model; (f) σ0,2 for the Series model; (g) Evδ̇0E,1 for the Parallel 

model; (h) Evδ̇0E,2 for the Parallel model; (i) Evδ̇0E,1 for the Series model; (j) Evδ̇0E,2 for the 

Series model. 
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2.5.2. Case Study 2: Determination of Activation Energies for the Eyring’s 

Model 

Determination of activation energies was based on RR test results at different temperatures, 

and analyzed using the Parallel model. Based on Eyring’s law [52], the reference stroke rate 

(δ̇0E,i, i = 1, 2) for the dashpot can be expressed as: 

δ̇0E,1  =  ė0,1exp(− 
∆H1

kT
) (2.11) 

δ̇0E,2  =  ė0,2exp(− 
∆H2

kT
) (2.12) 

where ė0,i and ∆Hi, with i = 1, 2, are the pre-exponential factor and the activation ener-

gies, respectively, for the Eyring’s process i, k the Boltzmann’s constant, and T temperature in 

K. Values for δ̇0E,1 and δ̇0E,2 at different temperatures were determined by fitting the RR test 

data in the relaxation phase and the last three points in the prior loading phase. To determine the 

activation energies, the stroke function of σqs was first determined using the RR test results at 

different temperatures, based on the standard model, as shown in Figure 2.10(a). Equation (8) was 

used for the simulation of relaxation phase and the last three data points in the loading phase before 

the relaxation phase. Equation (2.8) was first applied to fit the relaxation phase, to determine values 

for Evδ̇0E,1, Evδ̇0E,2, σ0,1, σ0,2, and then values for Ev, δ̇0E,1 and δ̇0E,2 were determined by fit-

ting the last three data points in the loading phase prior to the relaxation phase. This part of curve 

fitting was based on the assumption that Ev, σ0,1, σ0,2, δ̇0E,1, and δ̇0E,2 at the end of the loading 

phase, before the relaxation, remained constant, with their values to be the same as the correspond-

ing values in the relaxation phase. Since δ̇A was 0 in the relaxation phase and 0.0167 mm/s for 

the last three data points in the loading phase, with values for σ0,1, σ0,2, Evδ̇0E,1, and Evδ̇0E,2 
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determined in the fitting process for data in the relaxation phase, using the parallel model described 

in Section 5.1, values for Ev, δ̇0E,1 and δ̇0E,2 were then adjusted to fit the last three data points 

in the loading phase. 

As shown in Figure 2.10(a), σqs values decrease with the increase of the temperatures. 

Sample curves in the relaxation phase, from simulation and experiments, are shown in Figure 

2.10(b) in which the open circles are the experimental data and the solid lines from the simulation. 

These sample curves depict a good agreement between simulation using the Parallel model and 

the experimental data, with the maximum difference of 0.125 MPa in the stress value. 

Figure 2.11 shows a sample of the simulation curve for the last three data points in the 

loading phase and all experimental data for the loading phase. The maximum difference in the 

stress value for all fittings conducted in this case study was 0.069 MPa. Figure 2.12 summarizes 

the value for σ0,1, σ0,2, δ̇0E,1, δ̇0E,2, and Ev as a function of stroke using the above process. The 

figure 2. suggests that values for δ̇0E,1, δ̇0E,2, and Ev show little dependence on the stroke, but 

values for σ0,1 and σ0,2 did show some variations with the change of stroke, though the extent of 

variation decreased with the temperature increase. Figure 2.12 also suggests that similar to Figure 

2.9(c), and (d), σ0,1 and σ0,2 determined using the Parallel model did not show any clear transi-

tion in their dependence on the stroke variation. 
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Figure 2.10. Summary of σqs (a) and σv (b) as a function of stroke and time, respectively, 

at different temperatures (σv was taken from relaxation at the stroke of 3.75 mm at each tempera-

ture). 
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Figure 2.11. A sample curve of σv versus time in the loading phase between recovery and 

relaxation, and the fitting line for the last three points based on the Parallel model. 
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Figure 2.12. Stroke dependence of parameters used in the Parallel model to simulate the 

stress response in the relaxation phase at different temperatures: (a) σ0,1; (b) σ0,2; (c) δ̇0E,1; (d) 

δ̇0E,2; (e) Ev. 

Figure 2.13 presents the plots of ln(δ̇0E,1) and ln(δ̇0E,2) as a function of 1/T, where T is 

temperature in K. It should be noted that the slopes of the two curves for process 1 and process 2 
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are − ∆H1 / k and − ∆H2 / k, respectively, and the unit for the slope is K as activation energy 

has the unit of kJ/mol and Boltzmann constant k is 8.3145 × 10−3 kJ/(mol∙K). The figure shows 

that slopes of data points for processes 1 and 2, based on the linear curve fitting, are −3485 K and 

−8815 K, respectively. Based on Equations (2.10) and (2.11), the corresponding activation ener-

gies for processes 1 and 2 are 28.96 and 73.25 kJ/mol, respectively. Activation energy is the energy 

barrier that must be surpassed to enable molecular motions [53]. From Gao et al. [54], the molec-

ular and structural interpretations behind the activation energy have not been clarified. Tan and Jar 

proposed that these two Eyring’s processes should represent different mechanisms during defor-

mation. It was reported that one process is associated with the crystalline phase and the other with 

the molecular network [55]. The activation energies from this study can be used to quantify the 

energy barriers for relaxation introduced in the RR test. These values are in the same order of 

magnitude as those reported in the literature, such as Wilhelm et al. [56] who used creep test data 

for PE100 pipe resin and determined the activation energy for one Eyring’s process to be 30 kJ/mol 

and Truss et al. [57] who used torsion test data for HDPE with the density of 0.972 g/cm3 and 

determined the activation energies for yielding using two Eyring’s process connected in parallel 

to be 243 and 100 kJ/mol. 
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Figure 2.13. Plot of ln(δ̇0E) versus 1/T for the Parallel model, and the corresponding equations 

for the linear curve fitting. 

As suggested by André and Cruz-Pinto [58], in addition to the dependence on materials, 

different loading modes may also yield different values for the activation energies. Therefore, a 

further study on the effect of the loading mode on the activation energy will be conducted based 

on the principle of the RR test presented here. 

2.6. Conclusions 

A novel RR test was developed, which contains multiple cycles with six stages in one cycle 

of the test. The test was designed to separate the viscous stress response to deformation from the 

quasi-static counterpart. The study discovered that a commonly observed hysteresis loop from 

loading-unloading of polymeric materials is hardly visible between unloading before the recovery 

phase and the initial loading after the recovery phase in the RR test. Three models were examined 

to explore their feasibility to analyze the RR test results. It was found that the standard model could 
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not mimic closely the stress drop during the entire relaxation process of 10,000 s, but, the Parallel 

and the Series models could. It was found that the standard model could determine the long-term 

performance of polyethylene and reveal a transition point for the onset of plastic deformation in 

the crystalline phase. However, none of the three models was able to generate a stress drop in the 

recovery phase after the maximum point which was shown in the experimental data. 

The viscous and quasi-static stress responses for two HDPEs were characterized using the 

RR test based on the three models for the data analysis. It was found that the RR test has the 

advantage of determining the total stiffness of the materials at different deformation levels, which 

can be applied to the evaluation of PE’s mechanical performance. The study shows that the RR 

test provides a data set that can be used to evaluate the suitability of spring-dashpot models for 

characterizing the time-dependent and time-independent mechanical performance of PE, and the 

possibility of determining the activation energy for deformation in the stress relaxation mode. A 

study is being conducted when this manuscript is prepared, to develop a suitable model that can 

mimic the complex stress response to deformation introduced in the RR test, and determine the 

corresponding activation energy for deformation introduced in the RR test. 
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Chapter 3 Characterization of loading, relaxation, and recovery be-

haviors of high-density polyethylene using a three-branch spring-

dashpot model 

This chapter presents an analysis of the stress evolution of high-density polyethylene (HDPE) at 

loading, relaxation, and recovery stages in a multi-relaxation-recovery (RR) test. The analysis is 

based on a three-branch spring-dashpot model that uses the Eyring’s law to govern the viscous 

behavior. The spring-dashpot model comprises two viscous branches to represent the short- and 

long-term time-dependent stress responses to deformation, and a quasi-static branch to represent 

the time-independent stress response. A fast numerical analysis framework based on genetic algo-

rithms was developed to determine values for the model parameters so that the difference between 

the simulation and the experimental data could be less than 0.08 MPa. Using this approach, values 

of the model parameters were determined as functions of deformation and time so that the model 

can simulate the stress response at loading, relaxation, and recovery stages of the RR test. The 

simulation also generated ten sets of model parameter values to examine their consistency. The 

study concludes that the three-branch model can serve as a suitable tool for analyzing the me-

chanical properties of HDPE, and values for the model parameters can potentially be used to 

characterize the difference among PEs for their mechanical performance.  
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3.1. Introduction  

Semi-crystalline polymers (SCP) such as polyethylene (PE) have long been used in indus-

tries due to their advantages in the physical and chemical properties [1]. The microstructure of 

SCP consists of crystalline and amorphous phases of which the stress responses to deformation 

could be nonlinear and time-dependent [2]. Therefore, characterization of SCP’s mechanical prop-

erties is complex [3], and has often been done using models based on either deformation kinetics 

or global deformation behavior. The former are known to be the physics-based models [4–18], to 

deal with the complex interactions among molecules, but yet to be able to provide close simulation 

of the experimentally observed deformation behavior. As a result, validity of these physics-based 

models has been questioned for their capability to predict SCP’s long-term deformation behavior 

[19–25]. The global-deformation-based models are also known as phenomenological models 

[20,25–34], most of which consist of springs and dashpots that may not reflect SCP’s microstruc-

tures [35–40], but have the advantage of being able to mimic closely the deformation behavior 

observed from the experimental testing [41,42]. Therefore, there is some confidence in the use of 

these phenomenological models to predict SCP’s deformation behavior in the long-term service 

[25,31].  

Two-element spring-dashpot models for viscoelasticity, such as the Maxwell and the Voigt 

models, are the basic models for describing the viscous behavior of materials. However, they are 

incapable of capturing SCP’s intricate and time-dependent characteristics [43]. The three-element 

model, also known as the standard model [44], is to combine a spring in series with the Voigt 

model to simulate PE's long-term stress response in relaxation at different deformation levels 

[45,46], but it fails to simulate the short-term stress response. In slightly different approaches, 

Drozdov [47] used a two-phase constitutive model to examine the transition from relaxation to 
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recovery behavior of isotactic polypropylene, and Dusunceli [48] employed the viscoplasticity 

theory based on overstress for polymers (VBOP) to predict the recovery behavior of PE. However, 

these models consist of over twenty parameters for which the values are difficult to determine 

using limited experimental data. Dusunceli et al. [49] proposed the use of a theory based on over-

stress to describe the loading, unloading, creep, and relaxation behavior of high-density PE 

(HDPE), and determined the material parameters using Matlab genetic algorithm (GA). They have 

successfully determined the material parameter values to generate a trend similar to the experi-

mental data, but only one set of values was provided. Sweeney et al. [50] proposed a model which 

consists of three parallel Maxwell branches to simulate data that contains single relaxation and 

recovery stages in one test. This model has successfully described the loading, relaxation, and 

recovery behavior, but the approach used to determine the model parameter values was not given 

in detail. Furthermore, as a nonlinear model their work provided only one set of model parameter 

values, without consideration of the possibility of having multiple sets of the parameter values all 

of which could mimic the experimental data. Therefore, it is not known whether the multiple sets 

of the model parameter values show the same trend of variation with deformation as the set of 

values obtained in the study.  

The possibility of using spring-dashpot models to characterize SCP’s deformation behavior 

also relies on the availability of experimental data that provide a wide range of deformation be-

havior in order to validate the models. The literature has shown that a tremendous amount of efforts 

have been made by the scientific community to provide comprehensive data for characterization 

of SCP’s time-dependent behavior [51,52], and most of the studies were based on stress relaxation 

and creep deformation [53,54] which have long been known to provide the essential information 

about SCP’s time-dependent deformation behavior [55]. Since PE shows significant relaxation and 
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creep behaviors at room temperature [56,57], occurrence of these deformation behaviors has a 

significant influence on the feasibility of using PE in load-bearing applications. Zhang and Moore 

[26] investigated the time-dependent stress response of HDPE in stress relaxation and recovery 

tests under uniaxial compression, and examined the unusual stress response in recovery after the 

unloading which is about the stress drop during the recovery after a long period of stress increase. 

Zhang and Jar [58] compared the results of stress variation during the relaxation at the same strain 

after being subjected to uniaxial tensile loading at different strain rates, and found that the data 

could be used to construct a master curve of the relaxation modulus to increase the time span 

covered in the study. Recently, Tan and Jar [45] developed a multiple-relaxation (MR) test and 

confirmed the occurrence of a transition [27] induced by the tensile loading. Following that work, 

we proposed a multiple-relaxation-recovery (RR) test to increase the complexity of the loading 

process so that various spring-dashpot models could be evaluated for their suitability to mimic 

SCP’s viscous deformation behavior [59].  

