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Abstract

Classical methods of inference are often rendered inapplicable while dealing
with data exhibiting heavy tails, which gives rise to infinite variance and
frequent extremes, and long memory, which induces inertia in the data. In
this thesis% we develop the Marcinkiewicz Strong Law of Large Numbers,
nh—>I£1<> nb Z(dk —d) =0 as. with p € (1,2), for products dy = [[}_, x,(:),
s €N, W}:rle each m,(f) =>r c,Ef_)lél(T) is a two-sided univariate linear pro-

cess for 1 < r < s, with coefficients {cl(r)}lez and i.i.d. zero-mean innovations
{él(r)}lez respectively. The decay of the coefficients cl(r) as |I| = oo, can be slow
enough that {x,(:)} can have long memory while {dj } can have heavy tails. The
aim of this thesis is to handle the long-range dependence and heavy-tailedness
for {dy} simultaneously, and to prove a decoupling property that shows the

convergence rate is dictated by the worst of long-range dependence and heavy

tails, and not their combination.
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Chapter 1

Introduction

With today’s internet of things, big data has become abundant and huge op-
portunities await those who can effectively mine it. However, this data, espe-
cially in finance, econometrics, networks, machine learning, signal processing,
and environmental science, often posseses heavy-tails and long memory (see
8], [13], [30], and [35]). Data exhibiting this combination of heavy-tails (HT)
and long-range dependence (LRD) can often be modeled well by linear pro-
cesses but is lethal for most classical statistics. Recently, certain covariance
estimators and stochastic approximation algorithms have been shown capable
of handling this kind of data. In particular, Marcinkiewicz strong laws of large
numbers (MSLLN) were established for showing polynomial rates of conver-

gence (see [17], [20] and [29]).



1.1 Basic definitions

We first discuss the concept of MSLLN. Loeve [19] (Case 4 of Theorem A,
Section 17) provides the following statement of the Marcinkiewicz-Zygmund

strong law of large numbers.

Theorem 1.1 (Marcinkiewicz-Zygmund Strong Law of Large Numbers). Let
{ X, }nez be a sequence of i.i.d. random wvariables, and let 0 < p < 2. Then,

E|X1|P] < 0o if and only if

_1 - 07 p <1
limn™» Y (Xp,—c)=0 as., where c= . (L1

e k=1 ElXy|, p>1

More generally, for a stationary time series { X, } ez with given conditions on
{X.,}, any result regarding the almost sure convergence of niézzzl(){n —0)
for some constant ¢ and some p € (0, 2), is known as a Marcinkiewicz-Zygmund

strong law, or simply a Marcinkiewicz strong law of order p.

Next we move to heavy-tailedness. Foss et al. [6] (Definition 2.1) called a
distribution F' heavy tailed if [~ e F(dz) = oo, V A > 0. They went on
to show in their Theorem 2.6, that F' is heavy-tailed if and only if its tail is
not bounded by any exponentially decreasing function. We use the following
weaker definition throughout our paper, which was also used by Kouritzin and
Sadeghi [17], that basically says that the tails decay like 2" for some real

number .



Definition 1.2 (Heavy Tails). A random variable X is said to be heavy tailed,
if

B = sup {qeR: sup qu(]X|>:c)<oo} < o0, (1.2)

x>0

and S will be called the heavy tail coefficient of X. Notice that if 5 > 1, then
X will have finite expectation, and if § > 2, X will have finite variance. The

smaller the value of 3, the heavier the tail of X.

Now, we shall discuss long-range dependence. Pipiras and Taqqu [27] (Chapter
2) provides five non-equivalent conditions for LRD, and explored relations
among them in detail. We shall use their first condition as the definition of

long-range dependence.

Definition 1.3 (Long-range Dependence). The time series X = {X,,},nez is
said to be long-range dependent, if can be represented as X, = >,° _ ¢,&,
such that {&},cz are i.i.d. zero-mean random variables with finite variance,

and {¢; }ez satisfies

L(l 1
o= |ZL|U) for some o € (5, 1) : (1.3)

for some function L slowly varying at infinity, i.e. L is eventually positive, and

lim Llew) g >,

xr—00 L(g;)

Pipiras and Taqqu [27] explains that Definition 1.3 implies that the autoco-

variance function of the time series X, i.e. vx(k) = E[XoXk] , will be equal
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to k'72°L(k), where L is another slowly varying function at infinity, and that

these autocovariances are not absolutely summable.

1.2 History of LRD and HT

A detailed history of long-range dependence can be found in Graves et al. [7].
Indication of long memory in environmental and hydrological time series drew
a lot of attention in the mid-twentieth century (see [10],[11],[23] and [24]).
While trying to find the ideal height of a dam that can be constructed on the
Nile river, H.E. Hurst looked at its river flow data through a new statistic that
he defined, i.e. the rescaled range statistic, or the R/S statistic (see [10] and

[11]). Samorodnitsky [32] defined the R/S statistic as follows.

Definition 1.4 (R/S Statistic). Let {Xj}ren be a sequence of identical ran-
dom variables, with a non-degenerate distribution, and S,, denote the nth

partial sum X; + X5 + ...+ X,,. Then,

1228k — £} — 13, {Sk — £S,}

(n) =
VESI (X — 18,2

(Xl,XQ,...,Xn) -

(1.4)

2] =y
2] =v

Hurst [10] observed from the river flow data, that R/S(n) was proportional

0-72 " instead of y/n, as would have been the case under the assumption

ton
of { Xk }ren being independent and Gaussian (see Feller [5]). This unintuitive

discrepancy came to be known as the Hurst phenomenon.
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Several mathematicians and hydrologists attempted to explain the Hurst phe-
nomenon by assuming non-normality of the marginal distribution (see Moran
[26]) or non-stationarity (see Potter [28]), but failed to come up with a prac-
tical explanation. There were cases when the Hurst phenomenon could be
observed in stationary data as well. A general consensus gradually arose that
a combination of transience and autocorrelation effects was the probable cul-

prit in those cases (see Wallis and O’Connell [38]).

Motivated by the results of Mandelbrot [22] on erratic behavior of noises in
certain solids, Mandelbrot and Van Ness [23] introduced and studied concepts
of Fractional Brownian Motion (FBM) and Fractional Gaussian Noise (FGN)
and laid the groundwork to study the Hurst phenomenon. Mandelbrot and
Wallis [24] used the names Noah effect for heavy tails and Joseph effect for LRD
and showed that models exhibiting self-similarity accounted well for Hurst’s
findings. Self-similarity is a property seen in many long range dependent time
series, and also forms the basis for fractals. Pipiras and Taqqu [27] defined

self-similarity as follows.

Definition 1.5 (Self-similarity). A stochastic process {X;};cr is called self-

similar if there exists H > 0, such that V ¢ > 0, we have

{ Xt frer = CH{Xt}teRa (1.5)

where < means that the processes agree on all finite-dimensional distri-



butions. The parameter H is called the Hurst parameter, or self-similarity

parameter.

Hosking [9] laid the foundation for the class of ARFIMA (Autoregressive
fractionally integrated moving average) models, which are now the most exten-
sively used models for simulating long-range dependence. Due to its widespread
usage, we present the definition of ARFIMA. The following definition of
ARFIMA can be found in Pipiras and Taqqu [27], although they used the
term FARIMA to mean ARFIM A.

Definition 1.6 (ARFIMA). Let {X,,}nez be a time series, {€, }nez are zero-
mean noise terms with finite variance, I be the identity operator, and B be the
backshift operator, i.e. BX,, = X,,_1, Vn € Z. Let ¢(2) =1—p12—...—p,2"
and 6(z) =14 6,2+ ...+ 6,27 be complex valued polynomials of degree p
and ¢ respectively, and assume that they don’t have common zeros and that
¢ has no roots on the unit circle. Then, for % >deR, {X,}nez is called

an ARFIMA(p,d,q) series if

X, = ¢ 4B)OB)(I-B) e, = i Cln—1, Y n€Z, (1.6)

l=—00

where {c;}1ez are coefficients of the Laurent expansion, ¢~1(2) 8(z) (1 — z)™¢

= D kez cp 2"

Pipiras and Taqqu [27] (Proposition 2.4.11) proved that when 0 < d < % and
¢ (from Definition 1.6) has all roots outside the unit circle, ARFIM A(p,d, q)

is long-range dependent. They also mentioned that the operator (I — B)~?
6



is responsible for the long memory characteristics of the series.

A survey of covariance methods, R/S analysis, and FGNs can be found in
Mandelbrot [21]. Today, long-range dependence frequently comes up in fluid
flow data (see [13], [30]), network traffic (see [8], [12]), finance and stock mar-

kets (see [35]), and is often accompanied by heavy tails.

Autocovariance estimation under LRD and HT conditions is currently a field
of great importance, owing to the widespread use of autocovariance functions
(see [2], [16], and [39]). Davis and Resnick [2] gave limit theorems for sample
covariances of linear processes whose innovations are i.i.d. with regularly vary-
ing tail probabilities. Kouritzin [16] studied strong Gaussian approximations

for

Sy =Y [Taln — E(zayn)]

n=1
where {2, }nen and {y, fnen are causal linear processes with finite fourth mo-
ments, and with independent innovations. Wu and Min [39] considered the
asymptotic behavior of sample covariances of linear processes with weakly de-
pendent innovations, and provided a central limit theorem for the same. Wu
and Min [40] also studied the asymptotic behavior of sample covariances of long
range dependent linear processes, and provided central as well as non-central

limit theorems for the same.



1.3 Goal of thesis

Consider the following model. Let {Xk = <$,(€1), x,(f), e ,x,(:)>} be R*-
keZ

valued random vectors such that

x,(:) — Z c,(Qlfl(T), V1<r<s, (1.7)
l=—o0
are two-sided linear processes, where { (51(1)’ 1(2), e fl(s)> }l (called innova-
€z

tions) are independent and identically distributed R*-valued random vectors,
[ |2 (D@ (s) : -
E & < oo, and q¢;= (¢ 7', ¢7, ..., q are coefficients satis-
I€Z

% along with

cl(r)) < oo for some o, € (3,1]. o >

fying sup,c; |17 2

[ 2
E ‘g@ } < 00, ensure the almost sure convergence of the series in (1.7) due
to the Khinchin-Kolmogorov Theorem (Theorem 2 of Shiryaev [33], Chapter
4, Section 2), since F <C§Ql l”) =0, and

Sp| ()] - B [(6)] T (42) <.

leZ leZ

satisfy the conditions of the theorem. o, > %

ity of xg») :

also guarantees the stationar-
Alternatively, Samorodnitsky [31], Theorem 1.4.1, gives detailed
conditions that ensures the existence of (1.7), and mentions that the series
converges unconditionally, i.e. the series converges to the same sum for any

deterministic permutation of its terms.

