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Abstract

The first part of the thesis studies invariant subspaces of strictly singular oper-
ators. By a celebrated result of Aronszajn and Smith, every compact operator
has an invariant subspace. There are two classes of operators which are close
to compact operators: strictly singular and finitely strictly singular operators.
Pelczynski asked whether every strictly singular operator has an invariant sub-
space. This question was answered by Read in the negative. We answer the
same question for finitely strictly singular operators, also in the negative. We
also study Schreier singular operators. We show that this subclass of strictly
singular operators is closed under multiplication by bounded operators. In
addition, we find some sufficient conditions for a product of Schreier singular
operators to be compact.

The second part studies almost invariant subspaces. A subspace Y of a
Banach space is almost invariant under an operator 7" if TY C Y + F for
some finite-dimensional subspace F' (“error”). Almost invariant subspaces
of weighted shift operators are investigated. We also study almost invariant
subspaces of algebras of operators. We establish that if an algebra is norm
closed then the dimensions of “errors” for the operators in the algebra are
uniformly bounded. We obtain that under certain conditions, if an algebra
of operators has an almost invariant subspace then it also has an invariant
subspace. Also, we study the question of whether an algebra and its closure
have the same almost invariant subspaces.

The last two parts study collections of positive operators (including positive
matrices) and their invariant subspaces. A version of Lomonosov theorem
about dual algebras is obtained for collections of positive operators. Properties
of indecomposable (i.e., having no common invariant order ideals) semigroups
of nonnegative matrices are studied. It is shown that the “smallness” (in
various senses) of some entries of matrices in an indecomposable semigroup of

positive matrices implies the “smallness” of the entire semigroup.



Many of the results presented in this thesis were obtained jointly with other
people. The thesis is based on several papers published by the author of this
thesis and his co-authors. Among those papers are two single-author papers

and five joint papers.
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Chapter 1

Introduction

Many of results in this thesis were obtained jointly with other people. I give
appropriate credits in every section. The thesis is based on two papers of
mine [97] and [98] and five joint papers with my collaborators [13, 38, 53, 99,
100].

1.1 Invariant Subspace Problem

This thesis is concerned with the study of linear bounded operators and col-
lections of such operators on various Banach spaces. A Banach space is a
complete normed space. Banach spaces were introduced by Banach in 1920-s;
they form one of the central objects of study in Functional analysis. A [lin-
ear bounded operator between Banach spaces X and Y is a linear continuous
map from X to Y. In this thesis, we will simply write operator for a linear
bounded operator between Banach spaces. An operator on a Banach space X
is an operator from X to X. The set of all operators from X to Y is denoted
by L(X,Y). We write L(X) for L(X, X).

A fundamental question in the study of operators on Banach spaces is
understanding the structure of their invariant subspaces. A subspace Y (in
this thesis, a subspace of a Banach space always means a closed vector sub-
space; subspaces which are not necessarily closed will be referred to as linear
subspaces) of a Banach space X is called invariant under a bounded linear

operator T' € L(X) if Ty € Y for every y € Y. Invariant subspace is a natural



replacement for a fundamental concept of analysis of matrices — eigenvector.

The set of all subspaces which are invariant for a given operator 7' € L(X)
is denoted by Lat T. It is easy to see that Lat T forms a lattice under the
operations Y AZ =Y NZand YV Z =span (Y U Z).

It is clear that every operator on a Banach space X has at least two invari-
ant subspaces: X and {0}. These two subspaces are called trivial. An invariant
subspace is called non-trivial if it is different from {0} and X. A fundamental
question for the study of operators is the Invariant Subspace Problem which
was originally stated as the follows: Does every bounded operator on a Banach
space have a closed non-trivial invariant subspace?

Throughout this thesis, whenever we write invariant subspace, we always
mean (unless otherwise is stated explicitly) a non-trivial invariant subspace.

One can also ask about the existence of invariant subspaces for collections
of operators. Namely, given a collection C of operators acting on a Banach
space X, one might be interested if there exists a closed non-trivial subspace
of X which is invariant under every operator in C. This question is of partic-
ular interest when the collection C has certain properties, for example, forms
an algebra of operators. In particular, one could consider the algebra of all
operators which commute with a given operator 1I'. This algebra is called the
commutant for T and is denoted by {T'}. Any invariant subspace for this
algebra is called a hyperinvariant subspace for T

It is easy to show that if the underlying space X is not separable then
the problem of existence of invariant subspaces for any operator on X has an
immediate affirmative answer. Indeed, if T' : X — X is any operator and
x € X is an arbitrary non-zero vector then the space Y = span{7"z: n > 0}
is a non-trivial closed invariant subspace for 7. Another useful simple fact is

the following proposition (for proof, see, e.g., [1, Theorem 10.8]).

Proposition 1.1.1. If an operator T' on a Banach space or its adjoint T* has
an eigenvalue then T has an invariant subspace. If T is non-scalar (i.e., T is

an operator not of form ol ) then this subspace is even hyperinvariant.
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In particular, this shows that the question about invariant subspaces has an
immediate affirmative answer for any operator on a finite-dimensional complex
space of dimension greater than one. It can also be shown that any operator on
a real finite-dimensional space of dimension greater than two has an invariant
subspace, too.

Many results in the invariant subspace research are related in one way or
another to compact operators. This direction was started by von Neumann
who proved in the early thirties that every compact operator acting on a
Hilbert space has a closed non-trivial invariant subspace (his work, however,
was never published). Aronszajn and Smith [17] showed in 1954 that the
same applies to arbitrary Banach spaces. The technique used in these results
is an approximation method which allows to construct an invariant subspace
for a compact operator T from a sequence of invariant subspaces for finite-
dimensional operators closely related to T'.

The approximation method of von Neumann—Aronszajn—Smith has been
used and refined by many mathematicians. In 1966, Bernstein and Robinson

proved that every polynomially compact operator has invariant subspaces:

Theorem 1.1.2. [26] Let T' be an operator on a Banach space. If there is
a non-zero polynomial p such that p(T) is compact then T has an invariant

subspace.

Bernstein and Robinson used Nonstandard Analysis in their work. Halmos
in [63] reproved this fact without using Nonstandard Analysis. A further
generalization of this result, using the same set of ideas, was given by Arveson
and Feldman [18] who proved that if for an operator 7" on the Hilbert space
lim || 77z||"/" = 0 for some x # 0 and the norm closed algebra generated by T
contains a nonzero compact operator then 7" has an invariant subspace. This
result was extended to Banach spaces by Apostol [14] and Gillespie [54].

A very remarkable result which includes all of the aforementioned results

and is considered a breakthrough in the Invariant Subspace Problem appeared



in 1973. It is due to Lomonosov.

Theorem 1.1.3. [75] If a non-scalar operator T on a complex Banach space
commutes with a non-zero compact operator, then T has a non-trivial closed

hyperinvariant subspace.

Originally, it was not clear whether this theorem solves the Invariant Sub-
space Problem in affirmative. However, Hadwin, Nordgren, Radjavi and Ro-
senthal [61] found an example of an operator that fails the assumptions of
Lomonosov’s theorem. Their operator, however, had plenty of invariant sub-
spaces.

Lomonosov used a technique of fixed points of continuous functions on com-
pact sets. This technique proved to be very useful and has subsequently been
employed by other authors. Hilden [84] proved a weaker form of Lomonosov’s
theorem using quite different “ping-pong” technique. He used the fact that,
when dealing with the Invariant Subspace Problem, one may assume that the
compact operator is quasinilpotent.

An interesting generalization of Lomonosov’s theorem was obtained by
Daughtry in [39]. He proved that if the commutator of operator 7" with a
compact operator has rank one then 7T has an invariant subspace.

It should be noted that in 2009, Argyros and Haydon [16] constructed a
separable Banach space X such that every operator on X can be written in the
form A\l + K where [ is the identity operator and K is a compact operator.
By the result of Aronszajn and Smith, every operator on this space has an
invariant subspace. This is the first known example of an infinite dimensional
separable Banach space with this property.

Examples of operators without closed non-trivial invariant subspaces (these
operators are called transitive operators) were constructed by Enflo [48, 49] and
Read [106]. Another example was published by Beauzamy [21] who simplified
Enflo’s example. Also, some simplifications of Read’s construction have been

published by Davie [22] and recently by Sirotkin [121, 122]. Atzmon [19]



showed that there is an operator without invariant subspaces on a nuclear
Fréchet space (see, e.g., [52] for more information about nuclear spaces).

After constructing his first counterexample, Read produced different ver-
sions of his operator which satisfy some additional properties. In [107] he
constructed a transitive operator on ¢;. It was hoped that Hilden’s technique
mentioned above could be modifyed to apply to arbitrary quasinilpotent op-
erators. Read showed in [109] this to be false by constructing an example of a
transitive quasinilpotent operator. Another remarkable result of Read was a
construction [108] of an operator which is hypercyclic at every non-zero vector,
i.e., an operator without even invariant closed non-trivial subsets.

It was conjectured by Pelczyniski that every strictly singular operator (see
Chapter 2 for the definition) has an invariant subspace. The motivation for
this conjecture is the fact that strictly singular operators and compact oper-
ators share a lot of important properties. For example, both these classes of
operators form closed operator ideals; operators from both classes have iden-
tical spectral theory. Despite all these similarities, Read [110] constructed an
example of a strictly singular operator without invariant subspaces.

The operators for which all the invariant subspaces are known are very few.
Important examples are the right shift operator on ¢5, Donoghue operators and

the Volterra operator.

Definition 1.1.4. An operator S : o — ly, T : e; — e;41, is called the right
shift operator. A weighted left shift operator D : {5 — (5, Deg =0, De; =
wie;_1, ¢ € N, is called a Donoghue operator if the weights w; are non-
zero and satisfy the condition that the sequence (Jw;|)2, is monotone and is

in l5. An operator V : L0, 1] — Ly[0, 1] is called the Volterra operator if
(V)(x) = fox f(y)dy for all f € Lo[0,1].

The right shift operator on /5 is one of the simplest operators; however the
structure of its invariant subspaces is not obvious at all. The characterization

of the invariant subspaces of the right shift operator was obtained by Beurl-



ing [28] in 1949. In his result, Beurling used a particular representation of the
right shift operator which we will describe now. We use exposition from [102].
Consider the space Lo(C, ) where C' is the unit circle and p is the nor-
malized Lebesgue measure on C. For each n € Z, denote e,(z) = 2",
en € Lo(C,p). Then (e,)nez is an orthonormal basis of Lo(C,p). Denote
H, = span{e, : n > 0} C Ly(C, ). The particular representation of the
right shift operator used by Beurling is the operator of multiplication by the
independent variable in Hy. That is, (Sf)(z) = f(2) - z for all f € H.

Theorem 1.1.5. [28] A non-zero subspace M of Hy is invariant under the
right shift operator S on Lo(C, u) if and only if there is a function ¢ € Hy
such that |¢p(2)| =1 a.e. on C and

M:¢H21 :{¢f . fEHQ}.

Moreover, ¢p1Hy = ¢oHy with |¢1(2)| = |¢p2(2)] = 1 a.e. on C if and only if

¢1/¢2 is equal a.e. to a constant function.

It is a surprising corollary that the right shift operator has invariant sub-
spaces which are infinite dimensional and infinite codimensional simultane-

ously.

Theorem 1.1.6. (see, e.g. [102, Corollary 3.15]) If A € C is such that |A\| =1
and ¢(z) = exp (A + 2)/(A — 2)) then the space M = ¢H, is an invariant
subspace for the right shift operator having both infinite dimension and infinite

codimension.

Donoghue operators and the Volterra operator are examples of so-called
unicellular operators. An operator 17" on a Banach space X is called unicellular
if the lattice of its invariant subspaces LatA is totally ordered (that is, if
Y,Z € Lat A then either Y C Z or Z CY).

The following theorem is due to Donoghue [43] in the case the weights of
a Donoghue operator from Definition 1.1.4 are w; = 27%, and in full generality

to Nikol’skii [89], Parrot (unpublished), and Shields (unpublished).
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Theorem 1.1.7. A subspace M of {5 is invariant under a Donoghue operator

if and only if M is of form span{ey : k=0,...,n} for somen € N.

The following theorem was developed by Dixmier [42], Donoghue [43], and
Brodskif [29].

Theorem 1.1.8. If V s the Volterra operator, then
Lat V ={M, : «a€[0,1]},
where M, = {f € Ly[0,1] : f =0 a.e. on[0,a]}.

Despite all the negative results, the Invariant Subspace Problem is far
from being closed. For Hilbert spaces, the problem is open. Even in the
Banach space setting, numerous questions remain unanswered. For example,
it is not known whether there are transitive operators on reflexive spaces.
With regard to this question, we would like to mention a conjecture proposed
by Lomonosov which asked whether every adjoint operator has an invariant
subspace. Notably, Schlumprecht and Troitsky showed in [118] that the Read’s
example in ¢; is not adjoint.

In the rest of this introductory subsection, we will list some of the known
results about invariant subspaces which we will not use directly in the thesis.
This list is very incomplete and reflects the interests of the author of this
thesis.

Theorem of Lomonosov shows in particular that if an operator T commutes
with a non-scalar operator S which in turn commutes with a non-zero compact
operator K then T has an invariant subspace. A natural question to ask in this
regard is whether it is possible to make the chain of operators T <> S +» K
longer. This question was answered in the negative by Troitsky in [123].

Halmos introduced in [64] the notion of a quasitriangular operator. An
operator T" on Hilbert space is called quasitriangular if there exists a sequence
(P,) of finite-dimensional projections increasing to the identity operator such

that P,TP, — TP, — 0 in norm. It is a surprising result of Apostol, Foias,



and Voiculescu [15] that the adjoints of non-quasitriangular operators have
eigenvalues, hence the operators themselves have hyperinvariant subspaces (see
Proposition 1.1.1).

An operator T' € L(X) is called doubly power bounded if sup,; || T"| <
oo. It was proved by Lorch [78] that every non-scalar doubly power bounded
operator on a complex Banach space has a hyperinvariant subspace. This
result, in particular, implies that every linear isometry on a Banach space has
invariant subspaces.

The result of Lorch was generalized by Wermer to a class of non-quasianaly-
tic operators. An invertible operator 7" € L(X) is called quasianalytic if
Yo ‘loﬂ# = 00. It is clear that every doubly power bounded operator is
not quasianalytic. Wermer [127] showed that every non-quasianalytic operator
whose spectrum o(7") is not a singleton has a hyperinvariant subspace. In
particular, it follows from this theorem that if 7' € L(X) is such that o(7T) is
not a singleton and there exists a constant M such that | 77| < M|n|* for n =
+1,+£2,..., then T has a hyperinvariant subspace. The result of Wermer was
subsequently generalized and improved by many authors in various directions.

An operator T': L,(C, u) — L,(C, 1), where C' is the unit circle, p the nor-
malized Lebesgue measure on C, and p € [1, o], is called a weighted composi-
tion operator if (T'f)(x) = w(z) f(ax) where o € C and w is a weight function.
A weighted composition operator is called a Bishop operator if w(x) = z for
all . Davie [40] showed that a Bishop operator has an invariant subspace pro-

vided ¢ is not a Liouville number (recall that a number a is called a Liouwville

mn

) of pairwise distinct rational numbers

number if there exists a sequence (
such that (my,k,) = 1 and |a — 72| < m) Generalizations of Davie’s
result were obtained by MacDonald [79, 80].

In Hilbert spaces, the Spectral Theorem for normal operators provides a
large stock of invariant subspaces for such operators. In fact, Fuglede [51]

showed that if T is a normal operator and FE is its spectral measure then the

range of the projection E(S) is T-hyperinvariant for every Borel subset S of C



(see also [101]). Dunford [47] generalized this theorem to Banach spaces.

It has been an open question for a long time whether subnormal operators
(introduced by Halmos in [62]) on Hilbert spaces have invariant subspaces. An
operator T' on the Hilbert space H is called subnormal If it is the restriction
of a normal operator to an invariant subspace. Brown [30] proved that every
subnormal operator has an invariant subspace. Ideas developed by Brown were
used in many other results.

A classical source about the invariant subspace problem is the book [102] by
Radjavi and Rosenthal (which is primarily focused on Hilbert spaces). General
treatments of this problem can be found in the book [22] by Beauzamy and in
the book [1] by Abramovich and Aliprantis. There is also a big survey [90] of
methods in the invariant subspace research with an extensive bibliography of

1253 items by Nikol’skil.

1.2 Transitive algebras

Recall that an operator has a hyperinvariant subspace if its commutant has
an invariant subspace. Observe that the commutant of an operator is an
algebra of operators. Similarly to the commutants, one can ask the question of
existence of a common invariant subspace for an arbitrary algebra of operators.
Analogously to the case of single operators, if 2 is an algebra of operators,
we write Lat 2 for the lattice of its invariant subspaces (including the trivial
ones).

In what follows, we will use several standard topologies in the space of

operators on a Banach space.

Definition 1.2.1. If X is a Banach space, T' € L(X), and T, is a net in L(X),
then we say that T, converges to 17" in the strong operator topology and
write Ty, SO 1 i T,x M> x for all x € X. We say that T, converges to T
in the weak operator topology and write T, YOU T T LT —» x for all

x € X. If X is a dual Banach space (i.e., X = Z* for some Banach space Z)



then we say that T, converges to T' in the weak® operator topology and

write T, WZOT 1 i T,z Y g forall z € X.

It is clear that WOT is weaker than SOT, and SOT is weaker than the
norm topology in L(X). It is a very useful fact that the closures of a convex
subset of L(X) in SOT and in WOT are the same. In particular, an algebra
of operators is closed in SOT' if and only if it is closed in WOT.

When working with invariant subspaces of algebras of operators, one can
always assume that the given algebra is closed in WOT'. The following propo-

sition is well-known.

Proposition 1.2.2. The invariant subspaces of an algebra A and its closure

—WOT
A are the same.

Definition 1.2.3. An algebra of operators acting on a Banach space X is

called transitive if Lat 2 = {{0}, X }.

An example of a transitive algebra is the algebra of all operators on a Ba-
nach space X. The Transitive Algebra Problem is the analogue to the Invariant
Subspace Problem for the algebras of operators. It was stated originally as: if
2 is a WOT-closed transitive algebra of operators acting on a Banach space,
must 2 be equal to the algebra of all operators on this space?

If the underlying space is finite dimensional then the transitive algebra

problem has an affirmative answer. This is the classical Burnside’s theorem.

Theorem 1.2.4. (see, e.g., [103, Theorem 1.2.2]) Every proper subalgebra of

M, (C) is not transitive.

For infinite dimensional spaces, the situation is more complicated. In the
case of algebras of operators acting on general Banach spaces, the examples
of Enflo and Read provide negative solution to the transitive algebra problem
(this follows from the observation that the W OT-closed algebra generated by

a single operator must be commutative). Regarding the algebras of operators
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acting on Hilbert spaces, the question is open. There are many partial affir-
mative results, both in the Hilbert and Banach spaces setting. We refer the
reader to [102, Chapter 8] for a detailed introduction to the topic. We would
like to mention a few results more closely related to our exposition.

The following result can be viewed as a generalization of Burnside’s theo-

rem. It is due to Lomonosov.

Theorem 1.2.5. [73] Let X be a complex Banach space and let A be a WOT -
closed subalgebra of L(X). If 2 is transitive and contains a non-zero compact

operator, then A = L(X).

Now we would like to present a “quantized” version of the preceding re-
sult. It is also due to Lomonosov and applies to algebras consisting of adjoint
operators. First, we mention a simple criterion of transitivity of an algebra of

operators which is a folklore in the theory of transitive algebras.

Proposition 1.2.6. For an algebra A of operators on a Banach space X, the

following statements are equivalent.
(i) The algebra A is non-transitive.

(ii) There exists a non-zero vector x € X and a non-zero linear functional

f € X* such that for each T € A we have (f,Tx) = 0.

Now suppose that X is a dual space; that is, X = Y* for some Banach
space Y. If T € L(X) is a bounded adjoint operator on X then there is a
unique operator S € L(Y') such that S* = T. We will write S = T,; there
is no ambiguity in this notation as 7 is taken with respect to Y. We will
write ||7']|. for the essential norm of 7', i.e., the distance from 7" to the space
of compact operators. Note that in general, for an adjoint operator T', one has
|ITle < ||Tx||e- See [20] for an example of T such that ||T||. < ||T%||e. The next

theorem is due to Lomonosov.
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Theorem 1.2.7. [76] Let X be a dual Banach space and A a proper W*OT -
closed subalgebra of L(X) consisting of adjoint operators. Then there exist

non-zero x € X and f € X* such that |(f,Tz)| <||T.||c for all T € A.

A collection of operators on a Banach space is said to be a Volterra collec-
tion if each operator in the collection is compact and quasinilpotent.

The following theorem about Volterra algebras is due to Shulman.

Theorem 1.2.8. [119] Each non-zero Volterra algebra has a non-trivial closed

hyperinvariant subspace.

It was a long-standing question whether the same is true for Volterra semi-
groups of operators. It was solved by Turovskii in affirmative in 1999 by
proving that the algebra generated by a multiplicative Volterra semigroup is

a Volterra algebra.

Theorem 1.2.9. [125] Each non-zero multiplicative Volterra semigroup has a

non-trivial closed hyperinvariant subspace.

1.3 Overview of the results

The general thread of this thesis is the study of invariant subspaces of opera-
tors and collections of operators. We investigate the question of existence of
invariant subspaces of various operators. Also, we consider variations of the
notion of invariant subspace. First variation is algebraic (we call it almost
invariant subspace), the other is topological and originates from the theory of
transitive algebras. Finally, we study collections of operators (in particular,
semigroups of such operators) having no invariant subspaces of special kind,
called closed invariant ideals.

Chapter 2 of the thesis is concerned with the study of invariant subspaces
of variations of strictly singular operators. It was mentioned in Section 1.1
that the class of strictly singular operators is similar to the class of compact

operators in many respects. However, even though compact operators behave
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very well with respect to the invariant subspace problem, there exist strictly
singular operators without invariant subspaces.

The class of finitely strictly singular operators (see Chapter 2 for the def-
inition) is another class of operators close to the class of compact operators.
In fact, finitely strictly singular operators “sit” between the compact and the
strictly singular operators. They were introduced in 1970 by Milman and have
been studied by many authors since then. It is a natural question whether ev-
ery finitely strictly singular operator has an invariant subspace. In this thesis
(Section 2.2), we answer this question in the negative by showing that the
strictly singular operator without invariant subspaces constructed by Read
in [110] is, in fact, finitely strictly singular. As an intermediate result, we
prove that the formal inclusion operator from J, to J, with 1 < p < ¢ < o0
is finitely strictly singular. This result, in turn, follows from the following
lemma: every k-dimensional subspace in R contains a vector x whose coordi-
nates “oscillate a lot”: |zx| < 1 for all k, and there are at least k coordinates
whose value are the alternating 1 and —1, i.e., there is a sequence of coordi-
nates k; such that z;, = (—1)". We develop an original approach which uses
combinatorial properties of polytopes in n-dimensional spaces to prove this
lemma.

Another subclass of finitely strictly singular operators which we study in
this thesis is the class of Sg-singular operators. It was introduced in [11] in
order to generalize the result of Milman [86] asserting that a product of two
strictly singular operators on L,[0, 1] or C'[0, 1] is compact. All Sg-singular op-
erators are strictly singular, and each strictly singular operator is Sg-singular
for some &; also each finitely strictly singular operator is Sg-singular for all £
(see [11] for these results). It is a natural question whether Sg-singular opera-
tors form an operator ideal. In this thesis, we show that the class of S¢-singular
operators is closed under the left and right multiplication by bounded opera-
tors. The main theorem of [11] asserts that under certain conditions on the

underlying Banach space X, a product of finitely many Se-singular operators
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is compact. A consequence of this theorem is the fact that a power of any
such operator is compact, and, hence, the operator has invariant subspaces by
Theorem 1.1.2. We show that the conditions in this theorem can be slightly
relaxed. Also, we exhibit a simple example of a finitely strictly singular op-
erator (hence, an Sg-singular operator for any &) which is not polynomially
compact.

In Chapter 3, we study the notion of an almost invariant subspace for an
operator. This notion was introduced in [13] by the author of this thesis and
his co-authors. A subspace Y of a Banach space is almost invariant under an
operator T if TY C Y + F for some finite-dimensional subspace I (“error”).
We develop an original technique of constructing almost invariant subspaces.
In particular, this technique works with a large class of weighted shift oper-
ators. A significant part of Chapter 3 is concerned with the study of almost
invariant subspaces of algebras of operators. We establish that if an algebra of
operators is norm closed then the dimensions of “errors” corresponding to the
given subspace Y for the operators in the algebra are uniformly bounded. We
obtain that if a norm closed singly generated algebra has a non-trivial almost
invariant subspace then it has an invariant subspace. This is achieved by de-
veloping an original geometric method of constructing an invariant subspace
from an almost invariant subspace. This method is also generalized to norm
closed algebras generated by finitely many commuting operators. Finally, we
study whether an algebra and its closure have the same almost invariant sub-
spaces. It turns out that the situation here is dramatically different from the
case of invariant subspaces.

In Chapter 4 we obtain a version of Theorem 1.2.7 of Lomonosov [76] about
algebras of adjoint operators for collections of positive operators on Banach
lattices. We find conditions on a collection C of positive adjoint operators
which guarantee the same conclusion as that of Theorem 1.2.7: there exist
non-zero x € X and f € X* such that |(f,Tz)| < ||Tk||e for all T' € A, where

T, is the predual for 7. We show that in the case of collections of positive
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operators, both x and f can be chosen positive. Our work has been inspired by
the paper [45] by Drnovsek. In our argument, we adapt techniques from [72]
and [84] to the Banach lattice setting. We also show that our result is in a sense
sharp: there exists a collection of positive operators satisfying the conditions
of our theorem which nevertheless fails to have an invariant subspace.