This chapter presents a study in which the RR test was applied to a pipe-grade HDPE to 

demonstrate a data analysis process that uses a three-branch spring-dashpot model to simulate the 

viscous stress response to deformation. Following the previous work [59], deformation introduced 

to the specimens used in the current study is represented by the stroke of the test machine. A 

computer program based on the GA in Matlab was developed to determine values for the model 

parameters so that the model could closely mimic the experimental data at all loading, relaxation, 

and recovery stages. Using this computer program, ten sets of parameter values were determined, 

all of which met the criteria for mimicking the stress response to deformation in the RR test. Based 

on the ten sets of the parameter values, feasibility of using the three-branch model to characterize 

the mechanical behavior of HDPE is discussed.  
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3.2. Material and RR test 

Geometry and dimensions of the HDPE specimens used in this study were the same as 

those used previously  [59,60]. Material characteristics of the HDPE can also be found as HDPE-

a in the previous work [59], for which the supplier would like to remain anonymous.  

The RR test provides a cyclic loading process which consists of six stages in each cycle, 

including the first loading, relaxation, the second loading, stabilization, unloading, and then recov-

ery, with the stress response at the recovery stages showing the unusual stress drop similar to that 

reported in the literature [47,61]. These stages are to reflect the modes of polymer deformation in 

load-carrying applications, such as loading [45], unloading [62,63], relaxation [46,64], and recov-

ery [50,65]. For instance, a PE pipe could experience multiple pressure surges throughout its 

lifespan including loading and unloading, with a relatively constant deformation level in between.  

Details of the RR test scheme are the same as those given in a previous publication [59]. 

In the current study, the RR tests were conducted using a computer-controlled universal test ma-

chine (Qualitest Quasar100, Lauderdale, FL, USA) at room temperature. Two RR tests were car-

ried out to ensure repeatability of the test results, one containing 14 cycles and the other 30 cycles, 

from which the engineering stress-stroke curves are presented in Figure 3.1. Note that the small 

number of 14 cycles for the first test was because of an unexpected power outage in the laboratory. 

However, in view of the good reproducibility between the two sets of data in the first 14 cycles, 

the analysis presented here was based on the RR test of 30 cycles with the total displacement of 

about 5.8 mm, which could be used to represent the general analysis of the PE used in this study. 

Additional RR tests were conducted on other PE-based materials, and the same data analysis pro-

cess was conducted to ensure the consistency of the results. However, in view that focus of this 
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manuscript is on the development of an analysis approach, only two sets of test results on one PE, 

named HDPE-a in the previous work59, are presented. 

 

Figure 3.1. Engineering stress–stroke curves from two RR tests with 14 (blue symbols) or 

30 (red symbols) cycles. 

Data analysis presented here is to use a spring-dashpot model, as detailed in Section 3, to 

provide a close simulation of the stress response in the RR test. The stress response is based on 

engineering stress, and this study is to simulate the stress response during loading, relaxation and 

recovery stages of the HDPE as functions of the deformation (represented by stroke generated by 

the test machine). Although strain should be used to represent the deformation variation, in view 

that all comparisons in the study will be made among specimens of the same geometry, stroke is 

used to represent the deformation variation, which has been adopted by many researchers [66–71]. 
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3.3. The three-branch spring-dashpot model 

Based on the conclusion from the previous work [66], a model with one viscous branch is 

insufficient for simulating the highly nonlinear stress drop of PE at the relaxation stage. However, 

many researchers [50,72,73] have shown that models with two viscous branches could provide a 

close simulation of the stress response of polymers under loading. The three-branch model used in 

the current work is one of the phenomenological models that utilize a combination of springs and 

dashpots to mimic the stress response to deformation of a diverse range of materials, such as finger 

pad [74], cortical bone [75,76], polymer snap [77], shape-memory polymers [78], polymethyl 

methacrylate (PMMA) [67], and HDPE [79].  

The use of a spring-dashpot model in the data analysis is because such models have the 

advantage of providing clear visualization of the deformation behavior [41,42], and can divide the 

total stress into the time-independent (quasi-static) and the time-dependent (viscous) components 

[80–86]. Currently, the main challenge for this type of model is two-folded. One is the ability to 

extract quasi-static stress from the applied stress, and the other to mimic the viscous stress variation 

with time during the deformation. Work in the literature has suggested that a model with two 

Eyring’s processes could mimic reasonably well the viscous stress variation as a function of time 

[87–89]. However, as shown in our previous work [59], not all spring-dashpot models with two 

Eyring’s processes could generate a close simulation of the stress responses to deformation of 

HDPE, especially for the unusual stress drop that was detected during the recovery stage after the 

unloading. As a result, we have developed a computer program for the data analysis, with the 

capability to mimic the stress drop observed at the recovery stages of the RR test. The computer 

program is to determine values for all parameters in the three-branch model so that the stress 

change during the entire RR test could be closely regenerated.  
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Figure 3.2 depicts the three-branch model used in this study. Two of the branches contain 

a spring and a dashpot connected in series and the third branch a spring only. It should be noted 

that the three branches in Figure 3.2 are denoted using subscripts 𝐿, 𝑆, and 𝑞𝑠, representing long-

term viscous, short-term viscous, and quasi-static, respectively. The long- and short-terms are as-

signed based on the characteristic time (𝜏𝑣) required to generate the viscous stress response to 

deformation, which is defined as 

𝜏𝑣,𝑖 =   𝜎0,𝑖 / ( 𝐾𝑣,𝑖�̇�0,𝑖)                   (3.1) 

where 𝜏𝑣,𝑖,  𝜎0,𝑖,  𝐾𝑣,𝑖 and �̇�0,𝑖 are characteristic relaxation time, reference stress, spring 

stiffness and reference stroke rate, respectively, with 𝑖 = 𝐿 or 𝑆.  

Note that the original Eyring’s model [90] was used to describe the relationship between 

viscous stress and strain rate applied to the dashpot, but in this work the strain rate is represented 

by the displacement rate of the dashpot, named stroke rate here which is different from the applied 

stroke rate, as the latter represents the crosshead speed of the test machine.  

Using the long-term viscous branch in Figure 3.2 as an example, the Eyring’s process de-

fines the relationship between viscous stress (𝜎𝑣,𝐿) and stroke rate of the dashpot (�̇�𝑣,𝐿) as [46,59]  

�̇�𝑣,𝐿  = 𝑑𝛿𝑣,𝐿  𝑑𝑡⁄  =  �̇�0,𝐿 𝑠𝑖𝑛ℎ(𝜎𝑣,𝐿  𝜎0,𝐿 ⁄ ) (3.2) 

where 𝑡 is time measured from the beginning of the loading, relaxation or recovery stage. 

The relationship between 𝜎𝑣,𝐿 and stroke generated in the spring (𝛿𝐴 − 𝛿𝑣,𝐿) is 

𝜎𝑣,𝐿 =   𝐾𝑣,𝐿(𝛿𝐴 − 𝛿𝑣,𝐿)       (3.3) 
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where 𝛿𝐴 is the stroke applied by the test machine, 𝛿𝑣,𝐿 the stroke of the dashpot and  𝐾𝑣,𝐿 

the spring stiffness in the long-term viscous branch. 

 

Figure 3.2. Schematic depiction of the three-branch spring-dashpot model used in this 

study.  

By differentiating Eq. (3.3) with time and then combining it with Eq. (3.2), the total stroke 

rate of the branch, which is equivalent to �̇�𝐴, can be expressed as [27] 

�̇�𝐴  =  𝑑𝛿𝐴  𝑑𝑡⁄  =  �̇�𝑣,𝐿  𝐾𝑣,𝐿⁄  +  �̇�0,𝐿𝑠𝑖𝑛ℎ(𝜎𝑣,𝐿  𝜎0,𝐿 ⁄ ) (3.4) 

In the relaxation or the recovery process, 𝛿𝐴 is fixed, i.e. �̇�𝐴  =  0, and therefore  

0 =  �̇�𝑣,𝐿  𝐾𝑣,𝐿⁄  +  �̇�0,𝐿𝑠𝑖𝑛ℎ(𝜎𝑣,𝐿  𝜎0,𝐿 ⁄ )       (3.5) 

Following the derivation given in the previous work [27,45,85], Eq. (3.5) leads to the fol-

lowing equation. 

𝜎𝑣,𝐿  =  2𝜎0,𝐿𝑡𝑎𝑛ℎ− 1{𝑡𝑎𝑛ℎ [𝜎𝑣,𝐿(0) / (2𝜎0,𝐿)]exp (− 𝑡  𝜏𝑣,𝐿⁄ )}        (3.6) 

where 𝜎𝑣,𝐿(0) is 𝜎𝑣,𝐿 at 𝑡 = 0.  
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Similarly, during the relaxation and recovery stages the viscous stress in the short-term 

viscous branch (𝜎𝑣,𝑆) can be expressed as 

𝜎𝑣,𝑆  =  2𝜎0,𝑆𝑡𝑎𝑛ℎ− 1{𝑡𝑎𝑛ℎ [𝜎𝑣,𝑆(0)   (2𝜎0,𝑆)⁄ ] 𝑒𝑥𝑝(− 𝑡  𝜏𝑣,𝑆⁄ )}      (3.7) 

where 𝜎𝑣,𝑆(0) is 𝜎𝑣,𝑆 at 𝑡 =  0 . 

The applied stress (𝜎𝐴) is the summation of quasi-static stress (𝜎𝑞𝑠), stress in the long-term 

viscous branch (𝜎𝑣,𝐿), and stress in the short-term viscous branch (𝜎𝑣,𝑆), i.e.,  

𝜎𝐴  =  𝜎𝑞𝑠  + 𝜎𝑣,𝐿 + 𝜎𝑣,𝑆      (3.8) 

Total stress decay (∆𝜎𝐴) during the relaxation and the recovery stages is the summation of 

the stress decay in the two viscous branches, i.e., 

∆𝜎𝐴 = 𝜎𝐴(0) −  𝜎𝐴(𝑡) =  𝜎𝑣,𝐿(0)  +  𝜎𝑣,𝑆(0)   

 − 2𝜎0,𝐿𝑡𝑎𝑛ℎ− 1{𝑡𝑎𝑛ℎ [𝜎𝑣,𝐿(0) / (2𝜎0,𝐿)]exp (− 𝑡  𝜏𝑣,𝐿⁄ )}   

− 2𝜎0,𝑆𝑡𝑎𝑛ℎ− 1{𝑡𝑎𝑛ℎ [𝜎𝑣,𝑆(0)   (2𝜎0,𝑆)⁄ ] 𝑒𝑥𝑝(− 𝑡  𝜏𝑣,𝑆⁄ )}  

      (3.9) 

At the loading stages, Eq. (3.4) can be converted to the following two expressions for the 

long- and the short-term viscous branches, respectively:  

�̇�𝑣,𝐿 =  𝐾𝑣,𝐿�̇�𝐴 −  (𝜎0,𝐿 / 𝜏𝑣,𝐿) sinh(𝜎𝑣,𝐿  𝜎0,𝐿⁄ ) (3.10) 

�̇�𝑣,𝑆 =  𝐾𝑣,𝑆�̇�𝐴 −  (𝜎0,𝑆 / 𝜏𝑣,𝑆) sinh(𝜎𝑣,𝑆  𝜎0,𝑆⁄ ) (3.11) 

3.4. Data analysis 

In view that the number of fitting parameters for Eqs. (3.6) to (3.11), i.e. 𝜎𝑣,𝐿(0), 𝜎0,𝐿, 

𝜏𝑣,𝐿 , 𝐾𝑣,𝐿 , 𝜎𝑣,𝑆(0), 𝜎0,𝑆 , 𝜏𝑣,𝑆 , and 𝐾𝑣,𝑆 , is bigger than the number of equations governing the 
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stress-deformation relationship, an inverse approach [91–96] was used to determine the fitting pa-

rameter values so that stress generated by the model could mimic the stress response obtained from 

the RR test. Using the inverse approach, accuracy of the parameter values is expected to depend 

on the difference between the simulation results and the experimental data [97–101], and with the 

nonlinear nature of the Eyring’s model, there should be more than one set of fitting parameter 

values that could generate the same level of accuracy for mimicking the experimental data. In the 

literature, however, most of the works using this approach provided only one set of fitting param-

eter values [28,45,50,80,81], and the difference of the simulation results from the experimental 

data ranged from 0.17 to about 1 MPa [50,88,102–105]. To our knowledge, neither the accuracy 

of the fitting parameter values nor their possible range for the same fitting quality was evaluated. 

This was possibly because of the tedious nature in searching for the fitting parameter values in 

order to simulate the experimental data [106–110]. In view of this deficiency, one of the key ob-

jectives of the presented work was to develop a computer program in order to obtain multiple sets 

of the fitting parameter values in a reasonable timeframe to meet the same level of accuracy.  

