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Abstract

Numerous studies have been devoted to the estimation and inference problems for
functional linear models (FLM). However, few works focus on model checking prob-
lem that ensures the reliability of results. Limited tests in this area do not have
tractable null distributions or asymptotic analysis under alternatives. Also, the func-
tional predictor is usually assumed to be fully observed, which is impractical. To
address these problems, we propose an adaptive model checking test for FLM. It
combines regular moment-based and conditional moment-based tests, and achieves
model adaptivity via the dimension of a residual-based subspace. The advantages
of our test are manifold. First, it has a tractable chi-squared null distribution and
higher powers under the alternatives than its components. Second, asymptotic prop-
erties under different underlying models are developed, including the unvisited local
alternatives. Third, the test statistic is constructed upon finite grid points, which in-
corporates the discrete nature of collected data. We develop the desirable relationship
between sample size and number of grid points to maintain the asymptotic proper-
ties. Besides, we provide a data-driven approach to estimate the dimension leading to
model adaptivity, which is promising in sufficient dimension reduction. We conduct
comprehensive numerical experiments to demonstrate the advantages the test inherits

from its two simple components.
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Chapter 1

Introduction

As an important component of functional data analysis (FDA), FLM is widely adopted
in practice to describe the relationship between a functional predictor and a scalar
response. It has been actively studied and received increasing attention in recent

decades [1-3]. Classical FLM can be formulated as

Y = /X(t)ﬁ(t)dt +, (1.1)

where Y € R is a scalar response, X (-) € L*(I) is a real-valued random process over
the interval T = [a,b], 8(+) is an unknown slope function in L?(T), and 7 is a random
noise satisfying E(n | X(-)) = 0. Without loss of generality, let I = [0, 1] and assume
Y and X(-) are centered. Apart from the scalar-on-function model in (2.1), other
forms of FLM include function-on-function regression [4, 5] and function-on-scalar
regression [6-8], and also generalized FLM [9, 10].

There are extensive investigations into estimation [11-14] and inference [10, 15-17]
problems for FLM. However, most of them assume the model is sufficient. A wrongly
specified model could lead to unreliable conclusions, making the model checking pro-
cedure an essential step before fitting the data. Even though much attention has been
paid to this area, few theoretical results on model checking problems for functional
data are developed. Limited tests for FLM include scalar-on-function regression [18]
and function-on-function regression [19], both of which are motivated by the residual-

marked empirical process proposed in [20]. A recent work [21] considers an efficient
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empirical process-based test using random projection for scalar-on-function linear re-
gression. It greatly reduces the complexity of calculating the test statistics but at
the expense of lower power compared to [18]. Nevertheless, resampling techniques
such as wild bootstrap are still required to determine the critical value, which is a
computation burden. In addition, the discrete nature of collected data is usually
disregarded, which can affect the convergence rate of the test statistic and impair its
power. Existing tests considering discretely observed data either lack the theoretical
results under local alternatives or cannot provide a reference relationship between
the sample size and the number of grid points for the asymptotic properties [13, 19,
22]. The demand for reducing the computation complexity, admitting the discretely
observed data and establishing comprehensive theories drives our work.

We propose an adaptive model checking test for FLM and illuminate its asymp-
totic properties in different underlying models to address the challenges. Our test is
motivated by the adaptive-to-model hybrid test proposed in [23]. We are interested
in the incomplete nature of collected data. Assume the functional predictor X (t) is
observed at M grid points on its support. We then study a desired M to maintain
the asymptotic properties rather than assuming X (t) is completely observed as most
existing works, which is more practical and realistic. For notation simplicity, denote
X = X(t), 8= p5(t) and fol X (t)B(t)dt as (X, ) without confusion. Our objective is

to test the following hypothesis
Hy: Y =(X,pB)+n, forsome € L*I), (1.2)
against
Hy: Y=GX)+n, (1.3)

where E(n | X) = 0 and G(X) # (X,p) for all € L*T). Our test contains
two major components. The first component simply uses a moment-based sum of

weighted residuals as a test statistic. It shares asymptotic behaviors with global



smoothing methods [24, 25] that can achieve the fastest possible convergence rate
[23, 26] while having a tractable null distribution according to the inference results
in [10]. The second component adjusts the typical conditional moment-based test
proposed by [27] for functional data. It is sensitive to oscillating alternatives and can
handling an omnibus test like other local smoothing methods [26, 28]. We can use an
indicative dimension induced from a residual-based central mean subspace [29-31] as
a bridge to achieve model adaptivity and combine the merits of the two components.
The indicative dimension borrows ideas from sufficient dimension reduction (SDR)
theory [29-31]. It has been applied to building adaptive-to-model tests [23, 26, 32]
which can alleviate the curse of dimensionality. In the past decades, many efforts
have been devoted to functional SDR [33-39], paving the way to build the hybrid
tests for FLM.

Our main contributions are multifold.

1. The hybrid test has a chi-squared null distribution. Therefore, we do not need
a resampling method to obtain the critical value. It reduces the computa-
tional burden for functional data analysis. Our test has a fast convergence rate
and omnibus property against the alternatives simultaneously, achieved by an

adaptive-to-model dimension.

2. We derive the minimum number of grid points to preserve the asymptotic prop-

erties of hybrid test by incorporating the discretely observed functional data.

3. We systematically illuminate the asymptotic properties of the hybrid test under

the null hypothesis, global alternatives, and local alternatives.

4. We also develop a promising data-driven method for estimating the indica-
tive dimension in practice. The results from various numerical studies show
this method is robust to different data generating processes and the underlying

models.



The rest of this thesis is organized as follows. In Chapter 2, we give a brief intro-
duction on estimation methods in functional linear regression and functional sufficient
dimension reduction. In Chapter 3, we propose the hybrid test statistic for FLM and
introduce the estimation procedure for slope function utilizing eigen-system in Hilbert
space. The estimation of indicative dimension by SDR in functional space is illus-
trated as well. Chapter 4 elaborates the asymptotic properties of the test statistic
under different hypotheses. In Chapter 5, we present the finite sample powerfulness

of the proposed test by various experiments and real data sets.



Chapter 2

Background

2.1 Functional linear model

As has been mentioned in Chapter 1, functional linear model for scalar responses can

be formulated as

Y = / X (£)Bo(t)dt + n, (2.1)

where 7 is a random noise satisfying E(n | X(:)) = 0. Furthermore, let T = [0, 1]
and assume Y and X (-) are centered. The estimation problem is widely concerned.
The main goal is to estimate the slope function 5y based on a set of training data
{Xi(t),Yi},. There are two popular strategies to retrieve the estimated slope func-
tion 3(t). One is based on the functional principal component analysis (FPCA) and
the other is to find an optimal solution in the reproducing kernel Hilbert space. The

detailed estimation procedure are illustrated as follows.

2.1.1 Functional principal component analysis

First, we formulate the estimation procedure by FPCA. For a square-integrable
stochastic process X (t),t € [0,1], let u(t) = E(X(t)) be the expectation function
and C(s,t) = Cov(X(s), X(t)) = E((X(s) — u(s))(X(t) — u(t))) be the covariance

function of X (t). Here C(s,t) is a linear Hilbert-Schmidt operator on L?[0,1], i.e.
1
C: L*0,1] — L?*[0,1], Cf= / C(s,t)f(s)ds.
0
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Notice that C(s,t) is continuous, symmetric, and square integrable, thus admits the
spectral decomposition C(s,t) = > 7o Aer(s)pr(t), where Ay > Ay > ... > 0 are
the eigenvalues and ¢, @9, ... are the corresponding orthonormal eigenfunctions of
C(s,t). By the Karhunen-Loéve theorem, one can express the centered process in the

eigenbasis,
X(t) = p(t) = Zﬁk@k(t)
k=1
where
& = [ (X(0) - n®)puti
T
is the principal component score associated with the k-th eigenfunction ¢y, with the

properties

E (&) =0, Var (§) = A\, and E (&) = 0 for k # 1.

A common assumption of FPCA is that fy(¢) can be represented by only the first
few eigenfunctions. Now we illustrate how to estimate [5y(¢) based on a set of training
data {X;(t),Y;}!, using a principal components approach.

First, note that in our assumption, both X (¢) and Y are centered. Therefore, the
mean function p(t) = 0 and C(s,t) = E(X(s)X(¢)). Then empirical versions of the

covariance function C/(s,t) and of its spectral decomposition are

Cls,t) = %ZXi(s)Xi(t) =S 8,0, ste)

~

Analogously to the case of C(s,t), ();, 9;) are associated eigenvalue and eigenfunction
pairs for the linear operator with kernel a(s, t), ordered such that M > Ay >

Moreover, 5\]- =0for j > n+1. We take (S\j, ¢;) to be our estimator of ();, ;). The
function By(t) can be expressed in terms of its Fourier series, as fo(t) = >_;5, bjp; (1),

where b; = fol B(t)p;(t)dt. We estimate [o(t) as

Bo(t) = Z Z’j@j(t)



where m, lying in the range 1 < m < n, denotes a "frequency cut-off” and Z;j is an
estimator of b;.

To construct l;j we note that b; = /\j_lgj7 where g; denotes the j th Fourier coeffi-
cient of ¢(t) = fol C(s,t)5(s)ds. Notice that we assume the underlying model to be
Y = fol X (t)Bo(t)dt + n, which can be written as

X(s)Y = / X ()X (s)folt)dt = E(X(s)Y) = / E(X(6)X (s))folt)dt
= BXY) = [ Cls.mion = o(s)

Therefore, a consistent estimator of g is given by its empirical version

and so, for 1 < j < m, we take I;j = X*lgj, where g, = folﬁ(t)gbj(t)dt. Then we can

~

obtain the FPCA-based estimator /3(t).