Chapter 5 is concerned with the study of properties of multiplicative semi-
groups of indecomposable semigroups of nonnegative matrices (see Chapter 5
for the definition). The central question for this chapter is: if a certain prop-
erty holds for a semigroup locally, then does it hold globally? In Section 5.2 we
show that if a positive functional is bounded on an indecomposable semigroup
of nonnegative matrices then, after a similarity via a positive diagonal matrix,
all entries of all matrices are in [0, 1]. We also obtain the following topological
version of this result. It is easy to see that the requirement that a positive
functional is small on an indecomposable semigroup of nonnegative matrices is
not enough for saying that the semigroup is topologically small itself. However,
we show that if we insist that all the diagonal entries of the matrices in the
semigroup are between 0 and e then, after a simultaneous diagonal similarity,
all entries of the matrices in the semigroup are between 0 and /¢ where n
is the size of the matrices. We exhibit examples showing that our results are
sharp.

In Section 5.3 we study indecomposable semigroups of nonnegative ma-
trices with diagonal elements coming from a fixed finite set. We call such
semigroups semigroups with finite diagonals. We are concerned with the ques-
tion: when such semigroups are finite? In general, there exist infinite inde-
composable semigroups with finite diagonals. The main results assert that if
a semigroup with finite diagonals is self-adjoint or is constant-rank (see Sec-
tion 5.3 for the definitions) then it is finite. The first result does not even
require indecomposability. We also study the possible values that can appear

on the diagonal positions of semigroups with finite diagonals.
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Chapter 2

Strictly singular operators

In this chapter we show that finitely strictly singular operators need not have
invariant subspaces. Also, we study properties of Sg-singular operators. The
results in this chapter have been published in paper [97] by the author of this
thesis and in the joint paper [38] by the author of this thesis and his co-authors.

2.1 Overview

Strictly singular operators were introduced by Kato in [68] while he was study-
ing certain questions in Perturbation Theory. Later, these operators and vari-
ations of them have been investigated by Pelczyriski [94], Milman [85, 86],
and others. Strictly singular operators turned out to be an interesting and

important class of linear operators.

Definition 2.1.1. [68] Let X and Y be Banach spaces. An operator T €
L(X,Y) is called strictly singular if for any infinite-dimensional closed sub-

space Z of X, the restriction of T to Z is not an isomorphism.

In this chapter, we will always assume that the Banach space X is infinite-
dimensional whenever we talk about strictly singular operators.

It is easily seen that every compact operator on X is strictly singular. We
will see that the converse is not true; the relationship between compact and

strictly singular operators is more intricate.
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Theorem 2.1.2. [68] A bounded linear operator T : X — Y between Ba-
nach spaces with X infinite-dimensional is strictly singular if and only if for
each infinite-dimensional closed subspace X1 of X there exists an infinite-

dimensional closed subspace Xo of Xy such that T|x, is compact.

It is a classical result that the perturbation of a Fredholm operators by
a compact operator preserves the index of the operator. The importance of
strictly singular operators stems in particular from the fact that they enjoy

the same property (see, for example, [1, Theorem 4.63]):

Theorem 2.1.3. Let S,T : X — Y be two bounded linear operators between
Banach spaces with X infinite-dimensional. If T is Fredholm and S is strictly
singular then T + S is again a Fredholm operator and i(T + S) = i(T).

Another nice property of strictly singular operators is that they form a

closed algebraic ideal. Precisely (see, e.g., [1, Corollary 4.62]),

Theorem 2.1.4. The collection of strictly singular operators between Banach
spaces X and Y is a closed subspace of L(X,Y). Moreover, if in a scheme of
bounded operators X v Iy Z between Banach spaces either S or T is

strictly singular, then T'S is strictly singular.

Let us recall another classical result. Calkin [34] showed that the only
proper non-trivial closed ideal of L(¢5) is the ideal of compact operators K(¢z).
Gohberg, Markus and Feldman [55] showed that the same is true for ¢, with
1 < p < oo and ¢y. Combined with the theorem above, this showes that in ¢,,
1 < p < o0, and ¢y every strictly singular operator is compact.

A simple example of a non-compact strictly singular operator can be found
in sequence spaces. Namely, if 1 < p; < py < 0o then every operator 1" : £, —
¢, is strictly singular; however, the natural embedding (also referred to as the
formal identity) i : £,, — ¢, is clearly not compact.

The definition of strictly singular operators above can be reformulated in

the following form: T : X — Y is strictly singular if and only if for every
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infinite-dimensional closed subspace Z of X and for every £ > 0 thereis x € Z
such that ||Tx| < e||z||. This can be considered as a motivation for the

following definition.

Definition 2.1.5. [86] We say that an operator 7' : X — Y between Banach
spaces is finitely strictly singular (term superstrictly singular is also used
in the literature) if for every € > 0 there exists n € N such that for every

subspace W of X with dim W > n there exists z € W such that ||Tz]| < €]|z]|.

Finitely strictly singular operators first appeared implicitly in [88], then
explicitly in [86]. Clearly, the class of finitely strictly singular operators is a
subclass of strictly singular operators. It is also not very difficult to show that
every compact operator is finitely strictly singular. The following fact (due
to Mascioni [81]) is important, though simple, as it allows to transfer certain

properties of strictly singular operators to finitely strictly singular operators.

Theorem 2.1.6. [81] An operator T' : X — Y between Banach spaces is
finitely strictly singular if and only if for any free ultrafilter U, the operator
Ty : Xy — Yy is strictly singular'.

In particular, similarly to strictly singular operators, finitely strictly singu-
lar operators from X to Y form a closed subspace of L(X,Y’), and the class of
finitely strictly singular operators is stable under multiplication by bounded
operators.

Milman showed in [86] that all the classes of operators mentioned above
(compact, finitely strictly singular, and strictly singular operators) are in
general different from each other by providing simple examples in spaces of
sequences. More examples of such operators can be found in the work of
Plichko [96].

To finish the section, we would like to mention some negative results. It is

well-known that the dual of any compact operator is again compact (see [117]).

'Here Xy, and Yj; are ultraproducts of X and Y, respectively, and Ty is defined by
Tu([zilu) = [T (x;)]u; see [65] for more information about ultraproducts of Banach spaces.
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Unfortunately, this nice property fails for both strictly singular and finitely
strictly singular operators. A simple example of a strictly singular operator
with non-strictly singular dual was found by Goldberg and Thorp [56]. It
can actually be shown that there are finitely strictly singular operators whose

adjoints are not even strictly singular (see [96] for details).

2.2 Invariant subspaces of finitely strictly sin-
gular operators

The results of this section have been published in [38]. They were obtained
simultaneously and independently by two research groups. One group included
Vladimir Troitsky and the author of this thesis; the other group consisted of
Isabelle Chalendar, Emmanuel Fricain, and Dan Timotin. The proofs obtained
by these two groups are very different; we will present the proofs invented by

the first group in this thesis.

2.2.1 Read’s strictly singular operator

Throughout this subsection, 7" will stand for the Read’s strictly singular op-
erator [110]. We start by describing the construction of 7" in [110]. In order
to outline the construction, we will need James’ p-spaces. James’ p-space is
a generalization of the classical James’ example of a non-reflexive space iso-
morphic to its second dual [66]. The James’ p-space J, is a sequence space

consisting of all sequences x = (z,,) in ¢y satisfying ||z||;, < oo where

n—1 1
z|ls, = SUP{ (Z\ka — T, p>p 1<k <--<k,, ne N}
i=1
is the norm in .J,. Under the norm || - || ;,, the space J, is a Banach space. For

more information about these and similar spaces, we refer the reader to [35],

71], [82], [120].

Definition 2.2.1. Let 1 < p < ¢ < oo. The mapping ¢, : J, = J, is called
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the formal identity mapping and is defined by
Ipg ((xz)f;) = (z:)Z, € Jg
for each (x;)2, € J,.

Let 1 < p < ¢ < oo. Observe that if z € £, then € £, and ||z, < ||z,

—
=

Indeed, this statement is trivial if x = 0. If x # 0, then define y = —=

lllep

particular, y satisfies |y;| < 1 for all 4, so that [y;|? < [y;[P. Then [y =
S l? < Sl = 1. Henee [lyll,, < 1= [yl and therefore [laf, <
ol

Since ||z, is defined as the supremum of /,-norms of certain sequences,
we can conclude that J, C J, whenever 1 < p < ¢ < oo, and the formal
inclusion operator i, : J, — J; is well-defined and has norm 1.

The underlying space for the Read’s strictly singular operator 7" is defined
as the fy-direct sum! of ¢, and Y, X = ({y, ®Y),,, where Y itself is the (o-
direct sum of an infinite sequence of J,-spaces Y = (;2, J,,) o With (p) a
certain strictly increasing sequence in (2, 400). The operator T is a compact
perturbation of 0 ® Wy, where Wi: Y — Y acts as a weighted right shift, that
is,

Wi(zq, 29, 23, . ..) = (0, w121, Woko, W33, ...), x; € Jp,

with the weights w; — 0. Note that one should rather write w;iy, p,., 7; instead
of w;x;.

The main result of the section is

Theorem 2.2.2. Read’s strictly singular operator without invariant subspaces

18 finitely strictly singular.
The main step in proving Theorem 2.2.2 is the following theorem.

Theorem 2.2.3. If 1 < p < g < oo then the formal identity operator i,, :

Jp = Jy is finitely strictly singular.

'Recall that fy-direct sum of Banach spaces X and Y is the space X x Y endowed with

the norm ||(z,y)| = /lzl% + llyll3-
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This theorem will be proved in the next subsection. We will now show how

Theorem 2.2.2 follows from Theorem 2.2.3.

Proof of Theorem 2.2.2. Since finitely strictly singular operators form a closed
algebraic ideal in L(X), to prove that the Read’s operator is finitely strictly
singular, it is enough to prove that the operator Wi is finitely strictly singular.

For n € N, define V,,: Y — Y via
Volzr, 29,23, ...) = (0,wi21, ..., wp2p,0,0...), x; € Jp,.

It is clear that ||V, — Wy| < sup{|w;| : ¢ = n + 1}. Since w; — 0, we obtain
|V, = Wi|| — 0. Therefore it is enough to show that V,, is finitely strictly

singular for every n. Given n € N, one can write

n
vn - E wiﬁ—&-”pu?ulﬂu
=1

where P;: Y — J,, is the canonical projection, P(z1,z3,...) = z;, and
Jit Jp, — Y is the canonical inclusion, j;(x) = (0,...,0,2,0,...). Since
——

i1
finitely strictly singular operators are closed under multiplication by bounded

operators, V,, is a sum of finitely strictly singular operators by Theorem 2.2.3,

hence is finitely strictly singular itself. O

2.2.2 Zigzag vectors

In this subsection we will prove Theorem 2.2.3. We use ideas of Milman [86]

which he developed to prove the following fact.

Theorem 2.2.4. [86, 112] If1 < p < q < oo, then the formal identity operator

il — Ly, i((2:)) = (x;), is finitely strictly singular.

Milman’s proof is based on the fact that every k-dimensional subspace F
of R™ contains a vector x with sup-norm one having (at least) k coordinates
equal in modulus to 1. For such a vector, one has ||z, < ||z|s,- The proof

of our result is based on the following refinement of this observation. We will
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show that x can be chosen so that these k coordinates have alternating signs.

For this “highly oscillating” vector = one has ||z, < [z,

Definition 2.2.5. A finite or infinite sequence of real numbers in [—1,1] is
called a zigzag of order k if it has a subsequence of the form (—1,1,—-1,1,...)

of length k.
Our proof of Theorem 2.2.3 will be based on the following lemma.

Lemma 2.2.6. For every k < n, every k-dimensional subspace of R™ contains

a zigzag of order k.

This lemma can be found in the paper [126] of Voigt. Neither of the
groups working on the project [38] (mentioned in the beginning of this section)
was aware of the result of Voigt at the time; each of the groups developed
their own original proof of this fact. In what follows, we will prove Voigt’s
lemma using a technique involving combinatorial properties of n-dimensional
polytops. However, before presenting the general proof, we would like to show
an elementary proof of the partial case kK = n—1 which only uses linear algebra

(this proof has not been published before).

Proof of Lemma 2.2.6 for k =n — 1. Let E C R" be a subspace of dimension
n — 1. Pick a functional f = (f;)I, such that ker f = E. Foreach 1 <m < n

such that f,, # 0, define a projection P,, : R® — E by

Pn(x) =2 — fimf(x)em,

where (e;) is the standard basis for R”. Let 2™ stands for the vector defind

g™ = (=1,1,..., (=)™ 10, (=)™, ..., (=1)"7).
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The m-th coordinate of this vector satisfies
1 1 m—1 n
)| = | (- 3 )|
m moti=1 i=m+1
Define g; = (—1)'f;, then the absolute value of the m-th coordinate is simply
g%n ( Z:i;l gi — Z?:m—i—l gl) :

We will show by induction on n that there is m for which this expression

is less than 1. Then for this m the vector P,,(x(™) is a k-zigzag in E.

If n = 2 then the statement is obvious, because one of the inequalities
}%‘ <1, ‘z—ﬂ < 1 always holds.

Suppose the statement is true for n > 2. Let’s establish it for n + 1. We

can assume that neither of g;-s is zero as otherwise we can just drop the zero

elements and get a smaller set of numbers. Define hq,...,h, € R by
’ In + Gnit, if i = n.

By the induction assumption, there is j such that )hi ( Zz;ll hi—>"" it hi> ‘ <
J

1. If i < n we are done. If i = n then we get < 1 (and, in

n—1
P j; 9j
particular, g, + g1 # 0).

Claim. 1f b, ¢, and b + ¢ are non-zero real numbers, and !ﬁc‘ < 1 then
either |‘%C <1lor ‘a—jb| < 1.

The proof of this Claim is a tedious check of several cases, each of which

is an elementary inequality, so we omit it. The lemma follows from the Claim

n—1

by letting a = > g;, b = gn, ¢ = gn+1- ]
j=1

We will now introduce some objects needed for the general proof of

Lemma 2.2.6.
Definition 2.2.7. A polytope in R” is the convex hull of a finite set.

A set is a polytope if and only if it is bounded and can be constructed as
the intersection of finitely many closed half-spaces (see [59] or [130] for more

details about properties of polytopes).

23



Definition 2.2.8. Let P be a polytope. A supporting hyperplane for P is
a hyperplane H such that P is entirely contained in one of the two closed half-
spaces determined by the H and PN H # @. The intersection of a supporting
hyperplane with the polytope P is called a face of the P. A facet of P is a

face of (affine) dimension k — 1.

A polytope P is centrally symmetric (i.e., z € P <= —z € P) if and only
if it can be represented as the absolutely convex hull of its vertices. That is,
P = conv{+tuy,...,+u,} where +uy, ..., +u, are the vertices of P. Clearly, if
P is centrally symmetric and P = N ; H; where each H; is a half-space, then
P =n H,NN(—H;). So, for a centrally cymmetric polytope P, there
are vectors ai,...,a,, € R¥ such that 4 € P <= —1 < (4,a;) < 1 for all
i =1,...,m, and the facets of P are described by {u € P : (ua;) = 1} or
{uGP : (u, —a;) :1} ast=1,...,m.

Definition 2.2.9. A simplex in R* is the convex hull of k + 1 points. A
polytope P in R¥ is simplicial if all its faces are simplices (equivalently, if

all the facets of P are simplices).

Remark 2.2.10. Every polytope can be perturbed into a simplicial polytope
by an iterated “pulling” procedure, see e.g., [59, Section 5.2] for details. We will
outline a slight modification of this procedure that also preserves the property
of a polytope of being centrally symmetric. Suppose that P is a centrally
symmetric polytope with vertices, say =+uy,...,+u,. Pull u; “away from”
the origin, but not too far, so that it does not reach any affine hyperplane
spanned by the facets of P not containing u,; denote the resulting point @).
Let @ = conv{d), —uy, +as,...,+u,}. By [59, 5.2.2) 5.2.3] this procedure
does not affect the facets of P not containing @;, while all the facets of @)
containing @} become pyramids having apex at @). Note that no facet of P
contains both @; and —u;. Hence, if we put R = conv{+tu}, *us,...,+u,},
then, by symmetry, all the facets of R containing —u} become pyramids with

apex at —u, while the rest of the facets (in particular, the facets containing

24



Figure 2.1: Pulling out the first pair of vertices.

u}) are not affected.

Now iterate this procedure with every other pair of opposite vertices. Let P’
be the resulting polytope, P’ = conv{£u,...,+ul}. Clearly, P’ is centrally
symmetric and simplicial as in [59, 5.2.4]. It also follows from the construction
that if F'is a facet of P’ then all the vertices of P corresponding to the vertices

of F' belong to the same facet of P.

Definition 2.2.11. A polytope P is called marked if the following conditions

are satisfied:
(i) P is simplicial, centrally symmetric, and has a non-empty interior.

(ii) Every vertex is assigned a natural number, called its index, such that
two vertices have the same index if and only if they are opposite to each

other.

(iii) All the vertices of P are painted in two colors, say, black and white, so

that opposite vertices have opposite colors.

Definition 2.2.12. A face of a marked polytope is said to be happy if, when
one lists its vertices in the order of increasing indices, the colors of the vertices

alternate.

For example, the front top facet of the marked polytope in the right hand
side of Figure 2.2 is happy. See Figure 2.3 for more examples of happy faces.
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Figure 2.2: Examples of marked polytopes in R? and R3.

Figure 2.3: Examples of happy simplices in R? and R3.

Definition 2.2.13. The color code of a face F' of a marked polytope P is

the list of the colors of its vertices in the order of increasing indices.

For example, the color codes of the simplices in Figure 2.3 are (wbw) and

(bwbw) (where b and w correspond to “black” and “white”, respectively).

Definition 2.2.14. A face in P is said to be a b-face if its color code starts

with b and a w-face otherwise.

Definition 2.2.15. Suppose that R is a set of facets of a k-dimensional poly-
tope P. The face boundary of R is the set of all (k — 2)-dimensional faces
E of P satisfying ' = F N G for some facets F' and G such that F' € R and
G ¢ R. We will denote the face boundary of R by OR. If F is a single facet,
we put OF = d{F}.

Lemma 2.2.16. Suppose that F is a facet of a marked polytope P. The

following are equivalent:

(i) F is happy;
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(i) OF contains exactly one happy b-face;

(111) OF has an odd number of happy b-faces;

Proof. Observe that since F'is a simplex, every face of F' can be obtained by
dropping one vertex of I’ and taking the convex hull of the remaining vertices.
Hence, the color code of the face is obtained by dropping one symbol from the
color code of F.

(i)=-(ii) Suppose that F'is happy, then its color code is either (bwbw...)
or (wbwbd...). In the former case, the only happy b-face of F' is obtained by
dropping the last vertex, while in the latter case the only happy b-face of F' is
obtained by dropping the first vertex.

(il)=-(iii) Trivial.

(iii)= (i) Suppose that OF has an odd number of happy b-faces. Let E be
a happy b-face in F. Then the color code of E is the sequence (bwbw. . .) of
length £k — 1. The color code of F'is obtained by inserting one extra symbol
into this sequence. Note that inserting the extra symbol should not result in
two consecutive b’s or w’s, as in this case I would have exactly two happy b-
faces (corresponding to removing each of the two consecutive symbols), which
would contradict the assumption. Hence, the color code of F' should be an

alternating sequence, so that F'is happy. O]

Lemma 2.2.17. If R is a set of facets of a marked polytope P, then the number
of happy facets in R and the number of happy b-faces in OR have the same
parity.

Proof. For a set @) of facets of P, denote the parity of the number of happy
b-faces in 9Q by p(Q). Tt is easy to see that if @) and S are two disjoints sets of

facets of P, then p(QUS) = (p(Q)+p(S)) (mod 2). Hence p(R) = > p({F})
FeR
(mod 2). By Lemma 2.2.16, this is equal to the parity of the number of happy

facets in R. O]

If F'is a face of P, then we write —F for the opposite face. If R is a set of
facets, we write —R = {—F : F € R}.
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Lemma 2.2.18. FEvery marked polytope has a happy facet.

Proof. We will prove a stronger statement: every marked polytope in R* has
an odd number of happy b-facets. The proof is by induction on k. For k = 1,
the statement is obvious. Let k& > 1 and let P be a marked polytope in R”.
Denote by F the set of all facets of P.

For every facet F' € F, let ng be the normal vector of F', directed outwards
of P. Fix a vector v of length one such that v is not parallel to any of the
facets of P (equivalently, not orthogonal to np for any facet F'); it is easy to
see that such a vector exists. By rotating P we may assume without loss of
generality that o = (0,...,0,1). Let T be the projection from R* to R¥~!
defined by T'(z1,...,25-1,2%) = (21,...,2k_1). Denote Q = T'(P). Since T is
linear and surjective, @ is a centrally symmetric convex polytope in R¥~! with

a non-empty interior.

Figure 2.4: The images T'(P) of the polytopes in Figure 2.2.

It follows from our choice of ¥ that the k-th coordinate of iy is non-zero

for every facet F'. Define a set of facets R by
R = { F € F : the k-th coordinate of np is positive }

Clearly, a facet F'is in —R if and only if the k-th coordinate of ng is negative.
Hence, —~RN R = @ and —RU R = F. Observe that R = J(—R); hence
OR is centrally symmetric. Clearly, every vertical line (i.e., a line parallel to
v) that intersects the interior of P meets the boundary of P at exactly two
points and meets the interior of () at exactly one point. It follows that the
restriction of 7" to | J R is a bijection between | J R and ). The same is also true

for —R. Therefore, the restriction of 7" to |J OR is a face-preserving bijection
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between [ J OR and the boundary of Q. Under this bijection, the faces in R
correspond to the facets of (). Hence, this bijection induces a structure of a
marked polytope on the boundary of (), making () into a marked polytope.
It follows, by the induction hypothesis, that the boundary of ) has an odd
number of happy b-facets. Hence, R has an odd number of happy b-faces. It
follows from Lemma 2.2.17 that R has an odd number of happy facets.
Denote the number of all happy b-facets in R by m, and the number of all
w-facets in R by ¢. Then m + ¢ is odd. It is clear that that F' is a happy
b-facet if and only if —F is a happy w-facet. Therefore —R contains ¢ happy
b-facets and m happy w-facets. Hence, the total number of happy b-facets of
P is m + ¢, which we proved to be odd. O

We are now ready to prove the main lemma.

Proof of Lemma 2.2.6. Suppose that £ < n and F is a subspace of R" with
dim E = k. Let {by,...,b.} be a basis of E. We need to find a linear combi-
nation of these vectors Z := a1b; + - - - + aiby, such that Z is a zigzag. Let B be
the n x k matrix with columns by, ..., b, and let @, ..., a4, be the rows of B.
If a = (ai,...,a;), then x; = (4;,a) as i = 1,...,n. Thus, it suffices to find

a € R¥ such that the vector ((a;, d>)?:1 is a zigzag of order k.

Consider the centrally symmetric convex polytope P spanned by 4, .. ., Uy,
ie., P =conv{tuy,...,+u,}. Let *d,,,...,Ed,, be the smallest sequence
of vectors such that P = conv{=4yy,,, ..., £y, }. Then, in particular, each

Um, (and —u,,,) is a vertex of P. Using the “pulling” procedure (see Re-

mark 2.2.10), construct a simplicial centrally symmetric polytope P’ =

conv{=£d,, ,...,*u,, }. BEvery vertex of P’ is either @, or —u,, for some i.

Paint the vertex white in the former case and black in the latter case (this

defines the color uniquely by the minimality of the chosen sequence of vertices);

assign index i to this vertex. This way we make P’ into a marked polytope.
By Lemma 2.2.18, P’ has a happy facet. This facet (or the facet opposite

_ _ .y

to it) is spanned by some —E’WI, U —1U U etc, for some 1 < 7 <

Mo ? mig) Mg, )
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-+« < i < 1 (recall that any facet is a (k—1)-simplex, so that there are exactly
k indices in this “chain”). It follows that —m, , Um,,, —lm,,, Um,,, etc, are
all contained in the same facet of P. Hence, they are contained in an affine
hyperplane, say L, such that P “sits” between L and —L. Let a be the vector
defining L, that is, L = {ﬂ : (u,a) = 1}. Since P is between L and —L, we

have —1 < (u,a) < 1 for every @ in P. In particular, —1 < z; = (u;,a) < 1 for

i =1,...,n. On the other hand, it follows from —ty,, , Um,,, —Um,,, Um,, " "+ €
L that @, = =1, xm,, = 1, Tp,, = —1, T, =1, etc. Hence, 7 is a zigzag of
order k. O]

Corollary 2.2.19. Let k € N, then every k-dimensional subspace of ¢y con-

tains a zigzag of order k.

Proof. Let F be a subspace of ¢y with dim F' = k. For every n € N, define
P,:co — R via P,: (z;)52, — (x;)",. We claim that there exists m such
that every vector in F' attains its norm on the first m coordinates. Indeed,
define g: F\ {0} = N via g(z) = max{i : |z;] = ||z||}. Then g is upper
semi-continuous, hence bounded on the unit sphere of F, so that we put
m =max{g(z) : x € F, ||z =1}.

If z € F is a nonzero vector then ||z|| is attained on some x; with 1 < ¢ < m,
so that x; # 0. In particular, P, is one-to-one on F. Therefore P, (F) is a
k-dimensional subspace of R™. Hence, by Theorem 2.2.6, there exists z € F
such that P,,x is a zigzag of order k. It follows that z is a zigzag of order k
in F. O]
Proof of Theorem 2.2.3. 1f x € J,,, then |z; — 2|7 < (2||2o)® " |2; — 2P for
every i,j € N. Therefore [|z];, < (2||x||oo)l_§||m||§p Fix an arbitrary € > 0.
Let k£ € N be such that (k — 1)%7% > % Suppose that E is a subspace of J,
with dim £ = k. By Corollary 2.2.19, there is a zigzag z € E of order k. By
the definition of norm in J,, we have ||z||;, > 2(k — 1)%

Put y = —%—. Then y € E with ||y||Jp = 1. Obviously, ||y]|c < %(k:—l)*%,

1zl
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so that

. 11 B
lip.a (W)l = llylla, < (k= 1)arllyll7, <e.

Hence, 1, , is finitely strictly singular. O

2.3 Sc-singular operators

In this section, we investigate the class of Sg-singular operators. The results

of this section were published in [97].