As per the condition on the coefficients, {¢;};ez may decay slowly enough



that {z;} has long memory. In that case, d, = [][’_,; :C](:) is said to possess

long-range dependence as well. Based on how the innovations {f,ir)} depend
on each other, dp may also possess heavy tails. This gives rise to a few chal-
lenges. Since the linear processes we will deal with, will be two sided, we have
to care about both the past and the future. Presence of long memory indicates
absence of strong mixing, and heavy-tails give rise to infinite variance which

makes use of moments impossible without truncation or other techniques.

Very few MSSLN results have been explored for the combination of LRD and
HT data. Louhichi and Soulier [20] gave a MSSLN for linear processes where
the innovations are linear symmetric a-stable processes, and with coefficients
{ci}iez satisfying >0 |e;|® < oo for some 1 < s < a. Rio [29] explored
MSSLN results for a strongly mixing sequence { X, },cz assuming conditions
on the mixing rate function and the quantile function of | Xy|. Kouritzin and
Sadeghi [17] gave a MSLLN for the outer product of two-sided linear processes

exhibiting both long memory and heavy tailedness.

In this thesis, we shall generalize Theorem 3 of Kouritzin and Sadeghi [17], to
prove a MSSLN for a general product of linear processes in lieu of the outer
product, assuming the conditions necessary for its existence. Our goal is to
find a bound x (a function of the LRD coefficients o, and HT coefficients «;
in (1.7)), such that

n

1
limn»» (d—d)=0 as. Vp<yx, (1.8)

n—00
k=1



where d;, = [[7_, a:g") and d = E (di). We shall make further assumptions like

sup |l|"““|cl(r)| < 00, 0, € (3,1] (which allows for the presence of LRD), and
lez

>t <.

ﬂme%f 131‘?{%@ StlZlIOD t“ P H | ‘q?”)
re{m(1),..,m(s—i)}
for some ap > 1, a; = Fap for 1 € {1,2,..., L%J}, and II; denotes the
collection of permutations of {1,2,...,s}. This assumption basically deals
with the dependence between the tails of the innovations in a general manner,
and allows for the presence of heavy tails. It can be seen in Corollary 3.6, that
the conditions become much simpler while dealing with s copies of the same

linear process. We also provide a corresponding multivariate generalization,

Theorem 3.7.

Kouritzin and Sadeghi [17] prove (1.8) for x = 2 A ap A 1_02 in the outer

2—01

product case, i.e. s = 2. This shows that the rate of convergence is dictated

by the worst of the LRD condition p < L and the heavy-tail condition

2—01—02

p < (ag A 2), but not the combination. This implies that when oy < 2 and

Qg = m7 a bifurcation takes place due to the structure of d; while consid-

ering outer products. Partitioning d; into diagonal and off-diagonal terms, we

see that the off-diagonal sum > c,gljllc,g?12§§11)§§j) does not have heavy tails
l1#l2

when ag > 1, and that LRD is absent in the diagonal sum ) c,(cl_)lc,(f_)lfl(l)fl@)
l€Z.

because o1 + 05 > 1. In this thesis, we will prove a similar decoupling result for

general s, though the reason does not remain as simple as in the outer product

setting.
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Chapter 2

Applications

2.1 Detection and estimation of Long Memory

and Heavy Tails

Detecting the presence of long memory and heavy tails in data, and measuring
their intensity has been a much investigated problem, with a plethora of tests
and methods developed over the last few decades. Some estimation meth-
ods are also known to falsely detect the presence of long-range dependence
under certain conditions. Montanari et al. [25] compared the performance
of various estimation methods to determine the best one to be used in the
presence of periodicity. Dette et al. [3] developed tests for short versus long
memory in non-stationary time series using ARFIMA (see Definition 1.6).

Since non-stationarity is often mistaken for LRD, Torre et al. [37] evaluated

11



the performance of ARFIMA models for detecting and measuring LRD, since
ARFIMA has a tendency of falsely detecting LRD even in short-range depen-
dent data. Smith [34] used simulations to estimate the power of five tests for
detecting heavy-tails in distributions, where the null hypothesis was that the
distribution was normal, and alternative hypotheses was that it belonged to

the class of symmetric stable Paretian distributions.

It is evident that most methods to detect or estimate LRD or HT in data
are quite complex. In particular, the problem of estimating the intensity of
both LRD and HT simultaneously in given data, is almost untouched. We
can use Corollary 3.6 to formulate a simple test which could estimate the
long-range dependence coefficient o (from (1.3)), and heavy tails coefficient
p (from (1.2)). Note that f = sa, where s and « are as in Corollary 3.6,
neither of which are known for a given model. We will make the following
assumptions.

e The data provided to us can be modeled using two-sided linear processes,
and that the underlying distribution of the innovations, has zero mean and
finite variance.

e The MSLLN rates in Theorem 3.1 (and by extension, Corollary 3.6) given
in Chapter 3, are optimal in a polynomial sense when s is odd or when s = 2
(for other values of s, note that (3.5) refutes optimality).

For clarification, by optimality in polynomial sense, we mean that it is not pos-
sible to achieve polynomially better rates than the ones given by the MSLLN

results. The following method will be based completely on Corollary 3.6.

12



-1

n, T

Figure 2.1: Using plots of % and 77~ to estimate D

n
> Tk
k=1

Suppose the sample size of the data given to us is m (which is supposedly
very large), and the data is z1, xs, ..., x,,. Subtracting the sample mean from
each of the data points does not affect it’s LRD or HT properties, thus without
loss of generality, we assume that the sample mean of th dataset is 0. Next,
> o
k=1

such that the plot of %

we plot % for n € {1,2,...,m}, and find p, the highest value of p

asymptotically lies below the curve y = zr L,

n
> Tk
k=1

The absolute value sign is being added because +

is non-negative,
n

n
D Tk
k=1

thus helping us to find p better (see Figure 2.1 for an example). Alternatively,

we can use the bisection method to estimate o. First take p = 2, and look

1 &2
at the convergence of n™» > x; as n — oo. If the sequence converges to
k=1

0, that means the data is not long range dependent. If the sequence does

13



not converge, we take p = % and check convergence of the same expression

again. If the sequence converges to 0, we check with p = ;Z, otherwise we check

with p = 2, and so on. Repeating this multiple times, we can estimate p, the

optimum value of p for which m n i zr = 0. Due to the optimality
k=1

assumption on the MSLLN result in Corollary 3.6, we see that,

(2.1)

where 6 is our estimator for o. This way, we can estimate the long memory

coefficient for a given dataset.

Once we have found &, we proceed to estimate B . This time we take p = 1,
and look at the convergence of nw i (xz — x_Z) as n — 00, one by one for
s € {3,5,7,...}. Here, a7} refers to t]ilzel mean of the sth power of all the data
points, and is a proxy for E [(xy)®].

e Case 1: Suppose the sequence % i (xi — x_Z) does not converge for s = 2.
This would refute our assumption o:f finite variance, and would imply that
B < 2. This means that the amount of heavy tails in the data would be too
large to detect by our method.

e Case 2: It might happen that even after checking for a large number of
values of s € {2}U{3,5,7,...}, the sequence £ i (z; — x}) asn — oo always
converges to 0. In that case, we must conclud; that the data has very little

or no heavy tails. We can still find a bound for the amount of heavy tails,

because if the sequence does not converge for s = sg, then 5 > sy. This means

14



that the tails of the innovations are lighter than x=*°.

e Case 3: Suppose we find that sop € {2} U{3,5,7,...} is the highest value

of s for which the sequence + > (z§ —f) convergences to 0. Then, we

k=1
> (ai —7F)
k=1 .
of p such that the curve y = z» ' asymptotically lies below the plot of

n
S0 S0
> (Ik _xk> .

k=1

plot % for n € {1,2,...,m}, and find p, the highest value

1

= Due to our optimality assumption, p is the estimate of

: . . _1
the optimum value of p for which im n™#

> (mi‘) —:L‘_Z(J)‘ = 0. From
k=1

Corollary (3.6), we get that

2N QN 2=, S =2
p = 2250 0 . (2.2)
QN 552, so € {3,5,7,...}

where & is the LRD coefficient as estimated by (2.1). Now, when sy = 2, we

can only estimate & if a < 2 A ﬁ, since in that case, & = p. Similarly,

_2

when sg > 2, then we can only estimate & if a < 375,

and again get that

& = p. Our estimate for B then becomes B = pSp.

Thus, we see that in many cases, we can estimate both ¢ and 5. While o
can be estimated in all cases, § cannot be estimated if it is either less than

2 or very large (though we can still bound it as tightly as we want). Also,

if there is a lot of long memory in the data (i.e. o is very close to 1), that

would make ﬁ and ﬁ very close to 1. Then, « itself would have to be
very close to 1, to enable us to estimate 5. Thus, this application of Corollary

3.6 to detect and estimate o and [, raises some possible problems for future

15



research as well. One problem is proving optimality of the the MSSLN rates
in Theorem 3.1, for odd s, and s = 2. Another direction for further research,
could be to estimate o and [ simultaneously when § < 2, i.e. the underlying

distribution of the innovations has infinite variance.

2.2 Stochastic Approximation

Stochastic approximation (SA) algorithms are widely used in adaptive filtering,
optimization, signals and systems, machine learning and pattern recognition
(see [1]). SA algorithms are used to iteratively produce estimates of a param-
eter vector in a model. The estimates are updated recursively at every step
such that they converge to the true value of the parameter. Thus, their almost

sure rates of convergence and invariance principles have been topics of a lot of

research (see [4], [14], [15] and [18]).

One of the most used linear stochastic approximation algorithms applies to

the following model:
Yesr =2 h+e, VEEN, (2.3)

where {yi}remq1y and {zp}ren are R-valued and R%valued stochastic pro-
cesses respectively, {ex}ren are noise terms, and h € R? is an unknown
parameter vector. We often want to find the value of A that minimizes

E [(ye41 — 2"h)?]. Under the assumptions of second-order stationarity, and

16



the existence and positive definiteness of F(z;,z{ ), Kouritzin and Sadeghi [18]
mentioned that the required value of h is E(zr2{) 'F(yri12;). But since

E(z21) and E(yp,12) are often unknown, we often use the SA algorithm

hk+1 = h, + ,uk(bk — Akhk) , (2.4)

where Ay = 23,2, b, = Y112, and ju, is the step-size of the kth step. Kouritzin
[14, 15] and Kouritzin and Sadeghi [18] studied the convergence of (2.4) under
various conditions, taking u, = kix for some x € (0, 1].

Kouritzin and Sadeghi [17] (Theorem 5) proved an important result dealing
with the almost sure rate of convergence of (2.4) under LRD and HT condi-
tions, by combining Theorem 4 of [17] with Corollary 3 of [18]. However, due
to Remark 3.2, we should instead use Theorem 3.1 of our paper (with s = 2),

and proceed the same way as in the proof of Theorem 5 of [17].