2.1.2 Reproducing kernel Hilbert space

In this subsection, we will illustrate how to estimate the slope function based on
reproducing kernel Hilbert space (RKHS). Suppose X;(t) are fully observed on the
interval [0, 1]. Furthermore, we assume that the slope function fy(t) resides in a RKHS
H which is a subspace of L?[0,1]. The canonical example of H is the Sobolev spaces
with well selected norms, which will be used to illustrate the estimation procedure in
the following context. Let By € H = H™[0,1], the m-order Sobolev space equipped

with the norm || - ||y given by

18113 = mz_l </015(“(t)dt)2 + /01 (8(®))” dt (2:2)

will form a RKHS. The estimator B(t) are defined to be the solution of a minimization
problem over the infinitely dimensional space H. Consider the squared error loss with

a penalty term, which associate with the semi-norm of H that will be used for inducing



space decomposition, the regularized estimator of unknown function 5(¢) is given by

3. /\—arger?rinn{ { / X;i(t dt] +%J(6, ﬂ)}, (2.3)

where J(/3, 6 fo )(t)dt is a roughness penalty and we use A/2 to simplify
future expressions. The representation theorem in [40] claims that the minimization
problem in (2.3) has an unique solution and an explicit form. We briefly go through
this part.

Let the null space induced by the semi-norm J(/3, 5 ) on H be

Ho:={BeMN:J(B,5) =0},

which is a finite-dimensional linear subspace of H (polynomials with degree less than
m). Denote by H; its orthogonal complement in H such that H = Ho & H;, where
H; also forms a RKHS. Let K(-,-) be the corresponding reproducing kernel of H;.
The representation theorem guarantees that the solution of (2.3) can be expressed as

dpt® + Zn: Ci /1 Xi(s)K(t, s)ds (2.4)

m—1

k=0
for some coefficients dy, ..., dpn_1,¢1,. .., cn. See [40] for further details. If the norm
and semi-norm on H are chosen as || - | and J(8, 8) defined above, then reproducing
kernel K is
K(5,8) = ——Bou()Bun(t) — o Bom(ls — 1)), .t € [0,1], (2.5)
(m!)? (2m)!

where B,,(-) is the m-th Bernoulli polynomial.

Denote ¥ = (X;;) as an n x n matrix and 7' = (7};) an n x m with elements

Yij //X X;(t)dsdt, /X ) dt.

Set y = (Y7,...,Y,)". Then we can rewrite the minimization problem (2.3) as

~

1
fur = angmin {2y = (T + SO, + Ae).
n

deR™, ceR”

8



which is quadratic in ¢ and d, and the explicit form of the solution can be easily
obtained for such a problem. Write W = ¥4+ nA\I, then the coefficient of Bn ) 1s given

by
d=(T'w-'T)" ' T'Wly,
c=W|I—T(@wT) wa—l] y.

2.2 Functional sufficient dimension reduction

(Classical sufficient dimension reduction is characterized by the conditional indepen-

dence between the random variables X and the response Y
YIX|BTX,

where X is a p-dimensional random vector, Y is a random variable, and 3 is a px
d matrix (d < p). The goal is to estimate the space spanned by the columns of g,
which is the linear combinations of X that are sufficient to describe the conditional
distribution, see [29, 31]. This problem is linear in the sense that the reduced predictor
takes the linear form 47 X. For this reason, we refer to it as linear sufficient dimension
reduction (linear SDR).

The theory of linear SDR was extended to functional data by [33, 34], where the
random element X takes values in the Hilbert space H, whose members are functions
defined on an interval, say [0, 1]. The general framework for linear functional sufficient

dimension reduction are developed as

YILX | (B, Xy s (B X (2.6)
where [y,..., B4 are members of Hy. It indicates that the conditional distribution
only depends on d projections of the random function X on f;,...,845. We use an

example to illustrate it

Example 1 Let Hx = Ls[0,1]. For any f,g € Hx, their inner product is defined as
(f,9ux = fol f(t)g(t)dt. Let pi,...,Ba are elements in Ly[0,1]. Then the following

9



model
Y = f ((617X>'HX 7"'7<ﬂd7X>HX ’6) )

is an example of the model satisfying (2.6), where f is an unknown nonrandom func-

tion and € is a random function in Hx which is independent of X.

10



Chapter 3

Methodology

Let {X;, Y}, be a sequence of independent and identically distributed (i.i.d.) ran-
dom copies of {X,Y}. Contrary to many other literatures, we assume the functional
predictor X (¢) is only observed at M grid points 0 =t} < 3 < ... < tjy = 1 satisfying
maxi<j<y-1{tjr1—t;} < CoM ! for some constant Cy. For simplicity, we consider the
equal distance observations on X = X (t), thatist; = (i—1)/(M—1),i=1,2,..., M.

Consider the following hybrid test

T = Yo V5 (G =0) + Vil(q > 0)

, (3.1)

where 1 and V) are two simple tests, 7, s is the standardizing factor, and ¢ is an
estimated indicative dimension, which we will elaborate later.

For the test statistics in (3.1), we suggest the following explicit form. Suppose
Bo be the underlying slope function, which can be consistently estimated by B . Let

=Y —(X;,f) and & =Y, — <)A(Z, B) be the estimation. First, we consider

n

i=1
where X; is a consistent estimator of X; and w(-) is a non-linear weight function.

Then we use the conditional moment-based test

V, = 2 ; eie; Kn((Xi — X5, B))/(n(n — 1)),

where K,(-) = K(-/h)/h, K(-) is a one-dimensional kernel function and h is the
bandwidth.

11



Here we illuminate how the hybrid test works. Notice that V; is a weighted sum
of residuals, which is the moment based test statistics. It converges faster than V;
under the null hypothesis, indicating that it requires less samples, but its power is
relatively low in some alternatives. On the other hand, the conditional moment based
test statistics Vi enjoys is more powerful than Vj but converges slower than V under
the null hypothesis due to its non-parametric property. Our idea is to combine their
advantages using the indicative dimension to obtain a more powerful test.

In the following, we illustrate how to estimate the slope function and indicative

dimension.

3.1 Two-stage slope function estimation

There are two strategies to estimate the slope function based on discretely observed
functional data. One is to directly use the discrete samples X;(t) for estimation, see
[8, 13, 19, 22|, but it can be complicated to obtain inference results. The other is the
two-stage estimation procedure [13, 35], which will be adopted in this paper. First,
non-parametric methods are used to smooth the observations on each curve. Then the
closed form of the reproducing kernel-based regularized estimator B can be derived
by smoothed curves. Specifically, in the first stage, we apply the spline smoothing

method to {X;(t;)}?2, in an r-th order Sobolev-Hilbert space to obtain

7j=1

N 1 M 1 )

X, = argmin{ — X;(t;) — g(t; 2+>\/ g dt
geHT[O,l]{M;( (t;) — 9(t;)) 1 0[ (t)]

where A; is the smoothness parameter, H" is the r-order Sobolev space defined by

H'0,1]={f:[0,1] »R| f@,j=0,...,r — 1 are absolutely continuous
(3.2)
and f) € L?[0,1]},

where f() denotes the j-th derivative of f. The smoothed curves {X;(¢)}™, will be
used for reproducing kernel-based estimation in the second stage.

Assume that the slope function g* resides in a Reproducing Kernel Hilbert Space

(RKHS) H = H™[0,1], the m-order Sobolev space defined by (3.2) equipped with

12



the norm || - |3 given by ||8]|» = fo B (t)dt)? + fo )(t))%dt. We have the

following regularized B:

5 1 A
Bunen = argmind - ° [V~ (R, 9)] + 2800 ¢ (3.3

per n =1 2
where J(3, B) = fo (t)3™ (t)dt is a roughness penalty. The solution of (3.3) has

closed form, see [3, 40] for detailed derivation.

To make valid statistical inference for @L M, the eigen-system of H needs to be
established. Both [3] and [10] describe the construction procedure. Here we briefly
illustrate it. Let the null space induced by the semi-norm J(f, 5) on H be Hy :=
{8 €H:J(B,L) =0}, which is a finite-dimensional linear subspace of H. Denote by
‘H, its orthogonal complement in H such that H = Hy & H1, where H; also forms a
RKHS. Let K(s,t) be the corresponding reproducing kernel of H;, and C(s,t) be the
covariance function of random variable X (¢). Then we apply spectral decomposition

on both K and C such that

K(s,t) =Y puth(s)u(t),  Cls,t) =D pdu(s)du(t),
v=1 v=1
where p; > py > ... are the eigenvalues of K (s,t) and v, the associated eigenfunc-
tions, gy > pe > ... the eigenvalues of C'(s,t) and ¢, the associated eigenfunctions.

Define the new norm on H by

181% = (CB,B) + J(B, B),

where K is the new reproducing kernel on H. Let KY2 be the square-root kernel
of K and Q(s,t) = (KY2CK'Y?)(s,t) be the product kernel. Conduct the spectral
decomposition gives Q(s, ) = S50 puth, ()0, (t). Let f = p, P KY2), and pf, =

p, 1 — 1, then we obtain the eigen-system (p¥, %)%,

Remark 2 Here we list some properties of eigenvalues shown above. Suppose C(s,t)

satisfies Sacks-Ylvisaker conditions of order s, see [41], then p, =< v=26+Y " Recall

13



that m is the order of sobolev space in the estimation procedure and thus p, < v=™.