2.3.1 Definition and basic properties

Milman proved in [86] that a product of two strictly singular operators on
L,0,1] (1 < p < o0) or on C0,1] is compact. The importance of this result
follows from the fact that compact operators are well-understood and have
many nice properties. In particular, this result and Theorem 1.1.2 imply that
any strictly singular operator on these spaces has an invariant subspace.

The Sg-singular operators are defined in terms of Schreier families S
which were originally introduced in [9]. These families are defined inductively

for every ordinal ¢ < wy in the following way. Set
So = {{n} : ne N} u{z}.
After defining S; for some £ < wy, set
Seri ={U_F, :neNn<F < - <F,F €5}

Here by A < B where A and B are two finite subsets of N we mean max A <
min B, and by n < A we mean n < min A. It is a general convention that
@ < F and F < @ for any non-empty finite set ¥ C N. If £ < w; is a limit
ordinal and S, has been defined for all & < ¢ then fix a sequence &, ¢ and
define

85:{F :n< Fand FelsS, forsomenEN}.
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Remark 2.3.1. In general, different choices of sequences &, £ in the
last part of the definition of the Schreier families produce different families.
Whereas this is not important for many constructions in the literature using
Schreier families, we will assume in our exposition that particular sequences

&, have been fixed.

Definition 2.3.2. A family F of subsets of N is called spreading if whenever
{ni,...,ni} € S with ny <ng <--- <mny and my; < my < -+ < my, satisfies

n; <m; fori=1,... k, then {mq,...,my} € F.

It can be shown that each class S, is spreading. Also, it is obvious that
Se C Seqq. However, £ < ¢ doesn’t generally imply S C S;.
For a sequence (z,) in a Banach space and A C N we will write [x;];c4 for

the closed linear span of {z;};ca.

Definition 2.3.3. [11] Let X and Y be two Banach spaces and £ < w;. We
say that an operator 1" € L(X,Y) is S¢-stngular and write T' € SS¢(X,Y)
if for every ¢ > 0 and every basic sequence (x,,) in X there exist a set ' € S¢
and a vector z € [x;];ep such that [|[Tz] < ¢||z||. If X =Y then we write

T e SS&(X)

Remark 2.3.4. It was pointed out in [11] that T is S¢-singular if and only if
for every normalized basic sequence (z,,) and £ > 0 there exist a subsequence

(), F € S and w € [z, ]ker such that ||Tw]|| < e||w].

It is easy to see that if X and Y are Banach spaces then for every 1 < £ < wy

we have the following chain of inclusions:
K(X,)Y) CFSS(X,Y) CSS(X,Y) CSS(X,Y).

It has already been mentioned in Section 2.1 that compact, strictly singular,
and finitely strictly singular operators form closed operator ideals. It is a
natural question whether Sg-singular operators have the same property. It

was shown in [11] that if the underlying Banach space X is reflexive then
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the class SS¢(X) is closed under the right and left multiplication by bounded
operators. We will extend this result to non-reflexive spaces. We will use the

following deep result of Rosenthal [111].

Theorem 2.3.5. [111] Let (2,)5%, be a bounded sequence in a Banach space
X. Then (x,)22, has a subsequence (x,, )72, satisfying one of the two mutually

exclusive alternatives:

(1) (zn,)52, is equivalent to the unit vector basis of {1;

(11) (zn,)32, is a weak Cauchy sequence.

The following corollary of Theorem 2.3.5 is a standard fact. We present its

proof for the convenience of the reader.

Lemma 2.3.6. Let (x,)0°, be a bounded sequence in a Banach space X.

Then there is a subsequence (xy, )5, such that one of the following conditions

hold.
(i) (xn, )72, converges;
(11) (zn,)52, is equivalent to the unit vector basis of {y;

(iii) The difference sequence (dy)3e, defined by d = Tp,,, — Tn, has a semi-
normalized weakly null basic subsequence. Moreover, if X has a basis
then this subsequence can be chosen to be equivalent to a block sequence

of the basis.

Proof. 1t (z,)°; does not satisfy condition (ii) then (z,)°; has a weakly
Cauchy subsequence (z,, )72, by Theorem 2.3.5. Then the sequence of differ-
ences (Tn,,, —Tn, )iz, is weakly null. If (z,,);2; does not contain a subsequence
satisfying condition (i) then (x,,,, — ©,,);2,; is seminormalized. The condi-

tion (iii) now follows from the Bessaga-Petczynski selection principle [27]. O

If F is a finite set, we will use the symbol #F' for the number of elements
in F'.

We will use the following two technical lemmas.
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Lemma 2.3.7. Suppose that 1 <& < wy, A € S, and put A*? = {24,2i +2 :
i € A}. Then A** is also in S¢.

Proof. The proof is by induction on &. For £ =1,if A € §; then #A < min A.
But then #(A*%) < 2(#A) < 2min A = min A*?, so that A*? € S¢. Suppose

that we have already proved the statement for £, and let A € S¢;1. Then

A:UEWhereneN, n<Fy<---<F,, and F; € S for each 1.

i=1

It follows that

A = U F)?, and F* € S for each i by the induction hypothesis.
i=1

Let Gy = FY?, G; = F/*\F2 for 2 <i < n, then

AX2:UGZ-, G; € S¢ for each ¢, and n <2n < G; < -+ < Gy,

i=1
so that A*? € S¢,1. Finally, suppose that ¢ is a limit ordinal and A € S.
Then A € &, and n < A for some n € N. It follows from the induction

hypothesis that n < 2n < A*? € &, so that A*? € S;. O

Lemma 2.3.8. Let (n;) be a strictly increasing sequence, 1 < £ < wy, and

A e S;. The the set A(Xn%,) = {2n;,2n,41 : i € A} belongs to S¢.

Proof. The lemma follows from Lemma 2.3.7 and the fact that S¢ is spreading.
O

Now we are ready to prove that the class of Sg-singular operators is stable

under left and right multiplications.

Theorem 2.3.9. Suppose that X and Y are two Banach spaces and 1 < € <
wi. IfT € SS:(X,Y), Ae L(Y,V), and B € L(U,X) for some Banach spaces
U and V, then ATB € SS¢(U,V).

Proof. Assume that A and B are non-zero, as otherwise the statement is

trivial. Let (z,) be a basic sequence in X, and ¢ > 0. Since A # 0,
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there exists F' € S¢ and z € [z,)ner such that [[Tz]] < mHzH Thus
|ATz|| < ||A||T=|| < HA||”’ET”HZ|| = ¢l|z]|, so that AT € SS¢(X,V), hence
SS¢ is stable under the left multiplication.

Let us show that that 7B € SS¢(U,Y'), so that SS¢(X,Y") is stable under
the right multiplication. Let (x,) be a basic sequence in U and € > 0. We
can assume by Remark 2.3.4 that (z,) is normalized. First, suppose that
(Bz,) has a basic subsequence, say, (Bx,,). Then there exists G € S, and
Y = Y pec @xBry, such that [|Ty|| < mHyH Put z = >, . ey, then
Bx =y and z € [z;];cp where F'={n; : k € G}. We obtain

€

ITBz| = [Tyl <
18]

Iyl < ellz.

Finally, observe that F' € S¢ since S is spreading.

Now suppose that (Bzx,) has no basic subsequences. Then (Bzs,) has no
basic subsequences. By Lemma 2.3.6, (x2,,) has a subsequence (x3,, ) such that
either (Bwxay, ) converges in norm or (B, — By, ) has a basic subsequence.
Denote yr, = Bxay,,, — Bra,,. Then either yx — 0 in norm or (yx) has a basic
subsequence.

Suppose that (y,) is basic. Then there exists G € S¢ and z = Y .. aiys,
such that ||Tz]| < H;THHzH Put x = 37, ¢ @i(¥2n, ,, — Tan, ). Observe that
the set A = {k;: i € G} belongs to S¢ since S is spreading. Hence x € [7;]icr
where F = A(Xni) € S¢ by Lemma 2.3.8. Also, z = Bz, so that

€

[T Bz|| = T <
1B]]

2]l < ellz]].

Finally, suppose that y;, — 0. Then we can find m € N such that {m} € S¢ and
[yl < gz Where C' s the basis constant of (). Put @ = oy, — Ton,,.
Note that {2n,,, 21,11} = {m}(xni) € Scand 1 = ||zon,, || < Cllz2n,,,, — Zan,. |l
so that

€
ITBal| = [Tymll < 7 < ell220,0 = 22n,, || = el
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Remark 2.3.10. It is known (see, for instance, the remark before Lemma 5
in [96]) that there exists a finitely strictly singular operator whose adjoint is
not strictly singular. This already shows that the class of S¢-singular operators

is not stable under taking adjoints.

2.3.2 Products of S¢c-singular operators

In this subsection, we will slightly improve Theorem 4.1 of [11] by relaxing
the assumption in that theorem. We will use some concepts of the asymptotic

theory of Banach spaces.

Definition 2.3.11. Given two sequences (z,,)%; and (Z,,)22 ; in Banach spaces
X and Y, respectively, we say that (Z,,)°2, is a spreading model for (z,) if

there exists a sequence of reals (g,) such that ¢, \, 0 and

n n
IS a3 ] < =
i=1 i=1
whenever n < ky < -+ <k, and ay,...,a, € [-1,1].

Definition 2.3.12. A sequence (z,)22, in a Banach space X is called spread-
ing if | D7 anxn|| = || o0, anty, || for all scalars a, and allng < ng < --- <

N

It follows from Definition 2.3.11 that spreading model for any sequence is
necessarily spreading. For more information about spreading models, we refer

the reader to [23], [31], [32], [91], [12], and [44].

Definition 2.3.13. A sequence ()%, in a Banach space X is called sup-
pression 1-unconditional if, whenever A C B are two finite sets of natural

numbers, || Y 4 anxy|| < || Yo 5 anxyl| for all scalars a,.

Theorem 2.3.14. [23, 31, 32] If X is a Banach space then every bounded se-
quence (x,)22, in X with no convergent subsequences has a subsequence with a
spreading model. Moreover, the spreading model is suppression 1-unconditional

if (x,)22, is weakly null.
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In particular, Theorem 2.3.14 applies to seminormalized basic sequences.
Following [12], we will denote the set of spreading models of all seminormalized

weakly null basic sequences of a Banach space X by SP,,(X).

Definition 2.3.15. [11] We say that a seminormalized basic sequence (z,,)5°
in a Banach space X is Schreier spreading, if there exists 1 < K < oo such
that for every ' € Sy, increasing sequence n; < ny < --- of positive integers,
and scalars (a;);cr we have

1
I || < 3 aii]) < K| Y aia,

ieF ieF el

The following lemma follows from Theorem 2.3.14.

Lemma 2.3.16. [11] Every bounded sequence without convergent subsequences

has a Schreier spreading subsequence.

)
n=1

Definition 2.3.17. We call two basic sequences (z,)%; and (y,)%; in Ba-
nach spaces X and Y, respectively, equivalent and write (x,)°2; =~ (y,)%,
if Y, apx, converges if and only if Y > a,y, converges. We will write
(24)5% ) = (yn)S2, if the convergence of Y ° | a,y, implies the convergence of
Dot @nn. I (20)02 2 (yn)o2y and (z,)72 and (2,)72; % (yn)n, then we

will write (2,)0%, < (yn)22;.

Following [11], we will denote the set of seminormalized weakly null Schreier
spreading basic sequences of a Banach space X by SPq ,,(X). The set of equiv-
alence classes of elements of SPy ,,(X) with respect to the equivalence relation
in Definition 2.3.17 will be denoted by SP;, ~(X). Clearly, the relation <

from Definition 2.3.17 defines a partial order relation on the set SPq 4, ~(X).

Definition 2.3.18. Let X be a Banach space and 1 < £ < w;. Supppose that
(xn)ee, and (y,)22, are two Schreier spreading sequences in X. For K > 1 we

K
write (2,)00, ¢ (yn)o2, if for every F' € S¢ and scalars (a;);cp we have

1
YIS e <[
i€l i€l
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We write ()02 R (Yn)oey if (2,)02, £€ (yn)oo, for some K > 1. Similarly,

we write (2,)0%; =<¢ (yn)p2, if there is a constant K > 0 such that

”Z QiT;
i€F

for every I’ € S¢ and every sequence (a, )52, of reals. Also, we write (2,,)5%; <¢

(Yn )y if (70)52, =¢ (Yn)pey and (2,)52 e (Yn)o

< KHZ a;Yi
ieF

We will denote the set of equivalence classes of elements of SPy ,,(X) with
respect to the relation ~¢ by SPy 4, ¢(X). It is easy to see that “<,” induces a

partial order relation on SPy,,¢(X), which we will still denote “=<,”.

Remark 2.3.19. Suppose that 7" € L(X) and (z,,)32, is in SPy ,,(X) such that
(T2,)52, is also in SPy,(X). Then (T2,)0%, =¢ (22)52; as ||>,cp Tz <
IT|||>;er aizi|| for every F € S¢. Furthermore, if T € SS¢(X) then
(Txn)02y <e (2,)02, as otherwise there would exist C' > 0 such that
| ieraiTai|| = C||Xicr aiwi]| for every F € S and real (a,)2,, which

would contradict T" being Sg-singular.

Our next goal will be to present an extension of the following result (The-

orem 4.1 from [11]).

Theorem 2.3.20. Let X be a Banach space, and N € NU {0} be such that
the set SPy.,~(X) contains exactly N elements. Then the product of any
(N + 1) strictly singular operators on X is compact. Moreover, if {1 does
not isomorphically embed in X then the product of any N strictly singular
operators on X 18 compact.

If 1 < £ < w and the set SPy,¢(X) contains exactly N elements, then
for any T1,...,Tn € §SS¢(X) and every strictly singular operator S the com-
position TyTyn_1...T1S is compact. Moreover, if {1 does not isomorphically

embed in X then TnTxn_1...T} is compact.

The following lemma is a part of the proof of Theorem 4.1 in [11].
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Lemma 2.3.21. Let X be a Banach space and N > 0. Let Ty,..., Ty €
L(X) and S € SS(X). If TNTn_1...T1S is not compact or ; 4 X and
ITNTN—y...T1 is not compact then there are N 4 1 sequences (a:,(ll));’f:l, ce

(x%NH))ZO:l € SPy ., (X) such that e =Ty T2, for each k < N +1,
n € N.

Now we will present the extension of Theorem 4.1 of [11]. We show that
the conclusion of this theorem stays valid when the set of equivalence classes
of spreading models of Schreier spreading sequences is infinite but contains no
infinite chains. This approach was motivated by studies of the order structure
of the set of spreading models of a Banach space in [12] and [44]. We would
like to thank Professor Troitsky for sharing his ideas about this approach.

Theorem 2.3.22. Let X be a Banach space and N > 0 be such that the
partially ordered set (SPl,w,z(X),j ) contains no chains of length greater
than N. Then the product of any (N + 1) strictly singular operators on X is
compact. Moreover, if {1 does not isomorphically embed in X then the product
of any N strictly singular operators on X is compact.

If (SPl,w,g, jg) contains no chains of length greater than N, then for any
Th,....,Tn € 8S¢(X) and every strictly singular operator S the composition
TNTyn_1...T1S is compact. Moreover, if {1 does not isomorphically embed in

X then TNTN_q1...T) is compact.

Proof. Suppose that the conclusion of the theorem is not true. When N = 0,
we just simply have that SPy,, = @, and this case was considered in [11].

Assume that N # 0. By Lemma 2.3.21, there are N + 1 sequences
(xg)), e (ngH)) € SPy,(X) such that P =Ty Tl for each k <
N+1,n € N. It is easy to see that (z" ") < (i) < -+ < (2) in
SP1.w~(X) because Ti,...,Txn are strictly singular. This gives a chain of
length N + 1 in SP; , ~(X), a contradiction.

The proof of the second part of the statement is analogous. O
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To present another version of the last theorem, we will need two lemmas.

The first lemma is a standard fact, see e.g., [11, Lemma 3.1].

Lemma 2.3.23. Suppose that (x,)2, is a seminormalized basic sequence with

a spreading model (%) Then for every K > 1 there exists ng € N such

n=1-
that
1 n n ~ n
LS < [0 < K30
i=1 i=1 i=1
whenever ng <n< ki <---<k, and ay,...,a, € R.

Lemma 2.3.24. Suppose that (2,)5, and (y,)o>, are two Schreier spreading
sequences in SP1 ,(X) with spreading models (%), and (§,)52,, respectively.
Then (Tn)pZy = (Yn)azy of and only if (zn)7iy 21 (Yn)nls-

Proof. Let (2,)2%, < (Un)5,. Then there is 0 < C' < 0o such that

Hi a;T;|| < CHi a;Yi
i—1 =1

for every a; € R. By Lemma 2.3.23, there is nyg € N such that

n n n n
H E a;T; E aixkiH and H E a;Y; E i Yk,
i1 i1 i1 i1

whenever no <n <k <--- <k, and ay,...,a, € R.

2 2

Since (z;)22, and (y;)22, are Schreier spreading, we have
K K
(@i)ne1R1(@neri)ner and  (¥i)n21R1(Yno+i)net

for some K.

Let FF ={ny,...,n,} € Sy, and a4, ...,a, € R. Then
i=1 i=1

< 4CKHZ AiYno+n;
=1

m m
< KHZ A3 Tng+n;, < QCKHZ aigi
i=1 =1

m
E aiyni
i=1

For the converse, let now (z,)2%; =1 (y,)5>,. Again, using Lemma 2.3.23,

< 4C0K?

we get: there is ng € N such that

=1 =1 =1 =1

for every m € N, every aq,...,a, € R,and ng <m <ny < --- < ny,. O
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Corollary 2.3.25. Let X be a Banach space, and n > 0 be such that
(SPw(X)/ =3 j) contains no chains of length greater than n. Then for any
Ti,...,T, € 8S51(X) and every strictly singular operator S the composition
T, 1T,_1...T\S 1s compact. Moreover, if {1 does not isomorphically embed in

X then T, T,,_1...T1 is compact.

To finish the section, we would like to exhibit an example showing that
in general there exist S¢-operators on Banach spaces whose powers are never
compact. The results of Section 2.2.6 imply that the Read’s strictly singular
operator without invariant subspaces would be such an example. Indeed, by
Theorem 2.2.2, Read’s operator is finitely strictly singular and, hence, Sg-
singular for any £. By Theorem 1.1.2, it even cannot be polynomially compact.

We would like, however, to present a much simpler example.

Example 2.3.26. There is a separable Banach space X and a finitely strictly
singular operator 7: X — X such that no non-zero polynomial of T is com-

pact.

Proof. Fix a strictly increasing sequence or reals 1 < p; < ps < ..., and put
X = (@70;1 Epn)co‘ It can be easily verified that X is separable. Throughout
the proof, whenever we consider x € X, we assume that © = (x1, x9, ... ) where
xy € Ly, as k € N.

Let T: X — X be defined via the following formula

T:(v1,29,...) = (0,21, 3,%,...).

Recall that the formal identity ¢ : ¢, — ¢, is finitely strictly singular if
1 < p < g < oo (see [86]). Thus, by a reasoning analogous to the proof
of Theorem 2.2.3, T' is finitely strictly singular.

Let Q(t) = Y_p_, axt®, where a,, # 0, be a non-zero polynomial. Suppose
for the sake of contradiction that Q(T') is compact. Consider bounded op-
erators A: {,, — X and B: X — {, ., given by A: h — (h,0,0,...) and

B: x> x,4,. For every h € {,, we have
Q(T): (h,0,0,...) = (aoh, 3th, h,...,%=h,0,0,...),
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so that BQ(T)A(h) = %h. It follows that the compact operator %BQ(T}A

equals the formal identity operator from ¢, to ¢ which is not compact

Pn+1

since p; < ppi1, contradiction. ]
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Chapter 3

Almost invariant subspaces

In this chapter we introduce and study the notion of an almost invariant
subspace for an operator or a collection of operators. The results of this
chapter have been published in the joint paper of the author of this thesis and
Androulakis, Tcaciuc, and Troitsky [13] and in the single-author paper [98].
Sections 3.1 and 3.2 contain results from [13] whereas section 3.3 contains

results from [98].

3.1 Definitions and simple properties

The following definition due to Tcaciuc introduces a generalization of the no-
tion of an invariant subspace. We will study this generalization throughout

the chapter.

Definition 3.1.1. If 7' € £(X) and Y is a subspace of X, then Y is called
almost invariant under T, or T'-almost invariant, if there exists a finite

dimensional subspace F' of X such that T'(Y) CY + F'.

One can ask the following natural version of the Invariant Subspace Prob-
lem: does every operator have an almost invariant subspace? This question,
however, has a very simple answer. Indeed, it is easy to see that if the sub-
space Y of a Banach space X is of finite dimension or of finite codimension
then Y is almost invariant under every operator on X. In order to avoid this

triviality, we introduce a special type of a subspace.
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Definition 3.1.2. A subspace Y of a Banach space X is called a half-space

if it is both of infinite dimension and of infinite codimension in X.

Then we can ask the following question which we will refer as the al-
most invariant half-space problem: Does every operator on an infinite
dimensional Banach space have an almost invariant half-space? We will obtain
partial solutions to this problem in the current section.

The natural question whether the usual right shift operator acting on a
Hilbert space has almost invariant half-spaces has an affirmative answer. In
fact, this operator has even invariant half-spaces (see Theorem 1.1.6).

It is natural to consider Donoghue operators as candidates for counter-
examples to the almost invariant half-space problem, as their invariant sub-
spaces are all finite-dimensional (see Theorem 1.1.7). Recall (cf. Defini-

tion 1.1.4) that a Donoghue operator D € L({s) is an operator defined by
D€0 = O, D€7; = W;€;_-1, 1€ N,

where (w;)2, is a sequence of non-zero complex numbers such that (|wz|)ji1
is monotone decreasing and in ¢,. We will show in Section 3.2 that Donoghue
operators have almost invariant half-spaces.

The following result is a characterization of almost invariant half-spaces of

an operator in terms of invariant subspaces of its finite-rank perturbations.

Proposition 3.1.3. Let T € L(X) and H C X be a half-space. Then H is
almost ivariant under T if and only if H s invariant under T+ K for some

finite-rank operator K.

Proof. Suppose that T has an almost invariant half-space H. Let F' be a
subspace of the smallest dimension satisfying the condition in Definition 3.1.1.
Then H N F = {0}. Define P: H+ F — F by P(h+ f) = f. Since P is
a finite-rank operator, we can extend it to a finite-rank operator on X using
Hahn-Banach theorem. That is, there exists P: X — F such that ]5\ nir = P.
Define K: X — X by K := —iPT wherei : F — X is the embedding. Clearly
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K has finite rank. Also, for any h € H the image Th € H + F, so we can
write Th = h' + f for some h' € H and f € F. Thus

(T + K)(h) =Th—iPTh="H+f—iP(W+ f)=h+f—f=H.

Hence (I'+ K)H C H.
Conversely, if H is invariant under (7' + K)(H) C H for some finite-rank
operator K, then T(H) C H+ K (H). Since dim (K (H)) < oo, H is an almost

invariant half space for 7' O

Now we will study almost invariant half-spaces of adjoints of operators. We
will need two simple lemmas. Both of them are standard; we include proofs

for the convenience of the reader.

Lemma 3.1.4. Let X be a Banach space and 'Y be a subspace of X. ThenY
is infinite codimensional if and only if Y+ is of infinite dimension. ThusY is

a half-space if and only if both Y and Y+ are of infinite dimension.

Proof. Suppose Y is of infinite codimension in X, that is, dim(X/Y) = oco. If
n € N then there exists a sequence (xy)}_; € X such that {[z] : k=1,...,n}
is linearly independent in X/Y, where [z] denotes the equivalence class in
X/Y containing x. Denote F' = [z;]f_,. For each k € {1,...,n}, define
fr : Y+F — Fby fu(r;) = dy and fr(y) = 0forally € Y. Since dim(F') < oo,
each f is bounded. Extend fi from Y + F to X by the Hahn-Banach theorem.
It is easy to see, that each fy € Y+ and the set {fy : k=1,...,n} is linearly
independent.

On the other hand, suppose that dim(X/Y) < oo, say, dim(X/Y) = m.
Fix a basis {[z;] : = 1,...,m} for X/Y. Construct linear functionals f; € Y+
(k=1,...,m) as before. If f € Y is arbitrary, define ¢, = f(x;). It is easy
to see that f = ¢ fi + -+ + ¢ fm, so that {fx : k=1,...,m} forms a basis
for Y. O

Lemma 3.1.5. A subspace Y of X is a half-space if and only if Y+ is a
half-space in X*.
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Proof. Suppose Y is a half-space. By Lemma 3.1.4, Y+ must be infinite-
dimensional. Also (Y)Y D j(Y) where j: X — X** denotes the natural
embedding. Thus (Y1)* is infinite dimensional. Now Lemma 3.1.4 yields that
Y+ is a half-space.

Let’s assume that Y* is a half-space. Since Y is infinite codimensional,
Y must be infinite-dimensional (see, e.g. [8, Theorem 5.110]). On the other
hand, since Y is infinite dimensional, by Lemma 3.1.4 we obtain that Y is of

infinite codimension, thus a half-space. O]

Remark 3.1.6. The statement dual to that of Lemma 3.1.5 is not true in
general. That is, if Z is a half-space in X* then Z, need not be a half-space.

For example, ¢y is a half-space in /., while (¢p), = {0} C ¢; is not.

Proposition 3.1.7. Let T' be an operator on a Banach space X. If T' has an

almost invariant half-space then so does its adjoint T™.

Proof. Let Y be a half-space in X such that Y is almost invariant under T,
and F' be a finite-dimensional subspace of X of smallest dimension such that
TY CY +F. Then Y NF = {0}. Denote Z = (Y + F)*. By Lemma 3.1.5 Z

is a half-space in X*. For every z € Z and y € Y we have
(y, T2y = (Ty,z) =0

since Ty € Y + F. Therefore T*Z C Y.