17



Chapter 3

Results

The following theorem is concerned with the rate of convergence of products of
long range dependent and heavy tailed univariate linear processes. Motivations
and general comments about the assumptions in this theorem are provided in

Remarks 3.2-3.5.

Theorem 3.1. Let s € N, ap > 1, a; = Zap for i € {1,2,..., L%J},

and Il denote the collection of permutations of {1,2,...,s}.

Let {(fl(l),fl(g),..., l(s)>}l be i.i.d. R?-valued zero-mean random wvectors
€z

such that the following hold,

d

) sV2
& }<oo V1<r<s, (3.1)

18



max max sup t*P H ‘flr)
mells 1<i<| 25| 20 )

Moreover, let constants { (cl(l), 61(2), e ,cl(s)>} satisfy
lez

sup |1]°"
leZ

) 1
cl()’<oo forsomeare(ﬁ,l], Vi<r<s. (3.3)

For 1<r<s, keN, define ZE](CT) =Y c,(;_)lflr), d, =11 x,(;), and d =
E(dg). Then, lim nb Y (dpy—d)=0 a.s. for
n—oo k=

1

2 _
3—201 s=1
p < 2NN 55—y, 5=2 - (3.4)
2
o A\ 3—2minj<;<s{0:}’ 5> 2
Furthermore, if 551) = 5%2) = ... = 558) and §§1) 15 a symmetric random

variable, and s is even, then the constraint for (3.4) can be relazed to

1

p < 2AqpA - .
0 2 — m1n1§i<j§5{ai + O'j}

Remark 3.2. Taking s = 2 in Theorem 3.1 gives us Kouritzin and Sadeghi
[17] (Theorem 3) as a corollary. There is a minor miscalculation in the
second-last line (Line 17) of Page 362 of Kouritzin and Sadeghi [17]. The
term Zf;ﬂl ¢j—ick— in Line 16 was erroneously taken to be smaller than

(j — k)2°T?7%% which should actually have been (j — k)!727 instead. This

19



miscalculation can be corrected by applying Lemma 4.1 (with v = o) in Sec-
tion 4.2 of our paper, to Line 15 of [17], to obtain their results. Also, Kouritzin
and Sadeghi [17] (Remark 2), mention that the constraints for handling LRD
and those for HT decouple, which they explain through the structure of the

terms dg. This decoupling phenomenon is observed in our proof as well.

Remark 3.3. o, € (%, 1} allows for the presence of long memory in :c,(:) (see

Definition 1.3). (3.1) implies that £ ( ﬁ[l ‘SY)

) < oo (ensuring the existence
of d = E(dy)), and that the second moment of ffr) is finite, ensuring the
convergence of the series x,(:) =D ez c,(Ql l(r). The tail bound in (3.2) allows
for the second moment of the product of more than $ of the flr) ’s to be infinite,
giving rise to heavy tails in corresponding sums. The condition o; = - ap is
motivated by the case when 5§1) =...= f{s) = &1, where the tail condition

sup;so %P (|&]° > t) < oo implies that sup,-g {50 p (|§1|5_i > t) <00 .

Remark 3.4. Since o, € (1

5+1], we can find an € > 0 such that o, —¢ € (%, 1).

Similarly, since «; € (1, 00), we can find € > 0 such that o; —€ € (1,2)U(2, 00).

It can be checked that (3.2,3.3) also hold for «; — € and o, — € instead of

a; and o, respectively. Thus, proving that lim n"v Y (dp—d)=0 a.s, for

p<2A(ag—€)A 2 will imply (3.4) as well, since €,€ > 0 were

3—2min;<;<s{0}+2¢

arbitrary but fixed. Similar result will hold for (3.5). Therefore, it suffices to

assume that o, € (3,1), and oy € (1,2) U (2, 00).

29

1 =0
< The

I~ 140

proof of the general case only differs cosmetically from the notationally sim-

Remark 3.5. Note that (3.3) implies that ‘CZ(T)

pler case where fl(l) = 51(2) =...= SZ(S) =&, and o0y =09 =... =05 =0,
20



which means that we can further assume that cl(l) = 01(2) =...= cl(s) = ¢,

=0
where |¢| < . We only provide the proof of this later case.
1= 1#£0

When xgl) = x§2) =...= xgs), several of the conditions in Theorem 3.1 merge,

and we get a simple yet important corollary with very useful applications.

Corollary 3.6. Let s € N, and {§},, be i.i.d. zero-mean random vari-
ables with finite variance, such that sup;s, t*P(|&1|° >t) < oo for some

a > 1, and let {a},o, satisfy sup,y |U|7]a| < oo for someo € (3,1].
For k € N, define xp = >, &, dp = (z)%, and d = E(dy).

l=—
n

Then, lim nb (d, —d) =0 a.s, for

550" s=1
1 —
p < 2NN 575, 5=2 - (3.6)
2
O(/\m, S>2

Furthermore, if & is a symmetric random variable, and s is even, then the

constraint for (3.6) can be relaved to p < 2NN 375 .

We can now extract a multivariate version of Theorem 3.1, analogous to The-
orem 4 of Kouritzin and Sadeghi [17]. Refer to Notation List (Section 4.1) for
some of the notation used in this theorem.

Theorem 3.7. Let s € N, ag > 1, a; = Zap for1 <1 < L%J, and 11
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denote the collection of permutations of {1,2,...,s}.

Let {(El(l), El(2), e ,El(s)>} be i.i.d. zero-mean random wvectors in R™*?,
I€Z.
() sV2 ©
such that E[ =i <oo, V1<r<s, and
max max sup t*P = > t] <00
p 11 ll,

me€lls 1<i<| 5] 0 re{m(1),...m(s—i)}

Moreover, let R>™-valued matrices {(C’l(l), C’l(z), - C’l(s)> } satisfy
lez

supyez |17 HCI(T)

< 00, for some o, € (%,1]. For1<r<s, ke€Z, define
F

X,ET) — l_z C’,ET_)ZEZ(T), D, = é)lX,gT) (the tensor product of X,gl), . ,X,Es)),

n

and D = E(Dy). Then, lim nb > (D —D)=0 a.s, for the values of p
as in (3.4).

This theorem follows from linearity of limits and Theorem 3.1.
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Chapter 4

Proofs

4.1 Notation and Conventions

e Ny =NU{0}, where N denotes the set of natural numbers.

e oVb=max{a,b} and aAb=min{a,b}.

e |z| is Euclidean distance of € R¢, with d € N.

e 1, is the indicator function of the event A, i.e. 1 if A occurs, or else 0.

e |S| is the cardinality of the set S.

) é)lv(’") denotes the tensor product of vectors v € R, 1 <r <n,d e N.

e ||A|F is the Frobenius norm of A, i.e. /trace(ATA) for any matrix A €

R™* ™ where m,n € N.

o |X|,=[E (Xp)]% for any non-negative random variable X, and p > 0.

o [c]=max{neNy:n<c¢} and [c¢]=min{fneNy:n>c} V ¢>0.

® G <1< b; , means that for each k, 3 ¢; > 0 that does not depend upon %
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such that |a; ;| < c|b; x| for all 7, k (also used in [15] and [17]).

-2 1 1
xn(l B)‘i‘ , /8 < %

° lig(z) = log(z), B=nt VvV neNand g eR.
! 5>

e We shall follow the convention, that when { f, },<z is a sequence of functions

or constants, and a,b € Ny such that a > b, then Hi:a fr=1

4.2 Important Lemmas

We first present two lemmas on which Theorems 3.1 and 3.7 will rely.

Lemma 4.1. For j,k € Z, j # k and v > %, we have,

. - 1
- |J - k?|1 277 v E (571)
. _ _ g,k
oG-I =T < S =k (i = kD), v =1
l=—00
it} =k, 7> 1

Proof. Without loss of generality, we assume that j > k. When v € (%, 1),
using symmetry, integral approximation, and successive substitutions ¢t = k—I(

_ ot
and s = 7> We get

> =t k=1

l=—00
1g{5,k}

ik k—1 7j—1

< G=D7k=D" + > G-Dk=-07
l=—00 I=k+1



k ) i—k
< / (j—k+t)7t7 dt +u/ (j—k—=t)7"t" dt
0 0

o'} 1
<L (j—k)'™ (/ (14+s)7s 7 ds +/ (1—2s)7s" ds) . (41)
0 0
Since v € (4,1), notice that [} (1 +5) s ds < fol(l —5) s ds =
B(1—+,1—7), which is the beta function evaluated at (1—-y, 1—-). Therefore,

we get from (4.1), that

=k =1

l=—00

1g{s.k}
ik o) 1
L (j—k)Y (/ (145)77s7 ds + 2/ (1—5)""s7 ds)

1 0

v
& (- k). (4.2)

Next, we consider the case where v = 1.

ST k1
120G
D D U R V) e (R
- -k (Z (k-0 =G0 + 3 [<Z—k>-1+<j—z>—1}>
= G-k (j I+ QJZ l‘l)
£ (k) og(j — k). (4.3)

Finally we consider the case where v > 1. Using symmetry, and summability
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of the sequence {|l|™7},cz, we have

. ol
SMli=UTk=0T L Y G0 R
l=—c0 l=—0
1¢{5,k} I#k
. 7]
ik (. li+k|\TT .
€ (-[F]) e
Itk
ik
< (J—-k)7

From (4.2, 4.3) and (4.4), the proof of the lemma is complete.

Lemma 4.2. For j,k € Z, j # k and v € (%, 1), we have,

o0 ik
STk & [k

Proof. Without loss of generality, we assume that j > k. Then, we have

DUk

l=—00

1¢{5,k}

) .

D=0k =1+ > =T k=Y

l=—00 1=[ itk

Lk L? T

P Sy eV S N VI (T
l=—00 l=—00
1¢{3,k} 1¢{3,k}

|j - k»|_’Y’
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by Lemma 4.1. This concludes the proof of the lemma. O]

The following lemma will help reduce the calculations dealing with heavy tails.