Notice that the eigen-system we construct satisfies Assumption A3 in [10], which
implies pf < v?* and k = m + s + 1. These orders will determine the convergence

rate of BmM’/\ and the standardizing factor v, ar in test statistics.

3.2 Indicative dimension

In this subsection, we construct the indicative dimension that integrates the com-
ponents in hybrid tests. First, we introduce some basic notations and definitions
about SDR for scalar-on-function model, see [38] for more details. Consider the
random variables X € L*[0,1] and Y € R. If there exists a functional vector

B = (0:(t),...,0,(t)" € H9, such that
YU X|(B,X), where (B,X)=({01,X),...,{0,X)"

Then the space Span{B} is called a sufficient dimension reduction subspace of Y
with respect to X. The intersection of all the dimension reduction subspaces is called
the central subspace and denoted as Sy|x. The dimension of the central subspace
is denoted as dim(Sy|x). If Span{B} is the central subspace, then dim(Sy|x) =
dim(Span{B}) = ¢. The definition mentioned above is a generalization of SDR for
finite-dimensional X € R? [29]. When the conditional independence is replaced by
YIE(Y | X)|(B,X), the corresponding subspace Sg(y|x) is called the central mean
subspace with dimension dim(S E(Y| X)). We consider the central mean subspace in this
work.

Recall that ¢, = Y; — (X;,0*) and ¢ = Y; — <)/§\'Z, B\H,M,,Q is its estimation. Under
the null hypothesis, € = 7 and then dim(Sg(|x)) = 0. Under the alternatives, the
remainder € = G(X) +n— (X, fo) = A(X,n) and dim(Sg(|x)) > 0 since E{A(X,7) |
X} is a nonconstant function of X. Let ¢ = dim(Sg(|x)) and ¢ be its estimation.
When En M. 1s a consistent estimator, g should also be consistent. Under the null

hypothesis, ¢ equals to 0 with a probability going to 1; under the alternatives, it

14



converges in probability to a positive q. This expected property will perform as a
bridge to combine two simple tests together and get a more powerful hybrid test. To
ensure the properties mentioned hold, we require some basic assumptions:

Al: E(Y?) < oo and E(||X||72) < oc.

A2: The covariance function C(s,t) of X is continuous on I x I. Furthermore, for
any 3 € L*(I) satisfying C'3 = 0, we have 3 = 0.

A3: There is a bounded linear operator Pg(C): H +— H such that the linearity
condition E(X | (B, X)) = Pp(C)X is satisfied.

A4: Var(X | (B, X)) is a constant operator on H.

A1l is commonly required for the consistency and asymptotic properties of B\n, M-
A2 regularity condition guarantees that || - ||z is well defined. It also implies that
the dimension of a subspace in H will be preserved after being applied by C. A3
and A4 are usually known as the linearity condition and constant variance condition
under the SDR framework, see [33, 34, 38] for more information and see [23] for finite-
dimensional case. With these assumptions, We imitate the convex combined matrix

proposed in [23] and develop the indicative operator on H as
M*=FE(eX)® E(eX)+ HH,

where H = E(eX ® X) and X(t) @ Y(t) = X(s)Y (t). The indicative operator can
be regarded as a bivariate function defined on [0, 1] x [0, 1] and M*(s,t) = 0 under
the null hypothesis. Also, M“(s,t) is continuous, symmetric, and square integrable,
thus admits the spectral decomposition M“(s,t) = >~ Ae,(s)e,(t), where ), is
its eigenvalue and e, is the associated eigenfunction. The lemma below guarantees

that dim(Sg(|x)) can be obtained from M.

Lemma 3 Let Assumptions Al through A4 be satisfied, the indicative operator M
satisfies Range(M ) C Range(CSg(|x)), where Range(I') = {I'8 : VB € H}. If the
number of non-zero eigenvalues of M is q, then we have Range(M) = Range(CSg(c|x)),

indicating dim(Sg|x)) = ¢-

15



The indicative operator is estimated by its sample analogue Me = E(EX ) ®
E(eX) + HH, where E(eX) = (37, ¢;X;)/n and H = (X, ;X; ® X;)/n. The
consistency of Bn,M7,\ induces the consistency of the estimated indicative operator,
which will be discussed in the next section. As the lemma suggests, the key objective
is to determine or estimate the number of non-zero eigenvalues of M. The criterion
we use is a slight modification of the thresholding double ridge ratio (TDRR) method
developed by [42].

Define the eigenvalues of Me to be 5\1 > o> N > ... > 0and let 5; =
Xj/(ﬁj%—1>.]Deﬁneéjzz(é?%—qﬂ)/@i+l+—qﬁ)——1andi}zz(§;+1+w§nLK§;+wan%
where ¢y, and ¢y, are the two ridges that converge to 0 in proper rates to be selected

later. The criterion of determining indicative dimension can be defined as

0,
Q= it7;>7, V)
argmax; {j : 1; < 7}

with a threshold 0 < 7 < 1. Based on the rule of thumb in [42], we also set 7 = 0.5.

Remark 4 According to the above estimation, the standardizing factor v, i = n/o?2,
where o2 = Y 2 w2/(1 4+ A\pi)? and w, = fol Xo(t)gr(t)dt. Here (p%, %) is the

n

eigen-system established on H and X, = oo X;w(X;))/n.

Remark 5 With the expected asymptotic properties of G, T, reduces to v, m Vi under
the null hypothesis, which follows the chi-square distribution x3. While under the
alternatives, T, jumps to v, pm|Vi|. It inherits advantages from the two components.
First, it has a tractable null distribution and diverges to infinity faster than using
Vi only. Second, the proposed test can detect local alternatives that converge to the
null at a rate slower than 771/]?/[ Theorefore, it is more powerful than simply using

Vo or V1. This is the unique advantage of the adaptive-to-model hybrid test. We will

elaborate more details about the asymptotic properties of T, in the next section.
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Chapter 4

Asymptotic Properties

We now investigate the consistency of Bn m» and g and provide the asymptotic be-
haviors of 7;, under null and alternatives. Listed below are the assumptions for the
theorems.

A5: There exist constants ¢y € (0,1) and My > 0 such that E(e©l¥li2) < oo and
for any 8 € H, E([(X, B)") < Mo[E(|(X, B)[*)]?

A6: Assume |w,| =< 1, define M, = > 7 (w2)/(1+ Ap})* for a = 1,2, then
My =< M,.

A7: The bandwidth of the kernel h satisfies h — 0, and also n*/+Dh — oo,
/D] 5 0 as n — oo.

A5 is the regularity condition on process X, which is usually satisfied for Gaussian
process; see [3, 10] for details. A6 is required for the asymptotic normality property
of our test statistics. This assumption can be easily satisfied according to Proposition
4.2 in [10]. A7 gives the desired order of the bandwidth h for kernel estimation to

guarantee the asymptotic properties.

Now we consider the general form of the underlying model:
Y = (X, 8) + 6,0(X) + 1, (4.1)

where E(n | X) = 0 and ¢(-) is a non-linear function. When 4,, = 0, (4.1) refers to
models under null hypothesis. It can also represent global and local alternatives when

0, = C # 0 and 9, — 0, respectively. The following lemmas and theorems indicate
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the asymptotic properties of Bn M ¢ and T, with different underlying models.

4.1 Two-stage estimator

Let Bn y be the regularized estimator based on fully observed functional data

Bn’/\ :argmin{%Z[Yi— <X@'75>}2+3J(ﬁ,ﬁ)} . (4.2)

BeH i—1
As has been proved in [3], if we take A = n=2¥/(**+1) where k is defined in Remark 2,
then 3, , reaches optimal convergence rate |3, , — 8*||z2 = O,(n /D) where 5*
denotes the limit of B as n and M goes to infinity. With this property, the consistency
of the two-stage estimator under null and global alternatives can be obtained from

the theorem below.

Theorem 6 Let Assumptions Al through A7 be satisfied, then under null and global

alternatives, we have ||B, 1y 5 — 8|12 < Op(n~" 1) 4 O(n/2M 7).

The convergence rate of the two-stage estimator consists of two parts. The first
term is related to the estimation procedure, which is proved to be optimal under the
RKHS framework. The second term reflects the smoothing procedure for discretely
observed data. When the number of observations M on a curve becomes large enough,
its influence on the estimator will decay quickly. This provides theoretical results
for the minimal points we should sample on a curve in practice. We complete this
subsection with the following theorem, which indicates the consistency of Bn . under

local alternatives.

Theorem 7 Let Assumptions Al through A7 be satisfied, under the local alternatives
we have

1Baara = B7Nle < Op(n™ D) - O 2M ™) + O, (65)
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4.2 Indicative dimension

It’s easy to derive the convergence rate of estimated indicative operator Mee under

null and global alternatives.
Theorem 8 Let Assumptions Al through A7 be satisfied, then Mee satisfies:
(1) under the null hypothesis, ||]/\4\cC — M| = O, (n=2/+D) L O(nM~%");
(2) under the global alternatives, ||]\//_TCC — M| = O,(nH/ @Dy L O(nl/2M ).

The convergence rate of estimated indicative operator Mee implies the properties
of its eigenvalues. It paves the way to analyze the asymptotic behavior of ¢ with
TDRR method. The following theorem states the consistency of ¢, which is used to

indicate the underlying model.

Theorem 9 Let Assumptions A1 through A7 be satisfied, we have

(1) if cin — 0,con — 0 and cincon/(n™2H/CFD 1 nM=2")2 — oo, then under the

null hypothesis, P(¢ = 0) — 1.