Let’s prove that there exists a finite-dimensional subspace K of X* such
that Y+ C Z+ K. This will show that Z is T*-almost invariant: 7*Z C Y+ C
Z + K. Let fi1,..., f, be the vectors of a basis of F*. For each k, extend fj
to Y @ F by putting fx|y = 0, then extend the obtained functional to all of X
by the Hahn-Banach theorem. Denote the latter extension by ﬂ;

Put K = span{ﬁ,...,f;}. Let f € Y1 be arbitrary. Denote g = f|r.
Write g = >, a;f;, where a; are some numbers. Now put g = > 7", a; fi.
Clearly g € K. Observe that f —g € Z. Indeed, if u+v €Y ® F withu €Y,
v € Fthen (f —g)(u+tv) = (f —9)(w) + (f —9)(v) = f(u) + (f(v) = f(v)) =
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f(u) = 0 since f € YL, Thus, for every f € Y=, there exist fi € Z and
fo € K such that f = f; + fs. H

3.2 Almost invariant subspaces of a single op-
erator

All Banach spaces in this section are assumed to be complex. For a subset
A of C, we will write A™' = {3: X € A X # 0}. For a Banach space X
and T' € L(X), we will use symbols o(7T) for the spectrum of T, r(T") for the
spectral radius of T, and p(7T') for the resolvent set of T

3.2.1 Weighted shift operators

Here we will exhibit a technique of constructing almost invariant half-spaces
for operators developed in [13]. This technique is used to show that Donoghue

operators have almost invariant subspaces.

Definition 3.2.1. For a nonzero vector e € X and A € p(T)~!, define a vector
h(A,e) in X by
h(Xe) = (A" — T)fl(e).

Note that if || < T(IT) then! Neumann’s formula (see, e.g., [1, Theo-
rem 6.12]) yields

h(X e) = A i A'T"e. (3.1)

n=0
Also, observe that (A\™'T — T)h(\,e) = (AT = T) (A" = T)"'(e) = e for
every A € p(T)~!, so that

Th(\,e) = A h()e) —e. (3.2)

The last identity immediately yields the following result.

n case 7(T) = 0 we take ﬁ = +o0.
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Lemma 3.2.2. Let X be a Banach space, T € L(X), 0 # e € X, and
ACp(T)™ . Put
Y =span{h(\e): A € A}.

Then Y is a T-almost invariant subspace (which is not necessarily a half-
space), with TY C'Y + span{e}.
Lemma 3.2.3. For any nonzero vector e in a Banach space X, we have
BN €) = hijiye) = (=" = A)R(A A )
1

whenever A\, u € p(T)~ .

Proof. Indeed,

h(\ e) — h(p,e) =

]

Lemma 3.2.4. Suppose that T € L(X) has no eigenvectors. Then, for any
nonzero vector e € X the set {h(\,e) : X € p(T)™*} is linearly independent.

Proof. We will use induction on n to show that for any nonzero vector e € X

and any distinct A\, Ag, ..., A\, € p(T) ™! the set
{h()\l, e),h(Ag,€),..., h(A,, e)}

is linearly independent. The statement is obvious if n = 1; we assume it is
true for n — 1 and will prove it for n.

Fix e € X and distinct Ay, A, ..., A\, € p(T)7 . Let ay, ao, . . ., a, be scalars
such that Y ,_, agh(A, e) = 0. It follows from formula (3.2) that

0= T(Z agh(Mg, e)) = Z arX; "h( Mg, €) — Z ape.
k=1 k=1 k=1
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If ), ar # 0 then e € span {h()\k,e)}zzl, so that spem{h(/\k,e)}zz1 is T-
invariant by (3.2). Since this subspace is finite-dimensional, it follows that T
has an eigenvalue, which is a contradiction. Therefore Y ,_, ax = 0, so that
a1 = — Y o -

By Lemma 3.2.3, we get

n

0= iakh()\k,e) — (— ak) h(h,e) + Zn:akh(Ak, )

k=2 k=2

D@ﬂ:

k:(h()\ka 6) — h()\l, 6))

= ar(AT" = Ag DR (A, h(Ar€)).

By the induction hypothesis, the set {h()\k, h(A1,¢€)) }k is linearly indepen-
=2

dent, hence ax(A\;' — A ') = 0 for any 2 < k < n. It follows immediately that

ap = 0 for any 1 < k < n, and this concludes the proof. O

The discussion above results in the following approach of constructing al-
most invariant subspaces for an operator. Suppose that T" has no eigenvalues.
Pick a non-zero e € X and a sequence of distinct numbers (A,,) in p(T)~.
Then the space Y = [h(A,, e)}zozl is almost invariant under 7" and is of infi-
nite dimension. If one can show that e can be chosen so that Y is of infinite
codimension then Y is a T-almost invariant half-space.

We will use the following numerical lemma.

Lemma 3.2.5. Given a sequence (1;) of positive reals, there ezists a sequence

¢;) of positive reals such that the series > .-, ciTitr converges for every k.
i=0 +

Proof. For every ¢ take ¢; = %min{%, e

1 .
’7"_27;}' For every i > k we have

L Tt follows that

k+i < 2i, so that ¢;ripr < 5

00 k—1 00

1
E CiTitk S E CiTivk + E 7 < +oo.
=0 i=0 i—k
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Recall that a sequence (z;) in a Banach space is called minimal if x) ¢
[z;)izr for every k (see, e.g., [71, section 1.f]). It is easy to see that this is
equivalent to saying that for every k, the biorthogonal functional x} defined
on span{z;} by z}(}1_z;) = ay is bounded. Indeed, suppose that ()
is minimal. For z = Y " ja;z;, we have: ||z| > agdist(xy, [2:]iz), so that
|zx|| < 1/dist(z, [2)izr). On the other hand, if x), € [x;];2 for some k then
for each € > 0 we can find z € span{z; : i # k} such that ||z, — z|| < e. But

then zj(zx — 2) = x}(zx) = 1, hence ||z;]| > 1/e.

Theorem 3.2.6. Let X be a Banach space and T € L(X) satisfying the

following conditions:
(i) T has no eigenvalues.

(i) The unbounded component of p(T) contains {z € C : 0 < |z] < &} for

some € > 0.
(11i) There is a vector whose orbit is a minimal sequence.
Then T has an almost invariant half-space.

Proof. Let e € X be such that (T%)$%, is minimal. For each i put x; = T"e.
Then for each k, the biorthogonal functional = defined on span{z; : i € N}
by 2} (31, qiw;) = ay is bounded. Let ry = |[zf]|. Let (¢;) be a sequence
of positive real numbers as in Lemma 3.2.5, so that g := Z?io CiTirk < +00
for every k. By making ¢;’s even smaller, if necessary, we may assume that
Ve — 0.

Consider a function F : C — C defined by F(z) = > 77 ¢;z". Then F is
entire. We claim that without loss of generality, the set {z eC: F(z) = 0}
is infinite. Indeed, since F'(z) is entire and not constant, F' has an essential
singularity at infinity. Hence, by the Picard Theorem there exists a negative
real number d such that the set {z eC: F(z)= d} is infinite. Now replace

co with ¢g — d. This doesn’t affect our other assumptions on the sequence (c¢;).
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Fix a sequence of distinct complex numbers (A,) such that F(\,) = 0
for every n. Since F' is non-constant, the sequence ()\,) has no accumulation
points. Hence, |\,| — +o0.

Since the set {z € C : 0 < |z| < e} belongs to p(T'), we may assume, by
passing to a subsequence, if necessary, that each )\, € p(T)~!. In particular,

h(A\n,e) is defined for each n. Put Y = [h(\,,€)]32,. Then Y is almost

n=1"
invariant under 7" by Lemma 3.2.2 and dim Y = oo by Lemma 3.2.4. We will
prove that Y is actually a half-space by constructing a sequence of linearly
independent functionals (f,,) such that every f, annihilates Y.

For every k = 0,1,..., put Fi(2) = 2*F(2). Let’s write Fy(z) in the form
of Taylor series, Fi(z) =Y .o cl( z'. Then

(k) 0 if © < k, and

Define a functional f; on span{Tie}?°, via fi(T%) = ¢\*. Since T has
no eigenvalues, the orbit of T is linearly independent thus f; is well-defined.
We will show now that f; is bounded. Let z € span{T%e}2,, then =z =

Yooz )T'e for some n, so that

5@l = 5 (X et @T)| < (3 Il ol
=0 =0
- (i rieis ) llall < (fj riei-s )l = Belall,

so that || fx]| < Bk. Hence, fr can be extended by continuity to a bounded
functional on [T%]°,, and then by the Hahn-Banach Theorem to a bounded
functional on all of X.

Now we show that each f; annihilates Y. Fix k. Denote by C the un-
bounded component of p(T)~!. Then C contains a neighborhood of zero. Re-

call that for each A € p(T)~" such that [\| < —= 7 we have h(A e) = A Z NT'e.

Therefore
fi(h(x€)) = fi(AD_NT'e) = )\Z Ne®) = AFL(A) = AMLE(N).
=0
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for every A € C such that || < TIT) The map A — h(\, e) and, therefore, the
map A — fi(h(), €)), is analytic on the set p(T')~*. Hence, by the principle of
uniqueness of analytic function, the functions fi(h(X, €)) and A¥™F(X) must
agree on C. Since ), € C for all n, we have fi,(h(An,€)) = AFTIF(\,) = 0 for
all n. Thus, Y is annihilated by every f;.

It is left to prove the linear independence of { fx}32,. Observe that f; # 0
for all k since fi(T7€) # 0 for i > k. Suppose that fx = S, ayf with
ayr # 0. However fy(TMe) = 0 by definition of fy while Z]kvz_]é, apfr(TMe) =

aprco # 0, contradiction. O

Remark 3.2.7. Note that condition (ii) of Theorem 3.2.6 is satisfied by many
important classes of operators. For example, it is satisfied if o(7") is finite (in

particular, if 7" is quasinilpotent) or if 0 belongs to the unbounded component

of p(T).

Corollary 3.2.8. Suppose that X ={, (1 <p <o) orcy and T € L(X) is
a weighted right shift operator with weights converging to zero but not equal to

zero. Then both T and T™* have almost invariant half-spaces.

Proof. 1t can be easily verified that 7' is quasinilpotent. Clearly, 7" has no
eigenvalues, and the orbit of e; is evidently a minimal sequence. By The-
orem 3.2.6 and Remark 3.2.7, T" has almost invariant half-spaces. Finally,

Proposition 3.1.7 yields almost invariant half-spaces for T™. O
The following statement is a special case of Corollary 3.2.8.

Corollary 3.2.9. If D is a Donoghue operator then both D and D* have

almost invariant half-spaces.

3.2.2 Operators with many almost invariant subspaces

Let X be a Banach space and T': X — X be a bounded operator. It is easy
to show that if every subspace of X is invariant under 7" then T must be

a multiple of the identity. In fact, it is enough that every one-dimensional
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subspace is invariant under 7. Indeed, if every one-dimensional subspace is
T-invariant then for each z € X there is A\, € F such that Tx = A\,z. If )\, is
not the same for all nonzero z, say, A, # A, for some nonzero z,y € X, then
T(z+y) = Apyy(r+y) = Ay + A\yy, so that © = ay, which is a contradiction.

In this subsection we will obtain a result of the same spirit for almost
invariant half-spaces. The ideas introduced in the proof will show to be useful

in Section 3.3 where they are developed to a much greater depth.

Proposition 3.2.10. Let X be a Banach space and T € L(X). Suppose that
every half-space of X s almost invariant under T'. Then T has a non-trivial
wvariant subspace of finite codimension. Iterating, one can get a chain of such

subspaces.

Proof. Let’s assume that 7" has no non-trivial invariant subspaces of finite
codimension. We will construct a half-space that is not almost invariant un-
der T.

Let f € X* be a nonzero functional. For each n € N, define f, = foT" 1,
and put Y, = N}_, ker fi. Denote also Y, = X. Then clearly Y,,;; C Y, for
all n. Also, if y € Y, then f(T*y) = f(T* 'Ty) =0 for all k = 1,2,...,n.
Hence f(T*(Ty)) = 0 for all k = 0,1,...,n — 1. Therefore TY,+; C Y,. In
particular, since codimY,, < oo for all n, we get: Y, # Y.

For each n = 0,1,..., pick a vector z, € Y, \ Y,41. Then, in particular,
Yo Ulzn] = Ya, and Y, U [2k]i = X. Also, it is easy to see that Y, ;1 N
[z6]i_o = {0}, so that X = Y, 11 @ [z]}_,- Let P, be the projection along
[zk]p_o onto Y 4q. If g, = frq1 0 P,y then clearly g;(zx) = dx; for all k,i. Put
Z = [z9x)72;. Then obviously dim Z = oo and gax—1]z = 0 for all £ € N. Thus,
Z is actually a half-space.

Suppose that there exists F' with dim F' < oo such that TZ C Z 4+ F'. For
each k € N, pick uy € Z and v, € F such that T'zop = ug + vi. We claim that
if & € N, then gop_1(vr) # 0 and for all 1 < i < k, go;_1(vg) = 0. This will

lead to a contradiction because dim F' < oo.
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To prove the claim, observe that since zo, € Y5, and T'z9, € Yor_1, we
obtain 0 # gox(221) = for(22k) = for—1(T22k) = gox—1(T22x). Since gap 1|z =
0, it follows that gor_1(vx) # 0. By the same reason, for all 1 < i < k, we get
0 = g2i(20x) = fai(22) = foi1(T20r) = g2i—1(T22x), 50 that go; 1 (vi) = 0.

0

3.3 Almost invariant subspaces of algebras of
operators

3.3.1 Introduction

This section is concerned with the study of almost invariant subspaces of col-
lections of operators, most notably, algebras of operators. Just as the studies
of transitive algebras generalize the Invariant Subspace Problem for a single
operator, we introduce and study the notion of a subspace that is simultane-
ously almost invariant under every operator in a given algebra of operators.

The results of this section were published by the author of this thesis in [98].

Definition 3.3.1. Let C C L(X) be an arbitrary collection of operators and
Y C X asubspace of X. We call Y almost invariant under C, or C-almost

invartant if Y is almost invariant under every operator in C.

That is, a subspace is C-almost invariant if for each T" € C there exists a

finite-dimensional subspace Fr of X (“error”) such that
TY CY + Fr. (3.3)

Like in the case of a single operator, every subspace that is not a half-space is
automatically almost invariant under every collection C of operators on X.
In Subsection 3.3.2, we study the finite-dimensional “errors” Fp appearing
in formula (3.3). We prove that if 2 is an algebra without invariant half-
spaces then for an 2A-almost invariant half-space Y these finite-dimensional
subspaces cannot be the same (Proposition 3.3.4). On the other hand, we

prove (Theorem 3.3.9) that if 2 is norm closed then these finite-dimensional
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subspaces cannot be “too far apart”; the dimensions of these subspaces must
be uniformly bounded.

In Subsection 3.3.3, the invariant subspaces of algebras having almost in-
variant half-spaces are investigated. It is proved that if 2l is a norm closed
algebra generated by a single operator then existence of an 2-almost invari-
ant half-space implies existence of an 2-invariant half-space (Theorem 3.3.13).
This theorem then is generalized to the case of a commutative algebra gener-
ated by a finite number of operators (Theorem 3.3.15).

Finally, the last subsection is concerned with the question of whether the
almost invariant half-spaces of an algebra and its closure in various topologies
are the same. It turns out that the situation here is dramatically different

from the case of invariant subspaces.

3.3.2 Analysis of “errors”

Observe that the finite-dimensional subspace Fr appearing in the equati-
on (3.3) is by no means unique. However we can consider the minimal di-
mension of a subspace satisfying this condition. We will find out that sub-
spaces of minimal dimension satisfying (3.3) are of big importance. We collect
some properties of such subspaces in the following lemma (see case (iii)). This

lemma also contains some facts used in Proposition 3.3.4.

Lemma 3.3.2. Let Y C X be a subspace, C be a collection of bounded opera-
tors on X and G C X be a finite-dimensional space of the smallest dimension

such that TY CY + G for allT € C. Then
(i) Y+G=Y &G,
(i) if P:Y @& G — G is the projection along Y then

span U PT(Y)=G;
TeC
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(7ii) if C consists of a single operator, that isC ={T}, and if P: Y &G — G
18 the projection along Y then

PT(Y)=G.
Moreover, in this case G can be chosen so that G CTY .

Proof. (i) Suppose that there exists a non-zero ¢ € GNY. Build go,...9, € G
such that {g,gs,...,g,} is a basis of G. Denote G; = span{gs,...,g,}. It is
clear that TY C Y + G, for all T' € C. However dim GG; < dim G.

(ii) Define F' = span{g € G: v+ g € TY for some v € Y,T € C}. Clearly
F =span | PT(Y).

We claTirerf that TY C Y + F forall T € C. Indeed, if y € Y and T € C
then Ty = v+ g for some v € Y and g € G. By definition of F' we get: g € F,
hence Ty € Y + F.

Since F' C GG and G has the smallest dimension among the spaces with the
property TY CY + G for all T € C, we get G = F.

(iii) The first part of this statement follows immediately from (ii). Let’s
prove the “moreover” part. Let g1,..., g, be a basis of G. By (ii), there exist
Ul ... Uy and yi,...,y, in Y such that Tu; = y; +¢; (i = 1,...,n). Put
fi = Tu; and F = [f;]’,. Then clearly F CTY. AlsoY + F =Y + G, so
that TY CY + F. O

The following example shows that |J PT(Y) may not be a linear space
Tec
even in the case when C is an algebra of operators, so that it is necessary to

consider span | J PT(Y) in the statement (ii) of Lemma 3.3.2.
TeC

Example 3.3.3. Let X = (5(Z). Define T\, S € L(X) by
T€0:€1, T6,1 = €9, T@ZZOIfZ#O,—l,
and

560263, SGZZOIfZ%O
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Since T? = S? =TS = ST = 0, the algebra 2 generated by T and S consists
exactly of the operators of form aT + bS where a and b are arbitrary scalars.

Let Y = [ei]ico- Then clearly Y C Y + F where F' = span{ey, es, 3},
and F' is the space of the smallest dimension satisfying this condition. If P :
Y @ F' — F is the projection along Y then | Jzeq PR(Y') is not a linear space.
If it were, it would have been equal to F', by (ii) of Lemma 3.3.2. However
the vector e; + ez is not in this union. Indeed, if P(aT 4 bS)(> o, zie—;) =
(aT + bS)(zoeg + z16-1) = €3 + e3 then bxryg = 1 and axr; = 1. Hence 2y # 0
and a # 0, so that ej[(aT + bS)(zoeo + x1e_1)] # 0, which is impossible.

Suppose Y is a half-space that is almost invariant under a collection C of
operators on X, that is, formula (3.3) holds for every operator T in C with
some Fp. One may ask if it is possible that Fr does not depend on 1. The
following simple reasoning shows that in the case of algebras of operators, this

can only happen if the algebra already has a common invariant half-space.

Proposition 3.3.4. Let Y C X be a half-space and A an algebra of operators.
Suppose that there exists a finite-dimensional space F such that for each T € 2
we have TY CY + F. Then A has a common invariant half-space.

Moreover, if G is a space of the smallest dimension such that TY CY +G
for all T €A then' Y + G is A-invariant.

Proof. Clearly, it is enough to prove the “moreover” part. Let G be a space
of the smallest dimension such that TY CY + G for all T' € .

Denote 2A(Y) = Upeg TY. Then A(Y) is ™A-invariant. Hence, so is span
2(Y). Denote Z =Y + span?(Y). Since TY C span20(Y") for every T € 2,
we obtain that Z is invariant under 2.

Obviously, Z C Y + G. By Lemma 3.3.2, Y + G =Y @ G, and if P :
Y @& G — G is a projection along Y then P(span?(Y)) = G. Hence Y & G =
Y@®P (span2(Y)) = Y-+spanA(Y) = Z, so that Y @G is invariant under A. [

Definition 3.3.5. Let 7" € L(X) be an operator and ¥ C X be a linear

subspace. We will write dy 1 for the smallest n such that there exists F' with
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TY CY + F and dim F' = n.
The following observation is obvious.

Lemma 3.3.6. Let T' € L(X) be an operator and Y C X be a subspace. Let
q: X — X/Y be a quotient map. Then'Y is T-almost invariant if and only if
(qT)|y is of finite rank. Moreover, dim(qT")(Y') = dy.r.

To proceed, we need the following two auxiliary lemmas.

Lemma 3.3.7. Let Y C X be a linear subspace and {u;}Y_, be a collection of
linearly independent vectors in X such that [u;]Y.,NY = {0}. Let {v;}}¥, C X
be arbitrary. Then for all but finitely many o the set {v; + au;} Y, is linearly

independent, and [v; + aw;]Y., NY = {0}.

Proof. Let F = span{u;,v;: i = 1,...,N}. Let G = (Y + F)/Y. Denote
v, =uw;+Y € G, 2z, = v;+Y € G. Then the set {x;} , is linearly independent.
Clearly, to establish the lemma it is enough to prove that the set {z; +az; } Y,
is linearly independent for all but finitely many .

Denote M = dimG. Let {b;}, be a basis of G such that b; = x; for all
1 <@ < N. Denote the coordinates of vectors z; in this basis by z;;. Let A

be the M x M-matrix with the first N rows consisting of the coordinates of

zi (i=1,...,N), and the last M — N rows being consisting of zeros:

211”12 . R1,M-1  R1M
. ZN1 <N2 **° ZN,M-1 ZNM
A=
0 o --- 0 0
L0 0 - 0 0 |

Since the spectrum of A is finite, det(A + o) # 0 for all but finitely many «.
For these «a, the rows of A + ol must be linearly independent. In particular,
the first IV rows are linearly independent. However, the first N rows of A+l

are exactly the representations of the vectors z; + ar; in the basis {b;},. O
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Lemma 3.3.8. Let Y C X be a linear subspace and T' € B(X). Suppose that
fi,.. o, fn € TY are such that no non-trivial linear combination of { f1,..., fu}

belongs to Y. Then n < dyr.

Proof. Let ¢ : X — X/Y be the quotient map. Then ¢fi, ..., qf, are linearly
independent. Since ¢fi,...,qf, € (¢T)(Y), we get n < dim(¢7")(Y') = dy.r by
Lemma 3.3.6. O

The following theorem is the main statement in this section. Recall that,
according to our convention, the term “subspace” stands for a norm closed

subspace, while a “linear subspace” need not be closed.

Theorem 3.3.9. Let G be a subspace of L(X). Suppose that Y is a linear

subspace of X that is almost invariant under &. Then

sup dy,s < oo.
Se6

Proof. For every S € G, fix a subspace Fs C X such that SY C Y + Fg and
dim Fg = dy,s. By Lemma 3.3.2, Y 4 F is a direct sum. Fix Ps : Y ®Fg — Fg
the projection along Y. Also fix a basis (f5)™ of Fy and vectors (¢5)2 in
Y such that (PsS)g? = f7 (this can be done by Lemma 3.3.2(iii)).

Suppose that the statement of the theorem is not true. Then there exists
a sequence of operators (S;) C & such that the sequence (dy.g, )52, is strictly
increasing. Without loss of generality, ||Sk|| = 1.

We will inductively construct a sequence (ay) of scalars such that the fol-

lowing two conditions are satisfied for every m.
(1) If Tm = Z akSk then Nm = dY,Tm 2 dy,gm.
k=1
(ii) Let

C,, = sup
b1,...,bNmE[—171}

Y

> bigf||- e ()

1, Nm

=1

where (f/™)* is the i-th biorthogonal functional for (f/™)¥= in F. | and

D i {1 1 ! }
m=mindl, —m——
Cy- || P Cm - | P, ||

Then0<a1<%and0<am+1<W%Dméwﬁforaﬂm>l.
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Indeed, on the first step put a; = % Suppose that ay,...,a, have been

constructed. Define D,, as in (ii). Denote for convenience N = dyg,,,,-
Let u; = fiserl and v; = mgf’”“, i =1,...,N. By Lemma 3.3.7 we can
find 0 < a < #Dm such that no non-trivial linear combination of vectors
from the set {v; + aw;}Y, is contained in Y. Put a,,41 = a. This makes
both conditions (i) and (ii) satisfied for m + 1. Indeed, condition (ii) is sat-
isfied immediately. Let’s check condition (i). For each i = 1,..., N, we have
Tm+1gfm+1 = ngfm“ + aSmHgfm“ = v; + au; + w; where w; is some vector
in Y. Since no linear combination of {v; + aw;}, is contained in Y, the same

is true for {Tp 107" }Y,. Condition (i) now follows from Lemma 3.3.8.

Denote S = 3~ a;S,. By condition (ii), ar, < 4 for all k € N, so that S is

k=1
well-defined. For every m € N, denote R,, = > axSk, sothat S =T,,+ R,,.
k=m+1
By condition (ii), we get: ||R.| < m for all m € N.

Clearly, S € 6. By assumptions of the theorem, SY =Y & Fs. Denote
n = dimFg < oo. Pick m € N such that N,, > n and put z, = Sg;™,
i=1,...,Ny. Since N,, > n, there exists a sequence (b;)"7 of scalars such

that max;|b;| = 1 and
Nim
Z = Z biZi ey.
i=1

N,
Consider y = 5 bijgl™. We have
i=1
Toy=Sy— R,y=2z2— Ryy,

hence

(Pr,, Tn)y = —(Pr,, Rm)y.
Clearly, for each i = 1,..., N,,, we have b; = (fI™)*(Pr, T\ny). Let k be such
that |bx| = 1. Then

L= [bx] = |(A™) (Pr, T )| < [|(5™) | 1Pr, Tyl =

N
= |G P Ryl < ||CF) ]| 1P| [ R - szigiﬂn” <
=1

1

<N Pr |l 1Bl Con < || Pl Co 1Pl

Cn=1
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which is a contradiction. O

3.3.3 When algebras with almost invariant subspaces
have invariant subspaces

Now we will turn our attention to the study of invariant subspaces of algebras
having almost invariant subspaces.

The following lemma is obvious.

Lemma 3.3.10. Let X and Y be Banach spaces and T € L(X,Y) be of finite
rank. Then dim(Range T') = codim(ker T').

Let T € L(X) be an operator and Y C X be a half-space. Consider two

procedures of constructing new linear spaces:

Dr(Y)={yeY:TyeY}  “going downwards”,
Upr(Y)=Y +TY “ogoing upwards”.
Clearly Dr(Y) CY C Ur(Y).
If Y and Z are two subspaces of X and Y C Z then the symbol codimy Y

will stand for the codimension of Y in Z.