Lemma 4.3. Let z>1, n, =2" Vr €N, and {X, }nen be random variables

such that E[|X,|?] < oco. Then we have,

sup [ X,

nyp<n<nr41

E=| sup |Xn—E(Xn)\Z} < Ei{

np <N<nyp41

1

Proof. By Triangle Inequality, Minkowski’s Inequality and Jensen’s Inequality;,

we have,
1 [ z
E= sup |X, — E(X,)] }
Lnr <n<n,r4i1
< g swopwl|] v s B
L nTSn<n'r+1 a nr§n<nr+l
< E: sup | X, + E [ sup | X, }
LInr<n<ngii1 nyp<n<nr41
< 2E: { sup | X,| 1 : (4.6)
Ny <n<Npg1
which concludes the proof of the lemma. n

Samorodnitsky [31] (Theorem 1.4.1), proved a general result providing suffi-
cient conditions for the convergence of x,(:) (in Theorem 3.1) and the existence
of K [(x,(:)f} when s € R*, using Marcinkiewicz-Zygmund inequalities and
induction. We will prove the special case of that theorem when s € N, using

less complicated machinery.
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Lemma 4.4. Let s € N and {§},., be i.i.d. zero-mean random variables such
that E[|&]°V?] < oo, and {c ez satisfy sup|l|”]e| < oo, for some o €
lez

(%, 1) . Then,

Proof. By thei.i.d. nature of {&:},cz, B (|30 a&ent|’) = E (|02 a&l)
for all k. Hence it suffices to prove the finiteness of (‘Z;’ifoo cl&’s).
(Zfi_oo clgk_,)s can be broken up into sums based on the combinations of

subscripts of ¢’s that are equal. That is, as sums of

s(q,0g) = > (Hﬁ;’“) (H Z”’_zr>7 (4.8)

l1,l2,...,l¢€Z, distinct r=1 r=1

where ¢ ranges over {1,2,...,s}, and A\, = (a1, a9, ...,q,) ranges over parti-
tions of s of length ¢ (we call an r-tuple of natural numbers (by, b, ..., b,)
a partition of a natural number n of length r, if by + ... + b, = n and

by > by > ... > b, >1). By Minkowski’s Inequality,

S

< DD lsta)l,

q=1 Mg

Z c1€k—1

l=—00

so (4.7) follows from FE|s(gq, ;)| < oo, which we prove below.

Let v=#{1<p<gq: a, =1} Hence, ) ¢ <ooforl<r<qg—wv. If
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v < q, by (4.8) and Jensen’s Inequality, we have

Es(q, A\g)|
<E[ Y e Y o Y (H ><H£ )
li=—o00 LeZ\{li}  1g€Z\{l1,....lg—1}

_ Z | B Z ’h| o oY (gc;if) (ﬁli{jﬁ)

m=—o0 l1=—00 ZQGZ\{ll} IQEZ\{Z1,...,ZQ,1}
o] q q
< > UG EL DY )] e ) TTa )| - (4.9)
l1=—00 lgGZ\{ll} quZ\{ll,...,qul} r=2 r=1
Similarly, we can recursively bring summations over Ily,...,l;—,, out of the

expectation in (4.9), and use the independence of £’s to get that

Blsa ) < Y (H )(

l1,..,lq—v€EZ, distinct \r=1

) ov), (4.10)

where ¢, = Z Z ( f[ cngk_l,) , when

lq7v+1€Z\{l1,...,lq,v} ZQEZ\{ll,...,qul} r=q—v+1
v # 0, and 1 when v = 0. Note that (4.10) holds when v = ¢ as well, since

none of the /,’s need to be brought out of the expectation. Now, since {&x} .y
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are i.i.d. and zero-mean,

q

Efl¢u)’] = E > II (de)
lg—vt1Flg—vi2# .. #lg T=q—v+1
lg—vttselg@{l1, g1}
q
@y (114
lg—vt1Elg—vy2# .. #lg \r=q—v+1
lg—vt15lq@{l1,eslg—1}
<[ Z Z Z( H ><oo. (4.11)
lg—vr1=—00 lg_yy2=—00 lg=—00 \r=¢—v+1

Noting that a, > 2 for 1 < r < g—wv, E|&]*] < oo, and using (4.11) on

(4.10), we get that

q—v
oo < (fne) 2 (i
l1,.lq—0€Z, distinct r=1
q—v
< Z Z Z (H‘c?:) < 0.
r=1

LWEZ 12€Z  lg—y€EL

The proof of the lemma is complete. n

R.J. Serfling generalized a fundamental maximal inequality for orthogonal ran-
dom variables, and is proven in Theorem 2.4.1 of Stout [36]. We conclude this
section by presenting a simplified version of that generalization, which we shall

use throughout the rest of this thesis.

Theorem 4.5 (Serfling’s Generalization). Let {Zx}ren be a time series with
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finite second moments, and f be a super-additive function on N, such that

fl@)+f6) < fla+b) VabeN

" 2
E <ZZZ> < fln—o) VYo<neN;.

1=o0+1

Then, forn, =2", r € Ny, and o,n € N, we have

E max (i Zi) < rf(n,) . (4.12)

Ny <o<N< Ny 41 .
" " i=o0+1

4.3 Light Tailed Case of Theorem 3.1

The following calculation will explain why we consider the case ay > 2 in
(3.2) to be non-heavy tailed, and the case oy € (1,2] to have possible heavy
tails. If ap > 2, then a; = <=9 > 2 fori € {0,1,...,[*5']}. When 7 is a

permutation of {1,2,... s}, we see from (3.2), that

& >t at

1 [e%9)
< 2/ 1dt + 2/ =i gt
0 1
2

1
< 0, vogzgr J (4.13)

2
< 24
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2
We conclude that E {HS (1 + (5@) )] < 00, which precludes heavy

r=1

tails. When all the ér) ‘s are equal, to say &1, we see that
Ella®] = 2/ tP ()" > 1) dt < 2+2/ 7 dt < oo .
0 1

Thus, keeping Remarks 3.4 and 3.5 in mind, we first present a theorem that

handles long range dependence under the condition ag > 2.

Theorem 4.6. Lets € N and {§},.,, be i.i.d. zero-mean random variables such

that E [(&1)*] < oo, and {ci}iez satisfy sup |1|7|| < oo, for some o € (3,1).
lez

For k € Z, define x, = >, &, dp=(x)°, and d= E(dy). Then,
l=—00
lim n~» Y (dg —d)=0 a.s. for
2N ﬁ, s =2
p < . (4.14)

372207 s 7 2

Furthermore, if & is symmetric, and s is even, then the constraint for (4.14)

can be relaxed to

p < 2A (4.15)

2—20

Proof. By expanding the expressions for d; and d, we get that,

n

s £ 5 (i) o(1))

k=1 k=1li=—c0 ls=—00 \r=1
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This expression for Y, (d; — d) can be broken up in several sums based on
the combinations of subscripts of ¢’s that are equal. That is, " _,(dy — d)

can be seen as the sum of

CHIPWESD DY (H) (H&ﬁ—E(Hsﬁ)). (4.16)
k=1 ULi#la#...#l r=1 r=1 r=1

where ¢ ranges over {1,2,...,s}, and \; = (a1, a2, ...,q,) satisfies a; + ... +

a, = s and a; > ag >

> aq > 1.

Before we bound the second moment of S, (g, \,;), we shall consider an analo-

gous summation, Y - but with more general random variables wl(r) instead

0,n,07

of . For ¢ e N, v e {1,2,...,¢}, and 6 > 1, we define {( l(l),..., [(q))}leZ

to be i.i.d R%valued random vectors, such that

E QZJET)) < lp<r<g—o)s

o2 Vi<r<g,
E (% ) } < 0lg—yy + Ly,

and for o < n € Ny, and fixed \, = (a1, as, ..., a,), we define

PE SIS (H) (m;?—E(wa:))).
r=1 r=1

k=o+1 ULi#l#.. #l r=1

The moments of %(r) have been assumed in such a manner that allows for the
applicability of this result in a variety of cases. The means of wl(qfvﬂ), l(qfvﬁ),
..,@ZJZ(Q) have been assumed to be 0 keeping in mind that £/ has zero-mean

when a, = 1, and the second moment of 1/1}1) has been kept arbitrary to allow
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for substitution of different random variables like &', U[—1, 1], or truncated
versions of random variables exhibiting heavy tails, which may have different

second moments.

4.3.1 Bounding covariance of ngl 1#1(:)

We first give the following definitions.

Definition 4.7. For ¢ € N, v € {1,2,...,q}, let the sets V, = V"4 for
1 < r <6, be such that V;, V5, V3 partition {¢ — v+ 1,...,q}, and Vj, Vs, Vg
partition {1,...,q — v}. Define a matching function v = v%¥(V;, V3, V4, Vs),
given by

v:VoUVauVyuVs — {1,...,q¢},

such that v is injective, v(Vo U Vy) C {¢g— v+ 1,...,q}, and v(V3 U Vs) C
{1,...,q —v}. For ease of notation, we further define W; = W{"*(v) =
{g—v+1,...,¢ \v(VaUVy), W,=W2w)=rv(V,) for2 <r <5, and
Wy = W) = {1, q — o} \ o(Vs UV3).

Remark 4.8. In Definition 4.7, observe that |Vi|+...+|Vs| = |[Wh|+|v(Va)|+
o v(Vs) |4 |[Ws| = gq. Also, since Vi, V,, V3 partition {g—v+1,..., ¢}, as do
Wi, 0(Va), v(Va), we get that V| + V| + V| = [Wal + [w(Va)] + [o(Va)] = v.
Similarly, |Vi| + V5| +|Vs| = [v(Va)| + |[v(V5)| + |Ws| = ¢ — v. Finally, due to

injectivity of v, we have |v(V,)| = |V,| for 2 <r <5.

Definition 4.9. Let ¢ € N, v € {1,2,...,¢q}, and A = A, be the set of all
tuples in Z? with distinct elements, i.e. (l1,...,l;) € A satisfies {; # [; for all
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1 <i<j<gq. Forsets Vi, ..., Vi and matching function v as in Definition 4.7,

partition A x A into the sets

A X AV, .., Ve, v)

= {((l,-- . 1), (M, ... .my)) EAXA: L =mygy, VreVaUV3UV UG

The following lemma bounds the covariance of [[?_, wl(:).

Lemma 4.10. Let ¢ € N, v € {1,2,...,q}, 6 > 1, and {( l(l),..., Z(Q))}ZGZ

be i.i.d R7-valued random vectors, such that

E ¢§T)> < Ip<r<g—o)s

2
K (%UY))] < 01=1y + Iy,

For the same q, v as in (4.17), let ((ll, la, ... 1), (my,ma, ... ,mq)) €
A X A(Vi, ..., Vs, v) (from Definition 4.9).

(H P ) ) - E (wa?) E (H wé:i)

0, Vil >0 or |Wi| >0 or |Vi| =g,

Then,

< 4L 0<|Vil<q Vil=Vil= s =m =0, (418)

0, otherwise.