(2) if c1n — 0,c0n — 0 and ci,con/(n~ 2/ CHHD L n M=) — oo, then under the

alternative hypothesis, P(¢ > 0) — 1.

From Theorem 9, we can see that ¢ indeed has the ability to indicate the type of
underlying model. Our hybrid test statistics 7;, will degenerate to V5 and V; under
null and global alternatives respectively, which means 7,, will share their strengths
while avoiding their shortcomings. Also we should be aware that the assumptions
of two ridges ¢y, and c¢g, listed in Theorem 9 is for theoretical analysis. In practice,
they will be selected by data-driven approach to be adaptive to different underlying

models. We now give the asymptotic behavior of ¢ under the local alternatives.

Theorem 10 Let Assumptions A1 through A7 be satisfied, then under the local al-

ternatives, suppose that 6, = n~%, then we have
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(1) when o Z k/(2k+ 1)7 let Cin — 07 Cop — 0 and ClnCQn/(TLiZk/(ZkJrl) —|—nM727’)2 N

00, then P(g=0) — 1.

(2) when 0 < o < k/(2k + 1), let c1, = 0(6%), con — 0 and c1,con/(n8F/ D 1

n*M~*) — oo, then P(q =q > 0) — 1.

When the order of deviation term 6, is close to n~*/(¥*1 the estimation § will
jump from 0 to some positive integer. This property implies that it can detect local
alternatives with a deviation term slower than n =%/ (1 Unlike the n~/? threshold
shown in [23], there is a shrinkage of critical order of 6, for functional data, which is
the price we have to pay to use reproducing kernel based estimator. However, since

k =m+ s+ 1, we can set a larger m to get the critical order closer to n~'/2

. Finally,
we should be aware that these results only have the theoretical meaning, unless we

have prior information on the closeness of local alternatives to the null.

4.3 Test statistics

With the results shown above, we now discuss the asymptotic properties of the pro-

posed test in detail under the null, global alternative and local alternative hypothesis.

Theorem 11 Let Assumptions Al through A7 be satisfied, if Mn="/" — oo, then
(1) under the null hypothesis, T, 2, X3

(2) under the global alternative hypothesis, Ty, /~vnm converges to a constant ji > 0.

Theorem 11 indicates that the hybrid test statistics 7}, will converge in distribution
to x? under the null hypothesis. Therefore, the critical value of the model checking
test can be easily determined without using any resampling techniques, releasing the
computation burden. Under the global alternatives, the proposed test will diverge to
infinity at order 7, » = O,(n?*/(*+1) Suppose all the assumptions mention above

hold, we can conclude that the convergence rate of ViZ and V; under the null hypothesis
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are n~2F/(k+1) and n='h'/2, respectively. In simulation studies, the bandwidth A is
selected as O,(n~%°), which is also the choice in [27]. Then the order of V; is n=%/°
under the null hypothesis. In practice, we usually take the order of Sobolev space
m > 2, and thus k£ > 3, which means V}, converges faster than V;. Meanwhile, v, »/V3
will diverge faster than nh~1/2V; under the global alternatives, Therefore, the hybrid
test is more powerful than simply use any one of V, and V. We also obtain the

asymptotic distribution of 7,, under the local alternatives.

Theorem 12 Let Assumptions A1 through A7 be satisfied, then under the local al-

ternatives, let 8, = n=%, if Mn~Y" — oo, we have
(1) if > k/(2k + 1), T, — \2.

(2) if o = k/(2k + 1), T, - v2(uo), where X2(o) is a chi-squared distribution

with one degree of freedom and noncentrality parameter pg # 0.

(3) if 0 <a<k/(2k+1), and
(a) n'/2h1/45, — 0, then T,,/h='/% converges in distribution to N(0,3), where

% :2/K2(u)du/{02(z)}2 f*(z)dz,
where Z = (By, X),0%(2) = E(* | Z = z) and f(z) is the probability den-
sity function of Z.
(b) 6, = n~Y2h=Y4 then T, /h~/? converges in distribution to N(E((%f),%).
(c) n'/?hY6, — oo, then T,/ (nd?) converges in probability to E (£*f).
Theorem 12 states that the hybrid test can detect the alternatives with a devia-
tion term slower than or equal to n=%/¥1)  When 4, = n= %@+ the estimated

indicative dimension ¢ will be zero with probability going to 1 according to Theo-

rem 10, reducing 7T, to v, MVOQ. The influence of the deviation term will then be
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reflected in the asymptotic property of fyi/ ]%/IVO, making it a non-central normal dis-
tribution. The third part gives a full picture to show what rate of divergence we
can achieve when §, is slower than n~ %1 Until now, we have systematically
studied the asymptotic behaviors of T,, with different underlying models. The results
demonstrate the expected merits of the hybrid test inherited from moment-based and
conditional moment-based tests. Finally, we note that the condition Mn="" — oo

shown in above three theorems implies that if M = Cn!/"

for some large enough C,
the impact of discrete observations will be eliminated. In practice, we would suggest

that C' > 20.
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Chapter 5

Numerical Studies

In this section, we perform simulation studies using nine scenarios defined in [21] and
compare their powers. The different data generating processes are encoded as follows.
For the k-th simulation scenario Sy, with slope function (., the deviation from Hj is
measured by a deviation coefficient d4, with 09 = 0 and 64 > 0 for d = 1,2. Then, we

denote Hj, 4 the data generation from
Y = (X, By) + dali(X) +m,

where j € {1,2,3} and the deviations from the linear model are defined by the non-
linear terms ¢1(X) := || X|], l2(X) := 25 fol fol sin(27ts)s(1 —s)t(1—1) X (s) X (t)ds dt,
and (5(X) := (e, X?). The error term 7 follows a centered normal distribution
N (0, 0%), where ¢ is chosen such that, under Hy, R? = Var[(X, 8)]/(Var[(X, 8)] + ¢?) =
0.95. The description of the simulation scenarios is given in Table 5.1. We select five
types of functional processes X (t), all of them defined on [0, 1]:

BM. Brownian motion, denoted by B, with eigenfunctions t;(t) := v/2sin((j —
0.5)7t), j > 1, will be generated by X (t) = 2;0:01 Zjp;(t)/((j — 0.5)7), where Z; are
i.i.d. standard normal random variables.

HHN. The functional process considered in [35], given by X (t) = Z?il &p;(t),
where ¢;(t) := /2 cos(jrt) and §; arei.i.d. random variables distributed as (0, 172,
with [ =1, 2.

BB. Brownian bridge, defined as X (¢) = B(t) — tB(1).
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Table 5.1: Simulation scenarios and deviations from the null hypothesis

Scenario | Coefficient 3(t) Process X | Deviation
S1 (2001 () 4 4aby(t) + 5ep3(t))/v/2 | BM 1,6 = (0,0.25,0.75)
S2 (200, (t) + 4aby () + 51b4(t)) /v/2 | BB ly,0 = (0,—-2,—7.5)
S3 (2uh9 (1) + dahs(t) + 57(1)) /v/2 | BM (1,6 = (0,-0.2,-0.5)'
S4 S 232 (—1)7 2 (t) HHN(l = 1) | 45,6 = (0, —1,—3)
S5 SR 232 (—1)T 2 (t) HHN(l = 2) | 45,6 = (0, —1,—3)'
S6 log(15t2 4 10) + cos(47t) BM 01,6 =(0,0.2,1Y
S7 | sin(27t) — cos(2mt) oU 0,8 = (0,—0.25, —1)
S8 t — (t —0.75)? oU (5,6 = (0,—0.01, —0.1)’
S9 (12 — 1/3) GBM (5,6 = (0,0.5,2.5)

OU. Ornstein-Uhlenbeck process, defined as the zero-mean Gaussian process with
covariance given by Cov[X(s), X(t)] = 0?/(2a)e ) (2omin(st) _ 1), We con-
sider « = 1/3,0 = 1, and X(0) ~ N(0,0%/(2a)). It can be generate by X (t) =
(0/v2a)e™*'B(e*).

GBM. Geometric Brownian motion, defined as X (t) = sg exp{(u—0c?/2)t+0B(t)}.

We consider 0 = 1, 4 = 0.5, and sg = 2

5.1 Data-driven ridge selection

As an important component of hybrid test, indicative dimension needs to be well
estimated so that ¢ has the desired properties. The ridges c;, and ¢y, in TDRR
method should be carefully selected to satisfy conditions presented in Theorem 9 and
Theorem 10. Existing ridge selection methods [23, 26] usually use pre-determined fix
numbers based on numerical experiences, which is not adaptive to different underlying

models. For instance, the mean and variance of the nine simulation scenarios we
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considered vary a lot. The fixed ridges cannot achieve satisfying performance in all
scenarios, which urges us to develop a data-driven ridge selection method. In the
subsection, we will illustrate the construction of ¢y, and ¢y, in a data-driven way.
The art of ridge selection should satisfy two requirements simultaneously, (rl): it
should achieve the asymptotic properties stated in Theorem 9 and Theorem 10; (r2):
it should be adaptive to different process X (¢) and slope function (y(t). To satisfy
(rl), one good choice is to set ¢y, = o5, = 251, where §; = 5\1/(5\1 + 1) and \; is the
largest eigenvalue of ]\/ZCC under null hypothesis. This will guarantee ¢ = 0 under the
null hypothesis using TDRR method and ¢ > 0 under alternatives when the deviation
is large enough. However, we have no prior information on our underlying model, so
we can’t tell whether M° is estimated from the model under the null hypothesis.
To address this problem, we note that Mee only depends on the smoothed functional
data )?Z(t) and remainders ¢;. If we assume our data comes from a FLM with error

term 7 such that E(n| X) = 0 and Var(n) = 02, let

— A A

My = E(X) @ E(nX) + HH (5.1)

where E(nX) = (> nj)A(j)/n, H= (O nj)?j@{))?j)/n and n; are drawn i.i.d. from
N(0, 0?). Then the eigenvalues of A/f\nuu should be close to the eigenvalues of ]\//ch under
the null hypothesis. Replicate calculating (5.1) for B times we get ]\//_7&)”, ce ]\/Zflfl)l,
then we average them to mitigate the randomness of sampling 7; by setting M =
(Zil ]\//.T,Eiu)”)/B. In practice, we take B = 100 and o2 is estimated by the variance of
residuals ¢;. The ridge will be chosen as ¢y, = ¢, = 287, where §] = 5\:/(5\1—1—1) and 5\:
is the largest eigenvalue of M*. The trick of our approach is to replace the remainders
under the null hypothesis by i.i.d. samples from normal distributed variables with
the same variance. Although we don’t know the exact distribution information of the
error term under null hypothesis, numerical experiments shows that the difference of

§) and §; under the null hypothesis can be ignored since 7); shares the same mean

and variance with 7. Theoretical analysis and discussion of this data-driven selection
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procedure need further study.