Lemma 3.3.11. Let Y C X be a half-space and T € L(X). IfY is T-
almost invariant then both Dr(Y) and Ur(Y) are half-spaces. Moreover,

COdimy DT(Y) = COdimUT(y) Y = dva.

Proof. The statement about Ur(Y) follows immediately from the definition
of an almost invariant subspace. Let’s verify the statement about Dp(Y).
Obviously, we only need to verify the “moreover” part.

Let TY C Y + F where F is such that dim F' = dy 7. By Lemma 3.3.2(i),
we have Y + FF =Y & F. Let P : Y & F — F be the projection onto F
along Y. It is easy to see that Dr(Y) = ker(PT]y). By Lemma 3.3.10, we
obtain codimy Dp(Y) = dim(Range PT|y) = dim F' = dy . O

The following lemma is the key statement of this section. In this lemma, the

symbols DE(Y) and UE(Y') are defined for all k > 2 by DE(Y) = Dp(DETH(Y))
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and UE(Y) = Up(UE1(Y)), and for k = 1 by DL(Y) = Dp(Y) and UL(Y) =
Ur(Y).

Lemma 3.3.12. Suppose that'Y is a half-space in X that is almost invariant
under an operator T' € L(X). If dy;r > 0 and dpg vy ¢ 2 dyr and dygyy r 2
dyr for all k € N then dy.rm = m for all m € N.

Proof. Denote for convenience N = dy,r. Let F' C X be such that 7Y C Y +F
and dim F' = N. Fix a basis f,..., fy € X of F.

Suppose that dDé(Y),T > N and dng(Y),T > N for all k € N. Denote Yy =Y
and Yy = DX(Y), k > 1. Since Y, = Dp(Yj_y) for all k > 1, it follows that
Vi CVYr1and TY, C Yy qask >1

We claim that for each k > 1 there exists an N-tuple (fF,..., f¥)in Y,
such that

(1) Yk D Fk = Yk—l where Fk = [fz-k]f\il, and

(i) if Py : Yy @ Fr, — F} is the projection onto Fj, along Y, (we also put
Py : Y @ F — F the projection onto F along Y), then (P,_,T)fF = fF1
foralli=1,...,N .

Let k = 1. By Lemma 3.3.2(iii), for each ¢ = 1,..., N, we can find f} € Y
such that (PyT)f} = f°. Then (ii) is satisfied. Write Fy = [f}]Y,. Since ¥; N
Fy = {0} by definition of Y7 and dim F; = N = codimy Y; by Lemma 3.3.11,
Yi®o =Y.

Suppose the claim is true for £ > 1. Then Y, ®F), = Y,_1. Since TY;,, C Y, _4
and dy, r > N = dim F}, we get dy, r = N. Then from Lemma 3.3.2(111) for

each i = 1,..., N there exists f*™' € Y} such that (PT)fF" = so that

(i) is satisfied for k& + 1. To show (i), write Fryq = [fF™]Y,, and observe:
Yii1 N Fryp1 = {0} by definition of Yy, and dim Fyy; = N = codimy, Yy by
Lemma 3.3.11.

Observe that from condition (ii) of this claim we have: for each k& > 1 there

exists y € Y such that T%fF =y + f2. That is, fF is a k-th “preimage” of f7.
It follows that any f € F has a k-th “preimage” in Yj_;.

62



Denote Zy = Y, Z, = UKY), k > 1. That is, Z, = Up(Z;_1). In
particular, T'Z,_ C Z for all k > 1. We claim that Z, =Y @ F®TF---®
Tk=1F. Indeed, for k = 0 this is obvious. Suppose the claim is true for & > 1.
Let’s prove that Z,,, =Y @ F®TF--- & TFF. We have Zy,, = Up(Zy) =
Zy+TZy = YSF®TF - - T 'F)+(TY+TF+T?*F+---+T'F) = (Y &
FeTE -- -@Tk_lF)—l—TkF since TY C Y@F. In particular, Z, = Z,+TFF.
We only have to prove that this sum is direct. We have dim TFF < N since
dim F = N. On the other hand, TZ, C Z,,, = Z, + T*F. Since dz,.7 =2 N
for all k > 0, we get dimT*F = N = dz,_r. By Lemma 3.3.2(i), the sum must
be direct.

Observe that in particular, this means that if f € F is non-zero then
T € Za \ Zi, (k= 0).

We will establish now that dy,7m > m by constructing a sequence (wy,)j-; in
T™Y such that wy € Z,, k41 \ Zm—g- This, in particular, will mean that 7Y
contains m vectors {wy}7-; whose no non-zero linear combination belongs
to Y. The statement of the lemma will then follow from Lemma 3.3.8.

Let u € F be a non-zero vector, m € N be arbitrary, and k € {1,...,m}.
Put u; to be the k-th “preimage” of u, that is, such a vector in Y,_; that
Tk, = v, +u for some v, € Y. Then Ty, = T™ *TFuy, = T ko, + T F.
Since v, € Y, it follows that T *v, € Z,,_. Also since u # 0, we get
T *u € Zn ki1 \ Zm—i. It is left to put wy = T (ug). O

As an immediate corollary we get the following theorem.

Theorem 3.3.13. Let T' € L(X) be an operator and A the norm closed algebra
generated by T'. If A has an almost invariant half-space then 2L has an invariant

half-space.

Proof. If dyp = 0 then there is nothing to prove. Let dyp > 0. Since 2l is norm
closed, supgcy dy,s < oo by Theorem 3.3.9. In particular, sup,,cy dy,rm < 00.
By Lemma 3.3.12, it follows that either dD%(Y),T < dy,r or quzg(Y%T < dy,r for

some k € N.
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Applying this finitely many times we get a half-space Z such that dzr = 0.

Since Z is T-invariant, it is 2l-invariant. O

The method we developed can be used to generalize Theorem 3.3.13. We

will need a small lemma.

Lemma 3.3.14. Let T € L(X) and Y C X is a T-almost invariant subspace.
If S € L(X) is such that TS = ST and Y is S-invariant then Dp(Y') and

Ur(Y) are also S-invariant.

Proof. If y € Dr(Y), then T(Sy) = STy € Y since Ty € Y and Y is S-
invariant. Hence Sy € Dr(Y), so that Dr(Y') is S-invariant.

Let u+v e Ur(Y) =Y +TY, withu € Y and v = Ty for some y € Y.
Then S(u+v) = Su+ STy = Su+ TSy € Up(Y) since Su, Sy € Y, so that
Ur(Y) is S-invariant. O

Theorem 3.3.15. Let 2 be the norm-closed algebra generated by a finite num-
ber of pairwise commuting operators. If A has an almost invariant half-space

then 2L has an invariant half-space.

Proof. Let 2 be generated by pairwise commuting operators 71, ...,7, and
let Y be an 2A-almost invariant half-space. We will prove that there exists a
half-space which is invariant under each T;, (k =1,...,n).

Observe that if 7" € A then both Dr(Y) and Up(Y') are 2-almost invari-
ant because codimy Dr(Y) < oo and codimy,.(yyY < oo by Lemma 3.3.11.
Clearly, Y is almost invariant under the norm closed algebra generated by 7T7.
Apply a finite sequence of procedures Dy, and Ur, to Y to obtain a 7T}-invariant
half-space Y7, as in the proof of Theorem 3.3.13. Then, Y] is 2l-almost invari-
ant. Apply a finite sequence of procedures Drp, and Urp, to Y; to obtain a
Ts-invariant half-space. By Lemma 3.3.14, Y is also T-invariant. Obviously,
it is still A-almost invariant. Repeat this procedure n — 2 more times to get

an 2A-invariant half-space. O
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3.3.4 Almost invariant subspaces of closures of algebras

It is well-known that the invariant subspaces of an algebra and its WOT-
closure are the same. We will now study this question for almost invariant
subspaces.

First, we establish that if the algebra 2l is norm closed then almost invariant

—WO .
subspaces of A and A " are the same. We need a lemma for this statement.

Lemma 3.3.16. Let Y be a subspace of X and A an algebra of operators
acting on X. Let N € N be such that dyp < N for allT € A. Then dyr < N
for all T € vt

Proof. Suppose that the conclusion is not true. Let T € 27" be an operator
with dyr > N 4+ 1. Let F C X be such that dim "' = dyr and TY CY @ F.
Fix N+1 linearly independent vectors (f;)Y1* in F. By Lemma 3.3.2(iii), there
exist (ul)f\gl C Y such that for each : = 1,..., N + 1 we have Tu; = y; + f;
for some y; € Y. Since Y N F = {0}, [Tu )X NY = {0} and Tuy,. .., Tuy
are linearly independent.

Since A" T = ﬁSOT, we can find a net (7,) C 2 such that T, .
Let ¢ : X — X/Y be the quotient map. Since [Tu;]¥*'NY = {0} and
Tuy, ..., Tux, are linearly independent, the collection {(q¢7")u; }2-i" is linearly
independent. Observe that if ¢ > 0 is sufficiently small then each collection
{v }X41 satisfying ||v; — (¢T)wil| < € as i = 1,...,N + 1 is again linearly
independent.

Fix ag such that for all @ > ag we have |[(T, — T)(w;)|| < € for all i =
1,...,N+1. Then ||(¢Tn — qT)(us)|| < &, so that the collection { (g7, )u; }+!

is linearly independent for all & > agy. By Lemma 3.3.6, this, however, implies

that dyr,, > N + 1 for all o > ap which contradicts the assumptions. O

Corollary 3.3.17. Let 2 be a norm closed algebra of operators on X and
Y be a half-space in X. Then Y s A-almost invariant if and only if Y is

—WOoT ) .
A -almost invariant.
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Proof. It Y is 2A-almost invariant then by Theorem 3.3.9 there exists N € N
such that dy,g < N for all S € 2. By Proposition 3.3.16 the same is true for
all S € A", This implies that Y is AT _almost invariant. The converse

statement is obvious. O

Remarkably, the condition that 2( is norm closed is essential for the above
result, as the next example shows. This example also exhibits that, unlike in
the case of invariant subspaces, there exists an operator whose almost invariant
half-spaces are different from those of the norm closed algebra generated by

this operator.

Example 3.3.18. Let D be a Donoghue operator on ¢y. Put A = {p(D): p
is a polynomial such that p(0) = 0}. By Corollary 3.2.9 D has an almost
invariant half-space. Then 2l has an almost invariant half-space. However,
since all the invariant subspaces of D are finite dimensional and therefore
20 has no invariant half-spaces, ﬁ”'” has no almost invariant half-spaces by

Theorem 3.3.13.
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Chapter 4

Transitive algebra techniques in
Banach lattices

In this chapter, we use techniques from [72] and [84] to obtain a lattice version
of Theorem 1.2.7 of Lomonosov which is valid for collections of positive oper-
ators. This is a joint work with Troitsky. The results from this chapter were
inspired by the paper of Drnovsek [45] about invariant subspaces of collections

of positive operators and were published in [100].

4.1 Invariant subspaces of positive operators

Throughout the chapter, X will stand for a Banach lattice. That is, X is a
Banach space endowed with a lattice order which is compatible with the linear

structure of X and satisfies the following two conditions:
(i) 0 <z <y implies [z] < [lyl;
(i) |[|lz]|| = |lz|| for all z € X, where |z| =z V (—z).

For an extensive treatment of Banach lattices, we refer the reader to the mono-
graphs [83], [114], and [1]. We will write x > y if > y and = # y.

There are many indications that compatibility of an operator with the
order structure can be useful in determining many properties of this operator.
Perhaps the most well-known result in this regard is the Perron-Frobenius

theorem [95, 50] (for a more accessible exposition, see, e.g., [1, Theorem 8.26])
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which (in the simplest form) asserts that a square matrix with strictly positive
entries has a unique largest real eigenvalue and the corresponding eigenvector
is unique (up to scaling) and has strictly positive entries. Another classical
result is the automatic continuity of positive linear mappings: every positive
linear map between two Banach lattices is continuous.

A very satisfactory extension of the Perron-Frobenius theorem to positive

compact operators on Banach lattices was obtained by Krein and Rutman [69].

Theorem 4.1.1. [69] If T is a compact positive operator on a Banach lattice
X withr(T) > 0 then the spectral radius r(T') is an eigenvalue having a positive

eirgenvector x > 0.

For non-compact positive operators on Banach lattices, the statement of
Theorem 4.1.1 is not valid in general. For example, the right shift operator on
{5 is a positive operator without eigenvalues. However, even for non-compact
operators, positivity of the operator yields certain information about the spec-

trum.

Theorem 4.1.2. [69] The spectral radius of a positive operator on a Banach

lattice belongs to the spectrum of the operator.

It has been conjectured (see, e.g., [7, Conjecture 1]) that every positive
operator on a separable Banach lattice has an invariant subspace. This con-
jecture is still unsettled. None of the known examples of operators without
invariant subspaces is positive. It should be noted that Sirotkin [122] was able
to fine-tune the Read’s operator acting on ¢; from [107] in such a way that the
resulting matrix has only one negative entry. Also, Troitsky showed in [124]
that the modulus of Read’s quasinilpotent operator [109] has an eigenvalue.

A classical result about invariant subspaces of operators acting on Banach

lattices of continuous functions is due to Krein [69].

Theorem 4.1.3. [69] If T is a positive operator on C(K) where K is a compact
Hausdorff space then the adjoint T of T has an eigenvalue.
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By Theorem 4.1.3, if T is a non-scalar operator on C'(K) then 7T has a
hyperinvariant subspace (see Proposition 1.1.1). There are several proofs and
modifications of Krein’s theorem in the literature (see, e.g., [3, Theorems 6.3
and 7.1], [116, p.315], and [92]).

An important branch of the invariant subspace research for positive op-
erators originates from the Ando-Krieger theorem. To proceed, we will need

some terminology.

Definition 4.1.4. A subset A of a Banach lattice X is said to be solid if
|z] < |y| and y € A imply x € A. A solid vector subspace of X is called an

order tdeal.

Definition 4.1.5. A net z, in a Banach lattice X converges in order to x € X

(we write it as , — z) if there are two nets ys and 2, such that
(i) ys T« (i.e., ys is increasing and supyg = =) and z, | z;
(ii) for each § and ~y there exists ag such that yz < z, < 2, for all a > ay.

Definition 4.1.6. A set A in a Banach lattice X is order closed if x, - z

and x, € A for all a imply z € A. An order closed ideal of X is called a band.

According to this definition, we do not assume that an order ideal is a
closed subspace in the given Banach lattice. However, it is a well-known fact

that bands in Banach lattices are necessarily norm closed.

Definition 4.1.7. Let (€2, X, i) be a o-finite measure space and X = Ly (€2, X, )
the set of (equivalence classes of) all y-measurable functions. Let H C X be
a Banach lattice with order and linear structure inherited from X. A positive
operator T' : H — H is called ntegral operator if there exists a pu x u-

measurable function k(-, ) such that

Tz(t) = /k:(s,t)a:(s)du(s)
for all x € H and for p-almost all ¢ € Q.
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The Ando-Krieger theorem is the following statement.

Theorem 4.1.8. [10, 70] (see also [1, Corollary 9.37]) Each quasinilpotent

positive integral operator has a non-trivial invariant band.

Theorem 4.1.8 has been generalized by many mathematicians. See, for
example, works of Caselles [36], Schaefer [113], and Zaanen [129, Section 136].
Grobler [57] found a simple proof of Theorem 4.1.8.

It was shown by Schaefer in [113] that the Ando-Krieger theorem is not
valid for general positive operators on Banach lattices. He found an example of
a quasinilpotent positive operator on L, (;) without non-trivial closed invariant
order ideals. Nevertheless, it turned out that under additional conditions,
versions of Theorem 4.1.8 hold for positive operators which are not integral.

The following theorem is due to de Pagter [41].

Theorem 4.1.9. [41] A positive compact quasinilpotent operator on a Banach

lattice has a non-trivial closed invariant order ideal.

The idea of de Pagter’s proof is an adaptation of Hilden’s technique [84] to
the context of positive operators on Banach lattices. The paper by de Pagter
caused a lot of subsequent research. Generalizations of Theorem 4.1.9 were
obtained by Grobler [58], Schaefer [115], Caselles [37], Abramovich, Aliprantis,
and Burkinshaw [4, 5], and others.

We would like to describe a generalization from [4] in more details. To

proceed, we need some defintions.
Definition 4.1.10. An operator T' € L(X) is quasinilpotent at a point
r € X if lim ||T"z||Y/" = 0.

n—0o0

Definition 4.1.11. Let X be a Banach lattice and T" € L(X). We say that
an operator S € L(X) is dominated by T (or that T dominates S) if
|Sz| < T'(|x|) holds for all z € X.

Observe that an operator 7" dominating any other operator is necessarily

positive.
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Definition 4.1.12. An operator T': X — Y between Banach lattices is called
A M-compact if T|a,b] is norm totally bounded for all a,b € X.

It is clear that any compact operator is AM-compact. The converse is not

true (see, e.g., [2, Problem 10.3.7]).

Theorem 4.1.13. [4] Let X be a Banach lattice and T € L(X) be a positive
operator. Suppose that there exists a positive operator S € L(X) such that:

(i) ST <TS;

(ii) S is quasinilpotent at some xoq > 0;
(iii) S dominates a non-zero AM-compact operator.
Then T has a non-trivial closed invariant ideal.

Compared to Theorem 4.1.9, this result, instead of imposing all conditions
on one operator, shifts some of them to an operator the set {S: ST < T'S}
(which is called super left commutant of T, see Definition 4.1.14). Therefore it
can be considered as a lattice version of Lomonosov’s theorem about compact
operators (Theorem 1.1.3).

This theorem was generalized by Drnovsek to collections of positive opera-
tors in [45]. He used an alternative to the notion of quasinilpotence at a point

which we will describe now.

Definition 4.1.14. Let C be a collection of positive operators on a Banach

lattice X. The super right commutant [C) is defined by
[C)={SeL(X):S>0and ST —TS >0 for all T € C}.
The super left commutant (C] is
(Cl={SeL(X):S=20and ST-TS <O0forall T € C}.

Definition 4.1.15. For two collections C and D of operators acting on the
same space we write CD = {T'S: T € C, S € D}. The symbol C" is defined as
the product of n copies of C.
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Definition 4.1.16. If U is a subset of X then we write |U|| = sup{||z|: = €
U}. We call a collection C of operators finitely quasinilpotent at a vector

z € X if limsup, || F"z||» = 0 for every finite subcollection F of C.

Clearly, finite quasinilpotence at x implies local quasinilpotence at = of

every operator in the collection.

Theorem 4.1.17. [45] If C is a collection of positive operators on a Banach

lattice X such that
(i) C is finitely quasinilpotent at some positive non-zero vector, and
(ii) some operator in C dominates a non-zero AM-compact operator,
then C and [C) have a common closed invariant order ideal.

Theorem 4.1.17 can be viewed to a certain extend as a lattice version of
Theorem 1.2.5. Combining it with [125, Corollary 7], Drnovsek also obtained

the following generalization of Theorem 4.1.9.

Theorem 4.1.18. A multiplicative semigroup of quasinilpotent compact pos-
itive operators on a Banach lattice of dimension at least two has a nontrivial

closed invariant ideal.

We would like to finish this introductory section with the following result
of Abramovich, Aliprantis, and Burkinshaw which applies, for example, to

positive operators acting on £, or c.

Theorem 4.1.19. [6] Let X be a Banach lattice whose order is defined by an
unconditional basis, T : X — X be a positive operator. If T commutes with a
non-zero positive operator that is quasinilpotent at some x > 0 then T has a

non-trivial closed invariant ideal.
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4.2 A version of Lomonosov theorem for col-
lections of positive operators

Observe that if a collection C of positive operators has a closed nontrivial
invariant ideal then there exist non-zero positive x € X and f € X* such that
(f,Tx) = 0 for all T" € C. Indeed, let J be a closed nontrivial C-invariant
ideal. Pick a non-zero positive x € J and a non-zero g € X* such that
gls = 0. Put f = |g|. Then by the Riesz-Kantorovich formula (see, e.g., [1,
p.16]) (f,Tx) = sup{g(Ty) : —v <y <z} =sup{0 : —z <y <z} =0 for
all T e C.

If C is a semigroup then the converse is also true. Indeed, let f € X* and
x € X be positive, non-zero elements, such that (f,Tz) = 0 for all T" € C.
Define J to be the ideal generated by the set A = {Tx : T € C}. It is easy to
see that J C ker f, hence A C ker f, so that 7" is non-trivial. Also, A is
C-invariant since C is a semigroup. The claim now follows from the following

lemma.

Lemma 4.2.1. Let C be a collection of positive operators. If a set A is C-

wwvariant then the norm closure of the ideal generated by A is also C-invariant.

Proof. Let J be the ideal generated by A. It is enough to prove that J is
C-invariant. Let y € J. There exists z € A such that y is dominated by a
scalar multiple of z. That is, |y| < az for some o > 0. If T € C then Tz € A.
Hence Ty € J, as |Ty| < oTz. So, J is T-invariant for all T € C. O

The goal of this section is to “quantize” Theorem 4.1.17 in the same manner
that Theorem 1.2.5 was “quantized” into Theorem 1.2.7. Our proofs use ideas
from [72] and [84].

In the rest of this section, X will be a real Banach lattice. We will also
assume that X is a dual Banach space; that is, X = Y* for some (fixed) Banach
space Y. We will start with a version of Theorem 1.2.7 for convex collections

of positive operators. Recall that if 7" € L(X) is an adjoint operator then

73



T, € L(Y) stands for a (unique) operator satisfying the condition 7' = (7})*
(cf. page 11 of this thesis).
In the following two lemmas, we collect several standard facts that we will

use later.

Lemma 4.2.2. Let Z be a vector lattice, x € Z,. Then for each y,z € Z one

has

(i) leny -z Azl <|y—z[;

(i) if ly| < z then |z —x A z] < |[v —x ANyl;
(iii) |z —x Ay < |z —yl.

Proof. 1t is easy to check that the formulas are valid in R. The validity of the

formulas in any Banach lattice follows from Yudin’s theorem. m

Lemma 4.2.3. If K is a compact operator on'Y then K* is w*-||-|| continuous

on bounded sets.

Proof. 1t is enough to show that if z, % 0 and |za]] < 1 then K*x, M> 0.

We have:
| K"z | = sup (K Zq, y)| = sup [(za, Ky)|.

yE€By yEBy
Fix ¢ > 0. Let (y;)"; € By be such that K(By) C U ,B(Ky;,e). There
exists @ such that |(z,, Ky;)| <eforalla >@and i € {1,...,n}.
For y € By, pick i € {1,...,n} such that |Ky — Ky;|| < e. Then

‘(xomeH = ‘(xomei> + <xome - Ky1>’ <
< (s Kya)| + llzal - [[Ky — Kyl < 2e.
Hence || K*z,|| < 2¢ for all a > @. O

Theorem 4.2.4. Let C be a convex collection of positive adjoint operators
on X. If there is xq > 0 such that every operator in C is locally quasinilpotent
at xy then there exist non-zero x € Xy and f € X% such that (f,Tx) < |1
for all T € C.
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Proof of Theorem 4.2.4. Clearly, we may assume that ||| = 1. Also, without
loss of generality, C is closed under taking positive multiples of its elements,

otherwise we replace C with {aT: T € C,0 < a € R}. Fix 0 < ¢ < 55. Define

C. = {TeC:|T..<¢}, and

Ho(z) = {ze€X:|z|<TzforsomeT cC.}, ze€X,.

Clearly, H.(z) is convex and solid for all x € X,. Also, if T € C., then
Tx € H.(x). In what follows, we will consider two cases.

Case 1. Suppose that H.(x) # X for some nonzero z € X,. Since H.(x)
is convex, there is a nonzero g € X* such that g(y) < 1 for all y € H.(z).

Consider h = |g| € X*. Then for any y € H.(x) we have

h(y) < h(lyl) = sup{g(u): — [yl <u < [y|} <1

since H.(z) is solid. In particular, (h,Tx) < 1 for all T € C..

Put f = Sh. We claim that (f,Tz) < ||| for each T" € C. Indeed, if
T is compact, i.e., ||[Ti][e = 0, then aT € C. for all 0 < a € R. Therefore
(h,aTz) < 1for all 0 < a € R, so that (f,Tx) = 5(h,Tz) = 0. If T is not

£
2
eT

Tl S Cg, whence

compact then

eT

(. Ta) = T

) < I

Case 2. Suppose that H.(z) = X for all nonzero x € X,. Then, in
particular, for each z € X there is y, € H.(z) such that ||zy — y,|| < e. Fix
an operator T, € C. such that |y,| < T,x. Then (ii) and (iii) of Lemma 4.2.2
yield [|zg — xo A Tpz|| < |20 — 2o A ye|| < ||70 — v < e

Let Up = {z € X;: |lz —xo < 1}. Since ||(T3).

. < ¢, there is an adjoint
compact operator K, € K(X) such that ||K, — T,|| < e. By Lemma 4.2.3,
each K is w*-|| - || continuous on norm bounded sets. It follows that there is a

relative (to Up) w*- open neighorhood W, C Uy of x such that || K,z— K, x| < ¢

5



whenever z € W,. Then using Lemma 4.2.2 (i), for every z € W, we get:

on — 2o A\ szH < H:co — Zp /\TICCH + on NT,x — 29 A Kx:cH
+ on N Kpx — x9 A szH + on NKpz— x9N TIzH
< ||wo — o A Toz|| + | Tox — Kzl + || Kow — Kozl + || Koz — To2||

<e+ellz] +e+elz] <5e< 3.

Together with T, > 0 this yields (zg A T,y) € Uy for each y € W,.

Note that Uy is w*- compact since Uy is the intersection of X, with a closed
ball. Hence, we can find zq,...,x, € Uy such that Uy = UZ:1 W,,. Define
T=T, +-+T,, €C. Then by Lemma 4.2.2(ii), we have xy A Tz € U, for
every z € Uj.