Proof. When Vi3 UV, U V3 # ¢, due to the independence of ¢’s with different

subscripts, and the zero-mean property of 1/11(:) forr € VUV, U V3 in (4.17),

35



we have

q
E (Hwﬁ”)) =E( 11 wf:”)) ( 11 E(M)) =
r=1 reVauVsuVs reViulVaUuVs
Similarly, when Wi Uv (V) Uv(Vy) # ¢, we get that E <H3:1 1@%) = 0. Hence,
when Vi UVo U V3 #£ ¢ or Wy Uv(Vy) Uv(Vy) # ¢, we get that

E (f[ z/;l(j)) E (f[ w};;}) =0. (4.19)

Case 1: |V3| >0 or |[W| >0 or |V5=gq.

|[Vi| > 0 implies that Vi # ¢, and |W;| > 0 implies that W; # ¢, hence (4.19)
holds in this case. When V] # ¢, we see from Definition 4.7, that for all r € V7,
l, #mj for all 1 < j < gq. Hence, due to the independence of ¢’s with different

subscripts, and the zero-mean property of 1/)1(:) for r € V;, we get that

E(Hw}%:b) e II o ITew) IIE () =0. (20
re{l

,,,,, a\V1 r=1 reVh

Similarly, (4.20) holds when W; # ¢. Thus, when |Vi| > 0 or |W;| > 0, from
(4.19) and (4.20), we get that

r=1 r=1

E (f[(w;:)wgi;b) ~E <H wf?) E (H wﬁ:i) | =0. (4.21)

When |V5| = ¢, we must have v = 0 and none of the I’s are equal to any of

the m’s, i.e. {ly,...,l;} N {m1,...,my} = ¢. In that scenario, due to the
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independence of wl(:)’s with w%’s, (4.21) holds as well.

Case 2: 0 < |V5| < q, [Wi| = |Vi| = |V4| = |V5] = 0.

In this case we will show that l; & {my,...,m,} and my & {ly,...,l,}. From
Remark 4.8, note that |Vy|+ |Vs| 4+ |Vs| = ¢ — v, hence 0 < |Vg| < ¢ along with
|V4| = |V5| = 0 implies that 0 < v < ¢g. Since v is the cardinality of V;UV,U V3,
this means that {1,...,q} # V1 UV, U V5 # ¢, and (4.19) also holds in this
case.

From Remark 4.8, using injectivity of v, we get that |Vi| + [Va| + [V3] =
|Wh| + |Va| + |V4|. Thus, |V1| = [Wi| = 0 implies that |V3]| = [V4]. Also, v < ¢
implies that ¢ —v > 1, hence 1 € V; U Vs U Vg and 1 € v(V3) U v (Vs) U W.
Further, |V3] = |V4| = |V5| = 0 ensures that 1 € V5 and 1 € Wy. This means
that iy & {mq,...,m,} and m; & {l1,...,{,}. Hence, due to independence of

¥’s with unequal subscripts, Cauchy-Schwartz inequality, and (4.17), we get

E(H(%f%ﬁﬁi)) - B(u))E (wnii)E<H<w§f>¢,s:2>)

< £ () e e [(4) ] 12| ()]
<1, (4.22)

From (4.19) and (4.22), we get that
(H(d}l ) ) (H w,”) (H wﬁ:;i) <1 (4.23)
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Case 3: None of the above.

For all other cases, we will get various bounds, and we will show that the
worst of them is §. Due to the independence of ’s with different subscripts,
Cauchy-Schwartz inequality, and the fact that E {(zﬁ%r))Q] < 4§ (from (4.17)),

we get that

— r=1 r=1
< \ 52,HQE {(wl(p)ﬂ THZE {(zﬁfﬁ))q
< 5. (4.24)

0
We also see that F (ngl ’(/)l(:)) (Hq ) n&) < 1, due to independence of

Y’s with different subscripts, so using (4.24) and Triangle Inequality, we get

e (Ioe) -+ (1) = (I12)

Lemma 4.10 follows from (4.21, 4.23) and (4.25). O

that

Q

0 §
<L 0+1 < 5. (4.25)
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4.3.2 Bounding second moment of YO/\fL 5

We now present a lemma that bounds the second moment of the difference in
partial sums of a general expression which we will use not only to bound the
second moment of S,(q, \,), but also later on to handle heavy tails. Here, we

will work with a given fixed partition of s, i.e. A\, = (a1, a9, ...,aq).

Lemma 4.11. Let o <n € Ny, s € N, 6 > 1, A\, = (a1, aq,...,a,) satisfies
ar+...+a,=sanda; >ay>...>a,>1, andv=#{1<r <q:a, =1}
Let {ci}iez satisfy sup |l|7]a| < oo, for some o € (%, 1), and

lez

{(@Dl(l), . ,zbl(Q))}leZ be i.i.d RI-valued random vectors, such that

E @DY)) < Ip<r<g—o}s

2 V 1<r<gq. (4.26)
E <¢1 )} < 01p=ny + Lz,

PR S (chzh) (Hw;?—E(m;?)).
r=1 r=1

k=o+1 l1#la#...#lq r=1

J (n—o), ag > 2

o,n,d
Then E |(Y15)*] "€ 25 (n—0) la(n — o), a =1

(0 (n—o0)) V ((n—0o) lis(n—0), a;=1, a>2

where s, is defined in the Notation List (Section 4.1). Furthermore, if s

1s even and F (@Z)W) = 0 whenever a, is odd, then this bound can be tightened
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to

B[0n2] € (5 mn=0) V (1-0) b(n—0)).

when aqg = 1 and a; > 2.

Proof. We first bound the second moment of Y

o,n,0"

BV,
n n (
k=o+1j=o0+1 I1#l#..#lg mi1FmaF#...#my 1

)
qus “) gt )EW)]

k=o+1j=o0+1 I1#l2#..#lq

B (H e (H wf?) E (H w&:i) ' (42

Notice that the summation in (4.27) is over A x A (from Definition 4.9).

::]Q

C klr

ﬁ
Il

[y

IN

‘CJ mo | [ChC1,

&::1@

Based on ¢ and v = #{1 < r < ¢ : a, = 1}, we can partition A x A into

Definition 4.7, define

ar
Cr—1,

SR Sl SEEN s (H
mq)) \r=1

the sets A x A(V4, ..., Vs, v). For sets Vi, ..., Vs and matching function v as in
k=o+1 j=o0+1 ((l1,...,lq),(m1,...,

EAXA(V, ..y Ve,v)

(H e m> - E(H wf?) E(H wff;,’.) ‘ (4.28)
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Using the fact that there can only be a finite number of possibilities for

Vi,...,Vs and v, we get from (4.27) and (4.28), that

o,n,0
B[] € max S(,..Vew). (4.29)

Vi,..,Ve, v

Observe that when |Vi| > 0 or |[Wy| > 0, S(V4,...,Vs,v) = 0 according
to Lemma 4.10, and need not be considered in (4.29). Hence we assume
that |V4| = |[Wi] = 0. From Remark 4.8, recall that |Vi| + |[Va| + |V3| =
Wi+ [v(Va)| + [v(Vy)| = v. Due to injectivity of v, we have |v(V,)| = |V,]| for
2 <r <5,sowhen |Vi|=|W;| =0, we get our second observation, i.e. |V3| =
|Vi|. Similarly, since [Vi|+...4+|Vs| = [Wa|+[v(V2)|+...+v(V5)| +|Ws| = ¢,
using |Vi| = |Wi| = 0, we get that |V5| = |Ws|. Hence, we only need to
consider S(Vi, ..., Vs, v), where

Vil = [WA[ =0,
Vs| = |V, (4.30)
Vs| = [Wel.

We now fix sets Vi, ..., Vs and matching function v, from Definition 4.9, sat-

isfying (4.30). Combining the bound of Lemma 4.10 with our observations in
(4.30), we define

1, 0<ug<gq, ug=1us =20
Pug,...ug — ) (431>
0, otherwise

which we will use to bound S(V4,..., Vs, v) below. Using (4.28) and (4.31),
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we first group the coefficients according to Vi,..., Vs, and v, to get that

S(‘/ia"'7%7y)

n

n q
Yy (H e,

k=o+1j=0+1 ((I1,....lq),(m1,....mq))

0<n<6 P\Val,...,|Vs] Z Z Z <H ‘C?TmTl)
myq))

k=o+1j=0+1 ((l1,...,lq),(m1,..., reWs
GAXA(Vl ..... Vg,l/)

v( Ay (r)
(H Cr— lr) (H ’CJ mu(r) Ch- lr) (H \c] mu(r) Ce lr’)
reVs reVs reVy

<H c V(;;V(T) o lr> (H e JU%V(T) > (4.32)

reVs reVa

3

Note that a, > 2 (hence ¢/" <) for r € V;UV5UVzUWs, and a, = 1
for r € Vo U V5. Next, for r € Vo U V3 UV, U Vs, we use [, = my(y in (4.32),

then bring in the summations and extend them over all integers, to get

SVi,.... Ve, v)
[o@)
o,n,0 9
Lo 3 (Y Wl )(IT S )
k=o0+1 j=o+1 \reWs mr=—00 reVe lp=—0o00
o0 o0
(H 3 |c§hucm> (H 3 rcjzrncm)
reVs l,=—o00 reVyl,=—o00
oo o0
(H 5 \c;_mcm) (H 5 icjlrucklr\)
reVs l,=—o00 reVa l,=—00
Wel /oo Vel / oo [Vs|
o,n,0 9 9 9
< Vol Vel Z Z( > m|> (Z |cj_l|) (Z |cj_l||ck_l\)
k=o0+1 j=o0+1 \m=—oc0 l=—00 l=—00
(Z ‘leHCizO (Z \CizHCkﬂ) (Z |le|\0kl!> - (433)
l=—00 l=—00 l=—00
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Applying Lemma 4.1 with v = ¢, 20 and Lemma 4.2 with v = ¢, we have

e o,n,d
Z |C§—l||cz—z| <

l=—00

o,n,d

<

s o,n,0
el <

l=—0

o,n,0

<

o
o,n,0
> leillenn| <

l=—00

o,n,0

<

(

L4+ 372 o ld — U7,
I#]

Do 7= U2k = 1727 + | — k[,
\ 1Z{j,k}

.

1, J=Fk

L |j_k|720-7 .]?ék

1 + Zfifoo |j - l‘—?)o,
1]

D oo [F = Uk = U727+ | — kI,
1¢{3.k}

Ve

1, j=k
J#Fk

’j _k|70'7
\

1 + Z?ifoo |j - l|—2ga
1]

PRy

VI L I o VI
143k}

1, j=k

L |j - k|1_207 ‘]7& k

j=k

j#k

(4.34)

j=k

j#h

(4.35)

j=k

JF#k

(4.36)

Using (4.30,4.33,4.34,4.35) and (4.36), and the summability of |c| over inte-
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gers, we get that

‘s(vﬁ7"'7v%7y)
o,n,6 n n . g ) _ ol Cop
& ol Y |1+ X 1 [T — k| (VDo a2l
k=o0+1 j=o+1
J#k
o,n,0 n " )
L PVl |V Z 1+ Z |j — k|IVel-2(Val Vsl Vso | (4.37)
k=o0+1 j=o+1
J#k

(4.37) provides a bound for S(Vi,...,Vs,v) in terms of the cardinalities
|Va|,...|Vs|. However, depending on the given partition \, = (ai, as, ..., a,),
the value of v can be different, thus putting constraints on V5, ..., V5. We shall
use (4.29) and (4.37) to bound the second moment of YO’\Z 5
Case 1: q, > 2.