In practice, we also suggest setting a support order to deal with small variance
models. When o2, the variance of the error term, is small, the largest eigenvalues
S\T would also be small, which makes the TDRR method extremely sensitive to the
deviations. In this case, ¢ can easily jump to a positive value even under the null
hypothesis. To ensure the robustness of our criteria, it is recommended to set ¢y, =

Cop, = max{28],n 0%},

5.2 Simulation results

In this subsection, the numerical experiments are conducted on nine scenarios defined
above using our hybrid test statistics 7},. The results will be compared to the methods
proposed in [18] and [21]. The sample size is chosen to be n = 100, 250. Throughout
the simulations, the stochastic process X () is observed at M = 30 equidistant points.
The weight function w(X) is chosen as w(X) = 0.01]| X || and the ridge ¢, and cg,
are chosen from the data driven way mentioned above. The significance level is

a = 0.05. The bandwidth h is chosen as optimal value n=%%

according to non-
parametric kernel theory. The penalty parameter A\ is selected by the generalized
cross validation (GCV) illustrated in [3]. We replicate the experiments for 1000 times
in each setting to calculate the empirical size or empirical power for our test statistics.
The performances of CvM3, KS5 and PCvM methods are borrowed from [21]. The
results are listed in Table 5.2.

We find that the power of T;, is competitive in all scenarios, especially in Sg and
Sg when n = 250. In these two scenarios, the slope function Sy is not a linear combi-
nation of eigenfunctions of the covariance function C(s,t). Therefore, the functional
principal component analysis based estimation methods used in [21] will perform
badly. Throughout the nine scenarios, our hybrid test 7;, has higher powers than
CvM; and KS; when the deviation term is relatively small. Specifically, T}, enjoys

highest rejection rate in H;;, Hyy, Hay, Hs1 H71 and Hy; among other methods.
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Table 5.2: Empirical sizes and powers in percentages for nine scenarios

n=100 n=250

Hys | CoMs KS3; PCvM T, | CvM; KS3; PCvM T,

Hyp 3.9 4.6 4.8 0.4 3.9 4.2 4.9 5.1
Hyyp 4.6 5.1 3.6 5.7 4.8 5.4 4.7 4.9
Hs 4.9 6.0 5.7 3.8 4.1 4.7 5.3 44
Hyyp 4.4 2.0 4.6 5.4 5.2 5.9 4.9 4.7
Hs 4.0 4.3 4.9 5.6 4.2 4.0 5.0 4.7
Hg o 4.3 4.9 5.2 5.3 4.3 5.0 4.8 5.2
Hyyp 3.9 4.7 5.1 6.1 4.1 4.7 5.2 4.5
Hgy 3.5 3.7 4.9 4.6 3.9 4.3 5.1 5.1
Hyyp 4.8 4.7 6.1 6.0 4.4 4.8 5.9 0.4

Hyp | 994 450 699 985 | 96.3 903 984 100
Hyp | 985 957 992  99.5| 100 100 100 100
Hs; | 976 93.0 99.2 988 | 100 100 100 100
Hy,p | 357 268 436 489| 81.8 677 886 829
Hs, | 431 318 499 513| 879 753 915 891
Hgy | 222 170 279 23.7| 570 430 669 756
Hzp 1 999 998 999 999 100 100 100 100
Hg, | 748 503 747 744| 8.3 760 877 973
Hy, 9.2 8.9 121 134 | 179 164 223 209

Hyo | 100 999 100 100 100 100 100 100
Hyo | 99.8 995 999 100 100 100 100 100
Hs, | 100 100 100 100 100 100 100 100
Hyo | 964 920 982 97.8] 999 999 100 99.7
Hso | 989 970 99.1 981 100 100 100 99.6
Hgo | 100 99.8 100 99.9 | 100 100 100 100
Hzo | 999 999 999 100 100 100 100 100
Hgo, | 765 458 782 99.6| 8.0 73.0 889 100
Hyo | 905 8.9 939 83.1| 100 100 100 96.1
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The results indicate that T, has advantages in detecting local alternatives. For larger
deviations, the rejection rate of T, also shows its superiority to CvM3 and K.S3, and
is comparable to PCvM. All results above are evidences of the fact that T, shares
the merits from both Vj and V; and thus become powerful under the local and global

alternatives while having a chi-square distribution under the null hypothesis.

5.2.1 Hybrid effect

In this part, we examine the expected properties of the hybrid tests through com-
parisons of their components. The asymptotic distributions of V and V; under the
null hypothesis and be easily obtained from the proofs of Theorem 11 and Theorem
12. We will demonstrate that the hybrid test T}, is more powerful than simply use
any one of Vy and Vj. Let )y be the percentage of the indicative dimension that is
estimated to be zero, that is P(¢ = 0), which will be used to verify the conclusions
in Theorem 9 and illustrate the unique property of T,.

Consider the model as Y = (X, §y) + 0¢(X) + n, where X is Brownian motion,
By = 230:1 4(=1)7 572 cos(ymt), £(X) = 0.25sin ((X, X)) and n ~ N (0,0.15%). We set
sample size n = 100, number of observations M = 200, order of Sobolev space m = 2
and the shift coefficient § will change from 0 to 1. The empirical sizes and powers are

shown in Tables 5.3.

Table 5.3: Empirical sizes and powers for components of the hybrid test.

5 CoM; PCvM T, Vi Vi Qo
0 4.7 3.8 5.2 5.1 2.3 99.6
0.2 5.6 5.8 9.2 7.4 3.4 95.4
0.4 23.1 23.8 67.4 38.6 10.2 36.4
0.6 48.2 46.7 88.6 60.4 25.2 12.6
0.8 68.2 70.5 97.6 79.3 54.7 3.5
1 77.9 85.3 99.4 87.5 76.1 0.7

It manifests that the hybrid test is more powerful than either Vj or V; alone. As
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the shift term becomes larger, the percentage (g converges to zero as expected, which
implies our data driven estimation procedure performs well. Assume the bandwidth h
satisfies A7, then the convergence rate of V) is faster than V;. Since the standardizing
factor v, as of T}, is determined by Vj, when the indicative dimension is estimated to

be positive, T}, will be larger than nh'/?V; and therefore more powerful.

5.2.2 Number of observations

In the subsection, we investigate how the number of observations M on a curve
influences the power of T,,. As has been discussed in the asymptotic property part,
the error from smoothing is vanishing with a scale of M ™" when M is large enough.
That is, when M exceeds some threshold, its increase will not help to improve the
performance. On the other hand, if we do not sample enough observations on a curve,
the power of T,, will not increase as simple size n increases. Our theorems provide
guidance to balance these two folds and give an economical and efficient sampling
criterion.

To verity these two patterns, we design the experiments as follows. In the first
experiment, we set M = 2% k=3,4,5,6, n = 100, o = 0.05 and select Sy, S, S, Ss
and Sy scenarios (five different stochastic processes X (t)). Other parameters are the
same as previous subsection. The results are shown in Figure 5.1.

From Figure 5.1, we notice that M = 8 is obviously not enough to describe a curve,
because we can’t control the empirical size to be close to a. This makes the powers
under alternatives not reliable. As M increases, the empirical size converges to a and
the empirical powers are improved gradually. When M exceeds 32, its effect is not
significant any more, indicating that M = 32 can capture enough information on a
curve with support [0, 1].

In the second experiment, we compare the trends of empirical powers under two
settings M = 16 and M = 32 as sample size n increase from 100 to 300. We still set

a = 0.05 and select Sy, Sy, Sg, Sg and Sy scenarios. The deviation coefficient ¢ is set
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Figure 5.1: Empirical sizes (a) and powers (b) versus number of observed points.

to be —0.5, —1, 0.2, —0.01 and 2.5 respectively. Other parameters are the same as

above. The results are shown in Figure 5.2.
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Figure 5.2: Empirical powers versus sample size for different number of observations
M in different scenario. Solid line for M = 32 and dash line for M = 16.