Matlab was used to develop the program for determining the fitting parameter values for 

the model in Figure 3.2. The maximum difference allowed between the stress from the simulation 

results and that from the experimental data was set to be 0.08 MPa. GA [111–116], which belongs 

to a branch of biomathematics [117,118] and has been widely used in the field of materials science 

[111,114,115,119–126], was used to determine values for the fitting parameters. For data collected 

at the relaxation and recovery stages, Eq. (3.9) was used to generate the simulation results from 

the model in Figure 3.2, and for the data collected at the loading stages, Eqs. (3.8), (3.10), and 

(3.11) were used. Function ODE45 in Matlab was used to solve Eqs. (3.10) and (3.11).  
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In the data analysis, values for six fitting parameters in the two viscous branches, 𝜎𝑣,𝐿(0), 

𝜎0,𝐿, 𝜏𝑣,𝐿, 𝜎𝑣,𝑆(0), 𝜎0,𝑆, and 𝜏𝑣,𝑆, were firstly determined as functions of stroke so that stress gen-

erated from the model in Figure 3.2 could fit the experimentally measured stress data at the relax-

ation stages, and then value for 𝜏𝑣,𝐿 was fixed and values for the other five parameters for the 

recovery stages were determined by curve fitting using the process similar to that used at the re-

laxation stages. A similar curve fitting process was used for simulation of stress variation at the 

loading stages, but the six fitting parameters used were 𝜏𝑣,𝐿, 𝜎0,𝐿, 𝐾𝑣,𝐿, 𝜏𝑣,𝑆, 𝜎0,𝑆, and 𝐾𝑣,𝑆, which 

was to replace 𝜎𝑣,𝐿(0) and 𝜎𝑣,𝑆(0) by 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆. Noted that the above fitting processes were 

based on the assumptions that values for 𝜏𝑣,𝐿 and 𝜏𝑣,𝑆 remained constant for all relaxation or re-

covery stages of the RR test, and 𝜏𝑣,𝐿 has the same value between the relaxation and the recovery 

stages. The above assumptions were an extended version of the assumption made in the previous 

works [27,45] in which SCP’s quasi-static stress was determined using a model with a single dash-

pot. Consistent with the work reported in the literature [45], 𝜎𝑣,𝐿(0) at relaxation stages for PE 

shows a plateau region in a curve as a function of stroke. The computer program developed in this 

study assumes that 𝜎0,𝑆 at both relaxation and recovery stages, and 𝜎𝑣,𝑆(0) and 𝜎0,𝐿 at recovery 

stages may vary with stroke introduced in the RR test. Range of the fitting parameters is specified 

based on results provided in the literature [66,127–129] to limit the number of solutions. According 

to the literature [66,128,130,131], the reference stress (𝜎0,𝑖) and the reference stroke rate (�̇�0,𝑖) of 

the dashpot, 𝑖 standing for 𝐿 or S, are related to activation volume and activation energy, re-

spectively, for the viscous deformation. Therefore, with the success of determining the range of 

model parameters, we would like to explore the possibility of using the results to understand the 

physical meanings for these model parameters.  
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Computer programs were developed for determination of the fitting parameters. The key 

concept of the computer programs is to use the algorithm based on GA in the Matlab to search for 

the optimal values for the fitting parameters and their variation with stroke introduced in the RR 

test. Flow charts of these computer programs are given in the appendix that is available from the 

publisher, to limit the stress difference between the simulation results and the experimental data 

within 0.08 MPa.  

3.5.5. Results and discussion 

3.5.1 Relaxation and recovery stages 

Figure 3.3 presents some examples of the simulation curves (solid lines) that were gener-

ated using the model in Figure 3.2 to fit the stress response of the experimental data (markers) at 

some relaxation (Figure 3. 3(a)) and recovery (Figure 3.3(b)) stages, based on the fitting parame-

ters determined from the programs with the algorithms depicted in the appendix that is available 

from the publisher. The figures show that stress changes at the relaxation and the recovery stages 

can be well reproduced by the model, including the unusual stress response at the recovery stages 

in the time range from 2000 to 10000 s, with the maximum difference between the simulation 

curves and the experimental data within 0.08 MPa, as depicted in a figure in the appendix, Figure 

S1(d). Note that the difference between the simulation results and the experimental data reported 

in the literature is in the range from 0.17 to about 1 MPa [50,88,102–105].  

A close examination of Figure 3.3 suggests that the curves produced by the model for the 

relaxation stages in the time range from 100 to 1000 seconds did not match the experimental data 

as well as the rest of the curves, though still with the difference within 0.08 MPa, suggesting that 
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there is still room of improvement for the computer programs used for the curve fitting. This is 

being investigated when this manuscript is prepared. 

 

Figure 3.3. Sample plots of experimental data (markers) for stress change at (a) relaxation 

and (b) recovery stages, and the corresponding fitting curves (lines) generated from the model in 

Figure 3.2 (strokes for the relaxation and recovery stages are given in the figures).  

Figure 3.4 shows values for 𝜎𝑣,𝑆, 𝜎𝑣,𝐿, and total viscous stress (𝜎𝑣) as functions of time at 

a relaxation stage, Figure 3.4(a), and the corresponding recovery stage, Figure 3.4(b). As depicted 

in Figure 3.4(a), 𝜎𝑣,𝑆, 𝜎𝑣,𝐿, and 𝜎𝑣 all decreased with the increase of time at a given relaxation 

stage, whereas at the recovery stage, 𝜎𝑣,𝑆 and 𝜎𝑣 increased but 𝜎𝑣,𝐿 decreased with the increase 

of time. It should be noted that the 𝜎𝑣 and 𝜎𝑣,𝐿 eventually became close to each other at both 

relaxation and recovery stages, while the corresponding 𝜎𝑣,𝑆 became close to zero. 
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Figure 3.4. Sample curves for 𝜎𝑣,𝑆 (blue squares), 𝜎𝑣,𝐿 (red circles), and 𝜎𝑣 (black trian-

gles) at (a) relaxation and (b) recovery stages as functions of time at the stroke of 1.87 mm.  

To examine the possible range of variation for the fitting parameter values to fit the exper-

imental data with the maximum stress difference within 0.08 MPa, ten sets of values for the six 

fitting parameters were generated for each of the relaxation and the recovery stages. The results 

for the relaxation stages are summarized in Figures 3.5 and 3.6. The corresponding values for the 

recovery stages are given in the appendix for this work. Each plot in these figures also includes 

the coefficients of variation for the ten sets of values, defined as the ratio of the standard deviation 

of the ten sets of values to their average.  
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Figure 3.5. Summary of ten sets of values (in open circles) for fitting parameters of the 

model in Figure 3.2 at the relaxation stages, and the corresponding coefficient of variation (in open 

squares): (a) 𝜎𝑣,𝐿(0), (b) 𝜎𝑣,𝑆(0), (c) 𝜎0,𝐿, and (d) 𝜎0,𝑆.  

Among the fitting parameters for the relaxation stages, 𝜎𝑣,𝐿(0) and 𝜎0,𝐿 in Figures 3.5(a) 

and 3.5(c), respectively, show similar strokes where a transition occurs for the trend of variation, 

i.e., a transition from an initial increase to a plateau and then another from the plateau to a decrease. 

This suggests that both 𝜎𝑣,𝐿(0) and 𝜎0,𝐿 could be used to indicate the possible changes in the 
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deformation behaviors that were represented by the long-term viscous branch of the model in Fig-

ure 3.2. This is consistent with the transition phenomenon reported in the literature using models 

with a single dashpot to mimic the stress response to deformation under tensile loading [27,28,45].  

 

Figure 3.6. Summary of ten sets of values (in open circles) for fitting parameters of the 

model in Figure 3.2 at the relaxation stages, and the corresponding coefficient of variation (in open 

squares): (a) 𝜏𝑣,𝐿 and (b) 𝜏𝑣,𝑆. 

Figures 3.5(b) and 5(d), for 𝜎𝑣,𝑆(0) and 𝜎0,𝑆 respectively at the relaxation stages, show a 

continuous decrease with the increase of the stroke without any clear indication of the trend line 

change. In view that the maximum coefficient of variation for 𝜎𝑣,𝑆(0) was only about 2.5% and 

for 𝜎0,𝑆 about 5%, any transition, if occurring in the short-term viscous branch, should have been 

shown in Figures 3.5(b) and 5(d). Therefore, no transition was detected in the short-term viscous 

branch that represents the change of the deformation behavior. In view that the long-term viscous 

branch showed the transitional phenomena but the short-term viscous branch did not, the two vis-

cous branches could possibly represent different aspects of the deformation behaviors, and thus 

models with a single viscous branch could not provide close simulation of the experimental data. 
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However, deformation behaviors that are represented by the two viscous branches are not clear at 

this stage, and would require a further study to clarify. 

Figures 3.6(a) and 3.6(b) show the ten sets of values for 𝜏𝑣,𝐿 and 𝜏𝑣,𝑆, respectively, at the 

relaxation stages and their corresponding coefficients of variation. These figures suggest that the 

𝜏𝑣,𝐿 and 𝜏𝑣,𝑆 values could be constant during the RR test, but their variation among the ten sets 

could be significant, and much bigger than the variation of the other four fitting parameters shown 

in Figure 3.5. The large values for the coefficient of variation also suggest that the choice of 𝜏𝑣,𝐿 

and 𝜏𝑣,𝑆 values should not have a significant influence on the use of the spring-dashpot model to 

simulate the stress drop at the relaxation stages, which is consistent with the suggestion given in 

the literature [80]. 

Note that the corresponding fitting parameters for the recovery stages are available in the 

appendix but no additional information could be obtained from the recovery stages. 

Figure 3.7 summarizes the applied stress values determined at the beginning of the relaxa-

tion stages (𝜎𝐴(0)) and the ten sets of 𝜎𝑞𝑠 values, as well as the coefficient of variation for 𝜎𝑞𝑠. 

The figure suggests that 𝜎𝑞𝑠 is very consistent among the ten sets of values, with the coefficient 

of variation less than 1.5%, and that the maximum 𝜎𝑞𝑠 occurs at the stroke in the range from 3.2 

to 3.6 mm, which is consistent with the stroke for the yield point indicated by 𝜎𝐴(0). 
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Figure 3.7. Summary of 𝜎𝐴(0) (black triangles), 𝜎𝑞𝑠 (circles which include ten sets of val-

ues) and the coefficient of variation for the ten sets of 𝜎𝑞𝑠 as a function of stroke (blue squares).  

3.5.2 Loading stages 

Figure 3.8 presents sample curves from the analysis of data at the loading stages, with the 

stroke ranges covered for the loading given in each figure. Figure 3.8(a) compares the experimen-

tally measured applied stress data (markers) with the fitting curves from the model in Figure 3.2 

(lines). The corresponding 𝜎𝑞𝑠,  𝜎𝑣,𝐿, and 𝜎𝑣,𝑆 are presented in Figures 3.8(b), 3.8(c), and 3.8(d), 

respectively. The figures suggest that both 𝜎𝑣,𝐿 and 𝜎𝑣,𝑆 increase monotonically at the loading 

stage, with the former increasing almost linearly with time.  
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Figure 3.8. Summary of sample curves from the loading stages: (a) the experimentally 

measured stress (markers) and the simulation results (lines), (b) 𝜎𝑞𝑠, (c) 𝜎𝑣,𝐿, and (d) 𝜎𝑣,𝑆.  

Figure 3.9 summarizes 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 values determined using the algorithm described in 

the appendix based on Eqs. (3.8), (3.10), and (3.11). Figure 3.9(a) shows the ten sets of 𝐾𝑣,𝐿 and 

𝐾𝑣,𝑆 values, using the ten sets of values for the fitting parameters for the relaxation and the corre-

sponding recovery stages as the boundary conditions. The figure suggests that 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 val-

ues are fairly consistent among the ten sets, with slightly bigger scattering at strokes smaller than 
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1 mm. However, with the further increase of stroke, 𝐾𝑣,𝑆 values became fairly consistent. For 

clarity, Figure 3.9(b) shows sample curves for one set of 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 values determined based 

on one set of fitting parameter values determined for the relaxation and the corresponding recovery 

stages. Overall, Figure 3.9 suggests that with the increase of stroke, 𝐾𝑣,𝑆 decreases from around 

30 to 25 MPa/mm, and 𝐾𝑣,𝐿 increases slightly before the stroke of 3 mm and then decreases after 

the stroke of around 4 mm. The overall range of 𝐾𝑣,𝐿 values are between 10 and 20 MPa/mm.  

 

Figure 3.9. Summary of ten sets of 𝐾𝑣,𝐿  and 𝐾𝑣,𝑆  values determined from the loading 

stages using the ten sets of fitting parameter values determined from the relaxation and recovery 

stages, and (b) sample curves for one set of 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 values using one set of fitting parameter 

values selected from the relaxation and recovery stages  

The above analysis was applied to evaluation of the time-dependent behavior of HDPE 

represented by the long- and short-term viscous branches of the model in Figure 3.2.  