Define a sequence (y,,) € Uy by yo = 2o and yp+1 = xoATy,. Clearly 0 < y,
for all n, and y, < Typ—1 < ... < T"yy = T"x, so that ||y,|| < ||T"xo|. Thus
yn — 0 as n — oo by the local quasinilpotence at zy. This is a contradiction

by the definition of Uj. O

The next theorem shows that the conclusion of Theorem 4.2.4 is also true
for some collections of operators which are not necessarily convex. We will,
however, use a more restrictive quasinilpotence condition. We will need some
additional definitions.

Let C be a collection of positive operators. Following [1, p. 412], define

De = {DeL(X)+ . 3Ty,.... T, €[C) and
[e'S) k
St,...,S, € UC” such that D < Zﬂ&}

n=1 i=1
(see Definition 4.1.14 for the definition of the super-right commutant [C)). In
other words, D¢ is the smallest additive and multiplicative semigroup which
contains the collection [C) - C (see Definition 4.1.15 for the definition of a
product of two sets) and such that T' € De and 0 < S < T imply S € D¢
(see [1, Lemma 10.41]).
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Let C be a collection of positive adjoint operators on X. Define
Ee={T € De: T = S* for some S € L(Y)}.

Since adjoint operators are stable under addition and multiplication, & is an

additive and multiplicative semigroup. It is also clear that C C &.

Theorem 4.2.5. Let C be a collection of positive adjoint operators on X. If
C is finitely quasinilpotent at some xoy > 0 then there exist non-zero x € X,

and f € X7 such that (f,Tx) < ||Ti||e for all T € &.

Proof. Clearly & is convex. Note that the finite quasinilpotence of C at g
implies the finite quasinilpotence of D¢ (and, therefore, of &) at zo (see,

e.g., [1, Lemma 10.43]). Finally, apply Theorem 4.2.4 to &. O

Now suppose, in addition, that Y is itself a Banach lattice. Then we can

improve the conclusion of Theorem 4.2.4.

Definition 4.2.6. An operator T' on a Banach lattice Z is called A M-com-

pact if T'([a,b]) is compact for all a < b in Z.

The following fact is definitely well-known. We include a proof of it for

convenience of the reader.

Lemma 4.2.7. The set of all AM-compact operators on a Banach lattice Z

forms a closed subspace in L(Z).

Proof. 1t is clear that the set of AM-compact operators is a subspace in L(Z).
Suppose that (T},) is a sequence of AM-compact operators such that 7,, — T
in norm. Let’s prove that T is also AM-compact.

Let a < b € Z. Denote M = max {||a||, ||b]|}. Without loss of generality,
M # 0. Fix ¢ > 0. We will construct a finite e-net in 7'([a, b]).

Let m € N be such that [|T,,, — T'|| < 3%;. Since T, is AM-compact, there
exists a finite set {zy,...,2,} C [a,b] such that {T;,21,..., 1,2, } is an §-net

for T,,,([a,b]). Let x € [a,b]. Pick i € {1,...,n} such that ||T,,z; — Tpx| < 5.
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Then ||Tz; — Tx| < ||Tx; — Tl + | Tz — Tnzx|| + || T — Tx|| < M||T —
Tl + 5+ M|T, —T|| <e.
That is, {T'zy,...,Tx,} is a finite e-net in T'([a, b]). O

For an operator T acting on Y, define
0(T) = inf{||T — K||: K is AM-compact }.

Clearly, 6 is a seminorm on L(Y). Also, it follows from Lemma 4.2.7 that
6(T) = 0 if and only if T" is AM-compact.

For £ € Yy, define a seminorm p; on X via pe(z) = |z[(£).

Lemma 4.2.8. If¢ € Y, and K € L(Y') is AM-compact, then K*: (Bx,w*) —

(X, pe) is continuous.
Proof. Let x, RN x, with z,, x € Bx. Write

pg(K*xa — K*a:) = ’K*xa — K*x

(g) = Sup <:L‘a -, Kg) - Sup<xa — T, V>7
—E<(<E veA

where A = K([—f,&]). By assumption, K is AM-compact, thus A is a || - ||
compact set.
For v € A, fix «, such that }(wa -, 1/>| < § whenever a > a,. If p €Y

is such that ||x —v|| < § then for a > o, we have
(2o = 21} < §llza =2l + |(wa — 2.} < F + 5 =2

Pick v1,...,v, € A such that A C |J B(»,5). Then for every a >
k=1

max{a,,,...,q, } we must have pE(K*xO;— K*z) <e. O

Definition 4.2.9. An operator T' € L(X) will be said w*-locally quasinilpo-
tent at a pair (xg,&), where 7o € X and & € Y, if |T"x0(§0)}; — 0.

Clearly, if T is locally quasinilpotent at xy then 7" is w*-locally quasinilpo-
tent at (xq, &) for every & € Y.
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Theorem 4.2.10. Suppose that X = Y* for some Banach lattice Y, and C
1s a convex collection of positive adjoint operators on X. Suppose that there
exists a pair (xg, &) € Xy X Yy such that xo(&) # 0 and every operator from

C is w*-locally quasinilpotent at (xg,&y). Then there exist non-zero x € X,

and f € X3 such that (f,Tx) < 0(T,) for all T € C.

Proof. The proof of the theorem is similar to that of Theorem 4.2.4. We
may assume that ||xo|| = 1, [|{]| = 1, and C is closed under taking positive
multiples. Put pg,(x) = |z|(&). Evidently, pg,(z) < [|z|| for all z € X. It is
also clear that |z| < |y| implies pg, (x) < pg, (y)-

Fix 0 <e< %. Define

C. = {T€C:0(T,) <e} and

Ge(x) = {ze€X:|z|<TxforsomeT €C.}, z¢€X,.

Suppose that G.(x) is not dense in X for some z € X,. Analogously to
the proof of Theorem 4.2.4, we find a positive functional h € X7} such that
(h,Tz) < 1 for all T € C.. Considering separately the cases 0(T,) = 0 and
0(T,) # 0, we get the conclusion of the theorem.

Thus, we may assume that G.(z) = X for all x > 0. Define

20(6o)
2 }

Up={z e Xy: ||z|| <1and pg(x — x0) <

Clearly, Uy is w*-compact.

Let © € Uy be arbitrary. Since m = X, we can find T, € C. such
that pg, (o — 0 A Tpx) < ||zg — 20 A Tyz|| < e. Fix an operator K, adjoint
to an AM-compact operator such that |7, — K.|| < . By Lemma 4.2.8, we

can find a relative (to Up) w*-open neighborhood V, C U, of x such that
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pe,(Kyx — Kyz) < e for all z € V. Then for an arbitrary z € V,,, we have

Pso (:UO — g A\ Tzz) < Pe (xo — 2o A\ Txx) + Pe (xo NTyx — 29 A Kxx)
+ e (:Uo N K,x — 29 N sz) + Peo (a:o NKpz— 20N sz)
< e+ ||Tox — Kpx|| + pe, (Kpx — Kp2) + || Kz — T2
930(50)

<ot | Te = Kol - llzf| e+ ITo — Kol - [l2]l < 42 < ==

Take @1, ..., 2y, in Up such that (J Vy, = Up. Then T =Ty, + -+ Ty, € C
satisfies pg, (zo — 19 A Tz) < %&jflor all z € Uy. Since [|zg ATz|| < ||zo| =1,
we have xq ATz € U, for all z € U,.

Put zy = 29 and 2,41 = 29 A T'z,. By the w*-local quasinilpotence of T’
at (zo, &) we have pe,(2n) < pe, (T"x0) = |T"x0(&o)| — 0 as n — oo which is
impossible by the definition of U,. n

The following result is derived from Theorem 4.2.10 in the same way that

Theorem 4.2.5 was deduced from Theorem 4.2.4.

Theorem 4.2.11. Suppose that X = Y™ for some Banach lattice Y, and C is
a collection of positive adjoint operators on X. If C s finitely quasinilpotent

at some xo > 0 then there exist non-zero x € X, and f € X7 such that

(f,Txy < O(T.) for all T € &.

As every operator on £, (1 < p < 00) is AM-compact, this theorem can be

used as an alternative proof of the following (certainly known) result.

Corollary 4.2.12. Every collection of positive operators on £,, 1 < p < oo,
which 1s finitely quasinilpotent at a non-zero positive vector, has a non-trivial

closed common invariant ideal.

Of course, Corollary 4.2.12 follows easily from Theorem 4.1.17 when 1 <

p < Q.

Corollary 4.2.13. FEvery collection of positive adjoint operators on ls, which
18 finitely quasinilpotent at a mon-zero positive vector has a non-trivial closed

common invariant ideal.
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The following example shows that the assumptions in Theorems 4.2.5

and 4.2.11 in general do not guarantee the existence of an invariant subspace.

Example 4.2.14. There is a collection C of operators which satisfies all the
conditions of Theorem 4.2.11 and has no common non-trivial invariant sub-
spaces. Namely, in [46], the authors constructed a multiplicative semigroup
S, of positive square-zero operators acting on L,[0,1], 1 < p < oo, having
no common non-trivial invariant subspaces. The semigroup S, is constructed
to be the union of semigroups S,,, (n =0, 1,...) satisfying the following two
conditions: S-Sy, = {0} for all n and S, - Spn C Spn, Spn - Spm C Sy, for
all m < n. We claim that S, is in fact finitely quasinilpotent at every positive
vector, so that for each 1 < p < oo, the collection of operators C = S, satisfies
the conditions of Theorem 4.2.11.

Indeed, let us show that if 7 C S, has k elements, then F2* = {0}. The
proof is induction on k. If k = 1 then the conclusion is true since S, consists of
square-zero operators. Suppose the statement is true for k—1; let us prove it for
k. Let T\T5 ... Ty be a product of 2% operators, each belonging to F. Each T}
belongs to some S, ,,,. Pick an operator T, from the set {71, ..., 75} such that
N, is the biggest. Clearly, we can assume that the product T} ... Ty contains
only one copy of T}, since otherwise this product belongs to S, - Sp.m = {0}.
Define Fy = F \ {T)»}. Then Fy contains k — 1 elements. By the induction
assumption, F2 = = {0}, so that product of more than 2¥~! operators from
Fo is zero. It is easy to see that one of the products T} ... T, 1 or Tyiq ... The
contains more than 2¥~! operators, and the operators in these two products

all belong to Fj.

Remark 4.2.15. Even though Theorem 1.2.5 is not a special case of The-
orem 1.2.7, in the case of an algebra of adjoint operators the former can be
easily deduced from the latter, see [76, Corollary 1]. Similarly, we will show
that in case of adjoint operators, Theorem 4.1.17 can be deduced from The-

orem 4.2.11. Indeed, suppose that X = Y* for some Banach lattice Y, and
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C is a collection of positive adjoint operators which is finitely quasinilpotent
at some xy > 0 and some operator in it dominates a non-zero AM-compact
positive! adjoint operator K. We will show that there is a non-trivial closed
ideal which is invariant under C and under all adjoint operators in [C).

Clearly, K € &:. Let x and f be as in Theorem 4.2.11.

Ji = {ZGX ;2| < TV KTyx for some Tl,TZEE'c},
Jo = {z€X : T|z|=0forall T € &}, and

Js = {z€X : |z| < Tz for some T € &}.

It is easy to see that Ji, Jo, and J3 are ideals in X, invariant under C and
under all adjoint operators in [C). It is left to show that at least one of the
three must be non-trivial. Clearly, J> is closed and J5 # X. Suppose that
Jo = {0}. In particular, x ¢ J». It follows that J5 # {0}. Suppose that J3
is dense in X. It follows from Theorem 4.2.11 that J; C ker f; hence Ty is
proper. Assume that J; = {0}. Hence, 71 KTox = 0 for all T}, T € &:. Since
Jo = {0}, it follows that K vanishes on E:x and, therefore, on J3. Since J3 is

dense in X it follows that K = 0; a contradiction.

!Unlike in Theorem 4.1.17, we require that K > 0 here.
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Chapter 5

Indecomposable semigroups of
nonnegative matrices

In this chapter, we study properties of multiplicative semigroups of nonnega-
tive matrices. Results from this chapter are joint results of the author of this

thesis and his collaborators. They have been published in [53] and [99].

5.1 Introduction

The following general type of question has been of interest in various contexts,
including linear representations of groups and semigroups: if a certain property
about a group or a semigroup S holds locally, then does it hold globally? For
example, it is well known that if S is an irreducible (multiplicative) group of
matrices, and if the trace functional takes a finite number of values on &, then
S is itself finite (irreducible means no common invariant subspaces). Another
example of this type is the original version of Burnside’s theorem [33] (cf.

Theorem 1.2.4):

Theorem 5.1.1. [33] If G is a group of unitary matrices in M, (C), and
for each nonzero vector v € C", the set {Gv: G € G} spans C", then G
spans M, (C).

There have been a number of more recent results of this nature. Oknins-
ky [93, Proposition 4.9] showed that if S is an irreducible semigroup of matrices

and {trS: S € S} is a finite set, then S is finite. Radjavi and Rosenthal [104]
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replaced the trace functional in this statement with an arbitrary non-zero func-
tional. It is also shown in [104] that if S is an irreducible semigroup of matrices
and for some non-zero functional f the set {f(S): S € S} is bounded then &
is also bounded. An interesting result was obtained by Bernik, Mastnak, and
Radjavi in [25]: every irreducible group of matrices with nonnegative diagonal
entries is similar, via a positive diagonal matrix, to a group of matrices with
nonnegative entries.

In this work, we will mostly be interested in semigroups of matrices with

nonnegative entries.

Definition 5.1.2. A matrix A = (a;;) € M,(R) is called nonnegative if

a;; = 0forall 1 <17,j <n.

Definition 5.1.3. A collection C of positive operators is called indecom-
posable if C has no common closed non-trivial invariant order ideals (see
Definition 4.1.4). An operator A is indecomposable if the set {A} is inde-

composable.

In R™, the order ideals are exactly subspaces spanned by a subset of the
standard basis. So, a collection C of nonnegative matrices is indecomposable if
any subspace spanned by a subset of the standard basis of R™ is not invariant
under C.

An example of a local-to-global result for semigroups of nonnegative ma-
trices is the work of Livshits, MacDonald, and Radjavi [74] which shows that
if the diagonal elements of all matrices in an indecomposable semigroup of
nonnegative matrices come from the set {0, 1}, then the entire semigroup is
similar, via a positive diagonal matrix, to a semigroup of matrices whose all en-
tries come from the set {0, 1}; semigroups with this property are called binary.
The authors also obtain generalizations to infinite dimensional lattices.

In this thesis we study structure of indecomposable semigroups of nonneg-

ative matrices satisfying one of the following conditions:
e a non-zero positive functional is bounded on the semigroup;
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e the diagonal entries of matrices in the semigroup are small (i.e., take

values in [0, ¢] where 0 < e < 1);

e the diagonal entries of matrices in the semigroup come from a fixed finite

set.

We will also obtain generalizations of our results to operators acting on infinite-
dimensional Banach lattices.

In the rest of this section we will collect some relevant facts and definitions
about the structure of indecomposable semigroups of nonnegative matrices. A
good source about this topic is the book of Radjavi and Rosenthal [103]; many
statements in this section come from this source.

The following proposition is rather standard. The directions “(i) — (i4)”
and “(i1) —> (i)” are obvious; for the direction “(iit) — (i7)”, see, e.g., [103,

Lemma 5.1.5].

Proposition 5.1.4. Let S be a semigroup in M, (R). Then the following

statements are equivalent.

(i) S is indecomposable;
(i1) for everyi,j < n there exists S € S with (S);; > 0;

(7ii) no permutation of the basis reduces S to the block form [§%].

The following fact which (in the case of matrices) can be found in many
books about nonnegative matrices (see, e.g., [24, Theorem 2.2.7]) is useful in
determining if a given matrix is indecomposable. It also applies to operators
on ¢, or ¢y (see [105, Proposition 1.2]) which can be represented as infinite
matrices. For a nonnegative matrix (¢;;), we say that there is an arc from i to
J and write ¢ — j if t;; # 0. We say that there is a path from ¢ to j if there is

a sequence of arcs t = kg = ky — -+ — k, = J.

Proposition 5.1.5. Let T = (t;;) be a matriz or a positive operator on £,
(1 <p< o) ofcy. Then T is indecomposable if and only if for every i, 7,
there is a finite path from i to j.
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The following theorem is a generalization of the well-known Perron-Frobe-

nius theorem.

Theorem 5.1.6. [103, Corollary 5.2.13] Let A be an indecomposable nonnega-
tive matriz with r(A) = 1. Denote by r the minimal rank of nonzero members
of the semigroup RTS where S is the semigroup generated by A. Then the
following holds:

(i) There exists a nonnegative nonzero vector x, unique up to a scalar mul-

tiple, such that Az = x;

(i1) the set {\ € o(A): || = 1} consists precisely of all the r-th roots of unity;
each member of this set is a simple eigenvalue (i.e., the corresponding

eigenspace has dimension one);
(i1i) o(A) is invariant under the rotation about the origin by the angle 2w /r;

(iv) if r > 1 then there is a permutation matriz P such that P~'AP has the

block form ) )
0 O 0 A,
A 0 0 0
0 A, 0 0
0 0 A 0]

(with square diagonal blocks).

The following corollary will be used in Section 5.3. Though it is standard,

we include the proof for convenience of the reader.

Corollary 5.1.7. Let S be a matriz such that r(S) = 1. Then the modulus-
one eigenvalues of S are roots of unity of degrees at most k where k is the

number of such eigenvalues.

Proof. If S is indecomposable then the statement follows immediately from
Theorem 5.1.6. If S is not indecomposable then, after a permuation of the

basic vectors, S can be represented in the upper block triangular form with
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indecomposable diagonal blocks (note that this procedure doesn’t change the

spectrum of a matrix). The result follows from the fact that the set of eigen-

values of the matrix { 0 g is exactly the union of eigenvalues of matrices
A and B which follows from considering the Jordan canonical forms of A
and B. O

Definition 5.1.8. A nonnegative matrix is said to be row (column) stoc-
hastic if each of its rows (columns) sums to 1. A matrix is doubly stochastic

if it is both row and column stochastic.

Definition 5.1.9. A collection of matrices C is block-monomial if each
member has only one nonzero block in each block row and block column under
a given block structure. We call C monomszal if it is block-monomial relative

to blocks of size 1 x 1.

Theorem 5.1.10. [103, Lemma 5.1.11] If G is a group of invertible nonneg-
ative matrices, then G is monomial. Furthermore, if G is bounded, then G is

similar, via a positive diagonal matrix, to a group of permutation matrices.

The next theorem is a very important structure result which will be used

many times.

Theorem 5.1.11. [103, Lemma 5.1.9] Let E be a nonnegative idempotent of

rank r.

(i) If E has no zero rows or columns then there exists a permutation matriz

P such that P~YEP has the block-diagonal form
E,d---® ET,
where each E; is an idempotent of rank one whose entries are all positive;

(ii) in general, there exists a permutation matriz P such that P"'EP has

the block-triangular form

0 XF XFY
E=|0 F FY |,
0 0 0
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with square diagonal blocks, where F' = F\ @ --- @ F,. 1s an idempotent
without zero rows or columns as in (i) and X andY are two nonnegative

matrices.

Definition 5.1.12. We call the (2,2) block, F', of the block representation of
E from Theorem 5.1.11, the rigid part of E.

5.2 Bounded and topologically small semigro-
ups

This section is concerned with the boundedness and topological smallness of
semigroups of nonnegative matrices or positive operators on Banach lattices.

All results from this section were published in [53].

5.2.1 Boundedness conditions

In this subsection we work with the question: if a non-zero positive functional
is bounded on a semigroup, is the semigroup bounded? We start by col-
lecting three simple statements about the diagonal similarities (Lemma 5.2.1,
Lemma 5.2.4, and Lemma 5.2.6). All statements are standard and straight-

forward, so we do not include proofs.

Lemma 5.2.1. Let A,D € M,(R) such that D is diagonal and invertible,
A = (ay;) and D = diag(dy,...,d,). Then the ij-th entry of D~'AD equals

Z_:aij' In particular, the diagonal entries of A and of D™YAD agree.

Definition 5.2.2. The matrix whose ij-th entry is sup{(S);; : S € S} is

denoted by sup S.

Remark 5.2.3. Let S be a semigroup in M (R). Since M, (R) is finite-

dimensional, the following are equivalent:

(i) S is norm bounded;

(ii) S is bounded entry-wise, i.e., sup{(S);; : S € S} < +oo for every pair

1,] <N
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(iii) S is order bounded, i.e., there exists T' € M, (R) such that S < T for

every S € §. In this case, we write S < T.
It is clear that if (i)—(iii) are satisfied then sup S is defined.

Lemma 5.2.4. Let S be a bounded semigroup in M (R) and D a diagonal
matriz with positive diagonal entries. Then D™'SD is again a bounded semi-

group and sup(D~'SD) = D~ (supS)D.

Definition 5.2.5. A matrix T' = (¢;;) will be called compressed if T' > 0

and t;;t;, <t for all 4, j, and k.
Lemma 5.2.6. (i) If T = (t;;) is compressed then t; < 1 for all .

(i) If S is a bounded semigroup in M, (R) then T = supS is compressed.

In this case, S is indecomposable if and only if t;; > 0 for all i and j.

(i1i) Let T be a compressed matrix and D a diagonal matriz with positive

diagonal entries. Then D™TD is compressed.

Definition 5.2.7. Given r > 0, we write M, ([0,r]) for the set of all n X n

matrices with entries in [0, r].

The next proposition shows that a compressed matrix can be made “smal-

ler” by applying a suitable diagonal similarity.

Proposition 5.2.8. Suppose that r > 1 and T € Mn([(),r]) is compressed.
Then there exists D = diag(dy,)r—, with (d,) C [%,7] such that D™'TD €
Mi,([0, 1]).

Proof. Let T = (t;;). Since T is compressed, t; < 1 for all .. We will induc-

n

tively construct (d,,)"_; in such a way that if for m < n we put

D,, = diag(dy, ..., dm,1,1,...,1),

then D,, € M,([0,r]), and the upper left m x m-corner of D,, is in M,,([0,1]).
Note that for every m > 1, D 'TD,, can be obtained from D;f_lTDm_l by
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scaling the m-th column of the latter by d,, and the m-th row by %. It follows
that if i # m and j # m, then the ij-entries of D, 'TD,, coincide with those
of D,;lTDk, where k > m. In particular, the upper left m x m corners are the
same.

Put d; = 1. Suppose that di,...,d,,_; have already been constructed (in
the interval [, r]) so that U := D' \TD,,_; is in M,([0,7]) and its (m — 1) x
(m — 1) upper left corner is in M,,_1([0,1]). Put U = (u;;). Once we assign a
value to d,,, we will write V.= D, .'TD,,, V = (v;;). Put

a= max U, and b= max Uy,.
i=1,...,m—1 j=1,..m—1

Suppose first that both a and b are less than or equal to 1. In this case, the
m x m upper left corner of U is already in M,,([0,1]). Take d,, = 1; then
V = U. Suppose now that max{a,b} > 1.

Case 1: a > b. Then 1 < a < r and there exists £ < m such that uy,, = a.
In this case, we put d,,, = é, then % < d,, < 1. Since the m-th column of V'
is obtained by dividing the m-th column of U by a (except v, which equals

tm < 1), we have vy, < lasi=1,...,mand vy, < w;, < rasi>m. Also,

Ugm = 1. Since V' is compressed, for every j # m we have
Umj = VkmUmj S Ukj = Ukj)

because k # m. It follows that V' is in M,([0,7]) and its m x m upper left
corner is in M,,([0,1]).

Case 2: b > a. In this case the statement is obtained by transposing U
and applying Case 1. As a result, we choose the m-th entry of D! to be in
[£,1]. Hence, the m-th entry of D, belongs to [1,7]. O

As a simple corollary, we get the following theorem about bounded semi-

groups of nonnegative matrices.

Theorem 5.2.9. Let r > 1 and S be a semigroup in M, ([0,r]). Then there
evists D = diag(d,,)7,—, with (d,,) C [X,7] such that D7'SD € M,([0,1]).

m=1
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Proof. Let T'=supS. Then T is compressed. Let D be as in Proposition 5.2.8.
Now Lemma 5.2.4 yields D7'SD < DT D, and the result follows. O

The next statement shows that if a semigroup is indecomposable then its

boundedness follows from boundedness of a positive functional on this semi-

group.

Proposition 5.2.10. Let S be an indecomposable semigroup in M (R). Sup-
pose that there exists a non-zero positive functional ¢ € (Mn(R))* such that
the set {¢(S) : S € S} is bounded. Then S is bounded.

Proof. First, let us show that for some k,1 € {1,...,n}, theset {(S)y : S € S}
is bounded. Write

o(A) =) cyay, A= (ay),

ij=1
where ¢;; > 0. Since ¢ is non-zero, there exist k,[ such that c;; # 0. Since
®(A) > cpay for every positive matrix A = (a;;) and the set {¢(S) : S € S}
is bounded, the set {(S)y : S € S} is bounded, too.

Suppose that & is not bounded, that is, there exist two indices 7,7 < n

and a sequence (S,,) in S such that (S,,);; — oo as m — oco. There are two

matrices A = (a;;) and B = (b;;) in S such that ay; # 0 and bj; # 0. Then
aki(Sm)ijbﬂ < (ASmB>kl < sup{(S)kl: S e S} < 00
holds for every m € N, which is impossible. O

Combining Theorem 5.2.9 with Proposition 5.2.10, we immediately get the
following results which answer the question raised in the beginning of this

section.

Corollary 5.2.11. Let S be an indecomposable semigroup in M (R) such
that (S) is bounded for some positive functional ¢ € (Mn(R))* Then there
exists a diagonal matriz D with positive diagonal entries such that D~'SD C

M"([O> 1])
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The following corollary is a special case of Corollary 5.2.11

Corollary 5.2.12. Let S be an indecomposable semigroup in M, (R) such
that the set {(S)y; : S € S8} is bounded for some pair (i,j). Then there
exists a diagonal matriz D with positive diagonal entries such that D~'SD C

Mn([ov 1])

5.2.2 'Topological smallness

We have proved that if S is bounded at a single entry then, after a positive
diagonal similarity, all its entries are bounded by 1. Now, we will try to replace
“bounded” with “small”.

First, we show that the direct analogue of Corollary 5.2.11 is not valid in

this setting.