It can be concluded from Figure 5.2 that for S;, Sg and Sg, solid lines and dash
lines follow nearly the same trends with solid lines a little bit above the dash lines.
In these three scenarios, the number of observations M = 16 may already be enough

to smooth the discrete functional data. If we choose M = 32, it is more powerful in
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detecting alternatives, which coincides with the conclusion in the first experiment. In
contrast, for Sy and Sy, the power will gradually reach a bound and stop increasing

1/2r will dominate the

even if we set a larger sample size. In this case, the term M~
convergence rate of two-stage estimator Bn M. Do matter how large the sample size
n is. It will influence the order of Vjy and Vi and impair the power of the hybrid test.
These two experiments well validate our theoretical analysis for the number of points

observed on a curve, which will provide guidance for us to choose an optimal M that

balances the sample costs as well as the quality of functional data.

5.3 Real Data Application

We apply the hybrid test to three real datasets to examine whether FLM is sufficient
to describe the data. First, we analyze the diffusion tensor imaging (DTI) data in
the Alzheimer’s Disease Neuroimaging Initiative (ADNI) study, which has also been
studied in [8]. In this study, there are 217 subjects in total, with four outliers.
The outliers can be identified by the plot and will be eliminated before the test.
The fractional anisotropy (FA), a scalar measure of the degree of anisotropy, along
the corpus callosum (CC) with 83 equally spaced grid points can be regarded as
the discretely observed functional variable X (¢) in our model. Other demographic,
clinical and genotype variables, such as gender and ADAS11, can be viewed as the
scalar response Y in our model. See [8] for a detailed explanation and discussion
of the ADNI DTT data. We select gender, age, ADAS11 and ADAS13 as our scalar
response candidates and test them separately. The estimated slope functions B (t) for
each response are plotted in Figure 5.3.

The test statistics are 4.46 x 107°, 0.0619, 0.0113 and 0.2133 with p-values 0.9946,
0.8032, 0.9157 and 0.8838, respectively. Therefore, at the significance leverl 0.05, we
do not reject the null hypothesis that FLM can be used to describe the data for the
four responses.

The second and third examples we considered are the same as described in [21].
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Figure 5.3: From (a) to (d): Estimated slope functions of gender, age, ADAS11 and
ADAS13 for the ADNI DTTI data.

Both datasets are provided in the R package fda.usc. Our proposed test returns
the same conclusions. The second dataset is the classical Tecator data, a well known
example in FDA for nonlinear regression. The data record the absorbance of light at
some particular wavelengths by 215 spectrometric curves collected from some chopped
meat samples. The fat, water and protein contents of the meat samples are also
included in the data set. We test whether these contents can be modeled by FLM
using the spectrometric curves. Before the test, six outliers are removed using the
Fraiman and Muniz depth. We test the adequacy of FLM for the data with the
proposed T,. The test statistics are 7.977 x 103,4.998 x 10* and 9.563 x 103 for fat,
water and protein. We reject the null hypothesis as the correspding p-values are all
very close to 0. At the significance level 0.05, there is strong statistical evidence
against the FLM. The third data we study is the Spanish weather stations data. The
data contain yearly profiles of temperature from 73 weather stations of the AEMET
(Spanish Meteorological Agency; Spanish acronym) network and other meteorological

variables. Our goal is to test whether the mean of the wind speed at each location
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Spectiometiic curves. Temperature: 1980-2009 (mean)
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Figure 5.4: (a) Tecator dataset with spectrometric curves; (b) AEMET temperatures
for the 73 Spanish weather stations; and (c) The estimated functional coefficient for
the AEMET data set by random projection method (black) and RKHS method (red).

can be described by FLM using the average yearly temperature curves. We remove
two outliers using the Fraiman and Muniz depth. The test statistics is 1.149 and the
p-value is 0.2856. Therefore, at the level o = 0.05, there is no evidence against the

FLM. The estimated slope functions for the two data sets are plotted in Figure 5.4.
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Chapter 6

Discussion

We propose an adaptive hybrid test for FLM. It is a powerful detector under the local
and global alternatives with a tractable null distribution. To achieve the adaptivity,
we adopt an indicative dimension in an SDR subspace, which combines two simple
but less powerful tests. We develop an entirely data-driven method to determine the
ridges in the ratio methods like TDRR to estimate the indicative dimension. Besides,
we consider the effect of the number of observations on a curve, which provides solid
theoretical guarantees for real data applications. Moreover, extensive numerical ex-
periments demonstrate that our test can detect the local alternatives much better
than existing methods and is competitive to its competitors under the global alter-
natives. The proposed test is feasible to real data sets, and its validity is supported
by the motivating example data set for nonlinear functional model.

We conclude the paper with several directions for future study. First, although our
method is proposed under the assumption of a functional linear model, it is possible
to extend the results to other scenarios like a functional partial linear model or a
nonlinear functional model. For the other models, there have been works on param-
eter estimation. However, many of them lack the study of asymptotic properties.
This results in challenges in deriving the asymptotic behaviours of the corresponding
test statistic. Second, the proposed test can achieve a faster convergence rate under

the null if skipping the smoothing procedure for the discretely observed functional
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data. In the literature, the slope function can be estimated using the discretely ob-
served functional data directly without smoothing them. In this case, the estimator
may have a faster convergence rate, leading to a more powerful test under the al-
ternatives. A thorough investigation of estimation and inference problems based on
discretely observed functional data is needed to achieve this. Third, the data-driven
method proposed for ridge selection is promising as existing approaches tend to un-
derestimate the underlying dimension or rely on some manually determined ridges.
An underestimated dimension results in the weaker ability to detect local and global
alternatives. TDRR is proposed to solve this issue but still needs to select ridges.
Based on our simulation experience, the dimension estimation is related to the data
generating process due to the subspace construction. Therefore, to fully use the data
structure and reduce the possible power loss caused by an underestimated dimension,

we propose the data-driven method.
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Appendix A: Proof of Lemmas and
Theorems

Proof of Lemma 3. Suppose B = (0(t),...,0,(t)) is a basis of Sg(|x), that is
E(e|X) = E (¢|(B, X)), where (B, X) is defined as ({61, X), ..., (0, X)).
Under the linearity condition £ (X | (B, X)) = Pp(C)X, where Pg(C) is the con-

stant linear operator on H. Then we have

E(eX) =E(E(e| X)X)=FE(E(e| (B X)) X)=E(E (| (B,X)) E(X[(B,X)))
=E(E(e| (B, X)) Pp(C)X) = Pg(C)E(E (e | (B, X)) X)
= Py(C)E(eX).

That is, F(eX) C Range(CB). For the pHd-matrix, it is sufficient to show that

H C Range(C'S|x). Similar to the pervious analysis, we have

H =E(B(e]| X)X®X)=E(E(X®X | (B,X)))
= E(eVar (X | (B, X))) + E(eE (X | (B, X)) E(X [ (B, X)))
= E(e) Var (X | (B, X)) + Ps(C)E (eX ® X) Pg(C)
= Pg(C)HPp(C) C Range(C'B).
Therefore, Range(M*) C Range(CSg(x)). According to assumption A2, we have
Range(CSg(x)) = Range(Sg(|x)). If the number of non-zero eigenvalues of M is

q, then we can conclude that dim(M®) = ¢ = dim(Sg(x))-
|

Proof of Theorem 6. The representation theorem guarantees that the solution

of the two stage estimator can be expressed as
Braa(t) = Z dit® + ZC@/ X;(s)K(t, s)ds
k=0 i=1 0
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for some coefficients dy, ..., dp—1,¢1,...,¢,. Denote ¥ = (3;;) as an n x n matrix
with element ¥;; = fol fol Xi(s)K(t, S))A(j(t)dsdt, and T' = (7};) an n xm with element
T, = fol )?Z-(t)tj_ldt. Set y = (Y1,...,Y,). Then we can rewrite the minimization

problem as

Bua = gngmin {1y - (7 + SO}, + 2z}
deRm ceRn |1
which is quadratic in ¢ and d, and the explicit form of the solution can be easily
obtained for such a problem. Write W = X + nAl, then the coefficients of Bn )\ are
given by
d=(T'W'T)"'T'w-1y,
c=W -T(T'WT)'T'Ww1ly.

When we ignore the discrete nature of X;(¢), the slope function can be expressed

as
m—1 n 1

Boa) =S dit +3 ¢ / Xi(s)K (¢, 5)ds.
k=0 i=1 0

Denote ¥* = (¥j;) where X}, = fol fol Xi(s)K(t,s)X;(t)dsdt, and T* = (T};) where

T = [} Xi(t)t=tdt. Set y = (Vi,...,Y,). Write W* = * + nAI, then the coeffi-

cients of Bn’,\ are given by

d* = (T*"W'T) "Wy,
=W = TH(T*W* 1T 17w+ y.

The distance between the smoothed function )?Z and the true X, has been well
studied in the numerical approximation theory. It is well known that [|.X; — Xill3. <
O(M~2") for i = 1,2,...,n, see Chapter 12 Theorem 2.4 in [43] for detailed proof.
As has been proved in [3], if we take A = n=2M/*1_ then 3, , satisfies |3, —
B2 = Oy(n ) Now we consider the distance between 3, and 3, 1.

Since we already have || X;— X;[|2, < O(M~?"), then a directly application of Hélder’s
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inequality gives
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<erl| X = Xillze + eal| X — Xjllze + o5 Xi — Xil| e < O(MT).
Therefore, we can get
=Y+ MTA, T"=T+MT"Ay, W'=W4+ M"A,

where A; and A, are two matrices.