In this case, we see that a, # 1, V 1 < r < ¢. Thus, Definition 4.7 gives us
that |Va| = |V3| = 0. Also from (4.30), |V3| = |V4| gives us that |V4| = 0. If
further, |Vs| = 0, then we will have |V5| = ¢ (since [Va| +...+|Vs| = q). So by

Lemma 4.10, we see that

E (ﬁwﬁ”wﬁm) ~E (H wf?) E (H w,ﬁzz) ‘ =0

r=1 r=1

and hence S(Vi,...,V,v) = 0. Since we need not consider cases where
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S(Vi,...,Vs,v) =0, we assume that |V5| > 1.

Thus, we have V5] = |V3] =0, |V5] > 1, and get that pg o0, vs|,jvs) = 0 (from
(4.31)), and that |Va| — 2(|Va| + |V3| + |V5])o < —1 (since o € (3,1)). From
(4.29,4.37), we get that

n

o,n,d n . _ -
BV € max (pooopm) Do |1+ 2 ik

V5|21, |Vé] k=o0+1 j=o+1
i#k
N (4.38)

Case 2: a; = 1.

In this case, we see that a, =1, V 1 < r < ¢. Thus, Definition 4.7 gives us
that |Vy| = |V5| = |Vs| = 0. Also from (4.30), |V3| = |V4| gives us that |V3] =0
and |V;| = ¢. Since in this permutation, all the elements are 1, so ¢ = s, and
hence V5| = s.

Thus, we have |V3] = [V5| = 0, |Va] = s, and get that pspo00 = 0 (from
(4.31)), and that |[Va| — 2(|Va| + |V3| + |Vs5])o = (1 — 20)s. From (4.29,4.37),

we get that

n

0,n,0 n ) —90)s
E [(Y;;,\Z,(s)z} < (s,0,000) Z I+ Z j — k|2
k=o+1 j=o+1
ik
o,n,0

< d(n—o) lss(n—o), (4.39)

where [, , is from the Notation list in Section 4.1.
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Case 3: a; > 2, a,=1.

In this case, we see from Definition 4.7, that 0 < |V3| + |V3| < ¢ and 0 <
Vil + V5| + [Ve| < ¢

First, assume that |V3| = |V5| = 0. Since from (4.30), we have |V3| = |V}], thus
we get that |Vy| =0, and |V5],|Vs| € {1,2,...,¢—1}. So we have pji,(,0,0,0,/vs| =
1 (from (4.31)), and that |Va| — 2(|Va| + |V3] + |[V5])o = (1 — 20) |V4], hence

using (4.29,4.37), we get that

n

(p|V2\,0,0,0,\V6|) Z 1 + Z ’j_k|(1—20)|V2\

o,n,
E|(Vons?] €

max
[Va|,|Vs|€{1,2,...,q—1}

k=o+1 j=o+1
J#k
on,s ( ) vyl ) (4.40)
< max n—o n—o) . |
[Vale{1,2,....q—1} [Va|,o
- Val+1
(==, g < i
From Notation List in Section 4.1, l‘V2|,o'(n_0) = 4 log(n — o), o= |12/‘2“/J2r|1 '
[Va|+1
1’ g > Vil

\Z

. 1 .
Since (1 —20) <0, n—o0>1, and 2\2x|/j| decreases as |V3| increases, observe

that lj1,),(n — 0) is a non-increasing function of |Va| € {1,2,...,v}. Thus, we
take |V3| =1 in (4.40) to bound the left hand side, and get

E [(Y*q

o,n,0

)2} 07<25 (n—o) Liy(n—o).

For all other values of |V5| and |Vs|, we have |Va| — 2(|Va| + V3| + |V5|)o <

—1 (since o € (3,1)), and pjyy),.. ;v < 6 (from (4.31)). Thus, we get from
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(4.29,4.37), that

n

n
g2 o2t - Va|—2(|Va|+| V| +]V;
E [(Yoﬁ,g) } < max_ (pal,.vel) § , 1+ 2, |j — k|IVal=2(Val+Val+ Vs Do
[Val,...,| Ve bmot 1 Pt
i#k
o,n,0

< 6(n—o). (4.41)

Case 4: a; > 2, a, =1, sis even, and E (gbl ) = 0 whenever a, is odd.
Under these new conditions, we will show that it is possible to tighten the
bound for E [(1@?;’ 5)2] in (4.40). We had taken |Va| = 1 to bound E [(Ym 5)2]
in (4.40) in Case 3, under the assumption that |V3| = |[V4| = [V5] = 0 and
Val Vel € {1,2,...,¢ = 1}.

Further, when |V5| = 1, it means that wl(j) and ¢,(f{2 are the only two 1’s with
zero-mean, and that they must be matched. This gives us that v(q) = ¢, |Vs| =
g—1 and that V; UV, U V3 # ¢. So, we apply (4.19) and the independence
of ¥’s with different subscripts, to the definition of S(Vi,..., Vs, v) in (4.28),

and get that

Liva=1, (Ve|=g-1}

(H oy >w£:2> ~E (H o >> E (H ¢£:2>
r=1 r=1 r=1
- |E (H % )
r=1
1

H (vi)

Liva)=1, (Vel=g—1}

{(wl(j))Q} : (4.42)

Observe that (ai, as, ..., a,—1) is a decreasing partition of (s —1), since a, = 1.
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Hence if s is even, then a, must be odd for some 1 < r < g — 1, and for that
r, we will get <1pl(:)) = 0 . Since this makes the entire expression in (4.42)
become 0 (thus making S(V3,..., Vs, v) = 0), we must not choose |V3| =1 for
the bound of £ {(YA‘?

o,n,0

2
> } in (4.40). Instead, we go with next lowest value,

i.e. |[V3| =2 to obtain,

E {(1@,‘;’5)2} "E (n—0) ly(n—o). (4.43)

Lemma 4.11 follows from (4.38,4.39,4.40,4.41) and (4.43). O

4.3.3 Rate of Convergence for Theorem 4.6

We now return to the proof of Theorem 4.6, where we shall bound the second
moment of S, (¢, A;) (defined in 4.16). In Lemma 4.11, taking @Z)l(:) = for
1 <r<gq and 6 =1 (since E [( la11)2] < 1), we see that }/;’7\7375 becomes

Sn(q7 )‘q) - So(Qa )‘q)7 and

n —o, ag > 2

o,n

E [(Sn(q, Ag) — So(q, )\q))ﬂ < (n—0)lso(n—0), a =1 (4.44)

(n—o0)lis(n—0), a;=1, a >2.

Furthermore, if s is even and § is a symmetric random variable, then &' is
symmetric when a, is odd, implying that £ (/") = 0 for odd a,. Hence, taking

wl(:) = ﬁr V1<r<qin Lemma 4.11, we see that F <1/)l(r)> = 0 when a, is
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odd, and that for a, =1 and a; > 2,

2 o,n,0
B |(Sula M) = Sola.2))°] "€ (5 (n=0)) V(= 0) lao(n —0)). (4.45)
The bounds in (4.44) and (4.45) are given in terms of a partition \,. We
can check which partitions are possible for a given s, and then apply (4.44)
and (4.45) to bound the second moment of Y ,_,(dy — d). Recall that s =
ai+as+...+a, and a; > as > +... > a, > 1. When s = 1, none of the cases
except a; = 1 are possible, and when s = 2, the third case i.e. a; =1, a; > 2
is not possible. Hence, we get from (4.44), that
om (n—o0)las(n—0), s=2

E [(Sn(q, ) — So(q, )\q)ﬂ < . (4.46)
(n—o0)lis(n—0), s#2

and from (4.45), that if s is even and & is a symmetric random variable, then
E [(Sn(q, ) — Su(q, )\q))z] Z (n—0) loy(n—o). (4.47)

Let n, = 2", n € [n,,n.11) and r € Ny. Then, putting n = n, and o = 0 in

(4.46), we get,

r ny l2,a(nr)7 5=2

E [(Snr(q, Aq))Q] & . (4.48)
ne lig(ng), s#2

First, consider s # 2. Then for n, < o0 < n < n,41, it follows from (4.46) by
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Theorem 4.5, with Z; = S;(q,\;) — Si—1(q, \;) and f(n) =n {1 ,(n), that

max  (S,(q,A\g) — Sol(q, )\q))Q} < rn, Lio(n) . (4.49)

|:n7»§o<n<nT+1

Combining (4.48) and (4.49), we have that

SE
r=0

Ny <N<Ny 41 np 0
r=

2 % )
max (M) ] < Z?ﬂn}«_; Lio(n,) < oo, (4.50)

provided (3 — 20) < 129’ ie. p < 5. From (4.50), it follows by Fubini’s

_2

Theorem and nt! term divergence that for p < 55,

Sn(q, Ag)

ne

lim

n—oo

=0 a.s. (4.51)

Now let s = 2. Then for n, < o < n < n,y1, it follows from (4.46) by Theorem
4.5, with Z; = S;(q, A\y) — Si—1(¢; Ay) and f(n) =n ly,(n), that
E l max  (S,(q,Ag) — So(q, )\q))ﬂ < rn, log(ny) . (4.52)

nr<o<n<Ny41

Combining (4.48) and (4.52), we have that

o
r=0

2 00 9
max <M) ] < Z?gn}f; las(n,) < 00, (4.53)

Ny SN<nNypy 1 ne 0
r=

provided (4 —4o0) V1< %, ie. p< 2520 when o < %, and p < 2 when o > %.

From (4.53), it follows by Fubini’s Theorem and nth term divergence that for
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1
p<2/\m,

lim M =0 a.s. (4.54)

Finally, we consider the case where s is even, and & is a symmetric random
variable. Then, notice that our result in (4.47) is the same as that in (4.46) for
s = 2. Thus, (4.52) and (4.53) holds for this case as well, and for p < 2A 7=,

we get that

lim M =0 a.s. (4.55)

Since Y ;_,(dy — d) is the sum of S,(g,\,) over all ¢ € {1,...,s} and all
partitions A, (which are finite in number), we get from (4.51,4.54) and (4.55),

that
ZZ:1 (dk - d)

np

lim =0 a.s.
n—oo

for the values of p as mentioned in (4.14) and (4.15). This completes the proof
of Theorem 4.6. [l

4.4 Heavy Tailed Case of Theorem 3.1

From (3.2) in Theorem 3.1, we find that heavy tails can only arise when 0 <
i < [52], ie. for products of at least s — [55%] = [££}] terms. Also when

s =1, (3.1) along with Remark 3.4 ensures that it will have only long range
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dependence since ay > 2, so we do not have to consider that case here. Since
we will deal only with those terms exhibiting heavy tails in this section, we
will assume that s > 2, fix 7 € {O, 1,..., L%J }, and assume (due to Remark

3.4) that 1 < o < 2.