First of all, in view that 𝜎𝑣,𝐿 remained positive even after the unloading stages, while the 

corresponding 𝜎𝑣,𝑆 was negative, it is questionable whether the stress response of the long-term 

viscous branch at the recovery stages was due to a new process that started at the commencement 
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of the recovery stage. Because 𝜎𝑣,𝐿 value remained positive in the RR test at both relaxation and 

recovery stages, it is conceivable that the stress drop in the long-term viscous branch could con-

tinue from the relaxation stage to the following recovery stage. If it was indeed the case, the stress 

response in the long-term viscous branch might not be synchronized with the global deformation 

introduced in the RR test. To explore this possibility, Figure 3.10 presents the variation of stress 

and stroke as functions of test time, using data from the 10th and 20th cycles as examples. These 

examples suggest general similarity of the stress variation among different cycles in the RR test. 

Figure 3.10 also includes values labeled as ‘prediction of 𝜎𝑣,𝐿’ that were the 𝜎𝑣,𝐿 values predicted 

after the relaxation stages, using the parameters from the relaxation stage in the same cycle and 

with the time starting from the commencement of the relaxation stages but without the considera-

tion of the second loading, stabilization and the unloading stages. Values for the ‘prediction of 

𝜎𝑣,𝐿’ show a consistent trend of variation with the corresponding stress values at the recovery 

stages even though the second loading, stabilization and unloading stages were not considered. 

The difference between 𝜎𝑣,𝐿 (red circles) and ‘prediction of 𝜎𝑣,𝐿’ (green triangles) at the recovery 

stages shown in Figure 3.10 is believed to come primarily from the second loading and unloading 

stages that were not considered in the calculation of the ‘prediction of 𝜎𝑣,𝐿’ values. The phenom-

enon shown in Figure 3.10 suggests that the stress response from the long-term viscous branch at 

the recovery stages might not start after the unloading. Rather, the stress response could have been 

the result of the combined effect of the loading history prior to the recovery stage. Therefore, using 

the point where the recovery stages commenced as time zero for the calculation of 𝜎𝑣,𝐿 at the 

recovery stages is merely an assumption for the data analysis.  
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For 𝜎𝑣,𝑆, on the other hand, Figure 3.10 shows that its value was almost zero before the 

end of the relaxation and recovery stages. Therefore, it is reasonable to use the commencement of 

the recovery stage of the RR test as time zero for the calculation of 𝜎𝑣,𝑆 at the recovery stages.  

The above findings suggest that the stress increase measured from the recovery stages in 

the RR test was the result of two different components of the stress response of the HDPE. One 

part was the stress recovery from the short-term viscous branch, consistent with the expectation of 

stress recovery response of HDPE after the unloading. The other part was the continuation of the 

stress drop due to relaxation after the first loading stage. The above findings also provide a rea-

sonable explanation for the stress drop in the later part of the recovery stages, as reported in the 

literature [47,61–63,132–135]. These findings offer an opportunity that could lead to identification 

of the mechanisms in HDPE which are represented by the two viscous branches in the proposed 

spring-dashpot model. A study to identify these mechanisms was being planned when this manu-

script was prepared. 
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Figure 3.10. Sample curves for 𝜎𝑣,𝑆 (blue), 𝜎𝑣,𝐿 (red) and stroke (black) at the first load-

ing, relaxation, and recovery stages, and the predicted values for 𝜎𝑣,𝐿 (green) by extending the 

curves at the relaxation stages beyond 10,000 s using the model in Figure 3.2 in (a) the 10th cycle 

and (b) the 20th cycle of the RR test. 

3.6. Conclusions 

The study shows that stress response at various stages of the RR test could be simulated 

very closely using the proposed model, including the unusual stress drop at the recovery stages, 

with the maximum difference between experimental data and simulation results within 0.08 MPa. 

It was found that fitting parameters 𝜎𝑣,𝐿(0) and 𝜎0,𝐿 for the relaxation stages show the same tran-

sitions in the trend of change with the increase of stroke. On the other hand, the corresponding 

fitting parameters for the short-term viscous branch, 𝜎𝑣,𝑆(0) and 𝜎0,𝑆, did not indicate the occur-

rence of any transition at either the relaxation or the recovery stages. Therefore, the transition 

detected by the long-term viscous branch could represent some deformation mechanism that was 

not detected by the short-term viscous branch. A further study is being planned to find out the 

source for the difference in the stress response between the long- and short-term viscous branches. 
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The study also shows that σqs as a function of stroke is highly consistent among predictions based 

on the ten sets of fitting parameter values, and the stroke for the maximum 𝜎𝑞𝑠 is close to the 

stroke for the yield point based on 𝜎𝐴(0). In addition, values for 𝐾𝑣,𝐿 as a function of stroke, 

determined using stress variation at the loading stages, showed the trend of change that indicates 

the occurrence of degradation from the early stage of the RR test. The study also found that stress 

drop at the relaxation stages in the long-term viscous branch could continue after the end of the 

relaxation stages, and contributed to the stress variation at the following recovery stages. Stress 

drop in the short-term viscous branch, on the other hand, ceased before the end of the relaxation 

stages, similarly for its stress increase at the recovery stages. Therefore, the conventional concept 

for the stress response of polymers, that is, stress drop after loading and stress increase after un-

loading, represents only part of the stress response of HDPE to deformation, which could be rep-

resented by the short-term viscous branch of the three-branch spring-dashpot model. The long-

term viscous branch showed stress drop at both relaxation and recovery stages, which provides a 

reasonable explanation for the ‘abnormal’ stress drop observed during the stress recovery that has 

been reported in the literature.  

The study demonstrates that the three-branch spring-dashpot model is capable of simulat-

ing the stress response of HDPE in a complex deformation scenario. The proposed data analysis 

has successfully divided the applied stress into quasi-static, long-term viscous, and short-term vis-

cous components. The algorithms developed in the study enabled the quick determination of ten 

sets of values for the fitting parameters, to allow the assessment of the range of variation for the 

fitting parameter values. These algorithms will be used in a follow-up study to examine the differ-

ence among HDPEs of various material characteristics and to identify deformation mechanisms 

that are responsible for the difference.   
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Chapter 4 Simulation and analysis of loading, relaxation and recov-

ery behavior of polyethylene and its pipes 

Spring-dashpot models have long been used to simulate mechanical behavior of polymers, but 

usefulness of these models is limited due to multiple model parameter values that can reproduce 

the experimental data. In view of this limitation, objective of this study is to explore the possibility 

of identifying a unique set of the parameter values so that the parameters can be used to establish 

the relationship between deformation and microstructural changes. The study developed an ap-

proach for this purpose based on stress variation during loading, relaxation, and recovery of pol-

yethylene. One thousand sets of parameter values were determined for fitting data at the relaxation 

stages with discrepancy within 0.08 MPa. The study found that even with such a small discrepancy, 

the 1000 sets of parameter values showed a wide range of variation, but one of the model param-

eters, 𝜎𝑣,𝐿(0), followed two distinct paths rather than showing a random distribution. The study 

further found that based on five selected sets of parameter values which showed discrepancy below 

0.04 MPa yielded highly consistent values for the model parameters, except for the characteristic 

relaxation time. Therefore, the study concludes that a unique set of model parameter values can 

be identified to characterize mechanical behavior of polyethylene. This approach was then applied 

to four types of polyethylene pipes, to determine their quasi-static stress. The results showed that 

these polyethylene pipes have very close quasi-static stress despite the clear difference in the meas-

ured stress. This indicates that a unique set of model parameter values could be identified for the 

spring-dashpot model, enabling a further study of using spring-dashpot models to characterize 

microstructural changes of polyethylene during deformation. 
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4.1. Introduction 

Polymers are widely used in our daily life [1,2], among which more than two-thirds are 

semi-crystalline polymers (SCPs) [3]. SCPs, such as polyethylene (PE), are a class of thermoplas-

tics with complicated microstructures [4–8], which have attracted significant attention from many 

research groups [9–17]. In view that SCPs are increasingly used in various industrial sectors, for 

fluid transportation [18], packaging [19], electronics [20], civil engineering [21], aerospace [22], 

medical devices [23], automotive components [24], etc., due to their chemical inertness and attrac-

tive mechanical properties [25–29], it is important to provide a proper characterization of their 

stress response to deformation. However, SCPs exhibit complex time-dependent behaviors, in-

cluding relaxation and creep [4,30–35], which could significantly impact their performance in all 

applications. Therefore, full characterization of SCPs for their mechanical behavior which includes 

the time-dependent stress response to deformation, is essential to ensure their reliable performance 

in the entire designed lifetime [36].  

Stress relaxation under a constant deformation level has long been used to assess perfor-

mance of plastic pipes [37,38]. Moser and Folkman [38] demonstrated the usefulness of using 

stress relaxation tests to predict the long-term performance of plastic pipes and their interaction 

with soil systems [39]. In view that plastic pipes are designed to have a lifespan exceeding 50 years 

[40–45], with about 95% of the plastic pipes made of PE [44,46–49], stress relaxation tests and 

the corresponding data analysis based on modeling have been widely used to study the long-term 

mechanical performance of PE and its pipes [44]. 

In a relaxation test at a constant deformation level, stress decrease is very significant at the 

beginning, but eventually reaches an asymptotic limit [26,50]. The stress-time curve during the 
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relaxation process is known to be influenced by the loading rate prior to the relaxation [46], and a 

transition of the mechanism involved in the deformation process could be detected by characteriz-

ing the relaxation behavior before and after the transition [51,52]. Although relaxation and recov-

ery processes are known to give different stress responses to deformation, as the former is intro-

duced after loading and the latter after unloading, both are carried out at a constant deformation 

level, with a bigger stress change in the former than in the latter [53]. At the same deformation 

level, the two processes are expected to reach the same stress level that is known as quasi-static 

stress. We have recently developed a test for characterizing SCP’s viscous behavior, named mul-

tiple-relaxation-recovery test (RR test), in which a recovery process is generated right after a re-

laxation process at a similar deformation level, and the two processes are repeated multiple times 

with the increase of specimen displacement [54,55] . 

Various models have been used to analyze mechanical test results of SCPs [56–68], among 

which models consisting of springs and dashpots have been used to mimic the stress response to 

deformation. Basic spring-dashpot models are known as Maxwell [69] and Voigt models, which 

represent the basic relaxation and creep behaviors, but are insufficient for simulating SCPs’ highly 

nonlinear behavior [64]. However, if the Eyring’s equation is used to govern the stress response 

of the dashpot element [70–77], some success has been obtained. Recently, the three-branch model 

proposed by Hong et al. [78,79] and Izraylit et al. [80], with only one branch containing an Eyring 

dashpot, has been successfully used to mimic the relaxation behavior. However, this model was 

not applicable to the recovery behavior after unloading [81]. Our recent work [82] also showed 

that some three-branch spring-dashpot models are not able to provide a full description of the stress 

change during relaxation and recovery phases of the RR test, especially for the unusual stress drop 

detected during the recovery. A three-branch model with two Maxwell branches and one spring 
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branch, on the other hand, has been able to simulate fairly accurately both relaxation and recovery 

behavior. Most of the works using a three-branch model [83–88] only provided a single set of 

parameter values to mimic the experimental data, even though it is commonly believed that mul-

tiple sets of the parameter values exist for a model to mimic the experimental data [89,89–91]. As 

a result, the use of a spring-dashpot model to reproduce the experimental data is often considered 

merely a curve fitting exercise. The parameter values were not used to characterize the viscous 

part of the mechanical properties of SCPs. Therefore, it is necessary to develop a novel approach 

to determine unique model parameters for accurate simulation and characterization of SCPs’ me-

chanical behavior. 

In this work, an analysis method was developed based on global and local optimization to 

simulate the relaxation, recovery, and loading behaviors of PE and its pipes using the three-branch 

spring dashpot model based on the Eyring’s law. Data from RR test on cylindrical specimens and 

notched pipe ring (NPR) specimens were used in the simulation, to generate 1000 sets of parameter 

values to mimic stress drop at the relaxation stages. The range of variation for these parameter 

values was examined and discussed.  Then, the analysis method was applied to four PE types of 

pipes, and their quasi-static stress as a function of specimen displacement was determined and 

discussed. 

4.2. Experimental 

4.2.1. Materials 

One type of cylindrical specimen [82], and four types of NPR specimens were used in the 

study. The cylindrical specimen, HDPE-b, has characteristics detailed in previous work [82]. The 

four types of NPR specimens were from four PE pipes, with their characteristics summarized in 
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Table 4.1 which lists materials of the four pipes, pipe name, density, yield strength and hydrostatic 

design basis (HDB). All pipes have the ratio of pipe outer diameter to wall thickness (SDR) of 11.  

Table 4.1. Characteristics of pipes used in this study.  

 

Samples of cylindrical and NPR specimens are shown in Figure 4.1(a) and (b), respec-

tively. The cylindrical specimens of HDPE-b were also used for mechanical tests in ref [92]. The 

NPR specimens from PE4710-black, PE4710-yellow, and PE2708 pipes were also used for the 

MR tests in ref [93]. Dimensions of the specimens in Figure 4.1 are depicted in Figure 4.2(a) and 

(b), for cylindrical and NPR specimens, respectively.  

The set-up of the RR test in the universal test machine was depicted in refs [92–96].  
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Figure 4.1. Specimens used in the RR tests: (a) cylindrical specimen and (b) NPR specimen 

(PEX pipe).  