According to the matrix perturbation theory, for an arbitrary nonsingular matrix
A and a given presumed small matrix F, we have (A + E)™' = A1 + A7'FA™! +
O(||E||?), see [44]. Therefore, we can further get

W =W M7 (WA W) + O(M ™A =W+ M7 Ay
We can also obtain (T*'W*~'T*)~! = (T'"W~'T)~' + M~"A,, and finally we have
d"=d+ M "Asy, c"=c+ M "Agy.
Therefore we have

6 6 2 1m_1d*dt’“ - *1X K(t.s)d 1)? K(t.s)d Zdz
B = Buanalle = [ > (6 ) +Z(/ OK(ds—e [ TR )

0
2

< jfwz — )t [ et Z( —a [ ([ o+ Zprte s ) a

- inl Ci/ol (/1(X( ) = Xi(s)K(t, 8)d8>2dt

+ c—cz/(/X tss)dt
=1

1=

<mOM™) + nO(M~) + nO(M~2") + nO(M~%) < O(nM~?")
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Applying the triangle inequality gives
||Bn,M,)\ — B2 = Op<n7k/(2k+1)> + O(n1/2M’T).

Proof of Theorem 7.

Let y and y be the response under the null hypothesis and local alternatives
respectively, then it is obvious that y —y = O(d,). Under local alternatives, the
coefficients can be obtained from
d=(T'W'T)"'T'W-ly

c=W I -T(TwT)"'T'w-1y.
Therefore we have d —d = O(6,,) and & — ¢ = O(6,,), which implies
1Bnrn = 87Nz = Op(n™*/CED) £ O M) + O(6,)

under the local alternatives. m

Proof of Theorem 8. For notation simplicity, let a, = n=*/+1) and 3 = BWM,)\

First we have
n

A 1 ~ ~
H:EZ%]-XQ@X-—

7j=1

~

Z(- + (X5, 5) = (X, Bo))X; © X,

3I>—‘

:_Z€]X®X+ ZB Bo, X;)X; ® X + Op(M™")

= E(GX ®X)+ Op(n’m) +O0p(n'?M ") + Oy(an)
= H + Opla, +n'*M™).
Then under the null and the alternatives. We have
HH = (H + Oy(ay +n**M™")(H + O,(a, +n*>M"))

= HH + HOp(a, + n'>M™") + Op(a® + nM~%").

Similarly, we have

A 1 SNEPN 1

7j=1

:_ZEJX+ ZB Bo, X;) Xj + Op(n'*M ™)

+(X;, B) — (X, Bo)) X;

3 ||'M:
/-\

= E(EX) + O,(a, + n1/2M ).
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Under the null hypothesis, H = E (eX ® X) = 0 and E(eX) = 0, therefore M* =
O,(a2 +nM~?"). Under the alternatives, we have H # 0 and M* =M+ O,(an, +
n'/2M~T). Altogether, the proof is finished. m

Proof of Theorem 9. For notation simplicity, let a, = n=*/@*+1)_ Under the
null hypothesis, M “ = O,(a2 +nM~2"). All eigenvalues of the target operator M
are \y = --- =\, = ... = 0. Thus the eigenvalues of MCC, denoted as j\j,j =1,2,...,
satisfy \; = O,(a2 + M~2"). At the population level,

s;=0and r; =1, for Vj

At the sample level, 5, = —;\%‘il = Op(a? +nM=2),
J
o Sten 5% Ol nM
T At S tan  Opl(ag +nM=r)?2 +

if ¢1, = 0 and ¢,/ (ap +nM~?")%) — oco. Thus 3] = Op((as +nM2")?)/c1p) for Vj.

The ratio satisfies »
. Sj+1 _|_ Con

j - A
8% + can

A

— 1, for Vj

if ¢y, — 0 and c1,¢0,/(a% +nM~2")?) — oo. Therefore, the estimator ¢ = 0 with a
probability going to 1 as n — oo.

Under the alternatives, the dimension ¢ = dim (8€| X) > (0 and it is easy to show
that M~ — M| = Op(an + n*2M="). The eigenvalues of M and M" satisfy
M > >0 >0=Ny1=--- and \; — \; = Op(a, +n'>M~"). Then,

s? + 0, (ay +nt2M), for 1 < j <gq

w>

Op(a2 +nM=2"), for j > ¢
According to the definition of 3;, for1 <j<gq

~2 2
S.+c n S

— Azﬂ—l_l =5—-1+0, (max{an—i—nlﬂM_r,Cm})
Sit1 T Cin Sj+1

~2
S+ Cin 1
= su O —1:0,,(-)

~2
Sg+1 + Cin Cin

For j = q,

if ¢1p /(a2 + M%) — oco.
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For 5 > ¢,

2 A2 a2
. S + Cin 57— 851 -
=5l —1=4 7 =0,((a® +nM™)/c1y,) -
Sit1 + Cin Sjt1 + Cin

That is,

s;+ O, (max {an + n1/2M‘T,cln}) , for1<j<yq
=9 O,(1/c1n), for j = ¢,
O, ((a2 + nM~2") [c1,), for j > ¢

>
S.ox

with ¢, /(a2 +nM ") — .
For the estimated ratios with cy,co,/(a? + nM™2") - 00 if 1 < j < q—1,

Ak

A~k
5; + Con

for j =q—1,
0, (1/c1p
b0
8(]71 +02n
for j =g¢q
- Op ((a +nM~2") /c1n) + con 0
’ Op (1/c1n) + c2n ’
andlorJ = O, ((a®2 + nM~2")/cy,) + ¢
pp= L I .
/ O, (1/nciy) + can

In summary,
(

r; >0, for1<j<qg—-1

o 0o, for j=q—1
lim 7; =
n—oo

0, for j =g,

\ 1, for j > q.

Therefore, under the alternative hypothesis, under the constraints ¢y, — 0,¢9, — 0
and c¢y,¢9, /(a2 + nM ") — oo, the estimated dimension satisfies P(q = ¢ > 0) — 1.
[

Proof of Theorem 10. According to Theorem 7, we have

1B = Bollzz = Oplan +n"2M™" +5,).
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under local alternatives, where a,, = n~*/(*+1) and 3 = Bn - Then we have

=3 a%e %= 36+ (%0 - (X050 %
j=1 j=1

3|I

:_ZGJX®X+ ZB B, X)X, ® X, +0,(M™)

Jj=

S XX +6,-Y X, @ X, + = 3—B,X)VX; ® X; -r
an i®X;+ n; i® J+n;<ﬁ B, X;)X; @ X; + O, (M ")

= E(nX @ X) + 0,(5,) + Op(6,, + ap +n'/>M™")
= Op(6y + a, + nl/QM’T).
Similarly, we can also get £(eX) = O,(6, + a, +n/2M 7). Tt follows that M =

O,(02 + a2 + nM~2"). Similar to the proof of Theorem 3.4, when a > k/(2k + 1), let
cin — 0, ¢, — 0 and c1,¢0,/(an + nM =2 ) — 00, then P(¢ = 0) — 1.

When 0 < a < k/(2k + 1), then HMCC — 62M, H O,(a2 + nM—?") for some
operator M Suppose the eigenvalues of Mee and M are Ay > ... >\, > ... and
M > > )\q > 0= AqH = )\q+2 = ... in descending order. It’s easy to show that
A; — 02X, = O,(a2 +nM~2") and thus

. by _ Jor(3), j=1,....q
TN 4L 0@ M), j>q
Then if ¢1,, = 0(62) and ¢y, /(a? +nM~?") — oo, then
~2 <2 ~2 ,
» 3?4_01” §3_§3+1 ()\j _)\j+1)/)\j+17 J = ]-7"'7q_ 1
Si== . 1=3 = 4 O0y(0/c1n), j=4q
Sj+1 + Cln Sj"r]- + Cin

Op(a';lz + n2M74T)/Cln)v ] >q
Let C; represent some constants that may vary hereafter. We have

Cj, jzl,...,q—l

P .
lim &7 =< o0, j=gq
n—oo

For j =1,...,q — 2, the ratios are
§;+1 + cop o Op(l) + Con

i~ §% +Czn - Op(l) +Czn

J

for j=q—1,
N Op(0n/c1n) + con
’ Op(1) + c2n
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for 7 = q,
. Op((ay +n* M=) /e1) + con

r; =

J O, (0% [c1n) + con

for 7 > q,
72, _ Op((a;lz + n2M747«)/Cln) + Con
I Op(at +n2M=4)/cy,,) + con

In summary, with ¢, = 0(62) and c¢y,¢o,/(at +n?> M=) — 0o, we have

Cj jzl,,q—Q
: PN 00, j:q_l
lim #; = ,
n—00 O’ 7 =q;

L j>q....p
The proof is done. m

Lemma 13 Under the null hypothesis, let assumptions be satisfied and Mn='/" —

o0, then we have

1 A R
Wn = n(n—1) ZZKh{</Bn,M,AaX¢ - X)) aM(X;) = Op(%)’

i=1 j#i

where M(-) is continuously differentiable and E{M?*(X)|{Bo, X)} < b({Bo, X)) for
X € L?0,1] and E{b({fo, X))} < +oc.