Example 5.2.13. Let ¢ > 0. Generate a semigroup § by the following ma-

e R R B A B P

Clearly, S is indecomposable. Also, it can be easily checked that

trices:

B2=(C?=AC=BA=DA=DB=CD =0,

AB < B, CA < C,BC < A CB <D, BD =B, DC=2C, A2 <A,
and D? = D. Hence, (S)1; < &, (S)12 < ¢, and (S)y; < € for all S € S.
Nevertheless, (D)s2 = 1, and this cannot be made any smaller by applying a
diagonal similarity since a diagonal similarity does not change diagonal entries

of matrices.

The problem with Example 5.2.13 is that diagonal similarities do not
change the diagonal entries. It turns out, however, that smallness of diag-

onal entries is all we need to ensure the semigroup is small itself.

Lemma 5.2.14. Let T' = (t;;) be an nxn compressed matriz such that t;; > 0
for allv and j. Let e > 0. Ift; < € for all i then there exists a nonnegative
invertible diagonal matriz D such that D™'TD € M,([0, {/z]).
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Proof. 1f ¢ = 1, then the result follows immediately from Lemma 5.2.8. So we

assume for the rest of the proof that ¢ < 1. Let

_ -1
0= 1Ile{II21%X(D TD);;}, (5.1)
where the infimum is taken over all nonnegative invertible diagonal matrices D.

Let tax = max; ; tij and tpi, = IIliIlZ'J' tZJ Note that ¢, > 0. Put

D— {diag(dl,...,dn) 1< d < e g allizl,...,n}.

min
We claim that the infimum in (5.1) can be taken over all D € D. Indeed, let
D be a diagonal matrix with positive diagonal entries. Note that scaling D
by a positive scalar does not change D~'T'D. Therefore we may assume that

mind; = 1. Let 49 < n be such that d;, = 1; put V.= D7'TD, V = (v).

4
i0J dj,

by it -
gjtmax _  ligjlmax _
> = Z ltmax =

If d; > imax for some j then v;; = ¢
J tmin ‘] toJ tmindio tmin

rr%ax([_lT[)ij. Since I € D, the claim follows.

’ Since D is compact, it follows that the infimum in (5.1) is, actually, attained
at some D. Let D = diag(ds,...,d,) and put V.= D7 'TD, V = (v;;). Then
0 = max; ; v;;. Moreover, we may choose D so that the number of occurrences
of 6 in V' is the smallest possible. Note that V' is compressed by Lemma 5.2.6.
It is left to show that 0 < {/e. Suppose that, on the contrary, 6 > {/e.

It follows that 6 > ¢, so that ¢ never occurs on the diagonal of V. Hence,
after a permutation of the basis, we may assume that v = §. We claim that
v9; = 0 for some j. Indeed, otherwise, we could slightly decrease dy so that the
non-diagonal entries in the second row of V' increase but stay below §, but then
the non-diagonal entries in the second column of V' would decrease, so that v,
would become less then §; however, this would contradict our assumption that

V' has the smallest possible number of occurrences of §. Since § never occurs

on the diagonal of V', we know that j # 2. Note also that j # 1 as, otherwise,
0" < 6% = vipvy o =t < ¢

would contradict our assumption that 6 > /. Thus, 7 > 2. Again, by a
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permutation of the basis vectors €3, .. ., €,, we may assume that 7 = 3, so that
Vg3 = 0.

As in the preceding paragraph, we observe that vs; = 0 for some j. Again,
we must have j > 3 because

ifj=1 then 6" < 6°

0% = V19093031 < V11 = t11 < €,
lfj =2 then 571 < (52 — V230U32 < Vo2 — tgz < g,
)

if j =3 then 0" < 6 = v33 = 133 < ¢

each case contradicts § > {/e. Again, by a permutation of the basis vectors
€4, ...,€Ey, we may assume that 7 = 4, so that vy = 9.

Proceeding inductively, we show that for each m < n we have (after a
permutation of the basis) v12 = -+ = Vp_1,m = 0, and that v,,; = ¢ for
some j. Furthermore, j > m as, otherwise, we would get " < 0™ < €. But

this leads to a contradiction for m = n as j > n is impossible. O

Theorem 5.2.15. Let S be an indecomposable semigroup in M, (R) and ¢ >
0. If all the diagonal entries in all the matrices in S are less than or equal

to € then there exists a diagonal matriz D with positive diagonal entries such

that D™'SD C M, ([0, /2]).

Proof. By Proposition 5.2.10, § is bounded. Let T'= sup S. Then T is positive
and compressed by Lemma 5.2.6. By Lemma 5.2.14, there exists a diagonal
matrix D with positive diagonal entries such that D™'T'D € M, ([0, {/2]). By
Lemma 5.2.4, D™'SD < D™'T'D, so that D~*SD C M, ([0, {/2]). O

The following example shows that the estimate obtained in Theorem 5.2.15

is sharp.
Example 5.2.16. Take any ¢ € (0,1] and put § = /. Let
06 0 0 0]
00 ¢ O 0
P
00 ... 0 4 O
0 0 0 9
50 ... ... 0 0
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Let S={P* : k=1,2,...}. By Lemma 5.1.5, P is indecomposable, so that
S is an indecomposable semigroup. The diagonal elements of P* are all zeros
foreach1 <k <n—1,and P" = "] = el. Also, P*t" = Pkpr = ¢ Pk L PF.
Thus, the maximal value for every diagonal element over all the matrices in S
is . On the other hand, (P); 41 = (P)p1 =0 = {feforall 1 <i < n. It is

clear that this bound cannot be decreased by a positive diagonal similarity.

5.3 Semigroups with finite diagonals

In this section we will study semigroups of nonnegative matrices with the
property that the diagonal entries of all matrices in the semigroup come from
a fixed finite set. The results from this section have been published in the joint

work of Radjavi, Williamson, and the author of this thesis [99].

5.3.1 Preliminary results

It has been shown recently in [74] that if all the diagonal entries of an indecom-
posable nonnegative semigroup consist of zeros and ones, then the semigroup
is finite (and furthermore, all entries are in {0,1} after a suitable diagonal
similarity). The indecomposability condition is clearly necessary for this re-
sult. For example, the semigroup of all upper-triangular nonnegative matrices
whose diagonal elements are all equal to 1 is by no means finite.

We consider the following question: if all diagonal entries in an indecom-
posable nonnegative semigroup come from a fixed finite set, is the semigroup
itself finite? The following example due to Williamson [128] shows that in

general the answer is negative.

Example 5.3.1. Let

s={[5 &1z o) ]zal)
1/2 1/2

where F = [1/2 1/2

} and 7" runs over the set of all matrices of form

P q
where p,q > 0, p+q = 1.
{ q p ] p,q pT4q
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The semigroup in Example 5.3.1 is indecomposable and is not very far from
having only zeros and ones on the diagonals: the set of all the diagonal entries
of matrices in S is {0,1/2}. However, S is not finite, and incidentally, consists
of doubly stochastic matrices.

Although the answer in general is negative, we get affirmative results in two
significant cases: that of a self-adjoint semigroup, and that of constant-rank

semigroups.

Definition 5.3.2. A semigroup S of nonnegative matrices will be called a
semigroup with finite diagonals if all the diagonal entries of all the ma-
trices in S come from a finite set. We will call S a semigroup with finite

trace set if the set {tr(7): T € S} is finite.

The exposition about constant-rank semigroups is based in part on the
work of Williamson [128]. Theorem 5.3.28 is stated there. However the proof
of Theorem 5.3.28 in [128] contains a mistake; we present a different proof
here.

The following lemma can be found in [128]; we chose to include a proof of

it for the sake of completeness.

Lemma 5.3.3. Let S be a semigroup of n X n matrices with finite trace set.
If S € S then all the nonzero eigenvalues of S are roots of unity of degrees at

most n. In particular, r(S) <1 for all S € S.

Proof. By [77, Proposition 2.2], 7(S) < 1. Let n be the size of S and (\;),
be the sequence of the eigenvalues of S (with multiplicities), ordered by

L= == Pl > Pt > 2 ] >0,

where 0 < k < n. By Corollary 5.1.7, the modulus-one eigenvalues of S are
roots of unity of degree at most k. It is left to show that \p ; =--- =\, =0.
Observe that the set {ZF_ X: j € N} is finite since sequences (X! )32, are

all periodic for each i € {1,...,k}. Also, since |\;| < 1foralli=k+1,...,n,
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for each € > 0 there is N € N such that for all j > N
e> Xl AP = S N > 0.

Therefore, the sequence (|E?:k H)\g |)ji1 either has a strictly decreasing subse-
quence or a constant zero tail. If the former were true, the set {£ +1)\g 1€
N} would be infinite. However, this set cannot be infinite because {£5 X : j €

N} and {2, X: j € N} are both finite. Thus, for some r € N we have
S A’ =0, jeN

By [67] (see also [103, Lemma 2.1.15(ii)]) this implies A} = 0, and hence A\; =0
foralli=k+1,...,n. O]

Lemma 5.3.4. Let S be an indecomposable semigroup with finite trace set.

Then each S € S is similar to a matriz of the form

U 0

0 N
where U s a unitary diagonal matriz and N is a nilpotent matrix.
Proof. Let S € S and let

J 0

0 N

be the Jordan form of S where J is an invertible matrix and N is a nilpotent
matrix. Split J into the sum D + M of a diagonal matrix D and an upper
triangular matrix with zero diagonal M; note that DM = M D.

We claim that M = 0. Indeed, suppose M # 0. By Proposition 5.2.10,
the semigroup § is bounded. Hence so is the set {J™: m € N}. Let k be such
that M* £ 0 and M**! = 0. Since DM = M D we get

Jm:Dm+ (T) Dm_1M++ <7/IZ’) Dm—kMk

for all m > k. By Lemma 5.3.3, all the diagonal entries of D are of absolute
value 1, hence ||[D™|| = 1 for all m. This implies ||J™| — oo as m — oo.

Therefore M = 0.
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This shows that S is similar to
D 0
0 N |-
By Lemma 5.3.3, D is unitary. 0

Corollary 5.3.5. Let § be an indecomposable semigroup of n X n matrices

with finite trace set. Then there exists m € N such that S™ is an idempotent

for each S € S.
Proof. Put m =n! and let S € S. By Lemma 5.3.4, S is similar to
o ]
0 N
where U is a unitary diagonal matrix and N is a nilpotent matrix. By

Lemma 5.3.3, every diagonal entry of U is a root of unity of degree at most n.

i)

where [ is an identity matrix. Therefore S™ is an idempotent. m

Hence S™ is similar to

In the rest of this subsection we record some simple partial results re-
garding the main problem. Theorems 5.3.6, 5.3.7, and 5.3.10 were obtained by

Williamson in [128]. We present, however, different proofs of these statements.

Theorem 5.3.6. Let S be a commutative finitely generated indecomposable

semigroup with finite trace set. Then S s finite.

Proof. Let {A;}7_, be a set of generators of S. By commutativity, each S € S
can be written as S =[], Afi for some k; > 0. By Corollary 5.3.5, there is
m € N such that F; := A" is an idempotent for each i = 1,...,n. Thus k;’s

can be chosen in {0,1,...,2m — 1} and, therefore, S is finite. n

Theorem 5.3.7. Let S be an indecomposable semigroup of invertible matrices
with finite trace set. Then S is finite and after a diagonal similarity, is in fact

a permutation group.
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Proof. First, we prove that S is actually a group of matrices. Indeed, clearly
the only possible idempotent in S is the identity matrix. If S € § then by
Corollary 5.3.5 there is m € N such that S™ is an idempotent, i.e., S™ = I.
Then S~!=8S""1eS.

By Proposition 5.2.10, § is bounded. By Theorem 5.1.10, § is similar to a

permutation group and thus is finite. O]

It should be noted that if we replace the condition about the trace in the
last theorem with the condition of finiteness of the diagonal entries of the
members of & then Theorem 5.3.7 becomes a special case of Theorem 5.3.28
which will be proved in the next section. The following simple example shows
that the finiteness of the trace does not in general imply the finiteness of all

the diagonal entries.

Example 5.3.8.

p q
S = p+q=1,p=20,¢g=0;.
{0 o) rea=10>0020}

Then {tr(S): S € S} = {1}, but the diagonal entries of members of S take

all values in [0, 1].

Before introducing our general results, we consider the case of 2 x 2 and

3 x 3 matrices. We will need the following combinatorial lemma.

Lemma 5.3.9. Let A be an infinite set and n € N. Suppose that the sets
B(i,j) C A (wherei € {1,...,n} and j € {1,...,n+ 1}) are such that for

each j the following two conditions are satisfied:
(i) B(i,j) N B(k,j) =0 for all i # k;
(i) U, B(i,j) = A.

Then there exist j1 # jo in{1,...,n+1} andiin {1,...,n} such that B(i, j;)N
B(i, j2) is infinite.
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Proof. The proof is by induction on n. If n = 1 then B(1,1) = B(1,2) = A
by the assumptions of the lemma, so that B(1,1) N B(1,2) is infinite.

Suppose that the statement is true for n — 1. Let’s prove it for n. We have:
U, B(i,n+ 1) = A. Relabeling, if necessary, we can assume that B(n,n + 1)
is infinite.

If the statement is not true then B(n,n+1)N B(n, j) is finite for all j < n.
Denote A; = B(n,n + 1) \ (Uj_;B(n,j)). It is clear that A, is infinite. For
eachie {1,...,n—1}and j € {1,...,n}, define C(i,j) = A1 N B(i, 7). Then

for each j € {1,...,n}, we have:
(i) ifi # kin {1,...,n — 1} then C(i,§) N C(k,j) C B(3,5) N B(k, j) = 0;
(i) UPS'C(,5) = AN (U B4, 7)) = A0 (Ul B(i, 7)) = Ain A= Ay

By the induction assumption, C'(z, j) N C(k, j) is infinite for some j and i # k.
Hence B(i,7) N B(k, j) is infinite, too. O

Theorem 5.3.10. Let S be an indecomposable semigroup with finite diagonals

consisting of 2 x 2 or 3 x 3 matrices. Then S 1is finite.

Proof. For two indices ¢ and j and a subset X of S, put X;; = {S;;: S € X}
where S;; stands for the (7, j)-th entry of S.

Assume S consists of 2 x 2 matrices. Suppose § is infinite. Then, without
loss of generality, we can assume that the set Sy is infinite (since the diagonal
entries are finite by the assumptions of the theorem). Fix A € S such that
Ay # 0. By the hypothesis, (S§A);1 = {S11411 + S12421: S € S} should be
finite, which is impossible.

Now assume S consists of 3 X 3 matrices. Suppose S is infinite. Again,
we can assume that Sip is infinite. Fix A € § such that Ay, # 0. Since
(SA)11 = {S11 411+ 512421+ 513431 S € S} is finite, the set Sy3 is necessarily
infinite. By considering (BS)3s3 where Bs; # 0, we see that Sy is infinite.

Analogously, Ss; is infinite.

100



Let F = {S;: S€S8,1<i<3}and Fy = {a—bc: a,b,c € F}. Since
(ST)11 € F and (ST)1; — S11T11 = S12T1 + S1375; for all TS € S, we have
S12T51 + S1315 € Frforall T, S € S.

Let n be the cardinality of F;. That is, F; = {a1,...,a,}. Define a set
A to be such an infinite subset of S that satisfies the condition that S5 # 0
for all S € A and S|, # ST, for all 8" # S” in A (such exists since Sys is
infinite). Pick 74, ... 7,41 € S such that (7;)2; # 0 for all ¢ and (73)a1 # (T})21
for i # j (this is possible to do since Sy is infinite). For every i € {1,...,n}
and j € {1,...,n + 1}, define

B(i,j) ={S €A : S12(T})a1 + S13(T})s1 = a;}.

It is clear that for all j € {1,...,n+ 1} and all i # k € {1,...,n}, we have
B(i,j) N B(k,j) = 0. Also, U, B(i,j) = A for all j. By Lemma 5.3.9, it
follows that for some j; # jo € {1,...,n+ 1} and i € {1,...,n}, the set
B(i, j1) N B(i, j2) is infinite.
Denote T" = T;,, T" = T;

J2o

and a = a;. It follows that the system of

equations
STy, + S13T3, = a,

S1Th + STl = a (5:2)

is satisfied for infinitely many S € A. Therefore the matrix

T Ty
T T
is not invertible. This means that the second line of (5.2) is in fact a scalar

multiple of the first line. However, since Sip # 0 for all S € A and T3, # 0,
a # 0. Therefore Ty, = T3}, which is impossible. O

5.3.2 Self-adjoint semigroups

In this subsection we show that if a semigroup with finite diagonals is self-
adjoint then it is finite. Moreover, our argument reveals the structure of
such semigroups. In contrast with most statements in the other sections, the

semigroups in the present section are not assumed to be indecomposable.
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Definition 5.3.11. A collection C of matrices is called self-adjoint if for
each S € C we have S* € C. Note that for our purposes, S* is just the

transpose of S.

We start with two nice properties of self-adjoint semigroups with finite

trace set.

Lemma 5.3.12. Let S be a self-adjoint semigroup with finite trace set. Then

for each S € § the matriz SS* is an idempotent.

Proof. By Lemma 5.3.3, every eigenvalue of SS* is either zero or a root of
unity. Since SS* is self-adjoint and positive definite, o(SS*) C {0,1}. Since

SS* is also diagonalizable, the Lemma follows. O

Lemma 5.3.13. If S is a self-adjoint semigroup with finite trace set then each

tdempotent in S is self-adjoint.

Proof. Let E = E* € §. Then E is unitarily similar to the matrix in the

block form { 1

0 0 } where [ is an identity matrix. With the same similarity,

I 0 . I+XX* 0
e 0}. Then FE* is similar to[ 0 0}. By

Lemma 5.3.12, EE* is an idempotent, hence (I + X X*)? = (I + X X*). This,
however, can only happen when X = 0. Indeed, (I + XX*)? = (I + XX*)
implies X X* = —(XX*)2. Both XX* and (XX*)? are positive elements in

E* is similar to [

the C*-algebra of all n x n-matrices over C. Since the intersection of the
positive cone in a C*-algebra with its negation is zero, XX* = 0. Thus

| X2 = | XX*|| =0, so that X = 0. O]
The next theorem is one of our main results in this section.

Theorem 5.3.14. Let S be a (not necessarily indecomposable) semigroup with
finite trace set. If S is self-adjoint then all the entries of all matrices in S are
of the form /&n where & and n are either diagonal values of some matrices in

S or zero.
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Proof of Theorem 5.3.14. Let F ={S;: S € S,i=1,...,N}. We will prove

that every S € S can be written in the block form

wvy 0 ... 0
0 wugvs 0
S=A| . . .| AS (5.3)

where A; and A, are each permutations and wu;, v; are vectors whose entries
are either of the form /&, with £ € F or are all zero (with no restrictions on
the size of w; and v;; that is, the blocks u;v} are in general rectangular).

Fix S€8. Set P= 55" and ) = S*S. By Lemma 5.3.12, both P and @)
are self-adjoint idempotents. Choose two permutations I'; and I'y such that
the matrices P, = I'1 PI'] and Q1 = I'2QI'} are block-diagonal with self-adjoint
blocks of rank one or zero. Since rank(P) = rank(Q)) = rank(S), we deduce
that P; and )1 have the same number of nonzero blocks. Denote this number
by r. Thatis, P, = (P1)1®---® (P1),®0and Q1 = (Q1)1 ® - ® (Q1), 0,
where either of the last zero entries could be absent.

Put T'=I'1ST%. Then clearly T7T* = P, and T*T = ();. Write T" in the

rectangular block form

Tll s Tlr T17"+1
T = . .
Trl s TT‘T‘ Trr—i—l
Tr+11 s Tr+1r Tr+1r+1

where the vertical sizes of blocks are those of the blocks of P, and the horizontal
sizes are those of the blocks of (1, and the (r+ 1)-th row or (r+ 1)-th column,
or both could be void.

Since P, = TT* has the same range as T', we get P/T = T. Analogously,
TQ, =T. Therefore P,TQ, =T. Observe that in fact T is a partial isometry
with corresponding projections P; and Q).

We claim that each block row and each block column of 7" has at most one
nonzero block. Indeed, since TT™ is block-diagonal, we get Z};ill TyTh =0
for all i # j. Hence for each k and i # j we have T;; T}, = 0. This implies that
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if for some n and m the (n,m) entry of Tj; is not zero then the m-th column
of each T}, is zero for all j # i. Since P,TQ; = T and the diagonal entries
of P, and @); are strictly positive or zero, the entries of all T;; are either all
zero or are all nonzero simultaneously. It follows that each block column of
T can contain at most one nonzero block. Considering T*T', we get the same
conclusion about the block rows.

Changing the order of blocks in @1 (by changing I'y), if necessary, we can

assume that 7" is block-diagonal with rectangular diagonal blocks:

Ty, ... 0 0
0 ... 7T, 0
0 0

where T; = (P,);T;(Q1); for all i = 1,...,r. Also, T, T} = (P,); and T;T; =
(Qu):-

Recalling that every (P;); and (Q1); is a rank-one projection, write (P;); =
xixf and (Q1); = vy for some vectors z; and y; satisfying ||z;|| = [Juil| =
viv;=vyly; =1 (i =1,...,r). Clearly rank(T;) = 1 for all i = 1,..., k. Hence

*

for each 7 there exist vectors u; and v; such that T; = u,v;.

Fix ¢ and denote for simplicity of notation =z = z;, ¥ = v;, u = u;, and
v =uwv;. Since P,/T =T and TQ), =T, we get rz*uv* = wv* and wv*yy* = uv*.
Let @« = z*u and § = v*y. Then uv* = axv* = fuy*. This is only possible
when v = ax and v = [y.

This shows that there is a scalar v such that uwv* = yxy*. We claim that
v = 1. Indeed, from the the equality TT* = P;, we obtain v?(xy*)(zy*)* =
Y aytyxr* = y?xx* is equal to za*. Since v > 0, we get v = 1.

We have shown that T; = x;y7 for each ¢ = 1,...,r. To establish for-
mula (5.3), it is left to note that since for all ¢ and j the numbers (x,)? and

(yl)J2 are some diagonal entries of P; and (1, respectively, the entries of x; and

y; are all of the form /€ with £ € F. O

Corollary 5.3.15. FEvery self-adjoint semigroup with finite diagonals is finite.

104



5.3.3 Constant-rank semigroups

In this subsection we will prove that if all nonzero matrices in an indecompos-
able semigroup with finite diagonals have the same rank, then the semigroup
must be finite. The key step in obtaining this result is proving that the idem-
potent matrices in such a semigroup form a finite set (Theorem 5.3.23). We
will need a series of lemmas to prove this.

Recall (see Theorem 5.1.11) that if £ is a nonnegative idempotent matrix
with no zero rows or columns then there is a permutation of the basis which
makes E block-diagonal with each diagonal block being a square rank-one

idempotent matrix without zero entries.

Lemma 5.3.16. Let S be an indecomposable semigroup with finite trace set
and E a block-diagonal idempotent in S whose diagonal blocks are square rank-
one idempotents without zero entries. Then the set Sp = {A € S: rank(A) =
rank(E) and EAE = A} is a finite group with identity E. This group is block-

monomial relative to the block structure inherited from FE.

Proof. First, we will show that Sg is a group with identity E. Indeed, let
A, B € Sg. Then clearly FABE = AB. Also, in some basis, F can be
represented as { é 8 } Since FAE = A and EBE = B, and rank(A) =

Ao 0}

rank(B) = rank(F), in this basis A and B will be represented as [ 0 0

and { %0 8 }, respectively, where Ay and B, are invertible matrices. Then

AoBy 0
0 0
rank(AB) = rank(E). This shows that Sg is a semigroup.

the representation of AB is , and AgBy is again invertible, so that

Let us show that Sg is closed under inverses. Let A € Sg be arbitrary.
By Corollary 5.3.5, there is m € N such that A™ is an idempotent which we
will denote by F. Since Sg is a semigroup, F' € Sg. In particular, rank(F') =
rank(F) and EFE = F. Therefore E = F. Thus the matrix A™! is the
inverse of A in Sg, and hence Sg is a group.

Let r = rank(F). That is, £ = F1 @ --- ® E, where each E; is a rank-
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one idempotent without zero entries. Applying a suitable diagonal similarity
to 8, we can assume without loss of generality that E is row stochastic. In
particular, since the blocks of E have rank one, each block of E is a strictly
positive matrix having all rows equal to each other.

Let K(r, s) stand for the r x s matrix having the value 1/4/rs at each entry.
A straightforward calculation shows that K (r,s)K(s,t) = K(r,t) for all r, s,
and t € N.

For each ¢« = 1,...,r, denote the size of E; by r;. Since each E; is row
stochastic, we have E;K(r;,r;) = K(r;,r;) for all i,j € {1,...,7}. Let L;; =
E;K(r;,rj)E;=K(r;,r;)E;. Then

Liijk: = EZ'K(’I"Z', ’I"j)EjEjK(’f’j, ’I"k)Ek =

= E,K(ri,rj)K(rj,ri)Ex = E;K(ri,m5)Ey, = Lig.  (5.4)

Let A € Sg be arbitrary. Write A in the block form inherited from E:

Ay .o Ay
A= f :
Aq .. A

Since FAE = A, we get A;; = E;A,;E; for all 4,5 € {1,...,r}. The ranks
of F; and Fj; are equal to 1. Hence, L;; and A;; are rank-one matrices which
correspond to operators having the same range and null space. Thus for each
i,j € {1,...,r} there exists a nonnegative \;; such that A;; = \;;L;;.

This shows that every matrix A € Sg can be represented as a numerical
matrix A = (Aij)ij=1- By formula (5.4) we also conclude that AB = AB.
Observe also that E is the r x r identity matrix. Therefore the set G =
{fT: A € Sg} is a group of nonnegative invertible matrices.

Since S is an indecomposable semigroup with bounded trace, by Proposi-
tion 5.2.10, § itself is bounded. In particular, Sg is bounded, and hence G is
bounded. Therefore, by [103, Lemma 5.1.11], G is a finite monomial group.

Hence Sg is finite and block-monomial. O

106



The next lemma is a technical statement that allows us to work with the

upper-left corners of matrices in a semigroup.