Remark 4.12. For a given partition A\, = {a1,as,...,q,}, heavy tails can
only come up in the innovation involving the highest power, i.e. &'". This is
because for a term to possess heavy tails, it’s variance must be infinite, hence

a; > 2. But that would force the rest of the a,’s to be less than thus

2 2
precluding heavy tails in terms involving &' for r € {2,...,¢q}. This shows

that heavy tails concerning «; will arise only in the sum

n il it il
CHOED DD (Ci‘él 11 ck—z,.) (éff’ [I&a £ (&i" Hfz,.)) - (4.56)
i+1 r=2 r=9

k=1 I1,2,..1 r=2
Lig{l2,..liy1}

Remark 4.13. Alternatively, for heavy tails involving «;, we could also con-

sider the sum S, (q, \;) (from (4.16)) with a; = s — ¢, i.e.

n q q q
SAURNEDSENDS (cz:z Hciif"_lr> (éf;ﬂéi‘: —E <£i;iH£i?>> ,

k=1 Ll #l, r=2 r=2 r=2
where A\, = (s — 4, a9,...,a,). In fact, note that S} (from (4.56)) is the sum
of S,(q, A;) over all ¢, and all partitions A\, with a; = s —¢. Both S}(¢) and
Sn(q, A;) have distinct advantages to work with. While S? (i) has the advantage
of having only one  with power greater than one, S, (g, \,) has the advantage
of having Iy # ly # ... # l;, hence Lemma 4.10 can be easily applied to it.

Hence, we will mostly use S, (g, A;) to deal with the truncated terms, and S} (¢)

52



for the error terms.

4.4.1 Conversion to continuous random variables

Recall that in this section, 7 € {O, 1,..., L%J} is fixed. We will first replace

s—1

;" with continuous random variables (;, which will ensure below that the
truncation does not take place at a jump or at a point with positive proba-
bility. Let {U,}icz be independent [—1, 1]-uniform random variables that are

independent of {§ },cz. Then, we have that
Sn(Q7/\q) = An - Bn )

where we define,

An(Qa /\q) = Z Z (H C?—h) ((flsl_Z + Ul1) Hfla: ) ((flsl_Z + Ull) H§Z?>>

k=1 l1£ly#. . . #lg \r=1

n q q q

nan=Y ¥ (M )(odle - (ndle )
k=1 1y #ly#...#lq \r=1 r=2 r=2

In Lemma 4.11, taking @Z)l:) =& V2<r<q, 1(11) = Uy, and § = 1 (since

E [(Ull)Q] is constant), we get that YO):;& = B,, — B,. This gives us,

n —o, ag > 2

o,n

E [(Bu(a:Ag) = Bo(@:A))*] <% (n=0) Lo(n—o0), ar=1, (4.57)

(n—o0) lis(n—0), a;=1, a >2.
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This bound is the same as that in (4.44), which is expected, since we can
see that heavy tails do not arise in B, (g, \,). Like in (4.46), we check which
partitions are possible for a given s. When s = 1, none of the cases except
a; = 1 are possible, and when s = 2, the third case i.e. a; =1, a; > 2 is not

possible. Hence from (4.57), we get that

o,n n—o l20‘ n—o), S =
E[(Ba(a M) — Bola, )] 2§ (T Betnmoks=2
(= 0) ho(n—0), 542

Proceeding along the lines of (4.48 - 4.55), with B, (¢, ;) — Bo(g, A,) instead
of S,(q,\;) —So(q, \;), we get that

B, (q,
lim —<q1)\q> =0 a.s.

for the values of p as mentioned in the statement of Theorem 4.6. Defining
(= f_i + U, which is a function of i, we note that (; is a continuous random
variable since it is a convolution of two random variables, one of which is
absolutely continuous. Also, note that (; has the same tail probability bound

as &', since

sup t*P (¢ >t) < sup tYP (|G| > 1)
t>2 t>2
< sup P (|§7 >t —1)
£>2

< sup (ﬂ) Zto‘iP(\ff‘i\ > 1) <oo. (4.58)

t>1 t
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Thus, convergence of S, (q, \;) is equivalent to that of

A ) = i Z (H CZ:z,,) <<11 Héir —F (Ch Héir>> .

k=1 Ll 2l

Summing over all ¢, and partitions A\, where a; = s—7, we find that convergence

of S’(i) (from (4.56)) is equivalent to that of,

i+1 i+1 i+1

Z Z (ci_’ll H Cklr) <C11 Hflr —F (Ql H&r>> . (4.59)

k=1 l1,l2,lip1 r=2 r=2 r=2
llg{IZ ~~~~~ z+1}

4.4.2 Truncation of ( with highest power

We now break ( into truncated and error terms. This partitioning will be
done in such a way that the second moment of the truncated term is finite,
hence can be managed by Theorem 4.6. The convergence of the error terms
will be proven later on using Jensen’s Inequality, Holder’s Inequality, Doob’s

L, Maximal Inequality and Borel-Cantelli Lemma.

Let x > 0. Using condition (4.58), and fixing v = n, * (where n, = 27) for

+

r € Ny, and letting v, = —v,", we get

2 > s)s ds < 2 sTgds < ne
INEAC i VreN. (4.60)

2fv, P((1 < s)s ds < 2fv7 sTgds < ne,
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Next, we define i.i.d random variables {Zl(r)}lez and {Q:Z(T)}lez for r € N such

that,

=(r)

o _ (4.61)
l = G- Cz

We shall call Zl(r) the truncated terms, and fl(r) the error terms. Observe that
Zl(r) and fl(r) are both functions of r. Breaking Cl(r) into Zl(r) and fl(r) also helps
us break up A,(¢q,\,) as A,(q,\;) = ﬂg)(q, Ag) + flg')(q?)\q), where

A7, Z 3 ( ) (ch —E<z§?Haﬁ))
k=1 li#la#. . #lg r=2

A0 Z S (ﬁck l)( ”Hf —E(E}DE&&))

k=1 I3#ly#. #lg \r=1

and T, (i) (from (4.59)) as Tp(i) = TV (i) + T\ (i), where

i+1 i1 i
SUED DS (H) (cﬁnglr (d?nsh))
r=2 r=2

k=1 l1,la,lict

Lig{la,....lig1}

n it1 i+1 i+l

0H =3 Y (H) (cfﬁm —E (&an))-

k=1 Iylo,..lit1 =2 r=2 =2
Lg{la,lit1}

4.4.3 Bounding second moment of truncated terms

Recall that G, ¢, &7y Au(@, A)s AV (0. Ay), AT (4, Ag). Told), T (i), and
e (1) are defined in terms of a fixed i € {0, 1,..., L%J } We now bound

o6



the second moments for the truncated terms, Zl(r).

Using (4.58,4.61), and the formula

Elg(X)] = /0 TGP =) At — / 0 JOP(X <t)dt,  (4.62)

—00

for a continuously differentiable function g and a random variable X, we find

that,

T 0

B0 = [ Pasva - [ Pa<oa

< /0 P(|¢| > t) dt

< Elg < 1 (4.63)

Also, by (4.60) we have,

E UZY)

2] =  Elloy VG A

= Z/OUTP(Q>s)sds - Q/UOP(Q<S)sds

T

< ny VreN (4.64)

T

We shall now use (4.63) and (4.64) to bound the second moment of fo) (g, A\g),
in terms of n. Recall that {Zl(r)} are i.i.d., and £ HZZ(T)H < 00. Hence, taking
wl(ll) = Zl(:)v @Z)l(:) =" for 2<r <gq, and 6 =n; in Lemma 4.11, we see that

Y, nr becomes Z,(f)(q, Ag) — Zi’”)(q, Ag). Taking o = 0 in Lemma 4.11, we get

o7



that

n, ag > 2

—(r 2 n,r
E[(A;>(Q,Aq))] < q (), a =1

nfn V(nlig(n), a=1, a1 >2

Note that when a; = 1, heavy tails do not arise since second moment of
Z(T)(q, Ag) will exist, hence we can discard this case. When s = 2, the third

n

case i.e. a; =1, a; > 2 is not possible. Hence, we have

— () 2] g nen, §=2
E [(An (4, Aq)) } < . (4.65)
nfn V (nli,(n)), s#2

Let s # 2. Then for n, < n < n,41, it follows from (4.65) by Theorem 4.5,

with Z; = ZET)((], Ag) — Zl@l(q, Ag) and f(n) =nfn V (nli(n)), that

Bl mox (A7) & P (o)

Ny <N<npy1

Summing (4.66) over all ¢ and over all partitions A\, where a; = s — ¢ (recall

that 7 € {O, 1,..., L%J} is fixed), gives us that

E{ max <Tf:)(i)>2} < 7 [n}f“\/ (n, llvg(nr))} : (4.66)

Ny <N<Npj1
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Now, let s = 2. Then for n, < n < n,;1, it follows from (4.65) by Theorem

4.5, with Z; = Xl(-r)(q, Ag) — Zg?l(q, A;) and f(n) = nfn, that

i 2] o
E[ max <An)(q,)\q))] < rPnlte, (4.67)

Ny <n<Np4q

Summing (4.67) over all ¢ and over all partitions A, where a; = s — i, gives us
that
— . N\2] r
E { max (T;’(z)) ] & riplte (4.68)
Ny <n<npiq

Finally, we consider the situation where s is even, and &; is symmetric. Clearly
&" will be symmetric when a; is odd, implying that E (") = 0 for odd
aj, 2 <j <gq. Also, since a; = s — i, we see that £ will be symmetric when
a; is odd, implying that both (; and El(r) will be symmetric. Hence, taking
qﬁl(jj) = §lajj vV2<75<gq, 1(11) = Zl(r), 0 =nF, and 0o =0 in Lemma 4.11, we see

that E <wl(j)) = 0 when a; is odd, and that

E [(Zg)(q,/\qDQ] & nfn vV (nla.(n)). (4.69)

Then for n, < n < n,41, it follows from (4.69) by Theorem 4.5, with Z; =

A7, 0) = A (@, A) and f(n) =nfn V(1 l,(n)), that

)

Bl ma (A7) & PRV (o o)
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Thus, summing (4.70) over all ¢ and all partitions A\, where a; = s — 1, gives

us

El max <T§Lr)(i))2] < r? [n}f“’”\/ (n, 1270(717"))} ; (4.70)
Ny <N<np41

which can be seen as an improvement over (4.66), since the function lo, < l;,.