Proof of Lemma 13. For notation simplicity, let B denote Bn,M,/\' Denote
bij = (Bo, Xi — X;) and by = (B, X; — X;). Note that

1 1 by
Wa n(n—1) ;; EK( h JeiM(X;)
oY >y (%9~ K(CDleM (X))
=Wn1 + WnZ

Let t; = {Y;, X;}, then W,,; can be written in a U-statistic with the kernel

Hafti 1) = 5 KCO{eMOG) + 6 M(X)}

To apply the theory for non-degenerate U-statistic, we need to show E[HZ(t;, t;)]
o(n). Let Z = (By,X), f(z) be the probability density function of Z and o?(z) =
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E(e? | Z = z). Tt can be verified that

E[Hy(t:, ;)]

2B K (S2)eM (X)) + 2B[5 K (3)e M (X))

ZZ'—Zj

I/%Uz(zi)E{MQ(XJ) | Z P (=) (20) ] (2)dzidz
L, 2
< / 70 (z:)b(zi — hu) K=(u) f(2) f (2 — hu)dz;du

= [N [ K a)duto(1/h

=0(1/h) = o(n)

The last equation holds under the assumption that nh — oo. Since E(e|X) = 0,
it can be derived that E{H,(¢;,t;)} = 0. Now, consider the conditional expectation
of H,(t;,t;). Also, it is easy to compute that

€; Zi — Z
ralt) = BUH(t,15) | 1) = S BIK(
= %/E{M(Xl) | zi — hu} f(z; — hu) K (u)du

The last equation comes from Taylor expansion and it implies that [, (¢;) = O(h).

JE{M(X;) | Z}]

Denote W, as the projection of the statistic W,,; as:
. 2 < 1 < 2 <
VW, = — ro(t;) = — &f(z)E{M(X;) | zi} + — In(t;) = O,(1)

The last equation holds because first term follows the central limit theorem and the
fact that E{I2(t;))} = O(h?) — 0. As a result, we have W,; = O,(W,,) = O,(1//n).

Denote

1 Lo by (B — Bo, Xi — X;)
W, =——— —K'(ZD)Te, M (X, ’ J
Then for the term W5, we have W2 = W}, + o, (W}5,). Notice that here K’ denote

the gradient of K, and (B — Bo, Xi; — Xj) is a scalar. Apply Cauchy’s inequality we

have
(B = Bo, Xi = X;) < |IB = Bollza - 1Xi = Xjllzz = Op(n™ 5D 4 0! 2017).
Since K(-) is spherically symmetric, similar to W,,;, the following term
LSy Lot 1x, - x|
n(n —1) = h h
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can be rewritten as a U-statistic. Then we can similarly show that this term is
also of order O,(1/y/n). Thus we can obtain that W,; = 0,(1/y/n) if (n=F/@k+1) 4
nY2M~")/h — 0. Then we can conclude that W, = O,(1//n). The proof is com-
pleted. m

Lemma 14 Under the null hypothesis, let assumptions be satisfied and Mn='/" —

oo, then we have

nh'2v; 25 N (0,%),

_2/K2 du/{a 112 12

in which Z = (B, X),0%(2) = E(® | Z = z).

where

Proof of Lemma 14. For notational convenience, denote (3— S, X;—X;) as A;j,
(B = Bo, Xi) as C; and a,, = n~ %+ £ pl20 = Also denote b;; = (fo, X; — X;) and
by = (B, X; — X;). First, noting the symmetry of Kj,(-), then V; can be decomposed

Vi = n_lzth E,ej_ﬁzzmmec

as

=1 ]752 i=1 j#i
P LS S KOG o)
i=1 j#i

=:Vi1 = Vig + Vis + 0, (V)
where V* denotes the term Vi; — Vig + Vis.
For Vis, a direct application of Lemma 13 and the fact that C; = Op(a,) yield
Viz = Opla,/v/n). Thus nh*/?Viy = 0,(1) if \/nh'/2a, — 0. For Vi3, it’s easy to see
Viz = 0,(1/n) by the rate of C;. Thus nh'/2Vi3 = o,(1).

Finally, for term Vj, consider the decomposition

‘/11 ZZKh ij EZEJ

=1 ];éz
n(n—1) ZZ [n(b n(bij)]€ie;
i=1 j#i
=Viig+Vig

For the term Vi 1, using the similar argument can derive the asymptotic normality

nhl/QvlLl 2, N(0,%). For the term Vi 2, an application of Taylor expansion yields

Vite = ‘/1*1,2 + Op(Vﬂ,z)a
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where
1 1o, by Ajj
VE - K2 e - 2Y
11,2 n(n_”;;h (h)€€] n
which can be considered as an U-statistic. Together with A;; = O,(a,) and a,,/h — 0,
we can conclude that nh'/ 2‘/1*172 = 0,(1). Combine all the results above conclude the

proof. m

Proof of Theorem 11. Part 1): Under the null hypothesis, P(¢ = 0) — 1, we
only need to work with Vo =>"" | %Z-w()?i) = Y ", &w;. Based on previous analysis,
Bo coincides with y. Therefore

n

i=1 i=1 i=1

1 1, > 1
:—E iW; —E — Bo, Xi)w; -

n 4 €;W +n' <ﬁn,M,/\ 50 >w +Op(\/ﬁ)

=1 =1

1§ +1§n<B B Xi) +1§n<3 o, R + 0,(—=)
== Wi T — n — Ppa i) Wi T — nA T P0, Ai)Wi T Op—=

o ) i3 " ’ i3 o T

n

1~ S
D awi+ =Y (B — Bo. Xiywi + Op(n' P M) + o0(
L

=1

)

S|

1
Vn

N ~ 1
= Z €W; + <6n,)\ — Do, Xw> + Op<n1/2M_T) + Op(_)’
v

S|

where )A(w =>", wi)?i /n. Suppose all assumptions are satisfied, according to The-
orem 5.1 in [10], we can get \/ﬁ(ﬁn/\ — Bo, Xu) /o BN N(0,1).

Here it’s easy to show that > o0 w?/(1 + Ap:)? < A"Y/@*) hased on the proof of
Proposition 4.2 in [10]. When we take A = n=*/(**1) a5 in estimation procedure, it
gives o, < nt/CE+)) and Vi = O,(n~%/+1)) which coincides with the estimation
convergence rate of Bn »- By central limit theorem, " | €;w;/\/n 25 N(o, 02), where
o? = E(e*w?). Notice that \/n/o, = 0,(y/n) and M" = O,(1/n). Therefore, we
have v/n/(c,n"/2M") = o(1) under the null hypothesis, which implies \/nV; /0, N
N(0,1).

Part 2): Under the global alternative hypothesis, P(¢ > 0) — 1, then we only
need to deal with Vi. Let A; = G(X;) — (8o, Xi), then & = n; + A; + (Bo — 3, X).
For notational convenience, denote <B — Bo, Xi — Xj) as Ajj, (B — Bo, X;) as C; and
ap = n~ K@D L 20~ Denote b;; = {5y, X; — X;) and l;ij = <B,Xi — X;). Then
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V) can be decomposed as

vlz—z Z (i + Ci + D) (1 + Cj + D)) K (biy)
n(n—1) & g
=ﬁ Z;m £y + O Ey)
e ;J§1m+c A K (biy)
Y ;]glAAKh i)+ op(1)

=Vi1 + Via + Vis + 0,(1).

First, it’s easy to show that Vi; = 0,(1), which is from the proofs in Lemma 14.
For Vis, a direct application of U-statistic theory combined with C; = O,(a,) and
an,/h — 0 implies that Vis = 0,(1). Again use the U-statistic theory, we conclude
Vig 2 = E(A%*(By, X)), which complete the proof.

[

Proof of Theorem 12. Under the local alternatives, we have ¢; = n; + ,(X;) +
(Bo— B, X)) f o> k/(2k + 1), § — 0. The working test statistic is reduced to Vj.
Then it follows

R
V():E;eiwi——z:ewz—l— Z —EZ

LSS ot 55 B ann — e s+ 0y
= - €W T — n — Po, Ai)W; =
1i +1i<ﬁ B Rt S (B = o K+ 0p(—5)
= - €W; T — n = Ppas i) Wi T — nA — P0, A) Wi =
n< n & M A 0 A 0 p\/ﬁ
Z—Z@wz+ Z wn = B0, Xi)wi + Op(n/* M) + 0
= gZWﬁ — B0, Ku) + Op(n2M ) + 0,

:—anwz—i— Zl — Bo, X w) + Op(n 1/2]\/./_7")—1-01)(L

v

Thus when o > k/(2k + 1), we have \/nd,/o, — 0 and T, BN X3. When a =
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k/(2k+1), /16, /0 = Oy(1), then /nVo /o — N(po, 1), where i1 = E(I(X)w(X)),
and thus T, - v2(j0).

If0o<a<k/(2tk+1), ¢ — g > 0. The working test statistic is reduced to V;.
Then it follows

Vl:—12 Z (0 + Cy + 8l ) (1 + Cj + 6,15) K (big) + 0,(1)
TL(TL— 11]751] 1
1 N
S n: + Ci)(nj + C5) K (bi
n(n—l);j;;j—l( o D)
Z Z (i 4+ C3) 0,1 Ky (bij)
TL—]. zl];éz] 1
ey 33 UK + oD
11]7513 1

:3V11 + V12 + V13 + 0p(1).

Based on the results of previous lemmas and theorems, it’s easy to conclude that
Vi, = O,(n"th=1/2), Viy = O,(0,/+/n) and Vi = O,(02). Therefore, the leading term
of V] is actually ‘711 and ‘713. Therefore, we can have the following results.

(a) If n1/2h1/45, = 0, then nh'/2V; = N (0, %), where ¥ is defined in Lemma 14.
Then T,, = O,(h™'/?) and T,,/h~1/? converges in distribution to a centered normal
distribution.

(b) If 6, = n'/2hY4 nh1/2Vy; 25 N (0, %) and nhY/2Viz = E(I2f), then T, /h~/2
converges in distribution to a non-central normal distribution with a shift E(I? f) from
situation (a).

(c) If n'/2hY/46,, — oo, then Vi /62 converges to E (I2f) in probability, thus T}, /nd?
converges in probability to E (I2f).

|
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