 

Figure 4.2. Schematic diagrams of dimensions and geometry of specimens in Figure 4.1: 

(a) cylindrical specimen and (b) NPR specimen. All units are in millimeters.  
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4.2.2. Mechanical characterization 

RR tests were carried out using a Qualitest Quasar 100 universal test machine, with data 

collected by a personal computer [51]. The stroke-time relation and the engineering stress-stroke 

relation of the RR tests were described in the previous work [82,97]. The RR test consists of six 

stages in one cycle: 1st loading, relaxation, 2nd loading, stabilization (at a constant stroke), unload-

ing, and recovery stages. The maximum deformation introduced in the RR tests was set to exceed 

the yield point, at which approximately 30 cycles were generated [51]. Sample curves of the RR 

tests on cylindrical specimens are available in the previous publications [82,97]. The crosshead 

speed was set to be 1 mm/min, with 10000 seconds allocated for each relaxation, stabilization, or 

recovery stage. To ensure repeatability and reliability, two specimens were tested for each mate-

rial, except PE4710-black pipe for which only one RR test was conducted due to the laboratory 

shutdown in the COVID-19 pandemic period. 

4.3. Data analysis 

4.3.1. Three-branch Model 

In this study, the three-branch, spring-dashpot model employed for the simulation of relax-

ation, recovery, and loading behaviors of the results from RR tests is depicted in Figure 4.3. This 

model is known as the Maxwell-Weichert model which has been commonly used to mimic the 

stress response to deformation of a variety of materials [56,84,86,98–101]. As shown in Figure 

4.3, the model incorporates three springs governed by Hooke’s law [52,102–106] and two dashpots 

governed by the Eyring’s law [107–114]. The left, middle and right branches represent long-term 

viscous stress, short-term viscous stress, and quasi-static stress, respectively, denoted by the sub-

scripts 𝐿, 𝑆, and 𝑞𝑠 [115].  
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From our previous publication on the three-branch model [97], the equations governing 

stress response as a function of time during relaxation, recovery, and loading stages were derived. 

The stress change [108] during each relaxation or recovery stage can be expressed as follows: 

∆𝜎𝐴 = 𝜎𝐴(0) − 𝜎𝐴(𝑡)

=  𝜎𝑣,𝐿(0)  +  𝜎𝑣,𝑆(0)

−  2𝜎0,𝐿𝑡𝑎𝑛ℎ− 1{𝑡𝑎𝑛ℎ [𝜎𝑣,𝐿(0) / (2𝜎0,𝐿)]exp (− 𝑡  𝜏𝑣,𝐿⁄ )}

−  2𝜎0,𝑆𝑡𝑎𝑛ℎ− 1{𝑡𝑎𝑛ℎ [𝜎𝑣,𝑆(0)   (2𝜎0,𝑆)⁄ ] 𝑒𝑥𝑝(− 𝑡  𝜏𝑣,𝑆⁄ )} 

(4.1) 

𝜏𝑣,𝑖 =   𝜎0,𝑖 / ( 𝐾𝑣,𝑖�̇�0,𝑖) (4.2) 

where 𝜎𝐴 represents the applied engineering stress, 𝑡 the time from the beginning of the stage, 𝜎𝑣,𝑖(0)  the 

viscous stress at the beginning of the stage, 𝜎0,𝑖 reference stress, 𝜏𝑣,𝑖 characteristic relaxation time,  𝐾𝑣,𝑖 the spring 

stiffness, �̇�0,𝑖 the reference stroke rate, with 𝑖 = 𝐿 or 𝑆. 

For each loading stage, the stress responses for the long-term and short-term branches were 

determined as follows: 

 

�̇�𝑣,𝐿 =  𝐾𝑣,𝐿�̇�𝐴 −  (𝜎0,𝐿 / 𝜏𝑣,𝐿) sinh(𝜎𝑣,𝐿  𝜎0,𝐿⁄ ) (4.3) 

�̇�𝑣,𝑆 =  𝐾𝑣,𝑆�̇�𝐴 −  (𝜎0,𝑆 / 𝜏𝑣,𝑆) sinh(𝜎𝑣,𝑆  𝜎0,𝑆⁄ ) (4.4) 

where �̇�𝐴 is crosshead speed of the test machine and �̇�𝑣,𝑖 the first derivative of 𝜎𝑣,𝑖 with respect to time 𝑡, 

for 𝑖 = 𝐿 or 𝑆. 

To estimate values for the fitting parameters in Equations (4.1), (4.3), and (4.4), the inverse 

analysis method [116–128] was employed by simulating the experimental data of the RR tests. 
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Figure 4.3. Three-branch spring-dashpot model used in this study. 

4.3.2. Method for data analysis  

This section describes a new analysis method for simulation of relaxation, recovery, and 

loading behavior of PE and its pipes. The analysis method uses a new optimization approach that 

combines global and local optimization techniques. 

In our previous work [97], genetic algorithm (GA) in MATLAB was used to determine 

model parameter values via the inverse approach. However, that method was constrained by sev-

eral assumptions that have limited its applicability to a specific type of loading range. For example, 

the method depends on the presence of a plateau region [51] of the stress-displacement curve to 

determine one of the model parameter values. For test data that do not have such a clear plateau 

region, the method could not be used.  

In the current study, a method was developed without the requirement of a plateau region. 

Rather, the new method focuses solely on minimization of the maximum difference between the 
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experimental data and values generated by the model in Figure 4.3, based on the principle known 

as minimax in approximation theory [129,130]. Setiyoko et al. [131] reported minimax as an ap-

proach that is contrasted from the widely used least squares for determining values for parameters 

[83,86,132–139]. Many researchers have typically determined a single set of values for their model 

parameters [140–143], but whether values for the model parameters are unique remains a chal-

lenging question. In our previous work [97], ten sets of values for the model parameters in Figure 

4.3 were determined to examine variation of the values [97], however, time for determining the 

ten sets of values was long due to constraints imposed in the algorithms, such as assumption of the 

plateau region. By removing these assumptions, it became possible to obtain 1,000 sets of the 

parameter values within a reasonable timeframe. 

All programs developed in this study were coded in MATLAB, and values for the model 

parameters in Equations (4.1), (4.3), and (4.4) were determined using experimental data at the 

relaxation, the recovery, and the first loading stages of the RR tests. At each of the relaxation or 

recovery stages, values for the parameters in Figure 4.3 are assumed to remain fixed as the material 

microstructure during the relaxation and recovery is deemed to remain unchanged [144]. At each 

of the first loading stages, values for 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 were assumed to remain fixed as the defor-

mation range introduced at each of the first loading stages was deemed to be small enough to allow 

values for 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 to remain constant. However, values for 𝜎0,𝐿, 𝜏𝑣,𝐿, 𝜎0,𝑆, and 𝜏𝑣,𝑆 were 

allowed to vary at each of the first loading stages. 

Figure 4.4 depicts the entire procedure used to determine values for the fitting parameters 

in Figure 4.3, including the initial 1000 sets of parameter values based on the experimental data at 

the relaxation stages, and then 5 best sets of parameter values at each of the recovery and the 1st 
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loading stages. The objective function of the analysis was to minimize the maximum difference 

between the experimental data and values generated by the model. 

The programs are based on the hybrid combination of global and local optimization ap-

proaches [146], also known as combined two-phase strategy [145]. According to Renders and 

Flasse [146], global optimization inherently involves a fundamental conflict between accuracy, 

reliability, and computing time. As a result, Mahinthakumar and Sayeed [147] suggested that the 

strength of GA could be decreased when the population was converged to a narrow location in the 

search space and difference between solutions was small. It was also reported that GA often re-

quires extensive iterations and tends to converge slowly [148–150]. On the other hand, local opti-

mization is more efficient in narrow search areas and thus is increasingly hybridized with GA to 

accelerate the computation [151–155]. As a result, a hybrid global-local approach was developed, 

by using GA and lsqnonlin [156–159] in MATLAB for the global and local optimization [146] 

respectively, to identify the fitting parameters for the relaxation stages of the RR tests. For exam-

ple, GA was used to identify values for the six fitting parameters in Equation (4.1), and the iden-

tified values were then set as the initial guesses of lsqnonlin based on the trust-region-reflective 

algorithm [160].  

In the first step illustrated in Figure 4.4, a numerical method was developed using the in-

verse approach to search for 1000 sets of values for the fitting parameters in the three-branch model 

in Figure 4.3 in order to mimic the experimental data at the relaxation. The initial value ranges 

were set to be the same as those in the previous work [97], i.e., [0.1, 20] (in MPa) for 𝜎𝑣,𝐿(0), 

[0.01, 2] (in MPa) for 𝜎0,𝐿, [1000, 90000] (in second) for 𝜏𝑣,𝐿, [0.1, 20] (in MPa) for 𝜎𝑣,𝑆(0), 

[0.01, 2] (in MPa) for 𝜎0,𝑆, and [1, 900] (in second) for 𝜏𝑣,𝑆. In addition, experimental data for 
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the very first relaxation stage were ignored in the analysis, because it did not have any prior re-

covery stage, and thus not with the same deformation history as the relaxation stages in other 

cycles. In other words, the analysis conducted in this study always started from the relaxation stage 

in the second cycle of the RR test. 

 

Figure 4.4. Procedure for the determination of fitting parameters in relaxation, recovery, 

and loading stages of RR tests. 

The analysis developed in this study used a hybrid global-local approach that combines 

GA and lsqnonlin [156–159] in MATLAB to identify the fitting parameter values for the relaxation 

stages. GA was used to identify the six fitting parameters in Equation (4.1), and the generated 

fitting parameter values were set as the initial guesses of lsqnonlin which were based on the trust-

region-reflective algorithm [160]. That is, GA was used for global optimization and lsqnonlin was 

used for local optimization [146].  

The objective function of GA is the maximum difference of stress response between the 

experiments and the model, which needs to be minimized. The population size was set to be 200, 

and the maximum number of generations was 600. In view that speed of the computer program 

could be increased using parallel computing [161], parallel computing was implemented using 
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‘parfor’ in MATLAB, following the work in ref [162], to speed up the simulation so that 1000 sets 

of model parameter values could be determined at the first step in a reasonable timeframe.  

In the second step of Figure 4.4, five sets of fitting parameter values with the smallest 

maximum difference between the experimental data at the relaxation stages and the simulation 

results were selected. In the third step, each of the five sets of values from the second step was 

used to determine one set of fitting parameter values for the recovery stages at similar deformation 

levels. The initial values of the fitting parameters at the recovery stages, for example in the 𝑚th 

cycle of the RR tests, were set to be [0.01, 𝛼] (in MPa) for 𝜎𝑣,𝐿(0), [0.001, β] (in MPa) for 𝜎0,𝐿, 

[1000, 90000] (in second) for 𝜏𝑣,𝐿, [ − 20, − 0.001] (in MPa) for 𝜎𝑣,𝑆(0), [0.001, 2] (in MPa) 

for 𝜎0,𝑆, and [1, 10000] (in second) for 𝜏𝑣,𝑆, where 𝛼 and β are values for 𝜎𝑣,𝐿(0) in the relax-

ation stage of the 𝑚th cycle and 𝜎0,𝐿 values in the next relaxation stage, i.e. in the (𝑚 + 1)th 

cycle. In view that the range of stress variation at the recovery stages was much less than that at 

the corresponding relaxation stages, it was deemed unnecessary to determine 1000 sets of param-

eter values for the simulation of the recovery stages.  

The final step in Figure 4.4 is to determine five sets of fitting parameter values for Equa-

tions (4.3) and (4.4) to simulate the stress variation at the 1st loading stage in each cycle, based on 

the parameter values determined for the relaxation and recovery stages in steps 2 and 3, respec-

tively. For this purpose, the method was similar to that used in our previous work [97], based on 

GA in MATLAB, but with the improvement by combining GA with the lsqnonlin. However, in 

this case lsqnonlin automatically employed Levenberg-Marquardt algorithm as the original 

method [97] was designed to fit only one data point at a time but the trust-region-reflective algo-

rithm requires the number of data points (equations) to be at least equal to the number of parame-

ters (variables).  
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It should be noted that in literature, many researchers [51,52,93,96] have used constant 

characteristic relaxation time for their simulation. However, as suggested in ref [163], the effect 

of characteristic relaxation time on the determination of 𝜎𝑞𝑠 should be evaluated and characteristic 

relaxation time should be allowed to vary with deformation. The novelty of the proposed method, 

as described above, originates from its ability to allow change of the characteristic relaxation time 

during the deformation. The proposed method also enables the evaluation of the influence of the 

characteristic relaxation time on the determination of other model parameter values. In addition, 

the combination of global and local optimization also reduced significantly the searching time for 

the 1000 parameters values, allowing the selection of the best five sets parameter values and thus 

evaluating uniqueness of the parameter values for the characterization of viscous behavior of 

SCPs. 

4.3.3 Resolution of the experimental measurements  

Many researchers have studied the material properties using mechanical tests 

[109,142,164–170], but few have considered the resolution of the test data [171]. For example, 

Mulliken and Boyce [172] successfully predicted the stress response of polymers in tension and 

compression tests using a constitutive model, but resolution of the experimental measurements 

was not reported to justify quality of the prediction. According to Jar [166,173], uncertainty of the 

experimental measurements affects accuracy of the test results. Therefore, a model that provides a 

good fitting to experimental data with a poor resolution does not provide a clear indication on the 

validity of the model. In view of this potential issue, resolution of the stress measurements obtained 

from the study was determined to assess the accuracy of the test results. 