Lemma 5.3.17. Let S be an indecomposable semigroup of n xn matrices. Let

ke{l,...,n} and
Jy={5€S8: rows k+1 through n of S are zero}.

Put S = {A: A is the upper-left k x k corner of some S € Jp}. If S has
no permanent zero rows, that is, if for each i € {1,... k} there is a matrix
A € S, such that the i-th row of A is not zero, then Sy is an indecomposable

SeEMIgroup.

Proof. A straightforward calculation shows that Sy is a semigroup for each k.
We now establish the indecomposability statement.

We need to show that for each ¢,5 € {1,...,k} there is a matrix A € S
such that the (i, 7) entry of A is different from zero. Pick a matrix U € Sy

whose i-th row is not zero, say (U);, # 0 for some m € {1,...,k}. There is
a matrix V such that T := g ‘g € Ji. Since S is indecomposable, there

is S € S such that (S),,; # 0. Then (T°S);; # 0. Also, T'S € J;. Clearly the
upper-left k£ x k corner of T'S has a nonzero (i, 7) entry. O

The next lemma is the same statement about the lower-right corners of
matrices in a semigroup. Its proof is analogous to that of Lemma 5.3.17, so

we omit it.

Lemma 5.3.18. Let S be an indecomposable semigroup of n X n matrices. Let

ke{l,...,n} and
J,={S €S8: columns 1 through k of S are zero}.

Put §;, = {A: A is the lower-right (n — k) x (n — k) corner of some S € J, }.

If S, has no permanent zero columns then Sy, is an indecomposable semigroup.

The following two lemmas provide additional information about Sy and S,

in constant-rank semigroups.
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Lemma 5.3.19. Let § be an indecomposable semigroup of n X n matrices

F FX
0 O}GSbean

tdempotent such that the matriz F does not contain zero rows, and k be the

whose every non-zero member has rank r. Let E = {

size of F'. Then every non-zero member of Sy, (as in Lemma 5.3.17) has rank r.

Proof. First, observe that if A € Sy is such that FAF # 0 then A has rank 7.

Indeed, pick a nonnegative matrix B such that T" := [151 g] belongs to S.
Then ETE = {FISF FASD X] is not zero, hence rank(ETFE) = r. However,

this means that rank(FAF) = r. Therefore r = rank(FAF) < rank(A4) <
rank(7") = r, so that rank(A) = r.
We claim that if A € S;, is arbitrary then there are two matrices C, Cy € S,

such that FC1ACYF # 0. Indeed, by Lemma 5.3.17, S is indecomposable.
0 ZG

0 6

where G is a block-diagonal matrix with diagonal blocks having no zero entries

(see Theorem 5.1.11). If D € Sy is represented as {K then FIDI is

L
M N

0 ZGMZG+ ZGNG , '
0 GMGZ -+ GNG } Since the diagonal blocks of G' do

not have zero entries, the product F'DF is only zero when N = 0. It follows

Apply a permutation to S, which makes F' into a matrix of block form {

represented as

from indecomposability of S, that if A € S, is not zero then there exist
C4,Cy € S such that the (2,2)-block of C1ACs is not zero.

This implies that for each non-zero A € Sy, there are C, Cy € S such that
rank(C1ACy) = r. Therefore rank(A) > r. However the rank of any nonzero

matrix in S is 7, hence rank(A4) < r. O

The proof of the next lemma is analogous to that of Lemma 5.3.19, so we

omit it.

Lemma 5.3.20. Let S be an indecomposable semigroup of n X n matrices

0 ZF
0 F]ESbean

idempotent such that the matriz F' does not contain zero columns, and n — k

whose every non-zero member has rank r. Let F = [

be the size of F'. Then every non-zero member of S; (as in Lemma 5.5.18)

has rank r.
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Recall (see Theorem 5.1.11) that if £ is a nonnegative idempotent matrix

then, after a permutation, E can be written as

0 XF XFY
E=|0 F FY (5.5)
0 0 0

where F'is a nonnegative idempotent without zero rows or zero columns and
X,Y are two nonnegative matrices. The block F' is the rigid part of E (see
Definition 5.1.12).

The following lemma is the first step in establishing the finiteness of the
set of idempotents of an indecomposable constant-rank semigroup with finite
diagonals. Note that this lemma requires neither indecomposability nor con-

stancy of rank. In the proof of the lemma, we use ideas from [128].

Lemma 5.3.21. Let S be a semigroup with finite diagonals. Then the set
{F: F is the rigid part of some E = E* € 8}
is finite.

Proof. Let N be the size of matrices in S. Fix three numbers m,n, k > 0 such

that m +n + k = N. We will prove that the set

F = {F: F is the rigid part of some E = E* € S

whose diagonal blocks are of size m, n, and k, respectively}

is finite. For each F' € F there exists a permutation matrix P such that
P 'FP =FE,®---®E,, where each E; is an idempotent of rank one whose en-
tries are all positive. There are only finitely many choices for the permutation
P, the number of blocks, r, and the sizes of each block in this representation.
Therefore it suffices to show that, after a fixed permutation P, there are only
finitely many members in F having the same sequence of block sizes.

Let F', F” € F and a permutation P be such that P"'F'P = B} &---® E/,
P'F"P = E/ & --- & E! and the sizes of E and E!' are the same for all
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i=1,...,r. Fixt € {1,...r}. We will prove that if the sequences of the
diagonal entries of E] and E! are the same (that is, if (E]);; = (E);; for all
j) then E! = EY. Since there are only finitely many choices for such diagonal
sequences, the conclusion will follow.

Relabel for convenience E! = @, E = R. If @ and R have size 1, we
are done. Hence we can assume that the size is at least 2. Write @ = (g;5),
R = (r;;). Since @ and R are both positive rank-one matrices with equal
diagonals, there is a positive diagonal matrix D such that R = DQD™! (for
example, the matrix D = dlag(”;) will do the job). Also, since @ and R are
both strictly positive, RQ is again of rank one. Thus, 0(RQ) = {tr(RQ),0}.
Let D = diag(d;). Then

(RQ) —-1= tT(DQD 1Q - t?’ Zd d qijq5i — Z%]%z =

= Z d d 1 _ Qz]q]l e Z(d d + d d_ )qz]qjl

i<j

We will be done if we prove that D is a multiple of the identity. Assume
otherwise. Fix ¢ < j such that d; # d;. Observe that for @ > 0 we have
a+a~' > 2 and the equality holds if and only if @ = 1. Hence using a = didfl,
we get (d;d; '+ d;d; " —2)qi;q5 > 0, by strict positivity of elements of Q). Thus
tr(RQ) > 1, and therefore the spectral radius of RQ, r(RQ) > 1, so that
r(F"F’") > 1. This is impossible by Lemma 5.3.3. O

In the following lemma we establish finiteness of the set of idempotents of

a special kind in constant-rank semigroups with finite diagonals.

Lemma 5.3.22. Let S be an indecomposable semigroup with finite diagonals

such that all nonzero members of S have the same rank and

Ez{E:EQES:E: {F X] forsomeblockX}

0 0

where F' is a fived idempotent matrix without zero rows and columns. Then &

18 finite.
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Proof. Denote by r the rank of all nonzero members of S. Applying a suitable
permutation to S we can assume that F'is of the form F' = F} @ - - ® F,. where
each Fj is an idempotent of rank 1 whose entries are all positive. Furthermore,
applying a diagonal similarity, we can assume that F'is row stochastic.

Let k be the size of F. Define J;, and S, as in Lemma 5.3.17. Since F' does
not have zero rows, Sy is indecomposable. Also, by Lemma 5.3.19, all non-zero

members of S, have rank r. Clearly, F' is a nonzero idempotent in Sg. Define
Sy = FSiF.

By Lemma 5.3.16 we deduce that Sy is a finite group that is block-monomial
relative to the block structure inherited from F'.

Consider the set

X:{X:X:FXand [Ig )ﬂ eS}.

To prove the lemma, we need to show that X" is finite. Write every X € X in
a block form compatible with the block form of F':
X1 Fi Xy
x=|:|=] :
X, F. X,

To prove the lemma, we need to establish that every entry of X can only
take finitely many values. We will prove this for the (1, 1)-entry. For other
entries, the argument is analogous.

Denote A} = {X € X: Xy; # 0}. To prove the Lemma, it is enough to
show that {X7;: X G_Xl} is finite. Since S is indecomposable, there exists a
matrix S = K in S such that the (1,1) entry of R, Ry, is not zero.

R Q
For each X € X; the upper-left block of the product

ARIRERIRER]

belongs to Sy and is equal to F(H + XR)F. Since Sy is block monomial
with respect to the block structure of F', so is the set {F(H + XR)F: X €
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X1 }. However, H is fixed and all matrices in this expression are nonnegative.
Therefore the set ) = {FXRF: X € X}} is finite and has the property that
every row of blocks in each matrix in )} has at most one nonzero block.

Write RF in a block form, conforming to the block columns of F"

RF = [ L, ... L, } )
For each X € X we have
XLy ... XiL,
FXRF = : :
X, L,y ... X,L,

Since X717 # 0 for all X € A}, the block X;L; # 0. Therefore X;L; = 0 for
all i € {2,...,r}. Again, by Xj; # 0 this implies that the first row of each
L; is equal to zero (1 = 2,...,7). Observe that, since the blocks of F' are row
stochastic and have rank one, all rows of each F; and, hence, of each X; = F; X,
are the same (i = 1,...,7). In particular, the first entry in every row of
X, = F1 X, is equal to Xy;. Thus the leading entry of RX = L, X +---+ L, X,
is equal to s - Xq; where s is the sum of elements from the first row of L.

Observe that s # 0 by the choice of R. Also, RX is the lower-right block of

wa) 00

which belongs to §. Therefore there are only a finite number of values for

the product

s - X11. Since s is independent of the choice of X, the set {Xy;: X € &Aj} is

finite which completes the proof. O

Theorem 5.3.23. Let S be an indecomposable semigroup with finite diagonals.
If all nonzero elements of S have the same rank r then the set of idempotents

in S is finite.

Proof. Each idempotent in S is in the form of (5.5) after a suitable permuta-
tion. Since the number of possible permutations is finite, it is enough to prove
that for each permutation P, the indecomposable semigroup P~'SP contains

finitely many idempotents in the form of (5.5).
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Relabeling, if necessary, we can assume that the permutation P has already
been applied to S. For a fixed nonnegative idempotent I without zero rows

or zero columns, define
Er ={E =FE*c S: the (2,2) block of E in the block form of (5.5) is F'},

Xp={XF: XF is the (1,2) block in the form of (5.5) for some E € Ep},
Yr ={FY: FY is the (2,3) block in the form of (5.5) for some F € Er}.

Fix the (2,2)-block F'. By Lemma 5.3.21, it suffices to show that X and Vg
are finite. Let us prove first that Vg is finite. We assume that Vp is not empty,
as otherwise there is nothing to prove.

Denote by k the number of rows in the (1,1) block of the representa-
tion (5.5). Define J; and §;, as in Lemma 5.3.18. We consider two cases.

Case 1. There exists F'Y € Yr which has no zero columns. Then there is
an idempotent in S;, which has no zero columns. Then by Lemma 5.3.18 and
Lemma 5.3.20, the semigroup S, is a constant rank indecomposable semigroup.
By Lemma 5.3.22, the idempotents in S, form a finite set. Hence Yy is finite.

Case 2. All FY in YVr have zero columns. Let n be the number of columns
in each FY. For each C C {1,...,n}, define YVpc = {FY € Vr : exactly
columns numbered by members of C' are zero }. We will prove that each Yp ¢
is finite.

There is a permutation @ such that if F'Y € Vg then Q! [ g FOY } Q
0 . F FY,
0 B ] where Fj is of the form 0 0

columns. Now the finiteness of Vgr ¢ follows from the argument in Case I

is of form [ } and Y] has no zero

applied to the semigroup Q1SQ.
The finiteness of each X' is established by applying an analogous argument

to S*. O]

The following example shows that the condition on the rank is important

in Theorem 5.3.23.
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Example 5.3.24. An indecomposable semigroup with finite diagonals having

infinitely many idempotents.

({5315 22 S5 22 e

1/2 1/2
1/2 1/2
p+q=1,pq=0.

where F = [

] and S runs over all matrices of form [ 5 g } , with

Even though the next lemma is standard, we decided to include a proof

of it.

Lemma 5.3.25. Let N be a nonnegative n x n matriz such that N> = 0. Then

there exists a permutation of the basis vectors such that N can be written as
A , . : .

N = [ 8 0 } (with square diagonal blocks). Moreover, if N is nonzero then

A can be chosen to contain no zero columns or (alternatively) no zero rows.

Proof. Let F = {i: Ne; = 0} where (¢;) is the standard unit vector ba-
sis. We will first show that F cannot be empty. Suppose otherwise. Then
Ney = (a1e; + -+ + ape,) for some nonnegative a;, where at least one, say
ay, is positive. Then, by the nonnegativity of N and since Nagep # 0,
|N2e1]| > ||N(agex)|] > 0, which is a contradiction. Therefore, applying a
suitable permutation, we can assume that F = {1,...,k} for some k. Since
N? =0, for each i € {k +1,...,n} we have Ne; = Zje]—'aijej for some non-
negative a;;. This shows that NV can be represented in the desired form with
A having no zero columns (provided N # 0). If A has zero rows then, apply-
ing a permutation and partitioning the first diagonal block into two diagonal

subblocks, we obtain a new A with no zero rows (but some zero columns). [J

Lemma 5.3.26. Let S be an indecomposable semigroup with finite diago-
nals. If all nonzero members of S have the same rank, then the set {N €

S: N is nilpotent} is finite.
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Proof. Denote by r the rank of the nonzero elements in §. The proof is by
induction on the size n of matrices in S. If n = 1 then there are no nonzero
nilpotent matrices in S. Let n > 1.

Clearly, since the rank of all nonzero elements of S is the same, if N € S
is nilpotent then N? = 0. By Lemma 5.3.25, after a permutation of the basis,
we can write N = 8 13 } for some nonnegative matrix A without zero
rows. Since the number of possible permutations is finite, it is enough, as in
Theorem 5.3.23, to show that S contains only finitely many nilpotent matrices

in this block form.

Define

N, = { { 8 161 } € S: A has k nonzero rows and no zero rows}.

(Note that we have to allow A to have zero columns in the definition above,
because the diagonal blocks have to be square.) For a matrix N € N, we
will denote by ay the leading entry, A;;, of the block A. As in the proof of

Theorem 5.3.23, it is enough to show that the set {ay # 0: N € N} is finite.
H L
J K
different from zero. If ay # 0 then N M is not nilpotent, and hence a power

Pick any matrix M = } € § such that the leading entry of J is
of NM is a nonzero idempotent by Corollary 5.3.5. Denote this idempotent
by Ex. Since N and Ey have the same range, ExyN = N. In particular, the
zero rows of Ey and N are the same. Hence in the block form inherited from
N we get Ey = [ %2 g } Clearly Q = Q* and Z = QZ, so that Q has no
ZEeTO TOWS.

Case 1. Suppose that Ey and N have common zero columns. After a

suitable permutation the matrices Ey and N can be written in the block form

00 0 0 000 0
00 XF XFY 000 B
00 F FY and 1 g0 g o |
00 0 0 000 0

respectively, where F' has no zero columns and the fourth block column in

each of the two matrices has no common zero columns. Since ExN = N, we
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get B= XF(C and C = FC'. In particular F'Y and C have no common zero
columns. Let 7 be the number of zero columns in the first two block columns.
Define S} as in Lemma 5.3.18. Then §; is an indecomposable semigroup. We

will show now that the rank of nonzero elements in S]’. is equal to r.

~ F FY 5 0 0 ~ 0 C
LetF—[O O]’X_[X O},andC—{oo],thenEN—
{ 8 )%F } and N = [ 8 XéC } Let V' € S} be nonzero. Then there exists
0 U : 0 XFV
T = {0 v ] € §. Consider the products EnNT = {0 P } and NT =
l 8 %?/V . Since V # 0 and the matrices F' and C' have no common zero

columns, one of the matrices EnT or NT is different from zero and hence has
rank . It is left to note that rank(ExT) = rank(FV), rank(NT) = rank(CV),
and r = rank(T) > rank(V) > rank(FV) V rank(CV) = rank(EyT) V
rank(NT) = r.

So, the semigroup &7 is an indecomposable semigroup with finite diagonals
whose nonzero elements have constant rank. Also, the size of matrices in S;
is smaller than n. Thus, by the induction hypothesis, there are finitely many
nilpotent matrices in S}. Therefore the matrix C comes from a finite set. By
Theorem 5.3.23, there are finitely many idempotents in S, hence the matrix
X also comes from a finite set. Hence so does the matrix N.

Case 2. Suppose Eny and N have no common zero columns. Then in
particular () is an idempotent without zero rows and zero columns.

Write Q = Q1 @ - - - @ @, where each @); is a rank-one idempotent without
zero entries. In this block structure, write

Ay Q1A
A= : = : and J:[Jl Jr].
Ay QrA;
Applying a suitable diagonal similarity (note that these diagonal similarities
come from a finite set since they depend on Ey only, and the set of idempotents

in S is finite by Theorem 5.3.23), we can assume that @) is row stochastic.

Then the rows of A; are all the same. Write NM = [ AOJ A(SK } Clearly
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Q(AJ) = (AJ)Q and, since ExN = N, Q(AJ) = AJ. The size of Q is n — k.
Let S,,_x be as in Lemma 5.3.17. Then S,,_;, is indecomposable. Therefore the
matrix AJ is block monomial by Lemma 5.3.16.

We have
AlJl c. Aljr

AJ = : :
Ay oo AL

The leading block of AJ is different from zero. Hence A;J; = 0 for all i €
{2,...,r}. The leading entry of A; is nonzero. Hence the first row of each J;
(i € {2,...,7}) is zero. Denote the sum of elements in the first row of J; by
s. By analyzing the product of [ [j [l;.

say is on the diagonal of this product, and hence can only take finitely many

} and [ 8 /3 ], we get: the value

values. Since s is independent of N and is different from zero, this shows that

ay can only take finitely many values, too. O]

Lemma 5.3.27. Let S be an indecomposable semigroup with finite diagonals
such that all nonzero members of S have the same rank. Let E € S be a
nonzero idempotent. Then the set Sp = {S € S: ESE = S} is a finite group
with unit E.

Proof. By Lemma 5.3.3, r(T) = 1 for all T' € Sg. So, the statement follows
from [103, 5.2.2(iv)]. The condition in [103, 5.2.2(iv)] that S = R*S is not
essential since it is only used to establish that Sg is bounded (which follows
from Proposition 5.2.10) and that for each S € Sg a sequence of powers of §

converges to an idempotent in Sg (which follows from Lemma 5.3.4). O

Theorem 5.3.28. Let S be an indecomposable semigroup with finite diagonals.

If all nonzero members of S have the same rank, then S is finite.

Proof. Let £ be the set of all nonzero idempotents in S. For each E € &,
denote Sp = {S € §: ESE = S}. By Lemma 5.3.27, Sg is a finite group with
unit . We claim that each non-nilpotent member of S belongs to |Jgce Se-
U o }

Indeed, by Lemma 5.3.4, each S € § is represented in some basis as [ 0 N
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where U is a unitary diagonal matrix and NV is a nilpotent matrix. If .S is not
nilpotent then N = 0 because the rank of all nonzero elements of S is the same.
Therefore a power S™ of any non-nilpotent S € S is a nonzero idempotent E.
In this basis, F' is represented as [é 8] , and hence ESE = §S.

Since the set £ is finite by Theorem 5.3.23, this shows that the set of non-
nilpotent matrices in S is finite. The finiteness of nilpotent elements in § is

shown in Lemma 5.3.26. O

The natural (in view of Theorem 5.3.7) question whether the finiteness
of diagonal entries in the statement of Theorem 5.3.28 can be replaced with
finiteness of the trace has a negative answer, as Example 5.3.8 shows. In
fact, the semigroup in that example consists of idempotents only, so that
the corresponding question asked about Theorem 5.3.23 would already have a

negative answer.

5.3.4 Admissible diagonal values

In this subsection we analyze what values there could be on the diagonal

positions of a semigroup with finite diagonals.

Theorem 5.3.29. Let S be an indecomposable semigroup with finite diagonals.
Then for each S € S the sequence (Sy) can be partitioned into subsequences

each of which either adds up to 1 or consists of zeros.

Proof. Let S € § be fixed. By Lemma 5.3.3, the possible eigenvalues of S
are roots of unity and zero. After a permutation, S can be decomposed into
a block triangular form whose diagonal blocks are indecomposable matrices
Si,...,S,. Pick any i € {1,...,k} and denote for convenience T' = S;. It is
enough to prove that the statement of Theorem is valid for T'.

Since T is indecomposable, T" is not nilpotent. Let r > 1 be the number
of nonzero eigenvalues (counting multiplicities) of 7. Then r = rank(T).
By Corollary 5.3.5, the minimal rank of nonzero matrices in the norm closed

semigroup generated by T is r. Hence by the Theorem 5.1.6 (iv), after a
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permutation, 7' can be written in the block form

o ... 0 1T,
v 0 ... 0
r=| . . , :
0 ... T,y O

If r > 1 then all the diagonal elements are zero, since permutations only change
the order of diagonal elements. If » = 1 then zero has multiplicity n— 1 (where
n is the size of T'). Since 1 € o(T'), we get tr(7") = 1, hence the sum of the

diagonal elements of T is 1. O]

Definition 5.3.30. A finite set 7 C R, is called admissible if F can be
written as a (not necessarily disjoint) union F = F; U --- U F,, where each

Fi = {x1,...,x; } satisfies the condition that

iy
E mjxj =1
Jj=1

for some m; € N (j =1,...,1).

Example 5.3.31. Theset {3,3,2, 2} is admissible since 5-2 =1, $+3-2 =1,

2
3
and 2 4+ = 1. The sets {0} and {2, 2} are not admissible.
The following lemma is obvious.
Lemma 5.3.32. A finite union of admissible sets is admissible.

Theorem 5.3.33. Let F C R be such that 0 € F. Then F is admissible if
and only if there exists an indecomposable semigroup S with finite diagonals

such that the set of diagonal values of all the matrices in S is equal to F.

Proof. If § is an indecomposable semigroup with finite diagonals and S € S,
then the set Fg of all the diagonal entries of S is admissible by Theorem 5.3.29.
Since S is a semigroup with finite diagonals, there are only finitely many
choices for the set Fg. Therefore F = UgesFs is admissible by Lemma 5.3.32.

Let F be admissible. Write F = F; U --- U F,, as in the definition of
an admissible set. We will show that there exists a semigroup & as in the

statement of the theorem.
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For each k € {1,...,n}, write F}, = {xgk),...,ng)} and fix m'™ .. ,mgf)

such that Z;": ) mgk)xyc) =1. Put N, = Z;’; ) mgk) and define a vector y¥) =
(i) € RV by

1 2 n

Clearly, ZZV:’“I y§k) = 1. For each i,j € {1,...,n}, define a rank-one N; x N;

matrix @ "
Y - YN

Tz’j: : :
wo N

Since each Tj; is row stochastic, a routine check shows that for all 4,7,k €
{1,...,n} we have T;;T;;, = Ti.

Now let E;; be the block matrix with n vertical and n horizontal blocks
such that the (k,1) block of E;; is equal to the Ny, x N; zero matrix if k # i or
[ # j and is equal to T}; if k =7 and [ = j. Define

Then clearly S is an indecomposable semigroup whose set of diagonal elements

is F. O

The last statement to be proved in this section is the assertion that if
an admissible set & C R, does not contain zero, then there may not be
an indecomposable semigroup of matrices whose diagonal entries form a set
which is exactly F. It will need an auxiliary lemma which may be of some

independent interest.

Lemma 5.3.34. Let S be a semigroup with finite diagonals such that no mem-
ber of S has zero on the diagonal. If the minimal rank mg of nonzero elements

i S is not one, then S is decomposable.

Proof. Suppose S is indecomposable and ms > 2. Fix a minimal idempotent
E € §. Since E has no zeros on the diagonal, £ = E, @ --- @ £, where each

FE; is a strictly positive idempotent.
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Let S € § be an arbitrary matrix. By Corollary 5.3.5, there is m € N
such that (ESE)™ is an idempotent which we will denote by F. Clearly
EF = FE = F. Since the diagonal values of matrices in S do not admit
zeros, ' = F' by minimality of F.

We claim that up to a permutation similarity, S is block-diagonal relative
to the block-structure inherited from E. Indeed, suppose that S is not block-
diagonal, say, (1,2)-block of S is not zero. Write (ESE)™ = ES[E(ESE)™ 1.
Since members of § can only have non-zero elements on the diagonal, there
exist A > 0 and g > 0 such that £ > A and E(ESE)™' > ul. Then
E > A\uS. That is, E has a non-zero (1, 2)-block, which is impossible. H

Proposition 5.3.35. If F = %,%} then there is no indecomposable semi-

group, S, such that the set of diagonal entries of matrices in S is equal to F.
Proof. Suppose such a semigroup, S, exists. By Lemma 5.3.34, S contains
an idempotent F of rank one. Since F cannot have zeros on the diagonal,
must be strictly positive. Since also tr(£) = 1, there are, up to a diagonal

similarity, only two choices for E:

either F = [ 1;; }g ] E = 1?; 1?2 1?2
1/3 1/3 1/3.
That is, S consists of either 2 x 2 matrices or 3 x 3 matrices. We will consider
these two cases separately.
Assume the size of matrices in S is 2. Let A be a matrix having 1/3 on
1/3 a

} for some a, b,
b ¢

and c. By Lemma 5.3.3, the eigenvalues of A are either zero or roots of unity

the diagonal. That is, up to a permutation, A = [

of degree at most 2. Also, tr(A) > 0. Therefore the only possible values for
tr(A) are 0, 1, and 2. In either case, ¢ cannot belong to F.

Now let the size of matrices in S be 3. Again, fix a matrix A with 1/2 on
the diagonal. Denote the two other diagonal entries of A by a and b. Observe
that in this case, the only possible values for tr(A) are 0, 1, 2 and 3, none of

which can be achieved by choosing a and b in F. O
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