4.4.4 Bounding 7th moment of error terms, 7 € (1, «;)

We now bound the second moments for the error terms.
Taking 1 < z < a4, and using our tail probability bound in (4.58) along with
(4.62), we have that

E ‘ <(~11ﬂ)>Jr

z

= z/oo slp <C1r) — (" Av) > s) ds
0
= z/oo P (Clr) >l + s) ds

0
< / (s —vf)1s™ ds

IN

2u, 0o
S B O e e N A
v 2U'r

r(z—oy)

€ @) < o

z

By symmetry F ‘ <51(T)>7 has the same bound, hence for 1 < z < a;, we get

that

k(z—ay)

17 < (4.71)
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Now we shall find conditions for the convergence rates of 7" (i). If we take,

n i+1 i+1
E E s—1i =(r)
)(n = Ck—ll H Ck—1, Cll H glr
k=1 l1,l2,...,li+1 r=2 r=2
hié{la,.,liy1}

in Lemma 4.3, we have for 7 € (1,2) that,

s [700)]]

Lnr<n<nrq1

B T

1 n . i+1 ~ i+1 ~ i+1
=FE7| sup Z Z (Ci_zh H Ck_lr) (CI(:) H &, — B (Ql H 5“))
i1 r=2 r=2

R SN<etl \3T g r=2

Lg{le,.liv1}

r T

n i+1 i+1
< E7|  sup Z Z (clsl_z H Cu) (5,@11 H sz—z,)

Ny <n<Ngp41 k=1 ll,lQ,...7li+1 r=9 r=2

Lig{lz,..liv1}

1 S (e
< Brl s Y TGS ag . (4.72)
e = i P e
L 1
Define,
G = | Y e - (4.73)
T

61



Noting that 57| < oo because s — i > 2, and then using Jensen’s

m*oo|m

inequality (since norms are convex), we have from (4.72), that

Ei{ ap |00
Ny <n<npi1
o[ et )]
li=—o00 Ny <n<Ngy41
= i": |cfn—1| E+ |C sup z”: ‘E,th | D1, |
m=—00 |CS? | o SN 1 k=1
< Yl BF| sup Z ’5,8"_)11 . (4.74)
I =—oo0 _nr§n<nr+1 1

First, we consider that ¢ > 1. Then, by two applications of Holder’s inequality

with p; = and p; = = (both of which are positive, and their reciprocals

s
S—T1

sum to one), we get from (4.74), that

1 () (s T
E7|  sup (1)
Nr<n<npriq
T(s—71) T4
4 s S—STi °
< E [ ‘4 Ex sup (T_)
li=—00 nr§n<nr+l k=1
o0 s |7
T s—i s—Ti s—Ti
< E | Es sup
=00 Ny <n<npqq k=1
EY| sup . (4.75)
nr<n<nr+l

—T1

and

Since - and £ are positive, we find that both » 7 , ‘5,?;),1 ’

> i b |7 are non-negative submartingales, due to Example 4 in page 475
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of Shiryaev [33]. Hence, using Doob’s L, maximal inequality (Theorem 2, page

493 of Shiryaev [33]) and then Jensen’s inequality (since 7 > 1), we get from

(4.75), that
Ei[ sup [ (3) }
nr<n<nri1

. o0 -1l s |7 |11 T
< Xl EF | (6T B X ]

li=—o0 k=1 j=1

nr+1 1

< Z|c |EST (e — 1)7 ‘Ck I ]

l1=—00

B

nr+171
(s — 17" Y |¢j,11|"] : (4.76)
j=1

s < 00. From (4.73), using Triangle inequality and

the fact that { }ez are i.i.d., we see that

oo o0
l.
Ngrall=]™ = || D abial| < 1D abia|| + llen&eull,
l=—0c0 l=—00 s
I#l s
o0

+ e lléll,  (477)

IA
\g
o
A
L

Using Lemma 4.4, along with the facts that ¢;, < 1 and E[\&P] < 0o (from

(3.1)), we get from (4.77) that [|¢1,,[|s < oo. Since s —i > 2, {{M ez are
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i.i.d., as are {¢;, }jen, we get from (4.76), that

B2 s |zl

Ny <n<Ngp41

&Y 1 B [ = 07 87 B [t - 107l
l1=—00

< S e e |G L ol
l1=—00 —Ti

& |8 e (4.78)

s§—T1i

Recall that after (4.74), we had assumed that i > 1. Now, if we consider ¢ = 0,

1

is a non-negative submartingale, due to Example

we get that |¢r,, | = 1, and from (4.74), we get that

o] & X g

l1=—00

sup
nr<N<npy1

> |6,

k=1

El[ sup

Ny <N<Npg1

We see that Zzzl glgr—)ll

4 in page 475 of Shiryaev [33]. Thus, using Doob’s L, maximal inequality

(Theorem 2, page 493 of Shiryaev [33]), Jensen’s inequality (since 7 > 1), and

o0 npy1—1
T s—1i 1 T— ) |”
D SN A R8NV Sl i ]
k=1

l1=—00 L

the fact that {({”},ez are iid., we get that

(i)

T ) - 5—1 1 |
} < Z ’Cll ‘ET

lj=—00

Er [ sup

Ny <n<Npig1

S8 -
< D 1T ET (e — 1)

l1=—00

< - - (4.79)
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Thus Vie {O, 1,..., L%J }, we get from (4.78) and (4.79), that

o . (4.80)

S§—T1

E+ [ sup

ny<n<ny41

)] & midd?

ST
s—T1"

Now, we choose 7 > 1 small enough so that «; > which is possible since

ST
S—T1

is continuous and increasing for 7 € (1, «;). Hence

_ S s
o = ;500 > 545, and

by (4.71) with z = ==, and (4.80), we see that there exists 7; € (1, ;) such

S—

that V7€ (1,7;),

ra;—5202)
ro A s

(2—ay)

10 (43) ] & np T (4.81)

E[ sup

nr<n<ny41

4.5 Final Rate of Convergence for Theorem

3.1

Finally, we shall use the Borel-Cantelli Lemma to combine the results of the
last two sections and prove Theorem 3.1. Notice that in Y ,_, (dx — d) (from
Theorem 3.1), the light tailed terms are S, (¢, A,) (from (4.16)) over all parti-

tions where a; < 2, since their second moments are finite. The heavy tailed

2

terms are S; (i) (from (4.56)) over i € {0,1,...,[*51]}. We thus have

n

Sd—d) = Y Sula, ) + > 8) (4.82)

k=1 )\q:(al ..... aq) iE{O,l 7777 L551J}
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First, we handle the light tailed terms. In Lemma 4.11, taking wl(:) = ¢ for

1 <r <ygq,and 6 =1, we see that Y

o,n,d

becomes S,(q, \;) — So(q, A;), and

n — o, ag > 2

o,n

b [(Sn(% Ag) — So(q, )‘q))Z] <§ (n—0)lso(n—0), a=1
(n—o0) lis(n—0), a;=1, a5 >2.

Further, when s is even and &; is symmetric, we get

0,1m,0

B |(Sa(a: M) = Sola,A0))"] "€ (0 (n = 0)) V ((n = 0) Lo (n — 0)).

These are the same results as in (4.44) and (4.45). Thus, proceeding along the
lines of (4.46 - 4.55), we get that

Sn(q, >‘q)

ne

lim

n—oo

=0 a.s. (4.83)

for the values of p as mentioned in (4.14) and (4.15), in the statement of The-

orem 4.6.

Now we deal with the heavy tailed terms. We fix i € {0, 1,..., LS;ZIJ }, which
fixes S (i), and due to (4.59), consider T},(7) instead of S (7).
First, we consider the case where s > 2. From (4.66,4.81), Markov’s Inequal-

ity, and the fact that l;,(n,) = n?7%" (since o < 1), we get that, there exists

r
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T; such that V1 <7 <T;,

P ( sup |T,(7)| > 2671}’)

Ny <N<Nypt1

(i)

IN

1
2E[ sup

2y Lnr<n<non

T 1-2 14x—2 7’—3.._7:—7

< 72 {(nr pll,o(nr>>\/<nr+ p>:| -+ Ty s=riEmed P

r 9 3—20—2 1-% e )

< rfne TV 7 + T (4.84)

i = 2= — _2 o impli
by letting k = =*. Note that (3 —20 — )V (1 — <) < 0 implies that

OPNE 1
T)0| | + —=E| sw
E’T‘nﬁ Ny <n<Ngp41

(s—7i)ay
ps

< 0 if and only if p < oy (£2).

p < a; A 35 Next, note that 7 — -
But for any p < ag = o (%), we select 7 > 1 small enough such that

_2
3—20"7

p < q; (s;”) Hence, from (4.84), we get that V p < ag A

ip( sup  |Tu(i)] > 2671751’) <. (4.85)

—1 nr <N<Npy1

When s = 2, from (4.68, 4.81) and Markov’s Inequality, we get that there

exists 7; such that V1 <7 <7,

1 r oy T_ai(sz'L)
P< sup ]Tn(i)\>2enf) < 7 (ni ") + n, T (4.86)

nr<n<nri1

Again, Vp < oy = o (%), we can select 7 > 1 small enough such that

p < a; (52). Thus, we get ¥V p < ay, that

ZP < sup |T,(7)| > 2eni’) < 00 . (4.87)
r=1

nr§n<nr+1
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Lastly, when s is even, and &; is symmetric, from (4.70, 4.81) and Markov’s

Inequality, we get that there exists 7; such that V1 <7 < T,

AN 1-2%i 4—40)Vv1)—2 o ails=Ti)
P< sup ’Tn(2)| > 26”713) < T2 lnr P \/nfa( V1) Pl 4+ n, ps

Ny <N<Npg1

Now, (((4 4o V1) — 120) V(1— %) <0 implies that p < 2Aa; A 5.
(s—7i)ay
ps

Again, we note that 7 — < 0 if and only if p < «; (S;T”), so for any

p <y = @ (%), we select 7 > 1 small enough such that p < o (S_Ti).

ST

Hence, we get Vp <2AagA ﬁ, that

> 1
ZP ( sup |T,(7)| > QEnf) < 00 . (4.88)
r=1

N <N<Np41

Hence, for the values of p in (4.85,4.87,4.88), from the Borel-Cantelli Lemma,

we get that
T,.(i
lim (1Z) =0 a.s.
Sr(e
om0 g s (4.89)

due to (4.56,4.59). From (4.83, 4.89) and Remark 3.5, we get that

nh_}rilon P Z<dk —d)=0 as.,

k=1

for the values of p as claimed in the statement of Theorem 3.1. This completes

the proof of Theorem 3.1. U
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