For the cylindrical specimens, 𝜎𝐴 was calculated using the following expression: 
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𝜎𝐴  =  
4𝐹

(𝜋𝐷2)
 (4.5) 

where 𝐹 is the measured tensile force using the universal testing machine, and 𝐷 the initial di-

ameter of the gage section measured using a digital caliper. Therefore, the resolution of 𝜎𝐴 for the 

cylindrical specimens, 𝑑𝜎𝐴, can be expressed as follows [171,174]: 

𝑑𝜎𝐴  =  |
4𝑑𝐹

(𝜋𝐷2)
| + |

8𝐹𝑑𝐷

(𝜋𝐷3)
| (4.6) 

where dF and dD are resolution of force and diameter measurements, respectively. 

Similarly, the resolutions for the NPR specimens can be calculated using the following 

equation. 

𝑑𝜎𝐴  =  |
𝑑𝐹

𝑡1𝑤1+𝑡2𝑤2
| + |

𝐹𝑤1𝑑𝑡1

(𝑡1𝑤1+𝑡2𝑤2)2
| + |

𝐹𝑡1𝑑𝑤1

(𝑡1𝑤1+𝑡2𝑤2)2
|

+ |
𝐹𝑤2𝑑𝑡2

(𝑡1𝑤1+𝑡2𝑤2)2
| +  |

𝐹𝑡2𝑑𝑤2

(𝑡1𝑤1+𝑡2𝑤2)2
| 

(4.7) 

where 𝑡𝑗 is the initial thickness of the gauge section 𝑗 of the NPR specimens, 𝑤𝑗 the correspond-

ing initial width of the gauge section (j is 1 or 2, representing the two ligaments of the NPR spec-

imens). 

In this study, resolution of the universal test machine for the force measurement was 0.5 N 

and the resolution of the digital caliper for the dimensional measurement was 0.01 mm. As an 

example, for a cylindrical specimen with D of 5.90 mm and the maximum force of 402.5 N, reso-

lution of its stress measurement, 𝑑𝜎𝐴, is 

𝑑𝜎𝐴  =  |
4𝑑𝐹

(𝜋𝐷2)
| + |

8𝐹𝑑𝐷

(𝜋𝐷3)
| = 0.0682 MPa (4.8) 
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Similarly, resolution for the stress measurement of NPR specimens from different PE pipes 

can be determined based on the dimensions and maximum force generated in the RR tests.  

4.4. Results and discussion 

4.4.1 Accuracy of the simulation  

This section presents 1000 sets of parameter values for simulation of the relaxation stages 

in the RR tests, including the maximum difference between the simulation and the experimental 

data and comparison of the simulation results with the resolution of the experimental data. 

In the previous study, we found that the three-branch model can accurately describe results 

at the relaxation, recovery, and loading stages of the RR tests [97]. The previous analysis relied on 

several assumptions, such as constant 𝜏𝑣,𝐿 and 𝜏𝑣,𝑆 values [52,175], and considered the continu-

ity of the parameter values with the increase of deformation. In this study, the method presented 

in section 3.2 was used to generate 1000 sets of parameter values for simulation of experimental 

data at the relaxation stages of the RR tests, on cylindrical specimens and NPR specimens. Table 

4.2 summarizes resolution of the measured stress data and their maximum difference with the 

modelling results, the latter based on the 1000 sets of fitting parameter values. 
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Table 4.2. Resolution of the measured stress data and maximum difference of the stress 

response between experiments and model.  

 

Table 4.2 shows the values for the experimental resolution and maximum difference for 

cylindrical and NPR pipe specimens. From Table 4.2, it should be noted that the values of the 

maximum difference are less than 0.07 MPa, which is smaller than 0.08 MPa reported in our pre-

vious work [97]. In literature, the maximum difference between the experiments and model was 

reported to the range from 0.17 to about 1 MPa [30,86,176–179]. In addition, the difference be-

tween the resolution of test data and the value for the maximum difference is less than 0.01 MPa, 

with the maximum difference of HDPE-b being even smaller than the resolution of the test data. 

This indicates the analysis method created in this study can provide good agreement between 

model and experiments. This high accuracy was also achieved for the NPR specimens in Table 

4.2, with the maximum differences being less than 0.08 MPa.  

Results in Table 4.2 show the capability of the three-branch model based on the proposed 

analysis method presented in section 3.2, which is consistent with the work in the literature [100]. 

Jar [180] further validated the close simulation of three-branch model in a new test, named MR 

test which contains the relaxation behavior at different deformation levels. However, none of the 

results in these works ensured the maximum difference between experiments and model to be less 
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than 0.08 MPa. Table 4.2 also suggests that since the inverse approach relies on quality of the 

experimental measurements, further improvement of the simulation accuracy requires the im-

provement of the resolution for the experimental data. 

 

Figure 4.5. One thousand sets of parameter values for simulation at the relaxation stages of 

different deformation levels in one RR test of HDPE-b: (a) 𝜎𝑣,𝐿(0), (b) 𝜎𝑣,𝑆(0), (c) 𝜎0,𝐿, (d) 𝜎0,𝑆, 

(e) 𝜏𝑣,𝐿, (f) 𝜏𝑣,𝑆, and (g) 𝜎𝑞𝑠. 
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Figure 4.5 illustrates 1000 sets of fitting parameter values for simulation of the relaxation 

stages of different deformation levels of one RR test on HDPE-b cylindrical specimen. As shown 

in Figure 4.5(a), 𝜎𝑣,𝐿(0) follows clearly two distinct paths with the increase of stroke, namely, an 

upper path and a lower path. Works in the literature always presented a single path of the fitting 

parameters [93,109,175], even for our previous work showing ten sets of the fitting parameter 

values [97]. Note that Pyrz and Zaïri [181] identified 20 sets of parameter values but no pattern 

was identified for these values.  

Figure 4.5 also suggests that a two-path pattern exists for the variation of 𝜎𝑣,𝑆(0) and 𝜎0,𝑆 

with stroke, in Figures 5(b) and (d), respectively, though 𝜎0,𝐿 in Figure 4.5(c) shows mainly a 

single path. With the consideration of the limited resolution for the experimental measurement, 

this two-path pattern for 𝜎𝑣,𝐿(0), 𝜎𝑣,𝑆(0), and 𝜎0,𝑆 values indicates that the fitting parameters 

could show some identifiable variation with the increase of deformation, rather than the random 

distribution that has been believed in the past. Therefore, there is a possibility that these model 

parameters could be linked to microstructural changes of SCPs. 

For 𝜏𝑣,𝐿 and 𝜏𝑣,𝑆 values, as shown in Figures 5(e) and (f), their values are scattered across 

the deformation levels considered in the RR test, indicating that variation of 𝜏𝑣,𝐿 and 𝜏𝑣,𝑆 values 

may not affect the two-path pattern for the fitting parameters 𝜎𝑣,𝐿(0), 𝜎𝑣,𝑆(0), and 𝜎0,𝑆. These 

results confirm the previous suggest that inaccurate values for the characteristic relaxation time 

have minor influence on the simulation [168]. In the literature, the characteristic relaxation time 

was often fixed as a constant for different deformation levels and materials [51,175,182]. Although 

Izraylit et al. [80] determined the values of characteristic relaxation time at different deformation 

levels, they did not give clearly the curve fitting process used in their study. Jar [180] obtained 
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values of characteristic relaxation time as functions of deformation levels but only provided one 

set of fitting parameters. 

Even with a two-path distribution for some of the fitting parameters, a single trend of var-

iation with stroke could be established for 𝜎𝑞𝑠, as shown in Figure 4.5(g). The band of variation 

for 𝜎𝑞𝑠 is quite small, suggesting that the 𝜎𝑞𝑠 values are not sensitive to the variation of the fitting 

parameter values.  These findings suggest that the determination of 𝜎𝑞𝑠 does not require a unique 

set of values for the fitting parameters, as long as the fitting parameter could provide a reasonable 

simulation of the test results. 

Figure 4.6 summaries 𝜎𝑣,𝐿(0) values for the pipe specimens, which shows clearly a two-

path pattern also exists for PE-Xa, PE2708, PE4710-yellow, and PE4710-black pipes, suggesting 

that the presence of two distinct paths for variation of 𝜎𝑣,𝐿(0) with deformation is a common 

phenomenon. Figure 4.6 also shows that the 𝜎𝑣,𝐿(0) increase significantly at the early stage of the 

RR test, which is consistent with the observations reported in the literature [93]. Note that in the 

literature, Liu et al. [183], and Moore et al. [184–186] also compared modelling and experimental 

testing for the stress response of HDPE pipes but they did not provide the viscous stress component 

of the stress response. Zhang and Jar [182] determined the viscous stress in the pipes but with the 

assumption that the characteristic relaxation time should be kept constant. 

The above findings suggest that it is possible to have a unique set of model parameter 

values which could be used to characterize mechanical performance of SCPs. However, further 

study would be needed to confirm this possibility. 
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Figure 4.6. A two-path pattern of 𝜎𝑣,𝐿(0) as a function of stroke for NPR specimens based 

on 1000 sets of parameter values: (a) PE-Xa, (b) PE2708, (c) PE4710-yellow, and (d) PE4710-

black pipes. 

4.4.2 Best five fits  

One of the main problems addressed in the literature about the deformation of SCPs is the 

evolution of the crystalline phase with the increase of deformation [3]. Therefore, if the fitting 

parameters are to be used to characterize the material’s performance, change of the fitting param-

eter values should reflect the evolution of SCPs microstructures.  

Using the procedure depicted in Figure 4.4, five sets fitting parameters were identified 

which provide the closest simulation of the stress variation at the relaxation stages. These fitting 

parameters for HDPE-b, along with its 𝜎𝑞𝑠, are summarized in Figure 4.7 as functions of stroke. 
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Note that some outliers exist, especially for 𝜎𝑣,𝑆(0) and 𝜎0,𝑆, but apart from these outliers, a gen-

eral trend for 𝜎𝑣,𝐿(0), 𝜎𝑣,𝑆(0), 𝜎0,𝐿, and 𝜎0,𝑆 values is clearly given with the increase of stroke. 

It should be pointed out that the five sets of parameter values shown in Figure 4.7 gave the 

maximum difference of less than 0.04 MPa between the simulation and the experimental data. In 

view that this value is significantly smaller than the resolution of the test measurement, 0.0682 

MPa as shown in Table 4.2, a further study using a test setup that will give a better resolution than 

that in the current study would be needed to verify the validity of the five sets of parameter values. 

Nevertheless, Figure 4.7 clearly shows that fitting parameter values with a clear trend of depend-

ence with deformation could be determined using the proposed approach for the data analysis.  
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Figure 4.7. Best five sets of parameter values (in open red circles) selected from 1000 sets 

for simulation of stress variation at the relaxation stages of HDPE-b and the corresponding 𝜎𝑞𝑠: 

(a) 𝜎𝑣,𝐿(0), (b) 𝜎𝑣,𝑆(0), (c) 𝜎0,𝐿, (d) 𝜎0,𝑆, (e) 𝜏𝑣,𝐿, (f) 𝜏𝑣,𝑆, and (g) 𝜎𝑞𝑠. 
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It should also be noted that the 𝜎𝑣,𝐿(0) values in Figure 4.7(a) were located along the upper 

path in Figure 4.5(a). In literature, Sweeney et al. applied the Guiu–Pratt analysis to derive the 

model parameters for fitting experimental test results for a shape-memory polymer [86], and 

showed a good prediction for the long-term relaxation behavior of the polymer.  

Figure 4.7(b) shows 𝜎𝑣,𝑆(0) values for the five best sets of fitting parameters. These 

𝜎𝑣,𝑆(0) values are much smaller than their 𝜎𝑣,𝐿(0) counterpart in Figure 4.7(a), which is con-

sistent with the values determined before by the manual curve fitting [180].  

The five sets of 𝜎0,𝐿 values shown in Figure 4.7(c) indicate that the five values at a given 

stroke are very consistent, and are in the value range consistent with those obtained before [51] 

using a different test method (MR test). Figure 4.7(d) presents the 𝜎0,𝑆 values, showing that apart 

from those outliers, their values are smaller than the corresponding 𝜎0,𝐿 values at the same stroke, 

consistent with the previous observations [180]. The values of 𝜎0,𝐿 and 𝜎0,𝑆 in Figures 7(c) and 

(d) are consistent with the values reported in the literature [51,93,175]. 

𝜏𝑣,𝐿 and 𝜏𝑣,𝑆 values shown in Figures 7(e) and (f) show significant scattering with the in-

crease of stroke, though the 𝜏𝑣,𝑆values are smaller than the 𝜏𝑣,𝐿 values. This implies that the 𝜏𝑣,𝐿 

values and 𝜏𝑣,𝑆 values exhibited high variability. However, the scattering 𝜏𝑣,𝐿  and 𝜏𝑣,𝑆 values 

did not affect the consistency of the corresponding fitting parameters 𝜎𝑣,𝐿(0), 𝜎𝑣,𝑆(0), 𝜎0,𝐿, and 

𝜎0,𝑆. This aligns with the findings in the literature that values for the characteristic relaxation time 

play a minor role on the simulation [168].  

Figure 4.7(g) shows the 𝜎𝑞𝑠 values as a function of stroke, which are consistent with val-

ues reported previously based on a different curve fitting approach [82]. The figure suggests that 

𝜎𝑞𝑠 values increase initially and then reach a plateau, consistent with the trend observed previously 
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[51]. As expected, even with the significant scattering of 𝜏𝑣,𝐿 and 𝜏𝑣,𝑆 values in Figures 7(e) and 

(f), some outliers for 𝜎0,𝑆 in Figure 4.7(d) and some scattering for 𝜎𝑣,𝐿(0) and 𝜎𝑣,𝑆(0) in Figures 

7(a) and (b), respectively, the five sets of 𝜎𝑞𝑠 values are still very consistent. In view of the meas-

urement resolution shown in Table 4.2, this suggests that 𝜎𝑞𝑠 values determined from the current 

method are quite unique, not much affected by variation of fitting parameter values determined by 

the inverse approach. 

It should be noted that although with some scattering, consistency of the fitting parameter 

values shown in Figure 4.7 is much better than that reported in the literature. For example, Xu et 

al. [89] developed a generalized reduced gradient optimization algorithm, and used the algorithm 

to determine parameter values for a three-branch model. Their results showed a much more sig-

nificant scattering than those shown in Figure 4.7. Therefore, the proposed analysis method can 

capture a much more appropriate set of parameter values for the characterization of SCPs than the 

approaches currently available in the literature.   

Table 4.3. Best five sets of parameter values at the yield point for HDPE-b. 
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Table 4.3 lists the best five sets of fitting parameters for the HDPE-b at the relaxation stage. 

It was found the five sets of 𝜎0,𝐿 values are very close to each other. In the literature, Xu et al. 

[89] determined three sets of model parameters and the coefficient of variation is more than 50%. 

This indicates that the best-five-fits method in this study could provide better model parameter 

values. It was also found the 𝜎𝑣,𝐿(0) values are higher than 𝜎𝑣,𝑆(0) values, which is consistent 

with the results reported in the literature [180]. 

Figure 4.8 shows 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 values of HDPE-b as functions of stroke. Figure 4.8 sug-

gests that most of the 𝐾𝑣,𝐿 values are higher than the 𝐾𝑣,𝑆 at the same stroke. Note that difference 

between 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 values has been an open question in the literature, as works reported indi-

cate that 𝐾𝑣,𝐿  values could be either larger or smaller than 𝐾𝑣,𝑆  [84,89,180]. This uncertainty 

could be explained by the results presented in Figure 4.5, as 𝐾𝑣,𝐿 values are influenced by the 

choice of 𝜎𝑣,𝐿(0) values from the two paths in Figure 4.5(a). When the lower path in Figure 4.5(a) 

is used to determine 𝐾𝑣,𝐿, in view that the corresponding 𝜎𝑣,𝑆(0) values belong to the upper path 

in Figure 4.5(b), 𝐾𝑣,𝑆 must be larger than 𝐾𝑣,𝐿. Conversely, 𝐾𝑣,𝐿 values are larger than 𝐾𝑣,𝑆. As 

shown in Figure 4.8, for the best five sets of fitting parameter values, 𝜎𝑣,𝐿(0) values belong to the 

upper path. Therefore, 𝐾𝑣,𝐿 values for HDPE-b should be larger than 𝐾𝑣,𝑆 values. The above ex-

planation is based on the identification of the two-path pattern for 𝜎𝑣,𝐿(0) and 𝜎𝑣,𝑆(0), which 

would not be possible without the collection of a large number of fitting parameter values (1000 

sets). Similarly, it was found that the 𝐾𝑣,𝐿 values are higher than the 𝐾𝑣,𝑆 for pipes in this study.  

In addition, we believe that 𝐾𝑣,𝐿  and 𝐾𝑣,𝑆  values could represent the microstructural 

changes of PE during the deformation process [180]. Accurate determination of 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 

values is essential for examining the possible relationship between microstructural changes and 

mechanical performance of SCPs. This study provides an approach that could clearly distinguish 
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the difference between 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 values, which has not been possible using other approaches 

reported in the literature.  

 

 

Figure 4.8. 𝐾𝑣,𝐿 and 𝐾𝑣,𝑆 as a function of stroke of HDPE-b.  

Figure 4.9 compares 𝜎𝐴(0) and 𝜎𝑞𝑠 for NPR specimens from the four pipes in Table 4.1. 

Markers in Figure 4.9(b) represent the averages of the five 𝜎𝑞𝑠 values that were determined based 

on the five sets of the best fitting parameter values using the procedure described in Figure 4.4. 

Error bars in Figure 4.9(b) depict the standard deviations of the five 𝜎𝑞𝑠 values. It was found that 

although maximum 𝜎𝐴(0) values for PE-Xa and PE2708 are lower than those for PE4710-yellow 

and PE4710-black at the same stroke, their 𝜎𝑞𝑠 values are much closer to each other.  
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Figure 4.9. Summary RR test results for NPR specimens: (a) applied stress at the onset of 

relaxation, 𝜎𝐴(0), and (b) 𝜎𝑞𝑠.  

The maximum 𝜎𝑞𝑠 values in Figure 4.9(b) are summarized and shown in Figure 4.10. Fig-

ure 4.10 shows that maximum 𝜎𝑞𝑠  values of HDPE (PE4710-balck and PE4710-yellow) are 

higher than that of MDPE (PE2708), which is consistent with the results in the literature [93]. 

Although the density of PE-Xa is lower than that of PE2708, the maximum 𝜎𝑞𝑠 of PE-Xa is higher 

than that of PE2708, which indicates that crosslinks improve mechanical performance of PE-Xa 

pipes [187]. 
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Figure 4.10. Maximum 𝜎𝑞𝑠 as functions of densities for the four pipes.  

Figure 4.11 summarizes 𝜎𝑣,𝐿(0), 𝜎𝑣,𝑆(0), 𝜎0,𝐿, 𝜎0,𝑆, 𝜏𝑣,𝐿, and 𝜏𝑣,𝑆 from the best five sets 

for the four pipes listed in Table 4.1. The symbols represent the average values, and the error bars 

represent the standard deviations. From Figure 4.11(a), the maximum 𝜎𝑣,𝐿(0) values for PE4710-

black and PE4710-yellow are close, both of which are higher than the maximum 𝜎𝑣,𝐿(0) values 

from PE-Xa and PE2708. Similar phenomenon can be found for the 𝜎0,𝐿 values of the four pipes. 

From Figure 4.11(b), the PE-Xa has the highest 𝜎𝑣,𝑆(0) values and PE2708 has the lowest 𝜎𝑣,𝑆(0) 

values among the four pipes after 3 mm of stroke. Similarly, 𝜎0,𝑆 values also show this phenom-

enon. Figure 4.11(e) shows that most of the 𝜏𝑣,𝐿 values from PE-Xa are consistent, but 𝜏𝑣,𝐿 values 

from other three pipes are scattering. Figure 4.11(f) depicts that 𝜏𝑣,𝑆 values from the four pipes 

are close after 4 mm of stroke. 
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Figure 4.11. Comparison of the model parameter values from the best five sets for the four 

pipes: (a) 𝜎𝑣,𝐿(0), (b) 𝜎𝑣,𝑆(0), (c) 𝜎0,𝐿, (d) 𝜎0,𝑆, (e) 𝜏𝑣,𝐿, and (f) 𝜏𝑣,𝑆. 
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4.5. Conclusions  

This chapter presents a new analysis method based on the global and local optimization for 

the simulation of relaxation, recovery, and loading behaviors of PE and its pipes in the RR tests 

on cylindrical and NPR specimens, respectively. Results from the RR tests can be accurately mim-

icked using the three-branch model with parameter values determined using the proposed analysis 

approach, and the maximum difference between the stress measured experimentally and those de-

termined from the model is much smaller than the values reported in the literature.  

Based on the proposed analysis method, 1000 sets of fitting parameter values were deter-

mined to simulate stress variation at the relaxation stages at different deformation levels, with the 

discrepancy between the experimental data and simulation results below 0.08 MPa. The 1000 sets 

of parameter values indicate that the 𝜎𝑣,𝐿(0) values show two distinct paths with the increase of 

the stroke. Results from the best five fits show that the proposed method can determine consistent 

values and a clear trend for 𝜎𝑣,𝐿(0), 𝜎𝑣,𝑆(0), 𝜎0,𝐿 and 𝜎0,𝑆. The results also indicate that the anal-

ysis method is better than any of the methods reported in the literature on parameter identification 

of spring-dashpot models. Results from the study suggest that it is possible to determine a unique 

set of parameter values which can then be used to characterize the viscous component of mechan-

ical behavior for SCPs.   

Results from the simulation suggest that variation of the characteristic relaxation time does 

not have much influence on the variation of other fitting parameter values.  

Without consideration of the resolution of the test setup used in this study, the proposed 

analysis approach allows the selection of the best five sets of parameter values to provide precise 
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prediction on the change of viscous behavior with the increase of deformation. However, further 

study is needed to improve the resolution of the measured results, so that the accuracy of the values 

based on the best five sets of fitting parameter values can be verified. The study also confirms that 

𝐾𝑣,𝐿 values for PE should be larger than the 𝐾𝑣,𝑆 at the same stroke. It was also found that maxi-

mum 𝜎𝑞𝑠 values of HDPE is higher than that of MDPE. Although the density of PE-Xa is lower 

than that of PE2708, the maximum 𝜎𝑞𝑠 of PE-Xa is higher than that of PE2708. 

Overall conclusions of the study are: a unique set parameter values could be identified, if 

the experimental data have a sufficiently high resolution to reduce uncertainty of the test results. 

With such experimental data, it is then possible to explore the relationship between these parame-

ters and microstructural changes of polyethylene during the deformation. This study provides a 

tool to determine the unique model parameter values for a three-branch model, if such values exist.  
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Chapter 5 Conclusions and future work 

Chapter 5 concludes all the findings in this study and summarizes the future work. 
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5.1 Key conclusions 

The primary goal of this research is to develop a novel RR test method, construct spring-

dashpot models, and identify the unique model parameter values for the characterization of SCPs 

under tensile deformation. In this study, a new RR test, including cyclic stages of stress relaxation 

and recovery with increasing deformation, was proposed. The proposed RR test could generate a 

very small hysteresis loop for the unloading curve before recovery and loading curve after recovery. 

Unusual stress drop was found at the end of recovery behavior. Based on the Eyring’s law, four 

nonlinear viscoelastic models, that is, the standard model, Parallel model, Series model, and three-

branch model were constructed and examined for the analysis of the RR test results. It was found 

that only the three-branch spring-dashpot model could mimic closely the unusual stress drop at the 

recovery stages. The study concludes that the three-branch model can serve as a suitable tool for 

analyzing the mechanical properties of HDPE, and values for the model parameters can potentially 

be used to characterize the difference among PEs for their mechanical performance. Computer 

programs were developed to automatically determine model parameter values. Additionally, a 

novel analytical approach based on global optimization and local optimization was introduced for 

the determination of unique and accurate model parameter values as functions of deformation. 

(1) Characterization of time-dependent behavior using RR tests and examination of 

two-branch models  

A novel RR test was developed, featuring multiple cycles with six stages per cycle. The 

test was designed to separate the viscous component from the quasi-static counterpart during de-

formation. The study found that the typical hysteresis loop observed from loading-unloading of 

polymeric materials is hardly visible between the unloading stage before the recovery stage and 
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the initial loading stage after the recovery stage in the RR test. By combining springs and Eyring’s 

dashpots, three models were constructed, which were evaluated for their ability to analyze the RR 

test results. The study found that the standard model could not closely reproduce the stress response 

during the entire relaxation stage of 10,000 s, but, the Parallel and the Series models could. The 

standard model could determine the long-term performance of PE and identify a transition point 

representing the onset of plastic deformation in the crystalline phase. Despite this, none of the 

three models was able to mimic the stress drop at the end of recovery phase after the maximum 

point. 

The viscous and quasi-static stress responses of two HDPEs were characterized using the 

RR test, with data analysis based on three models. Stiffness calculated for each unloading stage 

demonstrates that the RR test has the advantage for determining the total stiffness of the materials 

at different deformation levels, making it useful for evaluating the mechanical performance of PE. 

The study demonstrates that the RR test provides a comprehensive data set that can assess the 

suitability of spring-dashpot models for characterizing both the time-dependent and time-inde-

pendent mechanical performance of PE, and the possibility of determining the activation energies 

for deformation at the stress relaxation stages. 

(2) Construction of three-branch spring-dashpot model and determination of the 

range for the model parameter values using RR tests 

The study demonstrates that stress response at various stages of the RR test could be sim-

ulated very closely using the proposed three-branch model, including the unusual stress response 

at the end of recovery stages, with the maximum difference between observed data from experi-

ments and simulation data from the model within 0.08 MPa. The fitting parameters 𝜎𝑣,𝐿(0) and 
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𝜎0,𝐿 for the relaxation stages exhibit the same transitions in the trend of change with increasing 

deformation. On the other hand, the corresponding fitting parameters for the short-term viscous 

branch, 𝜎𝑣,𝑆(0) and 𝜎0,𝑆, showed no indication of a transition at either the relaxation or the re-

covery stages. This suggests that the transition indicated by the long-term branch could represent 

some deformation mechanism not captured by the short-term branch.  

The study also shows that 𝜎𝑞𝑠 as a function of stroke is highly consistent among predic-

tions based on the ten sets of fitting parameter values, with the stroke for the maximum 𝜎𝑞𝑠 closely 

aligning with the stroke for the yield point based on 𝜎𝐴(0). Additionally, values for 𝐾𝑣,𝐿 as a 

function of stroke, determined using stress variation at the loading stages, showed the trend of 

change that indicates the occurrence of degradation from the early stage of the RR test.  

Another key finding is that stress drop at the relaxation stages in the long-term viscous 

branch could continue after the end of the relaxation stages, which contributed to the stress varia-

tion at the following recovery stages. Stress drop in the short-term viscous branch, on the other 

hand, ceased before the end of the relaxation stages, similarly for its stress increase at the recovery 

stages. Therefore, the conventional concept for the stress response of polymers, that is, stress drop 

after loading and stress increase after unloading, represents only part of the stress response of 

HDPE to deformation, which could be represented by the short-term viscous branch of the three-

branch spring-dashpot model. The long-term viscous branch showed stress drop during both the 

relaxation and recovery stages, offering a reasonable explanation for the ‘abnormal’ stress drop 

observed during the stress recovery that has been reported in the literature.  
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The study demonstrates that the three-branch spring-dashpot model is capable of describ-

ing the stress response of HDPE under complex deformation conditions. The proposed data anal-

ysis has successfully separated the applied stress into quasi-static, long-term viscous, and short-

term viscous components during the deformation. The algorithms developed in the study enabled 

the rapid determination of ten sets of model parameter values, allowing the assessment of the var-

iation range of these parameter.  

(3) A novel approach to narrow down the variation of the model parameter values for 

the characterization of PE and its pipes 

This study introduces a new analysis method based on the global and local optimization 

for the description of relaxation, recovery, and loading behaviors of PE and its pipes in the RR 

tests on cylindrical and NPR specimens. The three-branch model, with parameter values deter-

mined through the proposed analysis approach, accurately reproduce the results of the RR tests,  

and the maximum difference of stress response between the experimental data and the data gener-

ated from the model is significantly smaller than values from the results in the literature.  

Using the proposed analysis method, 1000 sets of fitting parameter values were determined 

to mimic closely stress response as functions of time at the relaxation stages for different defor-

mation levels, with the discrepancy of stress values between the observed data from experiments 

and simulation data from the model below 0.08 MPa. The 1000 sets of parameter values indicate 

that the 𝜎𝑣,𝐿(0) values follow two distinct paths as the deformation level increases. Results from 

the best five fits demonstrate that the proposed method can determine consistent values and a clear 

trend for 𝜎𝑣,𝐿(0), 𝜎𝑣,𝑆(0), 𝜎0,𝐿  and 𝜎0,𝑆 . The results also indicate that the proposed analysis 

method is better than any of the method reported in the literature on parameter identification of 
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spring-dashpot models. Results suggest that it is possible to determine a unique set of parameter 

values, which can then be used to characterize the viscous and quasi-static components of mechan-

ical behavior for SCPs. It was also found that variations of the characteristic relaxation time have 

little impact on the variation of other fitting parameter values.  

Without taking account of the resolution of the test setup using in this study, the proposed 

analysis approach allows the selection of the best five sets of parameter values to accurately predict 

changes in viscous behavior as deformation increases. The study also confirms that 𝐾𝑣,𝐿 values 

for PE should be bigger than the 𝐾𝑣,𝑆 at the same stroke.  

Overall, a unique set parameter values could be identified, if the experimental data have a 

sufficiently high resolution to minimize uncertainty of the test results. With such experimental 

data, it is then possible to investigate the relationship between these parameters and microstructural 

changes in PE during the deformation. This study provides a reliable tool to determine the unique 

model parameter values for a three-branch model, if such values exist.  

5.2 Future work 

Overall, the research work presented in this thesis provided a novel experimental test 

method, RR test method, spring-dashpot models, and a novel approach for the determination of 

model parameter values. However, further research is needed to reveal the relation between the 

microstructures of the SCPs and the model parameter values. 

(1) To Improve the three-branch spring-dashpot model to reproduce experimental 

data from creep tests on PEs 



  

189 

 

Halsey et al. [1] first proposed that the Eyring’s equation can be applied to simulate the 

creep behavior of polymers. Hong et al. [2,3] used to describe the relaxation and creep behavior 

of SCPs using a spring-dashpot model with one Eyring’s process. However, Tan and Jar [4,5] 

found standard model with one Eyring’s process is not adequate to fully describe the relaxation 

behavior from 1 s to 10000 s of PEs. It is necessary to allow the proposed spring-dashpot model 

to describe more time-dependent behaviors. Simple creep tests after tensile loading will be con-

ducted to obtain the creep data. The proposed spring-dashpot model’s suitability to simulate de-

formation behavior in a creep mode will be evaluated, and if necessary modified. Eyring’s param-

eters, the springs’ stiffnesses, and the quasi-static stress as a function of deformation, which are 

calibrated from the analysis of RR tests, will be applied for the modelling of the creep tests. Addi-

tional elements (springs or dashpots) may be required for the proposed model to fully describe the 

creep behavior. Finally, the proposed model will be able to reproduce the experimental data of the 

creep tests on PEs. 

(2) To develop multiple-creep tests using SCPs, and to use the results to verify the 

prediction ability of the spring-dashpot model  

In literature, Dusunceli used the multiple-unloading-creep test to verify the VBOP model. 

However, this test only took into account the creep behavior after the unloading phase, 

and the creep behavior after the loading phase can be different from the creep behavior 

after the unloading phase. In future work, a multiple-creep test will be developed and 

used to investigate the creep behavior under different stress levels. Firstly, a new model 

examined by creep test will be used to predict the experimental data in the multiple-creep 

tests on PE. Closeness of data generated from the model to the experimental data will be 
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examined to verify prediction ability of the model. An expected stress-time relationship 

for a multiple-creep test is shown in Figure 5.1.  

 

 

Figure 5.1. Schematic of multiple-creep test, and stress profile as a function of time. 

Again, the multiple-creep test contains 6 loading modes in one cycle, including 2 loadings, 

3 creeps, and 1 unloading, which are repeated cyclically to cover a wide range of stress levels, and 

could continue till the specimen fails through large deformation or fracture. Different types of 

specimens will be prepared and tested to check the difference between the experimental data and 

the model prediction. The prediction results will be compared to measurements and data in the 

literature. 

(3) To improve the resolution of the experimental data for the determination of more 

accurate model parameter values to characterize SCPs  

The current study confirms that simulation generated by the current method is consistent 

with the experiment within the limits of the measurement precision. However, it also indicates that 
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the experimental resolution should be improved to detect finer discrepancies. Advanced measure-

ment tools and techniques with higher precision will be used to collect experimental data. This 

could involve the use of more sensitive sensors, high-resolution imaging, or advanced data acqui-

sition systems to reduce noise and increase the accuracy of recorded stress and deformation data. 

It is also important to extend the application of the improved resolution techniques to a broader 

range of SCPs to validate the generalizability of the method. By applying the method to different 

types of SCPs, the robustness of the model parameters and the method’s ability to characterize 

diverse materials can be assessed. 
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Appendix 

The algorithm flow chart for determining the fitting parameters is shown in Figure S1(a) 

for the relaxation stages, Figure S1(b) for the recovery stages, and Figure S1(c) for the first loading 

stages. Figure S1(d) presents the flow chart for the algorithm that is based on GA in Matlab. Note 

that index k in all of the above flow charts is the loop counter for narrowing down the range of 

τv,L and τv,S values until their variation for the entire RR test is less than 1 s, i.e., remaining con-

stant for all relaxation or recovery stages in the entire RR test. Index h refers to the data point in 

the loading stages. In addition, index i in the flow charts is used to represent the cycle number for 

the RR test so that the fitting parameters of each cycle of RR tests can be determined. In the flow 

chart, ‘max’, ‘min’, ‘avg’ denotes finding the maximum, minimum, and average value of an array, 

respectively. 

As specified in Figure S1(a), initial value ranges for the fitting parameters are [0.1, 20] (in 

MPa) for σv,L(0), [σ0,ci  −  0.2, σ0,ci + 0.2] (in MPa) for σ0,L where value for reference stress 

(σ0,ci), with subscript ci denoting cycle i of RR test, was determined based on the method de-

scribed in[1], [1000, 90000] (in s) for τv,L, [0.1, 20] (in MPa) for σv,S(0), [0.01, 2] (in MPa) 

for σ0,S, and [1, 900] (in s) for τv,S. Note that in[1], σ0,i was determined based on the fitting of 

the stress drop of a relaxation stage at relaxation time longer than 1000 s, using a model with a 

single dashpot.  

In view that σqs is expected to be the same from the relaxation and the recovery processes 

at the same stroke[2,3] and that the maximum difference of the strokes for the relaxation and re-

covery stages in the same cycle was less than 0.005 mm, σqs value determined from the relaxation 

stage was used in the data analysis as the σqs value for the recovery stage in the same cycle, as 
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shown in the algorithm depicted in Figure S1(b). Furthermore, in view of the small stroke incre-

ment applied at the loading stages, with the maximum increments of 0.187 and 0.037 mm for the 

1st and the 2nd loading stages, respectively, Kv,L and Kv,S values were treated as constant at a 

given loading stage, but values for σ0,L, σ0,S, and τv,S were allowed to change, though only in a 

monotonic manner with the increase of the stroke. Additionally, the simulation process at the load-

ing stages started from the last point recorded at each loading stage, that is, before the commence-

ment of relaxation. In other words, h =  24 in Figure S1(c) represents the last point at the loading 

stage. 
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Figure S1. Flow charts for algorithms used to simulate the stress from the experimental 

data: (a) at relaxation stages, (b) at recovery stages, (c) at the first loading stages, and (d) details 

of the curve fitting using the GA in the Matlab. 

Figures S2 and S3 summarize the ten sets of the fitting parameter values for the recovery 

stages. These figures suggest that for the recovery stages, the six fitting parameters show slightly 

more scattering values than their counterparts for the relaxation stages. Because of the increase in 

the scattering, it is not clear whether Figures S2(a) and S2(c), for σv,L(0) and σ0,L respectively, 
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indicate any transitional phenomenon for the long-term viscous branch. On the other hand, Figures 

S2(b) and S2(d) show reasonably small coefficients of variation for σv,S(0) and σ0,S  respec-

tively. Since these two figures do not show any transition, similar to their values for the relaxation 

stages, it is believed that in the RR test, transition did not occur in the deformation behavior that 

is represented by the short-term viscous branch. Works in the literature[1,4] have suggested that 

under tensile loading, transition of SCP’s deformation behavior could be caused by the onset of 

local yielding in the crystalline phase. It, therefore, raises a question on whether the long-term 

viscous branch represents the viscous deformation from the interaction between the crystalline and 

the amorphous phases, and the short-term viscous branch the other types of viscous deformation, 

such as deformation of the network structure[4]. Further study on this issue is being planned when 

this manuscript is prepared. 

Figure S2(b) also shows that after the small amount of unloading, σv,S(0) for the follow-

ing recovery stage was negative though the overall deformation of the specimen was in tension. 

This suggests that the spring in the short-term viscous branch could have been completely recov-

ered before the unloading to result in the negative stress through the unloading stage. This phe-

nomenon is consistent with the small τv,S value for the relaxation stage which allows the spring 

in the short-term viscous branch to be completely recovered from deformation during the relaxa-

tion stage. According to the literature[5–7], the negative stress generated by the unloading should 

represent the stress response from the amorphous phase, which will be examined in the near future.  

For τv,L and τv,S at the recovery stages, Figures S3(a) and S3(b) suggest that their values 

which allow the spring-dashpot model used in the study to fit the experimental data, could vary 

quite significantly. Therefore, τv,L  and τv,S  should have little influence on the ability of the 
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spring-dashpot model to fit the experimental data from the RR test, consistent with the work sug-

gested in the literature[8]. 

 

Figure S2. Summary of ten sets of values (in open circles) for fitting parameters of the 

spring-dashpot model in Figure 2 of the main text, and the corresponding coefficient of variation 

(in open squares) at the recovery stages: (a) σv,L(0), (b) σv,S(0), (c) σ0,L, and (d) σ0,S. 
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Figure S3. Summary of ten sets of values (in open circles) for fitting parameters of the 

spring-dashpot model, and the corresponding coefficient of variation (in open squares) at the re-

covery stages: (a) τv,L, and (b) τv,S. 
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